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Introduction

‘I never heard of “Uglification,”
Alice ventured to say. ‘What is
i?’’

Lewis Carroll,
“Alice in Wonderland”

Subject and motivation. The present book is devoted to a theory of mul-
tipliers in spaces of differentiable functions and its applications to analysis,
partial differential and integral equations. By a multiplier acting from one
function space Sy into another S5, we mean a function which defines a bounded
linear mapping of S; into Se by pointwise multiplication. Thus with any pair
of spaces S, Sy we associate a third one, the space of multipliers M (S; — S5)
endowed with the norm of the operator of multiplication. In what follows, the
role of the spaces S; and S5 is played by Sobolev spaces, Bessel potential
spaces, Besov spaces, and the like.

The Fourier multipliers are not dealt with in this book. In order to empha-
size the difference between them and the multipliers under consideration, we
attach Sobolev’s name to the latter. By coining the term Sobolev multipliers
we just hint at various spaces of differentiable functions of Sobolev’s type,
being fully aware that Sobolev never worked on multipliers. After all, Fourier
never did either.

Sobolev multipliers arise in many problems of analysis and theories of par-
tial differential and integral equations. Coefficients of differential operators can
be naturally considered as multipliers. The same is true for symbols of more
general pseudo-differential operators. Multipliers also appear in the theory
of differentiable mappings preserving Sobolev spaces. Solutions of boundary
value problems can be sought in classes of multipliers. Because of their al-
gebraic properties, multipliers are suitable objects for generalizations of the
basic facts of calculus (theorems on implicit functions, traces and extensions,
point mappings and their compositions etc.) Moreover, some basic operators

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 1
Grundlehren der mathematischen Wissenschaften 337,
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2 Introduction

of harmonic analysis, like the classical maximal and singular integral opera-
tors, act in certain classes of multipliers.

We believe that the calculus of Sobolev multipliers provides an adequate
language for future work in the theory of linear and nonlinear differential and
pseudodifferential equations under minimal restrictions on the coefficients,
domains, and other data.

Before the 1970s, the word multiplier was usually associated with the
name of Fourier, and a deep theory of L,-Fourier multipliers created by
Marcinkiewicz, Mikhlin, Hormander et al was quite popular. As for the multi-
pliers preserving a space of differentiable functions, only a few isolated results
were known (Devinatz and Hirschman [DH], Hirschman [Hil], [Hi2], Strichartz
[Str], Polking [Poll], Peetre [Pe2]), while the multipliers in pairs of such spaces
were not considered at all.

The first (and the only one for the time being) attempt to work out a more
or less comprehensive theory of multipliers acting either in one or in a pair
of spaces of Sobolev type was undertaken by the authors in the late 1970s
and early 1980s [Maz10], [Maz12], [MSh1]-[MSh16]. Results of that theory
were collected in our monograph “Theory of Multipliers in Spaces of Differ-
entiable Functions” (Pitman, 1985) [MSh16]. During the last two decades, we
continued to work in the area, adding new results and developing further ap-
plications [Sh2]-[Sh14], [MSh17]-[MSh23]. We wish to reflect the present state
of our theory in this book. An essential part of the aforementioned monograph
is also included here.

No results concerning multipliers in spaces of analytic functions are men-
tioned in what follows, in contrast to [MSh16]. To describe progress in this
area achieved during the last twenty five years would require a disproportion-
ate growth of the book.

Structure of the book. The book consists of two parts. Part I is devoted to
the theory of multipliers and covers the following topics:

Trace inequalities

Analytic characterization of multipliers

Relations between spaces of Sobolev multipliers and other function spaces
Maximal subalgebras of multiplier spaces

Traces and extensions of multipliers

Essential norm and compactness of multipliers

Miscellaneous properties of multipliers (spectrum, composition and im-
plicit function theorems, point mappings preserving Sobolev spaces, etc.)

In Part IT we dwell upon several applications of this theory. Their list is
as follows:

e Continuity and compactness of differential operators in pairs of Sobolev
spaces
e Multipliers as solutions to linear and quasilinear elliptic equations
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e Higher regularity in the single and double layer potential theory for
Lipschitz domains

e Regularity of the boundary in L,-theory of elliptic boundary value prob-
lems

e Singular integral operators in Sobolev spaces

Each chapter starts with a short introductory outline of the included
material.

Readership. The volume is addressed to mathematicians working in func-
tional analysis and in the theories of partial differential, integral, and pseudo-
differential operators. Prerequisites for reading this book are undergraduate
courses in these subjects.

Acknowledgments. V. Maz’ya was partially supported by the Na-
tional Science Foundation (Grant DMS-0500029, USA) and EPSRC (Grant
EP/F005563/1, UK). T. Shaposhnikova gratefully acknowledges support from
the Swedish Natural Science Research Council (VR).
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Trace Inequalities for Functions in Sobolev
Spaces

In this chapter we characterize the best constant C' in the so-called trace
inequality

1/p
(/|Vlu\pdp) < Clullwp, weCy, (1.0.1)

with an arbitrary measure p on the left-hand side. When the domain is not
indicated in the notation of a space or a norm, then it is assumed to be R".
Another variant of (1.0.1) will be with W™ replaced by wy". Here W) and wk
are completions of the space C§° with respect to the norms ||Vyul[z, + [|ulz,
and || Vyull,, Vi = {0% /025" - - 022~ }. Two-sided estimates for C' are given
in different terms for p = 1 (Sect. 1.1) and for p € (1, 00) (Sect.1.2). The last
Sect. 1.3 concerns the case of p on the left-hand side of (1.0.1) replaced by
q 7 p-

In what follows, we denote by ¢, ¢1, ¢o various positive constants which
depend only on m, I, p, n and similar parameters. The values a and b are
called equivalent (a ~ b) if

cra<b<ca.

Here and henceforth (2 is an open set in R™ and C§°(f2) is the space of
infinitely differentiable functions with compact supports in {2, and B, (x) =
{y eR": ly — x| < r}, B, = B,(0).

1.1 Trace Inequalities for Functions in w® and W™

We start with the results concerning p = 1 obtained in [Mazll], see also
[Maz14], Sect. 1.4.

1.1.1 The Case m =1

The following lemma gives a representation of the n-dimensional variation of
a function as an integral of the area of a level surface.

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 7
Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009



8 1 Trace Inequalities for Functions in Sobolev Spaces
Lemma 1.1.1. Let u € C*°(£2) and let
Ny ={z € 2: |u(zx)| > t}.

Then -
/|Vu(x)|dx=/ s(2NON,)dt, (1.1.1)
(9] 0

where s is the (n—1)-dimensional area (It is well known that ON; is a smooth
(n — 1)-dimensional manifold for almost all ¢ > 0, see [Mo].)

For more general classes of functions, (1.1.1) was proved in [Kr| for n = 2
and in [Fel].
We give a simple proof of (1.1.1) for u € C*°(£2).

Proof. Let w = (w1, -+ ,wy),w; € C§°(£2). Integrating by parts, we obtain

/qudx:/udiv wdx:—/ udivwdm—/ u div w dx.
(9] 0 u>0 u<0

From the definition of the Lebesgue integral we get

/ udivwdxz/ dt/ div wdzx.
u>0 0 u>t

For almost all t > 0

/ divwdaﬁ:—/ wuds:—/ wvuds,
u>t u=t u=t |VU‘|

where v is the inward normal to {z : u(x) > t}. Therefore

/ u div wda:z—/ / wVu dsdt.
u>0 0 u=t |Vl

The transformation of the integral

/ u div wdz
u<0

is quite similar. Thus,

/qudx:/ dt/ w—vuds.
o) 0 2NN, |Vl

In this identity, we set

Vu
VP

wchj(
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where j = 1,2,--- and {¢;} is a non-decreasing sequence of nonnegative
functions in C§°(£2), convergent to one in {2. Then

[ (Vu /dt/ @, |Vulds
<\Vu|2+y—1 e anow, (Vuf? +57 172"

Passing to the limit as j — oo and using the monotone convergence theorem,
we obtain (1.1.1). The proof is complete. O

Corollary 1.1.1. Let u € C*°(£2) and let & be a nonnegative lower semi-
continuous function on §2. Then

/Qé(x)\Vu(xﬂ dx = /OOO dt /!Zﬁc’)Nt &(x)ds,.

Proof. The result follows from the chain of identities:

/Q@(x)|Vu(a:)|da:= /0 h /@ V@) deds

= /000 /000 s({x € ONy : D(x) > p})dpdt

:/ dt/ &(x)ds,.
0 2NN,

O
Formula (1.1.1) leads to a relation between the estimate
/|u| du < C|[Vulln,, ueCs, (1.1.2)
and an isoperimetric inequality. Namely, we have the following assertion.
Lemma 1.1.2. The exact constant C in (1.1.2) is equal to
1(9)
sup , (1.1.3)
g s(09)

where g is any open set in R™ with compact closure and smooth boundary.

Proof. We have

_ [T w9 [T
/|u|d,u—/0 ()t < s s(ag)/o (ON,) dt,

which, together with Lemma 1.1.1, gives the upper bound for C'.
Let §(z) = dist(x,g) and g, = {x : 6(x) < t}. It is well known that there
exists a small € > 0 such that the surface dg; is smooth for ¢ < e. We substitute
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the function u.(z) = a[é(x)], where a € C*°([0,00)) and a(0) = 1, a(t) =0
for t > ¢, into (1.1.2). According to Corollary 1.1.1,

/|Vu€| dz = / o (£)5(Dgr) dt.
0
Since s(dg:) — s(0g) as t — +0, it follows that
/|Vu6| dx — s(9g). (1.1.4)

Also,
/WJWZM@) (1.15)

Combining (1.1.4), (1.1.5) and (1.1.2), we obtain u(g) < Cs(9g).

The following more general assertion, which will be used in Sect.5.1.1, is
proved in the same way.

Proposition 1.1.1. The best constant C' in

/WWMS@@Vme

where @ € C(R™) and u is an arbitrary function in C§°(R™), is equal to

sup w(g)

g Ag@(z)dsm'

Here g is any open set in R™ with compact closure, bounded by a smooth
surface, as in Lemma 1.1.2.

Further, we prove that

1(g) 1—
su ~ su r " u(B(x)). 1.1.6
gp 5(99) :ve]R",I;>0 #(Br () ( )

With this aim in view, we present certain known auxiliary assertions. We
start with the formulation of the classical Besicovitch covering theorem (see

[Guz]).

Lemma 1.1.3. Let E be a bounded set in R"™ and let B,(,)(x) be a ball with
r(x) >0 and x € E. By L we denote the totality of these balls. Then one can
choose a sequence of balls {B™Y from L such that

(i) Ec\,, B™;

(i%) there exists a number N, depending only on the dimension of the space,
such that every point of the space belongs to at most N balls from {B(m)};

(i4) the balls (1/3)B"™) are disjoint.

We present one more well-known geometric lemma (see [Fe2]).
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Lemma 1.1.4. Let g be an open subset of R™ with a smooth boundary such
that
2mes, (B, Ng) = mes, (B,).

Then
s(B, NAg) > c,r" 1,

where ¢, 1s a positive constant depending only on n.

Proof. Let x and ¥ be characteristic functions of the sets g N B, and B, \g.
For any vector z # 0 we introduce the projection mapping p, onto a (n — 1)-
dimensional subspace orthogonal to z. By Fubini’s theorem,

(1/4) (mesn(Bl)r") = mes, (g N B,) mes, (B,\g)

— [ [x@vwisdy = [ [ @i+ 2)dzdo

_/||<2 mes, ({z:x € B, Ng,(x+z2) € B,\g})dz

Since any segment which joins 2 € g N B, with (z + z) € B,\g intersects
B, N g, the last integral does not exceed

27"/ mes,,_1[p.(B, N dg)]dz < (2r)" ' mes, (B1) s(B, N Jg).
|z|<2r

The result follows. O

The following covering lemma is due to Gustin [Gus]. We give here the
proof found by Federer [Fe2].

Lemma 1.1.5. Let g be a bounded open subset of R™ with smooth boundary.
There exists a covering of g by a sequence of balls with radit p;, 1 =1,2,--- ,

such that
Zp" L < ¢s(dg), (1.1.7)

where ¢ is a constant which depends only on n.
Proof. Each point = € g is the center of a ball B,.(z) for which

s (B(a) 1g) 1 o

mes,, (B, (x)) 2
(This ratio is a continuous function of r equal to 1 for small  and tending
to zero as 1 — 00.) By Lemma 1.1.3, there exists a sequence of disjoint balls
B,,(x;) for which

9 | Bsr, (z)).

Jj=1
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From Lemma 1.1.4 and (1.1.8) we get

s(By;(zj) N 0g) = enry™ L
Therefore

s(9g) > > s(By, (x;) Ndg) = 3" e, Y (3ry)" "
J

J

Thus, {B,;(x;)} is the required covering. 0

Corollary 1.1.2. The best constant in (1.1.2) is equivalent to

K= sup r"u(B.(x)).
zER™ r>0

Proof. By Lemma 1.1.2, it is sufficient to show that u(g) < ¢ Ks(dg) for any
admissible set g. Let {B,,(z;)} be a covering of g constructed in Lemma 1.1.5.
It is clear that

<Zu () <K pi !t < e K s(g),

J

The proof is complete. O

1.1.2 The Case m > 1

Theorem 1.1.1. Let m and | be integers with m > | > 0. Then the best
constant in

/|vlu\ di < Cllullug, u € CE, (1.1.9)
s equivalent to
K= sup " '"u(B,(z)). (1.1.10)
z€R™ r>0

Proof. (i) We start with the estimate C' > ¢ K, setting
u(€) = (z1 = &) o(r~(z =€)
n (1.1.9), where ¢ € C§°(B2) and ¢ =1 on B;. Since
[ 1Vl = 2 (B, @), [, = er
it follows that C' > ¢ K.

(77) Now we establish the estimate C' < ¢ K. Let us start with the case
I = 0. We have
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/|u|du =c ’/ 7 Vgu df‘du <c/|Vu|gda: (1.1.11)

where dly)
uly

)= [ —————.

) /Iflr*yI”*1

We argue by induction on m. For m = 1 the result is contained in Corollary
1.1.2. The last integral in (1.1.11) does not exceed

c sup (Tmnl/lg()g(f)dg)vww;”l-

zeR™ r>0

Clearly,

/ g(€)de = / e € — o' dpu(o)
B.(x) B (x) Bar(x)

o a € — o' " dpu(o).
67("1') R71\B27‘($)

The first integral on the right-hand side is majorized by c¢ru(Bs,(x)) and
the second one is not greater than

o0

cr"/ |z —o|'"dpu(o) = ¢(n—1)r" / plo : 2r < |x—o| < t}t™"dt.
R7L\BQ7<( 2

s

Thus
Tm7n71/ g(&)dé <c  sup (B, (z)).
B (x)

z€R™ r>0

For [ > 1 the result follows by induction. a

Remark 1.1.1. 1t is clear that for m — 1 > n the finiteness of (1.1.10) means
that ¢ = 0. In the case m — I = n, the value (1.1.10) is equal to p(R™).

We give an analogue of Theorem 1.1.1 for the space W{".

Theorem 1.1.2. Let m and | be integers, m > 1 > 0. Then the best con-
stant in

/\V;u| dp < Cllullwm, we Cg°, (1.1.12)
s equivalent to
K= sup "B, (2)). (1.1.13)
z€R™,re(0,1]

Proof. The estimate C' > ¢ K is obtained in precisely the same way as the
analogous one in Theorem 1.1.1. To prove the converse inequality, we introduce
a partition of unity {¢,};>1 subordinate to the covering of R™ by unit balls
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with centers in nodes of a sufficiently small coordinate grid. We apply Theorem
1.1.1 to the integral

[ 19t sidus

where p; is the restriction of u to the support of the function ¢;. Then

[ 1Vulin <3 [ 190wl < e K3 llgsulur
J J

< e Kllullwy.

Remark 1.1.2. Obviously, in the case m—1 > n the value K defined in (1.1.13)
is equal to

sup (B (x)).
ESIING

1.2 Trace Inequalities for Functions in wy and wor,
p>1

1.2.1 Preliminaries
In this and subsequent chapters we often use operators of the form
k(D) = F~k(E)F,

where F' is the Fourier transform in R™ and k is a function or a vector-
valued function which is called the symbol. In particular, D = —iV and
D = (—i)llgg{r ... gxon.

The following assertion is a variant of the Mikhlin theorem on Fourier
multipliers (see [Liz]).

Lemma 1.2.1. Let the function k and its derivatives 0™k/IE;, ---0E;,, ,
where 0 < j1 + -+ +jm =m < n and j1,- -, jm are distinct, be continuous
on the set {£ € R : & -+ &, # 0} and let

0"k

& o0&, ——— | < counst. (1.2.1)
! ! 85]1 e afjnz
Then the operator k(D) is continuous in Ly, p € (1,00).

In particular, the singular integral operator with a symbol k € C™(R™\0)

is continuous in L,,.

In what follows, the operators (—A)™/2 and (1 — A)*/? with the symbols
€| and (1 + |€]2)*/2, r > —n, s € R, play an important role.
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Lemma 1.2.2. Let 1 = 1,2,---, p € (1,00). There exists a constant ¢ > 1,
depending only on n, p, I, such that

cH(=2)"Pullz, < [ Viullz, < ell(=2)7ullz, (1.2.2)
for all v € C§°.
Proof. Let a be a multi-index of order [. Then
Fr ¢ Fu = F1¢¢ ¢ Fu,
The function £%|¢|~ satisfies the condition of Lemma 1.2.1 which implies the
right inequality in (1.2.2). Also,
€l = [l [€l ™" = (D cal™e®) Il

lee|=t

where ¢, = l!/a!. Therefore,

FHg Pu =" caF*@gaFu.

|| =l

Applying Lemma 1.2.1 once again, we obtain the left part of (1.2.2). a

The following assertion has a similar proof.

Lemma 1.2.3. Let | = 1,2,--- ,p € (1,00). There exists a constant ¢ > 1,
depending only on n,p,l, such that

I = 2)Pullz, < lullwy < ell(1 = 2)ull, (1.2.3)
for allu € C§°.

The operator I; := (—A)_l/2 is the integral convolution operator with the
kernel ¢ |z|'~™, ¢ = const., for I € (0,n). It is usually called the Riesz potential
of order .

For I > 0 the operator (1 — A)~%/2 has the representation

(1-A)12f =G« f,

where G is the function with the Fourier transform (1 4 |¢[)~/2.
The function G; can be written in the form

Gi(x) = C/oo et /At y=n/2+1/2-1 1y
0

or in the form
Gi(z) = c Ky 2(|2]) || =72,

where K, is the modified Bessel function of the third kind.
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The function Gy is positive and decreases with the growth of |z|. It satisfies
the following asymptotic estimates. For |z| — 0,

lz|'=", 0<l<mn,
Gi(z) ~ < log x|~ I =n, (1.2.4)
1, l>n.

For || — oo the following relation holds:
Gi(z) ~ ||t D/2 gl (1.2.5)
The integral operator
FLaG sy

is called the Bessel potential of order [.
For properties of Riesz and Bessel potentials see [AMS], [St2], [Str].
We introduce the maximal Hardy-Littlewood operator M defined by

1
MH@) =spge [ 1wy

By the Hardy-Littlewood theorem (see [St2]), the operator M is bounded in
L,, pe(1,00).

1.2.2 The (p, m)-Capacity
We define the (p, m)-capacity of a compact set e C R™ by

Cpm(e) =inf{|[fl7, : f €Ly, f=0, Jpnf>1o0ne}, (1.2.6)
where J,, is the Bessel potential of order m. This capacity satisfies

Cpm(e) = mf{[[(1 — A)™?u|l} :ue 5 u>1one} (1.2.7)

(see Meyers [Me]). In view of the boundedness of the singular integral operator
in L,,
Cpm(e) ~ inf{||ul|fym : u € C;° u>1on e} (1.2.8)

Replacing the Bessel potential .J,, in (1.2.6) by the Riesz potential I,,,
we obtain the definition of the capacity ¢, (e). These and analogous set
functions used in this book have been the subject of active study (see Maz’ya
[Maz7], Maz’ya, Havin [MH1], [MH2], Meyers [Me], Hedberg [Hed2], Adams,
Meyers [AM], Sjodin [Sj], Adams, Hedberg [AH]).

We describe certain simple properties of the capacities C, ,,(€) and ¢, . (€)
which will be used in this chapter.

Proposition 1.2.1. The capacities Cp (e) and c,m(e) are non-decreasing
functions of the set e.

The proof is obvious.
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Proposition 1.2.2. If mp > n, then
Cpm(e) ~ 1
for all compact sets e # () with diameter less than one.

Proof. Obviously, Cp m(e) < Cpm(Bi1). On the other hand by Sobolev’s the-
orem on the imbedding W)™ C Lo, we have

cllullwy = llullr.. =1
for any function v € C§° which exceeds one on e. Consequently,

Cpm(e) >cP.

Proposition 1.2.3. If mp < n,p € (1,00), then
Cpm(€) > ¢ (mes,e)"mP)/m, (1.2.9)

The proof follows from the definition of the capacity and from Sobolev’s
inequality [lul[z, < ¢||u[lwr, where ¢ = pn/(n —mp), u € C5°. O

To prove an estimate similar to (1.2.9) in the case mp = n we need the
following known assertion (see Yudovi¢ [Yu], Pohozhaev [Pohl], Trudinger
[Tru]) which is given here with the proof for the reader’s convenience.

Lemma 1.2.4. If mp =n and p € (1,00), then

[ul”
D |c de <1 (1.2.10)

/
el

for all w € C§°, where c is a constant independent of u, p+ p' = pp’, and

[p]
D) =e' =Y t//jl.
=0

Proof. Let u = J,,f = G, x f. By Lemma 1.2.3, it suffices to give the proof
under the assumption || f|z, = 1. Obviously,

oo

/ cl ,
/@(C e = > Sl (1.2.11)
j=[pl+1
By Young’s inequality for ¢ > p,
ap’

lulle, < NGmllL.llfllz,, p+p =pp. (1.2.12)

A



18 1 Trace Inequalities for Functions in Sobolev Spaces
Using the estimates (1.2.4) and (1.2.5) for the function G,,, one can show that
1GmllZ, < cog. (1.2.13)
where ¢y = ¢o(p,n). From (1.2.12), (1.2.13), where ¢ = p'j and s = p'j/(j+1),
it follows that the right-hand side of (1.2.11) does not exceed
> e i) (1.2.14)
j=lpl+1

This series converges if ccop’e < 1. Diminishing ¢, one can make the sum
(1.2.14) arbitrarily small. O

Proposition 1.2.4. If mp =n,p € (1,00) and d(e) < 1, then

on 1-p
Cpm(e) >c <log ) . (1.2.15)

mes,, e

Proof. Let u € C§°, u > 1 on e. It follows from (1.2.10) that
?(c ||uH;f,:) mespe < 1.

Hence
B(c[Cpm(e)]7P)) < (mes,e) ™t (1.2.16)

Since the argument of the function @ in (1.2.16) is bounded away from zero,
we have

exp(¢[Cpm(e)] AP < co(mes,e) L.

O
Proposition 1.2.5. If mp < n, then
Cpm(Br) = cr™™™MP,
Proof. Using the dilation, we obtain
Cpm(Br) =" cp 1 (B).
|

Proposition 1.2.6. If mp <n and 0 <r <1, then
Cpm(By) ~r"™™mP,

Proof. The lower bound for the capacity follows from (1.2.9). The upper one
is obtained after the substitution of the function z — n(z/r) into the norm
[ullw,, where n € CG° and 1 = 1 on the ball B;. O
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Proposition 1.2.7. If mp =n, p € (1,00), and 0 <r < 1, then
Cpm(By) ~ (log2/r)' 7P

Proof. The lower bound for the capacity follows from (1.2.15). Let us justify
the upper bound. We introduce the function

v(z) = (log2/r) "' log2/|x|

and by « denote a function in the space C*°(R') such that «(t) = 0 for ¢ < 0,
a(t) = 1 for ¢ > 1. Further, let u(z) = afv(x)]. Clearly, u € C§°(B2) and
u = 1 on B,.. Moreover, one can check that

Vinu(e)| < c(log2/r)~ a|™™
on Bo\B,. This implies that
Cpm(Br) < c||Vimu; B2||I£p

< c(log2/r)*p/ ||~ ™Pdx = ¢ (log2/r)' P
B2\B,

1.2.3 Estimate for the Integral of Capacity of a Set Bounded
by a Level Surface

The following assertion is proved in [Hed3].

Lemma 1.2.5. Let 0 < 0 < 1,0 <7 < n and let I.f be the Riesz potential of
order v with a nonnegative density f. Then

(Lof)(@) < c (1)) (Mf)(2))

where M is the Hardy-Littlewood maximal operator.

e (1.2.17)

Proof. Let t be an arbitrary positive number to be chosen later. We use the

equality
flydy ds
By (2) |I _ ‘n T — ofln—10 Sn—7‘9+1

gm0 /m )f(y) dy (1.2.18)

which is checked by changing the order of integration on the right-hand side.
Hence

/3 %_ t"(Mf)(x). (1.2.19)

() ‘LL’ -
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Clearly we have

/ f@dy o1 / f(y)dy
R\ By (2) ‘JZ _ y|n—7"9 - R\ B, (2) |a? _ yln—T

<t"O=D(L ) (). (1.2.20)
Adding this inequality to (1.2.19), we obtain

(Lo f) (z) < ct"O(Mf)(z) + O, £) ().
Minimization of the right-hand side in ¢ completes the proof. a

Corollary 1.2.1. Let m be an integer, 0 < m < n, I, f = |z|™ " % [ with
f >0 and let F be a function in C™(0,00) such that

1 ER () < Q, k=0,1,---,m, Q= const.

Then
|va(Imf)| < CQ(Mf + |vmlmf|) (1'2'21)

almost everywhere in R™.

Proof. Let u = I,,,f. One can verify by induction that

VaF@| <> FP@ S Vil [Viul (1.222)
k=1 itetip=m
Consequently,
- |vj1u| |v]ku|
Vi Fu) <e@Qd Y S EP S (1.2.23)

k=1ji1++jr=m

Since |Vsu| < ¢Ip—sf, it follows from (1.2.23) that

V()] < cQ(IVnlnfl+3 3 L f I f )

1—71/m ... 1—J/m
k=1j1++jr=m (Imf) n (Imf> o

where the sum Z/ is taken over the collections of numbers ji,--- ,jx each
less than m. Applying Lemma 1.2.5, we complete the proof. a

Our aim is the following assertion.

Theorem 1.2.1. Let p € (1,00),m = 1,2,--- and mp < n. Then, for any
function u € Cg°,

/ Cpm(Ne) P71t < e lullfm, (1.2.24)
0 p

where Ny = {z : |u(z)| >t} and ¢ is a constant depending only on n,p,m.
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Proof. Let uw = I,,f and v = L,|f]. It is easily seen that v € C™(R"™) and
v(xz) = O(|x|™™™) as |z] — oco. Thus the set {z : v(x) > ¢} is compact for any
t > 0. Putting ¢; =27, j = 0,%1,--- , and using the inequality v(z) > |u(z)|,
we obtain

/ Cpm (N ) tP~1dt
0

“+o00
<c Z (tjt1 —t)Pepm({x :v(z) > t;}). (1.2.25)

j=—00

Let v € C®(RY), v(r) = 0 for 7 < €,y(1) = 1 for 7 > 1, where € > 0. We
introduce the function v — F € C*°(0,c0) equal to

Fj(v) = t; + (tjp1 — t)v((v — t5)(tj41 — ;)7 )

on the segment [¢;,%;41].
According to the definition of capacity ¢y, the sum on the right-hand
side of (1.2.25) does not exceed

> AF @) = 1F@) -
Jj=—00
By Corollary 1.2.1, the last norm is majorized by
c(IMIAlz, + IV mIml £z, )- (1.2.26)

Since the operator M and the singular integral operator V,, I, are continuous
in L,, the sum (1.2.26) does not exceed c||f]|z,. By Lemma 1.2.2,

IFllz, ~ [l

The theorem is proved. a

Together with (1.2.24), in this chapter we use the inequality
(oo}
/ Cpm (N Pt < e [|ul[fym, (1.2.27)
0 P

where p € (1,00) and m = 1,2, ---. The proof of (1.2.27) is similar to that of
(1.2.24), the role of (1.2.17) being played by

e (1.2.28)

0
(Jrof)(@) < e ((Jrf) (@) (Mf)(2))
where 0 < 0 < 1,7 > 0 and J,.f is the Bessel potential of order r with a
nonnegative density f. We do not dwell on a similar though more cumbersome
proof of (1.2.28). A more general inequality will be proved in Lemma 4.2.3.
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The corollary and its proof remain valid if I,,, is replaced by J,,,. To obtain
(1.2.27), it is sufficient to use the following chain of inequalities:

/ TVt < e S (tn — ) Cpm(fa - [0(@)] > 1))

j=—o00

<c > IF @) =ty < e (IVm(E@)IE, + llolf,)

j=—o00

and to duplicate the end of the proof of Theorem 1.2.1.

Remark 1.2.1. The existence of inequalities of the type (1.2.24) was demon-
strated in [Maz3], where (1.2.24) (and for m = 1 even a stronger inequality,
in which the capacity of the condenser N;\No; plays the role of the capacity
of the set N;) was obtained only for m = 1 and m = 2. In the more difficult
case m = 2 the proof was based on the ‘smooth truncation’ of a potential
near equipotential surfaces. Unifying this procedure with Hedberg’s inequal-
ity (1.2.17), Adams [Ad3] obtained the above proof for all integers m. Further
references can be found in [Maz18].

1.2.4 Estimates for Constants in Trace Inequalities

A simple though important corollary of inequalities (1.2.27) and (1.2.24) is:

Theorem 1.2.2. Let p € (1,00),m =1,2,--- and let 1 be a measure in R™.
(1) The best constant C in

/|u|pdu < Cllullfym, ueCs, (1.2.29)
18 equivalent to
1i(e)
sup —-—, 1.2.30
P Cpone) (1230

where e is an arbitrary compact set in R™ of positive capacity Cp ., (€).
(Expressions similar to (1.2.30) often occur in this book. In what follows
we do not mention the positivity of capacities in denominators.)
(i) If mp < m, then the best constant C in

[ < Clully, wecy. (1.2.31)
s equivalent to

- u(e)
e Cpm(e)

(1.2.32)
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Proof. (i) From the definition of Lebesgue integral we obtain

s " () ().

Therefore © -
ule
Pdp < sup —__ o (N,) d(tP).
|u|Pdp < sup Cp,m(e)/o Cpm (Ny) d(tP)

€

Now (1.2.29) follows from (1.2.27).
Minimizing the right-hand side of (1.2.29) over the set

{ueC5 :u>1one},

we get

e
C > sup O,u( ()e)'
e p,m

Case (i) is treated in the same way.

Lemma 1.2.6. The best constants Cy and C in the inequalities

[19udrdn < Calul (1.2.33)

/|u|pd,u < Ol ., (1.2.34)
where m > 1 and u € C§°, are equivalent.

Proof. The estimate Cy < ¢ C' is obvious. We show that Cy > ¢ C. It is clear

that
u= Y (I/a)D**(-A) " u.
|ae| =1
From (1.2.33) and Lemma 1.2.2 we get
/|D2a(—4)71u\pdu < Co| D* (=) "uly < e Collull?, -

Hence (1.2.34) holds with C' < ¢Cy. O

Lemma 1.2.7. The best constants Cy and C' in the inequalities

/(mu\f’ + JulP)dp < CO||u|\’V’VF, (1.2.35)

[Jlulrdn < claly. . (1.236)

where m > 1 and u € C§°, are equivalent.
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Proof. The estimate Cy < ¢ C' is obvious. We prove the converse. Let © — o
be a smooth positive function on [0, 00), equal to z for x > 1. For any v € C§°
we have the representation

u=(=A)o(=2)]"u+T(-4),
where T is a function from C§°(]0,00)). Since
(~A) = (-1 3 @/a D,
|| =1

it follows from (1.2.35) and Lemma 1.2.3 that

p
th—l'
P

[ 1ulrdu < o190 (-2l + [Tulfy) < aColle]

The proof is complete. O

We give one more expression equivalent to the best constant C' in (1.2.29).

Corollary 1.2.2. The ezact constant C in (1.2.29) is equivalent to

O

{e:d(e)<1} Cpm(e)’
where d(e) is the diameter of e.

Proof. The lower bound for C follows from Theorem 1.2.2. We prove the upper
bound. Let x be an arbitrary compact set in R™. Further, let closed cubes @;
form the coordinate grid with step n='/2 and let 2Q; be homothetic open
cubes with double edge length. By u we denote a function in C§° such that
u > 1 on k. Let n; be a function in C§°(2Q);), equal to one on Q;. Since the
multiplicity of intersection of 2¢); is finite and depends only on n, we have

Y Com(kNQy) < ery Inyus 2Q5
J J
<2 ) 0 2Qs e < esllulllyn-
J

Minimizing the last norm, we get

Com(K) =D Cpm(KNQ;). (1.2.37)

Clearly,
pi(e)
wrNQ;) < sup ——=Cphm(kNQ;).
( ]) {e:d(e)ﬁl}c,m(e) ! ( J)
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Summing over j and using (1.2.37), we arrive at the inequality

wry<e sup 49

———— Cp.m(K).
N {e:d(e <1}Cpm() P ()

The result follows. a

Corollary 1.2.3. If mp > n, then the best constant in (1.2.29) is equivalent to

sup (B (x)).
reR”

Proof. By Proposition 1.2.2, Cp,,(e) ~ 1 for any non-empty compact set e
with d(e) < 1. It remains to refer to Corollary 1.2.2. O

Using the estimates for capacity by the Lebesgue measure obtained in
Propositions 1.2.3 and 1.2.4, we immediately obtain:

Proposition 1.2.8. The following inequalities hold

1(e)
f <
ple) C{e 5&11} (mes,,e)(n—pm)/n or mp < mn,
sup N0 < e
{e:d(e)<1} Upm sup log p(e)  for mp =n;
{e d(e)<1} mesne
p(e) 1i(e)
Slip cpm(e) <c Sli (e, ¢) P/ for mp < n.

A direct corollary of Propositions 1.2.5 - 1.2.7 is
Proposition 1.2.9. The following inequalities hold

¢ sup PP (B, () for mp < n,
e z€R™,pe(0,1)

sup > 9\ P~
{e:a(e)<1} Cpm(€) ¢ sup <log ) w(By(z)) for mp = n;
z€R™,pe(0,1) 4

sup (e) >c sup p"PT"u(B,(x)) for mp < n.
e cpm(e) zER™,p>0

1.2.5 Other Criteria for the Trace Inequality (1.2.29) with p > 1

Now we overview several other conditions which are necessary and sufficient
for (1.2.29).
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We start with a remark due to D. R. Adams [Ad3] stating that

p—1

/(Jm,ue(x))p/ dx
e Cp,m (6) e ILL(B)

(1.2.38)

where the suprema are taken either over arbitrary compact sets e C R™ or
over compact sets whose diameters do not exceed one, and . stands for the
restriction of p to e.

In fact, let the left and right-hand sides of (1.2.38) be denoted by A and B,
respectively. Further, let u be an arbitrary function in C§° with v > 1 on e.
We have

ule) < /U(l’) dpe(x) < [[(1 = 2)" e, 1(1 = A)™?ul|,
which can be rewritten as

ple) < cllTmpellr,, lullwy
Minimizing the right-hand side over all functions u, we obtain
ule) < eBYPu(e) 7 [Cpm(e)]',

i.e. A < ¢B. Now we check the converse estimate. According to part (i) of
Theorem 1.2.2,

[ ulPdu < e Al

for all u € C§°. Consequently,

‘/udue

H‘]m,ue”Lp, < cAl/pM(e)l/p’.
Thus B < cA. .

P
< e Ap(epP (1 - 2™l

and therefore

The relation
p—1

o [y ds

e Cpm(e) e 1i(e) ’ (1239

where e is an arbitrary compact set in R", mp < n, p € (1,00), can be
established in precisely the same manner. O
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By (1.2.38), the upper estimate

I 6) 1/(p—1)
u < up J, (J, p 1.2.40
Sep Cp7 (6) = CS P m( m/JJ) ( )

holds if mp < n. In particular, for p = 2 it becomes

1(e)

sup < ¢ sup Jomp fi- 1.2.41

e" Cam(e) D2 H ( )
Upper estimates similar to (1.2.40) and (1.2.41), with ¢, ,, and I instead

of Cpm and J, stem from (1.2.39) in the case mp < n. O

One cannot allow arbitrary sets e in the capacitary upper bounds on the
left-hand sides of (1.2.38) and (1.2.39). This is in contrast with the suprema on
the right-hand sides of (1.2.38) and (1.2.39). In fact, it turned out, as shown
by Kerman and Sawyer in [KeS], that the role of e on the right-hand side of
(1.2.39) can be played by an arbitrary cube @, i.e.

o l o)y do

sup ~ sup
e pmle) @ wQ)

p—1

, (1.2.42)

With minor technical changes in the proof given in [KeS], one verifies that
the set {e} on the right-hand side of (1.2.38) can be reduced to a set of cubes

Q, i.e.

(Jmpig(x))" dayr=1
°) [/ e ] , (1.2.43)

sup ~  sup
e Cpm(e)  (qa)<1y Q)

where d(Q) is the diameter of Q.
Other conditions, necessary and sufficient for (1.2.29) and (1.2.31), which

do not involve arbitrary sets and even cubes and which are of a purely point-
wise nature, were found in [MV1]. It is shown in [MV1] that

(e) I, (Jmu)pl (z)7p-1
~ _ 1.2.44
SLelp CP»m € ISGURQL |: Jmﬂ(z) } 7 ( )
where mp < n, and
L, (L) (2)7p-1
sup M ~ [M]p , (1.2.45)
e Cpml€e)  zernl Inp(z)

where mp < n. a
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We note that the following three criteria for (1.2.31) which result from
(1.2.32), (1.2.42), and (1.2.45), respectively,

ule) < Cepmle), (1.2.46)
[ nsga)” do < C @, (1.2.47)
L (Inpt)? (z) < C L () (1.2.48)

have been obtained independently of each other.

These criteria lead to different simpler conditions, either necessary or suf-
ficient, for (1.2.31), and each criterion (1.2.46)—(1.2.48) has its own range of
applications. For example, the sufficient condition

p(e) < C(mes,e)m—Pm/n

follows readily from (1.2.46) (see Proposition 1.2.8) but its direct derivation
from either (1.2.47) or (1.2.48) has not been obtained so far.

We finish this subsection with one more condition, necessary and sufficient
for the trace inequality (1.2.31) to hold, which was obtained by Verbitsky
[Verl]: for every dyadic cube Py in R”

Z {(“(P) 3 mes, P < C u(F),

me: Pl—m/n
PCP, snP)

where the sum is taken over all dyadic cubes P contained in P, and the
constant does not depend on F.

Adding the restriction that the side length of Py does not exceed 1, we
have a necessary and sufficient condition for the trace inequality (1.2.29).

1.2.6 The Fefferman and Phong Sufficient Condition

It was shown by Fefferman and Phong [F2] that the trace inequality (1.2.31)
is true for p > 1, mp < n and for the measure u, absolutely continuous with
respect to the Lebesgue measure:

du(z) = g(x) dx, (1.2.49)

if there exists ¢ > 1 such that
/ [g(y)]'dy < cr™™Pt, (1.2.50)
B (x)

In order to prove this we make use of the inequality

[ (Muen@)avt < sup SB[ pray sy

xERM™,
>0
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(see [SW]), where M, f is the fractional maximal function defined by

(Muf) () = sup = /B Wy

r>0

Obviously, for any § > 0

I f(@) = (0= m) [ et / L Jar

< (M) (@) + 50D My f)(2)),

where M is the Hardy—Littlewood maximal operator. Minimizing the right-
hand side in §, we arrive at the inequality

1/t
Inf(@) < (Mt )@)) " (MF) @)
(see [AH], Sect. 3.1). Hence
1L 12y giz) < €Mt I e IME
Therefore, by (1.2.51) and the boundedness of M in L,,, we find that

1 . 1/pt
1l o) < ¢ 50 (o [ (9))dy) " U1,
e T b

1-1/t

which implies the above mentioned result in [F2]. O

In the case p = 2 condition (1.2.50) was improved in [ChWW], where it is
shown that, if ¢ is an increasing function: [0, 00) — [1,00) subject to

/ (To(7)) " tdT < o0, (1.2.52)
1
then the condition

| 9@ (gle) (diamaB)?)da
sup =8
B (mes,, B)1-2/n

is sufficient for (1.2.31) to hold with p given by (1.2.49). The assumption
(1.2.52) is sharp.

< 0

1.3 Estimate for the L,-Norm with respect
to an Arbitrary Measure

In this section we collect various assertions on the best constant in the in-
equality
g 1/q
( Jul du> < Clullwy, (1.3.1)

where u € C§°(R™). Since in this book our concern is the case p = ¢, we
restrict ourselves to a short survey of known results for p # q.
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1.3.1 The case 1 < p < q

As one can see below, for p < ¢ all results on the best constant in (1.3.1)
can be given in non-capacitary terms and with balls rather than arbitrary
compact sets.

We start with the following criterion (see [Ad1] for p > 1 and [Maz11] for

p=1).

Lemma 1.3.1. Let 1 < p < q and let mp < n. Then the best constant in
(1.3.1) is equivalent to

m—n 1
sup  pmTP (1(By()) /e (1.3.2)
z€R™,pe(0,1)

The case mp = n considered in the next lemma was treated in [MP], see
also [Maz14], Sect. 8.6.

Lemma 1.3.2. Let 1 < p < q and let mp = n. Then the best constant in
(1.3.1) is equivalent to

_ 1
sup  (log2/p) V7% (u(B,(x))"". (1.3.3)
z€R™,p€(0,1)

The next lemma is an obvious corollary of Sobolev’s theorem on the imbed-
ding W C Lo which holds for mp > n.

Lemma 1.3.3. Let 1 <p <q andletmp>n or1l=p<q, m >n. Then the
best constant in (1.3.1) is equivalent to

xseuﬂgl (M(Bl(a:))l/q. (1.3.4)

1.3.2 The case ¢ < p < n/m

To state the next assertion, proved in [MN], we use the following function of
one variable

0,00) 38— vym(p;s) = inf  C,,.(e). 1.3.5
(0,:50) 35 = tym(uis) = _inf Crn(c) (135)

Lemma 1.3.4. Let 1 < p < o0 and let 0 < q < p. Then the best constant in

(1.3.1) is equivalent to
> P 7 d
/ (37) e, (1.3.6)
0o \Vpm(p;s)t s

Another completely different characterization of the trace inequality
(1.3.1) can be found in [COV1] for ¢ > 1 and [COV2] for ¢ > 0.
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Lemma 1.3.5. Let 1 < p < o0 and let 0 < q < p. Then the best constant in
(1.3.1) is equivalent to

/H(Wm,pu(w)) P da, (1.3.7)

where

(Wnp 1) () = /;(M)pil% (1.3.8)

pn—mp

1s the so-called nonlinear Wolff potential.
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Multipliers in Pairs of Sobolev Spaces

2.1 Introduction

In the present chapter we study multipliers acting in pairs of spaces W]ff and
w’;, where k is a nonnegative integer.

The concepts of this chapter prove to be prototypes for the subsequent
study of multipliers in other pairs of spaces. Using the result of Sects. 1.2
and 1.1, we derive necessary and sufficient conditions for a function to belong
to the space of multipliers M(W}" — W]) and M(w]" — w!), where m >
I >0and p € [1,00) (Sects.2.2, 2.3, and 2.8). The case of the half-space
R? is treated in Sect.2.4. Section 2.5 contains conditions for the inclusion
v E M(W;” — W;k), k > 0. In Sect. 2.6 we present a brief description of the
space M (W;" — Wé) Section 2.7 deals with certain properties of multipliers.
In the concluding Sect.2.9 we give a description of multipliers preserving
spaces of functions with bounded variation. As usual, we omit R™ in notations
of spaces, norms, and integrals.

Let v € M(W)" — Wé)7 Up, — w in W and yu, — v in Wzl). Then there
exists a sequence {ny}xr>1, such that for almost all x

Uun, () = u(@),  Y(@)un, (x) = v(z).
Hence v = yu almost everywhere in R”, and therefore the operator
W' su—yue Wzi

is closed. Since this operator is defined on the whole of W, it is bounded by
the Banach theorem.

The norm in M(W" — WII)) is defined as the norm of the operator of
multiplication

s wy—wyy = sup{llvullwy = [[ullwy <1}

We use the notation M Wjﬁ instead of M (Wzl, — Wzl,)

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 33
Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009
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It is worth noting that we can always assume that m > [, since in
the opposite case M(W,;* — W}) = {0}.! In fact, let m < [ and let
ye MW — W}). We have

Iy e nllwe

H’7||M(Wz';"—>W]},) = W7

where ¢t > 0 and 7 is an arbitrary non-zero function in C§°. Therefore,

—m (Il
llarwg—wy = 7 (222 4 o(1))
Wi =) i,

as t — oo and this is possible only if v = 0.
By Wé’unif we denote the space endowed with the norm

||U||W;,3unif = Zsélﬂgb ||77zu||wlg,

where n,(z) =n(z — z), n € C§°, and n = 1 on By.
We also need the space

Wé ={u: nuEWZl, for alln € C§°}.

Jloc

Throughout this book similar notations Sy and Sjoe will be used for
other Banach spaces S of functions defined on R”.
The following is the main result of this chapter.

Theorem 2.1.1. (i) Let p > 1, mp >n orp=1, m >n. Then
Wlasawye—wgy ~ s |13 B}y
(#4) Let p=1, m <n. Then

IVl —wgy ~ - sup r™ "I Vey; Br (),
CRP
r€(0,1)

sup [|7; By (2)|[L,, m>1,
rcR”

17 R Lo m =1
(#i7) Let mp <mn, p > 1. Then
o1 )~ sup AVl
MW —wy) ™~ SUD (Cpm(e))t/P

d(e)<1
sup [|v; Bi(z)l|L,, m>1,
zER™
Y1 2o m =1,
where d(e) is the diameter of e.

! In other words, the multipliers, acting between two different spaces, uglify their
domain, in full correspondence with Mock Turtle’s terminology in the epigraph
to the present book.
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2.2 Characterization of the Space M (W™ — W})
Theorem 2.2.1. For any m > 0

Ivlasowir )~ sap ™y Br(@)ll s (22.1)

re(0,1)
Proof. The result follows by Theorem 1.1.2.

Theorem 2.2.2. For any 0 <1 < m the relation

Ml wn gy~ sup 7" (Ve Br(@) 2, + 77 v Br(@)lz,)  (2:2.2)

r€(0,1)
holds.

Proof. First we note that

PNV Br(@) ey < e (Ve Be(@)llz, + 7 s Br(a) |, )

Hence the equivalence relation (2.2.2) can be written as

l

Mg —wpy ~ sup TN IV Bz, (223)
z€R™,re(0,1) =0

We start with the lower estimate for the multiplier norm of v. Let u(y) =
o((y —x)/r), where r € (0,1) for m < n and r =1 for m > n, ¢ € C§°(B2),
@ =1 on B;. We set this u into

||’YU||W1m < H7||M(W{”—>W11)Hu||wf"’
and use the inequality
PV () Bar (@), < ¢ vullwy, 5=0,1,...,0,
valid because suppyu C Ba,-(z). Hence

PV Be @)y < e Il arwim —wir™™

which gives the lower estimate for ||7v[| ;w1
To obtain the upper estimate, we combine the obvious inequality

l

IVi(v)llz, < e > IVl Vi jul |,
=0

with the estimate

11V Vicjul o, S sup o™ 70 Wy Be(@) |1, [IVi—jull ym-1es
zeR™,re(0,1)
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which holds by Theorem 1.1.2. Hence

l
IViyw)llz, e sup ™Y TV B (@) | e

z€R™,re(0,1) j=0

Also, by the same Theorem 1.1.2,

lulle, Se s ey B @)l
zeR",re(0,1)

Adding together the last two inequalities and noting (2.2.3), we complete the
proof. O

Corollary 2.2.1. Let 0 <[ <m. Then

P o Fom— (2.2.4)
Proof. The result follows directly from Theorems 2.2.2 and 2.2.1.
The equivalence relation (2.2.2) is modified in the following assertion.

Theorem 2.2.3. (i) If m > n, and m > 1, then
IVl arwm —wiy ~ sup. [ B (@) |y - (2.2.5)
(13) If I < n, then

Vaew: ~  sup TV Be(@)ll Ly + 1] (2.2.6)
zeR™ re(0,1)

(z5i) If I < m < mn, then

M yeewm—wiy~ sap vV Br(2) |,
zeR™,re(0,1)

+ sup [|v; Bi(z)| L, - (2.2.7)
rER™

Proof. Relations (2.2.5) and (2.2.6) follow from Theorem 2.2.2.
Let | < m < n. The lower estimate is a direct consequence of Theorem
2.2.2. To derive the upper estimate we show that

B @l < e (Bi@lsct sup oIV By@)lsa) (228
pe(0

for any x € R™ and r € (0, 1). By the Sobolev integral representation (see, for
instance, [Maz14], Subsect. 1.1.10),

()] < c(Hv;B(x)llLl +/B %dy). (2.2.9)

@) |2
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Hence
Viv(y
v; By L < (v Bi(@)|L / / d dz
i@l < (lsBa@le + [ f T W )
dydz
< (B @l #1907 B+ [ [ Vo)l )
B(z) J Ba(z)\Bar(z) lyl

Combining this fact with the obvious inequality

/ / IVoyW) g < er™" T sup ™[V Bo(@) |z,
By (x) JB1 (2)\ By (x) Il pe(0,1)

we complete the proof. O

Theorem 2.2.3 implies an interpolation inequality for elements of the space

Corollary 2.2.2. Let vy € M(W™ — W}). Then

1—j5/1 i/l
W aswgr—s—wi=sy < € I Iyt p e (2:2:10)

where 7 =0,1,...,1.

Proof. Making the dilation in the well-known inequality

l 1
Vi Billzy < ¢ 17 Bullygy " s Bl
we obtain

1—5/1
Ve Be (@), < e (P90 (@) s+l Br(@)lle,) ™ s Bo@) 1)

Hence )
PV B (@), ™ B (@)

< e(r™ IV Be(@) oy +r" T s Br(@)lz,) (P s Br(@)[lz,)
Reference to Theorem 2.2.2 completes the proof. a

Corollary 2.2.3. Let 0 <l < m. Then

l

ey s ~ S IV sarm——p (2.211)
=0
and
IVlarwm —wiy ~ Vvl wye — 2y + 17I Ly unie- (2.2.12)

For m =1 the norm ||y| L, unit should be replaced by ||v|L..
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Proof. Estimate 2.2.12 results from Theorems 2.2.3 and 2.2.1.
By Theorems 2.2.1 and 2.2.3

Vi larwm=ipyy S ¢ sup "IV Be(a) |z
zeR™,re(0,1)

< C||’Y||M(Wlm—ﬂ_>w1l—ﬂ')

which is dominated by [|v/[57(w w1y in view of Corollary 2.2.2. The lower
estimate 2.2.11 follows. O

2.3 Characterization of the Space M(W;" — Wzl))

forp >1

Here we derive necessary and sufficient conditions for a function to belong to
the space M (W — WIl)) for p > 1.

The next assertion contains an inequality between multipliers and their
mollifiers.

Lemma 2.3.1. Let vy, denote a mollifier of a function v which is defined as

Yol) = p‘"/K(p‘l(x = &))(§)dE,
where K € C§°(By1), K >0, and ||K||, = 1. Then
Vol arqw—wty < IVllaewm —wy < 1irpn_}onf\|’7p||M(W,;n—>W5)~ (2.3.1)
Proof. Let u € C§°. By Minkowski’s inequality

(/‘Vj,z/p_"K(f/P)’y(x — Oyulz)de de)1/p

< /p*"K(f/p) (/|Vj,y(v(y)u(y+E))|pdy)1/pdfv

where j = 0,1. Therefore,

1/p
Ipullwe < IVlarew—w) / p K (/o) ( / (Vo ytiy + €)1 dy )

1/p
([ uty+ ©Pay) ") e < I lasgugwy Il
This gives the left inequality (2.3.1). The right inequality (2.3.1) follows from
Iy = tim il < i i oo -

The proof is complete. O



2.3 Characterization of M(W," — W}) for p > 1 39

The following assertion is a particular case of Lemma 1.2.7.

Lemma 2.3.2. Let v € Ly 10c, p € (1,00), and let u be an arbitrary function
in C§°. The best constant in the inequality

YViullL, + lyullz, < C fluflwy
is equivalent to the norm ||7||M(W;n7z_>Lp).
The next lemma concerns derivatives of multipliers.
Lemma 2.3.3. Suppose that
yEMW - WhHnMW,* ' — L), pe€(1,00).
Then, for any multi-index « of order |a| <1,
D%y e MW" — Wllel
and
||D"7||M(W£”éwé,‘u,)
< e Iy, + @) vz —w, (2.3.2)
where € is an arbitrary positive number.

Proof. Let u € Wzi and let ¢ be an arbitrary function in C§°. Applying the
Leibniz formula

|
Da(gou) = Z %Dﬁ(plyx—ﬁu’
(azpzoy O~ B
we obtain
|
/@U(—D)aydm = /VDQ(<pu)d$ — Z %’YDﬁSODaiﬁudx
{B:a>p20} Bl = B):
al 5 o
= /QP Z m(—D) (’YD u)dm
{B:a>p>0} ’
Therefore,
a!
uD%y = Z = DB (’y(—D)o‘_ u),
(prazpzoy Mo = B)f

which implies the estimate

||yt < Bay|| a-raltisl-
[ Dl yy1-1a 70{5 §>0} VD Pl = rai+101
He Pa v
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Hence, it suffices to prove (2.3.2) for |a| =1, 1 > 1. We have
¥y lygaer < vl + 17Vl
< (H'Y”M(W;"—»Wpf) + H’Y”M(W;”*l—»vv,i*l))||u|\W;'L~
Estimating the norm H'y||M(W£n71_}le;1) by (2.3.8), we arrive at (2.3.2). O

The equivalent representation for the norm in M(W" — L,) is a direct
consequence of Theorem 1.2.2. Namely,

[v;ellz
m_g, )~ — 2.3.3
||7HM(WP LP) Slelp (Cp7m(€))1/p ( )
By Corollary 1.2.2 this can also be written in the form
[v;ellz
m_ y~ Sup —————— 2.3.4
”'YHM(WP Ly) erd(e)<1 (Cp7m(e))1/p ( )

where d(e) is the diameter of e.

Now we pass to two-sided estimates for the norms in M (W)™ — W),
p € (1,00), given in terms of the spaces M (W} — L,). We start with lower
estimates.

Lemma 2.3.4. Let v € M(W,;* — W}). Then
IVl ewye =) + IVl w1 —n,) < €lVllaewm —wr)- (2.3.5)

Proof. Suppose first that v € M(W;"~! — L,). We have

vV, < Vap—wylelwy +¢ > [ID*uD |,

lal+181=L,
B0
1
< (IMlarawg—wyy + S IVAggosp,y ) lullwp. (23.6)
j=1
Lemma 2.3.3 implies
||vj’7||M(W;n7l+j—>Lp)
<e ||'VHM(W;”—"HLP) +c(e) ||7HM(W]§”—"+-7’_>W2§)- (2.3.7)

By an interpolation property of Sobolev spaces (see [Tr4]) we have

1—3)/1 i/l
IV as w5 w1y < € IDlssvim—wsy I iy (2.3.8)
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where 0 < j <. Estimating the last norm in (2.3.7) by (2.3.8), we obtain
19 sy < & Ilarwgny + o) Il —wi-

Substitution of this inequality into (2.3.6) gives

IvVille, < (2 Wlasawgtr,) + €€ Ilaavg—wy ) lulwg.  (2:3.9)

Also,
Ivullz, < 1Varwm—w llullwge- (2.3.10)

Combining the last two estimates and applying Lemma 2.3.2, we arrive at

My wy—t—r,) < € w1,y + <@ My —wy)-

Hence,
Mlasag s,y < € IMlarowg s (2:3.11)
Next we remove the assumption v € M(W;*! — L,). Since vy €
MW" — W), then
Ivnllz, < clnllwy,
where n € C§°(B2(x)), n = 1 on Bi(x), and x is an arbitrary point in R".
Hence
sup [|7; B(2)]|z, < oo

and for any k£ = 0,1,... there exists a constant ¢, such that |Vivy,| < c,.
Since the function 7, and all its derivatives are bounded, it follows that v, is
a multiplier in W]f for any £ =1,2,..., and thus v, € M(W;”_l — L,). By
(2.3.11)

H'Yp”M(W;"—ZHLp) <c H’Yp”M(W;"—»WIg)-

Letting p — 0 and using Lemma 2.3.1 we arrive at (2.3.11) for all vy €

MW" — WZZ))
To estimate the first term on the right-hand side of (2.3.5) we combine
(2.3.11) with (2.3.7) for j = 1. O

The estimate inverse to (2.3.5) is contained in the following lemma.

Lemma 2.3.5. Let v € M(W;”*l — Ly) and let Viy € M(W;" — L,). Then
v e MW — W) and the estimate

Ve —wy < C(||VN||M(WguLp) + ||7||M(W;HHLP)) (2.3.12)

holds.
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Proof. Inequality (2.3.8) along with Lemma 2.3.3 gives

1—j5/1
ijrY”M(W;"_H'7—>L ) = ||’>/||M(W7”—>W1l))H’Y”]\/[(]I/{/;”’l_)[,p)’ (2313)

where j =1,...,l — 1. For any u € C§°,

IVi(yu)lz, < CZ Vv Viejul [z, < (HVWIIM(W;L_»Lp)

-1

I nsawg-t o,y + DNV arwgeos ) lllwe.
j=1

Then it follows from (2.3.13) that
IV, < ¢ (N aravg—z,) + Mg,y )l

It remains to note that

Ivallz, < It iyt

Unifying Lemmas 2.3.4 and 2.3.5, we arrive at the following assertion.

Theorem 2.3.1. Let m and | be integers, and let p € ( 00). A function vy
belongs to the space M (W) — W) if and only if y € W, loc7 yeMWt —
Ly), and Viy € M(W;" — L,). Moreover,

sy ~ 19w+ 2l arge i
Relation (2.3.3) leads to the following reformulation of Theorem 2.3.1.

Theorem 2.3.2. Let m and | be integers, and let p € (1, ) A function ~y
belongs to the space M(W," — Wl) if and only if v € W, and, for any
compact set e C R",

p loc

IVisell?, < ¢ Cpunle)

and
[vsellz, <e¢Cpm-ile)

Moreover,

IVivielle, el )
Copm(E)/P~ (Cpmi(e))/P/”

An important particular case of Theorem 2.3.2 is m = [.

s e —awgy ~ st ( (2.3.14)
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Corollary 2.3.1. Let | be an integer and let p € (1,00). A function -y belongs
to the space MWZZ, if and only if v € WIZ) and, for any compact set e C R™,

Jloc
IVievielll, < e Cpale).

Moreover,

1907 el
~ - . 2.3.15
I¥lasw ~ stp g + Il (23.15)

By (2.3.4), one can use only compact sets with diameters not exceeding
1 in Theorem 2.3.2 and Corollary 2.3.1 and rewrite (2.3.14) and (2.3.15) as

follows:
IViyselln [v;ellz
Illarewg—wy ~ sup ( e+ ), (23.16)
=Wl ™ i1\ Com ()P (Cpum—i(e)) /P
[Vivielr,
VIewy ~ sup  ————= 4 7L - (2.3.17)

e:d(e)<1 (Cp’l (6) ) 1/p

2.3.1 Another Characterization of the Space M(W;"‘ — Wzl))
foro<li<m,pm<n,p>1

Lemma 2.3.6. Letp € (1,00), 0 < v < u, and let ¢ be a nonnegative function
in Lppioc. Then, for any compact set e of positive measure,

/go”pdx /v /cp“pdx 1/p
Sup<e> < sup<e> . (2.3.18)

e Cpu(e) e me

The same assertion holds for compact sets e of positive measure with diameter
not exceeding 1.

Proof. Let v € C3° and let f = J,u. By (1.2.17) and Holder’s inequality

/(p”p|u\pdx <ec /SDVP<JH|f|)UP/N(Mf)(H_V)p/udx

< C(/ @“p(Ju|f|)pdx) v/p (/(Mf)pda:> (ufu)/u.

Using the continuity of the Hardy-Littlewood operator M in L,,, we find

/(p”pdx v/p
/ @ ulPdz < c sup(g(e)> BN
e D
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Since [|Ju|f] [[wp < e |lfllL,, it follows that

/@”pdw vin
/SOVPMde <c Sup(é—) ||uHW‘
(&

pu(€)

The result follows by Theorem 1.2.2. a

Corollary 2.3.2. For anym >1>0 and p € (1,00),

SUPM ¢ sup ||7;6||me/(mfl)
¢ (Cpm—i(€))/P =7 "¢ (Cpml(e))m=b/em’

(2.3.19)

The same assertion holds for compact sets e of positive measure with diameter

not exceeding 1.
Proof. The result follows by Lemma 2.3.6 with ¢ = |y|/(™=0D v = m — 1,
and g =m. g

The following assertion was obtained in [Ad2].

Lemma 2.3.7. Let 0 <1 < m < n/p, p € (1,00), and let I;f be the Riesz
potential with a nonnegative density f € Ly 1oc. Then

l/m

(Lif)(z) <c (?1;;0) Tm_"/pr; Br(x)HLp) ((Mf)(x))(mfl)/m

Proof. 1t is enough to put x = 0. For any 6 > 0 we have

_ [ f(z)d=z f(2)dz
(£1f)(0) = 5, T +/R"\Bg Pr=E (2.3.20)

Clearly,
: J[Z(Tzdf < ¢ 8L MF)(0). (2.3.21)

The second integral in (2.3.20) can be written as

/R”\Ba J|C7E|” ro / / HOde = l+1 —an /B5 F(E)de.

By Holder’s inequality the right-hand side does not exceed

(o) et e ssri)™)
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Hence

[ A% < oo g8l
R™\Bs |2| >0

which together with (2.3.21) implies that
(L)) < ¢ (8 (MF©) + 07" supr™ "7 f; B (a)]|1,)-

The result follows by minimizing the right-hand side in 4. O

The next lemma is due to Verbitsky. For its proof see [MSh16], Sect. 2.6
and [MV1], Sect. 3.

Lemma 2.3.8. Let p € (1,00) and let 0 < m < n/p. Then

IM el _ Ifsell,

sup Com(ent/? = ¢ sup ComleN'?” (2.3.22)

This inequality plays a crucial role in the next assertion, also proved by
Verbitsky, see [MSh16], Sect. 2.6.

Lemma 2.3.9. Let m and l be integers, 0 <1 <m < n/p, and let p € (1,00).
Then
sup ||7; e‘Ime/(mfl)
e (Cpml(e))tm=b/em

Viv; €||Lp

< —_— R . .o
=¢ (Sgp (Cpm(€))1/P + zseuﬂgl llv; B ($)||L1> (2.3.23)

Proof. By the Sobolev integral representation [Sob] (see, for instance, [Maz14],
Subsect. 1.1.10 and [Bur], Sect. 3.4)

Viv(z + 2
o < e FUEdst sup it @l ).

) |Z|n7l

Combining this inequality with Lemma 2.3.7, we obtain

@)l <e(( sup ™RV B(2) |, T (M) ()
z€R™ re(0,1)

+ sup [1v; Bi(z)|z,) (2.3.24)
zER™
for almost all z € R™.
Adopting the notation
K= sup " "P|Vy;B.(2)l,,

z€R™,re(0,1)
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we deduce from (2.3.24) that
/|,),‘zm"b/(m*l)aga7

< c(lel/(m_l) / [((MV 1) (z)|Pdz + (sup ||v; B: (J:)HLl)pm/(m_l)mesne).
e TER™

Using here the obvious estimate mes,e < C,, ,,(e), we find that

(/’Y(x)pm/(ml)dx>(ml)/pm
€

Cp.m(€)

< ek (sup M) 1-t/m

e (Cpm(e))l/r + sup ||7§51(93)||L1).

zER™
Reference to Lemma 2.3.8 and the inequality
[Viviellr
K<sup——"2—,
=T Gl
completes the proof. O

The following assertion gives one more representation of a norm in

MW — Wh.

Theorem 2.3.3. Let m and | be integers, 0 < I < m < n/p, and let p €
(1,00). A function v belongs to the space M(W)" — WZIJ) if and only if v €

W1l7,10c and for any compact set e C R™

IVivells, < ¢ Cpum(e).
Moreover,

IVivsellr,
m_, ~ _— B . 2.3.25
”’VHM(WP wl) Sl;p (Cp,m(e))l/p + ISEHRRI ”’Y 1(1')”1/1 ( )

Here one can use only compact sets with diameter not exceeding 1.

Proof. We start with the lower estimate. By Lemma 2.3.4,

Il < st Il
for any n € C5°(Ba(z)) with n = 1 on By (z), where z is an arbitrary point in
R™. Therefore,

sup [|v; Bi(z)]|z, < ¢ ||’Y||M(W;)"*l_>Lp)~
a:eRTl

The upper estimate is a direct corollary of (2.3.14), Corollary 2.3.2, and
Verbitsky’s Lemma 2.3.9. O



2.3 Characterization of M(W," — W}) for p > 1 47

Corollary 2.3.3. Let m and | be integers, 0 < I < m and let p € (1,00).

Then l

HV”M(W;’L—»W;)) ~ Z ||Vl—j7||M(W;n*fHLp) (2.3.26)
§=0
and
IVl —wy ~ IVivlewm -,y + 17124 e (2.3.27)

For m =1 the norm ||| L, unit should be replaced by ||v||L.. -

Proof. The upper estimates follow from (2.3.25) and (2.3.3). The lower esti-
mate in (2.3.26) results from

”vl—j'Y”M(W;”*j_)Lp) < C||'7||M(WI§"*J'_>W;)*J') <c H'Y”M(W;"—»W;))-
O
We finish this subsection with one more two-sided estimate for the norm
in MW — W,
Corollary 2.3.4. Let m and | be integers, 0 < I < m and let p € (1,00).
Then

l
IVv;ellr,
c sup ———————F— < m_,
E eP [Cp,m—l+j(e)]1/p > ||“Y||M(Wp Wi)

1Viy; eHLP

Crm(@]/7 + ||7||L1,umf>- (2.3.28)
p,m

For m = the norm ||v||L, ... should be replaced by ||y, -

Proof. The lower estimate follows from (2.3.26) and (2.3.3). The upper one
is contained in (2.3.25). |

=0

< c(sup
e

2.3.2 Characterization of the Space M (W, — W;)) for pm > n,
p>1

For pm > n the space M(W;" — Wé) has a simple description which is
contained in the next assertion.

Theorem 2.3.4. If pm > n, p € (1,00), then
IWlarcwg—wiy ~ sup 115 Bl (2.3.29)
xeR™

Proof. Since for compact sets e with diameter less than 1 the equivalence
relation

Cpm(e) ~1
holds, the result follows from (2.3.25). ]

Remark 2.3.1. For pm > n, p € (1,00), the relation (2.3.29) can be written as

Ilasew —wiy ~ [l

p,unif
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2.3.3 One-Sided Estimates for Norms of Multipliers in the Case
pm < n

For mp < n we can give different upper and lower bounds for norms in
MW" — Wé) which do not involve capacity. In other words, we obtain
separate non-capacitary necessary and sufficient conditions for a function to
belong to this space of multipliers.

Using the estimates of the capacity of a ball given in Proposition 1.2.9
and Theorem 2.3.3 we immediately arrive at the following lower estimates for
norms of multipliers.

Proposition 2.3.1. (i) If pm < n, p € (1,00), then

IV acwm—wiy = e sup ™|V Bo(a)||n,
P P zeR™ re(0,1)

+ sup 17: Bi(@)||L, ). (2.3.30)
we n
(i) If pm =n, p € (1,00), then

IV arwm—wiy = e (- sup  ((log(2/r)'~/?(IV1y: By (2)] 1,
P P z€R™,re(0,1)

+ sup [l Ba ()|, )- (2.3.31)
reR™

Next, we give upper estimates for the norm in M (W;,” — Wzl,) which result
directly from Theorem 2.3.3 and Proposition 1.2.8.

Proposition 2.3.2. (i) If pm < n, p € (1,00), then

Vivie
||fY||M(W;nHWT£) S c ( sup || 1Y HLP

4 B ) 2.3.32
b e,y * 2 Bl ). (233

where d(e) is the diameter of e.
(i) If pm =n, p € (1,00), then

I arwom—wiy < e ( ds(ll§’< (log(2" /mesne)) /7| Viviellr,
e:d(e)<1

+ sup 173 B1(@) |1, ). (2.3.33)
For m =1 one should replace s;lﬂg lv; Bi(x)|ln, by I7llLo. -
The next assertion follows immediately from Proposition 2.3.2.
Corollary 2.3.5. (i) If pm <n, l <m, and p € (1,00), then
IMawy—wyy <clvlwe,
(1) If lp < n, p € (1,00), then

[Vl arws < e (Suﬂg IV1v; Bu(@)llz,,0 + [Vlpe)-
TER™
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2.3.4 Examples of Multipliers

Propositions 2.3.1, 2.3.1 and Theorem 2.3.4 enable one to verify conditions
for inclusion of individual functions into spaces of multipliers. We give three
examples of this kind.

Ezample 2.5.1. Let ‘
() = ()|,

where n € C§°, n(0) =1, o € R, and § € R\{0}.

Let mp > n. Clearly, v € Wpf = MW" — Wj)) if and only if a >
l—n/p.

Suppose that mp < n. If @« < 1 —n/p, then v ¢ W;l;,loc and hence v ¢
MW" — W) because of (2.3.30) and (2.3.31). Consider the case mp < n,
a > 1 —n/p. We obtain

,unif

|afl a—l+n/p

IViviellL, ~ [llz[*5ellL, < c(mespe)

for all compact sets e with d(e) < 1. Using (2.3.32) and (2.3.33), we conclude
that v € M(W;" — Wzl,) Summarizing, we have

yEMW" - W) <= a>1—-n/p.
Ezxample 2.53.2. Let > 0 and let
V(@) = n(x) exp(ilz|™"),
where n € C§°, n(0) = 1. Clearly,
IViy(z)| ~ || 7+ as 2 — 0.

Therefore, v € W}(R") is equivalent to n > pl(u + 1). Let us find a criterion
for v € M(W" — W).
In view of Theorem 2.3.4, the same inequality n > pl(u + 1) is necessary
and sufficient for  to belong to M (W (R") — WL(R™)) for mp > n.
Suppose that mp < n. We have

IV Bellw ~ el ™5 By |,

and
lim ™ L/pHVI’y; B, = oo
r—0

for m < I(u + 1). According to Proposition 2.3.1, this means that v ¢
MW — W) for m < 1(u+1). If m > I(u+ 1), then

IVivselle, < cllla]~@ )L, < c(mes,e) D/t

for any compact set e with diameter d(e) < 1. This, together with Proposition
2.3.2, implies that v € M(W" — WZZ)) Thus, for mp < n,
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yEMW," —» W) <= m>1(n+1).
In the same way we verify that
yEMW," > W}) <= m>I(u+1)
for mp = n.
Ezample 2.3.3. Let p,v >0, n € C5°(B1(0)), n(0) =1 and
(@) = n(x)(log|a|™") ™" exp(i (log |z ~1)").

Clearly, l e
V()] ~ e|z| ™ (log |z| 1) =D,

Using the same arguments as in Example 2.3.2, from this relation and
Propositions 2.3.1 and 2.3.2 we obtain

l n
AEWL(R") <= I(p—1) <v—1/p,
ANEMWIRY) <= l(un—1)<v—1

for Ip =n. O

2.4 The Space M (W *(R}) — WL(R?))
2.4.1 Extension from a Half-Space

Let R? = {z = (z,,) : # € R""!, z,, > 0}. The classical extension operator
m is defined for functions given on R’} by

v(z) for x, >0,

Za] —jZn) for =, <0,

where «; satisfy the conditions

l
> (DFjFa; =1, 0<k<i-1

j=1

Lemma 2.4.1. Suppose that v € M(W,*(R}) — W;)(Ri)), where 0 <1 <m
and p € [1,00). Then

m(y) € MW" (R") — W' (R™))

and
||7T(’Y)§Rn||M(WI;n—>WIg) <c H’Y§Ri||zv1(wzjn—>wg)- (24.1)
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Proof. Since v € Wé)loc(ﬁ), it follows by the well-known property of the

operator 7 that w(y) € WIZ)JOC(R"). Hence m(vy)u € Wé(R") for any u €
C§°(R™). We have

) Ry = s Rl =+ (e R [y

l

<y R [lws + ¢ Iy uys R (e
j=1

where
Uj(.’l?, xn) = U(ZL‘7 _wn/])

and R = {z = (x,z,) : @ € R""!, z,, < 0}. Therefore,

l

Iy R e < el RE larqwg—wy (lus R lwge + D lugs RY lwye)
j=1

and, since
Huj; R"™ me <c ||u, R" ||Wm7
P P

it follows that
17 (V) R™ [Gys < el RE Narwe —wiy 1w R e

The lemma is proved. a

2.4.2 The Case p > 1
In this subsection and elsewhere we use the notation
BX(Y) = B,.(Y)NRL.

Theorem 2.4.1. A function v belongs to M (W, (R%) — W (R")) with p €

(1,00) if and only if v € Wé,loc(Rﬁ) and, for any compact set e C R},
IViviellr, < cCpm(e). (2.4.2)

Moreover,

!
IVevielr,
S < |lv;R" m_,
€1 sup E: (Cpmtsn(e)/? = [1; +||M(Wp w}k)

. [Vivielz,
e (Chm(e)/7

+ sup B (X))l )- (2.4.3)
XeRY
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Proof. By Theorem 2.3.3

IVivielle, IVer(v);ellz,
e (Com—ik(€)P ™ ecrr (Cpm—itk(e))'/P

<cllm( )R [ wm —w)-

Reference to Lemma 2.4.1 implies the lower estimate for ||; R ([ arwm —w)-
We turn to the proof of the upper estimate in (2.4.3). Let u € C§°(R%)
and let
v e M(W]MRY) — WHRY)).

We have
s R s < () ()i R (2.4.4)
By Theorem 2.3.3 the right-hand side does not exceed
e (s TR 4 sup ()i ) IR e
Since
()i Rl < s R [l (2.4.5)
and
sup [[7(7); Bi(2)llz, < ¢ sup |v; B{ (X)L, (2.4.6)
zER™ XeRY

it remains to prove the inequality

[Vim(v)sellL, IViyiells,
SUp ————~ = < ¢ SuUp - (2.4.7)
eckr (Com(e)VP ~  cqr (Cpm(e))'/P
Let e+ = eNR’}. The quotient on the left-hand side of (2.4.7) does not exceed

the sum
IVivierlr, | IVir(y)ie—|lL,

(Cpm(es))/P — (Cpm(e))t/r

(2.4.8)

We put
ej:{Z:(:IZ,fxn/j)Ee_}’ j=1,...,1
Using the inequality

IViz(v)se—lz, < clViviele,
along with the equivalence relation
Cpm(e-) ~ Cpm(e)),
we conclude that the second term in (2.4.8) is majorized by

IV,
eCRY (Cp,m(e))l/p

The proof is complete. O
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The following assertion follows directly from the last theorem.

Corollary 2.4.1. If y € M(W]*(R") — W/(R?)), then
D%y € M(WM(R%) — Wi-lel(Rrn))
for any multi-index « of order |a| < 1. The estimate
D% Ry wrge o 1ety < ey RE laeqwn—wiy

holds.

2.4.3 The Case p=1

Theorem 2.4.2. A function vy belongs to M(W{(R}) — WI(R™)) if and
only if v € Wi 1o (R%) and

IViy; BE (X)), <er™™™ (2.4.9)
for any X € R} and r € (0,1). Moreover,

||7;R1HM(W1"Z_>W{) ~
sup 1"V B (Xl + sup 1 B (X) |- (2.4.10)
eR?

XERi
r€(0,1)

Proof. By Theorem 2.2.3
sup 1V B (Xl < sup 7 Vi) B ()
can

XERTY T
r€(0,1) r€(0,1)

<c ||7T(’Y);Rn”M(W1’"~>W11)'

Reference to Lemma 2.4.1 implies the lower estimate for [|v; R% (|57 qwm w1y

To obtain the upper estimate, we take U € C§° (M) and v €
MW (R%) — W(R%)). In view of (2.4.4), which is also valid for p = 1, the
norm [[yu; RY ||y is dominated by

c( sup Vi (); Br(Y)llz, + sup [7(7); Bu(Y)|lLy ) 7 (U); R [lwpe.

Y ER™ Y eR”

r€(0,1)
By (2.4.5), which holds also for p = 1, and (2.4.4), it remains to obtain the
majorant for [|V;m(v); B.(Y)|L,. We have

IV (7); Be(Y) |z, < Vi (7): BE(Y)lzy + Ve (v); By (V)| -
Putting
B,j={z:(x,—xn/j) € B, (Y)}

and using the inequalities

Vir(7); B, (Y)|lz, <cl[Vir(v); Brjlln, < ¢ sup IV B (X)L,
ek}

we complete the proof. ad
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2.5 The Space M (W — W_¥)

Let m and k be positive integers, and let Wp_k stand for the dual space (Wlf',)' ,
where p + p’ = pp’. The following assertion contains a sufficient condition for
inclusion into the distribution space M (W,* — W, ).

Theorem 2.5.1. (i) Letp € (1,00), 0 <m < k. If
v= > D%y (2.5.1)
lo <k
with
Yo € MWy — WE™) N M(W," — L), (2.5.2)
then v € M(W,;" — W %),
(i7) Letp € (1,00), m >k > 0. If
Y= Z D%yq
|| <m

with
Yo € MW = W )N M(Wp — Ly),
then v € MW" — W, ).
Proof. Tt suffices to prove only (i), since (ii) follows from (i) by duality.
Let u € WIZ", m < k. Since
uD%y, = Z cMD’\(fyaDa*)‘u), Cra = const,
A<a

we have

”'}/UHWP—’c <c Z ‘|7aDa7)\u||Wl|7>\l—k
A<]a|<k

<c Y, IV llyrgurge—r 131 gy el g i - (2.5.3)
A<l <k

Applying the interpolation inequality

k—|\])/k A/k
el s —++131_iri#) < €lall sy el ngw .z,

which results from the interpolation property of Sobolev spaces (see [Tr4],
Sect. 2.4), we obtain from (2.5.3)

vy, « < ¢ (Ml arz— s sy + Iallarovg - o)l
It remains to note that
”'}/a”M(WI;"*’CHWI;"‘) = ”'}/a”M(W:,HW;C,*m)'

The proof is complete. O
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The next assertion shows that Theorem 2.5.1 provides a complete charac-
terization of M(W," — Wp_k) which holds under some conditions involving
k,m,p, and n.

Theorem 2.5.2. Let k and m be positive integers and let either k > m > 0

and k > n/p’ orm >k >0 and m >n/p. Then v e MW" — W) if and
only if

yEW, b DWW, (2.5.4)

In particular, if max{k,m} > n/2 then M(W3" — W, *) is isomorphic to

WQ—min{m,k} )

Proof. Tt suffices to consider the case k > m > 0, k > n/p’, because the case
m >k > 0, m > n/p results by duality.

Necessity. It follows from the inclusion v € M(W;" — W, %) that v €
Wp_)fnif. Since M (W™ — W, ¥) is isomorphic to M (W}, — W ™), we have
v €W, s as well.

Sufficiency. It is standard and easily proved that

yeW k nw,m

p,unif p’,unif

if and only if (2.5.1) holds with

Yo € Lp7unif N kam

p’,unif*
Since M (W), — W;/_m) is isomorphic to W;,;’Sif for p'k > n, it follows that
Yo € M(WE — WE™™).
It remains to show that v, € M (W, — L,). We choose ¢ and r to satisfy
1/q¢ > max{0,1/p —m/n} > —e + 1/q,

1/r > max{0,1/p' — (k —m)/n} > —e +1/r

with a sufficiently small €. Since 1/p > 1 —k/n, we have 1/p > 1/g+1/r. By
Holder’s inequality

Vatllzy wie < € [17al U e

Ly unit

and by Sobolev’s imbedding theorem
p,unif

VatllLy e < € 1vallps-m llullwn
p’,unif

This means that v, € M(W," — L,). The proof is completed by reference to
assertion (i) of Theorem 2.5.1. 0
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Remark 2.5.1. Note that by Sobolev’s imbedding theorem

Wp_zyllm Wp_un1f7 k > m,
if and only if either n < (k — m)p or
k— 2—
n p

Under these conditions, M (W;” — Wp* ) is isomorphic to W  unif if kp’ > n.
Analogously, if m > k, mp > n and either n < (m — k)p’ or
m—k _ p—2

n>(m—k)p, - ZT,

then M(W,* — W, %) is isomorphic to W

,unif -

We now state a direct application of Theorem 2.5.2 to the theory of dif-
ferential operators.

Corollary 2.5.1. Let k and m be integers and let L(D) denote a differential
operator of order m~+k with constant coefficients. If either k > m and kp’ > n,
orm >k >0 and mp > n, then the operator

W' s u— L(D)u+y(x)u € Wp_k
18 continuous if and only if

yEW, K nW,

p,unif ,unif

We conclude this subsection with a simple description of nonnegative ele-
ments of the space M (W3* — W5 ™).

Theorem 2.5.3. Let v > 0. Theny € M(W3" — Wy ™) if and only if v*/? €
M (W3 — Ly). Moreover,

1/22
H’Y”M(W;HW;M) = |lv"/ 18wy — L)
Proof. Let w € W3, v € W3". We have
| [ uoda| <10 2ulally ol o < 12 sl ol

Hence
1/22
H’Y”M(WQWHW;’") < |ly" 1wy — L)

To obtain the converse inequality, we first note that

| [ v da] < g g Il ol
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Putting here v = v, we obtain

/|fyl/2u|2dx < H'Y||M(W2;n_>w2*m)

Thus
’ > [|41/2)2
H'7||M(W2m_>w2—’") > [y ||J\/[(W27"'*>L2)'

2.6 The Space M(W" — Wé)

In this book consideration is limited to classes of the type M(SI’," — Szl,),
i.e. to multipliers acting in one scale of spaces preserving the integrability
degree p. Some generalizations to the pairs (5", Sé) are known. This is true,
in particular, for the class M (W;,” — Wé) with nonnegative and integer m
and [, which is briefly described in the present subsection.

Using the same arguments as in the proof of Theorem 2.3.1, we obtain

Wl —wo ~ 19 rwp g + Whgepiegye  (260)

where p, g € (1,00). Thus, the problem is reduced to a description of the class
M(W," — Lg). This can be obtained from Lemmas 1.3.1 —1.3.5. In particular,
by (2.6.1) and the same lemmas we have the following assertions concerning
the norm in M (W;" — Wé) with p < q.

Theorem 2.6.1. If 1 < p < q, then

sup ||V Br() |, + sup [v; Bi(z) |z,
zeR”,re(0,1)

for mp < n,
sup  (log2/r)"/?|[V1y; B, (2)] 1, + sup v Bi(2)]lz,
H'Y”M(le"—»Wé)N z€R™,re(0,1)
for mp = n,
sup ||v; B(z)|lw;
ER?
for mp > n.

Applying the same arguments as in Sect. 2.2, one can derive the following
result from relations (1.3.2) and (1.3.4) with p = 1.

Theorem 2.6.2. If ¢ > 1, then
sup "V Br(w) |z, + sup I7; B()l| L,
z€R™,re(0,1)

Il y for m < n,

MW —Wwi) ~

b sup [|v; By (z)lw;
rER”

for m > n.
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Choosing
ute) = [ 1vr@)lds
e

in Lemmas 1.3.4, 1.3.5 and using again the equivalence relation (2.6.1), we
can obtain descriptions of M (W;" — Wé) with p > ¢, p > 1.

2.7 Certain Properties of Multipliers

In this section we study some simple properties of elements of the space
MW — W) with p € [1, 00).

Proposition 2.7.1. The space M(W,;" — W}) is contained in M(W]"~7 —
Wzl,_j), j=1,...,1, and

HPY”M(WI;"*J'HWIZ,*J') <c ”’Y”M(W;ﬂ—»Wﬁ)-
Proof. The inequality
H’YHM(W;”*ZHLP) <c ||’YHM(W;1HW}])

is proved in Lemma 2.2.2 for p = 1 and in Lemma 2.3.4 for p > 1. It remains

to use interpolation inequalities (2.3.8) and (2.2.10). O
Proposition 2.7.2. If a function v depends only on variables x1,..., x5, s <
n, and

v € M(W;"(R*) — W,(R®)),

then
v € M(W,M(R") — W}(R™))

and
RPN LTS
;R ||M(W1§"4>WIZD) <c|w%R HM(W;»HW}Q).

The proof is obvious.

Proposition 2.7.3. If v € M(W;" — Wzl,) and k is a positive integer satis-
fying k <m/(m —1), then

VE e MW — wnhm=D)

and

k k
i ||]VI(WI§”—>WPT"7’“(7”7”) < C”’YHM(WI;nﬂngy

The proof is obvious.
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Proposition 2.7.4. The estimate

Mo < IVllarwr (2.7.1)
holds.
Proof. For any N =1,2,..., and arbitrary u € C§° we have
1/N 1/N 1/N
Nl < N ulliys < Ivllawg luliis
Passing to the limit as N — oo, we obtain (2.7.1). O

Proposition 2.7.5. Let v € MW}) and let o be a segment on the real axis
such that v(z) € o for almost all z € R™. Further let f € C'"Y1(0). Then
f(v) € MW} and

!
f D larwy < € DD 0l 1300
j=0

Proof. The assertion is obvious for [ = 1. Suppose it is true for [ — 1. For all
u € C§° we have

[ fNDllwy < NF) Vel + lu f (Vs + e fD),- (2.7.2)

By the induction assumption, the first term on the right-hand side of (2.7.2)
does not exceed

-1

eIVelgs 315l Iy
J:

For the same reason, the second term on the right-hand side of (2.7.2) is
dominated by

!
(5+1). J
2T Sl TSI P .
=0
From (2.3.2) and Proposition 2.7.1 it follows that
19 sty < ¢l llangs < el
Hence the right-hand side of (2.7.2) is dominated by
l .
cllulwe I D0l o [V
j=0

The proof is complete. O
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Corollary 2.7.1. Ify € MW} and ||y~!||., < oo, then y~' € MWZI, and

— =1
Iy laewy < el IED Il hews -

Proof. The result follows from Proposition 2.7.5 with f(y) = v~! and from
the inequality
e I llarws = 1

which is a consequence of Proposition 2.7.4. a

Remark 2.7.1. All the assertions of the present section can be reformulated
for the space M (wy" — wh).

m l
2.8 The Space M (w]* — w,)
In this section we assume that mp < n, p € (1,00) or m < n, p=1.
Lemma 2.8.1. (i) The inequality

Iyt < IWlatcop -, (2.8.1)

holds.
(ii) Let p> 0 and let v € M(w," — Lyp). Then

L [lp™™ (/o) s wyr—L,) = IV las g —L,)- (28.2)
(7i1) The function -y satisfies

st —2,) 2 € sup Pl B (@), - (2.8.3)

>0

Proof. (i) We have

[yullz,
IVl vewyn—r,) = sup (2.8.4)

ueCge (R™) ||“HW;"'
and (2.8.1) follows from the inequality
lullwg = llullwy-

(1) Clearly,

o™ A/ sy = sup WO
Wy =Ly UeCs® (Rm) 1U][wm

o I~ 4(/o)ul /o),
wecriw) INmelIPIE, + /ol )7
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The right-hand side majorizes

Iyulle,
(Vomall, + pelally )77

Hence
m

lim inf{lp™" y(/o)aewy—r,) Z Vllaswp—L,)- (2.8.5)

Noting that
lo™™ (/P mwr—r,) = IV M@m—L,)

and using (2.8.1), we obtain

lim sup o™ v(/oImwr—1,) < IVM@r—L,)- (2.8.6)
p—

The result follows by combining (2.8.5) and (2.8.6).
(1ii) Let n € C3°(Bz), n = 1 on By. The estimate (2.8.3) follows from
(2.8.4) by choosing the test function u(§) = n((§ — x)/r). O

Lemma 2.8.2. (i) Let m > and let v € M(w}* — wl). Then
Ve —wiy < eIVl v um —wt)- (28.7)
(1) The inequality
li?H%nf||Pl_m Y/ —wiy 2 IVl s —wt) (2.8.8)
holds.

Proof. (i) Let n be the same as in the proof of Lemma 2.8.1 (iii), and let
Nz (&) = n(x — &). We use the inequality

Vs —wiy < € sup [y arwm —wi),
z€R™

and observe that the norm on the right-hand side is equal to

l[nzyullw
ueCs® HU”WI;'L

In view of the imbedding wllj(R”) C Lpn/(n—1p)(R™), the norm in the numera-
tor is equivalent to the norm |[nzyull,; . Hence

7 yullw
IV AW —wty < esup ————
v e lullwye

anu‘lw;’l

) .
< el Mz —wy) S0P ull
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The result follows.
(74) Obviously, for any u € C§°(R™),

o' =™ (- /p)ul-/p)llw
YC/ P wm —wy = Tl /o) T

l—m

o

B (VG(WU)Iipﬂ-pNVUHip>1/p

Vol + o[l

Passing to the limit as p — 0 we complete the proof. O

Now we give a description of the space M (w7" — wl,) which follows essen-
tially from Corollary 2.3.3.

Theorem 2.8.1. Let mp < n, m > 1, p € (1,00) or m < n, p = 1. Then
’yEM(w;”Hw)zfandonlyzf’yEw

p,loc?
Viy € M(w," — Ly),
and
v € Loo(R™) for m=1,
rlggo r "y BrllL, =0 for m >1. (2.8.9)

The norm in the space M(w;” — wé), m > 1, satisfies the equivalence
relation

IVl ar =ty ~ IVY M e 1) - (2.8.10)

For m =1 the norm ||7v||r.. should be added to the right-hand side of this
relation.
The equivalence relation

||7‘|M(w;’)”~>wl ZHVI ]/YHM(wm '7—>L (2811)

holds.

Proof. We replace v by p!=™~(-/p) in the equivalence relation (2.3.26). Then
(2.8.11) follows from Lemmas 2.8.1 and 2.8.2 as p — 0.
We put p!~"~(-/p) as 7 in (2.3.27) to obtain

l—m

lp

(Vo™ Ao laswp -,y + sup BT/ 0)Br(@)]l ).

R>0

7('/p)HM(W;”—>Wé)
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Since the second term on the right is equal to

sup ™" |; Br (@) s,
x,r

and the first term tends to | Viy[|ar(wp—1,) as p — 0 by (2.8.2), the reference
o0 (2.8.8) gives

VIt =ty < eIVt —r,) + sup ™"y Br(2)]r,). (2.8.12)
meo’
It remains to remove the second term on the right-hand side in the case m > .
Consider the case p € (1,00). We use the inequality

1-1 men 1
h(E)] < e (M) €)' ™ ( sup "\ Vyy; By (2)|1,) ™ (2.8.13)
50
which follows from (2.3.24) with the term |v|z, ., on the right-hand side
omitted due to condition (2.8.9). Integrating (2.8.13) over an arbitrary ball
B, (z), we arrive at

I3 Br(@)lln, < e (sup r™ /2| V0y; By() 1,) " M) B(@) 1,

xER™
>0

By Holder’s inequality
Py Br(@) |1y

€1 —1 1— #
< e (sup 7"V Br(@)llL,) T (T |MYiy Be(@)le,) T (2.8.14)
2o
In view of Lemma 2.3.8,

MV ;e
P B MV s By (@), < esup Vs G
e (Cpm(e))/r (wit=Ls)

which along with (2.8.14) leads to

sup " i B (@)l < e IVirllmug -1,
z€ER™,
>0

The result follows by (2.8.12).

For p = 1 the second term on the right-hand side of (2.8.12) is dominated
by C||Vl’Y||M(meL1) by Theorem 1.1.1. O

2.9 Multipliers in Spaces of Functions with Bounded
Variation

In the 1960s, the family of differentiable functions was complemented by the
space bv of functions with bounded variation which turned to be useful in
geometric measure theory, the calculus of variations and the theory of quasi-
linear partial differential equations.
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A function u locally integrable on R™ has bounded variation if its gradient,
understood in the sense of generalized functions, is a vector charge. In other
words, the functional

(C5°)" > 8 = (u, divg)

satisfies the estimate
|(u, divg)| < C max|g|,

where C' is a constant independent of g.
Let 0 < p < R and let @(r) stand for the mean value of w on the sphere
0B,.. We introduce
ge(z) = [2|~"n(2),

where 7. is a smooth function equal to one on Br_.\B,4. and to zero on
Br\B,, 0 < n. < 1. We have

(u, divg.)| < (var Vu)(Br\B,).
Making simple calculations and passing to the limit as ¢ — 0, we find that
[a(R) — u(p)| < c(var Vu)(Br\B,)

for almost all p and R with p < R. Therefore, any function with finite variation
has the limit
Uso = lim @(r).
T—00
The set of functions with finite variation for which u., = 0 is called the space
bv. The norm in bv is defined as the variation of the charge Vu. Endowed with
this norm, bv becomes a Banach space.

Not every function in bv can be approximated by functions in C§° in the
semi-norm ||u||p,, because the completion of C§° in this semi-norm is the
Sobolev space wi. However, functions in bv can be approximated by functions
in Cg° in the following weak sense. If u € bv, then there exists a sequence
{tm }m>1 of functions in C§° such that u,, — u in Ly 1o and

lim [ | Vium|dz = [|ullp. (2.9.1)

The Banach space BV = bv N Ly, endowered with the norm

lullBy = llullsw + llullz,

possesses a similar property.
The existence of the sequence {u,,} and the classical isoperimetric in-
equality
(n—1)/n 1 —1/n
(mes,(g)) < n~"(mes,(By)) 5(dg), (2.9.2)

where ¢ is an arbitrary open subset of R™ with compact closure and smooth
boundary, imply the inequality
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<nH(mesp(B1) T fully, € b, (2.9.3)

[l Lnjtn-1)

y (2.9.1), we may assume that u € C§°. We have

n/(n—1 >
a2 = [ mes, () e, (2.9

where ¢ = n/(n — 1) and Ny = {x : |u(x)| > t}. The last integral has the
estimate

e g—1
(J/ mes,, (N )t~ dt < Q/ / mes,, 1/‘1d7') mes,, (N;) Y/ dt
0
= (/ (mes,, (N¢)) /th) .

0
This fact and (2.9.2) imply the estimate

lulln, oy, <0t (mes, (Br)) /" / S(ON,)dt
0

which is equivalent to (2.9.3) in view of (1.1.1).

Setting the characteristic function of a ball into (2.9.3), we conclude that
the constant in (2.9.3) is sharp. This inequality with a non-sharp constant
was proved first in [Gagl] by a different method.

The space bv is closely related to the notion of the perimeter of a set which,
to a large extent, is the reason for its importance in analysis. The perimeter
P(E), in the sense of Cacciopoli and De Giorgi, of a Lebesgue measurable set
E C R"™ is defined by

P(E) = inf lim inf s(011,,),

I,, m—oo

where {IT,,} is a sequence of polyhedra converging in volume to E. This means
that the volume of the symmetric difference

(I \E) U (E\IT,y,)

tends to zero.
This definition, combined with (2.9.2) implies the isoperimetric inequality

min{ (mes, (£))" """, (mes, (R"\E)) "™

< n! (mes, (B1)) /" P(E).

The characteristic function xgp of a set E belongs to bv if and only if
P(E) < oo. Moreover,

P(E) = [Ixelb
(see [Fed]).
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The perimeter P(E) does not exceed the Hausdorff measure s(0F); in
particular, the inequality P(E) < s(9F) is not excluded. The following gener-
alization of the notion of the normal to a smooth surface is useful for revealing
a deeper relation between the perimeter and the measure s.

A unit vector v is called the exterior normal to a set E at a point x in the
sense of Federer if

lin%)p_”mesn{y ty € ENBy(z), (y—x)v >0} =0,
p—

lim p~"mes, {y : y € B,(2)\E, (y —z)v <0} = 0.
p—0

The set of all points x € OF for which the normal to E exists is called the
reduced boundary of the set E and is denoted by 0*F. A set E is said to be
a set with a local finite perimeter if

P(ENB,(z)) <

for all balls B,.(x).
The following assertion is a crucial result in the theory of perimeter (see
[Fe3]).

Theorem 2.9.1. If E is a set with a locally finite perimeter, then its reduced
boundary 0*E is measurable with respect to s and var Vyg. Moreover,

var Vyg(R"\0*E) =0,

and for any set L C 0*F
(Vxe)(L) = —/ v(z) s(dx).
c

This implies that P(F) = s(0*E).
Note that for any u € bv the generalization of (1.1.1) holds:

[ullow = /jo P(My)dt, (2.9.5)
where
M, = {z:u(t) >t}
(see [FR]).

2.9.1 The Spaces Mbv and M BV

The next assertion contains a description of the space Mbwv.
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Theorem 2.9.2. A function v belongs to the space Mbv if and only if v €
buioe N Loy and for any ball B,.(x)

var Vy(B,(z)) < er™ L (2.9.6)

The relation
I llazen ~ sup =" var V(B ()

>0

holds.

Proof. Sufficiency. Let v € bv and let v be a function in buvj. N Lo subject
to (2.9.6). By {um} we denote a sequence of functions in C§° convergent in
L 1o for which (2.9.1) holds. Then, for any ¢ € C§°,

(Ve yu)| = | lim (Vep, yuum)|

< [lim sup(gp, um V)| + |lim sup(e, 7Vu,)|.

m—00 m— 00

Hence
|(Veo, )] < [l lim sup / [t ver V(dz)

lelzm 7l lim sup / Vit

Applying Corollary 1.1.2 to the first integral, we find that

[(Vep, yu)| < llellz.. (e sup " var Vy(Br(2) + |7l ) ullbo-

>0

Thus the sufficiency and the upper estimate for the norm |||/ arp» are proved.
Necessity. If v € Mbv, then for any N =1,2,...

I vllbw < Il 37p0 0 llb0-
Applying inequality (2.9.3), we find that

NyUN <

1/N
N < ol

v

Passing to the limit as N — oo, we conclude that

IV 2w < VI 10w

Note that a mollification v; of the characteristic function of the ball
B(14e)r(y) obeys the inequality

/ fonlvar VA(dz) < yon o + / Iy Vo da.
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Passing to the limit as ¢ — 0, we obtain

var V(B () < (I1Vlaew + [Vllp. )™

Thus,
ri "var Vy(Br(y) < 2|7l abo-

The proof is complete. a

We formulate a similar result for the space M BV which is proved in the
same way.

Theorem 2.9.3. A function v belongs to the space M BV if and only if v €
buiee N Loy and, for any ball B, with r € (0,1), (2.9.6) holds. Moreover,

IVllarBv ~ sup rl_”varVV(BT(sc)).
T ER™,

re(0,1)

Theorems 2.9.2 and 2.9.3 imply the following necessary and sufficient con-
ditions for inclusion of the characteristic function yg of a set £ C R™ into
Mbv and M BV.

Corollary 2.9.1. (i) The function xg belongs to the space Mbv if and only if
s(B.(x)NO*E) < cr™! (2.9.7)

for any set E with a locally finite perimeter and any ball B, (z).
(17) Adding to this statement the condition r € (0,1), one gets a necessary
and sufficient condition for the inclusion xgp € M BV .

Proof. Tt is enough to refer to Theorems 2.9.2 and 2.9.3, noting additionally
that (2.9.7) is equivalent to

var Vg (B, (z)) < cr L.
Indeed, by Theorem 2.9.1
s(By(x) NO*E) = var Vxg(B,(z) N 0*E) = var Vxg(B,(x)).

The proof is complete. O
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Multipliers in Pairs of Potential Spaces

In this chapter we study the space of multipliers M (H," — H, zl)) and M (hy' —
hi,), m > 1 >0, where H; and h;, are the space of Bessel and Riesz potentials
of order s with densities in L,,. (The case m < [ is not interesting, since then
M(H"» — H}) = {0}, as can be shown by the argument used for Sobolev
spaces in Sect. 2.1.)

The introductory Sect.3.1 gives information on Bessel linear and non-
linear potentials, on capacity and on imbedding theorems, which is used in
subsequent sections. A characterization of the spaces M(H)" — Hzl,) and
M(h" — hb) is given in Sects.3.2 and 3.7. In Sects.3.3 and 3.4 we ob-
tain either necessary or sufficient conditions for a function to belong to
M(H} — H;,), formulated in terms of different classes of functions. In
Sect. 3.5 certain properties of elements of M (ng — Hjlj) are studied. In par-
ticular, we consider the imbedding of M (H" — H) into M (H]"~7 — H}~7).
Descriptions of the point, residual, and continuous spectra of multipliers in H]lg
and H ];l are given in 3.6. Finally, Sect. 3.8 contains a characterization of pos-
itive homogeneous elements of the spaces M (H}" — H}l?) and M (hy' — hé).

3.1 Trace Inequality for Bessel and Riesz Potential
Spaces

Let p be a Radon measure in R™ and let Sé be a certain space of Sobolev
type with p and [ being the integrability and smoothness parameters, p > 1,
[ > 0. As in Chap. 2, characterizations of the space M(S)" — Szl)), m >,
to be obtained in the sequel are based on necessary and sufficient conditions
ensuring the trace inequality

1/p
(f rau) ™ < clalls,

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 69
Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009
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where u is an arbitrary function in C§°(R™). In this section we present such
conditions for the spaces of Bessel and Riesz potentials.

3.1.1 Properties of Bessel Potential Spaces

Here we survey some known facts on Bessel potential spaces to be used in the
sequel.
Given any real p, we put

A= (—A+ D)2 = P (14 [P PF
where F' is the Fourier transform in R™.

Let 1 < p < oo, m > 0. We introduce the space H)" of Bessel potentials

as the completion of C5° with respect to the norm
lullege = (1A ullL, -

If m is integer then, according to Lemma 1.2.3, the spaces W" and H}"
are isomorphic.

It follows from the definition of H)" that the function u belongs to H," if
and only if u = A™™ f, where f € L,,.

Replacing A™ in the definition of H}" by the operator (—A)™/? we arrive
at the definition of the space hy'. It is known that the space hy' with mp <n

is isomorphic to the space of Riesz potentials of order m with density in L,
(see [MH2]).

Definition 3.1.1. We define (Sy,u)(x) = |Vyu(x)| for integer m > 0 and

S0@)= ([ [ Wit 0n)-Tpmputarias] y12a) ™ (3.0

for noninteger m > 0.

We present without proof a normalization of potential spaces due to
Strichartz [Str].

Theorem 3.1.1. The equivalence relations hold:

[l

p ) (312)
[ull g ~ ([Smullz, + llullL, - (3.1.3)

e~ [[Smull L

The last formula implies the following uniform localization property for
the space H" (see [Str]).

Theorem 3.1.2. Let {BY};50 be a covering of R™ by balls with unit diam-
eter. Let this covering have a finite multiplicity, depending only on n. Fur-
ther, let OU) be the centre of BY), O = 0 and n;(x) = n(x — OY)), where
n e 0 2B andn =1 on BO). Then

1/p
el ~ (3 lumg ) (3.1.4)
j=0

We formulate the Sobolev imbedding theorem for the space H,".
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Theorem 3.1.3. (1) If mp < n, p < q <np/(n—mp) ormp=n, p<q< o0,

then for allw € H)"

lullz, < cllullag.
(43) If mp > n, then for allu € H}'
ull Lo < cllullay-

The following generalization of the function Sju is the nonlinear operator
of fractional differentiation defined by Polking [Poll]:

(SLou)(z) = (/OOO (/B1 lu(z + py) — u(x)\qdy) e pldfm)l/o

Lemma 3.1.1. [Poll] Let 0 <1< 1,1 <¢<60,2<0<o0. Ifl <p< o0
and p > ng/(n +1lq), then there exists a constant ¢ depending only on I, q, p,
0, n such that

1Sg,0tll < [lull sz

for all u € H;,.

3.1.2 Properties of the (p, m)-Capacity
For positive noninteger m the (p, m)-capacity is defined by (1.2.6), i.e.
Cpm(e) = {IfIL, : [ €Ly, £ 20, Juf >1onc}.
Similarly to (1.2.7), one has
Cp.m(e) ~ inf{Hqu;n cu€eCE, u>1onel.
Another capacity, introduced for any positive and noninteger m, is
cpm(e) = inf{||f\|]}:p :feLly, f>0,I,f>1one}.

We list certain ‘metric’ properties of these capacities which will be used
later. For integer m > 0 they were proved in Propositions 1.2.2, 1.2.4, and
1.2.6.

Proposition 3.1.1. If mp > n, then for all compact sets e # & with d(e) <1
the relation C) ., (€) ~ 1 holds.

The proof follows from part (ii) of Theorem 3.1.3.
Proposition 3.1.2. If mp < n, then
Cp.m(e) > c(mes,e)n—mP)/m (3.1.5)

The proof follows from part (i) of Theorem 3.1.3.
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Proposition 3.1.3. If mp = n and d(e) < 1, then

2 )H . (3.1.6)

> (1
Cpmle) 2 C( 08 mes, e
Proof. See Proposition 1.2.4.
Proposition 3.1.4. (i) If mp <n and 0 < r <1, then
Cpm(Br) ~r"™mP,
(¢3) If mp=n, 0 <r <1, then
Cpm(By) ~ (log2/r)' 7.

(2ii) If r > 1, then
Cpm(By) ~ 1™

For the proof of these relations see [AH], Sect. 5.1.
In the next proposition {B(j)} is the same covering as in Theorem 3.1.2.

Proposition 3.1.5. For any compact e

Cpm(€) ~ > Cpm(enBY).
j=0
Proof. Let uw € Cg°, v > 1 on e. From the definition of C), ,, it follows that
S Comlen BDY < 3 un .

Jj=>0 Jj=>0

where {n;};>0 is the sequence defined in Theorem 3.1.2. By (3.1.4), the right-
hand side is dominated by c||u||%;.. Minimizing this value, we obtain the
P

lower bound for C), ,,,(e). The required upper bound is a direct corollary of
the semi-additivity of the capacity.

Proposition 3.1.6. Let mp < n and let e be a compact subset of R" of
diameter d(e) < 1. Then
Cpm(€) ~ cpmle). (3.1.7)

Proof. The estimate Cp,,,,(€) > ¢pm(e) is obvious. We prove that
Cp,m(e) < copmle).

By definition of the capacity ¢, ., (€), for any ¢ > 0 there exists a function
u € C§° such that > 1 on e and

[Smullz, < cpm(e) +e. (3.1.8)
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We introduce a function n € C§°(Bs) such that n > 1 on e. Then

[m]

1S ()|l + llnully, < c(ISmull, + D el Vil
k=0

which does not exceed cHSmuH’ip by Hardy’s inequality. Reference to esti-
mate (3.1.8) completes the proof. O

Corollary 3.1.1. Let mp < n and let e be a compact subset of R™ of diameter
d(e) < 1. Then, for any 6 € (0,1),

Cpm(e) ~ " "PC, (S e). (3.1.9)
Proof. On the one hand,
Cpm(e) <6"MPCp . (de)
by dilation. On the other hand,
Cpm(e) = cpm(e) = 6" "epm(de).

Reference to Proposition 3.1.6 completes the proof. a

We give an estimate for the integral of the capacity of a set bounded by a
level surface which contains (1.2.27) as a particular case. For the history and
proof see [AH], Ch. 7.

Proposition 3.1.7. (i) Let u € H}", p € (1,00), m >0, and let
Ny = {z: |u(x)] > t}.

Then -
/ Cpm (NP~ dt < e [|ulfm - (3.1.10)
0 P

(ii) If u € hy', p € (1,n/m), m > 0, then

/ Cpm (NP~ dt < e [|ulln - (3.1.11)
0 P

3.1.3 Main Result

Here we present a generalization to H," of Theorem 1.2.2 on integrability of
functions in W with respect to a measure p.

Using (3.1.10) and (3.1.11), we can prove the following theorem in the
same way as Theorem 1.2.2.
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Theorem 3.1.4. (i) The best constant C' in
[ du<clulty, . wecy, (3.112)

18 equivalent to
1i(e)
sup ————,
e Cpmle)
where e is an arbitrary compact set of positive capacity Cp ., (€).
(13) Let p > 1 and mp < n. The best constant C in

/|u|pdu <Cluf?, ., weCy, (3.1.13)
P

s equivalent to
sup p(e)
e Cpm(e)

where e is an arbitrary compact set of positive capacity cpm(€).

)

Remark 3.1.1. From Proposition 3.1.5 it follows that

p(e) 1(e)

sup ~  sup .
€ CP,7U(€) {e:d(e)<1} C ,'rn(e)

(3.1.14)

Remark 3.1.2. Obviously, the constant C'in Theorem 3.1.4 satisfiestheinequality

C>  sw p(By(x))

— 3.1.15
e o Com(By(@)) (8.1.15)

If the converse estimate (up to a factor ¢ = ¢(n,p,l)) were valid we could
avoid the notion of capacity in this book (see Proposition 3.1.4/4). According
to Proposition 3.1.1, this is really the case for mp > n when the right-hand
and left-hand sides of (3.1.15) are equivalent to

sup{p(Bi(z)) : x € R"}.

However, as was noted by Adams [Ad3], the finiteness of the right-hand side
of (3.1.15) for n > mp does not imply C' < oo.

Before we prove the last assertion, we recall the definition of the Hausdorft
p-measure of a set £ C R™, where ¢ is a non-decreasing positive function on
[0, 1]: namely,

H(E,so)Zglggo{llgrgif)} i @(ri) -

Here {B("} is any covering of E by open balls B with radii 7; < . We put
o(t) = t"=™P for n > mp and ¢(t) = |logt|* =P for n = mp. Let E be a Borel
set in R™ such that its diameter d(E) satisfies d(E) < 1 and 0 < H(E, ¢) < oc.
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We may assume E to be closed and bounded, since any Borel set of positive
Hausdorfl measure contains a closed subset with the same property.

By Frostman’s theorem (see Carleson [Car], Theorem 1, Ch. 2) there exists
a non-zero measure y with support in E such that

w(By(z)) < cp(p)

with a constant ¢ independent of x and p. By virtue of Proposition 3.1.4, this
means that the right-hand side of (3.1.15) is finite.

On the other hand, by the theorem of Meyers [Me] and Havin and Maz’ya
[MH1], [MH2], the finiteness of the measure H(E, ¢) implies C),,,,(E) = 0. So
C = oo (see Theorem 3.1.4), although the right-hand side of (3.1.15) is finite.

Remark 3.1.5. According to [KeS], [MV1], and [Verl], the criteria for (1.2.31)
formulated at the end of Sect.1.2.5 for integer m hold for all positive m.
The same concerns the Fefferman-Phong sufficient condition dealt with in
Sect. 1.2.6. For surveys of these and related results see [Ver2] and [Ver3].

3.2 Description of M (H* — Hzl,)

3.2.1 Auxiliary Assertions

We formulate the Calderon interpolation theorem [Cal] for spaces of Bessel
potentials, of which a particular case is the inequality (2.3.8) used in the study
of the space M (W™ — W]).

Proposition 3.2.1. Let po,p1 € (1,00), 0 € (0,1), u € R and

1 1-—
f=£+ 9, 1=0lp+ (1—-06)l .
P Po P1

Further, let L be a linear operator mapping
lo+p litp lo 5t
Hy™nH into H,) NH,
and admitting an extension to continuous operators:
Lo+ lo Li+p 1
Hy™ — Hp and H,™ — H,.

Then L can be extended to a continuous operator: Hllf” — Hzl), and the inter-
polation inequality

0 1—-0
Ll gy, < NNty o NEN v _ g,

holds.
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Setting L = « in this proposition, we obtain

1-6
gy < I o Iy - (32)
Lemma 3.2.1. Let v, be a mollification of v € plOC(R”), 1 < p < oo, with
kernel K > 0 and radius p. Then
Vol s — 1)y < H’YH?\/[(H;"—)H;) < hglﬁioan’VPHI\/I(H;”HH}J) : (32.2)

Proof. Let v € C§° and {l} > 0. By (3.1.3)

bt <[ ([ [,

2 p/2 1/p
xvm,z@(xwy,é)Q(x@))dﬁ‘d@} y— 12 dy) dx}

| owimaon] o)

where Q(z, &) = v(x — §)u(x). By the Minkowski inequality

[t

ol < [0 KE/AISQEOln, s+ [0 KE/nIQE I, de
Since
1QC- )l < I arcarg—raty el e
the left estimate (3.2.2) follows. The right inequality (3.2.2) results from

[yvullg = })igé [voullm: < lizn_)ionfllﬁ)/PHM(H;”HH}))Hu”H;’l .

For the case {I} = 0 see Lemma 2.3.1. O

3.2.2 Imbedding of M(HI’)" — HL) into M(H;"—l — L)

In Theorem 3.1.4 and Remark 3.1.1 the following description of the space
M(H} — L) is contained:

Lemma 3.2.2. The relations

e
Wlarcazs -z, ~ sup AL N2s
e A B

and

IVl ne(ars—1,) ~  sup LHL;
! {e:d(e)<1} [C’p,k(e)] p

hold, where d(e) is the diameter of e.
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Lemma 3.2.3. The inequality

”'VHM(H;,"*ZHLP) < C”'YHM(H;"HH;) (3-2-3)
holds.

Proof. Let vy € M(H;" — Hll,) and let v, be a mollification of v with radius p.
Since M(H;” — H;) C M(HI’]L — L), then v € Ly, unis. Therefore v, € Lo
and consequently v, € M (H;"_l — L,,). This property of mollifications will

be used in what follows.
1. The case m > 2I. Let w = J,,,_ 1 f, f € L,. By Lemma 1.2.5,

lu| < ¢ (Tl FN ™ MEY™ .

Hence y "y
Iveullz, < ellF I I ™ 0 dml FlllE, ™ -
This inequality and Lemma 3.2.2 imply that

(m—=1)/pm

/ Iy P/ 1)
Cp(e)

l 1-1
lvpullz, < el FIZ" ol £l ™ sup
e

We use Lemma 2.3.6, which is valid for all v and pu, 0 < v < pu, with ¢ =
|’yp|1/(m*l), v =1, p = m — . Then the last supremum does not exceed

l
C@m|mw% )m
e [Cpm(e)]/P
which, together with Lemma 3.2.2, gives
1 1-1 l 1—1
Ioullz, < elbvollyy oo Iollnrciim— s I IE I ™
M (H} Lyp) »)

l/m ‘

1-1/m
<l s,

|7P||M Hm— HIZJ)HUHH;”_l .

Then reference to Lemma 3.2.1 yields (3.2.3) for m > 2l.
2. Suppose that m = [. For any positive integer N we have

1/N

1/N
IV ull . /

1/N
< Iy Nullpgs” < g llyfy -

Consequently,
IYarz, = IVllLee < IVllarzr-

3. Now let 2] > m > [. By € we denote a positive number such that
e < m—I. Since m — [ +¢ > 2¢, it follows from the first part of the proof that

”’)/P”M(H;"*l—»Lp) = C”%”M(H;"*HE_)H;) :
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By (3.2.1) we have

1—e/1 e/l
”'Vp”M(H;"—H'EHH;) <c H'Yp”M(H;n—L_,Lp) ||’Yp||M(H;nﬁHIL7)

which, together with the preceding estimate and Lemma 3.2.1, implies (3.2.3).
O

3.2.3 Estimates for Derivatives of a Multiplier

Lemma 3.2.4. Ify € M(H]" — H.), then D*y € M(H]" — Hllf‘al) for any
multi-index o with |o| < 1. The estimate

1Dy gz tely < € Ilascarp (3:2.4)
holds.
Proof. Tt suffices to consider the case |a] =1, 1 > 1. Obviously,
4t < Il + ol
< (I lae e -y + IV aremm—1 - gy el e -
Using (3.2.1) and (3.2.3), we obtain

1-1/1 1/1
Vs — -y < ellygggrmeo IV )

< C2||’Y||M(H;”'HH})) .

Consequently,

1V - < el arcarg— Il -

This result and Lemma 3.2.3 give:

Corollary 3.2.1. If y € M(H," — Hl) then D%y € M(H,"~ el _, — L) for
any multi-index « of order |a| < 1. The mequality

«
”D ’YHM(H;"*IHO“_,LP) < C||’7||M(H;”—>HIL7)

holds.
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3.2.4 Multiplicative Inequality for the Strichartz Function

Lemma 3.2.5. Let m>1,0< d <l < 1. Then

B R4 L (325)

a7 % e (5 + Wlanp-1,) I
Proof. For any R > 0
f 2 1/2
(S1—57)(w) < C(R5 [/0 < i |v(z + 0y) — ()] dg) y7172l dy}
1

[ ([ e romia)’y 20 a] s ).

Since

cly(z)| < ; v(z + 0y) — y(x)| dd + ; |v(x 4 0y)| db
1 1

it follows that

2 1/2
cR™y(x) / / Iy(z + 0y) — (x)IdH) y 17 dy)

+(/R (Bl ‘7<x+9y)ld9) _1‘2ldy)1/2.

Henceforth we assume that R < 1. We have

st < e[ + ([ ([ e omlan) 20 ay)

+</100 (y‘"/B Iv(x + s)| ds) 2y_1_2(l_6) dy) 1/2}

17 Bp (@),

sy B

z€R™,pe(0,1)
+ sup [ Ba(2) 1, ]
IER"’

It is clear that the last term can be thrown away by changing the constant c.
By Lemma 3.2.2,

|7 By(@)lz, _

Sup p"/l)—m"rl =¢ ||’Y||M(H:ly)n_lg’Lp) ’

z€R™,pe(0,1)

Thus, for all R € (0, 1]

(Si-s)(@) < B (S @) + B " lyp-ingy) - (3:26)
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If
(Si—s)v(z) < H’Y||1\/1(H;,”*l_>Lp)7

we arrive at (3.2.5) by putting R = 1 in (3.2.6). In the opposite case, (3.2.5)
follows from (3.2.6), with

o ||’7||M(H;"*l_>Lp)
(S17) ()

The lemma is proved. a

3.2.5 Auxiliary Properties of the Bessel Kernel G|

We formulate some asymptotic properties of the kernel G; of the Bessel po-
tential which will be used later (see [AMS]):

(7) For |z| — 0,
Gi(z) ~ |z|'"™™ if O0<l<n, (3.2.7)
|Gi(z) —cilog|z| ™Y <cp if I=mn, (3.2.8)
1Gi(2) — ¢| < ela|™0=Dif [ >p (3.2.9)
clzf=r=t if I<n+1,
VG (z)] < {c i I>nal. (3.2.10)
(7i) For |z| — oo,
Gi(z) ~ x|t/ 22l (3.2.11)
VG (z)] ~ ||t 1/ 2ol (3.2.12)
Using these relations we prove the following:
Lemma 3.2.6. The estimate
Gu() — Gi(y)] < clo -yl (Grs(@/4) + Gros(y/4) (3.2.13)

holds with § € (0,1] and [ > 0.

Proof. It suffices to consider the case |y| > |z|. If 2|z — y| < |z|, then by
(3.2.10), for |z| < 2,

- cle =yl I<n41,
|Gy () Gz(y)lé{c|x—y|, I>n+1,

and for |z| > 2 we deduce from (3.2.11) that
Gu(x) - Guy)] < el — gl /22

These estimates and (3.2.12) yield
Gi(x) = Gily)| < cle —y"Gros(z/4)
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for 2|x — y| < |x|.
Now let 2|z — y| > |z]. If I > n and |y| < 2, then by (3.2.9) we have

Gi(x) = Guly)| < cly[mmt=mD)
which, together with |y| < 3|z — y|, gives
Gi(z) — Gi(y)| < e|a — y|°|y[mint-—mD=0

Combining this estimate with (3.2.7)—(3.2.9), we obtain (3.2.13) in the case
[>n.
For the same values of x and y we have

Gi(z) — Gi(y)| < er[log(||/|y])| + ca < e (Jyl/|2])° < ela —y[’a|~°
if l =n, and
Gi(x) = Gi(y)| < (|27 +[yl'™™) < elz =y (270 + [y

if | < n. Using (3.2.8) again, we arrive at (3.2.13).
It remains to deal with the case

20w —y[ = |zf, |yl = 2.
By (3.2.7)—(3.2.9) and (3.2.11) we obtain
|Gi(@) = Gu(y)| < cGilx) < cla —y’la|°Gi(w) < clo -y’ Gios(z/4)
for |x| > 1. If |z| < 1, then |z — y| > 1 and therefore
|Gi(2) = Gily)| < cGil) < clz =y’ Gi(x) < el =y Gis(a/4) .

The proof is complete. O

3.2.6 Upper Bound for the Norm of a Multiplier

We obtain a sufficient condition for a function to belong to the space
M (H;n — H}D)

Lemma 3.2.7. Let v € Hzlmoc, Sy € M(H," — Ly), and 7y € M(H;"_l —
Ly). Then v € M(H}* — H) and

It -y < U nrp -y + Whagap-imp ) - (3:2.14)

(The function S; was introduced in Definition 3.1.1.)
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Proof. By Theorem 3.1.1 one can easily verify that a function in L., with
uniformly bounded derivatives of any order belongs to the space M (H;" —
).

Let 7, be a mollification of v with nonnegative kernel and radius p. Since
M(H» — HL) € M(H}" — L), it follows that 7 € L unit. Therefore Vv, €
Lo, j=0,1,...,and v, € M(H}" HHII)).

The assertion was proved for the case {{} = 0 in Lemma 2.3.5.

