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Introduction

The main goal of this monograph is to present the theories of stochastic differential
equations (in short SDEs), backward stochastic differential equations (in short
BSDEs), and their connections with linear and semilinear second order partial
differential equations (in short PDEs) both of elliptic and parabolic type, with
various types of boundary conditions. In particular, we shall present an original
version of the celebrated Feynman—Kac formula. But one of our main goals in this
monograph is to present an extension of that formula to semilinear PDEs, with the
help of a coupled system of forward and backward SDEs.

There has been in the past at least three ways of extending the Feynman—Kac
formula to nonlinear equations. One is to replace the diffusion {X; : ¢+ > 0} by a
controlled diffusion (see Fleming and Soner [31]), the second is to replace it by a
branching-diffusion process (or a “superprocess”, see e.g. Dynkin [25]), the third is
to replace it by a “nonlinear Markov process” in the sense that the evolution of X,
depends not only on X, but also on its probability law, see e.g. McKean [45]. What
we shall present here is a fourth such nonlinear generalization of the Feynman—Kac
formula, based on BSDEs.

The book starts with a preliminary chapter presenting several tools from prob-
ability theory and stochastic processes. Chapter 2 gives a complete introduction to
1td’s stochastic calculus, including the Itd integral, Itd’s change of variable formula,
a martingale representation theorem (which we discuss in great generality), and
Girsanov’s theorem. Of course, almost all of this material is presented in existing
textbooks. However, some of our proofs and even a few results are new. Moreover,
we introduce here some specific techniques of proofs which are used repeatedly
later.

Chapter 3 gives a complete treatment of the theory of strong solutions of very
general SDEs driven by a Brownian motion, whose coefficients may be random.
We treat both the classical case of Lipschitz coefficients and the case where
the drift satisfies a monotonicity type condition (which is a type of one-sided
Lipschitz condition). Apparently this type of condition first appeared in the context
of nonlinear parabolic PDEs. It was then transferred to stochastic PDEs, before
Jacod [40] and Krylov—Gyo6ngy [36] formulated the condition for strong solutions

ix



X Introduction

of SDEs. We consider both global and local monotonicity conditions. Some of
the results presented here are new. We next consider SDEs with deterministic
coefficients and establish the Markov property of its solution. We finally discuss
the connection with partial differential equations of second order, both parabolic
and elliptic, in the whole space as well as with Dirichlet boundary condition. We
thus establish a new version of the Feynman—Kac formula, which says that a certain
functional of the solution of an SDE is a viscosity solution of a PDE.

Chapter 4 starts with SDEs with a multivalued drift, which can be, for instance,
the subdifferential of a convex function. In the case of the subdifferential of the
indicator of a convex set, we obtain one way to construct an SDE reflected at the
boundary of a convex set. We extend the same methodology to the study of SDEs
reflected at the boundary of a (reasonably smooth) arbitrary domain. We consider
both normal and oblique reflection. We then study the Markov property of the
solution of reflected SDEs and establish the Feynman—Kac formula for parabolic
and elliptic PDEs with Neumann boundary condition.

Chapter 5 studies BSDEs. Again we consider those equations with a Lipschitz
coefficient, as well as in the case of a monotonicity type condition. Note that unlike
in the case of forward SDEs, there is no known general existence and uniqueness
theory for the case of locally Lipschitz or locally monotone coefficients. We
consider BSDEs with a coefficient which is the subdifferential of a convex function.
This allows us to study BSDEs reflected at the boundary of a convex set. Note that
the corresponding problem for BSDEs reflected at the boundary of a non-convex
domain is presently still open. BSDEs, coupled with a forward SDE, are then used
to give a probabilistic representation of solutions of semilinear parabolic and elliptic
PDEs with various boundary conditions. Note that BSDEs with a deterministic final
time are associated with parabolic PDEs, while the probabilistic representation of
semilinear elliptic PDEs requires BSDEs with random final time.

Finally the last chapter contains various technical results which are used in
the book. Most of them are known. In particular several uniqueness results for
viscosity solutions of second order PDEs and systems of PDEs are discussed. Note
that most of the probabilistic representation results for PDEs are given in terms of
viscosity solutions of PDEs. This is a specific aspect of our treatment, which allows
minimal assumptions on the coefficients and permits us to avoid any non-degeneracy
assumptions on the matrix of second order coefficients. We do not presuppose the
existence of a solution to our PDEs. Existence is provided by the probabilistic
representation formula. On the other hand, uniqueness results for the same PDEs
are established by purely analytic arguments.

We claim that we present in this monograph a rather complete treatment of
the connections between SDEs and BSDEs on one side and linear and semilinear
PDEs on the other. We regret that we have not covered the connection between
fully coupled forward—backward stochastic differential equations (in short FBSDEs)
and quasilinear PDEs. This addition would have probably made the book too long.
We refer the reader to the papers of Delarue [22] and Delarue and Guatteri [23] for
recent results on FBSDEs. See also Ma and Yong [44].
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This book is intended as a reference manual and requires from its reader a good
knowledge of analysis, measure, integration and probability theory. The reader who
has a good knowledge of stochastic processes and Itd calculus can of course skip
the first two chapters. He/she will be referred to them for specific technical results
which are used in further chapters.

Marseille, France Etienne Pardoux
Tasi, Romania Aurel Rdscanu
April 2013






Notations

Abbreviations:
d .
r.v. Y Random variable(s);
d .
S.p. Y Stochastic process(es);
d . .
BM L Brownian motion,;
d
a.s. =4 Almost sure;
d
ae. % Almost everywhere;
d . .
P-m.s.p. i Progressively measurable stochastic process(es);
. def . . . .
P-m.i.s.p. = Progressively measurable increasing stochastic process(es);
({X; : t = 0} is increasing if ¢ < s implies X; < Xj);
d . . .
P-m.b-v.s.p. =4 Progressively measurable bounded-variation stochastic pro-
cess(es);
de . . .
P-m.c.s.p. iy Progressively measurable continuous stochastic process(es);
P-m.i.c.s.p. = Progressively measurable increasing continuous stochastic pro-
cess(es);
def . L .
P-m.b-v.c.s.p. = Progressively measurable bounded-variation continuous
stochastic process(es);
d L . .
SDE Y Stochastic differential equation(s);
d L . .
BSDE Y Backward stochastic differential equation(s);

PDE o Partial differential equation(s)
N = {0,1,2,---} denotes the set of natural number; N* = N\ {0}; if k,n € N,
k < n, then

Fn®GeNik<i<n).

R is the set of real numbers; Q is the set of rational numbers; C is the set of
complex numbers; R* = R\ {0}; Q* = Q\ {0};

Xiii



Xiv Notations

Ry = [0, 00[, R% = R+ \ {0},
R = RU {—OO, +OO}, R+ e [O’ +oo]’
R? = {(xi)dxl cxi €R, i€ L_d},

RI*k = {(xi-j)dxk tXij € R,i € ],_d,] € ],_k}

* f : R — Ris an increasing function (or equivalently nondecreasing) if for all
x < y it follows that f (x) < f ().

e f : R—Ris a strictly increasing function if for all x <y it follows that
f ) <fO).

* f : R— Ris a decreasing function (or equivalently nonincreasing) if for all
x < y it follows that f (x) > f (y).

e f : R— R is a strictly decreasing function if for all x < y it follows that
f (x) > 1 ().

o S% c R¥* s the set of symmetric matrices.

e X, Y are metric spaces; H is a Hilbert space.

- Y5 5Cx)

¢ A:X =2 Ymeans A :X — 2Y (a multivalued operator from X to Y).

e inf @ = +o0.

e Ifa,b € R, then

avb=max{a,b}, a Ab=min{a,b},

at =max{0,a}, a~ = max {0, —a}.

e [x] denotes the smallest integer larger than or equal to x € R.
e | x] denotes the largest integer smaller than or equal to x € R.
e Ifx e R and r € Ry, then

B(x,r)‘ﬁ.{yeRd:|y—x|<r},

B(x,r):B(x,r)‘g{yeRd:|y—x|§r}.

e cI(D) =D ' the closure of the set D.
e int(G)%xeG:3r>0, B(x,r)CG)

« 3D =Bd(D) L D\ int(G).
o Ifx = (xi),5, € RY, then

)

2)1/2

d d
RERCrER xt Y (ct

Xi )a’xl :
 If x is a vector or a matrix, then x* denotes its transposed, and

1% 1,....1)* er.



Notations XV

* The indicator function of the set A4 is the function 14 defined by

df [ 1,ifs € A,
1 =
4 () %o, ifs ¢ A.

* The convex indicator function of the set A is the function I 4 defined by

L] O fsed
AT 4o, ifs ¢ A.

e (2, F,P)is acomplete probability space.

o (Q,F,P,{F:}i>0) is a stochastic basis (see Sect. 1.1.2).

e P = P (F,) is the o-algebra of progressively measurable subsets of Q2 x R
associated to the filtration {F; : ¢ > 0} (see Sect. 1.1.2).

¢ F v G denotes the smallest o-algebra containing F U G, where F and G are two
o-algebras of subsets of €2.

B, denotes the Borel o-algebra over R?.

e XeB ¥ weq: X (w)eB.

« P(X € By=P({X € B}).

e [EX is the expectation of the random variable X .

s E(X;A4) =E(X 1y).

« E|X[7 =E(X?).

o« L0 (Q ,F,P; Rd) is the space of (equivalence classes of) random variables X :
Q — R4,

o [P (Q,]-' , P; Rd), p > 0, is the space of (equivalence classes of) random

variables X : Q@ — R such that E| X |? < oo (see Sect. 1.1.1).

e L/Q,FP)Y Ly, F PR).

e Ifx:[a,b] — R?, then we define
def . def .
x(t=)=x(t—-0) =limx(t—¢), x(t+)=x@+0) =limx (¢ +¢)
AN eN\O

and
def
[Xls = suptlx ()] :a <s <b}, |xllz = Ixlljor-
o IfH : Q2 x[0,00] > RY, then we define
H(w,t) = H, (), H(,t)=H,,

H_=H_o%limH_,. Hy=Huy <limH,,,
£\ eN\O
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and
”H”t = Sup{|Hs| :0<s<t}.
o If H:Q x[0,00] x R = R then we define

Hfp (t) = sup{|H (t,u+x)|: |x| <R},
H} (t) = sup{|H (t.x)| : |x| < R}.

def n—1 .
* 38%un = sup{z lgtiv1)—g @) :neN* a=ty<---<t, =b; is the

iz

total variation of g on [a, b].
def

c lglr = ¢g¢[0,T]~

e C([0, T];R?) is the space of continuous functions x : [0, T] — R?; equipped
with the norm | x|, C([0, T]; R¥) is a Banach space.

e C([0,00[;R?) = C(R4;R?) is the space of continuous functions x : [0, co[ —
R4,

« BV([0, T]; R?) is the space of all functions g : [0, T] — R such that $g3, <
oo; equipped with the norm

def
lgllsvo.rirey = 1€ (0)] + 3837 .

BV ([0, T]; R?) is a Banach space. We identify it with the dual of C([0, T]; R).
o Ify : RY — Ris a continuous function of class C2, we define

a
Vo =i = () ew
i x1

the gradient of v with respect to x, and
axi 8)(?]‘

D2y (x) =y (x) = (M) c Rixd
dxd

the Hessian matrix of y with respect to x.
+ Given a function f : RY — R, its support is defined as

supp (f) < {x € R : / (x) # 0}.

« C>(R?) is the space of functions f : RY —Rof class C* with compact
support.
* C. (R?) is the space of continuous functions f : R — R with compact support.



Notations XVii

¢ Cy(R?) is the space of continuous functions f:R?—>R satisfying
limjy|—oo0 [/ (x)| = 0.

+ C,(RY) is the space of bounded continuous functions f : RY — R.

» B,(R?) is the space of bounded Borel measurable functions f : RY — R.

e S j [0, T] is the space of (equivalence classes of) 7P-measurable continuous
stochastic processes X : Q x [0, T] — R? such that:

E sup |X;|? < +o0, ifp>0;
t€[0,T]

two processes X, Y are equivalent if (X, = Y;, V¢ € [0, T]) P-a.s.

e S 5 is the space of (equivalence classes of) P-measurable continuous stochastic
processes X : Q x [0, +00[— R? such that for all T > 0 the restriction X 0.7
of X to [0, T'] belongs to Sé’ [0, T].

- SP(0.T1:V) ¥ (X eS90,T]: VX €S[0,T]}; V:Qx[0,+00) —

(0, 00) is a P-measurable continuous stochastic process.
« A5(0,T) is the space of (equivalent classes of) P-measurable processes
X :Qx 10, T[ - R such that

T
/|Xt|2df<+00, P-as. weQ, ifp=0,
0

and

T p/2
E(/ |Xt|2dt) < 400, ifp>0;
0

two processes X, Y are equivalent if (X, = Y, a.e.t €10, T[) P-as. w € Q.

. Aﬁ; is the space of (equivalence classes of) P-measurable processes X : € X
10, +00[ — R? such that for all T > 0 the restriction Xjjo,rp of X t0]0, T
belongs to A5 (0, T).

« ADO.T:V) € (X eALO.T): VX e ALO.T): V & Q x [0, +00) —

(0, 00) is a P-measurable continuous stochastic process.

o MU[0,T], M7, are spaces of d-dimensional continuous p-martingales.

o MY [0,T], MY, are spaces of d-dimensional continuous local martingales.

e Inthe case d = 1 the subscript d in the notations S5 [0,T], S Ag 0,7), A",
ME0,T], MG [0,T], MY will usually be omitted.

e {<M>,;t >0} is the scalar increasing continuous stochastic process and
{<<M>>;:t > 0} is the symmetric matrix increasing continuous stochastic
process associated to a d-dimensional continuous (local) martingale {M;;¢ > 0}
(Theorem 1.69 and Proposition 1.70).

e The same letter C will be used repeatedly to denote various constants; the
notation C, will be used to insist upon the fact that this constant depends only
upon the parameter a and nothing else.



Chapter 1
Background of Stochastic Analysis

The goal of this chapter is to introduce several tools from the theory of probability
theory and stochastic processes, which will be useful throughout this book. After
presenting several basic results from the theory of stochastic processes, we will
discuss continuous martingales, and finally we introduce Brownian motion, which
will be central to the text.

Although the material in this chapter is mostly standard, our presentation has
some originality. We present both a criterion for tightness and a criterion for
uniform integrability which are not so well-known, and at least one inequality in
Proposition 1.56 seems to be new. But the main reason for including this material
here is to introduce some specific tools which will be used systematically in later
chapters, notably the notion of a “basic partition”, see Definition 1.54.

1.1 Preliminaries

1.1.1 Preliminaries of Probability Theory

We assume given a probability space (2, F, P). Let
N={A:ACQ,INeF,P(N)=0and A C N}

be the collection of null probability sets. The probability space (2, F,P) is
complete if N C F. In this book the probability space (22, F,P) will always be
considered as completed by the collection of null probability sets.

If X is a topological space, then Bx denotes the Borel o-algebra over X, that is

the o -algebra generated by the family of open subsets of X; in particular B, ) Bra
and B Y B.
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2 1 Background of Stochastic Analysis
A mapping X : Q — X is an (X-valued) random variable if for all B € Bx
XeB Y weQ: X(w)eBleF

If X=R then X will be called a (real) random variable (or scalar random
variable). If X =R¢ then X will be called a d-dimensional random vector (or a
d-dimensional random variable).

IfACQand X : 2 — Ris given by

1, fweAd
X =1 =4 ’
@ =L@ =10 ity e\
then X is random variable iff A € F.
The probability measure L£(X) =Py :Bx— [0,1] defined by Py (B) =
P (X € B) is called the (probability) law of X. We shall write X ~ Q if Py = Q.
Let X : (2; F,P) — X be a random vector. Then

o(X)={X"Y(B): B e By}

is a o-algebra of subsets of 2 (called the o-algebra generated by X). Since X is
a random variable, 0(X) C F, and o(X) is the smallest o-algebra which makes
X measurable. It is the class of events for which one knows whether or not they
are realized, once X(w) is observed. In this sense o (X) represents the information
carried by X. We also define

F¥=0X)VN

to be the smallest o-algebra which contains both ¢(X) and N. In probabilistic
terms, the o-algebra FX can be interpreted as containing all relevant information
about the random variable X (see [61], Section 1.2, Proposition 3):

Lemma 1.1. Let X (resp. Y) be a d (resp. k)-dimensional random vector defined
on the probability space (2, F,P). The following two conditions are equivalent:

a) there exists a Borel measurable function f : R — R¥ such that Y = f(X);
b) o(Y) Co(X).

Recall that the o-algebras Gy, ..., G, are said to be independent whenever
i=1

P(ﬂ" G,-) =[1_ PG). VGieg. 1<i=n

To an arbitrary collection {X;, i € I} of random variables, we can associate the
o-algebra o (X; ; i € I), which is the smallest o-algebra containing | J;¢; o (X;).
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We denote by L£°(Q,F,P;X) the space of random variables X : Q — X.
If X,Y € £°(Q, F,P;X) are random variables, we say X =Y a.s. (almost surely)
if P(X =Y) = 1. This is an equivalence relation. We can partition the set of
random variables into equivalence classes with respect to this relation. The space
of equivalence classes will be denoted by L° (€2, F,P; X) and we shall usually not
distinguish a random variable X from its equivalence class.

If X : @ — Ris of the form

n
X =) aly,. aeR A eF keln,
k=1
we say that X € S and the expectation of X is defined by
d n
EX 2 Y arP (4.
k=1

If X : Q — [0, o0] is a random variable then

Ex ¥ sup EY.
YeS,0<y <X

If X : Q — R is a random variable such that EXt < oo or EX~ < o0, then the
expectation EX exists and

EX Y Ex+ _EXx~.

IfX =X, . X)) :Q— R4 is a random variable such that E |X| < oo, then
we say that X is integrable and

EX ¥ ®X,, - EX,)*:

in particular E (X, + i X>) £ EX, + iEX>.
In other words the expectation of a random variable is the integral

EX = f X (w) dP (w)
Q
(we shall also use the notation P (dw) for dIP (w)). For A € F we define
E(X;A) =E(X1y) = / X (w)dP(w).
4

Denote by L? (Q,}" P RY ) p > 0, the linear space of random variables
(equivalence classes) X : @ — RY, such that E | X|” < oo.
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Theorem 1.2. L7 (Q, F,P; Rd) is a complete metric linear space with respect to
the metric

E(IAIX-Y]). ifp=0

X,Y) =
pX.Y) %]E|X—Y|”, ifo<p<l,

and it is a Banach space with respect to the norm

(E |X]7)"", if1<p<oo,

X =
0= ine o < 1% = M. asy. if p = oo

Proposition 1.3 (Markov-Chebyshev). Let X : 2 — R be a random variable
and g : R — [0, oo[ be a Borel measurable function such that, for all 0 < x < y, it
follows that g (x) < g (v) and g (y) > 0. Then

Eg (X)
ge)

If moreover there exists an M > 0 such that g (|X|) < M a.s., then

P(X >¢) < Ve>D0. MC1)

Eg (1X]) — g (¢)

i <P(X|>¢), Ye>0. (MC2)

Proof. The inequalities follow by taking the expectation in

g@)1x>. <g(X) and g(|X]) <g(e) + M Ly 5.

Corollary 1.4. Let X : Q — R be a random variable. Then for all &,5 > 0

P(x| > e < 20X

87’
and

EGA|X)—8ne <P(X| 28 < EGAIX])
8 = == T s A

Let X,,, X : (2; F,P) —> R4, n € N, be random variables. The following types
of convergence will be used in this book:

e X, — X as. if there exists an ¢ € F, P () = 1 such that

lim X, (w) = X (w), forallw € Q ;
n—>0o0
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* X, — X in probability if for all ¢ > 0:

lim P (X, — X| >¢) =0,

n—>oo

or equivalently
lim E(1 A X, —X]|) =0,
n—o0

or equivalently
lim Eg (|X, — X|) =0,
n—0o0

where g : [0, co[— [0, oo is any bounded increasing continuous function such
that 0 = g (0) < g (x) forall x > 0.
We shall use this equivalence for the following functions

gx)=48nx, 0=<g(x) <3,

r

g(x)=5+x,, 0=<g(x) =1,
() = —— 0<g(x) =<~
x :—7 —_ x __’

& V1 + 85x2 & ]

where r, § > 0 are arbitrary constants;
e X, —> XinL? p>0,if X,,X € L? and

lim E|X, — X" =0;
n—>oo
* X, — X inlaw if for any bounded continuous function g : RY — R

lim Eg (X,) =Eg(X).

n—o00

Remark 1.5. The various notions of convergence of random variables with values
in a metric space are defined analogously.

We recall some classical convergence results (sketching some of the proofs).

First, we remark that

a.s

o0
X, — X <= Zlm_x\zg <00, P-a.s. Ve >0

n=1

and we have:
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Lemma 1.6 (Borel-Cantelli). If{A, :n € N*} C F and

> P(4,) < oo,

neN*

then

Z 14, < oo, P-a.s., orequivalently P (lim sup An) =0.

n—
neN* 1—>+00

Proof. For all m € N*,

P[] =2 (Ui ) 22 (U,) = T

neN* k>m
|

Proposition 1.7. Let 8, be a positive sequence such that §,, — 0. Let g : Ry — Ry
be a continuous function such that 0 = g (0) < g (x) < g(y) forall 0 < x < y.
If one of the following conditions is satisfied

o0
(@ Y P(X,— X|=¢) <oo, Ve>0,

n=1

(b) Y Eg(|X,— X|) < oo,
n=1

(€©) D P(X,— X|=8,) < oo,
n=1

then X, 2% X. Moreover; the condition (c) and Y72 | 8, < oo yield

o
Z|XH—X|<oo, a.s.

n=1

Proof. The results follow by setting in the Borel-Cantelli Lemma A, =
{|X, — X| > &} for (a) and, respectively, A,= {|X,, — X| > 8,} for (c). The result
from (b) follows by the Markov—Chebyshev inequality:

1

P (| Xy (0) = X (@) = ¢) <
g (o)

Eg (1 Xy — X]).
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Corollary 1.8. We have

o0
Y P(Xs| <R) <00, VR>0, = [X,] > oo.

n=lI

prob.

rob.
It is well-known that if X, — X, then g (X,) RN g (X) whenever

.. rob.
g €C (R?), and there exists a subsequence X, 2% X, Also, if X, 2% X then

law . law d prob.
X, — X and conversely if X, — a € R%, then X,, — a.

Theorem 1.9 (Monotone Convergence; Beppo Levi). Let Y, Y, be random vari-
ables, n € N*. If

@Hos<"=<---<Y,=<..-<5Y, Paus.
(i) Y, <5,

then
lim EY, = EY.
n—o00

Theorem 1.10 (Fatou’s Lemma). LetY,Y, be random variables and Y, >0, a.s.,
foralln € N*. Then

E (nminfy,,) < liminf EY,. (1.1)

n—+o00 n—+o00

1
If moreover Y, - Y, thenY > 0a.s. and

EY < liminfEY,. (1.2)

n——+o00

Definition 1.11. A family of d-dimensional random variables {X; : i € [} is said
to be:

. tightif

im [sup P(X;| > N)] =0;

1
N—o00 iel

* uniformly integrable if

lim [sup E (|X;] 1XizN)} =0.

N—o00 i€l
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Clearly if {X; : i € I} is a uniformly integrable family of random variables, then

sup E (] X;]) < oc.

iel
Indeed, let N; > 0 be such that

sup E (|X;| 1y, j2n,) < 13

iel
then foralli € I,
E |Xl| = ]E (|X1| I‘X,'IENI) + E (|Xl| 1|X,‘|<N1)
<1+ Ny,
and {X; :i € I} is tight, since

E|Xi| _1+N,

supP (| X;| > N) < sup — 0, as N — oo.
iel iel

A first criterion of uniformly integrability is:
Lemma 1.12. Let X; : (2; F,P) — R, i € I, be random variables. If
& thereexistsaY € L' (Q,F.,P) such that foralli € I

| Xi| <Y, as

or
& there exists a p > 1 such that

supE | X;|” < oo,
iel

then {X; : i € I} is uniformly integrable.

Proof. The uniformly integrability of {X; : i € I} follows, in the first case, from
the inequality

[Xi|Lx;>n < Y1jy|on

and, in the second case, from

| Xi [ 11x,1>n =<

1
- Nprl |Xi1”
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We have the following general criterion:
Proposition 1.13. Let X; : (Q; F,P) — R4, i € I, be random variables.
(i) The collection{X; : i € I} istight if and only if there exists a Borel measurable
function G : [0, oo[— [0, oo such that
(a) lim G (r) = oo,
(T) r—>00
() sup E G (|X;|) < oo.
iel

(it) The collection {X; : i € I} is uniformly integrable if and only if there exists a
Borel measurable function H : [0, oo[— [0, oo[ such that

. H(r)
(a) lim = 00,
wn r—ooo
(b) sup E H (] X;]) < o0.

i€l

Moreover one can choose G to be an increasing continuous function and
the function H to be an increasing continuous convex function such that

G (0) =H (0) =0.

Proof. Since the conditions (7T — a) and (Ul — a) imply that for all & > 0 there
exists an N, > 0 such that

IrZNgng(r) and rlersng(r), VrZO,
it is clear that (7') yields the tightness and (UI) yields the uniformly integrability of

the family {X; : i € I}.
To each strictly increasing sequence {k, : n € N} C N we associate the functions

ad r—ky
G(r)= Z (n + k+1——k) 1[k,,,k,q_H[ (r)

n=0

and
H((r)= /rG(s) ds
0

from Ry into R4. G is continuous increasing and H is moreover convex.
If {X; :i € I} is tight, we choose {k, : n € N} such that

1
sup P(1X;| > k,) < ———,
ie? (X = n)_(n+])3

and then G satisfies (7).
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If {X; : i € I} is uniformly integrable, we choose {k, : n € N} such that

1
sup E (1 Xi| 1jx;3k,) < ——.,
ie? (| R ) (n+ 1)3

and then H satisfies (UI). |

Proposition 1.14. Let Z,,Y, : (Q2; F,P) — RY, n € N, be random variables.
rob.
If{Y,:n € N} is tight and Z,, Rl 0, then

prob.
Y,.Z, — 0.

Proof. The result follows easily from the inequality

Lie oo (I¥z]) = 1% 0of (2) + 1voo (1]

foralle, N > 0and y,z € R. [ |

Theorem 1.15. Let X, X, be d-dimensional random variables, n € N*. If

law

@ X, — X,

(1.3)
(ii) {X, :n € N*} is uniformly integrable,

then

E|X|<oo and  lim EX, = EX.

n—o0

) I
Proof. Since | X, | = | X |, from Fatou’s Lemma we deduce that

E|X| < liminfE |X,| < sup E |X,| < co.
n——+00

neN*

Letay : Ry = [0,1], ay (r) = Lo (r) + (N +1=1) Y41 (r); r —>
ray (r) is a bounded continuous function and

[EX, —EX| < [EXyon (X)) — EXay (IX])]

+ sup E (| Xk| Lix>n) + E(1X | Lix5n) -
keN*

By the convergence in law of X, to X we have

limsup |[EX, —EX| < sup IE(|Xk| I‘Xk‘zN) + E(|X| llX\zN)

n—-+00 keN*

for all N > 1. The result follows from (ii) by letting N — co. ]
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From Lemma 1.12 and Theorem 1.15 we immediately have:

law

Corollary 1.16. Let X, X, be d-dimensional random variables, n € N*. If X,, —>
X and

¢ (Dominated Convergence Theorem; Lebesgue Theorem) there exists a positive
random variable Y € L' (Q, F,P) such that for all n € N* : | X, <Y, as.,
or

& there exists a p > 1 such that

sup E|X,|” < oo,

neN*

then

E|X|<oco and  lim EX, = EX.

n—o0

Now we present a generalization of Fatou’s Lemma.

Proposition 1.17. Let (X, p) be a separable metric space. Let ¢ : X —] —00, +00]
be a lower semicontinuous function. If X, X, are X-valued r.v., n € N*, such that

. law
(i) X, — X, as n > o0,
and there exists a continuous function a : X — R such that

(iax)<ex), VxeX, and
(iii) {a (Xy) : n € N*} is a uniformly integrable family,

then the expectations Eg (X) and E¢ (X,,) exist for alln € N, and

—o0o < Eg (X) <liminfE¢ (X,) .
n—+00

Proof. From Proposition 6.26 (Annex B) there exists a sequence of continuous
functions ¢ : X — R, k € N*, such that for all x € X

a(xX) <) <...<@g(x)<...<¢p(x) and kl_i)ngo<pk(x) =¢(x).
Note that for every k € N* :
law
o (Xn) — @ (X)) — g1 (X) = (X).
n—>o0

Then by Fatou’s Lemma 1.10, we have
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0 < Efp (X) — o (X)]
= lim_infE [(pk (Xn) -« (Xn)]

< liminfE [p (X,) — @ (X,)].
n—>+o00

By Beppo Levi’s Theorem we can take the limit as k ' co in the above; hence

0=Elp(X)—a(X)] = liminfE[¢ (X,) — o (X,)] .

Now by (@ii) and Theorem 1.15

E|a (X)| < oo, ]Ea(X):nli)rroloEa(Xn).

Then the expectations E¢ (X), Eg (X)) exist in | — oo, +00], and

Ea (X) <Eg (X) <liminfE¢ (X,) .
n—>-4o00

If X = C ([0, T]:R?), then an X-valued random variable is called a R?-valued
continuous stochastic process and we write X; (w) = X (w, t). We denote the total
variation of X on [s, 7] by $ X §, . thatis

n—1
$X i = sup Z|th.+] —Xl,.| neN s=ty<tyj<--<t, =t
i=0

We also use $ X 31 o XS0

Corollary 1.18. Let 0 < s <t < T.If X, V, X", V", n € N*, are random
variables with values in X = C ([0 T] ;Rd), such that

X"V 2 (X V), asn — oo,
and g:C ([O T] ;Rd) — Ry is a continuous function, then the following implica-
tions hold:

(@) X'eF, as. = X, eF, a.s. whenever F is closed;

b) $X"¢n=<g(V"), as. = X n=8(V), as
(¢) ifd =1and X! < X]', a.s., then X;=<X;, a.s.

Proof. In Proposition 1.17 one successively sets ¢ (x) = dist (x (¢) ; F),
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N—1 +
¢ (x.y) = (Z |x (ti41) = x (&) —g(y)) :

i=0

where s = fp < t; < ... <ty =t is an arbitrary partition of [s, ¢], and ¢ (x)

(x () =x ().

13

Proposition 1.19. Let (X, K, V), (X", K", V"), n € N, be X = C ([0, T] ;R")2

x C ([0, T]; R)-valued random variables such that

(X", K", V") 2 (X, K, V)
n—>oo
and forall0 <s <t, andn € N*,
$K"3, —3K"$, < V"=V as.

If ¢ : RY =] — o0, +00] is a Ls.c. function and

4 t
[rp(Xf) drf/ (X", dK"), a.s. foralln e N*,
then
$KS, — 3K, < Vi =V, aus.
and

t t
/(/)(Xr) drf/ (X,,dK,), a.s.
N N

Proof. Define the partition

Ay :s=rp<r<...<ry=t, rig1— 1 =

Foré >0,x,k e C ([0 T] ;]Rd) we define

N—1
Oy (k) = Z |k (rix1) —k (ri)],
i=0
N—1
Sn (k) = Y {x (1) k (ri1) =k () and
i=0

m (6, x) =sup{|x (u) —x ()| :u,r [0, T], [u—r| <38}.

t—ys
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Note that
Dy (k) = $k¢[s.t]
and
4 1
/ (x (r),dk(r)) < Sy (x,k) +m (N’ x) ¢k$[m .
Since

Im (8, x) —m (8, y)| < 2|lx - yl7

and ¢ : R —] — 00, +00] is bounded below on bounded sets of R?, we deduce that
g : X — [0, 1] given by

g (x k,v) = (P (k) —v (1) +v ()T Al
+

+ |:/;t<p(x (r))dr— Sn (x,k) —m(%,x) (v (1) —v(s))] Al
is a L.s.c. function. Hence by Proposition 1.17
0<Eg(X,K, V)< Llin_:lgg Eg(X", K", V") =0.
Consequently, P-a.s.
Oy (K) =V =V,

and
! 1
/ ¢ (Xo)dt < SN(X,K)er(N,X) Vi =Vs).
s
Passing to the limit as N — oo the result follows. ]

Proposition 1.20. Let (X, K), (X",K"), n € N, be C ([0, T];Rd)z-valued
random variables. Assume

l > sucn tnat = Ssu < 0 an
() 3p>O0suchthat LE sup E $K"47 d
neN*
rob.
() |X"=X|; +IK" = K|l; 250, as n — oo.

Thenforall0 <s <t <T:

! rob. 4
/ (X,",dK';)”—>/ (X,.dK,), asn — oo, (1.4)
s N
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and moreover
E $K$) <liminf E $K"$7%. (1.5)
n—-+00
Proof. The inequality (1.5) is a consequence of Proposition 1.17 since the function

¢ :C([0,T];R?) — [0, 4+00], ¢ (k) = $k{F, is Ls.c.
Using the notation from Proposition 1.19 we have

t t
/(X;’,d](’r’)—/ (X,.dK,)

t 12
< / (X" — X,,dK")| + / (X,.dK" —dK,) — Sy (X. K" — K)
s 5

+ 1Sy (X, K" — K)|

< IX" = Xy 3Ky +m () K"y + 4K 0]+ 1Sy 06 K" = K]

Let A > 0 be arbitrary. Since for all x, y, z, w,u > 0,
INx+y+z+w)<1lAx+1Ay+1Az+1AwW and
P

lA(xu)fl/\(xA)—i—%,

and using the assumptions of our Proposition, we deduce that

t t
limsupE |:1 A / (X, dK") —/ (X,,dK,)
n—>+00 s K

< 2114:[1 A (A m(%,X))] + 3A—f.

Passing here to limit, first for N — oo and then for A — oo, we complete the proof.
]

)

Remark 1.21. Ttis clear from the proof that in the above Proposition we can replace
the convergences in probability by a.s. convergences.

Now from Proposition 1.20 and Proposition 1.17 we clearly deduce:

Corollary 1.22. Let the assumptions of Proposition 1.20 be satisfied. If A - R? =
R? is a (multivalued) maximal monotone operator, then the following implication
holds P-a.s. w € Q:

dK! € A (Xt”) (dt) on [0,T] = dK, € A(X,)(dt) on [0,T].
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In particular if ¢ 1 R? —] — 00, +00] is a proper convex L.s.c. function then
dK} € 3¢ (X]") (dr) on[0,T] = dK, € 3¢ (X,) (di) on[0,T].

Proof. To prove the Corollary it suffices to recall from Annex B (Remark 6.18) the
definitions
(A) dk(t) € A(x(2)) (dr) if

(ay) x € C(R+;D0m(A)),

(a2) k € C(Re:RY) N BVioe (Ry:RY) .k (0) =0,

(as) (x(t) —u, dk(t) —udt) >0, V (u,) € A.
In the case of A = d¢ we have an equivalent definition.
(B) dk(t) € 0 (x (2)) (dr) if

(b1) x € C(R4+;Dom ()),

(bZ) ke C(R+;Rd) ﬂ BVloc (R+;Rd) P k (O) = 07

(b3) forall0 <s <t <T,ucR?

/ = x (r) . dk (1)) + f o(x (M)dr < (t — ) p(u).

S

We close this section with two statements about convergence in probability.

Proposition 1.23. Let X, X, : (Q;: F,P) — R?, n € N, be random variables and
0 < p < oo. The following are equivalent:

(i) Xy, X € L? (. F,P;RY) and X, > X in L?;
(ii) X, — X in probability and {|X,|” : n € N} is uniformly integrable.

Proof. (ii) = (i): This implication is a consequence of Theorem 1.15.
(i) = (ii): By the Markov inequality,

E|X, — X|’

P(X,— X[ =€) <
ep

>0,

we clearly have that X;, — X in probability, as n — oo.
LetC, =1V 271 'We have for all N, A > 0:

X )4
1 X1 1x, 1758 < Cp [IXn = X7+ 1X1 yppan + %A] . (16)

Since X,, — X in L? as n — oo, there exists a B > 0 such that

E|X,|” < B, VneN*
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and for all € > 0 there exists a k, € N* such that

E|X,—X|" <e Vn>k,.
Let Y, = max {|X,,| ‘n e l,ks}. Then from (1.6) we have

SupE(|X,,|‘D 1|X,,|‘”>N) < E(Yapllyg|F>N) + sup E (|Xn|p llxn‘l’>N)

n>1 n>ke

B
S IE:(YeEp1|Yg|p>N) + Cp |:8 + E(|X|p 1|X|”>A) —+ NA1| ,

which yields

lim sup |:supE(|X,,|p 1x,,|1’>/v):| <Cple +E(IXI” 1y1r-4)].

N—>—+o00 | n>1

for all &, A > 0. Letting, in the last inequality, ¢ \y 0 and A ' oo, the uniform
integrability follows. This completes the proof. ||

Proposition 1.24. Let Y, Y, be random variables and Y, > 0, a.s., for all n € N*.
rob.
FE|Y,| +E|Y| < 00, Y, 2255 Y and EY, — EY, then

E|Y,—Y|—0.
Proof. Since
Y —-Y)" <Y and [Y-Y,|=2(Y -Y)" - (Y -Y,)

the result follows from Lebesgue’s dominated convergence theorem. |

Let X : Q — R be a random variable. Define

(E|x|)"" if1<p<oo,
X, = inf{a >0:P(|X|>a) =0}, ifp=o0,

E|X|?, if0<p<1,

E(AIX]), if p=0.

Note that | X || ;0 < oo for any random variable X .

Denote by L7 (Q,}' P RY ), 0 < p =< oo, the space of random variables
X : Q@ — R? such that || X||,, < oo (we shall usually not distinguish a random
variable X from its equivalence class with respect to a.s. equivalence). The space
L? (Q, F,P; Rd), 1 < p < o0, is a Banach space with respect to the norm |||, ,.
If0 < p < 1then L? (Q,}' ,P; Rd) is a complete metric linear space with the
metric d, (X,Y) = ||X — Y| ». The convergence in the metric dj is convergence
in probability.
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The space L2 (Q ,F,P; Rd) is a Hilbert space with respect to the scalar product
(X,Y). =E(X.,Y).

1.1.2 Filtrations

We say that (2, F, P, {F;}:50) is a stochastic basis if:

(i) (2, F,P)is a complete probability space;
(ii) {F:}i>0 is a filtration i.e. an increasing collection of sub-o-algebras of F
satisfying the condition:

(a) F; is asub-o-algebra of F which contains all P-null sets of F;
(b) t — F; isright continuous, that is F; = F;, where F; 4 o (MNyss Fs-

The o-algebra F can be thought of as the set of observable events and the o-
algebra F; can be thought of as the set of observable events before time 7.

To such a filtration, we associate the o-algebra P of progressively measurable
subsets of Q x R, defined as follows:

Definition 1.25. P = P (F;) is the o-algebra of the sets A C Q x Ry such that
forallt > 0,

AN(Qx[0,7]) € F, ® By -

1.1.3 Conditional Expectation

In this section, we present the notions of conditional expectation and conditional
probability, together with their main properties.

All random variables will be assumed to be defined on a probability space
(2, F,P). G, H will denote sub-c-algebras of F, and we will assume (in order
to simplify slightly the beginning of our exposition) that each of them contains the
collection A of all P-null-sets of F.

Thanks to the hypothesis we have just formulated, L*(Q,G,P) is a sub-Hilbert
space (hence in particular a closed sub-vector space) of Lz(Q , F,P). Therefore, we
can state the following:

Definition 1.26. We will call the conditional expectation with respect to G the
orthogonal projection operator from L? (2, F,P) onto L? (.G, P).

Given a square integrable random variable X, we can associate to X its
equivalence class, which is an element of LZ(Q,J-' ,P), which by an abuse of
notation we shall also call X. We denote by

E(X|G) or E9(X)
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its orthogonal projection on L?($2, G, P). In practice, E(X |G) will rather denote an
(arbitrary!) element in this equivalence class, i.e. E(X|G) will be for us a random
variable. It is usually unimportant, but sometimes crucial, to remember that the
choice of the particular element in the equivalence class is arbitrary.

E(X|G) is characterized as the unique (equivalence class of) random variables
such that:

(1) E(X|G) is G-measurable;
(i) E(YX) =E[YE(X|G)], VY € L*(R,G.P).

If we choose in particular Y = 1 in (ii), we obtain
(iii)) E[E(X|G)] = EX.

If we choose ¥ = 1(g(x|g)<o} in (ii), we deduce that
whenever X > 0 a.s., then E(X|G) > 0 a.s.
Now, for any square integrable X,
X=Xt-X"
then by linearity of the orthogonal projection,

E(X|9) = E(X*|G) —E(X~|G)
[E(X19)| = E(X|G) + E(X~|9)
= E(1X]|9).

and we then deduce from (iii)
E[[E(X]9)]] < E[X].

We have just established that the conditional expectation is continuous with
respect to the norm in the space L'(Q,F,P). Since L?(Q,F,P) is dense in
L' (,F.P), we easily deduce that the conditional expectation given G can be
extended as a continuous linear operator from L'(2, F,P) onto L' (2, G, P).

Given an integrable random variable X (i.e. such that E| X | < 00), its conditional
expectation given G is the unique (equivalence class of) random variable(s) E(X |G)
such that:

(1) E(X|G) is G-measurable;
(ii") E(YX) = E(YE(X|G) for all G-measurable and bounded random vari-
ables Y.

(ii") can be replaced by:
(ii’) E(X;A) = E(E(X|G); A)VA €G.
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IfX = (X;.---,X0)" : (2F,P) - R? is a random vector such that
E|X| < oo, then the conditional expectation of X is defined by

E9X ¥ (B9X,, - \EIX,)".

Example 1.27. Suppose that G is generated by a finite measurable partition
{Gy,---,G,} of Q. Condition (i) forces E (X |G) to be constant on each G;, and we
then deduce from (ii) the formula

 w—EX1g)
E(X|G) = ;—P(G» G-
If in particular G = {@, Q}, then E (X|G) = EX.

The main properties of the conditional expectation are stated in the next
proposition (we recall that G v ‘H is the smallest o-algebra which contains both

G and 'H):

Proposition 1.28. Let X, Y € L' (Q,F,P;RY), Z € L' (Q. F,P;R) and a, b be
real numbers. Then:

(a) E(aX + bY|G) = aE(X|G) + bE(Y|G).
(b) Z >0as = E(Z|G) > 0a.s.
(c) If Hand GV o (X) are independent, then E(X |GVH) = E(X|G). In particular,
if G and X are independent, then E(X|G) = EX.
(d) If G C 'H, then
EY [E"X] = E9(X),

and in particular, E [Eg(X)] =EX.
(e) If X is G-measurable and (X,Y) is integrable, then

EY(X.,Y) = (X,E9Y).

(f) (Jensen’s inequality) If ¢ : RY — R is a convex function such that B¢+ (X) < oo,
then E |p(X)| < oo and

¢ (E9(X)) < EY (p(X)).
(g) If
E (£1G) = E (§|'H)

for all bounded G v H-measurable random variables &, then G = H (recall that
we assumed that N' C G, H).



1.1 Preliminaries 21

From the property (f) with ¢(x) = |x|”, p > 1 and (iii), we easily deduce the
following:

Proposition 1.29. If p > 1, then EY is a linear continuous operator from
Lr (Q,}",]P’;Rd) into L? (Q,g,]P’;Rd).

Remark 1.30. If X is a positive random variable, EYX is the class of random
variables with values in [0, co] defined by

ESX ¥ lim B9 (X An), P-a.s.
n—od

We shall define
P(X € B|Fy) = E(1p (X)|F).

Since the mapping X +— [E (X|G) is linear and preserves non-negativity, one
might hope that for each @ € € there is a probability measure P on (2, F)
such that

E (X|0) (@) = /Q X () B (do).

Unfortunately, this hope does not hold in the general case. However, it is
fulfilled when €2 is a Polish space (i.e. € is a topological space which
admits a complete separable metrization) and F = Bg is the Borel o-algebra
on 2.

Denote by M (£2) the set of probability measures P : B — [0, 1].

Theorem 1.31. Let Q2 be a Polish space and G C Bg. For every P e M (2), there
isamap v — P?:Q — M (), uniquely determined up to a P-null set N € G,
such that:

(a) o +— P*(B) is G-measurable for all B € Bg;
(b) P(ANB) = /]P’“’ (B) P(dw), forall A € G and B € Bq.
A

Moreover if G is countably generated, then  + P® can be chosen so that
P°(A)=14(w), Yo eQand A €g.

The interested reader can find a proof of this theorem in Stroock [68] (Theo-
rem 1.2).

Definition 1.32. The map @ + P® from Theorem 1.31 is called the conditional
probability distribution of IP given G. If, moreover,

P?(A) =14(w), YweQand 4 € G,

then @ +— P“ is called a regular conditional probability distribution of IP given G.
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d
rQ=w!¥

R? with the topology of uniform convergence on compact sets, then € is a Polish
space with the metric

(R+; Rd) is the space of continuous functions w : [0, co[ —

(w w/) _ i i ”w B w/”n
PRe) = Ly T o —o'll,

where

|o—o'|, = sup |o@)—o ().
t€l0,n]

For every s > 0 the map & : (; Bg) — R?, & (0) =  (s), is a random variable.
Define

B(W¥ =0{&:0<s<t}.

Then from Theorem 1.31, for every P e M (R2), there exists a regular conditional
probability distribution @ + P of P given B, (W ?), which is uniquely determined
up to a P-null set N € B,(W9). Hence w + P (B) is F;-measurable and for all
B e BQ,

P(ANB) = /]P’;‘) (B) P(dw), ¥V A € B,(W?),
A
PY(A) =14 (®), Yo e Qand 4 € B(WY).

We now want to define the conditional expectation, given a random vector. Recall
that to a d -dimensional random vector X we associate the o -algebra

FXY X"\ (BY: Be BV N,

where B, denotes the Borel o-field of R? and A denotes the collection of all P-
null-sets of F.
We can now state the following definition:

Definition 1.33. The conditional expectation of a random variable X, given the
random vector Y, is the random variable

EX|Y) ¥ E(x|FY).

We also introduce the notation

P(X € B]Y) =E (15 (X) |F").
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Proposition 1.34. Let X and Y be respectively a d-dimensional and a
k-dimensional random vector, and let ¥ : R?**¥ R be Borel measurable such
that Y(X,Y) > 0 as., or E|Y(X,Y)| < oo. Let G be a sub-o-algebra of F
such that:

(i) X is G-measurable;

(ii) Y and G are independent.

Then
B (X101 = [ (X3P (@) = B (X, 1)X]

Proof. If ¥ (x,y) = g (x)h (y) then the result follows from Proposition 1.28(e).
The general case follows via approximation by linear combinations of such
functions. |

Let us prove three auxiliary results, which will be used in Sects. 1.3.3 and 2.4,
respectively.

Lemma 1.35. Let X € LO(Q, F,P;R?) and G be a sub-o-algebra of F. If ¢ (u) =
E (ei {u.X) |Q), u € RY, is a deterministic function then:

(J) o is the characteristic function of X ;
(/) X is independent of G.

Proof. Since ¢ (u) = E¢ (1) = Ee'®X) it follows that ¢ is the characteristic
function of X.

Let Y € L°%,G.P;R?) be arbitrary. Then the characteristic function of
(X,Y)is

Oxy) (.v) =E [ei(u.x)+f(v.y)]

) [ei(v,Y)E (ei(u,X)Ig)]
SACE AN

= ox (u) oy (v),

for all u, v € R? and consequently X and Y are independent. |

Lemma 1.36. LetU € L'(Q, F,P)and Y € L%, F,P;R?). Then
EU|Y)=0 <= EUe **'>)=0, Vu e R?.
Proof. (=): IfE(U|Y) = 0then

E(Ue' <) = E(e'**""E(U|Y)) = 0.
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(&<):  We know that there exists a Borel measurable function g : R? — R such
that

EWUY) = g(Y).
Then

E(Ue'*">) =0 & E(g(Y)e' <) =0
© E(gT (Y)esT™) = E(g™(Y)e'<M17)

N / g+ (y)el <HI>Py (dy) = f g~ (el 1Py (dy).
]Rd ]Rd

Choosing p = 0 we deduce that EgT(Y) = Eg~(Y) = c.
If c =0then g7 (Y) = g~ (¥Y) = Oa.s. and hence E(U|Y) = 0.
If ¢ > 0 then the probability measures

OF(@) = ~g* OIBY (@), 0 (@) = =g~ )Py (@)

on (Rd, Bg) have the same characteristic functions (Fourier transforms). Hence
Q7T = Q~, which implies that g7 (Y) = g=(Y) Py - a.s., thatis E(U|Y) =0. W

Lemma 1.37. Let ¢ € C, (Rd), G be a sub-o-algebra of F and X,,X €

prob.

L°(Q.F,P;RY). If X, —> X asn — oo, then B9 (X,) — EY9 (X) in
L? (Q,F,P)yasn — oo forany p > 1.

Proof. Clearly, by the Lebesgue dominated convergence theorem ¢(X,,) — ¢ (X)
in L? (2, F,P), for every p > 1, and the result follows from the continuity on
L? (2, F,P) of the conditional expectation. |

1.1.4 Stochastic Processes

Let X be a topological space and T C R? be a Borel set. A mapping X : @ xT — X
is an X-valued stochastic process if for all € T

X (-,t) is an X-valued random variable

(i.e. X (-, 1) is (F, Bx)-measurable). We shall write X; = X (:,¢). The mappings
t > X (w,t), w € 2, are called the sample paths (or trajectories) of the stochastic
process X .

An R?-valued stochastic process will be called a d-dimensional stochastic
process. By a stochastic process we will usually mean a one-dimensional stochastic
process.
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A stochastic process {Y; : ¢ € T} is a modification of {X, : t € T} if
P(X,=Y,)=1, forallt eT.

The stochastic processes X and Y are indistinguishable if

F (Uteﬂ‘ (X: # Y’)) =0

or equivalently

P (ﬂte'ﬂ' (X = Yl)) =1

If the mapping X : Q@ x T — X is (F ® By, Bx)-measurable then we shall say
that X is an X-valued measurable stochastic process.

Remark 1.38. In this book, all stochastic processes will be understood to be
measurable. We will usually have T = [0, oo[, or T = [0, T7].

We shall say that the stochastic process X : Q2 x T — X is continuous
(abbreviated c.s.p.) (resp. right continuous, left continuous, increasing for X = R) if
the trajectories (the paths) X (w,.) : T — X are continuous (resp. right continuous,
left continuous, increasing ) P-a.s.

It easy to prove that if {Y; : ¢+ € T} is a modification of {X; : € T} and both
X and Y are right (or left) continuous stochastic processes then X and Y are
indistinguishable. Hence:

Remark 1.39. If both X and Y are right (or left) continuous stochastic processes on
an interval T C R, then

X, =Y, VteT) Pas. <+— (X, =Y, Pas) VteT.

The natural filtration associated to a stochastic process X : Q2 x Ry — X is
defined by

]-',Xzo{XS:sft}\/J\/,

where N denotes the collection of all P-null-sets of F. FX is called the history of
the process X until (and including) time ¢ > 0. The right continuous version of the
natural filtration is by definition

f}ﬁ-:ﬂ‘ﬁ}j—s: |:ma{Xs:s§t+e}:|vN.

e>0 >0

A stochastic process X : Q x Ry — Xis progressively measurable (abbreviated
P-m.s.p.), if X is (P, Bx)-measurable or equivalently if for all ¢ > 0,



26 1 Background of Stochastic Analysis
(w,8) — X (w,5) : 2x[0,t] > X

is (]-", ® Bjo,, Bx)-measurable; we shall say that X is P-measurable.
A stochastic process X : 2 xRy — Xis adapted to the filtration {F; : t > 0}, if

wr— X (w): Q2 —>X
is (F;, Bx)-measurable for all t > 0. It is easy to prove that:

4 every progressively measurable stochastic process is adapted;

¢ if X is an adapted right (or left) continuous stochastic process, then X is
progressively measurable.

We now recall the very well known Kolmogorov’s criterion for the existence of
a continuous version of a process.

Theorem 1.40 (Kolmogorov’s Criterion). Ler (X, ||-||) be a Banach space and
{Xy:v € R’i} be an X-valued stochastic process, for which there exists three
strictly positive constants M, a, b such that

E(”Xu - XU“a) =< M|Lt— v|k+b9 u,v e [07 R]k

Then there exists a process {)Zv, v € [0, RI¥Y which is a modification of X such that
forall0 <§ <b/a, P-a.s. w € Q:

1% (@) — %y @) | <& @) lu—v|“™. foralluve[0.R,
where the random variable &5 satisfies:

Mk Rk2a+b
(25— 1) A(245—1)

E& <

Let pe [0, 00[ and 0<T < + oo. We define the spaces of stochastic pro-
cesses:

¢ S 5 [0, T']: the space of (equivalence classes of) P-measurable and continuous
stochastic processes (abbreviated P-m.c.s.p.) X : Q x [0, T] — R? such that

E sup |X;|” <400, ifp>0;
tel0,T]

two processes X, Y are equivalent if (X, = Y, forall ¢ € [0, T]) P-a.s. w € Q.

¢ S 5 : the space of (equivalence classes of) P-measurable and continuous pro-
cesses X 1 Q2 x [0, +oo[ — R such that for all 7 > 0 the restriction of X to
€ x [0, T] belongs to S/ [0, T].
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One easily sees that for every p € [1, 00[, the space S 5 [0, T] is a Banach
space, when equipped with the norm

1/p
1/
||X||sj[o,T] = (E ||X||;) F= (]E sup |Xt|p) .
1€[0,T]

For 0 < p < 1 the space S 5 [0, T'] is a complete metric linear space with respect
to the metric

E(|X -Y|2), ifo<p<l,

A, (X,Y)=
p(XT) %E(MHX—YHT),ifp:o.

Ao (X, Y) is the metric of convergence in probability uniformly in ¢ € [0, T]. On
Sg [0, T'] we shall also use the topological equivalent metrics

1/a
XY,
1+[X—Y]|;

X - Y7

(X, Y)=E and p, (X,Y)=1|E

(1 F8|X — Y|2T)“/2

where @ > 1 and § > 0. Note that in the case d =1 the subscript d in S 5 and
S 5 [0, T'] will usually be omitted.

1.1.5 Complements on Tightness

Let (X, p) be a metric space. Denote by Bx the o-algebra of Borel subsets of X and
by M (X) the space of probability measures Q : Bx — [0,1]. If g : (X; Bx, Q) —
R is a random variable (i.e. a Bx-measurable function), then we write

0 (g) = Eo (g)=/Xg<x>dQ(x),

whenever at least Q (g+) <ooor Q(g7) <oo.Hence Q (15) = Q (B).

Definition 1.41. We say that Q, converges weakly to Q, denoted 0, — O,
whenever Q,,(g) — Q(g), forall g € Cp (X).

Let (2, F,P) be a probability space and Y : 2 — X be a random variable; then
the probability measure £ (Y) = Py : Bx — [0, 1] defined by

Py (B) =P (Y € B)

is called the (probability) law of Y.
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Note that for all Q € M, (X) there exists a probability space (2, F,P) and a
random variable ¥ : Q — X such that £ (Y) = Q. In this case

YR g(r)).

def
0@ g0 = [ ¢ @)dP@)
Let X, : (Q(”);f(”),]P’(”)) — X,n € N, and X : (Q;F,P) - X be random
variables and

Ow=LXy), Q=LX).
Definition 1.42. X, taw, X,asn — oo, if O, = Q, or equivalently
lim Epe (¢ (X5)) = Ep (g (X))
n—>oo

for all g € Cp, (X).

Definition 1.43. (a) A family X : (Q©; 7@ P?) — X, i € I, of random
variables is tight if for every ¢ > 0 there exists a compact set K, C X (abbreviated
K. cc X), such thatforalli € I:

p® (X(i) ¢ Ke) <e.

(b) The family {XV :i € I} is relatively compact in law if every sequence
{X, :neN*}C {X(i) NS I} contains a subsequence {X,, : k € N*} convergent
in law, i.e. there exists a probability space (€2, F, P) and a random variable X : 2 —

law
X'such that X,,, — X.

A famous result due to Prohorov and Varadarajan gives an equivalence between
the compactness in law and the tightness property.

Theorem 1.44 (Prohorov-Varadarajan). Let (X,p) be a metric space and
{X(i) 1l € I} be a family of X-valued random variables.

(A) If{X(” 1l € I} is tight then it is relatively compact in law.
(B) Suppose that (X, p) is a Polish space. If {X D:jel } is relatively compact in
law then it is tight.

The interested reader can find a proof of this theorem in Billingsley [11] or
Stroock [68] (Theorem 2.6).

Concerning the convergence in law of sequences of random variables we have
another famous result due to Skorohod.

Theorem 1.45 (Skorohod). Let X be a Polish space (i.e. X is a topological space
which admits a complete separable metric p), X,, : (Q("); Fo, IP’(”)) — X, n € N¥,
and X : (2; F,P) — X be random variables. If
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X, = X

then there exist a probability space ( Q. F.P) on which we can define a sequence

of random variables Y, Y, : Q- X, n € N* such that

N—

(c) Py =Py, andPy, =Py, foralln € N*,

(co) Y, o5 Y, asn— oo.

A

Moreover one can choose (Q, F. HAD) = ([O, 11: Bo.1p. /L), where L is the Lebesgue

measure on [0, 1].

If x € C(Ry;RY) we write

Ixlly = sup |x ()|, and
t€[0,T]

m, (&[0, T]) =sup{|x (t) —x(s)|:¢£,s €[0,T], |t —s| < ¢&}.

Recall that, when equipped with uniform convergence on compact sets, C(R4; R¢)
is a Polish space. A metric for this topology is given by

p(x.y) = il =l
’ 21+ x =yl

If {X:t>0},n € N* is a family of continuous stochastic processes such
that Q, is the law of the random variable ® +—— X" : (Q(”);}' () ,]P’(")) —
C(R4;RY), then the following result is a consequence of the Arzela—Ascoli
theorem (see Billingsley [11], Theorem 7.3).

Theorem 1.46. {X" :n € N*}is tight on C(Ry; R?) ifand only if for every T > 0:
i) lim |supP™ (|X7| > N)| =0,
i |se (351> )

(if) lim |:sup P (my» (e;[0, T]) > a):| =0, Va>0.

eNO | n>1

Moreover, tightness yields that for all T > 0:
0| n>1

i [supw Ax"ly = N)} 0.

Without using the above Theorem, we establish a criterion for tightness which is
well adapted to our needs.
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Proposition 1.47. Let {X]' :t > 0}, n € N*, be a family of R?-valued continuous
stochastic processes defined on a probability space (2, F,P). Suppose that for
every T > 0, there exist & = oy > 0and b = by € C (R4) satisfying b(0) = 0,
such that:

(j) Jim [sup P({| Xy = N})} =0
00 | neN*

0<s<e

(]])E|:1A sup |Xr+s—x;1}“} <e-b(e),Ve>0n>1,1€[0,T].

Then {X" : n € N*} is tight in C(R,;R%).
Proof. We fix e, T > 0. From (), there exists an M = M, > 1 such that

sup P({|Xg| = M}) < 5

neN*

1 T
= and g; \( 0 be such that b(g;) < % Let Ny = ng, and

. (i-DT
i = Nk

Let yp =

. By Corollary 6.12 from Annex B the set

={ze C(0,TI;RY) : |z(0)| < M,
sup  sup |z (t; +5) —z(t:)| < yi, Yk € N¥}

1<i<Nj O<s<ep

is compact in C([0, T]; R?).
From Markov’s inequality and (jj)

P(X" ¢ Ko) <PAIXG > M)+ Y ZP({ sup |Xt+v X! > vi})
keN* i=1

<_+ Zzskxb(ek)

keN* i=]

o

e Ni X g x b(e
e j{: & X &k X b(ey)
2 Vi

keN*
<e.
The proof is complete. n

Proposition 1.48. Let g : Ry — R be a continuous function satisfying g (0) = 0
and G : C (R+; Rd) — R4 be a mapping which is bounded on compact subsets of
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C (R+; Rd). Let X", Y" n € N*, be random variables with values in C (R+; Rd).
If{Y" : n € N*} is tight and for all n € N*

(i) |X§|=G", as.
(i) myn (5[0, T]) = G(Y") g (myn (:[0,T])), as., Ve T >0,

then {X" : n € N*} is tight.

Proof. Let§ > 0 be arbitrary. Then there exists a compact set Ks C C ([O, oo[ ; R¢ )
such that for all n € N*

P(Y" ¢ Ky) < 6.

Define N5y = sup G (x). Then

XEKg
P(|Xg| > Ns) <.
Let a > 0 be arbitrary. There exists an gy > 0 such that

sup [g (my (e;[0,T]))] < i, VO0<ec<e.
N;

x€Kj

Consequently for alln € N*, 0 < ¢ < &,
P (myn (¢:[0.T]) = a)
<Plem 0.7 = 40 7 € K|+ B0 £ K)
<$é.

The result follows. |

1.1.6 Stopping Times

Fix a stochastic basis (2, F, P, {F;};>0). A random variable t : 2 — [0, 00] is a
stopping time if

<Y iweQ it <teF, Yiel0o0].
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Since F; = F;+ (the filtration is right continuous) we have
T is a stopping time < {t<t}e F, V1 €][0,00].

Proposition 1.49. Let X : Q x [0,00[ — RY be a P-measurable continuous
stochastic process and D be a closed (or open) subset of RY. The hitting time of
D by X (the exit time of X from D¢ = R? \ D) defined by

inf{t >0: X, (@) €D}, if {t>0:X, (w)eD}+#0,

T(w) = oo if{t>0:X,(w)eD} =0,

is a stopping time.

Proof. If D is an open set, then

{r <t} = Ure[o g Xr €D}

and in the case of a closed set D
{T = t} - nnEN* Ure[().t]ﬂ@ {X, € D”} ’

1

where D, = {x eR?:d (x,D) < —} and d (x, D) is the distance from the point
n

xtoD. [ |

We define the o-algebra F; of events prior to the stopping time t by
Fo={AeF: An{z <t}eF, Yt =>0}.

As an exercise for the reader we give the following proposition:

Proposition 1.50. If t,0,0 are stopping times and a is a real number such that
a > 1, then:

(a) TV 0O, TA0, T+ 0,at are stopping times;

(b) ift <6 as., then F, C Fy;

(c) ift =ta.s., then F; = F;;

(d) F. N Fyp = Frpp and the sets {t < 0}, {t = 0}, {t < 0} are in Fpp;

(e) {t <o <0}eF,;

(f) the stochastic processes {1[0’1[ @):t> 0} and {l[o,z] @) :t> 0} are P-
measurable.

Hint for (d). If A € F, N Fy then

AN{tAb <t} =AN{z<thUAN{O <t}) € F.
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Also

{t< 0Nz Ab <t}
=({r=pn{>pU U ({r=rin{r<inib =1} er.

reQN]—oo.r]

Proposition 1.51. Let {1, },cy be a sequence of stopping times. Then

(a) sup, T, is a stopping time;
and moreover, by the right continuity of filtration {F, : t > 0},

(b) inf, 7,, liminf z,,lim sup t, are stopping times and if T, | t then
n—+00 n——+o00

Proof. We have

n

{suprn St} =), lw =0

and

{ir’}fr,, < t} = UneN {t, <t}.
[ ]

If X is a stochastic process and 6 :  — R, is a random variable we denote
by Xy the random variable ® — Xy (,) (@) and by {X;x¢ : ¢ > 0} the process X
stopped at 0, that is X,;xg () = X (w,t A 0 (w)) forall t > 0.

Proposition 1.52. Let {X, :t > 0} be a P-measurable stochastic process and
7:Q — Ry be a stopping time. Then:

(a) X, is F;-measurable;
(b) {Xiar it =0} is progressively measurable with respect to the filtration
{Finc it =0}, thatis forallt > 0and B € B;:
{(@.5) € Qx[0.1]: X;nr0) (@) € B} € Fine ® By
Proof. We sketch the proof of the first part only. Let# > 0, B € 3 and
F={(w,s) e 2x][0,t] : Xs (w) = X (w,s) € B}.

From the P-measurability of X, F' € F; ® Bjp,). The mapping o () = (v, 7 (w))
is measurable from ({t < 1};{t <1} N F) 10 (2 x[0,7]; F, ® Byo])-
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Hence

{w: X (w,7(w) e BY=a'(F) e F,.

Proposition 1.53. Ift : Q — Ry is a stopping time, then

F, = o0 {X; : X is a P-measurable right continuous 1.7

stochastic process} .

Proof. Denote by G the right-hand side of (1.7).

If A € F;,then X; (w) = 14 (w) 1jp 4 (7 (w)) is a P-measurable right continuous
stochastic process. Since X; = 1, it follows that 4 € G.

To show that G C F it is sufficient to prove that X, is F;-measurable. For¢ > 0,
B € By, let

F ={(w,s) € 2x10,¢] : X; (w) € B}.

From the P-measurability of X, F € F; ® Bj,). The mapping « (0) = (w, T (»))
is measurable from ({t <t};{t <t} N F;) to (Q x [0,t]; Fr ® B[O,t])-
Hence

{w:X (w,7(w)) € By=a ' (F) e F,.

Given a d-dimensional P-measurable continuous process {X; :¢ > 0}, two
stopping times o, 7, such that 0 < ¢ < t and a real sequence §, \ 0, we construct
a “basic partition™:

Definition 1.54 (Basic Partition). A sequence {(6/",k,) : i,n € N}, where 6" are

stopping times and k,, € N, k,, /' o0, is called a “basic partition” of [o, t] associated
to {(X;,6,) :t > 0,n € N}if

(i) o=0<0Or<...<@r<..<rt,
(i) 3N, (w) e N*s.t. 0" () = T (w), fori > N, (w).
(iii)  0<6, =6 <8,

(1.8)
(iv) sup | X, — Xs| <6,,foralli € N,
9,.”§s5t59;’+]
(v) {6r:ieNjc{o/t':ieN}, VneN
and
(i) o0=0" <8 <...<9' <...<71,
ko ki kn (1.9)

(vii) P@&<f)5&.
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Such a partition can be defined as follows:
98 =0, Oio =1, fori > 1,

and given (977! the interval | 97!, 771 | is partitioned by the sequence:
i J J+1

ieN’
n __ —1
o =601,
n n—1 n . n 8’1
), =011 A (0] +68,) Ainfor = 6] 0 sup | X, — Xgn| = =
J on <5<t L 2
[_ —

For each w, there exists an L = L' (w) € N * such that
077" (@) = 6] (@) < 04, (0) <+ < 041 (0) = 0]7] ().

Since {6'}. ., C {6/} 07/ Tand 61! S Tasi — oo, there exists an
increasing sequence of natural numbers {k, : n € N} such that (1.9) holds.

1.1.7 Fundamental Inequalities

Definition 1.55. a) A positive stochastic process {X, : t > 0} is F;-dominated on
[0, T] by a positive random variable U if for all ¢ € [0, T:

EX|F) <EU|FR), P-as.

b) A positive stochastic process {X, : ¢ > 0} is dominated on [0, T'] by a positive
increasing stochastic process {4, : ¢ > 0} if for any stopping time 6,0 < 0 < T

E(Xy) < E (4p).

Proposition 1.56. Let {X;:t >0} be a positive continuous P-measurable
stochastic process.

A. If{X; : t > 0} is F;-dominated on [0, T by a positive random variable U, then:

1
(A)) IP’( sup X,ze)fl/\ —E(U;sup X,ze) ., Ve>0;
tef0.7] € t€[0.7]

14
(4)) E sup X/ (Ll) EU?, ¥ p>1;

1€[0,7] p—

1
(A43) E sup X/ < ——(EU)”, YVO<p<1.
te[0.7] l-p

IA

IA
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B. If {X,:t >0} is dominated on [0,T] by a positive increasing P-measu-
rable continuous stochastic process {A; :t > 0}, Xo= A9 =0, then for all
g6 >0:

1
(B1) P sup X, ze Ar <8) = -E(drn9),
t€[0,7] &

(B2) P( sup X, zs) < l+l E (A7 A )
t€[0.7] € s

and

2_
(By) E sup X,pfl—p]EA’T’, Vo< p<l,
-p

rE0.7] (1.10)
(B.) ]E( sup /X, A 1) <3[E(Ar A )],
t€[0,T]

Proof. A. Let X; = Xir,i €0, N, N = 2", and

E:(Xo<8)ﬂ---ﬂ()2,-_1 <s)ﬂ()?,-28), fori € 1, N,

We have {maxl—em )Z,- > 8} = F and
N Al S| 1
P(F)=) P(F)< Y —E(Xilg)< ) -E(Ulg) = -E(U1p).
i=0 i=0 i=0

Hence
~ 1
Plmax X; >¢| < —E|U; sup X; >¢].
i€0.N & 1€[0,7]

as N = 2" oo the inequality (A4)

Since %max)?i > 8} /"¢ sup X, >¢
i€0,N t€l0,T]

follows.

To prove (A4z) let Y = sup,¢p 7 X;- We can assume that 0 < EU < oo and
EU? < oo, since otherwise (A,) is clearly satisfied. Let n € N*. By Fubini’s
theorem and (A;) we have
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Y An
E[(Y An)?] = E/ pAPT A
0

= E/ l{yZA}pAp_ld/x
0

= / P(Y > 1) pAP~ldA
0

def

/n %m [lE(U;Y > x)]} pAPTYHA 2 T,
0 A

IA

If p > 1, then
Y An
I, < EU/ PAPT2d A
0
- P g [U Y A n)p_]]
p—1
< L @Un T Am
p—
Hence

E Aan < Lo @ur)'”
=

and (A,) follows by passing to the limit as n — co.
If0 < p <1, then

ElY Am)PT< 1,

EU

<p Ap_ld)L—F/
0 E

1
—EU ;Y = X) pAP~ldA
v A

o0
<(EU)” + pEU) | AP72dA
EU
_ p p P
= (EU)? + —— (EU)
l—p

1
= —(EU)”
I—p
and (A3) follows letting n — oo.

B. Define the stopping times

T(w) =inf{t > 0: X, (w) > ¢},
0 (w) =inf{r >0: A, (w) > §}.

37
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Then {Ar <6} C {6 > T} and

IA

P(X'[/\T > &, 0> T)

P sup X, >¢, A7 <§
1€[0,T]

IA

HID (XtnoaT =€)
EE (XcnoAT)

IA

IA

1
EE (ArAG/\T)

IA

1
“E (A7 A 5),
&

since A; is increasing and Ay = 0. The inequality (B;) follows easily.
(B») follows from

Pl sup X, >¢
t€l0,T]

Let us prove (B3). Let0 < p < 1 and Y = sup,¢ 7) X:. Then

IA

Pl sup X, >¢, Ar <8 | +P(Ar = 9)
te€l0,T]

IA

1 1
—E(AT/\S)—FEE(AT/\S)
&

Y
E sup,¢po 7 X! = IE/O pAPTLd A

=/ P(Y > 1) pAP~ldA
0

o0
=/ [P(Y > A, Ay <) + P (Ag > )] pA?~'dA
0

IA

/ HE(AT AN +P(Ar > A)] pAPTLdA
0

o0
= / (%E(ATIATQ) +2P (A7 > )L)) pAPTdA
0

00 Ar
E (AT / pAP—%{A) + 2Rk [ pAPTld A
A 0

T

IA

P
= mIEA’T’ +2EA7

2 —
=~ Ppar.

The inequality (B4) is obtained as follows. Using successively the inequality
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Al <1 4oo[ (1) +¢, forr >0ande > 0,

and (B,) with § = 1, we obtain

t€[0.7] t€[0,7]

E(sup «/Xt/\l)fP<sup «/X,ze)—i—s

<P[ sup X, >¢*| +¢
t€l0,T]

1
< (—2+1)E[AT/\1]+8.
&

Clearly (By) holds if E[A7r A 1] = 0. We then assume that E[A7 A 1] > 0 and set
e=[E(Ar A 1)]1/3. Since

E(Ar A1) < [E(Ar A D]'YP <1,
it follows that

1
E[ sup vX; A1l = SE[Ar A+ E[Ar Al]+ ¢
t€[0,7] &

<3[E(Ar A 1)]V3.

That is (By). [ ]

1.2 Continuous Martingales

In this section (2, F, P, {F; };>0) is a given stochastic basis and P is the associated
o-algebra of progressively measurable subsets of 2 x R.

Definition 1.57. a) A ‘P-measurable stochastic process {M;:t >0} is an

JF;-submartingale (resp. J;-supermartingale) if

m;) E|M;| <oo, forallt >0,
my)  E(M;|Fs) = (resp. <) M, P-as., foralls <t.

b) A P-measurable d-dimensional stochastic process {M; :¢ > 0} is an F;-
martingale if

my) E|M;| <oo, forallt >0,
my)  E(M|F) = My, P-as., foralls <r.
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¢) A P-measurable d-dimensional stochastic process {M; : ¢t > 0} is an F;-local-
martingale if there exists an increasing sequence {7, } of stopping times such that
7, — 00 a.s., and for every n € N*, M., is a martingale.

Remark 1.58. In the sequel, the stochastic basis will be fixed, and we will say
martingale (resp. submartingale, supermartingale local-martingale) instead of
JF-martingale (resp. F;-submartingale, J;-supermartingale, F;-local-martingale).

By Jensen’s inequality for conditional expectation (see Proposition 1.28),
we have:

Proposition 1.59. If {M, : t > 0} is a d-dimensional martingale and ¢ : R? — R
is a convex function such that

Eot(M,) < oo forallt >0,

then {¢ (M;) : t > 0} is a submartingale.
Let p > land 0 < T < +oo. We denote by M/ [0,T], (resp. M),

the linear space of continuous d-dimensional martingales {M, : t € [0, T']}, (resp.
{M, : t > 0}), satisfying
E|M;|? < oo, forallt > 0.

An element of MZ [0,T] is called a d-dimensional continuous p-martingale.
The space of local martingales will be denoted by /\/lg [0, T], (resp. M?,).

1.2.1 Basic Results
As a consequence of the fundamental inequalities (Proposition 1.56) we have:

Theorem 1.60 (Doob’s Inequality). If M € M:, [0,T], or M is a continuous
positive submartingale, then for all ¢ > 0,

1
(A) P sup |M;|>¢c| <-E||Mr|; sup |M;|>¢],
t€[0,T] & t€[0,T]

P
(4) E sup [M,|? < (L) E|Mr]?, if p> 1. Win
1€[0.7] p—1
1
(43) E sup |M;|? < —— (E|M7])”, if0< p < 1.
1€[0.T] I—p

Proof. Since for0 <t <T

|M,| < E7" (IMr)),
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we have that {M; : 0 <t < T}is F;-dominated by U = |M7| and the result follows
from part (A) of Proposition 1.56. |

We note that from (A4,), if p > 1, MS [0,7] is a closed linear subspace of
S710, T and on M [0, T] we have the equivalent norm

IM 1 grgo.r = (B M)
Moreover /\/lé [0, T'] is a Hilbert space with the inner product
(M, N) pior) = EM(T), N(T)).
The reader can find the proofs of the next two theorems in many textbooks, for

example in [10, 64, 68].

Theorem 1.61 (Martingale Convergence). Let (M,);>0 be a one-dimensional
martingale. The next three conditions are equivalent.

(i) M, convergesin L'(Q), ast — oo.
(ii) There exists an Mo, € L' (Q) such that M, = E[My|F], t > 0.
(iii) The collection of random variables (M,),>o is uniformly integrable.

If these conditions hold, then M, — M a.s.

If moreover,

sup E[|M; "] < oo,

t>0

for some p > 1, then the above equivalent conditions are satisfied, and M,
converges to M, in LP(2).

We now state Doob’s celebrated optional stopping theorem, which essentially
says that the martingale property is true at stopping times
M, = E (My|F;)
and the stopped stochastic process {M g : t > 0} is a martingale whenever M is a
martingale.

Theorem 1.62 (Optional Stopping; Doob). Let T > 0, {M, : t > 0} be a right
continuous J;-martingale and 0, t, o be stopping times suchthat0 <t <0 <T
a.s. Then

M, = E(My|F;) (1.12)

and {M;n, : t > 0} is an F,-martingale.
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Combining this result with Jensen’s inequality we deduce the following:

Corollary 1.63. If {M, :t > 0} is a d-dimensional right-continuous martingale
and ¢ : R?Y — R is a convex function such that Eo+ (M,) < oo for all t > 0,
then

¢ (M) <E[p (M) |F]. (1.13)

for all bounded stopping times t, 0, such that 0 < t < 6.

Another consequence of Doob’s optional stopping Theorem 1.62 is the follow-
ing:

Corollary 1.64. Let {M, :t > 0} be a d-dimensional P-measurable continuous
stochastic process and {0} the sequence of stopping times

O =inf{t > 0:|M,| >k}, k € N*.

Then {M;:t >0} is a local martingale if and only if {M;ng, 1t >0} is a
martingale for every k € N*.

Proof. We need only prove the necessity of the assertion. Let 7, /' oo be a sequence
of stopping times such that {M,,., : ¢t > 0} is a martingale for every n € N*. By
Doob’s optional stopping Theorem 1.62 {M;r;, rg, : ¢ > 0} are martingales for all
n,k e N*;thenforall0 <s <tand F € F;

E (MzAr,,A9k§ F) =E (Msm"/\ek; F) .

It remains to take the limit in this identity as n — oo, which is possible due to the
definition of 6; and Lebesgue’s dominated convergence theorem. |

1.2.2 Martingales and Bounded Variation Processes

The next goal in this section is to show that P-almost surely the trajectories of a
continuous martingale have unbounded variation on any time interval.

Proposition 1.65. Let M € M) My = 0and V : Q xRy — R Vy = 0,
be a P-measurable continuous stochastic process such that V. (w) € BV, (Ry),
P-a.s. w € Q. If

E(M|7 $V3Er) <00, VT >0,

t
then {MZV, — / MdV :t > O} is a d -dimensional continuous martingale.
0
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Proof. 1. Let0 <s =t <t; <---<t, =tand
On =max{ti+1 —t:0<i <n} — 0.

Let M; =M,,V; =V, and A;V = V41 — V;.Let A € F;. Then for all n € N*:

n—1
E[(M,V; = MV 14] = Y E[(Mi11Vir — M; V) 14]
i=0

n—1
=EY 1My (Vi1 — Vi)
i=0 [
— ]ElAf Mdv,.
This concludes the proof. ]
Corollary 1.66. If M is a continuous martingale, My = 0, and
0 =supf{t >0:4M3, < oo},
then
Mg =0, a.s.
In particular if
IMY, () <00, as. onAeF,
then
M, (w) =M, (w), Yt €la,b], as. on A.
Proof. Let
0, =sup{t >0:4MZ, <n}.

Then 6, is a stopping time and 6, /' 0. The integration by parts formula yields

1AB, 1
/ MM = =M}, .
0 2
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On the other hand, by the above Proposition 1.65

tAG,

M2, — i M,dM

is a martingale and therefore MIZ/\O,, is a martingale. Hence EMIZAG"
M rp, = 0 a.s. Letting n — oo we deduce that M; g = 0 a.s.
Applying the resultto N, = M; — M, , and

= 0, and so

0 (w) =sup{t >0:¢N.(0)}, < o0},

we have N; .9 = 0 a.s.
On the set 4, 8 (w) > b a.s. and consequently for all ¢ € [a, b]

M, (CU) - M, (w) = Nt/\O(w) (w) =0.

Definition 1.67. A stochastic process {X; : t > 0} is called a continuous semi-
martingale if X is of the form X = M + V, where M is a continuous local
martingale with My = 0 and V' is a P-measurable continuous stochastic processes
such that

V.(w) € BVjpe (R4), P-a.s. w € Q2.

Corollary 1.68. Let X = M + V and X' = M’ + V' be two semimartingales.
Then X = X' ifand only if M = M and V = V'.

Proof. We need only prove that X = X’ implies M = M’ and V = V',
Let X = X’ and define the sequence of stopping times

6, =inf{t > 0: [M,| + |M/| = n}.
Then
Vine, — V./Ae,, = M-/AO,, — Mpe,
is a martingale starting from O and

IV-/\en - VL\QHIT <o00, VT >0, P-as.

t
n— oo. |

Hence Vg, _Vl/\e,, =0 for all +>0, P-as. and the result follows letting

We recall now another celebrated result: the Doob—Meyer decomposition. For
the proof we recommend to the reader Stroock [68].
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Theorem 1.69 (Doob—Meyer). If M is a d-dimensional continuous local mar-
tingale, then there exists a unique progressively measurable increasing continuous
stochastic process (abbreviated P-m.i.c.s.p.) {<M>;t > 0} such that:

a) <M=>y=0, a.s.
b) |M|> — <M> is a continuous local martingale.

In particular if M € M2, then |M|* — <M> € M'n S

Denote by S? the set of symmetric matrices Q, P € R If O, P € S, we
shall say that Q < P if (Qx,x) < (Px,x), for all x € R?; Q is semipositive
definite if Q > 0.

It is easy to extend Theorem 1.69 to the vector case.

Proposition 1.70. If M is a d-dimensional continuous local martingale then there
exists a unique S -valued P-m.i.c.s.p. {<<M>>,:t > 0} such that <<M >>y= 0,
a.s. and

M M — <<M>> isa continuous local martingale.

Moreover
O <M> = Tr <M>;
) for any stopping time t:

<M. > = <<M>.,; and <M > = <M>.,;;

and

O ifM € M2, then
M®M— <M> € M, NSy

As a particular case of this proposition we have:

Remark 1.71. If M and N are two scalar continuous local (F;-)martingale, then
there exists a unique P-m.b-v.c.s.p. usually denoted <M, N > such that MN— <
M, N> is a continuous local martingale. We have

1 1 1
<M,N> = 5 <M + N> —3 <M> —3 <N>.

If M is a d-dimensional continuous local martingale and u,v € R4, then u* <<
M >>, v =< u*M,v*M >,, from which we deduce that for any i, j € 1,d,
the (i, j) term of the matrix << M >>, coincides with < M?, M/ >,, which is
<M >, inthecasei = j.
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To avoid confusion with the inner product, in this book we shall not use the notation
<M,N >.

We complete the inequalities (1.11) with the following:
Proposition 1.72. Let M € M3 [0, T] and My = O, then for all &,§ > 0

1
(B1) P|[ sup |M,| > /e, (M)r <8 < -E[<M>7 Ad],
t€[0,7] &

(By) IP’( sup |M;| > \/5) < (é + é)]E[<M>T A6],

t€[0,T]
and
(Bs) E sup |[M,|" <C,E<M>? V0<p<2,
tel0,T]
(Bs) E[sup |M|A1]<3[E(<M>7 D],
1€[0,T]
where
4-p
,if0< p <2,
c,=12-, fo<p
4, ifp=2.

Proof. (By), (Bz), (B3 with0 < p < 2) and (Bjy) follow from the corresponding
statements in Proposition 1.56 and the fact that X, = |M,|? is dominated by 4, =<
M>,; (Bs with p = 2) follows from (1.11—A4,) and E|M7|*> = E <M>1. [ |

We want to extend the inequality (B3) to the case p > 2. First we have:

Lemma 1.73. Let M € M), My = 0. If

(i) ¢e€C'?(RyxRR),
@) Ellle .My +llg; (. M)|;] <00, VT >0,
(i)  E[llel (. M)|l; <M>7] <oo, VT >0,

then

» t 1 t
U, g(p(t,Ml)—/ ! (r, M,)dr — 5“/ ol (r,M)d <M>, (1.14)
0 0

is a continuous martingale. Moreover
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[%
EFop (6, My) < ¢ (0. M )—HE}-”/ o/ (s, M) ds
(1.15)
+= IEf”/ loZ. (s, My)|d <M>y, a.s.,

for all bounded stopping times 0 < o < 0, a.s.

Proof. Let0 <o <6 <T and R > 0 be arbitrary. Define

W (r.x) = (x, 0 (r.x) . @, (r.x) . ¢y (1.x) . @y, (.Y))

and the modulus of continuity

my (;) = sup{|¥ (ruw) =W ()| 10 < rr < T.

1
lul < R,|W| <R, |r=r|+u—u]<-
n

Let
Cr=sup{|¥(r,x)|:re0,T], |x| <R}
and the stopping time
g =inf{r >0:|M,| > R}.

Let {(9{’, kn) 1i,n € N} be a basic partition (see Definition 1.54) of the interval
1

[0 A TR, 0 A TR], associatedto § [ M,,— ) : t > 0,n € N*} .
n

Let6; = 6, Ai0 = 0;41 — 0;, Y = Ygr, A;Y = Yiy| — Y, for any arbitrary
stochastic process Y.
Note that

kp—1
S E|aMP _E’Meu’ <R
i=0

We have

(p (0 A TR, M@AIR) - (p (0 N TR, M@/\IR)

kp—1

= D" lp Bt Mi) =9 (0. M) + [ (6 A o Mone) — 0 (61, My ) |.
i=0



48 1 Background of Stochastic Analysis

Then for A € F; and some 0/, 6" € [91”, or +1]

E [(p (9 N TR, M@/\IR) - (0 N TR, MO’/\'ER) N A]

kn—1 kn—1
=E Zwt M) A6 A |+ Y E[{g] (6. M), A M) A]
i=0 (116)
IX l

+= ZE (@l (0, M) A; M, A M) 5 A] + Ry,

where
&;%EﬁW@@M@ Ol (B M) M, A M ) 4
i=0
+E [((p (O AR, Money) — @ (91?,171‘/19;”)) §A]
satisfies

kn—1
IR,| < %mw(l) x Y E(JAMP:A) +2Ck < P (6], < 0 Ax)
i=0

fCI/QX (m\p(%)-l—%)
Since Tr[H x (x ® y)] = (Hx, y),

k,,—l
—ZIE [Tr (o2, (6, M;) Ay <<M>>); A]

k,ﬁl
= _ZE (@l (0:;, M;) A M, A M) 5 A]

s-ZEW (6. M))| |2, M[: 4]

k,,—l
—ZIE 2 (6, My)| Ay <M>; A].

Note also that

E [(@, (6;. M;) . A;M); A] = 0.
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Passing to the limit in (1.16) as n — 0o we obtain

E [(P ('9 N TR, M@/\IR) - (0 N TR, MU/\TR) N A]

OATR 1 OATR
=E / @ (r,M,)dr; A | + EE Tr/ ol (r,M,)d <M>>,; A
o o

ATR ATR
OATR 1 OATR

<E f @, (r,M,)dr; A| + =E Tr/ lol (rMy)|d <M>,; A |.
OATR 2 ONTR

Letting R — oo, we deduce that {U; : t > 0} is a martingale, and the inequal-
ity (1.15) holds. |

Corollary 1.74. Let the assumptions of Lemma 1.73 be satisfied. If ¢ (t, x) > 0 for
all (t,x) € Ry x R?, then we have

0 0
1
B (6.M0) < ¢ 0.0+ 5 [ o] 5. M| ds + 3E [ ol 5. M| d <M,
0 0
(1.17)
for all a.s. finite stopping times 6.

Proof. We write the inequality (1.15) for the bounded stopping times o := 0 and
0 := N A 6 and we pass to liminfy 4 . |

Corollary 1.75. If M is a bounded continuous martingale and My = 0, then the
increasing process associated to the martingale |Mf|2 — <M>,is4Tr fot M; ®
Mod <M>>;.

Proof. By Lemma 1.73 applied to ¢ (¢, x) = |x|*

] t
|Mt|4 - ETI'/ (SMS @ M, +4 |MS|2 IdXd) d <<M>>
0

is a continuous martingale.
Also by Proposition 1.65

t
<|M,|2— <M>t) <M >, —/ <|M3.|2— <M>s)d <M>,
0

is a continuous martingale.
Since

2
(|M,|2— <M>z) = |M,|* —2<|M,|2— <M>l> <M>, — <M>2,
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we deduce that
2 t
<|Mz|2_ <M>l) —4Tr/ My @ Mgd <<M>>
0

is a continuous martingale. |

Theorem 1.76 (Burkholder-Davis—Gundy (BDG) Inequality). Let M be a
continuous local martingale and My = 0. Then, for all p > O, there exist two
constants ¢, > 0 and C, > 0 such that for all T > 0:

c,E <M>P?<E sup |M,|” <C, E <M>P"". (1.18)
t€l0,T]
Moreover
4_
—Posifo<p=<1,
c,=1277
P 4, ifp =2,

<(3p%)". ifp> L

Proof. Ttis sufficient to treat the case where M is a bounded continuous martingale.
Indeed the result would then apply to M.A.,, where

g =inf{t > 0:|M;| > R}.

But, since <M.xr,> = <M> s, the inequality (1.18) for M follows by letting
R — oo.

Second Inequality. For 0 < p < 2 the inequality was proved in Proposition 1.72.
Let ¢ > 2. The inequality (1.17) tells us that

-1 t
IM,|? is dominated by A, = % [ M, 2d <M>, .
0
Let 0 < r < 1. By the inequality (B3) from Proposition 1.56 we obtain

2
E sup |[M;|" < —rIEArT
t€[0,7] 1—r

2 — -1\
< T (M) E sup |M|“™2" <M>!
L—r 2 s€[0,T]

q—2

2— -DY ! 2/q
<=L (M) E sup |M;|?" (]E <M>rTq/2> ,
1—r 2 s€[0,T]
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which yields

E sup |M,|" <C,, (E <M>’Tq/2>
tel0,T]

o _(2=r\"(2@-D\"
rqg — °
1—r 2
Let p>1, g=p+1, r=p/(p+1). Then the second inequality in (1.18)
holds with

with

p/2
C,=(p+2)rth2 ((pJ;l)p)
- (p(p+1>(p+2>)(”+”/2
= 2
= (3)".
First Inequality. Since 4Tr fot M, ® Mgd << M >>; is the increasing process

associated to the martingale |M,|2— < M >,, from the second part of the
inequality (1.18), which we have just proved, we obtain that for all p > 0:

»/2 T p/4
E sup ‘|M,|2—<M>z SC;E(/ |MY|2d <M>X)
0

tel0,T]

<C,E[ sup |M,|"/? <M>¥/4
t€l0,T]

and

p/2
E<M>’<a,E ‘<M>T - |MT|2‘ +a, E|My|?

<b,E| sup |M,|"* <M>P"*) +a, E|Mr|?
t€[0,T]

1
<CJE sup |M,|" + -E <M>P7,
tel0,T] 2

which yields the first inequality in (1.18). |
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1.3 Brownian Motion

1.3.1 Gaussian Spaces

Recall that a random variable X is said to be Gaussian if its law either has a density
of the form

_w—mﬁ

202

1
Zuo(X) = W exXp [

for some 4 € R, 0 > 0, in which case EX = p and Var (X) = o2, orelse is a Dirac
mass at i, in which case EX = pu, Var (X) = 0. The corresponding probability
law on R is denoted by N (i, 0?), and we write X ~ N(u,0?).

If X is Gaussian, then forall a € C,

2
Eexp(aX) = exp |:a EX + %Var (X)i| ,

and conversely whenever the above formula holds either for all real a or for all
imaginary a, then X is a Gaussian random variable.

