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PREFACE

This book contains the edited version of lectures and selected papers presented at the
NATO ADVANCED STUDY INSTITUTE ON COMPUTER AIDED OPTIMAL DESIGN:
Structural and Mechanical Systems, held in Tréia, Portugal, 29th June to 11th July 1986,
and organized by CEMUL - Center of Mechanics and Materials of the Technical University of
Lisbon. The Institute was attended by 120 participants from 21 countries, including leading
scientists and engineers from universities, research institutions and industry, and Ph.D. students.
Some participants presented invited and contributed papers during the Institute and almost all
participated actively in discussions on scientific aspects during the Institute. The Advanced
Study Institute provided a forum for interaction among eminent scientists and engineers from
different schools of thought and young reseachers.

The Institute addressed the foundations and current state of the art of essential techniques
related to computer aided optimal design of structural and mechanical systems, namely: Vari-
ational and Finite Element Methods in Optimal Design, Numerical Optimization Techniques,
Design Sensitivity Analysis, Shape Optimal Design, Adaptive Finite Element Methods in Shape
Optimization, CAD Technology, Software Development Techniques, Integrated Computer Aided
Design and Knowledge Based Systems. Special topics of growing importance were also pre-
sented.

This book is organized in eight parts, each one addressing a technical aspect of the field of
Computer Aided Optimal Design:

Part I : Variational Methods in Optimal Design

Part IT : Numerical Methods in Optimal Design

Part III : Shape Optimal Design

Part IV : Multilevel and Interdisciplinary Optimal Design

Part V : Optimal Design of Mechanical Systems

Part VI : Knowledge Based Systems in Optimal Design

Part VII : Integrated CAD/FEM/OPTIMIZATION Techniques and Applications
Panel Discussion : Trends in Computer Aided Optimal Design

The foundations and recent developments of variational and finite element methods and
mathematical programming techniques, applied to the optimal design and control of elastic and
nonlinear structures, are presented by leading scientists.

Several contributors address different methods for shape optimal design of structures, in-
cluding recent research on boundary element methods in shape optimal design, design sensitivity
analysis and optimal design of nonlinear structures, adaptive finite element methods for shape
optimization and the practical implementation of shape optimal design in commercially available
software.

In this book special emphasis is placed on the integration of CAD techniques for geometric
modelling, finite element analysis and optimization methods. Several academic and industrial
specialists reviewed the current state of development. A critical review of the available com-
mercial codes is presented. Some researchers have integrated all these techniques in codes and
applied them to the design of structures in aerospace, aircraft and car industries. These appli-
cations show that the integration of these techniques into standard tools for practical design is
a major factor for industrial usage of computers in design of structural systems.

Other papers presented or submitted to the Advanced Study Institute, but not included in
this book, are published in a Special Issue of the Journal of Engineering Optimization in 1987.



Without the sponsorship and financial support of the Scientific Affairs Division of NATO,
National Aeronautics and Space Administration, National Science Foundation and United States
Air Force the Institute and this book would not have been possible. The financial support of
all other sponsors also contributed decisively to the success of the Institute.

The Editor deeply appreciated all the advice and help in organizing the Institute given by
Dr. Craig Sinclair and the late Dr. M. di Lullo, both of the Scientific Affairs Division of NATO.
[ am indebted to all members of the Organizing Committee (Prof. J.E. Taylor, Prof. E.J. Haug,
Dr. J. Sobieski, Dr. L. Berke, Prof. C. Fleury and Dr. H. Hornlein) for the outstanding work
that led to a very successful Institute. [ am also grateful to all authors for their effort in writing
the lectures and papers in time, allowing this book to be published as planned.

Special thanks to CEMUL staff, Ms Gléria Ramos, Ms. Alexandra Confeiteiro and Mr.
Amandio Rebelo, for their effort in administrative planning and support of the Institute.

I am very grateful to my family, Maria do Rosario and our daughter Joana Sofia, for all the
support during the organization of the Institute and of this book. Special thanks for my uncle
Hermano Cabral for the video and magnetic tape of the Panel Session of the Institute

Lisbon, December 1986

Carlos A. Mota Soares
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BASIC FORMULATIONS FOR DISTRIBUTED PARAMETER
STRUCTURAL OPTIMIZATION

Introduction

As a part of the broad development that has taken place in the field of
structural optimization in recent years, analytical modelling for the design
of continuum structures has been extended to cover a variety of new
applications. Thus there are formulations available now for the optimization
with respect to various modes of response or measures of performance, for
most types of structural form, to be optimal relative to material distribution,
shape, choice of materials, prestress, and so on. Only a modest part out of the
comprehensive list of topics is to be covered in these lectures. The reader
will find a good many of the major areas of application e.g., 'design for
dynamic response,’ 'shape design', 'grid optimization,' and 'sensitivity
analysis' — to name a few , treated in separate lectures given elsewhere within
the institute. (Citations to other lectures in this collection are identified by
the authors name with an asterisk attached to it.) Our effort is directed more
toward an exposition of methods for the interpretation of design problems
into a form convenient for analysis. This is to be done mainly within the
perspective of well known results from the mathematics of optimization. The
material presented here is comprised for the most part of formal problem
statements, listings and interpretation of necessary conditions, and the
presentation of example applications.

In another way, the purpose of these notes/lectures is to provide a
presentation of formal procedures for a variational formulation of
structural optimization problems, and to furnish exemplification of their
application. The objective is to make the coverage as general as possible,
given the present restrictions on time and space. With this in mind, the word
'Basic' in the title given above is intended to refer mainly to simple

fundamental forms of design problem. Also the methods are demonstrated
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generally through the vehicle of simplistic example problems. The hope is
that by limiting the scope to be simple in these ways, our effort to provide a
clear statement to the fundamental ideas that underly the analysis will
benefit. At the same time, it should be practical as a result to cover a larger
range of types of problems than would otherwise be possible. The discussion
to follow covers certain classical results among variational formulations for
structural optimization, and the extensions of them that are needed more
generally for the treatment of problems with global and/or local constraints.
Brief descriptions are provided for a number of special topics, among them
the design of optimal elastic foundations, the formulation for optimization in
problems with simple contact between elastic bodies, and a method for the
relaxation of constraints. A useful scalar formulation for multicriterion
problems 1is given in a separate section,; its application is exemplified there
through a variety of sample problems. Fail-safe optimal design and the
design of optimal structural remodeling also are treated separately as special
topics.

It might contribute to the understanding of the material in these
lecture notes if the following ideas are kept in mind.
1. The prediction of optimal structural design and the (traditional) task of
structural analysis — are aspects of one problem. Stated differently, the
vector of unknowns in the structural optimization problem is comprised of
design and state variables (or their equivalent) as components. Thus once
any form of decoupling has been introduced into the modeling of design
problems, it must be recognized as a specific, i.e., less than general,
interpretation of the problem. This applies to the approaches that one may
identify with iterative or sequential-step solution methods, for example. For
present purposes, the developments are expressed for the most part in a form

consistent with the fully coupled problem.



Optimization:
Analysis and Design
Modeled together

2. The important matter of how to judge whether or not a problem is
properly posed — is not addressed directly in the treatments that follow. This
issue may be resolved without much trouble for special categories of design
problem, but general methods for dealing with the question are lacking. On
the side of being practical, we note that an ill-posed problem might
sometimes be reinterpreted into tractable form either by enlarging the space
of feasible designs (as a means to achieve G-closure), or otherwise in certain

cases through the imposition of additional constraints.
Perfect Solution
exist? 1f not, widen the

choices - or narrow them!

Finally, it is hoped that the material of these lectures should prove to
be meaningful in one way or another beyond the scope of the lectures
themselves. Regrettably, it has not been possible in this writing to develop
all ties with other works in the field wherever such connections might
sensibly have been made. Indeed, given the high level of research,
development, and applications activity in structural optimization, it has
become a serious challenge just to maintain broad contact with overall
progress in the subject. On the other hand, contemporary work generally is
well documented and fortunately the literature is quite well indexed, at least
into the year 1982. Exceptionally extensive listings are given in the book by
Carmichael (on the order of 700 items), and in the Komkov and Haug
translation of Banichuk's book (Original listing with 246 entries, extended to

531 in the translation) — these books in themselves, and also the surveys by



Lev and by Kruzelecki and Zyczkowski and the proceedings edited by
Morris, provide unusually broad coverage of the field, each in its own way.
The interested reader is referred to the list provided at the end of this set of
notes for these and other books, and for the many other useful resources in
the form of proceedings, reviews, and surveys as well (This part of the
reference list is taken mostly from Olhoff and Taylor). It should be noted
that, with the exception of the resources just named, for the most part the
citation of references in these notes is narrow, i.e., the references listed are
limited to only a small part of the literature that relates to the immediate
topics covered in the text. Of course the material covered in these lectures
depends more broadly on the past efforts of others, and the author wishes to
acknowledge his debt of gratitude to the colleagues and co-workers whose

contributions may not have been cited specifically.

A Classical Variational Form

In cases where the measure of the criterion for an optimization problem
relates directly to the quantity that appears as an argument in the associated
minimum principle of mechanics, the optimal design problem can be stated
in a particularly simple way. Examples are design for maximum Euler load
or for maximum normal mode frequency (so long as the solution is
unimodal!), design for minimum compliance, design for maximum collapse
load (assuming 'perfectly plastic behavior'), and design for maximum creep
strength (for a linear creep law). Numerous papers were written on
variational formulations for these problems, mainly over the years from
1955 through the 1970's. Except for a few applications, the results of such
interpretations for optimal design problems are of little practical value
today; however the material has historical significance as a part of the

overall development in structural optimization during the recent decades.



The design of axially loaded elastic bars for minimum compliance is
described here, as an example of the more or less classical style for

variational formulation. For specified load p(x) and admissible deformation
N(x), compliance is measured by IQ pndx. The equilibrium state for the
elastic bar is identified with a minimum with respect to 1M(x) of the potential
energy T given by

n[B(); n)] = [ [1/2EB(M)? - pnldx (1)

B(x) represents cross-sectional area, and the structure is initially free of
stress. Note that for the actual deformation , say w(x), the value of
compliance equals the negative of twice the value of potential energy:

,fQ pwdx = -2x[B;w] 2

In this case , the necesary conditions for the optimum design problem

min (Jo pn dx)

subject to: 3)

Conditions of Equilibrium

A-B<0

JoBdx - R<0
(value R, representing available resource, and the lower bound A to the
cross section are specified) are equivalent to the conditions for stationarity

with respect to B(x) and n(x) of the functional
LBNAA) = nBn)-lq MA-B)dx- Al Bdx-R] 4)

These necessary conditions are (A(x) and u(x) represent the optimal design
and its associated equilibrium state):



(EAu) +p =0 xin Q

EAu' =0 or u=0 x=0,L

12 E(u')2 -A+A=0; xin Q (5)
A[JAdx-R]=0; A>0; JAdx-R<O

MA-B)=0; Ax0; A-B<0

Domain  of the optimum structure is comprised of intervals where A > A
= A = 0, and sectionsin Q = Q- Qp where A=A . An example

solution is shown in Figure 1 for the bar supported at x = 0 and subject to
a uniform load.

A(x)

1

| >

) X
x1 L

Figure 1. Design of an Elastic Bar for Minimum Compliance

As mentioned earlier, historically problems of the kind designated as
‘classical' have been treated extensively, even though the type of criterion
associated with such problems is sometimes of limited practical interest. The
reader may wish to consult the literature (mainly from the period 1955-80)
for other example applications within the classical form, e.g., optimal Euler
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columns and plates — design to maximize natural frequency for bars, beams
and plates — and minimum compliance design of beams, plates, frames and
disks.

With the addition of the 'corner conditions’, the system of equations
(5) are sufficient as well as necessary. The corner conditions require that the

solution design A(x) must be continuous over the domain of the structure.

Making use of the 'minimum principle for the mechanics',
sufficiency may be demonstrated quite simply. Let w(x) represent the
equilibrium deformation for arbitrary design B(x) , and recall that u(x)
symbolizes the equilibrium state for the putative optimal design A(x) . Then
since solution u(x) is admissible for the design B(x), we have from the

minimum potential energy statement and equation (2):

112 Jgpwdx = [ [12EBwW)2 - pwldx < g [1/2EB(w)2 - puldx  (6)
The right side of the inequality is interpreted as

fo 1/2[EB()2 - puldx = [[1/2 EA@')? - puldx + 1/2 [ E(B-A)(u')2dx

(7
Substitute (u')2 = A — A from equation (5) into the last term of equation (7):

Jo 12E(B-A)W)2dx = AE Jq (B-A)dx - E J A (B-A)dx
But since [oAdx =R, JoBdx <R ,and A>0, Alg(B-A)dx <
0. Also A =0 in the designdomain,and A > 0; (B-A) >0 inQo, so that
IqMB-A)x = Jg AB-A)x > 0
whereby °
JE® - A)w)2dx <0

Thus from equations (6) and (7) we have
12 Jo pw dx < Iy [1/2 EAQ)2 - puldx & m(Amm)
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But since u(x) is the actual state for design A(x),
2n(An) = - fQ pudx
and so from equation (7)
fQ_ pwdx > fQ pudx

to complete the proof.

Sufficiency may be verified through similar argument for various
examples of classical structural optimization problem which are convex. At
the same time, given the general result from analysis that for convex
problems the (generalized) KKT conditions are sufficient as well as
necessary for the optimal solution, such exercises may be redundant.

More General Variational Forms and Their Applications

We set out to establish in this section a variational formulation where
the criterion and/or constraint functions are represented in general form. It
is the intention to accommodate criteria or constraints having either global
or local measure. (As an example of the latter, the criterion may have the
form max of a specified function , where the maximum is taken with respect
to the domain variable. In such cases it is not uncommon that differentiability
of the criterion becomes an issue; a detailed discussion of this point is
provided below.) Thus within the limitations of linearly elastic small
deformation mechanics stated earlier, the results presented here facilitate the
handling of a broad variety of design problems. The development is
expressed first for various problems of single purpose structural
optimization. Essentially parallel treatments for multicriterion problems
(e.g., multipurpose or multimodal design) are discussed in a later lecture of
this series.
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It is particularly convenient for present purposes to work with the
'weak form' statement of equilibrium conditions, i.e., with the virtual
displacement equation. Considering first problems with global criterion, the

criterion is expressed in general form as
for argument F(B;n) specified over fixed domain € of the structure. The
argument F is supposed to be differentiable w.r.t. design B(x) and state
field n(x) and derivitives of m to the required order. The optimal design
problem may be stated symbolically as:

i = JoF(Bm)d
min [J= Jq F(B.n) dx] (8)

subject to:

* The virtual displacement equation

* Performance and/or design constraints
*JogBdx - R < 0

The value R in the isoperimetric (resource) constraint is specified, as are
the load, structural form, constraint bounds, and so on.

The formal treatment of design problems within the context of (8) is
demonstrated via a specific example. For simplicity, we choose a
generalization of the minimum compliance design problem for the one

dimensional structure used earlier, namely the axially loaded bar.

Generalized compliance is expressed for specified weight function ¢p(x) as:

J = [ 000 u(x) dx )

The equilibrium requirement, for load p(x), Young's modulus E, and design
B(x), is represented by:

,fQ [EBM'{'-plldx=0 forall admissible { (10)
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i.e., the function among kinematically admissible functions m that satisfies
this equation for all admissible { is the equilibrium solution.

Supposing that there are no performance constraints on the problem,

for this example the specific statement corresponding to equation (8) is

min, (J - I ¢m dx] (11)

subject to:

JoEBN'§-pgldx=0 forall admissible §
A-B<0 allxin Q

JoBdx-R<0.

The necessary conditions for this problem may be identified with the
Lagrangian

L = Jqon-AEBN'§ —pd) + MA-B) + Al Bdx-R]  (12)
Multiplier A, is taken to have unit value, without restriction on the

generality of what follows. The necessary conditions themselves (the
generalized Karash-Kuhn-Tucker (KKT) conditions) are:

(EAu) +p = 0
all x in Q
(EAV)' + ¢ = 0
and their respective boundary conditions (13)
Euv' = A-A

AA-A) =0; A>0; A-A<O0
AllgAdx-R1 =0 ; A20 ; JgAd-R<O
Here A(x), u(x), and v(x) represent the solution functions for design, state,
and adjoint state. Let Q4 represent the design domain, i.e., the set of

intervals within the domain Q: x € (0,L) of the entire structure for which
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A(x)> A .Then

Euv = { A allxinQa (14)

A-L allxinQ, i Q-Qp
In other words, the positive constant A bounds unit mutual strain energy
Eu'v' of the optimal structure, and the value of unit mutual energy equals

the bound in the design intervals. Outside of Q 4 the optimal design is

given by A(x) = A . This much of the interpretation of the necessary

conditions is summarized symbolically in Figure 2.

A(x)J

|

Qp o

Figure 2.

The solution for the optimal design may be completed using the first

two of equations (13), and the equations Eu'v' = A and (since A # 0)

fQ Adx - R = 0, together with corner conditions. The example is not
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particularly interesting so the details are not pursued here. Note, however,
that for ¢(x) = p(x) this problem is equivalent to the conventional 'minimum
compliance design' problem that is described in the prior section; this
equivalence can be verified through a comparison of the sets of necessary
conditions for the two versions of the problem.

While it is tempting to consider detailed treatments of some of the many
interesting types of design problems that are covered within the generalized
form for global constraints (several examples are covered elsewhere within
presentations of the institute), for the sake of conserving time and space we
will make do with a few remarks instead. For one, note that it might be
instructive to examine the necessary conditions as they would appear for the
general (i.e., unspecified ) form for the argument F(B;n) in the criterion
functional. The formal statement of the Euler-Lagrange equations sufffices
for this purpose, so long as the usual restrictions on argument F are kept in
mind. Having these equations available makes it possible to observe directly
the effect on the analysis for design problems of making certain changes in
the criterion functional. These effects are identified with the term that
corresponds to 'load’ in the adjoint equilibrium equation, and with terms
that show up in the equation(optimality condition) reflecting variation with
respect to design, as a result of explicit dependence of argument function 'F
on the design. As an example of the latter, one might note the effect of
including an account of self weight in the criterion for the compliance
design problem.

Design Problems of
minmax type - make the best of

worst criteria !
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We consider next the formulation of structural optimization
problems where the criterion is expressed in terms of some local measure,
for example the design to minimize the maximum value of stress or
displacement over the structure. In such situations the usual
differentiability properties, i.e., the properties required to support the
common form of statement for necessary conditions, may not be available.
In fact, in the field of structural optimization this result is not exceptional.
Consider the following example: for an axially loaded bar comprised of
two uniform segments (see Figure 3 ), determine the design that minimizes

the maximum absolute value of stress. The lengths 1; of the segments are

specified.
/]
2 Segment 1 Segment 2
7
Z |
7
< 11 Pt 1, —
Figure 3.
Maximum

Stress

h —

Figure 4.
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Note that for this structure 6; ~n'; ; then the design problem can be stated

as:
min  [max max M'iD]
B1,By i=172 ( erin‘l)
subject to:
Jo. [EBM'C;-pGldx=0 all admissible §;  (15)
1
i=1,2
2
X 1iBj-R<0
i=1

For designs that make full use of the resource R (the optimal solution lies
within this set), the maximum strains in the two segments véry with opposite
sense ( Figure 4 ). Thus the argument max |u'(x) | (indicated by the dashed
curve in the Figure) has a corner at the optimal solution.

Technically this difficulty may be circumvented by use of the 'p-norm'
to simulate the argument 'max(local measure)." For the problem of
Equation (15) for example, one would seek the design to minimize

(=g Im;Pax]/P

i i
for sufficiently large value of p. However, computation on the p-norm
quickly becomes poorly conditioned as the value of p is increased, so that in
fact the method is not very practical.

As a more viable alternative, we next consider an interpretation of the
minmax problem (see, e.g., Taylor-Bends¢e) into a form that reflects
minimization of a bound on the local measure. (This form is identified in
these notes as the bound formulation..) Suppose that the criterion is

expressed as max [f(B(x); n(x)|, so that the problem statement along the lines

of equation (8) appears as:
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rél(ig) [max [f(B;n)l]

subject to:

*the virtual displacement equation (16)
* performance and/or design constraints
*[oBdx-R<0.

As before, B(x) and n(x) represent admissible design and displacements,

respectively. We intoduce an additional scalar unknown, say {3, and interpret

the problem of equation (16) in the form:

rél(l)r(l) ®

subject to:
*IfBm)I-B<0 (17)

* ( constraints as in (16) )

Within moderate restrictions on the form of the argument f(B;n), necessary
conditions for the minmax problem (16) now may be obtained via formal
procedures, i.e., as the generalized KKT conditions for the problem (17).
Equivalence of the two problems is easily verified from the set of necessary
conditions; in general the supremum 3 of argument |[f| equals the
maximum value of |f].

The 'bound formulation' comprises a convenient device for the
interpretation of a variety of important basic problems in structural
optimization. Several examples of its application in single purpose design
problems are given in the material immediately following. Use of the
formulation as the basis for a broadly applicable statement of multicriteria
and fail-safe design problems is described in later sections of these lectures.

We observe that problems where the criterion is expressed in terms of a
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combination of global and local measures may be interpreted as well using
effectively the same means as those already described.

ign of m I
As a first example , the bound formulation is applied to the above

problem of design of a bar with two uniform segments, i.e., we seek to

determine the design A; from among admissible B; that will minimize the

max ( max [u']) . //Is it 'sensible' to treat this problem within a discussion
under the name "distributed parameter” design? // Noting that

max (max| ny) = max | nj
1 xeQj ' _xl- i
i=1,

we write in terms of the bound B on In;:

min
in - (B)
i=1,2
subject to: (18)
Injl - B< 0 all xinQ;  i=1,2
J ;BB - pG)dx = 0 all admissible &
ZBjlj- R<0
1

Necessary conditions for the problem (18) are identified with stationarity of
the Lagrangian

2 2
L=B+2 J@ ;- EBMiGi + pG; + AH(Mi-B) + Aj(-n"-B)ldx + Al Z BiliR]
(19)
The optimal design A , and associated response u'; and adjoint state v';

satisfy the system
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1+3 Jo (- A*j-Apdx = 0

(EAu) +p = 0
all x in &
(EA V) -(A+-Ay)' =0
-(M) Jq Euvidx +A=0 i=1,2 (20)
1

Atiju'i-B)=0 At >0 u;i-B <0
Aj(-uj-B)=0 Aj=0 -uj-B <0 all x in ;
ACBii-R)=0 A20 . TB{jj-R<0

Since u;'-P# 0 almost everywhere (AE) in Q;, A 7 =0 AE;
according to this property together with the first of equations (20) , the A,

are Dirac functions, say A;*~ = A;; 8(x-x}). The x identify points where a
stress constraint is tight . For the present example problem, if p(x) > 0

throughout Q then xj = {0, 1;}. The optimal solution is obtained directly

from the system (20). For instance, if p(x) has constant value, say p,, the

solution is given by
Ay = p(l1 +1)/E Ay = poH/E
B =rpy(lj+]jlp + H)/ER
Maximum strains in the two segments have equal value . Note also that for

the optimal solution the average value of unit mutual strain energy has

constant value from segment to segment over the domain, as indicated by the
fourth of equations (20).

Beam Design for MinMax

Taking the height h(x) of a beam with solid rectangular cross section as

the design variable, the objective in this example problem is to minimize the
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. %k . . 3 "
maximum stress. In this case, the stress is proportional to hw" so that the

design problem is stated:
min [max |f=hw"|]
h(x) x|
The corresponding min problem is

m}iln (5

subject to:
hw"-B <0

21
- uhw" -B <0 @

1 . -
[, [ah3w"w" - pwldx = 0 for all admissible w
bmin-h <0

1
bJohdx-R<0

The function oh3 (o = constant) equals beam rigidity and w symbolizes the

beam deformation. Admissible designs h(x) are defined in terms of the last

two constraints; R, the bound on total resource, and h ;,, the bound on local

measure of the design, and the factor 1 represent specified non-negative
values. Width b of the beam is taken to be constant.
For this problem the Lagrangian has the specific form:

l - -
L=B +Jo {njw"-B) + no(-pthw"-B) - oh3w"w" + pw
]
+ N3(hmin-h)}dx + nglbJ, hdx - W], (22)

Stationarity of L requires (solution functions for design and for state are not
distinguished from the admissible functions here):

*The following material is taken from Taylor-Bendsde.
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1-J3( +M2)dx = 0 (23)
-3ah2w"W" =13 + Ngb + (N - pMYw" = 0 (24)
- (oh3W") + (N1 - wnh]" = 0 (25)
nyGw"-B) = 0 (26)
No(-phw" -B) = 0 27)
N3thmin-h) = 0 (28)

M40 Jahdx-W) = 0 (29)

The solution is governed by these equations together with the original

constraints and the (Kuhn-Tucker) conditions n; > 0. The first equation

represents a normalization of the multipliers (adjoint load) m{ and M,. The
second and third equations are simply the specific forms of optimality
condition and adjoint state equation for this example. Note that from
equations (23, 26, 27), constraints hw" - B < 0 and/or -phw" - B < 0 are tight
at least somewhere in the domain (0,1). In other words, in the solution for
stationarity of L, the value of criterion measure hw" (or -phw") equals f at
its maximum. This substantiates the identification of problem (21) with the

associated min-max problem, or, in the more general form it serves to

identify the problem (17) with its min-max problem.

From the fourth and fifth equations we have that 1 and ny are
orthogonal, m1- M2 = 0. Additional interpretation of the system provides
that ng4 # 0, whereby the resource constraint is tight. Also, by the switching
equation N3(hyjn-h) = 0, the domain, (0,1) is covered in intervals with either
h > hpins N3 = 0 (design intervals), orh = h ;55 N3 2 0. In the design
intervals N1 #0,np=0andhw" - =0,0r N3 #0, Ny =0and -phw"-f =

0. Making use of these results the entire system can be reduced by algebraic
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manipulation to a substantially simpler form.

In fact the solution itself is obtained directly for simple loads; for p(x)
= poX/1 as an example, the shape of the optimal beam in design intervals is

given by h(x) = [po(x3 +c1x + co)/6lup)l/ 2, where c1 and c are constants.
An iterative method is used to determine the boundaries (x1 and x5 in Figure
1) of design intervals, and the values of (3, integration constants, etc. Details
of the solution for a simply supported beam under the cited load and for 1 =

1 are shown in Figure S.

J
o
_:;E
=
>
= W/bh . = 1.19
[
(e))
i ‘
| l
1=
; | |
- l |
x/1
200 .885  1.00

Figure 5. Beam Design to Minimize the Maximum Stress

Design of an Elastic Foundation
As a second example, we sketch a treatment for the optimal design of an

elastic foundation supporting an elastic beam. The goal is to predict the
distribution of foundation stiffness, represented through the foundation
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modulus function k(x), that minimizes the foundation pressure. The
magnitude of pressure is given by |kw| (w(x) symbolizes the beam
deformation), so the design problem is stated as:

min [max |kw]| ]
Note that in this example the criterion function again depends explicitly on
the state and on the design function. The 'minimize on a bound' form for this

problem is:

min (B)
k(x)

Subject to:
kw-B<0

-pkw-B <0

,f(l) [Rw"w" + (kw-p)v:/]dx =0

k-kpax < 0

K-Jokdx <0

where beam stiffness is symbolized by R.

In contrast to the prior example, here the measure of global resource is
bounded from below while the design k(x) is limited locally from above (the
system does not admit solutions with k < 0).

The Lagrangian is formed for this problem, and the solution may be
established from the associated necessary conditions, in much the same way
as was indicated for the first example (for brevity the details are omitted). A
solution is sketched in Figure 6 for the case p = 0, hinged supports, and with
prescribed, equal-valued displacement of the beam ends into the foundation.

As indicated in the figure, for the optimal solution the magnitude of
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foundation pressure is constant in the design intervals (kw| = B).
The combined design of beams and their foundations is considered by
*

Plaut.

Support Pressure p(x)

— X/1

'//’kmax

Foundation Modulus k(x)

> x/1

Figure 6. Design and Foundation Pressure for the Optimal Elastic

Foundation
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Minimize the Maximum Displacement and a Relaxed Form for Min-Max
Problems

In problems where the criterion function is directly a measure of state

or in bending problems of its first derivative, the adjoint loads (multipliers
on the ‘criterion constraints') are in general singular. This property is

demonstrated for the former case, i.e., mli)n [max |w(x)|], where w(x)

represents beam or plate deflection. The Lagrangian for the problem is
stated as:
L=B+]qMy(w-B)+ (- uw-B)1dQ - ap(w,W) + b(W) +y,  (30)

Here the state equation is represented in terms of the energy bilinear form
ap) and the load linear functional b. The associated necessary conditions

related to multipliers My and n are:

1-Jg(n;+mn=0 (31)
M@ =0ifwx <B; M) =0if - pw(x) <P .
M (x) > 0if w(x) = ; Ma(x) 2 0 if -puw(x) =P.

Typically the deflection function cannot have constant value over any

interval of positive measure, whereby the stated conditions (31,32) dictate
that M and M must be certain linear combinations of Dirac d-functions.

(Haug substantiates this result; also in his variational formulation Cinquini
identifies the adjoint load as a Dirac-function, but the above normalization
(31) is not present in his treatment.)

According to this result, the determination of (adjoint state) W requires
the solution of a beam or plate boundary value problem with singular loads.
As an alternative, by treating this type of problem in a slightly modified
form such singularities may be avoided. The modification amounts to a

globally-bounded relaxation relative to the original constraint on local

measure f(D,w). Thus the constraint for criterion f(D,w), i.e., [f(D,w)| - B
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< 0, is rewritten in terms of relaxation €(x) as [f(D,w)| - (B+€) <0. In place
of the original minmax problem, we now consider the relaxed problem

stated as:

mﬁn B (33)
subject to:

f-B+e) < 0 } (34)
-uf-(B+e) < 0

ap(w,w) - b(w) =0 (35)
Dnin-D <0 (36)
JoDdQ-W < 0 (37)
-e<0 (38)
[edx-E < 0 (39)

Again, state equation (35) is expressed in terms of (energy) bilinear form ap

and the (load) linear functional b(w). Design is symbolized by D, and c, E,

Dhins @and W represent specified nonnegative numbers. Thus the relaxed

problem corresponds still to minimization with respect to design of the
bound value [, but now with an admissible violation €(x) (the admissible set
is defined by (38,39)) of the bound on f, where the total measure of violation
is not to exceed the value of E.

It may be verified that the original min-max problem is recovered for
E = 0. The relationships among w, €, and B are indicated in the sketch of

Figure 7 for the case f = w, as an example.
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Figure 7. Constraint Relaxation Function &(x)

The optimal relaxation from among admissible functions €(x) is associated
with equality in one of the constraints (34). In other words, in the solution of
the relaxed problem, the difference f-€ (or -uf-€) has constant value equal to
the bound .

For problems with E > 0 the load in the adjoint problem is no longer
singular; it is verified below that multipliers M and 1y in fact have constant
value wherever they differ from zero. Note also that the introduction of a
relaxation regularizes the problem in the sense that constraints (34) are

regular even through their counterparts in the original min-max problem
may lack regularity.

An augmented functional for the relaxation problem (33-39) has the
form

L* = B - ap(w,w) + b(W) + Jq [M](f-B-€) + N2(-uf-B-€) + N3(Dpmin-D)

+M5(-6)1dQ + ngllg DAQ-W] + ngllqedQ-E] (40)
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where the terminology is the same as in the prior examples except for the

additional multipliers 15 and 1g associated with the constraints that define

admissible €(x). Stationarity of L with respect to ,w,€ require satisfaction
of equations similar to (23) and (24) of the 'Design for Stress' min-max

problem, and in addition the equation reflecting variation w.r.t. £(x):

-Mp+Np)-N5+ng=0 (41)
The solution must also satisfy the conditions:
N =0if f<P+e

or 42
Ny >0 if f=B +¢ y (“42)

=0 if -f < +€
or n2 | uB y 3
Mm =0 if -f=pPf+e

=0 if -€ <0
or 5=t T } (44)
N >0 if -e=0

ng=0 if [edQ=E <0
or ) } 45)
Mg = 0 if [edQ-E=0

The condition for stationarity with respect to design of L of the original
problem remains unchanged in the relaxed problem identified with the
functional L*.

The following properties are apparent:

i) The multipliers m; and Mo are elements of LZ(Q), since
constraint equations (34) and (35) must be in L2(Q) when € is in
L2(Q). In other words, 111 and 1, are elements of the dual of

LZ(Q), ie., LZ(Q): Therefore Dirac functions do not appear in

the 'load’ for the adjoint problem in the relaxed or €-min-max
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problem.

ii) The constraint (39) | £dQ < E is active, since otherwise equation

(45) requires that ng = 0, which leads in turn to the requirement

from equation (41) that the non-negative functions My, N9, N5
have zero value almost everywhere. The latter condition would
violate the necessary condition that (n{,n9) have nonzero
measure.

iii) From equation (44), € > 0 implies N3 = 0, whereby from (41) n; -
+ My = Mg has constant value for this case. Furthermore, since
(from equations (42) and (43)) MM, = 0 it follows that when €
> 0 either (N = Ng and Ny = 0) or (N = 0 and Ny =Mg). Thus
either the upper or the lower constraint on f is active when ¢ is
non-zero, and therefore the load in the adjoint equation has
constant value. Combining this with the fact that from (ii) [edQ

= E leads to the conclusion that the optimal colution takes

'maximum advantage' of the possibility for fto exceed the value

B, as afforded by the presence of the relaxation function &(x).

The main features of the relaxed formulation are illustrated via the
treatment of design of a beam to minimize maximum displacement, i.e., the
case f = w cited at the beginning of this section. Suppose beam cross-section
A(x) is the design variable, and for this example the beam rigidity is taken to
be proportional to AK. Then the state equation is given by

) é r AKw"W" - pW)dx = 0, for all admissible W(x),
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and L* is obtained from (40) with f, D, and Dy, ;, replaced by w, A, and

A To proceed toward a specific solution, for a cantilevered beam

min*
supported at x = 0 under uniform load, w(x) increases monotonically with x.

Thus there is a value, say x), such that

ex)=0 forOsx_<_xO; &(x) >0 forxg<xxl
The corresponding load My in the adjoint problem is (the notation for
multipliers N through n¢ is the same as in equation (40); also since w(x) > 0,

T]2=0)2
0 forngng
& = {
1 forx0<xgl
I-x

(0]

Note that n; has constant value wherever it differs from zero, whereas

without the constraint relaxation €(x), the adjoint load is given by the Dirac
d-function at x = L.
Integrating the state and adjoint equations leads to
akw' & Fx) = %Po(l-x)z

%(l+xo)-x for0 < x < xp

Akw" = G(x) =
) { (l-x)2/2(l-x0) forxp < x <1

The design itself may be expressed as

Amin forx; s x <l

A(x) = -
(X) { k+l/ \/k F(X)G(x)/n6 for 0 <fX<X

where the value x7 is obtained from
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k F(x1)G(x1) = ng Ak+1
DGk = ng AT

which is the optimality condition (27) evaluated for the point x;. Taking

specific values 1 = 1, k = 1, Ap,ip =1, pg = 2 and V = 5.15, the complete

design is given by x, = 1/2, x| = 3/4 and:
1 for3/4 < x <1

Ax = { 1602 for1/2 < x < 3/4
16(1-x)\34-x for0 < x < 1/2.

This design is pictured in Figure 8.

Other Applications

The convenience afforded by the transformation of min-max design
problems to simple min problems and by the relaxation of constraints, as
demonstrated on the beam examples, might be realized in the context of
various other problems in mechanics and optimal design. Other types of
design problems discussed briefly in this section include a problem of design
for elastic bodies in contact, a formulation for optimal remodel design, and a

form of mesh optimization for finite element grids.

Minimize Pressure
between bodies in Contact.

