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Preface

This textbook intends to provide a careful and comprehensive introduction to some of the most
important mathematical topics required for a thorough understanding of financial markets and
the quantitative methods used there. For this reason, the book covers mathematical finance
in the narrow sense, that is, arbitrage theory for pricing contingent claims such as options and
the related mathematical machinery, as well as statistical models and methods to analyze data
from financial markets. These areas evolved more or less separate from each other and the lack
of material that covers both was a major motivation for me to work out the present textbook.
Thus, I wrote a book that I would have liked when taking up the subject. It addresses master
and Ph.D. students as well as researchers and practitioners interested in a comprehensive
presentation of both areas, although many chapters can also be studied by Bachelor students
who have passed introductory courses in probability calculus and statistics. Apart from a
couple of exceptions, all results are proved in detail, although usually not in their most general
form. Given the plethora of notions, concepts, models and methods and the resulting inherent
complexity, particularly those coming to the subject for the first time can acquire a thorough
understanding more quickly, if they can easily follow the derivations and calculations. For
this reason, the mathematical formalism and notation is kept as elementary as possible. Each
chapter closes with notes and comments on selected references, which may complement the
presented material or are good starting points for further studies.

Chapter 1 starts with a basic introduction to important notions: financial instruments such
as options and derivatives and related elementary methods. However, derivations are usually
not given in order to focus on ideas, principles and basic results. It sets the scene for the
following chapters and introduces the required financial slang. Cash flows, discounting and
the term structure of interest rates are studied at an elementary level. The return over a given
period of time, for assets usually a day, represents the most important economic object of
interest in finance, as prices can be reconstructed from returns and investments are judged by
comparing their return. Statistical measures for their location, dispersion and skewness have
important economic interpretations, and the relevant statistical approaches to estimate them
are carefully introduced. Measuring the risk associated with an investment requires being
aware of the properties of related statistical estimates. For example, volatility is primarily
related to the standard deviation and value-at-risk, by definition, requires the study of quantiles
and their statistical estimation. The first chapter closes with a primer on option pricing, which
introduces the most important notions of the field of mathematical finance in the narrow sense,
namely the principle of no-arbitrage, the principle of risk-neutral pricing and the relation of
those notions to probability calculus, particularly to the existence of an equivalent martingale
measure. Indeed, these basic concepts and a couple of fundamental insights can be understood
by studying them in the most elementary form or simply by examples.

Chapter 2 then discusses arbitrage theory and the pricing of contingent claims within a
one-period model. At time 0 one sets up a portfolio and at time 1 we look at the result. Within
this simple framework, the basic results discussed in Chapter 1 are treated with mathematical
rigor and extended from a finite probability space, where only a finite number of scenarios
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can occur, to a general underlying probability space that models the real financial market.
Mathematical separation theorems, which tell us how one can separate a given point from
convex sets, are applied in order to establish the equivalence of the exclusion of arbitrage
opportunities and the existence of an equivalent martingale measure. For this reason, those
separation theorems are explicitly proved. The construction of equivalent martingale measures
based on the Esscher transform is discussed as well.

Chapter 3 provides a careful introduction to stochastic processes in discrete time (time
series), covering martingales, martingale differences, linear processes, ARMA and GARCH
processes as well as long-memory series. The notion of a martingale is fundamental for
mathematical finance, as one of the key results asserts that in any financial market that excludes
arbitrage, there exists a probability measure such that the discounted price series of a risky
asset forms a martingale and the pricing of contingent claims can be done by risk-neutral
pricing under that measure. These key insights allow us to apply the elaborated mathematical
theory of martingales. However, the treatment in Chapter 3 is restricted to the most important
findings of that theory, which are really used later. Taking first-order differences of a martingale
leads naturally to martingale difference sequences, which form whitenoise processes and are
a common replacement for the unrealistic i.i.d. error terms in stochastic models for financial
data and, more generally, economic data. A key empirical insight of the statistical analysis
of financial return series is that they can often be assumed to be uncorrelated, but they are
usually not independent. However, other series may exhibit substantial serial dependence that
has to be taken into account. Appropriate parametric classes of time-series models are ARMA
processes, which belong to the more general and infinite-dimensional class of linear processes.
Basic approaches to estimate autocovariance functions and the parameters of ARMA models
are discussed. Many financial series exhibit the phenomenon of conditional heteroscedasticity,
which has given rise to the class of (G)ARCH models. Lastly, fractional differences and long-
memory processes are introduced.

Chapter 4 discusses in detail arbitrage theory in a discrete-time multiperiod model. Here,
trading is allowed at a finite number of time points and at each time point the trading strategy
can be updated using all available information on market prices. Using the martingale theory
in discrete time studied in Chapter 3, it allows us to investigate the pricing of options and other
derivatives on arbitrage-free financial markets. The Cox–Ross–Rubinstein binomial model is
studied in greater detail, since it is a standard tool in practice and also provides the basis to
derive the famous Black–Scholes pricing formula for a European call. In addition, the pricing
of American claims is studied, which requires some more advanced results from the theory
of optimal stopping.

Chapter 5 introduces the reader to stochastic processes in continuous time. Brownian
motion will be the random source that governs the price processes of our financial market
model in continuous time. Nevertheless, to keep the chapter concise, the presentation of
Brownian motion is limited to its definition and the most important properties. Brownian
motion has puzzling properties such as continuous paths that are nowhere differentiable or of
bounded variation. Advanced models also incorporate fractional Brownian motion and Lévy
processes, respectively. Lévy processes inherit independent increments but allow for non-
normal distributions of those increments including heavy tails and jump. Fractional Brownian
motion is a Gaussian process as is Brownian motion, but it allows for long-range dependent
increments where temporal correlations die out very slowly.

Chapter 6 treats the theory of stochastic integration. Assuming that the reader is familiar
with integration in the sense of Riemann or Lebesgue, we start with a discussion of stochastic
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Riemann–Stieltjes (RS) integrals, a straightforward generalization of the Riemann integral.
The related calculus is relatively easy and provides a good preparation for the Itô integral.
It is also worth mentioning that the stochastic RS-integral definitely suffices to study many
issues arising in statistics. However, the problems arising in mathematical finance cannot be
treated without the Itô integral. The key observation is that the change of the value of position
x(t) = xt in a stock at time t over the period [t, t + δ] is, of course, given by xtδPt , where
δPt = Pt+δ − Pt . Aggregating those changes over n successive time intervals [iδ, (i + 1)δ],
i = 0, . . . , n − 1, in order to determine the terminal value, results in the sum

∑n−1
i=0 x(iδ)δPiδ.

Now ‘taking the limit δ → 0’ leads to an integral
∫

xsdPs with respect to the stock price,
which cannot be defined in the Stieltjes sense, if the stock price is not of bounded variation.
Here the Itô integral comes into play. A rich class of processes are Itô processes and the
famous Itô formula asserts that smooth functions of Itô processes again yield Itô processes,
whose representation as an Itô process can be explicitly calculated. Further, ergodic diffusion
processes as an important class of Itô processes are introduced as well as Euler’s numerical
approximation scheme, which also provides the common basis for statistical estimation and
inference of discretely sampled ergodic diffusions.

Chapter 7 presents the Black–Scholes model, the mathematically idealized model to price
derivatives which is still the benchmark continuous-time model in practice. Here one may
either invest in a risky stock or deposit money in a bank account that pays a fixed interest. The
Itô calculus of Chapter 6 provides the theoretical basis to develop the mathematical arbitrage
theory in continuous time. The classic Black–Scholes model assumes that the volatility of the
stock price is constant with respect to time, which is too restrictive in practice. Thus, we briefly
discuss the required changes when the volatility is time dependent but deterministic. Finally,
the generalized Black–Scholes model allows the interest rate of the ‘risk-less’ instrument to
be random as well as dependent on time, thus covering the realistic situation that money not
invested in stocks is used to buy, for example, AAA-rated government bonds.

Chapter 8 studies the asymptotic limit theory for discrete-time processes as required to
construct and investigate present-day methods for decision making; that is, procedures for es-
timation, inference as well as model checking, using financial data in the widest sense (returns,
indexes, prices, risk measures, etc.). The limit theorems, partly presented along the way when
needed to develop methodologies, cover laws of large numbers and central limit theorems for
martingale differences, linear processes as well as mixing processes. The methods discussed
in greater detail cover the multiple linear regression with stochastic regressors, nonparametric
density estimation, nonparametric regression and the estimation of autocovariances and the
long-run variance. Those statistical tools are ubiquitous in the analysis of financial data.

Chapter 9 discusses some selected topics. Copulas have become an important tool for
modeling high-dimensional distributions with powerful as well as dangerous applications
in the pricing of financial instruments related to credits and defaults. As a matter of fact,
these played an unlucky role in the 2008 financial crisis when a simplistic pricing model
was applied to large-scale pricing of credit default obligations. For this reason, some of the
major developments leading to the crisis are briefly reviewed, revealing the inherent complex-
ity of financial markets as well as the need for sophisticated mathematical models and their
application. Local polynomial estimation is studied in greater detail, since it has important ap-
plications to many problems arising in finance such as the estimation of risk-neutral densities
conditional volatility or discretely observed diffusion processes. The asymptotic normality
can be based on a powerful reduction principle: A (joint) smoothing central limit theorem
for the innovation process {εt} and a derived process involving the regressors automatically
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implies the asymptotic normality of the local linear estimator. The testing for and detecting
of change-points (structural breaks) have become active fields of current theoretical as
well as applied research. Chapter 9 thus closes with a brief discussion of change-point
analysis and detection with a certain focus on the detection of changes in the degree of
integration.

This book features an accompanying website http://fsmf.stochastik.rwth-aachen.de

Ansgar Steland
RWTH Aachen University
Germany
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1

Elementary financial calculus

1.1 Motivating examples

Example 1.1.1 Suppose a pension fund collecting contributions from workers intends to
invest a certain fraction of the fund in a certain exchange-traded stock instead of buying
treasury bonds. Whereas a bond yields a fixed interest known in advance, the return of a stock
is volatile and uncertain. It may substantially exceed a bond’s interest, but the pension fund
is also exposed to the downside risk that the stock price goes down resulting in a loss. For
the pension fund it is important to know what return can be expected from the investment and
which risk is associated with the investment. It would also be useful to know the amount of
the invested money that is under risk. In practice, investors invest their money in a portfolio
of risky assets. Then the question arises: what can be said about the relationship? In modern
finance, returns are modeled by random variables that have a distribution. Thus, we have to
clarify how the return distribution and its mathematical properties are related to the economic
notions expected return, volatility, and how one can define appropriate risk measures. Further,
the question arises how one can estimate these quantities from historic time series.

Example 1.1.2 In order to limit the loss due to the risky stock investment, the pension fund
could ask a bank for a contract that pays the difference between a stop loss quote, L, and stock
price, if that difference is positive when exercising the contract. Such financial instruments
are called options. What is the fair price of such an option? And how can a bank initiate
trades, which compensate for the risk exposure when selling the option?

Example 1.1.3 Suppose a steel producer agrees with a car manufacturer to deliver steel for
the production of 10 000 cars in one year. The steel production starts in one year and requires
a large amount of oil. In order to calculate costs, the producer wants to fix the oil price at, say,
K dollars in advance. One approach is to enter a contract that pays the difference between
the oil price and K at the delivery date, if that difference is positive. Such contracts are named

Financial Statistics and Mathematical Finance: Methods, Models and Applications, First Edition. Ansgar Steland.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.



2 ELEMENTARY FINANCIAL CALCULUS

call options. Again, the question arises what is the fair price of such an agreement. Another
possibility is to agree on a future/forward contract.

Example 1.1.4 To be more specific and to simplify the exposition, let us assume that the
steel producer needs 1 barrel whose current price at time t = 0 is S0 = 100. To fix that price,
he buys a call option with delivery price K = 100. The fixed interest rate is 1%. Further,
suppose that the oil price, S1, in one year at time t = 1 is distributed according to a two-point
distribution,

P(S1 = 110) = 0.6, P(S1 = 90) = 0.4.

If S1 = 110 one exercises the option right and the deal yields a profit of G = 10. Otherwise,
the option has no value. Thus, the expected profit is given by

E(G) = 10 · 0.6 = 6.

Because for the buyer of the option the deal has a non-negative profit and yields a positive
profit with positive probability, he or she has to pay a premium to the bank selling the option.
Should the bank offer the option for the expected profit 6? Surprisingly, the answer is no.
Indeed, an oil dealer can offer the option for a lower price, namely x = 5.45 without making
a loss. The dealer buys half of the oil when entering the contract at t = 0 for the current price
of 50 and the rest when the contract is settled. His calculation is as follows. He finances the
deal by the premium x and a credit. At t = 0 his portfolio consists of a position in the money
market, x − 50, and 0.5 units of oil. Let us anticipate that x < 50. Then at t = 1 the dealer
has to pay back 1.01 · |x − 50| to the bank. We shall now consider separately the cases of an
increase or decreases of the oil price. If the oil price increases, the value of the oil increases
to 0.5 · 110 = 55 and he receives 100 from the steel producer. He has to fix the premium x

such that the net income equals the price he has to pay for the remaining oil. This means, he
solves the equation

100 + 1.01 · (x − 50) = 55

yielding x = 5.445545 ≈ 5.45. Now consider the case that the oil price decreases to 90. In
this case the steel producer does not exercise the option but buys the oil at the spot market.
The oil dealer has to pay back the credit, sells his oil at the lower price, which results in a
loss of 5. The premium x should ensure that his net balance is 0. This means, the equation

0.5 · 90 + 1.01(x − 50) = 0

should hold. Solving for x again yields x = 5.445545. Notice that both equations yield the
same solution x such that the premium is not random.

1.2 Cashflows, interest rates, prices and returns

Let us now introduce some basic notions and formulas. To any financial investment initiated at
t = t0 with time horizon T is attached a sequence of payments settled on a bank account that
describe the investment from a mathematical point of view. Our standard notation is as follows:
We denote the time points of the payments by 0 = t0 < t1 < · · · < tn = T and the associated
payments by X1, . . . , XT . Our sign convention will be as follows: Positive payments, Xi > 0,
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are deposits increasing the investor’s bank account, whereas negative payments, Xi < 0, are
charges.

From an economic point of view, there is a huge difference between a payment today or
in the future. Thus, to compare payments, they either have to refer to the same time point t∗
or one has to take into account the effects of interest. As a result, to compare investments one
has to cumulate the payments discounted or accumulated to a common time point t∗. If all
payments are discounted to t∗ = t0 and then cumulated, the resulting quantity is called the
present value. Alternatively, one can accumulate all payments to t∗ = T .

In practice, one has to specify how to determine times and how to measure the economic
distance between two time points t1 and t2. It is common practice to measure the time as
a multiple of a year. At this point, suppose that the dates are given using the day-month-
year convention, i.e. t = (d, m, y). In what follows, we denote the economic time distance
between two dates t1 and t2 by τ(t1, t2). Here are some market conventions for the calculation
of τ(t1, t2).

(i) Actual/365: Each year has 365 days and the actual number of days is used.

(ii) Actual/360: Each year has 360 days and the actual number of days is used.

(iii) 30/360: Each month has 30 days, a year 360 days.

In the following we assume that all times have been transformed using such a convention.
If the fixed interest rate is r per annum, interest is paid during the period without compound

interest, the accumulated value of payments X1, . . . , Xn at dates t1, . . . , tn is given by

VT =
n∑

i=0

Xi(1 + τ(ti, 1)r).

The present value at t = 0 is calculated using the formula

V0 =
n∑

i=0

XiD(0, ti), with D(0, ti) = 1 + τ(ti, T )r

1 + rT
.

Here D(0, ti) denotes the discount factor taking into account that the payment Xi takes place
at ti.

Often, interest is paid at certain equidistant time points, e.g. quarterly or monthly. When
decomposing the year into m periods and applying the interest rate r/m to each of them, an
investment of one unit of currency grows during k periods to

1 + r

m
k.

When compound interest is taken into account, the value is

(1 + r/m)k.

For k = m → ∞ that discrete interest converges to continuous compounding

lim
m→∞(1 + r/m)m = er.
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Thus, the accumulation factor for an investment lasting for t ∈ (0, ∞) years, i.e. corresponding
to tm periods, equals

lim
m→∞(1 + r/m)mt = ert .

Let us now assume that the interest rate r = r(t) is a function of t, such that for r(t) > 0,
t > 0, the bank account, S0(t), increases continuously. There are two approaches to relate
these quantities. Either start from a model or formula for S0(t) or start with r(t). Let us first
suppose that S0(t) is given. The annualized relative growth during the time interval [t, t + h]
is given by

1

h

S0(t + h) − S0(t)

S0(t)
.

Definition 1.2.1 Suppose that the bank account S0(t) is a differentiable function. Then the
quantity

r(t) = lim
h↓0

1

h

S0(t + h) − S0(t)

S0(t)
,

is well defined and is called instantaneous (spot) rate or simply short rate.

We have the relationship

r(t) = S′
0(t)

S0(t)
⇔ S′

0(t) = r(t)S0(t).

As a differential:

dB(t) = r(t)B(t)dt.

It is known that this ordinary differential equation has the general solution S0(t) =
C exp(

∫ t

0 r(s) ds), C ∈ R. For our example the special solution

S0(t) = exp

(∫ t

0
r(s) ds

)
(1.1)

with starting value S0(0) = 1 matters. In the special case r(t) = r for all t, we obtain S0(t) = ert

as above.
Often, one starts with a model for the short rate. Then we define the bank account via

Equation (1.1).

Definition 1.2.2 (Bank account)
A bank account with a unit deposit and continuous compounding according to the spot rate
r(t) is given by

S0(t) = exp

(∫ t

0
r(s) ds

)
, t ≥ 0.

When depositing x units of currency into the bank account, the time t value is xS0(t). Vice
versa, for an accumulated value of 1 unit of currency at time T , one has to deposit x = 1/S0(T )
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at time t = 0. The value of x = 1/S0(T ) at an arbitrary time point t ∈ [0, T ] is

xS0(t) = S0(t)

S0(T )
.

This means that the value at time t = 0 of a unit payment at the time horizon T is given by
S0(t)/S0(T ).

Definition 1.2.3 The discount factor between two time points t ≤ T is the amount at time
t that is equivalent to a unit payment at time T and can be invested riskless at the bank. It is
denoted by

D(t, T ) = S0(t)

S0(T )
= exp

(
−

∫ T

t

r(s) ds

)
.

1.2.1 Bonds and the term structure of interest rates

The basic insights of the above discussion can be directly used to price bonds and understand
the term structure of interest rates.

A zero coupon bond pays a fixed amount of money, the face value or principal X at a
fixed future time point called maturity. Such a bond is also referred to as a discount bond
or zero coupon bond. Here and in what follows, we assume that the bond is issued by a
government such that we can ignore default risk. Measuring time in years and assuming that
the interest rate r applies in each year, we have learned that the present value of the payment
X equals

Pn(X) = X

(1 + r)n
.

Notice that this simple formula determines a 1-to-1 correspondence between the bond price
and the interest rate. The interest rate r is the discount rate or spot interest rate for time to
maturity n; spot rate, since that rate applies to a contract agreed on today.

Let us now consider a coupon bearing bond that pays coupons C1, . . . , Ck at times
t1, . . . , tk and the face value X at the maturity date T . This series of payments is equivalent
to k + 1 zero coupon bonds with face values C1, . . . , Ck, X and maturity dates t1, . . . , tk, T .
Thus, its price is given by the bond price equation

P(t) =
k∑

i=1

CiP(t, ti) + XP(t, T ),

or equivalently

P(t) =
k∑

i=1

CiP(t, t + τi) + XP(t, T ),

if τj = tj − t denotes the time to maturity of the jth bond. It follows that the price of the
bond can be determined by the curve τ �→ P(t, t + τ) that assigns to each maturity τ the time
t price for a zero coupon bond with unit principal t. It is called the term structure of interest
rates.
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There is a second approach to describe the term structure of interest rates. Let P(t, t + m)
denote the price at time t of a zero coupon bond paying the principal X = 1 at the maturity
date t + m. Given the yearly spot rate r(t, t + m) applying to a payment in m years, its price
is given by

P(t, t + m) = 1

(1 + r(t, t + m))m
.

If the coupon corresponding to the interest rate r(t, t + m) is paid at n equidistant time points
with continuous compounding, the formula

P(t, t + m) = 1

(1 + r(t, t + m)/n)nm

applies, which converges to the formula for continuously compounding

P(t, t + m) = e−r(t,t+m)m ⇔ P(t, T ) = e−r(t,T )(T−t),

using the substitution T = t + m. The continuously compounded interest rate r(t, T ) is also
called yield and the function

t �→ r(t, T )

the yield curve.
Finally, one can also capture the term structure of interest rates by the instantaneous

forward rate at time t for the maturity date T defined by

f (t, T ) = − ∂
∂T

P(t, T )

P(t, T )
= − ∂

∂T
log P(t, T ).

Here it is assumed that the bond price P(t, T ) is differentiable with respect to maturity. It then
follows that

P(t, T ) = exp

(
−

∫ τ

0
f (t, t + s) ds

)
, r(t, t + τ) = −1

τ

∫ τ

0
f (t, t + s) ds.

1.2.2 Asset returns

For fixed-income investments such as treasury bonds the value of the investment can be
calculated in advance, since the interest rate is known. By contrast, for assets such as exchange-
traded stocks the interest rates, i.e. returns, are calculated from the quotes that reflect the market
prices.

Let St be the price of a stock at time t. Since such prices are quoted at certain (equidistant)
time points, it is common to agree that the time index attains values in the discrete set of
natural numbers, N. If an investor holds one share of the stock during the time interval from
time t − 1 to t, the asset price changes to

St = St−1(1 + Rt),

where

Rt = St − St−1

St−1
= St

St−1
− 1
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is called the simple net return and

1 + Rt = St

St−1

are the gross returns. How are asset returns aggregated over time? Suppose an investor holds
a share between s and t = s + k, i.e. over k periods, s, t, k ∈ N (or more generally s, t, k ∈
[0, ∞)). Define the k-period return

Rt(k) = St − Ss

Ss

= St

Ss

− 1.

One easily checks the following relationship between the simple returns Rs+1, . . . , Rt and
the k-period return:

1 + Rt(k) = St

Ss

=
t∏

i=s+1

Si

Si−1
=

t∏
i=s+1

(1 + Ri).

When an asset is held for k years, the annualized average return (effective return) is given by
the geometric mean

Rt,k =
[

k−1∏
i=0

(1 + Rt+i)

]1/k

− 1.

A fixed-income investment with a annualized interest rate of Rt,k yields the same accumulated
value. Note that

Rt,k = exp

[
1

k

k−1∑
i=0

log(1 + Rt+i)

]
− 1. (1.2)

The natural logarithm of the gross returns,

rt = log(1 + Rt) = log
St

St−1

is called log return. Using Equation (1.2) we see that the k-period log return for the period
from s to t = s + k can be calculated as

rt(k) = log(1 + Rt(k)) =
t∑

i=s+1

log(1 + Ri) =
t∑

i=s+1

ri.

Thus, in contrast to the returns Rt the log returns possess the pleasant property of additivity
w.r.t. time aggregation.

Using these definitions we obtain the following fundamental multiplicative decomposition
of an asset price:

St = S0

t∏
i=1

(1 + Ri) = S0

t∏
i=1

exp(ri).
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1.2.3 Some basic models for asset prices

When a security is listed on a stock exchange, there exists no quote before that time. Let
us denote the sequence of price quotes, often the daily closing prices, by S0, S1, . . . . Since
S0 > 0 denotes the first quote, it is often regarded as a constant. If one wants to avoid possible
effects of the initial price, one puts formally S0 = 0.

A first approach for a stochastic model is to assume that the price differences are given by

� + un, n = 1, 2, . . .

with a deterministic, i.e. nonrandom, constant � ∈ R and i.i.d. random variables un, n ∈ N,
with common distribution function F such that

E(un) = 0, Var (un) = σ2 ∈ (0, ∞), ∀n ∈ N.

In the present context, it is common to name the un innovations. When referring to the sequence
of innovations, we shall frequently write {un : n ∈ N0} or, for brevity of notation, {un} if the
index set is obvious. The above model for the differences implies that the price process is
given by

St = S0 +
t∑

i=1

(� + ui) = S0 + t� +
t∑

i=1

ui, t = 0, 1, . . .

where we put u0 = 0 and agree on the convention that
∑0

i=1 ai = 0 for any sequence {an}.
St is called (arithmetic) random walk and random walk with drift if � /= 0. Obviously

E(St) = S0 + � t

and

Var (St) = tσ2.

This particular model for an asset price dates back to the work of Bachelier (1900).
An alternative approach is based on the log returns. Let us denote

Ri := log(Si/Si−1), i ≥ 1.

Then

St = S0

t∏
i=1

Si/Si−1 = S0

t∏
i=1

exp(Ri).

The associated log price process is then given by

log St = log S0 +
t∑

i=1

Ri, t = 0, 1, . . . ,

which is again a random walk.
A classic distributional assumption for the log returns {Rn} is the normal one,

Ri
i.i.d.∼ N(μ, σ2)
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with μ ∈ R and σ2 > 0. As a consequence, the log prices are normally distributed as well,

log(St) = log(S0) +
t∑

i=1

Ri ∼ N(log(S0) + tμ, tσ2).

Thus, St follows a lognormal distribution. Let us summarize some basic facts about that
distribution:

A random variable X follows a lognormal distribution with parameters μ ∈ R (drift)
and σ > 0 (volatility) if Y = log(X) ∼ N(μ, σ2). X takes on values in the interval (0, ∞)
and

P(log X ≤ y) = 1√
2πσ

∫ y

−∞
e−(t−μ)2/2σ2

dt, y ∈ (0, ∞).

The change of variable u = et leads to

P(X ≤ ey) = P(log X ≤ y) =
∫ ey

−∞
1√

2πσu
e−(log u−μ)2/2σ2

du.

By evaluating the right-hand side at y = log x, we see that the density f (x) of X is given by

f (x) = 1√
2πxσ

e−(log x−μ)2/2σ2
1(x > 0), x ∈ R. (1.3)

Now it is easy to verify that mean and variance of X are given by

E(X) = eμ+σ2/2 and Var (X) = e2μ+σ2
(eσ2 − 1).

In order to model distributions that put more mass to extreme values than the standard
normal distribution, one often uses the t-distribution with n degrees of freedom defined via
the density function

f (x) = 1

nπ

�((n + 1)/2)

�(n/2)

(
1 + x2

n

)− n+1
2

, x ∈ R,

which is parametrized by n ∈ N. By symmetry, its expectation is zero and the variance turns
out to be n/(n − 2), if n > 2.

Several questions arise: Which of the above two models holds true or provides a better
approximation to reality? Are returns and log returns, respectively, normally distributed?
Are asset returns symmetrically distributed? How can we estimate important distributional
parameters such as μ, σ2 or the skewness? Does the assumption of independent returns apply
to real returns? Do price processes follow random walk models at all? What is the effect of
changes of economic conditions on the distribution of returns? Can we test or detect such
effects? How can we model the stochastic relationship between the return series of, say, m

securities?
There is some evidence that some financial variables have much heavier tails than a normal

distribution.
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A random variable X has a stable distribution or is stable, if X has a domain of
attraction. The latter means that there exist i.i.d. random variables {ξn} and sequences
{σn} ⊂ (0, ∞) and {μn} ⊂ R, such that

1

σn

n∑
i=1

ξi + μn
d→ X,

as n → ∞. The classic central limit theorem tells us that the X ∼ N(μ, σ2) is stable. By the
Lévy–Khintchine formula, the characteristic function

ϕ(θ) = E(eıθX), θ ∈ R,

where ı2 = −1, of a stable random variable X has the representation

ϕ(θ) =
{

exp
{

ıμθ − σα|θ|α (1 − ıβ(sgn(θ)) tan πα
2

)}
, α /= 1,

exp
{

ıμθ − σ|θ|
(

1 + ıβ 2
π

(sgn(θ)) log |θ|
)}

, α = 1,

where 0 < α ≤ 2 is the stability (characteristic) exponent, −1 < β < 1 the skewness pa-
rameter, σ > 0 the scale parameter and μ ∈ R the location parameter. For α = 2 one
obtains the normal distribution N(μ, σ2), since then ϕ(θ) = exp(ıμθ − σ2θ2). The tails of a
standard normal distribution decay exponentially fast,

P(|X| > x) ∼
√

2

π

e−x2/2

x
, x → ∞ (X ∼ N(0, 1)).

By contrast, the tails of a stable random variable X with characteristic exponent 0 < α < 2
decay as x−α, since

lim
x→∞ xαP(X > x) = Cα

1 + β

2
σα (1.4)

and

lim
x→∞ xαP(X < −x) = Cα

1 − β

2
σα, (1.5)

where Cα = (∫ ∞
0 x−α sin(x) dx

)−1
.

Stable distributions appear as a special case of infinitely divisible distributions. A random
variable (or random vector) X and its distribution are called infinitely divisible, if for every
n ∈ N there exist independent and identically distributed random variables Xn1, . . . , Xnn such
that

X
d= Xn1 + · · · + Xnn.

Those infinitely divisible distributions are exactly the distributions that can appear as limits
of the distributions of sums

∑n
k=1 Xnk of such arrays of row-wise i.i.d. random variables.

Let X be a d-dimensional random vector and again let ϕ(θ) = E(exp(ıθ′X)), θ ∈ Rd , be its
characteristic function. Then, the Lévy–Khintchine formula asserts that

ϕ(θ) = exp

{
ıθ′b − 1

2
θ′Cθ +

∫
Rd

(
eıθ′x − 1 − ıθ′h(x)

)
dν(x)

}
, (1.6)
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where

h(x) = x1(|x| ≤ 1), x ∈ Rd,

is a truncation function, b ∈ Rd and C a symmetric and non-negative definite (d × d)-matrix
and ν a Lévy measure, that is a positive measure on the Borel sets ofRd such that ν({0}) = 0
and ∫

Rd

(
|x|2 ∧ 1

)
dν(x) < ∞.

As a consequence, ϕ(θ) is characterized by the triplet (b, C, ν).
The characteristics of the normal distribution N(μ, σ2) are (b, C, ν) = (μ, σ2, 0), of

course. For a Poisson distribution with intensity λ, the characteristic function is

ϕ(θ) = exp(λ(eıθ − 1)),

which results, if we put b = λ, C = 0 and ν the one-point measure that assigns mass λ to the
single point 1.

1.3 Elementary statistical analysis of returns

We have seen that price processes can be build from returns Rt that are modeled as random
variables. For simplicity of our exposition, let us assume that R1, . . . , RT are independent
and identically distributed. To simplify notation, let R denote a generic return, i.e. R

d= R1
which means that for any event A we have P(R ∈ A) = P(R1 ∈ A).

But before focusing on returns, let us briefly review the most basic probabilistic quantities
to which we will refer frequently in the following for an arbitrary random variable X. In
general, the distribution of a random variable is uniquely determined by its distribution
function (d.f.)

FX(x) = P(X ≤ x), x ∈ R.

If f : R→ R is a density, i.e. non-negative function with
∫

f (x) dx = 1, then the d.f. F (x)
can be calculated by

F (x) =
∫ x

−∞
f (t) dt, x ∈ R.

A random variable X that attains a density function f is called a continuous random variable.
Usually, it is assumed that returns are continuous random variables in that sense.

The first moment is defined by μ = E(X) and can be calculated for a continuous random
variable via

μ = E(X) =
∫ ∞

−∞
xf (x) dx.

E(X) is also called the expectation or mean of X. If X is a discrete random variable, that
is X takes values in some discrete set {x1, x2, · · · } of possible values with corresponding
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probabilities p1, p2, . . . such that

P(X = xi) = pi, i = 1, 2, . . . ,

then

E(X) =
∞∑
i=1

xipi.

More generally, the kth moment of X is defined as E(Xk) and E|X|k is referred to as the kth
absolute moment. Assumptions on the existence of higher moments control the probability
of outliers, that is extreme values. Indeed, by virtue of Markov’s inequality, the probability
that X takes values larger than c > 0 in absolute value decays faster for increasing c, if higher
moments exist, since

P(|X| > c) ≤ E|X|k
ck

.

Compare this inequality with the formulas (1.4) and (1.5) for the special class of stable
distributions. As extreme values (outliers) of daily returns, usually negative ones, corre-
spond to unexpected high-impact news such as a crash, the behavior of the tail probabilities
P(X < −c) and P(X > c), c > 0, are of substantial interest, and moment assumptions auto-
matically constrain them.

Suppose we are given a random sample X1, . . . , XT of sample size T . The empirical
distribution function of the sample X1, . . . , XT is defined as

FT (x) = 1

T

T∑
t=1

1(Xt ≤ x), x ∈ R.

Notice that FT (x) is the fraction of observations that are less or equal than x.
For a distribution function F let

F−1(y) = inf{x : F (x) ≥ y}
denote the left-continuous inverse called quantile function. Applying that definition to the
empirical distribution function yields the sample quantile function

F−1
T (p) = inf{x : FT (x) ≥ p} = X(�np�), p ∈ (0, 1).

For a fixed p, F−1
T (p) is called the sample p-quantile or empirical p-quantile. Here X(1) ≤

· · · ≤ X(T ) denotes the order statistic and �x� is the smallest integer larger or equal to x.
Notice that X(�np�) = X(�np�+1) where �x� is the floor function, i.e. the largest integer that is
less than or equal to x. Quantiles play an important role in characterizing a distribution. The
sample 0.5-quantile is called the median and is also denoted by xmed. Together with the 0.25-
and 0.75-quantiles,

Q1 = F−1
T (0.25), Q3 = F−1

T (0.75),

called quartiles, we get a picture where the lower (upper) fourth and the central 50% of the data
are located. Augmenting these three statistics with the minimum and maximum defining the
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range of the data set, we obtain the so-called five-point summary xmin, Q1, xmed, Q3, xmax.
Those five numbers already provide an informative view on the distribution of the data.
The boxplot (box and whiskers plot) is a convenient graphical representation by a box
symbolizing the central half of the data between Q1 and Q3 and straight lines connecting
xmin and Q1 as well as Q3 and xmax. It is also common to replace (xmin, xmax) by the quantiles
(F−1

T (p), F−1
T (1 − p)). Typical values for p are p = 0.01, 0.05 and 0.1.

Sample quantiles are asymptotically normal under fairly general conditions. Let p ∈ (0, 1)
and denote by xp = F−1(p) the theoretical p-quantile. If F attains a density that is positive
in a neighborhood of xp, then

√
T (F−1

T (p) − xp)
d→ N(0, p(1 − p)/f (xp)2), (1.7)

as T → ∞. The problem arises that the asymptotic variance depends on the unknown density,
which has to be estimated by some appropriate estimator f̂ T . We shall discuss this issue in
Section 1.3.4 and anticipate that such an estimator can be defined having nice mathematical
properties under fairly weak regularity conditions that do not impose a constraint on the
shape of the density f , which is of particular importance when analyzing financial data such
as returns. Based on the large sample result (1.7), which still holds true when plugging in a
consistent estimator, it is straightforward to construct the confidence interval for xp,[

F−1
T (p) − z1−α/2

√
p(1 − p)

f̂ T (xp)
, F−1

T (p) + z1−α/2

√
p(1 − p)

f̂ T (xp)

]
,

which attains the coverage probability 1 − α, if T → ∞, where z1−α/2 denotes the (1 − α/2)-
quantile of the standard normal distribution. We discuss the derivation of such confidence
intervals in greater detail in the next section.

1.3.1 Measuring location

Measures of locations are usually defined in terms of moments or quantiles. The expectation
is the most commonly used measure of location of a random variable.

Returning to our problem to analyze financial returns, the problem arises that the distribu-
tion of the returns is unknown to us. But then the mean return μ = E(R) is unknown as well.
The best we can do is to use statistical estimators, i.e. functions of the data R1, . . . , RT , which
output a value that is regarded as a good estimate for μ. A standard approach to obtain such
estimators for quantities that are defined in terms of expectations is to replace the averaging
with respect to the distribution by averaging with respect to the so-called empirical proba-
bility measure that attaches equal mass 1/T to the values R1, . . . , RT . The expectation with
respect to that discrete distribution is simply the arithmetic mean

R = RT = 1

T

T∑
t=1

Rt.

It is easy to check that E(RT ) = E(R1) = μ, and this calculation holds true whatever the value
μ attains. In statistics, an estimator satisfying that property is called an unbiased estimator.
It tells us that, averaged over all possible scenarios ω corresponding to all possible values
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r = R(ω) for the return and weighted with the corresponding probabilities, the estimator
estimates the right value, namely μ.

Suppose we have observed T daily log returns R1, . . . , RT and aim at testing the hypothesis
that their common mean μ = E(R1) equals some specified value μ0. The corresponding two-
sided statistical testing problem is then given by

H0 : μ = μ0 versus H1 : μ /= μ0.

Assuming that the returns are i.i.d. and follow a normal law suggest using the t-test that is
based on the test statistic

Z =
√

T
RT − μ0

ST

(1.8)

with

ST =
√√√√ 1

T − 1

T∑
t=1

(Rt − RT )2;

the statistic ST will be discussed in greater detail in the next subsection. Under the null
hypothesis H0, the statistic Z follows a t-distribution with df = T − 1 degrees of freedom.
Consequently, we may reject H0 at a significance level of α ∈ (0, 1), if

|T | > t(df )1−α/2,

where t(df )1−α/2 denotes the (1 − α/2)−quantile of the t(df )-distribution.
If the log returns are non-normal, one can often rely on the central limit theorem which

asserts that the statistic Z is asymptotically normal. Hence, the null hypothesis is then rejected,
if |Z| > z1−α/2.

Example 1.3.1 For the FTSE log returns illustrated in Figure 1.1, one gets z = 2.340558,
which exceeds the critical value 1.959964 corresponding to the 5% significance level, indicat-
ing that the mean log return differs from zero and is actually positive. However, this assertion
is not valid on the 1% significance level.

Often, one is also interested to provide interval estimates for the mean. Again assuming
i.i.d. normal returns, a confidence interval for the mean with coverage probability 1 − α, is
an interval [L, U] where L = L(R1, . . . , RT ) and U = U(R1, . . . , RT ) are functions of the
sample such that

P(L ≤ μ ≤ U) = 1 − α

for any μ ∈ R. Such a confidence interval is given by

L = RT − t(df )1−α/2
ST√
T

, U = RT + t(df )1−α/2
ST√
T

,

where, as above, df = T − 1. This can be easily established by noting that the event L ≤
μ ≤ U is equivalent to

−t(df )1−α/2 ≤
√

T (RT − μ)/ST ≤ t(df )1−α/2.
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Figure 1.1 Kernel density estimate of the FTSE daily log returns with cross-validated band-
width choice.

But the latter event occurs with probability 1 − α, since
√

T (RT − μ)/ST ∼ t(df ).

However, usually daily returns are not normal but affected by stylized facts such as
asymmetry, peakedness (more mass around zero) and heavier tails than under a normal law.
This can be easily seen from Figure 1.1. The famous central limit theorem asserts that the
statistic Z defined in Equation (1.8) is asymptotically standard normal, as long as the returns
are i.i.d. with existing fourth moment.1 Consequently, a valid asymptotic test is given by the
decision rule

reject H0 if |Z| > z1−α/2,

where z1−α/2 = �−1(1 − α/2) denotes the (1 − α/2)-quantile of the N(0, 1)-distribution. In
the same vein, an asymptotic confidence interval for μ is obtained by replacing the quantiles
of the t(df )-distribution in the formulas for L and U by the respective quantiles of the standard
normal law.

Similarly, one may construct an asymptotic confidence interval for μ based on the central
limit theorem. In this case, the probability of the event

−z1−α/2 ≤
√

T (RT − μ)/ST ≤ z1−α/2,

1 This result even remains true under the substantially weaker assumption that the log returns are a stationary
martingale difference sequence.
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which is equivalent to the event

L′ = RT − z1−α/2
ST√
T

≤ μ ≤ RT + z1−α/2
ST√
T

= U ′,

converges to 1 − α, as T → ∞. Thus, a confidence interval with asymptotic coverage prob-
ability 1 − α is given by the random interval [L′, U ′].

Example 1.3.2 For the FTSE log returns one calculates the asymptotic 95% confidence
interval [l, u] = [0.0000702, 0.000793] for the mean log return.

It is a general insight, supported by many empirical studies, that the statistical analysis
of financial returns should not be based on procedures assuming the classic assumptions
of normality and independent observations, since those assumptions are usually violated.
Therefore, large sample theory forms the mathematical core for inferential procedures in
finance.

1.3.2 Measuring dispersion and risk

The mean μ = E(Rt) tells us where the distribution is located; it is a measure for the center
of the distribution. Then we can determine for each return Rt its distance |Rt − μ| from the
mean. The mean squared distance,

σ2 = Var (R) = E(R − μ)2 = E(R2) − μ2

is called the variance of R. Its square root,

σ = σR =
√

Var (R)

is called the standard deviation. Variance and standard deviation can be defined for any
random variable X with existing second moment. If X and Y are independent random variables
with EX2 < ∞ and EY2 < ∞, then

Var (X + Y ) = Var (X) + Var (Y )

yielding σX+Y = √
Var (X + Y ) =

√
σ2

X + σ2
Y , whereas in the general case

Var (X + Y ) = Var (X) + Var (Y ) + 2 Cov(X, Y ).

Here

Cov(X, Y ) = E(X − EX)(Y − EY )

is called the covariance of X and Y .
When considering daily (log) returns, σ is also frequently called (actual) volatility. When

volatility of returns is addressed, it is important to be aware of the corresponding unit of time,
e.g. yearly, monthly or daily. The annualized volatility σan is the standard deviation of the
yearly return, whereas generalized volatility addresses the volatility corresponding to the
time horizon τ (in years) given by

σan
√

τ.
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Notice that the formula coincides with the standard deviation of the return R(τ) corresponding
to the time period τ, if τ is an integer and the yearly log returns are identically distributed and
uncorrelated, since then the additivity of log returns gives R(τ) = ∑τ

t=1 R′
t where R′

1, . . . , R
′
τ

denote the τ yearly log returns. But then

σR(τ) =
√√√√ τ∑

t=1

Var (R′
t) = √

τσ′,

where σ′ is the volatility of the yearly returns R′
t . However, usually the annualized volatility

is determined from the actual volatility of the daily log returns. Since there are 252 trading
days in a year, annualized volatility σan and actual volatility σ are related by

σan = σ
√

252.

The monthly volatility is then given by σm = σ
√

252/12.
Estimation of the variance and standard deviation is usually based on the plug-in princi-

ple already explained in the previous subsection. Given a sample R1, . . . , RT of returns, it
naturally leads to the the empirical variance or sample variance

V 2
T = 1

T

T∑
t=1

(Xt − RT )2.

A tedious calculation shows that E(V 2
T ) = T−1

T
σ2, i.e. V 2

T is not an unbiased estimator of the
variance. Thus, in practice the estimator

S2
T = 1

T − 1

T∑
t=1

(Rt − RT )2

is used. The corresponding estimator for the standard deviation is the square root, ST =
√

S2
T ,

of that expression. Estimates of the various volatilities discussed above can be obtained by
substituting σ by ST . For example, if the Rts are daily log returns, annualized volatility is
estimated by ST

√
252.

1.3.2.1 Value-at-risk

Another risk measure that has been become the de-facto standard in the financial industry
is value-at-risk. Recall that the profit or loss (P&L) of any investment during a time period
[0, h] is uncertain and therefore represents a risk exposure, namely to suffer a loss. Roughly
speaking, value-at-risk is a risk measure that represents the smallest loss we are exposed to
with probability α. Here the risk probability α is chosen by us; common values are 1% and
5%. Let Vt denote the marked-to-market value of a long position at time t, i.e. the value is
based on the current market value. Then the profit is �V = Vt+h − Vt , where negative values
are losses. Now let us consider the loss L = −�V and let v be the fixed value satisfying

P(L > v) = α.

This means, with a probability of α we suffer a loss exceeding v. That number v (a loss) is
called value-at-risk (VaR) at the probability level α and denoted by VaR or VaRα. Roughly
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speaking, it is the smallest loss among the largest losses occurring with probability α. By
definition,

VaRα = F−1
L (1 − α),

where F−1
L denotes the quantile function associated to the loss distribution. That means,

value-at-risk is the (1 − α)-quantile of the loss distribution. Notice that value-at-risk can be
also defined by the α-quantile of the P&L distribution,

VaRα = −F−1
�V (α).

Often, VaR is calculated on a daily basis. If the daily 1% value-at-risk of a position is 100 000,
the probability that the value of the position will fall below −100 000 is 1%; with probability
1% we suffer a loss being larger than 100 000.

Since VaR is defined as a quantile, we may estimate it by the corresponding sample
quantiles. If L1, . . . , LT are i.i.d. losses corresponding to the time horizon h,

V̂aRα = L�n(1−α)�.

Statistical tests and the calculation of confidence intervals can therefore be based on the large
sample theory of quantiles discussed above. In the same vein, the asymptotic confidence
intervals carry over to confidence intervals for value-at-risk.

1.3.2.2 Expected shortfall, lower partial moments and coherent risk measures

VaR gives the smallest loss among the largest losses occurring with probability α. It is natural
to average those losses, that is to consider the conditional expectation of the profit or loss L

over a given period of time

Sα(L) = E(L|L ≤ VaRα)

is called the expected shortfall or conditional value-at-risk. One can show that

Sα(X) = − 1

α

∫ α

0
F−1

�V (x) dx.

For this reason, Sα(X) is also called the average value-at-risk.
Clearly, we do not worry about realizations l of L with l > E(L), but are concerned

about the downside risk, that is losses below the expectation E(L) of the position. If L is
symmetrically distributed, then P(L < E(L)) = P(L > E(L)) and the variance or standard
deviation provide meaningful measures for the downside risk. But especially for asymmetric
distributions it makes sense to consider the semivariance defined as

E
(

min(0, L − EL)2).
Often there exists a benchmark profit b to which a portfolio is compared. If the portfolio

does not outperform the given benchmark b, that is if L ≤ b, then b − L is the loss we suffer
when we have a long position in the portfolio. The mth moment of the corresponding random
variable (b − L)1(L ≤ b),

LPm(L) = E
(
(b − L)m1(L ≤ b)

)
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is called the lower partial moment of the order m, provided it exists. Notice that

LP0(L) = P(L ≤ b)

is the probability that the portfolio does not outperform the benchmark, and LP1(L) is the
expected underperformance.

All the quantities discussed above assign a real number to a random variable interpreted as
the loss of a portfolio or position over some fixed period of time, and that number is interpreted
as a quantitative measure of the risk. The question arises which properties (axioms) such a
risk measure should satisfy. Generally, a risk measure or risk functional ρ is a function
defined on a sufficiently rich set A of random variables (random payment profiles) taking
values in the real numbers. Given such a risk measure ρ, we may distinguish risky payments
with non-negative risks and acceptable payments with negative risks.

A risk measure ρ : A → R is called coherent, if it satisfies the following four axioms:

(i) X ≤ Y implies that ρ(X) ≤ ρ(Y ) for all X, Y ∈ A (monotonicity).

(ii) ρ(X + Y ) ≤ ρ(X) + ρ(Y ) for all X, Y ∈ A (subadditivity).

(iii) ρ(aX) = aρ(X) for a > 0 (positive homogeneity).

(iv) ρ(X + a) = ρ(X) − a for any X ∈ A and a ∈ R (translational invariance).

Sometimes, a further axiom is considered

(v) If X
d= X′, then ρ(X) = ρ(X′) (distributional invariance).

Axiom (i) requires that the risk of a position increases, if the random payment profile
increases for all states ω ∈ �. The second axiom addresses an important aspect of risk man-
agement: Risks associated to two positions may cancel when aggregating them. The standard
deviation σ(X) = √

Var (X) satisfies axiom (ii) and (iii). To see (ii), use the inequality

Cov(X, Y ) ≤ σ(X)σ(Y )

to obtain

σ(X + Y ) = 2

√
Var

(
X

2
+ Y

2

)

≤ 2

√(
1

2

)2

σ2
X +

(
1

2

)2

σ2
Y + σXσY

= 2

√(σX

2
+ σY

2

)2

= σX + σY

for any pair (X, Y ) of random variables with existing second moments and arbitrary correla-
tion. This also implies that in the Gaussian world value-at-risk also satisfied axiom (ii). This
can be seen as follows. Notice that value-at-risk for a random P&L X ∼ N(μ, σ2) is given by

VaRα(X) = μ + �−1(α)σ.
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Further, for a random vector (X, Y ) distributed according to a bivariate normal distribution
with marginals N(μX, σ2

X), N(μY, σ2
Y ) and covariance γ the sum X + Y is again Gaussian,

X + Y ∼ N(μX + μY, σ2
X+Y ), σ2

X+Y = σ2
X + σ2

Y + 2γ,

such that the α-quantile of X + Y is

VaRα(X + Y ) = μX + μY + �−1(α)σX+Y .

Hence, σX+Y ≤ σX + σY immediately implies

VaRα(X + Y ) ≤ VaRα(X) + VaRα(Y ).

However, for general distributions axiom (ii) can be violated, such that in general value-at-risk
is not a coherent risk measure, which is probably the main criticism against value-at-risk.

Axiom (iii) is a scaling property, which allows us to compare risks expressed in different
currencies, for example. Finally, the fourth axiom means that when adding a fixed payment
to the position, in order to compensate losses and reduce the risk in this way, the risk measure
is also reduced by exactly that amount, and, by contrast, withdrawing cash increases the
risk. Then ρ(X) can be interpreted as the amount of capital needed to eliminate the risk and
transform a position into a acceptable payment. Obviously, that axiom is not satisfied by the
standard deviation.

One can show that the expected shortfall satisfies all axioms and is therefore a coherent
risk measure. More generally, any risk measure allowing a representation

ρ(X) = sup
P∈P

EP (−X),

where P is a set of probability measures and EP indicates that the expectation is calculated
under P , can be shown to be a coherent risk measure. For Sα(X) the set P is given by all
densities that are bounded by 1/α.

1.3.3 Measuring skewness and kurtosis

The most common approach to measure skewness, i.e. departures from symmetry, is to con-
sider the third standardized moment,

μ∗
3 = E

(
R1 − μ

σ

)3

,

where μ = E(R1) and σ2 = Var (R1). Notice that μ∗
3 = 0, if R1 − μ

d= μ − R1.2

Given a sample R1, . . . , RT , one uses the estimator

μ̂∗
3 = 1

T

T∑
t=1

(
Rt − RT

ST

)3

.

2 If X
d= −X and f is a function with f (−x) = −f (x) and Ef (X) ∈ R, then Ef (X) = Ef (−X) = −Ef (X), which

implies Ef (X) = 0.
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The statistic μ̂∗
3 is very sensitive with respect to outliers. An alternative measure based on

quantiles is to compare the distance between the 0.75-quantile and the median and the distance
between the median and the 0.25-quantile, expressed as a fraction of the maximum value, i.e.

γ = [F−1(0.75) − F−1(0.5)] − [F−1(0.5) − F−1(0.25)]

F−1(0.75) − F−1(0.25)
.

The corresponding estimator based on R1, . . . RT is

γ̂T = [Q3 − xmed] − [xmed − Q1]

Q3 − Q1
.

Since sample quantiles, particularly Q1, Q3 and xmed are more robust than an arithmetic
mean, γ̂T provides a reliable measure of skewness even for data sets from distributions with
heavy tails.

A common approach to measure deviations from the shape of the Gaussian density is
based on the fourth standardized moment,

μ∗
4 = E

(
R1 − μ

σ

)4

,

also called kurtosis. Since for a normal distribution one obtains μ∗
4 = 3, it is common to

consider the excess kurtosis,

κ = μ∗
4 − 3.

Distributions such as the normal one with an excess kurtosis equal to 0 are called mesokurtic.
The standard interpretations when κ /= 0 are as follows. A distribution with κ > 0 is called
leptokurtic. It has a more pronounced peak compared to the normal law and lighter tails.
A distribution with κ < 0 is called platykurtic. Such distributions have a flatter peak and
heavier tails than the Gaussian density. Kurtosis and excess kurtosis are estimated by their
sample analogs

μ̂∗
4 = 1

T

T∑
t=1

(
Rt − RT

St

)4

and

κ̂T = μ̂∗
4 − 3,

respectively.

1.3.4 Estimation of the distribution

We have already discussed that financial returns for shorter time horizons tend to
violate properties of the normal distribution. Taking for granted that the return
distribution attains a density function3 f in the sense that the distribution function

3 For some financial instruments that assumption is violated, since there are trading periods where the price remains
constant such that the return is 0.
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F (x) = P(R1 ≤ x) can be represented as

F (x) =
∫ x

−∞
f (t) dt, x ∈ R,

the question arises how we can estimate the density f . Noticing that f (x) = F ′(x), we may
approximate f (x) by the difference ratio

f (x) ≈ F (x + h) − F (x − h)

2h
,

for small h > 0. A natural approach is to estimate the right-hand side by plugging in the em-
pirical distribution function FT (x) = T−1 ∑T

t=1 1(Rt ≤ x) of T historical returns R1, . . . , RT

and to regard the resulting expression as an estimate for f (x). Noting that

1(Rt ≤ x + h) − 1(Rt ≤ x − h) = 1(x − h < Rt ≤ x + h),

this idea leads to the estimator

x �→ 1

Th

T∑
t=1

1

2
1
(

−1 <
Rt − x

h
≤ 1

)
, x ∈ R.

Each of the T summands corresponds to the density K0(z) = 1
2 1(−1 < |z| ≤ 1), z ∈ R, of the

uniform distribution on (−1, 1] evaluated at the points (x − Rt)/h, t = 1, . . . , T . Obviously,
as a function of x the above density estimator is discontinuous, which results in many spurious
jumps. If we replace the discontinuous density K0 by other density functions, we arrive at the
Rosenblatt–Parzen kernel density estimator

f̂ Th(x) = 1

Th

T∑
t=1

K([Rt − x]/h), x ∈ R.

The parameter h is called the bandwidth. It has a strong influence on the resulting estimator. If
h is chosen too small, there will be many spurious artifacts such as local extrema in the graph,
whereas too large values for the bandwidth lead to oversmoothing. K, called the smoothing
kernel, is usually chosen as an arbitrary unimodal density function with finite second moment
that is symmetric around zero. Table 1.1 lists some smoothing kernels frequently used in
practice.

Table 1.1 Some commonly used smoothing kernels for
nonparametric density estimation.

Kernel Definition

Triangular (1 − |x|)1(|x| ≤ 1)
Cosine (π/4) cos(xπ/2)
Gaussian (2π)−1 exp(−x2/2)
Epanechnikov (3/4)(1 − x2)1(|x| ≤ 1)
Biweight (15/16)(1 − x2)21(|x| ≤ 1)
Silverman (1/2) exp(−|x|/√2) sin(|x|/√3 + π/4)
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Notice that the estimator f̂ Th(x) allows the following nice interpretation: If K is a density
that is symmetric around 0 with unit variance, then

x �→ 1

h
K

(
x − m

h

)
, x ∈ R,

is a density with mean m and standard deviation h for any fixed m ∈ R and h > 0. Conse-
quently, f̂ Th(x) averages those T densities x �→ h−1K([x − Rt]/h), t = 1, . . . , T , associated
to the observed values.

It is worth discussing some further basic properties of the kernel density estimator, in
order to understand why it estimates any underlying density under fairly general conditions.
Another issue we have to discuss is the question how to select the smoothing kernel and the
bandwidth. First, notice that it is easy to check that f̂ Th(x) indeed is a density function, if K

has that property. Further, f̂ Th inherits its smoothness properties from K. In particular, we
may estimate f ′(x) by f̂ ′

Th(x). Provided the returns R1, . . . , RT form an i.i.d. sample, we
obtain

E(f̂ Th(x)) =
∫

1

h
K

(
z − x

h

)
f (z) dz = (Kh � f )(x),

where Kh(z) = h−1K(z/h) is the rescaled kernel and � denotes the convolution operator. It
follows that the Parzen–Rosenblatt estimator is not an unbiased estimator for f ; its bias equals

bh(x) = E(f̂ Th(x)) − f (x) = (Kh � f )(x) − f (x).

However, Bochner’s lemma, cf. Lemma A.2.1, implies that the convolution (Kh � f )(x) con-
verges to f (x), as h → 0. Thus, the bandwidth should be chosen as a decreasing function of
the sample size T . Under the i.i.d. assumption, it is easy to verify that the variance equals

σ2
Th(x) = Var (f̂ Th(x)) = 1

Th

[
(K2

h � f )(x) − (Kh � f )2(x)
]
,

where K2
h(z) = h−1K2(z/h), z ∈ R. Again, Bochner’s lemma implies that the expression in

brackets converges to finite constant, such that the variance of f̂ Th is of the order 1/Th and
tends to 0, if Th → ∞. Let us consider the mean squared error (MSE),

MSE(f̂ Th(x); f (x)) = E(f̂ Th(x) − f (x))2,

which can be decomposed into its two additive components, the variance σ2
Th(x) and the

squared bias b2
h(x),

MSE(f̂ Th(x); f (x)) = σ2
Th(x) + b2

h(x).

We see that the MSE converges to zero for any bandwidth choice satisfying

h → 0 and Th → ∞.
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To get further insights, we need the following notion. A kernel K is called the kernel of the
order r, if

∫
zjK(z) dz =

⎧⎪⎨⎪⎩
1, j = 0,

0, j = 1, . . . , r − 1,

c /= 0, j = r.

For example, the kernel K(x) =
(

9
8 − 15

8 x2
)

1(|x| ≤ 1), x ∈ R, is a kernel of order 4. Let us

assume that the underlying density f is r times differentiable. Then one can easily establish
the expansions

E(f̂ Th(x)) = f (x) + hrf (r)(x)
(−1)r

r!

∫
urK(u) du + o(hr),

Var (f̂ Th(x)) = 1

Th
f (x)

∫
K2(z) dz + o(1/Th),

which yield the following expansion for the MSE

MSE(f̂ Th(x); f (x)) = f (x)R(K)

Th
+ h2r[f (r)(x)]2M2

r + o(h2r + 1/Th),

where

Mr = (−1)r

r!

∫
urK(u) du

and

R(g) =
∫

g2(x) dx

measures the roughness of a L2 function g. These expansion show that higher-order kernels
reduce the order of the bias, which is now O(h2r).

A bandwidth choice is called local asymptotically optimal bandwidth, if it minimizes
the dominating terms of the above expansion represented by the function

h �→ f (x)R(K)

Th
+ h2r[f (r)(x)]2M2

r , h > 0.

It is easy to see that the optimal bandwidth is given by

h∗(x) = h∗
T (x) =

(
f (x)R(K)

2rM2
r [f (r)(x)]2T

)1/(2r+1)

.

In particular, we see that for a second-order kernel the optimal bandwidth is of the order
O(T−1/5). Notice that this approach leads to a local bandwidth choice. In order to use that
approach in practice, one needs pilot estimators of the density f (x) and the derivative f (r)(x).

However, more common are global approaches based on the integrated mean squared
error (IMSE)

IMSE(f̂ Th; f ) =
∫

MSE(f̂ Th(x); f (x)) dx =
∫

E
(
f̂ Th(x) − f (x)

)2 dx.
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For r = 2 one obtains the expansion

IMSE(f̂ Th; f ) = R(K)

Th
+ 1

4
h4M2

2

∫
[f (2)(x)]2 dx + o(h4 + 1/Th).

Neglecting the remainder yields the asymptotic integrated mean squared error (AMISE),

AMISE(h) = R(K)

Th
+ 1

4
h4M2

2

∫
[f (2)(x)]2 dx,

which we now study as a function of the bandwidth h. The optimal bandwidth hopt that
minimizes the AMISE and is easily shown to be

hopt = C0T
−1/5,

where

C0 = M
−2/5
2 R(K)1/5

[∫
f (2)(x)]2 dx

]−1/5

.

Unfortunately, the constant C0 is unknown. The normal reference rule-of-thumb deter-
mines the constant for the standard normal distribution with mean zero and variance σ2 as
a reference model. When also using a normal kernel for smoothing, we obtain the optimal
bandwidth

h∗
opt = (4π)−1/10

[
(3/8)π−1/2

]−1/5
σ · T−1/5 ≈ 1.06σT−1/5.

This choice if often used in practice with σ estimated by the sample standard deviation of the
data.

Clearly, an undesirable feature of the above approach is that the method is tuned to a
fixed reference distribution, as it tries to estimate the asymptotically optimal bandwidth in
this case, although the kernel density aims at estimating an arbitrary (smooth) density. Thus,
fully automatic procedures that do not make such restrictions are usually applied. Widespread
approaches are unbiased and biased least-squares cross-validation, which we shall briefly
discuss here.

Least squares unbiased cross-validation minimizes a nonparametric estimator of the
integrated squared error and therefore provides an optimal bandwidth tailord to all x in the
support instead of fixing some x. Since∫ [

f̂ Th − f (x)
]2

dx =
∫

f̂ 2
Th(x) dx − 2

∫
f̂ Th(x)f (x) dx +

∫
f (x)2 dx,

minimizing the IMSE is equivalent to minimizing the first two terms on the right-hand side.
Observe that ∫

f̂ Th(x)f (x) dx = ER(f̂ Th(R)),
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if R ∼ f is independent from R1, . . . , RT and ER denotes the expectation with respect to R.
Thus, we may estimate ER(f̂ Th(R)) by

f̂ T,−i = 1

(T − 1)h

T∑
t=1,t /= i

K

(
Rt − Ri

h

)
.

That estimate is called the leave-one-out estimate of f (Xi). The first term is estimated by
plugging in the kernel density estimate,∫

f̂ 2
Th(x) dx = 1

T 2h2

T∑
t=1

T∑
s=1

∫
K

(
Rt − x

h

)
K

(
Rs − x

h

)
dx

= 1

T 2h

T∑
t=1

T∑
s=1

(K � K)

(
Rt − Rs

h

)
.

Least squares cross-validation uses these estimators and minimizes the objective function

UCV(h) = 1

T 2h

T∑
t=1

T∑
s=1

(K � K)

(
Rt − Rs

h

)
− 2

T (T − 1)h

T∑
s=1

T∑
t=1,t /= s

K

(
Rt − Rs

h

)
,

which has to be done numerically. Thus, the expectation of both terms yielding UCV(h)
match the first two terms of the IMSE. One can show that, asymptotically, minimizing CV(h)
is indeed equivalent to minimizing

B1h
4 + R(K)

Th
,

where

B1 = M2
2

4

{∫
[f (2)(x)]2 dx

}
.

From here it is easy to see that the minimizer of the last display coincides with the minimizer
of the IMSE. Moreover, one can even show that

hLCV − hopt

hopt
→ 0,

as T → ∞, in probability, a strong justification of the method.
Biased least-squares cross-validation minimizes another estimate of the asymptotic

mean squared error (AMISE). Recall that

AMISE(h) = R(K)

Th
+ 1

4
K2

2h
4R(f ′′).

The optimal bandwidth is given by

h0 =
(

R(K)

M2
2TR(f ′′)

)1/5

.
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A natural estimate for the only unknown quantity R(f ′′) is R(f̂ ′′
T ), where f̂ ′′

T is the second
derivative of the kernel estimator f̂ T , but it turns out that

E(R(f̂ ′′
T )) = R(f ′′) + R(K′′)

Th5 + O(h2).

One can do better by estimating the positive bias. This leads to the estimator R(f̂ ′′
T ) − R(K′′)

Th5 .
Noticing that

R(f̂ ′′
T ) = R(K′′)

Th5 + 2

T 2h5

∑
1≤s<t≤T

φ

(
Xt − Xs

h

)
,

where

φ(x) =
∫

K′′(u)K′′(u + x) du, x ∈ R,

This leads to the biased cross-validation function

BCV(h) = R(K)

Th
+ K2

2

2T 2h

∑
1≤s<t≤T

φ

(
Xt − Xs

h

)
,

which is then minimized.
Figure 1.1 illustrates the kernel density estimator for the daily log returns of the FTSE

from 1991 to 1998. The bandwidth is selected by the biased least-squares cross-validation
method.

1.3.5 Testing for normality

Asset returns are often non-normal, particularly returns corresponding to small time lags such
as daily or intraday returns. In order to check the hypothesis that the returns are normal, many
statistical tests have been proposed in the literature. At this point, we shall discuss those tests
that are most widely used in practice.

Let R1, . . . , RT be an i.i.d. sample of returns with common d.f. F . We aim at testing the
null hypothesis that F is a normal distribution,

H0 : F ∈ {�μ,σ2 : μ ∈ R, σ2 > 0}
against the alternative hypothesis

H1 : F /∈ {�(μ,σ2) : μ ∈ R, σ2 > 0}.
Notice that H1 means that for all μ ∈ R and σ2 > 0 there exists at least one x ∈ R such that
F (x) /= �(μ,σ2)(x).

The Jarque and Bera test is given by

JT = T

(
μ̂2

3

6
+ (μ̂4 − 3)2

24

)
,

where μ̂3 is the sample skewness and μ̂4 the sample kurtosis. Since JT is asymptotically
χ2(2)-distributed, as T → ∞, one rejects H0, if JT > χ2(2)1−α. However, the test should be
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used only for large data sets. Notice that the Jarque and Bera test measures the departure of
the sample skewness and kurtosis from their theoretical values under the null hypothesis.

Another class of tests is based on the following idea. If the null hypothesis is true, we
estimate the parameters μ and σ2 by their sample analogs μ̂T and S2

T . The corresponding
estimate of the distribution function is then �(μ̂T ,S2

T
)(x). If the alternative hypothesis is true,

we may rely on the empirical distribution function, i.e.

F̂T (x) = 1

T

T∑
t=1

1(Rt ≤ x), x ∈ R,

which provides a consistent estimator of F (x) without assuming any specific shape of the
distribution. Now we can compare those two estimates by calculating the maximum deviation.
This motivates the Lilliefors test statistic

L = sup
t∈R

|F̂T (t) − �(μ̂T ,S2
T

)(t)|.

The asymptotic distribution of L is none of the standard distributions that have appeared so
far. To conduct the test on the 5% significance level, one compares L with the critical value
0.805/

√
T . However, the test is implemented in standard statistical software.

Sometimes, one wants to test the simple null hypothesis H0 : F = �(μ0,σ
2
0 ) against the

alternative hypothesis H1 : F /= �(μ0,σ
2
0 ) for some known constants μ0 ∈ R and σ2

0 > 0. In

this case, one may calculate

KS = sup
t∈R

|F̂T (t) − �(μ0,σ
2
0 )(t)|.

That test is called the Kolmogorov–Smirnov test.

1.4 Financial instruments

Before proceeding, we shall introduce some financial slang and basic financial instruments.
From an economic point of view, a trade is an agreement between two parties, a buyer and a
seller, to buy or sell a certain amount of an asset at a certain date. The buyer attains a long
position in the asset and the seller a short position. Associated to each trade are payments.
For a given party we agree on the following sign convention: If the party receives a payment,
it gets a positive sign. If the party has to pay the amount, we assign a negative sign.

1.4.1 Contingent claims

The payments of many financial instruments depend on other instruments or variables, often
securities such as stocks, stock indices, oil, energy prices, or commodities, which are then
called the underlying of such an instrument. It is even possible to buy financial instruments
whose payment depends on quantities such as the weather.

Derivatives and futures are used for hedging risks associated with the production and
distribution of goods and services in the real economy and, indeed, they are needed for
those purposes. But they are also used a lot for pure speculation. To some extent specula-
tors are needed as counterparties for hedges, but some markets are dominated by excessive
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speculation leading to substantial bubbles. For example, the unethical speculation in agricul-
tural commodities since 2005, when volatility increased due to extreme weather incidents
and increasing demand, is regarded as a substantial factor for record highs of food prices in
developing countries leading to social instability and starvation.

A financial instrument whose payoff depends on another quantity is called a contingent
claim. We shall give a mathematical definition later. If the underlying is a security such as an
exchange-traded stock, it is called derivative asset. In what follows, we introduce the most
important derivatives and related instruments and contracts.

1.4.2 Spot contracts and forwards

Definition 1.4.1 A spot contract is an agreement to buy or sell an asset at the same day at
a certain price called spot price that we shall denote by St . In the following, we shall assume
that t = 0 stands for the time when a trade is initiated and T denotes the time horizon when
the trade is settled. By contrast, forward contracts are agreements to buy or sell an asset at a
future time at a price that is fixed when the parties agree on the contract, i.e. today. A forward
allows the holder of the long position to buy the asset at a future time point T , the delivery
date, at a fixed delivery price K, which coincides with the forward price F . The payoff of a
long forward contract is ST − K and K − ST for a short position.

The markets where spot contracts are traded are called spot markets. Forwards are traded
over-the-counter (OTC), usually between financial institutions such as banks and their clients,
e.g. an enterprise or private investor. There are no cash payments in t = 0. A forward is settled
at the delivery date T when the seller has to deliver the asset to the buyer. However, often
the parties agree on cash settlement. If the price at delivery, ST , is higher than the delivery
price K, the holder of a long position receives the payment ST − K and makes a profit. That
additional payment hast the effect that he buys the asset for the forward price F = K, since
−ST + (ST − K) = −K. But if the price is lower, he has to pay the difference to the seller.
Again due to this additional payment, the net price of buying the asset is the delivery price.

1.4.3 Futures contracts

Definition 1.4.2 Futures are standardized forward contracts usually traded on an exchange.

For instance, the NYMEX light sweet crude oil futures is a contract on the physical delivery
of 1000 barrel during a specified month. Standardization and handling by exchanges allows
market participants to actively trade the contracts. Thus, in contrast to forwards, which can be
highly specialized nontradeable agreements, futures can be very liquid financial instruments.
The exchange specifies in detail the asset, how many units will be delivered under one contract
(the contract size), the delivery date and how and where the asset will be delivered. For many
contracts physical delivery is not possible or inconvenient and cash settlement applies. Here
an equivalent cash payment between the parties is initiated. A futures contract can be bought
and sold at any time point until its delivery date. The corresponding price is the futures price.
At each trading day a settlement price is quoted, usually the closing price immediately before
the end of trading day. The settlement price is used to determine the margins that are required
from any investor. The investor has to deposit funds in a margin account. When entering a
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contract, the so-called initial margin has to be paid. At each trading day the account is marked
to market to adjust the possible losses and gains. When the futures price rises, the holder of
a long position makes a profit that is exactly the loss of the holder of the short position. The
broker of an investor who is short reduces the margin account by the loss and the exchange
transfers the money to the broker of the counter party where it increases the margin account.
This is called daily settlement. If the margin account falls below the maintenance margin, the
investor receives a margin call to deposit further funds. Otherwise the broker will close-out
the position, i.e. neutralizing the existing contract.

1.4.4 Options

Options are agreements that give the holder of a long position the right, but not the obligation,
to buy or sell the underlying at a fixed price in the future under certain conditions. There are a
vast number of options traded nowadays; the most basic options are described in the following
definition.

Definition 1.4.3 (European Call/Put Option, Basis Price, Expiration Date)
A European call option gives the holder the right to buy the underlying at a specified price,
the strike price or basis price K at a fixed time point T called maturity or expiration date.
The holder of a European put option has the right to sell the underlying for the strike price
at maturity. If St stands for spot price of the underlying at time t ∈ [0, T ], we will denote the
price (fair value) of a European call at time t by Ce(St, K, t, T ). Our notation for the price of
a put will be Pe(St, K, t, T ). T − t is called the time-to-maturity.

Often, cash settlement applies. This means, the buyer does not get the underlying but the
equivalent amount of money he would realize as a profit when buying the underlying for the
strike price and selling it on the market. Denote by C(St, K, t, T ) the price of such an option
at time t. At time T it coincides with the payoff given by

s �→ C(s, K, T, T ), s ∈ [0, ∞).

The holder of a European call exercises the option, if ST > K. The profit is ST − K. Thus,

Ce = Ce(ST , K, T, T ) =
{

ST − K, ST > K,

0, ST ≤ K,

which can be written in the form

Ce = max(0, ST − K) = (ST − K)+.

Similarly, for a European put option we have

Pe = Pe(ST , K, T, T ) = max(0, K − ST ) = (K − ST )+.

The internal value of an option is its positive cashflow when one would exercise it. For a
European call it is given by (St − K)1(St > K) and for a put equals (K − St)1(St < K). An
option is in the money, when its internal value is positive (St > K for a call, St < K for a
put), and it is called out of the money if the internal value is 0. (St < K for a call, St > K

for a put). The ratio K/S is called moneyness.
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Example 1.4.4 (Portfolio Insurance)
European put options can be used to solve the problem discussed in Exercise 1.1.1. Suppose
the pension funds intends to buy a portfolio of stocks, frequently called basket of stocks,
whose current price is St = 110. Further, assume that the pension fund can buy a European
put option on that basket. If the pension fund is willing to take a (downside) risk of at most
10 units of currency, a put with strike 100 has to be chosen.

The portfolio of the pension fund consists of the basket and one put option. Consider its
value at maturity T . If ST > 100, the put option is out of the money, i.e. its value is 0, such
that the porfolio’s value is ST . In the case ST ≤ 100, the payoff of the put option is 100 − ST

such that the porfolio’s value is VT = ST + (100 − ST ) = 100. It follows that the loss can
not exceed 10 units of currency.

1.4.5 Barrier options

The value of a barrier call option depends on whether the price of the underlying touches a
certain value called barrier. Knock-out options die if the barrier is reached, whereas knock-in
options are activated in this case.

Definition 1.4.5 A European barrier option with expiration date T , barrier B, B < S0 and
B < K, and strike price K gives the option holder the right to buy the underlying at time T , if

St > B for all 0 ≤ t ≤ T (down-and-out)

and

St < B for all 0 ≤ t ≤ T (up-and-out),

respectively. For a knock-in option the right is activated when

St ≤ B for some t ∈ [0, T ] (down-and-in)

or

St ≥ B for some t ∈ [0, T ] (up-and-in).

American-style options allow buying the underlying at an arbitrary time point provided they
are activated.

Barrier options are examples of path-dependent options whose payoff and value depends
on the price trajectory St, 0 ≤ t ≤ T , during the lifetime of the contract.

Definition 1.4.6 An American average price call options is given by the payoff profile

max(0, St − K), t = 1, . . . , T,

where K stand for the exercise price and

St = 1

t

t∑
i=1

Si, t = 1, . . . , T,
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denotes the average price. American strike call options have the payoff profile max(0, St −
St), t = 1, . . . , T . Their exercise price is determined when the option is exercised. The cor-
responding European-style options are given by the payoffs max(0, ST − K) and max(0, ST −
ST ) at maturity, respectively.

1.4.6 Financial engineering

By combining financial instruments, particularly derivatives, one can implement interesting
payoff profiles. For example, a long straddle consists of a long position in a European call
option and a long position in a European put with the same underlying and the same maturity,
both in the money. For large increases of the stock price, the long positions provides a profit,
whereas for large decreases of the stock price the put earns the money. In this way, one can
create a position that makes a profit if the stock price changes, independent of the direction.

Basically, we shall see that the fair price π of a derivative or a contingent claims can be
calculated by an expectation E∗(C∗) of the discounted payoff C∗ of the derivative under a
certain probability measure. This automatically also allows us to price portfolios of contingent
claims. Suppose such a portfolio consists of n positions given by the discounted payoffs
C∗

1, . . . , C∗
n of each claim and the numbers of contracts x1, . . . , xn we held. Since expectations

are linear, the fair price of the portfolio is

E∗
(

n∑
i=1

xiC
∗
i

)
=

n∑
i=1

xiπi,

where πi = E∗(C∗
i ) is the fair price of the ith claim.

In financial engineering, artificial portfolios of derivatives are often constructed in order
to generated certain payoff profiles, for example in order to simultaneously hedge risks and
generate opportunities for a profit, or as a complex financial product for customers. If a given
payoff profile, Z, can be constructed by a portfolio such that Z = ∑n

i=1 xiCi, then the above
formula allows us to determine the fair price of such a complex product. What makes such
products challenging and risky is the fact that the underlying instruments C1, . . . , Cn may
have quite different risk exposures to risk factors such as interest rates, price changes of the
underlying, volatility changes of the underlying or the risk that the issuer of the instrument
defaults. Furthermore, the underlying portfolio is often unknown to the customer, which hinder
his or her evaluation of the risk associated to such a product.

1.5 A primer on option pricing

This section is devoted to an introduction to some basic ideas and principles that lead to a
powerful and elegant theory of option pricing. It is a matter of fact that they can be explained
and understood in the simplest framework of a financial market with one asset and one
European call option. We will obtain first convincing answers to the question on how to
determine a fair price for a contingent claim, but simultaneously these answers give rise to
various questions on how to extend them to more general and realistic frameworks.

1.5.1 The no-arbitrage principle

The no-arbitrage principle says that on an idealized financial market the prices do not allow
for a riskless profit, i.e. there is no free lunch. Such arbitrage opportunities can arise if, for
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example, the prices in New York are higher than in London or the price of a bond is less than
the fair value of its future payments. For what follows, we use the following mathematical
definition.

Definition 1.5.1 An arbitrage opportunity is a transaction yielding a random payment X1
in t = 1 with initial value x0 in t = 0 such that

x0 ≤ 0 (no costs)

and

X1 ≥ 0 P − a.s., and P(X1 > 0) > 0.

Example 1.5.2 Let us apply the no-arbitrage principle to determine the fair value F0 of
a forward contract, i.e. the arbitrage-free price that applies at time t = 0. We claim that
there is a unique no-arbitrage forward price, namely F0 = S0erT , when assuming continuous
compounding. Assume F0 > S0erT . In this case, the seller can make a riskless profit by
borrowing S0 at time zero and buying the underlying. At maturity, he sells the underlying at
the delivery price K, pays back S0erT and earns F0 − S0erT > 0. If F0 < S0erT , the buyer
sells the underlying aud puts the money to the bank. At maturity he receives S0erT and pays
F0 for the underlying, leaving a profit S0erT − F0. It is interesting and important to note that
the forward price does not depend on the price of the underlying at maturity.

The no-arbitrage principle also immediately leads to a simple formula that relates the
price of an European call and European put. The idea is to set up a portfolio that leads to the
same payoff as an European call option with maturity T and strike price K. If we buy a stock
and sell a zero bond with nominal K, the value at time T is ST − K. If we add a put to the
portfolio, its value at maturity is zero, if ST > K, but K − ST , if ST ≤ K. It follows that the
value of the portfolio is 0, if ST ≤ K, but ST − K, if ST > K. Its value at time 0 is

π(Pe) − Ke−rT + S0

and must be equal to the fair price of the call, which establishes the put-call parity

π(Ce) = π(Pe) − Ke−rT + S0.

The existence of arbitrage opportunities, which is ruled out by the no-arbitrage princi-
ple, means that the current prices of financial instruments are not balanced with their future
payments. Many economists argue that on real financial markets arbitrage can at best exist
temporarily, since they are discovered by market participants that then enter trades that quickly
remove the arbitrage opportunity. If, for instance, the price of a financial instrument is too
low and provides a free lunch, speculators will enter long positions such that its price will rise
until the riskless profit disappears. We shall see that the no-arbitrage principle is a powerful
and simple approach to determine fair prices.

1.5.2 Risk-neutral evaluation

The evaluation of a random (future) payment X depends on the preferences that can be
expressed via a probability measure on the underlying measure space. The crucial question is
whether a fixed payment, i.e. the case X(ω) = x0, for all ω ∈ � and some fixed x0, is preferred
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to a risky payment that offers the chance that the event {X > x0} occurs, but usually at the
risk that the event {X < x0} may occur as well.

For simplicity of exposition, let us assume that the uncertainty about the future payment is
measured in terms of the volatility, i.e. the square root of the variance. Given two investment
opportunities with equal means, a risk-averse investor prefers the alternative with the smaller
variance. By contrast, if the investor is risk neutral, he has no preference at all, since he
ignores the variance.

In a risk-neutral world of risk-neutral investors everybody just looks at the mean. Let us
denote the probability measure corresponding to this risk-neural world by P∗. Under P∗ a
stock is preferred to a riskless investment, if and only if its expected return is higher than the
riskless return earned on a bank account. Denote the stock’s price at time t by St and denote
its random return by R. We assume that the price S0 at t = 0 is a constant S0 known to us.
Then the random price at t = 1 is given by

S1 = S0(1 + R).

In a risk-neutral world the value of that payment is given by

E∗(S1) = S0(1 + E∗(R)).

Here and throughout, the symbol E∗ means that the expectation is calculated under the prob-
ability measure P∗. If we deposit the initial capital S0 in a bank account, we obtain S0(1 + r).
The principle of no-arbitrage implies that E∗(S1) and S0(1 + r) must coincide, i.e.

E∗(S1) = S0(1 + r) ⇔ E∗
(

S1

1 + r

)
= S0.

As a consequence, under risk-neutral pricing the (fair) price of the stock can be calculated
as an expectation under the probability measure P∗. Can we calculate P∗ from the above
equation?

To get first insights, we shall study a very simple one-period model for a financial market
consisting of one stock and one European call option on that stock. To make the model as
simple as possible, let us assume a binomial model for the stock price where the price can
either go up or go down. In this case, we may choose the sample space � = {+, −} to represent
the possible future states of our financial market, equipped with the power set sigma field. The
real probability measure P is uniquely determined by P({+}) = p, p ∈ (0, 1). Notice that we
exclude the trivial cases p = 0 and p = 1. We model the stock price by

S1(ω) =
{

S0u, ω = +,

S0d, ω = −,

with constants u (up factor) and d (down factor) satisfying 0 < d < 1 + r < u. The European
call is given by its payoff

Ce =
{

S1 − K, S1 > K,

0, S1 ≤ K.

To avoid trivialities, we shall assume that the strike price K ensures that S0d < K < S1u.
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In the above simple model the risk-neutral probability measure P∗ is uniquely determined
by p∗ = P∗({+}). The risk-neutral pricing formula E∗(S1) = S0(1 + r) is now equivalent to
the equation

p∗S0u + (1 − p∗)S0d = S0(1 + r),

which has the unique solution

p∗ = 1 + r − d

u − d
.

This means, given the model parameters r, d and u we can determine P∗. Relying on the
principle of risk-neutral pricing, the fair value of any random payment X1 at time t = 1 can
be calculated by

π(X1) = E∗(X1/(1 + r)).

In particular, for a European call option on a stock we obtain

π(Ce) = p∗ S0u − K

1 + r
.

Example 1.5.3 Recall Example 1.1.3 and Example 1.1.4, where the oil price was assumed
to either go up by 10% or go down by 10%. This means that we have u = 1.1 and d = 0.9.
The riskless rate was r = 0.01. Hence, the risk-neutral probability measure P∗ is given by

p∗ = 1 + r − d

u − d
= 1.01 − 0.9

0.2
= 0.55,

yielding the risk-neutral option price

E∗(Ce/(1 + r)) = 10

1.01
0.55 = 5.445545.

This is exactly the lower price limit calculated by the oil trader.

Let us slightly generalize our model to allow for a trinomial model for the stock price. We
put � = {+, ◦, −} and assume that, given three factors d < m < u, the stock price at time
t = 1 satisfies

S1(ω) =

⎧⎪⎨⎪⎩
S0u, ω = +,

S0m, ω = ◦,

S0d, ω = −.

The risk-neutral probability measure P∗ is now determined by p∗
1, p

∗
2, p

∗
3 ∈ [0, 1] such that

p∗
1 + p∗

2 + p∗
3 = 1. In this model, the pricing formula E∗(S1) = S0(1 + r) leads to

p∗
1u + p∗

2m + (1 − p∗
1 − p∗

2)d = (1 + r) ⇔ p∗
1(u − d) + p∗

2(m − d) = (1 + r) − d.

This equation has infinite solutions. The special solution corresponding to p∗
2 = 0 is the

solution of the binomial model. In general, the solutions can be parameterized by p∗
2 yielding

p∗
1 = 1 + r − d + p∗

2(m − d)

u − d
, p∗

2 ∈ [0, 1], p∗
3 = 1 − p∗

1 − p∗
2.
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It follows that pricing using the risk-neutral approach is not unique; there are infinitely many
prices.

Exercise 1.5.4 Determine all risk-neutral probability measures. Which conditions on d, m, u

and r are required?

1.5.3 Hedging and replication

Options are usually written by banks that are interested in hedging the risk of such a deal.
Again, we consider a European option Ce on a stock S1 that follows a binomial model. By
introducing the notations S1(−), S1(+) and Ce(−), Ce(+), we shall see that the formulas we
are going to derive hold for general options as well. The question arises whether it is possible
to set up a portfolio that neutralizes any risk from the option deal. If we had a portfolio that
exactly reproduces the option, we could buy that portfolio to neutralize the financial effect of
selling the option to a customer. So, let us assume the bank holds a portfolio (θ0, θ1), where
θ0 is the amount of cash deposited in the bank account and θ1 stands for the shares. Denote
the value of the portfolio at time t by Vt . The portfolio neutralizes the option if it has the same
value at t = 0 and t = 1. Obviously,

V0 = θ0 + θ1S0,

and

V1(ω) =
{

θ0(1 + r) + θ1S0u, ω = +,

θ0(1 + r) + θ1S0d, ω = −.

The value W0 of the option at time 0 is its price π(Ce), and at time 1

W1(ω) =
{

S0u − K, ω = +,

0, ω = −.

The portfolio replicates the option if Vt(ω) = Wt(ω) holds true for all ω ∈ � and all t ∈ {0, 1}.
This leads to the equations

V0 = π(Ce) (1.9)

and

θ0(1 + r) + θ1S0u = S0u − K (1.10)

θ0(1 + r) + θ1S0d = 0 (1.11)

Substitute θ0(1 + r) = −θ1S0d (Equation (1.11)) into Equation (1.10) to obtain

−θ1S0d + θ1S0u = S0u − K ⇔ θ1(S0u − S0d) = S0u − K (1.12)

⇔ θ1(S0u − S0d) = Ce(+) − Ce(−). (1.13)

Thus, noting that S0u − S0d = S1(+) − S1(−), we arrive at

θ1 = Ce(+) − Ce(−)

S1(+) − S1(−)
.
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This ratio, the number of shares needed to replicate (exactly!) the option, is called the hedge
ratio. In Example 1.1.4 the hedge ratio is θ1 = 10/20 = 1/2. Indeed, the oil trader bought
half of the oil at time t = 0, i.e. he constructed the hedge portfolio. For θ0 we obtain the
formula

θ0 = Ce(−) − Ce(+) − Ce(−)

u − d

d

1 + r
.

For our example, we obtain θ0 = 0 − 10
1.1−0.9 · 0.9

1.01 ≈ −44.55. This means, the oil trader
borrows the amount 44.554 from the bank. Since he receives the premium 5.45, he can
buy the oil to hedge the option. The initial costs for the hedge, the replication costs, are
V0 = θ0 + θ1S0. These replication costs should be equal to the fair price of the option.

Exercise 1.5.5 Show that V0 = E∗
(

Ce

1+r

)
, if P∗ is the probability measure given by p∗ =

1+r−d
u−d

.

1.5.4 Nonexistence of a risk-neutral measure

Consider a financial market with two stocks following a binomial model with up factors u1, u2
and down factors d1, d2. Risk-neutral evaluation now leads us to two equations, namely

p∗u1 + (1 − p∗)d1 = 1 + r,

p∗u2 + (1 − p∗)d2 = 1 + r,

for the free parameter p∗. Depending on the parameters r, d1, d2, u1, u2, there may be no
solution. Consequently, there may be no risk-neutral probability measure at all.

1.5.5 The Black–Scholes pricing formula

We shall now discuss the famous Black–Scholes option pricing formula, although we have to
anticipate some results derived later in this book.

Suppose we have a risk-neutral pricing measure P∗ at our disposal and consider a European
call option on a stock with price St and strike K. The payoff at maturity T is C = max(ST − K).
Suppose that a fixed interest is paid in each period and let us express the corresponding discount
factor in the form e−r for some r > 0. Then the discounted payoff is C∗ = e−rT max(ST −
K, 0). In a risk-neutral world, we must have E∗(C) = C0, where C0 denotes the fair price at
time t = 0 of the random payment C, or, equivalently,

C0 = E∗(C∗) = e−rT E∗(max(ST − K, 0)).

This means, we may calculate the fair price of the European call option by evaluating the
expression on the right-hand side, which requires determination of the distribution of ST

under P∗.
The famous Black–Scholes model assumes that under the real probability measure log

prices are normally distributed, say, with drift parameter μ ∈ R and volatility σ > 0. Then it
turns out that under P∗ the log price ST at maturity follows a lognormal distribution with

drift log S + (r − σ2/2)T and volatility σ
√

T .
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Here S = S0 denotes today’s stock price, which is the basis to determine the fair price of the
option.

We will apply the following result: Suppose that X follows a lognormal distribution with
parameters m ∈ R and s > 0. Then

E(X − K)+ = em+s2/2�

(
m − log K

s
+ s

)
− K�

(
m − log K

s

)
. (1.14)

We will give a sketch of the derivation and encourage the reader to work out the details.
To check that nice result, first notice that for x ≥ 0 we have (X − K)+ ≥ x ⇔ X − K ≥ x.
Hence, denoting the density of X by f (x),

E(X − K)+ =
∫ ∞

0
P(X ≥ K + x) dx

=
∫ ∞

0

∫ ∞

K+x

f (t) dt dx

=
∫ ∞

K

∫ ∞

x

f (t) dt dz,

where we made the change of variable z = x + K. If we plug in Equation (1.3), the formula
for the density of a lognormal distribution, we arrive at

E(X − K)+ =
∫ ∞

K

∫ ∞

x

1√
2πst

e−(log t−m)2/2s2
dt dx.

Substituting z = (log t − m)/s, such that dz = dt/st, leads to the integral∫ ∞

K

∫ ∞

(log x−m)/s
ϕ(z) dz dx,

where ϕ(x) = 1/
√

2πe−x2/2 denotes the density of the standard normal distribution. Apply the
integration by parts rule

∫
uv′ = uv| − ∫

u′v with u(x) = ∫ ∞
(log x−m)/s ϕ(z) dz and v′(x) = 1

to obtain that

E(X − K)+ =
∫ ∞

K

ϕ

(
log x − m

s

)
dx − K�

(
m − log K

s

)
,

where �(x) = ∫ x

−∞ ϕ(t) dt denotes the d.f. of the standard normal distribution. Finally, using
the substitution z = log x one easily verifies Equation (1.14).

Now let us apply formula (1.14) with m = log S0 + (r − σ2/2)T and s = σ
√

T :

E∗(ST − K)+ = elog S+rT �

(
log(S/K) + (r − σ2/2)T

σ
√

T
+ σ

√
T

)
− K�

(
log(S/K) + (r − σ2/2)T

σ
√

T

)
.

Therefore, the fair price of a European call option is given by

π(Ce) = E∗(C∗) = e−rT E∗(ST − K)+ = S0�(d1) − K�(d2)e−rT , (1.15)
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where

d1 = log(S/K) + (r + σ2/2)T

σ
√

T
,

d2 = log(S/K) + (r − σ2/2)T

σ
√

T
.

It turns out that, by virtue of the call-put parity the price of an European put option is then
given by

π(Cp) = π(Ce) + Ke−rT − S.

Further, in order to obtain the time t value of such options with time to maturity τ = T − t,
one only has to replace T by τ and let S denote the time t price of the underlying.

1.5.6 The Greeks

The Black–Scholes price formula explicitly shows on which quantities the fair arbitrage-free
price of a European call option depends: Besides the option parameters K, T and the initial
price S0, which are fixed in the contract, the formula depends on the risk-free interest rate,
r, and the volatility σ of the the log stock price. For risk management it is essential to know
how sensitive a position is with respect to those quantities. If, for example, the volatility of
the underlying increases, this will affect immediately the value of a position in a European
option.

1.5.6.1 First-order Greeks

We shall now introduce the first-order greeks by referring to a European call priced within
the Black–Scholes model. However, these definitions apply to any derivative.

In order to allow easy interpretation, we would like to define the sensitivity with respect
to the stock price as the rate of the option’s price V if the stock price changes by one unit
of currency, i.e. as the ratio �π(Ce)

�S
. Having an explicit formula for π(Ce), obviously a dif-

ferentiable function of S, T, σ and r, which are now regarded as variables, we can provide
a rigorous definition of the sensitivity with respect to the changes of the stock price, called
Delta, in terms of the partial derivative

� = ∂π(Ce)

∂S
.

In the same vein, we may introduce the sensitivity with respect to a change of the expiration
date T , which is called Theta,

� = ∂π(Ce)

∂T
.

The parameter Vega (or Kappa) measures the rate of the option’s price with respect to changes
of the volatility and is defined as the corresponding partial derivative

ν = ∂π(Ce)

∂σ
.
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Table 1.2 Greeks for European options

Greek Call Option Put Option

� = ∂π(Ce)
∂S

�(d1) �(d1) − 1

� = ∂π(Ce)
∂T

−Sϕ(d1)σ
2
√

T
− rKe−rT �(d2) −Sϕ(d1)σ

2
√

T
+ rKe−rT �(−d2)

ν = ∂π(Ce)
∂σ

Sϕ(d1)
√

T Sϕ(d1)
√

T

ρ = ∂π(Ce)
∂r

KT e−rT �(d2) −KT e−rT �(−d2)

� = ∂2π(Ce)
∂S2

ϕ(d1)
Sσ

√
T

ϕ(d1)
Sσ

√
T

Calculations assume the Black-Scholes model

Finally, Rho is the standard notation for the sensitivity with respect to changes of the interest
rate and formally given by

ρ = ∂π(Ce)

∂r
.

Table 1.2 lists the resulting formulas assuming the Black–Scholes model.
The first-order greeks allow us to approximate the option’s price by a linear function. For

example, if the price of the underlying changes from S to S̃, knowing � = ∂π(Ce)
∂S

provides
the approximation

π ≈ π(Ce) + ∂π(Ce)

∂S
(S̃ − S),

which is accurate if |S̃ − S| is small.
It is important to note that these partial derivatives are still functions of the remaining

variables. Hence, their values depend on the values of those variables, the model parameters.
If more than one parameter changes, it can not be seen from a single sensitivity measure how
the option price reacts.

Observing that, given the strike price K, the variables S, T, r, σ determine π(Ce), it is clear
that the above greeks form the gradient

∂π(Ce)

∂ϑ
=

(
∂π(Ce)

∂S
,
∂π(Ce)

∂T
,
∂π(Ce)

∂σ
,
∂π(Ce)

∂r

)′
= (�, �, ν, ρ)′ ,

where ϑ = (S, T, σ, r)′. The corresponding linear approximation following from Taylor’s the-
orem is then given by

π ≈ π(Ce) + ∂π(Ce)

∂ϑ
(ϑ̃ − ϑ) = π(Ce) + �(S̃ − S) + �(T̃ − T ) + ν(σ̃ − σ) + ρ(r̃, − r),

if the parameters change from ϑ to ϑ̃ = (S̃, T̃ , σ̃, r̃)′.
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1.5.6.2 Second-order Greeks

The first-order greeks correspond to first-order partial derivatives yielding linear approxima-
tions of the option’s price. The next step is to take into account second-order partial derivatives
as well, which lead to quadratic approximations.

Of particular concern is the dependence of the option price on the price of the underlying.
The second-order partial derivative

� = ∂2π(Ce)

∂S2

is called Gamma.

1.5.7 Calibration, implied volatility and the smile

In order to price options with the Black–Scholes pricing formula, one has to specify the interest
rate r. Usually, one takes the yield of a treasury bill with a short maturity. Further, one needs
to determine in some way the volatility σ, which is not directly observable. Basically, there
are two approaches. The statistical approach is to estimate σ from historical data as discussed
in Section 1.3.2. Another approach frequently applied in finance is calibration, which means
that an unknown parameter of a formula for some quantity is determined (calibrated) by
matching the formula with real market data for that quantity. This has the advantage that the
model reproduces current market data and is therefore often preferred by traders, analysts and
bankers, since they tend to mistrust models and methods that seem to contradict markets.

In the case of option pricing by the Black–Scholes formula one calibrates the model
by matching the prices predicted by the Black–Scholes formula with real market prices for
options by varying the free parameter σ. Notice that equating Equation (1.15) to a actual price
leads to a nonlinear equation for σ. The matching is done for a fixed strike price K and a
fixed time to maturity T − t. The volatility σ determined in this way is called the implied
volatility.

In theory, the volatility σ of the underlying asset is constant across strike prices and
maturities. However, when determining the implied volatility for different values of K and
T , one observes a dependence on those parameters. Sometimes the volatility is a decreasing
function of K, a phenomenon called volatility skew. In other cases, particularly for options
on foreign currencies, the volatility is lower for at-the-money options and gets larger as
the option moves into the money or out of the money. This effect is called volatility smile.
The dependence on K is usually parametrized by the moneyness or strike ratio, S/K. If one
calculates the implied volatility over a two-dimensional grid of values for the strike K (or
K/S) and the maturity T , one obtains a two-dimensional curve called the volatility surface.
Figure 1.2 shows a volatility surface for SIEMENS AG.

1.5.8 Option prices and the risk-neutral density

There is an interesting and important relationship between option prices and the probability
density of the risk-neutral probability measure used for pricing. The validity of this relationship
is not restricted to the Black–Scholes model, but is an intrinsic structural properties of a
financial market. It can be used to infer the risk-neutral probability from option prices.
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Figure 1.2 Volatility surface at November 4th of European call options on SIEMENS AG
for maturities ranging from November 2011 to December 2015. Time to maturity measured
in days, data taken from DATASTREAM.

Recall the starting point of our derivation of the Black–Scholes formula, namely the
equation

Ce(K) = e−rT E∗(ST − K)+, (1.16)

which we now study as a function of the strike price K. We also denote the risk-neutral price
by Ce(K) to indicate that we do not refer to the Black–Scholes formula. At this point, it is only
assumed that there exists a risk-neutral measure P∗ used to price random future payments.
Let us also assume that the terminal stock stock price ST attains a probability density under
the risk-neutral probability measure P∗, which we will denote by ϕ∗

T (x). This means,

P∗(ST ≤ x) =
∫ x

−∞
ϕ∗

T (u) du, x ∈ R.

Then we may rewrite Equation (1.16) as

Ce(K) = e−rT

∫ ∞

−∞
(x − K)+ϕ∗

T (x) dx = e−rT

∫ ∞

K

ϕ∗
T (x) dx.

Apply the formula

d

dt

∫ b(t)

a(t)
f (x, t) dx = f (b(t), t)b′(t) − f (a(t), t)a′(t) +

∫ b(t)

a(t)

∂f (x, t)

∂t
dx
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to obtain that the first derivative of the risk-neutral price of a European call satisfies

∂Ce(K)

∂K
= −

∫ ∞

K

ϕ∗
T (x) dx

and the second derivative

∂2Ce(K)

∂K2 = ϕ∗
T (K).

As a consequence, one may determine the risk-neutral probability measure by analyzing option
prices for different strike prices K. Since any probability density function is non-negative, we
also see that the option prices is a convex function of the strike price.

1.6 Notes and further reading

A popular text on options, futures and other derivatives avoiding mathematics is the compre-
hensive book of Hull (2009). It explains in great detail and accompanied by many examples
the economic reasoning behind such financial instruments and how the corresponding markets
operate, provides basic formulas for the valuation of such financial operations and sketches
at an elementary level the mathematical theory behind it. We also refer to the introductions to
mathematical finance of Baird (1992), Pliska (1997) and Buchanan (2006), which focus more
or less on the discrete-time setting and finite probability spaces, respectively. For the theory of
coherent risk measure we refer to the seminal work Artzner et al. (1999), the recent monograph
Pflug and Römisch (2007) and the discussion Embrechts et al. (2002) of dependence measures
and their properties. There are various text books on the general theory of statistics including
estimation, optimal hypothesis testing and confidence intervals, for example Lehmann and
Romano (2005) or Shao (2003). Financial statistics is discussed in Lai and Xing (2008). More
on kernel smoothing methods and their properties can be found in the monographs Silverman
(1986), Härdle (1990), Fan and Gijbels (1996) and Wand and Jones (1995). The problem how
to select the bandwidth one may additional consult Scott and Terrell (1987) and Savchuk et al.
(2010). For a recent approach using singular spectrum analyses, we refer to Golyandina et al.
(2011).
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2

Arbitrage theory for the
one-period model

This chapter is devoted to a detailed study of the pricing of options and, more generally,
arbitrary random payments that are called contingent claims. To keep the theory simple and
clean but general enough to obtain valuable insights, we confine our study to a one-period
model. Further, for simplicity of proofs, some results are given for a finite sample space that
implies that assets can attain only a finite number of values.

Having observed that the principle of risk-neutral valuation yields an elegant and simple
solution to the option pricing problem, we shall elaborate conditions for the existence and
uniqueness of pricing measures and discuss how they can be calculated. When such a pricing
measure exists, the question arises whether the corresponding prices really preclude arbitrage.
Another issue of interest is to which extent contingent claims can be hedged, i.e. replicated,
at all.

2.1 Definitions and preliminaries

We consider a financial market with one riskless investment opportunity, e.g., a bond or bank
account, and d risky assets. In practice, the risky assets are usually exchange-traded stocks and
we will frequently refer to the assets as stocks, but the theory applies to investment funds as
well. The only requirement is that prices are random. The one-period model assumes that there
are two time points, t = 0 and t = 1, where the investor can trade and consume, respectively.
At t = 0 the investor sets up his portfolio, and at t = 1 the portfolio value is determined by
closing all positions, at least virtually.

Let us now introduce the details of the model and some notations. r denotes the fixed and
deterministic riskless interest rate for the bond and bank account, respectively. We assume that
r applies to both deposits and loans. Let x denote the balance at t = 0 and fix the interpretation
of the sign of x as follows. If x > 0, we are given a deposit, whereas x < 0 indicates that the

Financial Statistics and Mathematical Finance: Methods, Models and Applications, First Edition. Ansgar Steland.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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investor has the liability |x| due to a loan or credit. The value of the bank account at time
t = 1 is then given by

v = (1 + r)x.

If the riskless investment opportunity is given by a bond with initial price S00 ∈ (0, ∞), its
value at time t = 1 is

S10 = (1 + r)S00.

To simplify the exposition, we will assume S00 = 1 corresponding to a bank account.
Let us denote by S01, . . . , S0d the given prices of the d risky assets. The underlying

probability space is denoted by (�,F, P). We interpret an outcome ω ∈ � as a possible
scenario for the market at time t = 1. P stands for the true probability measure of the real
world that assigns measurable sets A ∈ F their probability of occurence, P(A).

