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Preface

Recently more and more economists have abandoned the assumption that
agents have perfect knowledge about the economic environment in which they
live. The focus has been turned to scenarios in which agents’ views of the
world may be erroneous. The reason for this development is that the task
of specifying all necessary capabilities which would allow an agent to attain
the required perfect knowledge from observational data has not yet been ac-
complished. This fact holds particularly true for non-linear models in which
forecasts feed back into the evolution of endogenous variables.

These notes introduce the concept of a perfect forecasting rule which pro-
vides best least-squares predictions during the evolution of an economic sys-
tem and thus generates rational expectation equilibria. The framework for
adaptive learning schemes which under suitable conditions converge to per-
fect forecasting rules is developed. It is argued that plausible learning schemes
should aim at estimating a perfect forecasting rule taking into account the
correct feedback structure of an economy. A link is provided between the
traditional rational-expectations view and recent behavioristic approaches.

The material of these notes covers a revised version of my Habilitations-
schrift which was accepted by the Fakultät für Wirtschaftswissenschaften at
Bielefeld University. My primary scientific indebtedness is to Volker Böhm
whose profound concern with dynamic models in economics inspired me to
write these notes. I am grateful for the fruitful and creative atmosphere at
the Lehrstuhl Böhm which all members created throughout the past years.
Marten Hillebrand, Jochen Jungeilges, Thorsten Pampel, Olaf Schmitz, and
George Vachadze helped to improve the manuscript at various stages and
provided numerous helpful and critical comments. I am indebted to Hans
Gersbach and Ulrich Horst for pointing out to me important new aspects of
the theory.

Bielefeld, July 2006 Jan Wenzelburger
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1

Introduction

The interplay between realizations of economic variables and agents’ beliefs
concerning their future development is a fundamental feature of evolving mar-
kets. In many economic situations, agents’ subjective assessments of the future
have a significant impact on the evolution of an economy. Adaptive learning
schemes are a widely accepted concept to describe the way in which agents
form and update beliefs on the basis of past observations. The original inten-
tion of introducing such learning schemes was to justify the rational expecta-
tions hypothesis as a long-run concept in which agents successfully eliminated
all systematic forecast errors, cf. Blume & Easley (1982). This justification was
first supported by Bray (1982), Bray & Savin (1986), Fourgeaud, Gourieroux
& Pradel (1986), Marcet & Sargent (1989a), and others, who provide condi-
tions for linear models under which adaptive learning schemes find rational
expectations equilibria. These techniques are based on the ordinary least-
squares (OLS) method. The current state of these techniques including their
convergence properties are presented in the book by Evans & Honkapohja
(2001).

While many economists use OLS-based learning schemes when modelling
learning agents, there are four open issues which have not been resolved yet.
First, most of the convergence results are only of a local nature, so that initial
guesses of the system’s parameters may have to be quite close to their true
values in order to assure convergence. The available criteria that assure global
convergence are often difficult or even impossible to verify. Second, in view of
policy applications an open issue is how to select between multiple rational-
expectations solutions criteria during the estimation process using economic
criteria. Third, a systematic treatment of models which involve forecasts for
more than two periods ahead of the current state has not yet been accom-
plished. With regard to overlapping generation models with multiperiod life
cycles, this is unsatisfactory.

Finally, and most importantly, OLS-based techniques are restricted to lin-
ear and linearized models. Indeed, in economies whose evolution is driven
by non-linear maps, the problem of learning schemes that generate forecasts
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converging to rational expectations equilibria remains to a large extent unre-
solved. For the standard OLG model of pure exchange, for example, Bullard
(1994) and Marcet & Sargent (1989b) showed that ordinary least-squares
learning may generate forecasts which do not converge to perfect foresight
equilibria of the system. Convergence is obtained only if initial parameter
guesses are sufficiently close to their true values. Similar observations have
been made for adaptive schemes such as Bayesian learning, where agents up-
date beliefs according to Bayes’s rule (cf. Blume & Easley (1993, 1998) and
references therein), and schemes based on parametric estimation techniques
as in Kuan & White (1994).

The fact that adaptive learning schemes may often fail to localize the
desired equilibria is one reason why many economists have abandoned the
classical rational expectations hypothesis and replaced it by a behavioral as-
sumption on how agents update beliefs. The focus has been directed towards
the long-run outcomes of learning behavior, sometimes referred to as learn-
ing equilibria. The economic justification for this ‘agent-based’ behavioral ap-
proach is that agents with limited statistical tools may be unable to identify
systematic forecast errors and hence see no reason to revise their behavior. For
the example in Bullard (1994), Schönhofer (1999, 2001) demonstrates that the
long-run outcome of the system may be described by consistent expectations
equilibria in the sense of Hommes & Sorger (1998) in which the associated
forecast errors have vanishing sample means and confirm the hypothesized
autocorrelation structure.

The plausibility of Schönhofer’s results is questioned by Jungeilges (2003)
who shows that the underlying linearity hypothesis for applying an OLS-based
learning scheme in a non-linear environment may be rejected within finite time
already by means of techniques from linear statistics. Hence, applying OLS-
based learning schemes in non-linear models may be inappropriate. So far only
a few contributions, as Chen & White (1998), Chatterji & Chattopadhyay
(2000), or Wenzelburger (2002) succeeded in providing global results for non-
linear models supporting the original intention of the learning literature. In
contrast to Bullard’s findings, Wenzelburger (2002) shows how a boundedly
rational forecasting agency in a stationary exchange economy may always find
the perfect foresight equilibria of the economy. However, all these convergence
results are confined to a rather narrow class of non-linear cobweb-type models
in which the endogenous variables do not feed back into the economic law and
which contain at most two-period-ahead forecasts.

These notes are motivated by the four open issues mentioned at the be-
ginning of this introduction. We seek a method for non-linear models for
which convergence results can be obtained and which allows to treat multiple
rational-expectations solutions in a systematic manner. The focus is on mul-
tivariate models with expectational leads of arbitrarily finite length. These
describe economic scenarios in which forecasts about state variables further
than one period ahead of the current state feed back into the system. Ex-
pectational leads are intrinsic in situations in which the planning horizon of
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agents’ intertemporal decisions is longer than two periods. They occur natu-
rally in overlapping generations with multi-period life cycles, as in Auerbach
& Kotlikoff (1987) or Bullard & Duffy (2001), Kübler & Polemarchakis (2004)
or Geanakopolos, Magill & Quinzii (2004) as well as in in financial markets
models with long-lived assets, e.g., see Hillebrand (2003) or Hillebrand & Wen-
zelburger (2006a). In macroeconomics, expectational leads may be related to
announcement effects, describing the impact of possible future actions by an
authority such as a government or a bank on the current state of an economy.

Following previous work by Böhm & Wenzelburger (1999, 2002, 2004), we
distinguish between an economic law describing the basic market mechanism
of an economy and a forecasting rule which models the way in which a forecast-
ing agency forms expectations. The combination of both ingredients together
with a model for the exogenous perturbations may be seen as a deterministic
dynamical system in a random environment which is defined explicitly and
globally on the whole state space. The concept of an unbiased forecasting
rule is generalized to non-linear stochastic models with expectational leads.
Unbiased forecasting rules by definition provide best least-squares predictions
conditional on the available information and thus rational expectations in the
classical sense. We interpret unbiased forecasting rules as the generators for
rational expectations equilibria and use them to characterize these equilib-
ria. This result complements the literature on rational expectations which
often presumes extraordinary capabilities of agents without making explicit
how agents can obtain the desired degree of rationality. In fact, the focus of
the traditional literature is on the existence of rational-expectations solutions
for particular models rather than on the forecasting rules pertaining to the
forecasts, thus taking a solutions approach rather than a dynamical-systems
approach, e.g., see Evans & Honkapohja (2001). The concept of a forecast-
ing rule together with the notion of unbiasedness provides a link between the
traditional rational-expectations view and recent behavioristic approaches.

A key feature of systems with expectational leads is the fact that several
forecasts, each formed at a different time, refer to the same realization of an
endogenous variable. This property turns out to be the primary cause for an
inherent multiplicity of unbiased forecasting rules and thus for the multiplicity
of rational expectations equilibria. Extending Böhm & Wenzelburger (2002),
we shed new light on this phenomenon by showing that an invertibility condi-
tion of the economic law is responsible for the existence and uniqueness of an
unbiased forecasting rule. A special role is played by no-updating forecasting
rules which are characterized by the property that forecasts formed at previous
dates are never updated. We will show that unbiased no-updating forecasting
rules yield the most precise forecasts in the sense that all forecasts are best
least-squares predictions conditional on information available at a particular
date. This includes those forecasts which were formed at a stage when this
information was not yet available. This phenomenon is caused by the feedback
property of the forecasts and constitutes a major difference between models
with expectational leads and those without. In the linear case, the existence of
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an unbiased no-updating rule depends on the non-singularity of a particular
parameter matrix, so that linear unbiased no-updating forecasting rules are
analytically tractable whenever they exist.

Having established the concept of an unbiased forecasting rule, the ques-
tion is how agents can learn such a rule from historical data. The main method-
ological innovation of these notes is the systematic treatment of forecasts as
exogenous inputs in the sense of systems and control theory (see, e.g., Caines
1988). At each point in time, we distinguish between the estimation of the
system with an emphasis on the feedback of all relevant forecasts and the ap-
proximation of a desired forecasting rule. Four separate issues should thereby
be distinguished carefully. First, the existence of a desired forecasting rule;
second, the dynamic stability of the system under this particular forecasting
rule; third, the dynamic stability of the system under the applied learning
scheme and, fourth, the success of the learning scheme in terms of providing
strongly consistent estimates of a forecasting rule. It will turn out that it is
essentially the economic law which has to be estimated from time series data.
The approach proposed in these notes opens up the possibility to select an
approximation of a preferred forecasting rule on the basis of economic rea-
soning. It also allows, in principle, to keep a system dynamically stable at all
stages of the learning scheme.

The core of our adaptive learning scheme consists of nonparametric es-
timation techniques developed by Chen & White (1996, 1998, 2002) which
are based on stochastic approximation methods of Yin & Zhu (1990) and
Yin (1992). Nonparametric estimation techniques generalize the recursive or-
dinary least-squares algorithm which is well established in the learning lit-
erature. These techniques are indispensable when treating non-linear models
without linearizing. Already Kuan & White (1994) and Chen & White (1998)
incorporated the expectations feedback into the estimation of an economic
system. However, it remains an open issue how to deal with the multiplicity
of rational-expectations solutions in a more systematic manner. Since these
multiplicities will occur generically, it is important to have a method that
allows to select between multiple solutions on economic grounds rather than
letting an algorithm decide which solution to select.

In these notes the issue of specifying plausible learning schemes will, in
essence, be reduced to a pure estimation and control problem. Roughly speak-
ing, if the estimation technique succeeds in providing consistent estimators of
the economic law, then the learning scheme will converge to the desired fore-
casting rule. Clearly, situations in which agents attain rational expectations
are likely to remain special cases, as long as model specifications for which
no consistent estimators exist are conceivable. A main conclusion, however,
is that the proper incorporation of the expectations feedback is an indispens-
able methodological feature for the design of plausible learning schemes, as
expectations, in general, will have a non-trivial feedback effect on an economic
system. It is left for future research to apply the methodology advocated in
these notes to game theoretic settings and combine it with the theory of
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learning in games developed by Fudenberg & Levine (1998). An application
to duopoly games, inspired by Kirman (1975) and Chen & White (1998), can
be found in Wenzelburger (2004a) as a first step in this direction.

Most of the material of these notes does not have to be read in a chrono-
logical order. The general setup for non-linear economic models with expec-
tational leads is introduced in Chapter 2. The basic methodological concepts
are essentially contained in Chapter 3 which contains a nearly self-contained
treatment of linear models and can be read without any knowledge about
nonparametric methods. Chapter 4, which may be omitted in a first reading,
is primarily concerned with the issue of existence and uniqueness of unbiased
forecasting rules and contains refinements of Chapter 2. The nonparametric
estimation techniques required for non-linear models are presented in Chap-
ter 5. Those readers who are primarily interested in applications may start
with either Chapter 6 or Chapter 7. As an example for a non-linear model, a
standard version of a stochastic exchange economy is discussed in Chapter 6,
a more involved financial market model is presented in Chapter 7.



2

Economic SystemsWith Expectations Feedback

A fundamental feature of many economic systems is the interaction of a market
mechanism with expectations of agents who try to predict the future evolution
of the economy. As a way of formalizing this feedback effect of expectations, we
distinguish between an economic law describing the basic market mechanism
of an economy and a forecasting rule which models the way in which an agent
or a forecasting agency forms expectations. The combination of both ingre-
dients with a model for exogenous perturbations constitutes a deterministic
dynamical system in a random environment which describes the evolution of
endogenous variables of an economy. Many well-known economic models can
be cast in such a form. Powerful mathematical methods are available with
the help of which their dynamic and stochastic behavior can be analyzed.
The mathematical framework with many intuitive examples including iter-
ated function systems (see Barnsley 1988) is, for example, provided in Lasota
& Mackey (1994). More advanced methods are developed by Arnold (1998),
Borovkov (1998) and others.

In this chapter the non-linear setup introduced in Böhm & Wenzelburger
(1999, 2002, 2004) is extended to stochastic systems which involve forecasts
for an arbitrarily finite period ahead of the current state of the system. The
aim of these notes is to introduce a learning scheme which will find the best
least-squares predictions in such models. To this end we will first introduce
and classify those forecasting rules which provide the best least-squares predic-
tions for a given economic scenario. We will show that these so-called unbiased
forecasting rules together with the economic law are the generators of rational
expectations equilibria. In Chapter 5 we will develop nonparametric methods
to estimate unbiased forecasting rules from historical data. The distinction
between an economic law, a forecasting rule, and a model for exogenous per-
turbations leads us to treating expectations systematically as exogenous in-
puts of an economic law. This concept will turn out to be important when
establishing convergence results for learning schemes.

Before introducing the general setup of these notes, let us start with a basic
introductory example which stylizes a standard model in macroeconomics.
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2.1 An Introductory Example

Consider a univariate linear model of the form

yt+1 = Ayt + B(1)ye
t,t+1 + B(0)ye

t,t+2 + ξt+1, (2.1)

where yt ∈ R denotes the endogenous variable describing the state of the
economy at date t, A, B(0), and B(1) are non-random constants, and {ξt}t∈N

is a sequence of exogenously given iid shocks. The variables ye
t,t+1, y

e
t,t+2 ∈ R

are forecasts for future realizations yt+1 and yt+2, respectively, which are
based upon information available at date t. Up to an additive constant which
is omitted for simplicity, Evans & Honkapohja (2001, Chaps. 8 and 9) provide
many well-founded economic examples which are of the functional form (2.1).
In general, the model (2.1) admits multiple rational-expectations solutions,
whereas the so-called minimal-state-variable solutions (MSV solutions) play
a prominent role.

An MSV solution, introduced by McCallum (1983), is an AR(1) process
of the form

yt+1 = β�yt + ξt+1, (2.2)

where, according to the method of undetermined coefficients, β� is a solution
of the quadratic equation

0 = A + (B(1) − 1)β + B(0)β2. (2.3)

Clearly, MSV solutions are economically meaningful only for real β�, i.e., for
(1 −B(1))2 ≥ 4AB(0) and, as is well known, they are generically non-unique.
We will show in Example 2.2 below, any real solution β� of (2.3) defines a
forecasting rule

ye
t,t+1 = β�yt, ye

t,t+2 = β2
�yt (2.4)

which is unbiased in the sense that it provides best least-squares predictions
for the system (2.1) when the forecasts (2.4) are inserted. That is to say, the
process (2.2) generates rational expectations equilibria of the system (2.1).

Imagine now a forecasting agency in charge of issuing forecasts without
knowing the true model (2.1). Their first task will be to learn the rational-
expectations solutions of the model by means of an adaptive learning scheme.
The second task is to select between multiple such solutions. For example, if

(2.1) admits two real MSV solutions β
(1)
� and β

(2)
� with |β(1)

� | < 1 < |β(2)
� |,

it may be desirable to select the non-explosive one β
(1)
� . Depending on the

economic context, other solutions such as ARMA solutions might also be of
particular interest, cf. Evans & Honkapohja (1986). One way of selecting a
rational expectations solution is given by the expectational-stability criterion
first introduced by Evans (1985, 1986) and further developed in Evans (1989)
and Evans & Honkapohja (1992). This criterion provides conditions under
which a learning scheme converges to a particular rational-expectations solu-
tion. As has been noted by McCallum (1999), the problem with this approach
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is that it is beyond the control of a forecasting agency to select a particular
solution.

In terms of the linear model (2.1), the methodological difference of the
approach advocated in these notes in comparison to the traditional litera-
ture can be outlined as follows. The classical approach starts with a so-called
perceived law of motion which, in view of possible MSV solutions, is of the
form

yt+1 = βyt + ξt+1. (2.5)

Then the method of ordinary least squares (OLS) is used to estimate the un-
known coefficient β in (2.5) from historical observations. This learning scheme

is successful if the sequence of subsequent OLS-estimates {β̂t}t∈N for β con-
verges to a MSV solution. Notice that there is no way to select between the two

possible solutions β
(1)
� and β

(2)
� on the basis of economic reasoning. Instead,

the convergence properties of the OLS scheme determine the outcome.
Contrary to this traditional approach, the basic idea of our approach is to

successively estimate the parameters (A,B(0), B(1)) of (2.1) from a perceived
economic law

yt+1 = Âyt + B̂(1)ye
t,t+1 + B̂(0)ye

t,t+2 + ξt+1 (2.6)

which is of the very same form as (2.1), thereby treating the forecasts ye
t,t+1

and ye
t,t+2 as exogenous inputs. These may be thought of as being obtained

from some previously applied forecasting rule. Let (Ât, B̂
(0)
t , B̂

(1)
t ) denote the

period-t OLS-estimates of the unknown parameters (A,B(0), B(1)) obtained
from estimating the perceived law (2.6). Then the equation

0 = Ât + (B̂
(1)
t − 1)β + B̂

(0)
t β2 (2.7)

approximates equation (2.3) which defines MSV solutions. Whenever (2.7) ad-

mits positive real solutions β̂
(1)
t and β̂

(2)
t , these approximate the two possible

MSV solutions. A major advantage of such an approach is that it allows to
select an approximation of the preferred solution for each parameter estimate
using economic criteria. As soon as the estimates are sufficiently precise, a fore-
casting agency, for instance, would be in a position to choose a non-explosive
solution to (2.1) whenever such a solution exists. Approximations of other

solutions could be computed from (Ât, B̂
(0)
t , B̂

(1)
t ) as well. Moreover, a fore-

casting agency may want to alter the forecasts in order to keep the system
dynamically stable.

This methodology of estimating linear models with expectational leads
will be treated in Chapter 3. In subsequent chapters, we will show that this
methodology carries over to general non-linear models with expectational
leads of arbitrary finite length. Such a generalization is necessary, for ex-
ample, to treat overlapping generations models with multi-period life cycles,
cf. Auerbach & Kotlikoff (1987). The remainder of this chapter will therefore
be devoted to the general non-linear setup used throughout these notes.
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2.2 The General Setup

Let X ⊂ Rd denote the space of all possible realizations of the endogenous
variables and xt ∈ X be the vector of endogenous variables describing the
state of the economy at date t. The vector of exogenous variables is denoted
by ξt ∈ Ξ and assumed to be driven by an exogenous stochastic process. To
fix notation, we make the following assumption regarding this noise process.

Assumption 2.1. The exogenous noise is driven by a sequence of random
variables {ξt}t∈N on a probability space (Ω,F ,P) with values in a subset Ξ ⊂
Rdξ , such that for each t ∈ N, ξt : Ω → Ξ.

It is often convenient to assume that each state xt ∈ X can be subdivided
into xt = (xt, yt) ∈ X×Y = X, where yt ∈ Y ⊂ Rdy describes the endogenous
variables for which expectations are formed, and xt ∈ X ⊂ Rd̄x is the vector
of the remaining variables with dx = d̄x + dy. Let

Y
m = Y × . . .× Y︸ ︷︷ ︸

m− times

.

denote the m-fold product of Y. An economic law is a map

G : Ξ × X × Y
m −→ X (2.8)

with the interpretation that

xt+1 = G(ξt+1, xt, y
e
t,t+1, . . . , y

e
t,t+m)

describes the state of the economy at time t + 1, given the predicted values

ye
t,t+1, . . . , y

e
t,t+m ∈ Y

formed at time t for yt+1, . . . , yt+m, respectively, the current state xt, and
a realization ξt+1 ∈ Ξ of the stochastic noise variable. The state xt itself
may be a vector of lagged endogenous variables including past realizations ξs,
s ≤ t of the exogenous noise process and past forecasts. We say that G has an
expectational lead if it contains forecasts for more than one period ahead of
the current state, that is, if m > 1. Throughout the remainder of these notes
we assume m > 1 without further mentioning. The case m = 1 is extensively
treated in Böhm & Wenzelburger (2002).

The deterministic map G represents the true economic system and de-
termines the state of an economy one time step ahead of the current state,
given subjective expectations and given the realization of the exogenous noise
variable. From a stochastic viewpoint, each map

G(ξt+1(·), x, ye) : Ω → X, (x, ye) ∈ X × Y
m, t ∈ N (2.9)

is a random variable on the probability space (Ω,F ,P). In particular, given
some perturbation ω ∈ Ω and some (xt, y

e
t ) ∈ X × Ym, where
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ye
t := (ye

t,t+1, . . . , y
e
t,t+m) ∈ Y

m

denotes the vector of current forecasts, the realization

xt+1(ω) = G(ξt+1(ω), xt, y
e
t )

of the random variable (2.9) describes the state of the economy in period t+1.
It will be convenient to split the economic law (2.8) into two maps

G : Ξ × X × Y
m → X and g : Ξ × X × Y

m → Y

yielding {
xt+1 = G(ξt+1, xt, yt, y

e
t )

yt+1 = g(ξt+1, xt, yt, y
e
t )

. (2.10)

In many applications it is assumed that agents form expectations for all rel-
evant variables of the economic process under consideration, in which case
Y = X and G ≡ g : Ξ × Xm+1 −→ X.

Remark 2.1. In many economic models the point forecasts ye
t,t+1, . . . , y

e
t,t+m

∈ Y will be based on a subjective joint probability distribution of all future
realizations yt+1, . . . , yt+m and thus may be interpreted as subjective mean
values for these realizations. An economic law of the form (2.8) could then be
defined as a function depending on subjective probability distributions rather
than on point forecasts. For example, the overlapping generations model with
multi-period life cycles and stochastic endowments fits into such a framework,
e.g., see Kübler & Polemarchakis (2004) or Geanakopolos, Magill & Quinzii
(2004). For the case of OLG models with two-period lives (m = 1), this has
been done in Böhm & Wenzelburger (2002). In focusing on expectational leads,
we assume that subjective probability distributions are parameterized in subjec-
tive means and choose the functional form (2.8) for simplicity of exposition.
The examples of Chapters 6 and 7 indicate how to generalize the setup of this
chapter to economic laws which depend on subjective distributions. The full-
fledged analysis of stochastic OLG models with multiperiod lives must be left
for future research, cf. Hillebrand (2006). A linear OLG-model with expecta-
tional leads is analyzed in Hillebrand & Wenzelburger (2006a).

A complete description of the economy requires to specify a procedure
of how the forecasts ye

t,t+1, . . . , y
e
t,t+m are determined in each period t. This

specification will depend on the type of information that agents have available
at time t. Unless stated otherwise, we assume throughout these notes that a
forecasting agency which is boundedly rational in the sense of Sargent (1993)
is responsible for issuing all relevant forecasts. The forecasts are determined
according to a forecasting rule (also referred to as a predictor) which at date
t is assumed to be a function depending on all available information.

Two cases will be treated. First, the case in which the economic system is
governed by a Markov process with stationary transition probabilities. This



12 2 Economic SystemsWith Expectations Feedback

case, for example, arises naturally, if the exogenous noise {ξt}t∈N is an iid
process. Second, the case in which the exogenous noise is driven by a stationary
ergodic process. The first case will be treated next, the second one is postponed
to Chapter 4.

2.3 Forecasting Rules With Finite Memory

For the remainder of this chapter, assume that the economic system is a
homogeneous Markov process. In order to justify this assumption we need to
specify the rules according to which forecasts are formed. At date t, the time
series information of such a forecasting rule is comprised in the actual history
of the economy {xs, y

e
s−1}s≤t, where

ye
s−1 = (ye

s−1,s, . . . , y
e
s−1,s−1+m) ∈ Y

m, s ∈ N. (2.11)

To fix the notation, let r ∈ N be arbitrary but fixed and set

Σ′ := (Ym × X) × · · · × (Ym × X)︸ ︷︷ ︸
(r − 1) − times

and
Σ := Σ′ × (Ym × X)

for the set of finite histories, relevant for the economy. Apart from the current
state of the economy xt, let us assume that the relevant information in period
t is given by an information vector of past observed states and forecasts

Zt = (ye
t−1, xt−1, . . . , y

e
t−r, xt−r) ∈ Σ. (2.12)

Formally, a forecasting rule for an economic law could be an arbitrary func-
tion depending on the whole history of the economy. In view of a Markovian
structure and in order to classify those forecasting rules which are capable of
providing best least-squares predictions, however, we focus on a special class of
functions that depend on a finite amount of past realizations given by (2.12).
The information vector (2.12) could, in principle, include other quantities such
as sunspot variables. However, in order to obtain best least-squares predic-
tions along a possible time path, it will turn out that this information vector
contains precisely the required time-series information at date t, provided that
the length of the memory r is long enough.

Letting (2.12) be the relevant information vector, a forecasting rule Ψ =
(Ψ (1), . . . , Ψ (m)) is formally defined as a function

Ψ : X ×Σ → Y
m, (x, Z) �→ Ψ(x, Z), (2.13)

such that
ye

t,t+i = Ψ (i)(xt, Zt), i = 1, . . . ,m
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describe the vector of forecasts ye
t = (ye

t,t+1, . . . , y
e
t,t+m) in period t. If

(xt, Zt, y
e
t ) ∈ X × Σ × Ym denotes the state of the system at date t, then

the state of the system in period t + 1 is given by⎧⎪⎪⎨⎪⎪⎩
xt+1 = G

(
ξt+1, xt, y

e
t )

Zt+1 =
(
ye

t , xt, prΣ
−rZt

)
ye

t+1 = Ψ(xt+1, Zt+1)

(2.14)

with
prΣ

−r : Σ → Σ′, (Z(1), . . . , Z(r)) �→ (Z(1), . . . , Z(r−1))

denoting the projection onto the first r − 1 components. Replacing ye
t with

Ψ(xt, Zt), the map (2.14) may be rewritten in the more compact form

GΨ : Ξ × X ×Σ → X ×Σ,

where {
xt+1 = G

(
ξt+1, xt, Ψ(xt, Zt)

)
Zt+1 =

(
Ψ(xt, Zt), xt, prΣ

−rZt)
) . (2.15)

Assuming that the forecasting agency uses the forecasting rule Ψ , the evolu-
tion of the economy is driven by the economic law G together with Ψ . Given
a sequence of realizations of the exogenous noise process {ξt}t∈N and initial
conditions (x0, Z0) ∈ X×Σ, the sequence of states γ(x0, Z0) := {(xt, Zt)}t∈N

generated by (2.15) describes how the economy evolves over time. In the se-
quel, we will refer to γ(x0, Z0) as an orbit of the system GΨ .

To see when (2.15) is indeed a Markov process, define for each period t ∈ N

the sub-σ-algebra

Ft,r := σ
(
(xs, y

e
s)
∣∣ t− r − 1 < s ≤ t

)
(2.16)

of F which describes the relevant information of period t generated by the
information vector (2.12). The whole history of the process at time t is repre-
sented by the sub-σ-algebra Ft := Ft,∞. Let E[·|Ft,r] denote the conditional
expectations operator with respect to Ft,r and E[·|Ft] denote the conditional
expectations operator with respect to Ft. Then the assumption that (2.15) is
a Markov process is formally stated as follows.

Assumption 2.2. The length r of the information vector (2.12) is chosen
sufficiently large so that (2.15) is a homogeneous Markov process in the sense
that

E[xt+1|Ft,r] = E[xt+1|Ft] P − a.s.

for all t ∈ N.
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The factorization lemma (Bauer 1992, p. 71) and the choice of the fore-
casting rule Ψ in (2.14) imply the existence of a measurable map GE such
that

E[xt+1|Ft,r] = E
[
G(ξt+1, xt, y

e
t )|Ft,r] = GE(xt, Zt) P − a.s. (2.17)

for each t ∈ N. Notice that each forecast ye
t is based on information available

in period t and hence must be Ft measurable. Assumption 2.2 together with
(2.17) thus justify the functional form of the forecasting rule (2.13).

A special case arises when {ξt}t∈N is an iid process.

Remark 2.2. If {ξt}t∈N is an iid process, then it is well known that

E[xt+1|Ft] = E
[
G(ξt+1, xt, y

e
t )
]

= GE(xt, y
e
t ) P − a.s.

for all t ∈ N, cf. Bauer (1991, p. 134). In this case one may set Σ = Ym

for the set of finite histories, r = 0 for the memory length, and Ft,0 = F for
all t ∈ N. Choosing the information vector of period t to be Zt = ye

t−1, one
obtains

E[ye
t+1|Ft] = E

[
Ψ
(
G(ξt+1, xt, y

e
t ), y

e
t

)]
= ΨE(xt, y

e
t ) P − a.s.

for some suitable function ΨE, so that (2.15) becomes the Markov process{
xt+1 = G

(
ξt+1, xt, Ψ(xt, Zt)

)
Zt+1 = Ψ(xt, Zt)

.

The justification for this choice of Zt will become clear in Remark 2.4 below,
after unbiased forecasting rules have been introduced.

We are now ready to introduce the notion of an unbiased forecasting rule
which is designed to provide best least-squares predictions for a given eco-
nomic law for the case in which the system (2.14) is a homogeneous Markov
process.

2.4 Consistent Forecasting Rules

Before unbiased forecasting rules can be introduced, the notion of a consistent
forecasting rule will be established in this section. A fundamental property of
systems with expectational leads is that in each period t there are m forecasts
for yt+1 of which m − 1 forecasts have been set prior to date t. This implies
that the current forecast will in some sense have to be consistent with the
previously formed forecasts. Otherwise not all forecasts can be correct. Con-
sistent forecasting rules will now be designed to form consistent expectations
in the sense that the law of iterated expectations is respected.
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As before, denote by E[·|Ft−i] the conditional expectations operator with
respect to Ft−i. Each forecast ye

t−i,t+1 is based on information available in
period t− i and must be Ft−i measurable. The forecast errors yt+1− ye

t−i,t+1,
i = 0, . . . ,m − 1, vanish on average conditional on the respective σ-algebras
Ft−i if and only if

E
[
(yt+1 − ye

t−i,t+1)
∣∣Ft−i

]
= 0 P − a.s. (2.18)

for all i = 0, . . . ,m−1. In other words, each of the forecasts satisfying (2.18) is
a best least-squares prediction for yt+1 conditional on available information.
Hence, a forecasting rule which satisfies condition (2.18) in all periods t is
unbiased conditional on available information in the sense that all forecasts
have the smallest possible forecast error.

The law of iterated expectations states that

E
[
E[yt+1|Ft]

∣∣Ft−i

]
= E[yt+1|Ft−i] P − a.s. (2.19)

for all times t ∈ N and all i ≥ 0. This implies that the forecast ye
t,t+1 for yt+1

chosen in period t has to satisfy the consistency conditions

E[ye
t,t+1|Ft−i] = ye

t−i,t+1 P − a.s. (2.20)

for all i = 1, . . . ,m−1. Otherwise one of the forecasts in (2.20) cannot be a best
least-squares prediction. Similarly, the law of iterated expectations implies for
the forecasts ye

t,t+i, i = 1, . . . ,m− 1, that

E[ye
t,t+i|Ft−1] = ye

t−1,t+i P − a.s. (2.21)

Clearly, if (2.21) holds for all forecasts in all periods prior to time t, then
(2.20) holds as well. Hence (2.18) is automatically satisfied provided that the
most recent forecast ye

t,t+1 is a best least-squares prediction, that is, if

E
[
(yt+1 − ye

t,t+1)
∣∣Ft

]
= 0 P − a.s.

This shows that the notion of consistency is a basic prerequisite for an unbi-
ased forecasting rule.

The consistency conditions (2.21) can now be expressed in terms of fore-
casting rules Ψ = (Ψ (1), . . . , Ψ (m)) of the form (2.13) by making use of the
Markov property of (2.15). Let Ej [·] ≡ E[·|Fj,r] denote the conditional ex-
pectations operator with respect to the σ-algebra Fj,r, with r ∈ N as above.
Since (2.15) generates a homogeneous Markov process, we have

E[ye
t,t+i|Ft−1] = Et−1

[
Ψ (i)(xt, Zt)

]
P − a.s.

for each i = 1, . . . ,m − 1 and each t ∈ N. By the factorization lemma, there

exists a measurable map Ψ
(i)
E

such that
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E[ye
t,t+i|Ft−1] = Ψ

(i)
E

(xt−1, Zt−1) P − a.s. (2.22)

for all i = 1, . . . ,m − 1. Using (2.22), the consistency conditions (2.21) then
take the form

Ψ
(i)
E

(xt−1, Zt−1) = ye
t−1,t+i P − a.s. (2.23)

for all i = 1, . . . ,m − 1. The requirement (2.23) states that for each i =
1, . . . ,m−1, the expected value of the new forecast ye

t,t+i conditional on Ft−1

has to coincide with the respective old forecast ye
t−1,t+i = Ψ (i+1)(xt−1, Zt−1).

This motivates the following notion of a consistent forecasting rule.

Definition 2.1. A forecasting rule Ψ = (Ψ (1), . . . , Ψ (m)) is called locally con-
sistent if there exists a subset U ⊂ X × Σ, such that for each i = 1, . . . ,
m− 1,

Ψ (i+1)(x, Z) = Ψ
(i)
E

(x, Z) for all (x, Z) ∈ U,

with Ψ
(i)
E

being defined in (2.22). If U = X × Σ, then Ψ is called globally
consistent.

Definition 2.1 provides a minimum requirement for a forecasting rule of
the form (2.13) in order to provide best least-squares predictions. A consistent
forecasting rule is designed to satisfy (2.21) by construction on a possibly
restricted subset U ⊂ X ×Σ. It follows from the law of iterated expectations
that otherwise (2.20) and hence (2.18) cannot be satisfied for all forecasts.

Example 2.1. The simplest example of a consistent forecasting rule is a fore-
casting rule that never updates previous forecasts. Such a no-updating fore-
casting rule Ψ = (Ψ (1), . . . , Ψ (m)) is formally defined by setting

Ψ (i)
(
x, (z, Z ′)

)
:= z(i+1), (x, z, Z ′) ∈ X × Y

m × (X ×Σ′) (2.24)

for each i = 1, . . . ,m − 1, where z = (z(1), . . . , z(m)) ∈ Ym. Ψ (m) may be
an arbitrary function depending on the state x and the history Z = (z, Z ′).
If xt ∈ X is the current state of the economy at date t and ye

t−1 =
(ye

t−1,t, . . . , y
e
t−1,t−1+m) the vector of forecasts formed in the previous period

t− 1, then the current vector of forecasts ye
t = (ye

t,t+1, . . . , y
e
t,t+m) is{

ye
t,t+i = ye

t−1,t+i, i = 1, . . . ,m− 1,

ye
t,t+m = Ψ (m)(xt, Zt).

Thus the forecasting rule (2.24) never updates forecasts formed at previous
dates.
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2.5 Unbiased Forecasting Rules

We are now ready to develop the notion of an unbiased forecasting rule for the
case in which the system (2.14) is a homogeneous Markov process. Unbiased
forecasting rules are designed to provide best least-squares predictions, given
the history of the process. They will also be referred to as perfect forecasting
rules for first moments. If applied, these forecasting rules provide correct first
moments along orbits of the system. In this sense, an unbiased forecasting
rule Ψ� together with the economic law G generates rational expectations
equilibria (REE).

Notice first that the Markov property of the process (2.15) and the factor-
ization lemma (Bauer 1992, p. 71) imply

Et[yt+1] = Et

[
g(ξt+1, xt, y

e
t )
]

= gE(xt, y
e
t , Zt) P − a.s. (2.25)

for some suitable measurable map gE. Given the state of the economy xt ∈ X

and a vector of forecasts ye
t ∈ Ym, the forecast error for yt+1 is

yt+1 − ye
t,t+1 = g(ξt+1, xt, y

e
t ) − ye

t,t+1,

while the forecast error conditional on information available at date t is

Et

[
yt+1 − ye

t,t+1

]
= gE(xt, y

e
t , Zt) − ye

t,t+1 P − a.s. (2.26)

Using (2.26), this gives rise to the definition of a (conditional) mean error
function associated with the economic law G.

Definition 2.2. Let G = (G, g) be an economic law. The (conditional) mean
error function of G is a function EG : Ym × X ×Σ → Rdy , defined by

EG(z, x, Z) := gE

(
x, z, Z

)− z(1), (2.27)

where z = (z(1), . . . , z(m)) and gE is defined in (2.25).

The error function takes a particularly simple form if the exogenous noise
is iid.

Remark 2.3. If {ξt}t∈N is an iid process, then

Et[yt+1] = E
[
g(ξt+1, xt, y

e
t )
]

= gE(xt, y
e
t ) P − a.s.

for all t ∈ N. In this case the error function takes the form

EG(z, x) := gE(x, z) − z(1), (x, z) ∈ X × Y
m,

where z = (z(1), . . . , z(m)).
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Given an arbitrary state of the economy (xt, Zt) ∈ X×Σ in some period t,
the mean error function describes all possible mean forecast errors conditional
on all information available at date t, regardless of which forecasting or learn-
ing rule has been applied. Given the state (xt, Zt), the conditional forecast
error (2.26) vanishes if and only if

Et[yt+1 − ye
t,t+1] = EG(ye

t , xt, Zt) = 0 P − a.s. (2.28)

The idea of an unbiased forecasting rule is now to find a locally consistent
forecasting rule Ψ : U ⊂ X ×Σ → Ym with ye

t = Ψ(xt, Zt) which satisfies

EG

(
Ψ(xt, Zt), xt, Zt

)
= 0 (2.29)

whenever (xt, Zt) ∈ U. The existence of an unbiased forecasting rule is thus
reduced to solving the implicit equation (2.28). More formally, the desired
criterion for an unbiased forecasting rule is defined as follows.

Definition 2.3. Given an economic law G = (G, g), a consistent forecasting
rule Ψ is called locally unbiased for G, if there exists an open subset U ⊂ X×Σ
such that

EG

(
Ψ(x, Z), x, Z

)
= 0 for all (x, Z) ∈ U.

A major problem with rational/unbiased expectations in non-linear sys-
tems will be that an orbit γ(x0, Z0) of GΨ starting with unbiased forecasts in
some (x0, Z0) ∈ U may lose this property over time. Thus, if Ψ is a forecasting
rule which is locally unbiased in a neighborhood U ⊂ X ×Σ of (x0, Z0), then
an additional requirement that guarantees that the orbit stays in U is needed.
Formally, a sufficient requirement for the existence of such unbiased orbits is
that there exists a subset U′ ⊂ U which is forward invariant under GΨ , that
is, for which

GΨ (ξ, x, Z) ∈ U
′ for all (x, Z) ∈ U

′, ξ ∈ Ξ. (2.30)

In this case, any orbit γ(x0, Z0) that starts in (x0, Z0) ∈ U′ will forever remain
in U′. Summarizing, an unbiased forecasting rule is defined as follows.

Definition 2.4. Given an economic law G, a function Ψ� = (Ψ
(1)
� , . . . , Ψ

(m)
� )

is called an unbiased forecasting rule for G if there exists a subset U ⊂ X×Σ
such that the following holds:

(i) Consistency. For i = 1, . . . ,m− 1,

Ψ
(i+1)
� (x, Z) = Ψ

(i)
�E

(x, Z) for all (x, Z) ∈ U.

(ii) Local unbiasedness. Ψ� satisfies

EG

(
Ψ�(x, Z), x, Z

)
= 0 for all (x, Z) ∈ U.
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(iii) Invariance. U is forward-invariant under GΨ�
, i.e.,

GΨ�
(ξ, x, Z) ∈ U for all (x, Z) ∈ U, ξ ∈ Ξ.

The three conditions of Definition 2.4 imply that a forecasting rule Ψ� is
unbiased if and only if all orbits γ(x0, Z0), (x0, Z0) ∈ U of GΨ�

are unbiased
orbits. That is, for each t ∈ N, the forecasts ye

t,t+1, . . . , y
e
t,t+m ∈ Y provide

best least-squares predictions for yt+1, . . . , yt+m, respectively. In this sense,
unbiased forecasting rules generate rational expectations equilibria (REE).

Example 2.2. Reconsider the linear economic law (2.1) of Section 2.1 as
given by

yt+1 = Ayt + B(1)ye
t,t+1 + B(0)ye

t,t+2 + ξt+1, (2.31)

where {ξt}t∈N is a sequence of iid perturbations with zero means. The error
function associated with (2.31) is

EG(ye
t,t+1, y

e
t,t+2, yt) = Ayt + (B(1) − 1)ye

t,t+1 + B(0)ye
t,t+2. (2.32)

Suppose B(0) �= 0. Solving the condition

EG(ye
t,t+1, y

e
t,t+2, yt)

!
= 0

for ye
t,t+2, we obtain an unbiased no-updating forecasting rule which takes the

form (compare with Example 2.1){
ye

t,t+1 = Ψ
(1)
� (yt, y

e
t−1,t+1) := ye

t−1,t+1,

ye
t,t+2 = Ψ

(2)
� (yt, y

e
t−1,t+1) := 1

B(0)

[
(1 −B(1))ye

t−1,t+1 −Ayt

]
.

(2.33)

As an alternative, consider a forecasting rule of the form{
ye

t,t+1 = Φ(1)(yt) := βyt,

ye
t,t+2 = Φ(2)(yt) := β2yt,

(2.34)

which has already been introduced in Section 2.1. Now, the unknown coeffi-
cient β may be obtained by inserting the forecasting rule (2.34) into the error
function (2.32) and solving the equation

EG(βy, β2y, y)
!
= 0 for all y ∈ R

for the unknown parameter β. This equation is equivalent to the quadratic
equation

A + (B(1) − 1)β + B(0)β2 !
= 0. (2.35)

The solutions to (2.35) are given by
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β
(i)
� =

1 − B(1)

2B(0)
±

√(
1 −B(1)

2B(0)

)2

− A

B(0)
, i = 1, 2. (2.36)

Clearly, only real solutions are economically meaningful which is the case for
(1 − B(1))2 ≥ 4AB(0). As an alternative to the unbiased no-updating rule
(2.33), we obtain an unbiased forecasting rule of the form (2.34). This rule is
defined by {

ye
t,t+1 = β

(i)
� yt,

ye
t,t+2 = β

(i)2
� yt,

(2.37)

with β
(i)
� , i = 1, 2 given in (2.36). It is straightforward to verify that (2.37)

is consistent in the sense of Definition 2.1. Indeed the forecasting rule (2.37)
satisfies

Et−1[y
e
t,t+1] = β

(i)
� Et−1[yt] = β

(i)
� ye

t−1,t = β
(i)2
� yt−1 = ye

t−1,t+1

for all times t. A forecasting rule of the form (2.34) is referred to as a minimal-
state-variable predictor (MSV predictor) as it uses a minimum amount of
variables.

We see from this example that already linear models may admit multiple
unbiased forecasting rules. The existence and uniqueness of unbiased fore-
casting rules for general linear models and methods to estimate these from
historical data will be addressed in Chapter 3. See in particular Theorem 3.1.

We conclude this section with discussing the problem of existence of unbi-
ased no-updating forecasting rules. Since all forecasts ye

t,t+i, i = 1, . . . ,m− 1
have to satisfy the above consistency conditions, the only forecast which is not
constrained by the consistency conditions is the forecast ye

t,t+m for the most
leading variable yt+m. In the case with no-updating the first m− 1 forecasts
will be set to the values of the previous period such that

ye
t,t+i = ye

t−1,t+i, i = 1, . . . ,m− 1. (2.38)

Given the information vector Zt, the idea now is to find a forecasting rule

ye
t,t+m = Ψ

(m)
� (xt, Zt)

and a subset U ⊂ X ×Σ so that

EG

(
ye

t−1,t+1, . . . , y
e
t−1,t+m−1, Ψ

(m)
� (xt, Zt), xt, Zt

)
= 0 (2.39)

whenever (xt, Zt) ∈ U. The economic implication for such an unbiased no-
updating forecasting rule is that the newest forecast ye

t,t+m has to be chosen in
such a way that the previous forecast ye

t−1,t+1 = ye
t,t+1 becomes correct. Under

no updating, then all previous forecasts ye
t−i,t+1, i = 1, . . . ,m−1 become best
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least-squares predictions for yt+1 conditional on information available at date
t. Indeed, since by construction (2.38) all forecasts for one variable coincide,
(2.39) implies

Et[yt+1 − ye
t−i,t+1] = 0 P − a.s. (2.40)

for all i = 0, . . . ,m−1. Thus all previous forecasts inherit the precision of the
most recent forecast ye

t,t+1.

Remark 2.4. If {ξt}t∈N is an iid process, then the unbiased forecasting rule
takes a special form. From Remark 2.3 we know that the error function reduces
to

EG(z, x) = gE(x, z) − z(1), (x, z) ∈ X × Y
m,

where z = (z(1), . . . , z(m)). The information vector of period t is Zt = ye
t−1

and the m-th component function Ψ
(m)
� of an unbiased no-updating forecasting

rule Ψ� is formally defined by Ψ
(m)
� : X × Y

m → Y. Condition (2.39) for the
unbiasedness reads

EG

(
ye

t−1,t+1, . . . , y
e
t−1,t−1+m, Ψ

(m)
� (xt, y

e
t−1,t+1, . . . , y

e
t−1,t−1+m), xt

)
= 0

whenever (xt, y
e
t−1) ∈ U. This demonstrates that the functional form of Ψ

(m)
�

is prescribed by the Implicit Function Theorem. In particular, Ψ
(m)
� must be

independent of ye
t−1,t so that Ψ

(m)
� : X×Ym−1 → Y. This justifies the choices

made in Remark 2.2.

We see from (2.39) that the existence problem of unbiased forecasting rules
is, in essence, reduced to the Implicit Function Theorem which determines the
functional form of an unbiased forecasting rule. In the Markovian case of this
section, the existence theorem for the deterministic case with expectational
leads can readily be applied, cf. Böhm & Wenzelburger (2004). Existence and
uniqueness of unbiased no-updating forecasting rules will be established in
Theorem 4.2 of Chapter 4 in which we generalize and refine our framework to
economic models which are perturbed by stationary ergodic noise. Assuming
that an unbiased no-updating forecasting rule exists and exploiting the pre-
sumed Markov structure, the last finding of this chapter is summarized in the
following theorem.

Theorem 2.1. Assume that under the hypothesis of this chapter, an unbiased
no-updating forecasting rule for the economic law (2.8) in the sense of Defi-
nition 2.4 exists. Then for each t ∈ N, all forecasts ye

t−i,t+1, i = 0, . . . ,m− 1
for yt+1 are best least-squares prediction conditional on the history Ft, that
is,

E
[
(yt+1 − ye

t−i,t+1)
∣∣Ft

]
= 0 P − a.s.

for all i = 0, . . . ,m− 1.
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A remarkable fact in economic systems with expectational leads is that
unbiased no-updating forecasting rules, if they exist, generate rational expec-
tations in the sense that all forecasts ye

t−m+1,t+1, . . . , y
e
t,t+1 are best least-

squares predictions for yt+1 conditional on information available at date t,
including those which have been made prior to that date. Thus, an unbiased
no-updating rule yields the most precise forecasts in the sense that forecast
errors vanish conditional on information which is not available at the stage in
which they were issued. This peculiar phenomenon is caused by the feedback
property of forecasts and indeed holds true only for forecasts which feed back
non-trivially into the economic law.

Concluding Remarks

The careful distinction between an economic law and a forecasting rule was the
necessary step to obtain a proper description of an economic dynamical system
in a Markovian environment. The results of this chapter demonstrate that the
property of rational expectations along orbits of an economic dynamical sys-
tem imposes structural restrictions on the economic fundamentals which are
embodied in an economic law. A remarkable phenomenon in economic systems
with expectational leads is the notion of an unbiased no-updating forecasting
rule. Within the class of possible unbiased forecasting rules, these yield the
most precise forecasts as forecasts are best least-squares predictions condi-
tional on information which is not available at the stage in which they were
issued. An economic implication of this chapter is that agents who know an
unbiased forecasting rule also know how their forecasts influence the economy.
In principle, these agents could try to strategically exploit this information.
How this could be achieved is an interesting avenue for future research.
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Adaptive Learning in Linear Models

In many economic applications linear models are popular either as exact for-
mulations or as linear approximations of originally nonlinear specifications.
For this reason it is worthwhile to devote a chapter to the study of the lin-
ear case. The advantage of linear models is that they do not require non-
parametric estimation techniques, so that we can focus entirely on the method-
ology. In providing a benchmark situation for the general nonlinear case, it
will be seen in Chapter 5 that the methodology for linear models carries over
to the nonlinear situation.

The main difference between the adaptive learning scheme developed in
this chapter and the traditional approach of the learning literature (e.g., see
Kirman & Salmon (1995) or Evans & Honkapohja 2001) is that forecasts are
systematically treated as exogenous inputs in the sense of the systems and
control literature. At each point in time, we distinguish between the estima-
tion of the economic law and the application of an approximated unbiased
forecasting rule to the system. The main advantage of this approach is that
the system can be kept dynamically stable at all stages of the learning pro-
cedure. It opens up the possibility to select a particular preferred forecasting
rule on the basis of an adequate economic reasoning, as soon as parameter es-
timates are sufficiently precise. This, in essence, resolves an issue put forward
in McCallum (1999).