A d-dimensional vector X = (X;,---, Xy)* is said to be Gaussian if for any
aeR?,

d
E a; X; 1is a Gaussian random variable,
1

or equivalently for any a € R?,
1
Eexp(a, X) =exp|{(a,EX) + 3 (Cxa,a) |,

where CX = [E (XIX]) — EXi]EXj]dxd'

Note that if X is a Gaussian random vector, its coordinates are Gaussian
random variables, which are independent iff the covariance matrix of X is diagonal.
If X,..., X, are Gaussian random variables, then the vector X = (X,..., Xy)*
need not be Gaussian. As an example if U ~ N(0,1), then V = Uly< —
Uljyj=1 ~ N(0,1) and X = (U, V)* is not Gaussian since U + V = 2U 1 y|<; is
not a Gaussian random variable. However, if X|,..., X; are independent Gaussian
random variables then X = (X{,..., X4)* is a Gaussian random vector.

Definition 1.77. A d-dimensional stochastic process {X;, t € T} is said to be
Gaussian if forany k € N, t1,...,1; € T, the d x k-dimensional random vector
(X4, ..., Xy,) is a Gaussian vector.
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Definition 1.78. A closed sub-vector space H of L*(Q,F,P;R) is called a
Gaussian space if all its elements are zero mean Gaussian random variables.
The Gaussian space H [X] associated to the Gaussian stochastic process { X, ¢ € T}
is the closed vector subspace of L2(Q, F,P; R) spanned by:

{{a, X, —E(X,)),aeR?;t €T}

1.3.2 Definition and Main Properties

Definition 1.79. A (one-dimensional) Brownian motion (abbreviated Bm or BM)
is a continuous stochastic process B :  x [0, oo[ — R such that:

(i) By =0;
(i) B, — By ~ N(0,t —s),forany 0 < s < ¢;
(iii) By — By, B, — By, , B, — By, _, are independent random variables for each

k>2and0 =1ty <t; <---<t.

As a consequence of (i): for all p > 0:
1
E|B, — By’ = el _shPT (PT“) (1.19)
where T" : ]0, oo[ — ]0, oo is defined by

o
F(x)‘ﬁc/ t* e~ dr.
0
Note that

Fx+1)=xl'(x), T()=1 TI((})=x,

[2
E|B[_B§| == _|t_S|7
/g

E|B, — By|* = |t —s|,

and in particular

E|B, — By|* =3 (1t —s)*.

Also

Eexp[z(B; — Bs)] = exp Bzz (t— s)] , YzeC.
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The importance of Brownian motion follows from the universality of the central
limit theorem. Let (X,, n = 1,2...) be a sequence of independent identically
distributed random variables such that E(X;) = 0, E(X}) = o?. Define

Sn:X1+...+X;1an:1,2,...

Then S, /o +/n converges in law to N(0, 1) as n — oo. Now define for ¢ > 0,
n € N*,

Sin
Brn — [n1] .
o/n
Clearly, the limit in law of B]' — B/(0 < s < t) is N(0,¢ — s), the increments
are independent and the limiting process is likely to be continuous. Indeed, one
can show that if {Bt” it > O} is the piecewise linear process which coincides with

k ~
{B :t >0}atalltimest = —, k € N, then B]' — Binlawin C (R4).
n
Note that so far we have not proved the existence of a continuous process having
the properties listed in Definition 1.79, i.e. of the Brownian motion.
If {e, :n € N*} is an orthonormal basis in L?>(R;) and {£, :n € N*} are inde-

pendent normal N'(0, 1) random variables then the stochastic process {B; : t > 0}
defined by

oo

B =Y & f en(rydr =Y (Loa, ea), & (1.20)
n=1

0 n=1
is a Gaussian stochastic process such that
EB[ =O and E(B[BA)ZI/\S

Choosing as orthonormal basis of L?(R;) the Haar basis {l(k.k+1], enks }” LeN®
where e,  (t) = 2"/? [1 ok 2k+17 (2"7'¢) — Lok+1.2¢+2) (2"T'7)], one can show that
the trajectories of { B, : t > 0} are a.s. continuous; hence {B; : ¢ > 0} is a Brownian
motion (this is the Lévy—Ciesielski’s construction of Brownian motion).

We now give some elementary properties of Brownian motion.

Proposition 1.80. (a) A stochastic process {X;, t > 0} is a Brownian motion iff
it is a continuous centered Gaussian process whose covariance is given by:
E(X;X;) =sAt;s,t >0.

(b) If{B, : t > 0} is a Brownian motion, h,c > 0 and

Wi=-B,, H =Biyy— By U =cB

N"‘

V,:tB% and Vo =0,

c

then {W; :t >0}, {H, :t >0}, {U,:t >0} and {V, : t > 0} are Brownian
motions.
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Proof.

(a) Let{B,, t > 0} be a Brownian motion, and letk € N*, 0 =, < t; < --- < t;.
(B(t1), B(tp),..., B(t;)) is the image under a linear mapping of the Gaussian
random vector (B(t1), B(t;)— B(t1), ..., B(tx)— B(tx—1)), hence it is Gaussian.
Moreover, if s <1,

E(B,B,) = EB; + E(B,(B; — By))
=s5+0,

since B and B; — By are independent.
Conversely, if {X;} has the properties of the statement, then Xy = 0 a.s.,
X; — X, has the law N(0,# —s), and for 0 < #; < -+ < t, (X4, Xi, —
Xy, ..., Xy, — X;,_,) is Gaussian vector whose covariance matrix is diagonal,
hence the sequence is independent.

(b) This follows easily from a). The continuity at ¢ = 0 of V; follows from
Proposition 1.83 (see below), which shows in particular that

, . |Bi
lim|V;| = lim — =0, P-a.s.
t—0 t—>oo f

Definition 1.81 (d-Dimensional Brownian Motion). A stochastic process
{B;, t > 0} with values in R? is called a d-dimensional Brownian motion if
one of the following three equivalent properties (I)—(/Il)holds:

(I) its components {B}, t > 0},...,{B¢, t > 0} are mutually independent scalar

Brownian motions;

(n (i) By=0;
(il) By — By ~ N(0,(t —s) Ijxq) forany 0 < s < t;
(iii) By — By, By, — By, -+, By, — By, _, are independent random vectors for

eachk >2and0 =ty <t <+ < t.

(Ill) {B;, t > 0} is a d-dimensional continuous centered Gaussian process whose

covariance function is given by

E(B/B) = (t As) lgxa. t.s>0.
The equivalences stated in the above definition are proposed as an exercise
(Exercise 1.5).
Lett > 0and

FE=0({B,:0<s<t) VN

be the natural filtration associated to the Brownian motion B.
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Proposition 1.82. Let {B, : t > 0} be a Brownian motion. Then {B, : t > 0} and
{Bt2 —t:t> 0} are FB-martingales. Consequently <B>,= t and

EB; = Ef (1.21)

for any bounded stopping time 6.

Proof. Since 0 {B, :0<r <s} = o{B, — By, By — B, : 0 <r < s} it follows
that B, — B, is independent of }"fg and hence

E (B:|F}) = E(B: — B,|F}) + By
= BA‘
and
E(B} —t|F}) =E (B’ — B}|F}) -1 + B!
—F [(B, — B,)>—2B, (B, — B,) |ff] —t+ B?
=E (B, — By)* —2B,E (B, — B,|F?) —t + B?
= B> 5.

It follows that < B >,= ¢. The Doob optional stopping Theorem 1.62 now
yields (1.21). |

Proposition 1.83. a. For each p > 0, there exists a constant C,, such that

E sup |B, — Bs|” < C, (t —s)"?

rels.t]

forall0 <s <t.
b. For eacha > 0 and p > 0, there exists a constant C, , such that

B;

S%+a

P - Ca.p
= Zap

E sup , Vi>0.

s>t

In particular, again for each o > 0

B
lim (sup |B| ) =0, P-a.s.

1
=00 \ j>; g7t

Proof. a. Since M; = B; — By is an f,B-martingale with <M>;=1t —t A s, the
result follows from the Burkholder—Davis—Gundy inequality (1.18).
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b. We have

B,
S2+a

P
E sup

s>t

< Z]E sup

52 n=0 2m<s<ontls

— 1
< Z—£+WE sup |BS|‘”

O<s<2ntly
o0

-0 (2"1)2+pa

|2n+1t |p/2

B c,,zlf/2 1
1 —2-ra * ppa

The P-a.s. convergence follows by the decreasing monotonicity of

IBI

s>z s2+°‘

& =su

In fact we can show that P-a.s. the trajectories t —> B, (w) are Holder-

. 1 1
continuous of exponent — — ¢, 0<e< 5

1
Indeedlet0 < ¢ < 3 and p > —. Using Kolmogorov’s Criterion (Theorem 1.40)
e

1
Withk:1,a=p,b=E—l,S:s——>—,weobtain:
2 p P

Proposition 1.84 (Holder-Continuity). Let {B,; : t > 0} be a Brownian motion.
Then for every 0 < ¢ < 1/2and T > O, there exists a positive random variable & r
such that for all t,s € [0, T]:

1B, (0) — By (0)] < &or (@) |t —5|27¢, P-as.weQ, (1.22)

where
» 2
E (&) < CpeT, Yp> -

By — 1

B B
L has the same law N(0, ') as —.
Vh

Hence it would be unreasonable to expect that 2! (B;4, — B;) converges in any
sense to a finite limit as 7 — 0. We recall from Revuz and Yor [64] (Exercise 2.9)
or Karatzas and Shreve [42] (Chapter 2, Section 2.9, Theorem 9.18) the non-
differentiability property of the paths of the Brownian motion:

Let # > 0. The random variable
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Proposition 1.85 (Paley-Wiener-Zygmund). Almost any trajectory of {B;, t > 0}
is nowhere differentiable on R .

We shall show now that, [P-a.s. the Brownian motion has unbounded variation on
every interval [s, ¢]. Let

s=lh<h<...<t,=t,
8n=max{ti+1—t,~:i€0,n—l}.

n—I1

rob.
Proposition 1.86. If S@ = Y (B,,, — B,)’, then S@ Z55 (1 —5) as 8, — 0.

i=

Moreover:

I E[S?—(—s)| <2(t—s5)b
0 a.s.

2. if Y 8, < oo, then S —> t —;
n=1

3. $Be (0 =00 Pas. weq.

Proof. Since

E|s® — (- s)‘2 = Var (52)

n—1
= ZVar ((Bti+l - Bt,')2>
i=0
n—1
=2 (tiq1— 1)’
i=0
<2(1—5) 8,

we see that S,iz) — (t —s)in L*> (R, F.P).
The last assertion follows from the inequality

S37 (@) = $Ba (@) 35 Mpa) (1) «
(with 6, = 2™"), where
mp, () () = sup{|B, (0) — By ()| tu,v € [s,1], |u—v| <5}

is the modulus of continuity of {B, (w) : r € [s, ]} ]

Hence the path of the Brownian motion is a.s. of unbounded variation on any
interval of nonzero length. Nevertheless, in the next chapter, we shall define an

integral of the type
t
/ X,dB,.
0
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1.3.3 JF;-Brownian Motion

In many cases, we have together with a Brownian motion {B;, ¢ > 0} other random
variables or processes, so that the past information at time 7 is richer than that carried
by F2. This motivates the following definition.

Let (2, F,P,{F:};>0) be a given stochastic basis and P the corresponding
o-algebra of progressively measurable subsets of 2 x R

Definition 1.87. A d-dimensional P-m.c.s.p. {B,;t > 0} is called a d-dimensional
JF;-Brownian motion if By = 0 and

(a) forall0 <s <t,

(i) B; — B, isindependent of Fj,
(ii) By — By ~ N(O, (t = 5)laxa).

or equivalently (by Lemma 1.35)
(b) forall0 <s <tandu € R,

2
E”s expi (u, B, — By) = exp |:—|u7(t — s)] .

By the Burkholder—Davis—Gundy inequality (1.18) we then have:

Proposition 1.88. If{B;; t > 0} is a d-dimensional F,-Brownian motion, then for
all p > 0 there exist some constants ¢, > 0 and C, > 0, such that

c,d??|t —s|”* <E sup |B, — B,|P < C,d??|t —s|"/%.

ré€ls.t]

Let {B;; t > 0} be a d-dimensional Brownian motion and

i def B B
H_ o m >t]:' ﬂneN*}—t'H/m

where
FEY B 0<s<tiVN

is the natural filtration associated to a stochastic process {B; ; t > 0}.

Proposition 1.89. The natural filtration of the d-dimensional Brownian motion
{B; ; t = 0} is right continuous: }'tB = ]-'fi_,for allt > 0.

Proof. Step 1: B, — By is independent of F, +f0r all0 <s <1t.
Letn € N* such that s < s + 1/n < t. Since the increment B — Byyiyy is
independent of F2 s1/n 2 F, Ii it follows that for all u € R?:
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|ul?

ET+ expi (u, B, — Bs+1/n) = exp |:_T

(t—s— 1/n)]

and passing to the limit as n — oo we obtain
FB . |M|2
E7s+ expi (u, B, — By) = exp _T(t —5)

and B, — By is independent of }'ﬁ_.
Step2: Forallt >0,0=t <t) <th <---<tranduy,...,u; e RY:

B . B )
E7 i+ expi ((Ml,le) 4+ -4 (uk,B,k)) =E7" expi ((ul,B,l) + -4 (uk,B,k)).

Indeed the equality is clear if 1 > #.
Iftj_l <t < tj,then

(ulvBl]> +--+ (ukalk) = <ulaBt1> + - +(uj—1»Blj_|)+<vijl‘>
+ (v By, = Bi) +{vj41. By, — By))
+ -+ (Uk—l’ Btk71 - Btkfz) + (vk’ Btk - Btkfl)

with vy = uy, Vg1 = Vg + Ug—1, ..., V; = V41 + u;. Writing
B B B B
EX+ = EZ4+E" .. BT

’

and using step 1, we deduce that

]Efllii- expi ((ul, B,) + -+ (uk, B,k))
= expi (<”1’Btl> +-- +(”j—1’Bljfl)+<vj’Bl‘))

v v+ ok
X exp [— 5 (t;—1)— — (tjig1—t;) = — — (tx —tk1)1|
=E" expi ((u1, By) + - + (e, By,)) -
Step 3:  The equality proved in Step 2 yields that
E(§17]) = E175),

for all bounded o {7:,3 :0<r< oo}-measurable random variables &. Setting
£ =1p, F € FE, we obtain that

I =E (1| F}) =E (16|77
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is F2-measurable. Hence 75, C 72 c F2. [
Hence we have:

Remark 1.90.

A A d-dimensional F;-Brownian motion is a d -dimensional Brownian motion.

A A d-dimensional Brownian motion is a d-dimensional .7-"[3 -Brownian motion,
where F2 = o ({B, : 0 < s <t}) v N is the natural filtration (associated to the
Brownian motion B, which is right continuous by the above Proposition).

We now prove a well known and useful characterization of Brownian motion.

Theorem 1.91 (Paul Lévy). Let {B;,;t > 0}, By = 0, be a d-dimensional
P-m.c.s.p. Then the following statements are equivalent:

(I) {B:;;t > 0}isad-dimensional F;-Brownian motion.
(II) Band{B, ® B, —tl xq : t = 0} are continuous F,-martingales.

Remark 1.92. The condition (II) is clearly equivalent to

(ary (j) E|B;* < oo, forallt >0,
(jj)) E(B/|F;) = By, foreach0 <s <1,
(i) E[(B: — By) ® (B: — By) | Fs] = (t —5) lyxa, foreach 0 < s <1;
and implies that {|B, |2 —td t > O} is an J;-martingale.

of Paul Lévy’s Theorem. (I) = (I1): Let0 <s <t. We have
=0
and
E[(B; — By) ® (B, — By) |F;] = E[(B, — By) ® (B, — By)]
=(t—5)lixa-
(II) = (I): Foru e R? fixed, let
2
@ (t,x) = exp (i (u, x) + %I) , >0, x e R,
We have

Ju?
(p[/ (I,X) = 790 (l,X),(p;/X ([,X) = -0 (Z,X)M®M.

Then from Lemma 1.73, {¢ (¢, B;) : t > 0} is an JF;-martingale.
Consequently,
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2
E”s expi (u, B, — Bs) = exp [—%(t—s)] 0<s<t, uek?,

Then, by Lemma 1.35, for each 0 < s < ¢, the increment B, — B; is independent of
Fy, and its law is N(O, (¢t — )1 gxq)- |

The following corollary is immediate.

Corollary 1.93. A d-dimensional P-m.c.s.p. {B;;t > 0},By = 0, is a d-
dimensional F,-Brownian motion iff for all u € R?:

2
M; = exp (i (u, B;) + %1) ,t >0, isan F,-martingale. (1.23)

We now establish the strong Markov property of Brownian motion
(Brownian motion renews itself at stopping times).

Proposition 1.94. Let {B, ; t > 0} be a d-dimensional JF,-Brownian motion and t

~ d 3 ~
an E—s{opping time suchfhat T < 0o, P-a.s. Let B, = B+ — B, and F; = Fr44.
Then {Bt > 0} is an F;-Brownian motion which is independent of F.

Proof. Assume first that t is bounded. We know that
. Jul®
M, = exp z(u,Bl)—i—Tt , >0,

is an F,-martingale for all u € RY.
Let0 <s <t,AeF; =F,+sand

- o ) o M
M, = exp l(u, B,)—i— —t | = M; .
M‘L’+S

2

Clearly M, is F;-measurable and by the Doob optional stopping theorem (Theo-
rem 1.62)

- - M,
E(14M,) = E(IAMSMT:)

1

T+s

:E(]AMJ E]:Z'HMT.H)
=E(14M,).

Hence, by Proposition 1.93, B, is an F;-Brownian motion.
Since
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. 2
E” expi (u, B,) = (EfOMf) exp (—%t>

2
= Myexp _Tt

ul?,
=exp|——-1],
P17

we conclude by Lemma 1.35 that B, is independent of F,.

If 7 is not bounded we replace T by T An and A by A, = AN {t <nj}.
Taking limits and using the Lebesgue dominated convergence theorem, we obtain
the desired result. ]

Finally we give a result which will be useful for proving the convergence of
stochastic integrals in the next chapter.

Let B : Q x [0,00] — Rf and X : Q x [0,00] — R/ be two stochastic
processes. Let

FEX Y 6B Xy s <t}vNe, >0,

be the natural filtration generated jointly by B and X and

B.X def B.X
Fi= m]:t+s

>0

its right continuous version. If X € L% (Q; L}, (R4+;R7)), we shall also consider
the filtration

N 1 S
FEX = 6B, -[ X,dr; £>0,s€[0,1]} vV Ng, >0,

€ Jov(s—e)

and ﬁix its right continuous version. It is clear that .ﬁix C ﬁix, and if X isa
continuous stochastic process then ]—',’i’x = ]—'[li’x .

Proposition 1.95. Let B, B € L°(Q;C (R4;R¥)) and X, X € L°(Q:;X) with
X=1L7? (R+; RZ), p>1(orX=C (R+; Rl)) be stochastic processes such that:

loc

(i) Bisan fﬁgf—Brownian motion; and
(i) L(B,X) = L(B,X)onCR4,RF) x X ( (B, X) and (B, X) have the same
law on C(R4,R¥)) x X).

. ~B.X . .
Then B is an F, " -Brownian motion.
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Proof. Let m € N* and choose an arbitrary bounded continuous function & :
(RE)" x (R)" - R.Let0 <ty <th < ...<ty =t <t+6 ueckk
and ki, ks,...,k, > 1. In virtue of (i) and (ii) we get, using the notations
Ff =k flf"_kL X,dr, Ff =k f:_% Xdr, that

E [exp (i ((Biys,u) — (B, u))} @ (B,l, ...B, FMFR. F,’;;")]

= E[exp{i ((Bevs. ) = (Brou)} & (B By B ER )]

Im

5 - - - - -
exp {—5 |u|2} E [fb (B,l, .. B, FMER_ Fk’">]

Im

5
exp {—5 |u|2} E [fb (B,l, ....B, FM.FR Fk’">] .

Consequently,
. “p ¥ 5.
E[exp{l ((Biys.u) — (Bru))} | B2 ]zexp o

forall u € R*, and 7,8 > O such thatz + § < T, and the result follows. |

We now give a convergence result for (B " ]-"t”) Brownian motions.

Corollary 1.96. Let B.B",B" € L°(Q:C (Ry:RF)) and X, X", X" €
L (:X) withX = LY (Ry:R'), p = 1, (or X = C (Ry:R')) be stochastic
processes such that:

(@) B" isan ]}fz:’)?n -Brownian motion ¥V n > 1;

(i) L(B",X") = L(B",X") on C(Ry,RF) x X ( (B", X") and (B", X") have

the same law on C(Ry, R¥)) x X);

(iii) |B;' — B;| — 0 in probability, as n — oo, Yt > 0;

(iv) asn — oo, forallt > 0,

(@) ifX=1L7* (R+;R1) then

loc
t
/ | X! — X,|P ds — O in probability,
0
(b) if X = C (Ry;R) then
| X" — X;| —> O in probability.

Then (B", {ﬁzﬁf'xn }) ,n>1,and (B, {.7:'5;)( }) are Brownian motions.
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Proof. By Proposition 1.95 B” is an .ﬁT'Xn-Brownian motion. Hence for all m €
N*, @ : (Rk)m x (RY ><k)m — R an arbitrary bounded continuous function, 0 <
H<tb<..<th=t<t+6 uelR andk, ko,... kyn > 1, we have

5] Im

E[exp {i (Bl u) = (BL.w)} @ (ByL..... B FS F" o R ]

= exp {—g |u|2} E [<I> (BZL B UFSFR L F,k)] ,

where Fi"" = k; [ 1 Xy, =l [ . X”dr and F' = k; [!"_ o Xodr

Passing to the hmlt asn — 00, we obtain

E [exp (i ((Biis, 1) — (By,u))} @ (Bl],...,B,m, Fh Rl Fk’”>]

tm

5
_ exp{—z |u|2} IEI[CD (Btl,...,B,m, F/f],ﬂ’f,...,F/j;")]

and then
. ~AB.X § o
E [oxp i ((Bys.u) — (Brou))} 75| = exp ) =5 lul’f
that is, B is an ]}fix -Brownian motion. |

1.4 Exercises

Exercise 1.1 (Carathéodory Functions). Let (©2,F) be a measurable space
and (X,p) be a separable metric space. A mapping F : Q xX - R? is an
(F, X)-Carathéodory function if

c1) F(,x) is (F,B;)-measurable Vx € X,
¢;) F (w,-) iscontinuous Vo € Q.

Show that F (-,-) is (F ® Bx, B;)-measurable (B, denotes the Borel o-algebra on
R¢and By the Borel o-algebra on X).

Exercise 1.2. If (S, S, 1) is a measurable space, (2, F,P) is a probability space
and f : Q2 x S — Risan F ® S-measurable function, then for all p € [1, oo[:

H [S £ () dp (s5)

< /S 1f O llr@rndels)  (124)

LP(Q,F.P)

(Minkowski’s inequality).
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Exercise 1.3. Let {S;:¢ €[0,T]} be a real right-continuous sub-martingale.
Show that for all stopping times 0 <7 <0 < T

S: <E(Sq|F:), as.
Exercise 1.4. Let 7 < oo a.s. be a stopping time and

B [2"7]
=7

Tﬂ

’

where [x] denotes the smallest integer greater than or equal to x. Show that {z,,} is
a decreasing sequence of stopping times such that

1
0<t1,—71<—, as.
2}’[

and if 7 is bounded then 7, takes a finite number of values.

Hint: Note that

Exercise 1.5. Prove the equivalences stated in Definition 1.81.

Exercise 1.6. Let {B, : ¢ > 0} be a real Brownian motion. Show that {B? — 7, ¢ >
0}, {B} — 61B? + 31>, t > 0} and {exp(AB, — A%*1/2), t > 0} (where A € R is
arbitrary) are martingales.

Exercise 1.7. Let (2, F,P,{F},5o) be a stochastic basis and {B,; t > 0} is a

scalar F;-Brownian motion. Let ¢ € R and g : R — R be a bounded Borel
measurable function. Show that forall0 < ¢ < T:

@EGBNIF) = [¢(+VT=1+B)p() v Pas.

a— B,
(b) E (1p,<u|F) = @ (ﬁ) Pas..

where p (x) = % exp (—%2) and ® (x) = /x p (u) du.
T —00

Exercise 1.8. Let {B, : t > 0} be a real Brownian motion and fora € R, let T, =
inf{t >0, B, = a}.

1. Show that T, is a stopping time.
2. Fora < 0 < b, compute P(T, < Tp) and P(T;, < T,).
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3. Exploiting the fact that {B? — ¢, ¢ > 0} is a martingale, compute E(7, A Tp),
and then [ET,. Note that if we would have KT, < oo, then there would be two
contradictory ways of computing EB7, .

Exercise 1.9. Let {B; : t > 0} be a real Brownian motion. For a > 0, let S,
inf{t > 0, |B;| = a}.

1. Show that S, is stopping time.
2. Compute ES,, ES? and E exp(—AS,) for A > 0.

Exercise 1.10. Let X; = B, + ut,fort >0, where u € R, and 7, = inf{t, X, =a},
fora e R.

1. Show that for any o € R, the following is a martingale:
o2
Z, = exp (oXt — (? + pw)t) .

2. Show that for any r > 0, E(Z;1,) = 1.
3. Deduce thatifa > Oand o0 > (—2u) ", orelsea < Oand o0 < —2u™,

o2
E |:17a<oo exp (—(7 + uo)Ta)] = exp(—oa).

4. Show that P(T, < o) = 1 A e,

Exercise 1.11. Let {B; : t > 0} be a scalar Brownian motion defined on a proba-
bility space (2, F, P). We define the random process

Z, =B, —tB, 0<tr<1.

1. Show that {Z, : 0 <t < 1} is a centered Gaussian process which is independent
of Bl.

2. Let Z, = Z1—, 0 <t < 1. Show that {Z, : 0 < < 1} has the same law as
{Z,:0<t <1}

3. LetY, = (1 —t)B . ,0 <t < 1. Show that Y; converges a.s.to O ast — 1. We
define Y; = 0. Show that {Y,:0<t <1}and {Z, : 0 <t < 1} have the same
law.

4. The last questions aim at identifying the law of sup Z,. We shall compute
0<t<l1

F(a) =IP’(sup Z; §a).
0<t<l1

Let t, = inf{t > 0, B; —ta = a}. Show that for any a > 0, 7, is a stopping time
with respect to the Brownian filtration, and that F(a) = 1 — P(z, < 00).
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6. Show that forall t > 0
E (exp [2a(Biar, —at A1,)]) = 1.

7. Deduce that E[exp(2a(B;, — at,))1;,<c0] = 1 and compute P(z, < 00).

Exercise 1.12. For @ > 0, let

n

n
X« =n_°‘[ B, ds.
0

For which values of « does the sequence {X%; n > 1} converge in L?($2) as n — 00?
Do we have a.s. convergence?

Exercise 1.13. Let g : [0, 00[ — [0, 00[, g (0) = 0, be an increasing right conti-

nuous function and

inf{s>0:g(s)>t}, if{s>0:g(s)>1t}#0,

t) =
y +00, otherwise,

and by convention let y (0_) = 0. Show that:

ey is an increasing right continuous function;
e y(-)=inf{s>0:g(s)>1t};
R AVAQ) g
e g@)=inf{s=>0:y(s)>1t};
e y(t) <ooiff lim g(s)>t;
§—>00

 for all Borel functions f : [0, co[ — [0, oo,

£ () dg (1) = / £ () Yool (v (0)) dr:
[ 0

[0,00

 if g is strictly increasing then y is continuous;
e if {M;;t > 0} is a d-dimensional continuous local martingale and

I =inf{s >0:54+ <M>; > t},

then {I'; : t > 0}isaP-mi.csp.and0 =Ty < T, <t.
Exercise 1.14. Let f : R4 — R be a locally square integrable function. For ¢ > 0,
t
we let X, = / f(s)dBy, and define
0

a(t) = /Ot FA(s)ds; c(t) =inf{u>0; a(u) >t} and W, = X
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1. Show that the process
oo
{Wt:051<[ fz(s)ds}
0

is a Brownian motion. Show that for all 1 > 0, X; = W, ass.
2. Consider the process {Z;; 0 <t < 1} defined by

"1—1t
Z[z/ st.
0 1—=s

Show that Z, — 0, P-a.s.,ast — 1.

Exercise 1.15. Let {B, : t > 0} be a d-dimensional Brownian motion. Prove that

1- |Bl‘+8 - Bl|
imsup —— = 00 a.s.
e\ &
Exercise 1.16. Let 0 < s < ¢ and Dj, be the set of partitions
A:s=ty<ti<--<t,=t, n=npeN"
Denote by ||A|| = sup {t; —;— : i € 1,n} the norm of the partition A. Let p > 1,

X : @ x Ry — R? be a stochastic process and

n

SY) (Xilst) = 31X, — X, |7

i=1

The p-variation of X on [s, ¢] is defined as a limit in probability by

Var?) (X:[s.t]) = | liﬁn Sip) (X;[s.t]),
Anll—0 n

if the limit exists and is independent of the sequence A, € Dis, [|A4]| — 0.
The length of the trajectory {(r, X, (w)) : r € [s, ]} is defined as

L @:l) . sp 30\ — 0o 41X @)= X, @)
€Dlap) j=1

Show that:

1. (Quadratic Variation Process) If {M, : t > 0} is a continuous local martingale,
then for all ¢t > 0:

Var? (M;[0,t]) = <M>,, a.s.
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2. If X has C!-trajectories, then

t
X,
—\|dr, ifp =1
Var'” (X [s,1]) = [ ar |0 1P ’

0, if p > 1.

3. If {B; : t > 0} is a Brownian motion, p > 1 and 0 < s < ¢, then P-a.s.:

400, ifl <p<?2,
Var'” (B;[s.1]) = { t — s, if p =2,
0, ifp>2,

and
L (B;[s.t]) = o0
Moreover if Y o2, [|A, | < oo, then

s “Aliﬁn (P) (B:[s.1]) = Var? (B:[s.1]).

Exercise 1.17 (Holder-Continuity of BM). Prove the Holder-continuity of
Brownian motion as a consequence of the following Garcia—Rademich—Ramsey
inequality:

1
For T >0, p > 1 and @ > —, there exists a constant C, , > 0 such that for any

function f € C ([0, T]; R), and forallz,s € [0, T], one has:

T 0 P 1/p
1f @)= f ()] = Caplt —s]" (/ / |f( ) r|P“(+T1)| dedr) (1.25)

(with the convention 0/0 = 0), see e.g. Stroock [68].

Exercise 1.18. Let {B, : t > 0} be a real Brownian motion. Show that for alla > 0,
c>0,0<s<t:

J) IP’(B, <c¢—a, sup By zc) =2P(B; >a+c),

s€[0,7]
i) IP’( sup By > c) =2P(B; > ¢),
s€[0,1]
Jin ]P’( sup B, >0, By < 0) =2P(B, >0, B; <0).
u€ls,t

Exercise 1.19 (Tightness Criterion). Let {X;', 0 <t < T}, be a sequence of
continuous R¥-valued stochastic processes. Assume that:
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(i) the sequence of r.v.’s { X!, n > 1} is tight;
(if) there exista, b, M > 0 such that foralln > 1,

E |X"—X"* < M|t —s|'*?,

Show that the sequence {(X"),-} is tight as a family of C({0, T]; RY)-
valued random variables.

Exercise 1.20. Let 7 > 0 and A € R. Let (M), 71 be a scalar local continuous

martingale starting from My = 0. Let Z, = eMi—2<M>1,

AZ t
—[e*M"d<M>s.

22
Z[(A) M= <M> .4 UZ(A) MM _ 5
0

Show that:
1.

A2 ! A2
zZP = yWe= M= / uPd (e—z<M>f), 12 0;
0

2. if (M;),e[0.77 is a bounded continuous martingale, then U W ZzW e M0, T],
7 = U =

3. (Z,(A)),G[O,T] is a super-martingale, that is E7 Z* < ZM, P-a.s., for all 0 <
s <t < T; moreover

0<EZP <EZP <EZW <EZ] = 1;

4. EZ¥ = 1ifandonly if Z® € M' [0, T] (Z™):ejo.1) is a martingale);
5.if0<a<b<c, Ae F,and E (e¢M) < oo, then for any stopping time 6

E (IA sup e“M’“’) < Copa (P(A))P/ O~ (E eCMTAe)a/C ;
1€[0,7]

6.if0<A< 1,0, =inf{t >0:|M;|+ <M >,>n}, thenforall A € F

1-22
22 M
TA9,,> < (EZT/\G,I) (E e THx MT Ao lA)

E (1AZ<”

and if E (e%MT) < oo deduce that Z¥ , — Z(TA) in L' (Q,F.P),asn — oo;

T A6,
consequently E Z (TM =1;
7. (Kazamaki) if E (e%MT) < oo, thenE Z7 = 1;

8. (Novikov) if E (e%<M>T) < oo, thenE Zy = 1.



Chapter 2
I1to’s Stochastic Calculus

In this chapter we construct It6’s stochastic integral (first introduced in [39]), and
prove the famous Itd formula. We also establish several not quite standard versions
of that formula, in particular for certain functions which do not satisfy the regularity
assumptions of the basic result. In particular, we prove a d-dimensional version of
the famous Tanaka formula, see Proposition 2.26 and the corollaries which follow.
Those refined results will be useful later in the book. We also discuss in great detail
in Sect. 2.4 a martingale representation theorem which will play an essential role in
the study of BSDEs. Finally we present Girsanov’s theorem.

Throughout this chapter (2, F, P, {F;}/>0) will denote a given stochastic basis,
‘P the corresponding o-algebra of progressively measurable subsets of 2 x R and

{B; :t > 0} ak-dimensional F;-Brownian motion.

2.1 Notations: Preliminaries

Let0 < p <ooand 0 < T < co. We introduce the notations:

O As (0, T): the space of (equivalence classes of) PP-measurable processes X :
Q x [0, T] — R? such that

T
[|X,|2dt<+oo, P-as. we, ifp=0
0

and

T p/2
E(/ |Xt|2dt) < 400, ifp>0;
0

two processes X, Y are equivalent if (X; = Y; a.e.t € [0, T]) P-as. v € Q.

E. Pardoux and A. Rascanu, Stochastic Differential Equations, Backward SDEs, 73
Partial Differential Equations, Stochastic Modelling and Applied Probability 69,

DOI 10.1007/978-3-319-05714-9_2,

© Springer International Publishing Switzerland 2014
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O As : the space of (equivalence classes of) P-measurable processes X : Q2 X
[0, +00[— R such that for all T > 0 the restriction X ™) of X to [0, 7] belongs
to A7 (0, 7).

Note that the property of progressive measurability is independent of the choice
of an element in an equivalence class X, and for every p > 0,

AL (0,T) C L?(Q,F,P; L*(0, T;RY)),

as a closed linear subspace.
Hence, for all p € [1, oo[, the space AS (0, T') is a Banach space with respect to

the norm
T p/2\ !
2
”Xﬂﬁmjfz(E(Z;L&|m) )

Moreover the space Aj (0, T) is a Hilbert space.
For 0 < p < 1 the space As (0, T) is a complete metric linear space with the
metric

/p

E(||X—Y||iz(0’T;Rd)), ifo<p<l,

d17 (X,Y) =
E(1AIX = Yll(0rm0)) - if P =0.

do (X, Y) is the metric of convergence in probability of the L2 (O, T; Rd)-valued
random variables.
The definitions for the case T = + o0 are similar.

2.2 Definition of It6’s Stochastic Integral

Define £, to be the linear space of stochastic processes of the form

n—1

X (@) =) X @)1, [©. 120, @.1)
i=0

withn e N*,0<ty <t <...<tyandforO<i <n—1,X;:Q — R jsan
Fi,-measurable bounded random variable.
Denote by E;xx (0, T') the same space with the restrictiont, < T.

Proposition 2.1. Let T > 0 and p € [0,00[. Then E;xi (0, T) is a dense linear
subspace ofAsxk 0, 7).
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Proof. Let X € Agxk (0,7). Extend X by X, = 0 for ¢t > T. To approximate X
by X" € E;xx (0, T') we proceed in three steps.

¢ First we approximate X in AZ « (0, T) by the bounded progressively measur-
able stochastic processes X" = X, 1jo,, (| X;]), n € N*.
¢ Second, let X be a bounded progressively measurable stochastic process. Then

t
X" =n / X,ds
(t—1/n)vO0

defines a continuous bounded progressively measurable stochastic process X",
which by the Lebesgue dominated convergence theorem converges to X in
AD . (0,T) forall p>0.

¢ Finally if X is a bounded continuous progressively measurable stochastic
process and X" (t,w) = X([”’] ), then X" € &E;xx (0,T) and X" — X in
AZ xk (O T)

For X € &, of the form

n—1

Xt (a)) = Z Xi (C{)) l[fi~fi+1[ (l) P
i=0
we define the stochastic Itd integral
t
B, (X) = / X,dB,, t >0,
0

by

def
/ X dB E X Bt/\l+| Bl/\[,’)'
Moreover we let

def t s
[ X,dB, = / X,dB, —f X,dB,, for0 <s <t.
K 0

Since X; (B'/\li+l — B.,\,,.) e M?, vV p > 1, it clearly follows that
B:Eixk — Ms is a linear operator.

Recall from Annex A that, if x, y € R?, then

2@y E (x19)) g = 0"
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and

Tr(x®y) = (x.y).
Lemma 2.2. Let X, Y € Eyxi and 0 < s < t. Then:

t
) Efs/ X,dB, =0,

t t t
jj) E7s [ / X,dB, ® / Y,dB,:| =K% / X, Y. dr,
N

N N

t t
/ X,dB,| =E%s / | X, dr.
S S

In particular the following are continuous p-martingales for all p > 1:

Jij) BT

t t
M, = |B, (X)|2—/ |X,|?drand N, = B, (X) ® B, (Y)—/ XY, dr.
0 0

Proof. Let X,Y € E;xx and 0 < s < ¢ be fixed. There exist n and s =ty < f; <
cee <ty =t <ty suchthatfors <r <t:

X @)=Y X @)1, (). Y, @) =3 Y @1, ().
i=0 i=0

where X;,Y; are F;,-measurable and bounded.
We shall use the notations

At = tiv1 — 1, A;B = Bti+1 —Btl.,
AB(X) = B,H_l (X)—-B, (X) (= X;A;B).

Then
t n—1
E” / X,dB, = ZEE [X,E A; B]
$ i=0
=0.
Now
t t
E*s [ / X,dB, ® / Y,dB,.]
n—I1
=E"Y X;A;B(AB)*Y* +E" Y X;A;B(A;B)" Y}
i=0 0<i<j<n

+E7 > X:AB(A;B) Y]

0<j<i<n
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—ZEE {X;E7 [A; B (A;B)*] Y/*}

+ > EA {XiA,-B[IEf’f (AjB)*] Yj*}

0<i<j<n

+ Y B X [EaB](AB) Y

0<j<i<n

n—1
=Y BN XY At
i=0

t
=E% / X, Y, dr.
s

The equality jjj) follows by taking the trace in jj) with ¥ = X. In particular
N e M}, and M € MP?, since

t t t
N, = N, +/ X,dB, ®f Y,dB, — | X,Y, dr
N S s

S t t s
4 / X,dB, ® / Y, dB, + / X,dB, @ / Y,dB,
0 s s 0

M, =Tr(N,).

and

Corollary 2.3. If X,Y € Ejxi, then B(X) € ./\/lgfor all p > 1,

t t
<B(X)>»>, = /X,X:dr and <IB%(X)>,=/ | X, dr.
0 0

Hence by the Burkholder-Davis—Gundy Theorem 1.76 and by the inequality
(B4) from Proposition 1.72 we have:

Proposition 2.4. Let p > 0. Then there exist two constants ¢, > 0, C, > 0 such
that forall X, Y € Ejxj and T > 0,

(i) Burkholder—Davis—Gundy’s (BDG) inequality:

HEIXI] <E sup [B(X)]” < C,E|X]I]

tel0,7]

2.2)

L2(0.T;RI>*k) — L2(0.T;RA%K) ?
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(ii) continuity in probability B : Egxk C AY, (0,T) —> S9[0,T]:

/
E[LA B ~B )] < 3[E (141X ¥ piny)]

<3[E(1A)x - Y||L2(O.T;Rdxk))]1 -

Let0 < T < o0. Since E;xx (0, T) is a dense linear subspace of Adpxk (0, T) for
each p € [0, oo|, the inequalities (2.2) and (2.3) allow us to extend by continuity the
operator

B:Exk (0,T) C AL, (0.T)— S)[0,T]
to a linear continuous operator
B: Agxk 0, 7) - Sdp [0,77,

called I16’s stochastic integral, which still satisfies the inequalities (2.2) and (2.3).
If X is a deterministic process then the integral

t
B, (X) = / X,dB,
0

is called a Wiener integral.

Remark 2.5. Let0 <ty <t; <...<ty, X; € L°(Q, F,,P;R*), Vi € 0,n — 1
and

n—1
X (@) =Y Xi (@) 1y, (0).
i=0
Define for N > 1, X" = 770 X 10w (1 Xi D1, 0, (0). Since XN €

Eaxk(0,T)and XN — X in AY_, (0, T) as N — oo, it follows that

n—1

t
/ XSdBS = ZXZ (Bt/\l‘,'.H - Bt/\ti) .

0 i=0

By continuity of the expectation operator E : L7 (Q,f , P;Rd) — R4,
p > 1, and of the conditional expectation operator E* : L? (Q,F, P;RY) —
L? (Q L Fs, P Rd), p > 1, we deduce easily, from Lemma 2.2 and Proposition 2.4,
that the stochastic It6 integral introduced in this section has the following properties:
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Theorem 2.6. Consider the stochastic It6 integral
I3
B, (X) = [ X,dB,, t=>0.
0

We have the following:

i1) B: Agxk 0,7) — S(f [0, T] is a linear continuous operator, for all T > 0,
p=0;

ir) B(X) e M/ forall X € Al and p € [1,00[;

i;) B: Aixk 0,7) — Mf, [0,T], 0 < T < oo, is an isometry, that is a linear
continuous operator such that

1B X azpory = I1X11:

t
iy) forall X € A}ixk, Y € Abxk, 0<s <tsuch thatIE/ X,Y,* dr < 400 :
N

t
¢) EF / X,dB, =0,

S

t t t
cc) EF [ / X,dB, ® / Y,dB,:| =E% / XY, dr;

is) forall X,Y eAéxk

. 2 .
M. = ‘/ X,dB, —/ |X,[>dr e M},
0 0

N. =/erB,®/Y,d3,—/x,yr*dre/v1;xd;
0 0 0

ig) forall X € Agxk andn € L° (Q,}},P; R’”Xd) ,

t t
/ nX,dB, = r;/ X.dB,, a.s.;

i¢) (Burkholder-Davis—Gundy inequality, or for short, BDG inequality) for every
p > 0, there exist two constants ¢, > 0 and C, > 0 such that for all X €
As i (0,T):

p

IA

T t
c,,E(/ X, dr)"* < E sup ‘/ X, dB,
0 t€f0,7]'J0

T
C,,E(/ X, 2 dr)""?;
0

(2.4)

IA
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moreover
4—p
—L <3 ifo<p<l,

_J2-p
=14 ifp=2,
<@3pY)" ifp>1;

i7) continuity in probability (B : A® — S°): forall X, Y € Adxk 0,7)
1/3

T
E[lA|B(X)-BX)|;] < 3[1@ (1 /\/ |X, —Yr|2dr)} )s
0 1/3 25
<3[E(LAIX =Yl 2]

The monotonicity with respect to 7 in (2.4) and (2.5) shows that, for X €
5 «i (0,00) , we can extend the stochastic integral as follows.

00 def T
/ X,dB, = L? — lim X,dB,.
0

T—o0 Jo

Replacing T by oo the properties (2.4) and (2.5) are conserved. Also if
o0

E / |Xt|2dt < 00, then the isometry property holds:
0

oo 2 oo
/ X,dB,| = IE/ | X, |* dt.
0 0

IfX e AS « (0, 00) then for every p > 0 there exist two constants ¢, ¢ » > 0 such
that

[e%e] 00 p/2
éoE (f |X,|2dr) < Esup / X,dB, 5 o) ([ |Xr|2dr)
t s>t ¢ ¢

(2.6)
(backward Burkholder—Davis—Gundy inequality, or backward BDG inequality for

E

short).
Indeed

00 p/2
c,E (/ |Xr|2dr) < Esup
t s>t

= Esup

s>t

p

N
f X,dB,
t
o o
/ X,dBr—/ X, dB,
¢ s

p




2.2 Definition of It6’s Stochastic Integral 81

)
/ X,dB,

[} P
/ X,;dB,| + Esup

t
) p/2
<C/E (/ |X,|2dr) .
t

s>t
Remark 2.7. From i4) we deduce that

t
/ X,dB,
S

t
and forall s,z > 0, X,Y € A}, such that ]E/
0

N t SNt y
a) E [/ X,dB, ®/ Y,dB,} = ]E/ X, Y dr,
0 0 0

s t SAt .
b) E(/ x,dB,,/ Y,dB,) =E/ 'Il'(XrYr )dr.
0 0 0

The following proposition allows us to extend the stochastic Itd integral to
random intervals.

p
< 2PE sup

s>t

<¢ e

s
—/ X, dB,
¢

|

2
E”s

t
= Eﬂ/ | X, [>dr, VX € A3y,
N

XY | dr < +o0:

Lemma 2.8. Let X € Agxk, p = 0, and t be a stopping time. Then 1jp 1 X € Agxk
and a.s.

AT t
/ X, dB, = / 10.(s) X, dBs, t>0. 2.7)
0 0

Proof. The first part of the statement is obvious since 1y, is a P-measurable
process.
Since for all p > 0

X — B. (I[Q,T]X) : Agxk — Sf [0, T]

is continuous and Azxk C Agixk C Al (with density) forall0 < r <2 < g, itis
clear that it suffices to prove (2.7) in the case p = 2.
Note that by the Doob optional stopping Theorem 1.62, forall ¥ € Afix ©

{Binc (Y)},50 € M3,
E (BZ/\T (Y) , By (Y) — Bias (Y)> =0, and
{Biac NI = " V2 driso € ML
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Next we have that B, o, (X) = B;a; (1[0~T]X) . Indeed
E|Bire (X) = Biac (10.0X)|” = E [Biac (1 = 1p.) X) |’

INT 2
= IE/ |(1 = 1.0 (r)) X, | dr
0
=0.
Second B; A, (I[O,T]X) =B (I[O,T]X), since

E|B; (1p.0X) — Biac (21[0.,T]X)|2 2
=E[B, (109 X)[" — B [Birc (Lo X))
=E [y 1o (r) | X, P dr —E [, 1o, (r) | X,|* dr
=0.

From (2.4) we infer:

Corollary 2.9 (Burkholder-Davis—Gundy Inequality). For every p > 0, there
exist two constants ¢, > 0 and C, > 0, (C; = 3, C, = 4), such that for all
X e Agxk and for all bounded stopping times 0 < t < o a.s.:

t
/ X,dB,

ECPEE(/ |X,|2dr)p/2, a.s.

T

o
cpEfr(/ X, 12 dr)"? < EF sup !

t€lr,0]

(2.8)

Proof. We replace in (2.4) X, by X,141,<,<, , where A € F; and (2.8) follows in
view of the definition of the conditional expectation. |

We can now establish the following:
Proposition 2.10. Let0 < T < 0o, p > 0and X € AY,. Then

(i) B(X) is a continuous local martingale with
t " t
<B(X)>, = / X, X dr and <B(X)>;= / | X, dr:
0 0

(i) B(X) € S][0,T]ifand onlyif X € AL, (0,T);
(iii) B : Agxk 0,7) —> S(f [0, T is a linear continuous injective operator.

Proof. (i): Foreach n € N*, define the stopping time

7, () :inf{l 20:/t|X, (a))|2dr2n§ )
0
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Then ]B[/\‘[” (X) = ]El (l[o-fn]X)’

ATy
Biag, (X) @ Biag, (X) — / X, X, dr
0

t
=B (1.1 X) ® Br (0.5, X) —/ Lo X, X, dr
0
and
) AT, ) 5 t 5
Buns, COP = [ 1P dr = [ (t0a X)[ = [ [toa '
0 0

define continuous martingales, since for all 7 > 0, 1j,,) X € A2, (0,T).
Indeed 1y ,,1 X is a progressively measurable process and

T 5 T AT
E/ 1,01 X | dr = E/ |X,|>dr < n < +oo.
0 0

(if): By the definition of the Itd integral, if X € A§xk (0,T), then B(X) €
S710,T]. Conversely if B (X) € S/ [0, T, then from the Burkholder-Davis—
Gundy inequality (2.4) for X" = 1|y ,,; X with 7, as above we have

T AT, r/2
¢,E ( / |Xr|2dr) <E sup |B (X")|?
0 ZE[O,T]

=E sup |B/as, (X)]|? (2.9
1€[0.T]

<E sup B, (X)|”.
1€[0.7]

X € Agxk (0, T') follows by taking the limit as n — oo.
(iii): The Burkholder-Davis—Gundy inequality shows that for all p > 0 :

B: AL, (0.T)— SI[0,T]

is a linear continuous injective operator.

In the case p = 0, from the definition of the stochastic Itd integral,

B : Agx (0,T) — Sg [0, T'] is a linear continuous operator. Moreover B is an
injective operator since if X € Agxk (0,7) and B. (X) = 0, then by (2.9)

T AT, p/2
E (/ |X,|2dr) =0
0

for alln € N*; hence X = 0. [ |
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Remark 2.11. When F; = F? and p > 1 we shall show below (see the martingale
representation Theorem 2.42) that

B: A, (0.T)— M[0,T]

is also a surjective operator.

Remark 2.12. By linearity the stochastic Itd integral can be extended to C-valued
stochastic processes of the form X; = U; + iV;, where U,V € Asxk, p=>0.

Lemma 2.13. Let X € S)[0,T]and G : @ x [0, T] x R — Rk be such that

G (-,-,x) is P-measurable ¥ x € R', and
X+ G (w,t,x) is continuous dP @ dt-a.e.

Suppose we are given a sequence of partitions A, 1 0 =ty <t <...<p =T
with §, = max {tl.”+1 —t':i€0,n— 1} and 6, — 0 as n — oo. If (here we write
t; fort]')

t
Ftn = Zl i —ti_y I:/ti_l G (S,th-)ds} (Bt/\l‘,'_H - BZ‘/\[,‘) s

then
s90.71 :
— G (s, Xy) dB;.
n—>oo 0
Proof. Let
kn—1 | 4
G (0) = Z U G (s,Y,i)dsi| 1, [0
eyt i —ti—1 Ly,
kn—1 1
== Z |:/ G (ti—l + (l,‘ — [,'_1)}", Ytl.)dl"i| l[li.fi+1[(t)'
i=1 LJ0
Since
A9, (0,T)
G X, G(Y)
n—>00
and

t
" =B, (G") = / G dB,
0

the result follows. [ |
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If X € 89, and B is a R¥-Brownian motion then the stochastic process
{(X,, B,) : t > 0} can be seen as a random variable with values in C (R4, R?*¥) x
C (R+, R¥ ) The law of this random variable will be denoted £ (X, B) . From the
above Lemma 2.13 we easily deduce:

Corollary 2.14. Let X, X € S9[0,T], B, B be two R¥-Brownian motions and g -
Ry x RY — Rk pe a function satisfying

g (-, y) is measurable ¥ 'y € R?, and
v+ g (t,y) is continuous dt-a.e.
If
L(X,B) = L(X,B) onC (Ry,RIT),

then on C (R+, Rd+k+d) ,

C(X,B,/ g(s,Xs)de) =£()21§’/ g(s,)?s)dés).
0 0

Finally we present a continuity property of the mapping
T
(X,B) — / X,dB;.
0

Given two stochastic processes B, X : © x [0,00[ —> RF, R¥ et FPX be
the natural filtration generated jointly by B and X and ]—'fi‘x its right continuous
version. If X € L9 (SZ; LY(0,T; Rd)), we shall also consider the filtration

~ 1 ¢
FBX = 5B, -/ X,dr; e >0, s €[0,t]} VNp, >0,
€ Jov(s—e)

and ]-"lix its right continuous version. Clearly ‘7-"IB+’X C .7-'IB+'X , and if X is a
continuous stochastic process then .7-"£;X = ]-"tlix.

Proposition 2.15. Let B, B", B" : Q x [0,00] — R¥ and X, X", X" : Q x
[0, oo[ — R¥*k be stochastic processes such that:

@) B" is an .73,5"')2" -Brownian motion ¥ n > 1;
(i) L(B",X")=L(B",X")on C(R4,RF) x L (R4;RT¥), foralln > 1;
T
(iii) / | X7 — Xs|2ds + sup |B] — B,| — 0, in probability, as n — oo, for all
0 1€[0.7]
T > 0.
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Then (B”,{}A',BH’X"}) ,n > 1, and (B,{]:",B’X}) are Brownian motions and as
n— oo

sup
t€[0,T]

—> 0 in probability. (2.10)

t t
/ X"dB' —> / X,dB,
0 0

Moreover if in addition to i), ii) and iii), for some p > 1,
(v) {X" :n > 1} is bounded in LP(Q; L*(0, T;R¥*k)),
then for all q € [1, p|

t t
E| sup / X;dB; —>/ X,dBy
ref0.7] 1Jo 0

Proof. The ideas of the proof are borrowed from Bensoussan [7] and Buckdahn and
Régcanu [16].
By Corollary 1.96 we deduce that for each n € N*, (B”, (FFX }) and

q
i|—>0, asn — oQ. 2.11)

(B , {ﬁtB X }) are Brownian motions.
We remark that

E{ sup |B'* + sup |B;[*} <C, T foralla> 1,

1€[0.7] t€[0,7]

and thus, by iv)

lim E sup |B} — B;|* =0, foralla > 1. (2.12)

n>00 te0.7]

Given any ¥ € L° (Q; L*(0,T; Rka)) progressively measurable with respect to

the filtration {f",B”’X”} FB.X

: , respectively), we put

1€[0,7] ({ }ze[O,T]

t t
B (Y) = / YdB; and B, (Y)= / Y,dB;, respectively,
0 0
and
L[ t—
Y: = —/ Y; exp{——s}ds
& Jo &

t
:e_t/E/ Yod (ef), t>0, e>0.
0
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Then

T T
/ |Yf|2dt§/ |Y;|?ds, Ve>0 and
0 0
e s 10(0. 72 . mdxk
Y*—Y, inL"(Q;L°(0,T;R*")), ase—0.
Moreover, if Y € L (Q; L*(0, T; RY¥)), r > 1, then
Y®— Y, inL"(Q:;L%*0,T;R*)), ase— 0.
Since
By (X") ~ By (X°)
t t
/0 X"“dB" — /0 X¢dB,

LT o, t—s "
- |:/0 (XS — XS) CXP{_T}dS} B,

&

1 t 1 s _
——/ (X;’—XS——/ (X2 - X,) exp{—s—r}dt) Blds
0 0 €

& &

L[ t—s "
+ - / X, exp{———}ds (Bt — B,)
& 0 &
1 [ 1 [° —
— —/ (Xs — —/ X, exp{—s—f}dt) (B;’ — Bs) ds,
& Jo & Jo &

and thanks to the assumptions i) — v) and (2.12) we can deduce that

sup B} (X"*) — B, (X®)] — 0 in probability, as n — oo, for every & > 0.
t€[0,T]

Now we have for all # > 1 and for every ¢ > 0 :

E[1AIB" (X") —B (X)]l7]
SEQAIB (X" = X)) + E[1A B (X" =B (X)|7]
FE[IAIBX" = X)|7]

1/3

T
<3 [E (1 A f X7 —X”Vdr)} FE[LA B (X") —B (X))

+3 []E (1 /\/OT |X;°—X|2dr)]

1/3
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Hence for all ¢ > 0,
T 1/3
limsupE[1 A |B" (X") =B (X)|;] <6 |:IE (1 /\/ | X;: —X|2dr):|
0

n—+o00

and consequently
lim E[1 A [B" (X") =B (X)|l;] =0
n—o0o

that is (2.10).
Let1 < g < p. Then

E{ sup [B} (X")—B, (X)|
tel0,T]
<377'E sup |BY (X" — X"9)|7% +397'E{ sup B! (X™F) — B, (X¥)|
t€[0.7] t€[0.7]
+397'E Y sup |B; (X — X)|?
t€l0,T]
T 2
<CE (f |X”—X”’8|2ds) +377E{ sup B (X"€) — B, (X©)|?
0 t€l0,T]
T £
+C,E (/ |X’“‘"—X|2ds) .
0

Hence, in virtue of Lebesgue’s theorem 1.15

r
limsupE ¢ sup |B} (X") —B, (X)|’; <2C,E (/ |X£—X|2ds)
n—-+00 tel0,7] 0

for all ¢ > 0, and (2.11) follows. |

2.3 It6’s Formula

Let X € S[g be of the form

t t
X, =X0+/ Fsds+/ GydB;, Vt>0, a.s., (2.13)
0 0
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where {B;,t > 0} is a k-dimensional Brownian motion with respect to a fixed
stochastic basis (2, F, P, {F;};>0) and

F:Qx[0,00] > RY  G:Qx]0,o00] > R
are progressively measurable stochastic processes such that

Fell

loc

(R4:RY) as., and G e AY,.

Definition 2.16. A stochastic process X € Sg of the form (2.13) will be called an
1t6 process. F is the drift, and GG* the matrix of diffusion coefficients of X.

Formally we shall write
dXt = Edt + thB[.

If ¢ : RY — R is a function of class C? we denote by

vy =i = () er
x1

Bxi

the gradient of v with respect to x, and

D2y (x) = v (x) = (32‘” (x)) € R
dxd

Bxl- an

the Hessian matrix of i with respect to x.

Theorem 2.17 (It6’s Formula). Let ¢ € C'? (R4 x R?) and
g 1
Ap (¢, x) & (Fr @l (1.x)) + E'I‘r (GGl (t.x)].

Then forall t > 0:

rra
0 (1.X) = ¢ (0.X0) + /0 [g (r.X,) + Ap (. X,)} dr

(2.14)
+/ (()0)/( (r’ X}) 5 G}dBr> N P'a.s.
0

From (2.14) with ¢ (¢, x) = |x|2 and the identity

1 1 1
@JO=EM+yV—EMV—§WV,VLyGR4
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we deduce that:

Corollary 2.18. If X,Y € Sg are Ito processes of the form

t t
X; =X0+/ Fsds—}—/ GydB;, t >0, and
9 9
YthO—i—/ Esds—i—/ HdBg, t >0,
0 0

then for all t > 0:

t

t

|Xl|2=|X0|2+/ (2(X,,F,)+|G,.|2)dr+2[ (X,,G,dB,), P-as. (2.15)
0 0

and

(X:, Y:) = (Xo. Yo) +/ [(F:.Y) + (X, E,) + Tr (G,H})] ds
0 (2.16)

t
+/ (Y*G, + X} H,) dB;.
0

The It6 formula (2.14) is a particular case of the following slightly more general
result.

Proposition 2.19. Ler G € A,

t
M[ :/ GSdBS
0
andV € S,% be such that
V. (a)) € BV, (R+,Rm) P-a.s. w € Q.

If (v,x) — ¢ (v, x) is a function from C'2 (R’" X ]Rd), then V't >0, P-as.:

o (Vi M) = ¢ (V9. 0) +/ (] (Ve. M) .dV,) + (¢!, (Ve My) . GodB,)]

0
1 t
+5/0 Tr GG o) (Vs, My)] ds.
(2.17)

Proof. We mimic the proof of Lemma 1.73, with some minor changes. If

s
M\'Z/ G,dB,, 5 >0,
0
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then
N « S
<M>>,= / G,.G,dr and <M>;= / |G, dr.
0 0

Let0 <¢ < T and R > 0 be arbitrary.
Define

U =M.V, 3V, ,<M>,)
and the stopping time
t=tg =inf{r >0:|U;| > R}.
Let
D (u,v,x) = (9 (v.%) . ¢, (V. %), ¢ (v,x) . ¢ (v, X))

and
m, g =sup [P (ur,vi,x1) — P (w2, v2,x2)| ¢ |ua], |ual, 1], Jv2| < R
1
[xX1], [x%2] < R, |ur —uz| + [v1 — v2] + |x1 — x2] < e

Clearly m,, g — 0 as n — oo for each fixed R > 0, and

0 <myz <2Ck L 25up{|® (u, v, x)| : u] 0], |x] < R}.

Let {(67.k,) :i,n € N} be a basic partition (see Definition 1.54) of the interval
[0,¢ A 7], associated to {(U,, 1/n) : t > 0, € N*}.

Denote 6, = an, A= 9,’+1 —6;,Y; = Ygl_”, A;Y = Y4, —Y; for any arbitrary
stochastic process Y.

We have
kn—1
¢ Vine: Mind) =9 (V0,00 = D o Vir, Mi1) — ¢ (Vi My)]
i=0

+ [‘P (I/t/\'U M[/\'L’) - (P (V@I’(’n N M@I:ln):l .

Since (Hx,y) = Tr[H x (x ® y)], we deduce by Taylor’s formula that there exist
some 0, 7; € [0, 607, ] such that
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kn—1 kn—1
¢ Vine: Mine) =9 (V0.0) = 3¢, Vie M) AV + 3 (@) (Vi My) . A M)
/=0 i=0
l kn—1 !
) ;Tr[go;; (Vi. X)) Ay <M>>]+ R, ,
(2.18)
where Ry = R+ R+ R + R wih
kn—1
RV =" [¢) (Vor. Mi1) — @) (Vi. M) A V.,
i=0
| f!
RO = 3 3 ({9 (Vi My) = 0l (Vi M) A M. A M),
i=0
| f
Ry = B Z Tr [l (Vi. M) (A/M @ A M — Aj <M>>)],
i=0
Rr(14) =@ (Vine, Mins) — @ (Vg}(tn , M@]:(zn) .
We have
) |
Ean| SCRX ﬁ—i-mn — 0 asn — oo,
since
szl) <m, x R,
| kn—1 |
E R;(zz) < -m, X Z E|A1M|2 < -m, X R2’
2 . 2
i=0
1
E|RW| <2Ck xP (6] <t At)<2Ckx —,
" n
and by mutually orthogonality in L* (2, F,P;R?)
2 R 2
E ‘R;(qs) = Z E ‘ETT [0l (Vi. Xi) (AiM @ AiM — A; <M >>)]
i=0

< (%) 2w+ 1a, <aior]

i=0
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C 2 kn*l
7’*) “3E [|A,~M|2 + A <M>]
n

Note also that if we define

kn—1
Y = Gy Z‘/’; Vi, M;) 1[97,9;1+][ (s)
i=0
then
INT ) as
[ 1o =G 0 Mg Pas 0, as oo
0
and hence
kn—1 IAT
Z(w;(Vi,Mf),AiM)=f (", dB,)
i=0 0
prob. INT
— (¢t (Vi, M), GdB).
0

Consequently, again using the definition of the Riemann—Stieltjes integral, we can
pass to the limit in (2.18) as # — oo and we obtain (2.17) with ¢ replaced by ¢ A tg.
It remains to let R — oo and (2.17) follows. |

Corollary 2.20. If ¢ € C'? (R4 x R¥; C) then

! 1
(P ([, BI) = (P (0, O) + /(; |:(pz/ (V, Br) + EAvw (V, Bl):| dr

+/ (Vx(/’ (V, Bl) 5 dBr) N P-a.s.,
0

(2.19)

where Ay = Zl;=1 9%/9°x;.

In particular

¢ 1 1
/ (B..dB,) = - |B,|* — =1, P-a.s.
0 2 2



94 2 Itd’s Stochastic Calculus

Remark 2.21. By linearity the 1t formula (2.14) or (2.17) holds for a C-valued
function ¢.

Remark 2.22. 1f we use an intuitive symbolic linear calculus based on
dt®dt =0, dt®dB, =0 and dB, ® dB, = Iyx dt,

then It6’s formula can be rewritten formally as

1
do(t, X)) = ¢/ (t, X,) dt + (%/c (z, X1), er) + ETI' [‘P),c; (t, X,) (dX, ® dXt)] .

2.3.1 Applications of Itoé’s Formula

Let
t t
U =0, +/ Esds—i—/ (Gy, dBs) ,
0 0

t t
Vi = Vo—i-f Fsds—i-/ (Hy, dBy)
0 0
and
t t
Y, =exp [(Uo + i) +/ (Es; +iF,)ds +/ (Gy + iHS,dBS)i|
0 0
=expU,expiV;.

By the Itd formula for both ¢ (x) = expx, x € R, and ¥ (x) = expix, x € R, we
have

1
4 ©xpU) = @pU) (£ + 5 G ) di-+ (exp U) (G
and
1
d (expiVy) = (expiV)) (iF, N |H,|2) di+i (expiVy) (HydB,) .

Hence:

Corollary 2.23. Let E, F, G, H be progressively measurable stochastic processes
such that

E.Fel, Ri;R) as, and G,H € A,
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and Uy, Vy be Fo-measurable random variables. Let
t t
Y, =exp |:(U0 +iVy) + / (Es +iF)ds + / (G + iHs,st)i| .
0 0
Then

! 1
YtzeXP(U0+lV0)+/ Ys (Es+lFx+§|Gs+lH\|2)ds
0

t
+f Y, (Gy + iHy, dBy)
0

forallt >0, P-a.s.
Using It6’s formula we derive some exponential estimates.

Lemma 2.24. Let Uy, E and G be as in Corollary 2.23 and

t t
U, =UO+/ E‘Yds+/ (G,.dBy), t > 0.
0 0

Assume there exist three constants ro,a, b such that |Uy| < ro and |Eg| < a, |G| <
b, dP ® dt-a.e. Then for all A € R,

A2b?
Ee*V < exp %ro Al + (a Al + T) t} .

Proof. Let 1, = inf{n € N : |U;| > n}. Then

ATy 12
Eetlinn = Ee* + E / e (AE, t IGrlz) dr
0

) A2b2 t
< el 4 (a Al + —) / Ee*Uram dr
2 0
and by the Gronwall inequality
Eetlinm < ollngr@il+24%),

Passing to lim inf,,_, 4 oo the result follows. |

We also have:

Lemma 2.25. LetT > 0, A € R and

t
M, =/ (Gy.dB.) . 1 >0,
0
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AZ t
M?‘:exp(kM,—;/ |Gs|zds),t20,
0

where {G, : t > 0} is progressively measurable and satisfies |G,| < b, a.s., for
allt > 0. Then for all A € R, {/\/ltA > 0} is a continuous p-martingale for all
p > land

52
P(OE?ET|M[| 28) <2exp (_szT)’ Vé>0. (2.20)

Proof. By Lemma 2.24 clearly E \Mf |p < oo and by Itd’s formula
t
Mo=1+ /\/ M (G, dBy)
0

and clearly{M} : 1 > 0} is a martingale.
We have

P( sup |M;|>8)=P( sup M; >68)+P( sup (—M;) > ).
T

0<t< 0<t<T 0<t<T

We estimate the first term on the right; the second one is bounded by the same
quantity. Since {M?, ¢ > 0} is a martingale we infer, by Doob’s inequality (1.11-
A)), that

P( sup M, >8) <P( sup M} > exp(A8 — A*b*T/2))

0<t<T 0<t<T

< exp(A2b*T/2 — A$).

)
Setting A = T we deduce that

52
P(sup M, >6) <exp|———],
(05;57 20 = p( 2b2T)

from which the result follows. |

We remark that if in Lemma 2.25 we replace G by 1;; ¢ (s) G4, where 7 and 60
are two stopping times such that 0 < t < 6 < T, then the inequality (2.20) becomes

t
IP’( sup / (Gy, dBy)
t<t<6 |Jt

82
= 3) <2exp (_Zb_zT) , forall§ > 0. (2.21)
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Finally we give a useful formula by applying It6’s formula to ¢? (X,), where

¢ = @5t R —10,00]
) 1/2
X
o= )
1+ 38|x|

8 > 0,0 < e <1, and we shall take the limit as & N\ 0.

Proposition 2.26. Let p > 1,8 > 0and X € Sg be a local semimartingale of the
form

t t
X, = X0+/ dK +/ G.dB;, t >0, (2.22)
0 0

where G € Agxk, K e Sg, K. (w) € BV (Rd;R) P-a.s. w € Q.
Then P-a.s., forallt > 0:

X 14 X, 14 t
S C /Q(”‘” [Xol — +p/ <U§’”5’,dm>
<1+8|Xt 1+8|X|> 0

t

1

tp f <Ufp’5),Gsst) +2 f RPas 4+ —L09 1,

0 2 Jo 2
(2.23)

where

() UL =0 R =0 =0,ifX, =0,and

X, |77
(p+2)/2
(1 +35 |XS|2)

Uw@d —
N
X7~ 2
} (p+2>/2[<|GS|2|XS|2_|G;X&|)
(1+81x,%)

—1
p—2|G;‘XS|2],
1+8|X,|

Ripﬁ) —

38 | X, |77
(p+4)/2
(1+81%P)

2
0P = G X|".

if X 7502
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G) RPY >0, QP9 >0andforall T > 0, P-a.s.:
T T
jueo] + / RO gs + / 09 ds < oo;
0 0

Gip) {L,(l's) it > O} is an increasing continuous stochastic process such that

L(()l"s) = 0 a.s. Moreover L;l"s) = LY as., for every interval [s,t] C
{r>0:X,(w)=0}or[s,t] Cint{r >0: X, () # 0};

(jv) if there exists a positive stochastic process y such that P-a.s. y. € L3 (R4)
and

|Gs| < vs VIXs|, dPQ®dt-a.e.,

then LY = 0 forall t > 0.

Proof Let§ > 0and0 <& < 1.Letp = g5, : RY =10, 00|

||2 1/2
X

X) = sx)=|———5 +¢ .
@ (x) = g5 (x) (1 8|x|2 )

Note that
Vep (1) =97 (1) ———
(1 +35 |x|2)
and
Tr[DZe (x) GG*] = —p 7> (x) ;4 |G*x|*
(1 +8 |x|2)
46 1
—¢ () ———— [G*x + 97 () ——— |G
(1 +6 |x|2) (1 +8 |x|2)
1
= ¢ (0) ———— (IGP IxI” = [G"x) +
(1 +8 |x|2)
+97 () ——— [I6P + 6 (16 [x* = 16*xI”) ]

(1 48 |x|2)

_ 38 .
—¢7 () ———— 1G*x[*.
(1 +8|x|2)
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By Itd’s formula for ¢? (X;), p > 1:
t t
o (X = 9" o)+ [ (Vg (0 R+ [ (9,07 (X0 GudB)
0

1
+ 2/ Tr (D2¢” (X,) G,G) ds
Since
Vip? (x) = pe?~! (x) Vg (x)
and

Tr [D2¢” (x) GG*] = p (p — 1) 9?2 (x) |G* Vg (x)°
+ pe?~! (x) Tr [ D}¢ (x) GG*],

we have that

t t
ol (X)) = ¢f, (Xo) + p / (w9, ar) + p [ (09, G.as.)
0

, (2.24)
4P / RV gy / 03 gs 1 P s,
3 0 2

where
(p8:) — P2 1
UY = (p&g (XS) —ZX.Y7
(1+81%,P)
_ 1
RV = (p =17 (X)) ———— |G X,
(1 +6 |Xs|2)
_ 1 .
o ) ————— (IGP X = 167X ).
(1 +6 |XS|2)
- 35
049 = of 2 (X) ———— 1GT X,
(1+81%,P)
and

(o) (16, +8 (16,2 1%, =G X,F) | s
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Note that as ¢ — 04
B8.8) _ 8, ¥
Fs(p &) — Fs(p S)IXS;éo _ Fs(p )’

for F(pés) U(p8€) Q(MS) or R(Ms)
Since forall § > 0and 0 < ¢ < 1:

U39 < (X + 177 and 0 = QU5 < 381X, + 1)7 |G,

it follows, by the Lebesgue dominated convergence theorem, that for all # > 0:

t t
tim [ (U89, aK,) = f (U, dK,). P-as.
e>0+ Jo 0

and

! 2
lim / ‘G;‘U;PM—G;U;M)‘ ds =0, P-as.,
e—>04 0

which yields moreover, as ¢ — 04,

t r t
/0( U, Gydp,) 2 proby /0<US(P75),GSdBS>.

Also, by Lebesgue’s dominated convergence theorem for p > 4, and the monotone
convergence theorem for 1 < p < 4:

t t
lim [ R"39ds = / RPVds, P-as., V>0
e=>04 Jo 0

and, since R"%% > 0, we get, from (2.24), that

t
0< / RP9ds < 00, P-a.s., ¥t >0.
0

Hence, once again from (2.24) and the definition of L”** for all p > 1, there
exists a progressively measurable continuous increasing stochastic process L9
such that forall > 0, as ¢ — 04:

pr,B.s) prob. Lt(p’g)_

Letting ¢ — 04 in (2.24), the equality (2.23) follows, as well as (j) and (jj).
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If p > 4, by the Lebesgue dominated convergence theorem, we infer that
L") =0, Pas., V1> 0.

Letl < p<4andB =(4—p)/3;then0 < B < 1.
If we define

1

H©® — .
(1 +38 |XS|2)

s

(16,2 + 8 (16,2 1P =162 X.F) |

then
t
L9 —e [ g7 (X HOds
) 8
We get using Holder’s inequality
t
0= L") = / of " (X)) HOds
0

, 1 p
- /0 (EH;&) [wgg (X,) Hf‘”] ds

t 1-p 8
st ( / Hs“)ds) (L)
0

Consequently for all p > 1 and § > 0:

IA

L =0, Pas., Yt > 0.

We now study L;l’s).

Since

LI(I,B.S) _

OGP +8(1G, P 1XP - 167 X,?)
—8f 5 ds
/2
"

2 3/2 2 2
L+8IX) T (1K + e + 28 |X, )

1 1 1 t )
= (160" (2+38)3/2$/0 |Gl Ly, 1< s,

we obtain that

L L A (18)
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and, consequently,
t
/ 1x,—0|G,|*ds = 0.
0

Let0 <s <t.By (2.20),

0 < Lﬁl,ﬁ,s) (a)) _ Lfvl,ﬁ,s) (a))

2 Itd’s Stochastic Calculus

(2.26)

' 2 —3/2 2
<o [ (I@PF+e) " Luwm G, @F du
S

O If[s,t] C {r =0: X, (w) = 0} then, clearly,

L' @) = L{" ().

O If[s,¢] Cint{r > 0: X, (w) # 0}, then there exists a § (w) > 0 such that

| X, (w)| > 8 (w), forall r € [s,1]

and

t
0 < LI (@) — L0 () < 26 (82 () + s)‘3/2/ |G,y ()2 du.
5

Setting ¢ — 04 we obtain
)
L (@) = L1 (w).

Let us now prove (jv) . We have

t
0 < L% 5/ y2 (v)ds,
0

where

&

2/
X (& + 81X, )

N

1X,” + & + e8| X,

Note that lim W{ = 0 and, by Holder’s inequality,

e—>04

Lix,P+2 (s +e8 |XS|2)

0<Vv<

|Xs|2 +e+4¢b |Xs|2
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Hence

LM = lim LM =o.
e—>04

This completes the proof.

103

Remark 2.27. Let y € R, In Proposition 2.26 we can replace X; by X, — y (and
consequently X, by Xy — y). Now from (2.25) it clearly follows that if X € Sg isa

local semimartingale of the form (2.22), then forallb > Oand ¢ > 0 :

1 t
() limsup ﬂ/ 1x,—y|< |Gs|* ds = 0, P-as.,
e—>04 € 0

t
B) f ly,=, |G,[*ds = 0, P-as.
0

We now deduce from Proposition 2.26 the following:

Corollary 2.28. Let X € Sg be a local semimartingale of the form
t t
X, =X0+/ dK,—i—/ G,dB,, t=>0,
0 0

where G € A, K € 89, K. (®) € BVjpe (R%;R) P-a.s.w € Q.
Letp>1,8>0,m,=1v(p—1),
X772 1x, 20

(p.8) —
ST = NG=IE,
(14512

Then forallt < s, P-a.s.:

XX
(143 |Xx|2)’7/2 - (145 |X,|2)p/2

s 1 s
+p/ Jr(p'S) |:(Xr,dK,) + Emp |Gr|2drj| + p/ Jr(]?.,tg) (Xr,GrdBr> )
t t

Proof. First, let p > 1. From (2.23) and

-1
(1602 1P =167 ) + s 167X

14+6|X
= (162 1XP = 167X P ) + (0 = DG X, ]
< my |G, X,

the inequality (2.28) follows.

(2.27)

(2.28)
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Now let p = 1.

To prove (2.28) note first that m; = 1. From the proof of Proposition 2.26 we
have for0 <t <s:

1

s
El(mm@_QW@yh+qm@_dm@

1 S
-1 / Tr[G,G} Dlgs. (X))]dr
t

11 1 s
=5/ (G, dr
t Pse ()C) (1 +8|X|2)

1
2

IA

/ JUy 40 |G, | dr,
t

which yields (2.28) passing to the limit as ¢ — 0. |

We remark that in the proof of Proposition 2.26, the relation (2.24) is also true
for all p € R. Therefore we have for § = 0:

Corollary 2.29. Let p e Rande > 0. If X € S[? is a local semimartingale of the
form

t t
X, = X, +/ dK +/ G,dB;, Yt >0, a.s.;
0 0

with G € Agxk, K € Sg, K. (w) € BV, (Rd;R) P-a.s. w € 2, then P-a.s., for
allt > 0:

p/2 p/2 4 !
(1 +e)" = (X ) p [ (0029} p [ (0. G
0 0
P e P (pe
= R/"d =L ,
+2£ s+2,
(2.29)
where

(p—2)/2
() s(p.E) = (|XS|2 + 8) X,

G R =16 IXP + (=216 XL (14 +e

! (p—4)/2
Gy L =e [1GP (1P +e) T as
0

’

)(P—4)/2
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and

)(p*4)/2 )(P*4)/2

np G 1, (X, + e < RPD < mp Gy 1P (1P + ¢

wheren, = 1A (p—1)andm, =1v (p—1).

Choosing § = 0 in Proposition 2.26, or passing to the limit in (2.29) as & \{ 0,
we infer:

Corollary 2.30. Let p > 1. If X € S(? is a local semimartingale of the form
t t
X, = Xo ~|—/ dK; +/ G,dB;, Yt >0, a.s.;
0 0

with G € Agxk, K € Sg, K. (w) € BV, (Rd;R) P-a.s. w € Q, then P-a.s., for
allt = 0:

X7 = |Xol” + p/ot (Ux(”),sz} + pfot <U§”’, GSdBS>

P, ]
+5/0 RO ds + L ey,

(2.30)

where

() U =0, RY =0, when X, = 0 and if X; # O then

U = X7 X,
R =X [(1GP1XP =162 X,P) + (0 = D 1GI X,

(ij) settingn, =1A(p—1)andm, =1V (p — 1) we have

np | Xs P 7% 1y, 20 |G|

IA

RP < m, | X" 1x,20 |G|

and
t
0 5/ R\Pds < oo, P-a.s., V1t >0;
0

(iij) {L; :t = 0} is an increasing continuous stochastic process such that for all
t>0:

t G 2
L= 52%1 Lmds (convergence in probability)
I (le|2 + 8)
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and L; (w) = Ly (w), P-a.s., forevery interval [s,t] C{r > 0: X, (w) =
0}, or[s,t] Cint{r = 0: X, (w) # 0};

(jv) if there exists a positive stochastic process y such that P-a.s. y. € L (R4)
and

|Gs| < vs VIXs|, dP®dt-a.e.,

then L, = 0 forallt > 0.

Setting p = 1 in (2.30) we obtain the d-dimensional generalization of the
celebrated Tanaka formula.

Corollary 2.31. If X € Sg is an Ito process of the form

t t
X; :Xo—i—/ Fsds—l—/ GydB;, Yt=>0, a.s.,
0 0

then P-a.s., forallt > 0 :

t

1

t t
| X/| = | Xo| +/ (sgn (XS),FS)ds—i—/ (sgn (X;), GydBy) —l—/ R.ds + ELt,
0 0 0

(2.31)
where
0, ifx =0,
ST
0 X, =0,
= 2|;(s| (|GS|2 -Gy sgn(XS)|2>, if Xy #0,

and {L, :t > 0} is an increasing continuous stochastic process such that P-a.s.
w € Q:

Lo(@)=0 and L;(0)=Ls(®),

ifls,t] C{r=0:X,(w) =0}, or[s,t] Cint{r > 0: X, (w) # 0}.

Remark 2.32. Comparing formula (2.31) with Tanaka’s formula for the continuous
scalar semimartingale |X;| (see [64], Ch. VI, Th 1.2) we deduce that L, coincides
with the local time at O of | X;|.
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We now derive in the case d = 1 the stochastic differential dX;". Let

() = — ex(—“—z)
P =" P\ 77 )

Proposition 2.33. Let X € S ? be a local semimartingale of the form
13 t
X, = X0+[ dK, +/ (Go.dBy). 120,
0 0

where K € S), K. () € BVjpe (R;R) P-a.s.0 € Qand G € A?Xk .
Then P-a.s., forallt > 0:

t t
1
X =x; +[ 0 (X,) dK, +/ (1x,50Gy, dBy) + EP, (2.32)
0 0

where 0 : R — R,
0, ifx <0,
() =11 ifx=0.
1, ifx >0,

and {P, : t > 0}, Py = 0, is an increasing continuous stochastic process such that
forallt > 0:

1" (X
P, = lim - p( S)|G5|2ds
0

e—>04 & ?
1" (X
= lim - | p (—S) Locix, <z |Gs|* ds (convergence in probability),
e=>04 € Jo & s

(2.33)

with the properties:

(j) for every interval [s,t] C {r = 0 : X, (w) = 0}, or [s,t] C int{r > 0 :
X, (@) # 0},

P (w) = Py (w), P-as.;
T
(Jj) if there exists a positive stochastic process y such that / )/szds < 00, for all
0

T > 0, and

|G3| = Vs vV |Xs|, dP ® dt-a.e.,

then P, = 0 forallt > 0.
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Proof. Let ¢ > 0 and the function ¢, : R — [0, oo[ of class C*° be given by
0 = [ (x—ew*
R

=x/_X/Ep(u)du—e/w/gup(u)du.

o —0Q
Then for all x € R

x/e
0<go;(x):/ p(u)du <1 and

—00
2p—1

VY p € N*,

1 /x 1 2Pple
" I -
0<g, (x)= 8,0(8)< 5 20 pletr a2

Since [ p (u) du =1 and |(x + )t - x+| < |y|, we deduce that

|(ps (x) — x+| =e&

Moreover
0, ifx <O,
ling)(p; (x) = % if x =0,
‘ 1, if x > 0,
and
1 /x 1 1 X
0=<¢ (x)- =P (;) Locjvj<ye = =P (0) 1y=0 + =P ;) 1> e )34
1 27pl (2.34)
=—p(0) L= + el
& 2

By Itd’s formula we have
t
0 (X) = 0. 00) + [ ¢ (X0 aK,
0

t 1 t
+ [ o (Gady + 5 [0 (X 16. P s
0 0

Since

lim ¢ (X)) = X", lim ¢/ (X,) =6 (X;) and0 < ¢, (X,) <1,
e—>04 e—>04
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it follows that

t t
lim | ¢! (X;)dK; = / 0 (X,)dK, and
e=>0+ Jo 0

t

t
lim [ ¢! (X,)(G;,dBy) =/ 0 (X;) (G, dBy) .
=0+ Jo 0

Consequently the limit

t

lim [ ¢ (X,)|G,ds (”Q P,)
8—>0+ 0

exists and by (2.27-8) and (2.34) we infer (2.33).
The properties of (P;),5, easily follow. The last assertion on (P;),5q is a
consequence of

1 2¢e
0<¢"(X)|G) < ——""|X,| <1
_¢3(5)|Y|—\/5282+X32|S|_
and

I 28 x| =0
m ——— = V.
e—04 282 + X3 '

Finally observe that by (2.27)

t t
/ 0 (X,) (Gy.dB,) = / (1y.-0Gs.dBy) .
0 0

|
Remark 2.34. 1If we define
t
L= [ to-odk, + P,
0
formula (2.32) becomes
! 1
X =x; +/ 1y,~0 dXs + 5L,, (2.35)
0

which is known as Tanaka’s formula, where L; is the local time of the continuous
semimartingale X at level 0 and time 7 (see [64], Chapter VI, Theorem 1.2).

We finish the section with a slight generalization of Itd’s formula.
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Proposition 2.35. Let X € S[(} be an It6 process of the form

t t
X, = Xo —i—/ Fsds+/ GydBs, t >0,
0 0

and ¢ € C! (Rd) be such that Vg is differentiable on R\ {0} and for some
positive constant L

|Vep (x) = Vi ()| < L|x —y|, forallx,yeR".

Then forall0 < s <t, P-as.:

t 1 t
0 (60 =9 00+ [ (90 (0).ax) + 5 [ T[6,67 D2y ()] Ly, odr

(2.36)
Proof. Let
p(w) = o
(2 )d/z 2
We write the Itd formula (2.14) for the smooth function ¢, € C* (RY),
def
0.0 [ o=@
and taking into account (2.27-f) we have
t t
@ (X1) = ¢, (X5) + [ (Fr,Vipe (X)) dr + / (Vige (X)), G dB,)
s s (2.37)

1 t
- / T [G, G2 D2, (X,)] 1, 4odr.

Since
Vage (1) = [ Vap (5= e p ) d
R
X —v\ dv
~ [ vewn(*0) 5
and for x # 0,

D2ge (x) = —é / [Vip (x —eu)] @ u p (u)du
Rd
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_ [ Vap(x —eu) - Vig (x)
= /Rd Q u p (u) du,

—€
we can pass to the limit in (2.37) as ¢ — 04 ; the result follows. |

Remark 2.36. From the same proof we infer that if ¢ € C! (R?) and
IVep (x + ) = Vep (x)| < L|y|, Vx,y R’
then forall 0 <s <t¢, P-as.:
t t
s =00+ [ (Two).ax)+ [aicfa e
N s

where

def .. [Vip (x +y) — Vi (x)]
a (r,x) = limsup .
y—0 Iy

If in (2.36) we put d = 1 and ¢ (x) = (x“L)2 , then we infer that for all 0 < s
<t:

t t
(X))’ = ()" + 2/ XFax, +/ 1x,-0|G,|* dr. (2.39)
S S

2.3.2 A Stochastic Subdifferential Inequality

We establish a stochastic subdifferential inequality which is very useful for esti-
mates in the study of stochastic variational inequalities.

Lemma 2.37 (Stochastic Subdifferential Inequality). Lervy : QxR xRY — R
be a function such that:

o Y (- x)is P-m.s.p. forall x € RY;

e Pas weQ, ¥ (w,--)isof class CH! (R+ X Rd); and

e forallt >0,y (w,t,) : RY — R is a convex function.
Let X € S(? be a local semimartingale of the form

t t
XI=X0+/sz+/GsdBS, r >0,
0 0

(G € Agxk, K a P-mcsp., K € BV, (R+;Rd) , a.s.). Then P-a.s. for all
s <t:
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Vs X)) + / [%drﬂwmxo, dxrﬂsw(z,xo. (2.40)

Proof. Lets =ty <t <tp <---<t, =tsuchthatt;y; —t;, = (t —s) /n. For
each 0 <1i < n, from the definition of the subdifferential operator, it follows that

W(ti’ Xti) + [W(Ii-l-lv Xt,-+1) - W(ti’ Xti+l):| + (V,H”(ti’ Xti)’ Xti+1 - Xfi)
<Y iv1, Xiyy)-

The result follows by summing over i and by taking the limit n — oo. |

From the proof it also follows that:

Lemma 2.38. Let ¥ : Q x Ry x RY — R be a function such that  (-,-, x) is
P-m.s.p. for all x € R? and P-a.s. w € Q,

(i) V(w,s,x) <V (w,t,x) forall0<s <t xeR?,
(i) ¥ (w,t,)) : RY — R is a convex function of class C',
(i) (t.x) — V¥ (w,t,x) : Ry xRY = R? s continuous.
IfX € Sg is a local semimartingale as in Lemma 2.37, then

T
W(I,Xt)—i—/ (Vou(r, X,), dX,) < W(T, X7), forallt <T, P-a.s. (2.41)
t

Remark 2.39. (a) Writing X € S[(} (from Lemma 2.37) in the form

T T
X, = Xr —I—/ du, —/ Z.dB,
' t

then (2.41) becomes

T T
VX)) < w(T.Xr) + / (Vey(r, X)), dU,) — / (Ve (. X,), ZrdB,) .
2.42)

P-as.,forO0 <t <T.
(b) Setting d = 11in (2.42),

_ _; o + —u?)2
wa,x)—gog(x)—m/R(x eyt 2y

and passing to the limit for ¢ — 04 (as in the proof of Proposition 2.33) we
have P-a.s., forall0 <t < T:
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T T
X* <X+ / 6 (X,) dU, — / 0(X,)(Z,.dB,).  (243)
t t
where
0, ifx <0,
0 (x) = %,ifx =0,
1, if x > 0.

2.4 Martingale Representation Theorems

We have seen that Brownian motion and stochastic integrals of elements of A?,
p > 1, are martingales. In this section, we want to discuss conditions under which
a martingale is a stochastic integral with respect to a given Brownian motion.

In this section, we again assume given a stochastic basis (€2, F, P, {¥;},-,) and
that {B, ; t > 0} is a k-dimensional Brownian motion. The main assumption is

(Ag) the filtration {F; : t > 0} is the natural filtration of {B; : t > 0}, i.e. for
allt > 0:

Fo=FPYo((B,:0<s<t}) VN,

Let Foo =0 ({By : s > 0)) VN =0 {F :t > 0}.
Theorem 2.40 (A2-Martingale Representation Theorem).

(i) If0 < T < ocoand £ € L*(Q, Fr,P;RY), then there exists a unique Z €
Aﬁxk (0, T) such that

T
& =E¢ —i—/ Z,dB;. (2.44)
0
(ii) If M € M2, then there exists a unique Z € A?zxk such that
t
M, = M, +/ ZdBs, t > 0. (2.45)
0

Proof. (ii): The representation result (2.45) follows from (2.44) applied to £ = M7,
T > 0 arbitrary, by taking the conditional expectation E(-|F;) for 0 < ¢t < T}
it follows from (Ap) that EE = EMy = EMy = M,.

(i) : Uniqueness. If Y, Z satisfy (2.44) then by the isometry property of Itd’s
integral (property (i3) from Theorem 2.6)
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2
=0,

T T
Y~z «m=E' [ Y,dB, / Z.dB,
dxk\V 0 0

which yields Y = Z.

Existence. This will follow from the fact that the set
T
H= {h+/ ZdBs : he R Z e A2}
0

coincides with L%(Q, Fr,PP; Rd). Indeed H is both closed and dense in
L*(Q, Fr,P;RY). Clearly H is a linear subspace of L*(Q2, Fr,P;R?).

a) H is closed.
Let

T
&, = hy +/ Z"dBs € H,
0
and §, —> £ in L2(Q, Fr,P;R?). Then

h, = E§, — E§ asn — oo

and

2

T T
|z, — Zm”Asz(O!T) =K ‘/ andBS —/ Z;"st
0 0
= E|gn —h, — Em + hm|2

—> 0, asn,m — o0.