Suppose that {{} > 0. For any u € C§°,

ol < 1olnggarg =1,y Nl et - (3:2.15)

Clearly,

1S (vew)llz, < e Y 1Suy(DPy,D* Pu)lL, -
Talt
al=[l

First consider the terms corresponding to multi-indices of order |3] = j < [I].
By Lemma 3.2.4 and interpolation inequality (3.2.1), for any k € (0,1 — j) we
have

ij'Yp”M(Hg“kﬂHé*’“*j) <c ||7f’”M(H;””“—»H},”‘)

1-k/I k/l
< cIIWIIM(E{;MH%)II%HAj(H;,L,QLP).(?).z.lﬁ)

Consequently, for |5] =7 < [I],
15113 (D%, D*~Fu)|l 1,

(=571

1345)/1
< el o g e el (3:2.17)
This inequality together with (3.2.15) implies that
||7pu||H;, < (EH'VPHM(H;"HH}J) + C(E)H%”M(H;,”*uLp))HU”H;"
S wVy)le, (3.2.18)

for any € > 0. It remains to estimate the last term on the right-hand side. We
have

1Sy WV o) e, < luSrplle, + 1Vl Suyulle, +
- 2 p/2 1/p
{/(/ [/B \Ayeu(xﬂ\Aye(V[z]%)(sﬂ)\d@} y*172{l}dy) dx} . (3.2.19)
0 1

where A u(zr) = u(z + z) — u(z). Obviously,
ISz, < IS lascp— oo llullag - (3.2:20)

Consider the second norm on the right-hand side of (3.2.19). Applying
Minkow- ski’s inequality, we obtain
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Spyu < A7HS Gy Ay
This and (3.2.16) yield

Vvl Sayulle, < IVwYellyr - —p,) ||A{l}fms{z}Amf{l}UHH;n—m

1/ {3/

<c HVP”M(H;}Z—»H}J) H,YPHM(H;"’—ZHLP) ||U||H;n . (3.2.21)

Now we estimate the third term on the right-hand side of (3.2.19). Let
u=A""f and let § be a sufficiently small positive number. We notice that

fu(z + y6) — u(z) s/;am<x—s+ye> )| 1£()] de
and use Lemma 3.2.6. Then

ute+20) ~ uo)] < e? | (L) i ()]

4

Thus, the third term in (3.2.19) does not exceed

C{/(/OOO {/Bl (Ag_m|f|)($+y0>|Ay9( l]%)(x)|d6] 2y_1—2({l}—5)dy)
+c{/[(Aé_mm)(Z)r(Sszp)p dx}%

After simple calculations we obtain that this sum is majorized by
e (=10 (3) ] oo + IFwrelsrs |15 ()]
#|earmian () sw-sw], ).

(NS
S =

d}

Ly

Let the last norms be denoted by Ny, No and N3 respectively. Using (3.2.16),
we get

Ni < AIVuYoll pr s g =y \(Aé""\fl)(i)‘ Hps
< el it — sy ol a1 1 12 (3.2.22)
Similarly,
Ve < IVl sy [S0-6 [ (0D ()] o
< IVl [ (47D ()] s
=[O /P [ AN [ (3.2.23)
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Now we estimate the norm N3. According to Lemma 3.2.5,

&/m

Suy—s(Vie) <c (Sl’Yp)lié/m”v[l]’YpHM(H;n—{L}_)LP)

el g

Further we notice that
AT F| < e (AT F) O M)

(see Lemma 1.2.5). Thus we have proved the estimate

2 el [0~ e ()]

Ly

+C||V[z]7pHM(H,;nf{l}_>Lp)||/157m|f||\Lp .

Consequently,

1-8/m

5/m 5/m —m
Ny < eIVl oo g IMAIE™ [ (A7051) () S,

eIVl yg gm0 1A 1 W s -

Applying (3.2.16), we finally obtain

S[l]/ml o{l}/ml
Ny < elvl3tm— o Iollg e,y (IS0 lar a1,

1}/1 1-8/m
ol ey ell gt ) Il - (3:2:24)

Adding the estimates (3.2.22)—(3.2.24), we conclude that

1L 1smn@lian i -2t a) "

< (5||7/)HM(H;'L—>H;)) +e€ HSW,)HM(H;WHLP)

te(@) Mo las a1, )l (3.2.25)

This together with (3.2.20) and (3.2.21) makes it possible to deduce from
(3.2.19) that

1Sy Vo), < (llvpllarcam —my + clSvpllvcp—r,)
@)l a1 p,y) lull e -

Substitution of this estimate into (3.2.18) leads to (3.2.14) for v,. Reference
to Lemma 3.2.1 completes the proof. O
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3.2.7 Lower Bound for the Norm of a Multiplier

We prove the assertion converse to Lemma 3.2.7.

Lemma 3.2.8. If v € M(H)" — H.), then v € H;;,IOW Sy € M(H)" — Lyp),
and vy € M(Hg”_l — L,). The following inequality holds

1Sl as (=) + IV a1 — ) < € IVllnrcay -y - (3.2.26)

Proof. 1t is clear that v € H!

ploc: The upper estimate of ||yl gm-1_p ) i

contained in Lemma 3.2.3.
The assertion was proved for integer [ in Lemma 2.3.4. Suppose that {l} > 0.
For any u € C§°,

1Sy @V o)z, < ISz, + Y 1Spy (DP9, D Pu)lz,

0<p<a
e =[1]

and therefore

[uSivpllz, < llvpwll + > 1Sy (D%, D Pu) |, + Vel Spyulle,

0<B<a
la <[]

([T awulan @] y-20a) ac}

This estimate and (3.2.17), (3.2.21), (3.2.25) give
[uSivpllz, < (eSvollm(am—L,)
el -y + ol -t Ml
< (EHSI'VPHM(H;;L—»LP) + 2 ||’Yp||M(H;n—>H;)))HU||H;n
which implies that
H‘S’l’YPHM(H;nHLp) < CH’7P||M(H;’”‘~>H;)) .

It remains to use Lemma 3.2.1. O

Corollary 3.2.2. Let 0 < I < m and let p € (1,00). Then
H7||M(H;n—>H;))

[1]
~ Z(HSZ—HHM(H;H_)LP) + ||V[z]—ﬂ||M(H;n—j—m_>Lp))- (3.2.27)

=0
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Proof. The upper estimate in (3.2.27) follows from Lemma 3.2.7. In view of
(3.2.26) and Corollary 3.2.1, the lower estimate in (3.2.27) results from

”Sl—j'Y”M(H;"'*J'_)Lp) <c ||'Y||M(H;”—J'_>H}O—j) < CH’Y||M(H;”—>H}D)
and

Hv[l]—j’YHM(H;)"*J'*{”‘}LP) <c HV”M(H;”*J'*{Z}HHI[)”*J') <c ||’VHM(H;”~>HIZ))

3.2.8 Description of the Space M (H* — HILJ)
Combining Lemmas 3.2.7 and 3.2.8, we obtain:

Theorem 3.2.1. Let m > 1 > 0, p € (1,00). A function v belongs to the
space M(H]' — Hll)) if and only if v € H;),low Sy € M(H)" — Ly), and
v e M(H]}" — Ly). The relation

||7||M(H;ﬂﬂH;,) ~ ||Sl’7HM(H1”)"—>Lp) + ||W||M(H;,”*l_>L,,)
holds.

This, together with Lemma 3.2.2, gives the following assertion.

Theorem 3.2.2. A function v belongs to the space M(H)" — HII,), m>1>

0, p € (1,00) if and only if v € H]l),IOC and, for any compact set e C R",

1Sy;ellz, < eCpml(e)
lviellz, < cCpm-ile) -

The relations

1Sivselln [v;ellz )
L H) ~ S p p , 3.2.28
Wlasng iy ~ s (et + o) (8229
1SiysellL Vel
VIl as(zm —m1y ~  sup ( . > )(3.2.29)
W=D o<1y NCpm (17 [Copmi()]/P
hold.
In particular,
1S1v;ellr
~ SUp e , 3.2.30
[edlp¥s:H Slip[cp,l(e)]l/ﬁ”””“" ( )
1Siysellz,
Marm: ~  sup  ———— 4 [l - (3.2.31)

{e:d(e)<1} [CPJ (e)]l/p
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Remark 3.2.1. According to Stein’s theorem [St1], the norm in HII, for p > 2,
0 <1< 1,is equivalent to ||Tul|r, + [|ul|L,, where

(/|ua:+y —u(z )|2| ‘iyw)l/z . (3.2.32)

This and the inequality
T(yu) —uTH| < IVl Tu

imply that

Tv;e
Illarm ~ sup sy
R (oA P

where p > 2, 0 < < 1.

3.2.9 Equivalent Norm in M (H]* — HL) Involving the Norm
in Lip/(m—1)

In this subsection we obtain one more norm for the space M (H;" — H}).

Lemma 3.2.9. If vy € M(H)" — Hzl)), m > 1, p€ (1,00) and k is an integer,
1<k<m/(m—1), then v* € M(H" — H;,nfk(m*l)). Moreover,

k(1—0(k))

m—k(m=1), < C”WH H’" L, )H ||M(Hm—>Hzlo)’ (3.2.33)

e T
where (k) = (k — 1)(m —1)/2l.

Proof. We have

H’}/ HJV[(H’"—»H"’ Km0y < C”’}/HM(H — (k= D(m=D) _ rm—k(m—1))

k—
x|y 1||Z\/I(H;”_>H;nf(k71)(mfl)) . (3.2.34)

Suppose that (3.2.33) is proved for k — 1. Then from (3.2.34) and the inter-
polation inequality

k-1 —1)/1 k 1))
V0 ag e nrtm 0 pestmny < eIl i e ISy

we obtain
(k—1)(m—1)/1+(k—1)0(k—1)
M(H'"—>Lp)

m—k(m—1)/l4+(k—1)(1—-0(k—1
XH’}/”M(HETHL)(IZ{)—"_( )( ( )

Ml g1y prp—semny < el

which is equivalent to (3.2.33). O
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Corollary 3.2.3. The inequality

llv;e ”me/(m 1 1
Slip [Cp,m( )](m l)/mp — ||’Y||M(Hm 1 )”fYHM(H;ﬂHH;))

holds, where = k(1 —0(k)), k = [m/(m —=1)], (k) = (k—1)(m —1)/2l.

Proof. By Lemma 3.2.2,

/ [P da N 1/
[}/ = Z)UHL <c i e —Y IIVkuHHa(mfl) )
e p7a(m l)( ) P

where « is a fractional part of m/(m — [). Applying Lemmas 3.2.2 and 2.3.6,
we get from the last estimate that

|m/(mfl)

Iy ulle, < el i, 170l oonn -

It remains to use Lemma 3.2.9. O

Theorem 3.2.3. The equivalence relation

H’y;eHLm,p/(m—l) ”Sl’y; 6HLp
[V ne rrm—mrey ~ Slip([C’p,m(e)](m*l)/mP + [vam(e)}l/f’) (3.2.35)
holds with p € (1,00), m > 1> 0.

Proof. The upper estimate for the norm in M(H," — Hzl,) follows from
Lemmas 3.2.7 and 2.3.6 which implies that

sup M < csup ||’Y; eHme/(m_l)
e [Cpm—i(€)V/P = " [Cpm(e)]m=D/mp

The lower bound is deduced from Corollary 3.2.3 and Lemma 3.2.8. O

From this theorem and (3.1.14) we obtain

Corollary 3.2.4. The relation

||7||M(H;"'~>H1lj) ~  sup

( ||’y;e||L7np/(‘nL7l) ”SZ’V;GHLP )
{ed(e)<1y M

Cp’m(e)](m_l)/mp [Cp,m(e)]l/p

holds with p € (1,00), m > 1> 0.
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3.2.10 Characterization of M(H;” — HIIJ), m > I, Involving
the Norm in Ly ynir

In the case m > [, the second term on the right-hand sides of (3.2.28) and
(3.2.29) can be replaced by the norm of v in Ly yyuir as shown by the following
assertion.

Theorem 3.2.4. Let 0 <l <m <n/p, p € (1,00). Then

1S1ysellz,
17l 1 (g — ) ~ Sup Com@ 7 null o P (3.2.36)

This relation also holds if e is any compact subset of R™ with diameter less
than 1.

The lower estimate for the norm in M(H," — HZZ)) is a direct corollary of
(3.2.28), (3.2.29), and the obvious inequality

sup [viellz,
e [Cpm—i(e)]/P

The upper estimate follows from Theorem 3.2.3 and the next assertion ob-
tained by Verbitsky (see Sect. 2.6 in [MSh16]). This assertion is similar in
nature to Lemma 2.3.9.

> csup ||y; Bi(z)||z, -
T

Lemma 3.2.10. Let 0 <l <m < n/p, p € (1,00), and let v € Hp loe- Then
H“Y;eHL J(m—1) 1Sivselln

su L < c(su — P4 . ), 3.2.37

P Comtenm-rmw = PG, @y * ). (3237

The proof is based on several auxiliary assertions. In the first three of them
we use the Poisson operator which is defined for functions v € L; unir by

1 yv(§)d€
OB o G ¥ T €O

(Ty)(z,y) = (z,y) € R, (3.2.38)

where [0B"+1)] is the area of the (n + 1)-dimensional unit ball.
Lemmas 3.2.11-3.2.14 below are proved by Verbitsky, see Sect. 2.6
[MSh16].

Lemma 3.2.11. For any k = 0,1, ... there holds the inequality

akJrl T z,
N € (1 + [ |2 N ) (3.2.39)

Proof. The following equality is readily checked by integration by parts

TN 1) 1T  (FDFRT)@ 1)



90 3 Multipliers in Pairs of Potential Spaces

(=D O (T (2, y)
LT oy dy. (3.2.40)

Now we show that for any £ = 0,1, ... the inequality

" (T)(-,1)

| =% =, < ez (3.241)
holds.

Let £ > 0. The Poisson kernel

P(z,y) = y(ja|* + y*) "D/

obeys the estimates
oF P(
(#‘ <c(lz|+y) "k (3.2.42)

(see [St2], Ch. 5, Sect. 4). Hence

‘8’“ Tv)(x,1) ‘/6’“ dt‘

[y(z —t)|dt B [y(z —t)|dt
= C/ (t] + 1)nt* = C</tlgl e~ 2)ldt + /Itzl [tk )

oo
< (Ml [ [ - ).
1 jt<r

Note that for » > 1
[ =0l < er" s e
[t|<r

Therefore,
o (T x, 1 o
‘ ( 7)15 )‘ chvllLl,umf(H/ —k 1dr>.
dy )

Combining (3.2.40) and (3.2.41), we complete the proof for k > 0.
The case k = 0 is treated in a similar way with the help of the estimate
P(z,1) <c(Jx] + 1)L, O

Lemma 3.2.12. Let v € w

1,loc

(/om)m?—zwryl—z{l}dy)w < c(S)(@).

and let k =[] + 1. Then
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Proof. First, consider the case k =1, [ € (0,1). The identity

/ OPty) 1 _ ¢
Jy

(see [St2], Ch. 5, Sect. 4) implies that

Ay Ay Ay
Using (3.2.42), we get
‘3(T7 ,y) /vaﬂf @)l 4
|t| + y n+1
Consequently,

/OOO‘ a(TWa);%y) ’2y1_2ldy < C/OOO g2 (/ |7(($|t|_f)y;nz(lx)|dt>2dy
<o v esmma([ e @)’

+e /OOO Y2 </|t>y M(ﬁt_j)y)w(l )|dt> dy = Ay + As.

We have
© 2
A= c/ y~ (e (/ Wz = ry) = A(@)ly"dr) dy
0 [r1<1

= c/oo y— (120 (/ |v(x — 1Y) — v(2)| dT)zdy < c((Sl*y)(z))Q.

0 Ir|<1

To find a majorant for As, we rewrite it as follows

s 2
Ay = / yl-ﬂ(/ 2y / (e — 1) — y(x)ldt) dy
0 r>y y<|t|<r

Applying the Hardy inequality, we get

o0 2
As < c/ pin-2-1 (/ |v(z —1t) — ’7(1’)|dt> dr
0 [t|<r

_ C/ODO rot (/|7'<1 |y(z —77) — W(m)|d7) “ar <c ((517)(33))2'

Thus, for I € (0,1)

F10(T)(w,y) |2 1 2
/0 ‘a—y‘ y' Py < ¢ ((S) ()"
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Next, let k = 2m, m = 1,2, .... Since T+ is a harmonic function in R’j_ﬂ,

P(TY)(x,y) = P(T)(x,y)
Oy? - J; 8x§ '

Therefore

oyk 0x? ... 0xz?

i1heenyim=1 i1 im

(3.2.43)

Using the identity

/Mdtzo, i=1,...,n,
ot

and the estimate

’8P;vy‘< 1

(Jzl+y) ™"~

(see [St2], Ch. 5, Sect. 4), we get

oF( T'y x,y) ‘7’ Z /8P (t,y) oMy (z—t) 7 ol () )dt
axilaxi c.0xF  Owy, 0x2 ... 0xF

.....

[Viy(z —t) — Vigy(2)]
(|t + y)m+t

We complete the proof in the same way as for [ € (0,1).
For k=2m+ 1, m=1,2,..., we use the identity

dt.

" (Ty)(z,y) NPTy (2, y)
_— = —1 m P S VA S A
Oy (=1) Z . oyox; ... 0x7

U1,eeesbm= K

,(71)m Z /3Pt :Y) 3[”’)’(50*15) My (x)

- 2 2 2
A o Oxf o Oz L. 0x

)dt

which implies that

‘5k(T7) z,y) ‘ < / [Viy(z —t) —Vuw(iﬂﬂdt
Iy* (1t +y)tt
Again we complete the proof in the same way as for [ € (0,1). O
In the next two assertions we use the notation
K= sup 7 "?|Spy;B.(2)|r, - (3.2.44)

z€R™,re(0,1]
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Lemma 3.2.13. Let vy € Wl[lloc, y € (0,1], and let k =[] + 1. Then

‘8’“(7“7 x,y)
oy*

Proof. Let /2 <y <r, r € (0,1]. By Lemma 3.2.12,

[e%e] k 2 /2
/ (/ ‘M) g2 0ay)" e < cxvenr (32.45)
B, (2) 0y

‘< Kyl—m=1,

Applying the mean value theorem for harmonic functions and then the Cauchy
inequality, we obtain

k T T
‘a ( ’7)]5.’1},?])‘ SCT_n_l/ /
dy Bo(x) Jr/2
k 1/2
Scr—n—l/Z/ (/ 8(T’Yt77‘d)/
B (z) “Jr/2
k(T 2 1/2

< cr—n—1+{l}/ /
BT(z)( r/2 onk

Using (3.2.45) and the Holder inequality, we find that

O*(T)(t,
( v)k( n)‘ dndt

dt

k
0 (Tg)(x y)’ < epn =1 o=/ g pn=m) o < ¢ g =me
Y

The proof is complete. a

Lemma 3.2.14. Let v € T/V1
r e R",

0 <1< m < n/p. Then, for almost all

Jloc?

y(@)] < e (K™ (S @)™+ 1Ly i) (3.2.46)
where K is introduced in (3.2.44).
Proof. We use Lemma 3.2.11 with k& = [I] + 1. Let

oly) = O (Ty) (. y) /0y* ] for 0 <y <1,
0 for y > 1.

Then, for any R > 0,

6k+1 (Ty)(z,y)| & /oo k
dy = d
/ ‘ e ‘ v= e(y)y" dy

=/ e(y)y" dy+/:so(y)y’“dy-

0
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Applying the Cauchy inequality to the first term and using Lemma 3.2.13 to
estimate the second one, we find that

/ h e(y)y*dy
0

< C((/OR @(y)2y172{l}d(y>1/2 (/OR y2k+2{l}1dy>1/2+K/Roo ylﬁ»{l}*l*mdy)

< c((/ooo w(y)le‘Q“}) YRty KRl—m).

Putting here
—1/2m

R=KY™ (/ @(y)zyl’z{l}dy>
0

we arrive at

e o0 (m—1)/2m
/ @(y)ykdyécK”m(/ sO(y)le‘Q{l}dy) .
0

0

Consequently,

. 8k+1 T’)’ x, y) _ (m—1)/2m
[y(z |<c Kl/ /‘ Oyk+1 ‘ 1 2{l}dy> +”7HL1*““”>'

Reference to Lemma 3.2.12 completes the proof. O

Proof of Lemma 3.2.10. Let K be defined by (3.2.44). By Lemma 3.2.14,

[ @I/ Vds < (KD [ S @)Pde + [5G mese).
which together with the obvious estimate mes,e < C),,,,(e) implies that

”’V;QHme/(m 5
(Cp,m(e))m=b/mp =

< (KM QUM 4 1y Ly i)

where
[1Siv;ellL,

P Com @
Since K < @, we complete the proof. a

Q=

Corollary 3.2.5. Let 0 <1 < m and let p € (1,00). Then
IV arcam — ey ~ 1Syl a e — 1) + 1712 unie- (3.2.47)

For m =1 the norm ||| L, unit should be replaced by ||7v| L.
Proof. The result follows by Theorem 3.2.4 and Lemma 3.2.2.
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3.2.11 The Space M (H]" — Hzl)) for mp > n

Theorem 3.2.5. If mp > n, p € (1,00), then

||7HM(H;L—>H;7) ~ [yl e

p,unif

Proof. The required lower bound for the norm in M (H]" — H}) follows from
the inequality
Iy mzllee < cllVllarcp —m)lIn:llay -

Let us obtain the upper bound. Since H}" is imbedded into Lo, we have

Cp.m(e) ~ 1 for any compact set e with diameter d(e) not exceeding 1. There-
fore, it follows from Theorem 3.2.4 that

IV ar e — 1y ~ sup 1517: B1y2(2)llL, + 1V L1 e

We have

11517; B1y2(2) ||, < [1S1(vn2); Brj2(2) |z, + [1Si[y(1 = n2)]; Biy2(2) ||z, -

The first norm on the right-hand side does not exceed ||yn.|| mt- By Theorem
3.1.1 the second one is not greater than

T 2 1aqy o \M?
e s ([ [y [ Vb ) - nale o) ds] y 0 ay)
z€By/2(2) W 1/2 [s|<y

<1 su i Bi(x < ey su .
= 1er5 |7 Ba( )HWTEZ] = zxeﬂg ||777m||H;

Thus the upper estimate for ||’yHM(H;n_,HZz)) follows. O

Remark 5.2.2. The coincidence of M H" and H}", ;¢ for mp > n is a result by
Strichartz [Str].

3.3 One-Sided Estimates for the Norm in M (H* — HL)

We present here some lower and, separately, upper bounds for the norm in
M(H) — HIZ)), mp < n, which do not contain the capacity and which follow
from the characterization of multipliers in M (H," — H}) obtained in the
previous section.
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3.3.1 Lower Estimate for the Norm in M (H* — HIIJ) Involving
Morrey Type Norms

The next assertion follows directly from Proposition 3.1.4 and Theorem 3.2.2.

Proposition 3.3.1. Let 0 <l < m. If mp < n, then
H'YHM(H;”HHZQ)

> e sup (S B, + B @l,)  (33)
r€(0,1)
and, if mp = n, then
H’Y”M(H;"'HHZQ)
>c sup ((log 27'_1)1_1/p||5m;Br(x)HLp + 77|y Be(2)||1, )- (3.3.2)
re(0,1)

Form =1 the second term on the right-hand sides of (3.3.1) and (3.3.2) should

be replaced by ||| L. -

Remark 8.8.1. Let p € (1,00) and let A € (0,n). By the Morrey space £, x
one means the set of functions in R™ with the finite norm

Iflle,» = sup =P f;B(2)]|z,. (3.3.3)

zER™,r>0

Using this norm, we can rewrite estimate (3.3.1), where mp < n, as

IVt -y = (18 gy + V20 ) (3.3.4)

3.3.2 Upper Estimate for the Norm in M (H* — HL) Involving
Marcinkiewicz Type Norms

The next assertion is a corollary of Theorem 3.2.4 and estimates (3.1.5),
(3.1.6).

Proposition 3.3.2. If mp < n and m > [, then
HVHM(H;@H@)

<c( sup (mes,e)™ " P SiysellL, + V] Ly ) (3.3.5)
{e:d(e)<1}

and, if mp =n, m > [, then
H’Y||M(H;”—>Hz",)

<c( sup (log(2"/mes,e)) P VP Spyieln, + VL), (3:3.6)
{e:d(e)<1}

where d(e) is the diameter of e.
In case m =1 the norm in Li yir on the right-hand sides of (3.3.5) and
(3.3.6) should be replaced by ||| L., -

In connection with (3.3.5) we make the following remark.
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Remark 3.3.2. By the Marcinkiewicz space 9, one means the linear set of
functions in a domain {2 C R" for which

sup t[m(t)]* < oo, (3.3.7)
0<t<oo

where o € (0,1) and
m(t) = mes,{z € 2:|f(z)| > t}.
We denote the left-hand side of (3.3.7) by || f; 2||on: and we set

/e‘f'd

T
2 (2 = sup —%—-— .
”fv ||5mn ecg (mesne)l_"
It is known that

(1= a)If; 2o, < 15 2oz, < (1S5 2]l (3.3.8)
(cf. [KZPS], 8.3, Ch. 2). In fact, for all e,

/ fldz < |If: llom, (meswe)

and, in particular,

[ 1slde <15 @l o
[fl1=t

On the other hand,
/ \fldz > tm(t) .
[fI>t

Consequently,
t[m(t)]™ < [|f; 2o,
and the right inequality (3.3.8) is proved.
Now let (0, mes,e) > 1 — F(u) be a non-increasing rearrangement of | f|,
i.e. a non-increasing function which satisfies

m(t) = mesy ({p: F(p) > t}) .

Jisae< [ Fda.

F(p) < p= % f; 2l -

It is clear that

Moreover,

Hence

(mes, )t~

mes, e
11 < 1f: @l [ = 155 2l

and the left estimate (3.3.8) is proved.
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Now it is clear that (3.3.5) can be written in terms of Marcinkiewicz spaces.
For I < m < n/p this inequality is equivalent to

Il s a1y < C(Sélﬂ{l 1517 Bi (@) lm, s+ 1V 24 i) - (3.3.9)

For | = m < n/p a similar result takes the form

Il army, < e sup [[51v; Br(@)lom, .. + Ilz.)- (3.3.10)
reR™

We complete this subsection by stating the two-sided estimate of the norm
in M(H)" — H!) unifying inequalities (3.3.4) and (3.3.9):

A (157 2y + 12 i) < IVt a1

< ca( sup 1573 B1 () o, + 17124 ) (3.3.11)
we n

Similarly,
et (18vll sy + VL) < WVllarme

< ca(sup 115075 B1(a) lom ., + 1) (3.3.12)
TER™

These estimates mean that the space of multipliers M (H," — H, 1l7) is situated
between Morrey-Sobolev type and Marcinkiewicz-Sobolev spaces with norms
of the same space dimension m — .

Remark 3.3.3. An estimate similar to (3.3.9), in which p = 2, 0 < I < 1
and the function T+, defined by (3.2.32), plays the role of S;7y, was given by
Hirschman [Hil]. In the case I € (0,1), Ip < n, inequality (3.3.9) was proved
by Strichartz [Str] with the use of interpolation methods.

3.3.3 Upper Estimates for the Norm in M (H" — HL) Involving
Norms in Hﬁl/m

Theorem 3.3.1. (i) Iflp < n and vy € HTZL/“mif N Lo, then v € MHII) and

Ilarere < e (V]| e +lvlze) - (3.3.13)

n/l,unif

(i5) If mp <n, | <m and v € H!, then v € M(H)" — HZZ,) and

/m,unif?

||'YHM(H;"—>HIP) <clvllm

n/m,unif

Proof. Let n € Cg°(B1), n = 1 on By, and n.(x) = n(x — z). By Theorem
3.1.2,

I ae (rrm —mty < ¢ sup 0= s (rrme — 1) -
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This and (4.3.96) imply that the norm of y in M(H," — H}) has the majorant

¢ sup (i (A2 + 110 ) -
zER™

Now, using Theorem 3.1.1, we derive the estimate

||’YHM(H;"~>HIZ7) <c (”’VHHL + H’YHLn/(m—l),unif)

n /m,unif

which coincides with (3.3.13) for m = [. Since by the Sobolev theorem Hfl/m C
Ly, j(m—1y for m > [, we have
||’7||Ln/(7n—l),unif <c ||7||Hl

n/m,unif

The proof is complete. a

Remark 3.3.4. Estimate (3.3.13) was first obtained by Polking [Poll] with a
different proof.

3.4 Upper Estimates for the Norm in M (H* — Hé))
by Norms in Besov Spaces

Let {u} > 0. We define the space B! . of functions in R" with the norm
loll gz .. = sup [h|=¥HI ARV o), + ol - (3.4.1)
hER™ a

In the present section we find sufficient conditions for the inclusion v €
M(H" — Hzl,) formulated in terms of the space BY . (see Theorem 3.4.1).

3.4.1 Auxiliary Assertions

Lemma 3.4.1. Let ¢ > 1, {u} > 0, ug < n. Further, let v € Wq[“] (By). Then

[viellz [Viuviellr
— < SUp ——————— B . 3.4.2
ebcugl (mesne)“/” = :Cug1 (mesn€>{u}/n + ||U’ 1||Lq ( )

Proof. By (2.2.8), for any integer [ < m we have

(mes,e) ™D/ g |,

< (3Bl + (mes,eym- o [ ([ B gy an)™).

e M|z|<2 |Z|nil
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We estimate the integral over the ball |z| < 2 by the sum

N
/ + / ’
BO) S5 JBUG+D\BG)

BY) = {z:]z]| <2/ (mes,e)'/™}

where

and 2" (mes, e)'/™ < 1. By Minkowski’s inequality

(/e</5<o> ”'dz)qdz)l/q = /B(O> [ /'Vw r Z)|qdz> "

Let mq < n. We introduce the notation

IVivselr,

s(y) = _nreh e
) {e:d(e)<1} (mes,e)t/a—m/n

Clearly, the right-hand side of the last inequality does not exceed

dz

o TPt < ¢5(y)(mespe)t/ = (m=D/n

s('y)(mesne)l/q*m/"/g

Next we estimate the integral over the spherical layer BU+D\BU):

) 1/q
/ ..dz < (27 (mes,e) /M) (/ Viy(z + z)|qdz)
BGHD\BG) BGH\BG)

< e5(7)(27 (mes,e) /™))

q 1/q
/e Z/B(JJrl)\B(J) ) dx>
N

< cs(7) Z(2j(mesne)l/”)l*m(mesne)l/q < ¢5(7y)(mespe)t/ = (m=D/n,
j=0

Consequently

Thus
(mesye) D/ M4 yre

< ¢l Bullr, + sup(mes,e)™/ "9V pyiellr, ).
eCB

To complete the proof it remains to put here m =n/q — {u} and [ = [p]. O
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Lemma 3.4.2. Let ¢ > 1, u >0, {u} >0, v € Wq[“] (B2). Then

sup (mesne)_{“}/"HV[“]v; elr,
eCBy

< c|sup ‘h|_{“}||AhV[H]’U;Bl||Lq + sup T_M”'UQBT(QU)HLL] )
heBy r€B,0<r<1

where (Apw)(x) = w(x + h) —w(x).
Proof. Let
Q € C5°(By) and /Qdmzl.

Further, let p € (0,1), and let e be an arbitrary compact set in B;. We have

|D%(z)] <

o [ QDo+ 1)~ Do) dh]

+p—7l—[;t]

[0 Q@ pete+ 1 dh'
for any multi-index « of order [p]. Consequently,
’ q
/ Devlide <c|p / (1Q(/0) M7 |1Q(/p) /4| Do w+ ) = D*o(x)|dh) da
+(mespe)p” =" sup / lo(h)|? dh} .
x€EB, Bp(aj)

Applying Holder’s inequality to the first term on the right-hand side, we obtain
/|Do‘v|q de < cptit} [sup |n|atnt / | D% (xz + h)—D%(z)|dx
e heB, e

+(mespe)p™"  sup MY By (2)]|f } .
z€B1,r€(0,1) 4

It remains to put p = 2’1(mesne)1/" and to multiply both sides of the last

inequality by p~9i#}, a

The following lemma contains a well known integral representation of a
function formulated in terms of its higher-order differences (see [BIN], Ch. 2,
Sect.7.8).

Lemma 3.4.3. Let v be a function in Ly, 1 < q < oo. Then, for almost all
z € R",

v(z) = Z;/OOO%/WMG)&/R" 2:(L2) A 04y +edy (343)

where M € C§°(0,1), £2; € C§°((0,1)"), s is an arbitrary integer and Af, is
the difference of order s in the direction of the unit vector e;.
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Proof. Let K € C§°(0, (s +1)~!) and let

K(t)dt = 1.
Rl
We put
(s (=17 s\t
L(t) = ( +1)j§0(1+i)2 <J.>K<1+j). (3.4.4)
Since

/Rlz (1+475)2 () <1ij>dt:/ol(l—t)sdt:(s+1)—1

it follows that
/ L(t)dt = 1.
Rl

We introduce the function @:
o) = [ L= n)Lwmdn
and set
Ve (2) = /n v(z+y) ﬁa‘léﬁ(%) dy, zeR",0>0.
j=1

The inclusion v € Ly, 1 < g < oo, implies that v,(z) — 0 as ¢ — co. Hence

9
_/0 a—ovg(z)da

for almost all z € R™. We have

%UU(Z) = /” v(z + y)%(ﬁ 071@(%» dy

_Z/" v(z + 1) Ea 1@(‘%)) 80( *%(%))dy. (3.4.5)

From the definition of @ we obtain

o) =5 .,
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Substituting the above expression for 9(c~'®(y;/0))/dc into (3.4.5), we
obtain

o) =230 [ Zu(0)a
X/ﬂ”y)(ﬂé(ﬁ))”(?) dy
ey
_ gnzizj;/w gL(g) dt/n v(z 4y + te;) Ql(g) dy,
where
= 2H¢ y;) L' (yi), supp £2; C (0,1)".

J#i
Thus

z) = Z/OOO U‘"‘de/“ Qi(%)dy /Rl v(z+y+tei)§L(§)dt. (3.4.6)
i=1

Using definition (3.4.4) of the function L, we write the last integral over R!
as

(S“)/Rl ”<“y“€i); (1_+1); <j> a(lt—l—j)K(a(lij))lc—iﬁj
s—i—l/z <> (z—}-y—i—(l—i—])TeZ)UK(g)dT

= [ AL v(z+y+ tei)M<—) dt,
R g

where M (t) = (—1)%(s + 1)tK (t). Hence, using (3.4.6), we obtain (3.4.3). O

3.4.2 Properties of the Space Bl

Proposition 3.4.1. (cf. [BIN], Ch. 4, Sect. 18.15). The norm (3.4.1) is equi-
valent to the norm

1
R Zsup 10125, vz, + v,

where s > p, 1 < q < oo and Aj,. is the difference of order s in the direction
of the unit vector e;.
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Proof. Let v € BY ... Putting k = [u] and m = s — [u] in the formula

Ay () —tk/ / Ate P x+t(€1+ 4 Ep)es) dEy .., dEy

and applying Minkowski’s inequality, we get

(]
1A e, < =0 ag 2|
@ 8.%&#} L,
< gs—lu-1)y)- {u}HAt o ‘
“i u]

This implies that ||v\|g3 <cllvllpe
q,00 ’

Now we derive the converse inequality. We show that the finiteness of the
norm ||v||(Blz implies the inclusion v € Wg“]. Let v, be the mean value of v
q,o0
defined in the proof of Lemma 3.4.3. We have
Vo () — ve(x / dr, 0<e<o, x€R".
o'
Using the expression for dv, (x)/07 borrowed from the just mentioned proof,

we arrive at the identity
Ve () = vy (2)

/ g /Rl dtZ/ Af(, v(x 4y +te))dy.  (3.4.7)

Differentiating (3.4.7) with k& < [u], we find that

7 dr t
Vit = Vo (a)(t - 1)F / e [ M ()
XZ/ (Vid2) Afp v(x+y+te;)dy (3.4.8)

which together with Minkowski’s inequality yields

n o t
IVive = Vi, <y / TR dr / M (=) 1145 o, dt
i=17¢ R T

\Lq)/ szfde/
0 R!

Z(Sup ]| Ae,v
i=1 LER
The latter and the L,-convergence v, — v as o — +0 imply the existence of
any distributional derivative D%v € L, |a| < [u]. Also,

IA

w(Oera

IN

pn—k (1)
et ol
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v < IV pn—k (1)
IVikvelle, <[IVivollz, +co* " [ollgy
Passing here to the limit as ¢ — 40, we get
- 1
IVkvllz, < [Vavollz, +eaFlolG) < eco ™ |olle, +ecoF o))
Putting 0 = 1, we arrive at the estimate
1
Iollypr < eloll) -
Since Vv € L, it follows that Vivs(z) — 0 as 0 — oo. We also have

Vive(x) = Viv(x) as e — 0 for almost all 2 € R™. Therefore, by (3.4.7) we
find that

< dr
Vkv(x):(—1)k/0 7—n+—2+k/ dtZ/ (Vid2;) A,‘fe (x+y+te;)dy

for almost all € R™. Hence, for any A > 0 and k = [u], we have

Axe,; Viu(z) (3.4.9)
:(_1)k; . A,\ejAteiv(x+y+tei)dy/ldt/ vk(z)( )%
1)’“+1Azn:/1d§/ Afeiv(:r+y+tei+§ej)/ dt/ %,
=170 Rn 1 7'
where 5
Y(2) = Vka—zjﬂi(z)-

To derive equality (3.4.9), we made the change of variables z = x + y in
the second summand and then applied the difference Aye; to the kernel
(Vif2;) (5£), using the formula

(ngi)(z—xT— )\ej) _(kai)(z;x> :_)\/Olw<%_/\€ej) d€.

After that we made the reverse change of variables y = 2z — z — Ae;.
Since M € C§°(0,1) and 2; € C§°((0,1)™), ¢ = 1,...,n, it follows for
a=max{|yi|,..., |yn|,t} and 0 < ¢t < A, that

[ (L) ween (L) ar

< c/ T2 R A < eyl F )R (3.4.10)
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If ¢ > A then the integral on the left-hand side of (3.4.10) is equal to zero. In
a similar way we get

[t
A T T

provided that ¢ > dA with some 0 > 0. In the case t < J\, the integral on the
left-hand side of (3.4.10) is equal to zero. Using (3.4.8)—(3.4.11), we find that

| A7, Ane,v(w +y +te;)
|Axe, Vio(z)] < CZ/ dt/n (vl ;t)n—i-l—i-k dy

<c(ly|+t+A)TEF (3.4.11)

I 1As vl +y + te; + Afej)\df
*CZA/ .. (Jyl + tyrr2rs

Applying Minkowski’s inequality we obtain

A0 Ay, Vinlln, < e 3N {“}/ | Aol t=1" dt

i=1
+ey AT {“}/ Aol t727Fdt <c supt || Af,,v
; [ Aee, 0]z, Z sup ¢~ A, vz,
Thus
iupx{#}nAAejvkanq el i=1,...,n. (3.4.12)
>0 42

Next we note that

n
||Anv”Lq < Z ||A|77_i|e.iv||Lq v M€ R™.

j=1
Therefore
18, Toll, € 3l A, Vil
j=1
v (3.4.12), the last sum does not exceed c/|v|("). The result follows. O
The proposition just proved and the definition of the norms || -|| and |- ||*)

imply that the norm in B(‘; so.unif 1S €quivalent to either of the following two
norms:
sup AT AR V0 Bi(@) 1, + sup [lv;Bi(2)|z, |
z€R™,hEB, TER™

n

Y. sup [7HAL v Bz, + sup lv; By ()|, -
sCR™

T3 weRn |t|<1

Next we present an assertion which is due to V. P. Il'in (personal commu-
nication).



3.4 Upper Estimates for the Norm in M (H," — Hzl,) by Norms in Besov Spaces 107

Lemma 3.4.4. Let v be a function in L, with compact support and let ¢ > 1,
w>0, ug <n. Then

sup r*ﬂuv;w)n%s(zzsup URA P (3.4.13)

x€ER™ r>0 i—1t

Proof. Tt follows from (3.4.3) that

|<Z/ =7 ‘dt/\A oly + te)]| 2 (=2 | dy

where M € C§°(0,1) and 2 € C3°((0,1)™).

By U; we denote the i-th term on the right-hand side. Let us represent
U; as the sum V; + W, of two integrals over o so that the integration in V; is
taken over o € [0, r]. By Minkowski’s inequality,

IVi; Br(2)| L, <

0-n+2

s mw ) ]

Applying Minkowski’s inequality once more, we obtain

H/m oy + te; |‘Q(

Therefore,

q

)|y B, < eomlai e,

do

T ag
. n i —1|| AS
Vi@l < e [ o [ otdr sup 1747, 01,

<crfsup [t AL, vz, - (3.4.14)
teR? ’
By Hoélder’s inequality,

* do [7 ,
sup [Wi(z)| < C1/ —/ o4 [sup tH AL v, | T dT
ZGBT(m)| l( )| - ont2 0 tGRll | || te; || q

= crhn/d sup [t|"* | Afe, v

| L q
Consequently,

IWe Br(2)2, < er™? sup |Wi(2)] < cr” sup [H7H]| A
ZeBr(x)

te; |q'

This, together with (3.4.14), implies (3.4.13). O
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The next assertion follows immediately from Lemmas 3.4.1 - 3.4.4.

Corollary 3.4.1. Let {u} >0, ¢>1, pg <n and let v € Wq[’fl]oc. Then

sup (mesne)*"/”((mesne)["]/"HV[M]v; ellr, + llvsellz,)
{exd(e)<1}

q,00,unif
clvllpe .+ llvllze) for pg=mn,

q,00,unif

{CHUHB“ for pg <n,

where d(e) is the diameter of a compact set e.

3.4.3 Estimates for the Norm in M(H]* — HL) by the Norm

s i
in Bq’C>o

The following assertion is the main result of the present section.

Theorem 3.4.1. Let ¢ > p, p=n/g—m+1, u>1, {u} > 0.
(i) If v € B! ¢N Lo, then’yeMHZl, and

q,00,uni

sy < e _swp 010V Bi(@)le, + ) (3:4.15)
reR™, 1

(i1) If v € B then v € M(H}" — H)) and

q,00,unif?
”’YHM(H;;I—»H;,)

<c( sup |h|TU ALV v Bi(2)lL, + sup ||v; Bi(2)]| 1, ) (3.4.16)
z€R" heB; zER"
Proof. Let m > [. It is sufficient to assume that the difference e = n/q —m
is small, since the general case follows by interpolation between the pairs
{H""!, Ly} and {Hg/qfa,Hﬁ_s} (cf. (3.2.1)). Thus we assume that 1 —{I} >
n/q—m > 0.
We introduce the function @, on (0, 00) with the values

B, (y) = /B V(@ + 2) — V()] dz

Clearly,
p/2

Isivel, = [ ([ ety 204 ay)" e

where e is a compact set with d(e) < 1. Since &, is an increasing function,
the internal integral on the right-hand side is dominated by

P, (y)dy [ dt {l}+ng/ [~ dy 2
({l}+n)/0 m/y ¢z(t)t1+{z}+n_ 5 (/O @x(y)m)~
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We write the last integral as the sum of two integrals iy (x) + i2(z), of which
the first is over the semi-axis y > |e|'/”, where |e¢| = mes, e. We have

. e _n dy P
/u(x)p dx < /{/lll/ (y /B Vigy(z + 2)| dz + |V[l]’7(517)|)m} dr.

This and Minkowski’s inequality imply that

. > n p NP dy r
/11(x)pdx<{/|l/n (/[y /B\V[l]'y(x+z)|dz+|v[l]v(x)\} dw) m} .

Therefore

oo p dy P
(VP < -n P » Y
/ezl(x) dm_c{/ewn (/e {y /ByV[lw(a?—i-z) dz+|Vy(z)] }dx) y1+{l}}
<clef o [l [ ([ vt aprar) s

- lelt/n B, Me

(&

1/q dy p
NE _2
/'V z)] dz } y1+{z}} '
By N(v) we denote the right-hand sides of (3.4.15) and (3.4.16). According
to Corollary 3.4.1, where p =n/q—m+1,

1/q
([ 19ute+2prda) " < el )

Consequently,
/ i1 (2)P dz < c|e[ PPN ()P (3.4.17)

Applying Minkowski’s inequality, we obtain

| d P
. _ Y
/elg(x)p dx —/e / / V[l]’)/( )‘dZW) dx
_ le|*/™ - v by /p dy P
{ i | wy (@ + 2) = Vg (a)] 33) Zm} :

By Holder’s inequality the last expression does not exceed

B 1/q dy P
le|! p/q{/o /B </€|V[l]7($+2)—V[l]'}/(l‘”qu) dz—y1+{z}+n} .

Since

e|1/n

et/

[om=ttD / IViy(z + 2) = Vigy(a)|?de < e N()
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it follows that

1/n

le] d P
Jintayan < ctef=rianp ([ [ g G)

= cle|' PN ()P . (3.4.18)
Adding together (3.4.17) and (3.4.18), we arrive at
IS elly, < elel' "™/ "N (y)P.
By Holder’s inequality and Corollary 3.4.1 with g = n/q — m + | we obtain
Iysellz, < lelV?=Vyellr, < cle/P=H e/ m=DIMN(y) . (3.4.19)

Reference to Proposition 3.3.2 completes the proof. g

3.4.4 Estimate for the Norm of a Multiplier in MH:)(Rl)
by the g-Variation

Hirschman [Hi2] obtained the following sufficient conditions for a function
to belong to the class MW on a unit circumference C: vy is bounded and has
a finite g-variation Vary(7y) for some ¢, 2 < ¢ < 1/1.

Here g-variation is defined by

m—1 1/q
Varg(7y) = sup(Z Iy(tje1) — v(tj)\‘I) / , (3.4.20)
j=0

with the supremum taken over all partitions of the circumference C' by
points ;.

Using Theorem 3.4.1, one may easily derive a sufficient condition for a
function to belong to M Hfo (RY) which, for p = 2, coincides with Hirschman’s
condition up to the change of R! for C.

We define the local g-variation of a function v defined on R* by (3.4.20),
with the supremum taken over all choices of a finite number of points ty <
t1 < -+ <ty on any interval ¢ of unit length.

Since

/ I (E + B) — 7 (B)]7 dt < c|h|[Var,(V)]",

we arrive at the following assertion.

Corollary 3.4.2. Let n = 1, ¢ > p, lg < 1. If v € Lo and Vary(y) < oo,
then v € MHZZ) and

IMaemy < e(vllze + Varg(7)) -
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3.5 Miscellaneous Properties of Multipliers
in M (H;“ — H ;))

The following assertion is a generalization of Proposition 2.7.1.

Proposition 3.5.1. If k € [0,1], then M(H]" — H}) ¢ M(H"""*" — HF)
and
I arerg ot —my < € IVllnacrg— ) -

Proof. The imbedding M (H]" — H}) € M(H}"~" — L,) and the correspond-
ing inequality for the norms were proved in Lemma 3.2.3. It remains to use
the interpolation inequality

k/l (I-k)/l
||’Y||M(H;nil+k—>Hg) é c ||’YHM(H;YL*>HIZ7) ||,Y||M(H;,n7l~>Lp)

which is a particular case of estimate (3.2.1). O

Proposition 3.5.2. (i) Ifmp>n, 1 <g<oo,0<k<landk <l+n(l/q—
1/p), then M(H™ — Hl)y c M(H""""% — HF) and

||IYHM(H;;"7H"—>H§) < C||7HM(H;"—>HIZ)) : (3.5.1)

(@) Ifmp=mn,0<k<Il,¢g>1andk <l—m-+n/q, then M(H" —
H.) C M(H]"""*% — HY) and inequality (3.5.1) holds.

Proof. (i) According to Theorem 3.2.5, M (H]" — H)) = H]lg’unif. Since mp >
n, it follows that
M(H — H)) c H.

Jmounif fOT M >

and

MH)" C ¢N Lo for m=1.

m
n/m,uni

This, together with Propostion 3.3.1, implies that
M(H» — H}) Cc M(H}* — H))

for any ¢ € (1,n/m). Applying Proposition 3.5.1 and interpolating with
respect to ¢ between 1 + ¢ and p (cf. (3.2.1)), we obtain the inclusion
M(H" — HL)y € M(H"""*F — HE) for all k € [0,1], ¢ € (1,p].
For ¢ € (p,o0) we put s = I +n(1/q — 1/p). It is clear that s < I and
q(s+m —1) > n. By Theorem 3.2.5 and the Sobolev imbedding theorem,
M(H™ — H!) = H!

p,uni

¢ C H?

q,unif*

Since ¢(s + m — 1) > n, we can apply Theorem 3.2.5 once more to ob-
tain M(H)" — H]lg) C M(H;”_HS — HJ). Further, by Proposition 3.5.1,
M(H)» — HL)y ¢ M(H""*" — H}) for all k < s, q € [p, ).
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(44) By Theorem 3.2.5, M (H" — Hzl,) C HiL/m,unif form > land MH]" C
am ¢ N Loo. According to the Sobolev imbedding theorem,

n/m,uni

HTIL/Wunif C Hﬁ/nunif, where r=m-—I1+k, k<l

This and Proposition 3.3.1 imply that
M(H™ — H.) C M(H* "% — HEF)

for any ¢ € (1,n/r). O

Next we present an imbedding theorem for the space M H,".

Proposition 3.5.3. The space M H}" is imbedded into MH;“, k<m,1<qg<oo,
provided that

(0) mp>n, k<m+n(l/qg—1/p),

(#) mp <n, k <mp/q.

Proof. For mp > n the assertion is proved in Propostion 3.5.2. Let mp < n.
We start with the case ¢ > p. It v € M H]" then v € Lo and hence v € ML,
for any r € (1,00). The interpolation between H," and L, with r € [g, 00) (cf.
inequality (3.2.1)) implies the imbedding M H}* C MH(;C with 0 < k < mp/q,
q > p. Now suppose that ¢ < p, k < m and v € M H,". Then by Theorem
3.2.2

wp 1Smsellr,
e Cpmle)
This and Lemma 2.3.6 yield
[Smsell?,

sup
e Cp,mq/p(e)

Applying the inequality

Cp,mq/p(e) < CCq,m(e) with ¢ <p

(see Adams, Meyers [AM]), we find that

S ells,
sup ————

e Com(e)

Since v € Lo, we get v € MHJ" by Theorem 3.2.2. Again, interpolating
between H;" and L4, we obtain v € MH(;€ with £ < m, ¢ < p. The result
follows.
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Remark 3.5.1. For mp > n this proposition was obtained by Strichartz [Str].
In the case mp < n the result proved in his paper is incomplete. Above we
have presented a stronger statement communicated to us by Verbitsky who
also showed that these embeddings cannot be improved. For ¢ < p, k < m the
latter can be easily verified by an example of lacunary series. The proof of the
exactness is much more difficult in the case ¢ > p, k < mp/q; in particular,
for k = mp/q it can be performed by using Blaschke products.

Next we give a simple sufficient condition for a function to belong to the
space M (H}'(R") — H;,(R")) which is formulated in terms of M (H,*(R') —
H;)(Rl)).

Proposition 3.5.4. If forall j=1,...,n

.l
ess sup V(@1 o1, Tjgr, -z R HM(H{,”HH},) < 00,
(T153 = 1,8 54150, Tn)

then v € M(HJ"(R") — HL(R™)).

Proof. Tt can be easily verified that the functions

(1+|§|2)l/2 1_’_52 /2

 —— T+ ; k=1,2,...,n,
S+

j=1

satisfy the condition of Lemma 1.2.1. Therefore

g ~ 3| (1= 25) ", - 352
j=1 J »

The conclusion is obvious. O

From (3.5.2) we immediately obtain

Proposition 3.5.5. If a function v depends only on wvariables x1,...,xs,
s <n, then v € M(H*(R") — HL(R™)) if and only if

v € M(H™MR®) — HL(R®)).

Moreover,
7 R ar e — )y ~ 17 RO s e — ) -

Proof. The upper bound for the norm in M(H;"(R") — H}(R")) follows
directly from Proposition 3.5.4. Let n € C§°(R"*), n # 0. By (3.5.2) for
v € H'(R®) we have
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o R [y, < e llynvs R [y < e llv; R* || a g — g lrro; R | e

< |y R (o —mn 1o R ([ e

which yields the lower bound for the norm in M (H}"(R™) — H.(R")). |

Corollary 3.5.1. The characteristic function x of the half-space R’} belongs
to MHIZ,(R”) if and only if Ip < 1.

Proof. By Proposition 3.5.5 we may limit consideration to the case n = 1.
According to Theorem 3.4.1, for Ip < 1

R ey < e sup [BITV7 A6 Bi(@)]lr, + 1) -
z€RL|h|<1

Since the right-hand side is bounded, x € M H}(R").

Now let Ip = 1. By n we denote a function in C§°(R!) which is equal to
one in a neighborhood of the point O. Since (Fx)(£) = i¢ =t +75(), it follows
that

[Em0)l(§) = i€~ + O(€)
for large |£|. Therefore

Al(y) = F7Y1+ )2 F(nx) = ez sgn = + O(1)

for small || and hence x ¢ H} . (R"). Consequently, x ¢ M H}(R"). O

Remark 3.5.2. Corollary 3.5.1 is well known. For p = 2 it was proved by
Hirschman [Hi2]. The case p € (1,00) was considered by Shamir [Sha] and
Strichartz [Str]. An analogous assertion for the space Wli is given by Lions
and Magenes [LiM1]. The conditions for the function x to belong to classes
of multipliers in various functional spaces have been studied by Triebel [Tr1],
[Tr2], and [Tr4], Frazier and Jawerth [FrJ], Franke [Fr], Gulisashvili [Gul],
[Gu2], Runst and Sickel [RS].

Remark 3.5.5. Corollary 3.5.1 for n = 1 and Proposition 3.5.4 immediately
imply that the characteristic function of any convex open subset of R™ is
a multiplier in H)(R") for Ip < 1. It is even sufficient to assume that the
multiplicity of the intersection of the set with almost any straight line parallel
to one coordinate axis is bounded.

We state some simple properties of the class M H, 1lv'
Proposition 3.5.6. The estimate

Ilze < IVllacms

holds.
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Proof. This estimate is deduced in precisely the same way as (2.7.1).

The following assertion complements Proposition 2.7.5, where the case
{l} = 0 is considered.

Proposition 3.5.7. Let {l} >0, v € MHIZ7 and let o be a segment of the real

azis such that y(x) € o for almost all x € R™. Further, let f € Cl:(a). Then
flv) € MH;, and the estimate

[[]4+1

I larmg < € D D0l Iy
j=0

holds.
Proof. Let I € (0,1). By Theorem 3.1.1,
luf N az < e (1S (wf (D), + lluf(Nr,)
for all uw € C§°. Since
Si(uf (1)) < JulStf (v) + 1f (DL Siw
< lulllfsollpe Sy + 1f(Dllpe S,
we have

luf Dlay < e U Nea IS arey—r,) + IF o)l -

This, together with Lemma 3.2.8, implies the required estimate

If D arre < e W NzalVlarm + 1F (N ew) -

It remains to proceed by induction on [I] (cf. the proof of Proposition 2.7.5). O

This and Proposition 3.5.6 imply

Corollary 3.5.2. Ifvy € MHIZ,, {1} >0, and ||y~ Y| < oo, theny~! € MHIZJ

and
—1)+2 [1]+1
[

v e < clly ||’YHMHIZJ -

3.6 Spectrum of Multipliers in H;) and H;l

3.6.1 Preliminary Information

We recall certain definitions and facts of the operator spectral theory (see for
example, [DS], Ch. VII, Sect. 3.4 and 5.4).

Let X be a complex Banach space and let A be a bounded linear operator
on X.
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Definition 3.6.1. The set of complex values \ for which the operator (AI —
A)~Y exists, is defined on the whole of X and is bounded, is called the resolvent
set p(A) of the operator A. The complement of p(A) is called the spectrum
o(A) of A.

It is known that the resolvent set p(A) is open and that the function
(A — A)~! is analytic on p(A).

Definition 3.6.2. The value r(A) = sup |o(A)| is called the spectral radius of
the operator A.
The Gelfand formula holds:

r(A) = lim %/||A™|. (3.6.1)
m—0o0
Definition 3.6.3. The operator A is called quasinilpotent if
lim R/[|A™| = 0.
m—0oQ0
The next three definitions give a classification of points of the spectrum.

Definition 3.6.4. The set of points A € o(A) such that the mapping \I — A
is not one-to-one is called the pointwise spectrum and is denoted by ,(A). In
other words, A € o,(A) if and only if there exists a nontrivial solution u € X
of the equation (\I — A)u = 0. Elements of o, are called eigenvalues.

Definition 3.6.5. The set of numbers X\ € o(A) for which the mapping \I — A
s one-to-one and the range of \I — A is not dense in X is called the residual
spectrum and is denoted by o,.(A).

Definition 3.6.6. The set of numbers \ € o(A) for which the mapping \I — A
is one-to-one and the range of A\I — A is dense in X but does not coincide
with X is called the continuous spectrum of A and is denoted by o.(A).

It is clear that the sets 0,(A), 0,.(A) and o.(A) are disjoint. By the Banach
theorem on isomorphism, the condition (A — A)X # X in Definition 3.6.5 is
unnecessary and therefore

0(A)=0p,(A)Uo(A)Uoc.(A4). (3.6.2)
Let A* be the operator adjoint of A. Definitions 3.6.4-3.6.6 imply that

or(A) Cop(A*) C o (A)Uop(A), (3.6.3)

where the bar denotes complex conjugation.
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3.6.2 Facts from Nonlinear Potential Theory
Definition 3.6.7. If E is any subset of R™, then the numbers
Cpm(E) = sup{Cym(e) : e C E, e is a compact set}

and
Cpm(E) =inf{C, ,»n(G): G D E,G is an open set}

are called the inner and outer capacities of E.

We formulate some known properties of these capacities (see [AH], Ch. 2).
1. If the set e C R™ is compact, then C) ,,(e) = Cp m(e).
2.If B1 C Ey C Rn, then

Cp,m (El) < Cp,m (E2)

and

Cpm(E1) < Cpm(E2).
3. Let {E}}72, be a sequence of sets in R", £ = |J,, Ex. Then

o0

Cpn(B) < 3 Ty (Br).
k

=1

4. Any analytic (in particular, any Borel) subset E of the space R"™ is
measurable with respect to the capacity Cp,m (i.e. Cpm(E) = Cpm(E)).

If the inner and the outer capacities of the set E are equal, then their value
is called the capacity of E and is denoted C), ,,,(E).

By Vp,m it we mean the nonlinear Bessel potential of a measure p, i.e.

Vp,m,u = Jm(Jm,u)plil-

The potential V}, ,,, it satisfies the following ‘rough’ maximum principle (cf.
[MH1], [MH2], and [AH], Sect. 2.6).

Proposition 3.6.1. There exists a constant M depending only on n,p,m,
and such that

(Vomi) (@) < Msup{(Vpmp)(z) : € supp p} . (3.6.4)

The following assertion contains basic properties of the so-called capacitary
measure (see [MH1], [MH2|, and [AH], Sect. 2.5).

Proposition 3.6.2. Let E be a subset of R™. If C)p,,(E) < oo, then there
ezrists a unique measure (i with the properties:

1 sl = Con(B),
2. (Vpmpr)(x) > 1 (p,m)-quasi everywhere in E.
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(Here {(p,m)-quasi everywhere’ means ‘everywhere except for a set of zero
outer capacity Cprm’.)

3. supp pup C E,

4. pp(E) = Cpm(E)

5. (Vpmite)(x) <1 for all z € supp pg.

The measure pp is called the capacitary measure of the set £ and V}, ., /tE
is called the capacitary potential of the set E.
In addition we notice that the capacity Cp ., (e) may be defined by

Cp.m(e) =sup{u(e) : supp p C e and (Vj mp)(z) < 1 on supp p}
(see [AH], Sect. 2.5).

3.6.3 Main Theorem

In the present and subsequent subsections the role of the space X is played
by HII) and H, ! the multipliers are considered as an operator A.

Corollaries 2.7.1, 3.5.2 and the imbedding MHzlj C L immediately imply:

Corollary 3.6.1. A number \ belongs to the spectrum of a multiplier v €
MHZZ, if and only if (v — \)~ & Lo or, which is equivalent, for any e > 0 the
set {x : |y(z) — M| < €} has positive n-dimensional measure.

Since the adjoint operator of v € MHZZ? is the multiplier v in Hz;l, Corollary
3.6.1 implies:

Corollary 3.6.2. A number A\ belongs to the spectrum of v € MH];l if and
only if (v — A) " ¢ Loc

From Corollaries 3.6.1 and 3.6.2 we obtain that the spectral radius r(y) of
a multiplier v in H} or in H ' is equal to |||,
This and (3.6.1) imply that

lim 7 ||7m||MHL = [ -
m—0oQ

Thus the only quasinilpotent multiplier is zero. In other words, the algebra
M Hll, is semisimple.

This is a generalization of results obtained in [DH] for p = 2, 21 < 1.

The main theorem of the present section contains a description of the
decomposition (3.6.2) for multipliers in H}lj and H;l. Before we pass to its
formulation, we present certain auxiliary definitions and results.

Definition 3.6.8. A function u is called (p,l)-refined if for any € > 0 one
can find an open set w such that Cp(w) < e and u is continuous on R™\w.

For proofs of the next assertions see [MH2].
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Proposition 3.6.3. For anyu € HII))ZOC there exists a (p,l)-refined Borel func-
tion which coincides with u almost everywhere.

Proposition 3.6.4. If two (p,l)-refined functions uy and us are equal almost
everywhere then they are equal (p,1)-quasi everywhere.

Henceforth in this section all the functions are assumed to be (p, [)-refined
and Borel.

The following assertion is proved for integer [ in [Maz14] and for fractional
I in [APo] for compact sets. The passage to arbitrary sets does not need new
arguments if one uses Proposition 3.6.2.

Proposition 3.6.5. Let E C R"”. The capacity Cp (E) is equivalent to the
set function
inf{”“”?{; v EME)},

where M(E) is the collection of (p,l)-refined functions equal to one (p,l)-quasi
everywhere on E and satisfying the inequalities 0 < v < 1.

Definition 3.6.9. A set E C R™ is called the set of uniqueness for the space
l . oy . l _ . n .

H, %‘ the conditions u € Hy,, u(x) = 0 for (p,1)-quasi all z € R"\E imply that

u = 0.

A description of sets of uniqueness for H) is given in [Hed3] and [Pol2].

The first result of such a kind for H21 /% on a circumference is due to Ahlfors
and Beurling [AB].

Proposition 3.6.6. (see [Hed3]). Let E be a Borel subset of R™. The following
conditions are equivalent:

(1) E is the set of uniqueness for HIZJ;

(11) Cpi(G\E) = Cp1(GQ) for any open set G;

(i13) for almost all x

lim p™"Cp (B, (2)\E) > 0.
p—

If Ip > n then E is the set of uniqueness if and only if it has no interior
points.

Now we state a theorem which gives a characteristic of the sets o,(7),
or(7) and o.(7) for a multiplier v in H), or HI;I.

Theorem 3.6.1. (i) Let v € MH. and X € o(y).

1. A € op(y) if and only if the set Zy = {x : v(x) = A} does not satisfy
any of conditions (i)—(i1i) of Propostion 3.6.6.

2. X € o.(7) if and only if the set Zy satisfies any one of the conditions of
Proposition 3.6.6 and Cp(Zy) > 0.

3. A€ oc() if and only if Cp(Z)) = 0.

(1i) Let v € MHI;l and A € (7).
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1. X € 0,() if and only if Cp(Zy) > 0.
2. X € oo(7) if and only if Cpi(Zy) =0 (hence the set o,.(7y) is empty).

An obvious corollary of Propositions 3.6.3 and 3.6.4 is the following
assertion.

Lemma 3.6.1. Let v be a (p,l)-refined function in MHll). The equation (v —
AMu = 0 has a nontrivial solution in Hfj if and only if there exists a (p,1)-
refined non-zero function in HIZ7 vanishing (p,1)-quasi everywhere outside Zy.

This lemma shows that part (i)1 of the theorem immediately follows from
Proposition 3.6.6. The proof of the other assertions of the theorem is contained
in the next subsection.

3.6.4 Proof of Theorem 3.6.1

Below we shall use the following assertion.

Lemma 3.6.2. Let v be a (p,l)-refined function in MHIZ) and let Zy = {x :
v(x) = 0}. If Cp1(Zo) = 0, then the set yH) is dense in H}.

Proof. Let f € C§° and let

N, ={z esupp f: |[y(z)] < 7}.

By ¢ we denote a small positive number and by w we mean an open set
with €}, ;(w) < € and such that + is continuous on R™\w. Let G stand for a
neighborhood of the set No\w with C),;(G) < e.

We note that N.\w C G for small enough 7 > 0. In fact, if for any 7 > 0
there exists a point x, € N, \w which is not contained in G then, by continuity
of v outside w, the limit point xg of the family {z,} is in Ny\w, contrary to
the definition of G.

Consequently, Cp (N \w) < ¢ for small values of 7 and

Cp’l(N-,—) < Cp’l(N-,—\w) + Cp’g(w) < 2¢.

Thus, Cp;(N;) = 0as 7 —0.
By {w; }r>0 we denote a family of functions in 9(N,.) such that

tm o, 1, = 0
(see Proposition 3.6.5). Further, we put

urs = (1 —w)yf/(vy + 0),
where § > 0. Since

(1-w.)f€H), ¥yeMH) vye€MH, and vy+46>§,



3.6 Spectrum of Multipliers in Hé and H;l 121
it follows that u, s € HIZ). We have

f- YUrs = wrf+ 5(]— - w'l’)f/(’y,? + 5) .

Let ¢ be a smooth increasing function on [0,00), ¢(0) = 72/4, (1) = t for
t > 712/2. Since 1 — w, = 0 (p,l)-quasi everywhere on N,

f=rurs =w-f +6(1 —wr)f/le(y7) + 0] .
Using the inequality
p(y7) +0 > 7%/4,
we obtain from Proposition 2.7.5 and Corollary 3.5.2 that the norm
i) + 61 lasns
is uniformly bounded with respect to §. Therefore
1 =yt slly < sl + 5k(7),
where k(7) does not depend on §. We put §(7) = 7/k(7). Then
1 = Yttrsioy e, < €l g +

and hence yu, 5y — f as 7 — 0 in H.. ]

In the next three propositions v is a (p,()-refined function from MH]lD.

Proposition 3.6.7. A number X\ is contained in the pointwise spectrum of a
multiplier v in H;l if and only if Cp,1(Zy) > 0.

Proof. Sufficiency. Let R be so large that C},;(Zy N Br) > 0 and let i be the
capacitary measure of Z) NBg. Note that, whatever the (p, [)-refined function
u € HIl), we have u(z)(y(x) — A) = 0 for (p,])-quasi all x € Z\ N Bg. By
Proposition 3.6.2, the last equality holds p-almost everywhere. Therefore,

/u(’y—)\)d,u:O.
In other words, (v — A\)u = 0. Since
[l o = [Tnlly, , = Cpa(Zx N Br) < o0,
p/ P

we conclude that A € o, (7).
Necessity. Let A € (7). Then there exists a distribution T' € H;l, T#0

such that (y — A\)T" = 0. Therefore (T, (y — A)u) = 0 for all u € H} and the

set (y—NH 1l7 is not dense in Hll). The result follows by application of Lemma
3.6.2. 0
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Proposition 3.6.8. A number \ is contained in the residual spectrum of a
multiplier in H]lg if and only if X ¢ o,(vy) and Cp(Zy) > 0.

Proof. Sufficiency. Since C},;(Z,) > 0 it follows by Proposition 3.6.7 that A is
an eigenvalue of the multiplier 4 in H ;l. This fact and (3.6.3) imply that

Aear(y)Uop(y) =0:(7).

Necessity. Let A € 0,.(7). By (3.6.3), A is an eigenvalue of the multiplier ¥
in Hl;l. Hence, according to Proposition 3.6.7, Cp, ;(Z)) > 0. O

Proposition 3.6.9. The multiplier v in Hz;l has no residual spectrum.

Proof. Let A € 0,(y). By (3.6.3), A is an eigenvalue of 5 in H),. This and the
first assertion in Theorem 3.6.1 part (i) imply that C, ;(G\Zx) < C},(G) for
some open set G C R™. Since

Cpi(Zx) > Cpi(G) — Cpi(G\Zy),

we have C,;(Zy) > 0. According to Proposition 3.6.7, this means that
A € 0p(7y). Thus we arrive at a contradiction. O

Thus the statements of Theorem 3.6.1 concerning the pointwise and resid-
ual spectrum are proved. The characterization of the continuous spectrum
obviously follows from these criteria and the relation (3.6.2).

3.7 The Space M (h" — h;)

In this section we assume that mp < n, p € (1,00).

Using Sobolev’s theorem on the imbedding hj' C L, with ¢ = mp/(n —
mp), n > mp, one can easily prove that any function ¢ € C§° belongs to the
space Mhy' of multipliers in h;'. This immediately implies that the norm in
Mh* of the function ¢, with values v,.(z) = ¥(z/r), r > 0, does not depend
on 7.

This enables one to proceed as in the proofs of Lemmas 3.2.7 and 3.2.8,
with ~, replaced by ,,, where 1 € C§°, ¥ = 1 on By, passing to the limit
as p — 0, 7 — oo at the final step.

Thus we are led to the relation for the norm in M (k' — hl) with 0 <1 <
m < n/p:

(3.7.1)

YN az (i — Nsup<|SW;6”Lp lvsellz, )
=) "I e @I epma (@77

The next two assertions are proved in the same way as Lemmas 2.8.1 and
2.8.2 with W replaced by H and w replaced by h.
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Lemma 3.7.1. (i) The inequality

Vs —r,) < Vhm—r,) (3.7.2)

holds.
(4i) Let p >0 and let v € M(h;' — L;). Then

Jim o™ (/oM —1,) = IV —L,)- (3.7.3)
(4ii) The function v € M(hy* — L) satisfies

llasg—2,) = € sup 7P|l (@), - (3.7.4)
zER™
>0

Lemma 3.7.2. (i) Let m > and let v € M(h* — hl). Then

”'YHM(H;”HHIQ) < C||7\|M(hguh;)~ (3.7.5)
(1) The inequality
lifgljoanPl*m Y/ P e — ey = 1Vl v rn—nt ) (3.7.6)
holds.
Now we give a description of the space M (hl" — hl).

P

Theorem 3.7.1. Let mp < n, m > 1, p € (1,00). Then v € M(h" — hl) if

P
and only if v € h;JOC,
Siy € M(AT — L), (3.7.7)
and
v € Loo(R™) for m =1,
lim »~"||y; Brllz, =0 for m > 1. (3.7.8)

The norm in the space M(h;” — hlp), m > 1, is subject to the equivalence
relation

||’Y||M(h;n—>hlp) ~ ”Sl’y”M(hgl—»Lp)' (3.7.9)
For m =1 the norm ||| L., should be added to the right-hand side of this

relation.
The equivalence relation

VIl s (e~

[l
~ D (IS lasug=—z,) + IV0= Y gy m—0-5 - 1)) (3.7.10)
=0

Jj=

holds.
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Proof. We replace v by p!=™~(-/p) in (3.2.27). Then (3.7.10) follows from
Lemmas 3.7.1 and 3.7.2 as p — 0.
We take v as p'~™~(-/p) in (3.2.47) to obtain

l—m

o 7('/p)HM(H;n—>HIl,)

c(1Sip"™ Y/l (a2, + sUP B0 (/)i Br(@)]lL,)-

R>0
Since the second term on the right-hand side is equal to
sup ™" |y; By (2) | 14,

x €R™
>0

and the first term tends to |[Siy|[ar(nm—1,) as p — 0 by (3.7.3), reference to
(3.7.6) gives

I ar e —ney < e(ISivllarum —r,) + sup Py Be(a) | gy) . (3.7.11)
x ER™

>0

It remains to remove the second term on the right-hand side in the case m > [.
We use the inequality

hal<e( s " E IS B, (S E - @1)

which follows from (3.2.46) with the term |||z, ,,;; omitted on the right-hand
side due to condition (3.7.8). Integrating (3.7.12) over an arbitrary ball B, (z),
we arrive at

I Br(@)|, < e sup r™ "2\ Spy; Br(w) |1, )™ 1Sy By () 1,

zER™
r€(0,1)

By Holder’s inequality
™ |y By () |2,

<c(sup P F Sy B (@), (T E 1S Be(@)z,) L (3.7.13)

T ERM
r€(0,1)

The result follows by (3.7.11). O

Remark 3.7.1. By Theorem 3.1.4, condition (3.7.7) can be formulated in four
ways as follows:
(7) for all compact sets e C R

S1v; eHI[),p <C Cp,m(e)a
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(9) for all cubes @ in R™

/ (Ln(x@S17)? (@))? dz < C / (Sy)Pde,

Q

(¢i1) for almost all z € R™

’

Im (Im(SlPY)p)p (:L') < CIm(Sl’)/)p(l')v
(iv) for every dyadic cube Py in R™

> [(mes, P [ (Si9(a)rde) mes, P < € [ (Se@)rs,

PCP, P Po

where the sum is taken over all dyadic cubes P contained in Fp.

3.8 Positive Homogeneous Multipliers

In this section we give a description of elements in the spaces M (hy' — hé)
and M(H]" — H})) which have the form |z|'~™ f(z/|x]).
3.8.1 The Space M (H]"(0B1) — HL(BBl))

Let {U;} be a finite covering of 9131 by open sets with small diameters, and
let {p;} be a family of diffeomorphisms U; — R"~! which form a smooth
structure on 0B;. Further, let {v;} be a smooth partition of unity on 05
subordinate to the covering {U;}.

We say that a function v on 9B is in the space Hfg(aBl) if

(viow)op; !t e H;)(R”_l) for all i.

We equip H},(8B:) with the norm
1/p
o 9Bl = (3 llwiv) o o R, )
i

It is well known that the passage from one collection {U;, ¢;,v;} to another
leads to an equivalent norm.

Proposition 3.8.1. A function f is contained in the space M(H}"(0B1) —
H.(0By)) if and only if

(viof)op;' € MH(R"™') — Hy(R"™))
for all i. Moreover,

/5 0Bl ns (p — yy ~ max [[(vif) o e SR vy —at) - (3.8.1)
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Proof. For any v € H)'(0B1) we have
—1 n—1P 1/p
1 fo0Bullmy < (3 Iwifvicv) o 7 SR )

,J

B _ _ _ 1/p
<supl|(vif) o p; L R” 1||M(H;nHH},) (E 1(vjGiv) o @y R | ;n,) ;
‘ i,

where ¢; € C§°(U;) and (;v; = v;. Since the mapping
eipi iU NU;) — ¢i(U; NU;)
is infinitely differentiable, we have
(v5Giv) 0 o R = [1(v5Giv) 0 5 i R e
<cll(vjv) o 07 R ap

and thus the required upper estimate for the norm in M(H]'(0B1) —

H.(0By)) follows.
On the other hand, for any w € HJ"(R" 1)

(v f) o @i Tws R Hlge = [l[vif (w o i)l 0 97 Ry

< wif (wo@i); OB1ll iy < [1f5 OBl a(ry — ) llvi(w o @i ); OB1 || e

It is clear that the last norm does not exceed
1 e 1/p
(3 st o o)) o 07 iR 1)
J
—1.pn—1yp 1/p .mpn—1
< e(Dllmtwo el oo iR i ) < cflws R iy
J
and the lower estimate for the norm in M(H]"(0B,) — HL(9By)) follows. O

We note that H;(@Bl) can be supplied with an equivalent norm using the
operator (1 — 5)l/ 2 where § is the Beltrami operator on the sphere. Namely,

[v;0B1 [z, ~ [I(1 = 8)"/%v; 0B |1, - (3.8.2)

It is essentially a consequence of the following property established in [Se]:
(1 — 6)!/2 is the pseudo-differential operator with symbol [£]' (see also [Sh]).
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3.8.2 Other Normalizations of the Spaces h;" and H;"

The normalizations in the title of this subsection are given below in Lemma
3.8.1 and Corollary 3.8.1.
Let 0 <1 <m,p>1 mp < n. Then the well known Hardy type inequality

< cllullag (3.8.3)

=]
|x|m—l héy

is valid. It means that |z['~™ € M(h?* — hl) and it follows, for instance,
from (3.7.1) together with the inequalities

d
/| |fw < ¢ (mes,e)tmP/m
x
e

(Stly™™) (2) < ez ™™

Here, the second inequality results from the easily verified estimate

/ & + Oy[=™ — |2]'~™| d6 < emin{y, |z]}|e/—" |
B

m

»» mp < n, with an equivalent

Using (3.8.3), we may equip the space h
norm. Let

Gp = {z: 2" < |z| < 281} k=0,+1,...,

and let {15} be a partition of unity on R™\{0} subject to the covering {G}}.
We suppose that | Dy < a2 *lel,
Lemma 3.8.1. Let p > 1, mp < n. The relation

o

/
lullag ~ (3 lwnully,)”” (3.8.4)

k=—oc0
holds.

Proof. First we show that the proof of (3.8.4) easily reduces to the case 0 <
m < 1. Suppose that m > 1 and that the assertion is proved for m — 1. One
can readily check that, for integer s, the norms of the functions |z|* D*y, in
Mhy, are uniformly bounded with respect to k. The same is true for fractional
s by interpolation. Therefore,

| [k Vul -t — IV ()|
< ||oruVi|

oo
hyp

P (3.8.5)

pm-t < c|lz|torul

where
or € C5°(Gr),  owthr = vk, | D%ok| < a2 MOl



128 3 Multipliers in Pairs of Potential Spaces

Consequently,

oo
IVl < e D0 nVuly,, -

k=—o00
S

<ec Y (IN@eu)lly s+ lll2] " orull,m).

k=—o0

This and (3.8.3) imply

o0
lullpy, < ¢ > (lmullhy + lowullf,)-

k=—o0

Since {¢x} is a partition of unity and [|ox|[arn < const, the upper estimate
for the norm |[u|py follows.
Next we derive the lower bound. By (3.8.5) we have

—+oo oo
D Wwullhy < e Y (WaVullf s + 2] owullf,)-

k=—o00 k=—o00

Replacing oy, by ¥ in the last norm and using the induction hypothesis, we
obtain that the right-hand side does not exceed

(Hqum + |||.’I;| 1u||h7n 1)

It remains to make use of (3.8.3).
In the case m = 0 the relation (3.8.4) is trivial. Let 0 < m < 1. It is clear
that

1Smulll ~ S Il Smull, - (3.5.6)

k=—o0

The definition of S, and Minkowski’s inequality imply that

[0 ()(Sm) (@) — (S () 2]
< ([[[ e+ mltvnte + 1)~ vl dn] g ay)

S O R A

r—z|
|1/1 Yr ()]
< c/| )| — /" x|n+m dz

By A(x) we denote the right-hand side and put gx = Gx—1 UG UGg11. Since
supp ¥ C Gy, it follows that
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02*k<”+m>/ lu(z)| dz if || < 282,
G
Ay < elal = [ Juge)as if fa] > 2542
< .
d d
(ot [ M L f by
Ba)a| |z — | R™\ By 4| |2|

Therefore,

[k Smte — S (Pr)[[f, < c2E=pm=rm) (/G

+c2—kp/ (/ M)pdﬁ(;/ (/ |u(z)\dz>?d$.
g~/ Baja |z — a|rtm=t g IR\ By |2t

The first term on the right-hand side does not exceed ¢ 2~*P™||y; Gk||’]:p. The
second one is majorized by

¢27 " (max Aoy lu(2)|P dz < c27FPm |u(2)|P d=.
_ n+m—1
v Bok+3 |C $| Bok+3 Bok+3

The third term can be written as

u(2)| dz)p

ok+2 [ee)
P
c / r”‘l( / U(i)l dp) dr,
ok—2 o P

where v(p) is the mean value of |u| on 0B,. Summing over k and using the
one-dimensional Hardy inequality, we arrive at

+oo
Z Hwksmu - Sm(ibku)\\ip

k=—o00

—+oo
<cllzl"mullg, ~ D ="l - (3.8.7)

k=—o0

Now, (3.8.7) and (3.8.3) imply that

—+oo
I1Smully, <e Y ISm(e)lf, -

k=—oc0

Thus the upper bound for the norm in A" follows.
Also, by (3.8.7) we have

“+o0
Do ISm@ew)ly, < ISmully, + |2~ ull7, -

k=—o0

Applying (3.8.3) once again, we complete the proof. O
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Relation (3.8.4) and the equivalence
ullzzy ~ lullag + el
imply the result similar to the last lemma for the space H,".

Corollary 3.8.1. Let p > 1 and mp < n. Then

“+oo

1/p
g ~ (D2 lowulityy )

k=—o0

A direct corollary of Lemma 3.8.1 is the following assertion on the nor-
malization of the space M (h7" — hl), pm < n, which will be used in Subsect.
3.8.3.

Corollary 3.8.2. If p > 1 and pm < n, then

IV aenp—ney ~ sup (el aram—nt) - (3.8.8)

—oo<k<

3.8.3 Positive Homogeneous Elements of the Spaces M(h;" — h;)
and M (H* — HL)

We state and prove the main result of this section.

Theorem 3.8.1. Let p > 1 and pm < n. The function

z — y(x) = [z f(x/|2])

is contained in any of the spaces M (hy' — hé) and M(H," — Hzl)) if and only
if
f € M(H™0B,) — H.(0B1)).

Moreover,
||7HJVI(h;”~>hé) ~ ||'7||M(H{)”HH})) ~ Hf;881||M(H;"~»HZZ)) :

Proof. We start with the space M (h" — hl). Let ¢ € C§°(—1/2,2), ¢(t) =1
for t € (1,3/2) and ((z) = ¢(27%|z|). Since the norms of the functions ¢ and
¢, in Mhl are uniformly bounded with respect to k, it follows from (3.8.8)
that

IV 0t (e -y ~ sup_ ISk ar (i~ ) - (3.8.9)

— 00

Using the homogeneity of the norm in h’; with respect to the similarity trans-
form and the homogeneity of v we conclude that the norm on the right-hand
side of (3.8.9) does not depend on k. Therefore,

||’Y\|M(h;n—>h;) ~ HCVHM(hg—»h;) . (3.8.10)
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Let {v;} be a partition of unity on d5; subordinate to the covering of 05,
by a family {U;} of coordinate neighborhoods on 9/5;. Further, let {¢;} be the
family of diffeomorphisms used in the definition of the space H;(@Bl). Since

(Si;)(z) = O(|z| "), we have v; € Mhé (see (3.7.1)). From this inclusion and
from (3.8.10) it follows that

171z (g —ntyy ~ max [[ViCy || ar (g i) - (3.8.11)
We introduce the local coordinates y = (v',y,), where y, = |z| and ¢y =
wi(z/|x]), on the set {x : 1/2 < |z| < 2,z/|x| € U;}. Since the mapping

@, . x — y is a diffeomorphism, we have

Vil arng —nty ~ 1i€y) © D7 arcnm —e) - (3.8.12)

Next, we note that

((LiCy) o ;1) (y) = Clyn) y™ ((wif) 0 0 ) (¥)

and that the function y — ((y,) y,, ™ is smooth and has a compact support.
Therefore,

Vil arng —nty < el wif) o D5 Harng —n)

S C”(sz) O@;l;Rn_lnM(h;Jn_,h;) . (3813)

By the relation

Ly

[l g, ~ é” ‘%‘lu‘

(see the proof of (3.5.2)), every function y — wv(y') with v € C§°(R"™1)
satisfies the inequality

1wif) o o; 'o; R iy < el|(vi€y) 0 B 0GRy -
The right-hand side, obviously, does not exceed
cllwiCy) o @7 g —nsy 0GR e
< el (wi6) © B s —nty [0 Rl -
Thus
[(Wif) o @i R s —nty < ell@iCy) 0 D7 aseag —nt)
which together with (3.8.12) and (3.8.13) leads to

Vil athgp—nty ~ 1@if) 0 7R ar(um —n ) - (3.8.14)
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Comparing (3.8.14), (3.8.1) and (3.8.11), we complete the proof for the space
Now we turn to the space M (H;* — H!). For all u € C§° we have

HWHMP <c H'YHM(H;"HH}J)(HUHMT + [lullz,) -

Putting here u(z) = w(ax), where a is an arbitrary positive number, and
using the positive homogeneity of v, we find that, for any w € C§°,

Iyl < ellarcarp ) (g +a="lwlz,)

Passing to the limit as a — oo, we arrive at
VI8 (r—niy < eIV nr(rr—m) - (3.8.15)

Now we derive the converse estimate. Let {7} be the sequence of functions
defined in Theorem 3.1.2. Since M(h)* — hl) € M(h7'~! — L), it follows
that

lvungllay < e(llvungling + [lvunllz,)
< C(H'V”M(h;"—»hlp) ||U77j||hgl + HVHM(h;ﬂ—»h;,)HUnth;;H)

< el artngp—n llumj iz -

Therefore, using Theorem 3.1.2, we obtain

Ivullay < clivllvmg - llull zy -
Thus
IV aearm —mty < ellVllarrm—nt)

which together with (3.8.15) shows that the norms of  in M (H," — H!) and
in M (hI™ — hl) are equivalent. The theorem is proved. |
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The Space M(B]" — le)) with p > 1

4.1 Introduction

In the present chapter we give necessary and sufficient conditions for a function
to be a multiplier acting from one Besov space B)'(R") into another Bll)(]R”)7
where 0 <1 <m and p € (1,00) (see Sect.4.3).
Let | = k + «, where a € (0,1] and k is a nonnegative integer. Further, as
before, let
Aﬁf)u(x) =u(z + 2h) — 2u(xz + h) + u(x)

and

1/p
(@p10)(x) = ( / APV ) Pl rdn) (4.1.1)
RTL
where Vy, stands for the gradient of order k, i.e.
Viu= {03} ...0;"}, o+ ... Fay, =k

The Besov space BL(R") is introduced as the completion of C§°(R") in the
norm

s R gy = D R, + s R, (4.1.2)

Let {i} and [I] denote the fractional and integer parts of a positive number
[ and let

1/p
(DPJU)(I) = (/R |A}LV[HU($)|p|h|*nfp{l}dh) s

where Apv(z) = v(z + h) — v(z). The fractional Sobolev space W} is defined
as the closure of C§° in the norm ||Dpulr, + ||uz,. As before, we omit R™
in the notation of norms, spaces, and in the range of integration.

For {l} > 0 the spaces Bé and Wzl, have the same elements and their norms
are equivalent since

2-2"MD,u<D,u < (2+2)D, u, (4.1.3)

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 133
Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009
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which follows directly from the identity
2u(x + h) —u(x)] = —[u(x + 2h) — 2u(x + h) + u(z)] + [u(z + 2h) — u(z))].

Similarly to the case of Sobolev spaces in Sect. 2.1, one can show that the
space M(By* — Bl) is trivial provided that m < .
We formulate the main result of this chapter.

Theorem 4.1.1. Let 0 <1 <m, p € (1,00), and let v € leg’loc. A function ~y
belongs to M (B, — Bg)) if and only if v € B! Dpiy € M(B)' — Ly), and

p,loc’
either -y € Ly unit for m > 1 or v € Lo for m = 1. The equivalence relation

Dy e . l
[paviellr, {||v||L1,M m > 1, (41.4)

H’YHM Bm_RBl) ~ SUp
BB T Cpm @I T Vo, m=1

holds, where e is an arbitrary compact set in R™.
The relation (4.1.4) remains valid if the condition d(e) < 1 is added, where
d(e) is the diameter of e.

For mp > n the statement of the above theorem can be simplified. Namely,
the relation (4.1.4) is equivalent to

”’YHM(B;"HBé) ~ ”'VHBL,L"“ form > 1, (4.1.5)

f

and for Ip > n
IVt ~ 1DpaY Ly e + 171 e - (4.1.6)

Various upper estimates for the norm in M (B} — le)) are derived in
Sects. 4.4 and 4.5.

The following assertion concerning the composition (), where v €
MW" — WTI,), 0 <1l < 1,p > 1, is proved in the last Sect. 4.6. If a
function ¢ satisfies the Holder condition

lp(t +7) —(t)| < Alrl?, 7| <1,
with p € (0,1), then ¢(y) € M(W,*~!*" — W) for any r € (0,1p).

4.2 Properties of Besov Spaces

4.2.1 Survey of Known Results
We start with three classical properties of the space B]lg.

Proposition 4.2.1. (see [St2], Sect. 5.1) The equivalence relation

lullge ~ [|A%u] gr—e, (4.2.1)
holds, where p € (1,00), a € (0,k), and A = (1 — A)'/2,
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Proposition 4.2.2. (see [St2], Sect. 5.3) The inequalities
lully < cllullpy for 1<p<2

and
HU”B; <c ”’UJ”HIl) for 2<p< oo

hold.

Proposition 4.2.3. (see [Bes]) Let R" = R xRF = {z = (y,2) : y e R™, 2 €
R*}. The relation

dndz )1/1’
Ty

(2) . k(P dCdy 1/p
+(/R /Rk AT Viu(y, - ); R¥I7 ICI’”P“) (4.2.2)

holds, where l =k 4+ a > 0 and p € [1,00). Similarly, for noninteger [,

fullmy ~ ki, + ([, [ 149 ua R
R’C Rm

m dndz \1/p
Py ~ e, + ([ 1409wt 27, o)
d¢dy \1/»
k
/ / 1AV guly, ) R, \CI’“*P”}) : (4.2.3)

Analogous morms appear under decomposition of R™ into more than two
factors.

Now we recall well known trace properties of Besov spaces (see [Usp| or
[Bur], Sect. 5.4).

Proposition 4.2.4. Let U € C§°(R"**) be any extension of u € C§°(R™)
onto the space R"* = {z = (z,y) : x € R", y € R*}.
(2) If p € (1,00) and | > 0, then

lu; R™|[ gt ~ {HI}{; |U; R"“HH#S/;,. (4.2.4)

(1) If p € [1,00) and 1 > 0, then

s R, ~ mf [0SR g (4.2.5)
(1ii) If p € [1,00) and 1 > 0, then
. P
s PR / PO (Vg U £ U jiz) " 26

Another classical property of B;, is the following Sobolev type imbedding
result.



136 4 The Space M(By" — le]) with p > 1

Proposition 4.2.5. (see [Bes], [Tr3], Sect. 2.8). The inequality
lullz, < ecllulls,

holds with p > 1 and

g=pn/(n—pl) if n>pl
q € [p,o0) if n=pl,
q € [p,oo] if n<pl.

The next assertion follows from (4.2.4) and Theorem 3.1.2.
Proposition 4.2.6. Let {n;};>¢ be the same sequence as in Theorem 3.1.2.
Then Y
P
e, ~ (3 unsliy, )
>0

One can prove either by the Banach isomorphism theorem or directly that

the equivalence relation
lullgy ~ [Dpaullr, (4.2.7)

holds for functions u € le, with supports in the unit ball. This gives
Proposition 4.2.7. Let u € B)" and suppu C Bs. Then for any k € (0,1
S |Dpullr, + llullz, < o [Dpullz, - (42.8)
This and Proposition 4.2.6 imply

Corollary 4.2.1. Let {ng)} be a covering of R™ by open balls of radius § €
(0,1) with finite multiplicity depending only on n. Further, let w9 e Wzl, and

suppul?) C B((;j). Then

13wy < e S IDpu|,
J J

4.2.2 Properties of the Operators ®,,; and D,
We start this section with a composition property of the operator D, ;.
Lemma 4.2.1. For any «, 3 > 0 with a + § < 1 the inequality

| Dp,a Dp,pullz, < c|Dpatsulr,

holds.
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Proof. Let t € R™ and let uy(x) = u(z + ). We have

(D) = (D)) = ( [ 180 (ute) = wlo)P i)

Therefore,
dhdtdx
||Dp,aDp,ﬁ“Hip S// |Ah(“($)_ t(x ))‘ |h|n+pBt|ntpa

We write the integral over R3" on the right-hand side as the sum of two
integrals, one of which is taken over |h| < |t| and does not exceed

| Apu(z)P / dt
dr | ———=—dh
/ |h|ntr8 [t|>|n| [E[TP

dh dt
_an @ P
+ |8 /t|>h| || tpe /|AhUt(CC)| dx.

Clearly, the second term coincides with the first one which in its turn is

equal to
[ dr [\t o = eIDparpult,

The integral over the set |h| > |¢| is estimated in the same way. The result
follows. O

We proceed with elementary upper pointwise estimates for ©,; and D, ;.
Lemma 4.2.2. For any positive [ > 0 and m > 0 the inequalities
(Dpu)(2) < (JmDpiA™u) (), (4.2.9)
(Dpyu)(z) < (JmDpyA™u)(2) (4.2.10)
hold with J,, and A™ defined in Sects.1.2.1 and 3.1, respectively.
Proof. Let f = A"u and let | = k + «, a € (0, 1]. Clearly,

(Dp,l“)(x) = (Qp,lJmf)(x)

/‘/ (z—E4+2h)— (x—§+h)+Gm(x—£))ka(@df‘p%)Up

r dh 1/p
)

/ | / G — &) (Vi (€ +2h) — 295 f(€ + h) + Vif(€))de

Using Minkowski’s inequality, we obtain ®, u < J,,9,f. An analogous esti-
mate for D, ju with {I} > 0 does not need a separate proof in view of (4.1.3). O
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4.2.3 Pointwise Estimate for Bessel Potentials

Henceforth we need the following modification of Hedberg’s inequality
(1.2.17).

Lemma 4.2.3. Let M be the Hardy—Littlewood mazximal operator in R™ and
let Jﬁm_s) denote the Bessel potential in R""*, s > 1. Then, for any nonneg-
atiwe function f € L,(R™**), p > 1, and for almost all z € R

0

(G0, 0@, 0) < e (I 1)@, 0) (MP@) ", (4.2.11)

where F'(x) = || f(x,-);R®||L, and 0 <0 < 1.
Proof. Let § € (0,1] and let

Es(x) ={¢C=(&n) :E€R™, neR®, (z -6 +1° > 6%}

We express the potential on the left-hand side of (4.2.11) as the sum of two
integrals one of which is over Es(x). Let 70 < n+s/p’. Then in view of (1.2.4)
we have

/ Groap( — &,m) f(€m) dE dn
Rn+s\Es(x)

dn 1/p’
F - d 4.2.12
< "/Bm) ©) (/|,7|<5 o) % (4.2.12)

where p’ =p/(p—1) and g =n — 10 + s/p’.
One checks directly that

cle — &= 10 <n,

1/p 20
(/ L,) : <<clog——, r0=n, (4.2.13)
inl<s ([z =&l +[n[)P" |z —¢]
cor0m, rd > n.

In the case rf < n it follows from (4.2.13) and (1.2.19) that the right-hand
side of (4.2.12) does not exceed

F(§) d€ 0
6/65(1) —|$_€|H7T9 < cd"(MPF)(z).

The same estimate follows from (4.2.12), (4.2.13) for r6 > n.
Now let 70 = n + s/p’. By (4.2.13) and (1.2.4) with ¢t = §, the left-hand
side of (4.2.12) is not greater than

’

/ 1/p
1 - Pd d
e[l FO([ s etie—el+ i an) " de

< c(1+]|logd)) 5s/p’/ F(€)d < ¢ (1+ |log 8) 6" (MF)(x).
Bs(x)
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If r6 > n+ s/p’, the right-hand side of (4.2.12) is dominated by
ot [ F€)de < e (M) ),
Bs(x)
Thus, for 6 <1

/ GrO—Q—s/p(x - 5777) f(f»ﬂ) d§d77
Rr+s\Es ()

co"(MF)(z), rd <n+s/p,
<< c(1+|logd|) 67 (MF)(x), rd =n+s/p, (4.2.14)
¢ 6"/ (MF)(z), 0 >n+s/p.

Next we estimate the integral over Es(x). In the case 70 < n + s/p’ we
have

déd
/ GT9+S/P(x_§’n)f(€7n)d£dnSc/ f(&,m)dEdn
E(;(J?) E

SN\ B (z) ([ = &] + n|)nro+s/p’

-|—C/ 67\/(x7§)2+772 f(f,n) dg d77
Eq

(&= &1+ [ o 1= 5772

<cé r<179>/ F(&,m) de dy
- Es(z)\E1 () (|JZ - f‘ + |’I7|)"—7”+s/p'

+c(5—r(1—e)/2/ V@O f(&,n)dEdn ,
Ei(a (lz = &] + [n]) (nF1=rts/pD)/2

<N 1) (2, 0).

The case 10 > n + s/p’ is treated the same way. As a result we have

/ Gyl — €,17) F(E,m) dE dy
Es(x)

co = 9)(J(i+/5pf)(m 0), rd <n+s/p,
< c(1+]logdl) (JU1E) F)(x,0), r =n+s/p, (4.2.15)
e Ti;r/sz)jf)(x 0), rd >n+s/p.

Further, we recall that G,.(z) = O(e°*l) for |z| > 1 to obtain

/ Groresp(@ — Em) f(Em) dEdn < ¢ / F(g)ecle=¢ldg
Eq(x)

Eq(x)

:CZ/.I (oo et p(e) de < €Y e 2" (MF)(z) =c (MF)(z).
i—o V2 <]z <2i+1

J=0
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Combining this with (4.2.14), where § = 1, we arrive at

(Jr(gif)pf) (7,0) < c(MF)(x). (4.2.16)

In the case 70 > n + s/p’ we have

/ Grosp( — &,m) f(Em) dE dn
Rr+s\Ey(x)

< / F(em) dedn < e (JG2). £)(,0)
Rnts\Eq ()

which together with (4.2.15) yields

(”JFS) (n+s)
(Jr0+s/p ) ( r+s/pf) Z, 0) (4217)
For rf < n + s/p" estimates (4.2.14) —(4.2.16) imply that
(TGt 1) (@,0) < ¢ (87 (MF)(w) + 6700 £)(,0)

for all § € (0,00). Minimizing the right-hand side with respect to d, we arrive
at (4.2.11).
If r0 =n+ s/p’, then by (4.2.14) and (4.2.15)

(TS5 F)(,0) < e (1+ [og 8)) (6" (MF)(2) + (JT17) £)(,0)  (4.2.18)

for all 6 € (0,1). In the case

(MP)(@) < (JE2 £)(@,0),

by (4.2.16) we have

(T2, 1) (@,0) < e (I £) (,0) (4.2.19)

and (4.2.11) follows from (4.2.16) and (4.2.19). Let

(MF)(x) > (I F)(,0).

r+s/p
We put
o7 = (I ) (@, 0)/(MF) (@)

r+s/p
n (4.2.18). Then

(TG0, (@,0) < e (1+ [logd) (S L)) f(,0)

rO(1— nets 1-6
= c(1+|1og8))a "= (117 £)(,0)) (MF) ()"
Since § € (0, 1], inequality (4.2.11) is proved.

In the case 70 > n + s/p’ estimate (4.2.11) results from (4.2.16) and

(4.2.17). O
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4.3 Proof of Theorem 4.1.1

4.3.1 Estimate for the Product of First Differences

While deriving estimates involving the second difference of the product of two
functions, we need to estimate the product of their first differences, which is
based on the next lemma.

Lemma 4.3.1. For p € (1,00), 0 € (0,1) and any integer k > 1, we have

dhdx \1/p 19,57 €llr
A A P < _ P o (4.3.1
(] [ 1am@ st i)™ < comp B s . (43)

Proof. Let U € C§°(R"*) be an extension of a function u € B (R™) to R™*
with k subject to k < n+ s/p’. By f we denote the function A*+5/P/. Then

u(z) = Grogsp(x — & n) f(E,m)dEdn.

Rn+s

We shall use the properties of the function G, listed in Sect.1.2.1. Let us
introduce the sets

Ny ={(&n) : 4|h] < |z =& +[n| <1},
No=A{(&n) : |z = & + [n] < min(L,4|h])},
Ns =A{(&n) : |z = & + [n] > max(1,4[h[)},
N ={(&n) - 4lh] > [§ — 2 + [ > 1}.
It is clear that
|Apu(z)| < /R +v!Gsz/p(x — &4+ h,n) = Grpayp(x — & n)| (&) |dEdn.
We represent the last integral as the sum of four integrals over Ni,..., N

and estimate each of them. First,

/ < elnl / b5 (R e o ded,
Nl Nl

where ¢ = (z 4+ 0h — £)? + 12, 0 € (0,1). Since 7 > ¢ ((z — £)? +1?) on N,
it follows that

/ < clh'=? / b5 (R0 1 o dedn

1 1

< c|h|F 0 (AT RS0 £ (2, 0). (4.3.2)
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The integral over N5 is dominated by

/ (67 R g RSO e ded

< c|h'? / (ty RSP0 RS0 ey,
2
Consequently,
/ < o[ (AT RTIES/2HD)| 1) (2 4-h, O)H(A™RTEF/P) | £]) (2,0)). (4.3.3)
No

Using (2.8.5), we obtain

| el [ e midean
N3 N3

Hence,

/ <clnt? / (s P2 ot/ (¢ )|
N3

3
6 A (k—14ts T
< e[ (A E e ) (2 0), (4.3.4)

where F(&,n) = f(4&,4n). In a similar way we find that

/ <e / (/2 1 e~0/2)| (¢, m)|dedy
4 N4

- c|h|1*5/ (tgk—n—s/p/_lw)/%,tl/4+t(()k—n—s/p/_1+5)/267t0/4)|f(£’n)|d€dn7
< v
and consequently

/ < e[nf' =7 (a0 ) (2 I 0) 4+ (A=t ppy (2 0).
N 1 1

Adding the last inequality to (4.3.2)—(4.3.4) and noting that G,(az) > G,(2)
for any constant a < 1, we conclude that

x+h

[ Apu()| e |0 (A== 1/m50) )

dhdx
//|Ah’7 Ahu( )| |h|n+p

< p dhdz
§c/((/1 (k—1+ /p+6)|F| /|Ah7 W"ﬂ)é

. dhdz
:Cl/((A (b1 /p+6)|F|)(9C70))p/\Ah7(4$)\pw—+m;-

,0) (A~ (k= 1s/p+0) ) (; 0)).

Hence,
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dhdx
| [1an @ s

dhdm
/ / Ay (4o) " s

By (4.3.12),

< csup A F O (435)
e p7 P
Clearly,
dhdx p dhdx
//|Ah’y (4x) P |h|n+p6 = /46/\Ah'y |h|n+p6 (4.3.6)
and
Cpk—145(€) = cCpr—1+5(4e), (4.3.7)

where 4e = {z : /4 € e}. Note also that
|(A DB (L 0) 10 < [ FSRT

= 04_("+3)||f;Rn+s||L, _ 04_(n+s)||Ak+s/pU;RTH—SHL )

This, together with (4.3.5)—(4.3.7), implies that

dhdx
[ [1an@ st

1Dp.svsellr

< ¢ sup —————2||AFFs/Py L RSP
. prk,1+5(€) H ||Lp
Minimizing the last norm over all extensions U, we complete the proof. O

4.3.2 Trace Inequality for B’;, p>1

Lemma 4.3.2. Let p be a measure in R™, p € (1,00), k € (0,00). The best
constant C' in the inequality

[ dusciully,  wecs, (43.38)
s equivalent to
p(e)
su , 4.3.9
PE o (4.3.9)

where e is an arbitrary compact set of positive capacity Cp (€).
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Proof. Let U € C§°(R™*1) be an arbitrary extension of u € C§°(R") to R™1.
By Theorem 3.1.4,

ple) n
/ [ul? dp < ¢ sup —ms USSR 1
n eCR™ Cp,k—l—l/p(e P

C(n+1)
pk+1/p
stress that the functions in the definition (1.2.6) of the capacity are given on

R™*! instead of R™. Minimizing the right-hand side over all extensions of u
and applying the relation

In the present proof we use the notation (e) temporarily in order to

Cple) ~ Y (o), (4.3.10)

which follows from the definition of capacity and the equivalence

4R ~ inf V3R g (4.3.11)

we obtain the required upper bound for C. The lower bound is obvious. O

Remark 4.3.1. The above result can be found in [Maz9] and [Mazl1]. For its
generalizations to Besov spaces with three indices see [Wu] and [AX].

By Lemma 4.3.2,

[sellz,
||’7||M(BI’§~>LP) ~ Sng (4.3.12)

for p € (1,00). Hence, in view of Lemma 3.2.2,

[y ell
Ly L) —_— . 4.3.13
||’7||M(B’; Ly) ||’Y||M(H;’f Ly) edi::i%)e)gl [C’p,k(e)]l/l’ ( )

By Proposition 3.1.4 containing the estimates for the capacity of a ball,
one obtains the following relations from (4.3.12):
if pk > n, then

IVl (BE— 1) ~ N1V L i (4.3.14)
if pk < n, then
Vllarps—z,y = ¢ sup PPy Bu() | 5, (4.3.15)
zeR™,re€(0,1)
if pk = n, then
2\ (p-1
H7||M(B§HLP) >c sup (log ;)(p )/p||7; B, (z)||L,- (4.3.16)

z€R”,re(0,1)
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By Propositions 3.1.2, 3.1.3 the following upper estimates for the norm in
M(B}’,@C — L,) hold:
if pk < n, then

H’YHM(BE_)LP) <c . Su(p)<1(mesne)k/n71/1’”,y; eHLp; (4.3.17)
if pk = n, then
2" \-1)/p
”'YHM k—Ly) <c ) SUF) (10g m) IIv; €||L (4.3.18)
e,diam(e)<1 n

4.3.3 Auxiliary Assertions Concerning M (B — Bi,)
We start with inequalities for mollifiers of multipliers.

Lemma 4.3.3. Let v, denote a mollifier of a function v which is defined as

r=p" / K (o~ (- )(€)de,

where K € C§°(B1), K >0, and || K|, = 1. The inequalities

”'Yp”M(B;"—»BL) < ||’Y||M(B;;l—»B;J) < hIpILionf||7pHM(B;?—>BL)7 (4.3.19)
Mellaesy—,) < Illarsp—r,) < lm infllv sy -1,), (4.3.20)
" 1975l [Dy.7:el
plVpi €l L p,l7Y5 EllL
up —————2 < sup ————2 (4.3.21)
e [Com(@]VP = e [Cpm(e)]'/P
hold.

Proof. Let u € C§°. Clearly,
—n » dh L/p
el = ([ [l [ 5(5) 90042 00 - 9uienie] )

(1] p*"K(g)wx—s)u(z)

By Minkowski’s inequality,

1950, < 7 [ K ()19 (26 = )l .

This and (4.3.22) imply that

1/
pdar) g (4.3.22)

ol < 07" [ K(2) It = 9utlds.
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Since
(= €u)llss < Ilhcsp—sylulsp,

the left inequality (4.3.19) follows. One can prove the right inequality (4.3.19)
duplicating the argument in Lemma 2.3.1. The proof of (4.3.20) is obvious.

To derive the estimate (4.3.21) we use Minkowski’s inequality once more
to obtain

1Dp 1701 €llz, _ /K(z) (/(Qp,w(z *pz))pdz>1/pdz

€

[Com(e)t/r = [Cpm(e)]H/P
» 1/p
| xo([ @) i) e —
< JB E < |IK||z, sup p,l7Y5 €L,
B [Cp,m(E)P/p B Te [Cpﬂn(e)]l/p
where E = {x — pz : @ € e,z € By }. The proof is complete. O

We use the interpolation properties

Bk — (Bm Hm*l) 432
p D p k/l,p ( 3 3)
and
Bk =(Br, Byt 4.3.24
( P )k/lm’ ( )

where [ < k < m (see, [T], Th. 2.4.2). In particular, (4.3.24) implies that
Wiy < elllfesg IMIAzE; - (4.3.25)
where p € (1,00), 0 >7>0,0< 0 < 1, and r = o + (1 — 0)7. It follows

from (4.3.12) and (4.3.24) that v € M (B)* — BL) N M (B}~ — L,) implies
that v € M(B;"’k — Bf;k) for 0 < k < I. Moreover,

1—-k/1 k/l
IV as o+ —pt+y < eIVl —me) bt (4.3.26)
for 0 <k <l<m and
1-k/1 k/l
IVlarms < el Il (4.3.27)

for0 <k <.

4.3.4 Lower Estimates for the Norm in M (B' — Blp)

The following is the main result of this subsection.
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Lemma 4.3.4. Let 0 <! <m and p € (1,00). Then

e < IVllarsy — for m=1 (4.3.28)

and
sz, < ey —my  for m>1. (4.3.29)

Proof. Let u € Bé and let N be a positive integer. Clearly,

1/N

1/N
Iyl /|

1/N
< I ™Nullg” < llacsy lulg:

Passing to the limit as N — oo we arrive at (4.3.28).

Now suppose that 0 < [ < m. Let v, be the mollification of v € M (B," —
Bll)). By Lemma 4.3.3, it suffices to prove (4.3.29) for 7,. To simplify the
notation we write 7 in place of ~,.

We consider two cases: m > 20 and 2] > m > [. Assume first that m>2I. In
view of Lemma 4.2.4, there exists U € H;n_lH/p(R"“) which is an extension
of the function u € BJ""/(R") to R"*! such that

||U;R”+1HH;,H+1/,) <c H’LL;R"HB;n,fl. (4.3.30)
By the same lemma, the converse estimate
[u; R? [ g1 < € ||U;R"+1||Hglfz+1/p (4.3.31)

holds for all extensions U. Let us take U as the Bessel potential an +ll+)1 /p f
with density f € L,(R"™!). By Lemma 4.2.3,

Ju@)] < e (T 1D @, 00) " (ME @)™,

where F(z) = || f(z,-); R'||1,. Therefore,
n l/m m— n+1 —1)/m
lyallz, < cllfs R Y DT ) G0 En

According to Lemma 4.3.2, the right-hand side does not exceed

[ ity =5
n n+1
CHfR'H”L IIV(mL/)prI)( IIBz bup< ) . (43.32)

Setting ¢ = |y|*/™=D, v =1, p = m — | in Lemma 2.3.6, which is valid
for all v and p such that 0 < p < v, we find that in the case m > 2[ the
supremum in (4.3.32) is dominated by

/Mpdx 1/mp
e l/m
c<sup —) <clllY

L Comi(e) M(BF ' Ly)’



148 4 The Space M(B}" — BL) with p > 1
Therefore, by (4.3.32) we obtain

1 1 l l
.ntl)m -5 (n+1) 1-5 I
Il < el s R Iy I AL O I e,

Using first (4.3.31) and then the equality [|ul| g = [ A*ul|r, and (4.3.30), we
obtain

n+1 n+1 n n
IS A0y < el L F SR ] s = el f R 1,

=c HU;R"+1||H;,L,H1/,J < el R gt

Thus,
l -1
Ivullz, < ellyssm o IS s lull gyt

which implies (4.3.29) for m > 2I.
Suppose that 2] > m > [. Let u be an arbitrary positive number less than
m — 1. By (4.3.26) with k =1 — pu,

l—p)/l l
IVlas e+ —mpy < IVt gy VI8 (-

Since m — [ + 1 > 2y, it follows from the first part of the proof that (4.3.29)
holds with m and [ replaced by m — [ 4+ p and pu, respectively, i.e.

) S

H7||M(B;”’l—>L ¢ ”’YHM(B;"’H“HBZ‘)'

Consequently,

l—p)/l l
IVl asea-—,) < el I B 1)

and (4.3.29) is proved for 21 > m > [ as well. O

By Lemma 4.3.4 and (4.3.12), the following assertion holds.

Corollary 4.3.1. Let v € M(B)" — le,), 0<l<m. Then

sup M
P Comt ()17 —

Lemma 4.3.4 in combination with (4.3.26) and (4.3.27) implies:
Corollary 4.3.2. Let v € M(B)" — Bl), 0 <1 <m. Then
yeMB)F =B, 0<k<l,

and
IWlyrmp—— gty < clvllarep—s)-
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The following assertion contains an estimate for derivatives of a multiplier.

Lemma 4.3.5. Let v € M (B}’ — le)), 0<1<m. Then
D%y € M(B" — BL7lel)
for any multi-index o of order |a| <1 and
||Da7||M(BL”—>B;’,_IQ‘) <c H’Y||M(Bgl—>Bé)-
Proof. Tt suffices to consider the case |a] =1, 1 > 1. Clearly,

laV gt < Tyl + Iy Vul oo

< (”’Y”M(B;ﬂ—»Bé) + ”'YHM(B’”*_)B;*))HM

m .
P Bl’

Hence, using Corollary 4.3.2, we find that

[uVAll g2 < e Vv — B llull By

which completes the proof. g

Corollary 4.3.3. Let v € M(B)" — Bllj), 0 <l <m. Then, for any e > 0

and every multi-index o of order |a| <1, D%y € M(B;n_l_la‘ — L,), and the
imequality
DM pppr—+1e1p,y < € Vllarsp—my) + (&) Wlasp-L,)

holds.
Proof. The result follows by Lemma 4.3.5 and inequality (4.3.26).

Lemma 4.3.4 and Corollary 4.3.3 imply the following assertion.

m l ;
Corollary 4.3.4. Let v € M(B)" — B,), 0 <1 < m. Then, for any multi-
index a of order || <1, D%y € M(B;,n*l*‘a| — L), and the inequality
HDO('YHM(B;”*ZHMHLP) <c HV”M(B;"—»B;)

holds.

4.3.5 Proof of Necessity in Theorem 4.1.1
In this section we derive the inequalities

sup H@p,l%e”LP
e [Op,m(e)]l/p

and

+ sup i Ba(@)le, < cllaop-y, ™ >0 (4339
TER™

sup 1Dp175€llL,
e [Cpule)t/r

The core of the proof is the following assertion.

+llen < elllaszy. (4.3.34)
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Lemma 4.3.6. Let v € M(B)' — le,), where 0 < I < m and p € (1,00).

Then

[Dp.17; ellz,
SUP 18, (@] < clvllmer—nt)- (4.3.35)

Proof. We use induction on [ and start by showing that (4.3.35) holds for
1€ (0,1].
(7) Let I € (0,1). We have
luDpavllz, < c(llvullpy + 17 DpaulL,)
< c(Inllrcp - lull 5y + 7 Dpaul,)- (4.3.36)

Consider first the case m = [. Clearly,
7 Dpaullr, < Ivllallulls
which together with (4.3.36) and (4.3.28) gives

[uDpi¥llz, < e lVllarsy lull sy-

Therefore,
I1Dp¥lar(Br—1,) < clVllarse

and, in view of (4.3.12), we obtain (4.3.35).
Suppose now that [ < m. By (4.2.9),

Dyl < st g i Dyt ™l s (43.37)
By Lemma 4.2.1, the last norm does not exceed
c|[DpaA™ |z, < | A™ ull gy < cllull gy
which in combination with (4.3.37) implies that
I Dpaullz, < clvllypp-i—r,)lullzy- (4.3.38)
Using (4.3.36), (4.3.38) and Lemma 4.3.4, we arrive at

[uDpi¥llz, < ¢lVllasp—syllulsy-

Thus,
| DpYll (B —1,) < VM@ —Bt)

which together with (4.3.12) gives (4.3.35).
(17) Let I = 1. In view of the identity

Af) (yu) = vAf)u + uAgLQ)W + AogpyAopu — 2A,vApu (4.3.39)
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one has
[uDpa7lz, < lvullsr + [[VDpullL,

+4( / / |Ah7(x)Ahu(x)|p|h|_”_pdhdx)1/p (4.3.40)

for any u € C§°.
We proceed separately for m = 1 and m > 1. Let first m = 1. Using (4.3.1)
with k =1 and ¢ € (0, 1) together with (4.3.40) and (4.3.28), we find that

1Dp,s57; €l
D < ( 1 —”) 1. 4.3.41
[uDplz, < (IVllmm: + sup [C,o(€)]1/7 l[ull g3 ( )

In view of part (i) of this proof, the last supremum is majorized by ¢ ||7||MBg.
Hence (4.3.41) leads to the inequality

1Dp.17;€llz,
SUP e (e < c(vllmsy + Ivllarss)- (4.3.42)

Since by Corollary 4.3.2
IVlaeBs < clivllasy,

we arrive at (4.3.35) for m =1 = 1.
Next we estimate the right-hand side of (4.3.40) for m > 1. By (4.2.9), its
second term is majorized by

||'7Jm71©p71/1m_1u”lzp <c HVHM(B;”*_»LP) ||Jm71©p’1/1m_1u”3;"*1

<c ||’YHM(B;,"’1—>LD) ||©p,1Am_1UHLp

< el p-r—pplA™  ullsy < el —ay)llull sy (4.3.43)

The last inequality in this chain follows from (4.2.1) and (4.3.29). We estimate
the third term on the right-hand side of (4.3.40) using (4.3.1) with k =m > 1
and (4.3.35) with { = 6 < 1. Then this term does not exceed

o oy IPpsccll,
2 Comrrsle)] 7

Furthermore, by Corollary 4.3.2

lullsg < ¢ 7l grmp-ros gy lull . (43.44)

”’YHM(B;?—H“HBS) <c H'Y”M(B;,"—»B;)-
Hence the third term on the right-hand side of (4.3.40) is dominated by

c ||’Y||M(Bgz—»B;)||U||Bgl-
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This along with (4.3.40) and (4.3.43) implies that
[uDp1Ylz, < clVllmsr—syllulsy

and thus (4.3.35) holds for [ = 1.

(#4i) Suppose that [ is positive and integer, and that the lemma is proved
for v € M(B)' — Bj’;), where k is any positive integer not exceeding [ — 1.
Applying (4.3.39), we find that

-1 -1
[uDpie, < lvulls + e X 1V ADpi-sulle, + e Y I1ViulDpi- L,
j=0 j=1
-1 1
/p
+CZ( / / \Ahvﬂ(g;)|p|Ahvl,1,ju|P|h\—"—pdhdx) : (4.3.45)
j=0

By (4.2.9) with a =1 —j and 8 = m — [ + j, we have
(Dpi—ju) (@) < (Jm—145Dpi— A"~ Hu)(2).
Therefore, for j =1,...,1 —1 and m >,

1V v1Dp—jullz, < NIVl prmm-49 gy |1 T4 5D A" ]| gt

<c \|vﬂ||M(BgL_z+_,;Lp)H@p,l_j/lm*lﬂuHLp. (4.3.46)
According to (4.2.1),
1Dp,1—5 A" H |z, <A™ H ) s < cllullpp. (4.3.47)
By Corollary 4.3.4,
IV iVl s i,y < lllrap—pry, G=1,...,1=1, m>1. (43.48)
For j = 0 by Lemma 4.3.4 we obtain
V®@paullL, < Vv -5y llullsy- (4.3.49)
Unifying (4.3.46)—(4.3.49), we find that for all j =0,...,l—1land 1 <[ <m,
1195310 stllz, < e llarsg o llullz (4.3.50)

For j=1,...,1 —1 we have

D, _iv:e
1V ulDpi—7L, < csup 1Dp.1-57:ellL,

P Comstenre B2 (4.3.51)
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From the induction assumption and Corollary 4.3.2 it follows that for m > [
one has

1Dp1—5vielr,
wp BTt Sl (4552

which together with (4.3.51) implies that
1Vul®pi—i7lL, < clVlmpr—pylullsy, j=1,...,1-1. (4.3.53)

Next we estimate the last sum in (4.3.45). Let 0 € (0, 1) be such that m+4§
is a noninteger. By (4.3.1) with ~ replaced by Vv, u replaced by V;_;_;u,
and k =m — 1+ j 4 1, each term of the last sum in (4.3.45) does not exceed

1Dp,j+57; €l
csup . L v ]| 354
e [Cpm—itjrs(e)]t/? I J HBP j ( )

By the induction assumption and Corollary 4.3.2 this implies that

e 1/p
([ 1409 @ P1anT i jul by vdhac)

< |Vl pm-rrs+s pgrey lull By < clvllvsp—ay)llully - (4.3.55)

Combining this with (4.3.53) and (4.3.51), we obtain from (4.3.45)
liDparllz, < elllcoy st lulsg (43.56)

and thus (4.3.35) follows for all integer .
(tv) Now let [ be a noninteger. Suppose that

1Dp.17;€llL,
sup ———— < ¢ m_,
p [prm(e)]l/p —_ H,YHM(BP Blp)

€

for all noninteger { € (0, N), where N is an integer. Let N <[ < N + 1. In
view of the equivalence ©, ;v ~ D), ;v we have

N
[uDpiyllr, < lvullsy + ¢ 1 V91 Dpijull,
j=0
N
+e | 1VulDpi 7L, (4.3.57)

Jj=1

Let t € (O,m—1+j)ifm>lorm=1j>0andlet t =0if m =1 and
j =0. By (4.2.10) with o =1 — j and 3 =t one has

(Dp,lfju) (z) < (JtDp,lfjAtU) (z).
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Using (4.2.1), we find

1V AN Dt gl < IV A w05, 19Dty Al

< ¢ IV s+ gy 1 Dpi—i Al (43.58)
By definition of the operator D, ; and the space Wpf,
[ Dp,i—jvllyym—ri=t = | Dpm—i4j—tDp 1y Vie-j1vllz, + [Dpa—jvllL,-

We use Lemma 4.2.1 with & = m —1+j —t, = {I} assuming ¢ to be so close
tom—1+jthat 0 <m—t—[]+j <1 Then

I Dp,m—t+j—t Dy, 1y Vi -5z,
<c ||Dp,m—t—[l]—jv[l]—j'v||Lp <c H’U”Wz;m—t. (4.3.59)

We may also choose t in such a way that m —t is a noninteger so that W;"’t =
B*~'. Then (4.3.57) together with (4.3.58) and (4.3.59), where v = A'u, and
Corollary 4.3.4 imply that

V11D stz < ¢ 19 a0 1A%l s

< ¢ Vllmsy—ny)llull - (4.3.60)

By the induction hypothesis, we have

| Dp.1—i7; €llz
VjulDy_; < csup ——————||Vu| pm-
H | J ‘ Pl J7||Lp = ep [Cpﬂn_j(e)]l/p || J ||Bp J
< e Ilar gt lull (4.3.61)

for 7 =1,..., N which, together with Corollary 4.3.2, implies that
I1ViulDpi—j7lz, <c ”’YHM(B;”—»BL)HUHB;”'
This together with (4.3.60) and (4.3.57) leads to

luDpirlz, < ¢ IVllarcop— sy lullsp.-

The proof is complete. O

The following simple corollary contains the required lower estimate of the
norm in M (B}" — B}) in Theorem 4.1.1. It also finishes the proof of necessity
in Theorem 4.1.1.