Our adaptive learning scheme for linear stochastic models is based on
the recursive extended least-squares algorithm which is well established in
the engineering literature, cf. Caines (1988). This algorithm is an extension
of the popular ordinary least-squares (OLS) algorithm to a class of more
general noise processes. Using ideas from the literature on adaptive control
and optimal tracking, results of several papers by Lai and Wei, notably their
1986b paper, will be applied here. These authors pursue a martingale approach
paralleling and extending the original approach of Ljung (1977) who uses a
limiting non-random ordinary differential equation (ODE) for his convergence
analysis.
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This chapter reports on refinements of Wenzelburger (2006). We relax
standard assumptions of the traditional learning literature as given in Evans
& Honkapohja (2001) in several respects. First, we admit expectational leads
of arbitrary length. Second, we generalize the class of stochastic processes
which governs the exogenous observable variables, where, in addition, we do
not assume that the process is known. Third, we admit colored noise for the
unobservable stochastic perturbations acting on the system. This generalizes
the usual white-noise assumption and seems to be well known in the litera-
ture on adaptive control, cf. Caines (1988). Finally, we show convergence of
our learning scheme globally for all initial conditions under simple and stan-
dard identifiability conditions. These conditions are generically satisfied in the
white-noise case. Thus well-known convergence results of the learning litera-
ture are strengthened because the conditions require relatively mild technical
prerequisites and are much easier to verify and interprete than those based
on Ljung’s ODE approach.

3.1 Linear Models

Consider a linear economic law of the form

yt =

n1∑
i=1

A(i) yt−i +

n2∑
i=0

B(n2−i) ye
t−1,t+i +

n3∑
i=1

C(i)wt−i + εt +

n4∑
i=1

D(i) εt−i + b,

(3.1)
where yt ∈ R

d denotes a vector of endogenous variables describing the state of
the economy at date t. A(i), B(i), C(i), and D(i) are non-random d×d matrices
and b ∈ Rd is a constant non-random vector. The exogenous perturbations
are prescribed by means of two stochastic processes {wt}t∈N and {εt}t∈N on a
probability space (Ω,F ,P) which are adapted to a filtration {Ft}t∈N. {wt}t∈N

describes the process of Rd-valued exogenous variables, which is assumed to
be observable. The process {εt}t∈N is an Rd-valued martingale difference se-
quence, i.e. E[εt+1|εt, . . . , ε0] = 0, t ∈ N, describing the unobservable perturba-
tions which affect the system (3.1). ye

t−1,t+i ∈ R
d, i = 0, . . . , n2, are forecasts

for future realizations yt+i, i = 0, . . . , n2, respectively.

Remark 3.1. A complete treatment of models of the type (3.1) seems as yet
unaccomplished, cf. Evans & Honkapohja (2001, p. 173). Most models of the
literature have n2 ≤ 1. The financial market model discussed in Chapter 7,
Section 7.4 may serve as an example for n2 = 1. This model is generalized in
Hillebrand & Wenzelburger (2006a) to a financial market model with traders
whose planning horizon is longer than two periods and which is described by
an economic law of the form (3.1) with arbitrarily large n2 > 1.

The model (3.1) provides a quite general specification of a linear economic
system, where for the sake of simplicity we abstract from lagged forecasts
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made at previous dates as well as from contemporaneous forecasts. For the
purposes of this chapter, it is convenient to reformulate the model (3.1) as
follows. To this end we adjust the notation of Chapter 2 to the particular
needs of this chapter and use ‘	’ to distinguish between row and column
vectors. This also facilitates further reading of the related literature. For each
t ∈ N, set

Yt := (y�t , . . . , y�t−n1+1)
�, Y e

t := (ye�
t,t+1+n2

, . . . , ye�
t,t+1)

�

Wt := (w�
t , . . . , w�

t−n3+1)
�, Et := (ε�t , . . . , ε

�
t−n4+1)

�

and
xt = (Y �

t ,W�
t , E�

t )�. (3.2)

Let Id denote the identity matrix on Rd and define block matrices associated
with (3.1) as

A :=

⎛⎜⎜⎜⎝
A(1) · · · · · · A(n1)

Id 0 · · · 0
...

. . .
. . .

...
0 · · · Id 0

⎞⎟⎟⎟⎠ , B :=

⎛⎜⎜⎜⎝
B(0) · · · B(n2)

0 · · · 0
...

...
0 · · · 0

⎞⎟⎟⎟⎠ ,

C :=

⎛⎜⎜⎜⎝
C(1) · · · C(n3)

0 · · · 0
...

...
0 · · · 0

⎞⎟⎟⎟⎠ , D :=

⎛⎜⎜⎜⎝
D(1) · · · D(n4)

0 · · · 0
...

...
0 · · · 0

⎞⎟⎟⎟⎠ .

(3.3)

Let prn
−1 : Rdn → Rdn, n ∈ N, be a projection mapping, given by

prn
−1 :=

⎛⎜⎜⎜⎝
0 · · · · · · 0
Id 0 · · · 0
...

. . .
. . .

...
0 · · · Id 0

⎞⎟⎟⎟⎠ , n ∈ N.

A linear economic law with expectational leads is an (affine-)linear map
G : R

2d × R
d(n1+n3+n4) × R

d(n2+1) → R
d(n1+n3+n4), defined by

xt+1 = G(ξt+1, xt, Y
e
t ) (3.4)

:=

⎛⎝A C D

0 prn3
−1 0

0 0 prn4
−1

⎞⎠ xt +

⎛⎝BY e
t

0
0

⎞⎠ +

⎛⎝ (ε�t+1 + b�, 0, . . . , 0)�

(w�
t+1, 0, . . . , 0)�

(ε�t+1, 0, . . . , 0)�

⎞⎠ ,

with ξt+1 = (ε�t+1, w
�
t+1)

� ∈ R
2d.

The linear specification of the economic law (3.1) suggests to restrict the
analysis of forecasting rules to (affine-) linear functions Ψ : Rd(n1+n3+n4) ×
Rd(n2+1) → Rd(n2+1), given by
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Y e
t := Ψ(xt, Y

e
t−1), (3.5)

such that Y e
t is the vector forecasts formed at date t ∈ N. It will turn out that

forecasting rules which generate rational expectations equilibria (REE) of the
model (3.1) are of the functional form (3.5). In order to actually apply (3.5),
we will assume for the moment that, contrary to the assumptions stated at
the outset, {εs}t

s=0 are observable in period t. When introducing our learning
scheme in Section 3.3 below, we will replace the {εt}t∈N with appropriate
estimates.

Given the economic law G and a forecasting rule Ψ , the future state of the
economy is determined by the time-one map

GΨ (ξt+1, ·) : R
d(n1+n3+n4)× R

d(n2+1) → R
d(n1+n3+n4) × R

d(n2+1), (3.6)

ξt+1 ∈ R2d, defined by(
xt

Y e
t−1

)
�→

(
G
(
ξt+1, xt, Ψ(xt, Y

e
t−1)

)
Ψ
(
xt, Y

e
t−1

) )
.

In other words, if xt is the (lagged) state of the economy at date t, Y e
t−1 are the

previous forecasts and ξt+1 is the future realization of the exogenous shock,(
xt+1

Y e
t

)
= GΨ (ξt+1, xt, Y

e
t−1)

describes the state xt+1 of the economy at date t+1 together with all relevant
forecasts Y e

t . The map (3.6) thus drives the evolution of the economy. The
system (3.6) can also be seen as a state-space representation of an ARMAX
process, cf. Hannan & Deistler (1988). Other forecasting rules, in particu-
lar those which depend explicitly on time, can be implemented in a similar
manner. This, in fact, will be done when introducing our learning scheme.

Before we address the problem of learning REE from historical data, we
state conditions under which the system (3.4) is stable in the sense that the
growth of the realizations yt is P-a.s. bounded. This will become important
when introducing our learning scheme because it guarantees dynamic stability
of the economic system. Recall the following notation. By at = O(bt) P-a.s.
for two sequences of random numbers {at} and {bt}, we mean that sup

t∈N

∣∣at

bt

∣∣ ≤
c P-a.s. for some positive constant c. By at = o(bt) P-a.s., we mean that
lim

t→∞
∣∣at

bt

∣∣ = 0 P-a.s.

Proposition 3.1. Consider the economic law (3.1) and let

Xt = (Y �
t , Y e�

t ,W�
t , E�

t )� (3.7)

Assume that the following hypotheses are satisfied:

(i) All eigenvalues λi of A given in (3.3) lie on or within the unit circle, that
is, |λi| ≤ 1.
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(ii) The two exogenous sequences {wt}t∈N and {ε}t∈N satisfy ‖wt‖ = o(tβ)
and ‖ε‖ = o(tβ) P-a.s. for some real number β.

If, in addition, the forecasts fulfill P-a.s.

‖ye
t,t+i‖ = o(tβ) for all j = 1, . . . , n2 + 1, (3.8)

then the system (3.1) is stable in the sense that there exists α > 0 such that

‖Xt‖ = O(tα) P − a.s.

Corollary 3.1. Under the hypotheses of Proposition 3.1, if all eigenvalues λi

of A given in (3.3) lie within the unit circle, i.e. |λi| < 1, then

‖Xt‖ = o(tβ) P − a.s.

The proofs of Proposition 3.1 and Corollary 3.1 are given in Section 3.5.1
below. Observe that Proposition 3.1 makes no assumption on how the fore-
casts have been obtained. In particular, the assumptions of Proposition 3.1
do not rule out that (3.1) admits explosive REE. The major implication of
Proposition 3.1 is that a forecasting agency controlling the forecasts ye

t,t+j ,
which are actually inserted into the economic law (3.4), has to ensure that
these are bounded in the above sense in order to keep the economic system
dynamically stable. If Condition (i) were violated, stability cannot be ensured
without a-priori knowledge on the parameter matrices A and B.

Remark 3.2. We briefly comment on the case when Condition (i) of Propo-
sition 3.1 on the eigenvalues of A is violated. Using the notation introduced
above, an affine-linear forecasting rule (3.5) is of the form

Y e
t = Ψ(Yt,Wt, Et, Y

e
t−1) := KYt + LY e

t−1 + MWt + NEt + c,

where K, L, M, and N are non-random matrices of respective dimensions and
c ∈ R

d(n2+1) is a non-random vector. Summarizing the exogenous processes
acting on the system in

ηt+1 := CWt + DEt + εt+1 + b,

ζt := MWt + NEt + c,

the time-one map (3.6) takes the form{
Yt+1 := AYt + BY e

t + ηt+1

Y e
t := KYt + LY e

t−1 + ζt

or, in block-matrix representation,(
Yt+1

Y e
t

)
=

(
A + BK BL

K L

) (
Yt

Y e
t−1

)
+

(
Bζt + ηt+1

ζt

)
. (3.9)
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In view of Proposition 3.1, the major requirement for the stability of (3.9) is
that all eigenvalues of the coefficient matrix(

A + BK BL

K L

)
(3.10)

lie within the unit circle. Given A and B, it is well known from control theory
that K exists such that all eigenvalues of A + BK lie within the unit circle
if the pair (A,B) is controllable, cf. Simon & Mitter (1968, Thm. 5.3, p.
325). Choosing L = 0, we see that in this case the realizations Yt can be made
bounded, whereas the forecasts Y e

t are possibly unbounded. Except for the scalar
case, choosing K and L such that (3.10) satisfies the eigenvalue condition is
significantly more difficult. In any case, however, without a-priori knowledge
on A and B, it is hardly possible to choose K and L so that the system
(3.9) is stable. For this reason the conditions of Proposition 3.1 seem to be
indispensable for adaptive learning schemes.

Remark 3.3. In view of Chapter 4 we could assume that, in addition, the two
processes {wt}t∈N and {εt}t∈N admit a representation by a so-called ergodic
metric dynamical system which we will introduce there. Then the time-one
map (3.6) becomes an affine random dynamical system in the sense of Arnold
(1998).

3.2 Unbiased Forecasting Rules

In this section we will illustrate the results of Chapter 2 by introducing an
(affine-)linear unbiased forecasting rule designed to generate rational expec-
tations along all orbits of the linear system (3.1) or, in other words, rational
expectations equilibria (REE). We will begin with linear no-updating rules
and then discuss linear MSV predictors.

To derive an unbiased linear forecasting rule, we briefly review results
from Chapter 2. Recall that in each period t there are n2 forecasts ye

t−i,t+1,
i = 1, . . . , n2, for yt+1 which have been set at dates prior to t. Denote by
Ej [·] = E[·|Fj ] the conditional expectations operator. The forecast errors for
yt+1 conditional on information available at the respective dates vanish if and
only if

Et−i[yt+1 − ye
t−i,t+1] = 0 P − a.s., i = 0, . . . , n2. (3.11)

Condition (3.11) and the law of iterated expectations, i.e. Et−i[Et[yt+1]] =
Et−i[yt+1], i ≥ 0, implies that all forecasts ye

t−n2,t+1, . . . , y
e
t,t+1 for yt+1 have

to satisfy the consistency conditions

Et−i[y
e
t,t+1] = ye

t−i,t+1 P − a.s., i = 1, . . . , n2. (3.12)

On the other hand, if all forecasts ye
t−n2,t+1, . . . , y

e
t,t+1 obey (3.12), then the

law of iterated expectations implies that (3.11) is automatically satisfied, pro-
vided that the most recent forecast ye

t,t+1 has a vanishing conditional forecast
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error, that is, Et[yt+1]−ye
t,t+1 = 0 P-a.s. Since (3.12) has to hold for all times t

and analogously for all forecasts ye
t,t+j, we can transform (3.12) to consistency

conditions for the first n2 forecasts ye
t,t+1, . . . , y

e
t,t+n2

formed at date t. These
take the form

Et−1[y
e
t,t+i] − ye

t−1,t+i = 0 P − a.s., i = 1, . . . , n2, (3.13)

where ye
t−1,t+1, . . . , y

e
t−1,t+n2

are the respective forecasts formed at date t−1.

In terms of linear forecasting rules Ψ = (Ψ (1), . . . , Ψ (n2+1)) of the form
(3.5), we have Ψ (i) : Rd(n1+n3+n4) × Rd(n2+1) → Rd with

ye
t,t+i := Ψ (i)(xt, Y

e
t−1) (3.14)

for each i = 1, . . . , n2 +1. In view of Definition 2.1, Chapter 2, the consistency
conditions (3.13) in terms of the linear forecasting rules (3.14) state that for
each i = 1, . . . , n2,

Et−1[Ψ
(i)(xt, Y

e
t−1)] = ye

t−1,t+i P − a.s. (3.15)

for all (xt, Y
e
t−1) and all periods t. As before, Condition (3.15) provides a min-

imum requirement a forecasting rule has to meet in order to generate rational
expectations, since otherwise (3.11) cannot be satisfied for all forecasts.

To see which forecasting rules generate rational expectations, we first com-
pute the expected value of the future state yt conditional on information
available at date t− 1 which is

Et−1[yt] =

n1∑
i=1

A(i) yt−i +

n2∑
i=0

B(n2−i) ye
t−1,t+i +

n3∑
i=1

C(i)wt−i +

n4∑
i=1

D(i)εt−i +b.

The forecast error Et−1[yt] − ye
t−1,t conditional on information available at

date t − 1 is then obtained from the (mean) error function associated with
the economic law (3.1) which is given by a function

EG : R
d(n1+n3+n4) × R

d(n2+1) → R
d,

defined by

EG(xt−1, Y
e
t−1) :=

n1∑
i=1

A(i) yt−i +

n2∑
i=0

B(n2−i) ye
t−1,t+i − ye

t−1,t (3.16)

+

n3∑
i=1

C(i)wt−i +

n4∑
i=1

D(i) εt−i + b,

where

xt−1 = (y�t−1, . . . , y
�
t−n1

, w�
t−1, . . . , w

�
t−n3

, ε�t−1, . . . , ε
�
t−n4

)�

and
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Y e
t−1 = (ye�

t−1,t+n2
, . . . , ye�

t−1,t)
�.

Given an arbitrary state of the economy xt−1, the error function describes
all possible mean forecast errors, regardless of which forecasting rule has been
applied. Geometrically, the graph of the error function (3.16) is a hyper-plane.
Given arbitrary forecasts Y e

t−1, the conditional forecast error for ye
t−1,t van-

ishes if and only if

Et−1[yt] − ye
t−1,t = EG(xt−1, Y

e
t−1) = 0 P − a.s. (3.17)

In view of Definition 2.3, Chapter 2, a forecasting rule Ψ which for given
(xt−1, Y

e
t−2) sets Y e

t−1 = Ψ(xt−1, Y
e
t−2) such that (3.17) holds is called unbiased

at (xt−1, Y
e
t−2). A forecasting rule which is unbiased along orbits can now be

redefined as follows. (Compare with Definition 2.4, Chapter 2.)

Definition 3.1. A consistent forecasting rule Ψ� = (Ψ
(1)
� , . . . , Ψ

(n2+1)
� ) is

called unbiased if there exists a non-empty subset U ⊂ R
d(n1+n2+n3+n4+1)

such that the following conditions are satisfied:

(i) Unbiasedness. Ψ� satisfies

EG

(
x, Ψ�(x, Y

e)
)

= 0 for all (x, Y e) ∈ U.

(ii) Invariance. U is invariant under the map GΨ�
defined in (3.6), that is, for

each ξ ∈ R
2d,

GΨ�
(ξ, x, Y e) ∈ U for all (x, Y e) ∈ U.

Condition (i) describes states (x, Y e) in which the forecast error (3.17)
vanishes and Condition (ii) implies that (3.17) can be satisfied for all times
t. If Ψ� is unbiased in the sense of Definition 3.1, then all orbits γ(x1, Y

e
0 ) :=

{xt, Y
e
t−1}t∈N generated by the time-one map GΨ�

, where initial conditions
(x1, Y

e
0 ) ∈ U may be arbitrary, correspond precisely to rational expectations

equilibria (REE).

3.2.1 No-Updating Rules

Observe that the error function (3.16) is globally invertible if B(0) is invert-
ible. We can now exploit the linear structure of (3.16) and construct a linear
unbiased forecasting rule as follows. Suppose B(0) is invertible. We may then
solve (3.17) by setting

ye
t−1,t−1+i = ye

t−2,t−1+i, i = 1, . . . , n2

and solving for ye
t−1,t+n2

to get
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ye
t−1,n2+1 = Ψ

(n2+1)
� (xt−1, Y

e
t−2) (3.18)

:= −(B(0))−1

[
n1∑
i=1

A(i)yt−i +

n2−1∑
i=0

B(n2−i)ye
t−2,t+i − ye

t−2,t

+

n3∑
i=1

C(i)wt−i +

n4∑
i=1

D(i) εt−i + b

]
,

where

xt−1 = (y�t−1, . . . , y
�
t−n1

, w�
t−1, . . . , w

�
t−n3

, ε�t−1, . . . , ε
�
t−n4

)�

as before.The function (3.18) induces a linear forecasting rule

Ψ� = (Ψ
(1)
� , . . . , Ψ

(n2+1)
� )

of the functional form (3.5) by setting⎧⎨⎩ye
t−1,t−1+i = Ψ

(i)
� (xt−1, Y

e
t−2) := ye

t−2,t−1+i, i = 1, . . . , n2,

ye
t−1,t+n2

= Ψ
(n2+1)
� (xt−1, Y

e
t−2)

(3.19)

for an arbitrary state xt−1 and arbitrary forecasts Y e
t−2. As (3.19) never up-

dates forecasts made in the previous period, it will be referred to as a (linear)
no-updating forecasting rule. By construction,

EG

(
x, Ψ�(x, Y

e)
)

= 0 identically on R
d(n1+n2+n3+n4+1)

and since the forecasting rule (3.19) clearly fulfills the consistency conditions
(3.15), Condition (i) of Definition 3.1 is satisfied. Inserting (3.19) into the
economic law (3.1), the associated time-one map (3.6) takes the form⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

xt =

⎛⎝prn1
−1 0 0
0 prn3

−1 0
0 0 prn4

−1

⎞⎠xt−1 +

⎛⎝ (pr1Y
e
t−2)

�

0
0

⎞⎠ +

⎛⎝(
(εt + b)�, 0

)�
(w�

t , 0)�

(ε�t , 0)�

⎞⎠
Y e

t−1 = Ψ�(xt−1, Y
e
t−2)

(3.20)
with pr1Y

e
t−2 = ye

t−2,t. Since (3.20) is defined globally on Rd(n1+n2+n3+n4+1),
the forecasting rule (3.19) fulfills Condition (ii) of Definition 4.4, so that it is
unbiased. It is easy to verify that all conditional forecast errors generated by
(3.20) vanish on average, since by construction Et−1[yt] = ye

t−1,t and hence
all forecasts for yt satisfy

Et−1[yt] = ye
t−i,t P − a.s., i = 1, . . . , n2 + 1, (3.21)

as long as the no-updating rule (3.19) has been applied for the past n2 + 1
periods. Since (3.19) is defined globally on Rd(n1+n2+n3+n4+1), it is globally
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unbiased in the sense of Definition 3.1 implying that all orbits of (3.20) cor-
respond to REE in the classical sense. The function (3.19) will henceforth be
referred to as an unbiased no-updating forecasting rule.

The forecasting rule (3.19) is constructed in such a way that Et[yt+1] =
ye

t,t+1 for all choices of ye
t,t+i, i = 1, . . . , n2. This implies a considerable freedom

in selecting these first n2 (n2 > 0) forecasts because any martingale difference
sequence could, in principle, be added to these forecasts without violating the
unbiasedness. This freedom constitutes a primary cause for the emergence
of multiple unbiased forecasting rules and thus of REE in the presence of
expectational leads.

Remark 3.4. Confirming Theorem 2.1 of Chapter 2, the remarkable phe-
nomenon in economic systems with expectational leads (n2 > 0) and invertible
B(0) is that the unbiased no-updating forecasting rule (3.19) generates rational
expectations in the sense that all forecast errors (3.17) conditional on infor-
mation available at date t vanish, including those which were made prior to
that date. It yields the most precise forecasts in the sense that forecast errors
vanish conditional on information which is not available at the stage in which
they were issued. This fact holds only for forecasts which feed back into the
system in a non-trivial manner.

We note in passing that the no-updating rule (3.19) is closely related to the
classical Åström-Wittenmark self-tuning regulator (Åström & Wittenmark
1973), known from the literature on adaptive control and optimal tracking,
cf. Caines (1988).

There are well-known examples in which B(0) is not invertible, see Evans &
Honkapohja (2001, Chap. 10). In these cases (3.19) does not exist and the con-
struction of an unbiased forecasting rule may become quite involved. One way
out of this problem is presented in Section 3.2.2 below. There we discuss linear
minimal-state-variable predictors (MSV predictors) which generate minimal-
state-variable solutions in the sense of McCallum (1983). Another way out of
the problem with singular B(0) is outlined in Example 3.1. Here we exploit the
fact that the first condition in Definition 3.1 is a local invertibility property
of the error function.

Example 3.1. We present a particularly easy example from Wenzelburger
(2006) in which B(0) is singular, indicating to what extent an unbiased fore-
casting rule will exist if the invertibility condition of the coefficient matrix
B(0) is violated. This example provides a complementary approach to the one
of McCallum (1998) and may easily be extended to the general case. With the
notation of Section 3.1, consider the simple economic law

yt = Bye
t−1,t+1 + εt, (3.22)

where B ≡ B(0) is a singular d × d matrix such that the inverse of B does
not exist. An example similar to (3.22) but with different dating is found in
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McCallum (1998). We may find a ‘coordinate transformation’ z = Qy with a
nonsingular d× d matrix Q, such that

Q · B ·Q−1 =

(
B̃(11) B̃(12)

0 0

)
with a non-singular d1×d1 matrix B̃(11) and some d1×d2 matrix B̃(12), where
d1 + d2 = d. Such a coordinate transformation Q would exist, for example, if
B were diagonalizable. Set

zt = Qyt, ze
t−1,t+1 = Qye

t−1,t+1, and ηt = Qεt. (3.23)

Then (3.22) can be transformed into(
z
(1)
t

z
(2)
t

)
=

(
B̃(11) B̃(12)

0 0

)(
z
(e1)
t−1,t+1

z
(e2)
t−1,t+1

)
+

(
η
(1)
t

η
(2)
t

)
, (3.24)

where

ze
t−1,t+1 =

(
z
(e1)
t−1,t+1

z
(e2)
t−1,t+1

)
.

Thus the economic law (3.22) decouples into two (vector) equations (3.24),

the second of which receives no feedback from the forecasts. Since z
(2)
t = η

(2)
t ,

we set z
(e2)
t−1,t+1 = Et−1[η

(2)
t+1] to obtain an unbiased forecast for z

(2)
t+1. Since

B̃(11) is invertible, we can construct an unbiased no-updating forecasting rule
for the first component analogously to (3.19). An unbiased forecasting rule for
(3.24) then is⎧⎨⎩ z

(e1)
t−1,t+1 = (B̃(11))−1

[
z
(e1)
t−2,t − B̃(12)Et−1[η

(2)
t+1] − Et−1[η

(1)
t ]

]
z
(e2)
t−1,t+1 = Et−1[η

(2)
t+1]

. (3.25)

The unbiasedness is verified by inserting (3.25) into (3.24) and taking condi-
tional expectations, so that

Et−1[z
(1)
t − z

(e1)
t−2,t] = 0 and Et−2[zt − z

(2e)
t−2,t] = 0 P − a.s.

Observe that z
(e1)
t−2,t is a best least-squares prediction for z

(1)
t with respect to

Ft−1 and hence with respect to Ft−2, whereas, in general, Et−1[zt−z
(2e)
t−2,t] �= 0.

Setting
ye

t−1,t+1 = Q−1ze
t−1,t+1, (3.26)

we thus obtain an unbiased forecasting rule in the sense of Definition 3.1
for the original economic law (3.22). Indeed, it follows from (3.23) that the
forecast errors for (3.22) are

yt − ye
t−2,t = Q−1[zt − ze

t−2,t] P − a.s.,



34 3 Adaptive Learning in Linear Models

implying that the forecast errors conditional on Ft−2 vanish. Taking condi-
tional expectations with respect to Ft−1, we see in addition that even

Et−1[y
(1)
t − y

(1e)
t−2,t] = 0, (3.27)

provided that Et−1[η
(2)
t ] − Et−2[η

(2)
t ] = 0. The higher precision (3.27) holds,

for instance, if {ηt}t∈N is a martingale difference sequence.

3.2.2 Linear MSV Predictors

In the literature on rational expectations, the notion of minimal-state-variable
solutions is a well-established concept to describe situations in which agents
have rational expectations along particular orbits of the system. For linear
models with expectational leads of order 2 this concept was developed in
McCallum (1983, 1998, 1999). A univariate linear example with leads of order
3 is found in Evans & Honkapohja (2001). We relate this concept to our
notion of a consistent forecasting rule by introducing minimal-state-variable
predictors (MSV predictors) for linear models with expectational leads of
arbitrary length.

For simplicity, we assume throughout this section that n1 = n3 = 1 for
the lag length of both the endogenous and exogenous variables, we let n2 > 0
be of arbitrary size, and restrict the following analysis to the white-noise case
n4 = 0 with an AR(1) process {wt}t∈N and a martingale difference sequence
{εt}t∈N. Consider a perceived law of motion of the form{

yt+1 = Âyt + Ĉwt + b̂ + εt+1,

wt+1 = Πwt + ηt+1,
(3.28)

on the basis of which a forecasting agency forms expectations. yt ∈ Rd and
wt ∈ Rd denote vectors of endogenous and exogenous variables, respectively,
Â, Ĉ, and Π are non-random matrices of respective dimensions, and b̂ ∈ Rd a
non-random vector. {εt}t∈N and {ηt}t∈N are martingale difference sequences
on (Ω,F ,P) adapted to the filtration {Ft}t∈N which are assumed to be un-
observable. If (yt, wt) ∈ Rd ×Rd describes the state of the economy at date t,
the perceived state at date t + j derived from the model (3.28) is{

yt+j = Âjyt +
∑j

i=1 Â
j−i[Ĉwt+i−1 + b̂ + εt+i],

wt+j = Πjwt +
∑j

i=1 Π
j−iηt+i.

(3.29)

Taking conditional expectations with respect to Ft and using the fact that
Et[wt+j ] = Πjwt, we obtain a forecasting rule Φ = (Φ(1), . . . , Φ(n2+1)) by
setting

ye
t,t+j = Φ(j)(yt, wt) := Âjyt +

j∑
i=1

Âj−i[ĈΠi−1wt + b̂] (3.30)
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for all j = 1, . . . , n2 + 1. Since the forecasting rule Φ defined in (3.30) uses
a minimal amount of endogenous and exogenous variables, it will be referred
to as minimal-state-variable predictor (MSV predictor). By construction, one
has ye

t,t+j = Et[yt+j ] if yt+j is thought of being generated from (3.29), and a
straightforward calculation shows that each forecast (3.30) satisfies

Et−1[y
e
t,t+j ] = Et−1[Φ

(j)(yt, wt)] = Φ(j+1)(wt−1, yt−1) = ye
t−1,t+j

for all j = 1, . . . , n2. This implies that a MSV predictor is a consistent forecast-
ing rule, since it satisfies Condition (3.15). Observe that the MSV predictor

associated with (3.28) can be represented by the quadruple (Â, Ĉ, b̂, Π).

In order to construct a MSV predictor Φ = (Φ(1), . . . , Φ(n2+1)) which is
unbiased in the sense of Definition 3.1, let

ΓΦ :=
{

(y, w, z(1), . . . , z(n2+1)) ∈ R
d(n2+3)

∣∣∣z(j) = Φ(j)(y, w), 1 ≤ j ≤ n2 + 1
}

be the graph of the MSV predictor Φ = (Φ(1), . . . , Φ(n2+1)). It is easy to
see that ΓΦ is invariant under the corresponding time-one map GΦ. Hence Φ
satisfies Property (ii) of Definition 3.1. A MSV predictor Φ is unbiased in the
sense of Definition 3.1 if

EG

(
y, w, Φ(1)(y, w), . . . , Φ(n2+1)(y, w)

)
= 0 (3.31)

for all (y, w) ∈ R
d × R

d, where EG denotes the error function associated with
the economic law (3.1) (with n1 = n3 = 1 and n4 = 0).

Inserting (3.30) into (3.31), a MSV predictor Φ is unbiased if and only if

the unknown d× d coefficient matrices Â and Ĉ, and b̂ ∈ Rd in (3.30) satisfy

0 = A(1) + [B(n2) − Id]Â +

n2−1∑
i=0

B(n2−i)Âi+1, (3.32)

0 =

n2−1∑
i=0

i+1∑
j=1

B(n2−i)Âi+1−jĈΠj−1 + [B(n2) − Id]Ĉ + C(1), (3.33)

0 =

⎛⎝n2−1∑
i=0

i+1∑
j=1

B(n2−i)Âi+1−j + [B(n2) − Id]

⎞⎠ b̂ + b. (3.34)

Summarizing, this yields the following existence theorem for unbiased MSV
predictors.

Theorem 3.1. Suppose that n1 = n3 = 1, n4 = 0, and that the exogenous
observable noise {wt}t∈N is an AR(1) process of the form

wt = Πwt−1 + ηt,
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where Π is a non-random d× d matrix whose eigenvalues lie within the unit
circle and {ηt}∈N is a martingale difference sequence. Let

Φ� = (Φ
(1)
� , . . . , Φ

(n2+1)
� )

be a MSV predictor pertaining to the perceived law of motion (3.28) which

is represented by the quadruple (Â�, Ĉ�, b̂�, Π), where Â� and Ĉ� are d ×
d matrices with real coefficients and b̂� ∈ Rd. Then Φ� is unbiased for the
economic law (3.1) in the sense of Definition 3.1 if and only if the triplet

(Â�, Ĉ�, b̂�) is a solution of eqs. (3.32)-(3.34).

Eqs. (3.32)-(3.34) correspond to Eqs. (10.5)-(10.7) in Evans & Honkapo-
hja (2001, p. 230) for expectational leads of arbitrary length. It is shown in
Lancaster (1969, Thm. 8.4.1, p. 262) that (3.33) can be transformed into a
linear matrix equation. Thus (3.33) and (3.34) are linear equations for Ĉ and

b̂, once Â is known. It is straightforward to verify that Â� is a solution to
(3.32) if and only if the linear factor (λId − Â�), λ ∈ R is a right divisor of
the matrix polynomial

L(λ) = A(1) + [B(n2) − Id]λ +

n2−1∑
i=0

B(n2−i)λi+1, λ ∈ R,

see Gohberg, Lancaster & Rodman (1982, p. 125). Solutions Â� with real
coefficients need neither exist nor be uniquely determined because, in gen-
eral, there are multiple right divisors. In fact, the full set of solutions may
be obtained from a decomposition of L(λ) into linear factors, cf. Gohberg,
Lancaster & Rodman (1982, p. 113).

If Φ� is an unbiased MSV predictor with coefficients, it follows from The-
orem 3.1 together with (3.31) that

yt = Φ
(1)
� (yt−1, wt−1) + εt = G

(
ξt, yt−1, wt−1, Φ�(yt−1, wt−1)

)
(3.35)

for all t ∈ N, where G denotes the economic law with n1 = n3 = 1, n4 = 0
as defined in (3.4). In other words, unbiased MSV predictors, if they exist,
generate minimal-state-variable solutions to (3.1) in the sense of McCallum
(1983). These correspond to the perceived law of motion (3.28) with coeffi-

cients (Â�, Ĉ�, b̂�, Π). All forecasts obtained from Φ� are best least-squares
predictions with respect to the corresponding information along any orbit of
the resulting time-one map (3.6).

To compute an unbiased MSV predictor may become a difficult problem.
Explicit solutions to (3.32)-(3.34) for the case n2 = 1 are found in McCallum
(1983, 1998, 1999). The existence of solutions to (3.32)-(3.34), in general, do
not require an invertible B(0). However, it does requires full knowledge of the
coefficient matrix Π which is not needed for a no-updating rule. Notice also
that all eigenvalues of a solution Â� must have modulus less than unity in
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order to obtain a stable process and thus an economically meaningful solu-
tion. In Example 2.2 of Chapter 2 we have already seen that unbiased MSV
predictors may not exist, while unbiased no-updating rules exist. Despite this
fact, however, unbiased MSV predictors are important as they may generate
stable long-run behavior under rational expectations in an otherwise unstable
situation.

Remark 3.5. In some cases linear models may admit unbiased MSV pre-
dictors which are non-linear functions, cf. Froot & Obstfeld (1991). These
correspond to non-linear rational-expectations solutions and will be treated in
Chapter 4.

3.3 Approximating Unbiased Forecasting Rules

We are now in a position to introduce a learning scheme for unbiased fore-
casting rules for the general linear system (3.1) using methods from control
theory which are developed in Lai & Wei (1986b). For simplicity of exposition,
we assume that the constant term in (3.1) is zero, i.e. b = 0. Setting

θ = (A(1), . . . , A(n1), B(0), . . . , B(n2), C(1), . . . , C(n3), D(1), . . . , D(n4))

and
X�

t−1 = (Y �
t−1, Y

e�
t−1,W

�
t−1, E

�
t−1)

�, (3.36)

the linear system (3.1) may be rewritten as

yt = θXt−1 + εt. (3.37)

We will use the representation (3.37) to approximate the unbiased no-updating
rule Φ� given in (3.18) from estimates for the coefficients θ in two steps. In the
first step, we estimate the unknown coefficient matrix θ from historical data.
In the second step we compute an approximation of an unbiased forecasting
rule. The estimates of the unknown coefficient matrix θ in (3.37) are obtained
from the so-called approximate-maximum-likelihood (AML) algorithm, cf. Lai
& Wei (1986b). This method provides a recursive scheme which generates
successive estimates

θ̂t = (Â
(1)
t , . . . , Â

(n1)
t , B̂

(0)
t , . . . , B̂

(n2)
t , Ĉ

(1)
t , . . . , Ĉ

(n3)
t , D̂

(1)
t , . . . , D̂

(n4)
t )

(3.38)
for θ based on information available at date t. Since the noise process {εt}t∈N

is assumed to be unobservable, we replace the regressor Xt−1 in (3.37) by

X̂t−1 := (Y �
t−1, Y

e�
t−1,W

�
t−1, Ê

�
t−1)

�,

Êt−1 := (ε̂�t−1, . . . , ε̂
�
t−n4

)�,
(3.39)

where
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ε̂t−i := yt−i − θ̂t−iX̂t−i−1, i = 1, . . . , n4 (3.40)

are also called a-posteriori prediction errors. The AML algorithm is recursively
defined by⎧⎨⎩ θ̂t = θ̂t−1 + (yt − θ̂t−1X̂t−1)X̂

�
t−1Pt−1,

Pt−1 = Pt−2 − Pt−2(X̂t−1X̂
�
t−1)Pt−2 (1 + X̂�

t−1Pt−2X̂t−1)
−1,

(3.41)

where the initial conditions P0 and θ̂0 may be chosen arbitrarily with P0

invertible.1

The parameter estimate θ̂t as given in (3.38) can now be used to estimate
an unbiased no-updating rule (3.19) as follows. Let B# denote the generalized
inverse of a matrix B, also referred to as Moore-Penrose inverse, see Lan-
caster (1969, p. 303). B# coincides with the inverse B−1 if B is invertible. An
approximation of the unbiased no-updating rule (3.19) is given by the map

ye
t,t+j = ye

t−1,t+j, j = 1, . . . , n2,

ye
t,t+1+n2

= ψ̂(x̂t, Y
e
t−1; θ̂t)

:= −B̂
(0)#
t

[ n1∑
i=1

Â
(i)
t yt+1−i +

n2−1∑
i=0

B̂
(n2−i)
t ye

t−1,t+1+i

−ye
t−1,t+1 +

n3∑
i=1

Ĉ
(i)
t wt+1−i +

n4∑
i=1

D̂
(i)
t ε̂t+1−i

]
,

(3.42)

where
x̂t := (Y �

t ,W�
t , Ê�

t )�

is an approximation of the vector of endogenous variables xt defined in (3.2).
Using (3.41), the forecasting rule (3.42) will then be updated over time with

the updates of the parameter estimates θ̂t.

Remark 3.6. (i) By Theorem 2 of Lancaster (1969, p. 306), x0 := B#b
minimizes ‖Bx − b‖ in the sense that any x �= x0 ∈ Rd satisfies either
‖Bx− b‖ > ‖Bx0 − b‖ or ‖Bx− b‖ = ‖Bx0 − b‖ and ‖x‖ > ‖x0‖.

(ii) If B(0) is known to be invertible, then an approximation of the unbiased
no-updating rule could directly be obtained from regressing over (3.18)
instead of (3.1), thereby avoiding the somewhat involved computation of a
Moore-Penrose inverse.

(iii) Instead of (3.42), an approximation of any other unbiased forecasting rule
could be taken. Observe, however, that taking an MSV predictor as intro-
duced in Section 3.2.2 may be computationally demanding. Eqs. (3.32)-
(3.34) may not admit solutions with real coefficients for approximated pa-
rameters. With the focus on global convergence of the AML algorithm, we
therefore choose (3.42).

1By the matrix inversion lemma, P−1
t

= P−1
t−1 + X̂tX̂

�
t , cf. Caines (1988).
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(iv) A constant term b �= 0 could be incorporated into the AML algorithm as
follows. The simplest way is to assume that ε̄ with

(
Id +

∑n4

i=1 D
(i)

)
ε̄ = b

exists. We may then set ε̃t := εt + ε̄ and replace εt with ε̃t in the definition
of the a-posteriori prediction errors (3.40). Then b̂t := 1

t+1

∑t
i=0 ε̂i is a

period-t estimate for b. By a reasoning analogous to the proof of Theorem
3.3 below, ε̂t will converge P-a.s. to εt in either case, so that b̂t converges
to b.

3.4 Convergence of an AML-Based Learning Scheme

We will now investigate under which conditions a learning scheme based on
the AML algorithm (3.41) and the forecasting rule (3.42) converges to rational
expectations. Under a number of assumptions discussed in this section, global
convergence obtains if the coefficient estimates θ̂t generated by the AML al-
gorithm are consistent in the sense that θ̂t converges a.s. to θ, independently
of the initial state of the system and independently of initial parameter esti-
mates. Lai & Wei (1986b) show that under certain standard assumptions (see

Proposition 3.3 below) θ̂t converges to θ a.s. if the regressors Xt given in (3.7)
satisfy the weak persistent excitation condition

λmin

(∑T
t=1 XtX

�
t

)
log

(
e + λmax

(∑T
t=1 XtX�

t

)) → ∞ P − a.s. as T → ∞, (3.43)

where λmin(B) and λmax(B) denote the minimum and maximum eigenvalues
of a symmetric matrix B, respectively. It has long been recognized that in feed-
back systems of the form (3.1), (3.43) may be violated such that the parameter
estimates may fail to be consistent. The main problem with (3.43) is that the
regressors Xt cannot be manipulated directly. However, Lai & Wei (1986b)
showed that the weak persistent excitation condition (3.43) can be translated
into conditions on the inputs alone which in our case are the forecasts and the
two exogenous variables. Following Lai & Wei (1986b), Condition (3.43) will
now be replaced by more direct assumptions concerning these inputs alone.
This requires a modification of the forecasting rule (3.42). The corresponding
assumptions are stipulated as follows.

Assumption 3.1. The unobservable noise process {εt}t∈N is a {Ft}t∈N-ad-
apted martingale difference sequence on the probability space (Ω,F ,P) with
values in Rd which satisfies the following conditions.

(i) supt≥1 E

[
‖εt‖α

∣∣∣Ft−1

]
< ∞ P − a.s. for some α > 2.

(ii) ‖εT ‖ = o(T
1
2 ),

∑T
t=1 ‖εt‖2 = O(T ), and

lim inf
T→∞

1
T λmin

(∑T
t=1 εtε

�
t

)
> 0 P − a.s.
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(iii) Let D(0), . . . , D(n4), n4 ≥ 0, be non-random d× d matrices, where D(0) =
Id is the d× d identity matrix. Assume that the matrix polynomial

Γ (s) = D(0) + D(1)s + · · · + D(n4)sn4 , s ∈ C

is strictly positive real, i.e.,
(a) detΓ (s) �= 0 for all s ∈ C with |s| ≤ 1, and
(b) for each s ∈ C with |s| ≤ 1, the matrix Γ (s) + Γ�(s̄), with s̄ ∈ C

denoting the complex conjugate of s, is strictly positive definite, that
is,

ζ�
(
Γ (s) + Γ�(s̄)

)
ζ > 0 for all 0 �= ζ ∈ R

d.

Assumption 3.2. The observable exogenous variables {wt}t∈N are given by
a {Ft}t∈N-adapted stochastic process on the probability space (Ω,F ,P) with
values in Rd. Let F ′

t := σ(Ft−1, εt) denote the σ-algebra generated by Ft−1

and εt, where εt is defined in Assumption 3.1. Setting w̃t = wt −E[wt|F ′
t], the

process {wt}t∈N is assumed to satisfy the following conditions.

(i) sup
t≥1

E[‖w̃t‖β|F ′
t] < ∞ P − a.s. for some β > 2.

(ii)
∑T

t=1 ‖w̃t‖2 = O(T ) and lim inf
T→∞

1
T λmin

(∑T
t=1 w̃tw̃

�
t

)
> 0 P − a.s.

(iii) ‖wT ‖ = o(T
1
2 ) and

∑T
t=1 ‖E[wt|F ′

t]‖2 = O
(
λmin

(∑T
t=1 w̃tw̃

�
t

))
P− a.s.

The process defined in Assumption 3.1 is referred to as colored noise. The
white-noise case in which Γ (s) = Id and n4 = 0 assumed in most economic
models satisfies Assumption 3.1. The case in which the observable exogenous
process {wt}t∈N is generated by a stable AR(1) process wt = Πwt−1 + ηt,
where Π is a non-random d× d matrix whose eigenvalues lie within the unit
circle and {ηt}t∈N is white noise and hence stochastically independent of the
unobservable noise {εt}t∈N, is an example for a process that fulfills Assumption
3.2. Assumptions 3.1 and 3.2 are thus generalizations of popular parameteri-
zations in the learning literature, cf. Evans & Honkapohja (2001).

Remark 3.7. (i) Since Ljung (1977) Assumption 3.1 appears to be funda-
mental in the systems and control literature, cf. Caines (1988). Ljung,
Söderström & Gustavsson (1975) provide counter-examples to the strong
consistency of the AML algorithm if the so-called positive real condition,
i.e., Assumption 3.1 (iii) is violated.

(ii) Assumption 3.1 contains conditions which are redundant. Condition (i)
implies

∞∑
t=1

P

(
‖εt‖α > δtαα′ | Ft−1

)
< ∞
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for every α′ > 1
α and each δ > 0. By the conditional Borel-Cantelli Lemma

(Stout 1974, Thm. 2.8.5, p. 55), ‖εT‖ = o(Tα′

) P-a.s. for each α′ > 1
α

and thus in particular for α′ = 1
2 . It is shown in Lai & Wei (1983) that

Condition (ii) follows from Condition (i) and the weaker condition

(ii′) lim inf
t→∞

λmin(E[εtε
�
t |Ft−1]) > 0 P − a.s.

Analogous remarks apply to Assumption 3.2 and to Assumption 3.3 below.

Our last assumption concerns the controllable inputs which are the fore-
casts. The key idea is that the forecasts are censored whenever the persis-
tent excitation condition (3.43) is violated or the forecasts itself become un-
bounded.

Assumption 3.3. A forecasting agency issues forecasts based on the AML
algorithm (3.41) and the forecasting rule ψ̂ defined in (3.42) as follows. Given
two sequences of real numbers {ct}t∈N and {vt}t∈N, the forecasts in period t

are based on the current parameter estimate θ̂t and given by a map

Ψ̂t = (Ψ̂
(1)
t , . . . , Ψ̂

(n2+1)
t ), (3.44)

defined by

ye
t,t+j = Ψ̂

(j)
t (x̂t, Y

e
t−1; θ̂t) := ye

t−1,t+j , j = 1, . . . , n2,

ye
t,t+1+n2

= Ψ̂
(n2+1)
t (x̂t, Y

e
t−1; θ̂t)

:=

⎧⎪⎨⎪⎩
ψ̂(x̂t, Y

e
t−1; θ̂t) + vt if ‖ψ̂(x̂t, Y

e
t−1; θ̂t)‖ ≤ ct,

ct

‖ψ̂(x̂t, Y e
t−1, θ̂t)‖

ψ̂(x̂t, Y
e
t−1; θ̂t) + vt otherwise.

Here for a given tolerance level ctol > 0, the bounds {ct}t∈N consists of a

sequence of positive numbers satisfying ct ≥ ctol for all t ∈ N, ‖ct‖ = o(t
1
2 ),

and
∑T

t=1 c
2
t = O(T ). The dither {vt}t∈N is an exogenous white-noise process

satisfying the following conditions.

(a) For each t ∈ N, let Gt := σ(Ft−1, yt, wt) denote the σ-algebra gen-
erated by Ft−1, yt, and wt. Assume E[vt|Gt] = 0 for all t ∈ N and
supt≥1 E[‖vt‖γ |Gt] < ∞ P-a.s. for some γ > 2, and

(b) lim inf
t→∞ λmin(E[vtv

�
t |Gt]) > 0 P-a.s.

In view of Corollary 3.1, the sequence {ct}t∈N ceils the growth of the fore-
casts and in this sense censors the forecasts as to ensure stability. The dither vt

in (3.44) may be thought of being deliberately applied by a forecasting agency
in order to satisfy the excitation condition (3.43). It will turn out Proposition
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3.3 below that this guarantees convergence of the AML algorithm. Observe
that no requirement on the magnitude of the dither is made in Assumption
3.3 so that the size of this perturbation may be very small.

The series of forecasts generated by the AML algorithm (3.41) and the
forecasting rule (3.44) define an AML-based adaptive learning scheme for the
linear system (3.1). With the notation of Section 3.1, the system under AML-
based adaptive learning evolves over time according to the set of equations⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

θ̂t = θ̂t−1 + (yt − θ̂t−1X̂t−1)X̂
�
t−1Pt−1,

Pt−1 = Pt−2 − Pt−2(X̂t−1X̂
�
t−1)Pt−2 (1 + X̂�

t−1Pt−2X̂t−1)
−1,

Êt =
(
(yt − θ̂tX̂t−1)

�, (prn4
−1Êt−1)

�)�
,

Y e
t = Ψ̂t(Yt,Wt, Êt, Y

e
t−1; θ̂t),

xt+1 = G(ξt+1, xt, Y
e
t ).

(3.45)

The last condition required for consistent estimates is an identifiability
condition. Let A(s), B(s), C(s), and D(s), s ∈ C, be matrix polynomials of
the form

A(s) = Ids
n1 −A(1)sn1−1 − · · · −A(n1),

B(s) = B(0)sn2 + B(1)sn2−1 + · · · + B(n2),

C(s) = C(1)sn3−1 + · · · + C(n3),
D(s) = Ids

n4 + D(1)sn4−1 + · · · + D(n4),

(3.46)

where Id denotes the d× d identity matrix and A(i), B(i), C(i), and D(i) are
the d× d parameter matrices of the economic law (3.1).

The matrix polynomials A(s), B(s), C(s), and D(s) are said to be left
coprime, if their greatest common left divisors are unimodular (i.e., with con-
stant determinants �= 0). Equivalently, A(s), B(s), C(s) and D(s) are left
coprime, if there exist matrix polynomials K(s), L(s), M(s), and N(s) such
that A(s)K(s) + B(s)L(s) + C(s)M(s) + D(s)N(s) = Id, cf. Kailath (1980,
p. 399) or Hannan & Deistler (1988, Chap. 2). The left-coprime assumption
is often referred to as an identifiability assumption for an ARMAX system
with colored noise. It is automatically satisfied for the white-noise case. We
are now ready to state our main theorems.

Theorem 3.2. Consider the system (3.1). Let the following hypotheses be
satisfied:

(i) All eigenvalues λi of the matrix A defined in (3.3) lie on or within the
unit circle, that is, |λi| ≤ 1.

(ii) Identifiability assumption. The matrix polynomials A(s), B(s), C(s), and
D(s) given in (3.46) are left coprime.

(iii) The exogenous perturbations satisfy Assumptions 3.1 and 3.2.
(iv) Forecasts are generated by the AML-based learning scheme as defined in

Assumption 3.3.
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Then the system (3.45) is stable in the sense of Proposition 3.1 and the AML-
based adaptive learning scheme generates strongly consistent estimates, i.e.,
θ̂t → θ P-a.s. as t → ∞, globally for all initial conditions.

The proof of Theorem 3.2 is quite involved and will be carried out in Sec-
tion 3.5.2 below. Conditions (i), (iii), and (iv) of Theorem 3.2 will ensure that
the system (3.45) is stable in the sense of Proposition 3.1. Condition (ii) is
needed to ensure strongly consistent parameter estimates. It should be em-
phasized that only the dither and the bounds for the forecasts in Assumption
(iv) matter, but not the particular functional form of the forecasting rule.