Henced Z € Aéxk (0, T) such that Z,, — Z in Aéxk (0,T) and

T
‘i: = E%— +/ Z,dB;,
0

thatis £ € H.
b) H is dense in L>(2, Fr,P;RY).
Let R denote the set of functions p of the form

n—1

p() =D ALy (1),

=0
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wheren e N¥, 0 =1y <t; <---<t, <Tand A = (Ag,...,Au_1) € (Rk)".
Define

Xf’=/0 (p(s). dB.).

Let ¢ (t,x) = exp (ix + 1 (s) |2ds) and Y” = ¢ (t.X/). By the Ito
formula

t
Y,p=1+i/ Yl (p(s), dBs).
0

T T
Since ]E/ [Y/p(t) |>dt = / lp (1)* exp (fot lp (s) |2ds) dt < oo and
0 0

T

T
ReYf =1 _/o (ImY?) p* (s)dBy, ImYy} =[0 (ReY?) p* (s) dB;,

it follows that for each h € RY, (Re YTP ) h and (Im YTP ) h belong to H.
The density of H in the space LQ(Q, Fr,P; R4 ) will follow from the fact that
forall U € L*(Q, Fr,P):
E(UYﬁ):O, VpeR — U =0.

But E(UY}) =0, Vp € R, is equivalent to

n—1
IE|:U exp(iZ()&j, Blj+l — B,j))i|=0, VAe (Rk)n ’
j=0

foralln e N*, 0=ty <t; <---<t, <00, t, <Tand A = (Ag,...,A,—1) €
(Rk)n,thatis

E[U expi (1. Y)] = 0. Yo = (1. . tn) € (R¥)"

where Y = (B;,,---, B;,) and

def
(w,Y) = (w1, By) + -+ + (in, By,) -
By Lemma 1.36, the last assertion is equivalent to

E[U|Y] = .
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Let A = U 02t < <ty<co. 5,<13 0 (Btys By, ..., By,). We have that for any
A€ A,

/Ud[P’:O.
A

Hence the same is true for any A € 6 (A) VN = Fr,and U = 0 a.s. follows. B

Corollary 2.41. Let 0 < T < oo, £ € L*(Q,Fr,P;RY) and S € S2[0,T].
Then there exists a unique pair (Y, Z) € Sj [0,T] x Aflxk (0, T') such that for all
tel0,T]:

T
Y, =4+Sr—-5; —/ ZydBy, a.s. (2.46)
t

Proof. Uniqueness. If (Y, Z) and (Y, ) are two pairs satisfying (2.46), then

=2 r ~ 12 =2 g
E|Y, - Y] +E/ Zs— Z,[ ds =E|Y, - Y| +E
t

T ~
/ (Z,— Z,)dB,
t

2

T
=F Y,—Y,+/ (Z, — Z,) dB,
t

=0

and the uniqueness follows.
Existence. By the A’-martingale representation theorem, there exists a Z €
Aflxk (0, T) such that

T
S+ ST = E(g + ST) +f stBS~
0
Define

t
Y[ ZE(E‘FST)_S[“[‘/ ZSdBS.
0
Then the pair (Y, Z) solves (2.46). ]
We now give two extensions of Theorem 2.40.

Theorem 2.42 (A”-Martingale Representation Theorem).

(i) If0 < T <oco,p>1land& € L?(Q, Fr,P; ]Rd), then there exists a unique
Z e Agxk (0, T) such that

T
£ = K& + / Z,dB;. (2.47)
0
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(ii) If p > 1 and M € M?), then there exists a unique Z € A§xk such that
t
M, = M, —i—/ ZsdB;. (2.48)
0

Proof. As in the proof of Theorem 2.40, it suffices to prove (i) .
Uniqueness. If Z satisfies (2.47), then

1z,

Bk (0.7) = C; E(§ — E&|”). (2.49)

Indeed, if M, = fol ZdB;, then by the Burkholder-Davis—Gundy inequality (1.18),

1
1Z2, o < EE( sup |Mz|f’)

0<t<T

and by Doob’s inequality (1.11), we have

IE( sup |Mz|f’> < (L)"qu_w).
p—1

0<t<T
Uniqueness of Z follows from (2.49).

Existence. In the case p > 2 the existence of the solution follows from
Theorem 2.40 and the inequality (2.49). Suppose now that 1 < p < 2. Let
£, = 10,1 (|€]), n € N*. Then &, € L*(Q, Fr,P;R?) and

& — & in LP(Q,]-'T,]P’;R‘I), asn — oo.

To each &, we associate Z" € Afixk (0, T') such that

T
£, = E§, +/ Z'dB,. (2.50)
0
From the inequality (2.49),
_ 1
12" = Z"az_ o) S ToE [0 = b0 =BG = EnIP]" — 0.

as n,m — oco. Hence there exists a Z € A/, such that Z" — Z in A/, . The
result follows by taking the limit in (2.50).

The next step is to extend the representations formula on random intervals. With
this aim in mind we first prove the following:
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Lemma 2.43. Let T : Q — [0, 00] be a stopping time and Z € A}, (0,00). If
o0
/ ZdB is F,-measurable then Z;,; = 0, a.s., a.e.t > 0.
0

Proof. We have

(9 9] T
/ 1[r,c)o[ (S) ZydB; = / Z,dBg — / ZdBy
0 0 0

o0 T

=E7 ( / Z,dB, — / stBs)
0 0
o0

=k’ [ / stBS:|

=0

and the result follows since, by Proposition 2.10, the stochastic Itd integral is a linear
injective operator from ASX  (0,T) into S(? [0, T]. ]

Now from Theorem 2.42 we easily deduce:

Corollary 2.44. Let p > 1. If t : Q — [0,00] is a stopping time and & €
L? (Q,F.,P;RY), then:

(A) there exists a unique Z € Agxk (0, 00) such that Z,,, = 0 forall t > 0, and

¢ = E¢ +[ ZdBs,
0

or equivalently
(B) there exists a unique pair (Y, Z) € 55 X AZxk (0, 00) such that

()Y, =§&— ZdB,, Yt >0, a.s.;
INT

®)Yy.:=& and Z;y, =0,Vt>0, a.s.

or equivalently
(C) there exists a unique pair (Y, Z) € S§ x A}, (0,00) such that

TNt
(@)Y, = Yra: —/ ZdB,, YO0<t<T, a.s.;
INT

(b) lim E Y7o, —£|P =0;
T—00
) Yy:=& and Z;y, =0,YVt>0, a.s.

Moreover, in (B) and (C) , Y, = EXi~<& and by the backward Burkholder—
Davis—Gundy inequality (2.6), for allt > 0,
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T p/2
"<C,E (/ |Z,.|2dr) .
INT

(2.51)

T p/2
c,E (/ |Z,|2dr) fEsup|§—Ef”\“‘§
t s>t

AT

Corollary 2.45. Let 0 < T < oo, p > 1, £ € LP(Q,Fr,P;RY) and S <
55 [0, T]. Then there exists a unique pair (Y,Z) € Sf [0,T] x A§xk 0,7)
satisfying P-a.s., forallt € [0, T]:

T
t

Moreover there exists a constant C,, such that if A is a P-m.i.c.s.p., Ay = 0, then
E sup eP|Y,|? <C,E|e T |§]” + sup P |Sp—S,|” (2.53)
1€[0,T] 1€[0,T]

and
T p/2
E sup e’ |Y,|? +E (/ e |Zl|2dt)
0

t€l0,T]

(2.54)
<C,E|elT |§]” + sup el |S,|7 |.
t€[0,T]

Proof. By Theorem 2.42 there exists a unique Z € Ag < (0, T) such that

T
£+ 5 =E<s+sr)+[ Z.dB,.
0

and the stochastic process Y € S7 [0, T'] is uniquely defined by

t
Y, =E(s+sr)—st+/ Z,dB,.
0

To prove (2.53) it suffices to consider the case where the right-hand side of the
inequality is finite. The stochastic process e’ |Y;| is F;-dominated on [0, 7] by the

positive random variable e |£| + sup e? |Sy — S;|. Indeed
tel0,7]

E7 (e® |Y,]) = B (e |E7* (€ + St — S1)))

<E” [e™ |§] + ™ |Sr — S]]

<E” |:eAT |E| + sup e |Sp — S,|:| .
tel0,7]
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Then by Proposition 1.56 we have

E sup e |Y,|? < C, E (e’ |E]” + sup el |Sp—S,|7 ).
t€0,T] tel0,7]

To prove (2.54), again it suffices to consider the case where the right-hand side of
the inequality is finite. From Proposition 6.80 for

T T
(Yl + St) = (5 + ST) + / dK _/ Z,dB;
t t

with K =0,A=0,V; = 4, R, = N, = 0and
dD; =Y, + 5,* dA,,
we obtain
T /2
E | sup |e* (¥, +S)|" + (/ e 1 Z,|7dr)"" | < C, E [eP"T Y7 + S7|”],
t€[0,T] 0
which completes the proof. |

Theorem 2.46 (A!-Martingale Representation Theorem).

(i) If0 < T <ococand & € LI(Q,fr,P;Rd), then there exists a unique Z €
N Al (0.T) such that

0<g<1

(@) £ =E&+ [ Z,aB,,

. 2.55
(b) M. = [,Z,dB, € M}[0.T]. (2:39)
(i) If M € M), then there exists a unique Z € m0<q<1AZxk such that
t
M, = M, —l—/ ZdB;. (2.56)
0

Proof. Again (ii) follows from (7).

(i): Uniqueness. Let 0 < g < 1. If Z and Z are the integrands corresponding
respectively to £ and &, then by the Burkholder—Davis—Gundy inequality (2.4) and
the inequality (1.11-A43) in Theorem 1.60,

q

1
1 < —E sup

||Z — Z} A 0.7) = Cq  tef0.1]

t
f(Z—ZM&
0

y

T
E/(L—ZM&
0

=
<
_Cq(l_q)
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=Cq(1—1_q)(E\s—§—Es+E§\)"

fﬁ@k—g\)q-

Hence the uniqueness follows.
Existence. Let n € N*, &, = £l (&) € L*(Q,Fr,P;RY) and Z" €
A2, (0,T) be such that

T
£, = E&, + / Z"dB,. (2.57)
0

Then for all ¢t € [0, T]:

E” () = E&, + / 77 dB,. (2.58)
0

Let0 < g < 1. Since
& — & in L'(Q, Fr,B;RY)

and
2

Zn_qu =< E n_mq,
I I 0m = oi =) Bl =D

we deduce that there exists a Z € Agxk (0, T) such that Z" — Z in AZxk (0,T).
The existence result follows by taking the limit in (2.57) and (2.58). |

It is now clear that we have the following extension of Corollary 2.41:

Corollary 2.47. Let0 < T < o0, § € LY(Q, Fr,P;RY) and S € S} [0, T]. Then
there exists a unique pair (Y, Z) € S(? [0, T] x Agxk (0, T), such that:

T
(a)Y,=§'+ST—Sl—/ ZdBg, as.,Vtel0,T];
t

/2
®) sup E|Y,|+E sup |V +E (fOT|Zt|2dt>q <00, VO <q<1;
t€l0,T] tel0,T]

(¢) M. = [, Z,dB, € M} [0,T].
(2.59)

Proof. Uniqueness. Let (Y, Z) and (f’, Z ) be two pairs satisfying (2.59). Since Yy,
f’o, Sy are Fp-measurable, they are deterministic quantities and

Yo =E &+ Sr)—So = Y.
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By the Burkholder—Davis—Gundy inequality (1.18) and Doob’s inequality (1.11-
A3), we have for 0 < g < 1:
q)

T -, q/2 1
E|:(/ |Z,—Z,| dt) :| _—IE( sup
0 Cq 0<t<T

A

t
/ (25 — Z) dB,
0

1 T B q
S
! -
=< W=9 [E|Yo - Yo|]
—0.

Existence. The pair (Y, Z) is well defined by

T
§+ST=E(§+ST)+/ ZdB;
0
and
t
Y,=EE+Sr) -5, +/ Z:dB;.
0

With arguments almost identical to those of Theorems 2.40 and 2.42 one can
prove the following:

Theorem 2.48. Let Foo = O (Uz>0~7:t) Afp > land & € LP(Q, Foo,P;RY),
then there exists a unique Z € Agxk (R) such that

oo
E == ES +/ thB[.
0

2.5 Girsanov’s Theorem

In this section, we assume given a stochastic basis (2, F, P, {F;},-,) such that ' =
0(U,-0 F:) and {B; ; t > 0} is a k-dimensional Brownian motion.
Let X € Ag, and define the process:

t 1 t
Z, = exp [/ (X, dBS)——/ |XS|2ds] t>0.
0 2 Jo
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{Z,,t > 0} is a positive continuous stochastic process and, furthermore, a local
martingale since by the It6 formula

t
Z, =1 —+—/ Zs (Xy, dBy) . (2.60)
0
Define for each n € N the stopping time
t
i =inf{t >0:7 +/ | X, |>dr zn}
0

and let

X, = Xr 15, (r),
t 1 t

Z} = Ziag, = eXp [/ (X, dB,)—E/ |Xf|2dr:|, t>0.
0 0

Then it is clear that

. zZn=1,
Zn t n
. —’=1+/—r(Xf,dB,),fora110§s<t,
A s 27
Zﬂ
. ]Eff(z—’n)zlforallOfs<t,

e EZ'= 1and {Z}, t > 0} is a martingale,
n

e Z' > Z,and =- — 2L P-as., foreach0 <s < 1.
Zﬂ ZS

By Fatou’s lemma for all 0 < s <t and A € F,

z zn
E (1AZ—‘) < liminfE (IAZ_[") =E1,4),

s n—+o00 s

N

which yields

t

7 (% . . .
E ~ <1, thatis {Z,, t > 0} is a supermartingale.

s

In particular

EZ, <EZ; <EZy=1, forall0 <s < 1. (2.61)

Lemma2.49. Let T > 0. Then EZy = 1 if and only if Z € M'[0,T] (i.e.
{Z,; 0 <t < T}isa continuous martingale).



124 2 Itd’s Stochastic Calculus

Proof. Sinceforall0 <s <t <T, Z,—E’(Z,) > 0, P-as., it follows that Z; =
E*:(Z,), P-as., if and only if E[Z, —E”*(Z,)] = 0. or equivalently, by (2.61)
EZ, =1, forallt € [0,T]. |

Also we remark that by the Cauchy-Bunyakovski-Schwarz inequality
and (2.61), foralla,hb e Rand0 < s <t

t b t
E exp (a/ (X,, dB,) — 5/ |X,|2d")
t t 202 — b !
:Eexp(/ (aX,,dB,)—/ |aX,|2dr)exp( a2 /|X,|2dr)
t 11t 1/2
S[Eexp(/ (2aX,,dB,)—§/ |2aX,|2dr)i| X
t 1/2
X |:]Eexp ((Zaz—b)/ |X,|2dr)]
¢ 1/2
< [Eexp ((Zaz—b)/ |X,|2dr)j|
t dr 1/2
< (/ Eexp[(t—s) (Zaz—b)|X,|2]t ) ,
K — S8

where for the last inequality we have used Jensen’s inequality for the convex

function x — exp x, and the probability measure ; on the interval [s, ¢].

Hence if X € A), forall0 <s <randa € R:

(a) E (é) = Eexp |:/ (X,, dB,)—%/ |Xr|2drj| <lI, (2.62)

N
1/2

(b) Eexp (a/t (X,, dB,)) < |:]Eexp (2a2/t|X,|2 dr)] ,
Zt Xll 2< 2 ! S2
© |:E (Z) ] _Eexp(f2a —a)/; | X, | dr)

1
< t_/ Eexp ((r — s) (2a*> —a) | X,|*) dr.
—s /s
We set some sufficient conditions which yield E (Z7) = 1.

Proposition 2.50. Let X € Ag and T > 0. Suppose that one of the following
assumptions is satisfied:

(i) There exists a partition 0 =ty < t; < --- <ty = T and for eachk € 1,N
there exists a 6 > 0 such that
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173 -
Eexp ((1 +5k)/ |X,|2 dt) <00, forallk el,N. (2.63)
tk—1
(i) There exist two constants ¢,y > 0 such that
E exp (y |X,|2) <c¢, ae.tel0,T]. (2.64)

(iii) (Kazamaki) X € /\(li [0, T] and

T
E exp (%[ (X¢, dB,)) < 00. (2.65)
0
(iv) (Novikov)

1 T
Eexp (5/ | X, |2 dt) < 0o0. (2.66)
0

ThenE Z, = 1 forallt € [0, T] and (by Lemma 2.49) Z € M' [0, T].

Proof. (i) Letk € 1, N. From (2.62-c) with X replaced by X" and a = a; =
2 (1 + +/9+ 83) in (2.62-c) we obtain

Zn ay 1 1/2
E ( ntk ) < |:Eexp ((2a,§—ak)/ |Xf|2a’r)i|
Ztk_l Tk—1
175 1/2
< [Eexp ((1 +5k)/ | X, |* dr)] .
t—1

Hence

n

a.s. and { n[" } is uniformly integrable
z neN

Ig—1

Z;lk ka
—— % ——
Z! Zi_,

Ik—1

n
Ik

Zy . . .
— —%_in L' () ; in particular
Zt’;c_l Tk—1

and consequently

n

Z
EF k-1 Zu _ lim EZn— % = 1.

>
lk—1 n—o0 l—1

V4 V4
Foreach 1 < k < n, —% is F, -measurable, and E %1 (i) = 1. The
th— lk—
result then follows easily flrom the formula 1
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Zlk

Zr = —_— .
1 Z[kfl

k=

(if) Via the inequality (2.62-c) with a = 2, the condition (2.64) implies (2.63) for
tksz—T,Nz%and&:S.
(iii) See Exercise 1.20 and its hint in Annex E.
(iv) Via the inequality (2.62-b) witha = % the condition (2.66) implies (2.65).
|

We note that the criterion (2.64) from (ii) is often the easiest to apply, because
of the freedom of choice of the constant y. It applies in particular in the case where
{Xs:0 < s <t} is a Gaussian process whose mean and variance are bounded on
[0, ¢].

The main result of this section is the following:

Theorem 2.51 (Girsanov). Suppose that EZ; = 1 for all t > 0. Then there exists
a unique probability Q on (Q,F), F = o (Uzzoft)’ such that for each t > 0,
AeF,

dQ|.7:t

: =7Z),
dP| - )

Q(A):[AZ, dP (e

and the stochastic process {B; ; t > 0} defined as

t
Bl=B,—/ Xsds, t >0,
0

is an R*-valued F,-Brownian motion under Q.

The next Proposition follows from a classical result of Daniell and Kolmogorov
(see Karatzas and Shreve [42], Sections 2.2 and 3.5).

Proposition 2.52. Let F; = FB and F = o (er]:l). Suppose that for each
t > 0 we are given a probability measure R, on (2, F;), with the property that for
each0 <s <t,

Rt|~7:s = R5
Then there exists a unique probability measure R on (2, F) such that

Rl]‘_[:Rtv ZZO.

Proof (Sketch). Let {t,t,...,t,}, n € N*, be a finite set of positive distinct
numbers and ¢ = max {¢{,1,,...,t,}. Define for D € B, = B (R"),

Ql],lz,...,tn (D) = Rl ({Cl) € Q : (Btl (w) RN Bln ((1))) € D}) .
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Then {Q,l,,z,_“,,n Ctt,. 1, >0, 1 Ftj,n € N*} is a consistent family of
finite-dimensional distributions and by the Daniell-Kolmogorov consistency
theorem there is a probability Q on (RRJF B (RR+)) , R4 = [0, 00), such that

Qtl,l‘z ..... tn (D) = Q({M)E]R]R+ : (W(t]),...,W(t”)) € D})’ D EBI’M

and the probability R on F is given by

RlweQ:B.(w)eT}) =0Q([), I eB(R).

We now proceed to the:

Proof of Theorem 2.51. Note that under the condition of the theorem, Q; = Z, - P,
t > 0, is a probability measure, and provided {Z,} is a martingale, the compatibility
condition of Proposition 2.52 is satisfied, since fors < ¢, A € Fy,

Q,(A):/Ath]P’zfAZSlez 0,(A).

Hence, since our assumption implies that {Z; ; ¢ > 0} is a martingale, in view of
Proposition 2.52, Theorem 2.51 will be proved once we establish that for each # > 0,

- . . . d
{By, 0 < s <t} is a Brownian motion under Q, & Z,-P.

It suffices to prove that forany p € N,0 <, <--- <1, <t uy,...,u, € R,
P . | L
Eo, exp (iZ(uj, B,j)> = exp(— 3 Z (). ue)t; /\lg).
j=1 jt=1
Letp e N O <ty <--- <1, <t,up,...,u, € RF be fixed for the rest of the proof.

Let t,, X" and Z" be given as at the beginning of this section. We also introduce
the notations

4 t t
1
Y =X!+i E u;jlp,.;1(s) and U = exp (/ (Y], dBs) — 5/ (", Ys”)ds) .
= 0 0

Clearly

P P
U'=2Z'exp|i) (u;.Bi)+ = Y (. uedt; Ato)
j=1 jl=1

Since fot |Y"|?ds < C,, P-a.s., it follows, by an easy extension of Proposition 2.50-
(i) to complex X’s, that EU" =1, i.e.
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(5. 5,)) | = e - 3

p 14
j=1 =1

E[Z? exp (i

(). 10) 1 /\tg)].

Passing to the limit as n — oo we have that Z" — Z, in L'(Q), thanks to
Lemma 1.24, and the desired result follows. |

2.6 Exercises

Exercise 2.1. Let A, : 0 = 17 < ¢f < ... </ = T be a fixed sequence
of partitions of [0, T'] such that ||A,|| = max {li”Jrl —t':1€0,k, — 1} — 0 as

n — oo.Let g : [0, T] — R be a continuous function.
Show that the sums

kn—1

Se(f) =Y fa)[g) —gh)]

i=0

converge for all continuous function f : [0, T] — Riff g € BV [0, T] (g is of finite
variation on [0, 7).

Remark. Given f € C[0,T] and
n—1
JACEDS S O,
i—0 i i1
then f, — fin L2(0,T) as n — oo,

kn—1

Br (f) =Y /) [B,l_n+1 - B,in] — Br (f) in L*(Q), asn — oo,
i=0
and as a consequence there exists a subsequence

Br (f,,k)—>IB%T(f), P-as. w € 2,

while the paths 1 —> B; (w) have a.s. unbounded variation. Is this a contradiction?

Exercise 2.2. Let 7,60 : Q@ — [0,00] be stopping times such that 7 (w) <
0 (w),P-as. w € Q. Using

4 o0
/ X,dB, = / 110 (r) X,dB,, for X € Ay, (Ry),
T 0
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prove that

0
L. Efr/ X.dB, =0, as., VX €A, (Ry).
T

0 2
/ X,dB,

0 6
3. / nX,dB, = n/ X,dB,, a.s, Nn€ L (Q,F,P;R"™), X € A%, (R4).
T T

0
2. E* = IEE[ |X,* dr, a.s. VX € A (Ry),

Exercise 2.3. Let f € L>(Ry) and

B(f) = /0 £(1)dB,.

Show that the linear subspace {B(f); f € L*(R4)} of L?(Q2,F,P) coincides
with the Gaussian space H[B], and the (class of the) random variable B( f) is
characterized by the two properties:

(i) B(f) € H[B],
(ii) E[BB(f)] = [, f(s)ds, ¥t>0.

Exercise 2.4. Let f € C'(Ry), T > 0. Show that

T T
/ £(t)dB, = f(T)B(T) - / 7B, d,
0 0

and if moreover f(t) — 0 ast — oo, and

/mlf’(t)l«/?dt< o,

0

then
o0 o0
[ rwas =~ [" rwsa
0 0
Exercise 2.5. Let X € S be a local semimartingale of the form
t t
X: = Xo —|—/ dK +/ (Gs,dBs), t=>0,
0 0

where K € S?, K. (0) € BVjoe (R;R) P-as.w € Q,G € A(l)xk and there exists a
positive stochastic process y such that P-a.s. y. € L? (Ry) and

loc

|Gs| < vs VIXs|, dP®dt-a.e.
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Let g : R — R be given by

gx)=6(x—-1°—-15x-D*+10(x—1)*

and
0, ifx <e,
X
@ (x) = xg(—),ifs<x < 2e,
£
X, if x > 2e.
Show that:

l. . € C2(R)and 0 < xT — ¢, (x) < 2¢;
2. 10 (x) — ¢l (x)| <5 x 1) (x), where

0.ifr <0,
Q(r)_{l,ifr>0;

34
3. |(pé/ (X)| =< ?1]8,28[ (.X);
4. P-as., forallt >0

t t
Xt =x; +/ 0 (X,) dK +/ 6 (X,) (G, dBy) .
0 0

Exercise 2.6. We let S = inf{z € [0,1], 7 + B> = 1} and

(2.67)

{—2(1—t)‘2B,1,<s, if 0<t<l,
X, <

0, if r=1,

where { B, : t > 0} is a one-dimensional Brownian motion.

1

1. Show that S is a stopping time, that P(S < 1) = 1, and that/ XPdt < oo,
0

P-a.s.

2. Deduce from Itd’s formula applied to (1 — ¢)~2B; that

1 1 S
1
[XdeX——/ des:-l—zf t(1 —t)"*BXdr < —1.
0 2 Jo 0

3. Deduce that for the above choice of X, the supermartingale

t 1 t
Z,(X):exp(/ X_VdBS—E/ des), 0<r<1,
0 0

is not a martingale.
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Exercise 2.7. Let X € ASX « R4) and {B, : r > 0} be a k-dimensional Brownian
motion. Using an argument similar to that used in the proof of Proposition 1.56-By,

show that forall T > 0, &,6 > 0,
t T 8
P{ sup [Xsde > ¢ §]P’([ |Xs|2ds>5)+—2.
tefo, 7] 1J0 0 &

Exercise 2.8. Let {B; : t > 0} be a scalar Brownian motion. Show that the stochas-
tic Langevin equation

th—i-thdt:OdB,, IZO,

has for each initial condition Vj € R a unique solution given by

t
V, =e "V, + / e 5 aB,, >0,
0

called the Orsntein—Uhlenbeck process. If V, is a Gaussian random variable
independent of {B,, t > 0}, then {V;, ¢ > 0} is a Gaussian process with mean
and covariance

IEV, = e_tb]EV()
Cov(Vy, V;) = e**Cov(Vy)e™" +/ e~ 6mwbg2p=t=wb) gy
0

If moreover b > 0, EVy = 0 and 2bCov(Vp) = o2, then {V}, t > 0} is a centered
stationary Gaussian process whose covariance is given by

Cov(Vy, V;) = Cov(Vy)e (9P,

More generally, again if b > 0, the mean and covariance of {V(T +¢), t > 0} tend
to those of the stationary process, as T — oo.

Exercise 2.9. Let M be a k-dimensional continuous square integrable martingale
(M € M3). Denote by A, (0,T;<M>), p > 0, the space of progressively
measurable stochastic processes X : [0, T] x Q — R4*¥ such that:

fOT |X,>d <M>, < 0o, as.for p =0, and
p/2
E (fOT X d <M>z) < o0, forp>0.

The linear space A Z (0, T'; <M >) with the natural metric
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/2 (1/p)nl
[E(fOT|X,—Yl|2d <M>,) } . if0 < p < oo,
d,(X.Y) =

1/2
E[lA(fOT|X,—Y,|2d <M>,) } if p=0,

is a Polish space. If p > 1, As (0, T; <M >) is a Banach space. Let E;xx (0, T') be
the linear space of stochastic processes of the form

n—1
X @)=Y X @1, (@), (>0,
=0

withn e N*,0<fy <ty <...<t, <TandforO0<i <n—1,letX;: Q — RIxk
be an F;,-measurable bounded random variable. Show that:

1. E4xx (0,T) is a dense linear subspace of AZ (0,T; <M>) (see also Proposi-
tion 2.1);
2. the linear operator M : &y — /\/li given by

; N—1
def
M, (X) = / X.aM, = E X; (Mmt,-_H - Mt/\t,-)
0 i=0

satisfies
t p T p/2
E sup /x,dM, <C,E (/ | X, > d <M>,) (2.68)
tef0,7]1J0 0
and
t T 1/3
E[l A sup | erMr|]§3[E[l/\/ | X, |>d <M>,]} : (2.69)
tefo, 7] Jo 0
def

t
Definition: If X € Azxk (0, T) then the integral / X,dM, = M, (X), where
0

M: AY, (0,T) — S0, T] is the unique extension by continuity (preserving
the inequalities (2.68) and (2.69)) of the linear operator

M : Egxr (0.T) C AL, (0.T; <M>) — S7[0,T];

(O8]

_if p > 1 then M (X) € M?[0.7]:
4. ifp € C'?(R™ xR¥), and {V, ; t € [0, T]} is an m-dimensional P-m.b-v.c.s.p.
then P-a.s., for all ¢ € [0, T]:
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t

o (Vi M) =¢(V0,Mo)+/ (@) (V. My) .dV)

t 4 (2.70)

+/ ((p)/c (VY»MS)vdMS)_I—ETr/ goxx(VY,M)d <<M>>S'
0

Exercise 2.10. Let0 =¢ <t; <...<t, =t and
§p =max {tip —1t;:i €0,n—1} — 0.

Consider a scalar Brownian motion {B, : ¢t > 0} and the Riemann-Stieltjes sum

n—1
= Z By, (Bti+1 - Bti) )
i=0

where r; =t + A (t;+1 —t;) and A € [0, 1] . Let

1 1
1,*:53,2+(A_5)t.

Show that:
1n= 2 1
1. S} = > ;0[ — B>~ |Byy, — By, +5 1B
E(S}—1})=0 and E |S)‘—IA| <

n—1
3. (Lz_) Illir& ZB(I—)»)Zi+AIi+| (Bti+1 - Bf:
i=0
deduce that

l‘

2
t

) / By dB; + At; in particular

0

! 1 1
/ BydB; = —B? — ~t;
0 2 2

4. (Stratonovich integral) if g € C'(R) then
n—1

t
[ etBooas 2 (12 tim Zg(Bz,w)(BW B,)

i=0

t 1 t
= / g(By) dB; + E[ g'(By) ds:
0 0

in particular deduce that

t 1 )
B odB, = = B;.
0 2



Chapter 3
Stochastic Differential Equations

3.1 Introduction

Let {B,;,t > 0} be a k-dimensional Brownian motion with respect to the given
stochastic basis (2, F, P, {F;};>0). Our goal in this chapter is to study stochastic
differential equations (abbreviated SDE) of the form

dXt == F(l, Xt)dt + G([, Xt)dBt, t 2 O,

3.1
Xo = E. (3.1

where £ : @ — R is the initial condition and the coefficients are given functions
F:Qx[0,00[ x RY - RY, G : Q2 x[0,00] x RY — Rk,

F (¢, X;)dt is called the drift of X and G(¢, X;)G*(¢, X;) is the matrix of diffusion
coefficients of X.
We shall always assume that:

(@) & is an Fy-measurable random vector;
(ii) the functions F and G are P ® By-measurable.

In fact F and G will be (P, Rd)-Carathéodory functions, that is:

(1) F (.- x)andG (-, x) are P-measurable for every x € R?; and
(c2) F(w,t,-)and G (w,t,-), are dP ® dt — a.e. continuous functions,

and then F and G are P ® B,-measurable (see Exercise 1.1).
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We state the following definition:

Definition 3.1. A stochastic process X € Sg is a (strong) solution of (3.1) if for all
T=>0

T T
/ |F(s, X;)|ds +/ |G (s, XS)|2ds < 00, a.s.,
0 0

and

t t
X, =g+/ F(s,XS)ds—l—/ G(s, X,)dB,, ¥Yt>0, as.  (3.2)
0 0

Our discussion in this chapter is almost exclusively restricted to the theory of
strong solutions of SDEs. We start with the classical results, essentially due to
1t6, under Lipschitz assumptions upon the coefficients, see e.g. [32, 35,42, 49, 64].
We then extend these results to the case of so-called monotone drift, following
the original ideas of Jacod [40] and Krylov—Gyongy [36]. We also discuss the
particular case where the solution is a Markov diffusion process (i.e. the case
where the coefficients are deterministic; the randomness of the solution is due
solely to the driving Brownian motion). We then discuss the connection between
diffusion processes and solutions of second order partial differential equations, via
the Feynman—Kac formula. We establish in particular a result which proves that
certain expectations of functionals of the solution of an SDE are viscosity solutions
of linear second order PDEs, without any assumption concerning ellipticity. Finally
we discuss weak solutions of SDEs (this is not an essential subject for us, but this
tool will be needed in the next chapter).

3.2 A Basic Inequality

For convenience we recall a basic inequality from Annex C. First we introduce a
notation used in this chapter.

Notation 3.2. For p > 1 we define
mp v (p—1)

and we recall the notations

10N = Sup]IUrI and [|Ully = [Ulljo.7y-

relt,s

Let X € Sg be a local semimartingale of the form

t
X, =Xo+ K, + / G,dB;, t >0, P-as., (3.3)
0
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where

S s . € loc , OO ) 0o=VY, -a.8.;
O KeS% K €BVie(0.00[:RY), Ko =0, P
O GeAl,.

Concerning the triple (X, K, G) we assume:
(SDE-FB): (3.4)

Given p > 1 and A > 0, there exist three P-m.i.c.s.p. D, R, N and a P-m.b-v.c.s.p.
V, such that Dy = Ry = Ny = Vy = 0 and as signed measures on [0, oo[:

1
dD[ + (X[,dK[) + (Emp + 9pk) |Gt|2dt S 1]722de + |X[|le + |X[|2dvl.

O
Propositions 6.71 and 6.74 are reformulated as:

Proposition 3.3. Let p > 1 and the assumptions (SDE-FB) be satisfied.
(1) If the inequality (3.4) is satisfied for A = 0 and R = N = 0, then: P-a.s.,
withall0 <t <y,

S
EFie % |X,|? + p / e X, [P2dD, < e X, )P (35
t

and moreover for all § > 0

N
EELX&”/ pEf,/ A o L LXW/
_ 2 2)/2 ro— _ 2"
(1+5e=2% X, )’ ] (l+b’|e—VrXr|2)(p+ )/ (148e=2% |x, 12)"

(3.6)

(I Forevery p > 1 and A > 1 satisfying (3.4) there exists a constant C), ) such
that: P-a.s., forall 0 <t <,

N
B7 e X[, + B [ e 1x 10 2ap,
' t

+EF ( / = (apr +16, > ar) )
t

§ p/2
<Cpa [e—PVt |X|” +E% ( / e—2Vr1,,szR,)
t

+ET ( / Se-VrdN,)p}
t

p/2

3.7

and moreover for all § > 0
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IR s

F [l X1l F e PVr|x, P2

B _ [2S el B r2 (r+2)/2 dD,
(1"‘5”" VX”[;,S]) ! (1+5|‘)_V'X*| )

N oy r/2
LRF (/ e (dD, + |G,|2dr))
o (148l x]%)

N 2
e~ x,|? F ( —2v, )p/
= Cp'l|:(1+se—zvtle2)”/2 e , Tpz2dRs

+EF (/Se‘V’dNr)p:|.
t

(3.8)

3.3 Estimates, Uniqueness and Comparison Results

3.3.1 Classical SDE

We now formulate the main assumptions for the study of our SDE:
t t
X, =£ +/ F (s, X;)ds —0—/ G (s, X;) dBy, P-as., YVt >0, (3.9)
0 0

where {B,,t > 0} is a k-dimensional Brownian motion with respect to the given
stochastic basis (2, F, P, {F };>0) and £ : @ — R is an Fy-measurable random
vector and for all x € R? the functions

F (- x): Q2 x][0,00[ - R?, G (-, x): Q x [0, 00] - Rk

are P-m.s.p.
We introduce the notation, for all p > 0:

F! (1) < sup|F(1,x)|.
x<p

The general assumptions on F' and G under which we shall study the SDE (3.9)
are the following:

(SDE-Hp): (3.10)

T
¢ 3 u:Qx[0,00] > R, P-m.s.p., such that, VT > 0,/ || dt < o0, a.s.,
0
and

(Cr) Continuity:
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x— F(t,x): RY — R? is continuous, dP ® dt-a.e.:
(Mpg)  Monotonicity condition:

(x —y,F(t,x)— F(t,y)) < w|x — y|>, dPQ®dra.e.,
Vx,ye RY;

(Br) Boundedness condition:
T
/ F}f (s)ds < oo, a.s.,VT,p=>0.
0
(SDE-H,;): (3.11)

T
¢ 3 L:Qx][0,00] > Ry, P-m.s.p., such that, VT > 0, / () dt < 00, a.s.,
0
and

(Lg) Lipschitz condition:

|G(t,x) — G(t,y)| < L|x—y|, dPQdt-a.e.
V x,y e RY;

(Bg) Boundedness condition:

T
/ |G(t,0)|?dt < o0, a.s.YT >0.
0

The proof of the first lemma is left as an exercise.

Lemma 3.4. Let the assumptions (SDE-Hr) and (SDE-Hg) be satisfied. If U €
Sg [0, T], then

T T
/ |F(t,U,)|dt+/ |G (1, U)|*dt < o0, P-a.s.
0 0

and the mapping

U— (/0 F(s,U,)ds, /0 G (s, UY)dBX)

is continuous from S9[0,T] to S9[0,T] x S9[0, T].
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We shall show that the above assumptions on F' and G yield, for the solutions
{X; : t > 0} of the SDE (3.2), inequalities of the form (3.7) and (3.8).

Lemma 3.5. Let the assumption (Mp) from (SDE-H ) be satisfied. Then for all
ro>0,x €R? ¢ >0, P-as.

ro |F (¢, x)| + (F (£,x),x) <ro [Fr’z () + r()/,L,+]
+[FL O+ 2ro ] x| + o [

(3.12)
Proof. Let ry > 0. The monotonicity property of F implies that for all |u| < 1:
(F (t,rou) — F (t,x) , rou — x) < i, |rou — x|,
and, consequently, V |u| < 1:
ro(F (¢t,x),—u) + (F (¢,x),x)
< ¢ |[rou — x> + | F (¢, rou)| |x — roul
< sy (1% = 2r0 G, ) + 1 Jul?) + F, (0) (x| + 7o)

<o [F} (@) + rop ]+ [F} () + 2ro | ] 1x] + e |x]

(3.12) follows by taking the sup of the left-hand side over all vectors u such that
luf < 1. ]

Since forall u, v € R? and A > 1

ul® < 0 + A Ju— v,

A—1
we obtain, from (3.11-L¢), that

2 A 2 2012

IG&ﬂlirjﬂG@®|+l%)Mk (3.13)
Writing now the SDE (3.9) in the form
t
X, =€+ K + / G,dB, .
0

where

t
m:/memrmdaszLy
0
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it follows from (3.12) and (3.13) that for all p > 2 and A > 1

dD" + (X,.dK,) + (% +9p2.) |G, [ dr
< dR" 4 | X, |dN" + |X,|>dV,,

wherem, =1v(p—1)=p—1,¢c,) = ﬁ@lﬁ +(p—1/2),

t
D — ro/ \F (r, X,)| dr,
0
¢ t
R"™ = ro/ [FE(r) + rou;] dr+cp,1/ |G (. 0) dr,
0 0

t
N = / [F# (r) + 2r0 |ur|] dr

0 9
! 1
V, = / [u + A (—2 + 9px) (z,)z] dr
0

We deduce from Proposition 3.3, first with ry = 0 and second with ry > 0, the
following:

Proposition 3.6. Let the assumptions (3.10-SDE-Hp) and (3.11-SDE-Hg) be
satisfied and let X € Sg be a solution of the SDE (3.9). Then for every p > 2
and A > 1 there exists a constant C,; such that (with V defined as in (3.14)),
P-a.s., forall0 <t <s:

(3.14)

s
P
B ™" X < m[e—f’“ X, |7 + B (/ e~ |F (1,0 dr)
t

s /2
+E7 (/ e |G (r0) P dr) }
t

and for every ro > 0, there exists a constant Cp, j », such that for all 0 <t < s:

(3.15)

/2
E/e Ve X, P 2|F(rX)|dr+E(/ _2V'|F(rX)|dr)
t t

s r/2
< o B P B ( [ [0 +EL 0] 416 0] )
t

K P
+E ([ e [FE () + el dr) }

Using Corollary 6.76 from Annex C we can derive other estimates. Let p > 2.
Assume there exists » > 0 such that

o+ (p=1)E)?<b and (p=1IG 0P +|F1.0)|<b, ae.
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Since

—1
(X, dK,) + pT G (t, X,)2dt < bdt + b| X, |dt + b|X,2dt

and using Corollary 6.76 we have for allt > 0, p > 0:

1
@ E X7 00 < B [Xo)” + —.
p f—

% 1 1
(b) / e p=Vbi=pt B | X, |P dr < — (IE | Xo|” + —) )
0 P p—1

(3.16)

The natural question now is to extend the inequality (3.15) tothe case 1 < p < 2.

Proposition 3.7. Let X € SdO be a solution of the SDE (3.9) and the assump-
tions (3.10-SDE-H ) and (3.11-SDE-H ) be satisfied. Assume there exists a U €
Sg such that

t
U =Uy+ [ G (r,U,)dB,.
0
Let p>1, A > 1and
! 1
V, = / |:;L, + (Eml, + 9p)t) (E,)2j| dr.
0
Then there exists a constant C,, 5, such that for all §>0,0<t<s:

E]:l ”e_V (X - U) ||f;s] S Cp,)t e—pV, |Xt - Ut|p

K P
+R7: (/ eV | F (r, Ur)|dr) ] a.s.
t

Proof. The SDE (3.9) can be written in the form

(3.17)

1

(X, —U) = (6 Up) + K, + [ G,dB,
0
with
t
K, = / F(@rX,)dr and G, =G, X,)—G(U).
0

Note that
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1
(X, —U,,dK,) + (zmp + 9pA) |G, dr

<|X, —U/||F (r,U)|dr + |X, — U,|*dV,.
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Hence, by Proposition 3.3 with X, replaced by X, — U,, the inequality (3.17)

follows.

Theorem 3.8 (Uniqueness).A Let the assumptions (3.10-SDE-H ) and (3.11-SDE-
Hg) be satisfied. Let X, X € S;,] [0,T] be two solutions of the SDE (3.9)

corresponding respectively to the initial data & and é .
Let p > 1 and A > 1 be arbitrary.

() If
t 1 )
I/I‘Z/ (//Lr"'_mp(er))dr’
0 2

then forall§ > 0,0 <t <s, P-a.s.:

e Vs | x,—X,|” e Vi X~ %,|"

E7

(1+8€72VS |X_ﬁ)2x|2) (1+8e*2V' |x,—%, |2)

() If

t
v [ur n (%m,, n 9px) (&)2} d.
0

then there exists a constant Cp,  such that forall § > 0,0 <t < s:

et (12|

(1+8]e=e (x,—%,)[*

]E.'F, ||e_V(X7}2)||[pt,s] <C

2 \P2 = “pA
(18l (x=%)I;.)

)I’/Z’

The uniqueness in Sg follows by choosing t = 0 and § > 0.

Proof. We have

t
0

p/2 — ~ p/2"

(3.18)

(3.19)

X, -X =@E-6+ /:d(Kr - K) +/ [G (r. Xr) = G(r, )?r)] dB,,

where

K, — K, = [ F(r,X,)— F(r,X,)|dr.
| ]
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In view of the assumptions (3.10-SDE-Hr) and (3.11-SDE-Hg), for all p > 1 and
y >0:
N . 1 A2
(X, = R d(K, = R)) + (5m, + 9py) ‘G r. X,) — G(r, X,)| ar

2 1
|:u,dr + (Emp + 9py) (@r)2 dr:| .

= ‘Xr_)ér

Hence, by Proposition 3.3 (or by Corollary 6.77 from Annex C) the inequali-
ties (3.18) and (3.19) follow. |

3.3.2 SDEs with Stieltjes Integrals

We shall conclude this section with some remarks on the estimates for a more
general equation

X, =E+ / ® (s, X,) O, + f G (5. X.) dB.. (3.20)
0 0

where £ : Q — RY is an JFo-measurable random vector, G satisfies the
assumption (3.11-SDE-Hg), O : Q x [0, oo[ — R is such that

(SDE-H,)): Q is P-m.i.c.s.p., Qo =0 (3.21)

and ® : Q x [0, 00[ x RY — R,
Note that an equation of the form

m t t
X, =&+ Z/ ®; (s, X;) dQ\) + / G (s, X,) dBy,
i=1"0 0
can be transformed in the form (3.20) setting
m m
0,=> 0" @(.x)=) & (s.x)a?,
i=1 i=1

where @), i € 1, m, are P-m.s.p. given by the Radon-Nikodym theorem dQE,” =
(i)
a;’dQ;.
For all x € R?, we assume that

@ (-, x): Qx[0,00] >R and G (-, -, x) : Q x [0, 00] — R*k

are P-m.s.p.
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We introduce the notation, for all p > 0

def
Cbﬁ (t) = sup |P(z,x)].

[x|<p
We shall assume:
(SDE-Hy): (3.22)

there exists a P-m.s.p. i : Q2 x [0, 00[ = R such that VT > 0,

T
/ || dQ, < o0, a.s.
0

and

(Co) Continuity:
x — ®(t,x) : R = R? are continuous, dP @ dt-a.e.;

(Mg) Monotonicity condition:
(x =y, ®(t,x) — ®(t,y)) < wlx —y)>, dP®dta.e.,
o (3.23)
Vx,y e R%
(Bo) Boundedness condition:
T
[ )@ﬁ (t)‘dQ, <00, as.,VT,p>0.
0
O

With very similar proofs (as in Propositions 3.6, 3.7 and Theorem 3.8) we can
establish the following results:

Proposition 3.9. Let the assumptions (3.11-SDE-Hg ), (3.22-SDE-H ) and (3.21-
SDE-H ) be satisfied.

(1) Then for every p > 2, A > 1 there exists a constant C, ; such that for every
solution X € Sg of the SDE (3.20) and

» t —1 t
v, ":ff 14,dQ, + A (pT + 9px) / (6, dr
0 0

the following inequality holds P-a.s., forall 0 <t < s:

s P
EZ e X |y = Cpa le™ X, + E7 (/ e P (1,0)] dQ,
t

+E7 ( / Se—ZVr |G (r,0)|? dr)p/z].
’ (3.24)
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(II) Assuming there exists a U € S such that
t
U =U —i—/ G (r,U,)dB,,
0

then for every p > 1, A > 1 there exists a constant C, ; such that if X € Sg
is a solution of the SDE (3.20) and

o t m t
[, + (2 +9p2) [t ar
0 2 0
the following inequality holds P-a.s., forall0 <t <,

B e (X = U)|{y < Coa e 1, - U1
s » (3.25)
+E7 (/ e V| (r, U,)|dQ,) }
t

Finally we give the corresponding generalization of Theorem 3.8, which comes
from the general formula from Corollary 6.77 (Annex C).

Theorem 3.10 (Uniqueness). Let the assumptions (3.11-SDE-Hg ), (3.22-SDE-

Hg)and (3.21-SDE-H g ) be satisfied and X, X e Sg be solutions of the SDE (3.20)
corresponding to the initial data & and respectively § Letp>1,m,=1v(p—1),

A > 0and
def " 1 >
y, 4 / [,u,dQ, + (Emp + 9p/\) ) dr:| .
0

(I) If A =0, thenforall§ > 0,0 <t <s:

e | x—X,|" eVt |X,—%,|"

E]:' 72 72
J— K
(148025 | x,=% )" T (1o [ x5, )

P-a.s. (3.26)

() For every p > 1 and A > 1 there exists a constant C, such that for all
§>0,0<t<s:

e (=) |”
(1+8le=" (X,—)?,)Iz)p/2 ’

g e e,

N 77 =Cpa a.s. (3.27)
(148~ (x=2)7 )"

The uniqueness in Sg follows by choosing t = 0 and § > 0.
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3.3.3 Stochastic Linear Equations

Let d = 1 and consider the stochastic differential equation

{dXt = (atX[ + bt)th + (C[X[ + et,dBt) s > O, (328)

Xo=£§€eL'(Q,F0.P;R),

where (a;),>9, (b1);>o are R-valued P-m.s.p., and (¢/),50, (e),50 are R¥-valued
P-m.s.p. such that

T T
/ (|a,|+|b,|)dQ,+/ (lec? + le?) dr < o0, as. (3.29)
0 0

Proposition 3.11. Under the assumption (3.29) the SDE (3.28) has a unique
solution X € S? which is given by

X, =T, [g+/ r! (bsde—(cs,es)ds)—i—/ r! (es,st)], (3.30)
0 0

t 1 t
I', =exp |:/ (a,dQ,. — e dr) + / (c,-,dB,.)} .
0 2 0

Proof. We first verify that

where

Y, =T, [s + /Otr‘;l (by — (cy, e5)) ds + /Otrgl (es,dBS)]

is a solution of (3.28). Indeed Y € S?, Y, = & and
dYt = (ath + bt)dt + (Cth[ + et,dBt>
follows from Itd’s formula.
Uniqueness follows from Theorem 3.10, but we prove it independently in this

particular case.
LetX €8 ? be an arbitrary solution of (3.28). Since

ar;t =1;"! (—a[th + |c,|2dt) — T (. dB))
we deduce that

d (07'X,) = 17" (-aidQ, + e dr) = T (ci.dB) | X,

+ I [(ac X; + b)) dO; + (¢ X: + e,,dB,)]
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+T7 (X, le? = (e, e,)) dr

=T, [h,dQ, — (c/,e/) dt + (e, dB,)]

=d (T]'Y)).
Hence
I7'X, —&=T,'Y,—¢&, forallt >0,
which yields X = Y and uniqueness. ]

3.3.4 Comparison Results

In the case d = 1 we also deduce uniqueness from a comparison result which is
important by itself. Let X € S° be a solution of the SDE

t t
X, =£ +/ D (s, Xy) dQ, +/ (G (s, Xs),dBs), t >0, a.s., (3.31)
0 0
and X € S° a solution of the SDE
~ ~ t~ ~ t ~
X, =§+/ d (s, X,) dO, +/ (G (s.X,).dB,), t>0, as. (3.32)
0 0

Assume that the functions ®, ® : Q x [0,00[ x R — R and G : Q x [0, +00[ x
R — RF are (P, R)-Carathéodory functions (PP-m.s.p. with respect to (w,?) and
continuous with respect to x € R) such that forall 7 > 0,

T T
@ [ 16@xRat [ 16K <o, as.
0 0 (3.33)

T T
(ii)/ |<D(t,XI)|th+/ |® (¢, X,)|dQ, < o0, a.s.
0 0

Also assume that there exist @ € [%, 1] and a P-m.s.p. £ : Q x [0, 00[ — Ry such
that

T
/ (£,)?dt < oo, P-as., VT >0, (3.34)
0

and dP ® dt-a.e.,

Gt X)) - G(t. X)| < 4 |X, — X.|". (3.35)
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3.3.4.1 Lipschitz Case

We first give a comparison result when one of the functions ® and ® satisfies
a Lipschitz condition. Without loss of generality we assume that there exists a
P-m.s.p. L : Q x [0, oo[ = R4 such that

T
/ L.,dQ, < oo, P-as., YT >0, (3.36)
0

and dP ® dt-a.e.,
|®(t,x) —D(t,y)| < L;|x—y|, Vx,yeR (3.37)

Proposition 3.12. Let the assumptions (3.33), (3.34), (3.35 with @« = 1), (3.36)
and (3.37) be satisfied and

(i) € >, P-as and
(i) (1, X;) > ®(t, X;), dP ® dQ,-a.e. on 2 x Ry.

(a) Then P-a.s. w € Q, X; (w) > X, (w), for all t > 0; in particular the strong
uniqueness for the SDE (3.31) holds.

(b) If moreover there exist A € F and a stopping time t > 0 such that for all
w e A:

() §@) >E(@), or
7(w) B B B
0D [ 0. %) ~ b1, 2] d0, @) > 0.
0
then X () (@) > )Zr(w)~(a)) , forall w € A; in particular if § (w) > g(a)) for
w € A, then X, (w) > X; (w) forall (w,t) € A x [0, oo].
Proof. Let U, = X; — X;. Then ®(t, X,) — ®(t. X,) = b, + a,U; and G(t, X,) —
G(t9 Xt) = Utct Wlth bt = q)(tv XI) - (D(t) Xt)>
1 s
A [®(t, X,) — @(t. X,)]. if U, #0,
t
0, ifU, =0

a; =

and

1 -

U [G(t, X)) -G, X)]. ifU, #0,
t

0, ifU, =0.

Cr =
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Then
! t
Ut == UO + / (a‘YUY + b\) dQs + / (Js (C‘Yv de) .
0 0

By Proposition 3.11

U =T, [(s . é) + /OIF;‘bsdQs}

B t 1 ) t
I' =exp a,dQ, — 3 les|”ds ) ds + (cs,dBy) |,
0 0

and the results follow. |

where

Remark 3.13. With the same proof the comparison result from Proposition 3.12 can
be generalized to the following case.

Let b : Q xRy - R, G: QxRy - Rfand L, £ : @ xRy — Ry be
progressively measurable stochastic processes such that for all 7 > 0:

T T
[ e+ yao, + [ (16F + @) dr < oo as.
0 0

Let X € S° be given by

t t
Xl = ‘i: +/ chdQs +/ (GudB\) , 1= 0,
0 0
and the following conditions are satisfied

@) |®; =b| =L/ |X:|, dP®dQ;-a.e.,

3.38
(i) |G| < 4, |X,|, dP®dra.e. (3:38)

1.If £ >0, P-as.and b, > 0, P® dQ,-a.e. on 2 x R4, then P-as. w € Q,
X, (w) >0, forall t > 0.
2. If moreover there exist A € F and a stopping time t > O such that forall w € 4,

7(w)
E@) >0, or / by (@) dQ, (@) > 0.

then X;(,) (w) > 0, forall w € A; in particular if £ (w) > O for v € A, then
X; (w) > O forall (w,t) € A x[0,00].
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3.3.4.2 Monotone Case
We now generalize the comparison result to the case where one of the functions ¢

and ® satisfies a monotonicity condition. Without loss of generality we assume that
there exists a P-m.s.p. i : 2 x [0, oo[ — R such that

T
/ || dQ, < oo, P-as., VT >0, (3.39)
0

and dP ® dQ,-a.e.,

(O, X)) — (1, X)) (X, — X)) < jus (X, — X,)”. (3.40)
This last condition implies that

[@ (1. X)) =@ (0. X)) 15 _y o< (X = X))
Proposition 3.14. Let the assumptions (3.33), (3.34), (3.35), (3.39) and (3.40,

where W is a deterministic process and dQ, = dt, when % < o < 1) be satisfied
and

(i)€>€E, P-as. and
(ii) (t, X;) = O(t, X;), dP R dQ,-a.e. on Q x R,.

Then P-a.s. w € Q, X, (w) > X, (w), for all t > 0. In particular the strong
uniqueness for the SDE (3.31) holds.

Proof. We have

X —X =£—¢ +/0l [® (s, X,) — @ (s, X,)] dO,
+ /Ol (G (5. X;) — G (5. X,) .dB,).
Since
6(5 %) = G 5. %) = 6 [ %= %[ 1%, - x].
we have, by Proposition 2.33, that
(X, —x,)" = (§ - $)+ + /Of [® (5, X,) — ® (s, X,)] 0 (X, — X,) dQ,

' i (3.41)
+/0 ([G (5. %) — G (5. X)] 15 _y .o dBs).
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where
0, ifx<O
1
9 (.X) = 5, 1fx = O,
1, ifx>0
Case a = 1.

Letp > 1,1 > 1,

o= [ 6 82 00 (o X0,
0

G, =[G (t. X)) -Gt X)] Iy _y oo

Since
(%~ X)) "k, < (B~ X) " [8(1.) ~ (1. X)] 15, _y-d0,
+ (K= X) T [@ (1 X)) = @ 0. X)] 1,0,
< [(%i-x)"] a,
and

~ +

|G| < ¢, (Xt - Xt)

it follows that
- 1
(Xt_Xt)+th+ (EMp+9PA)|Gt| = [( Xt) ] dvy,

where

+ 1 2

dV, = pu dQ, + >Mp +9pA | (€,)".

Using Proposition 3.3 (the inequality (3.8)) we deduce for all # > 0,

(G o

(1+5’|6—V()2—X)+||f)p/2_ r (1+8|(§—§)+‘2)p/2

Hence P-a.s. : X, > )Z, forallt > 0.

1
Case — <a < 1.
2
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Consider again (3.41). Define the increasing sequence of stopping times
~ + t
TnzianEOZ(Xt—X,) —i—/@fdsin}
0

It is clear that 7, " +o0, a.s. for n — oo.
Since

AT,

e - XS)+]2“ ds

A

ATy B
]E/ |G (5. X,) = G (5, Xo)|" 1g _y, _odls < IE/
0 0

< p2otl,

we obtain, taking the expectation in (3.41), that
. + AT B
E (%ine, — Xing) = E / [® (5. %) — @ (5. X)] gy, ods

0
t

= [ Ell0s O (%) = 0 6. X0] 15y, .o
t

=< /(; I’L+ (sE [1[0,r"] (s) (Xs - Xs)+:| ds

t
S —
0

and, by the Gronwall inequality, we deduce that E ()2 tnt, — Xi ,\fn)+ = 0 for all

t > 0. Hence forevery t > 0,n > 1, ()?,M” — X,M”)Jr = 0, P-a.s. The result
follows. u

Remark 3.15. From Proposition 3.14 we infer that the SDE

t t
X, =¢ +/ F (s, Xy)ds +/ (G (s, X;),dBs), t >0, a.s., (3.42)
0 0

with a monotone drift F and a Holder continuous diffusion coefficient G has at most
one solution X € S?. To be clear the coefficients F and G satisfy

e F:QxRyxR—>RandG :Q xRy xR — RF are P-m.s.p. with respect to
(w,t) € Q x R4 and continuous with respect to x € R;

» F satisfies (3.39) and (3.40, with p a deterministic process);

* G:Q xRy xR — R satisfies (3.34) and (3.35) with } <o < 1.

We now give a strict comparison result. Let X € S° be a solution of the SDE

t t
X, =€ +/ F (s, X,)ds +/ (G (s, X;),dBs), t >0, a.s., (3.43)
0 0
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and X € S° a solution of the SDE
~ ~ I ~ ~ t ~
X = +/ F (s. X)) ds +[ (G (s.%,).dB). 120, as. (344
0 0

Assume that

« the function G : Q x [0, +00[ x R — RF is P-m.s.p. with respect to (v, ) and
continuous with respect to x € R such that forall 7 > 0

T T
/|G&LW¢+/|G@&Wm<mMm” (3.45)
0 0

and there exists @ P-m.s.p. £ : Q2 x [0, oo[ — R4 with
T
/ (£)?dt < oo, P-as., VT >0, (3.46)
0

and dP ® dt-a.e.,
Gt X) = G, X)| < 4 |X = X,]. (3.47)
e F,F:Qx]0,00] xR — R are P-m.s.p. with respect to (w, 1) and continuous

with respect to (¢, x) € Ry x R and there exists a P-m.s.p. i : Q2 x [0,00[ - R
such that

T
/ || dQ, < o0, P-as., VT >0, (3.48)
0

and dP ® dQ,-a.e.,
(F(t. X)) = F@e.X) (% - X)) < (X = X,)". (3.49)

Proposition 3.16. Let the assumptions (3.45), (3.46), (3.47), (3.48) and (3.49) be
satisfied. If P-a.s.

&> § and F(w,t,x)> F(w,t,x), forall (t,x) € Ry xR,
then P-a.s., X; () > X, (w), forall t > 0.

Proof. Let

1 . -
— |G, X)) — G, X)), if X, — X 0,
= m—x[f )= G X)) i X - X #
0, if X, — X, =0.
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Then
d(X,—X,)=[F@t.X,)—F (t,X))]dt + (X; — X,) (c;.dB,)
and by Proposition 3.11, P-a.s.

Fl—l (Xz _)Zt) = (Xs _Xs) I /’Fr—l [F (r, X)) - F (r, X,)]dr,

forall 0 <s <t, where

t 1 t
I =exp |:[ (c,,dB,)——/ |cr|2dr].
0 2Jo

By Proposition 3.14 we have X; > X,, for all s > 0, P-a.s. Hence multiplying by
1y _g, we obtain, P-a.s.:

e L
ozlxlz)g,;/l T [F (r, X,)—F (r, X,)]dr, forall0 <i—e<t. (3.50)
—&

Since P-a.s. the mapping r + I';! [F (r.X,)—F (r, )Zr)] is continuous on R} we
deduce, letting & N\ 0, that P-a.s.,

0=1y _yI7'[F(t.X)— F(t.X,)]. forallz >0.

But I [F (t, X;) — F (t,Xl)] > 0 for all t > 0. Hence ]P’(Xl = )?,) = 0, for all
t > 0 and consequently (using the continuity of X and X)

P(X, > X,, forallt >0)=1.

The proof is complete. n

We remark that in the Lipschitz case § > £ and ® > & yield X, > X, for all
t > 0; in the monotone case the condition

d(x) > d(x), forallx e R

is essential as we can see from the following example. Let @, ®,G : R —> R,
®(x) = —2v/xF, (x) = —4+/xF and G (x) = 0. The functions ® and P are
continuous monotone decreasing functionson R : (& (x) — ¢ (y)) (x — y) < 0and
similar for ®.

Clearly X; = [(1 — t)*']2 , t > 0, is the unique solution of the SDE (in fact an
ordinary differential equation)
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t
X, =1 —2/ X+ds
0
s 12 ) : .
and X, = 4[(; —0)*]", t = 0, is the unique solution of

~ 1 4 -
Xlz——4/ X;"ds
4 0 .

We have Xy = 1 > % = Xo, ®(x) > ®(x) for all x € R but we do not have

X, > X, forallt > 0 (in fact X, > X, forz € [0,1) and X, = X, for¢ > 1).

3.4 Lipschitz Coefficients

3.4.1 Classical SDEs

We consider a slightly generalized version of Eq. (3.2). We shall obtain under some
Lipschitz conditions the existence and uniqueness of the solution using the Banach
fixed point theorem.

Consider the SDE

t t
X, =S5, +/ F (s, X)ds+/ G (s, X)dBs, t >0, P-as., 3.51)
0 0

where

O S:Qx]0,00[ > R isaP-mecs.p.,

O the functions F (-,-,¢) : Q x [0, +00[ = R? and G (-,-,¢) : 2 x [0, +00[ —
R¥*k gre P-m.s.p. for every continuous function ¢ : Ry — R?,

O thereexist L € L} (0,00;Ry)and l € L2 (0,00;Ry),

loc loc

such that dP ® dt-a.e., for all g,y € C (Ry,RY):

Lipschitz condition:
Lrp) |[Ft,o)—F@.YVI=L@)le—¥I,,
Lg) |Gt =G. Y| =L@ lle—vI,:
(LB ) Boundedness condition: (3.52)

T
Br) /lF(l,0)|dt<oo, a.s., YT >0,
0

T
Bg) / |G(t,0)|?dt < 00, a.s., YT >0,
0

where for any & € C (R4, R?), |||, Y sup {lac (s)] : 0 < s < 1.
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Theorem 3.17. If § € S:l) and the assumptions (LBrg) are satisfied then the
SDE (3.51) has a unique solution X € S[?. Moreover if there exists a p > 0 such
that forall T > 0:

T p T p/2
E sup |S|” —HE(/ |F(t,0)|dt) +E ([ |G(t,0)|2dt) < +o0,
tel0,T] 0 0

then X € Sf;.

Proof. Uniqueness. Also we could use here Theorem 3.8, we prefer to present
the classical uniqueness argument under Lipschitz conditions. Assume X,Y €
Sf} are two solutions. Define the increasing sequence of stopping times 7, =
inf{t >0:||X —Y|, >n},n e N*. Thenz, /" 400 a.s. and

EJX =Yg,

(AT, (AT, 1/2
§Ef L(r)|X =Y, dr+3E (f ez(r)||X—Y||3dr)
0 0

IAT, 1 9 IAT,
SB[ LOIX-YIdrt SEIX =Yl + B[O -V,
0 0

which yields
E (1[0,1,,] (l) ”X - Y”z) <E ”X - Y”t/\rn

< E/ "L () + 92 ()] |1X Y|, dr
0

t
= [ L)+ 9 O]E (los) 01X - Y1, ) dr
0
and by Gronwall’s inequality we get
E (1o @) IX =Y|,) =0, forallz > 0.

Hence 1y, (t) | X — Y|, = O for all #+ > 0, P-a.s. and passing to the limit as
n — oo, it follows that X =Y in S).

Thanks to uniqueness, the existence of a solution on R4 will follow from the
existence of a solution on an arbitrary interval [0, T'].
Existence (I) Casep > 0.

T
LetM eN*and0 =Ty < Ty <--- < Ty = T, with T =lﬁ.Then

. K s /2
a(%)dg sup (/ L(r)dr)p—i-(/ Ez(r)dr)p -0, asM — oo.

<L
O<s—t<y7
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The solution of the SDE (3.51) on [0, T3] is a fixed point of the mapping ' :
SP10,17] — S7 [0, T1] defined by

t t
F(U),=S,+/ F(S,U)ds+/ G (s,U) dBs.
0 0

The mapping I' is well defined since for all ¢ € C (R+,Rd)
|[F@. @) < |F .0+ L@ el, and |G 9)| <G 1. 0)|+ L) el

and consequently, by the Lipschitz continuity, the stochastic processes F (-, U) and
G (-, U) are progressively measurable forall U € S 5 [0, T] and

F(.U)eL?(QL'0,T)) and G (- U) e AL, (0.T).
Therefore

fF(r,U)dre Sj [0,T] and /G(r,U)dB,. € S:; [0,7].
0 0

With M large enough we shall prove that I" is a strict contraction on the complete
metric space S/ [0, 71] with the usual distance

1/(pv1)
dpy (U V) = EIU = V7).
Let U,V € S/ [0, T1]. By the Burkholder—Davis—Gundy inequality we have

E|TU)-T W7,

K p
<(1v2’)E sup (F(r,U)=F (r,V))dr
SE[TQ,T]] To
K p
+(1v2r YE sup (G(r,U)=G (r,V))dB,
s€[To,11] 1V To
T, P
<(lv2r ') [E (/ L(r) ||U—V||,dr)
To
T p/2
+E ( () |U - V||fdr) }
To

<(v2 e (H)E (IU-VIF).
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Let My € N* be such that (1v 2/ !)a (Mlo) < (%)Wp. Then T is a strict
contraction in S 5 [0, T1] and consequently Eq.(3.51) has a unique solution X €
Sro, 7).

Now we consider the interval [0, 75]. The mapping I" : S 5 [0,7] - S 5 [0, T3]
is defined by

X,, ift €[0,T1],

r). = (X1, + Si = S1) + [, F (s.U)ds + [, G (s.U)dBy, if t €]T}, T).

By recurrence, in M, steps, we cover the whole interval [0, T'].
(II) Case p = 0.
Let n € N* and define the stopping time

t t
9,,:inf%t20:|S,|+/|F(s,0)|ds+/|G(s,0)|2ds2n}.
0 0

Clearly 6, /" oo a.s. By the first part there exists a unique X" € S 5 solution of the
approximating equation

t t
X" = S0, 10,50 + / 1o, (r) F (r, X")dr + / 106, (r) G (r, X") dB,.
0 0

(3.53)
The uniqueness of the solution shows that
[X/ ! (@) = X! (@)] Tj0.,) (1) Lo.00) (B (@)) = 0.
Hence the stochastic process X € Sg defined by
X (w) =X (w), if0<t<6,(w)andb, (®)>0
is solution of the SDE (3.51). The proof is complete. ]

3.4.2 SDEs with Stieltjes Integrals

To conclude the results involving Lipschitz coefficients, we shall prove an existence
and uniqueness result for the more general equation (3.20)

t t
X: =5 —i—[ D (s, Xy) dO; —i—[ G (s, X;) dBy, (3.54)
0 0
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where
0 :Q2x[0,00[ > Ry is P-m.i.c.s.p., Qyp = 0.

We shall assume
(LBog):

(O)  the functions ® (-,-, x) : x[0,00[ = R? and G (-,-,x) : 2 x[0, +o00[ —
R¥*k are P-m.s.p. for every x € R?, such that for all T > 0,

T T
/ |G(t,S,)|2dt+/ |® (1, S,)|dQ, < oo, a.s., (3.55)
0 0

(OO) there exist P-m.s.p. £, L : Q x [0, 00[ — Ry such that for every T > 0

T T
/ () dr + f L,dQ, < oo, P-as., (3.56)
0 0

and forall x,y € R, dP @ dt-a.e.:

(Lg): |G, x) =G, y)| < L|x—yl,
(Log): [P, x) =D, y)| < Li|x —yl.

Theorem 3.18. If § € Sg and the assumptions (LBog) are satisfied then the
SDE (3.54) has a unique solution X € S(g. Moreover for every p > 2, A > 1,
there exists a constant C,, 5 such that for all T > 0

P
Elle™"X |7 = Cpa [E [V s]7 +E ( /0 e o 5, dQ,.)

r (3.57)
+E(/ 2% |G (r, S,)|2dr)p/2],
0

where

e t -1 t
v, Y / L,dQ, + A (pT + 9px) / ) dr.
0 0

Proof. (I) Uniqueness. X is solution of the SDE (3.54) iff Y = X — S is a
solution of the equation

t t
Y, = / @ (s, YS)dQs—i—/ G (s.Y,) dB,. (3.58)
0 0

where
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D(5,x) =D(s,8,+x) and G(s.x) =G (s, S +x).

Note that ® and G satisfy the assumptions of Proposition 3.9 and Theo-
rem 3.10. Hence Eq. (3.58) (equivalently (3.54)) has at most one solution in
Sg and the inequality (3.57) holds.
Moreover the uniqueness result shows us that it is sufficient to prove the
existence of the solution on an arbitrary fixed interval [0, T'].
(II) Existence for (3.58) under the condition

2

T T
e o espPare([ o6 <o
0 0

where

t t
E, = / L,.dQ, + / 02ds
0 0

and a > 2 will be chosen below.
Let U denote the Banach space of the stochastic processes Y from Sf} [0,T]
such that

e {1 S\ V2 T 1/2
1Y lly = (ZE He_”EYHT) + (E/ e 2Es |y, |? dES) < 00.
0

The solution of the SDE (3.58) on [0, T'] is a fixed point of the mapping I :
U — U defined by

r(r) % [0 B (s,7,)dO, + /O G (s.Y,) dB,.

First we show that the mapping I" is well defined.
Since for all Y € S((i)

|® (5, Y0)| < |® (s, S| + Ly [Ys| < [® (s, S| + L [V |17
and
|G (5. Y)| <1G (5, S| + £ |Ys| <G (s, SOl + & Y |7
it follows from (3.55) and (3.56) that I (Y') is a well defined element of Sg.
We shall now show I" (Y') € U, whenever Y € U.

Since

dDs = T (V) dE; = T (V)| (€2ds + LdQy),
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and for p =2 and A > 1,

(T (Y), ® (s, Ys) dO,) + (%m,, + 9px) |G (s, Ys)|2ds

= By MIY;| LsdQs + T (V)] (5. S)| dO;
+(1+362) (1%, + |G (5. )" ) ds

< (1+4362) [|G (5. Sy) [P ds + | Y, (€2ds + LsdQs)]
+ [Ty (D)@ (5. S| dQ; + [T (YV)[* L,dQ,

we deduce that
- 1 ~
dD; + (T (Y), ® (s, Y,) dQ,) + (zmp + 9pA) |G (s, Ys)‘2 ds

< (14361) [G (5, S)2ds + |V, dE, | + T, (V)] 1 (5, S| O,

+ Ty (V)| a dE;.
Hence by (3.7) from Proposition 3.3

) T
Ble T ()} +E [ e, () d,
0

T
< CAE/ e 2aEs [|G (s, S5)|* ds + |Ys|2dEs]
0

T 2
+GE ( / e~ 1D (s, Sy)| dQs)
0

< 00,

that is I' (Y) € U whenever ¥ € U. The existence of the solution in U will
follow from the fact that I" is a strict contraction on U.
LetY, Z € U. By It6’s formula we have

e BT, (V) =T (Z)* + 2a / ot T, (Y) — T, (2)|* dE,
0
= z/te—Z“Er (0, (¥)-T,(2). [ Y,) — ®(r, Z,)]dO,)
0

!
+/ e XE G (r,Y,) — G (r, Z,)|* dr
0

+ 2/te—2“Er (T, (Y)=T.(2).[G (r.Y,) — G (r, Z,)]| dB,) .
0
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Then by the Burkholder—Davis—Gundy inequality
t
E e~ [T (Y) - F(Z)]|\f+2aE/ e™%E T, (Y) — T, (2) dE,
<4E/ “2E T (Y) =T, (2)| Y, = Z,| (L,,dQ,)
0

—|—2E/ e 2 Y, — Z, 2 (¢,)* dr
0

1/2
+12F (/ e ENT. (V) =T (2) Y, — Z, > (4,)? dr)
0
<2E/ ¢HE T, (V) = Ty (Z) LdO,
+2E / e |y, — 7, (erQ, + (z,)zdr)
0

1/2
+12E [e™* [T (Y)-T (2)]], (/ e 2 Y, —Z, 7 (£,)* dr)
<aE / e 2 I, (Y) =T, (Z2)|* dE, + 2E / e~ |y, — Z,? dE,
0 0
1
+5E e [P (¥) =T (2)] |7

t
+72E / e XEr Y, — Z, ] (¢,)* dr.
0

Hence

1 t
S E[e T ) ~T @) +E / e |1y (Y) = T, (Z)[ dE,
0
74

t
<—E f e |Y, - Z,* dE,.
a 0

from which it follows that, for an appropriate choice of a,
1
IT@) =T Dy =5 1Y = Zlly-

(IIl) Existence in Sg.

The argument is identical to that of step (II) of the proof of Theorem 3.17 so we
shall not repeat it.

The proof is complete. ]
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3.5 Global Monotonicity
Consider the SDE
t t
X, =s+/ F(s,XS)ds+f G (s, X,)dB,, t >0, (3.59)
0 0

under the assumptions

(SDE-HD,): (3.60)

O the functions F (-,-,x) : Q x [0, +00[ = R? and G (-,-,x) : Q x [0, +00[ —
Rk gre P-m.s.p. for every x € R,
O there exist € L} (0,00) and £ € L2 (0,00;R,), such that dPP ® dt-a.e.:

loc loc

Continuity:

(Cr) x — F (t,x) : RY - R? is continuous;
Monotonicity condition:

Mp)  (x =y, F(t,x) = F(@t,y)) < (@) |x—y[>, Vx,yeR%
Boundedness condition:

T
Br) / Fff (t)dt < oo, P-as,Vp,T>0;
0

O
and
(SDE-HDy;): 3.61)
Lipschitz condition:
(Lg)  1G@t,x)=G(t.y)| <L@)|x—y|l. Yx,yeR%
Boundedness condition:
T
(Bg) / |G(t,0)|dt < 0o, P-as.VT >0.
0
O

3.5.1 A Deterministic Problem

In order to prove the existence of the solution, we need some preliminary results on
some ordinary differential equations.
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Let f : [0, +00[ x R? — R? be a measurable function such that for all x, y € R?:

(@) f (") : RY = R? is continuous, a.e. t > 0,
(SDE-H /) (i0) (XT— v, ft,x) = f(t,y)) <p@)|x—y|* ae.t >0,
(iif) / fH()di <00, ¥p>0, YT >0,
’ (3.62)
where i € L} (0, 00) and

loc

f @) = sup{| f(t.x)] : x| < p}.

T T
co ot ([ roa)en([ utow)

We define

and

T T
C(p) = |:4p + 8/0 f,ﬁp) (s) ds] exp [4/0 wt(s) ds:| .

Lemma3.19. Let T > 0 be fixed h € C ([O, T];Rd) and the assumption
(SDE-Hf) be satisfied. Then the ordinary differential equation

x@)=h@)+ /Ol f(s,x(s)ds, te]0,T], (3.63)

has a unique solution x € C ([0, T] ;Rd). Moreover

[xllz = sup [x ()] <« ([All7). (3.64)
1€[0.7]

If x, X, are two solutions corresponding to h, h respectively, then
Il = %13 = € (Illr v Willr) 1=l (3.65)

In particular the mapping h —> x is continuous from C ([O, T] ;Rd) into itself.

Proof. Step 1. Boundedness of solutions.
Let x be a solution of the Eq. (3.63). Then

1d
SO @) P =(f @t.x@).x@®)—h(®)
<@ h@) x @) =h@) +p @) |x @) =h @)
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From the first part of Lemma 6.63 (Annex C) we deduce that

x@)—h@)] < /Ot | f (s, h(5)) |eff wndr g

which establishes (3.64).

Step 2. Uniqueness of the solution. ~

Let x, X € C ([0,T];R?) be two solutions corresponding to h, h respectively.
We have

lx (t) = h (1) — % (t) + h (1)

—2[ (£ 6) = f 6FO) X0 b6 =T 6) +h o)
0
<2 [ W@ )= F @ a5t 20 =Rl [ 17 Gox O]+ 17 6. F (Dl

Hence, using the inequality % lul> = |v]* < |u—v|? withu = x (t) — % (¢) and
v="h(t)— h (t) we obtain:

x (1) =% (1) ]” < 4/0 w* () |x (s) = % () ds

T
A A # B
20 =+ 8=l [ S iy O

The estimate (3.65) as well as uniqueness now follow from Gronwall’s inequality.
Step 3. Existence of the solution.

Let p € C§° (Rd;R+) be such that p (x) = 0if [x| > 1 and [z0 p (y)dy = 1.
Let C = sup {|Vip (x)| : x € R?}.

Step 3.1. Approximating equation.

Define for0 < ¢ < 1:

fe.x)= |  f.x—eun)lpy(elf . x—eu)|)p(u)du
B(0,1) (3.66)

i [ of Gt e 1f @ p () di

This mollifier approximation of f satisfies the following properties:
(Ly): foralle €]0,1], x,y € R?, ae.t > 0:

O 1o (tx)] < .
£

c (3.67)
(i) | (1.2) = £ (0 3)] = 5 ¥ = ¥
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(Mg): foralle €]0,1], x,y € R?, |y| <R, ae.t > 0:

D e @0 = fRe O,
G) (x =y, fo@.0)) < @) Ix =y + ff, ) 1x =1,

and
(Cr): forallg,§ €]0,1], x,y € R4, |x|,|y]| <R, ae.t >0:

(x =y, folt.X) = f5(t.9)) S 2(e+8) [ Sy, () + 20 (1)]
H1x =y S O 1t oo ([ @)
+2ut (@) |x — .

Let us prove the last inequality. We have

(x =y, fe(t.x) = f5(2. )

B(0.1)
XXy (e 1 f (t.x —euw)]) p (u) du

+/_ (x—y. f (L. y — 8u))

B(0,1)

x [Loy (| f (t.x = ew))) = Loy B | f (2. y = 8w)])] p () du

5/_ 1 (1) |G — eu) — (v — 8u)[? p ()
B(O.l)
+2|e—8|/_ ) Sy (©) p () du
B(O,l)

+/_ |x =y fi1 (0) Lt oo (A1 (0) p () du
B(0,1) )
<2ut @) |x =y +4Ee+ut @) +2(+8) fi ()

+lx =yl fi @) Lt oo (fE+1 ).
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(3.68)

(3.69)

=/ (x—eu)—(y—0u)+(—08)u, f(t,x —eu)— f (¢t,y — éu))

By a classical result on ordinary differential equations with Lipschitz coefficients
(which is a particular case of Theorem 3.17 ), for each ¢ €]0, 1], there exists a

unique x, € C ([0, T];R) such that

xe (1) =h(t)+/:fg(s,x£(s))ds, tel0,T].

Step 3.2. Boundedness of ||Xz|| 7

(3.70)
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Since by (3.68-jj)

1d )
Sl O =R F = (5 () =h @) fo (0% )
< 1) % O =hOF + fi, Ol ) = h ()]

we deduce, using the first part of Lemma 6.63 (Annex C), that

! 1
e () —h (1) | = /0 Fop, () €m0 ag

and the boundedness

def
lxellr <« 1+ lkll7) = R

follows.

Step 3.3. Equicontinuity of {x, :0 < e < 1}.
By (3.68-))

X (1) = xe ()| < [h (1) =R ()| + '/ Je(r. xe (r))dr

< () —h(s)] + / £ o () dr.

Step 3.4. Passage to the limit.

By the Arzéla-Ascoli theorem, {x.},_. is relatively compact in C ([0 T1; ]Rd),
and consequently there exists a x € C ([0, T];R?) and a sequence &, — 0 such
that x,, — x in C ([0, T]: R).

Clearly, for all t € [0, T]:

Jeu (1. X6, (1)) = [ (1, x (1))

and by the Lebesgue dominated convergence theorem:

/ Sen (8.x¢, (5)) ds — / f (s, x (s)) ds.
0 0

Then passing to the limit in (3.70) we conclude that x is solution of the Eq. (3.63).
|

Remark 3.20. The uniqueness of the solution x implies that the whole sequence x,
satisfies

X; — X in C([O,T];Rd) ase — 0.
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In fact {x, : 0 < & < 1} is a Cauchy sequence in C ([0, 7']; R?), since |x (t)| < R,
|xs (£)| < R and therefore by (3.69)

(xe (1) = x5 (1), d (xo (£) — x5 (1)) < dRes (t) + |xe (£) — x5 (1)| AN s (1)
+ |xe (1) — x5 ()2 dV (1),

with
R.s(t) =2(s+6) /0 [ £ () +2u™ (s)]ds,
Nes (1) = /0 fi () Lial oof (f&+1(5)) ds, and

1
V()= 2[ wt (s)ds.
0
Then by Proposition 6.67 from Annex C we have

e = %5l = 26" [ Ry (T) + Ney (T)]

3.5.2 Main Result

We can now establish the main result of this section.

Theorem 3.21. If £ € L° (Q, F,P; Rd) and the assumptions (3.60-SDE-HD )
and (3.61-SDE-HDg; ) are satisfied, then the SDE (3.51) has a unique solution X €
Sg. Moreover if there exists a p > 2 such that for all T > 0:

T p T p/2
E|¢)” + E (/ |F (t,0)|dt) +E (/ |G(t,0)|2dt) < +oo, (371
0 0

then X € S‘f.

Proof. Uniqueness is proved exactly as in Theorem 3.8.

Existence. It suffices to prove existence on an arbitrary interval [0, T']. The proof
will be done in two steps.

Step 1. Existence under the additional condition (3.71).
LetU € S5 [0,T].Clearly G (-,U.) € AS 0, 7).

Consider the stochastic equation

t t
X, =s+/ F(s,Xs)ds—i—/ G (s,Uy)dBs, t €[0,T]. (3.72)
0 0
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Define the progressively measurable continuous stochastic process (p.m.c.s.p.):

h(t) =§+/OIG(S,US)dBS.

For fixed w € 2, Eq.(3.72) is of the form (3.63), where the data depend on the
parameter w:

X, (w) =h(w,t)+ /t F(w,s, X; (w))ds.
0

By Lemma 3.19 Eq.(3.72) has for each v € € a unique solution X. (w) €
C ([0, T];RY). Moreover, by Remark 3.20 X. (w) is the limit in C ([0, T]:R?) of
the approximating sequence

t
X (w) =h(a),t)+/ F. (0,5, X (0)) ds, (3.73)
0

where F; is the approximation of F defined in (3.66). By Theorem 3.17 and the
fact that h € S 5 [0, T'], the approximating equation (3.73) has a unique solution
X¢e S[‘; [0, T']. Since as ¢ — 0, for each ¢ € [0, T']

sup | X —X;| =0, a.s.,
s€(0,7]

the progressive measurability of X follows; hence X € Sg [0, 77].
Writing for the SDE (3.72) the inequality (3.15), with £, =0, p > 2, A > 1 and

t
w=[umm
0
we have
e WITE | X |17 <E e X7

<Cpa [E E]” + IE([OTe_V' IF (r, 0)|dr)p

T /2
+E(/0 G (U ar)” ]

< oQ.

Hence X € SJ [0, T].
We note that the Eq. (3.59) on [0, T'] may be written in the form

rX) =X,
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where ' : S7[0, T] — S/ [0, T] is defined by X = I' (U), X is the solution of the
equation

t t
X,=§+[ F(r,X,ﬁ)dr+/ G(r,U)dB,, 0<t<T.
0 0

The existence and uniqueness of a solution of (3.51) in S 5 [0, T] will follow from
Banach’s fixed point theorem and the fact that I" is a strict contraction on S 5 [0,T]
equipped with the equivalent norm ||-||, given by

I/p
IX1l, = sup [e‘“’ (B x]7) ]
te€l0,T]

with
V)= /0 w(r)dr

and a large enough, which we now prove. y y
LetU,U € S7[0.T], X =T (U)and X =T (U). Then X — X satisfies

X, - X, = t F(r,X, + (X, — X)) — F(r, X,)| dr
N ]

+ [t [G (r,U,) = G(r,U,)] dB,.
0

Since the functions
F(t,x)=F(r, X, +x)—F(@r.X,) and G (t,x) =G (r,U,) —G(r,U,)

satisfy the assumptions of Proposition 3.6 (with the corresponding monotonicity and
Lipschitz “constants” ji = w and £ = 0) we have, by (3.15), for p > 2 and A = 2:

e P xE He_V(X -X) Htp
t

<e P xC,E (/ e |G (r, 0)|2a’r>p/2
0

t
<e " xC,E </ C(rye*e ™ eV (U - U) Hfdr)lp/2
0
t
<e™xC, (/ 02 (r) e (IE le™V (U - U) Hf)z/p dr)jp/2
0

<o @ swp (B[ ©-0)]7).
rel0,T]
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where

t p/2
¢ (a)=C, sup (e_z‘”/ 2 (r) ez”’dr) .
0

1€[0,T]
Taking the sup over ¢ € [0, T'], we deduce that
It @)=t @), =< lp @) Jlu -0,
Since by Proposition 6.57, Annex B, lim,_, o, ¢ (a) = 0, it follows that I is a strict
contraction for a large enough.
Step 2. Existence in Sg.
The argument is identical to that of step (II) of the proof of Theorem 3.17 so we

shall not repeat it.
The proof is complete. ||

3.5.3 SDEs with Deterministic Initial Condition

We let {X[* : s > 0} be the solution starting from x at time ¢, that is

sVt sVt
XS’"" =X +/ F(r, XI)dr + [ G(r, XI'") dB,. (3.74)
t t
We can also write
X;'x =x + / 1[,,00[ (S) F(}", Xrtx) dr + / l[t,oo[ (S) G(r, Xrl’r)dBr.
0 0

Let p > 2. Assume that the assumptions (3.60-SDE-HDf) and (3.61-SDE-
HDg;) are satisfied and for all 7 > 0,
T p T p/2
E (/ |F(t,0)|dt) +E (/ |G(t,0)|2dt) < +o0. (3.75)
0 0

Then by Theorem 3.21 the stochastic differential equation (3.74) has a unique
solution X' € S7.
Define

V, = /Ot [,u+ r)+A (pT—l + 9p)t) ¢? (r)] dr

and for 1 < ¢ < oo,
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Mypr ) L T DB F G0 |20 p +EIG ) [Py BT6)

Proposition 3.22. Assume that (3.60-SDE-HDy), (3.61-SDE-HDg) and (3.75)
hold. Then for every p > 2 and A > 1, there exists a constant C, ) such that
forall T,t,t" > 0and x,x" € R?:

E sup |Xfx _ X‘é/yxf|p < Cp,/\ ep(VT_VTAt/\t’) |: |)C o x/|p

s€[0,T] T At » T At )2 3.77)

+EV F (. x)| dr‘ + E)/ G(r, x)|2dr( ]
T TAt’

At

Then forall 1 < q <oo, x,x' e Rand T,t,t' > 0:

Y P11
E( sup | Xt — X[ |p) = Cppe™ |:|x —xX'\"+ My pr (x) |t = t/|§(l q):| .

0<s<T

(3.78)

Proof. We first remark that if the hypothesis (3.60-SDE-HD ) is satisfied, then it is
also satisfied replacing by ™.
Let ¢/ < t. We have three cases:

Casel1: T <t'.
We have

sup |XF — XX = | — x|
0<s<T

Case2:t' < T <t.
We have

sup [ X! = X7 < sup [X0 = XUV sup X0t - X!

0<s<T o<s<t’ t'<s<T
’ ’
=|x'—x|”+ sup |x—X/"|".
' <s<T
Since

s
XS’/’X/ —x=x"—x+ / 1y oo (r) F (r,x + (X,’/”‘/ — x)) dr
0

S
+ / 100 (1) G (r,x +oxr —x)) dB,.
0
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we have, by Proposition 3.6,

Xl’,x’

p
/ ’
e "TE sup ‘XS’ x —x‘ <E sup e |X!

s€t’,T] sEt’,T]

T
P
<Cpa |:e_‘/t’ |x — x|? + E(/ e Vr|F(r, x)|dr)
l/

T /2
+E (/ G (r, )P dr)” }
l/

|

Hence
’ o p
E sup ‘Xf * —x‘ SCP,AeP(VT—VH)[|x’—x|p
s€[0,T]
r p T 5 \P/2
+E(/ IF ()] dr) +]E([ G () dr) }
t t
Case3:t <T

Note that for s > ¢

X' = x + /0 Moo (1) F(r X% dr + /0 oo (1) GG, X%) dB,
and
X' = x4 fo Moo (1) F( XY dr + /0 Moo (1) G, X7) dB,.

By Theorem 3.8 we obtain

—Vr t' x’ tLx|p -V, t' x’ x| p
e 'TE sup [X; " —X;*|? <E sup e” | X" — X
S€[t,T] S€[t,T]

a4
<CpiEe " X/ —x

) p
Hence

E sup |X0N—X[¥1P<E sup X - X[+ E sup X0 XI)

0<s<T o<s<t’ V<s<t
’ ’
+E sup | X! —XIv|P
t<s<T
’ V4 Vr—V; t,x t'x
< |:|x —x|”+(1+Cpre E sup | XY —XEx|P
'<s=<t

T T /2
§Cp$AeVT—W/|:|x/—x|P+E</ |F(r,x)|dr)P+IE(/ G (r,x)Pdr) ]
1 1

The inequality (3.78) clearly follows from (3.77). The proof is complete.
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This result permits us to apply Kolmogorov’s criterion (Theorem 1.40) to
the C ([0, T];RY)-valued stochastic process {X."" :(t,x) €[0,T] x [-R, R]d},
setting on [0, T] x [-R, R]* the metric

p(@t.x). (', x") = |t —t’|%_i + x —x'].

Assuming that for all R > 0

def
M, ,rr = sup My, 1 (x) < o0,
[x|<R

then by (3.78) for |x|, |x'| < Rand¢,t’ € [0, T]:

0<s<T

E( sup |Xfx — X‘é/vx/|l’) <Cx {P (([’x) 7 ([/,x/))}l+d+(17—l—d)

where C is a positive constant independent of x, x’, ¢, t'. By Kolmogorov’s criterion
forp>14+dand0 <8 <1—p~'(1+d),thereexistsann € L? (Q, F,P) (a
random variable independent of x, x, ¢, ¢") such that

p—1—d _

sup [XP =X < {p (. x), (. X))} 7

0<s<T

Hence we have:

Corollary 3.23. Let the assumptions (3.60-SDE-HD ) and (3.61-SDE-HDg ) be
satisfied and assume that for some 1 < q < oo, 1 +d < p <ooandforall R >0

<oo. (3.79)

M, 7R % sup ]EHF( .

|x|<R

+ su EHG
Lo lespR ol

Then there exists a process {)Zs” 5.t € Ry, x € RYY such that:

(i) )ZS"X = X", 5>0 as, foreacht e Ry, x € RY;
(ii) the mapping

(t,x) = X" 1[0, T] x [0, R]* — C ([0, T]; RY)

is a.s. continuous and moreover for all % <eg<l,

sup ’)Zé” — X;/'xl
s€[0,T]

<N X |:|X _x/il—e + |t —l‘/|(% %)(1 a):|

with 1, a random variable independent of x, x’,t,t" such that E |n.|" < oo;
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(iii) the mapping
(5,2,x) > X" 1Ry x Ry x R — R?

is a.s. continuous.