The optimum fit!
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Design A(x)

A .
min [

] | x/1

W< B W = B+e; >0

Figure 8. Solution for the Relaxed Problem to Minimize the Maximum
Displacement
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The objective to minimize relative to design the maximum value of

contact pressure may be taken as the basis for optimization in contact
problems. The case where the purpose is to design the initial gap, say g,(x),

between the bodies is used as a particular example. Thus the problem is
stated as

mer T

subject to:
'state equations'
-8(x) < 0

| gdx-G < 0

The corresponding min problem, stated in terms of bound p on pressure, has
the form , i.e.:

min p

go el

subject to:

'state equations'

p-p<0

-85 <0

Jgodx-G < 0.

Pressure p(x) is of course a function of state. (In its present usage, the term
'state equations' is intended to reflect the usual constraints for contact
problems, as well as the governing field equations and boundary conditions.
In the procedure of Benedict-Taylor, for example, the gap constraint

I I
g(x) = go(x)-u(x)-u(x) 2 0
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was appended to the potential energy for the two bodies; then the associated
multiplier turns out to be contact pressure. Here ul and !l represent outer
normal displacement of the two bodies evaluated along the contact boundary
interval).

The necessary conditions for the min problem reproduce results
obtained earlier, but with the clear advantage that the Lagrangian for the
problem in this form directly reflects the original design objective. Also, the
introduction of a constraint relaxation may be useful in the analysis for
contact problems, e.g., the presence of a relaxation €(x) # 0 in the constraint
gap g(x) assures that ordinary functions will suffice to express the contact
pressure.

The formulation of optimal remodel design, which is treated
independently in a separate section of these lectures, represents a quite
different example application. The name refers to the type of problem
where the purpose is to predict the design for optimum modification of a
given structure, rather than the overall optimal design. For the problem in
its general form, the solution may represent a combination of reinforcement
(added material) over some parts, and lightening (removed material) over
other parts of the domain of the structure.

The purpose of discussing the problem here is to point out that the
general remodel problem can be represented quite simply with the use of a
relaxation in the local constraint on design variable d(x), where d represents
reinforcement to a given structure. The problem is stated:

e
subject to:

'state equations’
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-e<0
E-Joedx < 0
Jod+€)dx-D < 0

Here &(x) appearing as a relaxation of -d(x) < O serves to represent removal
of material. For the case D > 0 and E = 0, the problem statement
corresponds to 'reinforcement only' modifications. On the other hand, a
value E > 0 prescribes the global measure of material removed. It may be
verified from the necessary conditions for this problem statement that if both
D > 0 and E > 0, the design modification d(x) must be negative over intervals
of the design domain and positive over others, i.e., d(x) represents a general
remodel.

Often in the analysis and computational work done using finite element
methods, there is a stringent need for a high level of precision in the
determination of a local measure such as stress. This need becomes apparent
in the treatment of contact problems for elastic bodies , as an example, where
the location of 'contact boundaries' may be rather sensitive to changes in
contact pressure. Similarly, for certain situations in the design of optimum
shape the determination of shape is exceptionally sensitive to the level of
precision achieved in the evaluation of stresses. The determination of stresses
in the area of crack tips, or near the corners of a sharp punch also suffer
from the same sort of sensitivity. The implementation of devices for mesh
adaptation into the finite element scheme make it possible to obtain
improvements in the authenticity of computational results. One should note,
however, that in all cases such as those mentioned here, the adaptation must

be responsive to some index of local error in order to be effective.
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Computational
Adaptation - minimize

the local error.

We consider an adaptation scheme based on the objective to
minimize the maximum value of local error , where the choice of the
measure of error is up to the user. This minmax formulation provides the
framework in analysis for a grid optimization method that may be tailored
to the particular application. Kikuchi* provides an extensive treatment of
this approach, including many applications; thus we limit the present

discussion to a brief statement of the problem and a few remarks.

For the local measure of error designated E. , the problem min

[max(E,)] w.r.t. node locations xj is expressed as

min ()
Xk
subject to:

* Constraints to define admissible grid modification

In a grossly oversimplified view, the necessary conditions for this problem
furnish guidance for the construction of a grid modification scheme. We
note that where it might be desirable to use grid adaptation in conjunction
with structural optimization, an adaptation step might be called for
periodically along the process controlled by the design algorithm. Again, the
reader is referred to Kikuchi* for the demonstration of such methods.

Viewed differently, there should be some advantage to an approach that is
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consistent with simultaneous structural and grid optimization. The
justification for this claim is that the two aspects of the problem may be
strongly coupled. We return to this issue in the discussion that appears at the
end of the section on multicriterion optimal design.

We end this section with the comment that the minmax approach is
possibly more familiar in its many applications outside structural
optimization, e.g., for the interpretation of data, in curve fitting (as

generalized Chebyshev approximations),...

Minimize [ocal
ervor - defines a ‘best fit' .
Ues , minmax again |
And while it is possible to imagine applying the idea more widely, one is
advised to consider carefully the possible implications...

Minimize the worst
Discomfort : Utopian
in concept , but Boring !

Closure
It is most fitting to commemorate William Prager on the occasion of this
Advanced Study Institute - to pay tribute to him, and to acknowledge here
again his exceptional contributions to the field of structural optimization.
Prager's pioneering studies on analytical modeling set the stage for
contemporary developments in several major aspects of interest in our field.
Certainly the influence of his work is strongly evident still in much of the
material scheduled for presentation in this meeting. I look forward to
George Rozvany's special lecture in honor of William Prager, with the
expectation of being treated to a most informative and interesting exposition.
One might be informed about some of Prager's earlier and basic work
through the recently published book by Save and Prager. The book is a
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useful resource for additional information on the subject of these lectures as
well. Also, the reference list given in this book is helpful as a guide (with
notable exceptions) to literature on certain of the topics that are not covered
here or in the book. The list identifies published material on Rozvany's
singular developments for grillage design and on other topics, for example.
Leads may be found there to various works by Cinquini, Masur, Mroz,and
Lamblin (to name a few) as well. Papers by Masur on his modeling of
problems for segmented structures, on design for strength and stiffness, and
on singular problems (with Mroz) are listed with these notes, as are samples
of the varied contributions by Mroz, and by Dems and Mroz. Historically’
significant schools of earlier work ,e.g., those in Poland (Wasiutynski), in
Denmark (Niordson), and in Italy, the USSR and the US are described in the
various survey articles cited here too.

Directly within the ASI we benefit to hear from Olhoff* (eigenvalue
problems, solid plates, sensitivities), Mroz* (shape design, nonlinear
problems), Plaut* (shallow shells), Bends¢e* (appropriate design spaces,
structure plus control, and Cinquini* (elasto-plastic structures) for
additional coverage on topics related more or less to the business of problem
formulation and the associated analysis. Haug* presents important results
from his extensive work on sensitivity analysis, and Choi* covers sensitivity
in relation to shape design. Braibant* provides a clear and useful exposition
on the variational modeling for sensitivitiy with respect to shape change.
Haftka* and Fleury* each discuss aspects of the implementation of finite
element methods for the computational solution of structural optimization
problems. Interpretations of finite element grid optimization, treatments of
shape design w.r.t. local criteria, and design for bodies in contact (all
interpreted for design w.r.t local criteria using the minmax modeling) are

reported in the lectures by my colleague Noboru Kikuchi*.
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Lastly, the important works on analysis by Lurie, Fedorov and
Cherkaev, and of Kohn and Strang are cited here; it is regrettable that their
work is not better represented at this meeting.

OPTIMAL REMODEL DESIGN

The optimal remodel design problem is formulated using the same
means as those employed in the the treatments just described. However, the
design problem itself is substantially more general. As it is presented here,
the objective is to predict the optimal reinforcement to and/or removal from
an arbitrary specified starting design, within a prescribed limit on the total
change in the structure. A variety of practical applications lie within this
general problem statement. One may wish simply to determine the best way
to improve upon an existing structure that is to be used for some new
purpose, for example. To identify another use of the formulation, the benefit
of prior experience may be introduced into the design process by specifying
the starting design in the form of the best structure from among known
examples for problems of the given kind. Also, a sequence of optimal
remodel designs may be interpreted to represent a form of evolution in
design. As an example, the evolution might be identified with a set of
incremental steps in the procedure used for the computational solution of
optimal design problems. In this case, each step would itself be associated

with a well posed optimization problem.

The better ‘next step’
depends on what follows, and

also on what's past
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The optimal remodel formulation is applicable to almost all forms of

structuctural design problems. In this formulation, the optimally modified

design is represented schematically in terms of a specified initial design D,

with boundary I' ) as

D=D, + dt - 4

where d* >0 symbolizes addition or reinforcement to D, and d° >0

stands for a removal or lightening of the initial structure. Limits on the
extent of modification may be expressed through the isoperimetric

(resource) constraints as

J d*¥dx-R* <0 : | ddx-R- >0
Q Q

Q represents the space of admissible designs. In this case the 'addition’ and
'removal’ are controlled separately through specification of the bounds R*
and R". For example, either simple reinforcement or simple lightening is
predicted by setting R™ or R* equal to zero. As another possibility, remodel
design within the constraints

[ dtdx-R* <0 [ @*+d)dx <0
Q Q
serves to predict the best 'relocation of resource' while preserving the total

volume or weight of the original structure. For the problem so stated, in
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general there exists a value for the bound R* such that the solution to the
optimal remodel problem for that value is identical to the solution for the
conventional optimal design problem. In other words , the conventional

problem is imbedded in the set of optimal remodel problems.

The similarity between the variational treatments for optimal remodel
problems and for the conventional design problems is made apparent here by
presenting the remodel version for the earlier example of design to
minimize the maximum stress for the axially loaded elastic bar. Taking into
account that ¢ ~u' and making use of the 'bound interpretation’ for the

minmax problem, the remodel design problem has the form
Min (B)
b*,b

subject to: (46)
L
Jo [E(Ay+b*-b MG -pGldx =0 all {inZ

nN-B<0
N-p=<0
-bt <0

-b <0

L

| ptdx-Rt <0
(0]

L
Jo 6% -b)dx < 0

The Lagrangian associated with this problem is given by
L 1 1 1
L =B+ {- [E(Ag+b*-bINE - pC] + A*(n*-B) (47)
+ A°(-'-B) - ptbt - ubHdx
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+ A[Jgb*dx- R + T [ (b* - b)dx]

The optimal remodel functions a* and a™ and the associated multipliers must
satisfy the (‘optimality') equations

Eu'v' = A+T-p* (48)
Euv' = T+ (49)
as well as the KKT conditions
utat=0 at >0 ut >0
pwa =0 a>0 w =0 (50)

(Only these necessary conditions are needed for the immediate purposes). If
the quantity (Eu'v' - T') is eliminated between equations (48) and (49) we

have

pt+u-A=0
For segments of the bar in the set, say QF, where a*>0=pu* =0, from
equation (48)

Eu'v' = A+T
Similarly, for segments of the bar within Q~ where a~>=u =0,
from equation (49)

Eu'v' = T

In other words, the unit mutual strain energy has constant value A +

I or T overthe design intervals in Q% and Q- respectively. In general the
value in segments where material is added differs from the value where
material is removed, whereby A # 0. This result combined with equation

(50) provides the orthogonality relation

ata =0
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Furthermore, since u+ > 0; u > 0, the constants "'and I" + A
bound the value of the unit mutual strain energy over the entire domain of

the structure, as depicted in the Figure 9.

tyt
Euvl

'+A -

N
l
L

-1
|
L

fe— T

>

— —— L 2
Q° ot

Figure 9. Unit Mutual Strain Energy (Typical)

It would be a relatively simple matter to run through the details for
the actual solution of an example remodel design problem, say for
particular loads and boundary conditions. However, the procedure is quite
similar to what has already been described in the earlier example
problems, and at this point it would most likely be boring to read through
such material . At the same time it may be useful to note the following
features of such problems. The extended set of necessary conditions
provides that the design domain is identified with the union of segments
for which At >0 and A" >0 (implies |u|= P ,ie., where the stress

constraint is tight). The intersections between design intervals and
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segments where the original design A, remains unchanged may be

determined with the help of the corner conditions. The same comment
applies for the intersection of intervals in Qt and Q. Finally, the entire
optimally modified design is made up of segments that alternate among the

domains Q,, Q" and Q.

The model is easily extended to accommodate a lower bound, say A,
on the optimal design. In the results for this case, there may occur

intervals within segments where Ay < Awithd™ > 0; bt =0and Ay-b7=

A, and in such intervals the value of the unit mutual energy may be less

than T, i.e, Eu'v' < I" (Compare to Figure 9.). In the contrasting case,

wherever Ay < A within the domain €2, then the constraint requires that

b* > 0, and here too one may find that Eu'v' < T'. Such results for the
constrained remodel problem follow directly from the appropriately
extended set of KKT conditions.

We mention here another important application of the ideas of optimal
remodel, namely its use in the context of redesign for structures that are
already under load (or preload). The treatment of such cases was reported
in the recent paper by Garstecki. It is important to realize that the remodel
of a stress-free structure in general differs from the redesign of a structure

with preload or with prestress.
The Optimum Path
through designs or states - either
by best remodel ...

Applications
As suggested in the introduction, the optimal remodel formulation is

basic, and therefore one might consider its use in the context of any
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structural design problem. The examples described here are limited to two
applications in optimal shape modification (this material appeared in Na, et
al.).

In the first example problem, the objective is to design the optimal
hole in the cross-section of a torsion bar with specified external shape. 247
elements were used in the FEM model for the cross-section, and the design
boundary is represented by twenty nodes. One-quarter of the cross-section
is shown (see Figure), and results are given for optimally shaped holes
corresponding to five, ten, and fifteen percent of the original area.

In the second example, the optimal shapes for external boundaries
along two free edges of a sheet are predicted for 10, 20, and 30 percent
required reduction from the original area (see Figure). The left and lower
edges of the sheet are fixed, and load is applied at the truncated corner
identified with nodes (7,8,9).
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Figure 11. Optimal Shapes for Free Edges of a Sheet-Design for Maximum
Stiffness.
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MULTICRITERION PROBLEMS IN STRUCTURAL OPTIMIZATION

Most of our goals and
Aspirations: their merit
measured in trade-off.

Introduction

The goal with the presentation in this chapter is to provide an
interpretation for multicriterion or vector structural optimization. Most
practical problems in structural design could be characterized properly as
multicriterion problems - for example, multipurpose design: the design of a
structure to be optimal relative to a set of loads, or multimodal design: where
the structure is to perform optimally in different response modes (the two
generally are not independent) - so the importance of being equipped to
handle problems of this kind is clear. Fortunately the multicriterion
problems are treated quite reasonably through an interpretation into scalar
form. We follow closely the style and content of Bends¢e-Olhoff-Taylor for
the material that follows; thus the scalar counterpart used here for the
multicriterion problem is a minmax problem, and the minmax problem is
resolved through use of the bound formulation as described in earlier
applications to minmax optimization. This approach provides the basis for a
quite general model of multicriterion structural optimization, and so we can
expect to have available the means to handle multicriterion problems where
the separate criteria may cover up to the full range of problem types
discussed earlier in these notes.

The distinct criteria in a multicriterion problem might reflect design
requirements expressed in terms of stress or displacement (or some function
thereof), compliance, eigenvalue, or any other measure of structural
performance. Given appropriate rules for ordering within and operating on
the set of criteria, the problem may be represented properly in a form that

corresponds to minimization on a vector argument. Viewed in the context of
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Pareto optimization, the optimal solution to such a vector problem is an
element of the Pareto set. Also, in one approach the solution itself may be
identified via an interpretation on the Pareto set. However, this generally
requires the introduction of additional information such as weighting, or the
provision of an appropriate basis for making judgment. The procedure
tends to be cumbersome and, particularly in structural optimization where
one typically has the benefit of substantial physical insight, it is more
common to make an a priori interpretation of the multicriterion problem
into a scalar form (in this treatment as a minmax problem). The relationship
between the Pareto model and multicriterion optimization is discussed in
more detail at the end of this chapter.

An extensive description of the mathematical background for vector
optimization is given in the survey paper by Stadler.? ‘Stadler? also
provides a comprehensive compilation from the literature on applications, in
a second part of this survey. As pointed out there, only rather few cases are
known from published works where analysis has been applied to vector
structural optimization problems. The report by Koski furnishes a concise
description of variational problem statements and their application to truss
design problems. Brief summaries on methods of solution are given in the
survey paper by Osyczka and Koski; useful listings of the recent literature
are included in this paper.

The variational formulation proposed in the present paper
corresponds to the min-max problem for a minimum with respect to design
of the maximum value among a set of (weighted) criteria. This min-max
problem is interpreted as a simple min problem for the minimum of a bound
value, where (the measures of) the criteria are related to the bound through
constraints. The min problem is also constrained by a bound on the total
design resource, e.g. weight of structural material. It appears that the

analysis and treatment for solution may be accomplished with less difficulty
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for this scalar problem, compared to existing forms such as other min-max
statements, or constraint, or global criteria methods. Also, the present
bound formulation may be compared to other approaches where weighting
factors are introduced, such as utility function methods. Relationships
among various methods for vector optimization problems are discussed in
some detail below.

The developments described herein apply equally well for discrete or
continuous structures, and to situations where the design itself has discrete or
distributed parameter form. Multipurpose design is covered as well, where
the name refers to problems for which different structural purposes
(criteria) are identified with distinct load configurations and possibly with
different associated response modes. Various example problems are given to

demonstrate how these considerations are handled.

Formulation

The analytical formulation is demonstrated for distributed parameter
design, expressed in a somewhat general form with regard to objective. As
indicated in the introduction, the development applies equally well for

discrete systems; a discrete design problem is treated in one of the examples.

It is assumed that the separate criteria g; of the set {g;} are
conditioned to be consistent with direct minimization on each of them. Then
the multicriterion (vector) problem is interpreted in the form:

min | max (a; g; )
D [ i .l ' ]
subject to: .
(state equatlons)a
_[Q DdQ - W <0
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where D represents the design variable constrained from below by

(specified) value D ,and W is the specified value for the bound on

min
resource. The a; 20 denote imposed weighting or utility factors. Index o
on the representation of 'state equations' is included to accommodate cases
where there are constraints reflecting independent response states, as would
occur for multiple loads (multipurpose), or where various response modes

are to be taken into account.

The development is to be performed in a way to include elements

among the g; that represent a max over the domain of the structure for some

local measure of performance. (Min with respect to design of the max stress
or displacement are examples of problems with this type of max argument.)
For the sake of clarity, distinct symbols are introduced for criteria with
global measure on the one hand, and those associated with a 'max argument’
on the other. Thus criteria that reflect global objectives such as compliance

or eigenvalue (i.e. negative of eigenvalue) are represented by f; ; i=1,2,

.., M, while the symbol fj is used to denote the argument in a

criterion

maxfj(x) ;j=12,...,N
xeQ
Here the fJ may measure stress or displacement, for example.
Using the new notation in place of g; for the criteria, equation (1)

has the form

min [ max {aifi;aj max fj x) }. )
D 1i,j

The max-max part of this statement condenses to simply a max, whereby (2)
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may be written as

min [ max {g fi;ajfj(x) 1. 3)
D la(x)J

The notation (x)j is to indicate that for the collection of criteria 3 fj the

max is to cover xeQ.
The problem of minimizing the argument in equation (3) is recast as
follows in the form of a simple min problem (Taylor and Bendsoe) that

reflects minimization of an upper bound B on all of the separate criteria:

min
i B
subject to:
aifi-BSO i=1,...,M
ajhfj(x)—BSO xQ;j=1,...,N
(state equations)
g @

_LDdQ-WSO .

A problem statement similar to the first part of Eqs. (4) was considered in a
different context by Gembicki, under the name "goal attainment method."

It is informative to form and to operate on the Lagrangian associated
with problem (4). Note that if a criterion f; (or-f;) canbe expressed as a
maximum with respect to state, the state equation in (4) corresponding to
this f; can be dropped when f isreplaced by the functional for which f; is
an extremum (e.g. eigenvalue replaced by Rayleigh expression) : the state

equation will automatically follow as a condition of stationarity of the

Lagrangian with respect to state.



53

The necessary conditions obtained from (4) , together with
Kuhn-Tucker conditions, comprise a substantial basis for an approach
toward solving the multicriteria design problem. The procedure is
demonstrated in detail for the several examples described in the next section.

The form (4) of the minimization problem is convenient when
considering the issue of existence of solutions. It follows, as demonstrated in
Taylor & Bendsde that fora G-closed design space and functionals fj, ?j
that are explicitly continuous and convex in design and state, the existence of
solutions to problem (4) is guaranteed. It also follows from this
formulation of the min-max problem that the problem of minimizing the
maximum of the components a; fj ; aj~fj (x) with a constraint on resource is
equivalent to minimizing resource subject to constraints on the separate

criteria. The equivalent formulation has the form:

minJl D dQ
D
subject to: ajfi - px<0 i=1,...,M
ajfj x) - Bx<0 xeW , j=1,...,N (5

(state equations) o

where (specified) value B* is the solution for problem (4). The equivalence

may be verified by comparing necessary conditions for the two problems.

Design of a Simply Supported Beam for a Global and a Local
Objective

As an illustration of the analysis in Section 2 a vector optimization
problem for a simply supported beam will be considered. To illustrate the
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usefulness of the formulation in treating global as well as local performance
indices, we will use compliance and maximum value of deflection as two
criteria.

The beam is subjected to a load p increasing linearly along its length
1, the deflection of the beam is w and the cross-sectional area D of the
beam is the design variable. For simplification the rigidity of the beam is set
to be equal to D and the beam is supportedat x=0 andx =1.

The problem is then

min max { amax|w (X)] ; b/ p wdx }
D X 0

subject to:
(D W") " = p

1
(I) Ddx < W (6)
0 < Dpin D,

where a and b are weighting factors on the criteria and W is an imposed
upper bound on volume. It is readily seen that the scalar criterion to be

optimized can be rewritten as

max{bj‘(l) pwdQ;aw(x);-aw(x)} . @)
X
A reformulation of the min-max problem as a min problem is stated
as:
Min
D (x)

subject to:
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1
bJ pwdx-B<0
0
aw(x) - B <0
-aw(x) -B <0 8)
Ow")" =p
Dpiy - D <0
1
| Dix-w<0
0

With Lagrangian multipliers nq, My, N3, W, Y and A,

augmented functional (Lagrangian) for this problem has the form
L=p+[! m@w-B)+n3¢aw-p)-w (Dw")"-p)
+ Y(Dpin-D) ] dx €))
1 1
+HHMOPWM$]+M6D&JW.

Stationarity of L requires:

1
1-111-fo(n2+113)dx=0 (10)
amy -am3 + N bp=DOw"" (11)
-w'"w" -Yy+A=0 (12)

with associated Kuhn-Tucker conditions.
For the problem at hand it is known that w20,s0 N3 =0, and as is

usual for problems involving the maximum deflection as a performance
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index, the multiplier 5 is a Dirac & - function or it is zero everywhere. As

w has one local maximum along the beam, the adjoint w is a deflection

corresponding to the beam being subjected to a distributed load m; bp and

apoint load of size a(l-nj) atapoint xy3 somewhere along the beam;

this follows from equations (10) and (11).

With p=p,x/l the state equation and the adjoint equation (11) are

integrated to obtain:
Dw" = Fx) = C(z3-z)

where
C = p012/6
z = x/1

and 3
[ MbCz3 + z(a(l-1m7)(x5-1)-M1bC)

; for 0 < x < xq
Dw" = G(x) = < MbCz> + (z-1)a(1-Mm1)%-N1bCz

for xg <z <1

.
The optimal design can then be verified via equation (12) to be
Dmin 0<x<x7, xpsx<1
D ={
«IT«‘?‘}TX X] £ X <X,

where xq, Xy arethe solutionsto F(x;) G (x;) = A'Dzmin , 1=

(13)

(14)

(15)

1,

2. The multiplier A is given by the volume constraint being active, and my,
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My, X are governed by

(M =0&mM =1 o (M=1&mn =0) or
16

f(l) bpwdx = aw(xg) &Ny + N = 1 (16)

w(xg) = mxaxw(x). 17

Figure 1 shows the optimal area function for weights a = 3,b =

1.5, length 1 =1, load p = 6x and constraints Dpin = 027 and W =

0.356. The optimal value of the criteria is 0.29 and this value is obtained
by both the weighted maximum deflection and the weighted compliance. For
a uniform beam of the same volume the value of the performance index is

0.33 , so in this example optimization results in about a thirteen-percent
improvement.

p(x)

w(x)

Figure 1. Design of a Simple Beam Under Two Criteria
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Design of a Simple Truss Under Two Criteria
The design of an elastic two-bar truss subject to two criteria suffices
to demonstrate some interesting features of multi-criteria design of a

discrete structure. The criteria are taken to be weighted measures of
displacement in two directions. Cross-sectional areas A; are the design
variables. For components {P}, Ps} of load and {u, up} of displacement,
the problem statement is:

mi/gl[rim(ax | ag ukl]

subject to:
Pk'E.Kkj“j=0; k=1,2
Apin - A €0 i=12 (18)
LA -W<O0
b}

Subscript i identifies the
members, 1; represent member
lengths, and the member
directions are given by 6; as
shown in Fig. 2. The stiffness
Figure 2 - Truss Layout matrix K is

Z s cos? 6; Z si sin 81 cos 91
i i

(K] = (19)
2 s; sin 6; cos 6; L s si 2 6;
i i

where s; = (AiE/li) are the member stiffnesses.
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The above min-max problem is solved in the form of the min

problem: )
min (B)
Aj
subject to:
agug - B<O
- (agug) - <O
kuk) - B 20)
Py - JZ Kkj y = 0
Amin - A; £ 0
ZLEA -W<O0.
The Lagrangian associated with this problem is
L= +%§le (Pk'E;Kkj uJ) + F“i (Amin - Aj)
21)

+ kZ {ﬂk[akuk-B] +Dk[-(akuk)-[3]} + ?(ZAili'W)-

Corresponding necessary conditions are (in part) :

I - ZMg+v) =0 (22)
-ZKkjﬁj+ak(T]k-l)k)=0 (23)
-z (aKkj/aAi)uk le - +A =0 (24)
k]

and the original equilibrium and design constraints, as well as the 'switching
equations." Equation (22) enforces the result that at least one among the

displacement constraints is tight for the solution. Multipliers (Mg > V) on

the displacement constraints appear as the loads in (the adjoint) equation

(23) as expected. Design sensitivity, given by the first term of equation
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(24), is expressed as unit mutual energy - mutual between original and

adjoint displacements. Given specified values for W, ap and Api,,and

using the KKT conditions on the multipliers, the optimal solution may be
determined from this system.
Two particular cases are examined, both within the simplifications

aj=1,1=1P =P, and A;, = 0. Forvalues 6, = /2;6,

1

T,
the solution is easily determined tobe n*; = v¥*y) = 1/2,m*) = v¥*; = 0,
u*| = u*y, A*; = A%y = W/21, and u*| = -u*y = 2PI2/WE. Note

that for this example every admissible design is Pareto optimum , i.e.,
starting with any design it is not possible to improve on either of the criteria

without sacrifice on the remaining one (see the next Section). The comment

still applies for the more general problem with a; + a5 ; P; £ Py.

In the second example case, 6; have the values 6; = w4;0, = 3w/4
The equations predict K*1p = 0, A*{ = A*) = W/2l, u*| = -u¥* =
2PI2/EW . Here, the condition K*;5 = 0 identifies the optimal truss as the

one whose principal directions coincide with the directions of the load. For
this problem there is only one Pareto optimal design . Given the results for
these two cases as the extremes, one may appreciate that in general the
multicriteria design problem might have anywhere from one to an infinity of

Pareto optimal designs.

Eigenvalue Problems
The multicriterion formulation provides an appropriate means for
the treatment of eigenvalue design problems as well, particularly those

where the structural design depends on separate response modes. Design of
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an elastic bar to be optimal with respect to both axial and bending vibrations
is an example. Also all cases where the response for the optimal design is
multimodal are managed properly using the minmax (or rather maxmin)
statement for multicriterion problems. Consider the design problem with

the objective to maximize the minimum eigenvalue. The multicriterion
problem statement expressed for vector {A; }, i =1,2, ... of eigenvalues

associated with design D(x) is simply

max (min{ A; }),
x) 1

with a set of constraints much like the ones associated with the example
problems already described. A fully detailed treatment of problems of this
kind is furnished in the lectures presented by Olhoff* , so the reader is
referred there for the rest of the story on multimodal design relative to

eigenvalues.

Discussion

Results from the min-max formulation given above may be related to
the problem of finding the set of Pareto optimal points for the vector valued
objective, and to other scalar forms that make use of a weighted sum of
criteria. For convenience the discussion of these issues is stated here in the
form associated with discrete problems. However, the arguments apply for
distributed parameter problems as well.

An admissible design is represented by element D: (D, D, ,...Dy)

e RM  subject to the constraints (dependence on state is implicit in these

expressions) : .
gj (D) <0 j=1,2,...,k. (25)
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The vector criterion to be minimized may be expressed as

f®) = [f1D),HD),....fh D ] - (26)

A Pareto optimal design D* is a design among admissible designs D that
satisfies

f (D) < f{(D*) = D = D*. 27
Here < is the partial ordering of R™ inherited from the total ordering of
R. Values of the criterion in terms of vector f might not be comparable
using the ordering <. The criterion for Pareto optimum implies that f (D*)
is a minimum among those values of the criterion for which a comparison
using < is possible. A consequence of this is that a design giving rise to a
value of the criterion that cannot be compared to any other value is optimal.
As observed with the truss example in Section 6, for a problem with two
conflicting (i.e., monotone varying with opposite sign) criteria any
admissible design is Pareto
/ optimal. This property might
A be represented qualitatively as
shown in Fig. 3. Considering a

Criteria

design in the interval indicated

there, any change in design

- results in an increase in the
Pareto Optimal DeSign
Designs value of at least one among the
Figure 3 Fig. 3 criteria f;.

In order to discuss relationships among the several approaches for
treating multi-criteria problems, recall that for the present min-max

formulation the objective for minimization is the scalar

max { a; fj }. (28)
i
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In another common approach, minimization is performed on a weighted sum

of criteria f;, say

Zi b; fj (29)
with weights bi (note that for the discussion aj, bi and fi are taken to be

non-negative) .

Considering the problem of minimization we now state and compare
necessary conditions for local minima for the problems involving the
criteria (26) , (28) or (29) and the constraints (25) . For the Pareto
problem the condition is (see e.g. Koski) :

m k
Y T]i(afl/aDl) + Z K (agj/aDl) = 0, I=1,...,n
i=1 J=1

n 20, p 20, wg=0o (30)

where 7; and M are Lagrangian multipliers. Stating the problem of
minimizing the functional (28) as a minimization problem for a bound J3
on the components a; f; leads to a necessary condition for the min-max
problem of the form

_rzn n; aj(dfi/dDy) + § uj(agj/aDl) =0, 1=1,...,n

=1 J=1 31)

m
n 20, ijO, i=Zlni=1,

nl (aifi'B)=O, l-ljgj=0,

where 1; and Wy are multipliers. Finally for the weighted sum (29) we

obtain
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k
El b; (dd;/dD1) + Zl }J.j(agj/aDl) =0, 1=1,...,n
1=

W20, Mg = 0.

where Wy are Lagrangian multipliers.

From these equations it is seen that a design D* that satisfies the

necessary conditions (31) for the min-max problem also satisfies the

necessary condition for the weighted sum if the weights b; are chosen to be’

M; a; and the values of the two criteria (28) and (29) are equal at this
design. Conversely, if a design D* satisfies (32) it also satisfies (31)

when the weights a; arechosenas P/f; (D*), B = X b;f;(D*) , and the

performance for the two problems is the same (equal to B) . Thus the
min-max problem and the weighted sum problem, both solved for all
combinations of utility factors, generate the same set of designs, and from
(30) it is seen that this set is exactly the set of designs that satisfy the
necessary condition for Pareto minimality.

The introduction of a scalar criterion of the form of (28) or (29)
implies that the designer decides a priori on how to weight different
components of the vector valued performance criteria. In contrast, finding
the full set of Pareto optimal points leaves this decision to be taken at a later
stage of the design process. As most methods of finding the full set of Pareto
optimal points involves solving a whole class of scalar optimization
problems, for many practical cases it is more sensible to consider only a
well-chosen scalar criterion, for example of the max-type presented in this
paper, or perhaps a limited set of them such as would be identified with a

practical range of values for the weight factors.
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Closure

We remark that while the example problems presented are (as usual)
simple, the method employed is quite general. Thus one can imagine a
similar approach as it would apply to design problems with a broad variety
of types of criteria or constraints, with local or global measure, covering a
variety of response modes, various purposes, and so on. One example of
such 'broader' type of problem is described in the section of these notes on
Fail-Safe design. The multicriterion formulation provides a useful basis for
the treatment of problems in the simultaneous design of structure and control
(this subject is discussed in separate presentations given by Bendsde*, by
Khot*, and by Venkaya*), as another example.

Lastly, the model for multicriterion optimization might be applied to
obtain an interpretation for the combined 'design of computational means
for solving problems' together with 'structural optimization.' This general
idea can be illustrated with the example where the finite element method is
used for the mechanics analysis in a problem of shape optimal design.

Suppose the objective for shape design is to minimize the maximum value of
a local measure, say fp , and let E;, represent a bound on the local finite
element error. If both measures of error can be evaluated over the same set

of points xy , and with shape determined by parameters y; and the finite

element grid points symbolized by zg, the combined (vector) design problem

is expressed as:

Min [Max {fp, Ep}]
Yi>Zg Xk
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For an analysis developed according to this statement, the shape
design and grid adaptation problems are fully coupled. Coupled forms such
as this may be warranted in cases where the original problem is particularly
sensitive, i.e., where the prediction of shape is sensitive to imprecision in the

finite element model computations.
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FAIL- SAFE DESIGN AND OTHER APPLICATIONS

This section is dedicated mainly to the presentation of a model for the
optimal design of fail-safe structures. The consideration of fail-safe design
requires that two or more distinct structural forms must be taken into
account at once in the design process, and this is the feature that makes the
category of problems unique. Earlier studies of such problems are reported
in the book by Haug and Arora, and in the papers by Haftka, and by Sun, et
al., for example. In the treatment given here, means for accommodating
multimodal response and multipurpose loading are incorporated into the
model for fail-safe design, so the model is in this sense comprehensive. This
model was described (Taylor) at the 16th ICTAM Congress, Copenhagen,

1984.
The Fail-Safe Structure -
Optimum to begin with,

after damage too |

According to the concept of fail-safe design, a system is required to
meet one or more sets of performance requirements beyond those dictated
for its primary purpose, under circumstances where the structure itself may
have different forms for the alternative requirements. Generally the altered
structure is designated in way to reflect damage or some other form of
degradation to the primary structure (damaged or diminished structures and
their associated loads and/or modes are labeled 'secondary'). Otherwise, the
fail-safe criterion may be identified with the possible occurrence of one or
more adverse changes in load, for example (such alternate loads also are
labeled 'secondary'). For present purposes it is assumed that where the
secondary context is related to structural damage or degradation, the form
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Dy of the diminished structure is defined somehow in terms of the primary

structure. As a simple example, the diminished structure might be given as a
(not necessarily spatially uniform) prescribed percentage reduction of the
primary structure. Or as another possibility, prescribed portions of the

original structure or its supports might be removed to characterize the
damaged form.