The risky and unknown market prices at the end of the period are modeled by random
variables

S10, . . . , S1d : (�,F, P) → (R,B)

with S10 = (1 + r)S00. The random vector S0 = (S00, . . . , S0d) ∈ Rd+1 is called a price
vector.

Definition 2.1.1

(i) Let S0 = (S00, . . . , S0d)′ be a known price vector, i.e. S0i > 0 for i = 0, . . . , d

are known initial prices, and S1 = (S10, . . . , S1d)′ be a random vector such
that S1i : (�,F, P) → (R,B), i = 1, . . . , d, are positive random variables. Then
{St : t = 0, 1} is called a price process.

(ii) {S∗
t : t ∈ 0, 1} with S∗

0 = S0 and S∗
1 = (S∗

10, . . . , S
∗
1d)′ where S∗

1i = S1i

1+r
for i =

0, . . . , d, is called a discounted price process.

Mathematically, our financial market is now defined by ((�,F, P), {St}).

Definition 2.1.2 (Portfolio)
A vector ϕ = (ϕ0, . . . , ϕd)′ ∈ Rd+1 is called a portfolio, (ϕ1, . . . , ϕd)′ is named a portfolio
in the (risky) assets.

Let us agree on the following sign convention: ϕi > 0 signifies a long position and ϕi < 0
a short position.

Definition 2.1.3

(i) For any portfolio ϕ = (ϕ0, . . . , ϕd)′ ∈ Rd+1 and each price process {St : t = 0, 1}
the process {Vt : t = 0, 1} with

Vt = Vt(ϕ) = ϕ′St =
d∑

i=0

ϕiSti, t = 0, 1,

is called the value process of the portfolio ϕ.
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(ii) The discounted value process {V ∗
t : t = 0, 1} is defined by

V ∗
t = V ∗

t (ϕ) = ϕ′S∗
t , t = 1.

Clearly, Vt accounts for the value of the portfolio ϕ. To this end, suppose ϕi ≥ 0. Buying
ϕi shares of asset i costs ϕiS1i. The required initial capital to establish the portfolio is

V0 = ϕ0 +
d∑

i=1

ϕiS0i.

The amount
∑d

i=1 ϕiS0i is needed to buy the assets. The rest V0 −∑d
i=1 ϕiS0i is deposited

in a bank account, if it is positive; otherwise it represents a credit required to finance the
portfolio. The financial contribution of each short position, i.e. those positions with ϕi < 0,
to initiate the long positions is given by |ϕiS0i|.

Definition 2.1.4

(i) {Gt : t = 0, 1} with Gt = Gt(ϕ) = Vt(ϕ) − V0(ϕ), t = 0, 1, is called the gains
process.

(ii) {G∗
t : t = 0, 1} with G∗

t = G∗
t (ϕ) = V ∗

t (ϕ) − V ∗
0 (ϕ), t = 0, 1, is called the

discounted gains process.

2.2 Linear pricing measures

We aim at investigating under which conditions portfolios providing riskless profits may exist.
The surprising result is that this is closely related to the existence of a pricing measure allowing
us to price payments using the principle of risk neutrality. To obtain a 1-to-1 characterization,
we introduce dominant portfolios, a notion that is stronger and more pleasant for the owner,
than an arbitrage opportunity.

Definition 2.2.1 A portfolio ϕ is called dominant, if there exists a portfolio ϕ̃ /= ϕ such that
V0(ϕ) = V0(ϕ̃) and V1(ϕ) > V1(ϕ̃) P-a.s.; we say ϕ dominates ϕ̃.

Lemma 2.2.2 A dominant porfolio exists, if and only if there is some portfolio ϕ with

V0(ϕ) = 0 and V1(ϕ) > 0 P − a.s.

Proof.

‘⇒’: Suppose ϕ dominates ϕ̃. Define ϕ = ϕ − ϕ̃. By linearity of the mapping ϕ 	→ V (ϕ),
we may conclude thatV0(ϕ) = V0(ϕ) − V0(ϕ̃) = 0 andV1(ϕ) = V1(ϕ) − V1(ϕ̃) > 0,
a.s.

‘⇐’: Obviously, a portfolio ϕ with V0(ϕ) = 0 and V1(ϕ) > 0 a.s. is better than investing
nothing.



48 ARBITRAGE THEORY FOR THE ONE-PERIOD MODEL

Proposition 2.2.3 Suppose that � is a finite set. There exists a dominant portfolio, if and
only if there is some portfolio ϕ̃ with

V0(ϕ̃) < 0 and V1(ϕ̃) ≥ 0 P − a.s.

Proof. We show the necessity of the condition. By Lemma 2.2.2, there exists some port-
folio ϕ with V ∗

0 (ϕ) = 0 and V ∗
1 (ϕ) > 0, P-a.s., implying

G∗
1(ϕ)(ω) = V ∗

1 (ϕ)(ω) − V0(ϕ) > 0

for all ω ∈ �. Thus,

δ := min
ω∈�

G∗
1(ϕ)(ω) > 0.

Next, define ϕ̃ ∈ Rd+1 by ϕ̃i = ϕi, i = 1, . . . , d, and ϕ̃0 = −∑d
i=1 ϕiS

∗
0i − δ. We obtain

V ∗
0 (ϕ̃) = ϕ̃0 +

d∑
i=1

ϕ̃iS
∗
0i = −δ < 0

and for any ω ∈ �

V ∗
1 (ϕ̃)(ω) = ϕ̃0 +

d∑
i=1

ϕiS
∗
1i(ω)

= −
d∑

i=1

ϕiS
∗
0i(ω) − δ +

d∑
i=1

ϕiS
∗
1i(ω)

= −δ +
d∑

i=1

ϕi(S
∗
1i − S0i)(ω)

= −δ + G∗
1(ϕ̃)(ω) ≥ 0.

By definition, the existence of a dominant portfolio implies that there are two portfolios
having the same price, such that one is always better, i.e. its payoff is higher with probabity 1.
This could be excluded if the price can be determined as a monotone function of the payment
in t = 1.

Definition 2.2.4

(i) Assume that � is finite. π = {π(ω) : ω ∈ �} ⊂ [0, ∞) is called a (linear) pricing
measure, if for all ϕ ∈ Rd+1

V ∗
0 (ϕ) =

∑
ω∈�

π(ω)V ∗
1 (ω).
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(ii) For arbitrary � equipped with a σ field F, a measure π is called a pricing
measure, if

V ∗
0 (ϕ) =

∫
V ∗

1 (ω)dπ(ω) for all ϕ ∈ Rd+1.

Suppose that we are given such a pricing measure π. It is then easy to see that it is a
probability measure, i.e.∑

ω∈�

π(ω) = 1 and
∫

�

dπ = 1, respectively.

Lemma 2.2.5 Assume that � is finite.

(i) For any pricing measure {π(ω) : ω ∈ �} we have

S0j =
∑
ω

π(ω)S∗
1j(ω), j = 1, . . . , d. (2.1)

(ii) If {π(ω) : ω ∈ �} is a probability measure such that Equation (2.1) holds true, then
it is a pricing measure.

Proof.

(i) Fix j ∈ {1, . . . , d} and consider the portfolio ϕ given by ϕi = 1(i = j), i = 0, . . . , d.

Then V0(ϕ) = S0j and V ∗
1 (ϕ) = S∗

1j . If {π(ω)} is a pricing measure, we may conclude
that

S0j = V0(ϕ) =
∑
ω∈�

π(ω)V ∗
1 (ω) =

∑
ω∈�

π(ω)S∗
1j(ω).

(ii) This follows easily by observing that ϕ 	→ Vt(ϕ) is a linear mapping.

Lemma 2.2.5 tells us that the initial prices are a linear function of the possible future prices
weighted by the pricing measure. That linear structure allows us to use what is known about
systems of linear equations of the form Ax = b, where A is a n × p matrix, b an n-dimensional
vector and x the unknown p-dimensional solution vector, to treat the pricing problem. The
details are as follows. When � = {ω1, . . . , ωn} is finite and π = {π(ω)} a pricing measure,
then the linear equations

S∗
0j =

n∑
i=1

πi · S∗
1j(ωi), j = 1, . . . , d,

hold true, if we put πi = π(ωi), i = 1, . . . , n. Vice versa, any solution (π1, . . . πn)′ of these
equations satisfying the additional constraints

0 ≤ π1, . . . , πn ≤ 1, and
n∑

i=1

πi = 1
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yields a pricing measure. In matrix notation, we have

D∗π = b∗,

where

D∗ =

⎛⎜⎜⎜⎜⎝
1 . . . 1

S∗
11(ω1) . . . S∗

11(ωn)
...

...
...

S∗
1d(ω1) . . . S∗

1d(ωn)

⎞⎟⎟⎟⎟⎠ and b∗ =

⎛⎜⎜⎜⎜⎝
1

S∗
01
...

S∗
0d

⎞⎟⎟⎟⎟⎠
D∗ is called the discounted payment matrix or discounted payoff matrix.

The following theorem clarifies the relationship between pricing measures and dominant
portfolios.

Theorem 2.2.6 Assume that � = {ω1, . . . , ωn} is finite. There is a linear pricing measure
if and only if there is no dominant portfolio

Proof. The problem to find some π ≥ 0 with D∗π = b∗ can written as the following linear
program.

max
π∈Rn

0′π such that D∗π = b∗, π ≥ 0, (P)

where 0 ∈ Rn is the vector of zeroes and D∗ the discounted payment matrix. Suppose there is
some pricing measure π. Then (P) has a solution. The duality theorem of linear programming
asserts that this is equivalent to the existence of a solution ϕ = (ϕ0, . . . , ϕd)′ ∈ Rd+1 of the
dual problem

min
ϕ∈Rd+1

ϕ′b∗ such that ϕ′D∗ ≥ 0, (D)

and the optimal values coincide. The solution ϕ is a portfolio with V0(ϕ) = V ∗
0 (ϕ) = ϕ′b∗ =

0 and ((D∗)′ϕ)k = ϕ0 +∑d
i=1 ϕiS

∗
1i(ωk) = V ∗

1 (ϕ)(ωk) ≥ 0 for k = 1, . . . , n. That is, ϕ is a
portfolio ensuring the minimal price V0(ϕ) = 0 as well as V ∗

1 (ϕ) ≥ 0. Therefore, there is
no portfolio with V0 < 0 and V1 ≥ 0, cf. Proposition 2.2.3. To show sufficiency, suppose
there is no dominant portfolio. By Proposition 2.2.3, there is no portfolio with V0(ϕ) < 0 and
V1(ϕ)(ω) ≥ 0 for all ω ∈ �. The choice ϕ = 0 ∈ Rd+1 yields V0(ϕ) = V1(ϕ) = 0 and solves
(D), since any portfolio with V1 ≥ 0 must satisfy V0 ≥ 0. The corresponding solution of (P)
can be used as a pricing measure.

2.3 More on arbitrage

In Definition 1.4.1, we introduced the notion of an arbitrage opportunity. We shall now specify
it to our market model and than discuss some equivalent characterizations.
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Definition 2.3.1 A portfolio ϕ ∈ Rd+1 is called a arbitrage opportunity or arbitrage
portfolio, if ϕ′S0 ≤ 0 (no costs),

ϕ′S1 ≥ 0 P-a.s. and P(ϕ′S1 > 0) > 0.

This means, at time 1 the portfolio’s payoff is non-negative, almost surely, and the probability
to make a real profit is positive.

Remark 2.3.2 Notice that the arbitrage property of a portfolio depends on the underlying
probability measure P . Moreover, that property is invariant on the set

P = P(P) = {P̃ : P̃ is a probability measure on (�,F) with P̃ ∼ P}.

The proofs of those facts are left to the reader.

Recall the following probabilistic notion: Two (probability) measures ν and μ on (�,F )
are called equivalent, denoted by ν ∼ μ, if they share the null sets, i.e.

μ(A) = 0 ⇔ ν(A) = 0 for all A ∈ F.

Definition 2.3.3 A financial market is called arbitrage-free, if there do not exist any arbitrage
opportunities. In this case, the financial market statisfies the no-arbitrage condition.

Since nobody knows exactly what’s going on in reality, arbitrage-freeness is a property
of a mathematical model for a financial market. Such a model is given by (�,F ), the price
process St and the probability P .

The no-arbitrage condition can also be expressed in terms of the d-dimensional gains
process.

Lemma 2.3.4 A financial market is arbitrage-free if and only if for any portfolio ϕ =
(ϕ1, . . . , ϕd)′ in the stocks the following implication holds true

ϕ′G∗
1 ≥ 0 a.s. ⇒ ϕ′G∗

1 = 0 a.s.

Proof.

‘⇒’: Suppose the market is arbitrage-free and choose (ϕ1, . . . , ϕd) ∈ Rd with ϕ′G∗
1 ≥ 0,

a.s. We shall contradict the claim that ϕ′G∗
1 > 0 with positive probability.

To do so, we show that in this case we can find some ϕ̃0 ∈ R, such that ϕ̃ =
(ϕ̃0, ϕ1, . . . , ϕd)′ represents an arbitrage portfolio, i.e.

ϕ̃′S0 ≤ 0, ϕ̃′S1 ≥ 0 a.s., P(ϕ̃′S1 > 0) > 0.
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By assumption, we have with positive probability

ϕ′G∗
1 =

d∑
i=1

ϕi(S
∗
1i − S0i) =

d∑
i=1

ϕiS
∗
1i −

d∑
i=1

ϕiS0i > 0

(1+r)⇒
d∑

i=1

ϕiS1i −
d∑

i=1

ϕiS0i(1 + r) > 0.

Put ϕ̃0 = −∑d
i=1 ϕiS0i, i.e. finance the portfolio ϕ1, . . . , ϕd by a credit, and let

ϕ̃ = (ϕ̃0, ϕ1, . . . , ϕd). Then

ϕ′S0 = 0

and

ϕ′S1 = −
d∑

i=1

ϕiS0i(1 + r)︸ ︷︷ ︸
value of the credit

+
d∑

i=1

ϕiS1i > 0

with positive probability. Thus, ϕ̃ is an arbitrage portfolio which yields the contra-
diction.

‘⇐’: Assume that the implication

ϕ̃′G∗
1 ≥ 0 a.s. ⇒ ϕ̃′G∗

1 = 0 a.s., (2.2)

holds true for any portfolio ϕ̃ = (ϕ̃1, . . . , ϕ̃d) in the stocks. Let ϕ = (ϕ0, . . . , ϕd)
be an arbitrage portfolio, i.e.

ϕ′S0 ≤ 0, ϕ′S1 ≥ 0 a.s., P(ϕ′S1 > 0) > 0. (2.3)

We obtain

ϕ′G∗
1 =

d∑
i=1

ϕiS
∗
1i −

d∑
i=1

ϕiS0i

=
d∑

i=0

ϕiS
∗
1i −

d∑
i=0

ϕiS0i︸ ︷︷ ︸
≤ 0 (a.s.)

≥
d∑

i=0

ϕiS1i · 1

1 + r
= A.

Since A = ϕ′S1/(1 + r), Equation (2.3) yields A ≥ 0 a.s. and P(A > 0) > 0. This
contradicts (2.2).
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2.4 Separation theorems in Rn

In this section, we discuss some important separation theorems that will be used in the fol-
lowing. Such theorems assert that one can identify certain subsets by a linear function in the
sense that for each x the value of that linear function determines whether or not the point
belongs to the subset. We shall need a special version, but let us start with the following basic
one.

Theorem 2.4.1 Assume that K ⊂ Rn is a closed convex set with 0 /∈ K. Then there exists
some λ ∈ Rn and a real number a > 0, such that

λ′x ≥ a, for all x ∈ K.

Here a = dist(0, K)2.

Proof. Select r > 0 such that the closed ball with center 0 and radius r, i.e.

B(0, r) = {y ∈ Rn : ‖y‖ ≤ r},
hits K. Put M = K ∩ B(0, r) /= ∅ and note that M is compact. Therefore, the continuous
mapping

x 	→ ‖x‖, x ∈ Rn,

attains its minimum on M. Denote the unique minimum by x0 ∈ M. It follows that

‖x‖ ≥ ‖x0‖ for all x ∈ K. (2.4)

Since K is convex, we have for all x ∈ K and α ∈ [0, 1]

αx + (1 − α)x0 = x0 + α(x − x0) ∈ K.

Hence, we can apply Equation (2.4) with x = x0 + α(x − x0) and obtain

‖x0 + α(x − x0)‖ ≥ ‖x0‖ ⇔ (x0 + α(x − x0))′(x0 + α(x − x0)) ≥ x′
0x0.

The last statement is equivalent to

2α(x − x0)′x0 + α2(x − x0)′(x − x0) ≥ 0, α ∈ [0, 1].

For any α → 0 we obtain (x − x0)′x0 ≥ 0. Thus, if we put λ := x0, then

λ′x ≥ a := λ′λ, for all x ∈ K.

As a preparation we note the following simple fact.

Lemma 2.4.2 Let {λ, λk} ⊂ Rn and {x, xk} ⊂ Rn be two sequences with λk → λ, k → ∞,
and xk → x, k → ∞. Then

λ′
kxk → λ′x, k → ∞.
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Proof. Clearly, λk → λ, implies ‖λk‖ → ‖λ‖, as k → ∞. Therefore, ‖λk‖ ≤ C for some
constant C > 0. The decomposition λ′

kxk − λ′x = λ′
k(xk − x) + (λk − λ)′x yields

‖λ′
kxk − λ′x‖ ≤ ‖λk‖‖xk − x‖ + ‖λk − λ‖‖x‖.

Now the result follows easily.

Theorem 2.4.3 Let K ⊂ Rn be a nonempty and convex set with 0 /∈ K; 0 may be a boundary
point. Then there is some λ ∈ Rn, such that

λ′x ≥ 0, for all x ∈ K

with strict inequality for at least one x ∈ K.

Proof. In the case m = infx∈K ‖x‖ > 0 the infimum m is attained for some point 0 /= x0 ∈
K. Since K is closed and convex, we have for any α ∈ [0, 1]

‖x0 + α(x − x0)‖ ≥ ‖x0‖, for all x ∈ K ⊂ K,

and α → 0 leads to λ′x ≥ ‖λ‖2 > 0, if we put λ := x0.
Now assume that 0 is a boundary point of K. The basic idea is to shift the set K a little and

to apply the above separation theorem. For the reader’s convenience, we provide the details,
which are a little subtle.

We shall first show that K is a proper subset of Rn, i.e. K /= Rn, by constructing some
y ∈ Rn\K. Let {x1, . . . , xm} be a maximal set of linear independent vectors of K that span K.
That is, any vector of K can be represented as a linear combination of x1, . . . , xm, although
not all linear combinations may lie in K. Consider the vector

y = −(x1 + · · · + xm).

Suppose y ∈ K. Then there is some sequence {yk} ⊂ K with yk → y. Each yk can be repre-
sented as a linear combination of x1, . . . , xm. This means that there are real coefficients λki,
such that

yk =
m∑

i=1

λkixi.

Now it follows that λki → −1, k → ∞, since yk → y. Consequently, there is some index
k0 ∈ N with λk0,i < 0, i = 1, . . . , m. We may conclude that

yk0 +
m∑

i=1

(−λk0,i)xi = 0.

Observe that the coefficients 1, −λk0,1, . . . ,−λk0,m are positive, but they do not necessarily
sum up to 1. If we divide them by their sum, 1 −∑m

i=1 λk0,i, we obtain a convex combination of
yk0 , x1, . . . , xm ∈ K, which equals 0. This contradicts the assumption 0 /∈ K. Thus, K /= Rn

follows.
Since 0 is a boundary point of K, we know that infx∈K ‖x‖ = 0.
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We may choose some sequence {zk} ⊂ Rn satisfying

zk → 0, k → ∞, and inf
x∈K

‖x − zk‖ > 0. (2.5)

To construct that sequence, let x be an interior point of K and denote by T (x) = −x the
reflection at the origin. Then y = T (x) /∈ K, since otherwise the line segment connecting x

and y lies in K, which would imply 0 ∈ K. Now choose ε > 0 such that B(x, ε) ⊂ K. By
continuity of T , the set

V = T (B(x, ε)) = {T (z) : z ∈ B(x, ε)}
is an open neighborhood of y = −x with V ∩ K = ∅, if we eventually reduce ε. Thus, y is
not a boundary point. We claim that all points u of the line segment connecting y and 0 satisfy
infz∈K ‖u − z‖ > 0. Indeed, if u is a point with infz∈K ‖u − z‖ = 0, we can find some ũ ∈ K

in a vicinity of u, such that the line passing through ũ and the origin cuts the set B(x, ε). But
this implies 0 ∈ K. Having constructed the point y, the sequence zk = y/k, k ∈ N, satisfies
Equation (2.5). Now the set Kk = K − zk satisfies infx∈Kk

‖x‖ = infx∈K ‖x − zk‖ > 0 by
construction. Due to Theorem 2.4.1, there is some λk ∈ Rn and some real ak > 0 with

λ′
kx ≥ ak, for all x ∈ Kk.

Without loss of generality (w.l.o.g.) we can assume ‖λk‖ = 1. The sequence {λk} lies in the
compact set Sn−1 = {x ∈ Rn : ‖x‖ = 1}. Therefore, there is some convergent subsequence
{λkl

: l ∈ N} ⊂ {λk : k ∈ N} with limit λ. Since zl → 0, we may apply Lemma 2.4.2 to obtain

λ′x = ( lim
l→∞

λkl
)′( lim

l→∞
(x − zkl

)) ≥ 0

for all x ∈ K.
It remains to show that λ is not perpendicular to K. Assume the contrary, i.e. λ′x = 0 for

all x ∈ K. Then K ⊂ U = {y ∈ Rn : y ⊥ λ} � Rn contradicting our assumption that K is not
contained in some linear subspace ofRn. Therefore, we can find some x0 ∈ K with λ′x0 > 0,
which completes the proof.

It is known from linear algebra that for any linear subspace U ⊂ Rn one can find some
λ ∈ Rn ensuring λ′x = 0 for all x ∈ U. The next theorem asserts that λ can be selected such
that the corresponding linear functional λ(x) = λ′x is positive on a given compact set K,
provided that U ∩ K = ∅. Recall the notation

A − B = {x ∈ Rn : x = a − b with a ∈ A and b ∈ B},
and the following simple lemma.

Lemma 2.4.4 The following assertions hold.

(i) If A and B are convex, A − B is convex.

(ii) If A is compact and B is closed, then A − B is closed.

Proof. Suppose xn = an − bn → x, n → ∞, for {an} ⊂ A and {bn} ⊂ B. We have to
show that x ∈ A − B, i.e. x = a − b with a ∈ A and b ∈ B. Since A is compact, i.e. closed and
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bounded, ank
→ a, k → ∞, for a subsequence {ank

: k ∈ N} and some a ∈ A. This implies
that bnk

= ank
− xnk

converges to a − x, as k → ∞. Since B is closed, the limit b := a − x

lies in B. But then x = a − b ∈ A − B.

Theorem 2.4.5 Let U ⊂ Rn be a linear subspace and ∅ /= K ⊂ Rn a compact and convex
set with U ∩ K = ∅. Then there is some λ ∈ Rn, such that

λ′x = 0, for all x ∈ U,

and

λ′x > 0, for all x ∈ K.

Proof. K − U is convex and closed. Further, K ∩ U = ∅ implies 0 /∈ K − U. By
Theorem 2.4.1, there is some λ ∈ Rn and some real a > 0 with

λ′x ≥ a, for all x ∈ K − U.

We may conclude that

(∗) λ′(y − x) = λ′y − λ′x ≥ a, for all y ∈ K and x ∈ U.

Suppose λ′x /= 0 for some x ∈ U. Since λ′(kx) = k · λ′x for all k ∈ Z, we can find some
integer k with λ′y − λ′(kx) < a, which contradicts (∗). Therefore, λ′x = 0 for all x ∈ U

yielding λ′y ≥ a > 0 for all y ∈ K.

2.5 No-arbitrage and martingale measures

Recall that two probability measures P and Q defined on some measurable space (�,F) are
called equivalent, denoted by P ∼ Q, if their null sets agree, i.e. if

P(A) = 0 ⇔ Q(A) = 0

holds for each A ∈ F. In this case, the Radon–Nikodym derivative, dP/dQ, of P w.r.t. Q

exists and is strictly positive.

Definition 2.5.1 (Equivalent Martingale Measure)
Consider a financial market given by a probability space (�,F, P), a riskless interest rate r

and a risky asset {St1 : t = 1, 2}.
(i) A probability measure P∗ on F is called a martingale measure, if

S0i = E∗(S∗
1i) = E∗

(
S1i

1 + r

)
, i = 1, . . . , d.

Here and in the following E∗ denotes the expectation w.r.t. to P∗.

(ii) A probability measure P∗ on (�,F) is called an equivalent martingale measure
(w.r.t. P), if P∗ is a martingale measure with P∗ ∼ P .
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(iii) Denote by

P = {P∗ : P∗ is an equivalent martingale measure}

the set of all equivalent martingale measures (w.r.t. P).

Notation 2.5.2 In the following, we will use the notation

E∗(X) = EP∗ (X) =
∫

�

X dP∗.

Remark 2.5.3

(i) Since S∗
0i = S0i, the above condition is equivalent to

S∗
0i = E∗(S∗

1i), i = 1, . . . , d.

This means, thed discounted price processes {S∗
ti : t = 0, 1}are so-called martingales

under the measure P∗. We will study martingales in greater detail in the next chapter
as they play a crucial role in mathematical finance.

(ii) Notice that the notion of an equivalent martingale measure, and therefore the set P,
depends on the true probability measure P .

(iii) P∗ is a martingale measure, if and only if the expected discounted profit under P∗
when buying the share i is 0,

E∗(G∗
1i) = E∗(S∗

1i − S0i) = 0, i = 1, . . . , d.

The notion of a martingale measure is crucial in mathematical finance. Recall from
Chapter 1 that evaluating a random payment X by an expectation ignores the risk associated
with X. Thus, it is crucial to distinguish the martingale measure P∗ from the true probability
measure P . Generally, the expectations EP (S1i/(1 + r)) differ from the market prices. But
a martingale measure belongs to the risk-neutral world where risk is ignored but discounted
random payments are correctely priced by taking expectations unter P∗. This means, P∗ at-
taches probabilities to the market scenarios ω ∈ � and events A ⊂ �, respectively, in such a
way that the evaluation of a random payment can be made under the assumption that we live
in a risk-neutral world.

Our next goal is one of the main results of option pricing, namely that the no-arbitrage
condition is equivalent to the existence of an equivalent martingale measure P∗, i.e. P /= ∅.
Since the proof for an arbitrary probability space is rather involved, we first consider the case
of a finite probability space.

Thus, to this end we assume that

� = {ω1, . . . , ωn} for some n ∈ N,

F = Pot (�),

P({ω}) > 0 ∀ ω ∈ �.
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Notice that each random variable Z: � → R can be mapped to the vector(
Z(ω1), . . . , Z(ωn)

)′ ∈ Rn. Vice versa, the mapping

Rn � (y1, . . . , yn)′ 	→ Z, Z(ωi) = yi, i = 1, . . . , n,

defines a random variable. Clearly, this mapping is 1-1, and thus from now on we shall
identify random variables with vectors in this way and make use of matrix calculus. Recall
the definition of the ((d + 1) × n)-dimensional payment matrix

D =

⎡⎢⎢⎣
S10(ω1), . . . , S10(ωn)

...
...

S1d(ω1), . . . , S1d(ωn)

⎤⎥⎥⎦ .

The ith row corresponds to the ith investment object, and the jth colum to the realizations
under the possible market scenarios. We have the correspondence

ϕ′S1 = D′ϕ,

where, as explained above, ϕ′S1 is identified with the vector (ϕ′S1(ω1), . . . , ϕ′S1(ωn))′.

Theorem 2.5.4 (Fundamental Theorem of Asset Pricing, Finite �)
Let � = {ω1, . . . , ωn}. If the financial market is arbitrage-free, then there exists a vector
ψ ∈ Rn with positive entries ψj , such that

S0 = Dψ.

An equivalent martingale measure P∗ on F is given by

P∗({ωi}) = ψi

n∑
j=1

ψj

, i = 1, . . . , n,

i.e. E∗(S∗
1 ) = S0 holds true, and

n∑
j=1

ψj = (1 + r)−1 represents the discount factor.

Proof. Consider the set

U = {( −ϕ′S0, (ϕ′S1)′ )′ : ϕ ∈ Rd+1} ⊂ R× Rn = Rn+1,

and notice that U is a linear subspace of Rn+1. Let

M = {(y0, . . . , yn)′ ∈ Rn+1 : yi ≥ 0, i = 0, . . . , n; yj > 0 for some j = 1, . . . , n
}
.

Clearly, 0 /∈ M, and we have

The market is arbitrage-free ⇔ U ∩ M = ∅.

Next consider

K =
{

(y0, . . . , yn)′ ∈ M :
n∑

i=0

yi = 1

}
.
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U

M

K

Figure 2.1 U is the linear subspace of payoff profiles ϕ′S1 attainable by a portfolio ϕ, M

corresponds to the arbitrage opportunities provided ϕ′S0 ≤ 0, and K is a compact subset of
M, which can be separated from U by virtue of Theorem 2.4.5.

K is a nonempty, convex and compact subset of M with U ∩ K = ∅.
By Theorem 2.4.5, we can separate K and U, i.e.

∃ λ = (λ0, λ1, . . . , λn) ∈ Rn+1,

such that

λ′x = 0, ∀ x ∈ U,

λ′x > 0, ∀ x ∈ K.

See Figure 2.1 for an illustration.
Since ej = (0, . . . , 0, 1, 0, . . . , 0)′ ∈ K, we have λj = λ′ej > 0, j = 0, . . . , n.

Thus, if we recall the definition of U and put λ̃ = (λ1, . . . , λn)′:

−λ0ϕ
′S0 + λ̃′ ϕ′S1︸︷︷︸

=D′ϕ

= 0 ∀ ϕ ∈ Rd+1

⇔ −λ0S
′
0ϕ + (Dλ̃)′ϕ = 0 ∀ ϕ ∈ Rd+1

⇔ (Dλ̃)′ϕ = (λ0S0)′ϕ ∀ ϕ ∈ Rd+1.

That means

Dλ̃ = λ0S0 ⇔ S0 = D

(
λ̃

λ0

)
.

Now define

ψ := (ψ1, . . . , ψn)′ := λ̃

λ0
=
(

λ1

λ0
, . . . ,

λn

λ0

)′
∈ Rn.
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Clearly,

p∗
j := P∗({ωj}) := ψj∑n

k=1 ψk

, j = 1, . . . , n,

defines a probability measure P∗ on (�,F) with P∗ ∼ P . Indeed, λj > 0 for all j implies
ψj > 0 for all j.

Now choose ϕ ∈ Rd+1 with

D′ϕ = 1 · (1 + r)

and notice that ϕ replicates the bank account. Thus, the initial price of ϕ is 1, since otherwise
we obtain an arbitrage opportunity. We obtain

1 = ϕ′S0 = ϕ′(Dψ) = ψ′D′ϕ = ψ′1 · (1 + r) = (1 + r)
n∑

j=1

ψj.

Thus,
∑n

j=1 ψj = 1
1+r

is the discounting factor in our model. Finally, using again the fact
that S0 = Dψ we obtain for i = 1, . . . , d

E∗(S∗
1i) = E∗

(
S1i

1 + r

)
= 1

1 + r

n∑
j=1

S1i(ωj)p∗
j

= 1

1 + r

n∑
j=1

Dijψj

/ n∑
k=1

ψk

=
n∑

j=1

Dijψj = (Dψ)i = S0i .

Consequently, E∗(S∗
1 ) = S0, which completes the proof.

Our next goal is to extent the result to general probability spaces. As a preparation, let us
recall the following simple fact.

Lemma 2.5.5 If E(X1{X<0}) ≥ 0, then X ≥ 0 a.s.

Proof. Since X(ω)1{X(ω)<0} ≤ 0 for all ω ∈ �, we obtain
∫

X1{X<0}dP ≤ 0 by the
monoticity of the measure integral. Hence,

∫
X1{X<0}dP = 0. But this is equivalent to

X1{X<0} = 0 P−a.s. such that N = {X1{X<0} /= 0} and therefore A = {X < 0} ⊂ N are
P-null sets. Consequently, P(X ≥ 0) = 1.

Theorem 2.5.6 (Fundamental Theorem of Asset Pricing, General �)
The following assertions hold.

(i) If P /= ∅, the financial market is arbitrage-free.
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(ii) If the market is arbitrage-free, then there is some equivalent martingale measure
P∗ ∈ P, such that dP∗/dP is bounded.

Proof.

(i) Suppose there is some P∗ ∈ P. We will contradict the following
Claim: There is some arbitrage opportunity ϕ.
Let ϕ ∈ Rd+1 be an arbitrary portfolio, such that ϕ′S1 ≥ 0 P-a.s. and E(ϕ′S1) > 0.
By equivalence of P and P∗, we have E∗(ϕ′S1) > 0. We may conclude that

d∑
i=0

ϕiE
∗
(

S1i

1 + r

)
= E∗

(
ϕ′S1

1 + r

)
> 0.

Since P∗ is a martingale measure, S0 = E∗(S1/(1 + r)), which leads to positive costs,

ϕ′S0 =
d∑

i=0

ϕiS0i =
d∑

i=0

ϕiE
∗
(

S1i

1 + r

)
> 0.

This means, ϕ cannot be an arbitrage portfolio, which is a contradiction.

(ii) Recall the definition of the d-dimensional discounted gains process of the d risky
assets:

G∗
1 = (G∗

11, . . . , G
∗
1d), G∗

1i = S∗
1i − S0i, i = 1, . . . , d.

By Lemma 2.3.4, the no-arbitrage condition is equivalent to

(∗) ∀ϕ ∈ Rd :
d∑

i=1

ϕiG
∗
1i ≥ 0 P-a.s. ⇒

d∑
i=1

ϕiG
∗
1i = 0 P-a.s.

We will show that this implies the existence of an equivalent martingale measure
P∗ ∼ P . Recall that P∗ ∼ P is a martingale measure, if and only if

E∗(S∗
1 ) = S0 ⇔ E∗(G1) = 0.

For brevity, we shall write G = G∗
1 for the discounted prices at time 1 in the rest of

the proof. That notation will not interfere with standard notation, since we have only
to deal with the discounted prices in what follows. Let us first consider the case that
G is P-integrable, i.e. E|G| < ∞. Define

K = {Q : Q is a probability measure with Q ∼ P and dQ/dP bounded}.

Obviously, K /= ∅, since P ∈ K. Now, for all Q ∈ K:

EQ|G| =
∫

|G(ω)|dQ

dP
(ω) dP(ω) ≤ CEP |G| < ∞,
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if dQ/dP ≤ C < ∞. Thus, G is integrable under all measures Q ∈ K, too. It is
straightforward to verify thatK is a convex set. Let us now consider the corresponding
set of expectations of G under Q ∈ K, i.e.

E = {EQ(G) : Q ∈ K} ⊂ Rd.

There exists an equivalent martingale measure P∗, if 0 ∈ E. Indeed, in this case any
P∗ ∈ K with E∗(G) = 0 ∈ E does the job. Thus, we have to show 0 ∈ E. Let us
contradict the

Claim: 0 /∈ E
First, notice that E is convex. Indeed, if x1, x2 ∈ E and α ∈ [0, 1], then there exist
Q1, Q2 ∈ K with xi = EQi (G), i = 1, 2. Then,

αx1 + (1 − α)x2 = α

∫
G dQ1 + (1 − α)

∫
G dQ2

=
∫

G d[αQ1 + (1 − α)Q2] =
∫

G dμ ∈ E,

since μ = αQ1 + (1 − α)Q2 ∈ K. Further, E /= ∅, since P ∈ K.

An application of Theorem 2.4.3 yields a vector ϕ ∈ Rd that separates E and {0}. That
means,

ϕ′x ≥ 0 for all x ∈ E

and

ϕ′x0 > 0 for some x0 ∈ E.

Since x = EQ(G) ∈ E for any Q ∈ K,

EQ(ϕ′G) ≥ 0, for all Q ∈ K (2.6)

and

EQ0 (ϕ′G) > 0 for some Q0 ∈ K.

Since Q0 ∼ P , EQ0 (ϕ′G) > 0 implies that P(ϕ′G > 0) > 0. We will show that
ϕ′G ≥ 0 P-a.s., too. Then (∗) implies that ϕ′G = 0 P-a.s., a contradiction to
P(ϕ′G > 0) > 0.

It remains to show ϕ′G ≥ 0 P-a.s. To do so, we will use Lemma 2.5.5. In order to show
EP (ϕ′G1{ϕ′G<0}) ≥ 0 one could try to interpret 1{ϕ′G<0} as a bounded P-density of a
new measure Q. Then Q ∈ K and Equation (2.6) would give EQ(ϕ′G) ≥ 0. However,
for that purpose Q has to be a probability, i.e. we have to divide by P(ϕ′G < 0), which
is not possible.
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The trick is now to approximate the indicator 1{ϕ′G<0} by a sequence of functions,
whose supports have nonempty intersection with the set {ϕ′G ≥ 0}. Thus, define

fn = (1 − 1/n)1{ϕ′G<0} + (1/n)1{ϕ′G≥0}, n ∈ N.

The sequence {fn} has the following properties; the proofs being left to the reader as
an exercise.

(i) 0 < fn ≤ 1, for n ≥ 2.

(ii) fn → 1{ϕ′G<0}, n → ∞, ω-pointwise.

(iii)
∫

fn dP = (1 − 1/n)P(ϕ′G < 0) + (1/n)P(ϕ′G ≥ 0) > 0 for all n ∈ N.

(iv) ω 	→ f̃n(ω) = fn(ω)/
∫

fndP , ω ∈ �, defines a bounded P-density.

Let Qn = f̃ndP be the corresponding probability measures, i.e.

Qn(A) =
∫

A

f̃n dP, A ∈ F.

Now, property (i) yields Qn ∈ K, n ≥ 2, and due to Equation (2.6) we can conclude
that

0 ≤ EQn (ϕ′G) = EP (ϕ′Gfn)/
∫

fndP

Applying the theorem of dominated convergence to the numerator of the ratio on the
right-hand side leads to

EP (ϕ′G1{ϕ′G<0}) = lim
n→∞ EP (ϕ′Gfn) ≥ 0.

Now, ϕ′G ≥ 0 P-a.s. by Lemma 2.5.5.

Finally, we consider the case EP |G| = ∞. We have

0 < c = E

( |G|
|G| + 1

)
≤ 1.

Let P ′ be the probability measure with P-density

f (ω) = c̃

1 + |G(ω)| ,

where c̃ is chosen to ensure P ′(�) = ∫ f (ω) dP(ω) = 1. Then P ′ ∼ P and

EP ′ |G| = EP

( |G|
|G| + 1

c̃

)
< ∞.
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Thus, G is integrable under P ′, and we can conclude that there is some
martingale measure P∗ with P∗ ∼ P ′ and bounded density. Clearly, P∗ ∼ P , too,
and the P-density of P∗ is also bounded. Indeed,

dP∗

dP
= dP∗

dP ′ · dP ′

dP
≤ C

for some constant C < ∞.

Let us illustrate our main findings by two examples.

Example 2.5.7 (Binomial model with one asset)
Recall that for the simple binomial model the sample space can be chosen as � = {+, −},
and the real probability measure P is given by p+ = P({+}) ∈ (0, 1). The asset makes either
an up movement from S01 to S11 = uS01 occurring with probability p+, or goes down to
dS01 with probability p− = 1 − p+. There exists no arbitrage, if and only if P /= ∅. Clearly,
each P∗ ∈ P is determined by p∗ = P∗({+}) and P∗ ∼ P is equivalent to p∗ ∈ (0, 1). In
Section 1.5.2 we calculated the solution of the martingale equations,

E∗
(

S11

1 + r

)
= S01

yielding

p∗ = 1 + r − d

u − d
, 1 − p∗ = u − (1 + r)

u − d
.

Now

0 < p∗ < 1 ⇔ 0 < 1 + r − d < u − d ⇔ d < 1 + r < u.

Finally, let us calculate the Radon–Nikodym derivative of P∗ w.r.t. P . We have

dP∗

dP
({+}) = P∗({+})

P({+}) = p∗

p
= 1 + r − d

u − d
· 1

p
,

dP∗

dP
({−}) = 1 − p∗

1 − p
= u − (1 + r)

u − d
· 1

1 − p
,

determining the mapping dP∗
dP

: � → R.

Example 2.5.8 (Discrete Financial Markets)
Let � = {ω1, . . . , ωn} be a finite set of n scenarios for the financial market. We may assume
P({ωi}) > 0 for i = 1, . . . , n, since otherwise we can reduce �. Each martingale measure is
given by a probability vector p∗ = (p∗

1, . . . , p
∗
n)′ ∈ Rn with p∗

1, . . . , p
∗
n ≥ 0 and

∑
i p

∗
i = 1.

It is an equivalent martingale measure, if and only if p∗
i ∈ (0, 1) for all i = 1, . . . , n. One has

to solve the equations

S0i = E∗
(

S1i

1 + r

)
=

n∑
j=1

p∗
j

S1i(ωj)

1 + r
, i = 1, . . . , d,
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or, in matrix notation employing the payment matrix D = (S1i(ωj))i=0,...,d,j=1,...,n,

(1 + r)S0 = Dp∗.

Thus, p∗ is a solution of the constrained linear system of equations,

Dx = (1 + r)S0, x > 0, 1′x = 1,

consisting of d equations and n variables.

2.6 Arbitrage-free pricing of contingent claims

The present section collects basic facts on the arbitrage-free pricing of derivatives and, more
generally, the larger class of so-called contingent claims. In particular, we show that the initial
price of a portfolio that hedges a claim is unique if there exists an equivalent martingale
measure.

Recall that any portfolio ϕ ∈ Rd+1 generates a random payment V (ϕ) = ϕ′S1 at time
t = 1. Consider the set

V = {ϕ′S1 : ϕ ∈ Rd+1}
of such random variables representing payments of portfolios. Clearly, V is a subset of all
random variables � → R denoted in the following by L. We have the following simple fact.

Lemma 2.6.1 V = span(S10, . . . , S1d) is a linear space with 1 ∈ V.

By definition, for any payment V ∈ V there is some portfolio ϕ ∈ Rd+1 generating that
payment, i.e. V = V (ϕ).

Definition 2.6.2 Let X : � → R be a random variable. If there exists some ϕ ∈ Rd+1 such
that V (ϕ) = X, i.e. X ∈ V, then ϕ is called a hedge.

It makes sense to define the (fair) price of a payment X ∈ V as the initial capital required
to initial the hedge.

Definition 2.6.3 On an arbitrage-free market the price of a random payment X ∈ V is defined
as

π(X) = ϕ′S0,

where ϕ ∈ Rd+1 is a generating portfolio (hedge), i.e. V (ϕ) = X. The associated linear map-
ping π : V → R is called the linear pricing rule.

Since there may be many possible hedges, we have to check whether π(X) is well defined.
This holds true if we have an equivalent martingale measure at our disposal.

Theorem 2.6.4 Suppose there exists an equivalent martingale measure . Then the fair prices
of any two portfolios ϕ1, ϕ2 ∈ R generating a given X ∈ V coincide: ϕ′

1S0 = ϕ′
2S0.
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Proof. Obviously, δ = ϕ1 − ϕ2 satisfies V (δ) = (ϕ1 − ϕ2)′S1 = 0. Thus, for any
equivalent martingale measure P∗ ∈ P we have P∗(V (δ) = 0) = 1 implying P(V (δ) =
0) = 1. It follows that

0 = E∗(V (δ)) = E∗((ϕ1 − ϕ2)′S1)

and thus

0 = E∗((ϕ1 − ϕ2)′S∗
1 ) = (ϕ1 − ϕ2)′E∗(S∗

1 ) = (ϕ1 − ϕ2)′S0

as well.

It is now time to define rigorously what we mean by a derivative and contingent claim,
respectively. Recall that a financial instrument is given by its value process. A classic portfolio
given by Vt = ϕ′St is a linear function of the assets.

Definition 2.6.5 A random variable X : � → R with 0 ≤ X < ∞ P-a.s, which is
σ(S11, . . . , S1d)-measurable and thus of the form

X = f (S11, . . . , S1d)

for some Borel-measurable function f , is called a derivative or derivative asset.

Remark 2.6.6 For any asset X we may choose the function f minimal in the sense that
X = f (S1i1 , . . . , S1ir ) with indices i1, . . . , ir ∈ {1, . . . d} such that r is minimal. Then the
assets S1i1 , . . . , S1ir are the underlyings.

At this point it is important to note that the above definition of a derivative security
does not cover all options, traded on a given financial market. Notice that a derivative X is
F1 = σ(S11, . . . , S1d) measurable but in general F1 � F Then the case F1 /= F gives rise to
the following definition.

Definition 2.6.7 Any (non-negative) random variable X : (�,F) → (R,B), is called
contingent claim.

Example 2.6.8 (Climate Derivatives, Energy Options)
Since power consumption correlates with (average) temperature, there exists a market for
so-called climate or weather derivatives, which are actively used by energy companies to
hedge or reduce risks. Those contracts such as calls and puts, amongst others, are traded
over-the-counter. Since many heatings switch off and, vice versa, air conditioning switch on
at 18 ◦C, one considers the deviation of the average temperature from that threshold. The
number of days where the average is larger than 18 ◦C is called heating degree days(HDD),
and the number of days where on average the temperature is below 18 ◦C are the cooling
degree days (CDD). Climate derivatives are therefore usually defined in terms of the HDD
or CDD numbers.

In terms of Lp spaces, contingent claims are the elements of

L0 = L0(�,F, P) = {X : (�,F, P) → (R,B) : |X| < ∞, P − a.s.},
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the space of all random variables that are P-almost surely bounded. In what follows, we shall
also consider the space

L∞ = L∞(�,F, P) = {X : (�,F, P) → (R,B); ‖X‖∞ < ∞}

of all uniformly bounded random variables. Here, the norm ‖X‖∞ is defined by

‖X‖∞ = inf{c > 0 : P(|X| > c) = 0},

i.e. ‖X‖∞ is the smallest upper bound that is not exceeded by |X|, almost surely. Obviously,
we have the inclusion L∞ ⊂ L0. The following example shows that L0 /⊂ L∞.

Example 2.6.9 Let � = [0, 1] and P = λ the Lebesgue measure. F = B|[0,1] denotes the
Borel σ-field restricted to [0, 1]. Define X(ω) = 1/ω, ω ∈ �, and use the convention 1/0 =
∞. Since {X = ∞} = {0} is a λ-null set, P(|X| < ∞) = 1. Thus, X ∈ L0([0, 1],B|[0,1], λ).
Clearly, for each c > 0 the set {|X| > c} = [0, 1/c] has positive Lebesgue measure. Hence
‖X‖∞ = inf{c > 0 : P(|X| > c)} = ∞, yielding L0 /⊂ L∞.

The basic idea to judge whether a price of a contingent claim is fair is to require that the
price does not introduce arbitrage opportunities when the claim is traded as a new asset.

Definition 2.6.10 π(C) is called the fair price of C, if the extended market, given by the
d + 2 price processes,

{Sti : t = 0, 1}, i = 0, . . . , d + 1,

with

S0,d+1 = π(C), S1,d+1 = C,

is arbitrage-free. Let us agree to denote by 
(C) the set of arbitrage-free prices.

Let C be a claim and π(C) be an arbitrage-free price for C. Then the extended market
is arbitrage-free, if π(C) is the trading price. By definition, there exists some equivalent
martingale measure P∗ such that

E∗(S∗
1i) = S0i, i = 0, . . . , d + 1.

Specifically, the pricing formula

π(C) = E∗(C∗)

follows. That means, on arbitrage-free markets we can calculate a fair (i.e. arbitrage-free)
price of a claim, provided we have an equivalent martingale measure for the extended market
at our disposal, by using the principle of risk-neutral pricing.

A simple arguments reveals that risk-neutral pricing using the equivalent martingale mea-
sures of the extended market yields all arbitrage-free prices for a claim.

Proposition 2.6.11 Assume P /= ∅. Then 
(C) = {E∗(C∗) : P∗ ∈ P, E∗(C∗) < ∞}. Thus,
a lower bound for the arbitrage is given by π−(C) = inf{E∗(C∗) : P∗ ∈ P}. Provided
E∗(C∗) < ∞ for all P∗ ∈ P, an upper bound is π+(C) = sup{E∗(C∗) : P∗ ∈ P}.
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Proof. Let π(C) be an arbitrage-free price on the extended market. Then there is an
equivalent martingale measure for the extended market such that

π(C) = E∗(C∗) and S0i = E∗(S∗
1i), i = 0, . . . , d.

Thus, 
(c) ⊂ {E∗(C∗) : P∗ ∈ P with E∗(C) < ∞}. By contrast, if x = E∗(C∗) for some
P∗ ∈ P, Clearly, S0i = E∗(S∗

1i) for i = 0, . . . , d. If we let S0,d+1 = x and S1,d+1 = C, the
extended market is arbitrage-free and P∗ represents an equivalent martingale measure for
that extended market, since S0i = E∗(S∗

1i), i = 0, . . . , d + 1. C is replicable by the portfolio
ϕ̃ = (0, . . . , 0, 1)′ and, by virtue of Theorem 2.6.4, its fair price does not depend on ϕ̃, thus
being given by ϕ̃′S0 = S0,d+1 = x.

Of course, the fact that a claim C is replicable on the extended market is a triviality. If it
suffices to invest into the assets of the original market, C is shown to be a derivative. Let us
fix that point.

Definition 2.6.12 A claim C is called attainable or replicable, if there exists some portfolio
ϕ = (ϕ0, . . . , ϕd)′ ∈ Rd+1 called a hedge, such that

C = ϕ′S1,

that is if C ∈ V. In this case, C is a derivative.

The question arises whether arbitrage-free pricing is unique. Given what we have already
learned, the answer has to be positive for attainable claims, since these are basically portfo-
lios. It is a good exercise to repeat the above arguments to show the following proposition
summarizing our findings for attainable claims.

Proposition 2.6.13 Suppose the financial market is arbitrage-free. If C is an attainable con-
tingent claim, the arbitrage-free price is unique and given by πC = ϕ′S0, where ϕ represents
any replicating portfolio.

Let us now study the more interesting and substantially more involved case of a claim that
is not attainable. It turns out that now the arbitrage-free price is no longer unique. To show
that result, we need two general results from functional analysis, whose proof goes beyond
the scope of the present book. The first required result is the generalization of Theorem 2.4.1
to normed spaces.

Theorem 2.6.14 Let Y ⊂ X be a closed linear subspace of the normed linear space X and
pick some x0 ∈ X \ Y . Then there exists some linear functional L : X → R with ‖L‖ = 1
satisfying

L(y) = 0 for all y ∈ Y

and L(x0) = dist(x0, Y ).

The basic idea behind Theorem 2.6.14 is as follows. First, one defines the linear functional
L on the subspace Y0 = Y ⊕ span{x0} by

L(y + tx0) = t · dist(x0, Y ), y ∈ Y, t ∈ R.
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Then L(y) = 0 for all y ∈ Y and L(x0) = dist(x0, Y ). By virtue of the Hahn-Banach theorem,
the linear mapping can be extended to X.

Let μ be a σ-finite measure. Then the Lp = Lp(μ) spaces, 1 ≤ p ≤ ∞, are Banach spaces,
that is normed linear spaces that are complete such that all Cauchy sequences converge.
The Hölder inequality implies that for any X ∈ Lp and any Y ∈ Lq, where p ∈ [1, ∞) and
q ∈ (1, ∞] satisfying 1

p
+ 1

q
= 1 with the convention that p = 1 if q = ∞, we have∫

XYdμ ≤ ‖X‖p‖Y‖q < ∞.

Therefore, if we fix some Y ∈ Lq and consider the mapping

LY : Lp → (R,B)

defined by

LY (X) =
∫

XYdμ, X ∈ Lp,

we obtain a linear and continuous functional LY on Lp. Since this construction works for all
Y ∈ Lq, we are given a mapping

J : Y 	→ LY, for Y ∈ Lq,

which maps elements of Lq to its dual space. It turns out that the mapping J defined in this way
is a linear isometric isomorphism. Thus, the dual space of Lp can be identified with the space
Lq. It follows that all linear and continuous functionals are of the form LY (X) = ∫ XYdμ for
some Y ∈ Lq.

With these tools we are now in a position to prove the following theorem.

Theorem 2.6.15 Suppose the claim C is not replicable and satisfies E∗(C) < ∞. Then the
set of arbitrage-free prices is an open interval.

Proof. Since the set P of equivalent martingale measures is convex, the set 
(C) =
{E∗(C∗) : P∗ ∈ P} is convex as well. Indeed, pick P∗

1 , P∗
2 ∈ P and ϕ ∈ [0, 1]. If we define

the measure μ = αP∗
1 + (1 − α)P∗

2 ∈ P, we obtain

α

∫
C∗dP∗

1 + (1 − α)
∫

C∗dP∗
2 =
∫

C∗dμ ∈ 
(C).

Hence, 
(C) is an intervall or empty. We show that 
(C) is open, i.e. for any E∗(C∗) there
exist π− = π−(C) and π+ = π+(C) with π−, π+ ∈ 
(C) and

π− < E∗(C∗) < π+.

First, notice that S1i ∈ L1(P∗) for all i = 0, . . . , d, since E∗(S1i) = S0i ∈ [0, ∞) which im-
plies E∗(S1i) ∈ [0, ∞). Clearly,V = span{S10, . . . , S1d} is a linear subspace of L1(P∗). Since
C ∈ L1(P∗)\V, we may apply Theorem 2.6.14 to obtain a linear functional L : L1(P∗) → R
with

L(V ) = 0, for all V ∈ V,
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and L(C) > 0. L is of the form

L(X) =
∫

XYdP∗ = E∗(XY ), X ∈ L1(P∗),

for some Y ∈ L∞(P∗). We will now define two equivalent martingale measures yielding the
required prices π− and π+. Let

dP+

dP∗ (ω) = 1 + Y (ω),
dP−

dP∗ (ω) = 1 − Y (ω), ω ∈ �.

We may and will assume that ‖Y‖∞ ≤ 1
2 . Then both P-densities are strictly positive on �,

such that P+ as well as P− are equivalent to P . Notice that∫
XdP+/− = E∗(X(1 ± Y )) = E∗(X) ± L(X) = E∗(X)

for all X ∈ V. Since X = 1� ∈ V, we obtain P+/−(�) = E(1�) = 1, which verifies that P+
and P− are probability measures. In the same vein,

E+(S1i) = E−(S1i) = E∗(S1i) = S0i(1 + r),

for all i. Consequently, P+ and P− are equivalent martingale measures. The fair price under
P+ is

π+ = E+(C∗) = E∗(C∗) + L(C)

1 + r
,

whereas under P− it is given by

π− = E−(C∗) = E∗(C∗) − L(C)

1 + r
.

Since L(C) > 0, the result is shown.

Theorem 2.6.15 has the following corollary.

Corollary 2.6.16 Suppose the claim C satisfies E∗(C) < ∞ and the set of arbitrage-free
prices is not an open interval. Then C is replicable.

2.7 Construction of martingale measures: General case

We have already learned that there may be many equivalent martingale measure. The question
arises how to construct such a measure. In a finite model, one may apply linear programming,
cf. Example 2.5.8. For the general case, e.g. if � = R and S1(ω) = ω such that the real
probability measure P on F = B(R) corresponds to the distribution of the stock price S1 at
time 1 and can be identified with a distribution function F , the following construction based
on the Esscher transformation can be used.

The mathematical problem is as follows. We aim at constructing explicitly a probability
measure P∗ such that

E∗(S∗
1 ) = S0 ⇔ E∗(�S) = 0,
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where �S = S∗
1 − S0. The basic idea behind the construction is as follows. If we could define

P∗ via a P-density of the form

fa(ω) = dP∗

dP
(ω) = exp(aω)

E exp(a�S)
, ω ∈ �,

for some parameter a, we would obtain

E∗(�S) = E

(
�S exp(a�S)

E[exp(a�S)]

)
= E(�S exp(a�S))

E exp(a�S)
.

The right-hand side can be written as h′(a)
h(a) if we introduce the exponential

h(a) = E exp(a�S) =
∫

exp(a�S) dP, a ∈ R.

Indeed, we may differentiate under the integral sign, provided h(a) < ∞. Thus, for any min-
imizer a∗ of h we obtain E∗(�S) = 0. This means that the probability measure P∗ given by
theP-densityfa∗ (ω) = exp(a∗ω)/E exp(a∗�S),ω ∈ �, such thatP∗(A) = ∫

A
fa∗ (ω) dP(ω),

provides us with an equivalent martingale measure. Notice thath(a) and thereforea∗ can be cal-
culated, if we know the distribution of �S = S∗

1 − S0 or, equivalently, S1, under the probability
model P of the real world. Indeed, if S1 ∼ F under P , such that �S = S1/(1 + r) − S0 ∼
H(x) = F ((1 + r)(x − S0)), we may conclude that

h(a) =
∫

exp(ax) dH(x),

The above construction requires that E(exp(aX)) exists under P . Otherwise, one can perform
a preliminary transformation. The following theorem and its proof provide the general result
and elaborate on the technical details.

Theorem 2.7.1 Suppose P(S1 > S0) > 0. Define the probability measure Q by

dQ(ω) = c exp(−ω2) dP, where c = (EP (exp(−(�S)2)
)−1

.

Let

h(a) = EQ (exp(a�S)) , a ∈ R,

denote the moment-generating function of �S under Q. Then h(a) < ∞ for all a ∈ R and
there exists some a∗ such that

h(a∗) = h∗ := inf{h(a) : a ∈ R}.
The probability measure P∗ defined by

dP∗(ω) = exp(a∗ω)

h(a∗)
dQ(ω) (2.7)

satisfies P∗ ∼ Q ∼ P and

E∗(�S) = EP∗ (�S) = 0.
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This means, P∗ is an equivalent martingale measure.

Proof. Clearly, 0 < E(exp[−(�S)2]) ≤ 1, which implies c ∈ [1, ∞) and

Q(�) = c

∫
�

exp(−x2) dP(x) = 1

by definition of c. Since Q is defined by the strictly positive density ω 	→ c exp(−ω2), we
have Q ∼ P . Notice that under the measure Q for any a ∈ R

h(a) = EQ(exp(a�S)) = cEP (exp[−(�S)2 + a�S)]) ≤ c exp(a2/4) < ∞,

since the function x 	→ −x2 + ax attains its maximum at x = a/2. This implies that h∗ =
inf{h(a) : a ∈ R} < ∞. Next, define the candidate probability measures

dP∗
a

dQ
(ω) = exp(aω)

h(a)
, ω ∈ �,

indexed by a ∈ R. Notice that dP∗
a

dP
≥ 0 such that P∗

a ∼ Q. For any candidate P∗
a we have

E∗
a(�S) = h′(a)

h(a) . Thus, each a with h′(a) = 0 yields an equivalent martingale measure. We
claim that there indeed exists a minimizer a∗, i.e. some a∗ such that

h(a∗) = h∗ = inf{h(a) : a ∈ R}.
Suppose the contrary. Choose a sequence {an} with h(an) ↓ h∗, as n → ∞. We claim
an → ±∞. Otherwise, one may extract a convergent subsequence {am} with limit
a ∈ (−∞, ∞). But then h(a) = lim h(am) = h∗ by continuity of h. We have found a mini-
mizer, namely a, a contradiction. Thus, an → ±∞. Define un = |an|/an and

u = lim
n→∞ un ∈ {−1, +1}.

We will show that h(an) = EQ(exp[an�S]) → ∞, as n → ∞, a contradiction, since h(an) ↓
h∗ < ∞ remains bounded if an converges. On the set An = {an�S > δ|an|} we have
exp(an�S) ≥ exp(δ|an|). Since h(an) ≥ EQ(exp(an�S)1An ), we obtain

h(an) ≥ EQ(exp[δ|an|]1An ) = exp(δ|an|)Q(An).

The right-hand side converges to ∞, provided Q(An) is bounded away from 0. But

Q(An) = Q(�S > δun) → ε, n → ∞,

if un → u and δ > 0 can be chosen such that δ/u is a continuity point of the d.f. F of �S. To
show this, notice that P(�S > 0) > 0 ⇔ Q(�S > 0) > 0 rules out Q(u�S > δ) = 0 for all
δ > 0. Hence, for any ε > 0 we may find some δ > 0 with Q(u�S > δ) = ε > 0, and δ can
be chosen as a continuity point of F .

Here is a standard example, which is instructive to understand the construction.

Example 2.7.2 Let Y ∼ N(0, 1) and define the probability measure Pλ by

dPλ

dP
= exp(λY )

EP exp(λY )
.
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Notice that the denominator is the moment-generating function of Y , which is given by
exp(λ2/2). For brevity of notation, put Eλ(Z) = ∫ Z dPλ for any random variable Z. Then
for any measurable set A

Pλ(Y ∈ A) = Eλ(1(Y ∈ A))

=
∫

1(Y ∈ A)
dPλ

dP
dP

=
∫

1(Y ∈ A)
exp(λY )

exp(λ2/2)
dP

=
∫

1(y ∈ A)
exp(λy)

exp(λ2/2)
dPY (y)

=
∫

A

1√
2π

exp

(
−1

2
(y2 + 2λy − λ2)

)
dy

=
∫

A

1√
2π

exp

(
−1

2
(y − λ)2

)
dy.

Hence, Y follows a N(λ, 1)-distribution under Pλ.

2.8 Complete financial markets

Definition 2.8.1 A financial market is called complete if any claim C : � → R+ is attain-
able.

Example 2.8.2 Consider the binomial model for one asset and a bank account. Recall that in
this case we may assume � = {+, −}. Thus, any claim C : � → R+ is uniquely determined
by c+ = C(+) and c− = C(−). C is replicable, if and only if we can solve the equations

C(ω) = ϕ′S1(ω) = ϕ0(1 + r) + ϕ1S11(ω), ω ∈ �,

where ϕ = (ϕ0, ϕ1)′ is the replicating portfolio. Thus, we have to consider the equations

c+ = ϕ0(1 + r) + ϕ1s+, c− = ϕ0(1 + r) + ϕ1s−,

where s+ = S11(+) and s− = S11(−). Obviously, the unique solution is given by

ϕ1 = c+ − c−
s+ − s−

, ϕ0 = c−s+ − c+s−
(s+ − s−)(1 + r)

,

provided s+ − s− > 0.

Let us now discuss the case of a finite probability space � = {ω1, . . . , ωn}, n ∈ N. Recall
the definition of the ((d + 1) × n)-dimensional payment matrix

D =

⎡⎢⎢⎣
S10(ω1), . . . , S10(ωn)

...
...

S1d(ω1), . . . , S1d(ωn)

⎤⎥⎥⎦ .
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For finite � we may identify a contingent claim C with the n-vector (C(ω1), . . . , C(ωn))′ that
we also denote by C. The claim C is attainable if and only if there is some portfolio vector
ϕ ∈ Rd+1 such that

D′ϕ = C.

Obviously, for a complete financial market this system of linear equations must have a solution
ϕ for any right side C. A standard result from linear algebra now leads us to the following
result.

Proposition 2.8.3 Assume that � = {ω1, . . . , ωn} for some n ∈ N. A financial market is
complete, if and only if the payment matrix D has n independent rows, i.e. the rank of D′
equals the number of states.

As usual, the general case is more involved. To proceed recall that the set

V = {ϕ′S1 : ϕ ∈ Rd+1}
of all attainable payments forms a linear space. Clearly, ϕ′S1 is a σ(S10, . . . , S1d)-measurable
random variable with

E∗|ϕ′S1| ≤
d∑

i=0

|ϕi|E∗(S1i) =
d∑

i=0

|ϕi|S0i(1 + r) < ∞

for all P∗ ∈ P. Thus,V ⊂ L1(�, σ(S11, . . . , S1d), P∗). Since P∗(0 ≤ S1i < ∞) = 1, we have
S1i ∈ L0(�,F, P∗) for all i = 0, . . . , d and all P∗ such that

V ⊂ L1(�, σ(S11, . . . , S1d), P∗) ⊂ L0(�,F, P∗) = L0(�,F, P),

where the equality follows from P ∼ P∗.

Lemma 2.8.4 For a complete market we have

V = L1(�, σ(S11, . . . , S1d), P∗) = L0(�,F, P∗) = L0(�,F, P).

Proof. Let X ∈ L0 = L0(�,F, P). We may write X = C1 − C2 for claims C1, C2 ∈
L0(�,F, P). By assumption, C1 and C2 are attainable, i.e. there exist ϕ1, ϕ2 ∈ Rd+1 with
Ci = ϕ′

iS1, i = 1, 2. But then X = (ϕ1 − ϕ2)′S1 ∈ V.

For what follows, we need to know the dimension of the space Lp. Let us fix some integer
n ∈ N and suppose there exists a partition of � consisting of n disjoint subsets A1, . . . , An

with P(Ai) > 0, i = 1, . . . , n, i.e.

� = ∪n
i=1Ai, P(Ai) > 0, Ai ∩ Aj = ∅ (i /= j). (2.8)

We claim that in this case the indicators 1A1 , . . . , 1An are linearly independent elements of
Lp. Indeed,

α11A1 (ω) + · · · + αn1An (ω) = 0, ∀ ω ∈ �,
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implies α1 = · · · = αn = 0. Thus, dim(Lp) ≥ n. Now let

N = sup{n ∈ N : There are sets A1, . . . , An ∈ F with Equation (2.8)}.

If N = ∞, the dimension of Lp is infinite. Now assume n < ∞ and let A1, . . . , AN be
a partion with Equation (2.8). It follows that all A ∈ {A1, . . . , AN} are atoms, i.e. for any
B ∈ F with B ⊂ A we have either P(B) = 0 or P(B) = P(A). Otherwise, we may replace A

by B = A ∩ B and A\B yielding a partition of N + 1 sets, a contradiction. Thus, A1, . . . , AN

is a maximal partition with (2.8). Consequently, any random variable X ∈ Lp is almost surely
constant on the sets Ai. If we put ai = X(ωi), i = 1, . . . , N, where ωi ∈ Ai is arbitrarily
chosen, we may conclude that

X =
N∑

i=1

ai1Ai, P − a.s.

This shows that the indicators 1A1 , . . . , 1AN are a generator, thus forming a basis of the vector
space Lp.

We have shown the following result

Lemma 2.8.5 Lp = Lp(�,F, P) is finite-dimensional, if and only if there exists a maximal
partition of � in N atomic sets A1, . . . , AN such that P(Ai) > 0 for i = 1, . . . , N.

We are now in a postion to show the following final main result of the present section.

Theorem 2.8.6 On an arbitrage-free financial market the following assertions hold true.

(i) If the market is complete, there is one and only one equivalent martingale measure,
i.e. |P| = 1.

(ii) If there is one and only one equivalent martingale maesure, then dim V = dim L0 ≤
d + 1.

Proof.

(i) Suppose the market is arbitrage-free and complete. Fix A ∈ F. The claim C = 1A is
replicable. By Theorem 2.6.4, the arbitrage-free price, namely ϕ′

AS0, where ϕA is a
replicating portfolio, is unique. Thus, the map

P∗ 	→ P∗(A) = E∗(C∗) = ϕ′
AS0, P∗ ∈ P,

does not depend on P∗ ∈ P. This argument holds for any A ∈ F, which shows that
P∗ consists of one element.

(ii) Suppose P = {P∗}. Let C be a bounded claim i.e. C ∈ L0(�,F, P). Its unique
arbitrage-free price is given by E∗(C∗) < ∞. Due to Corollary 2.6.16, we may
conclude that C is replicable. This tells us that the market is complete such that
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dim(V) = dim(L0) but dim(V) ≤ d + 1. Thus, (�,F, P) has at most d + 1 atoms
A1, . . . , Ad+1.

The above theorem provides a strong interpretation of financial markets, which are
arbitrage-free and complete: Any contingent claim has the form

C =
N∑

i=1

ci1Ai,

where ci ∈ (0, ∞), i = 1, . . . , N, and A1, . . . , AN ∈ F are atoms. Notice that ci = ∞ can
be ruled out, since otherwise P(Ai) > 0 for all i (which implies P∗(Ai) for all i) yields
E∗(C) = ∞. Arbitrage-free financial markets on which more general claims exist can not be
complete.

We may summarize our findings as follows:

• If there exists an equivalent martingale measure, the price of any replicating portfolio
is unique.

• A financial market is arbitrage-free, if and only if there exists an equivalent martingale
measure.

• An arbitrage-free financial market is complete, if and only if there exists one and only
one equivalent martingale measure.

• On an arbitrage-free and complete financial market any claim C with E(C) < ∞ can
be hedged.

2.9 Notes and further reading

The selection of the material of the present chapter and its exposition are particularly influenced
by Föllmer and Schied (2004), Pliska (1997) and Shiryaev (1999). There are several proofs of
the fundamental theorem of asset pricing for an arbitrary probability space (�,F, P). Theorem
2.5.6 is the Dalang–Morton–Willinger theorem for the case T = 1, cf. Dalang et al. (1990).
The version for a finite sample space, Theorem 2.5.4, is due to Harrison and Pliska (1981).
The recent book by Delbaen and Schachermayer (2006) provides a thorough discussion of
such theorems and discusses the related mathematical theory. More results on the construction
of martingale measures based on the Esscher transform can be found in Shiryaev (1999).
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3

Financial models in discrete time

Most of the data available in the financial markets are numbers or vectors describing quantities
such as prices, returns and interest rates, which are observed at certain time points. Only certain
objects represent functional data, for example yield curves or pricing models. The time points
at which quantities are observed can be discrete or random and live on different time scales
ranging from yearly or quaterly data to daily and intraday data. Consequently, even when we
fix a certain financial object such as the price of a liquid stock for which price quotes are made
every, say, �th second, we have to deal with a series of numbers or vectors X1, X2, . . . , this
means with a time series or stochastic process in discrete time.

Except in special cases, there is no reason to assume that the random variables forming such
a time series are independent. One approach to go beyond the i.i.d. framework is to consider
so-called martingale differences that still have the property that they are uncorrelated. They
play an important role in financial statistics for dependent processes and econometrics, mainly
since they are strongly related to the martingales, a really fundamental notion in mathematical
finance, which we therefore discuss right at the beginning of this chapter. We also provide
some of the most important results of the powerful theory of martingales, which we shall
apply in later chapters.

However, martingale differences turn out to be uncorrelated, whereas often the value Xn at
current time n is correlated with past observations or is even a function m(Xn−1, Xn−2, . . . )
of those lagged values Xn−1, Xn−2, . . . . If we knew that function m or could infer it from
historical data, we could make more or less perfect predictions for Xn. However, this does not
work on financial markets. A large number of institutional investors, speculators and individ-
uals act and interact on the markets, which introduces randomness and noise superimposing
such relationships. Large trades, unexpected economic and political news, new regulations
and laws, unexpected financial statements or profit warnings, to mention just a few examples
arising in finance, and reactions to (reactions to (reactions to . . . )) such events affect the prices
by smaller or larger shocks, which can best be modelled by random variables.

Financial Statistics and Mathematical Finance: Methods, Models and Applications, First Edition. Ansgar Steland.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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Assuming a linear influence of lagged values on Xn, a realistic model is therefore to
assume that

Xn = α1Xn−1 + · · · + αpXn−p + σεn,

for mean zero random variables εn with common variance 1 and deterministic and unknown
parameters α1, . . . , αp ∈ R and σ > 0. The εn model the random shocks that are also called in-
novations. This model is called an autoregressive model of order p and represents a basic time-
series model to capture correlations in series of observations. We also discuss ARMA(p, q)
models and, more generally, linear processes, which form an unifying framework to study
such parametric models and represent a step towards nonparametric time series analysis, as
the dependence structure is coded in an infinite-dimensional parameter.

It turns out that the above autoregressive equations indeed can be solved when the param-
eters satisfy certain conditions, and one can obtain a solution that is stationary in the weak
sense, which essentially means that all moments up to the order two do not change, if we
add a constant to the time index of all observations. In particular, the mean and variance of a
stationary series are invariant with respect to time. Stationarity is a key assumption of many
methods and theorems on discrete-time processes.

Figure 3.1 depicts four simulated time series of length 500 and illustrates that stationary
series may look rather different, including series where the successive observations tend to
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Figure 3.1 Four simulated realizations of stationary discrete-time processes (time series)
showing different typical patterns.
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stick together, appear to be repulsive or tend to form clusters of observations of low volatility
and high volatility, respectively. GARCH models provide a convenient class of models to
capture the phenomenon of volatility clusters.

If we do not believe in a parametric model as above, a nonparametric specification such
as

Xn = m(Xn−1, Xn−2, . . . , Xn−p) + σ(Xn−1, Xn−2, . . . , Xn−p)εn (3.1)

for possibly nonlinear functions m and σ is more appropriate. Now nonparametric methods
have to be applied, which work under qualitative assumptions on m and σ such as smoothness.
We discuss such methods in Chapters 8 and 9.

3.1 Adapted stochastic processes in discrete time

We have to introduce and carefully discuss some notions for time series, which are crucial
for the following sections and chapters: The notion of a filtration as a mathematical vehicle
to describe the flow of information contained in series or random variables and vectors,
respectively, and the notion of an adapted process to capture the inherent property of time-
series models for real phenomena that they do not depend on future information. But before
introducing those notions, it is time to give a formal definition of our understanding of a time
series.

Definition 3.1.1 A stochastic process in discrete time is a sequence {Xn : n ≥ 0} of random
variables

Xn : (�,F, P) → (R,B), n ≥ 0.

We need to introduce the notions of a filtration and a stochastic process adapted to such a
filtration. Filtrations are used in probability to model the flow of information. Let us first recall
the following elementary facts. Let (�,F, P) be a probability space and B the collection of
all Borel sets of R. A function X : � → R is measurable (a random variable), if all sets {X ∈
A}, A ∈ B, are elements of F. For a discrete random variable attaining the values x1, x2, . . .

that condition is equivalent to {X = xi} ∈ F, i = 1, 2, . . ..
Consider a two period model and an asset, whose price increases (decreases) in each period

by the factor u (d). We may use � = {ω1, . . . , ω4} with ω1 = (+, +), ω2 = (+, −), ω3 =
(−, +), ω4 = (−, −) and F2 := F = Pot(�). Then, e.g., A = {ω1, ω2} is the event that the
asset goes up in the first period. Let

F0 = {∅, �}, F1 = σ(A) = {∅, A, Ac, �}.
Then F0 ⊂ F1 ⊂ F2 ⊂ F.

To get a better idea what F1-measurability means, we shall define two random variables
X and Y , such that X is F1-measurable but Y not. Let X : � → R be given by X(ω1) =
X(ω2) = 100 and X(ω3) = X(ω4) = 50. Notice that X is constant on the sets constituting F1;
the outcome of X only depends on what has occured up to time t = 1, and that information is
given by the σ-field F1. Formally, we have

{X = 100} = {ω1, ω2} = A ∈ F1
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and

{X = 50} = {ω3, ω4} = Ac ∈ F1,

which shows that X is indeed F1-measurable. We even have F1 = σ(X). F2 represents the
more detailed information until time t = 2. The flow of information is described by {∅, �} ⊂
F1 ⊂ F2 = F.

Consider now the random variable Y given by Y (ω1) = 200, Y (ω2) = 150, Y (ω3) =
150, Y (ω4) = 100. Y is not F1-measurable, since

{Y = 200} = {ω1} /∈ F1,

but measurable w.r.t. F2. Moreover, F2 = σ(Y ).

Definition 3.1.2

(i) A filtration on (�,F) is an increasing sequence

F0 ⊂ F1 ⊂ · · · ⊂ Fn ⊂ F, n ∈ N,

of sub-σ-fields.

(ii) A stochastic process {Xn : n ≥ 0} is called Fn-adapted or adapted (to {Fn}), if Xn

is Fn-measurable for all n ∈ N0.

For a given process {Xn} one may always consider the natural filtration

F0 = {∅, �}, Fn = σ(X0, . . . , Xn), n ∈ N0.

If no filtration is specified, it is common to agree that the natural one is meant.
The next notion we will use extensively in what follows is the conditional expectation of a

random variable given a σ-field. For a definition and properties refer to Appendix A.3. For the
reader’s convenience, we shall illustrate the concept and some basic rules within the stochastic
framework of a binomial tree with one stock and a bank account. To ease the generalization
of what follows to the case of d stocks, let us denote by St1 the time t price of the asset. Recall
that, given the factors u and d, the model is determined by the one-period model

S+
11 = S01u

S01

p+

1− p+

S−
11 = S01d
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and adhering two further one-period models at both leaves yields the tree

S++
21 = S01u

2

S+
11 = S01u

p+

1− p+

S+−
21 = S01ud

S01

p+

1− p+

S− +
21 = S01ud

S−
11 = S01d

p+

1− p+

S−−
21 = S01d

2

Continuing in this fashion yields the binomial model for discrete time points t = 1, . . . , T .
Notice that S21 has discrete support {S++

21 , S+−
21 , S−−

21 } with corresponding probabilities
{p2+, 2p+(1 − p+), (1 − p+)2}, describing the random experiment how the asset price evolves
in the second period given it went up in the first one. Its expectation is

E(S21) = S++
21 p2

+ + 2S+−
21 p+(1 − p+) + S−−

21 (1 − p+)2.

Put

F0 = {∅, �},F1 = σ(S11),F2 = σ(S11, S22).

Then F0 ⊂ F1 ⊂ F2 ⊂ F. Ft represents the information available at time t. In general, the
conditional expectation of a node is calculated as we did above. We obtained a function of S11,
i.e. aF1-measurable random variable. Since the events A ∈ F1 depend on ω ∈ � only through
the first coordinate, this is a function of ω1. If ω1 = +, i.e. for ω = (+, −) and ω = (+, +), S21
may attain the values S++

21 , S+−
21 and we obtain E(S21|F1)(ω) = p+S++

21 + (1 − p+)S+−
21 .

For ω1 = − corresponding to the outcomes ω ∈ {(−, +), (−, −)}, we have E(S21|F1)(ω) =
p+S−+

21 + (1 − p+)S−−
21 . Hereby, E(S21|F1) is determined as a random variable on �. By

the rules of calculation for conditional expectations, as given in the appendix,

E(E(S21|F1)) = E(1�E(S21|F1))

= E(1�S21)

= E(S21).
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The above exposition shows that conditional expectations naturally arise even in the simplest
models for financial markets.

In our two-period binomial model, the asset price at time t is a function of its price at time
t − 1, which simplifies calculations of conditional probabilities considerably.

Definition 3.1.3 A process {Xn : n ∈ N} equipped with its natural filtration {Fn : n ∈ N},
Fn = σ(X1, . . . , Xn), n ∈ N, is called Markovian (Markov process), if

P(Xn+1 ∈ A | Fn) = P(Xn+1 ∈ A | Xn)

holds true for all A ∈ F.

For a Markovian process conditional probabilities of events {Xn+1 ∈ A} given its history
until time n only depend on the most recent value Xn.

Example 3.1.4 Let {ξn : n ∈ N} be i.i.d. random variables with values in {−1, 1} and
p = P(ξ1 = 1). Define S0 = 0, Sn = ∑n

i=1 ξi, n ∈ N. Then {Sn} is a Markov process with

P(Sn = j | Sn−1 = i) = P(ξn = j − i | Sn−1 = i)

=

⎧⎪⎪⎨⎪⎪⎩
p, i = j − 1,

1 − p, i = j + 1,

0, otherwise,

which is a function p(i, j) of i and j, i, j ∈ {−n, . . . , n}. p(i, j) is known as the transition
probability that the random walk moves to the state j if its previous state is i.

Generalizing the last example, a sequence X0, . . . , XT of random variables taking values
in a set S, called a state space, is called a Markov chain, if

P(Xn = xn | X0 = x0, . . . , Xn−1 = xn−1)

is equal to

p(xn−1, xn) = P(Xn = xn | Xn−1 = xn−1)

for all xn ∈ S and n = 1, . . . , T with P(X0 = x0, . . . , Xn−1 = xn−1) > 0. The latter restric-
tion means that the path x0, . . . xn−1 is observable. The matrix P = (p(i, j))i,j∈S is called
transition matrix, the row vector p0 = (pi)i∈S with pi = P(X0 = i), i ∈ S, the initial dis-
tribution. It is easy to see that the (marginal) distribution after one step is

p
(1)
j = P(X1 = j) =

∑
i∈S

P(X1 = j | X0 = i)P(X0 = i) = (p0P)aj

for j ∈ S, such that p(1) = (p(1)
j )j∈S is given by

p(1) = p0P.
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In general, after n transitions, the marginal distribution p(n) = (P(Xn = j))j∈S is given by

p(n) = p0P
n,

where Pn = (pn(i, j))i,j∈S is called an n-step transition matrix. Using Pm+n = Pn · Pm we
obatin the celebrated Chapman–Kolmogorov equations

p(m+n)(x, y) =
∑
z∈S

p(m)(x, z)p(n)(z, y).

3.2 Martingales and martingale differences

The following exposition serves as a motivation for martingales and provides a fundamental
insight as well. Denote the time t price of an asset by St and let us assume that the increments
Yt = St − St−1, t = 1, . . . , T , are i.i.d. with

P(Yt = 1) = p and P(Yt = −1) = 1 − p.

Put Y0 = 0. Suppose an investor starts with ϕ1 shares at time t = 0, which are held until
t = 1. More generally, let ϕt denote the number of shares held from t − 1 to t. We consider
arbitrary investment strategies where ϕt may depend on the price history, i.e.

ϕt = ϕt(Y0, . . . , Yt−1)

may be a function of Y1, . . . , Yt−1 (and the constant S0) and therefore a function of
S0, . . . , St−1. If we put F0 = {∅, �}, Ft = σ(Y1, . . . , Yt), t ≥ 1, then ϕt is Ft−1-measurable.
Notice that the current value of the investment can be calculated by the recursion

Xt = Xt−1 + ϕt(Y0, . . . , Yt−1)Yt, t = 1, . . . , T, X0 = 0,

i.e.

Xt =
t∑

i=1

ϕi(Y0, . . . , Yi−1)Yi.

Let us calculate the conditional expectation of Xt given the information Ft−1 =
σ(Y1, . . . , Yt−1) until time t − 1.

E(Xt | Ft−1) = E(Xt | Y0, . . . , Yt−1)

= E

(
t∑

i=1

ϕi(Y0, . . . , Yi−1)Yi | Y0, . . . , Yt−1

)

=
t∑

i=1

ϕi(Y0, . . . , Yi−1)E(Yi | Y0, . . . , Yt−1),
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where we used the linearity of the conditional expectation and the rule that known factors can
be factored out. Next, notice that by independence of Y0, . . . , YT ,

E(Yi | Y0, . . . , Yt−1) =
{

Yi, i ≤ t − 1,

E(Yi) = 2p − 1, i > t − 1.

Thus, the expected time t value of the investment given the information until time t − 1 turns
out to be

E(Xt | Ft−1) = Xt−1 + (2p − 1)ϕt(Y0, . . . , Yt−1).

All the above calculations are a.s. In the special case p = 1/2 we obtain E(Xt | Ft−1) = Xt−1,
i.e. there does not exist any investment strategy that improves in terms of the conditional
expectation. However, if p > 1/2, we have E(Xt | Ft−1) > Xt−1, provided ϕt > 0. This tells
us that in this case it is preferable to be invested. Analogously, if p < 1/2 it is better to have
a short position.

3.2.0.1 Martingales

Definition 3.2.1 {Xn} is called a Fn-martingale or martingale (w.r.t. Fn), if

(i) {Xn} is Fn-adapted,
(ii) E|Xn| < ∞ ∀ n and
(iii) E(Xn+1 | Fn) = Xn, a.s., ∀ n.

If (i), (ii) and

(iv) E(Xn+1 | Fn) ≥ Xn, a.s., ∀ n

hold true, then {Xn} is called a Fn-submartingale, and {Xn} is a Fn-supermartingale, if
(i), (ii) and

(v) E(Xn+1 | Fn) ≤ Xn, a.s., ∀ n

are satisfied.

Remark 3.2.2 Using the tower property of conditional expectations, it is easy to verify that
for a submartingale

E(Xn+m | Fn) ≥ Xn.

holds true for all n and m ≥ 0, whereas for a supermartingale ≥ has to be replaced by ≤,
and a martingale satisfies

E(Xn+m | Fn) = Xn.

Remark 3.2.3 If {Xn} is aFn-submartingale and {Gn} is a coarser filtration, i.e.Gn ⊂ Fn∀ n,
then {Xn} is a submartingale with respect to Gn as well, provided Xn is Gn-adapted, since

E(Xn+1|Gn) = E(E(Xn+1|Fn)|Gn) ≥ E(Xn|Gn) = Xn.

Analogous assertions hold true for martingales and supermartingales.
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Example 3.2.4 Here are two important standard examples.

(i) Let X1, X2, . . . be independent random variables with E|Xi| < ∞ and E(Xi) = 0
for all i ≥ 1. Put

Sn =
n∑

i=1

Xi, n ∈ N.

Then {Sn : n ∈ N0} is a martingale with respect to the natural filtration Fn =
σ(X1, . . . , Xn), n ∈ N0. Indeed,

E|Sn| ≤
n∑

i=1

|E(Xi)| ≤
n∑

i=1

E|Xi| < ∞,

for all n ≥ 1. Further, for n ≥ 0

E(Sn+1|Fn) = E(Sn + Xn+1|Fn)

= E(Sn|Fn) + E(Xn+1|Fn)

= Sn,

P-almost surely, since, first, Sn is Fn-measurable and E(Xn+1|Fn) = E(Xn+1) = 0,
and, secondly, Xn+1 is independent from Fn = σ(X1, . . . , Xn) by assumption.

(ii) Let Z1, . . . , Zn be i.i.d. with E|Z1| < ∞ and E(Z1) = 1. Put

Tn =
n∏

i=1

Zi, n ≥ 1.

We claim that Tn is a martingale with respect to the natural filtration Fn =
σ(Z1, . . . , Zn), n ∈ N0. First, by independence,

E|Tn| ≤
n∏

i=1

E|Zi| < ∞,

for all n. Secondly,

E(Tn+1|Fn) = E

(
Zn+1

n∏
i=1

Zi

∣∣∣∣Fn

)

= E (Zn+1|Fn)
n∏

i=1

Zi

= E(Zn+1)Tn

= Tn,

P-almost surely. Here we used the fact that
∏n

i=1 Zi is Fn-measurable and Zn+1
independent from Fn.
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Part (ii) of the above example has an important application in statistics. Suppose we are
given a random sample

X1, . . . , Xn
i.i.d.∼ fθ0 (x),

for a member fθ0 of some parametric family {fθ : θ ∈ �} of densities, where � ⊂ Rk, for
some k ∈ N, is a k-dimensional parameter space. It is assumed that θ0 is unknown and has to
be estimated from X1, . . . , Xn. The (random) function

L(θ|X1, . . . , Xn) =
n∏

i=1

fθ(Xi), θ ∈ �,

is called the likelihood and its maximizer, providing it exists, which has to be checked in an
application, is the maximum likelihood estimator (ML estimator or m.l.e.) for θ0. Notice
that for small �x > 0, ∫

[Xi−�x/2,Xi+�x/2]
fθ(u) du ≈ �xfθ(Xi)

is the probability (in an independently repeated experiment) to get an observation close to Xi.
In this sense, L(θ|X1, . . . , Xn) can be interpreted as the probability to observe approximately
the sample X1, . . . , Xn, and the m.l.e. maximizes that probability given the sample.

The likelihood can also be used to handle testing problems such as

H0 : θ0 = θ(0) against H1 : θ0 = θ(1),

where θ(1) and θ(2) are known given constants. The likelihood ratio statistic

Ln =
∏n

i=1 fθ(1) (Xi)∏n
i=1 fθ(0) (Xi)

=
n∏

i=1

fθ(1) (Xi)

fθ(0) (Xi)

compares the likelihood of θ(1) and θ(0). It is natural to reject the null hypothesis in favor of
the alternative hypothesis, if Ln is large.

Part (ii) of Example 3.2.4 now tells us that Ln is a martingale under the null hypothesis.
This follows from

Eθ(0)

(
fθ(1) (Xi)

fθ(0) (Xi)

)
=
∫

fθ(1) (x)

fθ(0) (x)
fθ(0) (x) dx

=
∫

fθ(1) (x) dx = 1,

where Eθ(0) means that the expectation is calculated assuming that Xi ∼ fθ(0) (x), provided
we additionally assume that the parametric model under consideration ensures that the ratio
variables

Zi = fθ(1) (Xi)

fθ(0) (Xi)
, i = 1, . . . , n,

are in L1.
The next example is simple but important.
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Example 3.2.5 (Lévy Martingale)
Let ξ be an arbitrary random variable with E|ξ| < ∞ and {Fn : n ∈ N0} be an arbitrary
filtration. Then the sequence of conditional expectations

Xn = E(ξ|Fn), n ∈ N0,

defines a martingale called the Levy martingale. Indeed, Xn ∈ L1, since

E|Xn| = E|E(ξ|Fn)| ≤ E(E(|ξ| |Fn) = E|ξ| < ∞,

for all n. The martingale property now follows from the tower property of conditional expec-
tations, since Fn ⊂ Fn+1: For n ∈ N we have

E(Xn+1|Fn) = E(E(ξ|Fn+1)|Fn))

= E(ξ|Fn)

= Xn.

Theorem 3.2.6

(i) If Xn is a Fn-submartingale, then −Xn is a Fn-supermartingale.

(ii) LetXn be aFn-martingale andϕ : R→ Rbe a convex function such thatE|ϕ(Xn)| <

∞ for all n. Then ϕ(Xn) is a Fn-submartingale.

(iii) If {Xn} is a submartingale, then

E(Xn) ≤ E(Xm)

holds for n ≤ m.

Proof. Assertion (i) is trivial. (ii) follows from the conditional version of Jensen’s in-
equality, cf. Theorem A.3.1 (xi).

Example 3.2.7 Let X1, X2, . . . be independent with Xi ∈ L1 and E(Xi) = 0 for all i ∈ N.
Then Sn = ∑n

i=1 Xi, n ≥ 1, is a martingale and S2
n a submartingale. Further, the inequality

E(S2
n) ≥ E(S2

n+1)

holds for all n.

3.2.0.2 Martingale differences

We are now going to introduce martingale difference sequences, which play a prominent role
in financial statistics. As we shall see later, under an additional moment condition, they form
white-noise processes that allow the powerful machinery of the theory of martingales to be
applied. For this reason, they are a common replacement of i.i.d. sequences in models for
financial data.
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Definition and Theorem 3.2.8 (Martingale Difference Sequence (MDS))
Let {Mn} be a Fn-martingale. Then the sequence of random variables

εn = Mn − Mn−1, n ≥ 1,

is called a martingale difference sequence (MDS). Any such sequence satisfies

(i) E|εn| < ∞, for all n.

(ii) {εn} is Fn-adapted.

(iii) E(εn | Fn−1) = 0, P-a.s., for all n.

If {εn} is a sequence of random variables such that (i)–(iii) are satisfied, then

Mn =
n∑

i=1

εi, n ≥ 0,

is a Fn-martingale, such that {εn} is a martingale difference sequence.

Proof. Since Mn as well as Mn−1 are Fn-measurable, the difference εn = Mn − Mn−1 is
Fn-measurable, for all n. Further, E|εn| ≤ E|Mn| + E|Mn−1| < ∞ for all n. Finally,

E(εn | Fn−1) = E(Mn | Fn−1) − E(Mn−1 | Fn−1)

= Mn−1 − Mn−1 = 0,

a.s. Now let {εn} be a sequence such that (i)–(iii) are fulfilled. Then Mn = ∑n
i=1 εi is Fn-

measurable with E|Mn| ≤ ∑n
i=1 E|εi| < ∞ for all n and

E(Mn | Fn−1) =
n−1∑
i=1

εi + E(εn | Fn−1) = Mn−1, a.s.,

since εi is Fn−1-measurable for i ≤ n − 1 such that E(εi | Fn−1) = εi a.s.

Martingale differences are centered and, provided they possess finite second moments,
uncorrelated. Indeed, for any m with m < n we have Fm ⊂ Fn−1 such that E(εn | Fn−1) = 0
a.s. implies

E(εn | Fm) = E(E(εn | Fn−1) | Fm) = 0,

a.s., which in turn yields E(εn) = E(E(εn | Fm)) = 0. As a consequence,

Cov(εn, εm) = E(εnεm) = E(εmE(εn | Fm)) = 0,

if E(ε2
n) < ∞ and E(ε2

m) < ∞.
We have verified the following elementary but important result.

Lemma 3.2.9 Let {Mn} be a martingale with differences {εn} satisfying

Eε2
n < ∞

for all n.
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(i) The εns are centered and pairwise uncorrelated.

(ii) Var (Mn) = Var (M0) +∑n
i=1 Var (εi).

3.2.1 The martingale transformation

Let St , t = 0, . . . , T , be the price process of a stock, where the initial price S0 is assumed
to be known. Denote the number of shares hold from t − 1 to t by ϕt . We assume that ϕt is
Ft−1-measurable.

Definition 3.2.10 (Predictable Process)
Let {Xn} be a stochastic process in discrete time and {Fn} be a filtration. Then {Xn} is called
predictable or previsible, if Xn is Fn−1-measurable for all n.

This means, the porfolios {ϕt} form a predictable process in the sense of this definition.
The time t value Vt of the investment strategy given by ϕt satisfies the recursion

Vt = Vt−1 + ϕt(St − St−1)

and we have the explicit formula

Vt = V0 +
t∑

i=1

ϕi(Si − Si−1)

for all t = 0, . . . , T .

Definition 3.2.11 (Discrete Stochastic Integral)
Let {Xn : n ≥ 0} be a Fn-adapted process and {ϕn : n ≥ 1} be a predictable process. Then

In =
n∑

i=1

ϕi(Xi − Xi−1), n ≥ 0,

is called a discrete stochastic integral (with starting value I0). It is written as

In =
∫ n

0
ϕt dXt.

To this end, the integral notation in the above definition is formal.

Theorem 3.2.12 Let Xn be a Fn-martingale and ϕn be Fn-measurable. Suppose that

ϕn ∈ Lp and Xn ∈ Lq,

for all n, with p, q ∈ [1, ∞] satisfying 1
p

+ 1
q

= 1. Then the discrete stochastic integral is a
Fn-martingale, and the same holds true for

X0 +
∫ n

0
ϕt dXt = X0 +

n∑
i=1

ϕi(Xi − Xi−1),

for any constant X0.
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Proof. By virtue of Hölder’s inequality, we have

E|ϕnXn| ≤ ‖ϕn‖Lp‖Xn‖Lq < ∞,

for all n. Therefore

E|X0 + In| = E

∣∣∣∣∣X0 +
n∑

i=1

ϕi(Xi − Xi−1)

∣∣∣∣∣
≤ E|X0| +

n∑
i=1

(E|ϕiXi| + E|ϕiXi−1|) < ∞,

which verifies that X0 + In ∈ L1 for all n. Since, first, ϕi is Fi−1-measurable and therefore
alsoFn-measurable, and, secondly, Xi isFi-measurable and thereforeFn-measurable as well,
we obtain

E(X0 + In+1|Fn) = E

(
X0 +

n+1∑
i=1

ϕi(Xi − Xi−1)

∣∣∣∣Fn

)

= X0 +
n∑

i=1

E(ϕi(Xi − Xi−1)|Fn) + E(ϕn+1(Xn+1 − Xn)|Fn).

Notice that for i = 1, . . . , n,

E(ϕi(Xi − Xi−1)|Fn) = ϕi(Xi − Xi−1)

and

E(ϕn+1(Xn+1 − Xn)|Fn) = ϕn+1E(Xn+1 − Xn|Fn)

= ϕn+1[E(Xn+1|Fn) − E(Xn|Fn)]

= 0.

Therefore

E(X0 + In+1|Fn) = X0 +
n∑

i=1

ϕi(Xi − Xi+1) = In.

All of the above identities hold P-a.s.

Definition 3.2.13 (Martingale Transform)
In the setting of Theorem 3.2.12, the discrete stochastic integral

In =
n∑

i=1

ϕi(Xi − Xi−1), n ≥ 0,

is called a martingale transform.
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3.2.2 Stopping times, optional sampling and a maximal inequality

Suppose the random series V1, V2, . . . represents the value of a trading strategy, say, a long
position in some financial instrument. The question arises what happens if we stop trading
according to some decision rule (exit strategy) N, which takes values in the natural numbers,
such that we stay with the final value VN . The corresponding value process is

V1, V2, . . . , VN, VN, . . . (3.2)

Assuming that {Vn} is a martingale, say, does the martingale property still apply to the stopped
series (3.2)? Or is it possible to find such an exit strategy such that the series becomes a
submartingale, which would imply that E(VN ) ≥ E(V1), whereas without stopping we have
E(Vn) = E(V1) for all n?

3.2.2.1 Stopping times

It is clear that the decision to either stop at time n or continue trading should be a function of
all the information available up to and including time n, but we cannot use future information.
This means, in mathematical terms, the decision must be a Fn-measurable function. This
leads to the following definition.

Definition 3.2.14 Let {Fn} be a filtration defined on the probability space (�,F, P). A
random variable N with values in N0 such that

{N ≤ n} ∈ Fn for all n ∈ N

is called the stopping time or optional time.

Example 3.2.15 Here are examples and counterexamples.

(i) Let V1, V2, . . . be the value process of some investment strategy such as a buy-and-
hold strategy or some sophisticated trading strategy. Suppose the investor stops his
engagement, if the value process reaches the target wealth v. Then he applies the
stopping time

N1 = inf{t ∈ N : Vt ≥ v}.

If, additionally, the investor closes all positions, if the value falls below a threshold
v, then he exits at time

N2 = inf{t ∈ N : Vt < v or Vt ≥ v}.

It is easy to check formally, that N1 as well as N2 are stopping times in the sense of
Definition 3.2.14.

(ii) LetX1, X2, . . .be independent random variables withE|Xi| < ∞ for all i. PutFn =
σ(X1, . . . , Xn), n ∈ N0, and define S0 = 0 and Sn = ∑n

i=1 Xi, n ∈ N0. Then

N = inf{n ≥ 0 : Sn ≥ 1}
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is a stopping time, since

{N = n} = {S1 < 1, . . . , Sn−1 < 1, Sn ≥ 1} ∈ Fn.

(iii) By contrast,

U = sup{n ≥ 0 : Sn ≥ 1}

is not a stopping time. Indeed, the event {U = n} = {S1, . . . , Sn−1 ∈ R, Sn ≥
1, Sn+1 < 1, Sn+2 < 1, . . .} depends on all Sis.

Definition 3.2.16 Let {Xn} be a Fn-adapted process and N be a stopping time. Then XN =
{XN

n : n ≥ 0} with

XN
n = Xmin(n,N) =

{
Xn, n ≤ N,

XN, n > N,

is called a stopped process.

Using the notation a ∧ b = min(a, b) we may write XN
n = Xn∧N .

Lemma 3.2.17 The stopped process can be represented as a discrete stochastic integral,

XN
n = X0 +

∫ n

0
ϕt dXt = X0 +

n∑
i=1

ϕi(Xi − Xi−1),

if we put ϕn = 1(n ≤ N), n ∈ N.

Proof. This is a simple but instructive exercise. We have

X0 +
n∑

i=1

ϕi(Xi − Xi−1) = X0 +
n∑

i=1

1(i ≤ N)(Xi − Xi−1)

= X0 +
n∧N∑
i=1

(Xi − Xi−1)

=
{

Xn, n ≤ N,

XN, n > N.

It remains to show that ϕn is Fn−1 measurable. But {n ≤ N} = {N ≤ n − 1}c ∈ Fn−1.

3.2.2.2 Optional sampling theorems

Optional sampling theorems start with a submartingale or martingale Xn with respect to Fn

and consider stopping times N1, N2, . . . , which are almost surely ordered. This means,

N1 ≤ N2 ≤ · · ·
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where each inequality holds true with probability one. The question arises whether the
corresponding sequence

XN1 , XN2 , . . .

is again a submartingale or a martingale, if Xn is a martingale.
Having in mind what we know about the martingale transform, we can easily establish

the following first result of this type.

Theorem 3.2.18 Let {Xn} be a Fn-martingale and N be a stopping time. Then the stopped
process {XN

n } is a Fn-martingale and

E(XN
n ) = E(Xn) = E(X1) = X0.

If {Xn} is a Fn-submartingale (supermartingale), then the stopped process {XN
n } is a Fn-

submartingale (supermartingale).

Proof. {XN
n } is a martingale transformation associated to {Xn}, if ϕn = 1(n ≤ N). By

boundedness of {ϕn}, the assertion follows from Theorem 3.2.12. The assertion on the sub-
martingale property is shown by straightforward modifications of the proof of Theorem 3.2.12.

The optional sampling theorem has an important interpretation in finance: If an investor
holds a long position in a financial instrument whose price process is a martingale such that
its expected future price given the information until now coincides with its current price, then
there does not exist an exit strategy that breaks that martingale property.

3.2.2.3 Optimal stopping

Suppose Xt stands for the value of some financial investment at time t, t = 1, . . . , T . At time
T we know XT and can easily determine whether the investment was profitable. At time
T − 1 it makes sense to compare the current value XT−1 with the conditional expectation
of the future value XT given the available information FT−1. Human reasoning suggests to
terminate the investment, if XT−1 ≥ E(XT |FT−1), and to stay invested otherwise. Is this exit
strategy optimal in some sense?

Definition 3.2.19 (Snell Envelope)
If {Xt : t = 1, . . . , T } is adapted to a filtration {Ft : t = 1, . . . , T } and satisfies

E|Xt| < ∞, t = 1, . . . , T,

then the recursively defined process

ZT = XT ,

Zt = max{Xt, E(Zt+1|Ft)}, t = 0, . . . , T − 1,

is called the Snell envelope of {Xt}.

Notice that by definition the Snell envelope {Zt} dominates {Xt}, that is

Zt ≥ Xt, t = 0, . . . , T.
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Further,

Zt ≥ E(Zt+1|Ft), t = 0, . . . , T,

which shows that {Zt} is a supermartingale.