Remark 3.24. From now on, whenever this modification X exists we shall write X
in place of X (that is, we shall assume that (¢, s, x) — X is a.s. continuous).

3.5.4 SDEs with Stieltjes Integrals

We shall conclude this section with an existence result for the more general equation
t t
X, =&+ / D (s, X;5)dO, + / G (s, X,) dBy, (3.80)
0 0

where £ : Q@ — R? is an Fy-measurable random vector, ® : © x [0, co[ x R — R?
and Q : Q x [0, 00[ — R is P-m.i.c.s.p.
We first remark that for the differential equation

x(@)=h@t)+ /(; f(s,x(s)dg(s), te]0,T], (3.81)

we have results similar to those from Lemma 3.19.
Assume that

(SDE-H,) : ¢ : Ry — Ry, is a continuous increasing function, q (0) = 0

and f : Ry xRY — R? is a measurable function such that there exists a measurable
function p : Ry — R satisfying for all T > 0:

T
/0 1 (O] dg (1) < oo

and

(i) f () :RY — R? are continuous a.e.t € Ry;

(i) (x—y, ft.x)—= f@t,y)) < p()|x -yl
(SDE'qu) : ae.teRy, Vx,ye RY:

T
(iii) /0 fp# (t)dq(t) <oo, forall T,p>0.

We also introduce the following notation for p > 0:
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Ry [ 14 )dqs).
(1) /0 £ () dg (5)
. T
o ps2r, e ([ at0ae).

Note that if x € C ([0,T];R?) is a solution of the Eq.(3.81) with i €
C ([0, T]:R) then

(x () =h().d(x()=h@))
=(x @) —h@),.f(t.x()dq))
<X @ =hOIIf . hO)ldg @)+ |x @) =h @O n* (1) dg (1)

and by Proposition 6.67 from Annex C we have
I = hllp <2 UT f b () dg (r)} exp/OT;ﬁ (r)dg (r).
Hence
lxllr <k (lhl) (3:82)

Also if x, X, are two solutions corresponding to /, i respectively, then

<x(t)—h(t)—fc(t) Th@).d (x(z)—h(z)—;c(t) +ﬁ(r))>

=(xO=hO=-FO+h ). f €xO)— f €.50)dg 1))

=20 = h O] dR, iy O + 1 () = F OF 1 (1) dg (1)

< [2] O =R O] R g, iy O 21O =R O 17 0200

+2‘x(l)—h(r)—)~c(t) +ﬁ(z)(2u+ (t)dq (7).

By Proposition 6.67 from Annex C we obtain

-zl <2 =i,

x [2RK(||h||Tv||/€||r) (7)+2 Hh - ﬁHT /OT“+ (0) dq (t)] /

X exp {2./0T,u+ (t)dq (t)} .
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Hence
_ ~11/2 -
I =%y < [ =) " (a7 v 1) (3.83)

With a very similar proof as for Lemma 3.19 we have:

Lemma 3.25. Let T > 0 be fixed, h € C ([0, T] ;Rd) and the assumptions (SDE-
H,) and (SDE-H ¢, ) be satisfied. Then the differential equation (3.81) has a unique
solution x € C ([0, T] ;Rd). Moreover the mapping h —> x is continuous from
C ([O, T] ;Rd) into itself.

Now we can give an existence and uniqueness result for the SDE (3.80).
Define

» t -1 t
" d:f/ 10,dO, + 2 (1”T + 9px) / (€,)’ dr.
0 0

Theorem 3.26. If ¢ € L° (Q,]-'O, P; ]Rd) and the assumptions (3.11-SDE-
Hg), (3.21-SDE-H ) and (3.22-SDE-H¢s) are satisfied, then the SDE (3.80) has
a unique solution X € Sg. Moreover for every p > 2 and A > 1 there exists a
constant C ) such that for all T > 0:

T p
Ble X} < Coa Bl +E g/ e 10 .0 do,
0

+E (/ e |G (r, 0)|2dr>p/2i|.
0

Proof. The inequality (3.84) follows from (3.24).
Uniqueness was proved in Theorem 3.10. The uniqueness result tells us that it is
sufficient to prove the existence of the solution on an arbitrary fixed interval [0, T].
Existence under the condition

(3.84)

T 2
0

T
]E|§|2+]E/ e_z"E5|G(s,0)|2ds+E(/ e_”ES|d>(s,0)|dQs) < 00,
0
where
t t
E= [ @rar+ [ ura,
0 0

and a > 4 will be chosen below.
Note that by Lemma 3.25 and with similar arguments as in the proof of
Theorem 3.21, foreach U € SdO [0, T'] the SDE
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X, =E+ / ® (s, X,) O, + / G (5. U,) dB, (3.85)
0 0

has a unique solution I' (U) Yxe S910,T1].
We continue the proof following the steps of the proof of Theorem 3.18.
Consider the Banach space U of the stochastic processes X € S3 [0, T] such that

def {1 2\ /2 T 12
||X||U=(ZE||e‘“EX||T) +(1E/ e |Xs|2dEs) < co.
0

The solution of the SDE (3.58) on [0, T] is a fixed point of the mapping " :
Sg [0, T] — Sg [0, T] defined by T'(U) = X, where X is the solution of the
SDE (3.85).
We now show that I' (U) € U, whenever U € U.
Since
dD; = |X,|* dE; = | X, (Gds + (uyf . dQ,)) .

and for p =2 and A > 1,
1
(X5, @ (s, X;)dQ,) + (Emp + 9pk) |G (s, Uy)|* ds
< X, sdQ, + X, (19 (5.0)dQ,) + (1 +362) (£ US> + |G (5. 0)") ds,
it follows that
1
D, + (X @ (5, X0d0,) + 3m, + 992 ) G (.U s
< (14362) [lG (s,0)[2 ds + |U,|? dES] + X, @ (5,0)| dO, + | X, |* a dE,.
Hence by (3.7) from Proposition 3.3
2 T
Blet x|+ [ e P ak,
0 T
< GE|E* + CAE/ e~ 2 [|G (5,0)|*ds + |U5|2dEs]
0

T
+C,E (/ e | @ (s, 0)| dQS)
0

2
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thatis I' (U) € U. The existence of the solution in U will follows from the fact that

Tisa stricE contraction on U. _ _
LetU,U €U, X =T (U) e Uand X =T (U) € U. By 1t0’s formula we have

e 2| X, — Xt| —|—2a/ —2aEr | — X| dE,
0

— 2/Ie—2“Er (X, = X,.[® (. X,) — ®(r, X,)] dO,)
0

t
+ / e—ZaE,
0

t
+2 / e (X, — X,.[G (r.U;) - G (r,U,)] dB,).
0

G (rU)—G (r.0,)| dr

Since, by the Burkholder-Davis—Gundy inequality,

/‘Se_ZaEr (Xr — )Zn [G (7‘, Ur) -G (r, 0r):| dBr)

sup
s€[0,7]

< 3E (/ —4aE,
0

<38 Jer (- D), ([ e

1/2
X, - X [|U, -0, (E)dr)

1/2
U, — Uy (€,)? dr)

U, — 0r|2 (‘er)2 dr,

it follows that for a > 4

X, — X, [ dE,

t
E e (X — X)| + 24E / =z
0

< GE/ —2aE,
0

t
5[ (X = X)|} + 368 / =z
0

U, -0, (¢,)dr

X, — X,[* dE, +2E/ by
0

U, — 0, (¢,)*dr.

Hence

t
Lo (x — X)> +E / 25 |X, — X, dE,
2a ! 0

t
< ﬁE/ e—ZaEr
=7 A

Ur - ﬁr|2dEr’
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from which it follows that, for an appropriate choice of a,

~ 1 -
[r@) =T (O)]y=5[V-Uly-

(Ill) Existence in Sg.

The argument is identical to that of step (II) of the proof of Theorem 3.17 so we
shall not repeat it.

The proof is complete. |

3.6 Local Monotonicity

3.6.1 Locally Monotone Drift

Let us now extend the results of Theorem 3.21 to the case of “locally monotone drift
and locally Lipschitz diffusion coefficient”. We shall study the equation

t t
X, =g+/ F(s,XS)ds—l—/ G(s, X;)dB,, ¥t >0, a.s., (3.86)
0 0

where for all x € RY the functions
F(,x):Q2x[0,00] >R G(,-x):Q2x]0,o00] > RV
are P-measurable.

Recall the notations

def
Ff(t) =sup|F(f,x)] and m,=1Vv(p—1).

xX=p

The assumptions (3.10-SDE-Hr) and (3.11-SDE-Hg ) will be modified as follows:
for all p > 0 there exist two P-m.s.p. 1) and £(”) such that

Il

(p)
Mtp‘+

2
eﬁ”)‘ :|dt< 00, as.VT >0,

and

(SDE-Hp ,c):
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(Cr) Continuity:
x — F(t,x): R? — R4 is continuous, dP & dit-a.e.:
(MFo)  Local monotonicity condition:
(x =y, F(t.x) = F(, 1)) = " lx =y, dP@dr-ae.,
Vpz0andV x|, |y < p;
(Br) Boundedness condition:

T
/‘F/f(s)‘ds<oo, as.,YT,p>0.
0

(SDE-Hg,,.):

(Lg.ioc) Local Lipschitz condition:
IG(t,x)—G(t,y)| <£P|x —y|, dP®dra.e.,
Vop=0andV x|, |y] <p;
(Bg) Boundedness condition:

T
/ |G(t,0)|2dt <oo, a.s. YT >0;
0

and the mixed boundedness condition

(Brg):

there exista > 1,b > 1, a continuous increasing function V : [0, oo[ — [0, oo,
V(0) = 0 and two P-m.i.cs.p. R,N, Ry = Ny = 0 such that, as a signed
measure on [0, col:

(F({,x@),x@))dt+ (%ma + 9ab) |G(t,x (2))|dt
< 1,52dR; + |x ()| dN, + |x (1) >d V (1),
for all continuous functions x : [0, co[ — R?, where
mg=1v(a—-1).
Theorem 3.27. Let the assumptions (SDE-Hp ,.), (SDE-Hg o) and (Brg) be
satisfied. If € € L° (Q, Fo, P; Rd), then the SDE (3.86) has a unique solution X €

Sg. Moreover for every p € [1,a] and A €]1, D] there exists a constant C) 5, such
that:

E sup |X,|” < Cpae’ @ [E|§|” +1,,ERY? + ]EN;’] . (3.87)
tel0,T]

Proof. By the inequality (3.7) from Proposition 3.3, the estimate (3.87) clearly
follows.
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Uniqueness. Let X X € Sg be two solutions of SDE (3.86) corresponding to
initial data £, £ € L%(2, Fo, P; RY), respectively. Let the stopping time be

o (@) =inf {1 201X, @) |+ X @) = n}.
We have
t
Xt/\r,, = %‘ + / 1[0,1,,] (S) F (S A Tp,s Xs/\rn)ds
0

I3
+ / 1[0.'[”] (S) G (S N Ty, Xx/\r,,) dBv
0

and similarly for X (AT,

Let
t 1 2
V' = /(; |:/L£”) + (Emp + 9p)t) (ﬁf,”)) ]dr.

By Theorem 3.8 we have with § = 1 and arbitrary p > 2,1 > land T > 0:

™" (Xnea =% nen) lljory |(Xo=%0)|"
p o = CpaE————.
(1+||rv (X.A,,,—X.AIH)II[(,’T]) (1+|(X0—X0)| )
Uniqueness follows.
Existence. Let o € C (R [0, 1]) be given by
1, if x| < 1.
o(x)=492—|x|], ifl<|x|] =<2,
0, if x| > 2.

Let n € N* and the stopping time be

t a
6, (w) = inf{t >0:1,5,RY? + N7 + (/ |F (1,0)|d,)
0

! a/2
+ (/ |G (z,0)|2 dt) > n(al)/2§ '
0

Clearly 6, /" coa.s.,asn — oo.
Consider the approximating SDE

t t
X} = E1pg vy () + / Fy (s, X!) ds + / G, (s, X")dB;,  (3.88)
0 0
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where

Fu(6.5) = Tog, 00 () F (1.3,

n
Gy (t.x) = 104 (1) 0 (;) G (t.x).

Note that forall p > 0

def
Ff ()= sup |Fu(t.x)| < Ff, (t)

[x]<p

and

T
/ Ef () dt < o0, a.s.
0

Moreover

T a T a/2
E(/ 'F"“’O)'df) +E(/ |Gn(1,0)|2dt) < nl@vr2,
0 0

The function F), is globally monotone. Indeed:

& for |x| > 2n, |y| = 2n:
(Fat,x) = Fu(t,y),x —y) = 0;

<& for |x| < 2n, |y| < 2n we have:

(E1(t’x) - El(t’ y)vx _y)
=1, (1) o () (F(t.x)— F(t.y),x — y)
+[o (£) =0 (£)] L6, ) (F(t.y).y —x)

AR
<[ () E @] e
<& for |x| < 2n and |y| > 2n (similarly for [x| > 2n and |y| < 2n) we have
X X y 1
o ()=l () =e (D)l =7t
n n n n

and
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X
(Falt.3) = Fy(t.3).x =) = 1o ()0 () (F(t.x).x =)

1

= =3P Log, () |F(2,2))]
1

<=y F, 0.
n

Hence forall x, y € RY, dP @ dr-a.e.:

+ 1
(Fat, ) = Fy (1, ), x = ) < [(uﬁz’”) + -, (r)} =yl

Similarly we obtain that G, is globally Lipschitz:
1
61, = Gyt )1 = [ €7+ 1y 0 7 20) | =1
2
< (14 2) el

By Theorem 3.26 with dQ, = dt and R?*" replaced by R¢, there exists a unique
solution X" € Sg of the SDE (3.88). Since

1
(X", F, (s, X!") ds) + (Ema + 9ab) |G (s, X)| ds

X 1
<1jg, (50 (|n—|) [(X;’, F (s, X]')ds) + (Ema + 9ab) |G (s,XS")|2:| ds
< Luzolpp,) () dR; + |X]'| 1j0.4,) (5) dNs + [ X[ *110.5,) () dV (5),

we have, by Proposition 3.3,

E sup He‘v(’Ae")Xt”
tel0,T]

] < Cun B[ 1 emsvy 160)]
T "
\E (/ e_zv(mf?n)l[oﬂnl (s) laZZdRS)
0

T a
+E (/ e—V(SAQn)l[Oﬂn] (s) dNS) i|
0

= Ca,b [E (|€|a I[O,n(a—l>/<2a)] (|$|)) + 1a22]ER(71"//39,, +EN¥/\0,,:| .
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Hence

E sup |X"|* < 2C,pe” D pla=/2
tel0,T]

and

E sup |X"|° < ca,be“””[nzﬂa ]+ 1a>2ER”/2+EN;].
t€[0,T]

Define the stopping time

7 (w) =inf{t > 0:|X; (w)| > n}, n>2.

By Corollary 1.8, we have t, 23 00, since forall T > 0

o0
Zp(zn <T)<> P| sup |X/|=n
n=1 n=1 tel0,T]
21
< —E sup |X|*
n;”“ relr]
o —
C nla—n/2
<> T <%

3
Il
-

Since forall ¢ > 0, P-a.s. w € Q:
(X (@) = X7 (@) [ 10,015 @) () L ey (& (@)]) = 0,
we deduce that the stochastic process
X (@) X" (), if0<t<8,(®) At () and [£ ()] <n@ D/

belongs to Sg and it is a solution of the Eq. (3.86). |

3.6.2 Locally Lipschitz Coefficients

A particular case is where the drift is also locally Lipschitz continuous. Then the
functions F and G are (P, R?)-Carathéodory functions and satisfy:

(LL): VYR > Othereexist Lg € L},.(R4;R4) and £g € L3  (Ry;Ry) such
that dPP ® dt-a.e.:
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@) [Ft.x)=F@.y)l=Lr@[x—yl. VIx|.[y| =R,
@: 161 x)=G.y)| =Lr(@)[x—y| VIx|.[y] =R

(GL): there exista € L} (R4;R4), b € L (Ry;Ry) and P-ms.p. o, f,

loc

o€ L) (Ry;Ry)and B € L2 (Ry;Ry), P-as., such that Vx € RY,
dP ® dt-a.e..

() F@Ex)|<a+a@)|x],

7)) 1G@ )| =B +b()]x].
We consider the SDE

t t
X, =S8, +/ F(s,X_Y)ds+/ G (s.X,)dB;, t >0 (3.89)
0 0

(a slightly generalized version of Eq.(3.86)). With a similar proof as for Theo-
rem 3.27 based this time on the global existence result from Theorem 3.17, we
infer that:

Proposition 3.28. If the assumptions (LL) and (GL) are satisfied and S € S9,
then the SDE (3.89) has a unique solution X € Sg. Moreover for every p > 2 there
exists a constant C,, such that

T p T p/2
E sup |X;|” <C, |:]E||S||1;+IE(/ aldt) +E(/ ,Blzdt) :|
. 0 0
+€[0,7] , (3.90)
X exp [Cp/ (a @)+ %)) dt} )
0

In particular X € S”, if the right-hand side of (3.90) is finite.

However we sketch a proof with a different approximation approach.

Proof. To prove the inequality (3.90) it is easy to show that

—1
(= 5. PG xnas-+ (1 + 9p ) 66, s

< dR, + | Xy — Sg|dN; + | X5 — S |2 dV(s),
t
where R, = C, / [ﬁf + b2 (s) ISslz] ds,
0

N = /z [y +a (s)|Ss|]ds and V (t) = Cp/l [a(s) + b2 (5)] ds.
0 0
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Using the inequality (3.7) (Proposition 3.3) we infer

T p/2 T )4
Ele " (X - S)n’; <C, |:E IS|I7 + (/ ﬁfds) + (/ ozsds) }
0 0

and the inequality (3.90) follows.

The uniqueness and the existence are proved in the same manner as in Theo-
rem 3.27; now the classical approach is to consider the approximating equation
(satisfying global Lipschitz conditions, Theorem 3.17):

t
X! = 14,5051 n0, +/ 1, (5) F (s,r[n (X;’)) ds
0

t
+ /0 1o, () G (5.7, (X)) dB,

where

t 2 t
9,,:inf§t20:|S,|2+(/ otxds) —+—/ ﬂ?dsz\/ﬁ}
0 0

and , : RY — B (0, n) is the projection operator, that is

X, if |x| <n,

= n .
T () —x, if |x| > n.

|x|
]

Remark 3.29. The inequality (3.90) also holds for p = 1 and, moreover, by
Proposition 6.68 from Annex C we have for all p > 1:

T b4 T p/2
E sup |X;|” <C, |:IE||S||§~+E(/ asds) ~|—E(/ ,BSst) :|
t€[0.T] 0 0 (3.91)

T
X exp {C,,Tl’l/ (a” (s) + b* (s)) ds% )
0

3.7 Markov Solutions of SDEs

3.7.1 Markov Processes

Definition 3.30. A d-dimensional stochastic process {X, : ¢t > 0} adapted to the
filtration {F; : ¢ > 0} is saidtobe a
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a. Markov process if for any #,r > 0:
P(X:;+r € G|F;) = P(X,4r € G|X,), as.,V G € By; (3.92)
b. time-homogeneous Markov process if, moreover, for any ¢,r > 0:
P(X/+r € G|X;) = P(X, € G|Xy), as.,V G e By; (3.93)

c. strong Markov process if for any stopping time T < oo a.s. and any real number
r>0:

P(X,4, € G|F.) = P(Xo4r € G|X:), as., VY G €By. (3.94)

Hence a Markov process is a stochastic process for which the future and the past
are conditionally independent, given the present.
Note that condition (3.92) (and similarly for (3.93) and (3.94)) is equivalent to

Elg (X+) IRl =Elg (Xi4) [Xi]. Vg € By(RY)
and also with the same condition for all g € Cj,(R?).
We introduce the following:
Notation 3.31. Given a probability distribution i on RY, we denote by P, a
probability on Q such that
P, (Xo € B) =u(B), forall B e B,.

The expectation with respect to IP,, will be denoted E,. If i = 8 (the Dirac measure

atx € RY), then P, Y Py and B, < B .
Denote by {X;* 1t > 0} the Markov process {X, : t > 0} “starting” from x, that is
foralln eN*0<to<ti<...<t,, B|,By,...B, € By:

P(X) €Bi,....X € B,) =P (X, € B.....X,, € B,).

In

By Lemma 1.1, foreach 0 < ¢t < s and G € B, there exists a Borel measurable
function P (t,-; s, G) : R? — [0, 1] such that

]P)(X\ € G|X[) - P (t, X[;S, G) .
This function is called the transition probability associated to the Markov process
{X; : t > 0}; it satisfies the following:

Definition 3.32. {P (t.x;5,G):0<7<s, x€R?, Ge By} is a transition
probability if:

() P (t,x;t,G) =1g (x) forall x € R? and ¢t > 0;
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(i) P (t,x;s,) : B4 — [0,1] is a probability measure for all x € R? and 0 <
t<s;

(iii) P (t,-s,G):R?Y — [0, 1] is a Borel measurable function for all G € B, and
0<t<s;

(iv) (Chapman—Kolmogorov equation) forallx e R? and0 <t <r <

P(t,x:5,G) :f P(t,x;r,dz) P(r,z;5,G), Y G € B,.
R4

The transition probability can be viewed as the conditional distribution of the
process at time s given that at time ¢ the process was at the position x:

P (t,x:5.G) = P(X, € G|X; = x).

Letx € R? and {X* : ¢ > 0} be a time-homogeneous Markov process. Then for
allt,s > 0and G € B; we have

P,t,G) Y P (s, xis +1,G)

= P (0,x:1,G)

and we associate to {X;* : t > 0} a semigroup {P, : t > 0} of linear bounded
operators P; : By(RY) — Bj,(R?) defined as:

P = [ 0Pty =B (x7).

It is easy to verify that for all ¢ € B,(R?) and ¢, s > 0:

(i) Pop =0,
(ify Piys = P;o Py,

(@ii)  sup [(Prg) (x)| = sup [¢ (x)].
x€R4 x€R4

A subset S C B, (R?) is a P-continuous invariant subset of By, (R?) if

(i) PpeS, VeSS Vt=>0,
@) limpoPp(x)=¢(x), Yopes, Vxe R?.

The infinitesimal generator of the semigroup {P; : t > 0} on B,(R?), or
equivalently of the Markov process {X, : ¢t > 0}, is the (usually unbounded) linear
operator A : Dom(A) C B,(R?) — By, (R?) defined as follows
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ef 1
Dom(A) ¥ {go € By(R?) : lim — [(Pig) (x) — ¢ (x)] exists forall x € B!

and x —> th_r)r(l); [(Pr@) (x) — @ (x)] belongs to Bb(Rd)}
and
() ()2 lim ~ [(P.9) (1) — ¢ ()], ¥ g € Dom(A), ¥ x € B,

One can verify that Dom(A) is a P-continuous invariant subset of B,(R?) and for
all ¢ € Dom(A)

t+h t+h
P (x) — P (x) = / P Ap (x)dr = [ AP,¢ (x)dr, V x e RY.
t t

If {X}:t>0} is a time-homogeneous Markov process with {P; : ¢ > 0} the
associated semigroup and A its infinitesimal generator, then by the Markov property,
if ¢ € Dom(A),

N A ]

t+h
= (Pra) (X5) — (Prg) (X7) — / (P, Ap) (X7) dr
=0.

Hence for all ¢ € Dom (A)
t
0 () == [ v () ar

is an ;-martingale for all x € R¢.
Conversely:

Proposition 3.33. Let x € RY and {X} 1 t = 0} be a time-homogeneous Markov
process (starting from x) with {P, : t > 0} the associated semigroup and A its
infinitesimal generator. Let ¢,V € By, (R?) be such that

(i) lim~ Py (x) = ¥ (x), Vx € RY,
(i) E¢(X')=¢(x) +E/0 v (X)) dr.

Then

¢ € Dom(A) and Ap = .
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Proof. Leth > 0. Then

[Ph(/’(x) ()] -V (x) = [ o (Xi)—e @] —v (x)

h
[ X)) — v (x)]dr
-/
— 0,

(Prayy (x) — ¥ (x)) dr

as h — 0. Hence ¢ € Dom (A) and ¥ = Ag. [ ]

The semigroup {P; : t > 0} is said to be Feller (and the time-homogeneous
Markov process is called a Feller process) if Co (R?) is a P-continuous invariant
subset of B, (R?).

Proposition 3.34. A d-dimensional F,-Brownian motion {B, : t > 0} is a homo-
geneous strong Markov process (and a Feller process) with:

(i) transition probability

1 ly —x[’
P(x,t,G) = —— — —)dy,
(1. 6) (Zm)d/Z/GeXp< 21 ) Y

forall0 <t <s,x eR? G € By;
(ii) semigroup Pig (X) = [pa ¢ (¥) P (x,1.dy) = Eg (x + By);

(iii) infinitesimal generator A satisfying:
C? (RY) C Dom (A)

and

d
1+ 0%
Ap = 5;8_)612’ forall g € C} (Rd;R).

Proof. By Propositions 1.34 and 1.94 from Chap. 1 for any stopping time 7 < oo
P-as.,andany G € B;, h > 0,

IP)(Br-i-h € G|-7:r)
= IE(IG(Br+h - B + Br)|fr)
= E(lG(Br+h - B: + Bz)|Br)
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1
T rh)Y?
=P (0,B.:h.G).

I
/Rd 16 (y + B:) eXP(— E)d)’

Clearly P, (x) = Ep (x + B). If ¢ € C, (RY), then Ep (x + B;) — ¢ (x), as
t — 0, and by Itd’s formula for ¢ € C b2 (Rd ) we obtain that

1 t
oGt By =g [ Aot Bar
0
is an ;-martingale. Hence by Proposition 3.33 Dom (A) D C? (R¢) and
1 2 (mod
A(p=§A<p, VoeC;(RY).

In the non-homogeneous case the transition probability P (¢, x;s,G),0 <t <,
x € R?, G € B, defines an evolution operator P, : By(R?) — Bj(R?)

P ) = [ o) P(txisidy).
Obviously, for0 <t <r <s:
P o =¢, and P,y = P;, o Py;.

The infinitesimal generator is defined for all ¢ > 0 as follows: A, : Dom(A;) C
By(R?) — B,(RY)

e 1
Dom(A) < {p € By(®Y) : 3 lim F(Puing) (¥) =9 ()] ¥ x € RY,

1
and the function x — }lm% 7 [(Prs+np) (x) — @ (x)] belongs to By (]Rd)}
h—>

and

1
(Arg) (6) = Jim & (Porag () =9 (x)). ¥ g € Dom(A). ¥ x € B,

From the definition of a Markov process, we have that for any ¢ € B,(R?) and
t,h>0:
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B (X~ 9 (X0 17) = [ 000 P 0. Xeit + b ¢ (X)

= Privnp (X;) — @ (X))
=hAp (X;) +o(h).

3.7.2 The Markov Property of Solutions of SDEs
We now consider the stochastic differential equation with deterministic coefficients
t t
X, =x +/ f(r, X,~)dr+/ g(r,X;)dB,, Yt >0, Pas., (3.95)
0 0

where f : [0, +oo[ x R — R? and g : [0, +-00[ x R? — R¥*k satisfy
(SDE-H); (3.96)

O the functions f (-, x) : [0, +oo[ — RY and g (-,x) : [0, 400 = R¥*¥ are
(Borel) measurable for every x € R4,
O there exist € L} (0,00) and £ € L2 (0,00;R,), such that dt-a.e.:

loc loc

Continuity:

(Cf) x — f(t,x) : R? = R? is continuous;
Monotonicity condition:

(My)  (x =y f@x) = f(.9) S p@ |x—yP. Vxy R,
Boundedness condition:

T
(Bf) / fE@dt<oo, VR, T >0;
0

and
(SDE-H,): (3.97)

Lipschitz condition:

(Lg)  1gt.x)—gt. | <L@)]x—yl. Vx,yeR
Boundedness condition:

T
(Be) / lg(z,0))?dt <00, VYT >0,
0
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where
SR @) = sup | f (1.x)].

[x|<R

Since the condition (3.71) is satisfied for all p > 2, we deduce, by Theorem 3.21,
p=2

that the SDE (3.95) has a unique solution X € () S 5 . Moreover, denoting by X!*
the solution of
(3.98)

X*=x, if0<s<t
X =x+ [0 for. XY dr+ [ g(r, XP¥)dB,, if s > 1,

then by Proposition 3.22 for every p > 2 and A > 1 there exists a constant C) »

such that, if
Lt_—/ |M (r)+/\(—+9p)t)€2(r)|dr

(3.99)

+ Hg (. x) o)

and

L1(0,T)

My (0 2 71070 1 ()
then for all x, x" € R, ¢,t' € [0, T] and g € ]1, 0o] the following inequalities hold:

_ X;”"/V’) <Cpp et |:|x =X+ My ()| |0 = 1| 3 ")]
(3.100)

IE( sup |X1*
0<s<T
and
t.x 1% P E(l_l)
E| sup X" —x|?| < Cppe®™ |Myr (x)|" |t —T|2\ "¢ (3.101)
0<s<T

If moreover for all R > 0
sup |Mq,T (x)] < 00,

[x|<R

then by the Kolmogorov criterion for all 0 < ¢ < 1, g € |1, 00], there exists a
random variable n = 7, and a version of {X!* : s > ¢} also denoted by X such

that
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sup ‘XS"X - XS’/'X/
s€[0,T]

<nx |:|x - x"l_s + |t — t’|(5_214)“_8)]

with E |5|" < oo for all » > 0.
As a consequence we have:

Theorem 3.35. Let the assumptions (3.96-SDE-H ¢) and (3.97-SDE-H ) be satis-
fied. Assume there exist g € |1, 00] and M, m > 0 such that for all x € R?

ey

<M (1+|x|"). (3.102)

+ 0], on <

L4(0,T)

Then (after choosing a proper version) (s,t,x) —> X0 is P-a.s. continu-
ous and the inequalities (3.100) and (3.101) hold with |Mq,r (x)"'7 replaced by
M? (1 + |x]™™).

Fix (f,x) € Ry x R, Let

X o{B;,—B;:t<r<s}VN, ifs>1,
b {Q,0} VN, if0<s<t.

From Theorem 3.21, with § = x, F(s,x) = 1o (s) f (5,x), G(s,x) =
1j;.00( (5) g (5. x), and the usual filtration {F;} replaced by {F?2}, we obtain:
Lemma 3.36. X! is 7% -measurable.

Moreover one can generalize the result to the case of a random initial time. Let
T < oo as. be a stopping time and £ : @ — R’ be an F,-measurable random
variable. We introduce the Brownian motion B; = B,4; — B, and we define the
filtration
B§ def
gs = ft,f—!—s = fé 4 ‘7:8

T,7+s°

where

B 0{Biyr— B, :0<r <stVvWN,
LTS T {Q, 0 v, if s < 0.
Consider the SDE

\%

Vs s
XF =4 / £ X5 dr + / ¢ XT)dB,, 520, (3.103)
T

T
T
or equivalently

s N
XE=t+ / Veoof () f(r, X[ €)dr + / Leoof (1) (. X[5)dB,, 5 2 0.
0 0
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In other words
XST.E = Y(x—r)\/()v

where

YS:E-i-/ f(‘L'—i—r,Yr)dr—I-/ g(t—|—r,Y,.)dl§r'
0

0
Again {Xf‘f 1S > 0} is Gs-progressively measurable. Hence:

Lemma 3.37. X% is F§ v F2_ -measurable for all s > 0.

T,T+s

Proposition 3.38. The solution {X, : t > 0} of the stochastic differential equa-
tion (3.95) is a strong Markov process with:

(i) transition probability
P(t,x;5,G) =P (X" € G)

fort,s > 0and G € By;
(ii) evolution operator P, : By(RY) — B,(R?),0 <t <3,

(Prs9) (x) = Ep (X[7):

(iii) infinitesimal generator A, satisfying C} (Rd) C Dom(A,) forallt > 0 and
forg € CZ(RY)

A () (x)

ST g (0 8 (0 ¢l ]+ {F ()4 ()

P (x)
Bxiaxj + ;ﬁ(I’X)

dg (x)
ot

1

d
= % Z (887)ij (t,x)

ij=I

Proof. From the uniqueness, for all # < r < s we have
XX — Xr,Xf'X
N s
and then P (t,x;5,G) =P (XS"X € G) is clearly a transition probability.
Let T < oo a.s. be a stopping time. It follows again from uniqueness that for any

s>0

7,X¢
XT‘H = Xr+x .
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Let {X!},en be a sequence of random variables of the form
n
X! =3 " x"lxean
i=1

where the G are Borel subsets of R, which converges a.s. to X;, as n — oo.
Since X ;f’s is F2_, ;-measurable and hence independent of F, we deduce that for
any ¢ € Cp(R?)

n
T, X! T.x}
Elp(X,2)IF] =Y Elp(X D)y, e

i=1

n
= > Elp(X[ DI X1x, ecry

i=1
X!
= E[w(X‘[—FY )|XI]’
and it remains to take the limit as » — oo in the resulting identity, using the

continuity in probability of x — X ff; (in fact the map is continuous a.s.) and
Lemma 1.37. Hence

Elp(X49)| 7] = Elp(X:4,)[X-]
and {X;},-, is a strong Makov process with the transition probability
P(t,x;5,G) = ]P’(Xj”‘ € G) )
The evolution operator is given by
Pa@ = [ 0P
= Ep (X

and It6’s formula with ¢ € C bz (Rd )and ¢, h > 0 yields

t+h
Ep(X"Y,) = p(x) + E / A p(XE) dr:
t

hence
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hm [Pzt+h (9) (¥) —(x)] = Aip(x).

Proposition 3.38 and Proposition 3.33 yield:

Corollary 3.39. In the case where the coefficients f and g depend only on x, and
notont, {X, : t > 0} is a homogeneous Feller process with:

(i) associated semigroup
(Pig) (x) = Ep(X™):
(ii) infinitesimal generator A satisfying: Dom(A) > CZ2(RY) and for ¢ €
C; (R)

(Ag) () = 3T [g () 87 (W) 60, (O] + { (). ()

9 - 9
=—Z(gg OIS SO
i=1 !

i,j=1

Proposition 3.40 (Fokker-Planck Equation). Let {X; : t > 0} denote the
Markov process which is the solution of the SDE (3.95). For each t > 0, let |,
denote the probability law of X;. Then {i, : t > 0} solves in the distributional
sense the parabolic PDE:

d
(@) = pu(Aig). 12 0, ¢ € C (RY),

where 111(¢) 2 [ua ()t (dx) = Eg(X,).
Proof. Again from It6’s formula for ¢ € Cb2 (Rd)

Ep(X,) = Egp(Xo) + E /0 Ap(X,) ds.

In the case where for each ¢ > 0, u, has a density, i.e. u,(dx) = p(t, x) dx, then
the family of densities {p(z,-), ¢ > 0} solves (at least in a weak sense) the PDE

0
Litx) = Za o (e~ Z—(fp)(t ), 120 xeR
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3.8 The Feynman-Kac Formula

We now wish to establish a famous identity, due originally to Richard Feynman
and Mark Kac, which provides a probabilistic formula for solutions of certain linear
PDEs.

3.8.1 Backward Parabolic PDEs

Let us fix a terminal time 7 > 0. Letc, 7 : [0,T] x RY — Randk : RY — R be
continuous mappings which are such that for some constants C, p > 0,

le(t,x)| < C, |h(t,x)| + |c(x)] < C(1 + |x|P), (t,x) € [0.T] xRY.  (3.104)
Again let { X!*} be the process solution of the stochastic differential equation (3.98),
whose coefficients f and g are assumed here to be jointly continuous with respect

to both variables 7 and x and to have at most linear growth at infinity. For each
(t,x) € [0, T] x RY, we define

. t.x T 2 t.x
u(t, x) 4 E[K(Xtr'x)e/'r"(s‘x‘ yas / h(s, X! )el <0 Xr )d’ds] (3.105)
t

(Feynman—Kac formula).
We consider the (backward) parabolic PDE in R?

%(l,x} + Au(t, x) + cu(t,x) + h(t,x) =0, (t,x) € [0, T[xR?,
w(T,x) =«k(x), x¢€ R4,
(3.106)

where
1
(Ap) (t,x) = ETr [g(t.x) " (t.x) 9 ()] + (f (. %), ¢} (x))

)
ax,' 8xj

d d
1 dg
=5 2 (88" (%) () + D filt. )5~ ().
ij=1 i=l !
The aim of this subsection is to relate equation (3.106) and the quantity defined
by (3.105). The first result says that any classical solution of Eq. (3.106) is given by
the formula (3.105).

Proposition 3.41. Let u € C'2([0, T] x RY) be a solution of (3.106) such that for
some M,q > 0,
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lut,x)| <M (1+]|x|), ¥ (t,x) €[0,T] xR’

If moreover the above assumptions, including (3.104), are satisfied, then u(t, x)
satisfies the Feynman—Kac formula (3.105).

Proof. By 1to’s formula (2.17) on [¢t, T A 6,] with

V= (s, el Xy,
N N
X =x +[ f(r, X9 dr+/ g(r, XI*)dB,
t t

and
0, =inf{s > ¢ : |X'* —x| > n},

we have

TAOn  ylx
(T A Oy, Xpih, Yele e X

T/\@n au r tx
=u(t,x)+ / [E + Au + cul(r, X,"x)ef’ COXTIDB gy
t
T A6y r 1.x
+/ e,/t c(s, X5 ) ds (qu(r7 Xﬁ’x)’g(r, X'tx)dBr)
t

First taking the expectation, then using the fact that u is a solution of (3.106),
the Feynman—Kac formula (3.105) follows by letting n — oo, using uniform
integrability, which follows from the boundedness of ¢(s, X!*) and the polynomial
growth of u and h. |

Let us rewrite the PDE (3.106) as

_%(I,x) + ®(t, x,u(t, x), Du(t, x), Du(t, x)) = 0,
u(T.x) = k(x),

(3.107)

where
(O [O,T]dexRdedeaR,

is given by

d(t,x,r,p, X) = —%Tr[g(l,x)g*(l,x)X]— < f(t,x), p > —c(t,x)r —h(t, x),
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and S denotes the set of non-negative symmetric d x d matrices. The notion of
a viscosity solution of such a parabolic PDE is made precise by Definition 6.96 in
Annex D.

Recall that the results in Annex D require @ to be proper, which implies that
c(t,x) < 0. This is not a restriction since u(z, x) solves the original equation iff
v(t,x) = u(t, x)e* solves the PDE

%(I,X) + (AU)(I’ .X) + (C(ty X) _A)U(I,X) + l’l(l,x)elt =0,
(t,x) € [0, T[xR?,
(T, x) = k(x)erT, x eR4.

Hence, since ¢ is bounded, we can always choose A large enough such that ¢ (¢, x) —
A < 0, and we can study an equivalent equation with a new ® which is proper.
We now give the main result of this section.

Theorem 3.42 (Feynman—Kac’s Formula). Let the assumptions of Theorem 3.35
and (3.104) be satisfied and all coefficients of the PDE (3.106) be jointly continuous
in (t,x). Then the quantity u(t, x) defined by the formula (3.105) is a continuous
function of (¢, x) € [0, T] x R? which grows at most polynomially at infinity, and it
is the unique viscosity solution of the PDE (3.106), among those functions u which
satisfy

hm e, x)leSleexDE — ¢ (3.108)

uniformly for t € [0, T], for some § > 0.

Proof. Uniqueness of the viscosity solution of (3.106) follows from Theorem 6.106
in Annex D. The continuity of u follows easily from (3.100) and the assumptions on
the growth of & and x. Moreover from the conclusion of Theorem 3.35 and (3.104)
we deduce that for some M > 0, ¢ > 0 and for all (¢, x) € [0,T] x R?,

|u(t. x)| = M(1+ |x|?),
from which (3.108) follows with § = ¢. Since X;'X = x, clearly u(T, x) = x(x).
We now establish the sub-solution property of u (the super-solution property is
proved analogously).

Let (t,x) € [0, T[xR? and ¢ € C?([0, T[xR?) be a test function such that

us,y) —o(s,y) <0 =u(t,x)— o, x),

for all (s, y) in a neighborhood of (¢, x). We argue by contradiction. Suppose that

_g—gf(t,x) — Ag(t,x) —co(t,x) — h(t,x) > 0.
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Then there exist § > 0 and ¢ € ]0,T —¢[ such that for all s € [t, + ¢] and
ly—xl<e

@) uls,y) <e(s.y),
(i) —g[(s.y) = Agp(s. y) —c(s,y)p(s. y) — h(s,y) = 8.

We introduce the stopping time
t=(@+e)ninf{r:r =1 |X—x|>¢}.

Clearly E 7 > ¢.
It follows from the strong Markov property of the diffusion process X"~ that

7]

a tx T S tx
u(t, x) = E[E (K(XtT’x)ej’TU(‘Y'X“ b 4 / h(s, XE¥)el <X dr g

t

—F |:I/t(‘L', Xi,x)eftf c(s, XY ds + / h(S, X;'X)efts c(r. Xt dr ds:| )
t

On the other hand, from Itd’s formula (2.17) on the time interval [z, ], as in the
proof of Proposition 3.41,

p(t,x) = E[‘P(f, XYl s Xs ) ds
T 1.x
_ f 0]+ A + cl(s, X')eh €t )d’ds],
t

Hence by the definition of the stopping time t, we have

0 =¢(t,x) —u(t,x)

= E[p(r, XI%) — u(z, X1¥)| el XD ds

[ 6l + A+ cp + RIG XDl <0800
t

T ¢
>E / Selt X g
t

> (Bt — 1) 8e~CT—D
>0

which is impossible.
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Consequently
dg
_E(Z’ x) — Ag(t, x) — cu(t,x) — h(t,x) <0,

and u is a viscosity sub-solution. ||

3.8.2 Forward Parabolic PDEs
Define the function

v(t.x) =E [K(X,X)efo’ c(Xi)ds 1 /0 l h(X})eh C<X%‘>d’ds] . (3.109)
and consider the PDE

9
a—';(r,x) — Av(t,x) + cu(t, x) + h(x), 1 > 0, x € R%;
v(0,x) =k(x), x € R?.

(3.110)

Theorem 3.43. Let the assumptions of Theorem 3.36 be satisfied, where the
coefficients of the SDE—as well as h and c—are no longer assumed to depend
upon the time variable. Then v(t, x) defined by the formula (3.109) is a continuous
function of (t, x) € Ry x R? which grows at most polynomially at infinity, and it is
the unique viscosity solution of the PDE (3.110).

Proof. For any fixed T > 0, consider v(z,x) for (t,x) € [0,T] x R¢ given
by (3.109). Because of the time homogeneity of the SDE for X, we can rewrite
v(t, x) as

T v —t.x
v(it,x) =E [K(XTT—I-X)@[TTrC(X.x-T_f--‘)ds + h(XST—t,X)ef‘TL,c(XrT " )drds] ]
T—t

Now define, again for (¢, x) € [0, T] x R4, u(t,x) = v(T —t,x). We have
T 1x T S 1.x
M(Z,X) =FE [K(X;Y)eff c(Xs)ds +/ ]’l(XStX)ef[ c(Xr )drdsi| )
t

From Theorem 3.42, u is a viscosity solution of (3.106), hence v is a viscosity
solution of (3.110). Uniqueness follows by the same argument as in Theorem 3.42.
|
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3.8.3 Parabolic PDEs with Dirichlet Boundary Conditions

We now give a similar result for a parabolic PDE in a connected open bounded
subset D C R?, with Dirichlet boundary condition. The process { X s > t)is
defined as above. Let D be a connected open bounded subset of R¢, whose boundary
is of class C''. For each (¢, x) € [0, T] x D, we define the stopping time

T, =inf{s > ¢: X' ¢ D}.
We assume that the set
A={(,x)e[0,T]xdD :P(t;x >t) =0} isclosed. (3.111)
Note that we have the following zero-one law which will be used below.
Lemma 3.44. Forall (t,x) € [0,T] x aD,

P(t,, > 1) € {0,1}.

Proof. To simplify the notation, we let 1 = 0 and write 7, for 7p,. Again
let {F; : t > 0} denote the natural filtration of the Brownian motion driving the
SDE (3.98). For all n > 1,

{r. =0} =) {rx < %} € Fijn-

k>n

This, together with the right continuity of the filtration {F;} (see Proposition 1.89),
implies that {7, = 0} € Fy, hence the result. ]

We consider the parabolic PDE (with the same function ® as above)

_%(t,x) + ®(1, x, u(t, x), Du(t, x), D2u(t,x)) = 0, (t,x) € [0,T] x D,

u(T,x) =«(x), x € D,
u(t,x) = x(t,x), (t,x) €[0,T] x oD.
(3.112)

Here all data are as in the preceding section, except for the new y € C([0, T]x dD),
which is assumed to be such that y(7, x) = k(x), x € dD.
We want to show that the Feynman—Kac formula

u(t, x) =E [(K(X;X)I{TST;,X} + X(Tt,xa X.ﬁt{)l{'[[\,<T}) eftTAr;,x C(S,X,,{’X)ds

TAT s x
+ / (s, X! )eht e X >dfds]
t
(3.113)
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defines a viscosity solution of Eq.(3.112). We again refer to Annex D for the
definition of a viscosity solution of (3.112).

The fact that u, defined by (3.113), is continuous follows from some arguments
in the preceding subsection together with:

Proposition 3.45. Under the condition (3.111), the mapping (t,x) — T is a.s.
continuous on D.

Proof. Let {(t,,x,), n € N} be asequence in [0, 7] x D such that (z,, x,) — (¢, x),
asn — oo.
We first show that

limsupt, x, < Tx as. 3.114)
n—o00
Suppose that (3.114) is false. Then
P(t;x < limsupt, x,) > 0. (3.115)
n—>o0

For each ¢ > 0, let
1, = inf{s > ; d(X!", D) > ¢}.
From (3.115), there exists € and T such that

P(z/, <limsupt, ., <T)>0.
n—>00

But since X*» — X!* uniformly on [¢, T'] a.s., this implies that

. 2 .
P(lim sup Tti/,xn <7/, <limsupz,, <T)>0,

n—>o00 n—o0

which would mean that for some n, X exits the ¢/2-neighborhood of D before
exiting D with positive probability, which is impossible.
We next prove that

liminfz;, ,, > 7;, a.s. (3.116)
n—>0o0
For this part of the proof, we will need the assumption (3.111) that A is closed.

It suffices to prove that (3.116) holds a.s. on Qy = {7,y < M}, with M
arbitrary. From the result of the first step, for almost all ® € ), there exists an
n(w) such that n > n(w) implies 7, ,, < M + 1. From the a.s. (on 2j7) uniform
convergence X — X'¥ on the interval [0, M + 1], X" hits the set

(T, X0 neN} CA = A

Ttn xn
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on the random interval [z, liminf, 7;, ,] a.s. on €. The result follows, since X'*
exits D when it hits A. u

We now prove the following:

Theorem 3.46. Assume again that the coefficients of A, ¢ and h are continuous on
[0,T] x D, k € C(D), x € C([0,T] x D) with k(x) = x(T,x), x € dD. Then
u(t, x), given by (3.113), is a continuous function of (t, x) € [0, T] x D and it is the
unique viscosity solution of (3.112).

Proof. Uniqueness of the viscosity solution follows from Theorem 6.103. Conti-
nuity of u follows from arguments similar to those in the proof of Theorem 3.42,
together with the conclusion of Proposition 3.45. Let us prove that u is a viscosity
sub-solution. The only new case to consider is that where (¢, x) € [0, T[xdD is a
local maximum of u—¢, where ¢ € C'2([0, T[xD).If (t,x) € A, then 7, . = ¢ and
u(t,x) = x(t, x). On the other hand, if (¢, x) € [0, T[xdD\A, then by Lemma 3.44,
P(z,x > t) = 1, and the same argument as in the proof of Theorem 3.42 (see also
the proof of Theorem 3.49 below) shows that

900+ 0 x (1.0, Do ). Dpl1.3)) < 0.

[ |
3.8.4 Elliptic Equations with Dirichlet Boundary Condition
Consider the differential operator
92
Z (g8%)y () g Z f; (x)—
i,j=1
and the linear elliptic PDE
Au(x) + c(x)u(x) + h(x) =0, x e D,
% u(x) = y(x), xe€aD, (3.117)

where D is a bounded connected domain with a boundary dD of class C', f :
R >R, g:R >R ¢:D—->R_,h:D — Randk : 0D — R are
continuous. Define the stopping time

=inf{t >0, X ¢ D}.
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We have the following:

Theorem 3.47. Let u € C2(D) N C(D) be a classical solution of Eq.(3.117).
Provided that the above assumptions hold and

sup Et, < o0, (3.118)

x€D

we have the Feynman—Kac formula
. N Tx S v
u(x) =E [X(X;Z)ef“ c(Xsds 4 / h(XX)elo <X )d’dsi| . (3.119)
’ 0

Proof. 1t follows from the regularity of u, Eq. (3.117) and 1t6’s formula that

A

I ATy X\ T Tx S X
ux) =E I:u(XIXMY)efo e(Xds / h(X;‘)ef” c(X; )drdsi| )
’ 0

The result follows by letting ¢ — oo, exploiting the assumption made on . |

Remark 3.48. A sufficient condition for (3.118) to hold is that there exists a v € R,
with |v| = 1, such that inf,cp |g*(x)v]| > 0.

Suppose now that the coefficients are as above. We need to formulate the elliptic
version of condition (3.111), namely

A ={x€dD; P(r, >0) =0} isclosed. (3.120)
We rewrite our elliptic PDE as

®(x,u(x), Du(x), D*u(x)) =0, x € D,
u(x) = y(x), x € 4D,

where
®:DxRxRYxS™ LR

is defined as

Sx.r, p. X) = —%Tr[(gg*)(X)X] — (f(x). p) —cQo)r —h(x).  (3.121)

Note that the fact that ¢ is non positive makes @ proper.
We can now state the following:

Theorem 3.49. Suppose that the above assumptions, including condition (3.120),
are in force. Then the function u : D — R defined by (3.119) is continuous on D,
and it is the unique continuous viscosity solution of (3.117).
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Proof. Uniqueness follows from Corollary 6.102 in Annex D.

The continuity of u follows from arguments similar to those in the proof of
Theorem 3.46. Let us check that u is a viscosity sub-solution. The proof of the
super-solution property is very similar. Let ¢ € C2(D) and x € D be a local
maximum of u — ¢. If x € A, then r, = 0 a.s., hence from the Feynman—Kac
formula u(x) = y(x), and we are done. Suppose now that x € D\A. We want
to show that ®(x, u(x), De(x), D*p(x)) < 0. We argue by contradiction. Suppose
that ®(x, u(x), De(x), D*¢(x)) > 0. To each £ > 0, we associate the set

Bp.(x)=DnN{y; |y —x| <&

From now on we fix & > 0 small enough such that (recall that A is closed):

1. Bp.(x)NA =0
2. u(y) —¢(y) = 0=u(x) — ¢(x), forall y € Bp(x);
3. @(x,u(x), Do(x), D>p(x)) > &, forall y € Bp .(x).

Let us introduce the stopping time
Oy :=1inf{t > 0; X" & Bp.(x)} A&

From the strong Markov property of the process {X;*, t > 0}, we would have that

8

"Ox X 0x S he
—E |:u(X5‘X)e/09- c(X)ds 4. / h(X;‘)efo c(X; )drds} .
0

I/t(x) =FE [E (K(X;i)e/o'v (7(X§‘)ds/ ) h(X?C)efOS C(er)drds
0

On the other hand, from It6’s formula,
b oyx 0 .
p(x)=E ¢(ng)efo c(X{)ds _/ [Ag + cqo](X;‘)e-/O cXNdrgg |
’ 0

Hence by the definition of the stopping time 6., we have

0= ¢(x) —u(x)

=K ([(p(ng) - u(XéCx)]ef(fx C(X;C)dx)
Oy S v
_ IE/ [Ag + co + h](X;‘)efo X g
0

o
> EE/ elo cXDr g
0
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> ¢k [Gxe_ce"]
>0,

which is a contradiction.

3.8.5 Elliptic PDEs in R?

Consider the linear elliptic PDE in R?:
®(x, u(x), Du(x), D*u(x))) =0, x € R?, (3.122)

where @ is defined by (3.121), f : RY > R?, g : RY - R ¢:R?Y - R and
h : R? — R are continuous functions satisfying

sup (|A(x)] + |c(x)]) < oo, (3.123)
x€R4
sup c(x) < —¢ <0. (3.124)
x€R4

Under these conditions, the following function of x € R4 is well defined
(o] . .
u(x) = / E [h(X,x)efo ex; W] dr. (3.125)
0

We now want to prove that (3.125) is a viscosity solution of (3.122).

The notion of a viscosity solution of (3.122) is defined in Definition 6.85 of
Annex D.

We have the following result, whose proof, which is very similar to and simpler
than that of Theorem 3.49, is left as an exercise for the reader.

Theorem 3.50. Under the above conditions, in particular (3.123) and (3.124), u
given by (3.125) belongs to C(R?), and it is the unique bounded viscosity solution
of Eq.(3.122).

3.9 Remarks on Weak and Strong Solutions

We consider the stochastic differential equation with deterministic coefficients

t t
X = Xxg +/ f(r, X,)dr—i—/ g(r,X,)dB,, Vt>0,P-as., (3.126)
0 0
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where f 1 [0,00[ x R — R? and g : [0,00[ x R — R¥* are (Bg, .RY)-
Carathéodory functions, i.e.

O the functions f (-,x) : [0,00] = R? and g (-, x) : [0, co[ = R¥** are (Borel)
measurable for every x € R,

O the functions f (t,-) : R — R? and g (¢,-) : RY — Rk are continuous for
dt-almost all t > 0.

We also assume to be satisfied the boundedness condition:
T
f [£§ @)+ gk (1) |*]dt < oo, YR, T >0, (3.127)
0

where

fR (@) = sup | (t,x)]

[x|<R

and g% is defined in a similar manner.

In most cases, the only relevant quantity attached to the solution of a SDE is
its probability law. Then the probability space (2, F, P) and the Brownian motion
{B; : t > 0} only have an auxiliary role. For this reason it is natural to define the
notion of a weak solution.

Recall that given a stochastic basis (2, F,P, F;),~, and an R¥-valued Fi-
Brownian motion {B; : ¢ > 0}, then a P-m.c.s.p. X : Q x [0,00[ — R? x R¢
is a strong solution of the SDE (3.126) if P-a.s. w € Q:

t t
X, :xo—i—/ f(s,XS)ds—i—/ g(s,Xy)dBs;, YVt >0.
0 0

Definition 3.51. If there exist a stochastic basis (2, F, ]P»]:t)tzo» an R¥-valued
JF:-Brownian motion {B; : t > 0} and an F,-progressively measurable continuous
stochastic process X : Q x [0, oo[ — R¢ x R? such that

t t
X, =x0+/ f(s,Xs)ds—I—/g(s,Xs)st, Vit>0,
0 0

then the collection (€2, F, ]ID,]-},B,,X[),ZO is called a weak solution of the
SDE (3.126).

We now derive a result on the existence of weak solutions. To this aim we add an
assumption on f and g:
there exist p > 1, A > 1 and continuous increasing functions V, R, N : [0, co[ —
[0, 00, V (0) = N (0) = R (0) = 0, such that as a signed measure on [0, co[:
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(1 (0)x () dr + (%m,, + 9pl) gt x ()Pt
< 1,22dR (1) + |x (t)|dN (1) + |x () |*d V (1)

(3.128)

for all continuous function x : [0, oo[ — R?, where
m,=1Vv(p-1).

From Corollary 6.75 (Annex C) we clearly have:

Lemma3.52. Let f : Ry xR? - R? and g : Ry x R — R pe two
(l’j’]RJr . Rd)-Carathéodoryfunctions satisfying (3.127) and (3.128). Then every weak
solution (2, F, P, By, X,;);>0 of the SDE (3.126) satisfies for all p > 0

E sup |X/'|" <L,,,
t€[0,T]

where
Lup = Cype? D [|xo|” 1,20 R? (T) 4N (T)}

and C, ; is a positive constant depending only on (p, A).
Also, by elementary calculus we deduce:

Lemma 3.53. Let / : Ry xRY > R? and g : Ry x RY — R be (Br,,R?)—
Carathéodory functions such that there exists an A > 0 satisfying:

|f (¢, %)+ |g(t.x)| <A, forall (t,x) € Ry xRY.

If (2, F,P,F:, By, X1),5¢ is a weak solution of the SDE (3.126), then for every
q > 0 there exists a constant Cy, such that for all T, e > 0 and any stopping time
6> 0:

E sup [Xirl? <Gy |:|x0|‘1 + AqTq/2+Aqqu|
t€[0,T]

and

E |: sup ’X(I—H)/\O - Xt/\9|q:| <C, A? (Sq + 8’7/2) .

0<s<e

We now give the main existence result for weak solutions.
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Theorem 3.54. If f : Ry xR? > R? and g : Ry x R? — R are (Bg, .RY)-
Carathéodory functions satisfying (3.127) and (3.128), then the SDE (3.126) has a
weak solution.

Proof. Step 1: The assumption (3.128) is replaced by a stronger condition: there
exists an A > 0 such that

|/ (t.x)| +|g(t.x)| <A, forall (r,x) e Ry xRY.

Let (Q,f', P, .Eé, l§,) . be a Brownian motion and X" : € x [0, c0[ — R? the
>

FEB-progressively measurable continuous stochastic processes defined recursively
by

t t
Xr =x0+/ f(s,Xs”_l)ds—l—/g(s,Xs”_l)st, t>0.
O n 0 n

Since Xj = x and

Es |: sup
0<f=<e

we deduce, by Proposition 1.47, that {)2 nap > 1} is tight on C (R4;R?). Conse-
quently {()?”, é) ‘ne N*} is tight on X = C (Ry; RIHF).

Then by the Prokhorov theorem along a subsequence still denoted by ()2 " l§)
we have

o n on
Xt+0 - Xz

4:| §CA4(£4+82),

()2”1’?) — ()fé) in law, as n — oo,

on X.
By the Skorohod theorem, we can choose a probability space (2, F,P), and
some random pairs (X", B"), (X, B) defined on that probability space, respectively

having the same laws as ()2 n 1§) and ()? , l§), such that moreover as n — 0o,

x", B") 2% (X, B) onX.

Then, by Proposition 2.15, (B", (FB X }) .n > 1, and ( B, {FBX }) are RK-
Brownian motions.

Using the Lebesgue theorem and, once again Proposition 2.15, we infer that for
n — oo
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M,”=xo+/f s, X! ds+/g s, X! | )dB
P (X )dst | g (s ) ae
—>M.=x0+[f(s,XS)ds—i—/Ag(s,Xs)de, inSg[O,T], Vp>1.
0 0

If

n n

Mt” défxo + /(;tf (s,)?s"_l)ds—i— /Otg (s,)?s"_l)dés
then from Corollary 2.14 it follows that
c (X B, M) = L(X",B".M") onC (Ry;RIHEH)
Since for every t > 0
)2,” — M,” =0, a.s.,
we have by Corollary 1.18 that
X'—M!=0, a.s.
and consequently, letting n — oo,
X;— M, =0, a.s.

Step 2. The assumption (3.128) is satisfied.
As in the proof of Theorem 3.27 we consider p € C (R?; [0, 1]) to be given by

1, if |x] <1,
p(r)=92—1|x|, ifl<|x| =<2,
0, if |x| > 2,

and
X
ey (1) = Lo (f, () + 85, ) p ().
Consider the approximating SDE
t t
X, = X0+ / fn (S, Xs) ds + / &n (S» X.Y) dB; (3.129)
0 0

where

fu@t.x)=a,(.x) f(@t,x) and g, x)=o,(x)gl x).
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By the first step the SDE (3.129) has at least one weak solution (2", F", P", F/,

B!', X[")i>0. Let E" = Epn.
Since

(X2, £ (s, X7) ds) + (%mp - 9pb) |20 (5. X7)| ds

< (5. X0) [ (0 (5 X0 )+ (4 90 ) [ () s
<1,52dR; + |X"|dN; + |X!?dV (s),

we have, by Lemma 3.52, that

E"| sup |X!|P | < L,a.
t€l0,T]

Hence

1 Lya
P sup |X"|>N|<—E®| sup [X"|F| < =22,
(ze[O,T] ! NP 1€[0,T] ! NP

Define the stopping time
Oy (w) =inf{t > 0: | X (w)| > N}.

It is easy to show that for every g > 0 there exists a constant C; such that

E" | sup
0<s<e

foralln, N € N*and ¢ > 0.
Hence, by Proposition 1.47, %X” ‘n > 1} is tight on C (R4 ;RY).

(n) *
NG
Since forall e, 7,6 > 0

q
X } < Cy N (1 + 677,

n — X"
(t+s)m9/(\7) t/\QI(Vn)

{mys (e:[0.7]) > 8}

sup | X/ 2N§ U{mxn o E00.7]) > 8¢
t€[0,7] A0y

it follows that

. n Lp,/\
lim sup |: sup*]P’ (my» (5[0, T]) > 8)] < N7
eN\0 neN
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for all N > 0, which yields that for all 7, § > 0

lim [sup P" (my» (:[0, T]) > 5)] =0.
ENO [ peN+

Consequently {X",n > 1} is tight on C (R+;Rd). Moreover the tightness on
C (Ry;RIHK) of {(X", B") : n € N*} clearly follows. Then as in Step I by the
Prohorov theorem and the Skorohod theorem, there exist a probability space
(2. F.P), and random variables

(X",B"),(X,B) : Q- C (R;RI™), neN*
such that

L(X",B") = L(X",B"),

andasn — oo

(X", B") =5 (X, B) in C (R RIH)

Moreover by Proposition 2.15, (é”,{ff”'in }) n > 1, and (B,{}",E')?}> are

R¥-Brownian motions.
Defining

ST (Y, B) Y xo + /Otfn (s.Y,) ds + /tgn (s.Y,)dBs, >0, and
S, (Y,B)défxo+/Otf(s,Ys)ds—i—/jg(s,Ys)st, t >0,
by Corollary 2.14 it follows that
L(X",B", S/ (X", B")) = L(X",B",S/(X",B")) onC (Ry;R*+).
Since for every ¢t > 0,
X'-8'(X",B")=0, a.s.,
we have
X' —S"(X",B") =0, a.s.,

and consequently, letting n — oo,
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X[ - S[(X, B) - 0, a.s.

Hence (S_Z, .7:', If", }',E’X, Bt, )?,) . is a weak solution of the SDE (3.126). |
1>

We say that the SDE (3.126) has the pathwise uniqueness property if whenever
(Q,F,P,X,B), (,F,P,Y, B) are solutions of (3.126), then

PX, =Y, Vt>0)=1

follows.

Theorem 3.55. Let f : Ry xR — RY and g : Ry x R — R be (Bg, ,R7)-
Carathéodory functions satisfying (3.127). Then

(i) the existence and uniqueness of a strong solution for the SDE (3.126) is
equivalent to
(i) the existence of a weak solution together with pathwise uniqueness.

Proof. The following proof is based on the proof of Theorem 1.1 page 149 in Ikeda
and Watanabe [38]. Let us introduce the notations W¢ = C(R4;R¢) and

Wy ={xeWk:x(0)=0}.
The only point which needs to be proved is that weak existence + pathwise
uniqueness implies strong existence.
The central idea of the proof is rather simple. Let (2, F, P, %, X;, B;);>0 and
(Q,F P, F], X/, B]);>0 denote two (weak) solutions starting from x (i.e. Xo =

X, = x). Let P, (resp. ) denote the probability distribution of (X, B) (resp.
(X', B"))on W x Wk If

mWEx W — wf
denotes the projection on the second factor, then clearly
n(Py) = n(P,) =P",

the Wiener measure. Now let Q"2(dw,) (resp. Q' *2(dw;)) denote the regular
conditional distribution of w; given w, under P, (resp. P,), i.e.

Pe(A; x A7) = : Q" (AP (dw>),

P (A, xA2)=/A 0" " (ANPY (dw>).
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Define on the space Q@ = W% x W¥ x Wok the measure Q by
Q(dwl, sz, dW3) = QW3 (dW])Q/ w3 (sz)]PW(dW3).

Let .7-_: denote the completion of the o-algebra of Borel sets of Q, with respect to Q,
and F; = Ng=o(Bi+¢ V N), where

B, =BW") @ B(W?) ® B(W}),

]PW
and V' denotes the class of all Q-null sets. Denote by B, (W)  the completion of
the o-algebra B, (W}) with respect to PV

The two technical lemmas from Ikeda and Watanabe [38], p. 151, say:
]P>W
Lemma 1. For A € B,(W%), w € WF = Q"(A) and Q' " (A) are B/(W)) -

measurable.
And
Lemma 2. ws is an k-dimensional (F,)-Brownian motion on (2, F, Q).

It now follows from Lemma 2 that (wy, w3) and (w,, w3) are two solutions of the
SDE (4.99) on the same space (2, F, Q), with the same filtration (;) and the same
driving Brownian motion w3. Hence pathwise uniqueness implies that w; = w,, Q-
a.s., that is

0"x Q' ""wi =wy) =1, P"(dw)-as.
Now this is possible only if there exists a mapping
we Wi F.(w)e w9,
such that
0"() = 0""() = 8rm(). PV (dw)as.

In other words, the only way that two independent random variables X and Y can
coincide a.s. is that their common law is a Dirac measure. By Lemma 1, w > Fy(w)

PW
S (BZ(WI‘) ,B(wd ))-measurable and Fy(w) is uniquely determined up to a

set of P -measure 0. Consequently X,(w) = F,(w), is a strong solution for the
stochastic basis (Q, F, Q, .7:,)t>o and the Brownian motion w = wj.

If now (2, F,P, F;);>0 is an arbitrary stochastic basis and {B; : > 0} is an
(F;)-Brownian motion, then X, = F,(B);, is a strong solution. [ |

To complete this section, we give the proofs of Lemmas 1 and 2. The proofs are
taken from Ikeda and Watanabe [38], p. 151.
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Proof of Lemma 1. Fort > 0 and A € B, (W), there exists a regular conditional
]P)W
probability Q}'(A) such thatw € Wok — 0/ (A)is B,(Wok) -measurable and

P, (AxC) = f QY (AP (dw), ¥ C e B (W}).
C

If we can show that this equality holds for all C € B (Wok ), then
0r(4) = 0"(4), P (dw)-ae.
and the assertion of the lemma holds.

Let (;w) (s) = w(t +5) —w(?) and (p,w) (s) = w(f A s). One may assume
that C is of the form

C={weWS : pwe A, Owe A}, Ay, Ay € BW).

Since 6,w and B, (Wok ) are independent with respect to P", we have

/ Or(APY (dw) = / O (APY (dw)PY (B,w € Ay)
c {prweds}

=P, (Ax{pwe A1) Py (W x {Hiw € 4,})
=P(X € A,p,(B) € A)P(0, (B) € A1)
=P(X € 4,0 (B) € 416, (B) € A))
=P(X €A, Be(C)
=P, (AxC).
This completes the proof of Lemma 1. |
Proof of Lemma 2. Since for every ¢ > s, u € R¥, A1, 4, € By (W?) and 45 €
B, (Wok):
Eo I:ei(lt,wa(l)*w3(‘&'))1 Ao A}]
— / ei(u,w3(t)—w3(s)) Qw3 (AI)Q/ w3 (Az)]PW (dW3)
A3z
= e [ 0m ()0 ()P (dws)
A3
= ¢ (4) x Ay x A3),

we obtain that ws (t) — ws (s) and F; are independent with respect to Q and the
result follows. ]
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3.10 Exercises

Exercise 3.1 (Stabilization). Consider the controlled stochastic differential equa-
tion

t t t
X,=s+/ F(s,Xs)ds+/ U.gds+/ G (s, X,)dBs, t >0,  (3.130)
0 0 0

where § € L7 (Q,F, P;RY), p > 1, and the assumptions (SDE-Hp 4,.), (SDE-

Hg o) and (Bgg) from Sect.3.6.1 (Locally monotone drift) are satisfied. Also
assume

F(s,00=0 and G (s,0) =0.

1. Show that for every a > 0 there exists a progressively measurable control
UelL?”(QL'(0,T;RY))

which stabilizes the solution with the given exponential rate a in the following
sense: the corresponding solution X = XV € S j satisfies for all § > 0:

E | X1” < e B[R l€]” d
@ (oix)” = ¢ (o)
o0
) Ef 5 o< lp_wr G.131)
(481,27 = a (1+sle)”
and moreover
joygpen’ S C - TUESI TR 3.132
(1+81x,12)" ~ ¢ (1+81x,12)" as ( )
whenever 0 < ¢ < sandé > 0.
2. Show thatif 0 < A < a
e*|X,| = 0 in probability as r — oo. (3.133)
3. Show that if moreover £ = x € R? and 0 < § < a, then
|X,(w:x)]? < e |x|P, Vi>60(w), P-as., (3.134)

where 6 < oo, P-a.s.
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Exercise 3.2. Consider the ordinary differential equation

x@)=m(@)+ /Ot f(s,x(s)ds, te]0,T], (3.135)

in a Hilbert space H. Assume m € C ([0,7];H) and f : [0,T] x H — His a
measurable function such that for all x,y € H:

(i)  f(t,”) : H — His continuous, a.e. t > 0,
(Hf) (”) (xT_yvf(l’x)_f(tvy)) SM(Z)|X—_)}|2, a~e't203 (3136)
(iii) / |fE@)| dt <oo, YR>0, VT >0,
0

where € L2 (0, 00), and

loc

FE@) Y sup{| £, %) - |x] < R}.

Consider the approximating equation

t
w@=m@+ [ flxe). el (3.137)
0
where f.(t,x) = f(t,T:(¢t, x)) and T, is the unique solution of the equation

Fe4+e[u@)Te— f(t,Te)] = x.

Show that the differential equation (3.135) has a unique solution x € C([0, T']; H)
and

sup |x. (t) —x (¢)] < Ce.
t€[0,T]

Exercise 3.3. Let F, be the Yosida approximation of F defined in (6.4) Annex B:
F.(t,x) = F(¢t,T(¢t,x)) where T+ e(ue—F(@,T,))=x.

Let p > 2, the assumptions of Theorem 3.21 be satisfied and
T
/ | (@) |F (¢,0)|dt < oo, YT >0.
0

Let X € Sf the solution of the SDE (3.59) and X4, 0 < ¢ < 1, be a solution of the
approximating equation
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t t
X;:g+/ Fg(s,Xf)ds—i—/ G (s.XZ)dB,, t>0. (3.138)
0 0

Show that for every 7 > 0
X*— X inSJ[0,T], as ¢ —> 0.

Exercise 3.4. Let the assumptions (/7), (/1) from Sect. 3.4 be satisfied and (¢, x) €
R, x R? be fixed. Define recursively the sequence

X! =x, fors <t¢, and

S

X" =x +/ f (r, X,’?_l/n) dr—i—/ g (r, X,’.’_l/n) dB,, fors > 1.
! t

Show that X is Ffs o 0 {B, — B, : t <r < s}-measurable and

X" — X" in SV[0,T] asn — oo,

where X' is the solution of
sVt sVt
X =x+/ f(r,Xr”x)dr—i—/ g (r. X!"") dB,
t t

(as a consequence X! is an F,5-measurable random variable).

Remark. This exercise provides an alternative proof of the existence of a solution
to an SDE.

Exercise 3.5. Let » : R — R be uniformly Lipschitz continuous. Let x be a real
number and {B;, t > 0} be a one-dimensional Brownian motion. {X;, ¢ > 0}
stands for the unique solution of the SDE

t
X[ =x+/ b(Xb)dS-i-B,
0

1. Suppose that
b(y) <0, whenever y >0; and b(y) >0, whenever y < 0.
Show that if x > 0 (resp. x < 0), then X; < x + B, (resp. X; > x + B;), for

t € [0, 7o), where 1y := inf{t, X, = 0}.
From now on, we assume that x > 1 and that there exists a ¢ > 0 such that
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—cy, if[y[=1;
b =
W=1C iz
y
We first assume that ¢ # 1/2.
2. Define
X?
Y, =1t ,
R v

and for b > x,
Tk = inf{t, X, & (1,D)}.
Show that {Y; ¢, ¢ > 0} is a martingale, and that

X2 ]E[thl\r(]yb)]

= —E[t A .
2c—1 2c-1 [t~ za)]
3. Deduce that
x2—E[X2 ]
E _ T(1.b)
[tam)] 7o 1

4. Show that {X,ZA"Z:EM, t > 0} is a martingale. Conclude that

E[X2¢H] = B[X2¢F! ] = y2+!,

T(1,b) INT(1,p)

5. Deduce from the above the value of E[z(1 5)].

223

6. Let now 77 = inf{t, X; = 1}. Show that E[t;] < oo, if ¢ > 1/2, while E[t;] =

oo, if c < 1/2.
From now on, we assume that ¢ = 1/2.
7. Show that {X7,, . t > 0} is a martingale.

8. Let Z, =t — ¢(X;), with

b2 —1 2z b2 —1

2_1 yb2_2 bz_ 2
qo(y):2y /1 Zdz—i—2 4 /
y

Show that {Zt/\f(],b)’ t > 0} is a martingale.
9. Compute E[z(; )] and E[7;].

Exercise 3.6. Let f and g be locally Lipschitz mappings from R into R. We

consider the one-dimensional SDE

dX; = f(X,)dt + g(X,)dB,, t > 0.
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1. Show that this SDE has unique solution, {X;; 0 < ¢ < t}, where t is a stopping
time such that | X;| — oo, as t — 7.

2. We assume now that xf(x) < K(1 + |x|?) and |g(x)| < K(1 + |x]|). Deduce
that t = +oo P-a.s.

3. Suppose that £(0) > 0, f(1) <0, g(0) = g(1) = 0,and 0 < Xy < 1, P-as.
Show that 0 < X, <1, P-a.s. forallt > 0 and T = +o0, P-a.s.

Exercise 3.7. We consider the R-valued SDE
dX[ - (FZXI + ﬁ)dt+ (G[Xt + g[,dB[) N X() = x,
where B is a k-dimensional Brownian motion. The coefficients F;, f;, G, and g;

are assumed to be adapted and bounded processes, with values resp. in R, R, R and
R*. Define

! 1
o, = exp/ (des + (Gy, dBy) — §|GS|2ds) .
0

1. Show that the solution of the above SDE is given by the formula
t t
X, =, (x + / O7'(fs — (Gy. g))ds + / o' (g, dBS)) .
0 0

2. Generalize this result to the case where X, takes its values in R, and the equation
is of the form

k
dX, = (F, X, + f)dt + > (G{ X, + g))dB}. Xo = x.

i=1

where F,, f;, G!, g! take values resp. in R?*?, R, R¢*¢ and R¥.

Exercise 3.8. Let {B,, t > 0} be a standard Brownian motion, f and g Lipschitz
mappings from R into R, which satisfy |g(x)| < K, and suppose there exist R, L >
0 such that

{If(x)l <L, iflx]<R:
| f(x)| < L|x|, if|x| > R.

Let {X;, t > 0} denote the solution of the one-dimensional SDE

t t
X, =x +/ f(Xy)ds +/ g(Xy)dB,, t > 0,
0 0

where x € R is arbitrary.
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1. Show thatift < T,
t t
Euﬁngh+nmE/L&Wﬁ+p@p—nﬁE/x?4w
0 0

where M = sup(|x¢|, TL) + R.
2. Show that the solution of the linear SDE

t
n=M+L/nm+m,
0

satisfies the same relation, but with equality.
3. Show that if x, y, u, v are four non-negative integrable functions defined on [0, T']
and satisfying (C is a positive constant)

x(t) <u(t) + C /l x(s)ds
0

t
y0 =0+ € [ yas
0
u(t) =v(t).
then x(¢) < y(¢), whenever 0 <t < T.
4. Deduce by recurrence on the integer p that E[X ,2p 1< E[Yf’) ], whenever 0 <t <

T, and that there exists an « > 0 such that E[exp(aX?)] < 00,0 <1 < T.
5. Show thatforall T > 0, ¢ € R,

IE|: sup exp(cX,):| < 00.

0<t<T

6. Consider the SDE
t
X, =1 +[ X,dBy,
0

and show that forall¢ > 0,7 > 0,
E[exp(c X,)] = oc.

Exercise 3.9. Let (22, F,P, 7, B;),> be a k-dimensional Brownian motion: 7, =
0{B;:0<s<t}and F =0 {U,zo.ﬁ}. Let x € R¥. Show that:
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1. Forall C,t >0

(
(i) ]Eexp( /|x+B|ds)<oo if —1<a<?2,
(iii) E{exp[Clog* (Ix + B;])]} = o,
(v) E |:exp (C/ log?(|x + le)ds):| 0.

0

~

) Eem(cu+BM)<m if0<bh<2,

2. If g : R — RF is a bounded Borel measurable function and —1 < a < 2,
then

()
t
M,:exp(/ |x+BS|”/2(g(x+Bs),st)
0
1 t
=3 | g+ BOP I+ B as). 1 = 0.and
0
t
Nf ZCXP(/ 10g|x+Bs|(g(x+Bs)vst>
0

1 t
=5 [ g+ BOP1ogx + Bas). 1 =0
0

are martingales.

W)

t
&:&—/u+&WQu+&ms
0
- t
(resp. B; = B, —f g (x + By) log |x + Bs|ds)

is a k-dimensional ?E—Brownian motion under a new probability measure
P (resp. P) defined on (2, F).

(i
(Q, F, I@, Fi, E,, X, =x+ Bt)t>0 is the weak solution of the SDE

dX, = g (X,)log —dt + dB,,
IXzI
Xy = x,

and if —1 < a < 2 then (QF]fD F.B.X =x+ Bt> is the weak
>0
solution of the SDE
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dX, = |X,|" g (X;)dt + dB;,
X() = X.

Exercise 3.10. Let f/ : R —(—00,0] and g : R — R be locally Lipschitz
continuous functions such that f (0) < 0 and |g (x)] < a + b|x| for all x €
R, where a,b are some positive constants. Using Theorem 3.27 show that the
following SDE

dXt
Xy

f (X)) VIX|sign (X,)dt + g (X;)dB;, 1 >0,
1’

has a unique solution X € S”, for all p > 0. If, moreover, | f (x)| + |g (x)| <
a + b |x| for all x € R, can we apply Proposition 3.28 to obtain the same results?

(Here sign (r) < 7 for 7 # 0 and sign (0) “o)



Chapter 4
SDEs with Multivalued Drift

4.1 Introduction

In the previous chapter we studied the stochastic differential equation

dX[ = F(t,X[)dt + G(I,Xl)dBl,
Xo=§

as a mathematical model of the evolution of a state X, € R¢ of a dynamic system
with a drift F(z, X;) and a diffusion coefficient G (¢, X;).

If G is non-degenerate (i.e. GG* > a I, a > 0), X; can take any values in
R? (X, can be found in any open domain D C R¢ with a positive probability), as a
consequence of Stroock—Varadhan’s support theorem [69]. This may be inadequate
in certain applications where the state X; should be maintained in a (possibly
convex) domain @ C RY. Practically this is realized with a supplementary drift
—0dI&(X;) in the equation. In this case instead of the above model, we shall consider
the model:

dX, + dI5(X,) (df) > F(t, X,))dt + G(t, X,)dB,.
Xo = E €O.

or more general models:

 stochastic equation with subdifferential drift

% dX, 4+ dp(X;)(dt) > F(¢t, X;))dt + G(t, X,)dB;, @1

Xo =&, )
and
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 stochastic equation with maximal monotone operator in the drift

% dX, + A(X,)(df) > F(t, X,))dt + G(t, X,)dB;, 42

Xo=¢&,

¢ reflected SDE in a non-convex domain

t t
X+ K, =€ +/ F(s, Xy))ds +/ G (s, X,)dBsy,
0 0
(X,K) € C (R+:0) x BVjpe (R1:RY), aus.,
t t

K, = /0 n(X)d $K3, = /0 N (X0) Ly cny(oyd 3K, . aus.

where n (X;) is a unit outward normal to O at X.

Here d¢ is the subdifferential of a convex lower semicontinuous function ¢ :
R? — ]—o0, +-00] and A C RY x R? is a maximal monotone operator. In the case

0, if x €O,

p(x) = Ip(x) = % +o0, if x € RN\O,

the subdifferential d¢ is given by

Mp(x) ={X e R : (£,2—x) + I5(x) < I5(z), Yz € RY}

0, if x €O,
=J{feR?: (£.z—x) <0, Vz€ O}, if x€d(0),
?, if x € RI\O,
0, if x € O,
= Np(x)., if x€d(0),
2, if x e RY\O,

where Bd (@ is the boundary of O and N5 (x) is the outward normal cone to O at
x € Bd(0).
Ifa,beR,a < b, and

0, if x € [a,b],
= Ia = .
¢ =Tun() =1 [ 0 it x e R\ja. 5],

then

0, if x €la,b],

] —00,0], if x =a,
[0, +o0], if x =b,
@, if x € R\[a,b].

Mg py(x) =
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We see that this supplementary drift —d/x(X;) is an “inward push” that prevents
the process X; from exiting the domain O and this is done in a minimal way (i.e.
this drift acts only when X, is on the boundary of O).

These models can be viewed as generalizations of Skorohod’s problem in convex
domains. Indeed:

¢ Given

i)y meC((0,00[;R), m(0)=0,
i) x0>0,

the classical version of Skorohod’s problem is to find two functions x, k : Ry — R
such that

j) xe€C(0,00[;R), x(0) = xp, x(¢t) >0, forallz >0,

J) k€ C ([0,00[;R) is a decreasing function, k (0) = 0,

i x(@)+ k@) =x0+m(), forallt >0, 4.3)
T

) / L v)-0y (£) dk (1) = 0, forall T > 0.
0

In other words, one wants to apply an “upward push” to the path xo 4+ m (¢) that
keeps the resulting process x (¢) nonnegative, and to do this in a minimal way (i.e.
the push acts only when x (1) = 0). It is easy to verify that the solution of this
problem is given by

%k(t) =—sup{(xo+m(r))” :0=r=t},
x(@)=xo+m@t)—k(1).
In fact the problem (4.3) is equivalent to
x®)+k(@)=xo+m(t), forallt >0,
x() >0, forallt € [0,T],
t
/ (y —x(r))dk(r) <0, forall y > 0, forall0 < s < ¢,
N

and from Annex B this means dk (t) € 01joco[(Xx(?)) (df), where Ijpoo] : R —
] — 00, +o¢] is the convex indicator function of [0, oo, that is

0 if x>0,

oot =100 ifx<o

and 0/[p o[ is the subdifferential mapping:

0, if x>0,
3[o,c0(x) = 4 ]—00,0], if x =0,
a2, if x <0.
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Hence the problem (4.3) is equivalent to the multivalued equation

dx (t) + 0lpco[(x(2)) (dt) > dm(2),
x (0) = xg.

¢ Given

i) O anopen convex subset of RY,
iy meC([0,00[;RY), m(0) =0,
i)  xo €O,

Skorohod’s problem is to find two functions x,k : Ry — R< such that:
j) xecC ([0,00[;Rd), x(0) = x9, x(t) € O, forallt >0,

J) ke C([0,00[;RY) N BV ([0, 00[:RY), k (0) =0,
Jjjp ox@)+k@)=xo+m(), forallt >0,
t

t
) f Lysxoyeoy (M dk(r) =0 and k (1) = / n.d k], .
0

A

(4.4)

forall0 <s <1,

where n, is a unit outward normal to O at x (r) and $k 4, stands for the total
variation of k£ on [0, r]. Note that the problem (4.4) is equivalent to

x(@)+k(@)=xg+m(t), forallt >0
x(t) €O, forallt >0,
t
[ =xramy=0.vyed vo i<t

S

and by Proposition 6.35 from Annex B this means dk (t) € dI5(x(7)) (dt), where
I's : R =] — 00, +00] is the convex indicator function of O.
Hence we can write the problem (4.4) as the multivalued equation

{ dx (t) + 0I5(x(t)) (dt) > dm (1),
x (0) = xo,

with the solution defined in the sense of Skorohod’s problem.
Since by Proposition 6.36 from Annex B
x (1) €O, forallt > 0and
t
/ (y —x(r),dk(r)) <0, forally € O, forall0 <s <1,

s
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is equivalent to

T T

T
/ (v (1) = x(0). dk (1)) + / Ig (x (1)) dt < / Ig (v (1) b,
0 0 0

forallv e C ([0 oo[;Rd) ,forall T > 0,

it is natural to consider the multivalued differential equation

{ dx (&) + dp(x(t)) (db) 5 dm (1), ws)
x (0) = xo € Dom (¢), ’

where ¢ : RY — ]—o00, +00] is a proper convex lower-semicontinuous function and
dg is the subdifferential of ¢ defining the solution as a pair (x, k) such that

j) xecC ([O,oo[;Rd), x (0) = xo,
J) k€ C([0,00[;RY) N BV ([0, 00[; RY), k (0) =0,

Jih) x@®)+ k@) =xo+m(), forallt >0,
T T

T
) /0 (v (1) — x(0). dk (1)) + /0 o (x (1) di < /0 o (v (1)) dr,
forall v € C ([0, co[ : RY).

Now once again by Proposition 6.36 from Annex B, note that the last condi-
tion jv) is equivalent to:

t
/ (x(r) —z,dk (r) — zdr) = 0,for all (z,Z) € dg,forall 0 < s <1t.
N

Then by the same generalization it is also natural to consider the multivalued
differential equation

% dx (t) + A(x()) (dt) >dm(t),
x (0) = xg € Dom (4),

where A C R? x R is a maximal monotone operator and the solution is a pair
(x, k) such that

j)  xeC([0.00[:R?), x(0) = xo,
J) ke C([0,00[;RY) N BV ([0,00[;RY), k(0) =0,V T >0,
i x@)+k@) =xo+m(), Vi =0,

) / (x(r) —z.dk(r)—zdr) >0, ¥V (z.2) € A, YO <s <t.
N

These generalizations of Skorohod’s problem permit us to give precise natural
concepts of solutions of the stochastic equations (4.1) and (4.2).
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We begin with the following natural definition:

The stochastic process {X;, t > 0} is a (strong) solution of the SDE (4.1) if X
and K are R¢-valued continuous progressively measurable processes with Ky = 0
a.s. and P-a.s.:

i) K. €BVi([0,00[;R?),
t

t
i) X, + K =¢ —l—/ F(s, Xs)ds—i—/ G(s, X5)dB;, Vt >0,
‘ 0 ‘ o (4.6)
iii) / (Y, — X,, dK,) —l—/ o(X,)dr < / o (Y,)dr, a.s.,
S S s

forall Y a P-p.m.c.s.p., forall0 <s <.
The condition (4.6-iii) can be written symbolically as
dK; € 0p(X;) (dt), (w,t)-a.e.

Remark 4.1. The conditions (4.6-ii) and iii)) may be combined into a variational
formulation, V Y a P-m.c.s.p., VO < s <1,

[ Y, = X, F(r X,)dr + d ([ G, Xo)dBy — X,)) + [ "o (X,)dr

< [w (Y:)dr.

This is why Eq. (4.1) will also be called a ““stochastic variational inequality”.

By Itd’s formula for |Y, — X; |2, with Y € W,,, where

t t
Waddéf{YeszY,zYo+f sts+/ Y,dB;, YeAfl,YeAf,xk},
0 0

we arrive at the following variational-weak formulation of the solution: the stochas-
tic process X, is a variational-weak solution for (4.1)if V7 > 0:

i) XeAl Ef|pX)|dt< oo,
T

A 1 r
ii) ]E/ (. — F(r, X,), Y, — X,)dr + EE/ ¥, — G(r, X,)dr
0 0
1 T T
3Bl — £ +E / o(Y,))dr = E / o(X,)dr. VY € Way.
0 0

Concerning the SDE (4.2) with a maximal monotone operator in the drift, the solu-
tion is now naturally defined as an R¢-valued continuous progressively measurable
process {X;, t > 0} for which there exists an R?-valued continuous progressively
measurable process K such that P-a.s.:
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(i) K.€BVi (Ry:RY), Ko=0,
(@) X+ K, =&+ /IF(S, X,)ds + /tG(s,XS)st,
’ ’ Vit=>0, (4.7)
(iii) /[ (X, —u, dK, —vdr) >0, V (u,v) € A,
s

VOo<s<t.

4.2 SDEs with a Maximal Monotone Operator in the Drift

4.2.1 Assumptions: Definitions

In the following two sections we shall study stochastic differential equations with a
multivalued maximal monotone operator drift.

Let {B;,t > 0} be a k-dimensional Brownian motion with respect to a given
complete stochastic basis (2, F, P, {F;};>0). Let

A:R! =3 RY Dom(A4) = {x eR?: A(x) # 0}
be a (multivalued) operator and
F:Qx[0,400o[xRY = RY, G :Qx[0,+00] x R — Rk,

Consider the stochastic differential equation

{ dX, + A(X,)(dt) > F(t, X,))dt + G(t, X,)dB;, t >0, @8)
Xo =§, '
where we shall assume'
(MM-H,) : 4.9)
i)  A:R? = Ris a maximal monotone operator,
ii) int(Dom (A)) # @.
|

From this assumption, (MM-H,) it follows that for every uo € int (Dom (A4)) there
exists an ry > 0 such that B (ug, rg) C Dom (A4) and

d ~ A
At sup{]a] i e Ao + ). Jul < ro} < 0.

Note that in infinite dimension assumption i) is typically not satisfied, see e.g. [5,8,9] and [63].
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In what follows we fix uy € int (Dom (A)) and ry €]0, 1] with these properties.

Definition 4.2. A pair (X, K) of R?-valued stochastic processes is a solution of the
SDE (4.8) if the following conditions are satisfied:
(d): X,KeS), Ko=0,
(dr): X, € Dom(A), Vt >0, P-a.s.,
(d3) : K eBV (R+; ]Rd) , P-as,
(d): F(.X)eLl, (R:RY) as., G(-.X)eAY,
t

loc

t
(ds): X+ K, =¢ +/ F(s, X;)ds +/ G(s, X;)dB;, V¥Vt >0, P-as.,
0 0

t
(ds) : / (X, —u, dK, —adr) >0, P-a.s., V (uu)eAd, VO<s<t.
Notation 4.3. The notation dK . € A(X;) (dt) will be used to say that, P-a.s.

(a1) X € C(R4;Dom(A)),
(@2) K eC(Ru:RY)(NBVie (R4:R?), Ko =0,
(as) (X, —u dK, —id) > 0, ¥ (u,ii) € A,

The SDE (4.8) will also be written in the form

t t

X, + K, =§+[ F(s, Xs)ds+/ G(s, X,)dBs, Yt >0,
0 0

dK, € A(X,)(dr).