Our purpose here is, as indicated, to provide a relatively broad
statement of the optimization problem for fail-safe design. Fail-safe optimal
design is properly characterized as a multicriterion optimization problem.
Thus the variational treatment follows directly according to the minmax
interpretation already given for multicriterion problems. Once again, the

bound form for a problem with the set of (properly conditioned) criteria

Gj ;J=1,2,...N weighted by factors a; may be stated as:
min ([3)
i B
subject to:

* ajGj- B<O j=12,..N

* performance and design constraints

The main requirement for application to the fail-safe problem is to

have sensible identification of criteria Gj and the 'state' and 'design’

constraints with the respective primary and secondary contexts already
mentioned. This bookeeping is accomplished simply enough with the
introduction of appropriate notation. We introduce symbols D(x), ug(x),
and Gj(D;u) to represent the primary design, issociated state, and criteria
respectively, and the parallel notation Dg, ugy, and Ggj to represent the
like quantities for the secondary contexts. For distributed parameter

- - A .
structures the vector valued functions ug (or ugy) represent displacement
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fields of the appropriate dimension. Subscript o on the state function ug, o
= 1,2..,M serves to identify states associated for different 'purposes' or
'modes’ with the single primary design D; thus the value of M equals the

total number of primary 'modes plus purposes.’ Subscript s, on the other

hand, identifies the separate secondary contexts. Thus Dg, s=12,..,X

represents the various forms of secondary (damaged) structure, X, in total

- A A
number, and ugy symbolizes the state for the oth purpose or mode, for the

th

s~ secondary structure. Altogether the problem statement for fail-safe

design of a structure with N, primary criteria and Ng. secondary criteria,
s=1,2,..,2 is stated:
min (B)
D
subject to:

a:GiD,uq)-B < 0
iGj(Dug) - B @)

A A A
35iGgj(Dguge) - B < 0

DS - fS(D) S O j = 1,2...,NC
A
J=12,..,Ng.

Stateqy, (D,ua’pa) s=1,2,.,2

A _ A A A

Statesa (Ds,usa,pa) o = 1,2,...,M
o=12,..M

Design Constraints

Weight factors 3 and ag; have specified values. In the constraint written as

Dy - f{(D) < 0, which is intended to define the secondary structure in terms

if the primary one, f; may be thought of as a 'damage function.' In fact the

matter is not quite so simple as it might appear, and care must be taken with
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the implication of dependence in the prediction of the optimum solution on
the form of this statement. It is simpler to appreciate that in the case of a

secondary context which relates just to a different load and its associated set

of criteria, Dg=D. Note also that a different 'purpose’ is represented simply

A
by a distinct element of the vector py (or pgg for a secondary structure),

whereas the accounting of different response modes is reflected in the choice
of the appropriate 'state equations.” Functions ug, and ﬁs/(; represent the
corresponding 'state fields' in either case.

Details for the treatment of problems according to the statement of
equation (2) are by now mostly routine, i.e., necessary conditions can be
listed and then interpreted along much the same lines as was done for the
developments described earlier. Indeed there may not be much reason to
trouble over example problems at all, except perhaps to demonstrate that it is
possible to make sense out of the mess of notation. Examples are described
for the fail-safe optimal design of trusses and of beams. (We make use of the
truss design example because the 'discrete structure’' model is in some ways
more convenient as a means to demonstrate the formulation and the use of
notation. With respect to these aspects of modelling the fail-safe problems,
the approaches for discrete structures and for distributed parameter

problems are quite the same.)

Fail-Safe Truss Design
Suppose that the truss layout is given; then the design is expressed in

terms of the member areas A;, i=1,2,...,P for the truss with 'P' members. A
damaged structure represented by Ag; is defined relative to the original A;

by the constraints

ASi - riAi < 0 i=1,2,...,P (3)
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Values for the factors r; are specified; they should be non-negative, and to

reflect damage or degradationr; < 1. We consider a single primary purpose

with constraints on stresses and on displacements, and a single-purpose
secondary context with just one constraint to reflect a limit strength for the
damaged members. The problem is summarized in the statement (patterned
after (2)):

Min (B)

A
subject to:
o3| - B < 0
au|-B <0 i=1,2,...,P
agogi(ugM) -B < 0 s=1,2,...,% (4)
Agi-1iAj < 0 v=1,2,...,Ny
{u3TKA){v}- {P}=0 forallvinV
{ug} TIK(AQNHve} - [P} =0 forall vgin Vg
Amin-Aj < 0

P

e Al;-R <0
Components ulY) and P(Y) of the discrete vector fields {u} and {P}
appearing in the virtual displacement (state) equations represent nodal
displacements and nodal loads (subscript & does not appear here because both
the primary and the secondary contexts are taken to be single purpose/single
modal). Matrix [K] for the system stiffness is interpreted in terms of the

dependence of its elements, say KaB, on the design variables A;.

Displacements {u} and {v} belong to the set, say V, of admissible

displacement fields. Value R in the isoperimetric constraint is the measure
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of available structural resource, e.g., the volume of material available for

the truss.
The Lagrangian for problem (4), say L, depends on f, u(Y), uS(Y), A,

V(Y), VS(Y) and the multipliers with the list of constraints. The 'optimality

conditions' for the problem are obtained simply as the conditions
dL/0A;=0 i=1,2,...,P

for stationarity of the Lagrangian with respect to design. Requirements for

stationarity of L w.r.t. u(¥ and uS('Y) are the primary and secondary adjoint

state equations. The adjoint loads which appear in these equations are

expressed in terms of the multipliers associated with the criterion

constraints. The full set of KKT conditions are necessary and sufficient for
this problem, and so they provide the means to solve for the minimal
fail-safe design.

For an illustrative example, the primary and secondary strucures are
taken to have the forms shown in the following figure.

r——— 10! ——T—-m' ——"]
2%

Primary and Secondary Truss Structures
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One member of the 'primary' three-bar truss is completely removed in the
secondary context, while the other two members remain unchanged

(undamaged). Accordingly, the 'damage matrix' r of equation (4) has the

form:
[0 0 0
r= |01 0
00 1

The detailed solution is presented here for the case with a single primary
load {P(l), P(2)}T, one secondary load {Pl(l),Pl(z)}T, and where the
displacement constraint of (4) is inactive. Suppose that the multipliers on the
stress constraints are symbolized by A; and Aq; for the primary and

secondary contexts, respectively. Then the results for 'switching equations'

associated with these constraints are:

A E@D +u@)20-B] = 0 (2)
M[EuP/10-p] = 0 (b)
M-EuD) +u@)20-8] = 0 ©
Mola B @10- 8] = 0 ©)
A3l-agECuy D 40,2201 = 0 e)

The optimal design may or may not be influenced by the secondary context,

represented here in the latter two of the five equations, depending on the

value of weight factoray; if
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a; > min[108/Eu;p(®); 20B/E(ug(1-v;p(2)) d a1*]
the secondary context does affect the solution. The range of possible optimal

solutions, limited here for simplicity to non-negative values for specified
loads P(Y) and PI(Y), is summarized in the following two tables, the first one
covering results fora; < a;* and the second table fora; > a;*.

Specific numerical results are given for optimal solutions
corresponding to the values P(D =20 ksi, P(2) =30 ksi, Appin =1 in2, and
E =107 psi, as an example. For the situationa; < a;*, the solution is

Ap=113in2, Ay =040in2, A3=0.1in?

B =2.5ksi, R=214in3
This result is identified with Case 1 of Table 1. On the other hand, with the
additional secondary context Pl(l) =1 ksi, Pl(z) = 11 ksi, and ay = .893, the
optimal solution belongs in Case 2 of Table 2 and we find:

Ap=1.126in?, Ag =0.429 in?, Az =0.1in?

B=2.5ksi, R=21.6
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Table 1 - Summary of Optimal Truss Designs

fora; < a;*... Primary Context Dominates

Active
Case Stress Optimal Solution Values
Constraints Designs for B

Ay ="2pPB

1 (@and (b) A, =@ -p)yp 10(P(D) 4 p(2)y,

Az =Apin * (R-10v2 Apin)

Al = Amin

2 (and() A=CPD+P@yg  30op(D 4 10p2)
22 A0 ‘(R + (20+10V2)A i

Az =V2PB-2A .

Ay =V2 @D + pPy2p

3 @and(c) Ay=A 20 P(DyR-10A

min min)

Az =2 (P(D - P2
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Table 2- Summary of Optimal Solutions for

a; > ap* ... Design Influenced by Secondary Context

Active

Case Stress Optimal Solutions
Constraints
Ay = V2P
1 (a),(b) and (e) Ay = (P(2)-pP()/B
Az = V2 ay Pl(l)/B
B = 10(P() + P2) 4+ 2a;P; ()R
A1 = [(V2A1+A3)P(1) + A3P(2) - A5A3B]
‘(Ag +V2 A3)B
(a) and (d) where Ay =aj(P1(1) + P; (D)8
2 A3 = Amin

B = -G +VG2-4FH /2F
F = 200 A2, - 10V2R Ay
G = 10072 ApyinP(D) + P(2))
+21(200 Apin - RI(P1(D + P1(2)
H = 20P(D) a;(p{(1) 4 p;(2))
+10V2 212 (Py(D) + P{(2))2

(a), (d) and (e) A1 =x/
3 Ay = aj(P1(D) + P2y
Aj = N2 alpl(l)/ﬁ
where k = V2 [2P(Dp(1) + P(1)p;(2) 4
P(2)p;(1) - ayp;(Dp (1) + P, (2)
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The secondary loads applied to the Table 1 design would result in a 7%

violation of the stress constraint for member two.

Example of Fail-Safe Beam Design
The primary system for this example is comprised of a propped
cantilevered beam under a single uniform lead. In the secondary context the

same beam is required to carry a lesser load but with the prop support

load p load p;

0 O O O O O EEEEEEREE,

—-- —

e, X e S X
< L < L

Primary System Secondary System

NNNN

removed. (Note that in this case sets V and V of admissible displacement

(cf. equation (4)) are distinct.) The design is required to meet a single
criterion in the form of a bound on bending stress in each of the primary and
secondary contexts. The width b(x) of a beam cross-section with uniform
depth is the design variable. Problem statement (2) simplified for this
example has the form:

min ({3)
b(x)

subject to:

w'[-B <0
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ow'y|-B <0  allxin(OL)

bmin -b < 0
L

jo [ebw"v" - pv]ldx =0 allvinV
L

[y [ebw"v' - pyvqldx =0 allvinVy
L

Jobdx-R <0

Here flexural rigidity has been represented by cb(x), c = constant, and the
(prescribed) ratio of primary to secondary allowable stress is given by
constant a.

As in the prior example, the KKT conditions are sufficient as well as
necessary for the optimal fail-safe beam design, so the solution can be
determined directly from this system of equations. For the sake of brevity,
we bypass the detailed analysis for the problem and merely point out that (a)
the optimal solution may be affected by the primary or the secondary
contexts alone, or by them in combination, depending on the values

prescribed for R, o, p, py, and b, i,, and (b) generally the solution is

comprised of segments over the beam length, where the segments have
functionally unique form depending on one or another of the local
constraints in equation (5).

The specific result for the optimal design and the associated stresses
obtained for the value ap;/p = 1/6 are shown in the figures. Of the five

intervals covering the length of the beam, in the first and fourth the primary

criterion dominates the design, the secondary criterion governs in the second
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interval, and b = b,. . in the remaining segments.

Jb(x)
N
| l
] ! 1 L > X
X4 Xo X3 Xq L
Optimal Fail-Safe Beam Design: ap/p = 1/6
Closure

Wherever safety or dependability of a system is at issue, the
fundamental notions of fail-safe design must be represented in the process
that leads to the prediction of practical designs. Thus the subject is quite
basic, and yet there is apparently only relatively moderate interest in basic
research on the modelling of such problems. At the same time, it seems that
the further development and application of methods for fail-safe design
should be within reach with reasonable effort, and therefore one might
expect an increase of activity in this important subject. Several aspects of the
subject clearly could benefit from attention. Surely there is a need to create
effective means for the computational solution of fail-safe design problems.
Additional work is required in order to have an understanding of how
properly to characterize damage or structural degradation in tractable form.
Also there is a need for clarification on the relationship between worst-case
design and fail-safe design, and on the modelling for sets of continuously

varying damage states.
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Throughout the chapter the usefulness of adopting variational methods
for the mathematical formulation of a broad class of structural optimiza-
tion problems is emphasized. Thus, problems of geometrically constrained and
unconstrained optimal design are formulated by variational analysis and dis-
cussed for linearly elastic {Sections 1-4,6} and viscoelastic {5} struc-
tures whose deflections are governed by ordinary or partial differential
eigenvalue or boundary value problems via an extremum principle.

Primarily, problems of optimal material distribution in beam {1,3-5},
column {1,2}, shaft {1,3,4} and plate {6} elements of fixed size are consid-
ered, and the optimality criteria include minimum weight, maximum static
stiffness, maximum Euler buckling load, maximum fundamental or higher order
natural vibration frequencies, maximum gap between adjacent natural vibra-
tion frequencies or critical whirling speeds, and maximum dynamic stiffness
under external vibrational excitation.

A quite extensive list of references connected with the topics dis-
cussed is given by the end {7} of the chapter. Comprehensive general reviews
of the field of optimal structural design have been published by Wasiutynski
and Brandt [1] in 1963, Sheu and Prager [2] in 1968, Prager {3] in 1971,
Niordson and Pedersen [4] in 1973, Rozvany and Mrdz [5] in 1977, Venkayya
[6] in 1978, schmit [7] in 1981, vanderplaats [8] in 1982, and by Olhoff
and Taylor [9] in 1983. This rapid sequence of reviews and the publication
of a number of textbooks [10-26] witness the recent progress and increasing

importance of the field.

SECTION 1

OPTIMAL DESIGN OF ONE-DIMENSIONAL, CONSERVATIVE, ELASTIC
CONTINUUM SYSTEMS WITH RESPECT TO A FUNDAMENTAL EIGENVALUE

1.1 INTRODUCTION

For one-dimensional, conservative structural systems made of linearly
elastic material, problems of optimal design with respect to a fundamental
eigenvalue have by now been studied quite intensively. In this section, we

consider eigenvalues of self-adjoint and full-definite structural eigen-
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value problems, as for example the first frequency of free axial, torsional
or transverse vibrations of rods and beams, the first critical speed of
rotating shafts (excluding gyroscopic effects), the critical Euler buckling
load of columns, or the critical torsional divergence velocity of a wing. A
unified variational formulation for optimal design with respect to a
fundamental eigenvalue will be presented in the following, and we outline
the basic concepts and characteristics of such problems.

Optimal design with respect to structural eigenvalues was already
considered by Lagrange [27] in 1770, and later by Clausen [28] in 1851, but
it was Keller's paper [29] from 1960 that provided inspiration for the
considerable contemporary research efforts in the area. Refs. [27-29] deal
with optimal design of columns against Euler buckling, i.e. optimization
under static loads.

Optimal design with respect to eigenvalues of structures under
dynamic loading conditions is generally more complex, because the loading
changes with changes in the design. This field of optimization was opened
by the significant paper [30] published by Niordson in 1965. Surveys have
since been prepared by Ashley and McIntosh [31], Pierson [32], Reitman and
Shapiro [33], Rao [34], and by the author [35,36].

1.2 PRELIMINARY CONSIDERATIONS

We follow Ref. [36], and consider a straight, one-dimensional, single-
purpose structure with a coordinate axis x embedded. The structure has
given length L and variable cross-sections with common directions for
principal axes of inertia. Let A(x) denote the cross-sectional area of

the structural material, that is, linearly elastic material contributing
to the specific structural stiffness s(x) , where the term specific refers

to unit length of the structure. We then consider relationships between

s(x) and A(x) in the form
s(x) = cEAY(x) 0<x<L (1.1)

where Young's modulus E , the factor c¢ and the power p are positive
constants, that are assumed to be given.

Although (1.l1) restricts the cross-sectional variation, it covers a
large class of structural types and behaviour. Thus, axial deformation is

covered by ¢ = p = 1 . In torsional divergence or vibration, thin-walled
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cross-sections of variable thickness but constant planform are covered by
p =1 , and geometrically similar solid cross-sections, by p = 2 . For the
bending associated with transverse vibration of beams, whirling instability
of rotating shafts, and Euler buckling of columns, Eg. (1.1l) models the
following types of cross-sections: Fixed width sandwich cross-sections with
uniform thickness cores of zero stiffness covered by two identical thin
face sheets of variable thickness are modeled for p =1 , and so are solid
cross-sections of constant thickness and varying width. Solid cross-sec-
tions of variable size but fixed shape correspond to p = 2 , and solid
rectangular cross-sections of fixed width and variable thickness are
modeled for p = 3 .

A generalized expression for the Rayleigh quotients associated with
conservative problem formulations for free axial, torsional or transverse
vibrations, whirling instability, divergence or buckling instability,

respectively, of our one-dimensional structure can be written in the form

L
J cEAP (x) e[y (x) ]ax
A= 0 , (1.2)

L
J {prr(x) +q(x) }f[y(x)]dx + ZQif[y(xi)]
0 i

where the stiffness representation (1.1l) is used. In (1.2), /A denotes the
square of the fundamental angular frequency w for a particular vibration
problem, the square of the first critical angular speed ®w for a whirling
problem, the Euler load P for a buckling problem, or the square of the
critical free-stream velocity v multiplied by a factor for a torsional
divergence problem for a wing, and y(x) represents the corresponding

deflection mode. According to Rayleigh's principle for self-adjoint and
full-definite eigenvalue problems, A 1is stationary and equal to the
fundamental eigenvalue at the fundamental mode y(x) among all other
kinematically admissible deflection functions. .

The deflection y(x) and its derivatives are contained in positive
definite quadratic forms in the symbols el[y] and £[y] , which must be
interpreted according to the particular type of problem, cf. Table 1l. The
expressions given for el[y] in the cases of transverse vibrations, whirl-
ing instability and buckling instability, respectively, are those
consistent with Bernoulli-Euler beam theory. It is assumed by the form of
(1.2) that linearly independent, homogeneous boundary conditions and condi-
tions at possible interior supports are specified for the structure.

Elastic supports are excluded for brevity.
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Type of problem Characteristics |ely]|£[y] lefere?tlal
equation
Torsional divergence p=1l,r=0,qg(x)Z1, 5 5 .
' - ] =
of a straight wing b=0 ,Qi=0 b y {Eay") Ay
1
5 5 -{EAY'} =
Axial vibration of rods =r=pb=c=1 '
P ¢ Y Y AMoa+qly
p 1
5 2 -{cEA"y'} =
Torsional vibration of rods =r>1 '
P — 4 4 A{prp+q}y
Transverse vib. of beams or P "
5 5 {cEa"y"} =
whirling instability of >1,r=b= "
g9 Yy p>1, y y Moa+qly
rotating shafts
pi_llr—_.o ,9(x)=1, 2 2 "
Buckling of columns vy —{cEApy"} = Ay"
b=0 ,Qi=O
Table 1.

The problem of torsional divergence instability of a straight air-
plane wing with elastic axis perpendicular to the airstream and constant
cross-sectional profile along the span, is covered by (1.2) with g(x) = 1,
b=20, Qi =0 and p =1, if aerodynamic strip theory is used and the
dominating contribution to the torsional stiffness comes from the skin, the
(small) thickness of which is assumed to vary along the span.

For vibration problems, the term prr(x) in (1.2), with p>r>1,
b a given positive constant and p the mass density, represents the
specific structural mass for rectilinear vibration types, or the specific
structural polar mass moment of inertia for torsional vibration. The former
types are associated with r=b=1,whereas r=p for the latter. Similar-
ly, 4q(x) represents the specific mass or specific polar mass moment of
inertia of distributed dead mass loading and/or non-structural material
(e.g. core filler in sandwich structures). Eq. (1.2) also covers vibrating
structures carrying lumped dead mass loads at specified points x==xi . The
constants Qi identify their masses or mass moments of inertia. Both Qi

and qg(x) are assumed to be given.
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In the classical problems of buckling instability under external
axial compressive forces, the own weight distribution of the structure can
be disregarded, and it is then characteristic that A(x) does not appear
in the denominator of the Rayleigh quotient. The problem is included in
(1.2) if we take q(x) =1, b =0 and Qi = 0 . Allowance can be made for
buckling caused by own structural weight [37] and/or lumped dead weights
attached along the column span, by changing the denominator of (l1.2) to a
slightly more general expression, but it is omitted here for reasons of

brevity.
1.3 MAXIMUM FUNDAMENTAL EIGENVALUE FOR PRESCRIBED VOLUME

For given structural length and material, cross-sectional style, given type
of single-modal behaviour and given boundary conditions, the optimal design

problem may be stated in the form:

With the cross-sectional area A(x) of structural material as
the design variable and the fundamental eigenvalue A as the
objective fumction, determine the design that maximizes A
subject to the integral constraint of given structural volume
vV = fg A(x)dx , and subject to the geometric constraint that

A(x) may nowhere be less than a prescribed minimum value A

’

i.e. A(x) z_i .
Using variational formulation, the optimal design A(x) , its as-
sociated mode y(x) and optimal eigenvalue A are identified with sta-

tionarity of the following augmented form of the functional (1.2),

L
I cEAP (x)ely (x) lax
0

*
=
J {prr (x) +q(x)}f[y(x)]dx+ZQi fly (x))]
0 * (1.3)
L L 2 _
- K{J A(x)dx-—V} - J B(x){g (x)-A(x)-fA}dx .
0 0

Here, the quantities k and B(x) are Lagrangian multipliers, and the
geometric minimum constraint A(x) Z_ﬁ has been converted to an equality

. . 2
constraint by means of the real slack variable g(x) defined by g (x) =
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A(x) - A . In optimal design problems, minimum cross-sectional area con-
straints were first considered by Taylor [38] in 1968.

Now, Rayleigh's principle and the introduction of the Lagrangian
multipliers permit the variation of A* with respect to variations of
y(x) , A(x) and g(x) to be taken independently.

Noting that the stationarity of A* (1.3) with respect to all
admissible variation of y(x) 1is equivalent to the stationarity of the
Rayleigh quotient with respect to variation of y(x) , we first obtain the
differential equation (cf. Table 1) and the natural boundary conditions for
the problem, along with the jump conditions at inner supports and at the
points X, where the concentrated loads Qi are attached to the
structure.

Next, stationarity of A* for arbitrary admissible variation of

g(x) gives
B(x)g(x) =0 (1.4)

Finally, stationarity of A* with respect to all admissible varia-

tion of the design variable A(x) yields the optimality condition
pcErP ! () ely ()] - xbpha™ L (0 £ly (0] = k(1 - B(x)) (1.5)

after applying (1.2) and redefining the Lagrangian multiplier «k by
dividing it by the denominator in expression (1.2).

In order to formulate the governing equations without explicit
appearance of B(x) and g(x) , we exploit that either g(x) =0 or
g(x) # 0 . Denoting by xc the (unions of) sub-intervals in which g(x) =
0 may take place, and denoting by X, the remaining sub-intervals (where
we have g(x) # 0) , Eq. (1.4) gives us that A(x) = A (constrained) for
x € X and that A(x) > A (unconstrained) for x € X, - In the latter
sub-interval(s), Eq. (1.4) can only be satisfied if B(x) = 0 , which
clearly reduces the optimality condition (1.5) for x € X, -

A complete set of governing equations for optimality, which by their
derivation are necessary conditions for a possible optimal solution, may

now for convenience be listed as follows,

Rayleigh quotient expression for A , Eq. (1.2) (1.6a)
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Differential equation for problem type, cf. Table 1 0<x<L (l.6b)

chAp_l(x)e[y(x)]-—brpAAr_l(x)f[y(x)] =k ><€xu (1.6c)
A(x) > A x€x  , Ax) =2 x€x_ (1.6d)

L
J A(x)dx = V. (l.6e)

0

Note that the form (1.6c) of the so-called optimality condition is
restricted to the unions of a priori unknown sub-intervals X, where the
design variable A(x) is unconstrained. Clearly, the unions of sub-
intervals X, and X, make up the entire interval O <x<L . Specific
forms of the optimality condition for particular problems are easily
identified with the help of Table 1. It is noteworthy that the second term
on the left-hand side of the optimality equation is not present in tor-
sional divergence and classical buckling optimization, for which b =0 .
The first term of the optimality condition is interpreted as the average
strain energy density in the design fibres, i.e. the fibres that are af-
fected by a change in the design. Constancy of this energy density is found
to be a general principle in geometrically unconstrained optimal design
under static loads, see Masur [39].

Along with the boundary conditions and the other conditions mentioned
above, Egs. (l.6a-e) constitute a coupled, non-linear, ordinary integro-
differential eigenvalue problem, where the unknowns to be determined are
the optimal eigenvalue A , the optimal distribution of structural material

A(x) (which includes determination of the sub-intervals xc and xu), the

associated fundamental mode y(x) , and the Lagrangian multiplier « .

It is noted that the cross-sectional constants p and r play a
fundamental role in the coupling and the non-linearities of the equations.
Evidently, cases of p = r = 1 are the easiest to deal with, because such
problems are linear in the design variable A(x) , which even vanishes
from the optimality condition (1.6c). Although (l1.6c) remains non-linear in
the deflection, it is often possible to obtain analytical solutions to
problems with p =r =1 , see for example Prager and Taylor [40]. For
buckling problems, where b = 0 , so that terms involving r drop out,
analytical solutions have even been obtained for p = 2 , as for example in

[29]. For vibration optimization problems associated with values of p
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other than unity, however, the coupling and the non-linearities of the

governing equations generally only permit numerical solution.

1.4 MINIMUM VOLUME DESIGN FOR PRESCRIBED FUNDAMENTAL EIGENVALUE
An alternative, dual formulation for optimal design is the following:

With the cross-sectional area A(x) of structural material as
the design variable and the structural volume V = fg A(x)dx

as the objective function, determine the design that minimizes
V subject to the behavioural constraint of specified
fundamental eigenvalue 1 and the geometric minimum constraint
A(x) Z.Z where A is given. Again, the structural length and
material, the cross-sectional style, the type of single-modal
behaviour, and the boundary conditions, are assumed to be

given.

The set of necessary governing equations for a possible optimal solu-
tion to this formulation are easily derived by variational analysis of the

functional

L
J cEAP (x) e[y (x) Jax

L 0
V' o= A(x)dx - v I - A

{prr(x) +q(x)}f[y(x) lax + ) Q, fly(x;)]
i

0
(1.7)

L 9 _
- I u(x){g (X) -A(x) +A}dx ,
0

where the behavioural constraint and the geometric minimum constraint have
been adjoined to the functional V by means of Lagrangian multipliers ¥y
and u(x) , respectively.

By variation of A(x) we find that the optimality condition takes

the form

Y{chAp'l(x)e[y(x)] —rprAr'l(x)f[y(x)]} =1- (1.8)
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which for x € X, reduces to
Y{chAp—l(x)e[y(x)] —rprAr_l(x)f[y(x)]} =1 x € X (1.9)

since the Lagrangian multiplier u(x) vanishes in the sub-interval (s)
where the design variable is geometrically unconstrained. The form of Egs.
(1.8) and (1.9) involves a redefinition of yp in the same manner as the
Lagrangian multiplier «k in Egs. (1.5) and (l.6c).

As the result of the complete variational analysis, we find that the
present min.V fixed A formulation is also governed by Egs. (l.6a-e),
with the only exception that the Lagrangian multiplier «k in the optimali-
ty condition (l.6c) is replaced by 1/y . In the present formulation, the
unknowns to be determined are the minimum structural volume V , the
optimal distribution A(x) of structural material, the fundamental mode

y(x) , and the Lagrangian multiplier vy .
1.5 ON EQUIVALENCE OF DUAL OPTIMIZATION PROBLEMS

The system of equations governing the max.M fixed V problem in Section
1.3 and the governing equations for the min.V fixed A problem consider-
ed in the foregoing section only differ by the Lagrangian multipliers «
and Yy and corresponding slightly different appearences of the optimality
conditions. It is therefore not surprising that these dual optimization
problems, generally speaking, are equivalent. However, exceptions exist.
Comparing the optimality conditions, (l.6c) and (1.9), it is obvious
that a min.Vv fixed N solution will at the same time be a solution to a
max.\N fixed V problem, with k = 1/y . Note that vanishing of the
Lagrangian multiplier Yy is excluded by the form of Eg. (1.9).
Furthermore, a max.\N fixed V solution associated with a non-zero

Lagrangian multiplier « <1s at the same time a solution to a min.V fized
A problem, with y = 1/k .

However, a max.) fixed V solution with k =0 is not a min.V
fixed A solution, because it is unable to satisfy the optimality condi-
tion (1.9) for a problem of the latter type.

Now, generalizing an approach of Brach [41], let us state precisely
for which type of problems the equivalence may be lost. First, we multiply
Eq. (1.5) by A(x) and integrate over the interval O < x < L . Using Egs.

(1.6d-e) and employing that B(x) = 0 for x € X, o We find
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L L
I pcEAR (x)ely (x) lax - J rbpAa” (x) £y (x) ldx =
0 0
(1.10)
K{V—RJ B(x)dx} .
x
c

Then, multiplying Eq. (l.6a), i.e. Eg. (1.2), by the product of r and the
denominator on the right-hand side, and subtracting the resulting equation

from Eq. (1.10), we obtain

L
K{V—I_\J B(x)dx} = (p-rx) J cEA (x)ely (x) lax
e ° (1.11)
L
+ rA{J’ q(x)f[y(x)]dx+2Qi f[y(xi)]} .
0 i
Here, the first integral on the right-hand side (representing twice the
potential energy of the structure) is positive. Furthermore, we have p>r
for the types of problems considered, cf. Table 1. The subsequent terms on
the right-hand side of (1.11) are non-negative.
Thus, Kk can only vanish, i.e. the equivalence of the dual optimiza-
tion problems can only be lost if both p =r , a(x) = 0 and 9 = o .
Note that, among the types of problems considered here, the equivalence can
only be lost for vibration optimization problems.
Taylor [42] was the first to establish the equivalence of dual formu-
lations for optimal design. The subject has also been considered in

papers by Vavrick & Warner [43] and Seiranyan [44].

1.6 GEOMETRICALLY UNCONSTRAINED OPTIMAL DESIGN

We may drop the minimum constraint in the formulations considered above by
setting B(x) = 0 and u(x) = 0 , respectively, in Egs. (1.3) and (1.7).
The governing equations for the resulting geometrically unconstrained
optimization problem are thgn obtained as a special case of Egs. (l.6a-e)
associated with A = 0 and validity of the optimality condition (1.6c) in
the entire interval 0 < x < L (which X, becomes identical to). Examples
of geometrically unconstrained optimal solutions are illustrated in dimen-
sionless form in Fig. 1 for columns and in Fig. 7 for transversely vibrat-

ing beams.
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A geometrically unconstrained optimal design is in general associated
with maximum obtainable merit. However, geometrically unconstrained solu-
tions must often be regarded as limiting solutions from the point of view
of practical design, in other words, geometrically constrained optimal
designs are preferable in practice. Nevertheless, it is evident that know-
ledge of maximum obtainable efficiency is of both theoretical and practical
importance, and that geometrically unconstrained solutions direct the
designer towards maximum economy of material.

It is a general feature that geometrically unconstrained optimization
of one-dimensional structures results in statically determinate solutions
when a single mode formulation is used. This fact is connected with the
occurrence of points in the optimal solutions with vanishing structural
material. At these points, the derivative of the deflection appearing in
the optimality condition may exhibit discontinuous behaviour in problems
with p =1, and in cases of p =2 and p = 3 , points of vanishing
structural cross-section are associated with significant singular behaviour
of the deflection and/or its derivatives. In optimal design of transversely
vibrating beams with p =2 or 3 , the cross-section may vanish in two
essentially different ways at singular points; either in a way that is
found at a hinge, a so-called Type I singularity, see e.g. Fig. 7a, or in a
manner found at a free structural end (Fig. 7b) and at an inner separation
(Fig. 7c), which is called a Type II singularity. In optimal columns, the
governing equations only admit Type I singularities (cf. Figs. la,b,c) if
the point is under axial compression, which by the way seems obvious from
physical grounds.

Now, when a priori statically indeterminate structures are optimized

without geometric minimum constraint on the basis of a single mode formula-

tion, it is the automatic formation of hinges or separations in the
structure that reduces this to a statically determinate one, cf. Figs. lc
and 7c. The singular behaviour at points of zero cross-section is studied

quite intensively in [30,45-47] for different one-dimensional problems.

1.7 SUFFICIENT CONDITIONS OF OPTIMALITY

The optimality equations (l.6a-e) are derived as necessary conditions for a
possible optimal solution, and they do not, in general, state sufficient

conditions for global optimality.
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For problems associated with p = r = 1 , sufficiency can be shown in
specific cases, however. This was first demonstrated by Taylor [42], who
proved the global optimality of a solution obtained by Turner [48]. Shortly
after, sufficiency of possible solutions to geometrically unconstrained
vibration problems associated with p = r = 1 was shown by Prager and
Taylor [40]. A proof for corresponding constrained problems does not seem
to be available, but might, for example, be established along lines indi-
cated in [49]. For vibration optimization problems with p > 1 , sufficien-
cy is generally not ensured.

As to buckling optimization, sufficiency is proved by Taylor and Liu
[S0] for a geometrically constrained, statically determinate p = 1
column, and a proof for statically determinate p = 2 columns is available
in Tadjbakhsh and Keller [51]. The latter authors claimed validity of their
proof independently of the column boundary conditions, but Masur [52] and
Popelar [53] have since noted that the proof breaks down for statically

indeterminate cases, and [54] provides an illustration of this.
1.8 EXISTENCE OF SOLUTIONS

Existence of optimal solutions cannot generally be assured a priori.
Consequently, their possible existence cannot be demonstrated until the
actual solution is arrived at.

Non-existence of optimal solutions on the contrary, can in some cases
be shown. For example, no min.V fixed A solutions exist to the types of
vibration optimization problems considered, if p = r and both
geometrical constraints, non-structural material, and external dead
)

loading are absent™) . 1In this case, the eigenvalue problem defined by the
differential equation (l1.6b), cf. Table 1, and the boundary conditions
considered, is linear and homogeneous in both Ap(x) and y(x) . Thus,
denoting by A(x) a design associated with the prescribed value of A

and satisfying (l1.1l) along with a vibration mode ¥(x) , the eigenvalue A
is maintained by a design CA(x) , where C is an arbitrary constant. The

volume of this design, however, can be made arbitrarily small by choosing

a sufficiently small value of C .

Note, in view of the discussion in Section 1.5, that the dual problem
would be associated with k =0 , Eq. (1.11).
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Considering the dual problem of maximum A at fixed V and L

specially for transversely vibrating p = r = 1 beams with gq(x) = 0

’
Qi = 0 and no minimum constraint, Brach [55] demonstrated non-existence
for the case of a cantilever, but existence of an optimal solution for a
simply supported beam - results that have later been confirmed in [46,56].
It is interesting to note, as an illustration of the result cited at the
end of Section 1.5, that for these cases of pPp=r, g(x) 0 and Qi =0,
the equivalence is lost for the dual simply supported beam problems,
whereas the equivalence holds for the cantilever problems in the sense

that no optimal solution exists for either of the dual formulations.

SECTION 2

OPTIMAL DESIGN OF ELASTIC COLUMNS AGAINST BUCKLING.
BIMODAL OPTIMIZATION

2.1 INTRODUCTION

We consider the problem of determining the optimal design of a thin,
elastic column such that the Euler buckling load attains a maximum possible
value for given material volume, length and boundary conditions. We first
assume the optimum buckling load to be a simple eigenvalue, and obtain the
governing equations for the problem from the general theory of section 1.
The type of singular behaviour that may occur in geometrically unconstrain-
ed problems is discussed, and conditions for optimal location of inner
singular points are stated.

For structures of some complexity or statical indeterminacy,
optimization against buckling must be conducted with bimodal or even multi-
modal optimal buckling loads in perspective. This trend, which requires an
extended formulation for optimal design, already manifests itself in the
case of a doubly clamped column, and we shall discuss this problem in

detail.
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2.2 SINGLE MODE FORMULATIONS FOR OPTIMAL DESIGN

Consider a thin, straight, elastic column which has the volume V , length
L and Young's modulus E , and is subjected to an axial compressive force,
the value of which is P at buckling. The cross-section of the column is
permitted to vary along the column axis according to (1.1l) with s(x) =
EI(x) , the bending stiffness of structural material. In (l1.1), A(x) is
the cross-sectional area of structural material, and ¢ and p are given
constants. The cross-sectional styles corresponding to p =1, 2 and 3
are described in Section 1.2. We consider columns of Bernoulli-Euler type
with given support conditions and exclude flexible supports for brevity.