Proposition 3.2.20 The Snell envelope {Zt : t = 1, . . . , T } is the smallest supermartingale
that dominates {Xt : t = 1, . . . , T }.

Proof. Let {Yt}be an arbitrary supermartingale that dominates {Xt}. We show by backward
induction that

Yt ≥ Zt, t = 1, . . . , T.

For t = T we have YT = XT = ZT by definition of the Snell envelope. Assume now that
Yt ≥ Zt . Then

Yt−1 ≥ E(Yt|Ft−1) ≥ E(Zt|Ft−1)

by the supermartingale property and the fact that Yt ≥ Zt . Further,

Yt−1 ≥ Xt−1,

since {Yt} dominates {Xt}. Therefore

Yt−1 ≥ max{Xt−1, E(Zt|Ft−1)} = Zt−1,

which completes the proof.

Now define the stopping time

τ∗ = min{t ≥ 0 : Zt = Xt},

which stops when Zt = Xt for the first time. Notice that

{τ∗ = k} = {X0 < Z0, . . . , Xk−1 < Zk−1, Xk = Zk}.

Further, τ∗ takes values in {0, . . . , T }, since ZT = XT .

Theorem 3.2.21 The stopped Snell envelope

Zτ∗
t = Zmin(t,τ∗), t = 1, . . . , T,

is a Ft-martingale.

Proof. We have to show that

E(Zτ∗
t+1 − Zτ∗

t |Ft) = 0, t = 0, . . . , T − 1.
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By Lemma 3.2.17, the stopped process Zτ∗
t can be written as a discrete stochastic integral,

such that for each t

Zτ∗
t = Zmin(τ∗,t)

= Z0 +
t∑

i=1

1(i ≤ τ∗)(Zi+1 − Zi).

Hence,

Zτ∗
t+1 − Zτ∗

t = 1(t + 1 ≤ τ∗)(Zt+1 − Zt).

We claim that the above equation still holds true, when we replace Zt by E(Zt+1|Ft), that is

Zτ∗
t+1 − Zτ∗

t = 1(t + 1 ≤ τ∗)(Zt+1 − E(Zt+1|Ft)) (3.3)

for all t = 0, . . . , T − 1. To verify this fact, fix t. On {t + 1 ≤ τ∗}c = {τ∗ ≤ t}, the right-hand
side is zero and we have to check that the left-hand side vanishes as well. But

Zτ∗
t+1 = Zmin(τ∗,t+1) = Zτ∗

and Zτ∗
t = Zτ∗ , such that Zτ∗

t+1 − Zτ∗
t = 0. On

{t + 1 ≤ τ∗} = {X1 < Z1, . . . , Xt < Zt}

we have

Zt = max{Xt, E(Zt+1|Ft)} = E(Zt+1|Ft)

leading to

Zτ∗
t+1 − Zτ∗

t = 1(t + 1 ≤ τ∗)(Zt+1 − Zt)

= 1(t + 1 ≤ τ∗)(Zt+1 − E(Zt+1|Ft)).

Hence Equation (3.3) holds true. Since 1(t + 1 ≤ τ∗) = 1{τ∗≤t}c is Ft-measurable, we can
now conclude that

E(Zτ∗
t+1 − Zτ∗

t |Ft) = 1(t + 1 ≤ τ∗)E ((Zt+1 − E(Zt+1|Ft))|Ft)

= 1(t + 1 ≤ τ∗) (E(Zt+1|Ft) − E(Zt+1|Ft))

= 0,

which verifies the martingale property.

Our aim is to maximize E(Xτ) among all stopping times that stop latest at time T . Let us
now denote by Tk,T the set of all stopping times taking values in {k, . . . , T },

Tk,T = {τ : τ is a stopping time with τ(�) ⊂ {k, . . . , T }}.

Notice that τ∗ ∈ T0,T , since ZT = XT such that τ∗ ≤ T .
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Definition 3.2.22 A stopping time τ ∈ T0,T is called optimal for {Xt : t = 1, . . . , T }, if it
maximizes the expectation E(Xσ) among all σ ∈ T0,T in the sense that

E(Xτ) = sup{E(Xσ) : σ ∈ T0,T }.

The main result on optimal stopping is as follows.

Theorem 3.2.23 τ∗ solves the optimal stopping problem for {Xt : t = 1, . . . , T } with

Z0 = E(Xτ∗ ) = sup{E(Xσ) : σ ∈ T0,T }.

Proof. Since the stopped process {Zτ∗
t : t = 1, . . . , T } is a martingale, its mean does not

depend on t = 0, . . . , T , such that

Z0 = E(Zτ∗
0 ) = E(Zτ∗

T ).

Further, τ∗ ≤ T implies that

Zτ∗
T = Zmin(τ∗,T ) = Zτ∗ ,

and Zτ∗ = Xτ∗ by definition of τ∗. Hence,

E(Xτ∗ ) = E(Zτ∗ ) = E(Zτ∗
T ) = Z0.

Let τ ∈ T0,T be an arbitrary stopping time. τ∗ is optimal, if

E(Xτ) ≤ E(Xτ∗ ).

The stopped process {Zτ
t } associated to τ is a supermartingale, since the Snell envelope {Zt}

is a supermartingale. Therefore,

Z0 = Zτ
0 ≥ E(Zτ

T ) = E(Zτ),

where the last equality follows from Zmin(τ,T ) = Zτ , since τ ≤ T . But {Zt} dominates {Xt},
such that Zτ ≥ Xτ (argue ω-wise), leading to

E(Zτ) ≥ E(Xτ).

This establishes the optimality of τ∗ such that

Z0 = sup{E(Xσ) : σ ∈ T0,T }
follows.

Theorem 3.2.23 tells us that τ∗ is indeed the optimal stopping time that maximizes the
expected terminal value E(Xτ). Further, we see that the maximal value can be calculated by
backward induction, since it is given by Z0, the value of the Snell envelope at time 0.

3.2.2.4 A maximal inequality

We shall now discuss a maximal inequality, which bounds the probability that the
maximal partial sum up to time n exceeds a given bound. Recall that the Chebychev
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inequality tells us that the probabiliy

P(|Sn| ≥ ε) = P

(∣∣∣∣∣
n∑

i=1

Xi

∣∣∣∣∣ > ε

)

that a sum Sn = ∑n
i=1 Xi of i.i.d. random variables X1, . . . , Xn with E(X1) = 0 and σ2 =

Var (X1) ∈ (0, ∞) is larger in absolute value than a given ε > 0 can be bounded by

Var (Sn)/ε2 = σ2/(nε2).

This means that the probability that a random walk, e.g. a price process, drifts away from its
mean by more than ε at time n can be effectively controlled by the second moment regardless
of the underlying distribution of the increments Xi. The question arises whether such a result
also holds true for the maximal deviation until time n. This means that we are seeking bounds
for

P

(
max

1≤k≤n
Sk > ε

)
.

Inequalities dealing with such bounds are called maximal inequalities.

Lemma 3.2.24 Let {Xn : n ∈ N0} be a submartingale and N be a stopping time with P(N ≤
n) = 1 for some n ∈ N. Then E(X0) ≤ E(XN ) ≤ E(Xn).

Proof. To verify the first inequality, notice P(N ≤ n) = 1 implies that

E|XN | ≤ E

(
max

1≤i≤n
|Xi|

)
≤

n∑
i=1

E|Xi| < ∞.

We have

Xmin(N,n) = Xn1(N > n) + XN1(N ≤ n).

Hence,

XN = XN1(N ≤ n) + XN1(N > n)

= (Xmin(N,n) − Xn1(N > n)) + XN1(N > n).

Since Xmin(N,n), n ∈ N, is a submartingale, E(Xmin(N,n)) ≥ EX0, such that taking expectations
in the second line of the last display yields

E(XN ) ≥ E(X0) − E(Xn1(N > n)) + E(XN1(N > n)).

We may take the limit n → ∞ and arrive at

E(XN ) ≥ E(X0) + lim
n→∞ E(XN1(N > n)) = E(X0),

by an application of dominated convergence. To show the second inequality,

E(XN ) ≤ E(Xn),
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put ϕn = 1(N < n) = 1(N ≤ n − 1), n ∈ N, and ϕ0 = 0. ϕn is Fn−1-measurable and∫ n

0
ϕtdXt =

n∑
i=1

1(N < i)(Xi − Xi−1).

If N ≥ n, we have
∫ n

0 ϕtdXt = 0, whereas for N < n∫ n

0
ϕtdXt =

n∑
i=N+1

(Xi − Xi−1) = Xn − XN,

such that ∫ n

0
ϕtdXt = Xn − Xmin(n,N).

This identity shows that Xn − Xmin(n,N) is a submartingale, since the discrete stochastic
integral is a submartingale. Now we may conclude that

0 = E

(∫ 0

0
ϕtdXt

)
≤ E

(∫ n

0
ϕtdXt

)
=
{

0, n ≥ N,

E(Xn) − E(XN ), N < n.

Hence, E(XN ) ≤ E(Xn) follows.

Theorem 3.2.25 (Doob’s Maximal Inequality)
Let {Xn} be a submartingale, i.e.

E(Xn+1|Fn) ≥ Xn P − a.s., for all n ∈ N,

and c > 0 be a constant. Then X+
n = max(0, Xn) satisfies the inequalities

c P
(

max
0≤k≤n

X+
k ≥ c

)
≤ E

(
Xn 1{max0≤k≤n X+

k
≥c}

)
≤ EX+

n .

In particular,

P
(

max
0≤k≤n

X+
k ≥ c

)
≤ E(X+

n )

c
.

Proof. Let N = inf{1 ≤ k ≤ n : Xk ≥ c} where, by convention, inf ∅ = 0. Thus, N is the
smallest time k such that Xk exceeds the level c, or otherwise k. On the intersection of the
sets {N ≤ n} and

A =
{

max
0≤k≤n

X+
k ≥ c

}
=
{

max
0≤k≤n

Xk ≥ c
}

we have XN ≥ c. Therefore E(XN1A) ≥ E(c1A) = c · P(A). It remains to show

E(XN1A) ≤ E(X+
n ) = E(max(0, Xn)).

Lemma 3.2.24 tells us that E(Xn) ≥ E(XN ). Thus,

E(Xn) ≥ E(XN1A) + E(XN1Ac ).

On Ac we have N = n, such that E(XN1Ac ) = E(Xn1Ac ).
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Hence the above inequality is equivalent to E(Xn1A) ≥ E(XN1A), since the term
E(Xn1Ac ) cancels. Finally, by definition of X+

n , Xn1A ≤ X+
n 1A yielding

E(X+
n ) ≥ E(XN1A),

which completes the proof.

We are now in a position to formulate the Kolmogorov inequality, which provides the
generalization of Chebychev’s inequality discussed at the beginning of this subsection. It
appears as a special case of Doob’s maximal inequality.

Corollary 3.2.26 (Kolmogorov Inequality)
Let ξ1, . . . , ξn be i.i.d. with E(ξ1) = 0 and E(ξ2

1) < ∞. If Sn = ∑n
i=1 ξi, then S2

n is a sub-
martingale and for any c = ε2, ε > 0,

P

(
max

1≤k≤n
|Sk| ≥ ε

)
= P

(
max

1≤k≤n
|S2

k | ≥ c

)
≤ E(S2

n)

c
= E(S2

n)

ε2 .

3.2.3 Extensions to Rd

Let us extend some of the definitions and results, which are confined to processes attaining
values in R, to series {Xn} with values in Rd for some integer d > 1. To this end, we denote
by ‖ · ‖ an arbitrary vector norm on Rd and assume that we are given a sequence of random
variables Xn : (�,F, P) → (Rd,Bd), where Bd denotes the Borel σ-field onRd . It is natural
to say that {Xn} is aFn-martingale ifXn isFn-adapted withE‖Xn‖ < ∞ andE(Xn+1 | Fn) =
Xn a.s., for all n. Here and in what follows, for any random vector X = (X1, . . . , Xd)′ and a
(sub-) σ-fieldAE(X|A) = (E(X1|A), . . . , E(Xd |A))′. Clearly, notions such as predictability
require no modifications.

Definition 3.2.27 Let {Xn} be a Fn-adapted process with values in Rd and {ϕn} be a pre-
dictable process also attaining values in Rd . Then the R-valued process In : (�,F, P) →
(R,B), defined by

In =
n∑

i=1

ϕ′
i(Xi − Xi−1), n ≥ 0,

is called a (multivariate) discrete stochastic integral and written as

In =
∫ n

0
ϕ′

t dXt.

Theorem 3.2.12 carries over in the following form.

Theorem 3.2.28 Suppose {Xn} is a Fn- (sub-) martingale and {ϕn} Fn-adapted. If

‖ϕn‖ ∈ Lp and ‖Xn‖ ∈ Lq,

where p, q ∈ [0, ∞] with 1
p

+ 1
q

= 1, then In is a Fn-(sub-) martingale, and the same holds
true for X0 + In for any constant X0.
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Proof. We may follow the proof of Theorem 3.2.12 using

E|X0 + In| ≤ E|X0| +
n∑

i=1

E‖ϕ′
iXi‖ + ‖ϕ′

iXi−1‖ < ∞,

since by virtue of Hölder’s inequality

E‖ϕ′
iXi‖ ≤ E(‖ϕi‖ · ‖Xi‖) ≤

(∫
‖ϕi‖p dP

)1/p

·
(∫

‖Xi‖q dP

)1/q

< ∞.

3.3 Stationarity

In order to be in a position to draw conclusions from a time series X1, X2, . . . , the observa-
tions must be comparable in some appropriate sense. What are, in a certain sense, minimal
assumptions to make basic formulas such as sample averages meaningful?

Suppose we observe the first T observations X1, . . . , XT . If those observations are identi-
cally distributed, they have the same mean, E(Xt) = E(X1) for all t = 1, . . . , T , and it makes
sense to average them, in order to average out random fluctuations and estimate their common
mean.

Next, suppose that E(Xt) = 0 for all t = 1, . . . , T . If we want to estimate quantities that
depend on more than one observation such as the covariance E(XtXt+1) between successive
observations, that cross-moment should be the same for all t = 1, . . . , T − 1, in order to make
averaging meaningful. This means that all pairs of successive observations

(X1, X2), (X2, X3), . . . (3.4)

should have the same mean cross-products,

E(X1X2) = E(X2X3) = · · · .

A sufficient condition for that property to hold is that these pairs (3.4) have the same law.
These considerations lead to the notion of weak and strict stationarity, which we discuss before
introducing the most important quantities to describe serial dependence.

3.3.1 Weak and strict stationarity

Definition 3.3.1 (Weak Stationarity)
Let {Xt} = {Xt : t ∈ Z} be a time series with values in R or C.

(i) {Xt} is called strictly stationary, if for all t1, . . . , tn ∈ Z and all h ∈ Z

(Xt1 , . . . , Xtn )
d= (Xt1+h, . . . , Xtn+h)

holds true.

(ii) A time series {Xt} is called L2-time series, if

E|Xt|2 = E(XtXt) < ∞, t ∈ Z,
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(iii) A L2-time series is called (weakly) stationary, if

E(Xt) = E(X1), t ∈ Z,

and if

E(XtXt+h) = E(X1X1+h),

for all h.

Remark 3.3.2

(i) The term stationary refers to a weakly stationary series.

(ii) Strict stationarity means invariance of all finite-dimensional distributions with respect
to time shifts (also called lags), h ∈ Z: Consider the h-shift operator

Lh({Xt}) = {Xt+h : t ∈ Z}

and denote by

�t1,...,tn ({Xt}) = (Xt1 , . . . , Xtn )

the projection onto the coordinates t1, . . . , tn. {Xt} is strictly stationary, if and only if

�t1,...,tn (Lh({Xt})) d= �t1,...,tn ({Xt}),

for all t1, . . . , tn, h ∈ Z.

(ii) Although many results only require weak stationarity, in practical applications one
usually applies at least one procedure that makes use of a central limit theorem, and
those results typically make more restrictive assumptions such as strict stationarity
or that the time series is induced by an underlying sequence of i.i.d. error terms.

Definition 3.3.3 Let {Xt} be a weakly stationary time series. Then the function

γX(h) = Cov(Xt+h, Xt), h ∈ Z,

is well defined and is called an autocovariance function. Provided γX(0) > 0, the related
function

ρX(h) = Cor(X1, X1+h) = γX(h)

γX(0)
, h ∈ Z,

is the autocorrelation function (ACF).

Remark 3.3.4 We shall denote the T × T covariance matrix of the random subvector
(X1, . . . , XT ) of a L2 series by

�X = (
Cov(Xi, Xj)

)
i,j

,
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if the dependence on the dimension matters, by �T . Notice that for a weakly stationary time
series

�T =

⎛⎜⎜⎜⎜⎝
γ(0) γ(1) · · · γ(T − 1)

γ(1) γ(0) · · · γ(T − 2).
...

. . .
. . .

...

γ(T − 1) · · · γ(1) γ(0)

⎞⎟⎟⎟⎟⎠
It is time for some examples.

Example 3.3.5

(i) Let εt , t ∈ Z, be i.i.d. random variables with mean zero and common variance σ2 ∈
(0, ∞). It is clear that {εt} is weakly stationary. Define the process

Xt = εt − εt−1, t ∈ Z,

of first-order differences. We have E(Xt) = 0 and, since E(εiεj) = σ2 if i = j and
E(εiεj) = 0 otherwise,

E(XtXt+h) = E
[
(εt − εt−1)(εt+h − εt+h−1)

]
= E(εtεt+h) − E(εt−1εt+h) − E(εtεt+h−1) + E(εt−1εt+h−1)

=

⎧⎪⎨⎪⎩
2σ2, h = 0,

−σ2, h = −1, 1,

0, |h| > 1.

Hence, {Xt} is weakly stationary. The associated ACF is given by

ρX(h) =

⎧⎪⎨⎪⎩
1, h = 0,

−1/2, |h| = 1,

0, |h| > 1.

(ii) Let {Xt : t ∈ Z} be a weakly stationary time series with autocovariance function

γ(h) = E(X0Xh), h ∈ Z.

Consider

Yt := Xt + X0, t ∈ Z.

Then one easily checks that

Cov(Ys, Yt) = γ(0) + γ(s) + γ(t) + γ(s − t).

Hence, {Yt} is not (weakly) stationary.
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(iii) The following example looks a little odd: Let X be a random variable X
d= −X and

σ2 = Var (X) ∈ (0, ∞). Define the time series

Xt := (−1)tX, t ∈ N.

Then {Xt : t ≥ 1} is weakly stationary. Indeed, E(X) = 0 implies

E(Xt) = 0, t ∈ N,

and

Cov(Xt, Xt+k) = Cov
(

(−1)tX, (−1)t+kX
)

= (−1)2t+k σ2

=
{

σ2, k even,

−σ2, k odd,

Hence, γX(t, t + k) does not depend on t at all.

(iv) Nonstationary time series may possess stationary subseries. For example, consider
the following periodic series

Xt = sin

(
2π

r
t

)
+ εt, t ∈ Z,

where {εt}t∈Z is weakly (strictly) stationary. The trend function has the period r.
Define for 0 ≤ h < r

Yt = Xt·r+h, t ∈ Z,

Then {Yt}t∈Z is weakly (stricly) stationary.

(v) The following example shows that it is not sufficient to look at the mean and variance
in order to check whether or not a time series is stationary. Let X1, X2, . . . be i.i.d.
with E(X1) = 0 and σ2 = Var (X1) ∈ (0, ∞). Consider the random walk

Sn =
n∑

i=1

Xi, n = 1, 2, . . . .

Clearly,

E(Sn) = 0 and Var (Sn) = nσ2.

Hence, {Sn : n ∈ N} is not weakly stationary, since that would imply that the variance
is constant with respect to n. Let us stabilize the variance and consider

S∗
n = Sn√

n
, n = 1, 2, . . . .
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Then E(S∗
n) = 0 and Var (S∗

n) = σ2. Let us check whether S∗
n is weakly stationary.

We have

Cov(S∗
n, S∗

m) = 1√
nm

E(SnSm)

= 1√
nm

E

[(
n∑

i=1

Xi

)(
m∑

i=1

Xi

)]

= 1√
nm

E

⎛⎝ n∑
i=1

m∑
j=1

XiXj

⎞⎠
= 1√

nm

n∑
i=1

m∑
j=1

E(XiXj).

But E(XiXj) = σ2 if i = j and E(XiXj) = 0 otherwise. Hence,

Cov(S∗
n, S∗

m) = σ2
√

nm
min(n, m),

for all n, m ∈ N, which is not a function of n − m. This shows that {S∗
n} is not weakly

stationary.

Lemma 3.3.6 Strictly stationary L2 time series are weakly stationary, but there exist weakly
stationary series that are not strictly stationary.

Proof. By strict stationarity of {Xt},

X1
d= Xt and (Xt, Xt+h)

d= (X1, X1+h)

for all t. Hence, since E(X2
1) < ∞ and μ = E|X1| < ∞, we have E(Xt) = E(X1) as well

as E(XtXt+h) = E(X1X1+h) for all t and h. Here is a counterexample for a weakly station-
ary time series, which is not strictly stationary. Take independent random variables Xt with
marginals

Xt ∼ N(0, 1/3), if t is even

and

Xt ∼ U(−1, 1), if t is odd.

Obviously, {Xt} is not strictly stationary. But E(Xt) = 0 and Var (Xt) = 1/3 for all t as well
as γX(h) = 0 for h > 0, such that {Xt} is weakly stationary.

Lemma 3.3.7 The autocovariance function of a weakly stationary process satisfies the
following properties.

(i) γ(0) is real-valued and non-negative.

(ii) γ(−h) = γ(h) for all h ∈ Z.
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(iii) |γ(h)| ≤ γ(0) for all h ∈ Z.

(iv) γ(h) = 0, |h| ≥ 1, for an uncorrelated time series.

Proof. Let {Xt} be weakly stationary.

(i) Clearly, γ(0) = E((X1 − μ)(X1 − μ)) = E|X1|2 ∈ [0, ∞).

(ii) Let μ = E(X1). We have

γ(−h) = E
(
(Xt−h − μ)(Xt − μ)

)
= E(Xt − μ)(Xt+h − μ)

= E
(

(Xt − μ)(Xt+h − μ)
)

= E(Xt − μ)(Xt+h − μ)

= γ(h),

for all h.

(iii) This is an application of the Cauchy–Schwarz inequality.

|γ(h)| = | Cov(X1, X1+h)|
≤
√

Var (X1) Var (X1+h)

=
√

γ(0)2

= γ(0).

(iv) Clearly, for h /= 0 we have γ(h) = Cov(X1, X1+h) = 0.

A common replacement for i.i.d. error terms are white-noise processes.

Definition 3.3.8 (White Noise)
Let {εt} be a sequence of pairwise uncorrelated random variables,

Cov(εt, εs) = 0 for t /= s,

with

E(εt) = 0 and Var (εt) = σ2 ∈ (0, ∞).

Then {εt} is called a white-noise process (or series) or simply white noise, denoted by

εt ∼ WN(0, σ2).

Remark 3.3.9

(i) A white-noise process is weakly stationary with autocovariance function

γ(h) =
{

σ2, h = 0,

0, elsewhere.
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(ii) Notice that the assumption εt ∼ WN(0, σ2) only fixes the autocovariance function but
neither specifies the marginal distributions nor the finite-dimensional distributions.
Therefore, the εt are in general not independent. For these reasons, the assumption

εt ∼ WN(0, σ2)

is much more general than

εt
i.i.d.∼ N(0, σ2).

(iii) A Ft-martingale difference sequence {εt} satisfies, by assumption,

E|εt| < ∞ and E(εt|Ft−1) = 0

for all t. If, in addition, εt is a L2 series, then {εt} is uncorrelated, cf. Lemma 3.2.9
and the preceding discussion. Therefore, a L2 MDS is a white-noise process, but the
MDS property provides more structure, namely that the conditional means E(εt|Ft−1)
vanish, which implies E(εt) = 0, whereas for a white-noise process we only have
E(εt) = 0, but this does not imply E(εt|Ft−1) = 0.

The autocovariance function

γ(h) = Cov(X1, X1+h), h ∈ Z,

of a weakly stationary process {Xt} with mean μ = E(X1) is a meaningful approach to
measure serial dependence. The weak stationarity implies that the random variables

(Xt − μ)(Xt+h − μ), t = 1, . . . , T − h,

have the same expectation, namely γ(h). Thus, it makes sense to average them and consider
the estimator

γ̃T (h) = 1

T − h

T−h∑
t=1

(Xt+h − μ)(Xt − μ),

provided μ is known to us. It is straightforward to check that

E(γ̃T (h)) = γ(h),

whatever the value of γ(h). Hence, γ̃T (h) is an unbiased estimator for γ(h).
Since μ is unknown in practice, one replaces it by the sample mean.

Definition 3.3.10 Let {Xt} be a time series. Then

γ̂T (h) = 1

T

T−h∑
t=1

(Xt+h − XT )(Xt − XT ), 0 ≤ h ≤ T − 1,

γ̂T (h) = 0, T − 1 < h,
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is called an empirical or sample autocovariance function. If γ̂T (0) > 0, then

ρ̂T (h) := γ̂(h)

γ̂(0)
, h ≥ 0,

is the empirical or sample autocorrelation function (ACF).

Notice that those estimators sum up T − h terms but use the factor 1/T instead of
1/(T − h). This is common in time-series analysis, since usually T is quite large, such that
the difference is negligible.

The autocovariance matrix �T is then estimated by

�̂T =

⎛⎜⎜⎜⎜⎜⎜⎝

γ̂T (0) γ̂T (1) · · · γ̂T (T − 1)

γ̂T (1)
. . .

. . .
...

...
. . .

. . . γ̂T (1)

γ̂T (T − 1) · · · γ̂T (1) γ̂T (0).

⎞⎟⎟⎟⎟⎟⎟⎠
Figure 3.2 depicts the sample autocorrelation function for log returns of Credit Suisse.

There seem to be no significant autocorrelations, which is a rather typical picture for daily
returns of an asset. The horizontal lines correspond to confidence intervals for the sample
autocorrelations. They are are based on the fact that

√
T [γ̂T (h) − γ(h)]

d→ N(0, σ4)

Lag
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Figure 3.2 Sample autocorrelation function of the log returns for Credit Suisse from
2/10/2003 to 9/1/2005.
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and
√

T [ρ̂T (h) − ρ(h)]
d→ N(0, 1),

as T → ∞, provided the Xt are i.i.d. with common variance σ2 ∈ (0, ∞) and a finite moment
of the order 4 + δ for some δ > 0, see Theorem 8.8.3. Therefore, an asymptotic signifi-
cance test for testing the null hypothesis H0 : γ(h) = 0 against the alternative hypothesis
H1 : γ(h) /= 0 is given by

φ =
{

1, if |ρ̂T (h)| > �−1(1 − α/2)/
√

T ,

0, otherwise.

Further, a confidence interval for ρ(h) is given by

ρ̂T (h) ± �−1(1 − α/2)√
T

.

That is, for α = 0.05 the sample autocorrelation ρ̂T (h) should lie between −1.96/
√

T and
1.96/

√
T .

Lemma 3.3.11 �̂T is positive semidefinite for all T ≥ 2.

Next, consider the dependence measure

P(Xt > 0, Xt+h > 0) = E(1(Xt > 0, Xt+h > 0)). (3.5)

If Xt is the return of an asset at time t, that measure considers the joint probability that two
returns with time lag h have both a positive sign. We could compare that value with the
corresponding probability 1/4 we obtain when the returns are independent and symmetrically
distributed around zero. Notice that weak stationarity does not ensure that Equation (3.5) is
invariant under time shifts, since Equation (3.5) can not be written as a function of the mean
and the autocovariance function. But we may regard Equation (3.5) as a functional τ defined
on the set

P = {P : P is a probability measure on R2}
evaluated at P(Xt,Xt+h) ∈ P, if we define τ : P → R by

τ(P) = P({(x, y) ∈ R2 : x > 0, y > 0}),
for P ∈ P. Suppose now that X1, X2, . . . is strictly stationary. Then the random vectors

(X1, X1+h), (X2, X2+h), . . .

have all the same distribution and therefore represent identically distributed random vectors.
Thus, it makes sense to consider the estimator

τ̃T = 1

T − h

T−h∑
t=1

1(Xt > 0, Xt+h > 0),

which is easily seen to be an unbiased estimator for τ(P(X1,X1+h)).
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The question arises whether transformed processes such as 1(Xt > 0, Xt+h > 0) are again
strictly stationary. Indeed, this nice property holds true.

Proposition 3.3.12 Let X0, X1, . . . be a strictly stationary series and

g : RN0 → R, (x0, x1, . . . ) �→ g(x0, x1, . . . )

be a measurable mapping. Then the series

Yk = g(Xk, Xk+1, . . . ), k ∈ N,

is again strictly stationary.

Proof. We shall show that

P((Y0, Y1, . . . ) ∈ B) = P((Yk, Yk+1, . . . ) ∈ B)

holds true for all measurable sets B ⊂ RN0 . This implies strict stationarity. Put x =
(x0, x1, . . . ) ∈ RN0 and define the functions

gk(x) = g(xk, xk+1, . . . ),

for k ≥ 1. For a measurable set B ⊂ RN0 let

A = {x : (g0(x), g1(x), . . . ) ∈ B}.
Now we have, by definition of A,

P((Y0, Y1, . . . ) ∈ B) = P((g0(X0, X1, . . . ), g1(X0, X1, . . . ), . . . ) ∈ B)

= P((X0, X1, . . . ) ∈ A)

= P((Xk, Xk+1, . . . ) ∈ A)

= P((Yk, Yk+1, . . . ) ∈ B),

which completes the proof.

3.4 Linear processes and ARMA models

The working horse of classic time-series analysis is the machinery developed for ARMA
models. They appear as special cases of linear processes. Therefore, we start with linear
processes and discuss some important basic concepts related to them such as series in the lag
operator and inversion, and then specialize to ARMA processes.

3.4.1 Linear processes and the lag operator

Definition 3.4.1 Let {Xn : n ∈ I} be a set of random variables defined on a common proba-
bility space with index set I = N or I = Z and let {an : n ∈ I} be a set of real numbers. Then
the formal series

Yt =
∑
i∈I

aiXt−i, t ∈ I,
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is called a linear process or linear filter. A linear process is called causal, if ai = 0 for
i < 0.

Notice that in the above definition arbitrary sequences {Xt} are allowed. However, often
i.i.d. or white noise sequences are considered.

A simple example of a linear process is the time series {Yt} defined by

Yt = a0Xt + a1Xt−1 + · · · + aqXt−q, t ∈ N,

i.e. a linear combination of Xt, . . . , Xt−q. Such a process is called a moving average process
of order q, abbreviated by MA(q).

Linear filters can be expressed via the lag operator, which is formally defined on the
space of all sequences of real numbers and random variables, respectively, by

L({Xn}) = {Xn−1}.

Here {Xn−1} = {Xn−1 : n ∈ Z} denotes the shifted series, i.e.

L({Xn}) = {Zn} if and only if Zn = Xn−1 for all n.

It is common to write the series L({Xn}) element-wise, even if one means the whole series:

L(Xn) = LXn = Xn−1, n ∈ Z.

Obviously, the operator L is linear, this means it satisfies the following rules of calculation

(i) L(Xn + Yn) = L(Xn) + L(Yn) for any series {Xn} and {Yn}.
(ii) L(aXn) = aL(Xn) for any scalar a.

We can consider the composition L2,

L2(Xn) = L(L(Xn)) = L(Xn−1) = Xn−2,

and more generally powers of L,

LkXn = L(Lk−1(Xn)) = · · · = Xn−k

for k ≥ 2. Further, one denotes by L0 = 1 the identity operator

1 Xn = Xn.

Finally, one can also introduce negative powers by

L−kXn = Xn+k

for k ≥ 1. Consequently, one can study polynomials in L such as 4L3 − L2 + 2L + 3, which
yields

(4L3 − L2 + 2L + 3)(Xn) = 4Xn−3 − Xn−2 + 2Xn−1 + 3Xn,

when applied to {Xn}.
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Thus, polynomials in L make sense and are called lag polynomials. More generally, one
can also define (formal) lag series operators

θ(L) =
∑
i∈N

θiL
i

with coefficients θi ∈ C, given by

θ(L)Xn = (θ(L)({Xn}))n =
∑

i

θiXn−i.

When a lag series is given by coefficients {θi}, the associated lag series operator (acting on
sequences) is frequently denoted by θ(L), and the notation θ(L) often means the coefficients
are {θi}. Although not in all instances, we shall often follow this convention.

We see that linear processes can be nicely written as Yn = θ(L)Xn via lag operators of the
form θ(L). The question arise when this formal series exists in L2 or even a.s. and whether
one gets a stationary process when {Xn} is stationary.

Let us consider the important case of a causal linear process with white-noise innovations,

Xt =
∞∑

k=0

ψkεt−k, εt ∼ WN(0, σ2),

for some σ2 ∈ (0, ∞). We claim that Xt is stationary, provided that the condition
∞∑

k=0

ψ2
k < ∞

holds true. Indeed, under that condition the truncated series X
(n)
t = ∑n

k=0 ψkεt−k satisfies for
n ≤ m

E(X(n)
t − X

(m)
t )2 =

m∑
k,l=n+1

ψkψl Cov(εt−k, εt−l)

= σ2
m∑

k=n+1

ψ2
k ,

which tends to 0, as n, m → ∞. Hence, {X(n)
t : n ≥ 1} is a L2-Cauchy sequence, such that

the limit

Xt = ψ(L)εt =
∞∑

k=0

ψkεt−k,

exists in the L2 sense. A similar argument ensures the validity of E(Xt) = 0 and the following
calculation of the autocovariances:

γX(h) = Cov(Xt, Xt+h)

=
∞∑

k,l=0

ψkψl Cov(εt−k, εt+h−l)

= σ2
∞∑

k=0

ψkψk+h
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for any lag h ∈ Z. This shows that Xt = ψ(L)εt is stationary. It is worth mentioning that the
convergence of the above series is straightforward for the important case that the coefficients
ψk are nonincreasing, since then ψk+h ≤ ψk.

More generally, if {εt} is an arbitrary stationary time series with mean μ and autocovari-
ances γε(h), Xt is stationary with mean

E(Xt) = μ

∞∑
k=0

ψk

and autocovariances given by

γX(h) =
∞∑

k,l=0

ψkψlγε(l − k + h), h ∈ Z.

Definition 3.4.2 The lag operator ψ(L) = ∑
i ψiL

i is called a L1 filter or absolutely
summable, if

∑
i |ψi| < ∞.

For L1 filters the following results hold, cf. Theorem A.5.1.

Proposition 3.4.3 Let ψ(L) be an absolutely summable linear filter and {Xn} be a sequence
of random variables.

(i) If supn E|Xn| < ∞, then Yn = ψ(L)Xn exists a.s. and EYn = ψ(L)μn where μn =
E(Xn).

(ii) If supn EX2
n < ∞, then Yn = ψ(L)Xn converges in L2.

In particular, the above result tells us that if
∑

i |ψi| < ∞, then one can apply the filter
ψ(L) = ∑

i ψiL
i to a white-noise process {εt}, i.e. Xt = ψ(L)εt exists (a.s.)

If we are given a lag operator

ψ(L) =
∑

i

θiL
i,

we may formally replace the lag operator L by a complex variable z.

Definition 3.4.4 If Yn = ∑
i θiXn−i is a linear process with coefficients {θi} and associated

lag operator series ψ(L) = ∑
i θiL

i, then the (formal) series

ψ(z) =
∑

i

θiz
i, z ∈ C,

is called a z-transform. If ψ(L) is of the form

ψ(L) = 1 − θ1L − · · · − θpLp

for some p ∈ N, then the associated z-transform

ψ(z) = 1 − θ1z − · · · − θpzp, z ∈ C
is called a characteristic function (of the filter).
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Example 3.4.5 It is time for some examples.

(i) If ψ(L) = ∑∞
i=0 θiL

i is a L1-filter, i.e.
∑∞

i=0 |θi| < ∞, then ψ(z) is a power series,
which converges at least on the unit disc

E = {z ∈ C : |z| ≤ 1}.

(ii) If p(L) = ∑0
i=−∞ aiL

i, then

p(z) = a0 + a1

z
+ a2

z2 + · · ·

is a Laurent series. If {ai} is absolutely summable, then p(z) exists for all z ∈ C
satisfying | 1

z
| ≤ 1 ⇔ |z| ≥ 1.

Suppose we are given the following two linear processes

Yn =
∑

i

aiXn−i,

Xn =
∑

i

biZn−i.

Let

p(z) =
∑

i

aiz
i and q(z) =

∑
i

biz
i,

be the corresponding z-transforms. Then we may write

Yn = p(L)Xn, Xn = q(L)Zn.

Formally substituting Xn by q(L)Zn in the expression for Yn suggests the validity of the rule

Yn = p(L)Xn = p(L)q(L)Zn.

This means

Yn = r(L)Zn

with r(L) = p(L)q(L) or equivalently

r(z) = p(z)q(z),

for all z where p(z) and q(z) are defined. This rule of calculations is indeed valid.

Proposition 3.4.6 Let Yn = p(L)Xn and Xn = q(L)Zn be given by lag operators p(L) and
q(L) whose z-transforms converge for z ∈ C with |z| ≤ ρ for some ρ > 0. Then Yn = r(L)Zn

where r(L) is given by its z-transform

r(z) = p(z)q(z) =
∞∑

i,j=0

aibjz
i+j, z ∈ C with |z| ≤ ρ.
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This means that the composition p(L) ◦ q(L) is given by the product

p(L) · q(L) =
∞∑

i,j=0

aibjL
i+j.

Proof. We have

Yn =
∑

i

aiXn−i

=
∞∑
i=0

ai

∞∑
j=0

bjZn−(i+j)

=
∞∑
i=0

∞∑
j=0

aibjL
i+jZn =

⎛⎝ ∞∑
i,j=0

aibjL
iLj

⎞⎠Zn,

which shows that Yn = r(L)Zn, where r(L) = p(L)q(L). But the z-transform of r(L) is, by
definition, r(z) = p(z)q(z) = ∑∞

i,j=0 aibjz
i+j . It is well defined for all z ∈ C with |z| ≤ ρ.

3.4.2 Inversion

Suppose that a time series {Yn} can be computed from the series {Xn} by a L1 filter θ(L) =∑
i θiL

i, i.e.

Yn = θ(L)Xn =
∑

i

θiXn−i, for all n.

The question arises whether this equation of sequences, {Yn} = θ(L)({Xn}) can be inverted
in the sense that there exists another (L1?) filter ϕ(L) = ∑

i ϕiL
i such that

Xn = ϕ(L)Yn =
∑

i

ϕiYn−i, for all n.

If that is the case, {Yn} and θ(L), respectively, is called invertible and ϕ(L) = θ−1(L) an
inverse filter. In this case, we can reconstruct the input {Xn} from the output {Yn}. Above we
have learned that filters can be composed. Hence, we have

{Yn} = θ(L)({Xn})
= θ(L)(ϕ(L)({Yn}))
= θ(L) · ϕ(L)({Yn}),

since θ(L) ◦ ϕ(L) = θ(L) · ϕ(L). This equation can only be valid for all series, if

θ(L)ϕ(L) = id = 1

holds. We want to derive a necessary condition for the corresponding z-transforms. Suppose
that θ(L) is invertible with inverse L1 filter {ϕ(L)}. Since θ(L) and ϕ(L) are L1 filters, the
associated z-transforms exist at least for all z ∈ C with |z| ≤ 1. Thus, their product θ(z)ϕ(z)
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also exists on the unit disc. This means that the product θ(z)ϕ(z) represents the constant
function 1 on the unit disc, i.e.

θ(z)ϕ(z) = 1, for all z ∈ C with |z| ≤ 1. (3.6)

It follows that

ϕ(z) = 1

θ(z)
, for all |z| ≤ 1.

Consequently, in order to obtain the inverse filter

θ−1(L) = ϕ(L) =
∑

i

ϕiL
i,

one has to calculate the series expansion of the function 1/θ(z) on the unit disc and then
resubstitute z �→ L. This works, because Equation (3.6) particularly implies the following
fact.

Lemma 3.4.7 For an invertible filter the z-transform θ(z) has no roots on the unit disc
{z ∈ C : |z| ≤ 1}.

Example 3.4.8 Let us consider the two simplest cases of linear filters and polynomial filters
(lag polynomials).

(i) Linear case: Consider

p(L) = 1 − aL.

We claim that p(L) possesses an inverse filter with absolutely summable coefficients,
if |a| < 1, i.e. if the root 1/a of the z-transform p(z) = 1 − az lies outside the unit
disc. The inverse filter is given by

p−1(L) = 1

1 − aL
=

∞∑
i=0

aiLi.

This fact can be shown as follows. The z-transform is p(z) = 1 − az for all z ∈ C. If
z /= 1/a, then

p−1(z) = 1

1 − az
,

and

p(z)p−1(z) = 1.

For |az| < 1 if and only if |z| < 1/|a|, we can expand p−1(z) into a geometric series

p−1(z) =
∞∑
i=0

aizi.
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If |a| < 1, the series p−1(1) = ∑
i a

i converges. Hence, the radius of convergence is
at least 1.

(ii) Lag polynomials: The filter

p(L) = 1 − a1L − · · · − apLp.

attains an inverse filter p−1(L) with absolutely summable coefficients, if all roots of
the characteristic polynomial

p(z) = 1 − a1z − · · · − apzp,

lie outside the unit dics, i.e.

p(z) = 0 ⇒ |z| > 1.

To verify this result, recall that any polynomial f (z) = a0 + a1z + · · · + anz
n of de-

gree n can be written as

f (z) = an

n∏
i=1

(z − zi),

with complex roots z1, . . . , zn. Thus, the characteristic polynomial can be factored as

p(z) = −ap(z − z1) · · · (z − zp),

where z1, . . . , zp denote the (complex) roots of p(z), which all differ from 0. Write
this factorization as

p(z) = (−ap)(−1)p
(

1 − z

z1

)
· · ·

(
1 − z

zp

) p∏
j=1

zj.

Hence, up to the constant C = (−ap)(−1)p
∏p

j=1 zj , the lag polynomial p(L) is the
composition of the linear filters

pi(L) = 1 − L

zi

, i = 1, . . . , p.

We can expand (the z-transform of) each factor 1
1−z/zi

into a power series

1

1 − z/zi

=
∞∑

j=0

(
1

zi

)j

zj

with radius of convergence greater or equal to 1, if |zj| > 1. Since the product of
series with convergence radii ≥ 1 is again a series with radius of convergence ≥ 1,
we can write

1

p(z)
= 1

−ap(−1)pz1 · · · zp

p∏
i=1

∞∑
j=0

(
1

zj

)j

zj =
∞∑

j=0

bjz
j
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for coefficients {bj}. These coefficients determine the inverse filter

p−1(L) =
∑

j

bjL
j.

3.4.3 AR(p) and AR(∞) processes

We are now in a position to introduce autoregressive processes

Definition 3.4.9

(i) A stochastic process {Xt} is called an autoregressive process of order p or AR(p)
process, if there exists p ∈ N and coefficients θ1, . . . , θp ∈ R with θp /= 0 such that

Xt = θ1Xt−1 + · · · + θpXt−p + εt, t ∈ Z,

for a white-noise process {εt}.
(ii) If for some sequence {θn} and a white-noise process {εn}

Xt =
∞∑
i=1

θiXt−i + εt, t ∈ Z,

then {Xt} is called AR(∞) process.

(iii) {Xt : t ∈ N0} is called an AR(p) process (given X−1, . . . , X−p), if

Xt = θ1Xt−1 + · · · + θpXt−p + εt, t = 0, 1, . . .

for a white-noise process {εt} and coefficients θ1, . . . , θp ∈ R with θp /= 0.

Notice that we do not require that {Xt} is stationary in the above definition.

Example 3.4.10 Consider the AR(1) equations

Xt = ρXt−1 + εt, t ∈ Z,

with |ρ| < 1. Using the definition of the lag operator, the above equation can be written as

p(L)Xt = εt,

where p(L) = 1 − ρL. Hence, the characteristic polynomial is given by p(z) = 1 − ρz. All
roots of p(z) lie outside of the unit disc, such that

p(z) /= 0 for all z ∈ C with |z| ≤ 1,

if and only if |ρ| < 1; we have anticipated that condition above. Hence, we can invert the
filter p(L) by determining the series expansion of 1/p(z), which is, of course, given by

1

p(z)
=

∞∑
i=0

ρizi.
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It follows that the representation of {Xt} as a linear process is given by

Xt = (1 − ρL)−1εt =
∞∑
i=0

ρiεt−i. (3.7)

This representation particularly allows us to calculate the autocovariances of Xt as

γX(h) = Cov

⎛⎝ ∞∑
i=0

ρiεt+h−i,

∞∑
j=0

ρjεt−j

⎞⎠
=

∞∑
i=0

∞∑
j=0

ρi+jγε(h − i + j).

Observe that γε(h − i + j) = σ2 iff. i = h + j and = 0 otherwise, such that

γX(h) = σ2
∞∑

j=0

ρ2jρh

= ρh

1 − ρ2 σ2.

We see that the autocovariances decay at an exponential rate,

α(h) ∼ e−hγ ,

with γ = − log(ρ) > 0.

Example 3.4.11 Consider now the AR(1) process with starting value 0, i.e.

X0 = 0, Xt = ρXt−1 + εt, t ≥ 1, εt ∼ WN(0, σ2),

which are nonstationary but converge to a stationary process, as t → ∞. Indeed, notice that
X0 = 0, X1 = ε1, X2 = ρε1 + ε2 and, in general,

Xt =
t∑

i=1

ρt−iεi =
t−1∑
i=0

ρiεt−i, (3.8)

which is close to the stationary solution
∑∞

i=0 ρiεt−i of the AR(1) equations; the L2 distance
is √√√√E

(
Xt −

∞∑
i=0

ρiεt−i

)2

= σ

√∑
i≥t

ρ2i.

The variance of Equation (3.8) is

σ2
t = Var (Xt) = σ2

t−1∑
i=0

ρ2i,
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which depends on t. Obviously, we have

σ2
t → σ2

1 − ρ2 , t → ∞.

Further, for h ≥ 0

Cov(Xt, Xt+h) = Cov

⎛⎝ t∑
i=1

ρt−iεi,

t+h∑
j=1

ρt+h−jεj

⎞⎠
= σ2ρh

t∑
i=1

ρ2(t−i).

Thus, the autocovariances also depend on t, but they converge,

Cov(Xt, Xt+h) → σ2ρh

1 − ρ2 ,

as t → ∞. For large t the differences between Equation (3.8) and the stationary solution (3.7)
are small and often ignored.

The following useful result establishes conditions such that a stationary AR(p) process
can be represented as a MA(∞) process, i.e. as a linear process.

Proposition 3.4.12 An AR(p) process

Xt =
p∑

i=1

θiXt−i + εt, t ∈ Z, εt ∼ WN(0, σ2),

attains a representation as a stationary MA(∞) process

Xt =
∞∑
i=0

ciεt−i,

if all roots of the lag polynomial

p(z) = 1 − θ1z − · · · − θpzp, z ∈ C,

lie outside the unit disc.

Proof. Notice that the AR(p) equations are equivalent to

εt = Xt −
p∑

i=1

θiXt−i = p(L)Xt, t ∈ Z.

That equation is invertible, if p(z) = 0 implies |z| > 1. Then

Xt = p(L)−1εt =
∞∑
i=0

ciεt−i,
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where the coefficients ci are determined by solving

∞∑
i=0

ciz
i != 1

p(z)

with
∑

i |ci| < ∞. This means, Xt can be obtained by applying a L1 filter to εt , thus being
stationary.

In general, the coefficients ci of the MA(∞) representation Xt = q(L)εt = ∑∞
i=0 ciεt−i

can be calculated as follows. With p(L) = 1 − θ1L − · · · − θpLp we have the identity

q(L)p(L) = 1,

which is equivalent to

(c0 + c1L + c2L
2 + · · · )(1 − θ1L − · · · − θpLp) = 1.

Clearly, the left-hand side equals

c0 + (c1 − θ1c0)L + (c2 − θ1c1 − θ2c0)L2 + · · · + (ci − θ1ci−1 − · · · − θpci−p)Li + · · ·

Comparison of the coefficients now leads to the solution

c0 = 1

c1 = θ1c0 = θ1

c2 = θ1c1 + θ2c0 = θ2
1 + θ2.

Put differently, for i ≥ 1 with c−p = · · · = c−1 = 0 one has to solve the difference equations

c0 = 1, ci − θ1ci−1 − · · · − θpci−p = 0.

3.4.4 ARMA processes

Definition 3.4.13 (ARMA(p, q) Process)

(i) {Xt : t ∈ Z} is called ARMA(p, q) process, p, q ∈ N, if it is stationary and satisfies

Xt − φ1Xt−1 − · · · − φpXt−p = εt + θ1εt−1 + θqεt−q, t ∈ Z,

for constants φ1, . . . , φp, θ1, . . . , θq ∈ R with φp /= 0 and θq /= 0 and a white-noise
process {εt}.

(ii) {Xt : t ∈ Z} is called ARMA(p, q) process with mean μ, if Xt − μ ∼ ARMA(p, q).

(iii) A ARMA(p, q) process is called causal (with respect to Zt ∼ WN(0, σ2)), if Xt =∑∞
i=0 ψiZt−i for some filter {ψk : k ∈ N0}.
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Define the lag polynomials

φ(z) = 1 − φ1z − · · · − φpzp,

θ(z) = 1 + θ1z + · · · + θqz
q,

for z ∈ C. φ is called an AR lag polynomial, θ is called a MA lag polynomial Then the
ARMA(p, q) equations take the form

φ(L)Xt = θ(L)εt.

In what follows, we assume that the lag polynomials have no common roots.

Theorem 3.4.14 Let {Xt} be a stationary ARMA(p, q) process with lag polynomials φ(z)
and θ(z),

φ(L)Xt = θ(L)εt.

Suppose that the roots of φ(z) lie outside the unit disc. Then

Xt = ψ(L)εt

is a stationary and causal ARMA(p, q) process with coefficients given by ψ(z) = ∑∞
i=0 ψiz

i,
where

ψ(z) = 1 + θ1z + · · · + θqz
q

1 − φ1z − · · · − φpzp
,

for |z| ≤ 1.

Proof. For a white noise εt the series Yt = θ(L)εt is stationary. Provided the roots of φ(z)
satisfy |z| > 1, we may solve φ(L)Xt = Yt .

The following standard example is instructive to understand the above result.

Example 3.4.15 Consider a ARMA(1, 1) process given by

Xt − φXt−1 = εt + θεt−1,

with coefficients φ /= −θ to ensure that the lag polynomials have no common root. To deter-
mine the coefficients ψi, i ≥ 0, consider the equation

∞∑
i=0

ψiz
i = ψ(z) = θ(z)

φ(z)
= 1 + θz

1 − φz
.
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Notice that

1 + θz

1 − φz
= (1 + θz)

∞∑
i=0

(φz)i

= (1 + θz)

(
1 +

∞∑
i=1

(φz)i
)

= 1 +
∞∑
i=0

(φ + θ)φi−1zi.

Hence, ψ0 = 1 and ψi = (φ + θ)φi−1, for i ≥ 1.

3.5 The frequency domain

3.5.1 The spectrum

Let {Xt} be a stationary process with

μ = E(Xt),

γh = Cov(X1, X1+h), h ∈ Z.

The function

gX(z) =
∞∑

k=−∞
γkz

k

is called an autocovariance generating function, provided it exists. A sufficient condition
for gX to be well defined on the unit disc is the summability of the autocovariances. Notice
that γk = g

(k)
X (0)/k! for k ∈ N0.

In what follows, let us agree to define ı by ı2 = −1.

Definition 3.5.1 Let {Xt} be stationary with autocovariance function {γk} satisfying∑
k |γk| < ∞. Then

fX(ω) = 1

2π
gX(e−ıω) = 1

2π

∞∑
k=−∞

γke−ıωk, ω ∈ R,

is called the spectrum or spectral density of {Xt}.

In time series analysis the notation fX for a spectral density is widespread. To avoid
confusion with probability densities, we shall denote them by fX(ω). Using the formulas

e−ıωk = cos(ωk) − ı sin(ωk), e−ıωk + eıωk = 2 cos(ωk),

which is a direct consequence of Euler’s identity

eız = cos(z) + ı sin(z),
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and the symmetry of the autocovariances, i.e. γ−k = γk, leads to the frequently used formula

fX(ω) = 1

2π

(
γ0 + 2

∞∑
k=1

γk cos(ωk)

)
= 1

2π

∞∑
k=−∞

γk cos(ωk).

Since fX(ω) is periodic with period 2π and even, i.e. fX(−ω) = fX(ω), it is common to study
it for ω ∈ [−π, π].

It is further worth mentioning that, since
∫ π

−π
cos(ωk) dω = 2π1(k = 0),∫ π

−π

fX(ω) dω = 1

2π

∑
k

γk

∫ π

−π

cos(ωk) dω = γ0 = Var (Xt),

i.e. when integrating the spectral density over [−π, π], one obtains the marginal variance of
the process.

For linear processes, there is a nice formula that allows the spectral density from the
z-transform to be calculated.

Lemma 3.5.2 For a linear process Xt = ∑∞
k=0 ψkεt−k, εt ∼ WN(0, σ2),

gX(z) = σ2ψ(z)ψ(z−1),

such that the spectrum is given by

fX(ω) = σ2

2π
ψ(e−ıω)ψ(eıω),

where ψ(z) is the z-transform. More generally, gX(z) = ψ(z−1)gε(z)ψ(z) holds.

Proof. To calculate gX(z) = ∑
k γkz

k plug in the formula

γX(k) =
∑

i

∑
j

ψiψjγε(k + i − j)

to obtain

gX(z) =
∑

k

∑
i

∑
j

ψiψjγε(k + i − j)zk.

Now the substitution h = k + i − j, such that zk = zhz−izj , leads to

gX(z) =
(∑

i

ψiz
−i

)(∑
h

γε(h)zh

)⎛⎝∑
j

ψjz
j

⎞⎠
which equals ψ(z−1)gε(z)ψ(z), where gε(z) = σ2 for a white-noise process {εt}. Hence, the
result follows.

Remark 3.5.3 Notice that

fX(ω) = σ2

2π
|ψ(eıω)|2,
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since ψ(z) = ψ(z) and eıω = e−ıω.

Again it is instructive to illustrate the formula by means of the following standard example.

Example 3.5.4 Consider a stationary AR(1) process

Xt = φXt−1 + εt, ε ∼ WN(0, σ2).

Then the spectrum fX(ω) is given by

fX(ω) = σ2

2π

1

1 − 2φ cos(ω) + φ2 .

Indeed, we have

fX(ω) = σ2

2π

1

1 − φe−ıω

1

1 − φeıω

= σ2

2π

1

|1 − φeıω|2

= σ2

2π

1

|1 − φ cos(ω) − ı sin(ω)|2

= 1

(1 − φ cos(ω))2 + φ2 sin2(ω)

= σ2

2π

1

1 − 2φ cos(ω) + φ2 .

Let us consider an ARMA(p, q) process

φ(L)Xt = θ(L)εt, εt ∼ WN(0, σ2),

with lag polynomials φ(z) = 1 − φ1z − · · · − φpzp and θ(z) = 1 + θ1z + · · · + θqz
q. Since

Xt = θ(z)
φ(z)

∣∣
z=L

εt , the spectrum is given by

fX(ω) = σ2

2π

θ(z)

φ(z)

θ(z−1)

φ(z−1)

∣∣∣∣
z=e−ıω

which turns out to be

σ2

2π

1 + θ1e−ıω + · · · + θqe−ıqω

1 − φ1e−ıω − · · · − φpe−ıpω

1 + θ1eıω + · · · + θqeıqω

1 − φ1eıω − · · · − φpeıpω

3.5.2 The periodogram

It is natural to estimate the spectrum by substituting the autocovariances by some empirical
counterpart such as

γ̂T (h) = 1

T

T−h∑
t=1

(Xt − XT )(Xt+h − XT ), γ̂T (−h) = γ̂T (h),
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or

γ̃T (h) = 1

T

T−h∑
t=1

XtXt+h, γ̃T (−h) = γ̃T (h).

Here XT = 1
T

∑T
t=1 Xt .

Definition 3.5.5 The random function

IT (ω) = 1

2π

T−1∑
h=−(T−1)

γ̃T (h)e−ıωh

is called a periodogram and

JT (ω) = 1

2π

T−1∑
h=−(T−1)

γ̂T (h)e−ıωh

is the centered periodogram.

Lemma 3.5.6 A periodogram and centered periodogram satisfy

IT (ω) = 1

2πT

∣∣∣∣∣
T∑

t=1

Xte
−ıωt

∣∣∣∣∣
2

,

JT (ω) = 1

2πT

∣∣∣∣∣
T∑

t=1

(Xt − XT )e−ıωt

∣∣∣∣∣
2

,

The following important result, a version of Herglotz’ theorem, shows that the autoco-
variance function is determined by the spectrum.

Theorem 3.5.7 Let {Xt} be a stationary process with autocovariances {γk} satisfying∑
k |γk| < ∞.

(i) IT (ω) is asymptotically unbiased for the spectral density fX(ω), i.e.

lim
T→∞ E(IT (ω)) = fX(ω).

(ii) The spectral density fX(ω) is even, non-negative, continuous and determines the
autocovariance function via

γh =
∫ π

−π

cos(ωh)fX(ω) dω, h ∈ Z.

Proof. In order to show the continuity of the function

f (ω) = fX(ω) = 1

2π

∑
t

γt cos(ωt), (3.9)
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it suffices to show that series converges uniformly. But |γt cos(ωt)| ≤ |γt| for all t and all ω,
such that |fX(ω)| ≤ ∑

t |γk| < ∞. Recall that the functions

ϕ0(t) = 1√
2π

,

ϕk(t) = 1√
π

cos(kt), k ∈ N,

form an orthonormal system w.r.t. the inner product

(f, g) =
∫ π

−π

f (x)g(x) dx

for functions f, g ∈ L2([−π, π]; λ). Since f is continuous on [−π, π] with f (−π) = f (π),
we have uniform convergence of the Fourier series

f (x) =
∞∑

k=0

(f, ϕk)ϕk(x).

This means,

f (x) = 1

2π

∫ π

−π

f (t) dt + 2
∞∑

k=1

1

2π

∫ π

−π

f (t) cos(kt) dt · cos(kx)

=
∑
k∈Z

1

2π

∫ π

−π

f (t) dt cos(kx).

Comparing this representation with Equation (3.9), we obtain

γk =
∫ π

−π

f (t) cos(kt) dt,

for all k, since the coefficients in the Fourier series expansion are unique.
To proceed, notice that Lemma 3.5.6 immediately yields the non-negativity of IT (ω),

which implies E(IT (ω)) ≥ 0 as well. Let us consider that expectation in greater detail. By
linearity,

E(IT (ω)) = 1

2πT

T∑
s,t=1

E(XsXt)e
ıω(s−t)

= 1

2πT

T∑
s,t=1

γ|s−t|eıω(s−t).

Here the T 2 elements of the symmetric matrix with entries γ|s−t|eıω(s−t) are summed up.
Summing over all diagonals and using eıω(s−t) + eıω(t−s) = 2 cos(ω(s − t)), which implies
that the matrix with elements

ast = γ|s−t|eıω(s−t)
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satisfies ast + ats = 2γ|s−t| cos(ω(|s − t|)), we obtain

E(IT (ω)) = 1

2π

∑
|t|<T

(
1 − |t|

T

)
γt cos(ωt).

The last expression can be written as an integral w.r.t. the counting measure dν(t) on Z1,∫
FT (t; ω) dν(t),

if we put

FT (t; ω) =
{

1
2π

(
1 − |t|

T

)
γt cos(ωt), |t| ≤ T − 1,

0, |t| > T − 1.

This means that we know that

0 ≤ E(IT (ω)) =
∫

FT (t; ω) dν(t).

We will now apply dominated convergence to conclude that the non-negativity also holds for
the limit. To do so, notice that |FT (t; ω)| ≤ |γt| for all t ∈ Z and∫

|γt| dν(t) =
∑
t∈Z

|γt| < ∞

by assumption. Thus, t �→ |γt|1Z(t) is a dν-integrable dominating function. Further, FT (t; ω)
converges pointwise, namely

FT (t; ω) = 1

2π

(
1 − |t|

T

)
cos(ωt) → 1

2π
γt cos(ωt),

as T → ∞. Therefore,

0 ≤
∫

FT (t; ω) dν(t)

→
∫

1

2π
γt cos(ωt) dν(t)

= 1

2π

∞∑
t=−∞

γt cos(ωt)

= fX(ω),

as T → ∞, which completes the proof.

We have shown that the spectral density fX(ω) is non-negative and satisfies∫ π

−π
fX(ω) dω = Var (Xt) < ∞. Hence, it defines a finite measure.

1 For the counting measure dν and a real-valued function we have
∫

f (x) dν(x) =
∑

n∈Z f (n), provided the series
exists.
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Definition 3.5.8 The measure on ((−π, π],B(−π, π]) given by

νX(A) =
∫

A

fX(ω) dω, A ⊂ (−π, π] Borel-measurable,

is called the spectral measure of {Xt} (or fX(ω)). The associated (generalized) distribution
function

FX(ω) =
∫ ω

−π

fX(λ) dλ, ω ∈ (−π, π],

is called the spectral distribution function.

Since a spectral density can be defined as long as we are given an autocovariance function
(not necessarily of a stationary process), the spectral measure and the spectral distribution
function can be defined for a given autocovariance function as well.

Remark 3.5.9 When dealing with a process {Xt} taking values in C, one obtains the
representation

γX(h) =
∫ π

−π

eıhωfX(ω) dω,

or, equivalently,

γX(h) =
∫ π

−π

eıhωdFX(ω) =
∫ π

−π

eıhωdνX(ω).

One can generalize the above results and omit the assumption of a summable autocovari-
ances, which, however, simplifies the arguments and provides more transparent proofs, since
then the spectral density exists. The general result is as follows.

Theorem 3.5.10 (Herglotz’ Lemma)

(i) Let γ : Z→ C be a positive semidefinite function. Then there exists a unique spectral
measure ν, such that

γ(h) =
∫

(−π,π]
eıhω dν(ω), h ∈ Z. (3.10)

(ii) If ν is an arbitrary finite measure on (−π, π] equipped with the Borel-σ-field, then
Equation (3.10) defines a complex-valued positive semi-definite function on Z, i.e. an
autocovariance function of a stationary process.

Remark 3.5.11 The spectral distribution function FX(ω) of a process {Xt} with autocovari-
ances γX(k) satisfies

FX(π) =
∫ π

−π

f (ω) dω = γX(0) = Var (Xt).



THE FREQUENCY DOMAIN 131

Since Var (Xt) < ∞,

GX(ω) = FX(ω)/FX(π), ω ∈ [−π, π],

GX(ω) = 0 for ω < −π and GX(ω) = 1 for ω > π defines the distribution function of a
probability measure on (−π, π]. It is related to the autocorrelations via

ρX(h) = γX(h)

γX(0)
=
∫ π

−π

eıhω dGX(ω), h ∈ Z.

If a process {Xt} does not possess a spectral density, then one studies the spectral distri-
bution function. If particularly

γX(h) =
∑

j

αjeıωjh

for coefficients αj ∈ R and fixed frequencies ωj ∈ [−π, π], then the formula γX(h) =∫ π

−π
eıωh dFX(ω) shows that

FX(ω) =
∑

j

αjδωj (ω),

where δa denotes the one-point (Dirac) measure in the point a. The spectral distribution
function is concentrated on the set {ωj} and assigns the mass αj to the frequency ωj .

The following example shows that, first, the above case is not artificial, and, secondly,
makes clear why we call ωj frequencies.

Example 3.5.12 Consider the random periodic function

Xt = A cos(ωt) + B sin(ωt), t ∈ Z,

for a fixed frequency ω ∈ (−π, π] and random and independent amplitudes A and B. Assume
that E(A) = E(B) = 0 and Var (A) = Var (B) = σ2 ∈ (0, ∞). A straightforward calcula-
tion shows that

γX(h) = σ2 cos(ωh) = σ2 eıωh + e−ıωh

2
.

Hence, the spectral distribution function is given by

FX(λ) =

⎧⎪⎨⎪⎩
0, λ < −ω,

σ2/2, λ ∈ [−ω, ω),

σ2, λ ≥ ω.

FX assigns the mass σ2/2 to both points −ω and ω.
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3.6 Estimation of ARMA processes

The estimation and inference for ARMA time series is usually based on maximum likelihood
by assuming that the white-noise series driving the process is an i.i.d. sequence of normally
distributed random variables.

Suppose we are given a stationary ARMA(p, q) process with mean μ, such that

Xt − μ − φ1(Xt−1 − μ) − · · · − φp(Xt−p − μ) = θ1εt−1 + · · · + θqεt−q + εt,

or equivalently

φ(L)(Xt − μ) = θ(L)εt

with lag polynomials φ(L) = ∑p
i=0 φiL

i and θ(L) = ∑q
i=0 θiL

i with φ0 = 1 and θ0 = 1.
Suppose that φ(z) has no roots on the unit disc. Then we may invert the process and obtain
the representation of Xt as a linear process,

Xt = μ + ψ(L)εt,

where ψ(L) = ∑∞
i=0 ψiL

i satisfies ψ(z) = θ(z)/φ(z) = ∑∞
i=0 ψiz

i, |z| ≤ 1.
Since linear processes are Gaussian processes, the finite series X1, . . . , XT is multivariate

normal, such that

(X1, . . . , XT ) ∼ N(μ, σ2�(ϑ)),

where the covariance matrix �(ϑ) depends on the parameter vector

ϑ = (φ1, . . . , φp, θ1, . . . , θq).

The exact likelihood function is then given by

L(ϑ, μ, σ2|x) =
(

1

2πσ2

)T/2

det(�)−1/2 exp

{
− (x − μ1)′�(ϑ)−1(x − μ1)

2σ2

}
,

where x = (x1, . . . , xT ) is the observed realization of X1, . . . , XT and 1 = (1, . . . , 1)′ ∈ Rd .
There exist efficient algorithms to compute L(ϑ, μ, σ2|X = x) or the log likelihood. It is
maximized over the parameter set defined by those parameter values leading to a stationary
solution of the ARMA(p, q) equations.

For AR(p) models, it is also common to consider the conditional likelihood.
The rule f(X,Y ) = fY |XfX allows us to factorize the exact likelihood for a sample
X−p+1, . . . , X0, X1, . . . , XT , since

f(X−p+1,...XT ) = fXT |(X−p+1,...,XT−1)f(X−p+1,...,XT−1)

= . . .

=
T∏

t=1

fXt |(Xt−p+1,...,Xt−1)f(X−p+1,...,X0).
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Given X−p+1, . . . , X0, the last factor can be ignored. This means that it is sufficient to
maximize the conditional likelihood

Lc(ϑ|x1, . . . , xT ) =
T∏

t=1

fXt |(Xt−p,...,Xt−1)(xt|xt−p, . . . , xt−1; ϑ),

where ϑ = (θ1, . . . , θp), and any maximizer is called a maximum likelihood estimator. For
an AR(p) model with μ = 0, we have Xt −∑p

j=1 θjXt−j ∼ N(0, σ2) leading to

Lc(ϑ|X1, . . . , XT ) =
(

1

2πσ2

)T/2

exp

⎧⎪⎨⎪⎩− 1

2σ2

T∑
t=1

⎛⎝Xt −
p∑

j=1

θjXt−j

⎞⎠2
⎫⎪⎬⎪⎭ .

It follows that any minimizer of the least squares criterion

Q(ϑ) =
T∑

t=1

⎛⎝Xt −
p∑

j=1

θjXt−j

⎞⎠2

is a conditional ML estimator and those minimizers are solutions of the system of linear
equations

�̃T ϑ + g̃T = 0,

where

�̃T =
(

1

T

T∑
t=1

Xt−rXt−s

)
r=1,...,p;s=1,...,p

, g̃T =
(

1

T

T∑
t=1

XtXt−r

)p

r=1

.

This shows that the resulting conditional least squares estimator ϑ̂T depends on the time series
through the sample autocovariances.

3.7 (G)ARCH models

The models studied so far dealt with the modeling of dependence structures and conditional
first moments. We shall now study a celebrated class of models aiming at modeling conditional
volatility: The seminal work of Robert Engle was awarded with the 2003 Sveriges Riksbank
Prize in Economc Sciences in memory of Alfred Nobel.

It turns out that those models represent white-noise processes having the additional struc-
ture of martingale differences. To set the scene, we shall first show that any L2 martingale can
be written as a product of two factors, one having the interpretation as a conditional volatil-
ity given past information, in such a way that these models appear as natural simplifying
parametric models for the conditional volatility.

Let {Xt : t ∈ Z} be a L2 martingale difference sequence, that is

E|Xt|2 < ∞ and E(Xt|Ft−1) = 0,

for all t, with respect to the natural filtration Ft = σ(Xs : s ≤ t).
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Definition 3.7.1 The conditional expectation

σ2
t = E(X2

t |Ft−1), t ∈ Z,

is called the conditional variance and σt = √
σt the conditional volatility, given the past

information Ft−1.

Notice that

σ2
t = Ht(Xt−1, Xt−2, . . . )

for Borel-measurable functions Ht . In what follows, let us assume that for all t

ht ≥ ct > 0, almost surely, (3.11)

for constants ct . Put

ut = Xt

σt

, t ∈ Z.

Then, by definition

Xt = σtut, t ∈ Z.

It is easy to verify the following fact.

Lemma 3.7.2 Under Assumption (3.11) {ut} is a Ft-martingale difference sequence with
Var (ut|Ft−1) = 1.

It follows that {ut} is a white-noise process. Further, we can conclude that any weakly
stationary martingale difference sequence can be written in the form

Xt = htut

for some white-noise process with E(u1) = 0 and E(u2
1) = 1.

However, model building for the conditional volatility usually proceeds by assuming
specific functional forms for ht as a function of lagged values of Xt . It is also routinely

assumed in those models that the ut are i.i.d.(0, 1) or even ut
i.i.d.∼ N(0, 1). Let us start with

ARCH models.

Definition 3.7.3 Let {ut} be i.i.d.(0, 1). {Xt} is called an autoregressive conditional het-
eroscedastic process of order p, abbreviated as ARCH(p), p ∈ N, if

Xt = σtut,

σ2
t = α0 +

p∑
i=1

αiX
2
t−i,

for all t, where α0 > 0 and α1, . . . , αp ≥ 0 are parameters.
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Let us first consider the case p = 1 in some detail. Let X0 be a random variable with
E(X2

0) < ∞ and define Xt , t ≥ 1, by the recursion

Xt =
√

α0 + α1X
2
t−1ut, t = 1, 2, . . . .

Notice that X1 = f (X0, u1), X2 = f (X1, u1) = f (f (X0, u1), u1), and so forth, where
f (x, y) = √

α0 + α1xy. This shows that Xt is a function of X0, u1, . . . , ut . In particular, Xt

and ur are independent, whenever t < r. Analogously, σt is a function of X0, u1, . . . , ut−1.
We may conclude that

E(Xt|Ft−1) = σtE(ut) = 0,

which implies that {ut} is a martingale difference sequence, provided E|Xt| < ∞ (see below).
Further, σ2

t is the conditional variance of Xt , since

E(X2
t |Ft−1) = σ2

t ,

and the independence of ut+h from Xt and σt+h implies that

E(XtXt+h) = E(Xtσt+hut+h)

= E(Xtσt+h)E(ut+h)

= 0,

for all h ≥ 1. Finally, notice that the sequence of second moments E(X2
t ) satisfies the recursion

E(X2
t ) = α0 + α1E(X2

t−1),

which has a stationary solution given by

E(X2
t ) = E(X2

0) = α0

1 − α1
.

We have shown the following result.

Proposition 3.7.4 For any random starting value X0 with E(X2
0) = α

1−α1
, the ARCH(1)

equations have a stationary causal solution that is a white-noise process.

In practice, ARCH(p) models with large values of p are often appropriate to fit financial
return series. Observing that, by assumption of the model, σ2

t is given by a weighted average of
the past p values X2

t−1, . . . , X
2
t−p, motivates replacement of those terms by a smaller number

of past σts. This idea leads to the following definition.

Definition 3.7.5 A time series {Xt} is called generalized autoregressive conditional het-
eroscedastic process of order p and q, abbreviated as GARCH(p, q), p ≥ 1 and q ≥ 0, if

Xt = σtut,

σ2
t = α0 +

p∑
i=1

αiX
2
t−i +

q∑
j=1

βjσ
2
t−j,



136 FINANCIAL MODELS IN DISCRETE TIME

where α0, α1, . . . , αp ≥ 0 and β1, . . . , βq ≥ 0 are constants with αp, βq > 0 and ut ∼
i.i.d.(0, 1) is independent of {Xt−k : k ≥ 1}.

Empirical work has shown that the intuition leading to their formulation also applies in
practice: Usually GARCH(p, q) models with small p and q nicely capture persistence of high
volatility (volatility clusters), whereas ARCH(p) specifications usually need high orders.

Again let us focus on the simplest model of that class given by p = q = 1. The
GARCH(1, 1) often leads to satisfactory model fits in practical applications. The following
theorem provides a necessary and sufficient condition for the existence of a strictly stationary
solution.

Theorem 3.7.6 Let α0 > 0 and α1, β1 ≥ 0. The GARCH(1, 1) equations admit a strictly
stationary solution, if and only if

E log(α1u
2
1 + β1) < 0.

Then, the strictly stationary solution for σ2
t is given by

σ2
t = α0

⎛⎝1 +
∞∑

j=1

j∏
i=1

(α1u
2
t−i + β1)

⎞⎠ , t ∈ Z. (3.12)

Proof. We only show the sufficiency part and verify the representation of σ2
t . Consider

σ2
t = α0 + α1X

2
t−1 + β1σ

2
t−1.

Substituting X2
t−1 = σ2

t−1u
2
t−1 leads to the recursion

σ2
t = α0 + α1σ

2
t−1u

2
t−1 + β1σ

2
t−1

= α0 + (α1u
2
t−1 + β1)σ2

t−1.

This recursion is of the form

x2
t = α0 + γt−1x

2
t−1,

and we claim that it is solved by the series

x2
t = α0

⎛⎝1 +
∞∑

j=1

i∏
j=1

γt−i

⎞⎠ ,
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provided the series converges. Indeed,

α0 + γt−1x
2
t−1 = α0 + γt−1α0

⎛⎝1 +
∞∑

j=1

j∏
i=1

γt−1−i

⎞⎠
= α0 + γt−1α0 + α0γt−1(γt−2 + γt−2γt−3 + · · · )

= α0 + α0(γt−1 + γt−1γt−2 + · · · )

= α0 + α0

∞∑
j=1

j∏
i=1

γt−i

= x2
t .

To verify the convergence of the random series (3.12), notice that the partial sums of the
relevant series

∑∞
j=1

∏j
i=1(α1u

2
t−i + β1) can be written as

n∑
j=1

j∏
i=1

(α1u
2
t−i + β1) =

n∑
j=1

ρ−jZj, Zj = ρj

j∏
i=1

(α1u
2
t−i + β1),

for any real ρ. If we choose ρ > 1 and show that with probability one

Zj = ρj

j∏
i=1

(α1u
2
t−i + β1) → 0, j → ∞, (3.13)

then the above partial sum can be bounded by
∑n

j=1 ρ−j → 1
1−ρ−1 , which establishes its a.s.

convergence. To check Equation (3.13), notice that E log(α1u
2
1 + β1) < 0 implies that there

exists some ρ > 1 with

log ρ + E log(α1u
2
1 + β1) < 0.

Since ut are i.i.d. and log(α1u
2
1 + β1) is integrable, the strong law of large numbers ensures

that

log(ρ) + 1

n

n∑
i=1

log(α1u
2
t−i + β1)

converges a.s. to log ρ + E log(α1u
2
1 + β1), as n → ∞. But this implies that

log

(
ρn

n∏
i=1

(α1u
2
t−i + β1)

)
= n

(
log(ρ) + 1

n

n∑
i=1

log(α1u
2
t−i + β1)

)

converges to −∞, with probability 1. Hence,

ρn
n∏

i=1

(α1u
2
t−i + β1)

a.s.→ 0,

as n → ∞, which establishes Equation (3.13).
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The result can be extended to GARCH(p, q) models. A strictly stationary solution {Xt}
with EX2

t exists, if and only if

p∑
i=1

αi +
q∑

j=1

βj < 1.

Then {Xt} is a white noise process with marginal variance

E(X2
t ) = α0

1 −∑p
i=1 αi −∑q

j=1 βj

.

ARCH and GARCH models are usually estimated by relying on the likelihood approach.
Assume that the innovation sequence {ut} satisfies

ut
i.i.d.∼ f,

for some density f with mean 0 and variance 1. For a GARCH(1, 1) model, the conditional
density of Xt given the past values Xt−1, . . . , X0 is easily seen to be

fXt |Xt−1,...,X0 (xt|xt−1, . . . , x0) = fXt |Xt−1 (xt|xt−1) = 1

σt

f

(
xt

σt

)
,

leading to the likelihood

L(α0, α1, β1) =
T∏

t=1

1

σt

f

(
xt

σt

)
,

where σt =
√

α0 + α1X
2
t−1 + β1σ

2
t−1 can be calculated recursively. Notice that we need to

have a starting σ0 that is unobservable. A common approach is to use the sample standard
deviation of historical data or simply put σ0 = 0. For a GARCH(p, q) the likelihood can
be established in a similar way, but one needs starting values X−p+1, . . . , X0 as well as
σ−p+1, . . . , σ0.

Given estimates for the unknown parameters of the selected GARCH model, one can calcu-

late the estimators σ̂t , for example we have σ̂t =
√

α̂0 + α̂1X
2
t−1 + σ̂t−1 for a GARCH(1, 1).

Then, one also calculates the residuals

ût = X̂t

σ̂t

,

which should be approximately white noise, if the model is true. This can be checked by
taking a look at the sample autocovariances of those residuals.

A plethora of modifications and extensions of the classical GARCH model has been
proposed and studied in the literature. Here are only three examples. To allow for an asym-
metric effect of information on volatility, it has been proposed to substitute terms like X2

t−1 by
(Xt−1 + δ|Xt−1|)2, where the new parameter δ is constrained to lie in the interval [0, 1]. Then,
the effect of X2

t−1 on σ2
t is (1 + δ)2X2

t−1, if Xt−1 ≥ 0, and (1 − δ)2X2
t−1, if Xt−1 < 0. The

economic reasoning behind such a leverage effect is that when the price of a company falls,
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its debt-to-equity ratio increases, which should increase volatility, since volatility measures
the risk associated with an investment in the stocks of the company.

The GARCH in mean model (GARCH-M) assumes that

Xt = βZt + λσt + σtut,

σ2
t = α0 +

p∑
i=1

αiX
2
t−i +

q∑
j=1

βjσ
2
t−j,

for some regressor Zt . The conditional mean of Xt given Ft−1 is now given by βZt + λσt

and therefore depends on the volatility.
The exponential GARCH model specifies the conditional variance as

σ2
t = exp

⎛⎝α0 +
p∑

i=1

αig(Xt−i) +
q∑

j=1

βj log(σt−j)

⎞⎠ ,

where α0, . . . , αp and β1, . . . , βq are real-valued parameters. By modeling the log volatility,
the parameters have not been constrained at this point. The terms g(Xt−i) are given by

g(Xt) = θXt + γ(|Xt| − E|Xt|)
with further parameters θ and γ . One may derive a MA(∞) representation

log(σ2
t ) = ωt +

∞∑
k=1

g(Xt−k).

Provided
∑∞

k=1 β2
k < ∞, σ2

t is strictly stationary.

3.8 Long-memory series

There is some evidence that certain financial series are affected by what is called long memory.
That means that the autocorrelations decay much slower than they do for models such as AR
or ARMA processes. Here we have seen that the autocovariances, say γk, tend to 0 at an
exponential rate such as γk ∼ a−k, which rapidly decays as k gets large. Thus, one says that
such models have a short memory. But if, for example, γk ∼ k−β for some β > 0, the γk

decay much slower. For β > 1 they are still summable, but even that property gets lost for
0 < β < 1.

A convenient way to understand long-memory processes is to introduce first fractional
differences.

3.8.1 Fractional differences

For d ∈ N the lag polynomial (1 − L)d takes differences of order d, i.e.

(1 − L)Xt = Xt − Xt−1,

(1 − L)2Xt = Xt − 2Xt−1 + Xt−2,
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and so forth. We aim at extending those differences to values −1 < d < 1 and will call them
fractional differences.

For d ∈ R the (formal) series representation of the lag operator p(L) = (1 − L)d is ob-
tained from the Taylor expansion of the function f (z) = (1 − z)d for z ∈ C. It is easy to check
that

f (k)(z) =
(

k−1∏
i=0

(d − i)

)
(−1)k(1 − z)d−k, k ∈ N

leading to the binomial series

(1 − z)d =
∞∑

k=0

ψkz
k, z ∈ C, (3.14)

with coefficients ψ0 = 1 and

ψk = f (k)(0)

k!
= (−1)k

k!

k−1∏
i=0

(d − i) = (−1)k
(

d

k

)
, k ∈ N,

where (
d

k

)
= d(d − 1) · · · (d − k + 1)

k!

are the generalized binomial coefficients. For d > 0 the series converges absolutely on the
unit disc, such that

(1 − L)d =
∞∑

k=0

ψkL
k

is a well-defined L1 filter allowing us to consider linear processes of the form (1 − L)dεt ,
where εt is a white-noise process. More generally, processes of the form (1 − L)dXt exist
a.s., provided {Xt} is a process with supn E|Xn| < ∞, and also in L2 if supn E|Xn|2 < ∞.

Before studying the case −1 < d < 0, let us collect some first properties of the
coefficients ψk.

The coefficients ψk can be expressed in terms of the Gamma function �. For that purpose,
write

ψk = 1

k!

k−1∏
i=0

(−d + i). (3.15)

Recall the definition of the Gamma function,

�(z) = lim
n→∞

nzn!

z(z + 1)(z + 2) · · · (z + n)
, z ∈ C\{0, −1, −2, . . . }.

For positive real z one has the integral representation

�(z) =
∫ ∞

0
exp(−t)tz−1 dt.
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The Gamma function satisfies �(n + 1) = n! for n ∈ N and, more generally, the recursion

�(z + 1) = z�(z)

on its domain. That leads to the formula

�(z + n + 1) = (z + n)�(z + n) = · · · =
n∏

i=0

(z + i)�(z),

which allows us to express the product in Equation (3.15) by the Gamma function. Indeed, if
we apply the latter with z = −d and combine it with 1/k! = 1/�(k + 1), we arrive at

ψk = �(k − d)

�(k + 1)�(−d)
, k ∈ N.

The following lemma shows that the coefficients ψk decay as k−γ , where γ = d + 1 > 0.
It makes use of Sterling’s formula

�(x) ∼
√

2πe−x+1(x − 1)x−1/2, x → ∞.

Lemma 3.8.1 For d > −1

ψk ∼ k−(d+1)

�(−d)
,

as k → ∞.

Proof. By virtue of Sterling’s formula,

ψk = �(k − d)

�(k + 1)�(−d)

∼ ed−k+1(k − d − 1)k−d−1/2

�(−d)e−kkk+1/2

= 1

�(−d)
ed+1

(
k − d − 1

k

)k (k − d − 1)−d−1/2

k1/2 ,

where
(

k−d−1
k

)k =
(

1 − d+1
k

)k → e−(d+1), as k → ∞, and

(k − d − 1)−d−1/2

k1/2 = (k − d − 1)−(d+1)
(

k − d − 1

k

)1/2

= k−(d+1)
(

k − (d + 1)

k

)−(d+1) (
k − (d + 1)

k

)1/2

∼ k−(d+1),

as k → ∞, since d is fixed.

In order to study negative fractional powers of 1 − L we need the following lemma.
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Lemma 3.8.2 For −1/2 < d < 1/2 we have
∑∞

k=0 ψ2
k < ∞, such that

∑∞
k=0 ψkL

k is a L2
filter.

Proof. Let ε > 0. By Lemma 3.8.1 we can find k0 such that |ψk/(k−(d+1)/�(−d))| ≤
1 + ε for k ≥ k0. We have for some constant 0 < C1 < ∞

∞∑
k=0

ψ2
k =

k0−1∑
k=0

ψ2
k +

∞∑
k=k0

(
1

�(−d)

1

kd+1

)2 (
ψk

k−(d+1)/�(−d)

)2

≤ C1 + (1 + ε)2
∞∑

k=k0

(
1

�(−d)

1

kd+1

)2

.

It remains to verify that
∑∞

k=k0

(
1

kd+1

)2
< ∞. If 0 ≤ d < 1/2, then

∞∑
k=k0

(
1

kd+1

)2

≤
∞∑

k=0

1

k2+2d
≤

∞∑
k=0

1

k2 < ∞.

If −1/2 < d < 0, then choose d0 with −1/2 < d0 < d. Then 2d0 ∈ (−1, 0) and δ = 1 +
2d0 > 0. It follows that

∞∑
k=k0

1

k2+2d
≤

∞∑
k=k0

1

k2+2d0
≤

∞∑
k=0

1

k1+δ
< ∞,

which completes the proof.

Having the fractional difference operator (1 − L)d , d > 0, at our disposal, which defines
stationary time series when applied to white-noise processes, we want to invert that filter
yielding (1 − L)−d . For negative exponents larger than −1 the binomial series converges
only for |z| < 1. Let us solve the crucial equation (3.6), i.e.

ψ(z)θ(z) = 1,

for |z| < 1. The solution θ(z) = (1 − z)−d is an analytic function for 0 < d < 1. The associ-
ated Taylor expansions as in Equation (3.14),

θ(z) =
∞∑

k=0

θkz
k, θk = θ(k)(0)/k!,

with d replaced by −d yields the coefficients

θk = 1

k!

k−1∏
i=0

(d + i) = �(k + d)

�(k + 1)�(d)
.

A further application of Sterling’s approximation shows that

θk ∼ kd−1/�(d), k → ∞.
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which also implies that
∑∞

k=0 θ2
k < ∞, i.e. θ(L) is a L2 filter, if 0 < d < 1/2. This means,

for 0 < d < 1/2

Xt = (1 − L)−dεt =
∞∑

k=0

θkεt−k, εt ∼ WN(0, σ2), σ2 ∈ (0, ∞),

exists in the L2 sense and provides a stationary solution of the equations

(1 − L)dXt = εt,

cf. Proposition 3.4.3.

Definition 3.8.3 (Fractionally Integrated Noise)
Let −1/2 < d < 1/2. A stationary solution {Xt} of the equations

(1 − L)dXt = εt

for a white-noise process {εt} is called fractionally integrated noise.

We have seen in Lemma 3.5.2 that the spectral density of a linear process given by a lag

operator p(L) is f (ω) = σ2

2π
|p(eıω)|2 from which one can also calculate the autocovariance

function via the formula γ(h) = ∫ π

−π
cos(ωh)f (ω) dω, cf. Theorem 3.5.7.

For 0 < d < 1/2 the linear filter ψ(L) = ∑
j ψjL

j is an L1 filter and consequently the

spectral density of Xt = (1 − L)−dεt = ψ(L)εt is given by

fX(ω) = σ2

2π
|1 − eıω|−2d,

since ψ(z) = (1 − z)−d . Using |1 − eıω| = 2 sin(ω/2), we obtain the formula

fX(ω) = σ2

2π
|1 − sin(ω/2)|−2d.

Let us use the last formula to calculate the autocovariances

γX(h) =
∫ π

−π

eıhωf (ω) dω

= σ2

π

∫ π

0
cos(hω)(2 sin(ω/2))−2d dω.

The last integral is of the form
∫ π

0 cos(hx) sinz−1(x) dx, which is known to equal
π cos(hπ/2)�(z+1)21−z

z�((z+h+1)/2)�((z−h−1)/2) .

Lemma 3.8.4 Let 0 < d < 1/2 and εt ∼ WN(0, σ2). Then the autocovariances and auto-
correlations of {Xt} are given by

γX(h) = σ2 (−1)h�(1 − 2d)

�(h − d + 1)�(1 − h − d)
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and

ρX(h) = �(h + d)�(1 − d)

�(h − d + 1)�(d)
,

for h ∈ Z. Further,

ρX(h) ∼ h2d−1 �(1 − d)

�(d)
.

Another approach to introduce long-memory processes is as follows: A mean zero
Gaussian series {Zt} exhibits long-range dependence, if its autocovariance function γZ(k)
satisfies

γZ(k) ∼ k−DL(k),

as k → ∞, for some 0 < D < 1 and a slowly varying function L, that is

lim
x→∞

L(cx)

L(x)
= 1

for any c > 0. Then H = 1 − D/2 is also called the Hurst index. Lemma 3.8.4 asserts that
a fractionally integrated series with 0 < d < 1/2 has a Hurst index H = 1/2 + d.

3.8.2 Fractionally integrated processes

Let {Xt} be a time series. If its fractional differences can be expressed as a ARMA(p, q), it is
called a FARIMA(p, q) process. More precisely, one defines.

Definition 3.8.5 (FARIMA Process)
A time series {Xt} is called a fractionally integrated ARMA of order (p, d, q), d ∈
(−1/2, 1/2), if {Xt} is a stationary solution of the equations

ψ(L)(1 − L)dXt = φ(L)εt

for some white noise {εt} and lag polynomials ψ, φ of degrees p, q, respectively.

3.9 Notes and further reading

For a thorough introduction to martingales in discrete time the textbook Williams (1991) can be
recommended. A classic comprehensive reference on martingales and related limit theorems
is the monograph Hall and Heyde (1980). Time-series analysis, mainly for parametric models,
can be found in Brockwell and Davis (1991). For a special focus on applications to financial
markets we refer to Fan and Yao (2003), Carmona (2004), Lai and Xing (2008), Tsay (2010)
and Jondeau et al. (2007). The ARCH model was proposed in the seminal work Engle (1982).
For the exponential GARCH model we refer to Nelson (1991). A comprehensive monograph
on such models and their estimation is Straumann (2005). The basic idea of the proof of
Theorem 3.7.6 seems to be due to Nelson (1990), cf. the discussion in Kreiss and Neuhaus
(2006).
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4

Arbitrage theory for the
multiperiod model

Having the martingale theory in discrete time discussed in the previous chapter at our
disposal, we are now in a position to study how to price contingent claims assuming that
trading is possible at discrete fixed time points; without loss of generality these time points
will be denoted by t = 0, . . . , T , where T denotes the number of time points and coin-
cides with the time horizon. First, we need to extend various definitions and notions, such as
self-financing strategy, equivalent martingale measure and no-arbitrage, from the one-period
to the multiperiod setting, before we can study the question how the no-arbitrage condition
relates to the existence of an equivalent martingale measure P∗. We shall see that for a financial
market with a finite state space � we get nice explicit formulas for P∗.

After a discussion of the general theory for the multiperiod case, we turn our attention to
the Cox-Ross-Rubinstein binomial model, which allows all quantities explicitly, including the
(delta) hedge for a path-dependent derivative to be easily calculated. The multiperiod binomial
model is also an powerful and simple vehicle to derive the celebrated Black–Scholes option
pricing formula by studying the convergence in distribution of the stock price under the
sequence of equivalent martingale measures appropriately constructed in the binomial model.

Finally, we study how to price American-style derivatives such as American options on a
stock, where one can exercise the right to buy or sell the underlying at any time point before
maturity. We shall see that the problem can be treated in a concise and transparent way by
using the theory of optimal stopping discussed in the previous chapter. The results are actually
constructive and lead to an algorithm for the arbitrage-free pricing of American derivatives
by using a binomial tree.

Financial Statistics and Mathematical Finance: Methods, Models and Applications, First Edition. Ansgar Steland.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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4.1 Definitions and preliminaries

Our model for the financial market is as follows. Let (�,F, {Ft}, P) be a filtered probability
space, where

{∅, �} = F0 ⊂ F1 ⊂ · · · ⊂ FT ⊂ F

and P is the real probability measure. We assume that investors can invest in d assets traded at
the market or deposit their money into a bank account. The prices are modeled by d Ft-adapted
processes

{Sti : t = 0, 1, . . . , T }, i = 0, . . . , d,

with 0 ≤ Sti and E(Sti) < ∞ for all t and i. As in Chapter 2, it is assumed that at each
period one can borrow or deposit money at the same fixed interest rate. For simplicity of the
exposition, we will confine ourselves to the case that the yield is deterministic and known to
us. That means that a payment C deposited at time t growths to C(1 + r) at time t + 1, for all
t = 0, . . . , T − 1, where r denotes the interest rate for each period. The bank account can be
modeled equivalently by a bond given by the price process

St0 = S00(1 + r)t , t = 0, . . . , T,

where S00 is the nominal value of the bond.
It is worth mentioning that the theory of the present chapter remains more or less valid

when considering so-called locally riskless bonds, although we confine ourselves to the above
setting, in order to simplify the exposition.

Definition 4.1.1 A locally riskless bond is given by a price process

St0 =
t∏

i=1

(1 + ri), t = 0, . . . , T,

for some predictable process {rt}.

4.2 Self-financing trading strategies

Since investors can trade at times 0, . . . , T − 1, a trading strategy is given by the number of
shares, ϕti, of asset i held from time t to time t + 1. Clearly, ϕTi are the terminal values. This
means that an investor determines for each investment opportunity i his or her position at
time 0. If ϕ1iS1i > 0, he has to pay ϕ1iS1i and holds a long position, whereas he receives the
amount |ϕ1iS1i| and is short, if ϕ1iS1i < 0. In other words, ϕ1 = (ϕ10, . . . , ϕ1d)′ is what we
have called a portfolio. Then the investor proceeds and sets up a portfolio ϕ2 = (ϕ20, . . . , ϕ2d)′
for the next period, and so forth.

Since, obviously, the ϕti are determined given the information available up to and including
time t − 1, the following definition is self-evident.

Definition 4.2.1 A predictable process {ϕt : t = 0, . . . , T }, ϕt = (ϕt0, . . . , ϕtd)′, taking
values in Rd+1 with ϕ0 = ϕ1 is called a trading strategy.
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Notice that ϕ0 is not really needed in our model. However, putting ϕ0 = ϕ1 will simplify
some of the formulas we are going to derive.

Definition 4.2.2 Let {St : t = 0, . . . , T } be a d-dimensional price process and ϕ = {ϕt : t =
0, . . . , T } be a trading strategy. Then the corresponding process Vt = Vt(ϕ) given by

Vt = ϕ′
tSt, t = 0, . . . T,

is called the value process of the trading strategy ϕt .

The starting value V0 is the initial capital required to set up the trade. V1 = ϕ′
1S1 is the

value at time 1 and, in general, Vt = ϕ′
tSt is the value of the trading strategy at time t. In the

real world, a trading strategy can cover additional payments or withdrawals, e.g. income paid
to the investor or additional investments from new investors. However, since such financial
issues can be taken into account by introducing a new artificial asset, we will ignore them in
what follows. Then the initial capital ϕ′

0S0 has to be financed at time 0 and further portfolio
updates have to be financed from the portfolio itself; buying more shares from one asset
requires withdrawing money from the bank account or selling other assets.

At time t ∈ {1, . . . , T − 1} the value of the portfolio ϕt held from t − 1 to t, also called
time t value, equals ϕ′

tSt . That portfolio required the capital ϕ′
tSt−1 at time t − 1 when it was

set up. We could realize the time t value ϕ′
tSt at time t by closing all positions. For the next

period we have to determine ϕt+1 giving rise to the costs ϕ′
t+1St . The net value is

Ct = ϕ′
t+1St − ϕ′

tSt = (ϕt+1 − ϕt)
′St = �ϕ′

t+1St.

Here and in what follows, we agree on the following definition of the difference operator

�ϕt+1 = ϕt+1 − ϕt.

If Ct > 0, external money would be needed to finance the portfolio ϕt+1, whereas we could
withdraw |Ct| if Ct < 0. When Ct = 0, the portfolio update is self-financing.

Definition 4.2.3 A trading strategy is called self-financing, if for all t = 1, . . . , T

�ϕ′
tSt−1 = 0 ⇔ ϕ′

tSt−1 = ϕ′
t−1St−1

holds true.

Recall the definition of the stochastic integral in discrete time. Let ϕt and St be R-valued
processes, ϕt being predictable and St adapted. Then the discrete-time stochastic integral∫

ϕr dSr denotes the R-valued process

It =
∫ t

0
ϕr dSr =

t∑
r=1

ϕr�Sr =
t∑

r=1

ϕr(Sr − Sr−1), t = 0, . . . , T, (4.1)
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see Definition 3.2.11. If both ϕt and St are k-dimensional, then
∫

ϕ′
r dSr is the R-valued

process

It =
∫ t

0
ϕ′

r dSr =
t∑

r=1

ϕ′
r(Sr − Sr−1), t = 0, . . . , T.

Theorem 4.2.4 A trading strategy {ϕt : t = 0, . . . , T } is self-financing, if and only if for all
t = 0, . . . , T

Vt = V0 +
t∑

r=1

ϕ′
r�Sr = V0 +

∫ t

0
ϕ′

r dSr

holds true, where V0 = ϕ′
0S0. In other words, a trading strategy is self-financing if and only

if the associated value process is a discrete stochastic Itô integral.

Proof. For t = 0 the assertion is trivially satisfied. We have

ϕt self-financing ⇔ �ϕ′
tSt−1 = 0, t = 1, . . . , T

⇔ ϕ′
tSt−1 − ϕ′

t−1St−1 = 0, t = 1, . . . , T.

Now add ϕ′
tSt and subtract ϕ′

tSt−1 from both sides of the above equation to obtain

ϕ′
tSt − ϕ′

t−1St−1 = ϕ′
tSt − ϕ′

tSt−1 = ϕ′
t(St − St−1).

The left-hand side is the (t + 1)th summand, �Vt , of Vt = V0 + ∑t
r=1 �Vr. Thus, we obtain

for t = 1, . . . , T

Vt = V0 +
t∑

r=1

�Vr = V0 +
∫ t

0
ϕ′

r dSr.

Definition 4.2.5 The process S∗
t = (1, St1/St0, . . . , Std/St0)′, t = 0, . . . , T , is called dis-

counted price process. V ∗
t = ϕ′

tS
∗
t , t = 0, . . . , T , is called a discounted value process.

Remark 4.2.6 If the bank account (numeraire) is a bond with face value 1 paying a fixed
interest rate r, we have

S∗
ti = Sti

(1 + r)t
, V ∗

t = ϕ′
tSt

(1 + r)t
.

Noting that �ϕ′
tSt−1 = ϕ′

tSt−1 − ϕ′
t−1St−1 = 0 is equivalent to �ϕ′

tS
∗
t−1 = 0, we imme-

diately obtain

Proposition 4.2.7 A trading strategy is self-financing if and only if the corresponding value
process V ∗

t = V ∗
t (ϕ) satisfies

V ∗
t = V ∗

0 +
t∑

r=1

ϕ′
r�S∗

r = V ∗
0 +

∫ t

0
ϕ′

r dS∗
r

for t = 0, . . . , T .
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Notice that when discounting, the stochastic integral does not depend on ϕt0, t = 1, . . . , T ,
the money deposited into the bank, since �S∗

t0 = 0 for all t.

Theorem 4.2.8 Let Q be a probability measure on (�,F) such that {S∗
ti : t = 0, . . . , T }, i =

1, . . . , d, are martingales under Q, and let {ϕt} be a self-financing trading strategy. If the
corresponding value process Vt = ϕ′

tSt is Q-integrable for all t, then V ∗
t is a martingale under

Q, such that

EQ(V ∗
t |Fs) = V ∗

s Q − a.s.,

for all s ≤ t, EQ(V ∗
t ) = V0 and

V ∗
t = EQ(V ∗

T |Ft) Q − a.s.,

for all t = 0, . . . , T .

Proof. Since ϕt is self-financing, Vt−1 = ϕ′
tSt−1. Hence,

ϕ′
t+1(St+1 − St) = Vt+1 − ϕ′

t+1St = Vt+1 − Vt

is Q-integrable, such that the martingale property of S∗
t implies

EQ(ϕ′
t+1(S∗

t+1 − S∗
t )|Ft) = ϕ′

t+1(EQ(S∗
t+1|Ft) − S∗

t ) = 0.

Consequently, for t = 0, . . . , T − 1,

EQ(V ∗
t+1|Ft) = EQ

(
V ∗

0 +
t∑

i=1

ϕ′
i�S∗

i

∣∣∣∣Ft

)
+ E(ϕ′

t+1(S∗
t+1 − S∗

t )|Ft)

= V ∗
0 +

t∑
i=1

ϕ′
i�S∗

i

= V ∗
t ,

since ϕi is Ft-predictable, i.e. ϕt is Ft−1-measurable, if i ≤ t, which verifies that {V ∗
t } is a

martingale under Q.

Remark 4.2.9 Here are some sufficient conditions for E|Vt| < ∞, t = 0, . . . , T .

(i) � is finite.

(ii) ϕt is bounded, i.e. |ϕt| ≤ C for all t = 0, . . . , T .

(iii) E|ϕt|p < ∞ and ES
q
t < ∞ for p, q ∈ [1, ∞] with p−1 + q−1 = 1, by virtue of

Hölder’s inequality.

Theorem 4.2.8 provides an important insight. If we have a probability measure Q such
that the price processes are martingales under Q, the discounted value process V ∗

t of a self-
financing trade can be calculated from the discounted final value V ∗

T , namely

V ∗
t = EQ(V ∗

T |Ft).
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Further, the time t value is given by

Vt = EQ(V ∗
T (1 + r)t|Ft) = EQ(VT (1 + r)(t−T )|Ft).

If a self-financing strategy is used to replicate a claim, these formulas provide the fair value
of the claim. It is time to put these facts into the framework of arbitrage-freeness.

4.3 No-arbitrage and martingale measures

Definition 4.3.1 A self-financing trading strategy ϕ = {ϕt} is called an arbitrage opportu-
nity or arbitrage, if the corresponding value process Vt = Vt(ϕ) satisfies

V0 ≤ 0, VT ≥ 0 P-a.s., P(VT > 0) > 0. (4.2)

Remark 4.3.2

(i) Whether or not ϕt is an arbitrage depends on the probability measure P . The notion
of an arbitrage is invariant on the set of all probability measures that are equivalent
to P . But notice that the profit we make by an arbitrage opportunity may depend
strongly on P .