We highlight that by Proposition 6.17 the condition (dg) from Definition 4.2 is
equivalent to

/t (X(r) —u(r),dK(r) — ai(r)dr) >0, Yu,ieC(0,T];RY),
3 (w(r),u(r)) e A,Vre|0,T], VO<s<t<T.

Remark 4.4. 1f (X, K) and (X, K) satisfy (ds) then from Proposition 6.17 from
Annex B

t
/(X,—X,,dK,—dIE,.) >0, YO<s<t P-as. (4.10)

Also by Proposition 6.19 from Annex B we have:

Remark 4.5. If y € C ([0, T] ;]Rd), 0 < e <1anddK, € A(X;)(dt), then for
B (up,r9) C Dom(A), 0 < rg < 1, we have the following comparison between
signed measures on [0, co[

rod $K$, < (X, —uo.dK,) + (A% |X, —uo| + Al . )dt, P-as.  (4.11)

up,ro uo,ro

and there exists a by > 0 such that, with A, the Yosida approximation of A, which
is defined just after Proposition 6.3 in Annex B,
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rolAey (1) dt < (y (t) —uo, Aey (1)) dt + (AL, |y (1) —uo| + bo)dt.  (4.12)

uo,ro
Notation 4.6. We introduce the following notation. For u € R? and R > 0

def def
Fip(@) = sup{|F(t,u+x)|:|x| <R}, FR()= Fjg().
The basic assumptions on F and G under which we shall study the multivalued

stochastic equation (4.8) are the same as in Chap. 3, Sect. 3.5. For convenience we
recall them.

(MM-H,) : (4.13)

& The functions F (-,-,x) : Q x [0, +00o[ = R? and G (-,-,x) : Q x [0, +00[ —
R¥*k are progressively measurable stochastic processes for every x € R?.
& Thereexist p € L} (0,00) and £ € L? (0,00;R})

loc loc

such that dP ® dt-a.e.:

Continuity:
(Cr): x—> F(t,x):RY — R is continuous ,
Monotonicity condition:
Mp): {(x =y, Ft.x) = F(t.y)) =p@)|x—y>, Vx.yeR’

Boundedness condition:

T
(Bp): / F}(s)ds < oo, P-as. forall R,T > 0.
0

O
and
(MM-H;) : 4.14)
Lipschitz condition:
Lo): |GEt,x)—=G@.y)| <L) |x—yl. Vx,yeR,
Boundedness condition:
T
(By) : / |G(t,0)|?dt < co, P-as.
0
O

Clearly (MM-Hf) and (MM-Hg) yield F(-- X)) € Ll (R;RY) a.s.,
G(-,-,X.) € AYforall X € SY.
The monotonicity property of F' implies that

(F(t.x),x —uo) < (F (t,u0) ,x —uo) + 1 (£) |x — uo)?
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Using (4.11) we deduce that for all (X, K) such that dK; € A (X;) (dt),

rod $K$, < (X; —uo,dK, — F (¢, X;) dt)

4.15
AL+ (A + IF o)) 1K ol + 1 01X, — o] ar,
and forall y € C ([0,T]:RY),0 <& <1,
ro|Aey (t)| < t) —uy, A H—F(t,y(
olAey ()] = (y (1) —uo, Aey (1) (t,y (1)) @.16)

[0+ (A, +1F o)) |y @) = o] + 1 (1) [y (1) = uol?].

In the remaining of this subsection, we discuss the particular case A = d¢ where
¢ : RY =] — 00, +00] is a convex lower semicontinuous function then we can write
the assumption ((4.9)-MM-H ) in the form

(MM-H,)) : 4.17)

i) ¢:RY =] — o0, 400] is a convex Ls.c. function,

i) int(Dom(g)) # @,

since

int(Dom(g)) = int (Dom (d¢)) .

Recall that Dom(¢) =t {x € RY : p(x) < 400} and the subdifferential of the
function ¢ at x is defined by:

dp(x) ={y € R? : (y.z2—x) + ¢(x) < p(2), ¥z R}

By Proposition 6.36, Annex B, the condition (ds) from Definition 4.2 is equivalent
to each of the following equivalent conditions

t t
(df) / (z— X;,dK,) +/ o(X,)dr < (t —s)p(z), P-as.,
S s
VzeRY, VO<s<t,
t t t
(df) (y(r) — X,,dK,) + | o(X,)dr < | o(y(r))dr, P-as.,
P P P 4.18)
VyeC(0,T];RY), VO<s<t<T,
t
(d{") / (X, —u, dK, —udr) >0, P-as.,
VY (u,n) € dp, VO0<s<t.
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Since Dom(d¢) = Dom(gp), we can replace £ € L°(Q,F,, P;Dom (A)) by £ €
L°(Q2, Fy, P;Dom(gp)) and using (d}) we can replace (d>) by P-a.s.:

X; € Dom(g), a.e.t > 0and p(X) € L}oc (0,00).

Hence we make the following definition:

Definition 4.7. A pair (X, K) of R¢-valued stochastic processes is a solution of

dX, + 0p(X,)(dt) > F(t, X,)dt + G(t, X,)dB;, t >0,

4.19
Xo = £. (4.19)

if the following conditions are satisfied, P-a.s.:

dl) X,KESg KOZO,
d>) X, € Dom(p), a.e.t > 0and p(X) € L} (0,00),
dy) K3y < oo, VT > 0,

t t
dy) m+m:g+/mem+/G@xm&va, (4.20
0 p 0

t
ds) /,&—X%d&)+/¢mhwr50—SW@x
VzeRY, VO0<s<t.

The stochastic differential equation (4.19) is also called a stochastic variational
inequality.
4.2.2 A Priori Estimates: Uniqueness
If (X, K) is a solution of the Eq. (4.8) (or (4.19)) then
!
m—m=@—m+m+/awh
0
where
t
K :/ F(r X,)dr—K, and G, =G (r,X,).
0
Forall A > 1

A
G (t,x)* < 110 (t,uo)|* + A€ () |x — uo|* .
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Combining this with (4.15) we deduce that for all p > 2 and A > 1:

dD, + (X, — ug, dK,) + (% +9p2) |G, [2dr

“4.21)
<dR, + |X, — upldN, + | X, — ug|*dv,,
wherem, =1v(p—1)=p—1,
Dl‘ = rO?K$I y
i A -1
Re= [ [t + 555 (55 + o02) 6 o an
o L —1\ 2

4.22)

t
N, = / (A% + |F (r.uo)l] dr,
0

V() = /O 10 (r) + A (pT_l + 9pl) 2 (r)i| dr.

By Proposition 3.3 we deduce the following:

Proposition 4.8. Let £ € L%, Fy, P;Dom (A)), the assumptions ((4.9)-MM-
Hy), ((4.13)-MM-Hpg), ((4.14)-MM-H ) be satisfied and (X, K) be a solution of
the SDE (4.8). Let p > 2, A > 1 be arbitrary and V defined as in (4.22). Then there
exists a constant C, j such that for all0 <t < s:

N
B e (0 =) + 0 [0 1%~ d 1K,

s p/2
+rf B (/ e 0q $K$,)
t

K} r/2
< prA [e—pv(t) |Xt _ u0|p + ET (/ e 2V () I:Azo,ro + |G (r, u0)|2] dr)
t

N p
+E% (/ eV [AE L+ |F (rouo)l] dr) ] a.s.
t
(4.23)

for all uy € int (Dom (A)) and ry > 0 such that A* < oo.

up,ro

Since the monotonicity condition of F remains valid with u replaced by u™, we
can replace in (4.23) V by

V) = / [ [,ﬁ r) + A (pT_l + 9p)&) Iz (r)i| dr.
0

We then deduce from (4.23), choosing A = 2:

Corollary 4.9. For every p > 2 there exists a constant C,, (depending only on p)
such that
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E sup |X; —uol” —i—r(f/z]E $K¢?/2
t€l0,T]

T
< []E |E — uo|? + E(/O (Af L +IF (t,u0)|)dt>p

T
+]E(/ (A%, +1G(t.uo)l?) dt)p/2i|
0
X exp {Cp +Cp fy (Wt @O+ 0) d;} ,

(4.24)

In particular if

T )4 T p/2
E|£)F + E (/ |F (t,uo)|dt) +E (/ |G(t,u0)|2dt) < 400,
0 0

then X € S?, K € V% and E $K 1> < 0.

_ Consider the particular case 4 = d¢. Let (uo,it0) € d¢, 0 < ro < 1 and
B (ug, ro) C Dom (p). Define

def
(pjo,ro = sup{g (uo + rov) : [v| < 1}

and observe that |<p:fo’,0| < 0o. We have:

Corollary 4.10. Let the assumptions of Proposition 4.8 be satisfied and suppose
that A = d¢, where ¢ satisfies ((4.17)-MM-H ). Then

T p/ T »
E (/0 T|(p(XS)|ds) < |:1 +E|€& —ul? +]E(/(; |F(t,u0)|dt)

+E(/o lG(r,uo>|2df)p/2] xexp{C +C [} (u* () + € ) dr}.

2

(4.25)

where C = C (p, T, ug, ro, ig) > 0.
Proof. By (6.40) from Annex B we have

rod 3K, + lo(X;) — @ (uo)| dt < (X, —uo, dK;) + 2 |ito| |x(t) — uol| dt
+ (¢}, — ¢ (uo)) dt.

In this case the inequality (4.21) is satisfied with D, R, N, V as defined in (4.22),
t
where ry $ K¢, is replaced by ro $ K3, + / lo(x(r)) — @ (uo)| dr and A* s

up,ro

0
replaced by 2 |ag| v ((pfoqro — ¢ (up)). Hence the inequality (4.25) follows from
(4.24). [ |
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We now prove the uniqueness of the solution to SDE (4.8). The result can be
applied to Eq. (4.19) as a particular case. We again write

m,=1v(p—1).

Theorem 4.11 (Uniqueness). Let the assumptions ( (4 9)-MM-H 4), ((4.13)-MM-
Hp), ((4.14)-MM-H ) be satisfied and (X, K) and (X K) be two solutions of the
SDE (4.8) corresponding to the initial conditions

£.£ e L°(Q, Fy. P;Dom (A)),

respectively. Let p > 1 and A > 1 be arbitrary.

(I) With
V= [ (im0 gm0 ar
A 2

forall§ >0,0<t <s, P-as.:

—pVs _v|? —pVi _v|?
e ‘|Xs lez - < e r|X; Xj|2 . (426)
(1486720 | X, =X, [") (1+8e=2% [ x, =X, ")

' 1
V, = /0 [u (r) + (Em” + 9p)t) e (r)} dr,

there exists a constant C, ) depending only on (p, A) such that for all § > 0,
0<rt<s:

E”

(II) Moreover with

E]—} ”e_V(X_)?)”[[:,s] < C |€’_Vt (Xl_)?t)|p

7 < A , a.s. “4.27)
(sl =) |I2 )" T " (sl (=) )

The uniqueness of X in Sg follows from (4.27) by choosing t = 0, § > 0; the
uniqueness of K also clearly follows.

Proof. We have
n R t t
X~ %= €-b+ [ ax,+ [ Gap,
0 0
where

K, =— (K, - 1&,) + /l [F r, X,) — F(r, )2,)] dr
0

G, =G(rX,) -G X,).
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In view of the assumptions (4.9-MM-H,), MM-HF) and (MM-Hg), for all p > 1
and y > 0:

o 1
(%, = Rk} o+ (3mp+ 997 ) 16, dr

.2 1
< ‘X,. - X |:;err + (zml, + 9py) (@r)2 dri| .

Hence, by Proposition 3.3 (or by Corollary 6.77 from Annex C) the inequalities
(4.26) and (4.27) follow. |

Proposition 4.12. Let the assumptions ((4.9)-MM-H 1), ((4.13)-MM-HF), ((4.14)-
MM-Hg) be satisfied. Let

£ e L%(Q, Fy,P;Dom (4)), n e N*,

and (X", K") be a solution of the Eq. (4.8) corresponding to an initial condition §".

If
"> & inL(Q,F,P;RY), asn — oo,
and there exists p > 0 such that for all T > 0

supE $K"37 < o0,

n>1

then there exists a solution (X, K) € Sg XSg of the Eq. (4.8) and for every T > 0 :
E $K$) < oo,

X" > Xand K" — K inSg[O,T], asn — oo.
Proof. From (4.27) with s = T and ¢ = 0 we obtain that there exists X € Sg [0, 7]

such that X" — X in Sg [0, T']. Using the continuity and the boundedness properties
of F and G it is easy to prove that all terms on the right-hand side of

! !
H+M=$+/F@XQ&+/G@HMW@
0 0
converge (see e.g. Proposition 6.9 and (2.5)). Hence

K" — K inSY[0,T],

where

X + K, =E+/IF(S,XS)dS—i-/tG(S,XS)dW(S).
0 0
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By Proposition 1.20 we infer E $ K37 < oo. Since dK? € A (X,”) dt, we obtain,
by Corollary 1.22, dK; € A (X;) dt. The proof is complete. |

4.2.3 The Generalized Convex Skorohod Problem

The aim of this subsection is to generalize the Skorohod problem on convex sets to
a singular deterministic differential equation with a maximal monotone operator of
the form

dx(t) + Ax(¢) (dt) > f(t,x (t))dt + dm(t),

(GSPY0 2(0) = x0. 1 €0,T].

(4.28)

We recall the assumptions ((4.9)-MM-H,) and (SDE—H f) for the convenience of
the reader:

(MM-H,) : (4.29)

i) A: RY = RYis a maximal monotone operator,

ii) intD (A) # 9,

and

(MM-H,) : (4.30)

¢ f(.x):[0,+oo] = RY is measurable for all x € R,
& thereexistsa € L} (0,00) such thata.e. t > 0:

loc

Continuity:
(Cy): u—> f(t,u) : RY - R?is continuous,
Monotonicity (right-side Lipschitz) condition:
(Mf) : (x—y,f(l,x)—f(t,y)) =< M(Z) |X—y|2, Vx’y € Rd’
Boundedness and continuity conditions:
forall R, T > 0:

(By): a) ffR(S)dS<oo and
b) limpr (&5 fR) =0,
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where

() L sup | £ u+x)] x| < Ry and fF () S (0).

and

def T
mr (8 f.R) = Sup%/o |f(s+8.y(s)—f(s.y(s))lds:

y € C([0.T1:RY), llyly < Ry
Concerning x( and m we assume
(MM-H,,,) : (4.31)

(i) xo0€D(A).
(i) m:[0,00] = RY is continuous and m (0) = 0.

In the sequel we fix arbitrary u, € R and 0 < ro < 1 such that
B (ug, 7o) C Dom (A),

and we note that

def

At = sup{la| c e A +v), |v] <rol < o0

up.ro
and if uo = O then A% < 4% .
Definition 4.13 (Generalized Convex Skorohod Problem). A pair of functions
(x,k) is a solution of the generalized Skorohod problem (GSP) (we shall write
(x,k) = GS(A;x0, fym) or x = GS (A; xg, f,m)) if the following conditions
hold:

i) x,k:[0,00[ = R? are continuous, x (0) = xo, k (0) =0,
iiy x()eD(A), Yt>0, k€BV([0,00[;RY),

t
i) xO+kO=x0+ [ fErE)dtn@. Vizo, @3
0
t
iv) / (x(r)—z,dk(r)—2zdry =0, V(2,20 €A, VO<s<t.
N
We remark that the classical Skorohod problem corresponds to the case f = 0
and

0, if xeO,
A=0I5(x) = { Np(x), if xeBd(0),
9, if x e RI\O,



246 4 SDEs with Multivalued Drift

where O is an open convex subset of R? and N4 (x) is the outward normal cone
to O at x € Bd @ As in the classical case, in the generalized convex Skorohod
problem the solution is constrained with the help of a bounded variation feedback
law k (-) to stay in a convex set, here D (A), but moreover we add a dynamic
evolution governed by the maximal operator A in D (A).

As we noted in Remark 6.18, we write dk (t) € A (x (t)) dt when (x, k) satisfies
the conditions (4.32-i, ii, iv). Then by Proposition 6.17 we have:

Remark 4.14. £ dk (t) € A (x (t)) dr and dk (1) € A (¥ (1)) dt, then

/t<x(r)—32(r),dk(r)—dlg(r)>20, VO<s<r  (433)

Recall that uy € Dom (A4) and ry €]0,1] are fixed, such that B (ug, 1) C
Dom (A) and

ds Al A
Al supl[a] i€ Auo + ), ul < ro} < o,

Also recall the notation £, (1) “ sup{| f(t,uo + x)| : |x| < ro}.

The monotonicity property of f implies that for all |v| < 1:
(f (t,uo + rov) — f (¢, X) ,uo + rov — x) < 1 () |uo + rov — x|*,
and, consequently, V |v| < 1:
ro (f (t.x),—v) + (f (1,x) . x — uo)
< () luo + rov — x> + | f (t,uo + rov)| |x — rov — ol
= 10 [1x = w0l = 2r0 (. x = o) + 13 0P| + £, () (1x = o] + 7o),

< ro[ S s @ Frowt O]+ [ £, ) +2r0 |1 (O[] 1x = uol 4+ (1) [x — uol*.

Taking supy,|<;, then

rolf (. x)|+ (f (t.x),x —uo) <ro| uﬁ,ro (t) + rou™ (1)]
+ [ @+ 2r0 [ (O] 1x = uol + o (0) |x — uol*.

Combining this inequality with those from Remark 4.5 we deduce:

Remark 4.15. Under the assumptions ((4.29)-MM-H,) and ((4.30)-MM-H ) if
(x, k) satisfies (4.32-iv), then as signed measures on [0, co[



4.2 SDEs with a Maximal Monotone Operator in the Drift 247

rod 3k, 4+ ro | f (. x ()| dt < (x (1) —uo, dk (1) — f (¢, x (1)) di)

+ [V @) +a(t)|x () —uo| + p@)lx () — Molz] d (4.34)

and for all y € C ([0, T] (again A, is the Yosida approximation of A); ]Rd), 0<
e<1:

rolAey (O di+ 1o | f (6,3 ()]dr = (3 () = o, Ay (1) = (1,7 (1) di
+[r O +a@ly O —wl+r Oy O -]

where

a(t) = Ay, + farr @O+ 2110 @],

uo,ro uo,ro

— g# # +
y (t) - Auo,ro + uo,ro (t) + /’L (t) )

p@)=bo+ fib,, O +pt (@),

o, 7,7 €Ll (0,00),

loc

and by = A* if 0 € Auo.

uo,ro
Recall from Annex B that if y : [0, co[ — R is a continuous function we define
m, 7 (8§) = my (8:[0, T]) = sup{[y (1) =y ()] : |t =s[ =4, 1,5 € [0, TT},
oy (8) =38 +myr(8).

If M is a bounded and equicontinuous subset (relatively compact subset) of
C ([0, T];RY), we define

Ml =supillylly : y € M},
m (7 (§) = sup{m, 7 (§) : y € M},
B (8) =8 +mpur (8).
Let §o = So.m > 0 be defined by

;
8o + mpq 7 (§o) = ZO-

Proposition 4.16 (Uniqueness). Let the assumptions ((4.29)-MM-H,) and
((4.30)-MM-H ;) and ((4.31)-MM-H,,,) be satisfied. Let T > 0 and M be a
bounded and equicontinuous subset of C ([O T]:R? ) Then there exists a positive
constant

# 4
Com = Co (T, uo, 105 Ay ros Il L1 0.7y || Sug ro ”Ll(o,r) . 80.Mm> ”M”T)
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such that:
I Ifm e Mand (x,k) = GS (A; xo, f,m) then

T
Il + kdr + [ 1 ox @)ldr = Cone (14 19P) . @39
0

I Ifm,m e M, (x,k) =GS (A; xo, f,m) and ()%,IG) = GS(A4; Xy, f,m) then
o A A ~ 172
I = £l = Conn (14 xol + [Rol) (150 = ol + m =l 7%) . (4.36)

In particular if xo = X and m = m then (x, k) = (X, 12)
HI. If for every (xo,m) € D (A) x C ([0, T] ;Rd) the Eq. (4.28) has a solution
(x,k) = GS (A; xo, f, m), then the mapping
(x0,m) —> x = GS (A: x0, f,m) : D (A) x C ([o, 7] ;Rd) ~cC ([o, 71:D (A))
is continuous.

Proof. 1. By (6.19) in Lemma 6.20 with k (¢) replaced by k (t)—fot f (r,x (r))dr,
we have

e (1) — m (0) — o +2 /0 (x (F) — o dk () — f (rox () )
- |X0—M0|2+2/0 (m (r) dk (r) — f (rox (r)) dr)

and using (4.34) we obtain
I (t)—m(t)—uo|2+ro¢k¢,+ro/0 \f (rx ()] dr
< |x0—uo|2+2/ (m (r) dk (r) — f (rox (r)) dr)
0

[ [0+ a e )=l + 1010 =P ar

T
Let ng € N* be fixed such that — < §j.
no

T _
Let0=t <t <... <tlp, = T, tit1 —t; = —, i =0,n9— 1. Recall that
no

,
o+ manr(B) = 7.
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Then

/0 (m (r) . dk (r) — £ (rox (7)) dr)

k=1 arntiy
=Z[ (m(r)y—m(t At;) ., dk(r) — f (r.x (r))dr)
i=0Y [N
k=1 AL 41
F YA k@A) k@A - [ f o))
i=0 N

IA

mucr (50) (m, + /0 f (rx ()] dr)

k-1
+Z<m(l/\li),m(ZAliH)—x(l/\liH)+M0—m(l‘/\li)
i=0

+x (1 A ;) — uo)

IA

r ro !
gkt + 7 [ Gox o)+ 200l =0 =

Hence
2 ro ro !
@O =m @)=l + 2kt + 2 [ o oplar
< |xo — uo|* + 4ng |ml|, ||x — uo — m||,
t
+/ [y(r)+a(r)|x(r)—u0|+,u+(r)|x(r)—u0|2]dr.
0
Since

1
O () = wol* = lml =[x () = m (1) = wol’,

1
o dmo Jml, x = uo—mll, = 2 ¥ =l + (4o + 323) [m, and
2

& /O[a(r) |x(r)—u0|dr§é||x—u0||[2+2(/:a(r)dr) ,

we deduce that

1
7 X - uoll7 < %0 — uol* + C (no) | M7 + C (e, )

t
+2/ () Ix — ol dr
0
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and
To ro [* 1 2 2 2
2 W+ 5 |1 Cox Dl = 2= wollf + o —wof + € (o) [ MI7

t
+C@p 2 1) -l ar
0

Combining Gronwall’s inequality with the first estimate, the resulting inequality
with the second estimate clearly yields (4.35).
II. From ordinary differential calculus (see Lemma 6.20) we have

[x (@) —m (@) —X(t)+m(t) |2 +2/t(x (r)y—x(r),dk(r) —dlg(r))
0
= |x0—£0|2+2/0 (x(r)=%@), fr,x () — f (@ %@))dr
+ Z/I(m ry—m(r),dk(r)y—f (r,x () dr—dk )+ f (r,x (r))dr)
0
< lxo— Sl +2 [0 i () 1% (1) — & () Pl
A T
+ 2[|m—i|| 7 [iki + $kdr +/0 [/ (r.x ()] + If(r,f(r))l]dr}
< |xo — %o +2[t/,L+ (r) |x (r) = % (r) |*dr
0
+ 4Co nallm = sl (1 + |ol? + 1%0l?)
On the other hand

1
x (0) =m () =% (0) +m (1) > = 3 x (1) = £ () = llm — || 7

1 N .
S O =% OF =2 | Ml m =iz

%

Combining these last two inequalities with (4.33) and Gronwall’s inequality, we
deduce

Ix (@) =% (1) |?

< [21%0 = %ol + 41Mlly [ =l

T
4ol =il (1 4+ ol + 150F) Jewp {4 [ 0 ]
0
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from which (4.36) follows.
II. To prove the continuity of the mapping

(x0,m) —> x = GS (A; x¢, f,m)

from D (4) x C ([0,T]:RY) to C ([o, T];D(A)), let X0, € D(A), m, €
C ([O, T] ;R‘l) and (x,, k,) = GS (A; xo.u, f,my), n € N*, be such that

Xon = Xo in R and m, —»m in C ([0,T];RY).

Note that M = {m,m, ms, ...} is a relatively compact subset of C ([0, T'];RY).
Then by (4.35) we have

a7+ $s 7 < B2 = Con (1 + o)
and by (4.36)
ew =53 = Coona ([0 = 0] + oy = 177)
Hence there existsa x € C ([O T] ;Rd) such that as n — oo

X, —x in C ([O,T];m).

Let
k(2) =xo+/ fs,x(s)ds+m(t)—x(t).
0

Since | f (£, x, (1)) — f (¢, x (1))| < 2fF (¢) and f (¢, x, (1)) = f (t,x (1)), a.e.
t €10, T[,as n — oo we deduce, by the Lebesgue dominated convergence theorem,
that

k, = xo +/ f(s,x,(s)ds+m,—x, — k inC ([0, T];Rd).
0
By Proposition 6.16 from Annex B we obtain
k e BV ([0.T];RY), ki, < R?

and

05/ (Xn(r)—z,dk,l(r)—ﬁdr)—>/ (X(r)—z,dk(r)—édr),
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for all (z,z) € Aand forall0 <s <t < T.Hence (x,k) = GS (4; xo, f,m).
The proof is complete. |

Theorem 4.17. Let the assumptions ((4.29)-MM-H 4) and ((4.30)-MM-H ;) and
((4.31)-MM-H, ,,,) be satisfied. Then the generalized convex Skorohod problem
(4.28) has a unique solution (x, k) and the estimates (4.35), (4.36) hold.

Proof. The uniqueness and the estimates (4.35), (4.36) have been obtained in the
above Proposition 4.16.

It suffices to prove existence on an arbitrary fixed interval [0, T'].

By the continuous property from Proposition 4.16 we may assume that x, €
D (A).

Moreover for the proof of existence we can assume that 0 € D (A4), 0 € A (0)
and f (¢,0) = 0. Indeed if xo € D (A) and Xy € A (xp) then we can change the
Eq. (4.28) into an equivalent form (in the sense of the definition of the solution)

dx(t) + A (F@)) (d) > f(t, % (@))dt + din(t),
%(0) =0, tel0,7],

with
A(x) = A(x + x0) — Ro.
ft.x) = f(t.x + x0) = f(t.x0),
m(t)=m()+ /Ol f (s, x0)ds — Xot
and then the solution (x, k) = GS (4; xo, f, m) is given by
xX=X4+x9, and k =l€+fcot,
where (%,k) = GS(4:0, f.m).

Hence by the above transformations we reduce the problem of existence of the
solution to the case

xo=0eD(4), 0€A4A©), [f(,0=0.
Let 0 < ¢ < 1. We consider the penalized problem

(Pe): xe(t) + /: Ae (x:(s)) ds = /(;t S (s, xe (s))dt + m(t), t =0,

where A, is Yosida’s approximation of A defined in Annex B. Hence

a) A.x = é(x —J.x), where J,(x) = +e4)'(x),
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1
by 4. (x) =AW = Z|x =yl
¢) (Ade(x)—A4:(y),x—y)=0
and since 0 € D (A) and 0 € A4 (0), then J, (0) = A, (0) = 0.
From Proposition 6.5 the assumption int (Dom (A4)) # @ yields the existence of
ug € int (Dom (A)), rg €]0, 1] and ag, by > 0 such that

ro |Aex| < (Aex,x —ug) + ag |x —up| + by, Vxe€ R?.

By Lemma 3.19 from Chap. 3, with f := f — A,, there exists a unique continuous
solution x; : [0, co[ = R of the equation (P;). Let

' T
k0= [ A onds and thtr = [ 14 G o)
0 0
We shall prove that as ¢ — 0
x,—>x and k., —k in C ([O T] ;Rd)

and (x, k) = GS (4; xg, f, m).
Repeating the proof from Proposition 4.16 we obtain for M = {m} an estimate
of the form (4.35): there exists a positive constant R, independent of & such that

T+1
ey + Shebras + / I (rx (Dldr < Ro.  (437)
0
We have

e (1) —m (O +2 /0 (X2 (5) = m (s e (x. (5))) ds

=2 ) =m (). f G 6 b
0
Since (y, A, (y)) > 0 for all y € R? and

(xe —m. f (s.x)) < [xe =ml | f (s,m)| + p™F (5) e —m]*,

it follows that
|xe (1) —m ()

<2|ml, ¢ks¢T+2f0 f (s.m ()] |x. (5) — m ()] d

+2[t W () xe () — m (5)| ds
0
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and by the Gronwall type inequality from Lemma 6.63-1I, we deduce that
1 T
w0y =m0 = [ VTl + [ 17 G.mnlas|exo | [*ut orasf
(C denotes a generic constant independent of ¢.) Hence
t
o=l < ¢ (VI + [ 1f menlas). @)
0
Let 0 < 6 < 1. From (P,) we have
t+0 t+6
xe (t + 9)+/ Ag (xe(s)) ds = x, (9)+/ S (s, xe (8))ds+m(t +60)—m (0)
6 0
and moreover
t
X, (t+60)—m(+0)+ / A (x:(s + 60))ds
0

=x. (0) —m (0) + /Olf(s + 6. x, (s + 6))ds.
Hence
|[xe (¢ + 6) = m(t + 0)] = [xe (1) = m ()]
+ 2/0’ (Xe(s + 0) = m(s + 0) — xc (5) + m (5) A (xe(s + 0)) — Ae (x:(5))) ds
= |xe (6) —m (6)?

+ 2/ (xe(s+60)—m(s+0)—x:(s) +m(s), f(s+6,x:(s+6)) — f(s,x:(5))) ds.
0

The monotonicity of A, and f yield then
|xe (t 4+ 60) —m(t + 0) —x. (1) + m ()|

T
< % (0) =m (0)” + 2m,, (19)/0 [[4e (xc(s + 0))] + [Ae (x:(5))[] ds

T
1 2m,, (8) fo (/G + 8.xe (s + )] + | /(5. ()] ds
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2[4+ 0) = ]G5+ 0,5 () = f 05 ()
2 16+ O s +6) —x ()P,
0
Since
e (1 6) =+ 6) = () +m (OF = 3 [ ¢ +6) —x, (O —m?, ©),

we have, by the Gronwall type inequality from Lemma 6.63 and the boundedness
(4.37), that

|xe (1 + 0) — x (1)
T
< [lm @ -m @)+ V@t [ 176+ 0o )= fx o)l
0
Since J; is 1-Lipschitz, it follows from (4.38) and the assumption (4.30-B 7-b) that

[Je (xe (1 4 0)) = Je (xe ()] = |xe (1 + 6) — xe (1)
< C [V, @+ fy 1f (s.m (5Dl ds + pp (0: . R
Hence {x,:¢e€]0,1]} and {J. (x.) : € €]0, 1]} are bounded and equicontinuous
subsets of C ([0, T]:R? ) By the Arzela—Ascoli theorem we infer that there exist

x,y € C ([0,T];R?) and &, — 0 such that

Xe, —> X in C ([0,T];RY),
Je, (x5) =y in C ([0, T];RY).

Since J, (1) = u — A, (u) € D (A), for all u € R¢ and

/OT |xe, (1) — Je, (xg, (1)) dt = &, /OT |Ae, (xe, ()| dt <¢,C
we deduce that
Xe, — Je, (Xe,) > 0 in L' (0, T;RY)
and therefore

Jey (X)) > x in C ([0, T];R?) and
x(t) e D{A) Vi € [0.T].



256 4 SDEs with Multivalued Drift
Let
t
k@) = x0+/ f(s,x(s)ds+m((t)—x(t).
0
It follows easily that
ke, = xo +/ f (s, %, (s))ds +m—x,, — k inC ([0,T];R?).

0

By Proposition 6.16 we obtain that
k eBV([0,T];RY), $k$; <Co
and
t t
/ (xe, (r) —z,dke, (r) — zdr) — / (x (r) — z,dk (r) — zdr) ,
N s

forall (z,z) € Aandforall0 <s <t <T.
Since A, (x; (r)) € A (J. (x; (r))) we have

[ (e, () — 2. ke, (1) — 2dr)
-/ o () =2, A, (ra, (7)) = 3) dr
> / (o, (F) = Jay (o (1)) . Au, (o, (7)) — 2) dr

T
> — lxe, = e, ()l /0 (14s, (xo, ()] + ) dr

> = [1xXe, = Je, (xe )7 (C + T [2])

— 0.

Therefore for all (z,z) € Aand forall0 <s <t < T,

/t (x (r) —z,dk (r) — zdr) > 0.

Hence we can conclude that (x,k) = GS (4; xo, f,m). Moreover, by uniqueness
of the solution (x, k) = GS (4; xo, f,m), the whole sequence (x., k.) — (x,k) in
[C ([0, T] ;]R“’)]2 ase — 0. [ |
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4.2.4 Main Result: Existence

We recall the Eq. (4.8):

dX, + A(X;)(dt) > F(t, X,)dt + G(t, X,)dB;, t >0,
(4.39)
Xo =&,
The assumptions from Sect. 4.2.1 are assumed to be in force.
We introduce the notation: let R, 7,8 > 0 and
def T
uT(s;F,R)=sup{/ |F (s +8,y () = F s,y (s))]ds:
0
yeC(0.TLERY). |Iyly = R
and we add the following continuity condition on F':
MM-H,r) : (%in(l) mr (6 F,R) =0, a.s. (4.40)
—

Proposition 4.18. Let £ € L%(Q,Fy, P;Dom (A)) and the assumptions ((4.9)-
MM-H 4), ((4.13)-MM-H ) and ((4.40)-MM-H ) be satisfied. Assume

() If M € SY, My = 0, then the stochastic differential equation

% dX; + A(X;)(dt) > F(t, X;)dt +dM,, t>0, (4.41)

Xo=¢&,

has a unique solution (X, K) € Sg X Sf} (in the sense of Definition 4.2).
(Il) If, moreover, M is an It integral

t
M, =/ G,dB;, G €AYy,
0

and there exist p > 2 and uy € int (Dom (A)) such that for every T > 0:

T b4 T p/2
E|§|”+E([ |F(t,u0)|dt) +]E(/ |G[|2dt) < 400,
0 0

then X € S?, K € SV, and E $K 33 < 0.

Proof. For every fixed w, by Theorem 4.17, the differential equation (4.41) has a
unique solution

(X. (w), K. (0)) € C([0, T];RY) x C([0, T]; RY).
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Since (w,t) — M, (w) is progressively measurable and the mapping (§, M) —
X :R? x C([0,1];RY) — C([0,¢]; R?) is continuous for each ¢ < T we deduce
that X is progressively measurable; hence X € Sg and consequently K € Sg. The
second part clearly follows from Corollary 4.9. |

Theorem 4.19. If £ € L°(Q2, Fy, P:Dom (A)) and the assumptions ((4.9)-MM-
H,), ((4.13)-MM-Hp), ((4.14)-MM-H ) and ((4.40)-MM-H ) are satisfied, then
the SDE (4.39) has a unique solution (X,K) € Sg X Sg (in the sense of
Definition 4.2). Moreover if there exist p > 2 and uy € int (Dom (A)) such that
forall T > 0:

p/2

T 4 T
E|£)? +E (/ |F (t,u0)|dt) +E (/ |G(l,u0)|2dt) < 400, (4.42)
0 0

then X € S, K € SP* and E $K47/* < oo,

Proof. Uniqueness was proved in Theorem 4.11. Moreover by Corollary 4.9, if
(X, K) € S8) x 8Y is a solution and (4.42) is satisfied then X € S/, K € 55/2
and E ¢K$177/2 < oo forevery T > 0.

It suffices to prove existence on an arbitrary interval [0, T'].

The proof will be split into two steps.

Step 1. Existence under the condition (4.42).

LetU € 55 [0,T].Clearly G (-,U.) € As (0,T) and

MY | G(s.U)dB, € ST[0,T].
0

By Proposition 4.18 the SDE

t t
X+ K, = +/Fs,Xsds+/Gs,Usst, vVt >0,
t t %- 0 ( ) 0 ( ) (443)

dK, € A(X;) (dr),

has a unique solution (X, K) in the sense of Definition 4.2 and X € S 5 and K €
55/2 and E $K¢’T’/2 < oo forevery T > 0.
We note that the Eq. (4.39) on [0, 7] may be written in the form

I'(X)=X, (4.44)

where T : Sf [0,T] — 55 [0,7] is defined by X = T'(U) and X € Sé’ is the
solution of Eq. (4.43).

The existence and uniqueness of a solution of (4.44) in S 5 [0, T'] will follow from
Banach’s fixed point theorem and the fact that I" is a strict contraction on S 5 [0, 7]
equipped with the equivalent norm ||-||, given by
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X1, = sw [ (e x]7)"].
tel0,T]

with
V(t) = /0 w(r)dr

and a large enough, which we now prove. 3
LetU,U € S7[0.T], X =T (U)and X =T (U). Then

t
X[ _X[ = IC[ +/ GrdBr,
0

where
Ki=— (K —K)+ /Ol [F(r.X,) = F(r, X,)] dr,
G, =Gt,U)-G,U,).
Since forall A > 1:
(X: — X, dK,) + (%mp + 9p/\) G| dt < dR; + | X, — X, *dV (1)
with
mp,=1v(p-1),

1 ‘ -
R = (Em,, + 9pA) / e (r)|U, = 0,['dr and
0

‘WU=AMUW&

we have, by Corollary 6.75 (or Proposition 3.3) and Minkowski’s inequality (see
Exercise 1.2), for p > 2and A = 2:

e P xE e V(X - )?)“tp

t
<e P xC,E (/ e 2V ¢ (r) |U, — Ur|2dr)p/2
0

t
<e 7 xC,E (/ 02 (r) e e2ar ||e_V (U - U)| z,dr)p/2
0

r
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t
<e M xC, (/ 02 (r)e®@re2ar (]E le™" (U - U)”f)zm dr)p/2
0

<¢@ swp (B[ U -D)]).

where

t r/2
¢ (a)=C, sup (e_z‘”/ 2 (r) ez‘”dr) )
0

1€[0,T]
Taking the sup over ¢t € [0, T'], we deduce that
It @) =T @), < lp @1 lu -0,
Since by Proposition 6.57, Annex B, lim,_,, ¢ (@) = 0, we obtain that I" is a strict
contraction for a large enough.

Step 2. Existence in Sg.
Let n € N* and the stopping time

t
6, = inf{t >0: ] +/ [|F (s, u0) | + |G(s,up)[*] ds > n
0

Clearly 6, /" oo a.s. By the first part there exists a unique solution (X", K") of the
approximating equation

X! + K = 81g,20 + [y Yoo,y (1) F (r. X]') dr + [3 Vg, (1) G (r. X)) dB;.
dK" € A (X") (dr).,

and forall p >2: X" € S¥, K" € Sf/z and E ¢K$’?/2 < oo forevery T > 0.

By the same argument as in step (/) of the proof of Theorem 4.20 the pair of
stochastic processes X, K € S[‘} defined by

X; (w), K, (w)) = (Xl” (w), K} (a))) , if0<t<¥,(w) and b, (w) >0

is a solution of the SDE (4.39). The proof is complete. ]

4.2.5 SDEs with a Subdifferential Operator in the Drift

In this section we consider a particular case of a maximal monotone operator in the
drift: a subdifferential operator, that is an SDE of the form (4.19):
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dX, + 0p(X;)(dt) > F(t, X,)dt + G(¢t, X,)dB;, t >0,

Xo =§ € L°(Q. Fo, P; Dom(gp)). (4.45)

The problem becomes more complicated if we replace dp(X;) by H(X;)de(X,),
where H(x) is a rotation matrix, see [33].

A direct proof by a penalized approximating procedure also permits us to give a
precise approximating procedure with an estimate of the speed of convergence. Our
approach here is based on [1].

In the sense of Definition 4.7 we can change the SDE (4.19) into the following
equation for X, ;= X, — v,

dX, + 0§(X,)(dt) > F(t. X,)dt + G (1. X,)dB,. 1 >0,
X = £,

where vy, 0, ro are such that B (vo, 7o) C int (Dom (¢)) and 9y € d¢ (vo), and for
xeRY >0,

¢(x) = @(x 4 vo) — @(vo) — (V0. X) ,_
F(t,x):= F(t,x +v9) — 09 and G(t,x):= G(t,x + vp).

Clearly ¢, F, G and § = & — vy satisfy the assumptions (MM-Hq)), (MM-Hpy),
(MM-Hg) and

0€int(Dom(@), 0=¢(0)<¢(x), ¥x €RY,

that is 0 € ¢ (0). The solution (X, K) of Eq.(4.45) is given by: X, = X, + vy,
K, = Igl — Vot

To prove the existence of the solution we shall need some additional assumptions
(required by the method of proof). We shall assume that there exists a stochastic
process « : € x [0, oo[ — [0, oo[ such that for some p > 0

(MM-H,,) : (4.46)

(i) 0 € int(Dom(¢)), 0=¢(0) <g(x), Vx e R?,
(i) oa.put 02]G(L0) > e LiTP(Ry), a.s..and

loc

(iii) (fc,F(t,x))ga,|fc|(1+|x|3), dP @ di-a.e..V (x,%) € .

O
We mention that in the case of the convex indicator ¢ (x) = IF(x) the last

assumption (iii) is equivalent to
(., F (1,%)) <o (1 + |x|3) . Vx eBd(0)

for all x € Bd (@ and n, any unit outward normal vector to O at x. The main
existence and uniqueness result, inspired by [13], is given in the next theorem.
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Theorem 4.20. If ¢ € L°(Q, Fy. P;Dom (¢)) and the assumptions ((4.17)-MM-
H,), ((4.13)-MM-Hp), ((4.14)-MM-Hg), ((4.46)-MM-H ;) are satisfied, then the
SDE (4.45) has a unique solution (X, K) € Sg X Sg. Moreover if there exist p > 2
and ugy € int (Dom (¢)) such that for all T > 0

T p T /2
IE|§|P+IE|«)(5)|+E([0 |F<r,uo)|dr) “E(/o |G(t,uo)|2dt) < oo
4.47)

then X € S, K € V% and E $K4P* < oo,

Proof. Uniqueness was proved in Theorem 4.11. Moreover by Corollary 4.9, if
(X, K) € 89 x 8 is a solution and (4.47) is satisfied then X € S/, K € S5/2
and E $K$1T7/2 < oo forevery T > 0.

It suffices to prove existence on an arbitrary interval [0, T']. The proof of existence
will be done in two steps.

We write

O, =put @)+ +a +|G(,0)).

Step 1. Existence under the additional assumption: there exists an M > 0 such that

P-a.s.:
T
€] + @) +/ [|F (t,0)] + @}*”] dt < M < oo. (4.48)
0

Let ¢ €]0, 1]. We shall consider the penalized problem

{ dX + Ve (XF)dt = F(t, X*)dt + G(1, X )dB,, (4.49)

X =&,

where Vg, is the gradient of the Yosida’s regularization ¢, of the function ¢, that is
. 1 2 d
(pg(x)zlnf{z—glz—x| +9(): ze R4}

We write J.x = x — eV, (x). For the convenience of the reader we recall from
Annex B that ¢, : R? — R is a convex differentiable function and for all x, y € R,
e>0:

a)  Vei(x) = ¢, (x) € 0p(Jex), and p(Jex) < ¢.(x) < o(x),

1
b)  |Ve(x) —Vo:(y)| < z lx =y, (4.50)

¢)  (Vee(x) = Vge(y),x —y) =0,
d)  (Vee(x) = Vs(y), x —y) = —(e +8) (Ve (x), Vs (y)) -
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Since 0 = ¢ (0) < ¢ (x) for all x € R?, we have, by (6.26), that

(a) g: ®:(0) < ¢e(x) and J.(0) = Vg, (0) =0, @51)
(b) E|V(ﬂs(x)|2 < @.(x) < (Vge(x),x), VxeR4 :
The stochastic differential equation (4.49) satisfies the assumptions of Theorem 3.21
with F (¢, x) replaced by F (t,x) — Vg.(x). Hence Eq.(4.49) has a unique
solution X°¢ € Sa’,' [0, T] for all p > 2. Moreover Eq. (4.49) is of the form (4.19) and
as a consequence the estimates from Proposition 4.8, Corollaries 4.9 and 4.10 hold
for all p > 2 and with dK} = V(X )dt:

T p/2 T p/2
E sup |X7|? +E (/ [V (X?)] ds) +E (/ (pE(XAf)ds)
0 0

1€[0,T]

T r/2 T p/2
+E (/ |F(s, X5)| ds) +E (/ |G(s. X§)|2ds) <C
0 0

(in the proof we shall denote by C, C’ generic constants independent of ¢, § €]0, 1],
which can change from one line to another).

To pass to the limit as ¢ N\ 0 some supplementary estimates are necessary.

A. A priori estimate.
Let p be the exponent appearing in the assumption ((4.46)-MM-H,,;). Since ¢, is

(4.52)

1

of class C! and Vg, is —-Lipschitz continuous, from (2.38) we have the following
e

inequality:

0 PP(XP) + (1 +2p) /twf”(Xf)IV%(Xf)lzds
< ) + (14200 [0 (X0) (VX0 Fis. X0 s
+(1+2p)p L 2 (X) IV (XDPIG s, X0 Pds
+ 0220 [ 16, X P+
+(1+ 2p)/ 20(XE) (Ve (XF), G(s, XF)dBy) .
Then by Burkholder—Davis—Gundy’s inequality and (4.51-b) we have

E sup (1+ 2p) ‘/ 20(XE) (Ve (XF), G(s, XF)dBy)
t€l0,T]

1/2
<301+20 B [ o () 190, (x2) P16 (5. ) s )
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‘1

1/2
<c ([ ot () |6 (X0 o)
0

l+ tl 5 1/2
< sup ol (7) ([ o () [6 . X))
0

tel0,T]

t
< lE sup !t (XF) + EE/ 0" (X;) |G (s, ng)|2ds
1€[0,7] € Jo

and, since 0 < ¢ < 1, from assumptions (MM-Hf) and (MM-H,,;) we deduce that

(Voe(X7), F(s, X7))

™ | =

(X5 — Je(X5), F(s, X))

1
=~ (X5 = LX), Fo. XD) = F s Je (XO) + (Vo (XD, Fs. e (X))

A

1
() X5 = J(XDP + e [V (XD] [1 4 (X

A

S )X + g X o X
We also have

|G (5. X2) [ <21G (5. 0) +2€% (5) | X
Then

T
E sup ol (X7) +E / o2 (X2) [V (X2)| ds
0

1€[0.T] (4.53)

C T
< CEo'™2(§) + ;E /0 o’ (X¢) Qtds,

where
0f =[G (5.0) |* + oy | X| + [ (5) + € ()] 1XE) + ey | XE|*

=c(1+1x°)}) .

Letr = 1% By (4.51-b) we infer
C & &
;@?ﬂ (X9 0

2 2 Cc
= (e (XN (pe (XN 10| —
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_2 2 2 C
< (@ (X))*77 Ve (X7 1X°|7 | Q°) -

IA

1 2 21 r—1 2 c7/e=v
ey ,W%(mr] + e ¢

IO & &
=15 ,° P(X>|V¢8(X)|+ X Q7

and it follows that

T
= sup o (X1) + - o (%) Ve (X)) s
r€l0.7] L+p Jo

C T
< CEp'* () + 1+pE/0 |X‘Y€|2;0|Q§|1+Pds

!/

<0+ g (1+||X"’||4+6") " ortrds
= 81+/> T 0 s °

Hence

1 r C
B sup (o () + 1 [0 (1) Vo (¥t = - a0
0

1€[0.T] I+p gl
By (4.51-b)
e\ 1+2p
(6)" 1V (1) P52 < g4 (x).
Hence
C
a) E sup |V(ﬂs( )|2+4P = g2+3p°
1€[0,7] ria (4.55)
by E sup |Xf—J.(X7)|T " =Cer.

t€[0,T]

B. X¢ is a Cauchy sequence in Sj [0, T].
Lete, § €]0, 1]. 1t6’s formula for |Xf — X,S’2 gives:

t
X7 = X 2 [ (Vo () = Vs (X9). X; = X2)ds
0

- /Ol [20X2 = X2, F (s, X5) = F (5. X2)) + |G (5. X0) = G (5. X0)[ ] s
=1 (Xe = X5.(G (5.X7) = G (s, X7)) dB,).
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By (MM-Hf), (MM-Hg) and (4.50) we have
) T
X = X0F =2 4+9) [ V000V (X7)] ds
0

t t
+ / 21t (s) + €2 (s)]|X;—X;”|2+ / G*%dB;,
0 0
where
G¥ = (X = X!)" (G (5. X!) - G (. X2)).

Since |G§'5| < £(s) |X s X! |2 it follows, by the stochastic Gronwall inequality,

Proposition 6.68, withg = 1 and X, = }Xf — Xf 2, that
E sup |Xf— 5|2
s€[0,T]

T
<2(s+9) [ [ Ve (X)) [Ves (X7)] ds] x eCHC I [ @ +Ee)ds,
0

But by (4.55) and (4.52)

T 3
(e +8)E /0 Vo (X0)| [Vs (7)) ds

<¢E sup \Vgog }/ |V(p5 |ds
t€[0,T]
T
+8E sup |Vgs (Xf)| |V (X7)] ds
t€[0,T] 0

244p P ?
<5<E sup }ng)g )} ) |:IE(/ |V(p5 (Xx){ds) :|
1€[0,T] 0
2+4p |
+34 (IE sup |V(p5 (X ) ) |: (/ |V(p5 |ds) j|
t€l0,T]

1 2+4p
C 2+4p 8
58(82+3p) [IE (/0 |Vs (X, }ds) }
. 2+4p7 455
#5555 (/ Vo (x7)| )

=€ (75 + 879,
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1/b
since % <2+ 4pand (IE |77|a)1/a < (E |77|b) forall0 <a <b.

Hence

B sup [ X7 — X3 < C (7% 4+ 67%). (4.56)
s€[0,t]

D. Passing to the limit.
t t
Write K; = / V. (X{)ds and Ff = / F (s, X?)ds.
0 0

From (4.56) it follows that there exists an X € Sf [0, T'] such that

limX* =X in S3[0,T]
eN\0

and by (4.55-b)

1{1(1) Jo(X5)=X inS3[0,T].

By the assumptions (MM-Hy) and (MM-Hg) we can pass to the limit in the
approximating equation

t t
X,f+Kf=§+/F(s,Xj)ds—i—/G(s,le)dW(s).
0 0

Hence there exists a K € S [0, 7] such that

lim K=K in SY[0,T]
eN\0

and
t t
XI+KI=§+/F(S,Xs)ds—i—/G(s,Xs)dW(s).
0 0

Finally

rob.
1XE = X7 + 1] (X) = Xlg + | K* = Klly —> 0, as & — 0.

Using Propositions 1.17 and 1.20 and 0 < ¢(J; (X?)) < ¢.(X?), we infer from
(4.52) that forall p > 2

T p/2
E sup |X,|” +E (/ go(XS)ds) +E $K$P? < C < 0.
t€[0,T] 0
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Since dK} = Ve (X[)dt € ¢ (J,E (Xf)) dt, it follows, by Corollary 1.22, that
dK; € d¢(X,)dt. Hence (X, K) is a solution of the Eq.(4.19) and for all p > 2 :
XeSl Ke 55/2 and E $K$2/* < oo for every T > 0.

Step 2. Existence without the boundedness condition (4.48).

Let n € N* and the stopping time

t
O, =inflr > 0:|&| + |p(&)] +/ [IF (s,0)| + ©)""]ds > n
0
where

O, =ut @)+ 02@)+a +|G (10|

Clearly 6, /" oo a.s. By the first part there exists a unique solution (X", K") of the
approximating equation

X'+ K!' = E1g,20 + [y Lo, () F (r. X]') dr + [y 1104, () G (r. X}") dB,,
dK? € dg (X1") (dr)

and X" € S, K" € 55/2 and E $K"$2/* < oo for every T > 0.
It is easy to deduce from uniqueness that for all / € N*,

(X" K" 19,5010, = (X", K™) 1g,501{0.6,)-
Consequently the pair of stochastic processes X, K € Sg defined by
(X: (@), Ki (@) = 15,20 (X (@), K] (@), if0 <1 <6, (o)

is a solution of the SDE (3.51). The proof is complete. |

From the proof of Theorem 4.20 we infer:

Remark 4.21. Tt follows from the above proof that whenever ||+ |¢ (§)] is bounded
and condition (4.48) holds there exists a constant C such that

5 l(l_#)
E sup |X; —X;|" < Ce*\ %/, (4.57)
t€[0,T]

A particular case of SDE (4.148) is the reflected SDE

dX, + dI5(X,)(dr) > F(t, X,)dt + G(t, X,)dB,.

- 4.58
X()ZX()EO, IE[O,T], ( )
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where O is an open convex subset of RY and I is the convex indicator of O:
0 if xeO
I= = ’ A
b (%) +oo, if x eRY\O.
Then
0, if xe0,
Ms(x) =4 {neR? : (ny—x) <0, VyeO}, if xeBd(O),
g, if xeRY\O,
that is d/(x) is the exterior normal cone to Oif x € Bd(0).
Assuming that P-a.s.
|F (t,x)| <a+alx’, ¥YxeBd(0)
and for some p > 0
r 1+
| [P eor+ o+ 0+ 16w a < m <.
0
thenby Theorem 4.20, there exists a unique pair X € S/, K € Sa’,’/2 and
E $K¢1T’/2 < oo forevery T > 0 for all p > 2, such that
X; (w) €O, Vite [0,T], a.s.0w € Q
and
t t
J) X+ K, =xg +/ F(s, X)ds +/ G(s, X;5)dBs
0 0
v T]; a.s. Q
tel0,T]; as. w e, (4.59)

t
i) /<z—xr,d1<,)5o, o
5

VO<s<t<T;as we.

Note that the condition jj) is equivalent to:

i) K —K,= /tn(X,)d $K¢, . and [tlo(X,)d $K$, =0

A

VO<s<t<T; asw e Q, where n(x) is the unitary exterior normal vector to

5atx€Bd(@) andn(x) =0ifx € O.
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In this case the estimate of the speed of convergence (4.57) holds with X ¢ defined
by the approximating equation (4.49) of the following particular form

1
dXi + = (XF — Pro(Xf)) dt = F(t, Xf)dt + G(t, X)dB,,
&

Xt =,

(4.60)

where Prg(x) is the projection of x € R? onto 0.

4.3 Reflected SDEs

4.3.1 The Generalized Skorohod Problem

4.3.1.1 Preliminaries

For convenience we recall from Annex B some definitions and remarks.
Let E be a non-empty closed subset of R? and N (x) be the closed external
normal cone of E at x € Bd (E), i.e.

e d )
NE(X)d=f ueRd:gi\r‘%#

= [ul

where
def .
dg(z) = inf{|z—x|:x € E}

is the distance of a point z € R to E.
Let £ > 0. We denote by

def

Us(E) = {y e R? 1 dg (y) < &}

the open e-neighbourhood of E and

UE(E)déf{zeRd:dE(z)fs}

the closed e-neighbourhood of E.

Given z € R? and E a non-empty closed subset of R?, we denote by Iz (z) the
set of elements x € E with |z — x| = dg (z). We note that ITg (z) is non-empty
since E is non-empty and closed.

Recall the notation B (x,r) = {y e R? : |y — x| <r}.
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Definition 4.22. Let ryp > 0. We say that E satisfies the rp-uniform exterior ball
condition, abbreviated ro-UEBC, if

e Ng(x) # {0} forall x € Bd(E),
* VxeBd(E)and VY u € Ng (x), |u| = ry, we have:

dp (x +u) =ro
(or equivalently B (x + u,ro) N E = @).
Note that for all v € Ng (x), |v] < r¢, we also have
dg (x +v) =|v]|. (4.61)

Definition 4.23. Lety > 0. Aset E = E C R is y—semiconvex if for all x €
Bd (E) there exists a £ € R?\ {0} such that

(£.y —x) <yIx|ly —x*: V¥yeE.

We have the following equivalence (for other equivalences see Lemma 6.47):

Lemma 4.24. Letry > 0and E = E C R?. Then E satisfies the ro-UEBC if and
only if E is ﬁ—semiconvex.

It is clear that, under the uniform exterior ball condition with radius ry, for all
z € R? with dg (z) < ro, the set I (z) is a singleton. The unique element of
I g (2) is called the projection of z on E, and it is denoted by 7g (z). We have, see
Corollary 6.49 and Lemma 6.47 in the Annex B.

Lemma 4.25. Let the uniform exterior ball condition with radius r( be satisfied and
€ €]0, ro[. Then

TR [N
Ng (x) = xi(x,y—X)SEIXIIy—XIZ: VyeEg,
0

the projection g restricted to the closed e-neighbourhood of E, U, (E), is
Lipschitz with Lipschitz constant L. = ro/ (ro — €), and the function d} is of class
C'onU, (E) with

%Vdé () =z—7g (), and z—7E(z) € Ng(7g (2)

forallz € U, (E).

A function ¢ : R? — |—o0, 4-00] is proper if

Dom (¢) & {veR?: ¢ (v) <+oo} #0

and Dom (¢) has no isolated point.
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Definition 4.26. The (Fréchet) subdifferential of ¢ at x € R? is defined by
"¢ (x) = @, if x ¢ Dom (¢) and for x € Dom (¢),

I p(x) =% eR’: lim i @) = () — &y —x)

>0
y=>x |y — x|

We moreover write

a) Dom (07 ¢) = {x eRY: ¢ (x) # Q)},
by 07¢={(x,X): x €eDom (07 ¢), x € 0 ¢ (x)}.

If E is a non-empty closed subset of R and

0 ifxeE
= ] = ’ ’
o) =Ir (x) % +oo, ifx ¢ E,
then ¢ is l.s.c. and
3 Ig(x)={%eR?: limsup M_
y—x, yEE |y - Xl

is the Fréchet normal cone at E in x. By a result of Colombo and Goncharov [17]
we have for any closed subset E of a Hilbert space

97 Ig (x) = Ng (x).

Definition 4.27. ¢ : RY —] — 0o, +00] is a semiconvex function if there exist
P,y = 0 such that

(i) Dom (p) is y—semiconvex.

(if) Dom (0~ ¢) # 0.
(iti) Forall (x,%) € 07 ¢, y € R?:

(Fy—x)+o@) <o) +(+yIE)]y—xI.

A function ¢ satisfying the properties of this definition will sometimes be
called a (p, y)-semiconvex function, or a y—semiconvex function (since the second
parameter is the most important one).

Note that ¢ = I is (0, y)-semiconvex iff E is y—semiconvex.

A convex function is a (p, y)—semiconvex function for all p > 0 and y > 0.

The set E = E C R? is O—semiconvex if and only if E is convex.

If  : RY — ]—o00, +00] is a semiconvex function, then there exists an a € R
such that

o) +aly?+a=>0 foralyeR?.
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Example 4.28. If E is a closed bounded subset of R? satisfying the uniform exterior
ball condition and g € C*(R?) (or g € C (RY) is a convex function), then f :
R? —]—o00, +00], f (x) = I (x)+g (x) is aLs.c. semiconvex function. Moreover

lf () =fWI=Llx=yl, Vx,yeDom(f)=E.

4.3.1.2 The Generalized Skorohod Problem

Our aim is to solve a Cauchy type ordinary differential equation, written formally
as

{ i)z()()t)=+x<‘(3)"<p (x (1)) (df) >dm(t), t>0, 462)
where
{ ((ili; ;o : CD (E?lgf;pﬁéd ). m(0)=0, (4.63)
and
¢ : RY — ]—o00, +00] is a proper Ls.c. (p, y)-semiconvex function. (4.64)

Definition 4.29 (Generalized Skorohod Problem). A pair (x, k) of continuous
functions x, k : [0, co[ — R is a solution of Eq. (4.62) if

(j) x()€Dom(p), Vi >0, ¢ (x())€Lj, (Ry),
(]]) ke Bvloc (R+; Rd) s k (0) = 0’

Gi) x@O+k@)=xo+m(), V>0,

(v) VO<s<t Vy:R; — R? continuous:

f (y(r)—x(r),dk(r))+/<p(x(r))dr

s[m <r))dr+[ v (F) = x ()P (odr + yd $k3,).

A solution of (4.65) is called a solution of the generalized Skorohod problem
(07¢; x0,m) (and we write (x,k) = SP (0" ¢;x0,m,)). If 079 = 071y = Ng
then we say that (x, k) is a solution of the Skorohod problem (E; x¢,m) and we
write (x,k) = SP (E; xo, m).

Remark 4.30. The relation

dk (t) € 07 ¢ (x (1)) (d1)
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will mean that x,k : [0,00[ — R? are continuous functions satisfying the
conditions (4.65-j, jj, jv)-

Lemma 4.31. Let the assumption (4.64) be satisfied. Let x,k : [0,00] — R? be
continuous functions. Then the following assertions are equivalent:

(a1)  (x,k) satisfies (4.65-], jj, jv)
(a2)  (x,k) satisfies (4.65-], jj) and there exists a continuous increasing function
A : [0, 00[ = [0, oo[ such that

(v s <t, Yy :[0,00] = R continuous:

) Vo<
[ o= .amy+ [owena w66
< [eoenar+ [1yo)-xoFaae.

Proof. Clearly (a1) = (a») setting A (t) = pt + y $k3,.
Let us prove that (az) = (a;).
Define
a(r):=r+ ks, +A@)

and let the measurable functions 6, A, n (given by the Radon—Nikodym theorem)
such that

dk(r)y=0r)da(r), dr=A(r)da(r) and dA, =n(r)da(r).

Clearly d $k3, = |0 (r)|da(r) and 0 < A (r) < 1, da (r)-a.e., and, from (4.66)
we deduce that, for all 0 < s < ¢ and z € Dom (¢)

(2 / 6(r)dQ,) - / (x (). 6 (1) dO, + / o (x (A (1) dO,
<4 () / A () dO, + |2 / 1 (1) dO, — 2z, f x ()11 dQ,)
4 / X (OF 7 () dO,.

Since for any locally bounded measurable function f : Ry — RY,

1 a~la(t)+e) 1 re@+e
‘/ f(r)dQ(r)ZE/ f(a"(s))dsmf(t), ae.r>0

€ ®
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it follows that for all z € Dom (¢p),

G=x(O).0O)+exNAO) <e@AO +|z—x O n()., ae.t>0,
and from the definition of the Fréchet subdifferential we obtain

0 (r)
A(r)

where I' = {r > 0 : A (r) = 0} with [.dr = 0.
Since ¢ is a (p, y)-semiconvex function, we have for any continuous function
y:Ry = R4,
() )
A1)

Vr€R+\F.

€d o(x(r), VreRy~T,

0
(=20 T O )+ oG =00+ =xOF (o4

Therefore (with the convention 0 - (4-00) = 0) for all r € R:

() =x().00) +o&xENA) =@y (r)AT)
+1y () =x ()P (A (r) + v 16 (1))

(we also use that Dom (¢) is y—semiconvex).
Integrating on [s,¢] with respect to the measure da (r) we infer that (4.65-jv)
holds. ]

Lemma 4.32. If dk(t) € 3¢ (x (t)) (df) and dk (t) € ¢ (% (1)) (dr), then for
all0 <s <t:

[ (x ) =% ). () — dk ()

‘ R (4.67)
+/ lx (r) — % (N))? <2pdr +yd tkt, +yd $ k ¢) > 0.

Proof. We write (4.65—iv) for (x, k) with y = X and for (%, 12) with y = x; and
add the two resulting inequalities. (4.67) follows. ||

Proposition 4.33 (Uniqueness). Let the assumptions (4.63) and (4.64) be satisfied.
If (x,k) = SP (07 ¢; x9,m) and (X, k) = SP(0”¢; Xo, m) then for all t > 0:
v = 17 = 2[ 1xo = %o’ + ljm — st

. : 4.68
F2lm =il kg, et rtitortin), (4.68)

In particular SP (0~ ¢; X9, m) has at most one solution.
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Proof. We clearly have
¥ (6) = m (1) = % (0) + 70 ()]
_ |x0—fco|2+2/0 <nl1 (r) = 1 () dk () = d (1) @69
—2/0 <x(r)—fc(r),dk(r)—dk(r)).

Then by (4.67) it follows that

SO =2 OF ~m )~ ()

<X @) —m @) =% @) +m @)
< |xo = %of* + 2 lm — i, $ k =k
t
+ 2/ lx (r) = £ (n)? (2pdr +yd ke, +yd Sk ¢)
N
which implies (4.68) via Gronwall’s inequality from Corollary 6.60. The proof is

complete. |

To derive some uniform boundedness and continuity properties of the solution of
the generalized Skorohod problem we introduce additional assumptions:

lp(x) = <L+L|x-y|l, Vx,ye€Dom(p) (4.70)

and
Dom (¢) satisfies the y-SUIBC (shifted uniform interior ball condition). (4.71)

Definition 4.34. £ C R satisfies the shifted uniform interior ball condition
(abbreviated SUIBC) if there exist y > 0 and §,0 > 0, and for every y € E
there exist A, €]0, 1] and v, € R4, |vy| < 1, such that

@ A= (v +4)y =0 _ @72
(i) B(x+v,,Ay) CE, VYxe€ENB(.SI

(we also say that E satisfies y-SUIBC or (y, 8, 0)-SUIBC).

Below we shall give easily verifiable conditions which imply (4.71).

Note that (4.71) implies that int (Dom (¢)) # @.

Also observe that the lower semicontinuity of ¢ and the assumption (4.70) clearly
yield

Dom (¢) = Dom (¢). 4.73)
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Let E=E CRY Let E° =R\ E and
E. ={x € E :dist(x, E°) > ¢}

the e-interior of E.
Let x,v € R, r > 0. The set

Dy (v.r) = conv {x, B (x + v.r)}
={x+it(u—x):ueB(x+vr), tel0l]}
is called the (|v|, r)-drop with vertex x and running direction v. Note thatif [v| < r,
then D, (v,r) = B (x + v,r).

Proposition 4.35. Let E = E C RY and int(E) # @. Each of the following
conditions implies that E satisfies the y-shifted uniform interior ball condition
(SUIBC) for all y > 0. (E satisfies (4.72).)

(A1)

1
lim — sup dist (x, E;) = 0.
eNO0 /€ xeE

(Ay)  There exist N, gy > 0 such that for all 0 < & < gy:

Ec |JB(y.eN).

YEE;

(A3)  (uniform interior (hg, ro)-drop condition) There exist ry, ho > 0 and for all
x € E there exists a v, € RY, |vy| < hg, such that

D, (vi,r9) C E.

(A4) There exists an 1y > 0 such that E satisfies the ro-uniform interior
ball condition (i.e., by definition, E¢ satisfies the ry-uniform exterior ball
condition).

Proof. We shall show that (44) = (43) = (42) = (A1) =4.72).
(A1) =>(@.72): Let y > 0. Let ¢ > 0 be fixed (sufficiently small) such that

d, 1
d, = supdist(x, E;) <1 and (75 + %) JY < 7

x€E

For y € E, let y. € E, be such that

|y = yel < do.
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Let§ = A =¢/4,vy, = y, —y. Then
1 (d. > e
_(|vy‘+k)2yze|:z—(—+£) y:|d—fa>0.

If x € EN B(y,6) then
_ — e
B(x+v,4) CB(y.5) CE.
Indeed for all |u| < 1:
e
(¥ + vy +2) —ye| = lx =y +Aul <5 +2 =3

(A3) = (Ay): If x € E then there exists an x, € E, such that x € B (x;, N¢).
Hence

1 1
—sup dist(x, E;) < — sup [x — x¢l
&€ xeE € x

1
<—Ng—0, ase — 0.
£

(A3) = (Az): Let 0 < & < ry. We show that

E C U (y s—)
y€E;
Letx € E and D, (vy,r9) C E with |v,| < hg. Then clearly x € F(x+%vx,e%).
Moreover x + —vx € E, since B (x + = SUxs € ) C Dy (vy, rg) C E. Indeed for all

z€B (x + £ 70 Uxs 8) there exists a # with |u| < 1 such that

e
=X+ —V, + &u
To

€ e

= (1——)x+—(x+vx+rou)
o To

EDX(UX,I’O)-

(A4) = (A3): Let x € Bd(E€) = Bd(E) and u, € Nge (x), |uy| = ro. Then
D, (ux, 2) C Dy (uyx,r9) = B(x +uy,r9) CE.
The proof is complete. ]
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Remark 4.36. The shifted uniform interior ball condition does not involve any of
the conditions (A1), (42), (43), (A4). Indeed the set E = {(x1,x2) € R? : x; >
0. x} + (x£2)* > 4} satisfies SUIBC with A, = 1, v, = (1,0),8 > 0,
o = % and y = % because A, — (|vy‘ + /\y)2 y > o and the distance between
(0,£2) and (x; + 1, x,) is greater than 2 + %, for all (x1,x;) € E, and therefore

F((xl,xz) + (1,0); %) C E for all (x;,x;) € E. But the set £ does not satisfy

(Ay): we have
! dist (x, E,) 1\/(2+)2 22
—— sup dist (x, = — &) —
SxEE ¢ «/g
=+2+4c¢
— V2
ase — 0.

Example 4.37. Let E = E C R? be defined by

(i) E:{xeRd:¢(x)§0},Where¢ECb2(Rd),
(@) int(E) = {x eR?: ¢ (x) < O},
(i) Bd(E)={xeR?:¢(x) =0} and |V¢ (x)| =1V x € Bd(E).

The set E satisfies both the uniform exterior ball condition (UEBC) and the shifted
uniform interior ball condition (SUIBC).

Proof. Note that at any boundary point x € Bd (E), V¢ (x) is a unit normal vector
to the boundary, pointing towards the exterior of E. Hence for all x € Bd (E) we
have Ng (x) = {c V¢ (x) : ¢ > 0} and Nge (x) = {—c V¢ (x) : ¢ > 0}.
Since for all y € E and x € Bd (E), we see that ¢ () < 0, ¢ (x) =0,
1
(96 00y =x) =4 () =p )= [ (V9 (5 +2.r =) = V4 (). = )
<Mly—x],

and by Lemma 4.24 E satisfies (UEBC).
If ye Eand x € Bd(E), then ¢ (y) > 0, ¢ (x) = 0 and

1
(=Vo (x).y —x) =—¢(y)+/0 (Vo(x +A(y—x)) = Vo (x),y —x)dA
§M|y_x|2’

that is E° satisfies (UEBC) and consequently, by Proposition 4.35, E satisfies
(SUIBC). |
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Example 4.38. If E C R is a closed convex set such that

dry>0, E,, #0 and hy =supd (z, E;)) < 00

Z€EE

(in particular if E is a bounded closed convex set), then E satisfies the uniform
interior (hg, rp)-drop condition and, consequently the y-shifted uniform interior ball
condition (SUIBC) for all y > 0. Moreover for every 0 < § < m/\l, E satisfies
0-SUIBC with A, = 0 = 4.

Proof. Recall that E, denotes the e-interior of £ that is
E.,={y e E :dist(y, E°) > ¢}.

Lety € E, y = Prg, (y) and v, = ﬁ(ﬁ—y). Then |y — y| < ho, |vy| <1
and forall x € E N B (y,6)

_ _ 7, — .
B (x+v,.8) C B (y—i—vy, —0) C conv{y, B (§.r0)} =D, (§—y.ro) C E.
0

1+h
| ]
Let (x,k) = SP(0”¢;x09,m) and y € C ([0, 00[; E), where E = Dom (¢).
From (4.70), forall 0 < s <,
t t
/ O () = x () dk () < L(t —s) +L/ v (r) —x ()| dr

P “4.74)
+/ v (") = x () (odr + yd $K1,).

Suppose that x (r) € int (Dom (¢)) for all r € [s, ¢], and let

0<b< inf]dist(x (r),Bd(E)).

rels.t

Let y (r) = x (r) + Aba (r) with & € C (R4 RY), [lofly < 1and 0 < A < 1.
From (4.74) we deduce that, for A = 1/ [(1 +y)(1+ b)z]

/\b/t (o () dk (r)) < (L + Lb) (t —s) + 2°0* [p (t — ) + ¥ k3, — TkT))]

Ab

o (0K, — 2k,

<(L+Lb+2A%b%p)(t—s)+
Taking the supremum over all « such that [je||; ,; < 1 we have

% ($ks, — ks, < (L + Lb + A*b°p) (t — ). (4.75)
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Hence:

Lemma 4.39. Let (x,k) = SP(0”¢; xo, m) and the assumption (4.70) be satisfied.
If x (r) € int(Dom (¢)) for all r € [s,t], then there exists a positive constant
C =C(L,p,y,b) such that

Pk, —3k3, =C (t—5)
with
0<b< irllf]dist(x (r),Bd(E)).
res.t

In general we have:

Lemma 4.40. Let (x,k) = SP (0~ ¢; xo, m) with ¢ a (p,y)-semiconvex function
(y = 0). Assume that (4.70) holds and Dom (¢) satisfies the (y, o, §)-SUIBC (4.72).
If0 <s <tand

sup [x (r) —x (s)] <6,

re€ls.t]
then

P, PSR-k O+ L) @T6)

Proof. Leta € C ([0, 00[; RY), |||l < 1, be arbitrary. From (4.72), if
y(r)=x @)+ Vg + Axee (1), 1 €s,t],
then y (r) € E. Moreover
9 (1) = x ()] = Jvee] + e <2
and

lo(y(r)) —@ (x (r))] =3L.

From (4.74) we deduce that
/\xm/ (a(r).dk(r)) = —/ (vx(s)» dk (r)) + BL + 4p) (t —5)

t
+ V/ (}Ux(x)‘ + Ax(s))2 d $k$r .
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Taking the SUP| g, g<1 WE have, using (4.71),

o ($hT, = TkT,) = [k (1) =k ()| + BL +4p) (t =)
that is (4.76). |

For the convenience of the reader we recall the notations for y € C ([0, T];: R4 )
and ¢ > 0,

By (&) =¢e+m, () =c+sup{ly(®)—y )| :|r—s|<e 1,5 €[0,T]}.

Note that p, : [0, 7] — [0, ®y (T)] is a strictly increasing continuous function and,
then, the inverse function [L;l : [O, By (T)] — [0, T] is well defined and is also a
strictly increasing continuous function.

Lemma 4.41. If ¢ : Ry — Ry is a continuous function, Y (r) > 0 forallr > 0,
and oy : C ([0, T];RY) — Ry

1
o ) =l + iy

then for any compact subset K C C ([O, T] ;Rd),

sup ary (x) < o00.
xeK

Proof. If R = sup ||x|; then 0 < R < oo and

xX€K
def .
a=inf{Yy (r):0=<r <R} >0.

Since

lim |:sup ®y (s):| =0,

e\ yeK

there exists a b > 0 such that

1 1
" (5) <supp, (5) <as=y (), Yxek

yeEK

Hence

1
5 < W lxllp), Vxek,
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and consequently

supay (x) < R+ b < oo.
xeK

Theorem 4.42. Assume that the assumptions (4.63), (4.64), (4.70) and (4.71)
are satisfied. Then there exists a constant C depending only upon the constants
L.,5,0,p,y from our assumptions such that if m € C ([0,T] ;Rd), Xxo € Dom (¢),
(x,k) = SP (0~ ¢; x0,m) and

A V! (82e—C(1+T+|Im||T)>,
def
Crm = exp[C (L +T + |lmly + An)],
then

(a) ||k||3v([0,T];Rd) = $k$T < Crm,
(b) ”xuc([()j];]Rd) = [lxll7 = |xo| + Crm,
() lx (1) = x ()| + $kT, — TkTs < Crom X /1y (1 —5),

VO<s=<tr=<T.

4.77)

If moreover m € C ([0, T] ;Rd), Xo € Dom (¢) and (x, 12) = SP(0”¢; Xo, 1), then

I = £ll7 + Ik = kllr < Cr x [Ixo = %ol + VIm—7illr].  @78)

with Cr = k (CT.m, CT‘,;[), where K is a continuous function.

Proof. We denote by C,C’, C” generic constants independent of xq, Xo, m, m and
T (C,C’,C" dependon L,8,0,p,y).

Step 1: Some estimates of my.

LetO <s <t <T.Since

Ix (@) —x () —m@)+m(s)| = k@) —k(s)| = Tkl — Tk,
it follows that
lx (@) —x )] = |m@)—m ()| + Tkl — Tk, (4.79)
We clearly have

| (t)—X(S)t—m(l)er(S)I2 l
=2/ (m(r)—m(s),dk(r))+2/ (x (s)=x(r),dk(r)).
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From (4.65-iv) with y () = x (s) and (4.70) we have
/I (x(s)—x(r),dk(r)) < L(t—ys) —i—L/t |x (s) —x (r)| dr

4 / v (5) = x ()P (pdr + yd $k3,) -

.. .. . . . . . 1 2 2 2
Combining this inequality with the previous identity and 5 [x|” < |x — y[” + |y,
we obtain

SO =X G =m0 = m () +2my, (¢~ 5) (4, — kD)
L C(—s) +C/t I (r) = x ()P dr +d $k$,) |

which implies, by Gronwall’s inequality (Proposition 6.59):

lx (1) = x () < [m2 (t —s) +m,, (1 —5) ($k3, — $k) + (t —9)] (4.80)
xexp[C (1+I_S+$k¢1_$k$\)]’ .

forall 0 <s <t <T.

Step 2: Estimates of |x(t) —x(s)| and k3, — $k3, under the assumption

|x () — x (s)| < 8, where § is one of the parameters entering the SUIBC condition.
Let0 <s <r <t <T suchthat |x (t) — x (s)| <§.From (4.76) we have

Pkl =8k, =C k(@) —k(s)[+C (1—5)
<C |x(@)—x@)—m@)+m(s)|+C (t—ys)
<C |x(t)—x)|+Cm,(t—s5)+C (t—3)
<Cs+Cpu,, (t—s).
Plugging this estimate into (4.80), it clearly follows that
Ix (1) —x (s)]* < n, (& —s) eCUFTHImID) - forallo<s <t <T,

since (t —s)+m,, (¢t —s) <, ¢ —s) <T+2|m|;.
Hence if 0 <s <t < T and |x (¢) — x (s)| < § then

Ix (1) = x ()| + 3k, — 2k, < Vi, (t —5) x COFTFlmlr), (4.81)

Step 3: Adapted time partition and local estimates.
Define the sequence

to =Ty =0,
Ty = inf {7 € [t0, T] : dist (x (1), E) < §/4} |
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ty = inf{t € [T, T] : |x () —x (T))| > 8/2},
T, =inf{t € [t;,T] : dist(x (¢),0F) < §/4},

G =infir € [T T]: |x () — x (T))| > §/2)
Tiy) = inf{t S [Zi,T] - dist (x (t),BE) < 5/4}
Clearly
O0=To=t0<Ti <ty <Th<--<t; <Tiy1 <tjip1 <--- =T

Lett; <r < T;4,. Then x (r) € int (E) and dist (x (r),0E) > §/4ort; = T;4,.
By Lemma 4.39 we have

|k (1) —k (s)] < Tk, —3k$, <C (t —s) fort; <5 <t < Tiyy.
Alsofort; <s <t < T;j41:
lx (1) —x ()| < |k (1) =k ()] + [m (1) —m (s)]
<C((t—s)+|m(t)—m(s)]
<Cp,t—ys)

and then

[x (1) —x ()| + Tk$, — Tk, < C pyy (1 —5).
On each of the intervals [T}, t;], we have
lx (1) —x(s)| <68, forallT; <s <t =t,

and consequently, by (4.81), forall 7; <s <t < :

e (1) = x ()] + $k3, = ThT, < Vi, (1 —5) x C0FTHmln),
IfT; <s <t <t <Tiq then
e (1) = x ()] + $k 8, — Pk, < |x (1) —x ()| + Tk S, — 0k,
+[x (6) = x ()] + $kS,, — Pk,

Scﬂm(l_tl)'i_ I'l'm(ti_s xe

< /le (l —S) x eC’(l+T+||m||T)‘

CA+T+|[ml7)
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Consequently foralli e Nand 7; <s <t < Ti4;:

x (£) = x ()] + 3k, — 3k < Vi, (1 —s) x COFTHImID,

Step 4: Conclusion (4.77).

Since p,, : [0,T] — [0, ,, (T)] is a strictly increasing continuous function, the
inverse function w,! : [0, u,, (T)] — [0, T] is well defined and is also a strictly
increasing continuous function. We have

< |x (@) —x (T))]

< Vi (6 = Tj) x 1T
< Vi (Tr1 = Tp) x e€0HT D)

N S

and consequently
52
Ty =T, > ”,);1 (Ze_ZC(1+T+||M||T))
>p! (826—C’(1+T+||m||7-)) > 0.

Hence the bounded increasing sequence (7} ), is finite. Let j be such that T = T}.
Then

where
A, % ! (828—C’(1+T+||m||r)> .

Let0O <s <t <T.Wehave
J

Tk, — k3 = Z (¢k$(1/\Ti)VS - ¢k$(t/\Ti,1)v.v)

i=1

J
= Z \//’Lm((t AT)Vs—(@tANTi—)V S) x eCUFT+lmlz)

i=1

<jxr, @ —s) x oCUHT+Imli7)
<T Ay VR, t —5) % e CUFT+lmlr)
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and consequently

thkty < T Ay /i, (T) x COFTFlmln)
<exp[C'(L+T + |mly + An)]

and

|x ()] = [xo +m @) =k (1)
< [xo| + [Imll, + $k3,
< [xol + Imlly + $k37 .

Hence there exists a positive constant C = C (L, §, 0, p, y) such that if
A =1/ (826—C(1+T+||mllr)>’ and
Crm=exp[C(A+T+ ||m|;+ A,
then
tk¥r = Crm and  |x[l7 < |xo| + Crm

that is (4.77-a,b).
By480)VO<s<t<T:

Ix () —x ()] < [m2 (¢t —s) +my, (t —5) Crpm + (t —5)]
xexp[C (1 4+ Cr)]
= CT,m X P (t _S)
that is (4.77-c) holds.

Step 5: Conclusion (4.78).
Now, since $k$; + $ k $r=< Cr,n + Crj, from (4.68) we have

I = £17 = 2 [1%0 = %ol + lim —snl;
+2 | — sl [k — Rl | e Creoitrsier)
< Cr x [Ixo = %ol + |m =il ] .

which, combined with k —k = xo— £ +m — i — (x — &), yields (4.78). The proof
is complete. u
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We can now derive the following continuity result for the mapping (xg, m) —
(x.k) = SP (07 ¢: x0,m).

Corollary 4.43. Assume that the assumptions (4.63), (4.64), (4.70) and (4.71) are
satisfied. If xon. Xo € Dom (¢), m,,m € C ([0, 00[:R?), m, (0) = 0 and

l) (xn, kn) =SP (a_(/);X()n, mn) s
i) Xon —> Xo,

iy my, —>m inC([0,T];R?), VT >0,
then

sup $kydr < o0, VT >0,

neN*

and there exist x, k € C ([O, oo[; Rd) such that forall T > 0:

(@ xn —xl7 + llkn —kllz = 0O,
) (x,k) =SSP O ¢;x0,m).

Proof. Let T > 0 be arbitrary. The set M = {m,m, : n € N*} is a compact subset
of C ([O, T]:R? ) Let Cr,, be the constant from Theorem 4.42. By Lemma 4.41,

de
Cr.m 4 sup Cr, < o0.
xeM

Also
def
B (€) = sup o (e) (0, ase 0.
xeEM

Let a > 0 be such that |xp,| < a. By Theorem 4.42, for all n,i € N* and for all
s,t €[0,T],s <t,wehave

”xn”T + $kn$T <a-+ CT,M,
%0 (8) — xn ()| + $kn§, — Thknls < Crom X Va1 —5)

and
s =il + ko = il < Cre  [150r = xoil + v/, =il |
Hence there exist x, k, A € C ([0, co[; RY) such that

X, = x, k,—>k inC([O,T];]Rd), asn — oo
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and by Arzela—Ascoli’s Theorem, on a subsequence also denoted by $k,3,
$kat — A inC([0,T];RY), asn— oo,

A is an increasing function and Ay = 0. Clearly (x, k) satisfies (4.65-i,ii,iii) and
(4.66-iv"). Hence, by Lemma 4.31, (x, k) = SP (0~ ¢; xo9, m). [ |

Theorem 4.44. Assume that

(i) ¢ :R? — ]—00, +00] is a proper Ls.c. (p, y)—semiconvex function,

(@) lex)—eWI=L+Llx—-yl. Vx.yeDom(p).

(iii) Dom (¢) satisfies the y-SUIBC, (4.82)
(iv)  x0 € Dom (p),

(v) meC(R:RY), m(0)=0.

Then the generalized Skorohod problem

x(t)+k()=xo+m(), t>0,
dk(t) € 07 ¢ (x (1)) (dt)

has a unique solution (x,k) (see Definition 4.29) denoted by (x,k) =
SP (0~ ¢; xg, m).

Proof. Uniqueness was proved in Proposition 4.33. To prove existence, let m, €
C! ([O oo[;Rd) , my, (0) = 0 be such that ||m, —m|; — 0forall T > 0. From
Proposition 6.55, there exists a unique solution (x,, k,) of SP (0~¢; xo,m,), and
by Corollary 4.43 there exist x,k € C ([0 oo[; Rd) such that forall 7 > 0

X, —x|l7 + llkn — k|l — 0, asn — oo, and

(x,k) =SSP (0~ ¢; x9,m) .

The proof is complete. ]

Corollary 4.45. Let (2, F,P,{F;};>0) be a stochastic basis. If
gell (Q,fo,]P’; Dom (go))

and M € Sg, My = 0, then there exists a unique solution (X, K) € Sg X S(g of the
problem

(X (@) . K. () = SP (07 ¢:§ () . M. (w))

P-a.s. w € Q2.
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Proof. For every fixed w, by Theorem 4.44, the Skorohod problem
(X (@), K. () = SP (07 ¢:§ (), M. (w))
has a unique solution
(X. (@), K. (®)) € C([0, 00[;R?) x C([0, 00 ; RY).
Since (w,t) — M, (w) is progressively measurable and the mapping
(€, M) — X : Dom (¢) x C([0,1];R?) — C([0,];RY)

is continuous foreach 0 < ¢ < T, we see that X is progressively measurable. Hence
X € S9 and consequently K € S9. [ |

4.3.2 The Classical Skorohod Problem

Let E C R? be a non-empty closed subset of R?.
If E satisfies the ro-uniform exterior ball condition (ro-UEBC), then by
1
Lemmas 4.24 and 4.25 the set £ is ——semiconvex and the indicator function
o

0, ifx e E,

v =1e() =) | ifx ¢ E

1
is a (O ) —semiconvex function; the assumptions (4.64), (4.70) are satisfied.

We state the following:

Definition 4.46. Let E = E C R satisfy the ro-UEB condition. A pair (x, k) is
a solution of the Skorohod problem (and we write (x, k) = SP (E; xo, m)) if

¢ x.k:[0,00] > R4 are continuous functions and
¢ forall0<s<r<T:

J) x()€E,
J) k €BVi ([0,00[;RY), Kk (0)=0,
gD x@)+k@)=xo+m(t), “4.83)

W) YyeCRyE):
/ (v () = x (r) . dk () <—/ v (r) = x (NP d $k3, .

N
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We highlight that if (x,k) = SP (E; xg,m) and (X, lg) = SP (E; X9, m), then
from (4.83) we get

<x (1) — % (1), dk (¢) —dlé(t)> 4 2%0 Ix () — & (1) (d tks, +d ¢1€¢,) > 0.
(4.84)

Theorem 4.47. Let xo € E = E C RY and m : Ry — R? be a continuous
function such that m (0) = 0. If there exists an ro > 0 such that E satisfies the ry-
UEBC and ﬁ-S UIBC (see Definitions 4.22 and 4.34) then the Skorohod problem
(4.83) has a unique solution. Moreover the two following sets of conditions are

equivalent.

@ th = /0 Lepaied Th3,

t
o KO= / nyod Tk, . wherenys € Ni (x (5)) (4.85)
0
and |nx(s)| =1, dt ks -ae.,
and
A8 > 0suchthatV y : [0, 00 — E continuous:
(4.86)

/(y(r)—X(r),dk(r))Sﬁ/ v (1) = x () d $k3, .

Proof. Uniqueness was proved in Proposition 4.33 using the corresponding inequal-
ity (4.84).

(4.85) = (4.83-jv):

By Lemma 4.24 we have

f 0 (1) — x () . dk (1)) = / (y (") = x (1) .y Bk 3,)

= / (y (1) = x (r) . nyydeyeBaerd $k3,)

IA

1 t
Z_m/ x| 1y () = x (" Luepacryd Th3,

IA

1 t
2—0/ v () —x (D[P d 3k, .

Clearly (4.83-jv) = (4.86).

(4.86) = (4.85):

Let [s, 7] be an interval such that x (r) € Int (E) for all r € [s,t]. Then there
exists a § = §;; > 0 such that

inf dpa(g) (x (r)) = 4.
rels.t]
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LetA €[0,8]and € C ([0, T];R?), |l < 1. Setting y (r) = x (r) + Ae (r) in
(4.83-jv) we obtain

t t
[ taoraon=pifasis.
Clearly passing to the limit as A — 0 and taking SUp|q|,.<1> We have
x(r)yelnt(E),Vrels,t] = $k$ —3k$=0.

Hence (4.85-a) holds.
Let £ (r) be a measurable function such that [£ (r)| =1, d $ k §, -a.e., and

t
k(1) =/€(r)d k3.
0
Since (4.86) holds for all 0 < s < t we deduce that
r)y ) =x@) <Blyr)=x(P, dik -ae
forall y € C ([0, T]; E). By Lemma 4.24 we infer
L(r) e Ne(x(r)), d3kl,-ae.
Hence (4.85-b) holds.
Existence. The existence was proved in Theorem 4.44, but for the convenience
of the reader we reproduce the proof from Lions and Sznitman [43], see also [67].
Step 1. Case m € C! ([O, oo ; R? ) We know that the uniform exterior ball
condition with ball radius ry yields the Lipschitz continuity of the projection mg

while restricted to the closed gp-neighbourhood (0 < ¢y < rg) of E, USO (E) and
moreover

1 _

EVdé @) =z—7mp(@), VYzeUg,(E).
LetO<egy < (1 Arg)/2anda € C*® (]Rd) be such that
1, ifze U, (E),

O{(z) = Oa ifZ¢U280 (E)v
€ [0,1], otherwise.

Let

VO =3 @a@+(1-u@).
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Consider the penalized problem

dm
dt’

dt
xe (0) = xo,

{d“ e

or equivalently
xe (1) + ke (1) = x0 +m (1)

where

k)= /0 VY (v, (5)) ds.

d
Letm’ = L;l Then

v+ [ 9y e = [ 6). 9y )

t 1 t
=3[ efas s [ v e P

Consequently for an arbitrary fixed 7 > 0:

T 1 2 )
@ [ rvveon| as=Tim,

(b) 0=1—a(x(n)=V(x @) <eT [m']7, (4.87)
T

© lkellp < ke $r= [ L9y (e ()
0 &

ds < T |m'|l7

andforO0<s <t <T:

ke (1) — ke ()] < ¢k8¢t - $k8$s

2[’

< [m'lly @ =)

19y (x ()| ar

On the other hand

|xe ()] < |xol + [m ()| + [—ke (1)
< Ixol + |mlly + T |m'|,
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andforO0<s <t <T:
|xe (1) — x: ()| < [m (1) —m (s)] + |ke (1) — ke (5)]

<|m@)—m()|+ |m|, ¢ —s).