Corollary 4.3.5. Let v € M(B]" — Bl), where 0 <1 < m and p € (1,00).
Then (4.3.33) and (4.3.34) hold.
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Proof. Since v € M(B]" — B}), it follows that

Ivnllz, < Vllvsp— )0l sy

for any n € C5°(Ba(x)), n =1 on By(x), where z is an arbitrary point of R™.
Therefore,

sup [l Bu(@)]|z, < elvlcp—s1)-
meRn

The result follows by combining this inequality with Lemma 4.3.6. O

The next corollary contains one more lower estimate for the norm in the
space M (B — BL).

Corollary 4.3.6. Let v € M(By* — BL), where 0 <1 <m, p € (1,00). Then

for any k=0,...,[l], if L is a noninteger, and for any k =0,...,1—1, if L is
an integer, the inclusion ®p, 1y € M(B]'™% — L) holds and
||©pylfk7||M(B;"*’“—)Lp) <c H7||M(B;"—>B§J)~
Proof. By Corollaries 4.3.5 and 4.3.2,
sup (DU < clllgop -y < cllllmpoay (4302
It remains to make use of (4.3.12). |

4.3.6 Proof of Sufficiency in Theorem 4.1.1

The aim of this section is to prove the upper estimate for [|v|[y/(py—pt) in
(4.1.4).

Lemma 4.3.7. Let v € B;la,zou p € (1,00). Then for m >1

Il h<c  sup (H@pmelm el
M(Bp—BL) =
W) e.diam(e)<1 N [Cpm (€)]VP  [Cpm—i(e)]}/P

). (4.3.63)

For m =1 the second term should be replaced by ||v||L.. -

Proof. Tt follows from the finiteness of the right-hand side of (4.3.63) that
v € L1 unit- Let v, denote a mollifier of v with radius p. Since v € L1 unit we
see that all derivatives of 7, are bounded. Hence v, € M(B)" — B]lg).
For integer [ we find by (4.3.45) that
-1 -1

vpullpt < C(Z 11V 9| Dp—jullz, + > 11V ulDpi— 7l L,
=0 =0

= 1/p
+Z(//|A,Lvﬂp(x)|p|Ahvl_1_juv’|h|*"*pdhdx) ) (4.3.64)
§=0
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By Corollary 4.3.4,
||Vj’}/pHM(B;n,—z+J_)L ) = C Hpr”M(BWL l+7+a_)Ba) (4365)

for any a € (0,1). In view of (4.3.26), for m > [ the right-hand side in (4.3.65)

does not exceed (o)1
C||7/)||M(;m LN )”'YPHM Bm_>Bl)

Combining this fact with (4.3.46) and (4.3.47), we obtain
V76| Dp1—jullz,,

< (elmlnesg g + ) Molasap-ip,) Iz, (1.3.66)

where 7 =0,...,l — 1, and ¢ is an arbitrary positive number.
In case m = [ inequalities (4.3.65) and (4.3.27) imply that

J/l

I—3)/1
2 ol

IV o laresg -,y < €l

Unifying this estimate with (4.3.46) and (4.3.47) for m = [, we obtain
11V 371 Dpa—5ull, < (Ellvollarmy + el ) lullsy- (4.3.67)
It follows from (4.3.51), (4.3.52), and (4.3.26), (4.3.27) that for j > 0

| Vul®pi—ivpllL,

< (el ey sy + g, lull sy (4.3.68)
if m > [, and
1V ulDp-%llz, < (elvollarsy +c(@)vplle) lull s, (4.3.69)
if m=1.

The third sum on the right-hand side of (4.3.64) is estimated by using
(4.3.55) and (4.3.26), (4.3.27). It has the same majorant as the right-hand
side of (4.3.68) for m > or (4.3.69) for m = [. Thus, for m > [ we find that

Itz < (<lpllascap—sp) + @l aresp-z,)

+c¢  sup (4.3.70)

||©P71/7P; eHLp ) ||U||B
e,diam(e)<1 [Cp,m(e)]

1/p
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Similarly, for m =1,

ol < (elbvallarsy + c@lplle

D e
+e || IJJ'YP ||LP>||UHB

sup
e.diam(e)<1 [Cpa(e)]!/P
For noninteger [ the following estimate, simpler than (4.3.64), holds:

(4.3.71)

[ (1]

Instllzy < (31576 Dpa—sillz, + - NIV ulDpi-iple, )
j=0 j=0

Combining (4.3.60) with Corollary 4.3.4 and (4.3.26), (4.3.27), we arrive at
(4.3.66) and (4.3.67) in the same way as for integer [. We also note that (4.3.61)
and (4.3.26) for m > [ and (4.3.27) for m = [ imply (4.3.68) and (4.3.69)
for noninteger I. Reference to (4.3.12) and Lemma 4.3.3 completes the proof. O

The required upper estimate of ||7]yrp; in (4.1.4) is obtained in Lemma

4.3.7. In order to show that the second term in the right-hand side of (4.3.63)
can be replaced by |||, .. for m > I, we need several auxiliary assertions.

Let (T)(x,y) denote the Poisson integral of a function v € L ypir defined
by (3.2.38).

Lemma 4.3.8. Let | be a noninteger and let v € W1 Then

= QU (Ty) (0, y) P
(O ‘ 8y[l]+1

Proof. Our argument is similar to that used in the proof of Lemma 3.2.12.
We start with the inequality

‘5”]“(T7 z,y) /|V — V()|
dyli+1 \§| + y)”“

loc”

1/p
ypflfp{l}dy) < ¢ (Dpav)(x).

dg¢ (4.3.72)

derived in the proof of Lemma 3.2.12. Hence

/oo ‘ 8[l]+17(1'7 y) ’pypflfp{l}dy
O [1+1
0 Y

yn+1

o IV @ =)=V (@) €]y | [l -ne1 Py
_c/o (/ €[+ (y) (1+ y) dg) ) (4.3.73)

> a—gn( [ Nuy@ =& = V(@) €] rdy
Sc/o e ( (1+y) dg)
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Introducing spherical coordinates, we write the last expression as

C/O°°</Ooo f(é)g(t,x)%)p%

where
f(S) _ Sn+{l}(1 + S)—n—l
and
oftr) =t [ V(o + ) = Vi (o)l
Clearly,

oo( Oof(t)g(t x)dt pdy * bs ) W (ya74)
o o Yy t !

By Minkowski’s inequality the expression on the right-hand side does not

exceed
(/0 (/0 (f(s))p(g(s%x))p%)l/f’%)p

([ s ([ wrarE) LY = ([T r0D) [ atnor .

We deduce from the definition of f that

[eS) 1 o)
/ f(s)% < / S”Hl}% +/ s{l}_lg < . (4.3.75)
0 0 1

Therefore, (4.3.73)—(4.3.75) imply the estimate

< AU (T (2, ) P - dr
/ ‘M’ il P{l}dy<c/ (g(m2))"—.
0

ay[l]Jrl - 0

It remains to note that

e’} dr o8] _ vdr
/ (g(r,z))P — :/ el (/ V(70 + 2) — V[zw(fv)ldt‘)) —
0 0 OB, T

~
</°°/ V(70 + 2) — Yy () PdI—T—
= Y\T xTr) — y(x
o Jos, U U Fl+p{l}
Viy — Vr(z)P
/ |h|n+p{l} dh.

The proof is complete. O
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The following two lemmas are similar to Lemmas 3.2.13 and 3.2.14.
Lemma 4.3.9. Let v € Wl[f]loc, y € (0,1]. Then
M (T (, y)
————| < Cy{l}imil sup PP D 17 B Ly,
e LD B @)
Proof. We introduce the notation

K= sup 7" 7"?|Dy1y; B, (2)]|r, - (4.3.76)
z€R™ re(0,1)

Let r € (0,1]. By Lemma 4.3.8,

/ / AT (t,y) |
(z) 8y +1

Applying the mean value theorem for harmonic functions, we find for r/2 <
y < 2r/3 that

‘8“]+1(TV)($ .Y) — 1/ /
dylli+1 By (z) Jr/a

By Holder’s inequality the right-hand side is dominated by

¢ i-1- n/p / /
B (x) Jr/4

which by (4.3.77) does not exceed ¢r{}="=1K . The result follows. O

Yy dy dt < e KPpmmP, (4.3.77)

+1T t
'Y 1)
- | dn.

U+L(Ty) (¢ (T (¢, m) 1/p
p—1—p{l}
T ogut ‘ g dndt)

Lemma 4.3.10. Let v € wi

1,loc”

Then for almost all x € R™ the inequality

m—n l/m m—1)/m
(@) <e(( sup ™ 2Dy Br(@)llz, )" (Dpav(@) ™™ 11| e

zER™,
re(0,1)

holds.

Proof. We put

M H(Ty) (2, y)

FES for0 <y <1,

v(y) =
0 fory > 1.

Then, for any R > 0

a[l]+1 T’y T y oo R 0o
/‘ ‘ Ndy = / v(y)y[”dy:/ v(y)y[”dy+/ v(y)ydy.
R

ay[l 1+1 0 0
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Applying Holder’s inequality, we find that

" & 1/p
/0 U(y)y[l]dySCRl(/o vy ay)

By Lemma 4.3.9,

‘ M+ (T) (z,y)

< {l} m— 1
Oyli+1 ‘ Ry

where K is defined by (4.3.76). Hence

- - 1/p
/ v(y)yldy < c(Rl ( / (v(y))pyp—p{l}—ldy) L Rm K)
0 0

Putting here
1/pm

R=Km (/ U(y)pypfp{l}*ld@_ ,
0

we arrive at
= 1) ym( 75 b pepity -1, | O/Em
v(y)ydy < cK ( v(y)Py dy) :
0 0

Combining this inequality with (3.2.39) for k = [I] we arrive at

< e (K ([ ot -ay)

Reference to Lemma 4.3.8 completes the proof. O

(m—1)/pm
+ 17 2 )

Now, we are in a position to prove the main result of this section.

Lemma 4.3.11. Let 0 <l <m, p € (1,00). Then

[DpaviellL, )
m_ply < — .- 4.3.78
Il ~oy e sw 2 + s (4.3.78)

Proof. By (2.3.18) with ¢ = |y,|"/(™=D, X =m —1, and p = m — ¢, where ¢ is
a positive number less than [ such that both [ — ¢ and m — € are nonintegers,
we find that

/ il JolEE @y 5=
sup <c sup . (4.3.79)
p m— l

Cpm— 6(6)

o

Using Lemma 4.3.10 with [ replaced by | — ¢ and m replaced by m — ¢, we
obtain
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(=e)p
(m—c)p — mt
/h’p| m—1 deC(( sup rmTe p“Dpl Yp; B - (z )HL
e x€R™,re(0,1)
l)p
< [ D@ P+ 1T messe).
Hence
gc{( sup " ||Dp7l Y Br( )||Lp>
G s<e>
re€(0,1)
|D e, \
p,l—eVp; € Lp> " }
x [ sup T Yol L1 amir (- 4.3.80
( i A - (4.3.80)

By Corollary 4.3.2,

L X M-
P Cpmetepre = oy
—C”'Y/JHM(BM c.BL9) < C”'Y/JHM(BMHBL)

Thus, the left-hand side of (4.3.80) has the majorant

m—e

e(( sup 7 FIDpaei Be@le,) ™ 1l iy + s e
7:’56(0,11)

which together with (4.3.79) implies the inequality

[
sup( ) < c(8) sup " F||Dyi—epi Bel@)|1,

Cpm-i(€) =

+0vpll s —m1) + Vol Ly e (4.3.81)

where J is an arbitrary positive number.
Next we show that

sup P pi—eVps Br(x )HL

z€R™,re(0,1)

<o) s " F[Dp0mi Be(@)ln, + o Il (4:382)
z€R™,re(0,1)

where ¢ is an arbitrary positive number. We note that by (4.1.3) Dy, ;_.7, can

be replaced by ©,,;_.7v,. Let w denote a positive number to be chosen later.

Further, let k =1 — 1 and A = 1 for integer [, and let k = [I] and A = {l} for

noninteger [. We then have
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2h) — 2 p
B, (x)

DREES

< (wr) / / ‘vk’Yp y+2h) — 2Vk7p(y +h) + Vk’Yp( )P dh
B (x) Bor

||t
< (Wr)PE 1Dy, Br ()T, - (4.3.83)
Also,
IVivp(y + 2h) = 2V, (y + h) + Vi ()P
dh
"\Bo,, |h|ntP(A=e)

IViv,(y + 2R)|P / / IVivp(y + R)P
RIe I T 200 an DhIp T T gp

/ /"\Bw RS " By, |RPPO=
+(wn)P Vs Be(@)]7, ). (4.3.84)

Further, we have

n\B |h‘n+p >\ E

dh /
< o et Vip(2)|Pdz
/l%n\Bwr |h|n+p(k—8) BT(I+2h) I P |

< cwp(s—)\)rn—pm-’-[)g sup Tp(m A)_n||vkr’7/pa ( )HL
zeR™,re(0,1)

By (4.3.14)—(4.3.16) the last supremum is dominated by

NVl s

which by Corollary 4.3.4 does not exceed ¢ H'yp||';/1(BméBl )
P P
Clearly, the second term on the right-hand side of (4.3.84) is estimated in
the same way. Similarly, the third term does not exceed

¢ Wp(af)‘)mfpmﬂgs||’Yp\|§)\4(3;n_>3;,)'

Hence

d IVive(y +2h) — 2V, (y + h) + Vi, (y) [P dh
Y \Bo |h|n+p (A—¢)

< cwre gt |

R (Br—Bt): (4.3.85)
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From (4.3.83) and (4.3.85) we obtain
Tm_s_n/p||Dp7l76’ypHLp§C(wErm_n/pHQPaZ’YP;BT(x)||Lp+w8_)\||7p||M(B;n*>B})))'

Setting 0 = cw®™*, we arrive at (4.3.82).
By (4.3.14)-(4.3.16) and (4.3.82),

sup Tm_a_%”Dp,l—s'Yp?Br(l')”Lp
z€R™,re(0,1)

1Dp17p5€llz
< c¢(o)sup —————2 + m_BLY,
= (O—) ep [vam(e)}l/p O—”,‘YPHM(BP Bé)

which together with (4.3.81) and Lemma 4.3.7 gives

1Dp,17ps €llr
”’YPHM(BLH—»BLP) < c(sgp W + ||’yp||L17unif>. (4.3.86)

It remains to estimate the right-hand side of (4.3.86) by Lemma 4.3.3, and to
use the equivalence relation

Cpm(€) ~ Y Cpm(enBY),

=1

where {B(j ) }i>o is a covering of R™ by balls of diameter one with multiplicity
depending only on n (see Proposition 3.1.5). The result follows. o

Combining the statements of Lemmas 4.3.6 and 4.3.11, we complete the
proof of Theorem 4.1.1.
The next assertion contains a modified version of Theorem 4.1.1.

Corollary 4.3.7. Let 0 <1 < m and let p € (1,00). Then for noninteger 1

||'YHM(B;W—>BIL,)

U

~ Z(”Dp,l—jVHM(B;”*j—wp) + ”v[l]—j’Y”M(B;"_j_“}—»Lp))7 (4.3.87)
J=0

and for integer |
||7\|M(Bgz—)13,g)

-1 l

~ Z ||©p,l7j'7||M(B;"—j_>Lp) + Z Hvlfj’Y”M(Bgl—jﬁLp)- (4.3.88)
j=0 j=1
Also,
||’Y||M(B;"—>B§,) ~ ||Dp,l'YHM(Bgl—>Lp) + ||7||L1,unif~ (4.3.89)

For m =1 the norm |||, unit should be replaced by ||v|| L. -
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Proof. The upper estimate in (4.3.87) follows from Theorem 4.1.1 and the
equivalence relation (4.3.12). By Corollaries 4.3.6 and 4.3.4, the lower bound
in (4.3.87) results from

HDp,l—ﬂHM(B;,"*JALP) <c H'Y”M(B;"*ﬁ_)B;;J‘) < CH’Y”M(B;"'HH}J)
and

Hv[l]—j7|‘M(B;”—-7—{l}_,Lp) <c H’Y”M(B;”—j—“}_,Bl[f]—j) <c ||7HM(B;)”—>B£)'

O

Remark 4.3.2. 1t follows from Remark 3.1.3 that the supremum on the right-
hand side of (4.1.4) is equivalent to each of the suprema

I ImXxQ (Qp,l'y)p5 QHLP/(pq)
(Q} 19,7 QUL

, (4.3.90)

where {Q} is the collection of all cubes, x¢ is the characteristic function of
Q, and

I Im(Dp )PP Y ()
weﬂg" Jm(gp,l'}/)p(x) .

Adding to (4.3.90) and (4.3.91) the norms |||z, ... for m > 1 and ||v[|z_
for m = [, we arrive at two non-capacitary necessary and sufficient conditions
fory e M(B)" — le)).

(4.3.91)

4.3.7 The Case mp > n
For mp > n Theorem 4.1.1 has a simpler formulation.
Corollary 4.3.8. Let 0 <1 < m, mp >n, and p € (1,00). Then
1Vl (Br — By ~ wseu]lgl(ng,l’Y; Bi()|z, + 17 Bi(@)llz,)- (4.3.92)
Form =1 the second term on the right-hand side can be replaced by ||| -
Proof. The lower estimate of ||| Br—Bl) follows from the relation
Cpml(e) ~ 1 (4.3.93)

wich holds for mp > n and e with diam(e) < 1, and from Corollary 4.3.5. The
upper estimate results from

sy —n1) < Wllasy <e (- sup NDnvellz, + Il.)

e,diam(e)<
<c Seu]lgl(H@p,l% Bi(@)|l + v Bu(@)llL,)-

The proof is complete. O
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Remark 4.3.3. One can easily verify that the right-hand side of (4.3.92) is
equivalent to the norm of v in BIl),unif' Hence M(B)" — B]lg) is isomorphic to

B! for 0 <l <m, mp>n,pe(1,00).

p,unif

4.3.8 Lower and Upper Estimates for the Norm in M(B* — Bé)

Here we present some lower and, separately, upper bounds for the norm in
M(B) — B;,)7 mp < n, which do not involve the capacity and which follow
from the characterization of multipliers in M (B;” — le)). The next assertion
stems directly from Proposition 3.1.4 and Theorem 4.1.1.

Proposition 4.3.1. Let 0 <l < m. If mp < n, then

sy —mty > ¢ sup D Br(@) |y + [V L) (4:3.94)
TIée(O,l)
and, if mp = n, then

||7HM(B;n_>B;7)

> o sup (log2r )|, B, @), 1l g).  (4:3.95)

z ER™
r€(0,1)

For m =1 the second term on the right-hand side of (4.3.94) and (4.3.95)
should be replaced by ||v||L.. -

Finally we formulate a corollary of Theorem 4.1.1 and Propositions 3.1.2
and 3.1.3.

Proposition 4.3.2. Let 0 <l <m. If mp < n, then

||’7HJW(B;"'~>BIL7)

<o sup  (mes,e)™ " PID, el + Il w)  (43.96)
{e:d(e)<1}

and, if mp = n, then
||7HJVI(B;I—>B;))

el sup (log(2"/mes,e) V¥ [Dp el + Mlyu).  (4397)
{e:d(e)<1}

For m =1 the second term on the right-hand side of (4.3.96) and (4.3.97)
should be replaced by ||| .. -
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4.4 Sufficient Conditions for Inclusion
into M (W " — W]) with Noninteger m and [

It may be of use to compare the contents of this section with sufficient condi-
tions for inclusion into the class M (H]" — Hzl,) obtained in 3.4. Here similar

conditions are found for M(W;" — W}), {m} > 0, {I} > 0. They are for-
mulated in terms of the spaces B (cf. (4.4.2)), B.  (cf. (4.4.3)) and Hrll/m
(cf. (4.4.4).

By B; , we denote the space of functions in R" having the finite norm

e 1/6
Jullzg, = ([ 12nTgull 0 an) o fulyg @)

where {s} >0, ¢, 6 > 1.

4.4.1 Conditions Involving the Space B(‘I‘,oo

We prove an assertion analogous to Theorem 3.4.1 and formulated in terms
of the space By g -
It is clear that

o pter o\ 10
a5~ 590 ([ 120 F B ), 00 )
1

s By (@) g0

Theorem 4.4.1. Let ¢ >p > 1,{m} >0, {I} >0, u=n/g—m+1, p>1,
and {p} > 0.
(1) If v € BY o unit N Loo then v € MW} and
I arwy < e(lvllse + [17llze)- (44.2)

q,00,unif

(i1) If v € B* then v € M(W,* — W}) and

q,00,unif”?

Ve —wy < ellvllpe (4.4.3)

q,00,unif

Proof. Let m > [. It suffices to assume that the difference ¢ = p — [ is small,
since the general case follows by interpolation between the pairs {W;"_l, L,}

and {W,/7°¢ Wh==} (see (4.3.26)). Thus we assume that 14 [I] > p > 1.
Let e be a compact set in R”, d(e) < 1, and let |e] = mes,e. We have

Durielt, = [ oty [IWunte+0) - Vin@l e, @4

We express the integral over R™ as the sum of two integrals i1 + is, the first
being taken over the exterior of the ball {h : |h| < |e|'/"}. Obviously,
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. dh
i gc/h|>| " W(/|V[l]v(az+h)|pdax+/|V[lw(x)|pda:)

- dh P
<cle]! p/q/h|>lel/nW(/E|V[m($+h)|qd$+/€|V[l]7($)|qd$)

Hence, using Corollary 3.4.1, we obtain

/q

dh
i1 < c|e|1—p/q+{“}f’/"/ —— N, (4.4.5)
Ihf> et/ || TP

where N(7) is the right-hand side of either (4.4.2) or (4.4.3). Since [u] = [I],
we have {u} — {l} = p — | and consequently

i1 < cle[' PN (y)P

By Hoélder’s inequality,

. _ dh r/a
iz < e[ 7P/ /h<e|1/n W(/Jv[m(erh) - V[m(m)\qdiﬂ)

< el / -
|h|<]e[t/m

e P _— 1-pm/n P
e O = elel N@)”-
Combining this result with (4.4.4) and (4.4.5), we have

1Dpyielz, < clel /P~ "N ().
In addition, according to (3.4.19),
lysellz, < clel/P~tm=0/"N(5) (4.4.6)

for m > [. It remains to refer to Proposition 4.3.2. O

Using the same arguments as in the proof of Corollary 3.4.2, we obtain:

Corollary 4.4.1. Let n =1, ¢ > p and lg < 1. If v € L and Vary(y) < oo,
then v € MWIQ and

Maewy < e(IVllza + Varg(v)) -

We give one more sufficient condition for a function to belong to the space
M (B} — Bl) for noninteger m and [ in the case mp = n. We introduce the
semi-norm

(v) = sup sup |h|" log(1/[R])||ARV v Bi(v)lL, -
YER" heB, /5
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Theorem 4.4.2. Let {m} >0, {I} >0, p> 1.
(1) Iflp=mn, v € Lo and () < 00, then vy € MWZZ7 and

IYlarwy < e (1) + Ivllee) - (4.4.7)

(it) If mp = n, ¥ € Ly unit and (y) < oo, then v € M(W]" — W) for
l<m and
llarw—wiy < e () + 712y ) - (14.8)

Proof. By Q(v) we denote either of the right-hand sides of (4.4.7) and (4.4.8).
We express the integral over R™ in (4.4.4) as the sum 4y + i3 of two integrals,
the first being taken over the exterior of the ball

K = {h:|h] < cole|'"(log 2" /|e|) P~ D/Pil}} |

where |e] = mes, e and ¢ is a small positive constant depending on n and p.
By Corollary 3.4.1 with ¢ =p and u=n/p =1,

. dh
nse [ ([ Wt np s [19er )
dh
{kp/n o p n 1—p P
Sl [ Q) < dos2' 1) TQOY . (449

Moreover,

. P L
iz < (v) /K|hn(log1/|h|)p.

The integral on the right-hand side does not exceed c(log2"/|e|)!~P. This
estimate, together with (4.4.4) and (4.4.9), yields

(log 2" /|e) V7| Dy el < eQ(y).
In addition, by (4.4.6)
el ez, < cQ()-

Reference to Proposition 4.3.1 completes the proof. a

4.4.2 Conditions Involving the Fourier Transform

We start with the following known characterization of the space B3 ., (see,
for example, [Tr3]).

Lemma 4.4.1. The relation

lull s .. ~ sup B[ Fu; Bop\Brll, + [lullz, (4.4.10)
>1

holds.
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Proof. The lower bound for the norm in B3  is obtained as follows:

sup 2 40l = o sup™) [ 2,09l do
=c supp s }// €12 Fu(€)]? sin (02’ 3 dopdg

> ¢ sup p2(1—{s})/ ‘5'2[9]+1|FU(£)|2 df
p>0 >[€]>(2p) 71

> csupRQs/ |Fu(€))? dE .
Bar\Br

p>0

On the other hand,

sup [h| 2 A,V igulf, < ¢ sup |b|72 €20 Fu(é)Pde
h h [€]|h|>1
+c sup|h|2<1—{l}>/ |€|21+2 Pa(€) 2 de (4.4.11)
h HIES!

The first term on the right-hand side does not exceed

c sup |~ 2324”81 |Fu(€)[? de

j=1 27>[¢[[h|>27 -1
< 024 s }supRQS/ |Fu(€)|? de .
J=1 Bar\Br

The second term on the right-hand side of (4.4.11) is majorized by

oo

¢ sup |h| 72 43 ]H)/ Fu(&)]?d
up > Fule)? de

=0 2-7-1<g||hl<277
<CZ4 3= {5})SupR5/ |Fu(&))? de .
=0 B2r\Br

The proof is complete. O

In the same way one may prove:

Lemma 4.4.2. The norms

sup sup |h|” " log(1/[A))|| AV s By (v) £, + [[ullz.
yER™ heBy /o

and
sup R'log R || Fu; Bop\Bg|| £, + ||ull L,
R>2

are equivalent.
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Theorems 4.4.1, 4.4.2 and Lemmas 4.4.1, 4.4.2 imply:

Theorem 4.4.3. (i) If 1 <p <2, n/2>m, m, | are noninteger, m >l and

(Fy)(&) = O0((1 +[Eh™~'™™),

then v € M(W," — W}).
(1) If 1 <p<2,n/2 >1, 1 is a noninteger, v € Lo and

(F)(E) = O((L +[€))™"),

then v € MWIZ;.
1) If n is odd, 2l = n, v € Lo, and
v

(F7)(€) = O(¢| " (log [¢)) ™)
for |€] > 2, then v € MW..

4.4.3 Conditions Involving the Space Bé’p

The condition v € Bg co.umif 10 Theorem 4.4.1 requires the ‘number of deriv-
atives’ p to exceed [. In this subsection we obtain sufficient conditions for a

function to belong to the class M (W" — Wé) in terms of the space Bé,p,unif'

We recall that diminishing the exponent 6 leads to narrowing of B[’; g, and
diminishing of p leads to expansion of this space. So new sufficient conditions
are not comparable with the conditions of Theorem 4.4.1.

Theorem 4.4.4. Let {m} >0, {I{} >0, p > 1.
: _ 1
(i) Let g € [n/l,00] for pl <n and q € (p,00] forlp=n. If v € B, , s N
L, then v € MW; and
H’V”wal

1/p
<c(swp ([ 1AV Bl b an) ) - (a12)
zER™ B, 4

(i) Let m > 1, g € [n/m, 00| for mp < n and q € (p,o0) for mp = n. If

v e Btl].,p,unif7 then v E M(W;n N WIZ)) and

HV”M(W;MWIQ)

1/p
<csw ([ 1V B@Ig b an) s Bl )
' (4.4.13)

Proof. Proposition 4.2.6 implies that

||’YHM(WI;"'HWIQ) < csup ”nz’Y”]W(B;”'HBL)a
TER™
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where n € C§°(B1), n =1 on By, and 1,(y) = n(x — y). Therefore it suffices
to obtain (4.4.12), (4.4.13) under the assumption that the diameter of supp
does not exceed 1.

Let e C R", d(e) < 1. We have

dh
[1Dpvielll, < /|AhV[m;€||]£pW

dh
1-p/ L L|P
< (mes,e)' 7 q/IIAhV[z]%equ|h|n+p{l}
< (mes,e) P/ su ALV s By () ||F _dh
< (mes, sup WV B, e -
Reference to Proposition 4.3.2 completes the proof. a

Putting ¢ = oo in (4.4.12), we obtain a simple condition for a function v to
belong to the class MW} (and hence to M (W,* — W})) formulated in terms
of the modulus of continuity w of the vector-function Vy;y:

/0 {t{‘;;%r dt < oo (4.4.14)

The last theorem contains the condition Ip < n. Nevertheless, (4.4.14) ensures
that v € MW;, for Ip > n, since in that case MW; = W;i,unif D Béoyp.

We show that even a rough condition (4.4.14) is the best possible in some
sense.

Ezample 4.4.1. Let w be a continuous increasing function on [0, 1] satisfying
the inequalities

1 é
(5/ %dt—i—/ @dt <cw(9), 1> w(d) = cd. (4.4.15)
0 0
Further, let
1
[ e Oy an = .
0

We construct a function « on R™ such that

1. the modulus of continuity of the vector-function Vv does not exceed
cw, where ¢ = const;

2.y ¢ W] i and hence v ¢ M (W™ — W)

We put

,uni

y(z) = Hﬂ(%‘) Z e_mkw(e_k) sin(ekxl) , (4.4.16)

where n € C§°(—2m,27), n=1on (—m,m), 0 <n < 1.
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For small enough |h| we have
IViy(@ + h) = Viy(2)]
(|h| Z el Y we ek Y w(ek))
k<log |h|—1 k>log |h|~1

which, together with (4.4.15), gives

IViy(z +h) = V()] < cw((h]) (4.4.17)
Further,
dt
1[Iy > c/ / ‘ *oal [l] T (4.4.18)
We set -
= Zef[l]kw(efk)eiekxl. (4.4.19)
k=1

By virtue of (4.4.18) we have
Iy > el tmft; (=, m) 17 o = > || f1; (= SOl [HanY

It is clear that

[ee]

Atf[] (1) Zef[l]k Zekt — l)eiekxl.

k=1

According to a known property of lacunary trigonometric series (see [Zy], v. 1,
Th. 8.20),

o0

1A (=, )N, ~ D e 2 (w(e™) sin(e*t/2))”

k=1

Therefore

i dt
P —k(t)\ qin (k@) p__ "
g = e [ ale™ ) sin(e Ot/ 2y

where k(t) = [log 2¢t~1]. Finally,

1
w(t) 1»
Wy 2 [ [areas] dt=o0-
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4.5 Conditions Involving the Space Hfl/m

Here we obtain an upper bound for the norm in M(W,* — W]) with nonin-
teger m and [, p > 2, and mp < n, by the norm in the Bessel potential space
Hl

n/m,unif"

Theorem 4.5.1. The estimates hold:

IYar(w—wy < ellvllm , (4.5.1)

n/m,unif

where m > 1, {m} >0, {I} >0, mp <n and p > 2, and

Vaewy < elVllm, 2D S (4.5.2)

n/l,unif

where {1} >0, Ilp<n and p > 2.

Proof. Tt suffices to derive (4.5.1) and (4.5.2) under the assumption that
the diameter of supp v does not exceed 1 (cf. the beginning of the proof
of Theorem 4.4.4).

We use the inequality

1Dp1 s < el -
where p > 2, n > p(m — {l}), see Polking [Poll]. Moreover, by Theorem 3.1.3,
||IYHLn/(nL7l) <c H’Y”Hfl/ma

where m > [. It remains to apply the estimate
H’Y”M(B""HBl) <c¢ sup (||Dp717§51(33)||Ln/m + ‘|’Y§Bl($)HLn/<m4>)
P P x€R™

which follows from (4.3.96). O

Possibly, it is of interest to compare the last theorem with Theorem 3.3.1,
according to which the right-hand sides of (4.5.1) and (4.5.2) majorize the
norms of M H}, and M(H]" — H}) for any p € (1,00).

We show that the condition p > 2 in the theorem of this subsection cannot
be omitted.

Ezample 4.5.1. Let us consider the function v defined by (4.4.16). Since, for

q € (1,00),
n 2 .1/
g ~ 32 [ (1= o)
=1 J

Lq
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(see the proof of Proposition 3.5.4), it follows that

Il ~ [l Tm £ R
where 7 and f are functions defined in Example 4.4.1.
It is known that Im f € H,(R") if and only if the function Im f belongs
to the space H fl on the unit circumference C' and

(1- d—2>l/21m f(a)‘ch)l/q .

.l . _ "
Jotan £ g, ~ Mt 75 Clly = ([ |(1- 45

—T

(We omit a standard but rather tedious proof of this fact.) Therefore

> 1/2
Iy ~ (0 €205 (1 + 24)! 2 ofe+)2)
k=1

and consequently v € H| if and only if

1
w(t)\2dt
From Theorem 3.3.1 and from the imbedding M (H)" — Hll,) C H;},unif we

obtain that (4.5.3) is equivalent to v € M(H;" — H}).
It was shown in Example 4.4.1 that v € M(W," — W}) if and only if

/01 (%)p% <. (4.5.4)

If the theorem of this subsection were true for p < 2, we would have
implication (4.5.3) = (4.5.4), which is obviously wrong.

What is more, we see that for p < 2 one cannot give sufficient conditions
for inclusion into M(W,* — W}), {I} > 0 stated in terms of H.

4.6 Composition Operator on M (W — W})

According to a theorem by Hirschman [Hil], the composition p(v) of ¢ € C%*,
p € (0,1], and of a multiplier v in the space Wi, I € (0,1), represents a
multiplier in W3, where r € (0,1p) if p <1 and r =1 if p=1. The case p =1
was considered earlier by Beurling [Beu].

The purpose of this section is to present a generalization of Hirschman’s
result, obtained in [MShS].

Theorem 4.6.1. Let v € M(W" — Wzl,), m>1,0<1<1,p>1. Further,
let p be a function defined on Rf if Im v = 0 or on C! if v is complez-valued.
Suppose that p(0) =0 and for all t and 7, |T| < 1, the inequality

lp(t+7) —(t)] < A|7|”  with p € (0,1]
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1s valid. Then
p(y) € MW M — W),

where r € (0,1p) if p< 1 andr =14if p=1. The following estimate holds:
||§0(7)||M(W;’,"’l+"—>W;) < CA(HVHfW(W;nHWé) + ||'7||M(W1';"—>W},)) .
Proof. First we note that for all ¢ and 7
lp(t+7) —(t)| < A(I7]” +|7]) - (4.6.1)
By (4.6.1), the inclusions ¢(y) € L1 unir and ¢(y) € Lo follow from v € Ly ypir

and vy € Lo, respectively.
Consider the case p = 1. We have

leMMullw: = 1Dpile(v)ulllz, + lle()ullz,
< [uDpae(Mllz, + (V) Dpaullr, + le()ullL,
Using (4.6.1), we see that the sum on the right-hand side does not exceed
2A([[uDpi7 L, + IvDpoullz, + [lvullL,).
It is clear that
7 DpaullL, < Dpi(yu)lle, + [[uDpivllL,-

Hence
leMMullw: < 2A2[uDpylL, + [lyullw:) -

Applying (4.3.12), we get

ID,7:ell
le)ullg < 24 (c up ey )l
€ p,m

which together with Theorem 4.1.1, gives

HSD(V)HM(W;,”ﬂWIQ) <cA ”'VHM(WI';"HW})y

Now let 0 < p < 1. Let us write the integral

/ lp(v(z))u(z) — (v () u(y)Plz —y| ™" 7" dydx
as the sum of two integrals of which one is taken over the set

M= {(z,9) : v ()| < r(@)[}-
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It is sufficient to estimate the integral over 9t which obviously does not exceed

([ 1@l @) = ct)Ple - o dyds
m

+ [ et luta) = ) Ple — i dyds
We introduce two sets

My (z) ={y: [yl < (@), v(z) =~y <1}

and
Ma(z) = {y : [y < [v(@)], |[v(z) —v(y)] > 1}
It follows from (4.6.1) that

/ lo(1(2)) — (1)) — y| """ dy

Eml(;v)

< cAv / (@) — 4 )Pz — g dy
9311(93)

<ca(h@r [ ey

|[z—y|>6q

t [ b @i - sl )
|x_y‘<‘5m

(4.6.2)

(4.6.3)

where 0, is a nonnegative function to be chosen later. Estimating the last

integral by the Holder inequality, we find that it is dominated by
p
([ h@ =1l a)
lz—y|<és

« (/ o g0/ 00 gy v
‘zfy|<5z

< oDy () PPopte=)
Using (4.6.3) and (4.6.4), we have
[ et = eta@)Ple = ol dy
My (x)
< e A7 ([y(@)[P8, 7" + Dy ()5 )
Minimizing the right-hand side over J,, we obtain
[ let@) = )l =y dy
My (x)

< e APy ()PP (D iy ()1

(4.6.4)
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By (4.6.1),
[ttt = eta@)Ple = ol dy
Mo (x)
< CA”/ Iv(x) =y (y)[Ple —y[" 7P dy < c AP(Dypy(2))P
Mo ()
Consequently, the first integral in (4.6.2) is not greater than
[ 1@ Ph@ e D@y de+ [ @ Dy @) do . (165)

Let m # 1. We set v = A=%|A%u|, where A = (A +1)V2, s =m —1+7r —¢
and ¢ is a small positive number. The properties of the kernel G,., given in
Sect. 3.2.5, and the Holder inequality imply that

v < ¢ (AT) AT )/t (4.6.6)

Hence the first term in (4.6.5) does not exceed

c / (A" oDy yy) P Y (AT w)PA=T/D |y [Ple=r/D) g

r/l —
= C(/ (A" ) (Dpry())? dm) ( / (AT )P ||Po=7)/ A=) dx)
Cpml(e)
[[[y|@p=r/A=r) e
X | su »
( ep Cp,m—l(e)

r/l .
< ey (swp ) Al
e

1—r/1
r, p(1=r/l)
) A,

Here we used the Holder inequality and (4.3.12). Furthermore,
A" ollw = (A5 A2 [y < e [A™THT [l
< A5y < exfulpprer
(see (4.3.57)) and similarly
A7 0|y = [JAZTH APyt < e [[| AT g
< crllullyge-vor-

Now the first term in (4.6.5) is majorized by

| Dpav;elly Nt [[|y| =)/ A=r) g 1yt
— - P . (46.7
C<Slip Cyom(©) ) (S‘ip Coma(©) )l (46.7)
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The same bound can be obtained for m = [, if we put v = A~"|A"u| and apply
the inequality
v < C(MAT,U)(l—r)/l(Ar—lv)r/l

instead of (4.6.6) (see Lemma 1.2.5).
Taking into account that

|G-/ 4= e

_ ( Ivsellz, )(ZH)/(H)( mes,, e )lufp)/(lfr)
= C

Cp.m—1(e) Cpm—i(e) p.m—1(€)
- ( ||7;6||[£p )(lp—r)/(l—r)
= \Cpm—i(e€) ’

we obtain from Corollary 4.3.1 and Lemma 4.3.6 that (4.6.7), and consequently
the first term in (4.6.5), do not exceed

S0 N [ LA

In view of Corollary 4.3.1 and the imbedding of MW" — Wé) into
MW=t — W), the second term in (4.6.5) is estimated in the follow-
ing way:

p

||u||W;n,—l+7‘

1Dpvielly
u(z)|P(Dpy(x))P do < ¢ sup ——=
/| (@)[P(Dp,y(x)) = ¢ 5up Cpm—14r(e)

< ||’Y||§)\4(W;nﬂwzl)) Hu”;,;n—ww

The proof is complete. O



5

The Space M (BT — B!)

A complete description of the space M (B (R™) — BY{(R")), 0 <[ < m, is
given in Sect. 5.3 for integer [ and in Sect. 5.4 for noninteger [. Sections 5.1 and
5.2 are auxiliary. In Sect.5.5 we survey some results on multipliers in Besov,
BMO, and related function spaces.

5.1 Trace Inequality for Functions in B!(R™)

Let | = k+ «, where a € (0,1] and k is a nonnegative integer. In concert with
(4.1.1) and (4.1.2) we use the notations

(D1,u)(z) = /R APV u(a)| B dh, (5.1.1)

and
u; R™[[ gt = [|D1,0u; R, + [lus R™|| 1, - (5.1.2)

Let us adopt the notation z = (z,y) and ¢ = (£,n) for points of R™*¢
where z,¢ € R and y,n € R®. Further, let B'Y(q) be a d-dimensional ball

with centre ¢ € R%. If d = n, we write B,.(q) instead of Bﬁn)(q).
In this section we prove the following assertion.

Theorem 5.1.1. [Mazll] The best constant K in
/ luldp < K |91 u; R, (5.1.3)
]Rn

18 equivalent to

Q= sup ' "u(By(x)).
z€R™,p>0

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 179
Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009
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5.1.1 Auxiliary Facts

Lemma 5.1.1. Let g be an open subset of R"™* with compact closure and
smooth boundary 0g such that

—1
pldc([ i) =2 (5.1.4)
/13$"+5>(z)ng BT (2)
where o« > —s. Then
Lo o) 2 ermt 4yl (5.1.5)
B;" T (2)Ndg

where o is the (n + s — 1)-dimensional area.
The proof is based on the following lemma.

Lemma 5.1.2. Let a > —s for s > 1 and 0 > o > —1 for s = 1. Then for
any v € C“(B£n+s)) there exists a constant V' such that

/Bygvnﬁ) [0(¢) = Vn|*d¢ < CT/K35~"+S) 7|V (¢)]dC. (5.1.6)

Proof. 1t suffices to derive (5.1.6) for r = 1. We adopt the notation B%s) xXBi =
Q. By R(¢) we denote the distance from the point ( € 0Q to the origin
ie. R(C) = (L+[¢)Y? for [n] = 1,[¢] < 1, and R(¢) = (1 + [n[*)"/? for
€] = 1,|n| < 1. Since Bgnﬂ) is the bi-Lipschitz image of @Q under the mapping
¢ — ¢/R(C), we can deduce (5.1.6) from the inequality

[ 1) = vinedc < [ [wu©lnedc. (5.07)
Q Q

Let us show that (5.1.7) holds. Since

(s + )n|™ = div(|n|*n),

we find by integrating by parts on the left-hand side of (5.1.7) that it does
not exceed

(s+a)7( /Q Volll=tac+ [ a [ @)= Viast)-  (618)

We put T = By x (Bgs)\Bi‘??). Let s > 1. The second term in (5.1.8) is not

c/T|Vv|dC+c/T|U—V\dC.

Hence, taking the mean value of v in T as V, we get (5.1.7) from (5.1.8). If
s = 1 then the set T has two components: Ty = By x (1/2,1) and T =
Bi x (—1,—1/2). The same arguments as for the case s > 1 lead to

greater than
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(€, 1) — V| dé < /

Ty

Vu(O)ldC < /Q V0] n]dc,

Bi

where V. is the mean value of v in T4.. It remains to be noted that

1
ve-vilse [ af
By —1

for a < 0. Thus, for s = 1, inequality (5.1.7) follows with V. or V_ in place
of V.

ov o
an‘dnéc /Q|w<<>|n| dc

Proof of Lemma 5.1.1. For the sake of brevity, let B = Bfnnﬁ)(z). We
let v in (5.1.6) be the mollification y, of the characteristic function of g. Then
the left-hand side is bounded from below by the sum

-V / Inld¢ + |V / Inld,
€1 €

where e; = {z € B: x,(2) =i},i=0,1.
Let € be an arbitrarily small positive number. By (5.1.4),

(3~ L= V] + V) /B Inl*d¢ < er /B ]|V (O)1dC

for sufficiently small p. Consequently
1 . a o
5 [ vledc < crtimsup [ Ve ©ldc =er [ piftdatc).
B p—+0 JB BNog

(The last equality can be derived from Corollary 1.1.1.) It remains to note
that

/B gl > er™ (e + fy))°.
O

Lemma 5.1.3. Let v be a measure in R and let o« > —s. The best constant
K1 mn

/ Uldv < Kl/ WPV Uz, U e CRRMS),  (5.1.9)
Rn+s Rn+s

s equivalent to

Q1= sup (p+ y)) = p (B (2)). (5.1.10)
z,p>0

Proof. 1. First let m > 1 or 0 > a > —1,m = 1. According to Proposition
1.1.1,
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v
K = sup A9
o Jyldo
dg
where g is an arbitrary open subset of R"™* with compact closure and smooth
boundary. We show that for any ¢ there exists a covering of g by a sequence
of balls B,(;’}H)(zi), 1=1,2,---, such that

Do i i) < c/{9 ly|“do. (5.1.11)
7 g9

Every point z € g is the centre of a ball Bﬁnﬂ)(z) for which (5.1.4) holds. In
fact, the ratio on the left-hand side of (5.1.4) is a continuous function in r,
equal to one for small values of r and tending to zero as r — oco. By Lemma

1.1.3 there exists a sequence of disjoint balls B "*)(z;) such that

gc |UBS ).
i=1
Lemma 5.1.1 implies that

/B<n+s>( )nod ly|“do > crf T (i + [yl
) Zi 9

Consequently {Bgﬁ:rs)(zi)}izl is the required covering. Obviously,

vlg) < Dow(BE T () < Qu Yo ri T i+ Il

i i

<cQi [ |y|*do.
g

Thus K1 < Q.

2. Let s = 1 and a > 0. We construct a covering of the set {¢ : n # 0}
by balls BY) such that the radius p; of BY) is equal to the distance from
BU) to the hyperplane {¢ : n = 0}. By {p;} we denote a partition of unity
subordinate to the covering {BW)} with |Vi;| < cpj_1 (see [St2], Ch. VI, §1).
Using the present assertion for a = 0, we get

/R +1 lpjuldy < esup p~ vy (B (2)) |V (0ju); R |1,

Pz

where v; is the restriction of the measure v to BY). It is clear that

supp (BRI () < e sup pw(BIHD(2)).
P2 p<p;,z€B)
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Therefore,

/ \pjuldy
Rn+1

<c s (ptpy) P (B (2) / IV (i05) 1] dC.
p<p;,z€BL) Rn+1

Summing over j, we find that

[ v <ema( [ iulalrdcr [ julllac).
Rn+1 Rn+1 Rn+1
Since

/ ] < o™ / Vulln]*dc
Rn+1 Rn+1

for @ > 0, we also have K1 < c@Qq for s=1, a > 0.
3. To obtain the converse estimate, we put U(£) = ¢(p~1(¢ — 2)) into

5.1.9), where ¢ € C§° B ,o=1on B{""*) We notice that
0 P2 1
/ n|*[VeUldG < c ,0‘1/ n|*d¢ < ep™ o+ [y
Bi ) (2) B (2)

The proof is complete. O

Corollary 5.1.1. Let v be a measure in R™ and let o > —s. The best constant
in (5.1.9) is equivalent to

sup pl—n—s—ay(Bgn—&-s)(z)).
z€R™,p>0

To prove this assertion, it suffices to note that the value @ defined in (5.1.10)
is equivalent to the last supremum if supp v C R™.

5.1.2 Main Result

Now we are in a position to prove Theorem 5.1.1.

The estimates K1 > ¢ @ and Ky > ¢ @ can be be obtained quite simply.
It suffices to put u(€) = p(p~t(z — £)) into (5.1.3), where p € C§°(B2) and
@ =1 on By, and to note that

/R uld > w(By(z)),  [Dryw Rz, = cpm .

Now we obtain the estimates K < c¢@Q. Let I € (0,1). According to
Corollary 5.1.1,

[ddnzea [ Ui (5.112)
Rn Rn,+1
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where U € C§°(R™1) is an arbitrary extension of u € C§°(R™) to R"*1. If
[ =1, then by Theorem 1.1.1

/ |uldp < CQ/ |VoUldz. (5.1.13)
R Rn+1
Tt is known (see [Usp]) that
DR, ~int [ ol VUM e 0.1),
U Rn+1
||©171U;Rn”[,1 ~ ll’lf/ |V2U|d2’
U Jrnt1

Hence, minimizing the right-hand sides of (5.1.12) and (5.1.13) over all exten-
sions U, we arrive at

/ luldp < cQ|D1,w;R"||,, 1€ (0,1].
R‘VL

Suppose that the estimate K < ¢ is proved under the condition
Il € (m—2,m — 1], where m is an integer, m > 2. Duplicating the argu-
ment used in part (i¢) of the proof of Theorem 1.1.1, we obtain the required
estimate for [ € (m — 1, m]. O

Remark 5.1.1. Tt follows from Theorem 5.1.1 that (5.1.3) with [ > n is valid
only in the trivial case p = 0, and for [ = n if and only if the measure p is
finite.

Theorem 5.1.2. The best constant Ky in

/ Juldpe < Kol R | 51

1 equivalent to
Qo= sup  p"u(By(x)).
z€R™,pe(0,1)

Proof. The estimate Ky > ¢ Q¢ can be obtained in the same way as the
estimate K > ¢ @ in Theorem 5.1.1. To prove the converse inequality, we use
the sequence {n,},;>0 defined in Theorem 3.1.2. We apply Theorem 5.1.1 to

the integral
/ |njuldp,
Rn

where 5 is the restriction of p to the support of ;. Then

/R juldp < ¢ 3 / nyuldi; < cQo S [D1(nw),-
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Since
||U§Rn||B§ ~ Z ||77jU;Rn||Bg7
J

the last sum does not exceed ¢ |lu; R"| . a

Remark 5.1.2. 1t is clear that

Qo = sup p(Bi(x))
zER™

for | > n.

5.2 Properties of Functions in the Space B¥(R™)

5.2.1 Trace and Imbedding Properties

We start with the statement of a well-known trace and extension result.

Lemma 5.2.1. [Usp| Suppose that m > 1.
(1) Let U be an arbitrary function in the space WllH(R:EH). Then the limit

u(z) = lim U(x, p)
p—0

exists for almost all x € R™, the function u belongs to the space BL(R™), and
lu; R™ | gy < e |U3RE [y

(i) Let Tu denote the action of the Poisson operator on the function
U € Ly ynie(R™) defined by (3.2.38). Then

T R |yrs < s R .

The next lemma contains an interpolation inequality for functions in
BY(R™).

Lemma 5.2.2. Let u € BY(R"), where | is an integer, | > 1. Then for j =
0,....0—1
n ny (1—=3)/1 nyi/l
o R gg-s < e s R 57 s R (5.2.1)

Proof. We introduce the function

A ()|
|h|n+s

(D) (z) = / dh (5.2.2)

n
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with any integer g > s, where qu)u(x) is the difference of order ¢ defined by
(@) (4 gy
AP u(z) =" (Z> (=D u(z + (g —)h).
i=0

Given s > 0, the equivalence relation

[lus R™|

Bt ~ [DOwR 1, + s R, (5.2.3)

holds for all values of ¢ greater than s (see [Tr4], Sect. 3.5.3). Let ¢ > I.
Adding together the two inequalities

(q) (@)
n n B

\h|”“ J B[
and
/n/"\s |h|"+l e < R o,
we find that
(a) n
1D s R, = // |h|n+l 12 w0l o 4,
y (5.2.3),

1911w R"||z, < ¢ (ID{2us R |1z, + [lu; R"|L, ).
This, together with (5.2.4) and (5.2.3), leads to
91— ju; R |z, < e (DR |z, + lu; R™|z,). (5.2.5)

The interpolation inequality (5.2.1) follows from (5.2.5) by dilation. O

Let B denote the unit ball centered at the origin and let | be a positive
integer. We introduce the space B!(B) of functions on B with finite norm

dz d
Jus Bl = Z||Vu8||L1+Z//\A<2w Dl

A local variant of inequality (5.2.1) is contained in the next statement.

Corollary 5.2.1. Let u € BY(B). Then, for any j =0,...,1—1

s Bl i < e llus Bl gy 7" s B (5.2.6)
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Proof. Tt is well known (see [Tr4], Sect. 4.5) that u can be extended onto R"
so that

[l R || gy < ¢ju; B[ gy (5.2.7)
and

lw; R ||z, < ellu;BllL,- (5.2.8)
These inequalities, combined with Lemma 5.2.2, give (5.2.6). o

We need the following Hardy-type inequality.

Lemma 5.2.3. Let u € BY(R"), where | is an integer, 1 <1 < n. Then
/ 2|~ u(z)| dz < ¢ [|us R™|| i - (5.2.9)
Proof. Let U € Wf“(Ri“) be an arbitrary extension of u. We have

/ 2|~ u(z)| dz = 2 /OO dr / 2)| da. (5.2.10)
R T Js 8, h

To estimate the right-hand side of (5.2.10), we use the standard trace
inequality

[ m@ldr<e [ (UG +[VUG)d
Bor \ B, Gor\Gr
where G, = Bfn”“) ﬂ]Rf_H. Together with (5.2.10), this inequality implies that

/Rn 2|~ u(@)| de < C/Riﬂ(UZT)' VU (= )|) |de (5.2.11)

Iterating the Hardy-type inequality

dz dz
Lo el < / V)
.

with 7 =0,...,l—1, we find that the right-hand side in (5.2.11) is dominated
by
e[ IVt

R

Taking into account that u is the trace of U on R™ and using part (i) of
Lemma 5.2.1, we complete the proof. O

The next lemma contains two more inequalities for intermediate derivatives
of functions given on the ball B,.. The integral over (B,.)? stands for the double
integral over B,.
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Lemma 5.2.4. Let | be a positive integer and let j = 0,...,0 — 1. Then for
any r € (0,1] 4
UV ju; By

dz dy B
< ) Cdedy N
<c (/(B . (AP 1u) (2, y)] Ty T ||u,B,»HL1) (5.2.12)

and o
P
dx dy B
= AP e s By 5.2.13
_(:(/(B )QI( ! 1u)(x,y)|‘x_y|n+1+r [l ||L1), ( )
where
r+y

(A®0)(a,y) = v(@) 20 (FE) +v(y)-

Proof. By dilation, the proof reduces to the case r = 1. It is well known that
forj=1,...,1—2

IViu; Blle, < c(IVierw; Bllz, + [u; BllL,) - (5.2.14)
Hence, it suffices to prove (5.2.12) for j = [ — 1. We introduce the function
p € Cy°(B) subject to / e(y)dy = 1.

We have
vmwm=/¢@w4wmm
B

x+y)

:/gp(y)A(z)Vl_lu(x,y)der/cp(y)(2vl_1u( = Vicqu(y))dy.
B B

Integrating by parts in the last integral, we obtain

vmww=/ww4%ww@w@
B

HD [ @) — ) (Vies) ) (5.2.15)

Therefore,
[ v < [ | o) (@@ )@t + sl

Since the right-hand side does not exceed

dyd.
//jA@mluzym =+l Bl

we arrive at (5.2.12) with j = [ — 1. The proof of (5.2.12) is complete. Finally,
(5.2.13) results from the definition of the space B! (B) and inequalities (5.2.6)
and (5.2.12). 0
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5.2.2 Auxiliary Estimates for the Poisson Operator

We deal with the Poisson operator T defined by (3.2.38).

Lemma 5.2.5. Let v € Wil (R"). Then

1,loc

11 1
/0 )W)dy < c(@17) (@), (5.2.16)

where (Dy)(x) is defined by (5.1.1).
Proof. For every n-dimensional multi-index « with |a| = 2,

E—x
Y

D)) =y [ (00 (ST e

n

- y—”—Q/n(DaC)<g)fy(x+h)dh = y_”_Q/Rn Con (S)Af)v(x)dh, (5.2.17)

where 1
G = 5(D°Q)(E).

The last equality in (5.2.17) holds because D*( is even and satisfies

DOC(t)dt = 0.
-
Since
(T)(z,y) = %y‘" /n C(%)Aﬁf)w(x)dh + (), (5.2.18)

it follows for every n-dimensional multi-index § with || = 1 that

DA =5 [ 2 (050 (5)) AP wan

:y’”*Q/ncog(y)Aﬁf) (z)dh, (5.2.19)

where

Qs = 5 ((n+ 1+ (6 VD)),

Suppose that [ > 2. Let 7 = a 4 ¢, where |7] =1+ 1, |o| = 2, [0] =1 - 1.
By (5.2.17),

DI(TY)(z,y) =y "2 . co,a(g)A?(D%)(x)dh. (5.2.20)
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Next, let 7 = 8+ 6, where || =1, |5| =1, |§] =1 — 1. By (5.2.19),

0

S DETN @) = [ Goa() AP (D) @)

(5.2.21)

Suppose that [ 4+ 1 is even, then the harmonicity of T+ implies that

8l+1 N
dy 7 (T (@, y) = (=A:) V(T (2, y).
Hence, by (5.2.20),

al+1 o h @)
S| < [ Q) APV (@)dn

where
0<Gi(e) <ec(l+leh™?
If [ + 1 is odd, then we have by harmonicity of T~y
o+t 0
gyt (D)@ y) = a—y(—Ax)”Z(Tv)(z,y)

This, together with (5.2.21), gives

ot h
G| <o [ GC) APV @lan
where
0<GE) <c+[g)™?
Hence,

9+Y(T) (AP Vi19) (@)]
<
/ ‘ DyH1 ‘dy C/ dy/n (y + |R])"+2 dh

_ /|<A2 Vi@,
n+1 |h|nt1

which completes the proof.

Lemma 5.2.6. Suppose that v € W!1 (R") and let

1,loc

N = sup " 7"||D1,7; B (x)]|L,-

xzER™
r€(0,1)

Then, for any y € (0, 1]

al+1(T7)(‘xa y) —m—1

(5.2.22)

(5.2.23)

(5.2.24)

(5.2.25)

(5.2.26)
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Proof. By Lemma 5.2.5,

+1 T
/ / a o 7+12 2)) ‘dy<ch” m (5.2.27)

forr € (0,1). Let /2 < y < r. Applying the mean value theorem for harmonic
functions, we find that

)3’“(%)(% Y) / /
oy+1 = ,rn+l 5. () /2

By (5.2.27), the right-hand side is dominated by ¢ N r='=™. The proof is
complete. a

(T (2 0 (Ty)(2,m)
ot

dn.

The next assertion is based mainly on two previous lemmas.

Corollary 5.2.2. Let 0 <l <m < n and let v € Wll WL(R™). Then, for all
reR”

(@) < ¢ (VY™ (@1,7) @) ™ ™ 4 11 1)

Proof. Introducing the notation

oly) = 01T ) (2, y) /0y | for 0 <y <1,
0 for y > 1,

for any R > 0, we have

6l+1 T z, 0o R o)
/ ‘ 5 7+1 y)( ldy:/ e(y)y' dySRl/ w(y)der/ o(y)y'dy.
Yy 0 0 R

By Lemma 5.2.5, the first term on the right-hand side is majorized by
cR' (D 7)(x) and, by Lemma 5.2.6,

/ o(y)y'dy < cN/ y' =Yy = ¢ N RI™.
R R

Choosing R as

m -1
R=N""(@1m)() ",
we arrive at the inequality

m—l)/m

AwﬂwM@ScNW%@uwm»(

which together with (3.2.39) completes the proof. O
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Corollary 5.2.3. Suppose that v € Wll_lolc(R”) For any integer | > 1 and
any z € R"”

Py By(2) |, < c( s?p)pm*”H@m;Br(z)llLl+Hv||Ll,umf)- (5.2.28)
pe(0,1

Proof. By Corollary 5.2.2,

™y Be(2) | s

<c(Nmmnt [ (@) @) e 4 R )
B, (z)

which does not exceed

e (i (s /B T(z)(@m)(m)dx) (m

by Holder’s inequality. Using (5.2.26), we complete the proof. a

=0)/m "
+ ”'Y; R HL1,unif)

In the next two lemmas, we return to the Poisson operator T'.

Lemma 5.2.7. Let r <y < 1. Then, for any integer k > 1

VR(T7) (@, y)] < er™™F sup g™y By(2) s (5.2.29)

zERN
p€(0,1)

Proof. By (3.2.38),

IVie(Ty)(z,y)| < C/Rn %dé (5.2.30)
We have
/Br(x) (lz = 2|(fr)|y)”+’“ de ey /Bru) el
< cplmm=k sup Py By (2)|I 5, - (5.2.31)
p€(0,1)
Also,

v (©)l v (€I
A4 B —
~/]R"\Br(z) (Jo — &l +y)ntk = /]R"\BT(J;) |z — |tk <

< CT*W,/ dz/ h(g)'%d@
Re\Bay(z)  JBn(2) [T —&|"

Since [€—x| > |z—x|/2, it follows that the right-hand side of the last inequality
does not exceed
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) dt .
er! m/ T Py By(@) Ly -
R7\ Ba,- () 0€(0,1)

Therefore,

1y ()] I—m—k el
——dé<ecr™™ sup p" " B, (z . (5.2.32
Ji o Ty = e i Bl (5:232)

pe(0,1)

Now, (5.2.29) results by combining inequalities (5.2.31), (5.2.32), and (5.2.30).
O

Lemma 5.2.8. Let y > 1 and let k > 0. Then

V(T 9)] < ey 1]y unie- (5.2.33)

Proof. First, observe that

R S S -
/By(z)(|96—€|+y)"+k scy /By(x)h(ﬁﬂ €<y "Ly wme-  (5.2.34)

Clearly,

()] (&)
o e+ it d — e (5.2.35
/]Rn\By(x) (|l — & +y)ntk §<c /R"\BQ(;B) z/&(z) o — g £ ( )

Since |§ — x| > |z — z|/2, the right-hand side of (5.2.35) is dominated by

A
L1 ,uni ntk "
P e\ By () |2 — 2
Therefore,
|7(§)| —k
= d§ < ey V] Ly e (5.2.36)
/Rn\zsy(w) (Jlz =&+ y)nt* e

Combining the inequalities (5.2.34) and (5.2.36), and then using (5.2.30), we
complete the proof. O

5.3 Descriptions of M (BT — B!) with Integer !

In this section we give two different characterizations of the space M (B}* —
Bl) with integer [.
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5.3.1 A Norm in M (BT — B!)

As before, in the following theorem the integral over (Bﬁn)(z))2 stands for the
double integral over Bv(an)(z).

Theorem 5.3.1. Let | be an integer and let m > 1 > 1. The equivalence
relation holds:

”’YHM(B{”HBll) ~

m—n dz dy _
sup 7 ( / [(ADV,_19) (2, y)| —— o+ l||’y;BT(z)||L1). (5.3.1)
A (Bi(2))? lz—1|

Proof. We use the norm

-1
v Bl s = >V 503 By,

j=0
=L dx dy
+ rj+1_l/ APV jo(2) | —— 5.3.2
Z—: e A s (5.32)
defined for a positive integer [ and r € (0,1). Lemma 5.2.4 implies that
dx dy _
P A R LA GRS

"

By dilation in (5.2.6) we obtain
1—j/1 1
o: Bell s < ellos Bellg " los B, 117, (5.3.4)

for any j =0,...,1— 1.
By (5.3.3), the required relation (5.3.1) can be written as

Mlaecap—~myy ~ sup ™"l Br(2)l ;.- (5:3.5)

re(0,1)

From Lemma 5.2.3 and (5.3.3), we see that

llo; Brll gy < ello; R || 5y (5.3.6)
for I < n. Let u(y) = n(%2), where r € (0,1) for m < n, and r = 1 for
m > n, and 7 € C’O (Bz2), n =1 on By. Setting this u into the inequality

v ullgr < [Vl ar(sp— By llull By (5.3.7)
and using (5.3.6) with v = yu, we have

I7: Br (@)l gy < er™ ™ [l R sy — 51 (5.3.8)
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for any = € R". The required lower estimate for the norm [|v;R"[[5;(gm_ pt)
follows from (5.3.3).
Now we obtain the upper estimate for the norm [|v;R™ ||y gm_p). As

before, let Ty stand for the Poisson integral of . For any U € Wf”'l(RT’l),
we have by Lemma 5.2.1 that

lyus R | gy < e [(TNU; R |01, (5.3.9)
where u(z) = U(z,0). Let X = (z,y) € R and let
G, (X) = BUH () N R
By Theorem 2.4.2, for any integer | € [0,m),

11; Ri—‘rlHM(Wf""*'lHWlH'l) ~

sup "V 3G (X)), + sup [|[175G1(X) ]|z, - (5.3.10)
xert! Xerptt
re(0,1)

The first supremum in (5.3.10) can be replaced by

sup  [|Vig1I3G1(X) ||z,
XerpH

in the case m > n. Furthermore,

IR g~ s VAT G (0, + TR (53.10)
XeRr™ 1
7‘2(0,1)
This relation and (5.3.9) give
Iy ws R || gy < € K |U3 R gy, (5.3.12)

where

K= sup "7 "|Viu1(T7); Gr (X)L, + sup [Ty Gu(X)][r,- (5.3.13)
XER1+1 XeRrnt!
re(0,1)

We introduce one more notation

km, = sup rmfn/ AP, iy, y) | ——— 5.3.14
" zexn (B, (2))? | (@) |z —y|nt? ( )
re(0,1)
and intend to show that
Ky < ¢ (B + sup |17 B (2)|11,).- (5.3.15)

zeR®
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Then the upper estimate for |v;R"|y;(ppn_pi) follows from (5.3.12) by
Lemma 5.2.1 and the arbitrariness of U.

Let us justify (5.3.15). When estimating [|Vi11(T7); G, (Xo)||L,, where
Xy € RT‘l, it suffices to take Xy = (0,9). Suppose first that yo > 2. Then,
by Lemma 5.2.8,

Vi (T7); Gr(Xo) oy < el R 2y e
For 2 > yg > 2r, from Lemma 5.2.7 we have
Vi (T); Gr(Xo)llz, < ¢ sup P s BS ()] -
zER™
p€(0,1)

Given any r € (0,1), it remains to estimate the norm ||V;41(T7); G- (Xo)| 2,
for yo < 2r.

For any even k > 2 and |o| = [ + 1 — k, the harmonicity of T in Rt
implies that

ak
ak

This together with (5.2.20) gives

5 DI (Ty)(,y) = DI (= A:)"*(T) (2, y).

oF h
WD;(TW,M <y / ) 41(5) (APV_19)(@)ldh,  (5.3.16)

where (; obeys (5.2.23). Similarly, for any odd k > 3
ak

S DE TN (@) = 5 DI A) ST )

Using (5.2.21), we have

]—DU )| <o [ a(S) APV @lan (637

with (s satisfying (5.2.25).
Introducing the notation

= /g Ty / Cz( ) AP (Vi) @ldh,  (5.3.18)

we deduce from (5.2.25) that for yo < 2r

3r
Ji < c/ y_"_zdy/ dx/ |A§12)Vl,1’y)(x)|dh
0 82)" By

:c/ |h|—"—1dh/ (AP, 1) (2)|da.
Bgr 2

"
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Therefore,
J1 S cr™™ km,l (5319)

with k&, given by (5.3.14).
Let

Jy 1= / / ) APV, 1) (@)|dhy " 2dedy.  (5.3.20)
r Xo) T’\B y

By (5.3.17) and (5.2.25), we have for the inner integral over ]R"\Bl(,n)

(AP, 17)(z)|dh
‘h|”+2 :

/ (1) APV (@)ldh < y+/
R™\B, Y

R™\B,

We write the integral on the right-hand side as the sum of two integrals, one
taken over By, \B, and another over R™\By,. We see that

[ v [ 1@Vl [ ot
0 B, B\ By

APy, dh
g/ dm/ (A Vi) @dh ey (5.3.21)
Ba, Al ’

Also,

3 2
(4,7Vi_1y)(z)|dh
/ dy/(n) da:/ = |hn+2) ) <c(+I.+12), (5.3.22)
0 B, n\B2T

where 5
" dh
1= [y [ Vel [ ST
0 B ' Re\B,, |P["T2
and
3r
|Viciy(x£h)|dh
It */ dy/ / ————dx.
n\ By, |h|n+2
Clearly,
Igcr_l/ |Vic1vy(x)|da. (5.3.23)
Hence,
I< CT"””( sup pmfnfl/ \Vl_w(x)|dx>. (5.3.24)
=CRT By (z)

p€(0,1)



198 5 The Space M (B* — B})

Obviously,

I <er'™ / / / NVin(@th)dh
+ B(n) T’\Bzy |h|n-"_2 '

In view of the estimate |£] <7+ |h| < 3|¢| + |h/, this implies that

d
I, < crl_”/ / / |Vi—1v(x+h)| dx thiQ, (5.3.25)
"\Ba, JB.(6) /B, €l
and therefore
I < cr”_m< sup pm_"_l/ |Vl_1’y(x)|da:>. (5.3.26)
peto) Bo(2)

Combining (5.3.21), (5.3.23), and (5.3.26), we conclude that Jo defined by
(5.3.20) is subject to the inequality

zeR’lL
p€(0,1)

Jo <ecr™™ (kzl,m + sup pm_"_l/ |Vl,w(x)|dx). (5.3.27)
B, (z)

Together with (5.3.19), this leads to

Vi (T); Gr(Xo) Iz,

c(kl7m+ sup pm,n,l/ ()|Vl_1’y(x)|dx). (5.3.28)
By(z

zERM
p€(0,1)

It remains to show that

sup [|T;G1(Xo)l[z, < ¢ sup [lv; Bi(x)| L, (5.3.29)
XbER1+1 reR”

If yo > 2, this inequality stems directly from (5.2.33). Let yo < 2. Clearly,

(1 T7; G1(Xo) |1, S/OS/B/B @)C 3
" /03 W /BY” /n\gm C<£_Tm> (€)ldg dzz—% (5.3.30)

The first term on the right-hand side does not exceed

=) h©lds dz

3
/ C(t)dt / / (@ + ty)|dedy < ¢ sup |1 Bu@lm.  (5.3.31)
B 0 B zER™
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Since ¢ is the Poisson kernel, the second term in (5.3.30) is dominated by

|v(x + h)|dh
———dxyd
///w\s (y + [p[)+1 T

3
|[v(z + h)|dh dy
§c/ // d§/ L dr—=—. (5.3.32)
0 JBJR"\By, By (€) Yy

In view of the inequality || > |£|/2 which is valid since |¢] < r+|h| < $|¢|+|h],
the right-hand side in (5.3.32) is majorized by

dy
¥(z + h)|dxdh—— < ¢ sup ||v; (Bi( L
/ / n\e%/ y@)/ e +h) |5\n+1 g1 = €S |17 (Bi(2)) .-

Combining the last estimate with (5.3.31) and (5.3.32), we arrive at (5.3.29).
Now, adding the inequalities (5.3.19), (5.3.27), and (5.3.29), we conclude
that the value K ,,, defined by (5.3.13) satisfies

Kin < ekt sup 7 [ 90 iy@ldotsup [ B (6339
B (z) zeR”

zER™
re(0,1)

Estimating the second term on the right-hand side by Lemma 5.2.4, we arrive
at (5.3.15). The result follows for I < m. For m = [, instead of (5.3.29), we
use the maximum principle

1T R o < 1% R™Lo

The proof of Theorem 5.3.1 is complete. O

Remark 5.3.1. 1t is obvious that for m = [ the relation (5.3.1) can be written as

||’7||MB§ ~
—n dz dy
swp 7 [ (AP @) Sl (5330
5 (B (2)) |z =yl

Corollary 5.3.1. Suppose that v € M(B{"(R") — BY(R")). Then V;y €
M (B (R") — By (R)).

Proof. This follows directly from Theorem 5.3.1 and Lemma 5.2.4.

5.3.2 Description of M (B — B!) Involving D1,

Now we give another description of the space M (B (R") — B} (R™)).
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Theorem 5.3.2. Let | be an integer and let m > 1> 1. Then the equivalence
relation

I m B —B1) ~ sup Dy B (D) zy + IV Ly e (5.3.35)

r€(0,1)

holds. If m =1, then

Yl army ~ sup "M D10y Br(2) ey + 1Yl 2o - (5.3.36)

’FE(O 1)

Form >n and m > 1,

IV sy —B1) ~ Seuﬂgl(\li)lw;&(Z)HLl +11v: (Bi(2))l1,) (5.3.37)

which, in its turn, is equivalent to ||v; R™|| g

1, unif

Proof. The desired lower estimate for the norm ||y (pr—pt) follows from
(5.3.8) and the estimate

1917 Br(2)ll, < ¢ sup Iv; Br ()l 5t » (5.3.38)

which holds for all z € R™ and r € (0, 1]. In order to justify (5.3.38), it suffices
to check that

dh
(APV1_19) ()| oy de
B,(2) /Rn\zs (4 1) |h|+t
<cr” fsup IVi—17; Br(§)]I L, - (5.3.39)
cRn
Clearly,
dh
Vie1y(@) |y do
/Br(z)/ﬂ\Br |h|nt1
<ecrtsup [Vi1y; Be(©)|ln,- (5.3.40)
EER™
Also,

dh
Viciy(xxh)|—— dz
/Br(z) /n\&| ( )||h|”+1

c dh
< — \Viciy(zth)| g d€ da.
" x/BT(z)/"\BgT /zsr(g) ' |h|H

Since [£| < r + |h|, it follows that |h| > |£|/2 and, therefore, the right-hand
side of the last inequality is dominated by

cf [ VenGeEnin s < et sw [V B Gl
"\Ba, JB,.(€) 3 ~€Rn

which together with (5.3.40) implies (5.3.39).
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To get the required upper estimate for ||v[|y;(gm_ i), we combine (5.3.33)
with Lemma 5.2.4 and Corollary 5.2.3 to conclude that

Km,l < C( sup TminH@Ll’Y;BT(Z)”Ll + HrYHLl,unif)'
Z€RN
re(0,1)

Using this inequality in (5.3.12), the result follows.
For m > n, the right-hand side in (5.3.5) is obviously equivalent to

B! . (R™). The proof is complete. O

1,unif
5.3.3 M(B™(R™) — B!(R™)) as the Space of Traces

We use the notation R = {(z,y) : # € R",y > 0} and R" = 9R}"'. By
WE(R’ ) with integer k& we mean the space of functions defined on R’}
with finite norm

1T R s = IVRU Rz, + U5 Rz, -

The next theorem shows that M (B (R™) — B!(R™)), with integer m and I,
is the space of traces on R" of functions in M(W{"'H(R:‘_H) — Wll"’l(}RT'l)).

Theorem 5.3.3. Let m and | be integers, m > 1> 1.

(7) Suppose that
v € M(B{"(R") — Bi(R")).

Then the Dirichlet problem
Al'=0on R}, Ipe =7
has a unique solution in M(W{" T (R} — Wf“(]l%i“)) and the estimate
ISR e ety < € IR Lar st (5.3.41)

holds.
(14) Suppose that

e MW R — W RE).
If ~ is the trace of I' on R™, then
v € M(B{*(R") — Bi(R"))
and the estimate
”’V;RRHJW(B{"HBD < C||F§R7+L+1||M(W;L+1_>Wll+l) (5.3.42)

holds.
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Proof. (i) Suppose that v € M (B (R™) — B{(R")). Then by Theorem 5.3.1,
the right-hand side in (5.3.1) is finite. Taking into account (5.3.15), we con-
clude that K, ; defined in (5.3.13) is finite. Then reference to the equivalence
relation (5.3.10) completes the proof of part ().
(i1) Let U € W™ (R?™!) and U(,0) = u(z). Clearly, by part (i) of
Lemma 5.2.1,
Iy ws R gy < cl|TU; R |0

< eIT R sy U RE .

Minimizing the right-hand side over all extensions U of u and using part (ii)
of Lemma 5.2.1, we complete the proof.

5.3.4 Interpolation Inequality for Multipliers
From Theorem 5.1.2 one readily obtains

Corollary 5.3.2. Let 0 < s < n, then

95 R a1y ~ 50 7" B, (5.3.43)
r‘nGE(O,l)
Let s > n, then
17 R [ ar (g —L1) ~ sup [l7: Bi(2)]| L, - (5.3.44)
TzeR™

Theorem 5.3.4. Let m and [ be integers, m > 1> 0, and let j =0,...,1—1.
Then

17—~ Bi=)

1—35/1 i/l
S e [ . (5.3.45)

Proof. By (5.3.4),
1—j/1 i/l
llw; Br ()]l gi-5 < C|\|U;Br($)\||3f/ 17 Br (=) 17

Hence,
sup 7" lu; By (@) g1

xER™
r€(0,1)

_ 1—j5/1 - i/l
<c(sup o Br(e)lg) T (Csup T B )
xzERM T ERM

re(0,1) r€(0,1)

It remains to apply Theorem 5.3.1 and Corollary 5.3.2.
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5.4 Description of the Space M (BT* — B!)
with Noninteger [

Before we pass to a complete characterization of the space of multipliers
MW (R™) — W{(R™)) for noninteger [, we prove an assertion similar to
Lemma 5.2.4.

Lemma 5.4.1. Let | be a positive noninteger, and let j =0, ...,[l]. Then for
any r € (0,1], _
=V u; By,

dx dy .
< N T o In+{l} 5 . .
<c (/(Br)2 Vigu(r) — Vigu(y)| Ty @ +r ||u,Br||L1) (5.4.1)

and
dx dy

J=[1] : i v e S
T /(BT)Q |VJU(Z‘) V]u(y)| |$L' — y|”+{l}

dx dy _
<c([ IVuule) - Vi)l ity 4 Bl). (542
(B,) |z —y|nHt
Proof. We apply the same argument as in the proof of Lemma 5.2.4 with
(5.2.15) replaced by the identity

Viu(r) = /Btﬂ(y) (Vigu(z) = Vigu(y))dy

(1)l /B u(y)(V ) () dy. (5.4.3)

Theorem 5.4.1. Let | be a noninteger and let m > 1 > 0. The equivalence
relation

||7|\M(an_>wll) ~

—n dx dy _
sup 7" ([ V@) = V) e+ B )
S (B(=))? =l

holds. For m > n
||'7HM(W{”—»W{) ~ HVHW{

,unif.
Proof. We use the norm
Mmoo
llv; Bellws = > v/~ IV 503 Brl| 1,
j=0

U]
o dz dy

#3019 - V) 5.4.4

j=0 (Br)zl ) ! )||9C —y[n ( )
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defined for positive and noninteger [, and r € (0, 1]. Lemma 5.4.1 implies that

_ dx dy T
llvs Brllw: ~ /(5 ; Vigo(z) — V[l]v(y)|m + 77 v Brll, - (5.4.5)

r

Making dilation in (5.2.6) with noninteger I, we obtain
1—j/1 /1
o: B llyyi-s < e llv Byllyy " l1v: By |17, (5.4.6)
for any j =0,...,l — 1, and hence
o3 Bollyis < e llvs B . (5.4.7)
By (5.4.5), the equivalence required in the theorem can be written as
H%R"||M(W{n—>wll) ~ S;lﬂg m’Y;Bl(Z)MW{- (5.4.8)
For m > n the right-hand side of (5.4.8) becomes

sup " |y Br (2)llwg ~ Il R llwy
zERM

T€(0,1)

,unif

From Lemma 5.2.3 and (5.4.5), we obtain

lo; Brllwy < ¢llo; R [l (5.4.9)

for I < n. Let u(y) = n(=2), where r € (0,1) for m < n and r = 1 for

T

m >n, and n € C§°(Bz), n =1 on By. Setting this u into the inequality

Iy ullw: < IVl arwym —wi lullwe (5.4.10)

and using (5.4.9) with v = yu, we have

I Br(@)llwy < er™ " 1 e ewpr —wty (5.4.11)

for any z € R™. The required lower estimate for the norm ||7v|[swm—wr)
follows from (5.4.5).
Now we obtain the upper estimate for the norm [|v([ sy —w1). We have

1D1,1(yw) L,

(1]
< (1Vul Dra—iylle, + V9] Dra—jullz, ). (5.4.12)
i=0

By Theorem 5.1.2
1V jul Dy,
<csup "Dy Be(@) | oy IV jully-- (5.4.13)

zERM
re(0,1)
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Note that the estimate

1D117; Br(2)l|L, < csup Iv; Br () llwy (5.4.14)

holds for all z € R™ and r € (0, 1]. To justify this estimate, it suffices to check

that dh
V(@ +h) = Vy(@)| oy de
/BE.")(Z)/"\B (1] [ |h |+
<er 18 sup IV Br ()]l (5.4.15)

which is proved in the same way as (5.3.39) with obvious changes. By (5.4.15),

r 7| Dyy—jv; Br(@) g, < er™i Sup V=7 Br(§)llL,

< csup [|v; B (§)llw:-
¢ERM
This together with (5.4.13) implies that

HNVul Dri—gylie, < e sup ™y Be(E)lwy llullwie (5.4.16)

re(0,1)

for m < n, and

I1V5ul Dri-jylies < e sup 17 Bi(2)llwi s (5:4.17)

for m > n.
Since the proof of (4.3.60) is also valid for p = 1, we have

Vv Dra—julle, < el Vivllyawm-re gy lullwen
which together with Theorem 5.1.2 gives

11V D1i—jullr, <c sup P s Br() | 1y [l g

re(0,1)

This estimate along with Lemma 5.4.1 implies that

Vil Dri—jullz, < e sup r™ "y Br(2)lwy llullwyr (5.4.18)

re(0,1)

for m < n, and

1Viy[ Dii—jullz, < e sup Iv; B () llwy llullvim (5.4.19)

for m > n. Substituting (5.4.16)—(5.4.19) into (5.4.12), we complete the proof.
O
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5.5 Further Results on Multipliers in Besov
and Other Function Spaces

5.5.1 Peetre’s Imbedding Theorem

As early as in 1976 Peetre showed that, in order for a function v be a multiplier
in lew’ it suffices that v belongs to B<l>o,9 (see [Pe2]). He used a Littlewood-
Paley decomposition of a function u as the sum of elementary functions u,
such that the Fourier transform of w,, is supported by the dyadic annulus of
width ~2™. In this section we reproduce Peetre’s result.

The space le) ¢ with p > 1 defined in Sect.4.4 can be supplied with other

norms (see [Pe2], [Tr3]). For example, for [ € (0,1) one may put

° dt\1/0
(/ (flwp(t,u))e?) + |lullz, for 6 < oo,
= 0

lullss, B
' iulo)t wp(t,u) + |lullz, for 6 = oo,
>

where

wp(t,u) = sup (/n |u(z + h) — u(x)|P dx) 1/p.

[h|<t

Another frequently used norm in B;l),e introduced by Peetre has the follow-
ing definition. Let ¢ € S, where S is the space of rapidly decreasing functions.
Further let

(1) suppp = {£: 271 < J¢| < 2},
(2) (&) >0 for 271 < [¢] < 2,

o0

3) Y w2t =1, £0.

k=—o0
Let ¥ and ¢y be given by

Fo@)=1-> @27%); Fep(§) =¢27%), —oco<k<+oo, (55.1)
E>1

where F' is the Fourier transform. Then the norm (the quasi-norm for 0< 6 <1)
in B]lgﬂ is equivalent to

o\ 1/0
(D@ uerlls,)’) " +luxw]n,  for o< o,
lulli), =4 k=1
p,0 kl
iupQ lu* oL, +llux¥|L, for = oo
>1

(see, for example, [Pe2], [Tr3]). Using the right-hand sides of these equalities,

one can define the spaces Bll)ﬂ for all I € R! and for p € (0,1).

Theorem 5.5.1. [Pe2] If I > 0, p € [1,00], and 0 € (0,00], then Bclx;ﬂ C
MB.,.
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Proof. Let u € Bll)ﬂ and let v € Bf)oﬁ. We put U = u ¥, up, = u* ¢, and
similarly I' = v %« ¥, v, = 7 * pg. Then

u:U—l—Zuk, ’y:F—i—nyk.

k>1 E>1

For the product g = v u we have the decomposition
g=TU+T> u; +UD v+ > > . (5.5.2)
Jj=1 k=1 k>1j>1

Clearly,
lg =¥, <clglz,

In order to estimate the norm
o\ 1/0
(S @ lg*pulln,)’) .
m>1

we consider only the functions (y4 u;) * ¢y, because other terms in (5.5.2) can
be estimated in a similar way. Let us introduce the spherical layer

Gm = {€:2m7 < || < 2mT1Y.

Note that
F=H () # om) = (F ™+ F~lug ) F o,
and

supp F~ 1y, € Gy, suppF_luj C Gy, supp F 1o, € G

Therefore, if (7 ;) * ¢, is not identical to zero, we have 2m~1 < 27+ 4 2k+1,
Hence it is sufficient to estimate the norms

Muz= 3 > Oww) xemll,

i>m—3k>1
and
L= D2 Dlwwy) xomll,
k>m—3j>1
‘We have

M= > (w5 D w) * eml

j>m—3 k>1
<cId wlis Do lwlle, <clvle D llusle,.
k>1 j>m—3 j>m—3
This implies the estimate

Ms, < eyl _fupg(QsejHuj'H%p)Tsem (5:5.3)
JZzm—
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for any s € (0,1). Hence

> 2mMp, Sellli, D200 Y 2%y,

m>4 m>4 j>m—3
0 0 0
<clliz. Y 2 fuml, -
m>1

The norm L,, satisfies

Lo=I 3 (D us) xemll,,

k>m—3  j>1
<c|dwl,, D Iwlew <clule, > Il
j>1 k>m—3 k>m—3
Hence, by the same argument as in the case of the norm M,,, we conclude
that
20 My < clully, D 2 mllf
m>4 m>1

Finally, we obtain
Il < e (llse, lulle, + 7l ).

The proof is complete. O

5.5.2 Related Results on Multipliers in Besov and Triebel-Lizorkin
Spaces

We begin an overview of further results with Triebel’s theorem, similar to
Theorem 5.5.1, on multipliers in Bé,e and in the Triebel-Lizorkin space pr,e

with [ € R! and positive p and 6.
The norm (quasi-norm) in inﬂ is defined by

0N 1/0
lulley, = [ (2@ s en)’) ||+ lus @,
E>1 P

(For properties of these spaces see [Tr4] and [RS].)

Theorem 5.5.2. [Tr4] (i) If L € R, p € (0,00], 8 € (0,00], and p >
max{l, —l +n/p}, then B, . C MBL,Q.

(i) Ifl € R, p € (0,00], 6 € (0,00], and p > max{l, —l + n/min(p, )},
then Bf, . C MFIl,ﬂ.
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Note that F1l>72 coincides with the space of Bessel potentials Hzl, forp>1
and in this case part (i) of Theorem 5.5.2 is contained in part (i) of Theorem
3.4.1.

Peetre’s approach, based on the decomposition (5.5.2) and sometimes
called the paraproduct algorithm, was used in the study of multipliers in
Besov and Triebel-Lizorkin spaces in [Sicl]-[Sic3], [Tr4], Sect. 2.8, [Jo], [RS],
[Marl]-[Mar3], [Yam], [Yu], [SS], [KoS], [Ger]. In [SS] Sickel and Smirnov
showed that

MB. , = B!

D, p,0,unif

for any p, 6 such that 1 < p < 0 and | > n/p, whereas Bourdaud [Bo]
demonstrated that
MBl ,0 7& B ,0,unif

for 1 <0 <p<oo,l>n/p.

Multipliers preserving the Besov spaces B, 1 and BY oo Were character-
ized by Koch and Sickel [KoS]. In particular, they found the equivalence re-
lation

IVIvse, o~ Ve + IVllFe | + iglg(k + 1) I * rllro.

with ¢, defined in (5.5.1). We also mention that MBO 0 7 Loc unless p=0=2,
according to Frazier and Jawerth [FrJ].

The imbeddings of the form B, ,, F,, C M(X), where X = B;g 9, OF

X = F, were studied in [RS], Ch. 4. A description of M(w5" — w, o),
where m and k belong to (—n/2,n/2) and m # k, can be found in [Ger].
Netrusov [Net] gave a characterization of multipliers in Triebel-Lizorkin
spaces F 0, P < 0 < oo, and Besov spaces Bp o0, Where 0 < p < 1. Different
characterlzatlons of M Féﬂ were obtained by Sickel [Sic3] in the case

0<p<oo, 0<@<oo, I>nmax{0,p*—1,60"1—1}.

We note that, since Bf . = BV (see [Pe2], p. 164, and [Gul]), it follows
from Theorem 2.9.3 that

Wlarpy . ~ sup ' "var Vy (B, (). (5.5.4)
re(0.1)
The following description of the space M (Bl ; — B ), where p € (1, )

and 0 <! < 1/p, was given by Gulisashvili [Gul] [Gu2].

Theorem 5.5.3. A function v belongs to the space M(B]lo’1 — le,’oo), p E
(1I,00), 0 <1< 1/p, if and only if v € Lo and

/ |Apy(6)[Pdt < c|h|pl yropl
B, (z)

for all balls B,(z), r € (0,1) and any h € R™.
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The relation

1 1/p
o~ B An(t pdt)
ascos g~ s (s [, )" .

z€RM™,re(0,1)
heRM\{0}

holds.

As a corollary of this result one obtains the following condition for the in-
clusion of x g into M(B;/lp — B,i/o%), where x g is the characteristic function of

a Lebesgue measurable set E in R™. (See Sect. 2.9 for the notations s and 0*.)

Corollary 5.5.1. [Gul] The inclusion xg € M(B;,/lp — B,l,,/o%) holds if and
only if E is a set with local finite perimeter and

s(B.(z) NO*E) < cr™™!
for all balls B, (z) with r € (0,1).

Comparing this assertion with Corollary 2.9.1 and (5.5.4), we see that xg
belongs to M(le)/lp — BY/2) and M(Bi, — Bi ) simultaneously.

5.5.3 Multipliers in BMO

The space BM O of functions with bounded mean oscillation (see [JN], [Cam],
[F1], [Ste2], [Jal], [Ja2], and elsewhere) plays an important role in modern
analysis. It is situated between BY ; and BY . This space is defined as
follows. Let @,(z) be the cube in R™ with side length r centered at x whose
sides are parallel to coordinate axes. By f(Q) we denote the mean value of f
on a cube @, that is,

1
= x)dx.
Q) /Q 0

mes,, Q)

Further, we introduce the mean oscillation of f on @ by

1

mes,, Q)

o(f,Q) =

/ (@) — F(Q)]da.
Q

By BMO we denote the space of functions integrable on R™ and such that

sup O(f7 QT(I)) < 0.

z€R™,re(0,1)

Endowed with the norm

IfllBryo =Iflle, +  sup — O(f, @n(x)),

zeR”,re(0,1/2)

BMO becomes a Banach space.
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We can include BM O into the family of spaces BMO,, of locally integrable
functions with the finite norm

[ flle, + sup M

zeR”,r€(0,1/2) o(r)

)

where ¢ ia a positive nondecreasing function on (0,1/2).
The following theorem, containing a description of the space M (BMO) of
multipliers in BMO, is due to Stegenga [Stel] and Janson [Jal].

Theorem 5.5.4. The space M(BMO) coincides with BM O g ,|-1 N Loo.

Proof. We begin by deriving the following useful estimate for functions in
BMO:

1f(Qr) — f(Qu/2)| < cllfllBro|logr], (5.5.5)

where Q, = Q,(x). It is clear that the left-hand side of this inequality does
not exceed

[ r@ajs [T [ 1o s@oies,

1/2 dp P
<o / = /p L /8 )= 1@)ldsy

Therefore,

1/2
F(@Q) — F(@uja)] < e / dp /Q ) — 1(Q)|dy.

pn+1

P

which implies (5.5.5). By (5.5.5),

|F( Q) < 2% fllzy + cll fllBrmollogr]. (5.5.6)

Let v € BMO“Ongl N Lso. Then

/ ) ) — 1@ F(@Q0)ldy

r

Sr—"/ w(xmf(x)—f(QT)\dyw—”/ [F(Qr)7(y) = (@r)ldy

. Q.

Sz O, Qr) + (@) Oy, @r).

From (5.5.6) it follows that the last sum is dominated by

c|logr|(|Vlce + WlBaO,,,, -2 ) I flBMO-

| log
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It remains to note that

O(f,Qr) < 2

m/@ |f(y) — aldy

for any number a. Hence v € M(BMO).
Now let us show that M(BMO) C BMO|ig |1 N Loo. Obviously,

. 1/N . . 1/N
Il = Jim N FIEY < tim inf N flgaro < W0y (55.7)
We see that
1

/ v () = (@) f(y)ldy < OOV f, @r) + 2[17[[ L. OF, @r)-

T

meSnQr

This together with (5.5.7) and the inequality

O(vf,Qr) < IWlmmo)llfllBao
implies that
1

meSnQr

/ v () = (@I (W)ldy < 3[Vlaeyoy | fll Baro-

Setting here
f(y) =n(y) loglz — yl,
where 1 € C§°(Q,) and n =1 on Q) /2, we obtain

O(v,Q,) < c|logr|™t.

The proof is complete. O

The following general result has a slightly more complicated proof (see
[Jal]).

Theorem 5.5.5. Let the function ¢(r)r—! be almost decreasing in the sense
that

! for p>r.

e(p)p~t <co(r)r™
Then

M(BMO,) = BMOy N Ly,

w0 =p ([ o)

Concerning the space M(BMO,,) for R” and for general domains, see the
series of papers by Bloom [Blo], Nakai [Nal], [Na2], Nakai and Yabuta [NY1],
[NY2], Yabuta [Ya].

Using the duality of the Hardy space H' and BMO (see [St2]), Janson
[Jal] proved the coincidence of spaces of multipliers in H! and BMO. In other
words, MH" = BMO‘ logr|—1 M Leo.

where
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Maximal Algebras in Spaces of Multipliers

6.1 Introduction

Let A be a subset of a Banach function space. Then A is called a multiplication
algebra if for all u and v in A their product uv belongs to A and there exists
a constant ¢ such that
Juv]| < eflul vl
Let [ be an integer. For Ip < n and p € (1,00), or for I < n and p =1, the
space Wzﬂ contains unbounded functions which are certainly not multipliers
in W} (see, for example, (2.7.1)). Hence the space W] is not a multiplication

algebra for the values of p, [, and n given above. It is not difficult to describe
the maximal algebra contained in W). If u € A, then for any N = 1,2,...

1/N 1/N
Y < ™l < e lullw.

Consequently, A C WII) N Lso- On the other hand, it is well known that the
intersection Wzl, N Ly is a multiplication algebra. In fact, for all v and v in
WiN Lo,

l

IVi(uv)lr, < Z|||Vku||vl w0l L, < e IVkullz,, IV koln,, 0,
k=0 k=0

l k/l k/l I—k)/l
<c2|| 2l I ol

Here we have used the Gagliardo - Nirenberg inequality

1—4)/1 i/l .
< el Wl =11

IV jullz Wi

pl/i —

(see [Gag2] and [Nir]). Thus the space W) N Ly is the maximal algebra
contained in Wzl,.
V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 213

Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009
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Since by Sobolev’s theorem WZZ) C Lo for lp > n, p € (1,00) or for [ > n,
p = 1, it follows that Wll) is a multiplication algebra for the indicated values
of p and [. Obviously, this known assertion follows from (2.2.5) and (2.3.29)
as well.

Let us turn to the question of Banach algebras in spaces of multipliers
M (W™ — W]). Obviously, this question is trivial for MW/ which is a Banach
algebra itself, but this is not the case for spaces of multipliers mapping one
Sobolev space into a different one.

In Sect. 6.3 we show that the maximal Banach algebra Ag“l, imbedded in

the space of multipliers M (W," — W]) which map the Sobolev space W
to WIQ with noninteger m and I, m > [ and p € [1,00), is isomorphic to
MW" — Wzl)) N Lo

It is proved in Sect. 6.4 that the maximal Banach algebra Agl*l, imbedded
in the space of multipliers acting between Bessel potential spaces M (H;,” —

HY), is isomorphic to M (H}" — H!) N L. Precise descriptions of the imbed-
dings A;”’l C Ag’A and A;”’l C Ag’/\ are given in Sect. 6.5.

6.2 Pointwise Interpolation Inequalities for Derivatives
6.2.1 Inequalities Involving Derivatives of Integer Order
The aim of this subsection is the following inequality (see [Kal] and [MSh17]).
Lemma 6.2.1. Let 0 < k < m. Then

IViu(z)] < ¢ (Mu(z))™ (MVmu(z))™ . (6.2.1)

Proof. Let n be a function in the ball By with Lipschitz derivatives of order
m — 2 and which vanishes on 0B together with all these derivatives. Also let

/ n(y)dy = 1. (6.2.2)
Bi

We need the Sobolev integral representation:

v(0) = /B 2 0 gty 1) dy

\ﬂ\<m k
m— y > Y n—1 dy
+ Fm — k) E / —9%( / nlp—=)p" dp—5 (6.2.3
= ol B lyl/¢ (\yl) [l (623)

(see [Mazl14], Sec. 1.5.1).
Setting here v = 97w with an arbitrary multi-index v of order k and
integrating by parts in the first integral, we arrive at the identity
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ou(0) = (~1)Ft " /B uy) 3 %aﬁﬂ(yﬂn(y/t)) dy

|Bl<m—k

£ Yty [ o) [ oo e 620

Vi) < et [ fuw)l dy+ ez [ Vot e (629)
Y
If m — k > n, the second integral does not exceed

R [ Viu(y)| dy.
B,

In the case m — k < n the second integral in (6.2.5) equals

g t dr
k= [ ()] dy + (n—m + k) / _r / V()] dy -
By o T B~

Therefore,

dy n K _ /
Vou < t" Fsuprt " Vot dy. 6.2.6
[ IVt g < o [ (V) dy - (626)

P

Thus, for any t > 0,
IViu(0)] < ezt FMu(0) + s t™* MV, u(0) (6.2.7)

which implies (6.2.1). O

6.2.2 Inequalities Involving Derivatives of Fractional Order

Lemma 6.2.2. Let k and [ be integers, and let m be a noninteger, 0 < [ <
k<m. Ifue Wi then

p,loc?

m—k k—1

Viu(z)| < ¢ (MVu)(z) ™" ((Dp,mu)(x)) ™ (6.2.8)

for almost all x € R™.

Proof. Tt suffices to prove (6.2.8) for I = 0 and = 0. Let 1 be a function in
the ball By with Lipschitz derivatives of order m — 2 and which vanishes on
0B, together with all these derivatives. We assume also that 7 is subject to
(6.2.2). Let t be an arbitrary positive number to be chosen later.
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Replacing m by [m] in (6.2.3) and setting there v = 97u with an arbitrary
multi-index 7 of order k and then integrating by parts in the first integral, we
arrive at the identity

8u(0) = (—1)k¢m /

By

TR %aﬁwyﬁn(y/t»dy (6.2.9)

|B]<[m]—k
m|— ya fe% > Y n—1 dy
¥ (0l =) [ Lorouty) [ ey g
a|=[z":L]—k B, o wise 1Yl |y|™
Hence, for k < [m] we have
[V4u(0)] < e(t™F Mu(0) + 1 H 7 yu(0))
[Vimju(y) — Vimu(0)|
+/B,, P dy). (6.2.10)
Holder’s inequality implies that
IVimu(y) = Vimu(0)] m—k
/Bt P dy < ct™ *(D, mu)(0). (6.2.11)

Let v be an arbitrary multi-index of order [m]. The identity

(o) = ¢ [ oty [ a7 7t dy

gives
V0 <401 [ )T gy
0 ([ i) (0,0 0). (6:2.12)
where p~! + ¢~ = 1. Combining (6.2.10)—(6.2.12), we arrive at
IViu(0)] < e (t7F(Mu)(0) + t™ (D, mmu)(0)) . (6.2.13)
Minimization of the right-hand side in ¢ completes the proof. O

Remark 6.2.1. Note that one can replace D, ,u on the right-hand sides of
(6.2.11) and (6.2.12) by DY),u, where

D)) = ([ 1Vmuta ) = Vol i) " (6219
Hence, by (6.2.10),
IViw(0)] < e (7 (Mu)(0) + t™ (DY) u)(0)) . (6.2.15)

Lemma 6.2.2 implies the following assertion.
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Corollary 6.2.1. Let k be an integer and let m be a noninteger, 0 < k < m.
Then

i

m—Fk
Viu(@)| < cllull 7 ((Dpmu)(z))
for almost all x € R™.

(6.2.16)

In the following lemma we derive a multiplicative inequality involving the
function (6.2.14) and use the notation of integral with a bar for the mean
value.

Lemma 6.2.3. Let s and | be positive nonintegers, s <1, and let 1 < p < co.
If either {s} > {I} or 0 < s < 1, then there exists a positive constant
¢ =c(s,l,n,p) such that

l—s s
1

(D{u)(@) < o ][BT(I)|U(y)|dy)L<r_l ][BT(JC)|u(y)|dy+Dgl)u(x)) (6.2.17)

for almost all x € R™.

Proof. Let s > 1. Tt is enough to prove (6.2.17) for z = 0. Since s < [ and
{s} > {1}, it follows that [s] < [I] — 1. We have

»dh NP
(V) = ViguO o)
he » dh 1/p
= (/B Veu = 3 D"Viu) NG 7)
: {oslol<I-1[s}

-1
+e Y [Viu(0) (6.2.18)

i=[s]+1

The last sum should be omitted if [s] =[] — 1. For [s] < [I] — 1 the identity

he
Vigu(h) = Y. G DUVu(0)

{a:|a|<[l]—1—[s]}

he
/ (D Vgu(th)
0 {a|a\ Ly @
—D*Vqu(0))(1 — )=~ 1qt (6.2.19)

implies that the integral on the right-hand side of (6.2.18) does not exceed

dh 1/p
_ p\lil=[s]-1
/Bl / IV ulth) — Vu(0)(1—1t) dt) |h‘n+p{l}) .
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By Minkowski’s inequality this last expression is dominated by

! dh  \p ot
/0 ( 5. [Vigu(th) — V[z]U(O)\”W) (1— )b ay
= ¢DMu(0) (6.2.20)
by . 2.
It follows from (6.2.5) that for every ¢ < [I] —1
dh
|Viu(0)| < a1 lu(h)|dh + c2 |V[l]u(h)|m
By By |h|

IVigu(h) — Vigu(0)]
‘h|n7[l]+i

<c \u(h|dh+02/ dh + c3 |V[l]u(0)|. (6.2.21)

Bl 1

Let 1 be a function in the ball By with Lipschitz derivatives of order [ — 2
and which vanishes on 0B; together with all these derivatives. We also assume
that 7 satisfies (6.2.2). For any multi-index 3 of order [I] the identity

DPu(0) = / n(h)DPu(h)dh + / n(h) (D u(0) — D u(h))dh
Bl Bl
and Holder’s inequality imply that

Vi)l < e [ Ju(wlan
Bi

n 1/q
wea ([ inmiopnl G an) Do), (6.2.22)
B

-1

where p~! + ¢~! = 1. Using Holder’s inequality again, we obtain

IVigu(h) — Viu(0)]
B |h‘n7[l]+i

dh < ¢ D{)u(0)
which together with (6.2.22) and (6.2.21) results in

IVau(0) < e [ |u(h)ldh+cs Du(0), i <[] —1. (6.2.23)

» S
B1

Combining this inequality with (6.2.18) and (6.2.20), we arrive at

D u(0) < ex ; u(h)|dh + cz DS}u(0) (6.2.24)

which, after the dilation h — h/r, becomes

D{u(0) < e(r ][

| fu(ldn+ rl—SD;ffu(O)). (6.2.25)
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Now, one has the alternatives: either

]l u(h)|dh < ' D) u(0)

r

and . .
DRu) < (f fuidn) " (DY)u)’,
or
][ lu(h)|dh > r'D{"u(0)
and

Du(0) < e ][ (u(h)|dh.

"

Therefore, (6.2.17) holds.
For 0 < s < 1 the inequality (6.2.17) is, obviously, valid. O

Corollary 6.2.2. Let s and | be positive nonintegers such that s <l and let
p=>1

(1) If either {s} > {l} or 0 < s < 1, then there exists a positive constant
¢ =c(s,l,n,p) such that

~|tn

(Dyott) (z) < ¢ (Mu()) T (Dypyu(z))

for any u € Wl loc and almost all x € R™.
(1) If s > 1 and {s} < {l}, then even the rougher inequality

(6.2.26)

ES
[

(Dp.su)(x) < cllull L (Dpau(z))
does not hold.
Proof. (i) From (6.2.17) we deduce that

s
]

(DY) (@) < ¢ (Mu(w) T (r~' Mu(x) + D Ju(a)) .

The result follows by passing to the limit as r — oc.
(74) Let s > 1 and {s} < {l}. Suppose that the inequality

l}*{s}

(Dp,su)(x) < T (D g4y u()) FET (6.2.27)

holds. According to part (i),

[”7[5] [S]t(l}
(Dps+-yw) (@) < cllull, T (Dpau(x))

which together with (6.2.27) results in (6.2.17). Hence it is enough to disprove
(6.2.27).
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We set = 0 and assume that supp u C Ba\By. Then (6.2.27) implies that

» 1/p
([ wuutmran)”" < el
82\61

which, obviously, does not hold for all w. This completes the proof. a

Remark 6.2.2. For p = co the inequality (6.2.17) becomes

b

IVigu(y) — Visu(z)] I=s Viu(y) — Vigu(x)|\ #
< 1
S ey S e (M) T (s = )

where s < [ and either {s} < {l} or 0 <s < 1.

6.3 Maximal Banach Algebra in M(W)"* — Wzl,)

6.3.1 The Case p > 1

Theorem 6.3.1. Let m > 1 > 0, and let p € (1,00). The maximal Banach
algebra Ag“l imbedded into

MW — W)
18 isomorphic to the space
MW™ — W N L. (6.3.1)
The estimate

|W1’Y2|\M(W;z—>wg,)
< c(Inllpeellarowy —wey + V2l eIyl qwm —wiy)

holds.

Proof. The statement is trivial for m = [, since M Wzl, is an algebra and is
imbedded into L., (see (2.3.15) and (4.3.28)).

Let A7! be a Banach subalgebra of M (W;" — W) and let ¢ be a constant
such that

IV arwm —wiy < el g
for all v € A;”?l. For every N = 1,2... and all y € A;n,l, = W;n we have

1/N
Wy

1/N 1/N

1/N
Il < Il < I I e Il

1/N 1/N
< (e I gt N Tl < ANl gl
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Passing to the limit as N — oo, we obtain that v € Lo, and

17 2ae < IYILagt- (6.3.2)

Consider first the case of integer [. Suppose that v, and 7 belong to
(6.3.1). Then, for all u € W,

1
19: (npwly, < e(Iml 192 (aw)ll, + Iell. 300190l 1Vinul Il
h=1

-1 1—h
3 S Vil Vel Ve npul ) - (6.3.3)
h=1k=1

The first term on the right-hand side is majorized by
CH'Yl”LOo ”'YQHM(WI;nHWII)) HUJHWZ;n .

To estimate the second term, we recall that, if v € MW" — Wé), then for
any j =0,...,1[,

Viy € MW — Wiy c MW" — L)
and the estimate
||Vj7HM(W;"'—’+j_>Lp) < CH’Y”M(W;nHWIQ) (6.3.4)

holds (see (2.3.13)). Therefore, the second term on the right-hand side of
(6.3.3) is not greater than

2 P STV S I

To estimate the remaining terms on the right-hand side of (6.3.3), we use
the inequality

V(@) < C||7Hh+k MV (@) 57

stemming from (6.2.1). Hence

I IVanl Vil Viep—rul I,

< Cll%llf’“ ||’72||L+k | (M harm1) 5% (MV2) 7% Vol |z,
<C|W1||L+k\|”YQHL+k [(MVhx71) Vi p—rul ka [(MVhix72) [Vieh—kul ||z, -

By (2.3.22) we have

MY g, < el —r,) (6.3.5)
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This inequality and (6.3.4) give

I IVenl Vil Viep—rul I,

h+k

ik N IV Vien—rul ||L+k I Va2l IVien—rul |1

< C||A/1||L+k ||’Y2

(i v

< el lEE el EE Iy 102l iy Ty

which completes the proof for integer [.
Let I be a positive noninteger. Suppose that v, and 72 belong to (6.3.1).
Then, for all u € W

1Dy (v1v2u)llL, = [ Dp,5i3 Vi (r172w) | 2, (6.3.6)
<c > IDpuy (DD D)l

|| +]8]+|o|=[1]
<c Z (Aa,,B,U + Ba,ﬁ,o + Ca,ﬁ,a)a

|| +]8|+|o|=[1]

where
Ao po = (D) (D°32) Dy 1y D%ul|L,,

Bop.e = I(D*n) (Dp,11y D32) D7l
and Cy 3, is given by

o o - dhdx \1/p
( [1om @D a(en D ute-+h-Dru@)P ) - 63)
To estimate A, 3,0, we use the inequality
[Vip(a)| <CH<PHL (MVW( )" ae. in R" (6.3.8)

with 0 < ¢ < k, which follows directly from (6.2.1). We have

_ 18l
Aapo < clm HL;] g P

//MV[Z o (@) T (MY () T

dhdx )1/p

o __No p _
X|D%u(x + h)—D%u(x)| e

By Hoélder’s inequality, the double integral on the right-hand side is domi-
nated by

- - dhdz \ wriens

([ [MTuotom @) 1D7uta + ) - D lener)
P o - dhdz wrtens

<([ [ M uion@) 1D7ute + ) = Dute) )
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which equals
_la]

c[[(MVi—jom) p,|o|+{l}“|\Lp‘ 7

18]
MV )-101792) Dy ot -y ellz, (6.3.9)
This expression does not exceed
¢ [MVy- \amH[ il HUIIV’&m“"
18]
<MV o2l o Sl ll[” . (6.3.10)

We estimate (6.3.10) using (6.3.5) combined with the inequality
”vj’VHM(W;,"*HJ’ﬂLp) <c ||'Y||M(W;ﬂ—>Wzl,) (6-3-11)

(see (2.2.11)). Since || + |8| + |o| = [I], we obtain from (6.3.9)— (6.3.11)

||
Aapo < climllz H'B' Iyl 27

ol _ 1Bl
T o el oyl

x|Im
Now, by Holder’s inequality
Aopo < C(H’ylHLooHrYQHM(W;n—)WIL?)

Hhall o Il s —wiy) lullw (6.3.12)

To estimate B, g,, defined by (6.3.7), we use (6.3.8) with ¢ = D%y, and
apply Lemma 6.2.3 with ¢ = v, and s = {I} + |3]. Then

181+ {l}

|
B < clmlly i el ©

L= .
< (Do) T (Dyiciofne) T D7ull,
By Holder’s inequality, the last norm is dominated by

> \0‘4\‘ \?\ {}
1Dpi—1o11D7ullp, " 1 Dp,i—jo| 72D ull

Since
||Dp7l—j’Y||M(W,;"*JALp) <c ||7||M(W;n*>Wé)

(see (4.3.87)), it follows for ¢ = 1,2 that
1Dp.i—1o D7 ull L, <\ Dpi-joYill yrw—iot gy ltllwge

< ¢ il arwg—w) lullwge-
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Hence,
BEiiERy: B0
(3 [e3
Bapo <clml, 172l
la] 181+{1}
Ta 151+ [alFIBT+ {17

X |lm HM(WgnﬂWé) H'YQ”M(W;n_,WIl)) HUHW;”

Therefore, by Holder’s inequality, By, g0 has the same majorant (6.3.12) as
Ao,po-
In order to estimate Cy g,,, we use (6.3.8). Then

18]

—lol

-2 I=q
Capo <clmllp, V27

p|B]

‘ (//(Mv[”*"’m(f“))%(/‘/‘V[u—ww(ocJrh))W

|D7u(z + h) — D7u(z)|? 1/p
|h|ntpll} dx) '

By Hélder’s inequality, the double integral on the right-hand side is not greater
than

- - dhdz ~ ariens
c(//(MV[lJ—iawl(w))plD wz+h)-D “(xﬂplh\rp{z})
- - dhdz  ~\ wrtens
x(//(MVM—|oWz(I+h))p|D u(@+h) =D U(x)lplh\r,m‘z}) |

which coincides with (6.3.9). The above estimate of (6.3.9) implies (6.3.12)
with A, .0 replaced by C, g,,. This completes the proof. O

Theorems 6.3.1 and 4.1.1 imply

Corollary 6.3.1. The mazimal Banach algebra in M(W;" — WZZ,), m > 1,

p € (1,00), consists of functions v € Wé with finite norm

Jloc

sup [ Dpavielr,
ccrr_ (Cpm(e))t/P

diam(e)<1

Iz (6.3.13)

In the case mp > n the norm (6.3.13) can be simplified as

IDp Y2 anse + 17 -

6.3.2 Maximal Banach Algebra in M(W™ — W})

Theorem 6.3.2. Let m > 1 > 0. The mazimal Banach algebra A;n’l imbedded
into M (W™ — WY) is isomorphic to the space
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M(W™ - W) N Le. (6.3.14)

The estimate
7172 HM(W{”—»W{)

¢ (H%HLOQ H'72||M(W{”'—>W1l) + 12l H'71||M(W{"'—>W1l))
holds.

Proof. The imbedding A;”’l C Ly is proved in the same way as in Theorem
6.3.1, where the case p > 1 is considered.
(7) Let I be integer. Suppose that v; and 2 belong to (6.3.14). Then

l

Iyvaullwr < e 1Vi(1y2)] [Viejulllz, -
=0

We show that
Vi) € MW" = Ly), j=0,....1, (6.3.15)

which implies the result.
Since the intersection Wi (B1) N Lo (B1) is an algebra, we have

Iy1v2s Billys < e (a3 Bill 1v2s Billys + 1v2s Bull o 1y Bullys ) -

Hence, for any r > 0

Tj/B Vi (mv2)(@)lde < ¢ (I1ve; Brll oo (7P 1V 57925 Brll oy + 7" {|v2; Brllz,)
+ v2s Bell oo (P IV 03 Bell oy + 7" 1715 Byl 2, ) -
This inequality, taken for r € (0, 1), along with (2.2.3) gives
PV (192); Bellzy < € (s Bell e 12 llasqwpe —wrty

Hllv2s Bell o I | arewm — )
which implies (6.3.15).
(77) Let [ be a noninteger. We have

dxd
/B1 s Vi (n(@)r2(2)) = Vi (71(9)72(y))|%

[1]
dxdy
< Z / Vv (@) Vg —xy2(z) — V[z]-ﬂz(yﬂm

dzdy
+/Bl /51 V-2 Vi () —V;m(y)lm). (6.3.16)
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By Hoélder’s inequality, the right-hand side does not exceed

10
CZ Z ”vk’Yl+i§Bl||L%

i=0 k=0

dy E N T
X (/Bl (/61 IVig-rr2—i(z) — V[l]—k'YQ—i(?J”m) dx) . (6.3.17)

Duplicating the argument leading from (6.2.25) to (6.2.17), we conclude
that (6.2.15) implies the estimate

k
T

_k
Vu(0)] < e (Jlus Bell)' T (ws Bl + DSu(0)) (6.3.18)

For ¢ = 1 and u replaced by it becomes

IViy ()|

o~

-
<clBilli ([ 1vwr@-in)

Furthermore, by Lemma 6.2.3

dy
m+|h§81||Lm) . (6.3.19)

dy
/51 IVig—xy(z) — V[z]—m(yﬂm

k dy Lk
<drsBil] ([ 1Van(e) = Vil =ty +Ball) - (6:320)

Using (6.3.17)—(6.3.20) in (6.3.16), we find that

dxd
/61 /B Vi (n(@)2(2)) = Vi (71(y)72(y))|ﬁ

1
K dy
;ZH%H,R ”L /B1 /B1 IVigri+i(e) —V[muz‘(y)\m

~x

k
i Billea ) he-s R

o~

dy . 1—
x( 5, /s, IVigye—i(z) — V[le—i(yﬂm + [v2—i; B1||L1)

By the dilation @ — 2:/r we obtain

dzd
n /BT /BT Vi (ri(2)r2(2) — Vi (71(y)72(y))|m
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1]
= CZZ ||71+z||L |v[l]'71+z V[z]71+i(y)|m
=0 k=0

k

k
— 1 T
+ l||v1+i;6r|m) o=l

m n dy m—1 1_%
|v[l]72 i(w) — Vi 72— i(y )|W+T H’Yin;BrHL1> .

Using this estimate for r € (0, 1) together with Theorem 5.4.1, we arrive at

mnHD (7172 BrlL, <

1 (1]

CZZH’}/1+ZHL ||71+74||M (W _,WI)H’YZ Z”L ||72 ZHM(Wl m_Wwi)
=0 k=0

< Inlleclrzllarwey—wh + lIvellee Ivllarovr —wh

which, along with Theorem 5.4.1 and the obvious inequality

P yyes Br(@) iy < e vl el sy —wim),

completes the proof. O
The following assertion resulting from Theorem 6.3.2 involves the norm

Il - || defined by (5.4.4) and possessing the property (5.4.5).

Corollary 6.3.2. Let m > 1 > 0. The maximal Banach algebra in M (W —
WY), consists of functions v € W1l,10c with finite norm

sup 7" | Br(@)llwy + V]l 2w - (6.3.21)

z€R
r5(01)

In the case m > n the norm (6.3.21) can be simplified as

sup [|v; Bi(@)llw; + 17 Lo
reR™

6.4 Maximal Algebra in Spaces of Bessel Potentials

6.4.1 Pointwise Inequalities Involving the Strichartz Function

We start with an inequality similar to (6.2.16).
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Lemma 6.4.1. Let k and r be an integer and noninteger, respectively, with

0<k<randletpe ng]oc.
such that

V()] < e (Mep() T (Srp(x)) (6.4.1)
for almost all x € R™.

There exists a positive constant ¢ = c(k,r,n)

|

Proof. We use the inequality

Ve <c( [ lewldn+ [ Vel t) (642

(see (6.2.5)). Clearly, the right-hand side is majorized by

d
o(Me0)+ | IV0) = Ve Ol e + VielO)). (6:43)

Using the notation
b(y) = Vi e(y) = Ve (0)l;
we find that the second term in (6.4.3) is equal to

1
(n—1[r]— k)/ A =R () dzdt + | (2)dz.
0 By By
This sum is dominated by
(Sup0)+ [ @ Duta)az).

2

We have
2
/ (2~ 2)(z)dz = / (=) dzdt
B2 0 JB,

’ /
< C(/O e . w(z)dz)zdt)l ’ < ¢Srp(0). (6.4.4)

Therefore,
[Vi(0)] < ¢ (Mp(0) + Sr(0) +[Vie(0)]). (6.4.5)

In order to estimate the third term in (6.4.5), we use the identity
Vir(0) :/3 1Y) Vire(y)dy
1
+ [0 (T0) = Vi), (6:46)
1

where n € C§°(By) is such that

/15’1 n(y)dy = 1.
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Clearly, the first term on the right-hand side of (6.4.6) is majorized by
¢ Mp(0). The second term is estimated by

o[ @l
Ba

and does not exceed ¢ S,¢(0) by (6.4.4). Therefore,

Vi0(0)] < ¢ (Mp(0) + 5,0(0)). (6.4.7)
Combining (6.4.7) with (6.4.5), we arrive at

[Vip(0)] < ¢ (Mp(0) + S-0(0)).
Now we obtain by dilation 2z — x/p that

IVip(0)] < e(p™" Mep(0) + p"*8,4(0)).

The result follows by minimization of the right-hand side in p. O

Lemma 6.4.2. Let k and | be an integer and noninteger, respectively, with

0<k<l, and let p € W

ploc- Lhere exists a positive constant ¢ = c(k,l,n)
such that

b Ik
Si-rp(x) < cllellf (Sup(x)) T (6.4.8)
for almost all x € R™.

Proof. Clearly,

/0 </131 (Vi-xp) (0y) = (Vi—k%) (0)|d9)2%

2
Y20 (e ?_dy
S/O (/Bl|(v[l]k90)(9y)_ >, (o v[l],w)(())\da) pEeTs

{ailal<k—1}

k—1
+ 3 I Vi—ip(0). (6.4.9)
=0

The difference in the integral over By on the right-hand side is equal to

k/ 2 y(j“ (0" Vi-rp) (709) = (D V) (0)) (1 = 7).

O {a:]al=k}

Using this and Minkowski’s inequality, we see that the first term on the right-
hand side of (6.4.9) is dominated by

c(/o1 (/OOO< 5, (Vo) (r0y) — (V[l]¢)(0)|d9)2$)1/2d7)2
= e(Swl0)” (6.4.10)
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By Lemma 6.4.1,

{3+i [1—i

|v[l]7itp(0)| < CHW”LT(S“P(O)) =0, [l]’

which together with (6.4.9) and (6.4.10) gives

2 L
/O (/,31 |(Vi—r)(0y) — _(V[l]fw)(oﬂde) yH%
¢ (Il + Sip(0))*.
Obviously,
/;( [(Vi-x) (8y) — (Wu-w)(o»wf%

2
SC(|(V[Z]—W)(0)| +/2 (/By |V[z]—ksﬁ(z)|dz) m)

The second term on the right-hand side does not exceed

2
/ / dg IVi—rp(2 )|dz) _1+2{l}+2n
By+1 B1()

Since by (6.2.5)

/ IV ore(2)ldz < / (IVae(2)] + le(z)])dz

B1(8) B1(¢)
the expression (6.4.14) is dominated by

c(/2 (/By+1 d§ o \V[z]¢(2)|dz) e e n
C(/Z </B Vig()ldz) s + el )

IA

2
< ¢ (Sip(0) + [V ()] + el )™
Hence, we find by (6.4.13) and (6.4.11) that

/ / |(Vig—xp)(0y) — (V[Z]—kso)(o)|d9)2

2
¢ (llellra + Sip(0))"
Using (6.4.12), we obtain

Si—rp(x) < e (el + Sip(@))-

The result follows by dilation as in Lemma 6.4.1.

Iel3..)

dy

y1+2{0}

(6.4.11)

(6.4.12)

(6.4.13)

(6.4.14)
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6.4.2 Banach Algebra A;"”’l

Theorem 6.4.1. The mazimal Banach algebra AZ’;”’Z imbedded into M (H," —
Hzl)), m > 1, 1s isomorphic to the space

M(H]" — H!) N Loo. (6.4.15)
The estimate

||7172||M(H;)”—>Hzl)) < C(”F)/lHLooH’YZHM(H;“—»HL)
+ 2l po It las g — )
holds.