Theorem 3.2 makes no assumption on the stability of the system (3.1)
under rational expectations. So by the following Theorem 3.3, a forecasting
agency will apply the approximated unbiased forecasting rule only if the sys-
tem is stable under that forecasting rule.

Theorem 3.3. Let the hypotheses of Theorem 3.2 be satisfied and assume, in
addition, that the following holds:

(i) All eigenvalues λi of the matrix A defined in (3.3) lie within the unit
circle, i.e., |λi| < 1.

(ii) The system (3.1) under the unbiased no-updating rule (3.19) is stable in
the sense that all eigenvalues of the coefficient matrix of the system (3.20)
lie within the unit circle.

(iii) The parameter estimates generated by (3.20) converge fast enough so that

‖θ − θ̂t‖ ‖X̂t−1‖ → 0 P − a.s. as t → ∞.

Then the tolerance level ctol may be chosen large enough so that all orbits of
the AML-based learning scheme converge to orbits with rational expectations,
globally on Rd(n1+n2+n3+n4+1). Moreover, ‖ε̂t − εt‖ → 0 P-a.s. as t → ∞.

Observe that Condition (iii) is automatically satisfied if all exogenous noise
is bounded, because in this case {X̂t}t∈N is bounded. This observation will
become clear in below’s proof of Theorem 3.3.

Corollary 3.3 below provides convergence rates for the AML algorithm in
terms of the observable design matrices Pt defined in (3.41), which are

‖θ̂t − θ‖2 = O

(
logλmax

(
P−1

t

)
λmin

(
P−1

t

) )
P − a.s.,

whereP−1
t = P−1

t−1 + X̂tX̂
�
t . These bounds indicate how precise the actual

parameter estimates are, so that the dither could be removed as soon as a
certain threshold is reached. Thus, the AML-based learning scheme allows a
forecasting agency to select an approximation of the desired forecasting rule
from actual parameter estimates at any point in time. In particular, the no-
updating rule used in Assumption 3.3 could be replaced by any forecasting
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rule which generates minimal-state-variable solutions provided this rule exists.
As soon as parameter estimates are sufficiently close to their true values, this
enables an agency to select a stable minimal-state-variable solution if it exists.

Remark 3.8. (i) The convergence of the AML algorithm has first been in-
vestigated by Ljung (1977). His stability analysis is based on a limiting
non-random ordinary differential equation. We follow a martingale ap-
proach initiated by Solo (1979) and later extended by Lai & Wei (1986b).
The weak persistent excitation condition is considerably less restrictive
than the assumptions used by Ljung (1977) and Solo (1979). See Lai &
Wei (1986b, pp. 228-231) for an account of the literature.

(ii) The AML algorithm is an extension of the ordinary-least-squares (OLS)
algorithm as usually applied in the learning literature to a class of more
general noise processes. It is also referred to as recursive extended-least-
squares (RELS) algorithm (Caines 1988, p. 540 and p. 557) or recursive
prediction-error (RPE) algorithm (Ljung & Söderström 1983, Chap. 3.7).

(iii) The concept of continually disturbed inputs, referred to as dither, is origi-
nally due to Caines, e.g., see Lai & Wei (1986b, p. 247). It is generalized
in Lai & Wei (1986a, 1987) to the concept of occasional excitation of
the inputs, where the dither is exerted only if the excitation condition is
violated. For an application of these techniques, we refer to their work.

(iv) Section 3.2.2 showed that contrary to (3.42), MSV predictors require full
knowledge of the process that governs the exogenous observables. Insuf-
ficient estimates for that process may result in a failure of the learning
scheme. For example, if the exogenous process {wt}t∈N is an AR(1) pro-
cess, then the design matrix pertaining to the AML estimates of the corre-
sponding coefficients may violate the persistent excitation condition (3.43).
As a consequence, strongly consistent estimates for these coefficients may
be unavailable, cf. Lai & Wei (1986a).

Summary and Conclusions

We introduced a learning scheme based on the AML algorithm which con-
verges globally for all initial conditions under standard assumptions. Although
the scheme can be used for linear models only, the analysis reveals that it is
advantageous to first estimate the whole system including the feedback of any
forecast acting on the system itself and then compute an approximation of
an unbiased forecasting rule which generates the desired rational expectations
equilibria. Resolving an issue put forward in McCallum (1999), this approach
allows to select an approximation of a preferred forecasting rule on the basis
of an adequate economic reasoning, as soon as parameter estimates are suf-
ficiently precise. The mathematical object to be estimated from time series
data was the error function associated with the economic law.

Methodologically, we distinguished between four separate issues. First, the
existence of a desired unbiased forecasting rule; second, the dynamic stability
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of the system under an unbiased forecasting rule; third, the dynamic stability
of the system under the applied learning scheme and, finally, the success of
the learning scheme in terms of providing strongly consistent estimates of the
system’s parameters.

3.5 Mathematical Appendix

3.5.1 On the Stability of Linear Systems

We begin with the proofs of Proposition 3.1 and Corollary 3.1.

Proof of Proposition 3.1. The proof is an adaptation of Lai & Wei (1982,
Thm. 2 (i), p. 161). Let

Zt =
(
(

n2∑
i=0

B(n2−i) ye
t−1,t+i+

n3∑
i=1

C(i)wt−i + εt +

n4∑
i=1

D(i) εt−i +b)�, 0, . . . , 0
)�

.

Using (3.3) and the notation introduced above, the system (3.4) may be rewrit-
ten as Yt = AYt−1 + Zt and thus

YT = ATY0 +
T∑

t=1

AT−t Zt. (3.47)

Let λ denote the maximum modulus of the eigenvalues of A and M = maxj mj

with mj denoting the multiplicity of the j-th eigenvalue of A. By Varga (1962,
Thm. 3.1, p. 65), there exists a positive constant c > 0 such that2

‖AT ‖ ∼ cTM−1λ
T

as T → ∞. (3.48)

Since by assumption λ ≤ 1, ‖AT ‖ = O(TM−1). In view of Assumptions (ii)
and (3.8), we have ‖Zt‖ = o(tβ) and therefore by (3.47) and (3.48), there
exists some α > 0 so that

‖YT ‖ ≤ ‖AT ‖‖Y0‖ +
T∑

t=1

‖AT−t‖‖Zt‖ ≤ O(Tα) P − a.s.

This proves the assertion. 
�

Proof of Corollary 3.1. In view of the assumptions, ‖Zt‖ = o(tβ). Since
λ < 1, (3.48) implies ‖Aτ‖ ≤ µ < 1 for some τ > 0 so that

2 By at ∼ bt P-a.s. for two sequences of random numbers {at} and {bt}, we mean
that lim

t→∞

at

bt
= 1 P-a.s.
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‖YT ‖ ≤ ‖AT ‖‖Y0‖ +

T∑
t=1

‖AT−t‖‖Zt‖ = o(T β) P − a.s.


�
For sake of completeness, we state the following corollary.

Corollary 3.2. Consider the linear system,

Yt = AYt−1 + Zt, t ∈ N.

Assume that all eigenvalues of A lie within the unit circle and that

T∑
t=1

‖Zt‖2 = O(T ).

Then
T∑

t=1

‖Yt‖2 = O(T ).

Proof. Note first that the Schwarz inequality implies

T∑
t=1

(
t∑

s=1

‖At−s‖‖Zs‖
)2

≤
T∑

t=1

(
t∑

s=1

‖At−s‖
)(

t∑
s=1

‖At−s‖‖Zs‖2

)

≤
( ∞∑

t=0

‖At‖
)

T∑
s=1

(
T∑

t=s

‖At−s‖
)
‖Zs‖2

≤
( ∞∑

t=0

‖At‖
)2 T∑

s=1

‖Zs‖2.

In view of (3.47), it follows that

T∑
t=1

‖Yt‖2 ≤ 2

(
T∑

t=1

‖At‖2

)
‖Y0‖2+2

( ∞∑
t=0

‖At‖
)2 T∑

s=1

‖Zs‖2 = O(T ) P−a.s.


�

The following approximation result will be needed in the convergence proof
of Theorem 3.3 below.

Proposition 3.2. Consider two linear systems, one given by

Yt = AYt−1 + Zt, t ∈ N,

and another one defined by
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Ŷt = ÂtŶt−1 + Ẑt, t ∈ N,

where A is a non-random matrix, {Ât}t∈N is a sequence of random matri-
ces, and {Zt}t∈N and {Ẑt}t∈N are two sequences of random vectors which are
bounded P-a.s. Let all eigenvalues of A lie within the unit circle and assume
that P-a.s.

lim
T→∞

‖A− ÂT ‖ = 0 and lim
T→∞

‖ZT − ẐT ‖ = 0

Then the sequence lim
T→∞

‖YT − ŶT ‖ is bounded P-a.s.

Proof. For arbitrary t ∈ N, we have

Yt+j = AjYt +

j∑
i=1

Aj−iZt+i

and

Ŷt+j =

j∏
i=1

Ât+iŶt +

j−1∑
i=1

( j∏
k=i+1

Ât+k

)
Ẑt+i + Zt+j .

Thus

‖Yt+j − Ŷt+j‖ ≤ ‖Aj‖‖Yt − Ŷt‖ +

j∑
i=1

‖Aj−i‖‖Zt+i − Ẑt+i‖

+
∥∥∥Aj −

j∏
i=1

Ât+i

∥∥∥ ‖Ŷt‖ +

j−1∑
i=1

∥∥∥Aj−i −
j∏

k=i+1

Ât+k

∥∥∥ ‖Ẑt+i‖.

For each δ > 0 there exists t ∈ N such that P-a.s.

‖A− Ât+i‖ < δ and ‖Zt+i − Ẑt+i‖ < δ for all i ≥ 1

The proposition then follows from the eigenvalue condition and the bounded-
ness of {Ẑt}t∈N. 
�

3.5.2 Proofs of Theorem 3.2 and Theorem 3.3

The proof of Theorem 3.2 requires a series of Propositions and Theorems
which will be developed next. Following Lai & Wei (1986b), we first provide
a general theorem which establishes strong consistency of the AML algorithm
if the weak persistent excitation condition holds. To this end we denote by
λmin(B) and λmax(B) the minimum and maximum eigenvalues of a symmetric
matrix B, respectively.
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Proposition 3.3. (Lai & Wei 1986b, Thm. 4, p. 241)
Consider the stochastic regression model

yt = Aηt−1 + εt + D(1)εt−1 + · · · + D(n4)εt−n4 ,

where A is a d× k non-random matrix, D(1), . . . , D(n4) are non-random d× d
matrices, and {εt}t∈N is a stochastic process which satisfies Assumption 3.1.
Let ηt be Ft measurable and

θ = (A,D(1), . . . , D(n4)) and Xt−1 = (η�t−1, ε
�
t−1, . . . , ε

�
t−n4

)�.

Consider the AML algorithm, given by⎧⎨⎩ θ̂t = θ̂t−1 + (yt − θ̂t−1X̂t−1)X̂
�
t−1Pt−1,

P−1
t−1 = P−1

t−2 + X̂t−1X̂
�
t−1,

where

X̂t−1 := (η�t−1, ε̂
�
t−1, . . . , ε̂

�
t−n4

)� and ε̂t := yt − θ̂tX̂t−1.

If the weak persistent excitation condition

λmin

(∑T
t=1 XtX

�
t

)
log

(
e + λmax

(∑T
t=1 XtX�

t

)) → ∞ P − a.s. as T → ∞ (3.49)

holds, then
θ̂t → θ P − a.s. as t → ∞.

Corollary 3.3. Under the hypotheses of Proposition 3.3,

‖θ̂t − θ‖2 = O

(
logλmax

(
P−1

t

)
λmin

(
P−1

t

) )
P − a.s.

The proof of Corollary 3.3 is found in Lai & Wei (1986a). Let Ã(s) denote

the adjoint of the matrix A(s) such that Ã(s)A(s) = a(s)Id with a(s) =

detA(s). We have a(s) =
∑dn1

j=0 ajs
j for suitable real coefficients aj with

a0 = 1.

Lemma 3.1. Let A(s),K1(s), . . . ,Km(s) be left coprime matrix polynomials.
Assume that the degree of the matrix polynomial A(s) is degA(s) = n1 with
the identity matrix as leading coefficient and let Ã(s) denote the adjoint of
A(s) with a(s) = detA(s). If there exist matrix polynomials N1(s), . . . , Nm(s)
and vectors α1, . . . , αn1 ∈ Rd such that

n1∑
i=1

α�
i Ã(s)Kj(s)s

i−1 = a(s)Nj(s) for all j = 1, . . . ,m, (3.50)

then α1 = · · · = αn1 = 0.
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Proof. By the coprimeness, there exist matrix polynomials M0(s), . . . ,Mm(s)
such that

A(s)M0(s) + K1(s)M1(s) + · · · + Km(s)Mm(s) = Id.

Suppose that (3.50) holds. Then

n1∑
i=1

α�
i Ã(s)si−1 =

n1∑
i=1

α�
i Ã(s)

[
A(s)M0(s) +

m∑
j=1

Kj(s)Mj(s)
]
si−1

= a(s)

⎡⎣ n1∑
i=1

α�
i M0(s) +

m∑
j=1

Nj(s)Mj(s)

⎤⎦ . (3.51)

Since the degree of Ã(s) is deg Ã(s) = (d − 1)n1 and the degree of a(s) is
deg a(s) = dn1,

deg

(
n1∑
i=1

α�
i Ã(s)si−1

)
≤ n1 − 1 + deg Ã(s) = dn1 − 1 ≤ deg a(s).

It follows from (3.51) that
(∑n1

i=1 αis
i−1

)�
Ã(s) = 0 for all s. Since the leading

coefficient of A(s) is the identity matrix, A(s) and Ã(s) have full rank for
almost all s. Thus

∑n1

i=1 αis
i−1 = 0 for almost all s and therefore α1 = · · · =

αn1 = 0. 
�
Lemma 3.2. Let A and be an d1 × d2 matrix with kerA� = {0} and B be
a symmetric d2 × d2 matrix. Then there exists ρ > 0 with λmin(ABA�) ≥
ρλmin(B).

Proof. By Theorem 3.2.1, Lancaster (1969, p. 109), any symmetric matrix
C satisfies λmin(C) = min‖x‖=1(x

�Cx). Since AA� is nonsingular, for any

0 �= x ∈ Rd1 ,

x�ABA�x
x�x

=
x�ABA�x
x�AA�x

· x
�AA�x
x�x

≥ x�AA�x
x�x

λmin(B).

The lemma follows from another application of Theorem 3.2.1 with ρ =
λmin(AA�) > 0.


�
Having stated these basic results, we need the following representation of

the system (3.1). Letting ι denote the unit shift operator (i.e., ιXt = Xt+1),
the system (3.1) may be rewritten as

A(ι)yt−n1 = B(ι)ut−n2+1 + C(ι)wt−n3 + D(ι)εt−n4 , (3.52)

where we have set ut−1 = ye
t−1,t+n2

for the forecasts. The next Proposition
3.4 is a version of Theorem 2 in Lai & Wei (1986b, p. 235) for an additional
source of inputs.
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Proposition 3.4. Suppose that the matrix polynomials A(s), B(s), C(s), and
D(s) given (3.46) are left coprime and that (3.52) holds for all times t. Let

X�
t−1 = (y�t−1, . . . , y

�
t−n1

, u�
t−1, . . . , u

�
t−n2−1, w

�
t−1, . . . , w

�
t−n3

, ε�t−1, . . . , ε
�
t−n4

),

z�t−1 = (u�
t−1+dn1

, . . . , u�
t−n2+1, w

�
t−1+dn1

, . . . , w�
t−n3

, ε�t−1+dn1
, . . . , ε�t−n4

).
(3.53)

Then there exists ρ > 0 such that for all T ≥ dn1,

λmin

(
T∑

t=1

XtX
�
t

)
≥ ρλmin

(
T∑

t=1

ztz
�
t

)
.

Proof. Let Ã(s) denote the adjoint of the matrix A(s) as before. We have

a(s) =
∑dn1

j=0 ajs
j , (a0 = 1) and thus

a(ι)Xt−1 =

dn1∑
j=0

ajXt−1+dn1−j .

Since Ã(ι)A(ι)Xt−1 = a(ι)Xt−1, (3.52) implies

a(ι)yt−j = Ã(ι)
[
B(ι)ιn1−jut−n2+1 + D(ι)ιn1−jwt−n3 + C(ι)ιn1−jεt−n4

]
,

a(ι)ut−j = a(ι)ιn2+1−jut−n2+1,
a(ι)wt−j = a(ι)ιn4−jwt−n3 ,
a(ι)εt−j = a(ι)ιn4−jεt−n4 .

(3.54)

Now set Vt = (V
(1)�
t , . . . , V (4)�)� = a(ι)Xt−1 with

V
(1)
t =

(
(a(ι)yt−1)

�, . . . , (a(ι)yt−n1 )
�)�,

V
(2)
t =

(
(a(ι)ut−1)

�, . . . , (a(ι)ut−n2−1)
�)�

,

V
(3)
t =

(
(a(ι)wt−1)

�, . . . , (a(ι)wt−n3 )
�)�,

V
(4)
t =

(
(a(ι)εt−1)

�, . . . , (a(ι)εt−n4 )
�)�

and

Ut =
(
u�

t−1+dn1
, . . . , u�

t−n2+1

)�
, Wt =

(
w�

t−1+dn1
, . . . , w�

t−n3

)�
,

Et =
(
ε�t−1+dn1

, . . . , ε�t−n4

)�
.

Then (3.54) has a block-matrix representation as⎛⎜⎜⎜⎝
V

(1)
t

V
(2)
t

V
(3)
t

V
(4)
t

⎞⎟⎟⎟⎠ = D
⎛⎝ Ut

Wt

Et

⎞⎠ where D =

⎛⎜⎜⎝
D1 D2 D3

D4 0 0
0 D5 0
0 0 D6

⎞⎟⎟⎠ (3.55)
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The block matrix D in (3.55) is a d(n1 + 1 + n2 + n3 + n4) × d(3dn1 + 1 +
n2 +n3+n4) matrix with constant coefficients. If the rank of D were less than
d(n1 + 1 + n2 + n4 + n3), then there exist vectors α1, . . . , αn1 , β1, . . . , βn2+1,
γ1, . . . , γn3 , and δ1, . . . , δn4 in Rd such that

n1∑
i=1

α�
i Ã(s)B(s)si−1 = −a(s)

n2+1∑
j=1

β�
j Ids

j−1,

n1∑
i=1

α�
i Ã(s)C(s)si−1 = −a(s)

n3∑
j=1

γ�
j Ids

j−1,

n1∑
i=1

α�
i Ã(s)D(s)si−1 = −a(s)

n4∑
j=1

δ�j Ids
j−1,

which is impossible by Lemma 3.1. Hence the matrix in (3.55) has full rank.
Noting that zt−1 = (U�

t ,W�
t , E�

t )�, we can apply Lemma 3.2 to see that
there exists ρ > 0 such that

λmin

(
T−dn1∑

t=1

VtV
�
t

)
≥ ρλmin

(
T−dn1∑

t=1

ztz
�
t

)
.

To complete the proof, it suffices to show that

λmin

(
T−dn1∑

t=1

VtV
�
t

)
≤ (dn1 + 1)

⎛⎝dn1∑
j=0

a2
j

⎞⎠λmin

(
T∑

t=1

XtX
�
t

)
, (3.56)

Let ζ be a unit vector. Then

ζ�VtV
�
t ζ =

⎛⎝dn1∑
j=0

ajζ
�Xt+dn1−j

⎞⎠2

≤
⎛⎝dn1∑

j=0

a2
j

⎞⎠ dn1∑
j=0

(ζ�Xt+dn1−j)
2

implies
T−dn1∑

t=1

ζ�VtV
�
t ζ ≤ (dn1 + 1)

⎛⎝dn1∑
j=0

a2
j

⎞⎠ T∑
t=1

ζ�XtX
�
t ζ,

proving (3.56). 
�
Proposition 3.5. Let the following hypotheses be satisfied.

(i) The matrix polynomials A(s), B(s), C(s), and D(s) defined in (3.46) are
left coprime and (3.52) holds for all t.

(ii) Assumptions 3.1 and 3.2 are fulfilled.
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(iii) The inputs ut = ye
t,t+1+n2

satisfy the following conditions. Let Gt :=
σ(Ft−1, yt, wt) be defined as before. Set ũt = ut − E[ut|Gt] with Ft-
measurable ut and assume, in addition, that P-a.s.:

sup
t≥1

E[‖ũt‖α|Gt] < ∞ for some α > 2, (3.57)

λmin

(∑T
t=1 ũtũ

�
t

)
logT + ‖ũT‖2

→ ∞ as T → ∞, (3.58)

∑T
t=1 ‖E[ut|Gt]‖2 = O

(
λmin

(∑T
t=1 ũtũ

�
t

))
. (3.59)

For arbitrary n > 0, set

Zt := (ε�t+n; u�
t+n−1, w

�
t+n−1, ε

�
t+n−1; . . . ;u

�
t , w

�
t , ε

�
t )�. (3.60)

Then

lim inf
T→∞

λmin

(∑T
t=1 ZtZ

�
t

)
λmin

(∑T
t=1 ũtũ�

t

) > 0 P − a.s.

The proof of Proposition 3.5 will be prefaced by Theorem 3.4 and Corollary
3.4 which we state without proof.

Theorem 3.4. (Lai & Wei 1986b, Thm. 3, p.235)

Let ζt =

(
ξt + ηt

τt

)
be a random vector and {Ht}t∈N be an increasing sequence

of σ-algebras. Suppose that the following properties hold with probability 1.

(i) {ηt}t∈N is an Rd2-valued martingale difference sequence with respect to
{Ht}t∈N such that

(a) supt∈N E[‖ηt‖α|Ht] < ∞ for some α > 2,

(b) λmin

(∑T
t=1 ηtη

�
t

)
→ ∞ as T → ∞.

(ii) ξt ∈ Rd2 is Ht−1 measurable with

T∑
t=1

‖ξt‖2 = O

(
λmin

(
T∑

t=1

ηtη
�
t

)
+ λmin

(
T∑

t=1

τtτ
�
t

))
.

(iii) τt ∈ Rd1 is Ht−1 measurable with

(a) log
∑T

t=1 ‖τt‖2 = o
(
λmin

(∑T
t=1 ηtη

�
t

))
,

(b) λmin

(∑T
t=1 τtτ

�
t

)
→ ∞ as T → ∞.
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Then

lim inf
T→∞

λmin

(∑T
t=1 ζtζ

�
t

)
min

{
λmin

(∑T
t=1 τtτ�t

)
, λmin

(∑T
t=1 ηtη�t

)} > 0 P − a.s.

Corollary 3.4. Under the hypotheses of Theorem 3.4, if, in addition,

lim inf
T→∞

λmin

(∑T
t=1 τtτ

�
t

)
λmin

(∑T
t=1 ηtη�t

) > 0 P − a.s., (3.61)

then

lim inf
T→∞

λmin

(∑T
t=1 ζtζ

�
t

)
λmin

(∑T
t=1 ηtη�t

) > 0 P − a.s.

Proof of Proposition 3.5. The proof consists of an induction argument on
n and of a repeated application of Theorem 3.4. To apply Theorem 3.4, let
n = 1 and proceed in three steps.

Step 1. Consider the random vector ζ
(1)
t = (w�

t , ε�t )�. Set Ht−1 = σ(Ft−1, εt),
τt = εt, ξt = E[wt|Ht−1], and ηt = wt − E[wt|Ht−1]. By Assumptions 3.1
and 3.2, all requirements of Corollary 3.4 are fulfilled. In particular, since

λmin

(∑T
t=1 ũtũ

�
t

)
= O(T ),

lim inf
T→∞

λmin

(∑T
t=1 ζ

(1)
t ζ

(1)�
t

)
λmin

(∑T
t=1 ũtũ�

t

) > 0 P − a.s. (3.62)

Step 2. Consider a second random vector ζ
(2)
t = (ζ

(1)�
t , u�

t )�. Set τt = ζ
(1)
t ,

ξt = E[ut|Gt], ηt = ũt, and Ht = Gt−1. By Step 1, log
∑T

t=0 ‖τt‖2 = O(log T ).

In view of (3.57)-(3.59), ζ
(2)
t again meets all requirements of Corollary 3.4.

Hence, we conclude from λmin

(∑T
t=1 ũtũ

�
t

)
= O(T ) that

lim inf
T→∞

λmin

(∑T
t=1 ζ

(2)
t ζ

(2)�
t

)
λmin

(∑T
t=1 ũtũ�

t

) > 0 P − a.s. (3.63)

Step 3. Consider a third random vector ζ
(3)
t = (ζ

(2)�
t , ε�t+1)

�, where τt = ζ
(2)
t ,

ξt = 0, ηt = εt+1, and Ht = Ft+1. Since again log
∑T

t=0 ‖τt‖2 = O(log T ), it

follows from Assumption 3.1 (i) and (ii) that ζ
(3)
t satisfies all hypotheses of

Corollary 3.4. From an argument analogous to Step 2, we obtain



54 3 Adaptive Learning in Linear Models

lim inf
T→∞

λmin

(∑T
t=1 ζ

(3)
t ζ

(3)�
t

)
λmin

(∑T
t=1 ũtũ�

t

) > 0 P − a.s. (3.64)

This proves the case n = 1. By (3.58), we have

λmin

(
T∑

t=1

ũtũ
�
t

)
∼ λmin

(
T−m∑
t=1

ũtũ
�
t

)

for any fixed m and a repeated application of the above three steps establishes
the desired conclusion for arbitrary n. 
�

The key ingredient of the proof of Theorem 3.2 is the following Theorem
3.5 which is an extension of Lai & Wei (1986b, Thm. 5 (ii), p. 242) to a system
with additional exogenous variables as inputs.

Theorem 3.5. Let the hypotheses of Proposition 3.5 be satisfied. Then the
following properties hold true P-a.s.:

(a)
∑T

t=1 ‖ut‖2 = O(T ), (b)
∑T

t=1 ‖ũt‖2 = O(T ),

(c) lim inf
T→∞

λmin

(∑T
t=1 XtX

�
t

)
λmin

(∑T
t=1 ũtũ�

t

) > 0.

Proof. Property (b) follows from (3.57) as shown in Lai & Wei (1983). This,

in turn, implies λmin

(∑T
t=1 ũtũ

�
t

)
= O(T ) and (a) follows from (3.59).

The last property (c) follows from Proposition 3.4 by first showing that
the regressors (3.36) can be reduced to regressors (3.53) consisting only of

inputs and then applying Proposition 3.5, noting that λmin

(∑T
t=1 ztz

�
t

)
≥

λmin

(∑T
t=1 ZtZ

�
t

)
for any sub-vector zT of Zt, where the latter was defined

in (3.60). Note in this connection that interchanging any vector entries of
a regressor zt will not change the eigenvalues of the matrix ztz

�
t , since it

amounts to interchanging columns and rows simultaneously. 
�

Theorem 3.6 is an extension of Lai & Wei (1986b, Thm. 6 (ii)) and provides
conditions under which strong consistency of the AML algorithm obtains.

Theorem 3.6. Let the following hypotheses be satisfied.

(i) Assumptions (i)-(iii) of Theorem 3.2 are satisfied.
(ii) Assumption (iii) of Proposition 3.5 is satisfied.

Then the AML-algorithm (3.41) generates strongly consistent estimates, i.e.,

θ̂t → θ P − a.s. as t → ∞.
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Proof. By Theorem 3.5,
∑T

t=1 ‖ut‖2 = O(T ). In view of Assumption (i), all
prerequisites of Proposition 3.1 are then satisfied, implying that there exists
α > 0 such that ‖Xt‖2 = O(tα) P-a.s. Hence

logλmax

(
T∑

t=1

XtX
�
t

)
= O(log T ) P − a.s.

It follows from (3.58) and Theorem 3.5 that

λmin

(∑T
t=1 XtX

�
t

)
log T

→ ∞ P − a.s. as T → ∞

and hence (3.49) is satisfied. The assertion then follows from Proposition 3.3.

�

We are now ready to establish Theorem 3.2.

Proof of Theorem 3.2. By Assumption (iii) and (iv) we have ‖wt‖ = o(t
1
2 ),

‖εt‖ = o(t
1
2 ), and ‖ye

t,t+j‖ = o(t
1
2 ) P-a.s. Hence by Assumption (i), the system

(3.45) is stable in the sense of Proposition 3.1.
In order to apply Theorem 3.6 it remains to show that Conditions (3.57)-

(3.59) of Proposition 3.5 are fulfilled. As before, set ut = ye
t,t+1+n2

. Since by
(3.44) ũt = ut − E[ut|Gt] = vt, Condition (3.57) is satisfied. By an analogous
argument to that of Remark 3.7 (ii), Assumption (iv) on the dither vt implies
that P-a.s.

(a) ‖vT ‖ = o(T
1
2 ), (b)

∑T
t=1 ‖vt‖2 = O(T ),

(c) lim inf
T→∞

1
T λmin

(∑T
t=1 vtv

�
t

)
> 0.

Properties (a) and (b) imply Condition (3.58). Since ‖E[ut|Gt]‖ = ‖ut− vt‖ ≤
ct, it follows from (3.44) that

∑T
t=1 ‖E[ut|Gt‖2 = O(T ). Using Property (c),

this yields Condition (3.59). Thus Assumption (ii) of Theorem 3.6 is satisfied

and we can apply Theorem 3.6 to conclude that θ̂t → θ P-a.s. 
�

Proof of Theorem 3.3. Since all eigenvalues A must lie strictly within the
unit circle, Assumptions (iii) and (iv) of Theorem 3.2 imply that the system

(3.45) is stable in the sense of Cororollary 3.1, i.e., ‖yt‖ = o(t
1
2 ) P-a.s.

In view of Theorem 3.2 it remains to show that all orbits of (3.45) even-
tually become orbits with rational expectations. It follows from the recursive
definition of the prediction errors (3.40) that ‖ε̂t‖ = o(t

1
2 ) and

ε̂t − εt = −
n4∑
i=1

D(i)(ε̂t−i − εt) + (θ − θ̂t)X̂t−1, t ∈ N. (3.65)
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By Assumption 3.1 (ii), all eigenvalues of the matrix

D =

⎛⎜⎜⎜⎝
−D(1) · · · · · · −D(n4)

Id 0 · · · 0
...

. . .
. . .

...
0 · · · Id 0

⎞⎟⎟⎟⎠
associated with (3.65) lie within the unit circle. Since the additive term in
(3.65) vanishes by Assumption (iii), it follows that P-a.s.

lim
t→∞

(ε̂t − εt) = 0.

As a consequence, there exists ttol > 0 such that

‖ψ̂(x̂t, Y
e
t−1; θ̂t)‖ = o(t

1
2 ) P-a.s. for all t ≥ ttol.

Hence, if ctol is chosen large enough, censoring ct will not be applied anymore
after time ttol. An an application of Proposition 3.2 to the system under
unbiased no-updating (3.20) and its approximation as given by (3.45) implies
that all orbits of (3.45) eventually become orbits with rational expectations.


�



4

Economic Models Subject to Stationary Noise

In this chapter the concepts of Chapter 2 are generalized to the case in which
the exogenous perturbations are driven by a stationary ergodic process. We
establish necessary conditions for the existence and uniqueness of unbiased
forecasting rules. For this purpose it is convenient to imbed our setup into
the theory of random dynamical systems. In joining the dynamical systems
theory with the theory of stochastic processes, the theory of random dynamical
systems developed by Arnold (1998) and others provides a natural formal
framework to analyze the behavior of economic systems subject to stationary
ergodic perturbations.

To apply the theory of random dynamical systems, we extend the sequence
of random variables {ξt}t∈N with values in Ξ ⊂ Rdξ defining the random
environment of the economy to a sequence {ξt}t∈Z with so-called two-sided
time Z := {0,±1,±2, . . .}. We will represent the stochastic perturbations
by means of a metric dynamical system which essentially amounts to using
the equivalent canonical realization process of a stochastic process. To fix the
notation, let ϑ : Ω → Ω be a measurable invertible map on a probability space
(Ω,F ,P) which is measure preserving with respect to P and whose inverse
ϑ−1 is again measurable. Assume that P is ergodic with respect to ϑ and let
ϑt denote the t-th iterate of the map ϑ. The collection (Ω,F ,P, {ϑt}t∈Z) is
called an ergodic metric dynamical system, cf. Arnold (1998, Appendix A.2,
p. 542). It is well known that any stationary ergodic process {ξt}t∈Z can be
represented by an ergodic metric dynamical system. This means that there
exists a measurable map ξ : Ω → Ξ such that for each fixed ω ∈ Ω, a sample
path of the noise process is given by

ξt(ω) = ξ(ϑtω), t ∈ Z. (4.1)

The following assumption is a refinement of Assumption 2.1 of Chapter 2.

Assumption 4.1. Let (Ω,F ,P, {ϑt}t∈Z) be an ergodic metric dynamical sys-
tem on a complete probability space (Ω,F ,P). {ξt}t∈Z is a stationary ergodic
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stochastic process on (Ω,F ,P) with values in a subset Ξ ⊂ Rdξ which admits
a representation of the form (4.1).

In this setup, the set Ω may best be thought of the space of all sample
paths of the noise process, so that ω ∈ Ω denotes a particular sample path.
Let us illustrate this point with a simple and standard example.

Example 4.1. Consider the case in which {ξt}t∈Z is a sequence of Ξ-valued
iid random variables whose probability distribution is µ. Then (Ω,F ,P) =
(ΞZ,B(Ξ)Z, µZ), where Ω is the space of all sample paths of the process, B(Ξ)Z

is the Borel σ-algebra of all cylinder sets, and µZ is the product measure. Each
element ω = {ω(s)}s∈Z ∈ Ω is a doubly infinite sequence describing a sample
path of the process. The map

ϑ : Ω → Ω, ω �→ ϑω

is defined by (ϑω)(s) := ω(s + 1), s ∈ Z and is called the left shift such that
(ϑtω)(s) = ω(s + t) for all t, s ∈ Z. If

ξ : Ω → Ξ, ξ(ω) := ω(0)

denotes the evaluation map, a representation of the form (4.1) is obtained.
More details are found in Appendix A.2 of Arnold (1998).

As before, let X ⊂ R
dx be the space of endogenous variables and xt ∈ X

denote the vector of endogenous variables describing the state of the economy
at date t. Each xt ∈ X is subdivided into xt = (xt, yt) ∈ X × Y = X, where
yt ∈ Y ⊂ Rdy contains the endogenous variables for which expectations are
formed, xt ∈ X ⊂ Rd̄x is the vector of the remaining variables. As before, an
economic law is a map

G : Ξ × X × Y
m −→ X (4.2)

with the interpretation that the state of the economy at time t+1 is given by

xt+1 = G(ξ(ϑtω), xt, y
e
t,t+1, . . . , y

e
t,t+m),

where xt is the current observable state of the economy and

ye
t := (ye

t,t+1, . . . , y
e
t,t+m) ∈ Y

m

is the vector of forecasts for (yt+1, . . . , yt+m) formed at time t. Again, xt itself
may be a vector of lagged endogenous variables including past realizations ξs,
s ≤ t of the exogenous noise process and past forecasts.

Remark 4.1. Formally, each map

G(ξ(·), x, ye) : Ω → X, (x, ye) ∈ X × Y
m



4.1 Forecasting Rules for Stationary Noise 59

is a random variable which is allowed to depend on the whole path ω ∈ Ω. For
many economic applications, two cases in which ξt is assumed to be observable
at date t are of particular interest. This can be formalized as follows. Setting
ξ(ω) = ω(0), ω ∈ Ω as in Example 4.1 with iid noise, one has ξt(ω) =
ξ(ϑtω) in the first case such that xt+1 becomes a deterministic function of the
observable variables ξt(ω), xt, and ye

t at date t. Setting ξ(ω) = ω(1), ω ∈ Ω
in the second case, one has ξt+1(ω) = ξ(ϑtω) and xt+1(·) = G(ξt+1(·), xt, y

e
t )

becomes a random quantity in the sense that ξt+1(ω) is not observable prior
to period t + 1.

4.1 Forecasting Rules for Stationary Noise

As in the Markovian case, we assume that a forecasting agency which is bound-
edly rational in the sense of Sargent (1993) is responsible for issuing all rele-
vant forecasts. At date t, the time-series information of the forecasting agency
includes the actual history of the economy {xs, y

e
s−1}s≤t, where

ye
s−1 = (ye

s−1,s, . . . , y
e
s−1,s−1+m) ∈ Y

m, s ∈ Z (4.3)

as before. It will turn out that the vector of previous forecasts ye
t−1 is of partic-

ular importance. The forecasts ye
t,t+1, . . . , y

e
t,t+m are determined according to

a forecasting rule depending on available information. In view of the present
setup with stationary ergodic noise, a forecasting rule ψ = (ψ(1), . . . , ψ(m)) is
formally defined as a function

ψ : Ω × X × Y
m −→ Y

m, (ω, x, ye) �−→ ψ(ω, x, ye), (4.4)

such that
ye

t,t+i = ψ(i)(ϑtω, xt, y
e
t−1), i = 1, . . . ,m

is the forecast for the future realization yt+i, i = 1, . . . ,m, based on informa-
tion available in period t.

To reflect the fact that the forecasting rule depends on the history of the
economy, let F0 be a suitably defined sub-σ-algebra of F which describes the
past of the economy. This σ-algebra will be specified in detail in Section 4.1.2
below. Let each forecasting rule

ψ(·, x, ye), x ∈ X, ye ∈ Y
m

be F0/B(Ym) measurable with B(Ym) denoting the σ-algebra of all Borel
sets of Ym. Loosely speaking, this measurability assumption imposed on (4.4)
together with the definition of ϑ implies that each ye

t,t+i will depend only on
entries up to a certain time index of the path ω = (. . . , ω−1, ω0, ω1, . . .) ∈ Ω.

Inserting the forecasting rule (4.4) into the economic law (4.2) yields a
discrete-time random dynamical system given by the time-one map
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Gψ : Ω × X × Y
m −→ X × Y

m, (4.5)

defined by

Gψ(ω, x, ye) =

(
G(ξ(ω), x, ye)
ψ
(
ϑω,G(ξ(ω), x, ye), ye

)) .

Let xt−1 describe the state of the economy at time t− 1 and ye
t−1 the vector

of forecasts based on information available at time t− 1. Then an application
of the map (4.5) yields(

xt

ye
t

)
= Gψ(ϑt−1ω, xt−1, y

e
t−1)

=

(
G(ξ(ϑt−1ω), xt−1, y

e
t−1)

ψ(ϑtω,G(ξ(ϑt−1ω), xt−1, y
e
t−1), y

e
t−1)

)
,

such that xt describes the state of the economy at time t and ye
t the vector of

forecasts based on information available at that time.
The map Gψ governs the evolution of the economy as follows. If the system

started in some state (x0, y
e
0), then the iteration of the map (4.5) under the

perturbation ω induces a measurable map, again denoted by Gψ, of the form
Gψ : N ×Ω × X × Ym → X, which is recursively defined by

Gψ(t, ω, x0, y
e
0) =

⎧⎨⎩Gψ

(
ϑt−1ω,Gψ(t− 1, ω, x0, y

e
0)
)

if t > 0

(x0, y
e
0) if t = 0

, (4.6)

such that (xt, y
e
t ) = Gψ(t, ω, x0, y

e
0) is the state of the system at time t. By

abuse1 of notation, we write Gψ(1, ω, x0, y
e
0) ≡ Gψ(ω, x0, y

e
0).

The map (4.6) generated by the time-one map Gψ describes the random
dynamical system over a metric dynamical system (Ω,F ,P, {ϑt}t∈Z) in the
sense of Arnold (1998). For arbitrary initial conditions (x0, y

e
0) ∈ X×Ym and

any perturbation ω ∈ Ω, the sequence of points γ(x0, y
e
0) := {(xt, y

e
t )}t∈N with

(xt, y
e
t ) = Gψ(t, ω, x0, y

e
0), t ∈ N is called an orbit of the random dynamical

system Gψ starting at (x0, y
e
0). In the sequel, (4.5) or, equivalently, (4.6) will

be referred to as an economic random dynamical system (ERDS).
It is easily seen from (4.6) that the map Gψ has two crucial properties.

The first one is the fact that

Gψ(0, ω, x, ye) = (x, ye) for all (x, ye) ∈ X × Y
m, ω ∈ Ω (4.7)

is the identity map on X × Ym. The second property is

Gψ(t2 + t1, ω, x, y
e) = Gψ

(
t2, ϑ

t1ω,Gψ(t1, ω, x, y
e)
)

(4.8)

for all ω ∈ Ω, (x, ye) ∈ X × Ym, and arbitrary t1, t2 ∈ N. To simplify the
exposition and to define a filtration for the stochastic process (4.6) in Section

1This is done to avoid an inflation of symbols. No confusion should arise.
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4.1.2, we will assume that for each ω ∈ Ω, the map Gψ(ω, ·) defined in (4.5)
is invertible. Writing

G−1
ψ (ω, ·) : X × Y

m → X × Y
m

for the inverse of Gψ(ω, ·), the map (4.6) can then be extended to a measurable
map Gψ : Z×Ω×X×Ym → X×Ym, by recursively setting for each negative
time t < 0,

Gψ(t, ω, x0, y
e
0) = G−1

ψ

(
ϑtω,Gψ(t + 1, ω, x0, y

e
0)
)
.

Then property (4.8) holds for all t1, t2 ∈ Z and Gψ is said to satisfy the so-
called cocycle property. It is shown in Arnold (1998, Thm. 1.1.6, p. 7) that
the invertibility of the time-one map (4.5) follows from requiring the cocycle
property.

We are now ready to characterize those forecasting rules which are correct
in the sense that they provide best least-squares predictions conditional on
available information and thus rational expectations.

4.1.1 Consistent Forecasting Rules

In this section we will develop the notion of a consistent forecasting rule for
the case with stationary ergodic noise. Having defined a forecasting rule of the
functional form (4.4), assume that the information available in a particular
period t ∈ Z is given by the sub-σ-algebra

Ft,r := σ
(
Gψ(s, ·, x, ye)

∣∣ t− r − 1 < s ≤ t, x ∈ X, ye ∈ Y
m
)

(4.9)

of F which is generated by the past r+ 1 generalizations of the process (4.6).
Writing Ft ≡ Ft,∞ for r = ∞, the sequence of σ-algebras {Ft}t∈Z defines a
filtration to which the stochastic process (4.6) is adapted.

We will stipulate the length of the memory to a fixed number r ∈ N which
may be arbitrary large and which describes the amount of available informa-
tion. This assumption may be justified both economically and mathematically.
From a mathematical viewpoint, the system may be Markovian as before such
that only a finite past influences the future states of the system, as discussed
in Chapter 2.2 From an economic point of view, there are many reasons why
agents use only a finite memory when taking decisions, one being that their
capacity to process information may be limited.

In Lemma 4.1 on p. 80 of Section 4.5 we show that Ft,r = ϑ−tF0,r for each
t ∈ Z and arbitrary r ∈ N. It is therefore natural to assume from now on that
each map ψ(·, x, ye), x ∈ X, ye ∈ Ym is F0,r/B(Ym) measurable. Then each
ψ(i)(ϑt·, x, ye) is Ft,r/B(Ym) measurable. As before, let

2Recall that if {ξt}t∈Z is iid, then (4.6) is a Markov process, see also Arnold
(1998, Sec. 2.1.3, p. 53).
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ye
t,t+i = ψ(i)(ϑtω, xt, y

e
t−1), i = 1, . . . ,m (4.10)

denote period-t’s forecasts for the future realizations yt+i, i = 1, . . . ,m, re-
spectively. The factorization lemma (Bauer 1992, p. 71) then guarantees the
existence of a forecasting rule Ψ = (Ψ (1), . . . , Ψ (m)) of the form (2.13) as de-
fined in Chapter 2, given by a map Ψ : X×Σ → Ym, such that for each ω ∈ Ω
and each i = 1, . . . ,m,

ye
t,t+i = ψ(i)(ϑtω, xt, y

e
t−1) = Ψ (i)

(
xt, y

e
t−1, xt−1, . . . , y

e
t−r, xt−r

)
(4.11)

P-a.s., where
(xs, y

e
s) = Gψ(s, ω, x0, y

e
0), s ≤ t− 1.

In view of the estimation techniques which will be introduced in Chapter 5,
this observation shows that a forecasting rule of the functional form (4.10) can
always be written as a function depending on the history of observable quan-
tities. The more formally defined forecasting rule (4.10) itself is a stationary
object, whereas the form (4.11) can be thought as actually being applied by
a forecasting agency within the model. Such a forecasting agency, naturally,
would not be assumed to know the whole path ω ∈ Ω.

Recall that in each period t there are m− 1 forecasts

ye
t−1,t+1, . . . , y

e
t−1,t−1+m

for yt+1 which were set prior to time t, where ye
t−i,t+1 is based on information

available in period t − i and hence Ft−i measurable. As before, let E[·|Ft−i]
denote the conditional expectations operator with respect to Ft−i. All forecast
errors yt+1 − ye

t−i,t+1, i = 0, . . . ,m − 1 vanish on average conditional on the
respective σ-algebras Ft−i if and only if

E
[
(yt+1 − ye

t−i,t+1)
∣∣Ft−i

]
= 0 P − a.s. (4.12)

for all i = 0, . . . ,m − 1. The law of iterated expectations (2.19) implies that
the forecast ye

t,t+i for yt+i, which is chosen in period t, has to satisfy the
consistency condition

E[ye
t,t+i|Ft−1] = ye

t−1,t+i P − a.s. (4.13)

Since the consistency condition (4.13) has to hold for all i = 1, . . . ,m − 1 in
all periods t, the law of iterated expectations implies

E[ye
t,t+1|Ft−i] = ye

t−i,t+1 P − a.s. (4.14)

for all i = 1, . . . ,m − 1 and all t ∈ N. Hence, if the consistency condition
(4.13) holds for all forecasts in all periods prior to time t, then (4.12) is satis-
fied, provided that the most recent forecast ye

t,t+1 has a vanishing conditional
forecast error, that is, if
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E
[
(yt+1 − ye

t,t+1)
∣∣Ft

]
= 0 P − a.s.

In terms of forecasting rules ψ = (ψ(1), . . . , ψ(m)) of the form (4.4), the
consistency conditions (4.13) can be expressed as follows. Let Ej [·] ≡ E[·|Fj,r]
denote the conditional expectations operator with respect to the σ-algebra
Fj,r, where the length of the memory r may be arbitrarily long. In terms of a
forecasting rule ψ, the consistency condition (4.13) is now rephrased as

Et−1[y
e
t,t+i](ω) = Et−1

[
ψ(i)(ϑt·, Gψ(t− 1, ·, x0, y

e
0)
]
(ω)

= ye
t−1,t+i P − a.s. (4.15)

for each i = 1, . . . ,m − 1, t ∈ N, where (xt−1, y
e
t−1) = Gψ(t − 1, ω, x0, y

e
0).

Again, the requirement (4.15) states that for each i = 1, . . . ,m − 1, the ex-
pected value of the new forecast ye

t,t+i conditional on Ft,r has to coincide with
the respective old forecast ye

t−1,t+i. Since Ft,r ⊂ Ft, condition (4.15) implies
(4.13) and thus is weaker than the original consistency condition (4.13).

We seek a consistency notion which is time invariant. Recall to this end
that by Lemma 4.1 of Section 4.5 Ft,r = ϑ−tF0,r. Proposition 4.1 on page 81
in Section 4.5 then implies that

Et−1[y
e
t,t+i](ω) = Et−1

[
ψ(i)(ϑt·, G(ξ(ϑt−1·), xt−1, y

e
t−1), y

e
t−1)

]
(ω)

= E0

[
ψ(i)(ϑ·, G(ξ(·), xt−1, y

e
t−1), y

e
t−1)

]
(ϑt−1ω), (4.16)

where (xt−1, y
e
t−1) = Gψ(t − 1, ω, x0, y

e
0). Combining (4.15) with (4.16), the

desired notion of a consistent forecasting rule now takes the following form.

Definition 4.1. A forecasting rule ψ = (ψ(1), . . . , ψ(m)) of type (4.4) is called
(locally) consistent with respect to the sub-σ-algebra F0,r of F if there exists
a random set3 U = {U(ω)}ω∈Ω, U(ω) ⊂ X × Ym, such that for each i =
1, . . . ,m− 1,

E

[
ψ(i)(ϑ·, G(ξ(·), x, z), z)

∣∣∣F0,r

]
(ω) = z(i+1)

P − a.s.

for all (x, z) ∈ U(ω), where z = (z(1), . . . , z(m)). ψ is called globally consistent
if U(ω) = X × Ym P-a.s.

A consistent forecasting rule as defined in Definition 4.1 is designed to sa-
tisfy (4.13) by construction on a possibly restricted random subset of the state
space X×Ym. The definition contains a minimum requirement for a forecasting
rule of the form (4.4) in order to generate best least-squares predictions. As
a consequence of the law of iterated expectations, a forecasting rule that is
not consistent cannot provide best least-squares predictions. Notice that the
consistency requirement includes the case with infinite memory F0,∞.

3A random set is simply a set-valued random variable U : Ω → P(X × Y
m),

where P(X×Y
m) denotes the space of all subsets of X×Y

m, see Arnold (1998, Sec.
1.6, p. 32) for more details.
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Example 4.2. As already seen in Example 2.1, the simplest example of a
consistent forecasting rule is a forecasting rule that never updates previous
forecasts. A no-updating forecasting rule ψ = (ψ(1), . . . , ψ(m)) is formally
defined by setting for each i = 1, . . . ,m− 1,

ψ(i)(ω, x, z) := z(i+1) for all (x, z) ∈ X × Y
m, ω ∈ Ω (4.17)

and letting ψ(m) be an arbitrary function depending on the history of the
process. If xt ∈ X is the current state of the economy at date t and ye

t−1 =
(ye

t−1,t, . . . , y
e
t−1,t−1+m) the vector of forecasts formed in the previous period

t− 1, then the current forecast ye
t = (ye

t,t+1, . . . , y
e
t,t+m) is{

ye
t,t+i = ye

t−1,t+i, i = 1, . . . ,m− 1,

ye
t,t+m = ψ(m)(ϑtω, xt, y

e
t−1).

The forecasting rule (4.17) thus never updates forecasts formed at previous
dates.

4.1.2 Unbiased Forecasting Rules

To see which forecasting rules generate best least-squares predictions, recall
that

yt+1 = g
(
ξ(ϑtω), xt, y

e
t

)
.