(ii) Obviously, Equation (4.2) is equivalent to

V ∗
0 ≤ 0, V ∗

T ≥ 0 P-a.s., P(V ∗
T > 0) > 0.

Obviously, the multiperiod model is basically a chain of one-period models. One can
also establish a connection between arbitrage opportunities in the multiperiod model and the
corresponding one-period models.

Theorem 4.3.3 There exists an arbitrage opportunity in the multiperiod model if and only
if there exists an arbitrage opportunity in at least one of its one-period model.

Definition 4.3.4

(i) A probability measure Q is called a martingale measure, if Q is trivial on F0,
i.e. Q(A) ∈ {0, 1} for all A ∈ F0, and when all discounted price processes {S∗

ti : t =
0, . . . , T }, i = 1, . . . , d, are Ft-martingales under Q.

(ii) Q is called an equivalent martingale measure (EMM), if Q is a martingale measure
and Q ∼ P .

After these preparations, we are now in a position to study the first fundamental theo-
rem, which we prove for the case of a finite probability space. Recall that for finite � =
{ω1, . . . , ωn}, n ∈ N, we may identify random variables X with vectors (X(ω1), . . . , X(ωn)),
which will allow us to argue in a similar manner as in the one-period model.

Theorem 4.3.5 A financial market is arbitrage-free, if and only if there exists some equivalent
martingale measure.
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Proof. When � = {ω1, . . . , ωn} for some n ∈ N and ωi with pi := P({ωi}) > 0 for i =
1, . . . , n, we may identify random variables with n-dimensional vectors. We can extend the
idea of the proof of Theorem 2.5.4 to the multiperiod setting. Consider

U = {
(−V ∗

0 (ϕ), V ∗
T (ϕ)) : ϕ = {ϕt} is predictable

} ⊂ Rn+1.

where the random variable V ∗
T (ϕ) is identified with the vector (V ∗

T (ϕ)(ω1), . . . , V ∗
T (ϕ)(ωn)),

whereas V ∗
0 (ϕ) is a constant. Notice that U is a linear subspace of Rn+1. Let

M = {
(y0, . . . , yn)′ ∈ Rn+1 : yi ≥ 0, i = 0, . . . , n, yj > 0 for some j

}
.

We have 0 /∈ M and the market is arbitrage-free, if and only if U ∩ M = ∅. Further,

K = {y ∈ M : y′1 = 1}, 1 = (1, . . . , 1)′ ∈ Rn+1,

is a nonempty, compact and convex subset of M satisfying U ∩ K = ∅. Theorem 2.4.5 allows
us to separate K and U: there is some vector λ = (λ0, . . . , λn)′ ∈ Rn+1, such that

λ′x = 0, ∀x ∈ U,

λ′x > 0, ∀x ∈ K.

Since the unit vectors ej are in K, λj = λ′ej > 0, j = 0, . . . , n, follows. Thus, the probability
measure

P∗({ωj}
)

:= λj

n∑
k=1

λk

, j = 1, . . . , n,

is equivalent to P . We claim that P∗ is the equivalent martingale measure we are looking for.
We have

E∗|Sti| =
n∑

j=1

λj|Sti(ωj)|
/ n∑

k=1

λk

=
n∑

j=1

pj|Sti(ωj)| λj

pj

n∑
k=1

λk

≤ C · E|Sti| < ∞,

where C = max
1≤j≤n

λj

pj

(
n∑

k=1
λk

)−1

< ∞. Noting that St0 = S00(1 + r)t , it follows that

E∗(S∗
ti) < ∞ as well. It remains to show that

E∗(S∗
ti − S∗

si|Fs) = 0, P∗-a.s.,

for s < t and i = 1, . . . , d. By definition, 0 is a version of the conditional expectation of
S∗

ti − S∗
si given Fs, if for all A ∈ Fs

0 =
∫

A

0 dP∗ =
∫

A

(S∗
ti − S∗

si) dP∗ = E∗[1A(S∗
ti − S∗

si)].



154 ARBITRAGE THEORY FOR THE MULTIPERIOD MODEL

In order to verify that equation, let A ∈ Fs and define the trading strategy ϕ̃u =(
ϕ̃u0, . . . , ϕ̃ud

)′, 0 ≤ u ≤ T , with

ϕ̃uj(ω) = 1A(ω)1{s+1≤u≤t}1{j=i} ω ∈ �, j = 0, . . . , d,

and consider the corresponding stochastic integral in discrete time

Zu =
∫ u

0
ϕ̃′

r dS∗
r =

u∑
r=1

ϕ̃′
r(S

∗
r − S∗

r−1)

=
min(u,t)∑
r=s+1

1A(S∗
ri − S∗

r−1,i), u = 0, . . . , T.

Then (by telescoping) ZT = 1A(S∗
ti − S∗

si). Clearly, (−Z0, ZT ) ∈ U, such that∑
ωj∈�

λjZT (ωj) = 0.

Thus, using the definition of P∗

E∗(1A(S∗
ti − S∗

si)) = E∗(ZT ) =
n∑

j=1

λjZT (ωj)

/ n∑
k=1

λk = 0.

This shows that {S∗
t } is a P∗-martingale.

4.4 European claims on arbitrage-free markets

Let us confine our study to European claims C paying a random payment C at maturity T ,
which depends on the underlying(s). It is time to distinguish formally contingent claims and
derivatives.

Definition 4.4.1 A non-negative random variable C, i.e. aF − B-measurable mapping � →
[0, ∞), is called a claim or contingent claim. A contingent claim C is called a derivative of
the underlyings i1, . . . , ij , 1 ≤ j ≤ d, if C = g(STi1 , . . . , STij ) for some measurable full rank
function g : Rj → R. Recall at this point that a vector function g = (g1, . . . , gj) is of full
rank, if there is no Borel-measurable function h such that gi = h(g1, . . . , gi−1, gi+1, . . . , gj)
for any i = 1, . . . , j.

Definition 4.4.2 An European claim is called replicable or attainable, if there is some
trading strategy ϕ = {ϕt}, whose value at maturity T coincides with C, a.s., i.e.

C = ϕ′
T ST , P-a.s.

ϕ = {ϕt} is called a replicating (trading) strategy.
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If ϕ = {ϕt} is a replicating strategy and Vt = Vt(ϕ) = ϕ′
tSt , 1 ≤ t ≤ T , denotes the corre-

sponding value process, then

C = VT = V0 +
T∑

t=1

ϕ′
t(St − St−1),

or, equivalently, in terms of the discounted quantities,

C∗ = V ∗
T = V ∗

0 +
T∑

t=1

ϕ′
t(S

∗
t − S∗

t−1).

Vice versa, such a representation implies that C is attainable and ϕ is a replicating trading
strategy.

The following basic result asserts that the discounted value process of a replicable claim
is, a.s., the Lévy martingale of the discounted claim. This important result implies that the
discounted value can be calculated without knowing a replicating trading strategy.

Theorem 4.4.3 Any attainable contingent claim C with E(C) < ∞ is P∗-integrable for each
P∗ ∈ P. Further, the discounted value process V ∗

t = V ∗
t (ϕ) of an arbitrary replicating trading

strategy satisfies

V ∗
t = E∗(C∗|Ft), P∗-a.s., t = 1, . . . , T.

In particular, V ∗
t is a non-negative Ft-martingale under P∗.

Proof. Notice that Theorem 4.2.8 remains true, if the generalized conditional expectations
of Vt exists, for which Vt ≥ 0 P-a.s. is a sufficient condition we want to show now. Noting
that VT = C ≥ 0, we apply backward induction and therefore assume that Vt ≥ 0, P-a.s. Let
ϕt(c) = ϕt1{|ϕt |≤c}, c > 0, and notice that

ϕt = lim
c→∞ ϕt(c) and Xt−1 = lim

c→∞ Xt−11{|ϕt |≤c},

ω-wise. First, notice that

V ∗
t−1 = V ∗

t − ϕ′
t(S

∗
t − S∗

t−1) ≥ −ϕ′
t(S

∗
t − S∗

t−1)

and

E∗(V ∗
t−11{|ϕt−1|≤c}) = E∗(1{|ϕt−1|≤c}ϕ′

t−1S
∗
t−1)

= E∗(ϕt−1(c)′S∗
t−1)

≤ c ·
d∑

i=0

E∗|S∗
ti| < ∞.
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Thus, we obtain

V ∗
t−11{|ϕt |≤c} = E∗(V ∗

t−11{|ϕt |≤c}|Ft−1)

≥ E∗(−1{|ϕt |≤c}ϕ′
t(S

∗
t − S∗

t−1)|Ft−1)

= −ϕt(c)′E∗(S∗
t − S∗

t−1|Ft−1)

= 0.

Taking the limit c → ∞ now yields V ∗
t−1 ≥ 0, P∗-a.s., which implies Vt ≥ 0, P-a.s., for all

t. Hence, E(V ∗
t |Ft−1) is well defined.

On the set Ac = {|ϕt| ≤ c} we have ϕt = ϕt(c) such that for any c > 0 and almost all
ω ∈ Ac

E∗(V ∗
t |Ft−1)(ω) − V ∗

t−1(ω) = E∗(V ∗
t − V ∗

t−1|Ft−1)(ω)

= E∗(ϕt(c)′(S∗
t − S∗

t−1)|Ft−1)(ω)

= ϕt(c)′E∗(S∗
t − S∗

t−1|Ft−1)(ω)

= 0.

Thus, 1�\Ac · 0 + 1Ac · V ∗
t−1 is a version of E(V ∗

t |Ft−1), cf. A.3.1 (x). Now, by dominated
convergence, c → ∞ yields the generalized martingale property of {V ∗

t }. It remains to show
that V ∗

t = E∗(C∗|Ft). We have for t < T

V ∗
t = E∗(V ∗

t+1|Ft)

= E∗(· · · E∗(V ∗
T |FT−1) · · · |Ft)

= E∗(· · · E∗(C∗|FT−1) · · · |Ft)

= E∗(C∗|Ft),

which completes the proof.

Definition 4.4.4 Suppose we are given an arbitrage-free market with d risky assets and
a claim C. π(C) ≥ 0 is called an arbitrage-free price of C, if there exists some adapted
stochastic process {S∗

t,d+1 : t = 0, . . . , T }, such that

(i) S∗
0,d+1 = π(C), P-a.s.;

(ii) S∗
t,d+1 ≥ 0, P-a.s., for t = 0, . . . , T ;

(iii) S∗
T,d+1 = C∗, P-a.s.; and

(iv) the extended market consisting of the d + 2 price processes {St0}, . . . , {St,d+1} is
arbitrage-free.

If an attainable claim is traded at a price p that differs from the initial capital V0 = ϕ′
0S0 =

E∗(C∗) required to initiate the replicating hedge, arbitrageurs can earn riskless profits. For
example, if p > V0, the claim is sold at time 0 and V0 is invested to acquire the hedge, whose
value is always non-negative. The difference p − V0 > 0 earns the riskless profit. At maturity,
the claim is settled using the payoff of the hedge.
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Theorem 4.4.5 The set of arbitrage-free prices of a claim C is given by �(C) = {E∗(C∗) :
P∗ ∈ P, E∗(C∗) < ∞}

Proof. ‘⊂’: Let p be an arbitrage-free price. Then the extended market is arbitrage-free.
By Theorem 4.3.5 this holds true, if and only if P /= ∅. Therefore, there is some P∗ ∈ P, such
that the d + 1 processes {S∗

ti : t = 0, . . . , T }, i = 1, . . . , d + 1, are P∗-martingales. We have
to show that p = E∗(C∗). By the martingale property,

p = S∗
0,d+1 = E∗(S∗

T,d+1|F0) = E∗(C∗|F0) = E∗(C∗),

since ST,d+1 = C.
‘⊃’: Let p ∈ {E∗(C∗) : P∗ ∈ P, E∗(C∗) < ∞}. Then p = E∗(C∗) for some P∗ ∈ P. Fix

that P∗ and define {S∗
t,d+1 : t = 0, . . . , T } by the Lévy martingale

S∗
t,d+1 = E∗(C∗|Ft), t = 0, . . . , T.

By definition, S∗
t,d+1 is Ft-adapted with expectation p = E∗(C∗). From Theorem 4.4.3 we

know that S∗
t,d+1 is non-negative and coincides with the discounted value process, a.s. Since

the d + 1 processes {S∗
ti : t = 0, . . . , T }, i = 1, . . . , d + 1, are Ft-martingales under P∗, P∗

is an equivalent martingale measure for the extended market. By Theorem 4.3.5, this holds
true if and only if the extended market is arbitrage-free. Hence, all conditions of Definition
4.4.4 are checked.

Definition 4.4.6 An arbitrage-free financial market is called complete, if all contingent
claims are attainable.

In a complete market all claims can be hedged by self-financing trading strategies. We
have learned in Chapter 2 that in a one-period model the linear space of portfolios can be
identified with the linear space L∞(�,F, P) of bounded random variables. Its dimension is
bounded by d + 1. In the multiperiod model, a similar result holds true.

Theorem 4.4.7 On an arbitrage-free market where all bounded claims are attainable, the
following assertions hold true:

(i) The market is complete.

(ii) The dimension of L∞(�,F, P) is bounded by (d + 1)T .

As a consequence of Theorem 4.4.7, if trading is restricted to discrete time instants, any
arbitrage-free and complete market can be represented by a tree: At each time point t the
price processes attain values in a finite set of at most d + 1 values. In other words, if an
arbitrage-free market can not be presented as a tree, there may be contingent claims that can
not be hedged. Theorem 4.4.3 told us that the value process of a claim, which can be hedged
by a self-financing trading strategy, satisfies

V ∗
t = E∗(C∗|Ft) for all P∗ ∈ P.

What happens if the claim can not be hedged? Is the right-hand side still constant in P∗?
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Theorem 4.4.8 Let C be an European contingent claim. Then the following assertions are
equivalent:

(i) C is attainable by a self-financing trading strategy.

(ii) For each equivalent martingale measure the conditional expectation E∗(C∗|Ft) has
the same value, P-a.s., for all t = 0, . . . , T .

Proof. (i) ⇒ (ii) : This is Theorem 4.4.3.
(ii) ⇒ (i) : Suppose that C is not attainable. Then C∗ /∈ V = span{ϕ′S∗

T : ϕ ∈ Rd+1}. Fix
some arbitrary P∗ ∈ P and let

(X, Y ) = E∗(XY ), X, Y ∈ L2(P∗).

We have the decomposition C∗ = C∗
V + C∗

V⊥ , where C∗
V (C∗

V⊥ ) is the orthogonal projection

on V (V⊥). Define

P̃({ω}) =
(

1 + C∗
V⊥ (ω)

sup |C∗
V⊥|2

)
P∗({ω}).

Then

P̃(�) = P∗(�) + E∗
(

C∗
V⊥

sup |C∗
V⊥|2 1�

)
= P∗(�) = 1,

since 1� ⊥ C∗
V⊥ (recall that 1� is attainable such that 1� ∈ V ). Further, P∗ ∼ P̃ , such that

P̃ is an EMM. For any Z ∈ V

E
P̃

(Z) = E∗(Z) + 1

sup |C∗
V⊥|2 E∗(C∗

V⊥Z), = E∗(Z),

yielding E
P̃

(C∗
V) = E∗(C∗

V). But

E
P̃

(C∗
V⊥ ) = E∗(C∗

V⊥ ) + 1

sup |C∗
V⊥|2 E∗(C∗2

V⊥ ) > E∗(C∗
V⊥ ).

It follows that E
P̃

(C∗|F0) = E
P̃

(C∗) > E∗(C∗) = E∗(C∗|F0), a contradiction.

By definition, a complete financial market is arbitrage-free, such that we have at least one
EMM at our disposal. We claim that there is exactly one EMM, if the market is complete. The
proof is as follows: If A ∈ F then C = 1A is a bounded claim, which is attainable. Its fair (i.e.
arbitrage-free) price E∗(C∗) is unique by the above theorem. In other words, the mapping

	 : P → R, P∗ �→ E∗(1A) = P∗(A), P∗ ∈ P

is constant. Hence, P = {P∗}. By contrast, if P = {P∗}, then the set {E∗(C∗) : P∗ ∈ P,

E∗(C∗) < ∞} of arbitrage-free prices consists of one element. If C were not attainable, we
had more than one arbitrage-free price, a contradiction. Thus, we have shown the following
fundamental theorem.
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Theorem 4.4.9 An arbitrage-free market is complete if and only if there is exactly one
equivalent martingale measure.

4.5 The martingale representation theorem in
discrete time

The present subsection is short but important.

Theorem 4.5.1 (Martingale representation theorem)
Equivalent are

(i) There exists one and only one equivalent martingale measure P∗.

(ii) Any P∗-martingale {Mt : t = 0, . . . , T } can be represented as a stochastic integral
in discrete time w.r.t {S∗

t : t = 0, . . . , T }, i.e. there is some predictable process {ϕt :
t = 0, . . . , T } and an adapted pocess such that

Mt = M0 +
t∑

i=1

ϕ′
i(S

∗
i − S∗

i−1) = M0 +
∫ t

0
ϕ′

r dS∗
r .

Proof. (i) ⇒ (ii) Let {Mt} be a P∗-martingale. Consider the decomposition Mt = M+
t −

M−
t . M+

T , M−
T ≥ 0 are discounted claims with EM+

T < ∞ and EM−
T < ∞. Since P = {P∗},

the market is complete, such that M+
T and M−

T are attainable by self-financing trading strate-
gies. Hence, there are predictable processes {ϕ+

t } und {ϕ−
t }, such that (ϕ+

T )′ST = M+
T and

(ϕ−
T )′ST = M−

T . The discounted versions of the processes V+
t = (ϕ+

t )′St and V−
t = (ϕ−

t )′St

are martingales under P∗ by Theorem 4.4.3. But then(
V+

t

)∗ = E∗((V+
T )∗|Ft

) = E∗(M+
T |Ft)(

V−
t

)∗ = E∗ (
(V−

T )∗|Ft

) = E∗(M−
T |Ft)

for all t = 0, . . . , T . Now, we may conclude that

Mt = E∗(M+
T − M−

T |Ft)

= (V+
t )∗ − (V−

t )∗

= V+
0 − V−

0 +
t∑

i=1

(ϕ+
i − ϕ−

i )′(S∗
i − S∗

i−1),

since we have learned that any value process for a trading strategy {ϕt} can be written as

Vt = V0 +
t∑

i=1
ϕ′

i(Si − Si−1).

(ii) ⇒ (i) Let C be a contingent claim with E(C) < ∞ and consider the value process
E(C|S∗

t ), which is a P∗-martingale, cf. Theorem 4.4.3. By assumption, that martingale can
be written as C0 + ∫ t

0 ϕ′
r dS∗

r for some predictable process {ϕt}, which yields the replicating
trading strategy for the claim C.
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It is remarkable that such a general probabilistic result, namely that any P∗-martingale in
discrete time can be represented as a discrete stochastic integral with respect to the process
{S∗

t }, is related to mathematical finance in such a natural way. Further, every ingredient and
any step of the proof has a clear and intuitive economic interpretation.

4.6 The Cox–Ross–Rubinstein binomial model

The well known binomial model of Cox, Ross and Rubinstein, abbreviated as the CRR model,
considers a financial market with one share and a bank account. In each period, the price of
the share is described by a one-period binomial model. Formally, let

� = {+, −}T = {ω = (ω1, . . . , ωT )′ : ωt ∈ {+, −}, t = 1, . . . , T }.
Then, the price process {St : t = 0, . . . , T } is given by

St(ω) =
{

St−1(ω)u, ωt = +,

St−1(ω)d, ωt = −,

for ω = (ω1, . . . , ωT )′ ∈ � and t = 1, . . . , T . S0 is the asset price at time 0, d the down factor
and u the up factor. The corresponding returns

Rt = St − St−1

St−1
, t = 1, . . . , T,

take values in the set {r−, r+}, where r+ = u − 1 and r− = d − 1. Notice that

{Rt = r+} = {ω ∈ � : ωt = +} and {Rt = r−} = {ω ∈ � : ωt = −}.
We consider the natural filtration

F0 = {∅, �}, Ft = σ(S0, . . . , St), t = 1, . . . T,

and put F = FT = Pot (�). For what follows, it is convenient to list some useful formulas.
We have

St = S0

t∏
i=1

(1 + Ri), St = St−1(1 + Rt),

S∗
t = S∗

0

t∏
i=1

(1 + Ri)

1 + r
, S∗

t = S∗
t−1

1 + Rt

1 + r
.

Clearly, r is the fixed interest rate of the bank account in each period.
The following theorem provides the no-arbitrage conditions of the CRR model and explicit

formulas for the equivalent martingale measure.

Theorem 4.6.1 Suppose P({ω}) > 0 for all ω ∈ �.

(i) The CRR model is arbitrage-free if and only if

r− < r < r+ ⇔ d < 1 + r < u.

In this case completeness follows as well.
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(ii) If the no-arbitrage condition d < 1 + r < u holds true, the unique equivalent
martingale measure P∗ is given by

P∗({(ω}) = (p∗)k(1 − p∗)T−k, k = 0, . . . , T,

for ω = (ω1, . . . , ωT )′ ∈ �, where k = k(ω) = ∑T
t=1 1{ωt=+} and

p∗ = r − r−
r+ − r−

= 1 + r − d

u − d
∈ (0, 1).

Further, dP∗
dP

(ω) = (p∗)k(1−p∗)T−k

P({ω}) , ω ∈ �. Finally, the returns R1, . . . , RT are i.i.d
under P∗ with P∗(R1 = r+) = p∗.

Proof. Suppose the model is arbitrage-free. Then there is some P∗ ∈ P such that S∗
t is a

P∗-martingale. The martingale condition

S∗
t = E∗(S∗

t+1|Ft)

is equivalent to

1 + r = E∗(1 + Rt+1|Ft),

since S∗
t = S∗

t−1
Rt+1
1+r

. Define p∗
t = P∗(1 + Rt+1 = 1 + r+|Ft). Then the above equation can

be written as

1 + r = (1 + r+)p∗
t + (1 + r−)(1 − p∗

t )

= p∗
t (r+ − r−) + (1 + r−).

Since r− < r+, that equation has the unique and time independent solution

p∗ = p∗
t = r − r−

r+ − r−
= 1 + r − d

u − d

for any t = 1, . . . , T . Also, notice that p∗ ∈ [0, 1] if and only if r− ≤ r ≤ r+ and p∗ ∈ (0, 1)
if and only if r− < r < r+. Let us now verify the representation of P∗. Notice that Ft =
σ(S0, . . . , St) = σ(R1, . . . , Rt). Hence,

P∗(Rt+1 = r+|R1, . . . , Rt) = P∗(Rt+1 = r+|Ft) = p∗

shows that the conditional distribution of Rt+1 given R1, . . . , Rt coincides with P∗(Rt+1 =
r+). Consequently, Rt+1 is independent of R1, . . . , Rt , which implies that R1, . . . , RT are
i.i.d. under P∗. If we define f (+) = r+ and f (−) = r−, we have

P∗({ω}) = P∗(R1 = f (ω1), . . . , RT = f (ωT ))

= (p∗)k(1 − p∗)T−k

for ω = (ω1, . . . , ωT )′ ∈ �. Thus, P∗ is uniquely determined such that P = {P∗}.

Notice that under the equivalent martingale measure the returns are i.i.d., although that
must not be true under the real probability measure. Indeed, the evidence from statistical
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analyses that financial returns are dependent is overwhelming. Further, a direct calculation
shows that E∗(R1) = r+p∗ + r−(1 − p∗) = r, which is in agreement with the fact that P∗
can be used to price random future payments by risk-neutral evaluation.

The fact that R1, . . . , RT are i.i.d. under P∗ immediately yields the following result on
the distribution of the asset price.

Lemma 4.6.2 Under the equivalent martingale measure, we have

P∗(St = S0u
kdt−k

) =
(

t

k

) (
p∗)k (1 − p∗)t−k,

for k = 0, . . . , t and t = 0, . . . , T .

Now we can easily calculate the fair price of an European claim depending on ST .

Lemma 4.6.3 Let C = f (ST ) be a derivative, where f : R→ [0, ∞) is a Borel function.
Then the arbitrage-free price of C is given by

π(C) =
T∑

k=0

f (S0u
kdT−k)

(1 + r)T

(
T

k

)
(p∗)k(1 − p∗)T−k.

Proof. Notice that f (ST ) takes the value f (S0u
kdT−k) with probability

(
T
k

)
(p∗)k(1 −

p∗)T−k, k = 0, . . . , T .

The simple structure of the CRR model allows us to calculate explicitly the whole value
process Vt , which turns out to be a function of St , provided we know the model parameters
u, d and p∗.

Theorem 4.6.4 Let C = f (ST ) as above. Then, the value process of any replicating trading
strategy satisfies

Vt =
T−t∑
k=0

f (Stu
kdT−t−k)

(1 + r)T−t

(
T − t

k

)
(p∗)k(1 − p∗)T−t−k.

Notice that Vt is a function of St .

Proof. We use the representation

ST = St ·
T∏

i=t+1

(1 + Ri).

Clearly, St is Ft-measurable. Since Rt+1, . . . , RT are independent of Ft , we obtain

P∗
(

T∏
i=t+1

(1 + Ri) = ukdT−t−k

)
=

(
T − t

k

)
(p∗)k(1 − p∗)T−t−k.
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As a consequence,

V ∗
t = E∗(C∗ |Ft)

= E∗
(

f (ST )

(1 + r)T

∣∣∣∣Ft

)

= E∗
(Rt+1,...,RT )

⎛⎜⎜⎜⎜⎝
f

(
St

T∏
i=t+1

(1 + Ri)

)
(1 + r)T

∣∣∣∣Ft

⎞⎟⎟⎟⎟⎠
=

T−t∑
k=0

f (Stu
kdT−t−k)

(1 + r)T

(
T − t

k

)
(p∗)k(1 − p∗)T−t−k.

Noting that Vt = (1 + r)tV ∗
t , the assertion follows.

We may even calculate the value process of a path-dependent derivative, whose time t

value is a function vt(S0, . . . , St) of the stock price up to time t.

Lemma 4.6.5 Suppose C = f (S0, . . . , ST ) for some Borel function f : RT+1 → [0, ∞).
Define for x1, . . . , xt ≥ 0

vt(x0, . . . , xt) = E∗f

(
x0, . . . , xt, xt(1 + Rt+1), . . . , xt

T∏
i=t+1

(1 + Ri)

)
,

which equals∫
· · ·

∫
f

(
x0, . . . , xt, xt(1 + rt+1), . . . , xt

T∏
i=t+1

(1 + ri)

)
dF∗(r1) · · · dF∗(rT ),

where F∗ denotes the d.f. of R1 under P∗. Then the discounted value process is given by

V ∗
t = E∗(C∗ |Ft) = vt(S0, . . . , St)

(1 + r)T
.

Proof. Again we use the formula St+j = St

t+j∏
i=t+1

(1 + Ri). Under P∗ the factor
T∏

i=t+1
(1 +

Ri) is independent of Ft = σ(S0, . . . , St). Thus,

(1 + r)T V ∗
t = E∗(C |Ft)

= E∗(f (S0, . . . , ST |Ft)

= E∗ (C(S0, . . . , ST ) |Ft)

= E∗
(

C

(
S0, . . . , St, St(1 + Rt+1), . . . , St

T∏
i=t+1

(1 + Ri)

))
= vt(S0, . . . , St)

by definition of Vt . Now the assertion is obvious.
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The above formulas are simple. However, in practice binomial models are often used with
a large number T of periods in order to discretize a given time interval. This is also done since
sometimes positions are checked and updated when required on a fine intraday time scale, e.g.
every five minutes. Then the required computing time can be substantial, if a large number of
derivatives has to be priced.

Being in position to calculate the value process yields a way to determine a hedge. Consider
the sequence

S0 = V ∗
0 , V ∗

1 , . . . , V ∗
T = C∗,

where the V ∗
t are calculated according to our above results. We have to find a predictable

process {ϕt}, such that the corresponding value process replicates the above values. This
means that we have to find a self-financing trading strategy ϕt such that

V ∗
t = V ∗

t−1 + ϕt(St − St−1)

for all t = 0, . . . , T − 1, i.e.

V ∗
t (ω) = V ∗

t−1(ω) + ϕt(ω)(St(ω) − St−1(ω)), ∀ω ∈ �.

At time t − 1, the V ∗
t−1(ω) and S∗

t−1(ω) are known and ϕt(ω) depends on ω = (ω1, . . . , ωT )
only through (ω1, . . . , ωt−1) and is therefore fixed as well. St(ω) can take the values St,+ =
St(+) and St,− = St(−), and Vt(ω) the values Vt,+ = Vt(+) and Vt,− = Vt(−), respectively.
We arrive at the following two equations

V ∗
t,+ − V ∗

t−1 = ϕt(S
∗
t,+ − S∗

t−1)

V ∗
t,− − V ∗

t−1 = ϕt(S
∗
t,− − S∗

t−1),

which are easy to solve provided S∗
t,+ /= S∗

t,−.

Definition and Theorem 4.6.6 Let C be a path-dependent derivative of the European type.
Then we obtain a self-financing hedge, called a delta hedge, when investing

ϕt = V ∗
t,+ − V ∗

t,−
S∗

t,+ − S∗
t,−

= Vt,+ − Vt,−
St,+ − St,−

,

or �Vt

�St
in symbolic notation, into the underlying and deposit the rest, Vt−1 − ϕtSt−1, at the

riskless interest rate at the bank account or borrow it from the bank.

Proof. Subtract the second equation from the first one to eliminate V ∗
t−1 and S∗

t−1. This
easily leads to the equation

V ∗
t,+ − V ∗

t,− = ϕt(S
∗
t,+ − S∗

t,−),

which is solved by the delta hedge. At time t − 1, we may sell the shares we have yielding
the revenue Vt−1 = ϕt−1St−1. The new amount of shares costs ϕtSt−1. Consequently, the
difference Vt−1 − ϕtSt−1 is either financed by a loan or deposited into the bank account.
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The delta hedge can be regarded as the workhorse for hedging derivatives. Notice that we
need to be in a position to calculate the current value or, to be more precise, the change of the
current value. For this reason we provided such formulas for the most important cases.

4.7 The Black–Scholes formula

The present section is devoted to a careful derivation of the famous Black–Scholes formula
of the arbitrage-free price of an European call option with maturity T . That formula can be
found as the limit price when considering a sequence of binomial models for the stock price
with N periods covering the fixed time span [0, T ], as N approaches ∞. Posing this question
is interesting in its own right for the following reasons. First, as already mentioned above, if N

is large and many options have to be priced, then the computational costs can be substantial.
Secondly, such a result implies that by increasing N we approach a well-defined limit. Indeed,
it turns out that an appropriate and rather natural choice of the model parameters leads to a log
normal distribution for the stock price resulting in the Black–Scholes option price formula.

Recall that for t ∈ N

St = S0

t∏
i=1

(1 + Ri) with Ri = Si − Si−1

Si−1
,

such that

log(St) = log(S0) +
t∑

i=1

log(1 + Ri).

If t is large and the returns are i.i.d., the central limit theorem suggests that log(St) is approx-
imately normal. Let us try to anticipate the limit distribution of the stock price by assuming
that the returns satisfy

log(1 + Ri)
i.i.d.∼ N(μ, σ2).

Then,

log(St) ∼ N(log(S0) + μt, σ2t), t ∈ N,

and that distribution also makes sense in continuous time.
For simplicity of our exposition, let us assume that T is an integer. We divide the time

span [0, T ] into N = nT equidistant subintervals given by the time points

tk = tnk = k

n
, k = 0, . . . , nT,

at which trading is possible. This means, for each n ∈ N we consider a binomial model with
nT periods, the nth binomial model, which spans [0, T ]. Let Snk denote the stock price within
the nth binomial model after k periods, i.e. at calendar time k/n, k = 0, . . . , nT . To any
t ∈ [0, T ] we may associate the nearest time point t∗ ≤ t at which trading is possible, namely
t∗ = �nt�

n
, since �nt�/n ≤ t ≤ (�nt� + 1)/n. Thus, we define

Sn(t) = Sn,�nt�, t ∈ [0, T ].
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In what follows, we fix t ∈ [0, T ] and study the log of Sn(t), i.e.

log Sn(t) = log(S0) +
�nt�∑
i=1

log(1 + Rni).

Denote by P∗
n the equivalent probability measure of the nth binomial model. We want to study

whether the distribution of log Sn(t) converges in distribution, presumably to a log normal law,
under the sequence {P∗

n } of equivalent probability measures. If such a central limit theorem
holds true, the limit

F∗(x) = lim
n→∞ P∗

n

(
1√
n

(log Sn(t) − log S0) ≤ x

)
exists for all x ∈ R.

Let us first determine how to select the parameters rn, dn and un of the nth binomial model.
Let r denote the continuous interest rate in the real world, which corresponds to one unit of
time (usually one year), such that a unit investment grows to erT . Clearly, we have to select
rn, the fixed interest rate for each of the n periods, in such a way that the binomial model
leads to the same accumulated value. This can be ensured by the choice

rn = er/n − 1

implying

(1 + rn)nT = (
er/n

)nT = erT .

The model parameters un and dn have to satisfy the no-arbitrage condition

0 < dn < 1 + rn < un, n ∈ N.

In addition, we confine ourselves to recombinant binomial models where

dnun = 1, n ∈ N,

holds true. But then we may choose them as

un = eαn, dn = e−αn, n ∈ N,

for some sequence {αn} of positive numbers. Notice that the summands log(1 + Rni) of
log Sn(t) are i.i.d. under P∗

n with

p∗
n = P∗

n ((log(1 + Rni) = log(un)) = P∗
n (log(1 + Rni) = αn) .

Hence under P∗
n

log Sn(t)
d= log(S0) +

�nt�∑
i=0

Zni,

if Zn1, . . . , Znn are {−αn, αn}-valued random variables with P∗
n (Zn1 = αn) = p∗

n. Recall that
the standard form of the central limit theorem makes an assertion on 1√

n

∑n
j=1 ξj with i.i.d.
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random variables ξ1, ξ2, . . . with mean zero and finite positive variance. Thus, we introduce
random variables Yn1, . . . , Ynn that are i.i.d. under P∗

n with

P∗
n (Yn1 = σ/

√
n) = 1 − P∗

n (Yn1 = −σ/
√

n) = p∗
n,

for some constant σ > 0. Then,

log Sn(t)
d= log(S0) + 1√

n

�nt�∑
i=1

Yni.

To summarize, we select the parameters as follows:

rn = er/n − 1

dn = e−σ/
√

n, such that rn− = e−σ/
√

n − 1

un = eσ/
√

n, such that rn+ = eσ/
√

n − 1

(4.3)

Consequently, the equivalent martingale measure of the nth binomial model is given by

p∗
n = rn − rn−

rn+ − rn−
= er/n − e−σ/

√
n

eσ/
√

n − e−σ/
√

n
. (4.4)

Does p∗
n converge to some nice value?

Lemma 4.7.1 We have

(i) lim
n→∞ p∗

n = 1
2 and

(ii) lim
n→∞

√
n(2p∗

n − 1) = r
σ

− σ
2 .

Proof. It suffices to show (ii). Notice that

√
n(2p∗

n − 1) = √
n

2(er/n − 1) − (eσ/
√

n + e−σ/
√

n − 2)

eσ/
√

n − e−σ/
√

n

where, by virtue of the Taylor expansion ex = 1 +
∞∑

k=1

xk

k! ,

er/n − 1 = r

n
+ O

(
1

n2

)
,

eσ/
√

n − 1 = σ√
n

+ 1

2

σ2

n
+ 1

6

σ3

n3/2 + O

(
1

n2

)
,

e−σ/
√

n − 1 = − σ√
n

+ 1

2

σ2

n
− 1

6

σ3

n3/2 + O

(
1

n2

)
,
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implying

eσ/
√

n + e−σ/
√

n − 2 = σ2

n
+ O

(
1

n2

)
,

eσ/
√

n − e−σ/
√

n = 2σ√
n

+ 1

3

σ3

n3/2 + O

(
1

n2

)
.

We arrive at

√
n(2p∗

n − 1) = n√
n

2r
n

+ O
(

1
n2

)
−

(
σ2

n
+ O

(
1
n2

))
2σ√

n
+ 1

3
σ3

n3/2 + O
(

1
n2

)
n→∞→ 2r − σ2

2σ
= r

σ
− σ

2
.

Noticing that in a recombinant binomial model the trajectories of the price process are
determined by the number of up movements, which follows a binomial distribution, we shall
apply the following version of the central limit theorem.

Theorem 4.7.2 Let Yn, n ∈ N, be a sequence of binomially distributed random variables
with parameters n and pn ∈ (0, 1) satisfying

lim
n→∞ pn = p ∈ (0, 1).

Then,

Yn − npn√
npn(1 − pn)

d−→
n→∞ N(0, 1),

as n → ∞.

Proof. We may assume that

Yn =
n∑

i=1

Xni

with Xn1, . . . , Xnn
i.i.d∼ Bin(pn) for each n ∈ N. Clearly, the random variables Xni − pn, i =

1, . . . , n, are bounded by 2 and have mean 0. Further, s2
n = Var (Yn) = npn(1 − pn) → ∞,

as n → ∞. Thus, Liapounov’s condition with δ = 1 is satisfied, since

1

s3
n

n∑
i=1

E|Xni − pn|3 ≤ 2

s3
n

n∑
i=1

E(Xni − pn)2

≤ 2

sn
→ 0,

as n → ∞.
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Theorem 4.7.3 (Convergence in Distribution of the Binomial Model) Under the sequence
{P∗

n } of equivalent martingale models given by Equation (4.4), we have for each t

Sn(t)
d−→

n→∞ St = S0 exp

(
σBt +

(
r − σ2

2

)
t

)
,

as n → ∞, provided the model parameters are chosen according to Equation (4.3). Here,
Bt ∼ N(0, t), under the limiting probability measure P∗, such that Sn(t) is asymptotically log
normal, i.e.

log Sn(t)
d−→

n→∞ log(S0) +
(

r − σ2

2

)
t + σBt, (4.5)

as n → ∞.

Proof. We have the representation

Sn(t) = S0u
K�nt�
n d

�nt�−K�nt�
n

where

K�nt� ∼ Bin(�nt�, p∗
n)

is the number of up movements until time �nt�. Since f (z) = ez, z ∈ R, is a continuous
function, it suffices to show Equation (4.5). By definition we have

log un = − log dn = σ√
n
,

such that

log Sn(t) = log(S0) + 2σ√
n

K�nt� − σ�nt�√
n

.

Standardizing K�nt� in the above expression yields

log Sn(t) = log(S0) + 2σ
√�nt�p∗

n(1 − p∗
n)√

n
· K�nt� − �nt�p∗

n√�nt�p∗
n(1 − p∗

n)

+ 2σ�nt�p∗
n√

n
− σ�nt�√

n
.

The third and fourth terms can be simplified to

σ
�nt�
n

√
n(2p∗

n − 1),

which converges to t(r − σ2/2), by virtue of Lemma 4.7.1. Since p∗
n → 1/2, n → ∞,

Theorem 4.7.2 yields

K�nt� − �nt�p∗
n√�nt�p∗

n(1 − p∗
n)

d−→
n→∞ N(0, 1),
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as n → ∞. Finally, we have

lim
n→∞

2σ
√�nt�p∗

n(1 − p∗
n)√

n
= σ

√
t.

Now, the Lemma of Slutzky leads to

log Sn(t)
d→ log(S0) + σ

√
t · U +

(
r − σ2

2

)
t,

as n → ∞, if U ∼ N(0, 1). Putting Bt = √
tU ∼ N(0, t) yields the assertion.

This representation of the distributional limit is reminiscent of the geometric Brownian
motion. Theorem 4.7.3 shows that the distributional limit is given by a geometric Brownian
motion at each fixed time point t. Indeed, one can establish the stronger result that distributional
convergence to that process also holds true in the sense of weak convergence of random
(càdlàg) functions, see Appendix B.2.

These findings suggest that in a continuous-time model the stock price should be modeled
as

St = S0 exp

(
σBt +

(
r − σ2

2

)
t

)
, t ∈ [0, T ].

We are naturally led to the famous Black–Scholes model. The discounted stock price is then
given by

S∗
t = Ste

−rt = S0 exp

(
σBt − σ2

2
t

)
, t ∈ [0, T ],

and follows a log normal law. Notice that the payoff function f (x) = max(K − x, 0) of the put
option is a continuous function that is bounded by K. Hence, the distributional convergence
obtained in Theorem 4.7.3 implies that

E∗ (
max(K − Sn(T ), 0)e−rT

) →n→∞ E∗ (
max(K − ST , 0)e−rT

)
.

Recall that the put-call parity relates the put price and the price of an European call given by
the payoff function C(ST ) = max(ST − K, 0),

E∗ (
max(K − Sn(T ), 0)e−rT

) = E∗ (
C(ST )e−rT

) − S0 + Ke−rT ,

we also obtain the convergence of the arbitrage-free price of a European call

E∗ (
C(ST )e−rT

) →n→∞ E∗ (
max(ST − K, 0)e−rT

)
,

but we calculated the expectation at the right-hand side in Section 1.5.5 leading to

E∗ (
C(ST )e−rT

) = S0	(d1) − Ke−rT 	(d2),

with d1 and d2 as defined in Section 1.5.5.
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4.8 American options and contingent claims

It remains to discuss how to price American-style contingent claims that can be exercised
at an arbitrary time point before they expire. We shall first provide the relevant theoretical
results that rely on the theory of optimal stopping discussed in Chapter 3 but are, however,
constructive in that we will see how one can construct a hedge and calculate the arbitrage-free
price.

In practice, the pricing of American claims is often done within the binomial model
framework. Therefore, we provide the details and the resulting algorithm.

4.8.1 Arbitrage-free pricing and the optimal exercise strategy

Recall that the holder of an American contingent claim with maturity T can exercise the option
at any time point t = 1, . . . , T . When exercising at time t, he receives the payment Ft . In the
case of an American call on a stock St , the intrinsic value or no-exercise value is

St − K

and the resulting payment is

Ft = max{St − K, 0},
since the option is worthless, if St ≤ K. Most of the results discussed here apply to arbitrary
American-style derivatives,

Ft = f (St), t = 0, . . . , T,

f a measurable function, or even arbitrary claims where {Ft} is a Ft-adapted process. We
have to answer the following questions:

1. What is the fair price of an American-style claim?

2. When should we exercise in order to maximize the mean terminal value?

In what follows, we assume that the financial market is arbitrage-free and complete.
Suppose that {ϕt} is a trading strategy that hedges the associated value process {Vt} of the
American claim, such that

Vt = Vt(ϕ), t = 0, . . . , T.

Then the arbitrage-free price x we are seeking is given by the initial capital required to set up
the hedge. We have

V0 = x

Vt ≥ Ft, t = 1, . . . , T.

For a perfect hedge, the above inequalities become equalities. Denote the equivalent martingale
measure by P∗. The discounted value process

Mt = V ∗
t = e−rtVt, t = 0, . . . , T,
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is a Ft-martingale under P∗. Hence, for any stopping time τ,

E∗(V ∗
τ ) = M0 = V0 (4.6)

holds true, as shown in Theorem 3.2.18. Since the hedge {ϕt} ensures that

Vt ≥ Ft, for all t,

we may conclude that

V ∗
t = e−rtVt ≥ e−rtFt = F∗

t

for all t, and therefore

V ∗
τ ≥ F∗

τ

as well for any stopping time τ : � → N0. Combining this inequality with Equation (4.6),
we obtain

V0 = E∗(e−rτVτ) ≥ E∗(e−rτFτ).

In particular it follows that the arbitrage-free price satisfies

x ≥ E∗(e−rτFτ)

for any stopping time τ ∈ T0,T , where

T0,T = {τ : τ is a stopping time with τ(�) ⊂ {0, . . . , T }}
is the set of all stopping times stopping latest at time T . In other words,

x ≥ sup
τ∈T0,T

E∗(F∗
τ )

with equality if the hedge is perfect. That is, we have to determine the optimal value of the
optimal stopping problem where one seeks τ∗ ∈ T0,T such that E∗(F∗

τ∗ ) is maximal. We have
solved that problem in Section 3.2.2.3. There we have seen that we need to determine the
Snell envelope of {F∗

t : t = 0, . . . , T } defined recursively by

ZT = F∗
T ,

Zt = max{F∗
t , E∗(F∗

t+1|Ft)}, t = 0, . . . , T − 1.

Then, according to Theorem 3.2.23 the optimal stopping time is given by the first time point
where the discounted payment F∗

t is at least as large as E∗(F∗
t+1|Ft), for any P-almost all

states ω ∈ �, such that F∗
t = Zt . In other words,

τ∗ = min{t ≥ 0 : Zt = F∗
t }

satisfies

Z0 = E∗(Zτ∗ ) = sup
τ∈T0,T

E∗(Zτ).
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Further, the optimal value and thus the arbitrage-free price is given by

x = Z0.

The fact that the hedge has to ensure V ∗
t ≥ F∗

t with equality for a perfect hedge suggests that
V ∗

t is already the Snell envelope. Indeed, this holds true as shown in the following proposition,
whose proof is constructive in that we see how one can construct the hedge in practice.

Proposition 4.8.1 The Snell envelope of the discounted payment F∗
t , t = 0, . . . , T , asso-

ciated to an American-style contingent claim is given by the discounted value process V ∗
t ,

t = 0, . . . , T , for a perfect hedge.

Proof. We have FT = VT , by definition. At time T − 1 we can either exercise the claim
and receive the payment FT−1 or hold it until time T . We can apply Theorem 4.4.3 with
C∗ = F∗

T to see that the discounted time T − 1 value, V ∗
T−1, of the contingent claim is given

by the conditional expectation E∗(F∗
T |FT−1). Hence, the no-exercise value at time T − 1 is

given by

Nt−1 = er(T−1)E∗(F∗
T |FT−1).

Notice that NT−1 is also the arbitrage-free price of a one-period call option, i.e. with maturity
T , providing the payment FT . One can use such a portfolio replicating such an option to
construct the hedge. Further, when knowing Nt−1, we can easily decide in favor of early
exercise, if FT−1 ≥ NT−1; if FT−1 ≤ NT−1, we keep the position in the claim. Therefore, it
follows that the hedge has to guarantee

VT−1 = max{FT−1, er(T−1)E∗(F∗
T |FT−1)},

or when discounting those figures

V ∗
T−1 = max{F∗

T−1, E
∗(F∗

T |FT−1)}.

Using exactly the same arguments, backward induction shows that

Vt = max{Ft, e−rE∗(Ft+1|Ft)}

and

V ∗
t = max{F∗

t , E∗(F∗
t+1|Ft)}

hold true for t = 0, . . . , T − 1, where we used the fact that F∗
t+1 = e−r(t+1)Ft+1 such that

ertE∗(F∗
t+1|Ft) = e−rE∗(Ft+1|Ft)

Hence, {V ∗
t } is the Snell envelope of {F∗

t }. Notice also that the above arguments show that
one can construct the hedge by backward recursion.
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4.8.2 Pricing American options using binomial trees

Recall that in an N-period binomial model the stock price can only go down or up in each
period,

St(ω) =
{

St−1u, ωt = +,

St−1d, ωt = −,

where ω = (ω1, . . . , ωN ) ∈ � = {+, −}N , u is the up factor and d the down factor. If the
time step is �, the equivalent martingale measure is given by

p∗ = er� − e−σ�

eσ� − e−σ�
,

for some σ > 0. In Section 4.7 we put � = 1/
√

n, where n denotes the number of periods
corresponding to one unit of time (usually one year). Notice that in the nth period we have n

nodes, say (n, 1), . . . , (n, n), which are uniquely determined by the number of up movements
of the stock price. Let us introduce the following notation

Sni : stock price in node (n, i);

Fni, F
∗
ni : (discounted) payment of the option in node (n, i) when exercising;

Nni : the no-exercise value in node (n, i);

Vni, V
∗
ni : (discounted) value in node (n, i);

Eni : 1 if the options is exercised in node (n, i), 0 otherwise.

Let us arrange them according to this natural order, such that node (n, i) corresponds to i up
movements. The following figure illustrates this arrangement.

S40 S41 S42 S43

S30

d
u

S31

d
u

S32

d
u

S20

d
u

S21

d
u

S10

d
u

According to the model, we have for i = 0, . . . , n − 1, n = 1, . . . , N

Sni = S0d
iun−i

and

Fni = f (S0d
iun−i),
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where the latter equals

Fni = max{S0d
iun−i − K, 0}

for an American call option. The no-exercise value in node (n, i) is

Nni = e−r�
(
p∗Fn+1,j+1 + (1 − p∗)Fn+1,j

)
such that

Vni = max{Fni, e−rt
(
p∗Fn+1,j+1 + (1 − p∗)Fn+1,j

)}.
Finally, we put Eni = 1, if Fni ≥ e−rt

(
p∗Fn+1,j+1 + (1 − p∗)Fn+1,j

)
, that is when the option

is exercised in node (n, i).
The binomial tree is now calculated by starting at the leaf nodes and going back all the

way until the root node is reached. The price of the option is then V0.

4.9 Notes and further reading

A standard reference for arbitrage theory in discrete time is Föllmer and Schied (2004),
on which the present chapter draws. In particular, Theorem 4.4.7 is proved there and
Theorem 4.3.3 is a simplified version of (Föllmer and Schied, 2004, Proposition 5.11). For
comprehensive treatments we also refer to Shiryaev (1999) and Bingham and Kiesel (2004)
and the more elementary presentations of Pliska (1997) and Shreve (2004). The multiperiod
binomial model dates back to Cox et al. (1976) and still provides the framework for option
pricing in practice, when closed-form formulas are not available. The construction of martin-
gale measures based on the Esscher transform can be extended to the multiperiod case, and
we refer to Shiryaev (1999) for a detailed account of the related theory.
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5

Brownian motion and related
processes in continuous time

This chapter is devoted to a basic introduction to stochastic processes in continuous time,
particularly to Brownian motion, its properties and some related processes. The study of
Brownian motion, discovered empirically by the botanist Robert Brown in 1827, is a highlight
of modern science. He studied microscopic particles dispensed in a fluid and observed that
they move in an irregular fashion. Albert Einstein developed in 1905 a physical theory and the
related mathematical solution and calculus. He explained the irregular movement by the impact
of the much smaller fluid molecules. Similar ideas were published by Marian Smoluchowski
in 1906. However, in 1900 Louis Bachelier used the one-dimensional version t �→ Bt , t ≥ 0,
of the Brownian motion to model stock prices. The economic reasoning is quite similar. The
stream of orders to buy or sell the stock result in small changes (ups and downs) of the stock
prices. The rigorous mathematical foundation is due to Norbert Wiener, who established the
existence of Brownian motion that is therefore also called Wiener process. He constructed the
Wiener measure that describes the distribution of Brownian motion as a function of t.

Brownian motion has a couple of specific properties that appear puzzling at first glance.
The trajectories are almost surely continuous, but nowhere differentiable. Further, the length
of the curve t �→ Bt , t ∈ [a, b], a < b, is infinite for any interval. Here, we confine ourselves
to a discussion of some useful general notions for stochastic processes in continuous time,
including the extension of the definition of (semi-/super-) martingales to the continuous-time
framework, a formal definition of Brownian motion and its most important basic properties
and rules of calculation. In addition, we introduce some related processes such as the Brownian
bridge, geometric Brownian motion and Lévy processes.

5.1 Preliminaries

Let I ⊂ [0, ∞) be an interval, e.g. I = [0, T ].

Financial Statistics and Mathematical Finance: Methods, Models and Applications, First Edition. Ansgar Steland.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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Definition 5.1.1 Let d ∈ N. A family {Xt : t ∈ I} of random variables (if d = 1) and random
vectors (if d > 1), respectively,

Xt : (�,F, P) → (Rd,Bd), t ∈ I,

is called a stochastic process in continuous time.

Throughout the book we shall use both notations Xt(ω) and X(t, ω). Again, we shall
simply write {Xt} if the index set I can be inferred from the context or by simple reasoning.

The behavior of a stochastic process as a function of the time variable t plays a crucial
role, both in applications as well as in theory.

Definition 5.1.2

(i) For a stochastic process {Xt : t ∈ I} the function t �→ X(t, ω) for a fixed ω ∈ � is
called a (sample) path, trajectory or realization of X.

(ii) {Xt} is called a left/right continuous or continuous process, if the function t �→
X(t, ω) is left/right continuous or continuous for each ω ∈ �. If these properties hold
for all ω ∈ �\N, N a measurable null set, we say that {Xt} is left/right continuous
a.s. or continuous a.s.

(iii) A right continuous process with existing left-hand limits (a.s.) is called a càdlàg
process.

The term càdlàg is a French acronym for continu à droite, limite à gauche that simply
means right-continuous with left limits. The following notions directly carry over from the
discrete case to case that the time index is continuous.

Definition 5.1.3

(i) A family {Ft : t ∈ I} of sub-σ-fields is called filtration, if

Fs ⊂ Ft ⊂ F, for all s, t ∈ I with s < t.

(ii) A stochastic process {Xt : t ∈ I} is called Ft-adapted, if Xt is Ft-measurable for
any t ∈ I.

(iii) The filtration given by Ft = σ(Xs : s ≤ t) = σ(∪s≤tX
−1
s (Bd)) is called natural fil-

tration.

(iv) A probability space (�,F, P) endowed with a filtration {Ft} is called a filtered
probability space and is denoted by (�,F, {Ft}, P).

Definition 5.1.4 Let {Mt : t ∈ I} be a Ft-adapted stochastic process with

(i)

E|Mt| < ∞, ∀ t ∈ I.
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Then,

(ii) {Mt} is called a martingale, if Ms = E(Mt | Fs) (P-a.s.), ∀ s, t ∈ with s ≤ t.

(iii) {Mt} is called a submartingale, if Ms ≤ E(Mt | Fs) (P-a.s.), ∀ s, t ∈ I with s ≤ t.

(iv) {Mt} is called a supermartingale, if Ms ≥ E(Mt | Fs) (P-a.s.), ∀ s, t ∈ I with s ≤ t.

It is definitely time for some examples.

Example 5.1.5

(i) For a random variable A defined on (�,F) let

Xt(ω) = X(t, ω) = A(ω) · sin(t), t ∈ [0, 2π], ω ∈ �.

Then {Xt : t ∈ [0, 2π]} is a process with continuous paths, i.e. a continuous process.

(ii) Let X1, . . . , Xn be a random sample defined on (�,F, P) and consider the empirical
distribution function

Fn(t) = 1

n

n∑
i=1

1(Xi ≤ t), t ∈ R.

{Fn(t) : t ∈ R} is a càdlàg process, since all trajectories t �→ Fn(t, ω), ω fixed, are
right continuous step functions.

(iii) For a process {Xt : t ∈ [0, T ]} consider the natural filtration Ft = σ(Xs : s ≤ t),
t ∈ [0, T ]. Then the process

Yt := X2
t − t, t ∈ I,

is Ft-adapted.

(iv) Suppose {Xt : t ∈ I}, I = [0, T ], is a continuous process and letFt = σ(Xs : s ≤ t).
Since s �→ Xs(ω) is continuous for each fixed ω ∈ �, we may define

Zt(ω) =
∫ t

0
Xs(ω) ds, t ∈ I,

for any ω ∈ �, where the integral is understood in the Riemann sense. By construc-
tion, it is Ft-adapted. We shall study such stochastic integrals in the next chapter in
greater detail.

We shall not stress questions of measurability, but notice that the above definition does
not require that the functions t �→ Xt(ω), t ∈ I, and X(·, ·) : I × � → R are measurable. The
stochastic process X is called measurable, if the latter mapping is measurable when I × �

is equipped with the σ-field B(I) × F and Rd with the Borel-σ-field Bd . Having in mind that
in economic applications adapted processes matter it is natural to require that at each fixed
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time instant t the mapping X(s, ω) for s ∈ [0, t] and all ω is measurable with respect to events
that are determined up to and including time t. This gives rise to the following definition. A
process is called progressively measurable or progressive, if for any fixed t the mapping

X : [0, t] × � → R
d, (s, ω) �→ X(s, ω), s ∈ [0, t], ω ∈ �,

is B([0, t]) × Ft - measurable, i.e. if [0, t] × � is equipped with the σ-field B([0, t]) × Ft .
Since B([0, t]) × Ft ⊂ B(I) × F, progressive processes are measurable.

For applications left and right continuous processes are of particular importance. The
following result ensures that for these classes measurability problems do not occur.

Lemma 5.1.6 Any left or right continuous adapted process is progressively measurable.

Proof. For a right continuous adapted process X = {Xt} define

Xnt(s, ω) =
n∑

i=1

X(it/n, ω)1((i−1)t/n,it/n](s).

Fix t. Notice that for any Borel set A

Et = {(s, ω) : 0 ≤ s ≤ t, ω ∈ �, Xnt(s, ω) ∈ A}
is the disjoint union of {0} × {ω : X(0, ω) ∈ A} and ∪n

i=1((i − 1)t/n, it/n] × {ω :
X(it/n, ω) ∈ A}. Since X is adapted, Et ∈ B([0, t]) × Ft . This shows that Xnt is progressive.
By right continuity, Xnt(s, ω) → X(s, ω), as n → ∞, pointwise for all s ∈ [0, t] and ω ∈ �.

Since limits of measurable functions are measurable, we have verified that X is progressive.

If (X, Y ) is a bivariate random vector with EX2 < ∞ and EX2 < ∞, the quantities

μX = E(X), μY = E(Y ), σ2
X = Var (X), σ2

Y = Var (Y )

and

ρXY = Cov(X, Y )

exist. They provide a lot of information on the behavior of (X, Y ). For example, Chebechev’s
inequality implies that |X − μX| ≤ kσX occurs with probability larger than 1 − 1/k2, for any
constant k, and X and Y are located on a straight line a.s., if |ρXY | = 1.

The corresponding extensions of the notions mean, variance, covariance and ((strict)
stationarity) to a stochastic process are as follows.

Definition 5.1.7 Let {Xt : t ∈ I} be a stochastic process.

(i) A process {Xt} is called a second-order process or L2 process, if EX2
t < ∞

for all t.

(ii) If E|Xt| < ∞ for all t, μ(t) = EX(t) is called a mean function.

(iii) γX(s, t) = Cov(Xs, Xt), t, s ∈ I, is called the (auto) covariance function of X.

(iv) rX(s, t) = E(XsXt), s, t ∈ I, is called a correlation function.
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(v) {Xt} is (weakly) stationary, if γX(s, t) = γ̃X(|s − t|) for some function γ̃ .

(vi) {Xt} is strictly stationary, if

(Xt1 , . . . , Xtn )
d= (Xt1+h, . . . , Xtn+h)

for all t1 < · · · < tn, n ≥ 1, and h ∈ Z.

5.2 Brownian motion

5.2.1 Definition and basic properties

Definition 5.2.1 (Brownian Motion, Wiener Process)
A stochastic process {B(t) = Bt, t ∈ [0, ∞)} is called Brownian motion (BM) or a Wiener
process, if for some constant σ > 0 the following properties are satisfied.

(i) For any time points 0 ≤ t0 < t1 < · · · < tn, n ∈ N, the increments

B(t0), B(t1) − B(t0), . . . , B(tn) − B(tn−1)

are stochastically independent.

(ii) For all t, h ≥ 0 the increments are normally distributed,

B(t + h) − B(t) ∼ N(0, σ2h).

Equivalently, for all 0 ≤ s ≤ t we have B(t) − B(s) ∼ N(0, σ2(t − s)).

(iii) The paths t �→ B(t, ω), ω ∈ �, are continuous.

(iv) B(0) = 0 (BM starts in 0).

If σ = 1, then {Bt} is called a standard Brownian motion.

In the literature, a Brownian motion also often refers to a standard Brownian motion.
Suppose we are given a Brownian motion {Bt}. We may then consider the natural filtra-

tion Ft = σ(Bs : 0 ≤ s ≤ t), t ≥ 0, making Bt adapted. Often, one wants to consider larger
filtrations containing more information than the path of the Brownian motion of interest,
e.g. Ft = σ(Bs, Xs : 0 ≤ s ≤ t) for some other process {Xt} defined on the same probability
space. This gives rise to the following more general definition:

Definition 5.2.2 {Bt} is called Brownian motion or a Wiener process w.r.t. a filtration
Ft , if the following properties hold true.

(i) Bt is Ft-adapted.

(ii) For all s ≤ t the increment Bt − Bs is independent from the σ-field Fs.

(iii) For all s ≤ t we have Bt − Bs
d= Bt−s − B0 ∼ N(0, σ(t − s)) for some σ > 0.

If σ = 1, then {Bt} is a standard Brownian motion w.r.t. Ft .
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By definition, the value Bt of a Brownian motion as well as its increments Bt − Bs,
s ≤ t, are normally distributed. As we shall see below, the independence of the increments
automatically implies that any random vector (Bt1 , . . . , Btk ), where t1, . . . , tk, k ∈ N, are fixed
time points, corresponding to Brownian motion sampled at k time instants, is multivariate
normal.

Definition 5.2.3 (Gaussian Process)
A stochastic process {Xt : t ∈ I} is called a Gaussian process, if for all t1, . . . , tk, k ∈ N, the
random vector (Xt1 , . . . , Xtk ) obtained by sampling the process at these time points satisfies

(Xt1 , . . . , Xtk ) ∼ N
(
μt1,...,tk , �t1,...,tk

)
with

μ = μt1,...,tk = E(Xt1 , . . . , Xtn )′,
� = �t1,...,tk=

(
Cov(Xti , Xtj )

)
1≤i,j≤k

.

If �t1,...,tk is invertible, then (Xt1 , . . . , Xtk ) attains the density

f (x1, . . . , xk) = 1

(2π)n/2
√

det(�)
exp

{
−1

2
(x − μ)′�−1(x − μ)

}
,

for x = (x1, . . . , xk) ∈ Rk.

Example 5.2.4 Brownian motion is a Gaussian process with mean function

m(t) = EB(t) = 0, t ≥ 0.

For 0 ≤ s ≤ t the autocovariance function is given by

γ(s, t) = Cov
(
B(s), B(t)

)
= Cov

(
B(s), B(s) + [B(t) − B(s)]

)
= Cov

(
B(s), B(s)

)
= σ2s,

by independence of B(s) and B(t) − B(s). Therefore

γ(s, t) = σ2(s ∧ t) = σ2 min(s, t).

Let us consider the random vector

(Bt1 , . . . , Btn ) (5.1)

obtained by sampling a standard Brownian motion at n fixed time points t1 < · · · < tn. It is
clear that this vector is normal, since it is a linear transformation of the random vector

(Bt1 , Bt2 − Bt1 , . . . , Btn − Btn−1 )

whose coordinates are independent and normally distributed by the defining properties of
Brownian motion.
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We are interested in calculating its n-dimensional density. Let us first consider the case
n = 2 and calculate the conditional distribution of Bs+t given Bs = x. To introduce the notion
of a transition density, let {Xt} be some process taking values in a set X ⊂ R. If there is some
measurable function ϕ(x, y) such that

P(Xs+t ≤ z|Xs = x) =
∫ z

−∞
ϕ(x, y) dy, z ∈ R, x ∈ X,

then ϕ is called a transition density of {Xt}. More generally, let us fix time instants t1 <

· · · < tn and consider

P(Btn ≤ xn | Bti = xi, i = 0, . . . , n − 1)

= P(Btn − Btn−1 ≤ xn − Btn−1 | Bti = xi, i = 0, . . . , n − 1)

= P(Btn − Btn−1 ≤ xn − xn−1)

=
xn−xn−1∫
−∞

1√
2π(tn − tn−1)

exp

(
− u2

2(tn − tn−1)

)
du.

Put xn = z, tn = s + t, tn−1 = s and n = 2 to see that

P(Bs+t ≤ z | Bs = x) =
z−x∫

−∞

1√
2πt

exp

(
−u2

2t

)
du

=
↑

y=x+u

∫ z

−∞
1√
2πt

exp

(
− (x − y)2

2t

)
dy .

Hence, for each t > 0 and x ∈ R the function

y �→ p(t, x, y) := ϕ(0,t)(x − y) = 1√
2πt

exp

(
− (x − y)2

2t

)
, y ∈ R,

is a density of Bs+t given Bs = x, where ϕ(μ,σ2) denotes the density of the normal distribution
with mean μ ∈ R and variance σ2 > 0. Recalling that Bs ∼ ϕ(0,s), we find that

(x, y) �→ ϕ(0,s)(x)ϕ(0,t)(x − y) is a density of (Bs, Bs+t),

the random vector obtained by considering two projections of the form πt(B) = Bt . This
product form of the joint density extends to the case of a finite number of such projections,
yielding the finite-dimensional distributions (fidis) of Brownian motion. Before discussing
this point, let us briefly provide a simple argument that the random vector (5.1), denoted by
X in what follows, is normally distributed. First, notice that

� = Cov(X) = diag(t1, t2 − t1, . . . , tn − tn−1).
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Let

A =

⎛⎜⎜⎜⎜⎝
1 0 0 · · · 0

1 1 0 · · · 0
...

...

1 1 1 · · · 1

⎞⎟⎟⎟⎟⎠ .

Then

(Bt1 , · · · , Btn )′ = AX ∼ N(0, �∗),

where

�∗ = A�A′ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

t1 t1 · · · · · · · · · t1

t1 t2 − t1 t2 · · · · · · t2

t1 t2 t3 − t2 t3 · · · t3

...
...

. . .
...

...
...

. . .
...

t1 t2 · · · · · · · · · tn − tn−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Lemma 5.2.5 (Finite-Dimensional Distributions)
Fix 0 = t0 < t1 < · · · < tn, n ∈ N. Let {Bt} be a Brownian motion (with start in 0). Then

(Bt1 , . . . , Btn ) attains the density

(x1, . . . , xn) �→ ϕn(x1, . . . , xn) =
n∏

i=1

ϕ(0,σ(ti−ti−1))(xi − xi−1),

for (x1, . . . , xn) ∈ Rn, where x0 = 0.

Proof. We establish the formula by induction, the case n = 1 being trivial, since Bt1 ∼
N(0, t1 − t0), where here and in the rest of the proof we assume σ = 1. Thus, let us show the
induction step n �→ n + 1. By conditioning on (Bt1 , . . . , Btn ) = (x1, . . . , xn), we see that for
any Borel setsA1, . . . , An+1 the probabilityP(Bt1 ∈ A1, . . . , Btn+1 ∈ An+1) can be calculated
as ∫

A1

· · ·
∫

An+1

P(Btn+1 ∈ An+1|(Bt1 , . . . , Btn ) = (x1, . . . , xn)) dP(Bt1 ,...,Btn )(x1, . . . , xn).

Recall the following facts. If (Bt1 , . . . , Btn ) admits a density ϕn(x1, . . . , xn), then

P(Bt1 ∈ A1, . . . , Btn ∈ An) =
∫

A1

· · ·
∫

An

ϕn(x1, . . . , xn) dx1 . . . dxn

and for any dP(Bt1 ,...,Btn )-measurable function h(x1, . . . , xn), the expectation

Eh(Bt1 , . . . , Btn ) =
∫

· · ·
∫

h(x1, . . . , xn) dP(Bt1 ,...,Btn )(x1, . . . , xn)
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equals ∫
· · ·

∫
h(x1, . . . , xn)ϕn(x1, . . . , xn)dx1 . . . dxn.

We now use these facts with Ai = (−∞, xi], i = 1, . . . , n + 1, to obtain

P(Btn+1 ≤ xn+1|(Bt1 , . . . , Btn ) = (x1, . . . , xn))

= P(Btn+1 − Btn ≤ xn+1 − xn|Bti = xi, i = 1, . . . , n)

=
∫ xn+1−xn

−∞
ϕ(0,tn+1−tn)(z) dz =

∫ xn+1

−∞
ϕ(0,tn+1−tn)(u − xn) du.

Putting things together and making use of the assumption we obtain

P(Bt1 ≤ x1, . . . , Btn ≤ xn, Btn+1 ≤ xn+1)

=
∫ x1

−∞
· · ·

∫ xn

−∞

{∫ xn+1

−∞
ϕ(0,tn+1−tn)(u − xn) du

}
dP(Bt1 ,...,Btn )(x1, . . . , xn)

=
∫ x1

−∞
· · ·

∫ xn

−∞

∫ xn+1

−∞
ϕ(0,tn+1−tn)(u − xn) du

n∏
i=1

ϕ(0,ti−ti−1)(xi − xi−1)dx1 . . . dxn

=
∫ x1

−∞
· · ·

∫ xn+1

−∞

n+1∏
i=1

ϕ(0,ti−ti−1)(xi − xi−1)dx1 . . . dxn+1,

which completes the proof.

Lemma 5.2.5 allows us to calculate the probability of random events, as long as they
depend on Brownian motion only through its values at a finite number of time points. The
question arises whether this still holds true for events depending on, say, the whole path. One
can show that this indeed holds true, since the finite-dimensional distributions determine the
distribution of a process.

Definition 5.2.6 (Brownian Bridge)
Let {Bt : t ∈ [0, 1]} be a standard Brownian motion defined. Then the process

B0(t) = Bt − tB(1), t ∈ [0, 1]

is called a Brownian bridge.

It is clear that E(B0
t ) = 0 for all t, and a direct calculation shows that

Cov(Bt, Bs) = s(1 − t)

for 0 ≤ s < t ≤ 1. Further, B0 is a Gaussian process. Next, fix some s ∈ (0, 1) and notice that

E(B0
s B1) = E(BsB1 − sB2

1) = min(s, 1) − s = 0,

which shows that B0
s and B1 are independent. Similarly, for any 0 < s1 < · · · < sn < 1 the

random vector (B0
s1

, . . . , B0
sn

) obtained by projecting B0 onto those time points is independent
of B(1), which shows that {B0

s : s ∈ (0, 1)} is independent of B1.
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Brownian motion itself and many derived stochastic processes are martingales. The
following proposition lists the most important three martingales related to Brownian
motion, with respect to the natural filtration Ft = σ(Bs : s ≤ t).

Proposition 5.2.7 Let {Bt : t ≥ 0} be a standard Brownian motion (w.r.t {Ft}). Then the
following processes are Ft-martingales.

(i) {Bt : t ≥ 0}.
(ii) {B2

t − t : t ≥ 0}.

(ii)
{

exp
(
σBt − σ2

2 t
)

: t ≥ 0
}

, σ > 0.

Proof. Let us first check (i). Let s ≤ t and notice that E(Bt − Bs) = 0. Since Bs is Fs-
measurable and the increment Bt − Bs is independent of Fs, we have

E(Bt | Fs) = Bs + E(Bt − Bs | Fs) = Bs + E(Bt − Bs) = Bs.

To verify (ii) notice that

E(B2
t | Fs) = E

(
(Bs + Bt − Bs)

2 | Fs

)
= B2

s + 2Bs E (Bt − Bs | Fs)︸ ︷︷ ︸
= 0

+E
(
(Bt − Bs)

2 | Fs

)
= B2

s + E
(
(Bt − Bs)

2 | Fs

)︸ ︷︷ ︸
= t−s

= B2
s + (t − s),

yielding E(B2
t − t | Fs) = B2

s − s. Finally, (iii) follows from the fact that for s ≤ t

E(eσBt | Fs) = E(eσ(Bs+Bt−Bs) | Fs)

= eσBs · E
(
eσ(Bt−Bs) | Fs

)
= eσBsE(eσ(Bt−Bs)).

We have to calculate E(eσ(Bt−Bs)) = E(eZ̃) where Z̃
d= σ(Bt − Bs) ∼ N

(
0, σ2(t − s)

)
. First

consider E(ebZ) for Z ∼ N(0, 1) and b ∈ R:

E(ebZ) =
∫

ebx 1√
2π

e−x2/2 dx

=
∫

1√
2π

exp

(−(x − b)2 + b2

2

)
dx

= exp

(
b2

2

)∫
1√
2π

exp

(−(x − b)2

2

)
dx︸ ︷︷ ︸

= 1

= exp

(
b2

2

)
.
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Now put b = σ
√

t − s to conclude that

E(eσBt | Fs) = eσBse
σ2(t−s)

2 .

Thus, we arrive at

E
(

eσBt− σ2
2 t
∣∣∣Fs

)
= eσBs− σ2

2 s.

The process appearing in Proposition 5.2.7 is of particular importance.

Definition 5.2.8 (Geometric Brownian Motion)
The stochastic process

Xt(ω) = X0 exp(μt + σBt(ω)), t > 0, ω ∈ �,

is called geometric Brownian motion with drift μ ∈ R and volatility σ > 0. Here, Bt is a
standard Brownian motion.

Corollary 5.2.9 A geometric Brownian motion with drift μ = −σ2

2 and volatility σ > 0 is a
Ft-martingale.

Suppose we are given a Brownian motion {Bt : t ∈ [0, 1]}. Our above results on the finite-
dimensional distributions describe its probabilistic behavior. What happens if we zoom in the
process corresponding to t ∈ [0, λ], i.e. if we consider Bλt for t ∈ [0, 1]?

Lemma 5.2.10 (Scaling Property)
Let B = {Bt} be a standard Brownian motion (with start in 0) and fix λ > 0. Then,

{Bλt : t ≥ 0} d= {λ1/2Bt : t ≥ 0}.
More generally, for t1 < · · · < tn, n ∈ N, the random vectors (Bλt1 , . . . , Bλtn ) and
λ1/2(Bt1 , . . . , Btn ) are equal in distribution. In particular, {λ−1/2Bλt : t ≥ 0} is again a stan-
dard Brownian motion.

Definition 5.2.11 AFt-adapted process {Xt} taking values in a setX ⊂ R is called a Markov
process w.r.t. Ft if for any measurable function f : X → R there exists a measurable function
g : X → R, such that

E(f (Xt) | Fs) = g(Xs)

holds true for all 0 ≤ s ≤ t ≤ T .

Theorem 5.2.12 A Brownian motion {B(t) : t ≥ 0} with respect to Ft = σ(Bs : s ≤ t), t ≥
0, is a Markov process.

Proof. Notice that given Fs the value of Bs is fixed, say Bs = x, such that

E(f (Bt) | Fs)(ω) = E(f (x + (Bt − Bs)) | Fs)(ω)
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for all ω ∈ �. Since Bt − Bs is independent of Fs, the last expression is given by

E(f (x + Bt − Bs)) =
∫

f (x + y)ϕ(0,σ(t−s))(y) dy = g(x),

which is a measurable function of x.

5.2.2 Brownian motion and the central limit theorem

Let {Bt} be a Brownian motion defined on a probability space (�,F, P). Define the random
variables ξni : (�,F, P) → (R,B) by

ξni(ω) = √
n ·
(
B
(

i
n
, ω
)− B

(
i−1
n

, ω
))

, i = 1, . . . , n.

The ξnis have the following properties:

(i) ξn1, . . . , ξnn are independent for each n ∈ N.

(ii) ξni ∼ N(0, σ2), 1 ≤ i ≤ n, n ∈ N.

Further, by definition

1√
n

k∑
i=1

ξni = Bk/n ,

such that

1√
n

�nt�∑
i=1

ξni = B�nt�/n −→
n→∞ Bt ∼ N(0, σ2t).

If we put aside the concrete definition of the ξnis and just notice that properties (i) and (ii) imply
that ξni, i = 1, . . . , n, n ≥ 1, forms a triangular array of row-wise i.i.d. random variables,
we may apply the central limit theorem and obtain that, for any fixed t, �nt�−1/2 ∑�nt�

i=1 ξni

converges in distribution to N(0, σ2), which implies that

1√
n

�nt�∑
i=1

ξni
d→ Bt ∼ N(0, σ2t), (5.2)

as n → ∞. This observation indicates that Brownian motion should provide the correct
asymptotic limit for such scaled partial sums in the sense of distributional convergence (of the
fidis or even in a more general sense) under quite general assumptions. The above observations
give rise to the following definition.

Definition 5.2.13 Let {Xni : i = 1, . . . , n, n ≥ 1} be an array of random variables. Then the
process

Sn(t) = 1√
n

�nt�∑
i=1

Xni, t ∈ [0, 1],

is called a partial sum process.
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Before relating our above findings to the results on the convergence of the stock price
process in binomial models which led us to the famous Black–Scholes formula, it is worth
discussing the indicated extension of the CLT in the sense that the asymptotic distributional
behavior of the partial sum process is given by Brownian motion. An appropriate extension
of the notion of convergence in distribution is the notion of weak convergence. A sequence
{X, Xn} of stochastic processes taking values in some separable and complete metric space
(S, d) with metric d converges weakly, denoted by

Xn ⇒ X,

as n → ∞, if
∫

f (Xn) dP → ∫
f (X) dP , as n → ∞, holds true for all bounded functions f :

S → R that are continuous with respect to the metric d. If S = R and d(x) = |x|, x ∈ R, one
obtains the convergence in distribution of random variables. The famous invariance principle
of Donsker now asserts that

Sn ⇒ B,

as n → ∞, provide the increments are i.i.d. with mean zero and variance one. Then it follows
that P(Sn ∈ A) can be approximated by P(B ∈ A) for a sufficiently rich class of sets A

consisting of càdlàg functions. It also follows that one may conclude from this fact that
P(ϕ(Sn) ∈ A) converges to P(ϕ(B) ∈ A) for a continuous mapping f . At this point, we shall
not go into the rather involved details and refer to Appendix B.1.

Taking those results for granted, we are in a position to get a deeper understanding of the
central limit theorem for the stock price process that formed the basis of our derivation of the
Black–Scholes price formula.

Revisiting Theorem 4.7.3: Let us first recall the assertion of that theorem. Under the
sequence {Pn}, where Pn denotes the equivalent martingale measure of the nth binomial
model, the stock price process Sn(t) converges in distribution to the random variable

St = S0 exp

((
r − σ2

2

)
t + σBt

)
, t > 0.

Here, {Bt} is a standard Brownian motion defined on (�,F, P∗), i.e. under the probability
measure P∗ the Brownian motion B has drift 0 and volatility 1, and P∗ is the limit of Pn

determined by the limit limn→∞ pn = 1/2. Consequently, the discounted stock price

S∗
n(t) = e−rtSn(t)

converges (point wise) in distribution to a geometric Brownian motion,

S∗
n(t)

d→ S∗
t = S0 exp(−tσ2/2 + σB),

as n → ∞. By Corollary 5.2.9, the limit process is a martingale under P∗. Using the more
involved calculus of weak convergence on Skorohod spaces outlined above, one can show
that the convergence in distribution of Theorem 4.7.3 extends to weak convergence of the
(discounted) partial sum price process {S∗

n(t) : t ∈ [0, T ]} to geometric Brownian motion
{S∗

t : t ∈ [0, T ]}, as the number n of binomial models converges to ∞, thus approximating
continuous-time trading.
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These results suggest that the geometric Brownian motion is an appropriate idealized
mathematical continuous-time model for the stock price. Further, there exists a probability
measure such that the discounted stock price is a martingale.

5.2.3 Path properties

Definition 5.2.14 Let {Xt} and {Yt} be two stochastic processes defined on a probability
space (�,F, P). {Yt} is called a modification or a version of {Xt}, if

P(Xt /= Yt) = 0 ∀ t ∈ I.

In this case, {Xt} and {Yt} are also called equivalent processes.

Lemma 5.2.15 If {Yt} is a modification of {Xt}, then they are equal in distribution, i.e. their
finite-dimensional (marginal) distributions (fidis) coincide.

Proof. We show the stronger assertion that

P(Xt1 = Yt1 , . . . , Xtn = Ytn ) = 1 ∀ 0 ≤ t1, . . . , tn ≤ T, n ∈ N. (∗)

Then the fidis coincide. Suppose (∗) does not hold. Then P(Xt1 = Yt1 , . . . , Xtn = Ytn ) < 1.
It follows that there exists a set �0 ∈ F with P(�0) > 0, such that

∀ ω ∈ �0 : ∃ j(ω) ∈ {1, . . . , n} : Xtj(ω) (ω) /= Ytj(ω) (ω).

Clearly, �0 = ⋃n
i=1 Ai, if Ai = {Xti /= Yti}, with P(Ai) > 0 for at least one i.

Example 5.2.16 This example shows that one may change a process, e.g. a Brownian motion,
at a random time point without affecting its distribution. So, let {Bt} be a Brownian motion
and U ∼ exp(1). Consider the process

Vt =
{

Bt, U /= t,

Bt + 1, U = t,

for t ≥ 0. Notice that the paths of Vt are no longer continuous. By Lemma 5.2.15, in order to

show that {Vt} d= {Bt}, it suffices to check that {Vt} is a modification of Bt . We have

P(Vt /= Bt) = P(U = t) = 0,

for all t ≥ 0. Hence, the fidis coincide, although {ω : Vt(ω) = Bt(ω) for all t ∈ [0, ∞)} = ∅,
such that

P
(
Vt = Bt : ∀ t ∈ [0, ∞)

) = 0,

there is not a single realization of those processes with equal paths.

We see that equivalent processes do not necessarily have the same paths.
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Definition 5.2.17 {Xt} and {Yt} are called indistinguishable, if

P(Xt = Yt, ∀ t ∈ I) = 1.

5.2.4 Brownian motion in higher dimensions

Let B(t) be a (standard) Brownian motion and let B1(t), . . . , Bn(t) be independent copies of
B(t). It is natural to call the process

t �→ (B1(t), . . . , Bn(t))′, t ≥ 0,

with trajectories in the Euclidean space Rn n-dimensional Brownian motion. Clearly, this
process has independent coordinates by construction. By considering linear combinations

Xi(t) = ai1B1(t) + · · · + ainBn(t), i = 1, . . . , m,

for constants aij ∈ R, we obtain correlated Gaussian processes. Notice that

X(t) = (X1(t), . . . , Xn(t))′ = AB(t),

if we put

A =

⎡⎢⎢⎣
a′

1
...

a′
m

⎤⎥⎥⎦ ,

where a′
i = (ai1, . . . , ain), i = 1, . . . , m.

In particular,

Cov(Xi(s), Xj(t)) = Cov(ai1B1(s) + · · · + ainBn(s), aj1B1(t) + · · · ajnBn(t))

= ai1aj1 Cov(B1(s), B1(t)) + · · · + ainajn Cov(Bn(s), Bn(t))

= (ai1aj1 + · · · + ainajn) min(s, t)

= a′
iaj min(s, t),

by independence of B1, . . . , Bn. If we denote the m × m matrix of these covariances by
Cov(X(s), X(t)), we obtain the formula

Cov(X(s), X(t)) = min(s, t)AA′.

The general definition of n-dimensional Brownian motion is as follows.

Definition 5.2.18 An n-dimensional stochastic process t �→ B(t) = (B1(t), . . . , Bn(t))′,
where {Bi(t) : t ≥ 0}, i = 1, . . . , n, are univariate stochastic processes, is called
n-dimensional Brownian motion with covariance matrix �, if

(i) E(B(t)) = 0 for all t ≥ 0.

(ii) The finite-dimensional distributions are Gaussian.
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(iii) The covariances are given by

Cov(Bi(s), Bj(t)) = E(Bi(s)Bj(t)) = σij min(s, t)

for all 1 ≤ i, j ≤ n and all s, t ≥ 0, where σij are the elements of �.

5.3 Continuity and differentiability

The following famous theorem provides a simple moment criterion in order to determine the
smoothness of the paths of a stochastic process.

Theorem 5.3.1 (Kolmogorov–Chentsov)
Let {Xt : t > 0} be a R-valued process. If for each T > 0 there are constants α, β, C > 0

with

E|Xs − Xt|α ≤ C · |t − s|1+β, ∀ s, t ∈ [0, T ],

then there exists a modification of {Xt} with locally Hölder-continuous paths of order γ for
any γ ∈ (0, β/α).

Let us apply Chentsov’s criterion to a standard Brownian motion Bt . The fact that

Bt − Bs ∼ N(0, |t − s|) d=
√

|t − s| · U, U ∼ N(0, 1),

implies that

E|Bt − Bs|2n = |t − s|nE|U|n.
For n = 2 we obtain E|Bt − Bs|4 = |t − s|2. Hence, we may conclude that there exists a
Brownian motion with Hölder-continuous paths. If we put α = 2n and β = n − 1, then

β

α
= n − 1

2n
↑ 1

2
.

Therefore, for all 0 < γ < 1/2 Brownian motion is Hölder-continuous of order γ .
We have seen that Brownian motion has continuous sample paths. This means that

lims→t B(s) = B(t) holds true (for a modification).

Definition 5.3.2

(i) A stochastic process {Xt} taking values in R is called continuous in probability, if

P
(

lim
s→t

Xs = Xt

)
= 1.

(ii) A stochastic L2-process {Xt} taking values in R is continuous in the mean square
or m.s. continuous, if

lim
s→t

Xs = Xt in L2 for all t,
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i.e.

lim
s→t

E|Xs − Xt|2 = 0.

Obviously, the definition can be easily extended to processes with values inRd by replacing
| · | by a vector norm.

Whether or not a process is m.s. continuous can be easily analyzed by investigating the
correlation function rX(s, t) = E(XsXt).

Lemma 5.3.3 A process Xt is m.s. continuous, if and only if

rX(u, v) → rX(t, t), if (u, v) → (t, t). (5.3)

In particular, a stationary process is m.s. continuous, if rX(t) = rX(0, t) is continuous at 0.

Proof. The sufficiency follows from the fact that

E(Xs − Xt)
2 = rX(s, s) − 2rX(s, t) + rX(t, t),

since s → t implies that (s, t) → (t, t) which in turn yields rX(s, t) → rX(t, t) by
Equation (5.3). The necessity is shown as follows. Notice that

|rX(u, v) − rX(t, t)| = |E(XuXv) − E(XtXt)|
is not larger than

|E(XuXv) − E(XtXu)| + |E(XtXu) − E(XtXt)|.
Applying the Cauchy–Schwarz inequality to the first term yields

|E(XuXv) − E(XtXu)| = |E(Xu[Xv − Xt])| ≤
√

E(X2
u)E(Xv − Xt)2,

which converges to 0 if (u, v) → (t, t). The second term is estimated analogously. The suffi-
ciency of Equation (5.3) follows.

5.4 Self-similarity and fractional Brownian motion

Let Bt , t ≥ 0, be a standard Brownian motion. Recall the scaling property, Lemma 5.2.10,
which asserts that for any λ > 0

{Bλt : t ≥ 0} d= {λ1/2Bt : t ≥ 0}. (5.4)

This means that a change of the time scale t �→ λt has the same effect as a change of state space
x �→ λ1/2x. A process for which such a change of the time scale is equivalent (in the sense of
equality in distribution) to some change of the state space is called self-similar. Precisely:

Definition 5.4.1 (Self-Similarity)
A process {Xt : t ≥ 0} is a called self-similar if for each λ > 0 there exists some ν = ν(λ) > 0
such that

{Xλt : t ≥ 0} d= {νXt : t ≥ 0}.
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When ν = λH , H is called the Hurst exponent and {Xt : t ≥ 0} is called self-similar with
Hurst exponent H . D = 1/H is called the (statistical) fractal dimension of {Xt}.

The self-similarity of Brownian motion actually results from its covariance function, since

E(Bλs, Bλt) = min(λs, λt) = λ min(s, t) = λE(Bs, Bt) = E(λ1/2Bs)(λ
1/2Bt),

which carries over to the finite-dimensional distributions leading to Equation (5.4).
The question arises whether there is there some covariance function c(s, t) such that

c(λs, λt) = λHc(s, t),

for some H /= 1/2? The answer is positive: Consider

cH (s, t) = 1

2

(
|s|2H + |t|2H − |s − t|2H

)
, s, t ∈ R. (5.5)

For 0 < H ≤ 1 the function cH (s, t) is non-negative definite and obviously satisfies

cH (λs, λt) = λ2HcH (s, t), s, t ∈ R.

For any non-negative function one may define a mean zero Gaussian process possessing that
function as its covariance function. So suppose that {Xt : t ≥ 0} is a process with covariance
function cH (s, t). Then, repeating the arguments for Brownian motion,

E(XλsXλt) = cH (λs, λt) = λ2HE(XsXt) = E(λHXs)(λ
HXt),

leading to

{Xλt : t ≥ 0} d= {λHXt : t ≥ 0}.
That is, the process {Xt} is self-similar with Hurst exponent H . Does there exist a continuous
version? Let us check the Kolmogorov–Chentsov criterion. We have for all 0 ≤ s, t

E|Xt − Xs|2 = E(X2
t ) − 2E(XtXs) + E(X2

s )

= cH (t, t) + cH (s, s) − 2cH (s, t) = |t − s|2H.

It follows that for H > 1/2 the Kolmogorov–Chentsov criterion is satisfied with α = 2 and
β = 2H − 1. Before treating the case H < 1/2, notice that {Xt} has stationary increments
with zero mean and variance

E
(
BH

t − BH
s

)2 = |t − s|2H,

that is

BH
t − BH

s ∼ N(0, |t − s|2H ).

This implies that the moments of the increments are given by

E
(
BH

t − BH
s

)2k = 2k!

k!2k
|t − s|2Hk.

For given 0 < H ≤ 1/2 select k such that 2Hk > 1 to verify the Kolomogorov–Chentsov
criterion.
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Definition 5.4.2 (Fractional Brownian Motion)
A continuous Gaussian process with mean zero and covariance function (5.5) is called stan-
dard fractional Brownian motion.

Notice that H = 1/2 yields a standard Brownian motion.
A fractional Brownian motion BH

t , t ≥ 0, with parameter 0 < H ≤ 1 therefore has the
scaling property {

BH
λt : t ≥ 0

} d= {
λHBH

t : t ≥ 0
}
.

Let us summarize: A standard fractional Brownian motion starts in 0, has stationary normally
distributed increments and is self-similar with Hurst exponent H .

The fact that the differences are stationary but dependent gives rise to the following
definition.

Definition 5.4.3 (Fractional Gaussian Noise)
Let {BH

t : t ≥ 0} be a fractional Brownian motion with Hurst exponent 0 < H < 1. Then the
sequence

ξt = BH
t+1 − BH

t , t = 0, 1, . . .

is called standard fractional Gaussian noise.

5.5 Counting processes

5.5.1 The Poisson process

Suppose τ1, τ2, . . . are random times. For example, the τi may indicate the time instants when
a certain event occurs such as price shifts due to unexpected news. There are different ways
to represent those random times by a single function. For example, by an indicator process

It =
∞∑
i=1

1{τi}(t), t ≥ 0.

Then, It = 1 if and only if t = τi for some i ∈ N. But usually one also wants to count how
many events already occurred and therefore considers the counting process or point process
associated to the random times,

Nt =
∞∑
i=1

1(τi ≤ t), t ≥ 0.

If supn τn = ∞, then Nt is called a counting process without explosion. Obviously, Nt is
the number of events that occurred up to time t. Notice that Nt is a càdlàg function, more
precisely a right-continuous piece-wise constant function with jumps of size 1 at the random
times τi.

It is easy to check that Nt is adapted, if and only if all τi are stopping times.
Notice that if τ1 ≤ τ2 ≤ · · · , we have

τi ≤ t ⇔ Nt ≥ i, τi ≤ t < τi+1 ⇔ Nt = u.
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Definition 5.5.1 A counting process {Nt : t ≥ 0} is called a Poisson process if Nt is adapted,
is without explosion and has stationary and independent increments that follow a Poisson
distribution such that

Nt − N0 ∼ Poi(λt), t ≥ 0,

for some λ ∈ (0, ∞). λ is called the intensity parameter. The corresponding centered process

Nc
t = Nt − λt, t ≥ 0,

is the compensated Poisson process.

The probability to observe k jumps in [0, t] is given by

P(Nt = k) = (λt)k

k!
e−λt, k = 0, 1, . . . ,

and the mean, variance and covariance function of Nt are given by

E(Nt) = λt, Var (Nt) = λt,

and

Cov(Ns, Nt) = min(s, t)λ,

for s, t ≥ 0. Notice that E(Nt)/t = λ is the mean number of jumps (per unit of time). It is
also called the mean arrival rate.

It is easy to verify the following result.

Lemma 5.5.2 Nc
t is a martingale with mean 0.

Since the Poi(λ)-distribution has the characteristic functionu �→ exp(λ[eiu − 1]), the char-
acteristic function ϕNt (u) = E(euiNt ), u ∈ R, of a Poisson process is given by

ϕNt (u) = exp(λt[eiu − 1]), u ∈ R,

and for a compensated Poisson process we obtain

ϕNc
t
(u) = E

(
eiu(Nt−λt)) = exp(λt[eiu − 1 − iu]), u ∈ R.

5.5.2 The compound Poisson process

Recall our introducing example of random time points at which the market processes unex-
pected information that really affects the prices. Suppose that the ith event occurring at time
τi leads to a price movement Yi. Then the additive effect of all such unexpected events on the
stock price is given by

Xt =
Nt∑
i=1

Yi,

since at time t exactly Nt events have already occurred with jump sizes Y1, . . . , Yt .
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Definition 5.5.3 If {Nt : t ≥ 0} is a Poisson process and {Yn : n ∈ N} is a sequence of i.i.d.
random variables such that {Nt} and {Yn} are independent, then Xt = ∑Nt

i=1 Yi, t ≥ 0, is
called a compound Poisson process. The corresponding centered process

Xc
t = Xt − λtE(Y1), t ≥ 0,

is called a compensated Poisson process.

The mean, variance and covariance function of a compound Poisson process with Y1 ∈ L2
are given by

E(Xt) = λtE(Y1), Var (Xt) = λtE
(
Y2

1

)
and

Cov(Xs, Xu) = λ min(s, u)E
(
Y2

1

)
.

Clearly, the sample paths of a compound Poisson process are not continuous. However,
the following result shows that the probability of observing an increment Xt − Xs larger than
ε > 0 is small for s ≈ t and tends to 0, if s → t.

Lemma 5.5.4 A compound Poisson process is continuous in probability.

Proof. Fix ε > 0. Observe that |Xt − Xs| = |∑Nt

i=Ns+1 Yi| = 0 if there is no jump, i.e.

{ω : Nt(ω) = Ns(ω)} ⊂ {ω : |Xt(ω) − Xs(ω)| = 0},

such that {|Xt − Xs| > 0} ⊂ {Nt > Ns}. We obtain

P(|Xt − Xs| ≥ ε) ≤ P(Nt − Ns > 0) = 1 − exp(−λ(t − s)) → 0,

if s → t.

Lemma 5.5.5 A compound Poisson process Xt = ∑Nt

i=1 Yi, t ≥ 0, has stationary increments
that are independent of each other and of the past.

Proof. Notice that for s < t

Xt − Xs =
Nt∑

i=Ns+1

Yi =
Nt−Ns∑

i=1

YNs+i
d=

Nt−Ns∑
i=1

Yi.

Using Nt − Ns
d= Nt−s, we may further deduce that

Xt − Xs
d=

Nt−s∑
i=1

Yi = Xt−s,
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which shows the stationarity of the increments. Now let us check that Xs − Xr and Xt − Xs

are independent, if 0 ≤ r < s < t. A similar argument as above yields for all Borel sets A

and B

P (Xs − Xr ∈ A, Xt − Xs ∈ B) = P

(
Ns−Nr∑

i=1

Yi ∈ A,

Nt−Ns∑
i=1

Y ′
i ∈ B

)
,

where Y ′
1, Y

′
2, . . . are i.i.d. copies of Y1, which are independent of Y1, Y2, . . . and {Nt}. Since

Ns − Nr and Nt − Ns are independent of each other as well as independent of {Yi, Y
′
i }, we

arrive at

P

(
Ns−Nr∑

i=1

Yi ∈ A,

Nt−Ns∑
i=1

Y ′
i ∈ B

)
= P

(
Ns−Nr∑

i=1

Yi ∈ A

)
P

(
Nt−Ns∑

i=1

Y ′
i ∈ B

)
.

Hence, the increments Xs − Xr and Xt − Xs are independent.

Let us calculate the characteristic function ϕXt (u) = E(eiuXt ) of a compound Poisson
process. Let ϕY be the characteristic function of Y1. By conditioning on Nt = k, we obtain

ϕXt (u) = E

(
E

(
e
iu
∑Nt

j=1
Yj | Nt

))
=

∞∑
k=0

E

(
e
iu
∑k

j=1
Yj

)
P(Nt = k)

= e−λt
∞∑

k=0

(ϕY (u)λt)k

k!

= exp(λt[ϕY (u) − 1]),

for u ∈ R. From this formula we immediately get the characteristic function of a compensated
compound Poisson process,

ϕXc
t
(u) = E

(
eiu(Xt−λtE(Y1))

)
= exp (λt[ϕY (u) − 1 − iuE(Y1)]) .

As a preparation for our treatment of Lévy processes, we express this formula in terms
of the distribution function F of the jump sizes. We simply have to plug in the formulas
ϕY (u) = ∫∞

−∞ eius dF (s), 1 = ∫∞
−∞ dF (s) and E(Y1) = ∫∞

−∞ s dF (s) to obtain

ϕXc
t
(u) = exp

(
λt

∫ ∞

−∞
(eius − 1 − ius) dF (s)

)
, u ∈ R.

When the jumps Yj are normally distributed with mean μ ∈ R and variance σ2 > 0, then
one may calculate the density fXt of the compound Poisson process explicitly. Indeed, we
have

P

⎛⎝ k∑
j=1

Yj ≤ x

∣∣∣∣Nt = k

⎞⎠ = P

⎛⎝ k∑
j=1

Yj ≤ x

⎞⎠ = �(kμ,kσ2)(x),
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such that

P(Xt ≤ x) =
∞∑

k=0

P(Xt ≤ x | Nt = k)P(Nt = k)

=
∞∑

k=0

�(kμ,kσ2)(x)
(λt)k

k!
e−λt,

leading to the series representation

fXt (x) =
∞∑

k=0

1√
2πkσ2

exp

(
−1

2

(x − kμ)2

kσ2

)
(λt)k

k!
e−λt, x ∈ R.

5.6 Lévy processes

We have learned that a Brownian motion with drift, which can be represented as μt + σBt ,
t ≥ 0, for constants μ ∈ R and σ > 0 and a standard Brownian motion {Bt}, is a member
of the class of processes with (i) continuous trajectories and (ii) stationary increments that
are independent of the past. In order to allow for processes with jumps it is natural to relax
requirement (i) to continuity in probability.

Definition 5.6.1 An adapted stochastic process {Xt} with X0 = 0 a.s. is a Lévy process, if
the following conditions hold.

(i) {Xt} has stationary (homogeneous) increments that are independent of the past, that

is Xt+s − Xt is independent of Ft and Xt+s − Xt
d= Xs, for s < t.

(ii) {Xt} is continuous in probability.

Less generally, a process {Xt} with X0 = 0 a.s. having stationary and independent increments
which is continuous in probability, is called an intrinsic Lévy process.

One can show that for a given Lévy process there exists a modification with càdlàg
paths. Thus, the latter property is often incorporated into the definition. The extension to the
d-dimensional case is straightforward; then there exists a modification where all coordinate
processes have càdlàg paths.

It is easy to verify that the sum of Lévy processes is again a Lévy process.

Lemma 5.6.2 If Xt , t ≥ 0, and Yt , t ≥ 0, are Lévy processes, then Xt + Yt , t ≥ 0, is also a
Lévy process.

It follows that a Brownian motion with drift plus a compound Poisson process,

Xt = μt + σBt +
Nt∑
i=1

Yi, t ≥ 0,

where {Nt ≥ 0} as well as {Yn : n ∈ N} are independent of {Bt : t ≥ 0}, is a Lévy process.
Clearly, Xt is a càdlàg process.



200 BROWNIAN MOTION AND RELATED PROCESSES IN CONTINUOUS TIME

A Lévy process {Xt} has stationary and independent increments. Therefore, the marginal
distributions PXt are infinitely divisible. As a consequence, the characteristic function ϕ(u) =
E(eıuXt ), u ∈ R, satisfies

ϕt+s(u) = ϕt(u)ϕs(u),

which implies that

ϕt(u) = exp(tψ(u))

for some function ψ(θ), the cumulant generating function. By the Lévy–Khintchine
formule (1.6),

ϕt(u) = exp

{
ıubt − 1

2
uCtθ +

∫
Rd

(
eıux − 1 − ıux1(|x| ≤ 1)

)
dν(x)

}
,

with triplet (b, C, ν). Combining the last two equations, it follows that

Bt = tb, Ct = tC, νt(x) = tν(x)

and

ψ(u) = ıθ′b − 1

2
uCθ +

∫
Rd

(
eıux − 1 − ıux1(|x| ≤ 1)

)
ν(dx).

Recall the formula

ϕXc
t
(u) = exp

(
λt

∫ ∞

−∞

(
eius − 1 − ius

)
dF (s)

)
, u ∈ R.

of the characteristic function of a compensated compound Poisson process. If we put dν(s) =
dF (s)

λ
, we see that Xc

t is a Lévy process.
Finally, let us consider the following standard construction of a Lévy with infinite Lévy

measure. Let N
(k)
t , k ≥ 1, be a sequence of independent Poisson processes with parameters

λk > 0, k ∈ N, and let μk, k ≥ 1, be a sequence of real numbers. Then, for each N ∈ N,

X
(N)
t =

N∑
k=1

μk

(
N

(k)
t − λkt

)
is a Lévy process with Lévy measure (check)

ν(N) =
N∑

k=1

λkδ{μk}

and characteristic function

ϕ
(N)
t (u) = exp

{
t

∫ ∞

−∞

(
eıux − 1 − ıux

)
ν(N)(dx)

}
.

The L2-limit

Xt =
∞∑

k=1

μk

(
N

(k)
t − λkt

)
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exists, if we assume that

∞∑
k=1

λkμ
2
k < ∞,

and is also a Lévy process and has the Lévy measure

ν(x) =
∞∑

k=1

λkδ{μk}(x),

which satisfies ν(R) = ∑
k λk, which may be infinite.

5.7 Notes and further reading

The seminal papers on Brownian motion are Bachelier (1900), Einstein (1905) and Wiener
(1923). Elementary introductions are Wiersema (2008) and Mikosch (1998). Comprehensive
expositions of notions and properties can be found in Grigoriu (2002) and Shiryaev (1999),
where the latter discusses extensively the relation to finance. Thorough and more advanced
probabilistic treatments are Durrett (1996), Karatzas and Shreve (1991) and Revuz and Yor
(1999). A sound introduction from an econometric perspective is Davidson (1994).