1

Hence {—Vlﬂ (xs)} is bounded in L2 (O,T;Rd) and {x;},.0, {kc}psq are
€ >0

uniformly bounded afnd uniformly equicontinuous on [0, T']. Consequently, there

exist h € L?(0,T;RY), a € L*(0,T) and x,k € C ([0,7];R?) such that
(eventually on a subsequence ¢ = ¢, — 0):

1
-V (x;) = h, weaklyin L* (0, T;RY),
&

1
— VY (x,)] = a, weaklyin L2 (0,T),
e

xe —> x inC ([0,T]:RY),
¥ (x;) — 0 inC ([0,T]:RY),
a(x;)— 1 inC([0,T]:RY),

k, — /-h (s)ds=k inC ([0,T];R?).
0
Then
S5 () = lim ¥ (3 (1) =0,

x(@)+k(@)=x0+m(t)

and x (1) € E, forallt € [0, T].
Let 0 < & < gy be such that

llxe = xll7 < €.

Then x, (1) € Uy, (E) forall t € [0, T] and

1
V(X)) = gd,% (xe) -

Let y € C ([0, 0o[; E) be arbitrary. Since x, — 7g (x;) € Ng (7 (x;)) we have
(v =500 190 . )

— (6 =500 1 I ) =z (5, 0)
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< <y (5) = 7 (3 () © [ ) — e (e (s))]>

< %1 1 (5) — 78 Cre (D] 1y () — 7 (e ()12

Passing to the limit as ¢ = ¢, — 0 we obtain
1 2
(y(s)—x(s).h(s) = T )|y ) —x )", ae

which implies % (s) € Ng (x (s)), a.e. and so

1

(y () —x(s).h(s)) = T B ($)]y () —x (), ae

ie.
1
(y () —x(s),dk(s)) = T |y (5) —x ()] d k3, .
Hence (x,k) = SP (xo,m, E)
Step 2. Case m € C (R4+;R%).
There exists an m, € C! (R4;R?) such that |m, —m|; — 0 forall T > 0. By

the first step there exists a unique solution (x,, k,) = SP (E; xo, my).

Let M = {m,m, : n € N*}. The set M is a compact subset of C ([0, T]: R?). If
Cr is the constant and « is the function from Theorem 4.42, then by Lemma 4.41,

CTM sup Crx+ sup k(Cryx.Cr,) < oo.
xeM X, yEM

Hence for all n,i € N* we have $k,$; < Cr . and

%0 = xill7 < Crom v/ llmn —millr.

Now using Corollary 4.43 we infer that there exist x,k € C (R4;R?) such that
(x,k) = SP (E; x9,m). The proof is complete. |

4.3.3 Skorohod Equations

Consider the generalized Skorohod differential equation

x(t)+k(t)—x0+/f(sx(s))ds+m(t) t >0,
dk(t) € 0~ (x (1)) (dr),

(4.88)
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where we assume that (4.82) is satisfied.
We recall that dk (t) € 0~ ¢ (x (¢)) (df) means

loc
by ke C([0,00[;RY) (N BV ([0.00[:R?), k(0) =0,

¢) Y0<s<t, Vy:[0,00] > R4 continuous:
! (4.89)

/ <y(r)—x(r>,dk(r)>+/ o (x (1) dr
5/¢(y (r))dr+/ D () = x () (pdr + yd $K3,).

a) xeC ([O,oo[;Dom(go)), p(x)e Ll (0,00),

We state the assumptions:

¢ the function f (-, x) : [0, +00] — RY is measurable for all x € R¥,
¢ thereexistsap € L) (0,00) such thata.e. t > 0:

loc
(Cf) — Continuity:
u— f(t,u) : R? - R?is continuous,
(M ;) — Monotonicity condition:
(X —y,f(l,.X) _f(tvy)) = H‘(Z) |X _y|2» Vx’y € Rd’ (490)
(By) — Boundedness:

T
/ f#(s)ds <oo, VT >0,
0

where
¥ def —
/%@ < sup | £(t.w)] : u € Dom (g)}
Proposition 4.48 (Generalized Skorohod Equation). Assume that the assump-

tions (4.82) and (4.90) are satisfied. If xo € Dom (¢) and m € C ([0, T] ;Rd) ,
m (0) = 0, then the problem (4.88) has a unique solution.

Proof. Uniqueness. Let (x, k) and (X, Ig) be two solutions. Then
X (1) =% () > + 2/t(x (r) = % (r).dk (r) — dk ()
0
= 2/0 (x(r) =X (r), f(r.x(r)) = f (r.X(r)))dr

<2 /0 () x (1) £ () [,
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and using Lemma 4.32 it follows that

wo-50P <2 v -t 0Pda,
0
with
A =2pt 4y Bkt +y RS+ [ 0 0
0

which yields x = x via Gronwall’s inequality from Corollary 6.60, Annex C.
Existence. We shall obtain the solution (x, k) as the limit in C ([0, T];R?) x
C ([0,T] ;Rd) of the sequence (x,, k,),cn+ defined by an approximate Skorohod
problem
X, (t) = xo, fort <O,
! 1
Xp (1) + k(1) = x0 + / f (s,xn(s — —)) ds+m(t), fort >0, (491)
0 n
dky (1) € 979 (x, (1)) (dr) .

i+l

L
n’ n

X () + [kn ) —k, (’—)} — (’—) + 7 (s,xn(s - l)) ds
n n ILI n
+m(t)—m (;—) ,

it1
n

Since for ¢ € | ].i € N, we can write

then by recurrence on the intervals [”1—,
pair (xns kn) =8P (8_90; X0, mn), with

] there exists (via Theorem 4.44) a unique

my (t)=/lf (s,xn(s—%))ds—i-m(t).
0
LetT > 0 and
M ={m, :n e N*}.

M is a relatively compact subset of C ([O T] ;Rd) since it is a bounded and
equicontinuous subset of C ([0, 7];R). Indeed

T
Il < /0 £*(s)ds + |mll
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and for s < ¢
t

[mu (1) —my (s)] = / SH@ydr+1m @) —m(s)] .

Then by Theorem 4.42
[xnll7 + $knr < |x0] + Crra

and forall0 <s <t:

Ix (1) —x ()] + $kE;, — Tk = Cromvip (t —5).
Hence, again by the Arzela—Ascoli theorem, X = {x, :n € N*} is a relatively
compact subset of C ([0,7];R?). Let x € C ([0,T];R?) be such that along a
sequence still denoted by {x, : n € N*} as an abuse of notation

lx, —x||; — 0, asn — oc.

Then, uniformly with respect to ¢ € [0, T'],

my (t)—>/olf(s,x(s))ds+m(t), asn — oo,

and
ky(t) = k(2) =xo+/tf(s,x(s))ds—km(t)—x(t), asn — oo.
0

Using Corollary 4.43 we infer that

(x,k) =8P (8_(p; X0, /of (s,x(s))ds + m) (4.92)

that is (x, k) is a solution of the problem (4.88). The uniqueness of the solution of
(4.92) implies that the whole sequence (x,, k,) converges to the solution (x, k). The
proof is complete. ]

If in the above Theorem 4.48 we put ¢ = I, where E = E C R?, we get (via
Theorem 4.47):

Corollary 4.49 (Skorohod Equation). Let xo € E and m : [0, 00[ — RY be a
continuous function such that m (0) = 0. If f satisfies the assumption (4.90) and E
satisfies the ro-UEBC and ﬁ-S UIBC for some ry > 0, then the following problem
has a unique solution (x,k):
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J) xkeC(0.0ol:E). k(0)=0.
J) k€ BV ([0,00[;RY)
M)X®+km=m+lfmﬂmﬂ+m@,
) ¢k¢,=(/:u“EB«md¢k¢w

0

t
k()= / nyisd 3k, whereny ) € Ng (x (5))
0
and |nx(s)| =1, d$ k3 -ae.

(4.93)

In the second part of this section we shall study the multivalued SDE (called the
stochastic variational inequality in a non-convex domain or generalized stochastic
Skorohod equation)

X, + K, =5+/IF(S,XS)ds—i-/IG(S,XS)dBS, t >0,
K, (@) € 0o (X, @) @),

(4.94)

where ¢ is a (p, y)—semiconvex function and as usual for most of the SDEs in this
book we have

A {B;:t >0} is an R¥-valued Brownian motion with respect to the given
stochastic basis (2, F, P, {F; }i>0),

A (Carathéodory conditions) F (-,-,-) : 2 x [0, +00[ x R - R? and G (-,-,") :
Q x [0, +oo[ x R — RY*¥ are (P, R?)-Carathéodory functions, that is

(@) F(-x)andG (-,-,x) are pm.s.p.,V x € RY,
(b) F(w,t,-) and G (w,t,-) are continuous function dPP ® dr-a.e.
(4.95)

Defining
F* (5) = sup {|F(z, )| : u € Dom (<p)} ,
G* () = sup {|G(z, )| : u € Dom (¢)}

we assume that the following conditions are satisfied:

A (Boundedness conditions) For all T > 0:

T
(a) / F#(s)ds < oo, P-as.
0, (4.96)
b) / |G* (s)[” ds < oo, P-as.
0
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A (Monotonicity and Lipschitz conditions) There exist w € L} (0,00) and £ €
L?,.(0,00;Ry) such that dP ® dr-a.e.:

(Mfr) Monotonicity condition:

(x =y, F(t,x) = F(t,y)) <p@)|x—y]>, VYx,yeR,
(Lg) Lipschitz condition:

1G(t,x) =G(t,y)| <L) |x—y|, Vx,yeR’

(4.97)

To study the SDE (4.94) we begin by giving the definitions of strong and weak
solutions.

Definition 4.50. (/) Given a stochastic basis (2, F,P, F;),~, and an R¥-valued
F;-Brownian motion {B, : t > 0}, a pair (X,K) : Q x [0,00[ — RY x R? of
continuous J;-progressively measurable stochastic processes is a strong solution of
the SDE (4.94) if P-a.s. w € Q:

j) X, €Dom(p), Vt>0, o(X)eL! (0,00),

loc

J) K. €BVipe ([0.00[:RY), Ko =0,

Jii) Xt+Kt:E+/IF(S,XS)dS—i-/tG(S,XS)dBS, Vt=>0,

v) V(: <s<t Vy :0[0,oo[ - R4 con(iinuous: (4.98)
| v o=xak)+ o xar

ffw(y (r))dr+/ (1) = X[ (pdr + yd $K4.) |

that is
X. (), K. (0)) =SSP (0 ¢;6 (w), M. (w)), P-as.wel,

with
t t
M, :/F(S,Xs)ds—i—/ G (s, Xy) dB;.
0 0

(II) Let F(w,t,x) = f(t,x), G(w,t,x) = g(t,x) and § (w) = xo be
independent of w. If there exist a stochastic basis (€2, F, P, F;),5, an R¥-valued
F;-Brownian motion {B, : t > 0} and a pair (X., K.) : Q x [0, 00 = R? x R? of
Fi-p-m.c.s.p. such that

X (w),K. (w) =SSP 0 ¢;x9, M. (w)), P-as.weQ,

with

t t
M, = / F(s. X ds + / ¢ (5. X,)dB,.
0 0
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then the collection (2, F, P, 7, B;, X;, Kt);zo is called a weak solution of the SDE
(4.94).

Since the stochastic process K is uniquely determined from (X, B) by
the Eq.(4.98-jjj), we also say that X is a strong solution (and respectively
(2,F,P,F;, B, X:),~( 1s a weak solution).

We first give a uniqueness result for strong solutions.

Proposition 4.51 (Pathwise Uniqueness). Let (2, F,P, F;, B;),, be given and
the assumption (4.82) be satisfied. Assume that

F () :2x[0,+00[xR! >R and G (-,-,-): Qx][0, +o0[ x R — R

satisfy (4.95), (4.96) and (4.97). Then the SDE (4.94) has at most one strong
solution.

Proof. Let (X, K) and (X, K) be two solutions corresponding to £ and respectively
&. Since

dK, € "¢ (X,)(dr) and dK, € 0" ¢(X,) (dr)
we deduce by Lemma 4.32, for p > 1 and A > 0, that
(x, — X, (F (t,X,)dt — dK,) — (F(t, X,)dt — dk,)>

1 A

2 ~
5 dt < |X, — X, v,

with
t 1 A
V, = /o [u (s)ds+ (Em,,+9p/\) €% (s)ds+2pds+yd $K$, +yd $ K ${| )
Therefore, by Corollary 6.78 (Annex C), we get
_y P P
Bliafe (x =)} ] = crarltnfe &[]

Hence the uniqueness follows. |

Note also that in the case of additive noise (i.e. G does not depend upon X) we
have the existence of a strong solution.

Lemma 4.52. Let (2, F,P,F;, B)),>( be given and the assumption (4.82) be
satisfied. Assume

F () :Q2x]0,+oo[ x RY - R?
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isa (”P, R4 )—Carathéodory function satisfying the boundedness condition (4.96-a)
and the monotonicity condition (4.97-Mp). If

gell (Q,]—'OJP’; Dom (go))

and M € Sg, My = 0, then there exists a unique solution (X, K) € Sg X Sg of the
problem

X (w) + K; (w) =& (w) + /IF (,s, X5 (w))ds + M, (), t=>0,
K, (@) € 0 (X, @) ().
P-a.s. w € Q, that is
X (w),K(0) =SP (0 ¢;€(w), M. (w)), P-as weQ.
Proof. By Corollary 4.45 the approximating problem
X" (@) + K" (0) = £ (0) + /fp (w,s,X;’_l (a))) ds + M, (@), t>0,
dK! (w) € 07 ¢ (X," (a))) (dr), ’

has a unique solution (X", K") € Sg X Sg. Now the solution (X, K) is the limit of
the sequence (X", K"), exactly as in Proposition 4.48. |

To study the general SDE (4.94) we consider only the case when F, G and £ are
independent of w. Hence the SDE (4.94) becomes

X,+K,:x0+/f(s,XS)ds—i—/g(s,Xs)st, t >0,
0 0 (4.99)
dK; (w) € 07¢ (X, (w)) (dr)

where f (-,-) : [0, +00[ x R - R¢ and g (-, ) : [0, +o0[ x RY — RI*k |
As above, define

def —
% < sup {I ()| : u € Dom ()}
def _—
¢* ) L sup {lg(t,0)| : u e Dom ()}
Theorem 4.53. Assume that the assumption (4.82) holds. Let (¢, x) — f (¢, x) and

(t,x) — g(t,x) be (Bl , ]Rd)—Carathéodory Sfunctions satisfying the boundedness
conditions

T
./0 [f#(s)2+g#(s)4]ds<oo, vT=>0.
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If xo € Dom (@), then the problem (4.99) has a weak solution (2, F, P, F;, X;, K,
B;)>o.

Proof. Step 1. Approximating sequence. Let (Q, F.P,FE, Bl) be a Brownian

>0
motion. By Lemma 4.52 there exists a unique pair (X", K") : Q x [0,00] —

R? x R? of FEB-progressively measurable continuous stochastic processes, forming
a solution of the approximating problem

t

t
n n __ n n
X!+ K] —xo—i—/o f(s,XS_%>ds+/(;g(s,Xs_%>dBS, t >0, (4.100)
dK! (w) € 07 ¢ (X," (a))) (dr).

Let

t t
M =/ f (s,xs"_l)der/ g(s,Xs”_l)st.
0 n 0 n

Since

E [ sup |M]',, — M,”|4}

0<f<e

<c [(/tt+8f# 5) ds)4 T (/+ " (s)izds)z]

t+e ) 2 t+e 4
<eC | sup (/ | 7% (5] ds) + sup / 1g" ()| ds|,
t€[0,T] t tel0,T] Jt

it follows, by Proposition 1.47, that the family of laws of {M" : n > 1} is tight on
C ([0, 00[; RY).
Therefore by Theorem 1.46 forall T > 0

o0 n>1

li P(|M" >N)|[=0,
Ng,n |:SUP (Il I )]
and foralla > 0and T > O:

li\ir(l) |:sup P((mp (£5[0,T]) > a) ):| =0. (4.101)
€ n>1

Defining

Mo =€+ mym (5[0, T])
=e+sup{|{M'—-M!:0<s<t<T t—s<eg},
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we can replace in (4.101) mp» by .
Step 2. Tightness. Let T > 0 be arbitrary. We now show that the family of laws
of the random variables U" = (X", K", $K"$) is tight on C ([0, T]; R***1).
From (4.77-c) we deduce

my» (6,0, T]) <G (M") /pyn (€), as.
where G : C ([0, T];R?) — Ry,
G(x)=Crx=exp[C(A+T+|x|y+ By)], with
B.=1/p7 (SZe—C(1+T+||x||T)>.
By Lemma 4.41 G is bounded on compact subset of C ([0, T] ;Rd) and therefore
by Proposition 1.48, {U"; n € N*} is tight on X (recall that Uy = (xy, 0,0, 0)).

Then by the Prohorov theorem there exists a subsequence (also denoted by n)
such that as n — oo

(X",K",3K"¢$,B) —> (X,K,V,B) inlaw

on C ([0, T]; R?¢*17%) and by the Skorohod theorem, we can choose a probability
space (2, F,P), and some random quadruples (X", K", V", B"), (X,K,V,B)
defined on (2, F,P), having the same laws as resp. (X", K",$K"$, B) and
(X, K.V, B), such that, in C ([0, T]; R*/ 1) ‘as n — oo,

X", R, 7 B 2 (XK, 7, B).

Note that by Proposition 2.15, (B”, {,EX”’IZ”’V"'E"}) .n>1,and (E, {.EX'IZ’V’E})

are R¥-Brownian motions.

Step 3. Passing to the limit.

Since we also have (X", K", $K"$, B) — (X, K, V, B), in law, we deduce, by
Corollary 1.18, that for all 0 < s <17, P-a.s.

XQIXQ, k():O, X,EE,

IIEIt_IK_VIXSVt_I?s and 0=V, <V, <V, (4.102)

Moreover, since forall 0 < s < ¢, n € N*
t t t
[onars [ooena- [ e -xra
s N N

t
+ [ )= XIF o+ 7a 1K78,). as.
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then by Proposition 1.19 we infer

/Stw ()?r)drs[w(y (r))dr_/st v (r) - X,.dK))

: . i (4.103)
+/ ly 1) = X, | (pdr + yd V).

Hence, based on (4.102), (4.103) and Lemma 4.31 we have
dK, € 0" ¢ (Y,) (dr).

Now as in the proof of Theorem 3.54 we obtain that P-a.s.
- - t - [ - -
X+ K, = xp —+—/ f (s,XX)ds —I—/ g (s,Xs)dBS, Vtel0,T],
0 0

and consequently (S_Z F.P, .7-',5‘)2, )fl, K,, B,) is a weak solution. The proof is
>0

complete. ]

Since the stochastic process K is uniquely determined by (X, B) via the
Eq. (4.99), a weak solution for the SDE is a sextuple
(Q,}", P, {F:}~0. X, B). Exactly the same arguments as used in Theorem 3.55
allow us to show that again weak existence + pathwise uniqueness implies strong
existence. Hence we deduce from Theorem 4.53 and Proposition 4.51 the following:

Theorem 4.54. Assume that the assumption (4.82) holds. Let (¢, x) — f (t,x) and
(t,x)—~ g(t,x) be (Bl, Rd)-Camthéodmyfunctions satisfying (4.97) and

T
/0 [f#(s)2+g#(s)4]ds<oo, vVT=>0.

If xo € Dom (¢), then the problem (4.99) has a unique strong solution (X;, K;), .

4.3.4 Markov Solutions of Reflected SDEs

In this subsection we study the Markov property of the solutions of reflected SDE:s,
when the set E has a particular form. Assume that

(i) E={xeRd:qb(x)fO},whereqberz(Rd),
()  int(E) = {x eRY ;¢ (x) < o} , (4.104)
(i) BA(E) = {x eR? ;¢ (x) = o} and |V (x)] = 1V x € Bd(E).
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In Example 4.37 it is shown that this set E satisfies the (ro-UEBC) (see Defini-
tion 4.22) and the ( 5%;-SUIBC) (see Definition 4.34)

Note that at any boundary point x € Bd, V¢ (x) is a unit normal vector to the
boundary pointing towards the exterior of E.
Let? € [0,00[ and x € E. Consider the equation

X’X—i—K“‘—x—i—/f rX”)dr—}—/ (r,Xr”x)dB,, s>, 4.105)
dK, (w) € 0~ Ig (X (a))) (dr),

where £ (-,-) : [0, 400 x R — R? and g (-,-) : [0, 400 x RY — Rk are
continuous functions and satisfy: there exist 4 € R and £ > 0 such that for all
u,velRd

(i) (w—v, f(t,u)— f(t.v)) < plu—v*
(i) |g(t,u)—g@,v)| <Llu—v]|. (4.106)

If follows from Theorem 4.54 that there exists a unique pair (X'*, K'¥) : Q x
[0, 00 — RY x R? of continuous progressively measurable stochastlc processes
which is a strong solution of the SDE (4.105) that is P-a.s. v € Q:

(j) Xy¥eEand X{3, = xforalls >0,
SAt

(i) K €BViy ([O,w[;ﬂ%d) , K\ =0forall0<s <t,

s K
(i) X4 K =x +/ f( ,Xrt’x)dr-i-/ g(r,X,t'x)dB,, Vs>t

t

v TK™T = / le(E) )dIK”Ir, Vs>t
) Kéx—/ V¢(X’X)dIK”‘I Vs>t

(4.107)

Note that by Theorem 4.47 the conditions (jv) & (v) are equivalent to

dy > O0suchthatV y : [0, 00[ — E continuous:
(v () = X[¥ dK) < yly () = X1 d 3K,

If (X, K"*) and (X", K™*") are two solutions, then from this last inequality it
follows that

—(xp = xp ak - ake)

A / (4.108)
(d $K'4, +d LK ¢) a.s

<y ‘Xrtx _ Xrt.x’
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Proposition 4.55. Let the assumptions (4.104) and (4.106) be satisfied and

sup  [[f (. )]+ [g (. x)]] < oo.
(t,x)€[0,TIXE

Then forall p> 1, A >0ands > t, x,x’ € E,

1P
(j) EF sup |XI¥— XY < Clx—x|" exp[C (s —1)], as.,
relft,s)
() E7 sup |KM¥|P <EFi K™ 3P <C (1 + (s —1)"), as.,
relt,s)
i) EF sup [XEHP = C (14 (5 =)+ x)). @109
relt,s)
rx x C2)\2
(v) EF’e”K: | < EFi MK < exp (C/\ + CAt + > l) , a.s.,
where C is a constant independent of x, x', s, t and A.
If the monotonicity condition (4.106-i) is replaced by
| ftu) — ft,v)] < plu—v],
and ¢ € C b3 (Rd ), then moreover we have
/P , p
E*: sup K*— KM 4 E*: sup $K™*S, — IK"’“ I
relt,s] reft,s] r (4.110)

< CeCG—0) |x _ x/lp ,
where C is a constant independent of x, x', s, t.

Proof. Let (X, K) = (X"*, K"¥) and (X, 16) = (X”x/, K”"/). By 1t6’s formula
we have

d¢ (X,) = (Vo (X)), f (r,X,)dr —dK, + g (r, X,) dB,)
+Tr[V2 (X)) ¢* (r, X,) g (. X,)] dr

and if we define
Le()=Te[VP()g* () g (r.)]+ (Ve (). [ (r.9)
then

dp (X,) = [Lo (X)) dr—d TKY, ]+ (Vo (X,). g (r. X,) dB) . (4.111)
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Let ®, = exp (y¢ (X,)) and &, = exp (yqﬁ ()2,)) Once again by It6’s formula
we have

do, = y®, | L4 (X,)dr— d 1KS, + 2 g (r.X,) Vg (X,) dr
+y®, (Vo (X;), g (r, X,) dB;)

and therefore
d(@8,)=d (@) + 0,dd,)+do, db,

= ©.&, {bdr + o7aB, —y [d 1K, +d 1R}

where b : Q x [0,00[ — Rand o :  x [0, 0o[ — R¥ are bounded P-m.s.p.
Let
%),

[( %)of +50.X) =5 (r %)

»eo

Y,

D,

o= [ @b X Rbr f (X0 = 10K+ (20X = 050 o |
+/Sq> &, [ y(X, — X)(d$K¢ +d $K$,)—(dK,—dI€,)}.
Then

Y, = (x—x')+/ dIC,+/ G,dB,.
t t

Letp>1,A>1landm, =1V (p—1).
Using (4.108) we deduce that

1
k) (gmy 4992 ) 6, dr = € 1 -
Hence by (3.7) we infer that, for A = 2,

F tx t.x’ 4
E’" sup | X" — X,

reft,s]

<Cylx=x'|" exp[C, (s —1)],

that is (4.109-j).
Now from (4.111) and the Eq. (4.105) we have for s > ¢
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N

LK, = / Lo (X dr + / (VOXED). g XINdB)
—[¢(XiM) —¢ (0]

Clearly, by the Burkholder—Davis—Gundy inequality and Holder’s inequality the
estimate (4.109-jj) follows. Using Lemma 2.24 we infer (4.109-jv). The inequality
(4.109-j;j) is a consequence of (4.109-jj) and

S S
XM =x+ / S, XP)dr + / g(r, X"*)dB, — K\,
t t

The inequality (4.110) is obtained from (4.112), the Burkholder—Davis—Gundy
inequality and Holder’s inequality. ]

Corollary 4.56. Let the assumptions of Proposition 4.55 be satisfied and E be a
bounded set. Then for every T > 0 and p > 1 the mapping

(t.x) > (X", K", TK™]) 1 [0.T]x E — S7 [0, T]1 x S [0, T] x S{ [0, T]
is continuous and if hy, h, : [0, T] x E — R are continuous functions, then
T T
(t, x) IE/ hy(s, X2)ds + E/ hy(s. X;*)d TK™*] :[0.TI]x E >R
t t (4.113)

is continuous.

Proof. Let (t',x") € Ry x E. We can assume that ¢/ < ¢. By the uniqueness of the
solution we have P-a.s.

N N
X" 4 (K;“X’ — K ) = X"+ / Fr. X" Ydr + / g(r. X" )dB,,
t t
for all s > ¢ and by (4.109-j)

E sup )Xr’/*’“/—Xr”x
relt,T)

"< C TR ‘X}“X’ - x)’”

< CeCT [IE: (X; X

p+’x/—x|p].

Therefore

’ ot P
E sup ‘X,’ S ¢
rel0,7]

= -x 4B wp p

’ s P ’ s
X! —x‘ +E sup ‘Xﬁ S
reft,T)]
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<Cp|xX' —x|"+C,E sup

relt’ 1

p

7 7
/
X0 —x

Since X" e $9[0,T], X,

x" and (4.109-jjj) holds for all p > 1, the
continuity of (¢,x) > X' : [0,T]x E — S 5 [0, T'] follows. The continuity of
(t,x) — (K'*,$K"*1) is now a consequence of the relations

S N
K™ = / S, Xdr + / g(r.X")dB, — (X! —x)
t t

and (4.112).

The continuity (4.113) is now a consequence of Proposition 1.20 and the
uniformly integrability of the random variables

T T
/ hi(s, X{")ds and / ha(s. X;) d TK™ T
' t

|
We close for this section with the following:

Proposition 4.57. Let the assumptions (4.104) and (4.106) be satisfied and E be
a bounded set. Then the solution {XSO'X DS > O} of the SDE (4.105) is a strong
Markov process with:

(i) transition probability
P(t,x;5,G) =P (X" € G)

fort,s >0and G € By;
(ii) evolution operator P, : By(R?) — B,(R%),0 <t <,

(Prs¥) (x) = Eyr (X;):

(iii) infinitesimal generator A, satisfying

DY {y € C2(RY) : (Vy(x). Vo(x)) = 0if x € Bd(E)} C Dom(A,). ¥ 1 >0
and for € D

A () (x)

ST (g (.0 8" (X)Wl W]+ {7 () v )

PN A NI W (x
Eszzl(gg )i ()55 +§ﬁ(r,x) o
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Proof. The proof is the same as for Proposition 3.38 except for one difference
regarding the infinitesimal generator: the evolution operator is given by

P @)= [ W0 P xis.dy) =By (X07)

and 1to’s formula with v € C2(R?) and ¢, h > 0 yields
By (X[{) =y () + E/ Ay (X )dr

_E [Jrh(vw(vav‘),vcp( N pace (X) d TKT

Assuming (Vi (x), Vg (x)) = 0if x € Bd (E) then

hm [Ptz+h (W) (x) =¥ (x)] = Ay (x).

4.3.5 SDEs with Oblique Reflection

In this section we shall assume that E is a non-empty closed subset of R? and there
exists a y > 0 such that:

(y1) E is ay-semiconvex set (see Definition 4.23); and
(y2) E satisfies y-SUIBC (see Definition 4.34).

Recall from Annex B, Lemma 6.47, that E is O—semiconvex if and only if £
is a convex set and, for y > 0, E is y—semiconvex if and only if E satisfies the
%—um’form exterior ball condition. From Proposition 4.35 if E satisfies the uniform
interior drop condition (that is, there exist ro, hyp > 0 and for all x € E there exists

v, € RY, |v,| < hg, such that
def _—
D, (vy, rg) = conv {x, B (x + vx,ro)} CE)

then E satisfies the y-shifted uniform interior ball condition for all y > 0.

To each x € Bd(FE), we associate a unit vector v, and a unit vector n, € Ng(x)
such that for some fixed & > 0, {ny,v,) > w. Recall that Ng (x) is the closed
external normal cone of E at x € Bd (F). Note that if we consider the symmetric
matrix

2
H(x) = (ve.ne) Lixa = v @ny —ny @ vy + ———v, ® v, (4.114)
(Vx’nx)
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then
vy =H (x)ny, xe€Bd(E).

Moreover if the maps x —> v,,n, are smooth (i.e. can be extended to functions
from C2 (R?;R?)), then H € C? (R?;R*).

Let H = (h;;) € C? (R?;R??) be such that for some constant ¢ > 1 and
for all x € R?,

dxd

(l) hi,j (X)Zhj.i ()C), andi,j Gl,d,
1 4.115
(i) —|u*<(H X wu) <cluf*, YueR? ( )
C

We denote by [H (x)]”" the inverse matrix of H (x). Then [H (x)]™' has the same
properties (4.115) as H (x). Define

\H (x)— H ()| [H ()™ = [H )]
b= sup ———————+ sup
x,yERL | x#y |X - J’| x,y€ERT, xH£y |x - yl

We introduce the oblique directions
ve =H (x)ny, xe€Bd(E),

where n, € Ng (x).
Consider the differential equation

{ dx (1) + H (x (1)) 0@ (x (1)) (df) >dm (1), t>0, @116
x (0) = xo,
where
(i) xo € Dom (p)
and

¢ 1 RY - ]—o00, 4] is a proper L.s.c. (p, y)—semiconvex function.  (4.118)

Our aim in this section is to solve the differential equation (4.116) in the case

0 ifxekE
_] — ’ ’
¢ (x) £ (%) 400, ifx ¢ E,

where E C RY is a bounded closed subset satisfying (ro-UEBC) and
(ZITO-SUIBC) for some ry > 0. Recall that 07 Ig (x) =@ if x ¢ E and
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I Ir ) =12 eR?: limsup 2= <ol = Ny (o) ifx € B,
y—>x, yEE |y - )C|

We introduce the following (the oblique reflection problem was initiated in Lions
and Sznitman [43], see also Dupuis and Ishii [24]):

Definition 4.58. Let H = (h;;),,, € C? (R?;R?*). A pair (x, k) is a solution
of the H -oblique reflection Skorohod problem (E; xo, m) (and we write (x,k) =
SP(E; xy,m; H)) if:

¢ . k:Ry — R4 are continuous functions; and
¢ forall0 <s <rt:

() x()<E.
(]]) k e Bvloc (R—H Rd) P k (0) = 0,

G x (0 +/0 H (x (r) dk (r) = xo +m (7).
) Tk, = /0 Lioyenad $k3,

t

W) k(1) = / Ny lemesae)d 3k, , where ny) € Ng (x (r))
0
and \nx(r)| =1, d3k3 -ae.

(4.119)

Note that by Theorem 4.47 the conditions (jv) & (v) are equivalent to

Y y : [0, 00[ — E continuous and forall 0 < s <,

/ (y(r)=x(r).dk(r)) < y/ ly (r) —x (r) [ d ke, (4.120)

and also to

38 > OsuchthatV y : [0,00] — E continuous and for all 0 < s <1,

[ (7 () = x () .dk (1)) < ﬂ/ Y () —x (P d B3,

Definition 4.59. We say that dk (1) € 0~ I (x (¢)) (d?) if x,k : [0, 00 — R? are
continuous functions and for all0 < s < ¢,

(@ x(t)cE.
(b) k €BVjpe (RisRY) ., k(0) =0,
©) [<y(r)—x(r>,dk<r>>5y/ () — x (D[Pd $k3, .

‘ v y‘ : [0, oo[ — E continuous.
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Hence (x,k) = SP (E; x9, m; H) means
t
x (1) +/ H (x(s))dk(s) > xo+m(t), t>0,
0
dk(t) € 07 Ig (x (¢)) (dr) .

Note that if dk (t) € 07 Ig (x (¢)) (dt) and dk (t) € 07 Ig (x (¢)) (dr) then for all
0<s<rt:

[ <x (r)— % (r), dk (r) — dk (r)>

. A 4.121)
4y [ -5 P (d9ks, +d 2 3,) 20

From (4.119-iv) we infer that

ifx (r) eint(E) forallr € [s,¢], then $k$, — 3k, = 0.

Proposition 4.60. If m € BV ,. (Ry;R?) then the “oblique reflection” Skorohod
problem SP (E; xo, m; H) has at most one solution.

Proof. Let (x,k) and (X, lg) be two solutions. Consider the symmetric and strict
positive matrix U (r) = [H (x (r))]”" + [H (£ (r))]". Note that

U )| H @) dk ()~ H (x () dk (1) ]
= (1 oD = [H GONIT) [H G 00) dk () + H (x () dk ()]
42 [dlé (r) — dk (r)] :
Letu(r) = U2 (r) (x (r) = & (r)). Then
du(r) = [dU"2 ()] (x () = % () + U2 () d [x (1) = ()]
= [ (1) dx (1) + B (1) dF ()] (x (1) = £ (1))
+ U @) [H G ) dk o) = H (x () k()]

where a, B : Ry — R?*? are some bounded continuous functions.

Using (4.121) and the assumptions on the matrix-valued functions x —> H (x)
and x —> [H (x)]_1 we have for some positive constants Cy, C;, C

S0 -2 OF

< lu@|
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= ,d

2 /0 (w () du ()

< clfo ¥ () = & (2 (d 338, +d $74,)
—R(r), 2 dk () —

+2 /0 (r) =2 .U [HGE)dke) - H o))

< (cl+c2+3) /t Ix (r) =% (r)? (d $xt, +d $R4, +d tk3, +d $ k $)
ro 0

Now by the Stieltjes—Gronwall inequality 6.59 (from Annex C) we conclude x = X
and consequently k = k. |

We recall the notation for the modulus of continuity of a function g : [0, T] —
R4:

my (e) = sup{|g () —g (W) :u,v € [0.T], Ju—v| <e}.

Lemma 4.61. If (x,k) = SP(E;xo,m; H), then forall0 <s <t <T,

m (=) = C [my (t =) + v/, (=) (K3, — 363, |
Xexp[C (3K, — k3, + 1) (3kT, — 3k,

(4.122)

where C is a constant depending on (b, c, y).

Proof. Let0 <s <t and

h(t)=(H™" (x (@) [x () =m (t) = x () + m (5)],
x(t)—m(t) — x (s) +m(s)).

We have
h(r) = 2[ (H' (x ) [x (r)—m (r) — x (s) + m (5)],
dy[x (r) —m(r) — x (s) + m(s)]

- f (H™ (x (1) [x (1) = m (r) = x (s) + m ()] H (x (r)) dk (7))

=2 / (H™' (x () [m (1) —m (5)) . H (x (r)) dk (7))
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+2/[ (x (s) —x(r),dk(r))

12 / ([H™" (e () —H™ (e )] [x () —x ()] H (x (7)) dk ().
Since
[<x<s>—x(r),dk(r)>5y[ v (s) —x (P d $k3,
and
1 , 2 )
TR x@P = 2@ -mF <),

it follows that

lx (1) = x (5)]?
<2m, (t —s)+2c¢> my, (t —s) ($ke, — $k3,)

+[ [ev v 1) = x @P + 266 [x (1) = x ()] ¥ (1) = x ()] d 2k,
Here we ;0ntinue the estimates by
25 [ 10 =3 011 (1) = (611 343,
<2 )= 0] I () —x ()] d Bk, 426 / () —x ()P d kS,
<o —x@F +5 o) ([ ) -xoa ¢k¢,)2

20 [ - 0P d s,
and we obtain
|x (t) —x (s)]> < 4m2 (t —s) + 4c> m,, (¢t —5) ($k 3, — $kP,)

t
+ [4b%c* (33, — Tk T,) +4bc2+2cy]/ lx (r) —x (s)* d tk3, .
By the Stieltjes—Gronwall inequality (6.59-Annex C), from this last inequality, the
estimate (4.122) follows. [ |

In the next statement, o is associated to £ by Definition 3.34, b and ¢ are related
to H (see (4.115) and the formula three lines below).
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Lemma 4.62. Let (x,k) €e SP(E;xo,m; H),0<s <t <T and

o
sup |x (r) —x ()| <8 < —.
rels.i] 2bc

Then

Peb, — PKD, = Ik (0 = K () @123
and

I (1) — x ()] + $k3, — 3k, < V/my (1 —s5) x eCHImIT) (4.124)
with C = C (b,c,0,7).

Proof. Let a € C ([0,00[:R?), [,y < 1. be arbitrary. Since E satisfies the

(y-SUIBC), we have that for all ¥ € [s, 1], y (r) = x (r) — Vx(5) + Ay (r) € E.
Note that

t

Ay, | (o (r) . nx) LeiryeBaerd Tk 3,

S

t
= / (y (r)—x(r) vHX(r)) Li¢esae)d Tk3,
t
+<vx(s)v/ N leryeBae)d Tk,

<y f b (1) = x (O Liesaisrd Sk, + vk () — k (5))

<y ([vee| + Aew) Bk, — 2k, + [k (1) —k (5)] -

Taking the SUP g <1 and using the (y, 0, 8)-SUIBC of E we infer

o (kg —Tky) = |k @) —k(s)],

that is (4.123).
From (4.123) we have

Tk, — Tk,

1
< — k(1) —k(s)
o

= é/ [H'(x (r) = H ™' (x (5)] H (x (r)) dk (r)
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F L ) [ H @ eak
o S
be (! c
=2 [ O =X @Id ke, + SO =36 =m O +m )

= bes (03, = kD) + < lx () = x ()] + Smy, (1 =)
o (o2 o

and for § sufficiently small (§ < %), we obtain

o
2bc

2c
< __

P, = B8, < o e 0) = x 0)] + o 1 =)
2c
< —4+—m, ([ —ys)
b o

< Ci (1 + [|mll7)

(4.125)

with C; = C (b, ¢, 0).
Now plugging this estimate into (4.122), it follows that

m, (1 —s)
< € [my (=) + Vim,, (=5) Gk, — 352, |
x exp[C ($k3, = Pk, + 1) (3kg, — $k3,)
< [ma =)+ Vi, (=) |exp [ (1+ Im7 ) ]
< Vim, (—s)yexp [C (1+ [ml1})]

with C3 = C;3 (b, ¢, 0, y). Therefore from (4.125) we have

Pt — KD, = 25 = exp[Cs (14 Im1 )]+ Zom =9

and (4.124) follows. |

Letp,, () =e+my(g), e > 0.

Proposition 4.63. If (x,k) € SP(E;xo,m; H), then there exists a positive
constant C = C (b, ¢, 0,y) such that if

A =1/p] (sze—a“”"m"ﬂ) and Crm = exp[C (1 + T + [[mlly + Aw)]

thenforall0 <s <t <T:
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(@) x|y < Ixol + Crpm.
b) Tk3p < Crp, (4.126)

() |x@)—x)|+ Tkt — Tk, < Crom x y/my, (1 —5).
Proof. We mimic the proof of Theorem 4.42. As there we define the sequence
to=Tp =0,
Ty = inf{t € [ty, T] : dist (x (¢),0E) < §/4},
ty =inf{t € [T1,T]: |x () —x(T1)| > 8/2},
T, =inf{t € [t;,T] : dist(x (¢),0E) < §/4},

ti =inf{t € [T;, T]: |x (1) —x (T7)| > 8/2}
Tip1 = inf{t € [1;, T] : dist (x (¢), 0E) < §/4}

Clearly
0=To=to=Ti<ti <h<--<t; <Tiqx1<tiyp1 <---=T.

As in Step 3 from the proof of Theorem 4.42 we have:

e fort; <s <t <Tiq1:
Ix (1) —x ()] + $kT, — Tk = [m (1) —m (5)],
since fort; <r < Tj4y, x (r) € int(E) and dist (x (r), dE) > §/4; hence
k(1) =k (s)| = $k$, — Tk, =0fort; <s <t < Tiy1:

e k(r)y=0forallr €[0,T];
e forT; <s <t <t,by (4.124)

x (1) — x ()] + $kd, — 0k, < y/m,, (1 —5) x C(+II7)
< Vi, (t —s) x CUFImI7).
e forT; <s<t; <t <Tip

|x () = x ()] + $k$, — Tk, < |x (1) —x @) + TkT, — KT,
+ |x @) — x ()| + $k$, — Tk,



320 4 SDEs with Multivalued Drift
Hence forall 7; <s <t < T;41:

(1) = x ()] + $k3, — $kd, < y/my, (0 —s) x eCOFImIT)
< Vi, (t —s5) x eCUHImlT)

with C = C (b, c, 0, rp).
Now the proof continues exactly as in Step 4 of Theorem 4.42. |

Theorem 4.64. Let y > 0 and E be a bounded closed y—semiconvex subset of
R? satisfying y-SUIBC. If xo € E and m € C ([0, T];R?), m (0) = 0, then the
Skorohod problem SP (E; xo, m; H) with oblique reflection defined in (4.119) has
at least one solution. If moreover m € BV, (R+; Rd) then the solution is unique.

Proof. We only sketch the proof since it repeats, in a new context, the arguments
from the proof of Theorem 4.47.

By Lemma 6.47 we know that E satisfies rop-UEBC with ry = % if y > 0 and
an arbitrary ro > 0if y = 0.

Step 1. Case m € C' ([0, 0o[ ; R?). As in the proof of Theorem 4.47 we consider
for 0 < & < gy < (1 A rp) /2 the penalized problem

Xs (1) + /IH (xe (5)) dke (s) = x0 +m (1), (4.127)
0
where
1 t
k0= [ Voo
1
V(2 = Edé @Da@)+1-a(2)
anda € C® (]Rd),
1, ifze U, (E),
a(z): O’ ifZ¢U2£o (E)v
€ [0,1], otherwise.

By Lemma 6.49 the function d2 is of class C' on U, (E) (the closed ro/2-
neighbourhood of E) and

1 —
EVde (2) =z2—7mE(2) € Np (g (2)), forallze Uy (E).

Moreover the projection 75 restricted to U,,/» (E) is Lipschitz with Lipschitz

constant L = —%— = 2. Hence V is of class C ! with Vi a Lipschitz function.
0—"0/2
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Consequently there exists a unique solution x, € C ([0, T];R?) of Eq. (4.127).
We have

e+ [ (H (x0 (9) VY (v (5)). V9 (e () s
-/ (VY (e (5)) dm ()
and since
¢V (k) = (H (50 VI (5), VY ().
/Ot (Vi (. () dm (5)) < 5/0 ' (5) ds + zifo VY (e () ds

then

2
ds < T ||m'||7,

(@) /OTl

VY (3 6)
() 0=1—ax () =¥ (x0) = eT 'l

1
© Il = $kdr= [ 299 (o) ds = Tl

Moreoverfor0 <s <t <T:

ke (1) = ke ()| < Tkl — Tkl

= [|tvv e on|ar
= L G
and
5O =5 O = ) —m )+ | [ 1 o)k 0
< @) = m )] + ¢ x (Fhed, = $heb)
<m0 =m )]+ ¢ x ' (= 5).
Hence

|xe (O] + ke (] < [xe ()] + $keT,
< Ixol + m O] + (¢ + DT |m'],
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and we can continue exactly as in the proof of Theorem 4.47, obtaining (x,k) =
SP (E;xo,m; H) as the limit of (x,,,k.,) in C ([0, T];R>?). Note that passing to

t

the limit in / H (x. (5)) dk; (s) is based on Helly—Bray’s Proposition 6.16. In this

0
case, by Proposition 4.60 the solution (x,k) = SP (E;xo,m; H) is unique and
therefore the whole sequence x, satisfies

Xe = X in C([O,T];Rd) ase — 0.

Step 2. Case m € C (R;R?).

There exists an m,, € C'! (R+; Rd) such that ||m, —m|; — Oforall T > 0. By
the first step there exists a unique solution (x,, k,) = SP (E; xo, m,; H).

Let M = {m,m, : n € N*}. The set M is a compact subset of C ([0, T];R?).
By Proposition 4.63 and Arzela—Ascoli’s Theorem (6.10) there exists a subsequence
also denoted by (x,, k,) and (x,k) € C ([0 T] ;RZ‘J) such that

Xy —xllp + lkn —kll; =0, asn— o0
and (see Example 6.30)

Dby < liminf £, 37 < sup $hy by < 00
n—>-1+0o0

neN*

Now passing to the limit as in Step I we infer that (x,k) = SP (E; xg,m; H).
Taking into account Proposition 4.60 the proof is complete. |

Corollary 4.65. If§ € L° (Q, 7. P;RY) and M € SO[0,T], tM 3, < oo, P-as.,
then the SDE

t

Xt+/ H(X,)dK,>E+ M, te[0,T],
0

dK, € 315 (X,) (dr)

has a unique solution (X, K) with X, K € Sfi) [0,T]and $ K31 < oo, P-a.s.

Proof. By Proposition 3.28 with G = 0 the approximating equation (4.127) has a
unique solution X* € Sg [0, T']. Since as ¢ — 0, for each ¢ € [0, T

sup | X —X;| =0, a.s.,
s€(0,7]

the progressive measurability of X follows; hence X € Sg [0, T]. K is defined by

mafwmwwm—m>
0

and consequently K € Sg [0, T1]. ]
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Let (,F,P,{F }i>0) be a stochastic basis and {B, : t > 0} an R¥-valued
Brownian motion. We consider the SDE

dX, + H (X)) 015 (X,)(d) 3 [ (t, X,)dt + g (t, X,)dB,,  a.e.t € [0,T]
Xo = xo,
(4.128)

where f : Ry x R? — R? and g : Ry x R? — R?*k We define

() =sup{|f(t.w)|:ue E} and g"(s) =sup{lg(t,u)| :u e E}.

We make the assumptions:

ORIl (t,x) — f (t,x)and (t,x) — g (¢, x) are (B;, RY)-Carathéodory functions
(that is, measurable in ¢ and continuous in x);

OR2 thereexist L € L} . (0,00) and £ € L? (0, 00;Ry) such that for allx, y €
R4

{ [f(t,x)— f(t,y)] <L(t)|x—y| and,
lg(t. x) —g(t, y)| <L) |x—yl;

OR3
/T (£ )+ (g" )" ]dr <00, ¥ T =0,
0

Definition 4.66. A pair of stochastic processes X, K € Sg is a solution of the
stochastic oblique reflection problem (4.128) if forall 0 < s < ¢, P-a.s. w € Q

7 X (w) €k,
J]) K. (a)) € BViyc (R-l-; Rd) ) Ko =0,

t t t
Jin X —i—/ H (X,)dK, = xg —i—/ f(r, X,)dr—i—/ g (r, X,)dB,,
o 0 0

M 1K, = / L, cnaerd 1KS,
0
t

b K= [ 000 L cnund $K3, . wheren (X,) € Ni (X,)
0

and |n(X,)|=1, d $ K, -a.e.,

or equivalently P-a.s. w € Q

t t t
0 X,+[ H(Xr)dKr=X0+/ f(r,xr)dr+/g<r,xr)d3,,
0 0 0

Vi=>0,
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Theorem 4.67. Let E = E C R? and xo € E. Assume that there exists ay > 0
such that E is a closed y—semiconvex subset of RY and E satisfies y-SUIBC. Let
the assumptions (ORI), (OR2) and (OR3) be satisfied. Then there exists a unique
solution (X, K) € Sg X Sg of the stochastic oblique reflection problem (4.128).

Proof. Uniqueness.
Let (X, K), (X, K) € S9xS9 be two solutions of the Skorohod problem (4.128)

with oblique reflection. Denote by g’ (¢, x) the column j of the matrix g (. x).
Consider the symmetric and strict positive matrix U, = H~' (X,) + H™'(X,). Let

J; = Utl/2 (Xl — )2;). Since
k . .
dU”=dg,+ " an”
j=1

where Q is an R?*?-valued P-m.b-v.c.s.p., Qp = 0 and ﬁ,’ € A(a)lxd’ forall j €
1,_k, it follows that

dJ[ e d’Cl + GldBt
with
dK,

= @) U720+ [H (X)) dR—H (X) dK,+f 0. X) = f (1. %) ] ds
+ Xk:ﬁ,(” (9 . x) gV X))
j=1

and G, is an R”* matrix with the columns 8" (X, — X,), ..., B¥ (X, — X)).
Using (4.121) and the properties of H and H ™! we have

<Jt, u\? [H()?l)dlft —H (X)) dK,]>
_ <X %, ([H X1 - [H()?»]_l) [H(Rd &+ H (X;)dK,]>
—2<X, — X,,dK, —dk,)

< (bc+2y))X[—)2, 2(d tK$, +d ¢1€¢l).

Hence

1
(i dK:) + 5 |G, |*dt < |J,*av,
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where

av,=C x (d30%, +d 4K, +d $ K b +L (1) dr) O a

j=1
and C = C (b, c,y) > 0. By the estimate (6.75) from Proposition 6.71 we infer

-2V, 1 712 -2V 2
NP e

L+e 2 [L]P 7 14e 2% |Jpf

Consequently U,l/2 (Xt — )?t) = J, =0, P-as., for all # > 0 and by the continuity
of X and X we conclude that P-as.,

X; = )2, forall t > 0.

Existence.
It is sufficient to prove the existence on an arbitrary interval [0, T']. Let n € N*.
We define X;" = xp and M;' = 0 for # < 0. For f > 0 we define the regularization

ti’l _n/ / f(r Xr l/n)dr+/ (r X}" l/n)dBr:Ie_n(t_S)dS

(t—u/n)vo (t—u/n)vo
=/ [/ f(r,Xr_l/n)dr+L g(r, X, ]/n)dB,]e_”du.

0 0

By Corollary 4.65 there exists a unique solution (X", K") € (S(? [0, T])2, K" 3, <
00, P-a.s., of the SDE

t

X +/ H (X")dK} > xo+ M, 1€][0,T],
0

dK! € 0~ I (X!") (dt)

(the solution is defined recursively on the intervals [O LI 2] 3,20, 00
Since by the convexity of the function x |x| ,

E [ sup |M/'y — M] |4}

0<f<e
4

e ’ds

(t+6-£)vo
/& (f(r, X' ydr +g(r, Xf_%)dB,.)

1—£)v0

o
SE/ sup
0 0<f<e
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t+e 4 (e 2
# 6 2
SCLS[‘S%] (f rola) + o ([l o) d)}
t+e (e
# 2 R M 4 ’
=5 [,S[‘é,pn([ 7 ") +t:uprf l&" )] d]

we deduce, by Proposition 1.47, that the family of laws of {M" : n > 1} is tight on
C ([0, oo : RY).

From now, based on the estimates (4.126), the proof follows exactly the same
steps as those of Theorem 4.53 with ¢ = [.

(a) By Lemma 4.41, Crpy», n € N*, is bounded on compact subset of
C ([0, T]:R?).

(b) By Proposition 1.48 U" = (X", K",$K"¢), n € N¥*, is tight on
C([0, T]; R*¥*1) since by (4.126-c) we deduce

myn ([0, T]) < Cr Ve +mpyn (e),  as.

(c¢) By Prohorov’s Theorem there exists a subsequence such that as n — oo
(X",K",$K"$,B) —» (X,K,V,B) inlaw

on C ([0, T]:R?*?*!*%) and by the Skorohod theorem, we can choose a
probability space (€2, 7, ), and some random quadruples (X", K", V", B"),
(X,K.V,B) defined on (22, F,P), having the same laws as respectively
(X",K",$K"$, B) and (X, K, V, B), such that moreover as n — 00,

(X", K", V", B") —> i % (X,K,V,B)

in C ([0, T]; R2+1+F),
Note that by Proposition 2.15, (B",{}",X”‘K”‘VH'B"}),n > 1, and
(B, {}",X’E'I;’E}> are R¥-Brownian motions.

(d) Since we also have (X", K",$K"$, B) — ()?, K.V, B’), in law, we deduce,
by Corollary 1.18, that for all 0 < s < ¢, P-a.s.

X():Xo, K():O, X, EE,
IKL, -IK[, <Vi-V: and 0=Vo=V, V.

Since forall0 <s < ¢, n € N*

t t
[ or-xray <y [1yo)-xiPdskes, as.
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it follows, by Proposition 1.19, that
t _ _ t _ 5 _
/(y(r)_Xr’dKr>§V[ ly ()= X,|"dV,.
N S

Hence dK, € 9 I ()Z,) (dr).
(e) As in the proof of Theorem 3.54 we obtain P-a.s.

t t t
Xt—}—/H(Xs)dlzszx0+/f(s,)fs)ds+/g(s,)zs)dl§s, Vtel0,T],
0 0 0

and consequently (Q,}:,P,EE’}?,XHK,E) o is a weak solution of
>

Eq. (4.128).
(f) The same arguments as used in Theorem 3.55 show again that weak existence
+ pathwise uniqueness imply strong existence.

The proof is complete. n

4.4 The Feynman-Kac Formula

4.4.1 Parabolic PDEs with Neumann Boundary Conditions

We consider the following backward parabolic PDE in [0, T'] x D

—%(l,x) + ®(t, x,u(t, x), Du(t,x), D?u(t,x)) =0, (t,x) € [0,T] x D,
u(T,x) =«k(x), x € D,
g—:(l,x) = x(t,x), (t,x) €[0,T] x dD,

(4.129)

where @ is as in Eq. (3.107) and D is a bounded open connected subset of R?, whose
boundary 0D is assumed to be of class C 2 Note that E = D satisfies (4.104).
We assume that all the coefficients are continuous.

Let X" be the solution of the reflected stochastic differential equation for all s €
[t, T], P-as.,

N

Xr+ K =x +/ f(r, X1¥)dr ~|—/ g(r, X'*)dB,,
— t ‘
X e D, (4.130)
s
K‘;‘.x = / n(X,f'x)laD (Xrtr) d ¢Kt’x¢r .
t
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For each (¢, x) € [0, T] x D, we define

X T s t.x
u(t,x) < E[K(X;X)effmxi‘*)ds + / h(s, XI¥)elt crXiydr gg
T o (4.131)
+/ X(S» )(é.x)e(/[A c(r,X,"X)dr d iKt’x¢s ]
t

(Feynman—Kac formula).

The aim of this subsection is to relate equation (4.129) and the quantity defined
by (4.131). The first result says that any classical solution of Eq. (4.129) is given by
the formula (4.131).

Proposition 4.68. Under the above assumptions, let u € C"*([0,T] x D) N
C%1([0,T] x D) be a bounded solution of (4.129). Then u(t,x) satisfies the
Feynman—Kac formula (4.131).

Proof. By 1t6’s formula (2.17) on [¢t, T A 6,] with

Vi = (s, el Xy,

s N
XK =x+/ fr, Xi"‘)dr+/ g(r, X;™) dB,
t t

and
0, = inf{s >t :|X"" —x| > n},
we have

N 1x
(T A By X el 0N

T NG, u . iy
=u(t,x)+ / [E + Au + cu](r, Xr”x)eff 5. Xs7) ds gy
t

TNy r tx
n / el CCXNAG i, XYY, g(r, XI¥)dB,)
t

T NG, ou - x

[ G el Xy pd 4K,
P on

Taking first the expectation, then using the fact that u is a solution of (4.129),

the Feynman—-Kac formula (4.131) follows by letting n — oo, using uniform

integrability, which follows from the boundedness of ¢, u and / on [0, T] x D.

|

We next show that the function u(¢, x), defined by (4.131), is the viscosity
solution of (4.129). The corresponding definition of a viscosity solution is an
obvious combination of Definitions 6.95 and 6.96 in Annex D.
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Theorem 4.69. Assume again that f, g, ¢ and h are continuous on [0, T] x D,
k € C(D), x € C([0,T] x D). Then u(t, x), given by (4.131), is a continuous
Sunction of (¢, x) € [0, T] x D and it is the unique viscosity solution of (4.129).

Proof. Uniqueness of the viscosity solution can be proved by arguments similar to,
but simpler than those of Theorem 6.112 in Annex D.

Continuity follows from Corollary 4.56.

Most of the proof of the sub-solution property of u is analogous to that the
proof of Theorem 3.42, using the strong Markov property of the process X', see
Proposition 4.57.

Note that if (¢,x) € [0,7T] x D is a local maximum of u — ¢, we should
choose the radius ¢ such that the ball centered at x with radius ¢ is contained in
D. Consider now the case where (¢, x) € [0, T] x dD is a local maximum of u — ¢
and u(t, x) = @(t, x). We argue by contradiction. Suppose that

_[%—(f + Ag + co + h](t,x) >0, [(¢%,n)— x](t,x) > 0.

Then there exist § > 0 and ¢ € )0, T —¢[ such that for all s € [t, + ¢] and
ly —x| <&,

@) uls,y) <ol y),

(i)  —lp; + Ap +co + h](s.y) > 6,
(i) [{er.n) — xl(s,y) = 6.

We introduce the stopping time
t=(+e) Ainf{r:r=>1, |Xr”x—x’ > e},

From the strong Markov property of the process X,

u(t, x) = ]E[u(f, XiX)elt coXds / h(s, XI5 )el crXir g

t

T
E e, XY dr ,

Now from It6’s formula applied to the function ¢,
o(t, ) = B[ p(z, Xim)ell o

_/ [¢§+As§0+0§0](s, X;,x)eflsc(r.Xﬁ-X)drds
!

+ / (gl m)(s. Xl XD g i .
t
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Taking the difference, and exploiting the above assumptions on the stopping time t,
we deduce that

= @(t,x) —u(t,x)

= E[p(r, X1) — u(r, X1 ] o/ XD ds

T t.x
E / 0]+ A + o + B(s, X15)elk «0Xar g
/ (@, n) — ()(s, XLX)el c0Xrhar g TRt

>E / el XN [gs 4 g 7K1 ]
t

> (Bt —1)8e €T
>0

which is impossible. |

4.4.2 Elliptic Equations with Neumann Boundary Conditions

Consider the differential operator

2
Z (88%)yy () g + Z fi (x)—

lj—l

and the linear elliptic PDE

Au(x) + c(x)u(x) + h(x) =0, x € D,

%(x) = y(x), x € 0D, (4.132)
on

where D is a bounded connected open subset of RY with a boundary dD of class
C?, f: R R g:RT R ¢:D—->R_,h:D— Randk : 0D — R
are continuous.

Let {(X;', K}"), t = 0} denote the solution of the reflected SDE, for all ¢t > 0,
P-a.s.,

t t
X'+ K =x +/ f(XSx)ds—i-/ g(X})dB;,
_ 0 0
X} eD,
t
I{t)C = / I’l(X;C)IXSxeng $K’V$s.
0
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For each x € D, we define

def

oo . . oo . .
u(x) =E[[O h(x;‘)efoC<Xr>d’dt+/0 YR OO d 3Ky, | (4133)

We have the following:

Theorem 4.70. Under the above assumptions, if moreover c¢(x) < ¢ < 0, for all
x € D, then u € C(D) and it is the unique viscosity solution of the elliptic PDE
(4.132).

Proof. Let us just prove that the right-hand side of (4.133) is well defined. The rest
of the proof is very similar to that of Theorem 4.69.

The assumption ¢ makes the dz-integral on the right of (4.133) clearly convergent.
Consider the second integral. It is sufficient to show that

IE/ exp(ct)d $K*3, < oo. (4.134)
0

By integration by parts,

T T
]E/ exp(ct)d $K*3, <exp(cT)E$K*$, — E/ exp(ct)E$K* ¢, dt.
0 0

Finally from (4.109-jj), exp(c?)E $ K*¢, goes to zero at exponential speed, as t —
00, hence (4.134). |

4.5 Invariant Sets of SDEs

Given a non-empty closed set £ C R, a starting moment ¢ > 0 and a starting
point x € E, we saw in previous sections that with a supplementary source on the
stochastic equation

sVt sVt
X =y + / F(r. X¥)dr + f g(r, X')dB,, t,5>0, (4.135)
t t

the solution X j" can be maintained in £ for all s > ¢. It is natural to ask the question:
given the Eq. (4.135), what are the conditions on the drift and diffusion coefficients
such that the evolution of the state satisfies the constraint X j" e E, foralls > t?
The main ideas of this section are based upon [14].

Let £ ={E(t) : t > 0} be a family of non-empty closed subsets E () C R.

Definition 4.71. d;) The family £ is strong invariant for the SDE (4.135) if for all
t >0, x € E (¢) and for all solutions {X!* : s > ¢} it follows that

XY e€eE(s), Pas.Vs>t.
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dy) The family £ is weak invariant (viable) for SDE (4.135) if for every ¢ > 0 and
x € E (t) there exists a solution {X[* : s > ¢} such that

X*e€eE(s), Pas.Vs>t.

Remark 4.72. 1f for every (¢, x) € Ry x E (¢) the Eq. (4.135) has a unique solution,
then the two notions coincide and in this case we shall say that £ is invariant for SDE
(4.135).

Remark 4.73. 1f the interval Ry is replaced by [0, T'] we shall say ‘invariant on
[0, T7.

Our goal, here, is to give a characterization of the invariance of the moving sets
E(t), t > 0.

Assume that f : [0, 00[ x RY — R and g : [0, oo[ x RY — R?¥*¥ and for every
T > O there exist L, M,m > 0 and u € R suchthat V¢ € [0,T], Vx,y € RY:

i) (x—y ft,x)= f@t,y) < plx—y|%
i) |g(t.,x)—gt,y)l < Llx—yl,

iii)  f and g are continuous on [0, co[ x R?, (4.136)
iv)  sup |f(t.x)| <M (1+|x|").
t€l0,T]

By Theorem 3.21 it follows that for every (z,x) € Ry x R? the Eq. (4.135) has
a unique solution X* € § 5 for all p > 1. Note that by Proposition 3.6 and
Proposition 3.22:

a) E sup |XZ|P < Cpr(14 |x]7),
s€[0,T]

b) E sup |X¥—X!"¥'|P < Cpr(l+ [x|?)(Jt —t'|P/> + |x — x'|7).
s€[0,T]

(4.137)

Recall the notations

¢ the distance from x to E (¢):
d(t,x)=dgq (x) =inf{|x —y|:y e E(t)},

¢ S? c R¥* s the set of d x d symmetric non-negative matrices,

¢ CII){(’II’([O, T] x R?) is the set of functions & : [0,T] x RY — R of class C*¥”
such that the function 4 and its derivatives th (t,x), j € 0.k, and D¢h(t,x),
a=(og,...,0q),0 <oy +---+ay <n,are polynomially increasing to infinity
in the space variable, that is there exist C = Cr > 0 and p = pr € N* such
that
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Y OUDIR (. x)| +1DSh (1.x)]] < C (1 + |x[7).
i, a
for all (¢, x) € [0, T] x RY,

¢ the infinitesimal generator associated to {X* : s > t}:

An)p(x) = %“[Diw(X)g(t,X)g*(l,X)] + (f (1. %), Vip(x))

1 d
=5 D (8gM)je(t.x)

Po(x) o dp(x)

(1 .
: 8x~8x(3+zfj(’x) 0x;
j=1 J j=1 J

For the convenience of the reader we recall the definition of a viscosity solution
for the particular PDE

8u(gt x) + A()u(t,x) + G(t,x) =0

w(T,x) = H(x), (t,x)e[0,T]xR?,

(4.138)

where G € Cpp1 ([0, T] x RY x R x R¥) and H € Cp, (R?; R).

Definition 4.74. Let u : [0, T] x R? — R be an upper semicontinuous function and
(t,x) €10, T[ x R?. We denote by P>t v(t, x) (the parabolic superjet of u at (¢, x))
the set of triples (p, ¢, S) € R x R? x S? such that

u(s,y) sult,x) + p(s—1) + (g, y —x) +
1
580 —x).y—x) +olls -t +1]y —x[?).
Letu : [0,T] x RY — R be a lower semicontinuous function and (¢, x) € ]0, T'[ x
R?. We denote by P> u(t, x) (the parabolic subjet of u at (¢, x)) the set of triples
(p,q,S) e Rx R? x S¥ such that
u(s, y) z u(t,x) + p(s —=1) +{g.y —x) +
1
+5 (SO =x),y —x) +olls =t + |y = xP).
We can now give the definition of a viscosity solution of the parabolic equa-
tion (4.138).

Definition 4.75. a) A lower semicontinuous u : [0, 7] x R — R is a viscosity
super-solution of (4.138) if:

u(T,x)>H(x),VxeR‘ Vi=T1,n
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and for any point (¢, x) € ]0, T[ x R¢ and for any (p,q,S) € P> u(t, x)

1
p+5Tr (g™ (t.x)S) + (f(t.x).q) + G(t.x) < 0.

b) An upper semicontinuous function u : [0, 7] x RY — R is a viscosity sub-
solution of (4.138) if:

u(T,x) < H (x),Vx e R?

and for any point (¢, x) € ]0, T[ x R¢ and for any (p,q.S) € P>t u(t, x)

P+ 5T (88 D9) + (F(0).9) + Gl x) 2 0.

¢) u € C([0, T] x R?) is a viscosity solution of (4.138) if it is both a viscosity sub-
and super-solution.

We also have the equivalent definition:

Definition 4.76. a) A lower semicontinuous u : [0, T] x R — R is a viscosity
super-solution of (4.138) if u(T,x) > H (x), Vx € R?, and for any ¢ €
C?(R?) and any local minimum (¢, x) € ]0, T[ x R? of u — ¢,

%qp(l,x} + A()p(t,x) + G(t,x) <O0.

b) An upper semicontinuous function u : [0, 7] x RY — R is a viscosity sub-
solution of the system (4.138) if u(7T,x) < H (x), Vx € RY, and for any ¢ €
C?(R?) and any local maximum (¢, x) € 10, T[ x R¢ of u — ¢,

%(p([,x) + A()p(t,x) + G(t,x) > 0.

¢) A continuous function u : [0, 7] x RY — R” is a viscosity solution of (4.138) if
it is a viscosity super-solution and a viscosity sub-solution.

By Theorem 3.42 the Eq. (4.138) has a unique viscosity solutionu andu < u <u
for all viscosity sub-solutions u and viscosity super-solutions #.
Now we can give the main result of this section.

Theorem 4.77. Assume that for every T > 0, x € RY the function t — d* (¢, x) :
[0,T] — R is lower semicontinuous (l.s.c.) and there exists a by > 0 such that
d?(t,0) < by Yt €0, T). Then the following assertions are equivalent:

(I) Egquation (4.135) is E-invariant on R..
(Il) For every T > O there exists a constant C = Cp € R such that the
square distance function h(t,x) = d*(t,x) is a viscosity super-solution of



4.5 Invariant Sets of SDEs 335

the equation

aug[ X 4 A@ut.x) — Cd2 (t.x) = 0. (t.x) €]0.T[ x R? “@139)
u(T,x) =d*(T,x), xeR?,
that is
p+ TS g (L0 + (f0.0) S C (). @140

forall (p.q,S) € P>~d*(t,x), (t,x) €10, T[ x R?.

Example 4.78 (Control Security Tube). Let p € C'([0,T]:R4), p > 0, a €
C'([0, T];R?) and

E()={xeR':|x—a@)]| < p()}.
Then for (¢, x) €10, T x R¢

h(t,x) = d*(t,x) = ((Jx —a (1) | — p())*)?
and

1

oh
p=vaaa)=—%u—a@n—mnﬁ[Ejggﬂu—ﬂamda»+pvﬂ,

if |x—a(r)]=p@),
(x—a@), if x—a@)]|>p@),

0,
q = Vih(t,x) = {2|x —a(t)|—p@)

|x—a()]

0, if [x —a(@)] =< p(1),
|x —a ()] —p(t)I 2p(t)

SNV  ham] T RCaop

x—a(®]®[x—a@)],
if [x—a@)|> p(t).
The SDE (4.135) is E-invariant on [0, T'] iff the distance function d? (¢, x) is a

viscosity super-solution of the Eq. (4.139), or equivalent, for (z,x) € ]0, T x R¢
with |x| > p (¢):

OO (e a1y, f.0) + 1800 ~2(x —a(0).a (1)
k—a@)]
“2 =5 0] + e 0 (- a ) P

<Cx—a@®)|-p )
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By taking the limit as |[x — a (¢) | \{ p (¢), we obtain for all z € [0, T] and for all
x € R with |[x —a (1) | = p(1):

g*(t,x)(x —a(r)) =0, and
2(x—a (). f(t.0)) + |g(t.x)]” < 2(x —a(t).a' (1)) + 2p(t)p ().

This condition is also sufficient for the £-invariance. Indeed since from (4.136) for
allx e R?and 0 < A < 1

gt ) < [lg(t, A (x —a) + )| + L|x — A (x —a) —al’
< Mo G —a)+a)P + (1= 1) L2 e —al’,
(in the proof we write a and p in place of a (¢) and respectively p (¢)) and
(x—a(), f(t,x))
= A —a) —a. f(e.)

1-A
= li)t (x—A(x—a)—a, f(t,A(x —a) + a))
1 4 ,
g kA —a)

<) A G-+ @) + (=Dt x—al,

p(t)
Ix—a@)|

then for all x € R? with |[x —a (t)| > p(t) and A =
2(x—a (1), f@t,x) + |g(t.0)
< %(2(A(x—a),f(t,)k(x—a)+a)) + 18t A (x —a) + )
+ (=2 @2ut + LY |x—al
< % [(A(x —a).d @)+ p)p' )] + 1 =2) 2ut + L) |x —al’
=[2{x —a.d' () +2|x —a|p'(t) + @ut + L?) |x —a| (|x —a| — p)].
We also have
8% (t.x) (x —a (1))’

x—al| . plx—a) . p px—a)
= g" (. ———= —g*(t, (x —a) +a)———
p x —al x —al |x —al
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x —al’
02
L’|x —al* (Jx —a| — p)*

P

L*|x —
|x —al

(x—a)—a

which yields

e @I=pOr,

X —a ()]

—a (@), f(t,0)) + gt x)* —2(x —a () ,d’ ()

p (1)
|x—a (1) [?

<2t + L) (Ix—a@)|—p ().

—x—a () |p'(t)] + g% (t.x) (x—a (1) |
Hence Eq. (4.135) is B (a (¢) . p (¢))-invariant if and only if

Y (¢, x) € [0, T] x R? with |x| = p(¢) :
g*(t.x)(x —a(t)) =0, and

2x—a @), f(t.0)) +|gt.x)]> <2(x —a(t).a’ (1)) + 2p(1)p'(1).
(4.141)

Consequently, a nondegenerate SDE cannot have the {B (a@),p@):te[0,T]}-
invariance property.

Example 4.79 (Comparison of the Solutions). Consider the two dimensional sys-
tem
X X n /‘Y N (”7 X, le'x’y) d
= X r
)\ L\ A X )
r X,y :
+Z/ glj L.X.y IXy) dBﬁ])
gzj r, X, Y, )
and
E={E(@):1€[0,T]}, where E(t)=E = {(x,y)" €eR*:x > y}.
The viability of £ means that for all ¢ € [0, T'],

ifx>y then X'*Y > Y™ foralls >1.

In this case

h(t,x,y) =d*(x,y) = % [(v— X)+]2
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and (p,q,S) € P>"h(t,x,y) are as follows

oh
= —(,x,y)=0,
p az( x,¥)

q=Vapht,x,y)= (- -0F y—0"",

0, if y <x,
5= I -1 if y>x
“11)° yx

The SDE (4.135) is E-invariant on [0, T'] iff the distance function d? (x,y) is a
viscosity super-solution of the Eq. (4.139), that is

k
% 3 (g1 (0% y) = g2 (.x.9) = fi (X 9) (= x) + fo (6. x, ) (v = %)
j=1
<C(y—x)’

forall0 <t < T and x < y, or equivalently (using the Lipschitz properties of f
and g) that

(c1) gij(t,a,a) = g (t,a,a), YVaecR, V jelk,
() filt,a,a)> fr(t,a,a), VYaeck

Theorem 4.77 follows clearly from the next two lemmas.
Lemma 4.80. The following statements are equivalent:

(i) Equation (4.135) is E-invariant on R.
(i) Forall T > 0O there exists a C = Cr € R such that

Ed?(s, X!¥) < €62 (1,x), VO<r<s<T, VxeR%
Proof. (if) = (i): This is obvious.

(i) = (ii): Let (¢, x) € ]0, +oo[ x R¥ be fixed, and £ € Prg(;(x), the projection
of x on E (¢). Let Y be the solution of the equation

sVt sVt
=g [ ey [ gyam,.
t t

Then

Y* e E(s) Vs=>1,
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and by (3.18) we have
]Edz (S, Xstx) < E|Ystx _ Xslx|2 < e(2ﬂ+L2)(s—t)|)e _ X|2 — eC(s—t)dZ(t’x).

Lemma4.81. Let T > 0,C = Cr € R, and ¢ : [0,T] x RY — R be a lower
semicontinuous function which is polynomially increasing at infinity in the space
variable. Then the following assertions are equivalent:

(i) Ey(s, XI¥) <eC6Dy(,x), VYO0<t<s<T.

(ii) The function  is a viscosity super-solution for

ad
”g ) At x) — Cy (t.x) = 0. (t.x) € ]0. T[x B9 w10
u(T,x) =y(T,x), xeR?
Proof. (i) = (ii):
Letg € Cpol([O T] x R?) and (¢, x) €10, T[ x R? be a minimum point of
x> v, x) -, x).
Hence
Elp(t + & X5 — o, 0)] <E[y( +e X/1,) — ¥ (t,x)]
< (e =Y. x).
Then
a‘”g’[’ ) BV x). (X[is — )+
+52 : E(D2<p(z X)X, —x), X5 — x)+ (4.143)

1 Cs_
+- Ey”‘(t +e X/, <

W(I,X)
where y™* € Cpy ([0. T] x RY) and

y”‘(l/,x/)
1m =
ad |[/—t| + |x’—x|2
x'—x

By Lemma 4.82 below we have

hm —E|y’x(t +e X/ i) =0.
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Hence by passing to the limit in (4.143) as ¢ — 0, we obtain

WO 4 B (Vaplt. ). f (1.0) + 5T X081 x)8" (1. 0] = CY(e.)

that is i is a viscosity super-solution of (4.142).
(ii) = (i):
Since ¥ (t, x) is a viscosity super-solution of the equation
du(t,
“(atx) + A@Ou(t, x) = Cy(t,x) = 0, (1,x) €]0, R[x R?,
u(R,x) =v¥ (R,x), xeR?

for all R € ]0, T'], the upper semicontinuous function
h(t,x) = —e 2Cy(t, x)
is a viscosity sub-solution of the equation
dv(t,
”(at X b A()o(t.x) + Chy(t.x) = 0. (t.x) €10, R[ x RY
v(R,x) = hy(R,x), xeR?

(4.144)

for all R € ]0, T'], where iy € C,0 ([0, T] x Rd), hie(t,x) \( h(t,x),as k — oo.
Then by the Feyman—Kac formula (Theorem 3.42 from Chap. 3) the viscosity
solution of the Eq. (4.144) is

R
v(t,x) = Ehi (R, X&) + E/ C hi(r, X" )dr.
t
Hence
R
Eh(s, X'*) < Ev(s, X'¥) = Ehg (R, X5¥) + C / Ehy (r, X;")dr,
S

which implies for k — oo
Eh(s, X™) < e“®9ER(R, X ).
Setting here s = ¢ and h(r,u) = —e~>"C(r, u) we have
¥ (1,x) = e “RDEY (R, XR),

for all R > ¢. The proof of Lemma 4.81 is complete. ]
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Lemma 4.82.

: 1 X X
fim “E [y + e X3)] = 0.

Proof. First we remark that

do(t, x)
ot

1
- (Vx(p(t, x), (Xtt-)lc—a - )C)) - EE(D)ZC(p(t’ x)(Xttfi-s —x), Xttj-s - x)

Y@ e X)) =elot + e, X5, —o(t,x)] —¢

and ¢ € C ;(’)2,([0, T] x R?). Hence by (4.137) there exists a positive constant C

independent of €, 7, x, 0 < ¢ < 1, such that
E [y + e X5 < C.
Since for all § > 0 there exists an a = a (8, ¢, x) > 0 such that
[y x| < (It' —t]+|x" = x|*) 8

if |t/ —t] 4+ |x’ — x| < a, we deduce that for ¢ € ]0,1]and 4 = {w € Q :
8+‘X{j_8—x‘ > a}

1
“EJy e+ X))

1 1
< LB [y e X5 1]+ B[+ e X 1]

1
= g [8+E|Xfie_x|2] + ;\/E|V"‘(t +&, X}i€)|2,/]p(,4)

c |E[le+]xs —x)"]

a8

where C, C’ are positive constants independent of ¢ and §. We used here Chebyshev
inequality

r

E
P(nl>a) <2 varso
a

forn=e+ X/, —x\,andr = 8. Then

—1
lim-E|y™(t + & X/},)| < C§, forall§ >0
e\o0 &
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and hence

: 1 X X
!{‘1(1) EIE|)/’ t+e X730 =0.

We discuss now the particular case of a fixed closed convex set E C R?. We
recall that, in this case x — d (x) = min{|x — y iy eE}=|x—mgp(x)isa
convex continuously differentiable function with Lipschitz gradient and

%Vdf: (x)=x—7mg (x)

(see Exercise 4.6).

Moreover, due to Alexandroff’s Theorem, dg admits a.e. on R? a second order
Taylor development. More precisely, a function ¢ : RY — R admits a second Taylor
expansion in x € R if there exist a vector in R? denoted V,¢(x), a matrix in R?*¢
denoted D2¢(x), and a function y(+; x) € C(R; R) such that, for all y € R?,

p(y) = o(x) + (Vo(x), y —x) + %(D%(X)(y —x),y —x)+ y(y:x),
y(v;x)
m =0
2y = xP

We underline that this may hold true even if the first derivative is not continuous.
We denote by @ the set of points x € R? where d? admits a second Taylor
expansion. Then the Lebesgue measure A, (RY\Of) = 0.
We have the following viability criterion:

Theorem 4.83. Let E be a non-empty closed convex set in R?. Then, under the
assumption (4.136) on f and g, the following assertions are equivalent

(j) Equation (4.135) is E-viable on R.
(jj) There exists a constant C > 0 such that for all (t,x) € Ry X O

%Tr[gg*(t, X)D2dE(x)] +2(f(t,x), x — g (x)) < Cdi(x).  (4.145)

Proof. By Theorem 4.77 it is easy to see that (j) implies (jj). Actually for a direct
proof we proceed as follows:

— by Lemma 4.80 the viability of E yields
Edz(X¥) < e“d2(x), VO<t<s<T VxeR’

— starting with this inequality we continue the proof exactly as in Lemma 4.81, but
now with i and ¢ replaced by d%.
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It only remains to show that (j;) implies (/). Let p € C°°(R?) be a nonnegative
function such that p(y) = 0 for |y| > 1, and [zs p(y)dy = 1. For ¢ > 0, we put
pe(x) = e p(¢~'x) and introduce the mollification of d2:

Velx) = Ad di(x —ey)p(y)dy = /Rd dg(y)p:(x = y)dy.
Then, by I1t6’s formula and Exercise 4.6 we have, for all T > 1,
By = v + B[ [ (VA 00X ). S X dys]
+ 3B [ Tleg 6. X0 DAAR 0K = iy
(we extend D%d%(y) = 0 for y ¢ Of). Then, in virtue of (4.145), this yields

Eye(X:7)

<+ CBl[ [ d20pxi - yydyds
B[ [ (VaE). £65.X0) = f (5.0) X3 = )dys]
1 ’ * t.x * 232 1,x
+ EE[/ / Tr{[|gg* (s, X[™) — g™ (s. )| D*d; ()} pe(X{™ — y)dyds).
t R4
< ¥4 (x) + CE| / /}R X~ e)p(y)dyds
L E| / [ Va3 (X — ey)| | £, XI) — f (5. X0 — e9)| p(y)dyds]
t R4

" E[/ /Rd g™ (s, X{¥) — gg™ (s, X — ey)| p(y)dyds].

We pass here to the limit as ¢ — 04 and using the Lebesgue dominated convergence
theorem and x € E, we infer

T
0 <Edz(X'") <0+ CE[/ dz (X! )ds
t
for all ¢ > ¢. Consequently
Edi(X!'") =0, V>t

The proof is complete. u
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Consider the control problem:

¢ find a Lipschitz feedback law U (t, x) which yields an invariant E(¢) for the
SDE:

sVt sVt sVt
Xj":x—{—/ f(r, Xrtx)dr—f—/ U (r, X,.)dr—i—f g(r, X¥)dB,, t,s >0.
t t t

(4.146)
We shall consider only the very simple case of

E(t)=B(0,p) = {x e R : |x| < p}.

Of course by the results on SDEs with maximal monotone operators (Theo-
rem 4.19) or a subdifferential operator in the drift (Theorem 4.20) there exists
a feedback law K € 89, K. (®) € BV o ([0,00[;RY), P-a.s. w € L, such that

for all x € B (0, p)
XY =x, V0<s<t,
XX =x+ [ f(r,Xdr— (K, — K;) + [’ g(r, X!")dB,, t <s,
X~ eB(0,p), Vs=>0,

The problem posed here is to find an absolutely continuous control
t
K, = / U (r,X,)dr. (4.147)
0

Assuming that a such control exists then by (4.141) B (0, p) is invariant if and
only if forall # > 0 and |x| = p:

{ g*(t,x)x =0, and
2(x, f(t,x) + U (t,x)) + |g(t. x)|> < 0.

Hence in general a B (0, p)-invariant control of the form (4.147) does not exist.
Butif g*(¢,x)x = O forall # > 0 and |x| = p, then the feedback

1
Ul(t,x) =—f(t,x) - 27 lg(t. ) x

yields a B (0, p)-invariant for the SDE (4.146).

If we consider the invariance only on [0, T'] and we request to realize it with a
linear feedback U (x) = Ax, then we can take

1 1
A= —sup Elf(t,x)|+2—p2|g(t,x)|2:t€[O,T], Ix| = p! .
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4.6 Exercises

Exercise 4.1 (One Dimensional Diffusion Reflected at 0). Let x > 0. For each
n € N, denote by {X]', 0 <t < T} the solution of the SDE

t t t
X!'=x +/ f(Xds + n/ (X{)~ds +/ g(X;)dB;,
0 0 0

where f, g : R — R are globally Lipschitz and {B; : t > 0} is a scalar Brownian
motion. We define K} = n [, (X)~ds.

1.

2.

10.

Show that X;/t! > X" 0 <t <T.

T
Show that sup |:IE ( sup |Xl”|2) + nE/ [(X1)~ |2dti| < 0.
0

nx=1 0<t<T
Show that E sup |(X/)” |> —> 0,asn — oo.
0<t<T

Show that {X” : n > 1} is a Cauchy sequence in S? [0, T'].

. Deduce that there exists a progressively measurable process {X;, 0 <t < T}

such that X' — X;, P-as. forall t € [0,T], E(sup05,5T |X,|2) < oo and
X~ =0.
Deduce that there exists a progressively measurable process {K;, 0 <t < T}

which is increasing and continuous, such that Ky = 0, IE(|KT|2) < o0, K' —
T

K, in probability for all ¢ € [0, T'] and / X:dK, = 0.

0
. Deduce that the pair {(X;, K;), 0 < ¢t < T} is the unique solution of the

reflected SDE, formulated as:

t t
X, =x +/ f(Xs)ds+/ g(X)dB; + K,, 0 <t <T,
0 0
T
X; > 0, K, continuous and increasing, / X;dK; = 0.
0

Show that this result is a consequence of Theorem 4.20.
If g (0) = 0, prove that

K, (@) = (f () /0 1 o0y s.

If there exists a y € R? such that g (y) # 0, show that P-a.s. w € , for all
t >0,

t
/ Lix,()=y3ds = 0
0

(the Lebesgue measure of the time spent by the stochastic process X at y is
zero P-a.s.).
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Exercise 4.2 (Splitting of the Drift). Consider the stochastic differential equation

% dX, + 0p(X)(dt) > F(t, X)dt + G(t, X;)dB;, 0<t <T, 4.148)

Xo = Hy € L*(22, Fo. P;:Dom (9)),
where

i) ¢ :R? =] — o0, +00]is a convex Ls.c. function,
MM-H,) :
( o) % it) int(Dom(gp)) # @,
and the functions F (-,-,x) : Q x [0, T] = RY, G (-,-,x) : @ x [0, T] = R¥*¥ are
progressively measurable stochastic processes for every x € R?, such that for all
x,y €eRY AP Q@ dt-a.e.

i) |F(t,x)—F(t,y)| +|G(t,x) — G(t,y)| < L|x — y|,

(LBF,G) . . 2 2
ii) |F(,0)]*+|G(t,0)|* < B < 400,

for some positive constants L, B.
Letn e N*,e=T/n,t; =ic¢
n [t,-,t,-.H[,i:l,n—Z
I = ‘
! [ti—1,T], i=n—1

and
F(,x)=F (t,x)+ F(t,x)+ F5(t,x)

with Fj, F, and F; satisfying (LBf ) with the constants L, Ly, L3, By, B, B3
respectively.

Decompose the Eq. (4.148) into three simpler equations extracting the unbounded
operator dg in a deterministic equation as follows:

fori € {1,2,...,n — 1}, we define

n — n J—
Xy = Ugy = Ho,

d
SU+0p(U) 2 F@UY. Ul =X, fort eI,
t

yr=U" + / Fy(s.VMds, fort eI, (4.149)
i

7 '
Y =" +/ F3(s,Y")ds +/ G(s,Y)dB;, fortell,

& &
X! =PrgY, fortell.

Prove that X" € SY [0, T] and
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n 2 c 4
E sup X/ - X, < -1 (1 +E|Hy| ) (4.150)
+€[0,T] n

Remark. Ifd =1, Fy (t,x) = x,a <0 < b and

0, ifa<x<b

:Ia == 4
@ (x) = Ifap)(x) %Jroo, otherwise,

then for ¢t € [ie, (i + 1) €[,

U= X! _e" "L (X]_e' ™) + a Yoo o (X]_e"™) + b 1 oo (X]._e' ).
Exercise 4.3 (Approximating Procedures). Let p > 2 and the assumptions of
Theorem 4.19 and the condition (4.42) be satisfied. Let X € S 5 be the solution of
the SDE

{ dX, + A(X,)(dt) > F(t, X,))dt + G(t, X,)dB,
Xo = &.

Consider for 0 < ¢ < 1 the approximating equations
t t t
Xf—i—/ A (XE)ds = E—i—/ F (s, X%) ds—i—[ G (s, X{)dBy, t=>0, (4.151)
0 0 0
and
R t N t " t n
X; +/ A (X)ds = & —l—/ Fg(s,Xf)ds+f G(s, X;)dB;, t>0, (4.152)
0 0 0

where A, is the Yosida approximation of the maximal monotone operator A
(i.e. A; is defined by A, (x) € A(J(x)), where J, + €A (J;) > x) and F,
is the Yosida approximation of F (i.e. F.(t,x) = F(t,Tc(¢t,x)) where ', +
elp(@) e — F(t,T:)] = x). Note that x —> A, (x) and x — p (t) x — F, (¢, x)

are single valued maximal monotone operators and —-Lipschitz continuous on R?.
e
Let

t t
Ke = / A, (X)ds and Kf= / Ag(Af)ds.
0 0

Prove that:

1. Equation (4.151) has a unique solution X¢ € S¥ and for all ¢ € [1, p|,

lim [E sup |X{—X,|’+E sup |K' —K,[**|=0
#2204+ | refo.7) 1€f0.7]
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and
T q/2
. & J—
813&1@(/0 yF(t,X,)—F(z,X,)ydt) =0,
T 5 q/2
lim JE(/ |G (1. X7) — G (1. X)) dt) = 0.
£—>0+ 0

2. If in addition
T P
JE(/ IM(Z)IIF(I,O)Idt) < too
0

then the same convergence results hold with X* replaced by X¢ and K¢ replaced
by K*; moreover

()

Exercise 4.4 (A Stabilization Problem). The problem is to find a P-m.s.p. (a
control process) U which stabilizes with a given exponential rate a the solution
X of the multivalued SDE:

q/2
F. (z, )2,5) _F X)) dz) 0, ase — 0.

{ dX, + A(X,)(dr) > (F(t,X,) + U))dt + G(t, X,)dB,, t >0, 4.153)

Xo =& € L(Q, Fy, P;Dom (A)).

Let p > 2 and the assumptions of Theorem 4.19 be satisfied. Also assume there
exists an xo € Dom (A) such that0 € Axg, F (w,t,x9) = 0and G (w, 1, x9) = 0.

1. Show that for every a > 0 there exists a P-measurable control U = U?“ €
L? (Q; L! (0, T; Rd)) which stabilizes the solution X with the given exponential
rate a, that is the corresponding solution X = X Ues 5 satisfies for all s > O:

E|Xs; — xo|” < e ™™E|€§ — xo|?,
and moreover forall 0 <t <,
E7 e | X, — xo|” < e | X; — xo|”, a.s.

2. Show that for all § < a,

lim ¢ | X, —xo/” =0 in L'(Q, F.P) and P-a.s.

t—>0o0
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3. Prove that

o0
1
IE/ | X, — xo||Pdt < —E|§ — xo]” .
a
0

4. Prove that: if £ = x € RY and 0 < § < a, then
| X (@) — xolP <e™¥|x —xo|’, Vit>0(w), Pas.,

where 0 < 00, a.s.
5. Show that for every A > 1 and a > O there exist a constant C,; and a
P-measurable control U = UP** e LP(Q;L'(0,T;R?)) such that the

corresponding solution X = X Ues 5 of the SDE (4.153) satisfies

E sup |)Z, —x0|p <Cpre "E|§ —x0|”, Yn=>0.

reln,oof

Exercise 4.5 (A Comparison Result). Consider the following one dimensional
SDEs

XM =x +/ f(r, Xr"")dr—i—/ (g(r, Xr”“‘),dB,), ift <s<T,
t t
t

X% =% +/ Fr, )Zj~X)dr+/ (8(r, X!).dB,), ift <5 <T,
t

where f, f :[0,T] xR — Rand g, g : [0, T] x R — R are continuous functions
and there exists an L > 0 such that

@) = £ e+ |f 0= f )| = Lix=y]. and
g () =g (L) +18(Ex) =g (. y)| < Lix =yl

forallt € [0, T] and x, y € R. Show that the following assertions are equivalent:

(@) XM= )?s’ja.s., forallx >x,0<t<s<T;
by f@y)=f@y), gty =g, y)foral(s,y) €[0,T]xR.