Invoking Proposition 4.1 (see Section 4.5, p. 81 below), the expected value of
the future state yt+1 reads

Et[yt+1](ω) = Et

[
g(ξ(ϑt·), xt, y

e
t )
]
(ω)

= E0

[
g(ξ(·), xt, y

e
t )
]
(ϑtω) P − a.s., (4.18)

where (xt, y
e
t ) = Gψ(t, ω, x0, y

e
0). Given a vector of forecasts ye

t ∈ Y
m, the

forecast error for yt+1 reads

yt+1 − ye
t,t+1 = g(ξ(ϑtω), xt, y

e
t ) − ye

t,t+1,

while the forecast error conditional on information available at date t is

Et

[
(yt+1 − ye

t,t+1)
]
(ω) = E0

[
g(ξ(·), xt, y

e
t )
]
(ϑtω) − ye

t,t+1. (4.19)

Using (4.18), this gives rise to the definition of a (conditional) mean error
function associated with the economic law G.

Definition 4.2. Let G = (G, g) be an economic law. The (conditional) mean
error function of the economic law G with respect to a given sub-σ-algebra
F0,r is a function eE

G : Ω × X × Ym → Rdy , defined by

eE

G(ω, x, z) = E

[
g
(
ξ(·), x, z)∣∣∣F0,r

]
(ω) − z(1), (4.20)

where z = (z(1), . . . , z(m)).
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Given an arbitrary state of the economy xt ∈ X at some date t, the mean
error function describes all possible mean forecast errors conditional on all
information available at date t, regardless of which forecasting or learning
rule has been applied. Given arbitrary forecasts ye

t = (ye
t,t+1, . . . , y

e
t,t+m), the

conditional forecast error (4.19) vanishes if and only if

Et[yt+1 − ye
t,t+1](ω) = eE

G(ϑtω, xt, y
e
t ) = 0 P − a.s. (4.21)

Geometrically, condition (4.21) is characterized by the zero-contour set WG =
{WG(ω)}ω∈Ω of the error function (4.20), given by the family of subsets

WG(ω) :=
{

(x, ye) ∈ X × Y
m
∣∣∣ eE

G(ω, x, ye) = 0
}
, ω ∈ Ω.

The zero-contour set WG, also referred to as constraint variety of the economic
law G, describes all states of the economy (ω, x, ye) for which the conditional
forecast error (4.19) vanishes. Let ‖ · ‖ be some norm on Rdy and ε ≥ 0 be a
non-negative number. A random neighborhood Wε

G :=
{Wε

G(ω)
}

ω∈Ω
of the

zero-contour set of the error function eE

G is defined by setting

Wε
G(ω) :=

{
(x, ye) ∈ X × Y

m
∣∣∣ ∥∥eE

G(ω, x, ye)
∥∥ ≤ ε

}
, ω ∈ Ω.

For ε = 0, we have WG ≡ W0
G. The constraint variety imposes a geometric

constraint for an unbiased forecasting rule which will be defined next.

Definition 4.3. Let G be an economic law. A forecasting rule ψ = (ψ(1), . . . ,
ψ(m)) of type (4.4) is called locally ε-unbiased for G with respect to F0,r if
there exists a random set U = {U(ω)}ω∈Ω, U(ω) ⊂ X × Y

m such that

Gψ(ω, x, ye) =

(
G(ξ(ω), x, ye)
ψ
(
ϑω,G(ξ(ω), x, ye), ye

)) ∈ Wε
G(ϑω)

for all (x, ye) ∈ U(ω), ω ∈ Ω. For ε = 0, locally ε-unbiased forecasting rules
are called locally unbiased.

Let ψ = (ψ(1), . . . , ψ(m)) be locally ε-unbiased in the sense of Definition
4.3 and (xt−1, y

e
t−1) ∈ U(ϑt−1ω) for some time t− 1. Then(

xt

ye
t

)
= Gψ(ϑt−1ω, xt−1, y

e
t−1) ∈ Wε

G(ϑtω),

implying that the conditional forecast error for

ye
t,t+1 = ψ(1)(ϑtω, xt, y

e
t−1)

is less than ε, i.e.,∥∥Et[yt+1 − ye
t,t+1](ω)

∥∥ =
∥∥eE

G(ϑtω, xt, y
e
t )
∥∥ ≤ ε P − a.s. (4.22)
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In other words, the forecasting rule ψ gives an approximate solution to (4.21)
in the sense that ye

t,t+1, up to an error of size ε, is the best least-squares pre-

diction for yt+1 given the history
{
xs, y

e
s−1

}t

s=t−r+1
. If, in addition, a locally

unbiased forecasting rule is consistent, then (4.22) implies∥∥Et−i[yt+1 − ye
t−i,t+1](ω)

∥∥ =
∥∥Et−i

[
Et[yt+1 − ye

t,t+1]
]
(ω)

∥∥ ≤ ε P − a.s.

for all i = 1, . . . ,m − 1, so that the forecast errors of all forecasts ye
t−i,t+1,

i = 0, . . . ,m−1 is less that ε. This justifies the terminology locally ε-unbiased
forecasting rule.

Let γ(x0, y
e
0) = {xt, y

e
t }t∈N with (xt, y

e
t ) = Gψ(t, ω, x0, y

e
0) denote an or-

bit of the time-one map Gψ corresponding to the economic law G and the
forecasting rule ψ which starts at (x0, y

e
0) ∈ X × Ym. A main problem with

locally ε-unbiased forecasting rules is that the forecasting rule may well lose
its property of being unbiased along such an orbit. This problem can be ruled
out by imposing the following additional requirement. Let ψ be a forecasting
rule that is locally ε-unbiased on a random set U in the sense of Definition 4.3
and assume that U(ω) ⊂ Wε

G(ω) for all ω ∈ Ω. Then the requirement that U
is forward invariant under Gψ , i.e.,

Gψ(ω, x, ye) ∈ U(ϑω) for all (x, ye) ∈ U(ω), ω ∈ Ω (4.23)

is sufficient for the existence of unbiased orbits. In this case, any orbit γ(x0, y
e
0)

starting at (x0, y
e
0) ∈ U(ω) satisfies (xt, y

e
t ) ∈ U(ϑtω) ⊂ Wε

G(ϑtω) for all times
t and for all perturbations ω and for this reason will be an ε-unbiased orbit.
In other words, an ε-unbiased orbit is an orbit along which all forecasts are ε-
unbiased. For ε = 0, ε-unbiased orbits are referred to as unbiased orbits. These
correspond precisely to rational expectations equilibria (REE) in the classical
sense. A forecasting rule that generates ε-unbiased orbits will be referred to
as unbiased forecasting rule and is defined as follows.

Definition 4.4. Let G = (G, g) be an economic law. A forecasting rule ψ� =

(ψ
(1)
� , . . . , ψ

(m)
� ) of type (4.4) is called ε-unbiased for G with respect to F0,r

if there exists a random set U = {U(ω)}ω∈Ω with U(ω) ∈ X × Y
m, such that

the following conditions hold:

(i) Consistency. For each i = 1, . . . ,m− 1,

E

[
ψ

(i)
� (ϑ·, G(ξ(·), x, z), z)∣∣F0,r

]
(ω) = z(i+1)

P − a.s.

for all (x, z) ∈ U(ω), where z = (z(1), . . . , z(m)).

(ii) Local Unbiasedness. There exists a non-negative number ε ≥ 0 such that

Gψ�
(ω, x, z) =

(
G(ξ(ω), x, z)
ψ�

(
ϑω,G(ξ(ω), x, z), z

)) ∈ Wε
G(ϑω)

for all (x, z) ∈ U(ω), ω ∈ Ω.
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(iii) Invariance. U(ω) ⊂ Wε
G(ω) for all ω ∈ Ω and

Gψ�
(ω, x, z) ∈ U(ϑω) for all (x, z) ∈ U(ω), ω ∈ Ω.

For ε = 0, ε-unbiased forecasting rules are called unbiased.

Definition 4.4 implies that a forecasting rule ψ� is ε-unbiased if and only
if all orbits γ(x0, y

e
0) starting in (x0, y

e
0) ∈ U(ω) of Gψ�

are ε-unbiased orbits.
While Conditions (i) and (ii) state that the forecasts are locally unbiased,
it is the invariance condition (iii) that guarantees that the forecasts of ψ�

remain unbiased through the course of time. A forecasting rule that generates
ε-unbiased orbits for arbitrary initial values x0 ∈ X is defined as follows.

Definition 4.5. Under the hypotheses of Definition 4.4, a forecasting rule ψ�

of type (4.4) is called globally ε-unbiased for G with respect to F0,r if, in
addition, the following conditions holds true:

(iv) Global existence. For each initial state x0 ∈ X and each perturbation
ω ∈ Ω, there exists a vector of forecasts ye

0 ∈ Ym such that (x0, y
e
0) ∈ U(ω).

The conditions in Definitions 4.4 and 4.5 are clearly quite demanding. In
view of economic applications and the learning issue treated in these notes, it
will often be sufficient to have good forecasts in the long run. We will therefore
relax the conditions of Definition 4.4 when we discuss the long-run behavior
of a random dynamical system in Section 4.4 and conclude this section with
two remarks.

Remark 4.2. A particular case arises when the g-part of the economic law
(4.2) is F0,r measurable. Then the mean error function takes the form

eE

G(ω, x, z) = g
(
ξ(ω), x, z

)− z(1)

and coincides essentially with the deterministic error function in Böhm &
Wenzelburger (1999, 2002). An unbiased no-updating forecasting rule would
generate perfect foresight in the classical sense. We will make use of this
observation in Chapter 6.

Remark 4.3. For a finite memory r < ∞, the factorization lemma and
Proposition 4.1 below yield the existence of an error function

EG : Y
m × X ×Σ → R

mdy

as defined in Chapter 2, such that for each t ∈ N and each ω ∈ Ω

eE

G(ϑtω, xt, y
e
t ) = EG(ye

t , xt, . . . , y
e
t−r, xt−r) P − a.s.

along any orbit {xt, y
e
t }t∈N.This implies that an unbiased forecasting rule ψ�

in the sense of Definition 4.4 induces an unbiased forecasting rule
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Ψ� : X ×Σ → Y
m

of the form (4.11), such that

EG(Ψ�(xt, y
e
t−1, . . . , y

e
t−r, xt−r), xt, y

e
t−1, xt−1, . . . , y

e
t−r, xt−r) = 0

on a suitably defined subset of X ×Σ.

4.2 Existence of Unbiased Forecasting Rules

At first sight, the problem of existence and uniqueness of unbiased no-updating
forecasting rules for systems with an expectational lead looks much like the
deterministic case treated in Böhm & Wenzelburger (2004). This is due to
the fact that the mean error function defined in Definition 4.2 is a static and
hence time-invariant object the properties of which decide whether or not
unbiased forecasting rules exist. As in the deterministic case, the existence
and uniqueness problem is encoded in the geometry of the zero-contour set
of the error function. The stochastification of the deterministic case, however,
requires some subtle adjustments which will be developed in this section.

The existence of unbiased forecasting rules is based on the following ge-
ometric observation. Let V = {V(ω)}ω∈Ω with V(ω) ⊂ X × Ym−1, ω ∈ Ω
be a random set and assume that for each ω ∈ Ω, there exists a function
H(ω, ·) : V(ω) → Y such that

eE

G

(
ω, x, η,H(ω, x, η)

)
= 0 for all (x, η) ∈ V(ω) P − a.s. (4.24)

Assume, in addition, that each H(·, x, η) is F0,r/B(Y) measurable. The idea
now is to construct an unbiased no-updating forecasting rule

ψ� = (ψ
(1)
� , . . . , ψ

(m)
� ) : Ω × X × Y

m → Y
m, (4.25)

using the function H . Since in this case all ψ
(i)
� , i = 1, . . . ,m− 1, are projec-

tions, we are left to define the forecasting rule ψ
(m)
� .

To this end, let xt ∈ X be the current state of the economy at date t and
ye

t−1 = (ye
t−1,t, . . . , y

e
t−1,t−1+m) the vector of forecasts formed in the previous

period t− 1 such that(
xt, (y

e
t−1,t+1, . . . , y

e
t−1,t−1+m)

) ∈ V(ϑtω).

The forecast ye
t = (ye

t,t+1, . . . , y
e
t,t+m) formed in period t can now be obtained

by setting

ye
t,t+i = ψ

(i)
� (ϑtω, xt, y

e
t−1) := ye

t−1,t+i, i = 1, . . . ,m− 1,

ye
t,t+m = ψ

(m)
� (ϑtω, xt, y

e
t−1) := H

(
ϑtω, xt, pr−1y

e
t−1)

)
,

where
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pr−1 : Y
m → Y

m−1, (z(1), . . . , z(m)) �→ (z(2), . . . , z(m)).

This defines ψ�(ω, ·) on V(ω)× Y for each perturbation ω ∈ Ω. Outside of V ,

ψ
(m)
� may be an arbitrary function.

Since ψ� never updates forecasts formed at previous dates, it is a consistent
rule in the sense of Definition 4.1. Moreover, ψ� is locally unbiased in the sense
of Definition 4.3, because the function H was assumed to satisfy (4.24). For
this reason the conditional forecast error vanishes, that is,

Et[yt+1 − ye
t,t+1](ω) = eE

G

(
ϑtω, xt, ψ�(ϑ

tω, xt, y
e
t−1)

)
= 0 P − a.s.

By construction of (4.25) all forecasts for yt+1 fulfill

Et[yt+1 − ye
t−i,t+1] = 0 P − a.s., i = 0, . . . ,m− 1, (4.26)

as long as the no-updating rule (4.25) has been applied for the past m periods.
This shows that ψ∗ is locally unbiased in the sense of Definition 4.3, provided
that (4.24) holds.

The question of existence of an unbiased no-updating rule can now be
addressed as follows. Consider the function EG induced by eE

G, which is defined
by

EG :

{
Ω × X × Ym −→ Ω × X × Ym−1 × Rdy

(ω, x, z) �−→ (
ω, x, pr−mz, eE

G(ω, x, z)
) , (4.27)

where

pr−m : Y
m → Y

m−1, (z(1), . . . , z(m)) �→ (z(1), . . . , z(m−1)).

If the induced error function (4.27) is globally invertible, then (4.27) has an
inverse function H which must be of the functional form

H :

{
Ω × X × Ym−1 × Rdy → Ω × X × Ym−1 × Y

(ω, x, η, ζ) �→ (
ω, x, η,H0(ω, x, η, ζ)

) (4.28)

with some function H0 : Ω ×X×Ym−1 ×Rdy → Y. If the inverse function H

exists, then

eE

G

(
ω, x, η,H0(ω, x, η, 0)

)
= 0 for all (ω, x, η) ∈ Ω × X × Y

m−1.

Defining

H(ω, x, η) := H0(ω, x, η, 0), (ω, x, η) ∈ Ω × X × Y
m−1,

this implies

eE

G

(
ω, x, η,H(ω, x, η)

)
= 0, (ω, x, η) ∈ Ω × X × Y

m−1.
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If V(ω) = X × Ym−1, ω ∈ Ω, then the forecasting rule ψ� as defined in (4.25)
is unbiased in the sense of Definition 4.4 globally on X × Ym.

The question whether unbiased no-updating rules of the form (4.25) ex-
ist is therefore reduced to the question whether the induced error function
(4.27) is invertible. Invoking the Inverse Function Theorem or, equivalently,
the Implicit Function Theorem, it is now possible to provide sufficient condi-
tions for the existence of a unique unbiased no-updating forecasting rule for
an economic law G.

Theorem 4.1. Let G = (G, g) be an economic law. Suppose that the following
conditions hold:

(i) There exists a F0,r/B(X) measurable random variable x0 : Ω → X and a
F0,r/B(Ym) measurable random variable z0 : Ω → Y

m, such that

eE

G

(
ω, x0(ω), z0(ω)

)
= 0 P − a.s.

(ii) For each ω ∈ Ω, the function

h(ω, x, z) := E[g(ξ(·), x, z)|F0,r](ω)

is continuously differentiable with respect to x ∈ X and z = (z(1), . . . , z(m))
∈ Ym; the derivative Dz(m)h

(
ω, x0(ω), z0(ω)

)
is invertible for all ω ∈ Ω,

where Dz(m) denotes the derivative with respect to z(m).

Then there exists a family of open sets V = {V(ω)}ω∈Ω with V(ω) ⊂ X×Ym−1,
ω ∈ Ω and functions H(ω, ·) : V(ω) → Y, ω ∈ Ω satisfying

H
(
ω, x0(ω), pr−1z0(ω)

)
= z

(m)
0 (ω), ω ∈ Ω,

such that

eE

G(ω, x, η,H
(
ω, x, η)

)
= 0 for all (x, η) ∈ V(ω) P − a.s.

Moreover, the no-updating rule ψ� given in (4.25) is locally unbiased in the
sense of Definition 4.3 and each ψ�(·, x, ye), (x, ye) ∈ X× Ym is F0,r/B(Ym)
measurable.

Proof. The existence of the map H and thus of ψ� follows from a ω-wise
application of the Implicit Function Theorem, e.g., see Lang (1968, p. 355).
The measurability property of ψ� follows from the fact that each

eE

G(·, x, z), (x, z) ∈ X × Y
m

is F0,r/B(Rdy) measurable. 
�
To formulate a global existence theorm we will invoke what in the mathe-

matical literature is known as a Global Inverse Function Theorem. Recall to
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this end the notion of a simply connected set. Loosely speaking, a simply con-
nected set contains no holes. More formally, a set X ⊂ Rd is simply connected
if every closed path p : [0, 1] → X, p(0) = p(1) is homotopic to a constant
path, that is if there exists a continuous function P : [0, 1] × [0, 1] → X with
P (t, 0) = p(t) and P (t, 1) ≡ x0 ∈ X for all t ∈ [0, 1], cf. Lipschutz (1965, p.
186). Simple examples for simply connected sets are X = Rdx and Y = Rdy .

Theorem 4.2. Under the hypotheses of Theorem 4.1, assume that the follow-
ing conditions hold:

(i) For each ω ∈ Ω, h(ω, ·) ∈ C1(X×Ym,Y) and Dz(m)h(ω, x, z) is invertible
for all (ω, x, z) ∈ Ω × X × Ym.

(ii) For each ω ∈ Ω, there exist positive constants α(ω) and β(ω) such that

‖Dz(m)h(ω, x, z)−1D̂eE

G(ω, x, z)‖+‖Dz(m)h(ω, x, z)−1‖ ≤ α(ω)‖(x, z)‖+β(ω)

P-a.s. for all (x, z) ∈ X×Ym, where D̂ denotes the derivative with respect
to the variables (x, z(1), . . . , z(m−1)).

(iii) X and Y are simply connected.

Then all conclusions of Theorem 4.1 hold and a unique no-updating rule

ψ� : Ω × X × Y
m → Y

m

as defined in (4.25) exists, which is unbiased in the sense of Definition 4.5,
globally on X × Ym.

Proof. We only have to assure that (4.28) exists. The derivative of EG with
respect to (x, z) ∈ X × Ym takes the (block matrix) form

DEG(ω, x, z) =

(
I 0

D̂eE

G(ω, x, z) Dz(m)h(ω, x, z)

)
.

Indeed, DEG(ω, x, z) is invertible if and only if Dz(m)h(ω, x, z) is invertible.
The inverse is

DEG(ω, x, z)−1 =

(
I 0

−Dz(m)h(ω, x, z)−1D̂eE

G(ω, x, z) Dz(m)h(ω, x, z)−1

)
.

Using the respective matrix norms,

‖DEG(ω, x, z)−1‖ ≤ 1+‖Dz(m)h(ω, x, z)−1D̂eE

G(ω, x, z)‖+‖Dz(m)h(ω, x, z)−1‖.
Conditions (i) and (ii) are precisely the two hypotheses needed for a Global
Inverse Function Theorem (Deimling 1980, Thm. 15.4, p. 153) to be applicable,
whereas Condition (iii) is precisely that additional requirement needed for the
case in which X and Y are not vector spaces. This guarantees the existence of
a unique globally defined inverse function H ≡ E−1

G . 
�
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It is straightforward to generalize Theorem 4.2 to the case of ε-unbiased
forecasting rules. Theorem 4.2 reduces the problem of existence and unique-
ness of an unbiased forecasting rule to the problem of global invertibility of
the induced error function. Condition (i) in Theorem 4.2 provides a local in-
vertibility criterion for the induced error function (4.27), whereas (ii) is an
upper bound sufficient for the existence of a unique global inverse and (iii)
is a topological criterion. Notice that for the existence of an unbiased fore-
casting rule it suffices to have invertibility of (4.27) on an open neighborhood
of X × Ym−1 × {0} in the image of EG. By virtue of the Inverse Function
Theorem (see also Gale & Nikaido 1965), locally as well as globally unbiased
forecasting rules are uniquely determined by the properties of WG and thus
by the fundamentals of the economy. This stipulates the functional form of
an unbiased forecasting rule.

R
dy

W(ω)

X × Y
m

ε+

ε−

(a) Uniqueness.

R
dy

W(ω)

X × Y
m

ε+

ε−

(b) Multiplicity.

Fig. 4.1. Constraint varieties.

If the induced error function (4.27) is not globally invertible, it may hap-
pen that there exist multiple local inverses and thus several locally unbiased
no-updating forecasting rules. Uniqueness and existence of unbiased forecast-
ing rules are therefore encoded in the geometry of the zero-contour set WG, as
graphically stylized in Figure 4.1. Topological methods to analyze the struc-
ture of WG along with a global implicit function theorem can, for instance,
be found in Rheinboldt (1969). However, even if all conditions of a theorem
like Theorem 4.2 hold, for economic laws G = (G, g) with non-linear g–parts,
it will, in general, be impossible to construct an unbiased forecasting rule ψ�

analytically.
Recall the remarkable feature of economic systems with expectational leads

(m > 1). An unbiased no-updating forecasting rule (4.25), if it exists, gener-
ates rational expectations in the sense that all forecast errors (4.26) condi-
tional on information available at date t vanish, including those for forecasts
which have been made prior to that date, see also Theorem 2.1 of Chapter 2.

The no-updating rule (4.25) is designed in such a way that Et[yt+1] = ye
t,t+1

holds essentially for all choices of ye
t,t+i, i = 1, . . . ,m − 1. The idea is to

choose ye
t,t+m in such a way that the forecast error for ye

t,t+1 is minimal. This
implies a considerable freedom in selecting the first m−1 forecasts because any
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martingale difference sequence could, in principle, be added to these forecasts
without violating the unbiasedness. Apart from the geometry of WG, this fact
constitutes a primary cause for the emergence of multiple unbiased forecasting
rules and thus of multiple rational expectations equilibria in the presence of
expectational leads.

4.3 MSV Predictors

In linear models the notion of minimal-state-variable solutions introduced by
McCallum (1983, 1998, 1999) is a popular concept to describe situations in
which agents have rational expectations along particular trajectories of the
system. In Chapter 3, Section 3.2.2, we showed in a linear context that MSV
predictors may be seen as generators for minimal-state-variable solutions. We
will now specialize the notion of a MSV predictor to non-linear economic laws
of the form (4.2).

By virtue of Theorem 4.1, the existence of a set U on which unbiased
forecasts are possible depends solely on the economic law G. This holds in
particular for any subset V ⊂ U which is forward invariant under Gψ�

be-
cause the restriction ψ�|V of a locally unbiased forecasting rule is uniquely
determined by WG. Hence, the system Gψ�

when restricted to the invariant
set V is already determined by the economic fundamentals and, in principle,
may exhibit any type of dynamic behavior. As pointed out in the previous
section, initial conditions have to lie in a forward-invariant set V of Gψ�

in
order to guarantee rational expectations along the whole orbit.

There is a considerable freedom in choosing the initial forecasts ye
0,i i =

1, . . . ,m, for an initial state x0 ∈ X of the economy. In particular, different
initial forecasts could, in principle, lead to different long-run outcomes of
the economy even under rational expectations. To eliminate this degree of
freedom, we will derive forecasting rules from a random dynamical system as
follows. Let φ be a random dynamical system on X over a metric dynamical
system (Ω,F ,P, {ϑt}t∈Z), given by

xt+1 = φ(1, ϑtω, xt) = φ(t + 1, ω, x0), x0 ∈ X. (4.29)

One may assume here that (4.29) describes a perceived law of motion in which
a forecasting agency believes. Let V := {V(ω)}ω∈Ω be a random set which is
forward invariant under φ, i.e.,

φ(1, ω, x) ∈ V(ϑω), for all x ∈ V(ω)

and
Fφ

t := σ
(
φ(s, ·, x)

∣∣ s ≤ t, x ∈ X
)
, t ∈ Z

be sub-σ-algebras pertaining to (4.29). Define forecasting rules ϕ
(i)
X

: Ω×X →
X, i = 1, . . . ,m, by setting
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ϕ
(i)
X

(ω, x) := E[φ(i, ·, x)|Fφ
0 ](ω), i = 1, . . . ,m. (4.30)

As before, let xt ∈ X denote the state of the economy at date t. Using (4.30),
we let

xe
t,t+i := ϕ

(i)
X

(ϑtω, xt), i = 1, . . . ,m

be the period-t forecasts for xt+i, i = 1, . . . ,m, respectively, which are derived
from the perceived law (4.29). By Proposition 4.1 (see Section 4.5 below),

xe
t,t+i = E[φ(i, ϑt·, xt)|Fφ

t ](ω) = E[xt+i|Fφ
t ](ω) P − a.s. (4.31)

for all i = 1, . . . ,m. If xt+i is thought of being generated from the perceived
law (4.29), then the forecasts xe

t,t+i, i = 1, . . . ,m, become the best least-
squares predictions, given the history of realizations {xs}s≤t. By (4.31) and
the law of iterated expectations, each forecast derived from (4.30) satisfies

E[xe
t,t+i|Fφ

t−1](ω) = E[xt+i|Fφ
t−1](ω) = ϕ

(i+1)
X

(ϑt−1ω, xt−1) (4.32)

for all i = 1, . . . ,m. This implies that ϕX = (ϕ
(1)
X

, . . . , ϕ
(m)
X

) is a consistent
forecasting rule in the sense of Definition 4.1.

To construct a forecasting rule for an economic law G as defined in (4.2),
let πX

Y
: X → Y, (x, y) �→ y denote the natural projection onto Y. For each

i = 1, . . . ,m, let

ye
t,t+i = ϕ(i)(ϑtω, xt) := πX

Y

(
ϕ

(i)
X

(ϑtω, xt)
)

(4.33)

be the forecast for yt+i, i = 1, . . . ,m, respectively. Since the forecasting rule
ϕ := (ϕ(1), . . . , ϕ(m)) defined in (4.33) uses a minimal amount of endogenous
variables, it will be referred to as a minimal-state-variable predictor (MSV
predictor) for an economic law G of the form (4.2). It follows from (4.32) that
ϕ is a consistent forecasting rule in the sense of Definition 4.1. ϕ is locally
unbiased in the sense of Definition 4.3 if

eE

G

(
ω, x, ϕ(ω, x)

)
= 0 for all x ∈ V(ω) P − a.s. (4.34)

For each ω ∈ Ω, let

Γϕ(ω) := {(x, z) ∈ V(ω) × Y
m| z = ϕ(ω, x)}

denote the graph of the map ϕ(ω, ·) and denote by Gϕ the time-one map
pertaining to the economic law G and the MSV predictor ϕ. The predictor
ϕ is then unbiased in the sense of Definition 4.4 if Γϕ is forward invariant
under Gϕ. Notice again that (4.34) incorporates an invertibility condition of
the error function as discussed in Section 4.2.

A particular case arises when

φ(1, ω, x) = G
(
ξ(ω), x, ϕ(ω, x)

)
, for all x ∈ V(ω) P − a.s. (4.35)
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Then the additional degree of freedom in the unbiasedness condition (4.34),
which requires coincidence of objective and subjective first moments only, is
eliminated and each orbit of the perceived law (4.29) starting in V(ω) corre-
sponds to an orbit of Gϕ. These orbits correspond precisely to minimal-state-
variable solutions in the sense of McCallum (1983). The three relationships
(4.29), (4.33), and (4.35) may also be seen to define a functional rational ex-
pectations equilibrium in the sense of Spear (1988). This observation allows
us to interpret minimal state variable solutions and functional rational ex-
pectations equilibria as being generated from a particular kind of unbiased
forecasting rules, referred to as unbiased MSV predictors.

The two conditions (4.33) and (4.35) constitute a nonlinear equation on an
appropriately defined function space for a time-one map (4.29) which deter-
mines functional rational expectations equilibria (minimal state variable solu-
tions). In general, such an equation will be much harder to solve than finding
the inverse of an error function on a finite-dimensional space. Recently, Böhm,
Kikuchi & Vachadze (2006) used a numerical method to comupte a MSV pre-
dictor for a particular model. Unbiased MSV predictors will most likely not
be uniquely determined, as the analysis of the linear case treated in Chapter
3 indicates. However, they retain their importance as a possibility of singling
out unbiased forecasting rules under which the resulting rational-expectations
dynamics are stable.

4.4 Random Fixed Points

For many economic applications it suffices to have good forecasts in the long
run, that is, ε–unbiased forecasts on special (random) sets or along special
orbits of the system. This is the case when the set {U(ω)}ω∈Ω appearing in
Definition 4.4 contains a random attractor. Random attractors are the random
analogue of attractors for deterministic dynamical systems (see Arnold 1998,
p. 483). Each orbit starting from the corresponding domain of attraction will
then eventually become an ε-unbiased orbit. Otherwise an orbit may lose this
property. Typical candidates for these special orbits are generated by asymp-
totically stable random fixed points of an ERDS. The following definition of a
random fixed point (Schmalfuß 1996, 1998)4 includes a stability notion given
as Definition 7.4.6 in Arnold (1998).

Definition 4.6. A random fixed point of the ERDS Gψ is a random variable
(x�, y

e
�) : Ω → X × Ym, ω �→ (

x�(ω), ye
�(ω)

)
on (Ω,F ,P) such that(

x�(ϑω), ye
�(ϑω)

)
= Gψ

(
1, ω, x�(ω), ye

�(ω)
)

for all ω ∈ Ω′,

4Random fixed points can also be defined via a special class of invariant measures,
also referred to as random Dirac measures, see Arnold (1998, p. 25).
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where Ω′ ⊂ Ω is a ϑ-invariant subset of full measure P(Ω′) = 1.5

A random fixed point (x�, y
e
�) is called asymptotically stable with respect to

a norm ‖ ·‖ on X×Y
m if there exists a random neighborhood U(ω) ⊂ X×Y

m,
ω ∈ Ω such that

lim
t→∞

‖Gψ

(
t, ω, x0(ω), ye

0(ω)
)− (

x�(ϑ
tω), ye

�(ϑ
tω)

)‖ = 0

for all
(
x0(ω), ye

0(ω)
) ∈ U(ω) P − a.s.

The first part in Definition 4.6 implies(
x�(ϑ

t+1ω), ye
�(ϑ

t+1ω)
)

= Gψ

(
1, ϑtω, x�(ϑ

tω), ye
�(ϑ

tω)
)

for all times t. Hence, a random fixed point generates orbits{(
x�(ϑ

tω), ye
�(ϑ

tω)
)}

t∈N
, ω ∈ Ω

which solve the random difference equation

(xt+1, y
e
t+1) = Gψ(1, ϑtω, xt, y

e
t ), (x0, y

e
0) ∈ X × Y

m

induced by (4.5). If Gψ is independent of the perturbation ω, then Definition
4.6 coincides with the notion of a deterministic fixed point. A random fixed
point (x�, y

e
�) is asymptotically stable if for almost all perturbations ω ∈ Ω

all orbits starting at sufficiently close points
(
x0(ω), ye

0(ω)
) ∈ U(ω) eventually

converge to orbits of the random fixed point. By stationarity and ergodicity of
ϑ, the process {(x�(ϑ

t·), ye
�(ϑ

t·))}t∈N is stationary and ergodic. Let P� denote
the probability distribution of (x�, y

e
�). If, in addition, E [‖(x�, y

e
�)‖] < ∞,

then the ergodicity and the stability property of (x�, y
e
�) imply that

lim
T→∞

1
T+1

T∑
t=0

χB

(
Gψ(t, ω, x0(ω), ye

0(ω))
)

= lim
T→∞

1
T+1

T∑
t=0

χB

(
x�(ϑ

tω), ye
�(ϑ

tω)
)

= P�(B)

for all
(
x0(ω), ye

0(ω)
) ∈ U(ω) P-a.s. In other words, the empirical law of any

‘nearby’ orbit {Gψ

(
t, ω, x0(ω), ye

0(ω)
)}t∈N is for P-almost all ω ∈ Ω well de-

fined and converges to the true probability distribution of (x�, y
e
�). We are

now ready to establish the following notion.

5In the context of random dynamical systems, the term almost surely (a.s.) is
used in a non-standard sense: a property holds a.s. if there exists a ϑ-invariant set
Ω′ ⊂ Ω (ϑΩ′ = Ω′) such that the property holds for all ω ∈ Ω′.
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Definition 4.7. Given an economic law G, a forecasting rule ψ is called
asymptotically ε-unbiased if there exists an asymptotically stable random fixed
point (x�, y

e
�) of Gψ such that ψ is locally ε-unbiased along (x�, y

e
�), i.e.,(

x�(ω), ye
�(ω)

) ∈ Wε
G(ω) P − a.s.

For ε = 0, ψ is called asymptotically unbiased.

Let ψ be an asymptotically unbiased forecasting rule which is locally un-
biased along a random fixed point (x�, y

e
�) of Gψ. Since X = X × Y, we can

split x� into x� = (x�, y�) : Ω → X×Y. The forecast errors along (x�, y
e
�) are

ζ�
t+1(ω) = y�(ϑ

t+1ω) − ψ
(
ϑtω, x�(ϑ

tω), ye
�(ϑ

t−1ω)
)
, ω ∈ Ω, t ∈ N

and satisfy Et[ζ
�
t+1] = 0 for all times t ∈ N. That is, all mean forecast errors

conditional on the maximum amount of information available prior to actual
realizations vanish. This implies in particular that all forecast errors are zero
in the mean, E0[ζ

�
t ] = 0 for all t ∈ N. It follows from the stability property

and the ergodicity of (x�, y
e
�) that the sample mean errors and all sample

autocorrelation coefficients of all sufficiently close orbits {xt, y
e
t }t∈N as well as

those of the corresponding forecast errors {ζt}t∈N converge almost surely to
the respective true means and the true autocorrelation coefficients associated
with the random fixed point (x�, y

e
�).

Remark 4.4. The observation just made illustrates that an asymptotically
unbiased forecasting rule induces a (stochastic) consistent expectations equi-
librium (CEE) in the sense of Hommes & Sorger (1998) and Hommes, Sorger
& Wagner (2004), provided that agents in the model have a perceived law of
motion whose hypothesized autocorrelation structure is confirmed by the au-
tocorrelation structure of the realizations. Notice, however, that an unbiased
forecasting rule is more precise than a forecasting rule which induces a CEE
because the former provides the best least-squares prediction given the history
of the process. Moreover, the autocorrelation structure of the forecast errors
associated with an unbiased forecasting rule may well be non-trivial, cf. Böhm
& Wenzelburger (2002) for a concrete example. Hence, learning schemes de-
signed to find a CEE such as consistent adaptive learning schemes in the
sense of Schönhofer (1999, 2001) might only be meaningful in situations with
additive iid noise.

We conclude this section by reviewing a simplified version of an existence
theorem for random fixed points due to Schmalfuß (1996, 1998). Let H(ω) ⊂
Rd, ω ∈ Ω be a random closed set, i.e., each H(ω) is closed a.s. and {ω ∈
Ω | H(ω)∩U �= ∅} is measurable for all open sets U ⊂ Rd (Arnold 1998, Prop.
1.6.2, p. 32). Consider random variables h : Ω −→ R

d which are tempered,
meaning that
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lim
t→∞

e−δt‖h(ϑtω)‖ = 0 for all δ > 0.

Let

H :=
{
h : Ω −→ R

d+mdy | h is tempered and h(ω) ∈ H(ω), ω ∈ Ω
}

denote the set of all tempered random variables with values h(ω) in H(ω).

Theorem 4.3. Let Gψ : Z ×Ω ×X × Y m → X ×Ym be a random dynamical
system over a metric dynamical system (Ω,F ,P, {ϑt}t∈Z) as defined in (4.6).
Suppose there exists a random set H(ω) ⊂ X × Ym, ω ∈ Ω, such that H is
nonempty and the following conditions holds:

(i) The map ω �−→ Gψ

(
1, ϑ−1ω, h(ϑ−1ω)

)
is contained in H for all h ∈ H.

(ii) There exists a random variable c with E[c] < 0, such that

sup
(x,ye) 
=(x̃,ỹe)∈H(ω)

log

(‖Gψ(1, ω, x, ye) −Gψ(1, ω, x̃, ỹe)‖
‖(x, ye) − (x̃, ỹe)‖

)
≤ c(ω), ω ∈ Ω.

(iii) If, for some h ∈ H, {Gψ

(
t, ϑ−tω, h(ϑ−tω)

)}t∈N is a Cauchy sequence for
each ω ∈ Ω, then its limit is contained in H.

Then there exists a unique random fixed point h� ∈ H of Gψ with

lim
t→∞

‖Gψ

(
t, ω, h(ω)

)− h�(ϑtω)‖ = 0 for all h ∈ H P − a.s.

If, in addition, the time-one map (x, ye) �→ Gψ(1, ω, x, ye) is continuously
differentiable a.s., then Condition (ii) can be replaced by

(ii’) There exists random variable c with E[c] < 0, such that

sup
(x,ye)∈H(ω)

log ‖D(x,ye)Gψ(1, ω, x, ye)‖ ≤ c(ω), ω ∈ Ω

with D(x,ye) denoting the derivative with respect to (x, ye).

The concept of an asymptotically stable random fixed point in Definition
4.6 is a natural extension of the notion of an asymptotically stable fixed point
in the deterministic case. Combined with the property of unbiasedness, these
criteria seem to be natural stability requirements for an ERDS. On a purely
distributional level, a simplified version of Theorem 4.3 is given as Theorem
12.7.2 on p. 430 of Lasota & Mackey (1994).

Theorem 4.3 improves the purely statistical viewpoint of considering in-
variant distributions and Markov equilibria, as done in most economic appli-
cations, e.g., see Duffie, Geanakoplos, Mas-Colell & McLennan (1994), Bhat-
tacharya & Majumdar (2001), Spear (1988), or Spear & Srivastava (1986).
In fact, the required conditions can be established for a number of economic
models, yielding a characterization of the long-run behavior of orbits in mod-
els with noise. See Chapters 6 and 7 or Böhm & Wenzelburger (2002) for
economic examples. A discussion of the relationship between random fixed
points and Markov equilibria is found in Schenk-Hoppé & Schmalfuß (1998).
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Concluding Remarks

Extending and confirming results of Chapter 2 to the case of stationary noise,
it was shown that the class of unbiased forecasting rules which generate ratio-
nal expectations are themselves time-invariant functions. The most remark-
able phenomenon in stationary economic systems with expectational leads
is the notion of an unbiased no-updating forecasting rule which yields the
most precise forecasts in the sense that forecast errors vanish conditional on
information which was not available at the stage in which they were issued.

The existence of unbiased forecasting rules was reduced to the existence of
a global inverse of the mean error function associated with the system. This
error function depends exclusively on the fundamentals of the economy and is
independent of any expectations formation procedure. The information nec-
essary to construct an unbiased forecasting rule requires detailed knowledge
of the whole economic system and amounts to the ability of computing the
global inverse of the mean error function. The static nature of this error func-
tion, however, opens up the possibility to estimate and approximate unbiased
forecasting rules from historical data, whenever they exist.

4.5 Mathematical Appendix

A random dynamical system in the sense of Arnold (1998) consists of two basic
ingredients, a model of the exogenous noise and a model of the system which is
perturbed by noise. In what follows we restrict ourselves to the case of discrete
time. The noise will be modeled by an (ergodic) metric dynamical system
(Ω,F ,P, {ϑt}t∈Z) in the sense of ergodic theory as defined in Assumption 4.1.
Recall that any stationary ergodic process can be represented by an ergodic
dynamical system.

Let X ⊂ Rd be given and B(X) be the σ-algebra of all Borel sets.
A random dynamical system (RDS) on X over a metric dynamical system
(Ω,F ,P, {ϑt}t∈Z) is a mapping

φ : Z ×Ω × X → X, (t, ω, x) �→ φ(t, ω, x)

with the following properties:

(i) Each φ(t, ·), t ∈ Z is F ⊗ B(X)/B(X) measurable.
(ii) The mappings φ(t, ω, ·) : X → X form a cocycle over {ϑt}t∈Z, that is, they

satisfy
φ(0, ω, x) = x for all x ∈ X, ω ∈ Ω

and
φ(t1 + t2, ω, x) = φ

(
t1, ϑ

t2ω, φ(t2, ω, x)
)

for all x ∈ X, ω ∈ Ω, and t1, t2 ∈ Z.
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If, in addition, each map φ(1, ω, ·) : X → X, ω ∈ Ω, is continuous or even of
class Ck, then φ is said to be continuous or of class Ck, respectively. If the
system started at x0 ∈ X, then xt = φ(t, ω, x0) describes the state of the sys-
tem at time t. For an arbitrary initial condition x0 ∈ X and any perturbation
ω ∈ Ω, the sequence of points γ(x0) := {xt}t∈N with xt = φ(t, ω, x0), t ∈ N,
is called an orbit of the random dynamical system φ.

Having defined a random dynamical system, one may now define the past
and the future associated with such systems. The following definition is taken
from Arnold (1998, Def. 1.7.1, p. 37).

Definition 4.8. A sub-σ-algebra F− of F is called past of the RDS φ if

(i) each map φ(t, ·, x), x ∈ X, is F−/B(X)-measurable for all t ≤ 0, and
(ii) ϑ−tF− ⊂ F− for all t ≤ 0.

A sub-σ-algebra F+ of F is called future of the RDS φ if

(i) each map φ(t, ·, x), x ∈ X, is F+/B(X)-measurable for all t ≥ 0, and
(ii) ϑ−tF+ ⊂ F+ for all t ≥ 0.

The smallest possible choice for the past of φ is

F− := σ(φ(s, ·, x)| s ≤ 0, x ∈ X),

and the smallest possible choice for the future of φ is

F+ := σ(φ(s, ·, x)| s ≥ 0, x ∈ X).

see Arnold (1998, Sec. 1.7, p. 37). Setting for each t ∈ Z, F−
t := ϑ−tF− and

F+
t := ϑ−tF+, it is clear that F−

t is increasing and F+
t is decreasing in t ∈ Z,

respectively. Consider now the sub-σ-algebras

Ft := σ(φ(s, ·, x)| s ≤ t, x ∈ X)

and
F ′

t := σ(φ(s, ·, x)| s ≥ t, x ∈ X)

of F and for each r ∈ N, set

Ft,r = Ft ∩ F ′
t−r.

The sub-σ-algebras Ft and Ft,r have been used in the main text of this chap-
ter, as these seem to be intuitively easier to comprehend.

Lemma 4.1. Let φ be a RDS over a metric dynamical system (Ω,F ,P,
{ϑt}t∈Z). Then, with the notation introduced above, the following holds for
each t ∈ Z:

(i) Ft = F−
t , (ii) F ′

t = F+
t , (iii) Ft+s,r = ϑ−sFt,r, r ∈ N, s ∈ Z.
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Proof. (i) Step 1. We show that F−
t ⊂ Ft. Let s ≤ 0, y ∈ X, and B ∈ B(X)

be arbitrary but fixed and consider a typical set

F−
y := {ω ∈ Ω| φ(s, ϑtω, y) ∈ B} ∈ F−

t .

To show that F−
y ∈ Ft, let

Fx := {ω ∈ Ω| φ(t, ω, x) = y and φ(t + s, ω, x) ∈ B}, x ∈ X.

Since s ≤ 0, Fx ∈ Ft. The cocycle property of φ reads

φ(t + s, ω, x) = φ
(
s, ϑtω, φ(t, ω, x)

)
, x ∈ X.

Hence
⋃

x∈X
Fx ⊂ F−

y . On the other hand, let ω ∈ F−
y be arbitrary. Since

φ(t, ω, ·) is invertible, there exists a unique xω ∈ X such that φ(t, ω, xω) = y.
Hence φ(t + s, ω, xω) = φ(s, ϑtω, y) ∈ B, implying that ω ∈ Fxω

. This shows
that F−

y ⊂ ⋃
x∈X

Fx and hence F−
y =

⋃
x∈X

Fx. Since s ≤ 0, y ∈ X, and

B ∈ B(X) were arbitrary, this proves F−
t ⊂ Ft.

Step 2. The proof is complete if one can show that Ft ⊂ F−
t . To do so, let

s ≤ t, x ∈ X, and B ∈ B(X) be arbitrary but fixed. Consider a typical set

Fx := {ω ∈ Ω| φ(s, ω, x) ∈ B} ∈ Ft.

The cocycle property of φ implies

φ(s− t, ϑtω, y) = φ
(
s, ω, φ(−t, ϑtω, y)

)
, y ∈ X.

Consider now sets of the form (s ≤ t fixed as above)

F−
y := {ω ∈ Ω| φ(−t, ϑtω, y) = x and φ(s− t, ϑtω, y) ∈ B} ∈ F−

t , y ∈ X.

By a reasoning analogous to Step 1, Fx =
⋃

y∈X
F−

y which yields Ft ⊂ F−
t .

(ii) The proof of Property (ii) is analogous to that of Property (i).

(iii) Using (i) and (ii), one has

ϑ−sFt,r = ϑ−sF−
t ∩ ϑ−sF+

t = F−
t+s ∩ F+

t+s = Ft+s,r.


�

We use Lemma 4.1 to prove the following Proposition.

Proposition 4.1. Let φ be a RDS over a metric dynamical system (Ω,F ,P,
{ϑt}t∈Z) as defined above and h : X → Rd be an integrable map. Let
Ft = ϑ−tF0, t ∈ Z for some sub-σ-algebra F0 ⊂ F . Then, with the nota-
tion introduced above, for each x0 ∈ X,

E
[
h
(
φ(t + 1, ·, x0)

) ∣∣Ft

]
(ω) = E

[
h
(
φ(1, ϑt·, xt)

) ∣∣Ft

]
(ω)

= E0

[
h
(
φ(1, ·, xt)

) ∣∣F0
]

(ϑtω)

P-a.s., where xt = φ(t, ω, x0).
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Proof. The assertion follows from Lemma 4.2 and Lemma 4.3 below. 
�

Lemma 4.2. Let (Ω,F ,P, {ϑt}t∈Z) be a metric dynamical system, Ft =
ϑ−tF0, t ∈ Z for some sub-σ-algebra F0 ⊂ F , and u : Ω → X be a F/B(X)-
measurable random variable. Then

E[u◦ϑt|Ft] = E[u|F0]◦ϑt
P − a.s.

Proof. By the definition of a metric dynamical system, ϑ is measure pre-
serving with respect to P. This implies ϑtP = P with ϑtP denoting the image
measure under ϑt. The change-of-variable formula then gives∫

F

u dP =

∫
F

u d(ϑt
P) =

∫
ϑ−t(F )

u ◦ ϑt dP, F ∈ F0. (4.36)

On the other hand, the definition of the conditional expectations and the
change-of-variable formula imply∫

F

udP =

∫
F

E[u|F0] dP =

∫
ϑ−t(F )

E[u|F0]◦ϑt dP, F ∈ F0
P−a.s. (4.37)

Noting that Ft = ϑ−tF0 and applying the definition of the conditional expec-
tations again, (4.36) and (4.37) yield∫

ϑ−t(F )

E[u ◦ ϑt|Ft] dP =

∫
ϑ−t(F )

E[u|F0] ◦ ϑt dP, F ∈ F0
P − a.s.

This completes the proof. 
�

Lemma 4.3. Let (Ω,F ,P) a probability space, Φ : Rd1 × Rd2 → Rd3 be an
integrable map, and x : Ω → Rd1 and y : Ω → Rd2 be integrable random
variables. Then

E[Φ(x, y)|y](ω) = E
[
Φ
(
x, y(ω)

)|y] (ω), P − a.s.

Here, both conditional expectations are taken with respect to the sub-σ-algebra
σ(y) and the second one is the conditional expectation of the random variable
ω �→ Φ

(
x(ω), η

)
with arbitrary but fixed η ∈ Rd2 .

Proof. The factorization lemma (Bauer 1992, p. 71) ensures the existence of
a σ(y)-measurable map h such that

E[Φ(x, y)|y](ω) = h
(
y(ω)

)
, P − a.s.

and Proposition 15.9 in Bauer (1991, p. 128) shows that

h(η) =
1

P(y = η)

∫
y−1(η)

Φ(x, y)dP =
1

P(y = η)

∫
y−1(η)

Φ(x, η)dP P − a.s.,
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provided that P(y = η) > 0. Similarly, for each fixed ζ ∈ Rd2 , there exists a
σ(y)-measurable map H(·, ζ) such that

E[Φ(x, ζ)|y](ω) = H
(
y(ω), ζ

)
, P − a.s.

and

H(η, ζ) =
1

P(y = η)

∫
y−1(η)

Φ(x, ζ)dP, P − a.s.

Hence, h
(
y(ω)

)
= H

(
y(ω), y(ω)

)
which completes the proof. 
�
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Nonparametric Adaptive Learning

In this chapter we introduce a learning scheme for unbiased forecasting rules
of the non-linear system (2.8) as introduced in Chapter 2, using nonparamet-
ric methods developed in Chen & White (1996, 1998, 2002). Based on results
of Yin & Zhu (1990), Yin (1992), and many other authors, these contribu-
tions generalize an approach in stochastic approximation theory initiated by
Kushner & Clark (1978) to infinite-dimensional spaces.We will specialize these
results to economic laws with expectational leads.

The main difference between the learning scheme proposed in this chapter
and the approach of the traditional learning literature is that we distinguish
between the estimation of an unbiased forecasting rule associated with an eco-
nomic law and the actual application of a forecasting rule within the system.
As in the linear case of Chapter 3, forecasts will be treated systematically as
exogenous inputs in the control theoretical sense. One advantage of such an
approach is that, contrary to Chen & White (1998), the unknown functional
relationship which has be to estimated is uniquely determined. This consid-
erably reduces the mathematical equipment needed to establish convergence
results. It allows to select between multiple unbiased forecasting rules on eco-
nomic grounds and, in principle, it enables a forecasting agency to stabilize
the evolving system lat all stages of the learning procedure.