References

Bachelier L. (1900) Théorie de la spéculation. Annales Scientifiques de l’ É.N.S. 3e 17, 21–86.
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6

Itô calculus

This chapter provides a basic introduction to stochastic integration and Itô’s calculus. The
first major goal is to generalize the discrete martingale transform

It =
∫

ϕr dSr =
t∑

r=1

ϕr(Sr − Sr−1), (6.1)

which can be interpreted as the value process of a self-financing trading strategy, see formula
(4.1) in Section 4.2, to continuous time in an appropriate way when the stock price St is
a Brownian motion. This can not be done ω-pathwise by relying on the Riemann–Stieltjes
approach. Generalizing the work of Norbert Wiener, Kiyoshi Itô had the brilliant idea to define
the integral as the mean square limit of appropriately defined Riemann–Stieltjes sums of the
form (6.1). After a review of the stochastic Stieltjes integral, we go through the necessary steps
to define the Itô integral for a sufficiently large class of integrands. We confine the exposition
to Brownian motion as an integrator, but briefly discuss how one can integrate with respect to
more general processes.

Then we introduce the class of Itô processes. Roughly speaking, such a process is simply
the sum of a Riemann integral

∫ t

0 μs ds, where μs is random but integrable, and an Itô integral.
The famous Itô formula asserts that a smooth function of Brownian motion can be represented
as an Itô process, and, more generally, a smooth function of an Itô process is again an Itô
process. We apply those results to identify the stochastic differential equation solved by
certain basic stochastic processes such as (generalized) geometric Brownian motion and the
Ornstein–Uhlenbeck process, which provide building blocks for financial models.

Lastly, we briefly introduce ergodic diffusion processes, an important subclass covering
various models used in finance, and discuss the Euler approximation scheme that allows us to
determine numerical approximations to the solutions in those cases, where explicit formulas
are not available. The Euler scheme also provides the basis for the statistical estimation of
discretely observed diffusion processes.

Financial Statistics and Mathematical Finance: Methods, Models and Applications, First Edition. Ansgar Steland.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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6.1 Total and quadratic variation

The (total) variation aims at measuring the local oscillation of a function. Suppose f :
[0, T ] → R is a continuously differentiable function that is strictly increasing on the in-
terval [0, t1], strictly decreasing on [t1, t2] and again strictly increasing throughout [t2, T ],
where 0 < t1 < t2 < T . If f attains its maximum at t1 and its minimum at t2, it makes sense
to measure the oscillation by the number∫

|df | = V (f ) = f (t1) − f (0) + (f (t1) − f (t2)) + (f (T ) − f (t2)).

Notice that
∫ |df | can be calculated as

∫
|df | =

t1∫
0

f ′(r) dr +
t2∫

t1

−f ′(r) dr +
T∫

t2

f ′(r) dr =
T∫

0

|f ′(r)| dr.

More generally, let us define the total variation as follows.

Definition 6.1.1 The (total) variation of a function f : [0, T ] → R is defined as∫
|df | = V (f ) = sup

n−1∑
i=0

|f (ti+1) − f (ti)|,

where we allow for the value +∞. The sup is taken over all partitions �n : 0 = t0 < · · · <

tn = T , n ∈ N. f is of bounded variation, if
∫ |df | < ∞.

It is easy to see that the set of all functions of bounded variation forms a vector space
denoted by BV = BV ([0, T ]).

Remark 6.1.2

(i) It is straightforward to generalize Definition 6.1.1 to a function defined on R or
[0, ∞).

(ii) A function f : [0, ∞) → R has locally bounded variation, if its restriction f |[0,t]:
[0, t] → R is of bounded variation for all 0 < t < ∞.

(iii) If f has a continuous derivative, it is easy to see that
∫ |df | = ∫ T

0 |f ′(r)| dr.

(iv) Hahn–Jordan decomposition: Any function f of bounded variation can be written
as f = f+ − f−, where f+, f− are non decreasing functions.

Definition 6.1.3 Let f : [0, T ] → R be a function. The quadratic variation of f is defined
as

[f, f ](t) = [f, f ]t = lim
||�n||→0

n−1∑
i=0

[f (ti+1) − f (ti)]
2,
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provided that limit exists (in [0, ∞]). Here ||�n|| denotes the size or mesh

||�n|| = max
0≤i≤n−1

ti+1 − ti|

of a partition �n : 0 = t0 < · · · < tn = t.

Notice that in Definition 6.1.3 the points of the partition �n may depend on n. For the
sake of simplicity of presentation, we omit the n in our notation.

Lemma 6.1.4 If f has a continuous derivative f ′ with
∫ T

0 |f ′(r)| dr < ∞, then [f, f ]t = 0
for all t ∈ [0, T ].

Proof. Fix some partition �n : 0 = t0 < · · · < tn = t. By applying the mean value theo-
rem, we can find points t∗i ∈ [ti, ti+1], such that

n−1∑
i=0

(f (ti+1) − f (ti))
2 =

n−1∑
i=0

|f ′(t∗i )|2(ti+1 − ti)
2

≤ ||�n||
n−1∑
i=0

|f ′(t∗i )|2(ti+1 − ti).

Here we used the simple fact that (ti+1 − ti)2 ≤ ||�n||(ti+1 − ti). It follows that

[f, f ]t = lim
‖�n‖→0

n−1∑
i=0

(f (ti+1) − f (ti))
2

≤ lim
‖�n‖→0

||�n|| · lim
‖�n‖→0

n−1∑
i=0

|f ′(t∗i )|2(ti+1 − ti) = 0.

Definition 6.1.5 Let {Xt : t ∈ [0, T ]} be some stochastic process in continuous time and
0 ≤ t0 < t1 < · · · < tn ≤ T . Then

[X, X]n(t) = [X, X]nt =
n−1∑
i=0

(Xti+1 − Xti )
2

is called the sampled quadratic variation (w.r.t the partition �n : {ti : i = 0, . . . , n}).

Theorem 6.1.6 The sampled quadratic variation

Qnt = Qn(t) =
n−1∑
i=0

(Bti+1 − Bti )
2

of a Brownian motion {Bs : s ∈ [0, t]} converges in L2 and almost surely to t,

Qn(t)
L2,a.s→ t,

as n → ∞, along any sequence of partitions {ti} of [0, t].
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Proof. We provide a proof for the L2 convergence. Notice that E(Qnt − t)2 = E(Qnt −
EQnt)2 + (EQnt − t)2. Hence, it suffices to show EQnt → t and Var (Qnt) → 0, n → ∞.
Notice that the summands of Qn are independent random variables with E(Bti+1 − Bti )

2 =
Var (Bti+1 − Bti ) = ti+1 − ti yielding E(Qnt) =∑n−1

i=0 (ti+1 − ti) = t.
To calculate the variance, recall that EU4 = 3σ4 if U ∼ N(0, σ2). Thus,

Var
(

(Bti+1 − Bti )
2
)

= E
(

(Bti+1 − Bti )
2 − (ti+1 − ti)

)2

= E(Bti+1 − Bti )
4 − 2(ti+1 − ti)E(Bti+1 − Bti )

2 + (ti+1 − ti)
2

= 3(ti+1 − ti)
2 − 2(ti+1 − ti)

2 + (ti+1 − ti)
2

= 2(ti+1 − ti)
2.

We obtain

Var (Qnt) =
n−1∑
i=0

Var
(

(Bti+1 − Bti )
2
)

≤ 2||�n||
n−1∑
i=0

(ti+1 − ti),

yielding Var (Qnt) ≤ 2||�n|| · t → 0, as n → ∞.

Recall that a sufficient criterion for the existence of the Riemann integral
∫ b

a
f (g(t)) dt is

that g is integrable and f uniformly continuous on [a, b]. Since Brownian motion is almost
surely continuous and thus integrable, the random variable

Z(ω) =
b∫

a

f (B(t, ω)) dt, ω ∈ �,

is almost surely well defined, such that

n−1∑
i=0

f (Bti )(ti+1 − ti) −→
b∫

a

f (Bt) dt,

as n → ∞, a.s, for a partition �n : {ti} with ||�n|| → 0. The next result shows that in the
above display one may replace (ti+1 − ti) by the independent random variables (Bti+1 − Bti )

2,
which have expectations (ti+1 − ti), and still obtains convergence in L2 under a fairly general
condition on f .

Theorem 6.1.7 Let f be uniformly continuous with
∫ t

0 Ef 2(Bs) ds < ∞. Then

n−1∑
i=0

f (Bti )(Bti+1 − Bti )
2 L2−→

t∫
0

f (Bs) ds,

as n → ∞, along any sequence of partitions �n of [0, t] such that ||�n|| → 0, n → ∞.
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Proof. Let

An = E

⎛⎝n−1∑
i=0

f (Bti )(Bti+1 − Bti )
2 −

t∫
0

f (Bs) ds

⎞⎠
Bn = Var

(
n−1∑
i=0

f (Bti )(Bti+1 − Bti )
2

)
.

We show An → 0 and Bn → 0, as n → ∞. Consider first An. We have An = An1 + An2, if

An1 = E

(
n−1∑
i=0

[
f (Bti )(Bti+1 − Bti )

2 − f (Bti )(ti+1 − ti)
])

An2 = E

⎛⎝n−1∑
i=0

f (Bti )(ti+1 − ti) −
t∫

0

f (Bs) ds

⎞⎠ .

Our assumptions on f guarantee that An2 → 0, n → ∞. Since E
(
(Bti+1 − Bti )

2 |Fti

) =
E(Bti+1 − Bti )

2 = (ti+1 − ti),

An1 =
n−1∑
i=0

E
(
E
(
f (Bti )(Bti+1 − Bti )

2 − f (Bti )(ti+1 − ti) |Fti

))
= 0.

It remains to discuss Bn. Introduce

Di = Bti+1 − Bti ,

Vi = D2
i − (ti+1 − ti),

Uij = f (Bti )f (Btj )
(
D2

i − (ti+1 − ti)
)

.

Then

Bn =
n−1∑
i,j=0

E
[
f (Bti )f (Btj )

(
D2

i − (ti+1 − ti)
)(

D2
j − (tj+1 − tj)

)]

=
n−1∑
i,j=0

E
(
UijVj

)
.

If i < j, Uij and Vj are independent, since Uij is Fi-measurable and D2
j is independent of Fi.

Using EVj = 0, it follows that all those terms vanish. A similar argument applies to the cases
with i > j. Thus, it remains to calculate

Bn =
n−1∑
i=0

E
[
f 2(Bti )(D

2
i − (ti+1 − ti))

2
]
.



208 ITÔ CALCULUS

By Fti -measurability of f (Bti ) and independence of D2
i from Fti , we obtain

E
(
f 2(Bti )(D

2
i − (ti+1 − ti))

2
)

= E
(
f 2(Bti )E[(D2

i − (ti+1 − ti))
2 |Fti ]

)
= E

(
f 2(Bti )E

[
D2

i − (ti+1 − ti)
]2
)

,

where E
(
D2

i − (ti+1 − ti)
)2 = 2(ti+1 − ti)2, as shown in the proof of Theorem 6.1.6. It

follows that

Bn = 2
n−1∑
i=0

E
(
f 2(Bti )

)
(ti+1 − ti)

2 ≤ 2||�n||
n−1∑
i=0

g(ti)(ti+1 − ti)

with g(t) = Ef 2(Bt), t ∈ [0, T ]. Notice that

g(t) =
∫

Ef 2(Bt) dt =
+∞∫

−∞
f 2(x)ϕ(0,t)(x) dx,

where ϕ(0,t)(x) denotes the density of the N(0, t) distribution. By assumption,
∫ t

0 g(t) dt < ∞,

such that the Riemann sum
∑n−1

i=0 g(ti)(ti+1 − ti) converges to
∫ t

0 f 2(Bs) ds, as n → ∞. Now
Bn → 0, as n → ∞, follows.

6.2 Stochastic Stieltjes integration

In a Riemann sum
∑n

i=0 f (t∗i )(ti+1 − ti) the function values are weighted by the mass
(ti+1 − ti) assigned to the intervals (ti, ti+1] by the Lebesgue measure λ and the (general-
ized) distribution function id(x) = x, x ∈ R, respectively. Taking this viewpoint, it is a natural
idea to replace the distribution function id by another (generalized) distribution function of
a finite (signed) measure. Having in mind Remark 6.1.2 (iv), the following generalization is
evident. If f : [0, T ] → R is continuous and H : [0, T ] → R of bounded variation, then we
may define an integral

T∫
0

f (t) dH(t)

as the limit of the so-called Riemann-Stieltjes (RS) sums

n−1∑
i=0

f (t∗i ) (H(ti+1) − H(ti)) , t∗i ∈ [ti, ti+1]. (6.2)

Definition 6.2.1 If the RS sums (6.2) converges for any sequence of partitions �n with
||�n|| → 0, n → ∞, f is called RS integrable and

T∫
0

f dH =
T∫

0

f (t) dH(t) = lim
n→∞

n−1∑
i=0

f (t∗i ) (H(ti+1) − H(ti))

is called the Riemann–Stieltjes (RS) integral of f w.r.t. H . H is called an integrator.
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Clearly, RS integrals such as
∫ b

a
f (t) dH(t) and

∫∞
a

f (t) dH(t) can be defined analogously,
0 ≤ a ≤ b < ∞. The RS integral satisfies the following properties

Proposition 6.2.2 Let f be RS integrable w.r.t. H and 0 ≤ a ≤ b < ∞.

(i) f 
→ ∫ b

a
f dH , f RS integrable, is a linear mapping.

(ii)
∣∣∣∫ b

a
f dH

∣∣∣ ≤ ||f ||∞ · ∫ |dH |.

(iii)
∫ b

a
f d(H1 + H2) = ∫ b

a
f dH1 + ∫ b

a
f dH2 for all functions H1, H2 of bounded vari-

ation.

(iv)
∫ b

a
f d(αH) = α

∫ b

a
f dH for all α ∈ R.

(v) f is RS integrable w.r.t. H , if and only if H is RS integrable w.r.t. f . Then the following
integration by parts formula is valid.

b∫
a

f (x) dH(x) = f (x)H(x)
∣∣∣b
a
−

b∫
a

H(x−) df (x).

(vi) If f is continuous and H is differentiable with derivative h = H ′, then the RS integral∫ b

a
f dH can be calculated as a Riemann integral, namely

b∫
a

f dH =
b∫

a

f (x)h(x) dx.

(vii) If H is the (generalized) distribution function of a finite measure μH with discrete
support {xi : i ∈ I} ⊂ [a, b] for some discrete set I1, then

b∫
a

f dH =
∑
i∈I

f (xi)μH ({xi}).

Notice that the rules (iii) and (iv) assert that H 
→ ∫
f dH , H of bounded variation, is a

linear mapping. Property (vii) allows us to represent many quantities arising in statistics as
RS integrals. For example, the arithmetic mean x = n−1∑n

i=1 xi of n points x1, . . . , xn ∈ R
is a RS integral w.r.t. the empirical distribution function

Fn(x) = 1

n

n∑
i=1

1(xi ≤ x), x ∈ R.

1 I is a discrete set, if all x ∈ I are isolated points, i.e. for all x ∈ I there exists a neighborhood Ux such that
Ux ∩ I = {x}.
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Indeed, noting that the associated measure dFn satisfies dFn({xi}) = 1
n

, we obtain

x =
n∑

i=1

xidFn({xi}) =
∫

x dFn(x).

For this reason, the RS integral (w.r.t. the empirical distribution function) plays an important
role in statistics.

What happens if we integrate Brownian motion B w.r.t. a function H of bounded variation?
In the definition of the RS integral we may replace f by some random process, as long as the
convergence of the RS sum holds true in some stochastic sense, e.g. pathwise or in the mean
square L2 sense. The case of a Brownian motion is of particular importance.

Theorem 6.2.3 Let {X(t) : t ∈ [a, b]} be a Gaussian process with a.s. continuous trajecto-
ries. Denote

K(s, t) = Cov(X(s), X(t)), a ≤ s, t ≤ b.

Let H be a function of bounded variation on each subinterval [c, d] ⊂ (a, b). If

σ2 =
b∫

a

b∫
a

K(s, t) dH(s) dH(t) ∈ (0, ∞),

then the random variable

b∫
a

X dH =
b∫

a

X(t) dH(t)

exisits a.s. and satisfies

b∫
a

X dH ∼ N(0, σ2).

Proof. W.l.o.g. we assume a = 0 and b = 1. Let δ ∈ (0, 1). Then
∫ 1−δ

δ
X dH → ∫ 1

0 X dH ,
as δ → 0. On the other hand

1−δ∫
δ

X dH = lim
n→∞


n(1−δ)�∑
i=
nδ�

X

(
i

n

)[
H

(
i

n

)
− H

(
i − 1

n

)]
.
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The sum on the right-hand side follows a N(0, σ2
n) distribution, where

σ2
n =


n(1−δ)�∑
i,j=
nδ�

K

(
i

n
,
j

n

)[
H

(
i

n

)
− H

(
i − 1

n

)][
H

(
j

n

)
− H

(
j − 1

n

)]

−→ σ2(δ) =
1−δ∫
δ

1−δ∫
δ

K(s, t) dH(s) dH(t),

as n → ∞. Since

N(0, σ2
n)

d→
n→∞ N

(
0, σ2(δ)

)
d→

δ→0
N
(

0, σ2
)

,

the assertion follows.

Example 6.2.4

(i) For a Brownian motion B(t), t ∈ [0, 1], we have

K(s, t) = Cov(B(s), B(t)) = min(s, t), s, t ∈ [0, 1],

such that

σ2 =
1∫

0

1∫
0

K(s, t) ds dt = 1

3
.

Thus, the random variable Z(ω) = ∫ 1
0 B(t, ω) dt, ω ∈ �, is normally distributed with

mean 0 and variance 1/3.

(ii) For each fixed t we have ∫ t

0
X(s) dH(s) ∼ σBt

where Bt denotes a standard Brownian motion, if

σ2 = 1

t

∫ t

0

∫ t

0
K(s, t) dH(s) dH(t).

More generally, the integral
∫ b

a
X(t) dH(t) exists in the sense of the mean square (m.s.)

convergence of the corresponding RS sum, if X is m.s. continuous, i.e. E(X(t) − X(s))2 → 0,
if |t − s| → 0, and H is of bounded variation. Let us list some further rules and properties
holding true under those conditions:

(i)
∥∥∥∫ b

a
X(t) dH(t)

∥∥∥
L2

≤ supt∈[a,b] ‖X(t)‖L2

∫ |dH |.
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(ii) t 
→ ∫ t

a
X(s) ds exists and is m.s. differentiable on [a, b] with

d

dt

∫ t

a

X(s) ds = X(t), t ∈ [a, b].

(iii) If X′ is m.s. continuous on [a, b], then
∫ b

a
X′(t) dt exists and equals X(b) − X(a).

(iv) Let μ(t) = EX(t), t ∈ [a, b]. If
∫ b

a
X(t) dH(t) or

∫ b

a
H(t) dX(t) exists in the mean

square sense, then the integrals
∫ b

a
H(t) dμ(t) and

∫ b

a
μ(t) dH(t) exist and

E

(∫ b

a

H(t) dX(t)

)
=
∫ b

a

H(t) dμ(t), E

(∫ b

a

X(t) dH(t)

)
=
∫ b

a

μ(t) dH(t).

6.3 The Itô integral

So far, we are in a position to define an integral as long as the integrator has bounded variation.
The question arises whether one may use Brownian motion as an integrator. If we want to
integrate a bounded variation function f with respect to Brownian motion, we can use the
integration by parts formula, Proposition 6.2.2 (iv), to define

∫ b

a
f (t) dB(t) by

b∫
a

f (t) dB(t) = f (t)B(t)|ba −
b∫

a

B(t) df (t).

For more general deterministic functions f ∈ L2([a, b]) Norbert Wiener studied the following

approach. The step functions fn(t) = f01{a}(t) +
n∑

i=1
fi1(ti,ti+1](t), t ∈ R, form a dense subset

of L2([a, b]) w.r.t. the metric

d(f, g) =
b∫

a

f (t)g(t) dt, f, g ∈ L2([a, b]).

For such elementary functions one puts

b∫
a

fn(t) dB(t) =
n∑

i=1

fi[B(ti+1) − B(ti)].

The right-hand side is a normally distributed random variable with mean 0 and variance
n∑

i=1
f 2

i (ti+1 − ti) converging to
∫ b

a
f (t) dt, if fi = f (ti) and

∫ b

a
f 2(t) dt < ∞, as the size of the

partition tends to 0, as n → ∞. Thus, one can define
∫ b

a
f (t) dB(t) as the normally distributed

random variable to which
∫ b

a
fn(t)dB(t) converges in mean square, which is known to exist.

It was Kiyoshi Itô who observed that this general idea can be extended to a much larger
class of integrands, which particularly covers those random processes naturally appearing in
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mathematical finance when tracing the (discounted) value of a self-financing trading strategy.
Here, integrands of the form

It = I0 +
t∑

i=1

ϕi(S
∗
i − S∗

i−1), t = 0, . . . , T,

arise, where {ϕt : t = 0, . . . , T } is predictable and {St : t = 0, . . . , T } adapted. Recall that ϕt

is predictable, if ϕt is Ft−1-measurable for all t. To be in agreement with common notation
used in the literature on Itô integration, let us define {ϕ̃t} by

ϕ̃t = ϕt+1, t = 0, . . . , T − 1.

Then It = I0 +
t∑

i=1
ϕ̃i−1(S∗

i − S∗
i−1). For a trading strategy, ϕ̃i−1(= ϕi) is the number of

shares constantly held during (i − 1, i]. ϕ̃i−1 is Fi−1-measurable and, although formally
being adapted, it still makes sense to call it predictable, having in mind that the function
t 
→ ϕ̃i−11(i−1,i](t) attains the value ϕ̃i−1 if t ∈ (i − 1, i] and vanishes otherwise. The random
left-continuous step function

t 
→ ϕ̃0(ω)1{0}(t) +
t∑

i=1

ϕ̃i−1(ω)1(i−1,i](t), t ∈ [0, T ],

gives at each time point t ∈ [0, T ] the number of shares held.

Definition 6.3.1 A stochastic process of the form

Ht(ω) = H01{0}(t) +
n−1∑
i=0

Hi(ω)1(ti,ti+1](t),

where 0 = t0 < · · · < tn = T is a partition of [0, T ] and Hi are Fi-measurable random
variables, is called a simple predictable process. The class of such processes is denoted
by H.

Notice that any such simple predictable process can be interpreted as a trading strategy.
For such simple predictable integrands, the stochastic integral is defined as follows.

Definition 6.3.2 Let {Ht : t ∈ [0, T ]} be a simple predictable process. Then the process
{It : t ∈ [0, T ]} defined by

It =
k−1∑
i=0

Hi

[
B(ti+1) − B(ti)

]+ Hk [B(t) − B(tk)] , tk ≤ t < tk+1,

is called the Itô integral of H and is denoted by

I(H) =
∫

H dB =
∫

H(s) dB(s) =
⎧⎨⎩

t∫
0

Hs dBs : t ∈ [0, T ]

⎫⎬⎭ .
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Remark 6.3.3

(i) Notice that I(H) denotes a family of stochastic integrals.

(ii) Using s ∧ t = min(s, t) we may write I(H) in the compact form

∫ t

0
Hs dBs =

n−1∑
i=0

Hi[B(t ∧ ti+1) − B(t ∧ ti)], t ∈ [0, T ].

(iii) By definition, for t ∈ {t0, . . . , tn} the stochastic integral
∫ t

0 Hs dBs reproduces the

sums
k−1∑
i=0

Hi[B(ti+1) − B(ti)], k = 1, . . . , n.

The next important theorem shows that the Itô integral is a martingale. By virtue of Remark
6.3.3 (iii), the proof is more or less a repetition of calculations used to verify that the discrete
stochastic integral is a martingale.

Theorem 6.3.4 (Martingale property and Itô isometry) Let {Bt : t ∈ [0, T ]} be a stan-
dard Brownian motion, Ft = σ(Bs : s ≤ t) and let {Ht} be a simple predictable process. Then
the Itô integral

∫ t

0 Hs dBs, t ∈ [0, T ], is a martingale. Further, for all t ∈ [0, T ] Itô’s isometry
property holds true

E

⎛⎝ t∫
0

Hr dBr

⎞⎠2

= E

t∫
0

H2
r dr =

t∫
0

EH2
r dr.

Proof. Suppose tk < s < t ≤ tk+1, i.e. both s and t lie in one interval (tk, tk+1] of the
partition {ti} underlying the simple predictable function H . Then∫ t

0
Hr dBr =

k−1∑
i=0

Hi(Bti+1 − Bti ) + Hk(Bt − Btk ) (6.3)

and
∫ s

0 Hr dBr is obtained by simply replacing Bt by Bs. Clearly, the sum is Fs-measurable
and the same applies to Hk and Btk . Thus,

E

(∫ t

0
Hr dBr

∣∣∣∣Fs

)
=

k−1∑
i=0

Hi(Bti+1 − Bti ) + Hk(E(Bt|Fs) − Btk ).

But E(Bt|Fs) = Bs, a.s. If tk−1 < s ≤ tk, i.e. s and t lie in adjacent intervals, the first k − 1
terms of the sum in Equation (6.3) are fixed when conditioning on Fs. We have to calculate
the conditional expectation of the remaining terms in Equation (6.3), i.e.

E(Hk−1(Btk − Btk−1 )|Fs) = Hk−1(E(Btk |Fs) − Btk−1 ) = Hk−1(Bs − Btk−1 )

and, since Hk is Ftk−1 ⊂ Fs measurable and E(Btk |Fs) = Bs a.s.,

E(Hk(Bt − Btk )|Fs) = Hk(Bs − E(Btk |Fs)) = 0.
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Collecting terms we see that the result also holds in this case. Using the same arguments, it is
now easy to check the result for the general situation where s and t lie in arbitrary intervals.

We aim at extending the Itô integral to integrands being elements of the class

L = {Y : [0, T ] × � → R | Y Ft-adapted and left continuous with ‖Y‖L < ∞},
where the norm is defined by

||Y ||L =

√√√√√ T∫
0

E(Y2
t ) dt, Y ∈ L.

Notice that ||Y ||L is the L2 norm of Y w.r.t. the probability measure dP ⊗ dλ, where λ denotes
the Lebesgue measure, since

‖Y‖2
L =

∫ T

0

∫
�

Y (t, ω)2 dP(ω) dt.

As an example, let us verify that a standard Brownian motion B = {Bt : t ∈ [0, T ]} belongs
to L. We have

E

(∫ T

0
B2

t dt

)
=
∫ T

0
E
(
B2

t

)
dt =

∫ T

0
t dt = T 2

2
< ∞,

such that B ∈ L.
If H ∈ H, then the Itô isometry shows that

||H ||2L =
T∫

0

E
(
H2

t

)
dt = E

⎛⎝ T∫
0

Ht dBt

⎞⎠2

= ||I(H)||2L2
,

where || · ||L2 denotes the L2 norm on (�,A, P). In other words, the mapping

I : H → L2(�,A, P), H 
→ I(H),

is an isometry, which justifies the name of Theorem 6.3.4. The next step is to show that one
may approximate any process in L by simple predictable processes.

Lemma 6.3.5 H is a dense subset of L, i.e. for any Y ∈ L there is some sequence {Hn} ⊂ H,
such that

T∫
0

E (Hn(s) − Y (s))2 ds −→
n→∞ 0.

Proof. Suppose Y is continuous and bounded by some constant C > 0. Then the step
function given by

Hn(t) = Y (0)1{0}(t) +
n−1∑
i=0

Y

(
iT

2n

)
1( iT

2n ,
(i+1)T

2n

](t)
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satisfies Hn(t, ω) → Y (t, ω), as n → ∞, for all t ∈ [0, T ] and ω ∈ �. By dominated conver-
gence, we may conclude that

T∫
0

∫
�

(Hn(t, ω) − Y (t, ω))2 dP(ω) dt −→
n→∞ 0.

The details for the general case are a bit technical and can be found in many textbooks.

Before proceeding, let us calculate an important special Itô integral explicitly.

Example 6.3.6 (The integral
∫

B dB) Suppose F (t) attains a derivative f (t) = F ′(t). Then,

T∫
0

F (t) dF (t) =
T∫

0

F (t)f (t) dt =
T∫

0

z dz = T

2

by a change of variable (z = F (t), dz/dt = f (t)). What happens, if we replace F (t) by a
Brownian motion B(t)? In order to calculate the associated Itô integral, we apply the above
lemma. More specifically, we shall verify directly its validity for Brownian motion. So, consider
the sequence of partitions

�n : 0 = t0 < . . . < tn = T, ti = iT

n
, i = 0, . . . , T,

which satisfy with ||�n|| → 0. For brevity of notation put

Wi = Bti , i = 0, . . . , n,

and notice that E(Wi) = 0 and E(W2
i ) = ti. We claim that the simple, left continuous and

predictable step function

Hn(t) = W01{0}(t) +
n−1∑
i=0

Wi1(ti,ti+1](t), t ∈ [0, T ],

satisfies ||Hn − B||L → 0, as n → ∞. Noticing that Hn(t) = B(tj) for t ∈ [tj, tj+1], by the
independence of the random variables

∫ tj+1

tj

(Hn(t) − B(t))2 dt, j = 0, . . . , n − 1,
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we obtain


n = E

(∫ T

0
(Hn(t) − B(t))2 dt

)

= E

⎛⎝n−1∑
j=0

∫ tj+1

tj

(Hn(t) − B(t))2 dt

⎞⎠
=

n−1∑
j=0

∫ tj+1

tj

E(Btj − Bt)
2 dt,

where, of course, E(Btj − Bt)2 = (t − tj). This leads to


n =
n−1∑
j=0

(
t2

2
− tjt

) ∣∣∣∣tj+1

tj

= 1

2

T 2

n
→ 0,

as n → ∞, which verifies that ||Hn − B||L → 0, as n → ∞.
To calculate

∫ T

0 Hn(s) dBs, we go back to Definition 6.3.2

T∫
0

Hn(s) dBs =
n−1∑
i=0

Wi(Wi+1 − Wi) =
n−1∑
i=0

WiWi+1 −
n−1∑
i=0

W2
i .

Using

WiWi+1 = − (Wi+1 − Wi)2 − W2
i+1 − W2

i

2

we obtain

T∫
0

Hn(s) dBs = −1

2

n−1∑
i=0

(Wi+1 − Wi)
2 + 1

2

n−1∑
i=0

(
W2

i+1 − W2
i

)
.

The second sum collapses to W2
n/2 = B2

T /2, since Wtn = BT and W0 = B0 = 0. By the prop-
erties of Brownian motion, Wi+1 − Wi ∼ N (0, ti+1 − ti) such that

E

(
n−1∑
i=0

(Wi+1 − Wi)
2

)
=

n−1∑
i=0

(ti+1 − ti) = T. (6.4)

Further,

(Wi+1 − Wi)
2 d= (√ti+1 − tiU

)2 d= (ti+1 − ti) V,
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if U ∼ N(0, 1) and V ∼ χ2
1. Recalling that Var (V ) = 2, we obtain

Var

(
n−1∑
i=0

(Wi+1 − Wi)
2

)
= 2

n−1∑
i=0

(ti+1 − ti)
2 (6.5)

≤ 2 · ||�n|| · T → 0,

by independence of the increments Wi+1 − Wi, i = 0, . . . , n − 1. Equations (6.4) and (6.5)
imply that

Sn =
n−1∑
i=0

(Wi+1 − Wi)
2 L2−→ T,

as n → ∞. Consequently, putting things together we arrive at

T∫
0

Hn(s) dBs = 1

2

(
B2

T − Sn

)
L2−→ B2

T − T

2
,

as n → ∞. That means that the sequence of Itô integrals
T∫
0

Hn(s) dBs converges in L2 to a

well-defined random varibale, namely
B2

T
−T

2 . Hence, it makes sense to define that L2 limit as

the integral
∫ T

0 Bs dBs, that is to put

T∫
0

Bs dBs := B2
T

2
− T

2
.

Then we obtain the puzzling result that elementary rules such as
∫ T

0 F dF = T 2

2 no longer
hold, if one integrates with respect to Brownian motion.

The results from the above example provide the guide as to how we can extend the
definition of the Itô integral to integrands of the class L: For a given Y ∈ L choose a sequence
{Hn} ⊂ H with ||Y − Hn||L → 0, as n → ∞. Clearly, {Hn} is a Cauchy sequence, i.e.

||Hn − Hm||2L =
T∫

0

E (Hn(t) − Hm(t))2 dt → 0,
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as n, m → ∞. The linearity and isometry of I now yields the following chain of equalities

∣∣∣∣∣∣∣∣
T∫

0

Hn dB −
T∫

0

Hm dB

∣∣∣∣∣∣∣∣2
L2

= E (I(Hn) − I(Hm))2

= ||I (Hn) − I (Hm) ||2L2

= ||I (Hn − Hm) ||2L2

= ||Hn − Hm||2L → 0,

as n, m → ∞. Therefore, the sequence
∫ T

0 Hn dB, n ∈ N, of Itô integrals converges in L2.
Since L2 spaces are complete, there exists a random variable I∗ ∈ L2(�,A, P) such that∫ T

0 Hn dB → I∗, as n → ∞, in L2. That L2 limit, which is almost surely unique, is the

object we were looking for, namely the stochastic integral
∫ T

0 Y dB. Let us summarize our
findings.

Definition and Theorem 6.3.7 Let {Yt} be a left continuous Ft-adapted process with

T∫
0

E
(
Y2

t

)
dt < ∞.

Then, there is some sequence {Hn} of simple predictable processes approximating {Yt} in
the L2 sense with respect to the measure dP ⊗ dt, such that the sequence

∫ T

0 Hn dB, n ≥ 1,
converges in L2. The corresponding limit is denoted by

I(Y ) =
T∫

0

Yt dBt

and is called the stochastic Itô integral of Y w.r.t. Brownian motion.

Clearly, the above construction works in the same vein when replacing the interval [0, T ]
by [a, b], a, b ∈ R. We shall now establish some properties of the Itô integral and, along the
way, study the Itô integral

∫ t

0 Ys dBs as a process in continuous time t. For the sake of brevity,
we will not prove all results and refer to the literature.

Lemma 6.3.8 Let {Yt : t ∈ [a, b]} be a left continuous process with
∫ b

a
E
(
Y2

t

)
dt < ∞.

(i) If Z is bounded and Fa-measurable, then ZY ∈ L and

b∫
a

ZY dB = Z

b∫
a

Y dB.

(ii) E

(
b∫
a

Y dB

∣∣∣∣Fa

)
= 0.
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(iii) E

(∣∣∣∣ b∫
a

Y dB

∣∣∣∣2 ∣∣∣∣Fa

)
= E

(
b∫
a

Y2
t dt

∣∣∣∣Fa

)
=

b∫
a

E
(
Y2

t |Fa

)
dt.

Proof. See Friedman (1975), Theorem 2.8 and Lemma 2.9.

For what follows, we need a version of Doob’s maximal inequality 3.2.25, which refers
to processes in continuous time.

Theorem 6.3.9 Let {Xt : t ∈ [0, T ]} be a left or right continuous submartingale. Then for
p ≥ 1,

P

(
sup

0≤s≤t

|Xs| > λ

)
≤ E|Xt|p

λp

for all λ > 0, and for p > 1,∥∥∥∥∥ sup
0≤s≤t

|Xs|
∥∥∥∥∥

p

≤ p

p − 1
sup

0≤s≤t

‖Xs‖p.

Proof. Let us verify the first assertion. Basically, the result carries over to the continuous
case, since for left or right continuous submartingales sup0≤s≤t |Xs| = sups∈A |Xs|, where
A ⊂ [0, t] is a dense countable subset. Choose an increasing sequence of finite sets An such
that A = ∪nAn. Then for each n, since the sup is a max,

P

(
sup
s∈An

|Xs| > λ

)
≤ sups∈An

E|Xs|p
λ

≤ sup0≤s≤t E|Xs|p
λ

.

Noticing that
{

sups∈An
|Xs| > λ

} ↑ {sups∈A |Xs| > λ
}

, as n → ∞, the result follows from

P

(
sup
s∈A

|Xs| > λ

)
= lim

n→∞ P

(
sup
s∈An

|Xs| > λ

)
.

Theorem 6.3.10 Let Y ∈ L. Then there exists a continuous modification of the Itô integral.

Proof. Let {Hn} ⊂ H be such that ||Hn − Y ||L → 0, as n → ∞, and put

In(t) =
∫ t

0
Hn(s) dBs, n ≥ 1.

We claim that there is some subsequence Ink
, k ≥ 1, which converges uniformly in t ∈ [0, T ].

As a result, the (unique) limit is a continuous function. Notice that {In(t) : t ∈ [0, T ]} is a
martingale for each n. Doob’s maximal inequality 3.2.25 yields for n, m ∈ N and ε > 0

P

(
sup

t∈[0,T ]
|In(t) − Im(t)| > ε

)
≤ E |In(T ) − Im(T )|2

ε2 ,
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where E |In(T ) − Im(T )|2 = ||In(T ) − Im(T )||2L2
→ 0, as n, m → ∞. Hence, we may find

some subsequence nk → ∞ such that

P

(
sup

t∈[0,T ]

∣∣Ink+1 − Ink

∣∣ > 1

2k

)
<

1

2k
.

Now we can apply the Borel–Cantelli Lemma to obtain that

N =
{

sup
t∈[0,T ]

∣∣Ink+1 − Ink

∣∣ > 2−k i.o.

}

is a null set, such that sup
t∈[0,T ]

∣∣Ink+1 − Ink

∣∣ < 2−k holds true for k large enough. This shows

the uniform convergence along a subsequence.

Remark 6.3.11 When considering an Itô integral
∫ t

0 Ys dBs, t ∈ [0, T ], one always means
its continuous version.

Let us now summarize the most important properties and rules of the Itô integral.

Theorem 6.3.12 Let {Xt} and {Yt} be left continuous processes of the class L and 0 ≤ a ≤
b ≤ c ≤ T .

(i)
c∫
a

Xt dBt =
b∫
a

Xt dBt +
c∫
b

Xt dBt .

(ii)
b∫
a

(λXt + μYt) dBt = λ
b∫
a

Xt dBt + μ
b∫
a

Yt dBt for any λ, μ ∈ R.

(iii) Mt =
t∫

0
Xs dBs, t ∈ [0, T ], is a martingale.

(iv) The Itô integral is centered, i.e. E

(
b∫
a

Xs dBs

)
= 0 and is isometric, i.e.

E

(
b∫
a

Xs dBs

)2

=
b∫
a

E X2
s ds.

(v)

[
b∫
a

Xs dBs,
b∫
a

Xs dBs

]
t

=
t∫

a

X2
s ds, t ∈ [a, b].

(vi) If {Xt} is continuous, then

Nn−1∑
k=0

Xtnk
[B(tn,k+1) − B(tnk)]

P−→
b∫

a

Xs dBs,
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as n → ∞, for any sequence �n of partitions

�n : a = tn0 < . . . < tnNn = b

of [a, b] with ||�n|| → 0, n → ∞.

(vii) For any ε > 0 and c > 0

P

⎛⎝∣∣∣∣∣∣
b∫

a

Xt dBt

∣∣∣∣∣∣ > ε

⎞⎠ ≤ P

⎛⎝ b∫
a

X2
t dt > c

⎞⎠+ c

ε2 .

(viii) Let {X, Xn} ⊂ L be a sequence with

b∫
a

|Xn(t) − X(t)|2 dt
P−→ 0,

as n → ∞. Then

sup
a≤t≤b

∣∣∣∣∣∣
t∫

a

Xn(s) dB(s) −
t∫

a

X(s) dB(s)

∣∣∣∣∣∣ P−→ 0,

as n → ∞.

(ix) For any λ > 0

P

⎛⎝ sup
a≤t≤T

∣∣∣∣∣∣
t∫

a

Xs dBs

∣∣∣∣∣∣ > λ

⎞⎠ ≤ 1

λ2 E

b∫
a

X2
s ds.

Proof. (i)–(iv) are left to the reader. We shall verify the formula (v) for the quadratic vari-
ation for simple predictable integrands. W.l.o.g. let [a, b] = [0, t] and put I(t) = ∫ t

0 Xs dBs.
Suppose Xt has the representation

Xs = X0 +
n−1∑
i=0

X̃i1(ti,ti+1](s)

for Fti -measurable random variables X̃i. Then,

[I, I]t =
n−1∑
i=0

⎡⎣ ·∫
ti

Xs dBs,

·∫
ti

Xs dBs

⎤⎦ti+1

ti

,
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where [·, ·]ba denotes quadratic variation over [a, b]. For a partition �i : ti = s
(i)
0 < · · · <

s(i)
mi

= ti+1 of the subinterval [ti, ti+1] we have

mi−1∑
j=0

[
I
(
s

(i)
j+1

)
− I
(
s

(i)
j

)]2 = X̃i

mi−1∑
j=0

[
B
(
s

(i)
j+1

)
− B

(
s

(i)
j

)]2
,

which converges a.s. to X̃2
i (ti+1 − ti), as ||�i|| → 0. Thus, we arrive at

[I, I]t =
n−1∑
i=0

X̃i(ti+1 − ti) =
t∫

0

Xs ds.

For proofs of the remaining facts we refer to, e.g., Friedman (1975).

Due to their importance, it is worth discussing the following two issues.
Martingale property:

Theorem 6.3.12 (iii) shows that an Itô integral such as
∫ t

0 Xs dBs is a mean zero martingale
with variance σ2

t = ∫ t

0 E X2
s ds. In particular,

E

⎛⎝ t∫
0

Xr dBr

∣∣∣∣Fs

⎞⎠ =
s∫

0

Xr dBr

holds true for s ≤ t. That property holds true for any integrand {Xt}.
Variance and quadratic variation:

It is important to distinguish the variance and the quadratic variation. According to property
(v), the latter is given by

S2
t (ω) =

t∫
0

X2(s, ω) ds, ω ∈ �.

The quadratic variation measures the risk along a path (for any fixed ω) and is usually a non
constant random variable. If for some path we take large positions Xs, the risk is high. The
variance σ2

t = Var
(∫ t

0 Xs dBs

) = E
(∫ t

0 Xs dBs

)2 satisfies

σ2
t = ES2

t =
∫

S(t, ω)2 dP(ω),

(apply Itô’s isometry rule), i.e. it averages the quadratic variation over all paths using the
probability measure P .

Let us close this subsection by discussing how one can generalize the Itô integral. So
far, we have defined the stochastic integral for Brownian motion acting as an integrator and
for processes whose sample paths are of bounded variation. Suppose we want to integrate
w.r.t. a process X that can be decomposed in the form Xt = X0 + Bt + AT , where Bt is a
Brownian motion and At a bounded variation process. Such a process belongs to the class
of semimartingales, which are those processes allowing for a decomposition Xt = X0 +
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Mt + At , where Mt is a martingale and At has bounded variation. Then, it is natural to set∫
H dX =

∫
H dB +

∫
H dA,

provided both integrals at the right-hand side are well defined.
We adopted the classic L2 approach to introduce the stochastic Itô integral, which requires

that the predictable integrands f satisfy
∫ T

0 Ef 2(t) dt < ∞. This is not always the case. In
the present section we outline a more general approach that allows us to integrate functions
f which are only almost surely finite but have the nice property of being càdlàg, i.e. right-
continuous with existing left-hand limits.

Denote the underlying probability space by (�,F, P) and let L0 denote the class of
random variables X that are a.s. finite, i.e. P(X < ∞) = 1. Again, the starting point are
simple predictable functions,

Hn(t) = H01{0} +
n−1∑
i=0

Hi1(Ti,Ti+1], t ∈ [0, T ],

where now the Fi-measurable random variables Hi are elements of the space L0. Further,
the points 0 = T0 < T1 < · · · < Tn = T partitioning the interval [0, T ] may be random, as
indicated by our notation, but they are assumed to be stopping times, i.e. Ti is Fi-measurable.
Clearly, deterministic partitions appear as special cases.

Given an adapted càdlàg process X, we define the stochastic integral
∫

H dX as usual, i.e.

I(H) =
∫ T

0
Hs dXs =

n−1∑
i=0

Hi(XTi+1 − XTi )

and, more generally,

I(H)t =
∫ t

0
Hs dXs = H0X0 +

n−1∑
i=0

Hi(Xt∧Ti+1 − Xt∧Ti ),

for t ∈ [0, T ]. Denote the class of such elementary functions by E. Suppose we are given a
càdlàg function H and know that we can find a sequence {Hn} ⊂ E, such that Hn converges
in probability to H uniformly on each interval [0, t] and uniformly in ω ∈ �, i.e.

‖Hn − H‖∞ = sup
s∈[0,t]

sup
ω∈�

|Hn(s, ω) − H(s, ω)| → 0, n → ∞. (6.6)

An integrator is called nice if this already implies that I(Hn) = ∫ Hn dX converges in probabil-
ity to a random variable we shall denote by I(H) = ∫ H dX, as n → ∞. If X is a semimartin-
gale, i.e. X = M + A for some martingale M and a process A being of bounded variation,
the following important result holds true.
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Theorem 6.3.13 If X is a semimartingale, then I : E → L0 is a continuous linear mapping,
when we equip E with the supnorm as in Equation (6.6) and L0 with any metric inducing
convergence in probability.2

In other words, for a semimartingale X we may extend the notion of the stochastic integral
to integrands H appearing as limits of sequences {Hn} of the space E of simple predictable
functions, since then there exists a random variable I∗ ∈ L0 that we shall denote by

∫
H dX

such that for any ε > 0

lim
n→∞ ‖Hn − H‖∞ ⇒ lim

n→∞ P

(∣∣∣∣∫ Hn dX −
∫

H dX

∣∣∣∣ > ε

)
= 0.

This procedure yields the stochastic integral as a random variable corresponding to integration
from 0 to T . In order to obtain the stochastic integral as a process, one considers for a simple
predictable function Hn as above the mapping

I(Hn)(t, ω) =
n−1∑
i=0

Hi(ω)
(
Xmin(t,Ti+1)(ω) − Xmin(t,Ti)(ω)

)
, t ∈ [0, T ], ω ∈ �,

i.e. for given 0 ≤ t ≤ T one takes only those summands with Ti ≤ t. This gives a mapping I

defined on the space E and attaining values in the space of stochastic processes with trajectories
being elements of the Skorohod space D[0, T ], the latter consisting of all functions defined
on [0, T ] that are right-continuous with existing left-hand limits. We equip that space with
the uniform convergence.

6.4 Quadratic covariation

We have seen in Theorem 6.1.6 that the L2 limit of the observed quadratic variation of
Brownian motion converges to the identity, i.e.

[B, B]t = t.

Combining this fact with the formula obtained in Example 6.3.6 gives

[B, B]t = B2
t − 2

t∫
0

Bs dBs.

That result suggests the following definition.

Definition 6.4.1 Let {Xt} and {Yt} be two processes such that the Itô integrals
∫

X dY and∫
Y dX exist. Then

[X, Y ]t = XtYt −
t∫

0

X dY −
t∫

0

Y dX, x ∈ [0, T ],

is called the quadratic covariation or bracket process.

2 Convergence in probability can be metricized, e.g. by virtue of the Prohorov metric.
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We immediately obtain an integration by parts rule.

Corollary 6.4.2 (Integration by parts)

t∫
0

X dY = XY
∣∣t
0 − [X, Y ]t −

t∫
0

Y dX.

The quadratic covariation can be calculated as the L2 limit of the corresponding observed
quadratic covariation.

Definition and Proposition 6.4.3 For any partition �n : 0 = t0 < . . . < tn = t with
||�n|| → 0 the observed quadratic covariation

[X, Y ]n(t) = [X, Y ]nt =
n−1∑
i=0

(
Xti+1 − Xti

) (
Yti+1 − Yti

)
converges in L2 to [X, Y ]t . The convergence is uniform in t ∈ [0, T ].

Proof. Using (b − a)(d − c) = bd − ac − a(d − c) − (b − a)c leads to

[X, Y ]n(t) =
n−1∑
i=0

Xti+1Yti+1 −
n−1∑
i=0

XtiYti

−
n−1∑
i=0

Yti

(
Xti+1 − Xti

)−
n−1∑
i=0

Xti

(
Yti+1 − Yti

)

→ XtYt − X0Y0 −
t∫

0

Y dX −
t∫

0

X dY,

as n → ∞, since the first two sums collapse to XtnYtn − Xt0Yt0 = XtYt − X0Y0, whereas the
third and fourth sum are the Itô integrals w.r.t. the approximating step function

Xn(t) = 1{0}X0 +
n−1∑
i=0

Xti1(ti,ti+1](t),

Yn(t) = 1{0}Y0 +
n−1∑
i=0

Yti1(ti,ti+1](t).

By virtue of Theorem 6.3.12, the convergence is uniform in t ∈ [0, T ].

6.5 Itô’s formula

Let f be a smooth function and Bt be a Brownian motion. Our aim is to derive a formula for
the stochastic process f (Bt).
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Fix an arbitrary partition 0 = t0 < t1 < . . . < tn = t of [0, t]. Clearly, we may write

f (Bt) − f (B0) =
n−1∑
i=0

[f (Bti+1 ) − f (Bti )].

Consider the ith summand and plug in a Taylor expansion of f taking into account the linear
as well as the quadratic term to obtain

f (Bti+1 ) − f (Bti ) = f ′(Bti )(Bti+1 − Bti ) + 1

2
f ′′(Bti )(Bti+1 − Bti )

2 + R.

To this end, let us ignore the remainder term R. Taking sums at both sides yields

f (Bt) − f (B0) ≈
n−1∑
i=0

f ′(Bti )(Bti+1 − Bti ) + 1

2

n−1∑
i=0

f ′′(Bti )(Bti+1 − Bti )
2.

The first sum converges (in L2) to the Itô integral
∫ t

0 f ′(Bs) dBs. By Theorem 6.1.7, the second
sum due to the quadratic term of the Taylor expansion converges to

∫ t

0 f ′′(Bs) ds. We shall
see that a rigorous treatment of the remainder term confirms this conjecture. To do so, let us
recall the following version of Taylor’s theorem:

If f ∈ C2, the space of twice differentiable functions, we have

f (y) = f (x) + f ′(x)(y − x) + 1

2
f ′′(ξ)(y − x)2

for some point ξ between x and y. We may write this in the form

f (y) = f (x) + f ′(x)(y − x) + 1

2
f ′′(x)(y − x)2 + Rx

with a remainder term

Rx = 1

2
(f ′′(ξ) − f ′′(x))(y − x)2.

Theorem 6.5.1 (Itô’s Formula)
Suppose that f : R→ R is twice continuously differentiable. Then for each t,

f (Bt) − f (B0) =
t∫

0

f ′(Bs) dBs + 1

2

t∫
0

f ′′(Bs) ds.

Proof. Let �n : 0 = t0 < . . . < tn = t be a sequence of partitions of [0, t] with ||�n|| →
0, as n → ∞. A Taylor expansion of f applied to each summand of the representation

f (Bt) − f (B0) =
n−1∑
i=0

f (Bti+1 ) − f (Bti )
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yields

f (Bti+1 ) − f (Bti ) = f ′(Bti )(Bti+1 − Bti ) + 1

2
f ′′(Bti )(Bti+1 − Bti )

2 + Rti

with

Rti = 1

2
(f ′′(ξi) − f ′′(Bti ))(Bti+1 − Bti )

2,

ξi is a (random) point between Bti and Bti+1 . By continuity of Bt , the set

Kω = {Bt(ω) : t ∈ [0, T ]}
is compact for each ω ∈ �. Hence, f ′′ is uniformly continuous on Kω. Let ε > 0 and δ =
δ(ε) > 0 be such that

|Bs − Br| < δ =⇒ |f ′′(Bs) − f ′′(Br)| < ε, 0 ≤ r, s ≤ t.

Since ||�n|| → 0, as n → ∞, we can find some n0 = n0(δ) such that ||�n|| < δ for n ≥ n0
as well as sup

n≥n0

||�n|| ≤ δ. Therefore, we may estimate the ith remainder by

|Rti | = 1

2
|f ′′(ξi) − f ′′(Bti )|(Bti+1 − Bti )

2 ≤ ε

2
(Bti+1 − Bti )

2.

Consequently,

n−1∑
i=0

|Rti | ≤ ε

2

n−1∑
i=0

(Bti+1 − Bti )
2 −→ ε

2
· t,

in L2 and a.s. by Theorem 6.1.6.

Example 6.5.2 Consider Yt = B2
t

2 , i.e. f (Bt) with f (x) = x2

2 , x ∈ R. Itô’s formula yields

f (Bt) = f (B0) +
t∫

0

f ′(Bs) dBs + 1

2

t∫
0

f ′′(Bs) ds

= f (0) +
t∫

0

Bs dBs + 1

2

t∫
0

1 ds

=
t∫

0

Bs dBs + t

2
.

Again, we are led to the formula

t∫
0

Bs dBs = 1

2

(
B2

t − t
)
.
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Example 6.5.3 Let Bt be a Brownian motion with respect to a filtration Ft , and let μt and
σt be Ft-adapted processes. Concerning σt we also assume that σt ≥ 0 and

E

∫ T

0
σ2

t dt < ∞.

Then, the Itô integral

Xt =
∫ t

0

(
μs − σ2

s

2

)
ds +

∫ t

0
σs dBs

is well defined. Consider the process

St = S0 exp

{∫ t

0

(
μs − σ2

s

2

)
ds +

∫ t

0
σs dBs

}
, t ∈ [0, T ],

is well defined. Notice that

St = f (Xt)

with f (x) = S0ex = f ′(x) = f ′′(x). An application of Itô’s formula shows that

St =
∫ t

0
μuSu du +

∫ t

0
σuSu dBu, t ∈ [0, T ].

6.6 Itô processes

We shall now introduce an important class of stochastic processes.

Definition 6.6.1 Let Bt, t ≥ 0, be a Brownian motion with respect to the filtration {Ft}. {μt}
and {σt} are assumed to be Ft-adapted and DT ⊗ FT -measurable processes with

T∫
0

|μs| ds < ∞ and

T∫
0

|σs|2 ds < ∞,

almost surely. Then the Itô integral
∫

σs dBs is well defined and a process {Xt} satisfying

Xt = X0 +
t∫

0

μs ds +
t∫

0

σs dBs

is called an Itô process with random starting value X0. μt is called the drift and σt is called
the volatility.

The integral definition of Xt is often written in differential form

dXt = μt dt + σt dBt.

We are now in a position to establish the important fact that the logarithm of a geometric
Brownian motion belongs to the class of Itô processes. Indeed, it corresponds to those Itô
processes having a constant drift as well as a constant volatility.



230 ITÔ CALCULUS

Example 6.6.2 (Geometric Brownian Motion)
Recall that {St} is a geometric Brownian motion if

St = S0 exp(μt + σBt)

for fixed constants μ ∈ R and σ > 0. Put Xt = ln St . Then,

Xt = X0 + μt + σBt

is an Itô process with drift μt = μ and volatility σt = σ for all t. In differential notation

dXt = μ dt + σ dBt.

Lemma 6.6.3 The quadratic variation of an Itô process

Xt =
t∫

0

μs ds +
t∫

0

σs dBs

is given by

[X, X]t =
t∫

0

σ2
s ds.

Proof. For brevity of notation put

mt =
t∫

0

μs ds and st =
t∫

0

σs dBs.

Let �n : 0 = t0 < . . . < tn = t be a partition of [0, t]. Then,

n−1∑
i=0

(Xti+1 − Xti )
2 =

n−1∑
i=0

(sti+1 − sti )
2 +

n−1∑
i=0

(mti+1 − mti )
2

+ 2
n−1∑
i=0

(sti+1 − sti )(mti+1 − mti ).

The first term converges a.s. to
∫ t

0 σ2
s ds, by Theorem 6.3.12. The second term can be bounded

by

max
0≤i≤n−1

|mti+1 − mti | ·
n−1∑
i=0

|mti+1 − mti |

where

n−1∑
i=0

|mti+1 − mti | =
n−1∑
i=0

∣∣∣∣
ti+1∫
ti

μs ds

∣∣∣∣ ≤
t∫

0

|μs| ds (6.7)
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and

max
0≤i≤n−1

|mti+1 − mti | → 0, if ||�n|| → 0,

by continuity of M : u 
→ ∫ u

0 μs ds, which implies that M is uniformly continuous on [0, t].
Finally, the last term is not larger than

2 max
0≤i≤n−1

|sti+1 − sti | ·
n−1∑
i=0

|mti+1 − mti |.

Noting that st is continuous and using Equation (6.7) completes the proof.

Corollary 6.6.4 If {Xt} is an Itô process such that Ft = [X, X]t is differentiable with deriva-
tive F ′

t = σ2
t , then integrals w.r.t. [X, X]t can be calculated by

t∫
0

Zs d[X, X]s =
t∫

0

Zsσ
2
s ds,

for any process {Zt} such that the integrals exist.

We also need the following result that tells us how to integrate a proper adapted process
w.r.t. an Itô process.

Theorem 6.6.5 Let

Xt = X0 +
t∫

0

μs ds +
t∫

0

σs dBs

be an Itô process and Zt be an adapted process. If

E

t∫
0

Z2
s σ

2
s ds < ∞ and

t∫
0

|Zsμs| ds < ∞

hold true for any t ∈ [0, T ], then

t∫
0

Zs dXs =
t∫

0

Zsμs ds +
t∫

0

Zsσs dBs, 0 ≤ t ≤ T.

Proof. We show the result for the case that {Zt}, {μt} and {σt} are simple predictable w.r.t.
the partition 0 = t0 < . . . < tn = T . Then μt = μti and σt = σti for t ∈ (ti, ti+1]. Hence,

Xti+1 − Xti =
ti+1∫
ti

μs ds +
ti+1∫
ti

σs dBs

= μti (ti+1 − ti) + σti (Bti+1 − Bti ),
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yielding

t∫
0

Zs dXs =
n−1∑
i=0

Zti (Xti+1 − Xti )

=
n−1∑
i=0

Ztiμti (ti+1 − ti) +
n−1∑
i=0

Ztiσti (Bti+1 − Bti )

=
t∫

0

Zsμs ds +
t∫

0

Zsσs dBs.

We are now in a position to formulate Itô’s formula for Itô processes.

Theorem 6.6.6 (Itô’s Formula for Itô Processes)
Let {Xt} be an Itô process and f (t, x) be a function with continuous partial derivatives
ft(t, x), fx(t, x) and fxx(t, x). Then,

f (t, Xt) = f (0, X0) +
t∫

0

ft(s, Xs) ds +
t∫

0

fx(s, Xs) dXs + 1

2

t∫
0

fxx(s, Xs) d[X, X]s

= f (0, X0) +
t∫

0

[
ft(s, Xs) + fx(s, Xs)μs + 1

2
fxx(s, Xs)σ

2
s

]
ds +

t∫
0

fx(s, Xs)σs dBs,

for t ∈ [0, T ]. In other words, f (t, Xt) is again an Itô process with drift

∼
μs = ft(s, Xs) + fx(s, Xs)μs + 1

2
fxx(s, Xs)σ

2
s

and volatility

∼
σs = fx(s, Xs)σs.

This theorem tells us that any smooth function of an Itô process is again an Itô pro-
cess and the way how we map the value Xt to the new process may depend on the time
coordinate t.

Example 6.6.7 Consider a geometric Brownian motion

St = S0 exp(μt + σBt),

where μ ∈ Rand σ > 0 are constants. We already know from Example 6.6.2 that Xt = log St is
an Itô process with drift μs = μ and volatility σs = σ. Let us apply Itô’s formula to St = f (Xt)
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with f (x) = ex. Then St = f (Xt) is also an Itô process with drift

∼
μs = fx(Xs)μs + 1

2
fxx(Xs)σ

2
s

= Ssμs + 1

2
Ssσ

2
s

=
(

μ + σ2

2

)
Ss

and volatility
∼
σs = fx(Xs)σs = Ssσ, such that

St = S0 +
(

μ + σ2

2

) t∫
0

Sr dr + σ

t∫
0

Sr dBr.

As a differential

dSt =
(

μ + σ2

2

)
St dt + σSt dBt.

We have found that a geometric Brownian motion allows the representation

St = S0 +
(

μ + σ2

2

) t∫
0

Sr dr + σ

t∫
0

Sr dBr.

If we put μ = −σ2

2 , the drift term vanishes and we obtain St = S0 + σ
∫ t

0 Sr dBr, a martingale.

Corollary 6.6.8 A geometric Brownian motion

St = S0 exp(μt + σBt)

with

μ = −σ2

2

is a martingale.

Example 6.6.9 (Generalized Brownian Motion)
Let μt and σt be adapted processes with∫ T

0
|μt| dt < ∞ and

∫ T

0
σ2

t dt < ∞,

almost surely. Consider the process

St = S0 exp

{∫ t

0

(
μr − σ2

r

2

)
dr +

∫ t

0
σr dBr

}
, t ∈ [0, T ].
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Then

Xt = log St = log S0 +
∫ t

0

(
μr − σ2

r

2

)
dr +

∫ t

0
σr dBr, t ∈ [0, T ],

is an Itô process with drift μt and vola σt given by

μt = μt − σ2
t

2
, σt = σt.

Since St = eXt , Itô’s formula shows that St is again an Itô process with drift

μ̃t = fx(Xt)μt + 1

2
fxx(Xt)σ

2
t

= eXt

(
μt − σ2

t

2

)
+ σ2

t

2
St

= Stμt,

and vola

σ̃t = fx(Xt)σt = Stσt.

Thus, we obtain the representation

St = S0 +
∫ t

0
μrSr dr +

∫ t

0
σrSr dBr, t ∈ [0, T ].

In other words, {St} solves the stochastic differential equation

dSt = μtSt dt + σtSt dBt.

Example 6.6.10 (Vasicek’s Model for Interest Rates)
The process

Xt = e−btX0 + a

b
(1 − e−bt) + σe−bt

t∫
0

ebs dBs, t ∈ [0, T ], (6.8)

where X0 is a fixed starting value and a ≥ 0 as well as b, σ > 0 are parameters, is often used
to model interest rates. It depends on Brownian motion Bt via the process

Zt =
t∫

0

ebs dBs, t ∈ [0, T ].

Let f : [0, T ] × R→ R be given by

f (t, x) = e−btX0 + a

b
(1 − e−bt) + σe−btx.
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Then the partial derivatives are given by

ft(s, x) = −be−bsX0 + ae−bs − σbe−bsx,

fx(s, x) = σe−bs,

fxx(s, x) = 0.

Xt = f (t, Zt) is an Itô process with drift

∼
μs = ft(s, Zs) + 1

2
fxx(s, Zs)e

2bs = a − bf (s, Zs) = a − bXs

and volatility

∼
σs = fx(s, Zs)e

bs = σ.

Hence,

Xt = X0 +
t∫

0

(a − bXs) ds + σBt,

i.e. dXt = (a − bXt) dt + σ dBt . That equation is a stochastic differential equation where
Xt appears at both sides of the equation. We may understand Equation (6.8) as an explicit
solution of the above differential equation. The latter allows for an intuitive interpretation of
the model. The drift term depends on the level. Compared to the geometric Brownian motion,
where the drift is constant, the correction term −bXt is present if b > 0. High values of Xt

lead to a reduced local trend. The drift is positive for Xt < a/b and negative for Xt > a/b.

For a = 0 we obtain the Langevin stochastic differential equation

dXt = −bXt dt + σdBt,

which is solved by the Ornstein–Uhlenbeck process

Xt = e−btX0 + σe−bt

∫ t

0
ebs dBs, t ≥ 0.

Clearly, {Xt} is a Gaussian process with mean E(Xt) = e−btX0 → 0, as t → ∞, if b > 0. To
calculate the autocovariance function,

γX(s, t) = Cov(Xs, Xt), s ≤ t,

we may assume X0 = 0. Let us approximate Xs and Xt by sums

X(n)
s = σe−bs

n∑
i=1

ebsi−1 [Bsi − Bsi−1 ],

X
(n)
t = σe−bt

n+m∑
i=1

ebsi−1 [Bsi − Bsi−1 ],
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where s0 < · · · < sn+m is a partition of [0, t] and s0 < · · · sn a partition of [0, s]. Clearly,
those approximations converge to Xs and Xt , respectively, in L2, as n → ∞. It holds that

γX(s, t) = lim
n→∞ Cov

(
X(n)

s , X
(n)
t

)
,

by continuity of the inner product. But

Cov
(
X(n)

s , X
(n)
t

)
= σ2e−b(s+t)

n∑
i=1

e2bsi−1 (si − si−1)

→n→∞ σ2e−b(s+t)
∫ t

0
e2bs ds

= σ2

2b

(
e−b(s−t) − e−b(s+t)

)
.

In particular,

Var (Xt) = σ2

2b
(1 − e−2bt) → σ2

2b
,

as t → ∞. Since {Xt} is Gaussian, the candidate for a stationary solution, which is then also
strictly stationary, corresponds to the random initial condition

X0 ∼ N

(
0,

σ2

2b

)
, (6.9)

independent from {Bt : t ≥ 0}. Then Cov(e−bsX0, e−btX0) = σ2

2b
e−b(s+t), leading to

Cov(Xs, Xt) = σ2

2b
e−b|t−s|, s, t ≥ 0, (6.10)

which is a function of |t − s| thus establishing the existence of a stationary solution.

Proposition 6.6.11 The Langevin stochastic differential equation attains a strictly stationary
solution given by the initial value (6.9). That solution has mean zero and autocovariance
function (6.10).

6.7 Diffusion processes and ergodicity

A solution {Xt} of a stochastic differential equation of the form

dXt = μ(Xt) dt + σ(Xt) dBt, , X0 = x0, t ≥ 0,

is called Itô diffusion. Up to now, we have calculated the solutions of such equations by
using Itô’s formula, and the solutions were (automatically) functions of the underlying Brow-
nian motion and of the coefficient functions μ(x) and σ(x). In general, a solution with these
properties is called a strong solution. A strong solution exists, if the functions μ(x) and σ(x)
satisfy a global Lipschitz condition

|μ(x) − μ(y)| + |σ(x) − σ(y)| ≤ L|x − y|,
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for some constant L. Such a solution may be stationary, and the Ornstein–Uhlenbeck provides
an example.

A diffusion is called ergodic if there exists some measure π, called an invariant (prob-
ability) measure, such that

1

t

∫ t

0
h(Xs) ds =

∫
h(x) dπ(x)

with probability one for all functions h with
∫ |h(x)| dπ(x) < ∞. Sufficient conditions for a

strong solution to be ergodic are as follows: Define the scale density by

s(y) = exp

(
−2
∫ y

0

μ(x)

σ2(x)
dx

)
, −∞ < y < ∞,

and assume that the scale function

S(x) =
∫ x

0
s(y) dy,

satisfies

S(x) → ±∞,

as x → ±∞. Introduce the norming constant

K =
∫

1

σ2(x)s(x)
dx < ∞.

Then, the unique stationary measure is given by the invariant density

dμ(x) = 1

Kσ2(x)
exp

(
2
∫ x

0

μ(t)

σ2(t)
dt

)
dx.

Further, if the initial condition is chosen as

X0 ∼ μ,

then the corresponding strong solution is strictly stationary. In this situation, it is common to
denote that strictly stationary and ergodic solution by {Xt}.

Example 6.7.1 For the Ornstein–Uhlenbeck process we have identified the unique stationary

measure as a normal distribution with mean zero and variance σ2

2b
, that is μ is given by

μ((a, b]) =
∫ b

a

ϕ
(0, σ2

2b
)
(x) dx, a ≤ b.

The geometric Brownian motion, the Ornstein–Uhlenbeck process as well as the CIR
model appear as special cases of the family of stochastic differential equations

dXt = (α + βXt) dt + σX
γ
t dBt,

parametrized by α, β, σ and γ , known as the Chan–Karolyi–Longstaff–Sanders (CKLS) model
in finance.
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Here is a list of special cases and how they are referred to.

(i) Merton: dXt = αdt + σdBt ;

(ii) Vasicek: dXt = (α + βXt)dt + σdBt ;

(iii) CIR square root: dXt = (α + βXt)dt + σ
√

XtdBt ;

(iv) Brennon-Schwartz: dXt = (α + βXt)dt + σXtdBt ;

(v) CIR variable rate: dXt = σX
3/2
t dBt ;

(vi) CEV (constant elasticity of variance): dXt = βXtdt + σX
γ
t dBt .

6.8 Numerical approximations and statistical estimation

Consider a time-inhomogeneous Itô diffusion

Xt =
∫ t

0
μ(s, Xs) ds +

∫ t

0
σ(s, Xs) dBs, t ≥ 0,

where μ(t, x) and σ(t, x) are deterministic functions and Bt is a Brownian motion. In differ-
ential notation, we have

dXt = μ(t, Xt)dt + σ(t, Xt)dBt. (6.11)

In general, explicit solutions are not available and one has to rely on numerical approximations
of a solution {Xt}, that is a process in discrete time t ∈ {t1, t2, . . . }, which approximates the
solution in an appropriate sense. Also, notice that in reality we cannot observe full trajectories
and a continuous-time model is an idealized mathematical description. We can only observe
a snapshot taken at discrete time points t1, t2, . . . . Let us assume that these time points are
equidistant with time step 
n,

ti = tni = t0 + i
n, i = 1, 2, . . . ,

and denote the corresponding sample (snapshot) by

X
(n)
i = Xti , i = 1, . . . , T,

of the process {Xt : t ≥ 0}. Assuming that 
n is small justifies the approximations∫ ti

ti−1

μ(s, Xs) ds ≈ μ(ti−1, Xti−1 )(ti − ti−1)

and ∫ ti

ti−1

σ(s, Xs) dBs ≈ σ(ti−1, Xti−1 )(Bti−1 − Bti ),

where ti − ti−1 = 
n for all i and Bti−1 − Bti ∼ √

N(0, 1).
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These approximations and the SDE (6.11) lead to the Euler approximation scheme


X
(n)
i = μ(t0 + (i − 1)
n, X

(n)
i−1)
n + σ(t0 + (i − 1)
n, X

(n)
i−1)
√


nεi, (6.12)

where


X
(n)
i = X

(n)
i − X

(n)
i−1

and εi are i.i.d. standard normal random variables.
For the special case of a time-homogeneous diffusion,

dXt = μ(Xt)dt + σ(Xt)dBt,

the Euler approximation scheme (6.12) is given by


X
(n)
i = μ

(
X

(n)
i−1

)

n + σ

(
X

(n)
i−1

)√

nεi, (6.13)

where X
(n)
ti = X

(n)
i is the approximation at time ti = t0 + i
n. Between the grid points, one

constructs X
(n)
t by piecewise constant interpolation or linear approximation.

Observe that Equation (6.13) fits the framework of the general nonparametric regression
model (3.1), which we will further discuss in Chapter 9.

The following results shows that the above approximation scheme has a strong conver-
gence rate 


1/2
n , under a Lipschitz and linear growth condition.

Theorem 6.8.1 Suppose that E|X0|2 < ∞, ‖X0 − X
(n)
0 ‖2 = O(δ1/2). If the Lipschitz

condition

|μ(t, x) − μ(t, y)| + |σ(t, x) − σ(t, y)| = K1|x − y|
the linear growth condition

|a(t, x)| + |b(t, x)| ≤ K2(1 + |x|),
as well as

|a(s, x) − a(t, x)| + |b(s, x) − b(t, x)| ≤ K3(1 + |x|)|s − t|1/2

hold true for all s, t ∈ [0, T ] and x, y ∈ Rd , where the constants K1, K2, K3 do not depend
on 
n, then the Euler approximation X

(n)
t satisfies the uniform estimate

sup
t∈[0,T ]

E
(∣∣∣Xt − X

(n)
t

∣∣∣) = O
(

1/2

n

)
.

6.9 Notes and further reading

Various monographs and textbooks were valuable sources for this chapter. For non random
integration with respect to functions of bounded variation we refer to Lang (1993). A classic
reference to stochastic integration is Friedman (1975). A concise treatment of the L2 theory
of Itô integration can be found in Øksendal (2003). Klebaner (2005) provides a careful in-
troduction to the issues raised in this chapter. The proof of Itô’s formula is adopted from
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Klenke (2008). The nice and intuitive treatment of Shreve (2004) inspired the present
exposition as well. For a reader not being interested in a rigorous mathematical treatment
where all results are shown, the comprehensive as well as demonstrative book of Grigoriu
(2002) can be recommended for additional reading as well as the concise and didactic treat-
ment of Mikosch (1998). An advanced text towards stochastic analysis is Protter (2005), from
which various elegant arguments, e.g. the derivation of the integration by parts formula, are
taken. Our discussion on how to generalize the stochastic integral to càdlàg processes also
follows Protter’s approach, see also Kurtz and Protter (1996) and Jacod and Shiryaev (2003).
The CKLS model is due to Chan et al. (1992). Theorem 6.8.1 is (Kloeden and Platen, 1992,
Theorem 10.2.2).
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7

The Black–Scholes model

The Black–Scholes model assumes that one can either invest money in a stock whose future
prices are random or deposit it at a bank account. Compared to the discrete-time models
we have studied so far, the striking difference is that we now model the financial market by
stochastic processes in continuous time and allow for continuous trading. Consequently, all
relevant quantities such as the stock price or the trading strategy are now stochastic processes
in continuous time as well.

We first discuss the classic model formulation, where the bank account pays a fixed and
known interest rate. It turns out that the model is arbitrage-free and complete and the unique
equivalent martingale measure constructed by virtue of Girsanov’s theorem leads to the famous
Black–Scholes formula for the arbitrage-free price of a European call option already discussed
in the first chapter. The model can be extended quite easily to the case that the volatility of
the stock price process is still deterministic but depends on time. Lastly, we briefly discuss
the generalized Black–Scholes model, where the stock price volatility as well as the interest
rate may be random processes.

7.1 The model and first properties

To simplify the exposition in the continuous-time world, we shall change our standard nota-
tion. Up to now, when using double indices, the first one was the time index and the second
referred to the financial instrument. This means, Sti denoted the time t price of the ith finan-
cial instrument. From now on, we use the notation Sit . The reason is that we have to work
extensively with integrands with respect to time for a fixed instrument. In such a situation, it
is more natural to write

∫ t

0 S1u du instead of
∫ t

0 Su1 du.
The model due to Black and Scholes is now as follows. We are given a bank account

{S0t : t ∈ [0, T ]} for depositing and lending money at a fixed interest rate r and a risky as-
set, say an exchange-traded stock, {S1t : t ∈ [0, T ]} defined on a filtered probability space
(�,F, {Ft}, P). As in previous chapters, P stands for the real probability measure. It is

Financial Statistics and Mathematical Finance: Methods, Models and Applications, First Edition. Ansgar Steland.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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assumed that the processes {S0t} and {S1t} are given by

S0t = ert, t ∈ [0, T ],

S1t = S10 exp

((
μ − σ2

2

)
t + σBt

)
, t ∈ [0, T ],

for constants μ ∈ R, σ > 0 and S10. Here, {Bt : t ∈ [0, T ]} is a standard Brownian motion
under P . Notice that {S1t} is a geometric Brownian motion with drift parameter μ − σ2/2
and volatility σ. Clearly, the bank account satisfies the integral equation

S0t = S00 + r

t∫
0

S0u du, t ∈ [0, T ],

or equivalently

dS0t = rS0t dt,

and has the explicit representation

S0t = ert, t ∈ [0, T ].

According to Example 6.6.7, {S1t} attains the representation

S1t = S10 + μ

t∫
0

S1u du + σ

t∫
0

S1u dBu, t ∈ [0, T ],

i.e.

dS1t = μS1t dt + σS1t dBt.

We interpret the latter model equation as follows: During a small time interval [t, t + dt],
the stock price change is approximately μS1tdt, a deterministic quantity since S1t is known
at time t, which is disturbed by a random noise term σS1t

√
dtZ, where

Z = Bt+dt − Bt√
dt

∼ N(0, dt)

is independent of S1t . Put differently, the relative price change, that is the return, is modeled
by a linear trend disturbed by a normally distributed error term.

dS1t

S1t

≈ μdt + σ
√

dtZ.

It is common practice to measure time in years. Then μ is the mean rate of growth of
the stock per year and σ the volatility per year. Let us briefly discuss how to estimate those
parameters in practice. Notice that the log price of the stock,

log S1t = log S10 +
(

μ − σ2

2

)
t + σBt
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follows a normal distribution with mean log S10 + (
μ − σ2

2

)
and variance σ2t, and the log

returns corresponding to time lag �,

Rt = Rt� = log S1,t+� − log S1t =
(

μ − σ2

2

)
� + σ(Bt+� − Bt)

are normal with mean
(
μ − σ2

2

)
� and variance �σ2. When sampling the process at an equidis-

tant grid ti = i�, i = 1, . . . , n, the corresponding log returns R1, . . . Rn, are independent and
identically normal with those parameters. Hence, the volatility parameter σ can be estimated
by

σ̂n = sdR√
�

where

sd2
R = 1

n − 1

n∑
t=1

(Rt − Rn)2, Rn = 1

n

n∑
t=1

Rt,

and

μ̂n = 1

�
Rn + sd2

R

2
≈ 1

�
Rn.

Figure 7.1 depicts simulated trajectories of the Black–Scholes model with parameters μ

and σ estimated from a real price series, which is added to the plot for comparison.
Let us now consider the discounted stock price process

S∗
1t = S−1

0t S1t

= e−rtS1t

= S10 exp

((
μ − r − σ2

2

)
t + σBt

)
.

The question arises, whether {S∗
1t} is an Itô process. Noting that S∗

1t is again a geometric
Brownian motion, we immediately obtain the following result of Example 6.6.7.

Lemma 7.1.1 The discounted stock price process {S∗
1t} is an Itô process,

S∗
1t = S10 + (μ − r)

t∫
0

S∗
1u du + σ

t∫
0

S∗
1u dBu,

or equivalently,

dS∗
1t = (μ − r)S∗

1t dt + σS∗
1t dBt.

We shall allow that an investor can trade continuously until the time horizon T . However,
we have to impose some regularity conditions on the continuous-time process describing such
a trade. First, as in the discrete-time case, we will require that the number of shares held at



244 THE BLACK–SCHOLES MODEL

0 100 200 300 400 500

40

60

80

100

120

Figure 7.1 Simulated trajectories of the Black–Scholes model. The straight line is the bank
account, the trajectories starting at 100 are three independent replications of the stock price.
The parameters are estimated from daily log returns of Credit Suisse, whose price process
has been added for comparison, data from R’s free EU Stocks Data Set.

time t does not use future information. Secondly, we impose a condition ensuring that the
associated (stochastic) integrals are well defined.

Definition 7.1.2 A trading strategy (portfolio) is a bivariate stochastic process

ϕt = (αt, βt), t ∈ [0, T ],

with the following properties.

(i) ϕ : [0, T ] × � → R
2 is (B([0, T ]) ⊗ Ft)-measurable.

(ii) ϕ is Ft-adapted.

(iii)
∫ T

0 α2
t dt < ∞ and

∫ T

0 |βt| dt < ∞.

Given a trading strategy {(αt, βt) : t ∈ [0, T ]}, αt is interpreted as the number of shares of
the risky asset shared at time t, and βt is the amount of money deposited at the bank.

Notice that condition (iii) guarantees that the stochastic integrals

t∫
0

βu dS0u = r

t∫
0

βuS0u du since
(
S′

0u = reru
)
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and

t∫
0

αu dS1u = μ

t∫
0

αuS1u du + σ

t∫
0

αuS1u dBu

are defined.
For clarity of the following definition, let us recall the interpretation of an Itô integral

such as
∫ t

0 αu dS1u in mathematical finance, which is crucial to understand the economic
meaning of the calculus. It represents the value process of a time-dependent position αu, the
integrand, in the tradable financial instrument S1u, the integrator. The position at time u is αu.
During the infinitesimal period of time [u, u + �] the position’s change in value is given by
αu dS1u (≈ αu(S1,u+� − S1u)). The value process associated to a trading strategy ϕ = (α, β)
is given by

Vt(ϕ) = αtS1t + βtS0t , t ∈ [0, T ].

V0(ϕ) are the initial costs required to set up the trade {ϕt}.

Definition 7.1.3 A trading strategy {ϕt} is called self-financing, if the value process satisfies

Vt(ϕ) = V0(ϕ) +
t∫

0

αu dS1u +
t∫

0

βu dS0u, t ∈ [0, T ],

or, equivalently, dVt(ϕ) = αt dS1t + βt dS0t .

A self-financing strategy is characterized by the fact that the change in value of the portfolio
is the result of the corresponding changes in value of the positions held in the stock and the
bank account.

Lemma 7.1.4 Let ϕ = {ϕt} be a self-financing trading strategy. Then, the value process
{Vt(ϕ)} is an Itô process,

Vt(ϕ) = V0(ϕ) +
t∫

0

μV (u) du +
t∫

0

σV (u) dBu, t ∈ [0, T ],

with drift

μV (t) = μαtS1t + rβtS0t

and volatility

σV (t) = σαtS1t .

Proof. Since ϕt is self-financing, Vt = Vt(ϕ) satisfies

Vt = V0 +
t∫

0

αu dS1u +
t∫

0

βu dS0u, (7.1)
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where

S0t = ert = S00 +
t∫

0

rS0u du

and

S1t = S10 +
t∫

0

μS1u du +
t∫

0

σS1u dBu

are Itô processes. Let us calculate the stochastic integrals appearing in Equation (7.1). Noting
that in both cases the integrator is an Itô integral, we may apply Theorem 6.6.5, yielding

t∫
0

αu dS1u =
t∫

0

αuμS1u du +
t∫

0

αuσS1u dBu

and

t∫
0

βu dS0u = r

t∫
0

βueru du.

The following result shows that the discounted value process of a self-financing strategy
has a specific structure.

Proposition 7.1.5 A trading strategy is self-financing, if and only if

V ∗
t (ϕ) = V0(ϕ) +

t∫
0

αu dS∗
1u, t ∈ [0, T ],

where

t∫
0

αu dS∗
1u =

t∫
0

(μ − r)αuS
∗
1u du +

t∫
0

σαuS
∗
1u dBu,

for t ∈ [0, T ].

Proof. We show that the stated representation is necessary. For brevity of notation let
Vt = Vt(ϕ) and V ∗

t = V ∗
t (ϕ) = e−rtVt . Since e−rt has bounded variation, the bracket process

[V, e−r•]t vanishes. Thus,

0 = [V, e−r•]t = Vue−ru
∣∣t
0 −

t∫
0

Vu d(e−ru) −
t∫

0

e−ru dVu.
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Here, the first term equals V ∗
t − V ∗

0 yielding

V ∗
t = V ∗

0 +
t∫

0

Vu d
(
e−ru

) +
t∫

0

e−ru dVu.

Let us calculate the integrals at the right-hand side. For each t ∈ [0, T ] we have

t∫
0

e−ru dVu =
t∫

0

e−ruμV (u) du +
t∫

0

e−ruσV (u) dBu

=
t∫

0

(μαuS
∗
1u + rβu) du +

t∫
0

σαuS
∗
1u dBu.

Further, since Vu = αuS1u + βuS0u and S0u = eru

t∫
0

Vu d
(
e−ru

) = −
t∫

0

Vure−ru du

= −
t∫

0

(rαuS
∗
1u + rβu) du.

Putting things together, we arrive at

V ∗
t − V ∗

0 =
t∫

0

(μ − r)αuS
∗
1u du +

∫
σαuS

∗
1u dBu,

for any t ∈ [0, T ], which completes the proof.

7.2 Girsanov’s theorem

The Girsanov theorem provides the means to change the real probability measure P in such a
way that the discounted stock price process becomes a martingale. Since in the Black–Scholes
model the log stock price is driven by a Brownian motion plus a linear drift, the first – and
crucial - step is to solve the problem for such a process.

We need some preliminaries. Suppose L ≥ 0 is a random variable on a probability space
(�,F, P) with E(L) = 1. Then we can define a new probability measure Q by using L as
the Radon–Nikodym derivative dQ

dP
, i.e.

Q(A) =
∫

A

L dP, A ∈ F. (7.2)

Any probability measure defined by a P-density is absolutely continuous with respect to P .
If, in addition, L is positive, i.e. L(ω) > 0 for all ω ∈ �, then Q is equivalent to P .



248 THE BLACK–SCHOLES MODEL

Lemma 7.2.1 Suppose that X : (�,F, P) → (R,B) follows a N(μ, σ2)-distribution, μ ∈ R,
σ2 > 0. Define

L(ω) = exp

(
− μ

σ2 X(ω) + μ2

2σ2

)
, ω ∈ �.

Then E(L) = 1 and under the probability measure dQ = L dP , given by Equation (7.2), X
follows a N(0, σ2) distribution.

Proof. Clearly, L > 0. The proof of E(L) = 1 is left to the reader. Let us calculate the
characteristic function of X under Q, in order to show that it coincides with the characteristic
function of a N(0, σ2) distribution. For any t we have

EQ

(
eitX

) = EP

(
LeitX

)
= EP exp

(
− μ

σ2 X + μ2

2σ2 + itX

)
= 1√

2πσ

∫
exp

(
− 2μ

2σ2 x + μ2

2σ2 + itx − (x − μ)2

2σ2

)
dx

= 1√
2πσ

∫
exp

(
− x2

2σ2 + itx

)
dx

= EP (eitY ),

if Y ∼ N(0, σ2) under P .

Let {Bt : t ∈ [0, T ]} be a standard Brownian motion under P , as appearing in the definition
of the stock price process. By Corollary 6.6.8, for any fixed m ∈ R the process

Lt = exp

(
−mBt − m2

2
t

)
, t ∈ [0, T ], (7.3)

is a positive martingale and E(Lt) = 1 holds true. Thus, we may use LT as a P-density to
define an equivalent probability measure by Equation (7.2).

Lemma 7.2.2 The probability measure Q defined by dQ = LT dP , where {Lt : t ∈ [0, T ]}
is given by (7.3) attains the P-density Lt with respect to the probability space (�,Ft , P).

Proof. We have to show that

Q(A) =
∫

A

Lt dP for all A ∈ Ft .

Let A ∈ Ft . Then

Q(A) = E(1ALT )

= E(E(1ALT |Ft))

= E(1AE(LT |Ft))

= E(1ALt),

which proves the assertion.
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Lemma 7.2.3 Let A ⊂ F be a sub-σ-field. Suppose that X is a random variable with

E
(
eitX|A) = e−t2σ2/2, t ∈ R.

Then X is independent of A and X ∼ N(0, σ2).

Proof. Let A ∈ A and notice that

E
(
1AeitX

) = E
(
1AE

(
eitX|A))

= E
(

1Ae−t2σ2/2
)

= P(A)e−t2σ2/2

for all t ∈ R. In particular, the characteristic function ϕX of X is given by ϕX(t) = e−t2σ2/2, t ∈
R, (put A = �), such that X ∼ N(0, σ2). By assumption, the conditional distribution of X

given A ∈ A is also N(0, σ2), i.e.

P(X ≤ x|A) = 

( x

σ

)
, x ∈ R.

It follows that for all x ∈ R and A ∈ F
P ({X ≤ x} ∩ A) = P (X ≤ x|A) · P(A)

= 

( x

σ

)
P(A).

Since the intervals (−∞, x], x ∈ R, generate the Borel σ-field B, we may conclude that X

and A are independent.

In what follows, we make use of the fact that the formula

ϕX(t) = E
(
eıtX) = eıtμ−σ2t2/2, t ∈ R,

for the characteristic function of a random variable X ∼ N(μ, σ2), μ ∈ R, σ2 > 0, also
holds true for complex arguments. This can be seen as follows. The function 
X(z) =
eızμ−σ2z2/2, z ∈ C, is analytic, agrees with ϕX for real numbers and all derivatives of 
X

and ϕX exist. Hence, all algebraic and absolute moments

αk = EXk, βk = E|X|k, k = 0, 1, 2, . . .

exist and 
X admits the series expansion


X(z) =
∞∑

k=0

ıkαk

k!
zk, z ∈ C.

It also holds true that the series

∞∑
k=0

βk

zk

k!
, z ∈ C,
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converges. To verify this, it suffices to establish the following upper bound for β2k−1, k ∈ N:

β2k−1

(2k − 1)!
≤ 1

2

(
α2k

(2k)!
(2k) + α2k−2

(2k − 2)!

)
.

But this follows from the inequality∣∣x2k−1
∣∣ ≤ 1

2

(
x2k + x2k−2), k = 1, 2, . . . ,

which can be shown by induction and implies

β2k−1 = E
∣∣X2k−1

∣∣ ≤ 1

2

(
E

(
X2k

) + E
(
X2k−2)) = 1

2
(α2k + α2k−2) .

It follows that for any A > 0

∞∑
k=0

βk

k!
|y|k =

∞∑
k=0

|y|k
k!

E|X|k

≥
∞∑

k=0

|y|k
k!

A∫
−A

|x|k dFX(x)

=
A∫

−A

∞∑
k=0

|y|k
k!

|x|k dFX(x)

=
A∫

−A

e|xy| dFX(x).

Therefore, the integral
∞∫

−∞
e|xy| dFX(x) exists, which implies that the integral

∞∫
−∞

eızx dFX(x), z ∈ C,

converges and agrees with ϕ(z) if z is real. But then it must agree with ϕ(z) for all z ∈ C, such
that

E
(
eızX) = eızμ−σ2z2/2, z ∈ C.

We are now in a position to prove the following version of Girsanov’s theorem.

Theorem 7.2.4 (Girsanov) Let {Bt : t ∈ [0, T ]} be a standard Brownian motion under P .
If Q is defined by dQ = LT dP with LT as in Equation (7.3), then

B′
t = Bt + mt, t ∈ [0, T ],

is a standard Brownian motion under Q.
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Proof.
We have, since B′

t − B′
s is independent from Fs and A ∈ Fs,

E
(

1Aeıu(B′
t−B′

s)Lt

)
= E

(
1Aeıu(B′

t−B′
s)LtL

−1
s Ls

)
= E

(
1ALsE

(
eıu(B′

t−B′
s)LtL

−1
s |Fs

))
= E (1ALs) E

(
eıu(B′

t−B′
s)LtL

−1
s

)
.

Let us calculate the second factor

E
(

eıu(B′
t−B′

s)LtL
−1
s

)
= E

(
exp

{
ıu(Bt − Bs) + ıum(t − s) − m(Bt − Bs) − m2

2
(t − s)

})
= E

(
exp {(ıu − m)(Bt − Bs)} exp

{
ıum(t − s) − m2

2
(t − s)

})
.

We aim at calculating the first factor via the characteristic function of Bt − Bs, which is given
by u �→ e−u2(t−s)/2 for u ∈ C.

E exp {(ıu − m)(Bt − Bs)} = E exp {ı(u + im)(Bt − Bs)}
= e−(u+ım)2(t−s)/2.

Hence,

E
(

eıu(B′
t−B′

s)LtL
−1
s

)
= exp

{
−(u + ım)2(t − s)/2 + ıum(t − s) − m2

2
(t − s)

}
= exp

{
(t − s)

[
−u2

2
− ıum + m2

2
+ ıum − m2

2

]}
= exp

{ − u2(t − s)/2
}
,

which completes the proof.

7.3 Equivalent martingale measure

We are now in a position to determine an equivalent martingale measure P∗ such that the
discounted stock price process is a P∗-martingale. The discounted stock price is

S∗
1t = S1te

−rt = S10 exp

(
(μ − r)t − σ2

2
t + σBt

)
. (7.4)

The term −σ2

2 t is the right trend we have to take into account to ensure that the geometric

Brownian motion exp
(
σWt − σ2

2 t
)

inherits the martingale property from Wt . Obviously, we
may write S∗

1t in this form, if we put

Wt = μ − r

σ
t + Bt.
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Wt is not a martingale under P , but, by virtue of Girsanov’s theorem, there exists an equivalent
martingale measure P∗ given by

P∗(A) =
∫

A

LT dP, A ∈ F,

where

LT = exp

(
−�BT − �2

2
T

)
, � = μ − r

σ
,

such that Wt is a martingale under P∗. � is called the market price of risk. The stock price
S1t is given by

S1t = S10 exp

((
μ − σ2

2

)
t + σBt

)
where Bt is a standard Brownian motion under P . In terms of Wt = μ−r

σ
t + Bt , we have

S1t = S10 exp

((
r − σ2

2

)
t + σWt

)
,

where Wt is a standard Brownian motion under P∗. This means that for calculations concerning
S1t under P∗ one may simply replace μ by the riskless interest rate r.

The discounted price process S∗
1t = exp

( − σ2

2 t + σWt

)
can also be written in the form

S∗
1t =

t∫
0

σS∗
1u dWu, t ∈ [0, T ].

Next, consider the discounted value process. We have

V ∗
t = V0 +

t∫
0

αuσS∗
1u dWu, t ∈ [0, T ],

provided the Itô integral
∫ t

0 αuσS∗
1u dWu is defined. Let us restrict the class of trading strategies

to ensure that this is the case. This means, in the following we only consider self-financing
trading strategy satisfying

E∗
⎛⎝ T∫

0

(αuS
∗
1u)2 du

⎞⎠ < ∞.

7.4 Arbitrage-free pricing and hedging claims

We may now use the results obtained in the previous sections to price and hedge contingent
claims in the Black–Scholes framework.
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Let C : (�,F, P) → (R,B) be a claim providing the payoff C at time T . The arbitrage-
free time 0 price is

π(C) = E∗ (
e−rT C

) =
∫

e−rT C(ω) dP(ω).

In particular, consider a European call option C = (ST − K)+. We have to calculate

E∗ (
e−rT C

) = E∗ (
e−rT max(ST − K, 0)

)
,

where log ST is log normal under P∗,

log ST
P∗
∼

(
r − σ2

2

)
T + σWT ∼ N

((
r − σ2

2

)
T, σ2T

)
.

We are led to the calculations provided in detail in Section 1.5.5.
Consider a claim, i.e. aFT -measurable random variable. Notice that, byFT -measurability,

the payment at maturity may depend on the whole trajectory of the price process thus including
path-dependent derivatives.

Definition 7.4.1 A claim is called replicable (attainable) if there is a proper trading strategy,
ϕ = {ϕt : t ∈ [0, T ]}, called a hedge, such that

VT (ϕ) = C.

Suppose we are given a claim C and have a predictable process {αt} at our disposal such
that

C∗ = e−rT C = α0 +
T∫

0

αu dS∗
1u.

Then, one may define a self-financing trading strategy by choosing βt such that ϕt = (αt, βt)
satisfies

V ∗
t (ϕ) = αtS

∗
1t + βte

−rt = α0 +
t∫

0

αu dS∗
1u.

This means, the hedge is financed via the bank account. The hedge replicatesC, i.e.VT (ϕ) = C.
Let P∗ be the equivalent martingale measure and assume that E

∫ T

0 α2
t dt < ∞. Then∫ t

0 αu dS∗
1u is a P∗-martingale and we obtain

E∗ (
V ∗

T (ϕ)
) = α0.

Consequently, α0 is the arbitrage-free price.
The following theorem provides a way to calculate the value process without requiring an

explicit hedging strategy.
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Theorem 7.4.2 Let CT be a claim with E∗(C2
T ) < ∞. If CT is replicable, then its time t

value is given by

Vt = E∗
(

e−r(T−t)CT

∣∣Ft

)
and, in particular, V0 = E∗ (

e−rT CT

)
represents the fair price.

Proof. Let {αt} be number of stocks of a replicating hedge such that

C∗
T = α0 +

T∫
0

αu dS∗
1u,

and let ϕt = (αt, βt) be the associated self-financing trading strategy constructed above. Then
the corresponding value process V ∗

t = α0 + ∫ t

0 αu dS∗
1u, t ∈ [0, T ], is a P∗-martingale, since

the stochastic integral has that property. This means,

V ∗
t = E∗(V ∗

T |Ft) = E∗(C∗
T |Ft)

holds true for all t ∈ [0, T ]. Since C∗
T = e−rT CT and Vt = ertV ∗

t , we obtain

Vt = E∗(e−r(T−t)CT |Ft), t ∈ [0, T ].

Our next aim is to show that the Black–Scholes model is complete, i.e. any Ft-measurable
claim can be replicated. The proof is based on the following representation theorem for
martingales in continuous time.

Theorem 7.4.3 (Representation Theorem) Let M = {Mt : t ∈ [0, T ]} be a right-
continuous P∗-martingale. Then there exists a

(B[0,T ] ⊗ FT

)
-measurable adapted process

η = {ηt : t ∈ [0, T ]}, such that

T∫
0

η2
t dt < ∞

P∗-a.s. and

Mt = M0 +
t∫

0

ηs dB∗
s , t ∈ [0, T ].

Theorem 7.4.4 (Completeness) Let C be a FT -measurable random variable with E∗|C| <

∞. Then there exists a replicating hedge ϕ = {ϕt : t ∈ [0, T ]}, i.e.

VT (ϕ) = C.

In addition, V ∗
t (ϕ) = E∗(C|Ft), t ∈ [0, T ].

Proof. We have already shown that any replicating hedge satisfies

V ∗
t = E∗(C∗|Ft), t ∈ [0, T ].
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This means that the right-hand side of this equation yields the discounted value process. Thus,
we consider the P∗-martingale

Mt = E∗(C∗|Ft), t ∈ [0, T ].

We may assume that Mt is continuous. The representation theorem yields the existence of an
adapted process {ηt} with

∫ T

0 η2
t dt < ∞, P∗-a.s., such that

Mt = M0 +
t∫

0

ηs dB∗
s .

To determine a self-financing replicating trading strategy, we make the following ansatz. If
ϕt = (αt, βt) is such a self-financing hedge, then

V ∗
t = V0 +

t∫
0

αu dS∗
1u

follows. Since

S∗
1t =

t∫
0

σS∗
1u dB∗

u

is an Itô process, we have

t∫
0

αu dS∗
1u =

t∫
0

αuσS∗
1u dB∗

u.

Let us equate Mt − M0 = ∫ t

0 ηu dB∗
u and V ∗

t − V0 = ∫ t

0 αuσS∗
1u dB∗

u and solve for αu. A
solution is given by

αt = ηt

σS∗
1t

, t ∈ [0, T ].

Put βt = Mt − αtS
∗
1t . Notice that both αt and βt are adapted. Now ϕt = (αt, βt) satisfies

V ∗
t (ϕ) = αtS

∗
1t + βt = Mt, t ∈ [0, T ].

It remains to verify, that ϕt replicates C, is proper and self-financing. It is trivial to note that
ϕt replicates C, since

V ∗
T (ϕ) = MT = E∗(C∗|FT ) = C∗.

Further, ϕt is self-financing, if

V ∗
t (ϕ) = V0(ϕ) +

t∫
0

αu dS∗
1u, t ∈ [0, T ].
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Let us first check that the Itô integral
t∫

0
αu dS∗

1u is well defined. We verify the sufficient

condition

T∫
0

α2
u du < ∞, P-a.s.

Since S∗
1t > 0, P∗-a.s., for all t ∈ [0, T ], we have inf t∈[0,T ] |S∗

1t| > 0, since S∗
1t is a discounted

stock price process. Hence

T∫
0

α2
u du =

T∫
0

(
ηu

σS∗
1u

)2

du

≤
(

σ · inf
t∈[0,T ]

|S∗
1t|

)−2 T∫
0

η2
u du < ∞,

P∗-a.s. ϕt is self-financing, since V0(ϕ) = M0 and ηu = αuσS∗
1u, such that

V ∗
t (ϕ) = Mt

= V0 +
t∫

0

ηu dB∗
u

= V0 +
t∫

0

αuσS∗
1u dB∗

u

= V0 +
t∫

0

αu dS∗
1u,

which ensures the self-financing property by Proposition 7.1.5. Finally, ϕt is admissible, since

T∫
0

(αuS
∗
1u)2 du =

T∫
0

η2
u

σ2 du < ∞.

7.5 The delta hedge

Let us assume that the value process of a derivative C,

Vt = ertE∗ (
Ce−rT |Ft

)
,

is a twice continuously differentiable function of t and S1t , i.e.

Vt = V (t, S1t), t ∈ [0, T ],
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for some C2 function V : [0, T ] × R→ R, (t, x) �→ V (t, x), for (t, x) ∈ [0, T ] × R. Denote
the partial derivatives of V by ∂V

∂t
, ∂V

∂x
, etc. Let {ϕt} be a self-financing trading strategy. Then,

by Definition 7.1.3,

Vt(ϕ) = V0(ϕ) +
t∫

0

αu dS1u +
t∫

0

βu dS0u

= V0(ϕ) +
t∫

0

αu dS1u +
t∫

0

βureru du.

An application of Itô’s formula to V (t, S1t) yields the representation

Vt = V0 +
t∫

0

[
∂V

∂t
(u, S1u) + ∂V

∂x
(u, S1u)μS1u + 1

2

∂2V

∂x2 (u, S1u)σ2S2
1u

]
du

+
t∫

0

∂V

∂x
(u, S1u)σS1u dBu.

Since dS1t = μS1t dt + σS1t dBt , the last expression can be written as

Vt = V0 +
t∫

0

∂V

∂x
(u, S1u) dS1u +

t∫
0

[
∂V

∂t
(u, S1u) + 1

2

∂2V

∂x2 (u, S1u)σ2S2
1u

]
du.

Equating the integrand leads to the delta hedge

αt = ∂V

∂x
(t, S1t),

βt =
[
∂V

∂t
(t, S1t) + 1

2

∂2V

∂x2 (t, S1t)σ
2S2

1t

]/ (
rert

)
.

If we plug these formulas in Vt = αtS1t + βtS0t , we obtain

rVt = r
∂V

∂x
(t, S1t)S1t + ∂V

∂t
(t, S1t) + 1

2

∂2V

∂x2 (t, S1t)σ
2S2

1t .

This means that the value process satisfies a partial differential equation.

7.6 Time-dependent volatility

So far we have assumed that the volatility of the stock price is a non random constant. However,
real data from financial markets show that this is an unrealistic assumption. Let us now assume
that the volatility is a function of t. Thus, taking the stochastic differential equation as a starting
point, let us assume that the stock price S1t follows the model

dS1t = μtS1t dt + σtS1t dBt,
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for some deterministic function σ : [0, T ] → [0, ∞) satisfying∫ T

0
σ2

u du < ∞,

ensuring that integrals such as
∫ t

0 σu dBu, t ∈ [0, T ], are well defined, and an adapted drift
process μt satisfying ∫ T

0
|μt| dt < ∞,

almost surely.
Solving the above equation means that we are seeking a solution of the integral equation

S1t =
∫ t

0
μS1u du +

∫ t

0
σt dBt, t ∈ [0, T ].