Proof. Let A;”’l be a subset of M (H)" — Hzl,) and let v € .A;"’l. The inequality
Mze < 71 g (6.4.16)

is proved in the same way as (6.3.2).
Suppose that 1 and 7, belong to the space (6.4.15). For any u € H,

1S (rrvew)llz, = 1S@ Vg (mrvawl,<e Y. [1Sgy (DD 2Du)||L,
la|+]8]+]e| =[]

<ec Z (.Aa,ﬁﬁ + Ba,ﬁ,a + Ca,ﬁ,o)a

o +181+ o=
where
Aapo = (D7) (D%y2) Sy D7ull1,, (6.4.17)
Bopo = (D) (SyDPy2) D71, (6.4.18)

Copo = /|D“71 )P / (/B | D y3(x + 0y)| | D7 u(x + Oy)
0 1
- 2 dy p/2 1/p
—Du(x)|do) H—Q{l}) das) . (6.4.19)
Y
Applying Lemma 6.4.1, we obtain

LT
Aapo < el T o .

| (MY o) ™17 (MY i0192) T Sty o0l (6.4.20)

By Hoélder’s inequality the last norm is dominated by

o] 18]
llMVu-iom) Sy +iopull, " 1MV - j0172) Sy riorullz, - (6.4.21)
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Since by Minkowski’s inequality
Spyv < A\U\Jr{l}—ms{l}/m—\<7|—{l}v7
it follows that for v € M (H," ~lel=t — L)
VSl < Iy gmp-ir-o g 1A= S A1 || oy

<c HVHM(HQ»—\U\—U}HLP)IIUHH;HU‘.

Putting here v = MV 57, @ = 1,2, and v = V| ju, we find that (6.4.21)
does not exceed

[o]
eIMV oyl rm-toi-w ||u||Hm

18] 16|
XMV o2l -yl (6.4.22)
We use (6.3.5) and the estimate
ij’YHM ) S CH“Y”M(HmHHl) (6.4.23)
( P P) P p

(see Corollary 3.2.1). Then, using the equality |a| + |8] + |o| = [I], we obtain
that (6.4.22) does not exceed

B8l
Tal+1BT |+IBI Tal+18T

H'Y “M(Hm_,Hl ) ||'72 HM(Hm_)Hl ) ”uHH;" (6-424)

Now, by (6.4.20) and Hélder’s inequality,

Aa,p.0 <c(Imllow V2l —any vl e ey — my) lull - (6.4.25)

To estimate B, g, defined by (6.4.18), we apply Lemma 6.4.1 to the
function D%y, and Lemma 6.4.2 to the function S{I}Dﬁw. Then, by Hélder’s
inequality,

1plal Lol la| EEST

Bogo <clmlly ™ el ™" 1(Sijom) = (Sicjo)y2) T D7z,
‘ : _ l ‘ ‘ ‘ : W\Jr{l}

<C||71||L ||72HL [ (Si—joi71) D7 U||L 1(Si—jo72) D7l

By Lemma, 3.2.8, we have for i = 1,2
||(Sz—\a\’7i)D<7u||Lp < HSZ—“”%HM(H;,"*“’LLP)HU”Hgl
<c ||%||M(H;néHé)Hu||H;n.

Hence B, 3,0 has the same majorant (6.4.25) as Aq 8,5
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In order to estimate C, 3, defined by (6.4.19), we use Lemma 6.4.1 and get

12 -8
Ca,Bo < CH%HLOO H'VQHLOO Kap,o,

where
_plo]
Kopo = (/(MV[u—wwl(x))[”* g

o0
p|B]

plBlL 2 dy 5N
X/(/(Mv[l]—\o‘72($+9y)) [—=To] |V\0\U($+Qy)*vlalu($)‘de) W) de) .
0 B

By Holder’s inequality, K, 3., is dominated by (6.4.22) which, as was shown
above, has the majorant (6.4.24). Therefore, (6.4.25) holds with A, g,
replaced by C, g,,. This completes the proof. O

Corollary 6.4.1. The mazimal Banach algebra .AZ“’I in M(H)" — Hllj), m >

[, 1 <p< oo, is the set of functions v € HLAOC such that
1S1y;ell
sup  ———— 2 4 [|a]| < o0, (6.4.26)
eccrn (O 1/p Lo
diam(e)<1 ( Pwm(e))

In the case mp > n this condition can be simplified as

IS 2 i + V][ 20 < 00

6.5 Imbeddings of Maximal Algebras

In this section we deal with the imbeddings A;"’l C Ag“\ and Az” - .Ag)‘. We
fix an arbitrary u and find the maximum value of A for which the imbeddings
hold. Since the best value of A is equal to [ when p > m, we can restrict
ourselves to pu < m.

The next theorem contains a complete characterization of the imbedding
A;"’l - Ag’)‘. The corresponding assertion relating the algebras AZ” is stated
and proved in exactly the same way with D,,; replaced by S; in the proof.

Theorem 6.5.1. Let m,l,mb,10 be nonintegers for any 6 € (0,1), m > [,
and let p € (1,00). The following imbeddings hold:
N g m,l mo,10
(i) if pm < n, then A7 C AR, .
(1) if pml > n, then Az” C A;ne’mm{mg’l},
(i4i) if pm6@ = n, then

Aot c ARem? for mb < 1
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and
At C APt for mf > 1

with an arbitrary small € > 0,
(1) if pmb < n < pm, then

At c AmOmO - for pl >n

and
m,l mb,mblp/n
AVt C A P/ for pl < n.
All these imbeddings are best possible.

Proof. (i) Since the multiplication by v € A;,"’l continuously maps L, to L,

and W to Wzl,, the imbedding AZ” C Agle’w results by complex interpolation
(see [Trd], Sec. 2.4.7).
In the cases (ii)—(iv) we have pm > n. Thus, by Corollary 6.2.2,

A;)nyl = (W;zl),unif n LOO)

(i4) Since pm@ > n, Corollary 6.2.2 implies that A7""* = (W) i N Loo)
for X < mf. The result follows from the imbedding W} . € W@,

,unif
(¢i1) If pm® = n and mh < I, then pl > n and by Remark Zf.3.3 we have
W;l),unif = MWIZ,. This last space is imbedded into MW;TO = A;"e’me by the

complex interpolation between Wzl) and L,. Hence A;"’l - Azw’me.
Let pmf = n and m6 > [. By Corollary 6.2.2, a norm in A;’“‘e’l*E can be
given by
sup [ Dpi-cvsellL,
ccin_ (Cpmo(€))'/?

diam(e)<1

Since (3.1.6) shows for pm# = n that

+ Il

Cpmale) > c (mesye)/™
with an arbitrary € > 0, it follows that
Il agoa-e < e (lwres, + Il1z.)

with ¢ = pn/(n — pe). It remains to use the Sobolev imbedding W} i+ C
Wlfe

q,unif
l (wo) Let }]fm@ <n < pm and pl > n. Then A;”’l = Wé,unif = MWIQ. Since
> mb, we have

l mb __ Am6b,mb
MW, c MW = Apéme,

The result follows.
Now let pmf < n < pm and Ip < n. By (3.1.6), we obtain from Corollary
6.2.2 that
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||Dp,m0lp/nfy;e||L'
||7§RHHA;"9””“”/” Sc( 533 (mesne)(nfpmo)/"pp
diam(e)<1

+ 1. )

Suppose first that {mflp/n} > 0. Let H;(RTFI) denote the Bessel potential
space of functions defined on R"'H = {(z,y) : « € R",y > 0}. The space
WE(R™) is the space of traces on R™ of functions in hTtJrl/p(].R""’1)7 where
ty >0andpe 00 is and the Gagliardo-Nirenberg type inequalit
0 and p € (1, 00). This and the Gagliardo-Nirenberg ty lity
||r;R1+1||H739<15+1_>f/n < e | DR ERE | s R P

+1/p
p,unif

(see [AF], Lemma 3.4) imply that the right-hand side of (6.5.1) is domi-

nated by

(”’prmO/n 1— pm9/n

el 53 +les) < elvllags

Hence the imbedding A7"! C AgOmORIn g valid.
To obtain the same imbedding for integer mflp/n we use Holder’s inequal-
ity and the estimate

Viu(z)| < e Jull ;" (Dyula)*!, k<1, (6.5.2)
valid by Corollary 6.2.1. Then the right-hand side of (6.5.1) is dominated by

IpmG/n ||1 pmG/n

11 s

We now show that the imbedding A7 C A7 with A given in (i)—(iv)
cannot be improved. Let

Yu(x) = exp(ifz|™") (6.5.3)
with p > 0. From the equivalence relations
IV g yu(2)] ~ || 70D

" g, ]}
min{|h|, |z
IV yu(@ + ) = Vigyu(@)| ~ T[T
where |z| is sufficiently small, it follows that

Dy yu(x) ~ || 71D (6.5.4)

for |z| < 1. Furthermore, D), ;v,(x) is bounded for |z| > 1. Now, by Corollary
6.3.1,
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(w+Dl<m if pm<n,
Yy € A = L (u+ 1)l <m if pm =n, (6.5.5)
p(p+ 1)l <n if pm > n.

We conclude by (6.5.5) that in the case pm <n
vE A = ye AT for 6 €(0,1)

which shows that the imbedding (i) is sharp.
Since the imbedding (i) is equivalent to
Wl

p,uni

¢N Log C WO A L
and, obviously, A < m# in Ag“l C A;"e)‘, it follows that (i¢) cannot be im-
proved.

We turn to the imbeddings (iié). The optimality of the first one (cor-
responding to mé < [) is obvious. Let mf > I. We show that A;’"l is not
imbedded into A;"e’l.

Let p > 0 and pl(p + 1) = n. We introduce the function

Lo(x) = n(a)exp(ilz| " (log 2| ~1) =),

where 6 > —1 and 7 is a function in C§°(R™) with support in a small neigh-
bourhood of the origin, equal to 1 near the origin. For > 0 direct calculations
imply that

Vi Ls(@)] ~ | ~6FD (log 2| =) =11

and

min{[A], |z|"*# (log 2| 1)’}
" @D (log |z~ 1) DS

|V[1]FH75(3} + h) — V[l]Fmg(l‘”

where |z| is sufficiently small. Therefore, for small |z|
Dyl () ~ || 7+ (log [ =) ", (6.5.6)
Analogously,
Vg Lo,s ()] ~ ||~ (log |z|~1) 1O+
and

min{|hl, || (log |z|~*)**1}
2|+ (log [z~ I+ DG+D

‘V[l]f’o,g(l‘ +h) — V[”Fo,g(mﬂ ~
for small |x|. Hence,

D, Iy s(x) ~ |x|_l(10g|x\_1)_l(5+1). (6.5.7)
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Now it is straightforward that

Fp,,5 € A;;ml = (W;li,unif n LOO)

if and only if pld > 1 for g > 0, and pl(§ + 1) > 1 for u = 0. On the other
hand, by Corollary 6.2.2 and Proposition 3.1.4,

”F/t,éHAg“’vl >c (10gp_l)(p_l)/pHDp,lFMﬁ? Bp”Lp
for small p > 0. Applying (6.5.6) and (6.5.7), we obtain

T 05l g = € (log p= 1) = D/PH0=P/E for 4> 0

and

”1—‘0,5”,4;,"9’1 > (logp—l)(p—l)/p+(1—pl(5+1))/p.

This, obviously, implies that I', s € A;”’l and I, 5 & A;”evl if 1 >16>1/p for
uw>0,and Iys € A;”’l and o5 & A;"e’l if 1 >1(6+1) > 1/p. The result
follows.

We pass to (iv). It suffices to consider only the case pl < n. Assume that

At c AmOA with A = mfpl/n(1 —e)

for some € > 0. We choose y to satisfy pl(u+1) > n(1—¢). Then the function
Yu, introduced by (6.5.3), belongs to ng,unif = A;,”’l. On the other hand, by
Corollary 6.2.2 and (6.5.4),

H’MHA;{L@’* 2c Pmein/p”Dp,)\’Yu;Bp”Lp >c Pmoi}\(ﬂ+1)
for p < 1. Since
mb — ANp+1)=mé(1l —pl(p+1)/n(l —¢€)) <0,

we have v, & Azw’/\. The proof is complete. O

The following assertion is an analogue of Theorem 6.5.1 for p = 1.

Theorem 6.5.2. Let m,l,mb,16 be nonintegers for any 6 € (0,1), m > L.
The following imbeddings are valid:

(i) if m < n, then A" c AT,
(1) if mf > n, then A’ln’l C ATg’nlln{mg’l},
(7i) if mO < mn <m, then
AT ATOME T for >
and

AT Aot gor 1 <,

All these imbeddings are best possible.
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Proof. (i) By (6.2.17) and Holder’s inequality, for all 6 € (0, 1)

sup 0| D\")y; Br(2)|| 1,

zER™
re(0,1)

—0
< c|yllz] sup (r™~ DY Br(@)]1,)°

r€(0,1)

Hence A’ln’l C ATO’M and

-0
Lo < e IV IV

In the cases (ii), (i4i) we have mf > n. Therefore, by Corollary 6.2.2,
AT ! Wll ,unif N LOO

(i1) Since mf > n, Corollary 6.2.2 implies that
AT W init N Lo for A < mé.
The result follows from the imbedding

1 min{mo, l}
Wl,unif cw

1,unif

(79i) Let m# < n < m and [ > n. Then
AP =W = MW,
Since [ > mf, we have
MW} c Mw? = A7éme,

The result follows.
Now let mf < n < m and [ < n. By Corollary 6.3.2,

11 g motn <c( sup 0D By )|\L1+||7|\Lw). (6.5.8)

xER™
re(0,1)

If m@l/n is integer, then the imbedding A7"' C ATG’mel/ " follows by the same
argument as for p > 1 (see part (iv) of Theorem 6.5.1). Suppose that mél/n
is a noninteger and {m@l/n} > {l}. Then, by Lemma 6.2.3 and Holder’s
inequality, (6.5.8) is dominated by

0 1—mo
¢ Il I

and we arrive at the imbedding A™' ¢ AT" mél/n

Let {m#l/n} < {l}. Then

H7||Wm91/n <C||,y||m9/n H ||1 m@/n'
n/m6,unif
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One can show that the imbedding AT AI"O’A with A given in (i)—(¢i)
cannot be improved by using the same argument as in the proof of the sharp-
ness of (), (ii), and (iv) in Theorem 6.5.1 with p = 1. |

Remark 6.5.1. The conditions on parameters of integrability and smoothness
for concrete function spaces to be multiplication algebras, were studied by
many authors, see Strichartz [Str], Peetre [Pe2], Hertz [Her|, Bennet and
Gilbert [BG], Johnson [Jo|, Triebel [Tr1], [Tr2], [Tr4], Zolesio [Zo], Bliev [Bl1],
[B12], Kalyabin [K1]-[K3|, Marschall [Mar3], Benchekroun and Benkirane
[BB], Ali Mehmeti and Nicaise [AN], Runst [Ru].

Considerable attention was paid to the description of the range of a prod-
uct of two or more functions in Sobolev type spaces (see Maz'ya [Maz6],
Amann [Am], Hanouzet [Hal, Valent [Va], Franke [Fr] Johnsen [Jo], Miyachi
[Mi], Runst and Sickel [RS], Sickel [Sicl], Sickel and Triebel [ST], Sickel and
Youssfi [SY], Dacorogna and Moser [DM1], Ye [Ye]|, Runst and Youssfi [RY],
Youssfi [Yo], Drihem and Moussai [DM2] et al.
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Essential Norm and Compactness
of Multipliers

In this chapter we study elements of the space M (W;" — Wzl,), where
p € [1,00), and m and [ are arbitrary, integer and noninteger, with m > 1 > 0.
As usual, we omit R™ in notations of spaces, norms, and integrals.

By ess H'Y”M(W;n_,wé) we denote the essential norm of the operator of

multiplication by v € M(W,* — W), that is,

inf ||y — Tl
{lg}\lv lwm—w:

where {T'} is the set of compact operators W™ — W},
As before,

(Dpa)(x) = [Viy(2)]

for integer [ and

ARV iqu(x)P  \1/p
D) = (| S an)

for noninteger [.
The main results are sharp two-sided estimates for ess ||| MW —wi)- We
formulate the main result concerning m > [.

Theorem 7.0.3. Let v € M(W," — W), where m > 1> 0.
(1) If p € (1,00) and mp < n, then

€ss ||’VHJVI(W1’;"~)W}))

: [ Dpv;ielle e
i (sup P Gy o B ()
TOMed@©<8} (Cpm(e))? =
. | Dp1viellL,
+aim (sup PEEEEE o sup s By(a) |, ). (7.0.1)
ree\ecante (Cpn(@) | acrr,
V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 241

Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009
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where d(e) is the diameter of a compact set e C R™.
(1) If m <mn, then

€8s ||’7||M(W{”—>Wll)

~lim sup 6™ sup (I1D1,0v; Bs(2) ||, + 6~ lv; Bs(@) |z,
— zeR™

+li|m‘ sup ( s%pl)'r’” "([D1av; Br(@)llzy + [y Bu(@) Ly )- (7.0.2)
x| —00 re

(7i1) If mp > n, p € (1,00), then

ess [7laacv gy~ m sup 1 By &)l (703

z|—o00
Theorem 7.0.4. Let v € MW;.
(1) If p € (1,00) and lp < n, then

|Dp1vsell,
ess ||yl pywt ~ lim  sup ——M——*F
P 020 eid(e) <5} (Cpa(e))?

D, iv;e
+ lim  sup M—k 17 P (7.0.4)
e g (Cpale))?
(i4) If I < n, then
ess |7l prwy ~ lim sup 6'~" sup || D1,; Bs ()| 1,
6—0 zER™
+lim sup sup 7| Dy; Bz, + 1] L.
|z|—o00 rE(0,1)
(#i) If m > n, then
ess [[v[larwy ~ 1im- sup [|l; By () lw + 7]l 2o - (7.0.5)

|z|—o0

Clearly, if multipliers have compact supports, the above equivalence rela-
tions for the essential norm are simplified, since all terms containing either
r — 00 or |x| — oo vanish.

As simple corollaries we obtain characterizations of the space M (W;” —
Wzﬂ), m > [, of compact multipliers. We note also that Sect.7.2.7 contains
one-sided estimates for the essential norm of a multiplier which do not involve
capacities.
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7.1 Auxiliary Assertions

In this chapter we use the following cutoff functions.
Definition 7.1.1. Let x € R™, 6 € (0,1), and let n be a function in C§°0,2),
equal to 1 on [0,1]. Furthermore, we assume that 0 < n < 1. We set
—x
R™ 3y —nsa(y) = n(%)-
Definition 7.1.2. Let i be the same as in Definition 7.1.1. We put

2log o )

2o 5€(0,1/2).
log [y — | (©.1/2)

R" >y — usa(y) = n(

We also adopt the notation ns = ns,0 and ps = s,0-

Definition 7.1.3. Let (.(y) = ((y/r), where r > 1, ( € C*°(R™), ¢ =0 for
y € By and ((y) =1 for y € R™\Bsy. Furthermore, let 0 < ¢ < 1.

As usual, by Wzl)(Br) we denote the space of functions with the finite norm
!

ZHVjU;BHLp for {l} =0,

§=0

i Brllwy = ¢ & dxdy 1/p
! ZO(/B /zs \Vju(sc)—vg‘u(yﬂpm) +llus Brlyy
j= r r

for {l} > 0.

We introduce one more norm in WZZ,(BT) depending on r € (0,1). Namely,
we set

!
er_lHVju; B, for {l} =0,

=0

e p_ drdy NP
lw; Brllw: = jgor (/Br /BT IVju(z)=Vju(y)| W)

1]
+> NV B, for {i} > 0.

Jj=0

It is clear that the last norm is invariant under dilation.
We present some properties of the norm |u; B [ly: which will be used
henceforth.

Lemma 7.1.1. Ifl is a positive noninteger, then

| Dy By, < sup s By oy
"EERW
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Proof. 1t suffices to estimate

dxdy 1/p
Vinu(z) — Vigu(y)|P —————— ,
(/Br/z(z) /n\Br/Q(Z) | g ( ) y ( )‘ |3: — y|”+p{l}>

where z is an arbitrary point of the ball B,.. This value does not exceed

dx 1/p
Vi U(y)l”dy/ T
(/Brm(z) . R*\B,2(2) [T — y|"+”{”)

dy 1/p
+ / \Vlu(m)|pdx/ %
( B\B o) B,ya() |2 = yl”*”{l})

IVigu(z)[P dx) 1/p

< CT7{1}||V[”U;BT(Z)HLP + C(/ : m

R™\B,./2(2

The second term on the right-hand side does not exceed

1 / 1/p
c =T Viu(@)P dedg )
</Rn\zs,./2<z> o= €T Jg )

which is dominated by
er~ 1 sup llw; By [l -
zER™

The proof is complete. O

Next we formulate three well-known properties of the norm [lu; B, [lw.m,
leaving their proof to the reader as an exercise.

Lemma 7.1.2. If ¢ € C°(B,.) and |Vip| < cr™% k=0,1,...,m, then for
all w € W) (B,)

lowR lwp < clluiBlwy for r<1

and
[l us R™[[wrm < c||u;BT||W§ for r>1.

Lemma 7.1.3. Let u € W(Bs). There exists a polynomial P of degree [m]

of the form ;
x —n
Pl =3(5)’0 [, es(§)u v

where ¢ € C§°(B1), and such that

dxdy
[z — gl

lu = Plui )i Bslhwp <c [ [ [Fpmjuta) -t
BsJ Bs



7.1 Auxiliary Assertions 245
Lemma 7.1.4. The inequality

s/k 1-s/k
s Bollws < el B s B, 0<s <k, (7.11)
P
holds.
From (7.1.1) we immediately obtain

Corollary 7.1.1. If k is a noninteger, then

dxdy p
llw; Brllw ~ (/B /B |V[k]“($)—v[k]u(y)\pm) +r " lus By r,

If k is an integer, then
s Bellws ~ IV Bz, + " ||u; By -
Using the Hardy-type inequality
lulal ™"z, <ecllullwe, — kp<n,
(which, in particular, easily follows from (4.3.17)), we deduce
Lemma 7.1.5. If kp < n, then
llw; Brllws < e [lullwy

with a constant ¢ independent of r.

Next we prove some technical lemmas.

Lemma 7.1.6. Let ¢ € C°(Bs) with § < 1, and let |Vip| < c67F, k =
0,1,...,[{] + 1. Then
HLIOHMWIZ) <eg,

where lp <n and p € [1,00), orl=n and p=1.

Proof. Let v € C3°(R™). According to Lemma 7.1.2 and Corollary 7.1.1,

lpullwy < cllu; Basllw,

dz dy 3
< - pi 5 . . .
< c((/B%/B%WU]U(x) Vigu(y)| P y|n+p{l}) +||u,325||L%> (7.1.2)

Now the result follows from Proposition 4.2.5. g

Lemma 7.1.7. If u € C§° and lp < n, then

sup |15z ullwr — 0 as 6 — 0, (7.1.3)
TzER™ P

where 15 15 the function in Definition 7.1.1.
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Proof. This assertion follows from (7.1.2).

Lemma 7.1.8. Let {l} > 0. Then

Vjns(2)| < cllog 2| [~ |2~ (7.1.4)
and
Vjins(2) = Vips(y)|” b —p({1}+4)
[ Ry < 1og 17 . (@)

where z € Bs, j =0,1,...

Proof. Estimate (7.1.4) is obvious. We prove (7.1.5). Since

o
_ 2log d _

a < la 2959 k

D% ps(2)] < |2] kE_l:Jk(long) (2log 8)~*,

with o, € C5°(—1,1), it follows that

c|logd| =tz —yl[z[777}
if |2[/2 < [yl < |zl;

c|10g6|_1(1rnax{|z|7 |y|})_J if >0

j - j < . .
Vins(z) = Vins(y)l < and either |y| < |z]/2 or |z| < |y|/2; (7.1.6)

c|10g(5|*1}10g%

if j=0
and either |y| < |z]/2 or |z] < |y|/2.

These estimates imply that

. — . p ]
/ |Vips(2) |TZ;?£(ZJ)| dy < c|log 8|7 |z|~PUI+I)
Bs =Y

which is equivalent to (7.1.4) for z € Bs\Bss by the second and the third
estimates in (7.1.6). Let z € Bss. Then

. — . p R . P
[ D) Vol [ Vst
Bs |Z - y‘nﬂ? 65\862 |y‘n+

< ¢; |log | p/ L __dy = ¢;|logd| P p(+{1})
! Bs\Bj2 |y[n ’

where dp; is the Kroneker delta. Putting here |z| = 5% and noting that
t34+9)| Jog t| increases near ¢t = 0, we arrive at (7.1.5) for z € Bys. O
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Lemma 7.1.9. Let Vi € C§°(B1) and ¢, (y) =¥ (y/r), r > 1. Then
[rllarwe < 14cr™?,
where o =1 if0 <l <landoc=11if1>1.

Proof. The assertion is obvious for integer . Let {{} > 0. Then

[¥r wllwy < lor Dpgull, + [14rulL,

+ 0> 1Dy DPull iy + I Vigu Dy iy vl 2, (7.1.7)

|l +181=[1],
|| >0

Note that

D =r~1°(D*), and D, (3, = r~ (D, (),

Since the function (D*®), is bounded together with all its derivatives and
since (Dy, 1131), is uniformly bounded with respect to r, it follows that

[ D%ty D5u||Wp{1} < CT_‘alHuHW;aw{z}

and
IV D,y ez, < er™ W lulws. (7.1.8)

Combining (7.1.7) and (7.1.8), we complete the proof. O
Lemma 7.1.10. Let ¢ and 1, be the functions defined in Lemma 7.1.9. Fur-
ther, let 1) = 0 in the ball By 5. Then, for any u € W]ﬁ,

lim 46, s, = 0.
Proof. The result follows from the inequality

[¢r ullwy < l¢or Dppullz, + 1¢rullz, + e ullwy
established in the proof of Lemma 7.1.9. a
Lemma 7.1.11. Let mp < n, k € [0,m]. Further, let e be a compact subset
of the ball B,., r € (0,1). Then
Cprle) < crm=bro, | (e). (7.1.9)
Proof. Let u € C§° with u > 1 on e. We have

[Cor (VP < Imullws = |1 Dpi(nr)lz, + lIneullz,
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By inequality (4.2.8),
[mullz, < cr™[[Dpm(nu)llL,

and therefore
(Cot @7 < 1™ [l

This and Lemmas 7.1.6 and 7.1.9 imply that
[Cos(@? < crr™ ™ |lullwp.

Minimizing the right-hand side, we arrive at (7.1.9). O

7.2 Two-Sided Estimates for the Essential Norm.
The Case m > 1

7.2.1 Estimates Involving Cutoff Functions

Lemma 7.2.1. The estimate

limsup (|Gl v wm —wiy < cess [Vl arwm—wr)

T—00

holds, where m > 1, p > 1.
Proof. Let e > 0 and let T'=T(~,¢) be a compact operator such that
v =TI < ess [Vl mwp—wy) +¢.
Then, for all u € W,
I = Tullwy < (ess Inllarwp—wp) +ulwge - (72)

Let S be the unit ball in W, centered at the origin and let {vy} be a finite
e-net in T'S. Without loss of generality we assume that v, € C§°. It is clear
that (v = 0 for sufficiently large r. Therefore,

Gryullwe = NI (vu = vi)llwr < N6 (vu = Tw)llwy + 16 (Tw — vi) e -
From this inequality and from Lemma 7.1.9 we obtain

IGryullwyg < e (ess [Vl —wy) + €)llullwye -

The result follows. a
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Theorem 7.2.1. Let m > 1 and let either Ilp < n andp > 1, orl < n and
p = 1. Then the equivalence relation

eSS”'Y”M(W;,“—»VV,l) hI;lS(l)lp SHP ||776r7||M(Wm—>Wl)
— rER

+ limsup (|G| arwn —wi) (72.2)

holds.

Proof. (i) The lower bound for the essential norm. We use the notation intro-
duced in the proof of Lemma 7.2.1. For any u € S,

Insvallws < lns.e (v = o)l + Ins.con v

< lIns.e(yu = Tu)lwe + Im6,0(Tw — ve)lwe + [ns.cvellwe -

From this inequality and Lemma 7.1.6 we get

ns.cvullwy < c(essIVlarwm—we) +2€) +€

which, together with reference to Lemma 7.2.1, completes the proof of the
lower bound for ess ||| arwm —wi)-

(1i) The upper bound for the essential norm. We choose § and r so that
the following estimates hold:

sup HUQé,m’YHM(W;n—»W,@) < limsup sup Hné,z'Y”M(me—»Wzg) +e,
zER™ §—0 zeR"

(7.2.3)

[[€%1[5Y; (wyp—wi) < limsup [Ie%115Y: (wp—wi) te.
rT—00

By {Kéj )} we denote a finite covering of the ball Ba, by open balls with
radius 0 and centers x;. We can choose the balls K (g] ) 50 that the multiplicity
of the covering of By, by the balls Kéf;) depends only on n. Let {»()} be a

smooth partition of unity subordinate to {K éj )} and such that
Vi <es ™, k=01,....

Given any u € W"(Bs), we use the polynomials introduced in Lemma 7.1.3.

Let PY = PU)(u;-) be such polynomials constructed for the balls Kéf;)
Further, let I' = (1 — ¢,)y and let T, be the finite-dimensional operator
defined by

(Tyu) Zapm )P (u; z) . (7.2.4)
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We have

1y = Tullwy < (7 = To)ullwy + IGyullwy - (7.2.5)

Since _ _
(I —Tou= ZFU%,% o) (4 — P,
J
it follows from Corollary 4.2.1 that

10 =Tl < 37T s, @) (= PO)2,
J

< esup |1 s, gy D 169 (1 = PO By (7.2.6)
j P P - P
J
Using Lemmas 7.1.2 and 7.1.3, we obtain that the last sum does not exceed

> = PO KDy < eal| Dymull? (727)
J

We further note that, by Lemma 7.1.9,
I 260, | arwn —wity < clly m2sa; | aewm —wt) -
This and inequalities (7.2.3), (7.2.5)—(7.2.7) imply that

v = T*HW};HHW;{ (7.2.8)

< c(limsup sup (15,07 arwy—wsy + limsup |Gyl arowp—wsy + )
6—0 z€R” r—00

Remark 7.2.1. Relation (7.2.2) fails for Ip > n. In fact, let v = 1. It is clear
that 1 € M(W," — Wé) On the other hand, Remark 4.3.3 implies that

gli% 75,2 |M(W;”—»WZ’;) = 00.

7.2.2 Estimate Involving Capacity (The Case mp < n, p > 1)

The following theorem presents one more relation for the essential norm.

Theorem 7.2.2. If mp < n and p € (1,00), then

lvsellz, I\meeﬂLp)

sl ~ lim sup (e 4 SR

00 fe: d(e)<6}

lvsellz, ||Dp,w;e||Lp>

+ lim sup ( (Cpm—i(€))V/P  [Cpm(e)]'/P

T00 feCR™\B,.: d(e)<1}

(7.2.9)
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Proof. We limit consideration to the case of noninteger [, since for integer I
the proof is analogous and slightly simpler.
(i) The lower bound for the essential norm. We introduce the notation

|1 Dpx7;ellz,

fk('Y; e) = [Cp,me»k(e)]l/p

for noninteger k, 0 < k <[, and

IVivielr,
[Cp’mek(e)]l/p

for integer k, 0 < k < [. Clearly, for any compact set e with d(e) < 4,

fe(vie) =

fo(vie) < sup  sup fo(y;e) < sup  sup  fo(nsav;e)-
x€R™ eCBs(x) zER™ eCBs(x)

This, together with Corollary 4.3.1, implies that

folvie) < ¢ sup |[nsayllarwy—wr) -
‘/L‘ER’H

Applying Theorem 7.2.1, we obtain
fo(vse) < c(ess|Vlarwy—wr) + ) (7.2.10)
Now we turn to the bound for fi(v;e). For e C Bs(x) we have

Vi (v(@)n2s.2(y) — Vig(v(2)n25.2(2)) P
Dyviel? = [ d : : d
1On el / y~/st(w) ly — 2" ei ’

dz
—i—/dy/ Viy(y) = Vipy(2) [P ————+ .
¢ "\st(x)‘ 1) = Vi ) ly — 2| tei

Therefore,

IDpaviele, < e[| Dpalnzsaicllr,

dz 1/p
+ /Ivm(y)lpdh/ T
( e g R\ Bas (z) \y—2|"+p{l})

dz 1/p
L T R — (7.2.11
+(/]R"\st(w) Vi) y/ ly — Zl”“’{”) ] (7211

The second term on the right-hand side does not exceed

ad | Vyrielr, < e 6™V (vmesa)iel, - (7.2.12)
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Since e C Bs(z), the third term is not greater than

\Y% Pdz\1/
¢ (mesye) /7 / M) v
R

"\ Bas () |Z - xln-‘,—p{l}
1/ —n—p{l} s—n p
< ¢1(mespe) P( 2 — x| P |vm(g)|pdgdz)
R™\Bas () Bs(z)
< ¢ (mes,e) /P sup ||V (n26,27); Bs (2)||p, 01 ="/7. (7.2.13)
z€Rn

Therefore,

Cpm—q13(€)

1/p '
Cpml(e) ) fu(n2s.ase)

filvse) < C[fz(nza,ﬂ;e) + 5_{”’(

ek

Now from (7.2.14) and Lemma 7.1.11 we obtain

sup sup f(n2s.e;e)| - (7.2.14)
2ER™ eCBj ()

filvie) <csup  sup [fi(n2savie) + fu(n2s,27:€)]
TER™ eC B, (x)

which, together with Proposition 4.3.1 and Theorem 7.2.1, implies that

filyie) < sup 1125,2Y [ arwn—wiry < e (ess [yl arwp —wiy +¢€). (7.2.15)
reR™

Combining (7.2.10) and (7.2.16), we arrive at the inequality

[l ellz, IIDp,z’V;eHLp)

lim  sup ([Cp,mfz(e)}l/” [Cpm(e)]'/?

00 fe: d(e)<s}

S CeSSH’Y”M(me_,va) . (7216)

Let e C R™\Bs,. It is clear that fo(v;e) < fo(¢-y;€) and, by Theorems
4.1.1 and 7.2.1, the estimate (7.2.10) holds if r is sufficiently large.
Let us estimate f;(v;e). We have

1Dy iyselly, = / dy / » Va0 ®)& W) — VGGG

ly — Z|n+p{l}

IVuy(y) — Vg (2)P
—I—/edy/B% ly — 2[rre (@ dz .

Consequently,

dz 1/p
. . P
[ Dpaiviellr, < C[I\Dp,z(cr’y),e\m + (/Q\Vm(y)l dy /BQT |y_z|n+p{l})

dy 1/p
p -z @@
+(/B%|vm(z)| dz/e |yiz‘n+p{l}) } (7.2.17)
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The second term on the right-hand side of (7.2.17) does not exceed

B 1/p _ 1
cr—tH (/|V[m(y)|pdy> <ear W f(ie) [Cpm_in(e)] /v

which, by Lemma 7.1.11 and Theorem 4.1.1, is not greater than

cor 1} VI ae (W — w1y [Cp.m(e)]'/7.

Let us get a similar estimate for the third term on the right-hand side of

(7.2.17). We have
dy 1/p
P kel A
([, v [ o)

< cr_"/p_{l}(mesne)l/pHV[l]v; Barllz, < cfy ('y;BQT)(mesne)l/pr_m .
Therefore, the third term is majorized by

Cr_mHVHM(W;”ﬁW})) [Cpm(e)]'P.

Finally,
firie) < e (ilGrie) + 8 ™ v —wy) - (7.2.18)

Taking the supremum with respect to e on both sides of this inequality and
making r — oo, we arrive at

lim sup fi(y;e) < e lim sup fi(¢v;e).
700 RN\ B, r—00

Combining this estimate with (7.2.10) and Theorem 7.2.1, we conclude that

lim sup

( v;ellz, | Dp,iviellz,
00 eCR\ B, [

Comi()]77 [cp,m<e>]1/p) < cess [y llarawy—wy)- (7:2.19)

Adding (7.2.16) and (7.2.19), we obtain the required estimate for the essential
norm.

(1) The upper bound for the essential norm. Let e be an arbitrary compact
set in R”. We have

U

Dp,i(ms.zv)iellr, < C[Z 11V (25,07V) | Dpi—jns.ase |,
=0

1]
IVi—i(n2s.2(W)7(Y) = Vig—j(n2s.2(2)7(2)|P  \1/P
+ / Vins.«(y)[Pdy — — dz
gzo( o Vs | |y — z[Feth )

1Dy s,072,67); €\Bis ()1, | (7.2.20)
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The obvious estimate
Dy s < e~

and Lemma 7.1.11 imply that
11V (n25.27)| Dp,i—jns,25 €l L, < C5j_lfj (726,27 6)[Cp,mfl+j(€)]1/p
< cf (125,273 €)[Cp.m ()] /7.
By Theorem 4.1.1,
fitnesavie) < climesallywm=—1+i i) - (7.2.21)

Hence, from Lemma 7.1.6 and Corollary 4.3.7, we obtain

fi(naszvie) < ¢ sup. 175.6m126,2 Y| s w1+ i
< cgseuﬂg 5.7 arewm =149 )

< e sup ||nseY m_ iy + ¢(€) sup ||ns,eY mol_ .
feRn 175, ||M(Wp w}) ()geR” 175, HM(W,, L)

Thus the first sum in (7.2.20) does not exceed
(5 H775,w'7||M(W;n—>W£) + C(g)Hné,w'Y”M(W,;"—lHLP))[Cp,"z(e)]l/p~ (7-222)

The j-th term in the second sum on the right-hand side of (7.2.20) is
majorized by

07Dy i—j(m2sw)ielln, < 07 fimj(n26.07:€)[Cpm—j(e)]?
< ¢ fi—j(m26,07: €)[Cpm(e)] /P .

Using the same arguments as when estimating f;(v;e), we get

fi—i(n2s.07vi€) < € sup |Insevllarwm—wr) + c(€) sup [nsevllpwr-1—r,)
£ER £ER™

for j =1,...,[l]. Therefore, the second sum on the right-hand side of (7.2.20)
does not exceed

(eseuﬂgl Hné,rq/||M(W;n_>WI£)+C(5)§S€uRF:L||T]57§fy”M(W;n,L_)LP)+Cfl (1)) [Cpm ().

Now we give a bound for

1Dp.1(115.2M25.27); €\Bas () L, -
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By Holder’s inequality and the estimate for the capacity (3.1.2), we find that

for z € Bas(x)
[ ety
e\Bas(z)

< C(mesne)(nfmp)/n (/ ly — Z|*(n+}7{l})n/mpdy
e\Bas(x)

< cCpomle) gp(m—{1})—n

)mp/n

Consequently,

1 Dp,1(16,0m26,07); €\Buas (%),

IV (28,0 (2)y(2)) [Pz 66~ 100 / ly — 2P ndy
: e\Bas (x)
U |
< cCpmle) 3 gmstDp— / 1V, (25,0 (2)1(2) Pz
§j=0 Bas (x)

U
< cCpml(e) Y 152527 Bas(@)) -

J=0

Following the same lines as when estimating f;(n25.7;€), we conclude that
the third term on the right-hand side of (7.2.20) does not exceed (7.2.22).
Substituting the derived estimates into (7.2.20), we arrive at

filns,zvie) < e (6 sup lIms.7lar(wzn —w)
=
+ele) Sup a6 a1z, + Fi0 ),
which implies that

Hn&w’YHM(W;ﬂ'HWé)

< (e sup Insevllnrawp—w + (@) sup sl s
¢eRrn £eRn

+ sup folvie)+ sup fi(yie)).
eCBas(x) eCBys(x)

Taking the supremum over x on both sides, we find that

sup 175,271 ar(wn —wi

<c( sup  folyie)+  sup  fi(vse)). (7.2.23)
{e: d(e)<46} {e: d(e)<86}
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Now let e C R™ with d(e) < 1, and let r be a sufficiently large positive
number. We have

1Dp,1(Csry)i €l L,
[

< c[Y IV AIDpi-iGars \Br I,
=0

[1]
Viu—i7W) — Vg ()P 1/p
. p
+ jz_:o(/w IV (y)[Pdy /e\B,,. ly — 2| +ell} dy dz)

+ |1 Dpi(Csry)ieN BTIILJ : (7.2.24)

The first sum on the right-hand side does not exceed

1]
YT (1 €\B) [Cpm-t5 (€\B,)] /7

§=0
< ey llariwg i [Com(\B]7.
The j-th term on the right-hand side of (7.2.24) is majorized by
et Dy jv; \Brllz, < e fij(v;€\By) [Cpom—j(€\B,)]/7.
Hence the sum in question is dominated by

¢ (il \B,) + 1~ s wi) o (@] /7

Further, we estimate the last term on the right-hand side of (7.2.24). We
have
1 Dp.1(C3ry)s €N Br“ip

VPO [y sty

enB,

< cmes,e Y ViP5 G-mw

- " Jrg,, 2P '
=0 3r

We note that

dz
Vi) ——rr < ppith sup  ||Vv; BL(&)|Y
/ o TV e VB,

—p{l
<cr pt }”’)’Hﬁ/j(wgnﬂwzl))'
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Therefore,
1Dp,i(Gary)s e N Brllz, < ¢ (mesne)/Pr= Wyl ayw ) -
Consequently,

1Dp1(Car)sellr, < e (filv;\Br) + = iy larqwg —wy) [Cpam (e)] V7

Using Theorem 4.1.1, we obtain the estimate

CsrYlarwyn —wty < e sup (filyie) + fo(se))
eCR™\B,.,d(e)<1

+ 027"7{[}||7HM(W;L—)W1§)~ (7.2.25)

This inequality, together with (7.2.23) and Theorem 7.2.1, implies the re-
quired upper bound for the essential norm. a

7.2.3 Estimates Involving Capacity (The Case mp =n, p > 1)
Theorem 7.2.3. The relation (7.2.9) also holds for mp =mn, p > 1.

Proof. As in the proof of Theorem 7.2.2, we need to consider only the more
difficult case of noninteger [, 0 < I < m.

(i) The lower bound for the essential norm. Let e be a compact set in R”
with d(e) < § < 1/2. The argument leading to (7.2.10) applies equally for
obtaining the required estimate of fo(7;e).

For fi(v;e) we have the estimates (7.2.11)—(7.2.13). The right-hand side
of (7.2.12) does not exceed

c 6~ (mes,e) /™| V) (y725.0); €l
|10g5|(p—1)/p

~  |log mes,e|(—1

pn/(n—p{l})

Y/p Hv[l] ('77725,90); eHLpn/(nfp(l}) :

The expression on the right-hand side here is not greater than

1/p | Dp.i(Y125,2); Bas (@),
T D G Bus a7

Similarly, the right-hand side of (7.2.13) does not exceed

(7.2.26)

e (mes )| og mes,e| 717Gy ()] /7677 sup 1Dy ): Bas (2,
sup

which, in turn, is majorized by (7.2.26). Thus

filyie) <c sup fi(m2s,23 Bas(2)) -
zeR™
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Combining this estimate with Theorem 4.1.1 and Theorem 7.2.1, we get
(7.2.15). Consequently we arrive at (7.2.16).

The proof of (7.2.18) holds for mp = n as well. Thus the required lower
bound for the essential norm is obtained.

(14) The upper bound for the essential norm. We take the relation (7.2.2)
as the basis of the proof. Since 7s2 4 fi5.. = 752 5, then, by Lemma 7.1.6,

H7762,x'7||M(WI§"HWp{) <c HMME’)’HM(W;}LHW},) ‘

Our aim is to prove the estimate

lpsavlmewm—wiy < ¢ sup (fo(vie) + filyie)). (7.2.27)
P P eCBgs(x)

Let e be a compact set in R with d(e) < 1/2. We have
1Dy, (1s.av);ellL,

1]
< e[S IV Dyt tts.ei e N Bas(o),

=0
: IVig—i7(y) = Vig—iy ()P \1/p
+;</ Vs (y)|? dy /emszé(x) - j|y _ Z|n+;£~]{l}j dz)
1D (10,67 \Bas (@) 12, + Ittoe Dpavielln, | (7.2.28)
Applying Lemma 7.1.8, we find that
IV Dp,i—j 5.2 € N Bas ()|,
< c|||V;v||log r|7! rilen Bas(z)|z, » (7.2.29)

where r(z) = |z — z|. By Holder’s inequality the right-hand side does not
exceed

c|IV7v; Bas()| allllog [~ 7771 e Bas ()

pn/(n—p(l— HLn/(t—j) :

Since the function |logt|~'#/~! decreases near ¢t = 0, the maximum value of

the integral
/ dz
& |2|"|log |z]|"/(=9)

over all sets F with prescribed small mes, E is attained for the ball centered
at z = 0. Consequently,

[[log r|~1ri =t enBas () Iz, <cllog mesy, (eNBas ()| =77/ (7.2.30)

We further note that

V575 Bes (@)1 2y < € (1Dpav: Bas (@), + 67|73 Bas ()| ,.)-
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From (7.2.29) and two last inequalities we obtain

11V 9| Dp.i—j 5.5 € N Bas ()],
<c| 10g5|(p(l—j)—n)/np(| logél(l_p)/pfl(v; Bas(z)) + fo(’y;Bzg(fL'))
x |logmes,, (e N Bas(x))|1~P)/P.

Applying Proposition 4.3.1, we arrive at

V59 Dpi—js.03 € N Bas ()L,
<c (fl('}/; Bas(x)) + fo(y; Bas(x)) ) [C’p,m(e)]l/Z’ ) (7.2.31)

The general term of the second sum on the right-hand side of (7.2.28) is
equal to

dh » pa \ P
(/ e oo 1RV Va4 ) dz)
Since supp s, C Bs(x), the last expression does not exceed

dh 1/p
1V jts,25e N Bas (@)L, (/B . 1AV -7 Bas (@)L, 0o W”T{l}>
35

Using Lemma 7.1.8 and applying the same argument as in the proof of (7.2.30),
we conclude that

(j—n)/n
I Vjs,25€ N Bas ()] L . (7.2.32)

n/j

<c ‘log mes, (e N Bas(x))

It is known that the space B}, is imbedded continuously into B2 , with
s1—n/q=8s2-n/q, 1 < g1 < g < o0 (see [Bes]). This, in particular, implies
that

dh
[ 1A Bas(olE s < liBos(@ll
Bas (@) |

~ ¢ (|Dpy: Bas(@)l|z, + 6717 Bea ) 12,)"- (7.2.33)

From (7.2.32) and (7.2.33) we obtain that the general term of the second sum
on the right-hand side of (7.2.28) is dominated by

c|10g6|(”j—")/"1’(|10g5|(1—10)/pfl( ; Bgs ()
+ fo(v; Bes()))| log mes,, (e N Bas ()| P)/7.

This, together with Proposition 3.1.3, yields

IVig—7(y) = Vg ()P \1/P
s ()P d d
(/lvju& ()| y/msw( : y — 2l z)

< ¢ (fily; Bos(x)) + fo(; Bos () [Cp.m ()] /7 (7.2.34)
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Let us estimate the norm || Dy (us7); €\Bas(x)||z,, which is obviously

equal to
\Y% = p 1/
( / dy / Vi (s, 1)({? dz) p
e\ Bas (2) Bs() |y —2["tP

dy 1/p
= Vumsa)@Pds [ )
</35(z) g \Bos (2) 1Y — Z|”+”{l})

It is clear that

d
/ \5 <>W min{6~"~"mes,e, 671}
25 (T

| log d|""
~ |log mesyelp—1 oril}

Moreover, by Lemma 4.2.7,

|Vt @P ds
B(;(x

_ p
< 5p{l}/ / IV 1oy (126,27) (y) V[Z]l(ua,ﬂ)(zﬂ dzdy.
Bs(z) J Bs(z) ly — z|n+pil}

Consequently,

1 Dp,1(15,27); €\Bas ()|,

|log 6|7~
|log mes,e[P—1

[1]
(193 Bs(@) I, + D 119591 Dp—s115.0 B (@)%,

=0

[1]
Vi-57@) = Vig—v(2)P
+ / V5.2 (y \dy/ dz) .
Z Bs () ! Bs () ly — z|ntpil} )

Putting e = Bs(z) in (7.2.31) and (7.2.34), we see that either of the two last
sums may be estimated from above by

c|log 61" P (fi(v; Bes(x)) + fol(v; Bes(x)))" .

Therefore,

1Dp1(16.27); €\Bas ()17, < e (fu(y: Bos () + fo(y: Bes ()" Cp,m(e) -

Setting this, together with (7.2.31) and (7.2.34), into (7.2.28), we arrive at
(7.2.27).
The estimate

hmsup ||§T7||M(WMHWZ) <c lim sup (filv;e) + folv;e))
=00 o cR?\B,.,d(e)<1

was obtained at the end of the proof of Theorem 7.2.2. a
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7.2.4 Proof of Theorem 7.0.3

To obtain the lower estimate for ess||’y||M(W;n_,W£) we use Theorem 7.2.2 and
the upper estimates for the capacity of a ball (see Proposition 3.1.4). Then

- Iysellz, “up 17; B,(2)ll,
{exd(e) <6} [Cpm—1(e)]YP = p<s [Cpm—i(By(x))]/P

= csup p" Py By()|1, > e sup p™ 1y Bo(@) | Ly s
p<é p<é

where x is an arbitrary point of R™. Also,

wp W e B@),
{ecR™\B,d(e)<1} [Cpm—1(€)]'/P ~ serm\B,

To prove the upper estimate in part (i) of Theorem 7.0.3, we show that

sup [vsellc,
{e:d(e) <6} [Cp.m—1(e)]/P
[ Dp,1v;ell e
<el sup ————F+ sup """y Bs(x)|| L 7.2.35
({e:d<e)9} [Com(e)]VP  sern I Bs(@l 1) ( )

for pm < n. In view of Corollary 4.3.1 and Lemma 4.3.11 we have

el
{e:d(e)<1} [Cpm—1(e)]1/P

| Dpiviellr
sel, sw ey T s (1 Bu@)lle, ). 7.2.36
({e:d<e>s1} Crm(@/e T 52 135 )||L1) (7.2.36)

In the last inequality we replace e by 6 'E where d(E) < § and introduce
I'(-) =~(671). Then (7.2.36) becomes

5P| B,
Ssu
{E:d(E%gé} [Cpm—1(07LE)V/P

§'=/P|| Dy T E L
A 2 sup 0|1 Bs(y)lL, ). (7.2.37
<{E:d(E)§5} [Cpm(6-1E)|V/P SR I ( )||L1> ( )

For mp < n, by Corollary 3.1.1 we have
Cpom_1(071E) < co?tm=U=rg, . (F)

and
Cpm(6 7 E) > c6P™ "Cpn(E).
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For mp = n the last inequality should be replaced by the estimate
Cp,m((SilE) > cCpm(E),

which holds since the capacity is a non-decreasing set function. Thus, for
mp<n

0O\ B,
sup
(pdE)<st [Cpm-1(E)]H/P
5—(m—l)HD lF'E”L
< C( sup pitt s Py sup 5" I Bs(y Ll)
{E:d(E)<6} (Cpm (E)]M/P JER™ I @l

and (7.2.35) follows. O

7.2.5 Sharpening of the Lower Bound for the Essential Norm
in the Case m >Il, mp<n,p>1

In addition to Theorems 7.2.2 and 7.2.3 we prove the following result.

Theorem 7.2.4. If m > 1, mp <mn, and p > 1, then

€88 ||“/HM(W;L—»W,;)
[

(HDp,lfﬂ; elz, IVjviellr, )
[Cpm—j (e)]t/P [Cpm—1+; (e)]i/P

[

>clim  sup
0—=0fc: d(e)<s} j=0

4 ¢ lim sup (lle»zfmeHLp IVviel, )
"0 feCRM\B,  d(e)<1} S [Copm—i (@7 " [Cpom_isj(e)]/P

To prove this theorem, we need an auxiliary assertion.

Lemma 7.2.2. For any multi-index o with |a| <1 <m,

il

€ess ||Dary||M(W;"—>WII)7‘a‘) < CZ €ess ||’Y||M(W:L_j—>W;.’_j) .
3=0

Proof. It suffices to limit consideration to |a| = 1. By Tj, j = 0,1, we denote
compact operators acting from W)"~7 into WT’;_J and such that

v = Tyullyss < Cess g sy + &l
For any function u € W) we have

vV + ¥y = VToullyis < Cess [l + &)l
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Therefore,

luV~y — VTou + TlquW,lg_l
< (ess Inllarawp—wiy + )l + 7V - Ty Vel

< (ess [l arwp—wiy + €58 17 as e a1, + 28 lullw

Since T' = VT — T1V is a compact operator acting from W) into Wzi_l, it
follows that

55 V2 arwp i) < e larcwge vy + 510 gt wg

Proof of the Theorem 7.2.4. From the interpolation property (4.3.26)
and from Theorem 7.2.1, we find that

1—3)/1 i/l
ess |1 arwp—s i) < € o8 gy €58 111 gpmoi

which, together with Lemmas 2.3.4 and 4.3.4, gives

es5 [l iy < cess [Allarwy —wi
By this inequality and Lemma 7.2.2 we conclude that

€88 ij7||M(W1;nHWIlfj) < cess ”'VHM(W;'LHW})) .

It remains to make use of Theorems 7.2.2 and 7.2.3. O

7.2.6 Estimates of the Essential Norm for mp > n, p > 1
and forp=1

In the two cases mentioned, we do not need a capacity. The simplest formu-
lation is for mp > n, p > 1 and for m =n, p = 1.

Theorem 7.2.5. If mp > n and p > 1, orm =n and p = 1, and v €
MW — W), m > 1, then

ess 17l as(we s ~ limsup [ By (@) lws (7.2.38)

|z]— o0
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Proof. Applying Corollary 4.3.8 and Theorem 5.4.1 to the multiplier (,.-y, we
obtain from Lemma 7.2.1 that

limsup sup 167 B (@) s < cess [l arwy —~w)

r—oo xER™

which is equivalent to

limsup [[v; B (z)llw: < cess|[Vllarwp—wy) -

|z|—o00

Let us prove the converse estimate. Corollary 4.3.8 and Theorem 5.4.1
imply that
IV ~ vl arwm —wy < oo.
This and Lemma 7.1.2 yield

1A = G)rvullwe < [V [ = G ullws < e lu; Barllw -
Since any bounded subset of W)™ is compact in Wé(l’j’u), the operator
(1=G)y: Wy = W,
is compact. Consequently, for any r > 0,

€ss ||'7||M(W]';”HW},) = 88 HCNHM(W;MW},) B H<r'7||M(WT';”HW},)~

Estimating the last norm with the help of Corollary 4.3.8 and passing to the
limit as r — oo, we complete the proof. a

Theorem 7.2.6. If | < m < n, then

6™ sup |l; Bs (@) [l

€ss ”’YHM(W{“—»W{) ~ lim sup
6—0 reR™

+limsup sup 7" |lv; By (@)l - (7.2.39)
|z|]—o00 rE(0,1)

Proof. According to Theorems 5.4.1 and 7.2.1,
ess [|v[| prwpr—wi) ~ limsup sup sup """ ns2v; Br(y) lw

6—0 x,yeR™ re(0,1)

+limsup sup sup Tm_n”|<p’)’§8r(y>|||wf~
p—oo yeR™ re(0,1)

Let the first term on the right-hand side be denoted by A; and the second
one by As. Dealing first with Ao, we have

Ay > limsup sup  sup ™" |lv; B (y)[lw;
p—oo y¢By, re(0,1)

= limsup sup Tm_n|||’Y§Br(y)”|W{~
‘y‘—)DO re(0,1)
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An upper bound for Ay can be obtained as follows:

Az <limsup sup sup " "||C; Br(y)[lwr
pP—00 ygB, s re(0,1)

<climsup sup sup """ ||v; Bar (y) [l
p—oo ygB, 5 re(0,1)

< cilimsup sup 7" |1y Br(y)llwe -
ly|—oo re(0,1

Now we turn to estimates for A;. We have

Ay > limsup sup 0™ "||ns,27; Bs () [l
6—)0 :EGRTL

> climsup sup 6" |lv; Bsa ()| -
50 zER

On the other hand,

sup ™" 1n5.27; Br(y) I
re(0,1)

< sup " Inse Y Br(y)llwe +(26)T sup Insey; B
re(0,6/2) re(d/2,1)

The first term on the right-hand side does not exceed

c sup 7"y Bar (y) |
re(0,6/2)

and the second one is not greater than

™" 1v; Bas (@) lw; -

Consequently,

Ay < climsupd™™" sup |||’7;Bé($)|”W1l .
§—0 zER™

P)lwy -
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Remark 7.2.2. It follows from Lemma 7.1.1 that (7.2.39) can be written as

ess |Vl vrwm —wiy ~ lir?sgp gmr Sup. (67 v Bs(@)ll L, + 1 D1,17: Bs(2) |z,

+limsup sup " (17| Br(@) oy + Dy Br(@) ) -

|z]—o0 re(0,1)

Remark 7.2.5. Let T, be the operator defined by (7.2.4) for pm < n, p > 1
and m < n, p = 1. For other values of p and m we put T, = (1 — (). In the
proofs of Theorems 7.2.1-7.2.6 we verified in passing the following estimates

for the norm of v — T for fixed § and r.
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(1) If mp <mn, p>1, m>1I then

Iy = Tollwpws < s (filvie) + folie)
{e: d(e)<86}

teswo (e + folne) + P vy )-
{eCR™\B, 5 d(e)<1}

(#3) If mp = n, p > 1, m > [, then the last estimate remains valid with
{e: d(e) < 86} replaced by {e: d(e) < §'/?}.
(7i) If I < m < n, then

17 = Tellwm—wy < c6™7" sup (07" 17: Bs(@)lly + 1D1,07: Bs (@)1, )
TER™

+c sup  sup (p7 i Bo(@)llz, + |1 D1ay: Bo(@)llL, )
z€ER™\B,. /2 p€(0,1)

(w) Ifmp>n,p>1lorm>n,p=1,m>I, then

Iy = Tellwpewy < ¢ sup |7 Bu(@)|lw; -
z€R™\B,. /o

From (4)-(iv), together with lower estimates for the essential norm proved
in the above theorems, it follows that, given any ¢, one can find r so large and
0 so small that

v = Tellwy—wr < c(ess [Vl mwm—wi) +€)- (7.2.40)

7.2.7 One-Sided Estimates for the Essential Norm

Using Theorem 7.0.3 and the lower estimates of the capacity Cp., (see
Propositions 3.1.2 and 3.1.3), one can readily obtain upper estimates for the
essential norm in M (W)™ — W]).

Theorem 7.2.7. Let v € M(W;"(R") — W (R")), where m > 1> 0.
(i) If p € (1,00) and mp < n, then

€ss ||V|\M(W;n—>w,g)

. Dypivie i-n
< hm( sup —” 7 ;H,L; + sup p™ ! ””’Y;Bp(x)”Lp)
070 Med(e)<0) (mesye)? " oy
. Dyv;ellr
voo tim (sup A2 Ly g @)y,). (7241
o0 Neckm\B. (mes,e)r v z€RM\B,

d(e)<1

(ii) If p € (1,00) and mp = n, then

ess ||’Y|\M(W;z—>wp
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<c hm( sup (log

1-1 1
P Dy vselln, + su B, (z )
(oo (o8 o) I elln, + sup 7 i By

p<d

+co lim ( sup (log

T—00 eCR™\ By I n

d(e)<1

n 11
) P IDpvs el sup i Bi(@)lln,). (72.42)
espe zeR™\

"

Restricting the suprema in Theorem 7.0.3 to balls of radii less than one and
using the formulas for the capacity of a ball (see Proposition 3.1.4), we arrive
at the following lower estimates for the essential norm in M (W)™ — W}).

Theorem 7.2.8. Let v € M(W;"(R") — W,*(R")), where m > 12> 0.
(¢) If p € (1,00) and mp < n, then

€ss ||7H1V[(W;ﬂ—>W},)

> 1 lim sup o5 (11007 By @)1z, + 0717 By (@)1, )

6—0 zern
p<s

+eo lim  sup ||y Bi(x)||we. (7.2.43)
700 L cRn\ B, v

(i¢) If p € (1,00) and mp =n, then

€ss ||7HM(W;R—)WD

> er Jim sup ((108(2/0))" 7 1Dpi By(@), + o7 7 Byl )

—U zeRrn
p<s

+co lim sup ||y Bi(@)||we- (7.2.44)
00 peRn\ B, v
Remark 7.2.4. Some one-sided estimates for essential norms of multipliers act-
ing in pairs of Besov-Triebel-Lizorkin spaces B,  (R"), F;  (R™) were obtained
by Edmunds and Shargorodsky in [ES]. These estimates involve norms in the
same scales of spaces. The proofs are based on a certain abstract functional-
analytic equivalent representation of the essential norm.

7.2.8 The Space of Compact Multipliers

Definition 7.2.1. By M(W;” — Wé), m >, we mean the set of functions
v such that the operator of multiplication by v is a compact operator acting

Jrom W into Wé.
Needless to say,
v E M(W;” — Wé) if and only if ess |[y/[prwm—w1) = 0.

Therefore, Theorems 7.0.3, 7.2.5, and 7.2.6 imply the following necessary and
sufficient conditions for a function v € M(W" — Wzl,) to belong to the class

MW — Wh.
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Theorem 7.2.9. (i) If mp < n and p > 1, then v € M(W];” — Wé) if and
only if

D y€ n
ti (sup WP gy o i a1, ) = 0,(7.245)
OO (Cpmle)”
D, v;e
lim( sup M—i— sup ||’y;Bl(m)HLP):0.(7.2.46)
e \ecmte, (Cpm(e)} acko\,

_ (i1) Let either mp > n and p > 1, or m = n and p = 1. Then v €
MW" — Wzl)) if and only if v € W;l),unif and

| llim |7 B1(2)[[lwr = 0. (7.2.47)

(7i1) In the case m < mn, a necessary and sufficient condition for v €

M(W™ — W) is (7.2.47) together with

lim 6™~" sup ||v; Bs(x)|ly: = 0. (7.2.48)
6—0 zER™ 1

Remark 7.2.5. From Theorems 7.2.2 and 7.2.3, we obtain another form of the
compactness criteria for v € M(W" — Wé) with mp <n,p>1:

. [v;ellc | Dp,v;ellr
1 L ’ L) =0, (7.2.49
5 (o e Comtas) =0 (7249
. Iysellr, | Dpa7vselln
lim sup L : ) =0. (7.2.50)
700 LeCRn\B,.: d(e)<1} ( [Cp,m—l(e)}l/p [Cp,m(e)]l/p )

Theorem 7.2.1 immediately implies:

Theorem 7.2.10. Let lp <n, m >1 and p > 1. Then v € M(W;” — WII,) if
and only if

lim, Sup. ns.e Yl arwm—wiy =0,

Thj& HCT’Y”M(W;”—»WZ’;) =0.

From this theorem combined with Propositions 4.3.1, 4.3.2 and the re-
sults in Sect.4.4, we can get various necessary or sufficient conditions for
yEe MW — Wzl)) which do not contain capacity.

The following theorem gives one more description of M (W, — W) with
m > 1.

Theorem 7.2.11. The space M(W;” — Wll,) is the completion of C§° with
respect to the norm in MW" — W).
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Proof. By Theorem 7.2.9, C§° C M(W;f” — Wzl,) Therefore, any function in
MW" — Wzl,), approximated by a sequence in C§° in the norm of M (W, —
Wzl,), generates a compact operator of multiplication: W" — Wé.

Further, we prove the converse assertion. Let v € M (W — WZZJ) Accord-
ing to parts (#i) and (ii7) of Theorem 7.2.9, it suffices to consider the case
mp > n, p> 1. By Theorem 7.2.1 we have

Jm {1y = (1= Gl wyp—wyy = 0. (7.2.51)

Let I' = (1 — ¢)y and let I, be a mollification of I" with radius p. By T,

and T”) we denote the operators given by (7.2.4) for I" and I', respectively.
It follows from (7.2.8) that

liH(l) v = Tellwom—wr = 0. (7.2.52)
By (7.2.8) and Theorem 7.2.1,

1T, = T lwon o < climsup sup 16,00l s —art) + €
P P 6—0 z€eR” r P

< cess||[Ipllmwm—wi) +e=¢. (7.2.53)

The last equality holds since I, € C§°.
From the definitions of the operators T} and T; *(p ) we get

ITe = TVl < e(6.)lullz, SN = L)o@ s
J

and hence
17 = T gy < @) = Dyl - (7.2.54)
The right-hand side of this inequality tends to zero as p — 0. Since
IT = ollssow—wiy < 1T = Tullwpwt + 1T = T
+ 1T = T llwg s
it follows by (7.2.52)—(7.2.54) that

lim 0 v — FPHM(W;”'HWIQ) =0.

T—00,p—

Since I', € C§°, the proof is complete. a
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7.3 Two-Sided Estimates for the Essential Norm
in the Case m =1

7.3.1 Estimate for the Maximum Modulus of a Multiplier
in Wzl) by its Essential Norm

Theorem 7.3.1. If1 >0 and 1 < p < o0, then
Lo < essllvllarwy- (7.3.1)
Proof. Let T be a compact operator in Wll, such that
I = Dyullws < Cesslyllarws + )l (7.3.2)

for all u € Wé.
Let 1 be an arbitrary function in C§°(Q), where Q) is the cube {y: |y;| <
mk} and k is an integer. We consider the sequence

un(y) = N~ exp(iNy)n(y) , N=12,....
Obviously, for integer | we have
lunllwz = lInllz, +ONT).
Let | be a noninteger, 0 <! < 1. Then
lunllws = N~ llyy = N7 DpieiN¥in]lz, + O(N).

Clearly,
‘Dp,l(eiNyln) - |"7‘Dp,leiNy1‘ < Dy

Since
Dp7161Ny1 = alNl,

where a; = const > 0, it follows that
[ Dpi(e™N¥1m) — arN'|n| ||, = O(1). (7.3.3)
Let [ > 1. Then
Dy (™) = Dy 1y (Vipe'™™).

We have

[7] _j
i i j Ny, O
Dy 1y (Vi(e™n)) — NUD,, 11y (e Nyl??)‘ <c) ND, (6 N 77)

J=0
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This and (7.3.3) imply that
|Dpa(e™¥in) = N'agy ||z, < e NU.
So in the case {I} > 0 we obtain

lunllws = agylnllz, + ON~1). (7.3.4)

We show that {uy} converges weakly to zero in Wé(Qk) Let f be any
linear functional on VOV;(Q;C). If p < 2, then the restriction of f to W(Qx) is
a linear functional on W(Qy). Consequently,

flun) :/AluNAlz/de,

where ¢ € W4(Qy). Since
A un — ¥, = O(N )

and the sequence

/ eNVin(y) Al dy

k

tends to zero, being a sequence of Fourier coefficients of a function in Lo(Qg),
it follows that f(uy) —0as N — oo.
Let p > 2. Taking into account the imbedding of Hzl, into Wé, we get

|f(un)| < cllunllm-
Therefore,
flun) = /QAZUN dy,
where g € L,/. Since
[A'un — ¥, = O(NT),
we have

flun) = /Q N (g dy + O(N gl

Applying the Hausdorff-Young theorem (see [Zy], Ch. V.II) to the function
ng € Ly (Qr), p' <2, we conclude that f(uy) — 0 as N — occ.

By ¢ we denote a function in C§°(@1) which is equal to one on the cube
Q15,6 > 0, and we set pr(y) = ¢(y/k). The compactness of the operator
T in W};(Qk) implies that

(kauNNj)OOO in WZZ)(Q;,C)
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Now it follows from Lemma 7.1.9 and (7.3.2) that

lim sup loryunllw: = lim sup low(y = T)unlwy

— 00 — 00

< (14 O(k™®)) limsup || (v = T)unllw
N P

— 00

< (1+0(k™) lim sup [lu lw (ess [Vllarw; + <)
which together with (7.3.4) yields
timsup gyl < (14O ag [l (ess 17wy + =)
With the same arguments as in the proof of (7.3.4), we obtain

A fleryunllwy = agylewmlic, -

Thus
limsup [leeynliz, < [Inllz, ess [Vl aw: -

k—o0

Since pin = n for large values of k, and 7 is an arbitrary function in C§°, the
result follows. O

7.3.2 Estimates for the Essential Norm Involving Cutoff Functions
(The Case lp < n, p > 1)

Theorem 7.3.2. Forlp <n, p > 1 the relation

ess [[v|[arwe ~ limsup sup 17527 arws + limsup |G arw - (7.3.5)
xeR™ T—00

5—0
holds.

The proof of this relation can be obtained by duplicating the proof of
Theorem 7.2.1, where m = 1.

Theorem 7.3.3. If0 << 1,Ilp=mn, and p > 1, then

€ss ||7HMW}, ~ V[l + limsup sup ||n5,sz,l'VHM(W1§—>L,,)

6—0 xER™
+ limsup |Gyl arwy - (7.3.6)
r—00

Proof. (i) The upper bound for the essential norm. We choose ¢ and r so that

sup ||n5;IDp7l’YHM(WIl7*>Lp) < limsup sup ||77575L’DP,Z'7||IVI(W1£~>LP) +e,
rER™ 5— rER™
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G-yl < limsup (|G llarw: + €.
™ — 00

Let I and T, be the function and operator introduced in the second part of
Theorem 7.2.1. By (7.2.5) it suffices to get the estimate for (1" — T%)ul[w:.
We have

||(F—T*)uH’V’VIl7 <A+B+C, (7.3.7)

where

A= ”FZ‘PU)W _ p(j))H?;p 7
J
B = | (Dpal s, 6 (= PO
J

C = ||pr,l Zcp(j)(u _ p(j))H’;
J

P

By Lemma 7.1.2,

A<|E S =PI KDL <l _IIDpullf - (7:3.8)

J

It follows from Lemmas 7.1.2 and 7.1.3 that

B < e (Dpal)ssia, e (w— PO
J

P

< esup 25,0, Do Ll gy D Nl (w = POYE
J PR
J
< sup ||7725,wj Dp,lF”ﬁ/[(Wl_)Lp)HDp,luHZzP . (7.3.9)
J P

Using Lemmas 7.1.1-7.1.3, we deduce that
C < el Y@ - PO,
J

<l Y- hu—POsEL IR, < ol llullfy,
J

which together with (7.3.7)-(7.3.9) implies that

1 = Tl < e (Il + 5P 05,0, Do Dllag w0 el -
J

Lemma 7.1.9 enables one to replace I' by 7 on the right-hand side of the
last inequality. The required upper estimate for the essential norm is obtained.

(14) The lower bound for the essential norm. Let T be a compact operator
in Wzl, such that
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[1Dpi(vu) = Dpu(Tu)|r, < (ess|[vllapw +&)llullw: -
Hence
[uDpy = DpiTul, < (ess|[Vlarwy +)llullwy + [V Dpaullz, -
It follows from the inequality
[ Dpiv1 — Dpva|lr, < [Dpi(vr —v2)llz,

that the compactness of the set {Tu: v € S} in the space Wzl,7 where S is the
unit ball in Wzl,, implies the compactness of the set {D,;Tu: u € S} in L.
Let the collection {wy} form a finite e-net in the last set. Then, for u € S,

[uns,aDpavllz, < 105,2(DpiTu —wi)||z, + 052wl

+ess|[vllawe +e+ Ve -
Consequently, for any x € R™ and for sufficiently small § > 0,

[uns.e Dpi¥llz, < c(ess||vllawy +€)-

(Here we have used Theorem 7.2.1.) This, together with Lemma 7.2.1 and
Theorem 7.3.1, implies the required lower bound for the norm ess ||/ prw . O

Theorem 7.3.4. IfI > 1, lp=n, and p > 1, then

ess [[Yllirw ~ [Vl L. + fin sup Sup. 12,0 Vi | g s i)
x

—0
+1im sup {16yl arwy
where k=1,...,[l].
Proof. (i) Upper bound for the essential norm. We have
I =T Jully,

<c (HW(FZ oD (u = POY)|[Tr + (I = T)ullf). (7.3.10)

The second term on the right-hand side does not exceed
cllvllz . Nl
(see estimate (7.3.8)). The first term is not greater than

c Z ||DQFZDB[Q0(]‘)(U_P(j))]H‘p;Vl—k
|al+|B|=k J
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k

<€ 30 suplnae, DT gy 2= POl (102
a|=0 J

Since p(l — k) < n, we conclude, using Theorems 7.2.1 and 7.3.2, that the
expression on the right-hand side of (7.3.11) is dominated by

k—1

p
& (sup ||n257zijF||M(WéHWé—k) + Z SER) ||VjF||(Wll7—k+j_)Wll7—k)) ||u||€vzz),
J =0

which by Lemma 7.2.2 does not exceed

k

p
¢ (5D 250, VT llyguvy iy + D €58 1T ygypa—s) lullfy,
J =1

We obtain by interpolation that

1—i)/1 i/l
<l = Tl e 10 = T

ess |y < 17 = Tl g Yyor,

—Wp

< eIl = Talhwgawy + @l (73.12)

where ¢ is an arbitrarily small positive number. Therefore, the right-hand side
of (7.3.10) does not exceed

p
(50 5.0, Vo gy ) + €T = Tellwg g + (@)l )l
J

Choosing ¢ sufficiently small and applying Lemma 7.1.9, we obtain from the
last inequality and from (7.3.10) that

I = Ty < el s, Vil g awgs + Ils..) (7:319)

which, together with (7.2.5) and Lemma 7.1.9, gives the required upper bound
for the essential norm.

(i3) The lower bound for the essential norm. By Lemma 7.2.1 and Theorem
7.3.1, it suffices to show that

195052 e ot iy < € Cess rllawy + ) (7.3.14)

for all x € R™ and small enough § > 0.
Let T be a compact operator for which (7.3.2) holds. Then, for all u € W]ﬁ,

IVEl(y = Tulll -+ < (ess [vllawy +e)llullw -

In view of the inequality p(l — k) < n,

11,0 Vi [(y = T)ulllyyi—+ < e(ess [Vl + &)llullwy -
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Let S be the unit ball in Wzl,. The set
{v=DTu,la| =Fk: uecS}

is compact in Wzl)_k. Let {v,} be an e-net in I/Vzl)_’c for the last set. Without
loss of generality we may assume that v, € Cg°.
Since p(l — k) < n, we see by Lemma 7.1.7 that for small §

sup |7s,cvy |lyyr-r <€
TER™
and hence

sup (|15, Vi (Tw) ||y < ce.
zeRn

Thus, for all u € S,

lunse Vil —+ < c(essllylws + D IInseD*uD5lyir +¢)

lal+|Bl=k
[a|>0

<e(esslylawet Do 150 D2l g tei gt | Dl - i+e) . (7.3.15)

lal+|B8]=Fk
|| >0

From Theorems 7.2.1 and 7.3.2, it follows that for small §
||775796DB7||M(W1§—\"\_,WIQ*’C) < cess ”DB’Y”M(W;—\“\_,W;*’C) :

Making use of Theorem 7.3.2 and interpolating (see (7.3.12)), we obtain

5]
ess ||D57||M(W£7\Q\HWIL)_;C) < CZ ess H"Y”szlj—la\—j
j=0
< elly = Tellws—ws + @)l o -
From this inequality, combined with (7.3.15) and the estimate

1y = Tellwi—wy, < e(sup 26,2, Virllarws—wi—s) + 171l + 167wy
J

established in the first part of the proof (see (7.3.13)), we get for u € S

[uns.e Viylly-x < c(e) ess |yl arw: + ¢ sup 1726, VeV pr(wrt iy F €

Inequality (7.3.14) follows, which completes the proof of the theorem. O
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7.3.3 Estimates for the Essential Norm Involving Capacity
(The Case lp < n,p>1)

For the theorem in this subsection we need the following interpolation
inequality.

Lemma 7.3.1. Iflp<n,p>1, and 0 < o <, then

l 1—0/l
ess Iy < cess |77 I (7.3.16)

Proof. When proving any of Theorems 7.3.2-7.3.4, it was shown in passing
that for some r and § we obtain from the definition of T, that

Iy = Tullwi—wt < cess|[yllarw: +€ (7.3.17)
(cf. Remark 7.2.2). Moreover,
v =Tullz,—r, <cllylin -

Hence, interpolating between Wll, and Ly, we get

o 1—0o/l
ess |yl awy < 1y = Tullwg—wg < e (esslVllanws + )7 127"
O
Theorem 7.3.5. Let Ip <n and p > 1. Then
. [1Dpa7;iell,
ess [Yllvw: ~ [[VllLe + lim sup ==t
v 6=0 fe: d(ey<s} [Cpule)]!/P
D, v e
+ lim sup M (7.3.18)

T feCR\ B, d(e)<1} [Cp,l(e)]l/’) .

Proof. For Ip < n it suffices to duplicate the proof of Theorem 7.2.2, putting
m = 1.

Inequalities (7.2.18) and (7.2.25), which are also valid for m =1 < n/p,
imply that

lim sup HCWYHMW;,

T™—00

. D, v e
~dim (BB + s 1Dl
r—00

. (7.3.19
{eCR™\B,.: d(e)<1} [Cm(e)]l/P) ( )

Therefore, from Theorem 7.3.3 and Remark 7.2.2, we have (7.3.18) for
0<l<1andlIlp=n.
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Let [p =n and [ > 1. It is shown in the proof of Theorem 7.3.3 that

1Dpi-1(VY)sellz, | Ve,

Ns2,2 VY _wi-ny <S¢ sup ;
75 ||M(W;, Wit ({e:d(e)g%} [Cpa(e)] 1/ [Cp,l(e)]up)

Iy <e( sup

(HDpal_l(v'Y);e”Lp ||V’Y7€||LP )H‘ || )
{eCR™M\B, /5 d(e)<1} b

[Cpa(e)]t/? [Cpa(e)]t/P
Hence, using the estimate for ess H7||MW;7 and Theorem 7.3.4, we get
[1Dpaviells,
ess ||y z§c<7L +hm sup ———"
71 2ew 1] 2 5P Cpa(e P

D, v;e
+ lim sup % + ess HVHMW;) .
700 [ocRM\B, : d(e)<1} [Cp,i(€)]

It remains to note that, by Lemma 7.3.1,

1/1 1-1)/1
ess [[7llarwy < cess [l V£

Let us derive the lower bound for the essential norm. By Lemma 7.3.1 and
Theorem 7.3.1,

ess 17w > cess [yl s

which, together with Lemma 7.2.2, gives the estimate
€8s ||7||MW}Q 2 cess HV’YHM(W}?HWZZ,_l) :

Taking into account Theorem 7.2.3, we obtain that the right-hand side of this
inequality is not less than

clim  sup —”Dp’w; eHLP
§—0 (¢: a(ey<s} [Cp,(e)]M/P

It remains to use (7.3.19) and Theorem 7.2.2. The result follows. O

7.3.4 Two-Sided Estimates for the Essential Norm in the Cases
Ilp>n,p>1l,and p=1

Theorem 7.3.6. If I[p > n and p > 1, then

ess ||Vl arw: ~ [VllL. + limsup [y, Bi(@)[[we - (7.3.20)

|z|—o00
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Proof. From Corollary 4.3.8 and Lemma 7.1.9 we obtain

limsup ||v; By (z)|lw; ~ lmsup |G llarw: - (7.3.21)

|z]— o0 7—00

Hence the required lower bound for the essential norm follows by Lemma 7.2.1
and Theorem 7.3.1.

Now we establish the upper bound. Let I" and 7, be the function and
operator specified in the second part of Theorem 4.2.1. With the function I,
which stands for a mollification of I with radius p, we associate the operator

Tfp) by the same rule. Using Corollary 4.3.8 for sufficiently small p, we find
that

IT = Lollarws < cIT = Tpllws <= (7.3.22)

Next we note that the proof of inequality (7.3.13) holds in the case Ip > n.
Replacing the numbers [ and k by an integer s, s > np, in (7.3.13) and using
Corollary 4.3.8, we arrive at

175 = Tz w < (509 23,0, VT, + 912 ) -
J

This implies for small § that
1T, = Ty g < ell7llom - (7.3.23)

The same inequality obviously holds for s = 0. Interpolating between L, and
W, we obtain (7.3.23) for s = [ which, together with (7.3.22), gives

17 = T8 sy < ellloe +e

The result follows from the last inequality and (7.2.5).

Further, we note that one may replace the operator T*(p ) by T, in the last
inequality. In fact, it follows from Lemmas 7.1.2, 7.1.3 and Corollary 4.3.1
that

=32V PO < e 3ot (= POV < erllully,
J J

P

Therefore,

1T = TYullwy < T = ollaswy 32 PO ys < eI = Tllaswsy lullwg
J

and it remains to use inequality (7.3.22). O
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Theorem 7.3.7. If | < n, then

ess |[Y[larwy ~ hr;lsupél " sup [ly; Bs ()l
z€ER™

+limsup sup rl*”|\|’y;BT(x)\||le. (7.3.24)
)

|z]—o00 re(0,

The proof runs in the same way as that of Theorem 7.2.6, where one should
put m = [ and use Theorem 7.3.2 instead of Theorem 7.2.1.

Remark 7.3.1. By Lemma 7.1.1, the equivalence relation (7.3.24) can be
rewritten as

ess [ newy ~ [Vl +hr§1$up5l " sup [ D17y; Bs(2)||z,

zER™

+limsup sup 7'~ "\ D1,1v; By ()| L, -
|z|—o00 r€(0,1)

Theorem 7.3.8. If | > n, then

ess [V aewy ~ IVl oo +limsup [[y; By (@)l - (7.3.25)

|z|—o0

Proof. The lower bound for the essential norm follows directly from Lemma
7.2.2 and Theorems 5.4.1 and 7.3.1.
Next we obtain the upper bound. Let k = [I] + 1 — n. We have

I = Tl < e (9 (3009~ PO [y e+ 0 = Tl )

The second term on the right-hand side does not exceed c¢||v|| L. [lullw: (see
(7.3.8)). The first one is not greater than

¢ Y DT D = POy
lel+|8l=k J
k

<o > U [ase, DLy gyt-ss1o1_gyieiy 3 199w = POy
laj=0 7 j

With the help of Lemmas 7.1.1-7.1.3 we obtain that the last norm is majorized
by ¢|lully;.
Now we show that

lim sup sup |7, wFHMWl w <c| o (7.3.26)
6—0 xeRn"

Since | — k < n, it follows by Theorems 7.3.2 and 7.3.3 that the left-hand side
of (7.3.26) does not exceed
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cess || || -+ ~ lim sup 6/ ~*~" sup 1 Bs () ||y -+
! §—0 TeR? !

< limsup 5" sup 17 Bs(@) g = 7.
§—0 zER™

Thus, (7.3.26) follows.
To complete the proof, it suffices to establish the equality

(%IL% ISGHRBL ||?757IVJ-FHJW(WIL—ICHHWIFIC) = 0, (7.3.27)

where j = 1,..., k. By Theorem 7.2.1 the left-hand side is equivalent to the
essential norm of V;I" in M(Wll_k'H — WI="). Since

vV, e W™, suppV;I" C By,
and | — k 4+ j > n, we have by Theorem 7.2.9, part (ii), that
Ve M(WTFT — wi=ky,

The equality (7.3.27) is proved, and so is the theorem. O

Remark 7.3.2. In addition to Lemma 7.3.1 we note that by Theorems 7.3.7,
7.3.8 and estimate (7.1.7), the following interpolation inequality is valid:

1—0/l

Myl 7" o<o<l.

ess[[Y[larwy < c(ess Iyl pwy)

7.3.5 Essential Norm in MW;)

According to Theorem 7.2.11, the space of compact multipliers M wyr —
Wzl)), m > [, coincides with the completion of C§° with respect to the norm
of the space M(W,* — W/). Similarly, M W] denotes the completion of C§°
with respect to the norm of the space M Wzﬂ. The following theorem shows

that the essential norm in M Wé is equivalent to the norm in L.
Theorem 7.3.9. If vy € ]\;IWIQ, 1 >0, andp>1, then

Mz < esslvllamy < cllvlio. - (7.3.28)

Proof. The left-hand estimate was obtained in Theorem 7.3.1. Let us establish
the upper bound for the essential norm. Without loss of generality, we may
assume that v € C§°.

Let p > 1 and Ip > n. Since

Cpi(e) > c(mespe)”,
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where v € (0,1) and d(e) < ¢ (see Proposition 3.1.2), we have

| Dp.ivsellr, N
=Pt Tl <c mes,e (1-v)/p
Cpuleire = € lmesne)
and D

lim  sup M —0.

00 fe: a(ey<s} [Cp(e)]t/P
For any compact set e C R™\B,. with d(e) <1,

D .
”[Cp’l;y’;'l';; < Crf{l}fn/p(mesne)(lfu)/p'
pl\€

Therefore,
D, v;e
li S H p,l ||Lp

Ut U0 Rl A
r—o0 focRm\B, : d(e)<1} |Cp,i(e)]/P

Now the right-hand inequality in (7.3.28) follows from Theorem 7.3.5.
For ip > n, p > 1 and for [ > n, p = 1, the result is a consequence of the
equality
Jim_ i By(a) g = 0
and Theorems 7.3.6 and 7.3.8.
Finally, for [ < n and p = 1, the desired estimate for the essential norm
follows immediately from Remark 7.3.1, since for v € C§°

lim 6" sup | D1,17v; Bs(z)||L, =0
5—0 zER™

and

lim sup """ Dy Br(z)|r, =0.
|z]—00 re(0,1)

We can describe the space M Wé without approximation by functions in
C§°. The following assertion, supplementing Theorem 7.2.9, holds.

Theorem 7.3.10. A function v belongs to MWIZ) if and only if v is a contin-
uous function vanishing at infinity and satisfying one of the conditions:
(0) If lp <n and p > 1, then

||Dp l'Y; e”Lp
sup ) = o1 as 0 —0 7.3.29
{e: d(e)<s} [Cpi(e)]H/P W ( !
and D
sup || P75 e”LP — 0(1) as r— o0. (7330)

{ecRM\B,: d(e)<1} [Cpi(e)]'/P
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(ii) If l < n, then

sup 6'""||Dyyy; Bs(x) ||, = o(1) as §—0 (7.3.31)
TER™
and
S?p : =Dy yy; Br(x) ||, = o(1) as |z| — oo. (7.3.32)
re(0,1

(ti0) If lp>n and p>1, orl >n and p =1, then
| Dp1v; Bi(z)||lL, = o(1) as |z]— oco. (7.3.33)

Proof. Necessity. Let v € M W[l) and let {;} be a sequence of functions in C§°
approximating v in M Wzé' It follows from the expressions for equivalent norms
in MW] derived in Chap. 4 that the left-hand sides of (7.3.29)—(7.3.33), with
< replaced by v —v;, are arbitrarily small for sufficiently large j. On the other
hand, it has been shown in the proof of Theorem 7.3.9 that (7.3.29)—(7.3.33)
hold for v; € C§°. Consequently, they hold for v as well.

Sufficiency. Let a function v € C' N MWII, satisfy one of the conditions
(7.3.29)—(7.3.33) and let y(z) — 0 as |z| — oo. For Ip > n, p > 1 and for
p = 1 the possibility of approximation of 7 by mollifications of functions
¢y, 7 — oo, immediately follows from the expressions for the norm in M Wli
derived in Chap. 4. Consider the case Ip < n, p > 1. Then

”Cr'Y”MWé —0 as r— oo

because of (7.3.19). Therefore, it suffices to approximate the multiplier v with
support in B, ; for a fixed r by functions from Cg°.

Let v, be a mollification of « with nonnegative kernel K and radius p. We
introduce the operators

T, = ,YZ Lp(j)P(j) , T)EP) =, Z go(j)P(j).
J J
Here we retain the same notation as in the definition of the operator T in
the proof of Theorem 7.2.1. Obviously,
1Y = o larws < 16y =) = (T = T lwa e + 1T = T It

For Ip < n as well as for [p =n, 0 <l < 1, we have

(v = 7o) = (T = T ey

D _ .
cof sy Dm0 p)cl,

{e: d(e)<5} [Cp.i(e)]*/P

1= ll ) (7.3:34)

(see the proof of Theorem 7.2.2, where the restriction I < m is insignificant,
and the proof of Theorem 7.3.3). The right-hand side of (7.3.34) does not
exceed
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(IIDp,w;eHLP [1Dp,170i €z,

C( sup [Cp,l(e)]l/[) [OpJ(e)]up ) + v = 7/)||Loo) .

{e: d(e)<d}

Replacing here ¢ by 2¢, we can omit the second term because of the estimate

1Dyl < [ 0K /o) IDprseel, e,
where e¢ = {x: « + £ € e}. Further, we note that

1T = T e < (6,117 = 703 Bellarw -

Consequently,

thupH’y—fy HMW’ < 2c sup M
=0 P T T e ae<oy [Crale)]t?

and it remains to make use of (7.3.29).
For Ip = n, | > 1, the proof follows the same lines provided that (7.3.34)
is replaced by the estimate

) 1 Dpi(v = vp)iellL,
7= )~ (L= T —_wt <S¢ sup
||( P) ( )HWé W;l; ({e: d(e)<s} [prl(e)]l/p
V(v —p)iellL
+ sup — 2 4y — i
oo e Tl )

(see the proof of Theorem 7.3.5). O
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Traces and Extensions of Multipliers

8.1 Introduction

Let R? denote the upper half-space {z = (z,y) : z € R"™', y > 0}. We
introduce the weighted Sobolev space W *(R’) with the norm

| (min{L,y})* V.U RY [z, + || (min{L,y})*U: RY |1, (8.11)

where s is nonnegative integer. We always assume that —1 < ap < p — 1.
Obviously, the usual Sobolev space W3 (R'}) is included here as W3 2(R'}).

It is well known that the fractional Sobolev space W(R™ ™) is the space of
traces on R™~! of functions in W (R’ ), where s = [[]+1, a = 1 —{l} —1/p,
and p € (1,00) (see [Usp]). In Sects.8.2-8.5 we show that a similar trace
characterization holds for spaces of multipliers acting in a pair of fractional
Sobolev spaces. To be precise, we prove that, for all noninteger m and [ with
m > 1> 0, the multiplier space M(W,"(R"~1) — WL(R"1)) is the space of
traces on R"~! of functions in M(W}P(R}) — W;*(R")), where s and «
are as above and f =1—{m} —1/p, t = [m] + 1. Sect. 8.6 concerns traces of
multipliers on the smooth boundary of a domain. The remaining Sects. 8.7-8.9
are devoted to three trace and extension theorems for multipliers preserving
a certain Sobolev-type space.

8.2 Multipliers in Pairs of Weighted Sobolev Spaces
in R?
We introduce the notion of (p, s, a)-capacity of a compact set e C R}:
Cp,s,a(e) = inf{||U; R} ||} sai Ue CP@RT), U>1 on e}.
The following result is known (see [Maz15], Sects. 8.1, 8.2).

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 285
Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009
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Proposition 8.2.1. Let k be a nonnegative integer, —1 < fp < p—1, and let
1 <p<oo. Then I € M(WFP(RY) — W(R%)) if and only if

“up l(min{l, y})*Tielln, _
ecRY (Cpk,p(e))t/P ’

d(e)<1

where d(e) is the diameter of e. The equivalence relation

Ity ~ sup it yDo L el
MW T=We™) = ccan (Cpoayp(e)) P
d(e)<1

(8.2.1)

holds.

We shall use some general properties of multipliers in weighted Sobolev
spaces. We start with the inequality

||F||M(W;—jvﬁ_>wg—jva)

< e It s Ty (8.2.2)

where 0 < j <s, —1<ap<p-—1,and —1 < Bp < p — 1, which follows from
the interpolation property of weighted Sobolev spaces (see [Trd], Sect. 3.4.2).
In this section and in Sects. 8.3, 8.4 we omit Rfrl in notations of spaces,

norms, and integrals, when it causes no ambiguity. The notations Bﬁd)(x) =
{zeR%: |z—2| <r}and B.(z) = B(n)( ) will be adopted.

The next assertion contains inequalities between multipliers and their mol-
lifiers in x.

Lemma 8.2.1. Let I, denote a mollifier of a function I' defined by

Ly(z,y) =p "t K(p™Ha = ) (&, y)d¢,

Rn—1

where K € Cgo(Bgn_l)), K >0, and |K;R" Y|, = 1. Then

HILHNMMQJ{»Wﬁ“w < HFHA“W¢%tﬁW?ﬂ)

< lign_)ionf HFPHM(W;,QHW;,Q). (8.2.3)

Proof. Let U € C§°. By Minkowski’s inequality

([ tuingrnye(v,. [ o Kle/or - envinasas)

= /Rn—l pELE/P) (/Rn (min{1, y})P*|V; . (I (2, 9)U(z + &, y)) |sz) 1/pd§’

+
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where either j = 0 or j = s. Therefore,

sl < 1o —awsny

% /R pK <€//>>{ ( / (min{1, y})P? |V, U (z + &y)\pdz)l/ .

R}
4 ( /R ) (min{1,y})?°|U (z + §,y)l’”d2)1/p}d5

< ||F||M(W,§~ﬁawgva)||U||W;ﬁ~
This gives the left inequality (8.2.3). The right inequality (8.2.3) follows from

Pl =Y 0 7,0 o < Y S0 175 gy U g o

The proof is complete. O

Lemma 8.2.2. Let I' € Ly, joc, p € (1,00), =1 < Bp <p—1, and let U be an
arbitrary function in C§°(R’). The best constant in the inequality

|(min{ L y})* I,V + | mind Ly} TUlg, < C [Ulygs  (524)
is equivalent to the norm ||F||M(W£75,5HWS,Q).

Proof. The estimate
C< CHFHM(W;—-9>5_>W19>“)

is obvious. To derive the converse estimate, we introduce a function z — o
which is positive on [0,00) and equal to x for x > 1. For any U € C§°(R"})
we have

U= (—A) (o(=A)) " u+ (= A,
where T is a function in C§°([0, 00)). Since
A s __ 1 s SIDQT
-ar = 3 5o

it follows from (8.2.4) and the theorem on the boundedness of convolution
operators in weighted L, spaces (see [And]) that

/R“ (min{1, y})P¥| I (2)U(2)|Pdz

< e CIVa(o(=2) Ul +ITUI, ) < e CIU|

p
Wg_s'ﬁ .

The proof is complete. O
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8.3 Characterization of M(W!F — W2)

Here we derive necessary and sufficient conditions for a function to belong to
the space M (W% — W) for p € (1,00) with o and (3 satisfying

—“l<ap<p-—1, —-1<pfp<p-—-1, t>s. (8.3.1)

These inequalities will be assumed throughout. We start with an assertion on
derivatives of multipliers.

Lemma 8.3.1. Suppose that

re M(WH - W yn M(WE>P - W), pe (1,00).

Then D°I" € M(W;’B — W;_‘U"Q) for any multi-index o of order |o| < s,
and

||DUF||M(W£,5_>W;—\0\,Q)

<e HFHM(W;*S’BHW]}}O‘) + C(E) HFHM(W;ﬁHWpSva)v (8-3'2)
where € is an arbitrary positive number.

Proof. Let U € W@ and let ¢ be an arbitrary function in Cg°. Applying the
Leibniz formula

|

o!
D?(pU) = —— D7D,
( ) {T:U>ZT>O} T!(U B T)'
we obtain
o o _ o! T o—T
{r:0>7>0}
o! D) (I'D°~"U)d
—/<P Z m(—)( U)dz.
{Bio>72>0}
Therefore,
|
vpr= Y 2 (D) (I(-D)""U),

| _ |
(roses0} 7o —71)!

which implies the estimate

||UDGFHWZEP\U\,OK <c Z ||FDG_TU||W;7\U\+\T\,Q.
{r:ic>7>0}
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Hence, it suffices to prove (8.3.2) for |o| = 1. We have
JUS T s < WU g + 1TV 1.0
< (W —sey + I aggu w1 ) 10
Estimating the norm ||F||M(WZ§71,5_>W;71.Q) by (8.2.2), we arrive at (8.3.2). O
Now we pass to two-sided estimates of the norms in M(W;vﬂ — W),

p € (1,00), given in terms of the spaces M(WF# — W) We start with
lower estimates.

Lemma 8.3.2. Let I' € M(W}!F — W), Then
||VSF||M(WI§=5HWI?=Q) + ||F||M(Wpt*3vﬁﬂwgv“) < CHFHM(W;BHWI?O‘)- (8-3'3)

Proof. Suppose first that I" € M(W/}=*# — W), We have

1TV Ullyse < 1T arw iz 10 ls +¢ 32 IDTUDTL|yyg.0

lo|+I7|=s,
T#0

< (0 sswg oy + € IV gg=oi gy JWU o (8:3.40)
j=1

By Lemma 8.3.1,
||ijHM(WI§*S+jﬁHWI9"")

<e ||F||M(WI§7$,B_>WI()),04) =+ C(E) ||F||M(W;t;fs+j,ﬁ_>wg,a). (835)

Estimating the last norm by (8.2.2), we obtain
||ijHM(W;*S+J*5_)W;"‘*)

é g ||F||M(W;75’ﬁ*>wg’a) +C(€) ||F||N[(W13764’W;,a).

Substitution of this inequality into (8.3.4) gives
I0V.Ullwgr < (2 17 asqgo gy
+ C(E) ||F||M(WZ§’BHW]§*°‘)) ||U||sz.g. (8-3'6)

Also,
10 g < I aswgo w10 o (337)

Adding the last two estimates and applying Lemma 8.2.2, we arrive at

Il asws ooy < € DT gqupsoos ey + () I pgayes —awsrey-
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Hence,
1T gty < € 1T agweiwsie- (8.3.8)
Now we remove the assumption I' € M(W/=*# — W), Since I" €
M(WEFP — Wee), it follows that

IPnllwse < e lnllyes -

where n € C§° (B(" (2)),7=1on Bgn)(z), and z is an arbitrary point in R’}
Hence I' € W0 L (R% ), which implies that for any (n—1)-dimensional multi-
index 7 the derwatwe DT, belongs to W0 (R’ ). Therefore, Iy € Loo(RY})
which, in its turn, guarantees that I', € M(W; “”ﬁ — Wg’a). Thus, we may

put I, into (8.3.8) to obtain
HFPHM(W;*S’BHWS'O‘) <c ||FPHM(W;;5HW;’“)~

Letting p — 0 and using Lemma 8.2.1, we arrive at (8.3.8) for all I' €
M(WEP — W),

To estimate the first term on the right-hand side of (8.3.3), we combine
(8.3.8) with (8.3.5) for j = s. O

The estimate opposite to (8.3.3) is contained in the following lemma.

Lemma 8.3.3. Let I' € M(W/!™F — W) and let V,I' € M(W}’ —
W), Then I' € M(W}P — W) and the estimate

1T g wtn gy < € (||v Pllargwss oy + 1T agapi-eo o a)) (8.3.9)
holds.
Proof. By Lemma 8.3.2 and (8.2.2) we have
||VjF||M(W;—s+j,ﬁHWg,a) <c ||F||M(W,t,75+j’ﬁ~>wg’a)
i /s 1—-j5/s
< LI o 1T sy (8.3.10)
where j = 1,...,s. For any U € C§°(R%),
l(min{1, y})* Vo (LV)||z, < ¢ |l(min{l,y})* VL] ViUl Iz,
=0

< C(HVSFHM(W;,L?HW]?%‘) + |‘FHM(W;75’B—>WS’OL)
s—1

DIV g0 gy )10 g
j=1
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This and (8.3.10) imply that
| (min{1, y})*Vs(I'U)| L,
< ¢ (Ve laswes—wgy + 1 asygssawoey )1 o
It remains to note that
[(min{1,y})*IU ||z, < 11 pypz-=5 oo [Ullyyi-s-

The proof is complete. O

Using Lemmas 8.3.2 and 8.3.3, we arrive at the following description of
the space M (WP (RT) — Wi(RT)).
Theorem 8.3.1. A function I" belongs to the space M(W;’ﬁ — W) if and

only if [ € W3, '€ M(W*# — W0), and V,I' € MW} — Whe).
Moreover,

HFHM(W;»K’_,Wva“) ~ ||vsF||M(WI§ﬁ_,Wg=”) + ”F”M(Wg—sﬂf’_)W}?‘“)'

The equivalence relation (8.2.1) enables us to reformulate Theorem 8.3.1
as follows.

Theorem 8.3.2. A function I" belongs to the space M(Wg*ﬁ — W) if and
only if ' €e W . and, for any compact set e C R,

p,loc’

[(min{1,y})* Vel < cCprple)

and
(min{L,y})*Tiel? < e Cpossle).
Moreover,
1 L arowzo o — g
© aup (LD VTl Jein Q) Ll
;(3?511 (Cp,t,p(e)t/P (Cp,t—s,8(e)) /P

where d(e) is the diameter of e.
We formulate the important particular case of Theorem 8.3.2 when t = s.

Corollary 8.3.1. A function I' belongs to the space MW if and only if

I'e W and, for any compact set e C R,

[(min{1, y})*VIsell] < ¢ Cpsale).

Moreover,

Lo ~ sup ALY Vsl ez,
MW, eCR} (Cp,s,a(e))l/p

d(e)<1

I (8.3.12)
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8.4 Auxiliary Estimates for an Extension Operator

8.4.1 Pointwise Estimates for T+ and VTvy

For functions v € L ynie(R™ 1), we introduce the operator T' by

) =o' [ (ks @pern a4

where ( is a continuously differentiable function defined on M We assume
that

Iz + DIVCRI+ K < O (]z[+1)7" (8.4.2)
and that

/}Rni1 ((z)dz = 1. (8.4.3)

Lemma 8.4.1. Let v € M(W," Y (R""') — L,(R"')), where m > 1 and
1 <p<oo. Then

ITY(2) +yIV (T < e +y )R yawp-ir,)-

Proof. By (8.4.2),
1Ty (2)] + yIV(T(2))]

<er ([, by [ VO ()

n—1\B D () 1§ — @[

By Holder’s inequality,

/L;(n_l)( : |’7(§)|d§ < cy(n—l)(IJ—l)/PH,y;B?S'rL—l)(m)”Lp. (845)
p x

Let y € (0,1). The right-hand side in (8.4.5) does not exceed

ey "I s (LT BV @),
re(0,
zern—1

This, being combined with (8.4.5) and (4.3.15), implies that

_ |’Y(£)|d§ < Cy_m+l+n_l||7§ R71_1”]\4(1/1/""—’%[, ) (8-4-6)
Bg,n 1)(1) P P

for y < 1.
Suppose that y > 1. By (4.3.12),

. Il BV
”%Rn 1||M(Wm*l_>L ) > csup — £ 1
P y>1 (Cme_l(B?g 1))) /p

> csupy(l_")/pH%Bl(jn_l)HL,,, (8.4.7)
y>1
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because
Com1(BS" V(@) ~ y"!

for y > 1. Combining (8.4.7) with (8.4.5), we have
o [ e < ey I B,
By (@)

< CH’Y;Rn_lHM(WgL*l_,pr (848)
Thus, (8.4.6) and (8.4.8) give

07 [ POME S ey IR g,y (B49)

for any y > 0.
Now we estimate the second integral on the right-hand side of (8.4.4).
Clearly,

d * d
/ L1 gn/ nil/ C ©lde (84.10)
Re-\B( D (@) € — ] v P IE T @

By Holder’s inequality the right-hand side of (8.4.10) has the majorant

o) o ma o
C/ p P Iy BV (@)1, (8.4.11)
Yy
Let y > 1. Then by (8.4.7), the function (8.4.11) does not exceed

Cy_lH’Y?Rn_1‘|M(W;'L*l_>Lp)°

Suppose that y < 1. Then

1
o n—1 n—
/ 2 s B () |, dp
Yy

< ey ™ sup (1+7~m*17*’"’;1)||7;B§"—1>(g;)||Lp (8.4.12)
7-6(0,1)
zern—1

which is dominated by
_ 1— _
cy ™t 1||’Y§Rn 1||M(W;"*l_>Lp)

owing to (4.3.15). Furthermore, (8.4.7) implies that

(o]
_9_mn—1 _ _
| B @)l dp < e R i
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Hence, for y < 1

oo
_9_n—1 _ _ _ _
[ o 1By @l dp < ey R g,
1

This, in combination with the case y > 1, implies that the integral (8.4.11)
does not exceed

ey (1 +y' ™) R ||M(W;‘*l_>Lp)
for all y > 0. Thus, the result follows from (8.4.9), (8.4.10), and (8.4.4). O

8.4.2 Weighted L,-Estimates for Ty and VTvy

Lemma 8.4.2. Let the extension operator T be defined by (8.4.1). Suppose
that v € M(W"H(R"™') — L,(R"1)), where | € (0,1), [m] > 1, and
1< p<oo. Then, for k=1,...,[m],

([ v e+ wvane)a)”

k=1 m—k

e [(My)(x)] =T, (8.4.13)

MW ' —=L,)

<c|yR*!

where M is the Hardy-Littlewood maximal operator in R 1,

Proof. Let § be a number in (0,1] to be chosen later. We set

1 § 1
/ yp(k—l)—l(lT,ﬂ+y|V(Try)(z)|)pdy = / cody +/5 o dy.
0 0

By (8.4.4),

5 g P
| ar<e [y ([ ola) ay
0 0 BV (z)

5
- Ol P
+C/ yp(k,-‘rl -1 / dE dy
0 ( Rr-1\B D (g [§ — z[" )

From the definition of M it follows that

0
/ gt / [(€)1d€)"dy < c[(M)(@)" 0. (8.4.14)
0 By (@)

Using (8.4.10), we obtain

5
p<k+1—z>—1/ YOI )\
/0 ! ( Rr-1\BJ D (@) [€ — 2" €> Y

< ¢[(Mry) ()PP, (8.4.15)
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Combining (8.4.14) and (8.4.15), we conclude that

/ " dy < e[(My)@)rartD. (8.4.16)
0

By Lemma 8.4.1,

1
| T+ V) )y
SRPLP (k—m)
< el R 0,0 (8.4.17)

Adding (8.4.16) and (8.4.17), we find that

1
/0 P E=01 (T + |V (T)(2)]) dy

< (M) @PFED R grEm),

The right-hand side in this inequality attains its minimum value for

5 = (H'Y;Rn1||M(WI§"—ZHLP))1/(W—Z)
(M7)(z) '

The proof is complete. O

Lemma 8.4.3. Let the operator T be defined by (8.4.1) and let 0 < | < 1.
Then

/0 yIOTN(T) (2)Pdy < e ((Dpav) ()"

Proof. Let R(§,x) = v(§) — v(x). Using the identity

y /Rn_1 ((5 ; x)d{ = const,

we have
e =g (7 [ () e ajae). (3.4.18)

Furthermore, it is clear that

ITy a1 0 E—x
S =yt [ e e
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Therefore,

- (-2 € —al\*
V() ()] < ey lgo/ﬂwyvkc( )] (1 B R e
This estimate and (8.4.2) imply that
—n |§_$| -n
VD@l <er™ [ (1 EE) Rl

=cy /P /}Rn_1 (%)n_lm(l + € ; x|)—" §|R(f’f)1|/pd£.

Consequently,

1
/yp“‘”‘llv(T’y)(w,y)lpdy
0

< c/ol (/Rn,l f(|§;$) |£|f(§|;$)l|/pd€)1’yp(1—z)_1%7

where f(n) = n"~1/P(1+n)~". We write the last integral over (0,1) as

/01 </OOO f(é)ﬂ(t,x)%yyp(l—z)_l%

1 [e%e]
ds\P d
= / (/ f(S)g(sy,:r)—S) yp1-0-12Y, (8.4.19)
0 0 S Yy
with
g(t, ) :tl/P—l/ |R(t0 + =, x)|d6.
68&"’_1)

By Minkowski’s inequality, the right-hand side of (8.4.19) does not exceed

(/OOO (/Ol(f(s))p(g(sy, 2))PyPi-b-1 @) 1/P§)p

y S

([ tmapram Iy oy

T

< (/OOO (S)Szczl—sw)p/ooo(g(n :c))PTP“—l)—ld—T. (8.4.20)

T

Il
—
c\g

-

~

Therefore,

1 N o] N dr
| v @ <e [ grapri-o T

0 0 T
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It remains to note that

[e%) L dT oo _ dT
[ mayprnt o [T ([ e a) - (i)
0 T 0 oB{"~Y T

- dr Iz +h) — (@)
< — Pdh)——— <
- C/o /azggnn (b + o) = (@)l dd G < C/R ppre "

=c ((DpJ'y) (x))p.

The result follows. a

8.5 Trace Theorem for the Space M(W}!F — W)

Theorem 8.5.1. (i) Let m and [ be positive nonintegers with m > 1, and let
I'e M(WEP(RY) — Wo*(RY))

wheret =[m|+1, s=[l]+1,8=1—{m}—1/p, anda=1—-{I} —1/p. If
v is the trace of I' on R"™1, then

m n—1 l n—1
yeEMWR") — W,(R"))
and the estimate
1R arwm—wiy < € I RE D ywes _pwsioy (85.1)
holds.
(1i) Let
m n—1 l n—1
v E M(Wp (R"™) — Wp(R ).
Then the Dirichlet problem

Al'=0 on R}, I’

Rt = (8.5.2)

has a unique solution in M(WEP(RT) — Wi (RT)), where t = [m] + 1,
s=[+1,8=1—{m}—1/p, and a =1—{l} — 1/p. The estimate

. .mon—1
HF,R+HM(W;,;3_>W;,Q) <c ||'YaR ”M(WI;“—»W}J) (8-5-3)
holds.

Proof. We start with (7). Let U € W;’B(Ri) and let u be the trace of U on
R”~!. By setting I'U and ~yu instead of U and u, respectively, in the inequality

[ R Hlwe < e U R e
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we obtain the estimate
[lyu; R™ _1||Wl <c||I;RY ||M Wih_, WSQ)HU;RT}FHW;,@.
Minimizing the right-hand side over all extensions U of u, we obtain
s R Hlwe < e IT Ry ues sy lus R lwpe
which gives (8.5.1).

The proof of (i7) will be given separately for [ < 1 and for [ > 1 in
Sects. 8.5.1 and 8.5.2. O

8.5.1 The Case [ < 1

Our aim now is to prove that for [ < 1 and s = 1 the operator T de-
fined by (8.4.1) maps M (W, (R"1) — WA(R"1)) into M(W™ TP (R7) —
Wy *(R})) with o =1—1—1/p, =1—{m} —1/p, and that

1T R sy < € CIH R arwp—awa)s (8.5.4)

where C' is the constant in (8.4.2).
We have

|(min{1, y})oV (UT); R, <c/ [ (V@O VUP) s
ve [ [ (v@npwp s mpvop)d:
1 Jre-t

zc/ ...dz+c/ ...dz. (8.5.5)
0<y<1 y>1

The integration in the last two integrals is taken in y over (0,1) and over
(1, 00), respectively, and over R"~! in x. By Lemma 8.4.1, for y > 1

yIV(T) I+ (T )] < ellv R v,

Hence
/ Jdz <clly;R™ 1||M(Wm - HU R? ||W1°‘ (8.5.6)
y>1

It remains to refer to the estimate
|U; R lea <c||U;R% Hth

which follows from the one-dimensional Hardy inequality.
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Introducing the notation

[m]

y
RoU(= Z 6y k:
-1 ok y
RlU(Z) = VU(Z) — "~ a—kaU(J?,O)F for m > 1,
and
R1U(2) =VU(z) form <1,
we have

1
/ dz<e / PO (D) PRy, U (=) Pde
O<y<1 O<y<1

j=0
[m]
e / P (T ()| + g VTS (VU (2, 0)PyPda
0<y<1 k=1
ve [ UV P UG 0)pd: (8:5.7)
O<y<l1

for m > 1. When m < 1 the second integral on the right-hand side of (8.5.7)
should be omitted.
By Lemma 8.4.1, we have for 0 <y <1

TY@] + VT E] < e 'R i, - (8.5.8)
Since for 5 =0,1
y[m]+.7_1

/y VU (2, t)|dt, (8.5.9)

[R1-;U(2)] < ([m]+4 —1)! Jy

we obtain the inequality

/0 1 yp(l_{m})_l\Rl_jU(z)\pdz
<y<

Y p
< C/ y pimi=t (/ |V[m]+1U(x,t)|dt) dz.
0<y<1 0

By Hardy’s inequality, the right-hand side does not exceed ¢ ||U; R" Hp [l 1.5

Combining this fact with (8.5.8), we obtain that the first integral on the rlght—
hand side of (8.5.7) does not exceed

Iy R IU; REI (8.5.10)

MW~ g o) W[m +1,8°
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Now we pass to the estimate of the second integral on the right-hand side
of (8.5.7) for k=1,...,[m], m > 1. Applying Lemma 8.4.2, we find that

/0 ) TN ) T, 0)

m—k
<cllnR* 1HM(WmL Lp>/R,1(M7(x))pm_l ViU (z,0)[Pdz.  (8.5.11)

The last integral is not greater than

(8.5.12)

(M) 5= o IVRUC R

M(Wm k Wm k-

Using Lemma 2.3.6 with A = m —k, p = m —[ and Lemma 2.3.8, we find that
(8.5.12) is dominated by

(m—k

)
0 N (SR - Sl

which together with (8.5.11) implies that

/O S D@+ T ) E)) T 0P

< c ||77 Rn 1||M(Wm l‘}L )”U R ||W[m]+1 B (8513)
By Lemma 8.4.3, the integral
[t e @) @Pe ol (8.5.14)
0<y<1
does not exceed
o[ Dun@) Wi 0P
S Cc ||Dp717; Rnil ||117\/[(W;n_>[,p) ||U(7 0)7 Rn71 Hp 17771
<cllv Rnil”gﬂwgl_,wl)HU RY ||W[m]+1 8- (8.5.15)

Thus, we arrive at the inequality
| VO ERE < el R g TR g
y
It remains to estimate the integral

/0 PTG P
<y<
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Clearly,

/O OV
<y<

< / yPU=0=1|(T) () P[RoU (2) [Pz
O<y<1

[m]

+ > / gD )P IVU (2, 0)Pdz. (8.5.16)
k=0 0<y<1

By (8.5.8) and (8.5.9) with j = 1 we have

/O T PRV ()P
<y<

v p
RPL|P p(1—{m})~1
< el R Wy | L ([ ViU, 04r) "t

which, by Hardy’s inequality, is dominated by (8.5.10). In view of (8.5.13),
I A RO AEIE
0<y<1

<c|yRTHPE

LR ||P
M(W;"fl—>Lp) HU7 R-}- ||

whml+Le

Thus, we arrive at the estimate

codz <clyRMTHE U;R% )P .
S e g OB

Since the Poisson kernel satisfies condition (8.4.2), Theorem 8.5.1 with [ < 1
follows. O

8.5.2 The Case l > 1

Lemma 8.5.1. Let m and | be nonintegers with m > 1> 1, and let T be the
extension operator (8.4.1). Suppose that v € M(W," ' (R"™!) — L,(R"™1)).
Then

Ty e M(WM=HARE) — WO (RY))

and

1Ty RN gy tmi-s oy < el R Hlyyqwm—ip,)- (8.5.17)



302 8 Traces and Extensions of Multipliers

Proof. To begin with, let [m] = [I]. Then by (8.5.8)
O e OO
O<y<1

<cllyRE yP DU (2) P dz

MW~ l—»Lp)/<y<1

which gives the result.
Next suppose that [m] > [I] + 1. We introduce the function

[m]—[1]— laﬂU .

RU =U(z
0yﬂ j!

j=0

which, clearly, satisfies

[m]—[1]—-1
|RU(z)| < ([ng]f—/ |V[m] [Z]U(CL' t)|dt.

This estimate and (8.5.8) imply that

/0 P () PIRU ()P
<y<

v p
< ey R v ([ VU ) a.
0

m—1
MW7 —L,) / o<y<l
By Hardy’s inequality, the right-hand side is majorized by

cly R TS R I 1.6

MW=l ~L,)

Furthermore, by Lemma 8.4.2 with m replaced by m — [I], [ replaced by {l},
and k= j+ 1, we have for j =0,...,[m] = [l] -1

/O PTG PVU )P
<y<

*{l} m—[l]—j—1

<l R 1|| (M) " |V,U (2, 0)Pdz. (8.5.18)

Wm l_’Lp) Rn—1

The last integral is dominated by

m—[l]—j— B
(M) R i — 1 IUC 05 R A

which by Lemma 2.3.6 does not exceed

My R

M(Wm l ||U R ||

W["" 1.8
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Therefore, using (8.5.18), we obtain
[ O )9, U, 0
0<y<1

R-1 .
< cfyRPHE IU; RY

p
? vt R

The result follows. a

8.5.3 Proof of Theorem 8.5.1 for [ > 1

Suppose that Theorem 8.5.1 has been proved for [I] = 1,...,L£ — 1, where
L >2. Let [I]] = £ and let

v € MW"R ) — WLHR"™Y)) for m > L. (8.5.19)
Let Ty denote the Poisson integral. Since by Theorem 4.1.1 we have
v € MW (R — Ly(R™™Y),
it follows from Lemma 8.5.1 that
Ty € MWLM ARY) — WP (RY))
and (8.5.17) holds. Next we show that
Vi1 (Ty) € MWIMTLA(RE) — WO (RT)). (8.5.20)
Using Lemma 4.3.5, we obtain
87 m (mpn—1 -1 /mn—1
. e M(W"R"™) - W, " (R"™Y)), k=1,....,n—1.
Then, by the induction hypothesis applied to 07y/dxy,
i(T*y) _r & ¢ M(WIMFLE(R? ) — WE(R)) (8.5.21)
a$k 6xk P + p o e
By Lemma 8.3.1,
0
Ves—(T) € M(WMHLA(RY) — WO (RD)). (8.5.22)
k
Using the harmonicity of Ty and (8.5.22), we find that

OH(Ty) 9N (Au(T) +1

_ z m B mn 0, (1

yL+1 - dyL—1 € M(W[E ! (R+) - Wp (R+))
which together with (8.5.22) implies the inclusion (8.5.20). Combining this
with (8.5.17), we find that Ty € MW PRy — wiltbemn)). 1t
remains to note that all the above inclusions are accompanied by the corre-
sponding estimates. The result follows. O
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8.6 Traces of Multipliers on the Smooth Boundary
of a Domain

Let 2 be a bounded domain in R™ with smooth boundary 9f2. It is well
known that the fractional Sobolev space Wj,(a(z) is the space of traces of the
weighted Sobolev space W, *({2) endowed with the norm

(/Q(dist(x,aﬂ))m 3 |DTu|”dx)1/p,

{r:0<|r[<s}

where a =1 —{l} —1/p, s =[]+ 1 and p € (1,00) (see [Usp]). It is straight-
forward to deduce from this fact that the trace v of the function

e M(WhP(02) — W*(02)) (8.6.1)

belongs to M (W (082) — Wé(aﬁ)). Here m and [ are nonintegers, m > [ > 0,
s and « are given above, t = [m]+ 1, and 5 =1—{m} —1/p.

We prove that the converse assertion is also true showing that there exists
an extension I" of v € M(W;"(0£2) — W*(042)) subject to (8.6.1).

Theorem 8.6.1. Let v € M(W,"(892) — WL(012)), where m and I are non-
integers, m > 1> 0, and p € (1,00). There exists a linear extension operator

v— e M(WyF(02) = W (R2)),
wheret =[m]+1, s=[]+1,8=1—-{m}—1/p, anda=1—{l} —1/p.

Proof. 1t suffices to construct an extension I" only for v with sufficiently small

support. To be precise, we assume that v = 0 outside the ball Bgn) centered
at 0 € 02, where p is small enough. We introduce a cutoff function ¢ €

cge (Bz())z))7 equal to one on Bgz). Let us define Cartesian coordinates ¢ = (€, 7)
with the origin 0, where £ € R"~! and n € R, Let

QnBY =1{¢:eeBlY, n> fO)),

where f is a smooth function. We make the change of variables 7 : { — (z, ),
where z = £, y = n — f(§). The diffeomorphism 7 maps 2 N Béz) into the
half space R? = {(x,y) : € R""! y > 0}. Clearly, the function ¥ = yo 77!
belongs to M(W,;*(R*~') — W/(R""')). Its harmonic extension to R,

denoted by I, is in M(WEP(RY) — W*(R7)) and satisfies the estimate
(8.5.3) according to Theorem 8.5.1. Hence the function v = (f oT)p is a
desired extension. The proof is complete. a
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8.7 MWIZ)(]R") as the Space of Traces of Multipliers

in the Weighted Sobolev Space W} ;(R™+™)
In this section we show that MW](R™) is the space of traces on R of mul-
tipliers in weighted Sobolev spaces on R™*™ in the same way as Wé(R") is
the space of traces of functions which belong to a weighted Sobolev space on
R™*™_ In Sect. 8.7.5 we give an application of this result to the first boundary
value problem for an elliptic operator in R:‘_H. We prove the unique solvability
of this problem in a space of multipliers on RT‘I, assuming that the Dirichlet
data belong to certain classes of multipliers on R™.

8.7.1 Preliminaries

Let R™™ = {z = (2,y): v € R",y € R™}, m > 0. For U € C§°(R"*™) we
introduce the norm

1/p
Ons= ([ 1l?I190-0p d2)
Rn+m
By Hardy’s inequality,

<U>k—r,pﬁ—7" <c <U>k7p,6

for k >r, B >r—m/p.
Let W} 5(R™*™) denote the completion of C5°(R"*™) with respect to the
norm

(D kps + IU;R™| .

The following known assertion (see [Usp]) gives a characterization of traces
on R™ for functions in W;B(R”"'m).