The general idea of the learning scheme is to construct an approximation
of an unbiased forecasting rule from historical data. A forecasting rule will be
updated at each point in time, where we will assume that this rule uses a finite
amount of historical data only. Although a forecasting rule of the general form
(2.13) could be taken, our existence and uniqueness results (Theorems 4.1 and
4.2) of Chapter 4 suggest to take no-updating rules. Moreover, as Theorem
2.1 of Chapter 2 showed, unbiased no-updating rules provide the most precise
forecasts.

Assuming existence and uniqueness, we will show how to approximate an
unbiased no-updating forecasting rule from an estimate of the ‘inverse’ of the
economic law. If it is unknown whether or not such a forecasting rule exists,
then the economic law G should be directly estimated. As all multiplicities
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are embodied in the economic law, an approximated unbiased forecasting rule
could then be computed from an estimated economic law. The estimation
techniques are completely analogous. We start with an outline of the general
methodology.

5.1 The Method of Stochastic Approximation

Recall that, given the information vector of past observed states

Zt = (ye
t−1, xt−1, . . . , y

e
t−r, xt−r) ∈ Σ

in an arbitrary period t, the vector of forecasts ye
t = (ye

t,t+1, . . . , y
e
t,t+m) formed

in period t by means of a no-updating forecasting rule Ψ = (Ψ (1), . . . , Ψ (m)) is{
ye

t,t+i = Ψ (i)(xt, Zt) := ye
t−1,t+i, i = 1, . . . ,m− 1,

ye
t,t+m = Ψ (m)(xt, Zt).

(5.1)

If (xt−1, Zt−1) ∈ X×Σ ⊂ RdH denotes the state of the system in period t− 1,
then in view of Assumption 2.1⎧⎪⎪⎨⎪⎪⎩

xt = G
(
ξt(ω), xt−1, y

e
t−1)

Zt = (ye
t−1, xt−1, prΣ

−rZt−1

)
ye

t = Ψ(xt, Zt)

(5.2)

describes the state of the system in period t under the perturbation ω ∈ Ω,
where as before

prΣ
−r : Σ →

r−1∏
i=1

(Ym × X), (Z(1), . . . , Z(r)) �→ (Z(1), . . . , Z(r−1)) (5.3)

denotes the projection into the first r − 1 components.

Remark 5.1. The information contained in Zt is redundant when using no-
updating forecasting rules of the form (5.1). In this case

ye
t,t−j+m = ye

t−j,t−j+m, j = 1, . . . ,m− 1,

so that the first m− 1 components of ye
t = (ye

t,t+1, . . . , y
e
t,t+m) are redundant

if r > m.

In order to formulate a learning scheme according to which the forecasting
rule Ψ is updated, we need to specify the set of feasible forecasting rules from
which an agent or a forecasting agency can choose. Let X×Σ be an open and
convex subset of RdH and ‖·‖ denote the Euclidean norm. Restricting attention
to no-updating forecasting rules, it suffices to consider the function Ψ (m) for
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the m-th forecast of a forecasting rule Ψ . Let Cp
B(X×Σ; Rdy) denote the space

of all bounded p-times continuously differentiable functions ψ : X×Σ → Rdy

with bounded derivatives and CB(X × Σ; Rdy) be the space of all functions
which are continuous and bounded.1 It is well known when Cp

B(X×Σ; Rdy) is
a dense subspace of a real separable Hilbert space H. This could be either the
space of all square integrable functions L2(X ×Σ; Rdy) or the Sobolev space
Wp,2(X ×Σ; Rdy).2

We will choose the Sobolev spaces H := Wp,2(X × Σ; Rdy) and H′ :=
Wp,2(X × Σ; Rmdy) with p > dH

2 as the underlying Hilbert spaces of our
learning scheme. By the Sobolev Imbedding Theorem (see Theorem 5.4 below)
which will be applied in the sequel, H can be imbedded into CB(X ×Σ; Rdy)
in the sense that if ψ ∈ H, then there exists ψ0 ∈ CB(X × Σ; Rdy) such that
ψ = ψ0 almost everywhere. The Sobolev Imbedding Theorem requires that
X×Σ has a geometric property, called the cone property. Open balls and open
rectangular domains are examples for sets having the cone property, so that
from an economic view point this assumption imposes no serious restriction.
A brief discussion of all necessary details is found in Section 5.5.1 below.

The Hilbert space H is endowed with an inner product and inner-product
induced norm, denoted by 〈·, ·〉H and ‖ · ‖H, respectively. The σ-algebra gener-
ated by the subsets of H which are open in the norm-induced topology of H is
denoted by B(H). Similarly, we denote by H′ the Hilbert space of all functions
Ψ : X ×Σ → Rmdy endowed with the norm ‖ · ‖H′ . Except for the dimension
of the target space Rmdy , we assume throughout that H and H′ are Hilbert
spaces of the same sort. Fix p > dH

2 as above and set

S := Cp
B(X ×Σ; Ym) (5.4)

for the space of feasible forecasting rules. Note that any feasible forecasting
rule Ψ must take values in Ym and that S is a subspace of H′. Let πY denote
a projection of Rdy onto Y. Define an imbedding I of H into H′ by

I : H → H
′, ψ �→ I(ψ), (5.5)

such that I(ψ) : X ×Σ → Ym is given by

I(ψ)
(
x, Z) := (z(2), . . . , z(m), πYm ◦ ψ(x, Z)

)
, (x, Z) ∈ X ×Σ,

where Z = (z(1), . . . , z(m), Z ′) ∈ Σ and (z(1), . . . , z(m)) ∈ Y
m. In particular,

I transforms any ψ ∈ Cp
B(X ×Σ; Rdy) into a feasible forecasting rule I(ψ) ∈

Cp
B(X ×Σ; Ym).

1Throughout this chapter we change the notation with respect to Chapter 4 and
denote the forecasting function for the m-th forecast by ψ for ease of notation.

2As an alternative, the space of all p-times continuously differentiable functions
with compact support could be chosen. By Theorem 3.18, p. 54 of Adams (1975),
this space is a dense subset of a Sobolev space as well if X × Σ has an additional
geometric property, called the segment property.
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With these choices, the learning scheme which will be introduced below
may require that the forecasting rule obtained from an estimation procedure
can be censored. The main reason for such a manipulation is to generate
certain stochastic properties of the estimates that guarantee convergence of
the algorithm. To this end, we introduce for each t ∈ N a censor map

Υt : H → H
′, ψ �→ Υt(ψ) (5.6)

which maps Cp
B(X × Σ; Rdy) onto S. The simplest example is Υt ≡ I for all

t ∈ N when no censoring is applied.
We next define the way in which a forecasting rule will be updated.

Throughout this chapter, denote by ψ� = Ψ
(m)
� the m-th component func-

tion of an unbiased no-updating Ψ� introduced in Definition 2.3 of Section 2.5
in Chapter 2. Clearly, Ψ� = I(ψ�). Let {at}t∈N be a sequence of positive real
numbers, which will be specified later in this section, and for each t ∈ N, let

Mt : X ×Σ × H −→ H

be a function that governs the updating of a forecasting rule at time t ∈ N.
Assume that each Mt(x, Z, ·), t ∈ N, (x, Z) ∈ X × Σ maps differentiable
functions onto differentiable functions. The resulting learning scheme then
evolves over time according to the list of mappings⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

xt = G
(
ξt(ω), xt−1, y

e
t−1

)
Zt =

(
ye

t−1, xt−1, prΣ
−rZt−1

)
ye

t = Ψt(xt, Zt)

Ψt = Υt(ψ̂t)

ψ̂t = ψ̂t−1 + at−1Mt−1(xt, Zt, ψ̂t−1)

(5.7)

with t ∈ N. The first three equations in the recursive system (5.7) are already
given in (5.2) and play the role of the former time-one map (2.15) [or, equiv-

alently, (4.5)]. ψ̂t is a period-t approximation of the m-th component ψ� of
the desired unbiased no-updating forecasting rule Ψ� = I(ψ�). The censored

map Ψt = Υt(ψ̂t) is the forecasting rule which is applied in period t. As men-
tioned above this may become necessary in order to fulfill certain stochastic
requirements for the estimation technique and in order to stabilize the evolv-
ing system (5.7). The fifth equation in (5.7) specifies the way in which the

estimate ψ̂t is updated. This updating scheme is commonly referred to as a
Robbins-Monro procedure with feedback.

The basic idea of the algorithm (5.7) is to find the unknown function ψ�

as follows. Suppose that ψ� can be characterized as the zero of an unknown
map M� : H → H. Assume that the unknown map M� is approximated by a
sequence of functions Mt, t ∈ N. Then ψ� could recursively be estimated by
taking some initial element ψ̂0 ∈ H and setting
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ψ̂t+1 = ψ̂t + atMt(xt+1, Zt+1, ψ̂t)

= ψ̂t + at

[
Ut(xt+1, Zt+1, ψ̂t) + M�(ψ̂t)

]
, t = 0, 1, . . . ,

where Ut(xt+1, Zt+1, ψ̂t) := Mt(xt+1, Zt+1, ψ̂t) − M�(ψ̂t) is the approxima-

tion error of period t. We will show that ‖ψ̂t − ψ�‖H converges almost
surely to zero as t tends to infinity, provided that the approximation errors{
Ut(xt+1, Zt+1, ψ̂t)

}
t∈N

fulfill certain stochastic requirements.

In order to establish such convergence results, the magnitudes ‖ψ̂t‖H of

the estimates ψ̂t must be hindered from diverging. This will be achieved by
modifying the learning scheme (5.7) as follows. The idea is to ‘reset’ the

estimate ψ̂t to some fixed forecasting rule ψ ∈ H whenever the sequence
{ψ̂t}t∈N attempts to escape. To this end, let χJ denote the indicator function
of a subset J ⊂ Ω and {bt}t∈N be a sequence of strictly increasing positive
real numbers. Define a sequence of positive integer-valued random variables
{γ(t)}t∈N by

γ(0) = 0, γ(t + 1) = γ(t) + χJc
t
, (5.8)

where

Jt :=
{
‖ψ̂t−1 + at−1Mt−1(xt, Zt, ψ̂t−1)‖H ≤ bγ(t)

}
,

Jc
t :=

{
‖ψ̂t−1 + at−1Mt−1(xt, Zt, ψ̂t−1)‖H > bγ(t)

}
.

Fix some b̄ with 0 < b̄ < b1 and choose a fixed ψ ∈ H with ‖ψ‖H < b̄. For each
t ∈ N, set ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xt = G
(
ξt(ω), xt−1, y

e
t−1

)
Zt =

(
ye

t−1, xt−1, prΣ
−rZt−1

)
ye

t = Ψt(xt, Zt)

Ψt = Υt(ψ̂t)

ψ̂t =
[
ψ̂t−1 + at−1Mt−1(xt, Zt, ψ̂t−1)

]
χJt

+ ψ χJc
t

(5.9)

Both systems (5.7) and (5.9) are variants of learning schemes developed in
Chen & White (1998, 2002). The main difference is that we distinguish be-
tween the recursive approximation of a forecasting rule and its application to
the system such that the forecasts which actually feed back into the process
may be altered or, in other words, censored. The learning scheme (5.9) is also
referred to as randomly truncated Robbins-Monro procedure with feedback cf.
Chen & White (1998).

Remark 5.2. In the case in which {ξt}t∈N is iid, Remark 2.4 of Chapter 2
showed that ψ� is a function of the form ψ� : X × Ym−1 → Y. In this case,
Σ = Ym, r = 0 and one may set
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S := Cp
B(X × Y

m−1; Ym)

for the space of feasible forecasting rules. The Hilbert spaces H and H′ are
defined accordingly. The same remark applies to the case of stationary ergodic
noise with r = 0 treated in Chapter 4.

Remark 5.3. The stochastic approximation schemes in (5.7) and (5.9) in-
volve a generalization of a stochastic approximation method developed by
Kushner & Clark (1978) to infinite-dimensional systems with feedback, see
also Kushner & Yin (2003) and references therein. The original algorithm
without an expectations feedback dates back to Robbins & Monro (1951). Kush-
ner & Clark (1978) extended this method to finite-dimensional systems with
feedback, Yin & Zhu (1990), Yin (1992), and others developed a generaliza-
tion to systems with an infinite-dimensional state space. Chen & White (1996,
1998, 2002) extended and refined these results to feedback systems with an
infinite-dimensional state space. For an account of the literature we refer to
Chen and White’s as well as to Yin and Zhu’s work.

Remark 5.4. The system (5.9) is not necessarily a random dynamical system
in the sense of Arnold (1998) because the fourth and fifth equation in (5.9)
will most generally violate the cocycle property (see Chapter 4).

5.2 A Basic Convergence Result

We are now in a position to formulate a convergence result which is based on
Yin & Zhu (1990) and Chen & White (1996, 2002). The convergence result
stated in Theorem 5.1 below is quite general, whereas the required assump-
tions are rather abstract. Indeed, the crucial assumption which guarantees
convergence will, in general, be difficult if not impossible to verify. A list of
assumptions which is easier to verify will be formulated in Section 5.4.

There are various approaches using different assumptions to prove almost
sure convergence of the sequence of estimates {ψ̂t}t∈N to ψ�. In essence, all
try to establish the following two relations:

1. Boundedness of the sequence of estimates, that is,

sup
t∈N

‖ψ̂t‖H < ∞ P − a.s.

2. For each T > 0, convergence of the sum

lim
t→∞

sup
t<n≤n(t,T )

∥∥∥n−1∑
j=t

aj

[
Mj(xj+1, Zj+1, ψ̂j) −M�(ψ̂j)

]∥∥∥
H

= 0 P − a.s.,

where for each t ∈ N,

n(t, T ) := max
{
i > t

∣∣∣ i−1∑
j=t

aj ≤ T
}
.
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Before stating our assumptions, let us introduce some notation. Given
some feasible forecasting rule Ψ ∈ S and an economic law G of the form (2.8),
it will turn out to be convenient to allow the time-one map as defined in (2.15)
to depend on Ψ . Formally, we define

G :

⎧⎪⎨⎪⎩
Ξ × X ×Σ × S −→ X ×Σ

(ξ, x, Z, Ψ) �−→
(

G
(
ξ, x, Ψ(x, Z)

)(
Ψ(x, Z), x,prΣ

−rZ
)) . (5.10)

The map (5.10) will replace the role of the former time-one map (2.15) as

follows. Let
∏t+1

i=1 S denote the (t + 1)-fold product of S and

Ψ t
0 = (Ψ0, . . . , Ψt) ∈

t+1∏
i=1

S

be a list of forecasting rules, where Ψs is the forecasting rule applied in period
s. Define maps

G(t, ·) : Ω × X ×Σ ×
t∏

i=1

S → X ×Σ, t ∈ N (5.11)

recursively by setting

G
(
t, ω, x0, Z0, Ψ

t−1
0

)
:=

{
G

(
ξt(ω),G

(
t− 1, ω, x0, Z0, Ψ

t−2
0

)
, Ψt−1

)
if t > 0,

(x0, Z0) if t = 0.

If the system started in some state (x0, Z0) ∈ X×Σ, then the t-th iteration of
the map (5.10) under the perturbation ω ∈ Ω induces maps (5.11) such that

(xt, Zt) = G
(
t, ω, x0, Z0, Ψ

t−1
0

)
describes the state of the system at time t. If Ψ t−1

0 = (Ψ, . . . , Ψ) is a constant
list of functions so that Ψs = Ψ for s = 0, . . . , t− 1, we write

G (t, ω, x0, Z0, Ψ) = G
(
t, ω, x0, Z0, Ψ

t−1
0

)
(5.12)

for notational convenience.
The following assumptions are taken from Yin & Zhu (1990) and Chen &

White (2002) and adjusted to our setup. The first assumption is a slight ex-
tension of our previous Assumption 2.1. The second one concerns the dynamic
stability of our system under learning. Recall that in the context of infinite
dimensional spaces, a mapping is said to be bounded if it maps bounded sets
into bounded sets, where we mean bounded with respect to the norm topology.
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Assumption 5.1. The exogenous noise is driven by a sequence of random
variables {ξt}t∈N on a complete probability space (Ω,F ,P) with values in a
subset Ξ ⊂ R

dξ , such that for each t ∈ N, ξt : Ω → Ξ.

Assumption 5.2. (i) X×Σ ⊂ RdH is open, convex and has the cone property.
(ii) Each map Υt : H → S ⊂ H′, t ∈ N is uniformly continuous on bounded

sets. That is, for each bounded subset A ⊂ H and each ε > 0, there exists
some δ = δ(ε,A) such that

‖ψ − ψ̃‖H < δ implies ‖Υt(ψ) − Υt(ψ̃)‖H′ < ε

for all ψ, ψ̃ ∈ A.
(iii) The economic law G is a continuous map and there exists a compact subset

D ⊂ X ×Σ which is forward-invariant in the sense that

G
(·, Υt(·)

)
: Ξ × D × H → D,

uniformly in t ∈ N.

The boundedness condition in Assumption 5.2 imposes an important sta-
bility condition on the recursive system (5.9). This sets aside the problem that
forecasting rules could well destabilize the system in the sense that the endoge-
nous state variables {(xt, Zt)}t∈N generated by the Robbins-Monro procedure
(5.9) diverge. This possibility constitutes a serious control problem. It is ruled
out by imposing the strong assumption that a list of censoring maps {Υt}t∈N

is known which keeps the system stable no matter what the actual estimate
for a forecasting rule is. It is beyond the scope of these notes to analyze the
case in which the unknown system has to be stabilized without this a-priori
knowledge. However, in principle, stability could be achieved through a reset
mechanism similar to the one in (5.9). Notice in this context that the fore-
casting rule ψ would have to be known so that the system G is stable when
ψ is applied in the sense that a bounded forward-invariant set exists.

Example 5.1. As an example for a time-invariant censor map, consider fore-
casting rules ψ ∈ C1

B(X ×Σ; Rdy) with bounded first derivative. Let Dψ(x, Z)
denote the derivative (i.e., the Jacobi matrix) of Ψ at (x, Z) and∥∥Dψ

∥∥
∞ := sup

{∥∥Dψ(x, Z)
∥∥∣∣∣ (x, Z) ∈ X ×Σ

}
be the supremum norm of the derivative. Choose a positive constant 0 < cΥ < 1
and define

Υ ′ :

{
C1

B(X ×Σ; Rdy) −→ C1
B(X ×Σ; Rdy)

ψ �−→ Υ ′(ψ)
(5.13)

by setting

Υ ′(ψ) =

{
ψ if ‖Dψ‖∞ < cΥ

cΥ

‖Dψ‖∞

ψ if ‖Dψ‖∞ ≥ cΥ
.
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The function (5.13) maps differentiable functions onto differentiable contrac-
tions with a prescribed Lipschitz constant cΥ , so that∥∥Υ ′(ψ)(x, Z) − Υ ′(ψ)(x̃, Z̃)

∥∥ ≤ cΥ

∥∥(x, Z) − (x̃, Z̃)
∥∥

for all (x, Z), (x̃, Z̃) ∈ X ×Σ. For each t ∈ N, define

Υt ≡ Υ : Cp
B(X ×Σ; Rdy) → S, ψ �→ I ◦ Υ ′(ψ), (5.14)

where I is defined in (5.5) and S is the space of all feasible forecasting rules.
Based on the Sobolev Imbedding Theorem, Lemma 5.6 of Section 5.5.1 below
shows that the censor map (5.14) can be continuously extended to a map on
H which satisfies Assumption 5.2 (ii). Notice, however, that Υ (ψ�) = Ψ� only
if ‖Dψ�‖∞ ≤ cΥ .

Let us describe now the assumptions concerning the updating of estimates
{ψ̂t}t∈N. The first assumption stipulates the properties of the gains {at}t∈N

involved in the algorithm (5.9), also referred to as step sizes.

Assumption 5.3. {at}t∈N is a sequence of exogenously given non-increasing
positive numbers such that the following conditions hold:

(i) at → 0 as t → ∞, (ii)
∑∞

t=0 at = ∞,

(iii) at ≤ at+1(1 + a at) for some 0 < a ≤ 1.

A popular choice satisfying Assumption 5.3 is at = 1
t , t ∈ N. The updating

functions {Mt}t∈N are specified next. Let {Hk}k∈N be a sequence of closed,
bounded, and convex subsets of H. Suppose that Hk ⊂ Hk+1 for all k ∈ N

and that the closure of
⋃

k∈N
Hk with respect to the norm topology is equal

to the Hilbert space H.

Assumption 5.4. The updating functions {Mt}t∈N take the following form.
Let k(·) : N → N, t �→ k(t) be a non-decreasing function with

1 ≤ k(t) ≤ k(t + 1) ≤ k(t) + 1 and lim
t→∞ k(t) = ∞.

For each t ∈ N, let
Mt : X ×Σ × H → Hk(t+1)

be a B(X ×Σ × H)/B(H) measurable and bounded map.

Example 5.2. Let πk : H → Hk denote a projection operator, i.e. πk◦πk = πk

and M : X × Σ × H → H be a measurable and bounded map. Then Mt :=
πk(t) ◦ M , t ∈ N satisfies the conditions of Assumption 5.4. Such updating
functions have been proposed in Chen & White (1998, 2000)
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Assumption 5.4 allows us to introduce nonparametric recursive estimators
as kernel, orthogonal series, splines, wavelets, and neural-network estimators,
etc., see White, Gallant, Hornik, Stinchcombe & Woolridge (1992) or Prakasa
Rao (1983) for examples.

Example 5.3. An example for a sequence {Hk(t)}t∈N of closed, bounded, and
convex subsets of H can be defined as follows. Recall that dH is the dimension
of X × Σ and let φ ∈ Cp

B(X × Σ; R) be a cumulative distribution function.
For each l = 1, . . . , dy, j ∈ N, let each Alj : RdH → R be a linear map and
ηlj ∈ RdH be a vector. Choose an increasing sequence of positive real numbers
{βt}t∈N such that βt → ∞ as t → ∞. For each t ∈ N, define

Hk(t) :=
{
ψ = (ψ1, . . . , ψdy

) : X ×Σ → R
dy

∣∣∣
ψl(ζ) =

k(t)∑
j=1

αlj φ(Aljζ + ηlj), where αlj ∈ R and

max
1≤j≤k(t)

{‖ηlj‖, ‖Alj‖
} ≤ βt, l = 1, . . . , dy

}
.

It is shown in White, Gallant, Hornik, Stinchcombe & Woolridge (1992) that
the closure of

⋃
t∈N

Hk(t) is equal to H, whereas Hk(t) ⊂ Hk(t+1) for all t ∈ N.

Our next assumption concerns the unknown ‘limiting map’ M� : H → H

which characterizes the desired unbiased forecasting rule Ψ�.

Assumption 5.5. There exists a measurable map M� : H → H such that the
following holds:

(i) M� has a unique zero ψ� ∈ H, that is, M�(ψ�) = 0. Ψ� = I(ψ�) is the
unique unbiased no-updating forecasting rule associated with the economic
law G.

(ii) M� is uniformly continuous on bounded sets. That is, for each bounded
subset A ⊂ H and each ε > 0, there exists δ = δ(ε,A) such that

‖ψ − ψ̃‖H < δ implies ‖M�(ψ) −M�(ψ̃)‖H < ε

for all ψ, ψ̃ ∈ A.

Assumption 5.5 (ii) implies that M� is continuous and maps bounded sets
into bounded sets. Yin & Zhu (1990) give examples of M� that satisfy Assump-
tion 5.5 (ii). These include linear operators, Hölder and Lipschitz operators,
continuous operators with ‘polynomial growth’ and some compact operators.
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Remark 5.5. The limiting function M� can be related to our mean error
function EG as given in Definition 2.2 of Chapter 2. A typical candidate for
M� could be of the form

M�(ψ) := [ψ� − ψ] f(ψ), (5.15)

where f(ψ) is a suitably defined R+-valued function on X ×Σ which depends
on the forecasting rule ψ. Thus M� defines weighted forecast errors in terms
of forecasting rules.

The next assumption may be interpreted as a ‘stability’ assumption which
is used quite often when treating stochastic approximation problems.

Assumption 5.6. There exists a bounded and twice continuously Fréchet dif-
ferentiable functional V : H → R, also referred to as Liapunov function. Let
V′ denote the gradient of the Fréchet derivative3 of V. Suppose that V satis-
fies the following properties:

(i) V(ψ�) = 0 and lim
‖ψ‖H→∞

V(ψ) = ∞.

(ii) V(ψ) > 0 and 〈V′(ψ),M�(ψ)〉H < 0 for all ψ ∈ H, ψ �= ψ�.

(iii) V(ψ) < dV := inf{V(ψ) | ‖ψ‖H > b̄}.

Assumption 5.6 implies that V maps bounded subsets of H into bounded
subsets of R. When M� is Fréchet differentiable at the unique zero ψ�, we can
choose V to be of a local quadratic form

V(ψ) = 〈(ψ − ψ�),DM�(ψ�)(ψ − ψ�)〉H + o
(‖ψ − ψ�‖2

H

)
,

where DM� is the Fréchet derivative of M�. In general, however, differentia-
bility of M� will not be imposed.

Example 5.4. A typical example for a Liapunov function is the functional
V : H → R, defined by V(ψ) := ‖ψ−ψ�‖2

H
. It is easy to show that in this case

the gradient is V′(ψ) = 2[ψ−ψ�]. If, in addition, the limiting function M� is
given by (5.15), then the first two conditions of Assumptions 5.6 are satisfied.

We are now ready to state our first result which assures that the sequence
of estimates {ψ̂t}t∈N remains bounded with respect to the norm ‖ · ‖H on H.

3If DV(ψ) denotes Fréchet derivative at ψ ∈ H, then the gradient V′ is defined
as

DV(ψ)(ϕ) = 〈V′(ψ), ϕ〉H, ψ, ϕ ∈ H,

see Berger (1977).
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Lemma 5.1. Let Assumptions 5.1-5.6 be satisfied and (x0, Z0) ∈ D, ψ̂0 ∈ H0

be given. If

lim sup
t→∞

∥∥∥at

t∑
i=1

[
Mi

(
G
(
ξi+1(ω), xi, Zi, Υi(ψ̂i)

)
, ψ̂i

)−M�(ψ̂i)
]∥∥∥

H

< 1

P-a.s., then
lim

t→∞
γ(t) = γmax < ∞ P-a.s.

for the integer-valued random variable γ(t) defined in (5.8). Moreover, the
learning scheme (5.9) satisfies

sup
t∈N

‖ψ̂t‖H ≤ bγmax P − a.s.

The proof of Lemma 5.1 is that of Proposition 4.1 on p. 124 in Yin & Zhu
(1990). By Lemma 5.1 there exists a random integer tmin(ω) ∈ N such that
for all t ≥ tmin(ω),

ψ̂t = ψ̂t−1 + at−1 Mt−1(xt, Zt, ψ̂t−1).

In other words, after some time tmin(ω) the algorithm (5.9) produces no trun-
cations. The critical assumption which will guarantee convergence is given
next.

Assumption 5.7. Let (x0, Z0) ∈ D and ψ̂0 ∈ H0 be arbitrary with D as given
in Assumption 5.2 (iii). Assume that

lim sup
t→∞

∥∥∥at

t∑
i=1

[
Mi

(
G
(
ξi+1(ω), xi, Zi, Υi(ψ̂i)

)
, ψ̂i

)−M�(ψ̂i)
]∥∥∥

H

= 0

P-a.s.

It is shown in Theorem 3.3 of Yin & Zhu (1990) that Assumption 5.7 is
necessary for almost-sure convergence of the estimates. Kronecker’s Lemma
(see Lukacs 1975, Lemma 4.3.3, p. 96) together with Assumption 5.3 implies
that Assumption 5.7 is satisfied, provided that P-a.s.

lim sup
t→∞

∥∥∥ t∑
i=1

ai

[
Mi

(
G
(
ξi+1(ω), xi, Zi, Υi(ψ̂i)

)
, ψ̂i

)−M�(ψ̂i)
]∥∥∥

H

< ∞

for arbitrary (x0, Z0) ∈ D, ψ̂0 ∈ H0.
We are now ready to state our first convergence result. Based on Yin &

Zhu (1990, Thm. 3.2, p. 123) this result is given as Theorem 2.2 in Chen &
White (2002). We present a slightly extended version in which the expectations
feedback is incorporated. In the literature, this situation is also referred to as
the case with correlated noise.
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Theorem 5.1. Let Assumptions 5.1-5.7 be satisfied and let (x0, Z0) ∈ D and

ψ̂0 ∈ H0 be arbitrary initial conditions. If {ψ̂t}t∈N is a sequence of functions
in H generated by the learning scheme (5.9), then

lim
t→∞

‖ψ̂t − ψ�‖H = 0 P − a.s.

If, in addition, limt→∞ Υt(ψ�) = Ψ�, then

lim
t→∞ ‖Ψt − Ψ�‖H′ = 0 P − a.s.

Proof. The first part of the proof is that of Theorem 3.1 of Yin & Zhu (1990),
see also Theorem 2.2 in Chen & White (2002). The second part follows from
the uniform continuity of Υt, t ∈ N presumed in Assumption 5.2 (ii). 
�

Theorem 5.1 shows that the learning scheme (5.9) generates estimates

{ψ̂t}t∈N which in the strong norm topology on H converge almost surely to
the m-th component ψ� of the unbiased forecasting rule Ψ� = I(ψ�) for all

initial conditions ψ̂0 ∈ H0 and thus globally on H. Contrary to Chen & White
(1998), we distinguished between the convergence of the estimates ψ̂t and the

convergence of the respective forecasting rules Ψt = Υt(ψ̂t) which are actually
used for forecasting. Notice that the convergence result of Theorem 5.1 does
not require that censoring can be removed as time tends to infinity.

The difficulty with Theorem 5.1 is that in practice it will be hard if not
impossible to verify the crucial Assumption 5.7 directly. For this reason con-
ditions which are easier to verify are needed. We split these conditions into
assumptions concerning the updating functions and into an assumption con-
cerning the feedback effect of forecasts.

Assumption 5.8. The updating functions {Mt}t∈N given in Assumption 5.4
satisfy the following additional conditions.

(i) The sequence {Mt}t∈N is bounded on bounded sets uniformly in t. That
is, for any bounded subset B ⊂ X×Σ×H, there exists a constant cB such
that for each t ∈ N,

‖Mt(x, Z, ψ)‖H ≤ cB for all (x, Z, ψ) ∈ B.

(ii) There exists a sequence {mt}t∈N of B(H)/B(R)-measurable functions mt :
H → R+, t ∈ N, and a constant bH ∈ R+, such that:
(a) for all (x, Z), (x̃, Z̃) ∈ X ×Σ, all ψ ∈ H, and each t ∈ N,

‖Mt(x, Z, ψ) −Mt(x̃, Z̃, ψ)‖H ≤ mt(ψ)
∥∥(x, Z) − (x̃, Z̃)

∥∥,
(b) there exists m ∈ R+, so that for each t ∈ N,

sup
{
mt(ψ)

∣∣ψ ∈ H with ‖ψ‖H ≤ bH

} ≤ m.



98 5 Nonparametric Adaptive Learning

(iii) There exists a sequence {ht}t∈N of B(X ×Σ)/B(R)-measurable functions
ht : X ×Σ → R+, t ∈ N, and a constant h ∈ R+, such that:
(a) for all (x, Z) ∈ X ×Σ, all ψ, ψ̃ ∈ H, and each t ∈ N,

‖Mt(x, Z, ψ) −Mt(x, Z, ψ̃)‖H ≤ ht+1(x, Z) ‖ψ − ψ̃‖H.

(b) for each (x0, Z0) ∈ D, with D as given in Assumption 5.2 (iii), and
each differentiable ψ ∈ H with ‖ψ‖H ≤ bH,

sup
t∈N

E
[
ht+1

(
G(ξt+1(·), xt, Zt, Υt(ψ))

)] ≤ h

and

lim
t→∞ at

t∑
j=1

[
hj+1

(
G(ξj+1(ω), xj , Zj , Υj(ψ))

)
−E

[
hj+1

(
G(ξj+1(·), xj , Zj, Υj(ψ))

)]]
= 0 P − a.s.

(iv) For each (x0, Z0) ∈ D and each differentiable ψ ∈ H with ‖ψ‖H ≤ bH,

lim
t→∞

∥∥∥at

t∑
j=1

[
Mj(G(ξj+1(ω), xj , Zj, Υj(ψ)), ψ) −M�(ψ)

]∥∥∥
H

= 0 P − a.s.

The assumption on the feedback effect of forecasts concerns essentially the
effect of the sequence of censor maps {Υt}t∈N on the economic law G and is
formalized as follows.

Assumption 5.9. Let (x0, Z0) ∈ D be arbitrary. Assume that a sequence of
censor maps {Υt}t∈N is given so that for each ε > 0, there exists δ = δ(ε) such
that P-a.s.∥∥G(t + 1, ω, x0, Z0, Ψ

t
0) − G(t + 1, ω, x0, Z0, Ψ0)

∥∥ < ε, t ∈ N (5.16)

for any sequence of differentiable forecasting rules
{
ψ̂t

}
t∈N

in H with Ψt =

Υt(ψ̂t) which satisfies

‖ψ̂t − ψ̂0‖H < δ for all t ∈ N.

Assumptions 5.8 and 5.9 will now be used to establish the result of Lemma
5.1 for the case of an expectations feedback. The following proposition is a
variant of Lemma B.1 in Chen & White (1998).

Proposition 5.1. Let Assumptions 5.1-5.6 and Assumptions 5.8 and 5.9 be
satisfied with an arbitrarily large bH. Then for arbitrary (x0, Z0) ∈ X×Σ and

ψ̂0 ∈ H0,
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lim
t→∞

γ(t) = γmax < ∞ P-a.s.

for the integer-valued random variable γ(t) defined in (5.8). Moreover, the
estimates of the learning scheme (5.9) satisfy

sup
t∈N

‖ψ̂t‖H ≤ bγmax P − a.s.

and there exists tmin(ω), so that no truncations occur for all t ≥ tmin(ω).

Throughout the remainder of this chapter we tacitly assume that bγmax ≤
bH. The following Theorem 5.2 shows that Assumptions 5.8 and 5.9 imply
Assumption 5.7, so that convergence of the learning scheme (5.9) obtains.

Theorem 5.2. Let Assumptions 5.1-5.6 be satisfied. Let (x0, Z0) ∈ D and

ψ̂0 ∈ H0 be arbitrary initial conditions and {ψ̂t}t∈N be a sequence of functions
in H generated by the learning scheme (5.9). If, in addition, Assumptions 5.8
and 5.9 hold, then Assumption 5.7 is satisfied and all conclusions of Theorem
5.1 hold.

The proofs of Proposition 5.1 and Theorem 5.2 are given in Section 5.5.2
below. In order to provide further conditions which are easier to verify than
the ones given so far, we need some probabilistic prerequisites. These will be
discussed next.

5.3 Some Probabilistic Prerequisites

We briefly summarize some concepts for Banach-space-valued random vari-
ables which may be found in Egghe (1984, pp. 1-9) or Yosida (1978). Let
(Ω,F ,P) be a complete probability space and (B, ‖ · ‖B) denote a real sepa-
rable Banach space with norm ‖ · ‖B. B is endowed with the Borel σ-algebra
B(B) generated by the subsets of B which are open in the norm topology. A
F/B(B)-measurable map D : Ω → B is called B-valued random variable. The
Bochner integral of a Banach-space-valued map is defined as follows.

Definition 5.1. Let D : Ω → B be F/B(B)-measurable. D is Bochner inte-
grable (with respect to P) if there exists a sequence {Dn}n∈N of simple func-
tions, i.e. Dn :=

∑n
i=1 h

n
i χAn

i
, where hn

i ∈ B, An
i ∈ F with An

i ∩An
j = ∅ for

i �= j, such that P-a.s.

(i) lim
n→∞ ‖D −Dn‖B = 0, (ii) lim

n→∞

∫
Ω

‖D(ω) −Dn(ω)‖B P(dω) = 0.

The Bochner integral of D is defined as∫
Ω

D(ω)P(dω) := lim
n→∞

∫
Ω

Dn(ω) P(dω).
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It can be shown that a B-valued function D is Bochner integrable if and
only if ‖D‖B is Lebesgue integrable, see Yosida (1978, Thm. 1, p. 133). In this
case

E[D] :=

∫
Ω

D(ω) P(dω)

is finite and will be referred to as expectation of D. We denote by

Lp(Ω; B) ≡ Lp(Ω,F ,P; B), 1 ≤ p < ∞
the space of (equivalence classes of) functions D : Ω → B which are F/B(B)-
measurable such that the map ‖D(·)‖p

B
is Lebesgue integrable. That is,

‖D(·)‖B ∈ Lp(Ω,F ,P). For 1 ≤ p < ∞, Lp(Ω; B) becomes a Banach space
when endowed with the norm

‖D‖Lp
:=

(∫
Ω

‖D(ω)‖p
B

P(dω)
) 1

p

and we write D ∈ Lp(Ω; B) if ‖D‖Lp
< ∞. For any sub-σ-algebra A of F , let

Lp(Ω,A; B) ≡ Lp(Ω,A,P|A; B), 1 ≤ p < ∞
denote the space of all A/B(B)-measurable functions D with D ∈ Lp(Ω; B).
By Theorem I.2.2.1 in Egghe (1984, p. I.2) there exists a unique map E[·|A] :
L1(Ω; B) → L1(Ω,A; B) such that∫

A

E[D|A](ω) P(dω) =

∫
A

D(ω) P(dω) for all A ∈ A, D ∈ L1(Ω; B).

E[D|A] is called conditional expectation of D.
Let H be a real separable Hilbert space as, for example, defined in (5.4).

We call the map W : Ω → H an H-valued random variable if W is F/B(H)-
measurable. All concepts for Banach-space-valued random variables carry over
naturally to Hilbert-space-valued random variables. With the help of Bochner-
integrable random variables we will now introduce the class of mixingale pro-
cesses, a notion first introduced by McLeish (1975) and later extended to
Hilbert-space valued processes by Chen & White (1996).

Definition 5.2. Let {Wt}t∈N be a sequence of H-valued random variables on
(Ω,F ,P) and {At}t∈Z be a filtration of non-decreasing sub-σ-algebras of F .
Then {Wt,At} is called an Lp(Ω; H) mixingale (process) if there exists a
bounded sequence of non-negative real constants {dt}t∈N and a sequence of
non-negative real constants {δk}k∈N with δk → 0 as k → ∞, such that for
each t, k ≥ 0,∥∥E[Wt|At−k]

∥∥
Lp

≤ dtδk and
∥∥Wt − E[Wt|At+k]

∥∥
Lp

≤ dtδk+1.

If, in addition,
∑∞

k=0 δ
ς
k < ∞ for some ς with 0 < a < (1/ς), then {Wt,At}

is called a mixingale of size −a.



5.3 Some Probabilistic Prerequisites 101

If Wt is At measurable, then {Wt,At} is an adapted Lp(Ω; H) mixingale
and the condition on ‖Wt −E[Wt|At+k]‖Lp

holds automatically. It suffices to

have δk = o(k−1/ς) for some a < (1/ς) or δk = O(k−λ) for some λ > a to
obtain a mixingale {Wt,At} of size −a. The sequence {dt}t∈N is a sequence of
magnitude indices and {δk}k∈N measures the decay of ‖E[Wt|At−k]‖Lp

to zero
as k → ∞. This stipulates a form of asymptotic martingale difference property.
As special cases, mixingale processes include independent processes, martin-
gale difference sequences, and certain types of moving average processes, cf.
Gallant & White (1988)

Exploiting certain trade-offs between the sequences {dt}t∈N and {δk}k∈N,
one obtains various strong and weak laws of large numbers which are found
in Chen & White (1996). We need their Corollary 3.8 (ii) (see p. 291) which
is formulated next.

Lemma 5.2. Let {Wt,At} be a Lp(Ω; H) mixingale in the sense of Definition
5.2 with p ≥ 2 and δk = O

(
k−1/2(log k)−2

)
. If

∑∞
t=0(atdt)

2 < ∞, where
{at}t∈N is a decreasing sequence of positive real numbers with at → 0 as
t → ∞, then ∥∥∥at

t∑
k=0

Wk

∥∥∥
H

→ 0 P − a.s. as t → ∞.

To introduce a certain class of mixingales, we need a notion of stochastic
dependence. Let A and C be two sub-σ-algebras of F . As two measures of
dependence define

α(A, C) := sup
{
|P(A ∩ C) − P(A)P(C)|

∣∣∣ A ∈ A, C ∈ C
}
,

φ(A, C) := sup
{
|P(C|A) − P(C)|

∣∣∣ A ∈ A, P(A) > 0, C ∈ C
}
.

With these two measures of dependence, we introduce the notion of a mixing
sequence of random variables.

Definition 5.3. Let (Ω,F ,P) be a probability space, B be a real separable
Banach space, and {Dt}t∈Z be a sequence of B-valued random variables defined
on (Ω,F ,P). Denote Ab

a := σ(Dt| a ≤ t ≤ b) for all a ≤ b, a, b ∈ Z and define

αk := sup
t∈Z

{α(At
−∞,A∞

t+k)} and φk := sup
t∈Z

{φ(At
−∞,A∞

t+k)}.

(i) If limk→∞ αk = 0, then {Dt}t∈Z is called a strongly or α-mixing sequence
of B-valued random variables.

(ii) If limk→∞ φk = 0, then {Dt}t∈Z is called a uniformly or φ-mixing se-
quence of B-valued random variables.

The mixing property of sequences defined in Definition 5.3 is a form of
asymptotic independence. Mixing sequences of random variables constitute
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another class of mixingales. Finally, we introduce the notion of near-epoch de-
pendency for Hilbert-space valued random variables. The following definition
is taken from Chen & White (1996).

Definition 5.4. Let (Ω,F ,P) be a probability space, B be a real separable Ba-
nach space, and H be a real separable Hilbert space. Let {Dt}t∈Z be a sequence
of B-valued random variables and {Wt}t∈N be a sequence of H-valued ran-
dom variables defined on (Ω,F ,P), where At+k

t−k := σ(Ds|t − k ≤ s ≤ t + k)
as before. Then {Wt}t∈N is called Lp(Ω; H)-near-epoch dependent (NED) on
{Dt}t∈Z if the following conditions hold:

(i) ‖Wt‖Lp
< ∞ for each t ∈ N.

(ii) There exists a sequence of non-negative numbers {δk}k∈N with δk → 0 as
k → ∞ and a sequence of non-negative numbers {dt}t∈N such that∥∥Wt − E[Wt|At+k

t−k]
∥∥

Lp
≤ dtδk for all t, k ≥ 0.

If, in addition,
∑∞

k=0 δ
ς
k < ∞ for some ς with 0 < a < (1/ς), then {Wt}t∈N is

called Lp(Ω; H)-NED on {Dt}t∈Z of size −a.

It again suffices to have δk = o(k−1/ς) for some a < (1/ς) or δk = O(k−λ)
for some λ > a in order for last condition in Definition 5.4 to be satisfied. The
sequence {dt}t∈N is a sequence of magnitude indices and {δk}k∈N measures
the intertemporal dependence of {Wt}t∈N on {Dt}t∈Z. Near-epoch dependent
processes form another class of mixingales. In particular, we have the following
lemma which is given as Lemma 4.3 in Chen & White (1996, p. 293).

Lemma 5.3. Let {Dt}t∈Z be a sequence of B-valued random variables on
(Ω,F ,P) which satisfies one of the following two conditions:

(i) Either {Dt}t∈Z is strongly mixing with αk of size −b p/( −p) with  > p,
or

(ii) {Dt}t∈Z is uniformly mixing with φk of size −b /( − 1), where  > 1.

Suppose {Wt}t∈N is a sequence of H-valued random variables in L�(Ω; H) with
zero means which is Lp(Ω; H)-NED on {Dt}t∈Z of size −a, where  ≥ p ≥ 1.
Then {Wt,At}, where At := σ(Dk| − ∞ < k ≤ t), is an Lp(Ω; H) mixingale
of size −min{a, b}.

5.4 Sufficient Conditions for Contractions

In this section we formulate a set of more tractable conditions which assure
almost-sure convergence of our learning scheme (5.9). These are a specializa-
tion of those given in Section 5.2 and are easier to verify and interpret. They
are designed to assure convergence of the estimations generated by (5.9) in
the case in which the economic law is a contraction. The key idea is that the
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forecasts as inputs of the economic law are censored in such a way that the
stochastic process generated by (5.9) becomes near-epoch dependent. Let S be
the space of feasible forecasting rules introduced in Section 5.2. For simplicity
of the exposition, we assume throughout this section that censoring is carried
out by the time invariant censor map (5.14) as introduced in Example 5.1, so
that Υt ≡ Υ .

The following conditions are a modification of conditions given in Chen &
White (1998, Sec. 3) and Chen & White (2002, Sec. 2). These are listed with
some redundancy to enhance readability. All proofs of this Section are given
in Section 5.5.3 below.

Assumption 5.10. The exogenous noise is driven by a sequence of random
variables {ξt}t∈N on a complete probability space (Ω,F ,P) with values in a
subset Ξ ⊂ Rdξ , such that for each t ∈ N, ξt : Ω → Ξ. Moreover:

(i) {Dt}t∈Z is a sequence of B-valued random variables on (Ω,F ,P) which is
either strongly mixing with αk of size −1 or uniformly mixing with φk of
size − 1

2 , and
(ii) the process {ξt}t∈N is L2(Ω; Rdξ)-NED on {Dt}t∈Z of size − 1

2 and for
each t ∈ N, ξt ∈ L�(Ω; Rdξ) for some  ≥ 2.

Assumption 5.11. The economic law G as given in (2.8) satisfies the fol-
lowing conditions.

(i) X ×Σ ⊂ RdH is open, convex, and has the cone property.
(ii) For each (x, ye) ∈ X × Ym, the map G(·, x, ye) : Ξ → X satisfies the

Lipschitz condition

‖G(ξ, x, ye) −G(ξ̃, x, ye)‖ ≤ c1‖ξ − ξ̃‖, ξ, ξ̃ ∈ Ξ,

uniformly in (x, ye) with Lipschitz constant c1 ≥ 0.
(iii) For each ξ ∈ Ξ, the map G(ξ, ·) : X × Ym → X is Lipschitz continuous

uniformly in ξ ∈ Ξ, that is, there exists constants 0 ≤ c2 < 1 and c3 ≥ 0,
independent of ξ, such that for each (x, ye), (x̃, ỹe) ∈ X × Y

m,

‖G(ξ, x, ye) −G(ξ, x̃, ỹe)‖ ≤ c2‖x− x̃‖ + c3‖ye − ỹe‖.

The important part of Assumption 5.11 is that the economic law is as-
sumed to be contractive with respect to the endogenous variable x. The fol-
lowing three assumptions are a mere repetition of Assumptions 5.3, 5.5, and
5.6.

Assumption 5.12. There exists a measurable map M� : H → H such that
the following holds:

(i) M� has a unique zero ψ� ∈ H, that is, M�(ψ�) = 0. Ψ� = I(ψ�) is the
unique unbiased no-updating forecasting rule associated with the economic
law G.
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(ii) M� is uniformly continuous on bounded sets. That is, for each bounded
subset A ⊂ H and each ε > 0, there exists δ = δ(ε,A) such that

‖ψ − ψ̃‖H < δ implies ‖M�(ψ) −M�(ψ̃)‖H < ε

for all ψ, ψ̃ ∈ A.

Assumption 5.13. There exists a bounded and twice continuously Fréchet
differentiable functional V : H → R, also referred to as Liapunov function.
Let V′ denote the gradient of the Fréchet derivative of V. Suppose that V

satisfies the following properties:

(i) V(ψ�) = 0 and lim
‖ψ‖H→∞

V(ψ) = ∞.

(ii) V(ψ) > 0 and 〈V′(ψ),M�(ψ)〉H < 0 for all ψ ∈ H, ψ �= ψ�.
(iii) V(ψ) < dV := inf{V(ψ) | ‖ψ‖H > b̄}.
Assumption 5.14. {at}t∈N is a sequence of exogenously given non-increasing
positive numbers such that the following conditions hold:

(i) at → 0 as t → ∞, (ii)
∑∞

t=0 at = ∞,

(iii) at ≤ at+1(1 + aat) for some 0 < a ≤ 1.

The assumptions on the updating functions are modified as follows.

Assumption 5.15. The updating functions {Mt}t∈N given in Assumption 5.4
satisfy the following conditions.

(i) The sequence {Mt}t∈N is bounded on bounded sets uniformly in t. That
is, for any bounded subset B ⊂ X×Σ×H, there exists a constant cB such
that for each t ∈ N,

‖Mt(x, Z, ψ)‖H ≤ cB for all (x, Z, ψ) ∈ B.

(ii) For any bounded subset D ⊂ X×Σ×H, there exists a sequence of positive
real numbers {c4,t}t∈N such that for each t ∈ N and arbitrary (x, Z, ψ),

(x̃, Z̃, ψ̃) ∈ D,∥∥Mt(x, Z, ψ) −Mt(x̃, Z̃, ψ̃)‖H ≤ c4,t

(∥∥(x, Z) − (x̃, Z̃)
∥∥ + ‖ψ − ψ̃‖H

)
.

The sequence {c4,t}t∈N satisfies

∞∑
t=0

(c4,tat)
2 < ∞

with {at}t∈N as given in Assumption 5.14.
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(iii) For each (x0, Z0) ∈ D, any ω ∈ Ω, and any differentiable ψ ∈ H with
‖ψ‖H ≤ bH, where bH ≥ bγmax with bγmax as given by Proposition 5.1,

lim
t→∞

∥∥E
[
Mt

(
G
(
t + 1, ·, x0, Z0, Υ (ψ)

)
, ψ

)]−M�(ψ)
∥∥

H
= 0.

It is straightforward to verify that Conditions (i) and (ii) of Assumption
5.15 imply Conditions (i)-(iii) of Assumption 5.8. The main task is to show
that Assumptions 5.10-5.15 imply Assumption 5.8 (iv) and Assumption 5.9.
We begin with the latter Assumption which is easier to establish. The following
Lemma 5.4 demonstrates that the long-run deviating effect on realizations
for two different sequences of forecasting rules can be controlled under the
hypotheses of Assumption 5.11.