In geometrically constrained form, our optimization problem consists
in determining the cross-sectional area distribution A(x) that maximizes
the fundamental buckling load P for given values of V , L , A ., E, p
and c¢ . Assuming P to be a simple eigenvalue, we easily obtain the
following governing equations for this problem from Table 1 and the general

optimality equations (l.6a-e),

L 2
J cEAPy" dx

p-9 (2.1a)
Lo
J y' dax
0
(cEAPy") = -py" 0<x<L (2.1b)
chAp-ly"2 = x€xu (2.1c)
A(x) > A x€x 4 Ax) =Aa x€x, (2.14)
L
J A(x)dx =V . (2.1e)
0

Specification of a minimum constraint for the cross-sectional area of a
column was introduced by Taylor & Liu [50], and has later been done in
Refs. [40,54,57-62], for example. If V is minimized at fixed P , such a
constraint is equivalent to a constraint on the maximum prebuckling stress.
Let us now, for convenience, nondimensionalize the coordinate x by
division by L and introduce a dimensionless cross-sectional area a(x)

and buckling load A by



102

a(x) = A(x)L/V (2.2)
p+2

x = 2L (2.3)
Ecvp

The geometrically unconstrained problem (where o = AL/V = 0) , is
thus governed by the following dimensionless equations, obtainable from
Egs. (2.la-e) where (2.1d) drops out and the optimality condition (2.1lc)

becomes valid in the entire interval 0 <x <1l for the dimensionless

variable:
1
J oPynay
0
= = 2.4a
A 1 ( )
J y' dx
0
(apy") = - Ay" 0<x<1 (2.4b)
- 2
oFhyn? o 0<x<1 (2.4c)
1
J a(x)dx = 1 (2.44)
0

These equations expose the Rayleigh quotient, the differential equation for
Euler buckling, the optimality condition (where «k has been redefined) and
the volume constraint, respectively, in dimensionless form. Normalizing the

deflection y(x) such that the denominator in (2.4a) is set equal to unity,

L 2
J y''dx =1, (2.5)
0

multiplying (2.4c) by a(x) and integrating over the interval 0<x<1l,

taking (2.4d) and (2.5) into account, we find that the Lagrangian

multiplier k is simply given by

K =2X. (2.6)

Hence, for cases of p =2 or p =3, Eq. (2.4c) gives us the

optimal cross-sectional area function a(x) in the form
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1

APt
p=2,3: alx) = (———) R (2.7a)

y"2

while, for p =1 , Eq. (2.4e) states that the curvature y"(x) of the

deflection is constant throughout, except for possible sign shifts,
p=1: y"(x) =t /x. (2.7b)

The continuity conditions for a column are as follows. At all points

free from kinematic constraint (column supports), the bending moment

m(x) = apy" and the function (apy")' + Ay' are continuous:
<Py"> = 0 (2.8)
<Py") +ay'> = 0 (2.9)
The function (apy")' + Ay' represents, for the buckled column, the force

component of the stress resultants in

Va

the direction perpendicular to the

X —axis, while the shear force

t(x) = (apy“)' is the force

component perpendicular to the
deflected column axis.

The geometrically unconstrained
problem is seen to be quite simple
for p =1, and solutions can be
obtained analytically, see e.qg.
[5,40,45,63,64]. In cases of p = 2
and p = 3 , where the problem
becomes non-linear in y(x) , it is
still possible to apply analytical
methods of solution provided that the

boundary conditions are sufficiently
Fig. 1. simple [2,3,51,65]. Else, numerical

methods are available, see for
example [16,37,54,58,61,66,67].
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Optimal shapes # Yo and corresponding buckling modes y are in-
dicated in Fig. 1 for (a) cantilevered [51], (b) simply supported [29],
and (c) clamped-simply supported [51] p = 2 columns. The buckling loads
of the optimal solutions are increased by (a) 1/3 , (b) 1/3 and (c)
35.1% when compared with the buckling loads of correspondingly supported

uniform columns of the same volume, length and material [29,51].
2.3 SINGULARITIES IN GEOMETRICALLY UNCONSTRAINED SOLUTIONS

We now consider the behaviour of a solution to the geometrically uncon-
strained, single mode formulation at a point x = xj of zero bending
moment m = apy" . For the case of p =1 , zero bending moment must imply,
in view of (2.7b), that o also vanishes. For p =2 and p = 3 , EQ.
(2.7a) and the relation m = apy" show that the cross-section o also
vanishes and that y" tends to infinity at a point x = xj of vanishing
bending moment m .

If the point x = xj of m=oa =0 1is an interior point in the in-
terval for x , then a discontinuity of the slope y' of the deflection
is possible at x = xj , but the deflection y(x) and the function
(apy“)' + Ay' are continuous. Therefore, the point x = xj corresponds,
physically and kinematically, to an inner hinge of the optimal column.
Detailed information on the singular behaviour of the functions at an in-
ner hinge is available in Ref. [45] (see also Ref. [18], pp. 156-158).

In problems of optimizing statically determinate columns by means of
a single mode, geometrically unconstrained formulation, the locations of
singular points of zero bending moment are known beforehand. Thus, simply
supported or free end points are predetermined to be singular. However, in
a priori statically indeterminate problems of the type mentioned, singula-
rities may occur at inner points. The positions of such points can be pre-
scribed for a particular column to be optimized, while in other problems,
we may consider the locations x = xj , jJ=1,...,8 of the singularities
(hinges) to be additional design variables. Problems of the latter type
were for the first time considered by Masur [68].

For columns, the condition for optimal location x = xj of an inner

hinge is [45]
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either v (x;) =y (x;) (2.10a)
+ a yx,) -y(x, .)
or v xh =-yrl) -2 3~ I (2.10b)
J J X, -X.
j+l 73

where, in (2.10b), Xj+l denotes the position of an adjacent inner hinge
or hinged end point of the column, and it is presumed that no beam support
or additional hinge are placed between the points x. and xj+l .

The reader is referred to Ref. [45] (or Ref. [18], pp. 158-163) con-

cerning the derivation of the above condition.

2.4 DISCUSSION

The buckling load of the clamped-simply supported optimal column shown in
Fig. lc and originally determined in [51], is actually bimodal. For this
type of column, we obtain the same optimal design independently of whether
we use (2.10a) or (2.10b) to govern the location of the inner hinge of
zero bending moment. However, as will be illustrated next, it is necessary
to pay full attention to both conditions in other geometrically uncon-

strained problems.

y
Fig. 2.

Fig. 2 shows the geometrically unconstrained optimal design of a
doubly clamped column (p = 2) with two inner hinges, Refs. [54,45]. This
design is also bimodal, but in this case, the optimal position of the left
hand hinge is governed by condition (2.10b), while the position of the
right hand hinge is governed by condition (2.10a) . If, for example, (2.10a)
were used for both inner hinges, their positions would change, and a
slightly different design be obtained. This design would maximize the
second buckling eigenvalue (with a symmetric mode), see Ref. [54], but it
would have a much lower fundamental Euler buckling eigenvalue than the

design shown in Fig. 2, and hence not be optimal in the sense of maximizing
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the buckling load. In fact, the doubly clamped column solution published
in [51] is subject to this mistake.

2.5 MULTIMODAL FORMULATION FOR OPTIMAL DESIGN

In this subsection, we consider a problem in which a bimodal rather than a
single mode formulation is necessary in order to arrive at the correct
optimal design. For reasons of generality, we present a multimodal formu-
lation of the problem.

The example problem consists in maximizing the Euler buckling eigen-
value A , Eq. (2.3), of a doubly clamped, solid elastic column (p = 2)

of given volume and length. This problem was first considered in [51], but

as is shown in [54], an erroneous solution was arrived at. The design shown
in Fig. 2 constitutes the correct solution within the premises of a single
mode formulation of the problem, and it replaces the design from [51],
which was also obtained on the basis of a single mode formulation.

However, the design shown in Fig. 2 is only optimal within the class
of doubly clamped columns with two immer hinges. It is quite obvious that
the column would obtain a greater Euler buckling load for the same volume,
length and material, if it were made to buckle in a symmetric fundamental
buckling mode with a continuous slope throughout. This could easily be
achieved by restributing the given material slightly so that the hinges
became locked. The problem is, however, that the field equations of the
geometrically unconstrained column do predict zero cross-section (singular
behaviour) at points of vanishing bending moment, and two such points are
necessarily present in a clamped-clamped column whenever a single mode
formulation is used.

This clearly indicates that the single mode formulation is inadequate
for the problem under consideration, and motivates a reformulation of the
problem in [54], leading to a new optimality condition, that does not
necessarily lead to vanishing cross-section at points of zero bending
moment.

Let us now reformulate and expand the initial formulation of our
optimization problem in Section 2.2 by following [69]. The eigenvalues
Ai , i=1, ... , ©, of our elastic column are expressed in terms of the

modes yi(x) by
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[* P2
A= ofyr“ax i=1, o, @, (2.11)
0
provided that the modes are normalized by
. 2
J y; dx =1 i=1, ... , ®. (2.12)
o 1

Also the eigenfunctions for Ai B Kj are orthogonal, i.e.,

1
lyldx = 0 .
J ¥ivy for Ai * Xj (2.13)
0
but this need not be the case if Ai = A, , i#% 3j . However, let us take

the entire set of modes {yk(x)} to be orthonormalized according to

1
JO Y£YE-|dx = (Slj i,j =1, ... , ™, (2.14)
where Gij is Kronecker's delta.

The condition of given volume for the column is expressed by
1
J odx = 1, (2.15)

and to formulate the problem in some generality, we will consider a geome-

tric minimum constraint for the design variable o.(x) , namely that
a(x)> o (2.16)

throughout, assuming the minimum allowable value o (Of]ifvl) to be given.

The design problem may now be stated as

max |min(X,)
a(x)[ i i ] (2.17)

This max-min problem is non-differentiable, however. In order to circum-
vent this difficulty, we use a bound formulation [69,70], which consists

in introducing an extra parameter B which ensures that we have a standard
differentiable problem even if multimodal eigenvalues occur. Hence, we
transform the problem (2.17) into the problem of maximizing a bound B

subject to the constraints Xiz_B , i=1, ..., . In this way the para-
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meter R replaces a non-differentiable functional and is to be maximized
over a constraint set in an enlarged space. The points of non-differenti-
ability correspond to "corners" in the constraint set of the enlarged space
and arise from intersections of differentiable constraints.

The bound formulation for our problem has the form:

max B
a(x)
subject to B<A, <=> B-A +h2=0 i=1 ©
-1 i i e
1 2
k.=J oPy"“ax i=1, ..., ®© (2.18)
1 1
0
[l
0
1
J odx = 1
0
- - 2
a(x) >a <=> a-o(x)+g (x) = 0.

Here the symbols hi and g(x) designate real slack variables that convert
the inequality constraints to equality constraints.

To solve the problem (2.18), we construct an augmented Lagrangian

oo

L=8- Y% B—lp"2d+h2
- ~ Ny o ¥ T
i=1
©o i 1
I b Y Vo' dx —
> 2 pij(Jo y}yidx 513') (2.19)
i=1 §=1

1 1 _ 2
-T ([ adx - 1) —pj o(x)(a-a(X) +g (x)>dx
0 0

where ni ' pij , ' and 0(x) are Lagrangian multipliers. Note that the
multipliers pij are only defined for i>j.
The condition of stationarity of L with respect to variation of B

and hi gives
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(e o]
Z n.=1 (2.20)
i
i=1
where
= i > i = i = e o 2.21)
n, =0 if xi:>6 ;M 20 if ki B, i=1, ' (

Variation of a(x) and g(x) yields the so-called optimality con-
dition
oo

p-1 |l2 = - :
o 3 nyy K= 0(x) (2.22)

i=1
where «k =I/p , and

o(x)=0 if a(x)>a , O(x)>0 if o(x)=a . (2.23)

Finally, stationarity of L with respect to variation of the i-th

mode vy is expressed by

i-1 o
b
wyn " " " o 24
2n @yt +20,,vi+ 3T oo avie 3T pguvh =0 (2.24)
j=1 =i+l

after integration by parts, using the boundary conditions. In (2.24) and in
the following, summation is only to be carried out over repeated indices
when explicitly stated.

Let us now assume that a total number of N Lagrangian multipliers
ni are greater than zero, which is the same as assuming that the fundamen-
tal eigenvalue is (at least) N-fold, c.f. Eqg.(2.21). Moreover, let us re-
number our variables, i.e., use the first N values of an index n , i.e.,
n=1,...,N, to identify the Lagrangian multipliers nn and modes yn(x)
that are associated with the N-fold eigenvalue B==ln , n=1,...,N.

Then Egs. (2.20) - (2.24) become

N

nn =1 (2.25)

n=1
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.
n >0, A =B n=1,...,N |
n n (2.26)
= > n=N+1,...,® )
n, o, ln__B ’ ’
N
p-1 7 wl _ (if a>0 ) x€x
o ny K 1 u
~ n“n (2.27)
n=1 i
o (x) =a X€Xc
n-1 ©
wyw 4 L \7 w4+ ¥V no_
N Ty )T 20 vt 2 PpgYy Y L Py = O
j=1 j=n+1
n=1,...,%® . (2.28)

Egs. (2.27) are readily obtained from Egs. (2.22) and (2.23). The symbols X,
and X denote the unions of sub-intervals in which we have a(x) >oa (un-
constrained cross-sectional area) and a(x) =0 (constrained area), respec—
tively.

In order to determine the Lagrangian multipliers pnm , we first mul-
tiply (2.28) by Y, o integrate by parts over the interval in applying of
the boundary conditions, and use (2.11) and (2.14) to obtain pnn==knnn ,

n=1l,...,° . In view of (2.26) we thus have

Bﬂn , n=1,...,N ,

o= (2.29)
nn 0 , n=N+1,...,® .

To determine the remaining components of pnm (i.e., those associated
with n>m), we first write Eq. (2.28) with index n replaced by m . Then,
we multiply this equation by Y, and Eq. (2.28) by Yo v integrate both
equations by parts using the boundary conditions, assume n>m , and apply
(2.14). Subtracting and adding the two resulting equations, we finally ob-
tain

* 2

- " " > - .
pnm (nn+nm) Joaynymdx , n>m , m=1,...,° , (2.30)
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1
(n -n) L)&&bﬁm<=o , n>m , m=1,...,° , (2.31)
respectively.
For values of n>N we have nn=0 by (2.26) and it is then easily
seen from (2.30) and (2.31) that

pnm= 0O, n>m, n=N+1,...,® . (2.32)

This equation implies together with (2.26) and (2.29) that only the
modes associated with the N-fold fundamental eigenvalue enter Egs. (2.28),
and that we only need to consider Egs.(2.28) for n=1,...,N .

Consider now any of the equations (2.28) associated with a given
n<N , and write its solution y, as yn=wn+ z where the function wn
designates the solution to the eigenvalue problem consisting of the given
set of boundary conditions and the differential equation (otpw;'])" + Bw'r'1 =0,
which is constructed from (2.28) by setting the two first terms on the left
hand side equal to zero and using (2.29). The function z, is then due to
the terms under the summation signs in (2.28). The Rayleigh quotient asso-

ciated with the aforementioned eigenvalue problem is defined by

1 1
R[u] =J[ OLpu"zdx/J[ urZax , where u is an admissible function, and Ray-
0 0

leigh's minimum principle implies that B=R[wn] < R[wn+ zn] =R[yn] = )‘n ,
where the last relationship follows from Egs. (2.11), (2.12) and the defini-
tion of R . Now, Egs.(2.26) require strict equality of B and )\n , i.e.,
B=>\n for n=1,...,N . Hence, we must have yn(:-()E wn(x), i.e., zn(x) =0,
n=1,...,N , and as is shown in the Appendix of Ref. [69] this requires

vanishing of the Lagrangian multipliers,
o] =0, n>m, n=2,...,N, (2.33)

in Eq. (2.28)
By means of (2.26), (2.29), (2.32) and (2.33), we may now write Egs.

(2.28) as the familiar differential equations for buckling
(apy;)" + )\ny; =0, n=1,...,N, (2.34)

where )\n =8, n=1,...,N . It is also worth noting that Egs. (2.30),

(2.26) and (2.33) imply vanishing of the integrals
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1
J[ apy;'ly;ldx=0, n>m , n=2,...,N, (2.35)
0

that represent the mutual bending energy of the modes Y, and N

2.6 THE BIMODAL CASE

For the type of problem treated above, the multiplicity N of the fundamen-
tal eigenvalue is not known beforehand, but must be determined as the high-
est possible number of positive Lagrangian multipliers nn , which, together
with their associated linearly independent modes N is admitted by the
optimality condition (2.27). Up to now the highest multiplicity found for
an optimal Euler column buckling eigenvalue is N=2 , cf. [54] for the
case of a doubly clamped column. N=1 is usual for columns with other
boundary conditions.

If N=1, Eg. (2.25) gives r]l=l and it is readily seen that Egq.
(2.27) reduces to the traditional single mode optimality condition, Eq.
(2.4c¢).

For the case of N=2, Egs. (2.25) and (2.27) may be combined into
the following condition where we write 1-Y in place of nl :

ap_l{ (1-v) y;z

. YY§2} - (if a>a) xE€x, (2.36)
This condition is identical with the optimality condition derived by Olhoff
and Rasmussen [54]. It follows directly from (2.25) and (2.26) that in
(2.36) Y must lie in the interval

0<y<1. (2.37)

This condition has earlier been established as a sufficient condition for
local optimality by Masur and Mréz [71,72].
Together with the condition a(x)=0 for x€xc , Eq. (2.36) may be

solved for o(x) to give

L
[ K p-1 _
( 1 ||2 + "2) (if > @ x € xu
p=2,3: ak L=Y)yy +vy; (2.36a)
o x € x
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for p=2 or p=3 . For the case of p =1 , we obtain

2 2 -
- " [ = 3 >
(1 Y)yl + vy, K (if a>0a) x € X,
p=1: (2.36b)
a(x) = o x € x
c
As is the case for Eq. (2.7b), we note that for p = 1 , the optimality
condition for the geometrically unconstrained sub-interval(s) does not
contain the design variable o , which must therefore be determined from

the buckling differential equation. A method of solution for p =1 is
presented in [71] and the case of p = 1 will not be considered further
here.

For exemplification, let us follow [54] and derive convenient
expressions for the Lagrangian multipliers K and y and the optimum
buckling eigenvalue A for the more complex cases of p =3 and p =2 .

First, we substitute (2.36a) into the volume constraint (2.15), thereby

obtaining an explicit expression for K ,
1—&] ax p-1

p=2,3:K-= (2.38)

J dx
v|2 u2 l/ (p_l)

x, {@-vyy"+yyy™)

Then, subtracting the two equations comprised in (2.11) for i=1 and

i=2 , substituting o(x) from (2.36a) and using (2.38), we f£find the

following implicit equation for Y ,

yu2 _yuz
1 2
p=2,3: I dax +
2 2 -1
x, 1=yl +vy} o/ te-1)
_ (2.39)
J dx P
1/ (p-1)

'I2 ll2
X, {(l-\()yl +Yyy }

I2 l2 -
: J (yi -yz' )ax =0
1l - a'[ dx xc

Finally, substitution of (2.36a) and (2.38) into first of Egs. (2.1ll) gives

an explicit expression for A ,
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1- &J dx p
- X
p=2,3:)X=aqa J y' dx + < x
1

xc J dx

- u2 n2 l/ (p—l)

x, 1A=y +yyi"}
Y"2 (2.40)

J Co— o/ (o-1) & -
x, {@=-vy" +vy3"}

c12 v (212, (230 o,

(2.40) comprise the complete set of necessary equations governing the bimo-

Equations (2.11)i (2.36a), (2.38)-
dal optimal design problem for p =3 and p = 2 , and they constitute a
strongly coupled, non-linear integro-differential eigenvalue problem. The
unknowns to be determined are the optimal buckling eigenvalue A , the op-
timal column cross-sectional area function o(x) (and thereby the sub-in-
tervals xu and xc ), eigenfunctions yl and Yo o and the Lagrangian
multipliers K and Y , respectively. The solutons depends in general on
the minimum constraint o , which is the only specified quantity in the
non-dimensional formulation.

A method of numerical solution based on successive iterations is
presented in [54]. In that paper, the modes y , and y, were not taken to
be mutually orthogonal. The results are exposed in the next subsection.
Other examples where bimodality of optimal eigenvalues occur, may be found
in Refs. [73-76].

The bimodal formulation for optimal design described above contains
geometrically unconstrained optimization and/or single mode optimization as
special cases. The principal advantage of the new formulation is that while
the optimality condition (2.4c) of the single mode formulation predicts
formation of hinges at points of zero bending moment in a geometrically
unconstrained formulation of optimal design, the bimodal optimality con-
dition (2.36) does not necessarily lead to zero cross-section and forma-

tion of hinges at points of zero bending moment.

2.7 EXAMPLE: BIMODAL OPTIMIZATION OF A DOUBLY CLAMPED p=2 COLUMN [54]

Fig. 3 illustrates optimal designs % VX and assosiated fundamental single
or double modes corresponding to selected values of a geometric minimum
constraint & on the cross-sectional area & of a doubly clamped p = 2

column. In Fig. 3a, « = 0.7 and A = 48.690 1is a simple. In Fig. 3b,



a=0.4 and A = 51.775
buckling load A = 52.349
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55
50
Rl
Ecv?
3

40+

354
inactive

)\ is double

A _is simple

active minimum constraint

B

is simple. In Fig. 3c, & = 0.25 and the optimal

is bimodal. Fig. 3d shows the optimal solution

corresponding to any value of
o belonging to the interval

0 5_& < 0.226 , where the con-
straint is no longer active in
the design. The corresponding
optimal buckling load

A = 52.3563 is bimodal.

In Fig. 4, curve ABCD
is based on a number of solu-
tions and shows A as a func-
tion of the geometric minimum
constraint o . For
0.280 < a < 1 , the optimal
designs are associated with a
simple fundamental eigenvalue

A , given by curve CD . Curve

CE shows the second order eigen-
values A2 of the simple optimal
eigenvalue designs behind curve
CD . At point C , the two curves
are seen to coalesce at the value
0.280 for a , and for
0 <a < 0.280 , the optimal
designs are associated with a
bimodal fundamental eigenvalue,
cf. modes ¥y and Y, in Figs.
3c and d. All the designs
obtained are symmetrical (this
was not assumed in the solution
procedure), and purely symmetric-
al and antisymmetrical linear
combinations of double modes ¥y
and v, can be constructed.

As shown by curve DCB of
Fig. 4, the optimal buckling

eigenvalue )\ increases with
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decreasing constraint for 0.226 f_& <1 , and for these values of o the
constraint is active in the optimal designs, cf. Figs. 3a, b and c. How-
ever, for values of a belonging to the interval O :_& < 0.226 , the
minimum constraint is Znactive in the optimal design, and the associated
bimodal fundamental buckling eigenvalue is constant, cf. AB in Fig. 4.
For these values of a , O :_& < 0.226 , the optimal design, see Fig. 34,
is the same, and it has finite variable cross-section throughout, with a
minimum magnitude of o = 0.226 .

This & independent bimodal optimal design in Fig. 3d is the solu-
tion to the geometrically wnconstrained optimization problem for a doubly
clamped column of p = 2 . Its fundamental, double buckling eigenvalue A
is 32.62% higher than the fundamental eigenvalue of a corresponding
uniform column of the same volume, length and material. The bimodal optimal
design replaces not only the solution arrived at in [51], but also the
geometrically unconstrained, candidate design in Fig. 2.

The result provides a noteworthy example of a statically indeterminate
solution to a geometrically unconstrained, one-dimensional, single purpose,
structural optimization problem: it constitutes an abvious exception to
the "general rule" that solutions to the broad class of all such problems

will always be statically determinate.

SECTION 3

OPTIMIZATION OF TRANSVERSELY VIBRATING BEAMS
AND ROTATING SHAFTS WITH RESPECT TO
THE FUNDAMENTAL NATURAL FREQUENCY OR CRITICAL SPEED

3.1 INTRODUCTION

This section deals with problems of determining the distribution of
structural material in transversely vibrating beams or rotating circular
shafts, such that maximum values of natural frequencies or critical whirl-
ing speeds are obtained for a prescribed amount of material, length, and
boundary conditions for the beam or shaft. Equivalently, we minimize the
volume of structural material for a given vibration frequency or critical

speed.
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The practical significance of such problems is that they provide
designs of minimum weight (or cost) of material against beam vibrational
resonance due to external excitation of given frequency, and against
failure due to whirling instability at service speeds, within a large range
from zero and up to the particular fundamental frequency or first critical

speed.
3.2 GEOMETRICALLY CONSTRAINED OPTIMAL DESIGN

An elastic Bernoulli-Euler beam of length L and structural volume V
vibrates at its fundamental angular frequency w of free transverse
vibrations. The beam is made of a material with Young's modulus E and
the mass density p , and it has variable but similarly oriented cross-
sections with the relationship I = cAP between the area moment of inertia
I and the area A , cf. Eq. (l1.1). We restrict ourselves to the cases of
p = 2 (geometrically similar, solid cross-sections) and p = 3 (solid
cross-sections of fixed width and variable height), because the case of

p = 1 (sandwich cross-sections) is often degenerate for the types of
problems to be considered, cf. the discussion in Sections 1.5, 1.8, and
Refs. [35,41,46,47]. The constant c for the cross-sectional shape and
the value of p (p =2 or p = 3) are assumed to be given.

For the particular case of p = 2 , we may conceive the structure to
be a shaft of circular cross-sections, that rotates at its fundamental
critical angular whirling speed w , if we neglect gyroscopic effects.

We shall assume that our vibrating beam (or rotating shaft) carries
no distributed nonstructural mass, but that a number K of given non-
structural masses (or circular disks) Qi , 1=1,...,K , are attached to
the beam/shaft at specified points X = Xi , where X 1is the beam/shaft
coordinate (which is denoted by x in Chapter 1).

Identifying A of Section 1 as w2 , and introducing non-dimensional

quantities,

x = X/L 0<x=<1 (3.1la)

a(x) = A(x)L/V , o = AL/V (3.1b)



118

Qi
qi = Bv- X = xi , i=1,...,K (3.1c)
3+p
A= 0’ Jlé;,:i. , (3.1d)
E(:Vp

i.e. coordinate x , cross-sectional area function a(x) , non-structural
masses (or circular disks) a; and fundamental eigenvalue )\ , respective-
ly, the non-dimensional beam or shaft will have unit volume and unit
length.

Our dimensionless, geometrically constrained optimization problem
then consists in determining the function a(x) 3_& that maximizes A
for given minimum allowable beam/shaft cross-sectional area o , given
positions e and magnitudes qi of non-structural masses/disks, and
given, homogeneous boundary conditions.

Using Egs. (3.la-d), the governing equations for the optimization
problem are easily obtained as a special case of the general set of
optimality equations (l.6a-e) with the help of Table 1. Normalizing the

vibration/whirling mode according to
1
2 2
J ay“ax + ) gy (x,) =1, (3.2)
0 .

such that the denominator of the dimensionless Rayleigh quotient equals

unity, the set of governing equations takes the following form

+ 2

A= J oPy"“ax (3.3a)

0
(apy") = lay 0 <x <1 (3.3b)

- 2 2
pap ly" -y =K x € xu (3.3c)
a(x) > a x € X, o0 a(x) = a x € X, (3.34)

1

J a(x)dx =1 , (3.3e)

where we have redefined the Lagrangian multiplier x in the optimality
condition (3.3c).
In addition to Egs. (3.2) and (3.3a-e), our optimization problem must

satisfy (i) the boundary conditions, (ii) the condition of continuity of
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the bending moment m = apy" except at possible points of prescribed y' ,

and (iii) the conditions of continuity of the shear force t (x) =-(apy")'
except at possible points of prescribed y and at the points x = Xi '
i=1l,...,K with attached nonstructural masses 9 - At the latter points,
the jumps of t are identified as <t>xi = - Aqiy(xi) .

Due to the nonlinearity and coupling of the governing equations,
closed form solutions cannot be expected for p =2 and p = 3 , and
numerical solution procedures must therefore be applied. Such procedures
are available in Refs. [78-80]. Refs. [78] and [80] present results for
geometrically constrained p = 2 cantilevers with and without nonstructur-
al masses, respectively, and Ref. [79] offers results for p = 2 and
p = 3 beams with various other boundary conditions.

Fig. 5 shows results obtained in [78], namely cantilever beams of

geometrically similar cross-sections, p = 2 , (or rotating circular

3

(a) (c)

n__9
(d)
Fig. 5.
cantilever shafts) optimized with respect to the fundamental natural
transverse vibration frequency (or first critical speed) w = w, . The

1
beams are illustrated by optimal shapes = Vul , where al(x) = o(x) =

A(x)L/V , and the solutions in (a), (c) and (b) , (d), respectively,
correspond to minimum constraints o = 0.05 and 0.5 . The dimensionless
nonstructural tip mass in (c) and (d) is q, = Ql/pV = 0.1 . The fundament-
al frequencies wl of the optimal designs are increased by (a) 279%,

(b) 88%, (c) 81% and (d) 57%, respectively, in comparison with those

corresponding to uniform designs of the same volume, length, material,

and, for (¢) and (d), tip mass.
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Fig. 6 shows the square

root Vkl of the fundamental

eigenvalue )\ = Al and the
square root VA2 of next eigen-
value A2 as functions of the

dimensionless cross-sectional
area constraint /§-= /5576
for optimal cantilevers of the
type in Fig. 5. Note that o =0
and a =1 correspond to
geometrically unconstrained and
fully constrained (uniform)
designs, respectively, and that
the square root eigenvalues are
proportional to the first and
second vibration frequencies

(critical speeds) and w,

“1 2
respectively, for given beam
volume, length and material.
The solid curves in Fig. 6

represent optimal )\ = Al

designs without nonstructural mass, see for example Fig. 5a,b, while other

curves are for optimal A = A

1

q, = Ql/pV , see e.g. Fig. 5c,d.

designs with a dimensionless tip mass

Fig. 6 clearly illustrates that geometrically unconstrained designs

are associated with maximum obtainable merits in comparison with

corresponding geometrically constrained designs, cf. the discussion in

Section 1l.6.

3.3 GEOMETRICALLY UNCONSTRAINED OPTIMIZATION

We now consider the case where no geometric constraint is specified for the

cross—-sectional area function a(x)

in the process of optimization. This

constitutes a special case of the formulation considered in Section 3.2,

and corresponds to setting o =0

and the interval xu

equal to the

entire interval O <x :_l . Doing this, the system of Egs. (3.2), (3.3a-e)

reduces to the following system for geometrically unconstrained optimiza-

tion,
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1 2
A= I oPy"“ax (3.4a)

0
1
2
J ay’ax + § q.y’(x,) = 1 (3.4b)
s 1 1
0 i
1
J adx = 1 (3.4c)
0
@y") " = Aoy 0<x<1 (3.44)
L
2(p-1
alx) = K—”lz’— 0<x<1 (3.4e)
pyll

Here the optimality condition (3.4e) is now valid in the entire interval

~ 2
0 <x < 1. If we write this equation in the form pap ly“ - Ay =k,
multiply it by o , integrate over the interval, and use Egs. (3.4a-c), we

find
2
K = x[p—1+2qiy (xi)} , (3.5)
i

i.e., Lagrangian multiplier k is always positive for problems with
p>1.

Geometrically unconstrained solutions obtained numerically by
successive iterations are available in Refs. [30,46,47,56,81]1. Ref. [46]
presents optimal p =2 and p = 3 cantilevers with and without tip mass,
and p = 2 solutions without nonstructural mass are available in Refs.
[30,47] for other boundary conditions.

Fig. 7 shows examples of geometrically unconstrained optimal design
of p =2 beams with respect to the fundamental natural vibration
frequency w = wl , when no nonstructural masses are considered. The de-
sign in Fig. 7a is the solution for a simply supported beam [30], Fig. 7b
shows the optimal cantilever design [46], and Fig. 7c¢ illustrates the opti-
mal design of a doubly clamped beam [47]. The design in Fig. 7b may be com-
pared with the constrained designs in Figs. S5a-b, and it should be noted

that its optimal characteristics (maximum w, for given V and L , or

1

minimum V for given w, and L) are represented by the value indicated

1

for the solid Vll curve at Y3 = 0 in Fig. 6. It is also worth mention-

ing that the design in Fig. 7b is at the same time the optimal design of a
clamped-simply supported beam [47].
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! The fundamental frequen-

vey cies Wy of the optimal solu-
x20_ x=1

S— 44_*.....-—i;> tions in Fig. 7 are increased by

(a) 6.6%, (b) 588% and (c) 332%,

(a)

respectively, when compared with
the frequencies of corresponding

uniform beams of the same volu-

o) me, length and material. Compar-

ing (b) with a uniform clamped-
simply supported beam, its fun-
damental frequency wl is in-
creased by 57%.

Fig. 7

3.4 TYPES OF SINGULAR BEHAVIOUR

In problems of optimizing transversely vibrating Bernoulli-Euler beams or
rotating shafts without geometric constraint, there may occur two different
types of singular behaviour, both of which are associated with zero bending
moment m(x) = apy" and cross-section 0o , but in one type (I) the shear
force is finite, while in the other type (II) the shear force vanishes at
the singularity. Physically, an inner Type I singularity corresponds to an
inner hinge, and an inner Type II singularity to an Znner separation of the
beam. The types of the singularities are independent of whether the beam
(or shaft) is optimized with respect to the fundamental frequency (first
critical speed) or a higher order eigenfrequency (higher order critical
speed) .

The singular behaviour can be determined analytically by expanding
solutions to Egs. (3.4d) and (3.4e) in power series near the singular point
X = xj , which may either be an inner point or an end point of the beam.
Detailed information is available in Refs. [45,47] and Ref. [18] pp. 185-189.
The conditions that govern optimal location of Type I and Type II singula-

rities can also be found in the references cited.
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SECTION 4
OPTIMIZATION WITH RESPECT TO HIGHER ORDER EIGENFREQUENCIES
4.1 INTRODUCTION

Here, we shall consider an extension of the types of optimization problems
studied in Section 3. Thus, instead of maximizing the fundamental natural
frequency (or critical speed), we will deal with the problem of maximizing
a particular higher order natural frequency (or critical speed) of given
order n (n > 1) for a transversely vibrating Bernoulli-Euler beam (or
rotating shaft) of prescribed structural volume, length, material, and
boundary conditions.

This problem is governed by a set of dimensionless equations consist-
ing of Egs. (3.2) and (3.3a-e) for geometrically constrained optimal design
or Egs. (3.4a-e) for geometrically unconstrained design, with A , a(x)
and y(x) subscribed as An ’ an(x) and yn(x) (indicating reference to

the given order n of the subject eigenfrequency), and the additional

equations
1
Jo anynyjdx + g qiyn(xi)yj(xi) =0 , j=1,...,n-1 (4.1a)
Powy " _ s _
(anyj) Ajanyj , j=1l,...,n-1 (4.1b)

see Refs. [47,78]. Egs. (4.la) are conditions of orthogonality of yn(x)
against the lower modes yj(x) s J ;l,...,n—l , and Egs. (4.lb) constitute
together with the boundary conditions n-1 eigenvalue problems for the
lower modes yj(x) of the optimal design a, -

As will be discussed in the following, a geometrically unconstrained
solution o to the problem coincidently constitutes the optimal design
to the problem of maximizing the difference between two adjacent natural

frequencies (or critical speeds) wn and wn for given volume and

length of the beam (or rotating shaft), see [4;]. It is not surprising,
therefore, that geometrically constrained solutions also exhibit large gaps
between two adjacent frequencies [78], and that these gaps are very close
to the maximum obtainable gaps. The point is that the geometrically con-

strained problem of maximum, single, higher order natural frequency is
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simpler to solve than problem formulated in terms of maximum difference
between two adjacent natural frequencies. The latter type of problem has
been solved in Refs. [83,84] (see also Ref. [85]).