Lemma 8.7.1. (i) Let U be an arbitrary function in Wlﬁﬁ(Rn*‘m), and let
Il=k—p03—m/p be a positive noninteger , | < k. Then for almost all x € R™
the limit
u(z) = Il}mOU(x,y) in  L,0B")
y e

exists. The function u belongs to the space Wé(R") and the estimate
s By < TSR ™ gy (8.7.1)

holds.
(1i) Letl be a positive noninteger. There exists a linear bounded extension

operator
E: WR") 2 u— U e W} R ™),

where k > 1 and B =k —1—m/p.
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Lemma 8.7.2. Let r be a positive noninteger and let w be an m-tuple multi-
indez, |w| < [r]. Further, let

hl/
Ry(h,x) = D*y(w+h)— > Dwy(x);. (8.7.2)
lv|<r=|w| '
Then
1/p
(/ (BP0 Ry ()P dh) < e(Dypy)(@) . (87.3)
RTI,

Proof. 1t follows from the identity

Ro(h,z) = ([r] — |w]) > hT

0
[vI=[r]=lwl|
X[(D"F5)( + th) = D*+*~()] (1 — )11~ gt
and the Minkowski inequality that the left-hand side of (8.7.3) does not exceed
1 1/p
e [ ([ e S 0 ) ()@ an)
0 R
=]

which is equal to ¢ (Dpv)(x). O

8.7.2 A Property of Extension Operator

We introduce an extension operator which maps functions defined on R™ into
functions on R by

(TY)(z,y) = / (O +lylydt, xR, yeR™,

where

¢ € C™(R") N L(R™), /C(x) dz = 1.

Lemma 8.7.3. Let {r} > 0, p € [1,00) and let ¢ be an integer with q > r.
Further, let

/xa((x) drx =0, 0<|al <Ir] (8.7.4)
and
q .
Cor = /(1 + )" Y sup [ViC(@)|(1+ |]) da. (8.7.5)
j=008[2)

Then the estimate holds:

1/p

([ o=V ay) ™ < ey (D)@ (576)
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Proof. Let 7, 0, p, w be m-tuple multi-indices such that |7|+ |o| = ¢, and also
p=0, w=7 if |7|<r

and
p=17—w>0, |w=I[] if |7][>r

We have
DTD"/§ (x + |ylt)dt = DPD"/( Sz + |ylt)dt
=05 (1 [ (000 (S ) Do e)ae)
= 05 (I~ [ (06 (S ) Rl — ).

where R, is the function defined by (8.7.2). Here we used the identity
o —n—|p| p (—w 2\
D (1= [ (00) () € = o)

=05l [ Drocerera) =o. (87.7)

It is clear that

D5 (1 (00 (S ) Rute = )|

B Rw 4y
< |y|r—|p|—|‘7|—|w|¢(£|y|x) ||§ —(iral;wﬁ)rl

with ¢ standing for a nonnegative function for which the estimate

lo|
p(&) < el N IV <1 (18] + 1) (8.7.8)

i=0

holds. Since |p| + |w| = |7] and |7| + |o| = g, it follows that

/R [y[P@=7 =" DT D7 (TP dy

e[ (L @(féz) :f i(if—xﬂ)"' )’ |j|‘i |

Introducing spherical coordinates, we write the right-hand side in the form

/ d)\/ / t0 |Ru(t6,2)| dtde)
0B el
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This value is not greater than
O"cl/\(/oo t dt\r o dt\p [* dt
o[ S a3)ewF) <e([ enT) [ owrt.
where

QU) = sup (1), g(t) =1 / IR (t6,2))d6.
|0]=1 0B,

Now we use (8.7.8) to obtain

/ [y[P@=P) = DI D7 (TP dy

o]

<ef [ Jer= el

Making use of Lemma 8.7.2, we complete the proof. g

P
sup (Vi1 0(IdE)” [ P R ()P
9Bj¢| R»

8.7.3 Trace and Extension Theorem for Multipliers

The following theorem shows that M Wzl, (R™) coincides with the space of traces
on R" of functions in MW} ;(R™+™).

Theorem 8.7.1. (i) Let I' € MW} 5(R"™) with =k —1 —m/p, {I} >0,
and k > 1. Further, let v be the trace of I' on R™ (its existence results from
I' e Wzﬁﬁ’loc(R”J“m) and Lemma 8.7.1). Theny € MW} (R™) and the estimate

I B laswg < e IR gy (8.7.9)

holds.

(1i) Let {lI} >0, s=0,1,..., and let k be an integer with k > l. Further,
let Vgy € MWII,(R”) and let T~y be the extension of v to R"™™ defined in
Sect. 8.7.2 with ¢ subject to the conditions

Ck—&-s,l+s < 00, (8.7.10)

and
/x“((a:) de=0, O0<l]af<[]+s (8.7.11)

where Cy - is given by (8.7.5). Then
Ve:(Ty) € MWELR™™),  B=k—1-m/p,
and

IVs,2(T7); Rn—i_m”MWiﬁ < Chsits||Vsav; RHHMW}, - (87.12)
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Proof. (i) Let U € W} 5(R"*™) and let U(z,0) = u(z). We have
s By < €70 R S DR g [0 R

Using the second part of Lemma 8.7.1 and the arbitrariness of U, we arrive
at (8.7.9).
(i7) Let x be any m-tuple multi-index with |x| = s. It is clear that

UDN(TNkps ¢ »,  (DIUDEDYT(T))ops- (8.7.13)
e+l =k

For || < s we have

DEDXT(Ty)(2) = D§+E|y|”/<(£|_7|$)

« Dg,y(g) _ Z @;—TVD”JFN'y(x)} d€ (8.7.14)
|s¢| <s—|p|—1 '

and, for |u| > s,

DDy (To)() = DDyt (Wl [ (S5 e de).

where (1 = p1 + po, |pa] > 0, and |u2| = s. Thus, in both cases,
IDEDYT(T)(2)] < e K| Vo R oyl 7719 (8.7.15)
Here and in what follows we put
K =Crisits
with Crs,14+s given by (8.7.10). Hence, for |v| > [, we obtain

<DZUDZD;<+E(T'7)>O,]D,5 < CKHVS'V? Rn”Lm <U>\V|,p,lul—l—m/p

S K[V R Lo Uk p. - (8.7.16)
Now let |v] < 1. Using Taylor’s formula for DYU, we have

(DXUDLDy (T 7))o p,s

[=Iv|
< (RyDEDXTE (T )y + Y. (/R ) [y [Pk 1) —m
3=0 S

1/
X [DEDEH(T) ()P |V, DL, 00 dz)  (87.17)
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where
R.(z) = DiU(z) — (DyDU)(z, 0)£
ITI<[)=Iv|
=(-w-1 > / (DDLU )(z, ty)(1 — )= at .
==+

By (8.7.15) and Minkowski’s inequality,
(RyDEDY ™ (TY))kp.
! P
< KB ([ 10O ([T V) o) ) d2)
0

1/p

< cK[IVsy R Lo AU 141,91 {1} —m/p

< K[Vt R 2o (U k. -

Using Lemma 8.7.3 with ¢ = |u|+ s+ || and r =1+ s — j — |v|, we see
that the sum on the right-hand side of (8.7.17) does not exceed

—Iv

cKZ ([ 105D Dy V)@ dr) . (8719

By Lemma 4.3.2, for p > 1 this is majorized by

[=Iv| /‘Dpl —j— \V|vs'7|pd‘r
cK Z sup(

Cp,l*]flul( e)
which by Theorem 4.1.1 is not greater than
c K|V R™ | awi |UsR™ ™ |y (8.7.19)

) (V11,2 U) (5 0) R [y iimion

The same estimate results in the case p = 1 from Theorems 5.1.2 and 5.3.2.
So, for |v| <,

(DZUDEDY = (T))op, < cK|IVeyi R |arw IR |y
Combining this estimate with (8.7.16) and (8.7.13), we find that
({UDF(TV))o.ps < KV R [ 1T Ry
According to (8.7.15) with |u| = |e| = 0, we have
Dy (T)] < e K|V R
Therefore,
IUDF(TY); R*™ |1, < eK[[Vey; R |1 U R, -
The proof is complete. O
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8.7.4 Extension of Multipliers from R™ to Ri+1

An assertion analogous to Theorem 8.7.1 is also valid for the space of mul-
tipliers MW;B(RTA), where R = {z = (z,y): 2 € R"y > 0} and

W;g(RiH) is the completion of C§° (R} ™) with respect to the norm

(L.

n
+

1/p
ypﬁ|vk7zU|sz) + U R L,

If we put m = 1 and replace R™ by Ri_ = {y: y > 0} in the statement
of Lemma 8.7.3, then it holds without the condition (8.7.4). We only need to
verify that

DZ(y'”"'p‘)/DPC(ﬁ)ﬁ” de =0. (8.7.20)

For |v| < |p| after integration by parts we obtain that the integral in
(8.7.20) is equal to zero. In the case [v| > |p| the function D (y¥1=1e1) vanishes
identically, since 0 > o + [r] —q¢ =[r] — |7| = [r] = |w| = |p| > |v| — |p|-

The condition (8.7.11) was used only in (8.7.14), in the proof of Theorem
8.7.1. Since |x| + |e| = s+ |e| > s — |u| — 1 > |x|, we conclude that (8.7.14)
remains valid for m = 1 and y € R} without the condition (8.7.11). Therefore,
we have the following assertion.

Theorem 8.7.2. (i) Let {I} >0, I' € MW} (RT™), 8=k —1—1/p, k> I
and y(x) = I'(z,0). Then v € MWII,(R") and
Iy R arw < e IT5RE g -

(ii) Let {l} > 0 and Vv € MW} (R™). Further, let T~y be the extension
of v to RQL_H defined in Sect.8.7.2, where the function ( is subject only to the
condition (8.7.10). Then V4(T~) € MW;%(RQL_H), kE>1,B3=k—1-1/p,

and the estimate

||V5<T7);Ri+1”MW§ﬁ < CChpsits | Vsv; R || arw
holds.
8.7.5 Application to the First Boundary Value Problem
in a Half-Space
Let us consider the Dirichlet problem in the half-space R:L_H

L(D)U =0 for y>0,
U0y = @, for y=0, j=0,...,m—1,

where L is a homogeneous differential elliptic operator of order 2m with con-
stant coefficients.
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Theorem 8.7.3. Let V,,_1_jp0; € MW)(R™), where 0 <1< 1,1 <p < oo,
Then there exists one and only one solution of the Dirichlet problem such that

ViU e MWy, R, k> 1

This solution satisfies the estimate

||Vm71U§ RTLlHMWk

p,k—1l—1/p

m—1
<K Z IVin—1-595: R™ [arwz
=0

where K is a constant which depends on L and n,p,m,k,1.

Proof. f U € MW:k_l_l/p(RT’l) is a solution of the homogeneous problem,
then

IV iU R, < 00

and hence U = 0 (see, for instance, [ADN1], Ch. I, §2).
According to the same reference, the existence of a solution follows from
the assumption

vmflfj@jELoo(Rn)7 j:O717"'am_17

and the solution satisfies the equality

i —1

8 m
D35 -U(z,y) = > Kija(z—&y)Dlp;(8) de,
y i=0 |pl=m-1-; "

where 0 < i < m—1, a is any multi-index of order m —1—1 and K ; g(z) are
positive homogeneous functions of order —n, smooth in R"*1\{0} and such
that K; ; g(x,0) = 0 for = # 0. These conditions imply the estimate

(J* +y*) 2V Ko (2, 9)] + | Ki (e, y)| < ey(faf® +y?) =072

which shows that the function ((z) = K, ; g(z,1) satisfies (8.7.10) for s = 0,
0 <1 < 1. It remains to make use of Theorem 8.7.2. O

8.8 Traces of Functions in M W:)(]R""'m) on R™

In this section we show that the space of restrictions of functions in
MWLR™™) (Ip > n, | — m/p is a noninteger) to R" coincides with

MWL™P(Rm).
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8.8.1 Auxiliary Assertions

We use the extension operator 7 defined in Sect.8.7.2. Let us assume that
the conditions (8.7.10) and (8.7.11) for k = [I], s = 1 are fulfilled.

Lemma 8.8.1. Let o € (0,1] and let p € [1,00). Then
ply|—m—p{o} Y
( Vi1 (T @5y + 1) = Vi (T @ )P dn)
2[n|<ly|

< cCysra Y71 R 2o, (8.8.1)

and
—n—p{o} p
([ V00T 4 I) = Vi (T2) ) P71 )

< cCypr iyl IR Loe s (8.8.2)
where Cpjy1,41 is defined by (8.7.10).

Proof. Let A, and B, denote the left-hand sides of (8.8.1) and (8.8.2). One
verifies directly that
E—z

sl { [ ([ [Tl
(S Y] ae) i an}

In|? dn
<l { [ AL
afnl<ly| M TP}

x( / d An|w§itl)[|yl +2(ly + 0l — ly)]| dﬁ)p}w’

L0 =g (o(57)).

where

Therefore,

Ay < cChpprina Rl

L lol— py1/p
A [t ([ gl sty - o) )"
2[n| <yl 0

<cCuygramllv R Loyl

The inequality (8.8.1) is proved.
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Making the change of variables
E—x=l5,  h=lyH,

we obtain
B, < IyI“’{/Rn (/Rn Vie.2[¢(Z + H) = ¢(2)]] dE)p|H|‘”‘p{"} dH}l/p .

Now we divide the exterior integral into two integrals, the first of which is
over the ball B;. We have

fo= (L

n 1 P
ZHl/ a?V[g],Eg(E+ZH) dZ
=1 v

0

dE)p|H|*"*p{“} dH

p
< (/ |V[a]+1C(E)|d5> / |H|~H(=tebegrr < CC[IZ]H,[H'
Rn B1

Finally,

/ﬂ\zzs1 = /n\,@ (/n(|v["]<(5+H)| + |V[5]C(E)|)dE)p|H|—"—p{o} dH

p
— 217(/n \V[U]§(5)|d5) /Rn\B |H|,n,p{g} dH < cCﬁ]HJH.
1

The proof is complete. O

Let d; denote the number of all derivatives of order j with respect to the
variables y1, ..., ym and let [W7 (R™)]% be the Cartesian product of d; copies
of the space W7 (R"). It is known (see [Usp] that there exists an extension
operator £ defined on vector-functions (¢q, @1, - - - Pp_m/p))s Where ¢, is the
d;-tuple vector-function. This operator maps into a space of scalar functions
and has the following properties.

(i) E is a continuous operator:

[l—m/p]
H [Wzglfjfm/P](Rn)]dj_}WI/:kil(Rner). (8.8.3)
j=0

(#4) The relation
(ViE@)(x,0) =p;(x)  with j=0,1,....[l—m/p|

holds.

In what follows we use the fact that Wzgl}ltl{l}(R”+m) is imbedded into

L (Mn+m : :
W, (R™™) (see [Usp]). We also apply the Hardy-type inequality
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LW G dy < eV kR (554
where V' is a function in W) (R™) subject to the conditions
(V;V)(z,0) =0, Jj=0,1,....[l—m/p|. (8.8.5)
Moreover, we make use of the following norm in W}(R"*™):

[T R™ ™|y
1/p
~ </ diﬂ/ dy/ Vi, U@,y +n) — Vi, Uz, y) [Pl =m0 dn)

—— 1/p
([ dy [ de [ VLU hy) = ViU y)P a0 dh)

+I|U;R™ ™|, (8.8.6)

(see Proposition 4.2.3).

8.8.2 Trace and Extension Theorem

Theorem 8.8.1. (i) Let lp > n, 1 < p < oo and | — m/p be noninteger.
Further, let I' € MW} (R"*™) and v(z) = I'(x,0). Then vy € MWLm/P (R
and

19 R™ | ppyya-mre < TSR gy - (8.8.7)

(13) Let the kernel ¢ satisfy (8.7.10) and (8.7.11). If v € MWé_m/p(R")
with Ip > m, 1 < p < oo and noninteger | —m/p, then T~ € MWZZJ(R"‘H")
and

1Ty R ™ arwy < cClpril|1 R | yyyi-mrn - (8.8.8)
Proof. (i) Let U € W/ (R™*™), U(z,0) = u(x). We have
s R s < eIPUS R s < TR Ly U5 R
which implies (8.8.7).
(74) Tt is sufficient to assume that [ is a noninteger, since for integer [ the
result is contained in Theorem 8.7.1.

Let U € WE(R™™) and

So(x) = (U($70)a (vy(U)(xa O), sy (v[l—m/p],yU)(xa O)) .
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We introduce the function V = U — E¢, where E is the extension operator
which was considered in Sect. 8.8.1. Then

1T R™ ™ wy < (T E@; R s + (VT R |
In view of the imbedding
41
WZE,]1+ {l}(Rn+m) c Wé(Rn—'—m),

the first term on the right-hand side does not exceed

NTY B R s
which, by Theorem 8.7.1, is not greater than

CC[z]+1,z+1||%R"HMW;*’"/?HE%R"+m||wm+_1m :

Since F performs the continuous mapping (8.8.3), it follows that

[(Tv)E@; R"™ ||y

[l—m/p]

< cCr itV R ypypa-mrn > 1(V5.0U) (5 0); R |yt soms -
=0

Consequently,
TV Ee;R™ ™[Iy < eClpprirallv R yppr-mn U R [l (8.8.9)
Let us prove the inequality
IVTvR™ ™ lwi < eChppa iR oo VR ™ e - (8.8.10)

It is easy to see that

([ ), @ /27]>|yI|V[l],y(VTW))(x,y+n)

1/p
_(V[l],y(VT’y))(x’ y) |p|n|7mfp{l} dn)

1/p
= C(/ Vi (VT Pyl 7 dz) (8.8.11)
Rn+m

which, by (8.7.15) with s = 0 and pu = 0, does not exceed

Z z Py P - l/p
4 l

1]
1/p
< cCpyrar v R |, Z / IV VIPly|9~ lpdz) .
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This fact and (8.8.4) show that the left-hand side of (8.8.11) is dominated by
cCrra1 |V R Lo IV R [y

The expression

(L[ v 19l T o= )i On)

is majorized by

[

02/ da:/ dy/ (V=i TV (9 + 1)
n m 2[n|<|y|

Pl -m-p{hgp)
x|V (V(@,y +m) = V(@,)In| dn)

[1]
+c2 / ay|(V5.4V)(9) P

R"’L
Pl mepit gp)
o ‘\V[z]fj,y(ﬂ(%wn)—Tv(m,y))! In] dn) .(8.8.12)
2|nl<ly

Since .
(Vi—iu TV @y + 0| < eChra s lly R |z [yl

the first sum does not exceed

(-1
CC[l]+1,l+1||V§RnHLOO Z (/ d:Z?/ ‘y|P(J*[l])/ |77|7m+}7(17{l})
j=0 YR™ R 2|n|<|y|

1 p 1/p
X(/ \Vj+1,yV(ffay+tﬂ)\dt) dﬂ) + cClpt 1111 1 R Lo VR [y
0

Here we have used the relation (8.8.6). Further, we have
. ! P
/ |y|(J—[l])P/ ‘n|—m+p(1—{l})(/ |Vj+1,yV(x,y+t77)|dt) dn dy
R 2[nl <[yl 0
1
< C/ dt/ Inl‘m“’“‘“})/ [y U2V 1,V (2, + )P dy
0 m 2[nl <]yl
<o [ et [ g, el dydy
m Ix[>nl

= 0/ IX[PUTI=D|V 0 V (@, x) [P dx
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which, according to (8.8.4), does not exceed ¢ ||V (z,-); R™ ||}, for almost all

2 € R™. Thus, the first sum in (8.8.12) is not greater than
CC[1]+1,1+1||V%Rn+m||Wl

Using (8.8.1), we find that the second sum in (8.8.12) has the majorant

1]
cCpr,im1ll7 R Lo Z(/R . (V.4 V) (2)|P|y| =P dz)

Jj=0

1/p

which, by (8.8.4), is dominated by
cCrprit1 17 R Lo [V R |y

To obtain a bound for
oy ~n—pit} g ) "
(L duf dz| 1V0eVT)e+hy) = (VT3 n " an)

it suffices to estimate the integrals

[ [ wivear

x / Vi [(T) (@ + hoy) — (T7) ()] B P dhde,

[ av [ V-l
m ]R'n

X / Via(V(z + hyy) = Via,y)| | P dhda.
The first integral is estimated by Lemma 8.8.1 and inequality (8.8.4). It does
not exceed
e Coprin 1R 2o VR )

The second integral is dominated by
i W RN [ do [ e
< [PV a4 ) - V) Py

< el R / da / IRAC

X / |v[l],z(v($ + h, y) - V(xvy)”p dydh
Rm

< e (Cprr i [V R Lo VR |y )P
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Here we have used (8.8.4) and (8.8.6). Thus inequality (8.8.10) is proved.
Putting v =1, 7 = 1 in (8.8.9), we obtain the estimate
|B@sR™ ™y < ¢ [U3R™™ s
which, together with (8.8.10) and the equality V' = U — E¢p, shows that
VTR ™|y < eCpypr il R L U R W
The proof is complete. O

8.9 Multipliers in the Space of Bessel Potentials
as Traces of Multipliers

The goal of this section is to show that multipliers in the space HIZ,(R") are
traces of multipliers in a certain class of differentiable functions in R" ™™ with
a weighted mixed norm.

8.9.1 Bessel Potentials as Traces

The space L’;y 5(R™*™) is defined as the completion of C§°(R"*") in the norm

(/Rn (/m |y|2ﬁ|vk,zU|2dy)p/2dx)1/p N (/n (/Rm \y|2ﬁ|U|2dy>p/2dI) 1/p'

Let the first term be denoted by < U >, gx. For k > r and § > r —m/p,
by Hardy’s inequality one has

<U>pprk—r<c<U>,5k. (8.9.1)

The following assertion shows that elements of H!(R™) are traces on R"
of functions in L’;_ﬂ (R™*™) (see [Sh1] for 0 < [ < 1, the general case is treated
in a similar way). Below we use the spherical coordinates (p,w) in R™: p = |y|
and w = y/ly].

Lemma 8.9.1. (i) Let U € L;B(Rn‘*‘m), where k is an integer, 26 > —m,
and 1 < p < oco. Then, for almost all x € R™, the limit

U(z,0) = pl_lgrlo 5 U(x; p,w)dw

exists. Moreover, U(-,0) € HL(R™) with | = k —  —m/2, {I} > 0 and
||U(~,0);R”||Hé < C||U§Rn+m‘|L';7[3- (8.9.2)

(it) Let w € HL(R™), 1 >0, 1 < p < co. There exists a linear continuous
extension operator:

l n k n+m
H,(R") 3 u— U € L} (R"™™),
where k is an integer, k > 1, and =k —1—m/2.
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8.9.2 An Auxiliary Estimate for the Extension Operator 7

Here we use the notations 7, ¢, C4,, introduced in Sect.8.7.2. The following
lemma will be applied in the next section.

Lemma 8.9.2. For any positive and noninteger § > 0, and any integer q > 9,
the estimate

2(g—6)—m 2 1/2
|yl IVo:(Tu)|*dy) < cCqsSsu(x) (8.9.3)
Rn+m

holds, where Cy 5 is defined by (8.7.5) and Sj is given by (3.1.1).

Proof. Let 7, s, and p be n-dimensional multi-indices, and let ¢ be an m-
dimensional multi-index such that |7| + |o| = ¢, 2 =0, and p = 7 if |7]| < 4,
and s =7 — p, |u| = [0], and p < 7 if |7] > §. We introduce the notation

Ru(h,z) = D'u(z+h)— > D' u(z)
| <[8]—lul

hlJ
!.

Using the identity
05 (1ol [ (D7) (ﬂ;m) (€ — a)”de)

=05 (1 [ D) o
we obtain

D205 [ cute-+lulmdn = D205 [ (o DLata+ Iyl
_ no —n—|| > {—x
=05 (i [ (o) (55 prateie)

=Dy (Iylf"*‘”’ / (D) (£|;|x)R“(5 - x,m)df).

Clearly,

o070 (G )

_ R -,
< Iy‘sl”'alw(iy:ﬂ) ¢ i(ia—xuilv

where ¢ is a nonnegative function having the estimate

o]

p(€) < clePn ST T Lac@© (1€ + D). (8.9.4)

=0
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Since || + |p] = |7| and |7] + |o| = ¢, we arrive at the inequality
[ P9y Ty
§—a\[Ru(€ =z 2)| ,\2 dy
< d .
<e [ (Lo e ammme) o
1

Passing to the spherical coordinates ¢t = | — x| and 6 = ({ —x)t™ ', we can
write the right-hand side as

t0 [R,(t,2) b \2d
/ / /aBm BRI tde) A

This expression does not exceed
R e t dt\2d\
c/o (/0 Q(5)s0 ) S, (8.9.5)

Q) = sup o(t0)
ocoB{™

where

and

o) =195 [ Ry (e0.)ld0.

By Minkowski’s inequality, (8.9.5) is not greater than

c(/owcza)%f/owg@f?

This and (8.9.4) imply that
—8)—m T o 1/2
([ 1Pa9-mpzDg(Tu)Pay)

oo 2 1/2
< cCys ( / tz(‘”"‘;)’l( / |R#(t9,x)|d0) dt) . (8.9.6)
0 oB{™

For 0 < § < 1 we have y = 0 and
Ro(t0, ) = u(x + t0) — u(x).

Therefore, for such ¢, the right-hand side of (8.9.6) is equal to c¢Cqy sSsu(x).
Hence we need to consider only § > 1. Since

Ru(tl,z) =

) / 5oL

[v]=[6]—ul

( D) (a4 htf) D () (1 — )L,
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we obtain
1/2
([ 1919, (7w dy)
2 \1/2
<cCys /t2{5} 1 / / u)(x + ht)— (a:)|dhd0> dt)
aB{™ Jo

\|[5]

By Minkowski’s inequality, the right-hand side is dominated by

1 e’} 2 1/2
—2{6}—1 a N
Cos | ( /0 ¢ ( /a o S (D) (z+ht6) - D u(m)|d9> dt) dh.

lee|=[3]

Making the change of variable t — h~!7 for any h € (0, 1), we find that the
last expression is equal to

1 [eS) 2 1/2
{5} —2{§}—1 « N
cC,M;/O h (/0 T (/685") E |(D%u)(z+70)—D u(a:)\d@) dr) dh

ler|=[9]

and is not greater than ¢Cq sSsu(x). The proof is complete. O

8.9.3 MHIL) as a Space of Traces
The main result of this section runs as follows.

Theorem 8.9.1. (i) Let I' € ML’~c s (R™F™), where k is an integer, 1 < p <
00, 23 > —m, and let k— 3 —m/2 be a positive noninteger. Then the function
v = I'(x,0) belongs to the space MH}(R™) with | = k — 8 —m/2, and the
estimate

1V R [[army, < CHRRnerHML’;ﬁ

holds.

(i1) Let v € MHL(R™), and let T~ be the extension of v to R"*™ defined
in Sect.8.9.2 and subject to (8.7.4) withr =1. Then T~ € ML’;ﬁ(R"“'m) with
an integer k, k > 1, and § =k — 1 — m/2. Moreover,

1T R ™| arpr , < eCrallyi R™ ara,
where Cy,; is defined by (8.7.5).

Proof. (i) The existence of a trace « of the function I' € M Lk 5(R"F™) follows

from the inclusion I" € LY 5,,.(R"*™) and Lemma 8.9.1. Let U € L} 5(R™™)
and let u(x) = U(z,0). We have

Iy R s < e |TU R ™ e < e[ TR [y [UR™ ™|
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The result follows from part (ii) of Lemma 8.9.1.
(7i) Let u, €, and v be arbitrary multi-indices of dimensions n, m, and
n + m, respectively. Clearly,
<UTHR™™ >4
<c Y < IDUUIDEDYTA R Sph0.  (897)
[v]+]ul+lel=k

By Z(l) and 2(2) we denote the sums of those terms in (8.9.7) for which
|v| <1 and |v| > I, respectively. Since

|Di Dy (T7)(2)] < SRz Jy| 71 (8.9.8)

(see (8.7.15)), we have

) n n+m
Y Sl R e <USR™™ > 50 -
By (8.9.1) the right-hand side does not exceed
Crall iR Lo <UsR™™ >p 55 .

Now let |v| < 1. We put

_ Ty y"
QU(z)=DU(z)— Y. (DyDZU)(x,O)F
|7 |< ]~ v
Then

SV ([ ([ e S @uuPDeDy (T Pay)

||+l +le =k

R
Sl

dz)

mid

(L oo > S by

[v+|pl+lel=k =0

21
x|V DYU (2, 0) 2dy ) “do)”
Let us denote the first and the second terms on the right-hand side by A and
B, respectively. Since
QU () = ([l - W] + 1) Z / (D7D Uz, ty)(1 — )11z,
rl=l— v+

we have the estimate

1
Q.U (2)] < cyl-IH+1 / (Vi U) (2, ).
0
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Hence, using (8.9.8) and Minkowski’s inequality, we find that A is majorized
by

1 p/2 \1/p
B [ ([ ([ PO (Vg 0t Py) )
O n m

Therefore,
A< cCrulvi R <U >p k-

By Lemma 8.9.2 with ¢ = k — |v| and 6 = [ — |v| — 4, we find that B is not
greater than

[L=1v

1/p
e 3 ([ VD@01 (o))
1/:0 n

[1—Iv|

< cChy Z 1S1—i— w1 Vi R™ [y =izt Vit U G5 O R [ izt
1=0

which by (3.2.26) does not exceed

Cck,lH’Y;RnHMH;HU;R"erHLz;ﬁ- (8.9.9)

Using the estimates obtained for A and B, we find that (8.9.9) is a majorant
for the norm < U7+~ >, 5. It remains to note that (8.9.8) with p =€ =0
implies that

([ (] o)

p/2 1/p
<cCuls® o ([ ([ WPt k) a) "

The proof is complete. O
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Sobolev Multipliers in a Domain, Multiplier
Mappings and Manifolds

In this chapter we deal with multipliers in pairs of Sobolev spaces in a domain.
Section 9.1 concerns the special Lipschitz domain G, i.e., G = {(z,y): = €
R™ y > o(x)}, where ¢ is a function satisfying the Lipschitz condition. We
find necessary and sufficient conditions for a function to belong to the space
MWMG) — Wzl)(G)), where m and [ are integers with 0 < [ < m. In
Sect. 9.2 we show that the Stein extension operator (see [St2], Ch.6, §3) maps
continuously

MW(G) — WHG)) into M(W]"(R™) — WL(R™)).

Analogous results for the space M (W"(£2) — W](£2)), where 2 is a bounded
domain with boundary in the Lipschitz class C%!, are obtained in 9.3. A de-
scription of the space ML, (2) is given, where Ly(2) = {u € Ly 10c(£2): Vu €
L,(£2)} and {2 is an arbitrary domain. We show that, in general, the restriction
to £2 of a multiplier in W) (R™) is not a multiplier in W) (£2).

Further, in Sect. 9.4 we study the influence of a change of variables upon
Sobolev spaces. Here we introduce classes of mappings ((p, [)-diffeomorphisms)
which preserve the space Wé, as well as classes of non-smooth manifolds on
which the space Wé is correctly defined. These definitions of mappings and
manifolds involve spaces of multipliers. In conclusion, a change of variables
Ty acting in the pair of Sobolev spaces W*(V) — W](U) is defined and
investigated.

In Sect. 9.5 we give the following modification of the classical implicit func-
tion theorem (see, for example, [KP]) which involves multipliers in its state-
ment. We consider a function « in a special Lipschitz domain G and assume
that Vu € MWpf_l(G), [ > 2, that w vanishes on 9G, i.e., for y = (),
and that the trace of du/dy on OG is separated from zero. We show that
Vo e MW, P (R,

Finally, in Sect.9.6.2 we give a description of the space M(W;ﬂ(ﬁ) —
Wy (£2)).

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 325
Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009
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9.1 Multipliers in a Special Lipschitz Domain

9.1.1 Special Lipschitz Domains

Let z = (r,y), where x € R"~! and y € R!. By a special Lipschitz domain
we mean G = {z € R": z € R"" 1y > p(x)}, where ¢ is a function satisfying
the Lipschitz condition

lp(x1) — p(22)| < L|z1 — 22].

It is shown in [St2] (§3, Ch. 6) that there exists a function z — 0*(z) with
the properties:
(1) 0* € C*(R™\0G) and, for any multi-index «,

|Da5*| < Ca((s*)li‘al ,

where ¢, are constants depending on L.
(#7) For all z € R"\G,

2[p(x) —y] < 0°(2) < alp(z) —yl, (9.1.1)

where a = const > 2.
We introduce the operator € which performs an extension to the whole of
R™ of a function f defined on G. Namely, if z € R"\G, then we put

(€f)(2) = / @,y + 20" (2))0(\) dA, (9.1.2)

where v is a function in C([1,2]) such that

2 2
/w(/\)d)\zl, /A%(A)d/\:o, E=1,2,...,1. (9.1.3)
1 1

The operator € maps W;(G) continuously into WII,(]R”) (see [St2], Ch.6, §3).

Let B, = {z € R™ : |z| < r} and let K be a nonnegative function in
C§°(By) with support in the cone {z: y > 2L|x|}. With a function f defined
on R™ we associate its mollification with radius h,

R fI(z) = | f(z+hOK(Q)dC. (9.1.4)

R™

It is clear that if z € G then [R(h)f](z) depends only on the values of f in G.

9.1.2 Auxiliary Assertions

Here, as in Sect.9.1.1, G is a special Lipschitz domain in R".
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Lemma 9.1.1. Let w be a measurable nonnegative function defined on G and
let m and [ be integers with 0 <1 <m and 1 < p < co. The best constant C
i the inequality

L@l + u@F) o) d= < CluGlfyy . (019

Jor all w € W, is equivalent to

/ew(z) dz

Cp,m-1(€) ’

where the supremum is taken over all compact subsets e of the domain G.

L = sup (9.1.6)

Proof. We extend w by zero to the exterior of G. Then (9.1.5) implies the
same inequality with G replaced by R™. Now the desired lower estimate for
the constant C' follows immediately from Theorem 1.2.2 and Lemma 1.2.7.

Let us obtain the upper bound for C'. By w. we denote a function which
coincides with w on the set

{z € G: dist(2,0G) > ¢, w(z) <1/e}, e>0,

and vanishes elsewhere. By Lemma 1.2.7,

/ we(2)dz
e R, (0L7)

ViulP + [vP)w. dz < csu
[ (19l + 1op) w s

for all v € C§°(R™), where the supremum is taken over all compact subsets of
R™. It follows from the definition of w. and the monotonicity of the capacity
that this supremum does not exceed (9.1.6). Let u € W;"(G). Then €u €
W (R™). Approximating €u by C§°(R")-functions in the norm of the space
W (R™), we obtain from (9.1.7) that

/ (IVi€ul? + [CulP)w. dz < L ||Cu; R™ |7y -

R

Since €u = v in G, w. = 0 in R"\G and the operator &: W*(G) — W*(R"™)
is continuous, it follows that

/ (IViul? + |uP)we dz < eL||u; G5y m -
R’n P

Passing to the limit on the left-hand side as ¢ — 0, we complete the proof. O

The next assertion results directly from Lemma 9.1.1 and (1.2.8).
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Corollary 9.1.1. The equivalence relation

17: Gllatewm r.y ~ sup wellz,
) ( s ») eCG [Cpm(e)]l/P
holds.

From the existence of the operator € and the interpolation property of
Sobolev spaces in R™ it follows that the spaces Wf (@) have the same inter-
polation property. In particular,

. _ . A=/l NI
”’va”M(W;”*JﬁWZZ,*J) < CH’%G”M(W;”HWIQ)H’Y’G”M(W;)”*ZHLP)' (9'1'8)

We introduce some notation. Let v be a function defined on G, whose
distributional derivatives of order k are locally integrable with power p. We put

Veysellr,

fe(ye) = 55—, 9.1.9
) = (GO (9.1.9)
where m > 1, 0 < k <[ and e is a compact subset of G. Further, let

sk(7) = sup fe(vie), (9.1.10)

eCG

where the supremum is taken over all compact subsets of G of positive
n-dimensional measure. If m = [, then so(y) = ||7; G|l L. -

We note that the value si () does not change if e is replaced in its definition
by any compact subset of G of positive n-dimensional measure. In fact, for
any € > 0 there exists a compact set £ C G such that

sup fr(vie) < (1 +e)fi(n; E). (9.1.11)
eCG

Let Es ={z€ E:y>p(x)+0},d > 0. It is clear that

IViy; Ellz,
(Cpom—t+k(Es)|Y/P

fe(rse) <

Since for small d,

IVi; Ellz, < (1+8)[[Viy; Eslz

p?

it follows that
fe(v; E) < (1 +¢) fi(v; Es)
which, together with (9.1.11), yields

sup fi(vie) < (1+¢e)* sup fu(yie).
eCG eCG

It remains to make use of the arbitrariness of . O
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Lemma 9.1.2. Let R(h)y be the mollification of vy, given by (9.1.4). Then
[R(7)%; Gl wm—wy < 17 Gllarwn —wr)
< lim inf [R(R)7: Gllpeewn—wy > (9-1.12)

and

liin_%lf sk(R(h)y) > sk(y) = esp(R(h)y) . (9.1.13)

The proof of (9.1.12) is the same as that of Lemma 2.3.1. Inequality (9.1.13)
follows from (9.1.12) with I = 0, and Corollary 9.1.1.

9.1.3 Description of the Space of Multipliers

Theorem 9.1.1. Let m and [ be integers with m > 1 > 0 and p € (1,00).
Then the space M (W (G) — WII)(G)) consists of functions v which are lo-
cally integrable with power p, along with their distributional derivatives up to
order 1, and such that s;(7y) + so(7y) < 0o. The equivalence relation

17: Gl wn —wy ~ si(v) + so(7) (9.1.14)
holds.

The proof is similar to that of Theorem 2.3.2 except that we use Lemmas
9.1.1 and 9.1.2 as well as the interpolation inequality (9.1.8).
From Theorem 9.1.1 and the inequality

i/l 1—4/1
1V5% Gllgwy-r5 -1,y < €10 Gl iy 175 Gl gt

where j =1,...,1—1 (cf. (2.3.8)), it follows that

l
”'WGHM(W;@HW%) ~ Zsj(7)~ (9-1~15)
j=0

Next we turn to the space M (W™ (G) — WHQ)).

Lemma 9.1.3. Let G be a special Lipschitz domain and let w be a measurable
function defined on G. Then the best constant C' in

|lwu; G|, < Cllw; Gllwy ueW™(G), (9.1.16)
18 equivalent to

N=sup  p""|w;By(2) NGy,
zER™,pe(0,1)
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Proof. We extend w by zero to the exterior of G. Then, from (9.1.16) we obtain
the same inequality with G replaced by R™. Now the desired lower bound for
the constant C' follows from Theorem 2.2.3. The same theorem implies that

[wv; R ||z, < eN[los R [y

for all v € W{*(R™). Minimizing the right-hand side over all extensions of
u € W(G), we arrive at (9.1.16) with the constant ¢N. O

Remark 9.1.1. Obviously, replacing the condition p € (0,1) in the definition
of N by p € (0,C), where C' is an arbitrary positive constant, we obtain an
equivalent value. The same is true if z € R™ is replaced by z € G.

Theorem 9.1.2. Let G be a special Lipschitz domain and let m and [ be inte-
gers with 0 < I < m. The space M (W (G) — WHQ)) consists of functions
which are locally integrable in G together with their distributional derivatives
of order | and such that

IV Bo(2) NG, + p v Bp(2) NG|, <cp™ ™

for all z € R™, p e (0,1).
The relation

1
17 Gllarqwyn —wy ~ sup  p™" Z/’]_l”Vﬂ% B,(2) N GllL,

z€R",pe(0,1) =0

holds. (Obviously, the same relation holds if we take z € G on the right-hand
side.)
Proof. Let us substitute the function ¢ — u(¢) = @(({ —z)/p), where z € R™,
¢ € C§°(B2), =1 on By, and p € (0,1), into the inequality

H’YWG”W{ < ”'WGHM(W{"HW{)HU;GHW{”' (9.1.17)

Since, for 7 =0,1,...,01—1

P IV (yu); Bay (2) N Gy < ¢ Vi(yu); Bay(2) NGy
it follows from (9.1.17) that

—m-4n

PV 7 Bo(2) NGy < 117 Cllarewye —wiy P

Thus the required lower estimate for the norm in M(W(G) — Wl(Q)) is
obtained.
The upper estimate results from the obvious inequality

s Gllwy < e Y I1Vul Vil Gl
0<ktj<i

and the above lemma. a
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The following theorem shows that the description of the space M (W (G)—
Wzl)(G)) is especially simple if either mp >n and p > 1, or m > n and p = 1.
This theorem can be derived from Theorems 9.1.1, 9.1.2, but we present a
direct proof.

Theorem 9.1.3. Let G be a special Lipschitz domain and let m and | be
integers with 0 <[ < m. Further, let either mp >mn andp > 1, or m >n and
p=1.

Then the space M(W*(G) — WL(QG)) consists of functions ~ which are
locally integrable with power p in G together with their distributional deriv-
atives of order I and such that |v;B1(2) N Gllw: < const for any z € R™.
Moreover,

17 Gll v wn —wy ~ sup [lv; Bu(2) N Gllwe -
ZGRTL

(Obuiously, the same relation holds if we take z € G on the right-hand side
above.)

Proof. Putting the function ¢ — u(¢) = ¢(¢ —z), where z € R", p € C5°(Ba),
and o =1 on By, into

lvu; Gllwe < 11 Gllarwn —wiy s Gllwye
we obtain
v B NGllw: < cllv: Gllarwm—wy) -
By {BY},>1 we denote a covering of R” by unit balls with a finite mul-
tiplicity which depends only on n. We have
l
lyu; B N Gllwy < e IVaul [Viein]; BY NG,
i=0
l
< e Vo BY NG|, [Vieiy: BY NG

=0

a;p/(a;—p) "’

where ¢; = pn/[n —p(m —4)] if n > p(m — 1), ¢; = o0 if n < p(m —14) and
¢; is an arbitrary positive number in the case n = p(m — 7). According to the
Sobolev imbedding theorem,

IViu; B9 N G1,, < cllu;BY NGl
[Vi—iy; BY NG|,

q;p/(q;—p)

<y BY NGllw: -
Consequently,
Iy B9 1 Gy < el B9 0 Gl s B9 0 Gl (9.1.18)
Summing over j and applying the inequality
Za?‘ < (Z a;)%, where a; >0, a>1,

we complete the proof. ad
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9.2 Extension of Multipliers to the Complement
of a Special Lipschitz Domain

Theorem 9.2.1. Let v € M(W)"(G) — WL(G)), where m and | are integers,
0<I<mand1<p<oo. Then €&y e M(W;"(R") — W}(R™)) and

”Q:'Y;Rn”M(meHWZ’J') < CH’Y;G”M(W;"HW},) : (9.2.1)
Proof. Let v € C5°(R™). We have
[u€y; R™lwy < [lu€y; R"\G| [, + [IVi(u€y); RG]z, + [Juy; Gllwz- (92.2)

Let us estimate the first term on the right-hand side. It is clear that

2 26"
[(€y)(2)] < 0/ [Y(z,y + A% (2))] dA = 6(5*)_1/5 @,y +5)|ds.
1 *
Using property (ii) of §*, we obtain for z € R"\G
a(e(z)—y)

(@)(2)] < e(plz) — )" / (s + )| ds

(e(z)—y)
—/ Iy + tpla) — v)) di (9.2.3)

This and the Minkowski inequality imply that

" » @ P 1/p
luey BNGIL, < e [ Ww@P ([ hio+ e - p)la) ds
RP\G 2
e 1/p
<[ ([ Wontey+ e -upd) " a.
2 MRrm\G
Let p > 1. In view of Lemma 9.1.1, we have
lu€y; R"\G|L, (9.2.4)
» 1/p
(/ s+t - az)
< C sup sup w; R™M\G||ipm—t -
2<t<a BCRM\G [Cp,m—l(E)]l/p H \ HWp 1
By e(t) we denote the image of a compact set E under the mapping
z—(=(§mn),  where {=w, n=y+t(p(z)—y). (9:2.5)

Since
n>y+2(p@) —y) > (@) = ¢
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for y < p(z), (9.2.5) maps R™\G into G. It is clear that z — ( is Lipschitz uni-
formly with respect to ¢t and that the inverse mapping has the same property.
From this fact and the definition (1.2.6) it follows that

Cpm—1(E) ~ Cpm-i(e(t)) .
Therefore the right-hand side of (9.2.4) does not exceed

¢ sup sup fo(v;e(t))||u;R"\G||WgH.
2<t<a e(t)CG

Thus, for p > 1,
[u€y; R"\G||L, < cso(y)]lu; R"\GHW;H . (9.2.6)

In the case p = 1, using Lemma 9.1.3 in place of Lemma 9.1.1, we get the
following analogue of the inequality (9.2.4):

[u€y; R"\G| L,
<c sup sup pm’l’”/ [y(@, y+t(e(@)—y))ldz|u; RM\G|yym—1.
2<t<a ceR"\G,pe(0,1) By (o)\G
Applying the properties of the mapping (9.2.5) which were used earlier in this
proof, we arrive at

[u€y; R"\G| 1,

<c s g ) RN Glypr (02)
c€eG,pe(0,1) Bep(0)NG

Clearly, we may assume the last integral to be taken over B,(c) NG by means
of an appropriate change of the constant factor before the supremum. For
simplicity of notation in the case p = 1 we shall denote the value

swp g [ 9] ds
oc€G,pe(0,1) B,(o)NG

by s;(7y) for the rest of the proof.
Obviously, the second term on the right-hand side of (9.2.2) is not greater
than

l

Y NIViejul[V;€7) RG], - (9.2.8)
=0

By (9.2.6) and (9.2.7) the term corresponding to j = 0 does not exceed

c¢so (7)||lus R"\G|lw
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Next we estimate the other terms in (9.2.8). Applying the operator D;‘D’y“,
|>|+k = j > 1, to €y and formally differentiating under the integral, we obtain
a linear combination of expressions of the form

s

/1 (DLDYY) (@, (N, 2) [ DD lp\ 2] (A dA,  (9.2.9)

v=1

where
T T
0<p<sx, lpl+r<ld+k, > ay=3x—p, > a, =k,
v=1 v=1

and (A, 2) = y+A6*(z). For each derivative (D Dyv)(x, p(A, 2)) with |p|+r <
|| + k, we take the Taylor expansion

(DEDyy) (@, y + Ad")(2)

|2l +k—|p|—r—1
= Y GO =DV (DD ) (2 y +6%(2)  (9.2.10)

=0

1 A6*(2) . . o 5 )
er/g() [)\5 (z)ft]| [+k—|p| I(DQDL |+k lpl’Y)(I,y+t)dt.

In view of (9.1.3),

/12()\ — 1) H D2v D [y + 6% (2)] $(\) dA = 0.

v=1

The absolute value of the integral on the right-hand side of (9.2.10) is ma-
jorized by

AS*(2)
6[6*(2)]|%|+k—\P\—T—1/6 " |(D§Dl/%|+k_‘pl’}/)($,y+t)‘dt.
Moreover, by the inequality
|DI6*[ < ¢y (5)' 17

we have
‘HD;‘I’DZV[SO(A,Z)}‘ S cH(é*(z))l—lay‘—al,
v=1 v=1

= ¢ (0% (z)) Flel= b=k (9.2.11)

Consequently, for |p| + r < |5| + k the absolute value of integral (9.2.9) does
not exceed
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A6*(2)
/ ax / Vs + )] dt

25"
<c(6*)! /5* |(V e 127) (2, + )| ds . (9.2.12)

It follows directly from (9.2.11) that the integral (9.2.9) is also majorized by
(9.2.12) in the case |p| +r = |»| + k.
Thus, for j > 1,

vien@l<e [ Vg + tle) — y)ldi

(cf. (9.2.3)). Hence, duplicating the arguments used in the proof of (9.2.6) and
(9.2.7) and applying (9.2.3), we find that

Vil V& RN\G 2, < es5(7)[lu; RMN\G[[w -
Hence the second term in (9.2.2) is not greater than

l

e si(NusRMNGlwy

j=0

which, together with (9.2.2), (9.2.6) and (9.2.7), gives
[[uy; R [y < CZ si(Mu RN\Gwye + 17 Gl we —wy s Gllwe -
By (9.1.15) this completes the proof. O

The next assertion complements Theorem 9.1.1, providing another descrip-
tion of the space M (W} (G) — WL(G)).

Corollary 9.2.1. Let m and 1 be integers with m > 1 > 0 and p € (1,00).
Then the space M(W]"(G) — W)(G)) consists of the functions ~ which are
locally integrable with power p, along with their distributional derivatives up
to order l, and such that s;(y) < co. The equivalence relation

17 Gl we —wy ~ s1(7) + 173 Gl Ly nie (9.2.13)
holds.
Proof. We use Theorem 9.1.1 and show that
17 Gl e < €50(7) < s0(7) + 173 Gl s s (9.2.14)

The lower estimate for so(7) trivially holds. We prove the upper estimate.
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By Lemma 2.3.9,

80(’}/) <ec sup M
= peren [Cpm—i1(E)]V/P
[Vi(€v); Bl
= o gy TlIEnRY i) 9.2.15
_C(ﬁgﬁn [Cym (E)]1/P +lE ||L1,m,,f) (9.2.15)

Obviously,

IVi(€y); EllL,

IVi(€v); Elr,
2 B IV Bl (g, 1

<
< C(Sl(’Y) + ECSDIQ’P\G [Cnm(E)}l/p

By (9.2.6) with « replaced by Vv and with m — [ replaced by m, we find that
[uVi(€y);R"\G ||z, < esi(v)[|w; R"\Gllwy , (9.2.17)

which, in view of Lemma 9.1.1 with R™\G in place of G, implies that

Vi(&Y); EllL,

sup ————L < cs(7).
2o Gy < 510

Combining the last inequality with (9.2.15) and (9.2.16), and noting that

”0:'73 Rn”Ll,unif <c ||7§ GHLl,unif’

we arrive at (9.2.14). The proof is complete. O

9.3 Multipliers in a Bounded Domain

9.3.1 Domains with Boundary in the Class C%!

We say that a bounded domain 2 has its boundary in the class C*!, k =
0,1,...,if any point of 92 has a neighborhood in which 92 can be represented
(in a Cartesian coordinate system) by y = p(x), where ¢ is a function whose
derivatives of order k satisfy the Lipschitz condition.

Let 02 € C%! and let ¢ be a small positive number. We construct a
covering of the set

I'. = {z e R": dist(z,00) < ¢}

by domains Uy, ..., Uy with the following property: for any i = 1,..., N there
exists a special Lipschitz domain G; such that U; N 2 = U; N G;. We add the
set Up = £2\I /5 to the collection {U;};>1.
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By {¢i}7, we denote a set of nonnegative functions such that
(i) @i eCEU); () Y ¢i=1on 0.
0<i<N
To define an extension operator from (2 to R™, we note that fori =1,..., N
there exists a linear continuous operator
¢t WHU; N 2) — WHR™), p>1.

Let €y denote the operator of extension by zero to the exterior of the set Uy.
Obviously, the operator

¢ = Z goi(ﬁigoi (931)
0<i<N

performs an extension of a function defined on (2 to R™. We introduce the
operator R(h), h > 0, by

Ay = > @ifi(h)(en), (9.3.2)

0<i<N

where £&;(h) is the mollification operator defined by (9.1.4) for a special Lip-
schitz domain G;.

9.3.2 Auxiliary Assertions

Lemmas 9.1.1 and 9.1.3 hold for any bounded domain with boundary in the
class C%! except that in their proof we mean by € the operator given by
(9.3.1).

To restate Theorem 9.1.1 for bounded domains with boundary in the class
C%! we need the following two lemmas.

Lemma 9.3.1. The estimate

Viviellr, - -
up% <c sup p" (V0 Bz, +o7 1 Bo(2) ) (9-3.3)
eCQ[CP,m<e)] P p;(eoﬂl)

holds, where p > 1, k=0,1,...,1—1.

Proof. If mp > n, then the capacity Cp ., (e) of any non-empty compact set e
in {2 is separated from zero. Hence the left-hand side of (9.3.3) is equivalent
to the norm ||Vy; £2|z,. Further,

IVey; 2z, < c(IVey; 2|, + 17 2]|z,)

p —

which implies (9.3.3).
For mp < n the left-hand side of (9.3.3) does not exceed
IVivsellz,

— 1 3.4
Cslcllf)} [C'p,s(e)}l/p ) (9.3.4)
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where s < m, ¢ > p and the numbers s and ¢ are sufficiently close to m and
p respectively. From the inequality

r/q n "
([lulran)™ < sup (B, ) 0 QP usR
(9} z€0,p€(0,1)

where (1 is a measure in (2 and u € C§°(R™) (see Lemma 1.3.1), it follows that
(9.3.4) is not greater than

¢ sup P Vi By(2)le, -
ZGQ,PE(OJ)

Since q is close to p, it follows that
pr VDNV By (2) |, < e (Vi Bo(2)lle, + o7 173 Bo(2) 1, )-

Consequently, (9.3.4) is majorized by

¢ sup M PIVI By (), 4 0" TP Byl
z€8,p€(0,1)

where p=1—k+n(l/q—1/p) + s —m. Since p > 0, the result follows. O

Lemma 9.3.2. The following inequalities hold:
cllR(R)y; Ll pwm—wy < v Llarwp—wiy
< lim inf [R(R)v; Ll arwy—wry,  (9.3.5)
li]}fln iglf sp(R(h)y) > sk(y), (9.3.6)

sk(R(h)7) < ¢lsk(v) +50(7)], (9:3.7)
where si(7) is the same as in (9.1.10) with G replaced by 2.

Proof. 1t is clear that

IR Rl arwy—wyy < ¢ > I1Ri(B)(0i0); Gill arw—wr) -
0<i<N

This and Lemma 9.1.2 imply that

IR Rlaewy—wn < ¢ > lleivs Gillawy—we)
0<i<N

=c Z l0iv; 2l arwm—wr) -
0<i<N

Since ¢ € C§°(R™), the left inequality in (9.3.5) is proved.
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The right inequality in (9.3.5) follows from
lury; Rllwy = lim [[ul(h)y; Lllwy < liminf [R()7; 2wy —wy lu Lwp -
Obviously, for any compact set £ C 2

. iy ([ (vatsmiras)”
hiniglf sp(R(h)y) > [N

(9.3.8)

Since
P in) — by n W) and 3D =1

the right-hand side of (9.3.8) is equal to fx(v; E). Thus, (9.3.6) is proved.
Next we turn to the estimate (9.3.7). Since ¢ € C5°(R™), it follows for
small enough A that

/E Vil (e dr < e S /E VIR da.

0<j<k’ ENGi

By Lemma 9.1.2,

/|V /\V g01|d:17

escug Cp,mfl+k( ) o esélcl;) p,m l+k( )
Therefore,
/|VJ’Y‘p dx
Vs 2 G
It remains to use Lemma 9.3.1, noting first that the right-hand side of (9.3.3)
does not exceed ¢(s;(y) + so(7))- O

9.3.3 Description of Spaces of Multipliers in a Bounded Domain
with Boundary in the Class C%*!

Theorem 9.3.1. Let m and l be integers withm > 1> 0 and p € (1,00). The
space M (W) (£2) — WL(£2)) consists of functions v € WL(2) such that

Vivsellr,

S Com(@] /P 9.3.9)



340 9 Sobolev Multipliers in a Domain, Multiplier Mappings and Manifolds

The following inequalities hold:

l
IVivsellz,

¢ sup ——————~— < || 22 -
= eca [Com—ir (17 s Lllaewge—w

Viv;e
§c(sup [Viv;ells,

D Com( 13 Q”h) : (9.3.10)
€ p,m

The proof follows the same lines as that of Corollary 2.3.4 and the theorems
preceding it, except that in place of the usual mollification operator we use
R(h) given by (9.3.2) and Lemma 9.3.2.

The next assertion is proved in the same way as Theorem 9.1.2.

Theorem 9.3.2. Let m and [ be integers with m > [ > 0. The space
MW (02) — W(82)) consists of functions v € Wi (£2) such that

Vv Bo(2) N 20y + p7 s Bo(2) N 2|z, < cp™ ™™
for all z € 2 and p € (0,1). The relation

l
1% 2larewgn—wty ~ sup P PV Bo(2) N Q2In,
z€0,p€(0,1)

j=0
holds.

The following theorem results directly from Theorem 9.1.3.

Theorem 9.3.3. Let either mp > n and p € (1,00), or m > n and p = 1.
Then, the space M(W]"(£2) — W](£2)) coincides with W} (£2).

A corollary of Theorem 9.2.1 and formula (9.3.1) is:

Theorem 9.3.4. Let € be the extension operator defined by (9.3.1) and let
v € (W (2) — WL(R2)), p > 1. Then ¢y € M(W(R") — W.(R")) and

1€y R [ wm —wty < ellv; Ll arwyn—wry -

9.3.4 Essential Norm and Compact Multipliers in a Bounded
Lipschitz Domain

Let £2 be a bounded domain with 062 € C%!. As in the case of the whole space
R", we associate with any element v € M(W]"(£2) — W/}(£2)) the essential
norm

ess [|v; 2l mwm —wi) = ?%ﬁ Iy = T; 2llw—ws

where {T'} is the collection of all compact linear operators: W, (£2) — WL(£2).
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To derive two-sided estimates for the essential norm in M(W;"(£2) —
W (£2)) we do not need new arguments beyond those given in Chap. 7. This
is even simpler, since m and [ are integers and the domain 2 is bounded now.
The role of the operator T, used in Chap.7 is played by the mapping Tk,
defined by

(Tou)(x Zw(ﬂ p(y (u; )

(cf. the proof of the second part of Theorem 7.2.1). Here we use the following
notation: {¢)} is a smooth finite partition of unity subordinate to the cov-
ering of 2 by open balls K(gj)
polynomials of the form

O G Rl I G T

|B]<m—1

with radius § and with centers x; € £2; PY) are

where 3 € C§°(By).

In the same way as in Chap. 7, majorants for ess [v; £2||ym w1 can be ob-
tained from upper bounds for the norms ||(y — 7% )u; £2||: which are collected
in the next assertion (cf. Remark 7.2.3).

Lemma 9.3.3. Let v € M(W]"(2) — WL(2)) where m and | are integers
with m > 1> 0.
(1) If p> 1 and mp < n, then

[Viysell
v —=T; 2|y, zSC( sup ——————— +sup ||v; Bs(x) N 2 Lp>.
” ”WP W {eC$2: d(e)<é} [Op,m(e)]l/p e ” ( ) H

In particular,

[Viviell
v —=Tu; 2|y zgc( sup "+ ||7; 2 Loo)'
|| HWP wj (eC: d(e)<5) [Cp’l(e)]l/p H H

If p>1 and mp = n, then § is replaced by 6*/2 on the right-hand sides of
these inequalities.
(i) If m <mn, then

I = Tt Rl g < 08"~ sup (Vi Bo(a) 1 2],
e
+0~|y; Bs(z) N 2|1, ) -
In particular,

I = To gy < (6" sup 1V B3 @) 0 2L, + s Qe )
1S

Now we state a theorem on two-sided estimates for the essential norm.
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Theorem 9.3.5. Let v € M(W;"(2) — Wlﬁ(())), where m and | are integers
with m > 1> 0.
(i) If p > 1 and mp < n, then

ess [|v; 2l prwm —w)

lm sup ( IVivielz, [v;ellr, )
-0 foc2: d(e)<s} \Cpm(€)]V/P " [Cpm—i(e)]}/P
. Hvl'y;eHL _j_n

th( sup _— sup P T ||y By(z) N 2L )
3=0\tec: d(e)<s} [Com(E)]YP  (ze0,p<s) I By () Iz,

In particular,

: IVivselle
ess |v; 2| prwe ~ glm sup e 2.

=0 {ec0: d(e)<s} [Cpu(e)]'/P
(i) If m < n, then

ess [|v; 2l prewm—wiy ~ hgﬂ sup sup P (Vs By (@) N 2|,

p<s

o7 1y By(a) N 2|1, ) -
In particular,

ess [[7: 2| agwy ~ limsup sup PV By () N 2|z, + 117 2lr -

p<é
(#i7) If mp >n and p € (1,00), or m >n and p =1, then
ess ||v; QHM(W;n_)W]g) =0 for m>1I

and
ess ||v; QHMW,g ~ v 2., for m=1.

This immediately implies:

Proposition 9.3.1. A function v € M(W"(£2) — WL(2)), where m and
are integers with m > 1 > 0, belongs to the space M(W;”(.Q) — W) of
compact multipliers if and only if

selr, Viyielle, ) 0

lim sup ([Cp,m—l(e)]l/p [Cp.m(e)]M/P

6—=0fec: d(e)<s}

or, equivalently,

lim
5—0

sup —_— sup p

( IVivsellr, S
{ec: d(e)<s} [Cpm(€)]YP " (senp<s)

7 By(@) N 2|z, ) = 0
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forp € (1,00) and mp < n;

tim 077 sup (V3 B5(z) 1 2], + 87! |: Bi@) 0 21l,) = 0
- TE

for m < n. Finally,
M(WM(02) — W(2)) = Wh(£2)
if mp>mn andp € (1,00), orm>n and p=1.

Similarly to Theorem 7.2.11, we can obtain the following description of
the space of compact multipliers.

Proposition 9.3.2. M(W;”(Q) — Wl(2)), where m and | are integers

with m > 1 > 0, is the completion of C°°(£2) with respect to the norm in
MW (82) — W;,(Q))

In concert with this assertion, by M Wé(ﬁ) we denote the completion of

C*(£2) with respect to the norm of MW(£2).
The following proposition is an analogue of Theorem 7.3.10.

Proposition 9.3.3. A function ~ belongs to MW;,(Q), where 1 is a positive
integer, if and only if v € C(£2) and one of the following conditions is satisfied:
(1) If pl <m and p > 1, then

IViviellr
—— P =90(1) as d—0. 9.3.11
feco: de)<o} [Cpa(e)]'/? W 931
(i7) If I < n, then
s sup || Viy; Bs(x)||z, = o(1) as 6 — 0. (9.3.12)
e

(tii) If pl >n andp > 1, orl >n and p =1, then MWII,(.Q) =Wi(92).

To conclude this section, we consider a relation between the essential norm
and the constant K in the inequality

lvu; Rllwy < Kllu; 2wy + C(9)|lu; 2|, - (9.3.13)

Theorem 9.3.6. Let v € M(W;"(2) — Wj,(())), where m and | are integers
with m > 1> 0, and let inf K be the infimum of those K for which there exists
a constant C(y) such that (9.3.13) holds for all w € W*(£2). Then

inf K < ess||v; Q||M(W;nHW£) <cinf K (9.3.14)

where ¢ = c¢(£2,n,p,l,m).
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Proof. We set
u—3" g po)
J
in place of u in (9.3.13). Then

[yu—Tou; 2|y < Klju— E go(j)P(j);.QHWm—f—C(v)Hu— E cp(j)P(j);!ZHL .
P - P - P
J J

We have

o= PO, QH;;VPm = I3 9 (u - PO, QHI;W
J J

<cd S oM u—POSKS QP
P
i k=0

Since (2 is Lipschitz, it follows that, for some ¢ > 1,
lu = PO K 0 2]y < c08|us K 0 02|
Therefore,
(v = T )u; Lllwy < ¢ (K + C()8™)|[u; 2llwy
and hence
ess [|v; 2/ wm—wiy < ¢ (K + C(y)0™)

for any small enough §. The right estimate in (9.3.14) follows.

Now we turn to the left estimate of (9.3.14). According to the definition
of the essential norm, for some compact operator 7': W (§2) — Wlﬂ(Q) and
for all u € W, (£2), we have

lvas 2l < Cess [ Ll v + 2l Llwe + 1705 2l
We need to show that for any € > 0 one can find a constant C. such that
[1Tw; 2w < € llus 2wy + Cc flu; 2|, - (9.3.15)

We assume that this is not the case. Then for some £ > 0 there exist a function
sequence {u;} with |lu;; 2[wm =1 and a number sequence {k;}, k; — +o0,
such that

[ Tug; 2{lwy > € + kjlluy; 2z, - (9.3.16)

Since the operator T': W (£2) — W]ﬁ(Q) is bounded and the norm of u; in
W (£2) is equal to one, we see by (9.3.16) that u; — 0 in L,(§2). We select
a subsequence from {u;} weakly convergent in W"(§2) for which we retain
the notation {u;}. Let v be its weak limit. Then, for any g € L,/ ({2), where
p+p = pp’, we have
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/gujd:n%/gvdx
Q 9

and hence v = 0 because u; — 0 in L,(f2). Since T transforms a sequence
weakly convergent in W' ({2) into a sequence strongly convergent in Wé(())
we have

[Tujs; 2|l — 0,

contrary to (9.3.16). O

Proposition 9.3.4. If m =1 and v € M(W;,(.Q)), then
inf K = [|v; 2| ...
Proof. Let v, be a function in C°°(£2) such that ||y —~y; QHMW; < e. Clearly,

l
s Qllws < (1 2l pe lws llwe + ¢ D 1Vl [Viejul; )l -

j=1
Hence
v lws < (19 2z +22) s vy + el s s

Since
s 2l yi-1 < e llu; 2llwr + c(e) [Ju; 21|,
P P P

it follows that inf K < ||v; 2||L...
Let us estimate inf K from below. We set

us(x) = 8"/ ((z — y)/9)

into (9.3.13), where m = I. We take y € 02,8 >0,n¢€ C(By), n0) =1
By definition of MW}(£2), the function v can be assumed to be smooth in 2.
One can easily see that

lvus; 21|, = (@)l lus; Lllw; +o(1)

and
llus; 2|z, = o(1) as 6 — 0.

This, together with (9.3.13) and the inequality

lim inf fJug; 2ljwy > 0,

gives [v(y)| < K. u]
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Remark 9.3.1. The inequality
lvus Rllwy < (17 2llpe + ) llws Lllwy + Cvse) s 2Lz,

with an arbitrarily small € > 0 is used in the L,-theory of elliptic boundary
value problems (see, for example, [Tr3], Sect. 5.3.4).

In conclusion, we state an obvious corollary of Theorem 9.3.6 and
Proposition 9.3.4.

Corollary 9.3.1. If v € M(W;,(Q)) then

17 2l < esslly: Lllawe < clly; 2L, - (9.3.17)

Similarly to Theorem 7.3.1, we can prove that the left estimate in (9.3.17)
holds for any v € MW/(£2).

9.3.5 The Space ML;(.Q) for an Arbitrary Bounded Domain

Let {2 be a domain in R™ with compact closure. By L;(Q) we denote the space
of functions in L, 10c(§2) with the first distributional derivatives in L,({2),
p € [1,00). We supply L, (£2) with the norm

lu; 2/l Ly = IVu; 2z, + [ wllz, ,

where w is a nonempty domain contained in (2 along with its closure. We can
check that the change of w leads to an equivalent norm.

If 2 is a domain with boundary in the class C%', then L)(£2) C L,(£2)
and therefore L (£2) = W}(£2). Comparing Theorem 2.1.1 with Theorems
9.3.1, 9.3.2 and using Theorem 9.3.4, we obtain that for Lipschitz domains
the space M L}Q(Q) coincides with the space of restrictions to {2 of multipliers
in Wz} (R™). The following example shows that this fails for arbitrary domains.

Example 9.3.1. Let {2 be the union of the rectangles

Ap ={z: 2™ =6, <2y <217™2/3 < 1y < 1},
By ={x: 2™ — ¢, <xp <217™1/3 < 29 < 2/3},
C={z:0<21<1,0<z3<1/3},

where 6, =271 g, =27m+tDF 3> 1 m =1,2,... (see Fig.9.1). This
domain was proposed by Nikodym in 1933 [Nik] as an example of the failure
of the Poincaré inequality.

We show that the function y(z) = 7 is a multiplier in L}(£2) if and only

if A > (B+p—1)/p. It is clear that this function is a multiplier in W .(R™)

Jloc
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)
1k -
Ap,
B
// "
C
0 1 €T

Fig. 9.1. Domain in Example 9.3.1

even for A > (p — 1)/p. Thus, in the case (p —1)/p < A < (B+p—1)/p,
the restriction to {2 of the multiplier 27 in W) 1o(R™) is not a multiplier in
L;(()).

The necessity of the condition A > (8 + p —1)/p can be checked easily. In
fact, let u be a continuous function equal to (Qmﬁm_Q)l/p in A,, and to zero
in C, and let u be linear to B,,. Clearly,

oo
IVu; 2|7, = Z 2% m =2 mesy By, < 00,

m=1

IV (yu); QHip 2c Z 9mB =2 2= 1Pm s, A, .
m=1
The last series diverges if A < (B+p—1)/p.

Now let A > (8 +p—1)/p. By B}t and B;, we denote the rectangle B,
raised and lowered by one-third, respectively. We have

(5;11/ |u|de—a,_nl/
A B

[ulPdx < céﬁl_l/ |Ou/0xo|Pdx .
+

m Am
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Moreover,

1
f/ |u|Pdx —/ |u|Pdz < c/ |Ou/0xy |Pdx .
2 /B, UB}, By, BmUBHLUBR,

Therefore,

/ |ulPdz < cd—m(/ \Vu|pdx—|—/ |u|pda:) . (9.3.18)
AmUBp, €m N A,UB,UBR B,

Obviously,

vy 2l <o [ Jurae+ 30 a0 [
m=1

Taking into account (9.3.18), we conclude that the sum on the right-hand side

does not exceed
[VulPdz —|—/ \u|pda:>
B

o0
¢ Y ures( /
= AmUBmUB b

< esup O HpHL=S (/ |Vu|Pdz +/ |u|pdz) .
m (9] C

|u|pdw> .

mUBm

Consequently,
IV(yu); 2llz, < c(IVe; 2|z, + 1w Cllz,) |

ie.,ve MLL(2).

It can be easily shown that 3 € MW, (£2) if and only if A > 1. Therefore,
for (p —1)/p < A < 1 the restriction to 2 of 23 € MW,
to MW, ().

Below we describe the space of multipliers in L1(£2), where {2 is an arbi-
trary bounded domain. This description is obtained as a corollary of theorems
in [Maz15] on necessary and sufficient conditions for the validity of imbeddings
of spaces of functions with first derivatives in L,({2) (for earlier publications
see, for example, [Mazl]-[Maz3]).

In what follows, by ¢ and G we denote the so-called admissible subsets of
(2, i.e., bounded sets such that 2N dg and 2 N G are manifolds of the class
C°. Further, let clospg be the closure of g with respect to 2. We need the
following capacity of the pair of sets g and G:

loc does not belong

p-capg (g, G) = inf{||Vu; Q|\’£p: welC®(2), u=0onG, u=1ong}.

Theorem 9.3.7. ([Mazl15]). Let u be an arbitrary function in C°(£2) with
u=0 onG.
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(1) For p > 1, the inequality
lvu; 2|, < C|[Vu; 2|, (9.3.19)
holds if and only if

[ e < const preap(s. )
g

where g 1s an admissible set with
closn C 2\ closnG.
The best constant C' in (9.3.19) for p > 1 salisfies the inequality
) . I 9ll7,
pP g Pcapg(g, G)
(i) For p =1, the inequality (9.3.19) holds if and only if

/ |v] dx < consts(£2N Dg),
9

<CP.

where g is any admissible set with clospg C 2\clospG and s is the (n — 1)-
dimensional area.
The best constant C' in (9.3.19) for p =1 is given by

_ ;9L
€= Slglp s(2N9g)

Using Theorem 9.3.7, one easily obtains a description of the space
M L;(Q).

Theorem 9.3.8. A function ~y belongs to M L,(£2) if and only if v € Lo (£2)N

MW} ..(£2) and, for some admissible set G with G C 2,
195l
sup ——————— < oo for p>1,
p-capg(9; G)
IV 9llz,

=1
Sups(ﬂﬂ@g) < oo for p ,

where the suprema are taken over all admissible sets g with closog C 2\G.

Proof. The necessity of the condition v € M W;loc(!)) is obvious and the
necessity of the boundedness of v follows from the inequality
Vs Y < s Qargglles 2057, N =12,
Other assertions result from Theorem 9.3.7 and the estimate
[V = V(') 2|z, < |2V 2.,

where I' = ny, n € C*(R™), n =0 on G, n = 1 in a neighborhood of 942, and
0<n<1. a
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Remark 9.53.2. By Theorem 9.3.1 for p > 1, the condition v € MW;}JOC(Q)
can be replaced by
IVy:9ll7,
Cpa(e)
Here the supremum is taken over all admissible sets g placed at an arbitrary

fixed positive distance from 0f2.
According to Theorem 9.3.2, v € MW,  (£2) if and only if

sup

sup rl_"||V'y; B (x)||n, < o0,

where the supremum is taken over all balls B,.(z), x € (2, placed at an arbitrary
fixed positive distance from 0f2.

9.4 Change of Variables in Norms of Sobolev Spaces

In this section we introduce and study certain classes of differentiable map-
pings which are considered as operators in pairs of Sobolev spaces. In
Sect. 9.4.1, using spaces of multipliers, we define the so-called (p,[)-diffeomor-
phisms. We show that these mappings preserve the space Wé. With the help of
(p, I)-diffeomorphisms we introduce in Sect.9.4.4 the class of (p,)-manifolds
on which Wé can be properly defined. Sect.9.4.5 concerns mappings of the
class T ;”’l, i.e., the mappings U — V which generate continuous operators:
Wy (V) — Wllj(U)7 where p > 1, m and [ are integers, U and V are open sets
in R™.

9.4.1 (p,l)-Diffeomorphisms

Let V be an open subset of R™ and let [ be a noninteger. By W;(V) we mean
the space of functions with the finite norm

1/p
HU;VHW;=||V[1]U;VHLP+(/V/V\V[Z]U(m)—V[z]u(y)|p|$—y|7"7”{l}d$dy) :

Let p € (1,00), I > 1, and let U and V be open subsets of R™. A quasi-
isometric mapping s : U — V is called a (p, l)-diffeomorphism if all elements
of its Jacobi matrix ds belong to the space of multipliers M WIZ,(U ).

The following four lemmas contain some properties of (p, [)-diffeomorphisms.
By ||6%;U||MWZ;1 we denote the sum of the norms of elements of Js in

MWELD).

Lemma 9.4.1. Let u € WL(V), | € [1,00), and let > : U — V be a (p,1)-
diffeomorphism. Then wo s € WL(U) and

lao s Ullws < el Vilws- (9.4.1)
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Proof. Set X\ = inf det 9. Clearly,
[wo s Ullwy < 11(059)"(Vu) 0 36U, + |luos5UllL,
<AVP(1055 U IVu Ve, + llu Viz,)-

In the case {l} > 0 we have

o iUy = ([ [ 1uete) = utoet)P o =i~ tady)

1/p

Hlwo 56Ullr, < (A7[056 U2 4 X7) s V] o0
Suppose that (9.4.1) holds for all I with [I] = 1,...,k—1. Then, for [I] = k,

lwo s Ullwy = [V(wo 2); Ullyi-r + luo s Ull,
= [[(0)"(Vu) 0 2); Ul -1 + luo 5 U,

<1055 Ull pp—2 [1(Vee) 0 52); Ullyyi - + [fu o 56 U1

p*

Using the induction assumption, we complete the proof. a

Lemma 9.4.2. If s is a (p,l)-diffeomorphism, then !

diffeomorphism.

is also a (p,l)-

Proof. For I = 1 this assertion is contained in the definition of the (p,!)-
diffeomorphism.

Let 1 <1< 2 and let u be an arbitrary function in W)~(V'). Since » is a
bi-Lipschitz mapping, it follows that

lu (™) Vilyir = [[( (w0 3)(@30) 1) 05715 Vi

< l(wo 3)(D5) 5 Ul -
Hence
00 Vllyger < ¢ 10550l gy e 56 Uy

It remains to use Lemma 9.4.1 and the condition dsc € MW, (U).

We proceed by induction. Suppose that the lemma is proved for
(] =1,...,k — 1. Let [I] = k. The condition 8> € MW/~ (U) implies
the inclusion 0> € M WZZ,*2(U ) and hence, by the induction assumption,
d(>t) € MW[=2(V). This together with Lemma 9.4.1 implies that the
matrix (u o 5)(9s)"' o 3~ belongs to the space W.!(V) provided that
(uos) ()71 € W;ffl(U). The last inclusion holds since (92¢) ' € MW/~1(U)
and w0 3 € W."H(U) by Lemma 9.4.1. |
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Lemma 9.4.3. Let v € MWZZ)(V) and let s be a (p,l)-diffeomorphism. Then
v 05 Ullmwy < el Viarw:.- (9.4.2)
Proof. By Lemma 9.4.1, for all u € W},’l(U)
[(v 0 2)u; Ullwy = [[(uo s7)y) 056Ul
< e 195Vl 75 Vg (94

Since by Lemma 9.4.2 »~! is a (p,l)-diffeomorphism, Lemma 9.4.1 implies
the estimate
Juo 2% Vilwy < ¢ s Ul

Combined with (9.4.3), this completes the proof. O

Lemma 9.4.4. Let 501 : U — V and s : V. — W be (p,l)-diffeomorphisms.
Then their composition s 0 3¢ : U — W is a (p,1)-diffeomorphism.

Proof. Since the matrix (550571 ) is equal to the product of matrices (9s¢p05¢1 )
and Oz, it follows that

|0(522 0 5¢1); U”MW},‘l < ||0se2 0 51 U||MW,§‘1 |0321; UHMWZI),—l.

We estimate the first factor on the right by (9.4.2) replacing [ by | — 1, v by
05 and s by . O

Remark 9.4.1. The above definition of (p, [)-diffeomorphisms can be general-
ized replacing M WZZ) by one of the multiplier algebras Ag“l and A;”’l dealt
with in Sect. 6.3 and Sect. 6.4.2. Obviously, all results in this subsection re-
main true.

Remark 9.4.2. Runst and Youssfi [RY] used (p, I)-diffeomorphisms to prove an
existence theorem for an equation involving the Jacobian. (For other results
in the same area see Dacorogna and Moser [DM1], Ye [Ye], and Sickel and
Youssfi [SY].)

9.4.2 More on (p,l)-Diffeomorphisms

In the sequel we sometimes use the norm |- || in W!(V'), invariant with respect
to dilations, which is defined for integer [ by

l
s Vilws = S &V V], (0.4.4)
j=0
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where d is the diameter of V. In the case of noninteger | we put
]

s Vllw: = > NV VL,
j=0

dxdy 1/p

The norm in M (W, (V) — W}(V)) generated by the norm || - || in W) (V)
will be denoted by

s 20w —wrt - (9.4.6)

In this subsection we collect some properties of (p,()-diffeomorphisms re-
lated to the norm || - ||.

(i) Let w € WL(V), | € [l,00), and let  : U — V be a (p,1)-
diffeomorphism. Then u o 3 € W) (U) and

w0 36, Ulhwy < elles Vil (9.4.7)
(i1) If > is a (p, [)-diffeomorphism, then ! is also a (p, [)-diffeomorphism,
that is,
18CG<); Ull gy < e (9.4.8)
(iii) Let v € MW} (V) and let > be a (p,!)-diffecomorphism. Then
Il 0 56 Ullaew < e v Vilarw:.- (9.4.9)

The constants ¢ in (i)—(¢i¢) depend on infdet ds, p, I, n, and the norm
|05 U|| MWL A similar remark concerns the next property.

(iv) Let 500 : U — V and 52 : V. — W be (p,)-diffeomorphisms. Then
their composition s 0 3¢y : U — W is a (p, I)-diffeomorphism, i.e.

10022 0 51): Ul 1 < e (9.4.10)

Assertions (i)—(iv) are obtained in Sect.9.4.1 for the usual norm in W]
The passage to the norm (9.4.6) does not change the proof.

9.4.3 A Particular (p,l)-Diffeomorphism

Let ¢ : R® — R be a Lipschitz function with the Lipschitz constant L. We
introduce the operator 7 by the formula

(T f)(z,y) = . C(t)p(x +ty)dt, y >0, (9.4.11)
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where ¢ € C§°(R™). By Theorem 8.7.2, if [ is an integer, p € [1,00) and
Vep € MW, YP(R™), s = 0,1,...,1, then V,(Ty) € MWL(R™) and

IV (TR agwt < e IVe@i R yyppa-17n- (9.4.12)

We assume further that ¢ > 0 and
C(t)dt = 1.
Rn

Let, as before,
G=A{(z,y): 2 eR"y> o)}
and let IV be a sufficiently large constant depending on L. We introduce the

mapping
MR S () — (2,y) €G (9.4.13)

by the equalities
r=¢ y=Nn+(Te)En). (9.4.14)

Lemma 9.4.5. For any £ € R™ the mapping
ag: Ry 3 —y=Nn+(Te)&n)
s one to one, and the inverse is Lipschitz. Moreover,

- (o (y))‘ <(N-L)7. (9.4.15)

and
g (v) — g ()| < cL(N —cL) M1 = &

where ¢ 1s a constant depending on n.

R, (9-4.16)

Proof. We fix points € R™ and y € R,;.. The operator

Bin— Ny —(Te)(&n))
maps the segment
{n:nl <ly— (@)}
into itself, because
1B(m] < N7y — ¢(@)| + [(Te) (& n) — (T)(&,0)])
<Ny — @)+ Linl) < A+ LNy —p(2)].

Also, (3 is a contraction operator, since

1B(m) — B(n2)| < LN~ — nal.
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Therefore, there exists a unique solution 7 of the equation

N~y —(Te)(&n) =,

or, equivalently, of the equation ag(n) = y.
Let y; and yo be arbitrary points in Ry and let n; = ozf_l(yj), j=12.
We have

m—1n2 = N_l(yl —y2 — (To)(x,m) + (T)(x,n2))-

Hence
Im —m2| < N7'(|lyr — y2| + LIm — n2]).

Since N > L, we arrive at (9.4.15).
The equalities

y=Nagjl(y)+(T<p)(§,agjl(y)), i=1,2,
imply that
o, (1) — o, (W) < e NTUL([[6 = &allrn + g () — ag, (0)])-

Hence (9.4.16) follows. ]

Lemma 9.4.6. Let | be an integer, | > 1, and p € [1,00). Further, let
Vo € MWPI1=YP  Then the mapping X defined by (9.4.14) is a (p,1)-
diffeomorphism.

Proof. By Lemma 9.4.5, the inverse mapping A\~! exists, is defined by
E=u, n=0ao;'(y)

and satisfies the Lipschitz condition. Its Jakobi matrix dA is given by

! 0
(Vs(T f) N+o(Tf) /877) (9.4.17)

where I is the identity (n — 1) x (n — 1)-matrix. Since |0(7¢)/0n| < L, it
follows that
detOAN =N +9(Tp)/On> N —L > 0.

In view of (9.4.12), the elements of A belong to the space MW} ~1(R7). O

1

Remark 9.4.3. By Lemma 9.4.2, the mapping » = X' is a (p,l)-

diffeomorphism of the domain

G={(z,y):x € R y> o)} (9.4.18)
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where ¢ is a Lipschitz function, onto R’f. The mapping s is given by

E=x, n=u(z,y),
where u is the unique solution of the equation

y=Nu+ (To)(x,u). (9.4.19)

The restrictions of the mappings A and s to R"~! = OR"} and 0G will be
also denoted by A and s, respectively.

Let G be a special Lipschitz domain. By W;l,fl/ P(0G) we denote the space
of traces on OG of functions in Wé(G). In a similar way, we define the space

Wéfl/p(lﬂ), where I" is a subset of 0G.
Since G' can be mapped onto R’} by a (p,[)-diffeomorphism, it follows by

Theorem 8.7.2 and Lemma 9.4.3 that MWéfl/p(aG) is the space of traces of
functions in MWL(G).

9.4.4 (p,l)-Manifolds

In terms of the (p,)-diffeomorphisms, we can define in a standard manner
(see, for instance, de Rham [dR], Hérmander [H1]) a class of non-smooth
n-dimensional manifolds on which Sobolev spaces can be properly defined.

We recall that a topological space 9 is called an n-dimensional manifold,
if there exists a collection of homeomorphisms {¢} of open sets U, € 9 onto
open subsets of R" with I = UU,,.

The pair (¢, U,) is called a map (or the coordinate system) and the set of
maps is called the atlas.

We say that two maps (¢, U,) and (¢, Uy ) have a (p,[)-overlapping, if the
mapping

™t p(U, NUy) — 9(Uyp NU)
is a (p,)-diffeomorphism. By Lemma 9.4.2, the same is true for the inverse
mapping.

If any two maps have a (p,()-overlapping, then we have a (p,)-atlas. The
maximal (p,!)-atlas on 2 is called a (p,!)-structure. By a (p,()-manifold we
mean a manifold with a (p,l)-structure.

Since

-1 /mn -1 n
MW, (R") =W, (R™) for p(l—1) >mn,

p,unit

it follows for these values of p and [ that the structure on a (p,!)-manifold
belongs to the class C*t, whereas for p(I — 1) < n such manifolds are Lipschitz.

For functions defined on a (p,l)-manifold {2 we introduce the space
Wé,loc(ﬁ). Namely, u € WIZ)JOC(Q) if u o ! belongs to W£7loc(w(U¢)) for
each map (¢, U,,).

With the help of Lemmas 9.4.1 and 9.4.2 we can prove in a standard way
(see [H1], Theorem 2.6.2) that to define the space WéleC(Q) it suffices to use
only one arbitrary (p,[)-atlas; i.e., the following assertion holds.
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Theorem 9.4.1. If a function u defined on a (p,l)-manifold §2 is such that
U o 9071 € Wé,loc(@(Uw))

for any map of some atlas, then u € W}, (£2). If n, € C5°(o(Uy)) and the
open sets

ch = {.%' € Utp: ngo(‘»@(x)) # 0}

cover {2, then, in order to define a topology in the space WAIOC(Q), it suffices
to introduce the seminorms

u— g (uo o™l
If a manifold (2 is compact, then the topology in WZQ’IOC(Q) can be induced
by the norm

> npwo o™ )lwe,
»

where the sum is taken over all maps of a certain atlas.

Replacing the space R™ by the closed half-space R = {¢ € R": (, > 0}
in the definition of a (p,!)-manifold 9, we obtain the definition of a (p,!)-
manifold 9t with the boundary 991.

Let I be an integer, [ > 2, and let 9 be a (p,l)-manifold. If p(l — 1) < n,
we additionally assume that the (p,[)-structure on 9 belongs to the class C.
Then the implicit function theorem 9.5.2, which will be proved in Sect. 9.5, im-
plies that the (p, [)-structure on 99 induces the (p,l —1/p)-structure on OIM.

9.4.5 Mappings T;n’l of One Sobolev Space into Another

Let U and V be domains in R™. We say that a mapping s»: U — V belongs
to the class T;”’l ifuose W;(U) for any uw € Wj*(V') and

Juo s Ullws < cllus Vw (9.4.20)

We limit consideration to integer m and I, m > 1 > 1. For m = [ we write Tzl,
instead of Té’l.

In this subsection we give sufficient and, for some values of p, m, [, nec-
essary and sufficient conditions for a mapping to belong to the class T};’“l.
In particular, for m = [ we obtain a wider set of mappings than the class of
(p, 1)-diffeomorphisms.

In what follows, » = (5¢1,...,5t,) is a one-to-one mapping with dsc €
WI=HU) such that det ds¢ does not change its sign and

/ w(o2(2)) |det D(2)| d = / w(C) dc (9.4.21)
U

\%4
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for any u € L1 (V). (For sufficient conditions ensuring (9.4.21) see, for instance,
Vodop’yanov, Gol’dshtein, Reshetnyak [VGR], and Maly [Mal]).

Since s is a mapping of the class W (U), it follows that, for any u € C'(V)
and multi-index o with |a| <1,

Dlu(x(=)] = Y @f()(Du)((=)) (9.4.22)

1<[BI<]al
a.e. in U. Here and henceforth,
vo = ZCSHHDS”%“
s i=1 j

where the sum is taken over all collections of multi-indices s = (s;;) satisfying

dosip=a, syl =1, Y syl —1) =lal 8]
i

9

We note that another and more explicit expression for the functions Pz was
found by Fraenkel [Fra].

Proposition 9.4.1. If
|det (93c0 5 1|7V € M(WM(V) — Ly (V)

and
(03 (Idet 02| ~1/P)) 0 37t € MW~ (V)) — L, (V)

for all multi-indices « and  with | > |a| > |B| > 1, then the mapping s
belongs to the class T;”’l.

Proof. Inequality (9.4.20) for any u € C'(V) N W;"(V) follows directly from
(9.4.21) and (9.4.22). The additional assumption u € C'(V') can be removed
by approximation.

g

We give an example which shows that the conditions of Proposition 9.4.1
are sharp.

Ezample 9.4.1. We consider the domain
U={z:224+- 422 ,<z2D,0<2,<1}, v>0,
and the mapping

wiz—( with (=2, 1<i<n-—1, and ¢, = 2.
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| |
Zi | Zj ¢ | Cj

Fig. 9.2. Mapping in the class T;"‘l of a cusp to a cone

It is clear that »¢ transforms U into the cone
V={CGG+ - +G <G 0<G <1}

(See Fig.9.2) We show that s € T if and only if

. pl—1
th -1 > — 9.4.23
either p(m —1) <n, V_pm—l’ ( )
or (m—1)>n > pt=1 (9.4.24)
p 2m, > o 4.

Let u(¢) = (7, where o = 1 in the case p(m —1) > n and o is a noninteger
in the interval

(m—=n/p,(pl =14~ —yn)/vp|

for p(m — 1) < n. Clearly, u € W;"(V). On the other hand, u(sx(z)) = 2)°
and therefore

1 z)
IVi(wos 1)U} > C/ 2077 / "2 dr dz, = co.
0 0

Thus, conditions (9.4.23), (9.4.24) are necessary.
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Now we turn to the proof of sufficiency. By straightforward computation

we have ¢§(2) = c 2?71l and det 05(z) = v 2)~1. Consequently,

(0§ 0 5 1) (¢) = e¢lfIleli

and
det (s 0 7 1)(¢) = y2i7 1.

To check the conditions of Proposition 9.4.1, it suffices to verify the inequalities
[ 1607w de < elus v,
Y p
and
/V mp(lﬂ\*Ia\/v)+(1fv)/7|w‘p d¢ < ¢|w; V”iv;"*'ﬁ'
for any w € W (V). It is known that the Hardy inequality

[w|?
v [P

holds if and only if either ps > n or ps < n and k < s. It remains to note that

d¢ < cllw; V|iys pk <n,
p

A=y/y>-n, (A=7)/pz-m
and that, by (9.4.23),

p(Bl = lal/v) + (1 =v)/vZ2p(A =1/7)+ (1 =7)/y > -n

and

18l = lal/y+ (@ =) /vp = Bl =m
for p(m — 1) < n. O
Remark 9.4.4. For |3| = || = I = m, one of the conditions of Proposition

9.4.1 takes the form
¢ |det Ds| /P € Lo (U) .

We have
6l
0z;, -+ 0%, Y

olu l
- kl;kl<m)(%(Z)) V]_[:l@%k,,/aziu +..., (9.4.25)

(>(2))

where the terms involving differentiation with respect to ¢ of order less than
l are omitted. So the condition mentioned above is equivalent to
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8%k1 8”1@;
azil 821-1

|det D3¢|~YP € Lo (U). (9.4.26)

Here kq,...,k;, i1,...,7; are numbers with values 1,...,n. The inclusion
(9.4.26) can be rewritten in the form

|0
9.4.27
|det Ds| = ( )
where C' = const and
" O\ 2\ 1/2
o= (X (7))
3,j=1
According to the Hadamard determinant inequality,
non N2 1/2
|det D] < H(Z(g%) ) )
i1 =1 Y%
Hence
|det D3¢| < n~"/2|9x".
Consequently, for pl > n,
03] < (Cnn/2)H /00,
i.e. » is a Lipschitz mapping. In the case pl < n we obtain
|det D3| > (nP/2C 1)/ (=P (9.4.28)

Suppose that the mapping s satisfies (9.4.27) together with s~ 1. Then s is
Lipschitz for pl < n also. Indeed, replacing s by s>~ ! in (9.4.28), we get

|det O] < (nP/2C—1yn/(pl=n)
This estimate and (9.4.27) imply that

|93¢| < nn/2wl=m) 0@n=pD/(n=pbpl

Thus, for pl # n, the mapping s, which belongs to TIQ together with s~1,
is bi-Lipschitz.

The class of mappings which perform the isomorphism W, (U) =~ W, (V)
was studied in [VG], where it is shown that such mappings are bi-Lipschitz
for p > n.

For pl = n, (9.4.27) means that x is a mapping with bounded distortion
(see Reshetnyak [Re]). Mappings subjected to (9.4.27) with p = [ = 1 are
called subareal since they either decrease the area of (n — 1)-dimensional
surfaces or increase it with a finite coefficient (see [Maz4], [Mazl5], Sect.
3.3.1).
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Proposition 9.4.2. Inequality (9.4.27) is necessary for »x € Tzl}, The same
inequality is equivalent to » € Tpl. (Hence, by interpolation, Té C Tzf,
k=1,...,1—-1.)
Proof. We put

u(Q) = (O exp(i(X, 0)) .
where n € C§°(V) and A € C”, into (9.4.20). Applying the Cauchy formula

D3I P(0; 2) :7!(271'2')_"/ / P(A;Z))\—W&...%
[Ar]=1 [An|=1 A1 An

to the polynomial
A= P(X;2) = |A'D[u(5(2))],

we find that its coefficients belong to L,(U). Therefore, we may pass to the
limit as [A| — oo in (9.4.20). As a result, for any unit vector 6 = (61,...,6,)
we obtain

[71det (@30 5 )77 30 T DTPO; ) 05 V|| < el Ve,
7=t "
which by (9.4.25) can be written as

aﬂkl 8%kl

821-1 (92“

Hn |det (902~ 1)|7H/P Z Ok, ~"9kl(

Jos sV | <ellm: Vi,
LP
ki,....k

Since n is arbitrary, we conclude that the functions

0(0, 5) o (0, »)

det —1y—=1/p
|det(Dsc 0 227 7)] 2, 02

are bounded. Hence condition (9.4.27) holds. O

The next assertion concerning conditions for a mapping to belong to T;’“l
follows directly from Proposition 9.4.1 and Theorem 9.3.1.

Proposition 9.4.3. Let V' be a bounded domain with boundary in the class
C%L and let p € (1,00). If, for any compact set e C V,

mes, 5 '(e) < cCpnle)
and, for all multi-indices o, f with 1 > |a| > 5] > 1,

G 27 e)ll L,
eCV [Cp,m—\ﬁ\(e)]l/p

then » € Tz’,“’l.



9.4 Change of Variables in Norms of Sobolev Spaces 363

Now we present two propositions on necessary and sufficient conditions for
a mapping to belong to the class T};’“l.

Proposition 9.4.4. Let V be a bounded domain with boundary in the class
Co’l.i The mapping k belongs to Tlm’l if and only if, for any ball B,.(¢) with
¢eVandre(0,1),

mes,x H(B()NV) <er™™™
and, for all multi-indices o and 3 with | > |a| > |B] > 1,

sup o s (B N V), < oo
CEV,re(0,1)

Proof. Sufficiency is an immediate corollary of Proposition 9.4.1 and Theorem
9.3.2.
On the other hand, the inclusion » € T} ' is equivalent to

u

. ©5 _ _
Hdet(@%ozil)’vHLl—F Z H Z (det@%)O% 1D5u,V‘

1<[al<l 1<]BI< ol

Ly

<cllu;Viwp .

It remains to use Theorem 10.1.1 to be proved in the sequel. o

The following two assertions can be proved with the same arguments.

Proposition 9.4.5. Let V be a bounded Lipschitz domain and let (m—10)p > n
and p € (1,00). A mapping s is an element of T;™' if and only if mes,U < oo
and ¢ € Ly(U) for all multi-indices o, B with | > |af > |3] > 1.

Proposition 9.4.6. Let V' be a bounded domain with boundary in the class
C%! and let p > n. A mapping » belongs to Té if and only if (9.4.27) holds
and ¢ € Ly(U) for L > o] > |8 > 1.

For instance, for p > n the inclusion » € T]D2 is equivalent to the conditions
|05/ (|det 95e]) ! € Loo(U) and Vs € Ly(U).
Similarly, s € T;’ for p > n if and only if
|05 (|det 05¢]) ™! € Loo(U), V203 € Ly(U)

and
O, 0%,

0z, 02502,

eL,(U), mrs=1,...,n.

1<p,0,7<n

If both U and V are bounded and belong to C%!, then the conditions of
Proposition 9.4.5 can be simplified. Namely, the following assertion holds.
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Proposition 9.4.7. Let U and V be bounded domains with boundaries in C°!
and let p > 1 and (m — D)p > n. A mapping » belongs to T;"’l if and only if
e WHU).
Proof. Since

Bl=1 _ 1<i<n
{5 H = = {Da}‘i}m:z

and
! 1<i,<n

ay[Bl=t _ a%k"
{(pﬁha\:l o {H 82;1 }1§k,,§n’

v=1

the necessity follows from Proposition 9.4.5.
By definition of ¢ we obtain

H‘Pg? U”Lp < CZ H H | D% 3¢ UHLp\ams,_ﬂ

s i=1 j
which, together with the Gagliardo-Nirenberg inequality

”Dsm P UHL <c ||%i§ U| [sijl/lal ”%i; UHLwlS il/led

Wyl

plal/lsijl

(see [Gag2], [Nir]), completes the proof. O

9.5 Implicit Function Theorems

Using properties of the (p,!)-diffeomorphisms we are in a position to prove
the following assertion concerning regularity properties of a function defined
implicitly. For the existence of such a function without differentiability as-
sumptions, one may consult Sect. 5.2 in [KP].

Theorem 9.5.1. Let G be the domain (9.4.18) where ¢ € C%' and let u be a
function in G satisfying

(i) Vu e MWIHG), 1>2,

(1) tru = 0, where tr stands for the trace on 0G,

(i) inftr(0u/dy) > 0,
where [ is an integer and p € [1,00). Then

Ve MWE1/P (R,
Proof. We introduce the bi-Lipschitz mapping 7 : G > (z,y) — (§,1) € R} by
§=z, n=y—¢)

and put v(&§,n) = u(§,n + ¢(§)). Since 0,u € Lo (G), it follows that O:v €
Lo (R?}) and almost everywhere in R’}
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Oev = (Opu + OyuVp) o7

(see, for example, [GR], p.244). Hence, for any g € C°(R") and almost all
n € Ry we have

| s@oienac= [ a©(@u+0,u50) 0 Emde (©05)

Rn—1
Since du(x,-) € Wi (RL) and | > 2, the function y — d,u(z,y) is continu-

ous for almost all z in R™. Hence, for almost all £ € R"~! the right-hand side
of (9.5.1) is continuous in 7, and, in particular, the limit

lim 9(&)0:v (&, n)dé = 9(&) (Oru+0,uVep)or™1)(£,0)ds (9.5.2)

77—>0 Rn—1 Rn—1

exists. The function (§,7) — v(§,n) is Lipschitz and v(€,0) = 0. Therefore,

lim 9(&)9ev(€,n)dé = — lim dg(&)v(&,m)dé = 0.

=0 Jrn-1 n—0 Jpn—1
This and (9.5.2) imply that
(Opu + OyuVp) o 771(£,0) =0 for almost all £ € R™ ™1,
or, equivalently,
Opu(, o(x)) + yu(z, p(z))Veo(x) =0 for almost all z € R™ 1.
Thus, the identity
V(@) = —(@yulx, o(x))) " Oru(x, o(x)) (9.5.3)

holds for almost all z € R"~1.
Since Vu € MW} (G), we have by Theorem 8.7.2 that tru,, and tru,

belong to M W,} —ip (0G) or, equivalently, that the functions
T — ug, (z,p(x) +0) and z — uy(z,p(x)+0)

are in MW, "/?(R"=1). The inequality inf u,(z,o(x) + 0) > 0 and the in-
clusion wu, (-, ¢(-)) € MW, Y/?(R"=1) imply that L/uy (-, () € MW, P
(R™~1). Hence the function

& = g, (2, 0(x) + 0) /uy (z, p(x) + 0)
belongs to the space MW, “/P(R"~1). Thus,

1-1 n—1
Pa, € MW HP(R™H).
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We proceed by induction. Let k be a positive integer such that 2 < k < [.
Suppose that ¢,, € MW,?*l*l/p(R"_l). By Lemma 9.4.6 the mapping A :
R" — G defined by (9.4.14) is a (p, k)-diffeomorphism. This and the inclusion
Ug,, uy € MW} (G) imply that

Ug, ON, Uy O\ E MWI’)“(R:L_)
By Theorem 8.7.2,
tr(ug, o A), tr(uy o) € MW;;C—l/p(Rn—l)'

Since the function tr(u, o \) is separated from zero, it follows that the ratio
tr(ug, o A)/tr(uy, o A) belongs to the space Mijfl/p(R"_l). It remains to
note that (9.5.3) can be written as

tr(Vauo )

Velz) = tr(uy o A)

Now we prove a local variant of Theorem 9.5.1.

Theorem 9.5.2. Let G be the same domain as in Theorem 9.5.1. Further, let
w be an (n — 1)-dimensional domain and let U be the cylinder

{(z,y) :x € w,y € R}.

Suppose that the function u, defined on G NU, satisfies the conditions:
(1) Vu € (MW/lﬁ’é_l(Uﬂa))", where 1 is an integer, | > 2, and p € [1,00).
(#4) tru =0 on wNIG,
(7i1) the function tr g—"y‘ 1s separated from zero on any compact subset of
wNOG.
Then

Vo e MW 177 (y),

p,loc

Proof. Duplicating the beginning of the proof of Theorem 9.5.1 we arrive at
(9.5.3) for almost all z € w. In the rest of the proof we need only to replace
the spaces

Wi (G), Wy~ P(0G), Wi(RY), Wy /PR

p

by the spaces

S0 (UNG), WP naG), wre (r(UnG)), W2 VP (w),

p,loc p,loc p,loc

where 7 = A~ L
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Remark 9.5.1. Theorems 9.5.1 and 9.5.2 are sharp in the following sense. If
Vo € MW;fl*l/p(R”_l), then there exists a function u in G satisfying the
conditions (i)—(4i7). The role of such a function can be played by a solution
of equation (9.4.19). In fact, (9.4.19) implies that u(z, p(x)) = 0 and

o _ (v, OT%)

-1
> -1
Jy Bu) 2 (N+1L)

Since 7 is a (p, l)-diffeomorphism, it follows that Vu € MWZlfl(G).

To conclude this section we formulate the implicit mapping theorem anal-
ogous to Theorem 9.5.1 and which can be proved in the same way.

Theorem 9.5.3. Let | and s be integers,n >s>n—(I—1)p >0, z = (z,y),
zeR? yeR" % and let u ¢ be the mappings R” — R"™°% and R® — R"™%,
respectively, with the properties:

(i) u. € MWI=L(R™),

(1) tru = 0, where tr is the trace on the surface {z:x € R®, y = p(x)},

(iii) the inverse matriz (tru,) " exists and its norm is uniformly bounded
on the surface {z : v € R®, y = ¢(z)}.

Then o, € MW =9)/P(Rs),

9.6 The Space M(W;@(Q) — W(0))
9.6.1 Auxiliary Results

In the present section m and [ are integers, (2 is a domain in R", p € (1,00),
and W}"(£2) is the completion of C5°(2) in the norm W;"(2).
We define two capacities of a compact set e C {2 by

Cp.i(e, 2) = inf{||u; QH’IjVé: uweCF(2),u>1 on e}

and
cp.ile, 2) = inf{||Vyy; Q||ZL’p: ue C§o(2),u>1 on e}.

Obviously, if e; C ey and 21 D {29, then
Cpi(er,121) < Cp ez, 29) .

The capacity ¢, (e, R™) has the same property of monotonicity. It is also clear
that the capacity c,;(e,R™) acquires the factor d" P! under the similarity
transform with coefficient d. The capacity ¢, (e, R™) vanishes for any compact
set eif n <lIp, p > 1.

The Sobolev theorem on the imbedding of Wzl, (R™) into Lo (R™) for Ip > n,
p > 1, implies that the capacity Cp (e, R™) is separated from zero.
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We present some other known properties of capacity (see [Maz15], Ch. 9):
(i) Let Ip < n and let e be a compact subset of the ball B,. Then

cpile, By) < cepife,R™) (9.6.1)

where ¢ does not depend on p.
(i¢) For all compact subsets e of the ball By,

Cp,l(ea BQ) ~ Cp,l(ev ]Rn) . (962)

We recall certain properties of capacity discussed in Sect. 3.1.2:
(#4i) If p <1, then

— n—pl if n>plp>1;
Cp,l(Bp) ~ P 1— . Py
(log2/p)'t—P it n=pl,p>1.

(iv) If p > 1, then C,,;(B,) ~ p".

(v) If n > pl, then C, () > ¢ (mes,e)—P/m,

(vi) If n = pl and d(e) < 1, then

Cpi(e) >c¢ (log(2™ /mes,e))' 7.

To reveal the dependence of certain constants upon the diameter of the
domain, we use the norms (9.4.4) and (9.4.6) in W} (£2) and M(W,"(£2) —
W)(£2)), respectively.

In the following theorem we present the norms equivalent to the norm

(9.4.6). The equivalence means that their ratios are bounded and separated
from zero by constants independent of d.

Theorem 9.6.1. Let 2 be a domain with 02 € C%' and finite diameter
d < 0.
(1) If p € (1,00), then

Vivielr
0 vty ~ sup —— e 2z, 9.6.3
s 20 arwn— S o e Bad) 17 + Iv; 2|z, (9.6.3)

where a > 1 and Baq is a ball with center 0 € 2. In the case mp < n we can
replace Boq by R™. If m =1, then the second term is equal to ||v; 2L, -
(i3) If either pm >n and p > 1, or m > n and p = 1, then the relation

1 Phascwg sy ~ @l Xy (9.6.4)
holds.
(2i1) If m < n, then
Iv: M —wy ~ - sup P (IVey Bp(@)ll, + P~ Bp(@)|ry) -
2p<:zs£(m’,8!2)

Proof. For d =1 the assertions formulated above are contained in Theorems
9.3.1-9.3.3. (To obtain (i) one must use in addition (9.6.1) and (9.6.2).) The
passage from d = 1 to d € (0, 00) is performed by dilation. O
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9.6.2 Description of the Space M(W;”(Q) — Wzl)(Q))

Let {2 be a domain in R™ with compact closure and 962 € C%!. In the next
theorem, @); are cubes with edge-length d; forming a Whitney covering of {2
(see [St2] §1, ch. 6). Furthermore, let Q} be a cube homothetic to @; with edge
length 9d;/8. The cubes Q; form a covering of {2 with a finite multiplicity
which depends only on n (see [St2]).

Theorem 9.6.2. Let 1 < p < oo and mp < n. The relation

IVivsells,
173 2l arrivgn iy ~ sup sup + [l 2z, (9.6.5)

J eCQj [Cp,m(er;)]l/p
holds.

Proof. By r(xz) we denote the regularized distance from z € 2 to 92 (see
[St2], §2, Ch. 6). It follows from the Hardy inequality

Hr*mﬂ'vju;(zn% < c||u;Q||V~V;n, j=0,1,....m—1, (9.6.6)
that

s 205, ~ D2 Wi Qill g ~ D s Q5 (9.6.7)
J J

where || - || is the norm defined by (9.4.6). By (9.6.7) we obtain a norm
in M(W;"(£2) — W/(£2)) described in terms of the space M(W,;™(Q;) —
W)(Q;)). Namely,

17 Ll s —wy ~ sup 17 Qs wyr —w) - (9.6.8)
J
In fact,

. p . p - . p . p
s 2y < 3 v @y < 50 15 20wy D s Qs
J J

which, together with (9.6.7), gives the required upper bound for the norm of
v in M(WI(£2) — WL(2)).

To justify the lower bound, let u € W;"(Q;) and let v be an extension of
u onto ()] satisfying

llo; Q5w < cllu; Qjllwy - (9.6.9)

*

J), equal to 1 on @; and such that

By ¢ we denote a function in C§°(Q

V| = o(d; ).
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We have
lyu; Qsllwe < llvev; Qjllw < cllvpv; 2w
< v 2largig —wy levs Lllwye
< el g 0 @l (9610)
By (9.6.9) and (9.6.10) we find the lower bound for the norm of 7 in

M(W;"(_Q) — W}(£2)). Relation (9.6.8) is proved.
It remains to use Theorem 9.6.1. The proof is complete. g

Corollary 9.6.1. Let 1 < p < co. The relations

[Vivsellr el
12 % m ~ z z 9.6.11
HV? HM(WP HWP{) eSlCll.?)<[Cp,m(ea Q)]l/l’ [Cp,mfl(e; Q)P/p) ( )
IViysellr,

~ — 3 2 9.6.12
22 Comte e 170 e

hold. These relations still hold if we add the restriction d(e) < d(e), where
d(e) is the diameter of e and 6(e) is the distance from e to Of2.

Proof. In view of (9.6.7),

Com(e,02) 2 ¢ cpm(eNQ;,Q;), ecC,
J

which leads to the required lower bound for the norm of v in M (W;”(Q) —
WIZ)(Q)) The upper bound is obtained via the inequalities

cpm(€ Q) 2 Cpm(e, QF) =2 Cpm(e, £2).

The following two statements do not contain capacities.

Corollary 9.6.2. Let pm >n andp > 1, orm >n and p = 1. Then
19 P as i —wy ~ sup "l Qs llwy -
J
Corollary 9.6.3. The relation

19 g —wpy ~ 59 " (1N By(@)l, + 5~ 135 Byl 12,

2p<8(x)
holds.

Corollaries 9.6.2 and 9.6.3 result from (9.6.8) and Theorem 9.6.1.
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Differential Operators in Pairs of Sobolev
Spaces

The most natural connection of the theory of multipliers with differential
operators arises when one is looking for the bounds of the norms and essential
norms of these operators mapping one Sobolev space into another.

In Sect. 10.1 we give estimates for the norms of general differential opera-
tors performing a mapping between two Sobolev spaces, formulated in terms
of their coefficients as multipliers. These estimates involve multiplier norms of
the coefficients, and for some values of integrability and smoothness parame-
ters they are two-sided. We also describe a class of differential operators for
which their continuity in pairs of Sobolev spaces is equivalent to the inclusion
of the coefficients into classes of multipliers without any additional conditions
on indices. We give a counterexample showing that in general the inclusion of
the coefficients into the natural classes of multipliers is not necessary for the
continuity of differential operators.

Estimates for the essential norms of general differential operators is the
topic of Sect. 10.2. By the example of a Schrodinger operator in R™ considered
in Sect. 10.3, we outline the role of the essential norm of a multiplier in the
Fredholm theory of elliptic differential operators. The last Sect. 10.4 deals with
a characterization of pairs of differential operators with constant coefficients
which obey the dominance property between L, and its weighted counterpart.

10.1 The Norm of a Differential Operator: W) — W) ~*

In this section we discuss some simple applications of the space M (W;” — WTI,)
to the theory of differential operators, namely, to the question of the continuity
of such operators in pairs of Sobolev spaces. As usual, we use the notation
B.(z) ={y € R": |y — x| < r} and omit R™ in notations of the norms.

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 373
Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009
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10.1.1 Coefficients of Operators Mapping W;‘ into W;‘k
as Multipliers

Lemma 10.1.1. (i) The operator

P(x,D,)u = Z ao () DY u, reR", (10.1.1)

la|<k
s a continuous mapping WZ? — Wﬁ’k, where h > k, provided that
aq € M(Wh=lel — wh=h)

for any multi-index «. The estimate

||P||Wgﬂvv;,“"~‘ <c Z ||aaHM(W1’)1*\04\HW;zV—k) (10.1.2)
la|<k
holds.
(i) If p=1 or if p(h — k) > n and p > 1, then the relation
||PHW£‘~>WI},1_’€ ~ Z ”ao‘”M(Wﬁ_“"_)W;?*k) (1013)
la|<k

holds.

Proof. The estimate (10.1.2) is obvious, so we need to prove only (ii). Let
x € R™ and let n € C§°(B2) with n = 1 on By. Further, let u(y) = n((z—y)/9),
where § € (0, 1]. By substituting the function u into the inequality

H Z aaD%u

|| <k

e < ellullg

we obtain

sup [lao; Bs(x)||yn-r < con/rh
TER™ v

which, together with Theorem 2.1.1, Corollary 4.3.8, and Theorem 5.3.1,
shows that ag € M(W) — W})=F).

Suppose that a, € M(VV,;FICYI — W}=F) for |a| <v, v <k —1, and

3 laallysqrg-t gy < CIPlhg s -
loe|<v

We show that the same holds with v is replaced by v + 1. Clearly,
Z aaDD‘uHW;L_k < HPU— Z aa D

la|>v+1 |a|<v

‘W,’}”"

< c|[Pllwn _wp-+llullwy
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for all u € W;‘. Putting here

u(y) = (x—y)*n((z-y)/d), la|=v+1,
we obtain

sup [aa; Bs(2)[lyyr-+ < el Py _yyn-r 6™P7 L
zER™ P r

This, together with Theorem 2.1.1, Corollary 4.3.8, and Theorem 5.3.1 implies
that a, € M(VV;W‘O‘| — W), O

Now we present an analogous result for matrix operators. Let u(x) =

{ul(x),u?(x),...,u" (z)} be an N-tuple vector-valued function. Consider the
operator
N M
Pu= {Z ij(z,Dm)uk} . zER", (10.1.4)
k=1 =t
where

ij(ac,Dz)uk: Z a;i)(x)Dguk

la|<sj+ty

and s;,1; are integers.

Theorem 10.1.1. Let h > s = maxs;, j=1,..., M.
(i) The operator P is a continuous mapping

N M
p:J[wirtt = [ wpr . (10.1.5)
k=1 j=1
if
a%) c M(W;wh—lal . W;—sg').
The estimate
N M
IPI<ed D" D0 laf Iy gpouertor o, (10.1.6)
h=17=1 |a|<s;+tx

holds.
(ti) If p(h —s) >n and p > 1, or p =1, then the relation

N M
(o)
L5 9 DD ST N

p
k=1j=1|a|<s;+tx

holds.
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Proof. Inequality (10.1.6) follows from Lemma 10.1.1. Let

N
<P It -
]Zl H gpjk v, Doyt e < IR 1y e

We fix i and set u* = 0 provided that k # i. Then

| Protar, Doyu ooy < [Pl
Z Wit

and in the case p(h—s) > n, p > 1, as well as in the case p = 1, Lemma 10.1.1
gives the estimate

M
Do D0 Mgl st yresy < cllPI
J=1al<s;+t;
where i =1,2,..., N. a
Next we show that an equivalence relation similar to (10.1.3) with an

arbitrary p € (1,00) can be obtained for partial differential operators of a
special form.

Theorem 10.1.2. Let h and s be positive integers, h > 2s, 1 < p < oo and

P(z,D,)u = ij(x)A u
j=0
where A is the Laplace operator. Then P is a continuous mapping: WI? —
h—2s ; :

W, if and only if

by € M(W)™% — W)7%), j=0,...,s
Moreover, the relation

1Pl w2 ~ D o2 2 (10.1.7)

j=0

holds.

Proof. The sufficiency as well as the upper bound for the norm of P follows
from Lemma 10.1.1.
Suppose that, for all u € WZ?,

| Pullyys2 < e llulws.
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Let u = 1 in a neighborhood of a compact set e with d(e) < 1. Then

[Vi—2sbosellz, + [bos ellz, < ¢llullwy -

Consequently,
IV h—asboiellr, < c[Cpnle)]'/”

and [|bo; B1 ()|, < c for all z € R™. By Theorem 2.3.3 this means that
bo € M(W) — W)™2).

Therefore, the operator QA with
s—1 )
Q=3 byi(2)A7
j=0

satisfies the inequality
HQAuHWZHQS < c||uHW£L . (10.1.8)

Let ¢ € W;‘Q and let supp ¢ C {x = (z1,...,2,) : 0 < a; < 1}. We
put w(z) = {(x) — ((—z) and w;(x) = w(x1,...,2i—1,2i/2,Tit1,...,Ty,) for
i =1,...,n. Further, let

v(z) = w(x) + Z aw;(x — a;) (10.1.9)
i=1

where a; are fixed points with dist(a;,a;) > (8n)'/? and «; are arbitrary
constants. It is clear that all the functions on the right-hand side of (10.1.9)
are orthogonal to one and have disjoint supports. We show that the coefficients
«; can be selected so that

/xjv(x)dxzo, i=1,...,n,

which is equivalent to the algebraic system with respect to aq, ..., a,:
2/f€j£(x)dx(1+22ai(l+5{)):0, j=1,....n,
i=1

where (55 is the Kronecker delta. The system is solvable because

det |1+ &[] =1 =n + 1.
Let u be the harmonic (Newtonian for n > 2 and logarithmic for n = 2)
potential with density v. Since v is orthogonal to 1, z1, ..., z,, and the diameter
of its support is bounded by a constant depending only on n, then
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lulwy < e lvllys-s < enllCliyp—2 -
This and (10.1.8) imply that

HQCHWIE—% <c ||C||W£L_2 .

By the arbitrariness of the origin, the last inequality holds for all functions
s th_2 supported by any cube of the coordinate grid. Hence it is valid
for all ¢ € W;“z, i.e. @ is a continuous operator: W;“Q — W;L’ZS. Now the
result follows by successive reduction of order of the operator. O

10.1.2 A Counterexample

Theorem 10.1.2 and part (ii) of Lemma 10.1.1 suggest the hypothesis: relation
(10.1.3) holds for all p, h, k, i.e. the coefficients of any differential operator
(10.1.1), mapping W;L into W;L’k, are necessarily multipliers in corresponding
Sobolev spaces. The next example disproves this conjecture.

Ezample 10.1.1. Let © = (2/,x,), ' = (z1,...,Zn—1), n > 3. We show that
the coefficient a of the continuous operator

a(x’)a% W3 — Lo (10.1.10)

need not be an element of M (W4 — Lo).
Suppose that

A= sup r3_"/ la(z")|? d2’ < o0,
yeR"—1,r€(0,1) B (y)

where Bﬁn_l)(y) is the (n — 1)-dimensional ball with centre y and radius r.

By a(2’, \) we denote the Fourier transform of the function v with respect to
Z,. According to Theorem 1.1.2,

/ la(a")a(a’, \)Pda’ < A[[a, N)% R [l
Rn—l

< cA/ ([, M) [Va.ar(a, N)] + Vo, N + la(’, A)[2) da’.
Rn—l

Consequently,

/.

HAVa(z, N)? + [Ma(z!, N)[?) d2’ < e A([|Vaullz, + [ Vulli, )

ou

Ers

a(z")

2
dz < cA/ ax [ (N, )] Vo, )
RI

Rn—1
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Thus the finiteness of the value A is sufficient for the continuity of operator
(10.1.10). The necessity of the same condition results from the estimate

IPllyrwrr = ¢ Y sup (PP V, an; Be(w)ln,
P |a‘gkx;r€(0,1)

+rk=lel=n/P a0 B, (2)||1,) (10.1.11)

derived in the proof of the second part of Lemma 10.1.1 for all p € [1, 00).

If (10.1.3) is valid for all p, h, and k, then the continuity of the operator
(10.1.10) implies that a € M(W} — Ls). We choose the coefficient a as
follows:

a(z’) = p~ [ log pl*~ (w1, 22) (23, - .., Tn-1)

where
P=attal, 0<e<1/2, neCEBY), ¢(ecgB" ).

It is clear that for any y € R"~! and for all r € (0,1/2) we have

/ la(z")|? da’ < cr”fg’/ p~ 2| log p|?CY dzyda,
Bs‘nfl)(y) 65‘2)
=cr"?|logr|* .
Therefore A < co. Suppose that
llaw; R™ [, < cflu; R [|yy;
for any u € C§°(R™). Then, for all v € C§°(R?),
lnp~" [ log p|* " o3 R, < c|lo;R? |l -

This estimate implies that
/ p~2|log p|*EV dayday < ¢ Cy 1 (BP)
p<r

for r € (0,1/2), which contradicts the relation
Co1(BP) ~ |logr| ™.
Thus, the operator (10.1.10) with the function a under consideration is con-
tinuous, although a ¢ M (W3 (R") — La(R™)).
10.1.3 Operators with Coefficients Independent of Some Variables

A necessary and sufficient condition for the continuity of operator (10.1.10)
derived in the last example can be generalized to operators with coefficients
depending on only some of the variables.
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Theorem 10.1.3. Let y € R, z € R"™°, where s < n. Further, let h and k
be integers with h > k, and

P(:U,DyaDz)u: Z aﬂ’y(y)DSDzu
0<IBl+|v<k

Then the operator P(y,D,,D.) is a continuous mapping: W (R") —
thfk(R") if and only if the operator

P(y, Dy, 0) : W3'(R*) — W ™" (R?)
s continuous and, for all multi-indices § and vy,

sup M2 (10, ragy; BE (y)]] 1,
yeRs re(0,1)

+r" Magy; B (y)]|1,) < o (10.1.12)
where BYY (y) is the s-dimensional ball with center y and radius .

The proof of this theorem is based on the following assertion (see [Maz15],
Ch. 1).

Lemma 10.1.2. Let p be a measure in R® such that

K= sup 7 7u(B¥(y)) < oo (10.1.13)
y€R®,re(0,1)

for a certain o € [0,s]. Further, let | and m be integers, 0 < 1 < m, o >
s —2(m —1). Then, for all u € C§°,
2 1/2 s||T s||1—T1
(RS Viw2dp) " < oK llu R g R E, (10.1.14)
where T = (21 + s — 0)/2m and ¢ is a constant independent of u and p.
Moreover, condition (10.1.13) is necessary for the validity of (10.1.14).