Lemma 5.4. Let the hypotheses of Assumption 5.11 be satisfied and {Ψi}i∈N

and {Ψ̃i}i∈N be two sequences of forecasting rules in S. For for each t ∈ N,
arbitrary initial conditions (x0, Z0), (x̃0, Z̃0) ∈ X ×Σ, and each ω ∈ Ω, set

(xt, Zt) = G(t, ω, x0, Z0, Ψ
t−1
0 ) and (x̃t, Z̃t) = G(t, ω, x̃0, Z̃0, Ψ̃

t−1
0 ).

Then

‖xt − x̃t‖ ≤ ct
2 ‖x0 − x̃0‖ + c3

t−1∑
i=0

ci
2 ‖Ψt−i − Ψ̃t−i‖∞.

Lemma 5.4 implies that Assumption 5.2 (iii) can be satisfied by ensuring
that all forecasts remain bounded. It follows that a bounded subset D ⊂ X×Σ
which is forward invariant under G

(·, Ψ)
for all forecasting rules Ψ ∈ S which

are uniformly bounded exists. Using the Sobolev Imbedding Theorem stated
in Section 5.5.1 below, Lemma 5.4 is now applied to establish Assumption 5.9.

Proposition 5.2. If Assumption 5.11 is satisfied, then Assumption 5.9 is sat-
isfied as well.

As regards Assumption 5.8 (iv), we start with the observation that this
assumption is satisfied if the endogenous variables together with the forecasts
form a near-epoch dependent process.

Proposition 5.3. Let Assumptions 5.10–5.15 be satisfied. If, in addition, for
each differentiable ψ ∈ H with ‖ψ‖H ≤ bH, the sequence of functions{

G
(
t, ·, x0, Z0, Υ (ψ)

)}
t∈N

is L2(Ω; RdH)-NED on {Dt}t∈Z of size − 1
2 in the sense of Definition 5.4, then

Assumption 5.8 (iv) is satisfied.



106 5 Nonparametric Adaptive Learning

With this result, the key idea to ensure that Assumption 5.8 (iv) holds is to
censor the forecasts in such a way that the process of endogenous variables and
forecasts {(xt, y

e
t )}t∈N inherits the near-epoch dependency of the exogenous

noise process imposed by Assumption 5.10. One way of doing so is to apply
Proposition 4.4 in Kuan & White (1994) stating that contractions inherit the
near-epoch dependency of the exogenous perturbations. This result will be
exploited in the proof of the following proposition.

Proposition 5.4. Let the hypotheses of Assumptions 5.10 and 5.11 be satis-
fied and (x0, Z0) ∈ X ×Σ and ω ∈ Ω be arbitrary initial conditions. Suppose
Ψ ∈ S is a forecasting rule such that the sequence {ye

t }t∈N is L2(Ω; Rdy)-NED
on {Dt}t∈Z of size − 1

2 in the sense of Definition 5.4, where{
xt = G

(
ξt(ω), xt−1, Ψ(xt−1, Zt−1)

)
ye

t−1 = Ψ(xt−1, Zt−1)
.

Then the sequence of functions{
G
(
t, ·, x0, Z0, Ψ)

)}
t∈N

is L2(Ω; RdH)-NED on {Dt}t∈Z of size − 1
2 .

In order to manipulate the least amount of forecasts necessary, we set
r = 0 and modify the censor map (5.14) as introduced in Example 5.1 as
follows. Recall that by Remark 5.2 it suffices to consider the space of bounded
continuously differentiable forecasting rules ψ ∈ Cp

B(X × Ym−1; Rdy). Choose
a positive constant 0 < cΥ < 1 and redefine (5.13) as

Υ ′ :

{
C1

B(X × Ym−1; Rdy) −→ C1
B(X × Ym−1; Rdy)

ψ �−→ Υ ′(ψ)
(5.17)

by setting

Υ ′(ψ) =

{
ψ if ‖Dψ‖∞ < cΥ

cΥ

‖Dψ‖∞

ψ if ‖Dψ‖∞ ≥ cΥ
.

As before, (5.17) maps differentiable functions onto differentiable contractions
with prescribed Lipschitz constant cΥ . For each t ∈ N, define

Υ : Cp
B(X × Y

m−1; Rdy) → S, ψ �→ I ◦ Υ ′(ψ), (5.18)

where I is defined in (5.5). By Lemma 5.6 of Section 5.5.1 below, the censor
map (5.18) satisfies Assumption 5.2 (ii). The following proposition shows that
with the help of the censor map (5.18), the hypotheses of Proposition 5.4 can
be fulfilled.
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Lemma 5.5. Let the hypotheses of Assumptions 5.10 and 5.11 be satisfied.
Suppose, in addition, that c2 = c3 < 1 and let r = 0, so that Σ = Ym and
r = 0. Choose the Lipschitz constant of the censor map Υ defined in (5.18)
such that (m− 1)cΥ + c2 < 1. Then each Ψ = Υ (ψ), ψ ∈ Cp

B(X × Ym−1; Rdy)
satisfies the hypothesis of Proposition 5.4, so that the conclusion of Proposition
5.4 holds.

Observe that the Lipschitz constant cΥ cannot be chosen independently of
the economic law G so that a-priori information on the Lipschitz constant c2
of G is necessary to apply Lemma 5.5. On the other hand, it is straightforward
to generalize Lemma 5.5 to the case r > 0.

The almost-sure convergence of the learning scheme (5.9) under the more
specialized assumptions of this section is now obvious as all crucial assump-
tions of Section 5.2 follow from Propositions 5.2 and 5.3 and Lemma 5.5
together with Theorem 5.2.

Theorem 5.3. Let Assumptions 5.10-5.13 be fulfilled and assume, in addi-
tion, that all hypotheses of Lemma 5.5 are satisfied. Then Assumptions 5.1-
5.5 and Assumption 5.7 are fulfilled and all conclusions of Theorem 5.2 hold.
In particular, if (x0, Z0) ∈ D and ψ̂0 ∈ H0 are arbitrary initial conditions,

then the sequence {ψ̂t}t∈N of functions in H generated by the learning scheme
(5.9) converges, i.e.,

lim
t→∞

‖ψ̂t − ψ�‖H = 0 P − a.s.

If, in addition, Υ (ψ�) = Ψ�, then

lim
t→∞

‖Ψt − Ψ�‖H′ = 0 P − a.s.

Under the hypotheses of Theorem 5.3, an approximated unbiased fore-
casting rule is only applied, if the system under unbiased expectations is
sufficiently contractive. In this case the contraction property of Theorem 4.3
in Section 4.4 of Chapter 4, guaranteeing the existence of a random fixed
point, is satisfied. In other words, the hypotheses of Theorem 5.3 are suffi-
cient to estimate and thus learn an unbiased forecasting rule of an economic
random dynamical system which admits a random fixed point under rational
expectations.

Concluding Remarks

Based on nonparametric estimation techniques, this chapter developed a learn-
ing scheme for nonlinear economic systems with expectations feedback. Com-
bining the notion of an economic law with the nonparametric estimation tech-
niques, we established conditions under which strongly consistent estimates of
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an unbiased no-updating rule exist. A key element of the method was to cen-
sor the forecasts in such a way that the resulting process has properties which
ensure consistent estimators. Our approach opens up the possibility to select
an approximation of a preferred forecasting rule on economic grounds, as soon
as parameter estimates are sufficiently precise. It thus provides the missing
link for an appropriate treatment of multiple solutions which in models with
expectational leads will occur generically.

An open issue is the case in which the dynamics under unbiased expecta-
tions is not governed by a contraction. This requires a method which allows
to remove the restriction of the Lipschitz constant of the applied forecasting
rule as soon as estimators are sufficiently precise in the sense of an ε-unbiased
forecasting rule introduced in Chapter 4. As in the linear case, this requires
knowledge on the asymptotic behavior of the estimation procedure. Asymp-
totic properties such as convergence rates of Robbins-Monro procedures are
known (e.g., see Chen & White (2002) and Yin & Zhu 1990), the application
to the present setup, however, is left for future research.

Summarizing, this chapter confirms the lesson from the linear case. A care-
ful distinction between four separate issues is important for plausible learning
schemes for economic systems with expectations feedback. First, the existence
of a desired forecasting rule; second, the dynamic stability of the system un-
der this forecasting rule; third, the dynamic stability of the system under the
applied learning scheme and, finally, the success of the learning scheme in
terms of strongly consistent estimates. In essence, the mathematical object to
be estimated from time series data is the economic law.

5.5 Mathematical Appendix

5.5.1 Sobolev Imbedding Theorem

We begin with a brief review of all necessary properties of Sobolev spaces. All
details for the case of R-valued functions are found in Adams (1975). The ex-
tension to vector-valued functions required for this section is straightforward,
see also Yosida (1978). In view of the Sobolev imbedding theorem, which will
be stated below we require that, in addition, X×Σ satisfies the cone property.
Recall to this end that given a point ζ ∈ RdH , an open ball B1 with center x,
and an open ball B2 not containing ζ, the set

Cζ := B1 ∩
{
ζ + λ(η − ζ) ∈ R

dH

∣∣∣ η ∈ B2, λ > 0
}

is called a finite cone in RdH with vertex ζ. The set X×Σ has the cone property
if there exists a finite cone C such that each point ζ ∈ X ×Σ is the vertex of
a finite cone Cζ ⊂ X ×Σ which is congruent to C.

For sake of completeness we define the segment property of a set. This
property is required, for instance, to show that the space of differentiable
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functions with compact support is a dense subspace of a Sobolev space (e.g.,
Thm. 3.18, p. 54 Adams 1975). Denote by X ×Σ the closure of X × Σ and
by ∂(X × Σ) its boundary. X ×Σ has the segment property if there exists a
locally finite open cover {Uj} of ∂(X×Σ) and a corresponding sequence {ηj}
nonzero vectors such that if ζ ∈ X ×Σ ∩Uj for some j, then ζ + tηj ∈ X×Σ
for all 0 < t < 1. Loosely speaking, the boundary of X ×Σ must be (dH − 1)-
dimensional and cannot simultaneously lie on both sides of any given part of
its boundary.

If, in addition, X × Σ is bounded, then the cone and the segment condi-
tion are implied by the simple condition that ∂(X ×Σ) is a locally Lipschitz
boundary, that is, each point on the boundary has a neighborhood which can
be represented by the graph of a Lipschitz continuous function. Further details
may be found in Adams (1975, Chap. IV, pp. 65-67).

An Rn-valued function f : X → Rn is called square integrable if

‖f‖2 :=
(∫

X×Σ

‖f(ζ)‖2 dζ
) 1

2

,

where dζ means integration with respect to the Lebesgue measure. Denote by
α = (α1, . . . , αdH

) a dH-tuple of nonnegative integers αj , also referred to as

multi-index, and set |α| =
∑dH

j=1 αj . A differential operator Dα of order |α| is
then defined by setting

Dαf(ζ) :=
∂|α|

∂ζα1
1 · · ·∂ζαdH

dH

f(ζ).

Put D(0,...,0)f(ζ) = f(ζ) and denote the space of all p-times continuously
differentiable Rn-valued functions by Cp(X × Σ; Rn). Define a norm on this
space by

‖f‖p :=
( ∑

0≤|α|≤p

‖Dαf‖2
2

) 1
2

. (5.19)

The completion of the set{
f ∈ Cp(X ×Σ; Rn)

∣∣∣ ‖f‖p < ∞
}

with respect to the norm (5.19) is commonly referred to as the Sobolev space
Wp,2(X × Σ; Rn). By Theorem 3.5 on p. 47 of Adams (1975), each space
W

p,2(X ×Σ; Rn), 1 ≤ p < ∞, is a separable Hilbert space.
For any j ≥ 0, consider the norm

‖f‖∞,j := max
0≤α≤j

sup
ζ∈X×Σ

‖Dαf(ζ)‖ (5.20)

for some j-times continuously differentiable function f . For notational conve-
nience, put ‖ · ‖∞ ≡ ‖ · ‖∞,0. Then the space
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Cj
B(X ×Σ; Rn) :=

{
f ∈ Cj(X ×Σ; Rn)

∣∣∣ ‖f‖∞,j < ∞
}

is a Banach space when endowed with the norm ‖ · ‖∞,j.

By an imbedding of Wj+p,2(X×Σ; Rn) into Cj
B(X×Σ; Rn) is meant that

each f ∈ Wj+p,2(X ×Σ; Rn) when interpreted as a function can be redefined
on a set of measure zero in X×Σ in such a way that the modified function f̃
[which equals f in W

j+p,2(X×Σ; Rn)] belongs to Cj
B(X×Σ; Rn) with an upper

bound for its norm. This result is known as the Sobolev Imbedding Theorem.
The version needed in these notes is stated next.

Theorem 5.4. Let X × Σ be an open subset of RdH which has the cone
property. Suppose 2p > dH. Then the imbedding Wj+p,2(X × Σ; Rn) →
Cj

B(X ×Σ; Rn) is continuous in the sense that

‖f‖∞,j ≤ K‖f‖j+p (5.21)

for all f ∈ Wj+p,2(X×Σ; Rn), j ≥ 0. The constant K depends only on X×Σ
and the parameters p and j.

The proof of Theorem 5.4 and further details are found in Adams (1975,
Chap. V, p. 95). With this brief review all proofs of Section 5.4 can be carried
out, setting H = Wp,2(X × Σ; Rdy) and ‖ · ‖H = ‖ · ‖p. We begin with a
fundamental property of the censor map (5.14)

Lemma 5.6. Let Assumption 5.2 (i) be satisfied and let A ⊂ H be a subset
which is bounded with respect to the norm ‖ · ‖H. Then the following holds.

(i) The censor map as defined in (5.14) can be continuously extended to a
map Υ : H → H′ which is Lipschitz continuous when restricted to A, so
that

‖Υ (ψ) − Υ (ψ̃)‖H′ ≤ KH

Υ ‖ψ − ψ̃‖H for all ψ, ψ̃ ∈ A

with a suitable Lipschitz constant KH

Υ .
(ii) There exists a constant KΥ such that Υ when restricted to A is Lipschitz

continuous with respect to the supremum norm, i.e.,

‖Υ (ψ) − Υ (ψ̃)‖∞ ≤ KΥ ‖ψ − ψ̃‖H for all ψ, ψ̃ ∈ A.

Proof. Define a map F : Cp
B(X ×Σ; Rdy) → R+ by

F (ψ) =

{
1 if ‖Dψ‖∞ < cΥ ,

cΥ

‖Dψ‖∞

if ‖Dψ‖∞ ≥ cΥ .

with the constant 0 < cΥ < 1 as chosen above. Then the censor map (5.14)
takes the form Υ (ψ) = I

(
F (ψ)ψ

)
. We show that Υ is Lipschitz continuous
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with respect to the norms ‖ · ‖H and ‖ · ‖H′ when restricted to ‖ · ‖H-bounded
subsets of Cp

B(X × Σ; Rdy). Since 0 < F (ψ) ≤ 1 and ‖I(ψ)‖H′ ≤ ‖ψ‖H, we
have

‖Υ (ψ) − Υ (ψ̃)‖H′ ≤ ‖ψ − ψ̃‖H + |F (ψ) − F (ψ̃)| ‖ψ̃‖H. (5.22)

There are essentially three cases. Υ is clearly Lipschitz continuous in the first
one when ‖Dψ‖∞, ‖Dψ̃‖∞ < cΥ . In the second one ‖Dψ‖∞, ‖Dψ̃‖∞ ≥ cΥ

and in the third one ‖Dψ̃‖∞ < cΥ ≤ ‖Dψ‖∞. In the second case,

|F (ψ) − F (ψ̃)| ≤ cΥ

∣∣∣∣∣‖Dψ̃‖∞ − ‖Dψ‖∞
‖Dψ̃‖∞‖Dψ‖∞

∣∣∣∣∣ ≤ 1
cΥ

‖Dψ − Dψ̃‖∞. (5.23)

In the third case,

|F (ψ) − 1| ≤ ‖Dψ‖∞ − ‖Dψ̃‖∞
‖Dψ‖∞ ≤ 1

cΥ
‖Dψ − Dψ̃‖∞. (5.24)

Since 2p > dH, we may apply Theorem 5.4 for j = 0 to (5.23) and (5.24) to
obtain

|F (ψ) − F (ψ̃)| ≤ 1
cΥ

‖Dψ − Dψ̃‖∞ ≤ K ′
Υ ‖ψ − ψ̃‖H

for some suitable constant K ′
Υ . Inserting into (5.22) gives

‖Υ (ψ) − Υ (ψ̃)‖H′ ≤
[
1 + K ′

Υ ‖ψ̃‖H

]
‖ψ − ψ̃‖H.

This shows that Υ is Lipschitz continuous on ‖ · ‖H-bounded subsets. Since
Cp

B(X×Σ; Rdy) is a dense subset of H, Υ can be continuously extended to H.
This proves the first assertion. The second assertion then follows again from
Theorem 5.4. 
�

5.5.2 Proofs of Section 5.2

We will preface the proof of Proposition 5.1 by an infinite-dimensional version
of Lemma D on p. 147 of Metivier & Priouret (1984). Its proof follows along
the same lines and is omitted.

Lemma 5.7. Let {at}t∈N be a sequence of numbers which satisfies Assump-
tion 5.3. Let A be some ‘index set’ and for each Φ ∈ A, {Lt(Φ)}t∈N be a se-
quence of H-valued random variables on the probability space (Ω,F ,P), such
that

lim
t→∞

sup
Φ∈A

∥∥at

t∑
j=1

Lj(Φ)
∥∥

H
= 0 P − a.s.

Then for each α > 0, there exists a random variable N(α, ω), such that for
all m > t > N(α, ω),

sup
Φ∈A

∥∥m−1∑
j=t

ajLj(Φ)
∥∥

H
≤ α

(
1 +

m−1∑
j=t

aj

)
P − a.s.
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Proof of Proposition 5.1. Step 1. Assume on the contrary that γmax = ∞,
so that the sequence of estimates {ψ̂t}t∈N crosses the sphere {ψ∈ H| ‖ψ‖H ≤ b̄}
infinitely often. As a consequence {ψ̂t}t∈N cannot converge to ψ� so that by
Assumption 5.6 (ii), there exists η > 0 such that

|〈V′(ψ̂t),M�(ψ̂t)〉H| > η P − a.s. for all t ∈ N. (5.25)

By Assumption 5.6 (iii), (V(ψ), dV) is a non-empty open interval. It follows
from Assumption 5.2 (iii) and Assumption 5.8 (i) that there exists cM such
that ∥∥Mt(x, Z, ψ)

∥∥
H
≤ cM for all (x, Z) ∈ D, ‖ψ‖ ≤ b̄. (5.26)

For δ > 0, choose t0 large enough so that at < δ for all t ≥ t0 and σ1 ≤ σ2

with [σ1, σ2] ⊂ (V (ψ), dV). Define

t1 := min
{
t ≥ t0

∣∣∣ V(ψ̂t) ≥ σ1

}
,

t2 := min
{
t ≥ t0

∣∣∣ V(ψ̂t) ≥ σ2

}
.

By our initial assumption, t1 and t2 are well defined and finite. t1 describes
the first entry of the sequence V(ψ̂t) into the interval [σ1, σ2] after time t0
and t2 the first exit. The sequence {ψ̂t}t2−1

t=t0 is bounded by b̄. (If this were

not the case and ‖ψ̂t′‖H > b̄ for some t1 ≤ t′ < τ2, then V(ψ̂t′) > dV, a
contradiction.) The continuity of V and (5.26) imply that δ and hence t0 can
be chosen such that t2 − t1 > 1. For τ > δ and i ≥ t0, set

n(i, τ) := max
{
n > i

∣∣∣ n−1∑
j=i

aj ≤ τ
}
. (5.27)

Then for τ > δ small enough, we have

t1 − 1 < n(t1 − 1, τ) < t2.

As a consequence, V(ψ̂n(t1−1,τ)) ∈ [σ1, σ2]. We next will show in two steps

that V(ψ̂n(t1−1,τ)) < σ1. This contradicts the assumption γmax = ∞ and thus
proves the assertions of the proposition.

Step 2. We will next apply Lemma 5.7 several times. From Step 1. we now
that τ > δ are such that no truncations occur between t = i ≥ t1 − 1 and
t = n(i, τ). Let n ≤ n(i, τ). In this case

ψ̂n − ψ̂i =

n−1∑
j=i

aj Mj(G(j + 1, ω, x0, Z0, Ψ
j
0 ), ψ̂j). (5.28)

Since {ψ̂t}n
t=i is bounded by b̄, it follows from (5.26) that
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‖ψ̂n − ψ̂i‖H ≤
n−1∑
j=i

ajcM ≤ cMτ. (5.29)

For each j > i, write

Ψ j
0i := (Ψ0, . . . , Ψi, Ψi, . . . , Ψi︸ ︷︷ ︸

(j−i)−times

) (5.30)

for a series of forecasting rules which is constant after the i-th entry. Decom-
pose the sum of the r.h.s. of (5.28) into

ψ̂n − ψ̂i = So(i, n) +

n−1∑
j=i

aj M�(ψ̂i), (5.31)

where So(i, n) = S1(i, n) + S2(i, n) + S3(i, n) with

S1(i, n) :=
n−1∑
j=i

aj

[
Mj(G(j + 1, ω, x0, Z0, Ψ

j
0 ), ψ̂j) (5.32)

−Mj(G(j + 1, ω, x0, Z0, Ψ
j
0i), ψ̂j)

]
,

S2(i, n) :=

n−1∑
j=i

aj

[
Mj(G(j + 1, ω, x0, Z0, Ψ

j
0i), ψ̂j) (5.33)

−Mj(G(j + 1, ω, x0, Z0, Ψ
j
0i), ψ̂i)

]
,

S3(i, n) :=

n−1∑
j=i

aj

[
Mj(G(j + 1, ω, x0, Z0, Ψ

j
0i), ψ̂i) −M�(ψ̂i)

]
. (5.34)

The first term (5.32) takes account of the expectations feedback. By Assump-
tion 5.9, for any ε > 0, there exists δ′ = δ′(ε) such that

‖G(j + 1, ω, x0, Z0, Ψ
j
0 ) − G(j + 1, ω, x0, Z0, Ψ

j
0i)‖ ≤ ε.

for all j = i, . . . , n− 1, provided that τ ≤ δ′

cM
. Choose α > 0. By Assumption

5.8 (ii) and Lemma 5.7, there exists N1(α, ω) > t0 such that for each i >
N1(α, ω) and each n ≤ n(i, τ),

‖S1(i, n)‖H ≤
n−1∑
j=i

aj mj(ψ̂j)ε ≤ mε τ P − a.s. (5.35)

Concerning the second term (5.33), write for simplicity of notation(
xj+1(ω), Zj+1(ω)

)
= G(j + 1, ω, x0, Z0, Ψ

j
0i) for j ≥ i.

Assumption 5.8 (iii) and (5.29) then imply P-a.s.
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‖S2(i, n)‖H ≤
n−1∑
j=i

aj hj+1

(
xj+1(ω), Zj+1(ω)

) ‖ψ̂j − ψ̂i‖H

≤
n−1∑
j=i

aj

[
hj+1

(
xj+1(ω), Zj+1(ω)

)− E
[
hj+1

(
xj+1(·), Zj+1(·)

)]]‖ψ̂j − ψ̂i‖H

+

n−1∑
j=i

ajE
[
hj+1

(
xj+1(·), Zj+1(·)

)]‖ψ̂j − ψ̂i‖H.

By Lemma 5.7, there exists N2(α, ω) > N1(α, ω) such that for each i >
N2(α, ω) and each n ≤ n(i, τ),

‖S2(i, n)‖H ≤ αcM (1 + τ)τ + hcMτ2
P − a.s. (5.36)

Concerning the third term (5.34), Assumption 5.8 (iv) and Lemma 5.7 imply
the existence of N3(α, ω) > N2(α, ω) such that for each i > N3(α, ω) and each
n ≤ n(i, τ),

‖S3(i, n)‖H ≤ α(1 + τ) P − a.s. (5.37)

Combining the estimates (5.35)-(5.37), we get

‖So(i, n)‖H ≤ α(1 + τ + cMτ) + mε τ + (α + h)cMτ2
P − a.s. (5.38)

Step 3. The Taylor expansion of V at ψ̂t1−1 gives

V(ψ̂n(t1−1,τ)) =V(ψ̂t1−1) + 〈V′(ψ̂t1−1), [ψ̂n(t1−1,τ) − ψ̂t1−1]〉H
+ R2(ψ̂t1−1, ψ̂n(t1−1,τ) − ψ̂t1−1),

(5.39)

where

R2(ψ, ϕ) =

∫ 1

0

(1 − s)D2(ψ + sϕ)(ϕ, ϕ)ds, ψ, ϕ ∈ H,

e.g., see Lang (1968, Chap. XVI) or Berger (1977).4 In view of (5.29), there
exists κ2 so that

|R2(ψ̂t1−1, ψ̂n(t1−1,τ) − ψ̂t1−1)| ≤ κ2‖ψ̂n(t1−1,τ) − ψ̂t1−1‖2
H

∫ 1

0

(1 − s)ds

≤ κ2c
2
Mτ2 (5.40)

Using (5.31), we can decompose the second term in (5.39) into

〈V′(ψ̂t1−1), [ψ̂n(t1−1,τ)− ψ̂t1−1]〉H = I +

n(t1−1,τ)−1∑
j=t1−1

aj〈V′(ψ̂t−1),M�(ψ̂t1−1)〉H

4Here D2V(ψ)(ϕ1, ϕ2) denotes the second Fréchet derivative at ψ ∈ H applied
to (ϕ1, ϕ2) ∈ H × H.



5.5 Mathematical Appendix 115

with
I := 〈V′(ψ̂t1−1), So(t1 − 1, n(t1 − 1, τ)〉H.

Using (5.38), we have

|I| ≤ κ1

[
α(1 + τ + cMτ) + εmτ + (α + h)cMτ2

]
(5.41)

with
κ1 := sup

{‖V′(ψ)‖H

∣∣ ‖ψ‖H ≤ b̄
}
.

Observe that by definition of n(t1 − 1, τ) in (5.27),

τ − an(t1−1,τ)−1 ≤
n(t1−1,τ)−1∑

j=t1−1

aj ≤ τ.

Hence, inserting (5.40) and (5.41) into (5.39), we get

V(ψ̂n(t1−1,τ)) ≤ σ1 + |I| − η[τ − an(t1−1,τ)−1] + κ2c
2
Mτ2

≤ σ1 + ακ1[1 + τ + cMτ ] + η an(t1−1,τ)−1

+
[
(κ2c

2
M + (α + h)κ1cM )τ − η + εmκ1)

]
τ

for η as defined in (5.25). Let

ε < η
mκ1

and τ < min
{

η−εmκ1

(κ2cM+(α+h)κ1)cM
, δ′

cM

}
and choose α and δ such that

ακ1[1 + τ + cMτ ] + δη <
[
η − εmκ1 − (κ2cM + (α + h)κ1)cMτ

]
τ. (5.42)

By our initial assumption we may choose t0 so large that at < δ for all t ≥ t0.
Hence (5.42) implies V(ψ̂n(t1−1,τ)) < σ1 which proves our contradiction stated
at the end of Step 1. 
�

Proof of Theorem 5.2. The proof of the proposition relies on a repeated
application of Lemma 5.7.
Step 1. Recall that by Assumption 5.2 (iii), the sequence{

G(t + 1, ω, x0, Z0, Ψ
t
0)
}

t∈N

(5.43)

with Ψt = Υt(ψ̂), t ∈ N remains bounded in some set D. By Proposition
5.1 there exists a random integer N0(ω) from where on no truncation of the
learning algorithm occurs such that

ψ̂t+1 = ψ̂t + atMt

(
G(t + 1, ω, x0, Z0, Ψ

t
0), ψ̂t

)
for all t ≥ N0(ω) (5.44)
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and a constant bH so that ‖ψ̂t‖H ≤ bH for all t ≥ N0(ω). The two boundedness
properties (5.43) and (5.44) together with the boundedness property of Mt

stated in Assumption 5.8 (i) imply the existence of a constant cM > 0 such
that ∥∥Mt

(
G(t + 1, ω, x0, Z0, Ψ

t
0), ψ̂t

)∥∥
H
≤ cM P − a.s. (5.45)

for all t ≥ N0(ω).

Step 2. The idea is to show that Assumption 5.7 holds, as this ensures almost
sure convergence by Theorem 5.1. For arbitrary t < n, set

S(t, n) :=

n−1∑
j=t

aj

[
Mj(G(j + 1, ω, x0, Z0, Ψ

j
0 ), ψ̂j) −M�(ψ̂j)

]
. (5.46)

In order to verify Assumption 5.7, it suffices to show that for arbitrary but
fixed T > 0,

lim
t→∞

sup
t<n≤n(t,T )

∥∥S(t, n)
∥∥

H
= 0 P − a.s., (5.47)

where for each t ∈ N,

n(t, T ) := max
{
i > t

∣∣∣ i−1∑
j=t

aj ≤ T
}
. (5.48)

We will apply Lemma 5.7 several times to prove (5.47). By Assumption
5.5, for each ε > 0, there exists δ = δ(ε) > 0 so that

‖M�(ψ̂i) −M�(ψ̂j)‖H < ε whenever ‖ψ̂i − ψ̂j‖H < δ. (5.49)

Moreover, by Assumption 5.9, there exists δ′ = δ′(ε) so that (5.16) holds. Fix
an arbitrary α ∈ (0, 1) such that

√
αTcM < min{δ, δ′}. Set τ =

√
αT and

define recursively

i0 = t, i1 = n(i0, τ), . . . , ir = n(ir−1, τ), . . . (5.50)

Using the fact that by Step 1 no truncations occur from N0(ω) on, it follows
from (5.45) that for each i0 = t ≥ N0(ω), each ir, and each i ∈ (ir, ir+1],

‖ψ̂i − ψ̂ir
‖H ≤

i−1∑
j=ir

aj

∥∥Mj(G(j + 1, ω, x0, Z0, Ψ
j
0 ), ψ̂j)

∥∥
H

≤
i−1∑
j=ir

aj cM ≤ τ cM < min{δ, δ′} P − a.s. (5.51)

Step 3. For each j > i, write
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Ψ j
0i := (Ψ0, . . . , Ψi, Ψi, . . . , Ψi︸ ︷︷ ︸

(j−i)−times

) (5.52)

for a series of forecasting rules which is constant after the i-th entry. Now let
i < i′ be arbitrary and decompose the sum in (5.46) into four terms

S(i, i′) := S1(i, i
′) + S2(i, i

′) + S3(i, i
′) + S4(i, i

′)

with and

S1(i, i
′) :=

i′−1∑
j=i

aj

[
Mj(G(j + 1, ω, x0, Z0, Ψ

j
0 ), ψ̂j) (5.53)

−Mj(G(j + 1, ω, x0, Z0, Ψ
j
0i), ψ̂j)

]
,

S2(i, i
′) :=

i′−1∑
j=i

aj

[
Mj(G(j + 1, ω, x0, Z0, Ψ

j
0i), ψ̂j) (5.54)

−Mj(G(j + 1, ω, x0, Z0, Ψ
j
0i), ψ̂i)

]
,

and

S3(i, i
′) :=

i′−1∑
j=i

aj

[
Mj(G(j + 1, ω, x0, Z0, Ψ

j
0i), ψ̂i) −M�(ψ̂i)

]
, (5.55)

S4(i, i
′) :=

i′−1∑
j=i

aj

[
M�(ψ̂i) −M�(ψ̂j)

]
. (5.56)

The first term (5.53) takes account of the expectations feedback. Assump-
tion 5.9 together with (5.51) implies for any ir ≤ j < ir+1,

‖G(j + 1, ω, x0, Z0, Ψ
j
0 ) − G(j + 1, ω, x0, Z0, Ψ

j
0ir

)‖ ≤ ε.

By Assumption 5.8 (ii) and Lemma 5.7, there exists N1(α, ω) > N0(α, ω) such
that for each i0 = t > N1(α, ω), each ir and each i ∈ (ir, ir+1],

‖S1(ir, i)‖H ≤
i−1∑
j=ir

aj mj(ψ̂j)ε ≤ mτε P − a.s. (5.57)

Concerning the second term (5.54), write for simplicity of notation(
xj+1(ω), Zj+1(ω)

)
= G(j + 1, ω, x0, Z0, Ψ

j
0i) for j ≥ i.

Assumption 5.8 (iii) and (5.51) then imply P-a.s.
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‖S2(ir, i)‖H ≤
i−1∑
j=ir

aj hj+1

(
xj+1(ω), Zj+1(ω)

) ‖ψ̂j − ψ̂ir
‖H

≤
i−1∑
j=ir

aj

[
hj+1

(
xj+1(ω), Zj+1(ω)

)− E
[
hj+1

(
xj+1(·), Zj+1(·)

)]]‖ψ̂j − ψ̂ir
‖H

+

i−1∑
j=ir

ajE
[
hj+1

(
xj+1(·), Zj+1(·)

)]‖ψ̂j − ψ̂ir
‖H.

By Lemma 5.7, there exists N2(α, ω) > N1(α, ω) such that for each i0 = t >
N2(α, ω), each ir, and each i ∈ (ir, ir+1],

‖S2(ir, i)‖H ≤ α(1 + τ)τcM + τ2hcM P − a.s. (5.58)

Concerning the third term (5.55), Assumption 5.8 (iv) and Lemma 5.7 imply
the existence of N3(α, ω) > N2(α, ω) such that for each i0 = t > N3(α, ω),
each ir, and each i ∈ (ir, ir+1],

‖S3(ir, i)‖H ≤ α(1 + τ) P − a.s. (5.59)

Concerning the fourth term (5.56), (5.51) together with (5.49) imply

‖S4(ir, i)‖H ≤
i−1∑
j=ir

aj ‖M�(ψ̂i) −M�(ψ̂j)‖H ≤
i−1∑
j=ir

aj ε ≤ τε. (5.60)

Step 4. Combining the estimates (5.60)–(5.57), there exists constants β1 and
β2 such that for all ir > i0 = t > N3(α, ω),

sup
ir<i≤ir+1

∥∥S(ir, i)
∥∥

H
≤ √

α εβ1 + αβ2 P − a.s.

It follows from the definition of n(t, T ) that for all ir > i0 = t > N3(α, ω),

sup
t<n≤n(t,T )

∥∥S(t, n)
∥∥

H
≤

(
1 + 2√

α

)
(
√
α εβ1 + αβ2)

= (2 +
√
α)εβ1 + (α + 2

√
α)β2.

Since ε and α can be made arbitrarily small, this proves (5.47) and the con-
clusion follows from Theorem 5.1. 
�

5.5.3 Proofs of Section 5.4

Proof of Lemma 5.4. Let (x0, Z0), (x̃0, Z̃0) ∈ X × Σ, ω ∈ Ω be arbitrary
but fixed and {Ψi}i∈N and {Ψ̃i}i∈N be two arbitrary sequences of forecasting
rules in S. Let



5.5 Mathematical Appendix 119

ye
t = Ψt(xt, Zt) and ỹe

t = Ψ̃t(x̃t, Z̃t).

By assumption

‖xt − x̃t‖ ≤ c2‖xt−1 − x̃t−1‖ + c3‖ye
t−1 − ỹe

t−1‖

and by induction on t,

‖xt − x̃t‖ ≤ ct
2 ‖x0 − x̃0‖ + c3

t−1∑
i=0

ci
2 ‖ye

t−i − ỹe
t−i‖.

The assertion then follows from the definition of the maximum norm ‖ · ‖∞.

�

Proof of Proposition 5.2. Let δ > 0 be arbitrary and {ψ̂t}t∈N be a sequence
of forecasting rules so that

‖ψ̂t − ψ̂0‖H < δ for all t ∈ N.

Put Ψt = Υ (ψ̂t) for each t ∈ N and let

(xt, Zt) = G(t, ω, x0, Z0, Ψ
t−1
0 ) and (x̃t, Z̃t) = G(t, ω, x0, Z0, Ψ0),

where

Zt = (ye
t−1, xt−1, . . . , y

e
t−r, xt−r) and Z̃t = (ỹe

t−1, x̃t−1, . . . , ỹ
e
t−r, x̃t−r).

By Lemma 5.4 and Lemma 5.6,

‖xt − x̃t‖2 + ‖ye
t − ỹe

t ‖2 ≤
(
c3

t−1∑
i=0

ci
2‖Ψt−i − Ψ0‖∞

)2

+ ‖Ψt − Ψ0‖2
∞

≤
(
c3KΥ

t−1∑
i=0

ci
2‖ψ̂t−i − ψ̂0‖H

)2

+ K2
Υ ‖ψ̂t − ψ̂0‖2

H

≤
(
1 + c3

1−c2

)2

(KΥ δ)
2.

For arbitrary ε > 0, choose δ := ε(1 − c2)/[KΥ (1 − c2 + c3)
√

1 + r]. Then

‖G(t, ω, x0, Z0, Ψ
t−1
0 ) − G(t, ω, x0, Z0, Ψ0)

∥∥ < ε

and Assumption 5.9 is satisfied. 
�

Proof of Proposition 5.3. Step 1. Let (x0, Z0) ∈ X × Σ, ω ∈ Ω, and a
differentiable ψ ∈ H with ‖ψ‖H ≤ bH be arbitrary. For ease of notation, write(

xt(ω), Zt(ω)
)

= G
(
t, ω, x0, Z0, Υ (ψ)

)
, t ∈ N
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and for arbitrary t < n, set

S(t, n) :=

n−1∑
j=t

aj

[
Mj(xj+1(ω), Zj+1(ω), ψ) −M�(ψ)

]
. (5.61)

In order to verify Assumption 5.8 (iv), it suffices to show that for arbitrary
but fixed T > 0,

lim
t→∞

sup
t<n≤n(t,T )

∥∥S(t, n)
∥∥

H
= 0 P − a.s., (5.62)

where n(t, T ) is defined in (5.48). To this end decompose (5.61) into

S(t, n) = S1(t, n) + S2(t, n),

where

S1(t, n) =

n−1∑
j=t

aj

[
Mj(xj+1(ω), Zj+1(ω), ψ) (5.63)

−E
[
Mj(xj+1(·), Zj+1(·), ψ)

]]
,

S2(t, n) =

n−1∑
j=t

aj

[
E
[
Mj(xj+1(·), Zj+1(·), ψ)

]−M�(ψ)
]
. (5.64)

Step 2. By assumption {
G
(
t, ·, x0, Z0, Υ (ψ)

)}
t∈N

is a sequence of bounded functions which is L2(Ω; RdH)-NED on {Dt}t∈Z of
size − 1

2 , where Ak2

k1
= σ(Dt| k1 ≤ t ≤ k2), k1 < k2 as before. By the minimum-

mean-squared-error property and Assumption 5.15 (ii), we have∥∥Mt(xt+1(·), Zt+1(·), ψ) − E
[
Mt(xt+1(·), Zt+1(·), ψ)|At+k

t−k

]∥∥
L2

≤ ∥∥Mt(xt+1(·), Zt+1(·), ψ) −Mt

(
E
[(
xt+1(·), Zt+1(·)

)|At+k
t−k

]
, Ψ

)∥∥
L2

≤ c4,t

∥∥(xt+1(·), Zt+1(·)
)− E

[(
xt+1(·), Zt+1(·)

)|At+k
t−k

]∥∥
L2
.

Hence for any fixed ψ ∈ H with ‖ψ‖H ≤ bH,
{
Mt

(
G
(
t, ·, x0, Z0, Υ (ψ)

)
, ψ

))}
t∈N

is a sequence of functions which is L2(Ω; H)-NED on {Dt}t∈Z of size −1/2.
Now Lemma 5.3 implies that{(

Mt(xt+1(·), Zt+1(·), ψ) − E
[
Mt(xt+1(·), Zt+1(·), ψ)

])
, At

}
(5.65)
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with At = σ(Dk| − ∞ < k ≤ t) is an L2(Ω; H) mixingale of size −1/2 with

magnitude indices dt = O(c4,t) and decay parameters δt = O(k−
1
2 ). It follows

from Lemma 5.2 together with Lemma 5.7 that for each α > 0, there exists
N1(α, ω) such that

sup
t<n≤n(t,T )

∥∥S1(t, n)‖H ≤ α(1 + T ) P − a.s.

for all t > N1(α, ω).

Step 3. Assumption 5.15 (ii) implies that for arbitrary α > 0, there exists
N2(α, ω) > N1(α, ω) so that∥∥E

[
Mt(xt+1(·), Zt+1(·), ψ)

]−M�(ψ)
∥∥

H
< α

for all t ≥ N2(α, ω) and hence

sup
t<n≤n(t,T )

∥∥∥S2(t, n)
∥∥∥

H

≤ αT P − a.s.

for all t ≥ N2(α, ω). As a consequence

sup
t<n≤n(t,T )

∥∥S(t, n)
∥∥

H
≤ α(2 + T ) P − a.s.

for all t > N2(α, ω). This establishes (5.62) and thus Assumption 5.8 (iv) is
satisfied. 
�

Proof of Proposition 5.4. For simplicity of notation, write

E
t+k
t−k[ · ] = E[ · |At+k

t−k], where Ak2

k1
= σ(Ds| k1 ≤ s ≤ k2), k1 < k2.

By Assumption 5.10 (ii) on the exogenous Rdξ -valued noise process {ξt}N,
there exist λ > 1

2 and aξ > 0 such that

κξ(k) := sup
t∈N

‖ξt − E
t+k
t−k[ξt]‖L2 ≤ aξk

−λ, k ∈ N. (5.66)

By construction, {G(t, ·, x0, Z0, Ψ)}t∈N is a sequence of RdH-valued bounded
functions on (Ω,F ,P). Thus for each k ∈ N,

κG(k) := sup
t∈N

∥∥G(t, ·, x0, Z0, Ψ) − E
t+k
t−k[G(t, ·, x0, Z0, Ψ)]

∥∥
L2

< ∞.

In order to establish near-epoch dependency of {G(t, ·, x0, Z0, Ψ)}t∈N in the
sense of Definition 5.4, we will show in two steps that κG(k) = O(k−λ) with
λ > 1

2 as given in (5.66).

Step 1. Let (x0, Z0) ∈ X ×Σ, ω ∈ Ω be arbitrary, and Ψ ∈ S be a forecasting
rule such that
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κy(k) := sup
t∈N

∥∥ye
t − E

t+k
t−k[ye

t ]
∥∥

L2
≤ ayk

−λ, k ∈ N,

where {
xt = G

(
ξt, xt−1, Ψ(xt−1, Zt−1)

)
ye

t−1 = Ψ(xt−1, Zt−1)
. (5.67)

We show that the sequence of random variables {xt}t∈N generated by (5.67)
is L2(Ω; Rdx)-NED on {Dt}t∈Z of size − 1

2 so that

κx(k) := sup
t∈N

∥∥xt − E
t+k
t−k[xt]

∥∥
L2

≤ axk
−λ, k ∈ N (5.68)

for some suitable constant ax > 0. The minimum-squared-error property of
the conditional expectations operator and the triangle equality yield∥∥xt − E

t+k
t−k[xt]

∥∥
L2

≤ ∥∥G(ξt, xt−1, y
e
t−1) −G

(
E

t+k
t−k[ξt],E

t+k
t−k[xt−1],E

t+k
t−k[ye

t−1]
)∥∥

L2

≤ c1
∥∥ξt − E

t+k
t−k[ξt]

∥∥
L2

+ c2
∥∥xt−1 − E

t+k
t−k[xt−1]

∥∥
L2

+ c3
∥∥ye

t−1 − E
t+k
t−k[ye

t−1]
∥∥

L2

≤ c1
∥∥ξt − E

t+k
t−k[ξt]

∥∥
L2

+ c2
∥∥xt−1 − E

t+k−2i
t−k [xt−1]

∥∥
L2

+ c3
∥∥ye

t−1 − E
t+k−2i
t−k [ye

t−1]
∥∥

L2

Taking suprema over t, this implies for each k ∈ N,

κx(k) ≤ c2κx(k − 1) + c3κy(k − 1) + c1κξ(k).

We use induction over k to establish (5.68). Since c2 < 1, there exist δ > 0
with c2(1 + δ) < 1 and k0 such that(

k
k−r

)λ

< 1 + δ for all k > k0.

Set
ax = max

{
κx(k0)k

λ
0 ,

c3(1+δ)ay+c1aξ

1−c2(1+δ)

}
(5.69)

and observe that
κx(k0) ≤ axk

−λ
0 .

Suppose now that for some k > k0,

κx(k) ≤ ax k
−λ.

Then
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κx(k + 1) ≤
[
c2ax

(
k+1

k

)λ
+ c3ay

(
k+1

k

)λ
+ c1aξ

]
(k + 1)−λ

≤ [c2(1 + δ)ax + c3(1 + δ)ay + c1aξ](k + 1)−λ ≤ ax(k + 1)−λ.

Hence κx(k) = O(k−λ) for all k ∈ N.

Step 2. Since
(xt, Zt) = (xt, y

e
t−1, xt−1, . . . , y

e
t−r, xt−r),

we have ∥∥(xt, Zt) − E
t+k
t−k

[
(xt, Zt)

]∥∥
L2

≤
r∑

i=0

∥∥xt−i − E
t+k
t−k[xt−i]

∥∥
L2

+

r∑
i=1

∥∥ye
t−i − E

t+k
t−k[ye

t−i]
∥∥

L2

≤
r∑

i=0

∥∥xt−i − E
t+k−2i
t−k [xt−i]

∥∥
L2

+
r∑

i=1

∥∥ye
t−i − E

t+k−2i
t−k [ye

t−i]
∥∥

L2
.

Taking the supremum over t, this implies

κG(k) ≤ (ax + ay)

n∑
i=0

(k − i)−λ = (ax + ay)
[ r∑

i=0

(
k

k−i

)λ]
k−λ = O(k−λ).

This completes the proof of Proposition 5.4. 
�

Proof of Lemma 5.5. Step 1. We first prove the following lemma which is
variant of Proposition 4.4 in Kuan & White (1994).

Lemma 5.8. Assume that the hypotheses of Assumption 5.10 are satisfied.
Let H : Ξ × Yn → Y, Y ⊂ Rdy be a Lipschitz continuous map such that

‖H(ξ, ζ1, . . . , ζn) −H(ξ̃, ζ̃1, . . . , ζ̃n)‖ ≤ c
(1)
H

n∑
i=1

‖ζi − ζ̃i‖ + c
(2)
H ‖ξ − ξ̃‖

for all ξ, ξ̃ ∈ Ξ, ζi, ζ̃i ∈ Y, i = 1, . . . , n. Suppose nc
(1)
H < 1. Then the sequence

of random variables {ζt}t∈N generated by

ζt = H(ξt, ζt−1, . . . , ζt−n), t ∈ N

is L2(Ω; Rdy)-NED on {Dt}t∈Z of size − 1
2 . In particular, for each δ > 0 there

exists k0 such that

κn
ζ (k) := sup

t∈N

∥∥(ζt−1, . . . , ζt−n) − E
t+k
t−k

[
(ζt−1, . . . , ζt−n)

]∥∥
L2

≤ ayk
−λ (5.70)

for all k > k0, where
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ay := max
{
κn

ζ (k0)k
λ
0 , . . . , κ

n
ζ (k0 − n + 1)(k0 − n + 1)λ,

nc
(2)
H

(1+δ)

1−nc
(1)
H

(1+δ)
aξ

} (5.71)

with λ and aξ as given in (5.66).

Proof of Lemma 5.8. The minimum-squared-error property of the condi-
tional expectations operator and the triangle equality yield∥∥ζt − E

t+k
t−k[ζt]

∥∥
L2

≤ ∥∥H(ξt, ζt−1, . . . , ζt−n) −H
(
E

t+k
t−k[ξt],E

t+k
t−k[ζt−1], . . . ,E

t+k
t−k[ζt−n]

)∥∥
L2

≤ c
(1)
H

n∑
i=1

∥∥ζt−i − E
t+k
t−k[ζt−i]

∥∥
L2

+ c
(2)
H

∥∥ξt − E
t+k
t−k[ξt]

∥∥
L2

≤ c
(1)
H

n∑
i=1

‖ζt−i − E
t+k−2i
t−k [ζt−i]

∥∥
L2

+ c
(2)
H

∥∥ξt − E
t+k
t−k[ξt]

∥∥
L2
.

Taking suprema over t, this implies for each k ∈ N,

κζ(k) := sup
t∈N

‖ζt − E
t+k
t−k[ζt]‖L2 ≤ c

(1)
H

n∑
i=1

κζ(k − i) + c
(2)
H κξ(k).

An induction argument over k is used next to establish (5.70). Choose δ > 0

such that (1 + δ)n c
(1)
H < 1 and k0 such that(

k
k−n

)λ

< 1 + δ for all k > k0.

Set

b = max
{
κζ(k0)k

λ
0 , . . . , κζ(k0 − n + 1)(k0 − n + 1)λ,

c
(2)
H

1−nc
(1)
H

(1+δ)
aξ

}
and observe that

κζ(k0 − i) ≤ b(k0 − i)−λ, i = 0, . . . , n− 1.

Suppose now that for some k > k0 + 1,

κζ(k − i) ≤ b (k − i)−λ, i = 1, . . . , n.

Then

κζ(k) ≤ c
(1)
H

n∑
i=1

κζ(k0 − i) + c
(2)
H κξ(k) ≤

[
c
(1)
H b

n∑
i=1

(
k

k−i

)λ

+ c
(2)
H aξ

]
k−λ

≤ [b nc
(1)
H (1 + δ) + c

(2)
H aξ]k

−λ ≤ bk−λ.
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This establishes near-epoch dependency of {ζt}t∈N.
As regards the second assertion, we have

∥∥(ζt−1, . . . , ζt−n) − E
t+k
t−k

[
(ζt−1, . . . , ζt−n)

]∥∥
L2

≤
n∑

i=1

∥∥ζt−i − E
t+k
t−k[ζt−i]

∥∥
L2

≤
n∑

i=1

∥∥ζt−i − E
t+k−2i
t−k [ζt−i]

∥∥
L2

Taking the supremum over t, this implies

κn
ζ (k) ≤ b

n∑
i=1

(k − i)−λ = b
[ n∑

i=1

(
k

k−i

)λ]
k−λ = (1 + δ)nb k−λ.

Setting ay := (1 + δ)nb, this completes the proof of Lemma 5.8.

Step 2. In view of Remark 5.2, the forecasting rule for the m-th forecast is of
the form

ye
t,t+m = Ψ (m)(xt, y

e
t−1,t+1, . . . , y

e
t−1,t−1+m).