Thus, the type of problem to be considered is directly related to
practical design against resonance of beams due to external excitation and
whirling instability of rotating shafts: if the structure is designed such
that the external excitation frequency or the service speed is isolated in
a broad gap between two consecutive higher order natural frequencies or
higher order critical speeds, considerable weight savings are possible
compared with designs where the excitation frequency or service speed is
placed between zero and a high value of the fundamental natural frequency
or first critical speed.

Another direct and very important advantage of considering optimiza-
tion (geometrically constrained as well as unconstrained) with respect to
a single, higher order natural frequency (or critical speed) of given
order n , is that the resulting optimal design is, at the same time, the
optimal design to the problem of optimizing with respect to the fundamental
natural frequency (or first critical speed), assuming the positions of n-1
available interior supports to be design variables in addition to the
cross-sectional area distribution [47,78]. According to Mréz and Rozvany
[86] and Rozvany [87], zero support reaction is a necessary condition for
optimum location of an interior simple support. This implies [47,78] that
the optimal positions for available interior supports in a problem of
optimal design with respect to the fundamental frequency, are simply
identified with the n-1 nodal points of the vibration mode yn(x) of
the higher order frequency optimal design.

Fig. 8 illustrates as an example the geometrically unconstrained
design with optimal positions of four available inner supports that

maximize the fundamental frequency of a transversely vibrating p = 2

N\
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beam with clamped and free end points. The design is determined by optimiz-
ing the beam without inner supports with respect to its fifth eigenfrequen-
cy, and the inner supports are subsequently placed optimally at the four

nodal points of the corresponding mode.
4.2 RESULTS OF GEOMETRICALLY CONSTRAINED PROBLEMS

Let us now consider some examples of geometrically constrained solutions
for transversely vibrating Bernoulli-Euler cantilever beams (p = 2) and
rotating, cantilevered circular shafts from Ref. [78]. Results for
Timoshenko beams are available in [88].

Fig. 9 shows cantilever beams optimized with respect to the third

natural frequency, ., . The optimal designs are associated with p = 2

and are geometrically3constrained with o = EL/V = 0.05 for (a) and (c),
and a = 0.5 for (b) and (d), respectively. Designs (c) and (d) are
equipped with a dimensionless tip mass, ql = Ql/pV = 0.1 . The first

four vibration modes of the optimal designs (a) and (c) are also shown in
the figure. The natural frequencies Wy of the optimal beams are in-
creased by (a) 129%, (b) 39%, (c) 82% and (d) 28%, respectively, when
compared with the same frequency of uniform beams of the same volume,
length, material, and, for (c) and (d), tip mass. The frequency differences
Wy~ oW, of the optimal beams are (a) 228%, (b) 53%, (c) 156% and (d) 41%

3
higher than the corresponding frequency differences of the uniform beams.

(a) (c)

(b)
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250 250 . .
——— no non-struct. mass Fig. 10 summarizes, for

234 8 n=3 ------ g =01
e—e—e q, = 100. n = 3 , the results for a number

of optimal solutions of the
types shown in Fig. 9. Adopting
the concept of given volume V
and length L , the square roots
rso  of the eigenvalues in Fig. 10
directly represent the natural
frequencies of the optimal

li o designs associated with n = 3 .
The results in Fig. 10 may be

compared with corresponding

NI results for n =1 in Fig. 6,

noting especially the different

N .
oo ordinate scales and the
‘=:ﬁ;s:;;::-:;;”':&% different type of behaviour of
00 12 3 4 5 6 7 8 9 - the subject eigenfrequencies of
e ng;) the mass-carrying beams, sub-
Fig. 10. stantiating advantages of

optimizing with respect to
higher order eigenfrequencies. Similarly, the optimal n = 3 designs in
Fig. 9 may be compared with the n = 1 designs in Fig. 5.
As is illustrated for n = 3 in Fig. 10, we find for any value of
n > 1 that both the optimal natural frequency w, and the distance
between the consecutive natural frequencies w, and w1 increase with
decreasing geometric constraint. In fact, the absolute values of the

differences between w, and W increase with increasing n , and this,

-1
irrespective of whether the beams are equipped with nonstructural mass or
not.

Optimizing cantilevers for n > 3 , not only the subject frequency
wy but also the closest subsequent natural frequencies '

n+l “n+2
are pushed upwards, and the sub-spectrum consisting of these natural

etc.

frequencies becomes significantly condensed for optimal solutions associat-
ed with small geometric constraint. In the limiting case of geometrically
unconstrained optimization, the subject frequency may be increased to the
extent that it coalesces with one or more of the subsequent natural fre-

quencies [78], see e.g. Fig. 10. For the problems considered in [78],
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coalescence of the subject eigenvalue with one or more higher order eigen-
values is always found to take place in the limiting case of geometrically
unconstrained design (o = 0) . This implies the advantage that it is not
necessary here, to apply a bi- or multimodal formulation, in order to
obtain the correct optimal design.

Another characteristic feature of optimizing with respect to a higher
order natural frequency W n > 2 is that all the lower natural frequen-
cies wj r J=1,...,n-1 , are kept small by this process, and that they
tend toward a multiple zero eigenvalue as the geometric minimum constraint

tends towards zero, see Fig. 10.
4.3 GEOMETRICALLY UNCONSTRAINED OPTIMIZATION

Geometrically unconstrained solutions are important because they constitute
limiting designs for corresponding geometrically unconstrained designs, and
their associated optimal eigenvalues constitute upper bound values for
corresponding eigenvalues of all similar beams with and without non-
structural mass. In the following we shall consider some geometrically un-
constrained optimal designs obtained in [47] for transversely vibrating
Bernoulli-Euler beams with p = 2 .

The solutions are determined numerically in [47] on the basis of a
formal integration of the geometrically unconstrained formulation for
optimal design, with possible types of singular behaviour appropriately
allowed for in the numerical solution procedure. The positions as well as
the types (I and II) of the singularities are additional design variables
in the optimization process, and the optimal solutions are, in fact,
determined via a path through a class of geometrically unconstrained sub-
optimal solutions.

Fig. 11 provides an illustration of this in the case of optimizing a

cantilever for n = 3 . The solutions in Fig. lla are both sub-optimal

(b)

Fig. 11.
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solutions. The dashed solution has inner Type I singularities at x = 0.218

and x = 0.418 , and the eigenvalue A3 is X3 =1.77 -lO4 . For the solid
solution in Fig. lla, the type I singularities are placed at x = 0.268
and x = 0.368 , and the eigenvalue is increased, A3 = 2.87 -104 . Fig.
1llb shows the resulting optimal solution with A3 = 5.511 -104 . This solu-

tion has an inner Type II singularity, which is optimally placed at x =

0.321 , and the optimal frequency w of the design is increased by 280%

in comparison with the corresponding3frequency of a uniform cantilever of
the same volume, length and material. It should be noted that it is the
design in Fig. 1lb which lies behind the result for o = 0 in Fig. 10, and
that it may be compared to corresponding constrained optimal designs in
Figs. 9a,b.

Now, each Type I and Type II singularity introduces, respectively,
one and two degrees of kinematic freedom to a geometrically unconstrained
beam, and when optimizing with respect to the n'th natural frequency W,

(n > 1) , it turns out [47] that the optimal design exactly possesses n-1
degrees of kinematic freedom to perform rigid body motions. Thus, all
natural frequencies lower than the subject natural frequency of a
geometrically unconstrained optimal design correspond to rigid body
motions*) and attain zero value, cf. Fig. 10 (with a = 0) .

This clearly implies that a geometrically unconstrained solution to
the problem of optimizing the n'th natural frequency W, (n > 1) is
coincidently the solution to the problem of optimizing the difference
between the two adjacent frequencies w, and wo_q -

Figs. 12a,b show optimal cantilevers for n=2 and n=4 , respecti-
vely. Figs. 13a,b show optimal simply supported beams for n=2 and n=3,
respectively, and Figs. l4a,b illustrate free beams optimized for n=3

and n=4 , respectively. (The first two natural frequencies of free beams

correspond to rigid body motions, and are always zero).

*)
Note, in Fig. 9 above, the tendency of the lower vibration modes vy

and y to become rigid body motions in the limiting case of zero
constraint, and that these modes indicate the two degrees of kinematic
freedom associated with an inner Type II singularity, namely jumps in
both deflection and slope.



129

4

Y%
va,
)
ﬁ

Fig. 12.

Y3
2
ot
. et " ““‘\\‘___,_—/éi

4
Uq

(a) (b)

S

240

{a) (b)

Fig. 14.

The study in Ref. [47] reveals the notable feature that two Type I
singularities may coalesce, thereby forming one Type II singularity. Fig.
11 provides an illustration of such coalescence at an inner point. Note
also that the inner beam separation formed at the resulting Type II
singularity of the optimal n = 3 cantilever in Fig. 1lb in fact divides
this beam into a scaled optimal cantilever corresponding to n = 1 , see
Fig. 7b, and a scaled optimal free beam corresponding to n = 3 , as shown
in Fig. l4a. The coalescence may also take place at a beam end point; for
example, the Type II singularity of the simply supported, optimal n = 2
beam in Fig. 13a results from an original inner Type I singularity
coalescing with an a priori singularity of Type I at the beam end.

The formation of Type II singularities is found to contribute

considerably to large subject eigenvalues, and singularities of this type
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consequently play a predominant role in geometrically unconstrained optimal
designs. Thus, no more than one inner Type I singularity is found in any
of the designs [47].

In fact when optimizing beams of a given type of end conditions, it
is only necessary to apply the numerical solution procedure for values of
n up to a particular value, N , where the first Type II singularity
occurs in the corresponding optimal design. As discussed and outlined in
[47], the inner Type II singularities open up the possibility of determin-
ing the optimal designs associated with higher values of n simply by

assembling optimal beam elements obtained numerically for small values of

n . In fact, in Ref. [47], a so-called "Method of scaled beam elements" is
developed by means of which optimal designs subject to any higher value of
n are determined for beams with any combination of clamped, simply suppor-

ted, and free end conditions.

SECTION 5

OPTIMAL DESIGN OF VISCOELASTIC STRUCTURES
UNDER FORCED STEADY STATE VIBRATION

5.1 INTRODUCTION

This section concerns non-selfadjoint problems of optimal design. We
consider viscoelastic, one-dimensional structures, such as rods, bars and
beams, that are subjected to forced, steady state vibration by excitation
by given, harmonically varying, external loads. The structural vibrations
may be axial, torsional or transverse vibrations, and the external excita-
tion frequency is assumed to be smaller than the fundamental natural
frequency for the particular type of vibration. It is our objective to
derive a general set of governing equations for the optimal structural
design that is associated with minimum dynamic response for given volume,
length and boundary conditions, and given viscoelastic material of the

structure.
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The structural material is assumed to follow the well-known three-
parameter constitutive law for viscoelasticity, and the concept of complex
stiffness modulus is adopted for simplifying the analysis. Hence, complex
variables are used throughout, but the correspondence principle can be
employed.

The contents of this section is based on the paper [89] by
Lekszycki and the author. Optimal design of purely elastic structures under
forced steady state vibration due to harmonically varying external loading

has earlier been considered by Mréz [90], Icerman [91] and Johnson et al.
[92].

5.2 VIBRATION OF ONE-DIMENSIONAL VISCOELASTIC STRUCTURES UNDER HARMONIC
EXTERNAL EXCITATION

We consider a straight, one-dimensional structure, such as a rod, bar or
beam, which is made of a solid, viscoelastic material with the three-

parameter constitutive relationship
. . )
g + P]0 = qOE + q]e (5.1)

between uniaxial normal (or shear) stresses, strains, and -rates. The con-
stitutive parameters P, 1 9 and q, are assumed to be given for the
particular type of deformation in question.

A coordinate axis x 1is embedded in the structure, which has given
length & and variable cross-sections with common directions y and z
for principal axes of inertia. The real function o (x) is assumed to
characterize the structural design. The structure is subjected to forced,
steady state harmonic vibration, such as axial, torsional or transverse
vibration with a mode U(x,t) under given external loading P(x,t) . In
order to simplify the analysis and computation, the mode and the loading
will be taken to be complex functions of the real independent variables x

and (time) t , i.e., they will be considered in the form

wt [u, (%) +iu, () jetvt (5.2)

U(x, t) u(x)ei

p(x)e“"t = [pl(x) +ip2(x)]elwt , (5.3)

P(x,t)
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where i denotes the imaginary unit. The relevant uniaxial strain and

stress components will then have the form

iwt
e(XIYIZIt) =€*(lelz)e
(5.4)
iwt
G(XIYIZIt)=G*(xIYIZ)ew ’
where ¢* = e: + ie; and o* = OI + io; are time-independent, complex
strains and stresses, respectively.
Substituting Egs. (5.4) into Eq. (5.1), we obtain the following
simple and convenient time-independent stress-strain relationship
* _ *
0 (x,y,2) =kwe (x,y,2) , (5.5)
where the real and imaginary parts of the complex stiffness modulus
k(w) = kl(w) + lkz(m) (5.6)

are given by the frequency w of the loading and the material parameters

pl ,qo and ql , as follows,

2
+ w -
dp P9, w(ql qopl)
k, =———— , k, = ————— . (5.7)
1 2 2 2 22
l+w = l+w Py

Due to the simple form of the stress-strain relationship (5.5), the
equations governing the motion of our one-dimensional viscoelastic
structure can now be written in precisely the same form as in a purely
elastic case, provided that the structural stiffness, loading and deflec-
tion, and the coefficients of relevant spatial and temporal differential
operators, are conceived to be complex. Hence, let the equation of motion

have the form

M(a)U(x , t)

I
o
®
z
o
| A
Ed
| A
Py
o
| A
o+
| A
=]

(5.8)

with boundary conditions

A(a)U(x, t)

Qx,t) x=0,x=2,0<t<T (5.9)
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and initial conditions
T(a)U(x,0) = r(x) 0<x<%,t=0 (5.10)

Here, Q(x,t) on the right-hand side of Eq. (5.9) is assumed to have the
harmonic form q(x)eimt , where g(x) is complex.

Now, for the case of steady state harmonic vibration under considera-
tion, we may eliminate time-dependence by substituting Eq. (5.2) for U ,
Eg. (5.3) for P , and the similar equation for Q , into Egs. (5.8)-

(5.10) . Hence, we obtain the purely spatial state equation
L(a)u(x) = p(x) 0 <x<2 (5.11)
and boundary conditions

B(a)u(x) q(x) x=0, x=2, (5.12)

]

to govern our analysis problem. In Egs. (5.11) and (5.12), L(a) and B(a)
denote linear, homogeneous, complex, differential operators. In the

following, the operator L(a) will be considered in the form

T (v) (v)
L(@)u(x) = ) [gv(k(w) ,a ,x)u (x)] (5.13)
v=0

(v)

[}}]

which covers a number of practical applications. In (5.13), f
dvf/dxv , and the order of the differential operator L is 2m . The

operator B(c) in (5.12) is assumed to have the form

Zm-1 (v) (v)
B(a)u = E [av(k(m) ,a>u V) (0) +bv(k(w) ' a)u v (2)] . (5.14)
v=0

5.3 TWO OBJECTIVE FUNCTIONALS FOR MINIMIZATION OF DYNAMIC STRUCTURAL
RESPONSE

An objective functional Il , which is of relevance for the types of
optimization problems under consideration, is defined as follows by Mréz
[93]
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2 0 if Iul < u
= ; = 5.15
Il J Cl(u)dx i C.(u) . ( )
(Ju] -u) if Ju] > u_ .
o — o
Here, n 1is a positive real exponent and ug is a real, positive constant

or function of x . Both n and u, are assumed to be given. Furthermore,

[lux)] = /ui(x)+u§(x) . (5.16)

Since [u(x)| represents the maximum value of the total deflection
of any point x , 0 < x < & , the functional I can be interpreted as a
global measure of the difference between the actual deflection amplitudes
and a given comparison amplitude u -

An alternative functional 12 to be considered, represents a measure
of the work done by the external forces: Although the loading P(x,t) and
deflection U(x, t) are dealt with in the general form (5.3) and (5.2),
that is

P(x,t) = p(x)eiwt = (pl(x)coswt-pz(x)sinwt)

+ i(pl(x)sinwt-+p2(x)coswt> (5.3a)
U(x, t) = u(x)eiwt = (ul(x)coswt-uz(x)sinwt>

+ i(ul(x)sinwt-+u2(x)coswt) B (5.2a)

we may assume that an actual loading P*(x , t) only varies with cosine in

time such that pz(x) =0 and

P*(x , ) = pl(x)coswt ’ (5.17)

whereby the associated deflection U*(x , t) becomes

U*(x , t) = ul(x)coswt-uz(x)sinwt . (5.18)
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The work done by the external forces during a cycle T = 2m/w is then

T % L
J Iu*m,tw*m,tnmmz=9I p, (x)u, (x)dx , (5.19)
T 1 1
0-0 0
which provides a basis for selecting functional 12 as
L L
12 = J Czdx = J pl(x)ul(x)dx . (5.20)

0 0

5.4 DERIVATION OF A GENERAL SET OF GOVERNING EQUATIONS FOR OPTIMAL DESIGN

We now consider a quite general formulation [89] for optimal design of our
viscoelastic structure under given, harmonically varying external loading.
Using the real function a(x) as the design variable, it is our objective

to minimize the real part of the functional

2
I = J C(a ,u, x)dx (5.21)
0

(viz. Il or 12 of the preceeding subsection) subject to the differen-
tial constraint of Eg. (5.11) and the integral constraint of given total

structural volume

2
vV = J f(a, x)dx . (5.22)
0

We assume that a geometrical minimum constraint value o in is specified
for the design variable o(x) , such that we must everywhere have a(x) >
o . _ , which may be expressed as

min

et - o = al(x) (5.23)
by means of the real slack variable as(x) .

To derive the governing equations for the optimization problem stated
above, we adjoin conditions (5.22), (5.23) and (5.11) to the functional
(5.21) by means of Lagrangian multipliers u , n(x) and A(x) = Al(x) +
112(x) , respectively, where A(x) is the so-called adjoint variable, and

obtain
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2 3
I* = J C(o ,u, x)dx + u(J f (o ,x)dx-V)

© © (5.24)

2
+{n,o-a —a )+ {x,Lu-p} .

in

)

Here, the scalar product* {f , g} of the functions f and g , which are

generally complex and which belong to the 12 space, is defined as
2

{f(x) ,g(x)} =J f(x) g(x)dx . (5.25)
0

Now, the stationarity condition for the real part of the augmented

functional I* defined in Eq. (5.24) can be written

Re (61%) = Re(GAI* + éux* + GaI* + Gux* + 6n1* + 6asx*> =0, (5.26)
which expresses the variation of I* due to variations of the complex
variables X and u , and of the real variables o , u , n and as '
respectively. These variables may be considered to be mutually independent,
and varying them independently, the stationarity requirement (5.26) then
leads to the state equation for the actual structure, the state equation
for the adjoint structure, the optimality condition, and some additional

conditions. These equations will be derived in some detail in the follow

ing.

*)

The following properties of the scalar product are frequently used in
the sequel,

{fx) ,gx)} = {gx) , £(x)} , (5.25a)
{af (x) +bh(x) , g(x)} = a{f(x) , g(x)} +b{h(x) , g(x)} (5.25b)

where a and b are complex constants, and

{f(x) ,g(x)} = ({Re(f(x)) +Re(g(x))} + {Im(£(x)) ,Im(g(x))})

(5.25¢)
+ i({Re(f(x)) , Im(g(x))} - {Im(f (x)) ,Re(g(x))}> .
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5.4.1 State equation for the actual structure. Firstly, let us consider

variation of the complex adjoint variable A(x) . With SAI* = {8\ ,Lu-p},

we obtain by means of (5.25c) the stationarity condition
Re(G)‘I*) = {Re(8)) ,Re(Lu-p)} + {Im(6)) , Im(Lu-p)} =0 , (5.27)

which, for arbitrary variation 6Al and 6)2 , gives

Re(Lu-p) =0 (5.28a)
Im(Lu-p) =0 . (5.28b)

In complex form, these equations can simply be written as
Iu-p =0, (5.28)

which is the state equation for the actual structure. It has been assumed
here that the complex deflection function (state variable) u(x) satisfies

appropriate boundary conditions.

5.4.2 State equation for the adjoint structure. We now take the variation

of Re(I*) with respect to variation of the complex variable u(x) . As a

first step, we obtain

* L 9C
§ I = {\,Léu} + J — dudx , (5.29)
u 0 ou

but in order to express our final. result in a convenient form, let us
. . . a .
define the adjoint operator L° corresponding to the operator L by the

equation
{2, Léu} = {%\, su} . (5.30)
With the form of L given by Eq. (5.13) and the deflection (5.25) of the

scalar product, the left-hand side of (5.30) can, after integration by

parts, be written as
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£ m T v (v)
{)\,L(Su}=J Z[g (k,a,x)A ] Sudx

0 v=ot "V
m v-1 . (v=-3-1)4 |2

) {(—1)3A(3)[g (x ,a,x)su(")] } (5.31)
v=1 3=0 v 0
m v-1 o _ (v-3-1)7 |2

+ 1 2{(—1)2" ] 16u(3’[g (k,a,x)x“”] } ,
v=1 j=0 v 0

where the symbol z|§ identifies the difference z(%) -z(0) of an argu-
ment =z . Appropriate boundary conditions for A(x) are obtained from
conditions of vanishing Dirichlet boundary terms in (5.31) at x = 0 and
x = £ . Satisfaction of these conditions implies that the adjoint
differential operator La defined in (5.30) can be identified as

m \ v

a_. 7 & a’
L = z v[gv(k ;0 X) ] (5.32)

v=0 dx ax’

by means of (5.25). Now, rewriting Eq. (5.29) in the form
s 1% = (%1, su} + {(—39> , Su} , (5.33)
u ou

and making use of (5.25c) and the well known rule

OF _ dRe(F) , . 3Im(F) _ 3Im(F) _ . dRe(F)

[ T T 5, 0%,

for partial differentiation of a complex function F with respect to a

. . o *
complex argument £ , the stationarity condition Re(GuI ) = 0 becomes

Re (s 1¥) = {Re[LaA +(—a£>] , Re (Su)} + {Im[La)\ +(a_c)] , Im(8u) }
u Ju ou
(5.34)
= {Re(LaA +ic—> ,Re(Su)} + {Im (L)) +Re<a—c) , Im(8u)} =0
2

aul Ju

Since 6ul and 6u2 are arbitrary, Eq. (5.34) is equivalent to the two

equations

Re(La)‘ +a_c> =0 (5.35a)
ou
1
Im(L2N) + Re(%—) =0 (5.35b)

2
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which in complex form may be written as

a, _ _ aC . aC
LA = {Re(saz)-+J.Re<§E;>} , (5.35)

i.e., the state equation for the adjoint structure. Here, complex A(x)
can be interpreted as the state variable (deflection function) of the
adjoint structure. As was mentioned earlier, A(x) must satisfy appropria-
te boundary conditions that make the boundary terms vanish in Eg. (5.31).

It is worth noting that when the coefficients gv(k , 0, X) ,
v=0,...,m , which define the L - operator via Egq. (5.13), are independent
or depend linearly on the complex stiffness modulus k , see Egs. (5.5)-
(5.7), then the adjoint operator La given by Eq. (5.32) reduces to

m v

Y
=) Ji—[gv(i - ,x)Jé—i . (5.36)

v=0 ax" ax”

This implies that the adjoint structure has precisely the same design as
the actual structure. Moreover, it consists of a material which is also the
same, except for that its viscous coefficients pl and ql are negative,
cf. Eqs. (5.36), (5.13), (5.7) and (5.1). Thus, the material of the adjoint
structure has negative damping, but is otherwise the same as that of the
actual structure. It follows from (5.35) that the loading on the adjoint
structure depends on the specific cost function C and is generally
different from the loading on the actual structure.

In cases where the optimization is based on the functional I with

1

the associated cost function C = Cl defined by Eqg. (5.15), the loading

on the adjoint structure 8Cl/3ul and 3C1/8u2 to be used in Eq. (5.35),

are easily found to be given by

j = 1,2 : — = a (5.37)
n(|u|-u )n_l-—j— if |u| > u
o ]u —

by means of Egs. (5.15) and (5.16).
If the actual loading is taken in the form of (5.17), i.e. with

pz(x) = 0 , and the optimization is based on the functional 12 and

specific cost function C = C defined by Eq. (5.20), then the loading

2
to be used in Eq. (5.35) for the adjoint structure is simply given via
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ﬁﬂpl(x) , —2~=o. (5.38)
This implies that the analysis problems for the actual and the adjoint
structure become identical except for the difference between the L and
the La operator discussed above.
Let us note that in the special case of a purely elastic structure
we have L = L2 (selfadjointness of the L operator).

5.4.3 Optimality condition. The variation of I* in Eq. (5.24) with

respect to variation of the real design variable a(x) is given by

2 2
s 1F = J ESSadx + uJ- §£Gadx + {n, 8a} + {) ,aLuSQ} . (5.39)
o 0 Ja 0 da da

With differential operator L of the form given by Eg. (5.13), the last

term in Eq. (5.39) can be written as

£ _ mrdg (k,a,x) (v)
{>\ ’ '%L'B'GG} = J A z [ Gau(v)] ax
o & da
0 v=0
£ m _ 3g_(k , o, x)
= J §oopVat) e u™ saax (5.40)
0 v=0 o
m v-1 ..\ 79g (v-3-1) | &
+ 11 (—1)]>\(3)[3—" u(v)éa]
v=1 j=0 ¢ 0

after integration by parts. Assuming vanishing of the boundary terms,

m v-1

) (—l)ji(j)[

v=1 j=0

u Sa =0, (5.41)

agv(k , 0, X) V) (v=3=1) |2
aa ]

0

due to the boundary conditions, and using the definition (5.25) for scalar

products, we can write Eq. (5.39) in the form

3C as -
‘SaI* = {35, Sal + lugs, 8o} + {n, 6a} + {S@, A , 60} , (5.42)

where S(u , A\) identifies

39 (k ,a, %)

- T (v) - (v)
s@, N = [ DAY e — (5.43)
\)=
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The requirement of stationarity of Re(daI*) with respect to arbi-

trary variation &a then yields

aC - as
Re[aa+S(u,}\)+uaE+n:| =0, (5.44)

which constitutes the optimality condition of our problem.
Since the specific cost functions C1 and C2 in Egs. (5.15) and
(5.20) are independent of design o , the optimality condition (5.44)

reduces when the functionals Il or 12 are applied.

5.4.4 Additional conditions. The stationarity conditions Re(GuI*) =0,
Re(énl*) =0 and Re(Ga I*) = 0 , respectively, are easily seen to re-

establish the comstraint equations (5.22) and (5.23), i.e.

2

vV = J f(a , x)dx (5.45)
0

o -a . - a2 =0 (5.46)
min s

na =0 . (5.47)

It follows from Egs. (5.46) and (5.47) that we have n =0 in sub-
intervals of inactive minimum constraint. Consequently, the optimality

condition (5.44) reduces in such sub-intervals.

5.4.5 The complete set of governing equations for the general optimization

problem consists of Egs. (5.28), (5.35), (5.44)-(5.47), in addition to
given boundary conditions for u(x) and boundary conditions for A(x) .
The latter conditions are deduced from the requirement of vanishing bounda-

ry terms in Eq. (5.31).

5.5 EXAMPLE: OPTIMIZATION OF SOLID, COMPOSITE, VISCOELASTIC BEAMS SUBJECT-
ED TO FORCED, TRANSVERSE VIBRATION

To exemplify the general theory for optimization of one-dimensional
structures outlined in the preceeding sections, we now consider optimal

design of a composite, viscoelastic beam that performs transverse vibra-
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b
dx
Fig. 15.

tions under a given external, harmonically varying, transverse load dis-
tribution P(x, t) of the form (5.3).

The composite beam, an element of which is shown in Fig. 15, has
given length ¢ and width b . The beam consists of a solid, viscoelastic
(or purely elastic) core of given variable thickness he(x) , which is
covered by two identical, solid layers of another viscoelastic material.
Each of these layers have non-uniform thickness hv(x) , which is taken as

the design variable in our problem, and the total material volume

L
vV = 2b j h (x)dx (5.48)
v
0
of the cover layers is prescribed. The cover thickness hv may nowhere be

less than a prescribed minimum thickness hmin ,

hv(x) - hmin

- hi(x) =0 (5.49)
Egs. (5.48) and (5.49) clearly correspond to Egs. (5.22) and (5.23),
respectively.

In fact, we may conceive the core of the beam as an originally in-
dependent (viscoelastic or elastic) structure, and the problem may inter-
preted as one of "optimal remodeling" [49]: namely to determine the optimal
distribution of the viscoelastic material (damper material), such that the
vibrational response of the remodeled, composite structure is minimized

for a given amount of cover material. It is well known that viscoelastic
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materials with high dissipation of energy are often successfully used in
practise for the purpose of damping vibration and noise.
In order to specialize the general, governing equations of Section
5.4 to our particular problem, we note that the second area moment of
inertia for the cross-section of the core Je is Je = h)hi/lZ , and the
complex bending stiffness JeKe of the core is then given by
JeKe = Je(kel+ike

2) . (5.50)

Similarly, the complex bending stiffness JVKv of the two cover layers is

= +1i .
Jva Jv(kvl 1kv2) B (5.51)
where the second area moment of inertia JV is Jv = k)h3/6 +
k)hv(he-khv)2/2 . Note that hV is not assumed to be small in comparison
with h .
e

The complex state equation for the actual beam than has the form
" 2
" - ]
(JeKe-vaKv)u (x) w (peAe-+vav)u(x) p(x) , (5.52)

where Ae = bhé(x) and Av = 2bhv(x) are the cross-sectional areas of
the core and of the two cover layers, respectively, and where pe and pv
are the mass densities of their materials. Eq. (5.52) corresponds to Eq.

(5.28), and is equivalent to the two equations

]

" o_ " " - 2
[(Jekel +Jvkvl)ul (Jeke2 +JVkV2)u2] w (peAe +vav)ul P, (5.52a)

1]

" 2
Jk  +Jk "4 -
[( e e2 v v2)ul (Jekel.+Jvkvl)u2] v (peAe-+vav)u2

P, (5.52b)
By means of Egs. (5.52) and (5.28), we are now able to identify the
coefficients gv r v=0,...,m , m=2 , of the complex differential operator

L defined in Eq. (5.13). We find
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2
9 (x) = - w (peAe+vav)
gl(x) =0 (5.53)
gz(x) = (JeKe-vaKv) = (Jekel-+Jvkvl) + 1(Jeke2-+Jka2) .

With the form (5.36) of the adjoint operator 2 , Egs. (5.53) give
the following versions of the two state equations (5.35a-b) for the adjoint

beam in our problem,

[(Jekel.+Jvkvl)Al-f(Jeke2-+Jvkv2)A2]
(5.54a)
2 aC
-w (peAe + vav) >‘1 =- Re(—aul)
[_(Jeke2.+Jvkv2)Al-+(Jekel.+Jvkvl)A2]
(5.54b)

2 aC
- w (peAe-+vav)A2 —-Re(sag>

On the basis of Egs. (5.52a-b) and (5.54a-b), we may define real and
imaginary parts of complex bending moments and shear forces in the actual
and in the adjoint beam. Assuming that classical, homogeneous boundary
conditions are specified for the actual beam, it is easily shown by means
of Egs. (5.31) that the adjoint beam will have the same boundary conditions
as the actual beam [89].

Acccrding to Egs. (5.43) and (5.54), the optimality condition (5.44)

takes the following form for our example problem,

ag
A

l- n " o_ n ", " +k "
an ] (18 ~Rgoup) *A5 (ko0 )]

1 v2'1 T %2
2 da dAv aC ©-2
_____V —
I (Auy +2Au) +u g +n+Re<ah>—O .
v v v
Moreover, it is easily verified that Eq. (5.41) is satisfied, if classical
boundary conditions are specified for the beam.

Finally, condition (5.47) translates into the following condition in

the present case,

nh_(x) =0 . (5.56)



145

We have now established the complete set of governing equations for
our particular optimization problem. A numerical procedure based on
successive iterations is developed in Ref. [89] for the solution of this
complicated, strongly coupled and non-linear set of equations. Some
numerical results from [89] will now be presented.

In the following examples, the given frequency w of the loading is
smaller than the fundamental transverse vibration frequency of the beam.
The external, transverse load acting on the beams is chosen as pcosuwt ,
where p is a uniformly distributed or concentrated, force. The beam
deflections u(x , t) are then given by u(x,t) = ul(x)cosmt-uZ(x)sinwt,
cf. Rgs. (5.17) and (5.18). The load is easily identified in the following
figures, and the spatial deflection components ul(x) and u2(x) are
shown. Hatched areas in the figures indicate viscoelastic material. Zero

thickness is allowed for the viscoelastic layers, for which Voight's

material model, with pl = 0 in Eq. (5.1), is used. Note that the latter

\\\\‘
BRI —~ \\\\\\‘\\\\\\R\\\\x\\\\\\\\\&&x
]

B NN

Fig. 16.

does not imply loss of generality, because both k and k2 given by Egs.

1
(5.7) will be different from zero in general.

Fig. 16 shows (hatched) the optimal distribution of viscoelastic
cover material on a uniform, doubly clamped, elastic beam. The design is

obtained on the basis of functional I2 , Eq. (5.20), i.e. the minimum

dynamic compliance criterion is used. The angular frequency of the loading
is ® = 100 1/sec , and the material volume of the cover layers is taken to

be one-third of the total beam volume. The material data chosen for the

cover layers are k = 0.206 -1012 N/m2 , kv2/kvl = 0.5 (high dissipation

vl
of energy), and for the elastic core, k =k and ke << kel . The

el vl 2

materials have equal mass densities.
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The maximum value of the total deflection amplitude for the optimal
beam in Fig. 16 is found to be 64% of the maximum total deflection
amplitude for a corresponding, uniform beam (indicated by dashed lines in
the figure), where the same amount of cover material is uniformly distri-
buted over the core.

The cantilever beam in Fig. 17 is subjected to a concentrated,
harmonically varying force acting at its free end, and the design is
obtained on the basis of the functional Il defined by Eg. (5.15) with
n = 4 . The same materials as in Fig. 16 are used, but the volume of layer
material is one-quarter of the total beam volume, and the angular frequen-
cy of the loading is taken to be w = 50 1/sek. In this case, the maximum

deflection is found to be 63% of the maximum deflection of the correspond-

ing, uniform cantilever.

I Ipcosut
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SECTION 6
OPTIMAL DESIGN OF SOLID, ELASTIC, AXISYMMETRIC PLATES
6.1 INTRODUCTION

This section gives an account of a new, regularized mathematical formula-
tion of optimal design problems for solid, elastic, axisymmetric plates of
prescribed material volume, plate domain and boundary conditions. As a
typical design objective, we consider minimization of the compliance
(maximization of the stiffness) for given static loading on the plate.
This type of problem is, to some extent, less complicated than designing
with respect to other objectives (e.g. maximum vibration frequency or
buckling load), but it contains all the significant features that are
inherent in optimal design of solid, elastic plates.

The new, regularized formulation, which alleviates some anomalies
and difficulties encountered earlier in plate optimization problems, is
based on a new compound plate model with two simultaneous design variables,
namely, variable thickness of a solid part of the plate and variable con-
centration of a dense system of thin, integral stiffeners attached to the
solid plate part. Necessary conditions of optimality are derived and
numerical solutions are presented. The results are compared with results
obtained from optimal design formulations applied heretofore, and substan-
tiate the superiority of the new, regularized formulation.