We have shown in Example 6.6.9 that the generalized Brownian motion solves that equation,

S1t = S10 exp

(∫ t

0

(
μ − σ2

u

2

)
du +

∫ t

0
σu dBu

)
,

for t ∈ [0, T ], where S10 denotes the initial value. Here
∫ t

0 σu dBu, t ∈ [0, T ], is a martingale
under P . Notice that we may write

S1t = S10 exp

((
μ − σ2(0, t)

2

)
t +

∫ t

0
σu dBu

)
,

where for 0 ≤ s ≤ t ≤ T

σ2(s, t) = 1

t − s

∫ t

s

σ2
u du.

Now, the discounted price process is given by

S∗
t = S10 exp

((
μ − r − σ2(0, t)

2

)
t +

∫ t

0
σu dBu

)
,

which has exactly the same form as for the case of constant volatility, see Equation (7.4), with
σ2 replaced by σ2(0, t) and σBu by

∫ t

0 σu dBu. It follows that the price of a European call

option within this model is given by the Black–Scholes formula with σ replaced by
√

σ2(0, T ).
The function σt can be inferred from implied volatilities as follows. Suppose we have

determined at time t implied volatility σimp(T ) for maturity T by equating the Black–Scholes
formula and option prices for a fixed strike price and maturity T . Then, one solves

1

T − t

∫ T

t

σ2
u du = σ2

imp(T )

by differentiating both sides, which leads to the formula

σ2
T = 2σ2

imp(T )
(
σ2

imp

)′(T )(T − t) + σ2
imp(T ),
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which holds true for any maturity T , thus revealing the functional form of time-dependent
volatility.

7.7 The generalized Black–Scholes model

Let us now assume that the volatility σt is an adapted process, which is more realistic than
working with a deterministic function. Again taking the stochastic differential equation as a
starting point, let us assume that the stock price S1t follows the model

dS1t = μtS1t dt + σtS1t dBt, (7.5)

for some (possibly random but adapted) function σ : [0, T ] → [0, ∞) satisfying∫ T

0
σ2

u du < ∞,

almost surely, ensuring that integrals such as
∫ t

0 σu dBu, t ∈ [0, T ], are well defined and an
adapted drift process μt satisfying ∫ T

0
|μt| dt < ∞,

almost surely. Recall our interpretation of the differential Equation (7.5): From t to t + dt, dt

small, the stock price changes by the linear drift part μtS1tdt, which is known at time t, and
is affected by a random disturbance σtS1t

√
dtZ, with Z ∼ N(0, 1), which is proportional to

level S1t . In other words, Equation (7.5) models the relative change dS1t/S1t by

dS1t

S1t

≈ μtdt +
√

dtσtZ,

where μt and σt are known at time t.
The bank account (money-market) is modeled by a locally riskless bond that is driven by

a riskless rate (short rate, instantaneous rate) rt ,

S0t = rtdt, t ∈ [0, T ],

where ∫ T

0
|ru| du < ∞,

almost surely.
The explicit solutions of the above equations are as follows. By virtue of Example 6.6.9,

the generalized Brownian motion solves the above stochastic differential equation,

S1t = S10 exp

(∫ t

0

(
μu − σ2

u

2

)
du +

∫ t

0
σu dBu

)
,
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for t ∈ [0, T ], where S10 denotes the initial stock price at time 0. For the bank account we
obtain the explicit solution

S0t = S00 exp

(∫ t

0
ru du

)
, t ∈ [0, T ].

where we may assume that S00 = 1.
To proceed, we need a general version of Girsanov’s theorem.

Theorem 7.7.1 (Girsanov’s Theorem)
Let {Bt} be a Brownian motion under the real probability measure P and {γt} be aFt-adapted
process satisfying Novikov’s condition

E

[
exp

(
1

2

∫ T

0
γ2
t dt

)]
< ∞.

Define

Lt = exp

(
−

∫ t

0
γu dBu − 1

2

∫ t

0
γ2
u du

)
and let P∗ be the probability measure defined by

P∗(A) =
∫

A

LT (ω) dP(ω), t ∈ [0, T ].

Then, under the probability measure P∗, the process

B∗
t = Bt +

∫ t

0
γu du, t ∈ [0, T ],

is a standard Brownian motion.

We have to determine an equivalent martingale measure such that the discounted stock
price is a martingale. Let us make the ansatz

B∗
t = Bt +

∫ t

0
γu du, t ∈ [0, T ].

The discounted stock price process is given by

S∗
1t = S1t exp

(
−

∫ t

0
ru du

)
= S10 exp

{∫ t

0

(
μu − ru − σ2

u

2

)
du +

∫ t

0
σu dBu

}
,

which is a solution of the stochastic differential equation

dS∗
1t = (μt − rt)S

∗
1t dt + σtS

∗
1t dBt,
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that is,

S∗
1t =

∫ t

0
(μu − ru)S∗

1u du +
∫ t

0
σuS

∗
1u dBu.

Noting that B∗
t is an Itô process with drift γt and volatility 1, an application of the rule of

integration given in Theorem 6.6.5 shows that∫ t

0
σuS

∗
1u dB∗

u =
∫ t

0
σuγuS

∗
1u du +

∫ t

0
σuS

∗
1u dBu.

Hence, we can rewrite S∗
1t in terms of B∗

t ,

S∗
1t =

∫ t

0
(μu − ru − γuσu) S∗

1u du +
∫ t

0
σuS

∗
1u dB∗

t .

We can eliminate the trend if we put

γt = μt − rt

σt

, t ∈ [0, T ],

such that S∗
1t is a martingale if B∗

t is a martingale. But having defined γt , this can be achieved
by the probability measure P∗ given in Girsanov’s theorem. γt is the market price of risk.

One can now easily see that under P∗ the undiscounted stock price S1t ,

S1t = S10 +
∫ t

0
μuSu du +

∫ t

0
σuSu dBt,

has a mean rate of return equal to the riskless interest rate. Indeed, the substitution∫ t

0
σuSu dBt =

∫ t

0
σuS1u dB∗

u −
∫ t

0
σuγuS1u du,

gives

S1t = S10 +
∫ t

0
(μu + σuγu)Su du +

∫ t

0
σuSu dBt

= S10 +
∫ t

0
ruSu du +

∫ t

0
σuSu dBt.

Notice that this change of measure from the real probability P to the risk-neutral one, P∗,
only changes the drift but not the volatility.

7.8 Notes and further reading

To some extent, our presentation is inspired by the concise treatment of Williams (2006)
and can be supplemented by the treatments of Etheridge (2002) and Shiryaev (1999). The
classic reference for the representation theorem for square integrable martingales is Kunita and
Watanabe (1967); also see (Karatzas and Shreve, 1991, Ch. 3, Th. 4.15). Further extensions can
be found in Jacod and Shiryaev (2003). The elementary proof based on analytic characteristic
function arguments of Girsanov’s theorem is taken from Nualart (2011). Proofs for the general
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case presented in Theorem 7.7.1 can be found in many books, e.g. Revuz and Yor (1999). More
on (analytic) characteristic functions can be found in Lukacs (1970). For a nice derivation of
the general case we refer to Shreve (2004). The connection to partial differential equations is
discussed in various books, e.g. Shreve (2004).
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8

Limit theory for discrete-time
processes

We have already mentioned that limit theorems play a crucial role in the analysis of financial
data, since often the knowledge about the underlying data generating processes is not sufficient
to formulate appropriate parametric models. Further, the analysis of the method of estimation
and inference of those parametric models also makes use of nonparametric or model-free
concepts and results of the asymptotic distribution theory.

Our exposition starts with a law of large numbers for correlated time series justifying the
common averaging procedures used in the construction of estimation methods, which rely
directly or indirectly on that basic result. Whereas the law of large numbers asserts that

XT = 1

T

T∑
t=1

Xt
P→ E(X1),

as T → ∞, even for dependent time series, the central limit theorem provides approximations
of the scaled error

√
T (XT − E(X1)). We discuss a general central limit theorem that asserts

that

√
T (XT − E(X1))

d→ N(0, η2),

for some η ∈ (0, ∞). Those two results ensure that those two fundamental probabilistic results
are also valid for correlated series under weak regularity conditions.

Regression is a fundamental tool of statistical data analysis. In financial applications, the
regressors are typically random. Thus, we discuss multiple linear regression with stochastic
regressors under general conditions that also cover the case that one regresses a time series
on its lagged values. Along our way, we introduce and apply some useful limit theorems for
martingale differences.

Financial Statistics and Mathematical Finance: Methods, Models and Applications, First Edition. Ansgar Steland.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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Then we proceed to nonparametric density estimation and nonparametric regression. For
quite a long time, nonparametric methods have played a minor role in empirical work in
finance, but the situation has changed drastically and nonparametrics is now ubiquituous.
Thus, we provide detailed derivations of the main results.

The class of linear processes provides the right framework to work with ARMA(p, q)-
processes. The Beveridge–Nelson decomposition provides an elegant tool to derive the central
limit theorem for linear processes using rather elementary arguments. For this reason, a sep-
arate section is devoted to an exposition of this nice and useful result.

We then discuss α-mixing processes in some detail. Although the derivation of the related
calculus is a little involved, measuring the degree of dependence by α-mixing coefficients is
very intuitive and allows powerful results to be established without the need to assume that
the underlying time is a linear process or even belongs to a parametric class.

The chapter closes with a discussion of the asymptotics of the sample autocovariances and
the commonly used Newey–West estimator for the long-run variance parameter that appears
in many asymptotic formula.

8.1 Limit theorems for correlated time series

Whereas martingale differences are uncorrelated, time series such as ARMA(p, q) processes
have non vanishing autocovariances for lags |h| > 1. We will see that arithmetic averages
still converge to their means, provided the autocovariances die out sufficiently fast, as the lag
increases.

To understand the effect of correlations on probabilistic calculations, which is usually
substantial and far from being negligible, let us consider the case of a stationary Gaussian
time series

μ = E(Xt), σ2 = Var (Xt)

with autocovariances

γ(h) = E(Xt − μ)(Xt+|h| − μ), h ∈ Z.

We assume that we can observe the process until time T leading to the sample X1, . . . , XT .
It is natural to estimate the unknown expectation μ by

μ̂T = 1

T

T∑
t=1

Xt.

By stationarity, E(μ̂T ) = μ. But what about the variance? The summands Xt are not inde-
pendent. So let us calculate Var (μ̂T ) explicitly.

Var (μ̂T ) = E(μ̂T − μ)2

= 1

T 2

T∑
t=1

T∑
s=1

Cov(Xs, Xt).
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The double sum sums up all elements of the symmetric (T × T )-dimensional matrix with
elements Cov(Xs, Xt). We may also sum over all diagonals leading to the formula

Var (μ̂T ) = 1

T 2

{
2

T−1∑
k=1

(T − k)γ(k) + Tγ(0)

}

= 1

T

∑
|k|<T

(
1 − |k|

T

)
γ(k).

An alternative expression is

η2
T = Var (μ̂T ) = 1

T
Var (X1) + 2

T 2

T−1∑
k=1

(T − k)γ(k).

This is an exact calculation and we are led to the following exact distributional result.

Proposition 8.1.1 For a Gaussian time series {Xt} with autocovariances γ(h) we have for
all T ∈ N

√
T (μ̂T − μ) ∼ N

(
0, η2

T

)
,

where

η2
T =

∑
|k|<T

(
1 − |k|

T

)
γ(k).

The above proposition has a direct consequence: μ̂T = 1
T

∑T
t=1 Xt converges in proba-

bility to its expectation μ, i.e. the weak law of large numbers

μ̂T
P→ μ,

as T → ∞, holds with convergence rate T 1/2. Two questions arise:

(i) Does the the convergence also hold when the time series in non-Gaussian?

(ii) Does the distribution of
√

T (μ̂T − μ) converge to a normal law, at least under appro-
priate conditions on the dependencies?

The first question can be answered rather easily under the weak assumption that the autocor-
relations tend to 0, as the lag increases. But the validity of the central limit theorem is much
more involved and requires stronger assumptions on the dependencies of the time series. We
will study several central limit theorems working under different types of assumptions, which
will turn out to be very useful to address different model classes for dependent processes in
discrete time.
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Recall the notion of a Cesaro sum. If {αn : n ∈ N} is a sequence of real numbers with
αn → α ∈ R, as n → ∞, then the Cesaro averages 1

n

∑n
i=1 αi converge as well to α, as

n → ∞. Put

XT = 1

T

T∑
t=1

Xt, T ≥ 1.

Theorem 8.1.2 (Law of Large Numbers)
Let {Xt} be a weakly stationary time series with mean μ = E(X1) and autocovariances γ(k),
k ∈ Z.

(i) If limk→∞ γ(k) = 0, then

Var (XT ) → 0, T → ∞,

such that

XT
P,L2→ μ,

as T → ∞.

(ii) If ∑
k∈Z

|γ(k)| < ∞,

then

Var (
√

TXT ) = TE(XT − μ)2 →
∑
k∈Z

γ(k),

as T → ∞.

Proof.

(i) Notice that

γ(k) − |k|
T

γ(k) ≤ max{0, γ(k)}.

Hence, the Cesaro average 1
T

∑T
k=1

(
1 − |k|

T

)
γ(k) converges to 0, if T → ∞, which

in turn implies that

lim
T→∞ Var (XT ) = 0.

Now the result follows from the Chebychev inequality: For any ε > 0,

P(|XT − μ| > ε) ≤ Var (XT )

ε2 → 0,

as T → ∞.
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(ii) Next consider

T Var (XT ) =
∑
|k|<T

(
1 − |k|

T

)
γ(k) =

∫
fT (k) dν(k),

where ν denotes the counting measure on Z and

fT (k) =
(

1 − |k|
T

)
γ(k)1(|k| < T ), k ∈ Z.

fT attains the majorant f (k) = |γ(k)|, k ∈ Z, which is ν-integrable by assumption,
since

∫ |f |dν =∑k∈Z |γ(k)| < ∞. Further, fT converges pointwise. Indeed, for ar-
bitrary but fixed k ∈ Z,

fT (k) =
(

1 − |k|
T

)
γ(k)1(|k| < T ) → γ(k) =: f (k).

Now by dominated convergence,

T Var (XT ) =
∫

fT (k) dν(k) →
∫

f (k) dν(k) =
∑
k∈Z

|γ(k)|,

as T → ∞, which completes the proof.

Remark 8.1.3 Notice that assertion (i) tells us that Var (XT ) converges to 0, which suffices
to obtain the weak law of large numbers. Part (ii) of Theorem 8.1.2 is stronger and asserts the
convergence of T Var (XT ), which coincides with Var (

√
TXT ), thus providing the existence

of the asymptotic variance of the statistic
√

T (μ̂T − μ), which we expect to be normally
distributed in large samples under certain conditions on the correlations.

The limit

η2 =
∑
h∈Z

γ(h) = γ(0) + 2
∞∑

h=0

γ(h) (8.1)

of η2
T , that is the the asymptotic variance of the scaled sample mean, is called the long-run

variance. Let us briefly consider an example.

Example 8.1.4 Let {Xt} be an AR(1) process with AR parameter ρ satisfying |ρ| < 1, i.e.

Xt − μ = ρ(Xt−1 − μ) + εt,

where the innovations are i.i.d. N(0, σ2). Since

γ(h) = ρ|h| σ2

1 − ρ2 ,
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the long-run variance is given by the limit of

η2
T = σ2

1 − ρ2 + 2
σ2

1 − ρ2

T−1∑
h=1

ρh = σ2

1 − ρ2 + 2
σ2

1 − ρ2

1 − ρT

1 − ρ
.

The above law of large numbers tells us that the temporal mean

XT (ω) = 1

T

T∑
t=1

Xt(ω)

converges to the expectation, that is the (integral) weighted average over all ω

EXt =
∫

Xt(ω) dP(ω).

Such results are called ergodic theorems and a process {Xt} satisfying an ergodic theorem
is called ergodic. The weak law of large numbers can be weakened as follows.

Theorem 8.1.5 (Ergodic Theorem)
Any weakly stationary process {Xt} is ergodic, that is

XT
P→ E(X1),

as T → ∞.

Suppose we are given a strictly stationary process {Xt : t ∈ Z} with E(X1) = 0. Consider
the natural filtration Ft = σ(Xs : s ≤ t). Recall that conditional expectation E(Xt|Fs), s ≤ t,
is the L2-optimal prediction for Xt and ‖E(Xt|Fs)‖2, which usually decreases as |s − t|
increases, measures how well we can predict Xt using a measurable function of Xs, Xs−1, . . . .
As an example, let us consider a linear process

Xt =
∞∑
i=0

θiεt−i, t ∈ Z,

with i.i.d.(0, σ2)-error terms {εt}, σ > 0. Then the optimal predictor of Xt given Xs, Xs−1, . . .

is

E(Xt|Fs) =
∞∑

i=t−s

θiεt−i.

Its norm

‖E(Xt|Fs)‖2 = σ

√√√√ ∞∑
i=t−s

θ2
i .

converges to 0, as t − s → ∞. The following general central limit theorem establishes the
asymptotic normality of 1√

T

∑T
t=1 Xt , provided the ‖E(Xt|Fs)‖2, s = t − 1, t − 2, . . . con-

verge to zero sufficiently fast such that the associated series converges. As for linear processes,



LIMIT THEOREMS FOR CORRELATED TIME SERIES 269

such a condition is often relatively easy to verify for time-series models induced by i.i.d.
innovation processes. We shall also use it to derive central limit theorems for mixing
processes and the sample autocovariance function.

As a preparation, we need the following lemma that establishes a relationship between
the L2 norm of a conditional expectation E(X|Y ) and the covariance Cov(X, Y ).

Lemma 8.1.6 Let X be a random variable with E(X) = 0 and A a σ-field. Then

‖E(X|A)‖L2 = sup{E(XY ) : Y A-measurable, ‖Y‖L2 = 1}.

Proof. Let Y be A-measurable with ‖Y‖L2 = 1. Then the Cauchy–Schwarz inequality
yields

E(XY ) ≤ E(E(XY |A))

= E(YE(X|A))

≤ ‖Y‖L2‖E(X|A)‖L2

= ‖E(X|A)‖L2

with equality if and only if Y and E(X|A) are linear dependent, this means

Y = E(X|A)

‖E(X|A)‖L2

.

Theorem 8.1.7 Let {Xt} be a strictly stationary series with E(X1) = 0, which satisfies the
ergodic theorem. Suppose that

∞∑
n=1

‖E(X0|F−n)‖2 < ∞.

Then

1√
T

T∑
t=1

Xt
d→ N(0, σ2),

as T → ∞, where

σ2 = E
(
X2

1

)+ 2
∞∑

h=1

E(X1X1+h)

converges absolutely.

Proof. Define

Zt =
∞∑

j=0

E(Xt+j|Ft−1),

Yt =
∞∑

j=0

[
E(Xt+j|Ft) − E(Xt+j|Ft−1)

]
.
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We shall verify:

(i) The above series Zt and Yt converge in L2.

(ii) The decomposition

Xt = Yt + Zt − Zt+1

holds true a.s. for all t.

(iii) We have

Z1 − ZT+1√
T

P→ 0,

as T → ∞.

(iv) {Yt} is a L2-martingale difference sequence to which we can apply Theorem 8.3.8.

(v) The series σ2 converges absolutely.

To check (i) it suffices to show that

∞∑
j=0

‖E(Xt+j|Ft−1)‖2 < ∞.

By stationarity of {Xt}, we have using Lemma 8.1.6

‖E(Xt+j|Ft−1)‖2 = sup{E(Xt+jZ) : Z is Ft−1-measurable, ‖Z‖2 = 1}
= sup{E(Xt+jf (Xt−1, . . . )) : f measurable, ‖f (Xt−1, . . . )‖2 = 1}
= sup{E(X0f (X−j−1, . . . )) : f measurable, ‖f (X−j−1, . . . )‖2 = 1}
= ‖E(X0|F−j−1)‖2,

for j = 0, 1, . . . It follows that

∞∑
j=0

‖E(Xt+j|Ft−1)‖2 =
∞∑

j=0

‖E(X0|F−j−1)‖2

=
∞∑

j=1

‖E(X0|F−j)‖2 < ∞,

by assumption.
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To show (ii), notice that by definition of Yt and Zt the terms E(Xt+j|Ft−1) cancel when
taking their sum, such that

Zt + Yt =
∞∑

j=0

E(Xt+j|Ft)

= E(Xt|Ft) +
∞∑

j=1

E(Xt+j|Ft)

= Xt +
∞∑

j=0

E(Xt+j+1|Ft)

= Xt + Zt+1,

a.s.
Let us now verify (iii). First, we need to show the strict stationarity of {Zt}, which is

technically involved. Here are the details of this step. The proof is based on the fact that
E(Xs|Ft) is shift invariant. Clearly, we can write

E(Xs|Ft) = f (Xt, Xt−1, . . . )

for some measurable function f . We claim that f (Xt+h, Xt+h−1, . . . ) is a version of
E(Xs+h|Ft+h) for any h ∈ Z. This follows, if we verify that∫

A

f (Xt+h, Xt+h−1, . . . ) dP =
∫

A

Xs+h dP,

for all A ∈ Ft+h. Fix such an A. Then A = {(Xt+h, Xt+h−1, . . . ) ∈ B} for a measurable set
B ⊂ RN0 . We have∫

A

f (Xt+h, Xt+h−1, . . . ) dP =
∫

{(Xt+h,Xt+h−1,... )∈B}
f (Xt+h, Xt+h−1, . . . ) dP

=
∫

{(Xt,Xt−1,... )∈B}
f (Xt, Xt−1, . . . ) dP

=
∫

{(Xt,Xt−1,... )∈B}
E(Xs|Ft) dP

=
∫

{(Xt,Xt−1,... )∈B}
Xs dP

=
∫

{(Xt+h,Xt+h−1,... )∈B}
Xs+h dP

=
∫

A

Xs+h dP.

But this implies

E(Xs|Ft)
a.s.= f (Xt, Xt−1, . . . )

d= f (Xt+h, Xt+h−1, . . . )
a.s.= E(Xs+h|Ft+h).
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Further, for fixed t1 < · · · < tk, k ∈ N, there are measurable functions f1, . . . , fk, such that(
E(Xt1+j|Ft1 ), . . . , E(Xtk+j|Ftk )

) a.s.= (
f1(Xt1+j, . . . ), · · · , fk(Xtk+j, . . . )

)
.

where the right-hand side is equal in distribution to
(
f1(Xt1+j+h, . . . ), . . . , fk(Xtk+j+h, . . . )

)
,

which is a.s. equal to
(
E(Xt1+j+h|Ft1+h), . . . , E(Xtk+j+h|Ftk+h)

)
.

We may now conclude that {Zt} is strictly stationary. Indeed, there exist measurable
functions f1, . . . , fk such that

(Zt1 , . . . , Ztk ) =
∞∑

j=0

(
E(Xt1+j|Ft1−1), . . . , E(Xtk+j|Ftk−1)

)
a.s.=

∞∑
j=1

(
f1(Xt1+j−1, . . . ), . . . , fk(Xtk+j−1, . . . )

)
d=

∞∑
j=1

(
f1(Xt1+h+j−1, . . . ), . . . , fk(Xtk+h+j−1, . . . )

)
a.s.=

∞∑
j=0

(
E(Xt1+h+j|Ft1+h−1), . . . , E(Xtk+h+j|Ftk+h−1)

)
=
∑(

Zt1+h, . . . , Ztk+h

)
.

This establishes the strict stationarity of {Zt}. Now it easily follows that

Var

(
Z1 − ZT+1√

T

)
= 1

T
E(Z1 − ZT+1)2

≤ 2

T

(
EZ2

1 + EZ2
T+1

)
= 4EZ2

1

T
,

which converges to 0, as T → ∞.
To verify (iv), notice that

E(Yt|Ft−1) =
∞∑

j=0

E
(
E(Xt+j|Ft) − E(Xt+j|Ft−1)|Ft−1

)
=

∞∑
j=0

(E(Xt+j|Ft−1) − E(Xt+j|Ft−1)),

which vanishes a.s.
The proof can now be completed as follows. {Yt} is a strictly stationary L2-martingale

difference sequence and therefore satisfies the central limit theorem. The decomposition

Xt = Yt + Zt − Zt+1
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yields

1√
T

T∑
t=1

Xt = 1√
T

T∑
t=1

Yt + RT ,

where the remainder term

RT = Z1 − ZT+1√
T

converges to 0 in L2. This implies that, first,

lim
T→∞ P

(
1√
T

T∑
t=1

Xt ≤ x

)
= lim

T→∞ P

(
1√
T

T∑
t=1

Yt ≤ x

)
= �

( x

σ

)
,

for all x ∈ R, for some σ ≥ 0, by an application of Slutzky’s lemma, and, secondly,

lim
n→∞ Var

(
1√
T

T∑
t=1

Xt

)
= lim

n→∞ Var

(
1√
T

T∑
t=1

Yt

)
.

Hence,

σ2 = E
(
X2

1

)+ 2
∞∑

h=0

E(X1X1+h),

provided the series at the right-hand side converges. To show the latter notice that

E

(
1√
T

T∑
t=1

Xt

)2

= E
(
X2

1

)+ 2
T−1∑
h=1

(
1 − h

T

)
E(X1X1+h).

We have

|E(X1X1+h)| = E(X0E(Xh|F0))

≤ E(|X0E(Xh|F0)|)
≤ ‖X0‖2‖E(Xh|F0)‖2

= ‖X0‖2‖E(X0|F−h)‖2.

Hence,

∞∑
h=1

|E(X1X1+h)| ≤ ‖X0‖2

∞∑
h=1

‖E(X0|F−h)‖2 < ∞.

8.2 A regression model for financial time series

The classic multiple linear regression model regresses a response variable Y on p explanatory
variables (regressors) x1, . . . , xp by assuming that

Y = β0 + β1x1 + · · · + βpxp + ε
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for unknown regression coefficients β0, . . . , βp and a mean zero error term ε. Both the
regressors and the coefficients are assumed to be non random. In order to estimate the above
model, one collects T observation vectors (Yt, xt1, . . . , xtp), t = 1, . . . , T . The corresponding
model equations are

Yt = β0 + β1xt1 + · · · + βpxtp + εt, t = 1, . . . , T.

The sampling mechanism yielding the sample of size T determines the stochastic relationships
between the random variables Yt, xt1, . . . , xtp, εt, t = 1, . . . , T . The classic regression model
assumes that the error terms are i.i.d. and follow a normal distribution. In this form, the
regression model is not applicable to financial data sets. First, one wants to analyze random
regressors such as returns. Secondly, lagged values, Yt−j for j ∈ N, often appear as explanatory
variables. Lastly, the errors εt are usually neither independent nor Gaussian. For these reasons,
we consider a general regression model with stochastic regressors,

Yt = X′
tβ + εt, t = 1, . . . , T, (8.2)

where Xt are d-dimensional random vectors, β ∈ Rd is an unknown but fixed coefficient
vector and εt are stochastic error terms.

Concerning the regressors, we make the following assumption.

(R1) {Xt : t ∈ N} is weakly stationary, i.e. E(Xt) = E(X1) and E(XtX
′
t) = E(X1, X

′
1)

for all t as well as E(X2
tj) < ∞ for all j and t.

To proceed, we introduce a filtration Ft , t ≥ 1. Its purpose is to collect the information at
time t on which the regressors Xt may depend. We assume that

(F1) Xt−j is Ft − measurable, j ≥ 0.

(F2) Yt−j is Ft − measurable, j ≥ 1.

Obviously, one may use Ft = σ(Xt−j, Yt−1−j : j ≥ 0), t ∈ N, but sometimes Ft is given
such that one has to check that (F1) and (F2) are satisfied.

The assumptions on the error terms are as follows.

(E1) E(εt|Ft) = 0 a.s., for all t ∈ N.

(E2) E(ε2
t |Ft) = σ2 a.s., t ∈ N, for some constant σ2 ∈ (0, ∞).

In the regression model (8.2) the εt describe the random fluctuation around the predictor X′
tβ.

Thus, Equation (E1) assumes that their conditional mean is zero given the regressors, i.e.
when the predictor is fixed. Assumption (E2) tells us that the conditional dispersion of the
errors is constant as time proceeds. We shall later discuss how one can relax that condition.

The following observations are simple but crucial: εt is not Ft-measurable; otherwise

ε2
t = E

(
ε2
t |Ft

) = σ2

holds true for all t, such that ε2
t is a constant time series that has marginal variance σ2 =

E(ε2
t ) = 0, a contradiction. This fact also implies that Yt = X′

tβ + εt is not Ft-measurable,
since otherwise εt = Yt − X′

tβ would have that property. But all lagged values εt−j, j ≥ 1,
are Ft-measurable, as one can easily check.
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Also, notice that Assumption (E1) implies that the ε′
ts are uncorrelated, since for j ≥ 1

E(εt−jεt) = E(E(εt−jεt|Ft))

= E(εt−jE(εt|Ft)) = 0,

since εt−j is Ft-measurable and (E1) holds true. However, {εt} is not a martingale differ-
ence sequence with respect to the filtration {Ft}, since we assume E(εt|Ft) = 0 and not
E(εt|Ft−1) = 0. But it is possible to enlarge the filtration in such a way that {εt} becomes
a martingale difference, which will allow us to apply powerful limit theorems to construct
asymptotic hypothesis tests and confidence intervals for the regression model with stochastic
regressors. For that purpose define

F∗
t = σ(Ft ∪ σ(Yt)), t ∈ N.

Then the following properties hold true

(i) Yt is F∗
t -measurable.

(ii) F∗
t−1 = σ(Ft−1 ∪ σ(Yt−1)) ⊂ Ft , since Ft−1 ⊂ Ft and σ(Yt−1) ⊂ Ft .

(iii) Using (ii) we may calculate conditional expectations such as E(Z|F∗
t−1) by using the

rule

E(Z|F∗
t−1) = E(E(Z|Ft)|F∗

t−1).

Property (iii) now immediately implies

E(εt|F∗
t−1) = E(E(εt|Ft)|F∗

t−1) = 0,

which verifies that εt is a F∗
t -martingale difference sequence.

Example 8.2.1 The celebrated capital asset pricing model (CAPM) fits the linear regres-
sion framework. Assume we are given an economy (market) with N financial assets and a
bank where one can lend and borrow money at the same risk-free rate r. Let us denote by
Rtj the log-return of asset j at time t, j = 1, . . . , N, t = 1, . . . , T . It is assumed that there

exists a market portfolio with log-returns R
(M)
t . If R denotes the log-return of a risky asset,

the difference

Re = R − r

is called the excess return. The Sharpe–Lintner version of the CAPM now states that the
excess returns Rti − r satisfy a linear regression model of the form

Rti − r = β0 + βj

(
R

(M)
t − r

)+ εti, t = 1, . . . , T, i = 1, . . . , N.

The regression coefficients βj are the beta factors (investment betas) of the assets. They
measure the sensitivity of the asset returns when the market moves. Assets with a beta smaller
than one are less sensitive to market fluctuations, while assets with a beta factor larger than
one are riskier than the market portfolio. The CAPM theory asserts that β0 = 0 and that the
innovations are uncorrelated and normally distributed. In practice, often an index is used as
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a proxy for the market portfolio. Further, one has to fix a riskless interest rate, e.g. the interest
rate of a treasury bond.

8.2.1 Least squares estimation

The most popular approach to estimate a regression model is the method of least squares
where the function

QT (β) =
T∑

t=1

(Yt − X′
tβ)2, β ∈ Rd,

is minimized. It is easy to check that any solution β̂T ∈ Rd satisfies the normal equations

X′
T XT β̂T = X′

T Y,

where XT is the T × d random matrix

XT = (X1, . . . , XT )′

and

Y = (Y1, . . . , YT )′.

Notice that

1

T
X′

T XT = 1

T

T∑
t=1

XtX
′
t

is the average of the rank 1 matrices XtX
′
t . We may solve the normal equations for β̂T , if X′

T XT

is almost surely invertible, at least for large T . Thus, we impose the following assumption
that ensures that property.

(R2) 1
T

X′
T XT → �X in probability, as T → ∞, for some non random and positive defi-

nite matrix �X.

In some cases, one can even guarantee a.s. convergence, and then the following derivations are
easier to understand, since we can then find some set A ⊂ �, such that 1

T
XT (ω)′XT (ω) → �X,

as T → ∞, holds true for all ω ∈ A, and the remaining ω ∈ Ac play no role. Thus, let us
assume that a.s. convergence holds true. For large enough T we obtain the explicit formula

β̂T = (X′
T XT )−1X′

T Y.

We are now going to derive a formula that plays a key role in what follows. Using Y =
Xβ + ε we obtain

β̂T = (X′
T XT )−1X′

T Y

= (X′
T XT )−1X′

T (XT β + ε)

= β + (X′
T XT )−1X′

T ε,
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yielding

β̂T − β = (X′
T XT )−1

T∑
t=1

Xtεt,

or equivalently

√
T (β̂T − β) =

(
1

T
X′

T XT

)−1 1√
T

T∑
t=1

Xtεt.

Assumption (R2) ensures that the first factor of that matrix product, (T−1X′
T XT )−1, converges

in probability to �−1
X , as T → ∞. If we know in addition that

1√
T

T∑
t=1

Xtεt

d−→
T→∞ N(0, S),

as T → ∞, holds true for some matrix S, we may conclude that β̂T satisfies a central limit
theorem, since then

√
T
(
β̂T − β

) d−→
T→∞ N(0, �−1

X S(�−1
X )′),

as T → ∞. This means, given the regressors satisfy (R2), we have to find conditions on the
errors εt such that the process ξt = Xtεt, t ∈ N, satisfies a central limit theorem.

The following simple lemma is crucial for what follows.

Lemma 8.2.2 Given assumptions (E1), (E2), (F1), (F2) and (R1), the process ξt = Xtεt, t ∈
N, is a F∗

t - martingale difference sequence with

Var (ξt) = σ2�X, �X = E(XtX′
t)

and

Cov(ξs, ξt) = 0, s < t.

Proof. Xt, εt ∈ L2 implies that ξt = Xtεt ∈ L1. Using E(εt|Ft) = 0 we have

E(Xtεt|F∗
t−1) = E(E(Xtεt|Ft)|F∗

t−1)

= E(XtE(εt|Ft)|F∗
t−1) = 0,

and

Var (Xtεt) = E(ε2
t XtX

′
t)

= E(E(ε2
t XtX

′
t|Ft))

= E(XtX
′
tE(ε2

t |Ft))

= σ2E(XtX
′
t) = σ2�X,

where the last equality follows from (R1).
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8.3 Limit theorems for martingale difference

We shall now collect some basic results for martingale difference arrays, which generalize
the notion of a martingale difference sequence.

Definition 8.3.1 An array Xnk : (�,F, P) → (R,B), 1 ≤ k ≤ rn, n ≥ 1, of random vari-
ables and random vectors, respectively, is called a martingale difference array with respect
to an non decreasing family {Fnk : 1 ≤ k ≤ rn, n ≥ 1} of σ- fields, if for each n ∈ N the
sequence

Xn1, . . . , Xnrn

is a martingale difference sequence with respect to the filtration

Fn1 ⊂ · · · ⊂ Fnr,

that is

(i) Fn0 = {∅, �}, Fnk ⊂ Fn,k+1 ⊂ · · · for 1 ≤ k ≤ rn, n ≥ 1.

(ii) Xnk is Fnk-measurable with E|Xnk| < ∞ for 1 ≤ k ≤ rn, n ≥ 1, and

(iii) E(Xnk|Fn,k−1) = 0 for 1 ≤ k ≤ rn, n ≥ 1.

Martingale difference arrays satisfy a weak law of large numbers under fairly general
conditions.

Theorem 8.3.2 Let {XTt} = {XTt : 1 ≤ t ≤ T, T ≥ 1} be a {FT,t}-martingale difference ar-
ray. Suppose that one of the following two conditions is satisfied.

(i) There exists some σ2 ∈ [0, ∞) such that

1

T

T∑
t=1

Var (XTt) → σ2,

as T → ∞.

(ii) There exists some σ2 ∈ [0, ∞) such that

1

T

T∑
t=1

σ2
Tt → σ2, in L1,

as T → ∞, where σ2
Tt = E(X2

Tt|FT,t−1).

Then the weak law of large numbers holds true,

1

T

T∑
t=1

XTt
P→ 0,

as T → ∞.
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Proof. The proof relies on Chebychev’s inequality. We have

P

(∣∣∣∣ 1

T

T∑
t=1

XTt

∣∣∣∣ > ε

)
≤ E

( 1
T

∑T
t=1 XTt

)2

ε2

≤
1
T 2

∑T
t=1 E(X2

Tt)

ε2 ,

where we used the fact martingale differences are centered and uncorrelated. If (ii) is satisfied,
we obtain

1

T 2

T∑
t=1

E
(
X2

Tt

) = 1

T
E

[
1

T

T∑
t=1

E(X2
Tt|FT,t−1)

]

= 1

T
E

(
1

T

T∑
t=1

σ2
Tt

)
≤ c

T
,

since T−1∑T
t=1 σ2

Tt → σ2 in L1 means that aT = E
(
T−1∑T

t=1 σ2
Tt

)→ σ2, as T → ∞, such
that {aT } is bounded by some constant c. The sufficiency of (i) is left to the reader.

Let us illustrate Theorem 8.3.2 by the problem to estimate mean and volatility of log
returns.

Example 8.3.3 SupposeR1, R2, . . .are log returns of an asset. To estimate mean and volatility
based on R1, . . . , RT , let us consider the following basic model,

Rt = μ + εt, t ∈ N,

where μ ∈ R is a constant and {εt} is a martingale difference array w.r.t. the natural filtration
Ft = σ(ε1, . . . , εt) with

E
(
ε2
t |Ft−1

) = σ2, E
(
ε4
t |Ft−1

) = γ4 < ∞,

a.s., for all t, for constants γ4 and σ2. Clearly, E(Rt|Ft−1) = μ + E(εt|Ft−1) = μ and thus
E(Rt) = μ as well. It follows that

μ̂T = 1

T

T∑
t=1

Rt

is an unbiased estimator for μ. Since μ̂T − μ = 1
T

∑T
t=1 εt , Theorem 8.3.2 yields

μ̂T − μ
P→ 0 ⇔ μ̂T

P→ μ,

as T → ∞, such that μ̂T is weakly consistent for μ.
In order to estimate σ2, let us first consider the case that μ is known. Since then (Rt −

μ)2 = ε2
t such that E(Rt − μ)2 = σ2, it is natural to estimate σ2 by

σ̃2
T = 1

T

T∑
t=1

(Rt − μ)2.
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We claim that {ε2
t − σ2 : t ≥ 1}, is a martingale difference sequence. Indeed,

E|ε2
t − σ2| ≤ Eε2

t + σ2 < ∞
and

E
(
ε2
t − σ2|Ft−1

) = E
(
ε2
t |Ft−1

)− σ2 = 0,

a.s., by assumption. In order to apply Theorem 8.3.2, notice that

1

T

T∑
t=1

E[
(
ε2
t − σ2)2|Ft−1] = 1

T

T∑
t=1

E
(
ε4
t − 2ε2

t σ
2 + σ4|Ft−1

)
= γ4 − σ4 < ∞.

If follows that σ̃2
T − σ2 P→ 0, as T → ∞. If μ is unknown, one replaces μ by μ̂T and

considers

σ̂2
T = 1

T

T∑
t=1

(Rt − μ̂T )2.

Consistency of σ̂2
T follows now easily by observing that

σ̂2
T = 1

T

T∑
t=1

(Rt − μ + μ − μ̂T )2

= 1

T

T∑
t=1

(Rt − μ)2 + 2(μ − μ̂T )
1

T

T∑
t=1

(Rt − μ) + (μ − μ̂T )2.

The first term is σ̃2
T . The second one converges to 0 in probability, since μ̂T − μ

P→ 0 and
1
T

∑T
t=1(Rt − μ)

P→ 0, as T → ∞. The last term, (μ − μ̂T )2, converges in probability to 0

as well. By virtue of Slutzky’s lemma, we may conclude that σ̂2
T

P→ σ2, as T → ∞.

Let us continue our study of the general regression model. The next proposition asserts
that the martingale difference property is preserved, if each observation is multiplied with a
function of past values.

Proposition 8.3.4 Let {Xt : t ≥ 0} be a Ft-martingale difference array with Xt ∈ Lp for all
t and let g be a function on R∞ such that

Yt−1 = g(Xt−1, Xt−2, . . .) ∈ Lq for all t,

where 1
p

+ 1
q

= 1, p, q ∈ [1, ∞]. Then {XtYt−1 : t ≥ 1} is a martingale difference sequence.
Further, {Xt : t ≥ 1} and {Yt−1 : t ≥ 1} are uncorrelated.

Proof. Hölder’s inequality yields

E|XtYt−1| ≤ ‖Xt‖p ‖Yt−1‖q < ∞.
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Further, E(XtYt−1|Ft−1) = Yt−1E(Xt|Ft−1) = 0, a.s., and

Cov(Xt, Yt−1) = E(XtYt−1) = E(Yt−1E(Xt|Ft−1)) = 0.

Combining Theorem 8.3.2 and Proposition 8.3.4 yields the following interesting result on
the martingale transform.

Theorem 8.3.5 Let {Xt} be a Ft-martingale and ϕt Ft-predictable. If

1

T

T∑
t=1

ϕ2
t E[(�Xt)

2|Ft−1]
P→ σ2,

as T → ∞, for some σ2 ∈ (0, ∞), then

1

T

∫ T

0
ϕtdXt

P−→
T→∞ 0.

Proof. Notice that

1

T

∫ T

0
ϕtdXt = 1

T

T∑
t=1

ϕtξt = 1

T

T∑
t=1

ϕ̃t−1ξt,

where ξt = �Xt = Xt − Xt−1 is a Ft-martingale difference sequence and ϕ̃t−1 = ϕt is Ft−1-
measurable. Hence, ϕ̃t−1ξt is a martingale difference sequence and the assertion follows from
Theorem 8.3.2.

Under fairly general conditions, martingale differences satisfy the central limit theorem.
For an elaborated proof consult the references.

Theorem 8.3.6 Suppose {XTt : 1 ≤ t ≤ T, T ≥ 1} is a martingale difference array with
σ2

Tt = Var (XTt) < ∞ for all t, T and

Var

( T∑
t=1

XTt

)
=

T∑
t=1

σ2
Tt = 1.

If

(i)
∑T

t=1 X2
Tt

P→ 1, as T → ∞, and

(ii) max1≤t≤T |XTt| P→ 0, as T → ∞,

then

T∑
t=1

XTt
d→ N(0, 1),

as T → ∞.
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Remark 8.3.7 There are various versions of the central limit theorem for martingale
differences. The sufficient conditions given in Theorem 8.3.6 will allow us to establish
asymptotic normality of statistics relevant for financial data analysis by relatively elementary
arguments. In particular, instead of (ii) one can verify the Linderberg condition

T∑
i=1

E(ξ2
Ti1(|ξTi| > ε)|FT,i−1) → 0, (8.3)

for any ε > 0. However, some alternative versions frequently used in financial statistics are
presented in Appendix B.

For strictly stationary sequences of martingale sequences, one has the following simplified
result.

Theorem 8.3.8 Let {Xt : t ∈ N} be a strictly stationary sequence of L2-martingale differ-
ences, that is

σ2 = E
(
X2

t

)
< ∞

and

E(Xt|Ft−1) = 0,

hold for all t, where Ft = σ(Xs : s ≤ t), for t ∈ N, and F0 = {∅, �}. Then

1√
T

T∑
t=1

Xt
d→ N(0, σ2),

as T → ∞.

Proof. Define the random variables

ξt = E
(
X2

t |Ft−1
)
, t ≥ 1,

and notice that ξt = f (Xt−1, Xt−2, . . . ) for some Borel-measurable function f defined on
R
N0 . {ξt} is a strictly stationary process and therefore satisfies the ergodic theorem. Hence,

1

T

T∑
t=1

E
(
X2

t |Ft−1
) = 1

T

T∑
t=1

ξt
P→ σ2,

as T → ∞. Further, by strict stationarity

1

T

T∑
t=1

E
(
X2

t 1{|Xt |>ε
√

T }
)

= E
(
X2

11{|X1|>ε
√

T }
)
,

which converges to 0, if T → ∞, by dominated convergence. This verifies condition (8.3).
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To illustrate how to apply Theorem 8.3.6, we show that the asymptotics leading to the
statistical tests and confidence intervals for the mean of (log) returns remains valid, when the
returns form a martingale difference sequence.

Example 8.3.9 At the beginning of the present chapter, we reviewed the central limit theorem
for i.i.d. returns R1, . . . , RT with mean μ and volatility σ. We will now show that under the
assumptions of Example 8.3.3

√
T (μ̂T − μ) = 1√

T

T∑
t=1

(Rt − μ)
d−→

T→∞ N(0, σ2) (8.4)

still holds true. For that purpose put

XTt = Rt − μ√
T · σ

, 1 ≤ t ≤ T, T ∈ N.

Then
√

T (μ̂T −μ)
σ

= ∑T
t=1 XTt . Obviously, Var

(∑T
t=1 XTt

) = 1. To show condition (ii) of
Theorem 8.3.6, notice that according to Example 8.3.3

T∑
t=1

X2
Tt = 1

Tσ2

T∑
t=1

ε2
t → 1,

as T → ∞.

Condition (ii) follows from the union bound and Markov’s inequality. We have

P

(
max

1≤t≤T
|Rt − μ| > ε

√
Tσ

)
= P

(
T⋃

t=1

{|εt| > ε
√

Tσ}
)

≤
T∑

t=1

P(|εt| > ε
√

Tσ)

≤
T∑

t=1

E|εt|4
ε4T 2σ4

= E(ε4
1)

Tε4σ4 → 0,

as T → ∞, which completes the proof of Equation (8.4).

8.4 Asymptotics

Before proceeding, let us take a closer look at Assumption (R2), which requires that

1

T

T∑
t=1

XtX
′
t

P→ �X, T → ∞.
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First, recall that convergence in probability of a sequence of random matrices {A, AT } means
P(‖AT − A‖ > ε) → 0, T → ∞, for any ε > 0, where ‖ · ‖ is an arbitrary matrix norm. But
this is equivalent to element-wise convergence in probability. Thus, for ease of presentation,
we confine ourselves to dimension d = 1, where one has to show

1

T

T∑
t=1

X2
t

P→ σ2 = E
(
X2

1

) ∈ (0, ∞), (8.5)

as T → ∞, which is obviously true for i.i.d. regressors. Under Assumption (E2) {X2
t − σ2 :

t ≥ 1} is a Ft-martingale difference sequence, and Example 8.3.3 told us that now again
Equation (8.5) holds true.

A further important case is the autoregressive model of order 1 with martingale difference
errors, i.e.

Xt = ρ Xt−1 + εt, t ≥ 1, (8.6)

where {εt : t ∈ Z} is a Ft-martingale difference sequence and |ρ| < 1. We have seen in Ex-
ample 3.4.10 that the above equations have a stationary solution, namely

Xt =
∞∑
i=0

ρiεt−i, t ∈ Z.

Thus, if we take the random starting value X0 =∑∞
i=0 ρiε−i and put

Xt =
∞∑
i=0

ρiεt−i, t ≥ 1,

we obtain a solution {Xt : t ∈ N0} satisfying the weak stationarity conditions

E
(
Xi

t

) = E
(
Xi

1

)
for all t and i = 1, 2. (8.7)

Proposition 8.4.1 Suppose model (8.6) holds true. Then

1

T

T∑
t=1

X2
t

P→ σ2

1 − ρ2 ,

as T → ∞, provided E(ε2
t |Ft−1) = σ2 > 0 and E(ε4

t |Ft−1) = γ4 with constants σ2, γ4 < ∞
for all t.

Proof. We have

X2
t = ρ2X2

t−1 + 2ρXt−1εt + ε2
t ,
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leading to

1

T

T∑
t=1

X2
t = ρ2

T

T∑
t=1

X2
t−1 + 2ρ

T

T∑
t=1

Xt−1εt + 1

T

T∑
t=1

ε2
t

= ρ2
(

1

T

T∑
t=1

X2
t

)
+ ρ2

(
X2

0

T
− X2

T

T

)
+ 2ρ

T

T∑
t=1

Xt−1εt + 1

T

T∑
t=1

ε2
t

= ρ2
(

1

T

T∑
t=1

X2
t

)
+ AT + BT + CT .

We arrive at

(1 − ρ2)
1

T

T∑
t=1

X2
t = AT + BT + CT .

Clearly, for i = 0, . . . , T

P

(
ρ2
∣∣∣∣X2

i

T

∣∣∣∣ > ε

)
≤ ρ2 EX2

0

Tε
→ 0,

as T → ∞, which implies AT
P→ 0, as T → ∞. Further, by Proposition 8.3.4, εtXt−1 is a

Ft-martingale difference sequence. Its martingal variance is

Var
(
εtXt−1

) = E
(
ε2
t X

2
t−1

)
= E

(
X2

t−1E
(
ε2
t |Ft−1

))
= σ2E

(
X2

t−1

)
= σ2E

(
X2

1

)
> 0,

due to Equation (8.7). Thus, condition (i) of Theorem 8.3.2 is satisfied, such that BT
P→ 0, as

T → ∞, follows. Finally, consider CT . The random variables ε2
t − σ2, t ≥ 1, are martingale

difference with variance

Var
(
ε2
t − σ2) = E

(
ε2
t − σ2)2 = γ4 − σ4 ∈ [0, ∞).

Again, Theorem 8.3.2 can be applied, yielding CT
P→ σ2, as T → ∞.

In order to establish a central limit theorem for the least squares estimator β̂T , the assump-
tions (R1) and (R2) have to be strenghtened a little.

Theorem 8.4.2 If in addition to assumptions (R1), (R2), (F1), (F2), (E1), (E2) the condition

(SM) there exists a δ > 0 such that E|Xtεt|2+δ = E|X1ε1|2+δ < ∞ for all t

and E(X4
t ε

2
t ) = E(X4

1ε
2
1) for all t,
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holds true, then the least squares estimator β̂T is asymptotically normal,

√
T (β̂T − β)

d−→
T→∞ N(0, σ2�X),

as T → ∞.

Proof. In dimension d = 1 we have

√
T (β̂T − β) =

(
1

T

T∑
t=1

X2
t

)−1 1√
T

T∑
t=1

Xtεt.

It suffices to show that we may apply Theorem 8.3.6 to the array of random variables

XTt = Xtεt√
Tσ

√
�x

, 1 ≤ t ≤ T, T ≥ 1,

where �x = �X signifies that we now work in dimension d = 1. We have shown in Lemma
8.2.2 that Xtεt is a F∗

t -martingale difference sequence. It is easily verified that this implies
that XTt is a F∗

t -martingale difference array. This particulary yields Var
(∑T

t=1 XTt

) = 1
for all T . We will now show that

(i) 1
T

∑T
t=1 X2

t ε
2
t

P→ σ2�X, T → ∞, and

(ii) P
(

max1≤t≤T |Xtεt| > εη
√

T
)

→ 0, T → ∞, where η = σ
√

�x.

Let us first verify (ii). As in Example 8.3.9, we apply the union bound and Markov’s inequality,
but this time using the function x �→ x2+δ.

P

(
max

1≤t≤T
|Xtεt| > εη

√
T

)
= P

(
T⋃

t=1

{|Xtεt| > εη
√

T }
)

≤
T∑

t=1

P
(
|Xtεt| > εη

√
T
)

≤
T∑

t=1

E|Xtεt|2+δ

(εη)2+δT 1+δ/2

= E|X1ε1|2+δ

(εη)2+δT δ/2 → 0,

as T → ∞, which shows (ii). The verification of (i) is more involved. Observe that

X2
t ε

2
t − σ2�X = X2

t

(
ε2
t − σ2)+ σ2(X2

t − �X

)
,

which implies the decomposition

1

T

T∑
t=1

(
X2

t ε
2
t − σ2�X

) = 1

T

T∑
t=1

X2
t

(
ε2
t − σ2)+ σ2 1

T

T∑
t=1

(
X2

t − �X

)
.
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By Assumption (R2), the second term on the right side converges to 0 in probability, as
T → ∞. We intend to apply the law of large numbers for martingale differences to the first
term. Using (R1) and (SM), we have

E|X2
t

(
ε2
t − σ2)| ≤ E|X2

t ε
2
t | + E|X2

t |σ2

≤
√

EX4
t

√
Eε4

t + E|X2
t |σ2 < ∞.

Further,

E
(
X2

t

(
ε2
t − σ2)|F∗

t−1

) = E
(
X2

t · E
(
ε2
t − σ2|Ft−1

)|F∗
t−1

) = 0,

by virtue of Assumption (E2), such that X2
t (ε2

t − σ2) ≥ 1, areFt-martingale differences. Now
we check that

1

T

T∑
t=1

X4
t

(
ε2
t − σ2)2 −−−→

T→∞ c < ∞ in L1,

for some constant c. Using (SM) we have

E

(
1

T

T∑
t=1

E
(
X4

t

(
ε2
t − σ2)2|F∗

t−1

)) = E
(
X4

1

(
ε2

1 − σ2)2)
. (8.8)

Now

E
(
X4

1

(
ε2

1 − σ2)2) = E
(
X4

1ε
4
1 − 2X4

1ε
2
1σ

2 + σ4X4
1

)
= σ2E

(
X4

1ε
4
1

)− 2σ4E
(
X4

1

)+ σ4E
(
X4

1

)
,

since E
(
X4

1ε
2
1

) = E
(
X4

1E
(
ε2

1|F1
)) = σ2E

(
X4

1

)
.

Here, we used theF1-measureability of X1, cf. (F1). We see that the left-hand side of Equa-
tion (8.8) converges to c = E

(
X4

1ε
4
1 − σ4E

(
X4

1

)
< ∞. Thus, (i) is shown, which completes

the proof.

8.5 Density estimation and nonparametric regression

We have already discussed the Rosenblatt–Parzen kernel density estimator in Chapter 1 for
univariate samples. But in financial applications one typically has to deal with the multivariate
case, for instance when analyzing the log returns of a portfolio. We have already seen that
the bias is an issue in nonparametric estimation, both in its application in practice and in
the derivation of analytic results. To simplify presentation, the analytic treatment focuses on
the i.i.d. setting. However, the results are worked in such a way that they can be extended
to dependent time series with relative ease. We shall discuss this issue in some detail also in
Chapter 9, where the generalization to local polynomial estimation is given.
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8.5.1 Multivariate density estimation

Having already discussed univariate nonparametric density estimation in Chapter 1, we shall
now extend the method to the multivariate case, which is of practical interest as well as needed
to understand nonparameteric regression. Let

Xt = (Xt1, . . . , Xtd), t = 1, . . . , T,

be i.i.d. random vectors of dimension d ∈ N with common density function f . Let L : R→
[0, ∞) be an univariate kernel satisfying∫

L(z) dz = 1,

∫
zL(z)dz = 0, (8.9)

L2 =
∫

L(z)2 dz < ∞, L̃2 =
∫

z2L(z) dz < ∞. (8.10)

Let h1, . . . , hd > 0 be bandwidths, which we use to obtain a scaled smoothing kernel
h−1

j L(x/hj), x ∈ R, for dimension j = 1, . . . , d. It is worth mentioning that one could also
use a different smoothing kernel, Lj , for each dimension j, without any changes in the deriva-
tion except the extra indices. Thus, to simplify the exposition, we confine ourselves to the
case Lj = L for j = 1, . . . , d.

These d scaled univariate kernels are now combined to the corresponding scaled product
kernel

1

h1 · · · hd

K
(x

h

)
= 1

h1 · · · hd

d∏
j=1

L

(
xj

hj

)
, x = (x1, . . . , xd) ∈ Rd. (8.11)

At first glance the notation on the left-hand side looks like a shortcut, but when putting
h = (h1, . . . , hd) and defining x/h for a vector x ∈ Rd as

(x1/h1, . . . , xd/hd),

then the left-hand side of Equation (8.11) is well defined, if we define K : Rd → R by

K(x1, . . . , xd) =
d∏

j=1

L(xj), (x1, . . . , xd) ∈ Rd.

Notice that the product kernel defines a d-dimensional distribution with independent coordi-
nates that are marginally distributed as hjZj , if Zj ∼ L, j = 1, . . . , d.

The multivariate kernel density estimator of f is now defined by

f̂ T (x) = 1

Th1 · · · hd

T∑
t=1

K

(
x − Xt

h

)
, x ∈ Rd.

When using the same bandwidth hj = h, j = 1, . . . , d, for each dimension, the formula
simplifies, but in practice the d variables often have different scales, which requires us to
select the bandwidths separately in order to take this into account.
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As for the univariate setting, it is interesting to study bias, variance and MSE of that
estimator.

Proposition 8.5.1 Assume that the partial derivatives of f up to the order three exist and
are uniformly bounded. Then

Bias(f̂ T (x); f (x)) = L̃2

2

d∑
j=1

h2
j

∂2f

∂x2
j

+ O

⎛⎝ d∑
j=1

h3
j

⎞⎠ , (8.12)

Var (f̂ T (x)) = 1

Th1 · · · hd

⎧⎨⎩Ld
2f (x) + O

⎛⎝ d∑
j=1

h2
j

⎞⎠⎫⎬⎭ (8.13)

and

MSE(f̂ T (x); f (x)) = O

⎛⎝( d∑
j=1

h2
j

)2

+ 1

Th1 · · · hd

⎞⎠ .

Proof. Let us calculate the bias of the kernel density estimator. We have

E(f̂ T (x)) − f (x) = E

(
1

h1 · · · hd

K

(
X1 − x

h

)
− f (x)

)
= 1

h1 · · · hd

∫
K

(
z − x

h

)
f (z) dz − f (x)

=
∫

K(u)[f (x + hu) − f (x)] du,

by the d substitutions uj = (zj − xj)/hj , j = 1, . . . , d, where here and in the following
du = du1 . . . dud . A Taylor expansion up to the terms of order three shows that the last
expression of the above display can be written as

∫
K(u)

⎡⎣ d∑
j=1

∂f (x)

∂xj

hjuj + 1

2

d∑
j,k=1

∂2f (x)

∂xj∂xk

hjhkujuk + O

( d∑
j=1

h3
j

)⎤⎦ du,

where we used the estimate hjhkhl ≤ max{hj, hk, hl}3 = max
{
h3

j , h
3
k, h

3
l

} ≤∑d
j=1 h3

j to
handle the terms involving derivatives of the order three. Observe that for all j∫

ujK(u) du =
∏
k /= j

∫
L(uk) duk ·

∫
ujL(uj) duj = 0

and for j /= k∫
ujukK(u) du =

∏
l /= j,k

∫
L(ul) dul ·

∫
ujL(uj) duj

∫
ukL(uk) duk = 0
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as well as ∫
u2

jK(u) du =
∏
l /= j

∫
L(ul) dul

∫
u2

jL(uj) duj = L̃2.

Putting things together, we arrive at

E(f̂ T (x)) − f (x) =
⎧⎨⎩ L̃2

2

d∑
j=1

h2
j

∂2f

∂x2
j

+ O

⎛⎝ d∑
j=1

h3
j

⎞⎠⎫⎬⎭ .

Noticing that, by independence of the summands of f̂ T (x),

(Th1 · · · hd) Var (f̂ T (x)) = 1

h1 · · · hd

Var K

(
X1 − x

h

)
≤ EK2

(
X1 − x

h

)
,

where

EK2
(

X1 − x

h

)
=
∫

K2
(

z − x

h

)
f (z) dz

= h1 · · · hd

∫
K2(u)f (x + hu) du

= h1 · · · hd

∫
K2(u)

[
f (x) + ∇f (x)′(hu) + 1

2
(hu)′Df (x∗)(hu)

]
du

= h1 · · · hd

(
f (x)

∫
K2(u) du +

∫
K2(u)∇f (x)′hu du

+ 1

2

∫
K2(u)(hu)′Df (x∗)(hu)du

)
,

with
∫

K2(u) du = Ld
2, for some x∗ between x and x + hu, where ∇f (x) denotes the gradient

of f at x and Df (x∗) is the matrix of second partial derivatives of f evaluated at x∗. Denote
by ‖x‖ =∑d

i=1 |xi| the l1 norm of a vector x = (x1, . . . , xd)′ ∈ Rd . The associated matrix
norm will be denoted by ‖ • ‖ as well. Since ‖Df (x∗)‖ ≤ c < ∞ by assumptions (8.9) and
(8.10), the inequality |x′Ax| ≤ ‖A‖‖x‖2 leads to

∫
|K2(u)(hu)′Df (x∗)(hu)| du ≤ c

∫
K2(u)

⎛⎝ d∑
j=1

|hj||uj|
⎞⎠2

du

≤ 2dc

∫
K2(u)

d∑
j=1

h2
ju

2
j du.

Here, we used the inequality
(∑d

j=1 αj

)2 = O
(∑d

j=1 α2
j

)
for real numbers α1, . . . , αd . In-

deed, αjαk ≤ α2
j + α2

k leads to
(∑d

j=1 αj

)2 =∑d
j,k=1 αjαk ≤ 2d

∑d
j=1 α2

j . Since, in ad-

dition,
∑d

j=1 α2
jβ

2
j ≤∑d

j=1 α2
j

(
β2

1 + · · · + β2
d

) ≤ (∑d
j=1 α2

j

)(∑d
j=1 β2

j

)
for real numbers
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α1, . . . , αd, β1, . . . , βd , we can proceed as follows.∫
|K2(u)(hu)′Df (x∗)(hu)| du ≤ 2dc

∫
K2(u)

⎛⎝ d∑
j=1

h2
j

⎞⎠⎛⎝ d∑
j=1

u2
j

⎞⎠ du

= 2dc

∫ ⎛⎝K2(u)
d∑

j=1

u2
j

⎞⎠ du

d∑
j=1

h2
j

= 2dc

d∑
j=1

∫
K2(u)u2

j du

d∑
j=1

h2
j

= O

⎛⎝ d∑
j=1

h2
j

⎞⎠ ,

since ∫
u2

jK
2(u) du =

∫
u2

j

d∏
k=1

L(uk) du =
∏
k /= j

∫
L(uk) duj

∫
u2

jL(uj) duj < ∞.

Further, ∣∣∣∣∫ K2(u)∇f (x)′hu du

∣∣∣∣ ≤ ∫ K2(u)‖∇f (x)‖‖hu‖ du

≤
√∫

K2(u)‖∇f (x)‖2 du

√∫
K2(u)‖hu‖2 du

= O

⎛⎝∫ K2(u)
d∑

j=1

h2
ju

2
j du

⎞⎠
= O

⎛⎝ d∑
j=1

h2
j

⎞⎠ .

Hence, using the formula Var (Z) = E(Z2) − (E(Z))2 for any random variable Z with EZ2 <

∞ leads to

Var K

(
X1 − x

h

)
≤ EK2

(
X1 − x

h

)
= O

⎛⎝ d∑
j=1

h2
j

⎞⎠ .

Noting that
∫

K2(u) duf (x) = Ld
2f (x), we can conclude that

(Th1 · · · hd) Var (f̂ T (x)) = Ld
2f (x) + O

⎛⎝ d∑
j=1

h2
j

⎞⎠ ,

which proves Equation (8.13). The formula for the MSE now follows easily, since
MSE(f̂ T (x); f (x)) = Bias(f̂ T (x); f (x))2 + Var (f̂ T (x)).
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Having explicit formulas for the bias and variance, we can formulate explicit conditions
for consistency of the kernel density estimator in d dimensions and determine the optimal
bandwidth that should balance bias and variance.

Corollary 8.5.2 The kernel density estimator f̂ T (x) is consistent, if

max{h1, . . . , hd} → 0, Th1 · · · hd → ∞.

The optimal bandwidths h∗
1, . . . , h

∗
d are such that h4

j = O((Thj)−1) leading to

hj = cjT
−1/(d+4), j = 1, . . . , d.

It is remarkable that the kernel density is consistent under such general conditions; it is
capable of recovering the arbitrary dependence between the coordinates of the Xt . This works,
although we used, for simplicity, the product kernel corresponding to independence across
components.

For what follows, it is worth mentioning the following simple fact. If one uses the optimal
bandwidth choices hj = cjT

−1/(d+4), then√
Th1 · · · hdh

2
j =

√
Th1 · · · hdh

4
j =

√
CjT 1−d/(d+4)−4/(d+4) =√Cj, (8.14)

where Cj =∏d
k=1,k /= j ckc

5
j , is constant, and therefore

√
Th1 · · · hd

∑d
j=1 h2

jφj is

also constant for arbitrary given numbers φ1, . . . , φd , but
√

Th1 · · · hdh
2
jh

γ → 0 and√
Th1 · · · hd

∑d
j=1 h2

jh
γ → 0, as T → ∞, for any γ > 0. We obtain the following assertion

on the rescaled bias.

Remark 8.5.3 When using the optimal bandwidths hj = cjT
−1/(d+4), j = 1, . . . , d, then

√
Th1 · · · hd Bias(f̂ T (x)) = L̃2

2

d∑
j=1

√
Cj

∂2f

∂x2
j

+ o(1).

Indeed,

√
Th1 · · · hd Bias(f̂ T (x)) = L̃2

2

d∑
j=1

√
Th1 · · · hdh

2
j

∂2f

∂x2
j

+ O

⎛⎝ d∑
j=1

√
Th1 · · · hdh

3
j

⎞⎠
= L̃2

2

d∑
j=1

√
Cj

∂2f

∂x2
j

+ o(1).

Let us now study conditions under which the kernel density estimator is asymptotically
normal. We will apply the following version of the central limit theorem for row-wise i.i.d.
arrays of random variables.

Theorem 8.5.4 Let {ξTt : 1 ≤ t ≤ T, T ∈ N} be an array of random variables such that

ξT1, . . . , ξTT
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are i.i.d. for each T ∈ N. If

Var (ξT1) → σ2 ∈ (0, ∞),

as T → ∞, then

1√
T

T∑
t=1

[ξTt − E(ξTt)]
d→ N(0, σ2),

as T → ∞.

Theorem 8.5.5 Let X1, . . . , XT be i.i.d. random vectors taking values in Rd according to
a common probability density f (x). Suppose that f has compact support supp(f ) or K is
compactly supported and bounded. Assume that f (x) has partial derivatives up to the order
three with bounded derivatives of order three and fix x ∈ supp(f ). If

hj → 0, j = 1, . . . , d, Th1 · · · hd → ∞
and

(Th1 · · · hd)
d∑

j=1

h6
j → 0, (8.15)

as T → ∞, then

√
Th1 · · · hd

⎡⎣f̂ T (x) − f (x) − L̃2

2

d∑
j=1

h2
j

∂2f (x)

∂x2
j

⎤⎦ d→ N(0, Ld
2f (x)),

as T → ∞.

Proof. Since we already know that f̂ T (x) is a biased estimator for f (x), we consider the
decomposition

f̂ T (x) − f (x) =
(
f̂ T (x) − Ef̂ T (x)

)
+
(
Ef̂ T (x) − f (x)

)
.

The first step is to show√
Th1 · · · hd

[
f̂ T (x) − Ef̂ T (x)

]
d→ N(0, Ld

2f (x)), (8.16)

as T → ∞. Notice that

√
Th1 · · · hd

[
f̂ T (x) − Ef̂ T (x)

]
= 1√

T

T∑
t=1

[ξTt − EξTt],

with

ξTt = 1√
h1 · · · hd

K

(
x − Xt

h

)
. t = 1, . . . , T.
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Let us check whether Var (ξT1) converges. We have x = (x1, . . . , xd)

E (ξT1)2 = 1

h1 · · · hd

∫
· · ·
∫ d∏

j=1

L

(
xj − zj

hj

)2

f (z1, . . . , zd)
d∏

j=1

dzj

=
∫

· · ·
∫ d∏

j=1

L(uj)2f (x1 + h1u1, . . . , xd + hdud)
d∏

j=1

duj

=
∫

· · ·
∫ d∏

j=1

L(uj)2

⎡⎣f (x1, . . . , xd) + O

⎛⎝ d∑
j=1

hj

⎞⎠⎤⎦ d∏
j=1

duj

→ Ld
2f (x),

as T → ∞, where we used the Taylor expansion

f (x + hu) = f (x) + ∇f (x∗)′(hu) = f (x) + O

⎛⎝ d∑
j=1

hj

⎞⎠
for some x∗ between x and x + hu. Further, a similar argument shows that

E(ξT1) = O(
√

h1 · · · hd),

and therefore

Var (ξT1) → Ld
2f (x),

as T → ∞. Hence we can apply Theorem 8.5.4 and obtain Equation (8.16).
It remains to study the behavior of the bias term under the stated conditions. Since we

have to scale f̂ T (x) − f (x) with the factor
√

Th1 · · · hd , we have to take into account our
findings leading to and summarized in Remark 8.5.3. First, consider the scaled second term
of the bias. We have

√
Th1 · · · hd

d∑
j=1

h3
j =

d∑
j=1

√
Th1 · · · hdh

6
j

≤
d∑

j=1

√√√√Th1 · · · hd

d∑
j=1

h6
j

= d

√√√√Th1 · · · hd

d∑
j=1

h6
j

and analogously, with φj = ∂2f

∂x2
j

, for the first term one gets

√
Th1 · · · hd

d∑
j=1

h2
jφj ≤

√√√√CTh1 · · · hd

d∑
j=1

h4
j ,
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where C = d2 max1≤j≤d φ2
j . The assumption Th1 · · · hd

∑d
j=1 h6

j = o(1) now ensures that

the second term of
√

Th1 · · · hd(Ef̂ T (x) − f (x)) converges to 0, as T → ∞, and allows for
the optimal bandwidth choices so that the first term converges to a constant, see Remark 8.5.3.
However, under the more general conditions stated in the present theorem, that term is sub-
tracted from the

√
Th1 · · · hd[f̂ T (x) − f (x)], i.e. with

bh(x) = L̃2

2

d∑
j=1

h2
j

∂2f (x)

∂x2
j

one considers
√

Th1 · · · hd[f̂ T (x) − f (x) − bh(x)] instead. The corresponding decomposition
is √

Th1 · · · hd

[
f̂ T (x) − f (x) − bh(x)

]
=
√

Th1 · · · hd

[
f̂ T (x) − Ef̂ T (x)

]
+
√

Th1 · · · hd

[
Ef̂ T (x) − f (x) − bh(x)

]
,

where now

√
Th1 · · · hd

[
Ef̂ T (x) − f (x) − bh(x)

]
= O

⎛⎝√Th1 · · · hd

d∑
j=1

h3
j

⎞⎠ = o(1).

as shown above. Now an application of Slutzky’s lemma establishes the result,√
Th1 · · · hd

[
f̂ T (x) − f (x) − bh(x)

]
=
√

Th1 · · · hd

[
f̂ T (x) − Ef̂ T (x)

]
+ o(1)

d→ N(0, Ld
2f (x)),

as T → ∞, which completes the proof.

8.5.2 Nonparametric regression

Assume that (Y, X), (Yt, Xt), t = 1, . . . , T , are i.i.d. random vectors where Y is univariate and
X = (X1, . . . , Xd)′ a d-dimensional random vector, distributed according to a joint probability
density f(Y,X)(y, x) with marginal densities fY (y) and fX(x), respectively. It is assumed that

Yt = m(Xt) + εt, t = 1, . . . , T, (8.17)

for some smooth function m(x) and i.i.d. error terms {εt} with E(εt|Xt) = 0 for all t =
1, . . . , T . The extension to dependent processes will become clear in Section 9.2. This implies
that m(Xt) is the conditional mean of Y given X,

m(Xt) = E(Yt|Xt),

almost surely. Further, we allow for conditional heteroscedasticity given Xt and assume that

E
(
ε2
t |X = Xt

) = σ2(Xt)
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for some continuous function σ2 defined on the range of the regressors, such that∫
K2(x)σ2(x)fX(x) dx < ∞.

It is well known that

E(Y |X = x) =
∫

yfY |X=x(y) dy,

where

fY |X=x(y) =
{

f(Y,X)(y,x)
fX(x) , y ∈ R, x ∈ {fX /= 0},
fY (y), y ∈ R, x ∈ {fX = 0}.

Since P(X ∈ {fX /= 0}) = 0, it is common to ignore the latter case and assume without loss of
generality that fX > 0. In order to estimate E(Y |X = x), it suffices to estimate the conditional
density fY |X=x(y). But that problem can be reduced to the problem to estimate the joint (d +
1)-dimensional density f(Y,X)(y, x) and the d-dimensional density fX(x), which we studied
in the previous subsection. Given such estimates f̂ T (y, x) and f̂ T (x), we can use

f̂ T (y|x) = f̂ Y |X=x(y) = f̂ T (y, x)

f̂ T (x)

to estimate the conditional density. In what follows, we use the kernel density estimator.
Select a smoothing kernel G for the y-coordinate satisfying assumptions (8.9) and (8.10)

and a bandwidth h0 > 0. Define the scaled product kernel

1

h0 · · · hd

K
(x

h

)
G

(
y

h0

)
= 1

h0 · · · hd

d∏
j=1

L

(
xj

hj

)
G

(
y

h0

)
, x ∈ Rd, y ∈ R,

where again x/h = (x1/h1, . . . , xd/hd). The corresponding estimator of the joint density of
(Y, X) is then given by

f̂ T (y, x) = 1

Th0 · · · hd

T∑
t=1

K

(
x − Xt

h

)
G

(
y − Yt

h0

)
, x ∈ Rd, y ∈ R.

Let us calculate the associated conditional mean∫
yf̂ T (y|x) dy = 1

f̂ T (x)

∫
yf̂ T (y, x) dy.

We have ∫
yf̂ T (y, x) dy = 1

Th0 · · · hd

T∑
t=1

K

(
x − Xt

h

)∫
yG

(
y − Yt

h0

)
dy
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where ∫
yG

(
y − Yt

h0

)
dy = h0

∫
(Yt + h0u)G(u) du

= h0Yt + h2
0

∫
uG(u) du

= h0Yt.

Hence, we obtain

∫
yf̂ T (y, x) dy = 1

Th1 · · · hd

T∑
t=1

K

(
x − Xt

h

)
Yt.

These considerations lead to the following definition.

Definition 8.5.6 The Nadaraya–Watson estimator for the conditional mean m(x) =
E(Y |X = x) is defined as

m̂T (x) =
∑T

t=1 K
(

x−Xt

h

)
Yt∑T

t=1 K
(

x−Xt

h

) , x ∈ Rd.

Notice that m̂T (x) = m̂T (x; Y1, . . . , YT ) is a weighted average of Y1, . . . , YT with weights
summing up to 1. Hence, for fixed x and any constant a, we have the rule of calculation

m̂T (x; Y1, . . . , YT ) − a = m̂T (x; Y1 − a, . . . , YT − a). (8.18)

Our next goal is to study the behavior of the difference m̂T (x) − m(x). The basic identity used
for that purpose is

m̂T (x) − m(x) = [m̂T (x) − m(x)]f̂ T (x)

f̂ T (x)
= ĝT (x)

f̂ T (x)
. (8.19)

If, for example, we are in a position to establish the convergence in distribution of a scaled
version of the numerator, perhaps after some bias correction as was necessary in the case of
the kernel density estimator, the asymptotic normality of m̂T will follow quite easily. Consider

ĝT (x) = [m̂T (x) − m(x)]f̂ T (x) = 1

Th1 . . . hd

T∑
t=1

K

(
x − Xt

h

)
(Yt − m(x)).

The model Equation (8.17), which implies that Yt − m(Xt) = εt , leads us to the decomposition

ĝT (x) = g̃T (x) + gT (x),
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where

g̃T (x) = 1

Th1 . . . hd

T∑
t=1

K

(
x − Xt

h

)
εt,

gT (x) = 1

Th1 . . . hd

T∑
t=1

K

(
x − Xt

h

)
[m(Xt) − m(x)].

The strategy is now to study both terms separately. The following theorem shows that gT (x)
converges in L2 to a deterministic expression involving the bandwidths.

Theorem 8.5.7 Suppose that the third-order partial derivatives of f and m exist and are
bounded, and that K is bounded, symmetric and is compactly supported.

(i) We have

EgT (x) = L̃2

d∑
j=1

h2
jbj(m; f ) + O

⎛⎝ d∑
j=1

h3
j

⎞⎠ ,

where

bj(m; f ) = ∂m(x)

∂xj

∂f (x)

∂xj

+ 1

2

∂2m(x)

∂x2
j

f (x). (8.20)

(ii) For i.i.d. random vectors (Yt, Xt), t = 1, . . . , T ,

Var (gT (x)) = O

⎛⎝ 1

Th1 · · · hd

d∑
j=1

h2
j

⎞⎠ .

Proof. For brevity of notation put f = fX.

(i) We have

EgT (x) = 1

h1 . . . hd

∫
K

(
x − z

h

)
[m(z) − m(x)]f (z) dz

=
∫

K(u)[m(x + hu) − m(x)]f (x + hu) du

Taylor expansions show that the above expression is equal to∫
K(u)

[
∇m(x)(hu) + 1

2
(hu)′Dm(x)(hu) + rm

] [
f (x) + ∇f (x)(hu) + rf

]
du,

which in turn simplifies to∫
K(u)

[
1

2
(hu)′Dm(x)(hu) + rm

] [∇f (x)(hu) + rf
]

du,
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since

f (x)∇m(x)
∫

uK(u) du = 0

by Assumption (8.9). Here, by virtue of our assumptions on the higher-order partial
derivatives of m and f and since integration is over a compact interval,

rm = 1

3!

d∑
i,j,k=1

∂3m(x∗)

∂xi∂xj∂xk

hihjhkuiujuk = O

⎛⎝ d∑
j=1

h3
j

⎞⎠ , (8.21)

rf = 1

2
(hu)′Df (x+)(hu) = O

⎛⎝ d∑
j=1

h2
j

⎞⎠ , (8.22)

and x∗ and x+ lie between x and x + hu. Now expand the product [· · · ][· · · ]. We
claim that

EgT (x) =
∫

K(u)

[
∇m(x)(hu)∇f (x)(hu) + 1

2
(hu)′Dm(x)(hu)f (x)

]
du

+ O

⎛⎝ d∑
j=1

h3
j

⎞⎠ ,

where the first integral, denoted by IT in what follows, is of the order O
(∑d

j=1 h2
j

)
.

Precisely, we have

IT =
∫

K(u)
d∑

j,k=1

[
∂m(x)

∂xj

∂f (x)

∂xk

+ 1

2

∂2m(x)

∂xj∂xk

f (x)

]
hjhkujuk du

=
∫

K(u)
d∑

j=1

[
∂m(x)

∂xj

∂f (x)

∂xj

+ 1

2

∂2m(x)

∂x2
j

f (x)

]
h2

ju
2
j du

= L̃2

d∑
j=1

h2
jbj(m; f ),

where bj(m; f ) is given in Equation (8.20). The other terms indeed vanish such as

∫
K(u)∇m(x)′(hu)f (x) du = f (x)∇m(x)′h

(∫
K(u)uj du

)d

j=1
= 0,
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are of the order O
(∑d

j=1 h3
j

)
. For example,

Jh =
∫

K(u)

[
1

2
(hu)′Dm(x)(hu)∇f (x)(hu)

]
du

= 1

2

∫
K(u)

d∑
i,j,k=1

∂2m(x)

∂xj∂xk

∂f (x)

∂xi

hihjhkuiujuk du

= 1

2

∫
K(u)

d∑
j=1

∂2m(x)

∂x2
j

∂f (x)

∂xj

h3
ju

3
j du

= O

⎛⎝ d∑
j=1

h3
j

⎞⎠ .

(ii) By virtue of the i.i.d. assumption and the usual substitutions uj = (zj − xj)/hj , j =
1, . . . , d,

Var (gT ) = 1

Th2
1 · · · h2

d

Var

(
K

(
x − Xt

h

)
(m(XT ) − m(x))

)

≤ 1

Th2
1 · · · h2

d

E

(
K

(
x − Xt

h

)2

(m(XT ) − m(x))2

)

= 1

Th1 · · · hd

∫
K2(u)[m(x + hu) − m(x)]2f (x + hu) du.

The latter expression can now be treated similarly as in (i), yielding the estimate

Var (gT ) = 1

Th1 · · · hd

O

⎛⎝ d∑
j=1

h2
j

⎞⎠ .

Notice that the proof of Theorem 8.5.7 does not assume that m(x) is the conditional mean
E(Y |X = x). Indeed, the result can be extended to more general functions leading to the
following weak law of large numbers for smoothing averages.

Theorem 8.5.8 (Weak Law of Large Numbers for Kernel Smoothers)

Suppose Xt
i.i.d.∼ f (x) and let ψ(z, x) be a function defined on X(�) × X(�) with

E|ψ(X1, x)|2 < ∞. If the third-order partial derivatives of f and ψ exist and are bounded,
then

1

Th1 · · · hd

T∑
t=1

K

(
Xt − x

h

)
[ψ(Xt, x) − ψ(x, x)]

=
∫

K

(
z − x

h

)
[ψ(z, x) − ψ(x, x)](z) dz + oP (1), (8.23)
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and ∫
K

(
z − x

h

)
[ψ(z, x) − ψ(x, x)](z) dz = o(1).

Theorem 8.5.9 Assume that the third-order partial derivatives of fX and m exist and are
bounded, and that K is bounded and compactly supported. If

max
j=1,...,d

hj → 0, Th1 · · · hd → ∞

and

(Th1 · · · hd)
d∑

j=1

h6
j → 0, (8.24)

as T → ∞, then

√
Th1 · · · hd

⎛⎝m̂T (x) − m(x) − L̃2

d∑
j=1

h2
jbj(m; f )

⎞⎠ d→ N
(

0, Ld
2σ2(x)/fX(x)

)
,

as T → ∞, for any x such that fX(x) > 0.

Proof. Recalling the decomposition (8.19) we see that

f̂ T (x)
√

Th1 · · · hd

⎛⎝m̂T (x) − m(x) − L2

d∑
j=1

h2
jbj(m; f )

⎞⎠ = f̂ T (x)(AT (x) + BT (x)),

with

AT (x) =
√

Th1 · · · hdg̃T (x),

BT (x) =
√

Th1 · · · hd

⎛⎝gT (x) − L̃2

d∑
j=1

h2
jbj(m; f )

⎞⎠ .

According to our results of the previous proposition,

EBT (x) = O

⎛⎝√Th1 · · · hd

d∑
j=1

h3
j

⎞⎠ ,

and

Var BT (x) = O

⎛⎝ d∑
j=1

h2
j

⎞⎠ .

Both right-hand sides converge to 0, as T → ∞, by virtue of Assumption (8.24), as shown in
the proof of Theorem 8.5.5. This shows that

BT
L2,P→ 0,
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as T → ∞. Consider

AT (x) = 1√
Th1 · · · hd

T∑
t=1

K

(
x − Xt

h

)
εt

= 1√
T

T∑
t=1

ξTt,

where

ξTt = 1√
h1 · · · hd

K

(
x − Xt

h

)
εt,

for t = 1, . . . , T and T ≥ 1. Clearly, the summands are centered and using E
(
ε2
t |Xt

) =
σ2(Xt), we obtain

Var (ξTt) = E
(
E
(
ξ2
Tt|Xt

))
= EXt

(
1

h1 · · · hd

K2
(

x − Xt

h

)
σ2(Xt)

)
=
∫ (

1

h1 · · · hd

K2
(

x − z

h

)
σ2(z)fX(z)

)
dz

=
∫

K2(u)σ2(x + hu)fX(x + hu) du.

But the latter expression clearly converges to Ld
2σ2(x)fX(x). Hence,

AT (x)
d→ N(0, Ld

2σ2(x)fX(x)),

as T → ∞, and, by virtue of Slutzky’s theorem,

f̂ T (x)
√

Th1 · · · hd

⎛⎝m̂T (x) − m(x) − L̃2

d∑
j=1

h2
jbj(m; f )

⎞⎠ d→ N(0, Ld
2σ2(x)fX(x)),

as T → ∞, as well. Since under the stated conditions f̂ T (x)
P→ f (x), as T → ∞, a further

application of Slutzky’s lemma completes the proof.

8.6 The CLT for linear processes

We have seen that linear processes form an important class of time series. Thus, this section
is devoted to a detailed proof of the central limit theorem for such processes. We shall employ
the Beveridge–Nelson decomposition, which allows an elegant and transparent proof.

Definition and Theorem 8.6.1 Let

Xt =
∞∑
i=0

αiεt−i, t ∈ Z,
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be a linear process with coefficients {αi} satisfying
∑∞

i=0 |αi| < ∞. Then the decomposition

Xt = αεt + ε̃t−1 − ε̃t , t ∈ Z,

where α =∑∞
i=0 αi and

ε̃t =
∞∑
i=0

α̃iεt−i, α̃i =
∞∑

k=i+1

αk,

is called the Beveridge–Nelson decomposition. More compactly, the linear process Xt =
α(L)εt can be written as

Xt = α(1)εt − (1 − L)̃εt, ε̃t = α̃(L)εt,

where the lag operator α̃(L) is given by the cofficients α̃i.

Proof. Notice that for a linear process

ε̃t =
∞∑
i=0

α̃iεt−i

with coefficients {α̃i} we have

−ε̃t + ε̃t−1 = −(α̃0εt + α̃1εt−1 + α̃2εt−1 + · · · )

+ α̃0εt−1 + α̃1εt−2 + · · · ,

leading to

−ε̃t + ε̃t−1 = −α̃0εt + (α̃0 − α̃1)εt−1 + (α̃1 − α̃2)εt−2 + · · ·
For the special choice

α̃i =
∑
k>i

αk

we obtain

α̃0 =
∞∑

k=1

αk and α̃i − α̃i+1 =
( ∞∑

k=i+1

−
∞∑

k=i+2

)
αk = αi+1.

Therefore,

−ε̃t + ε̃t−1 = −
( ∞∑

k=1

αk

)
εt +

∞∑
i=1

αiεt−i.

Adding the term α(1)εt = (∑∞
k=0 αk

)
εt on both sides now yields the assertion,

α(1)εt − ε̃t + ε̃t−1 =
( ∞∑

k=0

αk −
∞∑

k=1

αk

)
εt +

∞∑
i=1

αiεt−i = Xt.
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To proceed, we need the following simple facts.

Lemma 8.6.2

(i) If
∑∞

i=0 i|αi| < ∞, then
∑∞

i=0 i2α2
i < ∞.

(ii) The process {̃εt} arising in the Beveridge–Nelson decomposition is weakly stationary
(and thus a L2 series), if

∑∞
i=0 i|αi| < ∞.

Proof.

(i) We can find some i0 ∈ N such that i|αi| < 1 for all i > i0. For those i we have
i2α2

i < i|αi|. Therefore,

∞∑
i=0

i2α2
i =

i0∑
i=0

i2α2
i +

∞∑
i=i0+1

i2α2
i

<

i0∑
i=0

i2α2
i +

∞∑
i=i0+1

i|αi|.

The first sum has only a finite number of terms and is therefore finite. The second
sum can be bounded by

∑∞
i=0 i|αi| < ∞.

(ii) It suffices to show that
∑∞

i=0 α̃2
i < ∞, which implies

∑∞
i=0 |α̃i| < ∞, since then we

can apply Theorem A.5.1. We have

∞∑
i=0

|α̃i| ≤
∞∑
i=0

∞∑
j=i+1

|αj|

=
∞∑

j=1

j−1∑
i=0

|αj|

=
∞∑

j=1

j|αj| < ∞.

Therefore {α̃j} is a null sequence such that we can find an integer i0 so that |α̃i| ≤ 1
for all i > i0. Arguing as above, we obtain

∞∑
i=0

α̃2
i =

i0∑
i=0

α̃2
i +

∞∑
i=i0+1

α̃2
i

≤
i0∑

i=0

α̃2
i +

∞∑
i=i0+1

α̃2
i

≤
i0∑

i=0

α̃2
i +

∞∑
i=i0+1

|α̃i| < ∞.
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We are now in a position to discuss the central limit theorem.

Theorem 8.6.3 (CLT for Linear Processes)
Let

Xt =
∞∑
i=0

αiεt−i

be a linear process with εt
i.i.d.∼ (0, σ2) for some σ2 ∈ (0, ∞). If

∞∑
i=0

i|αi| < ∞ and
∞∑
i=0

αi /= 0,

then

ST = 1√
T

T∑
t=1

Xt
d→ N

(
0, σ2

X

)
,

as T → ∞, where σ2
X = σ2

(∑∞
i=0 αi

)2
.

Proof. By virtue of the Beveridge–Nelson decomposition, we obtain

ST = UT + RT

with

UT = α√
T

T∑
t=1

εt,

RT = 1√
T

T∑
t=1

(̃εt−1 − ε̃t).

Clearly,

RT = 1√
T

(̃ε0 − ε̃T ).

The classic CLT for i.i.d. random variables {εt} with E(ε1) = 0 and E(ε2
1) < ∞ provides

UT
d→ N(0, α2σ2),

as T → ∞. It remains to show that

RT
P→ 0,

as T → ∞. Notice that

|RT | ≤ 1√
T

|̃ε0 − ε̃T | ≤ 2√
T

max
1≤t≤T

|̃εt|.
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We shall use the equivalence

max
1≤t≤T

|̃εt| > δ ⇔
T∑

t=1

ε̃2
t 1(|̃εt| > δ) > δ2 (8.25)

for any δ > 0, which can be shown as follows. First, notice that max1≤t≤T |̃εt| > δ implies
that there is some j with |̃εj| > δ. But then

T∑
t=1

ε̃2
t 1(|̃εt| > δ) ≥ |̃ε2

j | > δ2.

Vice versa, if
∑T

t=1 ε̃2
t 1(|̃εt| > δ) > δ2, then there must be some j with |̃εj| > δ, since oth-

erwise the sum vanishes. Therefore max1≤t≤T |̃εt| > δ, which establishes (8.25). Repeating
these arguments with ε̃t/

√
T instead of ε̃t , we arrive at

max
1≤t≤T

|̃εt|√
T

P→ 0 ⇔ 1

T

T∑
t=1

ε̃2
t 1(|̃εt| > δ

√
T )

P→ 0.

Since {εt} is a strictly stationary L2-process, we have

E

(
1

T

T∑
t=1

ε̃2
t 1(|̃εt| > δ

√
T

)
= E

(
ε̃2

11(|̃ε1| > δ
√

T )
)

=
∫ −δ

√
T

−∞
x2 dF (x) +

∫ ∞

δ
√

T

x2 dF (x)

→ 0,

as T → ∞, if F (x) = P(ε1 ≤ x), x ∈ R. But this shows RT
P→ 0, as T → ∞, which com-

pletes the proof.

8.7 Mixing processes

8.7.1 Mixing coefficients

Let {Xt} = {Xt : t ∈ Z} be a time series. Denote current time by t. The question arises to which
extent the past represented by previous observations such as Xs, s < t, influences the present
and future. One approach is to look at the maximal correlation between random variables of
the form

Y = f (Xs, Xs−1, . . . ), Z = g(Xt, Xt−1, . . . ), (8.26)

where f and g are measurable functions such that the correlation exists. Clearly, Y is Fs−∞-
measurable and Z is F∞

t -measurable, where for −∞ ≤ a ≤ b ≤ ∞
Fb

a = σ(Xa, . . . , Xb). (8.27)

Vice versa, anyFs−∞-measurable random variable Y and anyF∞
t -measurable random variable

Z can be written in the form (8.26). To turn this rough idea into a definition, let us denote the
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underlying probability space by (�,F, P) and, for some sub-σ-field A, let L2(�,A, P) be
the L2-space of A-measurable random variables defined on �.

Definition 8.7.1 (ρ-mixing)

(i) Let A and B be two sub-σ-fields of F. Then

ρ(A,B) = sup{| Cov(X, Y )| : X ∈ L2(�,A, P), Y ∈ L2(�,B, P)}

is called the ρ-mixing coefficient between A and B.

(ii) Let {Xt} be a L2 series, then

ρ(k) = sup
t

ρ
(Ft−k

−∞,F∞
t

)
, k ∈ N0,

where Fb
a is defined in Equation (8.27), is called the ρ-mixing coefficient of {Xt}

for the lag k.

(iii) A L2 time series {Xt} is called ρ-mixing, if

lim
k→∞

ρ(k) = 0.

One can show that

ρ(A,B) = sup{| Cov(X, Y )|}

where the supremum is taken over all those random variables X and Y that satisfy

X ∈ L2(�,A, P), Y ∈ L2(�,B, P), E(X) = E(Y ) = 0, ‖X‖L2 = ‖Y‖L2 = 1.

Further, by considering the correlation instead of the covariance, one can drop the constraints
on the second moment.

Let A ∈ Ft−k
−∞ be an event depending on the past . . . , Xt−k−1, Xt−k up to time t − k and

B ∈ F∞
t be an event depending on future values Xt, Xt+1, . . . . This means that there is a

time lag between these events of k units of time. Time series for which dependencies between
lagged events die out for large lags should have the property that A and B are asymptotically
independent in the sense that

P(A ∩ B) ≈ P(A)P(B)

is valid. In the simplest situation, A and B are independent for large enough k.

Definition 8.7.2 A time series {Xt} is called m-dependent, if A ∈ Ft−k
−∞ and B ∈ F∞

t are
independent for all k > m.

In other words, {Xt} is m-dependent, if any finite-dimensional marginals (Xs1 , . . . , Xsk )
and (Xt1 , . . . , Xtl ), s1 < · · · < sl ≤ t1 < · · · < tl, are independent, if t1 − sl > m. In partic-
ular, a stationary series is 0-dependent, if and only if it is i.i.d.
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According to our above discussion, a meaningful approach to measure the departure from
the independence is

|P(A ∩ B) − P(A)P(B)|,
giving rise to the following definitions.

Definition 8.7.3 (α-Mixing)

(i) Let A,B ⊂ F be sub-σ-fields. Then

α(A,B) = sup{|P(A ∩ B) − P(A)P(B)| : A ∈ A, B ∈ B}

is called the α-mixing coefficient.

(ii) For a time series {Xt}
α(k) = sup

t
α
(Ft−k

−∞,F∞
t

)
is called the strong or α-mixing coefficient of {Xt} for the lag k ∈ N0.

(iii) A time series {Xt} is called strong or α-mixing, if

lim
k→∞

α(k) = 0.

Notice that this definition also applies to non stationary time series and, contrary to ρ-
mixing, does not require the second moments to exist. Notice that in the latter case ρ-mixing
can still be defined, for it addresses only the covariance Cov(Y, Z) of those random variables
Y (measurable w.r.t. Ft−k

−∞) and Z (measurable w.r.t F∞
t ), whose second moments are finite.

But then it does not make any meaningful assertion on the observations Xt themselves, since
one cannot apply the definition with, say, Y = Xt and Z = Xt+k.

As we shall see, in general one has to make assumptions on the (rate of) decay of the
sequence {α(k) : k ∈ N0} of α-mixing coefficients. In particular, the mixing property itself is
not sufficient to guarantee important statements on sample averages such as the law of large
numbers or the central limit theorem.

8.7.2 Inequalities

Let us collect a couple of basic inequalities on the mixing coefficients. In particular, we shall
see how one can estimate covariances in terms of the α-mixing coefficient.

First, it is instructive to ρ-mixing is always stronger than α-mixing.

Lemma 8.7.4 For any sub-σ-fields A,B of F
4α(A,B) ≤ ρ(A,B).

Proof. Let A ∈ A and B ∈ B. Put X = 1A and Y = 1B. Then E(X) = P(A), E(Y ) =
P(B) and E(XY ) = P(A ∩ B), such that

| Cov(X, Y )| = |P(A ∩ B) − P(A)P(B)|.
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Since Var (X)=P(A)(1 − P(A)) ≤ 1/4 and | Cov(X, Y )| = | Cor(X, Y )|√ Var (X) Var (Y ),
we obtain the inequality

|P(A ∩ B) − P(A)P(B)| ≤ (1/4)| Cor(X, Y )|
leading to

4|P(A ∩ B) − P(A)P(B)| ≤ sup{| Cor(X, Y )| : X, Y ∈ L2}.
Since the right-hand side does not depend on A or B, we may take the sup and obtain
4α(A,B) ≤ ρ(A,B).

When dealing with α-mixing processes, the following inequality is crucial, whose proof
is rather technical but can be found in the literature. It is used to bound the covariance
between a A-measurable random variables X and a B-measurable random variable Y , i.e. the
absolute of the difference between the cross-moment E(XY ) by its value E(X)E(Y ) assuming
independente, by their corresponding α-mixing coefficient.

Proposition 8.7.5 Let p, q, r ∈ (1, ∞] with 1
p

+ 1
q

+ 1
r

= 1. Let X be a A-measurable
random variable and Y be a B-measurable random variable with

E|X|p < ∞ and E|Y |q < ∞.

Then

| Cov(X, Y )| = |E(XY ) − E(X)E(Y )| ≤ 8‖X‖p‖Y‖qα(A,B)1/r.

Here, x0 = 1 if x > 0 and 00 = 0.

It is important to note that in the above inequality 1
p

+ 1
q

must be less than 1 for the bound to
be meaningful. Hence, it can not be applied with p = q = 2, i.e., if X and Y are known to have
finite second moments. But the inequality works when assuming the existence of the absolute
moments of order 2 + δ for some arbitrarily small δ > 0. Then 1

r
= 1 − 1

p
− 1

q
= 2

2+δ
. In this

case, Proposition 8.7.5 takes the following form.

Proposition 8.7.6 Let X be A-measurable and Y be B-measurable. If for some δ > 0

E|X|2+δ < ∞ and E|Y |2+δ < ∞,

then

| Cov(X, Y )| ≤ 8α(A,B)2/(2+δ)‖X‖2+δ‖Y‖2+δ.

If Xt are i.i.d. with E(X1) = 0 and a finite second moment, an elementary calculation
shows that the sum Sn =∑n

i=1 Xi satisfies the moment bound

E
(
S2

n

) = O(n).

If even E(X4
1) < ∞ holds, then

E
(
S4

n

) = O
(
n2).
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For a mixing process these orders remain true, provided that the mixing coefficients α(k),
k ≥ 0, decay sufficiently fast in the sense that

Ar(δ) =
∞∑
i=0

(i + 1)r/2−1α(i)δ/(r+δ) < ∞,

and the series is weakly stationary of order r, i.e. all moments of orders up to r + δ, δ > 0,
exist and are time-invariant such that

E(Xt1 · · · Xtr ) = E(Xt1+h · · · Xtr+h)

for all t1, . . . , tr and h. We provide the details for the important cases r ∈ {2, 4}.

Theorem 8.7.7

(i) Let {Xt} be weakly stationary with E|X1|2+δ < ∞ for some δ > 0. Then

E(S2
n) ≤ 2!8A2(δ)‖X1‖2

2+δ.

(ii) Let {Xt} be weakly stationary of order 4 with E|X1|4+δ < ∞. Then

E(S4
n) ≤ 84!A4(δ)‖X1‖4

4+δn
2.

Proof. We have for r = 2, 4

E(Sr
n) =

n∑
t1=1

· · ·
n∑

tr=1

E(Xt1 · · · Xtr ).

Observe that all r! terms E(Xt1 · · · Xtr ) whose indices are a permutation of the ordered values
t(1) ≤ · · · ≤ t(r) coincide. By stationarity, E(Xt1 · · · Xtr ) = E(X0Xt2−t1 · · · Xtr−t1 ). Hence,

E(Sr
n) = r!

∑
1≤t1≤···≤tr≤n

E(Xt1 · · · Xtr )

= r!n
∑

0≤t2≤···≤tr≤n−1

E(X0Xt2 · · · Xtr−1 )

= r!n
∑

1≤t1≤···≤tr−1≤n

E(X1Xt1 · · · Xtr−1 ).

For r = 2 we have to estimate
∑n

t1=1 |E(X1Xt1 |. We claim that the latter is not larger than

8‖X1‖2
2+δA2(δ), which establishes Equation (i). To verify this claim notice that E(X1) = 0,

such that

|E(X0Xj)| = | Cov(X0, Xj)| ≤ 8‖X1‖2
2+δα(j)2/(2+δ).



MIXING PROCESSES 311

This implies

n∑
t1=1

|E(X1Xt1 )| ≤ 8‖X1‖2
2+δ

∞∑
j=0

α(j)2/(2+δ)

= 8‖X1‖2
2+δA2(δ).

The case r = 4 is more involved and requires us to rearrange the terms appropriately. Let us
denote by

∑(h)
n,j the sum over all 1 ≤ t1 ≤ · · · ≤ tj ≤ n such that the maximal difference of

successive indices is attained at position h, i.e.

rh = th − th−1 = max{tj − tj−1, . . . , t2 − t1, t1 − t0},
where we put t0 = 0 for convenience and denote here the maximal difference by rh. We may
now calculate a sum taken over 1 ≤ t1 ≤ t2 ≤ t3 ≤ n by first summing over the positions
h = 1, 2, 3 and then over the ordered indices satisfying these constraints. Hence, we consider
now the right-hand side of

E(S4
n) = 4!n

3∑
h=1

(h)∑
n,3

E(X1Xt1Xt2Xt3 ).

We claim that

(h)∑
n,3

|E(X1Xt1Xt2Xt3 )| ≤ 8‖X1‖4
4+δ

n−1∑
r=0

Crα(r)δ/(4+δ).

Here, Cr is the number of tuples (t1, t2, t3) with 1 = t0 ≤ t1 ≤ t2 ≤ t3 ≤ n, th − th−1 =
maxi ti − ti−1 = � for a fixed value � and h is 1, 2 or 3. Let us denote the corresponding
cases by

1
�− t1t2t3, 1t1

�− t2t3, 1t1t2
�− t3,

where
�− indicates the position of the gap of length �. We shall show that in all cases

|E(X1Xt1Xt2Xt3 )| ≤ 8α(�)δ/(4+δ)‖X1‖4
4+δ

and then estimate the number Cr.

Case 1
�− t1t2t3: Apply Proposition 8.7.5 with p = 4 + δ and q = (4 + δ)/3 such that

1 − 1/p − 1/q = δ/(4 + δ). We have

|E(X1Xt1Xt2Xt3 ) − E(X1)E(Xt1Xt2Xt3 )|
≤ 8α(�)δ/(4+δ)‖Xt1‖4+δ‖X1Xt2Xt3‖(4+δ)/3

≤ 8α(�)δ/(4+δ)‖X1‖4
4+δ,

where the last estimate ‖X1Xt2Xt3‖(4+δ)/3 ≤ ‖X1‖4+δ‖Xt2‖4+δ‖Xt3‖4+δ follows from the
generalized Hölder inequality, cf. A.4.1 (iv).