Exercise 4.6. Let E C R’ be a non-empty closed set and dx(x) = inf{|y — x| :
y € E} be the distance to E. The projection map is defined by

o ()Y e E:x—% =de(x)} : R 3 R,
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Show that:

1.

(O8]

. The function x — |x
. The function x + d2(x) is twice differentiable’ almost everywhere in R, i.e.

Forallx,y e R? anda € E,

(@) |de(x)—de(W)| =[x =yl
®) |di(x) —dp(»)| < 4(al + |x| + |yD x =yl

Cd2(x + ) —d2(x) < |x|2+2(h—ﬁ,x>, Vx,heR and h € Mg ().

|2 — d%(x) is convex.

there exists a full measure subset @ < R? such that for every x € Op, there
exist a vector in R¢ denoted V, d%(x), a matrix in R?*4 denoted D2d%(x), and
a function y(+; x) € C(R™) such that, for all 4 € R",

d2(x + h) = d2(x) + (Vd2(x). h) + %(Dzdé(x)h, h) + y(h: x)
) (4.154)
e

Moreover for any x € O,

(@) Tl (x) is asingleton and Vdz(x) = x — I (x),
()  |y(h:x)| < b (1 + |D?d2(x)|). forall x,h € R,

.If{B;:t > 0}isan R¥-valued Brownian motion, then forall 0 < r <t —g& <t

and x € R?, 7z € RI*k

E7 [d%; (x +2z(B; — Bt—s))]
= d2(x) + gTr (z* D2d2(x)2) + EF [y (/ezBy; x)].

. The set E is convex iff x > d2(x) : R? — R is a convex function.
. The set E is convex iff the projection map x — Iz (x) : R = R is single-

valued (Motzkin’s Theorem) (in this case we write 7 = I1g).

. If E is convex, then for all x,/, y € R?,

(@) Vdi(x)=2(x—7g((x)),

()  |me(x+h) =7 (x)| < ||,

(¢)  (VdE(x).h) < di(x +h)—dE(x),
(d) 0=<(D*dZ(x)h,h) <2|h|>.

2By twice differentiable, we mean that the function admits a second order Taylor expansion.
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9. Let E be a convex set and 7, € C*® (R?; Ry ) be given by

v = [ di—eop@adn= [ daiup -

where p € C® (RERy), p(u) = 0if [u| > 1, fpo p ) du and p, (u) =
8_dp (8_114). Show that for all x, h € R9,

(@ 0<y:(x)<(e+dp(x))?,
(b))  |Ye(x) —dE(x)| = C(1+|x]e,

© Vo) = [ Vdiwp.(s=w

@) Ve ()] <2+ dp ().
© [V (0) = V3| < 26,

() D) = | DR (=,
(g)  0=(D*.(x)h.h)<2]h]*,

and
Ve ) = 9 )+ ([ VdR@p (= duh)
4 l<( [, ez o - u)du) By + 8. ().
2 ]Rd

where 6, (h,x) = me y(h,u)pe(x — u)du satisfies

5. (h,x) _

0.
h=0  |h|?



Chapter 5
Backward Stochastic Differential Equations

5.1 Introduction

In this chapter we discuss so-called “backward stochastic differential equations”,
BSDE:s for short. Linear BSDEs first appeared a long time ago, both as the equations
for the adjoint process in stochastic control, as well as the model behind the Black
and Scholes formula for the pricing and hedging of options in mathematical finance.
These linear BSDEs can be solved more or less explicitly (see Proposition 5.31
below). However, the first published paper on nonlinear BSDEs, appeared only
in 1990, see Pardoux and Peng [51]. Since then, the interest in BSDEs has
increased regularly, due to the connections of this subject with mathematical finance,
stochastic control, and partial differential equations. We refer the interested reader to
El Karoui et al. [29] and [30], Pham [60] and the references therein for developments
on the use of BSDEs as models in mathematical finance, as well as the connection
of BSDEs with stochastic control (see also [28] and [37]). BSDEs are also an
efficient tool for constructing I'-martingales on manifolds with prescribed limit,
see Darling [19]. The connection of BSDEs with semi linear PDEs was initiated in
Pardoux, Peng [54], see also among the now vast literature on the subject [6,48,52]
and [53].

We shall present both the abstract theory of BSDESs, and the connection of BSDEs
with semilinear PDEs (both parabolic and elliptic). Let us motivate the notion of a
BSDE via an associated semilinear parabolic PDE.

To each (¢, x) € Ry x RY, we associate the Markov diffusion process {X -
s > t} which is a solution of the SDE

S S
et =k [ pexpars [ etnxias,
t t

where the Brownian motion B has dimension k. The associated infinitesimal
generator reads

E. Pardoux and A. Rascanu, Stochastic Differential Equations, Backward SDEs, 353
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DOI 10.1007/978-3-319-05714-9_5,

© Springer International Publishing Switzerland 2014
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Ap(x) = 3T 570, ) Dp(0)] + (1(6,2), V().

Let T > 0 be an arbitrary final time, k € C(RY) and F € C([0, T] x RY x R x RF),
We consider the following backward semilinear second order PDE

%(I,x) + Au(t,x) + F(t,x,u(t, x), Vug)(t,x)) =0,
(t,x) € [0,T] xRY,
w(T,x) = k(x), xeR,

Suppose that this equation has a classical solution u € C2([0, T] x R?). It then
follows from Itd’s formula that forany 0 <t <s < T,

T
M(S, ng) = K‘(X;,r) +/ F(r, Xr”x,u(r, X'{,x)’ (Vug)(r, X'{Y))

T
—/ (Vug)(r, X*)dB,.

Considering the pair of adapted processes
(Y5, Z0%) = (u(r, X2¥), (Vug)(r. X)),

we have that for each (¢, x) € [0, T] x R¢,

T T
Y = k(X5 +/ F(r, XX, Y, Zﬁ’x)dr—/ Z'¥dB,, s <r <T,
s

s

and Y;"" is a deterministic quantity which equals u(¢, x). The solution u of the above
semilinear parabolic PDE is expressed in terms of the solution of this last backward
stochastic differential equation (BSDE). We will see below that this is indeed an
extension of the Feynman—Kac formula (in the sense that if F is affine, then the
Feynman—Kac formula is a consequence of the above representation). Note that the
above computation can be applied to a system of PDEs, rather than a single PDE.
We shall consider only the case where the same second order PDE operator A is
applied to each coordinate u; of u. A probabilistic representation for more general
systems of semilinear PDEs, with a different A for each coordinate of u, can be
found in [55], see also [52] and [58].

Let us now write an abstract version of the above BSDE. Let t = 0, and
forget about the superscript x. Suppose now that we are given a probability space
with filtration (2, F, F;,P) and for each (y,z) € R x R¥, a measurable process
{F(t,y,2), 0 <t < T} (F being jointly measurable), together with an Fr random
variable 7.

We formulate the problem of solving a BSDE as follows: find a pair of adapted
processes {(Y;, Z;), 0 <t < T} such that
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T T
Y, =1 +/ F(s, YS,ZS)ds—/ Z,dB;, 0<t <T, as.
t t

Note that, since the boundary condition for {¥; : ¢ € [0,T]} is given at the
terminal time 7', it is not really natural for the solution {Y;} to be adapted at each
time ¢ to the past of the Brownian motion {B,} before time ¢. The price we have
to pay for such a severe constraint to be satisfied is to have the coefficient of the
Brownian motion — the process {Z,} — to be chosen independently of {Y;}, hence
the solution of the BSDE is a pair of processes. Note that in the case FF = 0, ¥; =
E(n|F;) and Z is given by the martingale representation theorem from Sect. 2.4.

One may also think of a “backward SDE” as an inverse problem for an SDE,
namely we are looking for a point y € R, and an adapted process {Z;}, such that
the solution {Y;} of

t t
Y=y —/ F(s, Y, Zy)ds + / ZdB;
0 0

satisfies Y7 = 7.

Finally, note that while the above presentation treats 7 as a deterministic
quantity, an important alternative is to replace it by a stopping time (or else by +00).
This is essential when giving probabilistic representations of semilinear elliptic
PDEs.

In this chapter, we suppose given a stochastic basis (2, F, P, {F;},.,) with
{B,;t > 0} a k-dimensional Brownian motion and the filtration {7;},., being
the natural filtration of {B, : ¢t > 0}, i.e. forall t > 0: -

Fo=FFYo((B,:0<s<t)VN.

5.2 Basic Inequalities

For convenience we rewrite in this context the It6 formula (2.14) and we give a basic
inequality. First we introduce a notation used in this chapter.

Notation 5.1. For p > 1 we define
np YA (p—1).

Let (Y,Z) € S,‘,’l [0,T] x A9 . (0,T) satisty forallt € [0, T], P-a.s.

mX

T T
Y, =Yr +/ dK; _/ ZdB;,
t t
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where

O KeSP,
O K. (w) € BVjye ([0, 00[; R™), P-as. w € Q.

5.2.1 Backward Ité’s Formula

If € C'2([0,T] x R™), then P-a.s., forall t € [0, T]:

T (3¢ 1
q)(l7 th)+/ {_(Ss YA)+_'I‘I‘[ZSZ;<¢)/C/)C (S, YS)]} ds
p ot 2 (5.1)

T T
= o (T, YT)+/ (@; (s, Ys)vsz)_/ (90; (s,Ys), ZsdBy) .

From Corollary 2.29 we get for all p € R,

p/2 T »/2
(P +e)" + g/ R Ods + 2 (L9 = 109) = (1¥e +¢)
' (5.2)

T T
i (0 ar)=p [ (099, z.a8.).
t t

where
(p—2)/2
G) U= (P +e)
(p—4)/2
G R =[1ZP P+ =21 Z P (I +e)
R ! (p—9)/2
i 1 =e [z (e
0
(p—1)/2
We have Us(p’s) < (|Y5|2+5) and

(p—4)/2 (p—4)/2
mZP P (NP +e) < R <my 1ZP NP (IGP +e)

wherenpdg 1A (p—1)andm, “ Vip—=1.
Moreover

L[ 2 (1e)
%/o |Zs|" 1y, )< yeds < 2+/2L19.
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In particular for p > 1 and ¢ N\ 0 we obtain

1 /7 1
|Y,|” + 5/ RV ds + 5 (L1 = L)1z = Y7 |
t (5.3)

T T
4 / 7,7 (sen (Y,) . dK) — / Y77 (sen (V) . Z,dB,)
t t

where
0, ifx =0,
sgn: R" — R", sgn(x) =47 X if x # 0
|x| bl b
if Yy =0,

Rip) —

(1Z:7 + (P =212 sen (VP 1%1772, i ¥, #0,

and {L, : ¢ > 0} is an increasing continuous progressively measurable stochastic
process such that for all # > 0 (in the sense of convergence in probability)

1 ! Z?
L= lim / H—s|3/2ds.
T (1P +e)

The stochastic process {L, : t > 0} has the following property:
L, (w) = L; (w), P-as.,

for every interval [s,¢1] C {r > 0:Y, (w) =0}, 0r[s,¢] Cint{r > 0:Y, (w) # 0}.
Moreover, we have

1 T T
lim sup —/ |Z,|? 1y, |<sds < 2+/2L7 and / |Z,|? 1y,—ods = 0.
504 6Jo o 0

Since

t t
0< gn,,/ 1Y, 1P 2 1y, 20 | Z, P dr < /Rﬁp)dr <oo, forall0<s <t <T, as.,

S

it follows that forevery p > land 0 <¢ < T:

2

T
PAL Enp/ 1Y, 172 1y, 20| Zs > ds < | V7|
T 2’ T ,
+p/ ol lys;éo(Ys,dK.s)—P/ 1,172 1y, 40 (Y. Z,dBy) . as.
t t

(5.4)
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In fact we deduce from Lemma 2.37 a more general inequality:
O ify [0, TIxR™ — Ris afunction of class C, convex in its second argument,
thena.s., Yt €[0,T]:

T T
YY) + / W s s < (T + / (VY (s.Y,), dK.)

T (5.5)
_/ (V (s, Y,), Z,dBy).

t

5.2.2 A Fundamental Inequality

Let (Y, Z) € SO [0, T] x A°

mxk

(0, T') satisfy an identity of the form

T T
Y, = Yr +/ sz—/ Z,dB,, te€[0,T], P-as. (5.6)
t t

where

O KeS2(0,T]) and K. (w) € BV ([0, T];R™), P-as. w € Q.
) Assume that there exist

(a) D,R,N P-m.i.c.s.p., Dy = Ry= Ny=0;
(b) V. P-mb-vcs.p. Vy=0;
(c) A<l1=<p,

such that as measures on [0, T], a.s.

n
dD; + (Y1, dK,) < [1pz0dR: + [Yi]dN, + |Y,PdV,] + A |Zi P de, - (5.7)
where
npdéfl/\(p—l).

By Proposition 6.80, Corollary 6.81 and Corollary 6.82 from Annex C we have:
Proposition 5.2. Let (5.6) and (5.7) be satisfied and moreover

E |Ye"||! < oo.

(A) If p > 1, then there exists a positive constant C), ;, depending only upon (p, 1),
such that, P-a.s., forallt € [0, T]:

T r/2 T r/2
E”" sup [e"Y,|” + E (/ eZVrdD,) + E” ([ eZV’|Z,|2dr)
t t

relt,T] (58)
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T p/2 T P
<C,, E” |:|eVTYT’p + (/ €2V’1p22dRr) + (/ eVrdN,) } :
t t

(B) If p=1(andn, = 0), thenP-a.s., forall0 <t <T

T
e 1Y, <ETie'T Yy +Eff/ e""dN,

t

and for all 0 < a < 1 there exists a positive constant C,, depending only upon

o such that
T /2
sup [E (eVr Ile)]a +E( sup |eVrYr}Of> L E (/ o2V |Zr|2dr)
relt,T] relr.T] ;
a/2

+E ([TeZVr |D,|2dr)
<C, [(]E (" vrl)) + (E/tTeV'dN,)a] .

(C) Ifp>1land R= N =0, then P-a.s., forallt € [0,T]:
e’ Y, |” <BTre'T |Yr|P . (5.9)

Corollary 5.3. Under the assumptions of Proposition 5.2, if there exists a ¢ > 0
such that supyejo 11 1Vs| < ¢, then P-a.s., forall t € [0, T]:

T p/2
E7 sup |Yi|? 4+ E* (/ |ZS|2ds)
t

s€t,T]
2

T p/
<Cpp e E7 | |Yr|” + ( / 1,,22dRS)
t

()]

5.3 BSDEs with Deterministic Final Time

Our main goal in this section is to study backward stochastic differential equations
(abbreviated BSDEs) of the form

_dY[ - F(I,Y[,Zf)dt +G(I,Yt)dA[ _Z[dB[, OE < T,

(5.10)
Yr =n,

or equivalently, a.s. for all # € [0, T]:
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T T T
Y, = r/+/ F(S, Y, Zs‘)ds+/ G(S, Ys)dAs_/ Z,dB;,
t t t

whose solution (Y;, Z;), ¢y 7] takes values in R™ x Rk and where we assume in
this section that:

e T > 0is a fixed final deterministic time;

e 7n:Q — R™, the final condition, is an Fr-measurable random vector;

o F:Qx[0, T]xR"xR™k — R™isa (P, R" x R™)-Carathéodory function,
that is

F (-, y.2) is P-ms.p., V (y,2) € R"xR"™*,
F (w,t,-,-) is a continuous function, dP ® dt-a.e.;

G:Qx[0,T] x R" — R" is a (P, R™)-Carathéodory function, i.e.

G (- y)isP-msp.,VyeR"
G (w,t,-,-) is a continuous function, dP ® dt-a.e.;

e AisaP-m.i.c.s.p., 4o = 0.

Note that, by Exercise 1.1, F is (P ® B, ® Byuxk, Byn)-measurable and G is
(P ® B,,, B,,)-measurable.
We state the following definition:

Definition 5.4. A pair (Y, Z) € S2 [0, T] x A?

mxk (0, T) is a solution of (5.10) if
T N T

/|F(t,Yl,Z,)|dt+Z/ |G (t,Y,)| dA, < co, P-as.

0 =70

and, a.s. forall r € [0, T']:

T T T
Y, = n+/ F(s,YS,Zs)ds+f G(s,Ys)dAs—/ Z.dB,. 5.11)
t t t

5.3.1 A Priori Estimates and Uniqueness
We now consider the BSDE
T T
Y, =n +/ D (s, Yy, Zs) dQ —/ ZdBy,, t €[0,T], a.s., (5.12)
t t

where
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e 1 :Q — R™, the final condition, is an F7-measurable random vector;
e (0,1,9,2) — P (w,1,y,2) : Qx[0,T] x R" x R™k _ R™:
e (w,t)— QO (w): 2 x[0,T] - Ris aP-m.i.c.s.p. such that Q¢ = 0.

Note that the BSDE (5.10) can be written in this form with

CI)(a),l,y,Z)=Olz(w)F(w»t,y,Z)+,3r(a))G(wyy)’ and
0/ (w) =t + 4 ()

where {o; : ¢t > 0} and {B, : t > 0} are two real positive P-m.s.p. (given by the
Radon-Nikodym representation theorem), o; + B, = 1, such that

dt == a[dQ[ and dA[ == ﬂldQ['

We define for any p > 0

o (1) 2 sup |®(t, y,0)[: i particular B} (1) = |®(z,0,0)|.
lyl=p

The basic assumptions on ® are the following

(BSDE-H,) : (5.13)

¢ Vy € R" z € R the function ®(-,-,y,27) : Q x [0,T] — R" is
P-measurable;
& there exist three P-m.s.p. - QX [0, T] > Rand €, : Q x [0, T] = Ry such
that, P-a.s.
(i) o,dQ, =dt,

T 5.14
[ [ulag, + € dr] <o e

and forall y,y’ € R™ and z,7 € R™* dP ® dQ,-a.e.:

Continuity:
(Cy) y— & (t,y,2) : R" — R™ is continuous;

Monotonicity condition:
(My) (¥ =y, @@,y 2) = P(t, y,2) < ey’ = yI*:

Lipschitz condition: (5.15)
(L) |®@.y.2) =@t y.2)| < 4 —zl;

Boundedness condition:

T
(B,) / & ()dQ, < 0. ¥ p = 0.
0

The assumptions on P yield a continuity behaviour result which we leave as an
exercise for the reader.
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Lemma 5.5. Under the assumption (5.15)
T
/ |®(t,Y,, Z,)|dQ, < 0o, P-as., Y (Y,Z)eS2[0,T]xA%.,(0,T),
0
and the mapping
Y,Z2) — f D(s, Yy, Z5)dO;
0

is continuous from SO [0, T] x A? <« (0, T) into S0 o, 7).

m

We shall show that the monotonicity of ® yields an inequality of the form (5.7).
Let (with @ > 1 arbitrary)

LA p-1 and L+ S @) e
P

We have:

Lemma 5.6. Let a, p > 1~, ro > 0 and the assumptions (5.13-BSDE-Hg) be
satisfied. Let (Y, Z), (Y.Z) € SO[0,T] x A°_, (0,T). Then, in the sense of
signed measures on [0, T]:

dD{ 4 (¥, @ (1,Y,, Z0)dQ,) = [dR™ + |Y;1aN{™ + Y,V |

(5.16)
+ 27, R 1,
2a

and

~ ~ o~ ~ n ~
(Ve = Voo ® (1Y, Z) = (1. T, Z0))dQ, < |Y, — ViPaV: + 32 |2, - Z,[ di
(5.17)
where

t t t
D™ = ry f |® (s, Y5, Zy)| O, Rt‘"°)=r°/ ®F (5)dQ, + 13 f y;"dQ,.
t 0 IO Ol
v :/ V5dQ, N = / o (5)dQ, + 2ro / lys| dO,.
0 0 0
(5.18)

Proof. The monotonicity property of ® implies that for any R”-valued stochastic
process {U; : s > 0}, |Us| < 1:

(rOUS - YSa ® (S, rOU\" Zs) - o (S, Ys, Zs)) dQs = Ms |r0US - YS|2dQS~

Since
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|® (5, 10Uy, Z)| dQy < [@F, (5) + asls | Zs|] dQs = @] (5) dQ; + &, | Zs| ds

it follows that
ro <Um —-® (S, Y, Z?)) dQs + (YS7 ® (S’ Yy, Zv)) dQs
< [roUs—Y;|* uedQy+ |roUs — Y| [®F (5) dOs+L, | Z,| ds]
< |roUs = Y| sdQ + (ro + |Y3]) @4, (5) dQ,

= lroU, — Vo2 (6)2 ds + ~2 | Z,| ds.
2n,, 2a

Hence
ro (USv _CD (S, YSa ZA)) de + (YSs q) (Ss YSv Zs)) dQS
< (ro + |Y;)) @ (s) dQ,
n
+ (3 1P =270 (U Y) + Y,) yd Qo 55 124 ds
a
< [ro®}, () +r3y,"]dO,+ Y[ () () +2r0 |ysl) dOs+ |Ys | y5dQ,
np 2
— | Z,|" ds.
+5, |4l ds
(5.16) follows if we choose

A, 05, Z) #0,

Us = .
0, if®(s, Y, Z;) =0.

The inequality (5.17) is obtained as follows:
(Y =Y, @ (s, Y, Z,) — O(s, Y, Z,)) dOQ,
< [ V=T + b v, - V[ |2, - 2, do,
< |V, =Y, do, + |Y, = V| |Z, — Z,| t,ds
< (usdQs + 2Z_p (és)zds) v, =7 + Z—Z |2, — 2, ds.

Taking into account Proposition 5.2 with dK; = ® (s, Yy, Z;) dQ,, we deduce
from (5.16), first with ro = 0 and then with ry > 0:
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Proposition 5.7. Let the assumptions (5.13-BSDE-H ) be satisfied. Then for every
a, p > 1 there exists a constant C, , such that for all solutions (Y, Z) € S% [0, T] x
Al « (0, T) of the BSDE (5.12) satisfying

mX
E|re' | <o
where again

def

t a t
v, 9 yar / [1,dQ, + 2_/ (€,)? ds.
0 npJo

the following inequality holds, P-a.s., for all t € [0, T]:

T p/2
E7: ( sup |eV"YY|p) + E* (f e?Vs |Z‘Y|2ds)
s€lt,T] t (5.19)

T p
sca.p[Eff el + B7( [ ¥ 06.0.0)140) ]
t

Moreover, if p > 2, then for all ro > 0:

p/2

T
E (rO/ eZVS |q>(s, YSsZ.Y)|dQS)
0

r p/2 r p
+E (/ ezVst§ro)) +E (/ €VSdN§r0)) :|
0 0

Corollary 5.8. Let p = 1. Let the assumptions (5.13-BSDE-H ) be satisfied and
® be independent of z € R™* (¢, = 0and V, = ji; = fot wsdQ,). If (Y, Z) €
SO0, T] x A° <« (0, T) is a solution of the BSDE (5.12) satisfying

m

S Ca,p []E |eVTnip
(5.20)

E sup e |Y,| < oo,
s€[0,T]

then the following inequality holds P-a.s., for allt € [0, T]:

T
T | S B fi| + BT [ o | (5.0) do,
t
Moreover forall 0 < g < 1

_ q ~ T q/2
sup (E (e |YY|)> +E sup |V | +E (/ e |71 ds)
s€[0,7] 5€[0,7] 0

_ q/2 T q/2
<GC |:(E (e’“' |n|)) + (E[ el |CI>(s,O)|dQS) :| .
0
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Proof. Since
(Y1, @ (1.Y:. Z,) dQ,) < |Y;]|®@ (2. 0)|dQ; + |Y:|* d ji,

the conclusions follow by Corollary 6.81. |

From (5.19) we immediately have:

Corollary 5.9. Leta,p > 1. If

E sup |Ytev’|p<oo
t€l0,T]

and there exists a constant A > 0 such that for all t € [0, T]:
T p
E |:|eVT_V’77\p + (/ eV |® (s, 0, 0)|dQS) ] <A, a.s.,
t
then forallt € [0, T]:
T p/2
|Y;|” +E (/ 25—V |Z‘Y|2ds) <AC,,, as.
t
Let (Y,Z) € S)[0,T] x A° ., (0. T) be a solution of the BSDE
T T
Yi=n +/ (s, Yy, Zy) dQ, —[ Z,dB. (5.21)
t t

where ® satisfies (5.13—BSDE-Hg) and (Y, Z) € S°[0,T] x A (0. T)isa
solution of the BSDE

T T
Y, =h+ / d(s, Yy, Z,)dO, — / 7.dB,, (5.22)
t t

where @ (-, +,-,-) : 2 x [0, T] x R™ x R™k _ R™ is P-measurable with respect to
(w,1) € Q x [0, T] and continuous with respect to (y,z) € R” x R”"*k We clearly
need to assume that

T ~ A A
f b5, . 2,)
0

dQ, < oo, P-as.
Note that

T T
n—n=w—m+/dm—/(a—awm
t t
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where
t A~ A A
Kt == / I:(D (Sa YYvZAY) - (D(S, Y&"ZS):I dQs,
0
and by the assumptions (5.13—BSDE-Hy)

N A N ~ ~ ~ ~ ~ |2
(YZ—Y,,dKI)s Y, — Y| |0, ¥, 2) — &, V.. 2) Y, - Y| av,

dQ, +

np ~ 2
— \Z, — Z;|" dt
+2a| = Zi|
with, as above,
a 2
av, = do, + . (€,)"dt.
np

Hence by Proposition 5.2 we have:

Theorem 5.10 (Continuity and Uniqueness). Let a, p > 1 and the assumptions
(5.13—BSDE-Hy) be satisfied. Let

(Y.Z), (Y.Z) e S°[0. T x A° ., (0.T)

mxk

be solutions of the BSDEs (5.21) and (5.22) respectively. If

E sup (ePV’ Y,—f’l

V4
) < 00, (5.23)
t€[0,T]

then there exists a positive C, , such that:

, o r/2
p) LR [(/0 o2V )z‘,‘—z‘\-) dS) } (5.24)

E ( sup e?%s ‘Yx - Y,
T A A~ N A A P
<Cup E[ePVT In— A" + (/ eV (s, Yy, Zg) — D(s, Yy, Zy) dQS) ]
0

s€[0,T]

If<I>=&>,thenforallO§t§s§T,

A |DP A |P
ey, —¥,|" <E” (ngs Y, — Y, ) P-as. (5.25)

In particular uniqueness follows in the space S/, ([O, T]; eV) X A21xk (0,T), where

S,{;([O,T];e")dg {Y €S0, T]:E s;pﬂ‘el/sys‘l’ <oo} .
s€l0,
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Recall the notation

t
He :/MSdQS'
0

Theorem 5.11 (Continuity and Uniqueness). Let p = 1. Assume that P, D Qx
[0, T] x R" x R™k — R™ satisfy assumpttons (5.13) and both are independent of
ze Rk (4, = K, =0).If(Y,Z2), (Y Z) € SV0,T]x A° mxk (0, T) are two solu-
tions of the BSDE (5.107) corresponding respectively to (1, ®) and (1, CD) such that

E sup el
s€[0,T]

s| <00,

and A =4 D(s, }A’X ZS) — <i>(s, )A’S, Zs), then P-a.s., forallt € [0, T]:

et Yt

T
- RSB - il) + B [ e Ialdo,
t
and for every q € (0, 1) there exists a constant Cy such that

sup (E (eﬁ~‘ Y, —
s€[0,T]

— Ay)) +E sup edhs
s€[0,T]

7
o ([ o)
<G, [(IE (e |n— ﬁ|))q + (]E/O els |AS|dQS) } .

Proof. Since

(v- P[0 w20 - b0 7. 2)] o))

= )]l_ ) y Zl)_(\b(t»?hzl) dQl Y[ d/j‘ts

the conclusions follow by Corollary 6.81. |

5.3.2 Complementary Results

In this subsection we generalize the uniqueness result and we shall give a scheme
to obtain the solution as a limit of uniformly bounded solutions of approximate
BSDEs.
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Leta, p > 1 and
t a t
Vet = [ o, + 5o [ @pras
0 2I’lp 0
Define

SP ([0, 7] ;eV“‘”) o {Y €S°[0.7T]:E sup ‘eVSMYS
s€[0,T]

p }
< o0y .
Note that if 1 < a; < a, then V""" < V> and consequently
a.p at.p
S? ([0, T]:e"™ ) cS? ([o, T]:e" ) (5.26)
Let

S,}ﬁr.P ([()’ T];eV) def US’{; ([0’ T];eVa.p) ond
a>1
S (.1 = U SE(0.7]:e).

a, p>1

Remark 5.12. 1f Q, u and £ are deterministic functions, then for all a, p > 1:
Satr (10.T):e") = S5 (10.T):¢"") = S7[0.7)
and

SKE(0.7]:e") = spF 0. 71 E | Sz 0.77.
p>1

Corollary 5.13. Let the assumptions (BSDE-Hg) be satisfied. Then for each p > 1,
the BSDE (5.12) has at most one solution

(Y.Z) € S, 7 ([0,T]:e") x AL, (0.T).

If, moreover,
T
E exp (A/ (,)? ds) < o0, forallA >0,
0
then the BSDE (5.12) has at most one solution

(Y.Z) € S, ([0.T]:€") x AY . (0.T).

mxk
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Proof. Let (Y, Z),(Y,Z) € S%([0,T]) x A® . (0,T) be two solutions of the
BSDE (5.12) corresponding to 7.

(A) Let p > 1 be such that (Y,Z),(Y,2) € Sy™7 ([0, T];e") x A%, (0, 7).

Then from (5.26) and the definition of S, 7 ([0, T];e") there exists ana > 1
such that

p

a,p
E sup ‘eV’ Y; < 00,

t€l0,T]

)4 Va.p A
<oo and E sup ‘e Y,
tel0,T]

i.e. the condition (5.23) is satisfied; consequently the estimate (5.24) follows
and uniqueness too.

(B) If(Y,2),(Y.2) € ShtIt ([0, T eV) x A% . (0, T) then there exist aj, s,
P1, p2 > 1 such that

V,a”” P2

E sup ‘e
t€l0,T]

Y,

P1 ya2:P2 o
<oo and E sup le"" Y;
t€l0,T]

< Q.

Leta>1land 1 < p < p; A p,. Put

o a a;
" 2n, 2n,
Since
t a t )
ver = [wao,+ 5o [ @)
0 npJo
t
— Vb [P
0
we get

E sup ‘erMY, g

t€l0,T]

aj.pi
sup ‘ev, Y,
t€l0,T]

» T
exp |:pbi f (Es)zds}
0
ya pi—=p
pi\ 7 T hi
pi pbi 2

<|E sup ‘evfai'piY,
tel0,T]
< 00.

Similar we have

p
< 0OQ.

E sup ’eV’a'pf’t
tel0,7]

Hence the estimate (5.24) holds and the uniqueness follows. |
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The next Proposition will allow us to extend existence results from situations
where the data satisfy the following strong boundedness condition: there exists a
positive constant C such that for all ¢ € [0, T']:

. T
Inl + @ (1,0,0)| + ‘eVTn +/ ¢’ |®(5,0,0)|dQ, < C < 00, P-as.
0

where
n t a t )
= [urao,+ 5 [ wras
0 2np 0
Let
def t a t
Vi =V = / wsdQy + _f (Es)2 ds and
0 2np 0

def

t t t
B = Qt+/ |/LS|dQS+/ (Ks)zds+/ |® (5,0,0)| dO,.
0 0 0

Wehave V, -V, <V, -V, forall0 <t <s < T.
Define, for n € N*,

n" = n1lpn Br + 10,
Q" (t,y,2) = @(t,y,2) — P (¢,0,0) 1j00[ (B + [P (2,0,0)]),

and the stochastic processes
T
H' = [e" | + / BV |0 (5,0,0)] dQ,.
t

o T
th — }eVT_th” +f eV“'_Vf |<I>” (S,O, 0)|dQ3
t

It is easy to verify that there exists a positive constant M,, , , such that

0= Hy < |H"|, < | A"

<M,r, P-as.
T

Proposition 5.14. Leta, p > 1 and the assumptions (5.13-BSDE-H 3 ) be satisfied.
Also assume that

T
Ee?'T |n|? + E(/ e’ |® (5,0, 0)|dQs)p < o0. (5.27)
0
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If foreachn € N*, (Y",Z") € §510,T] x A%, (0,T) is a solution of the BSDE

T T
Y'=n" +/ ol (s, Y;ﬂZ;’)dQS —/ Z!dB;
t t
such that eV Y" € SP [0, T, then

IY*lr+ |e"Y"|, <M, as., (5.28)

Ir =M, pa

and there exists (a unique!) (Y, Z) € S} ([O, T]; eV) X Aﬁ:xk (O, T; eV) such that

T r/2
[E le" v =]} +E (/ e |Z;‘—ZS|2ds) ] =0 (529
0

lim
n—>oo

and, P-a.s. forallt € [0, T]:

T T
Y, = n+/ ® (s, YS,ZS)dQS—/ Z,dB. (5.30)
t t

Proof. In view of (5.19) we have for all t € [0, T:

e\ Y < M P-as.

n,p.a’

and (5.28) follows.
For all n,i € N*:

T

T
v oyt ==t [Ca k- kv) = [z -z as
13

t

where
t
K!' = / " (s,Y,)", Z) dQ,
0

and similarly for K.
Since

(Y =y d (K — KI)) < [Y) = Y]] @ (5,0,0)| 1g, 41000020 dOs

v =t av,+ 58|z -2 as,
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we deduce from Proposition 5.2 that

E sup e?"
s€[0,T]

) T . r/2
Y-y +E (/0 |z -zt ds)

T P
=< Ca,]?]E (epVT |’7|p lﬁT+|7]|zn) +Ca,pE (/ eVA lﬁs+|<I>(s,0,0)\Zn |(I) (S» 0, O)| dQs)
0

Hence there exists (Y,Z) € Sp ([0.T]:e") x AP, (0.T:e") such that (5.29)
holds. The last assertion follows from Lemma 5.16 below, whose proof is left as an
exercise for the reader. n

Clearly from the construction in Proposition 5.14 we have:

Corollary 5.15. Suppose that the assumptions from (5.13-BSDE-H ¢ ) are satisfied.
Then the existence of a solution under the conditions (5.27) with p = 2 and some
a > 1 implies existence under the same conditions for any p > 1.

We end this subsection with a continuity result, the easy proof of which is left as
an exercise for the reader.

Lemma 5.16. Let the assumptions (5.13-BSDE-Hg) be satisfied. If (Y,Z) €
S0, T]x AY , (0,T), then

T
/ |®(¢,Y;, Z:)|dQ, < oo, P-a.s.
0
and the mapping

. V)—>/ (s, Uy, V,)dQ, : SO [0, T] x A°
0

mxk

0.T) — Sy, [0, T]

IS continuous.

5.3.3 BSDEs with Lipschitz Coefficients

5.3.3.1 BSDEs with Deterministic Lipschitz Conditions

Consider the backward stochastic differential equation: P-a.s., for all ¢ € [0, T

T T
Yt =1 + f F (S, Ys, Zs) ds — / ZSdBS’ (531)
t t



5.3 BSDEs with Deterministic Final Time 373

under the assumptions

O p>1,
neLr, Fr,P;R"), (5.32)

O the function F (-, y,z) : Q x [0, T] = R"™ is P-measurable for every (y,7) €
R™ x Rk,

O there exist L € L' (0,T), £ € L?>(0,T) such that

(I) Lipschitz conditions:

forall y,y' e R™, 7,7 e R™* 4P ® dt-a.e.:

(Ly) |F(lsy/,Z)—F(fvy,Z)|EL(I)U’/—)’L
(L) |F@t,y.2)=F@t, y. 9l =€) -zl (5.33)
(1) Boundedness condition:

T p
(Br) E(/O |F(t,0,0)|dt) < 0.

We recall the notation

sy sz 0. 7].

p>1

Theorem 5.17. Let p > 1 and the assumptions (5.32) and (5.33) be satisfied. Then
the BSDE (5.31) has a unique solution (Y, Z) € S} [0, T] x Aﬁlxk (0, T). Moreover
uniqueness holds in S\t [0, T]x A° . (0,7T).

mxk

Proof. We first remark that if (Y, Z) € S} [0, T] x A,’;xk (0, T') then

K. ":’/ F(r.Y,.Z,)dr € SP[0.T] and E $K$2 < oc.
0

Indeed, since
|F (r,Y,, Z)| < |F (r,0,0)| + L (r) |Y:| +£(r)|Z,],
then

E sup |K,|” <E$K¢%

t€[0,T]
T P
=E (/ | F (r, Y,,Z,)|dr)
0

T P T p
<C,E (/O |F(r,0,0)|dr) +C, (/0 L(r)dr) E Y|
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T p/2 T p/
+C, (/ Ez(r)dr) E (/ |z,|2dr)
0 0
< Q.

Uniqueness follows from Corollary 5.13.

We prove existence.

Note that a solution of the Eq.(5.31) is a fixed point of the mapping I' :
S0, TIx AP , (0,T) — SH[0,T] x A, (0,T) defined by

mxk

2

Y,Z2)=TX,U),

where
T T
Y, = 77+/ F(r, Xr,Ur)dr—/ Z.dB,, as. t €[0,T].
t t

By Corollary 2.45 the mapping I" is well defined.
i T
LetM eN*and0 =Ty < Ty <--- < Ty =T, with Ty = lﬁ.Then

“(%)d;f sup /[‘l[L(V)+52(F)]dr—>0, as M — oo.

—t <L
O<s—t<y7

We show that T' is a strict contraction on the Banach space S} [Ty—1,T] x
AP (Ty—1. T) with the norm

T p/2 1/p
|||(X9U)”|M:|:]E sup |X,|”+IE(/T |U,|2dr) :|
-1

r€[Ty—1,T] M

for M large enough.
Let (X,U),(X",\U) e S£ [Th—1,T] % Aizxk (Tpr—1,T). Then

T T
Y,-Y,/:[ dK,—/ (Z,—Z])dB,. t€[0,T],
t t
where
t
K, =/ [F (r.X,,U)—F (r,X].U))]dr.
0

Since

(Y, —Y!.dK,) < |F (r.X,,U,) — F (r, X].U})| |Y, = Y/| dr
<[L )X, = X]|+ L) |U, = U/|] 1Y, = Y| dr
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and

E ( sup |Y,—Yr’|p) < 00,
rE[TM_1,T]

we have by (5.8), with D =0, R=V =0,1 =0,

v 2y - (v 25,

T p/2
=E ( sup |Y,—Y,’|")+E ([ |Z,—z;|2dr)
r€[Ty—1.T] Try—1

P

<CE (fT [L(r)|X, —X]|+£(r)|U — U,f|]dr)
Tm—1

T P
SC‘/’(/T L(r)dr)E sup | X, —X]|”

M—1 r€(Ty—1.T]

T p/2 T ) p/2
+C, (/ Zz(r)dr) E(/ U, - U/ dr)
Tm—1 Tr—1

< Cp[ar (L) + e (D] lx.0) - (x". U5,

Let M, € N* be such that

Then T is a strict contraction on S, [Trmy—1, T]x A? mxk (Tmo—1, T) and consequently
the Eq. (5.31) has a unique solution (Y, Z) € S, [TM0 1, T] XAmxk (Tmy—1,T). The
next step is to solve the equation on the interval [7s,—, Ta,—1] With the final value
Y (Tmy—1)- Repeating the same arguments, the proof is completed in M, steps. W

Corollary 5.18. Consider the BSDE: ¥t € [0,T], P-a.s.
T T
Y, :77+ST—SI+/ F(S,Ys,Zs)ds—/ ZdB;. (5.34)
t t

Ifp>1S8 € Y4 [0,T], n € L?(Q,Fr,P;R™) and F satisfies the assump-
tions (5.33), then the Eq.(5.34) has a unique solution (Y,Z) € Sh[0,T] x
AP (0, T).

Proof. By the substitutions Y, = Y, + S, n = n+ Sr and ﬁ(t,y,z)
F (t,y — S, z) the Eq. (5.34) is transformed into
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T T
Y, = f;+/ F(s,YS,ZS)ds—/ Z.dB;.
t t

which satisfies the assumptions of Theorem 5.17. |

We now study the case p = 1, where we restrict ourselves to the case where F
does not depend on z.

Corollary 5.19. IfS € S; [0,T,ne L' (Q,Fr,P;R"and F (¢t,v,2) = F (t,y)
satisfies the assumptions (5.33) with p = 1, then the BSDE

T T
Yi=n+Sr—-S+ / F (s,Y)ds —/ Z,dB; (5.35)
t t
has a unique solution (Y, Z) € S° [0, T] x A° mxk (0. T) such that

t
M, = / ZdB; is a martingale
0

and

/2
sup E|Y;|+E sup |Y;|!+E (fo |Z,] dt) <00, V0O <g<l.
t€[0,T] tel0,T]

Proof. As in the proof of Corollary 5.18 we can reduce the problem to the case
S =0.

Letn,i € N*. By Theorem 5.17 there exists a unique pair (Y, Z") such that for
all p > 1

(Y",Z")y e SE[0,TIx AP, (0,T) (5.36)
and (Y", Z") is solution of the equation
T

T
" = n1jy1<n +/ [F (r. Yr”)—1|F(,..0)\Z,1F(r,0)]dr—/ Z"dB,. (5.37)
t

t
Note that
T
:311 = E |77| 1|ry|>n + E/ |F (S,0)| 1|F(r.0)\2nds —0 asn — oo.

By (5.4) for Y — Y"*" and p = 1 we infer

T
|Ytn — Ytn+i| < B, + / L(s) |st — st+i|ds
; - (5.38)
—[ Y =Yy (V) = YO (2] = 207 dBy).
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Denote by C, C’ generic constants independent of n and i .
From (5.36)

(st _ st+i» (Z;I _ Zl;1+i) dBS)

t
nn+i __ n n+i —1
M, —/ Y =y lY;’—YS"'H;éO

0 f

is a martingale. Then EM,"" " = 0 and, taking the expectation in (5.38) we deduce
from the backward Gronwall inequality (Corollary 6.62):

E|Y - Y| <C B, (5.39)

Using the Burkholder—Davis—Gundy inequality (1.18) and Doob’s inequality (1.11-
A3), we deduce for 0 < g < 1:

’ [(fOT |20 - 2| ds)"”}

1 ! .
< —E|[ sup / (z!' —Z!*") dB,
Cq 0<t<T |Jo

)

1 T i q
o n«:/o (28— 2" )dBS:|
<L _IE|Y”—Y”+"] +E/T|F(s Y!")— F (s.Y]")] q
— cq(l—q) i 0 0 0 v TS vty
< _ _IE|Y0" _ Y0n+i| + L (s)/TE|YYn — Yyn+i|ds]q
cq(l_Q) L 0 ' '
=C B}

Recalling that Mt is a martingale then, once again by the Burkholder-Davis—
Gundy inequality

E sup M;z.n—i—i _Mtn,n+i
t€l0,T]

q 4
<2¢E sup ‘M,""H"
t€l0,T]

T L q/2
<CE [(/ |z =z ds) ]
0

<C' B,

)q
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then from (5.38) and (5.39) we obtain forevery 0 < g < 1

T q
E sup |¥"—Y"V|" <BI+E (/ L(s)|Y" - YS”+i|ds) +C' g
t€l0.7] 0

< B!+ (/OTL (HE |, - Y;’+f|ds)q +C' B!
<C B
Hence, there exist Y and Z such that
Y"—Y, inSZ[0,TINC ([0,T];L" (2, F.P)), and
Z" — Z, in Aquk 0,7).

Passing to the limit in (5.37) we deduce that the pair (Y, Z) solves the problem.
t

Now, by Corollary 2.47, M, = / Z,dB; is a martingale, because
0

S.+/F(S,Yy)dse S'0,7].
0

Finally, the uniqueness is obtained in the same manner as the estimates for ¥ —
Y"tiand Z" — Z"t, ]

5.3.3.2 BSDEs with Random Lipschitz Conditions

We now generalize Theorem 5.17 to a class of BSDEs with random Lipschitz
constants.
We consider the BSDE (5.31) in a more general form:

T T
Y, = n+/ ® (s, Yy, Z) dO, —/ Z,dB,, t €[0,T], a.s. (5.40)
t t

We assume that
(BSDE-A0)

(1) n:Q — R is an Fr-measurable random vector,
(i) Q is a P-m.i.c.s.p. such that Qo = 0;

and the function ® : Q x [0, T] x R™ — R™ satisfies

(BSDE-LHg) A forall y € R™, z € R™k the function ®(-,-,y,2) : Q x
[0, T] — R™ is P-measurable;



5.3 BSDEs with Deterministic Final Time 379

A there exist P-m.s.p. L, £, a : Q x [0, T] — Ry, such that
T
@dQ, = dt  and / (L,dQ, T ()? dt) <00, P-as.:
0

forallt €[0,T],y,y € R" and z,7 € R™¥, P-g.s.:

Lipschitz conditions
(l) |q)(t’y/7z)_q>(tvy’z)|SLY|y/_y|9
(”) |CI)(Z, y’Z/)_CD(l, y,z)l Sazﬁtlz’—zl,

7 (541)
Boundedness condition:
T
iy [ ®wdg, <oo. Vo=
0
where
# def
@7 (1) = sup |P(z, y,0)].
Iyl=<p
Note that the condition «,dQ, = dt implies that ®(¢,Y,,Z,)dQ, =

F(t,Y;,Z,)dt + G (t,Y;)dA,, where G does not depend upon z.
We recall the following notations. For each fixed p > 1letn, = 1A(p — 1) and

t 1 t
Vo= = [ Lo, + - [ wyas (5.42)
0 npJo

The stochastic process V' is that from Lemma 5.6 with a = 2. Therefore for all
(Y.Z), (Y,Z2) € S5[0,T] x A%, (0, T) we have

n
(Y. ®(t,Y,, Z,)dQ,) < |Y,||® (¢,0,0)|dQ, + |Y,[’dV, + TP |Z, > dt, (5.43)

and

- L - - n ~ 2
(Y. =Y, @Y., Z) - @(t,Y,, Z,))dQ, < |Y, —Y,[Pav, + Tp ‘Zt _Zt| dr.
(5.44)

Lemma 5.20. Let p > 2 and the assumptions (BSDE-AQ), (BSDE-LHg) be
satisfied. If moreover there exists a constant b > 0 such that

T T
(i) / LydQ, <b and / ()’ ds <b, P-as.,
0 0 (5.45)

T P
@iy En”+E (/ |q)(s,0,0)|dQs) < 00,
0
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then the BSDE (5.40) has a unique solution (Y, Z) € S}h [0, T] x Aﬁ?xk 0, 7).

Proof. We have

! 1 2 ! 2
V, = / (Ldes + — (&) dS) = / (LSdQs + (4,) ds) :
0 n, 0

Since
0<V,<2b, forallt €l0,7T],

it follows that for every § > 0 we can define on Sj [0, 7] x A?

axi (0, T) an
equivalent norm by

o r p/2
Y. 2) 5 £ [E sup e [Y,|” + ( / ¥ |Y, L,dQ, )
s€[0,T] 0
T 1/
+E (/ ez‘W*|ZS|2ds)p/2i| "
0

LetT : Sy [0, T]x AP . (0,T) — Sy [0, T]x A?_, (0, T) be defined by

Y, Z2)=T(X,U)
T T
Y,=r]+/ CIJ(S,XS,US)dQS—/ Z,dB;.
t t

We remark that for all X, U € S} [0, T] x A?

mxk

0.7),
t t t t
/|<I>(s,X.y,Us>|dst] |‘1>(8,0,0)Ide+/ |Xs|LsdQS+/ Ui s
0 0 0 0

t t 1/2
5/ |® (5,0,0)|dQ, + b sup |Xs|+b([ |UY|2ds)
0 0

s€[0,¢]

and consequently S. = /@(S,X, U)dQ, € Sh[0,T]. By the martingale

representation result from Cogollary 2.45 it follows that I" is well defined.

The fact that BSDE (5.40) has a unique solution (Y, Z) € Sp [0, T]xA? . (0. T)
will be a consequence of the fact that I" is a strict contraction on the Banach space
(S0, TIx AP, (0.T),|-Il5), for some § > 0.

mxk

Let (Y,Z) =T (X,U)and (Y',Z') =T (X',U’). We have

T T
Yt—Yt’:/ dKS—/ (Z, — Z!) B,
t t
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t
where K, =[ [® (s, X, Uy) — @ (s, X, U
0

527

U/)] dQ; and for all § > 1
Y, — Y!|” L,dQ, + (Y, — Y/, dK,)
< |Y, = Y/)? LydQ, + Y, — Y!|[| X, — X!| LydQ, + |U, — U!| £,ds]

< |YS—Ys/|2 LsdQ,+ [m

X=X/ +@E-1) |YX—YJ’|2] L,dQ,
+ (L U, —U!|* + 8 Y, - Y;|ze§) ds

|U U/ ds + ——— | X, — X" L,dQ, + |Y, — Y!|" 8aV,.

1
=15 4@6-1)

Then by Proposition 5.2-4,
T p/2
E( sup e”|v,—Y/|") +E (f ey, — 1! LsdQs)
0

s€[0,T]
T 5 p/2
+E (/ eV ZS—Z;} ds)
0
/2
Gy ’ 28V, /(2 g
< 53E (/0 VU, — Ul|” ds

CP ! 26V 7|2 o
+ WE e’ ‘X‘ — XA| LsdQs
- 0

< (W |x.0) - (x". V)5,

< 2—p|| (X.U)—(x".U’

Uy

for§ > 1+ 4C;/”. Hence

Irx.0) -1 (x|, = WXW—U’ lsv

and the result follows. |

Theorem 5.21. Let p > 1, n, = 1 A (p — 1) and the assumptions (BSDE-A0),
(BSDE-LHy) be satisfied. Let

of [ 1
v, =y ¥ / (LSdQX + = (4,)? ds).

0 14
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Assume also that there exists § > # such that for ¢ = pp—_;i; andng = 1A (g —1),

T p
(@) Ee"VTIUI”Jr]E(/ eV“'Ifb(&O,O)IdQs) < o0,
0
§/2

T T
(i) E ( /0 LsdQs) +E ( /0 (Zs)zds) < 00, (5.46)

T
(iii) E exp [8 (i — i) / (Ks)zds} < 0.
ng  npJJo

Then the BSDE (5.40) has a unique solution (Y, Z) € S9 x A%xk such that

E{ sup e?"|Y,|” | < 0. (5.47)
1€[0,T]

Moreover there exists a positive constant C, depending only on p such that for all
t€0,7T]

T r/2
E7 sup |e"Y,|" +ET ([ eZVS|ZS|2ds)
t

s€lr.T] (5.48)

T P
¢, Eﬂ[\evm\u(/ "1 (5.0.0)|dQ, ]
t

Remark 5.22. We remark that g = ’% defined in Theorem 5.21 satisfies 1 < g < p.
If g > 2 thenn, = n, = 1 and the condition (5.46-iii) is clearly satisfied.

Proof of Theorem 5.21. Uniqueness follows from Theorem 5.10.
Existence. Let t € [0, T] and

t t t
po=t+0+ [ Lao+ [ @ras+ [ 10600140,
0 0 0
)/,=,3,+|<D(l,0,0)|+Ll+el.
Define, for n € N*,

L} = Lidjom (ve).
O =L (ve),
M = Nl (Br +[700).
D, (t,y.2) = D (t. yljo (¥1)  2hjo.) () — @ (£,0,0) Lu.00) (v) -
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By Lemma 5.20 we infer that the approximating BSDE
T T
Y =, + / @, (s, Y. Z))dQ, — / Z"dB; (5.49)
t t

has a unique solution (Y", Z") € Sj [0, T] x A? , (0,T), forall g > 2.
Let

def |7 1
v éf/ (L;’dQS +— (Zf)zds).
0 np
We have foralln,i € N

; 1
OS‘/[HS‘/IH-‘FZE(n+l)2+_(n+l)3
Mp

Therefore
1/2
VT ynyp n2p
E sup e |Y/'|" < Cpip|E sup [Y/| < 00,
t€[0,T] 1€[0,7]

and since
(Y. @, (¢.Y.Z]')dO,)
n
< (V119 (2,0,0)] Lo () dQ; + Y/ PaVy + =1 |2} dt

; n
< V119 (2,0,0)] Lo () dQ; + ¥/ PaVy™ + =L |21 dt,

we obtain, by Proposition 5.2- A4, that

n—+i T n—+i p/2
EFt sup e?%s Y|P + EF (/ e?Vs |Z;’|2ds)
S€[t,T] t

n—+i r n+i p
<C, Ef'[ePVTJr Innl"+</ o, (s,0,0)Ide) ]

A

n—+i r n—+i p
<C, Eﬁ[el’Vr+ Inl” + (/ et |<1>(s,0,0)|de) }
t

By Beppo Levi’s monotone convergence Theorem 1.9 it follows by letting i — oo
that for all ¢ € [0, T,

T p/2
E”" sup e?s Y|P +E” (/ eVs |Z§’|2ds)
t

s€lr.T] (5.50)

r P
scpEf'[eWT|n|P+(/ e |® (5,0,0)] 40, ) }
t
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Consequently by (5.46—i) for all n € N*,

2

T r/
E sup e’ |Y"|” +E (/ eV |Zf|2ds) <C < 0.
5€l0,T] 0

Let § > %,q = pp—ﬁg € (I,p),ng =1A(@—-1andn, = 1A(p—1)

1 1 e
A=t L / (€)?ds and
ng np 0
t 1
Vl(q) - / [LsdQs + - (Ly)? ds] =Vi+ A,
0 q

we have for all n € N*

()
E sup e |V
s€[0,T]

< E[quT sup e |YS"|q]
s€[0,T]

pq (p—a)/p q/p
< []Eep[Z[qAT] [E sup e?V |YS”|p]
s€[0,T]

(p=a)/p v v
= [Eexp (SAT)] E sup e’ |Y]"|?
s€[0,T]
< oo.

Hence for all n,i € N*

E sup e"vf(q) Y=y < 0.
s€[0,T]

Since
(Y! =Yt @, (1Y), Z]) — ©uyi (5. Y, Z17))dQ,
< (V= YL@ (5. Y o) () - Z{ Ao (7))
—® (5. Y X gi) (75) - Z2 Lo 0 (15))) O,

_ (st _ Ysﬂ+i , P (Z, 0, 0)) [1(,100) (]/S) — 1(n+i,c>o) (Vs)] dQ‘
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= |72 =72 [19.0.0)] L) (1) 4O,
(L 1Y dQ, + 61221 ds) (Vo () = Lot ()] ]
n n+ti|2 1, g | n nti|2
+ Y =Y LedQs + —Lids | + T |z} — Z!™ | ds,
ng
by Proposition 5.2- A, we infer that

L@ - T @ 2 \"?
E sup e/ |Y! —Y"|" +E (/ el |z -z ds)
$€[0,T] 0

(¢)
= Cq E "7 (7, — 77n+i|q

T
+GE[[ s 0 (9 0.0.00d0,+ L |¥71d0, + ¢, 1271 45) |

()
<C,E [e"VT ! 100y (Br + |TI|)]

q

T @
+CE (/ e @ (2,0,0)] 13100 (J/s)de)
0

T q
()
+C,E [(/ LLn.00) (Vs) ds) sup e’ IY.Y”I"}
0 s€[0,T]
T q/2 L q/2
+ CK;E |:(/0 Efl(n,oo) (¥s) ds) (/0 e |Z;1|2ds) :| .

Note that

@
T @ !
[ " i B+ 110+ ([ 10 0.0.0) 1000 (2040,

(p—q)/p q/p
< |Eexp (SAT)] (E [epVT 117 Ln.00) (BT + |77|)])

_ T p4/p
[Eewpan ] [E ([ e 1200 1w 0040,) ]
0

— 0, asn — oo;

+
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(b)
T q
B\ ([ Lloo (0as) sup e i
0 s€[0,T]
_ap_ = (p—q)/p q/p
T P—q
<& ([ Lo o) E sup e |77
0 s€[0,T]
T s2/(p+98) 8/(p+3)
=|E (/ L1 00) (ys)ds) E sup e?" |Y"|?
0 s€[0,T]
— 0, asn — oo;
(c)

T q/2 T q/2
E [( / 11.00) (ys)ds) ( / e |zg|2ds) ]
0 0
’ 5/21 7/ P+ ’ /215 (p+5)
=< |:E (/ Zgl(n,oo) (vs) ds) j| |:E (/ e?”s |Z;l|2ds) :|
0 0

— 0, asn — oo.

Taking into account (a), (b) and (c¢) we deduce that there exists a pair (¥, Z) €
S0, 7] x A°_, (0, T) such that for g = pp—ﬁé

mxk

T q/2
lim E { sup e/ |Y" —Y,|7| +E (/ ez — ZS|2ds) =0.
n—>00 s€[0,T) 0

Now the inequality (5.48) clearly follows from (5.50) by Fatou’s Lemma.
Finally passing to the limit in (5.49) we deduce using Lemma 5.16 that (Y, Z) is
a solution of BSDE (5.40). |

5.3.3.3 BSDEs with Locally Lipschitz Coefficients

For a (forward) SDE, it is not hard to deduce from existence and uniqueness under
global Lipschitz conditions an existence and uniqueness result under local Lipschitz
conditions, at least until a possible explosion time. The reason is that one just needs
to follow each path of the solution.

For BSDEs, the situation is dramatically different. Indeed, in a sense, solving a
BSDE amounts to combining the flow of a backward ODE with the operation of
taking continuously in time the conditional expectation, given the current o-algebra
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Fi. A backward stochastic differential equation is not solved by following each
individual path of the solution. Consequently one cannot a priori deduce an
existence and uniqueness result under local Lipschitz conditions from the same
result under global Lipschitz conditions. However, this is in fact possible, because
we have an a priori bound on the solution. This is what we shall explain in this

section.
We consider the BSDE

T T
Y, = n+/ F(s,YS,ZX)ds—/ Z.dBy, 1 €[0,T], a.s. (5.51)
t t

Assume that

A 1n:Q — R"is an Fr-measurable random vector;

A F:Qx[0,T] xR" — R" satisfies
(BSDE-LL):

A forally e R", z € Rmxk the function F (-,-,y,7) : [0, T] = R" is P-m.s.p.
A there exist measurable functions £,k,p 1 [0,T] > Ry and L : [0,T] x Ry —
R satisfying:

o L is continuous and increasing in the second variable,
(o]

T
/[L(l,q)—l—ﬁz(t)—i-ic(t)—l—p(t)]dt<oo, forallg € Ry,
0

o forally,y' e R", z,7 e R™* dt-a.e.

(i) |F@t.y.2)—=F(t.y.29|l <L&Ily|VvIyDI =yl
(i) |F(t,y,2)=F(t,y.2)| <L) |z —z. (5.52)
@i) |F(t,y,0) <p@)+Kk@)]yl.

Let p>1landn, = 1A (p —1). Define

V)= /0[ (K (s) + niﬁz (s)) ds.
p

Observe that for all Y,Y’ € S9[0,T] satisfying |Y'| < |Y| and all Z €
A° , (0.7),
(Y. @ (.Y, Z,)dt) < (Y, @ (¢.Y/,0) dt) + |Y,| £ (1) | Z,| dQ,

- n (5.53)
<|Y|p@)dt +|Y,*dV, + T” |Z, > dr.
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Note that if (Y,Z) € S5[0,7] x A%, (0,T) is a solution of (5.51), then by
Proposition 5.2-A and the inequality (5.53) there exists a C, > 0 such that, P-a.s.,
forallt € [0, T]

. » T p/2
E* sup ‘eV'Y,’ + E7 (/ eZV'|Z,|2dr)
t

relt,T]
. » T P
<C,E” ‘eV(T)n‘ + (/ e"Mp(r) dr) ,
t
which yields P-a.s., forall ¢ € [0, T']:
p 7 7 def
1v:| < (Cp) "7 eV ™ [(Eff n|7) +/ ,o(r)dri| Z R, (5.54)
0
Define the continuous stochastic processes
_ | T
B =e'D [(]Eff ") ”+f ,o(s)dsi| (5.55)
0

and

t
T, (A):/OL(S,AJrA(JEﬂ |n|P)””)ds, > 1 (5.56)

Theorem 5.23. Let p > 1 and the assumption (BSDE-LL) be satisfied. If there
exists a § > # such that for all A > 1

E [(FT (x))é’] +E (e”“)n(p n ]E(/Te“@) | (2,0,0)| d:)p <00, (557)
0

then the BSDE (5.51) has a unique solution (Y, Z) € S [0, T] x A?nxk (0, T) such
that for all A > 1,
T p/2
E sup e”TM|y)” + E ( / AW 72 ds) < 0. (5.58)
s€[0,7] 0

In particular (Y, Z) € Sy [0,T] x Af;xk (0, T) and (5.54) holds; if n is a bounded
random variable then there exists a constant C > 0 such that P-a.s. v € Q

Y, ()| < C. Vtel0.T].
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Proof. Consider the projection operator 7 : Q2 x [0, T] x R" — R™,

y, if [y <R (0),
T (@, y) =7 (0,1, y) = ﬁRf (@) if [y > R ().
y

Note that for all y, y’ € R"™, 7 (-,-, y) is a P-m.c.s.p., |7, (¥)| < R, and
|7 () =7 (V)| < |y = »'].

The function ® (s, y,z) Y ¢ (s, 75 (¥),z) is globally Lipschitz with respect to
(y.2):

| (5. 3.2) = @ (5.".2)| = [® (5.7, (). 2) — @ (5.7, (') .2)|
< Ly (Im )]V s () ]) 1705 (0) = 7 ()
<L(s.R)|y—|
<[k + LRy =],

and

|&>(S,y,Z)_&>(S,y,Z/)} = |q>(sv7ts (y),Z)_cD(S,NS (y)vz/)}

<L(s)|z—7.

Then by Theorem 5.21 the BSDE
T _ T
Yi=n +/ D (s,Ys, Z;)dO; —/ ZdBg, t €10, T], (5.59)
t t

has a unique solution (¥, Z) € S2[0,7] x A% _, (0,T) satisfying (5.58). Since
by (5.53)
(Y. ® (.Y, Z)dQ,) = (Y, ® (1.7, (V) . Z,) dQ,)

n
< Y| pidQ, + |V, kidQ; + 7 |Zi ) d
we infer by 5.54 that |Y;| < R, and consequently ® (1,Y,, Z,) = ® (¢, Y;, Z,), that

is (Y, Z) is a solution of the Eq. (5.51). The solution is unique since any solution
(Y, Z) of (5.51) satisfies |Y;| < R, and consequently it is a solution of (5.59). M
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5.3.4 BSDEs with Monotone Coefficients

5.3.4.1 The First BSDE: Monotone Coefficient ® (s, Y;) dQ,

We first consider the BSDE

T T
Y, =1 —l—/ D (s, Y,) dO, —/ Z.dBg, t €1[0,T], a.s. (5.60)
t t
We assume that

(BSDE-MHO,) : (5.61)

A 1:Q — R"is an Fr-measurable random vector;
A QisaP-m.i.c.s.p. such that Qy = 0;
A D:Qx[0,00] x R" — R™ satisfies:

(a) VyeR" ®(,-,y):Q2x][0,T] > R" is P-measurable;
(b) the mapping y — ® (¢, y) : R™ — R™ is continuous;
(c) there exista P-m.s.p. u : Q2 x [0, T] — R such that

T
/ |ue|dQ, < oo, P-as.,
0

and forall y,y’ € R", dP ® dQ,-a.e.

2. (5.62)

(y =y @ y) =@ 0)) < |y —y

(d) forallp >0

T
/ ®Y (s)dQy < o0, a.s.
0

where

def
(1)< sup (1, ).
lyl=p

We recall the notations

Sat([0.T]:e) = Up>]S,,f; ([0.T7: )
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and

t t
e = / /’L‘Ydst /lt = f /’Lj_dQs
0 0

Proposition 5.24. Let p > 1 and the assumptions (5.61-BSDE-MH0¢) be satis-
fied. If for all p > 0

T P
E |e"7n|" +E (/ et o (s)dQs) <00 (5.63)
0

then the BSDE (5.60) has a unique solution (Y,Z) ¢€ S,ll ([O T];e’_‘) X
A9 (O,T;eﬁ).Moreover

mxk

T
() V| <EF |efr—iig| 4+ B f T | (s,0)| dO,,
t
vVt €[0,T], P-a.s.,

T q/2
(i) sup (Eeﬂs|Ys|)q+E sup | Y,|" +E (/ 62’15|ZS|2ds) ,
s€[0,T] s€[0,T] 0 g

- q T -
¢, (e ) + (e[ e iow0la) . voeo.
0
(5.64)

and for p > 1 there exists a positive C, (depending only on p) such that, P-a.s., for
allt €[0,T]:

) T r/2
E* sup \e““‘YS|p+]EF’ (/ e2“»"|ZS|2ds)
t

s€[t,T] (5.65)

- T _ V4
< cp[Efr e y|” + B ([ efs |CI>(s,O)|dQS) }

Remark 5.25. 1f (ji;),>, is a deterministic process then the assumption (5.63) is
equivalent to

T )4
E(jnl”) +E ( /0 q’fﬁ(S)dQs) <o

and the inequality (5.65) yields: for all ¢ € [0, T']

B T
|7, < &2l [Eff Inl + Efff |¢>(s,0)|dQs].
t
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Proof of Proposition 5.24. (I) Uniqueness follows from Theorem 5.10 and The-
orem 5.11. If (Y, Z) € SL([0,T];e*) x A, (0,T;e™) is a solution, then by
Proposition 5.2 and

(Y. ® (5. Y) dQ,) < |® (5.0)| |Ys|dO, + ps |Ys|* dO;

the inequalities (5.64-j,jj) follow.
To prove the existence of the solution we write the equation in the form, P-a.s.

T T
Y, =1 +[ [F (s,Y,) + pus Y] dO; —/ Z,dBg, t €10,T], (5.66)
t t
where

F(s,y) = ®(s,y) — usy.

We remark that i, — i, = [{ 1t dQ, = [{ n,dQ, = i — its.
(II-a) Existence in the case: there exist b, ¢ > 0 such that for all t € [0, T]

T
o+ 1@ @Ol + e[+ [ @ (0ld0, <b s 56D
0

and
O + |l + el + (1) < c. a.s. (5.68)

Step 1. Yosida approximation of —F .
Since y > —F (t,y) = w,y — ®(t,y) : R — R” is a monotone continuous
operator (hence also a maximal monotone operator), it follows that for every
(w,t,y) € 2 x[0,T] x R™ and ¢ > 0 there exists a unique F, = F; (w,?,y) €
R™ such that

F(w,t,y + ¢F,) = F,.

From Annex B, Propositions 6.7 and 6.8, recall that F; (-,-, y) : 2x[0,T] - R™
is P-m.s.p. for every y € R™ and
Ve, §>0 Vtel0,T],Vy, y eR" a.us.

(@) (F.(t,y)—F; (t,y’),y;y’) <0,
(b) |F.(t.y)—F.(t.y)| = ;Iy—y/l,
() |F@y)|=I|F @y, lim Fe (1, y) = F (t,),
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and

(y =y F(t,y) — Fs(t.y")) < (e + 8) (F. (t.y) , Fs(t.)")).
Moreover, if |y| < b then
|Fe(t, )] < el b+ @F (2). (5.69)

Step 2. Approximating equation.
Let0 < & < 1. Since y —> F,(r,y) + i,y is a Lipschitz function with the

Lipschitz constants L; = — + ¢ and £, = 0 we infer by Theorem 5.21 that the
€

approximating equation

T T
Yi=n+ / [Fs (r, Yrs) + M’Yrg] do, —/ Z;dB, (5.70)
t '

has a unique solution (Y¢, Z%) € S5 [0, T] x A? ,
Step 3. Boundedness of (Y*, Z¢)y_.<-
We denote by C, C’ generic constants independent of ¢, § €]0, 1]. Since

(0,T) forallg > 1.

E sup e?" |Yf|? < edE sup |Yf|? < o0
t€f0,7] 1€[0,7]

and

(YE[Fe (5, YE) + i YE]dOQ,) < |Fe (5,0)| |Y| Qg + py |YE dO,
< |® (5. 0)| |Y,| dO, + ps |YET dO,
< |®(5,0)] |Y£1dO, + u) |YE dO,

we deduce, by Proposition 5.2, that for p > 1 and for all ¢ € [0, T]:

» T p/2
+ E7 (/ eus|Z§|2ds)
t
P T P
+(/ e““‘|<I>(s,O)|dQS) < C,b?,
t

and (5.65) with (Y, Z) replaced by (Y¢, Z¢).
By Corollary 6.81, for p = 1, we have P-a.s., forall t € [0, T]:

E”* sup ‘eﬁf Ye
s€[t,T]

(5.71)

<C,E* |:‘ef”n

Y| < el |¥f| <ET |efiry

T
+1Eff/ e’ |® (5,0)|dQ, <b.  (5.72)
t
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Now from (5.69) we deduce

|Fe (rY7) + o Y| < | Fe (r X)X
< @ (1) + 21| b
<c +2ch.

Step 4. (Y?,Z?) is a Cauchy sequence in Sy, [0, T] x A?

mxi (0.T7), g > 0.
Let0 < ¢,§ < 1. We have

T T
vi-v) = [ akt - [z~ 20 am.
t t

where

K = /Ot (Fo(s, Y) + p, Y — Fy(s,Y)) — u, YY) dO,.
Note that
(Y7 -y} dKke’)
= (Y = Y] Fu(s.Y0) = Fy(s, YD) dQ, + i ¥ = ¥E| do,
< (e + 8) [Fu(s, Y7), F3(s, YO))dQ, + s |YF — Y}| do,
< (e +8) c2dQ, + ¢ |[vF — YI[* do,.
Since 0 < Q, < c and for every g > 1

E sup e
t€l0,T]

e 5|4
YP=Y)|" < o0,

we infer from Proposition 5.2 with D = N = 0, A = 0, that for ¢ > 2,
T 5 q/2
E sup |¥)—Y}| —i—E(/ |zt - Z}| ds) <C(e+8)"7.
s€[0.T] 0
For 0 < ¢ < 2 we have

T 5 q/2
E sup |¥)—Y}| +E(/ |zt - Z}| ds)
s€[0,T] 0

q+2 q/(q+2)

s q/(q+2) T , >
<(E sup |ve-vi*" + E(/ |12;-Z]] dS)
s€[0,T] 0

<C'(e+8)77.
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Hence there exists (¥, Z) € (.o Sm [0, T] x A}, (0,T) such that

T q/2
E sup |Yf—YS|q+IE(/ |Z§—Zs|zds) < C g2,
s€[0.T] 0

Note that

FE (r’ Yre) +/’L"Yr€

O (r,YS +eF (rY)) —em Fe (r. YY)
and }Fa (r, Yf)} +|uYF < C.

Passing to the limit as ¢ — 04 in the approximating equation (5.70), we infer,
by Lebesgue’s dominated convergence theorem, that (Y, Z) is a solution of the

BSDE (5.60). Moreover passing to the limit on a subsequence, by Fatou’s Lemma
we clearly infer that (Y, Z) satisfies (5.65), (5.64) and

i » T p/2
(j) E sup ’e"st‘ +E (/ e#s|zs|2ds) < Qb if p > 1,
s€[0,T] 0 (5.73)
G Y| < ‘eﬁfY,‘ <b, foralls €[0,T], P-as.,
since the same inequalities hold for (Y ¢, Z?).

(II-b) Existence under the assumption (5.67), but without (5.68).
Let

7, =inf{t €[0,T]: O, >n} and Qf = Qirs,.

Letl = QO + | + || + q>§(t) and i, = f()t wdo.
Since

(u -0, ®(r,u) 1y — P (r,v) 1§r<,,) < prlycp lu— v|2

< ju—vp?
by the step (/I-a) the BSDE

T T
Y' =+ / ® (r,Y") 1, ,dQ, — / Z"dB,
t t
T T
=n+ / (o} (r, an) 1;}_<ndQ': —/ Z;.ldBr, t e [0, T]
t t

has a unique solution (Y",Z") € ﬂq>0 s? [0,T] x Afnxk (0, T). The solution

(Y™, Z") satisfies (5.65), (5.64) and (5.73) with (Y, Z) replaced by (Y", Z"). Note
that from (5.73) written for (Y, Z") we have for p > 1,
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E sup )eﬁs (Y =y " < 0.

s€[0,T]

Since
(V7774 [0 (V) Ly — @ (0 ) 1y s ] )
< (Y =Y* 0 (1,Y)") (L en—Tg <ni ) dQs+ 1t L, ni |Y) = Y4 dQ,
< |V =Y 15,9 (1) dQ, + ui” |Y" = ¥/ *'| dO,,
we conclude by Corollary 6.81, that for g = pif p > land g € (0,1)if p = 1

there exists a constant C;; such that P-a.s.,

E sup it
s€[0,T]

) T . q/2
st _ st+l |‘1 +E (/(; P Z;l _ Z;‘l+l} ds)

q

T q T
§Cq[(IE / R P (s)dQS) 1,0 +E ( / 1,5, (s)dQs) 1]
0 0

Taking into account (5.63) we deduce that there exists a pair (Y,Z) €
S ([0, T] ;ef‘) x A L (0, T;eﬁ) such that as n — oo

T q/2
lim E sup e/ |Y! —Y|"+E (/ e | Zm — ZS|2ds) =0.
0

=00 el0,7T]

Now using Lemma 5.16 we infer that (Y, Z) is a solution of the BSDE (5.76). We
deduce by Fatou’s Lemma from the inequalities (5.65), (5.64) and (5.73) written for
(Y, Z") that the same inequalities hold for the limit (Y, Z).

(II-c) Existence without the two assumptions (5.67) and (5.68).
Let

def

ﬂ,=Qf+/0 IMsldQer/O 1@ (5.0)|dQ, .

Define, for n € N*,

M =7 1[0,11] (ﬁT + |77|) s
Q, (1,y) =P, y) = P(,0) Ly oo (Br + [P (2,0)]).

The condition (5.67) is satisfied:

T
il + 12, 0.0 + 77 on, | 4 [ e o, s.0) g,
t

<b,=n+n+eée'n+e'nT
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and consequently by part (II-b) of this proof there exists a unique pair (Y", Z") €
Sk ([O, T] ;e’i) x A? (O, T: eﬁ) such that

mxk

T T
Y =n, +[ ®, (s, st) do, —[ ZldBs, t €10,T], a.s. (5.74)
t t
and the inequalities (5.65), (5.64) for (Y", Z") in the place of (¥, Z) hold. Since
<st - st—H’ qD” (S’ st) dQs - CD’H‘i (S’ st""i) dQS)
< |st N st+i| |q) (s, O)| l[n,oo[ (,Bv + |(D (S,0)|)dQS + g |le1 _ Y;1+i |2dQS

we deduce from Corollary 6.81 that in the case p > 1 we have

E sup e’/
s€[0,T]

- r/2
zZr =z ds)

T
st _ YSn—H |P +E (/0‘ €2MS

B T _ V4
< CE (e |y — util”) + CHE (/ e’ 1g 4 10(0)zn [P (5,0)] dQs)
0

and in the case p = 1

sup (E e/'_‘.&' |YSVI _ YSVI-H' Dq + E sup eqﬁx
s€[0,T] s€[0,T]

T 1 q/?
+E (/ e |zl -z ds)
0

_ q T _
S Cq (Ee#T |}7” p— nn+i|) + Cq (E/O eM»YlﬂS_HcD(S.O)lzn |q> (S,O)| dQS)

n n+i |4
Y- Y,

q

forall0 < g < 1. i i
Hence for every p > 1 there exists (¥, Z) € S ([0 T] ;e“) X A:ixk (0, T;e“)
(withg = pif p > 1,and 0 < g < 1 if p = 1) such that

T q/2
lim E sup e/ |Y - Y|” +E (/ e |zt — Zs|2ds) =0.
0

=00 sel0,7]

Using Fatou’s Lemma, the inequalities (5.65) and (5.64) follow from the same
inequalities written for (Y, Z"). By Lemma 5.16 we infer that (Y, Z) is a solution
of the BSDE (5.60). [ ]

Corollary 5.26. Let p > 1. Ifin Proposition 5.24 we replace the assumption (5.63)
by
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T p
E e? T |n|? + E (/ sup }e’_‘scb(s,e_’_‘sy)—usy|dQs) <00, Vp >0,
0

lyl=<p
(5.75)
then the same conclusions follow.

Proof. We remark that (Y, Z) solves the BSDE (5.60) if and only if (Y., Z,) :=
(et Y;, e Z,) is solution of the BSDE

T T
Y, =7 +/ d (s, Y,) dO, —/ Z.dBs, t€[0,T], a.s.
t

t
with

i =elry,
D(t,y) = —y + et D(t, e M y).

Note that 7 and ® satisfy the same assumptions (5.61-BSDE-MHO04) as 1 and ©,
respectively, but with (5.62) replaced by

(y =y @@ y)— @t y)) <0, P-as.
and consequently the corresponding i and /i for ® are equal to 0. Therefore the
condition (5.63) for (i, ®) means precisely (5.75). ]
5.3.4.2 The Second BSDE: Monotone Coefficient F (¢,Y;, Z,) dt

In this subsection we study the BSDE

T T
Y, = n+/ F(s,YS,ZS)ds—/ Z.dB,, a.s., t €[0,T]. (5.76)
t t

We shall assume:

(BSDE-MH;) : (5.77)

¢ 1n:Q — R"is an Fr-measurable random vector;

& the function F (-,-,y,z) : Q x [0, T] = R™ is P-measurable for every (y,7) €
R™ x R'"Xk;

& there exist some deterministic functions p € L' (0, T;R) and
£ e L?(0, T;R) such that
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(I) forall y,y’ e R", 7,7 e R"™k dP® dt-a.e.:
Continuity:
(Cy) y — F (t,y,2) : R" — R" is continuous;
Monotonicity condition:
(My) (' =y F(t.y". ) = F(t.y.9) < p @Y =3P (50
Lipschitz condition:
(L) [F(t.y.2) = F(t.y.9)| =€) 2 —z|;
(II) Boundedness condition:

T
(BF)/ F/f(t)dt<oo, a.s., Vp=>0,
0

where
Fi(t) = sup{|F(t,,0)| : |y| < p}.

Theorem 5.27. Let p > 1 and the assumptions (5.77-BSDE-MH ¢ ) be satisfied. If

forall p > 0:
T p
E n” +E (/ Fj‘(t)dt) < 00,
0

then the BSDE (5.76):
T T
Y :n—f—/ F(s,YS,ZS)ds—/ ZdBg, a.s.
t t

has a unique solution (Y, Z) € S} [0, T] XAII;Xk (0, T'). Moreover, uniqueness holds
in S} [0, T] x A?nxk (0,T), where

sy, 11 sz .71

p>1

Proof. The uniqueness is proved in Corollary 5.13. Let us prove existence.

We use again a contraction argument, which is slightly different from that in the
proof of Theorem 5.17.

Note that a solution of the Eq.(5.76) is a fixed point of the mapping I' :
Sml0.T]x AP , (0,T) = Sh[0.T] x A? _, (0,T) defined by

Y,2)=T(X,U),

where

T T
Yi=n +/ F(r, Yr,Ur)dr—/ Z,dB,, a.s. t €[0,T].
t t
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By Proposition 5.24 and Remark 5.25, with ® (w,?,y) = F (w,t,y, U, (w)), the
mapping I is well defined since for all p > 0

T p
E(/O cb*;(z)dt)
T T
E F (¢, v,0)|d L) |U|d
< (/0 @Tlfp,,' (,y,0)] t+/0 () |Ui] t)

T P T p/2 T p/2
<27 'E (/ Fj(z)dz) + 277! (/ Zz(t)dt) ]E(/ |U,|2dz)
0 0 0

< Q.

p

T
LetM eN*and0=Ty < Ty <---< Ty =T, withT; = lﬁ Since the function
t

t —> [ £>(r)dr:[0,T] — Ry is uniformly continuous, we see that
0

U

S
a(%)éf supT/t‘KZ(r)dr—>0, as M — oo.

O<s—t<37

First, we show that the Eq. (5.76) has a unique solution on [T);—_1, T'] in the Banach
space Sy [Ty—1, T] x Af;xk (Ty—1,T).
Let

i) = fo () dr.

To this end it is sufficient to prove that I' is a strict contraction on the space
ShTy-1,T] x Aﬁqu (Tr—1, T) with respect to the (equivalent) norm [|(Y, Z)||,,

T p/2
WL L E | sup ey, +(/ e2”<”|zr|2dr) ,
r€[Ty—1,T] Ty—1

for M large enough.
Let (X,U). (X", U') € Sh[0.T]x A? , (0,T). Then

T T
Y, —Y,’ =/ dK, —/ (Z, —Z;)dB,., teTy-1,T],
t t
where

t
K, :/ [F (r.Y..U)— F (r.Y].U)]dr.
0
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Since

(Y, =Y/, dK,) < (Y, =Y/, F (r.Y/,U;) = F (. Y., U))dr + . (r) |Y, = Y/*dr

s Ly My

<t U, =U/||Y, =Y/|dr + |Y, =Y/ dja (r)

and

E | sup ePA") |Y, — Yr’\p < 00,
relo,7]

we have, by Proposition 5.2 with [¢, T] replaced by [Ty—;,T]and D = R = 0,
A =0,

T p/2
E ( sup ep/;-(r) |Yr _ Yr/|p) +E (/ ezl_l(r) |Zl _ Z;|2dr)
r€[Ty—1.T] Tv—1
T ~ P
<C,E (/ e (r) U, — U dr)
Ty—1

T r/2 T } 5 r/2
<C, ( / 2 (r) dr) E ( / 0 U, - U dr)
Tym—1 Tym—1

Cple G lx.0) = (x".U)I5-

Let My € N* be such that

Cp I:Ol (Mlo):lp/z = Zip

IA

Then

1

IF vy = 1 (0, < 2 vy = (20,

Hence the Eq.(5.76) has a unique solution in the space Sh [Tary—1,T]
X Af; <k (Isgp—1,T). The next step is to solve the equation on the interval
[Tmy—2, Tmy—1] with the final value Y (7Ty,—1). Repeating the same arguments,

the proof is completed in M steps. ]

Corollary 5.28. Consider the BSDE: ¥Vt € [0,T], P-a.s.
T T
Yo =n+8r-5 +/ F (s, Y, Zy)ds —/ ZdB;. (5.79)
t t

Ifp>1 8 € Sk [0,T], n € L?(Q,Fr,P;R™), F satisfies the assumptions
(MHp), and for all p > 0



402 5 Backward Stochastic Differential Equations
T p
E / sup |F(t,y — S;,0)|dt ] <oo
0 lyl=p

then the Eq. (5.79) has a unique solution (Y, Z) € S} [0,T] x Aflxk (0, 7).

Proof. By the substitutions Y, = Y, + S, n = n+ Sr and ﬁ’(l,y,z) =
F (t,y — S;,z) the Eq. (5.34) is transformed into

T T
Y, = ﬁ+/ F(s,YS,ZS)ds—/ Z.dB,,
t t

which satisfies the assumptions of Theorem 5.27. ||

5.3.4.3 The Third BSDE: Monotone Coefficient ® (s, Y;, Z;) dQ,

We now generalize Theorem 5.27 to the case of the general BSDE (5.12) which we
recall here:

T T
Y, = n+/ ® (s, Yy, Zy) dO, —/ Z,dBs, 1 €[0,T], a.s. (5.80)
t t

The assumptions will be those from the beginning of Sect. 5.3.1.
Let p,a > landn, =1 A (p — 1). Define

~ t t a t
He = / HusdQg and V, = Vt(a.p) - / wsdQs + 2_/ (&)2 ds.
0 0 npJo

We say that Y € Spy ([0, T];e”) if Y € S}, [0, T] and

E sup e’ |Y,|P < co.
s€[0,T]

p
In the same manner Z € A, .

T p/2
E (/ e |Z‘Y|2ds) < 0.
0

We first prove the following:

Lemma 5.29. Let p>1 and the assumptions (5.13-BSDE-Hg) (i.e. (5.14)
and (5.15)) from Sect. 5.3.1 be satisfied. Moreover assume

(0.T:e")if Z € A?

mxk

(0,T) and

(i) € e L*(0,T) is a positive deterministic process,

(i) E [eFry|” (/T i )" (5.81)
" +E (| e |®(s.0,0)]dQ; ) < oo
0
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If in addition

T
(h) E ( sup ieﬁr(p (s,e_’_"y,o) — u,y| th)p < 0o, forall p > 0, or
0 |yl=p

T
(hy) w>0andE (/ e’ sup |<I>(t,y,0)|dQS)p < oo, forall p > 0,
0

lyl<p
then the BSDE (5.80) has a unique solution

(Y.Z) e SE([0.T]:e™) x AZ (0, T;e™).

Proof. Uniqueness follows from Theorem 5.10. To prove the existence we shall
use the Banach fixed point theorem. Let T : S, ([0, T]:e”) x AP, (0, T:e?) —
Sm([0.T]:e”) x A? ., (0,T;e") be defined by (Y, Z) = T' (X, U), where

mxk

T T
Yi=n+ / d (s, Y, Us) dO, —/ Z,dB;. (5.82)
t t

(A) T is well defined. )
Let (X,U) € Sy ([0, T];e™)xA?

P & (0, T;e"). The function @ (w,1,y) =
® (w,t,y,U, (w)) is monotone

(y =y @y U) =@ (rny U)) < |y =],

Under (/1) the assumptions of Corollary 5.26 are satisfied, because we have

, ] ] p
E (/ sup ]e"’@(l,e“’y, U;) —Mty|sz)
0

lyl=<p

p

T ) ) T
<E (/ sup |e’“<I>(t,e“fy,0)—/L,y|dQ, +/ e’“ﬁ(t)|Ut|dt)
0 |yl=p 0

and

T p
E (/ et |U,|€(t)dt)
0
T r/2 T r/2
< (/ Kz(t)dt) E ([ e2“’|U,|2dt)
0 0

< 0.

Under (/,) the assumptions of Proposition 5.24 are satisfied because for u > 0
t

13
we have i, = / utds = [ Wsds = fi; and
0 0
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; P
E (/ e sup CI)(t,y,Uz)sz)
0 [yl=p
P

T T
<E (/ el sup (1, y,0)dQ, +/ e”’ﬁ(l)|Ul|dt> < 0.
0 0

lyl<p

(B) T is a strict contraction. Let M € N* and 0=Ty < Ty < --- < Ty =T, with
i T
T, = lﬁ To prove the existence on [Ty;—1, T'] of the solution it is sufficient

to prove that I' is a strict contraction on the space Sy ([Tay—1,7T];e) x
Amxk (TM 1, T; e“) with respect to the norm ||(Y, Z)||,,

T /2
I, 205 % ' sup e |Y, [P +(/ ez”’lzrfdr) ,
r&[Ty—1.T] Tyv—1

for M large enough. The proof continues exactly as in Theorem 5.27.
Iteratively the existence follows on every interval [T;_y, T;], fori = M, M —1,
., 2, 1, and finally we get the existence on [0, T]. |

Theorem 5.30. Let the assumptions (5.13-BSDE-H ) (i.e. (5.14) and (5.15)) from
Sect. 5.3.1 be satisfied. Let p,a > 1 be fixed, n, = 1A (p—1)

t def ) ! a [°
e = / wdQ, and V; Ly = / MsdQﬁz_/ (6" ds.
0 0 npJo

Assume there exists a § > # such that for ¢ = p”st,

T P

(i) Ee’'1|n’ +E (/ eV |<I>(s,0,0)|dQs) < 00,
0
32

i) E ( / («) ds) < oo, (5.83)
(iii) Eexp[% (L / (45)* ds] < oc.
If in addition
T _ _ p
(h) E (/ sup |e1 @ (s, ey, 0) — i y| dQ,) < o0, forall p > 0, or
0 |yl
= _ ;
(hy) w=>0andE (/ e sup |d>(t,y,0)|dQs) < o0, forall p > 0,
0 lyl<p

then the BSDE (5.80) has a unique solution (Y, Z) € S? ([0, T])x/\mxk 0,7)
such that
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T p/2

E sup e’ |Y,|” + R (/ eV |Zs|2ds) < 00.

0

t€l0,T]

Moreover, forallt € [0, T]:

T p/2
EF: sup e?"s |Y,|? 4+ EF (/ e |ZS|2ds)
t

s>t

. (5.84)
P
<c, Ef'[el’VTMV’—i-(/ "1 (5.0.0)|dQ, ]
t

Proof. Uniqueness follows from Theorem 5.10.
Existence. By Lemma 5.29 we infer that the approximating BSDE

T T
Y!=n+ / d (s, Y, Z{1 (Zs)) oy —/ Z7dB; (5.85)
t t

has a unique solution (Y", Z") € Sp ([0.T]:e”) x AL, (0,T;e™).
Let £ = €10, ({s) and

e ! a
v ‘g/ (,uSdQ.Y + — (Zf)zds) .
0 2I’lp
We have foralln,i € N
A<V <V <+ (i) T
2n,

Therefore

1/2
n—+i _
E sup e”" |Y)P < Cp; (IE sup e*PH |Yt"|2p) < 00.
1€[0.T] 1€[0.7]

Since
(Y. @ (.Y, Z/ 1, (L)) dO,)
< |Y/||® (1,0,0)|dQ, + |Y" 2dV" + Z—” 2" dt
a

. n
< |Y"||®(¢,0,0)|dQ, + |Y"[PaV"F + ﬁ |Z"* dt
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we obtain, by Proposition 5.2-A, that

i T " p/2
n-—i n-Ti
EF sup ePVs |YY”|”+]Ef’ (/ e2Vs |Z§’|2d_v)

t

S€[t,T]

n—+i T n—+i p
<G, ]Efr|:ePVT+ Inl? + (/ et |<I>(s,0,0)|de) ]
t

By Beppo Levi’s monotone convergence Theorem 1.9 it follows for i — oo that for
allt € [0,T],

T r/2
E7" supe?s |Y")P + B ( / e |Zg|2ds)
1

szt T (5.86)
p
< C, EF [e”vT | + (/ e 19 (5,0,0)| d0,) }
t
Consequently by (5.83-i) for all n € N*,
T r/2
E sup e’ |Y"|? +E (/ e |Zg|2ds) <C < .

5€[0,T] 0

Letd > l,q = plfs*”q = 1/\(q —1)andn, X 1A (p — 1) satisfy (5.83-i, iii).

Clearly 1 <g < pand0 < ny <n,.If we define

Alzg(———)/(ﬁ)ds and
Vo = (o, + 2 0.y ds| = v + A
t = A Hsadls 2n, s)as| =V t

we have, for all n € N*,

T (a.q) a/2
E sup qu\ |Y”|" +E (/ e |z;1|2ds)
s€[0,T] 0

T q/2
<E|e?% sup e |y +E[quT (/ e |Z;’|2ds) ]
5€[0,7] 0
7 T p/2
(EeMT) [ E sup e?" |Y” +|E (/ eV |Z;’|2ds) ]
s€[0,7] 0

<C < o0.