The discussion in the following has implications for a number of
similar two-dimensional optimization problems. It is based on the paper
[94] by Cheng and the author.

6.2 THE PROBLEM

We consider the problem of finding the theoretically best plate model and
mathematical formulation for optimal design of axisymmetric, thin, elastic,
solid plates, whose thickness h is variable and identifies the distance
between the upper and lower plate surface, which are assumed to be disposed
symmetrically with respect to the plate mid-plane. The total plate volume
is assumed to be specified, and in addition, maximum and minimum constraint

values h and h_. for the plate thickness function, pertinent
max min
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material properties, the inner and outer radii of the plate (which may be
annular), and the boundary conditions, are assumed to be given.

For exemplification we consider minimum compliance, i.e. maximum
integral stiffness, as the design objective. We adopt a polar coordinate
system with origo in the plate centre, and assume for the minimum
compliance problem that the distribution of static load p(r, 8) is of

the special type
p(r, 0) = £(r)cosnb , (6.1)

where f 1is a given, 6 - independent function, and n a given integer. Eqg.
(6.1) thus models a rotationally symmetric load distribution for n =0 ,
and for n # 0 , it models a load p(r, 6) that has the trace f(r) for
6 = 0 and varies harmonically with 6 in the circumferential direction.
Assuming the boundary conditions to be homogeneous, the plate deflection

W(r , 8) then attains the simple form
W(r , 0) = w(r)cosnt , (6.2)

where w 1is independent of 6 .

The assumptions introduced here offer the mathematical simplification
that the a priori partial differential equations for our problem reduce to
ordinary differential equations after a separation of variables, which
implies that less computer space and -time are required for the numerical
solution procedure. Note, however, that these mathematical simplifications
do not impede a study of possible formation of integral plate stiffeners;
although the plate is rotationally symmetric, it possesses the possibility
of increasing its stiffness against circumferential varying loads by form-
ing concentric, circumferential stiffeners that may effectively counteract

the circumferential curvatures of the deflection function.
6.3 TRADITIONAL FORMULATION

In the traditional formulation for optimal design, the plate thickness

h(r) is used as the design variable, and the optimal solution is assumed
to be a solid plate. In dimensionless form, where the inner and outer radii
for an annular plate are Ri and 1 , respectively, and we have Ri =0

for a full plate, the problem is posed as follows
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With h(r) as the design variable, minimize
nms= J f(r)w(xr)rdr (6.3a)
Q

subject to the constraints

J h(r)rdr = 1 , (6.3Db)
Q
h . <h(r) <h , (6.3c)
min — — max
where
r € Q{r}Ri <r< 1} . (6.3d)

Within this formulation, the optimal thickness distribution h(r) is
sought in the class of continuous functions or piecewise continuous func-
tions with a finite number of discontinuities, and the plate bending rigi-
dity D 1is assumed to be isotropic, i.e. independent of orientation, and
given by

3
D = Eh™ (x) , (6.4)

12(1-—v2)
where E 1is Young's modulus and Vv is Poisson's ratio of the plate
material. The optimization problem has been considered in this form in
several papers, see e.g. Refs. [95-100]. However, as has recently been shown
by Cheng and the author [101], the optimal thickness distribution will
generally not belong to the aforementioned class of functions. As a matter
of fact, if the given constraint values hmax and hmin differ suffici-
ently from each other, the optimal thickness function will exhibit an
infinite number of discontinuities (formation of infinitely thin
stiffeners) in certain sub-regions of the plate domain § . Optimal
thickness functions of this type can obviously not be determined on the
basis of the traditional formulation, and it is therefore necessary to re-

formulate the optimization problem.
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6.4 NEW, REGULARIZED FORMULATION WITH TWO SIMULTANEOUS DESIGN VARIABLES

In order to be able to determine a possible global optimal design subject
t i t h h . £ i tri lat
o any given set of values of max and min or an axisymmetric plate,
we follow [94] and expand our design space by constructing a new, generali-
zed plate model. This model covers an axisymmetric, integrally stiffened
plate consisting of a solid part of variable thickness hs(r) , 0 < hm' <

in —
h <h that is equipped with a system of infinitely thin integral

s — ma
stiffezefs of variable concentration u(r) . Fig. 18 shows a radial section
through a small ring element of the plate. The element has the radial
extent Ar and is equipped with a finite number of stiffeners. Each
stiffener is circumferential, has rectangular cross-section of height
hmax - hS , and is placed symmetrically with respect to the plate mid-
plane. The concentration u(r) (or demsity) of the integral stiffeners
is defined by

N

i
Ar !

p(r) = lim 0<wul <1, (6.5)

Ar +0
where Aci is the width of the i'th stiffener of the element.
Note that this plate model, for wu(r) = O and hS = h , reduces to

the solid plate of variable thickness h(r) wused in the traditional formu-

11

lation for optimal design. On the other hand, for wu(r) # O and hs
hmin , the model comprises another special case, namely the integrally
stiffened plate model with u(x) as the only design variable, which has
very recently been used in Refs. [102,103] for determining a number of
numerical results that are superior to results obtained by means of the
traditional formulation.

While integrally

stiffened plate regions are

excluded by the former

special case plate model

(=0, hS = h) , and solid
regions of intermediate

thickness are excluded by

the latter (p # 0 , hS =
AT

}——« J h . ) , it will be shown in

min

the following that the new

Fig. 18.
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generalized plate model is superior to those applied previously. In fact,
it turns out that the optimal plate will, in general, be a compound plate
that contains both sub-regions with integral stiffeners and sub-regions
that are purely solid and of intermediate thickness.

By means of the new plate model with its two design variables u(r)

and hs(r) , we now reformulate the plate optimization problem as follows,
With hs(r) and u(r) as design variables, minimize
ms= I f(r)w(r)rdr (6.6a)
Q

subject to the constraints

JR [hs(r)~+u(r)(hmax-hs(r))]rdr =1, (6.6b)
hoin S hg(x) R (6.6c)
0 <wu(x) <1, (6.64)
where
r € Q{rIRi <r f_l} . (6.6e)

Now, since the optimal plate is geometrically anisotropic
(cylindrically orthotropic) in possible sub-regions with 0 < p(r) <1 ,
it is necessary to consider the plate bending rigidity as a tensor (i.e.
to depend on orientation) in the moment-curvature relationships (Hooke's
law) for such sub-regions of the plate. In Refs. [102,103] the components
of the bending rigidity tensor are determined via two different paths, and
we therefore just cite the results in what follows.

On the basis of Kirchhoff plate theory and with deflections in the

form of Eq. (6.2), the 6 - independent factorials Krr ’ Kee and Kre of
the radial, circumferential and twisting curvatures are given by
w' n2w nw)'
= " = e— - e— = - —
Ker =% 7 Xpe r r2 * Xre ( r) ! (6.7)

respectively, where primes denote differentiation with respect to r . The

moment-curvature relations read [102]



By = Dr(Krr+VKee) r Tgg T De (Kee +errr) !
(6.8a)
re ~ Dre (1- ")Kre
or in inverse form,
< _ "(mrr"’rmee) K _ Mo ™ Vlry
= 2 - 2 ’
rr erre(l-vz) o8 D (1 =v)
(6.8b)
. - xe
8 D (L-v) '
ro
where m , m and m are the 6 - independent factorials of the radial
rr 06 ro

and circumferential bending moments and the twisting moment, respectively.
In Egs. (6.8a-b), v is Poisson's ratio of the isotropic, linearly elastic
plate material, and the components Dr , D and De of the plate bending

ro
rigidity tensor, together with the symbol vr , are given by [102,103]

Phax Ps
D = = uD + (1-
r uwb_ + (L-yu)D + Do ¥ "Phax ( 1'I)Ds
s max
D (6.9)
D = (l—v2)D + \)2D v = \)—r
8 ro r ' r De !

respectively, where Dmax and Ds are suitably non-dimensionalized scalar

bending rigidities defined by
D =h , D =h" . (6.10)

Egs. (6.8a-b) express by means of Egs. (6.9) and (6.10) the moment-
curvature relationships in possible cylindrically orthotropic sub-regions
of the plate where O < u(r) <1 and hS < hmax . However, the above
equations reduce precisely to the corresponding well-known relationships
for isotropic plates in those sub-regions in which the plate is purely
solid, that is, where yu = 0 (purely solid sub-region with plate thickness
hs , hmin < hs < hmax) , or where yu =1 (purely solid sub-region with
plate thickness hmax) . Consequently, we can apply Egs. (6.8) - (6.10)
throughout the plate in the following.
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6.5 DERIVATION OF NECESSARY CONDITIONS FOR OPTIMALITY
The governing optimality equations for the regularized minimum compliance

design problem (6.6a-e) can be derived by variational analysis. The

compliance TIT in (6.6a) can alternatively be written as [102]

2. 2 2 2
m= JQ{Dre[(l—\) )Kee+2(l-v)n<re] + Dr(Krr+\)|<ee) }rdr , (6.11)

and we may use this expression in constructing an augmented functional TT

defined by
* 2.2 2 2
m = IQ{DIB[(l v )Kee+2(l V)Kre] + Dr(Krr+\n<ee) }rdr

—A{J |_h +u(h —h)]rdr—l}—J'
QLS max s Q

2 2 2
- J B[h . —-h +1 ]rdr - J Y[u-l+g ]rdr - J a[n -u]rdr R
q L min s Q Q

where the constraints (6.6b-d) are adjoined to the functional T of Eq.

)\[h -h +02]rdr (6.12)
s max

(6.11) by means of the Lagrangian multipliers A , A(r) , B(r) , Y(r) and

a(r) , and where the real slack-variables o(r) , t(r) , &£(r) and n(r)
are introduced for converting the inequality constraints on hs(r) and
p(r) to equality constraints.

The necessary condition for stationarity of M with respect to the

design variable u(r) is now found to be

2.2 2 2( 1 1
(Dmax_Ds)[(l_v )Kee +2(l_v)Kre] + Dr(l—);—D >(Krr+w<66)

(6.13)
= A(hmax-hs) + y(r) - a(x) ,

and the stationarity condition with respect to the design variable hs (r)

becomes

—3(1_11) D2(|< + vk )2
h4 r rr 06

S

2 2. 2 2
3hs(l—u)[(l-\) )Kee+2(l—v)|<re] +

(6.14)
= A1-n) + A(x) - B(x) .
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Conditions of stationarity of m*  with respect to the Lagrangian
multipliers A, X , B , Yy and o reestablish the plate volume constraint
(6.6b) and the maximum and minimum constraints on hs(r) and u(r) in
(6.6c-d), and stationarity with respect to the slack variables o , T , §
and n leads to switching conditions which, when combined with the con-
straints on hS and u , may be expressed together with appropriate Kuhn-

Tecker conditions as follows,

y(xr) =0 , a(r) >0 if p(r) =0
Y(r) =0 , a(xr) =0 if 0 < u(r) <1 (6.15)

y(r) >0 , af(xr) =0 if pl(r) =0

and

X(r) =0 , B(r) >0 if h o =h .
Af(xr) =0 , B(r) =0 if hmin < hs(r) < hmaX (6.16)
Al(r) >0 , B(xr) =0 if h =h

- S max

Egs. (6.13) and (6.14) above constitute the two optimality conditions
that are associated with the regularized formulation of the problem. The
left-hand sides of these equations identify the gradients of the specific
strain energy with respect to wup(r) and hs(r) , respectively, and taking
Egs. (6.15) and (6.16) into account, Egs. (6.13) and (6.14) show that in
sub-regions where one of the design variables u(r) and hs(r) is uncon-
strained, the gradient of the specific strain energy with respect to the
particular design variable, should be constant.

By means of Egs. (6.13)-(6.16), we are now able to derive specific
conditions for the occurrence of sub-regions with integral stiffeners and
of purely solid sub-regions of intermediate thickness in the optimal

design.

6.5.1 Condition for sub-regions with integral stiffeners. An integrally

stiffened sub-region is characterized by

0 <wu(x) <1 , hmin f-hs(r) < hmax . (6.17)
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In view of Inegs. (6.17) and the second of Egs. (6.15), Eq. (6.13) reduces

to

-D

max s 2.2 2

n _— [(l—v )Kee+2(l—v)|<re]

max s
2 (6.18)
r 1 1) 2

T h -h(D "D )*r TV = A
max s S max

Taking Inegs. (6.17) and the first two of Egs. (6.16) into account, we may
express Eq. (6.14) as
2 2.2 2 3 2 2
3hs[(l -V )Kee +2(l—\))|<re] +—4 Dr(Krr+ere) <A . (6.19)

h
s

Eliminating A between Eq. (6.18) and Ineqg. (6.19), and expressing Dr B
D and D in terms of u , h and h by means of Egs. (6.10) and
s max s max

the first Egs. (6.9), we after dividing through by hmax_hs obtain the

necessary condition

2, 2 2
(2hs+hmax)[(l-\) )Kee+2(l—v)|<re] >

3 5 (6.20)
hmaxhs 2 2 2
+ +
[l-lh3 +(1- l-l)h3 ]2 (hs 2hshmax * 3hmax)(Krr "Kee)
s max

for an integrally stiffened sub-region in the optimal design of a rotation-

ally symmetric plate.

6.5.2 Condition for purely solid sub-regions of intermediate thickness.

A purely solid sub-region of intermediate thickness is associated with

p(r) =0 , hon < h_(r) < hox - (6.21)
By Egs. (6.21) and the first of Egs. (6.15), and noting that Dr =D for
p =0 , the optimality condition (6.13) may thus be written as
-D
max s 2.2 2
h—T (L-v )Kee+2(l-\))Kre
max s

(6.22)
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while the optimality condition (6.14) reduces to

2

2 2.2 2 2
3hs[(l-v )Kee +2(1 -v)Kra] + 3hS(Krr-+vK )T = A (6.23)

66
since hS is unconstrained and u # 0 .
Combining Egs. (6.22) and (6.23), using Egs. (6.10), and dividing

through by hm

ax-_hs , we obtain the inequality

2,2 2
(2hs+hmax)[(l—v )Kee+2(l—\))Kre] <

5 (6.24)
hs 2 2 2
+ h”+2h h + 3h (kK +vk,,)
h3 s S max max rr 606
max

which constitutes a necessary condition for a purely solid sub-region of
intermediate thickness in the optimal design of a rotationally symmetric
plate.

Unfortunately, it does not seem possible to derive specific condi-
tions for purely solid sub-regions of minimum thickness hmin or maximum

thickness h on the present basis.
max

6.5.3 Behaviour of the optimal design in the vicinity of plate edges. At a

simply supported or free plate edge, we have mrr = 0 , which is equivalent

+ =
to Krr ere S
that hS (3-hmin) >0 . With Koy * VKo = 0 and (1-v )Kee
0 1in general for a simply supported or free edge, and 2hs + hmax >0,

0 since singular behaviour is excluded via the condition

+2ﬂ-vR2 >
ro

it is readily seen that the condition (6.24) is not satisfied.

Hence, a purely solid sub-region of intermediate thickness will
never appear at a simply supported or free edge of an optimally designed
rotationally symmetric plate. The optimal plate will either be integrally
stiffened (note that condition (6.20) is satisfied) or solid with minimum
or maximum thickness in the vicinity of a simply supported or free edge.

At a clamped edge r = r of an axisymmetric plate, we have
w(r*) = w'(r*) = 0 , and hence Kaa(r*) = Kre(r*) =0 . In view of the
latter conditions, the fact that hz + 2hshmax + 3h§1ax > 0 and that
(Krr(r*)'+VKee(r*))2 > 0 in general for a clamped edge, we see that condi-
tion (6.20) fails to be satisfied.

Thus, a sub-region with integral stiffeners will not be found at a

clamped edge of an optimally designed rotationally symmetric plate. In the
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vicinity of such an edge, the plate will be purely solid, and its edge

thickness will belong to the interxrval h , < h <h
min — s — max
The above results constitute a generalization of results obtained in
[103] for a slightly different problem by means of the Kelley condition
from optimal control theory.
It is shown in Ref. [94] that all the results and conclusions of
Sections 6.5.1, 6.5.2 and 6.5.3 also hold good for the problem of maximiz-
ing a transverse vibration frequency for an axisymmetric, solid, elastic

plate of given volume.
6.6 NUMERICAL RESULTS AND DISCUSSION

This section presents some numerical solutions obtained in Ref. [94] to the
regularized formulation for minimization of plate compliance. The numerical
procedure is outlined in [94]. The solutions are obtained by sub-dividing
the plate into 100 ring-elements. In the following the compliance T of
each optimal plate will be stated in proportion to the corresponding
compliance ﬂu of a purely solid, uniform reference plate of thickness

hu that has the same total volume, plate radii and boundary conditions,
and is made of the same material as the optimized plate. Poisson's ratio of
the plate material is taken to
be v = 0.25 . The uniform
reference plate is, of course,
------ subjected to the same static
loading as the optimal plate.
Although we are able to cope

b)) k----- 4 -- in the form of Egq. (6.1), we

|
|
|
1
|
¥
I
|
]
I
|
I
: with arbitrary static loading
[
: take f(r) = const. in the
I
; examples.
: Fig. 19 shows radial
|
| sections through minimum com-
|
|
|

pliance designs of axisymme-
fe) tric, annular plates with
clamped inner and outer edges.

In each design, the unhatched

area indicates the solid part

Fig. 19. of the plate, whose thickness
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is hs(r) , and hatched areas indicate that integral stiffeners of total
height (hmax-hs) are placed symmetrically with respect to the plate mid-
plane. The sum of the extents of the upper and lower hatched areas in the
normal direction at a specific value of the radial coordinate «r ,
represents u(r) ~(hmax-hs(r)) of the design. This function is plotted
to the same scale as hs(r) in the figures, and illustrates the material
consumption of the integral stiffeners by an equivalent thickness of purely
solid material. The solid curve shown above each plate is the 6 - independ-
ent factorial w(r) of the deflection function.

The designs all have hu/hmin =1.6579 , hmax/hmin =5 and Ri =
0.2 , and they serve to illustrate the influence on the optimal design of
the circumferential wave number n of the external loading, Eq. (6.1).
The optimal design in Fig. 19a corresponds to n =0 , i.e. axisymmetric
load, and the designs in Fig. 19b and 19c correspond to n =2 and n = 4,
respectively, i.e. loads of the form p(r,6) = const +cos26 and p(r, 6) =
const ¢ cos46 . The compliances of the optimal designs are found to be
I'I/ITu = 0.463 , 0.491 and 0.357 , for n =0 , 2 and 4 , respectively.

The results in Fig. 19 clearly show that the significance of integral,
circumferential stiffeners increases with increasing n . In the case of
axisymmetric load, the optimal design, Fig. 19a, is almost entirely a
purely solid plate, and only an examination of the numerical data reveals
that a small sub-region with very low stiffener concentration is present.
However, for n = 4 (Fig. 19c), most of the material volume, which is
available for design in view of the minimum thickness constraint, is used
for formation of stiffeners, and only small, solid sub-regions of inter-

mediate thickness are found near the clamped edges of the plate.

ﬂ/ﬂu
Boundary conditions |Traditional Formulation New, regularized
at inner and outer formulation with hSEEhmin , | formulation,
plate edge (p=0) , from[101] from [102] Ref. [94]
clamped-clamped 0.536 0.415 0.357
simple supp.-clamped 0.564 0.407 0.351
free-clamped 0.617 0.404 0.349

Table 2 . Comparison of minimum compliances Tl for axisymmetric annular
plates determined via three different formulations for optimal design. The
results correspond to n = 4 , Ri =0.2 , hu/hmin = 1.6579 , hmax/hmin =5
and v = 0.25 .
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The regularized formulation of a general plate optimization problem

is quite complex and involves four functions as simultaneous design varia-

bles: the thickness of the solid part of the plate,

the concentrations of

two mutually orthogonal fields of integral stiffeners, and the orientation

of the stiffeners. Results for this type of problem have only been obtained

recently, see, e.g., Bendsge [104,105] and Kohn and Vogelius [106], for

elastic plates and Rozvany et al. [107-109] for plastic plates.

(a)

(b)

(c)

(d)

Fig. 20.

The designs obtained in
[94]1 (some of which are pre-
sented here) are no doubt
global optimal designs within
the type of plate topology
considered. However, these
designs are obtained as solu-
tions to a somewhat idealized
mathematical formulation, and
it is obvious that they must
be regarded as limiting
designs from the point of
view of practical applica-
tion.

In practice it is
necessary to modify the
design, which implies a less
optimal value of the p=rform-
ance index. Let us therefore
end this section with an
assessment of the sensitivity
of the current type of
optimal designs with respect
to their most necessary type
of modification, namely
lumping the system of in-

finitely many, infinitely

thin integral stiffeners into a finite number of stiffeners of finite width

(to meet non-buckling requirements, e.g.). As an example, consider the
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optimal design of Fig. 19c; sub-divide it into 3, 4, 5 and 6 sections,
respectively; lump the infinitely thin stiffeners appropriately (which can
be done in different ways), and obtain the series of modified designs shown
in Figs. 20a-d. The compliances of these modified designs are given in
Table 3 from [94] together with minimum compliance values determined via
the two earlier and the new formulation for optimal design. We see that
even the design with only three lumped stiffeners has a lower compliance

than the minimum value determined via the traditional formulation for

m/m,
Traditional formulation (p=0) 0.536 from [101]
Formulation with h_ = h_, 0.415 | from [102]
s min
Regularized formulation, optimal design 0.357 Fig. 19c

Modified opt. design, 3 lumped stiffeners 0.444 Fig. 20a
Modified opt. design, 4 lumped stiffeners 0.438 Fig. 20b
Modified opt. design, 5 lumped stiffeners 0.413 Fig. 20c
Modified opt. design, 6 lumped stiffeners 0.401 Fig. 204

Table 3. Compliances Tl of optimized and modified designs of
a clamped-clamped annular plate with n =4 , R, = 0.2

h/h ., =1.6579 , h __/h . =5 and v = 0.25".
u min max min

’

optimal design. For the modified design with six lumped stiffeners, the
compliance is already comparatively close to the compliance of the true
optimal design. These results indicate clearly that optimal designs
determined by means of the new, regularized formulation are rather insensi-

tive with respect to reasonable modification of the type considered.
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MINIMUM-WEIGHT PLATE DESIGN VIA PRAGER'S LAYOUT THEORY
(PRAGER MEMORIAL LECTURE)

G. I. N. Rozvany Ong, T.-G.
FB.10 Essen University Dept. of Civil Engrg.
4300 Essen 1, Monash University,
West Germany. Clayton, Vic. 3168, Australia.

During the last decade of his immensely creative life, Professor William
Prager's research was directed at two central objectives, the derivation
of a comprehensive set of static-kinematic optimality criteria and the
development of an optimal layout theory. As the late Professor Prager's
closest former associate, the first author will review briefly these

fields in the first part of this memorial lecture.

Prager's intellectual heritage has found a number of useful applications
since his tragic death in 1980; the most recent of these, a new approach
to minimum-weight plate design, will be discussed in the second part of

the lecture.

Static-Kinematic Optimality Criteria

This powerful approach to structural optimization was:  introduced by
Prager and Shield [1] and extended considerably by the first author's
research group (e.g. [2-4]). In formulating a distributed parameter
problem, the Lagrangian function associated with the equilibrium condi-
tion can be regarded as a fictitious ("Pragerian" or adjoint) deflection
field and then the Euler-Lagrange equations are interpreted as genera-
lised strain-stress relationships. The latter, together with static and
kinematic admissibility, constitute a necessary and sufficient condition
of optimality (subject to existence) for convex problems and a necessary
one for non-convex problems. Static-kinematic optimality criteria con-
vert, in effect, a problem of structural optimization into a problem of
(non-linear) structural analysis. While this analogy does not change the
problem from a mathematical point of view, it provides a very useful
insight into the nature of optimal solutions since for engineers it is
easier to visualize (and anticipate) deflection or strain fields than

abstract mathematical entities. Moreover, the above analogy enables us
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to employ in optimization existing numerical and analytical techniques
for structural analysis, e.g. energy methods and finite element pack-

ages.

In applying the above approach to the optimal plastic design of struc-
tures with continuously varying cross sections [1,2], for example, we
must find a statically admissible generalised stress field and a kinema-
tically admissible generalised strain field such that the generalised
strain components are given by the "G-gradients" [2,3,12] of the speci-
fic cost function with respect to the generalised stress components. The
specific cost function is the relationship between the "cost" per unit
length, area or volume and the generalised stresses (or stiffnesses) and
its integral over the structural domain is the "total cost" which is to
be minimised subject to design constraints. The G-gradients are simply
partial first derivatives for differentiable functions and subgradients
(having non-unique values given by a convex combination of the limiting
gradients at discontinuities of the derivatives) for piece-wise differ-
entiable functions. For discontinuous cost functions, the G-gradients
contain generalised functions (e.g. Dirac distributions or impulses),

see [3].

In the seventies, the Prager-Shield condition [1] for optimal plastic
design was extended to discontinuous cost functions, multiple load
conditions, allowance for the cost of reactions or unspecified forces
(of non-zero cost) and connections (joints), prescribed cost distribu-
tion (segmentation), optimization of location of supports and segment
boundaries and allowance for body forces (selfweight) [2,3,19]. Follow-
ing a suggestion by Niordson, more recent optimality criteria [5] can
handle limits on the spatial gradient of the cross-section distribution

(="taper").

In extending static-kinematic optimality criteria to optimal elastic
design [3], deflection, stress, buckling and natural frequency con-
straints [6], with additional optimization of support conditions or seg-
mentation [7] and "Niordson-constraints" [8] have been considered. In
optimal elastic design, two kinematically admissible deflection fields
must be considered simultaneously: the elastic deflections caused by the

external loads and the "Pragerian" (adjoint) displacement field which is



167
the Lagrangian for the equilibrium condition. For prescribed deflection
constraints, the latter becomes the elastic deflection field caused by

"unit dummy loads" at the prescribed displacements.

An Illustrative Example: Optimal Plastic Design of a Beam with One

Movable Support

Considering a beam (Fig. la) having a rectangular cross-section of given
constant depth d, a variable width b and a yield stress sy , the plastic

moment capacity becomes Mp = sybd2/4 and the cross-sectional area % =
bd. Since in plastic design the yield condition IMsl < Mp must be ful-
filled where M° denotes statically admissible bending moments, we obtain
the specific cost function ¥ = klMs| with k = h/syd if we assume that

all cross-sections are at yield in the optimal design (|Ms| = Mp). In
this problem the generalised strain corresponding to the bending moment
M is the beam curvature sk = -du?/dx? where u is "Pragerian" (adjoint)

beam deflection and x is the distance along the beam axis. The optimal
kinematic admissible curvatures nk are given by the first derivatives of

the specific cost function, nk = G(y) = dJ,b/dMs with respect to the

statically admissible moments. As the specific cost function ¥ is

non-differentiable at M° = 0, the G-gradient becomes the subgradient,
having a non-unique value of -k < k = G(¥) < k. The above specific cost
function and the corresponding optimal curvature value are given in

Fig.lg.

In addition to the cross-sections, the location of support B (Fig. la)
is to be optimized. For the optimal location of a support of zero cost
we have the optimality condition (e.g. [2], p.129), u, = ué = 0 where ué
= du/dx|B.

A class of statically admissible moment fields M° is shown in Fig. 1b
and the corresponding "Pragerian" deflection field a in Fig. lc. Kinema-

C
= 0) implies u_=0= f k(X -x)dx
E B E

= -kd(3L+a-d/2)+k(3L+a-d)2/2 = 0 or d = (3L+a)(1-l//§). Similarly, u,= 0

tic admissibility of the latter (i.e. up
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169

furnishes b = (3L-a)(1-1//2) implying b/d = (3L-a)/(3L+a). Moreover,

B

B

statical considerations furnish b = MB/VB-, d = MB/V + where the shear

forces to the left and right of the support B are V = (MB+PL)/(3L—a),

VB+ = (MB+3PL)/(3L+a). Combining the kinematic and static requirements,
we have b = MB(3L-a)/(MB+pL) = MB(3L-a)/(MB+3pL) which is clearly in-

feasible. This means that the above class of solutions is non-optimal.

Assuming now that the cross-sectional area and moments between points D

and E are zero (Fig. 1d and le), the Pragerian deflection field is shown
in Fig. 1f. Static and kinematic consideration furnish again c = Pa/VB_

= (3L-a)a/(L+a), ¢ = (3L-a)(1-1//2) yielding a = L(/2-1). It is still
necessary to show that the above solution admits up = 0. Since for M = 0
the curvature value is non-unique (Fig. 1lg) it is easy to show that all

uE-values between kL2(2/2-6) and kL2(3+2/2) are admissible (the
non-unique Pragerian deflection field is represented by the shaded area
in Fig. 1f). This confirms the optimality of the above solution (Figs.

1d and le).

Optimal Layout Theory

This theory [4, 9-14] is based on two underlying concepts, the above
mentioned static-kinematic optimality criteria and the structural uni-
verse. The 1latter consist of all potential (or "feasible" or
"candidate") members (centroidal axes or middle surfaces). Since a
static-kinematic optimality condition gives a (usually non-unique)
strain requirement also for vanishing members, its fulfilment for the
entire structural universe constitutes a necessary and sufficient condi-
tion of optimality for convex specific cost functions (with linear
subsidiary conditions). Other formulations of the same problem involving
unknown geometrical parameters wusually result in non-convexity

(non-uniqueness).

The original (now termed classical) layout theory [2, 9-13], a general-
isation of Michell's pioneering effort at the turn of the century [15],

was used for low-density, grid-like structures in which at a given point
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members may run in any number of directions (Fig. 2a) but the effect of
member intersections on both cost and strength (or stiffness) is neg-
lected. Consequently the specific cost ¥ is a sum of functions each of
which depends only on the strength (e.g. moment capacity) or stiffness

of an individual member: ¥ = ¢1(sl) + ... + ¢n(sn).
ISI {52 ISI
) )
R
Sn

) (b)

Fig. 2. Classical and advanced layout theory.

Y

The development of advanced layout theory was prompted by the dis-
coveries that optimized continua develop an infinite number of internal
bounderies [16] and that least-weight plates contain a dense system of
ribs [17]. Considering an elastic (or plastic) continuum, the micro-
structure is first optimized locally by minimizing the material volume ¥
per unit area (or volume) for given stiffness (or strength) parameters
S0 Sy (and possibly s3) in the principal directions (Fig. 2b). It
follows that the specific cost function ¢(sl,s2) is a non-separable
function of both (or all three) stiffnesses (or strength parameters).
Advanced layout theory results in substantial extra savings if a high
proportion of the feasible space is occupied by structural material but
the optimal solution given by this theory tends to that of the
"classical" layout theory if the material volume/feasible volume ratio

tends to zero.

Classical layout theory has been applied to least-weight trusses or
Michell frames (e.g. [9]) but it has been particularly successful in
optimizing least-weight grillages (beam systems). This development was
regarded as particularly important by Prager for the following reasons
[10]:
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(a) Grillages constitute the first class or truly two-dimensional
optimization problems for which closed form analytical solutions are

available for almost all possible boundary and loading conditions.

(b) Optimal grillages are more practical than Michell structures [15]
because the latter are subject to instability which is ignored in their

formulation.

(e) The optimal rib layout of least-weight plates has been found

similar to that of minimum weight grillages.

(d) A computer algorithm (22,23) is available for generating analyt-
ically and plotting optimal beam layouts for a wide range boundary

conditions.

Extensive reviews of the grillage theory [2, 9-14] show that analytical
solutions are now available for any combination of simply supported and
clamped boundaries, free edges and beam supported edges. Additional
refinements include non-uniform depth, allowance for cost of supports,
bending and shear dependent cost, upper constraint on beam density [18],
partial discretization and allowance for selfweight (also for moment and
shear dependent cost) [19,20]. Although it was shown earlier that plas-
tically designed least-weight solutions are also valid for elastic
grillages with prescribed stress, compliance or natural frequency [2,6],
optimal grillage layouts for a prescribed elastic deflection were

derived more recently ([21].

Another application of the classical layout theory concerns archgrids
(now termed "Prager structures") (24-27). A Prager structure can be
defined as a surface structure consisting of intersecting arches or
cables for which both the middle surface and member layout are opti-
mized. Alternatively, a Prager-structure can be regarded as a special
class of Michell space-frames for which (a) either the compressive or
the tensile permissible stress tends to zero and (b) the vertical
position of loads is unspecified and is to be optimized. This special
class of Michell frames always reduces to a surface structure in 3D
space (or a line structure in a plane). Closed form analytical solutions
are now available for any axisymmetric load in space and for any

parallel load system in a plane and also for additional selfweight. An
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interesting feature of Prager structures is the fact that the total
structural weight is always proportional to the sum of the products of

the loads and their elevationms.

Optimal Plastic Design of Solid Plates

It was known already in the sixties that the weight minimization of
solid plates without an upper constraint on the thickness is not a well-
posed problem because the weight can be reduced to an arbitrarily small
value by using a system of sufficiently high ribs [30,28]. More
recently, Olhoff and Cheng [17] showed numerically that even with an
upper constraint stiffener-like formations appear in the solution and
their number increases with the number of finite elements used. Prager
pointed out shortly before his death that the layout of such stiffeners
is similar to that of least-weight grillages for the same boundary and
loading conditions, obtained about a decade earlier by the first author
and later confirmed by Prager (e.g. [19]). Subsequently the first
author, Olhoff, Cheng, Taylor and Wang [28,29] obtained exact analytical
minimum-weight solutions for plastically designed solid plates with a
constraint on the maximum thickness. It was first established that con-
sidering given principal moments for a minimum weight solution ribs
always run in the principal directions. Studying then the local optimi-
zation of solid Tresca-plates of variable thickness with ribs of wvaria-
ble depth and density in the principal directions, it was found that
within a maximum thickness constraint and depending on the given values
of the principal moments the solution may only consist of the following

two types of regions [28]:

(a) a dense system of ribs in two principal directions with a plate of

zero thickness in between the ribs; or

(b) ribs in one principal direction only and a solid plate whose moment

capacity equals the smaller principal moment (Mz).

The above formulation has taken the weight saving at rib intersections
into consideration when both principal moments have the same sign. For
principal moments of differing signs, however, the Tresca condition

requires a local widening of the ribs adjacent to rib intersections. It
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was shown that the weight of this extra widening approximately offsets
the weight saving at the rib intersections. It was therefore assumed
that in the latter (less frequent) case the effect of rib intersections

on the structural weight can be ignored.

On the basis of the above optimal regions, a specific cost function
¢(M1, M2) was established [28] and optimal solutions were obtained using
the Prager-Shield condition [1] and optimal layout theory [4, 9-14].

It was shown subsequently by the first author, Wang and Olhoff [29] that
the above optimal regions can be restricted further if, in addition to
optimality criteria, static-kinematic admissibility is also taken into
consideration. The latter investigation has established that in optimal
region (a) above ribs can only run in one direction (with zero principal
moment in the second direction, Mz- 0) and in region (b) with non-
maximum thickness the two principal moments must be equal (M1 = M2)
giving a plate without ribs. However, in minimum-weight solutions plates
1 - MO’ M2 = MO or Ml- M2 = MO
1 ™ sen M2) where Mo is the maximum uniaxial moment capacity of a

of maximum thickness may also occur with M
(sgn M
plate.

Optimal Elastic Design of Perforated and Composite Plates

A "perforated" plate may only have two thicknesses: a prescribed maximum
thickness or zero thickness. The latter occurs over "perforations".
Several mathematical studies (e.g. [31, 32]) came to the conclusion that
elastic least-weight solutions for perforated disks and plates of given
compliance consist of regions with two sets of intersecting ribs in the
principal directions: one such set has a first order infinitesimal

spacing and the other one a second order infinitesimal spacing.