Proof of Theorem 10.1.3. Sufficiency. First we verify that for |y| > 0
the operator
agy(y)Dy D] : W3 (R") — Wy~ *(R™)

is continuous. With this aim in view, we show the continuity of the operator
(Dlyas, (y)) Dyt DI s WIH(R™) — La(R"),

where 0 < |u| + |p| + 0] < h — k. By 4(y, \) we denote the Fourier transform
of the function v with respect to z. Putting

L=1pl+18], o =2|8]+2/y|+s—2k—2|ul, m=Fk+][ul+]p|+ 0]
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in Lemma 10.1.2, we conclude that

/R (Dl () D iy, V|2 dy
< cAY L 1aC AR (3 lla, A); Re50 7,
where 7 = (|| + || + k — [4])/(ul + |p| + 6] + k) and

Appp= suwp 17 2|Dtagy; B (y)|L, -
yERs,re(0,1)

(We note that the condition o > s — 2(m —[) in Lemma 10.1.2 is equivalent
to |y| > 0.) Multiplying the last inequality by |A|>(71+19D) and integrating over
A, we get

I(Dyag,) Dy DI us R™J7,
<cdl,, / G AR A A, A RO dA
< e Al R e
Since m < h and Ag,, does not exceed the value (10.1.12), the operator
P(y, D, D.) = P(y, D, 0) : Wi(R") — Wi—*(®") (10.0.15)

is continuous.
In order to derive the continuity of P(y, D,,0) in the same pair of spaces
we prove the inequality

s sik/h siyl—k/h
1P(y. Dy 0)0: R | < s R0 [ R 1" (10.1.16)

Applying Lemma 10.1.2 with I = |3] and m = h, for any multi-index § with
|8] < k, we obtain

lagoD}v; R®|| L,

_18l— k/h 1—k/h
<c  sup RIS ag0 BO ()|, o R (o RE
yER™,7€(0,1) 2

which entails (10.1.16). Using (10.1.16) together with (10.1.12), we find that

”P(v Dyvo)uaRnH?/VQh*k
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. s . s12k/h N sn2(1—k/h
gg/_W&MRﬁ@+M6&RméWWMMHMQ M)dx

< cflus R

for all u € W (R™). The sufficiency follows.

Necessity. We note that by replacing s by n in (10.1.12) we obtain an
equivalent condition. Then the finiteness of (10.1.12) for all multi-indices 3,y
follows from (10.1.11). Thus the first part of this theorem implies the conti-
nuity of the operator (10.1.15). Since the mapping

P(y, Dy, D) : W}(R") — W3~ F(R")
is continuous, it follows for all v € W (R™) that

1P(y, Dy, 0)v, R [[yyn—ne < e flo; R [y -

Substituting here v(x) = n(z)u(y), where 1 is a fixed function in C§°(R" %)
and v is an arbitrary function in W4 (R*), we complete the proof of Theorem
10.1.3. O

10.1.4 Differential Operators on a Domain

Let U and V be open sets in R™ and let

P(z,D.)u= Y pa(z)Dlu (10.1.17)
la|<k

be a differential operator on U. Given any (p,!)-diffeomorphism s : U — V
with [ > k, we introduce the differential operator Q on V', defined by

Q(uo )= (Pu)osx 1t

In view of Lemmas 9.4.1 and 9.4.2, Q maps W}(V) continuously into W) ~*(V')
if and only if P maps W}(U) continuously into W)=*(U).
By OL”’TOC(U) we denote the class of operators of the form (10.1.17) such
that
Poc € MW, 2 /(U) = WD)

p,loc p,loc
for any multi-index o with || < k.

Lemma 10.1.3. The operator P belongs to the class Oi;ﬁoc(U) if and only if
Qe o (V).

p,loc
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Proof. Let ¢ = »(z). We have

D)= > (D)) Y e [[[[ D 5a(2),  (10.1.18)

1<[B|<|al s i=lj

where the sum is taken over all multi-indices s = (s;;) such that

dosi=a, sl =10 > (lsyl -1 =la|— 8. (10.1.19)
)

]
Let
Q(¢, Do) =Y qp(¢)D.
|Bl<k
By (10.1.18),
qp = Z (po 0 27 1) ch H H(Ds“%i) ox"'.  (10.1.20)
|BI<|al<k s i=1 j
Since

Vi € MW (U) c MW (U), 1<r<l,
it follows that

D5 € M(WLr (U) — W, =P 1))

p,loc p,loc
Therefore,
55 - 1=18]=3;,;(Isi1-1)
[] 55 € mw, 2N w) — w, o0 = ),

4,7
which is the same as

[ D5 € MW, 2\ w) — wilelwy).

p,loc p,loc
i,J

It remains to use the condition p, € M(W;_kl?‘(U) — W;l)_lfc(U)) together

with Lemmas 9.4.1 and 9.4.2. O

. . Lk
By Lemma 10.1.1, the inclusion P € O,

tor P to map W},..(U) into W!=k (U). The inclusion P € O“% (U) is also

Jloc p,loc p,loc

necessary for p =1 or p(l — k) > n (see Lemma 10.1.1).

Remark 10.1.1. Let (2 be a (p,l)-manifold. Such manifolds were introduced
in Sect.9.4.4. We define a differential operator of order k, k < [, as a linear

mapping P of the space Wé’loc(_(?) into the space Wzl)’_lfc(ﬁ) if, for any map

(U) is sufficient for the opera-

(¢, Uy), there exists a differential operator P, in the class O;’ffoc(go(ap)) such
that
(Pu)oyg™ =Py(uop™) on ¢(Uy).
By Lemma 10.1.3, it suffices to restrict oneself to the maps of a certain
atlas.
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10.2 Essential Norm of a Differential Operator

In this section we obtain bounds for the essential norm of a differential
operator.

Let P(z,D,) be a differential operator of order k, defined by (10.1.1),
let Py be its principal homogeneous part, and let ess ||PHW;L_>W;4C be the

essential norm of the mapping
. ih h—k
P: W) — W)™, h > k.
Lemma 10.2.1. For all 6 € 0B,
[Po(- 0L, < eSS”P”WI’}HWp}“k'

The proof is quite similar to that of Theorem 7.3.1, so we only outline it.
Let 1, ¢ and Qf be the same functions and cube as in the proof of Theorem
7.3.1. We put

ve(y) = &™) exo (i Yl 1s)
=1
where £ € R"\{0} and [¢;] is the integer part of ;. By the same argument as
in the proof of Theorem 7.3.1, we show that in the first place

Jdim_foelwy = Aulils, . A = const >0,

in the second place

o lorPelly— = AnllowPo(- €€l )l ,

and in the third place
orTve =0 as [§]—o0 in W;‘(Qk),
where T is a compact operator in Wh. Then

hmsupHakangWh k= 11msup||g0k(P T)v5||Wh K
1€l—

€] —o00
and, by Lemma 7.1.9, for some o > 0,
lim sup || o Pvgypn-r < (14 O(k™7)) limsup [|(P — T)vg | yyn-»

|§]—00 |€]—o00
< (L+O(k™7)) limsup [Jvg|lwp (ess [ Pllyn _ywp-r +¢)-
| — 00
Consequently,

lerPo (€Ll Dnll, < 1+ O™ ))lnllL, ess Pl _yp-r

and finally
120 €lel = mllz, < lnllz, ess 1 Pllyn yn-r -
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Lemma 10.2.2. (i) The estimate
55 | Pl gy _ypnr < ¢ > ess ||l pgyn-ta_ypn—r,  (10.2.1)
| <k

holds.
(i) If p=1orp(h —k) >n, p>1 and P maps continuously W}? into
WI’}”“, then

ess ||P||W$*W£7;c ~ Z essHaa||M(WZ7Lf|a\HW£7k). (10.2.2)
lo| <k

Proof. (i) Let € > 0 and let T, be a compact operator which maps W,?_‘al
into W;"k and satisfies

llao — TO‘HW;“"“HW,’}*’“ < ess ||aa||M(W£7\Q|HW£,,k) +e.

Since the operator
_ . h h—k
T= > T.D*:W}—W,
lo| <k

is compact, we arrive at (10.2.1).
(77) We begin with the case p =1, h —k < n. Let ¢ > 0 and let T be a
compact operator such that

HP — THW{‘—>W1’L””' < eSS||PHW1h—>W1h’k +e.

Further, let ns . and ¢, be the cutoff functions introduced at the beginning of
Sect. 7.1. Duplicating the proof of the upper estimate in Theorem 7.2.1 with
obvious changes, we obtain the estimate

||"75,zP||W1h_>W1h*"‘ + ||CTP||W1’I_>W1"*"‘ < c(ess HP||W1’1_>W1"*’“ +¢) (10.2.3)

which, by (10.1.3), is equivalent to

ék(”n‘s’w“a”wa'Mwm + IGaallyrawp-owp-s))
[T

< c(ess ||P||W1}LHW1h—lc +e).

It remains to use Theorem 7.2.1.
Next let p(h — k) > n and p > 1. According to Lemma 10.1.1, a, €

M(ng‘al — W)F). The inequality
||CrP||W£HW£,—k < c(ess HP”WZ?HW,’}_’“ +e),

where € is sufficiently small and r is sufficiently large, can be obtained in the
same way as (10.2.3). This inequality and (10.1.3) give
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Z ”(raa”M(W;L—\“\_,W;*k) <c(ess ||P||W$,_,W;*k +¢).
lal<k

Therefore,

limsup Y [laa; By (@)[lyn-r < cess||Plyn_ynr (10.2.4)
P P P

|zl=00 |4 <k

and, by Theorem 7.2.5,

> s [[aa |y qpn-1at yp-ry < cessl|Ply_n-r. (10.2.5)
la|<k

Applying part (i) of the present lemma to the operator P — Py and using
(10.2.5), we arrive at

ess ||P0||W;,_)W;—k < cess ||P||th_)v[,§4c
which, together with Lemma 10.2.1, shows that

E ess |laa|lL.. < cess||Pllyn_yn-n- (10.2.6)
p P
|a|=k

Taking into account Theorems 7.3.6 and 7.3.8, and using (10.2.4) and (10.2.6),
we find that

Z ess Haa||MW£7k < cess HPHWIf_‘W;Hk .
|| =k

This estimate and (10.2.5) imply (i4). O

10.3 Fredholm Property of the Schrodinger Operator

The usefulness of the essential norm of a Sobolev multiplier, whose two-sided
estimates were obtained in Chap. 7, can be illustrated by the following appli-
cation to the Schrodinger operator

Si=-A+I—7: W' — WZ;"—{ (10.3.1)

where I is the imbedding operator: W — W;,”fQ and p € (1,00). We notice
that (10.3.1) holds if and only if v € M (W, — W;"~2).

Proposition 10.3.1. Let ¢, , = [|(I — A)71||W;n—2ﬁwm. If
p

ess ||’Y‘|M(Wr';nﬁw,1”*2) < C;}m

then S is Fredholm.
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Proof. We start with collecting some well-known definitions and facts (see,
for example, [Pa]). The operators Ry : W — W;”_Q are called the right and
left regularizers of S if

SRy =12+ Tn2

and
SR_ =1L, + T,

respectively, where I,,_o and I,,, are identity operators in W™~2 and wpr,

whereas T),_o and T}, are compact operators in W]'J'”_2 and W]’J’”. It is well

known and easily seen that the existence of R, implies dim ker S < oo and the

existence of R_ guarantees the closedness of the range of S and the finiteness of

dim ker S. Hence the existence of both R} and R_ ensures that .S is Fredholm.
Let T' be a compact operator: W)" — WIQW*2 such that

Iy — THW};“—»W;"_Z < c;,}n’
Under this condition the inverse operators of
Lo —(y=T)(I =AW = W2

and

Ly —(I—=A) (y=T): W) — W
exist. Now, it is straightforward that

(=) Lz = (=TT = A7)

and i

(I — (I = A7 (7= 1)) (1 = )~
are the right and left regularizers of S. The proof is complete. O

10.4 Domination of Differential Operators in R™

The discussion in the present section is related to the problem of the dom-
ination relations for differential operators with constant coefficients (see, for
example, [H1], Sect. 3.3, and [GM]). Here we consider one of the formulations
of this problem.

Let R(D) and P(D) be differential operators in R™ with constant coef-
ficients and let S be the Schwartz space of infinitely differentiable functions
defined on R™ and tending to zero at infinity, with all its derivatives, faster
than an arbitrary positive power of |x|~1 (see [Sch], [GSh]). In the following
theorem we use the space La((1 + |2]?)*/2), k € R, with the norm

1/2
fullzarsoorny = ([ TP+ o) dz)
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Theorem 10.4.1. The inequality
VRl a((r410f2y-72) < CIP(DYullr, . 10, (10.4.)

holds for every u € S if and only if R/P € M(W& — Ls), which is equiva-

lent to
IR/ P;ellL,

SUp
{exd(e)<1} [Co,1(€)]M/?]
In particular, in the case 21 > n the condition (10.4.2) means that

(10.4.2)

sup/ |R(€)/P(&)? d¢ < o . (10.4.3)
Bi(z)

zER™

Proof. Sufficiency. The left-hand side in (10.4.1) is equal to

|(R(D)u, )| sup |(PFu, (R/P)?)|
o llellLoasieyzy o 19lwy ’

where F' is the Fourier transform in R™. The last supremum does not exceed

[(7/P)®||L,

||PFull L, sup
o 12wy

= R/ Pllpwi—ro)IP(D)ullL, -

Necessity. Let
Q.(&) = (|IP(&)]* +¢)Y/?,  where &= const >0,
and let Q.(D) = F~'Q.F. Since F'S = S, the operator Q-1 (D) = F~'Q_-'F

maps S into itself. We set u = Q-1(D)f, where f is an arbitrary function in

S. By (10.4.1),

HR(D)QQI(D)f||L2((1+|x|2)4/2) <C|fllL,

which is the same as
(7, (R/Q:)®)| < C|@||L, |9]lyy; -
Consequently, for all ® € W we have

[(R/Q:)PL, < ClPllyyy-

Passing to the limit as ¢ — 40, we complete the proof. a

A rough corollary of Theorem 10.4.1 is the sufficiency of (10.4.3) for the
validity of
IR(D)u; K|, < C(K)[|P(D)ullL, , (10.4.4)

where u € S, K is an arbitrary compact set in R™ and C(K) is a constant
independent of u. Namely, the following theorem holds:
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Theorem 10.4.2. [Maz8] Inequality (10.4.4) is true if and only if the func-
tions R and P satisfy (10.4.3).

Proof. We need to prove only the necessity. Let x be a fixed point in R™, let
Xz be the characteristic function of the ball B;i(x), and let K be the cube
{z e R": |x;] < 1,1 <i<n}. We define a family of functions {u. } by

Rxs
Fuer = (FEge)s
Ue,h |P]24+¢/n

where (¢);, is the mollification of ¢ with radius h and € is a positive number.
Clearly, u. p, € S and it can be put into (10.4.4). We then have

. PR
i | PD)ue i, = |y 2 Ba(e)

(10.4.5)

2

LZSH(PQ%;Bl(I)’ .
On the other hand,

[1R(D)ue,n; KL, = ¢l[¢* RFucpllL,
where

(€)= [[ &' siné.

1<i<n

Therefore

IR(DYuen: K|, > /
Bi(x)

2
[t = mRO)Fuen) o) |
The right-hand side tends to

2
Bi(x) ' JBi(x)

[P(n)]? +¢
as h — 0. Here |£ — 1| < 2 and consequently (€ —n) > const > 0. We arrive
at the inequality

R(n)|?d
liglniOanR(D)uE’h;KHLzzc/ B[ dn (10.4.6)

B IPMF+e°
Now, from (10.4.4) for u. j and from (10.4.5) and (10.4.6) we obtain
IR(IPP + )"V Bz, < c.

Passing to the limit as ¢ — 0, we get (10.4.3). O
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Schrodinger Operator and M ('w% — Wy 1)

11.1 Introduction

The results presented in this chapter were obtained in [MV2]. Here a charac-
terization is given for the class of measurable functions (or, more generally,
real- or complex-valued distributions) V' such that the Schrodinger operator
H = —A +V maps the energy space ws(R") to its dual wy '(R™). Simi-
lar results are obtained for the inhomogeneous Sobolev space W3 (R™). In
other words, a complete solution is given to the problem of the relative form-
boundedness of the potential energy operator V' with respect to the Laplacian
—A, which is fundamental to quantum mechanics. Relative compactness cri-
teria for the corresponding quadratic forms are established as well. Analogous
boundedness and compactness criteria for Sobolev spaces on domains 2 C R"”
are obtained under mild restrictions on 0f2.

The abovementioned mapping property of H is equivalent to the classical
inequality

[ u@P V) do

< C/ |Vu(z)|*dz, ue C5eR™), (11.1.1)
Rﬂ,

holding. Here the “indefinite weight” V' may change sign, or even be a complex-
valued distribution on R™, n > 3. (In the latter case, the left-hand side of
(11.1.1) is understood as | < Vu,u > |, where < V-, - > is the quadratic
form associated with the corresponding multiplication operator V.) We also
characterize an analogous inequality for the inhomogeneous Sobolev space
W(R"™), n > 1:

/n ()2 V (2) da

<C Rn[\Vu(x)P + |u(x)*dz, ue CPR™). (11.1.2)

Such inequalities are used extensively in the spectral and scattering theory
of the Schrédinger operator H = Hg + V', where Hy = —A is the Laplacian

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 391
Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009
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on R™. In particular, (11.1.2) is equivalent to the concept of the relative
boundedness of V' (potential energy operator) with respect to Hy in the sense
of quadratic forms.

It follows from the polarization identity

=~ (lu+v® — ju—v]* —ilu—iv]* +iju + iv|?) (11.1.3)

|

that (11.1.1) can be restated equivalently in terms of the sesquilinear form
< Vu,v > as
| < Vu,v>|<C|Vullr, VY| L,, (11.1.4)

for all u,v € C§°(R™). In other words, it is equivalent to the boundedness of
the operator H = Hy + V/,

H: wy(R") — wy ' (R"), n>3. (11.1.5)

Here the energy space w3(R™) is defined as the completion of C§°(R™) with
respect to the norm ||Vul|r,, and w; *(R") is the dual of w}(R™). Simi-
larly, (11.1.2) means that H is a bounded operator which maps W3 (R") to
Wy HR™), n > 1.

Note that (11.1.4) means that the distribution V' belongs the space of
multipliers M (w3(R™) — w, *(R™)).

Before stating the main results we note that we use some expressions
involving pseudodifferential operators, e.g. VA~ or (—=A)~'/2, which will be
defined in the main body of this chapter.

As before, R™ will be omitted in notations of norms and integrals.

Theorem 11.1.1. Let V be a complezx-valued distribution on R™, n > 3. Then
Ve M((wy — wy'), i.e. (11.1.1) holds, if and only if V is the divergence of
a vector field T' : R™ — C" such that

/\u(az)|2 D (@) de < C’/|Vu(a:)|2dm, (11.1.6)

where the constant is independent of uw € C§°. The vector field I € Ly joc can
be chosen as T = VA~V

Equivalently, the Schrédinger operator H = Hy+V acting from ws to w2_1
is bounded if and only if V.= divT with T subject to (11.1.6). Furthermore,
the corresponding multiplication operator V : w} — wgl is compact if and

only if V. =divT, where I is such that the embedding
wy C Ly(|TJ)
18 compact.

Obviously, (11.1.6) means that T' € M(wl — Lj). Recall that the last
space was discussed in Sect. 2.8.



11.2 Characterization of M (w3 — wy ) and the Schrédinger Operator on w3 393
We remark that once V is written as V' = div I, the implication
(11.1.6) = (11.1.1)

becomes trivial. It follows using integration by parts and the Schwarz inequal-
ity (compare with Sect.2.5, where a similar argument was used to obtain
sufficient conditions for the inclusion into M (W;" — Wp’k)).

On the other hand, the converse statement (11.1.1)==-(11.1.6), where
I' = VA~V is rather delicate. Its proof is based on a special factorization
of functions in wi involving powers P}S( of the equilibrium harmonic potential
Pk associated with an arbitrary compact set K C R™ of positive Wiener’s
capacity. New sharp estimates for P}S(, where ultimately ¢ is picked so that
1 <25 <n/(n—2), are established in a series of lemmas and propositions in
Sect. 11.1.22. One also makes use of the fact that standard Mikhlin-Calderon-
Zygmund operators are bounded on Lo with a weight PJ, and the correspond-
ing operator norm bounds do not depend on K.

We now briefly outline the contents of this chapter. In Sect.11.2 we de-
fine the Schrodinger operator on the energy space wi, and characterize the
basic inequality (11.1.1). The compactness problem is treated in Sect.11.3.
Analogous results for the Sobolev space W4 are obtained in Sect. 11.4, while
Sect. 11.5 is devoted to similar problems on a domain {2 C R™ for a broad
class of (2, including those with Lipschitz boundaries.

11.2 Characterization of M (w} — w5 ")
and the Schrédinger Operator on w,

In this section, we assume that n > 3, since for the homogeneous space w3 (R™)
our results become vacuous if n = 1 and n = 2, (11.1.1) then implying that
V = 0. (Analogous results for inhomogeneous Sobolev spaces W4 (R") are
valid for all n > 1; see Sect. 11.4 below.)

For V € (C§°)’, consider the multiplication operator on C§° defined by

<Vu,v>:=<Vav>, u, v e Cp°, (11.2.1)

where < -, - > represents the usual pairing between C§° and its dual (C§°)’.
Elements of wi(R"), for n > 3, are weakly differentiable functions u €
L 2n (R") whose first-order weak derivatives lie in Ly(R"). By Hardy’s in-

equality, an equivalent norm on wj is given by

2

fullg = | [ ol o) + V)

If the sesquilinear form < V -, - > is bounded on w} x w; *:

| <Vu,v>|<c|Vullz, [Voll,, uveC, (11.2.2)
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where the constant ¢ is independent of v and v, then Vu € ws ! and the
multiplication operator can be extended by continuity onto w}. As usual, this
extension is also denoted by V.

Note that the least constant ¢ in (11.2.2) is equal to the multiplier norm:

||VHM(u;§—>w;1) = sup { ||Vu||w;1 : Hun% S 1’ u € Cgo}

For V. € M(w} — wy'), we extend the form < V,wv > defined by the
right-hand side of (11.2.1) to the case where both u and v are in wi. This can
be done by letting

<Vu,v>:= lim <Vuy, vy >,
N—o0

where
T T . 1
u= lim uy, and v= lim vy in w;

N—o00 N—o00
with uy, vy € C(()xz
We now state the main result of this section for arbitrary (complex-valued)
distributions V. By L 1oc = L2,16c®C™ we denote the space of vector-functions
I'=(I1,...,I,) such that I; € Lojoe, i = 1,...,n.

Theorem 11.2.1. Let V € (C§°)'. Then V. € M(w) — wy '), i.e., the in-
equality

| <Vu,v>|< c||u||w% ||v|\w% (11.2.3)
holds for all u,v € C§°, if and only if there is a vector field I' € Ly oc such
that V = divT, and (11.1.6) holds for all uw € C§°. The vector field T' can be

chosen in the form
r=va'v

Proof. Suppose that V' = divI', where T satisfies (11.1.6). Then using inte-
gration by parts and the Schwarz inequality we obtain:

|[<Vuv>|=|<V,av>|=|<T,vVa>+<T,aVov > |

<00, [IVallz, + [TPulle, [Vollz, < 2VC [V, [VollL,.,

where C' is the constant in (11.1.6). This completes the proof of the “if” part
of Theorem 11.2.1.

The proof of the “only if” part of Theorem 11.2.1 is based on several
lemmas and propositions.

In the next lemma, we show that ' = VA~V ¢ L3 1oc, and give a crude
preliminary estimate of the rate of its decay at infinity.

Lemma 11.2.1. Suppose that

Ve M(wy — wyt). (11.2.4)
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Then
I'=VA 'V €Ly

and
V =divDl in (C5°).

Moreover, for any ball Br(zo) (R > 0) and € > 0,

/ D)2 dz < Cn, &) R™=2+< V|2 (11.2.5)
Br(zo)

M(wl—w; ')’

where R > max{1, |xo|}.
Proof. Suppose that V' € M (w} — wy '). Define the vector field T' € (C§°)’ by
<T,¢p>=— <V, A ldive >, (11.2.6)
for every ¢ € C5° ® C". In particular,
<I,VY>= —<V 9>, Y e Cy°, (11.2.7)

ie, V=divIin (C§°).

We first have to check that the right-hand side of (11.2.6) is well-defined,
which a priori is not obvious. For ¢ € C§° @ C", let w = A~1ldiv ¢, where
— A7l f = I f is the Newtonian potential of f € C§°. Clearly,

w(z) =O0(|l2z['™") and |[Vw(z)]| =0 (z[™") as |z — oo,

and hence
w = A"'dive € wi N C™.

We will show below that w = wwv, where u is real-valued, and both u
and v are in wg N C*°. Then, since V€ M(ws — wy '), it follows that
<V, w>=<Vu, v > is defined through the extension of the multiplication
operator V as explained above.

For our purposes, it is important to note that this extension of < V, w >
to the case where w = v, and u,v € wi N O, is independent of the choice of
factors u and v. To demonstrate this, we define a real-valued cutoff function

nv(z) =n(N"z[), where neC™(Ry),

so that n(t) = 1 for 0 < ¢ < 1 and n(t) = 0 for ¢ > 2. Note that Vny is
supported in the annulus N < |z| < 2N, and |Vny(z)| < c|z|~L. It follows
easily (for instance, from Hardy’s inequality) that

1\}51100 ||77Nu_u||w% 207 u € ’LU%

Then letting
uy =nyu and vy =nNv,
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so that Ty vy = 7%, w, we define < V, w > explicitly by setting:

<Viw>:= lim <Vuy, vy >= lim <V,77]2Vw>.
N—o0 N —oo

This definition is independent of the choice of  and the factors u, v. Moreover,
| <Vow> | < Cinf{llulluy ol : w=a0; w0 € whn O},

where
C =Vl sy —wyzty-

2

Now we fix € > 0 and factorize:
w(z) = A N div o(x) = u(z) v(x),
where

_n—2+e n—2+e

u(z) = (1+[z[*) "% and wv(z)=(1+[z[*)" 5 A 'dive(z). (11.2.8)

Obviously, u € wi N C*, and
[ullwy = c(n, €) < oo.

It is easy to see that v € wiNC™ as well. Furthermore, the following statement
holds.

Proposition 11.2.1. Suppose that ¢ € C, and supp ¢ C Br(xo). Let v be
defined by (11.2.8), where 0 < € < 2. Then

n—24e

”U”w% < C(TL, G)R 2 H¢||L27 (1129)

for R > max{1, |zo|}.
Proof. Since ¢ is compactly supported, it follows that
A div (2)| < e(n) 1 |$l(z), @€ R,

Hence
n—2+e

c(n, €) [vlly < 11+ |2*) 5 V A7 div ()|

n—4+4e

HI+ 12?7 Lol (@) 2.

Note that V A~!div is a Mikhlin-Calderon-Zygmund operator, and that the
weight

n—2+e

w(@) = (1+af?)*

belongs to the Muckenhoupt class A; if 0 < € < 2 (see [CF]). Applying the
corresponding weighted norm inequality, we have:

n—24e

11+ ) VAT iy ¢(2) |z,
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n—2+e

< c(n, ) (1 + o)

(@) | .- (11.2.10)
The other term is estimated by the weighted Hardy inequality:

n—4d+e

[l 0+ o) a

n—2+e

gc(n,e)/|¢(x)|2(1+|x|2) 2 dx. (11.2.11)

Clearly,

n—24e n—2+e

11+ [2*) 5 @(@) L, < c(ne) R @]l L,
Hence, combining (11.2.10), (11.2.11), and the preceding estimate, we obtain
the desired inequality (11.2.9). The proof of Proposition 11.2.1 is complete. O

Now let us prove (11.2.5). Suppose that ¢ € C*° ® C", and supp ¢ C
Br(zp). Then by (11.2.6) and Proposition 11.2.1,

<T 6> =1 <V uwv> < Vg g [0l
n—24e
< C1) R WV lysug iy 18] (11.212)

Taking the supremum over all ¢ supported in Bg(xo) with the unit Lo-norm,
we arrive at (11.2.5). The proof of Lemma 11.2.1 is complete.

It remains to prove the main estimate (11.1.6) of Theorem 11.2.1. For this
aim, it suffices to establish the inequality

/\r(x)ﬁ dz < c(n) ||V||§M(w%w2_1) canle), (11.2.13)

for every compact set e C R™. Notice that in the special case e = Br(xg), the
preceding estimate gives a sharper version of (11.2.5):

/B @R < O R VI s 20 €BY B0
RrR(To

Without loss of generality we assume that co 1(e) > 0; otherwise mes,e=0,
and (11.2.13) holds. Denote by P(x) = P.(z) the equilibrium potential on e.
It is well known that P is the Newtonian potential of a positive measure which
gives a solution to several variational problems. This measure v, is called the
equilibrium measure for e.

We list some standard properties of v, and its potential P.(x) = Ihv.(x)
which will be used below:

(a) supp Ve C €;

(b) P.(zx)=1 dv,—a.e,;

(c) ve(e) = ca1(e) > 0;

(d) IVP.|7, = caa(e);

(e) sup P.(z) < 1. (11.2.14)

reR™
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The rest of the proof of Theorem 11.2.1 is based on some inequalities
involving the powers P,(x)® which are established below.

Proposition 11.2.2. Let 6 > % and let P = P, be the equilibrium potential
of a compact set e of positive capacity. Then

)
VP, = ——/ . 11.2.15
H ||L2 \/ﬁ 02,1(6) ( )

Proof. Clearly,
/\VP(Q:)AFdaz: 5 /\VP(QU)FP(QU)%_de. (11.2.16)

Using integration by parts, together with the properties —AP = v, (under-
stood in the distributional sense) and P(z) = 1 dv.-a.e., we have

/|VP(,’I:)‘2P(I‘)2(S_2 dxr = /VP(x) . VP(x) P(x)26_2 da

= /P(z)%ﬂ dve — (20 — 2) /|vp(z)|2 P(z)%2 dz

=co,1(e) — (26 — 2) / |VP(x)> P(z)*~2 dx.

The integration by parts above is easily justified for § > % by examining the
behavior of the potential and its gradient at infinity

cr|z*7" < Plx) < e a7,
|VP(z) = O (|z]*™™), as |z|— oc. (11.2.17)
It follows from these calculations that

(25— 1) /|vp(gg)|2 P@)? 2 dz = ca1(c).

Combining this with (11.2.16) yields (11.2.15). The proof of Proposition
11.2.2 is complete. a

Remark 11.2.1. For § < %, it is easy to see that V.P? ¢ L.
In the next lemma we demonstrate that |Vov|r, is equivalent to the
weighted norm [P~V (vP%)]|L,.

Lemma 11.2.2. Let § > 0, and let v € wi. Then

dx
P(x)2 < (0+1)(46+1) ||V’U||2L2. (11.2.18)

IVol2, < / V(0 PP) ()
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Proof. Without loss of generality we may assume that v is real-valued. We
first prove (11.2.18) for v € C§°. The general case will follow using an approx-
imation argument. Clearly,

[ 196 PY@)F Fis = [ 1Vota) +30(e) VPl Pla) P da

:/IVv(w)IdeMQ/v(w)”v;é))d +25/W . VP(x )P((i)) dz.

Integration by parts and the equation —AP = v, (understood in the distrib-
utional sense) give

2 [ 90 0P 8D i = [ (o 2ol s [ oo TEEL

Using this identity, we rewrite the preceding equation in the form

/|v (v P)(z P;ffz | /|Vv(a:)|2dx

x)|? Velx
+6(6+1) /v(m)2 de +5/U(x)2 dp(i)). (11.2.19)

The lower estimate in (11.2.18) is now obvious provided the last two terms on
the right-hand side of the preceding equation are finite. They are estimated in
the following proposition, which holds for Newtonian potentials of arbitrary
(not necessarily equilibrium) positive measures.

Proposition 11.2.3. Let w be a positive Borel measure on R™ such that
P(x) = Lw(x) # co. Then the inequalities hold:

VP(x)|? o
/U(x)2 |P(§:))|d <4||Vulli,, ve sy, (11.2.20)
and do(z)
2 GWlT 2 oo
/v(x) Pla) < [[Vullz,, v e Cg°. (11.2.21)

Proof. Suppose that v € C§°. Then A = supp v is a compact set, and obviously

inf P(z) > 0.
z€A

Without loss of generality we may assume that VP € L joc, and hence the
left-hand side of (11.2.20) is finite. (Otherwise we replace w by its convolution
with a compactly supported mollifier: w; = w * €, and complete the proof by
applying the estimates given below to P(x) = lLhw:(z), and then passing to
the limit as t — o0.)
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Using integration by parts together with the equation —AP = w as above,
and applying the Schwarz inequality, we get

, [VP()? plo@) o )
[ Pl + [ v P(x)‘z/v” VP By

<2 (/v(m)Q%dx); </|W(gc)|2d:c>é

for all v € C§°. The preceding inequality obviously yields both (11.2.20) and
(11.2.21). This completes the proof of Proposition 11.2.3. O

Remark 11.2.2. The constants 4 and 1 respectively in (11.2.20) and (11.2.21)
are sharp. Indeed, if w is a point mass at @ = 0, it follows that P(x) =
c(n) |z|>~™. Hence, (11.2.20) boils down to the classical Hardy inequality

dz
)2 2 oo
/\U )| |x|2 Sz 2) /|Vu( ) dx, we C5°, (11.2.22)

with the best constant 4/(n — 2)?. To show that the constant in (11.2.21) is
sharp, it suffices to let w = v, for a compact set e of positive capacity, so that
P(z) =1 dw-a.e. and v.(e) = cg,1(e), and then minimize the right-hand side
over all v > 1 on e, where v € C§°.

We now complete the proof of Lemma 11.2.2. Combining (11.2.19) with
(11.2.20) and (11.2.21) (with v, in place of w), we arrive at the estimate

dx
P(x)%

2 s 2 2
Vollz, < /IV(UP )(@)] < (04 DM+ 1) Vo[,
for all v € C§°.
To verify this inequality for arbitrary v in w3, let
v= lim vy
N —oc0
both in wi and dz-a.e. for vy € C§°. Now put vy in place of v in (11.2.20)

and let N — oo. Using Fatou’s lemma, we see that (11.2.20) holds for all
v € w}. Hence

. 2 9P
Jim, [ fov(e) =060 S s =0
and consequently
. dx . VP(z)
8 2 = ?
A}E)noo |V (vx P?)(z)| P () = ]\}E)noo [Vun (z) + dvn(x) P(x) |“dx



11.2 Characterization of M (w3 — wy ) and the Schrédinger Operator on w3 401

- /WU@?) + dv(z) VPIES)IQCZ:JS :/|V(v PO (z)|? Pi&éx)'

Thus, the proof of the general case is completed by putting vy in place of v
in (11.2.18), and letting N — oo. The proof of Lemma 11.2.2 is complete. O

Remark 11.2.53. In what follows only the lower estimate in (11.2.18) will be
used, together with the fact that

1P~V (0P°)||, < o0
for every v € wi.

In the next proposition, we extend the equation < V, w >= — < I', Vw >
to the case where w = uv, where both u and v lie in w3, are locally bounded,
and have a certain decay at infinity.

Proposition 11.2.4. Suppose that V € M(wg — wy '), and T = VA~V €
Lo joc is defined as in Lemma 11.2.1. Suppose that w = uv, where u, v € w3},
and

lu(z)| < C A+ |z[H)7P2, |u@)| <C+|z?)7F?2 zeR" (11.2.23)

for some B> (n—2)/2. Then I' - Vw is integrable, and
<V,w>= —/1" -Vw(z) dz. (11.2.24)

Proof. Clearly,

vl ( | |r<sc>|2u<sc>|2daﬂ)é ([ 1veor i)
+ (/r(gc)|2|v(x)|2dgc)é </|Vu(x)|2dx)é.

To show that the right-hand side is finite, note that, for every ¢ > 0 and
R>1,

/ IT(2)|* de < C R, (11.2.25)

lz|<R

by Lemma 11.2.1. It is easy to see that the preceding estimate yields
/|1"(:E)|2 (1 + |z*) 7P dx < oo, (11.2.26)

for B > (n —2)/2. Indeed, pick € € (0, 23 — n + 2), and estimate

[ir@pras ) e s [

|z|<1

PPdes [ PGPl do

Jz[>1
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<c1+cy / </ |I‘(;p)|2 dl‘) 7»72[-}71 dx
1 |z|<r

o
<er + 02/ 3720 4y < .
1

From this and (11.2.23) it follows that

/|I‘(m)|2|u(x)|2dm < 00, /|I‘(x)|2\v(x)|2 dzr < oo.

Thus I' - Vw is integrable.

To prove (11.2.24), we first assume that both u and v lie in w3 N C>°, and
satisfy (11.2.23). Let ny(x) be a smooth cutoff function as in the proof of
Lemma 11.2.1. Let uy = ny v and vy = ny v. Then by (11.2.7),

<V, unvny >= —/F . V(ﬂN @N)(.’L') dx

:—/I‘-VﬂN(x)T)N(x)da:—/I‘-V@N(x)a]v(x)dx.

Note that
0<nv@) <1 and [Viy(o)| < Clal ™,

which gives
T Vay (2) oy ()| + [T - Vay (z) on (2)] < C[T(2)] (Ju(@)] jo(z)||z]~"

HVu(@)|v(z)] + [Vo(@)[[u)])-

Since v € w}), it follows from Hardy’s inequality (or directly from (11.2.23))
that |v(x)||z| ™! € La. Applying (11.2.26) and the Schwarz inequality, we con-
clude that the right-hand side of the preceding inequality is integrable. Thus
(11.2.24) follows from the dominated convergence theorem in this case.
It remains to show that the C'°° restriction on u and v can be dropped.
We set
Up = UK Ppy  Up = VK Py,

where ¢,.(z) = r~" ¢(x/r). Here ¢ € C° is a C°°-mollifier supported in B;
such that 0 < ¢(z) < 1. It is not difficult to verify that w, and v, satisfy
estimates (11.2.23). Obviously,

|ur ()] = |u* ¢r(z)] < Mu(z),

where M is the Hardy—Littlewood maximal operator. We can suppose without
loss of generality that (n —2)/2 < 8 < n in (11.2.23). Notice that, for 0 <
6 <n,

/\/1(1—|—|av|2)_5/2 SC’(1+|m|2)_5/2, r € R™
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Hence,
lur(z)| < Mu(z) < C(1 + |z|?) /2, z € R, (11.2.27)

where C' does not depend on r, and a similar estimate holds for v.
We also need the estimate

[Vu,(z)| = |Vu* ¢r(z)] < M|Vu|(z). (11.2.28)

As was shown above,
<V, upv, >= — /I‘ - Vi, (z) v (x) de — /1" -V, (x) ,(x) de.

Moreover, by (11.2.27) and (11.2.28) we have
T Vi, (2)v,.(z)] + |T' - Vi, (z) ()]

< OIT(@)|(1 + |2*) 72 (M| Vul(z) + M|V|(x)).

Since u, v € wi, and M is a bounded operator on Ly, it follows that M|Vu|
and M|Vu| lie in Ly. Applying (11.2.26) again, we see that the right-hand
side of the preceding inequality is integrable. Thus, letting » — 0, and using
the dominated convergence theorem, we obtain

<V,w>= 71-i_>r%< V, upv, >= —/I‘-Vw(x)dx,
which completes the proof of Proposition 11.2.4. a
Now we continue the proof of (11.2.13). Suppose that
Ve M(wy —wyt),
i.e., the inequality
<V 0> [ < IVt [l ol

holds, where u,v € wi.
Let ¢ = (¢1,...,¢n) be an arbitrary vector field in C§° ® C", and let

w=A""dive = —Idiv ¢, (11.2.29)

so that
¢=Vw+s, divs=0.

Note that w € wi N C*, since

w(z) =O(|z[*™™) and |Vw(z)|=0(z|™™) as || —oco. (11.2.30)
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Now set
w(z)

P(z)°
where P(z) is the equilibrium potential of a compact set e C R"”, and 1 <
20 <n/(n—2).

By (11.2.14) and (11.2.17) we have

u(z) = P(z)° and wv(z) = (11.2.31)

0<P(x)<1 for all z eR"

and
P(z) <clz]*™™ for |x| large.

Hence
|P(2)° < C (1 + [af?) 0022,

Since 8 = d(n —2) > (n —2)/2, it follows that u satisfies (11.2.23).
To verify that (11.2.23) holds for v = w P~°%, note that

ir&f P(z) >0
for every compact set K, and hence by (11.2.17)
P(z)™ < O (1+[af?)*" /2.
Combining this estimate with (11.2.30), we conclude that
[o(2)] < O (1 +[af?) P72,

where § = —0(n—2)+n—1> (n—2)/2.
By Proposition 11.2.2 and Lemma 11.2.2 both u and v lie in wi. Now
applying Proposition 11.2.4, we obtain

<Vu,v>=<V, w>= —/F-Vw(x)dx

‘/I‘~Vw(x)da:

By Lemma 11.2.2,

IVol2, < /\v 0P i /|Vw ) < .

Applying this together with Proposition 11.2.2, we obtain the estimate

‘/I‘~V1I)(x) dx
X (/|Vw($)|2 %)é. (11.2.32)

Hence,

1
< CO) IV gyt oy €2 ()
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To complete the proof of Theorem 11.2.1, we need one more estimate which
involves powers of equilibrium potentials.

Proposition 11.2.5. Let w be defined by (11.2.29) with ¢ € C3° @ C™. Sup-
pose that 1 < 20 < n/(n —2). Then

dz
/|Vw ) < C(n,?) /|¢ W (11.2.33)

Proof. Note that Vw is related to ¢ through the Riesz transforms R;, j =
1,...,n ([St2]):

Vw={Y RjRi¢r}, j=1,....n
k=1

Since R; are bounded operators on Lo(p) with a weight p in the Muckenhoupt
class A3(R™) ([CF], [St3]), we have

IVwllz,0) < Cll Dl La0)

where the constant C' depends only on the Muckenhoupt constant of the
weight.
Let p(z) = P(x)~2°. It is easily seen that

inf P(z) >0

rEK
for every compact set K, and hence P(x)™2° € L 1oc(R"). It was proved
n [MV1] that P(z)?° is an Aj-weight, provided that 1 < 26 < n/(n — 2).
Moreover, its Muckenhoupt constant depends only on n and 4, but not on the
compact set e. (See [MV1], p. 95, the proof of Lemma 3.1 in the case p = 2.)
Clearly, the same is true for p(z) = P(2)~2%. This completes the proof of
Proposition 11.2.5. a

Now we are in a position to complete the proof of Theorem 11.2.1. Recall
that from (11.2.7) and Proposition 11.2.4 it follows that

<Kw>:—/PVMMM:f/F$@Mz

Using (11.2.32) and Proposition 11.2.5, we obtain

fr 0

for all ¢ € C5° ® C", and hence for all ¢ € Ly joc.
Let us pick R > 0 so that e C Bg. Letting ¢ = x5,, P2’ T in the preceding
inequality, we conclude that

< C8) IV ]| g ag sy €21 (€ %<|¢$ >

I
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[NIE

</B ID(x)[2 P(2)% (z) da:>2 < C(1,0) [V pp g -z €2,1(€) 2.

Since P(x) > 1 dx-a.e. on e (actually P(z) = 1 on e\F, where E is a polar
set, i.e., co1(E) = 0), it follows that

/|F(g;)|2 dx < C(n,d)? HVH?M(w%—)w;l) ca1(e).
.

Thus, (11.2.13) holds for every compact set ¢ C R™, and hence this yields
(11.1.6). The proof of Theorem 11.2.1 is complete. O

We now prove an analogue of Theorem 11.2.1 formulated in terms of
(—A)~12y.

Theorem 11.2.2. Under the assumptions of Theorem 11.2.1, it follows that
Ve M(wy — wyt)

if and only if
(=A)"YV2V € M(ws — Ly).

Proof. By Theorem 11.2.1, VA7V € Ly 0. is well defined in terms of distri-
butions. We now have to show that (—A)~'/2V is also well defined.

Since VA~V lies in M(w} — L) ® C", it follows from Corollary 3.2 in
[MV1] that the Riesz transforms R; (j =1,...,n) are bounded operators on
M (w} — Lg). Hence

(—4)7?V = {Rjhi<j<n

is a bounded operator from M(w} — L) to M(w) — Ly) ® C". Then
(—A)~1/2V can be defined by

(—A)" VPV = (- Py v ATV

as an element of M (w3 — Lg). The proof of Theorem 11.2.2 is complete. O

Remark 11.2.4. It is worthwhile to observe that the “naive” approach is to
decompose V' into its positive and negative parts: V = V. — V_, and to
apply the criteria in Sect. 1.2 to both V; and V_. However, this procedure
drastically diminishes the class of admissible weights V' by ignoring a possible
cancellation between V and V_. This cancellation phenomenon is evident for
strongly oscillating weights considered below.

Ezxample 11.2.1. Let us set

V(z) = ||V 2 sin (|z|Y), (11.2.34)
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where N is an integer, N > 3, which may be arbitrarily large. Obviously,
both V4 and V_ fail to satisfy (11.1.1) due to the growth of the amplitude at
infinity. However,

V(z)=divI(z)+ O (|z|7?), where TI(z)= —

X N

By Hardy’s inequality (11.2.22) with n > 3, the term O (|z|=2) in (11.2.35) is
harmless, whereas T clearly satisfies (11.1.6) since |T'(x)|? < |#|~2. This shows
that V' is admissible for (11.1.1), while |V is obviously not. Similar examples
of weights with strong local singularities can easily be constructed.

11.3 A Compactness Criterion

In this section we give a compactness criterion for V€ M (w3 — w,'). Denote
by M(w — wy 1) the class of compact multiplication operators acting from
w3 to wy ' Obviously,

M(w} — wy') € M(wj — wy "),
where the latter class was characterized in the preceding section.
Theorem 11.3.1. Let V € (C§°) and n > 3. Then
Ve M(ws — wy?)

if and only if
V =divT, (11.3.1)

where T' = (I, ..., I},) is a vector field such that
FiEM(w%—)LQ), 1=1,...,n.

Moreover, T' can be represented in the form VAV, as in Theorem 11.2.1.

Proof. Let V be given by (11.3.1), and let u belong to the unit ball B in wl.
Then
Vu=div(ul')-T-Vu. (11.3.2)

The set
{div(uT) : v e B}

is compact in w; ' because the set

{uT : u e B}
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is compact in w; '. The set {T'-Vu : u € B} is also compact in w; since the

set {|Vu| : u € B} is bounded in Ly, and the multiplier operators I}, being
adjoint to I (i =1,...,n), are compact from Lo to w;l. This completes the
proof of sufficiency of (11.3.1).

We now prove the necessity. Pick F' € C*°(R.), where F(t) =1 for t <1
and F(t) = 0 for t > 2. For zyp € R", 6 > 0, and R > 0, define the cutoff
functions

2500 (T) = F(671|z —xo|), and E&gr(x)=1-— F(R71|x|).
Lemma 11.3.1. If f € w; ', then

lirr(l) sup ||#s,, f||w2—1 =0, (11.3.3)

—0 z4eRn

and
Jim_ [l £,z = 0. (11.3.4)

Proof. Let us prove (11.3.3). The distribution f has the form f = div ¢, where
¢ = (¢1,...,¢n) € La. Hence,

55,30 [ = div (55,20 @) — O Vits o, .

Clearly,
1520 flluwy < 15520 |@ L, + OV 5520 - Dl L,

< c|[|l; Bas(wo) | .-

This proves (11.3.3). Since (11.3.4) is derived in a similar way, the proof of
Lemma 11.3.1 is complete. a

Lemma 11.3.2. If V € M (w} — wy'), then

lim  sup [[25.20 V|7 (w1 —wz1y) =0, (11.3.5)
§—0 20 ER™ 2 2
and
T €8Vl iy gt = O (11.3.6)

Proof. Fix € > 0, and pick a finite number of fi € wgl such that
IV u— fk”w;l <€

for k =1,...,N(e), and for all u € B, where B is the unit ball in wi. Note
that by Hardy’s inequality

sup (13,0 | a (i gty < € < 00
zoER™,5>0
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Next,
155,20 V tullyzt < 5520 (V= i)l st + 1500 fll
< cet [0 frll -
Hence,
155,20 | pt (wy gty < €+ 115520 filluy -

By Lemma 11.3.1, this gives (11.3.5), and the proof of (11.3.6) is quite similar.
The proof of Lemma 11.3.2 is complete. O

We can now complete the proof of the necessity part of Theorem 11.3.1.
Suppose that )
Ve M(wy— wyth).

By Theorem 11.2.1,
VAT R V) I mrwi—r2) < l€r VInr(wi—1,)-

By the preceding estimate and (11.3.6),
Jim IV AT ER V) I m(wi—10) = 0

Hence we can assume without loss of generality that V' is compactly supported,
e.g., supp V C B;. To show that

T =VA™'VeMws— L),

consider a covering of the closed unit ball By by open balls By (k=1,...,n)
of radius \/nd centered at the nodes xj of the lattice with mesh size §. We
introduce a partition of unity ¢, subordinate to this covering and satisfying
the estimate |V ¢| < ¢d7!, so that supp ¢y C Bj, where B} is the ball of
radius 2/n § concentric to By. Also, pick ¢y, € C5°(B;), where

eV = ¢, and |V <cd

‘We have
N(5) N(5)
VAV =3 VA V)= VAbrurV)
k=1 k=1
N(6) N(5)
=3 wVA@GY)+ D VA, iV,
k=1 k=1

where [A, B] = AB — B A is the commutator of the operators A and B.
Since the multiplicity of the covering
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N(9)
U B
k=1
depends only on n, it follows that
N(9)

v A \%4 H <c(n sup vV A Ml - o
H; wVAGV| s s I A6 i )

The last supremum is bounded by

which is made smaller than any e > 0 by choosing ¢ = d(¢) small enough.
It remains to check that each function

D= [VA Yr]op V

is a compact multiplier from wi to Ly, k = 1,...,n. Indeed, the kernel of the
operator V. — [V A, ¥y ] ¢ V is smooth, and hence

[Pr(2)] = ([VA, ¥e] o V)(@)] < er (14 |2)) 7" (|65 VI,

< ek L+ 12) ™ IV Iy (g oy ) 190 llwg < Cr (14 J2])1 77,

—wy

where the constant C} does not depend on z. Since n > 2, this means that
the multiplier operator @, : w} — Ly is compact. The proof of Theorem
11.3.1 is complete. ad

Remark 11.5.1. The compactness of the multipliers I; : w} — Lg, where
i=1,...,n, is obviously equivalent to the compactness of the embedding

wy C Lo(|T?). (11.3.7)
An analytic characterization of this property is equivalent to the inequalities

/\I‘|2dx
lim sup €L =

6—0 {e:diam(e)<5} C2.1 (6)

[

|2
lim sup “&——
p—00 ocrm\B, C2,1(€)

0,

dx
=0

(see [Maz2] and [Mazl15], § 2.5).
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11.4 Characterization of M (W} — W, ")

In this section, we characterize the class of multipliers V : W — W5 ' for
n > 1. Here W, ' = (W3, the dual of WJ. Let J, (0 < a < 400) denote
the Bessel potential of order a.. Every u € W3 can be represented in the form
u = Jyg, where
cllglle, < llullwy < callgllz,.

(See [St2].)

Let S denote the Schwarz space of infinitely differentiable functions on R™
and &’ its dual. We say that V € S’ is a multiplier from W3 to W, ' if the
sesquilinear form defined by

<Vu,v>=<Vav >
is bounded on W3 x W
| <Vu,v>|<clullw lvllwg, uveS, (11.4.1)

where the constant ¢ is independent of w and v in Schwartz space S. As in
the case of homogeneous spaces, the preceding inequality is equivalent to the
boundedness of the corresponding quadratic form; i.e., it suffices to verify
(11.4.1) for u = v.

If (11.4.1) holds, then V defines a bounded multiplier operator from W3
to Wy b, (Originally, it is defined on S, but by continuity is extended to W)
The corresponding class of multipliers is denoted by M (W3 — Wy 1).

Since I — A: Wi — Wy ! is a bounded operator, it follows that

VeMW, — Wyt
if and only if the operator
(I—A)+V: W) — Wyt

is bounded.
If V is a locally finite complex-valued measure on R™, then (11.4.1) can
be rewritten in the form

< cllullwg llvllwg (11.4.2)

‘/m@wmwu)

where u, v € S.
We now characterize (11.4.2) in the general case of distributions V.

Theorem 11.4.1. Let V € S'. ThenV € M(Wy3 — W, ') if and only if there
exist a vector field T' = {I,...,I,} € Lojoe and Iy € Lo joc such that

V =divl + I, (11.4.3)
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and
/|u(m)|2 L@ de < CllulZyy,  i=0,1,...,n, (11.4.4)

where C' does not depend on u € S.
In (11.4.3), one can set

F=-V({I-A)7'V, and Iy=(I—-A4) "'V (11.4.5)

Proof. Suppose that V is represented in the form (11.4.3), and (11.4.4) holds.
Then using integration by parts and the Schwarz inequality, we have

|<V,av>|=|<I,oVi>+<T,aVv >+ < Iy av>|
< |Poflw, [Vullz, + [ITulle, [[Vollz, + [[Toullz, o]z,

< 3VC |lullwg [[v]lw;

where C' is the constant in (11.4.4). This proves the “if” part of Theorem
11.4.1.

To prove the “only if” part, define I' = {I7,...,I},} and Iy by (11.4.5).
Then, for every j = 0,1,...,n, we have I'; € Lg oc, and the following crude
estimate holds:

. 2 < n—2+e 2 4.
/BR(%) (@) 2 da < O, €) R VI, o, (11.4.6)
where R > max{1, |zo|}. The proof is based on the same argument as the
proof of Lemma 11.2.1 in the homogeneous case.
Now fix a compact set e C R™ such that diam (e) < 1, and C21(e) > 0.

Denote by P(x) = P.(z) the equilibrium potential of e which corresponds to
the capacity Cs ;. Letting

u(a) = Pla)f and o(e) = FE

where 1 < 20 < n/(n—2) and w € §, we have
| <Viw> [ <V —ws 1P lwg IV0llwy
Calculations analogous to those of Propositions 11.2.2 - 11.2.5 yield
1P|l < C(n,08) Caa(e)?,

and

S
8
ol

Vol < C(n,d) {/(w(fﬂ)P + |Vw($)|2)P(w)25
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Combining the preceding inequalities, we obtain

| <Viw>[<Cn,0) [Vywi—w, ) C2ale)?

XUMMWHWM%H%A§

Set w = (1—A)~!div ¢, where ¢ is an arbitrary vector-field with components
in §. Then the preceding estimate can be restated in the form

dx

W] Coa1an)

|<n¢»scmﬁaﬂaﬂ/mmﬂ+vmm%

Unlike in the homogeneous case, P(x)~2% is not a Muckenhoupt weight
for Bessel potentials. To proceed, we need a localized version of the estimates
used in Sect. 11.3.

Lemma 11.4.1. Let P(x) = P.(x) be the equilibrium potential of a compact
set e of positive capacity Ca 1 and such that e C B, where B = By(xo) is the
ball of radius 1 centered at xg € R™. Let w = (I — A)~1 V1), where 1) € C>
and supp v C B. Suppose that 1 < 2§ < n/(n —2). Then

[l + V@R 5 < Od) [P s, (1148)

Proof. Let v = v, be the equilibrium measure of the compact set e in the
sense of the capacitiy Co 1, so that P(x) = Jov(x) (see [AH]). Suppose first
that n > 3. Since both supp v and supp ) are contained in B, it follows that

P(‘r) = JQV(.T) ~ IQU(Q?) = C(’I’L) / dy(y)

BT —Y

where 2B is a concentric ball of radius 2.
We set p(z) = Iw(x)~2°. Then p(x) ~ P(z)~2% on 2B, and p(z) is an
As-weight (see the proof of Proposition 11.2.4). Note that

Vw =V? (I - A",

where
VEI-A) ' ={-RjRAI-2)"}, jk=1,...,n
Here R;, j = 1,...,n, are the Riesz transforms which are bounded operators
on La(p) (see [St3]).
Since

A=A t=TI—(T-A)"",

we have to show that Jo = (I — A)~! is a bounded operator on Lo(p), and
its norm is bounded by a constant which depends only on the Muckenhoupt
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constant of p. It is not difficult to see that the same is true for more general
operators J, = (I — A)~%, where a > 0.
Indeed, denote by G, (z) the kernel of the Bessel potential .J,,. Then clearly,

oo

[Jaf (@) = |Gax f(@)] € cln,a) Mf(x) Y- 2" max  Galt),

2k <|¢|<2k+1
k=—o0 -

where M f(x) is the Hardy-Littlewood maximal function. Standard estimates
of Bessel kernels G, (x) (see Sect. 3.2.5), show that

Z 2k max  Ga(t) < oo,

2k <|¢|<2k+1
for every a > 0. Since M is bounded on La(p) (see [St3]), it follows that

oS Loy < C Il Lo (11.4.10)

where C' depends only on n, «, and the Muckenhoupt constant of p.
Applying (11.4.10) with o = 2, we get

dx
| 190 5 < ) [1wtal o

dx
< C(n,0) /|w P

lw(z)| = |V (I —A) ()] < Cifyl(x)
and, by (11.4.10) with o = 1,

| w@P s <0 [ (i@ o) s

n5/|¢ )2 p( da:<C’n5/|¢ %.

Now suppose that x € (28)°. Then, by standard estimates of the Bessel
kernel as |z| — oo (see Sect. 3.2.5),

Similarly,

Viota)| = [V (a)| < Cln) fal '+ ! [ o ay
and
w(a)| < )V av@) < Clel ¥ ! [ o).
Also, for z € (2B)°,
P(2) = Jov(w) ~ |2] =" el u(e),  [a] — o0,

where v(e) = Cs1(e) > 0.
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Now pick ¢ so that 1 < 20 < min{2,n/(n — 2)}. Using the above estimates
of w(z), Vw(x), and P(z), and the inequality 20 < 2, we get

T 2 w(z 2 dx n e _95 2
[ G + [9060) ) < o)) ([ ool

By the Schwarz inequality,

( /B |w<y>dy)2s /B wW% /B P(e)? de.

Applying Minkowski’s inequality and the fact that 26 < n/(n — 2), we obtain

/ P(x)? dx < /(IQV)z(S dz < C(n,d)v(e)®.
B

B

Thus,

9 9 dx n 22 dx
g, @ #1905 < C0) [ 16 5o

This completes the proof of (11.4.8) for n > 3. The cases n = 1 and n = 2
are treated in a similar way with obvious modifications. The proof of Lemma
11.4.1 is complete. a

Let
w= (I —A)"'dive, where ¢={¢y}<S.

Applying Lemma 11.4.1 with ¥ = ¢%, k= 1,...,n, we obtain
dx
2 2 2
/(|w(£c)| + [Vuw(z)] )P(x 55 < C(n,0) /|¢>

This and (11.4.7) yield

dx }é

<L 6> £ 00 Caa(e)F [ [ 106P 5y

By duality, the preceding inequality is equivalent to
)2 P 26
/|r P P()? dz < O(n,8) [V s s, Con(©):
Since P(z) > 1 a.e. on e, we obtain the desired estimate
[ D@ dz < €008) VI 0y Coa o)
The corresponding inequality with Iy in place of I is verified in a similar

way. By (2.3.3) with p = 2 these inequalities are equivalent to (11.4.4). The
proof of Theorem 11.4.1 is complete. a



416 11 Schrédinger Operator and M (w3 — w; ')

Remark 11.4.1. 1t is easy to see that in the sufficiency part of Theorem 11.4.1
the restriction on the “lower order” term Ij in (11.4.4) can be relaxed. It is
enough to assume that I'y € Ly joc is such that

/|u(m)|2 Lo (@) dz < C Jul,. (11.4.11)
Finally, we state a compactness criterion in the case of the space W3
analogous to that of Theorem 11.3.1.
Theorem 11.4.2. Let V € S'(R™), n > 1. Then
Ve MWy — Wyt

if and only if
V =divI' + Iy,

where T' = (I, ...,I,), and
e M(W) — Ly), i=0,...,n.
Moreover, one can set
I'=-VI—-A)"'W and TIy= (-4,
as in Theorem 11.4.1.

The proof of Theorem 11.4.2 requires only minor modifications outlined
in the proof of Theorem 11.4.1, and is omitted here.

11.5 Characterization of the Space
M (w}(£2) — w, ' (£2))

Using dilation and the description of the space M (W3 — W, 1) given in the
preceding section, we arrive at the following auxiliary statement.

Corollary 11.5.1. Let V. € M(W} — Wy '). Suppose that there exists a
number d > 0 such that

| <Vilul? > | < c(IVullz, +d72|ulli,), (11.5.1)
where ¢ does not depend on w € C5°. Then V' can be represented as
V =divl +d ' I, (11.5.2)
where Iy and T = (I, ..., I},) are in M(Wy — Ls), and

/IEU(%)I2 dr < C(||Vullz, +d7*||ullZ,), (11.5.3)

foralli=0,1,...,n.
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Now let 2 be an open set in R™ such that, for all u € C§°(£2), Hardy’s
inequality holds:

/|u <const/ |Vu(z)|? d. (11.5.4)
d(m doq(x)?

Here dpp(x) = dist (z,042). It is well-known that (11.5.4) holds for a wide
class of domains including those with Lipschitz boundaries. (See [Dav], [Lew],
[MMP] for a discussion of Hardy’s inequality and related questions, including
best constants, on domains (2 in R™.)

Let @Q; be the cubes with side-length d; forming Whitney’s covering of
2 (see [St2], Sec. 5.1). Denote by Q7 the open cube obtained from @ by

dilation with coefficient %dj. The cubes @)} form an open covering of §2 of

finite multiplicity which depends only on n. By {n;} (n; € C§°(Q7})) we denote
a smooth partition of unity subordinate to the covering {@,} and such that
[Vn;(z)| < cdj_l. In the proof of the following theorem we also need the

functions (; € C§°(Q7) such that

Gi(z)nj(xz) =ni(z), and [V((z)| < cd}l. (11.5.5)

In this section we deal with the space w3(£2) defined as the completion

of C§°(£) in the norm ||[Vu; 2||1,. By wy '(£2) the dual space (wi(£2)) is
denoted.
The next result is a characterization of the space M (1 (£2) — wy ' (£2)).

Theorem 11.5.1. (i) Let dyg, (x) = dist (z,012), and let
V =divT +dg I,
where T' = {I1,..., [} and
I € M(w3(02) — La(2)), i=0,1,...,n.
Suppose that (11.5.4) holds. Then V € M (w3(2) — wy *(£2)), and

V3 @l ara gy S € D 105 Llasig—Lo)- (11.5.6)

0<i<n
(i7) Conversely, if
Ve M(iy(92) — wy ' (12)),
then there exist ' = (I, ..., I},) and Iy such that
I € M(wy(02) — Lo(2)), i=0,1,...,n,
and
V =divI +dy, Ip.
Moreover,

S 5 larot ) < CIV: largis s - (11.5.7)

0<i<n
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Proof. The proof of statement (i) is straightforward (see, e.g., the proof of
Theorem 11.4.1 above). To prove (ii), note that, for all u,v € C5°(£2), and
the functions ¢; with the properties (11.5.5), we have

| <Vnj,uv>|=|<Vn;, Gugjv>|

< Vi 2 sy —wy y Vullze +d5 ) (1Yo, +d5 o]lz,)-
Hence by Corollary 11.5.1,

Vi = divD@ 4+ a7 1), (11.5.8)

where T'U) and T éj ) satisfy the inequality

/|Fi(j)u(x)|2dx

<OV 2| L (I9ull3, + d5 ull3,). (115.9)

M
for all i = 0,1,...,n. Multiplying (11.5.8) by ¢;, we obtain
Vi = div (G TW) +d7' 1) — 1O v,

We set

r=>%¢r9 and Ih=) (4 Iy — TV V).
J J

If u € C§°(92), then
/Q (T + L)) uf? da

<eX ([ Ir0Gupde+a;? [ 610G - TOVG) i),
J

where ; € C5°(Q7), and 5;; = 1 on supp (;. By (11.5.9), the last sum does
not exceed

sup 1V 2y gy 3 [ (VG50 072 eyl da.
J -
J
By Hardy’s inequality (11.5.4), this is bounded by

c||V; Qll?w(qjj;awgl) /Q |Vul|? dz.

The proof of Theorem 11.5.1 is complete. O
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Remark 11.5.1. In Theorem 11.5.1, one can replace
Z 113 Q”M(w;HLQ)
0<i<n

by the equivalent norm

r Io|);
sup sup LT+ 10Dzl

. (11.5.10)
i ecq;  Cai(e, Q)2

In the case n > 2, one can use Wiener’s capacity cs 1 in place of Ca1 (-, Q;‘)
(see Sect. 13.2.2).

We now characterize the class of compact multipliers, M (ib}(£2) —

w5 1 (£2)). We use the same notation as in the previous section.

Theorem 11.5.2. Under the assumptions of Theorem 11.5.1, a distribution
Vs in M (w3 (2) — wy ' (2)) if and only if

V =divI +d,} I, (11.5.11)
where T; € M (w(2) — Ly(£2)) fori=0,1,...,n.

Proof. Suppose that V is given by (5.11). Let u be an arbitrary function in
the unit ball B of w3(£2). Then

Vu=div(ul)—T +dy}ulp.
The set {div (uT') : u € B} is compact in w; ' (£2) since the set {uT : u € B}
is compact in Lo (§2). The sets
{Vu-T:ueB} and {dy,Iou:uecB}
are also compact in wy (£2) since the sets
{{Vul: we B} and {dybu:ueB}

are bounded in Ly (£2), and the multiplier operators I : Lo(£2) — wy *(§2),
i=1,...,n are compact, being adjoint to I';. This completes the proof of the
“if” part of Theorem 11.5.2.

To prove the “only if” part let us assume that O € R™\ (2. Then, for any
x € 02, it follows that |z| > dgn(z), and the inequality

|u(z)?

o |=?

dx < c/ |Vu(z)|? da (11.5.12)
2

follows from (11.5.4).
As in the previous section, we introduce the cutoff functions

ns(x) = F <d579> )
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(r(z) =1-F (%') :

and

where F' € C*°(R) such that F'(t) =1 for ¢t <1 and F(t) =0 for t > 2.

The proofs of the following two lemmas are similar to those of Lemma

11.3.1 and Lemma 11.3.2.
Lemma 11.5.1. If f € wy (), then

lim ([ 5 2], =0

and
Jim g 5 2], =0.

Lemma 11.5.2. If V € M (#}(2) — wy 1 (12)), then
%ii% [E2A% QHM(@;ﬁw;l) =0,

and
A 1 Vi @l gy = O

(11.5.13)

(11.5.14)

(11.5.15)

(11.5.16)

We now complete the proof of the “only if” part of Theorem 11.5.2. Write

V' in the form
V:%5V+€RV+(17%575R)V

By Theorem 11.5.1 (ii), there exist T's and I'(®) such that

w5V = divDs +dyh I,

where 4
S I 20 artis—ra) < C 15 Vi Rl argas s )
0<i<n
Analogously,
. 0
£RV = leF(R) + |x| 1 F((R))’
where

Z HF(Z) ‘QHM (w3 —Lo) < C”gRV ‘Q”]\/[ (i —w3 )

0<i<n
Hence, by Lemma 11.5.2,
(}if(l) Z ||F5(Z)§QHM(1;;;_>L2) =0,

0<i<n

and o
hm Z ||F(;),Q||M 1—Ly) =0

0<z<n
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Now we estimate the multiplier

Vsr = (1-35—E&r)V.

Note that )
Vs.r € M (by(£2) — wy ' (£2)).

Since its support is separated from oo and from 042, it follows that
Vir € M (W5 (R") — Wy (R")).

By Theorem 11.4.2,
Vs,r = divls g + ¥s g, (11.5.17)

where all components of I's r, together with W5, are in M (W3 (R") —
Ly (R™)).

Multiplying, if necessary, both sides of (11.5.17) by a cutoff function as
before, we may assume that the supports of |I's g| and ¥s r are in {2, and are
both separated from oo, and from 9f2. Hence, the components of I's , as well
as dogg Vs g, are in M (103 (2) — La(£2)). Finally,

V=divl +dy;5 IV,
where
I'=Ts+T R + sk,
and (0) (0) (0)
0 - 0 0
rO =% + 2|V doo I ) + doo Ts -

It remains to note that

Ts, F(R), Fé(o), and |$|_1 don F((g))

are small in the corresponding operator norms, while I's r and F(S(OI% are com-

pact. This completes the proof of Theorem 11.5.2. O

11.6 Second-Order Differential Operators Acting
from w} to w; "

Further development of the topic of the present section can be found in [MV4].
Here we survey some results of this article, where explicit necessary and suf-
ficient conditions for the boundedness of the general second-order differential
operator

L= Z aij8i8j+z bijJrc
j=1

i, j=1
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with real- or complex-valued distributional coeflicients a;;, b;, and ¢, acting
from the Sobolev space w3 to its dual w; ', are found.

For the sake of convenience, let us assume that the principal part of L is
in the divergence form, i.e.,

Lu=div(AVu)+b-Vu+qu, ue Cye, (11.6.1)
where
A= (aij)i j=1 € (C5°), b=(b)j=y € (C°)',  and g€ (CF).

We present necessary and sufficient conditions on A, b, and ¢ which guar-
antee the boundedness of the sesquilinear form associated with L:

(L, v)] < Clulluwg [0llwg (11.6.2)

where the constant C' does not depend on u, v € C§°. Equivalently, we char-
acterize all A, b, and ¢ such that

L: wy—wyt (11.6.3)

is a bounded operator. We state this boundedness criterion.
For A = (a;;), let A" = (aj;) denote the transposed matrix, and let
Div: (C§°) — (C§°) be the row divergence operator defined by

Div(aij) = <Z 6]‘ aij>j=1. (11.6.4)
j=1

We do not differ in notations between spaces of scalar, vector-, and matrix-
valued functions.

Theorem 11.6.1. [MV4] Let
L=div(AV:)+b-V+g,

where A € (C§°)', b € (C°) and g € (C§°)', n > 2. Then the following
statements hold.
(1) The sesquilinear form of L is bounded, i.e., (11.6.2) holds if and only if

1(A+ A" € Lo,
and b and q can be represented respectively in the form
b=c+DivF, q = divh, (11.6.5)
where F' is a skew-symmetric matriz field such that
F—1(A- A" eBMO, (11.6.6)

whereas ¢ and h belong to M(wd — Ls).
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(1i) If the sesquilinear form of L is bounded, then c, F, and h in the
decomposition (11.6.5) can be determined explicitly by

c = V(A 'divb), h=vV(Ag), (11.6.7)

F=A"curlb—1Div(A— A"+ (4 - A"). (11.6.8)
where
A~ 'curl [b — 4 Div (4 — A")] € BMO (11.6.9)

and
V(A~'divb) and V(A7 !q)

belong to M (ws — Lo).

Remark 11.6.1. Condition (11.6.9) in statement (i¢) of Theorem 11.6.1 may
be replaced by
b — Div (4 — A") e BMO ™, (11.6.10)

which ensures that the decomposition (11.6.5) holds. Here BMO ™' stands for
the well-known space of distributions that can be represented in the form
f = divg where g € BMO.

Remark 11.6.2. In the case n = 2, it is shown in [MV4] that (11.6.2) holds if
and only if

1(A+ A" € Loo(R?),
b — 1 Div (4 — A") € BMO™!(R?),

and
q=divb =0.

Remark 11.6.3. Expressions like
V(A~divb), Div(A tcurlb), and V(A™!g)

used above, which involve nonlocal operators, are defined in the sense of dis-
tributions. This is possible since

A~ ldivb, A~ tcurlb, and A7lg

can be understood in terms of convergence in the weak-* topology of BMO
of, respectively,

A7tdiv (¢ b), A lcurl(¢nb), and AT (Yyq)

as N — +o0. Here ¥ is a smooth cutoff function supported on {z : |z| < N},
and the limits above do not depend on the choice of 1.
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It follows from Theorem 11.6.1 that £ : w} — w; ' is bounded if and only
if the symmetric part of A is essentially bounded, i.e.,

%(A + A") € Lo
and

b -V+q:wh—wy!

is bounded, where
by = b — 3 Div(4 — A"). (11.6.11)

In particular, the principal part
Pu = div(AVu) : wy — wy!

is bounded if and only if
$(A+ A" €Ly (11.6.12)

and
Divi(4 - A" e BMO ™. (11.6.13)

A simpler condition with
%(A — A" € BMO

in place of (11.6.13) is sufficient, but generally not necessary, unless n < 2.
Thus, the boundedness problem for the general second order differential
operator in the divergence form (11.6.1) is reduced to the special case

L=b-V+ygq, b e (Cy), qe(Cy). (11.6.14)
As a corollary of Theorem 11.6.1, one obtains that, if
b-V+q :wh—wy? (11.6.15)
is bounded, then the Hodge decomposition
b = V(A~!'divb) + Div (A~ *curl b) (11.6.16)

holds, where
A~ tcurlb € BMO

and

/ [|V(A™ divb)|> 4+ V(A7 ¢)|? ] dy < const ™2 (11.6.17)
lz—y|<r

for all r > 0, z € R", in the case n > 3; in two dimensions divb = ¢ = 0.
The condition (11.6.17) is generally stronger than

A~ ldivb € BMO and  A~!'qe BMO,
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while the divergence-free part of b is characterized by A~*curlb € BMO, for
all n > 2.

A close sufficient condition of the Fefferman—Phong type can be stated in
the following form:

/ [IV(A™ divb) > 4+ [V(A™ )] dy < const 772049 (11.6.18)
lo—y|<r

for some € > 0 and all » > 0, z € R™. This is a consequence of Theorem 11.6.1
coupled with (1.2.50), where

(A7 divb)[* + V(AT o)

is used in place of g, p=2, m=1,and t =1 +e.
It is worth mentioning that the class of potentials obeying (11.6.18) is
substantially broader than its subclass

/| ‘ (|b|2 + |¢|)**€ dy < const rn 21+, (11.6.19)
r—y|<r

The sufficiency of the preceding condition for (11.6.15) is deduced by a di-
rect application of the original Fefferman—Phong condition and Schwarz’s
inequality.

More generally, (11.6.15) clearly follows from a cruder estimate,

/ lul? (|b|* + |q|) dz < const ||uH12U%, ue Cge, (11.6.20)
R'VL

which is equivalent to
be M(wi— Ly) and  |¢|'/? € M(w) — Ly).

However, by replacing (11.6.15) with (11.6.20), one strongly reduces the
class of admissible vector fields b and potentials g. An instructive example for
b -V in the case ¢ = 0 is provided by the vector field

b(z) = (zg(x% +2)7 (22270, O) , x€eR",

where n > 2. An elementary argument involving polar coordinates and a
Fourier series expansion shows that this vector field obeys (11.6.15). On the
other hand, (11.6.20) fails since b ¢ L2 .

We note that, for ¢ = 0, (11.6.20) is equivalent to the boundedness of the
nonlinear operator

u— |b-Vau| : wh — wy?t.

However, dealing with the linear version (b - Vu, u) is more difficult.

The main obstacle in the proof of Theorem 11.6.1 is the interaction be-

tween the quadratic forms associated with ¢ — % div b and the divergence free
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part of b. To overcome this difficulty, one needs to distinguish the class of
vector fields b such that the commutator inequality

‘/b (uVo =0 Vu) dr| < const [[ul[,1 [[v]w; (11.6.21)

holds for all u,v € C§°. In the important special case of irrotational fields
where b = V f, the preceding inequality is equivalent to the boundedness of
the commutator [f, A] acting from w} to wy*.

We state a complete characterization of those b which obey (11.6.21) in
[MV4]. First, the irrotational part ¢ = V(A~!divb) of b belongs to M (wi —
L) and second, F = A~lcurlb belongs to BMO, and b = ¢ + Div F'. These

conditions combined turn out to be necessary and sufficient for (11.6.21).
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Relativistic Schrodinger Operator
and M(W,/? — W, /%

The material of this chapter is taken from the article [MV3]. The goal is to
give necessary and sufficient conditions for the boundedness of the relativistic

Schrédinger operator H = /—A + @ from the Sobolev space WQ/Q(R”) to
its dual W, 1/2 (R™), for an arbitrary real- or complex-valued potential @ on
R". In other words, a complete characterization of the space M (W, / *(R™) —
W;l/Q(R”)) is obtained.

12.1 Auxiliary Assertions

As before, we omit R™ in notations of norms and integrals.

Let v € (C§°)" be a complex-valued distribution on R™. As always, we use
the same notation for the corresponding multiplication operator v : C§° —
(C§°) defined by

(yu,v) = {v,uv) u,v € Cg°.

Given m, ! € R, the inclusion v € M (WJ* — WL.) means that the
sesquilinear form (v -, -) is bounded:

[(yu, v)| = [(v, ao)| < Cllullwye ol Vo,0eG® (12.11)

where C' does not depend on u, v. The multiplier norm ||| o7y —wy) is equal
to the least bound C in the preceding inequality.

It is easy to see that, in the case | = —m, (12.1.1) is equivalent to the
quadratic form inequality

[(yu, w) = [y, [uf)] < C" [lullfyg,  Vue G5 (12.1.2)
To verify this, suppose that
lullwg <1, Jollwg <1, where u, v e Cg.

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 427
Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009
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Applying (12.1.2) together with the polarization identity (11.1.3), we get

_ c’ ) )
[0, @)l < - (lutvlrge + = ol + ol + u—ivlfp) < 20"

Hence, (12.1.1) holds for [ = —m with C' = 2C". Moreover, the least bound
C’ in (12.1.2) satisfies the inequalities

/! !/
¢ < ||’Y||M(Wgn_>w2*m) <20

Let |D| = (—A)Y2. We define the relativistic Schrodinger operator as
H=D[+Q: C5° — (C5°),

(see [LL], Sect. 7.15), where Q : C§° — (C§°)" is a multiplication operator
defined by @ € (C§°)’. It is well known that actually |D| is a bounded operator
from V[/Ql/2 to WQ_I/Q. Thus, H can be extended to a bounded operator:

H - W21/2 — W2_1/2,

if and only if Q € M (VV21 7, w, 1 2) or, equivalently, if the quadratic form
inequality (12.1.2) holds for v = @ and m = 1/2.

From the preceding discussion it follows that H : VV21 A Wz_l/ % s
bounded if and only if

[(Qu, u)| < a{|D|u, u) +b{u, u), Yu € C§°, (12.1.3)

for some a, b > 0. By definition this means that @ is relatively form bounded
with respect to | D).

In particular, if @ is real-valued, and 0 < a < 1 in the preceding inequality,
then by the so-called KLMN Theorem ([RS1], Theorem X.17), H = |D| + Q
is defined as a unique self-adjoint operator such that

(Hu, v) = {|D|u, v) + (Qu,v), Yu € C§°.

For the complex-valued @ such that (12.1.3) holds with 0 < a < 1/2, it follows
that H = |D| + @, understood in a similar sense, is an m-sectorial operator
([EE], Theorem IV.4.2).

In the case of @ € L1, 10c, (12.1.3) is equivalent to the inequality

< const Hu||‘2/vl/27 Yu € C§°, (12.1.4)
2

| [ @t i

and hence to the boundedness of the corresponding sesquilinear form:

< const ||U||W21/2 ||U||W21/2,

| [u@) @ Q) ar

where the constant is independent of u,v € C§°.
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The characterization of potentials () such that H : W1/2 — W{l/Q is
based on a series of lemmas and propositions presented below, and the results
for the nonrelativistic Schrédinger operator obtained in the previous chapter.

By La unit, we denote the class of f € Lgjoc such that

Hf||L2,unif = Sélﬂgv ”XBl(ac) f”Lz < 0. (1215)

Lemma 12.1.1. Let 0 < [ < 1, and m > I. Then v € M (Wi* — W} if and

only if
yeWs ' =Ly and  |D|'y € M (W — Ly).

Moreover,
l
s wge gy ~ [[1D] 7||M(W2m_>L2) w1 =) - (12.1.6)

Proof. We first prove the lower estimate for |||y )

H|D|l7“M(W2m_>L2) + ||’YHM(W;1*1_>L2) <c ||’YHM(W5n_>W2;) . (12.1.7)

Here and below ¢ denotes a constant which depends only on [, m, and n.
Let w € C§°. Using the integral representation

Dl'u(z) = e(n, 1) /Mdy (12.1.8)

|z =yt
which follows by inspecting the Fourier transforms of both sides, we obtain
IDI" (yu)(x) = y(2) |D|" u(e) — u(z) [ D[ v(x)
:_dm”/WM@—uwM%@—vw»@.

|z — y|+

Hence,
| ‘D‘l (yu) =7 |D|l u—1u |D|l7’ < CD2,1/2U : D2,1/2 Vs (12.1.9)

where, as in Chap. 4,

1
|u(z :
D2s </ |n+2s dy , §>0.

Next, we estimate
lu- 1Dz, < [[IDI )], + |7 1DI]|,, + ¢ Dozt Dy,
< Irullws + 17 yrwpr-r—gy |10l yyos + €[ Dagjau- Doyjaryliz,

< H’Y”M(WQ"LHWZI) [ullwg + ||’YHM(W2m*l_>L2) |ullwg + ¢ ||D2,1/2U : D2,z/27||L2

< clVllmwg —wy) lullwg + cl|D2gjou- DagyoylL.- (12.1.10)
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In the last line we have used the inequality

”’YHM(WZ"HZ—»LZ) < clvllarewy—wiy (12.1.11)

(see (4.3.29)).
To estimate the term

| D21 /2u - Day/a7lLs,
we apply the pointwise estimate (4.2.10)
Dy yjou < JsDgy/a((—A + 1)*/2u),

with s = m —1/2, where J, = (—A+1)~%/2 is the Bessel potential of order s.
Hence

|Do.1/2w+ Do yoV|s < | Jm—ij2Dayja((=A+1)™2740)) - Doy oyl 1,
<c ||D2,l/27||M(W2m*l/2_,L2) HJm—l/ZDQ,l/Z((*A + 1)m/2il/4 U))||W2m71/2
<ec HDQJ/Q’}/HM(WZm—l/Q_)Lz) ||D27l/2(7A + 1)m/27l/4u||L2

< C||D2J/2’YHM(Wzm—L/2*>L2) llwlwy (12.1.12)
We next notice that, by Corollary 4.3.6,

||D2,l/2'7||M(W2m*l/2*,L2) <c ||’Y||M(W2m—>W2L) (12'1'13)
Combining the estimates (12.1.10)—(12.1.13), we obtain
Hu |D‘Z'YHL2 = cHV”M(Wg"-»W;) [ullwge,
which is equivalent to the inequality
I
1D ’YHM(Wz’"HLz) < clvllarowg —w)-

This, together with (12.1.11), completes the proof of (12.1.7).
We now prove the upper estimate

Wrowg—wiy < ¢ (P lyrawg—zay + W=tz ) - (12:114)
By (12.1.9),

D1 Gl < [IMDFull,, + [I1DFy - ull, + € l1Dagj2u - Doyl
Using the elementary estimate

ullyg-t < cllullwg,
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we have

vl o < I larwgt g Ml < lvllarawpiey lullwge

From these inequalities, combined with the estimate
||D2,l/2u : D2,l/27HL2 <c ”P)/HM(W;"*’/QHWZZ/?) ||UHW27”
established above, it follows that
vullwg < e (I larawg-1— oy lellwg + 1D yrwge — 1y Tllwe)

+C||7||M(W2m*’/2ﬂwzl/2) Hu||W2m

Thus,

1/2 1/2
HI et oy 1V g )

Combining this with (12.1.11), we find that

l
s —wty < € (0PI aswge -2y + M aswg—tny ) -

This completes the proof of Lemma 12.1.1. O

Lemma 12.1.2. Let 0 <1 <1 and % > m > 1. Then v € M (W3" — W) if
and only if
(—A+1)"%y € M (W3 — L)

and
IV arewg—wy ~ 1(=A + DY s wgr — L) (12.1.15)

Proof. Recall that a nonnegative weight w € L1 joc is said to be in the Muck-
enhoupt class Ay if

Muw(z) < cw(x) for almost all =z € R",

where M is the Hardy—Littlewood maximal operator. The least constant on
the right-hand side of the preceding inequality is called the Ai-bound of w.

We need the following statement established in [MV1], Lemma 3.1 (see
also [MSh16], Sec. 2.6.3) for the homogeneous Sobolev space w;*(R").
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Lemma 12.1.3. Let v € M (wp" — Lp), where 1 <p < oo and 0 <m < .

Suppose that T is a bounded operator on the weighted space L,(w) for every
w € Ay. Suppose additionally that, for all f € L,(w), the inequality

ITfllL,w) < ClIfllL,w)

holds with a constant C' which depends only on the Ay-bound of the weight w.
Then Ty € M (w)' — Ly), and

‘|T7||M(UJL'L—>LP) < Cl||’yHM(w;’L—>Lp)v
where the constant C1 does not depend on ~y.

We also need a Fourier multiplier theorem of Mikhlin type for L, spaces
with weights. Let m € L,. Then the Fourier multiplier operator with symbol
m is defined on Lo by T}, = F~!m F, where F and F~! are respectively the
direct and inverse Fourier transforms.

The next lemma follows from the results of Kurtz and Wheeden [KWh],
Theorem 1.

Lemma 12.1.4. Suppose that 1 < p < oo and w € Ay. Suppose also that
m € C®(R™\ {0}) satisfies the Mikhlin multiplier condition:

|DYm(z)| < Cy|z|71ol, 2z e R™\ {0}, (12.1.16)
for every multi-index o such that 0 < |a| < n. Then the inequality

1Ton fllz, ) < CIfllz,w) [ € Ly(w) N Lo,

holds, where C' depends only on p, n, the Ay-bound of w, and the constant C,,
in (12.1.16).

Corollary 12.1.1. Suppose that 1 < p < oo and w € Ay. Suppose also that
0 <1 <2. Define
mi(z) = (1+ |z[HY? — |z (12.1.17)

Then
1T, fllz,w) < CIfllz,w),  f € Lp(w) N Lo, (12.1.18)

where the constant C depends only on 1, p, n, and the Aj-constant of w.
Proof. Clearly,
0<my(x) <C(1+z)7?  zeR™

Furthermore, it is easy to see by induction that, for any multi-index o with
|a] > 1, we have the following estimates:
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D% my()| < Cay |2 271, o] — oo,

and
1D my ()] < Coy |21, |lz| — 0.

Since 0 < I < 2, it follows from this that m; satisfies (12.1.16), and hence by
Lemma 12.1.4 the inequality

1 Ton, fllz,wy < ClIfllL, ()

holds with a constant that depends only on [, p, and the A;-bound of w. O

Now we are in a position to complete the proof of Lemma 12.1.2. Suppose
that v € M (W3" — W), where 2 > m > [ and 0 < I < 1. By Corollary
12.1.1, the operator T,,, = (1 — A)Y2 — |D|" is bounded on Ly(w) for every
w € Ay, and its norm is bounded by a constant which depends only on [, n, and
the A;-bound of w. Hence by Lemma 12.1.3 it follows that v € M (w§* — Lo)
yields

Ty = (L= 272 = IDI') v € M (' — L),

and
HTszHM(w;"HLa) < C||7||M(w;"ﬂL2)7

where ¢ depends only on [, m, and n.

We need to replace wy' in the preceding inequality by W3". To this end,
let B = Bi(zo) denote a ball of radius 1 in R™, and 2B = Ba(x). Suppose
that m < § (the case m = % requires usual modifications). Using Theorem

2
3.1.2, we obtain that v € M (WJ" — L) if and only if

Sup X8 VI M (wy— 1) < +00,

and
72wy =12y ~ Sup X5 VI M (g — Ls) -
Hence,
||Tm17||M(W§”—>L2) <c Slép x5 Tmz'YHM(w;”—»Lg)-
We set

Y= X2BY T+ X@2B) Y

and estimate each term separately. By Lemma 12.1.3,
X8 Ty (X28 V)| (wyp —1,) < € sup X288 Y 71wy — 1) < ellVlarwyr—1)-
To estimate the second term, notice that T}, (X (28)<Y) € Loo(B), and hence

X8 T, (X@B)e V) |2 (g —L2) < €T, (X@8)eV)(@); BllLow < clVIlarwyr - Ly)-
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Indeed, for x € B,

- 1v(y)|dy
T xes @l <e [ 0L g /+ / .
|lz—y|>1 \x— ‘nH o TnHH

Since v € M (WJ* — L), it follows that v € La upnif, and hence

NP dy < er IV Rwyp -y, 721
B, () 2

Consequently,

/B " @)l dy < ey Br(@)lle, < e " llwovg —1ay, 721

Hence,
1T, (X(28)=7); BllLoo < clVllmrwir—L,)-

Thus, we have proved the inequality

1/2 D ) H
(- D)2 yawpy < M7=
Using this estimate, inequality (12.1.11), and Lemma 12.1.1, we arrive at
(1 - A)Z/QVHM(W;@—»LZ) <c (|HD|Z’Y||M(W2WA>L) + ||7HM(W2’”—>L2))

< clVllmwp—wy)-

Conversely, suppose that
(1-2A)2ye MW — Ly).
It follows from the above estimate of
(=2 = D)
that
DI gy < € (10 = A2 Marwg — 1) + I lnsowp 1)) -

Obviously,
H’Y”M(Wé’"HLz) < C||7HM(Wgn-uL2)-

Applying again Lemma 12.1.1 together with the preceding estimates, we have

l
||’VHM(W2'"~>WZZ) S c (H ‘D‘ PYHJV[(WQ’”—)LQ) + ||A/||M(W2’”7l—>L2))
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< (100 = 22 Y asgwp 1) + Wlarawgta) ) -
It remains to obtain the estimate
HVHM(WQW—MLZ) <c ||(1 - A)l/2 ’Y”M(WQ”HLQ)-
Since (1 — A)/2y € M (W5 — Ly), it follows that

/ (1= 2)2 9P dz < (1= 2253 wg— 12y Coom (€,
for every compact set e C R™. Hence, for every ball B,.(a),
/B » [(1— )24 dz < c||(1 - A)"? ’YH?\/I(WZMHLQ) 0 <r <,
rla

and in particular

11 = )72 3|y unit < € l(1 = )2yl as(wgs L)

In view of the properties (1.2.4), (1.2.5) of the Bessel function Gj, it is
easy to derive the pointwise estimate

()] < / Gyl — ) (1 — A)/2 (1) dt

1—- A2z + 2
<o [ 2T - 2 e ).
lz|<1 2]

Using Lemma 2.3.7 together with the preceding pointwise estimate, we de-
duce that

/ (1= A2 4Py
B, (a)

Tn—2m

y(@)] < e (M (1= 2)72y (@)~ < sup

0<r<1, a€Rn

_ L L
e ll(1 = )2y paunie < ¢ (M (1= A2 (@) 511 = 23 1)

+c ||(1 - A)l/2v||M(W2m—>L2)a
where M is the Hardy—Littlewood maximal operator. Using the preceding

estimates, together with the boundedness of M on the space M (W3" — Ls)
(see (2.3.22)), we obtain

m o 1—-L
117 gy < €= 2 A ase o)

By Lemma 2.3.6 it follows that

_m_ 1—%
Mlarwy =y < € MW7 g ray < i =22 llarwg o).

The proof of Lemma 12.1.2 is complete. a
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12.1.1 Main Result

Now we are in a position to obtain an analytic characterization of the space
of multipliers M(I/V21/2 N W2—1/2).

Theorem 12.1.1. Let v € (C§°)'. Then
ve MW - Wy )

if and only if
D= (—A+1)"Yiye MW,* = Ly).
Furthermore,

||’Y||M(W2l/2—>W271/2) ~ ||@||M(W21/2—>L2).

Proof. To prove the “if” part, it suffices to verify that, for every u € C§° and
d=(-A+1)"YiyeM (VV21/2 — L), the inequality

’/ |ul*y da

holds. Here the integral on the left-hand side is understood in the sense of
quadratic forms:

< C 1l gy oy Nl (12.1.19)

/ Py dz = {yu, u),

where (-, -) is the quadratic form associated with the multiplier operator -,
as explained in detail in [MV2].
Since v = (—A 4+ 1)/4®, we have

‘/W'ydw

< ‘/ ((—A+ )4~ |D|1/2)gb- u|? da

Note that

= ‘/(—A—i— 1)1/4€I>- |u|2dgc

+‘/|D|1/2€25~ lu|? dx

(—A+1)Y*—|D|'? =T,

my/os

where Ty, is the Fourier multiplier operator defined by (12.1.17). By Corollary
12.1.1, Ty, ,, is a bounded operator on Lo(w) for any Aj-weight w, and its
norm depends only on the A;-bound of w. Hence by Lemma 12.1.3 it follows
that

((~a+ )4~ D"2) @ e MWy - L)

and

_ 1/4 _ 1/2
H (( A+1) Dl )QSHM(WQ/ZﬁLQ) < ClI®l i/ ray
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Using this estimate and the Schwarz inequality, we get

‘/ <(—A+1)1/4 - |D|1/2)qs. luf? dz

<OI(=A+ 1)Y= DIV - ul L, |u] L,
< CUPl /g 1l

Hence, in order to prove (12.1.19), it suffices to establish the inequality

‘/|D|1/2d5~ u|? da:

By duality,

< Cl2l yywirrpy ||u|\§%1/2. (12.1.20)

112 pizas| = [ #0017 ) .

where @ € L joc, and the integral on the right-hand side is well-defined.
Notice that for u € C§°,

u(@)I? = Ju(y)P
DI o) = ¢ [t Wm dy.

Using the identity

jaf? = [b]* = |a — b — 2Re[b (b — a)]

with b = u(z) and a = u(y), and integrating against dy/|z — y|"+1/?

lu(@)” = fu(y)]® |u
/ \a: _ |n+1/2 |n+1/2 dy
2Re[ /| ‘n+1/2 }
Hence,

|D|'/? |u|2(x)‘ <c <2u(m)| ‘/%dy' + %dy)

= 2c[u(@)| | IDI'/2 u(@)| + ¢ Dy, 1 au(x) .

, we get

Using the preceding inequality, we estimate

'/45|D|1/2 lu|? dz

< cllPullL,

D2, e [ 10]1Dsauf de
2
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< cl@llyyep, Il e+ e [ 18]1Dayudiad P o

where f = (—1+ A)1/4 u. The last integral is bounded by

/ ®||J1 /4 Doy jaJija fI da

<c / |®| M (D214 J1ya ) |J172 Daaya Jija fldx

< cl|M(DgjaJrja F)ll, 1912 DojaJiya flic,

< clDayaJrja fllea 19N gy ware ) 19172 D2aya Jija £l

— Lo
< eIl 1715 = Bl Tl
In the preceding chain of inequalities we first applied the inequality (1.2.28)
Jijag<c (M9)1/2 (J1/2 9)1/2,

with g = |D3 1,4 J1/4 f|, and then the Hardy-Littlewood maximal inequality
for the operator M. This completes the proof of (12.1.19).
To prove the “only if” part of the Theorem, we show that

||¢HM(W21/2—>L2) <c ||7||M(W21/2_)W2—1/2).

The proof of this estimate is based on the extension of the distribution
vyeM (W21 2, Wy 1/ %)) to the higher-dimensional Euclidean space, and
subsequent application of the characterization of the class of multipliers
M (WH(R*1) — W, 1 (R"+1)) obtained in Sect. 11.4.

We denote by v ® § the distribution on R"*! defined by

<7 ® 9, u(m>$n+1)> = <’77 u(x,())),

where © = (21,...,2,) € R", and § = §(y+1) is the delta-function supported
by x,+1 = 0. It is not difficult to see that

|y ® ;R HM(W&HWz’l) ~ v RnHM(W;/Q%WQ_W).

This follows from the well-known fact that the space of traces on R™ of func-
tions in W1 (R"*!) coincides with W, / ?(R™), with the equivalence of norms

(see Lemma 8.7.1). Indeed, for any U,V € C§°(R™*1) let
u(z) = U(z,0) and v(z) = V(x,0).
Then by the trace estimate mentioned above
[lu; R™

lypre < U R™ [y
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and hence
[y @6, UV = (v, o) < 1% R yqare iy [ R™ 1z 0 R [/

< TR g V3R |z

Rn”M(WgﬂﬁWQ_l/z) |
This gives the estimate
v ® &Ry wp oty < € IRy warz w12y

The converse inequality (which is not used below) follows similarly by extend-
ing u,v € C(R™) to U,V € Wy (R*") with the corresponding estimates of
norms.

For the rest of the proof, it will be convenient to introduce the notation

JOFD — (AL + 172 s3>0,

for the Bessel potential of order s on R"*!; here A, denotes the Laplacian
on R"+1,
Now by Theorem 11.4.1 we obtain that

Y@ e MWy (R — Wy H(R™)
if and only if
J (4 ®6) € M (WEHR™ ) — Ly(R™H)),
and
17D (7 @ 0 R g aw — 1y < €l7 @ SR 1wy

< R |y parz 12y

Next, pick 0 < € < 1/2 and observe that

n+1 € n+1
Jl( ) = (_1 + An+1)1/4+ /2 J€(+;/2)
Using Lemma 12.1.2 with [ = 1/2+¢, m = 1, and ng;j/lz) (y®6) in place of =,
we deduce that

€

n+1 n n+1 n
1770 (@ 0 R lagawg— 1) ~ 1508/ (V@ Ry i gy,

As was proved above, the left-hand side of the preceding relation is bounded
by a constant multiple of ||v;

Thus,

RnHM(W;/?’HW;l/?')'

n+1 n n
I8/ (r © SR s przvey < el R | yypare g2y



440 12 Relativistic Schrédinger Operator and M(I/V21/2 — W2_1/2)

Passing to the trace on R” = {x,4; = 0} in the multiplier norm on the
left-hand side, we obtain

n+1 n
[ Trace JU 370 (v @ 8); R sy < € IR yrpara_gpiroy.

‘We now observe that

Trace J(Z;/lz) (v ® ) = const J(+)1/2( ),
which follows immediately by inspecting the corresponding Fourier trans-
forms.
In other words,
175

R[4y, (12.1.21)

er1/2 75 Wl owg) = <ellyR" ||M(W1/2—>W /2y

From this estimate and Lemma 12.1.2 with | = ¢, m = 1/2, and with v

replaced by J\" (n) 57, it follows that

e+1/

||J1 VHM WL, I(=A+ 1)6/2J(+1/27||M(W1/2~>L2)

< ell7 o s sy < C IVl saware oy,
Thus,
o= J(/;“Y € MW, = Ly)
and
||@||M(W21/2—>L2) <C ||7||M(W21/2_,W2—1/2).
The proof of Theorem 12.1.1 is complete. O

The theorem just proved can be reformulated as follows.

Theorem 12.1.2. Let Q € (C§°), n > 1. The following statements are equiv-
alent:
(i) The relativistic Schrédinger operator H = v/—A + Q is bounded from
W1/2 to Wy /2
(i3) The znequality
(Qu, w)] < Cllul,/» (12.1.22)

holds for all w € C§°.
(iii) = (~A+1)"1/*Q € Lo 10c, and the inequality

/IU(JU)\2 (@) dz < C [Jullf, /2 (12.1.23)

holds for all w € C§°.
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12.2 Corollaries of the Form Boundedness Criterion
and Related Results

Theorem 12.1.1 combined with the criteria for the trace inequality with a
nonnegative measure (see Theorem 3.1.4 and Remark 3.1.3) implies

Theorem 12.2.1. Let Q € (C§°), n > 1, and let H = V/—A + Q. Then
H : ng/2 — ng/z is bounded if and only if
= (*A + 1)71/4Q S LQ,]OC
and any one of the following equivalent conditions holds:
(1) For every compact set e C R™,

/|§Z5(a:)|2 dz < C Coy)a(e), (12.2.1)

where the constant does not depend on e.
(i6) The function Jy o |P|? is finite a.e., and

Jl/? (JI/Q |@|2)2 (1’) S CJl/Q |¢|2($) a.e. (1222)

Here Jy /3 = (—A+ 1)7Y/* is the Bessel potential of order 1/2.
(1i1) For every dyadic cube Py in R™ of side length {(Py) < 1,

2
/ |®(x)|? dx

mes, P < C |®(x)|? du, (12.2.3)
(mesy,

P)1- (mes. PY1—1/2n
PgP0 Py

where the sum 1s taken over all dyadic cubes P contained in Py, and the
constant does not depend on Py.

Some simpler either necessary or sufficient conditions which do not involve
capacities are discussed in this section.

The following necessary condition is immediate from (12.2.1) and the
known estimates of the capacity of the ball in R™ (see Sect. 1.2.2).

Corollary 12.2.1. Suppose that @ € (C§°)', n > 1. Suppose also that H =
V-A+Q: V[/Ql/2 — W;1/2 is a bounded operator. Then, for every ball B,.(a)
m R™,
/ |®(z)Pdr <er™', 0<r<1, n>2, (12.2.4)
B (a)

and
/ @ ()Ide<lc , 0<r<1,  n=1, (12.2.5)
(a)

where the constant ¢ does not depend ona € R™ and r.
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We notice that the class of distributions @ such that & = (—=A +1)~1/4Q
satisfies (12.2.4) can be regarded as a Morrey space of order —1/2.

Combining Theorem 12.2.1 with the Fefferman-Phong condition (see
Sect. 1.2.6) applied to |®|?, we arrive at sufficient conditions involving Morrey
spaces of negative order. (Strictly speaking, the Fefferman-Phong condition
[F2] was originally established for estimates in the homogeneous Sobolev
space w4 of order m = 1. However, it can be carried over to Sobolev spaces
Wi for all 0 < m < n/2. See, e.g., [KeS] or [MV1], p. 98.)

Corollary 12.2.2. Suppose that Q € (C§°)', n > 2. Suppose also that & =
(—A +1)"Y4Q, and t > 1. Then H is a bounded operator from I/V21/2 to
Wy 2 f
/ |®(x)[* de < Cr™t, 0<r<1, (12.2.6)
B (a)

where the constant does not depend on a € R™ and r.

Remark 12.2.1. It is worth mentioning that the condition (12.2.6) defines a
class of potentials which is strictly broader than the (relativistic) Fefferman-
Phong class of @) such that

/ |Q(z)|"dx < constr™ ™", 0<r <1, n>2, (12.2.7)
B, (a)

for some ¢ > 1.
This follows from the observation that if one replaces @ by |Q| in (12.2.6),
then obviously the resulting class defined by

/ (Jial@)?de < constr™™, 0<r<1, n>2  (1228)
B (a)

becomes smaller, but still contains some singular measures, together with all
functions in the Fefferman-Phong class (12.2.7). (This was noticed earlier in
[MV1], Proposition 3.5.)

A smaller but more conventional class of admissible potentials appears
when one replaces Cy1/2(e) on the right-hand side of (12.2.1) by its lower
bound involving the Lebesgue measure of e C R™, as shown by the following
result.

Corollary 12.2.3. Suppose that Q € (C§°)', n > 1. Suppose also that & =
(—A+1)"Y*Q. Then H = V=A + Q is a bounded operator from VVQI/2 to
W;lm if, for every measurable set e C R",

/|Q5(x)\2 dz < ¢(mes,e)" V" diam (e) < 1, n>2, (12.2.9)
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or

/\@ )2 dx S v diam (e) < 1, n=1, (12.2.10)

mes, e

where the constant ¢ does not depend on e.

We remark that (12.2.9), without the extra assumption diam (e) < 1, is
equivalent to ¢ € Lo, o, where L, » is the Lorentz (weak L,) space of
functions f such that

n C
He e R": |f(@)[ >t} <o, t>0

In particular, (12.2.9) holds if @ € Lo, or, equivalently, @ € W2—711/2'
Furthermore, if ¢ € L, then obviously (12.2.9) holds as well, since

Ca,1/2(e) > Cmesye,

if diam (e) < 1. This leads to the sufficient condition ¢ € Loy, + Loo, n > 2.
It is worth noting that (12.2.9) defines a substantially broader class of

admissible potentials than the standard (in the relativistic case) class @ €

L, + Lo, n > 2 ([LL], Sec. 11.3). This is a consequence of the imbedding

L, CWy,'? n>2

which follows from the classical Sobolev imbedding W,}/ >c L, forp =
2n/(2n — 1) and r = n/(n — 1), n > 2. Indeed, by duality, the latter is
equivalent to

L= (L) < (W,/2) =Wy,

Similarly, in the one-dimensional case, the class of potentials defined by
(12.2.10) is wider than the standard class Lq4.(RY) + Lo (R'), € > 0.

It is easy to see that actually @ € L,(R") + Loo(R") if n > 2, or Q €
L1 c(RY) + Loo(RY) if n = 1, is sufficient for the inequality

[ Q@) < €l e e 5

which is a “naive” version of (12.1.4), where @ is replaced by |Q)|.

We conclude this chapter with mentioning the article by Frank and
Seiringer [FrS] which is mostly devoted to sharp Hardy type inequalities in-
volving Besov type seminorms and their generalizations. In particular, the
authors found the optimal value of the constant C,, ;) in the inequality

)" |u(z)|”
/ / ‘.T — y‘n-&-ps — dx dy 2 Cn,s,p . ‘Jj|ps de, (12211)
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where 0 < s < 1 and 1 < p < n/s. Moreover, they extend this result to
functionals on the left-hand side of (12.2.11) with |z —y|~"~P° replaced by an
arbitrary symmetric and nonnegative, but not necessarily translation invari-

ant, kernel k(z,y):
ai= [ [ lute) = ) Pho,y) dady.

n [FrS], a sufficient condition for the following general version of Hardy’s
inequality
Q(z) [u(x)[Pdz < Elu], ue C5°(R"),
Rn
is found. The function @ is assumed to be of the form

Q(z) = 2w(x)'™” / (w(@) —w))w(z) —wy) P2 k(z,y)dy  (12.2.12)

with a certain positive function w. The integral on the right-hand side of
(12.2.12) might be divergent and some regularization of the principal value
type is needed for its definition. In particular, the representation

Qz) = 2/n (1 - w(x)) dy (12.2.13)

w(y)/ |z -yt

with w > 0 proves to be sufficient for the inequality

2
u
Q(x)|u(x |2dm<// ||x n+1 drdy, u€ C(R™). (12.2.14)
]Rn n n -

Note that (12.2.14) does not imply that Q@ € M (w, 12 w;1/2) if  is not
nonnegative. However, for @) > 0 the representatlon (12.2.13) with a positive

factor in place of 2 is sufficient for the inclusion Q € M (w, vz, W, /2 ) (and

hence for @ € M (VVQ1 /2 W{l/ 2)) It is of interest to investigate the question
of necessity.
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Multipliers as Solutions to Elliptic Equations

In Sects. 13.1-13.3 of this chapter, solutions of second-order linear and quasi-
linear elliptic differential equations and systems are considered as multipliers
in certain spaces of differentiable functions in a domain §2. On one hand, this
can be of interest for the theory of functions, since it leads to new charac-
terizations of multipliers and, on the other hand, for the theory of partial
differential equations, since it allows us to obtain a priori information about
the solutions in spaces different from the usual ones.

In Sect. 13.4 we obtain coercive estimates in multiplier spaces for solutions
of linear elliptic systems in a half-space. The last Sect.13.5 is devoted to
regularity of solutions to higher order semilinear elliptic equations.

13.1 The Dirichlet Problem for the Linear Second-Order
Elliptic Equation in the Space of Multipliers

Let us start with a multiplier analogue of the classical unique solvability of a
linear second-order equation in the variational sense.
By {2 we denote a bounded domain in R™ with 92 € C%'. Let

"0 0
ij=1_""

Suppose that the coefficients a;; are real measurable bounded functions
on {2 and that the matrix ||a;;|| is symmetric and uniformly positive definite.
We consider the Dirichlet problem

Lu=0in 2, u—ge W),
where g € W} (£2). This problem is uniquely solvable.
V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 445
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Theorem 13.1.1. If g € MW3(2), then u € MW3(2). Moreover,

u—g e MW;(R2) = W)
and

s 2 prwy < cllgs 2l arws - (13.1.2)

Proof. By the maximum principle for variational solutions of the equation
Lu = 0 we have

lw; 2]z < g5 2l - (13.1.3)

Hence the function v = u — g belongs to Wi (£2) N Log(£2). The definition of
a variational solution yields

/ 00 97 4, / 9% 99 4, (13.1.4)

l ’L
jaxz axj J (%L‘Z 81:]

for any ¢ € W2(£2). Let v be an arbitrary function in W (§2) ﬁ Loo(92). Tt
is casily seen that yv and 02 belong to Wi (£2). We set ¢ = yv? in (13.1.4).
Then

/aija(vv) (v )dx_/ dv v 2 di
o , :

Ox; Ox;j Gig dx; axJ
8(71}) Jg / v dg
- ij dx — i dx
/Qaj O0x; 8@ nyvajaxz O0x;
Consequently,

cllV(yv); 2117, < v 27 IV 2|1,
FIV(); 2| L. [0V g; 2Ly + 175 2/ Lo Vs 2|1, [0V g; 2|2, . (13.1.5)

oo ‘

Clearly,
[0V g; 2L, < [lvg; llwz + llg; 2l Lo lv; Ll -

Since
lg; 2. < ||Q§Q||MW21a

it follows that
[vVg; 2llL, <295 2l arwz llv; Ll -

This inequality, together with (13.1.3) and (13.1.5), implies that

c|[V(yv); 2IIZ,

< 811g; 203w llvs 2y + 211V (v0); 202 g 2w o 2wy -

Hence
lvv; 2llws < cllg; 2l arw lvs 2[lw;
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or, which is the same,
luv; Rllwy < cllgs 2wy v Llws - (13.1.6)

Since W3 (£2) N Loo(£2) is dense in Wi (2) and yv € W1(2) for all
v € WH(2)N Lo (£2), we have (13.1.6) and yv € Wi (£2) for any v € W34 (£2). O

Remark 13.1.1. Let 2 be a bounded domain in R with 002 € C%!. By
Theorem 8.7.2, MW;/*(R"1) is the space of traces on R"1 of functions

in MW3(R). This clearly implies that ¢ € MW;/Q(BQ) has an extension
g € MW} (§2) for which

lg; 2l arwy ~ H‘PﬁQHMW;/?‘

This, together with Theorem 13.1.1, proves the unique solvability of the
Dirichlet problem

Lu=0 in 2, ulog=pecMW,*00)
in MW4(92).

Remark 13.1.2. Let §2 be a bounded domain in R™ with 90 € C% In
Theorem 13.1.1 we used the space M (W} (£2) — W,(£2)). Let us show that
m 17l Ry 74 m l
MW (82) — Wy(£2)) = W,(£2) N MW, (£2) — W,(£2)).

We denote the left-hand side of this equality by A and the right-hand side
by B. Since 1 € W(£2), it follows that A C B. Let u € W*(£2), v € B

and let {u,},>1 be a sequence of functions in C*°(£2) such that u, — u in
W (£2). Then yu, € W;(Q) and

e = s Lllwe < 17 Llwy—willv = w; 2wy = o(1).

Consequently yu € WIlJ(Q), that is, v € A.

13.2 Bounded Solutions of Linear Elliptic Equations
as Multipliers

13.2.1 Introduction

In this section we study bounded solutions of a linear elliptic second-order
equation without any requirements on their boundary values. It is shown that,
under some conditions on the right-hand side of the equation, such solutions
are multipliers in certain function spaces.
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Let 2 be a domain in R™ with compact closure and sufficiently smooth
boundary 0{2. By Wiﬁ(ﬂ),ﬂ € R! we denote the space of functions
u € Wy 1,.(92), having the finite norm

1/2
i @y, = ( [ ot vuPis + i)

where p(x) = dist (z,012) .

Theorem 13.2.1 below states that bounded solutions of the above men-
tioned equations are multipliers in the space I/V21 5((}) for > 1. For f < 1
this fact is not true since the space of traces of functions from Wy ;(2) with
B < 1is WQ(I_B )/ ?(892), which does not contain all bounded functions on
0f2. The case § = 1 is special. It is considered in Theorems 13.2.2-13.2.4,
in which solutions from L., ({2) appear as multipliers acting into the space
W31 (£2) from some function spaces more narrow than W, (£2). In Theorems
13.2.3 and 13.2.4 we deal with the weighted Hilbert space Wzl’w(p)(ﬂ) similar
to VV21 5(£2), where the role of p? is played by a weight w(p). Here it is shown
that all bounded solutions belong to the class M(Wiw(p)((?) — W3 ,(02)) if
and only if 1/w € L(0,1).

13.2.2 The Case 3 > 1

Let £ be the uniformly elliptic operator (13.1.1) with sufficiently smooth co-
efficients in 2 and let a;; = a;;. We consider the equation

Ly =f+divg, (13.2.1)

where f is a scalar function while g is a vector-valued function from Lg joc(£2).
By a variational solution of (13.2.1) we mean a function v € V[/21 (£2), satis-

fying

loc

Oy 0On
L 9 gy = — g V)daz, 13.2.2
/Qajamjaxix /Q(fn g Vn)dx ( )
where 7 is an arbitrary function from W4 (§2) with compact support in 2.

Theorem 13.2.1. Let § > 1 and let the functions f and g satisfy the condi-
tion
PPP(fIV? + 1gl) € M(W3 5(02) — La(92)).
Then any variational solution v € Loo(£2) of equation (13.2.1) belongs to the
space MWy 5(82), and the estimate

v ey, < e (0211 2Wrwy 1

+ 10720 QNlnwi y—ray + 113 Ql2)  (13.2.3)

holds with a constant c independent of f,g and .
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Proof. Let R denote a solution of the Dirichlet problem
LR=1 in 2, R=0 on 912.

From Giraud’s theorem on the sign of the normal derivative (see[Mir], Sect.
3.5) and the boundedness of the gradient of R it follows that ¢1p < R < cap
on (2. Choosing a sufficiently small 6 > 0, we introduce a family of functions
{¢-} from C§°(£2), 0 < 7 < §, such that (- = 1 on the set

Q. ={zeR:px)>r1}

and 0 < ¢ <1, |D¥,| < et for all multi-indices .
We set
n=R’Cuy

in (13.2.2), where u is an arbitrary function from VV21 5(£2). Then the left-hand
side of (13.2.2) can be written as

/aua_’ya_ndx:/ aija(’yu) O(yu )RBC dx — /aijg—u Ou 72R5C3dx
o Q

o oz 0z, Ox; Ox; x; 0%,

LA [, 20 0
Jr/Qa” or, o, ~yudx ”6 T udz. (13.2.4)

Since
IV(RPC)| < cR7'¢s,

the third term on the right-hand side of (13.2.4) does not exceed
i @l [ GVl o
< el QNG IV (w02 2, lupl® =272 2, (13.2.5)
By the Hardy inequality,
|upP=2/2 ||, < c||u;Q||W216. (13.2.6)

We estimate the fourth term on the right-hand side of (13.2.4) using
(13.2.6):

ou O(RP(?
[ a2t da] < sl [ 9ullul o

< el 2B lus 20y
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Consequently, (13.2.4) implies that

o(vu) O(~yu
/Q 0y 20900 232 1 < el QU2 s 21

* ij a.’EZ 2,8
+ ‘/Q(fRﬂCfu2v —yg V(Rﬁcfuzv))dx‘. (13.2.7)
We have
[ 7RG aal
2
2
< cllv; 2l |72 F1V3 QHM(WZIVBHLZ)HU; Q\\%V%. (13.2.8)
Also,

\/QW(R%QW) <c /Q 191 9°C |V (7u)| de

el 2l /Q lgul [V (R ¢ |da <

< cllp”? g5 LNy =Ly 16 0772V (yu); Qs [lus 2w,
+ellv Qe o gus e, |p7 P2 V(RIGu); 2|, .
Since by (13.2.6) the last norm does not exceed ¢ ||u; QHW;ﬁ7 it follows that

[ 9 VR Caiayda] < el 2g: Qs - (16 72 9 00: 2

s 2l s 2l s Ll .

2,8

Combining this estimate with (13.2.8) and (13.2.7), we find that
16 72 9y 2, < € (I 2l + 110772 172 23

= s—L2)
+p%% g; Qw12 1w Qlwy ,-

Passing to the limit as 7 — 0, we complete the proof. O

Remark 13.2.1. The same proof shows that for 0 < § < 1 the assertion of
Theorem 13.2.1 remains valid for bounded solutions v € W4 (£2) of equation
(13.2.1) satisfying the Dirichlet condition v = 0 on 9f2.

We next describe the space MWQIﬁ(Q) for 8 > 1. By @; we denote the
cubes with edge lengths d; forming a Whitney covering of (2. Let @} be the
cube in {2, concentric to @; and with edge length 9d;/8. The cubes Q; form
a covering of (2 of finite multiplicity, depending only on n.

We introduce the relative capacity of a compact set e C (2,

cap(e, £2) = inf{||Vu; 2|7, :u € C°(2), u=1 on e}.
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Proposition 13.2.1. For 5 > 1

Vel
5 s, ~ sup sup It 4 s 2l

i ecq, [cap(e, Q;)]'/?

Proof. First of all we note that for 5 > 1 the Hardy inequality (13.2.6) leads
to the relation

i 20y, ~ [ o) (70 + ) 20)

By {n;} we denote a partition of unity, subordinate to the covering {Q;}
and such that |Vn;| < cdj_l. Assume also that {¢;} is a sequence of smooth
functions with

supp (; C Qj, (=1 on Q; and |[V(| < cdj_l.

By the last equivalence relation and the Poincaré inequality, we have
s 213y, ~ S 2 IV (s 213,
J

The same holds if we replace 7; by (; on the right-hand side. This relation
and Theorem 1.2.2 give

Iy @1y , < e 2 [V (s 211,
J

IVOm)ielld < s
< csup su —2 4’ |v( 0
N jp ecgg)j Cap(e Q Z ” CJ ) ”L2

[V;ell? mesy, e
< efsup sup 0L N 2y -
i ecq; cap(e,@;) cap(e, Q;) W2

Since the Poincaré inequality implies the estimate

+ v 207 d5

cap(e, Q}) > cd? mes,e,

we obtain the required upper estimate for the norm of v in M I/V21 B(“Q)
The inequality
v: 2. < H’Y%QHMWQ{B

is obtained by standard arguments (see Proposition 2.7.4). Setting u €
C5°(QF) , u=1on a compact e C Q;, in

[ pla Vs < s 2Ry, s 2,
0 P 2,8

we obtain
IVyiellz, < e cap(e, Q7)1 2wy -
The proposition is proved. O
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In a similar manner we can derive the relation

h'@HL
h ,3/2.(2 ~ H’—2
P Bl s 2P S Teapte, @I

where 0 > 1. Therefore, the estimate of the solution « obtained in Theorem
13.2.1 can be written in the form

Vi
sup sup [V;ellz, <c(

. Hf;eHLl + ”9;6“112
P8 Teapte, g7 = U Pl o g )
J 1y

j ecq; [cap(e, Q)2

In the case n > 2 we can replace cap(e,Q}) by the Wiener capacity c 1,
and the supremum with respect to j and with respect to e C @;, by the
supremum over compact sets e with d(e) < p(e), where d(e) is the diameter
of e and p(e) is the distance from e to 2.

It follows from Proposition 13.2.1 that the spaces of multipliers in ngﬁ(())
are isomorphic for all 8 > 1. Since the proof of the lower estimate for
H’y||MW21’ﬁ(Q) remains valid for 8 = 1 as well, it follows that in the case

B > 1 we have the imbedding MWy 4(2) C MW, ,(£2). We show that the
last imbedding is strict. Indeed, let

v(z) = sin log p(x) and wu(x) = [log p(z)|*/>7%, &> 0.

One checks directly that u € Wy, (§2) whereas yu & Wy, (£2).

13.2.3 The Case 8 =1

By S(£2) we mean the space of functions from Wy, .(§2) with the finite norm

loc

1/2 3
e 2lls = (| p@vupde +lueit,)” + [ 19l

where § is a small positive number and I is the boundary of the domain 2.

Theorem 13.2.2. Suppose that the functions f and g are subject to
P 2(S12 4 L)) + [g]'? € M(S(2) — La(2)).

Then any variational solution v € Lso(£2) of (13.2.1) belongs to the space
M(S(2) — W3 ,(2)) and

2
I lass—wiy < e (1 e + 171+ 10D 203y

+10"%9; Rl ar(s— 1)) (13.2.9)

with a constant ¢, independent of f,g and ~y.
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Proof. We use the notations R and (,, introduced in the proof of Theorem
13.2.1. We set n = R(2u?y in (13.2.2), where u is an arbitrary function from
S(£2). Then the left-hand side in (13.2.2) takes the form

[ o208 p2 o~ [ aygt 2R ds
2 (9]

Ox; Ox; x; 04
O(yu) O(RE?) / Ou 9(RE?) ,
—|—/Qa” u, o, yudr — | ajj-— oz, oz, Y ude. (13.2.10)

The third term on the right-hand side of (13.2.10) is equal to

5 [ uremeds = 3 [ oo [ (o, gt 55 4L RLEH) Jds

The absolute value of the last integral does not exceed

CIIV;QHQLJ”/ wrde < ey 207, suwp |lu 47,
\Q, 0<r<6
Clearly,
5
s T |, g/ Vs Tollpado + ¢~ s 252\ %l (13.2.11)
0

Consequently, the absolute value of the third term in (13.2.10) is not greater
than

cllv; 2112, lu 213 (13.2.12)

Next we estimate the fourth term on the right-hand side of (13.2.10). We
have

’/ du A(RE2)

oo e D da| < el 20 (1 sl + [ 19l )

25

Using (13.2.11), we find that the last integral does not exceed
s
C/ Vs el lus Tr | odr < e sup lus Iy lus 2ls < eallus 2]1%
0 0<7<d

and, consequently, the absolute value of the fourth term on the right-hand side
of (13.2.10), as well as the third one, is majorized by the product (13.2.12).
Combining this fact with (13.2.10) and (13.2.2), we arrive at the estimate

.. RC dx < () u; 9]
/ Aij 9533’ 9{E2 C C” Y3 ”L ” ”S

+’/Q(J"RC?UQ’Y —g V(RCEU%))dw‘. (13.2.13)
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The second term on the right-hand side of this inequality does not exceed

lly: 2l (||<pf|>1/2u;rz|%2 T /Q guv<R<3u>dx)

+/ 9| IV (yu)[RCZ Ju| d. (13.2.14)
Q
Obviously, the first term in brackets has the majorant

1o 1£DY2; RU3s (5= 1) 10 2115

while the third one is not greater than
c HCTpl/z V(’}/U); ‘Q”L2 le/Qg U3 ‘QHL2

< ell6rp? V (yu); Q1. 101295 Cllares— o) 1w Lls.
We estimate the second term in the brackets in (13.2.14):

| a9 (RG] ds < e[ 20, < [ plal vl ds

1/2

< c(llgl’?; 203 (s— 1) + 10729 Lllrr(s—12)) llus 2%

Combining the above estimates with (13.2.13) and noting that R > c¢p, we
find that the norm ||p'/2V (yu); 2|1, does not exceed the right-hand side of
(13.2.9) multiplied by |Ju; 2||s. The theorem is proved. O

13.2.4 Solutions as Multipliers from Wy, (£2) into W3 ,(£2)

Using Theorem 13.2.2, we show that bounded solutions of (13.2.1) are mul-
tipliers acting from a weighted Hilbert space, intermediate between W211(Q)
and W 5(§2) with 3 < 1, into Wy ;(£2).