Case 1t1t2
�− t3: This is shown as above.
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Case 1t1
�− t2t3: Now chose p = (4 + δ)/2 and q = (4 + δ)/2 such that 1 − 1/p − 1/q =

δ/(4 + δ). This gives

|E(X1Xt1Xt2Xt3 ) − E(X1Xt1 )E(Xt2Xt3 )|
≤ 8α(�)δ/(4+δ)‖X1Xt1‖(4+δ)/2‖Xt2Xt3‖(4+δ)/2

≤ 8α(�)δ/(4+δ)‖X1‖4
4+δ,

where we again use the generalized Hölder inequality.
To estimate Cr, observe that the condition th − th−1 = � fixes th at the value th−1 + � (�

is fixed). Since ti − ti−1 attains its maximum � at i = h, each of the other indices ti, i /= h,
attains only the � + 1 values ti−1, . . . , ti−1 + �, such that Cr =∑3

h=1
∑(h)

n,3 1 ≤ n(� + 1).
Therefore, we can conculde

E
(
S4

n

) = 4!n
3∑

h=1

(h)∑
n,3

|E(X1Xt1Xt2Xt3 )|

≤ 4!8n‖X1‖4+δ

n−1∑
�=0

Crα(�)δ/(4+δ)

≤ 4!8n‖X1‖4+δ

∞∑
�=0

(r + 1)α(�)δ/(4+δ)

≤ 4!8A4(δ)‖X1‖4
4+δ,

which completes the proof.

Remark 8.7.8 The assertion of Theorem 8.7.7 that E|Sn|r = O(nr/2) also holds true for
real-valued r > 2, if Ar(δ) < ∞ for some δ > 0, cf. Yokoyama (1980).

Finally, we show how conditional expectations can be bounded by mixing coefficients.

Lemma 8.7.9 Suppose the time series {Xt : t ∈ Z} satisfies E(X0) = 0 and E|X0|2+δ < ∞
for some δ > 0. Let F−n = σ(Xt : t ≤ −n). Then

(i) ‖E(X0|F−n)‖L2 ≤ 8‖X0‖2+δα(n)
δ

2(2+δ)

and

(ii)
∞∑

n=1

‖E(X0|F−n)‖L2 < ∞,

provided

∞∑
n=1

α(n)
δ

2(2+δ) < ∞.
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Proof. Observe that for p = 2 and q = 2 + δ we have 1/p − 1/q = δ
2(2+δ) . Hence, for

any F−n-measurable Y with ‖Y‖L2 < ∞, we have

|E(X0Y )| ≤ 8‖X0‖2+δ‖Y‖L2α(n)
δ

2(2+δ) .

Lemma 8.1.6 yields

‖E(X0|F−n)‖L2 = sup{E(X0Y ) : Y F−n-measurable, ‖Y‖L2 = 1}
≤ 8‖X0‖2+δα(n)

δ
2(2+δ) ,

which shows assertion (i). The second claim now follows easily,

∞∑
n=1

‖E(X0|F−n)‖L2 ≤ 8‖X0‖L2

∞∑
n=1

α(n)
δ

2(2+δ) .

8.8 Limit theorems for mixing processes

We shall now discuss a strong law of large numbers for α-mixing time series.

Theorem 8.8.1 (Strong Law of Large Numbers Under α-Mixing)
Let {Xt} be a weakly stationary process of order 4, which is α-mixing with mixing coefficients
satisfying

A4(δ) =
∞∑
i=0

(i + 1)α(i)δ/(4+δ) < ∞

for some δ > 0. Then

1

T

T∑
t=1

Xt
a.s.→ E(X1),

as T → ∞.

Proof. W.l.o.g. assume E(X1) = 0. Put XT = 1
T

∑T
t=1 Xt and ST =∑T

t=1 Xt . Consider
the event

A = {ω ∈ � : XT (ω) → 0, T → ∞}.
We shall show P(A) = 1 ⇔ P(Ac) = 0. Observe that

XT (ω) does not converge

⇔ ∃ε > 0 : ∀T0 ∈ N : ∃T ≥ T0 : |XT (ω)| > ε

⇔ AT = {|XT | > ε} occurs infinitely often.

By the lemma of Borel Cantelli,

P(AT infinitely often) = P
(∩T ∪S≥T AS

) = 0



314 LIMIT THEORY FOR DISCRETE-TIME PROCESSES

holds, if

∞∑
T=1

P(AT ) < ∞.

The generalized Markov inequality yields

P(AT ) = P(|XT | > ε) ≤ ES4
T

T 4ε4 .

By Theorem 8.7.7 (ii), the right-hand side is O(T−2), such that
∑T

t=1 P(AT ) < ∞ follows.

Theorem 8.8.2 (Central Limit Theorem for Mixing Processes)
Let {Xt} be a strictly stationary and α-mixing process with

E(X1) = 0 and E|X1|2+δ < ∞

for some δ > 0. If

∞∑
k=1

α(k)
δ

2+δ < ∞,

then

1√
T

T∑
t=1

Xt
d→ N(0, σ2),

as T → ∞, where

σ2 = E(X1) + 2
∞∑

h=1

E(X1X1+h)

converges absolutely.

Proof. As a strictly stationary L2-process, {Xt} satisfies the ergodic theorem. By
Lemma 8.7.9, the condition on the mixing coefficients ensures that

∞∑
n=1

‖E(X0|F−n)‖2 < ∞.

Hence, we can directly apply Theorem 8.1.7.

We will now establish central limit theorems for the sample autocovariance functions

γ̂T (h) = 1

T

T−h∑
t=1

(Xt+h − XT )(Xt − XT )
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for 0 ≤ h ≤ T − 1 and γ̂T (h) = 0, otherwise, and

γ̃T (h) = 1

T − h

T−h∑
t=1

(Xt+h − μ)(Xt − μ)

for 0 ≤ h ≤ T − 1 and again γ̃T (h) = 0, otherwise.

Theorem 8.8.3 Let {Xt} be a strictly stationary and α-mixing process with E(X1) = μ and
autocovariance function γ = γX. Suppose that there exists some δ > 0 such that the following
two conditions are satisfied.

(i)
∑∞

k=1 α(k)
δ

2+δ < ∞.

(ii) E|X1|4+4δ < ∞.

Then, for any fixed h,

√
T (γ̃T (h) − γ(h))

d→ N(0, η2
h),

as T → ∞, where

η2
h = lim

T→∞ E

(
1√
T

T∑
t=1

XtXt+h

)2

.

Proof. W.l.o.g. assume μ = 0. Fix h ≥ 0 and consider the process

ξt = XtXt+h, t ∈ N.

Then E(ξt) = γ(h) for all t. Clearly, {ξt} is strictly stationary and an L2-process, since

E|ξt|2+δ = E|XtXt+h|2+δ

≤
√

E|Xt|2(2+δ)
√

E|Xt+h|2(2+δ)

= E|Xt|4+4δ < ∞.

Denote the kth α-mixing coefficient of {ξt} by αξ(k). Notice that

Ft,0 = σ(XsXs+h : s ≤ t) ⊂ σ(Xs : s ≤ t + h)

as well as

Ft,k = σ(XsXs+h : s ≥ t + k) ⊂ σ(Xs : s ≥ t + k).

Hence, for k > h we may estimate αξ(k) as

αξ(k) = sup
A∈Ft,0,B∈Ft,k

|P(A ∩ B) − P(A)P(B)|

≤ sup
A∈σ(Xs:s≤t+h),B∈σ(Xs:s≥t+k)

|P(A ∩ B) − P(A)P(B)|

= α(k − h).
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It follows that

∞∑
k=1

αξ(k)
δ

2+δ =
h∑

k=1

αξ(k)
δ

2+δ +
∞∑

k=h+1

αξ(k)
δ

2+δ

=
h∑

k=1

αξ(k)
δ

2+δ +
∞∑

k=1

α(k)
δ

2+δ < ∞.

Consequently, the assertions follow from Theorem 8.8.2.

The following proposition shows that γ̂T (h) inherits its asymptotic distribution from γ̃T (h).

Proposition 8.8.4 Let {Xt} be a weakly stationary series satisfying the central limit theorem,

1√
T

T∑
t=1

Xt
d→ N(0, σ2),

as T → ∞. Then
√

T (γ̂T (h) − γ̃T (h))
P→ 0,

as T → ∞.

Proof. A direct calculation yields

γ̂T (h) = 1

T

T∑
t=1

(Xt − XT )(Xt+h − XT )

= 1

T

(
T−h∑
t=1

XtXt+h − 2XT

T−h∑
t=1

Xt+h + X
2
T

)
.

Hence,

γ̂T (h) − γ̃T (h) = −X
2
T + 2XT

1

T

T∑
t=T−h+1

Xt − h

T
X

2
T ,

which eventually leads to

√
T (γ̃T (h) − γ̃T (h)) = −[

√
TXT ]XT + 2[

√
TXT ]

1

T

T∑
t=T+h+1

Xt − [
√

TXT ]
h

T
XT .

By assumption, the terms in brackets are asymptotically normal and therefore OP (1). The
remaining factors are oP (1), since XT → 0, as T → ∞, in probability, as a consequence of
the central limit theorem.

As a consequence of Proposition 8.8.4, Theorem 8.8.3 remains true when γ̃T (h) is replaced
by γ̂T (h), that is when the time series is centered at the sample average XT . Further, one may
extend the result to joint convergence in distribution. Assuming the {Xt} is a linear process
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with i.i.d. innovations and coefficients {θi} satisfying the conditions of Theorem 8.6.3, one
can obtain

√
T [(ρ̂T (1), . . . , ρ̂T (d))′ − (ρ(1), . . . , ρ(d))′] d→ N(0, W),

where W = (wij)i,j is the (d × d)-matrix with entries

wij =
∞∑

k=−∞
[ρ(k + i)ρ(k + j) + ρ(k − i)ρ(k + j) + 2ρ(i)ρ(j)ρ2(k)

− 2ρ(i)ρ(k)ρ(k + j) − 2ρ(j)ρ(k)ρ(k + i)].

In particular, for a white-noise process one obtains W = diag(1, . . . , 1), which justifies the
asymptotic hypothesis test and confidence interval discussed in Section 3.3.1.

It is worth mentioning that the assumption of a finite moment of order 4 + δ is essen-
tial. Indeed, for heavy-tailed distributions the sample autocovariances and autocorrelations,
respectively, may exhibit a completely different behavior.

Having consistent estimators of the autocovariances at our disposal, it seems natural to
use them in order to estimate the (asymptotic) variance of the scaled sample mean,

�T = Var

(
1√
T

T∑
t=1

Xt

)
= �0 +

T−1∑
j=1

T − j

T
(�j + �′

j),

where {Xt : t = 1, 2, . . . } is a stationary d-dimensional time series with mean μ and autoco-
variance matrices

�j = E(X1 − μ)(X1+j − μ)′, j = 1, 2, . . . .

Generalizing from the univariate setting, see Equation (8.1),

� = lim
T→∞ �T = �0 +

∞∑
j=1

(�j + �′
j)

is called the long-run variance, provided it exists.
In applications, the d-dimensional time series {Xt} for which one has to estimate � is

often given by

Xt = h(Zt ; ϑ),

where {Zt} is another strictly stationary l-dimensional time series, ϑ ∈ � a parameter and
h(z, ϑ) a known function defined on Rl × � such that

E|h(Z1; ϑ)|4+δ < ∞,

for some δ > 0.
For brevity of notation, put

ht(ϑ) = h(Zt ; ϑ), t ∈ N,

and assume that there is some ϑ0 ∈ �, the true parameter, such that

Eht(ϑ0) = 0, for all t,

holds true.
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The Newey–West estimator for � is defined by

�̂T = �̂T0 +
m∑

j=1

w(j, m)(�̂Tj + �̂′
Tj), (8.28)

where 0 ≤ m < T is the lag truncation parameter and

�̂Tj = 1

T

T∑
t=j+1

ĥt(ϑ0)ĥt−j(ϑ0)′.

For simplicity of presentation, we omit the parameter in our notation, since it will be fixed
at ϑ = ϑ0. The lag truncation parameter is chosen as a function of the sample size, m = mT ,
and we shall see that it has to be of smaller order than T .

The above estimator relies on estimates of the random variables ht . We consider the
following two cases:

(i) If ht(ϑ) = h(Zt) does not depend on ϑ, then we simply use ĥt = h(Zt).

(ii) If ht(ϑ) = h(Zt ; ϑ), we assume that we have some consistent estimator ϑ̂T and use

ĥt = h(Zt ; ϑ̂T ), t = 1, 2, . . . .

Notice that the estimator �̂T uses only the first m diagonals of the sample autocovariance
matrix of ĥ1, . . . , ĥT , which are additionally weighted using the Bartlett weights

w(j, m) = 1 − j

m + 1
, j = 0, . . . , m.

Those weights satisfy the following regularity conditions

(i) w(j, m) ≤ Cw for all 0 ≤ j ≤ m, m ∈ N, for some constant 0 < Cw < ∞.

(ii) For each 0 ≤ j ≤ m it holds w(j, m) → 1, as m → ∞.

Also observe that

w(j, m) = kB

(
j

hT

)
, j = 0, . . . , m, m ≥ 1,

if we put hT = m + 1 and introduce the Bartlett kernel function

kB(x) = (1 − |x|)1(|x| ≤ 1), x ∈ R.

One can define other weighting schemes by selecting other kernel functions. Here is a list of
the most commonly used kernels.

(i) Truncated: kTR(x) = 1(|x| ≤ 1), x ∈ R.
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(ii) Parzen:

kP (x) =

⎧⎪⎨⎪⎩
1 − 6x2 + 6|x|3, 0 ≤ |x| ≤ 1/2,

2(1 − |x|)3, 1/2 ≤ |x| ≤ 1,

0, otherwise.

(iii) Tukey–Hanning:

kTH (x) =
{

(1 + cos(πx))/2, |x| ≤ 1,

0, otherwise.

(iv) Quadratic Spectral:

kQS(x) = 25

12π2x2

(
sin(6πx/5)

6πx/5
− cos(6πx/5)

)
.

To motivate an assumption on the estimates ĥt , suppose that h(z; ϑ) is twice differentiable
with

sup
t

‖∇h(Zt ; ϑ0)‖ = OP (1), sup
t

‖Dh(Zt ; ϑ0)‖ = OP (1).

Then a Taylor expansion leads to

ĥt − ht = ∇h(Zt ; ϑ0)(ϑ̂T − ϑ0) + OP (‖ϑ̂T − ϑ0‖).

If ϑ̂T is
√

T -consistent, say, such that

√
T (ϑ̂T − ϑ0) = OP (1),

then the estimates ĥt are uniformly consistent with rate
√

T in the sense that

max
t≤T

√
T |ĥt − ht| = OP (1).

To derive the consistency of the Newey–West estimator, we need the following maximal
inequality.

Proposition 8.8.5 (Maximal Inequality for α-Mixing Series)
Let {ξt : t ∈ N} be a mean zero α-mixing time series such that there is some δ > 0 with

E|ξt|2+δ < ∞

for all t ≥ 1 and mixing coefficients {α(k) : k ∈ N} satisfying

∞∑
k=1

α(k)
2

2+δ < ∞.
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Then,

P

(
max

1≤t≤T

∣∣∣∣∣
T∑

t=1

ξt

∣∣∣∣∣ > ε

)
≤ 4

∑T
t=1 Eξ2

t + c(α, δ)
∑T

t=1

(
E|ξt|2+δ

) δ
2+δ

ε2 ,

where

c(α, δ) = 16

[
(4δ−1 + 2)

∞∑
k=1

(k + 1)
2
δ α(k)

δ
2+δ

]
.

Theorem 8.8.6 (Consistency of the Newey–West Estimator)
Let {Zt} be a strictly stationary α-mixing time series with mixing coefficients satisfying

∞∑
k=1

α(k)
δ

2+δ < ∞.

Further, let ht(ϑ) = h(Zt ; ϑ), t ≥ 1, for some function h(z, ϑ) satisfying

Eh(Z1; ϑ0) = 0 and E|h(Z1; ϑ0)|4+4δ < ∞.

Let ĥt be uniformly consistent estimates for ht , that is

max
t≤T

|ĥt − ht| = oP (1). (8.29)

Then the Newey–West estimator �̂T for �T is consistent,

�̂T − �T
P→ 0,

as T → ∞, provided the lag truncation rule satisfies

m2

T
= o(1),

as T → ∞.

Proof. For simplicity of notation put ht = ht(ϑ0). Notice that �̂T can be written as

�̂T = 1

T

T∑
t=1

ĥt ĥ
′
t + 2

T

m∑
j=1

T∑
t=j+1

w(j, m)ĥt ĥ
′
t−j.

We shall show consistency of

�̆T = 1

T

T∑
t=1

hth
′
t + 2

T

m∑
j=1

T∑
t=j+1

w(j, m)hth
′
t−j,
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which uses the the random variables ht instead of their estimates ĥt , and then argue that the ht

can be replaced by their estimates. Consider the following corresponding truncated version
of �T ,

�̃T = 1

T

T∑
t=1

E(hth
′
t) + 2

T

m∑
j=1

T∑
t=j+1

w(j, m)E(hth
′
t−j)

and notice that

�̃T = E(�̆T ).

The theorem follows, if we verify the following assertions.

(i) ‖�T − �̃T ‖ = o(1).

(ii) ‖�̆T − �̃T ‖ = O(m2/T ).

(iii) ‖�̂T − �̆T ‖ = oP (1).

In what follows, ‖ • ‖ denotes the maximum matrix norm. Let us start with (i) and estimate
the error ‖�T − �̃T ‖. We have

‖�T − �̃T ‖ ≤ 2

T

m∑
j=1

T∑
t=j+1

|w(j, m) − 1|‖E(hth
′
t−j)‖ + 2

T

T∑
j=m+1

T∑
t=j+1

‖E(hth
′
t−j)‖.

The α-mixing condition ensures that the second term can be estimated by

2C max
N≤T

N∑
j=1

N − j

N
α(j)

2
2+δ = O

⎛⎝ ∞∑
j=m+1

α(j)
2

2+δ

⎞⎠ = o(1),

as m → ∞, since
∑∞

j=1 α(j)
2

2+δ < ∞, and by Eht = 0 and Proposition 8.7.6 the element
(k, l), htkht−j,l, of the random matrix hth

′
t−j satisfies

|E(htkht−j,l)| ≤ Cα(j)
2

2+δ

for some constant 0 < C < ∞ not depending on k, l ∈ {1, . . . , d}. Using similar arguments,
the first term can be bounded by

Bm = c

m∑
j=1

|w(j, m) − 1|α(j)
2

2+δ

for some constant 0 < c < ∞. Define the sequence of functions

fn(j) = |w(j, n) − 1|α(j)
2

2+δ 1(j ≤ n), j ∈ N0,

for n ∈ N. Then

Bm = c

∫
fm(x) dν(x),
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where ν(x) denotes the counting measure on N0. Now Bm = o(1) follows by dominated
convergence, since clearly fm(x) → 0, as m → ∞, for each fixed x ∈ N, and

fm(x) ≤ g(x) = 2α(x)
2

2+δ

where ∫
g(x) dν(x) = 2

∞∑
k=1

α(x)
2

2+δ < ∞.

To show (ii) notice that

�̆T − �̃T = RT1 + RT2,

where

RT1 = 1

T

T∑
t=1

(hth
′
t − E(hth

′
t)),

RT2 = 2

T

m∑
j=1

w(j, m)
T∑

t=j+1

[hth
′
t−j − E(hth

′
t−j)]

≤ 2Cw

T

m∑
j=1

∣∣∣∣∣∣
T∑

t=j+1

[hth
′
t−j − E(hth

′
t−j)]

∣∣∣∣∣∣ .
We show that RT2 = O(m2/T ) by applying the maximal inequality given in Proposition 8.8.5.
Fix 1 ≤ j ≤ T − 1 and consider the sequence

Utj = hth
′
t−j − E(hth

′
t−j), t ≥ 1.

Denoting the (k, l)th element of Utj by U
(k,l)
tj , 1 ≤ k, l ≤ d, the union bound together with

Proposition 8.8.5 now allows us to estimate RT2 as follows.

P(|RT2| > ε) ≤
d∑

k,l=1

m∑
j=1

P

⎛⎝ max
1≤N≤T

1

N

∣∣∣∣∣∣
N∑

t=j+1

U
(k,l)
t

∣∣∣∣∣∣ > ε

Cwm

⎞⎠
≤

d∑
k,l=1

m∑
j=1

C2
wm2 4TE|U(k,l)

1 |4+2δ + c(α, δ)T (E|U(k,l)
1 |4+2δ)

2
2+δ

ε2T 2

= O

(
m2

T

)
.

We can replace the hts by their estimates h̃t , since Equation (8.29) implies that

ĥt = ht +
√

T (ĥt − ht)√
T

= ht + OP (1/
√

T ),



REFERENCES 323

uniformly in t ≤ T , which leads to

ĥt ĥ
′
t−j = [ht + OP (1/

√
T )][h′

t−j + OP (1/
√

T )]

= hth
′
t−j + OP (1/

√
T ),

where the OP (1/
√

T ) term is uniform in j ≤ T − 1 and t ≤ T , since the fourth absolute
moment of the hts is uniformly bounded by assumption. We obtain

1

T

T∑
t=1

ĥt ĥ
′
t−j = 1

T

T∑
t=1

hth
′
t−j + OP (1/

√
T ),

which establishes (iii). Now the assertion follows easily.

8.9 Notes and further reading

An exposition of the asymptotic distribution theory for time series with a focus on parametric
approaches can also be found in Brockwell and Davis (1991). A nice and elaborated proof of
Theorem 8.3.6, the central limit theorem for martingale differences, which is omitted here,
can be found in the monograph (Davidson, 1994, p. 383), where it is shown by verifying
the conditions of a fundamental theorem due to McLeish (1974). The expositions on mixing
processes draws from Durrett (1996), Bosq (1998) and Doukhan (1994). It is worth men-
tioning that the condition

∑∞
n=1 ‖E(X0|F−n)‖2 < ∞ in Theorem 8.1.7 can be weakened

to
∑∞

n=1 ‖E(Xn|F0) − E(Xn|F−1‖2 < ∞, see (Hall and Heyde, 1980, Theorem 5.3) and
the discussion in Durrett (1996), resulting in the weaker condition

∑
i |θi| < ∞ for Theo-

rem 8.6.3, the central limit theorems for linear processes, see (Hannan, 1970, Theorem 11).
The method of proof can be generalized and is discussed in the review paper Merlevède et al.
(2006). For an advanced probabilistic monograph on limit theorems for semimartinagles the
reader is referred to Jacod and Shiryaev (2003). An exposition of the asymptotics of linear
processes can be found in Phillips and Solo (1992). Taking an econometric point of view, the
asymptotic theory for the multiple linear regression model from with stochastic regressors can
be found in Davidson (2000). For nonparametric density estimation, nonparametric regression
and its applications, we refer to Silverman (1986), Härdle (1990), Fan and Gijbels (1996),
Fan and Yao (2003), Li and Racine (2007) and Franke et al. (2008). Further econometric
monographs related to the material of this chapter are White (2001) and Tanaka (1996). The
maximal inequality in Theorem 8.8.5 is due to (Peligrad, 1999, Corollary 2.4). For a general
result on the almost sure convergence of Bartlett’s estimator, see Berkes et al. (2005).
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9

Special topics

This chapter is devoted to some special topics. First, we discuss the copula approach to
the modeling and analysis of high-dimensional multivariate distributions, which has found
widespread applications in finance. A prominent application is the pricing of collaterized debt
obligations, and thus we take the opportunity to discuss how copulas became part of the 2008
financial crisis.

Nonparametric methods have become an integral part of the analysis of financial data
analysis as well. In many areas, the local polynomial approach, particularly the local linear
estimator, provides a good balance between simplicity and accuracy. Thus, we study in greater
detail the corresponding asymptotic theory complementing and extending the discussions of
previous chapters.

Lastly, we discuss some selected change-point methods. Those methods assume that the
time series of interest may have structural breaks (change-points) where the distribution
changes. Such a setting is quite realistic for financial data according to the large number
of potential factors that may have impact on prices, returns, risk measures, indices or other
random quantities of interest: Unexpected news such as profit warnings, mergers, fusions, po-
litical events, weather extremes, etc. Events like those may lead to changes of the distribution,
which call for immediate action such as portfolio updates, hedges, risk selling or closing of
positions. Therefore, the analysis of time series in order to test for such changes as well as
the application of monitoring procedures to detect them quickly have received considerable
interest.

9.1 Copulas – and the 2008 financial crisis

Copulas have become a common approach to model multivariate distributions of random
vectors, e.g. the joint default times of credits. They allow us to separate the problem to
specify or estimate marginal distributions and the problem to handle dependencies between
the coordinates. Many copula models are actually parsimonious parametric models with only
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© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.



326 SPECIAL TOPICS

a few parameters or even only one parameter. In this way, intractable problems such as the
calculation of complex risk measures of hundreds or thousands of financial instruments can be
melted down to quite simple formulas and procedures. That problem is of particular concern
when dealing with debts. The default events are often dependent, particularly when a crisis
hits markets and one default induces the next one. Usually, there is not enough historical data
for each credit and obligor, respectively, to estimate default probabilities from them. Copula
models allow us to describe the dependence by a few parameters, which in some cases can
be linked to available market information.

The price one has to pay for that parsimonity is that the structural shape of the dependence
is fixed for a given copula. Of course, a one-dimensional model for a, say, 1000-dimensional
distribution represents only a tiny subset of all possible distributions. But if the selected copula
model is wrong and does not fit reality, risk measures and prices calculated from that model
can be highly misleading.

This is what actually happened before and during the 2008 financial crisis. They were more
and more used to price collateralized default obligations as well as credit default swaps. The Li
model became the industry standard in this field and was heavily used by rating agencies and
banks. Li’s model relies on a simple Gaussian copula model, too simplistic for the problem
at hand. The default probabilities calculated from this model were too optimistic.

After an introduction to copulas and their basic properties, we give a brief outline of the
major reasons leading to the financial turmoil before discussing the famous Li model in some
detail.

9.1.1 Copulas

Let X = (X1, . . . , Xd) be a random vector of dimension d ∈ N, where d can be very large.
Its distribution is determined by the multivariate distribution function

F (x1, . . . , xd) = P(X1 ≤ x1, . . . , Xd ≤ xd), x1, . . . , xd ∈ R.

The basic idea of the copula approach is based on the following observation: Let C(u1, . . . , ud)
be a distribution function of a random vector (U1, . . . , Ud) with uniform marginals, that is
Ui ∼ U[0, 1], i = 1, . . . , d. Then

C(F1(x1), . . . , Fd(xd)), x1, . . . , xd ∈ R, (9.1)

defines a distribution function on Rd with marginals F1, . . . , Fd . Let us verify the latter fact
for the first coordinate. We have limx→∞ Fj(x) = 1, j = 1, . . . , d, and

lim
u2,...,ud→∞ C(u1, . . . , ud) = C(u1, 1, . . . , 1) = u1, u1 ∈ [0, 1],

leading to

lim
x2,...,xd→∞ C(F1(x1), . . . , Fd(xd)) = F1(x1), x1 ∈ R.

Definition 9.1.1 (Copula)
A copula is a distribution function C : [0, 1]d → [0, 1] of a d-dimensional random vector
(U1, . . . , Ud) with Ui ∼ U(0, 1), i = 1, . . . , d.
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Let X ∼ F be a random variable and define for x ∈ R and a > 0

F (x, a) = P(X ≤ x) + aP(X = x).

Let V be a random variable with V ∼ U(0, 1). Then

U = F (X, V ) = F (X−) + V [F (X) − F (X−)]

is called a distributional transform or probability integral transform. Notice that for a
continuous distribution function F , F (x, a) = F (x). In this case the distributional transform
is simply given by U = F (X). The distributional transform satisfies

U ∼ U(0, 1) and X = F−1(U) a.s..

Let us check the latter fact. By definition

F (X−) ≤ U = F (X, V ) ≤ F (X)

and P(U = F (X−)) = P(V = 0). Since F−1(u) = x for all u ∈ (F (x−), F (x)], F−1(U) = X

a.s. follows.
The following celebrated theorem of Sklar asserts that any distribution function on Rd

can be represented in the form (9.1) and provides the basis of the copula approach.

Theorem 9.1.2 (Sklar’s Theorem, 1959)

(i) Let F : Rd → [0, 1] be a d-dimensional distribution function and Fi, i = 1, . . . , d,
be the associated marginal distribution functions. Then there exists a d-dimensional
distribution function C : [0, 1]d → [0, 1] such that

F (x1, . . . , xd) = C(F1(x1), . . . , Fd(xd)),

for all (x1, . . . , xd)′ ∈ Rd .

(ii) If C : [0, 1]d → [0, 1] is a copula and F1, . . . , Fd are univariate distribution func-
tions, then

C(F1(x1), . . . , Fd(xd)), (x1, . . . , xd) ∈ Rd,

defines a d-dimensional distribution function with marginals F1, . . . , Fd .

Proof. We show (i). Let (X1, . . . , Xd) be a random vector with distribution function F .
For a random variable V ∼ U(0, 1) independent of X consider the distributional transforms
Ui = Fi(Xi, Vi) leading to the a.s. representations Xi = F−1

i (Ui), i = 1, . . . d. Now the copula

C(u1, . . . , ud) = P(U1 ≤ u1, . . . , Ud ≤ ud), u1, . . . , ud ∈ [0, 1],

satisfies

F (x1, . . . , xd) = P(X1 ≤ x1, . . . , Xd ≤ xd)

= P(F1(U1) ≤ x1, . . . , Fd(Ud) ≤ xd)

= P
(
U1 ≤ F−1

1 (x1), . . . , Ud ≤ F−1
d (xd)

)
,

for all x1, . . . , xd ∈ R.
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If a multivariate distribution is expressed by a copula C and the marginal distribution
functions F1, . . . , Fd , one can simulate random vectors (X1, . . . , Xd) having the distribution
function F (x1, . . . , xd) = C(F1(x1), . . . , Fd(xd)) as follows.

1. Draw a random vector (U1, . . . , Ud) ∼ C from the copula C.

2. Apply coordinate-wise the quantile functions F−1
i to obain the random vector

(X1, . . . , Xd) = (
F−1

1 (U1), . . . , F−1
d (Ud)

)
,

which is distributed according to F .

3. Repeat steps 1. and 2. n times to obtain a random sample X(1), . . . , X(n) ∼ F of d-
dimensional random vectors.

Notice that, if the d-dimensional distribution function F in Sklar’s theorem has continuous
marginals F1, . . . , Fd , then the copula satisfies

C(u1, . . . , ud) = F
(
F−1

1 (u1), . . . , F−1
d (ud)

)
,

for every u = (u1, . . . , ud)′ ∈ Rd . Further, we have the representation

C(u1, . . . , ud) = P(F1(X1) ≤ u1, . . . , Fd(Xd) ≤ ud),

for every u = (u1, . . . , ud)′ ∈ Rd .
Here is a list of some frequently used copulas.

Example 9.1.3 (Copulas)

(i) Independence: Suppose U1, . . . , Ud ∼ U(0, 1) are independent. The correspond-
ing independence copula is given by

P(U1 ≤ u1, . . . , Ud ≤ ud) =
d∏

i=1

P(Ui ≤ ui) =
d∏

i=1

ui,

for u1, . . . , ud .

(ii) Perfect correlation: If U1, . . . , Ud ∼ U(0, 1) are perfectly correlated such that
U1 = · · · = Ud , then the associated copula is

Cu(u1, . . . , ud) = P(U1 ≤ min(u1, . . . , ud)) = min(u1, . . . , ud),

for u1, . . . , ud ∈ [0, 1], called the upper Fréchet copula.

(iii) Mixtures of copulas: If C0(u1, . . . , ud) is an arbitrary copula (e.g. the indepen-
dence copula) and ρ > 0 a mixing coefficient, then we obtain a new copula by
mixing it with the copula corresponding to perfect correlation,

C(u1, . . . , ud) = (1 − ρ)C0(u1, . . . , ud) + ρ min(u1, . . . , ud),

for u1, . . . , ud ∈ [0, 1].



COPULAS – AND THE 2008 FINANCIAL CRISIS 329

(iv) Bivariate Gaussian copula: For d = 2 one may consider the bivariate normal
distribution with means zero, unit variances and correlation coefficient ρ ∈ (−1, 1),
that is

C(u1, u2) =
∫ �−1(u1)

−∞

∫ �−1(u2)

−∞
1

2π(1 − ρ2)1/2

(
− s2 − 2ρst + t2

2(1 − ρ2)

)
ds dt,

for u1, u2 ∈ [0, 1]. Notice that this is a one-parameter family.

(v) Bivariate t-copula:

C(u1, u2) =
∫ F−1

ν (u1)

−∞

∫ F−1
ν (u2)

−∞
1

2π(1 − ρ2)1/2

(
1 + s2 − 2ρst + t2

ν(1 − ρ2)

)−(ν+2)/2

ds dt,

for u1, u2 ∈ [0, 1], where F−1
ν (p) denotes the quantile function of the t-distribution

with ν degrees of freedom and ρ ∈ (−1, 1) is the coefficient of correlation.

(vi) Gaussian copula: The bivariate Gaussian copula easily extends to dimension d. In
general,

C(u1, . . . , ud) = ��(�−1(u1), . . . , �−1(ud)), u1, . . . , ud ∈ [0, 1],

is called a Gaussian copula, where �� is the distribution function of a multivariate
normal distribution with mean zero and a covariance matrix �, and �−1is the

quantile function of the N(0, 1) distribution. For d = 2 and � =
(

1 ρ

ρ 1

)
one

obtains the bivariate Gaussian copula.

(vii) Extreme value copuals: Such copulas for bivariate distributions have the form

C(u1, u2) = exp

[
log(xy)A

(
log(u1)

log(u1u2)

)]
, u1, u2 ∈ [0, 1],

where A : [0, 1] → [1/2, 1], is a convex function and A(t) satisfies the constraints
max(t, 1 − t) ≤ A(t) ≤ 1 for all t ∈ [0, 1].

(viii) Kimeldorf and Sampson copula:

C(u1, u2) = (
u

−γ
1 + u

−γ
2 − 1

)1/γ
, u1, u2 ∈ [0, 1],

for some 0 ≤ γ < ∞.

(ix) Archimedean copulas: A copula is Archimedean, if it is of the form

C(u1, . . . , ud) = ψ(ψ−1(u1) + · · · + ψ−1(ud))
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for some function ψ that is called a generator. To ensure that C is a copula, the
generator has to be d-monotone on [0, ∞), i.e.

(−1)kψ(k)(x) ≥ 0,

for all x ≥ 0 and k = 0, 1, . . . , d − 2, and (−1)d−2ψ(d−2)(x) is nonincreasing and
convex. Frequently used generators and their inverse are as follows.

– Ali–Mikhail–Haq: Generator

ψ(t; θ) = 1 − θ

exp(t) − θ
, θ ∈ [0, 1),

with inverse

ψ−1(t; θ) = log
1 − θ + θt

t
.

– Clayton: Generator

ψ(t; θ) = (1 + t)−1/θ, θ ∈ (0, ∞),

with inverse

ψ−1(t; θ) = t−θ − 1.
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Figure 9.1 Contour plot for the distribution of DAX and FTSE daily log returns using the
Gaussian copula and kernel estimates for the marginals.
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– Frank: Generator

ψ(t; θ) = − log(1 − (1 − exp(−θ)) exp(−t))

θ
, θ ∈ (0, ∞),

with inverse

ψ−1(t; θ) = − log
exp(−θt) − 1

exp(−θ) − 1
.

Figure 9.1 and Figure 9.2 show a Gaussian copula fitted by maximum likelihood to daily
log returns of of DAX and FTSE with marginals estimated nonparametrically by a kernel
density estimator yielding a copula-based estimator of the bivariate distribution.

A nonparametric estimator for the copula function C(u1, . . . , ud) based on a sample
X1, . . . , XT of d-dimensional random vectors,

Xt = (Xt1, . . . , Xtd)′, t = 1, . . . , T,

with common distribution function F (x1, . . . , xd) = C(F1(x1), . . . , Fd(xd)) can be derived as
follows. For simplicity of the exposition, let us assume that the marginal distribution functions
F1, . . . , Fd are continuous. Recall that

C(u1, . . . , ud) = P(F1(X1) ≤ u1, . . . , Fd(Xd) ≤ ud),

for u1, . . . , ud ∈ [0, 1]. If we knew the transforms Uij = Fj(Xij), a natural estimator for the
copula is

VT (u1, . . . , ud) = 1

T

T∑
t=1

1(Ut1 ≤ u1, . . . , Utd ≤ ud), u1, . . . , ud ∈ [0, 1].

DAX

FTSE

Figure 9.2 3D plot of the joint density of the DAX and FTSE daily log returns constructed
from the Gaussian copula and kernel estimates for the marginals.
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Since the Fj are unknown, we now replace them by their nonparametric estimators

F̂Tj(x) = 1

T

T∑
t=1

1(Xtj ≤ x), x ∈ R,

leading to the empirical counterparts of Utj = Fj(Xtj) given by

Ûtj = F̂Tj(Xtj), j = 1, . . . , d; t = 1, . . . , T.

Notice that T Ûtj is the sum of all Xt′j , t′ = 1, . . . , T , with Xt′j ≤ Xj , i.e. the rank Rtj of Xtj in
the sample X1j, . . . , XTj of the jth coordinates, and the ranks are a permutation of the numbers
1, . . . , T , almost surely. Now the unknown copula function is estimated nonparametrically
by

ĈT (u1, . . . , ud) = 1

T

T∑
i=1

1(F̂T1(Xi1) ≤ u1, . . . , F̂Td(Xid) ≤ ud), u1, . . . , ud ∈ [0, 1].

Since F̂T1(Xi1) ≤ u1 ⇔ Xi1 ≤ F̂−1
T1 (u1), this estimator can also be written as

ĈT (u1, . . . , ud) = 1

T

n∑
i=1

1
(
Xi1 ≤ F̂−1

Td (u1), . . . , Xid ≤ F̂−1
T1 (ud)

)
.

The corresponding empirical process
√

T [ĈT (u1, . . . , ud) − C(u1, . . . , ud)], u1, . . . , ud ∈ [0, 1],

is known to converge weakly to the Gaussian process

GC(u1, . . . , ud) = BC(u1, . . . , ud)

−
d∑

j=1

∂C

∂uj

(u1, . . . , ud)BC(u1, . . . , uj−1, 1, uj+1, . . . , ud),

u1, . . . , ud ∈ [0, 1], as T → ∞, where BC is a Brownian bridge on [0, 1]d with covariance
function Cov(BC(u1, . . . , ud), BC(u′

1, . . . , u
′
d)) equal to

C(min(u1, u
′
1), . . . , min(ud, u

′
d)) − C(u1, . . . , ud)C(u′

1, . . . , u
′
d),

for u1, . . . , ud, u
′
1, . . . , u

′
d ∈ [0, 1].

9.1.2 The financial crisis

From the mid-1990s to 2006 US American house prices increased each year across the whole
country, forming a substantial bubble. During that time the interest rates were low, which
spurred increases in mortgage financing, of course, and house prices, and also encouraged
financial institutions to construct instruments enhancing yields. The bubble was inflated by a
rapid rise of lending to subprime borrowers, which started in 2000. Adjustable Rate Mortgages
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(ARMs) were invented for low-income not credit-worthy people, which would otherwise be
excluded from the mortgage market, and speculators. The ARMs usually offered low teaser-
rates in the first few years and required no down-payment, for example by offering a second
mortgage contract for the down-payment. Sometimes, the borrowers were even allowed to
postpone some of the interest due and add it to the principal. The logic behind these deals was
the expected constant rise of home prices, which would allow the borrowers (or speculators)
to re-finance after a few years by a new mortgage with teaser-rate or sell the house at a higher
price. But the rate of the US house price rise began to decline after April 2005, such that the
possibility to re-finance early was pushed into the future. Many subprime borrowers ended
up with substantially higher mortage costs. As a consequence, the delinquency rate among
home owners of subprime ARMs increased until 2006 to 10.09% - compared to 2.27% for
prime fixed-rate mortgages.

The rise of subprime lending was enhanced by new financial innovations, which trans-
formed mortgages into a standardized financial instrument, a process called securitization.
Two government-sponsored enterprises, which were rated like AAA bonds, heavily engaged
in mortgage lending, Fannie Mae and Freddie Mac, developed mortgage-backed securities
(MBS) in the 1970s, which pooled geographically diversified mortgages into packages and
added some guarantees, making them marketable. In this way, Fannie Mae and Freddie Mac
were able to buy loans across the country from local banks and sell the associated risk to the
risk-eager investors. The local banks were then in a position to expand their mortgage lending
to customers. The basic and fascinating idea of MBS is that the mortgages are repackaged
in tranches with different risk profiles. The funds available to the mortgage market can be
increased substantially in this way. Since a country-wide series of defaults had never occurred
before, these MBS were regarded as rather safe investments. Both enterprises were regulated
and only allowed to deal with conforming loans of borrowers with a credit score above a
certain threshold. But private firms developed MBS backed by subprime mortgages, which
offer higher yields than standard mortgages.

It is worth looking at how MBS are constructed. A MBS transaction has two sides linked
by cash flows. The asset side is the underlying reference portfolio and the liability side consists
of securities issued by an issuer, often a special purpose vehicle (SPV). SPVs are off-balance
sheet legal entities created by the owner of the pool in order to insulate investors from the
credit risk of the originator, usually a bank. The originator sells assets to a SPV that then
issues structured notes backed by the portfolio. The tranches are called senior, mezzanine,
mezzanine junior and equity, to which percentages of losses are assigned. Assume for example
that these percentages are 3%, 4%, 5%, and 85%. The equity tranche has to cover the first
3% of a loss, the mezzanine junior tranche the next 4%, and so forth. When the portolio
suffers a loss of, e.g., 5%, by a defaulting debt, then the equity tranche has to bear 3% and
the mezzanine junior tranche 2%. The other tranches are not affected. In this way, holders of
a senior tranche take less risk than holders of the equity tranche, for example. Further, the
senior tranche has preferred claims on the returns generated by the mortgages; they are paid
first. Once the senior holders are paid, the mezzanine holders are paid next, and so on. The
equity tranche receives what is left. In this way, the riskier tranches are subordinated to the
senior tranche. The higher the subordination, the safer the senior tranche. MBS achieve credit
enhancement by over-collaterization. This means that the face value of the mortgage assets
is higher than the face value of the re-packaged securities. The over-collaterized part is the
equity tranche. In the above example, 3% of the mortgage payments can default before the
higher tranches suffer any loss.



334 SPECIAL TOPICS

The re-packaging into tranches does not reduce the risk of the underlying portfolio, it is
only rearranged. The senior tranche is eligible to high investment grade credit ratings, since
they are more or less insulated from the default risk. But the lower tranches are substantially
more risky and suffer from losses rather quickly.

Since around 2000, commercial and investment banks constructed new financial instru-
ments to securitize subprime mortgages, which boomed and fueled the bubble substantially:
collateralized debt obligations (CDOs) package securities backed by mortgages together
with other assets. CDO issuers purchase different MBS tranches and pool them with other
asset-backed securities such as credit card loans, auto loans or student loans. Whereas the
assets of a MBS consist of actual mortgage payments, the assets of a CDO are the securities
that collect these mortgage payments. Clearly, now the risks an investor is taking are less
transparent. CDOs were issued in great quantities in 2006 and 2007. Actually, there were not
enough ABS traded, so many CDOs were backed on synthetic ABS. Before the financial cri-
sis, the issuers worked directly with rating agencies to structure CDOs tranches and purchased
credit default swaps or credit insurances in such a way that they received high ratings for their
CDOs. Actually, the senior tranches of those CDOs were mispriced: The investment banks
purchased BBB mortgage-backed securities with high yields by issuing AAA-rated CDO
bonds paying lower yields. By simply re-packaging cashflows, it was possible to generate a
positive net present value. But when in 2007 waves of CDO downratings hit the market on
a massive scale, since the CDOs were mispriced by the too-simplistic Li model, previously
high-rated tranches became exposed to severe losses. Now, the holders of the CDOs came
into trouble. Investors such as pensions funds that can invest only a certain amount of money
in bonds below triple-A rating had pressure to sell their holdings at any price.

There was a general positive feedback mechanism in effect: When prices increase con-
stantly during a bubble, the net worth of a bank increases when the positions are mark-to-
market. This decreases their leverage. Hence, they aim at making use of their new surplus
capital, i.e. expand their balance-sheet, since it is unprofitable for a bank to be under-leveraged
when prices are rising. This fueled further demand for mortgage-related products. The supply
of subprime assets adjusted to this continuously increasing demand. When the crisis hit, the
leverage sharply increased, the institutions lacked liquidity and had many securities on bad
loans in their books, which were no longer tradeable.

Banks held part of the MBS, CDOs and other debts in structured investment vehicles
(SIVs), which are off-balance sheet SPV created by banks to hold such assets, in order to
leverage their positions more than they could on their balance-sheets due to capital require-
ments of regulators. To finance the SIV’s positions, the SPV issued asset-backed commercial
papers (ABCPs) as liabilities. These instruments mostly had short-term maturities less than
two weeks and had to roll over constantly. However, when the crisis hit, many banks put their
SIVs on the balance-sheet again.

Overnight repurchase agreements (repo loans) became a popular instrument for short-term
borrowing for investment banks. Here a bank takes its assets as collateral in an overnight loan
with another bank. In this way, the financial institutions were linked together so that when
one bank got into trouble, the problem spreads to the other institutions. It is estimated that
overnight repos grew as a share of the total assets from 12% to 25%. In 2007 37% of Lehman
Brother’s liabilities were collateralized borrowing and 22% short positions, and these short-
term instruments were used to finance long-term assets. The drying up of these short-term
liquidity funding, especially ABSPs and repo loans, as a consequence of the mistrust among
the banks has been an important element in the financial crisis.
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A natural idea to enhance mortgage-backed securities and CDOs is credit insurance. In the
1970s, mono-line insurers such as Ambac with strong credit ratings started to back municipal
bond issues. By providing default insurance, the municipals were able to borrow at AAA rates.
Since the default probabilities of municipal bonds were overestimated, the mono-liners took
advantage of ratings arbitrage. This business model was expanded into the housing market by
selling credit default swaps to insure holders of CDOs and other mortgage-backed securities.

Of course, the extensive trading of a certain financial instrument backed on large portfolios
of credits requires pricing formulas to determine their fair value. David X. Li used the Gaussian
copula to model default correlation and proposed to use spreads of credit default swaps in
order to calibrate them to the market. As mentioned above, this became the standard in the
financial industry and was also used by the rating agencies. When the crisis evolved, the CDS
spreads increased rapidly due to the increased default risks of the underlying obligors, which
in turn led to falling values of CDO tranches. The rating agencies adapted their ratings of
CDOs to reality. In June 2007, Moody’s downgraded the ratings of subprime MBS backed by
residential mortgages worth 5 billion US dollars and started to review 184 CDO tranches for
downgrade. Standard & Poors placed MBS worth 7.3 billion US dollars on downgrade watch.

9.1.3 Models for credit defaults and CDOs

Let us start with some elementary calculus. Fix a time horizon T and denote by A and B

the events that two credits, obligors or firms, default. The corresponding probabilities of a
default before time T are pA = P(A) = E(1A) and pB = P(B) = E(1B). The joint default
is the event A ∩ B that occurs with probability pAB = P(A ∩ B). When the defaults are
independent, pAB = pApB holds true. Otherwise, the defaults are correlated and it makes
sense to calculate the conditional probabilities

pA|B = pAB

pB

, pB|A = pAB

pA

,

and the coefficient of correlation ρAB = Cor(1A, 1B), which is easily seen to be

ρAB = pAB − pApB√
pA(1 − pA)pB(1 − pB)

.

Suppose we are given n credits from n obligors with face values N1, . . . , Nn. Let r1, . . . , rn
be the recovery rates, i.e. if the credit i defaults, one still gets the payment riNi, i = 1, . . . , n.
In what follows, the recovery rates are assumed deterministic.

Let

τ1, . . . , τn : (�,F, Q) → [0, ∞)

be the default time of n obligors (borrowers), which may be individuals or firms, and Q

be a fixed pricing probability measure. Further, denote by F and S, respectively, the joint
distribution and survival functions, i.e.

F (x1, . . . , xn) = Q(τ1 ≤ x1, . . . , τn ≤ xn)

and

S(x1, . . . , xn) = Q(τ1 > x1, . . . , τn > xn)
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for (x1, . . . , xn) ∈ Rn. By virtue of Sklar’s theorem, there exists a copula C such that

F (x1, . . . , xn) = C(F1(x1), . . . , Fn(xn)),

where F1, . . . , Fn are the marginal distribution functions of the default times τ1, . . . , τn. Vice
versa, we obtain a model for the joint distribution of defaults, if we select a copula and
marginals F1, . . . , Fn.

As CDOs are often based on a large number of credits, there is usually a lack of historical
data, which would allow us to estimate (joint) default probabilities. A further issue is dimen-
sionality. n may be very large, which may even preclude the estimation of correlations in
practice. Recall that there exists n(n − 1)/2 pairwise correlations. For example, for n = 100,
one has to estimate 4590 correlations.

In asset-based or structural models, the underlying obligor’s value Vi(t) are modelled. A
default is triggered if Vi(t) < Ki for the first time, such that in such a model

τi = inf{t ≥ 0 : Vi(t) < Ki},
where Ki is a transition barrier, i = 1, . . . , n. In the same vein, downgradings in ratings can
be modeled by selecting such barriers. Correlated defaults are then a consequence of the
dependence structure of the values V1(t), . . . , Vn(t).

In intensity-based models, one assumes the existence of d non-negative functions
λ1, . . . , λd : [0, ∞) → [0, ∞) such that the survival probability that the ith obligor (or credit)
survives t is given by

pi(t) = P(τi > t) = exp

(
−
∫ t

0
λi(u) du

)
, t ∈ [0, ∞).

Notice that pi(t) is nonincreasing and the corresponding distribution functions are

Fi(t) = 1 − pi(t) = 1 − exp

(
−
∫ t

0
λi(u) du

)
, t ∈ [0, ∞).

We claim that the default times can be assumed to be given by

τi = inf{t ≥ 0 : pi(t) ≤ Ui} (9.2)

for random variables U1, . . . , Un, which are uniformly distributed on the unit interval [0, 1].
Indeed, recall that for any number p ∈ [0, 1] and any random variable U ∼ U(0, 1), we have
P(U < p) = p. Hence, for τi as in Equation (9.2),

P(τi > t) = P(pi(s) > Ui, s ∈ [0, t])

= P(pi(t) > Ui)

= pi(t),

since pi(t) is nonincreasing. Hence,

P(τi ≤ t) = Fi(t), t ∈ R,

for i = 1, . . . , d. Actually, one may replace the Ui by

Fi(τi), i = 1, . . . , d,
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since those random variables are uniformly distributed on [0, 1]. Dependence between defaults
is now introduced by allowing for dependent U1, . . . , Un. The Li model assumes a Gaussian
copula. That means that the joint distribution function of the default times is modelled by a
Gaussian copula Cg, i.e.

P(τ1 ≤ x1, . . . , τd ≤ xd) = Cg(F1(x1), . . . , Fd(xd)), x1, . . . , xd ∈ R. (9.3)

The d loans or bonds of the underlying portfolio are assumed to be issued by d companies
(or obligors) with asset value Zi. The one-factor approach assumes now that

Vi = ρF +
√

1 − ρ2Gi, (9.4)

where F, G1, . . . , Gd are independent standard normal Gaussian random variables under
the fixed pricing measure Q, F is a market factor common to all obligors and ρ ∈ [0, 1]
determines the exposure to the factor F . For ρ = 0 the defaults are independent, whereas ρ = 1
corresponds to the comonotonic case. The random variables Gi represent the idiosyncratic
risks of the obligors. Notice that Cov(Vi, Vj) = ρ, if i /= j, and Var (Vi) = 1. Consequently,
the random vector (V1, . . . , Vn) is multivariate normally distributed with mean zero and a
covariance matrix �(ρ) with diagonal elements 1 and off-diagonal elements equal to ρ. This
means, ρ is the between-asset correlation.

Recall that τi ∼ Fi, such that Fi(τi) ∼ U(0, 1). In Li’s model it is now assumed that the
standard normal random variables Vi are related to the default times τi by

Vi = �−1(Fi(τi)), i = 1, . . . , d. (9.5)

Noting that Vi = �−1(Fi(τi)) ⇔ Fi(τi) = �(Vi), we obtain

P(τ1 ≤ x1, . . . , τd ≤ xd) = P(F1(τ1) ≤ F1(x1), . . . , Fd(τd) ≤ Fd(xd))

= P(V1 ≤ �−1(F1(x1)), . . . , Vd ≤ �−1(Fd(xd)))

= C�(ρ)(F1(x1), . . . , Fd(xd)).

This means that the joint distribution of the default times is given by (9.3) with Cg = C�(ρ).
Notice that for this argument the validity of Equation (9.5) is not needed. It is sufficient to
assume that

(V1, . . . , Vn)
d= (�−1(F1(τ1)), . . . , �−1(Fn(τn))).

The conditional default probability at time t given Fcan be calculated as follows.

pi(t|V ) = Q(τi ≤ t|F )

= Q(F−1
i (�(Vi)) ≤ t|F )

= Q(Vi ≤ �−1(Fi(t))|F ).
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Now use the model Equation (9.4) to conclude that

pi(t|V ) = Q(ρF +
√

1 − ρ2Gi ≤ �−1(Fi(t))|V )

= Q

(
Gi ≤ �−1(Fi(t)) − ρF√

1 − ρ2

)

= �

(
�−1(Fi(t)) − ρF√

1 − ρ2

)
.

To price CDOs using the above model, the correlation ρ needs to be estimated. A common
approach is calibration. Here, the parameter is selected such that the model price matches the
market prices of credit default swaps.

The simplicity of a Gaussian copula model made it very attractive for the financial industry
and it was quickly adopted and became a de facto standard. Having only one parameter, it
can be easily calibrated to market prices, allows us to price large portfolios and enables fast
computations. But it has a couple of severe drawbacks. The modeling of (joint) defaults is
inadequate. Defaults tend to occur in clusters. If one company defaults, it is likely that other
companies default as well, for example since they have the same business, or a similar exposure
to external risks that caused the default.

Even worse, under the Gaussian copula, the defaults become independent as the size
of default increases, in the sense that the upper-tail dependence vanishes, which is defined
as follows. Let T1 and T2 be default times with marginal distribution functions F1 and F2,
respectively. Provided the limit exists,

d = lim
p→1−

P
(
T2 > F−1(q)|T1 > F−1(q)

)
is called the coefficient of upper tail dependence. T1 and T2 are called asymptotically
independent in the upper tail, if d = 0. The coefficient d depends only on the copula.
For a Gaussian copula with correlation less than one, one can show that d = 0. This means
that under the Gaussian copula, extreme events look independent, whatever the value of the
coefficient of correlation.

9.2 Local linear nonparametric regression

Let us consider the following general framework for nonparametric regression, which extends
the setup studied in previous chapters. It is assumed that {(Yt, Xt) : t ∈ N} is a discrete-time
process satisfying

Yt = m(Xt) + εt,

εt = σ(Xt)ξt,

where Yt is an univariate response variable, Xt d-dimensional regressors, d ∈ N, {ξt} is an
innovation process with

E(ξt|Xt) = 0 and E
(
ξ2
t |Xt

) = 1,
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σ : R→ (0, ∞) and m : R→ R functions, σ(x) continuous and m(x) a function whose partial
derivatives of order p + 1 for some p ∈ N exist and are bounded. Let us introduce the filtration

F0 = {∅, �}, Ft = σ(Ys−1, Xs : s ≤ t), t ≥ 0

and notice that

E(Yt|Xt = x) = m(x) + σ(x)E(ξt|Xt = x) = m(x)

as well as

Var (Yt|Xt = x) = σ2(x)E
(
ξ2
t |Xt = x

) = σ2(x),

almost surely. This means, m(x) is the regression function and σ(x) the conditional volatility.

9.2.1 Applications in finance: Estimation of martingale measures and
Itô diffusions

The above framework is general enough to cover many important estimation problems arising
in finance: The estimation of risk-neutral densities (equivalent martingale measures), esti-
mation of nonparametric models for autoregressive conditional heteroscedasticity and the
estimation of discretely sampled diffusion processes.

Example 9.2.1 (Estimation of the Risk-Neutral Density)
Recall from Chapter 1, Section 1.5.8, that the risk-neutral density ϕ∗

T (x) of the stock price ST

at time T is related to the arbitrage-free price Ce(K) of a European call on the stock with
strike price K and expiration date T via

∂2Ce(K)

∂K2 = ϕ∗
T (K).

Given a sample C1, . . . , Cn of option prices with maturities K1, . . . , Kn, write

Ci = m(Ki) + εi, i = 1, . . . , n,

where m(Ki) = E(Ci|Ki) and εi = Ci − m(Ki). Then we are led to the problem to estimate
the second derivative m(2)(x) from the sample (C1, K1), . . . , (Cn, Kn).

Example 9.2.2 (Nonparametric ARCH Model)
Let Rt = log(Pt/Pt−1), t = 1, . . . , T , denote the log returns of price process {Pt} that is
observed at T equidistant time instants. Let us assume that {Rt} form a stationary time series
with mean zero and assume a nonparametric ARCH model of order p ∈ N,

Rt = σ
(
R2

t−1, . . . , R
2
t−p

)
ξt, t = 1, 2, . . . ,

where ξt are random variables, independent of

Ft−1 = σ(Rt−1, . . . , Rt−p),

with E(ξt) = 0 and E(ξ2
t ) = 1, for all t, and σ(x1, . . . , xp) is a smooth function defined on

[0, ∞) × · · · × [0, ∞). Note that σ(Rt−1, . . . , Rt−p) is the conditional volatility given the
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past Ft−1 = σ(Rt−1, Rt−2, . . . ). Consider

R2
t = σ2(Rt−1, . . . , Rt−p)ξ2

t , t = 1, 2, . . . .

Then

E
(
R2

t |Ft−1
) = σ2(Rt−1, . . . , Rt−p),

and we may estimate σ2(x1, . . . , xp) by using the model

R2
t = σ2(Rt−1, . . . , Rt−p) + εt, t = 1, . . . , T,

where εt = R2
t − σ2(Rt−1, . . . , Rt−p) have conditional mean 0.

Example 9.2.3 (Nonparametric Estimation of Itô Diffusions)
Let {X(t) : t ≥ 0} be a stationary ergodic Itô diffusion, that is a stationary ergodic solution
of the stochastic differential equation

dX(t) = μ(X(t))dt + σ(X(t))dBt,

where X(0) is distributed according to the stationary distribution μ. Recall Section 6.7 for a
discussion of this class of processes, sufficient conditions for stationary and ergodic solutions
and many examples. The Euler approximation scheme with time step � > 0,

Xt = X(t�), t = 1, 2, . . . ,

leads to the equations

Yt = μ(Xt−1)� + σ(Xt−1)
√

�εt, t = 1, 2, . . . ,

where

Yt = Xt − Xt−1, t = 1, 2, . . .

is a stationary time series.

9.2.2 Method and asymptotics

Let us first assume that Xt takes values in R. We aim at estimating m(x) for some fixed x. Let
us approximate m(x) by its Taylor polynomial around x,

m(z) ≈
p∑

k=0

m(k)(x)

k!
(z − x)k.

Fix some univariate smoothing kernel K and a bandwidth h > 0. The local polynomial
estimator of m(x) and its derivatives m′(x), . . . , m(p)(x) are defined by

m̂T (x) = δ̂T0(x),

m̂
(k)
T (x) = k!̂δTk(x), k = 1, . . . , p,
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where δ̂T (x) = (̂δT0, . . . , δ̂Tp)′ with

δ̂T (x) = argmin(δ0,...,δp)∈Rp+1

T∑
t=1

⎛⎝Yt −
p∑

j=0

δj(Xt − x)j

⎞⎠2

K

(
Xt − x

h

)
.

Define

X =

⎛⎜⎜⎝
1 X1 − x (X1 − x)2 · · · (X1 − x)p

...
...

...
...

1 XT − x (XT − x)2 · · · (XT − x)p

⎞⎟⎟⎠ ,

Y = (Y1, . . . , YT )′,

W = diag

(
K

(
X1 − x

h

)
, . . . , K

(
XT − x

h

))
.

Then δ̂T (x) is a solution of the linear equations

(X′WX)̂δT (x) = X′WY

and allows the explicit representation

δ̂T (x) = (X′WX)−1X′WY.

Notice that X′WX = (aij)i,j is a Vandermondsche matrix with entries aij =∑T
t=1 K

(
Xt−x

h

)
(Xt − x)i+j, 1 ≤ i, j ≤ p + 1. Thus, it is almost surely regular, since

the Xt are continuously distributed.
In what follows, we confine ourselves to the local linear estimator given by p = 1, but

allow for the multivariate case, that is d > 1. To define the smoothing weights, we shall again
use the product kernel K(u) = ∏d

j=1 L(uj), u = (u1, . . . , ud) ∈ Rd , see Equation (8.11), for
some univariate smoothing kernel L satisfying Assumptions (8.9) and (8.10).

Assume that the regression function m : Rd → R is of the class C3
b and consider the Taylor

expansion

m(Xt) = m(x) + ∇m(x)(Xt − x) + 1

2
(Xt − x)′Dm(x)(Xt − x) + o(‖Xt − x‖2),

where ∇m(x) denotes the gradient and Dm(x) the matrix of second-order partial derivatives.
Observe that

m(Xt) =
(

1

Xt − x

)′
ϑ(x) + 1

2
(Xt − x)′Dm(x)(Xt − x) + o(‖Xt − x‖2),

where

ϑ(x) =
(

m(x)

∇m(x)

)
.
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The local linear estimator of ϑ(x) is defined by

ϑ̂T (x) = argminϑ(x)∈R2

T∑
t=1

K

(
Xt − x

h

)(
Yt −

(
1

Xt − x

)′
ϑ(x)

)2

and attains the explicit representation

ϑ̂T (x) =
[

1

Th

T∑
t=1

K

(
Xt − x

h

)(
1

Xt − x

)
(1, Xt − x)

]−1

× 1

Th

T∑
t=1

K

(
Xt − x

h

)(
1

Xt − x

)
Yt,

It turns out that the matrix in brackets converges to a regular matrix, in probability, if we
multiply it with the diagonal matrix Qh(x) with entries 1, h−2

1 , . . . , h−2
d . Recall the formula

Qh

∑T
t=1 wtata

′
t = ∑T

t=1 wtat(Qhat)′ for arbitrary scalars wt and vectors at , t = 1, . . . , T .
This leads to

ϑ̂T (x) = A−1
T (x) · 1

Th

T∑
t=1

K

(
Xt − x

h

)(
1

Xt−x

h2

)
Yt, (9.6)

AT (x) = 1

Th

T∑
t=1

K

(
Xt − x

h

)(
1

Xt−x

h2

)
(1, Xt − x) (9.7)

= 1

Th

T∑
t=1

K

(
Xt − x

h

)( 1 (Xt − x)′
Xt−x

h2
(Xt−x)(Xt−x)′

h2

)
, (9.8)

which will be the starting point for the asymptotic analysis. Here and in the following h2 is
understood element-wise such that

Xt − x

h2 =
(

Xti − xi

h2
i

)d

i=1

.

It turns out that the convergence rate of the intercept differs from the rate for the slopes.
Precisely,

(i) ϑ̂T1(x) is
√

Th1 · · · hd-consistent for δ1(x) = m(x); whereas

(ii) ϑ̂T2(x) is
√

Th1 · · · hd diag(h1, . . . , hd)-consistent.

Here, ϑ̂T = (ϑ̂T1, ϑ̂
′
T2)′, that is ϑ̂T1 estimates the intercept, whereas ϑ̂T2 estimates the slopes.

The right scaling matrix is therefore the diagonal matrix with those elements,

HT = diag
(√

Th1 · · · hd,
√

Th1 · · · hdh1, . . . ,
√

Th1 · · · hdhd

)
.
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We are now in a position to state and prove the following result on the asymptotic normality
of the local linear estimator. The theorem works under the weak assumption that the central
limit theorem for smoothing averages holds true.

Theorem 9.2.4 (Central Limit Theorem for Local Linear Estimation)
Suppose that {(Yt, Xt) : t = 1, 2, . . . , } is a stationary and ergodic L2 time series such that
the random vectors (

1
Xt−x

h2

)
εt, t = 1, 2, . . . ,

where εt = Yt − E(Yt|Xt), satisfy a central limit theorem in the sense that

UT (x) = 1√
Th1 · · · hd

T∑
t=1

K

(
Xt − x

h

)(
1

Xt−x
h

)
εt

d→ N(0, V ), (9.9)

as T → ∞, for some matrix V , and

max
j

hj = o(1) and Th1 · · · hd

d∑
j=1

h4
j = o(1).

Suppose that the third-order partial derivatives of f exist and are bounded and that f has
compact support or K is bounded and compactly supported. Then

HT

(
ϑ̂T − ϑ(x) −

(
bh(x)

0

))
d→ N(0, A−1(x)V (x)(A−1)′),

as T → ∞, where

bh(x) =
d∑

i=1

h2
i m

(2)
ii (x)f (x)L̃2,

A−1 =
(

1/f (x) 0

−∇f (x)/f 2(x) I/(L̃2f (x))

)
. (9.10)

and

� =
(

L̃d
2σ2(x)/f (x) 0

0 IdL̃
d−1
2 L̃22/(L̃2

2f (x))

)
,

with L̃22 = ∫
u2L2(u) du.

Proof. First, notice that the weak law of large numbers for kernel smoothers, that is
assertion (8.23) of Theorem 8.5.8, which easily extends to the multivariate case, holds true
for the functions ψ(Xt, x) = Xt − x and ψ(Xt, x) = (Xt − x)(Xt − x)′, since {Xt} is ergodic
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by assumption. In the proof we shall frequently make use of this fact that implies that

1

Th

T∑
t=1

K

(
Xt − x

h

)
ψ(Xt, x) =

∫
1

h
K

(
z − x

h

)
ψ(z, x)f (z) dz + oP (1).

Next, observe that straightforward algebra of Equation (9.6) shows that

HT (ϑ̂T (x) − ϑ(x)) = A−1
T (x){UT (x) + HT BT (x) + HT RT (x)}, (9.11)

where UT (x) is defined in Equation (9.9) and and

BT (x) = 1

Th1 · · · hd

T∑
t=1

K

(
Xt − x

h

)(
1

Xt−x

h2

)
1

2
(Xt − x)′Dm(x)(Xt − x)

RT (x) = 1

Th1 · · · hd

T∑
t=1

K

(
Xt − x

h

)(
1

Xt−x

h2

)
o(‖Xt − x‖2).

We shall show that

(i) AT (x)
P→ A(x), as T → ∞, for some invertible matrix A(x).

(ii) HT BT (x) =
(

HT1(bh(x) + o(1) + oP (1))

HT2 maxj hj + oP (1)

)
, where

HT =
(

HT1 0

0 HT2

)

with HT1 = √
Th1 · · · hd and HT2 = √

Th1 · · · hd diag(h1, . . . , hd).

(iii) HT RT (x) = oP (1).

Noting that RT (x) is, of course, of smaller order than BT (x), (iii) follows easily and thus we
omit the details. Notice that (ii) and (iii) imply that

HT

(
ϑ̂T (x) − ϑ(x) −

(
bh(x)

0

))
= A−1

T (x)UT (x) + oP (1),

as T → ∞, which together with (i) and Equation (9.9) then yields the assertion, by virtue of
Slutzky’s lemma. Let us now start with (i). We have to show that the sequence, AT (x), T ≥ 1,
converges to some regular matrix A(x). Let us partition AT (x) as

AT (x) =
(

αT (x) βT (x)

γT (x) δT (x)

)
,
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with

αT (x) = 1

Th1 · · · hd

T∑
t=1

K

(
Xt − x

h

)
,

βT (x) = 1

Th1 · · · hd

T∑
t=1

K

(
Xt − x

h

)
(Xt − x)′,

γT (x) = 1

Th1 · · · hd

T∑
t=1

K

(
Xt − x

h

)
(Xt − x)

h2 ,

δT (x) = 1

Th1 · · · hd

T∑
t=1

K

(
Xt − x

h

)
(Xt − x)(Xt − x)′

h2 .

Clearly, αT (x) → f (x), as T → ∞, in probability. Let us consider the element (i, j) of δT (x).
The usual substitutions ul = (zl − xl)/hl, l = 1, . . . , d, lead to

(δT (x))i,j = 1

Th1 · · · hd

T∑
t=1

K

(
Xt − x

h

)
Xti − xi

hi

Xtj − xj

hj

=
∫

1∏d
j=1 hj

K

(
z − x

h

)
zi − xi

hi

zj − xj

hj

f (z) dz + oP (1)

=
∫

K(u)uiujf (x + hu) du + oP (1)

=
∫

K(u)uiuj[f (x) + ∇f (x)hu + (1/2)(hu)′Df (x)(hu) + rf ] du + oP (1).

Here and throughout the proof, we make use of the third-order Taylor expansion

f (x + hu) = f (x) + ∇f (x)hu + (hu)′Df (x)(hu) + rf (9.12)

with remainder rf = O(
∑d

j=1 h3
j ), see the formulas and arguments provided for Equa-

tion (8.21). Recall that ∫
uiujK(u) du =

{
L̃2, i = j,

0, i /= j.

Further∫
K(u)uiuj∇f (x)hu du =

d∑
k=1

hk

∂f (x)

∂xk

∫
K(u)uiujuk du

= hi

∂f (x)

∂xi

∫
K(u)u2

i uj du + hj

∂f (x)

∂xj

∫
K(u)u2

jui du

=
{

0, i /= j,

O(max{hi, hj}), i = h.
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Since f (x)
∫

K(u)uiuj du = f (x)L̃2δij as well, where δij = 1(i = j) denotes the Kronecker
symbol, we arrive at

(δT (x))i,j = f (x)L̃2 + o(1).

Hence,

δT (x) = Idf (x)L̃2 + o(1) + oP (1),

as T → ∞. Consider now the kth element of γT (x). We have

(γT (x))k = 1

Th1 · · · hd

T∑
t=1

K

(
Xt − x

h

)
Xtk − xk

h2
k

= 1

hk

∫
1∏d

j=1 hj

K

(
z − x

h

)
ztk − xk

hk

f (z) dz + oP (1)

= 1

hk

∫
ukK(u)[f (x) + ∇f (x)hu + (1/2)(hu)′Df (x)(hu) + rf ] du + oP (1)

= 1

hk

∫
ukK(u)[∇f (x)hu + (1/2)(hu)′Df (x)(hu) + rf ] du + oP (1),

since
∫

ukK(u) du = 0, which implies that the term involving f (x) vanishes. Further

O

(
1

hk

∫
|ukK(u)| du rf

)
= O

⎛⎝ d∑
j=1

h2
j

⎞⎠ = o(1).

It remains to analyze the terms involving the linear and quadratic terms of the Taylor expansion.
Using

1

hk

∫
ukK(u)∇f (x)hu du =

d∑
j=1

hj

hk

∂f (x)

∂xj

∫
ukujK(u) du

= ∂f (x)

∂xk

∫
u2

kK(u) du

= ∂f (x)

∂xk

L̃2

and

1

2hk

∫
ukK(u)(hu)′Df (x)(hu) du = o(1),

we obtain

γT (x) = L̃2∇f (x) + o(1) + oP (1),

as T → ∞. Noting that βT (x) = h2γT (x)′, we obtain

βT (x) = o(1) + oP (1),
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This establishes part (i) of the proof, namely

AT
P→ A =

(
f (x) 0

L̃2∇f (x) Idf (x)L̃2

)
.

Obviously, A is regular and its inverse is given by Equation (9.10). Let us now verify (ii). To
do so, consider the first component of HT Bh(x). We have, using the usual substitutions

(HT BT (x))1 =
√

Th1 · · · hd

1

2T

T∑
t=1

1∏d
j=1 hj

K

(
Xt − x

h

)
(Xt − x)′Dm(x)(Xt − x)

=
√

Th1 · · · hd

d∑
i,j=1

m
(2)
ij (x)

1

T

T∑
t=1

1∏d
k /= i,j hk

K

(
Xt − x

h

)
Xti − xi

hi

Xtj − xi

hj

,

=
√

Th1 · · · hd

d∑
i,j=1

{
m

(2)
ij (x)hihj

∫
K(u)uiujf (x + hu) du + oP (1)

}
,

where Dm(x) =
(
m

(2)
ij (x)

)
i,j

, since∫
1∏d

k /= i,j hk

K

(
z − x

h

)
zi − xi

hi

zj − xj

hj

f (z) dz

= hihj

∫
uiujK(u)f (x + hu) du.

Again, plugging in the Taylor expansion (9.12) and noting that the leading term matters, we
obtain

(HT BT (x))1 =
√

Th1 · · · hd

d∑
i,j=1

m
(2)
ij (x)

{
hihjf (x)

∫
uiujK(u) du + oP (1)

}

=
√

Th1 · · · hd

d∑
i=1

h2
i m

(2)
ii (x)

{
f (x)L̃2 + oP (1)

}
.

Consider now the kth component of HT BT (x) for k > 1. We have

√
Th1 · · · hdhk

1

T

T∑
t=1

1∏d

l=1 hl

K

(
Xt − x

h

)
Xtk − xk

h2
k

1

2

d∑
i,j=1

(Xtj − xj)m(2)
ij (x)(Xti − xi)

=
√

Th1 · · ·hd

1

2

d∑
i,j=1

hihj

{∫
1∏d

l=1j hl

K

(z − x

h

) zk − xk

hk

zi − xi

hi

zj − xj

hj

f (z) dz + oP (1)

}

=
√

Th1 · · ·hd

1

2

d∑
i,j=1

{
hihj

∫
K(u)uiujuk

[
f (x) + ∇f (x)hu + O

(∑
l

h2
l

)]
du + oP (1)

}

=
√

Th1 · · ·hd

1

2

d∑
i,j=1

{
hihj

∫
K(u)uiujuk

[
∇f (x)hu + O

(∑
l

h2
l

)]
du + oP (1)

}
.
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As a preparation for the final estimates of the terms involving the linear term ∇f (x)hu, observe
the following fact. If d = 1, then i = j = k, yielding

∫
uiujukK(u) du = ∫

t3L(t) dt = 0,

since
∫ 0
−K

t3L(t) dt = − ∫ K

0 z3L(t) dt for any K > 0. Otherwise, if i /= j, either i or j differs
from k and we can first integrate w.r.t. that index yielding

∫
uiujukK(u) du = 0, and if i = j

we can find some 1 ≤ ν ≤ d with ν /= i = j and argue the same way. We obtain

hihj

∫
uiujukK(u)

(
d∑

l=1

∂f (x)

∂xl

hlul

)
du

= hihj

d∑
l=1

hl

∂f (x)

∂xl

∫
uiujukK(u)ul du

= hihj

∑
l∈{i,j,k}

hl

∂f (x)

∂xl

∫
uiujukulK(u) du

= O
(
hihj max{hi, hj, hk}

)
= O

(
max

{
h3

i , h
3
j

})
.

Summarizing the above arguments, we may conclude that

(HT BT (x))k =
√

Th1 · · · hd

1

2

d∑
i,j=1

{o(1) + oP (1)} =
√

Th1 · · · hd(0 + oP (1)),

since

O

⎛⎝√Th1 · · · hd

∫
|uiujukK(u)| du

d∑
j=1

h2
j

⎞⎠ = O

⎛⎝√√√√Th1 · · · hd

d∑
j=1

h4
j

⎞⎠ ,

which completes the proof.

Theorem 9.2.4 provides the right asymptotics of the local linear estimator for any time
series that satisfies the smoothing central limit theorem (9.9).

Theorem 9.2.5 Assume that εt = Yt − E(Yt|Xt) forms a series of i.i.d. random variables
with E(ε2

1) < ∞. Then Equation (9.9) holds true with

V = σ2(x)f 2(x)

(
Ld

2 1′L̃2L
d−1
2

1L̃2L
d−1
2 W

)
,

where W is a d-dimensional matrix with diagonal elements equal to L̃2L
d−1
2 and off-diagonal

elements Ld−1
2

(∫
uL2(u) du

)2
.

Proof. It is easy to verify that Theorem 8.5.4 also holds true for random vectors. Hence,
it suffices to show that

VT = Var

(
1√

Th1 · · · hd

T∑
t=1

K

(
Xt − x

h

)(
1

Xt−x
h

)
εt

)
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converges to V , as T → ∞. We have

VT = 1

Th1 · · · hd

T∑
t=1

E

(
K2

(
Xt − x

h

)(
1

Xt−x
h

)(
1,

(Xt − x)′

h

)
εt

)

= 1

h1 · · · hd

EX1E

(
K2

(
X1 − x

h

)(
1

X1−x
h

)(
1,

(X1 − x)′

h

)
E
(
ε2

1|X1
))

= 1

h1 · · · hd

∫
K2

(
z − x

h

)(
1

z−x
h

)(
1,

(z − x)′

h

)
σ2(z)f (z) dz

=
∫

K2(u)

(
1

u

)
(1, u′)(σ2f )(x + hu) du.

Noting that K2(u) = ∏d
j=1 L2(uj), u = (u1, . . . , ud), we have

∫
K2(u)(σ2f )(x + hu) du =

∫ d∏
j=1

L2(uj)(σ2f )(x + hu) du1 · · · dud

= (σ2f )(x)

(∫
L2(t) dt

)d

+ o(1),

by d iterated applications of Bochner’s lemma. Indeed, notice that
∫

K2(u)(σ2f )(x + hu) du

equals

∫ d∏
j=2

L(uj)

[∫
L2(u1)(σ2f )(x1 + h1u1, x2 + h2u2, . . . , ud + hdud) du1

]
du2 · · · dud,

where the expression in brackets converges to (σ2f )(x1, x2 + h2u2, . . . , ud + hdud), as h1 →
0, and so forth. Further, for k = 1, . . . , d∫

K2(u)uk(σ2f )(x + hu) du = (σ2f )(x)
∫

ukL
2(uk) duk

∏
j /= k

∫
L2(uj) duj + o(1)

= (σ2f )(x)
∫

tL2(t) dt

(∫
L2(t) dt

)d−1

+ o(1),

as well as ∫
K2(u)uiuj(σ2f )(x + hu) du

=
{

(σ2f )(x)
∫

uiL
2(ui) du

∫
ujL

2(uj)
(∫

L2(t) dt
)d−2

, i /= j,

(σ2f )(x)
(∫

L2(t) dt
)d−1 ∫

t2L(t) dt, i = j.

Recalling that L̃2 = ∫
t2L(t) dt and L2 = ∫

L2(t) dt, the assertion follows now easily.
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9.3 Change-point detection and monitoring

Since the true finite-dimensional distributions of time series as arising in finance are unknown,
inferential procedures have to rely on large sample asymptotics, both for parametric and
nonparametric approaches. The common setting studied extensively throughout this book is
to assume that we are given the first T observations X1, . . . , XT of an infinite one- or two-sided
time series

X1, X2, . . . or . . . , X−1, X0, X1, . . .

of random variables are at our disposal, where T is large. Then, a statistic UT (X1, . . . , XT )
is calculated, for instance to conduct a statistical test, and its distribution is approximated by
applying a central limit theorem in order to determine quantities of interest such as critical
values, confidence intervals or risk measures.

Since usually the nth observation Xn is available to us with negligible delay, this means
that in the classical setting one waits T units of time before one applies an inferential procedure
once at time T to make a decision. However, often the same decision could be made much
earlier and many financial tasks such as risk monitoring of traders, portfolio management for
clients, liquidity management or the handling of risks by initiating hedges, selling risks or
closing positions, demand for pseudo-continuous actions taking place on a sufficiently small
time scale.

In such situations, monitoring procedures are in order, which analyze a data stream
X1, X2, . . . sequentially. At each time t the available sample X1, . . . , Xt of size t is ana-
lyzed, usually by calculating a so-called control statistic, and, depending on the observed
value of the control statistic, one decides to either continue monitoring (no action) or give
a signal to trigger a measurement. Here an analyst, trader, portfolio or risk manager is only
involved when such a sequential monitoring procedure gives a signal, in order to decide how
to react, but can focus on other issues as long as no signal is observed. In this way, the sequen-
tial approach is very attractive, since it allows for automatic monitoring of a huge number of
financial instruments, positions or portfolios.

A further important aspect of financial data has to be taken into account. Real financial
time series are often non-stationary, for they represent quantitative measures of economic
relationships and entities. At best, one can assume that they are stationary over short time
intervals. In this case the time series X1, X2, . . . can be decomposed in blocks

X1, . . . , Xq1−1, Xq1 , . . . , Xq2−1, Xq2 , . . . , Xq3−1, . . .

in such a way that the observations in each block are weakly or strictly stationary, but any
subset containing observations from two or more blocks leads to a non-stationary series. In
this situation, q1, q2, . . . , qL are called change-points. L may be infinite, but usually one
assumes only a finite number of change-points.

The change of the marginal and/or finite-dimensional distribution or induced functionals
such as autocovariances can have many specific forms. The basic change-in-mean model
assumes that the expectation changes at a change-point such that the mean function m(t) =
E(Xt), t ≥ 0, is a piecewise linear function.

m(t) =
∞∑
i=0

mi1[qi,qi+1)(t), (9.13)
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where m0, m1, m2, . . . are real numbers and q0 = 0. Here, we ignore the Xt with t < 0, since
this part of the time series simplifies the mathematical treatment, but cannot be observed in
practice. It is natural to embed the case of no change into the model. This can be achieved by
allowing for mt = m0 for all t ∈ N and qj ∈ N0 for all j.

It is worth mentioning that various other change-point models can be transformed to the
change-in-mean model. For example, if {Zt} is a mean zero time series, a change-point model
for the lag h autocovariance,

γZ(h) = E(ZtZt+h) =
{

γ0(h), t < q,

γ0(h) + �(h), t ≥ q,

for some autocovariance function γ0(h) and a function �(h) /= 0 such that (γ0 + �)(h) is an
autocovariance function as well, can be analyzed by the above change-in-mean model, if one
defines

Xt = ZtZt+h, t ≥ 1,

since then E(Xt) = γZ(h) for all t.
Returning to the basic change-in-mean model (9.14), notice that the model can also be

interpreted as follows when m1 /= m0: After the (first) change-point q = q1 the mean func-
tion is a piece-wise linear function. However, often it is more realistic to assume that the
mean function belongs to a more general class of functions. The change-point setting can be
subsumed under the following model for the mean function m(t) = E(Yt),

m(t) = m01[0,q)(t) + m∗(t)1[q,∞)(t), (9.14)

for some function m∗ satisfying m∗(q+) /= m0.

9.3.1 Offline detection

Suppose we are given a sample X1, . . . , XT and aim at testing whether there is a change-
point where the (marginal) distribution of the observation changes. Before focussing on the
change-in-mean problem, let us briefly consider the general case. Let us assume that

Xt ∼ f0(x), t = 1, . . . , k − 1,

Xt ∼ f1(x), t = k, . . . , T,

for two different densities. In what follows, we assume that f0 and f1 are Lebesgue densities,
but the results can be easily extended to the general case of densities that are dominated by a
measure μ. As before, k is assumed to be an unknown, fixed and nonrandom change-point.
The likelihood ratio statistic for that problem is given by

�T = �T (k) =
∏k−1

t=1 f0(Xt)
∏T

t=k f1(Xt)∏T
t=1 f0(Xt)

=
T∏

t=k

f1(Xt)

f0(Xt)

on the set A = {∏T
t=1 f0(Xt) /= 0} and �T = 0 on Ac. Notice that P0(A) = 1, where

P0 indicates that the probability is calculated assuming that Xt
i.i.d.∼ f0 for all t. The
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likelihood-ratio (LR) test rejects the null hypothesis

H0 : k = ∞ (no change)

in favor of the alternative hypothesis of a change at time k > 0, if �T attains large values,
that is the corresponding statistical test is given by

φLR = 1(�T > c)

for some critical value c. The question arises whether the test φLR is optimal in the sense
of maximizing the power Pk(φ = 1), where Pk indicates that the probability is calculated
assuming the change occurs at k ∈ {1, . . . , T }, among all statistical tests φ operating at the
same significance level P0(φ = 1).

We need the following change-of-measure lemma.

Lemma 9.3.1 Let A be a measurable set. Then

E0(�T 1A) = Ek(1A) = Pk(A)

and

E0(�T Y ) = Ek(Y ),

for any random variable Y that is measurable with respect to σ(X1, . . . , XT ), where E0
indicates that the expectation is calculated assuming that X1, . . . , XT ∼ f0.

Proof. We have

E0(�T 1A) =
∫

A

T∏
t=k

f1(xt)

f0(xt)

T∏
t=1

f0(xt) dx1 · · · dxT

=
∫

A

k−1∏
t=1

f0(xt)
T∏

t=k

f1(xt) dx1 · · · dxt

= Ek(1A)

= Pk(A).

Similarly,

E0(�T Y ) =
∫ k−1∏

t=1

f0(xt)
T∏

t=k

f1(xt)Y dx1 · · · dxT = Ek(Y ).

Here is an elegant and simple proof of the optimality of the LR test.

Theorem 9.3.2 Let δ : (�,F, P) → ([0, 1],B[0,1]) be an arbitrary randomized statistical
test. If φLR and δ operate on the same significance level, that is

P0(�T > c) = P0(δ = 1) = α,
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then φLR is more powerful than δ in the sense that

Pk(�T > c) ≥ Pk(δ = 1).

Proof. Notice that for all x, y ∈ R
(x − y)[1(x > y) − δ] ≥ 0

holds, since δ attains values in [0, 1]. Apply that inequality with x = �T and y = c to obtain

(�T − c)1(�T > c) ≥ (�T − c)δ. (9.15)

But this implies

E0((�T − c)1(�T > c)) ≥ E0(�T δ) − E0(cδ),

that is

E0(�T 1(�T > c)) − cP0(�T > c) ≥ E0(�T δ) − cP0(δ = 1).

By virtue of the preceding lemma

E0(�T δ) = Ek(δ) = Pk(δ = 1)

as well as

E0(�T 1(�T > c)) = Ek(φLR) = Pk(φLR = 1).

Hence, Equation (9.15) is equivalent to

Pk(φLR = 1) − cP0(�T > c) ≥ Pk(δ = 1) − cP0(δ = 1),

which in turn is equivalent to

Pk(φLR = 1) ≥ Pk(δ = 1),

since P0(φLR = 1) = P0(δ = 1) by assumption.

The LR test requires to know the pre- and after-change distributions f0 and f1, which is
rarely the case, since otherwise one can not calculate the test statistic. A common approach is
to investigate for a specific problem the LR test statistic assuming that the observations follow
a certain idealized model such as the normal law. Then one tries to establish appropriate limit
theorems that are also valid for non-normal observations. This allows us to make approximative
probabilistic calculations, for example in order to obtain critical values or make assertions on
the power. In a last step, one investigates whether such approximations can also be derived for
dependent time series, perhaps after some appropriate modifications, which is of particular
concern in the analysis of financial data.

In what follows, we shall study the change-in-mean problem and tentatively assume that
the Xt are independent normal variables with means μt = E(Xt) and common variance σ2 ∈
(0, ∞). Then, the change-in-mean change-point testing problem addresses the no-change null
hypothesis

H0 : μ1 = · · · = μT ,
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which we aim at testing against the composite alternative hypothesis

H1 : μ1 = · · · = μk−1 /= μk = · · · = μT for some 1 < k < T .

If there is a change, it occurs at some fixed k. Thus, consider the testing problem

H0 : no change against H
(k)
1 : change at time k.

The associated likelihood ratio statistic is given by

�k = Lk(X1, . . . , XT )

L1(X1, . . . , XT )
,

where

Lk(X1, . . . , XT ) = sup
μ1,μ2∈R

k−1∏
t=1

ϕ(Xt − μ1)
T∏

t=k

ϕ(Xt − μ2)

is the likelihood of the alternative, that is the joint density of X1, . . . , XT maximized over the
pre- and after-change means μ1, μ2, and

L1(X1, . . . , XT ) = sup
μ∈R

T∏
t=1

ϕ(Xt − μ)

the corresponding likelihood for the null hypothesis. Here and in what follows, ϕ(x) =
ϕ(μ,σ)(x) denotes the density of the N(0, σ2)-distribution.

Recall that products of the form

b∏
t=a

ϕ(Xt − μ) =
(

1√
2πσ2

)(b−a+1)

exp

{
− 1

2σ2

b∑
t=a

(Xt − μ)2

}
,

for 1 ≤ a ≤ b ≤ T and μ ∈ R, are maximized (in μ) by minimizing
∑b

t=a(Xt − μ)2, the least
squares criterion, leading to the unique maximizer 1

b−a+1

∑b
t=a Xt . Hence, with the notations

Xk = 1

k

k∑
t=1

Xt, X(k+1):T = 1

T − k

T∑
t=k+1

Xt,

we obtain the formula

�k(X1, . . . , XT ) =
∏k

t=1 ϕ(Xt − Xk)
∏T

t=k+1 ϕ(Xt − X(k+1):T )∏T
t=1 ϕ(Xt − XT )

.

To proceed, we shall consider the log likelihood ratio statistic

lk(X1, . . . , XT ) = log �k(X1, . . . , XT ).

Lemma 9.3.3 The log likelihood ratio statistic allows the representations

lk(X1, . . . , XT ) = 1

2σ2

T

(T − k)k

(
Sk − k

T
ST

)2
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and

lk(X1, . . . , XT ) = 1

2σ2

T

(T − k)k

(
k∑

t=1

(Xt − XT )2

)2

,

where

Sk =
k∑

t=1

Xt, and S(k+1):T =
T∑

t=k+1

Xt.

Proof. The calculation is a slightly involved chain of simple manipulations. First, notice
that by taking the log, the factors involving

√
2πσ cancel, such that lk(X1, . . . , XT ) equals

1

2σ2

{
−

k∑
t=1

(Xt − Xk)2 −
T∑

t=k+1

(Xt − X(k+1):T )2 +
T∑

t=1

(Xt − XT )2

}
. (9.16)

Using simple identities such as

2S(k+1):T X(k+1):T = 2

T − k
S2

(k+1):T and kX
2
k = 1

k
S2

k ,

and collecting terms, we see that the expression (9.16) is equal to

1

2σ2

{(
2

k
− 1

k

)
S2

k +
(

2

T − k
− 1

T − k

)
S2

(k+1):T − 1

T
S2

T

}
.

Now use S2
(k+1):T = (ST − Sk)2 = S2

T − 2SkST + S2
k and collect terms to arrive at

lk(X1, . . . , XT ) = 1

2σ2

{(
1

k
+ 1

T − k

)
S2

k −
(

1

T
− 1

T − k

)
S2

T − 2

T − k
SkST

}
= 1

2σ2

{
T

(T − k)k
S2

k − k

(T − k)k
S2

T − 2

T − k
SkSt

}
= 1

2σ2

T

(T − k)k

{
S2

k − k

T
S2

T − 2
k

T
SkST

}
.

Hence,

lk(X1, . . . , XT ) = 1

2σ2

T

(T − k)k

(
Sk − k

T
ST

)2

.

The above facts lead us to the maximally selected weighted CUSUM statistic

Cw
T = max

1≤k≤T

√
T

k(T − k)

k∑
t=1

(Xt − XT ),

or the unweighted version

CT = max
1≤k≤T

k∑
t=1

(Xt − XT ).
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Both statistics can also be used when the observations are non-normal. Indeed, the limiting
law turns out to be a functional of Brownian motion, for any time series {Xt} that satisfies a
FCLT. As a preparation, let us consider the following fact.

Lemma 9.3.4 Suppose that {Xt} satisfies a FCLT in the sense that

ST (u) = 1√
T

�Tu�∑
t=1

Xt, u ∈ [0, 1],

converges weakly to ηB(u), as T → ∞, for some constant η ∈ (0, ∞) and standard Brownian
motion B. Then

BT (u) = 1√
T

�Tu�∑
t=1

(Xt − XT ) ⇒ ηB0(u),

as T → ∞, where

B0(t) = B(t) − tB(1), t ∈ [0, 1],

is a Brownian bridge.

Proof. Notice that

1√
T

�Tu�∑
t=1

(Xt − XT ) = 1√
T

�Tu�∑
t=1

Xt − �Tu�
T

1√
T

T∑
t=1

Xt

= ST (u) − �Tu�
T

ST (1).

But the latter expression converges weakly to ηB(u) − uηB(u) = ηB0(u), by an application
of the continuous mapping theorem.

From Lemma 9.3.4 it is only a small step to a general limit theorem for the (weighted)
CUSUM statistic.

Theorem 9.3.5 Suppose that {Xt} satisfies a FCLT in the sense that

ST (u) = 1√
T

�Tu�∑
t=1

Xt, u ∈ [0, 1],

converges weakly to ηB(u), as T → ∞, for some constant η ∈ (0, ∞) and standard Brownian
motion B. Then,

Cw
T ⇒ sup

u∈[0,1]

ηB0(u)√
u(1 − u)

,

and

CT ⇒ sup
u∈[0,1]

ηB0(u),

as T → ∞.
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Proof. We show the result for Cw
T . Notice that Cw

T (u) = 0 for u ∈ [0, 1/T ). Hence,

Cw
T = max

1≤k≤T

√
T

k(T − k)

k∑
t=1

(Xt − XT )

= sup
u∈[1/T,1]

√
T

�Tu�(T − �Tu�)

�Tu�∑
t=1

(Xt − XT )

= sup
u∈[1/T,1]

B0
T (u)

gT (u)
,

where

gT (u) =
√

�Tu�
T

T − �Tu�
T

and

B0
T (u) = 1√

T

�Tu�∑
t=1

(Xt − XT )

is the process we studied in Lemma 9.3.4. We have B0
T ⇒ ηB0, as T → ∞, and

lim
T→∞ sup

u∈[0,1]
|gT (u) − g(u)| = 0,

where

g(u) =
√

u(1 − u), u ∈ [0, 1],

is a deterministic function. Hence, (B0
T , gT ) ⇒ (ηB0, g), as T → ∞, jointly in the product

space D([0, 1];R) ⊗ D([0, 1];R), and the continuous mapping theorem yields

B0
T

gT

⇒ ηB0

g
,

as T → ∞, in D([0, 1];R), since B0(0) = B0(1) = 0, a.s., such that ηB0/g is well defined
for u ∈ {0, 1}. A further application of the continuous mapping theorem shows that

sup
u∈[0,1]

B0
T (u)

gT (u)
⇒ sup

s∈[0,1]

ηB0(u)

g(u)
,

as T → ∞, which completes the proof.

In practice, the parameter η, the long-run variance, is unknown. However, it can be es-
timated from X1, . . . , XT by the Newey–West estimator η̂T , see Equation (8.28). Assuming
that the assumptions of Theorem 8.8.6 are satisfied, one may divide the statistics CT and Cw

T ,
respectively, by η̂T , and then use the above limit processes with η = 1. In other words,

Cw
T

η̂T

⇒ sup
u∈[0,1]

B0(u)√
u(1 − u)

,
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and

CT

η̂T

⇒ sup
u∈[0,1]

B0(u),

as T → ∞.
Let us now study the above tests under the alternative hypothesis that there is a change-

point q = �Tϑ� where the mean changes from μ to μ + � for some constant � /= 0. Now
the model for the observations X1, X2, . . . is

Xt = μ + �1{q,q+1,... }(t) + εt, t = 1, 2, . . . , (9.17)

where {εt} is a mean zero time series satisfying a FCLT. We have seen that the process BT (u)
defined in Lemma 9.3.4 governs the statistics CT and Cw

T . The following proposition reveals
its behavior under the above alternative model.

Proposition 9.3.6 Suppose that {εt} satisfies a FCLT in the sense that

Sε
T (u) = 1√

T

�Tu�∑
t=1

εt, u ∈ [0, 1],

converges weakly to ηB(u), as T → ∞, for some constant η ∈ (0, ∞) and standard Brownian
motion B. Then under the model (9.17), the process

BT (u) = 1√
T

�Tu�∑
t=1

(Xt − XT ), u ∈ [0, 1],

satisfies

BT (u) − δT (u) ⇒ B0(u),

as T → ∞, where B0 is a Brownian bridge motion and the drift

δT (u) = �
�Tu� − �Tϑ� + 1√

T
1(�Tu� > �Tϑ�)

converges to zero, if u < ϑ, and diverges to sign(�)∞, if u ≥ ϑ, as T → ∞.

Proof. Notice that

XT = εT + �
T − q + 1

T

and

Xt − XT =
{

εt − εT − �
T−q+1

T
, t < q,

εt − εT + �(t − q + 1) − �
T−q+1

T
, t ≥ q.

Define

Bε
T (u) = 1√

T

�Tu�∑
t=1

(εt − εT ), u ∈ [0, 1].
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We have

BT (u) = Bε
T (u) + 1√

T

�Tu�∑
t=1

[
�(t − q + 1)1{q,q+1,... }(t) − T − q + 1

T
�

]
= Bε

T (u) + �
�Tu� − q + 1√

T
1(�Tu� ≥ �Tϑ�) − T − q + 1√

T
�

= Bε
T (u) + δT (u) + o(1).

Hence,

BT (u) − δT (u) = Bε
T (u) + o(1) ⇒ ηB(u),

as T → ∞, since Sε
T ⇒ ηB, as T → ∞, implies Bε

T ⇒ ηB0, as T → ∞, by virtue of
Lemma 9.3.4.

Proposition 9.3.6 shows that the process BT before the change, that is {BT (u) : u <
�Tu�
T

}
converges to the corresponding part {ηB0

T : u ∈ [0, ϑ]} of the Brownian bridge. But behind the
change-point the process BT (u) diverges such that the maximally selected CUSUM statistic
diverges as well.

9.3.2 Online detection

We have seen that offline detection aims at detecting a change-point by analyzing a sample
of size T once. We have already argued that for many problems arising in finance sequential
monitoring, also called online detection or monitoring is the method of choice, provided the
observations arrive sequentially, thus forming a data stream, and the observation Xt at time
t is available to us with no or a negligible delay. A sequential method analyzes at time t the
available sample X1, . . . , Xt of size t in order to generate a decision. It is common practice to
design such a decision rule (detector) in the following way. One calculates a control statistic
Ut = Ut(X1, . . . , Xt) taking values in the real numbers. Then a signal is given indicating that
the data provide empirical evidence in favor of a change-point, if the control statistics Ut

attains values in a critical set A; otherwise monitoring continues by proceeding to the next
time instant. One may either consider monitoring schemes that may last forever or schemes
that stop at the latest when reaching a time horizon T defining the maximal sample size. In
financial applications, the latter approach is often more natural, since basic assumptions and
models are checked and updated from time to time, usually on a regular basis, for example
on a quarterly or yearly basis. In mathematical terms, the first time point t ≤ T when Ut ∈ A

is given by the stopping time,

RT = inf{k ≤ t ≤ T : Ut ∈ A}.

In what follows, we assume T < ∞.
As a large class of control statistics, let us consider weighted averages of the form

m̂t =
t∑

i=1

K

(
t − i

h

)
Yi, t = 1, 2, . . . ,



360 SPECIAL TOPICS

for some smoothing kernel K(x) and a bandwidth h > 0. Notice the similarity to the Nadaraya–
Watson estimator. However, in order to detect a change in the mean, it is not necessary to
estimate the mean consistently. Thus, we do not norm the weights. Further, assuming that
the observations Y1, Y2, . . . arrive sequentially and are observed at fixed equidistant time
instants, which after rescaling time can be assumed to be the natural numbers, we assume
that the bandwidth tends to infinity as the time horizon T approaches infinity. Precisely, we
assume that h = hT with

lim
T→∞

T

hT

= ζ

for some ζ ∈ [1, ∞). Anticipating the
√

T -convergence rate of m̂T , let us consider the stopping
time RT with Ut = 1√

T
m̂t , that is

RT = inf

{
k ≤ t ≤ T :

1√
T

1√
T

m̂t > c

}
.

Let us define the corresponding sequential kernel-weighted partial sum process by

MT (s) =
�Ts�∑
t=1

K

(�Ts� − t

h

)
Yt, s ∈ [0, 1].

Then,

RT = T inf

{
s ∈ [0, 1] :

1√
T

MT (s) > c

}
.

In order to proceed, let us slightly modify the change-in-mean model (9.14). Let us assume
that a time horizon T ∈ N is given and the first T observations used for monitoring depend
on T , that is Yt = YTt . This means that we assume that we sequentially observe YT1, . . . , YTT

satisfying the model

YTt = 1√
T

m0

(
t − q

T

)
1(t ≥ q) + εt, t = 1, . . . , T, (9.18)

for some function m0 : R→ [0, ∞), the change-point q, and a strictly stationary mean zero
process {εt}.

If the function m0 satisfies for some t∗ > 0 the condition

m0(s) = 0, s ≤ 0, and m0(s) > 0 for s ∈ (0, t∗), (9.19)

then q is a change-point. Before the change the observations have mean zero, whereas af-
ter the change the mean function is induced by the strictly positive function m0(t), t > 0.
Model (9.18) is a local alternative model: As T gets larger, the problem to detect the change
becomes harder, since the mean tends to zero. In particular, if m0 is bounded in the supnorm,
E(YTt) = O(1/

√
T ) for t ≥ q.
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The following result provides the distribution under the no-change null hypothesis.

Theorem 9.3.7 Assume that {εt} satisfies E|ε1|r+δ < ∞ for r ≥ 4, δ > 0, and is α-mixing
with mixing coefficients α(k), k ∈ N, satisfying

α(k) = O(k−β) for some β >
r(r + δ)

2δ
.

K is assumed to be a bounded and Lipschitz continuous kernel. Then, under the no-change
null hypothesis H0 : m0 = 0, the following assertions hold true.