A more recent investigation by the authors, Olhoff, Bendsoe, Szeto and
Sandler [33] pointed out that on the basis of Saint Venant'’s principle
the first/second order microstructure can only be optimal at lower rib
densities. The above argument was followed up by detailed finite
element/finite difference investigations by the first authors’ research
associates (Ong and Szeto at Monash University as well as Menkenhagen

and Booz at Essen University) which exhibited a complete agreement of
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various numerical solutions and with an analytical solution for first/
second order microstructures. These investigations show (Fig. 3) that at
higher rib densities a first/first order prismatic microstructure is
more economical than a first second order one and hence the latter can
not be optimal. Further preliminary finite element analyses by Booz and
Menkenhagen have indicated that the prismatic first/first order micro-
structure can be improved further by using either corner fillets or
circular holes (Figs. 4 and 5). Nevertheless a number of complete ana-
lytical solutions for axisymmetric plates have been determined [33]
within the constraint that the microstructure is of first/second order
(as suggested in [31, 32]). The specific cost function for this micro-
structure [33] is ¢(sl,sz) = (sl—s s +sz)/(l-slsz) with s; = dl’ s

172 2

dz/(1+d1d2—d1) where d1 and d2 are the first and second order rib densi-

ties, s1 and s, are the specific stiffnesses for v = 0 where v is

Poisson's ratio (see Fig. 6a). For v = O the parameters s1 and 52 do not
denote stiffnesses but for both cases the specific compliance is c =
M12/51 + M22/s2 - 2VM1M2. For composite plates (in which the perfora-
tions are filled with a material of lower stiffness and cost, the
respective rations for the two materials being @« < 1 and B8 < 1) the
stiffnesses become s, = d1+(l-d1)/[d2-(l-d2)/a], s, = [d2+a(1-d2)]/[l-d1
+dld2+adl(1—d2)] and the specific cost ¥ = dl+ﬁ(1-dl)+d2(1—d1)(l-ﬁ), see
Fig. 6b for g = 0.2.

Using optimal layout theory for axisymmetric perforated plates, it was
established that the optimum solution consists of (a) unperforated
regions and (b) regions consisting of radial ribs only. On the basis of
the above findings, analytical optimal solutions were obtained for
simply supported and clamped circular plates with uniformly distributed
full and partial loading as well as a central point load. The last case
is particularly interesting because for a single point load the compli-

ance constraint also implies a prescribed deflection constraint.

The (nondimensional) total weight & of various intuitive designs, for a
circular perforated plate with v = 0 optimized within an assumed topo-
graphy, is compared in Fig. 7 in which C is the total (nondimensional)
compliance. It can be seen that, as predicted by the optimal layout

theory, design D is optimal for all C values.
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The optimal solution for clamped circular perforated plates may consist
of either one or two unperforated regions and a region with radial ribs.
The range of validity of these solutions for various v-values is shown

in Fig. 8.

It has also been found that for axisymmetric composite plates the solu-
tion may consist of (a) regions consisting entirely of the stiffer
material (cross-hatched in Fig. 9); (b) regions consisting entirely of
less stiff material (hatched in Fig. 9); and (c) regions with radial
ribs made out of the stiffer material and the gaps filled with the less
stiff material (unhatched in Fig. 9 which gives optimal region bound-
aries for a = B = 0.2). Using again static/kinematic optimality
criteria, optimal solutions for simply supported circular composite

plates were determined by a semi- analytical method.
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Fig. 6. Specific cost function for Fig. 7. Comparison of intuitive solu-
perforated and composite plates. tions for circular perforated plates.
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Optimal Plastic Design of Perforated Plates

Extending the study of plastic solid plates [28, 29] to perforated
plates, it has been found for plastic perforated axisymmetric plates the
least-weight solution may only consist of two types of regions: (a)
unperforated regions; and (b) ribs in the radial direction. On the above
basis, the second author has obtained complete solutions for several
loading/boundary conditions [14]. The above conclusions are being
extended to non-axisymmetric plates. It is expected that the optimal
solution for the latter consists of unperforated regions governed geo-
metrically by the yield-line theory for the Tresca yield condition and
regions with ribs in one direction only, governed by the optimal grill-
age theory (requiring a constant curvature in the rib direction). A
combination of these two, now classical theories will furnish complete

optimal solutions for plastic perforated plates.
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DESIGN OF STRUCTURE AND CONTROLLERS FOR OPTIMAL PERFORMANCE

Martin Philip Bendsg¢e
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ABSTRACT. In this paper we consider the simultaneous optimal design of
controls and structure for an active control of a flexible structure. Pro-
blem formulations related to mission control and to control of structural
properties are identified and illustrated on a simple model problem,

and the relationship to eigenfrequency optimization is discussed. We also
discuss relevant design objectives for modal control of distributed struc-
tures or large scale structures and examples of optimal beam designs are

presented.

1. INTRODUCTION.

In active control of flexible structures optimal control techniques are
quite commonly employed, so that the best control strategy, in some sense,
is obtained on a rational basis ([1]). Such techniques are usually used
under the assumption of a , a priori, fixed design of the structure as
well as given actuator and sensor positions for the active control system.
However, considerable improvement in the performance of the system can be
obtained by a simultaneous design of the structure, the control system and
the control strategy. Optimal positioning of actuators and sensors has gained
a lot of attention in the literature (see eg. [2] and references therein).
Recently, the design of the structure has been included in studies of opti-
mal control of a flexible structure ([3],[4],(5]) , and in this paper we
will address the problem formulation and structural implications of a com-

bined optimal design of structure, control strategy and control system.

In order to illustrate the basic properties of this type of problem we treat
a simple mass-spring system where spring-stiffness, damping and controls
are used to optimize certain energy criteria. We only employ certain func-
tionals that allow the optimal control strategy to be easily identified
so that implications for structural design can be emphasized, and from this
example one can see the relation of this type of problem with the well-known
eigenfrequency optimization problems.
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For distributed parameter structures or large scale structures control is
often implemented via a reduced order model and the second part of the
paper discusses optimal design of structure and controls for such systems.
A commonly used reduced order model employs modal data for the structure
and from this controls are designed in order to e.g. damp the vibrations
of a few important modes ([6]). For such a modal control, optimal design
can improve the performance of the controlled system and can also be used
the reduce the undesirable effects of the use of a reduced order model. As
an example we consider the so-called control spillover. This arises due to
the local influence of actuators and results in a spillover of control
energy into uncontrolled or unmodelled modes, and even though the system
may remain stable the spillover degrades the system performance. However,

via optimal design methods this spillover can be reduced considerably.

We will in this paper emphasize the structural design problems related to
active control of structures and only very simple control techniques will
be treated. For further information on the control aspects we refer to

Ref. [7] and the list of references of that paper.

2. EXEMPLIFICATION.

One can illustrate the main features of problems of optimal design of
structure and controls by considering the simple 2-degree of freedom system

in Fig. 1.

u(t)

=-d-= 1

Fig. 1.
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The system consists of one mass and two springs, with spring stiffnesses
ki’ i=1,2 and damping coefficients Ei ,1=1,2 . The motion of the struc-
ture is controlled via the control force u which is designed in order to
increase damping of the vibrations of spring no. 1 (mode 1). However, the
control force also has a component that influences spring no. 2 (mode 2).
If we use a simple velocity feedback for the control u so that u is

proportional to the velocity v, of mode 1
u(t) = -a vl(t) , a>0, (1)

we can choose ki’ Ei,i =1,2 and o so that the energy in the system is
minimized, for any initial impulse in spring no. 1. The stateequations

written using the statevector x = (xl,vl,xz,vz) are

[o 1 0

dx l-kl -acosb=, 0 0
I CAr 4= : (2)

£ 0 0 0 1

0 -asinb -k2 -52

A measure of the effeciency of the damping is
1 (7T

= = 3
E > [o x (t) Qx(t)de (3)

where

)
(kIOOO
|
Q=0 1 0 O (%)
0 k, 0
0 0o 0 1

and where x(t) is the solution to (2) , with initial conditions
x(0) =X, sE is thus the sum of the potential and kinetic energy in the
system. A combined optimal design of structure and controller with respect

to a minimization of E could thus take the form
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minimize E(x) =+ f xT(t) Qx(t)dt
o 2 - -
k.,§.,a o
i’°i
At
so : x(t) = e X (5)

0 <k . sk,.<sk <o o 1 =1,2
min 1 max

0« Eminssissmax<w » 1=1,2

0<a . Ssa Sa <™
min max

k1+k25V

51‘+k2 <D

where V and D are resource constraints on stiffness and damping, respec-
tively. The solution of (5) will depend on the choice of initial condition,
but the problem can be given a suitable reformulation that removes this
explicit dependence. To this end, we rewrite E as follows: let P be a
solution of the equation

A'R+Ra--0; 0

then P 1is symmetric and positive definite (cf. [8]), and
d, T T
X () Bx()) = -x Qx )

so that

: Px . (8)

(The system is stable, so x(t) 0 for to-= ).

The purpose of our optimal design is to minimize the total energy E for
any impulse X, with a given initial energy, and expression (8) allows
us to write a functional that is independent of X

T
max X, P X, 9)

T
x,9x%,°1
which can be written as

max 5: (/g_-ll_’ /9_-1) X, = maximal eigenvalue of /g-lg /Q-_l . (10)

X x =1
=0 <o
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With this functional and the constraints on design from (5) we minimize the
maximum of E , for any impulse with a unit initial energy. In the problem
at hand, the control force u was designed so as to help damp out vibrations
in spring no. 1, and we should thus only be considering impulses X, in
spring no. 1. With this in mind we can formulate the optimal design problem

as: p
- PTA SN JPALS

minimize |maximal eigenvalue of = (11)
Pra/vky Py
with: O<k . <k.sk <o
min~ i~ “max
etc.

where pij are the corresponding elements of the matrix P of (7) .
The equation (6) can be solved analytically and then (11) can be solved
using standard optimization algorithms. The results show that the spring for
which the control is designed should be as stiff as possible and the coupling
of the two modes caused by the feedback control makes it optimal to minimize
the stiffness of the "uncontrolled" spring. In cases where the main concern
is the coupling introduced via the control, this "control-spillover" can be
reduced by solving (11) with an energy measure that only measures the energy

in the second mode; in this case the o should be minimal.

Note that if the coupling of the two modes is not present (i.e. 6=0) ,
problem (11) corresponds to finding the optimal damping for a simple one
mass/one spring system, for which the stiffness again should be as large
as possible and for which the optimal value of €1+11 of (2) is

1.572 o/Ei (see Ref. [9] for details).

The problem formulated above optimizes the structure and controls in order
to improve the damping characteristics of the system, i.e. the desired
dynamics of the system is that the motion of the structure is minimal. In
cases where specific movements are desired, such as placement of antennas,
slewing of satelites etc., the functional of problem (5) should be modified
to take this into account. If the desired dynamics are given as z(t) ,

then a suitable functional is

f (x(8)-z(eNT Qx(t)-z(e))de (12)
o
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so that error is minimized. However, if precise positioning is to be achieved
one should include requirements of the desired states at certain times as a
constraint in (5) and more complicated types of control laws should be
allowed in order to make the problem well posed. This type of problem is

treated in Refs. [3], [5] and in the preceeding chapters by Khot and Haftka.

3. ACTIVE CONTROL DAMPING OF A CANTILEVER.

In the control of large scale structures and distributed structures, inte-
resting design criteria arise due to the difficulties in implementing dis-
tributed controls, and the commonly used technique of modal control gives
rise to design problems that are very similar to the well-known problem of
eigenfrequency optimization (cf. lectures by N. Olhoff). To illustrate this
we consider an active control of a cantilevered beam by a finite number M
of actuators, distributed along the length of the beam. The motion of the

beam is governed by the equation

2 2 2 M
pa(x) 3%w(x,t) +Epa(x) w(x,t) , 3% (Ea(x)z JL—-w(x,t)) = J b.(x)E. (1) .
a2 ot ax2 ax? j=1 * 1

(13)

Here p 1is the mass-density of the beam-material, £ 1is the damping

coefficient, a(x) 1is the cross - sectional area of the geometrically similar

cross—-sections and E is Young's modulus for the beam-material. The actua-
tor forces are fi(t) ,» with actuator influence functions bi(x) ; the in-
fluence function can be modelled a §-functions. We will seek to design
the beam so that an active damping of the beam is optimal in some sense,
and we use the varying cross—sections a(x) of the beam as a distributed

design variable.

A common technique for the design of controls for a distributed problem
like (13) is to introduce a reduced order model, i.e. a finite dimensional
approximation of (13) , and then use this model for the control design.
Such reduced order models are conveniently constructed by introducing modal
coordinates, and the controls are then designed from a model that takes a

number of important modes into consideration (Refs. [6] and [10]-[13]).

If we introduce modal coordinates, we can write the solution w(x,t) of
(13) as
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w(x,t) = ] u ()9, (x) (14)
i=1

where the orthonormal modeshapes wi are given by

d2 , d2
— (Ea(x)* — @, (x)) = A, p a(x)w, (x) (15)
dx? dx? 1 t t

L
L P a(X)wi(x)wj (x)dx = Gij

corresponding to the natural eigenfrequencies wy -VXi , ordered according
to O <X1.SA2 €£... . The modal coordinates ui(t) then satisfy the infinite
system of ordinary differential equations:

M
ﬁi(c) +5ﬁi(t) *, u () = jleij fj(t) (16)

L
with Bij = [ wi(x)bj(x)dx 3 the equations are coupled due to the control
forces. If we’choose to use the control forces to damp out the vibration

of the N lower modes, using a velocity feedback, we can set

fj(t) = G.iu

f (17)

i
where G is a MxN gain matrix. In this situation the dynamics of the

lower modes will be governed by the equation (cf. Eq. (2)):

dz
z= (ul"..’uN’ul’.."&N) ’ E’E'ég
: E
é = . (18)
-diag(xl,...,kn) -diag(El,...,En) +BG

We have assumed that the velocities of the lower modes can be observed

directly, and this assumption makes the dynamics of the lower modes inde-
pendent of the uncontrolled (residual) modes. The local influence of the
actuators will, in general, make Bij #0 for almost all i and j , and
thus the feedback law (17) will excite the higher modes and a spill-over
of control energy into the higher modes will occur. Modal control has the

following properties
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i) With internal damping as in (13), a modal velocity feedback control
can be constructed so that the stability margin of the system (18) is
improved as compared to the uncontrolled system and at the same time the
stability margin of the uncontrolled modes is unchanged ([6],[11]).

ii) With visco-elastic damping (i.e. damping proportional to stiffness),
modal control can improve the stability margin of the full system (in this
case the internal damping increases with modenumber) (cf. [13]).

iii) The control spill-over will, for a fixed number of actuators, decrease
when the size of the model (18) is increased. (Refs. [11],[13],[14]).

For the sake of algebraic simplicity it is often convenient to consider
cases where the number of actuators is chosen to be equal to the number of

modes; then by choosing the feedback gain as

G = 2-1 diag(al,...,an) (19)

the dynamics of the controlled modes decouple, and we have independent

modal space control (cf. Ref. [12]):

~ dz, ~
2= (ui’“l) » dr %5 %
0 1 (20)
A, = .
=1

- -£. +q.
TR

Note that for independent modal space control, the conclusion iii) above
cannot be invoked.

From the remarks above we see that there are basically two types of design
problems one should consider:

A. Design of structure and controllers with the purpose of optimizing

the dynamics of the controlled modes.

B. Design of structure and controllers with the purpose of minimizing

control spillover.

The system of section 2 can be considered as '"the smallest large scale
structure” and both design types described above were treatad in that sec-
tion. In Figs. 2 to 5 below and in table 1 we give results for the optimal
design of a cantilevered beam, using the criteria of section 2 for a model
with 2 modes. The beam is controlled with one actuator and the force of
this actuator is proportional to the velocity of the first mode. The redu-

ced order model consists of the first two modes and the design variables
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are the feedback gain, the position of the actuator and as a distributed
design variable we use the cross-sectional area a(x) of the beam. The

cases are:

Case 1. Coupling is ignored and we optimize the damping effect on mode 1.
This problem reduces to maximizing the smallest eigenvalue, A , of the

beam (cf. Section 2). Fig. 2. See also chapters by N. Olhoff.

Case 2. Coupling is taken into account and we optimize the damping of
the two first modes, for impulses in the first mode (cf. problem (11)).
Fig. 3.

Case 3. Coupling is taken into account and we minimize the energy in the

second mode, due to control damping of impulses in the first mode. Fig. 4.

—

-

0.5

Fig. 2. Case l. Maximization of first eigenvalue.

—/’__—:\l

Fig., 3. Case 2. Minimization of energy in modes 1 and

2. One actuator, with optimal position A.

0.5

—

—
:
- —\_|

0.5

Fig. 4. Case 3: Minimization of energy in mode 2.
Actuator at position A.



190

TABLE 1
- Uni 4
Constraints: Volume S 0.2 b:::o:\; Case 1 Case 2 Case 3 Case Case 5
0.113 < a(x) s 0.316 volume 0.2 Min en- Min en- Min M Min M
Objective ergy in ergy in 1 mode 3 modes
Beam length L=1 ; £=0.01 ; p=1 value 'u Max Xl mode 1+2 mode 2 1 actuatog 3 :g‘t_l’u-
Remarks: aln 1.0 - 0.48 | 4.4.1072 042 D] 0439
1) 0.55a52.0 3
2) Actuator between Vol 0.2 0.2 0.2 0.2 0.146 0.20
0.9 and 1.0.
N 2.47 7.50 4.61 2.46 1.27 2.83
3) When actuator fre, 1
to move, it will
be at node for '\2 97.1 101.8 85.1 90.4 59.6 63.7
mode 2 and we
have Case 1. Ay 762 723 574 513 476 428
4) Lover bounds on A, 2926 2666 2312 2091 1811 1773
xi . Actuator
positions fixed. | _ 0.5 - 1.48 ] 0.5 0.5¢ V1 o.50
5) 3 actuators at Actuator 2)3) 2) 5)
0.95, 0.70, 0.454 pogition 0.95 - 0.9 0.9 0.95

We note that the maximization of the damping results in an increase of the
eigenfrequencies (Cases 1 and 2), while the minimization of spillover result

in a decrease of the relevant eigenfrequencies.

The minimization of spillover considered above is only concerned with coup-
ling of the first and second mode, and the criteria of spillover is the
total energy in the second mode, due to an initial excitation of the first
mode. It is, however, possible to give an estimate of the energy in all the
uncontrolled modes due to initial impulses in the controlled modes and
estimates of the peak energy or of the total energy can be obtained. In
both cases an important measure of the coupling between the controlled and
the uncontrolled modes is the factor (see [9],[14])

M = L 2
ce= ) ¥ (f pa(x)bi(x)w.(x)dx) (21)
i=1 j=N+1Mo J
which is the sum of the square of the norms of the projections of the force
influence functions bi(x) on the uncontrolled modes; the orthonormality
of the modes makes it possible to compute this factor from modal data of

the controlled modes only:

M L N L 2
CP = z [Jp a(x)bi(x)zdx - Z (Jo a(x)bi(x)wg(x)dx) ] . (22)

i=1%‘o j=1%o
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The spillover is, however, not only dependent on the coupling coefficient
CP above, but it also depends on the dynamics of the controlled system and
the size of the control forces needed for the damping of the controlled

modes. Taking this into account one can write (cf. Ref. [9]):

- 2
(o112 s Mee™E e ||z |I2 (23)
22X, +E
M= 2)‘1_5 —Ll 117 0(TG) K + cP (24)
1 (0-§/2)

for the energy HgR(t:)IlE in the residual modes due to an excitation z
in the controlled modes. Here ¢ 1is the stability margin of the system

(18), u 1is given as

= min{l,kl,...,k } (25)

N

and p(*) denote the spectral radius of a matrix. Finally, the constant
K 1is
T -
k=p@ Do@D™H (26)

where D is a matrix that transforms the coefficient matrix of (18) into
Jordan normal form. The constant M in (23) depends only on the modal data
of the controlled modes and a minimization of M will lead to a decrease

in the eigenfrequencies of the controlled modes. Thus, in order not to
degrade the performance of the active control damping, lower bounds on the
eigenfrequencies should be imposed when spillover is minimized. Notice that
M is a non-differentiable function of the eigenfrequences of the controlled
modes, so that, in general, non-differentiable optimization techniques
should be used. However, for independent modal space control, the controlled
modes decouple and one can restate the problem (see [9]) as a differentiable
problem by employing the technique of artificial bounds (cf. chapters by J.E.

Taylor). Fig. 5 and 6 show optimal designs obtained for this special case.

T
.

0.5

Fig. 5. Case 4: Minimization of spillover with

one controlled mode.
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PART 1I

NUMERICAL METHODS IN OPTIMAL DESIGN



NUMERICAL OPTIMIZATION TECHNIQUES

Garret N. Vanderplaats

Department of Mechanical and Environmental Engineering
University of California
Santa Barbara, CA 93106

1.0 INTRODUCTION

Numerical optimization techniques provide a uniquely general and
versatile tool for design automation. While these methods have been devel-
oped, to a large degree, by the operations research community, research in
their application to engineering problems has been extensive as well. The
first formal statement of nonlinear programming (numerical optimization)
applied to structural design was offered by Schmit in 1960 [1]. Since that
time, the field has evolved at an ever-increasing pace until it can now be
considered to be reasonably mature.

Much of the work in recent years has dealt with efficient ways to use
optimization on realistic problems where the underlying analysis is expen-
sive. Optimization requires the repeated analysis of proposed designs and
this can become unacceptably expensive. However, by careful formulation of
the design problem, considerable efficiency can be gained so that, today,
many large structures can be designed using as few as five detailed finite
element analyses. Therefore, the proper study of structural optimization
includes several aspects: efficient analysis methods, proper problem
formulation, and efficient optimization algorithms. While the subject here
is that of the optimization algorithms themselves, these other parts cannot
be overlooked. Indeed, a clear understanding of the mathematical and
physical nature of the design/ analysis problem directly leads to special-
ized algorithms for the optimization task.

The subject here will be limited, to a large degree, to general opti-
mization concepts, noting that other parts of this lecture series dwell in
detail on methods of gaining maximum overall efficiency and reliability.
In order to use the range of capabilities available today, an understanding
of basic optimization algorithms is essential as a building block. Also,
for many applicatons in structural and mechanical design, some of the most
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powerful structural optimization methods do not apply, and so the funda-
mental tools must be used in order to achieve the desired solution.

Here, the general optimization problem statement will be given. With
this, we outline a basic search strategy for optimization and will discuss
the mathematical conditions that define an optimum design. We will then
outline a variety of solution techniques. It will be seen here that, as
opposed to structural analysis where the finite element method is almost
universally used, there is seldom a clearly accepted design algorithm.
This is not too surprising since the design objective, design variables,
and the constraints are uniquely problem dependent. Thus, we might expect
that the optimization algorithm will be different, depending on the nature
of the problem and even the philosophy of the designer.

Having outlined a variety of solution techniques, some aspects rela-
tive to structural optimization will be identified. It will be seen that,
for wide classes of design problems, the actual optimization algorithm is
far less important than one might expect. An understanding of algorithms
and how they fit into the overall design task provides the insight neces-
sary to make the necessary choices.

Finally methods for obtaining the sensitivity of an optimized design
to changes in problem parameters are discussed. It is shown that the
sensitivity of the optimized design may be discontinuous with respect to
the new parameter. The methods are demonstrated by a structural synthesis
example.

2.0 THE BASIC PROBLEM STATEMENT

The general problem to be solved is: Find the set of design vari-
ables, X, that will

Minimize F(X) [1]
Subject to:
gj(l) <0 Jj=1,M [2]
hbq) =0 k=1,L [3]
u .
Xy < X < X§ A=1N [4]

Here, X contains the design variables, which can include member dimen-
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sions, geometric descriptions, and even material properties as examples.
The function, F(X) is the objective to be minimized, where it is noted that
if F(X) is to be maximized, we need only minimize its negative to have the
problem in the form given here. The objective is most commonly taken as
the weight of the structure since this is an easily definable parameter and
because it is usually a good indication of cost.

The inequality conditions of Equations 2 are constraints that must be
satisfied for the design to be considered feasible (acceptable). An ob-
vious example is that the stress at each point in the structure must be
less than a specified value under each loading condition. Such a con-
straint would be written

g=01.j/5j-15_0 [5]

where o is the upper 1imit imposed on stress, and may be different for dif-
ferent materials in the structure and for different load conditions. Note
that Equation 5 is always written in normalized form. Doing so for all
constraints (including displacement, frequency and others) effectively
nondimensionalizes the constraints so that if g = -0.1, for example, the
constraint is satisfied by 10%.

Noting that a structure may be designed to support numerous independ-
ent loading conditions and that the stress may be calculated at hundreds or
even thousands of points for each loading condition, it is clear that the
set M of inequality constraints can become extremely large, even though the
number of design variables, N, contained in X is relatively small.

The equality constraints, hk(l), impose precise conditions that must
be satisfied at the optimum. Equality constraints are relatively uncommon
in structural optimization, although they are sometimes included in multi-
level optimization strategies. For example, it may be desirable to size
the detailed dimensions of a stiffened panel as a sub-problem, while hold-
ing the overall stiffness of the panel fixed. These constraints are rela-
tively difficult to deal with in practical design because they impose, in
general, a set of nonlinear equations that must be dealt with simultaneous
to the overall optimization task.

The conditions of Equation 4 are referred to as side constraints that
simply limit the region of search for the optimum. These are themselves
inequality constraints of the same form as Equation 2, but are best treated
explicitly as bounds on the individual design variables. There are two
reasons for this. First, side constraints can easily be incorporated into
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the optimization algorithm to gain efficiency. Second, and often more
important, it may be necessary to insure that designs outside these limits
are never considered. For example, if a minimum gage constraint is imposed
on a member thickness in the structure, it should always be enforced. If
the optimization algorithm is allowed to propose a design with a member of
negative thickness, the analysis may proceed without error, but would
obviously provide erroneous results.

At this point, no restrictions have been placed on the design task.
The functions of Equations 1-3 may be highly nonlinear implicit functions
of X. Also, the design variables contained in X may be limited to a set of
discrete values. Finally, no conditions have been imposed on the mathe-
matical form of the problem, so the functions may even be discontinuous.
Therefore, it is clear that the problem statement given here is extremely
general and encompasses the majority of all engineering design. However,
it will be seen that some limitations must be imposed in order to computa-
tionally solve the optimization task. Some of these are a statement of the
present state of the art, while others represent fundamental assumptions in
the mathematics of (present) optimization algorithms.

Among the present limitations to optimization methods are that the
functions should be continuous in X and have continuous first (and some-
times second) derivatives. Also, the components of X should take on only
continuous real values. Finally, there is an underlying assumption of
mathematical convexity. This is simply the statement that we assume that
there is only one unique optimum solution to the problem. These assump-
tions are, to a degree, more theoretical than practical. For example,
algorithms that assume functional continuity often work quite well in the
presence of function or derivative discontinuities, having noticeable
difficulty only if such discontinuities exist quite near the optimum point.
Algorithms do exist that do not assume this continuity, but these are
usually considered to be too inefficient for application to realistic
problems. For design tasks where the variables must take on discrete
values, if the problem is solved assuming the design variables are contin-
uous, the result can usually be rounded to the nearest required discrete
value without major degradation of the design. Finally, for problems where
more than one relative minimum (relative optimum) may exist, the prob-
ability of finding the best optimum is enhanced either by the choice of al-
gorithm for solution or by beginning the optimization from several dif-
ferent starting points. It should be noted in this respect that if rela-
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tive minima exist, they exist whether optimization is used or not. In this
regard, optimization provides an efficient tool to find the best among the
relative minima.

The optimization process usually begins with a proposed design, 50,
provided by the engineer as input. This design may or may not satisfy all
constraints. The design is then typically updated by modifying X as

X% = X371 + os8 6]
where q is the iteration number. The vector, S, is the search direction in
n-dimensional space and a is a scalar move parameter. The product aS is
actually the change in X at this iteration. Thus, the optimization task is
comprised of two parts. The first is to determine a search direction that
will reduce the objective function without violating any constraints, and
the second is to determine the single parameter, a«, such that the design is
improved as much as possible in this direction. This second task repre-
sents a problem in the single variable, o, and is called the line search,
or the one-dimensional search.

The optimization process is continued until no search direction can be
found that will further improve the design. Usually this is detected as a
point of diminishing returns beyond which further improvement is not justi-
fied by the cost to achieve it. Ideally, however, a point will be reached
where it can be shown to be an optimum (or at least a relative optimum) on
a theoretical basis.

3.0 NECESSARY CONDITIONS FOR OPTIMALITY

The theoretical conditions that are satisfied at the optimum are
referred to as the Kuhn-Tucker conditions. These conditions are derived
from the fact that the Lagrangian function is stationary at the optimum,
where the Lagrangian is defined as:

M M+L
AN = FOO + I A + 2 A (0 [71
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The parameters, A, are referred to the dual variables. The Lagrangian
is minimum with respect to X and maximum with respect to A at the optimum.
This is referred to as a saddle point and the stationary condition leads to
the following three necessary conditions for optimality:

X* is feasible.
Ag.(X*) =0 A >0 ji=1,M
395(%%) j2 J
M M+L

3. WF(X) + 3 AYG(X%) + 3 ATh (X%) = 0
R = T A ™ T o

Aj >0 A, unrestricted in sign.

These necessary conditions are also sufficient if the design space can be
shown to be mathematically convex. While this is usually not possible to
show, the Kuhn-Tucker conditions are still valuable to identify if a rela-
tive minimum has been found. Also, some of the more powerful modern algo-
rithms use the Kuhn-Tucker conditions as a significant part of their deri-
vation.

4.0 UNCONSTRAINED MINIMIZATION TECHNIQUES

While most engineering problems are constrained, unconstrained mini-
mization techniques are still useful. First, for those problems that are
actually unconstrained, these methods apply directly. Second, constrained
problems can often be solved by converting them to a sequence of uncon-
strained problems. Finally, this provides a logical building block for the
more general constrained optimization case. In the discussion here, we
will assume that the gradient of the objective function is available, and
so will omit discussion of methods that rely on function values only.

The Kuhn-Tucker conditions for unconstrained functions simply require
that the gradient of the objective function vanishes at the optimum. The
optimization process requires finding a search direction that will reduce
the objective function, and then searching in that direction to gain as
much improvement as possible.
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4.1 Steepest Descent

A classical approach to this task is to set the search direction equal
to the negative of the gradient of the objective function so

S = -VF(X) (8]

Now search in this direction, using Equation 6. A typical approach is to
pick three values for a (including ¢ = 0) and evaluate the objective func-
tion for each of the resulting X-vectors. Then fit a quadratic polynomial
to these points and determine the o for which F(a) is minimized. The
objective function is evaluated for the proposed design and, if desired,
the polynomial approximation is repeated until a is found to the desired
precision. Alternative methods are available for solving the one-
dimensional search problem (see ref. 2), but in general, this is a rela-
tively standard numerical analysis task. However, it is important that it
be done efficiently because the evaluation of F(X) for each proposed a may
be expensive. Once the minimum is found in direction S, the gradient of
the objective is calculated at this new design point and the search process
is repeated until convergence is achieved.

While the steepest descent method is easily understood and imple-
mented, it cannot be over-emphasized that this is a notoriously inefficient
and unreliable algortihm. Its principal value is in providing background
and because it is normally used as the first search direction for more
modern algorithms.

4.2 Conjugate Directions

A simple modification to the steepest descent method can have a dra-
matic effect on the optimization efficiency. The conjugate direction of
Fletcher and Reeves (3) is based on the use of H-conjugate directions,
where H is the Hessian matrix. Using this method, it can be demonstrated
that a quadratic function can be minimized in N or fewer iterations, wher-
eas no proof of convergence is available for the steepest descent method.
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Here, the first search direction is the steepest descent direction
given by Equation 8. On subsequent iterations, the search direction is
calculated from

9= -wF(x) + st [9]
where
B = IFOXDIZ/1er 312

Having determined the search direction, a one-dimensional search is then
performed as before and the process is repeated until the solution has
converged. Experience has shown that this simple modification dramatically
improves the rate of convergence and the reliability of the optimization,
even for the general case where the objective function is not quadratic.

4.3 Newton's Method

Newton's method is a classical second-order method for unconstrained
minimization. The function is first approximated using a second-order
Taylor series expansion:

F=F+VF-6X + % aX HX [10]
where

ox = X3 - x4
H is the Hessian matrix (matrix of second derivatives) of F with respect to
X.

Taking the gradient of Equation 10 with respect to 6X and equating it
to zero gives the following estimate for the change in X

X = -H lve [11]

Noting that F(X) may not be quadratic, 3X may be used as the search
direction, S, in Equation 6 and a one-dimensional search performed. In
this case, o = 1 is a good initial estimate for the move parameter.

This method requires that the Hessian matrix be available and so is
not usually an attractive algorithm. However, it is so powerful that it
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may be worthwhile to actually calculate H using finite difference methods.
Also, in some classes of structural optimization problems where approxima-
tion techniques are used, the H matrix can be provided with minor effort,
making this an attractive method.

4.4 Variable Metric Methods

Variable metric methods are algorithms which use gradient information
to approximate the Hessian matrix (or its inverse) for use in Equation 11.
The Davidon-Fletcher-Powell or DFP method (refs. 4,5) has been used for
many years and is considered to be a powerful unconstrained minimization
technique. A more recent algorithm known as the Broydon-Fletcher-Goldfarb-
Shanno or BFGS method (refs. 6-9) is now considered to be the preferred
method because it is less sensitive to numerical imprecision. 1In this
method, the inverse of the Hessian matrix is initially set to the indentity
matrix for use in the first iteration. On subsequent iterations, the
inverse of the Hessian matrix is approximated as

-1 _ 1, ,0tt T _ 1 -1 T -1 .\T
Hnew—H +?ER p [H YP *E(H x)] [12]
where
p=x-xi!
y = O - wrx7Y
o =py
v=yHly

Equation 12 provides an approximation to H-1 based on first-order
information only. This is now used in Equation 11 to provide the desired
search direction.
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4.5 Example
Figure 1, taken from reference 2, shows a spring-mass system for which

the equilibrium position is to be determined. The stiffness of spring i is
given as

K; = 500 + 200(5/3-)%  N/m [13]
and the weights are defined as

wj - 50j N [14]

The objective to be minimized is the total potential energy given by

1 2 3
=Ky (8L)7 + = ij. N-m [15]

=1 973

PE =
i

Mo

12

(@) Undeformed position

(b) Deformed position

Figure 1: Spring-Mass System
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This problem was solved for using the following four algorithms and
the results are given in tables 1 and 2.

Steepest Descent
Fletcher-Reeves conjugate direction method
Broydon-Fletcher-Goldfarb-Shanno variable metric method

S w N =

Newton's method

In every case, all gradient information was calculated by finite
differences and the function evaluations shown in Table 2 include this.