Assume for a moment that {xt}t∈N is near-epoch dependent so that (5.68)

holds. We may then apply Lemma 5.8 with n = m− 1, c
(1)
H = c

(2)
H = cΥ , and

{ξt}t∈N being replaced by {xt}t∈N to conclude that

κy(k) = sup
t∈N

∥∥ye
t − E

t+k
t−k[ye

t ]
∥∥

L2
≤ ayk

−λ, k ∈ N,

where

ay = max
{
κy(k0)k

λ
0 , . . . , κy(k0 − n + 2)(k0 − n + 2)λ, (m−1)cΥ (1+δ)

1−(m−1)cΥ (1+δ)ax

}
(5.72)

with λ and ax as given in (5.69). However, since {xt}t∈N and {ye
t }t∈N are

interdependent processes generated by (5.67), ax and ay cannot be chosen
independently. In fact, conditions (5.69) and (5.72) are two equations for two
coefficients ax and ay which must hold simultaneously. It is straightforward
to find ax and ay which fulfill conditions (5.69) and (5.72) if

(m−1)cΥ (1+δ)
1−(m−1)cΥ (1+δ)

c2(1+δ)
1−c2(1+δ) < 1

or, equivalently, if (m − 1)cΥ + c2 < 1
1+δ . Since δ may be chosen arbitrarily

small, the latter condition is satisfied. This establishes near-epoch dependency
of {G(t, ·, x0, Z0, Ψ)}t∈N in the sense of Definition 5.4. 
�



6

Stochastic Exchange Economies

As a first application of the results obtained in Chapters 2 and 5, we dis-
cuss a standard version of the overlapping generations model with pure ex-
change which can be found in any macroeconomic textbook, e.g., see Azariadis
(1993). The problem of learning the rational expectations equilibria when en-
dowments are random has been treated by many authors, among which are
Chen & White (1998) and Kelly & Shorish (2000). We will strengthen these
results by showing that perfect foresight is possible despite of the fact that
endowments are random. Generalizing ideas from Wenzelburger (2002) for
the deterministic version of the model, we will introduce a learning scheme
which generates strongly consistent nonparametric estimates of a so-called
perfect forecasting rule which by definition generates perfect foresight orbits.
We will show that the required structural knowledge is comprised in the error
function which arises naturally when distinguishing between the basic market
mechanism of the economy and a forecasting rule according to which agents
form expectations. The zero contour set of an error function determines the
so-called perfect forecasting rules which generate perfect foresight equilibria.
Exploiting the geometry of the error function similar to Wenzelburger (2002),
we develop an algorithm which generates an arbitrarily precise approxima-
tion of a perfect forecasting rule using historical data only. This algorithm
converges globally for all initial conditions under fairly general conditions.

6.1 A Model of Pure Exchange

Consider a standard version of the overlapping generations model with one
non-storable commodity per period and fiat money as the only store of value
between periods. There will be neither growth of the population nor produc-
tion. Given the usual assumption of price taking behavior of all generations,
young agents need to transfer purchasing power from the first to the second
period of their lives. To abstract from heterogenous beliefs, let pe

t denote the
common forecast for the future price of the consumption good in period t+ 1
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on which all members of the young generation in t base their decisions. We
assume that a forecasting agency is in charge of issuing the forecasts and that
this agency knows the basic market mechanism without information concern-
ing the households’ savings behavior.

Initial endowments are w
(1)
t for young and w

(2)
t for old consumers and are

measured in units of the consumption good. They are assumed to be generated
by a stationary stochastic process {wt}t∈N on a probability space (Ω,F ,P)

with values wt = (w
(1)
t , w

(2)
t ) in a compact cube W × W with W = [w,w]. At

the beginning of each period t, a young agent observes her current endowment

w
(1)
t . The only uncertainty is over her future endowment w

(2)
t+1 when old and

the price level pt+1 prevailing in period t + 1. Consumers are endowed with
a von-Neumann-Morgenstern utility function u : R2

+ → R over consumption

c(1) and c(2) when young and old, respectively. u is assumed to be bounded,
strictly monotonically increasing, strictly concave and twice differentiable.
The budget constraints are

c(1) = w
(1)
t − s, c(2) = w(2) +

p

q
s,

where q ∈ R+ denotes the possible future price of the consumption good and
w(2) the future endowment. Both are uncertain when deciding on how much
to save. Let µ(pe

t , ·) ∈ Prob(R+ × W) denote the subjective joint distribution

of pt+1 and w
(2)
t+1, which is parameterized in subjective mean values pe

t . Given

the initial endowment of goods w
(1)
t and the forecast pe

t for the unknown price
level pt+1, the solution of the consumer’s maximization problem is given by a
savings function S : R3

+ → R+, defined by

S(w
(1)
t , p, pe

t ) := argmax
0≤s≤w

(1)
t

∫
R+×W

u
(
w

(1)
t − s, w(2) + p

q s
)
µ(pe

t , dq, dw
(2)),

(6.1)

such that S(w
(1)
t , p, pe

t ) describes real savings of young consumers in period t
at the goods price p.

Market clearing on the goods market in any period t requires that the real
savings of young consumers, which defines the amount of consumption goods
supplied to the market, has to be equal to the demand of the old generation
which is equal to the real purchasing power of their money received in exchange
for consumption goods in the previous period. If m̄ denotes the total stock
of money in the economy, a market clearing price in period t is defined to be
that price pt for which the excess demand of period t is equal to zero, i.e.,

Φex(w
(1)
t , pt, p

e
t ) :=

m̄

pt
− S

(
w

(1)
t , pt, p

e
t

)
= 0. (6.2)

Assume now that there exists an open subset Y ⊂ R+ and a map G : W×Y →
R+ such that
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Φex(w
(1), G(w(1), pe), pe) = 0 for all (w(1), pe) ∈ W × Y.

If Φex is sufficiently regular and satisfies the hypotheses of the implicit function
theorem, a set Y together with a map G will exists. The market-clearing price
pt of period t is then uniquely determined by the temporary equilibrium map

G : W × Y → R+, pt = G(w
(1)
t , pe

t ). (6.3)

The map G given in (6.3) includes a two-step-ahead forecast and for this
reason defines an economic law with an expectational lead in the sense of
Chapter 2. Since apart from the stochastic endowments only expected prices
enter G as an argument, the economic law (6.3) has the structure of a Cobweb
model. From a sequential view point, the forecast pe

t for the price pt+1 has to
be determined before the actual trading takes place in period t and thus prior
to the realization of pt. This feature is illustrated in Figure 6.1.

t − 1 t t + 1

wt−1 wt wt+1

pt−1 pt pt+1pe

t−1 pe

t pe

t+1

Fig. 6.1. Time-line of price formation.

It follows from (6.3) that the market-clearing price pt is a deterministic

function of the endowment w
(1)
t and the price forecast pe

t . For this reason, we
will assume that consumers probability distribution is of the form µ = δpe

t
×ν,

where δpe
t

is Dirac measure and ν is the probability distribution of w
(2)
t+1. As

a consequence, the consumer’s savings function may assumed to be of the
functional form

S
(
w

(1)
t ,

pe
t

p

)
:= argmax

0≤s≤w
(1)
t

∫
W

u
(
w

(1)
t − s, w(2) + p

pe
t
s
)
ν(dw(2)). (6.4)

Remark 6.1. With the notation of Chapter 2 we would have written pe
t−1 ≡

pe
t−1,t+1 instead of pe

t . For the exchange model, however, the latter notation
is economically more appealing.

6.2 The Existence of Perfect Forecasting Rules

The discussion of the sequential trading structure in Section 6.1 revealed that
perfect foresight may be possible despite the fact that endowments are gen-
erated by an exogenous stochastic process. Due to the particular information
structure of the exchange economy, the mean error function associated with
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the economic law (6.3) becomes a deterministic error function of the form
introduced in Böhm & Wenzelburger (2004). In order to address the ques-
tion whether forecasting rules exists that generate perfect foresight along all
orbits (trajectories) of the economy, we therefore consider this deterministic
error function. Analogously to the notion of an unbiased forecasting rule, a
forecasting rule is called perfect if it generates perfect foresight orbits. Perfect
forecasting rules are thus special cases of unbiased forecasting rules. (Compare
with Remark 4.3, Chapter 2.)

For an arbitrary period, let pe
old and pe

new denote the forecasts of the old
and the young generation, respectively. The forecast error of the old generation
is then given by the error function eG : W × Y

2 → R, defined by

eG(w(1), pe
old, p

e
new) := G(w(1), pe

new) − pe
old. (6.5)

As in Chapter 2, the function eF describes all possible forecast errors, inde-
pendently of what forecasting rule or learning scheme has been used to obtain
the forecasts. The zero-contour set of eF describes all triplets (w(1), pe

old, p
e
new)

for which perfect foresight obtains. A perfect forecasting rule must therefore
be a function pe

new = Ψ�(w
(1), pe

old) defined on a suitable subset U ⊂ W × Y

such that
G
(
w(1), Ψ�(w

(1), pe
old)

)
= pe

old. (6.6)

The economic implication for a perfect forecasting rule is that the new forecast
pe
new has to be chosen such that the old forecast pe

old becomes correct.
The following proposition shows that for the OLG exchange model fore-

casting rules which are perfect locally on some subset U exist under relatively
mild conditions, whereas globally perfect forecasting rules exist only under
very restrictive assumptions. Let

ES(w(1), θ) :=
D2S(w(1), θ)θ

S(w(1), θ)

denote the elasticity of the savings function with respect to expected inflation
factors θ and S−1(w(1), ·), w(1) ∈ W denote the inverse of S(w(1), ·), whenever
this inverse is well defined.

Proposition 6.1. Let S be continuously differentiable, and assume that for
each w(1) ∈ W,

(i) p̄w :=
m̄

S(w(1), 1)
∈ Y and (ii) D2S(w(1), 1) �= 0.

Then there exists an open subset U ⊂ W × Y and a forecasting rule Ψ�, given
by

Ψ�(w
(1), pe) = pe S−1

(
w(1),

m̄

pe

)
, (w(1), pe) ∈ U (6.7)

which is locally perfect on U.
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Proof. Let w(1) ∈ W be arbitrary but fixed. Then

Φex(w
(1), p̄w, p̄w) =

m̄

p̄w
− S(w(1), 1) = 0,

where Φex is the excess demand function defined in (6.2). Since D2S(w(1), 1) �=
0, D3Φex(w

(1), p̄w, p̄w) �= 0. Invoking the Implicit Function Theorem, this
yields the existence of an open set U(w(1)) ⊂ Y such that

Φex

(
w(1), pe, Ψ�(w

(1), pe)
)

= 0, pe ∈ U(w(1)),

where Ψ� is given in (6.7). The definition of the economic law G defined in
(6.3), then shows

G
(
w(1), Ψ�(w

(1), pe)
)

= pe, pe ∈ U(w(1)).

Since w(1) was arbitrary, the proof is completed by setting

U = {(w(1), pe) ∈ W × Y| pe ∈ U(w(1))}.

�

Corollary 6.1. Let youthful and old-age consumption be normal goods. Then
D2Ψ� ≷ 0 on U if and only if D2S ≶ 0 on U.

Proof. We have

D2Ψ�(w
(1), pe) = S−1

(
w(1), m̄

pe

)[
1 − 1

ES

(
w(1), S−1(w(1), m̄

pe )
)]

as long as D2S �= 0. The normality assumption together with the Slutsky
conditions imply that ES(w(1), θ) < 1. This completes the proof.


�

Proposition 6.1 assures that forecasting rules which are locally perfect
will generically exist. The resulting dynamics under perfect foresight will be
investigated in the next section.

6.3 Perfect Foresight Dynamics

Proposition 6.1 states that perfect forecasting rules depend exclusively on
previous forecasts and endowments but not on observed prices. Geometrically,
the graph of a locally perfect forecasting rule Ψ� is contained in the zero
contour of the error function. Under perfect foresight in period t ∈ N, one has

pt = G
(
w

(1)
t , pe

t

)
= pe

t−1,

pe
t = Ψ�(w

(1)
t , pe

t−1),
(6.8)
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where Ψ� is the perfect forecasting rule defined in (6.7) and w
(1)
t ∈ [w,w] is

random. Eq. (6.8) reveals that the dynamics under perfect foresight, if it exist,
will essentially be governed by a dynamics on forecasts alone.

Since savings must never exceed initial endowments and w
(1)
t is random,

it follows from (6.2) and (6.7) that the map Ψ� is not defined for pt < m̄/w.
Hence, each U must be a proper subset of W × R+, even if Y = R+. For this
reason it is impossible to define a perfect foresight dynamics globally on R+.
In order to obtain a well-defined perfect foresight dynamics, we seek a subset
V ⊂ R+ with W × V ⊂ U which is forward-invariant under Ψ� in the sense
that Ψ� : W × V −→ V. Then each orbit of (6.8) that starts in some pe

0 ∈ V

will stay in V for all times t.

Proposition 6.2. Let youthful and old-age consumption be normal goods, let
all hypotheses of Proposition 6.1 be satisfied, and assume that D2S > 0. Then
the compact interval V = [p, p] ⊂ R++ is forward-invariant under Ψ�, if

p S

(
w,

p

p

)
≤ m̄ ≤ pS

(
w,

p

p

)
.

Proof. We know from Corollary 6.1 that Ψ� is monotonically decreasing in
price forecasts, i.e. D2Ψ� < 0. Moreover, since both goods are normal we have
D1S > 0. This implies D1Ψ� > 0. Therefore, a compact interval [p, p] ⊂ R++

is forward-invariant under Ψ�, if

Ψ�(w, p) ≥ p and Ψ�(w, p) ≤ p

By the monotonicity of S and the definition of Ψ�, these conditions are equiv-
alent to

S

(
w,

p

p

)
≥ m̄

p
and S

(
w,

p

p

)
≤ m̄

p
.


�

If the hypotheses of Proposition 6.2 hold such that a forward-invariant set
V = [p, p] exists, then one has perfect foresight along any orbit starting in V,
that is, pt = pe

t−1 for all t ∈ N, provided that pe
0 ∈ V. It follows from (6.8)

that the resulting dynamics can be reduced to a one-dimensional one.
In view of Assumption 4.1, Chapter 4 we assume that {wt}t∈Z has a rep-

resentation as an ergodic metric dynamical system (Ω,F ,P, {ϑt}t∈Z) with

wt(ω) = w(ϑtω), ω ∈ Ω, t ∈ Z. (6.9)

Using the representation (6.9), we obtain a time-one map φ(1, ·) : Ω×V → V,
given by

pt+1 = φ
(
1, ϑtω, pt

)
:= Ψ�(w

(1)(ϑtω), pt), (6.10)

of a random dynamical system over (Ω,F ,P, {ϑt}t∈Z). The time-one map
(6.10) describes the price dynamics under perfect foresight of the system which
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45◦

p p0 p

Ψ�(w, ·)

Ψ�(w, ·)

Fig. 6.2. Orbit with perfect foresight.

is well defined for all initial price levels p0 ∈ V = [p, p]. This situation is shown
in Figure 6.2 which depicts a typical orbit of the system (6.10).

We conclude this section by showing that under certain conditions, the
long-run behavior is determined by a stationary stochastic process induced
by a random fixed point of the system (6.10).

Theorem 6.1. Let the hypotheses of Proposition 6.1 be satisfied and assume
that the savings function S is differentiable with respect to both arguments and
D2S > 0. Assume, in addition, that the following conditions hold:

(i) There exits a compact set V = [p, p] which is forward-invariant under Ψ�

such that Ψ� : W × V → V.
(ii) There exists a random variable η with E[η] < 0, such that

sup
{

log |D2Ψ�

(
w(1)(ω), p

)| ∣∣∣ p ∈ V

}
≤ η(ω), ω ∈ Ω.

Then there exists a unique nontrivial random fixed point p� : Ω → R+ which is
asymptotically stable on V in the sense of Definition 4.6. Moreover, p� is mea-
surable with respect to the sub-σ-algebra of the past F− := σ(φ(t, ϑ−T ·, p) | 0 ≤
t ≤ T, p ∈ R+) ⊂ F , where φ denotes the random dynamical system generated
by Ψ�.
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The proof is an application of Theorem 4.3 in Section 4.4 of Chapter 4 and
given in Section 6.5 below. It is a modification of the proof of Theorem 4.2 in
Schenk-Hoppé & Schmalfuß (1998). Condition (ii) is an average contractivity
condition. It is straightforward to see that (ii) is satisfied, if

(ii′) |D2Ψ�(w
(1), p)| < 1 for all (w(1), p) ∈ W × V.

Invoking Corollary 6.1, Condition (ii′) is satisfied at the deterministic fixed
points

p̄w =
m̄

S(w(1), 1)
, w(1) ∈ W

of the maps Ψ�(w
(1), ·), w(1) ∈ W if ES(w(1), 1) > 1

2 . It thus provides a natural
extension of the classical stability condition for deterministic pure exchange
models, cf. Azariadis (1993).

6.4 Adaptive Learning of Perfect Forecasting Rules

Consider a forecasting agency which is in charge of forecasting the future
evolution of the economy and hence has to decide on pe. We assume here that
all young consumers in period t share the belief in pe

t issued by the forecasting
agency prior to their savings decisions. This excludes heterogenous beliefs and
strategic behavior of consumers. In order to be credible for households, we
assume that the forecasting agency itself has no strategic interest other than
issuing forecasts as precise as possible. The informational constraints faced by
our forecasting agency can be described as follows.

Suppose that the agency in some arbitrary period τ has observed past
prices {pt}τ−1

t=0 and knows forecasts {pe
t}τ−1

t=0 corresponding to these prices.
Recall that pτ is not available prior to the decision on pe

τ . Let the agency be
aware of the basic market mechanism of the economy, that is, the basic struc-
ture of the economic law given by (6.3) but not its specific parameterization.
Hence, neither the preferences nor the savings behavior of young consumers
are known to the agency. The forecasting agency is assumed to use the con-
cept of the error function without its exact functional specification and for
this reason is boundedly rational in the sense of Sargent (1993).

The goal of a forecasting agency now is to estimate a perfect forecasting
rule Ψ�. Given the temporary equilibrium map (6.3), observe first that in an
arbitrary period τ ,

pt = G(w
(1)
t , pe

t )

for all {(w(1
t , pt, p

e
t )}τ−1

t=0 , no matter what forecasting rule has been applied
to generate the time series. If a locally perfect forecasting rule Ψ� exists, it

follows from (6.6) that the data points {(w(1
t , pt, p

e
t )}τ−1

t=0 must also satisfy

pe
t = Ψ�(w

(1)
t , pt) (6.11)
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in period τ , provided that (w
(1)
t , pt) ∈ U. As w

(1)
t , pt, and pe

t are observable
quantities, the idea is to estimate Ψ� nonparametrically from this data.

With the notation of Chapter 5, let X = W×Y with Σ = Y ⊂ R+ and set

xt := (w
(1)
t , pt) ∈ W × Y and Zt := pe

t ∈ Y.

Let 0 < cΥ < 1 be some constant, Y
′ ⊂ Y be a compact interval not containing

zero, and πY′ : R → Y′ be a projection onto Y′. As in Section 5.5.1 of Chap-
ter 5, denote by C1

B(X; R) the space differentiable functions with bounded
derivatives. Define the censor map as

Υ :

{
C1

B(X; R) −→ C1
B(X; R)

Ψ �−→ Υ (Ψ)
, (6.12)

where

Υ (Ψ) =

{
πY′ ◦ Ψ if ‖D2Ψ‖∞ < cΥ

πY′ ◦
(

cΥ

‖D2Ψ‖∞

Ψ
)

if ‖D2Ψ‖∞ ≥ cΥ

and
‖D2Ψ‖∞ := sup

{
|D2Ψ(w(1), p)|

∣∣∣ (w(1), p) ∈ W × Y

}
.

The role of the censor map Υ is first to confine the system to a compact
set Y′ at all stages and second to generate a near-epoch dependent series of
forecasts as required by the convergence result of Theorem 5.3 in Chapter 5.
The latter property follows from Lemma 5.8 of Chapter 5, noticing that for
each Ψ ∈ C1

B(X; R) and each w(1) ∈ W, the map Υ (Ψ)(w(1), ·) is a contraction.
Since X ⊂ R2

+, we choose the Sobolev space H = W2,2(X; R) as introduced
in Section 5.5.1 of Chapter 5 to be the underlying Hilbert space of our learning
scheme. Recall that by Theorem 5.4, H can then be continuously imbedded
into the space of continuous and bounded functions CB(X,R). For arbitrary

initial conditions (w
(1)
0 , p0, p

e
0) ∈ X × Y and Ψ̂0 ∈ C1

B(X; R), our learning
scheme is defined by⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

pt = G
(
w

(1)
t , pe

t

)
pe

t = Ψt(w
(1)
t , pe

t−1)

Ψt = Υ (Ψ̂t)

Ψ̂t = Ψ̂t−1 + 1
t−1Mt−1(w

(1)
t−1, pt−1, p

e
t−1, Ψ̂t−1)

(6.13)

with t ∈ N. Here the updating functions {Mt}t∈N are assumed to satisfy
Assumption 5.15 of Chapter 5. For simplicity we suppressed the truncation
device introduced in Section 5.1, knowing that under suitable conditions no
truncations of the estimates will occur after a sufficient amount of time has
elapsed. The next theorem shows under which conditions the learning scheme
(6.13) succeeds in finding the perfect forecasting rule Ψ�.
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Theorem 6.2. Consider an exchange economy as described above and assume
that the following hypotheses are satisfied:

(i) The stationary process {w(1)
t }t∈Z is L2(Ω; R)-NED on {Dt}t∈Z of size − 1

2 ,
where {Dt}t∈Z is a sequence which is either uniformly mixing with αk of
size −1 or strongly mixing with φk of size − 1

2 in the sense of Definition
5.3, Chapter 5.

(ii) The economic law G when restricted to Y′ is Lipschitz continuous with
respect to both variables.

(iii) The conditions of Theorem 6.1 hold such that there exists a differentiable
perfect forecasting rule Ψ� ∈ H together with a forward-invariant set V ⊂
Y′. Moreover, ‖D2Ψ�‖∞ ≤ cΥ < 1.

(iv) The sequence {Mt}t∈N of updating functions satisfies Assumptions 5.12-
5.15 of Chapter 5.

Let Ψ̂0 ∈ C1
B(X; R). Then the sequence of forecasting rules {Ψt}t∈N obtained

from (6.13) converges to Ψ� P-a.s., that is,

lim
t→∞

‖Ψt − Ψ�‖H = 0 P − a.s.

The proof of Theorem 6.2 is an application of Theorem 5.3, Chapter 5 and
is found in Section 6.5 below.

Concluding Remarks

The fact that perfect foresight is possible in a random environment of an ex-
change economy seems to have been overlooked in the literature. This chap-
ter demonstrates that forecasting rules which generate perfect foresight exist
under standard assumptions. Using the methodology of Chapter 5, these so-
called perfect forecasting rules can successfully be estimated from historical
data by means of nonparametric estimations. The censoring of the approxi-
mated forecasting rules assures that the system is kept stable at all stages of
the estimation procedure and that the resulting process satisfies the necessary
stochastic properties. It should be noted that the method required neither the
existence of a perfect forecasting rule nor its contraction property.

6.5 Mathematical Appendix

Proof of Theorem 6.1. Notice first that by construction E[w(1)(·)] < ∞.
We verify the assumptions of Theorem 4.3, given in Chapter 4.
Step 1. Let V = [p, p]. Then V(ω) ≡ V, ω ∈ Ω is a random set and the set
of all tempered random variables V associated with V is nonempty since it
contains constant functions with values in [p, p].
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Step 2. Check of Assumption (i). Condition (i) implies that V is forward invari-
ant under Ψ�. Since it is bounded by p, the map ω �→ Ψ�

(
ξ(ϑ−1ω), g(ϑ−1ω)

)
is tempered, because it is bounded by a tempered (constant) map. Hence
Assumption (i) is satisfied.
Step 3. Condition (ii) is a mere restatement of Assumption (ii) in Theorem
4.3.
Step 4. Check of Assumption (iii). Let {φ(t, ϑ−tω, g(ϑ−1ω)

)}t∈N be a Cauchy
sequence for some g ∈ V and all ω, where φ denotes the random dy-
namical system generated by the time-one map Ψ�. Then its limit limt→∞
φ(t, ϑ−tω, g

(
ϑ−1ω)

)
is in V for all ω, because V is forward invariant and com-

plete. It remains to show that this limit is contained in V . Since limt→∞
φ(t, ϑ−tω, g

(
ϑ−1ω)

)
is bounded by the constant p, it is bounded by a tem-

pered random variable and hence must itself be tempered.
It follows from steps 1-4 and Theorem 4.3 that there exists a unique ran-

dom fixed point p� ∈ V whose domain of attraction contains the set V = [p, p].
Step 5. Measurability with respect to the past. Since V contains all constant
functions g(ω) = p, p ∈ [p, p] and p� is attracting on [p, p], the stationarity of

ϑ implies that φ(T, ϑ−Tω, p) converges a.s. to p�(ω) as T → ∞. Hence, p� is
measurable with respect to the sub-σ-algebra σ

(
φ(t, ϑ−T ·, p)| 0 ≤ t ≤ T, p ∈

[p, p]
) ⊂ F .


�

Proof of Theorem 6.2. All Assumptions 5.10-5.15 of Chapter 5 are satisfied,
so that Theorem 5.3 can be applied. Recall to this end that the censor map
is a variant of the one introduced in Example 5.1, Chapter 5. 
�
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Heterogeneous Beliefs in a Financial Market

In this chapter the theoretical concepts of the first chapters are applied to
a financial market with interacting agents. In recent years agent-based mod-
els have increasingly attracted attention in focusing on heterogeneous market
participants as a central building block of a descriptive theory of financial mar-
kets. It is a commonly accepted view that agents in financial markets trade,
since either preferences, beliefs or wealth positions differ. Their attitudes to-
wards risk and their beliefs about the future development of prices constitute
the key influence on the determination of market prices. Behavioral assump-
tions concerning agents’ ability to foresee the future evolution of a market
play a central role in modeling agent-based financial markets. As traders, in
general, will not share a common belief about future prices, the evolution of
actual market prices cannot be self-confirming for all of them. This is the
reason why the issue of updating beliefs and learning in asset markets is of
particular importance.

Following an approach of Böhm, Deutscher & Wenzelburger (2000) and
Böhm & Chiarella (2005), we consider a model with heterogeneous myopic
market participants characterized by preferences and subjective beliefs. Such
a structure, for instance, arises naturally in models with overlapping gener-
ations of consumers. Consumers face investment possibilities in one risk-free
and K ≥ 1 assets. They have no direct access to the financial market and
instead choose among ‘professional’ financial mediators who carry out their
transactions. We distinguish between two levels of rationality in the model.
Each financial mediator, who may be thought of as a stylized fund manager
or broker, is boundedly rational in the sense of Sargent (1993) and is char-
acterized by a forecasting technology which she uses to form expectations
about future asset prices. On the contrary, consumers are boundedly ratio-
nal in the sense of Simon (1982) and base their choice of a mediator on a
performance indicator that measures the success of past investment strate-
gies of the mediator. The imitating behavior of consumers is modeled by a
standard discrete-choice approach as found in Anderson, de Palma & Thisse
(1992). It constitutes the evolutionary feature of the model which is common
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in many models including Brock & Hommes (1997a, 1998), Chiarella & He
(2002, 2003a,b) or Föllmer, Horst & Kirman (2005), Horst (2005) and many
others. Given consumers’ preferences and the subjective beliefs of mediators,
market-clearing prices at each date are determined by a temporary equilibrium
map. Combined with forecasting rules that model the way in which mediators
update beliefs, this yields a time-one map of a dynamical system in a random
environment of the form discussed in Chapter 2 in which expectations feed
back into the actual evolution of asset prices.

The results of the present chapter are refinements of results in Wenzel-
burger (2004b). Extending the concept of an unbiased forecasting rule of
Chapter 2, we introduce perfect forecasting rules for second moments. These
together with unbiased forecasting rules, also referred to as perfect forecasting
rules for first moments, provide correct first and second moments of the price
process conditional on all available information. In this sense, these perfect
forecasting rules generate rational expectations for a particular mediator such
as a fundamentalist while other market participants may have non-rational
beliefs. We show that this concept derives naturally from the aggregate de-
mand function of heterogeneous non-rational investors such as chartists and
noise traders. Perfect forecasting rules for first and second moments are re-
quired to obtain mean-variance efficient portfolios for fundamentalists in the
sense of classical CAPM theory.

The natural question how a boundedly rational financial mediator can
learn perfect forecasting rules from historical data is addressed. The main
informational constraint encountered by a mediator stems from the fact that
neither the fraction of consumers choosing a particular mediator nor the be-
liefs of the mediators themselves are observable quantities. We will show that
this missing information can be retrieved by estimating the excess demand
function of all market participants. This will, in general, become a highly non-
linear problem. However, in the case when consumers are endowed with linear
mean-variance preferences and chartists use simple linear forecasting rules,
the main nonlinearity consists of the discrete-choice model which governs the
switching behavior of consumers. Since rigorous techniques for estimating a
discrete choice model exist (e.g., see Judge, Griffiths, Hill, Lütkepohl & Lee
1985, Chap. 18), it turns out that the problem reduces to estimating a stochas-
tic linear functional relationship. Using the methods introduced in Chapter
3, an adaptive learning scheme is developed which approximates perfect fore-
casting rules from historical data. Necessary and sufficient conditions for the
convergence of the learning scheme are discussed.
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7.1 The Model

Consider an overlapping generations model with a finite number of types
h = 1, . . . , H of young households, where each type consists of a total number
of N (h) consumers, respectively. Each young household of type h lives for two
periods, receives an initial endowment e(h) > 0 of a non-storable commodity
in the first period of life, and does not consume. In order to transfer wealth to
the second period of his life, a consumer will choose a portfolio of K + 1 ∈ N

retradeable assets whose proceeds he will consume. He receives no additional
endowment in the second period of his life, so that his total consumption is
equal to the return on the investment of his initial endowment when young.

There is one risk-free asset which has a constant real rate of return R =
1 + r > 0 given exogenously, i.e., investing one unit of the consumption good
in the risk-free asset yields R units of the consumption good in the subsequent
period. The other K assets correspond to shares of firms whose production
activities induce a stochastic process of dividends which are distributed to the
shareholders. The total amount of retradeable risky assets per capita of young
households is x̄ ∈ R

K
+ .

Young consumers maximize expected utility over future consumption with
respect to a von-Neumann-Morgenstern utility function and subjective expec-
tations for future asset prices. Let y ∈ R denote the amount of the consump-
tion good invested in the risk-free asset and x ∈ RK be the vector of shares
purchased at the ex-dividend price vector p ∈ RK

+ (in units of the consump-
tion good). Abstracting from short-sale constraints, the budget equation of
a consumer of type h is e(h) = y + p�x. Let d ∈ D denote a dividend pay-
ment, which is randomly drawn from some subset D ⊂ R

K
+ , p′ ∈ R

K
+ be the

future price vector of the risky assets, and q = p′+d denote the corresponding
cum-dividend price vector. Since there is no youthful consumption, the future
wealth of consumer h associated with the portfolio x ∈ RK of risky assets is

w(h)(x, p, q) = R (e(h) − p�x)︸ ︷︷ ︸
risk-free investment

+ q�x.︸︷︷︸
equity return

Assuming that each consumer treats the price p at which he purchases as a
parameter, the remaining uncertainty of the portfolio return rests with the
cum-dividend price q of shares.

Households have no direct assess to a forecasting technology and select
a mediator who solves their individual investment problems using subjective
probability distributions. There is a finite number i = 0, . . . , I of financial me-
diators characterized by subjective beliefs regarding the future cum-dividend
price of the assets. Their beliefs are described by subjective probability dis-
tributions ν(i) ∈ Prob(RK

+ ), i = 0, . . . , I, with Prob(RK
+ ) denoting the set

of all Borelian probability measures on RK
+ . For simplicity, we abstract from

intermediation costs for households and suppress the constant e(h) whenever
possible. The asset demand of a young consumer of type h based on the sub-
jective belief ν(i) provided by mediator i is defined by an optimal portfolio
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choice which maximizes expected utility of future wealth

φ(h)(ν(i), p) := argmax
x∈RK

∫
RK

+

u(h)
(
w(h)(x, p, q)

)
ν(i)(dq). (7.1)

For the remainder of this chapter we will assume that the von-Neumann-
Morgenstern utility functions u(h), h = 1, . . . , H and the subjective proba-
bility measures ν(i), i = 0, . . . , I, are such that a unique solution (7.1) to
the consumer’s decision problem exists. In particular, we assume that each
distribution ν(i), i = 0, . . . , I, is such that none of the assets is redundant.
Existence and uniqueness can also be guaranteed by suitably restricting the
class of utility functions and the class probability measures. This will be done
in Definition 7.1 later in this chapter.1

We will express all aggregate quantities in terms of per capita of young
households. Denote by

η(h) :=
N (h)∑H

h=1 N
(h)

the fraction of households of type h and η
(hi)
t ∈ [0, η(h)] be the fraction of

households of type h employing mediator i in period t so that
∑I

i=0 η
(hi)
t =

η(h). Then

W
(i)
t =

H∑
h=1

η
(hi)
t e(h) (7.2)

is the amount of resources per capita which mediator i receives from all young
households before trading takes place in that period. Her earnings from div-

idend and interest payments from the portfolio per capita (x
(i)
t−1, y

(i)
t−1) ∈

RK × R obtained after trading in period t − 1 are d�t x
(i)
t−1 + ry

(i)
t−1. Since

aggregate repayment obligations to old households are (p+dt)
�x(i)

t−1 +Ry
(i)
t−1,

her budget constraint in period t reads W
(i)
t = p�x(i) + y(i). Denote by

η
(i)
t := (η

(1i)
t , . . . , η

(Hi)
t ) ∈ [0, 1]H the distribution of households employing

mediator i in period t and ν
(i)
t denote mediator i’s subjective probability dis-

tribution for the future cum-dividend price qt+1 = pt+1 + dt+1 in period t.
Then the aggregate demand function for risky assets per capita of all house-
holds which employ i in period t is

x(i) = Φ(i)(η
(i)
t , ν

(i)
t , p) :=

H∑
h=1

η
(hi)
t φ(h)(ν

(i)
t , p), p ∈ R

K
+ . (7.3)

1For further details we refer to the literature, e.g., see Grandmont (1982), Inger-
soll (1987), and Pliska (1997).
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Finally, denote by ξt ∈ RK a random quantity of assets per capita which
noise traders hold after trading in period t.2 Following Böhm, Deutscher &
Wenzelburger (2000), the market-clearing asset price vector in period t is
defined by a solution pt ∈ RK

+ to

I∑
i=0

[
Φ(i)(η

(i)
t , ν

(i)
t , p) − x

(i)
t−1

]
+ ξt − ξt−1

!
= 0. (7.4)

If for a fixed distribution of households η
(i)
t and fixed beliefs ν

(i)
t the (per-

capita) aggregate excess demand for assets (7.4) is globally invertible with
respect to p, then there exists a unique ex-dividend price pt which clears the
asset market. This implies that the market-clearing asset price vector is a
deterministic function of individual characteristics of young consumers and
mediators.

t − 1 t t + 1

η
(i)
t−1 η

(i)
t η

(i)
t+1

ν
(i)
t−1 ν

(i)
t

ν
(i)
t+1pt−1 pt dt+1

dt−1 dt dt+1

ξt−1 ξt ξt+1

Fig. 7.1. Time-line of price formation.

In order to define a price map, note that the total amount of assets per

capita x̄ must be equal to the sum of previous positions
∑I

i=0 x
(i)
t−1 +ξt−1. Let

the market shares (η
(i)
t )I

i=0 ∈ ∆ with a suitably defined simplex ∆ ⊂ [0, 1]HI

and the subjective beliefs (ν
(i)
t )I

i=0 ∈ Prob(RK
+ )I of all the mediators at date t

be given. Then under the above invertibility condition, the asset price vector
which clears the market in period t is uniquely determined by the temporary
equilibrium map G : RK ×∆× Prob(RK

+ )I → RK
+ ,

pt = G
(
ξt, (η

(i)
t , ν

(i)
t )I

i=0

)
. (7.5)

The map (7.5) is an economic law in the sense of Chapter 2 extended to
subjective and heterogeneous probability distributions. Observe that G does
not contain the price itself as an argument, such that the map G is of Cobweb

type. The dating of the expectations ν
(i)
t relative to the actual price pt reveals

that the economic law (7.5) has an expectational lead, that is, expectations
are with respect to the realization of prices one period ahead of the map G.
This observation is illustrated in Fig. 7.1. The functional form of (7.5) reflects

2Noise traders are thought of speculators whose transactions are not captured
by a standard microeconomic decision model. Alternative interpretations as given
in De Long, Shleifer, Summers & Waldmann (1990, p. 709) apply as well.
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the fact that asset prices are essentially determined by subjective beliefs of the
financial mediators and the way in which households choose among mediators.

The decision of a household is based on the performance of a mediator.

The general idea is that the market shares of mediators (η
(i)
t )I

i=0 depend on
the empirical distribution of the resulting price process and possibly other
information. There are numerous ways of modeling this type of evolutionary
behavior. A convenient way of formalizing this behavioral assumption is by
means of a discrete choice approach (see Anderson, de Palma & Thisse 1992)
and will be postponed to Section 7.4. For the next three sections, it suffices

to assume that the market shares {(η(0)
t , . . . , η

(I)
t )}t∈N are driven by some

endogenous process which depends on empirical observations of the past.
To describe the evolution of the asset prices, we need to specify the prob-

abilistic assumptions on the exogenous noise and the exogenous dividend pro-
cess.

Assumption 7.1. Let (Ω,F ,P) be a probability space and {Ft}t∈N an in-
creasing family of sub-σ-algebras of F . Then we assume the following.

(i) The dividend payments are described by a {Ft}t∈N-adapted stochastic pro-
cess {dt}t∈N on (Ω,F ,P) with values in D ⊂ R

K
+ . The process is pre-

dictable meaning each dt, t ∈ N is Ft−1 measurable.
(ii) The noise traders’ transactions are governed by a {Ft}t∈N-adapted stochas-

tic process {ξt}t∈N on (Ω,F ,P) with values in RK which is uncorrelated
with the dividend process {dt}t∈N defined in (i).

Given the price law (7.5) for ex-dividend prices and Assumption 7.1 on
the two exogenous processes, the cum-dividend price in period t is

qt = G
(
ξt, (η

(i)
t , ν

(i)
t )I

i=0

)
+ dt, t ∈ N. (7.6)

Assumption 7.1 states that the dividend payment dt of period t is known
whereas the noise trader transaction ξt is unknown before trading in period t.
Mathematically this means that dt is assumed to be measurable with respect
to Ft−1, while ξt is assumed to be measurable with respect to Ft. Since the

subjective beliefs (ν
(i)
t )I

i=0 and the market shares (η
(i)
t )I

i=0 must be set prior to
trading in period t, they are based on information observable up to that time
and thus must be Ft−1 measurable as well. This implies that the uncertainty
in ex-dividend prices and in the traded quantities of assets rests solely on the
behavior of the noise traders. In other words, the randomness of ex-dividend
prices is essentially due to the stochastic nature of noise-trader behavior.

Remark 7.1. The basic structure of the model follows Böhm, Deutscher &
Wenzelburger (2000) and Böhm & Chiarella (2005). It should be emphasized
that the underlying OLG structure is not essential for this setup. A general-
ization to multiperiod planning horizons is provided by Hillebrand (2003).
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7.2 Heterogeneous Beliefs

This section is concerned with unbiased forecasting rules that generate correct
first moments of the price process along orbits of the system. The problem
is central in agent-based financial markets, since investors by their very na-
ture have heterogeneous beliefs which they will not share. It has long been
recognized that the two requirements of market clearing in all periods and
rational expectations at all times can often not be fulfilled simultaneously. As
indicated in Chapter 2 (see also Böhm & Wenzelburger 2002), the evaluation
of a forecasting rule can be carried out on several levels. For the purpose of
the present model, we restrict our analysis to the comparison of the first two
moments of subjective and true distributions, i.e., on the conditional mean
values and the conditional (variance-) covariance matrices.

To simplify the analysis, assume that each mediator i = 0, . . . , I picks
his subjective distribution ν(i) from a fixed family of probability distributions
parameterized in subjective mean values q(i) and subjective covariance ma-
trices V (i) such that ν(i) ≡ νq(i),V (i) . Abstract from second moments beliefs

and identify each subjective distribution ν
(i)
t at a particular date t with the

corresponding subjective mean value q
(i)
t for the future cum-dividend price

qt+1 = pt+1 + dt+1. Let j be an arbitrary mediator and

q
(−j)
t = (q

(0)
t , . . . , q

(j−1)
t , q

(j+1)
t , . . . , q

(I)
t ) ∈ R

KI
+

denote the respective subjective means of all mediators i �= j. By abuse of
notation, mediator j’s forecast error on the price qt prevailing at date t is

qt − q
(j)
t−1 = G

(
ξt, (η

(i)
t )I

i=0, q
(j)
t , q

(−j)
t

)
+ dt − q

(j)
t−1, (7.7)

where the map G is given in (7.5) and q
(j)
t−1 denotes the forecast for qt made

at date t − 1. The functional form in (7.7) reveals that the forecast error for
mediator j depends crucially on the current forecasts of all mediators.

Assume for a moment that the market shares (η
(i)
t )I

i=0 as well as the fore-

casts q
(−j)
t of the other mediators are known to mediator j. Since dt was

assumed to be Ft−1 measurable, all uncertainty rests on the random transac-
tion ξt of the noise-traders. Let Et−1 denote the expectations operator with
respect to Ft−1. In view of Chapter 2, all possible mean forecast errors on
cum-dividend prices for mediator j at a particular date t can be described by
a mean error function. In the context of this model, this mean error function

is a map E(j)
t : ∆ × R

K(I+1)
+ × D × RK

+ −→ RK , defined by

E(j)
t

(
(η

(i)
t )I

i=0, q
(j)
t , q

(−j)
t , dt, q

(j)
t−1

)
:= Et−1

[
G
(
ξt, (η

(i)
t )I

i=0, q
(j)
t , q

(−j)
t

)]
+ dt − q

(j)
t−1,

(7.8)

which describes all possible mean errors between actual cum-dividend prices
and cum-dividend forecasts for mediator j conditional on information avail-
able prior to trading in period t. An unbiased forecasting rule for mediator j
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at date t, if it exists, is a map ψ
(j)
t : ∆× RKI

+ × D × RK
+ → RK

+ with

q
(j)
t = ψ

(j)
t

(
(η

(i)
t )I

i=0, q
(−j)
t , dt, q

(j)
t−1

)
(7.9)

such that

E(j)
t

(
(η

(i)
t )I

i=0, ψ
(j)
t

(
(η

(i)
t )I

i=0, q
(−j)
t , dt, q

(j)
t−1

)
, q

(−j)
t , dt, q

(j)
t−1

)
= 0

identically on ∆ × R
K(I+1)
+ × D × RK

+ . As shown in Chapter 4, Section 4.2,
an unbiased forecasting rule (7.9) exists if the error function (7.8) satisfies
the conditions of a global implicit function theorem. Recall that the implicit
function theorem stipulates the particular functional form of (7.9).

We will show below that an unbiased forecasting rule exists in the case
in which all households have linear mean-variance preferences. An unbiased

forecasting rule for ex-dividend prices is obtained from (7.9) by setting p
(j)
t =

q
(j)
t − dt+1 as a forecast for pt+1. It then follows from (7.8) that all forecast

errors on ex-dividend prices for mediator j vanish identically, that is, Et[pt+1]−
p
(j)
t = 0. In the sequel, an unbiased forecasting rule will also be referred to as

a perfect forecasting rule for first moments.
The underlying economic intuition of an unbiased forecasting rule is as

follows. By abuse of notation, write Φ(i)(η(i), ν(i), p) ≡ Φ(i)(η(i), q(i), p) for
the respective aggregate demand functions (7.3), where we identify ν(i) with
q(i) as before. Assume, in addition, that for each p ∈ R

K
+ and each η(j) the

aggregate demand Φ(j)(η(j), q(j), p) of mediator j is invertible with respect

to the price forecasts q(j). Let q
(j)
t−1 ∈ RK

+ and (η
(i)
t )I

i=0 be arbitrary and pt

denote the market-clearing price in period t. The market-clearing condition
(7.4) then implies that ex post, an unbiased forecasting rule (7.9) for j yielding

q
(j)
t must satisfy

q
(j)
t = Φ(j)−1

(
η
(j)
t , pt, x̄− ξt −

∑
i
=j

Φ(i)(η
(i)
t , q

(i)
t , pt)

)
. (7.10)

The functional relationship (7.10) demonstrates that the essential unknown
quantity for any mediator j is the excess demand of all other market partic-
ipants. For any mediator, the existence of an unbiased forecasting rule thus
depends exclusively on the fundamentals of the market mechanism, the sub-
jective beliefs of all mediators who take part in the market, and on the way
in which households choose their mediators. Consequently, any mediator with
rational expectations has to be able to replicate the demand behavior of his
fellow mediators. The main informational constraint is the fact that neither
the market shares of a mediator nor her beliefs are observable quantities.

The notion of a perfect forecasting rule for second moments, i.e., a fore-
casting rule which generates correct covariances matrices of the cum-dividend
prices conditioned on the available information, could be derived using an
analogous reasoning. We will postpone the discussion of such a rule to Section
7.5 when a more concrete example is available.
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7.3 Risk Premia and Reference Portfolios

In order to evaluate the performance of a mediator and thus the quality of
households’ investment decisions, we analyze the risk premia obtained by me-
diators. We seek a portfolio which in the presence of diverse beliefs is (mean-
variance) efficient in the classical sense of CAPM. Naturally, such a portfolio
must take into account discrepancies in beliefs. Throughout this section we
assume that each conditional covariance matrix Vt[qt+1], t ∈ N is positive
definite and hence invertible. For each t ∈ N define now the reference portfolio
of period t by

xref
t = Vt[qt+1]

−1[Et[qt+1] −Rpt]. (7.11)

The reference portfolio xref
t of period t is a ‘fictitious’ portfolio in the sense

that it is not necessarily held by a trader. It is determined after the realization
of asset prices in period t. It is convenient to think of an investor who holds the
reference portfolio after fictitious trading in period t. Such a fictitious investor
may be an outside observer with linear mean-variance preferences with risk
aversion 1 and rational expectations about future asset prices. Investing one
unit of the consumption good into the risk-free and risky assets, gives the
portfolio (xref

t , 1 − p�t x
ref
t ) ∈ RK × R. If r = R − 1 is the interest rate payed

for the risk-free asset, then the return of the portfolio (7.11) obtained after a
(fictitious) selling at prices in period t + 1 is

Rref
t+1 = r + [qt+1 −Rpt]

�xref
t . (7.12)

The conditional variance Vt[R
ref
t+1] of Rref

t+1 is given by

Vt[R
ref
t+1] = xref�

t Vt[qt+1]x
ref
t (7.13)

=
[
Et[qt+1] −Rpt

]�
Vt[qt+1]

−1
[
Et[qt+1] −Rpt

]
.

This implies that the (conditional) risk premium of the reference portfolio
satisfies

Et[R
ref
t+1] − r = Vt[R

ref
t+1]. (7.14)

The reference portfolio of a financial market is thus characterized by the prop-
erty that its risk premium, also referred to as mean equity premium, is equal to
its variance. For this reason, the risk premium (7.14) of the reference portfolio
is always non-negative.

Let x
(i)
t denote the portfolio held by mediator i in period t after investing

W
(i)
t given in (7.2). Then the realized return R

(i)
t+1 from selling x

(i)
t in period

t + 1 is
R

(i)
t+1 = r + 1

W
(i)
t

[qt+1 −Rpt]
�x(i)

t . (7.15)

The conditional covariance Covt[R
(i)
t+1, R

ref
t+1] between the return of mediator

i’s portfolio x
(i)
t and the return of the reference portfolio (7.11) is
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Covt[R
(i)
t+1, R

ref
t+1] = 1

W
(i)
t

x
(i)�
t Vt[qt+1]x

ref
t . (7.16)

Inserting (7.11) into (7.16), we see that the risk premium of mediator i’s
portfolio takes the form

Et[R
(i)
t+1] − r = Covt[R

(i)
t+1, R

ref
t+1]. (7.17)

Thus the risk premium of mediator i is equal to the covariance between i’s
return and the return of the reference portfolio which, contrary to that of the
reference portfolio, may well be negative. Combining (7.17) with (7.14) yields
the following theorem.

Theorem 7.1. Let i be an arbitrary mediator and assume that preferences
and beliefs of all market participants are such that asset markets clear in each
period t ∈ N at prices pt. Moreover, assume that Vt[qt+1] is positive definite
for all t ∈ N such that the reference portfolio is well defined. Then for each
t ∈ N,

Et[R
(i)
t+1] − r =

Covt[R
(i)
t+1, R

ref
t+1]

Vt[Rref
t+1]

[
Et[R

ref
t+1] − r

]
.

Theorem 7.1 states that the risk premium (7.17) of any mediator i can
only be higher than the risk premium of the reference portfolio (7.11) at the

expense of higher risk, i.e. Vt[R
(i)
t+1] ≥ Vt[R

ref
t+1]. Using the inequality

Covt[R
(i)
t+1, R

ref
t+1] ≤

√
Vt[R

(i)
t+1]

√
Vt[Rref

t+1],

Theorem 7.1 implies that for each mediator i = 0, . . . , I, the Sharpe ratios
(conditional on information at date t) satisfy

Et[R
(i)
t+1] − r√

Vt[R
(i)
t+1]

≤ Et[R
ref
t+1] − r√

Vt[Rref
t+1]

=
√

Vt[Rref
t+1] for all times t. (7.18)

As can be seen from (7.13), the upper bound in (7.18) is essentially determined
by the endogenous price process. Using (7.15), the Sharpe ratios (7.18) of
mediator i’s returns take the form

Et[R
(i)
t+1] − r√

Vt[R
(i)
t+1]

=

[
Et[qt+1] −Rpt

]�
x

(i)
t√

x
(i)�
t Vt[qt+1]x

(i)
t

, (7.19)

showing that these are invariant under rescaling of the portfolio x
(i)
t . Any

portfolio x̃
(i)
t = λx

(i)
t with λ > 0 will have the same Sharpe ratio as x

(i)
t so

that the size of a portfolio has no influence on the realized Sharpe ratios of a
mediator.
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Theorem 7.1 is a generalization of the famous security market line re-
sult (e.g., see LeRoy & Werner (2001) or Pliska 1997) to asset markets with
heterogenous beliefs and preferences which are not necessarily of the mean-
variance type. It demonstrates that in a world of heterogeneous investors,
perfect forecasting rules for first and second moments, if they exists, generate
mean-variance efficient portfolios in the sense of classical CAPM theory. Ob-
serve that the market-clearing condition in the proof of the theorem is not used
so that the theorem easily generalizes to asset markets that do not necessarily
clear such as electronic stock markets, cf. Li & Wenzelburger (2005).