(i) For all 0 ≤ s, t ≤ 1 the limit

C(r, s) = lim
T→∞

1

T

�Tr�∑
i=1

�Ts�∑
j=1

K

(�Ts� − i

h

)
K

(�Tr� − j

h

)
r0(|i − j|) (9.20)

exists, where r0(k) = E(ε1ε1+k), k ∈ N, is the autocovariance function of {εt}.
(ii) The empirical process {MT (s) : s ∈ [0, 1]} converges weakly,

MT ⇒ M,

as T → ∞, where M is a mean zero Gaussian process with covariance function
(9.20).

(iii) The stopping time RT satisfies the central limit theorem

RT

T

d→ inf{s ∈ [0, 1] : M(s) > c},

as T → ∞.

Let us now study the behavior when the change-in-mean condition (9.19) holds. In what
follows, the change-point q is allowed to be a function of T , that is q = qT .

Proposition 9.3.8 Suppose that, in addition to the assumption of Theorem 9.3.7, the change-
in-mean condition (9.19) holds. If the product Km0 is integrable, then

1√
T

MT (s) ⇒ M1(s) = M(s) +
∫ s

lim q/T

K(ζ(s − r))m0(r − lim q/T ) dr,

as T → ∞. Consequently,

RT

T

d→ inf{s ∈ [0, 1] : M1(s) > c},

as T → ∞.

Proof. The result follows by an application of Slutzky’s lemma using the fact that

1√
T

MT (s) = 1√
T

M0
T (s) + mT (s),
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where

M0
T (s) = 1√

T

�Ts�∑
t=1

K

(�Ts� − t

h

)
εt,

mT (s) = 1

T

�Ts�∑
t=1

K

(�Ts� − t

h

)
m0

(
t − q

T

)
1(t ≥ q).

Clearly, M0
T ⇒ M, as T → ∞, by Theorem 9.3.7. Further, by virtue of the Lipschitz conti-

nuity of K and m0,

mT (s) = 1

T

�Ts�∑
t=1

K

(
T

h

�Ts� − t

T

)
m0

(
t − q

T

)
1(t ≥ q)

= 1

T

�Ts�∑
t=q

K
(
ζ
(
s − t

T

))
m0

( t

T
− lim

q

T

)
+ o(1)

=
∫ s

lim q/T

K(ζ(s − r))m0(r − lim q/T ) dr + o(1),

as T → ∞. The result for RT /T follows by an application of the continuous mapping theorem,
see Theorem B.2.1 and Example B.2.2 (iv).

Remark 9.3.9 Observe that the limit process M1 depends on the function m0 determining
the mean function of the process after the change only through the deterministic drift function

μ(s; K) =
∫ s

lim q/T

K(ζ(s − r))m0(r − lim q/T ) dr,

which depends on the kernel K. The natural question arises how one should select the kernel
in order to optimize the procedure in terms of the delay RT − q of the procedure in some
reasonable sense. Within the following modified framework, one can find optimal kernels.
Consider the model

YTt = 1√
T

m0

(
t − q

T

)
1(t ≥ q) + εt, t = 1, . . . , T,

with lim q/T = 0. If one uses the control statistic Ut = m̂t/h and considers the stopping time

R∞ = inf{t ≥ 0 : m̂t/h > c},

then the normed delay ρh = RT −q
h

converges almost surely to

ρ0 = inf{s > 0 : μ̃(s; K) > c},

as h → ∞, for some function μ̃(s; K) similarly defined as μ(s; K). Now the optimal kernel
can be determined under rather weak conditions for a large class of functions m0. For details
we refer to the references.
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9.4 Unit roots and random walk

Let us tentatively assume that u1, u2, . . . are i.i.d. random variables with mean 0 and common
variance σ2 = E(u2

1) ∈ (0, ∞). We shall relax that assumption below substantially. Recalling
Bachelier’s historic approach to model stock prices, let us consider the pure random walk

Yt =
t∑

i=0

ui, t = 0, 1, . . .

with starting value Y0 = u0. The above equation for Yt can be written as a recursion yielding

Yt = Yt−1 + ut, t = 1, 2, . . .

with starting value Y0 = u0. Obviously, this recursion is a member of the family

Yt = ρYt−1 + ut, t = 1, 2, . . . (9.21)

of recursions parameterized by ρ ∈ (−1, 1]. ρ = 1 reproduces the pure random walk above,
whereas for |ρ| < 1 we obtain an AR(1) process with start at Y0 = u0. In Chapter 3, we
discussed the question whether there exist stationary solutions of the Equations (9.21). If
u−n, n = 0, 1, . . . , are i.i.d. copies of u1, and Y0 = ∑∞

i=0 ρiu−i, then

Yt =
∞∑
i=0

ρiut−i, t ∈ N0

is a stationary (and causal) solution of the AR(1) equations.
Whether or not we are in the stationary or random-walk regime can be inferred from the

characteristic polynomial

ϕ(z) = 1 − ρz, z ∈ C,

which has exactly one root given by z = 1/ρ. That root lies outside the unit disc {z ∈ C :
|z| ≤ 1} if and only if |ρ| < 1. For ρ = 1 the characteristic polynomial has its root on the unit
circle. Such a root is called a unit root. In other words, model (9.21) corresponds to a random
walk if and only if the characteristic polynomial has a unit root.

As we shall in the next subsections, the stochastic behavior of basic statistics change
completely when the underlying time series is a stationary AR(1) or a non-stationary random
walk with independent or serially dependent innovations. For many series representing log
prices or interest rates, the random-walk assumption can be justified by economic theory and
statistical evidence, and the statistical task is then to test whether that assumption can be
confirmed by empirical data.

This gives rise to the following two testing problems within the AR(1) framework dis-
cussed here.

Stationarity tests: Here, one tests the null hypothesis of stationarity

H0 : |ρ| < 1

against the alternative hypothesis of a unit root (random-walk hypothesis)

H1 : ρ = 1.
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Unit root tests: A unit root test reverses the null hypothesis and tests

H0 : ρ = 1

against the alternative stationarity hypothesis

H1 : |ρ| < 1.

We shall later extend this class of testing problems.
Unit root tests also have interesting applications in trading. Here is an example.

Example 9.4.1 (Pairs Trading)
Assume that {Xt} and {Yt} are two random walks, for example the prices of two similar assets
or commodities. Some assets and commodities, respectively, are exchangeable. For example,
usually one may substitute white pepper by black pepper and vice versa. But then their prices
should be quite similar in such a way that the differences fluctuate around zero in a stationary
way. This suggests the following trading strategy: If the price of white pepper is much smaller
than the price of black pepper, one enters a long position in white pepper and a short position
in black pepper. One waits until white pepper has become more expensive than black pepper
and then reverts the positions. This strategy may work, if the difference

Dt = Yt − Xt, t = 1, 2, . . . ,

is indeed a stationary process with mean zero and not a random walk. In the latter case,
the probability that the price difference exceeds a given threshold is much higher than for a
stationary process. To check that assumption behind the rationale of pairs trading, one may
assume that Dt follows the model (9.21) and apply a unit root test. If the test rejects the random-
walk null hypothesis, one may enter a pairs trading strategy. Even more interesting would
be the application of a procedure that continuously monitors the price processes and gives
a signal if the series provide evidence in favor of the stationarity assumption. Then one can
automatically enter a pairs trading strategy. We shall study such procedures in Section 9.4.4.

The mathematical phenomenon behind Example 9.4.1 is called cointegration and will be
defined in Section 9.4.2 in a more general framework.

9.4.1 The OLS estimator in the stationary AR(1) model

In model (9.21) we assumed i.i.d. innovations ut . To study inferential procedures to decide
in favor of the unit root hypothesis or the stationarity hypothesis, let us now generalize
model (9.21) to the case of martingale difference errors. Thus, we assume

Yt = ρYt−1 + ut, t = 1, 2, . . . , (9.22)

where {ut} is a martingale difference sequence with respect to the filtrationFt = σ(us : s ≤ t),
i.e.

E(ut|Ft−1) = 0, t = 1, 2, . . . .

In addition, we assume that there are finite constants σ2 and γ4 such that

E
(
u2

t |Ft−1
) = σ2 and E

(
u4

t |Ft−1
) = γ4,
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a.s. These assumptions will allow us to apply the limit theorems for martingale difference
sequences and arrays, respectively, discussed in Chapter 3.

Given Y1, . . . , YT , the ordinary least squares (OLS) estimator ρ̂T of ρ defined by

ρ̂T = argminρ∈R
T∑

t=1

(Yt − ρYt−1)2.

A straightforward calculation shows that it is given by

ρ̂T =
∑T

t=1 YtYt−1∑T
t=1 Y2

t−1

.

It coincides with the ML estimate for i.i.d. normal errors, and in this case the denominator∑
t Y

2
t−1 turns out to be the Fisher information.

Let us first study the asymptotic distribution of ρ̂T when |ρ| < 1. The following theorem
shows that ρ̂T converges to ρ in probability at the usual convergence rate 1/

√
T , and is

asymptotically normal. It appears as a special case of the least squares estimation theory for
multiple regression models given in Section 8.2, but we will give a direct proof to highlight
in the next subsection the completely different stochastic behavior of certain statistics for
integrated time series.

Theorem 9.4.2 Suppose that {ut} is a strictly stationary martingale difference sequence
with E(u2

t |Ft−1) = σ2 and E(u4
t |Ft−1) = γ4 < ∞. It holds that

(i)

1

T

T∑
t=1

Y2
t−1

P→ σ2

1 − ρ2 , (9.23)

(ii)

1√
T

T∑
t=1

Yt−1ut
d→ N(0, σ4/(1 − ρ2)), (9.24)

as T → ∞.

This implies that

√
T (ρ̂T − ρ)

d→ N
(
0, (1 − ρ2)

)
,

as T → ∞, where σ2 = E(ε2
1).

Proof. Notice that

ρ̂T − ρ =
∑T

t=1

(
YtYt−1 − ρY2

t−1

)∑T
t=1 Y2

t−1

=
∑T

t=1 εtYt−1∑T
t=1 Y2

t−1

,
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which leads to the representation

√
T (ρ̂T − ρ) = T−1/2 ∑T

t=1 Yt−1ut

T−1
∑T

t=1 Y2
t−1

.

We shall first treat the denominator. Assertion (i) is simply Proposition 8.4.1, which assumes
E(u2

t |Ft−1) = σ2 and E(u4
t |Ft−1) = γ4 < ∞. Next, put

ξt = Yt−1ut, t = 1, 2, . . . ,

and let us show that {ξt} is a strictly stationary martingale difference sequence with respect
to the filtration Ft = σ(us : s ≤ t). Recall that the stationary solution of the AR(1) equations
is given by the linear process

Yt =
∞∑
i=0

ρiut−i.

It follows that ξt = Yt−1ut is of the form f (ut, ut−1, . . . ) for some Borel measurable function
f : R∞ → R. Hence, ξt is strictly stationary. Since E(Y2

t−1) = σ2 ∑∞
i=0 ρ2i < ∞, we have

E|ξt| ≤
√

E
(
Y2

t−1

)
E
(
u2

t

)
< ∞ for all t.

Further,

E(ξt|Ft−1) = E(Yt−1ut|Yt−1) = Yt−1E(ut|Ft−1) = 0,

a.s., for all t. It follows that {ξt} is a strictly stationary martingale difference sequence. To
show the central limit theorem for 1√

T

∑T
t=1 ξt consider for ε > 0 the Lindeberg condition,

LT (ε) = 1

T

T∑
t=1

E
(
E(Y2

t−1u
2
t 1(Yt−1ut > ε) | Ft−1)

)
,

which takes the form

1

T

T∑
t=1

∫
y2
∫

u2
t (ω)1(|yut(ω)| >

√
Tε) dPut |Yt−1=y(ω) dPYt−1 (y)

Clearly, the indicator converges to 0, as T → ∞, for any fixed ω and y. Since, additionally,
the integrand is bounded by the integrable r.v. u2

t , which implies that E(u2
T |Ft−1) < ∞, a.s.,

the conditional dominated convergence theorem ensures that for all fixed t∫
u2

t (ω)1(|yut(ω)| >
√

Tε) dPut |Yt−1=y(ω) → 0,

as T → ∞, and a further application of dominated convergence shows that for each t

E
(
Y2

t−1u
2
t 1(Yt−1ut >

√
Tε)

) → 0,

as T → ∞. But by strict stationarity these summands do not depend on t, such that

LT (ε) → 0, T → ∞,
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follows. It remains to study the convergence of

1

T

T∑
t=1

E
(
Y2

t−1u
2
t |Ft−1

)
.

Since E(u2
t |Ft−1) = σ2, we obtain

1

T

T∑
t=1

E
(
Y2

t−1u
2
t |Ft−1

) = 1

T

T∑
t=1

Y2
t−1E

(
u2

t |Ft−1
) → σ4

1 − ρ2 ,

as T → ∞. Hence, conditions (i) and (ii) of Theorem B.7.2 are satisfied and we may conclude
that

1√
T

T∑
t=1

Yt−1ut
d→ Z ∼ N(0, σ4/(1 − ρ2)),

as T → ∞, which shows assertion (ii). Combining this fact with Equation (9.23) and applying
Slutzky’s lemma, we obtain that

√
T (ρ̂T − ρ) = T−1/2 ∑T

t=1 Yt−1ut

T−1
∑T

t=1 Y2
t−1

d→
(

σ2

1 − ρ2

)−1

Z ∼ N(0, (1 − ρ2)),

as T → ∞, which completes the proof.

The above result allows us to discuss how to test statistical hypotheses on the AR parameter
ρ and how to set up a confidence interval for that parameter. The testing problem

H0 : ρ = ρ0 versus H1 : ρ /= ρ0

for some known ρ0 ∈ (−1, 1) can now be treated as follows: For a given significance level
α ∈ (0, 1) reject the null hypothesis, if |ST | > z1−α/2, where

ST =
√

T
ρ̂T − ρ0√

1 − ρ̂2
T

,

and z1−α/2 is the (1 − α/2)-quantile of the N(0, 1)-distribution. A confidence interval with
asymptotic coverage probability 1 − α is given by⎡⎣ρ̂T − z1−α/2

√
1 − ρ̂2

T√
T

, ρ̂T + z1−α/2

√
1 − ρ̂2

T√
T

⎤⎦ .

Notice that the estimator ρ̂T and therefore its asymptotic distribution does not depend on
the scale of the measurements. Nevertheless, it may be interesting to estimate the dispersion
σ of the innovations ut . It is natural to take the full-sample residuals

ût = Yt − ρ̂T Yt−1, t = 1, . . . , T
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and to estimate σ2 by

σ̂2
T = 1

T

T∑
t=1

û2
t .

A direct proof of its consistency is straightforward.

Proposition 9.4.3 Under the conditions of Theorem 9.4.2,

σ̂2
T

P→ σ2,

as T → ∞.

Proof. Using ût = Yt − ρ̂T Yt−1 = (ρ − ρ̂T )Yt−1 + ut , we obtain

û2
t = (ρ − ρ̂T )2Y2

t−1 + 2(ρ − ρ̂T )Yt−1ut + u2
t .

Clearly, the arithmetic mean of the last term converges to σ2 a.s., by the strong law of large
numbers. Thus, the result follows, if we show that

AT = (ρ − ρ̂T )2 1

T

T∑
t=1

Y2
t−1

P→ 0, BT = 2(ρ − ρ̂T )
1

T

T∑
t=1

Yt−1ut
P→ 0,

as T → ∞. Consider AT . The asymptotic normality of
√

T (ρ̂T − ρ) implies ρ̂T − ρ
P→ 0,

and, in turn, (ρ − ρ̂T )2 P→ 0, as T → ∞. Further, in the proof of Theorem 9.4.2 we have

shown that T−1 ∑T
t=1 Y2

t−1 converges in probability to a finite constant. Hence, AT
P→ 0, as

T → ∞. The corresponding result for BT follows from similar arguments.

9.4.2 Nonparametric definitions for the degree of integration

The stationary solution, Yt , of the AR(1) Equation (9.22) with |ρ| < 1 can be represented as
a linear process, Yt = ∑∞

i=0 ρiut−i, and therefore satisfies a functional central limit theorem.
This means that the partial sum process

ST (u) = 1√
T

�Tu�∑
t=1

Yt, u ∈ [0, 1], T ≥ 1,

satisfies

ST (u) ⇒ ηB(u), (9.25)

as T → ∞, where B is a standard Brownian motion and η =
√

η2. Here

η2 = EY2
0 + 2

∞∑
k=0

E(Y0Yk),

is the long-run variance associated to {Yn}. Consistent estimation of η2 has been discussed
in Section 8.8, see Theorem 8.8.6.
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If ρ = 1, then Yt is a random walk with increments that are martingale differences and
therefore satisfies

T−1/2Y�Ts� ⇒ σB(s), (9.26)

as T → ∞, where Y�Ts�, s ∈ [0, 1], is the canonical process associated to Y1, . . . , YT . In
addition, the first-order differences,

�Yt = Yt − Yt−1,

are stationary and satisfy a functional central limit, since by telescoping

Y�Ts� = Y0 +
�Ts�∑
i=0

�Yt.

Both the FCLT (9.25) as well as the weak convergence (9.26) also hold true, if the summands
and increments of the random walk, respectively, are correlated time series.

Let us now suppose that we are given a statistic, say, UT , which depends on the time-series
data {Yt} through the partial sum process ST , i.e.

UT = U(ST ),

for some mapping U : D → R defined on a domain D of functions such that all trajectories
of ST are elements of D. If the mapping U is smooth in the sense that U(ST ) converges in
distribution to U(ηB), as T → ∞, if ST converges weakly to ηB, then the asymptotic behavior
of the statistic UT is known for any time series {Yt} that satisfies the FCLT (9.25). This means,
we get a general limit theorem that holds true for a very rich class of time series. Analogously,
the asymptotic distribution of any statistic VT that depends in such a smooth way on the
time-series data via the canonical process, i.e. VT = V (T−1/2Y�T•�), is given by the random
element V (σB), by virtue of the FCLT (9.26). For various unit root statistics, we encounter
that pleasant setting. This fact motivates the following nonparametric definitions.

Definition 9.4.4 (Integrated Time Series)

(i) A stochastic process {Yt} in discrete time is called integrated of order 0, denoted by
Yt ∼ I(0), if it satisfies a functional central limit theorem, that is for some constant
η ∈ (0, ∞)

1√
T

�Ts�∑
t=1

Yt ⇒ ηB(s),

as T → ∞, where B is a standard Brownian motion.

(ii) A stochastic process {Yt} in discrete time is called integrated of order 1, denoted by
Yt ∼ I(1), if the canonical process satisfies

T−1/2Y�Ts� ⇒ σB(s),
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as T → ∞, and if the first-order differences �Yt form a weakly stationary sequence
satisfying a functional central limit theorem.

Remark 9.4.5 It is worth mentioning that in the above definition the notion I(0) covers
nonstationary processes as long as they are sufficiently well behaved in the sense that they
satisfy a functional central with a Brownian motion limit. However, the models studied by
econometricians usually give rise to stationary I(0) series.

The above definitions allow us to provide a general definition of cointegrated time series.

Definition 9.4.6 A bivariate time series {(Yt, Xt) : t = 1, 2, . . . } with Yt ∼ I(1) and Xt ∼
I(1) is called cointegrated, if there exists a constant a /= 0 such that Yt − aXt ∼ I(0). More
generally, a d-dimensional time series {Xt}, Xt = (Xt1, . . . , Xtd), with Xti ∼ I(1) for all
i = 1, . . . , d, is called cointegrated, if there is some vector a ∈ Rd , which is not the null
vector, such that a′Xt ∼ I(0).

9.4.3 The Dickey–Fuller test

We are still studying the model (9.22). A widely used statistic to test the unit root null
hypothesis H0 : ρ = 1 against the stationarity alternative H1 : |ρ| < 1 is the Dickey–Fuller
statistic

DT = T (ρ̂T − 1).

The following theorem provides its asymptotic distribution under the unit root null hypothesis
that Yt = ∑t

i=1 εi is I(1). It shows that the convergence rate of ρ̂T is T , i.e. in the unit root
case it converges faster to the true value ρ0 = 1 than under a stationary regime where the
convergence rate is

√
T . This means, ρ̂T is a superconsistent estimator when applied to

random-walk series.

Theorem 9.4.7 Suppose that the partial sum process ST (u) = T−1/2 ∑�Tu�
t=1 εi, u ∈ [0, 1],

satisfies

ST ⇒ ηB,

as T → ∞, for some constant η ∈ (0, ∞), and that

1

T

T∑
t=1

ε2
i

P→ σ2, T → ∞.

Then,

(i) 1
T

∑T
t=1 Yt−1εt

d→ η2

2

(
B2(1) − σ2

η2

)
, as T → ∞, and

(ii) 1
T 2

∑T
t=1 Y2

t−1
d→ η2

∫ 1
0 B2(r) dr, as T → ∞,
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and these convergences are jointly. Further, the OLS estimator ρ̂T satisfies

T (ρ̂T − 1)
d→ 1

2

B2(1) − σ2

η2∫ 1
0 B2(r) dr

,

as T → ∞.

Proof. Put S(T ) = √
TST (1) = ∑T

i=1 εi. We first show that

T∑
t=1

Yt−1εt = 1

2

(
S(T )2 −

T∑
t=1

ε2
t

)
. (9.27)

Notice that

T∑
t=1

Yt−1εt =
T∑

t=1

⎛⎝ t−1∑
j=1

εj

⎞⎠ εt =
∑

1≤i<j≤T

εiεj

is the sum of all elements above the main diagonal of the symmetric matrix (εiεj)i,j . Thus,(
T∑

t=1

εt

)2

=
T∑

i,j=1

εiεj = 2
∑
i<j

εiεj +
T∑

t=1

ε2
t ,

which implies that

T∑
t=1

Yt−1εt =
∑
i<j

εiεj = 1

2

⎡⎣( T∑
t=1

εt

)2

−
T∑

t=1

ε2
t

⎤⎦ = 1

2

[
S(T )2 −

T∑
t=1

ε2
t

]
,

where S(T )2 = TS2
T (1) such that

1

T

T∑
t=1

Yt−1εt = 1

2

[
S2

T (1) − 1

T

T∑
t=1

ε2
t

]
. (9.28)

Let us now consider

1

T 2

T∑
t=1

Y2
t−1 = 1

T

T∑
t=1

1

T

(
t−1∑
i=1

εi

)2

.

Notice that 1/T = ∫ 1
0 1[(t−1)/T,t/T )(r) dr and, by definition of the floor function,

�Tr�∑
i=1

εi =
t−1∑
i=1

εi, for t − 1 ≤ Tr < t ⇔ r ∈ [(t − 1)/T, t/T ), t = 1, . . . , T .

We shall now partition the one, 1[0,1] = ∑T
t=1 1[(t−1)/T,t/T ] and use the fact that

1

T

t−1∑
t=1

εi =
t−1∑
i=1

∫ t
T

t−1
T

dr =
∫ t

T

t−1
T

�Tr�∑
i=1

εi dr.
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We obtain

1

T 2

T∑
t=1

Y2
t−1 = 1

T

T∑
t=1

∫ 1

0

(�Tr�∑
i=1

εi

)2

1[(t−1)/T,t/T )(r) dr

=
T∑

t=1

∫ 1

0
S2

T (r)1[(t−1)/T,t/T )(r) dr

=
∫ 1

0
S2

T (r)
T∑

t=1

1[(t−1)/T,t/T )(r) dr.

Hence, we arrive at

1

T 2

T∑
t=1

Y2
t−1 =

∫ 1−

0
S2

T (r) dr. (9.29)

To show the joint weak convergence, we consider the bivariate random vector
(T−1 ∑T

t=1 Yt−1εt, T
−2 ∑T

t=1 ε2
t ). Combining Equations (9.28) and (9.29), we may conclude

that (
1

T

T∑
t=1

Yt−1εt,
1

T 2

T∑
t=1

ε2
t

)
=
(

1

2

[
S2

T (1) − 1

T

T∑
t=1

ε2
t

]
,

∫ 1−

0
S2

T (r) dr

)

=
(

1

2
[S2

T (1) − σ2],
∫ 1−

0
S2

T (r) dr

)
+ oP (1)

= φ(ST ) + oP (1),

where the functional φ : D([0, 1];R) → R
2 is defined by

φ(f ) =
(

1

2
[f 2(1) − σ2],

∫ 1−

0
f 2(r) dr

)
, f ∈ D([0, 1];R).

φ is continuous, cf. Example B.2.2. Hence, the result follows from the continuous mapping
theorem and we can conclude that

φ(ST ) ⇒ φ(ηB) =
(

η2

2

[
B2(1) − σ2

η2

]
, η2

∫ 1

0
B2(r) dr

)
,

as T → ∞, which establishes the assertions (i) and (ii). Now the asymptotics for DT =
T (ρ̂T − 1) follows by an application of the continuous mapping theorem, since the function
F (x, y) = x/y is continuous on R× R− {0} and

∫ 1
0 B2(r) dr is a.s. positive.

Compare assertions (i) and (ii) of the above theorem with Theorem 9.4.2 that gave
the corresponding results for a stationary AR(1) model. For I(1) series the asymptotics
for the statistics

∑
t Y

2
t−1 and

∑
t Yt−1εt , after appropriate scaling, are completely different,

both the convergence rates as well as the type of the limiting distribution.



UNIT ROOTS AND RANDOM WALK 373

Observing that the limit process appearing in Theorem 9.4.7 (i) is a linear function of
B2(1) ∼ χ2(1), we may apply a transformation to the statistic

1

T

T∑
t=1

Yt−1εt =
(

1

T

∑
t

Y2
t−1

)
(ρ̂T − 1)

to obtain a χ2-distributed random variable. This leads to the Phillips–Durlauf statistic

2

η2

(
1

T

T∑
t=1

Y2
t−1

)
(ρ̂T − 1) + σ2

η2 ⇒ B2(1) ∼ χ2(1),

as T → ∞, under the unit root null hypothesis. In this formula we can replace the unknown
nuisance parameters η2 and σ2 by consistent estimators.

9.4.4 Detecting unit roots and stationarity

The question arises how to monitor a time series in order to detect a change from I(0)-
stationarity to I(1)-nonstationarity in the sense of Definition 9.4.4. To make this idea precise,
let us denote the true and deterministic but unknown change-point by q and assume that it is
proportional to a time horizon T ,

q = �Tϑ�
for some ϑ ∈ (0, 1). Two change-point models are of interest:

I(1) − I(0) Change: It is assumed that the series of pre-change observations

{Y0, . . . , Y�Tϑ�−1} ∼ I(1)

is I(1) in the sense of part (ii) of Definition 9.4.4, whereas the subseries of observations

{Y�Tϑ�, . . . , YT } ∼ I(0)

is I(0) in the sense of part (i) of that definition.
I(0) − I(1) Change: Here, the first part of the series behaves as a I(0) series

{Y0, . . . , Y�Tϑ�−1} ∼ I(0)

and changes its behavior to a I(1) series starting at the change-point q,

{Y�Tϑ�, . . . , YT } ∼ I(1).

I(0) Detection: In order to detect a change from I(1) to I(0), one may use a sequential
version of the KPSS or Dickey–Fuller test statistics. Related to the KPSS test is the following
procedure. Define UT (s) = 0 for s ∈ [0, 1/T ) and

UT (s) =
�Ts�−3 ∑�Ts�

i=1

(∑i
j=1 Yj

)2
Kh(i − �Ts�)

�Ts�−2
∑�Ts�

j=1 Y2
j

, s ∈ [1/T, 1]. (9.30)

UT is called a sequential KPSS process. Here, K is a kernel with mean zero, a finite non-
vanishing second moment and Kh(•) = K(•/h)/h is the scaled version. It is used to ensure
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that partial sums
∑i

j=1 Yj corresponding to distant time points i contribute less to the statistic
than partial sums corresponding to time points near the current time instant t = �Ts�. If K is a
kernel with support [−1, 1], only observations located in the time window [t − h, t] are used.
Thus, the bandwidth h determines the degree of localization of the procedure. Inference on
the degree of integration requires relatively large effective sample sizes and we do not assume
that the time scale on which the time series Y1, Y2, . . . is observed tends to zero. Hence,
in contrast to the nonparametric smoothing procedures discussed in Section 8.5, we do not
assume that the bandwidth tends to zero, as the maximal sample size tends to ∞. Instead, it
is assumed that h = hT is chosen as a function of T in such a way that

lim
T→∞

T

hT

= ζ ∈ [1, ∞),

This condition ensures that the number of observations effectively used by the procedure tends
to ∞, as T gets larger. In practice, one fixes ζ and then selects hT = �T/ζ�.

We stop monitoring and signal evidence for a change from I(1) to I(0), if UT (t/T ) falls
below a fixed value for the first time. This means that we consider the stopping time

RT = RT (c) = min{k ≤ t ≤ T : UT (t/T ) < c},

where c is some control limit chosen to ensure that the procedure has well-defined statistical
properties and k denotes the first time instance where monitoring starts. For the asymptotic
results discussed below, it is assumed that

k = �κT �, for some κ ∈ (0, 1). (9.31)

The first k − 1 observations can be used as a learning sample to estimate other quantities of
interest not being related to the monitoring procedure.

A natural approach to specify the control limit c is to ensure that the type I error rate that
the procedure stops,

αT = P0(RT ≤ T ),

where P0 indicates that the probability is calculated under the null hypothesis that the process
{Yt} is I(1), converges to some given nominal significance level α ∈ (0, 1),

lim
T→∞ αT = α.

The null distribution of the sequential KPSS process is given in the following theorem.

Theorem 9.4.8 Assume {Yt} is I(1) in the sense of Definition 9.4.4. Then the sequential
KPSS process converges weakly,

UT (s) ⇒ U1(s) = ζs−1
∫ s

0 K(ζ(r − s))
[∫ r

0 B(t) dt
]2 dr∫ s

0 B(r)2 dr
, (9.32)

in D[κ, 1], as T → ∞.
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Proof. Notice that

UT (s) =
(

T
�Ts�

)3
XT (s)(

T
�Ts�

)2
ZT (s)

,

if we define

XT (s) = 1

T 3

�Ts�∑
i=1

⎛⎝ i∑
j=1

Yj

⎞⎠2

Kh(i − �Ts�),

ZT (s) = 1

T 2

�Ts�∑
i=1

Y2
i =

∫ �Ts�/T

0

(
1√
T

Y�Tr�
)2

dr,

where

ST (s) = 1√
T

�Ts�∑
t=1

Yt, s ∈ [0, 1].

If we show that

XT (s)

ZT (s)
⇒ sU1(s), (9.33)

as T → ∞, then the assertion follows by a straightforward application of Slutzky’s lemma,
Lemma B.2.4. To show Equation (9.33), we shall approximate jointly numerator and de-
nominator by the right integral functionals of a Brownian motion, the limit process of the
partial sum process ST under the conditions of the theorem. We make use of the Skorohod
representation theorem and will assume that, w.l.o.g.,

sup
u∈[0,1]

∣∣∣∣Y�Tu�√
T

− σB(u)

∣∣∣∣ → 0, (9.34)

almost surely, as T → ∞. Notice that, for simplicity of presentation, we do not change
notation when working with the equivalent versions on the new probability space. Let us
represent XT (s) as an iterated Riemann integral. Use

t = �Tr� ⇔ r ∈
[

t

T
,
t + 1

T

)
to obtain

1

T

⎛⎝ 1

T

t∑
j=1

Yj√
T

⎞⎠2

K

(
t − �Ts�

h

)

=
∫

1[ t
T

, t+1
T

)(r)

⎛⎝ 1

T

�Tr�∑
j=1

Yj√
T

⎞⎠2

K

(�Tr� − �Ts�
h

)
dr
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In the same vein,

j = �Tu� ⇔ u ∈
[

j

T
,
j + 1

T

)
gives

1

T

�Tr�∑
j=1

Yj√
T

=
�Tr�∑
j=1

∫
1[ j

T
,
j+1
T

)(u)
Y�Tu�√

T
du.

Putting things together, we obtain

XT (s) = T

h

1

T

T∑
t=1

1(t ≤ �Ts�)

⎛⎝ 1

T

t∑
j=1

Yj√
T

⎞⎠2

K

(
t − �Ts�

h

)

= T

h

T∑
t=1

1(t ≤ �Ts�)
∫ t+1

T

t
T

⎛⎝�Tr�∑
j=1

∫ j+1
T

j
T

Y�Tu�√
T

du

⎞⎠2

K

(�Tr� − �Ts�
h

)
dr

= T

h

∫ �T (s+1/T )�
T

1
T

(∫ �T (r+1/T )�
T

1
T

Y�Tu�√
T

du

)2

K

(�Tr� − �Ts�
h

)
dr,

where we used the fact that �Ts�+1
T

= �T (s+1/T )�
T

. Notice that Equation (9.34) implies that

∫ b

a

Y�Tu�√
T

du ⇒
∫ b

a

σB(u) du,

for any 0 ≤ a ≤ b ≤ 1 as well as

IT (B) = sup
a,b∈[0,1],a≤b

∫ b

a

|σB(u)| du = OP (1),

as T → ∞. Further, we have

sup
r∈[κ,1]

∣∣∣∣∣∣
(∫ �T (r+1/T )�

T

1
T

Y�Tu�√
T

)2

−
(∫ �T (r+1/T )�

T

1
T

σB(u)

)2
∣∣∣∣∣∣

≤ sup
r∈[κ,1]

(∫ 1

0
|σB(u)| du +

∫ 1

0

∣∣∣∣Y�Tu�√
T

∣∣∣∣ du

)∫ 1

0

∣∣∣∣Y�Tu�√
T

− σB(u)

∣∣∣∣ du

≤ sup
r∈[κ,1]

(∫ 1

0
|σB(u)| du +

∫ 1

0

∣∣∣∣Y�Tu�√
T

∣∣∣∣ du

)
sup

u∈[0,1]

∣∣∣∣Y�Tu�√
T

− σB(u)

∣∣∣∣
= oP (1),
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as T → ∞, since the expression in parentheses is OP (1). Combining this fact with the bound-
edness of K and T/h, we obtain

XT (s) = T

h

∫ �T (s+1/T )�
T

1
T

(∫ �T (r+1/T )�
T

1
T

σB(u) du

)2

K

(�Tr� − �Ts�
h

)
dr + oP (1),

as T → ∞, where the oP (1) term is also uniform in s ∈ [κ, 1]. Using T/h → ζ and the
Lipschitz continuity of K, we may further conclude that

XT (s) = ζ

∫ �T (s+1/T )�
T

1
T

(∫ �T (r+1/T )�
T

1
T

σB(u) du

)2

K(ζ(r − s)) dr + oP (1),

as T → ∞, where again the oP (1) term is uniform in s ∈ [κ, 1]. Replacing the intervals of
integration by (0, s] and (0, r], respectively, also leads to an error term of the order oP (1),
uniformly in r, s. For example,

sup
r∈[κ,1]

∣∣∣∣∣
∫ �T (r+1/T )�

T

1
T

σB(u) du −
∫ r

0
σB(u) du

∣∣∣∣∣
≤ 1

T

[
sup

v∈[0,1]

∫ v

0
|σB(u)| du + sup

v∈[0,1]

∫ 1

v

|σB(u)| du

]

= 1

T
IT (B)

= oP (1),

as T → ∞. The same arguments show that

sup
s∈[κ,1]

∣∣∣∣ZT (s) − σ2
∫ s

0
B2(r) dr

∣∣∣∣ = oP (1),

as T → ∞. Putting things together leads to

sup
s∈[κ,1]

∥∥∥∥∥
(

XT (s)

ZT (s)

)
−
(

ζσ2
∫ s

0

(∫ r

0 B(u) du
)2

K(ζ(r − s)) dr

σ2
∫ s

0 B2(r) dr

)∥∥∥∥∥ = oP (1),

as T → ∞, where ‖ • ‖ denotes an arbitrary vector norm on R2. But the latter implies the
joint weak convergence

(XT , ZT ) ⇒ (X, Z),

as T → ∞, for the original processes, in the product space D([0, 1];R) × D([0, 1];R)
(equipped with the product Skorohod toplogy, cf. Appendix B.2), where

X(s) = ζσ2
∫ s

0

(∫ r

0
B(u) du

)2

K(ζ(r − s)) dr,

Z(s) = σ2
∫ s

0
B2(r) dr,
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for s ∈ [κ, 1]. Next, observe that for any s ∈ [κ, 1]

P(Z(s) > 0) = 1,

since otherwise B(r) = 0 for r ∈ [κ, 1], λ-almost everywhere, with positive probability, lead-
ing to a contradiction; the variation of Brownian motion on any interval is infinite. Thus, we
can apply the continuous mapping theorem, see the discussion in Remark B.2.6, to obtain that

UT = XT

ZT

⇒ U,

as T → ∞, as stated in the theorem.

From the above theorem, we can deduce a central limit theorem for the normed stopping
rule

RT

T
= inf

{
κ ≤ t

T
≤ 1 : UT (s) < c

}
.

Notice that RT /T stops later than x, if and only the condition UT (s) ≥ c holds true for all
s ∈ [κ, x]. This means,

RT

T
> x ⇔ sup

s∈[κ,x]
UT (s) ≥ c,

for all given x ∈ R. Hence, for the distribution function FT (x) of RT /T , we obtain

FT (x) = P(RT /T ≤ x)

= P

(
sup

s∈[κ,x]
UT (s) < c

)

→ P

(
sup

s∈[κ,x]
U1(s) < c

)
,

as T → ∞.
As already discussed, the above results allow us to obtain critical values and control limits,

respectively, to set up a procedure for testing and monitoring and attaining a given significance
level in large samples.

I(1) Detection: In order to detect a change from I(0) to I(1), we consider the process

ŨT (s) = 1

Ts2
Tm(s)

�Ts�∑
i=1

⎛⎝ i∑
j=1

Yj

⎞⎠2

Kh(i − �Ts�), s ∈ [0, 1], (9.35)

where

s2
Tm(s) = 1

T

�Ts�∑
i=1

Y2
i + 2

m∑
k=1

w(k, m)
1

T

�Ts�∑
i=1

YiYi+k, s ∈ [0, 1],
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is the Newey–West estimator as defined in Equation (8.28) and studied in Theorem 8.8.6 of
Section 8.8. That estimator is used to eliminate a nuisance parameter appearing otherwise in
the limit distribution. The corresponding detector is given by

R̃T = R̃T (c) = min{k ≤ n ≤ T : ŨT (n/T ) < c}.

The null distribution of that detector follows from the following result.

Theorem 9.4.9 Let {Yn} be a strictly stationary α-mixing I(0) process such that EY4ν
1 < ∞

with α-mixing coefficients satisfying

∞∑
j=1

j2α(j)(ν−1)/ν < ∞, (9.36)

for some ν > 1. Assume that the lag truncation rule satisfies m/T 1/2 = o(1). Then

ŨT (s) ⇒ Ũ2(s) = s−1ζ

∫ s

0
B(r)2K(ζ(r − s)) dr,

in D[κ, 1], as T → ∞.

Let us now consider the asymptotics for time series that are nearly a random walk. It is
common to consider the following mathematical model. Assume that the first T observations
we have available for the analysis correspond to the T th row of a triangular array {YTt : 1 ≤
tT, T ∈ N} satisfying

YT,t+1 = (1 + a/T )YTt + ut, 1 ≤ t ≤ T, T ∈ N, (9.37)

where a ∈ R and {ut} is an I(0) process. As T → ∞, the AR coefficient 1 + a/T approaches
1 corresponding to the unit root case, although for each fixed T the series YT1, . . . , YTT is
I(0)-stationary. This model is called the local-to-unity model.

We shall give a sketch of the arguments leading to the asymptotics of this more involved
model. Routine calculus shows that

1√
T

YT,�Ts� = 1√
T

�Ts�∑
t=1

(1 + a/T )�Ts�−iut

=
∫ �Ts�/T

0
eT (r; s) dST (r),

where

ST (r) = 1√
T

�Ts�∑
t=1

ut,

eT (r; s) = (1 + a/T )�Ts�−�Tr�,
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for r, s ∈ [0, 1]. Noting that eT (r; s) converges uniformly in 0 ≤ r ≤ s ≤ 1 to e(r; s) = ea(s−r),
and has uniformly bounded variation, one may show that

sup
s∈[0,1]

∣∣∣∣∫ �Ts�/T

0
eT (r; s) dST (r) −

∫ s

0
e(r; s) dB(r)

∣∣∣∣ → 0,

as T → ∞, in probability, leading to the following result.

Proposition 9.4.10 (Convergence to Ornstein–Uhlenbeck Process)
For an array {YTt : 1 ≤ t ≤ T, T ≥ 1} satisfying the local-to-unity model (9.37), it holds that

1√
T

YT,�Ts� =
∫ �Ts�/T

0
eT (r; s) dST (r) ⇒ O(r; s),

as T → ∞, where

O(r; s) =
∫ s

0
ea(s−r) dB(r),

is an Ornstein–Uhlenbeck process and B a standard Brownian motion.

Observing that the proof of Theorem 9.4.8 works under the general assumption that the
canonical process T−1/2YT,�Ts�, s ∈ [κ, 1], converges weakly to an almost surely continuous
process, the proof can be easily modified to obtain the asymptotics for data-generating pro-
cesses leading to more involved limits. Thus, one can establish the following result on the
local-to-unity-asymptotics of the process

UT (s) =
�Ts�−3 ∑�Ts�

i=1

(∑i
j=1 YTj

)2
Kh(i − �Ts�)

�Ts�−2
∑�Ts�

j=1 Y2
Tj

, s ∈ [1/T, 1]. (9.38)

Theorem 9.4.11 Let {YTt : 1 ≤ t ≤ T, T ∈ N} be an array satisfying the local-to-unity model
(9.37). Then

UT (s) ⇒ UO(s) = ζs−1
∫ s

0

(∫ r

0 O(t; a) dt
)2

K(ζ(s − r)) dr,∫ s

0 O(r; a)2 dr
,

in D[κ, 1], as T → ∞.

In addition, observe that the process UT (s) is invariant under changes of the scale. This
fact implies that we may also consider strong dependent processes where a different rate of
convergence applies. Assume that

Yt =
t∑

i=1

Xi, t = 1, 2, . . . (9.39)

with long-memory increments Xt , for example a fractional integrated noise of degree 0 <

d < 1/2 and Hurst index H = 1/2 + d, respectively, that is

(1 − L)dXt ∼ WN(0, σ2), σ2 ∈ (0, ∞),
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see Definition 3.8.3. In what follows, we assume that {Xt} satisfies an invariance principle
with fractional Brownian motion limit,

1

TH

�Ts�∑
t=1

Xt ⇒ cHBH (s), (9.40)

as T → ∞, for some constant cH ; see Theorem B.7.5 and the references. Consequently, the
canonical process with scaling T−H satisfies

1

TH
Y�Ts� ⇒ cHBH,

as T → ∞. It follows that the process UT (s) based on the time series (9.39) satisfies

UT (s) ⇒ UBH (s) = ζs−1
∫ s

0

(∫ r

0 BH (t) dt
)2

K(ζ(s − r)) dr,∫ s

0 BH (r)2 dr
,

as T → ∞.

9.5 Notes and further reading

Sklar’s theorem can be found in Sklar (1959), also see Rüschendorf (2009). An exposition
on correlation and dependencies in risk management as well as related relevant properties of
copulas see Embrechts et al. (2002). The brief summary of the financial crisis is mainly based
on Baily and Johnson (2008). The application of the Gaussian copula to price CDOs is due to
Li (2000). The asymptotics for the nonparametric copula estimator can be found in Fermanian
et al. (2004). Local polynomial regression, first studied systematically by Stone (1977), has
been extensively studied and applied, see Fan and Gijbels (1996), Fan and Yao (2003) and,
for an econometric viewpoint and applications, Li and Racine (2007). Results on minimax
estimation can be found in Tsybakov (2009). The asymptotics for mixing processes has been
established by Masry and Fan (1997), see also Fan and Yao (2003) and Li and Racine (2007).
A thorough exposition on nonparametric statistics for dependent stochastic processes is Bosq
(1998). For the methodology of nonparametric econometrics, particularly kernel smoothing
methods, we refer to the monograph of Li and Racine (2007). Our presentation draws on those
known works and provides a version of this type of asymptotic normality theorems that is
new in that shows that the result holds true for any stationary and ergodic time series which
satisfies a certain smoothing central limit theorem.

For a discussion and applications of the Neyman–Pearson-type result, Theorem 9.3.2, see
Vexler and Gurevich (2011). Theorem 9.3.7 and related results can be found in Steland (2004).
The kernel optimization theory can be found in Steland (2005). For a thorough exposition on
change-point methods for classical problems we refer to the monograph Csörgő and Horváth
(1997), the present exposition focuses on sequential procedures for the detection of stationarity
and nonstationarity. For asymptotic results on sequential detection of I(0) stationarity and I(1)-
nonstationarity based on sequential KPSS processes, as discussed here, see Steland (2007a).
We also refer to Davies and Krämer (2003). Procedures related to the Dickey–Fuller unit
root test statistics are studied in Steland (2007b) and extensions to polynomial trends were
investigated by Steland (2008). For methods to detect changes in linear models, we refer to
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Ploberger and Krämer (1992) and Hušková et al. (2007), amongst others. For conditions such
that Equation (9.40) holds, see Wu and Shao (2006).
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Appendix A

A.1 (Stochastic) Landau symbols

For a deterministic sequence {an : n ∈ N} we write an = O(1), if |an| ≤ C for large enough
n (i.e. there is some n0 ∈ N such that for all n ≥ n0 we have |an| ≤ C). We write an = o(1),
if an → 0, as n → ∞. Both notions carry over to a sequence of vectors or, more generally,
sequences of a normed linear space. However, for real-valued sequences {bn}, one can further
introduce the notions

an = O(bn), if |an| ≤ C|bn|, as n → ∞, for some C < ∞, i.e. lim sup
n→∞

∣∣∣∣an

bn

∣∣∣∣ < ∞,

and

an = o(bn), if an/bn → 0, as n → ∞, i.e. lim sup
n→∞

∣∣∣∣an

bn

∣∣∣∣ = 0.

Let {Xn : n ∈ N} be a sequence of random variables. {Xn} is said to be bounded in proba-
bility, denoted by Xn = OP (1), if for every ε > 0 there exists a constants M > 0 and n0 ∈ N
(which usually depend on ε), such that

P(|Xn| > M) ≤ ε for all n ≥ n0.

By enlarging M one can achieve that P(|Xn| > M) ≤ ε holds true for the finitely many
n = 1, . . . , n0, such that the above definition is equivalent to

sup
n∈N

P(|Xn| > M) ≤ ε.

Such a sequence {Xn} is also called uniformly tight. A sufficient condition for Xn = OP (1) is
that Xn converges in distribution to some nondegenerated random variable or to a point mass

Financial Statistics and Mathematical Finance: Methods, Models and Applications, First Edition. Ansgar Steland.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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in some fixed x0 ∈ R. Further, we write

Xn = oP (1), if Xn
P→ 0, as n → ∞.

Again, those two notions can be extended to random vectors and random elements taking
values in a normed space. If {Yn} is a sequence of real-valued random variables, then

Xn = OP (Yn), if Xn = YnRn with Rn = OP (1).

If Yn /= 0, then Xn = OP (Yn), if Xn/Yn = OP (1). Further,

Xn = oP (Yn), if
Xn

Yn

= oP (1), i.e.

∣∣∣∣Xn

Yn

∣∣∣∣ P→ 0, as n → ∞.

It is important to note that the notions oP (1) and OP (1) stand for terms with that property,
but those terms can change from instance to instance, which often simplifies the calculations
and proofs substantially.

The stochastic order can also be obtained by estimating moments.

(i) If E(‖Xn‖) = O(an), then Xn = OP (an).

(ii) If E(‖Xn‖2) = O(an), then Xn = OP (b1/2
n ).

Here is a list of rules of calculus for oP and OP .

(i) oP (1) + oP (1) = oP (1);

(ii) OP (1) + oP (1) = OP (1);

(iii) oP (1)OP (1) = oP (1);

(iv) oP (Rn) = RnoP (1);

(v) OP (Rn) = RnOP (1);

(vi) oP (OP (1)) = oP (1).

Here is a useful lemma that asserts that one may plug in a oP (1) random sequence in o(•)
and O(•) remainder terms, particularly in Taylor expansions.

Lemma A.1.1 Let f : D → R be a function defined on D ⊂ Rk for some k ∈ N, and let
{Xn} be a sequence or random variables with Xn = oP (1), which attain values in D.

(i) If f (x) = o(‖x‖r), as x → 0, then f (Xn) = oP (‖Xn‖r).

(ii) If f (x) = O(‖x‖r), as x → 0, then f (Xn) = OP (‖Xn‖r).

For proofs of the above results see Van der Vaart (1998).
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A.2 Bochner’s lemma

Lemma A.2.1 Let {gn : n ≥ 1} be a uniformly integrable sequence of functions gn : R→ R,
n ≥ 1, i.e.

sup
n∈N

∫
|gn(y)| dy ≤ C < ∞,

which converges uniformly on compact sets to a function g, i.e.

lim
n→∞ sup

x∈I

|gn(x) − g(x)| = 0,

for any compact subset I ⊂ R. Further, let K : R→ R be a function with

(i)
∫

K(z) dz < ∞ and

(ii) |z||K(z)| → 0, as |z| → ∞,

and hn be a sequence with hn ↓ 0. Then the smoothing operator

g̃n(x) = Khn � gn(x) =
∫

h−1
n K([x − y]/hn)gn(y) dy

satisfies

lim
n→∞ sup

x∈I

∣∣∣∣g̃n(x) − g(x)
∫

K(z) dz

∣∣∣∣ = 0

for any compact set I ⊂ R.

A.3 Conditional expectation

Let X : (�,F, P) → (R,B) be a random variable. First, recall that the expectation E(X) =∫
X dP is said to exist or to be defined, if min{E(X+), E(X−)} < ∞. Then one puts

E(X) = E(X+) − E(X−). E(X) is called finite, if E|X| < ∞, or, equivalently, E(X+) < ∞
and E(X−) < ∞. Notice that due to |x| = x+ + x− we have |E(X)| < ∞ (E(X) is finite) if
and only if E|X| < ∞.

Now let A ⊂ F be a sub σ-field. If X ≥ 0, the mapping A 
→ ∫
A

X dP , A ∈ F, defines
a measure ν on A. The measure is finite, if EX < ∞. In any case, the Radon–Nikodym
theorem ensures the existence of a A-measureable density f such that ν(A) = ∫

A
f dP , A ∈

A, called the conditional expectation of X given A and denoted by E(X|A). If E(X) < ∞,
then E(X|A) < ∞. Next, suppose X takes values in R and satisfies E|X| < ∞. Decompose
X = X+ − X− with X+, X− ≥ 0 and denote by f+ and f− the corresponding densities.
Then, the conditional expectation E(X|A) is the A-measureable function E(X|A) = f+ −
f− satisfying

∫
A

E(X|A) dP = ∫
A

X dP . However, the conditional expectation can also be
defined when |X| is not integrable, see e.g. Shiryaev (1999). Having already defined E(X+|A)
and E(X−|A) as above, suppose that

min{E(X+|A)(ω), E(X−|A)(ω)} < ∞ (A.1)
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for (almost) all ω ∈ �. Then, one defines the generalized conditional expectation of X given
A by E(X|A) = E(X+|A) − E(X−|A), where on the null set {E(X+|A) = E(X−|A) = ∞}
an arbitrary value can be assigned, e.g. 0. If E(|X||A)(ω) < ∞ for (almost) all ω ∈ �, then
Equation (A.1) holds true and, moreover, E(X|A)(ω) is finite for (almost) all ω ∈ �. We say
that the generalized expectation exists and is finite, a.s.

Theorem A.3.1 A list of properties of the conditional expectation.
Let A ⊂ F be a sub-σ-field. Provided the expectations of all random variables exists, the
following properties hold true.

(i) If A = {∅, �}, then E(X|A) = E(X) a.s.

(ii) If X = c a.s., then E(X|A) = c a.s.

(iii) If X ≤ Y a.s, then E(X|A) ≤ E(Y |A), a.s.

(iv) |E(X|A)| ≤ E(|X||A) a.s.

(v) For constants a, b such that aE(X) + bE(Y ) exists, E(aX + bY |A) = aE(X|A) +
bE(Y |A).

(vi) E(X) = E(E(X|A)).

(vii) If A1 ⊂ A2, then E(E(X|A2)|A1) = E(X|A1) a.s. If A2 ⊂ A1, then
E(E(X|A2)|A1) = E(X|A2) a.s.

(viii) If X is independent from A and E(X) exists, then E(X|A) = E(X) a.s.

(ix) Let X and Y be random variables such that X is A-measureable with E|X| < ∞
and E|XY | < ∞. Then E(XY |A) = XE(Y |A) a.s.

(x) If X = Y on a set A ∈ A, then 1AE(Y |A) + 1AcE(X|A) is a version of E(X|A).
This means, for ω ∈ A one may replace E(X|A)(ω) by E(Y |A)(ω).

(xi) If ϕ : R→ R is convex and E|ϕ(X)| < ∞, then ϕ(E(X|A)) ≤ E(ϕ(X)|A).

A.4 Inequalities

The following theorem summarizes some classic inequalities, which are frequently used in
the book.

Theorem A.4.1 Let X be a random variable taking values in the set X.

(i) Markov’s inequality: Let g : X → R be a measurable function such that Eg(X) < ∞.
Then P(X > c) ≤ E(g(X))/g(c) for any constant c > 0.

(ii) Chebychev’s inequality: If E(X2) < ∞, P(|X − E(X)| > ε) ≤ Var (X)/ε2 for any
ε > 0.
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(iii) Hölder’s inequality: Let X ∈ Lp and Y ∈ Lq for p, q ∈ [0, ∞] with 1
p

+ 1
q

= 1.

Then, E|XY | ≤ [E(Xp)]1/p[E(Yq)]1/q. In other words, ‖XY‖L1 ≤ ‖X‖Lp‖Y‖Lq .

(iv) Generalized Hölder inequality: Let X1, . . . Xn be random variables with X ∈ Lpi

for i = 1, . . . , n, where p1, . . . , pn ∈ (0, ∞) and r ∈ (0, ∞) satisfy

1

p1
+ · · · + 1

pn

= 1

r
.

Then, ∥∥∥∥∥
n∏

i=1

Xi

∥∥∥∥∥
r

≤
n∏

i=1

‖Xi‖pi .

(v) Cr inequality: Let X and X be random variables with E|X|r, E|Y |r < ∞. Then,

E|X + Y |r ≤ Cr

[
E|X|r + E|Y |r] ,

where Cr = 1, if 0 < r ≤ 1, and Cr = 2r−1, if r > 1.

A.5 Random series

The following theorem ensures the existence of the class of linear processes.

Theorem A.5.1 Let {Xn : n ∈ N} be a L1-bounded series of random variables, i.e.
supn∈N E|Xn| < ∞ and let {an : n ∈ N} ⊂ C be a summable sequence, i.e.

∑∞
n=1 |an| < ∞.

Then the series of random variables

Yn =
∞∑
i=0

aiXn−i, n ∈ N, (A.2)

exists a.s. If {Xn} is L2-bounded, i.e. supn∈N EX2
n < ∞, then (A.2) holds in L2. Further,

E

( ∞∑
i=0

aiXn−i

)
=

∞∑
i=0

aiE(Xn−i), (A.3)

E

( ∞∑
i=0

aiXn−i

)
= lim

N→∞ E

(
N∑

i=0

aiXn−i

)
. (A.4)

Obviously, the above theorem also holds true when the index set N is replaced by Z.

A.6 Local martingales in discrete time

A process {Xt} is called a local martingale, if there exists a sequence {Tn} of stopping times
such that Tn ↑ ∞, as n → ∞, a.s., and the stopped process XTn = {Xmin(t,Tn) : t ≥ 0}, n ≥ 1,
defines a martingale, i.e. E|XTn

t | < ∞ and E(XTn
t |Fs) = XTn

s , a.s., for all s ≤ t and n ≥ 1.
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Let {Xt : t ≥ 0} be a càdlàg process defined on a filtered probability space (�,F, {Ft}, P).
{Xt} is called a semimartingale, if it admits a decomposition

Xt = X0 + At + Mt, t ≥ 0,

where {At} is of bounded variation and {Mt} a local martingale.
In discrete time, we have the following characterization, cf. (Jacod and Shiryaev (2003),

Proposition 1.46)

Theorem A.6.1 The following conditions are equivalent:

(i) {Xt : t ∈ N} is a local martingale.

(ii) {Xt : t ∈ N} is a martingale transform, i.e. there exists a martingale {Mt : t ∈ N} and
a predictable process {Ht : t ∈ N} such that Xn = X0 + ∑n

i=1 Hi−1(Mi − Mi−1) for
all n ≥ 1.

(iii) {Xt : t ∈ N} is a generalized martingale, i.e. E(|Xt||Ft−1) < ∞, t ≥ 1, and
E(Xt|Ft−1) = Xt−1, a.s., t ≥ 1.



Appendix B

Weak convergence and central
limit theorems

B.1 Convergence in distribution

Let

Xn : (�n,Fn, Pn) → (R,B), n ∈ N,

be a sequence of random variables with distribution functions Fn(x) = P(Xn ≤ x), x ∈ R,
n ∈ N. Observe that, for what follows, each Xn may be defined on its own probability space
(�n,Fn, Pn), n ∈ N. Let F be a further distribution function and X ∼ F . The sequence {Fn}
converges in distribution to F , if

F (x) = lim
n→∞ Fn(x)

for all x ∈ R that are continuity points of F , i.e. x ∈ CF = {y ∈ R : F (y−) = F (y)}. Clearly,
this definition extends easily to distribution functions defined on Rd .

The sequence of random variables and random vectors, respectively, {Xn} converges in
distribution to X, if the associated sequence {Fn} converges in distribution to F , denoted by

Xn
d→ X, as n → ∞. This means,

P(Xn ≤ x) → P(X ≤ x), n → ∞,

holds true for all x ∈ CF . An equivalent characterization is as follows. Let ϕn(t) = E(eitXn ),
t ∈ R, and ϕ(t) denote the characteristic function (ch.f.) of Xn and X, respectively. Then,

Xn
d→ X, as n → ∞, holds, if and only if for all t ∈ R

ϕn(t) → ϕ(t),

Financial Statistics and Mathematical Finance: Methods, Models and Applications, First Edition. Ansgar Steland.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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as n → ∞. By checking pointwise convergence of the ch.f.s, one easily checks the following
basic tool for establishing central limit theorems in higher dimensions.

Theorem B.1.1 (Cramér–Wold Device)
A sequence {X, Xn} of random vectors of dimension d ∈ N converges in distribution, i.e.

Xn
d→ X, as n → ∞, if and only if for any λ ∈ Rd

λ′Xn
d→ λ′X,

as n → ∞.

In particular, the Cramér–Wold technique tells us that

Xn
d→ N(μ, �),

as n → ∞, for some μ ∈ Rd and � ∈ Rd×d , if and only if the univariate sequence Yn =
Yn(λ) = ∑d

j=1 λjXnj satisfies a univariate central limit theorem such as Theorem B.7.3 or

Theorem B.7.2, for each fixed vector λ = (λ1, . . . , λd)′ ∈ Rd . The following result ensures
that convergence in distribution is invariant under continuous transformations.

Theorem B.1.2 (Continuous Mappings)
Let {X, Xn} be a sequence of d-dimensional random vectors in Rd jointly taking values in
X ⊂ Rd w.p. 1, such that

Xn
d→ X,

as n → ∞. If ϕ : X → R
m, m ∈ N, is a continuous function, then

ϕ(Xn)
d→ ϕ(X),

as n → ∞.

B.2 Weak convergence

The concept of weak convergence of probability measures generalizes the convergence in
distribution of sequences of random vectors to sequences of stochastic processes or, more
generally, sequences of random elements taking values in metric spaces. So, let us now assume
that (S, d) is a metric space with metric d. Recall that d : S × S → R is called a metric, if
the following properties hold.

(i) d(x, y) ≥ 0 for all x, y ∈ S.

(ii) d(x, y) = d(y, x) for all x, y ∈ S.

(iii) d(x, y) = 0 if and only if x = y for all x, y ∈ S.

(iv) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ S.
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In particular, if (S, ‖ • ‖) is a normed space, then

d(x, y) = ‖x − y‖, x, y ∈ S,

defines a metric on S.
S is equipped with the Borel-σ-fieldS induced by the open sets with respect to the topology

given by d. It turns out that the theory simplifies, if the space is complete with respect to the
metric, i.e. any Cauchy sequence converges. For the spaces of primary interest in mathematical
finance, this can be achieved by an appropriate choice of the metric.

The most important metric spaces, which are used to model the realizations of ordered
sequences of numbers, continuous function and functions with discontinuities of the first kind,
are the following:

(i) Time series: Let S be the set of all sequences of real numbers, i.e.

S = R∞ = {{xn} : xn ∈ R, n ∈ N},

equipped with the metric

d({xn}, {yn}) =
∞∑
i=1

2−kd0(xk, yk),

where

d0(x, y) = |x − y|
1 + |x − y| , x, y ∈ R.

S = R∞ is a separable space, since its elements can be approximated in the metric d

by those sequences that have only a finite number of non-vanishing rational elements.
Clearly, a measurable mapping X : (�,F, P) → (S,S) is a univariate time series,
since if πn denotes the projection of some element x = {xn} ∈ S on the nth element,
i.e. πn(x) = xn, then X = {Xn} with Xn = πn ◦ X, i.e. X is a family of real-valued
random variables Xn.

(ii) Stochastic processes with continuous trajectories: Let S = C([0, 1];R) be the set
of functions f : [0, 1] → R that are continuous with respect to the usual topologies.
S is equipped with the uniform topology induced by the norm

‖f‖ = ‖f‖∞ = sup
t∈[0,1]

|f (t)|, f ∈ C([0, 1];R).

(iii) Càdlàg processes: Let S = D([0, 1];R) be the set of all functions f : [0, 1] → R

that are right continuous with limits from the left. A random element X with values
in S is called càdlàg process, cf. Definition 5.1.2. Since the elements of S may have
jumps, an appropriate metric is given by the Skorohod metric

d′(f, g) = inf
λ∈�

max{‖f − g ◦ λ‖∞, ‖λ − id‖∞},
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where � denotes the set of all continuous and strictly increasing mappings λ :
[0, 1] → [0, 1] and id stands for the identity mapping on [0, 1]. An equivalent metric
is given by

d(f, g) = inf
λ∈�

max{‖f − g ◦ λ‖∞, ‖λ‖0},

where for a non-decreasing function on [0, 1] satisfying λ(0) = 0 and λ(1) = 1 one
puts

‖λ‖0 = sup
s<t

∣∣∣∣log
λ(t) − λ(s)

t − s

∣∣∣∣ .

If ‖λ‖0 < ∞, then the slopes of the chords of λ are bounded away from 0 and ∞,
such that λ is continuous and strictly increasing in this case. A sequence converges
with respect to the metric d if and only if it converges with respect to the metric d′,
but the metric d yields a complete metric space (see below).

(iv) Càdlàg functions on [0, 1] taking values in Rd , d ≥ 2, are defined analogously to
the case d = 1. The above notions carry over, if one interprets the absolute value | • |
as a vector norm on Rd . The resulting space is denoted by

D([0, 1];Rd) = {f : [0, 1] → R
d | f is right continuous with left-hand limits}.

(v) Càdlàg functions on [0, ∞): To deal with càdlàg processes with time coordinate
t ∈ [0, ∞), the following Skorohod metric is appropriate. For f, g ∈ D([0, ∞);R)
put

d(f, g) =
∞∑
t=1

1

2t
min{1, dt(f, g)},

where dt(f, g) is defined as follows: dt(f, g) is the infimum of those δ > 0, for which
there exists two grids {ti : i = 1, . . . , k} and {si : i = 1, . . . , k} or ordered points with
t0 = s0 = 0 and sk, tk ≥ t, such that |ti − si| ≤ δ for i = 1, . . . , k, and

|f (t′) − g(s′)| ≤ δ, if t′ ∈ [ti, ti+1) and s′ ∈ [si, si+1),

for i = 0, . . . , k − 1, see Pollard (1984). One can show that

d(fn, f ) → 0, as n → ∞ ,

if and only if there exist continuous, strictly increasing maps {λn} defined on [0, ∞)
onto itself, such that, uniformly over compact sets, with

λn(t) − t → 0, and f (λn(t)) − fn(t) → 0,

as n → ∞.
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For the case of random variables the definition of convergence in distribution asserts that

Fn(x) =
∫

1(−∞,x](s)dFn(s) →
∫

1(−∞,x](s) dF (s) = F (x), n → ∞,

for all x ∈ CF . By approximating the indicator by a continuous function, one can show that
the above condition is equivalent to∫

ϕ(s) dFn(s) →
∫

ϕ(s) dF (s), n → ∞, (B.1)

for all real-valued, continuous and bounded functions ϕ, i.e. ϕ ∈ Cb(R;R). But (B.1) can be
interpreted as a condition for the sequence {dFn, dF } of probability measures on the real line.
This allows us to extend easily the definition to general probability measures on metric spaces:
A sequence {P, Pn} of probability measures on the metric space (S, d) converges weakly, if∫

ϕ(x) dPn(x) →
∫

ϕ(x) dP(x), n → ∞,

holds true for all ϕ ∈ Cb(S;R). Many basic rules of calculation for this notion as well as
many distributional limits for statistics under nonstandard conditions can be derived from the
continuous mapping theorem, which asserts that the property of weak convergence is stable
under continuous mappings.

Theorem B.2.1 (Continuous Mapping Theorem)
Let {X, Xn} be a sequence of random elements taking values in some metric space (S, d)

equipped with the associated Borel-σ-field. Assume that

Xn ⇒ X,

as n → ∞. If ϕ : S → S′, is a mapping into another metric space S′ with metric d′ that is
a.s. continuous on X(�) ⊂ S, then

ϕ(Xn)
d→ ϕ(X),

as n → ∞.

Example B.2.2 Here are some important continuous mappings

(i) φ(f ) = f (x0), f ∈ D([0, 1];R), for some fixed value x0.

(ii) φ(f ) = ∫
g(f (s)) ds, f ∈ D([0, 1];R), for any continuous function g.

(iii) φ(f ) = supt∈A f (t) and φ(f ) = supt∈A |f (t)|, A a compact set, for f ∈ C([0, 1];R),
as well as the related inf-functionals. If f ∈ D([0, 1];R), then φ(f ) = supt≤a |f (t)|
is continuous at each f such that f (a) = f (a−).

(iv) The first passage time functional φ(f ) = inf{t ≥ 0 : f (t) > a}, a a constant, for
f ∈ C([0, 1];R).

Let (S1, d1) and (S2, d2) be metric spaces equipped with the Borel-σ-field. The product
S1 × S2 is the set of all pairs (f, g) with f ∈ S1 and g ∈ S2. We may define a metric on S1 × S2
via

d((f1, g1), (f2, g2)) = d1(f1, g1) + d2(f2, g2),
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for (f1, g1), (f2, g2) ∈ S1 × S2. S1 × S2 is separable, if S1 as well as S2 are separable.
The product-σ-field S1 ⊗ S2 is the σ-field induced by all (generalized) rectangles

A1 × A2, where A1 ∈ S1 and A2 ∈ S2. B(S1 × S2) denotes the Borel-σ-field induced by the
collection of all open sets O ⊂ S1 × S2. If S1 × S2 is separable, then

B(S1 × S2) = S1 ⊗ S2.

In what follows, we confine ourselves to this setting.
Let {X, Xn} and {Y, Yn} be two sequences of random elements taking values in (S1, d1)

and (S2, d2), respectively. Suppose we already know that

Xn ⇒ X, n → ∞, in (S1, d1), (B.2)

and

Yn ⇒ Y, n → ∞, in (S1, d1). (B.3)

The following theorem provides sufficient conditions such that Equations (B.2) and (B.3)
imply the joint weak convergence of (Xn, Yn) to (X, Y ) in the product space.

Theorem B.2.3 (Joint Weak Convergence)
Let {X, Xn} and {Y, Yn} be two sequences taking values in (S1, d1), respectively (S2, d2), such
that (B.2) and (B.3) hold true. Then

(Xn, Yn) ⇒ (X, Y ),

as n → ∞, provided at least one of the following conditions is satisfied.

(i) Y = c ∈ S2 is a constant, i.e. nonrandom.

(ii) Xn and Yn are independent for all n as well as X and Y are independent.

By applying the above result to the case c = 0 and combining it with the continuous
mapping theorem, we obtain a general version of Slutzky’s lemma in metric spaces.

Theorem B.2.4 (Lemma of Slutzky)
Suppose that Xn allows a decomposition

Xn = Yn + Rn, n ≥ 1,

where Rn ⇒ 0 or Rn
P→ 0, as n → ∞. If Yn ⇒ Y , as n → ∞, for some random element Y ,

then

Xn ⇒ Y,

as n → ∞.

The following useful result is often implicitly used, but rarely mentioned.
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Theorem B.2.5 If g : Rd1 → R
d2 is continuous, then the mapping φ : Dφ → D([0, 1];Rd2 ),

where Dφ ⊂ D([0, 1];Rd1 ), given by

φ(f )(t) = g(f (t)), f ∈ Dφ

is continuous with respect to the Skorohod topology.

Remark B.2.6 In application, that result is often applied as follows. One knows that
Xn ⇒ X, as n → ∞, and P(X ∈ A) = 1 for some A ⊂ D([0, 1];Rd1 ). g is well defined
and continuous on A, but not necessarily on D([0, 1];Rd1 ). Then, one puts Dφ = A in order
to conclude that

φ(Xn) ⇒ φ(X),

as n → ∞. In particular, it suffices that the g is continuous except on a PX-null set.

The representation theorem due to Skorohod, Dudley and Wichura allows us to work
with equivalent versions that converge for every ω. It transforms weak convergence to (a.s.)
convergence in the metric and, vice versa, allows us to establish weak convergence by proving
metric convergence in probability of equivalent versions. We refer to (Shorack and Wellner,
1986, p.48 and Billingsley, 1999, Theorem 6.7).

Theorem B.2.7 (Skorohod/Dudley/Wichura Representation Theorem)

(i) Let {Pn, P} be a sequence of probability measure defined on a metric space (S, d),
such that P has a separable support or (S, d) is separable. Then, there exist random
elements {Xn, X}, defined on a common probability space (�̃, F̃,P), such that X ∼ P

and Xn ∼ Pn for all n, under P, and

d(Xn(ω), X(ω)) → 0,

as n → ∞, for all ω ∈ �̃.

(ii) Let {Xn, X} be a sequence of random elements taking values in a metric space
(S, d), such that PX has a separable support or (S, d) is separable. Then, there exist
equivalent versions {X̃n, X̃} defined on a common probability space (�̃, F̃,P), such
that X̃ ∼ P and X̃n ∼ Pn for all n, under P, and

d(X̃n(ω), X̃(ω)) → 0,

as n → ∞, for all ω ∈ �̃.

(iii) The converse: let {Xn, X} be a sequence of random elements taking values in a metric
space (S, d) such that PX has separable support or (S, d) is separable. If

d(X̃n, X̃)
P→ 0, as n → ∞,
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for equivalent versions X̃n
d= Xn and X̃

d= X on a new probability space (�̃, F̃,P),
then

Xn ⇒ X, as n → ∞.

B.3 Prohorov’s theorem

In order to establish the weak convergence of some sequence {X, Xn} of stochastic processes
attaining values in the spaces C([0, T ];R) or D([0, T ];R), a basic approach is as follows.
First, one establishes the convergence of the finite-dimensional distributions, called fidi con-
vergence, i.e.

(Xn(t1), . . . , Xn(tk))
d→ (Xn(t1), . . . , Xn(tk)), n → ∞,

for all fixed time points 0 ≤ t1 < · · · < tk ≤ T and all k ∈ N. If X is a Gaussian process, this
can usually be achieved by applying a multivariate central limit theorem in the Euclidean
space Rk. The fidi convergence is a necessary condition and, since the finite-dimensional dis-
tributions determine the distribution of a stochastic process, determines the distribution of the
limit process. Unfortunately, fidi convergence is not sufficient to establish weak convergence.
One has to study the latter notion in greater detail in order to derive sufficient criteria that
turn out to be based on characterizations of the compact sets of the space P(S) of probability
measures defined on S.

Recall that a sequence {xn} of a metric space (S, d) satisfies the Cauchy property or is
fundamental, if for all ε > 0 there exists n0 = n0(ε) such that d(xn, xm) < ε for all n, m ≥ n0.
A metric space (S, d) is called complete, if each fundamental sequence converges. A given
metric induces a topology; however, two metrics may induce the same topology, one leading
to a complete metric space, whereas the other metric lacks this property. A space that is
metrizable by a metric leading to a complete and separable metric space is called Polish.
Completeness nicely characterizes compact sets by closed ones, since in a complete metric
space any closed subset is compact if and only if it is totally bounded; recall that a set is called
totally bounded, if any cover by open balls has a finite subcover.

Recall that we are given a metric space (S, d) – such as D([0, 1];R) – equipped with the
Borel-σ-field S and the associated set P(S) of probability measures. The space P(S) can be
metrized by the Prohorov metric π and the convergence with respect to the Prohorov metric
is the weak convergence, i.e.

Pn ⇒ P if and only if π(Pn, P) → 0.

In a metric space convergence can be characterized by a sequence criterion: A sequence
converges if and only if any subsequence contains a further convergent subsequence. Thus,
the weak convergence of a sequence {Pn, P} of probability measures can be characterized
in the following way: We have Pn ⇒ P (⇔ π(Pn, P) → 0), as n → ∞, if and only if any
subsequence {Pnk

: k ≥ 1} contains a further subsequence {Pn′
k

: k ≥ 1} such that Pn′
k

⇒
P (⇔ π(Pn′

k
, P) → 0), as k → ∞, but the latter is equivalent to Pn′

k
⇒ P , as k → ∞. Further,

in any metric space a subset A is relatively compact, i.e. has compact closure, if every
subsequence {Pn} ⊂ A has a subsequence {Pnk

: k ≥ 1} with Pnk
→ P ′, as k → ∞, where

the limit P ′ is in the closure of A. Applied to our setting this means: A subset A ⊂ P(S) of
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probability measures has compact closure A if and only if every sequence {Pn} ⊂ A has a
subsequence {Pnk

} with converges weakly to some P ′ ∈ A, i.e. Pnk
⇒ P ′, as k → ∞. Here,

the limit P ′ may depend on the subsequence. Therefore, the weak convergence Pn ⇒ P ,
n → ∞, can be shown as follows: First, one shows that {Pn} is relatively compact and then
one verifies that all possible limits are equal to P . The latter can be achieved by showing that
the fidis converge to the fidis of P , which determine the distribution of the limit P . A theorem
due to Prohorov allows us to relate the compact sets of P(S) to the compact sets of S. This is
achieved by the concept of tightness. A subset A ⊂ P(S) of probability measures in P(S) is
called tight if for all ε > 0 there exists a compact subset Kε ⊂ S such that

P(Kε) > 1 − ε for all P ∈ A.

Theorem B.3.1 (Prohorov’s Theorem)
Let (S, d) be a metric space.

(i) Any tight set of probability measures on S is relatively compact.

(ii) If S is Polish, i.e. a complete and separable metric space, then any relatively compact
set is tight.

Notice that for the second half of Prohorov’s theorem, the completeness is essential.
Prohorov’s theorem has the following corollary.

Corollary B.3.2 Let {Pn} be a tight sequence of probability measures on a metric space
(S, d) such that the fidis converge to P . Then Pn ⇒ P , as n → ∞.

B.4 Sufficient criteria

By virtue of Prohorov’s theorem, fidi convergence and tightness yields weak convergence.
For processes X, Xn, n ≥ 1, with values in C([0, 1];R), one has the following sufficient

criterion, cf. (Billingsley, 1968, Theorem 12.3).

Theorem B.4.1 Suppose that fidi convergence holds true, this means

(Xn(t1), . . . , Xn(tk))
d→ (X(t1), . . . , X(tk)), (B.4)

as n → ∞, for all t1, . . . , tk ∈ [0, 1], k ∈ N. If, in addition, there exist a nondecreasing
function F : [0, 1] → R and constants γ ≥ 0 and α > 1, such that for all s, t ∈ [0, 1]

P(|Xn(t) − Xn(s)| ≥ λ) ≤ λ−γ |F (t) − F (s)|α, (B.5)

or

E(|Xn(t) − Xn(s)|γ ) ≤ |F (t) − F (s)|α, (B.6)

for all n ≥ 1 and all λ > 0, then

Xn ⇒ X,

as n → ∞.
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There is a similar sufficient criterion for the weak convergence of a sequence {X, Xn} of
random elements taking values in D([0, 1];R), which requires the following preparation. The
projection πt : D([0, 1];R) → R is continuous in x, if d(xn, x) → 0, as n → ∞, implies that
πt(xn) = xn(t) → x(t) = πt(x), as n → ∞. Notice the following fact.

πt is continuous in x, if and only if x is continuous in t.

Indeed, if x is continuous, then one can argue as follows: if d(xn, x) → 0, as n → ∞,
and {λn} are transformations such that ‖λn − id ‖∞, ‖xn − x ◦ λn‖∞ → 0, as n → ∞, then
|xn(t) − x(t)| ≤ |xn(t) − x ◦ λn(t))| + |x ◦ λn(t) − x(t)| → 0, as n → ∞, where the second
term converges to 0 by continuity of x. To show the only if part, assume that x is discontinuous
in t. Let λn be the transformation that is linear on [0, t] and [t, 1] with λn(0) = 0 and λn(t) =
t − 1/n and λn(1) = 1. Then, xn = x ◦ λn converges in D([0, 1];R) to x, but xn(t) /→ x(t).

For a random element X of D([0, 1];R) let

TX = {t ∈ [0, 1] : πt is continuous at all x ∈ D([0, 1];R)\N},
where N ⊂ D([0, 1];R) is a PX-null set, i.e. P(X ∈ N) = 0. By right continuity of the càdlàg
functions in 0, 0 ∈ TX. However, 1 may or may not be an element of TX. One can show that
there are at most countably many t such that

P(X discontinuous in t) = P(X ∈ Jt) > 0,

where Jt denote those càdlàg functions that are discontinuous in t, cf. (Billingsley, 1999,
p. 138).

If t1, . . . , tk ∈ TX, then the projection

πt1,...,tk (X) = (X(t1), . . . , X(tk))

is continuous on a set A ⊂ D([0, 1];R) with P(X ∈ A) = 1. We are now in a position to formu-
late the following sufficient criterion, cf. (Billingsley, 1968, Theorem 15.6) and (Billingsley,
1999, Theorem 13.5).

Theorem B.4.2 Suppose that, first, fidi convergence in continuity points holds in the sense
that

(Xn(t1), . . . , Xn(tk)) ⇒ (X(t1), . . . , X(tk)), (B.7)

as n → ∞, holds true for all t1, . . . , tk ∈ TX, k ∈ N. Secondly,

X1 − X1−δ ⇒ 0, (B.8)

as δ ↓ 0, or

P(X1 /= X1−) = 0.

Lastly, assume that for all r ≤ s ≤ t and λ > 0

P(|Xn(s) − Xn(t)| ≥ λ, |Xn(t) − Xn(t)| ≥ λ) ≤ 1

λ4β
[F (t) − F (r)]2α, (B.9)
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or

E|Xn(s) − Xn(t)|β|Xn(t) − Xn(s)|β ≤ [F (t) − F (r)]2α, (B.10)

where β ≥ 0 and α > 1/2, and F is a nondecreasing, continuous function on [0, 1]. Then

Xn ⇒ X,

as n → ∞.

Notice that Equation (B.8) is equivalent to

lim
δ↓0

lim sup
n→∞

P(|Xn(1 − δ) − Xn(1)| > ε) = 0 (B.11)

for all ε > 0.
For processes with paths in the Skorohod space D([0, ∞),Rd), one has the following nice

version, cf. (Jacod and Shiryaev, 2003, p. 319).

Theorem B.4.3 Suppose that, in addition to fidi convergence in continuity points, Equa-
tion (B.11) holds and there exists a nondecreasing function F on (0, ∞) and constants γ ≥ 0
and α > 1, such that for all λ > 0 and all s < r < t

P(‖Xn(r) − Xn(s)‖ ≥ λ, ‖Xn(t) − Xn(t)‖ ≥ λ) ≤ λ−γ [F (t) − F (r)]α, (B.12)

for all n ≥ 1. Then

Xn ⇒ X,

as n → ∞, in D([0, ∞),Rd).

Lemma B.4.4 Provided the processes X, Xn, n ≥ 1, taking values in D([0, ∞);Rd) have
independent increments, the fidi convergence follows at once from, provided

(i) Xn(t)
d→ X(t), as n → ∞, for all t > 0 and

(ii) Xn(t) − Xn(s)
d→ X(t) − X(s), as n → ∞, for all s < t.

B.5 More on Skorohod spaces

The Skorohod metric defined above, also called the J1 metric, has the property that jumps
converge. Indeed, if xn → x, as n → ∞, in the J1 topology, then for any inner point t there
exists a sequence {tn} such that tn → t, xn(tn) → x(t) = x(t+) and xn(tn−) → x(t−), as
n → ∞, which implies xn(tn) − xn(tn−) → x(t) − x(t−), as n → ∞, i.e. convergence of
jumps. As a consequence, the function fn(t) that vanishes for t < 1/2 − 1/n, equals 1 if
t > 1/2 and interpolates linearly, otherwise, does not converge to the indicator 1[1/2,1](t) in
the J1 topology. This is sometimes too strong.

To obtain convergence for unmatched jumps, the M1 metric can be used. For f ∈
D([0, 1];R) define the completed graph by

�f = {(z, t) ∈ R× [0, 1] : z = αf (t−) + (1 − α)f (t) for some α ∈ [0, 1]}.
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Here, we use the convention f (0−) = f (t). Notice that �f is a connected set and particularly
contains all line segments connecting (f (t−), t) and (f (t), t) for all jump points t. We can
define a (total) order on �f as follows: (z1, t1) ≤ (z2, t2) if t1 < t2 or t1 = t2 and |x(t1−) −
z1| < |x(t2−) − z2|. Note that this order starts at the left end of the completed graph and
ends at the right end. A parametric representation of �f is a continuous non-decreasing
function θ : [0, 1] → �f onto �f . Denote θ = (u, t), i.e. θ(s) = (u(s), t(s)), s ∈ [0, 1], where
u(s) is the spatial coordinate and t(s) the time coordinate. Let �f be the set of all parametric
representations of �f . Then the M1 metric is defined by

dM1 (f1, f2) = inf max(‖u1 − u2‖∞, ‖t1 − t2‖∞),

where the infimum is taken over all (u1, t1) ∈ �f1 and (u2, t2) ∈ �f2 . Again, for continuous
f we have ‖fn − f‖∞ → 0, as n → ∞, if dM1 (fn, f ) → 0, as n → ∞. The J1 topology is
stronger, i.e. convergence in the J1 topology implies convergence in the M1 topology.

An even weaker notion of convergence is given by the M2 metric, which is based on the
Hausdorff distance between the completed graphs. Given two compact sets K1 and K2, the
Hausdorff metric is defined by

dH (K1, K2) = max

{
sup

f∈K1

d(f, K2), sup
f∈K2

d(f, K1)

}
.

Here, d(x, A) = inf{d(x, y) : y ∈ A} is the distance between the point x and the set A. The
M2 metric is now defined by

dM2 (f, g) = dH (�f , �g).

Convergence with respect to the J1 or M1 topology implies convergence in the M2 topology.

B.6 Central limit theorems for martingale differences

Let us now discuss alternative and generalized versions of Theorem 8.3.6, the central limit
theorem for martingale differences. The following result can be found in Durrett (1996).

Theorem B.6.1 (Lindeberg–Feller CLT for Martingale Difference Arrays)
Suppose {Xnk : 1 ≤ k ≤ n, n ≥ 1} is a Fnk-martingale difference array such that

E(X2
nk|Fnm) < ∞ for all k, n. Put Vnk = ∑k

i=1 E(X2
ni|Fn,i−1) and Sn = ∑n

k=1 Xnk. If

(i) Vnn → 1 in probability and

(ii) the conditional Lindeberg condition is satisfied, i.e. for all ε > 0

n∑
k=1

E
(
X2

nk1(|Xnk| > ε)|Fn,k−1
) → 0,

in probability,

then Sn
d→ N(0, 1), as n → ∞.
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It is convenient to have a result for martingale difference sequences.

Theorem B.6.2 (Lindeberg–Feller CLT for Martingale Difference Sequences)
Suppose {Xn} is a Fn-martingale sequence. Let Vn = ∑n

k=1 E(X2
k|Fk−1) and Sn =∑n

k=1 Xk. If

(i) Vn/n → σ2 > 0 and

(ii) the Lindeberg condition is satisfied, i.e.

1

n

n∑
k=1

E
(
X2

k1(|Xk| > ε)
) → 0,

as n → ∞, for any ε > 0,

then Sn/
√

n
d→ N(0, σ2), as n → ∞.

Remark B.6.3 The corresponding functional central limit theorems hold as well. In par-
ticular, in Theorem B.7.2 the assertion can be strengthened to S�nt�/

√
n ⇒ B, as n → ∞,

without changing the conditions.

Theorem B.6.4 (Lindeberg–Feller FCLT for Martingale Difference Arrays)
Suppose that instead of condition (i) of Theorem B.7.2 we have more generally Vn,�nt� → t, in
probability, for t ∈ [0, 1], then the partial sum process converges weakly to Brownian motion,
i.e. Sn,�nt� ⇒ B(t), as n → ∞.

B.7 Functional central limit theorems

Functional central limit theorems, also called invariance principles, are mathematical theorems
that form the core for the statistical inference on time series as arising on financial markets.
They are also a basic tool to study statistical procedures for estimation and inference, since
many statistics behind such procedures can be shown to be driven by underlying stochastic
processes, particularly partial sum processes, which satisfy a functional central limit theorem
whose limit in turn governs the limiting distribution of the statistic of interest.

Donsker’s classic invariance principle provides the basic relationship between partial sum
processes and the Brownian already discussed at the end of Chapter 4. It addresses the case
that the increments are i.i.d. random variables with mean 0 and a finite second moment.

Theorem B.7.1 (Donsker, I.I.D. Case)
Let ξ1, ξ2, . . . be a sequence of i.i.d. random variables with E(ξ1) = 0 and σ2 = E(ξ2

1) < ∞.
Then

1√
T

�T•�∑
t=1

ξt ⇒ σB(•),

as T → ∞, where B denotes standard Brownian motion, and ⇒ signifies weak convergence
in the Skorohod space D([0, 1];R).
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Donsker’s theorem addresses the case of i.i.d. random variables, which is too restrictive
for financial problems. Generalizations to dependent increments are needed, in order to study
problems arising in mathematical finance and financial markets, respectively. Here is the
corresponding result for a martingale difference sequence under a Lindberg condition.

Theorem B.7.2 (Lindeberg–Feller FCLT for Martingale Difference Sequences)
Suppose {ξt} is a square-integrable Ft-martingale difference sequence. Let Vt =∑t

k=1 E(ξ2
k |Fk−1). If

(i) VT /T → σ2 > 0, as T → ∞, in probability, and

(ii) the Lindeberg condition is satisfied, i.e.

1

T

T∑
t=1

E(ξ2
t 1(|ξt| >

√
Tε)) → 0,

as T → ∞, for any ε > 0,

then

1√
T

�T•�∑
t=1

ξt ⇒ σB(•),

as T → ∞.

The generalization to martingale difference arrays is as follows.

Theorem B.7.3 (Lindeberg–Feller FCLT for Martingale Difference Arrays)
Suppose {ξTt : 1 ≤ t ≤ T, T ≥ 1} is a FTt-martingale difference array such that
E(ξ2

Tt|FT,t−1) < ∞ for all 1 ≤ t ≤ T , T ≥ 1. Put

Vtk =
k∑

i=1

E
(
ξ2
ti|Ft,i−1

)
, 1 ≤ t ≤ T, T ≥ 1.

Suppose the following two conditions are satisfied.

(i) VT,�Tu� → u in probability for all u ∈ [0, 1].

(ii) The conditional Lindeberg condition holds true, that is

T∑
i=1

E
(
ξ2
Ti1(|ξTi| > ε)|FT,i−1

) → 0,

in probability, as T → ∞, for all ε > 0.

Then
�Tu�∑
t=1

ξTt ⇒ B(u),

as T → ∞.
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Notice that Theorem B.7.3 covers Theorem B.7.2 as a special case.
The central limit theorem for α-mixing sequences can be generalized to the functional

version leading to the following result, cf. Ibragimov (1962) and (Hall and Heyde, 1980,
Corollary 5.1).

Theorem B.7.4 (FCLT for α-Mixing Processes)
Suppose {Xn : n ∈ Z} is an ergodic stationary sequence with E(X0) = 0 and E|X0|2+δ < ∞
for some δ > 0. Suppose that the α-mixing coefficients α(k), k ∈ N, satisfy

∞∑
k=1

α(k)
δ

2(2+δ) < ∞.

Then

1√
T

�Ts�∑
t=1

Xt ⇒ σBs,

as T → ∞, where

σ2 = E
(
X2

0

) + 2
∞∑

k=1

E(X1X1+k).

For long-memory processes the following result has been shown by Taqqu (1974/75).

Theorem B.7.5 (FCLT for Long-Memory Processes)
Let {Xt : t ∈ N} be a stationary sequence of Gaussian random variables with mean zero and
autocovariance function γ(k) = E(X1X1+k), k ∈ Z. Suppose that

lim
T→∞

1

KT 2HL(T )

T∑
t=1

T∑
s=1

γ(t − s) = 1,

for some 0 < H < 1, a constant K > 0 and a function L that is slowly varying at infinity.
Then

1√
KT 2HL(T )

�Ts�∑
t=1

Xt ⇒ BH
s ,

where {BH
t : t ∈ [0, 1]} is a standard fractional Brownian motion.

B.8 Strong approximations

Assume now that the ξt and therefore ST are defined on a common probability space (�,F, P).
The fact that ST converges weakly to Brownian motion B motivates us to ask whether one
may define a Brownian motion on (�,F, P) in such a way that one can approximate ST by B,
preferably uniformly on [0, 1] in some sense. A related question is whether the partial sums∑n

t=1 ξt can be approximated by B(n). Provided such an approximation is strong enough, we
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expect that the invariance principle in the sense of Donsker’s theorem also holds true. These
questions have been studied extensively in the classic probabilistic literature.

The following theorem provides some well-known results on the approximation of sums
by Brownian motion, which are also called strong invariance principles. These results are
typically of the form

En = o(an), a.s.

for some random expression En involving Brownian motion, which means

P( lim
n→∞ En/an = 0) = 1.

Theorem B.8.1 (Strong Approximations, I.I.D. Case)
Let ξ1, ξ2, . . . be a sequence of i.i.d. random variables with E(ξ1) = 0 and σ2 = E(ξ2

1) < ∞.
Put S(n) = ∑n

i=1 ξi, n ∈ N.

(i) One can define a standard Brownian motion {B(t) : 0 ≤ t < ∞} such that

max
n≤N

|S(n) − B(n)| = o((N log log N)1/2), a.s.

(ii) If E|ξ1|r < ∞ for some r > 2, then

|S(n) − B(n)| = o(n1/r), a.s.

(iii) If H : [0, ∞) → [0, ∞) is a function such that t−2H(t) is nondecreasing, t−3H(t)
nonincreasing and EH(ξ1) < ∞, then∣∣∣∣∣

n∑
i=1

ξi − B

(
n∑

i=1

σ2
i

)∣∣∣∣∣ = o(H−1(n)),

for some sequence {σn : n ∈ N} of real numbers with σn → 1 that can be chosen in
such a way that 1 − σ2

n = o(n−1(H−1(n))2).

Related to the above strong approximations of partial sums are results leading to

N−1/2 max
n≤N

|S(n) − B(n)| P→ 0, (B.13)

as N → ∞, which are frequently called weak invariance principle. Such results are strong
enough to imply the invariance principle in the sense of Donsker’s theorem, that is in the sense
of weak convergence.

Theorem B.8.2 Suppose ξ1, ξ2, . . . satisfies a weak invariance principle in the sense of
Equation (B.13). Then

ST (u) = T−1/2S(�Tu�) ⇒ B(u),

as T → ∞.
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Proof. We shall apply the Skorohod/Dudley/Wichura representation theorem. Notice
that, by virtue of the scaling property (5.2.10), {B(u) : u ≥ 0} is equal in distribution to
{T−1/2B(Tu) : u ≥ 0} for each T . Therefore

sup
u∈[0,1]

|ST (u) − B(u)| d= sup
u∈[0,1]

∣∣∣∣∣ 1√
T

�Tu�∑
t=1

ξt − 1√
T

B(Tu)

∣∣∣∣∣ . (B.14)

Therefore, we may conclude that on a new probability space,

sup
u∈[0,1]

|ST (u) − B(u)| = sup
u∈[0,1]

1√
T

∣∣∣∣∣
�Tu�∑
t=1

ξt − B(Tu)

∣∣∣∣∣
= 1√

T
max
n≤T

|S(n) − B(n)|
P→ 0,

as T → ∞. But this implies ST ⇒ B, as T → ∞, for the original processes.
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differentiability, 192
diffusion, 236
discount factor, 3, 5
discounted

gains process, 47
price process, 46, 150
value process, 47, 150

discrete random variable, 11
discrete stochastic integral, 91
dispersion, 16
distribution

t, 9
empirical, 12, 209
function, 11
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lognormal, 9, 38
spectral, 129

distributional transform, 327
domain of attraction, 10
dominant portfolios, 47
Doob’s theorem, 100
down factor, 34
downside risk, 18
drift, 9

equivalent martingale measure, 56, 65,
75, 162

ergodic
diffusion, 237
process, 268
theorem, 268

ergodicity, 236
Euler approximation scheme,

239
Euler’s identity, 124
European call option, 30
European put option, 30
exact likelihood, 132
expectation, 11
expected shortfall, 18
expiration date, 30
exponential GARCH, 139
extended market, 67
extreme value copulas, 329

face value, 5
fidi convergence, 398
filter

causal, 112
characteristic function, 114
linear, 112
probability space, 178
summable, L1, 114

filtration, 82, 178
natural, 82, 160

financial crisis, 332
financial instruments, 28
five-point-summary, 13
forward, 29

rate, 6
fractal dimension, 194
fractional

Brownian motion, 195
differences, 139
Gaussian noise, 195
integrated noise, 143

fundamental theorem, 58, 60, 152, 159
futures contracts, 29

gains process, 47
gamma, 41
GARCH

leverage effect, 139
GARCH-M, 139
Gaussian process, 182, 191
generalized Brownian motion, 233
geometric Brownian motion, 187, 189, 230, 232
Girsanov’s theorem, 260
Greeks, 39

Hahn–Banach theorem, 69
Hahn–Jordan decomposition, 204
Hausdorff metric, 402
HDD, 66
heating degree days, 66
heavy tails, 15
hedge, 65, 68

ratio, 37
hedging, 36
Herglotz’ lemma, 130
Hölder inequality, 69
Hurst exponent, 139, 194
Hurst index, 144

implied volatility, 41
IMSE, 24
in the money, 30
independence copula, 328
index rates, 5
indistinguishable, 191
inequality

cr , 389
Chebychev, 388
generalized Hölder, 389
Hölder, 389
Jensen, 388
Kolmogorov, 101
Markov, 388

infinitely divisible, 10
innovations, 8
instantaneous forward rate, 6
instantaneous rate, 4, 259
integrated mean squared error, 24
intensity-based model, 336
interest rate, 2, 6, 45
internal value, 30
intrinsic value, 171
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invariant density, 237
investor

risk-averse, 34
risk-neutral, 34

isometry, 214
Itô

diffusion, 236
formula, 226, 232
isometry, 214
process, 229
quadratic variation, 230

Itô integral, 212, 213, 219
continuous modification, 220
martingale property, 223
quadratic variation, 223

kappa, 39
kernel density estimator, 22
knock-in option, 31
Kolmogorov inequality, 101
Kolmogorov–Chentsov theorem,

192
Kolmogorov–Smirnov test, 28
kurtosis, 20, 21

excess, 21

lag, 103
operator, 111
polynomial, 123

Langevin equation, 235
law of large numbers, 266

α-mixing, 313
least squares estimation, 276
leave-one-out estimate, 26
leptokurtic, 21
Lévy

martingale, 89
process, 199

Lévy–Khintchine formula, 10
likelihood, 88

exact, 132
ratio, 88
ratio statistic, 351

likelihood ratio test
optimality, 352

linear
filter, 112
pricing measure, 47, 48
process, 111, 112

LLN, 266
local-to-unity, 379

locally bounded variation, 204
locally riskless bond, 148
log returns, 8
long memory, 139
long position, 28, 46
long-run variance, 267, 317
lower partial moment, 18, 19

margin
initial, 30
maintenance, 30

market price of risk, 252, 261
Markov process, 84, 187
martingale, 57, 85, 86, 179

differences, 85, 90
Lévy, 89
local, 389
measure, 56, 70, 152
semi-, 225
sub-, 86, 179, 220
super-, 86, 179
transform, 92

maturity, 30
maximally selected CUSUM,

355
maximum likelihood estimator,

88
MBS, 333
mean, 11, 13, 210
mean squared error, 23
median, 12
Merton’s model, 238
mesh, 205
mesokurtic, 21
metric, 392
mixing, 306

α, 308
ρ, 307

moment, 12
money market, 259
moneyness, 30, 41
mortgage

adjustable rate, 333
mortgage-backed securities, 333
MSE, 23
multiperiod model, 147

Nadaraya–Watson estimator,
297

natural filtration, 82, 160
Newey–West estimatior, 368
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no-arbitrage, 56, 152
condition, 51
principle, 32

nonparametric ARCH, 339
nonparametric regression, 287, 295
normality test, 27
null sets, 51

observed quadratic covariation, 226
one-period model, 34, 45
optimal bandwidth, 25
optimal stopping, 95
option, 30, 66

average price, 31
barrier, 31
European call, 30
European put, 30
knock-in, 31
path dependent, 31
pricing, 32
strike call, 32

optional time, 93
order statistics, 12
Ornstein–Uhlenbeck process, 235,

380
OTC, 29
out of the money, 30
over-collaterization, 333
over-the-counter, 29
overnight repurchase agreements, 334

pairs trading, 364
partial sum process, 188
path-dependent option, 31
payment matrix, 50
periodogram, 127
Phillips–Durlauf statistic, 373
platykurtic, 21
point process, 195
Poisson process, 195
portfolio, 46

insurance, 31
position

long, 28
short, 28

predictable process, 91
present value, 3
price

process, 46, 148
vector, 46

pricing measure, 48

probability integral transform, 327
probability measure

empirical, 13
process

adapted, 82, 178
AR, 119
ARMA, 122
càdlàg, 394
compensated, 196
compound Poisson, 196
continuity, 192
continuous, 178
continuous time, 178
counting, 195
diffusion, 236
ergodic, 236, 268
gains, 47
Gaussian, 182
indistinguishable, 191
Itô, 229
Lévy, 199
left continuous, 178
linear, 111
Markov, 84, 187
measurable, 179
mixing, 306
modification, 190
Ornstein–Uhlenbeck, 235, 380
partial sum, 188
point, 195
Poisson, 195
predictable, 91
progressively measurable, 179
right continuous, 178
second-order, 180
self-similar, 193
simple predictable, 213
stopped, 94
value, 46, 149, 162
version, 190
white-noise, 107

product kernel, 288
Prohorov metric, 398
Prohorov’s theorem, 399
put-call parity, 33, 170

quadratic covariation, 225
observed, 226

quadratic variation, 204
Itô process, 230
sampled, 205
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quantile function
empirical, 12
sample, 12

quartiles, 12

random series theorem, 389
random walk, 8
relatively compact, 399
replicable, 154
replication, 36
repo loans, 334
representation theorem, 159
return, 2, 11

annualized average, 7
gross, 7
log, 7
simple net, 7

rho, 40
Riemann–Stieltjes integral, 208
risk, 16

management, 39
measure, 19

risk-neutral
evaluation, 33
pricing, 67

Rosenblatt–Parzen, 22

sample path, 178
securitization, 333
self-financing, 149

strategy, 148
self-similarity, 193
semimartingale, 225
semivariance, 18
sensitivity, 39
separation theorem, 53
sequential KPSS process, 373
settlement price, 29
short position, 28, 46, 47
short rate, 4, 259
simple predictable process, 213
SIV, 334
size of a partition, 205
skewness, 20
Sklar’s theorem, 327
Skorohod metric, 393, 401
Slutzky’s lemma, 396
smoothing kernel, 22
Snell envelope, 95
special-purpose vehicle, 333
spectral density, 124

spectral distribution function,
129

spectral measure, 129
spectrum, 124
spot

contract, 29
market, 29
rate, 4

SPV, 333
stable law, 10
standard deviation, 16
state, 84
state space, 84
stationarity

strict, 102
weak, 103

statistical testing problem, 14
Sterling’s formula, 141
Stieltjes integral, 208
stochastic integral, 91

discrete, 101
stochastic process

discrete time, 81
stock price, 6
stopped process, 94
stopping time, 93
straddle, 32
strict stationarity, 102
strike

call option, 32
price, 30
ratio, 41

strong approximations, 405
strong solution, 236
structural model, 336
structured investment vehicles, 334
stylized facts, 15
submartingale, 86, 179, 220
subprime crisis, 333
supermartingale, 86, 179

tail probabilities, 12
term structure, 5
test for normality, 27
theta, 39
tight, 399
time

horizon, 2
shift, 103

time-dependent volatility, 257
time-to-maturity, 30
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total variation, 204
trade, 28
trading strategy, 149, 154,

364
trajectory, 178
transform

martingale, 92
transition

density, 183
matrix, 84

trinomial model, 35

unbiased estimator, 13
underlying, 28, 66, 154
up factor, 34

value process, 46, 149, 162
value-at-risk, 17
variance, 16

empirical, 17
long-run, 267
sample, 17

variation, 204
bounded, 209

Vasicek’s model, 234, 238
vega, 39
volatility, 9

actual, 16
annualized, 16
generalized, 16
skew, 41
smile, 41
time-dependent, 257

volatility surface, 41

weak
convergence, 391, 395
stationarity, 103

white noise, 107
Wiener process, 181

yield curve, 6

zero coupon bond, 5