Let w be a continuous function on [0,00) such that w(p) > ¢p for p > 0.
We say that a function u € Wy, (£2) belongs to W, (£2) if it has the finite
norm

1/2
i 2wy ., = ([ wlo@)IV uPde + s 2],
Q
In particular, for w(p) = p we have W5, +(£2) = W; 5(£2).

Theorem 13.2.3. Let

° dr
/0 WT) < 0. (13.2.15)

Suppose also that

PRSI+ 1gl) + 19172 € M(Wy 4, (2) — La(£2)).
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Then any variational solution v € Lo (£2) of (13.2.1) belongs to the space

M(WQI,w(p)(Q) - W21,1(Q))
and
s Plascwy o —wi < € U5 2l + 011+ 19l 2wy oy
+1p 29 2wy, L) (13.2.16)

with a constant ¢ independent of f,g and ~y.

Proof. Since

) § T 1/2 1/2
/0 IV Iy || dr < c(/o wd(T)) / (/Q\Qé w(p(x))wu\?dx) 2

(£2) € S(£2) and

it follows that Wzl,w(p)

lu; 2l|s < eflu; 2wy

2,w(p)

It remains to make use of Theorem 13.2.2. O

The next theorem shows that the condition (13.2.15) is also necessary.

Theorem 13.2.4. If any wvariational solution v € Loo(£2) of the equation
L =0 belongs to M(Wiw(p)(ﬁ) — Wy 1(92)), then the condition (13.2.15) is
satisfied.

Proof. Suppose (13.2.15) does not hold. We introduce a positive Lipschitz
function u in {2, coinciding near 0f2 with the function

x —v(p(x)) = (/p(zj) %77:»1/2—07

where o is an arbitrarily small positive number. Clearly, u € W, w(p)($2)-

Therefore, for any v € Lo (£2), the norm |[p*/2V (yu); 2|1, is finite and,
consequently,
1/2

| /= uVy; 2|1, < oo

Let A and B denote the Banach spaces of solutions of the equation Ly =0
with the finite norms [|v; 2|, and

7 2l L + 1012 Vs 2] 1,

respectively. Let I be the identity mapping of A into B which is, obviously,
linear, continuous, and one-to-one. By what we have just proved, I maps B
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onto A and, consequently, by Banach’s theorem, it is an isomorphism. Thus,
we have the estimate

1920 VY 2L, < clly; 2l

with a constant ¢ independent of ~.
For any sufficiently small € we have

20
dr \Y/2-0 |
/2 . < .
([ <5)" 1o e i < el 2l

This inequality and the maximum principle imply that

26
dr
V2 Q1. < 2 (/
”p v ||L2 > 2C i ’LU(T)

Since solutions of £y = 0 obey the estimate
170920l 2, < e (10"2V7; 20 2o + 17 21l 2.)

(see for instance, [Maz5], Sect.2), it follows that

o—1/2
)02l en + e 2ol

020 <ol [ ) 00l + @l 2
v; Ly = C2 W) s Lo ()|l e/2||Lo-
Given an arbitrary sequence of solutions -, whose traces on 0f2 belong to
the unit ball in L. (912), we select a subsequence {7y, }m>0 convergent in
LQ(QE/Q). Then

26
. dr \o—1/2
lm sup ||Ym — &3 02| 1, < 2¢2 (/ 7)) .
€

m,k— oo ’U)(’T

By assumption, the right-hand side tends to zero as ¢ — 0. Hence {7y, }m>0
converges in Ly(962). Thus, the unit ball in Lo (92) is compact in Lo(0f2)
which, of course, is not true. The theorem is proved. a

13.3 Solvability of Quasilinear Elliptic Equations
in Spaces of Multipliers

In the present section we collect theorems on the solvability of boundary
value problems for quasilinear second-order elliptic equations and systems
in spaces of multipliers. Sects. 13.3.1 and 13.3.3 concern the case of a single
equation in divergent form, while in Sect. 13.3.2 we examine a system of the
same type. It is shown that bounded variational solutions of these equations
and systems belong to the space M W;(Q) of multipliers in W, (£2) under
certain conditions. A similar assertion concerning solutions of nondivergence
equations in the space MW3(£2) is contained in Sect. 13.3.4.
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13.3.1 Scalar Equations in Divergence Form

Here we deal with a variational formulation of the mixed boundary value

problem
8@1‘ (37, s V’Y)
8xi

FY|F = Oa ai($7’y,v’}/)COS(V, T

=¢(z,7, V), €, (13.3.1)
)|8Q\[‘: 0, (13.3.2)

where I is a subset of the boundary 0f2 and v is a normal to 9f2.

Let {2 be an arbitrary bounded domain in R™. We assume that the func-
tions a;(x, &, &) are measurable with respect to x for all §y & = (&1,...,&n),
continuous with respect (£, &) for almost all z € 2, and, for x € £2,|&| < Q,
satisfy the inequalities

ai($7£07£)€i 2 Cl|£|p - fl(x) (1333)
and

> ai(z, 0, )| < c2l¢P! + fala), (13.3.4)
=1

where @, c1,co are positive constants, f; and fo are nonnegative functions,
& # 0 and

AP e MWHRQ) — L), £,/ e MWHR2) — Ly(2)), p> L.

By VT/I}(Q, I') we denote the completion, in the norm of space Wpl(.Q), of the
set of functions in W) (£2) with compact supports in £2\I'. It is standard that
the intersection WZ}(Q, I') N Loo(£2) is dense in Wpl(97 I).

Let [y(z)| < @ for almost all z € £2. By a variational solution of problem
(13.3.1)-(13.3.2), we mean a function v € W, (§2, I') satisfying the identity

ov

[ a9 gde = [ plwr 9vds (13.35)
2 L Q

for any function v € WZ}(Q, I).

Theorem 13.3.1. Let v be a variational solution of problem (13.3.1)—(13.3.2)
with |y(x)| < Q for almost all x € §2. Further, let

lp(z, &0, )| < kIE]° + g(2), (13.3.6)
where k = const > 0 and
g’ € M(W, () — Ly(12)).

Then
v € MW, (£2).
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Proof. Let u be an arbitrary element of (W, N Ly)({2) and let v be a varia-
tional solution of problem (13.3.1)-(13.3.2). We set

v= (e —1)]ulf

in (13.3.5), where A is a positive constant whose value will be chosen later. It
is easily seen that this function belongs to the space WZ}(Q, I'). We have

ou

8a:i

+ / <p(xm,V7)(eM —1)|ulPdx.
Q

lu[P~Lsgnu(eM — 1)dz

/\/ ai(w,wvvv)?(fMIUIpdx = —p/ ai(x,v,V7)
2 (9

Li

Using (13.3.3) and (13.3.4), we obtain

)\cl/ MuVy[Pde < )\/ M fr|ulPdx —&—p(:g/ [uVA [P~ V| (e —1)dz
%) o) fo)

+/ F2| V| [uP~1 (er — 1) da + / o |ulP(e* —1)da.
Q Q

By (13.3.6) the last integral does not exceed
k/ VA [P (M — 1)dgc+/g|u|ff>(eM 1) da.
Q Q
Setting A = 2k/c; and € = e*?, we arrive at the inequality

2
ﬁ/ [uVAPdr < —ke/ filulPdz + (e — 1)/g|u|”da:
2¢e Q C1 Q 0

+tpea(e - 1)/ (V[P Vu| da + (e — 1)/ fo| V| [uP~tdz.
£ Q

Hence
_ 1/p
19 @) 201, < e( /Q (9+ fi+ £/ D) uprdz) "+ Vs 211, .

Since the functions /7, £;7, f,/*"" belong to MW, (2) — Ly(12)), the
result follows. 0

13.3.2 Systems in Divergence Form

Theorem 13.3.1 has a partial generalization to systems of equations of the
type (13.3.1). In the theorem below we assume A\, a;, and ¢ to be vector
functions with values in R™. In (13.3.5), by v we mean an m-dimensional
vector function.



13.3 Solvability of Quasilinear Elliptic Equations in Spaces of Multipliers 459

Theorem 13.3.2. Suppose that vector-valued functions a; and ¢ obey condi-
tions (13.3.3), (13.3.4), (13.3.6), where f1, f2, g are the same as above. Let the
constant k in (13.3.6) be sufficiently small. If v is a variational solution of the
system (13.3.1), satisfying the boundary conditions (13.3.2) and |y(z)] < Q
for almost all x € 02, then v € MW, (12).

Proof. We set v = ~|ulP in (13.3.5), where u is an arbitrary function in
(W) N Lso)(£2). Tt is easily seen that the vector function y|u[P belongs to the

space WZ}(Q, I"). We have

0
/az(a%’)/aV’V)afY |U,‘pd.13 = _p/ ’}/a/l(xa’%V'Y)
2 Li Q

ou

sz-

|ulP~%u dx

4 /Q (@, v, V) |ulPde.

From this inequality and condition (13.3.3), we obtain

[1v6urds < e( [ aita., 991 9]l e

+ [ letwn VI hllarde + [ flapds+ [ privupds). (1337
19} 10} 2

Using condition (13.3.4) and the Hélder inequality to estimate the first integral
on the right-hand side of (13.3.7), we find that it is dominated by

el 2lpo (1Y (u); 211, Vs 20z, + v 205 I Ve 217,

1/(p—1 —
_’_Hf2/(p )7 ‘Q||Z])\4(1VVI}~>LP)HV,U’ QH%p) (1338)

By (13.3.6), the second integral on the right-hand side of (13.3.7) does not
exceed

I 2l [ [l (V217 + )
Consequently,
v ) < o) Vu: 2 p=1). oi=1/p YVu: 2
I () @, < collrs . (170 @A, +1 2 QA Vs 2)),)
+ kY|l Q1P 19 (yu); 2], + K72y 20 P Vs 2] 1,
1
+ 11y 202 19Y7; 2lasws -, Vs 21l1,).
In view of the smallness of & we may assume that
co kP ||y 2P < 1/2. (13.3.9)

Then
IV(yu); 2|, < cl|[Vu; 2|1,

The theorem is proved. a
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Comparison with the case of a single equation, considered in Theorem
13.3.1, may give the impression that the result obtained in Theorem 13.3.2
for a system is weaker because of the condition that the constant k in (13.3.6)
is small (see (13.3.9)). However, we show by the following example that this
restriction is not only dictated by the proof, but really is necessary.

Example. Let {2 be the disk
Q={z+tiy=re?’: 0<r<el, 0<0<2r}

Consider the quasilinear elliptic system

—2v; — 2 — ((loglog r=1)=2 + (loglog r 1)1 o
Aryl - ( 2 ) ‘V7|2a
Y2+ 27 +2
—275 + ((loglog r=1)=2 4+ (loglog r—1)~1 +1
gy = 22+ ((oglogr™) 2 + (loglogr™ ) ) +1) oo 15519

[Y]2 4271 + 2

where
7=y and VAP = [V 4 [Vt

We subject the vector function v to the homogeneous Dirichlet condition on
0f2. Tt can be checked directly that the boundary value problem just formu-
lated has the solution

y1 = cos (loglogr=1)% — 1,

o = sin (loglog r~*)? (13.3.11)

in the space W3 (£2) N Loo(£2). In fact, the substitution v = (v + 1) + ive
reduces the system (13.3.10) to the scalar equation

~ —2v+i(loglog ') "2v 4 i(loglogr—1)~
- [v]2 +1

1
Av U|Vv|2,

After writing the Laplacian in polar coordinates one readily checks that

. —1y2
V= ez(loglogr )

satisfies the last equation. -
It is clear that |y(z)| < 2 on 2. Since

loglog r—!
|Wz)|:2w7

rlog r—1

it follows that

* (logt)?
meuz:c/ L8 1 < o
1
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If the vector function 7 is a multiplier in W3 (£2), then the inequality
2,2 . Ol2
/Q\Vﬂ wdr < cllu; 2|5y,

holds for all u € W (§2), which is equivalent to the estimate

/Q(loil)zgr:lfuzdx < cllus 21, (13.3.12)
We set here
1 for r < &2,
u(z) = (l)oggr_1 for r > ¢;

] T for 52§r§5,
oge~

where ¢ is a small positive number. Then the right-hand side of (13.3.12) is
O((loge=1)~1), while the left-hand side majorizes the expression

e? —1.2 0o 2 —1)2
c/ (loglogr ) dr > c/ (logt) Qi e (logloge™1) .
0 rlogr—1 " Jioge—2  t? - loge—1!

Thus, (13.3.12) is false and v ¢ MW (£2). It remains to note that the vector-
valued function v = (y1,72) given by (13.3.11) satisfies a system for which
(13.3.6) is valid, but that % is not sufficiently small.

13.3.3 Dirichlet Problem for Quasilinear Equations in Divergence
Form

In this subsection we extend Theorem 13.1.1 to a class of quasilinear equations.
As above, we assume {2 to be an open bounded subset of R™. Let the functions
A;i(z,£) be measurable with respect to  for all £ = (&1, ..., &, ), and continuous
for almost all x € §2, and let the inequalities

Ai(2, 08 > cilelP, Y Az, )] < ca ¢ (13.3.13)

i=1

be satisfied for any &, where ¢y, co are positive constants and p > 1. Further
suppose that the monotonicity condition

(Ai(z,v) — Aj(z,w)) (v; —w;) >0

is satisfied for v # w.
By the solution to the Dirichlet problem for the equation

0A;(z,Vu)
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we mean a function u € WI}(Q), satisfying

/ Ai(z,Vu) Ov dr=0, u—gE€ WZ}(Q), (13.3.14)
Q O0x;

where g is a given function from W) (£2), and v is any function from WI}(Q)
It is known (see [LeL])that, under the above conditions on A;, the problem
(13.3.14) has a unique solution from the space W, (£2). If g is bounded, then
the solution u is also bounded by the maximum principle.
The following theorem on the unique solvability of the problem (13.3.14)
in a multiplier space basically follows from Theorem 13.3.1.

Theorem 13.3.3. If g € MWpl(Q), then the solution u of (13.3.14) belongs
to the space MW, (£2).

Proof. Set v = u — g and introduce the notation
ai(z, Vy(2)) := Ai(z, Vy(z) + Vg(z)).
By (13.3.13) we have
ai(z,€)& = Ai(2,£ + Vg(2))& > a1l + Vg(@)| > e (2'PIEP — [Vg(2)[?),

1

Z lai(x,€)| = Z |Ai(2, &+ V()| < e (1€ + [Vg(@)])"™
Since
Vg e M(W2(£2) — Ly(12)),

the functions a; satisfy (13.3.3) and (13.3.4). It remains to use Theorem
13.3.1. a

Let 2 be a bounded domain in R™ with 92 € C%! (that is, a Lipschitz

graph domain). In Sect.8.7.4 it is shown that MWpl_l/p(R”’l) is the space
of traces on R"~! of functions from MW} (R’ ). It readily follows that any

function ¢ from the space M WZ} —1/p (042) has an extension g onto {2 such that
< Hlgs 2larwy < 103020 1w < cllgs Rllarwy,

where ¢ is a constant depending only on (2 and ¢ > 1. The next assertion
follows from Theorem 13.3.3.

Corollary 13.3.1. The Dirichlet problem

0A;(x,Vu)

al’i = 07 u < Wpl(“o)a u|aQ: ©s

where ¢ € MW,}_l/p(aﬁ), has a unique solution in the space MW, (£2).
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13.3.4 Dirichlet Problem for Quasilinear Equations
in Nondivergence Form

We next prove a theorem showing that solutions to the Dirichlet problem for
nondivergence quasilinear elliptic equations belong to the space MWZ(£2).
Let 2 be a domain with C? boundary and let ) be a nonnegative con-
stant. Suppose that the functions F(z, &, ) and ai;(x,&0,£),4,5 = 1,...,n,
are measurable with respect to z for all § € (—Q,Q), £ = (&1,...,&n) € R,
and continuous with respect to &g, £ for almost all x € 2. We assume that the
functions a;; are bounded and that there exists a positive constant ¢ such that

aij&i&; > cléf?

for the same o, £. Further, for some € > 0, let the coefficients a;; satisfy the
Cordes condition

ot )b S (S 0o
i,j=1 i=1 i=1
(see [Cor]), which restricts the dispersion of eigenvalues of the matrix [|a;;||};—; .
Suppose that
for || < @, where
g € M(W3(£2) — La(92))
and k is a small constant.
Consider the Dirichlet problem
ai;(x,u, Vu) Ou_ _ F(z,u,Vu) inf2, wul,, = (13.3.15)
() s Hy 8$i8$j - )y %y 9 on *80, e
where
u € W3(0), |u(z)| <Q almost everywhere in (2,
and ¢ € MWQB/Z(GQ). We set
v=u—, (13.3.16)

where @ is an extension of ¢ onto R" belonging to the class MWZ(R") (see
Theorem 8.6.1). Then the problem (13.3.15) is equivalent to the problem

9%v

bij(z,v, Vv) DB
0T

= G(x,v,Vv) in 2, wv|gn =0,

where
bij(w,80,€) = ay(x,& + P(x),& + VO(x))
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and

0?°d

G(x,&,&) = F(x,& + P(x), £+ VP(x)) + bij(w7€0u€)M'
T J

It is clear that the coefficients b;; satisfy the same conditions as a;;. Moreover,

|G(x,&0,8) < 2k[€]* + h(2), (13.3.17)

where
h = 2k|V®|? + ¢ |V2d|.

Lemma 13.3.1. The function h belongs to the space M(WZ(§2) — La(£2)).

Proof. For any function w € C§°(R™) we have

/ |V€I>|4w2d;z::f/ @ div(|VO[*(VE)w?)dz
n R?’L

<clBR o ([ [VOPIVatlutde+ [ (VO ] [Vu|do)
R"L RTL

< )| R | || [V[2w; R, (1| [V2ls R |1, + || [V [Vl ;R 1, )

Since
IVa®; R [ prwz—r2) + IV R vz — 1)
< cl|P R rwz, (13.3.18)
it follows that

IVePw; R, < | ®;R™ ||

— oo ‘

| R"[| prwg [|lw; R™ [|yyz.

It is clear that the last inequality is valid for all w € WZ(R"). Let w be any
function in W (£2), extended onto R™ and such that

[w; R*[[wz < cllw; 2[lwg,
where ¢ is independent of w. Then
[V[*w; 2|z, < ellw; 2wz,
2

which means that
VO[> € M(W3(£2) — Ly(92)).

Using the inclusion
9 € M(W3(£2) — L2(52)),

by (13.3.18) we find that the function |V,®| belongs to class M (W3 (§2) —
L2(2)). The proof is complete. O
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Theorem 13.3.4. If ¢ € MW23/2(8()) and w is a solution of problem
(13.3.15) in the space W3(£2) such that |u| < Q, then u belongs to the
space MW3(2).

Proof. Tt is sufficient to assume that n > 4, since otherwise MWZ(2) =
WZ(£2). Let e be an arbitrary compact subset of 2 and let o, be the Cs o-
capacitary Bessel potential of e (see Sect. 3.6.2). We show that the function v,
given by (13.3.16), belongs to the space MWZ(2). Since 0. € Loo(R™) and
W3(2)N Loo (£2) is an algebra with respect to multiplication, the product o.v
is a function from W2(£2). We have

0?(oev) do, Ov 9?0,
ij o = 0eG —2bjj 5——— —vbj; .
J 8.1‘1'8.73]‘ oG J (9.1%' 6£Ej 0 (956161‘3

According to [Cor], the estimate
loev; Rllwz < ¢ (lloeG; 2|, + | [Voe| [Vol; 2|z, + [vV20¢; 2] 1,)

is valid. Hence we find from (13.3.17) and Lemma 13.3.1 that
loev; lwz < ek lloelFo2 2l + 11 Vo IVol; 21,

+([1hs 2l arwz— 1) + llvs QHLOO)H%;R"HWz?)- (13.3.19)
We have
oe=(1—-2A) "2 and (1— Ao, =(1—-A)""p,

where p is a nonnegative measure. By G4 and G5 we denote the kernels of the
integral operators (1 — A)~2 and (1 — A)~!. In view of the relations given in
Subsect. 13.3.4,

O(Jz[>~™) for x| <1,
VG4 =
Vel {o<|x<3—n>/2e—lxl for 2] > 1.
Also,
|z|>~n for x| <1,
G >
| 2($)| = C{|x|(1—n)/26—x for lxl >1
and
|| for |z] <1, n >4,
|Ga(z)| > ¢ | log|x|~? for x| < 1/2, n =4,
|2| =)/ 22l for |x| > 1.
Therefore,
VG| = 0(G1 G,
and

Vo (2)]? < coe(z)(1— A)oe(z). (13.3.20)
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We use this inequality to estimate the second norm on the right-hand side of
(13.3.19):

Vool Vo] 2z, < ¢lloe Vol U211 — Ao 21177
< klloe|Vol%; 2L, + ck oo R lwz.  (13.3.21)

Now, (13.3.21) and (13.3.19) imply that
| oevs 2wz < e(2klloe Vol 2l
+ (I1h; Ll pewz—1,) + v 2o + k‘l)lloe;R"llw;)- (13.3.22)

We estimate the first norm on the right-hand side. Since v € W2(£2) N
W3(£2), integration by parts yields

I::/ o?|Voltde
e
<cllu 2. (/ 0e|Voe| |Vol*dz +/ ag\vv|2\v2u|dx),
Q 2
which together with (13.3.20) gives the estimate
I<clv; 2|z (/ (0€|VU|2)3/2((1 - A)ge)uzdx
17}
+ 120 |Vavl5 2, ).
Consequently,

1< cljo; Q.. (P o RS + 120 Va0l 2., )

and hence

11/2 < c||1}; Q||Loo ([1/4||ae;R"”%§ + Ho’el}; Q||W22

[ [Voel [Av]; 2|z, + [vV20e; 2|2,)-
Applying (13.3.20), we conclude that

12 < e v @lp.. (Jlowv; 2wz + o3 2l o R v
+ EIV? 4 ck’1||ae;R”HW2z>.
Since k ||v; R™ ||z, is small, it follows that

loe[ Vol 2z, = 12 < cfjo; Q.. (llowvi R lwz + ek~ o R lwz )
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The required estimate is obtained for the first norm on the right-hand side of
(13.3.22). We find from (13.3.22) that

loev; Rllwz < e (llh; 2laprwz—r,) + kil)HUan”W,}

Therefore,

/‘V2U|2d$ S C (Hh, QH]M(W;HLQ) + k_1)202,2(6).
e

Using the equivalent norm for [|v; £2|[57yy2, We complete the proof. |

13.4 Coercive Estimates for Solutions of Elliptic
equations in Spaces of Multipliers

It is well known that solutions of elliptic boundary value problems satisfy
coercive estimates in Sobolev spaces (see [ADN2]). The purpose of this section
is to show that similar estimates are valid for norms in classes of multipliers
acting in a Sobolev space or in a pair of Sobolev spaces.

13.4.1 The Case of Operators in R™

Theorem 13.4.1. Let P be an elliptic (in the sense of Douglis and Nirenberg)
operator (10.1.4), where M = N. Let the coefficients of P be constant. Further
let v ={~%, ..., ¥} be a vector-valued function in the space

[IWoee (T arw=" = L)
k k

and let
Pye [[MWy —wp=),
J
where r > h+1t, >0, r>h—5;>0,1<5k<N. Then

ve [[mMwy —wpith)
k
and the estimate
H’Y”Hk N[(W;HWSHIC)

<l 7”1'[-1\4(v1/,§ﬂ/i/’“‘"-7') + IV, arwr-rr—r,) (13.4.1)
j P
holds.
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Proof. 1t is known that for all u € [, Wi*"

Il g < Cr(IPullyy ynsy + )

Consequently, for all ¢ € C§°,

HVPW”HkW¢k+h
< CileProllyy e + 1e2ll, + e, PRl ynss) (13.4.2)
W iV

where [, P] is the commutator of P and the operator of multiplication by ¢.
As usual, by v, we denote a mollification of v with radius p.
It is clear that

(13.4.3)

Pl iss < WPl sy s, Il

and
Veellz, < ||’ypHHkM(WZ;~—}L—tk*}LP)H(P”W;fhfxnink th - (13.4.4)

It remains to estimate the third term in (13.4.2). For any multi-index «,
la| < sj + tg, we have

i D"l gos < € 3 ID% D" Pyl v
<«

<a Z ||Da_ﬁ%||nk M(WZT*W\*)W;L*W\+‘IC)||Dﬂ<pHW£7‘m
0<f<x

which, together with Lemma 2.3.3, gives

e D™l oo S e 32 Il argwg—awp—=owy Il
1<v<]al

S (6 ||’YPHHkM(W£~>W£L+tk) + C(E)H’YPHH,CM(W;’}L*%HLP) ||<P||WPT) (1345)
Now, (13.4.5) and (13.4.2)-(13.4.4) imply that

H’YPSDHHI?W;”+WC S CQ(HPFYPHH]-M(W;ﬂwsisj)
+e ||7p||HkM(Wg~>W;+tk) + C(E)H’YPHH,CM(nghitkHLp)) ||(p||W£

Consequently, v, satisfies (13.4.1). Since Pv, = (P7),, the result follows by
Lemma 2.3.1. O

Remark 18.4.1.1f r — h = t; for all £k = 1,..., N, then the additional
assumption

v e H M(W;_h_tk - Lp)
k
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is equivalent to v € Lo and the estimate (13.4.1) takes the form

lanwy < CUPA yrrs s, + D)
In particular, the inequality

Illaewy < CUP arwrg —wy—2e) + Ilz.) (13.4.6)

holds for a scalar elliptic operator P of order 20 with constant coefficients.
Here we a priori assume that

veWw,

Jloc

NLe and  Pye M(W) —W;>), r>20.

Remark 13.4.2. We show that the norm |||z on the right-hand side of
(13.4.6) cannot be omitted. Let P = —A+ 1, r = 2, 2p < n, and let
Yo(z) = n(x)log |z|, where n € C§°(B;1) with n(0) = 1. Then

Py = O(|z|7?) and suppPyy C B;.
Therefore, Pyq € M(Wg — L,). Suppose that
Vlawz < ellPylarwz—r,)

for all 7 € W72, N L. Let us substitute a mollification (70), of the function

7o into the last estimate. Then, according to Corollary 2.3.1 and Lemma 2.3.1,
[(vo)pllze < Cl(PY)pllarwz—r,) < CllPYOlMr(w2—1L,) -

Passing to the limit as p — 0, we obtain a contradiction.

13.4.2 Boundary Value Problem in a Half-Space

Let us consider an operator {P,trP,...,trP,} of the boundary value prob-
lem in RT‘l, where P and P; are differential operators of orders 20 and oy,
respectively, and tr stands for the trace at the boundary. Suppose that the
coefficients of operators P and P; are constant and the operators {P;trP;}
form an elliptic boundary value problem in R’ (see, for instance, [H1], Sect.
10.1).

We need the following two auxiliary assertions.

Lemma 13.4.1. Let [y], be a mollification of v in Ri"'l with respect to vari-
ables x € R™ with nonnegative kernel and radius p. Then

117103 Rl ar g —wty < v RE argwp—w)
LI n+1
< lim inf 1715 Rl aswin —wity (13.4.7)

and

I [’Y]p; RnHM(W;n—l/p_)Wé—l/p) < I RnHM(W;n—l/p_)Wllj—l/p)

< li;n_é(l;lf ||[’y]p;RnHM(W;nfl/p*}Wéfl/p) . (13.4.8)
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The proof of (13.4.7) is analogous to that of Lemma 2.3.1, and (13.4.8)
was proved in Lemma 4.3.3.

Lemma 13.4.2. If v € Wzl),umf(RT'l) and 7], is a mollification of v in R™*!
with respect to variables x € R™, then [v], € MW;(]RTFI).

Proof. Obviously all derivatives with respect to « of the function ¢ = [y],
belong to W (Riﬂ). Therefore all derivatives of 1 up to order I, except

p,unif

for 0'1) /0y, are bounded. What is more, for all y € R:,

y+1
Sup/ 10z, £) /O P dt < oo .
Y

x

Using these properties and the estimate

l y+1 )
)P <cy [T @rutatorpar,
=07y
we arrive at [[Yullw: < Cllullw:. .

Theorem 13.4.2. Let
7 € Wioe RYF) N MW, (R — Ly (RYH)),
where r and h are integers, r > h —o; >0, and r > h — 20. Further, let

Py e M(W] (R} — WE29(R))

and
trPjy € M(W;—H/P(R™) — Wi 1/P(R™)).
Then
v € MWy (L) — WhRY))
and

IR arwy —wiy < € 1PV RE gy w2y

p

PR v yiesvm HIRE g,y (18.49)
j=1

Proof. Tt is known (see, for instance, [Tr3], Sect. 5.3.3) that, for all u €
Wh(Rn+1)
pATE D

s R g < O (1P R e

+ 3 P R vy 1/ + ||u;R1+1||Lp). (13.4.10)
=1 !
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First we assume that v belongs to M (W R — WI? (R'¥™)). By virtue of
(13.4.10), for all ¢ € Cg° (R,

lyes RE [l < C(IIsoP%Ri“HW;—Qa + D ltr(@Pyy)s R [ neey-m
j=1
v RY |z, + II[%P]%M“HW;%

+letr @, Pily); R™| | n- a-—up), (13.4.11)

where [¢, P], [, P;] are commutators of P, P; and the operator of multipli-
cation by ¢. It is clear that

Py RE s < [PV RE gy gz [0 RE

e RE < I RE gy, [0 RE ypons (13.4.12)

[Itr(@Pjy); R™ || - J71/pS||ter'y;]R"||M(W;_l/p_wﬁfgj71/p)||tr<p;R"HW;fl/p.

Let us estimate the norm ||[¢, Ply; R [[yn-20 . For any multi-index o with
|a] <20 we have

o, DT RE 20 < ¢ Y IID@D* P REF | pncten
0<f<

<a Y, HDO‘_BW;RiHHM(W;—\mHWh oy | Do R lyyr=io1-
0<f<x

This and Corollary 2.4.1 yield

o, DUy RE 20 < D I RE 1o _ypn-to los RE
0<pB<a

By (2.3.13) the expression on the right-hand side does not exceed

1—|8|/h Bl/h
¢ 2 I RE I I RN o s R
0<f<

Thus for any € > 0,
e, Ply RE 20 < (e 1 R I arewy—winy

@) 17 R gm0 R o - (13.4.13)

We estimate the norm

lox (e, Pi17); R [l nos =70
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For any multi-index «, |a| < 0;, we have

||tr([§07Da]v);Rn”W:*Ujfl/P S c Z HtI'(DBQDDa_ﬁ’}/);Rn”W;’L,‘a‘,l/p
0<f<a

<c Z [trD*~Pry; R™
0<f<

It is clear that

larqw=181-170__yphtal=1/p) [[trDP p; I

HtrDa_rB’y7 Rn||M(Wg,‘g‘,l/p_)wéz—|a\—l/p)§ CHDO‘_Bry’ Ri+1 HM(Wli‘m_)WZilf\a\).

This inequality and Corollary 2.4.1 imply that

Jer(l, DI B ey S 3 IR - I RE o
0<pB<a

The right-hand side of this inequality was estimated earlier. Therefore for any
€ > 0 the norm ||tr([<p7Pj]'y);R"HWh_gj_l/p is majorized by the right-hand

side of (13.4.13). Therefore, using (13.4.11)—(13.4.13), we arrive at
Iy R lw < 01(IIPV;RTIIIM(W;HW;%J@
+ Z; [[tr Pjy; RnHM(W}:‘—l/p_)W;*Ujfl/P) +e |y Ry HM(W;HW@
Jj=

+e@) IR gy, ) s RE g -

Consequently (13.4.9) holds.
Now we get rid of the assumption

7€ MW (R — WhRLH)).

Let 7, be a function in C§°(R"™1) defined by n,(z) = n(z —y), y € R
Since

1T R < ISR Dasw oy s R e

<c ||F;Ri+1||M(w;nHw;)
for all y € RTFI, it follows that
M(W[:n(RiJrl) - WZI)(RiJrl)) C W]i,unif(RiJrl) .
The inclusion

M(W=e(R™) — WYP(R™)) € W, PR

,unif
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can be derived in a similar way. This inclusion and the conditions of Theorem
imply that

Pye W'2a@®H)  and Py e WGP (RY).

p,unif p,unif

The last fact, together with a local coercive estimate (see [ADN1], Ch. 15),
leads to v € W;unif(Riﬂ)). It remains to substitute the mollification of ~y
with respect to the variables x € R™ into (13.4.9) and to use Lemmas 13.4.1
and 13.4.2. O

Remark 13.4.3. In the same way one can prove a generalization of Theorem
13.4.2 to elliptic boundary value problems for a system, elliptic in the sense
of Douglis-Nirenberg (cf. Theorem 13.4.1).

Remark 13.4.4. If r = h, then (13.4.9) takes the form
s R sy < C (1P RE g vy —wg )
+ Zl FPA R e yreivie + IR ) . (134.14)
=
Here we a priori assume that
7 € WytoeRY) N Lo (RYT)
and

Py e M(W; (R — W27 (REY),  r > 20,

13.4.3 On the L,,-Norm in the Coercive Estimate

We show by an example that the norm ||v; R ™"||;_ on the right-hand side
of (13.4.14) cannot be omitted even if the operator {P, P1,..., P,} satisfies
(13.4.10) without the norm |lu; R™||, (cf. Remark 13.4.2).
Let
P=-A+1, trP =0/0xnii|lgn, 7T=2, 2p<n.

By 1 we denote a function in C§°(R" 1) with support in the unit ball centered
at the origin. Let

n(0) =1 and On/0x,y1 =0 for x,.1=0.

We put
I'(z) = n(z)log .
It is clear that

Ie WE(R:’_H), PI'=0O(|z|7?) for |z| <1, PI'=0 for |z| > 1.
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Therefore,
PI € MOW2RE) — Ly(R}).

Further we notice that trPI" = 0. We suppose that
1R larwz < CUIPY R arwz—i,) + 18Py R [y z-1o_ya-1/m,)

for all v € W7 (RN Loo (R ), and we substitute a mollification [I'], of I’
with respect to variables z € R™ into the last inequality. Since MW} (Riﬂ) C
Loo (R and P[I'], € M(W?2 — L,) by Lemma 13.4.1, it follows that

15 R Iz < P R s wz—i,) -

The right-hand side of this inequality is uniformly bounded with respect to p
by Lemma 13.4.1, although the left-hand side tends to infinity as p — 0, and
we have the required contradiction.

13.5 Smoothness of Solutions to Higher Order Elliptic
Semilinear Systems

13.5.1 Composition Operator in Classes of Multipliers

Here we study a composition operator in the space M(W,"(£2) — Wj,(()))
with integer m and I, m > 1 > 0 and p € (1,00). One can consult general
properties of such operators in the book [KZPS].

Let a function (z,£) — f be defined on 2 x Bg, where B = {¢ € R* :
|€] < R} and £ is a domain in R"™ with compact closure and the boundary
012 of the class C%!. We assume that, for almost all z € 2 and all £ € Bg,
there exist partial derivatives of f up to order [ independent of the order of
differentiation and satisfying the Carathéodory conditions, that is, they are
measurable in x for all £ € Br and continuous in ¢ for almost all x € 2.

Consider the non-linear mapping v — F(v) defined by

F(y)(z) = f(z,y(x)), x4

where y(z) = (y1(x),...,vs(x)) is the mapping 2 — Bgr. We additionally
assume that f and all its partial derivatives up to order [ — 1 obey the rule of
differentiation of a composition function (see [MaMi]) if v € C>(£2).

The next assertion contains the main result concerning the operator F'(7).

Theorem 13.5.1. Let v € MW]"(82), m > 1, and let |y(x)| < R for almost
all x € §2. Further, let

IDZ D3 f(2,6)| < Gigy(x), |8l +al <1, (13.5.1)
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where
G € MW 1P(2) — L,y(R2)).

Then
F(y) € M(W,M(£2) — W)(£2)). (13.5.2)

Proof. Let &(h)y stand for the mollification of v € MW" ({2) defined with
the help of a partition of unity on (2 used in Sect.9.1.2. For brevity we put
vn = R(h)y. The mollification has the following properties: v, € C*(£2),
Ivn(z)| < R, if |y(z)] < R, and y, € MW" (£2) (see Sects.9.1.2, 9.1.3).

Suppose that the theorem is proved for the pairs (I—1,m) and (I—1,m—1)
and that

[wF (v ); 20w < Cllus 2wy, 7=m—1m,

with a constant independent of h. We have

d B af 8(%%(%)
5 [F(yn(z))] = oo (2,7 (x +Zag] z, v (x oy (13.5.3)
By (13.5.1),
gDz 5k < G, 1Bl+1al <11
where

Gloper € MW7) = L, (2)).

Hence, by the induction hypothesis for the pair (I — 1,m — 1) it follows that
the functions 8f (-, yu(-))/0&; belong to M(W;"~1(2) — W.~1(£2)). Also, the
inequality

H ALY QH 10 = Ol Ll (13.5.4)
holds with a constant C' independent of h. Since
Hua(a’)’i)h;QH < H )h;QH s Ol
Z; Wy Oz MWWt -
Vi
: QH s Q2w 13.5.5
- Hal'j M(W;”HW;"—l)”u ||Wp ( )

(see Lemma 9.3.2), it follows that the sum over ¢ in (13.5.3) belongs to the
space M (W) (2) — WE=1(12)).
Similarly, by (13.5.1)

o 0f
DZDs L] < Gigy(@), 18I+ lal <U-1,
Ox;

where
Gig € MW 1P(2) — L, (2)).
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Therefore, by the induction hypothesis for the pair (I — 1,m) it follows that
the derivatives Of (-, i (+))/0z; belong to M (W (£2) — WTl,_l(.Q)) and that

Jag ], < C s Pl (13.5.6)

with a constant C' independent of h. Thus,
Vo F () € MW (2) — Wi (2)).
Now, (13.5.4)-(13.5.6) imply that
[V F (y); Qi < Cllu; 2wy (13.5.7)

with a constant C' independent of h.

Using (13.5.1) with |8| = |a| = 0, we find that the norms of the functions
F(~yp,) are uniformly bounded in L, (§2). Moreover, (13.5.1) with m = [ implies
that the derivatives

DS f(z,yn(z)), |8l =m,

are bounded on {2 x Br uniformly with respect to h. Hence F(vy;,) is uniformly
bounded on {2 x Bg. This fact and Theorem 9.1.1 imply the inequality

llu F'(yn); Lllwr < C llu; Lllwy (13.5.8)

with a constant C' independent of h.
The induction basis, that is (13.5.8) with { = 0 follows directly from the
inequality |f(x,&)| < Go(x), where

Go € M(W"(82) — Lyp(£2)).

To complete the proof, it remains to show that D*[uF(vy)] with u €
C>(£2) tends to D*[uF(v)], |a| = I, for almost all z € 2, and then to use
estimate (13.5.8). The result will follow by passage to the limit in (13.5.8) and
the Fatou theorem.

Since f(x,€) and all its partial derivatives up to order [ are continuous in
¢ for almost all x € §2, and

iy P = I (P = Dy
for almost all x € 2, it follows that for such z the limit
Lim D*[ul(yn)] = g(x)

exists. Let us show that g coincides with D*[uF(7)]. Let n be an arbitrary
function in C§°(£2) and let (, ) stand for the scalar product in Lo(£2). We
have

(D*[uF(yn)], ) = (=1)*(w F (), D). (13.5.9)
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Since F(vp) tends to F(vy) for almost all € 2 and |F(y,)(x)| < Go(z), it
follows by Lebesgue’s theorem that the right-hand side of (13.5.9) has the
limit
(=D (u F(7), D7) = (D*[w F(3)},n).
Hence
Lim (D [u F(yn)],n) = (9,m) = (D*[u F()],n)

and g = D*[u F(7)]. Thus, D*[u F(v,)] tends to D*[u F(v)] almost every-
where in {2. The proof is complete. a

Remark 13.5.1. When proving the equality

Jim (D*[u F(yn)],m) = (D*[u F(7)],n) for a.e. z € £,

we showed in passing that the chain rule of differentiation of f(z,~(z)) holds
for all its partial derivatives of order [ — 1, provided that all partial derivatives
of f up to order [ satisfy the Carathéodory conditions and v € M Wzl)<9)

Remark 13.5.2. According to Theorem 9.1.1, the condition
G € MW (2) — Ly(2)), pe (1,00),
is equivalent to

/ ‘Gk |pd$
sup

pm k()

where e is an arbitrary compact subset of 2. In the case m = k, (13.5.10)
should be replaced by the inclusion G € Lo (§2). For p = 1 the role of the
condition (13.5.10) is played by

< o0, (13.5.10)

sup rm_k_"/ |Gr(y)ldy < occ.
(z)N2

r€N,0<r<1

13.5.2 Improvement of Smoothness of Solutions to Elliptic
Semilinear Systems

Let {2 be a bounded domain with smooth boundary and let P(z,D,) be a
(s x s)-matrix-valued elliptic operator of order 2k. Further, let

Py(xz,D,),..., Px(x,D,)

be differential operators of orders myq,...,my < 2k — 1. We assume that the
coefficients of P and P; are smooth and that the system of boundary operators
{Py,---, P} is normal (see [LiM2], vol. 1, Sect. 1.4).

The next auxiliary assertion follows directly from Remark 13.4.4 by a
standard localization argument.
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Lemma 13.5.1. If
Y € W;g,’foc(g) N LOO(Q)
and
Py e M(W3(2) — W;7?(2)), s>2k, trPjy=0 on 912,
then v € MW (£2).
Consider the boundary value problem
trPj(x,Dgy)y =0 on 02, j=1,...k,

where v € W;k (£2) N Loo(£2) and f(z,v(x)) satisfies the conditions immedi-

loc

ately preceding Theorem 13.5.1 with [ replaced by m — 2k, m > 2k + 1.
Theorem 13.5.2. Let |y(x)| < R for almost all x € 2. Assume that (13.5.2)
holds with | = m — 2k for almost all x € 2 and for all £ € Br, and that
Glg € MW 101(2) — Ly(%2)).
Then ~ € MW];”(Q)
Proof. Since
Go € M(W,"1(2) — Ly(2)) € M(W;H(2) — Ly(£2)),

it follows by Lemma 13.5.1 that v € MW2*(£2). For all multi-indices o and 3
such that |a| 4+ |3] < m — 2k, we have

ID{DSf| < Gig(x),  where G € MW" 7181(2) — L,(92)).
Therefore, by Theorem 13.5.1,
FCA() € MW H(02) — W =2(92)).
Hence
FEA0) € MW (2) — W= 2R (02)).

This inclusion and Lemma 13.5.1 imply that v € MW" (§2). The result
follows. O

Remark 13.5.3. For pl > n, when the space M(W,"(£2) — W]} (£2)) coincides

with Wé(Q) (see Theorem 9.3.3), Theorem 13.5.2 contains the same result as
Theorem 1 in [Poh2].

Remark 13.5.4. We finish this chapter by noting that during recent years mul-
tipliers in spaces of differentiable functions turned out to be useful in the study
of nonlinear evolution equations. The first application of such a kind seems
to be made by Lasiecka who proved the existence of compact local attractors
for a von Karman dissipative system with nonlinear dissipation [Las].
Lemarié-Rieusset applied the space M (h," — hfu) to the problem of unique-
ness for the Navier-Stokes system [LR] (see also [Ger]|, [MaPa], and [LRM]).
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Regularity of the Boundary in L,-Theory
of Elliptic Boundary Value Problems

14.1 Description of Results

The purpose of this chapter is to give applications of the theory of multipliers,
developed earlier, to elliptic boundary value problems in domains with ‘non-
regular’ boundaries.

We consider an operator { P, tr Py, ..., tr P} of the general elliptic bound-
ary value problem with smooth coefficients in a bounded domain 2 C R™. We
assume that ord P = 2h <[ and ord P; = k; < [, where [ is an an integer.
The trace operator on the boundary 92 is denoted by tr.

It is well known that the mapping

h
{PitrPy} s Wi(2) — W2M(2) x [[ w7 (002), (14.1.1)

Jj=1

where 1 < p < o0, is Fredholm, i.e., it has a finite index and a closed range,
provided that the boundary is sufficiently smooth. In particular, for all u € Wé
the a priori estimate

h
lu; 2wy < c(||Pu; llyygon+ Y trPyus ORU] sy 170+ s m\h) (14.1.2)

j=1

holds; the last norm on the right-hand side can be omitted in the case of a
unique solution (see [ADN1], [H1] et al.).

The analytic background to these fundamental assertions of elliptic L,-
theory is the study of the boundary value problem with constant coefficients
in R} and subsequent localization of the original problem, with the help of a
partition of unity together with a local mapping of the domain onto a half-
space. The smoothness of the coefficients, and hence that of the solution of
the obtained boundary value problem in R, depends on the smoothness of
the surface 942. It is well known that the above mentioned properties of the
operator (14.1.1) fail where the boundary has singularities.

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 479
Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009



480 14 Regularity of the Boundary in L,-Theory of Elliptic Problems

In this chapter 02 is characterized either in terms of spaces of multipliers
for p(I—1) < n or in terms of fractional Sobolev spaces for p(I—1) > n. We use
the usual procedure of localization of the boundary value problem. The novel
aspect is the application of properties of multipliers and, in particular, theo-
rems on their traces on the boundary. This makes less stringent the conditions
on the domain {2 which ensure the main results of elliptic L,-theory.

Sections 14.2 and 14.4 contain auxiliary results. In 14.3 we show that the
mapping (14.1.1) is Fredholm in the case p(l — 1) < n provided that the
boundary 9f2 belongs to the class M;,lfl/p(é). This means that for each point
of the boundary there exists a neighborhood U and a Lipschitz function ¢
such that

Un2={(z,y) eU:x R y> )} (14.1.3)

and
HV('D;Rn_lHMW},*FI/" <9.

Here 4 is a small constant and MW is the space of multipliers in W for
s > 0 and the space L, for s <0.

For p(l — 1) > n the mapping {P;tr P;} is Fredholm provided that 0f2
belongs to the class W;l,fl/p.

In Sect. 14.5 we consider specifically the first boundary value problem for
a strongly elliptic operator P in divergence form. We study two variants of
this problem which differ in the description of the boundary data. In the
first formulation, called generalized, we look for a solution u € WI’;(Q) of the
equation

Pu=feW, "), 1> h,

satisfying the condition
u—g€WHQ)NWRQ),

where g is a given function in W/(£2). It is shown that this problem has a
unique solution if 92 is in the class M,l,+17h71/p(5) for p(l — h) < n and 912
belongs to the class W;,Hfh*l/p for p(I — h) > n. In the second, stronger,
formulation, the boundary data are prescribed by means of some differential
operators P;j, 1 < j < h. We prove that such a problem is solvable for A > 1 if
0f2 belongs to the class M,lfl/p defined by the condition Vy € MWéflfl/p7
where ¢ is the same as in (14.1.3), and if the Lipschitz constant of ¢ is small.
In the case p(I — 1) > n, this condition is equivalent to 912 € W,lfl/p.

The inclusion 912 € W,l,fl/ P for p(I — 1) > n is not only sufficient but also
necessary for solvability of the Dirichlet problem in the second formulation
(see Sect. 14.6).

In Sect.14.6.3 we give an analytic description of the class lej_l/p(é) in-
volving a capacity and obtain some simpler conditions for the inclusion of
a2 into le,_l/p(é). For instance, if the norm ||[V; R* 71|, _ is small and ¢
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belongs to the Besov space Bi, 1/p(]R” Y with ¢ € [p(n—1)/(p(l—1) — 1), 00]
for p(I—1) < n and ¢ € (p, ] for p(I—1) = n, then 912 belongs to Mé_l/p@).
Putting ¢ = co we obtain that this inclusion follows from the convergence of
the integral

Jloatara
where w;_; is the modulus of continuity of the vector-function V;_;¢.

In view of the 1mbedd1ng BLS 1/ Pc Wéfl/ P the last condition is also
sufficient for 942 € Wp Lp, Using thls fact, one can immediately derive the
following assertions from our theorems.

The inclusion w;_1(t)/t € L,(0,1) provides the Fredholm property of the
operator {P;trP;} as well as the unique solvability of the Dirichlet problem
in the second formulation. Moreover, the unique solvability in W;,(Q) of the
Dirichlet problem in the first (generalized) formulation is obtained under the
assumption

wi—p(t)/t € Ly(0,1).

In Sect. 14.6.3 we note that even these, the roughest of our sufficient con-
ditions, are precise in a sense.

The proof of a theorem in 14.6.3, which contains a local characterization
of the class M,lfl/p(é), is given in 14.7.

14.2 Change of Variables in Differential Operators
Consider the domain
G={z=(z,y) ER": 2z c R y> o)},
where ¢ is a function satisfying the Lipschitz condition
lp(z1) = @(x2)] < L2y — 22l

The following assertion characterizes coefficients of a differential operator un-
der a change of variables.

Proposition 14.2.1. Let G be a special Lipschitz domain and let A be an
arbitrary (p,1)-diffeomorphism RY. — G, 3 = A\~*. Further, let

R(z,D.)= > aa(2)DS, z€G,
0<[al<h
and
S(¢,De)= > bs(Q)DZ, CeRY

0<|BI<h
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be differential operators in G and R'} such that
Sv=[R(vosx)oA. (14.2.1)

If
aq € M(WEIMH(G) — W(G))

for all multi-indices «, then
bg € M(WLPI(RY) — W) -"(R7))

and

HbB;RQL—HM(WIQ*‘@LW;—h) <c Z ||aa;GHM(W£4a|_»Wé_h) . (14.2.2)
[BI< ]| <h

The proof follows the same lines as that of Lemma 10.1.3.
We note that according to (10.1.20) the equality

bp= . (aaoXN) D e [[(D54)0A (14.2.3)
1B <lal<h iy

holds.

Lemma 14.2.1. Let G denote a special Lipschitz domain and let A\ be an
arbitrary (p,1)-diffeomorphism: Rt — G. Further, let R be a homogeneous
differential operator of order h with constant coefficients and let S be an op-
erator defined by (14.2.1). Then

IS — R; Ri“M(Wé—»W},’h) <c|I- aA;RiHMW,kl , (14.2.4)

where ¢ is a continuous function of the norm of OX in MW} ' (R"). (Here
and henceforth by the norm of a matriz we mean the sum of the norms of its
elements.)

Proof. We put » = A~! and
a=|I- (“))\;RiHMWZL;l.

Let S1(¢, D¢) denote the principal homogeneous part of the operator .S. Since
51(¢ p) = 5((9)"p) o A

for any vector p € R", it follows that every coefficient of S; differs from the
corresponding coefficient of R by O(a) in the norm of MW} ~"(R"). Hence,

151 — & R?FHM(WIQHW}fh) < ca.

Consider the coefficients of S which multiply the derivatives of order |3] <
h. Let formula (14.2.3) relate the coefficients a, and bg of the operators R
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and S. Since R is homogeneous, we have |a| = h in (14.2.3). Hence by (14.2.2)
every term in (14.2.3) with |8] < h contains at least one factor D% »;(z) for
which [s;;j| > 1. Noting that such a factor is equal to D% [s;(z) — z;], we
obtain

153 B i1ty < €lll = 95 Gl s < ca

(see the proof of Lemma 10.1.3). Therefore,

IS — Sl;RiHM(Wé_)WZI)—h) < ca.

g

Duplicating the proof of Lemma 14.2.1 with obvious changes and using the
properties of (p, 1)-diffeomorphisms given in Sect. 9.4.1, we obtain the following
local variant of Lemma 14.2.1.

Lemma 14.2.2. Let all conditions of Proposition 14.2.1 be satisfied. Then for
each v € WH(R') with support in B, NRT,

1S — By R llysn < el — 0% Be N RL s los B2y, (14:2.5)
where ¢ is a constant independent of r € (0,1).
For p(l — 1) > n it follows from (9.6.4) that (14.2.5) is equivalent to

1(S = R)s RY i < crt 3=/ P[ 1= 02 By OR g1 [[0: R [l - (14.2.6)

14.3 Fredholm Property of the Elliptic Boundary Value
Problem

14.3.1 Boundaries in the Classes M} ~*/?, W} ='/P, and M.~'/7(4)

Let 2 be a bounded domain with 92 € C%!. We introduce the class M]l)_l/p
(1 =2,3,...) of boundaries 02, satisfying the following condition. For every
point of 0f2 there exists an n-dimensional neighborhood in which 92 is spec-
ified (in a certain Cartesian coordinate system) by a function ¢ such that

1—1-1 n—1
Ve e MW H/P(R ),
Furthermore, by definition, M;fl/p =0l

We say that 9f2 belongs to the class W,i*l/p if 92 can be locally specified
by a function ¢ € Wéfl/p(R"_l). Since

I—1-1 n—1 I—1-1/ n—1
MWV W, PRY), 1> 2,

p,loc
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and C%1(R"1) C W;I:C/p(R”_l), it follows that any bounded domain {2 with

002 € MLV satisfies 002 € W}~/
According to Corollary 4.3.8, for p(l — 1) > n we have

IV R | yyyya-1-1/m ~ sup (Vi3 By ()l yi-1-1/5 -
reRn—1 P

Therefore, the classes le,fl/p and W,l,fl/p coincide for p(l — 1) > n.

For a bounded domain 2 with 902 € C%1, by Wzl,fl/p(ﬁﬂ) we denote the
space of traces on 912 of functions in W} (£2). Taking into account the anal-
ogous fact for special Lipschitz domains of the class M,lfl/p (see Sect.9.4.3),
we obtain that MWIlfl/p((?Q) is the space of traces of functions in MW/ (£2).

Let P, Pi,..., P, be differential operators in 2 of orders 2k, k1,..., kp,
respectively, where 2h <[ and k; < [. Suppose that the coefficients of P and
P; belong to C'=2"(2) and C'~%i(£2), respectively. (This restriction can be
removed by the use of spaces of multipliers, but we do not want to complicate
the formulations.) We assume that the operators P, tr Py, ..., tr P, form an
elliptic boundary value problem at every point O € 0f2 with respect to the
hyperplane y = 0 and that P is an elliptic operator in 2.

In our subsequent exposition the following additional condition on (2 will
play an important role.

The class Mll)_l/p(é). We say that 0(2 belongs to the class M,l,_l/p(é) if
for each point O € 942 there exists a neighborhood U and a special Lipschitz
domain G = {z = (z,y) 1 € R"" 1,y > ¢(z)} such that UN 2 =UNG and

||V<p;R”*1||MW;_1_1/p <9J.

Here p(I — 1) < n and § is a constant which depends on the coefficients of the
principal homogeneous parts of P, Py, ..., P, calculated at the point O in the
coordinate system (z,y). For [ =1 the role of the last inequality is played by

Vs R™ L. < 6.

Obviously, the boundaries in M,lfl/p((S) belong to the class M,iil/p and,
therefore, to the class Wzlfl/ P In 14.6.3 we give an equivalent description of
Mll,fl/ P(8) and discuss sufficient conditions for the inclusion into this class.

14.3.2 A Priori L,-Estimate for Solutions and Other Properties
of the Elliptic Boundary Value Problem

In the next two theorems we consider separately the cases p(Il — 1) < n and
p(l—1) > n.

Theorem 14.3.1. If p(I— 1) < n, 1 < p < 0o, and if 912 belongs to the class
My VP (8), then (14.1.2) holds for any u € W(12).



14.3 Fredholm Property of the Elliptic Boundary Value Problem 485

Proof. We retain the notation used in the definition of Mé_l/p(5). Let U be
an open ball with a small radius, ¢ € C§°(U), and R and R; be the principal
homogeneous parts of the operators P and P; with “frozen” coefficients at
the point O. Clearly,

[[(P—R)(ou); UOQHW};M <ellow; UN2|wi +cllou; UﬁQ”WZl)—l , (14.3.1)

where ¢ is a small positive number (the required smallness is defined by the
coefficients of the operators R, Ry, ..., Rp). An analogous estimate holds for
the norm of (P; — R;)(ou) in Wéikj (UNN).

By definition of the class Mllfl/p(d), the Lipschitz constant of ¢ is small,
so we can put N = 1 in the definition (9.4.14) of the mapping X : R} — G.
Then, from (9.4.12), we obtain that O\ differs from the identity matrix by
O(6) in the norm of MW/~ (R'}). It is well known (see, for instance, [ADN1],

[Tr3], Sect. 5.3.3) that, for all v € W/(R") with supports in By N R%,

h
o5 R vy < (IR0 R g + 3 [r R R oo )
j=1

Since § is small, we can replace here R by R; and S by S; (see Lemma 14.2.2).
From the estimate obtained after this change, it follows that

low: U N 2wy < c(||R(au); U Qllyys-an

h
+ 3[R, (ou): U N aran;_kj_l/p) .

j=1
This inequality and (14.3.1) entail
h
lows 2wy < (I Plow); Dlygyon + 3 [Py (0u); 92, 11,11
j=1

+|\au;rz||wé,1) .

Summing over all sufficiently small neighborhoods U which generate a covering
of §2, we arrive at

h
s 2l < e(I1Pw; Dlgsoan + S 6rPyess O 1,0 + 15 D)
j=1
It remains to use the known inequality
s 20l < e s Ll + c()llus 2|z,

where ¢ is any positive number. Estimate (14.1.2) is proved. O
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Theorem 14.3.2. If p(l—1) >n, 1 <p < o0, and if 002 € Wli_l/p, then the
conclusion of Theorem 14.3.1 holds.

Proof. From the condition 02 € Wzl,_l/ P and the Sobolev embedding theorem,
it follows that 02 € C''. We place the origin at the point O € 92 and direct
the axis Oy along the interior normal to (2. Let U be the neighborhood of O
in the definition of the class Wzlfl/p, e, UNN=UNG, where G ={z:x €
R™ 1y > ¢(z)} and ¢ € Wéil/p(R”_l). Let € be a small positive number,
which will be specified later, and let B, = {z € R" : |z]| < p}.

We choose a small number p such that

IVe; B, NR" |1, <e

and By, C U. Let 7 € C§°(Bz), 7 = 1 on By, and 7,(2) = 7(2/p). We introduce
the function ¢* = 7, on R"~! and note that

IVe™ R* ., <ce.

We also define the extension @ of ¢* onto R by & = T¢*. According to
(9.4.12), where ¢ is replaced by ¢*,

V& RY L. <ce. (14.3.2)

Since
6" R s v < clp) 91 R ™ a1

we have
125 R e < el Rl jy-rm -

Now let r be a small positive number such that » < p and
PG RY |y < e (14.3.3)
It follows from the inequality
IV®; B, NRY [l < ¢ (| Vid; By N RY ||, + 7' /7| Ve B, NRY |1,
and the estimates (14.3.2) and (14.3.3) that
TIPS B N RY [y < ce
According to (9.6.4), this means that
IV®; B, NRY ||y < ce .

Using the function @, we define the mapping A by (9.4.14) with N = 1. By
the last inequality,

I = 0X: By NRY |yt < ce .

Now it suffices to duplicate the arguments we have already used in Theorem
14.3.1, with B, in place of the ball U, and estimate (14.2.6) instead of (14.2.5).
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The following assertion can be deduced in a standard way from the a priori
estimate (14.1.2) (see, for instance [H1|, §10.5; [Tr3], Sect. 5.4.3).

Proposition 14.3.1. Let the domain (2 salisfy the conditions of either
Theorem 14.3.1 or Theorem 14.3.2.

() If the kernel of the operator (14.1.1) is trivial, then the norm |lu; 2|1,
in (14.1.2) can be omitted.

(ii) The kernel of the operator (14.1.1) is finite-dimensional.

(tit) The range of the operator (14.1.1) is closed.

Proof. (i) Suppose that the assertion is not true. Then there exists a sequence
of functions {vy, }m>1 in W}(£2) such that

o Pl = 1. (14.3.4)
h
||P’Um; Q”er,’% + Z ||t1“Pij; 8Q||szkj71/p — 0. (1435)

j=1

We can select a subsequence of {v,,}, also denoted by {v,,}, which weakly
converges in W;(Q) to a function v € Wé(Q) Since the imbedding operator
W) (£2) — Ly1(£2) is compact, we can assume that v, — v in L;(£2). Substi-
tuting v, — vy into (14.1.2), we have v, — v in W)(£2). This and (14.3.5)
imply that v € ker{P;trP;}, i.e. v = 0, which contradicts (14.3.4).

(1) It follows from (14.1.2) that, for all v € ker{P;trP;},

Jos @l < s 2l -

Therefore a unit sphere in ker{P;trP;}, considered as a subspace of VV;,(.Q)7
is compact and the dimension of the kernel is finite.

(#73) Since dim ker{P;trP;} < oo, there exists a projection operator II
which acts parallel to ker {P;trP;}.

Duplicating the arguments used in part (¢) of the present proof, we obtain

h
lo; lwy < e(I1Pv; lyyisn + 3 IIterv;é’!?HW;—kj—w)

j=1

for all v € W;(Q), which implies that the range of the operator {P;tr P;} is
closed. O

Next we derive a local a priori estimate for solutions of the elliptic bound-
ary value problem (cf. [ADN1], Sect. 15).

Proposition 14.3.2. Let the domain 2 satisfy the condition of either
Theorem 14.3.1 or Theorem 14.3.2. Further, let U and V be open subsets
of R" with U C V., and let w € WL(V N R2). Then
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h
;U N 2wt < c(HPu; VN Qi+ D lrPyusV 0920 ik, -um

j=1
Hus VN (2||L1) . (14.3.6)
Proof. Let U and V be concentric balls with radii r and p, r < p. Further, let

either V C £2 or the centre of the balls be placed on 942. It suffices to prove
the proposition under this additional assumption. We introduce the sets

Co=UNR, Cpr={xecR:0,<p—|z] <1},
where k = 1,2,... and & = (p —7)27%. Let
Dy=CouUC);, Dp=Cx_1UCLUCky1, k=1,2,....
We construct a C*-partition of unity {o%}r>0 subordinate to the covering
{Dy}i>0 of VN 2 and satisfying
D% = 0(5;")
for any multi-index a.
Applying the a priori estimate (14.1.2) to oxv, we obtain
lowvs 2llwy < eI Plorv): 2l

h

+ 2P0} 0oy + s 2 )
p=

which implies that

low; Qllw < c<||aka; 2 yy1-2n

h
+ Z |loktrPjv; 8Q||szkr1/p + 6, Y v; DkHWé—l) .

j=1 g

Let M be a sufficiently large positive number. We have

e oo
Zéljfwnvack”w; < C(Z&y”f’%PU;QHWII;—%

k=0 k=0
00 h o]

+ Z (%\4 Z low trPjv; aQ”Wl—kj—l/p + Z 62/[—1”1;; DkHsz—l)
k=0  j=1 ’ k=0

h
< c(HPv; V00 yran + > [xPw; VOO ik
j=1 !

+ 362 Dkuwkl) .
k=0
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Note that, for any € > 0 and for some positive IV,
o3 Dillys -+ < € 64l1vs Dillws + e(€)d ™ llvs Dl -

Consequently,

o) h
> M 1; Cullw < c(||Pv; VOl + Y lePyvs V O ORY s urs
k=0 j=1

+e(e)llv; V 0 2z, +e Y 6 [lvs Dillwy ) -
k=0

Clearly, the last sum can be removed by changing c¢. The result follows. a

Using the same properties of P, P;, A, » as those used in the proof of
Theorems 14.3.1 and 14.3.2, one can establish the existence of a right regu-
larizer by the same argument as in, for instance, [W1], Sect. 13.

Proposition 14.3.3. Let the domain 2 satisfy the condition of either
Theorem 14.3.1 or Theorem 14.3.2. Then there exists a linear bounded operator

h
R: W) x [[wp kP (00) — Wi(02)
j=1

such that {P;trP;}R = I + K. Here I and K are the identity and compact
operators respectively.

A direct corollary of Proposition 14.3.1 and 14.3.3 is:

Theorem 14.3.3. Let 912 belong to Mé_l/p(é) forp(l—1) < n and to Wé_l/p
for p(l—1) > n. Then the operator (14.1.1) is Fredholm, that is, its null space
18 finite-dimensional and its range is closed and has a finite codimension.

In the following sections we consider the Dirichlet problem in more detail.

14.4 Auxiliary Assertions

14.4.1 Some Properties of the Operator 7
In this subsection, 7 is the operator defined by (9.4.11).

Lemma 14.4.1. Let « be an n-tuple multi-index and let k, r be nonnegative
integers with k > || —r > 0. Then the operator

MWy~ YP(R™) 2y — 0" (DT)(¢) € MWy (RY) — Wy~ l*H7(RY))

15 continuous.



490 14 Regularity of the Boundary in L,-Theory of Elliptic Problems

Proof. Clearly,

n(D*TY)() =D Y e (D"TY)(Q),

0<|v|<r

where (8 is a multi-index of order |o| — 7, ¢, = const. The operator

v 25 g (DT ) (€)

has the same form as 7 and therefore it maps MW, “/P(R"1) into
M (W}(R™)). Hence, the continuity of the operator

M(WEMP @) 5 5 — DOT,y € MOWERE) — WE I ®Y)

follows from Corollary 2.4.1. g

The next assertion follows directly from the lemma just proved.

Corollary 14.4.1. Let G be a special Lipschitz domain, let o be a positive
n-tuple multi-index and let r be a nonnegative integer with I > |a| —r > 0.

Then the function ¢ — n"(D*T ¢)(C) belongs to the space M(Wéil(Ri) —

W, TR and
[n" DT @3 R

) <c|[Ve;R*™

HJVI(W},’IHW,Z,”"‘HT 1||MW,’,*1*1/P :

14.4.2 Properties of the Mappings A and

Let G be a special Lipschitz domain and let A be the mapping (9.4.13) defined
by (9.4.14). As in Sect. 9.4.3, we denote by s the inverse mapping to A. We
shall assume that L < 1 and N = 1.

From Corollary 14.4.1 we deduce

Corollary 14.4.2. Let a be a multi-index. Let r be a nonnegative integer with
I>al —r+1>0, and write A(¢) = {A\1(C), ..., A\ ({)}. Then the function

¢ —n"(D*0X:)(C)
belongs to M(Wé‘l(Ri) — Wéilf‘aHT(R:’L)) and
"D (O — I); R

l—1—\a|+r) <c vaﬁ;RnilH

HM(W;*—»W,, MW~

A similar assertion concerning the mapping s needs a separate proof.
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Lemma 14.4.2. Let o be a multi-index, let v be a monnegative integer with
1> |a|—r+1>0, and write »(z) = {3a1(2),...,2,(2)}. Then the function

z— (N"DY05)(z)
belongs to M(W)H(G) — Wé717|a|+r(G)) and
ln" D (05 — I

;GHAI(WIL)4_>W11)7|&\+T71) < CHVSD;RniluMW},’l’I/p .

Proof. For |a] = 0 the result follows from the definition of a (p,l)-
diffeomorphism. Suppose that the lemma is proved for || < N. Let |a| = N,
r < N. For any multi-index ¢ of order N — 1,

(D?32)(2) = DP[OA(s<(2))]
= 3 AN ) Y e [T T Doate)
1<IBI<19] i=1 j

where the summation is taken over all collections of multi-indices s = (s;;)
such that

S osi=0, Isiil =1, > (sl —1) = 5] - |8I.

Therefore, the expression (7" D°0s)(z) is the sum of the products of two
factors
m(2) = 5 [n°1DP(O0) 1] (5(2))

and

ma(z) = H H(n“lmDS”’ ) (2) .

i=1 j
Corollary 14.4.2 implies that the function
¢ 0 D% (0N

belongs to the space MW;,“(]R’_}_), and since s is a (p, [)-diffeomorphism, it
follows that m € MW} ~1(G).
We introduce positive integers o;; such that

oiy <lspl, Y (o —1) =r—|dl.
Then "
mo(z) = [[ [ D) (2) .

i=1 j
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Since |8 > 1, we have |s;;| < N — 1 and by the induction hypothesis the
function
2z — (0797 D% 3¢ (2)

belongs to
M(WHG) — Wa—t-lsultou(@)), g =|sy| — 045, ... ,1— L.
Hence
m2 € M(WLH(G) — W2 =00 (@) = MW (@) — W97 ().
Noting that [a = 1+ [§| and 7, € MW/ ~'(G), we obtain
mm € M(WLH(G) — Wi lel=r(@)).

Since the space Wzé is invariant under the (p, [)-diffeomorphisms, a function

u on 0G belongs to Wé_l/p(aG) if and only if uotr A € Wé_l/p(R”’l). We put

||u;6G||W;l’—l/p = ||UOtI‘>\;Rn71||WIz)_1/p .

Taking here an arbitrary (p,[)-diffeomorphism: R} — G instead of A, we
obtain an equivalent norm (see Lemmas 9.4.1, 9.4.2 and 9.4.4).

14.4.3 Invariance of the Space Wzl) N WI’} Under a Change
of Variables

In this subsection we present auxiliary assertions which will be used later in
the study of conditions for solvability of the Dirichlet problem in W}(2).

As before, let G = {z = (z,y) : # € R" 1y > ¢(z)} and let G belong
to the class M,l,H_h_l/p, where [ and h are integers with [ > h > 1. In other

words,
Vo e MWI=VP(R™)  if 1>h

and
e COYR™Y  if I=h.

Let A be the mapping R > (§,1) — (z,y) € G, defined by (9.4.13), and let
=L

Lemma 14.4.3. Let v € (W];C N W) (G), where 0 < t < I —h, and let
0G € lefl_h_l/p. Then

Hn_kv;Gng < C”U;GHWngk . (14.4.1)
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Proof. Since 1(z) is equivalent to y — ¢(x), the inequality (14.4.1) with ¢ =0
follows from the Hardy inequality,

(o) dy o) ak’l} p
v %
/W(x) lv(z,y)| = o)) < c/ﬂ@ 9" (w,y)’ dy (14.4.2)

a.e. in R?~1. Let the lemma be proved for all ¢ < T and k > K. We have

I~ Gllwr < V0 0): Gllyprs + 1~ 0: G, -

The second term on the right-hand side is estimated by (14.4.2) and the first
one does not exceed

=5 Vo, Gllyr-1 + K|n~ %" tovn; Gllyr— - (14.4.3)

Since 0G € M,l)+17h71/p, it follows that
V€ MW, "(G) c MW, 1(G).
Hence the sum (14.4.3) is dominated by
I~ 5V Gllyr—1 +clln™ o Gl

Using the induction hypothesis, we complete the proof. O

Lemma 14.4.4. For all u € W.(G) N W;(G), the inequality

lwo N RY Iy < cllu; Gl (14.4.4)
holds.
Proof. We have

/ D2 (AP dC
R

<c 3 [ 0o Y e 0w a.
1<|p|<t 7/ RE s i

where « is an arbitrary positive multi-index of order ! and s = (s;;) is the set
of multi-indices satisfying (10.1.19). Hence,

/ DE (MO d¢
R

n
+

<e /G!<Dﬂu><z>chH(DM)(W))pdzua%;Gn’zm. (14.4.5)

1<|BI<t
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Let || > h or, what is the same, | — |3] <[ — h. Since V\; € MWZ’,“(Ri) for
k <1l — h, we have

D )\, € M(Wﬁ(Ri) — Wzl)“*lsi'jHl(Rﬁ))
for |s;;| — 1 < k < 1— h. Consequently,
[1D%x € M(w;-

2]

i,j(lsij‘_l)(Rfi) N LP(R:L_)) :M(Wé*\ﬁ‘(Rﬁ) — LP(RT-:-))

Since s is a (p,l — h)-diffeomorphism, we obtain

[[ D xiosxe MW P(G) — Ly(G)) .

(2]

Therefore, the terms on the right-hand side of (14.4.5) which correspond to
multi-indices 3 of order |3 > h are majorized by ¢||u; G|[y;,. -

Now suppose that |3] < h — 1. By (14.4.1) the function ’
2 — (2)//17" (D) (2)

belongs to the space Wéih(G). By o0;; we denote integers subject to

1< oy <|sijl, > (05, =1)=h—1dl.

,J

Such numbers exist, since

S syl -1 =118 and I>h.

2%
By Corollary 14.4.2, the function
¢ =07 HDX)(0)

belongs to M(W}F(R") — W;C_IS”HU” (R%)). Using the identity

TT0"20(©) = 0= T w1 (D52 (0).

0] 2]
we observe that the function
¢= " PP 0 2)(C)
belongs to M (W, "(R") — L,(R})). Since » is a (p,I — h)-diffeomorphism,

the function
2= (=) T T(D*9A) (5(2))
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is an element of M(Wé’h(G) — L,(@G)). Therefore, the terms with || < h—1
on the right-hand side of (14.4.5) are bounded by ¢||u; G|[};,,. We also have

[w; Gz, ~ [luo A RY L,

because A is a bi-Lipschitz mapping. This relation and (14.4.5) give the esti-
mate (14.4.4). O

Now we prove an analogous assertion concerning the mapping s.
Lemma 14.4.5. For each v € W) (R}) N Wh( ), the inequality
[lv o ; G||Wz < c|lv;R% ||WL (14.4.6)
holds.

Proof. Tt is sufficient to derive the estimate
| 1D s < el

The left-hand side is dominated by

c > / ZCSH D% 5;) dC||8)\R 2 (14.4.7)

1<|8|<!

(cf. (14.4.5)).

Let |3| > h. Repeating the same arguments as in Lemma 14.4.4 with R?
replaced by G, A by s, u by v and vice versa, we obtain that the terms in
(14.4.7) with |ﬁ| > h do not exceed ¢|lv; R% |7,

Now let [8] < h — 1. Since v € Wzl)(]R’_f_) N W;’(Rﬁ), it follows that

n"=181(DB)(¢) belongs to Wé*h(Ri) and its norm is dominated by
c|lvs R |lw:. According to Lemma 14.4.2,

0* 917D 54) (A(C))

is a multiplier in Wé‘h(Rﬁ). Hence

= T 54) (A(Q))

is a multiplier in the same space.
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14.4.4 The Space Wp_k for a Special Lipschitz Domain

We assume G to be a special Lipschitz domain. In other words, we put [ = h
in the conjectures of the preceding subsection. Let us retain the notation of
Sect. 14.4.3. ]

We introduce the space W, *(G) of linear functionals on W} (G), where
p+p =pp,k=0,1,....

One can immediately check the continuity of the operator D* : W7 (G) —
W;f‘al(G) for any s = 0,+1,....

By Lemmas 14.4.4 and 14.4.5, the mapping A performs an isomorphism
between W;(G) and Wlf, (R'). Therefore, A maps W, *(G) onto W, *(R™)
isomorphically.

The following assertion, which is proved in a standard way, gives one of
possible realizations of W, *(G).

Proposition 14.4.1. Any linear functional on W;,(G) can be identified with
a distribution f € (C5°(Q))" of the form

f(z) = Z Dfo(2), (14.4.8)
lee| <k
where fo is a function such that

nt=lelf, € L,(G).

The norm of this functional is equivalent to the norm

)

1/2
.,

Il =nt [ (2 n2leng2) e

|| <K

the infimum being taken over all collections { fo}|aj<k in (14.4.8).

Proof. By Lemma 14.4.1, the space W}f, (G) can be supplied with the norm

(o)

|| <k

1/2
H ’
LP

Therefore the right-hand side of (14.4.8) is a linear functional on sz, (G), and

11 <[[( X wesz) el

|| <k

To express an arbitrary linear functional on Wlf, in the form (14.4.8), we
consider the space L,/ (G) of vectors v = {vq }|o|< With components in L,/ (G)
endowed with the norm
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10 w2)%: Gl

la <k

Further, let
Ay = “*UIMT}WI%DQ}M\@ .

Since the space Wg, (G) is complete, the range of the operator Ay : Wlf, (G) —
L, (G) is a closed subspace of L,/ (G). Let u € Wlf, (G) and let f(u) be the
value of the functional f € W, *(G) on u. We define the functional @ by
&(v) = f(u) on the set of vectors v which can be expressed in the form Aju.
Then ||| = || f|| and, by the Hahn-Banach theorem, ¢ can be extended to a
linear functional on L,/ (G) with the same norm. Consequently,

D(Au) = Y / ga(=1)lIpl =t D dz
G
where g, € L,(G). It remains to put f, = nlel=kg,. O

Lemma 14.4.6. Let v € V°[/£+k(G), where t < 0, k is a nonnegative integer,
and t+k > 0. Then (14.4.1) holds.

Proof. We have

—k
_ v, w
In*0; Gl = sup L)
we{/i/;,t ||wHW;,t

By Lemma 14.4.1,

(n~*v,w) < I~ "0 Gl In'wle, < ellv; Gllygeelwly - .

Corollary 14.4.3. Let n*v € W T*(G), where t and k are the same numbers
as in Lemma 14.4.6. Then

3 Gllwy < e llno; Glyyse.
Proof. Let w € Vi/;,t. We have
(v,w) < |In*v; Gllyygeeln™ w; Gllyy—e-s -
Using Lemma 14.4.6 with p and ¢ replaced by p’ and —t — k, we obtain
IITl*kw;GHWP—,H < cllw; Gl e -

The result follows. O
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14.4.5 Auxiliary Assertions on Differential Operators
in Divergence Form

Lemma 14.4.7. Let 0G € Mé+17h71/p, I >h, and let

Pu= % (-1)/*D%(aqp(z)D%u) . (14.4.9)
lacl,|B]<h
If
nh—\ﬂ\aaﬁ c M(Wzl,_h(G) _ Wé—QhHal(G)) for I —2h+|a| >0
and

n2h*|a\*\ﬂ\aa6 c MWéfh(G)
forl—2h + |a| <0, then P is a continuous operator:
(WLnW)(G) — W 2M(G)

and its norm does not exceed ¢ A, where

A= Z ( Z ”nh*m‘aag;G”M(Wéfn_)Wé—%Ha\)
[BI<h |a|22h—1

n Z H?’]2h_|a‘_|ﬁ‘a(xﬁ’GHMW;,I;_h) .
|a|<2h—I1

Proof. Let u € (W} N WI?)(G) According to Lemma 14.4.3,
W=Dy € WG,

Consequently,
aapDu € Wé‘2h+|°“ (G)

and
D*(aasD’u) € W)(G)

for |a] > 2h — 1.
Now let |a| < 2h — 1. By Corollary 14.4.3, we have

HDO‘(aa[;DBu); GHW,%*M

h—|a|

< HaaﬁDgu;G||WIl)—2h+|a\ <c|n aaﬁDﬁu;G||W£—h,

<c H7]2hi|a|7|6|aa[3§ GHMW}Q*’1 HU'B'*'LD%; GHWIQ*’1 :
Using inequality (14.4.1) to estimate the last norm, we arrive at

1D (aap D u); Gllyi-an < c Allu; Gl -
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Henceforth in this subsection, R is a differential operator of order 2k with
constant coefficients having the form

R(D)= Y (-1*D*aasD%
ol [BI<h

and S is the operator defined by (14.2.1).
We retain the notation as well as the conditions imposed on the domain
G in Sect. 14.4.3.

Lemma 14.4.8. For all v € (W) N W) (R%) with | > h,

1S = Ryvi R}y on < cllT = OXRY Ly o3 R s

where ¢ is a continuous function of the norm of O\ in MWIIJ_}‘(R'ZLF) indepen-
dent of v.

Proof. Changing variables in the bilinear form (R, ), where ¢, ¢ € C§°(G),
we obtain

S(C,Dc):m ST (—1)MDEAet ON(Q) fus (O DY
[ul,[6]<h
where
5= 3 (aaso N Y e [(D™5) M) Y e [T(D" ) (M) -
|al=[B8|=h {s} N {t} iJ

By {s} and {t} we denote collections of multi-indices s;; and ¢;; such that

dosy=a,  syl=1, Y (syl—1)=h—|ul,
i

i
Doty=0,  tgl=1, D (tyl-1)=h—9.
i i

Since
uDHu = Z Cuy D7 (VD! ),
u=>y>0
it follows that

S, D)= > (=)D (bys(¢) DY),

71,181 <h

bolO) = 30 (DM Pley, [D ()] det oM ()

u=>y>0
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In particular, if || = |§| = h, we have
bys(Q) =D apPapys(dx0)),
ler|=|Bl=h

where P,g+5 is a polynomial of elements of the matrix 0. Also Pagys(I) =1

ifa=r~,B=90,and Pygy(l) =01if o # v or § # 6.
Let

So(¢; D)= Y (=1)"DY(b,s(Q)DY),  Si=5-5.

[v[=[6]=h

It is clear that

[(So — R)v; R+||Wl 2n < Z Popys(020X) — a675<1>)D2U§R1HW};h
@,8,7,0

< c|[I —ONRY HMWL n|v; R+||Wl
< Vo R ypier-noan [ R [lyws -
Next we derive an analogous estimate for the norm
(S — So)ui Ry
According to Lemma 14.4.7, is suffices to prove the two inequalities
h—|6|b

Vg;RiHM(th_)Wéf%ﬂw) <c ||V¢;R"_1||Mwé+1fh71/p (14.4.10)

m
for |y| < h, 8] < h, |y| + |6] < 2k, I —2h +|y| > 0, and
2= =100 s R |y < e lIVQ R ppianosn. (14.4.11)

for [y] < h, 18] < h, |7l + 18] < 2h, 1 — 2k + 4] < 0.
By Corollary 14.4.2,

DETY(1/det OA(C)) € MWLM (RY) — Wit Wlhl(Rz)) - (14.4.12)
and, for p > v,

IDET7(1/ det ONC)); RNy gyt _yyi—netut+ o,

< ||V R ppivi—n-1/m - (14.4.13)
We show that

"0l f s € MWL IR ) — W2 I(RY)) (14.4.14)



14.4 Auxiliary Assertions 501
Applying Corollary 14.4.2 once more, we obtain

h ‘§‘H 7_7% O)\ c MWl h(Rn)

H(Dsu s)o € M(WLM(RY) — Wi HH(RY))
1.7

C M(WEh=lnthirn ) — wi=2h (R ) (14.4.15)

and therefore the inclusion (14.4.14) holds. Since, for u = =, at least one of
the exponents ¢;; and s;; is greater than 1, it follows that

I s Ry g ooty < e IVER s - (14.4.16)

Now (14.4.10) results directly from (14.4.12)—(14.4.14), and (14.4.16).
Next we turn to the proof of (14.4.11). By virtue of Corollary 14.4.2, the
inclusion (14.4.15) holds. Moreover,

plH=IDETY(1/ det OA(C)) € MW (RY)
and
" T[(D%56) 0 X € MWH(RY)
]
To obtain (14.4.11), it remains to note that we always have either p > ~ or

one of the exponents t;;, s;; is greater than one, and then to apply Corollary
14.4.2 once more. O

With minor modifications in the above proof and using the properties
of (p,l)-diffeomorphisms given in Sect.9.4.2, we arrive at the following local
variant of Lemma 14.4.8.

Lemma 14.4.9. For allv € (WéﬂW;‘)(Ri), I > h, with supports in B, NR?,
the inequality

H(S R)’U RiHW’ an < CH|I ox; B, NRY ”|MWL h

ViR [y (14.4.17)
holds. For p(l — h) > n it follows from (9.6.4) that (14.4.17) is equivalent to
(S — Ry Ry

<er! PN — N By N RY [y [0 R [l - (14.4.18)
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14.5 Solvability of the Dirichlet Problem in W;,(.Q)

14.5.1 Generalized Formulation of the Dirichlet Problem

Let 2 be open subset of R"™ and let P be the operator (14.4.9), where aqps €
C'="(£2), 1 > h. Further, let the Garding inequality

Re/ﬂ Z aapDuDPudz > cHu;QH%/V; (14.5.1)
la|=|8]=h

hold for u € C§°(£2).

We say that u € WIZ)(Q) is a solution of the generalized Dirichlet problem
in WE(£2) if

Pu=f, u-geWi(Q)nWh(), (14.5.2)

where f and g are given functions in the spaces WZZ,_Q}‘(Q) and W;,(Q) respec-
tively.

By Wp*k(_Q), k =1,2,..., we mean the space of linear continuous func-
tionals in W;,(Q)

14.5.2 A Priori Estimate for Solutions of the Generalized Dirichlet
Problem

Following the proof of Theorem 14.3.1 and using Lemma 14.4.8 in place of
Lemma 14.2.1, we arrive at:

Theorem 14.5.1. If p(l—h) <n, 1 < p < 0o, and if 2 belongs to the class
M;{H_h_l/p(é), then
s Plhws < e (1Pw; Dl + s 2]1,) (14.5.3)

Jor allu e (W) W;)(Q)
Duplicating the proof of Theorem 14.3.2 and using (14.4.18) instead of
(14.2.6), we obtain:

Theorem 14.5.2. If p(l — h) > n, 1 < p < oo, and OS2 € W,l)+1_h_1/p, then
Theorem 14.5.1 holds.

Next we state two corollaries of (14.5.3) which are analogous to
Propositions 14.3.1 and 14.3.2.

Proposition 14.5.1. Let 2 satisfy the conditions of either Theorem 14.5.1
or Theorem 14.5.2.
(1) If the kernel of the operator

P (WnWh(2) — W!=2h(0) (14.5.4)

is trivial, then the norm |lu; 2|1, in (14.5.3) can be omitted.
(1i) The kernel of the operator (14.5.4) is finite-dimensional and the range
of this operator is closed.
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Proposition 14.5.2. Let (2 satisfy the conditions of either Theorem 14.5.1
or Theorem 14.5.2. Further, let U and V be open bounded subsets of R™ with
UcV,and let u e (W NW)(2). Then

lu; UN 2wy < c([Pu; VO L2 yi-2n + lus VL2 L,) -

14.5.3 Solvability of the Generalized Dirichlet Problem

Let the Garding inequality (14.5.1) hold for all u € C§°({2). Then, as is well
known, the equation Pu = f with f € W, "(£2) is uniquely solvable in W (£2).

Theorem 14.5.3. Let 052 € M;,Hfh*l/p for p(I —h) < n and let 912 belong
to the class Wé+17h71/p for p(l —h) > n.

(i) If f € WR(2) n W5 () and g € WE(R2) N WE(2), 1 < p < oo,
and if u € WI(8) is such that Pu= f and u— g € W[(R2), then u € Wi(92)
and u — g € W;(Q)

(ii) The problem (14.5.2) has one and only one solution u € W)(£2).

Proof. 1t is sufficient to assume that g = 0.

(7) First let p(I — h) < n. We put ¢.(z) = ¢ + @(x,¢), where @ is an
extension of ¢ defined by & = T¢ (cf. (9.4.11)). We introduce the domain
G.={z=(z,y) :x € R" 1y > p.(z)}. Since 1 + 9P/ > 0, it follows that
{G.} is an increasing family, G. C G, and G. — G as € — +0.

By part (i) of Theorem 8.7.2 we have

||V¢5;R"—1\|MWP5+H4/,, < e[V RY [l ppypi-n+1 -

This inequality and (9.4.12) imply that
IVeoes R yppivi-n-m S e [VO R pppisanoa (14.5.5)

with a constant ¢ independent of €. Let 2. = 2\(U\G.) and let u. be a
solution of Pu = f in W2 (£2.). It is known (see, for instance, Necas [Ne], 6.6,
Ch. 3), that u. — win W2 (£2). By U, we denote an open set such that U; C U.
Since p. € C°(R"~ 1), we have u. € Wzﬂ(Ul N {2.) by the known theorem on
the regularity of weak solutions of elliptic boundary value problems near a
smooth part of a boundary. This and Proposition 14.5.2 give the estimate

Joaes U O el < ¢ (115U 0 2ellygon + ues U 1 2 ]12,)

where U, is an open set, Uy C Ui, and ¢ does not depend on . Hence the
left-hand side is uniformly bounded with respect to . Now, if we fix a domain
w such that @ C (2, then the upper limit

lim sup [|ug; w||w:
e—+0
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is majorized by a constant independent of w. From {u.} we select a sequence
which is weakly convergent in Wzlj (w). This sequence converges in W (w), and
hence its weak limit in W} (w) coincides with u. Therefore, u € W} (w), and the
W} (w)-norm of w is uniformly bounded with respect to w. Thus u € W)(£2).
The identity of the spaces th(Q) AW () and th(Q) for Lipschitz domains
{2 is known.

The case p(l — 1) > n can be treated in the same way, with (14.5.5)
replaced by

||S05;Rn71||W}l7+l—h,—1/p < C”(,D;Rnil”WZI),-%—l—h—l/p .

(44) For p > 2, the assertion follows from the unique solvability of the
problem in W[ (2), together with the first part of the theorem.

Consider the case p < 2. By P! we denote the operator formally conjugate
to P. The coefficients of P belong to C'~2"(£2), and Garding’s inequality
(14.5.1) holds for P! too. Recall that the property 912 € M;fl/p implies that
the Lipschitz constants of the functions ¢ which locally specify 02 are small.
Hence the equation

Ply=FeW,"(2) with v e W}(1Q)

is uniquely solvable in Wz?’ (£2). Let u be a solution of the homogeneous prob-
lem (14.5.2) and let {vy, }m>1 be a sequence of functions in C§°(42), which
converges to v in W)} (£2). Then

0 = lim Z (aapD%u, DPv,,) = Z (aapD%u, DPv) = (u, F) ,
lal,18]<h lal,|BI<h

and the uniqueness property of problem (14.5.2) follows.
Let
fm €CHR), m=1,2,..., fom— fin W)

By u,, we denote a function in WQ}L(Q) satisfying Pu,, = fm. According to the
first part of the theorem, u,, € W}(£2) N W/ (£2). By part (i) of Proposition
14.5.1,

l[tm — uks; 2w < cllfm = fr: Qlyyr-2n .

Thus {u,,} converges in W}(£2) N W;‘(Q) and its limit satisfies Pu = f. O

14.5.4 The Dirichlet Problem Formulated in Terms of Traces

The first boundary value problem (14.5.2) is not a particular case of the
general boundary value problem formulated in Sect.14.3.1. In the present
subsection we study the Dirichlet problem in another formulation which is
analogous to that considered in 14.3.1
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Let P be the elliptic operator (14.4.9) with coefficients a,z in C'="(02),
[ > h, for which the inequality (14.5.1) holds. We assume 92 to be in the
class C%1.

We introduce a sufficiently small finite open covering {U} of 2 and a
corresponding partition of unity {(y}. Let

Piy=0"10y" ", j=1,....,h, f UNIN#D

and
PjUZO it UnNnof =o.

The Dirichlet boundary conditions will be prescribed by the operators
P;=> (uPu.
U
We give a formulation of the Dirichlet problem. Let us look for a function
u € Wé(Q) such that
Pu=f in {2, trPju=f; on 0, j=1,...,h, (14.5.6)

where f and f; are functions in W/ ~2"(£2) and W,iH_j_l/p(é)Q) respectively.
It is clear that any solution of the problem (14.5.2) is a solution of (14.5.6)
with f; = trP;g. The following lemma shows that an opposite statement holds

if 002 € My

Lemma 14.5.1. Let G = {z = (x,y) : * € R Ly > p(x)} be a do-

main with G in the class M,l,_l/p and let f1,..., fn be arbitrary functions in
W,f‘”p(ac), ce Wj,“‘h‘l/p(ac:). Then there exists a function g € WL(G)
such that

tr(0 tg/oy ) =f;, ji=1,...,h
Proof. We use the notation A, s, and 7 ¢ introduced in Sect.9.4.3. We have
[(8/0y) " 'glo A =[(N + (T p)/0n) = (8/0n) " (g o N) .
Since V(Tp) € MWL(R™), it follows that

[(8/0y) " tg oA =3 ay;(8/0m) HgoA),  j=1,....h, (1457)

v=1

where
ay; € MW" THRY) — WIHH(RY)),  aj; = (N +0(Tw)/on) .

We note that (14.5.7) is a triangular algebraic system with respect to
(0/0n)"~(uo \). Hence
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0/0n)" g oN) = Y bul@/0y) tglo N, v=1,....h,
J
where _
bj, € M(WTTHRY) — WEVTHRY)).
Taking into account that
tI‘bjl, c M(Wzlflfjfl/p(Rnfl) N WéJrlfol/p(Rnfl)),
we obtain
(trbjp)fj oA € Wi —v=1/e(Rr—1),
Therefore, there exists a function H € Wll, (R%) such that

J
tr(9/om)* " H = (trbj,)fj o A

v=1

Setting g = H o 3, we complete the proof.

O

Since both formulations (14.5.2) and (14.5.6) of the Dirichlet problem
are equivalent for domains with boundary in the class lefl/ P then, from

Theorem 14.5.3, we obtain:

Theorem 14.5.4. Let any of the following conditions hold:
(@) h=1, p(l—1) < n; 02 € M, /7(8);
B) h=1,p(l—1)>n; 02 e WL 1/?;

(v) h > 1, 002 € le,fl/p and 08 is locally defined by equations of the
form y = @(x), where ¢ is a function with a small Lipschitz constant (for

p(l — 1) > n, this is equivalent to 02 € Wzl;_l/p).
Then the operator

h
{P;trP;} : Wé(Q) — Wzl,_Zh(Q) X H W£+1_j_1/p(69)
j=1
s an isomorphism.

Proof. For h =1 the result follows from Theorem 14.5.3.
Let h > 1. According to (2.3.8),

‘|V¢§Rn_1“MWI€”"1”’ = CIIV%R”“II;“W;FW

IV R 12

with a = (p(l — h) —1)/(p(l — 1) — 1). Consequently, it follows from () that

0 e MITThTUr(S)  if pl—h) <n

and
002 € WIHt=h=1/r i p(l—h) > n.

By Theorem 14.5.3 the proof is complete.
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Thus, by changing the formulation of the Dirichlet problem, we have ob-
tained its solvability in WIZJ(Q) under stricter assumptions on {2 (compare the
last theorem with Theorem 14.5.3). The exception is the second-order op-
erator P, i.e., h = 1, when admissible classes of domains coincide for both
formulations.

In the following section we discuss the necessity of the conditions in the
last theorem.

14.6 Necessity of Assumptions on the Domain

14.6.1 A Domain Whose Boundary is in Ms/z N C* but does not
Belong to M23/2(6)

In this subsection we give an example which shows that for p(I — 1) < n and
for h = 1 the condition 9{2 € M,l,_l/p(é) in part () of Theorem 14.5.4 cannot
be replaced by the assumption that 0f2 belongs to the class Mlly_l/p no-t

To be precise, we construct a domain {2 with 0f2 € MS/Q N C* for which the

problem
—Au=f in 2, tru=0 on 912 (14.6.1)

is not solvable in WZ(2) for all f € Ly(§2). This means that the smallness of
[V; RP—1 | w172 in the definition of M§/2(5) is essential for the solvability

of the problem (14.6.1) in W3(2).
Let the domain 2 be specified in a neighborhood of O by the inequality
y > Cp(x), where C is a positive constant and

() = n(z,0)|z1]/log(1/|z1]).

Here and henceforth 7 is a function in C§° (B /2) with = 1 on the ball B, 4.
We introduce the domain

w={&: 21 +ixe : €] <1/2,29 > Clay]/log(1/]z1])}

and we denote by ((§) the conformal mapping of w onto the half-disc {¢ :
Im ¢ > 0,|¢| < 1} with the fixed point £ = 0. Let £ = ipexp(if) and let w be
given in polar coordinates (p, 0) as

w=A{§:p<1/2,|0] <7/2+ ¢(p)}.
It is easily checked that

o(p) = Clog1/p)~" + O((log1/p)~?) .

According to an asymptotic formula due to Warschawski [Wal,
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1/2 . .
Tm g(g):c(exp(—ﬂ/ m))(cosﬁi(m—&—o(l))

p

0
— ¢ p(log1/p)2/™ ((cos — 2 4 o(1 0.
¢p(log 1/p) (cosﬂ_+2¢(p) o1)) as p—+
It is clear that, for C' > 7 /4,
(Im ¢(¢))?
SRS drdey = 0o . 14.6.2
/wp“(logp)2 e = oo (14.6.2)

Next we need the following assertion.

Lemma 14.6.1. If h € W2(w) N Wi (w), then
h2dI1dI2 2
Proof. First we show that, for any g € Wi (w),
d.Tld.TQ
E— e S cw|| 14.6.4
[ o < el (14.6.4)

Clearly, to prove (14.6.4) it suffices to assume that w is the half-disc {£ : p <
1/2,10] < w/2}. After integration of the Hardy inequality

1/2 d 12 5082
2 P g
it [ ()
/0 p(log p)* 0 (8p>p g

with respect to the variable 0, we arrive at (14.6.4). Putting g = 0h/dz, and
g = Oh/0xs into (14.6.4), we obtain

dridx
[ (T < sl

Let C, = {£ : [¢] = p}. Since h = 0 on Jw, it follows that for almost all
p>0

/ h*dfh < c/ (0h/00)* do < cp2/ (Vh)*de ,
wnC, wnNC

o wnC,

which leads to

dzidxs / o dxidxs
B2 <ec Vh) ———.
/w p*(log p)? w( ) p?(log p)?
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By (14.6.2) and (14.6.3), we see that the function u defined on {2 by
u(z) = n(22)Im ((x1 + ixs)

does not belong to W2(£2). On the other hand, u is in Wy (£2) and satisfies
the equation

Consequently, the boundary value problem (14.6.1) is solvable in W2(£2) if
and only if C < w/4.

Obviously, 042 is in the class C''. We show that 92 € M§/2, i,e. Vp €

MW,/?(R"=1). With this aim in view, we verify that the gradient of the
function v defined as
U(z) =n(z)rlogr, where r = (22 4+ y?)'/? |

belongs to the space MW3 (R™) (cf. Theorem 8.7.1). Clearly, Vi) € Lo, (R")
and it remains to prove that

Vaty € M(W3 (R") — Ly(R™)).
In fact, for all u € W3 (R"),

u

2
dz<c¢ ||U§BIH%/V}} .

uvavi R, <

B rlogr

Thus, 002 € M3/?.

14.6.2 Necessary Conditions for Solvability of the Dirichlet
Problem

The next assertion, which follows directly from the Implicit Function Theorem
9.5.2, shows that the condition 942 € W,lfl/p with p(I—1) > n is necessary for
the solvability of the problem (14.5.6) in W} (£2) for an operator P of higher
than the second order.

Theorem 14.6.1. Let {2 be a bounded Lipschitz domain and let | be an inte-
ger, 1 > 2h, p(l—1) >n, 1 <p < oo, and h > 1. If there exists a solution
u € Wé(()) of the problem

Pu=01in 2, tru=0, trPu=1, trPu=0,j=3,...,h, (14.6.5)
then 0f2 € Wé_l/p.

Under the additional assumption 2 € C'~2!, we can prove the necessity
of the inclusion 012 € W,i_l/p for p(l—1) <mn.
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Theorem 14.6.2. Let 012 be in the class C'=21 and let | be an integer, | > 2h,
p(l—1)<mn, 1 <p<oo, and h > 1. If there exists a solution u € Wé(()) of

problem (14.6.5), then 012 € W,l,_l/p.
Proof. We use the same notation as in the formulation of Theorem 9.5.2. Since

Veu, uy, € W0 (UNG) and ¢ € C'72H (R,
it follows that -
Veuod, wu,ol€Wl((UNG)).

p.loc

Therefore, tr(V,u o A) and tr(u, o A) belong to W;Tlolcfl/p(w). Now we note
that 042 is in the class C" and so, by the known coercive estimate for solutions
of the elliptic boundary value problem in the variational form (cf. [ADN1],

Sect. 15), we have u € W/(£2) for any ¢ < oco. In particular, Vu € C(£2).

Since the space (W;I;C_l/p N Loo)(w) is a multiplication algebra, the vector
function

Ve =tr (VyuoN)/tr (uy o)
belongs to W;ch_l/p(w). O

We consider the case of the second-order operator P.

Theorem 14.6.3. Let |l be an integer,l > 2,1 < p < oo, h=1, and P(1) <O0.
Let 2 be a domain with 02 € C' and let the normal to 82 satisfy the Dini
condition. If, for a nonpositive function f € C§°(12), there exists a solution
u € Wé(()) of the problem

Pu=f in 2, tru=0, (14.6.6)

then 0f2 € Wé_l/p.

Proof. Tt is sufficient to note that the interior normal derivative at any point
of 912 is positive by Giraud’s theorem (see, for example, [Mir], Sect. 3.5) and
then to duplicate the proof of Theorem 14.6.2. ad

14.6.3 Boundaries of the Class M:,_l/p(é)

Let 2 be a bounded Lipschitz domain. We denote by O an arbitrary point
of 92 and introduce a neighborhood U of O such that 2 NU = GN U with

G={(zy): 2R y>p()}
By Theorem 4.1.1, the norm of V¢ in MW,§_1_1/p(R”*1) is equivalent to

sup HDp,l—l/p90§e||Lp

.mn—1
it [Cp,l—1—1/p(€)]1/P + IVe; R |, - (14.6.7)
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(Here we can restrict ourselves to compact sets e with d(e) < 1.) Thus the
definition of the class le,_l/p(é) means that the sum (14.6.7) is sufficiently
small.

The following assertion, whose proof is postponed to Sect.14.7, gives a
local characterization of the class M, I=1/p (9).

Theorem 14.6.4. Let p(I — 1) < n. The class Mjlfl/p(é) has the following
equivalent description. For any point O € 0f2 there exists a neighborhood U
and a special Lipschitz domain G = {z = (x,y) : € R" 1y > ¢(z)} such
that UNNR =UNG and

D ;
(Sup [ Di—1/p(0; B:)sellr,

lim
ecB. [Cpi—1-1/p(e e)]t/p

e—0

+ HVSD;BEHLOQ) <cd. (14.6.8)

Here B. is the ball with centre at O and radius €, ¢ is a constant which depends
only on 1, p, n, and

P —n+2-—p 1/p
Dj_1/5(¢i B | [V5-16(@) = Va0 (@) o = ay) .

Theorem 14.6.4 and properties (v), (vi) of the capacity formulated in
Sect. 9.6.1 lead to:

Corollary 14.6.1. (i) If n > p(l — 1) and

D i Be)se
(Sup 1D11/p(3 Be)iell,

o ecB. (mes, _1e)ln—rl=1]/(n=1)p

lim + Vi Bl ) <ed,
then 02 € ML Y/7(5).
(1) If n=p(l — 1) and

£—

lim ( sulg) 1D1—1/p (@5 B:)sellL, | log(mes,,_1e)|P~1/P 4 HV%BEHLW) <cé,
eCB.

then 92 € MLY% (5).

Now we derive another test for the inclusion into Mllj_l/ P(5) involving the
Besov space B, (cf. Corollary 14.6.2 below).

We say that the boundary of the Lipschitz domain {2 belongs to By
(I1=1,2,...,) if, for any point of 9f2, there exists a neighborhood in wh1ch
012 is speciﬁed in Cartesian coordinates by a function ¢ satisfying

l— 1/p

Pl
/ (/ |vl,1<p(x+h)—vl,w(m)wd:ﬂ) B2~"P dh < oo .
]R"_l R”_l
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Corollary 14.6.2. Let p(I — 1) < n and let 2 be a bounded Lipschitz domain
with 012 € Bé,_pl/p where

g €[p(n—1)/(p(l =1) = 1),00] if p(l —=1) <n

and

g€ (poc] if p(l—1)=n.
Further, let 052 be locally defined in Cartesian coordinates by y = ¢(x), where
@ 1s a function with a Lipschitz constant less than ¢§. Then 0f2 € M,lfl/p(é).

Proof. We have
1D pesBoielly, < [ W dn [ 1Vig(o+ ) = Vicip@) do
B. e

< (mesn_le)lfp/q/ |n| =" +2+P dn

€

r/q
><</ |Vl,1go(x+h)—Vl,lw(x)|qu) )
B.

Then the result follows from part (i) of Corollary 14.6.1. ]

Corollary 14.6.2 can be made sharper in the case p(l — 1) = n, by virtue of
part (i7) of Corollary 14.6.1, if one uses the Orlicz space Li»(1og, tyr—1 instead
of L4, but we shall not go into this.

Setting ¢ = oo in Corollary 14.6.2, we obtain a simple sufficient condi-
tion for the inclusion into le,fl/ P(5) formulated in terms of the modulus of
continuity w;_1(t) of V;_1¢:

/O(wl‘tl(t))p dt < oo . (14.6.9)

Since B(l);i/p C W,l;_l/p, it follows that (14.6.9) is sufficient for 912 € W,l,_l/p.
We show that (14.6.9) is in a sense a sharp condition for solvability of the
Dirichlet problems (14.6.5) and (14.6.6) in W;,(Q)
We have shown in 4.4.3 that, for any increasing function w € C[0, 1] satis-
fying the inequalities (4.4.15) as well as the condition

[0y e

one can construct a function ¢ on R®~! such that
() the continuity modulus of V;_1¢ does not exceed cw with ¢ = const;
(i1) supp ¢ C Qar, where Qg = {x € R" ™1 : |x;| < d};
(iii) @ & Wy P (R").
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By {2 we denote a bounded domain in R™ such that

2N{z:2€Qsr, lyl <1} ={z:2 € Qsr, p(x) <y<1}.

Further, we assume that 02 is a surface of the class C'*° in the exterior of the

set {z: 2 € Qar,y = p(x)}.
By Theorems 14.6.1-14.6.3 the problems (14.6.5), (14.6.6) for this {2 have
no solutions in W}(£2).

Remark 14.6.1. Suppose that, for any point O € 942, there exists a neighbor-
hood U such that U N §2 is C!-diffeomorphic to the domain

{(z,9) :y>p(x1,..., 20—}, 2<s<n-—1,

i.e. ‘the dimensions of singularities of 92 are not less than s — 1’. Then all

properties of domains with boundaries in M;l,_l/ P(§) remain valid after the
change from n — 1 to n — s. This follows from the definition of the class

Mllfl/p(é), from Theorem 8.7.1 and from the fact that, if ¢ is defined in R™
and v depends on n — s + 1 variables only, the norms

1 R awes 193 R g

are equivalent (see Proposition 2.7.2).

14.7 Local Characterization of le)_l/p(é)

In this section we prove Theorem 14.6.4 which gives a local characterization
of surfaces in the class M,lfl/ (). By B we mean the ball in R"~! of radius
€ centered at the origin.

14.7.1 Estimates for a Cutoff Function

Let n be an even function in C§°(—1,1) with n = 1 on (—1/2,1/2). For z € R"
we define

n(lzl/e), i p(l—1) <n,
Ne(z) =
n(loge/log |z|), if p(I —1) =n.
Clearly, supp 7. C B. and

ce I, if p(l —1) <n,
IVine(2)] < '
¢ [log |#I| 2|, it p(i — 1) = .
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Lemma 14.7.1. Let p(l — 1) = n. Then

|ane(x) - Vﬂ?e(y)|p — 1—p—pij
/BE @ — g|-2tp dy < cj|log |z|["P|x| 7P, (14.7.1)

where © € Be,j = 0,1, ....

Proof. Since

|

Dne(x) = || 711y~ on(log e/ log |z]) (log ) ™",
k=1

where oy, € C§°(—1,1), it follows that
¢;| log €| o — ylla| 7

if z]/2 < |y| < 2|,

cjl log e] ! (max{|z|, [y[})~/
. _ . < J )
Vine(@) = VineWl < Vg 550 and |y| < |2]/2 or o] < |yl/2,

c;llog e~ log(|z|/|y])]
if j =0and |y| < |z]/2 or |z] < |y|/2.

These inequalities imply that

Vine(@) = Vine(y)” S T—
/B o — g 2tP dy < c;|loge|™P|z[ P, (14.7.2)

€

which is equivalent to (14.7.1) for x € B.\B.s. Let x € B.s. We then have

/ 90,5 = VineW)l? , C/ Vine(x) = Viny)P ,
B.\B.> ly|n—2+p ~ s |z —y[n—2tp

where dg ; = 1 for j = 0 and ég; = 0 for j > 0. Consequently,

S0 — V., P ,
/ | 0,5 n,J;Z:(y)l dy < C|10g€|_p‘l‘|1_p_pj.
BA\B.» ly|n—2tp

Setting |z| = €? in the last inequality and observing that

3P +Pi=1 | Jog ¢|P

increases near ¢ = 0, we obtain (14.7.1). O
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14.7.2 Description of le)_l/p(é) Involving a Cutoff Function

The aim of this subsection is to prove the following assertion on a local char-
acterization of M, L=1/p (0) involving a cutoff function. Hereafter, without loss
of generality, we assume that ©(0) = 0.

Lemma 14.7.2. A surface 02 belongs to the class M,l,_l/p(é) if and only if
for any O € 92 there exists a neighborhood U and a special Lipschitz domain
G={z=(z,y) ;2 € R" 1y > ()} such that UN 2 =UNG and

limsup||V(775<p);R"_1||MW17171/p <cé, (14.7.3)
e—0 P

where ¢ is a constant which depends onl,p,n, and n. is the function introduced
in the previous subsection.

Proof. Clearly, (14.7.3) implies that 02 € le;_l/p(é). In order to obtain the
converse assertion, it is sufficient to derive the estimate

IV () R Ml ypypa-1-1m < € IV Ry pypieaear (14.7.4)
Let @ = T be an extension of ¢, defined in Sect. 8.7.2. By Theorem 8.7.1,
IV (nee)s R Ml ypppa-1-17m < € IV @0eP); RY g1 (14.7.5)

For any function u € W=!(R"), we have

-1
¥ (0 ): B g+ < ¢ (3 121V el [Vimajul BY I,

7=0
-1 3
+ 3 M5kl Vel Vi1 uls R |, ) (14.7.6)
7=0 k=0

Let p(I — 1) < n. The first sum on the right-hand side of (14.7.6) is domi-

nated by
-1

¢ [VORY L > Ir 7 Vicjus R |1,
7=0

and the second one is not greater than

-1

J
Z [Vjt1-1P; RY ”M(Wg_’“—»Lp) ||Tﬁkvl—1—ju§ R} HWI-Z—’“
k=1

I
<

J

From Corollary 2.4.1 and the inclusion MW} (R?) ¢ MW/[(RY),s > t, it
follows that
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IVit1-1 @ RN i+ —p,y < € IVORE g+
< ¢ [VO R i (14.7.7)

Moreover, by Hardy’s inequality
IV s R e < e [l Ry
with p(I—1) <nand [ —1 > j > k, we obtain
IV 01®): R a1 < ¢ (VB R | yyyp01. (14.7.8)

This, together with Theorem 8.7.2 and (14.7.5), implies (14.7.4) for p(I—1) <n.
Now let p(l — 1) = n. The first sum on the right-hand side of (14.7.6) does
not exceed

-2

¢ IV R |n.. (Jlog el D Ir /90 jui R |,
j=0

+ |t log r) " tu; By NRY ||Lp),

and the second one is not greater than

l

|
—

J
Z ||Vj+1—k¢§ Ri ”M(Wg—kﬂLP) ||T7k(10g 7")71771/2Vz—1—jU; R?— ||1/Vg—’c
k=0

Il
=

J

Using Hardy’s inequality
I (tog 1) o5 R g v < c 05 R [y
where v is a function supported by Bj /2, we obtain
lr="(log r) 1 /2 Vica—jus R [lyyg -+ < e [lu; RY [l ypis,

which, together with (14.7.7), gives (14.7.8). This, in combination with
Theorem 8.7.2 and (14.7.5), leads to (14.7.4) for p(I — 1) = n. The result
follows. 0

14.7.3 Estimate for s,

Clearly, if

[ Dpi— y€llL,
sup p,l—1/pP ”1/
eCRn—1 [Cp,l—l—l/p(e)] P

then (14.6.8) holds. So we must prove the sufficiency of (14.6.8).

+IVe, R, < cd,
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According to Theorem 4.1.1, the condition (14.7.3) means that

sup 1Dpi-1/p(new)iellL,
e [Cp,l—l—l/p(e)}l/p

+IV(new); Bellpoo < cd (14.7.9)

for sufficiently small € > 0. Hereafter, e is a compact set in R"~! with d(e) < 1.
Since ¢(0) = 0, we derive from (14.7.1) that

IV(1e@); Bell Lo < ¢ V5 Bell Lo -

The first term in (14.7.9) is majorized by

sup
eCRn—1

( [1Dpi-1/p(e@); \Bellz, | [1Dpi-1/p(nep);e N Be|r,

[Cp,l—1—1/p(€\35)]1/1’ [Cp,l—1—1/p(€ﬂ55)]1/p ) (14710)

(If either e\B. or e N B, has zero capacity, then the corresponding term is
equal to zero). Consequently, the supremum in (14.7.9) is not greater than
$1 + s + s3, where

[ Dp1-1/p(nep)s el
s1 = sup b /v 1/pp
eCR?—1\ B, [Cp7l—1—1/p(e)}

(/e doe /RTLI\BE |Vl—1(776%0|)(35) — Vi_1(nep) (y) [P dy)l/p

x—y[ne

59 = sup
2T B [Cpi—1-1/p(e)]}/P

S3 = sup 1D1-1/p (s Be)s el
ecB.  [Cpi—1-1/p(e)]/P

b

The goal of this subsection is to give an estimate for s;.
Lemma 14.7.3. If (14.6.8) holds, then s1 < c¢¢ for sufficiently small €.
Proof. We have

€

/ V11 () () Py / & — y[> " Pde
sy ° .

= sup
eCRn—1\B, Cpi—1-1/p(€)

Letg=(n—1)/(p(l—1)—1)if p(l—1) < n,and let g € [1,00) if p(I—1) = n.
Since y € supp 1. C Be/2, it follows that

1/q
/ |$ — y‘Q—n—pdx < (mesnle)l—l/q</ |£L’ _ y|(2—n—p)qu)
€ ]Rn—l\BE

< ¢(mes,_je)l V2 np(n=1/q, (14.7.11)
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We use the inequalities

c(mes, €)1 if p(l—1) <n,
Cpi—1-1/p(€) {

p

C(log(Qn/meSnile))lfp if p(l—1)=n (14.7.12)

Then, for p(I — 1) < n,
/|ac — > Pde < cePTDFI (mes,,_je) 79

In the case p(I — 1) = n, we have

< ¢ (mes,_1€) "V 9(log(2" /mes, _qe))P 2PN/ (14.7.13)
If mes,,_1e < €*~1, then the right-hand side is dominated by ¢ ¢! ~7|log e[P~1.

If mes,,_je > €1 then, setting ¢ = 1 in (14.7.13), we obtain the same
majorant ¢ €' ~P|loge[P~t. Thus

cep(l_Q)‘H_"/ [Vi—1(nep)|Pdy if p(l—1) <mn,
SP < B
1 =
¢ | log e~ / Vs (o) W)Pdy i p(l — 1) = n.
B.

In the case p(I — 1) < n, this implies that

1-2
5P gcep(l—2)+1—n<€(1—l)p/ |ap|pdy+Ze_j”/ \Vl,1,j¢|pdy).
B ; B
€ ]:O €

We introduce the notation
<’U; Be>p,l—1—1/p = ||Dl—1—1/p(v; Be); BE”Lp

and use the inequality
/ \Vlfg,jvv)dy
B.
<c (€p<j+1>71<v;55>p17171/ +ep<j+2*l>/ |v|de). (14.7.14)
P, P B,
Then
5117 <c (€_p+1_n/6 |<p|pdy+€1—n/8 |V<P|pdy+€p(l_1)_"<¢;86>§7l_1/p)

<c (VT BYP L+ IV Belr ),

which, together with (14.6.8), gives s1 < ¢d.



14.7 Local Characterization of Mé_l/p((S) 519

Now let p(I — 1) = n. In the case | = 2, we have

st < et Pogep Ve Bl ([ InPdy+ [ uPIonpay).
BE B€
Since

/ InelPdy < c / ylPIVnePdy < e log |,
B. Be

we obtain
st < clloge| ™" V; Bl _.

Suppose that [ > 2 and p(l — 1) = n. We write

sh < celfpllogel”*l(ﬁogd*p/ ly| PP dy
Be

-2
Y ozl ™ [ PV ePdy+ [ InSiagPdy).  (4115)

Jj=1

The first term in brackets does not exceed

ce M loge|P||Vp; Belf . (14.7.16)
Using the inequality

[ WV opdy < ([ Viaopdy+ e [ foray)
B. B B.

with v = 9p/dy;, we conclude that the sum with respect to j in (14.7.15) is
majorized by

ce”’1|loge|”’(elfp/6 |Vl—1<P|pdy+||V80;BeHim>' (14.7.17)

We apply (14.7.14) with j = 0 to the vector function v = V. Then (14.7.17)
is not greater than

c e logel P ({p: Be)p 1yt IV Bell7 ). (14.7.18)
Now we turn to an estimate for the last integral in (14.7.15). The inequality
[w; Belln, < ce P (w; Be)paiyy

holds for all w defined on B and vanishing outside B(; ), ¢ € (0,1). Hence,

El_p/l; |775V171<P|pdy S & <vl71(n6(p);86>§,171/p
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. p P "’76(1') - ne(y)|p )
< e(Frp Byt [ Ferptede [HEDCIEE ). 147,19
According to Lemma 14.7.1,

1) = )P

iz — y[n—2tr Y < ¢ [loge|~Pla] """,

Therefore,
(Vic1(new); Be>§,1—1/p

< e (Vi@ B2,y 1y + logel ™ /B Vioae@)Plyl'Pdy)-

Since p(I — 1) = n and I > 2, we see that p < n and Hardy’s inequality

I (TS e R

holds. Setting here V;_1¢ as v, we get
<vl—1(776§0); Be>£71_1/p
< et B syt M ogd ™ [ Viae)Pay)
By (14.7.14), the last integral does not exceed
@i By yp T IV Bell? )
and, therefore,
(Vi1 1) B,y < e (9B, + Nlogel Pllgi B (14.7.20)

Consequently,
/ e Viaeldy < e (g By, + logel IV BIE). (14721
Substituting (14.7.14), (14.7.18) and (14.7.21) into (14.7.15), we derive
st < c(|logelP™Hpi By 1), + Vs Bl )
which, together with (14.6.8), gives s; < ¢d.

14.7.4 Estimate for ss

Lemma 14.7.4. If (14.6.8) holds, then sy < c¢ for sufficiently small €.
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Proof. Clearly,

/ Vi (neg)Pde / & — y[> Py
p e R”fl\BE
s5 = sup .

eCB. Cp,l—l—l/p(e)

Let p(l — 1) < n. By ¢ we denote any number sufficiently close to p, such that
q > p. We have

-1 /‘V1717]’§0|pd1'
5127 < ¢ sup ZE—(J+1)17+1€—

eCB. =y Cpi—1-1/p(€)

r/q
-1 (/ |Vl,1,j<p|qd:c>
1-p/q _Je )

<e¢ ) e UrDPH gup (mes,,je)
jZ::o eCB. " Cp,lflfl/p(e)

(14.7.22)

From Lemma 1.3.1 and the equality
Wi R s = WP,

it follows that
P/q p/q
([ o) e sup BB gy
Rn-1 w€B.,pe(0,6) Cpi—1-1/p(Bp) We
where p is a measure with supp u C B.. Therefore
p/a p/a
sup ﬂ <c¢ sup M. (14.7.23)
eCB. Cp,lflfl/p(e) z€Be,pE(0,€) Cp,lflfl/p(Bp)
This estimate and (14.7.22) imply that

-1
sh<ec ZE_(j+1)P+1+(n—l)(l—p/q)

J=0

/
X sup ((/ |Vl_1_jcp|qdy)p qpp(lfl)*n)'
z€Bc,p€(0,€) B,(x)

Since —(j+ 1)p+1+(n—1)1—-p/q) < (n—1)(1—p/q) +1—p < 0 for any
q sufficiently close to p, we obtain

-2

. p/q
sh<e Z sup (/ |Vlflfj90|qdypq(l_j_2)+1_n) +c |V Bell__ -
j=0 WEBe:PE(0:€) Bp(a:)
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We use the inequality

) 1/q
pl*JfQ*(nfl)/‘I(/ |Vl,2,jv|qdy)
BP
I-1-1/p—(n—1)/ 1— 1/p
< ep B gy (o [ lopan) L 14729
P

j=0,---,1—2, which follows by dilation from the continuity of the embedding
of W,i_l_l/p(Bl) into Wéfz’j (By). Then

(Vs Bp (x)>§717171/p
pnflfp(lflfl/p)

P
s <c sup

= + [V Bell7 - (14.7.25)
z€Bc,p€e(0,¢) )

Let p(l — 1) = n. By Holder’s inequality and (14.7.23 ) we have

P/q
([ 19stplas)
1-p/q *Je

sh < ce' 7P sup (mes,_;e)

eCB. Cp,lflfl/p(e)

p/q

< celmpt=D0-r/a) gyp \1ogp|”’1(/ Iszl(new)lqdy> :
z€Bc,pE(0,€) B,(x)

Hence

s£<c  sup {pl—p+(n—1)(1—p/Q)| log p| !
zE€Be,pe(0,€)

3,

+ plrH =) (1=2/0)| Jog |1 (/ |y\’“’”q\<p(y)lqdy)p/q

p(z)

. p/q
[y Vi1 —sp(y)dy)

p/q
+ 617P+(n*1)(1*p/q) ‘ log p|p71 (/ |7]€Vl_1go|qd’y) i| . (14.7.26)
B, (x)

We apply the following variant of Hardy’s inequality:

. 1/q
(/ |y‘_]q|vl—27jv|qdy)
B,

< cplfl/er(n*l)(l/q*l/p)<,U;B )

p/p,l—1-1/p
+ e it /a=1/p) (/

1/p
‘,Ulpdy> ) j:17"'7l_27
B,

with Vi instead of v. Then the first term on the right-hand side of (14.7.26)
is dominated by
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cl1og o™ ({93 By(@))?,_, , + Vs By(@)]5)

< c((@sBae)y ) oy + IV Baell7 )

Obviously, the second term on the right-hand side of (14.7.26 ) does not exceed

Cp17p+(n*1)(1*p/<ﬂ| log p|~* (/

o p/q
[y =Dy ) Vs Byl
B, ()

< c|log p| " H[Vs By(a)llf .-

We turn to an estimate of the third term on the right-hand side of (14.7.26).
Let s be a number sufficiently close to ¢ with s > ¢. By Holder’s inequality
this term is majorized by

et Pt =1(=p/0) p(n=1)p(/a=1/9) | |og p|P~1 (/

By(x

p/s
<€1fp+<n71><1fp/s)|logdpfl(/ neVirgldy)” (14.7.27)
Be

. p/
: NeVieip| dy)

The inequality
lw; Bellz, < e DT R (0B Ly gy,

holds for all w, defined on B, and vanishing outside B(;_.), ¢ € (0,1). Hence
the right-hand side of (14.7.27) is not greater than

ClIOge‘p_1<776vl7190§Be>§,1_1/p'
By (14.7.21) this last term does not exceed
cllogd? ! ((9: By, + [log e[ 7| Vp: BlL_).