Table 1: Optimization Results

Design Method

variable Initial 1 2 3 4
X1 10.0 10.3 10.4 10.2 10.4
Xz 20.0 20.7 21.1 20.8 21.1
X3 30.0 31.0 31.6 31.4 31.7
X4 40.0 41.3 42.0 41.7 42.1
X5 50.0 51.1 51.6 51.4 51.8
Y1 0.0 -2.65 -3.96 -4.64 -4.28
Y2 0.0 -5.25 -7.77 -8.19 -7.90
Y3 0.0 -7.35 -10.2 -10.0 -9.86
Y4 0.0 -7.63 -9.52 -9.19 -9.40
Y5 0.0 -4.97 -5.79 -5.43 -6.01

5.0 CONSTRAINED FUNCTION MINIMIZATION

The usual design task in engineering is to minimize some function such
as weight or cost, subject to a variety of constraints. Therefore, the
principal area of interest here is on this task, where the functions may be
nonlinear and are usually implicit functions of the design variables. In
this section, we discuss several algorithms for constrained optimization.
We begin with the case where all functions are linear in the design vari-
ables because this provides a basis for further discussion. Also, many
engineering problems can be cast as linear constrained optimization prob-
lems, such as limit analysis and design of structures. Finally, linear
optimization can be used as a tool in solving the general nonlinear pro-
gramming problem. Following the discussion of 1linear problems, the more
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Table 2: Objective Function Versus Iteration Number

Method

Iteration 1 2 3 4
0 0.0 0.0 0.0 0.0
-60 -60 -60 -1256
2 -126 -292 -292 -1618
3 -151 -661 -666 -1987
4 -194 -1148 -941 -2175
5 -223 -1559 -1432 -2330
6 -318 -1895 -1812 -2912
7 -398 -2439 -2119 -3076
8 -1618 -2828 -2471 -3297
9 -1900 -3179 -2519 -3402
10 -1958 -3540 -2572 -3539
11 -2010 -3792 -3203 -4219
12 -2043 -4014 -3700 -4306
13 -2101 -4158 -3820 -4355
14 -2141 -4198 -3902 -4377
15 -2355 -4216 -4145 -4391
16 -2490 -4307 -4298 -4414
17 -2540 -4361 -4336 -4416
18 -2557 -4390 -4340 -4416
19 -2588 -4393 -4340 -4416

20 -2611 -4393 -4340 -
Final -3964 -4393 -4378 -4416
Iterations 40% 22 26 19
Functions 587 331 383 378

+ Maximum iterations allowed.

general nonlinear programming problem is addressed and a variety of algo-
rithms are identified. Finally, a simple example is presented for compar-
ison of the various methods.

5.1 Linear Constrained Minimization

Linear programming (refs. 10,11) is the oldest and the most completely
developed of the modern numerical optimization techniques, having been
first introduced by Dantzig in 1948 (10). In its basic form, this method
solves the problem
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Minimize F= STX [16]
Subject to;
AX = b [17]
X; >0 i=1,N [18]

where matrix A contains the coefficients of the constraints and has dimen-
sions MxN. In practice, this form of the problem is not really useful.
For example, in engineering, the usual situation is to consider inequality
constraints of the form of Equation 2. Also, it is often necessary to
allow for negative values of the design variables, Xi‘

Inequality constraints are handled by adding a non-negative "slack

variable" so that this becomes, for the Qth inequality constraint;

N
2 a
J=1

i * ¥ = O [19]

While this increases the number of design variables by the number of in-
equality constraints, this is not too critical an issue because very large
linear problems can efficiently be solved.

To deal with the case where Xi may be negative, a simple transforma-
tion of variables can be used, where

Xi = X% - Xg [20]
where X' and X" are required to be positive so the difference in these
positive variables can be negative. Substituting this into the general
problem statement again increases the number of design variables by the
number of negative X values to be allowed.

The details of solving this linear constrained optimization problem
are beyond the scope of this discussion. However, it is sufficient to note
that the 1linear programming problem is easily solved by the SIMPLEX (or
preferably, the revised SIMPLEX) method and that computer codes for its
solution are readily available on most major computing systems. Thus, for
purposes of this discussion, the linear constrained optimization problem
can be considered to be well in hand.
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5.2 Sequential Linear Programming
Sequential Linear Programming (SLP), often referred to as Kelly's

Cutting Plane Method (ref. 12), begins by creating a first order Taylor
series expansion of the objective and constraint functions

F=F° + vF(X) - &X [21]
g, = g% + vg.(X) - X j=1,M 22
95 = 9; Yg;(X) - &X J [22]
sxt < oX, < oX! i=1,N [23]

This Tlinearized problem is then solved using linear programming or
other efficient optimization algorithm. The design is updated and a new
linearization is performed, repeating the process until convergence is
achieved. The move 1imits of Equation 23 are imposed to 1limit the design
change to the region of applicability of the linearization and to prevent
an unbounded solution. These move limits are reduced as the optimization
progresses in order to effectively deal with the case where there may be
fewer active constraints at the optimum than there are design variables (in
this case, the 1linearization in the absence of move limits will cause
oscillation or even be unbounded). This requirement to sequentially reduce
the move 1limits is usually quoted as the principal disadvantage to the
method. Also, for convex design problems, the solution will approach the
optimum as a series of improving infeasible designs. This method is often
considered a poor optimization algorithm. However, experience shows that
it is often a very powerful and efficient method, and so should be con-
sidered as one of our design tools. If a sequential linear programming
approach that creates a sequence of improving feasible designs is desired,
the Method of Centers, developed by Baldur (ref. 13) provides this. The
concept is to move to the center of the largest hypersphere bounded by the
linearized constraints and the current value of the linearized objective
function. This method is effective in providing a series of improving
feasible designs, but usually converges to the optimum at a slower rate
than the standard SLP method.
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5.3 Sequential Unconstrained Minimization Techniques

These techniques use some form of penalty function to create an equi-
valent unconstrained optimization problem which is then solved by the
methods of Section 4. Perhaps the best known is the Exterior Penalty
Function method. Here, the following pseudo-objective function is mini-
mized

M
oX,r)) = FCR) + 1 3 Max[gj(p,m2 [24]

j=1

Here the scalar, rp, is called the penalty parameter and is initially
set to a small positive number. The pseudo-objective function is minimized
with rp held constant. Then rp is increased, say by a factor of two, and
the process is repeated, beginning with the optimum X-vector obtained in
the previous unconstrained minimization. The concept is simply to penalize
the design only when one or more constraints become violated. The reason
for beginning with a small value for rp and sequentially increasing it is
to reduce the nonlinearities that would be introduced by a very large value
of rp. This method approaches the true constrained optimum as a sequence
of improving, but infeasible designs.

An alternative approach is referred to as the interior penalty func-
tion method, where the pseudo-objective function is

M
o(X,r ) =F(X) - r =2
P P j-1

1/g5(X) [25]

In this case, rp begins as a large positive number and is sequentially
reduced. It is assumed that the initial design is feasible and the penalty
is imposed such that it grows as gj approaches zero from the negative side.
This method produces a sequence of improving feasible designs, but has the
disadvantage that the pseudo-objective function is discontinuous at the
constraint boundaries.

A third approach, which possesses the desired features of both the ex-
terior and interior penalty function methods, is called the extended inter-
ior penalty function method. Here, the pseudo-objective function is de-
fined as
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o) = FOO +rp I F; [26]
where
§;(0) = -1/g;(%) if g;(X) <e [27a]
500 = [9;00 - 261767 if g;(X) > [27b]

and € is a small negative number. Again, rp is sequentially reduced during
the optimization process. This method is referred to as the linear ex-
tended penalty function method (ref. 14). It has the advantage of produc-
ing a sequence of improving feasible designs, while maintaining function
continuity across the constraint boundaries. The pseudo-objective function
is continuous and has continuous first derivatives, but discontinuous
second derivatives. If a second-order method such as Newton's method is to
be used to solve the unconstrained subproblem, a quadratic form of this
penalty function may be preferable (ref. 15).

A final sequential unconstrained minimization technique called the
Augmented Lagrange Multiplier Method is considered to be a particularly
powerful method (ref. 16). Here, the Lagrangian function, augmented by an
exterior penalty term is minimized:

M
= 2
A(l’ésrp) = F(l) + le [AJd’J + rp ¢J] [28]
where
2
'l’j = MaX[gj(l), er] [29]

The last term under the summation in Equation 28 is simply an exterior
penalty function. The first term in the summation is the constraint term
of the Lagrangian function. The basis of the method is that, if the op-
timum Lagrange multipliers were known, the constrained problem could be
solved for almost any positive value for rp, and rp would not have to be
sequentially updated. Since the values of the Lagrange multipliers are now
known, an algorithm is needed to update them in a fashion that will con-
verge to the optimum. Thus, the difference between this and the exterior
penalty function method is that here both the penalty parameter, rp, and
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the estimate of the Lagrange multipliers are updated. For the Lagrange
multipliers the update formula is

Pl _

A
J

Ag +2r j=1,M [30]

The attraction of this method is that it is possible to obtain a
precise zero for active constraints, the penalty parameter rp does not have
to be made as large, and the basic algorithm is designed to drive the
solution toward satisfaction of the Kuhn-Tucker condition.

In the Augmented Lagrange Multiplier method, as well as the exterior
penalty function method, equality constraints can easily be included, and
this is given in the references.

5.4 Method of Feasible Directions

This algorithm, attributable to Zoutendijk (ref. 17) is referred to as
a direct method because it deals with the objective and constraints direct-
ly in order to determine a search direction for use in Equation 6. In this
case, the solution for o in Equation 6 requires finding the best design
such that the constraints are not violated. This one-dimensional search
process can be solved using polynomial interpolation as for unconstrained
functions except, now the a is found to minimize F(a) as well as the aj
which will drive gj(a) to zero for j=1,M. The minimum positive value for a
from all of these is the desired solution to the one-dimensional search.

It is assumed that the initial design is feasible. If no constraints
are critical, the search direction is taken as the direction of steepest
descent or (after the first iteration) a conjugate direction. Once one or
more constraints become active [gj(X) = 0, j € J] the search direction is
calculated from the following optimization sub-problem;

Maximize B [31]
Subject to;
VF(X) - S+B <O [32]
ggj(g) < S+ ej B<O jed [33]

s s<1 [34]
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The design variables for this sub-problem are the components of S as well
as the value of the intermediate variable, B. Equation 32 is the usability
requirement that states that the search direction must reduce the objective
function and equation 33 is the feasibility requirement that requires no
active constraints become violated for some small move in this direction.
The parameter ej is referred to as a push-off factor that directs the
search away from the critical constraints. This is because a search direc-
tion tangent to the constraint boundary will quickly go outside the feas-
ible region if the constraint is nonlinear. This sub-problem is easily
solved by converting it into a form similar to linear programming. Also,
if the initial design is outside the feasible region a search direction can
be efficiently found which will overcome the constraint violations (ref.
18). This method is contained in the CONMIN program (ref. 19) and has been
widely applied to structural optimization problems.

The feasible directions method is often considered inefficient because
it does not follow the critical constraint, but instead, pushes away from
them. This "zig-zagging" can be alleviated somewhat by various numerical
techniques, but remains a theoretical issue.

An alternative method is the Generalized Reduced Gradient method (ref.
20). This method converts the inquality constrained problem to an equality
constrained problem by adding slack variables as is done in linear pro-
gramming. Then a number of dependent variables is chosen equal to the
total number of constraints. A search direction is then found in terms of
the remaining independent design variables. During the one-dimensional
search, the dependent variables are repeatedly updated using Newton's
method applied to the constraints. This approach is often considered to be
more efficient, but requires both the addition of many slack variables and
the treatment of a sub-set of design variables as dependent.

A method that has many of the features of the Generalized Reduced
Gradient method, but does not require the addition of slack variables or
the separation of the design variables into independent and dependent sets,
is referred to as the Modified Feasible Directions method (ref. 21). This
method uses the direction-finding problem of Equations 31-34, but with the
push-off factors, ej set to zero. The resulting search direction will be
tangent to the critical constraints. During the one-dimensional search,
these constraints will become violated and so it is necessary to move back
to the constraint boundaries. Now, instead of treating some of the vari-
ables as dependent for this purpose, the shortest distance back to the
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constraint boundaries is sought in a least-squares sense. This leads to

the perturbation vector
ox = -ATtm'1 7t g [35]

where, the matrix A contains the gradients of the critical constraints and
G contains their values. At each proposed X in the one-dimensional search,
the constraints G are calculated and Equation 35 is applied to drive them
to zero. This method has been found to be an effective general purpose
algorithm which is a relatively simple modification to the feasible direc-
tions method, while having the essential features of the generalized re-
duced gradient method.

5.5 Sequential Quadratic Programming

Sequential Quadratic Programming (refs. 22-27) is a relatively new
algorithm that is considered to be quite powerful for a wide class of
problems. This method is often called a variable metric method for con-
strained optimization because of its formulation. The basic concept is to
create a quadratic approximation to the Lagrangian function and linearize
the constraints. This approximation is solved using Quadratic Programming
(or any suitable optimizer) and the resulting perturbed design is treated
as a search direction. A one-dimensional search is then performed in this
direction as an unconstrained problem using a penalty function.

The problem solved for finding the search direction is

Minimize Q($) = F° + WF(X) - s + 3 s'BS [36]
Subject to;
.g% + Vg. . j=
cj65 + Yg;(X) - S <0 1M [37]

which Cj is an appropriately chosen constant, and B is an approximation to
the Hessian matrix of the Lagrangian function. This is called a variable
metric method because an update formula is used that is similar to that of
the variable metric methods for unconstrained minimization. Here, however,

B is an approximation to H instead of H-l.
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Numerous modifications can be made to improve the efficiency and reli-
ability of this algorithm for engineering applications (ref. 28). Overall,
it has been found to be a powerful method that contains many desirable
features.

5.6 Sequential Convex Linearizations

This recent method has been shown to be particularly powerful for many
structural optimization applications (ref. 29). The basic concept here is
to first linearize the objective and constraint functions as is done in
sequential linear programming. However, now instead of solving this 1lin-
earized problem, reciprocal variables are used to create a conservative,
convex, approximation. A typical constraint function is approximated as

ag 3g; Xe

Y = 40 __i _ yo 11 _ yo
9y =gt Toax, Ko XD Ioarw K XD [38]

where the + summation refers to those gradient terms that are positive and
the - summation refers to those that are negative. Similarly, this mixed
approximation is used for the objective function.

Now the approximate problem to be solved by the optimizer is not
linear, but is still explicit and is easily solved. The key idea is that
by using this mixed formulation, the essential nonlinearities of the origi-
nal problem are retained. Thus, the move limits imposed during the approx-
imate optimization are far less critical than for the Sequential Linear
Programming method.

5.7 Example

Figure 2, from reference 2, shows a simple cantilevered beam made up
of five rectangular cross-sections. The dimensions, b and h of each sec-
tion are to be designed for minimum total material volume, so there are a
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total of ten design variables. The stress in each section is constrained
and the deflection under the load is constrained. Also, the height was
constrained to be less than twenty times the width for each section.

P
4—- 2 1
3
A s
_______________________ —_————)—x
7 ———]
Z
7 h h [i——4 Is
L
y
P=50,000 N
T E=200 GPa
i L=500cm
_L 7=14,000 N/cm?
y=¥%5cm

__4 b; F__ 2.7
Cross section
Figure 2: Cantilevered Beam

This problem was solved by the ADS program (ref. 30) using the follow-
ing eight algorithms and the results are shown in Tables 3 and 4.
Sequential Linear Programming.
Exterior Penalty Function Method.
Linear Extended Interior Penalty Function Method.
Augmented Lagrange Multiplier Method.
Method of Feasible Directions.
Modified Method of Feasible Directions.
Sequential Quadratic Programming.

® N v wN e

Sequential Convex Programming.

In each case, all gradient information was calculated by the finite
difference method and the function evaluations shown in Table 4 includes
this.
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6.0 SENSITIVITY OF OPTIMIZED DESIGNS TO PROBLEM PARAMETERS

Estimation of the sensitivity of an optimum design to some new problem
parameter, P, (or perhaps multiple parameters) is an important issue in
design. Two principal reasons for needing this information are first, that
if the problem requirements are modified after the optimization is com-
plete, this will provide the engineer with a measure of what effect such
changes will have on the design, and second, this information is directly
useful in formal multi-level and multi-discipline optimization. The dis-
cussion offered here is essentially a duplication of that given in refer-
ence 31.

The general optimization problem considered here is of the form given
by equations 1-4.

Equality constraints are omitted in the followind discussion only for
brevity and their addition is a direct extension of the methods presented
here.

Assume the optimization problem has been solved, so the vector of
optimum design variables, X* is known. Now assume some new parameter, P,
is to be changed, where P may be a load, allowable stress, material pro-
perty, or any other problem parameter. It is desired to determine how the
optimum design will change as a result of changing P. That is, we wish to
find the total derivative dF(X*)/dP as well as the rates of change of the
optimum values of the design variables themselves, axi/aP.

In references 32-35, the Kuhn-Tucker conditions at the optimum are
used to predict the required derivatives, based on the assumption that the
Kuhn-Tucker conditions at X* remain in force as P is changed. Normally,
second derivatives of the objective and the binding constraints are re-
quired, as well as the Lagrange multipliers associated with the optimum
design.

In reference 21, a method was introduced based on the concept of a
feasible direction, for providing the optimum sensitivity information.
This method requires only first derivatives of the objective function and
binding constraints.

Here, the method of reference 21 is expanded to deal effectively with
the possibility of a discontinuous derivative at X*. This first-order
method provides the sensitivity information in the classical sense of a
derivative. A second-order method is presented here for use in those
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design situations where second derivatives are economically available. In
this case an approximate optimization problem is actually performed to
estimate the design improvement which can be expected from a change in the
new parameter.

The three available approaches to optimum design sensitivity are com-
pared using simple examples to gain a conceptual understanding of the
methods. The methods are then demonstrated by physical example.

6.1 Sensitivity Using the Kuhn-Tucker Conditions

At the optimum design, X*, some subset, J, of constraints will be

critical. The Kuhn-Tucker conditions(36) which are satisfied at this point
are
m
VF(X*) + 3= A.Vg.(X*) =0 [39]
gj(x*) =0 jEJ [40]
A 2o [41]

The needed sensitivity information comes from calculating the total
derivative of F(X*) with respect to the new parameter, P;

dF(X*) = aF(X*)/aP + VF(X*) - dX [42]
where
dX; = 3X./aP [43]

If the Kuhn-Tucker conditions of equations (39)-(41) are to remain
satisfied for some change 6P in the independent parameter, P, then the rate
of change of equation (39) with respect to P must vanish, where it is
noted that equation (39) is actually n independent equations. This leads
to a set of simultaneous equations which are solved for dX as well as dA
(since the Lagrange multipliers are functions of P as well). This leads to
the following set of simultaneous equations that are solved for dX and dA.
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dX C

nxn nxJ nx1
+ =0 [44]
T
Boxn  Ouxy d d4x1
where
52 (X%) 2%g. (x*)
Aik = axax. * 2. A5 XX [45a]

9% jea I 9%49%

3g.(X*)
= —d
Bij 3Xi [45b]

2
_ 32':‘)(*2 9 g](x*)

C. = + 3
i 8XiaP j€d 3Xi8P

[45c]

x
_ agj(X )

d 55 j€d [45d]

J

The two significant features of this approach are that second-order infor-
mation is required and that constraints which are critical at X* remain
critical when the independent parameter, P, is changed.

6.2 Sensitivity Using the Feasible Directions Concept

Conceptually, calculation of the sensitivity to parameter P can be
viewed as seeking the greatest improvement in the expanded design space
which includes the new "design variable" P. Thus, we mathematically seek
the "constrained steepest descent direction." Assuming we are free to
either increase or decrease P as necessary to improve the design, the
information is obtained from the following sub-problem.

Treat P as an independent design variable and add it to the set of
variables, X, so

n+l

Now solve the following direction-finding problem in the expanded space;
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Find the components of S to

Minimize VE(X*) - S [47]

Subject to;  Vg;(X*) - S £y jEJ [48]
<

s-s%1 [49]

Equation (47) represents the objective, which is to search in a direc-
tion as nearly possible to the steepest descent direction. This is con-
strained, however, by equation (48) which dictates that the search direc-
tion be tangent to, or away from, the boundaries of the critical con-
straints. Note that by virtue of the inequality condition of equation
(48), the design may actually leave a constraint boundary if this will give
maximum improvement. This is equivalent to saying that the Kuhn-Tucker
conditions in force at X* need not remain in force in the expanded design
space. Equation (49) is required to insure a unique solution to the
direction-finding process.

This geometric interpretation of a constrained steepest descent direc-
tion is also reached by considering a linear approximation to the problem
in expanded space as; Find the perturbation of the design variables con-
tained in the vector S which will

Minimize F(X,P) = F(X*,P) + VF(X*,P) -+ S [50]

Subject to;
G;(6.P) = g;(X*,P) + Yg;(X*,P) - S £ 0 jed [51]
s-s21 [52]

where equation (52) arises from the need to bound the solution to the
linearized problem. Noting that F(X*,P) is constant and gj(g*,P) =0 for j
€ J, it 1is clear that equations (50)-(52) are the same as equations
(47)-(49).

Equations (47)-(49) represent a linear problem in Si’ i=1,n+l subject
to a single quadratic constraint. This is solved by conversion to a linear
programming type problem of dimension J+1 and is easily solved numeri-
ca]]y.(z)

Having solved the direction-finding problem of equations (47)-(49),
the design can be updated by the common relationship
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X = XX+ aS [53]
so Xi = Xi + uaXi/aa [54]
and axi/aa = Si [55]

Considering the n+l component, P,

©
]

P* + odP/da [56]

PXx + aSn+

1

For a specified change, 6P = P-P*, the move parameter, a, is
x =
a* = 6P/S . (57

In the event that Sn+1 = 0, this indicates that the optimum design is
not dependent on P and so P can be changed arbitrarily. In this case,
dF(X*) = 0 and dX = 0.

Here it is important that the sign on 6P be the same as the sign on
Sn+1 since it was assumed that we will change P in the direction of maximum
improvement.

The rate of change of the optimum objective is now found for a unit

change in P as
dF(X*)/dP = [VF(X*) - §]/Sn+1 [58]
and the corresponding rates of change of the optimum design variables are
dX = (1/5_,,)$ [59]

Multiplying equations (58) and (59) by 8P gives the estimated change
in F(X*) and X* respectively. If 6P is the opposite sign from Sn+1’ equa-
tions (58) and (59) still apply if equation (48) is satisfied with strict
equality. If this is not the case, the design dictated here will leave a
constraint for maximum improvement. Thus a search in the opposite direc-
tion will violate one or more constraints.

Consider now the case where the sign of the change in parameter P is
specified. Now it must be recognized that if P is decreased the optimum
design may follow one constraint surface, but if P is increased, the design
may follow a different constraint surface. In other words, the rate of
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change of the optimum design with respect to P may not be constant at X*.
In this case, an additional constraint must be imposed on the sign of Sn+1'
For example, if P is required to be positive, the direction-finding problem

of equations (47)-(49) becomes

Minimize VF(X*) « S - cB [60]
Subject to;

vg;(X*) - S0 [61]

-S + 8= 62

n+1 B - 0 [ ]

S-S £3 [63]

The independent variables in this direction-finding problem are the
components of S as well as the extra parameter, B. Here the constant, c,
is a somewhat arbitrary positive number, say 10. The magnitude of c is not
critical since it is used only to insure the resulting value of B will be
positive and so Sn+1 will in turn be positive. If 6P is specified to be
negative, equation (62) is replaced by

<

S 0 [64]

n+l *B
The result of the direction-finding problem is to find a search direction
which will increase F(X*) as 1ittle as necessary, decreasing F(X*) if
possible. Thus, if there is a specific reason to change P in a given
direction, the optimum sensitivity is still found.

The method of equations (60)-(63) is actually the same as that used in
the Method of Feasible Directions for overcoming constraint violations.(z)

The method of equations (47)-(49) and (60)-(63) is based on the
assumption that P will be changed to gain maximum improvement (or minimum
degradation) in the optimum objective. The only additional information
required beyond that normally available is the gradient of the objective
and critical constraints with respect to P. Also, it is important to note
that the set J can include any near critical constraints which we do not
wish to become violated for a small change in P. Finally, it should be
noted that a search direction may be desired which moves away from the
constraint boundaries to give a more conservative estimate of dF(X*)/dP.
This can be accomplished by adding a push-off factor to equation (48) or
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(61) as 1is done 1in the conventional feasible directions algorithm.(z)

6.3 Sensitivity Using Second-Order Information

In cases where second derivatives are available, this information can
be used to provide maximum guidance to the design process. Here, the
information sought is not sensitivity in the mathematical sense, but rather
is the best estimate of the new optimum based on a quadratic approximation
to the objective and constraint functions about X*.

Consider a second-order Taylor series expansion about X* of F(X*) and
gj(l*) j € K, where K includes the set of critical and near critical con-
straints (could include the entire set m). Here also, we expand the set of

design variables so X = P as before.

n+l
The approximate optimization task now becomes, find the change in

design variables, 86X, to

Minimize F(x) = F( 5*) + UF(X*) - 8X
+ 3 6X'HC8X [65]
Subject to;
G500 = g;(X*) + Yg (¥*) - &X
+ 15T <
+ 5 8XH X =0 [66]
oX: £ oX. < ox i=1,n+1 [67]
where
85X = X - X* [68]

Here, P is treated as an independent variable and the move limits of
equation (67) are imposed to limit the search to the region of validity of
the quadratic approximation. In the event that 6P (and therefore, the new
value of P) is specified then the optimization is carried out with respect
to the original n variables, with 6Xn+1 = §P.

The problem of equations (65)-(67) requires the same information as
sensitivity based on the Kuhn-Tucker conditions (except the Lagrange multi-
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pliers are not needed here) but is complicated by the fact that a con-
strained optimization task is now required. However, the functions are now
explicit and easily evaluated, along with their derivatives. The advantage
here is that the approximate optimization task accounts for the complete
set of constraints, K, and that no limiting assumptions are needed regard-
ing the nature of the new optimum. Also, in the common situation in struc-
tural optimization using reciprocal variables, where the constraints are
approximately linear, only the linear portion of equation (66) is needed,
greatly simplifying the optimization task.

6.4 Comparison of Methods

In the previous sections, three distinct approaches were given for
determining the sensitivity of an optimized design to some new parameter,
P

Based on the Kuhn-Tucker conditions at X*.
Based on the Feasible Direction concept.
Based on second-order expansion of the problem.

These three approaches are compared here using simple examples to
demonstrate, geometrically, the similarities and differences in the meth-
ods. Each method can be considered to produce a search direction, Sq,
where ¢=1,2,3 corresponds to the particular method. The total derivative
is proportional to Sq, so any differences in the methods are reflected in
differing search directions.

Case 1 - Unconstrained Function

Consider the simple two-variable unconstrained problem;

Minimize F = 2xi - 2P+ p2 4 ax, - 4P [69]

While this is an explicit example function, it could as well represent the
second-order approximation to a far more complicated problem.
The problem is first solved with respect to the single variable, X1
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and then sensitivity is calculated with respect to the new parameter, P.

Figure 3 is the two-variable function space for this problem, where
initially P = 0, so the optimum with respect to X1 is FX = -2 at X1 = -1.
The search directions for the three methods are shown on the figure, and it
is seen that methods 1 and 3, using second derivatives point to the solu-
tion of the quadratic problem. Method 2, being a first-order method, gives
a steepest descent search direction.

Xz

F=0

Figure 3. Unconstrained Problem.

Case 2 - Constrained Problem with Discontinuous Derivative

Figure 4 shows the results for the same problem with the addition of
the linear inequality constraint,

0 [70]

Now minimization with respect to X1 gives the constrained optimum,
F=0, ¢g=0 at X1 = 0. Here the three approaches provide markedly different
information. Method 1 produces a search direction which follows the con-
straint for either an increase or a decrease in P. If P is increased,
method 2 gives a direction of steepest descent, while method 3 provides a
direction toward the quadratic approximation to the minimum. If P is
changed in the negative direction, each method results in a move along the
constraint boundary. Clearly, because the optimum change direction
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st,s?,s3 6=

_1_
Figure 4. Discontinuous Sensitivities.

(whether first or second-order) is dependent on the sign of &P, the total
derivative of the optimum objective is discontinuous at X*.

Case 3 - Multiple Constraints

Here the constrained optimization problem to be solved is

Minimize F=x3+(p-1)? [71]
Subject to;
gy = -3% - 2P + 10 f [72]
g,=-2(; - 3P+ 102 [73]

The problem is first solved with P held fixed at a value of 2. Then
the sensitivity of the optimum to P is calculated. The two-variable func-
tion space and the calculated search directions are shown in Figure 5.
This is a degenerate case which cannot be solved by method 1 due to matrix
singularity. Here at X*, two constraints are critical. However, because
the problem is first a function of X1 alone, one of these constraints is
redundant. Methods 2 and 3 provide change vectors which follow the proper
constraint boundary, depending on the sign of 6P.

Case 4 - Dependence on the Magnitude of P

Here the problem to be solved is
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Subject to;

-
1]
>

(=}
]
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+ p2 [74]

(X, - 52+ (p-52-16%0 [751

OrIGINAL P

0 1

Figure 5. Multiple Constraints.

The two-variable function space and the calculated search directions

are shown in Figure 6.

NEw PRESCRIBED P

ORIGINAL P

0

Figure 6. Specified Change in P.

Here, methods 1 and 2 provide the same search direction toward point

D. Method 3 however, takes full advantage of the available second-order

information to identify the new optimum based on the quadratic approxima-



231

tion. If P is allowed to change freely, the new optimum is at point B.
This is the usual result for method 3 if no move limits are imposed on the
design changes and the actual amount by which P is changed is not speci-
fied. However, if the change, 6P, is specified, method 3 provides the best
approximation to the new optimum with respect to the original design vari-
able, Xl’ at point C. Here, it is important to remember that this result
is based on a quadratic approximation to the original problem, so in prac-
tice, move limits will be required to insure reasonable bounds on the
solution. It is noteworthy that methods 1 and 2 provide the same search
direction. This is because method 1, while requiring second derivatives of
the constraints, does not actually use this information to update the
approximation to the optimum design.

Consistency of the Sensitivity Calculations

Because the sensitivity is calculated about a numerically determined
optimum, it is expected that the results will be dependent on the accuracy
of X*. It is common that, while the objective function may be very near
the theoretical optimum, the design vector, X*, is not this precise. Also,
the gradients of the objective and constraint functions at the optimum are
more variable in direction than in magnitude. These observations lead to
the conclusion that the total derivative of F(X*) with respect to P is
reasonably stable, but that the rates of change of the independent design
variables are more strongly dependent on the accuracy of the optimum.

This variability of the design vector sensitivities is seen from a
simple example using linear sensitivity information.

Figure 7 shows the two-variable function space for the following

problem;
Minimize F= x% + x§ [76]
Subject to; g =-X; - X, + P o [77]

where initially P=2. Points A, B and C are each near the optimum, with B
being the precise optimum. The sensitivity of each "optimum" is shown by
the search vectors and given numerically in Table 5.
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Figure 7. Sensitivity for Different Optima.

Table 5: Sensitivities for various optima

var XA sh xB sB xC sC
X, L2 -0.8 1.0 -0.5 0.8 -0.2
X, 0.8 -0.2 1.0 -0.5 1.2 -0.8
FX  2.08 - 2.00 - 2.08 -

dF*/dP - -2.24 - -2.00 - -2.24

Thus, it is clear that the design sensitivity is dependent on the
accuracy of X*. However, the information provided is still as useful,
being the constrained steepest descent direction. This simply serves as a
reminder, that if the design space is reasonably flat that, within numer-
ical accuracy, the optimum design and its sensitivity is not unique.

6.5 Design Examples

Figure 8 is the 10-bar truss which is commonly used to demonstrate
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optimization procedures. The structure is loaded as shown by a single
loading condition and is stress constrained. The allowable stress in each
member is 25,000 psi, with the exception of member 9 which has a higher
allowable stress. The cross-sectional areas of the members are the design
variables and the total weight of the structure is to be minimized.

~— 9.1 m—|—9.14m—|

v
445 KN 445KN

Figure 8. 10-Bar Truss.

Case 1: Comparison of Methods

Table 6 gives the optimum design and sensitivity results for a nominal
design in which the allowable stress in member 9 is 30,000 psi, and will be
changed in order to improve the optimum. The parameters of interest are
listed in the first column and column 2 gives the initial optimum design.
Columns 3 and 4 give the sensitivity based on the Kuhn-Tucker conditions
and the present linear method, respectively. For this design, member 10 is
very near its stress limit, but the actual binding constraint is the mini-
mum size of the member. Thus, based on the Kuhn-Tucker conditions, the
sensitivity of member 10 (as well as members 2, 5 and 6) is zero. In the
linear method, this stress constraint is included in the active set and
method recognizes that the size of member 10 must be increased to maintain
feasibility.

The total derivative, dF/d&9 is given for a 100% change in 59, so the
predicted change in F* is the total derivative times the fractional change
to be made in 59.

Columns 7-9 of Table 6 give the predicted design for each method for
an allowable stress in member 9 of 40,000 psi (a 33%¥ change from its nomi-
nal value), and column 10 gives the calculated optimum. The first two
methods predicted essentially the same optimum except the present linear
method accounted for the need to increase the size of member 10. The
quadratic method provided the result nearest the calculated optimum, as
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would be expected.

Case 2: Discontinuity of the Sensitivity

Linear sensitivity of the 10 bar truss was calculated here for a
nominal value of 37,500 psi for the allowable stress in member 9. Now the
direction of change in the stress allowable was specified and the resulting
problem was solved by the method of equations (60)-(64). If the direction
of change in the allowable stress was not specified or was specified to be
positive, the resulting sensitivities were zero, correctly indicating that
the optimum weight cannot be reduced by changing 59.

Table 7 gives the resulting sensitivities if the allowable stress is
required to be reached. It is noteworthy that the projected optimum for a
design allowable of 35,000 psi is very near the calculated optimum, even
though the projected values of the design variables are not this precise.

Table 7. Discontinuity in sensitivity.

Var X st Xt X*

Ay 7.9008 -0.0981 7.8943 7.9154
A, 0.1000 0.2043 0.1136 0.1000
Ay 8.0998 0.1554 8.1102 8.0900
A 3.9000 -0.0963 3.8994 3.9099
Ag 0.1000 0.0000 0.1000 0.1000
A 0.1000 0.2299 0.1153 0.1000
A 5.7981 0.2076 5.8119 5.7848
Ag 5.5155 -0.1502 5.5055 5.5295
Ag 3.6791 3.6356 3.9215 3.9496
Ao 0.1413 0.2649 0.1590 0.1274
ag 39,500 -1.0000 35,000 35,000
FX 1,498 - 1,512 1,511
dF/d&9 - 215.7 - -

This again underscores the somewhat non-unique nature of the optimum sensi-
tivity calculations.

This example clearly demonstrates the need to account for the possi-
bility that the design sensitivity may be discontinuous at X*. In prac-
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tice, this discontinuity cannot be identified in any a priori fashion and
so the mathematics of the procedure must be relied on to deal with that
situation.

7.0 SUMMARY

The general optimization problem statement has been outlined and a
variety of algorithms have been identified for its solution. The examples
given here should not be considered as a definitive comparison of methods,
but rather a general indication of algorithmic efficiencies. In the case
of structural optimization, it is common to create an approximate problem
to be solved by the optimizer. Therefore, since this is an explicit prob-
lem with a clear mathematical form, the actual optimization algorithm used
for its solution becomes of lesser importance. The principal purpose here
has been to familiarize the reader with the mathematical and algorithmic
features of the optimization task and offer sufficient references for more
detailed study of these and other methods.

Three procedures for calculating the sensitivity of an optimized
design to some problem parameter have been presented and compared. The
method based on the Kuhn-Tucker conditions assumes that the conditions in
effect at the optimum remain in effect when P is changed. The 1linear
method provides the sensitivity in the classical sense of a derivative,
while accounting for the inequality constrained nature of design. The
quadratic method is more appropriately considered as an improved estimate
of the optimum using available second-order information.

In practice, careful problem formulation can be expected to improve
the quality of the projected optimum. For example, for many structural
optimization problems, the use of reciprocal variables will allow much
larger perturbations in the design without significant constraint viola-
tions.

As noted in the introduction, sensitivity information is valuable in
its own right for estimating the effect that design changes will have on
the optimum, wihout re-optimization. Additionally, this capability pro-
vides a convenient tool for use in multi-level and multi-discipline design,
particularly where distributed computing is desirable. This general area
of study is expected to be the direction of future research using these
techniques.
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