7.4 Mean-Variance Preferences

Starting with the work by Markowitz (1952) and Tobin (1958), mean-variance
preferences provide a popular parameterization of preferences under risk. In
the linear case, it is shown in Böhm & Chiarella (2005) that the resulting
aggregate demand function for shares is explicitly invertible. This allows for an
explicit functional form of the market-clearing prices which greatly facilitates
the analysis of adaptive learning. The relationship between mean-variance
preferences and expected utility theory is given in the following definition.

Definition 7.1. Let U : R × R+ −→ R denote a strictly concave function
which is strictly increasing in its first component and strictly decreasing in its
second. U is said to represent mean-variance preferences if there exists a von-
Neumann-Morgenstern utility function u : R −→ R and a class of probability
measures P ⊂ Prob(R) such that∫

R

u(w′)τ(dw′) = U
(
Eτ [w],

√
Vτ [w]

)
, for all τ ∈ P .

Here, Eτ and Vτ denote expected value and variance with respect to τ , respec-
tively.

As before, identify each subjective probability distribution ν
(i)
t on RK with

its respective parameterization (q
(i)
t , V

(i)
t ) and let

w(h)(x, p, q) = Re(h) + (q −Rp)�x

denote future wealth of household h associated with the portfolio x ∈ R
K .3

Then based on the belief (q
(i)
t , V

(i)
t ), the subjective expected wealth of the

portfolio x ∈ RK and its subjective variance conditional on information avail-
able prior to trading in period t are

3The fact that the probability distributions are now defined on the whole of
R

K becomes a subtle technical necessity when linking expected utility theory with
mean-variance preferences as done in Definition 7.1.



150 7 Heterogeneous Beliefs in a Financial Market

E
(i)
t [w(h)(x, p, ·)] = Re(h) + (q

(i)
t −Rp)�x

and
V

(i)
t [w(h)(x, p, ·)] = x�V (i)

t x,

respectively. Assume for the remainder of this chapter that each household h
is characterized by linear mean-variance preferences, such that

U (h)

(
E

(i)
t [w(h)(x, p, ·)],

√
V

(i)
t [w(h)(x, p, ·)]

)
= E

(i)
t [w(h)(x, p, ·)] − α(h)

2 V
(i)
t [w(h)(x, p, ·)],

describes the expected utility associated with the portfolio x ∈ RK in period
t, where α(h) > 0 measures risk aversion.

Given the market shares η
(hi)
t of all mediators, the (per-capita) aggregate

demand (7.3) of all households h which employ i is given by

Φ(i)(a
(i)
t , q

(i)
t , V

(i)
t , p) = a

(i)
t V

(i)−1
t [q

(i)
t −Rp], (7.20)

where

a
(i)
t :=

H∑
h=1

η
(hi)
t

α(h)
, i = 0, . . . , I (7.21)

denotes the risk-adjusted market share of the mediator i, i = 0, . . . , I. Set

At :=

(
I∑

i=0

a
(i)
t V

(i)−1
t

)−1

(7.22)

and note that At is well defined and positive definite due to the positive def-

initeness of all covariance matrices V
(i)
t . From the market-clearing condition

(7.4), one immediately obtains an explicit functional form of the ex-dividend

price law (7.5) which for arbitrary beliefs (q
(i)
t , V

(i)
t )I

i=0 takes the form

pt = G
(
ξt, (a

(i)
t , q

(i)
t , V

(i)
t )I

i=0

)
:=

1

R

(
I∑

i=0

A
(i)
t q

(i)
t −At(x̄− ξt)

)
(7.23)

with

A
(i)
t := a

(i)
t AtV

(i)−1
t =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 if a

(i)
t = 0,⎡⎣IK +

∑
j 
=i

a
(j)
t

a
(i)
t

V
(i)
t V

(j)−1
t

⎤⎦−1

if a
(i)
t > 0.

(7.24)

All coefficient matrices (7.22) and (7.24) in the price law (7.23) are deter-

mined by subjective covariances matrices V
(i)
t and risk-adjusted distributions

of households (7.21) and hence are Ft−1 measurable.
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The evolution of the market shares is modeled using a Logit model, see

Anderson, de Palma & Thisse (1992).4 As before, let η
(hi)
t denote the fraction

of households h which employ mediator i and r = R − 1 be the interest rate
payed for the risk-free asset. The return obtained by mediator i after trading
in period t is

R
(i)
t = r +

a
(i)
t−1

W
(i)
t−1

[qt −Rpt−1]
�V (i)−1

t−1 [q
(i)
t−1 −Rpt−1]. (7.25)

For each i, the sample mean µ̂
(i)
t and the sample standard deviation σ̂

(i)
t of

the time series {R(i)
s }t

s=0 are given by

µ̂
(i)
t :=

1

t + 1

t∑
s=0

R(i)
s ,

σ̂
(i)
t :=

[
1

t + 1

t∑
s=0

(R(i)
s − µ̂

(i)
t )2

] 1
2

=

[
1

t + 1

t∑
s=0

R(i)2
s − µ̂

(i)2
t

] 1
2

,

(7.26)

where µ̂
(i)
−1 ≥ 0 and σ̂

(i)
−1 > 0. Using the empirical moments (7.26), an estimator

for the Sharpe ratio associated with the realized returns (7.25) of mediator i

is given by (µ̂
(i)
t − r)/σ̂

(i)
t . Recall that the fraction of households of type h is

η(h). The fraction η
(hj)
t of households of type h which employs mediator j in

period t is now assumed to be determined by the discrete-choice probability

η
(hj)
t := η(h)

exp
(
β(h) (µ̂

(j)
t−1 − r)/σ̂

(j)
t−1

)
∑I

i=0 exp
(
β(h) (µ̂

(i)
t−1 − r)/σ̂

(i)
t−1

) , t ≥ 0. (7.27)

The parameter β(h) appearing in the modified logit function (7.27) describes
the intensity of choice of a household of type h, that is, how fast a typical
consumer of type h will switch to a different mediator.

The reference portfolio takes the following form. Inserting (7.23) into (7.11)

and using IK =
∑I

i=0 A
(i)
t for all times t, we obtain

xref
t = Vt[qt+1]

−1At(x̄− ξt) +

I∑
i=0

Vt[qt+1]
−1A

(i)
t

[
Et[qt+1] − q

(i)
t

]
. (7.28)

Formula (7.28) allows us to interpret the reference portfolio (7.11) as a ‘mod-
ified’ market portfolio that accounts for discrepancies in incorrect beliefs. In-
deed, if all mediators had correct first and second conditional moments of the

4There are numerous ways of modeling the switching behavior of boundedly ra-
tional households, see Brock & Hommes (1998). We will follow the intuition that
boundedly rational consumers with mean-variance preferences would prefer portfo-
lios with the highest empirical Sharpe ratio because such portfolios promise to be
mean-variance efficient in the sense of the classical CAPM theory.
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price process, that is, Et[qt+1] = q
(i)
t and Vt[qt+1] = V

(i)
t for all i = 0, . . . , I,

then

xref
t =

1∑H
h=1

η(h)

α(h)

(x̄− ξt).

This shows that the reference portfolio (7.11) is collinear to the (per-capita)
market portfolio x̄ if all mediators have rational expectations and noise traders
are absent.

Remark 7.2. The price law (7.23) as well as the resulting price process would
be the same for consumers with infinite lives who maximize wealth myopically.
The setup can thus be seen as an extension of Brock & Hommes (1997a, 1998)
and Chiarella & He (2002) to H types of households, I mediators, and K
risky assets. A generalization of this setup to multiperiod planning horizons is
provided in Hillebrand & Wenzelburger (2006a,b).

7.5 Perfect Forecasting Rules

In this section we investigate the existence of forecasting rules which generate
rational expectations on cum-dividend prices for mediator 0 in the sense that
the first two moments of the future asset prices are correctly predicted. In
view of mediators who seek mean-variance efficient portfolios, Section 7.3
showed that it suffices to analyze the case in which the first two moments of
subjective and true distributions, i.e., the conditional mean values and the
conditional covariance matrices, coincide. For brevity we will use the term
rational expectations to describe the situation in which a boundedly rational
mediator is able to correctly predict the first two moments of the price process
conditional on all available information, whereas other market participants
may have non-rational beliefs.

Consider mediator 0 and assume without loss of generality that a
(0)
t > 0

for all times t ∈ N throughout this section. This can always be guaranteed by

setting η
(h′0)
0 > 0 and β(h′) = 0 for some household h′ in the logit functions

(7.27). On the other hand a
(0)
t = 0 imposes no restriction on the rationality

of 0 because it simply means that no household employs mediator 0 such that
her beliefs do not feed back into the price process. In this case there is no
existence problem and the perfect forecasting rules simply coincide with the
first two moments of the corresponding price process. We will first address the
existence of perfect forecasting rules for first moments and then the existence
of perfect forecasting rules for second moments.

7.5.1 Perfect Forecasting Rules for First Moments

Recalling that dt is assumed to be Ft−1 measurable, the expected cum-
dividend price conditioned on information available at date t associated with
the price law (7.23) is
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Et−1[qt] =
1

R

[
I∑

i=1

A
(i)
t q

(i)
t + A

(0)
t q

(0)
t −At(x̄− Et−1[ξt])

]
+ dt. (7.29)

The condition that the forecast errors for mediator 0 vanish in the mean is

Et−1[qt − q
(0)
t−1] = 0 (7.30)

for all times t. Inserting (7.29) into (7.30) and rearranging, yields an explicit

expression for the new forecast q
(0)
t , given by

q
(0)
t = A

(0)−1
t

[
R(q

(0)
t−1 − dt) −

I∑
i=1

A
(i)
t q

(i)
t + At(x̄ − Et−1[ξt])

]
. (7.31)

Replacing the coefficients in (7.31) with (7.24), the unbiased forecasting rule
for mediator 0 takes the form

q
(0)
t = ψ(0)

(
Et−1[ξt], dt, (a

(i)
t , q

(i)
t , V

(i)
t )I

i=1, q
(0)
t−1

)
(7.32)

:= R(q
(0)
t−1 − dt)

− a
(0)−1
t V

(0)
t

[
I∑

i=1

a
(i)
t V

(i)−1
t

[
q
(i)
t −R(q

(0)
t−1 − dt) + Et−1[ξt] − x̄

]]
.

The functional form of the unbiased forecasting rule (7.32), also referred to as
a perfect forecasting rule for first moments, is closely related to that of (7.10)
in Section 7.2. The quantity in (7.32) which a priori is unknown to mediator

0 is the term in the large brackets. Since by (7.30) Et−1[pt] = q
(0)
t−1 − dt, this

term describes precisely the expected excess demand of all mediators i > 0
including the expected demand of the noise traders Et−1[ξt]. The functional
form (7.32) of the unbiased forecasting rule thus reflects the intuition that the
precision of forecasts requires precise knowledge of the investment behavior
of all market participants.

7.5.2 Perfect Forecasting Rules for Second Moments

While in the case of linear mean-variance preferences perfect forecasting rules
for first moments always exist, stricter requirements for forecasting rules which
generate correct second moments of the price process are needed. Such rules
will be referred to as perfect forecasting rules for second moments. Observe

that the subjective covariance matrix V
(0)
t in the expression for (7.32) was

until now arbitrary. We will now try to determine this matrix as to provide
correct second moments of the price process.

Since by Assumption 7.1 (ii) ξt and dt are uncorrelated, the conditional
covariance matrix of the cum-dividend prices are obtained from the price law
(7.23) and (7.29), yielding
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Vt−1[qt] = Vt−1

[
G
(
ξt, (a

(i)
t , q

(i)
t , V

(i)
t )I

i=0

)]
=

1

R2
AtVt−1[ξt]At. (7.33)

Recall that At =
(∑I

i=0 a
(i)
t V

(i)−1
t

)−1

is positive definite such that Vt−1[qt]

is invertible if Vt−1[ξt] is non-degenerate. This implies that the variance and
the covariance of the price process receives an expectations feedback from the

subjective covariance matrices (V
(i)
t )I

i=0 as long as there is noise in the system,
i.e., Vt−1[ξt] is different from the zero matrix. The volatility in the price
process (7.33) is therefore exclusively generated by the noise-trader behavior,
the switching behavior of households, and the subjective covariance matrices
of the mediators.

The condition that mediator 0’s forecast errors for second moments (7.33)
of the price process vanish for all times t is

Vt−1[qt] − V
(0)
t−1 =

1

R2
AtVt−1[ξt]At − V

(0)
t−1

!
= 0. (7.34)

The idea for a perfect forecasting rule for second moments is analogous to the

idea for perfect rules for first moments: choose a new forecast V
(0)
t such that

(7.34) holds and the old forecast V
(0)
t−1 becomes correct. Inserting (7.22) into

(7.34) yields the necessary condition(
I∑

i=0

a
(i)
t V

(i)−1
t

)−1

Vt−1[ξt]

(
I∑

i=0

a
(i)
t V

(i)−1
t

)−1

= R2 V
(0)
t−1 (7.35)

for the subjective covariance matrix V
(0)
t . As a consequence, perfect forecast-

ing rules for second moments are determined by symmetric positive definite

solutions V
(0)
t to (7.35).

The existence proof is divided into two steps. First find a symmetric pos-

itive definite matrix Πt that solves the equation Π−1
t Vt−1[ξt]Π

−1
t = R2V

(0)
t−1.

Then set

V
(0)
t = a

(0)
t

(
Πt −

I∑
i=1

a
(i)
t V

(i)−1
t

)−1

.

If this matrix is positive definite, then the desired second moment is found. In
order to state the conditions under which this is the case and a perfect fore-
casting rule for second moments exists, we define the square root of a symmet-
ric positive definite matrix. Recall that any symmetric and positive definite
K × K matrix B can be diagonalized so that B = O�diag(λ1, . . . , λK)O
for real eigenvalues λ1, . . . , λK > 0 and for some orthogonal matrix O, i.e.
O�O = IK . The square root

√
B of B is a symmetric positive definite ma-

trix, defined by
√
B := O�diag(

√
λ1, . . . ,

√
λK)O, such that B =

√
B
√
B. We

summarize these findings in the following proposition. All technical details of
the proof are found in the mathematical appendix, Section 7.8.
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Proposition 7.1. Let the hypotheses of Assumption 7.1 be satisfied and sup-
pose that each Λt−1 := Vt−1[ξt], t ∈ N is positive definite. Set

Πt = 1
R

√
Λt−1

√(√
Λt−1 V

(0)
t−1

√
Λt−1

)−1 √
Λt−1, t ∈ N. (7.36)

Then the forecasting rule for second moments ϕ(0), given by

V
(0)
t = ϕ(0)

(
Λt−1, (a

(i)
t , V

(i)
t )I

i=1, a
(0)
t , V

(0)
t−1

)
(7.37)

:= a
(0)
t

(
Πt −

I∑
i=1

a
(i)
t V

(i)−1
t

)−1

,

provides correct second moments of the price process at date t in the sense that

(7.34) holds whenever Πt −
∑I

i=1 a
(i)
t V

(i)−1
t is positive definite and a

(0)
t > 0.

A special case occurs when noise traders induce zero correlation between

different assets and Vt−1[ξt] ≡ σ2
ξ IK . Then Πt reduces to Πt =

σξ

R

√
V

(0)−1
t−1 .

If the r.h.s. of (7.37) is neither well defined nor positive definite, the resulting
expression on the left defines no covariance matrix such that a forecasting
rule (7.37) which is perfect for all times t may fail to exist. Hence, additional
requirements which guarantee that (7.37) is well defined for all periods are
needed.

There are two special cases in which perfect forecasting rules for second
moments exists. In the first one, all mediators agree upon subjective second
moments. In the second case, all mediators i > 0 believe in constant covari-
ance matrices. Lemma 7.1 establishes existence of perfect forecasting rules for
second moments in the first case, Lemma 7.2 in the second case. Both proofs
are found in the mathematical appendix, Section 7.8.

Lemma 7.1. Under the hypotheses of Proposition 7.1, suppose V
(i)
t ≡ V

(0)
t

for all i = 1, . . . , I and all times t. Then the forecasting rule (7.37) takes the
form

V
(0)
t =

(
R

H∑
h=1

η(h)

α(h)

)√
Λ−1

t−1

√(√
Λt−1 V

(0)
t−1

√
Λt−1

)√
Λ−1

t−1.

If, in addition, Vt−1[ξt] ≡ Λ is constant over time, then the constant rule

V
(0)
t ≡

(
R

H∑
h=1

η(h)

α(h)

)2

Λ−1 for all t ∈ N

is perfect for second moments as well.
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Lemma 7.2. Under the hypotheses of Assumption 7.1, let Vt−1[ξt] ≡ σ2
ξ IK

with σξ > 0. Assume that the following hypotheses are satisfied.

(i) All mediators i > 0 use constant covariance matrices V
(i)
t ≡ V (i) such that

V (i)−1 = O� diag(λ(i1), . . . , λ(iK)) O, i = 1, . . . , I for some orthogonal
K ×K matrix O.

(ii) The eigenvalues λ(i1), . . . , λ(iK), i = 1, . . . , I given in (i) satisfy

(
H∑

h=1

η(h)

α(h)

) √√√√ I∑
i=1

λ(ik) <
σξ

2R
, k = 1, . . . ,K.

(iii) The initial forecast is V
(0)
0 := O�diag(λ

(01)−1
0 , . . . , λ

(0K)−1
0 )O, where O is

given in (i) and λ
(01)
0 , . . . , λ

(0K)
0 > 0.

If the initial eigenvalues λ
(01)
0 , . . . , λ

(0K)
0 are suitably large, then the forecasting

rule (7.37) is perfect for second moments whenever a
(0)
t > 0.

Observe that perfect forecasting rules for second moments are not neces-
sarily uniquely determined. This is illustrated by Lemma 7.1. Mathematically
this is due to the natural appearance of multiplicities in matrix polynomial
equations, cf. Gohberg, Lancaster & Rodman (1982). Of course, this multi-
plicity will already appear in the one-asset case K = 1 when (7.34) reduces
to a scalar quadratic equation.

Setting aside the existence problem, economically the main informational
constraint for applying the forecasting rule (7.37) is again the fact that neither
the market shares of a mediator nor the subjective covariances matrices of the
other mediators are observable quantities. We will show in Section 7.7 how
this missing information may be estimated from historical data, such that a
suitable approximation of (7.37) may be used whenever it is well defined.

7.6 Dynamics Under Rational Expectations

In this section we discuss the dynamics of asset prices when, under the hy-
potheses of Section 7.5, mediator 0 has rational expectations in the sense that
first moments of cum-dividend prices are correctly predicted for all times t and
second moments whenever possible. Assuming that each mediator i > 0 uses
some forecasting rules ψ(i) and ϕ(i), the prices under rational expectations for
group 0 are determined by
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qt = q
(0)
t−1 + 1

RAt(ξt − Et−1[ξt]),

q
(i)
t = ψ(i)(qt−1, . . . , qt−L), i = 1, . . . , I,

V
(i)
t = ϕ(i)(qt−1, . . . , qt−L), i = 1, . . . , I,

q
(0)
t = ψ(0)

(
Et−1[ξt], dt, (a

(i)
t , q

(i)
t , V

(i)
t )I

i=1, q
(0)
t−1

)
,

V
(0)
t = ϕ(0)

(
Vt−1[ξt], (a

(i)
t , V

(i)
t )I

i=1, V
(0)
t−1

)
,

(7.38)

where ϕ(0) coincides with (7.37) whenever (7.37) is well defined. The cum-
dividend price qt in (7.38) is essentially determined by the forecasting rule
ψ(0) of mediator 0 which takes the form

q
(0)
t = R

[
IK +

∑I
i=0

a
(i)
t

a
(0)
t

V
(0)
t V

(i)−1
t

]
q
(0)
t−1 −

∑I
i=1

a
(i)
t

a
(0)
t

V
(0)
t V

(i)−1
t q

(i)
t

− a
(0)−1
t V

(0)
t

[
R
∑I

i=0 a
(i)
t V

(i)−1
t dt + Et−1[ξt] − x̄

]
.

(7.39)

The map (7.38) together with the logit functions (7.27) with (7.21) defines a
time-one map of a dynamical system in a random environment which describes
the evolution of prices. The map (7.38) will, in general, be non-linear because
nonlinearities may enter the system through forecasting rules ϕ(i) and ψ(i),
i > 0. Since time appears as an explicit argument in the discrete choice model,
the map (7.38) is not a random dynamical system in the strict sense of Arnold
(1998).

It is beyond the scope of this chapter to conduct a stochastic analysis
of the system (7.38) in the spirit of Föllmer, Horst & Kirman (2005) and
Horst (2005) or to present a dynamic investigation paralleling numerous works
initiated by Brock & Hommes (1998). The interested reader is referred to
Horst & Wenzelburger (2005). For the remainder of this section, we instead
discuss two cases of a stochastic linear benchmark dynamics. Assume for this

purpose that market shares are constant over time, that is a
(i)
t ≡ a(i), i = 0, 1.

This case, for instance, obtains if the intensity of choice parameters in (7.27)
are all set to zero and no household switches between mediators.5

Case I. Assume that there are only two mediators i = 0, 1. Let mediator 1
be a chartist who uses the simple technical trading rule

q
(1)
t = ψ(1)(qt−1, . . . , qt−L) :=

L∑
l=1

D(l) qt−l (7.40)

as a forecasting rule, where D(l) = diag(δ
(l)
1 , . . . , δ

(l)
K ), l = 1, . . . , L are di-

agonal matrices whose non-zero entries are weighted trends of asset prices,

5Numerical simulations of the model indicate that the market shares settle rela-
tively fast to constant values, at least for sufficiently small parameters of the inten-
sity of choice. As switching becomes negligible in the long run, the system then is
asymptotically linear, cf. Böhm & Wenzelburger (2005).
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respectively. In addition, let all subjective covariance matrices be constant

over time, i.e. V
(i)
t ≡ V (i), i = 0, 1. Then, under the hypotheses of Lemma

7.2, mediator 0 may have correct second moments which are constant over

time, since no switching occurs. If Qt = (q
(0)
t , qt, . . . , qt+1−L) ∈ R

K(L+1)
+ de-

notes the vector consisting of the last price forecast of mediator 0 and past L
realized prices, then (7.38) defines an ARMAX process

Qt = AQt−1 + bt (7.41)

with a constant coefficient block matrix A and a vector-valued random vari-
able bt. More precisely, setting

A0 := R(IK + a(1)

a(0)V
(0)V (1)−1), Al := −a(1)

a(0) V (0)V (1)−1D(l), l = 1, . . . , L,

we have

A :=

⎛⎜⎜⎜⎝
A0 · · · · · · AL

IK 0 · · · 0
...

. . .
. . .

...
0 · · · IK 0

⎞⎟⎟⎟⎠ , (7.42)

whereas

bt =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1
a(0) V

(0)
[
x̄− Et−1[ξt] −R[a(0)V (0)−1 + a(1)V (1)−1] dt

]
1
R

[
a(0)V (0)−1 + a(1)V (1)−1

]−1

(ξt − Et−1[ξt])

0
...
0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (7.43)

In view of Chapter 4, assume that each of the two process {ξt}t∈N and {dt}t∈N

can be extended to processes on Z and represented by an ergodic metric
dynamical system (Ω,F ,P, {ϑt}t∈Z). Then the stochastic process (7.43) can
be written as bt(ω) = b(ϑtω) with some measurable map b : Ω → RK(L+1)

and (7.41) becomes an affine random dynamical system in the sense of Arnold
(1998, Chap. 5). A stationary solution to the stochastic difference equation
(7.41) is given by a so-called6 random fixed point Q�(ω) which is defined by
the random variable

Q�(ω) =
∞∑

s=0

Asb(ϑ−(s+1)ω), ω ∈ Ω. (7.44)

6In classical terminology, a random fixed point of (7.41) corresponds to a ‘steady

state solution’ of a linear stochastic system, cf. Hannan & Deistler (1988, Chap.
1). An asymptotically stable random fixed point with rational expectations is also a
special case of a stochastic consistent expectations equilibria in the sense of Hommes,
Sorger & Wagner (2004), see Chapter 4, Section 4.4.
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Under certain conditions given in the next proposition, the random fixed point
Q�(ω) is said to be globally asymptotically stable, implying that P-almost all
solutions to equation (7.41) will eventually behave like the stationary stochas-
tic process {Q�(ϑtω)}t∈N induced by (7.44). Here, the stationarity follows from
the stationarity assumption for the exogenous noise processes.

Proposition 7.2. Assume that the following hypotheses are satisfied.

(i) {ξt}t∈N and {dt}t∈N can be represented by an ergodic metric dynamical
system (Ω,F ,P, {ϑt}t∈Z), where E[ξt] ≡ ξ ∈ RK and E[dt] ≡ d ∈ RK

+ .

(ii) V
(i)
t ≡ V (i) and a

(i)
t ≡ a(i) > 0, i = 0, 1.

(iii) det(A − λI) �= 0 for all λ ∈ C with |λ| ≥ 1, that is, all eigenvalues of A

given in (7.42) lie inside the unit disk.

Then the random fixed point Q�(ω) defined in (7.44) is well defined, uniquely
determined, and globally asymptotically stable. The mean price level q ∈ RK

+

is the uniquely determined solution of the linear equation

(I − A)Q = E[b],

where Q := (q, . . . , q) ∈ RK(L+1).

Proof. The stability property follows from Arnold (1998, Corollary 5.6.6).
The second statement is due to the fact that I − A is invertible such that
(I − A)E[Q�] = E[b] has a unique solution of the form E[Q�] = (q, . . . , q).

Case II. Another special case arises when the two mediators agree on the

subjective covariance matrices, such that V
(0)
t ≡ V

(1)
t for all times t. This

implies that all A
(i)
t , i = 0, 1 are time-invariant diagonal matrices and the

map (7.39) takes the form

q
(0)
t = R

(
1 + a(1)

a(0)

)
q
(0)
t−1 − a(1)

a(0)

∑L
l=1 D

(l)qt−l

+a(0)−1V
(0)
t (x̄− Et−1[ξt]) −R

(
1 + a(1)

a(0)

)
dt.

(7.45)

Since all D(l), l = 1, . . . , L are diagonal matrices, (7.45) decouples into K

scalar equations which are linked by an inhomogeneous term via V
(0)
t . The

stability properties of (7.38) are now obtained from an analysis of each scalar
equation for each asset k = 1, . . . ,K.

Proposition 7.3. Assume that the following hypotheses are satisfied.

(i) Hypothesis (i) of Proposition 7.2 holds, where, in addition, Vt−1[ξt] ≡ Λ
is constant over time.

(ii) a
(i)
t ≡ a(i) > 0, i = 0, 1 and V

(0)
t ≡ V

(1)
t for all t ∈ N. Moreover, each

V
(0)
t , t ∈ N is obtained from a constant perfect forecasting rule for second

moments as given by Lemma 7.1, such that V
(0)
t ≡

(
R
∑H

h=1
η(h)

α(h)

)2

Λ−1.
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(iii) Let 1 ≤ k ≤ K be arbitrary but fixed. Assume that all zeros of the charac-
teristic polynomial χk associated with (7.45), which is given by

χk(λ) = λL+1 −R
(
1 + a(1)

a(0)

)
λL + a(1)

a(0)

L∑
l=1

δ
(l)
k λL−l,

lie inside the unit circle.

Then the price process for the k-th asset admits a globally asymptotically stable
random fixed point. The mean price level of the k-th asset qk is given by

qk =

yk

a(0)+a(1) − Rdk

a(1)

a(0)+a(1)

(∑L
l=1 δ

(l)
k − 1

)
− R− 1

,

where yk is the k-th entry of the vector y =
(
R
∑H

h=1
η(h)

α(h)

)2

Λ−1(x̄− ξ) ∈ RK

and dk is the mean value of the dividend payment of the k-th asset.

The proof of Proposition 7.3 is analogous to that of Proposition 7.2. Since the

sum a(0) + a(1) =
∑H

h=1
η(h)

α(h) is constant, Proposition 7.3 shows in particular
that an asset price decreases on average with an increasing market share of
the chartists a(1). From Jury’s test (see Elaydi 1996, p. 181) it is known that
a necessary condition for the zeros of χk to lie inside the unit circle is

χk(1) > 0 and (−1)L+1χk(−1) > 0.

If δ
(1)
k = . . . = δ

(L)
k are equal to some δk, then a routine calculation shows

that this is the case precisely when

a(1)

a(0) (Lδk −R) > R− 1.

Both of the above cases describe scenarios with a stable price process
along which mediator 0 has rational expectations in the above sense, whereas
the beliefs of mediator 1, in general, will be non-rational and, in fact, could
be arbitrarily wrong. As soon as the coefficient matrix A has eigenvalues
outside the unit disk, the system (7.41) is unstable and bubble paths will
emerge. It follows immediately from Böhm & Chiarella (2005, Thm. 3.2) that
such an unstable situation occurs for R > 1 and a(1) sufficiently close to 0.
The somewhat puzzling conjecture for the general nonlinear case is that the
presence of sufficiently many non-rational mediators such as chartists may
have a stabilizing effect on the price process. Numerical simulations of the
model with varying group sizes of households seem to indicate that for a
robust set of parameters, the chartists have non-zero market shares, cf. Böhm
& Wenzelburger (2005) and Horst & Wenzelburger (2005).
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7.7 Adaptive Learning With Heterogeneous Beliefs

The discussion in Section 7.5 revealed that in order to apply perfect forecast-
ing rules, mediator 0 has to know the excess demand function of all market
participants. In the general case, this function will be nonlinear and its es-
timation requires nonparametric methods provided in Chapter 5. However,
in the simple case in which the non-rational mediators i > 0 use simple lin-
ear forecasting rules, the estimation problem reduces to a linear one, provided
that the switching behavior of households is correctly anticipated. We will first
outline the general idea and then return to the particularly simple example
with two mediators.

7.7.1 The General Idea

In this section, we introduce a general principle of estimating an unbiased
forecasting rule from historical data. Consider to this end the aggregate (per-
capita) excess demand function (7.46) of all mediators except mediator 0.
Using the notation of Section 7.1, let

Φ
(
ξt, (η

(i)
t , q

(i)
t , V

(i)
t )I

i=1, p
)

:=

I∑
i=1

Φ(i)(η
(i)
t , q

(i)
t , V

(i)
t , p) + ξt − x̄ (7.46)

denote the aggregate excess demand of all mediators except mediator 0. As-
sume that each mediator i > 0 uses forecasting rules ψ(i) and ϕ(i) of the
functional form

q
(i)
t = ψ(i)(qt−1, . . . , qt−L) and V

(i)
t = ϕ(i)(qt−1, . . . , qt−L).

Inserting these forecasting rules into (7.46) and suppressing the respective
functional expressions for notational convenience, the excess demand (7.46)
takes the form

Φ
(
ξt, (η

(i)
t )I

i=1, qt−1, . . . , qt−L, p
)
. (7.47)

Let x
(0)
t denote the portfolio held by mediator 0 after trading in period t.

Then the market-clearing condition (7.4) implies that

−x
(0)
t = Φ

(
ξt, (η

(i)
t )I

i=1, qt−1, . . . , qt−L, pt

)
for each t ∈ N. (7.48)

Observe that the prices and the portfolios x
(0)
t appearing in (7.48) are ob-

servable quantities, whereas the market shares (η
(i)
t )I

i=1 are not observable
for mediator 0. Moreover, the concrete functional form (7.47) including the
involved forecasting rules are unknown to mediator 0.

Assume for a moment that a good approximation for the discrete choice
model (7.27) with unknown intensity of choice parameters has been developed
along with a model for the exogenous noise process {ξt}t∈N. Suppose that
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these models yield sufficiently good estimates η̂
(i)
t for η

(i)
t , i = 1, . . . , I and

ξ̂t for ξt, respectively. Then the following adaptive estimation procedure may
be applied. At an arbitrary date t, first estimate the functional relationship

(7.48) from past observed or estimated data {x(0)
s , ξs, (η̂

(i)
s )I

i=1, ps, qs}t−1
s=0. This

yields an approximation Φ̂t of (7.47) such that

Φ̂t

(
ξ̂t, (η̂

(i)
t )I

i=1, qt−1, . . . , qt−L, p
)

(7.49)

describes the approximate excess demand function for assets in period t. Sec-

ond, let (q
(0)
t , V

(0)
t ) denote the beliefs of mediator 0 as before. Replacing Φ

in (7.48) with (7.49) and solving for the ex-dividend price, we would get an
approximate temporary equilibrium map

p̂t = Ĝt

(
ξ̂t, (η̂

(i)
t )I

i=1, qt−1, . . . , qt−L, q
(0)
t , V

(0)
t

)
, (7.50)

provided that a solution exists. Third, in view of (7.8), taking expectations

the condition for q
(0)
t−1 being unbiased is

Et−1

[
Ĝt

(
ξ̂t, (η̂

(i)
t )I

i=1, qt−1, . . . , qt−L, q
(0)
t , V

(0)
t

)]
+ dt

!
= q

(0)
t−1. (7.51)

Hence any solution q
(0)
t to (7.51) defines a approximation of the unbiased

forecasting rule (7.9) in period t.
Up to the two invertibility conditions in (7.50) and (7.51) which may be

violated during the estimation process, the forecasting scheme described in
this section can, in principle, be carried out at each point in time using the
estimation techniques of Chapter 5. The next section demonstrates the success
of such an approach in the case with linear mean-variance preferences and
linear forecasting rules.

7.7.2 The Case With Two Mediators

Consider now the case of two mediators treated in Section 7.6 in which house-
holds switch between mediators according to (7.27). The proposed learning
scheme now takes a particularly simple form. Assume to this end that the esti-
mates of the market shares are sufficiently good such that we can abstract from
prediction errors of the distribution of households. This assumption seems not

to be too strong because the sum η
(h0)
t + η

(h1)
t = η(h) is constant over time

for all 1 ≤ h ≤ H and each η
(h0)
t is known to mediator 0. On the other hand,

for the unknown choice intensities in (7.27) there are maximum-likelihood
estimators available which are consistent under standard regularity assump-
tions. In the present case of our discrete choice model of the Logit type,
these estimators are found in Judge, Griffiths, Hill, Lütkepohl & Lee (1985,
Chap. 18, p. 765). The estimators for the choice intensities yield estimates

η̂
(h1)
t , h = 1, . . . , H for the fractions of households η

(h1)
t , h = 1, . . . , H em-

ploying mediator 1. The informational constraints faced by mediator 0 are
now summarized as follows.
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Assumption 7.2. The information of mediator 0 encompasses the following:

(i) The realized returns R
(1)
t of mediator 1 as given by (7.25) are observable

quantities; a discrete choice model for the switching behavior of households
has been estimated, consistent estimates of the fraction of households are
known, such that, for simplicity of exposition, prediction errors are ne-

glected and η̂
(h1)
t = η

(h1)
t , h = 1, . . . , H.

(ii) The total amount of retradeable assets per capita x̄ is known;
(iii) The correct functional form of mediator 1’s forecasting rules is known;

these consist of a simple technical trading rule of the form (7.40) and a
constant subjective covariance matrix.

To specify the noise traders, we impose the following so-called identifiabil-
ity assumption (see Chapter 3, Assumption 3.1) which governs the transac-
tions of the noise traders.

Assumption 7.3. The noise-trader behavior is driven by an MA(N)-process
{ξt}t∈N, given by

ξt = εt +
N∑

n=1

C(n) εt−n,

where {εt}t∈N is an unobservable iid process on the probability space (Ω,F ,P)
with zero means E[εt] = 0 which satisfies the following:

(1) The process {εt}t∈N is bounded and, in particular, supt≥1 E [‖εt‖γ ] < ∞
for some γ > 2.

(2)C(1), . . . , C(N), N ≥ 0 are K × K matrices and the matrix polynomial
Γ (z) = IK +C(1)z + · · ·+C(N)zN , z ∈ C is strictly positive real, that is,

(i) detΓ (z) �= 0 for all z ∈ C with |z| ≤ 1 and
(ii) for each z ∈ C with |z| ≤ 1, the matrix Γ (z) + Γ�(z̄), with z̄ ∈ C

denoting the complex conjugate of z, is strictly positive definite such
that

ζ�
(
Γ (z) + Γ�(z̄)

)
ζ > 0 for all 0 �= ζ ∈ R

K .

Adopting Assumption 7.3, we have

Et−1[ξt] =

N∑
n=1

C(n)εt−n and Vt−1[ξt] = V[εt].

Notice, moreover, that Assumption 7.3 includes the case in which {ξt}t∈N is
iid (Set N = 0).

By Assumption 7.2, mediator 0 is left to estimate the excess demand (7.49)
of mediator 1. A major prerequisite for the success of the estimation is As-
sumption 7.3 which presumes that the noise trader behavior is not too arbi-
trary. Clearly, there is no economic justification why noise trader should be-
have according to this presumption other than without it, our learning scheme
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may fail to converge.7 By Assumption 7.2, mediator 0 has correct knowledge
about the functional form of the forecasting rule (7.40) used by mediator 1

but not its concrete parameterization. Set xt = x̄−x
(0)
t to adjust mediator 0’s

portfolio for the total amount of available assets. Then the market-clearing
condition (7.48) for period t reads

xt =

H∑
h=1

η
(h1)
t

α(h) V
(1)−1

[ L∑
l=1

D(l)qt−l −Rpt

]
+ εt +

N∑
n=1

C(n)εt−n. (7.52)

Setting

θ = (A(11), . . . , A(HL) , B(1), . . . , B(H), C(1), . . . , C(N)) (7.53)

with
A(hl) = 1

α(h) V
(1)−1D(l), B(h) = −R

α(h) V
(1)−1 (7.54)

for all h = 1, . . . , H, l = 1, . . . , L and

yt =
(
η
(11)
t q�t−1, . . . , η

(H1)
t q�t−L, η

(11)
t p�t , . . . , η

(H1)
t p�t , ε

�
t−1, . . . , ε

�
t−N

)�
,

(7.55)
the market-clearing condition (7.52) may be rewritten as

xt = θ yt + εt. (7.56)

We use the representation (7.56) to estimate the unknown coefficient matrix
θ by applying the approximate-maximum-likelihood (AML) algorithm intro-
duced in Chapter 3, Section 3.3. This recursive scheme generates the successive
estimates

θ̂t = (Â
(11)
t , . . . , Â

(HL)
t , B̂

(1)
t , . . . , B̂

(H)
t , Ĉ

(1)
t , . . . , Ĉ

(N)
t ), (7.57)

for θ based upon information available at date t. Since the noise process
{εt}t∈N is assumed to be unobservable, for each t ∈ N set

ε̂t := xt − θ̂tŷt,

ŷt :=
(
η
(11)
t q�t−1, . . . , η

(H1)
t q�t−L, η

(11)
t p�t , . . . , η

(H1)
t p�t , ε̂

�
t−1, . . . , ε̂

�
t−N

)�
,

where the ε̂t are also called a posteriori prediction errors. The AML algorithm
8 is recursively defined by

7As already pointed out in Chapter 3, identifiability assumptions as stated
in Assumption 7.3 are fundamental in the systems and control literature. Ljung,
Söderström & Gustavsson (1975) show that without such identifiability assump-
tions, identification methods such as ordinary least squares may fail.

8We adjusted the dating according to our needs and made use of the matrix
inversion lemma (e.g., see Caines 1988).
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θ̂t+1 = θ̂t + (xt − θ̂tŷt)ŷ

�
t Pt,

Pt = Pt−1 − Pt−1(ŷtŷ
�
t )Pt−1 (1 + ŷ�t Pt−1ŷt)

−1,
(7.58)

for arbitrary initial conditions P−1 and θ̂0. The estimated coefficients (7.57)
obtained from applying (7.58) can now be used to construct an approxima-
tion of the perfect forecasting rules defined in (7.32) and (7.37) based on
information available at date t. An approximation of (7.32) is defined by

q
(0)
t = ψ̂

(0)
t

(
(q

(0)
t−1 − dt), V

(0)
t ; (η

(h1)
t )H

h=1, θ̂t

)
:= R(q

(0)
t−1 − dt) − a

(0)−1
t V

(0)
t x̂t,

(7.59)

where

x̂t =

H∑
h=1

L∑
l=1

η
(h1)
t Â

(hl)
t qt−l +

H∑
h=1

η
(h1)
t B̂

(h)
t (q

(0)
t−1 − dt) +

N∑
n=1

Ĉ
(n)
t ε̂t−n − x̄

denotes the estimated excess demand of shares in period t corresponding to

(7.49). Observe that ξ̂t :=
∑N

n=1 Ĉ
(n)
t ε̂t−n is an approximation for the ex-

pected transactions of the noise traders Et−1[ξt].
In order to obtain an approximation of the perfect forecasting rule for

second moments (7.37), assume that Vt−1[ξt] ≡ σξIK with known σξ.
9 It

follows from (7.54) that 1
R

∑H
h=1 η

(h1)
t B̂

(h)
t is an approximation for a

(1)
t V (1)−1.

Setting

Ṽ
(0)
t := Ra

(0)
t

(
σξ

√
V

(0)−1
t−1 −

H∑
h=1

η
(h1)
t B̂

(h)
t

)−1

,

an approximation of (7.37) is then given by

V
(0)
t = ϕ̂

(0)
t

(
V

(0)
t−1; (η

(h1)
t )H

h=1, θ̂t

)
(7.60)

:=

{
Ṽ

(0)−1
t if Ṽ

(0)
t is positive definite,

V
(0)
t−1 otherwise.

The series of forecasts (7.59) and (7.60) generated by (7.58) defines a AML-
based adaptive learning scheme for mediator 0. Together with the chartist’s
forecasts (7.40), the temporary equilibrium map (7.23), and the logit func-
tion (7.27), then prices and forecasts under this learning scheme evolve time
according to the following set of equations:

9This assumption is made for simplicity. Since noise traders’ transactions are ob-
servable, estimations of Vt−1[ξt] could, in principle, be obtained by standard meth-
ods.
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qt = G(ξt, (a
(i)
t , q

(i)
t , V

(i)
t )1i=0) + dt,

V
(1)
t = V

(1)
0 ,

q
(1)
t =

∑L
l=1 D

(l) qt−l,

V
(0)
t = ϕ̂

(0)
t

(
V

(0)
t−1; (η

(h1)
t )H

h=1, θ̂t

)
,

q
(0)
t = ψ̂

(0)
t

(
(q

(0)
t−1 − dt), V

(0)
t ; (η

(h1)
t )H

h=1, θ̂t

)
,

θ̂t+1 = θ̂t + (xt − θ̂tŷt)ŷ
�
t Pt,

Pt = Pt−1 − Pt−1(ŷtŷ
�
t )Pt−1 (1 + ŷ�t Pt−1ŷt)

−1.

(7.61)

The proof that the learning scheme converges to rational expectations
for mediator 0 in the sense that first and second moments are correct along
each orbit of the system depends on whether or not the AML algorithm (7.58)

generates strongly consistent estimates, that is, estimates θ̂t which converge P-
a.s. to θ. Observe that the requirement Vt−1[ξt] ≡ σξIK is needed only for the
approximation of the forecasting rule for second moments (7.37). Moreover,
the adaptive learning scheme (7.58) is meaningful only if the dynamics under
rational expectations for mediator 0 as well as under the scheme itself is stable.
Before we state conditions under which strongly consistent estimates obtain,
recall that λmin(B) and λmax(B) denote the minimal and maximal eigenvalue
of a symmetric matrix B, respectively.

Theorem 7.2. Assume that the following hypotheses are satisfied.

(i) The noise process {ξt}t∈N satisfies Assumption 7.3 with known Vt−1[ξt] =
σξIK and the dividend process {dt}t∈N satisfies Assumption 7.1 (ii).

(ii) Mediator 1 uses a linear rule (7.40) and constant covariance matrices as
forecasting rules.

(iii) The informational constraints of mediator 0 satisfy Assumption 7.2.
(iv) The price process (7.23) is stable under rational expectations for mediator

0 as given in (7.38) and under the application of the AML-based learning
scheme (7.58) for mediator 0 as given by (7.61), in the sense that for both
cases the respective processes of of prices and forecast remain bounded,
i.e.,

‖(qt, q
(0)
t , q

(1)
t )‖ < M P − a.s. for all t ∈ N

for some constant M .

If the stochastic process {yt}t∈N defined in (7.55) satisfies the weak excitation
condition

log
(
e + λmax

(∑t
s=1 ysy

�
s

))
λmin

(∑t
s=1 ysy�s

) → 0 P − a.s. as t → ∞, (7.62)
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then the sequence of estimates {θ̂t}t∈N generated by the AML algorithm (7.58)
is strongly consistent, that is

θ̂t → θ P − a.s. as t → ∞.

The proof follows directly from Chapter 3, Proposition 3.3. As in Chap-
ter 3, the result is independent of initial conditions as long as the system is
stable under the learning scheme. Combining the results of Chapter 3 with
Proposition 3.4 in Horst & Wenzelburger (2005), it is intuitively clear how the
forecasts could be ‘censored’ in such a way that the system remains stable un-
der learning. The general idea of such a censoring was discussed in Chapter 5.
The major obstacle for convergence is the weak excitation condition (7.62). In
feedback systems such as (7.38), it is well-known that a violation of condition
(7.62) may result in a failure of consistent estimates and thus in a failure of
the learning scheme. However, as discussed in Chapter 3, this problem can be
resolved by occasionally perturbing the forecasts such that (7.62) is satisfied.

Moreover, the success of the learning scheme depends essentially on the
success of estimating the excess demand function. This estimation by means
of the AML algorithm can only be successful if, apart from the switching be-
havior of households, the excess demand function is linear. Non-linear excess
demand functions as, for example, in Brock & Hommes (1997b) will generally
require non-linear estimation techniques. For the present model, this problem
arises naturally as soon as chartists use empirical covariance matrices. How-
ever, the concept of estimating the excess demand readily carries over to the
non-linear case. Then non-parametric techniques as presented in Chapter 5
can be applied to estimate the excess demand function.

Concluding Remarks

The analysis of adaptive learning in a financial market with heterogeneous
traders showed that good forecasts hinge essentially on good estimates of the
demand behavior of market participants. It was demonstrated that expecta-
tions should be based on estimates of the excess demand function of traders.
The proposed learning scheme made use of the simple observation that the
excess demand function is linear when households are characterized by lin-
ear mean-variance preferences and mediators by a simple linear forecasting
technology. The remaining nonlinearity rests on the switching behavior of
households for which consistent maximum likelihood estimators exist. In a
special case with only one chartist, it was shown that this methodology leads
to a learning scheme which converges under econometric assumptions that are
standard in the literature on estimation and optimal control.

While situations in which an agent successfully learns to have rational ex-
pectations are likely to remain special cases, one should proceed with caution
when assessing the plausibility of a learning scheme. As shown by Jungeilges
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(2003), the underlying linearity hypothesis for applying the ordinary-least-
squares learning scheme in nonlinear models may be rejected within finite
time by means of techniques from linear statistics. Apart from the conver-
gence issue, the main conclusion of this chapter is that a plausible learning
scheme should take into account the correct trading structure of the market.

The potential of this line of research may be outlined as follows. First,
the learning scheme should be extended to an algorithm which uses on-line
estimations of the distributions of households instead of their true values.
Second, non-parametric estimation techniques should be applied to identify
forecasting rules for models with nonlinear excess demand functions. However,
the biggest challenge is to abandon the assumption of price-taking behavior.
The structure of an unbiased forecasting rule points at a possibility to exploit
the knowledge of excess demand functions strategically. This will be carried
out in Wenzelburger (2005).

7.8 Mathematical Appendix

Proof of Proposition 7.1. We preface the proof of the proposition by a
technical lemma.

Lemma 7.3. Let B,C be arbitrary symmetric positive definite matrices. Then

D :=
√
B−1

(√
(
√
BC

√
B)

) √
B−1

is a symmetric positive definite matrix with C = DBD.

Proof. Since B is symmetric and positive definite, its square root
√
B, where

B =
√
B
√
B, is again symmetric and positive definite and hence invertible

with (
√
B)−1 =

√
B−1. It is straightforward to verify that D as defined above

satisfies C = DBD. Since C,
√
B, and

√
B−1 are all symmetric and positive

definite, it is verified directly that D is symmetric and positive definite. 
�
By Lemma 7.3, Πt as given by (7.36) is a solution to the equation

Π−1
t Λt−1Π

−1
t = R2V

(0)
t−1.

If Πt −
∑I

i=1 a
(i)
t V

(i)−1
t is positive definite, then (7.37) is well defined and the

assertion follows from (7.35). 
�
Proof of Lemma 7.1. The first statement follows from

A−1
t =

(
H∑

h=1

η(h)

α(h)

)
V

(0)−1
t

and Lemma 7.3 applied to (7.35). The second one is a special case with V
(0)
t ≡

V
(0)
t−1 for all times t.
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Proof of Lemma 7.2. We seek a symmetric matrix V
(0)
t which satisfies (7.35)

and which stays positive definite for all times t. Under the given hypotheses,

this is equivalent to the existence of a symmetric and positive matrix V
(0)
t

with

a
(0)
t V

(0)−1
t =

σξ

R

√
V

(0)−1
t−1 −

I∑
i=1

a
(i)
t V

(i)−1
t . (7.63)

Choose V
(0)
0 as in (iii). Then (7.63), the definition of the square root, and

induction imply that

V
(0)−1
t = O�diag(λ

(01)
t , . . . , λ

(0K)
t )O,

where

λ
(0k)
t =

σξ

Ra
(0)
t

√
λ

(0k)
t−1 −

I∑
i=1

a
(i)
t

a
(0)
t

λ(ik), k = 1, . . . ,K. (7.64)

Equation (7.64) is a list of K strictly monotonically increasing and strictly
concave scalar maps of the form λt = b1

√
λt−1 − b2 with random coefficients

b1 and b2. These determine the eigenvalues of the covariance matrix V
(0)
t .

Condition (ii) now guarantees that for fixed a
(i)
t , i = 0, . . . , I, each of the maps

(7.64) has two positive deterministic fixed points, the larger one of which is
asymptotically stable. Hence, there exists a compact set K ⊂ RK

++ which is

forward invariant under the maps (7.64) such that (λ
(01)
t , . . . , λ

(0K)
t ) ∈ K for

all times t ≥ 0.

�
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