Using the estimates which were obtained for three terms in (14.7.26), we
arrive at

sh<c( sup  [logpl" e By(@) y, + IV Bl ).
z€Bc,pe(0,€)

The result follows from (14.6.8). O

14.7.5 Estimate for s3

Lemma 14.7.5. If (14.6.8) holds, then ss < c¢¢ for sufficiently small €.
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Proof. We have

[Di-1/p(nes Be)sellf, < C( > ID11p(D*nDO g Bo)selll,

lal+|B8]=1-1
|a|>0

ne(x) — ne(y)[”
Dyl B)z el + [ Vel [ SO ). (14.7.25)

€

Clearly,

||D1_1/p(Da775Dﬁs0; Be); €||]Zp

<c (/ \D%(z”pdx/ |Dne(x) — Dane(y)pdy
e 5.

|z —y[" 2P

ar g [ IPPe(x) — DPo(y)P
+ /B 1D (y)| dy/e | - d:r;). (14.7.29)

x =y

Let p(I — 1) < n. Using (14.7.2), we obtain

-1 e /|Vl,1,j<p(x)|pdac
P < c su —(+1)p+1lJe
ecg Z Cpi—1-1/p(€)

|Vl 1— JSO Vl 1 ]@(y)lpd
- e yl” >t Y

+ ¢ sup Ze P

eCB i Cp,l 1-1/p(€)

(14.7.30)

The first supremum is bounded by the right-hand side of (14.7.25) (see the
beginning of the proof of Lemma 14.7.4).

Let ¢ denote a number sufficiently close to p and such that ¢ > p. By
Holder’s inequality and (14.7.23), the second supremum on the right-hand
side of (14.7.30) does not exceed

-1
¢ sup ¢~ Iptn(=p/q) pp(i=1)=n
£€Be,pe(0,¢) j=1

X |:€(p74)/p/ (/ |Vl71*j80(x) — V_lzjrlfjgo(y”p dy)q/pdx]p/q
B,(€) \B. |z — y[n—2tp

D p;Be)se
+ ¢ sup 151175 (5 Bo)icllz, (14.7.31)
ecB.  Cpi—1-1/p(€)

We note that for j=1,--- [ —2

6(p—q)/p/ dx(/ Vi_1—jo(x) —X;Hw(y)l”dyy/f’
B, (&) B |z — y P

€
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Se(p—q)/p/ d Vi1 jo(r) = Vi1 Jso(y)\qdy(/ dy )(q—p)/q
B, (&) B B

|z —y[n2ta e —yln2

€

Vici—jp Vici—je)]?
<c/ / | ]()n72+q3()|dy
By JBay(e) Y|

" Vi gol) = Vi Wl g, 4 ) (14.7.32)
B\Bz,(€) /B, (€) |z — y|n—2+a y)- 7.

The first term on the right-hand side of (14.7.32) is dominated by

C<V(P§62p(§)>g7l—l—j—1/q

which does not exceed
11 ; _ i+
¢ (53" (Vs Bap () puo1o1/pto T E [V Boy(©)]].) . (14.7.33)

Since |z — y| > p in the second term on the right-hand side of (14.7.32), this
term is majorized by

dz /
c e Vic1jp(a + 2)|7 + [Vie1jp(x)|7) do
/st\Bp ‘z|n 2+q 5 (6)( 1—j 1—j )

P

Vi Boe+ 204
q — . q
SC/B%\B < 2 2ta +cp q”Vl_l_J,Bp(f—FZ)HLq)dZ
which does not exceed

¢ sup (pq[n(l/qfl/p)ﬂ’] (3 Bp(g»q

ceB p,lfl/p p( FH1+) q+n||v<)0’ ( )“L )
3e

Note that n(1/¢ —1/p) +j > 0 for j = 1,...,1 — 2, because ¢ is close to
p. Hence, the terms in the second sum in (14.7. 30) Wlth j=1,...,1—2are
estimated by

c  sup e dptn(-p/9) (pq[n(l/qfl/p)ﬂ‘]pp(lfl)*”<¢; B,(&)r,
£€B3e,pE(0,€) e

+p Pl v B (1)
<c  sup (PTG By, + IV Ba(E )

£€B3e,pe(0,¢€)
The term with j =1 —1 in (14.7.31) has the majorant
(- n—1)(1— _1)—n d a/pyp/a
(= Dp+(=1)(1=p/0) p(1-1) ||W3526||1£m{/ dx(/ —yi) }
B,(£) B

e =yl

< cel_(l_l)p+(”_1)(1_T’/‘Z)pp(l_l)_"“”_l)p/qHV@;826||’£ < c||Vg; Bao|®
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Finally, the second supremum in (14.7.30) is dominated by

¢ sup (PTG Bap()h s + IV Bay(O)IIF)
£€Be,pe(0,¢)
Dy_1p(; Be)sell}
+c sup ” l 1/p( ) HLP.

eCB. Cp,lflfl/p(e)

Taking into account the estimate for the first supremum in (14.7.30), obtained
previously, we complete the proof for the case p(l — 1) < n.
Let p(l — 1) = n. We have

I1D1-1/p(ne; Be)sellz, < o1+ 02+ 05+ c||Dimiyp(p; Be)ielly,,  (14.7.34)

where
-2
|Vj?7€(:17) - Vﬂ?e(y)|p
— ) p
g1 Cjz_;/evl—l—J(p(x” dx/Be |x_y|n,2+p dy7
Vi1 —Vi—i—j0(y)
U2=cZ/ S e

oy — ¢ /dm/ )V (r) — (y)szme(y)l”dy.

[ =47
By (14.7.2),

. — . p .
/ |vj776(x) Y]We(y)| dy S c |10g |./L'H_p|$|1_p(]+1),
B. |z —y|r—2FP

Therefore,
o< e /|vz 1= (@) Pl PV | log || Pda
P
- o e
<c Z(/ Iszlfjw(x)I”(”‘”/(”‘p(ﬂ'“”dx)(n rrny
j=0 "/ Be

d (p(+1)~1)/(n-1)
e |:L-‘7l—1| log |.’IJ| |p(n—1)/(p(j+1)—1) )

+ e Ve Bl / 2] log Je]| Pda.

The function ¢"~!|logt|® increases near t = 0. Hence, among all sets e with
a fixed mes,_1, the integral

/ 2] log ||~ de



14.7 Local Characterization of M}~ '/?(5) 527

attains its maximum at a ball with centre x = 0. Consequently, for o > 1, we
have

/|x\1_"| log |z||~*dz < c|log mes,, _qe|'™* (14.7.35)
and hence, )
1-3
o1<c¢ Z | IOgmeS”*16|1_p_(n_p(j+1))/(n_1)”vl*l*j@;BE||ip<n71>/<nfp<j+1>>
j=0
+ ¢|logmes,, _1e|' 7P| Vy; Be|l7 . (14.7.36)

This and (14.7.24) with ¢ = p(n — 1)/[n — p(j + 1)], p = € and Vi as v yield
o1 < ¢ |logmes,_ie|' P ({p; Be)p i1y IV Belly ).

We now estimate the sum o9. Note that

|Vl_1_j§0($) - vl—l—j@(yﬂpdx
o =y

€

dx
<e(/ Voo @)
{z€e:|z|>2|y|} ! |x|n Zrp
dxr
+ [Vici—j0(y) P [e[2tp

(zee:lzl>2lyl} [T

+/ Vici—jp() —szlfjw(yﬂpdx)
{weeilo|<2]y]} |z —y[n=2p

Therefore, oy < Uél) + 052) + 053)7 where

1 dx
oM =c Z/|vl—1—j§0( )|p|m|nT+p/B IVine(y)[Pdy,
lz]/2

j=1"¢
-2 dx
2
o =e Y [t [ VPV Py
j=1"7¢ Bizy/2
1—2
Vicijp(x) = Vieij0(y)|P
VoS [ IVt [ Niopela) Sty
=18 {zece:|z|<2]y|} |z —yl

Using the definition of 7. given in Sect. 14.7.1, we obtain

(1 Vici—jo(x Cp =g
otV <c Z/ mn]zﬂ, dfv/ |log |y|| 7|yl ~Pdy

Bz /2

Vi1 jp(@)Pda
<
CZ/ |G 0P1[Tog [P
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A majorant for this sum was found when estimating oy. It is equal to
c|logmes,_1e|" P ({¢; 826>2’l71/p +[IV; Bl ). (14.7.37)

Clearly,

-1
2 d$ i _
Ué ) <c Z/W ; IVici—jo()Plyl 7" log [yl Pdy
j=17v¢€ lz|/2

1—2
dx )
<ey [ [ Vel

2 | T o blF S, 'V
In view of the inequality
/B Vi) Ply| =P dy < e |2[P~ ((@3 Blaisahy -1 jp + IV93 Blay 27

lw|/2

we have

2) / dzr . P ) P
oy’ <c¢ | ————({e; Bt ., + |[|[Vo; Be .
2 . ‘m|n 1\10g\y||p (< >p,l 1/p || ”Loo)

This inequality, together with (14.7.35), gives (14.7.37) as a majorant of 052).

The value 02 ) does not exceed

) _ ) p
. Z/ / [Viei—jo() Zz;fgtp(y)l .
|y|]p|10g|y”p {z€e:|z|<2|y|} |l’7y| P

Changing the order of integration and using the monotonicity of #/?|log#|?
near t = 0, we find that

-1
dx Vici—je(x) = Vici—je(y)|P
0_53) é c Z/ -~ 1 p/ ‘ ]410( ) oy ]SD( )‘ dy
= Je |zl |log [2[[P /s, |z —
We apply Holder’s inequality and (14.7.35). Then, for ¢; = (n—1)/(n—1—jp),

3) — 1-n (1=n)/j ;. )P/ (* 7D
gcz( 2"~ log ]| 1=/ dz

\Vici—je(x) = Vici—je)|P , NG, 1Y/
/ / |z — y|n—2+p dy) dm}

<c Z |log mes,, _1e|' 7P~/ %
j=1

dh 9 11/4
X[/BE(/BEM1”(Hh)_vl”¢(x)|pm> o
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Now, by Minkowski’s inequality,

053) < ¢ |logmes,, _je|'™?
S ([ Firsete+ 1= Firgotopoas)
I—1—j — Vi—1—j AT
= .\ B, ’ ! |hfr=2te
Since

—1-1 n—1 I—j—1-1 n—1 3 e
W YPRY) € BL VPR with =1, 12,

(see [Bes] or [Tr3], Sect. 2.8.1), it follows that

NV dh
L ([ 19iasote+ 1) = Via o@pran) Y B
5. \s, il

< c((viBse)p i1y € "IV BacllL ).

Therefore,

) < ¢|logmes,—1e[" P ({03 B ),y + [V Bacll_).

o8
2 p,l—1/p

Taking into account the estimates for O'él) and 052) which were obtained above,
we find that oy is bounded from above by the right-hand side of the last
inequality.

To obtain an estimate for o3 we note that

dy
dx/ o(@)Vicne(®) — o) Vieine W) ————
/e Bz\x\\5|w|/2| =) 1e() ) 17e(9)] |z —y[—2tp

dz dy
< |V Bellf / /
[ 2. o [2[0=Dr[log [z[[P /g, |z —y|"2

dx
< c|Ve: Bl /—
L |, T 1] log 2] P

(14.7.38)

Moreover,
/ dz / (@) Vi (@) — o) Vi )P —
e B‘z‘/g |fL' - y|’n72+p

2—1 1 —1 21 1 —1\p
<eivgy, [ [ (el s I,
e B2 r—=y

dx dy
< c||Vg; B} /—/ |y log Jy||P
s W Blhe. | foprer Blayya 19" P logy][P

dx
< B.||? - 14.7.
> c||V<P,B ||Lml|$|”_l|10g|$|p ( 739)
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In the same way we obtain

dy
dgc/ )Vicine(z) — o)V W) — =+
/ R™=1\By), ‘ |$7y|n72+p
2—1 1 -1 2—1 1 —1\p
<o |VesBL_ /dx/ (|| IOgITLCI +|Ti/|2+p| oglyll™") dy
" 1\Bzm -
dy
< c||Ve; Be ”L .z |(1 2)p|10g|x||p /R" N\Bapa) |y|n—2+p

d
<c|Ve; Bl / ’ (14.7.40)

e le[*=1log [a][»”
Adding the estimates (14.7.38) — (14.7.40) and applying (14.7.35), we arrive at
o3 < c|logmes,_1e|'?||[V; B[]

Now from (14.7.34) and the estimates for o1, 09, 03, it follows that

IDi-1/p(ne03 Be)selly, < c[logmes,_1el' P ({2: Bse)p, 4,
+ Vs Baell] ) + el Dicryples Be)sell, -

This, together with (14.7.31), gives the estimate

1D1-1/p (3 Be)sellf,
P < ( ‘B . P \V4 ‘B . P p)
% < e ({0 Baely oy + V0 Bacll, + eséllli Cpi—1-1/p(e)

which together with (14.6.8) gives s3 < ¢d. |

Proof of Theorem 14.6.4. Lemmas 14.7.3-14.7.5 and the inequality
(14.7.10) imply that (14.7.9) holds for sufficiently small e. As was pointed
out at the beginning of Sect. 14.7.3, the estimate (14.7.9) is equivalent to the

inclusion 942 € M,l,_l/p(5). The result follows.

Remark 14.7.1. The results of the present chapter were obtained in [MSh10].
Filonov applied these results to the study of the Maxwell operator in Lipschitz
domains [Fil].
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Multipliers in the Classical Layer Potential
Theory for Lipschitz Domains

In this chapter we give applications of Sobolev multipliers to the question
of higher regularity in fractional Sobolev spaces of solutions to boundary in-
tegral equations generated by the classical boundary value problems for the
Laplace equation in and outside a Lipschitz domain. Since the sole Lipschitz
graph property of 02 does not guarantee higher regularity of solutions, we are
forced to select an appropriate subclass of Lipschitz domains whose descrip-
tion involves a space of multipliers. For domains of this subclass we develop
a solvability and regularity theory analogous to the classical one for smooth
domains. We also show that the chosen subclass of Lipschitz domains proves
to be the best possible in a certain sense. We end the chapter with a brief
discussion of boundary integral equations of linear elastostatics.

15.1 Introduction

We study the internal and external Dirichlet problems
Auy =01in 2, truy = P4 on 02, (Dy)

and
Au_ =0in R"\2, tru_ =&_ on 912,
u_(z) = O(Jal*™) as Jo] = o0, ()

where the boundary trace is denoted by tr, as well as the internal and external
Neumann problems

) v
Avy =01in 2, a—; =W, on 012, (N5)
and
. s Oul
Av_ =0in R"\2, —— =W¥_ on 912,
v
V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 531
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v—(2) = O(|a]*™") as |z| — oo, (N-)

where v stands for the outer normal with respect to 2.

In what follows, we exclude the case n = 2, which will simplify the presen-
tation. The changes required in formulations, in comparison with dimensions
n > 2, are the same as in the logarithmic potential theory for smooth con-
tours. Our proofs, given for n > 2, apply to the two-dimensional case after
minor changes.

A classical method for solving the problems (D+) and (N.) is representa-
tion of their solutions using the double layer potential

Do(z) = / ;)VCF(C —2)0(Q)dse, =€ RMIR,
a8

and the single layer potential

Sp(z) = /F(C —2)p(Q)ds¢,  z € R™\042,
o0
where I' is the fundamental solution of A with singularity at the origin.
Putting ur = Doy and vye = Spi, one arrives at the boundary integral

equations

(:I:%I-i—D) oy = oy, (24)
and

(F31+ D*) ps = ¥, (3+)
where D* is the adjoint of D given by

D*p(z) = / aiF(C—Z)p(C)dsc-
on

Looking for solutions of the problems (D+) and (N) with boundary data
@, = @ and ¥4 = V¥ in the form uy = Sp and vy = Do, one obtains the
integral equations on 9f2

Sp=ao, (15.1.1)
and
9 pe—w (15.1.2)
5 =. 1.

Let ¢ be positive and noninteger. In the case p(¢ — 1) > n — 1, our sole
restriction on {2 is the inclusion of its boundary in the class W]f, which means
that every function ¢ in (14.1.3) belongs to WE(R™™1).

In the opposite case p(¢ — 1) < n — 1, we assume that 92 belongs to the
class Mf; if every point O € 012 has a neighborhood U such that 20U is given
by (14.1.3) with ¢ € COL(R"1) subject to

Vo e MW, (R™1)
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(here and elsewhere we do not differ between spaces of scalar and vector-
valued functions in our notation). Furthermore, the surface 012 is said to be
in the class ME(8) if

IV R* | pppye1 <6, (15.1.3)

where § is a positive number. Obviously,

Mf = ML)
>0

These definitions are in accordance with those in Sect. 14.3.1, where we dealt
with the particular case £ = — 1/p with integer .

Several conditions, either necessary or sufficient for 92 € M](6), will be
discussed in Sect. 15.5. In particular, the inclusion

092 € M5(0) := gk M(6)

is guaranteed by the condition

1 p
wq(V[g]gO,t) dt

where w,(Viep,t) is the L, continuity modulus of the vector

Vip = {0% )0z ..., 0x0" "
with a1+ -4 ay,—1 = |a| = k, and ¢ is any number satisfying (n—1)/(¢—1) <
g<ooforpl—1)<n—landp<qg<ooforp(l—1)=n-—1.

Clearly, any surface in the class C**¢, € > 0, belongs to Mﬁ(O). However,
there are surfaces in C* which are not in Mg. Note that 02 € Mg may have
vertices and edges on 0f2 in the case p(¢ — 1) < n — 1.

We formulate our main result concerning the boundary integral equations
(24)-(15.1.2). In the statement of this result and in the sequel, the notation
W35 (002) © g with g € (W;5(9£2))* stands for the subspace of functions 1 €
W, (042) such that

Ygds = 0.
o0
Theorem 15.1.1. Letn > 2, p € (1,00), and let £ be a noninteger with £ > 1.
Suppose that 012 is connected, 012 € W}f forp(l—1)>n—1 and 012 € Mﬁ(é)
with some 6 = 6(n,p, ) > 0 for p(—1) < n—1. Then the following assertions
hold.
(i) The operator 51+ D is an isomorphism of W (012).

(it) The operator 31 4+ D* is an isomorphism of Wi=1(942).

191 e operator S maps W~ 1somorphically onto .

i) Th S Wf L(090) i hicall W}f o1

1w e operator v maps continuously into ol.
Th d/ov)D Wi(092 l Wi(002)e1
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There exists a continuous inverse
9 -1
(51)) Wi o)e 1 - W) e L.
(v) There exists a continuous inverse

—1 oP
(=31+D) :Wi(o)el—Wi(on) o R

where P is the harmonic capacitary potential of 2 and
OP/ov € W1 (002) N(WS(012))*.

The equality (—%I + D) 1 =0 holds.
(vi) There exists a continuous inverse

(—ir+ D) w2 o1 - W) o 1.

The equality
1
<—§I + D*) OP/ov =0

holds.

Counterexamples in Sect. 15.6 show that Theorem 15.1.1 fails if Mf(4) is
replaced by M]f.
The invertibility properties of the operators

1 1
+51+D,  EgI+D', S and (9/0v)D

in Theorem 15.1.1 result from solvability properties of the problems (D) and
(NV4) collected in the next Theorem 15.1.2 which is of independent interest.
The continuity properties of D, D*, S, and (0/0v)D stated in Theorem 15.1.1
are deduced from the part of Theorem 15.1.2 concerning the transmission

problem
Aw; =0in 2, Aw_ =0in R™\,

tr wy —tr wo =9, %—%z@onaﬁ,
w_ () = O(|af>~") as [2] — oo. (T)

In the formulation of Theorem 15.1.2 and in the sequel, we use the weighted
Sobolev space W];“O‘(Q) endowed with the norm

1/p
[l _Q||W§,a = (/(dist(z,89))pa|vku(z)|pdz) + ||lu, 2|z, (15.1.5)
2
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Also, W; 1 (R™\2) stands for the space of functions subject to

s B\ . < 00

for an arbitrary open ball B containing 2.

Theorem 15.1.2. Let n > 2, p € (1,00), and o = 1 — {{} — 1/p, where € is
a noninteger with ¢ > 1. Suppose that 0f2 € sz forp(d —1) >n—1, and
0 e M;f((;) with some § = §(n,p, L) for p({ —1) <n —1. Then

(i) For every @, € Wi(012) there exists a unique solution of the problem
(D), uy € WETH(0), and

s 2l g < 04502 (15.1.6)
This solution is represented uniquely as (Doy )y with o4 € W(012) subject
to equation (24). Moreover, uy can be represented uniquely in the form Sp
with p € WS=1(982) subject to equation (15.1.1).
(i1) For every &_ € WE(912) there exists a unique solution of the problem
(Do), u_ € Wﬂ:cl’a(]R"\ﬁ) and, for every ball B with B O £2,
|\u_;B\§||Wy]+1,a < ¢(B) [|9-;092||we- (15.1.7)
This solution is represented uniquely in the form

u_(z) = (Do_)(2) + CI'(z), z€R"\,

where C' is a constant, the singularity of the fundamental solution I is situated
n 2, and o_ € sz((‘)(?) © 1 is a solution of the equation

(-iI+D)o_=d_—CI on 012 (15.1.8)

Moreover, u_ can be represented uniquely in the form Sp with p €
W,=1(842) subject to equation (15.1.1).

(iii) For every W, € W/ =1(802) &1 there exists a unique solution of the
problem (Ny), vy € Wy]ﬂ’a(!)), subject to vy L 1 on 2 and satisfying

‘|U+;Q‘|W,[,’ZH1"‘ < CH‘I’Jr;aQHngL (15.1.9)
This solution is represented uniquely in the form
vi(z) = (Sp4)(2) +C, ze

where C is a constant, py € Wlf*l(aﬂ) © 1 and p4 satisfies (3+). Moreover,
vy can be represented uniquely as

0i(2) = (Do)(2) + C, z€ 0,
where C'is a constant and o € W[(02) ©1 satisfies (15.1.2).
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(iv) For every ¥_ € Wﬁ’l(aﬁ) there ezists a unique solution of the prob-
lem (N_), v_ € W[Z]H’Q(R"\ﬁ) and, for every ball B with B O (2,

p,loc

Hu,;B\§||WyH1,Q < c(B)||¥—; 092l yye-1- (15.1.10)

The solution is represented uniquely in the form (Sp_)_ with p_ €
W/S=(012) subject to equation (3_). Moreover, v_ can be represented uniquely
as

v_(2) = (Do) (2) + CI'(z), z€R™R,
where
C= —/ W_ds, oeWL(0R) o1
082

and o satisfies the equation

0 5}
— (Do) =¥_ — C—TI_. 15.1.11
55 Do) 5 (15.1.11)
(v) For every (9,¥) € WS(002) x WE1(892) there exists a unique solution
of the problem (T)
(wy,w-) € W) x W (RM\D)

p,loc

and, for every ball B with B D 12,
[|w; QHW;[?eHLa + Hw_;B\EHWF[ZH»l,a

< o(B)(|18; 02w + 1% 092]|y2-1).- (15.1.12)
This solution is given explicitly by
wy = (S¥)y + (DP)L  on R™\0L. (15.1.13)

This theorem follows essentially from Theorem 15.2.1 in Sect.15.2 con-
cerning the Wy“l’a—solvability of the Dirichlet, Neumann, and transmission
problems for equations with nonzero right-hand sides. A typical statement,
contained in Theorem 15.2.1, runs as follows.

Letn>2,1<p<oo,{>1,and {{} >0.If002 € sz forp(l—1)>n—1
and 082 € le(é) with some § = 6(n,p,0), for p( —1) < n — 1, then the
mapping

WL () 5 u — {Au, tr u} € WHT(Q) x WE002)  (15.1.14)

18 1somorphic.

In the case p({—1) > n—1 this last assertion can be inverted for a subclass
of Lipschitz domains: the isomorphism property of the mapping (15.1.14)
implies that 02 € Wg (Theorem 15.6.1).
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Note that this implication fails for the whole class of Lipschitz domains. As
for the case p(f—1) < n—1, several examples in Sects. 15.5 and 15.6 illustrate
the sharpness of the condition 92 € M{(6) in formulations of Theorems
15.1.1-15.2.1. In particular, Example 15.6.6 shows that in general the condition
912 € M(8) in Theorem 15.2.1 cannot be improved by 82 € M/ N ctl,

We outline the structure of this chapter. In Sect. 15.2.1 we introduce and
study a class of mappings, the so-called (p, k, a)-diffeomorphisms, preserving
WZ’f’D‘ and which play a crucial role in the subsequent study of the boundary
value problems.

Properties of the problems (D), (M), and (7) are obtained in Sect. 15.2
(Proposition 15.3.1). The next section deals with continuity properties of the
potentials and their normal derivatives. Here, in particular, definitions of all
integral operators involved in Theorem 15.1.1 are given. Proof of Theorems
15.1.1 and 15.1.2 can be found in Sect. 15.4.

The short Sect.15.5 is devoted to a discussion of the class Mﬁ(é). In
Sect. 15.6 we give a number of examples of domains which demonstrate the
sharpness of our solvability results for the Dirichlet and Neumann problems
as well as for the corresponding integral equations.

15.2 Solvability of Boundary Value Problems
in Weighted Sobolev Spaces

15.2.1 (p, k, a)-Diffeomorphisms

In this section U and V are open subsets of R = {z = (z,y) : z € R"" 1,y >
0}. By W}*(V)) we denote the space of functions with the finite norm

( Jnintr = avta)l + |v<x,y>|p>dz)1/p,
1%

where k is a positive integer, —1 < pa < p—1,and 1 < p < co. By analogy with
the definition of the (p,!)-diffeomorphism given in Sect.9.4.1, a bi-Lipschitz
homeomorphism s : U — V will be called a (p, k, «)-diffeomorphism if the ele-
ments of its Jacobi matrix 93¢ belong to the space of multipliers MW}F=1(U).

The next two propositions contain basic properties of (p, k, «)-diffeomor-
phisms, verified in the same way as the corresponding properties of (p,!)-
diffeomorphisms in Chap.9. By ||ds, Ull ppwjs—1.2 we denote the sum of the

norms of the elements of 0 in the space MWII,C’L“(U).

Proposition 15.2.1. (i) If u € WF*(V) and » is a (p, k, o) -diffeomorphism:
U—V, thenuosxe WII,“’O‘(U) and

|| o ¢ U||W§,a < cllu; V||W§‘a.
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(ii) If > is a (p, k, a)-diffeomorphism, then s~ is also a (p, k, o)-diffeomor
phism.
(i5i) If v € MW;“O‘(V) and > is a (p, k, a)-diffeomorphism, then o 3 €
MWII,“O‘(U) and
v 026 Ul ppwre < cllvs Vo
(i) If 500 : U =V and 3¢5 : V. — W are (p, k, a)-diffeomorphisms then
their composition s 0 3¢, : U — W is a (p, k, «)-diffeomorphism.

Let 7 denote the extension operator defined by (9.4.11), where {(7) = 0
for |7] > 1. Consider a domain

G={(z,y):x € R y> o)} (15.2.1)

where ¢ is a Lipschitz function such that ¢(0) = 0 and |[V(z)| < L for almost
all z € R"~!. We introduce the mapping

x: RY 3 (&) — (v,y) e G

by the equalities
=& y=Nn+(T[f)&n), (15.2.2)

where N is a sufficiently large constant depending on L.

Proposition 15.2.2. Let ¢ be a noninteger with ¢ > 1, and let p € (1,00). If
V€ MWIf’l(R"’l), then s is a (p, [{] + 1, «)-diffeomorphism.

We say that a function f defined on G belongs to the space W]f(aG) if the
function R"™* 5 = — f(z, ¢(z)) belongs to WS(R™™!). This can be written

as
fEWHOG) & fosxpu € WHR"). (15.2.3)

By (15.2.3) and Proposition 15.2.1 (i), the inclusion u € WyHl’a(G) implies
that tru e W}f (0G) and there exists a linear extension operator: W]f(BG) —
Wzgf]-ﬁ-lu(G).

Note that (15.2.2) gives an extension of s to the lower half-space R” =
{(z,y) ;2 e R"71 y < 0}:

R™ 3 (&,n) — (z,y) e R\G

and this extension has the same properties as the original mapping ». We
preserve the same notation s for the extended mapping so that, now, s is
a quasi-isometric mapping of R” onto R™ and a (p, [¢] + 1, a)-diffeomorphic
mapping of R and R” onto G and R™\G, respectively.
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15.2.2 Weak Solvability of the Dirichlet Problem

We need the following assertion which is similar in flavor to [GG] and Sect.
5.7.2 in [Tr4].

Lemma 15.2.1. Let p € (1,00), and let 0 < a + 1/p. Suppose that the Lip-
schitz constant of the function ¢ in (15.1.3) does not exceed a sufficiently small
constant depending on n, p, and «. Then the mapping

Wr(02) 3 u — {Au,tru} € W, H(2) x Wa—*"1/7(00)
18 an isomorphism.

Proof. Tt is well known that the fractional Sobolev space Wy~ !/?(Rn—1)
is the space of traces on R"~! of functions in the space Wk “(R%), where
p € (1,00) (see [Usp]). Since 952 € C%!, it follows from thls result that the

Dirichlet problem
Au=F in 2, u=® on 012 (15.2.4)

with F' € W,E”‘l’“(n) and @ € Wf(aﬂ) can be reduced to the case @ = 0.
Let qu(.Q) be the completion of C§°(£2) in the norm of W] (£2) and let

Wq71 (£2) stand for the dual of qu (2), where g+¢’ = qq’. We choose s = s(p, @)
so that the imbeddings

Whe(2) C W), (15.2.5)
Wh(Q)cwh a(rz) (15.2.6)
W, b (02) c W H(9), (15.2.7)

hold. By Holder’s inequality these imbeddings follow from

"> <L for a >0
s 2p, <7 +op’ or o ,
s'>p, s<p, for a =0,
s P for a < 0.
1+ap
We can put, for example,
_! (1 + mln{ ,p}) for a <0
=3 <
and
= 1(1 + min{ P p}) for a > 0
2 1+ap’’)’ '

Since s’ > 2, the operator

WL(02)3u— Aue W;H(2) (15.2.8)
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is a monomorphism. We now show the existence of a bounded inverse to
(15.2.8) defined on W' (£2).

Let ' € W '(£2), and let u € W3 (£2) be a solution to the problem (15.2.4)
with @ = 0. We denote by U a small coordinate neighborhood of a point
O € 02 and by V an open set such that O € V and V C U. We take a
function x € C§°(U) with x =1 on V. Then

A(xu) = [A, x]u + xF.

Let s be the bi-Lipschitz diffeomorphism: R’} > (§,7) — (z,y) € G defined
by
r=¢  y=n+e(©), (15.2.9)

and let o denote its inverse. Clearly, 0 maps U N 92 onto an open subset of
the hyperplane 7 = 0. Now, (yu) o s satisfies the boundary value problem

div (AV((xu) o 2)) = (xF) o s+ ([A, x]u) o 2z on R%, (15.2.10)

(15.2.11)

(xu) © #|g 1 = (XP) © (|gn1),

where
A = (0o 0 3)* (0o o ). (15.2.12)

Obviously, the right-hand side of (15.2.10) belongs to W, (£2). Therefore, the
function
v = (xu)ox € W) (RY)

is a solution of the problem
div(AVv) —v=H on R}, |, , =0, (15.2.13)

where
H = (xF)osx+ (|4, x]u) o x — (xu) o ». (15.2.14)

Clearly,
11 = 05 R |2, < cllVe; R,

which implies that
11— A;RY L, <e, (15.2.15)

where ¢ is sufficiently small.
It is a classical fact that the Dirichlet problem
—Aw+w=go+divg onRY, wlgn-1 =0, (15.2.16)

with go € Lg(R}) and g € (Ly(R%))", 1 < ¢ < o0, is uniquely solvable
in W;(Ri) (This follows from the explicit representation of w by Green’s
function and the continuity of a singular integral operator in L4 (R™).) Let
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(I — A)~! stand for the inverse operator of the problem (15.2.16). We write
(15.2.13) in the form

v—(I—-A)"'Sv=(A-1)""'H, (15.2.17)
with H given by (15.2.14), and
Sv = div (A — I)Vo). (15.2.18)

This leads to the Neumann series

vzi((I—A)*ls)j(A—I)*H, (15.2.19)

J=0

where the operator (I — A)~'S has a small norm in W/} (R") for every ¢ €
(2,5], by (15.2.15). Hence,

Ji R s < ell(A = 1)~ H5 R [y
Using (15.2.14) and the arbitrariness of the point O € 952, we obtain
s 2wy < (1F; Qs + s 2Lz, (15.2.20)
By Sobolev’s imbedding theorem, u € Lo, /(n,—2)({2) if n > 2. Thus,
u € Wap(n—2)(£2)
by (15.2.20). Using Sobolev’s theorem again, we see that
U € Loy /n—a)(£2) if n>4

and
ue W) it n<A4

Repeating this argument m times, where m > n(s’ —2)/2s’, we conclude that
u € WL(£2) and arrive at the estimate

[us Qllws, < e (1F5 2y -1+ [ws 2y, 0)-
This implies that
lu; Qllws, < e(I1F5 20w + [lus Lllwg)
< c(IF5 Q0w + 15 20wy) < ellF; 2y
Hence, the operator (15.2.8) is isomorphic. By duality, the operator

WH2) 3 u— Aue W H Q) (15.2.21)

S



542 15 Higher Regularity in the Classical Layer Potential Theory

is isomorphic as well. This fact, combined with (15.2.5), shows that the
operator i
A WZ}’O‘(Q) — Wp_l’a(Q)

is a monomorphism.
Let F' € W_'(£2), and let u € W) (£2) be a solution of (15.2.4) with & = 0.

By (15.2.6), we see that u € WI}O‘(Q) It remains to prove the estimate

HU;Q”W,}"] < c||F;_QHW;1,a. (15.2.22)

It is well known that there exists a bounded inverse (I — A)~! of the operator
I — A in R} with zero Dirichlet data on R™!, acting from W}~%*(R")
into Wlf’a(]RT(_), k=1,2,... (cfr. [GG], [Trd], Sect. 5.3.2). Using this inverse,
we write (15.2.13) in the form (15.2.17) and arrive at the Neumann series
(15.2.19), where the operator (I — A)~'S has a small norm in W, *(R"}), by
(15.2.15). Hence,

[0 R lypae < ell(A = 1) T H R [l
Using the arbitrariness of the point O € 92 and (15.2.14), we obtain
i e < (s v + 3 ). (15.2.23)
It follows from the one-dimensional Hardy inequality that
s 2o < collus Ll + Cle0)us 2, (15.2.24)

for any sufficiently small 5 > 0. Since the operator (15.2.21) is isomorphic
and the imbedding (15.2.7) holds, we have

lw; 2|z, < erllw; llwr < e |5 2y < es |[F 2y e,

which together with (15.2.23) and (15.2.24) completes the proof of Lemma
15.2.1. g

15.2.3 Main Result

Let W} (£2) be the weighted Sobolev space endowed with the norm (8.1.1).
We also need the weighted Sobolev space Wf’a(R"\ﬁ) supplied with the norm

1/p
Jos R\l = ([ (minaist(z.00), 1) (Vo @)l + o)) )
R\

Using a partition of unity and properties of the special Lipschitz do-
main (15.2.1) mentioned at the end of Sect.15.2.1, we can introduce the
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space W;(&Q) and show that it is the trace space for both Wy]"'l’a(()) and
W (R™\ ). We also need the space Wpla(Q) obtained by completion of
C§°(£2) in the norm of W)*(£2).

By Wp’l’a(ﬁ) we denote the space of distributions F' = gg + div g, with
go € WP(£2) and g € (W*(£2))". We supply W, 1*(£2) with the norm

|5 LQHWP*L‘1 = inf(”go; Q”WI?“ + QH(W;J'“)")’

where the infimum is taken over all representations F' = gy + divg.
The next theorem contains all the information on auxiliary boundary value
problems (D4), (N1), and (Z) to be used in the sequel.

Theorem 15.2.1. Let p € (1,00), and let o = 1 — {¢} — 1/p, where £ is a
noninteger with ¢ > 1. Suppose that 02 € Wg for p(0 —1) > n—1 and
0 e le((s) with some § = §(n,p, L) forp(f —1) <n —1.

The five mappings

Wit 2) s (15.2.25)
- {Au, tr u}e WL (2)xWE(00),
Wi R D) 5 (15.2.26)

—  {Au—u,tr upeWHTEHRMN\2) x WE(092),
w9y sw (15.2.27)

—  {Au—u, ou/ov} e W) x WETH(00),

WL (RM D) 5 v (15.2.28)
— {Au —u, du/dv} € WHTLH(R™M\2) x WEH(092),

Wit (@) x WTERM2) 5 (up, u_) (15.2.29)
Ouy  Ou

v v

e (Whe () x WHTL(R™\2) x WE(002) x Wi (092)}

— {Auy, Au_ —u_, tr(uy —uo),

are all isomorphisms.

Proof. The continuity of the mappings (15.2.25)—(15.2.29) is obvious. Deal-
ing with their invertibility, we restrict ourselves to a detailed treatment of
(15.2.25), since the analysis of (15.2.26)—(15.2.29) is essentially the same.
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Let us show that the Dirichlet problem (15.2.4) with F' € Wy]_l’a(ﬁ) and
NS Wg(aﬁ) is uniquely solvable in Wy]H’O‘(Q), and that

||’LL; QHWZ[)ZHLQ <c (HF7 QHWILZ]—I,Q + ||Q5; 8QHW5)

By Lemma 15.2.1, the problem (15.2.4) has a unique solution u € W,-*(£2).
Therefore, in order to prove Theorem 15.2.1 we only need to show that the

solution u belongs to WMH’(X(Q) and to estimate its norm in this space.

Let U be a coordinate neighborhood of a point O € 92 and let V' denote
an open set such that O € V and V C U. We take a function x € C§°(U)
with x =1 on V. Then

A(xu) = [A, x]Ju + xF.

Let s be the (p, [¢] + 1, a)-diffeomorphism defined by (15.2.2), where N = 1,
and let o denote its inverse. Clearly, o maps U N 9df2 onto an open subset of
the hyperplane = 0. Now, (xu) o » satisfies the boundary value problem

(XF) o e+ ([A, x]u) 0 >«

div (AV((xu) o »)) = det(90 0 ) on R, (15.2.30)
(xu) 0 gy = (X®) © (5[ gus ), (15.2.31)
where
(00 0 3)" (0o o x)
A= e (15.2.32)

By Proposition 15.2.1 (i), (4i7), the right-hand side of (15.2.30) belongs to
Wy]_l’a(Ri) and the Dirichlet data (15.2.31) are in W]f(R”_l). These data
have an extension © € WyHl’a(Rﬁ). Therefore, the function
vi=(xu)ox—0 € W;’“(Ri)
is a solution of the problem
div(AVv) —v=H on R}, |, , =0, (15.2.33)
where

(XF) o e + ([A, x]u) 0

= det(do o )

—div(AVO) + 6 — (xu) o . (15.2.34)

We shall consider the cases p(f—1) < n—1 and p({—1) > n—1 separately.
The case p(f — 1) < n — 1. Let 92 € M/(5). By (9.4.17) and Theorem

8.7.1,
I — 0s; RYY

Ly < €IV R |yges.

This along with (15.1.3) implies that

17— AR ]yt < c IV R* ™| pppe-1 < €. (15.2.35)
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We can replace [¢] on the left-hand side of (15.2.35) by any £ =0, 1,...[¢] be-
cause of the imbedding MWZEZ]’O‘(RQ) C MW;“”(R?F). This imbedding follows
from

MW} (R%) = Loo(R%) D MW (RY)

by interpolation between Wy]’a(Ri) and W (R') (see [Trd], Sect. 3.4.2).
It is standard that there exists a bounded inverse (I —A)~! to the operator
I — A in R} with zero Dirichlet data on R"~!, acting from W}*(R") into
Wyr=2(R7Y), k=0,1,... (see [Trd], Sect. 5.3.2).
We write (15.2.33) in the form

v—(I-A)"'Sv=(A-1)"'H (15.2.36)
with H given by (15.2.34) and
Sv = div((4A — I)Vv).

This leads to the Neumann series

v=>3 (I-A)7'SY(A-1)"'H

Jj=0

where the operator (I —A)~!S has a small norm in Withe(R?), k = 0,1,...
by (15.2.35).

Since H € W (R?) and (A —I)"'H € W2>*(R?), it follows that v €
Wg"" (R) and therefore, yu € WPQ’C“(Q). Using the arbitrariness of the point
O € 912 we derive that u € W2**(£2) which completes the proof for £ < 2.

Let ¢ > 2. Using Proposition 15.2.1 and u € W>*(£2), we obtain H €
WL(R%) which implies that v € W>*(R") by (15.2.36). Repeating this
argument several times if necessary, we conclude that u € W;EE]H’Q(Q). This

is the required result for p(¢ — 1) <n — 1.
The case p({ —1) > n — 1. We have

)

JARE [y < s B s (15.2.37)

Without loss of generality we may assume that |[V; R 71|, < §, where
0 is sufficiently small. Then

I—A;RY |, <cob 15.2.38
+ oo

We introduce a cutoff function ¢ € C§°(Bz) with ¢ = 1 on By, and set
C(&,m) = C(&/e,m/¢e), where € is a small positive number. By (15.2.33)

div(AV(¢v)) —e ?¢v =K on RY,  (ovlg, , =0, (15.2.39)

where
K = (.H + VAV + div(vAV() — e 2w
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with H and v defined as in the case p({ — 1) <n — 1.

We know that u € W (£2). Let us suppose that u € Wf?o‘(QL 1<
k < [f]. Then v € WF(R%) and H € W}F~H%(R% ), which implies K €
WhE=he(R? ). We introduce the new coordinates (¢/e,7/¢) and use the nota-

tions A, o and K for A, v, and K as functions of (£/e,n/e). Written in these
dilated variables, the problem (15.2.39) becomes

(I = A)(¢3) — div(A= DV(CE) = 2K on RY, (i, = 0.
By (15.2.37)
||V[Z]A;R1HWS,Q < e/ o R

Also, (15.2.38) holds with A replaced by A. Therefore, ||A — I; R”
sufficiently small. This implies that the operator P given by

i HMWV o 18

Pw = (I — A)~'div((A — I)Vw)

is contractive in Wy 1*(R"}). Hence, (o € Wy *(R'}) which implies that
u € W;*La(()). This gives the result for the mapping (15.2.25).

Only trivial changes in the above argument are needed in order to treat
the mappings (15.2.26)—(15.2.29). O

Now we deduce certain properties of the problems (D), (M) and (Z)
from Theorem 15.2.1.

Proposition 15.2.3. Let 2 satisfy the conditions in Theorem 15.2.1. Then:
(i) For every @y € WS(892) there exists a unique solution uy €
W#]H’Q(Q) of (Dy) subject to (15.1.6).
(i1) For every &_ € sz(&(?) there exists a unique solution u_ €

Wi+, Y(R™M\N2) of (D_) subject to (15.1.7).

p,loc
(iii) For every W, € WE™1(892) © 1 there exists a unique solution vy €

WZQZ]+1’Q(Q) of (Ny) subject to vy L1 on 2 and (15.1.9).
(v) For every W_ € ngl(an) there exists a unique solution v_ €

wld+t, YR\ ) of (N_) subject to (15.1.10).

p,loc

(v) For every (9,W) € WS(042) x WZ]'H "“(082) there exists a unique so-
lution (wi,w_) € Wy]ﬂ’a(()) x Wi+ Y(R™\2) of (T) subject to (15.1.12).

p,loc

Proof. Assertion (i) was justified in Theorem 15.2.1.
Let us prove (ii). Since the local Lipschitz constant of 942 is small, the

unique solvability of (V_) in Wp1 o (R™\2) is standard. It suffices to prove

that the solution u € W IOC(R”\Q) belongs to Wﬂ:cl “(R™\£2). Let x €
Cs°(R™),x =1 on £2. Clearly7
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(I —A)(xu)=—xu—[A,x]uon R"\2, tr(xu) =0 on 9.
Since
xu+ [A, xJu € WL (R™\2) for we Wr*(R"\2),

it follows from Lemma 15.2.1 with [(] replaced by k that u € W12 (R™\(2).
Letting k = 1,...,[f], we arrive at (ii).

Proofs of (#ii)—(v) require only obvious changes in the argument just used.
O

15.3 Continuity Properties of Boundary Integral
Operators

We collect basic properties of the potentials Do and Sp with o € sz (092)
and p € W;fl(aﬁ) where, as usual, p € (1,00), £ > 1, and {¢} > 0.

Proposition 15.3.1. Let the notations Do and Sp refer to the double and
single layer potentials defined on R™\0f2. For almost all Q € 912 there exist
the seven limits

D0)(@ =t e [ 2 ooise
02\ B:(Q)
* T L (C_Q7 V(Q))
D)@ =t [ S (s
! 0N2\B.
lim (Do)(2) = (31 + D)o(Q), (15.3.1)
lim (Do)(z) = (— I+ D)o (Q), (15.3.2)
ZERP\TT
S9Q = tm (S0 = ppo—g [ P (1533)
ZERM\ D0 1 50
(50)1(Q) = Im (@), (VSp)() = (~ 3+ D)p(Q), (1534
2 (5p)-(@= lim (@), (VS)2) = ([ + D)o@, (1535)

zERM\ 2

where (Sp)+ and (Sp)_ are the restrictions of Sp to £2 and R™\ .
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These classical properties of the layer potentials can be found in [Verc]
for o and p in L,(012), where z — ) means a nontangential approach. As a
justification, a reference is given in [Verc| to the methods developed in [CMM],
[Ca3], and [FJR]. However, for our more regular o and p, the above identities
can be deduced directly by using the convergence of the integral

/ 2(Q) ~ o) +100) —pCIF

|C — z|n—1+p{0}

for almost every z € 912.

Proposition 15.3.2. The operators D, D*, and S satisfy

| Do; 082w < cllo, 082w (15.3.6)
I (Do)1; L1410 < cllo; 02wy (15.3.7)
I (Do) B\L| 0410 < c(B) [l7, 002]|w: (15.3.8)
| Sp; 002|lwe < cllp; 02|y (15.3.9)
11(Sp)+; Llypisra < cllp; 092y (15.3.10)
I (Sp)—3 B\Lll 1410 < c(B) [, 02|01 (15.3.11)
| D% p; 002||yye-1 < cl|p; 02| yyre-n, (15.3.12)

where (Dp)+ and (Sp)+ are the restrictions of Do_and Sp to 2 and R™\ 02,
respectively, and B is an arbitrary ball containing 2.

Proof. Let us prove (15.3.6)-(15.3.8). Suppose that o € W/(942). By Propo-
sition 15.2.3 (v), the transmission problem (Z) with & = ¢ and ¥ = 0 has a
unique solution

(wy,w_) € WL () x WEHEH (R D)

p,loc
subject to
l|wy; Q||W1[)z]+1,a < cllo; 002w, (15.3.13)
”w—;B\Q”W,E““"’ < ¢(B) HO’;@QHW]g. (15.3.14)

By Green’s formula, wy = D(wy — w_) = Do on R"\92 which implies
(15.3.7), (15.3.8), and

[tr ws, 002|lwe < clo, 02 |we-

Since Do = trwy — /2 by (15.3.1), this last inequality leads to (15.3.6).
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Combining (15.3.6) with (15.3.1) and (15.3.2), we see that tr (Do); and
tr (Do) _ belong to W;(&Q). This together with Theorem 15.1.2 (4), (i7) lead
to (15.3.7) and (15.3.8).

We turn to the proof of (15.3.9)-(15.3.12). Let p € WS~(912). By
Proposition 15.2.3 (v) the transmission problem (7)) with @ = 0 and ¥ = p
has a unique solution

(wy,w_) € WAL (@) x WL R\ 2)

p,loc

subject to
||w+; .QHWZ[)eHl,a <c quv 8_Q||W;_1

and
||w_;B\QHW}£q+1,a < ¢(B) ||¥, aQHW:f—l.

By Green’s formula,

- 8w+ ow_ -

which implies (15.3.10), (15.3.11), and

Ow_
ltr w_; 002l ws + ||%;an||wﬁ,1 < c[|p: 09|y (15.3.16)
Since ]
D*p=0w_/ov — 3P
by (15.3.5), we arrive at (15.3.12). Finally, (15.3.9) follows from (15.3.15) and
(15.3.16). 0

We finish this section with a discussion of properties of the normal deriv-
atives of the double layer potential with density in Wﬁ(aﬁ). By (15.3.7), the
trace of V(Do) belongs to W]ffl(a.Q) and defines a continuous operator:
Wﬁ(@Q) — Wlf_l(é)!?).

We need the following weighted extension of Proposition 2.7.5 which is
proved in the same way.

Proposition 15.3.3. Let I' € MW} (R'}) and let Iy := || IR || . If g €
CF ([T, I)), then g(I') € MW} (R) and

k

g R e < D2 N9 (=T Tl IS R e
j=0
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Corollary 15.3.1. Let v € WS(R"™') and let

v =l R L.
Suppose that g € C1([—yo,7%0]). Then g(v) € MWER™!) and

[]+1

(R Hiarwg < e D 1195 (=70, Yol % R gy
=0

Proof. The result follows from Proposition 15.3.3 by putting I = 7, where
7 is defined by (9.4.11), and using Theorem 8.7.1.

Proposition 15.3.4. Let 0 € Wﬁ(@ﬂ). The operator defined by

%(DU)_,_(P) = (v(P), tr V(Do)4) (15.3.17)

maps Wg(@ﬁ) into sz’l(a()) &1 continuously, and

0 0
%(D0)+ = a(DO')_ a.e. on Of2. (15.3.18)

Proof. The components of v, expressed in a local cartesian system (z,y),
depend smoothly on V¢, where ¢ is the function in (14.1.3). Since Vi €
MW/=Y(R""!), we conclude by Proposition 15.3.3 that

ve MW H(00). (15.3.19)

Hence the operator
1o} _
Wi002)3 0 — 5, (Do)+(P) € Wi (002)
is continuous.

Let us consider the solution (w4, w_) of problem (7°) with the boundary
conditions

5‘w+ dw_
trwy —trw_ = o and - 0 a.e. on 0f2. (15.3.20)
By Green’s formula,
0 ow_
wy = Dtrwy — S 9% and SZ°= = Dtrw_ on 0. (15.3.21)
v v
Analogously,
—Saw;—Dtr nd S%—Dtr n R™\? (15.3.22)
w- =857~ w_ a o = Wi O . 3.
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Hence,
wy = D(trwy —trw_) = Do on 2 (15.3.23)

and _
w_ = D(trwy —trw_) = Do on R"\ (2.

Now, equality (15.3.18) is a consequence of (15.3.20), and (Do) /0v L 1
follows from (15.3.23). O

The proposition just proved enables us to introduce the operator (9/9v)D
by

(a% D)o = a%(pa)i (15.3.24)

and to conclude that (0/0v)D maps sz(&(?) into Wﬁ*l(aﬁ) oL

15.4 Proof of Theorems 15.1.1 and 15.1.2

15.4.1 Proof of Theorem 15.1.1
The continuity of the operators
D : WEH0R2) — WE0R)
D* Wi 002) - Wi (00)
L t—1 ?
S W, (082) — W, (092)
0
— D
v
was established in Propositions 15.3.2 and 15.3.4.

Solvability of equation (24). Let uy € Wy]ﬂ’a(()) solve (Dy) with
. € WS(0R). Then duy/0v € WE(0£2). We find a solution v_ €

WMH’O’(R”\@) of problem (N_) with W_ := Quy /dv. By Green’s formula,

p,loc

4 0—
WEOQ) - W 90) o1

Ouy Ov_
u_,_—Dtru.,_—SW and Sﬁ—DtI"U_ on 2.

Hence, uy = D(truy — tro_) on (2. This together with (15.3.1) shows that
o i=truy —tro_ € W[{(@Q)

is a solution of (2).
We have

04 020ws < lr s 92 + i v_: 02 s
< C(||’LL+; .QHWAZHLQ + ||U7;B\§||Wy]+1,a). (15.4.1)
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By Proposition 15.2.3 (iv) and (15.3.19)
— 8u+
o5 B\ e < | s 00201 < el 2l

The last norm does not exceed ¢ || P, 8Q||W; by Proposition 15.3.1 (¢) which
together with (15.4.1) leads to the estimate

lo4;002|lwe < c||Py; 082wy (15.4.2)
Uniqueness for equation (24). Let
1 .
(514 D)o =0 with o€ W (092).
By Proposition 15.2.3 (v) we can find a solution

(wi,w-) € WL () x W (RM\2)

p,loc

of the transmission problem for the Laplace equation on R™\d{2 with bound-
ary conditions (15.3.20). By (15.3.21), wy = (Do). It follows from (15.3.1)
and the definition of ¢ that trw; = 0. In view of Proposition 15.2.3 (i),
w4 = 0 which together with (15.3.20) implies that dw_ /v = 0. Proposition
15.2.3 (iv) gives w_ = 0 and hence o0 = trw, — trw_ = 0. This completes
the proof of (7).

Solvability of equation (3_). Let v_ € WK};I’O‘(R”\E) solve (N_) with

w_ € WS=1(892). Then trv_ € W/(012). We find a solution u,. € WyHl’a(Q)
of (D4) with &, := trv_. By Green’s formula,

v_ = S(Qv_/Ov — Ouy /Ov)
which implies that
p— = 0v_[O0v — Qu, | € W[ (002)

satisfies (3_).
By (15.3.19),

[o—; 082l e < c([ltr Vo_; 002|yye—r + [|tr Vg ; 002 ye-1)
< c(lo-; B\2 yesra + s 2l esra)-

Using Proposition 15.2.3 (i), we see that the last norm does not exceed
¢|[trv—; 92|y, which is majorized by [[v_; B\£2|||, @+1.o. Hence,
P

o= 020 s+ < ello—; B\ osr.o
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Reference to Proposition 15.2.3 (iv) yields the estimate
19—, 021 < el 0211

Uniqueness for equation (3_). Let
1
(51+D")p- =0, where p_e We(002).

By Proposition 15.2.3 (v) we can find a solution (wi,w_) € W,££]+1’a((2) X
Wﬂ:cl’a(R”\ﬁ) of the transmission problem for the Laplace equation on

R™\0f2 with boundary conditions

Oow_ 8w+

trwy —trw_ =0 and 2 5y P o12. (15.4.3)
By Green’s formula,
~ 2% _pu and $2 _Dw, —0 on RN\D (15.4.4)
w-=5—" w_ an 5 wy =0 on . A.
Hence 9 9
- w_— _ W4 _ e
w_ = S(_az/ ey ) = Sp— on R"\{2.
By (15.3.5),
Oow_ N

which implies that Ow_/dv = 0 on 9{2. Using Theorem 15.1.2 (iv), we see
that w_ = 0 on R™\f2. This and (15.4.3) gives trw, = 0. Proposition 15.2.3
(1) shows that w4 = 0. Therefore, p_ = 0 by (15.4.3). This completes the
proof of assertion (7).

We turn to assertion (7).

Solvability of equation (15.1.1). Let uy € W,EE]H’O‘(Q) be a solution of
(D) with &, := & € W/}(912). By u_ we denote a solution of (D_) with

b_ =P u_ € Wﬂ:cl’a(R”\ﬁ). Using Green’s formula we obtain
uy = S(0u_/ov — duy JOv)
which together with (15.3.19) implies that
p=0u_/0v—0Ouy/Ov e sz_l(a()).
Hence, p is a solution of (15.1.1). We have

Ou ou_

o 02wy < 1175575 02w + 150wy

<e (||u+; Dy per.0 + s B\ﬁ”wym,a)



554 15 Higher Regularity in the Classical Layer Potential Theory

and, in view of Proposition 15.2.3 (7), (i), we obtain

193 02| yye-1 < c[|P;002ywe.

Uniqueness for equation (15.1.1). Let p € ngl(ﬁﬂ) and Sp = 0 on 0f2.
By (15.3.3), tr(Sp)+ = 0 which together with Proposition 15.2.3 (i), (i7)
implies that (Sp)+ = 0. Since

p=0(Sp)_ /0w — D(Sp) /O

by (15.3.4) and (15.3.5), it follows that p = 0.
Our next goal is assertion (iv).
Solvability of equation (15.1.2). Let ¥ € Wﬁ_l(aﬂ) © 1. By Proposition

15.3.1 (4i7) there exists a solution vy € Wy]H’a(Q) of (M) with boundary
data ¥, unique up to an arbitrary constant term. By v_ we denote a unique

Wﬂ;l’a(R”\ﬁ)—solution of (N_) with the same boundary data 1) which exists
by Proposition 15.2.3 (iv). Let 0 = trvy — trv_. Then (15.3.20) holds and,
by (15.3.21), v4 = D o. This together with (15.3.24) gives (15.1.2). Choosing
the value of an arbitrary constant term in v, we obtain o L 1.

We have

llo; 02/lwe < |ltrvg — trog; 002(lwe + [ltrv- — tro_; 02w,
where the bar over a function stands for its mean value. Hence,

lo; 02| we < [lvg — trog; Q||Wy]+1,a + ||v,;B\§||WILZ]+1,a,

where B is a ball containing 2. Using Proposition 15.2.3 (iii), (iv), we obtain
0302w < €105 092 .

Uniqueness for equation (15.1.2). Let o € ij*l(a()) and let 9(Do)/0v=0
on 012. By (15.3.24), 9(Do )+ /Ov = 0 and therefore, by Proposition 15.2.3 (i4),
(iv),

(Do) 4 = const, (Do)_ =0.

It follows from
o=tr(Do)y —tr(Do)_

that o = const.
Solvability of equation (2_). We recall that the capacitary potential P of
2 is a unique solution of (D_) with the Dirichlet data 1 and that

14

f/ a—Pds:capQ>0.
o0 0

Suppose that
P_ € WH(012) & 0P/0w.
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Let u_ € W e (R™\{2) satisfy problem (D_). Then

p,loc

Ou_ /v € W1 (002)

8“—de2/ %;trPds:/ o Py
o8 ov o8 ov on v

and

By Proposition 15.2.3 (i), there exists a solution v, € W,EZ]H’Q(Q) of (NVy)
with ¥, = du_/0v and vy L 1 on §2. By Green’s formula,

- 3u, av+
u,—SE—Dtru, and SE

Hence, u_ = D(trvy — tru_). This together with (15.3.2) shows that

= Dtrvy on R™\(.

troy —tru_ € Wg(aﬁ)

is a solution of (2_).
From (D1)_ =0 and (15.3.2) we find

(=31 + D)1 =0.
Therefore, the function
o_=trv, —tru_ —tro, +tru_
satisfies (2_). Clearly,
o302y < e (ltrvs; 020wy + lor u_; 02w
< c(Jloy; Q||W}LZ]+1,Q + Hu_;B\EHWy]H,a). (15.4.5)
In view of Proposition 15.2.3 (i4) and (15.3.19)

ou_
ov

lvs; QHWIEQH,Q <c || ,8Q||W5_1 < cllu_; B\EHWT—[’EH—L@

for an arbitrary ball B D 2. The last norm does not exceed c ||¢_; 082w, by
Proposition 15.2.3 (i4), which together with (15.4.5) leads to

lo—5 020wy < ¢ 8- 02 .
Uniqueness for equation (2_). Suppose that o € sz((?(?) and
(-iI+ D)o =0.
By Proposition 15.2.3 (v) we can find a solution

(wi,w-) € WTLe(2) x Wi (RMD)

p,loc
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of the transmission problem for the Laplace equation on R™\942 with bound-
ary conditions (15.3.20). In view of (15.3.22), w_ = (Do)_. It follows from
(15.3.2) and the definition of ¢ that trw_ = 0. By Proposition 15.3.1 (ii),
w_ = 0 which together with (15.3.20) implies that w4 /dv = 0. Proposition
15.2.3 (i4i) gives w4 = const and hence

o =trwy — trw_ = const.

The result follows since o L 1.
Solvability of equation (34). Let vy € W;[f]ﬂ’a(!?) solve (N) with ¥, €
Wlffl(é‘ﬂ) © 1. We assume that vy L 1 on 2. We find a solution u_ €

Wmotl’a(R”\ﬁ) of (D_) with &_ := trvy € W/(912). By Green’s formula,

vy = Dtroy fSé)aﬁ and Saau—_ =Dtru_ on {2.
v v
Hence,
OJu_  Ovy
=S, )

This together with (15.3.4) shows that
Ou_ [0y — vy /Oy € W, (002)

is a solution of (3).
Since SOP/0v =1 on {2, it follows from (15.3.4) that

(=iI+ D*)oP/ov = 0.
Therefore, the function

Ou_  Ovy oP
pri= 5= 5 +C o C = const, (15.4.6)

satisfies (3 ). The constant C' can be chosen so that p4 L 1 on 0f2. By (15.4.6)
and (15.3.19),

043 0021y o1 < c([ltr Voy; 092l ype—r + [[tr Vu; 002[]yye-1)

<c (||U+; Q”Wy]'H’” + ||U_;B\ﬁ‘|wy]+1,a).

By Proposition 15.2.3 (iii), the last norm does not exceed c/||tr v+;aﬂ||W£
which is majorized by c [|vi; 2|, 1+1.o. Hence,
p

lp+5 08201 < ellog; 2l

Reference to Proposition 15.2.3 (i) yields in the estimate

402051 < ¢4 02] .
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Uniqueness for equation (34). Let
(=4I +D*)py =0, where p, € sz_l(a!?) ol
By Proposition 15.2.3 (v) we can find a solution

(wi,w-) € WL (2) x WA (RM\2)

p,loc

of the transmission problem for the Laplace equation on R™\9{2? with the
boundary conditions

ow_ 0
trwy —trw_ =0 and el pt on Of2. (15.4.7)
v ov
By Green’s formula,
wy = Dtrwy — Gy and Saw—_ = Dtrw_ on 2. (15.4.8)
ov ov

Hence,
811)_ - 3w+

wy =5 ov ov
Using (15.3.4), we have

):Sp+ on (2.

dwy 1
S _ (114 pr
81/ ( 2 + )p+
which implies that dw, /Ov = 0 on 9f2. Using Proposition 15.2.3 (i), we see
that wy = const on (2. This and (15.4.7) gives trw_ = const which implies
that w_ = constP. Using (15.4.7) again, we obtain p; = const P/dv. This
together with p; L 1 completes the proof of assertion (v). O

15.4.2 Proof of Theorem 15.1.2

Now, we are in a position to prove Theorem 15.1.2 stated in Introduction.

All assertions concerning the solvability of the problems (D+), (Ni),
and (7), as well as the estimates (15.1.6)—(15.1.12) have been proved in
Proposition 15.2.3. We need to justify the representations of solutions to these
problems by layer potentials.

(i) By Theorem 15.1.1 (i), there exists a unique solution o} € W} (042)
to equation (21). By (15.3.1) and (15.3.7), (Do )4+ is a solution of (D) in
WyHLa(Q). Hence, uy = (Do )4 by Proposition 15.2.3 (7).

Theorem 15.1.1 (i¢i) implies the existence of a unique solution p €
ngl(aﬂ) of (15.1.1). From (15.3.3) and (15.3.10) we obtain that (Sp)4 is a

solution of (D4 ) in Wy]ﬂ’a(ﬂ). Hence, uy = (Sp)4+ by Proposition 15.2.3 (3).
(ii) By Theorem 15.1.1 (v), (15.1.8) has a solution o_ € W/(892) & 1 if
and only if
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oP
/ (P_ —CI')—ds =0,
a0 v
which is equivalent to
C= QLB—Pds.
00 81/

By (15.3.2) and (15.3.8), the function (Do_)_ + CI_ is a solution in
wlrherm %) to (D_). Hence,

p,loc

u_ = (Do_)_+CTI_

by Proposition 15.2.3 (i7).

According to Theorem 15.1.1 (iii), there exists a unique solution p €
W/S=(012) of (15.1.1). Using (15.3.3) and (15.3.11), we find that (Sp)_ is
a solution of (D_) in Wﬂ;l’a(R"\ﬁ). Hence, u_ = (Sp)_ by Proposition
15.2.3 (ii).

(#41) Theorem 15.1.1 (vi) implies the existence of a unique solution p, €
W]ffl(é‘ﬂ) © 1 of equation (34). From (15.3.4) and (15.3.10) we obtain that

(Sp)4 is a solution of (NV,) in W71 (02). Therefore,
vy = (Sp)+ +C.

The constant C' can be chosen to ensure that v4 L 1 on (2.
By Theorem 15.1.1 (iv), there exists a unique solution o € W/(9£2) ©1 of
(15.1.2). From (15.3.17) and (15.3.7) we find that (Do) + C' is a solution of

(NMy) in Wz[,ng’a(Q). Choosing C' to ensure the orthogonality of (Do) + C
and 1 on {2, we conclude that

’U+ = (DO’)+ -+ C

(iv) Theorem 15.1.1 (¢¢) implies the existence of a unique solution p_ €
W/S=(012) of equation (3_). It follows from (15.3.5) and (15.3.11) that (Sp_)_
is a solution of (N_) in Wﬂ:cla(R”\ﬁ) Hence, v_ = (Sp_)_ by Proposition
15.2.3 (iv).

By Theorem 15.1.1 (iv), there exists a unique solution o € W/ (8£2) &1 of
(15.1.11) provided that

C= —/ U_ds.
o082

It follows from (15.3.24) and (15.3.8) that (Do)_ + CI'_ is a solution of (N_)
in the space e (R™\£2). Therefore,

p,loc

v_=(Do)_ +CI_

by Proposition 15.2.3 (iv).
(v) We note that (S¥); + (DP); belongs to Wy]ﬂ’a(()) and that
(SW)_+(D&)_ belongs to W1 (R"\12) by (15.3.7), (15.3.10) and (15.3.8),

p,loc
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(15.3.11), respectively. Furthermore, (S¥)y + (D®). satisfies the boundary
conditions of problem (7°) by (15.3.1), (15.3.2), (15.3.3), and (15.3.5). The
equality

wy = (5¥)x + (D)

results from Proposition 15.2.3 (v). The proof of Theorem 15.1.2 is complete. O

15.5 Properties of Surfaces in the Class Mﬁ(é)

Let p(¢ — 1) < n—1. According to Theorem 4.1.1, the condition 92 € Mﬁ(é)
is equivalent to the inequality

1Dp,e0s R Hlppqwe=1p,y + IV R L, < cd, (15.5.1)

where

1/p

Dy p(x) = (/R B IVige(z +h) — V[g]@(l‘)lpth_"—p{e}dh)

The following local characterization of Mﬁ(é) is obtained in the same way
as Lemma 14.7.2, where £ = [ — 1/p with integer I. Let 7 be an even function
in C§°(—1,1) with n =1 on (—1/2,1/2). We put

n(lzl/¢) if p(€—1) <m,
ne(z) =
n(loge/logl|z]) if p(f —1) =n.

Lemma 15.5.1. A surface 32 belongs to the class Mg(é) if and only if for
any O € 02 there exists a neighborhood U and a special Lipschitz domain
G={z=(z,y) ;2 e R" 1y > ()} such that UN 2 =UNG and

limsup [|V(n:0); R" 1| jypre—1 < €6, (15.5.2)
e—0 P

where ¢ is a constant which depends on £, p, n, and n. is introduced above.

A proof of the next local condition, equivalent to 012 € Mﬁ(é), follows the
same lines as that of Theorem 14.6.4.

Theorem 15.5.1. A surface 0f2 belongs to the class Mﬁ(&) if and only if for
every point O € OS2 there exists a neighborhood U such that (14.1.3) holds
with o satisfying

D :Be);
(Sup Dol Bokicl, o BE”LM> <eo,  (1553)

lim T
eCBe  (Cr1,p(e))

e—0
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where B. = {¢ e R*1 (| < €},

Dyelo b)) = ( [

and ¢ is a constant depending on n, p, and {.

[Vige(z) — Vige(C)P ¢ Y
= (T ’

=

Simpler conditions sufficient for 92 € M}(8) can be derived from (15.5.3)
combined with the well-known inequalities between the capacity and the
Lebesgue measure (see Propositions 3.1.2, 3.1.3):

We have 012 € M]f(é) if either

(a) p(l —1)<n—1 and

HD ,f(vaa);e”Lp
(sup - moipe—n T ||v<)0;86||Loo < ¢},

eCB. (mesn,l(e)) n—1)p

lim
e—0

or
p(l—1)=n—1 and

i sup [l (s, -1 (6)| 10, . Bl + I ibicle. ) < c6

£— eCB:
This leads to the following condition, sufficient for 92 € M]f (0):
92 € B., and [Vg;R" |, < 0.

The condition 92 € Bg)p can be improved for p(¢ — 1) = n — 1, if the Orlicz
space Ltp(10g+t)p71 is used instead of L, with an arbitrary ¢, but we shall not

go into this. Note that 02 € Bc{o,p means that the continuity modulus wy, of

Vg satisfies
1 p
wig (t)\ " dt
/0 ( o T <% (15.5.4)

which implies, in particular, that any surface 912 in the class Cl-{4+¢ with
an arbitrary ¢ > 0 belongs to M (0). |

The next example shows that the condition (15.5.4), sufficient for 92 €
Mg(O), is sharp. It demonstrates, in particular, that there exist surfaces in
ClA% which do not belong to Mﬁ.

Ezample 15.5.1. Let T denote a domain in R? with compact closure and

boundary 0T. By 87(-2) we denote the open disk of a sufficiently small radius
r centered at an arbitrary point O € 9T. We assume that

B NT ={(x1,y) € BY : 2y e R, y > F(a1)}.
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Let B,()n_z) = {2/ € R" 2 : 2| < p}, where 2/ = (xa,...,2,) and let n €
Cgo(Bén_Q)) with n = 1 on Bgn—2). Also let ¢(z) = F(z1)n(2') and U =
B x Bénﬂ). We construct a bounded domain 2 C R™ satisfying (14.1.3)
whose boundary is smooth outside U. According to Example 4.4.1, for any
increasing function w € C|0, 1] satisfying the inequality

1 5
6/5 w(t)%—}-/o w(t)% < cw(9),

/01 <%>p% = %% (15.5.5)

one can construct a function ¢ of the above form such that the continuity
modulus of V¢ does not exceed cw with ¢ = const, and

as well as the condition

@ ¢ WiR). (15.5.6)

Therefore, 92 ¢ M. In the case 912 € Cl{*} we have w(t) = t!*} which
implies (15.5.5). Hence, the last inclusion is not sufficient for 942 to be in Mﬁ. O

Now we show that surfaces in the class Mf(5) with p(f — 1) < n — 1 may
have conic vertices and s-dimensional edges if s <n —1—p(¢ —1).
Example 15.5.2. Let s be an integer, 1 < s < n — 1, and let * =
(x1,...,7n_1) € R"L We use the notations ¢ = (z1,...,7,) and
n = (st1,...,Zn—1). Consider the domain G = K,,_s x R® where K,,_g is
the (n — s)-dimensional cone

{(n,y):y>—-An|}, A=const>D0. (15.5.7)

The well-known equivalence relation

1/p
iR s~ ([ otesret = )

1/p
(IRl (15.5.8)

(see (4.2.3)) implies that the Hardy-type inequality

[v|Pdx .
/RH e = ¢ IR (15.5.9)
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holds for all v € C§°(R™~1) if and only if

|w|pd77 .mn—1—s||p
/R ey < el R

holds for all w € C§°(R"~17*). It is standard that the last inequality is valid
if and only if p(/—1) < n—1—s. One can easily check that D, ¢|n| = c|n|*~*.
Hence, (15.5.9) is equivalent to

Dy elnl € MW, H(R"™) — Ly(R™™1)).
By (4.3.89), the last inclusion can be written as V|n| € MW/~ (R"~!). Thus,

the domain G belongs to Mﬁ NCY%L if and only if s <n —1—p(f —1). Under
this restriction on the dimension of the edge, G € Mﬁ(c A). O

Remark 15.5.1. Suppose that for any point O € 92 there exists a neighbor-
hood U such that U N 2 is C*°-diffeomorphic to the domain

RSx{(xay):y>f(xs+17"'7zn—1)}7 OSSSR725

i.e. the dimensions of boundary singularities are at most n — 1 — s. Then
(15.5.8) shows that (15.1.3) is equivalent to

”V@;RnilisHMWI‘f—l <cod
and, in particular, it takes the form

Vo R 10| per <,

p,unif

if n—1—s<p(l—1) <n—1 Inother words, 82 € M/(6) if and only if
the (n — 1 — s)-dimensional domain {(z,v) : y > @(Zs41,...,%n_1)} belongs
to Mﬁ(cé).

15.6 Sharpness of Conditions Imposed on 92
15.6.1 Necessity of the Inclusion 92 € sz in Theorem 15.2.1
We start by showing that the condition 02 € sz is necessary for the solv-
ability in W,EE]H’O‘(Q) of the Dirichlet problem
Au=geWH1%Q), ulog =o€ W/ (0R) (15.6.1)

provided that (2 is subject to some regularity assumptions. It is worth noting
that certain additional conditions on 92 should be imposed to guarantee the
above statement. For example, it is well known that the problem

Au=ge€ Ly(2), ulopo=0

is uniquely solvable in W2 (£2) for any convex domain which is not necessarily
in W2 (p=2,a=0,0=3/2).
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Theorem 15.6.1. Let one of the following conditions hold:
Either { € (1,2), 002 € C, and the continuity modulus w of the normal to
012 satisfies the Dini condition

/1w(t)dt < o0, (15.6.2)
0 t

or £ >2 and 002 € C1=1.1,
Then 82 € W[ if, for every & € W[(012), the problem (15.6.1) has a

solution u € WyHl’O‘(Q), where « =1 — {4} — 1/p.

Proof. Let @ be a nonnegative function vanishing on U N 9f2, where U is an
arbitrary coordinate neighborhood. It is well known that (15.6.2) guarantees
that u € C1(£2) and the outer normal derivative at any point of U N 92 is
positive. Let us use the mapping A = »~! with s introduced in Sect. 9.4.3.
Since ¢ € CU=LYR"') and V,u, u, € WIA*(V N Q) for any set V
with V' C U, it follows that V,u o X and u, o A belong to W2 (5(V N 2)).
Therefore, tr (Vyuo X) and tr (u, o A) are in Wﬁ(%(V N 042)). Observing that

(WE N Loo) (5(V N 012))
is a multiplication algebra, we conclude that
Vi =—tr(Vyuo\)/tr(uy o) € sz(%(V NoN)).

The result follows from the arbitrariness of V' and U. O

Remark 15.6.1. By the above proof we have shown that the inclusion 0f2 € sz
is necessary for the solvability of (D) in WII+Le(2) for all & € W/ (912)
under the conditions imposed on 0f2 in Theorem 15.6.1. Note that 02 € W]f
is also sufficient in the case p(¢{ — 1) > n — 1 by Theorem 15.1.2.

15.6.2 Sharpness of the Condition 912 € Bf;o’p

Using Remark 15.6.1 we show in the following example that no condition on
912 weaker than 02 € B, (condition (15.5.4)) can give the solvability of
problem (D) in WH+he(2) for all &, € WE(902). We recall that 92 €
BY, , is sufficient for 82 € M](6) and hence for this solvability in the case

p(¢ - 1) <n—1 (see Theorem 15.1.2 and Sect. 15.4).

Example 15.6.1. Let 2 be the domain described in Example 15.5.1. By
(15.5.6) and Theorem 15.6.1, problem (DL) for {2 is not generally solvable

in W () if &4 € WE90).
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The next example of the same nature demonstrates the sharpness of the
conditions 92 € W]f and 02 € Bﬁo’p for the solvability of the Neumann
problem.

Example 15.6.2. We use the domains T" and {2 from Example 15.5.1. Let 0T
be a simple contour and let («, 3) denote the arc 89) N OT. We choose an
arbitrary point T € 9T'\(, ) and introduce a function y € W/~ (8T) equal
to zero on («, #) and at the point 7, negative on (7, «) and positive on (3, 7).
We require also that 7 is orthogonal to one on 97T. Since 9T € Cl=11 the

problem
Ah =0in R*\T, 0h/Ov =~ on 0T

has a solution h € (Wﬂoe o) (RA\T).

Let ¢ € C§°(R?) with ¢ = 1 on T, and let i be the cutoff function from Ex-
ample 15.5.1. The function v(z,y) = h(z1,y) ((z1,y) n(a’) satisfies the Neu-
mann problem

Av —v=gin R"\f2, 0Ov/Ov =¥ on N2 (15.6.3)

with
g =hAn+29VhV(¢ € WH(R™ Q) c Wi—te(RrR"\02)

and

¥ = noh/dv + hdn/0x € WL~ (012).
If the problem (15.6.3) is solvable in the space WyHl’a(R”\ﬁ) for all

ge WI=LR™M D) and ¥ e WH(092),

then v € WYTH(R"\2) and hence h € W[qotla(Rz\T) By x we de-
note a conjugate harmonic function of h such that h(a) = 0. Clearly,
X € Wy]ﬂ “(R2\T). Since the first derivative of y|sr is equal to v, it fol-
lows that y =0 on B£2) NOT and y > 0 on OT.

Repeating the proof of Theorem 15.6.1 with R*\T and x|s7 instead of {2
and ¢, respectively, we obtain 9T € sz which implies that 0f2 € Wlf . How-
ever, this is not true in view of (15.5.6), and therefore (15.6.3) is not solvable
in W7T(R\22), in general. Thus, no matter how weak the violation of the
inclusion 812 € B, , be, it may lead to the breakdown of the solvability in

WIEZ]H’Q(Q), p(f — 1) < n, for the Neumann problem (15.6.3).

15.6.3 Sharpness of the Condition 9f2 € Mﬁ(&) in Theorem 15.2.1

It was mentioned preceding Theorem 15.6.1, that the inclusion 02 € Wf

is not necessary for the solvability of the Dirichlet problem in Wy]ﬂ’a(()).
Hence, there is no necessity of the condition Mﬁ(é). However, we show in this
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section that the inclusion 0f2 € Mg(é) is best possible in a certain sense.
In fact, the following two examples demonstrate that the inequality (15.1.3),
where p(¢ — 1) < n—1 and ¢ is not small, is not sufficient, in general, for the

Wy]H’a-solvability of the Dirichlet and Neumann problems.

Ezample 15.6.3. Let a domain (2 coincide with the domain G in Example
15.5.2 in a neighborhood of the origin. We adopt the same notations as in
Example 15.5.2.

Let u be a positive harmonic function in (2, satisfying tru = @ € Wé(@ﬂ)

with @, vanishing on UN$2. It is well known that for small r = (|n|? +y2)1/2
u(z) = C(Or*O(w) + O(r), (15.6.4)

where 1 > \y > A > 0,w = (n/r,y/r), ©issmooth on {(n,y) € K,_s : r = 1},
and C' is smooth and positive near the origin of R®. Moreover, the asymptotic
relation (15.6.4) is infinitely differentiable and therefore u € WZEZ]H’O‘(Q) if
and only if n — 1 —s > p({ — X). If s < n— 2, X\ can be made arbitrarily
small by choosing sufficiently large A in (15.5.7). In the case s = n — 2, we
have A > 1/2, and A — 1/2 can be made arbitrarily small by increasing the
value of A.

According to Example 15.5.2, 92 € M]f ifand only if n —1—s > p(¢—1).

At the same time, one can choose A to have u ¢ Wy]ﬂ’a(()) if and only if
n—1l—s<plfors <n—2 and 1 < p(¢—1/2) for s = n—2. Thus, the inclusion
o e Mg N C%! does not imply the solvability of (D) in Wy]ﬂ’a(ﬂ) for all
D, € WHOR) if

pl>n—1—s>pl—1) for s<n-—2

and
p(l—1/2)>1>p(l—1) for s=n-—2.

In the next example we demonstrate that the inclusion 82 € Mf(8) in

Theorem 15.2.1 cannot be replaced by 02 € M{NCH, for a particular choice
of p and /.

Example 15.6.4. Let the domain (2 be described in a neighborhood of O by
the inequality y > p(z), where

p(x) = Cn(z,0)]x1|/log(1/|21])

with C > 7/4 and n € C§°(By/2), n = 1 on By 4. By ((t) we denote the
conformal mapping of the domain

{t =21 +izxa: |t| < 1/2, 3 > Clz1|/log(1/|z1])}
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into the half-disk {¢ : Im¢ > 0, |{] < 1} with {(0) = 0. By Sect. 14.6.1, the
function u(z) = n(2z)Im (21 + iwy) does not belong to WZ(2) and satisfies
the Dirichlet problem

Au=feLy(2), tru=adcWy*00). (15.6.5)

Replacing 2 by R™\ (2 and using the function v(z) = n(2z)Re ((x1 + ixa), we
arrive at a solution of the Neumann problem

Av—v=feLyR), Ow/ov=wecW,)*00), (15.6.6)

which does not belong to W2 (£2). Thus, there is no solvability in WZ(£2)
and in W2(R™\£2) of problems (15.6.5) and (15.6.6) in spite of the inclusion
0 e M nct.

The same result can be obtained for the problem (N_) by making small
changes in the above argument. We require that R™\{2 coincides with the
domain G from Example 15.5.2 near the origin O. We note that there exists
a harmonic function in R™\ 2 satisfying

u)Ov =w_ € W, (092)

with ¥_ = 0 in a neighborhood of O such that the asymptotic representation
(15.6.4) holds with C'(0) # 0. The rest of the argument is literally the same
as for (D).

15.6.4 Sharpness of the Condition 942 € Mf;(é) in Theorem 15.1.1

Here we give counterexamples concerning the solutions ¢ and p of the integral
equations (24) and (3_). First we show that the solvability properties of
(24) and (3_) proved in Theorem 15.1.1 may fail if 82 € M}, N C%! and
092 ¢ M(6).

Example 15.6.5. Let us consider the domain (2 at the beginning of Example
15.5.2 with n = 3 and s = 0. Now we deal with the three-dimensional conic
singularity {z = (r,0,w):r>0,0< 0 <7 —¢, 0 <w < 27}, where ¢ > 0 and
0 is the angle between y-axis and z.

We asume that the functions ¢4 and ¥_ in (2 ) and (3_) vanish near the
vertex of this cone. It was proved in [LeM] that solutions of (24) and (3_)
have the asymptotic representations

o1 (2) = 0(0) +e1 |2 + O(|2]'F9),
p—(2) = c2 |2MH L+ O(|2))
with ¢ > 0, 0 < A < 1, and nonzero ¢; and co. The exponent A can be made

arbitrarily small by diminishing the value of . Also note that these asymptotic
formulae can be differentiated. According to Example 15.5.2, 92 € Mﬁ if and



15.6 Sharpness of Conditions Imposed on 942 567

only if p(¢—1) < 2. However, for p¢ > 2, we can choose A in the cone (15.3.22)
so large that o ¢ W/(042) and p_ ¢ WE(012).

Now, suppose that p_ € W/™1(942) is a solution of (15.1.1) with & =1
near O, 0 < @ < 1 on 9f2. Let us denote the solutions of the interior and
exterior Dirichlet problems for the Laplace equation with the same boundary
data @ by u4 and u_. It is well known that

Viu_(z) = o(|z|F71) as|z| = 0for k=1,2
and
us(2) = clz]* a(8) (1 +o(|2]")) as |2 — 0,

where p > 0, « is smooth, /(7 —¢) # 0, and A > 0 can be made arbitrarily
small by choosing a sufficiently small € > 0. The above asymptotics of u can
be differentiated. Hence,

p=0u_/0v—0uy/ov
has the differentiable representation
p(z) = ez [N (1 +o(|2]"))

which contradicts the inclusion p € WE(042). O

Next, we give an example demonstrating that, in general, the condition
912 € M(8) in Theorem 15.1.1 (iii) cannot be improved by 862 € Mf N cl,

Ezample 15.6.6. Consider the same domain {2 as in Example 15.6.4. Let
pE W21/2(8(2) be a solution of (15.1.1) with @ =1 near O and 0 < ® <1 on
0f2. By uy and u_ we mean the solution of the interior and exterior Dirich-
let problems for the Laplace equation with truy = @. Using the conformal
mapping ¢ — ((t) one can show that u, has the differentiable asymptotic
representation

uy(2) = H(E) Im((t) (1+ [log [t][71) as [t] =0,

where ¢ = (z3,...,2,-1,y) and H is a smooth function with H(0) # 0. We
also have Viu_(z) = o(|z|*71) as |z] — 0 for k = 1,2. Hence p = du_ /v —
Ou /Ov has the differentiable representation

p(z) = cH(E) log [t [*“/™ (1 + [log ] |7)

for sufficiently small |¢] and [t| — 0. One can check directly that the function
on the right-hand side does not belong to VV21 /2 in any neighborhood of O for
C > w/4. If the condition 92 € W;’/Q((S) in Theorem 15.1.1 (i4i) could be
replaced by 912 € VV23 /% C*, one would have a contradiction.
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Remark 15.6.2. For the history of boundary integral equations generated by
elliptic boundary value problems in domains with nonsmooth boundaries see
[Ke2], [Maz17]. In particular, a comprehensive theory of integral equations
on the boundaries of Lipschitz graph domains was developed in [JK1], [JK2],
[CMM], [Verc], [Kel], [Cad], [Fab], [FKV], [DKV], [Cos|, [MT1]-[MT5], and
[MM]. All these works concern solvability and regularity properties either in
L,(012) or in fractional Sobolev spaces W;(&Q), 0<l<1.

Under the assumption that 0f2 is sufficiently smooth, one can apply such
powerful tools as pseudodifferential calculus to equations (24 )—(15.1.2), which
results in a comprehensive theory of their solvability in various spaces of dif-
ferentiable functions.

The regularity theory for equations (21)—(15.1.2) with respect to the scale
of the fractional Sobolev spaces Wg((“)Q) is developed in this chapter under
weak smoothness assumptions on 0f2, when the corresponding results in the
theory of pseudodifferential operators on 0f2 are unavailable at the present
time. As a substitute, we rely upon an approach proposed in [Maz13], [Maz14],
[Maz16], [Maz17], which reduces the study of boundary integral equations to
the study of the inverse operators of auxiliary boundary value problems.

The exposition of Sects. 15.1-15.6 follows the paper [MSh23].

15.7 Extension to Boundary Integral Equations
of Elasticity

In principle, the Laplace operator we dealt with in this chapter can be replaced

by the operator
82
1<i,j<n

with constant matrix coefficients A;; = || A7?[|]"_, subject to the symmetry

condition Al? = A3 and the Legendre-Hadamard strong ellipticity condition
ij Ji

(Az]n7n)§Z§] Z Cl&‘Q‘n|2a ¢ = const > Oa

for all vectors £ € R™ and n € R™. The statement of the interior and exterior
Dirichlet problems for a bounded Lipschitz domain {2 € R™ does not change,
whereas the Neumann condition is replaced by

Z ViAij tr%:q}i

— 82’]‘
1<4,5<n

with v = (v1, ..., v,) standing for the outer unit normal with respect to (2.
In particular, one may include the Dirichlet and traction problems for

the Lamé system of linear elastostatics. We preserve the same notations for

boundary value problems and elastic potentials as in the harmonic potential
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theory developed previously. Also, we make no difference in notations of spaces
of scalar and vector-valued functions.

Let £2 be a domain in R? with compact closure and boundary 2. We
study the internal and external Dirichlet problems for the Lamé system

wAuy + (AN + p)Vdivuy =0 in 2,

tr Uy = Qj_;'_ on 3(2, (D+)

and -
pAu_ + (A4 p)Vdivu_ =0 in R3\ 12,

tru_ = @_ on 042,
u_(z) = O(la|™Y) as Ja] — oo, (D-)
where the boundary trace is denoted by tr and
>0, 3N+21 >0,
as well as the internal and external Neumann problems
pwAvg + (A +p)Vdivey =0in £2,

Jvuy =¥y on 912, Ny)

and -
pAv_ + (A + p)Vdive_ =0 in R\,

Juv_ =W¥_ on 912,
v_ (@) = O(Jz|) as || - oo, (V)

where J is the traction operator given by

0 ou .
j(@,%)?i = Z,ua—ym + Ay, - divu + pv, X rotu.

We also need the transmission problem
wAwy + (A + p)Vdivwy = 0in £2,
pAw_ + (A + p)Vdivw_ = 0 in R*\£2,
tr wy —tr w_ =& and Jwy — Jw_ =¥ on 912,
w_(x) = O(Jz|™!) as |z| — oco. (7)

We collect properties of the problems (D), (M), and (7) in the following
statement.
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Theorem 15.7.1. Let p € (1,00) and o = 1 — {{} — 1/p, where { is a non-
integer with £ > 1. Suppose that 02 € Wpl forp(£ —1) > 2 and 02 € Mﬁ(é)
with some § = d(p, L) for p(¢ — 1) < 2. Then

(i) For every &, € W(012) there exists a unique solution uy of (Dy) in
W}L@]—&-l,a(())‘

(it) For every &_ € WE(912) there exists a unique solution u_ of (D_) in
Wb ®mM\D).

p,loc
(iii) For every Wy € W/ =1(912) &1 there exists a unique solution vy of
(N4 in WEFL(0), subject to vy L 1 on 1.
(tv) For every ¥_ € W]f’l(&()) there exists a unique solution v_ of (N_)

in WAL R\ ),

p,loc

(v) For every (9,¥) € sz(aﬂ) X sz*l(arz) there exists a unique solution

(wy,w_) € WiIHLe () x Wb rm2)

p,loc
of (T).

The proof is essentially the same as that of Theorem 15.1.2.

The following two results in the theory of elastic potentials are parallel to
Proposition 15.3.2 and Theorem 15.1.1, and can be proved in a similar way.
We restrict ourselves to the solution of (Di) by means of the single layer
potential as well as (D4) and (N1) by means of the double layer potential.

We recall that the Kelvin-Somigliana tensor I' = || I ||? ;_;, where

)\+/J ()\"f‘?)ﬂﬁ S(}Z‘.’Ej)

I - _
@) = g+ 30) \ At a T TaP

is a fundamental solution of the Lamé system, and we introduce the elastic
single layer potential

(S)@) = [ T8 ple)as.

Theorem 15.7.2. Let 02 satisfy the conditions in Theorem 15.7.1. Then

| Sp; 0L2\lwe < cllp; 082y e-1, (15.7.1)
I (Sp)+; Rllyyra+1.a < cllp; 082 yya-1, (15.7.2)
I (Sp)=s B\Ll 410 < c(B) [lp, 0020l e, (15.7.3)

where (Sp)+ are the restrictions of Sp to (2 and R™\ (2, respectively, and B is
an arbitrary ball containing {2.
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Let D be the elastic double layer potential defined by

0
(D@ = [ T(gee) (Dla =) x©)ds, = ¢ 0%
oo NO§
If uy = Dy, then y, satisfies the integral equation
iXs + Dxy =4 on 012, (15.7.4)

which is understood in the same sense as in [Kel] and [Fab]. The solution of
(D-) may be represented as the sum

(Dx)(z) + al'(z,0)+ brot I'(x,0),

where a and b are unknown constant vectors. The triple (x, a,b) satisfies the
equation

—ix_ 4+ Dx_+al(-0)+brot I'(-,0) = —&_. (15.7.5)

Representing solutions of problems (N.) in the form Sy, one arrives at the
equations

—5X+ + Dxy =Wy, (15.7.6)
Ixo+D*x_ =w_, (15.7.7)

where D* is the adjoint of D.
Here is the main result concerning the integral equations (15.7.4)—(15.7.7).

Theorem 15.7.3. Let 012 satisfy the conditions in Theorem 15.7.1. Then

(1) the operators D and D* are bounded on sz(@_Q) and ngl(an), re-
spectively;

(it) for 1 € WE(O12) the equations (15.7.4) and (15.7.5) are uniquely
solvable in WE(982) and W[(012) x R* x R?;

(iii) there exists a continuous inverse of + I+ D* on the space Wi=(012).
Equation (15.7.6) has a solution in W/ ~1(982) for an arbitrary ¥, orthogonal
to all rigid motions.

Remark 15.7.1. A straightforward modification of our arguments used in the
harmonic potential theory developed in this chapter leads to analogous higher
regularity results in the theory of hydrodynamic potentials related to the
Stokes system

vAu—Vp=0, divu=0,

(for background, see [Lad], [Kel], [Fab], and Sects. 2.2-2.4 in [Mazl17]).
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Applications of Multipliers to the Theory
of Integral Operators

In this chapter it is shown that Sobolev multipliers are useful for the study
of integral operators. First, in Sect. 16.1 we consider an arbitrary convolution
operator acting in a pair of weighted Ls-spaces and collect corollaries of the
theory of multipliers providing criteria of boundedness and compactness of
the convolutions and a characterization of their spectra. Next we turn to
classical singular integral operators acting in Sobolev spaces. In Sect.16.2
a calculus of these operators is developed under the assumption that their
symbols belong to classes of multipliers in Sobolev spaces. Finally, in Sect. 16.3
sharp conditions for continuity of the singular integral operators acting from
Wi to W/ are found. These conditions are formulated in terms of certain
classes of multipliers.

16.1 Convolution Operator in Weighted L.-Spaces

Let
K:u—kxu

be a convolution operator with the kernel k. The results of Sects.3.6 and
4.6 for the case p = 2 can be interpreted as theorems on properties of K
considered as a mapping

K : Lo((1+ |2[))™/?) = Lo((1 + |z/H)Y?), m>1>0, (16.1.1)

where 1o
fullzarsoorny = ([ TP+ o) dz)

For example, the operator K is continuous if and only if its symbol, i.e. the
Fourier transform Fk, belongs to M (W3* — W). By Theorem 4.1.1 this is
equivalent to the following properties: F'k € W2l7unif and, for every compact
set e C R",

V.G. Maz’ya, T.O. Shaposhnikova, Theory of Sobolev Multipliers, 573
Grundlehren der mathematischen Wissenschaften 337,
(© Springer-Verlag Berlin Hiedelberg 2009
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\/[DQJ(F]C)]Q dx < const Cy p(e) ,

€

where

(D2u)(x) = ( / Vil + b) — u(x)R >0 dh) v

if {1} >0, and
(D2,u)(z) = |Viu(z)]

if {{} = 0. Moreover,

RGLIETAY

K|| ~ FHl2o
10~ s (1Kl + 5

In the case 2m > n,
K| ~ | Fk] [

2,unif

Theorem 4.6.1 describes properties of a function of the operator K considered
as the mapping (16.1.1). Namely, let 0 < [ < 1 and let ¢ be a complex-
valued function of a complex argument with ¢(0) = 0. By ¢(K) we denote
the convolution operator with the symbol p(Fk). If

lp(t +7) — ()| < Al7|”,

where |7| < 1 and p € (0,1), we derive the following assertion from Theorem
4.6.1. If the operator (16.1.1) is continuous, then the operator

Q) = Lo((1+ |2)072) — Lo (1 + [2f*)7/?)

with r € (0,1p) is continuous as well.

Results of Chap.7 imply two-sided estimates for the essential norm and
conditions for compactness of the convolution K:

(1) If m > [ and 2m < n, then

Dy (Fk);e _j_n
(oup MPetlFRicle g oot i, o)1, )

ess || K| ~ lim
{e:d(€)<8}  (Cam(e))? eern

5—0

Doy (Fk):;
+1im( qup 1P2ER)ele, ||Fk;81(x)||L2), (16.1.2)
oo tecamis (Com(e))? ©€R\B,

where d(e) is the diameter of a compact set e C R™.
(#3) If m > 1 and 2m > n, then

ess | K[| ~ lim sup |[F'k; B ()| (16.1.3)

|z]— o0

Hence K is compact if and only if either m > [, 2m < n, and
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Do (FEk); n
11m< Sup M + Sup pm_l_j ||‘F‘]€7 Bp(x)HLQ) —= O7
070 Med(e)<8) (Com(e))? wer
Do  Fk;
lim ( sup H2,177€||1L2 + sup HFk;Bl(iF)HLQ) = 0;
= \ecante (Com(e)]  rernis,

or m > 1, 2m > n and

li

m
|z]— o0

[1Fk; By (2) [y = 0

According to Corollary 3.6.1, a complex number A belongs to the spectrum
o(K) of an operator K, continuous in Lo((1 4+ |x|?)/?), I > 0, if and only if

(FE—)\)"'¢ L.
Let A € o(K). By Theorem 3.6.1, A is an eigenvalue of K if and only if

L p=" Co(Bp(x)\Zx) =0

for all z in a set of positive measure, where Z) = {£ € R"™ : (Fk)(§) = A}
This condition is equivalent to

C21(G\Zy) < C3,(G) for some open set G. (16.1.4)

By the same Theorem 3.6.1, A belongs to the residual spectrum o,.(K) if and
only if (16.1.4) does not hold and Cs;(Zy) > 0. Furthermore, A belongs to
the continuous spectrum of K if and only if Cy;(Zy) = 0.

If X is a point of the spectrum of an operator K, continuous in Lo((1 +
|z[2)~%/?), then Theorem 3.6.1 implies that

A E UP(K) == CQJ(Z)\) >0

and
A€o (K) = CQJ(Z)\) =0.

Consequently, the convolution acting in La((1 + |2]?)~"/?) has no residual
spectrum.

16.2 Calculus of Singular Integral Operators
with Symbols in Spaces of Multipliers

In this section we demonstrate that the spaces MW} and M W), are useful in
construction of a calculus of singular integral operators acting in Wll,, 1<p<
o0, 1=0,1,....

First we quote basic definitions of the theory of singular integrals (see
Mikhlin and Prossdorf [MiP]).
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Let « be a bounded measurable function defined on R™ x 9131, orthogonal

to one on 0B;, and let a(o) € Loo(R™). The singular integral operator is

defined by
a(z,0)

no T

(Au)(z) = a(()o) (x)u(x) —I—/ u(y) dy, rz eR™, (16.2.1)

where r = |y —z|, 8 = (y — x)/r and the integral is interpreted in the sense of
the Cauchy principal value. We express « as a series in spherical harmonics

i o) (z)Y,F)(6), (16.2.2)

m=

—_
el
Il

—

where k,, is the number of spherical harmonics Y;\") of order m. Then (16.2.1)
and (16.2.2) imply the formal expansion

oo km (k)
(Au)(z) = Z Z *) (2 Yo (e)u(y) dy . (16.2.3)
m=1 k=

T-’IL

We put (S(O) )(z) = u(zx), ko =0 and

(k)
s = [ 2w ay.

7«71

It is known that Sy(,lf) = umF*IYﬁ)F, where F' is the Fourier transform in
R™ pop =1 and

~—m7T7L/2 F<m/2)

= ~ —TL/Q
P, = 1 Tt m)/2)’ |[tem] ~m , (16.2.4)

for m > 1 with I standing for the Gamma function. Hence the operator A
can be written in the form

(Au)(z) = F_l [a(z, &/ [€)) (Fu)(€)],

where a is defined by

oo km
=33 nuald @V, H6) (16.2.5

m=0 k=1
and is called the symbol of the singular integral operator A.
Next we introduce the space C>°(MW],dB1) of infinitely differentiable

functions defined on 9By with range in MW}]. The space C>(M W}, 0B1) is
defined in a similar way.
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Lemma 16.2.1. If a € C’OO(MWIl,,aBl), then the singular integral operator
A with the symbol a is continuous in Wé and can be expressed as the series

=

m

m=0 1

el
Il

which converges in the operator morm in Wpf.

Proof. From (16.2.4), (16.2.5), and the definition of the space C> (MW}, 0B1),
it follows that for any positive integer N there exists a constant C'y such that

Hag”r]f);RnHMWé <Cym™V, m>1.

It remains to make use of the fact that the singular convolution operator Sﬁf )
is continuous in Wé and its norm increases no faster than a certain degree of
m as m — 00. O

Henceforth, A, B, and C are singular integral operators in R™ with the
symbols a(z,0), b(x,8), and c(x,0), where x € R™ and 6 € 0B .

Theorem 16.2.1. Let AB be a singular operator with the symbol ab and let
Ao B be the composition of operators A and B.
If a € C°(MW},0By) and there exists a function by, € C>(0B1) such

that b — by, € C* (MW;,, 0B1), then the operator AB — A o B is compact in
Wi
P

Proof. By Lemma 16.2.1, it is sufficient to consider the operators A and B
expressed in the form of finite sums

> alsy, S psi.
m,k q,r

It is clear that

AoB=F (3 pnalpu 80V Y0 ) F

m,k,q,r
= Z ag)ﬁér)umF_lYn(f)FuqF_1Yq(T)F
m,k,q,r
k r k T
= Z a g sk g
m,k,q,r

On the other hand,
AB= Y oSy

m,k,q,r

= T a®pnsBs + 3 abs), gse

m,k,q,r m,k,q,r
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where [X,Y] = XY — Y X. Therefore,

AB—AoB= > oS, s, (16.2.6)

m,k,q,r

and it remains to show that the commutator [Sﬁf), ér)] is compact in Wpf.

This assertion is contained in the following lemma.

Lemma 16.2.2. Let v € ]\;lVVli, and let A be a singular integral operator with
the symbol a(0), where a € C*°(0By). Then the commutator [y, A] is compact
in W

P

Proof. Let {v;} be a sequence of functions, v; € C§°, and let y; converge to
v in MW;,. Then the operators (v —v;)A and A(y — ;) tend to zero in the
operator norm in Wé. The compactness of the mapping [y, A] in Wé is well
known and can be easily verified. a

The following theorem contains conditions for the operator AB — Ao B to
be of order —1 in W} (cf. [KN]).

Theorem 16.2.2. If a € C*(MW/, 0B1) and Vob € C*(MW],0B1),
then the operator AB — A o B maps Wzl) continuously into Wé“, Here AB
s a singular operator with the symbol ab, and A o B is the composition of
operators A and B.

This assertion follows from (16.2.6) and the next lemma.

Lemma 16.2.3. Let a function v satisfy the Lipschitz condition and let Vv €
MWzl). Further, let A be a singular integral operator with the symbol a(§),
where a € C™(0By). Then the commutator [y, A] satisfies the inequality

I Alllw —wier < elVYawy -

Proof. For | = 0 the assertion is a known result due to Calderon [Ca2]. Let
the lemma be proved for all [ = 0,1,...,k — 1. Then, for all u € W}t

n 8
I Alullgos < 3|5 Al Al - (1627
=1 g

In view of the imbedding MW} € MW} ™!, the last term in (16.2.7) is esti-
mated by the induction hypothesis. Since
(0/0x5)[y, A] = (07/0x;) A — A(0v/0x;) + [, Al(0/0x;),

it follows that
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o (O

|2t Al < 20 Al o

8xj wk

QzH
Oz llmwp

Applying the induction hypothesis to the last norm, we complete the proof.
O

To conclude this section we formulate two corollaries on the regularization
of a singular integral operator which follow from Theorems 16.2.1 and 16.2.2.

Corollary 16.2.1. Let there exist a function ax € C*°(0B1) such that
a—as € COC(MWIZ),(?Bl).
Further, let ¢ = 1/a € Loo(R™ x 0By). Then
c € C™®(MW}, 0B1)
and
C— Coo € Coo(Mwli,(?Bl),
where ¢oo = 1/as. Moreover, the operators Ao C — I and C o A — I are
compact in WZZ,.
Corollary 16.2.2. Let a € Loo(R™ x 9B1) and let
Vea € C®(MW], 0By).
Further, let c =1/a € Loo(R™ x 0B1). Then
Vec € C®(MW},0By)
and the operators AoC — I and C o A— I map WZQ continuously into Wé"'l.

Remark 16.2.1. The condition of infinite differentiability of the symbols on
0B can be replaced everywhere in this section by the condition of their suf-
ficient smoothness.

16.3 Continuity in Sobolev Spaces of Singular Integral
Operators with Symbols Depending on x

Here we give conditions for the boundedness of a singular integral operator,
acting from the Sobolev class W3 (R™) into Wi(R™) with m > [ > 0. The
symbol may depend not only on the angular variable § € 9B but also on the
space variable x € R™. Here OB stands for the unit sphere in R™ centered at
the origin. It will be shown that the conditions, which are stated in terms of
a certain space of multipliers, are sharp.
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16.3.1 Function Spaces

Let 1 be a measurable function defined on R"~! and satisfying the inequalities

w(€) =c and  p(+n) < (1+clél®)uln),

where ¢ and @ are positive constants. By H,,(R"~!) we denote the completion
of C§°(R™™1) in the norm

o, = ([ ora©Pe) " ass

where F is the Fourier transform in R™~!'. We obtain the space of Bessel
potentials HY(R"™1),1 € RY, by setting u(&) = (1 + |¢]?)!. The space H,
was introduced and studied in [H2], [VP]. In particular, it was shown in [H1],
[VP] that H,(R""!) is embedded into the space C'(R"~*) of continuous and
bounded functions on R*~! if and only if

d€
/RH TR < (16.3.2)

Everywhere in this section we assume that (16.3.2) holds.
We suppose that p is weakly subadditive, that is,

w(€+mn) < c(p§) +pu(n), c= const.

An easy modification of the proof of a similar result for H} given in [Pel] shows
that the space H, (R™~!) is an algebra with respect to pointwise multiplication
if 11 satisfies (16.3.2). The converse assertion also holds. In fact, since p(§) >
¢ > 0, we have

cllu™; R Ly < w5 R iy, < e lus R™H3,

for all u € H,(R"~1), where N = 1,2,... and the constants ¢ and ¢; do not
depend on N. Taking the N-th root and passing to the limit as N — oo, we
arrive at

lus R* |z < eallus R g,

Consequently, H,(R"~') c C(R"™'), which is equivalent to (16.3.2).

We supply the sphere 0B with a structure of the class C°*° by introducing
a family of coordinate neighborhoods {Uy} and a family of diffeomorphisms
ok : Up — R 1 Further, let {11} be a smooth partition of unity on 9B
subordinate to the covering {Uy}.

A function o defined on 0B belongs to the space H,,(0B) if

(vgo) o @,;1 € ’HM(R"_l)

for all k. The norm in H,(9B) is introduced by
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- OB _ —1. pn—1)12 1/2
lo; 0Bl = (D (ko) o o3 1%, )"
k

Similarly to H,(R""1), the space H, (9B) is an algebra with respect to
multiplication if and only if (16.3.2) holds. The same condition is equivalent
to the embedding H,,(0B) C C(9B).

Let B(z) denote the unit ball in R™ centered at x, and let B = B(0). We
need the space H"*(B x 0B) of functions B x OB > (x,0) — u(x,0) with the
finite norm

1/2
(Ve 150815, + . 081, o)

for integer [ > 0, and with the finite norm

dxdy
(. [ 19 .0t(e) = Vig o ;0815

T — y|n+2{l}

) 1/2
+ [ Nty 0513, dy)
B

for noninteger [ > 0. Further, we introduce the space H"*(R" x 9B) of func-
tions
R"™ x 9B > (x,0) — u(z,0)

endowed with the norm

2 2 1/2
lu; R™ x OB|| g = (/R ((Dy,pu(z))” + (Do, pu(z)) )dm) ,
where
Dy pu(x) = [|Vigu(@,); 0B x, (16.3.3)

for {I} =0, and

) dh 1/2
Dyuulw) = ( / Nty )= cute, 081, gy ) (163.4)

for {i} > 0.

We say that a function ~ defined on R™ x 0B belongs to the space of
multipliers M (H™# — HY#) if yu € HY#(R" x9B) for allu € H™H(R"x9B).

Since the operator

H™MR™ x 0B) 3 u — yu € H""(R" x 9B)
is closed, it is bounded. As a norm in M (H™" — H“*) we take the norm of
the multiplication operator:
17 R™ X OB|| as(#rm i — mriony
= sup{||yu; R™ x 0Bl g : [Ju; R™ x OB|| gm.e < 1}.

We use the notation M H"* instead of M (H"* — HU/).
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16.3.2 Description of the Space M (H™* — HU#)

Here we characterize the space M(H™# — H'*). Consider first the case
[=0.
Lemma 16.3.1. A function v defined on R™ x 9B belongs to the space

M(H™H* — HY%) if and only if v € H"*(B(z) x dB) for an arbitrary unit
ball B(x), and for any compact set e C R™

Iy % OBl Fr0. < € Cam(e),

where ¢ is a constant which does not depend upon e. Moreover, the equivalence
relation

v (2, -); OB|l%, dx V/
,Rn X 38 mop_y ,py ~~oSU £ 1635
IR Bl s 163

holds.
Proof. Necessity. We substitute u(z, 0) := u(x), where u € W3 (R™), into the

inequality

1/2
([ It yute, 3081, do) " < clfus R x 0B .
Then
9 9 1/2
(196150815, Ju@)Pde) " < clfulws-

By Theorems 1.2.2 and 3.1.4, the exact constant in this inequality is equivalent
to the right-hand side of (16.3.5).

Sufficiency. Since the space H,(0B) is an algebra under the condition
(16.3.2), it follows that

s R X 0B 0, < c / I 0BI2,, llus B2, dx
Rn

= [ el [

Applying Lemma 16.3.1 to the internal integral, one obtains

/ (. ); OB, d
w; R™ x 0B||%0.. < ¢ su
I I i Caml(e)

Flui (5 (€))ulx, ¢7 1 ()] dwds.

2 _ _ 9 dh
oo L I T oo €t €0) Pl

+f WZ / &)PIF (v (671 (€)) e, 657 (€))) Pz
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where
Apv(z,0) = v(x + h,0) —v(z,0).

Hence, using the definition of H,(0B),we arrive at

/ ||v,aB||H
[yu; R™ % 0B||30.. < ¢ sup £ [ R™ X OB 2o
e n m

The proof is complete. O

Remark 16.5.1. According to (3.1.14), in Lemma 16.3.1 we may restrict our-
selves to compact sets e satisfying diam(e) < 1.

In order to obtain sharp two-sided estimates for the norm in M(H™* —
H“" for m > 1 > 0 we should prove some auxiliary assertions which are
derived in the same way as the corresponding assertions on multipliers in the
classes M (H3'(R™) — HL(R™)) (see Sects.2.3 and 3.2). When doing this we
should replace |y(z)| by |v(z,-); 0B1||%, and replace Syu(x) by Dy ,u(x) de-
fined by (16.3.3) and (16.3.4). As a result we arrive at the following description
of the class M(H™# — HYH).

Theorem 16.3.1. The equivalence relation holds:

[@uo@ra,,

v R™ x OB Mo fflny ~  SUP (e—
” ||IVI(H HoHEE) e:d(e)<1 Cy m()

TER™

) 1/2
sup (/B Iy (y, ‘)538“71“6@) m >,
@ (16.3.6)
lim sup ||y(z,-); OB||x,, m=1.

z€R™

The restriction d(e) < 1 can be omitted.

Remark 16.53.2. In the same way as for the space M(Wi* — W) (cf.
Sect.4.3.4) we can check that M(H™* — H%“") is continuously embed-
ded into M(H™ b# — HO"). Since the spaces H™*(R™ x 0B) form an
interpolation scale in m (see, for instance, [Tr3], Sec.1.18.5), we have for any
j €[0,1]

7 R™ X OB|| ar(rm—son— mri—som)

n 1—35)/1 n /1
<l R OB i VR X OB oy (16.3.7)
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The embedding M (H™* — H'“") c M(H™ " — H%") together with
(16.3.7) implies that the space M(H™" — H%*) is continuously embedded
into M(H™ J# — H!=7#). From this and Theorem 16.3.1 it follows that
(16.3.6) is equivalent to

17 R™ % OB|[ as (#rm.u— i)

0 [@sn@Pde o [,
~ sup e N L )V (1638
e:d(e)<1 jz::O Com—j(e) j;) Com—144(e) ) ( )

For m = [ the term corresponding to j = 0 in the second sum should be
replaced by
ess sup ||y(z, ); 3B||%[#. (16.3.9)
TER™

Clearly, for integer [ both sums in (16.3.8) coincide. The restriction d(e) <1
can be omitted.

Duplicating the proof of Corollary 4.3.8, we arrive at the following
assertion.

Corollary 16.3.1. For 2m > n

[7; R™ X OB|| pg(grmom— ptomy

1/2
~sw ([ @ua@Pdrs [ i0BR,d) . (16310)
B(x) B(x)

zER™

One can verify directly that the right-hand side of (16.3.10) is equivalent
to the norm ||v; B x 9B gi.u.

From Theorem 16.3.1 upper estimates for the norm in M (H™* — H'#)
can be obtained, using the lower estimates for the capacity of a compact set
stated in terms of its Lebesgue measure mes,, (see Propositions 3.1.2 and
3.1.3).

Corollary 16.3.2. For 2m <n

cllv;R™ x GBHM(H"”’“*)HL“)

(@)

€

< sup

T ede<t (mespe)iTRw

) 1/2
+sw ([ (0Bl ) (16.3.11)
zeR™ N B(z)

For2m =n
cllv;R™ X OB|| nr(prmon— i)
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< swp (log )" ([Dryn)ras)

e:d(e)<1 mespe
) 1/2
tsuwp ([ (08I, ) (16.312)
zeR™ N B(z)

In the case m =1 the second term on the right-hand sides of (16.3.11) and
(16.3.12) should be replaced by (16.3.9).

16.3.3 Main Result

Let o be a measurable function on R™ with values in Lo(0B). For any u €
C§°(R™) we define the singular integral operator & with symbol o by the
equality

Su(z) = F[o(z,&/1EN(Fu)(€)), (16.3.13)

-

where F is the Fourier transform in R and F~! is its inverse.
In what follows we use the notation

K = (/Rn_l “(6177)2)1/2. (16.3.14)

As before, we omit R™ in notations of spaces and norms.
Theorem 16.3.2. Let K < oo and let
o€ MH™" — H"), m>1>0. (16.3.15)

Then the operator (16.3.13) maps Wi continuously into W. Moreover, the
estimate
ISl —we < eKllol|arrrmm— mmy (16.3.16)

holds.

Proof. Let z,6 € R", 0 = £/|£| and let u be an arbitrary function from
C§°(R™). We write the operator S as

Su(z) = /8 . / 2T (1 0) Fu(€)]¢[" dl¢]do

or, briefly,
Su(m)z/ o(x,0)v(x,0)db, (16.3.17)
oB
where -
o) = [ ARl (16:3.18)
0
and

Fu(€) = /n ef%iygu(y)dy.
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Using the C°° structure on 9B introduced above, we have
= Z/R ) vi(py (D)o, o (8)o(z, @it (6) | (1) dt,
k n—
where .Jj, is the Jacobian of the mapping ¢, '. Let 1, € C§°(Uy) be such that
NV = V. We put

ok (x,t) = vi(py ' (1)o(x, o3 ' (1))

and
o, t) = i (g - () v(@, ot ()] T(1)]-

By Parseval’s theorem,
= E / oz, )vg(z, t)dt
& Rn—1

= Z Foy(x,7)F~tug(z, 7)dT, (16.3.19)
Rn— 1

where F' is the Fourier transform in R?~1.
By (16.3.18), we obtain

Fen = [ e e 0)ote e )0l

:/ e 2mimer () () (x, 0)do
oB

_ / (2 (9)e=2mimen(0) oy (€ de. (16.3.20)

The last integral can be interpreted as a family of singular integral convolution
operators Ej(7), depending on a parameter 7 € R"~!, with symbols

ne(0)e 2™ Ter O =19

Now, it follows from (16.3.19) and (16.3.20) that S can be represented in the
form

z) = Z/ Foy(x, ) Ex(T)u(z)dr. (16.3.21)
L ]Rn—l
Let [ be a noninteger and let

dh 1/2
Dyw(x) = (/n |AhV[l]w(x)|2 |h‘n+2{l}>
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We have
IDiSu(a)?

U
2 dh
<CZZ/ /R \FVj won(z+h, 7)| | An V- o Br(T)u(x)|dr) e

7=0 k
2 dh
L P [V0 Belr)u(o)ldr) W)

The right-hand side does not exceed

CZZ /"/Rn1 TVFV cox(x + h, 7)2dr

7=0 &k

A dh
2
x /R,,H |AnV (1) jo Bk (N u(z)] ARE

/ / (T)F ALV - 20k (2, 7')| dr
n JRn—1

A dh
2 —
<[ B T ). (16.3.22)
Consequently,
IDiSulZ,

1]
<CZZ/ va,zUk );R"~ 1||H /n1|(Dl_jEk(/\)U)($)|2%d$

J=0 k
dh
.mn—112
+/ (/ 1AnV 1y —j0k(2,); R ||Hu|h|nT{l}>

([ B i)

This inequality and Lemma 16.3.1 imply that

|DiSull,
[” [ 193057 o
dA
se sup / Er(\ulfyy ——
j_(;( S—r [ 1Bl o
1D sonte )57 B N
Faup [ Bl ).
e C’g,m,]—(e) Rr—1 2 /~L(>\>2

Since the operators Ej(\) are uniformly bounded in W3, it follows that
|DiSul| L, does not exceed
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U / (Djuy(@)?de 1 / (Di—jur(@)’de
’Cs‘ép(;)w+j20 S ) el

which together with Remark 16.3.2 gives
||DlSu||L2 S CIC||O-||]\/I(HT‘VL,;L4)HZ,H) HU||W2m (16.3.23)

For integer [ the proof is similar and somewhat easier. In particular, the
counterpart of (16.3.22) is

d\
CZZ / )EV; 0ok (w, 7)2dr / ViiaBrNu(o) P55

=0 k L

Duplicating the above arguments, we arrive at an analogue of (16.3.23)
with D; replaced by V; on the left-hand side. This together with the inequality

|SullL, < cKllo||ariemn—poml|ullws,

corresponding to [ = 0, completes the proof.

Remark 16.3.3. We show that Theorem 16.3.2 is sharp in a sense.
Let the symbol of S have the form a(x)b(f), where z € R™ and 6 € 9B,
and let b € H,(0B) and |b(#)| > const > 0. Clearly, the mapping

S Wi — W

is continuous if and only if the operator of multiplication by a is a continu-
ous operator from Wi into WJ. In other words, (16.3.15) follows from the
continuity of S.

Now let S be the operator (16.3.13) with symbol b(6), where 6 € 0B. Its
continuity from W4" into WY is equivalent to the inequality

[B(8)[(1 + €)' ~"™)/2 < const

which gives the boundedness of b. Therefore, if the operator S : Wia* — W is
continuous for any b € H,,(0B), then H,(0B) C Lo (0B), which is equivalent
to K < 0.

16.3.4 Corollaries

Now, we give sufficient conditions for the continuity of the operator S : W3* —
W, which follow from Theorem 16.3.2 and from either necessary and sufficient
or sufficient conditions for a function to belong to M(H™H" — HUM) (see
Sect. 16.3.2).

The next assertion is a direct corollary of Theorems 16.3.1 and 16.3.2.
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Corollary 16.3.3. The estimate (16.3.16) is equivalent to

/ (D1 po(x)) da

S m_, ZSC’C< sSup :
H HW2 e {eCR™:d(e)<1} Cz’m(e)
, 1/2
+sup [ loly, ) 08I, dy) (16:3.24)
zeR™ JB(x)

form >1>0. For m =1 the second term on the right-hand side of (16.3.24)
should be replaced by
lim sup ||o(z, -); aBH%M. (16.3.25)

rER™

Theorem 16.3.2 and Corollary 16.3.1 imply the following assertion.
Corollary 16.3.4. Let 2m > n. The inequality (16.3.16) is equivalent to
[Slwyr—wi < chIseungL llo; B(x) x OB|| g (16.3.26)
Combining Theorem 16.3.2 with Corollary 16.3.2 we can remove the ca-
pacity from inequality (16.3.24) as follows.
Corollary 16.3.5. Let 2m < n. Then

/ (D1po(x)) da

S , L < CIC( sup c
H HW%"—»WQ cCRdiam(e)<1 (mesne)l—Qm/n

1/2
+ Sup/ IIO(yw);f’)BII%“dy) : (16.3.27)
weR" JB(x)

1-2m/n

For 2m = n the expression (mesy,e) should be replaced by

(log(Q"/mesne))f1

In the case m = [ the second term on the right-hand side of (16.3.27) should
be replaced by (16.3.25).

Remark 16.3.4. Theorem 16.3.2 and its corollaries can be directly extended
to classical pseudo-differential operators with symbols of the form

N
C&) Y onlx,/IEDE™,

k=1

where r; > -+ > ry and ¢ € C®(R" 1) with ((¢) = 1 for [£] > 2 and
€(&) =0 for || < 1 (see [KN] for a theory of these operators).
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