=
ol
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Hence for all n,i € N*

E sup qu‘(M) Y=y < oo,
s€[0,T]

Since
(Y'Y @ (s, Y] Z0 o () — D (s, Y Z0 g 41 (£5))) dO,
= |st - YS'H_[ ’2 MsdQg + |st - st+[ ’ £ |Z;11[(),n] (£s) — Zg+i1[0,n+i] (es)| ds
= ‘Y,yn - Y.gn+i | Zs |Z;l| |1[0.n] (es) - 1[0.n+i] (Zs)| ds

n n+i|2 a n n+i |2
+ Y =y (usdQs—l—EE?ds) +ﬁ\z;’—zs+l\ ds,

by Proposition 5.2-A, we infer that

V(a,q) g T 2‘/(“-‘/) 12 92
E( sup e Y=Y | +E / eV |z =z ds
s€[0,7] 0

T (a.q) !

=< Cq E ([ 1(1.00) (&) e” Ly |Z;1|ds)
0

s

T q/2 T (@q) q/2
sch[( [ Etom@as) ([ & izipa) ]
0 0
T 5/27 758 T p/27] v
2 2w D 2
<, |E ([ 21 &) ds E([ &% 272 as
0 0

— 0,
asn — oo.
We deduce that there exists a pair (Y, Z) € Sy [0, T]x AY _, (0, T) such that for
8
q="15

. p @) T Hylaa) 5 a/2
lim E [supe?™ |Y!—Y|!|+E e | Z = Z,|" ds = 0.
n—00 50 0

Now the inequality (5.84) clearly follows from (5.86) by Fatou’s Lemma.
Finally passing to the limit in (5.85) we deduce via Lemma 5.16 that (Y, Z) is a
solution of BSDE (5.80). |
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5.3.5 Linear BSDEs

Let m = 1 and consider the BSDE

T T
Y,=n+ / [(asYs + by) dQ, + {cy, Z) ds] —f (Z,dBy) , (5.87)
t t

where

e 7 1is an Fr-measurable random variable;

* (Qisa’P-m..c.s.p. such that Q¢ = 0;

o (a1);>0> (b1);>0 are R-valued P-m.s.p. and (¢, ), is an RF-valued P-m.s.p.;
« for some p > 1 and for all A > 0, -

() IE3[(1T+ nl”) exp (AV7)] < oo,

5.88
G B[ lewarade)” <. (58

where

t 1 t )
V; 2/ las| dQ, + —f lcs|” ds.
0 npJo

By Theorem 5.21 the BSDE (5.87) has a unique solution satisfying

T r/2
E sup |¢"Y,|" +E ([ e2V3|ZS|2ds)
s€[0,T] 0

T
scplE[!eVTn\”+(/ e |bs|de)"].
0

t 1 t
I =exp |:/ (a,dQ, -~ e ? dr) + / (c,-,dB,)} .
0 2 0

drz == Fta,th + F, (Ct,dBt) N

Let

Then

ar;' =1 (_afth + |ct|2dt) — I {er. dBy) .

Since for all § > 0, E [exp (6A71)] < oo we have E sup |FS|8 < oo forall § > 0.
s€[0,T]
Consequently there exists 1 < g < p such that
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q

E < o0. (5.89)

T
FT”/"’/ F:b:dQs
0

By the representation Theorem 2.42 there exists a unique stochastic process R €
A’ka (0, T') such that

T T T
Tro+ / I\byd0, =E(Frn+ / rsbsde) + / (R, dB,) .
0 0 0

Proposition 5.31. Let the assumption (5.88) be satisfied. Then the solution of the
BSDE (5.87) is given by

T
— 1Tl wF
(@ Y, =T7"E |:FT77+/Z FsbsdQs]v (5.90)
(b) ZfZFZ_IRt_CIY[.

Proof. 1t is sufficient to verify that (Y, Z) given by (5.90) is a solution of (5.87). We
have

T
Y, =TI EX [Fm + / Fsbsde}
t

t
= [E(FTnJr/ rbdQ)+/ (R, dBy) /FsbsdQs}
0 0
¢ t
w7 e [[raaa) [ i o),
0 0

Consequently, from Itd’s formula,

4y, = [r;l (—a, do, + |c,|2dz) - (ct,dB,)] Iy,

+ 7 (Y e, + Ty Z,,dB,) — Tib, dQ) — T (e e, T Y, + T2 Z,) dt
== [_a[}][ th _bl th — <C[, Z[) dt] + (Z[,dB[) .

Since, moreover, Y7 = 7, we conclude that (Y, Z) is a solution of the BSDE
(5.87). [ |

5.3.6 Comparison Results

In this section we again restrict ourselves to the case m = 1.
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5.3.6.1 Lipschitz Case

Let (Y, Z) € S°[0,T] x A (0, T) be a solution of the BSDE

T T
Y, = 77+/ D (s,Ys, Zy) dQ, —/ (Zs, dBy) (5.91)
t t

and (Y, Z) € S°[0,T] x A? (0, T) a solution of the BSDE
~ T ~ ~ ~ T ~
Y, = ﬁ+/ D (5. Yy, Zy) dQ —/ (Z,.dB,). (5.92)
t t

Assume that the functions ®, d:Qx [0,00[ X R x R¥ — R are (P,R X Rk)-

Carathéodory functions (P-m.s.p. with respect to (w, ¢) and continuous with respect
to (x,z) € R x R¥) such that

T T
/ | (s, YS,ZS)|dQS+/ |® (s.Y;, Z,)| dQ, < oo, as. (5.93)
0 0

We give a comparison result in the case when one of the two functions ® and P
satisfies some Lipschitz conditions.

Let p > 1. Without loss of generality we assume that ® satisfies the assumptions
of Theorem 5.21. Then the Eq. (5.91) has a unique solution (Y, Z) satisfying

T p/2
E sup |¢"Y,|" +E (/ e2V5|ZS|2ds)
s€[0,7] 0

T p
gcpE[erTnV’Jr (/ er|<I>(s,0,0)|dQs) }
0

Proposition 5.32. Let p > 1 and the assumptions of Theorem 5.21 be satisfied.
Assume that (Y, Z) is a solution of the BSDE (5.92) and for all § > 0,

T
B (In— ilexp@Vr) + [ |07 20 - 8. 7. 20 [ exp 6 d0,)” < o0,
0

If

(i) n=1mn, P-as and
(i) ®. Y, Z)=®1.Y,,Z), dPQdQ,-a.e. on 2 x R.

(a) ThenP-as.w € Q, Y, (w) > Y, (»), forall t € [0, T).
(b) If moreover there exists a ty € [0, T [ such that P-a.s.
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T
(-7 + / [0(s. T, Z,) — B(s. . Z0)] dQ, > 0

to

then Y;, > Ym P-a.s. In particular if n > 7, P-a.s., then Y, (0) > Y, (»), for
allt €0, T], P-a.s. w € Q.

Proof. Observe that Y; — f’, can be written in the form

T
Yt - Yt = (77 - ;}) + / {[as (Ys - Ys) + bs] dQA + (cs» Zs - Zs>ds}
! T
_/ (Zs - Zs) dBS7

where

1 ~ -
~ q)s»Ys,Zs _®s7YS72X ) ifo_Ys 0»
4 = xy—n[( ) — &( )] #

0, ifY,—Y, =0,
by = ®(s, Yy, Zy) — ®(s, Yy, Z,), and

Z,—7 . .- .
| 5[0, Y, Z) - OG5, Y, Zy)], ifa (Z - Z;) #0,
¢ =\ a5 |Zs — Z|

0, ifo (Z, — Z5) =0,
(recall that « is a P-m.s.p. such that o, dQ; = ds).

From |ag| < Ly, |cg| < £y, the assumption of the Proposition, and the argument
of the preceding section, we deduce that

T p/2
sup [|Yx—)73|pexp(81/x)]+E (/ |Zs—Zs|zexp(8Vs)ds) < 00,
5€[0.T] 0

for all § > 0. Hence by Proposition 5.31

T
Yt_YtzI‘t_lE]:r[FT(n_ﬁ)—i_/ FsbsdQsi|7
t

which clearly yields the conclusions of Proposition 5.32. |

5.3.6.2 Monotone Case

We now give a comparison result for the solutions of the Egs.(5.91) and (5.92)
in the case when one of the two functions ® and @ satisfies a monotonicity
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condition. To be precise we assume without loss of generality that @ satisfies the
assumptions (5.13-BSDE-Hg). Let

V, = / (ufdQ, + i(&)zdr).
0

2n,
Then fora,p > landn, = (p—1) A1,
(7, —Y,) [@(n Y. 2,) - @ (r.Y,. Z,)] dO,
~ 2 ~ ~
=< |:/L;’_ ((Yr - Yr)+) + grar (Yr - Yr)+ |Zr - Zr|i| er
~ 2 ~
<[ =0 ] v+ 321512 - 2] ar
Proposition 5.33. Let the assumptions (5.13-BSDE-Hg) be satisfied. Let (Y, Z)
€ 8°00, T] x A{ (0, T) be a solution of (5.91) and (Y, Z) € S°[0, T] x A (0, T)
be a solution of (5.92), such that (5.93) and the condition
E “(f’ - Y)—‘_eVH[7 < 00
T
are satisfied. Assume that P-a.s.:

@ nz, )
(i) ®(1,y,2) > ®(t, y.2), forall (t,y,2) € [0,T] x R x R¥.

Then P-a.s., Y; (w) = Y, (w), forallt € [0, T].

Proof. Recall from Proposition 2.33 that if

Xm = dK[ + (Gt»dB[) ’

then
dX" =0(X,)dK, + 0 (X,) (G,,dB,) + dP;,
where
0, ifx <0,
0(x) =13 ifx=0,
1, ifx >0,

and {P, : t > 0}, Py = 0, is an increasing continuous stochastic process defined
by (2.33).
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We have

d(Y,—-Y)=—[®(1.Y,.Z,) - @(t. Y. Z)]dQ, + (Z, — Z,.dB,),

and therefore

T T

(Y~vt_Yt)+:(ﬁ_n)++/ dKr_/ Q(Yr_Yr)(Zr_erdBr),
t t

with

dk, =0 (Y, - Y,) [(® (. Y,. Z,) = ® (. Y,, Z,)) dQ,] — dP,,

and (see (2.33))

1 Y=Y 2
Pi=1lim — | p ‘ZS—ZS’ ds.
=04 2¢ Jo £

Since fora, p > landn, = (p — 1) A 1,
~ + ~ + ~ ~
(YI - Yr) dKr = (Yr - Y;) [CD (r, Yr» Zr) - @ (r’ Yrv ZI)] er
~ 2 ~ ~
<[ =0) ] v, + 520 (5 - v) |2, - 2 ar,
a
we obtain, by the inequality (6.107) from Proposition 6.80, that forall0 <¢ < T
~ P
e’ [(Y, — Y,)+] < EFiel"r [(F) — 17)4']]7 =0, DP-as.
Consequently forall0 <t < T
Y, > 17,, P-a.s.
]
We now give a strict comparison result in the case of monotone coefficients.
Namely, we consider a solution (Y, Z) € S°[0, 7] x A (0, T') of the BSDE
T T
Y =1 —1—/ D (s, Y, Zs)dQ, —/ (Zs,dBs), a.s., t€[0,T], (594)
t t

and a solution (¥, Z) € S°[0, T] x A{ (0, T') of the BSDE

T T
Y, =i+ / ® (s, Yy, Z,) dQ, — / (Z;.dBy), (5.95)
t t
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where ®, ® : Q x [0, T] x R x R¥ — R satisfy:
(CR1)

o &(,1,y,2), ETD (.1, y.72) are F,-measurable for all (t, y,z) € [0, T] x R x R,
e d(w,+-,"),P(w,-,-,-) are continuous P-a.s. w € 2,
o & satisfies the assumption (5.13-BSDE-Hg).

We have

T T
Y, - Y, =(m—-17)+ / [b5dQ, + (c5, Zy — Z,)ds| — / (2, - Z,) dB,,
t t

with by, = ®(s, Yy, Z,) — D(s, Yy, Z,) and

Zs— 7, - , -
22 (@ (s, Y, Z) =D (s, Y, Zy)], ifa, (Z, — Z,) # 0,
Cs = O |Zs - ZS|2 [ (S s S) (S S S)] o ( S S) ?é

0, if o, (Z, — Z) = 0,

(recall that « is a P-m.s.p. such that a;dQ, = ds). Note that |c;| < £;.
Assume that
(CR2)

* nand 1 are Fr-measurable random variables;
e forsome p > 1 and forall § > 0,

T
G B[+ m-i)ew (5[ wrar)] <o
0
G B[ 106,720 -8 20w (s [ @7 ar)ag)] <o,

Then by Proposition 5.31, for all § > 0
/2

T . P
E sup [|Y.y — 1|7 e “’)2"’] +E (/ |Z, — Zs|2e"’)/0 “r)zd’ds) < o0,
s€[0,T] 0

and for any stopping times 0 <0 <o <T

Ty (Y6 - f@) =E% |:Fg (Ya - Ya) + [ Ty (Q(S7 Y, Z\) - (i)(S, Ys, Zs)) do, |,
0

(5.96)
where

t tl
I', = exp |:/ (c,,dB;) —/ - |cr|2dri| .
0 02
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Proposition 5.34. Let (Y, Z) € S°[0,T] x A (0, T) be a solution for (5.94) and
(17, Z) € S°[0,T] x A2 (0, T) be a solution for (5.95), such that

E “(Y —Y) exp (/Opde,)

Assume that the assumptions (CR1), (CR2) are satisfied and Z is a continuous
stochastic process.
Ifo<ty<T, AecF,and

p
< 0Q.
T

@ n=n P-as.,
(i) ®(t,y,2) > P, y,2), ¥V (1,y.2) €[0,T] x RxRF, P-as.,
(iii) q) ((U, tO’ Yt()7 Zt()) > @ (w9 tOv th()s Zt()) ) P'a's' w € As
(iv) Qn < Q;, forto<t<T, P-as.,
then

() Y, (@)=Y, (w), Vte[0,T], PaswecQ, and
() Yy (w)>Y, (), P-as oeA.

Proof. By Theorem 5.33 we have
P-as., Y;(w) > f’, (w), forallt e[0,T].
Assume that P ({Y;, = ¥,,} N A) > 0. Let the stopping time
T = inf {s € [to, T] :T [fb(s, Yy, Z,) — ®(s, Y5, ZY)]
1 ~ ~ -~
S zrto [d)(a), tO» )It()’ Zto) - (D(Q), th )It(y Zto)] }a

if the set under inf is non-empty and © = T if the set is empty. Clearly T > 7y a.s. on
{Y:, = Y4, }. Setting in (5.96) 6 = 1y and 0 = 7 we obtain

0> E%o (1{”0:;[0}M/ T, (s, Yy, Z) — O(s, Yy, Zy)) dQS)
]

1 ~ - -
= EI{Y,():Y,O}OAFH) [CIJ(a), fo, Yto* Zto) - CI)(Q), fo, Ylm Zto)] E]:’O (Qr - Qto)

>0, as.on{Y; = 1?,0} NnA,

which is a contradiction. Hence P ({Y;, = ¥;,} N A) = 0 and the conclusion (jj)
follows. u
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Unlike in the Lipschitz case n > 7 does not imply that ¥; > Y, forallt € [0, T],
as the following example will show. Let F (x) = F (x) = —+v/x ™.
Clearly

(Y,.z,)=(*,0), t>0,

is the unique solution of the BSDE

1 1
Yl=1+/ (—2 Yj)ds—/ Z,dBs;, te]0,1],
t t

and (Y;, Z;) = (0,0),¢ > 0, is the unique solution of

1 1
Y,=o+/ (—2 Y;r)ds—/stBs, refo1].
t t

Wehave Y = 1> 0= Y, but ¥y = ¥,.

5.4 Semilinear Parabolic PDEs

We need to put our BSDE into a Markovian framework: the final condition 1 and
the coefficient I of the BSDE will be functionals of B as “explicit” functions of the
solution of a forward SDE driven by {B;}.

Let f : [0, T] xR — R be continuous and globally monotone in x, uniformly
with respect to ¢, g : [0, 7] x RY — R?4*? be continuous and globally Lipschitz
in x uniformly with respect to ¢. Let {X s” ; t < s < T} denote the solution of the
SDE

s N
Xs”“" =X ~|—/ f(r, X dr+/ g(r,X!"")dB,, t <s <T, 5.97)
t t
and consider the backward SDE

T T
Y/N = k(X5 + / F(r, X' Y™, Z) dr — / ZYdB,. t <s<T. (598)
:

N

where k : R - R” and F : [0, T] x RY x R” x R"*¢ — R™ are continuous and
such that for some K, u, p > 0,

lk(x)| < K1 + [x]7),
sup |F(t,x,y,0)| < y(p, x),

lyl=p
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(y_y/, F(I,X,y,Z)—F(f’xay/’z))f#(t»x)|y—y/|2’
|F(I,X,y,Z)—F(I,X,y,Z/)| = E(t,x)||z—z’||,

where for each p > 0, there exists a K, > 0 such that y(p, x) < K,(1 + |x|”) and
one of the two following conditions hold:

© 1f( 0]+ gt x)] < K(1 + |x]) and [u(t, x)| + (2, x) < K;
o S|+ 0]+ £(t.x) < K(1+ |x]) and [g(7. x)| < K.

In the case m > 1 we reinforce one of the above conditions into

|F(t,x,y,2) = F(t,x,y",2)| < €(t, x)|y —»'].

This is necessary for our uniqueness proof of the viscosity solution of systems of
PDEs, see Theorem 6.106 in Annex D.

Finally the following additional assumption is needed again for the uniqueness
of viscosity solutions

|F(t,x,r,p)—F(t,y,r,p)| SmR(|x_y|(1 +|p|))’

for all x,y € R? such that [x| < R, |[y| < R, r € R", p € R?, where for each
R > 0,mg € C(Ry) is increasing and mg(0) = 0.

Remark 5.35. (i) Clearly, foreacht <s <T,Y' is Fl = g{B, — B;,t <r <
s} v N measurable, where \ is the class of the P-null sets of . Hence ¥;"* is
a.s. constant (i.e. deterministic).

X"
(i) It is not hard to see, using uniqueness for BSDEs, that Ytt _:h = Ytt_:_h itk
h>0.
We shall denote by

Z(gg Wit g Zf(z x)—

the infinitesimal generator of the Markov process {X/*; t <s < T}.

5.4.1 Parabolic Systems in the Whole Space

We first consider the following system of backward semilinear parabolic PDEs

o
S (1) + A (8. %) + Fi (1., u(t, %), (Vug) (1.3)) = 0,

(t,x) €[0,T] xR, 0<i <m;
u(T,x) = k(x), xeRY;

(5.99)



418 5 Backward Stochastic Differential Equations

where F € C([0, T] x R? x R” x R4 R™), and k € C(R?,R™) grows at most
polynomially at infinity.
We can first establish the following:

Theorem 5.36. Let u € CY2([0, T] x RY;R™) be a classical solution of (5.99).
Then for each (t,x) € [0, T] x RY, {(u(s, X'*), (Vug)(s, X¥));t <s < T} is the
solution of the BSDE (5.98). In particular, u(t, x) = Y,"*.

Proof. The result follows by applying It6’s formula to u(s, X*). |

We now want to connect (5.97)—(5.98) with (5.99) in the other direction, i.e.
prove that (5.97)—(5.98) provides a solution of (5.99). In order to avoid restrictive
assumptions on the coefficients in (5.97)-(5.98), we will consider (5.99) in the
viscosity sense. This imposes just one restriction. Indeed for the notion of viscosity
solution of the system of PDEs (5.99) to make sense, we need to make the following
restriction: for 0 < i < k, the i-th coordinate of F depends only on the i-th row of
the matrix z. Then the first line in (5.99) reads

%(I,x) + Au; (¢, x) + Fi(t, x,u(t,x),(Vu; g)(t, x)) =0,

which we rewrite in the form
Bu,- 2
—W(I,x) + ®; (¢, x,u(t,x), Du; (t,x), D7u; (t,x)) = 0,
where
®:Ry xRYxR" xR xS — R™

is defined by

1
cpi(tvx’r’pv X) = —ETI'[(gg*)(l,X)X] - (fvp) - Fi(t,x,r,pg(t,x)),

foralll <i <m, (t,x) €[0,T] xR, reR" peR? X S’
We add the following assumptions. For each p > 0, there exists a K, such that
for some p > 1,all (t,x) € [0,T] xR, p > 0,

sup |F(t,x,y,0)| < K,(1+ |x|?),
{Iy|<p}

and there exists a K > 0 such that for all (¢, x) € [0, T]xR?, y,y’ e R™, 7,7 € R¢,
|F(l,x,y,z)—F(l,x,y/,z)|+|F(l,x,y,z)—F(l,x,y,z’)| S K(|y—y/|+|z—z/|).

The definition of the viscosity solution of a system of elliptic PDEs is given in
Definition 6.94 in Annex D. The adaptation to systems of parabolic PDEs is obvious.
We now establish the main result of this section.
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Theorem 5.37. Under the above assumptions, u(t, x) & Y"* is a continuous
function of (t,x) and it is the unique viscosity solution of (5.99) which grows at
most polynomially at infinity.

Proof. Uniqueness follows from Theorem 6.106 in Annex D.

The continuity follows from the mean-square continuity of {Y/*, x € R4, 0 <
t <s < T}, which in turn follows from the continuity of X’ with respect to ¢, x
and Theorem 5.10. The polynomial growth follows from classical moment estimates
for X'*, the assumptions on the growth of f and g, and Proposition 5.7.

To prove that u is a viscosity sub-solution, take any 1 <i < k, ¢ € C'2([0, T] x
R?) and (¢, x) € [0,T) x R? such that u; — ¢ has a local maximum at (¢, x). We
assume without loss of generality that

u;(t,x) = o(t, x).
We suppose that
dg 2

and we will find a contradiction.
LetO <a <T —tbesuchthatforallt <s<t+oa,|y—x| <a,

ui(s,y) < ¢(s. ),
dg 2
—o; &)+ Qils. y.uls. ). Dos. ). D7¢(s. ) > 0,
and define
T=inf{s > 1; | X" —x| > a} A (t +@).
Let now
(Y5, Zs) = (Y3  Apqg()(Ze)), 1 <s <t +a.
It follows from the statement in Remark 5.35(ii) that
Y = ult +h X[

We hence have that (first approximating t by a sequence of stopping times taking at
most finitely many values)

Y2 =u(r, X).
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Consequently (Y, Z) solves the one-dimensional BSDE

Y =wi(t, X" + fSH_a Lo (r) Fi (r, X%, u(r, X!, Z,)dr
—[*Z,dB,, 1 <s <t +a.

On the other hand, from 1t6’s formula,
(Y5, Zs) = (9(5. X3 Lo () (V@) (s. X)) t s <t + e

solves the one-dimensional BSDE, for all s € [¢,¢ + «]

R t+a a(p t+a
fo= e X = [ 1000 GE + A0 e [ 2,am,.
N r N

From u; (7, X!**) < ¢(z,X*) and the choices of o and 7, we deduce from
Proposition 5.34 that Y, < Y;,i.e. ; (¢, x) < ¢(t, x), which contradicts our standing
assumption. |

Remark 5.38. Suppose that k = 1 and F has the special form:
F(t,x,r,2) = c(t,x)r + h(t, x).

In that case, the BSDE is linear:
T T
Y = k(X7 +/ [e(r, X[OYYY + h(r, X)) dr—/ Z"" dB,,

hence it has an explicit solution (see Proposition 5.31):

s

T
Y = (XiF)eh X dr 4 / h(r, X!™)el c@Xa™)de g,

A

T
— [ efsr c(oz,Xé‘x)thzi,x dB,.

A

Now Y,"* = E(Y,""), so that
T 1,x T X} 1,x
Ytt.x _F [K(X;V)ef, c(s, X5 ) ds + / h(S, Xé‘vc)ef, c(r. X! )drds:| i
t

which is the well-known Feynman—Kac formula.
Clearly, Theorem 5.37 can be considered as a nonlinear extension of the
Feynman—Kac formula.
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Remark 5.39. We have proved that a certain function of (¢, x), defined via the

solution of a probabilistic problem, is the solution of a system of backward parabolic

partial differential equations. Suppose that b, g and f* do not depend on ¢, and let
v(t,x) = u(T —1,x), (t,x) €[0,T] x R?,

Then v solves the system of forward parabolic PDEs:

v
a—li(t,x) — Avi(t, %) + F (x, v(t, ), (Vo 0) (6, %)), 1 <i <m,t > 0,x € RY:

v(0,x) = k(x), x € RY.
On the other hand, we have that
T—t,x v 1,X
v(t,x) =Y, =Y,

where {()7;”‘, ZA{“‘); 0 < 5 < t}, solves the BSDE
—_ [ —_ -
VI = k(X) + / F(XX, Y1, Z1)dr
N
t -
—/ ZYdB,,0 <s <t.
N

So we have a probabilistic representation for a system of forward parabolic PDEs,
which is valid on R4 x R¢.

5.4.2 Parabolic Dirichlet Problem

We now combine the situation of the preceding subsection with that of Sect. 3.8.3,
and we consider the following system of parabolic semilinear PDEs with Dirichlet
boundary condition

ou;
—a—”;(r,x) 4 ®;(t, x, u(t, x), Du; (¢, x), D2u; (¢, x)) = 0,

(t,x)e[0,T]xD, 0=<i<m; (5.100)
w(T,x) = k(x), xe€D;
u(t,x) = x(t,x), (t,x)el0,T]xaD;

where in addition to the situation in the previous subsection, we give ourselves a
function y € C([0,T] x dD). We assume that

x(T,x) =«k(x), Yx € dD.
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Now, together with the SDE (5.97), for each (¢, x) € [0, T] x D we consider the
BSDE, forall s € [t, T]

T T
Y = p(ua AT XSS ) + f Voo  F(r XI5, Y5, Z0% ) dr — / Z'"dB, .

(5.101)
Again It6’s formula allows us to establish the following:

Theorem 5.40. Suppose that the above conditions on the coefficients and the
domain D are satisfied. Let u € C'2([0,T] x D;R™) N C([0,T] x D;R™) be
a classical solution of (5.100). Then for each (t,x) € [0, T] x D,

(s AT, XIY,  Lgar, 3 (Vug) (s, X)), t <s < T}

SAT x

is the solution of the BSDE (5.101).

We now wish to prove that u(z, x) := Y,"* is a viscosity solution of (5.100). From
the discussion in Sect. 3.8.3, we deduce that the condition (3.111) is necessary for u
to be continuous.

We now prove the following:

Theorem 5.41. Under the above conditions, including those OL Theorem 5.37 and
(3.111), u(t,x) := Y/,"" is a continuous function from [0, T] x D into R™, and it is
the unique viscosity solution of (5.100).

Proof. Uniqueness follows from the arguments developed in Annex D. The conti-
nuity of u follows from Proposition 3.45 and the argument at the beginning of the
proof of Theorem 5.37.

Let us prove that u is a viscosity sub-solution. Let 1 <i <k, ¢ € Cl'z([O, T] x
R?) and (¢, x) € [0,T) x D be such that u; — ¢ has a local maximum at (¢, x),
and u; (¢, x) = ¢(t,x). If x € D, then the argument in the proof of Theorem 5.37
(with @ < d(x, dD)) establishes the required inequality. The same is true if (¢, x) €
[0, T] x dD\A (this time choosing & < d((¢,x),A)). Finally if (¢,x) € A, then
T,x =1, a.s., hence u(t, x) = x(t, x). The result follows. |

5.4.3 Parabolic Neumann Problem

We use again the notations from Sect.5.4.1, and we add a nonlinear Neumann
condition on the boundary of the bounded open connected subset D of R, whose
boundary 9D is assumed to be of class C2.

Let

G € C([0,T] x 0D x R™; R™)
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be such that for some p > 0,
G(t.x.y) — G(t.x.y)| < K|y = ¥'I. (5.102)

forall (¢,x) € [0,T] x oD, y,y’ € R™.
We now consider the following system of semilinear parabolic PDEs with
nonlinear Neumann boundary condition:

ou;
—a—ul(t,x) 4 ®;(t, x,ult, x), Du; (1, x), D?u; (1, x)) = 0,

(tvx)G[O,T]XD, Oflfm’
D .1
u(T,x) = k(x), x € D; (5.103)

o
al(r,x) —Gi(t,x,ut,x) =0, 1<i <m, (1,x)€[0,T] x aD.
n

Let X" be the process solution of the reflected stochastic differential equation,
foralls € [¢,T.,], P-a.s.

s

N h
X K = [ e+ [ g xids,,
R t t
X'+ e D, (5.104)
S
Kiv = / (X0 (X07) d $K'3, .
t

To each (¢, x) € [0, T] x D we associate the BSDE

T
Y=+ [ e Y 2z (5.105)

T T
+/ G(r. X, Y!)d TK™T, —/ ZdB,, t <s <T.

1t6’s formula again allows us to establish the following:

Theorem 5.42. Under the above assumptions on the coefficients and the domain D,
ifue CY2([0, T]x D;R™)NC*([0, T]x D;R™) is a classical solution of (5.103),
then for each (t,x) € [0, T] x RY, {(u(s, X'*), (Vug)(s, X!¥));t < s < T} is the
solution of the BSDE (5.104).

Inspired by [59] we now prove:

Theorem 5.43. Under the above conditions, including those of Theorem 5.37, if in
addition either G does not depend upon its third argument, or else the additional
assumptions from Proposition 5.83 below are satisfied, then u(t,x) = Y"" is a
continuous function from [0, T] x D into R™, and it is the unique viscosity solution
of (5.103).

Proof. Uniqueness follows from a combination of the arguments in the proofs of
Theorems 6.106 and 6.112. If G does not depend upon its third argument, then
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the continuity of u# follows from Corollary 4.56 combined with the argument at the
beginning of the proof of Theorem 5.37. In the other case, we refer to [46] for the
proof of the continuity of u. We now prove that u is a viscosity sub-solution. Let
1<i<k,¢eC"2(0,T] xR? and (¢t,x) € [0, T) x D be such that u; — ¢ has
a local maximum at (¢, x), and u; (¢, x) = (¢, x). The case where x € D is treated
as in the proof of Theorem 5.37. Suppose now that x € dD. As usual we argue by
contradiction. Suppose that for some o > 0, all (s, y) € B((t, x), &) N D satisfy

dg
_E(& y) + qu(S, y,M(S, y)» D¢(55 y)v Dz@(s’y)) > 07
d
a—w(s,y) —Gi(s,y,u(s,y)) >0, if y € aD.
n

The contradiction can now be established as in the proof of Theorem 5.37, making
use of the strict comparison result from Proposition 5.34. |

5.5 BSDEs with a Subdifferential Coefficient

5.5.1 Uniqueness

We extend the estimates and the uniqueness result in the case of the multivalued
BSDE

—dY, + dp (Y;) dt + 0y (Y;) dA;
>3 FtY,,Z)dt+G(t,Y;)dA, — Z,dB,, 0<t <T, (5.106)
Yr =n,

where again 7' > 0 is a fixed deterministic time and d¢ and 9y are subdifferential
operators attached to the convex lower semicontinuous functions ¢, ¢ : R” —
]—o0, +0o9].

Such multivalued backward stochastic differential equations are also called
backward stochastic variational inequalities (BSVI).

It is natural here to assume there exists a uyg € R” such that d¢ (up) # @ and

Y (uo) # 9.
If 0, (w) “y + A; (w) and {«; : t € [0, T} is a real positive P-m.s.p. (given by
the Radon-Nikodym representation theorem) such that 0 < o < 1 and

dt =0,dQ, and dA, = (1 —0o,)dQ,,
then the Eq. (5.106) becomes

—dY, + 0,V (t,Y,)dQ, > ®(t.Y,.Z,)dQ, — Z,dB,, 0 <1 <T,

(5.107)
Yr=n,
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where
® (.6, % a (@ F (1,52 + (-0 @)G (@),
V(.69 Lo @)+ 0 —a @)y ().

(we use the convention 0 - oo = 0 and write W for 9, ¥).
We also remark that if uy € Dom (d¢) () Dom (3v), itg1 € 9¢ (up) and &g, €
81& (u()), then

iy (@) = oy (W) itor + (1 — a; (@) g2 € 9,V (@, 1, u) .
We shall assume that the following assumptions hold:
(BSVI-H, o) : (5.108)

@) n: Q2 — R™ is an Fr-measurable random vector;

(i) QisaP-m.i.c.s.p. such that Qp = 0;
i) (w,t) — a; (w) : Q x [0, T] — [0, 1] is P-m.s.p. such that «,;dQ, = dt;
(v) @ :Qx[0, T]xR" xR™* — R™ satisfies the assumptions (5.13-BSDE-Hy);
V) U:Qx][0,T] x R" -] — 00, +<] satisfies

A V(- y)isP-msp. forall y e R™,
A y+— VY(w,t,y):R" ] — o0, +00] is a proper convex Ls.c. function,
A Fug € R™ and an R™-valued P-m.s.p. (it;),[o 71 Such that

(uo, i) € 0,V (w,t,-), dP®dt-ae. (w,t) e Q2x[0,T].

|

Definition 5.44. A pair (Y,Z) € S5 [0,T] x A°_, (0, T) of stochastic processes
is a solution of the backward stochastic variational inequality (5.107) if there exist
K € S,% [0,T], Ko = 0, such that

T

(@) K3+ [T | (¢, Y;)| dO, +[ |®(t,Y;, Z,)| dQ, < o0, as.,
(b) dK, € By\IJO(t, Y;)dQ,, as. that i(s): P-a.s.,

[0 -veak)+ [wev0ae, < [ w0y,

t tVyeC([O,T];R"Z), VO<t<s<T,

and P-a.s., forall r € [0, T]:
T T
Y+ Kr—K, =n +/ D (s,Yy, Zy) dO, —/ Z.dB;, as. (5.109)
t t

(we also say that the triple (Y, Z, K) is a solution of the Eq. (5.107)).
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Remark 5.45. If K is absolutely continuous with respect to dQ,, i.e. there exists a
progressively measurable stochastic process U such that

T t
/ |U;|dQ; < o0, a.s.and K, = / UsdQ,, forallt € [0,T],
0 0

then dK; € oW (¢, Y;) dQ, means, P-a.s. w € €,
U ed¥, (YY), dQ;-ae.

In this case we also say that the triple (Y, Z, U) is a solution of the Eq. (5.107).
If dK, € 3%, (t,Y,)dQ,, dK, € dW,(t, Y,)dQ, and

T T
/ W (1, Y,)| dQ, + / (1. T)ldQ, < o, as.
0 0

then, using the subdifferential inequalities

/ Y dKy) + / W Y,)dO, < / W 7,)do,.
t

s t s t s
/(Y,-ff,,dl%,)Jr/ U(r, f’,)dQ,f/ U(r,Y,)dO,,
t t

t

we infer that, forall0 <t <s < T
S ~ ~
/ (Y, —=Y,.dK, —dK,) >0, a.s. (5.110)
t

Leta, p > 1 and

de ! a _ t
vV, =V =f/ |:/~‘LSdQs + T (Zs)2 ds:| and i, = / UsdQ;.
0 np 0

Recall the notations
Sp([0.T]:e") = {Y € S5 ([0.T]) : €Y € S5 ([0.T])}
and

S, ([0.T7; e’l) = U Sy ([0,T] ;e‘_‘) )
p>1
Note that if 1 is a determinist process then S}, ([0 T; eﬁ) = Sh ([0, T)).

Proposition 5.46. Let the assumptions (BSVI-H,,AI,@) be satisfied. Then for every
a, p > 1 there exists a constant C, , such that for all solutions (Y, Z) € S% [0, T] x
Aomxk (0, T) of the BSDE (5.107) satisfying
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v,
E sup e |Yy —up|’ < oo,
s€[0,T]

the following inequality holds P-a.s., for allt € [0, T:

T p/2
EF sup eV |Yy —ug|” + EF (/ e |ZS|2ds)
S€E[t,T] t

T p/2
LE ( [ e v, Ys)—w,uo)sz)
! T P
<, [Effef”wn—uaul@f' ([ o [|as|+|<1>(s,uo,0>|]dQS)
t

(5.111)
Proof. We have

T T
Yt — Uy =1 — U + / [q) (S, Yx» ZY) dQs - dK?] - / ZYdBY
t t

Note that
(Y'l _M()v(b(t?Y[’Zl)) dQ[
= (Yt _u()’(@ (tv thzt) _¢(t7u07zt))) th
+ (th — U, Q(ls Uugp, Zl‘) - q)(lsu()so)) dQl + (YZ‘ — Uy, ¢(l‘al’t070)> th
<Y, —uol 11:dQ; + |Y; — uo| |Zy| Ldt + |Y, — uo| | (¢, uo, 0)| O,

n
< 1Yo = ol |® (20, 0) dQ, + Y, —uo[*dV, + 22 |Z, [ dr,

wheren, = (p —1) A 1.
From the subdifferential inequalities we have

|W(t,Y,) — W (tu)| <W(t,Y,)— V(¢ u) +2|i||Y; —uol, and
[‘I’(l‘7 Yl‘)_\P(t’MO)] th = (Yt _MO’dKf) ’

SO
W, Y,) — W (1, u0)| dQ, < (Yi — utg, dK,) + 2 |iu| Y, — uo| Q.
Hence
|W(t,Y:) — W (t,uo)|dQ, + (Y; —uo, ®(t,Y:, Z;) dQ, — dK;)

A n
<Y, —uo| 2 || + |® (¢, u0,0)[1dQ; + |Y: — uol” dV: + ﬁ |1Z, | dt.

Now (5.111) follows from Proposition 5.2. |
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Corollary 5.47. Let p = 1. Let the assumptions (BSVI-H,,.\p.q)) be satisfied and
O(t,y,2) = O(t,y) forallt € [0,T], y € R” and z € R"™* (® is independent of
sl =0andV, = i, = [j p,dQ,). Let

dN; = [lits| + [® (¢, u0, 0)]] 4O, .

If(Y.Z) € S°[0,T] x A°

mxk

(0, T) is a solution of the BSDE (5.107) satisfying

E sup e |Yy — ug| < oo,
s€[0,T]

then the following inequality holds P-a.s., for allt € [0, T]:
- - T -
e |Y, — o) < B el |y — ug| + B / esdN,.
t
Moreover for every q € (0, 1) there exists a constant C, such that

_ q _
sup (B (e [¥;)) +E sup esi |1, |?
s€[0,T] s€[0,T]

T q/2 T q/2
+E (/ ezl‘“‘|Zs|2ds) +E (/ ez“S|lIJ(s,YS)—lIJ(s,uo)|dQs)
0 0

<C, |:(E (e |1 — uo|) )q + (E/OTeﬁdes)q} )

Proof. From the proof of Proposition 5.46 we have

|W (. Y,) =W (t,u0)| dQ, + (Y —uo, @ (1, Y, Z;) dQ, — dK,)
<Y, —uo| [2 || + |® (¢, u0, 0)[1dQ, + |Y: — uo|* d ji,

and the conclusions follow by Corollary 6.81. |

Remark 5.48. A consequence of (5.111) is the following. Denoting

O =e'T |n—uo| + /OTEVS [lits] + 1P (s, u0, 0)[] 4O,
then for all ¢ € [0, T]:
Vi < luol + CY7 e (&7 0%), as. (5.112)
Corollary 5.49. Let p > 2, ro > 0 and

() L sup {W (1. ug + rov) : [v] < 1}

uo,ro
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Then

T /2
P ([ eraska) <o |Eenin-wp

T p/2
+E ( / 2V [Wh(5) = W (s, up)] dQs) (5.113)
0
T P
+E (/ eVs [|ig] + | (S,uo,0)|]dQs) :|
0

Proof. Letv € C ([0, T]; R™) be arbitrary. From the subdifferential inequality

(uo +rov () = Y;,dK;) + W (t,Y;)dQ, < W (t,up + rov (1)) dO;,
we deduce

rod $ K 3 +W(1,Y,)dQ, < (Y, —uo.dK;) + ¥} . (1)dOQ,.

Since
(YI _u07’jl[) + ‘IJ(I,MO) f \p(t7 Y[)a
we see that
rod § K $,< (Y, — uo, dK;) + i | |Y; — uol dQ, + [V . (1) — W (¢, u0)] dQ,.
Therefore
rod § K3 + (Y, —uo, @ (.Y, Z,) dQ, — dK;)
< [Wi . () =Y (t,u0)]dQ, + |Y; — uo|[|it;| + |® (. u0.0)]] dOQ,
n
+ 1Y, —uo)*dv, + £ 17, dt.
2a
(5.113) now follows by Proposition 5.2. ||

Proposition 5.50 (Uniqueness). Let a, p > 1. Let the assumptions (5.108-BSVI-
H, o) be satisfied. If (Y, Z) ,(Y,Z) € SO [0, T] x Af;xk (0, T) are two solutions
of the BSDE (5.107) corresponding respectively to n and 1 such that

E sup e?Vs
s€[0,T]

AP
YY_YS‘ < 00,

then P-a.s., forallt € [0, T]:

A | P
e Y, = Y| <E7 (e In—A") (5.114)
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and there exists a constant C, , such that, P-a.s., for all t € [0, T]:

» T 2 \P/?
+E*% (/ s ds)
t

= Ca,p EF[ eva |r/ - ﬁ|p

E7 sup e”" |Y, — Y, Zs— 7,

s€[t,T]

(5.115)

Uniqueness in the space S ([O T] ;eV) X Agmk (0,T) follows. Moreover, if
(¢)seo.r) is a deterministic process, uniqueness of the solution (Y,Z) of the
BSDE (5.107) holds in S)* ([0, T]:e") x A%, (0.T).

Proof. Let (Y,Z), (Y, Z) € S2([0,T]0) x A® . (0,T) be two solutions corre-
sponding to 1 and 7 respectively. Then

T T
Yt_Yt:n—fH-/ dLS—/ (ZS—ZS)dBS,
t t

where
L = /0, [(@ (5, Vs, Zy) — ® (s, 7, z)) o, — (sz - dl?s)] .

Since by (5.110) <Ys —¥,.dK, — df(s> > 0, we have forall a > 1:

2

<Yt_?l,st>§ Yt_?l ndQ, + Yt_?l Zt_Zt Lidt
- |2 a 2 np A |2
<|v, = 0| | do, + -2 (0,2 dr +—‘ZI—Z, dt,
2n, 2a

where n, = (p—1) A 1. (5.114) and (5.115) follow from Proposition 5.2 and,
consequently, uniqueness follows, too. o

Let now (£,),¢(o.7) be a deterministic process. If (Y, Z), (Y. Z) € S, ([0.T]:
") x A%, (0,T), then there exists a p > 1 such that ¥, ¥ € S}, ([0, T];e") and
the uniqueness follows from the first step. |

Proposition 5.51 (Uniqueness). Let p = 1. Let the assumptions (5.108-BSVI-
H) g o) be satisfied and ® be independent of z € R™k (¢, = 0and V, = ny =
fot usdQy). If (Y, Z2), (?, Z) e SO0, T] x A?nxk (0, T) are two solutions of the
BSDE (5.107) corresponding respectively to 1 and 1) such that

E sup elts ‘Ys—f’s < 00,

s€[0,T]

then P-a.s., forallt € [0, T]:

e |Yo =¥, < EZ (7 |y — i)
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and for every q € (0, 1) there exists a constant Cy such that
Ys - ?s Ys

_ f/s
2 \4/
ds)

q _
) ) +E sup eit
s€[0,T]

T -
+E (/ e%its
0

<C, (IE (e |n—1l) )q-

sup (E (eﬁf
s€[0,T]

q
2

Z,— 7,

Proof. Following the proof of Proposition 5.50 we now have

~ ~ |2
(¥ fi.ar) < |v, - 1,[ o,

and the conclusions follow by Corollary 6.81. |

5.5.2 Existence

We consider the following backward stochastic variational inequality (BSVI)

—dY; +dp (Y,)dt > F (t,Y;,Z,)dt — Z,dB;, 0 <t < T,

(5.116)
Yr =n,

and we suppose that the following assumptions hold:

(A)) n: Q2 — R"is an Fr-measurable random vector.

(Ay) F:Qx[0,T] x R" x R™* — R™ satisfies the assumptions (5.77-BSDE-
MHpy) (from Sect. 5.3.4).

(Az) ¢ : R™ — (—o00, +09] is a proper, convex Ls.c. function.

Recall that the subdifferential of ¢ is given by

dp(y) =1y eR": (J,v—y)+o() <¢(), YveR"},

and by (y, y) € d¢p we understand that y € Dom (d¢) and y € d¢ (y).
We define

Dom (p) ={y € R" : ¢ (y) < o0},
Dom (d¢) = {y € R" : d¢ (y) # @} C Dom (¢) .

Let ¢ > 0 and denote the Moreau regularization of ¢ by

def . 1 m 1
e (y) = inf Zly—vlzﬂa(v):v eR™ = Zly—Js(y)lzwLw(Js(y)),
(5.117)
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where J; (¥) = (Inxm + €3¢) " (). Note that ¢, is a C' convex function and J,
is a 1-Lipschitz function.
We mention some properties (see Annex B: Convex Functions): for all x, y € R™

_J&‘
@ Vo) =g 1) = 20 gy,

1
(D) |Vee(x) = Vo (y)| < glx—ylv (5.118)

() (Vge(x) = Ve(y),x —y) =0,
(d) (Vee(x) = Vps(y), x —y) = —(e + 8) (Ve (x), Vps(y)) .

Throughout this subsection we fix a pair (uo, ity) € d¢. Then by (6.26) from Annex
B we have

(J) Ve (wo)| =< lito] .

Gy P &2l (5.119)
i e

< 0. () — ¢ (uo) + |ito| |y — uo| + € |fio]* .

We will make the following assumption:

(Ay) There exist p > 2, a positive stochastic process B € L' (Q x(0,T)), a
positive function b € L' (0, T) and real numbers k > 0, A €0, 1[ such that

forall (u,n1) € 0 and z € R™* -
(i, F (t,u,2)) < Aiaf* + B + b (1) [ul? + « |z (5.120)
dP ® dt-ae., (w,t) € 2 x[0,T].

We note that if {it, F (¢, u,z)) < 0 for all (u, 1) € d¢, then the condition (5.120)
is satisfied with 8; = b (¢) = k = 0.If for example ¢ = I (the convex indicator of
the closed convex set D) and n, denotes any unit outward normal vector to Daty e
Bd (D), then the condition {n,, F (7, y,z)) < 0 for all y € Bd (D) yields (5.120)
with 8, = b(t) = « = 0 (for example). In this last case by Itd’s formula for

W (17) = [disty (Y)]z, where

~dY, = F (t.Y,.Z,)dt— Z,dB,, 0<t<T,

Yr =n,

and by the uniqueness of the triple (Y, Z,U) satisfying (5.107) we infer that
(Y. Z,U)=(Y.Z,0).

Theorem 5.52 (Existence - Uniqueness). Let p > 2 and assumptions (A1—Aq4) be
satisfied with this p. Suppose moreover that, for all p > 0,

T P
Elnl”+1E¢+(n)+JE(/ F:(s)ds) < oo
0
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Then there exists a unique pair (Y,Z) € Sh[0,T] x Apxk (0,T) and a unique
stochastic process U € A2, (0, T) such that

T
(@) / \F(t.Y,, Z,)|dt < 00, P-a.s.,

b) Y(t) (w) € Dom (d¢), dP @ dt-a.e. (w,t) € 2 x[0,T],
(c) U (w)edp¥;(w)), dP®dt-a.e (w,t) e Q2x][0,T],

and forallt € [0,T]:

T T T
Y, +/ Usds = 17+/ F(s,YS,ZS)ds—/ ZdBs, a.s. (5.121)
t t t
Moreover, uniqueness holds in S}* [0, T] x Aglxk (0,T), where
Sk, sz 0.7
p>1

Proof. Let (Y,Z), (Y.Z) € S0, T] x Aomxk (0,T) be two solutions. Then
Y,Y € Sh[0,T], for some p. Uniqueness follows from Proposition 5.50.
The proof of the existence will be split into several steps.

Step 1.  Approximating problem.

For ¢ € (0, 1] consider the approximating equation: P-a.s., for all ¢ € [0, T,

T T T
Yf+/ Vo, (YE)ds = n+/ F(s,Yj,Zf)ds—/ Z¢dB,,  (5.122)
t t t

where Vg, is the gradient of the Moreau regularization ¢, of ¢. It follows
(without assumption (A4)) from Theorem 5.27 that Eq.(5.122) has a unique
solution (Y¢, Z%) € SH[0,T] x A? . (0,T).

mxk

Step 2. Boundedness of Y*® and Z°.
Let (ug, p) € dp, a > 1 and

Vy=ver¥ /0 [u (s) + %62 (s)i| ds = /0 [u (s) + %ez (s)] ds
p

(p>2yieldsn, =1A(p—1)=1).

Let (ug, ity) € d¢ be fixed. From Proposition 5.46 with W replaced by ¢, and
dQ; by ds, there exists a constant C, , (depending only on a and p) such that the
following inequality holds P-a.s., for all ¢ € [0, T:
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T r/2
EZ sup e/ |Y? — upl? +E” ( / 1Y) — g, (Mo)|d5)
t

s€t,T]

T p/2
+E7: (/ e |Z§|2ds)

t

T 14
<., [Eﬂel’”m—uovmﬂ ( [ [|V</)s(uo)|+|F(S»M0»0)|]d5) }
t

(5.123)
Note that |V, (uo)| < |ito] and |@. (uo)| < ¢ (uo) + |iio|*. Hence there exists a
constant C independent of ¢ such that

2
@ E|Ye)3 < EY)5)7" <c,

T R T N 2/p
o 5[ iz dss[na(/o i ds) } -, 5100

2/p

@ =[ wonas<[s([ woo)] <

Throughout the proof we shall fix @ = 2 and therefore

v, =/01 [;L(s)—i-ﬁz(s)]ds

Step 3. Boundedness of V. (Y?).
Using the following stochastic subdifferential inequality given by Lemma 2.38

T
0u(Y5) + / (Ve (). d¥°) < 0.(YE) = 0.(n) < @(),

we deduce that, for all ¢ € [0, T],

T 5 T
(Y9 + / Voo (Y)P ds < o(n) + / (Vo (Y), F (5. Y. Z¢)) ds
t

! T
— / (Vo (YE), ZEdBy) .
’ (5.125)

1 N
Since [V (V)] = Ve (v) = Ve (o) | +[Vee (uo)| = — |y — to] + |ito] and

e / Vo (1) P12 s

1/2
< E|:sup Ve (Y{) / |Z£2d i|
& s€[0,7]

1/2
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< 2E Yé 24 20aP | +E TZS 24

< | ZE sup |Y{ —uo|” + 2lio|” | + |Z5 | ds
&% s€0.7] 0

< 00,

we have
T
E/ (Ve (Y7), Z:dB,) = 0.
t

Under assumption (Ay), since Vo (Y°) € dg (Jg (Yf)), it follows that

<Vg015(YS£), F (s, Y, Z5))
(Y= L (V) F (5. Y5, Z0) = F (5. : (¥)) . Z9)

+ (Ve (Y), F (s, Je (Y5) . Z5))

IA
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1
g;ﬁ () [YE = Jo (YE) ] + X VoY + B + b (s) | Je (Y) |7 + k|22

(5.126)

Using here the inequalities (5.119), then from (5.125) we infer that for all ¢ € [0, T,

T T
Eg.(Y?) + (1 — \)E [ Vo (YE)P ds < Eg(n) +2 [ Wt (s) Ege (Y2)ds

t

+C IE/T ([1 + B +b(s) (14 Y —up|”) +« |z;|2]) ds

which yields, via estimates (5.124) and the backward Gronwall inequality (Corol-
lary 6.62), that there exists a constant C > 0 independent of ¢ € (0, 1] such that

T
(@) Eg.(¥f)+E / V(Y52 ds < C.

0
(b) E|ve—J.(Y7)|]" < Ce.

Step 4. Cauchy sequence and convergence.

Lete, 6 € (0,1].
We can write

T T
YE—Y“’—/ dKS’S—/ Z¢dB
t r s s S
t t

where

(5.127)

t
Kt&g = / [F (S’ ng’ Zf) - F (S, YSS’ Z(j) - V(ﬂp (YXS) + V(p5 (YVS)] ds'
0
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Then
& § £,8 £ 8 & 512 1 e 812
(Y7 =Y. dK,") < (e+8) (Vo (Y,)). Vos (X)) dt + Y, — Y[ dVi + 7| Z; — Z/ [ d.

and by Proposition 5.2, witha = p = 2,

T
E sup |Y;-Y§|2+E/ |ze — 23| ds
$€[0.7] 0

T
<CE / (e +8) (Ve (Y{), Vs (Y})) ds
1 ' ! &2 ! INK
< 1ce+9) [E/O Vot as+E [ (Ve ds}
<C’'(e+9).

Hence there exist (Y, Z,U) € S2[0,T]x A2, (0,T) x A2, (0, T) and a sequence
&x \ 0 such that

Y& — Y, in S2[0,T] and as.in C ([0, T]; R™),

Z — Z,in A2, (0,T) and as. in L? (0, T; R™F) |
Vg:(Y®) — U, weakly in A2 (0,T),

Je, (Y®) — Y, in A2 (0,T) and as.in L? (0, T;R™).

Passing to the limit in (5.122) we conclude that

T T T
Y; +/ Ugds =1 +/ F (s, Y, Z)ds —/ Z.dBy, as.
t t t

Since Vo, (Y¢) € d¢ (J. (Y¢)) it follows that forall A € 7,0 < s <t < T and
veSio,T],

t t t
IE/ 14 (Voo (YE), v, — YE) dr + E/ Lag(J. (Y7))dr < E/ L4¢(v,)dr.
s S S

Passing to liminf for ¢ = ¢, Y\ 0 in the above inequality we obtain that U; €
d¢ (Yy). Hence (Y, Z,U) € SH[0,T] x AL . (0,T) x A% (0,T) and (Y, Z, K),

mxk
t
with K, = / Uids, is the solution of BSVI (5.116). The proof is complete. |
0

Remark 5.53. The existence Theorem 5.52 is well adapted to the Hilbert space
setting, since we do not impose an assumption of the form

int (Dom (¢)) # @.
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which is very restrictive for infinite dimensional spaces. In the context of Hilbert
spaces Theorem 5.52 holds in the same form (see [57] where some examples of
partial differential backward stochastic variational inequalities are given too).

Let (up, ity) € d¢ be fixed. From the inequality (5.123) we have fora = p =2
eZV(I) |Yt8 _ M0|2 < Ca.p |:E.7:,82V((T) |77 _ M0|2
2

T
+ E7 (/ e’® [|a0|+|F(s,u0,0)|]ds) }

t

T
and consequently if || 4 [ | F (s,up,0)| ds < My, then a.s. for all ¢ € [0, T,
0

Y] < Ro = |ug| + C VT (Jug| + T |itg| + Mo) . (5.128)

Corollary 5.54. If in Theorem 5.52 we replace the assumption (A4) by
(As) There exist My, L > 0 such that:

@) 0<¢ <L,ae,tel0,T],
T
@@ | —i—/ |F (s,up,0)|ds < My, a.s.,w € Q,
0
(iiiy 3Ry > O sufficient large such that

T
E / (Ff (5))* ds < oo,
0

(in the proof Ry is defined by (5.128)) the conclusions of Theorem 5.52 hold.

Proof. Let R\ be defined by (5.128). The proof follows the same steps and com-
putations as in Theorem 5.52 with the modification of Step 3: the estimate (5.126)
now takes the following form (considering (5.128)),

(Vo (YO), F (5. Y5, Z5)) < Vo (YOI | F (5. Y. 0)| + Vo (Y)| L | ZE|

2
Vo (Y + (Fj ()" + L* | ZE .

=

N =

Using this inequality in (5.125) we directly obtain (5.127). |

Remark 5.55. We note that if F (w,t,y,z) = F (y,z), then the assumption (Aj;)
becomes |n| < My, a.s., w € Q.
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Remark 5.56. In the particular case where ¢ is the convex indicator of a convex
subset D C R™, the BSDE (5.116) is a reflected BSDE. As first noted in [34], the
process K which maintains the solution inside D is absolutely continuous, unlike
in the case of forward SDEs. The intuitive reason for this is that K does not need
to fight against the martingale term. The situation is probably quite different in the
case of nonconvex sets, but reflecting BSDEs at the boundary of nonconvex sets
remains an open problem. The theory of reflected BSDEs was initiated in [25],
where reflection in R above a given continuous adapted process was considered.

5.6 BSDEs with Random Final Time

5.6.1 BSDEs with a Monotone Coelfficient

Let us now discuss the existence and uniqueness of a solution to an equation which
we would like to write as

o0 o0
Y, = n+/ @ (5, Ys, Z,) dO, —/ Z.dB,, a.s.. ¥t >0. (5.129)
t t

In most cases the above integrals will not make sense. For this reason we shall give
below a weaker formulation of the above BSDE.
We formulate the following assumptions:

(BSDE-H,) (5.130)

@) pa>lLn,=1A(p—1),
(@) n € L? (R, Foo, P;R™) and (£,¢) € 55 X Agxk (0, 00) is the unique pair
such that

o0
& = 77—/ {dBg, t >0, a.s.,
t

(in particular (&), is given by &§ = E*ip).
(iii) (w,t) —> Q; (w) : Q x [0, co[— R is a P-m.i.c.s.p. such that Qo = 0.

¢ Vy e R" z e R™ the function ® (-,-,y,2) : Q x [0,00[— R” is
P-measurable;

& there exist { € leoc (R4:Ry) (a deterministic function) and two P-m.s.p
w2 x[0,00[— R, @ > 0, such that a,dQ, = dt and

T
/ | |dQ, < oo, forallT > 0,P-as.;
0
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& forally,y' e R"and z,7 € R™*, dP® dQ,-a.e.:

Continuity:
(Cy) y— & (t,y,2) : R" — R™ is continuous;

Monotonicity condition:
(My) (' =y, @,y 2) =@, y.2) < ply' =y

Lipschitz condition: (5.131)
(L) @@, y,7) =@, y,2)| <o L(2) ]2 —2l;

Boundedness condition:

T
(8) [ ®r61d0, <cc. VT 20
0
where @ (t) = sup {|®(z, y,0)| : [y| < p}.
Define
t
ljl’[ Z/ /'LsdQs
0
and

Y € S,g :E sup |e‘_‘>‘Ys|p <ooforall T > 03 .
s€[0,T]

Note that

s + t
fir < i < |aT], = sup (/0 urer) 5/0 o, .

s€[0,]

Finally we recall the usual notation

t t
V, = ver ”Q/ 11,dO, + %/ 0 (s) ds. (5.132)
0 p JO

Theorem 5.57. Let p,a > 1 and V be defined by (5.132). Let the assumptions
(BSDE-H,) be satisfied and

(i) E| sup e? |n|’| < oo < oo, forall T >0,
1€[0,T]

o] r
(i) E(/{; €V'|q)(t»§:ta§t)|th) < o0.
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If, moreover, for all p > 0

r _ _ P
(h)) E (/0 sup |ef @ (s, ey, 0) — ju;y| dQ,) < 00, or

Iyl=<p
T P
(h) w=0andE (/ et sup |<I>(t,y,0)|dQS> < 00,
0 lyl=p

then there exists a unique solution (Y;, Z;),5 € Sy, X AY ., of the BSDE (5.129) in

mxk

the sense that (here YO <t < T means forallt and all T suchthat0 <t <T)

T T
() Y =YT+/ q)(s,YS,ZX)dQS—/ ZydBs, a.s., V0<t<T,
t t
() E sup e?"|Y|? < oo, forallT >0, (5.133)

0<t<T

(i) Jim E e?"T Yy —&r|” = 0.
Moreover

T p/2?
E (/ e |ZS|2ds) < oo, forallT >0,
0

and there exists a constant C, , depending only on (a, p) such that for all t > 0,

00 p/2
/ e | Zs — &) ds)

t

E7 sup|e” (Y, — &)|” + E7

s>t o » (5.134)

< Ca,,,E}-' ([ e |(I>(s,$‘y,§y)|dQs) , a.s.
t

Proof. Uniqueness. If (Y, Z) and (I? Z ) are two solutions of (5.133) in the space

Sm(e") x A%, = Sh(e”) x A% . Then from (5.24) there exists a positive
constant C, , depending only on (a, p), such that

2 r/2

ds)

P r A
+E (/ ezV“’ZS—ZS
0
—0, asT — oo,

A |P
< CopEer' |¥r - 71|

Y, - Y,

E | sup e?"
t€[0,T]

where we have used ((5.133)(j;j)). Uniqueness follows.

Existence. Note that

n
& = ]Ef”n—/ LdBs, t €[0,n], a.s.,
t
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441
and since E (sup, o771 €7 [n|”) < o0, by Corollary 6.83
B T p/2 .
E sup e’ &P + E (/ e |§[|2dt) <C,E| sup e |n|”] < oo.
t€l0,T] 0 1€l0,T]
(5.135)
Hence

(6.0) € S5 ([0.T]:e7) x AL, (0.T: )

mxk

=582([0,T];e") x AP, (0,T;€").

mxk

For any fixed n € N*, we consider the approximating equation

n n
Y = EFny +/ CD(S, YS”,Z;T) dQ, —/ Z'dBs, t €0,n], a.s.
t t

By Lemma 5.29, this equation has a unique solution (Y", Z") € Sk ([() n] ;eﬁ) %
AP i (0.n3el). We set Y = & and Z" = ¢, for s > n.

Since the approximating equation can be written in the form: P-a.s., for all 7 €
[0, n],

n n
Ytn — él‘ = / d (S, ‘i:.? + (YYn - Ev) 5 é‘x + (Z:l - ;v)) dQs _/ (Z:’l - ;v) dBm
t t
we deduce from (5.19) that P-a.s., forall 0 < ¢ < n,
00 r/2
E7 supe?’ |Y)' — 7 + B (/ ez}~ m“")
s>t t

n p
< C,pE” (/ eVS|CI>(s,§S,§'S)|dQX) (5.136)
t
0 p
ECa_pE}—f (/ eVS|CI>(S,£:S,§S)|dQ‘Y)
t

where C, , is a constant depending only upon (a, p). In particular for i € N*:

oo ) p/2
Esup|e" (Y7 —&)|" + E (/ eV | Zit — g ds)
s=>n n

00 » (5.137)
< CopE (/ es |‘1>(S,$s,§s)|dQs) — 0, asn — oo.

Note that by uniqueness

n n
Yt =yt +f D (s, xyn+f,zgf+f)dgs—/ Z'dB;, t €[0,n], a.s.
t

t
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Using the inequality (5.24) in this context we infer that

E sup epV, |Yln+i _ Ytn|1’ +E (/ eZVS
t€[0,n] 0

< CypE PV |yt —S,,|p — 0, asn — oo.

. ) r/2
Znti— 71| ds)

Hence

o0
E (SupepVX YSn+i _ st|[7) + E (/ eZVS
s>0 0

n
<E ( sup e |yt — 1’;’|p) +2P’E ([ e
0

s€[0,n]

) ) p/2
AR ds)

p/2
Z;l"rl _ Z;1|2ds)

) [} ) 5 p/2
+E (supe”VS Yyt —Ss}p) + 2P°F, (/ e | znt —{s’ ds)
s>n n
— 0, as n— oo.

This shows there exist progressively measurable stochastic processes ¥ : R4y xQ —
R” and Z : Ry x Q — R such that

n—>oo §>0

00 p/2
lim E [supe” |Y" -~ Y,|” | + E (/ e |zn —ZS|2ds) =0. (5.138)
0
From (5.136) we deduce by letting n — oo that for all + > 0, P-a.s.,

o0 r/2
E}-t sup |eVS (Ys - és)ip + EJ:I (/ e2Vy |ZS - é'slzds)
s>t t

J ) (5.139)
< C, B ( / eV-v|d>(s,ss,cf>|dQs) .

Since (£,¢) € Sp ([0.T];€") x A?

Pk (0.T;e"), forall T > 0, it clearly follows
from (5.139) that

T r/2
E sup ‘eVSYSV7 +E (/ eV |ZS|2ds) < 00.
s€l0,T] 0

Let0 <t <T < n.Now by Lemma 5.5 we can pass to the limit in

T T
Y = Y2 +/ CD(s,YS”,Zg)dQS—/ Z'dB,, as. 1 €[0,T]  (5.140)
t t
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and taking into account (5.139) we deduce that (Y, Z) satisfies (5.133). The proof
is complete.

Remark 5.58. If, moreover, there exists a constant 4 such that sup,5o V; = b,
P-a.s., then the conditions (5.143-(jjj)) can be replaced by the stronger statement
than (5.133):

(i)~ Jlim E e [Yr —n|” =0. (5.141)

Indeed using the backward Burkholder—Davis—Gundy inequality (2.51) we have
00 r/2 00 p/2
o ([ lelar)  <msln-ar<cE ([Tika)
t s>t t

Let t : Q — [0, o0] be a stopping time and n € L? (2, F,,P;R™), p > 1. We
now consider the BSDE

|

T

T
Y, = n+/ <I>(s,YS,Zs)dQS—f Z.dB,, a.s., ¥Vt>0, (5.142)
t

AT INT

in the sense which will be made precise in the next theorem. Plainly the
BSDE (5.142) a particular case of Eq.(5.129) where ® is of the form 1 P,
since by Lemma 2.43 Z, = O forall 7 > 7.

Recall that the unique pair (§,¢) € S 5 X AS <« (0,00) such that

o0
& = ’I—/ {dBg, t >0, a.s.,
t

satisfies & = EX~rpand ¢ = 1y, (1) &
Define

def INT a INT INT
V.= / MsdQy + —/ 0 (s)ds and i, = / HsdQs.
0 2np Jo 0

We deduce from Theorem 5.57:

Corollary 5.59. Leta,p > 1l and v : 2 — [0,00] be a stopping time. Let the
assumptions (BSDE-Hyo) with ® (s, y,2) = 1) (s) P (s, y.2) be satisfied and
ne L?(Q,F,,P;R™). Assume moreover

@) E(e'””’ﬁ”rm |;7|”) < oo, forall T >0,

T p
i) E (/0 er|<1><z,a,z,)|dQ,) < o,
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and forall p > 0
sup |eﬁzq> (s,e™H1y,0) — /L,y| dQ,)p < 00, or

TAT
() % <~/0 lyl=<p

Tnt )
(hy) ,uanndE(/ et sup |<I>(t,y,0)|dQS) < oo.
0 IyI=<p
(A) Then there exists a unique solution (Yy, Z;),;5 € Sy x A% . (Y1, Z;) = (1,0)
ift > t, of the BSDE (5.142) in the sense that

T T
(]) Yt = YT +/ (D(S, Ym Z?) dQs _f stBm a.s.,
t t

forall0 <t <T,

() E sup e?Vs|Ys|? < oo, forall T >0,
s€[0,T]

(i) Jim B e [V —Eracl” = 0.

(5.143)

Moreover

T p/2
E (/ e2V‘|ZS|2ds) <00
0

and there exists a constant C, , depending only on (a, p) such that for all
t >0,

T p/2
E sup }eVs(Ys—a>|”+E(f e2V5|zS—§S|2ds)
t

INT<S<T AT

T V4
<Cy )E ( / eVs|<1><s,§s,§s>|dQs) .

AT

(5.144)
(B) If, moreover, there exists a constant b such that SUpg<,; < Vi < b, P-a.s., then
the conditions (5.143-(jjj)) can be replaced by
.o . V AT _
(i) JNim E e [Yra — |7 =0. (5.145)

|

5.6.2 BSVIs with Random Final Time

In this section we are interested in the following generalized backward stochastic
variational inequality (BSVI for short):
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T T
Vot [dko=n+ [ 1F 60 Z0ds+ G YAl
t t

AT AT T
_/ Z.dB.. 1> 0, (5.146)
t

AT

dK[ (S 8(p (Y[) dt + aw (Y[) dA[ on R+,

where d¢, 0 are the subdifferentials of the convex lower semicontinuous functions
@, ¥, {A; 1t > 0} is a progressively measurable increasing continuous stochastic
process, and t is a stopping time.

In fact we will define and prove the existence of the solution for an equivalent
form of (5.146):

o0 (o) o0

Y +/ dK, = n +/ qD(Sv Yy, Z\) dQs _/ ZydBg, t >0,
t t t

dK, € 3, (1.Y,)dQ,, on R,

(5.147)

with O, ® and W adequately defined.

We mention that the presence of the process A is justified by the possible
applications of Eq. (5.146) in obtaining a probabilistic interpretation for the solution
of PDEs with Neumann boundary conditions; since 7 is a stopping time the
BSVI (5.146) can be used for elliptic PDEs.

Because (5.146) is quite a complicated equation, in order to simplify the
presentation we shall restrict ourselves to p = 2. The case p > 2 can be found
in [47].

We begin to give the main assumptions for this section.

(A|) The random variable t : 2 — [0, 00] is a stopping time.
(A,) The random variable n : @ — R™ is F,-measurable, E |n|* < oo and the

stochastic process (£,¢) € S2 x A’znxk (0, 00) is the unique pair associated to

n given by the martingale representation formula (Corollary 2.44)

oo

& = 77—/ LdBs, t >0, a.s.,
t
'i:t = E]'-rn — E]‘—t/\tn and ;'t — 1[0’1] (Z) gz-

(Az) The process {A; : t > 0} is a progressively measurable increasing continuous
stochastic process such that Ay = 0,

0 (w)=t+ A4 (w),

and {a, 1t > 0} is a real positive p.m.s.p. (given by the Radon—Nikodym
representation theorem) such that a € [0, 1] and

dt =0,dQ, and dA; = (1 —ay)dQ,.
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(A,) The functions F : Q xR xR" xR™* & R" qnd G : @ xRy xR” — R”
are such that

F (9.2, G(.-y) are p.m.s.p., forall (y,z) € R" x R"*k
F(w,t,-,-), G(w,t,-) are continuous functions, dP ® dt-a.e.,

and P-a.s.,
T T
/ Fj(s)ds+/ G;f(s)dAs <00, Vp,T >0,
0 0

where

F; (w,s8) := sup |F (w,s,y,0)], Gf; (w,s) := sup |G (w,s,y)].
[yl=p lyl=<p

(As) Assume that there exist three progressively measurable positive stochastic
processes (L, v, £ : Q x Ry — Ry such that

T T
/ (M n (es)z) ds + / VA, < oo, forall T > 0, P-a.s.,
0 0

and P-as. w € Q, forallt € [0,7 ()], y,y' € R™, z,7 € R"™k,

() =y Py = F.v.2) < |y = v,
@@ (Y =y.Gt,y)=G@t, y)=v |y =y, (5.148)
@) |F(t,y,2)—F(t,y,2)| <4 |7 —z.

Let us introduce the functions
H (a)9t’ .y’ Z) = 1[0,1’(&))] (t) [at (w)tF (C(), Z, y9Z) + (1 — ((l))) G ((l), [ y)] ’
o= / 1o (5) psds, v, 1= / Ljo.1) () vsdAs,

0 0

!
o; =1 @) [meoy + v (1 —a)], 07 := / 1. (8) 05dQs = 1, + vy,
0 IAT

t
Mo=1g Ok, A= / Ljo (5) (45)* &, dQ = / (£s)* ds.
0 0

(5.149)
The relations (5.148) yield

@ =y H@ Y. )= HEy.9) <oy =P, (5.150)
() |HG.y.2) = H(t.y.9 <4, [~ |

Let

Vi = / 1[0.1] (S) [ (H’S + (Kv)2> o + vs (1 —ay) ]dQs =0 + i)ﬁ (5.151)
0
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Concerning ¢ and { we shall assume:

(Ag) o, ¥ : R™ — [0,+o00] are proper convex lower semicontinuous (L.s.c.)
functions, 0@ and 0V are the subdifferentials of ¢ and Vr, respectively, and
there exists a ug € R™ such that 0 € 3¢ (up) N Y (up) (wWhich is equivalent

to ¢ (o) < ¢ (y) and ¥ (ug) < ¥ (y) forall y € R™). Define
V(w,1,y) = 1) (1) [on (@) o () + (1 —a () ¥ ()]

(A7) If P(t > N) > 0, for all N € N*, then for every i) € N, uy = conv{n, ug}
there exist two progressively measurable stochastic processes €V, E® such
that E,(I) € dop (Ef’ ﬁ), ,(2) € Y (E}—' ﬁ) a.e.t > 0and

T _ 2 T _ 2
E (/ er|g§1>|ds) +E (/ eV‘|§S(2)|dAS) < 00;
0 0

if & = 11,0 (5) [EWey + EP (1 — )], then & (0) € 0V (w, 5, E™1) and

T 2
E (/ e's |§X|dQs) < 00
0

(in the case ) = n we define & = E}—fn and in the place of (é(“, 5(2)7 g) we
shall use the notation (EV, £® | £)).

Remark 5.60. In place of the assumption (A;) we can consider two particular
cases:

(A) n:Q — O, where O is the closed convex set defined by

0L (y eR" 19 (y) = ¢ (o) and ¥ (y) = ¥ (uo)}:

or
(A7) there exist rp > 0 and vy € Dom (¢) N Dom (yr) such that

(i) 1n:Q — B(vg,r9) C int(Dom (¢)) N int (Dom (v)),
@@ E (er (r + AT)) < o0.

Indeed:

(A}) =(A,): since § = EZifj e Oforallt > 0wecanset ) =@ =§ =0
for every 1 € 1, up;

(A7) = (A;): by Proposition 6.2-(d) there exists an My > 0 such that
dp (u) C B(0,My) and 0y (u) C B (0, M) for all u € B (vy,ry) and
consequently |§t(1)| + ’5,(2)| < 2M, for all 7} € 7,1y because E*'7j € B (vo, o)
for all £ > 0. Observe that from (Af-ii) it follows that P (t = c0) = 0.
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Definition 5.61. By the notation dK; € dv (Y;) dA, we shall understand that:
e K is an R™-valued locally bounded variation stochastic process;

T
e Y is an R™-valued continuous stochastic process such that / ¥ (Yy)dA, < oo,
0

as. VT > 0; and
e P-as., forall0 <t <s

[ o-v.aky+ [vma = [ oo enaa.vyec @iz,

(we have an analogous definition for dK; € d¢ (Y;) dt).

Remark 5.62. The condition 0 € d¢ (1) N 0¥ (up) does not restrict the generality
of the problem because from Dom (dp) N Dom (dy) # @ it follows that there
exists ug € Dom (dg) N Dom (0v) and g, € d¢ (up), gy € 0y (up) ; in this case
equation (5.146) is equivalent to

Y, +/ dR, = n+/ [ﬁ (s, Yy, Zo)ds + G (s, YS)dAs]
INT t

AT T
—/ ZydB;, t >0,
INT

dK, € 3 (Y,)dt + 0y (Y;)dA,, on Ry,

where F (s,3,2) = F (t,9,2) — oy, G (s,9,2) = G (1,) — b, § () =9 —
(o1, y —uo), ¥ (y) = ¥ (y) — (o2, y — uo), 3¢ (y) = 99 (y) — tior, Y (y) =
81// (y) — g and d K, = dK, — g1 dt — tgpdA;.

Let £ > 0 and define the Moreau—Yosida regularization of ¢ by
: 1 2 m
0 () i=inf) = [y =P + 9 (v) v e R

which is a C! convex function and Vg, (x) = d¢, (x) € d¢ (J,x), where Jox =
x — &V, (x). (For further properties see Annex B, Section “Convex Functions™.)
Since 0 € d¢ (1) we deduce that ¢ (1) = @ (uo) < @ (1) < @ (u), J: (uy) = ug
and Vo, (ug) = 0.

We introduce the compatibility conditions between ¢, Y and F, G:

(Ag) There exists a ¢ > 0 and two progressively measurable stochastic processes
f.g: Q2 xRy — Ry satisfying

T T
IE/ ezV"|ﬁ|2ds+IEl/ e? g5 P dAy < o0,
0 0
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such that foralle > 0,t >0,y € R”, z € R"™* P-as.

(@) (Ve (»), Ve (»)) =0,
@) (Ve (¥).G (t,y)) <c VY- WIG . )| + gl. (5.152)
@iy (Ve (¥), F(t.y.2) <c|Vo.WIIF (t,y.2|+ fi].

and

(iv) (Ve (v) . =G (t.uo)) = c[VY WIIG (1. uo)| + &1

5.153
) (Ve () —F (to0.0)) < ¢ Vg DI [IF (o0, 0)] + 1. O

Example 5.63. (e;) If ¢ = ¥ then the compatibility assumptions (5.152) and
(5.153) are clearly satisfied.

(e2) Letm = 1. Since Vg, and V. are increasing monotone functions on R, we
see that, if G (¢, ug) = F (¢, up,0) = 0 and

(y —ug)G(t,y) <0 and (y —up) F(t,y,2) <0, Vi,y,z,

then the compatibility assumptions (5.152) and (5.153) are satisfied.
(e3) Letm = 1.If ¢, ¥ : R — (—o00, +00] are the convex indicator functions

0,ify € [a,b],
400, if y ¢ [a, b],

0,if y € [c,d],

and 1/f(y): +oo,ify¢[c»d]’

()=

where —00 < a < b < 400 and —00 < ¢ < d < +oo are such that
[a,b] N [c,d] # @ (see the assumption (Ag)), then

1
Vo () =-[0 =BT —(@=»7], and
Vo) = [0 -d) — -0,

The assumption (Ag-i) is clearly fulfilled; the next compatibility assumptions
(Ag-ii, iii, iv, v) are satisfied if for example G (t,uy) = F (¢, up,0) = 0 and

G(t,y)=>0, fory <a, G(,y)<0, fory=>b,
and, respectively,

F(t,y,2) >0, fory <c, F(t,y,2) <0, fory>d.
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We complete the assumptions with some general boundedness conditions
(Ag) Forallp >0

(i) E e (In = uol” + 9 (1) = p(uo) + ¥ (1) = ¥ (o)) < oo,
2

T 2 T
(i) E (/o eVSF:(s)ds) +E (/0 eV-Yfo(s)dAs) < 00,

T 2 T 2 (5.154)
(iii) F U e | (s)( ds + / e |Gt (s)‘ dAs:| < o0,
0 , ) 0
(v) E (/ eVSdQX) < oo, forall T > 0;
0
and some special boundedness conditions
(Ayo) There exist L,b > 0 such that for all0 <t < t, P-as.
@ t+ [ €rast
0 (5.155)

T
®) eVr|n—uo|+|H<r,uo,0)|+f e |H (s.u0.0)|dQ, < b.
0

where again H is defined by
H(t.y.2) = F(t.y.2) + (1 —a)G(t. y).

We also recall the definition of
U, y) =ap(y) + (1 —a)y(y).
Since V' > 0, we remark that under (A;,) we have

In—uol < |e" (n—uo)| < b
and for all r > 0,

& —uol <" |& —uol =BT (" & —uol) < b

Therefore by Proposition 6.80-A, for all g > 0

T q/2
E (/ eV |§S|2ds) < Cpp. (5.156)
0

Using the definition of O, H and ¥ we can rewrite (5.146) in the form

00 o0
Y, + / dK, _,,+[ H (5. Yy, Z;)dO, — [ ZsdBs, 120, (5 157)
dK, € 9,V (s,Y,)dQs on R
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Definition 5.64. We call (Y;, Z;),- a solution of (5.157) if
(d) (Y,Z) e S2 xA°

mxk?

(dr) (Yi,Z;)=(&.8) = (n,0),ift > 7,
(d3) P-as., forall T >0,

T T
; [ F(s. Y, Zo)| + Iw(Ys)I]dS+A [1G (5. Y)| + [y (Y))[] dAs < o0,

(d4) there exists a K € S° such that P-a.s.

(i) K%y <oo. ¥T >0,
(i) dK, €3,V (1.Y,)dQ,.

o0
rob.
(ds) e2VT|YT—gT|2+/ 2V |Zy—&Pds 225 0,88 T — oo,

T
(dg) P-as.,forall0 <t <T,

T T
Y, + Kr — K, = Yr +/ H (s,Y,, Zs) dO, —/ ZdB;  (5.158)
t t

(we also say that the triplet (Y, Z, K) is a solution of (5.157)).

Remark 5.65. 1f there exists a constant C such that sup,¢p1|V: (@) < C,
P-a.s. w € Q, then the condition (d5) from Definition 5.64 is equivalent to

o0
rob.
Y7 —nf? +/ 1ZPds 2250, as T — oo. (5.159)
T

In the rest of this book, a constant depending upon p > 0 is denoted by C,;
in this section since we are only considering the case p = 2 we will denote the
corresponding constant by C».

We now give the main result.

Theorem 5.66. Let the assumptions (A1-Ayo) be satisfied. Then the backward
stochastic variational inequality (5.157) has a unique solution (Y, Z,K) € S% x
A% . x SO such that

mxk

o0
(j) Esupe® Yy —upl* + E/ e | Zy|* ds < oo,
0

5>0

00 (5.160)
Gy fim B[ Y —grP o [ e |z Pds] =0
T—o00 T

Moreover there exists UV U@ € AY with UV € d¢p(Y,) dP ® dt a.e. and
UP € 9y (Y,) dP ® dA, a.e., so that with U, = 1y ()| UM + (1 — ) U2,

dK, = U,dQ, € 0,¥(t,Y,)dQ,,
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Ui = 1o 0 [0 + (1 —a) U]
andforall0 <t <T,
T T T
Y: —}—/ U dQ, =Yr —i—/ H (s, Ys, Z;)dO, —/ ZdB;.
t t t

The solution also satisfies for some positive constants:

(A) forallt > 0andall g >0,

() Y —uo| < e"|Y: —ug| < Cy,

00 4/2 5.161
() E( / eZVr|zr|2dr) <Cpi (.16
0

(B) forallt >0,

o0
E7 sup |e" (Y, — uo)y2 + E% (/ e?Vs |ZS|2ds)
t

s>t
o0
+E / 1. (5) [l (Y2) = ¢ (o) | ds + | (Y2) = ¥ (o)| dA]
t
T 2
< G E% |:ezvf I —uol® + (/ e (IF (5. 40,0 ds +1G (5. w0)] dAy) ) |:
! (5.162)
(C) forallt =0,
o0
EsupeZVS|YS—§S|2+E/ 32K|Zs_§s|2ds
s>t o t
+IE/ e?Vs |W (s, Y,) — W (s, )| dO;
: (5.163)

< GE ([ 100 ) X610, + (F(5.6.0) + . &) dx
F1G(.£)1dA])
(D) forallt =0

E [e2" (%) ~puo) + ¥ (1)~ ¥ (u0))]
+§E /, 1. (5) eZV"< |U;U|2ds + |US(2)|2 dAx)

<E[e* (p(n) — w(ozgo) + ¥ () — ¥ (uo))] (5.164)
+(1+c¢)? E/ L. (s) €V (IF (s, Y5, ZO)1* + | f5|?) ds

t

o0
+ (1 +c)? Ef Lo, (5) 2" (G (s, Y;)|* + |g,1?) dA,.
t
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Proof. Uniqueness. It (Y,Z,K), (Y',Z’,K') are two solutions, in the sense of
Definition 5.64, that satisfy (5.160), then

E sup 2" |¥, — Y/ < cc.
t€l0,T]

Applying the monotonicity and Lipschitz property of the function H and taking into
account that

(Yy—Y/.dK; —dK}) = 0
for dK; € 9,W(s, Y;)dQ, and dK;, € 0, W (s, Y,)dQ;, then
(Y, =Y/, [H(s.Ys, Zy) — H(s.Y/, Z)| dQ, — dK + dK},)
< |V, ~ /v, + 412, - ZiPds

Using Corollary 6.82 from Annex C, it follows that

T
E sup e*"|Y, — YS/|2 + E/ ez, - Z;|2ds
s€[0,T] 0
< GE (2 [vr - ¥{[") —0,
—00

which yields the uniqueness.
The proof of the existence will be split into several steps.

1
A. Approximating problem. Letn € N* and e = —.
n

Let

U (.1, y) = o) @) (o (@) g (¥) + (1 —a; (@) Ye (¥)]
VoW (0,1, ) = Toancw) (1) [ (@) Vy0: (0) + (1 = e (0) Vy ¢ ()]
H, (w,1,y,2) = 1 (1) H (®,1,,2)
= Yo unc() () [ (@) F (0.2, y,2) + (1 =0 (0)) G (0,1, y)]

and
®, (w,t,y,2) = Hy(w,t,y,2) —V,¥" (0,1, ).
We note that

|q>i’l (ta Uo, 0)| th
= 1[0,I1/\T] (t) [lH (Zv M070)| th + |vy\p” (ts Lt())| th]
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= I[O,n/\r] (t) |H (l, Uop, 0)| dQl
= Yound () [|F (t.u0,0)[ dt + |G (2, uo)| dA;]

and

\qujn(s’ y) - Vy\Ijn(s’ y,)| = nl[(),n/\t] (t) |y - y/| .

We consider the approximating stochastic equation: for all ¢ > 0,

[e ) o0 (o)
Y + / VW (s, Y")dQ, = 1+ / H,(s. Y], Z"dQ, — / Z"dB,, (5.165)
t t t

or equivalently

Y —up = (EFn — uo) + f D, (s, uo + (Y — up) , Z")dQ,
t

n
—/ Z'dB,, Vtelo.n], (160
t

Y2 = (.8), Vi >n.

To show the existence of a solution (Y”,Z") of (5.166) we intend to use
Lemma 5.29-(h;).

Since (¥’ — y, V. (') — Vo, (y)) > 0 (and similarly for Vi) we notice that
®,, satisfies the inequalities

(@ (' =y Pult, ¥ 2) = Pult, y.2)
< Ljoung () (e + v (1 —a)] |y — J’|2 <oy - J’|2
(b) |q>n(ls Y, Z/) - (I)n([, Vs Z)| = 1[0,'1/\1] (t) Etat |Z/ - Z| <ol |Z/ _Zl .
(5.167)

Consequently the corresponding assumptions (5.13-BSDE-Hy) for ®,, are satisfied.
We have

E (ez‘_’"

BTy — u0|2) <E (826" |n — u0|2) < b? < oo.
For the assumption (/,) from Lemma 5.29 we have for all p > 0,

no_ 2
E (/ e% sup |, (s,y,O)Ide)
0

[yl=p

nAT
<E (/ e%
0

nAT 2
+f e% sup |Vy\IJ”(S,y)}dQs)
0

[yl=p

nAT _
# Oy
F) (s)’ ds +/(; e

G! (s)) dA,
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nAT 2 nAT
<3E (/ e | F* (S)‘ds) +3E (/ ¢
0 0

nAT 2
+ 3E (/ e”n(p+ |uo|)dQS) <00
0

2
G* (s)) dAs)

because V,W" (s, up) = 0 and

sup |V (s, y)| = sup |V W (s, y) = V,¥" (s, uo)} <nsup |y —upl.
lyl=p lyl=p lyl=p

By Lemma 5.29-(h,) Eq. (5.166) has a unique solution (Y”, Z") € S? x A?nxk such
that

E sup |e ‘( —u())| +E[ 2%|z§’|2ds<oo.

s€[0,n]

Consequently for all T > n,

E sup |e (v, —uo)|2
s€[0,T]

<E sup |e" (Y] —uo | +E sup |e" (IElffr)—uoH2
s€[0,n] s€[n,T]

<E sup |eV‘Y (YJ” — uo)|2 + 5% < oc0.
s€[0,n]

Now we remark that

|\Ij”(s, y) - wn(sau0)|dQs = (lIl”(S’ y) - \pn(s9uo))dQs
= (y_MOvqujn(S’y)),

and therefore
[P (s, Y)") — W' (s, u0)| dQy + ( —ug, ®, (s, Y;’,Z;’) dQS)
1
= 1Y) = wol [H (s,u0,0)| dQ; +Y" = uol* dVs + 7| Zds.

By Proposition 6.80 we have for all g, T > 0

T q/2 T q/2
E (/ eZVs|xp"(s,Yf)—xp"(s,uo)ugs) +E (/ eZVx|zg|2ds)
0 0

T q
<CE| sup |e" (Y —uo)|" + (/0 e’s |H (s, up,0)] dQS)

s€[0,7T]
(5.168)
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and

T
E* sup |eV" (YX” - uo)|2 +E* (/ e?Vs |Z§’|2ds)
S€[t,T]) t
T
+EF (/ eV | W (s, Yy — Wi (s, up)| dQs) (5.169)
‘

2 r 2
<G Eft[wr (Y2 —uo)| +(/ eV-"|H(s,uo,O)|dQs) ]
t

B. Boundedness of Y" and Z".
Ifn < T, then

EF [eVr (Y] —uo) | = BT [e"TETT (n — uo)|” < b2

Passing to the limit as 7 — oo in (5.169) we infer (by the Beppo Levi monotone
convergence theorem) that for all # > 0

o0
E*t sup |eV»" (st — uo)|2 + E* (f eV |Z§’|2ds)
s>t t

+E (/wem |Wn (s, Y1) — \IJ”(S,uO)|dQs) (5.170)

F v, X 2 v 2
SCz]E‘[|ef(n—uo)} +(/ es|H(s,uo,0)|dQs)].
t

In particular, using the assumption (5.155), we deduce that for all # > 0

Y/ —uo| < e |V —uo| < C:6* Z R. (5.171)
Moreover from (5.168) for all g > 0
) q/2
E (/ eV |Zf|2dr) <Cyp. (5.172)
0

C. Estimates on |Y" — &/| and |Z]' — (| for large t > 0.

If there exists an Ny > 0 such that 7 (w) < Ny, P-as. w € Q,thenY,” =§ =7
and Z] = ¢ = O0forall t > Nj.

We next consider the case where P (t > N) > 0 forall N € N*,

Since

— —/”zsst,w € 0.1,
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we infer, from (5.166), that (Y", Z") satisfies for all ¢ € [0, n] the equality

Y/ & = / O, (5.5 + (Y —£) .6 + (2" — &) dQ, — / (Z" — ¢,)dB;.
We have
W (t,ug) < W"(t, &) < W(t, &) = W, E ') < EXw(r, ).

From (V,W" (t,&).,y — &) < W' (t,y) — V" (t.&) < (y — &.V,¥" (1, y)) we
infer that

(W (2, p) = W" (£, 6)] < W' (6, ) = V" (0,6) + 2|V, V" (0. 8)| 1y — &l
Sy =& VW (6, ) + 2|V, 0" (. 8)| |y — &

< (y =&V, 0" (6, ) +2|& ||y — &|

where ét € d,W (1, &) is given by the assumption (A;). Using the inequality (5.167))
it follows that, as signed measures on R,
[Wr (1, Y) = W (t,€)]dQ, + (Y — &, D, (1. Y], Z}")) dQ,

,, 2 " ) L., ) (5.173)
<177 =& [261+ |H@.6.8)1]| a0 + 1Y — &PV, + 5127 = LPdr.

Since

E sup e |y — El|2 <2E| sup e Y — u0|2 + sup e |& — u0|2
tel0,T] t€l0,T] t€l0,T]

<2R;+E sup e [E7ip— u()’z <2R2+E sup EZ (eZV’ In — u0|2)
+€[0.T] t€[0.7]

<2Rj+b?

by Proposition 5.2 we deduce that for0 <t < T,

T
E sup e V! — & +E / 2|z — ¢, Pds
t

SE€[t,T]

T
—HE/ e | W (s, Y1) — W (5. &)| dO; (5.174)

<G, [E (e lre &)+ 2 ([ e 81+ 1HG. 6.5 dQ.y)z}

Recall that (Y]", Z7) = (&, ), Vs > n. Passing to the limit 7 — oo in (5.174),

S
we obtain by the Beppo Levi monotone convergence theorem
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o0
Esupe?”s |Y" — &> + Ef e |21 — ¢,|Pds

s>t t

oo
+E [ 2%

W (s, Y]") — W' (5, &)| O, (5.175)

o0 At 2
e ([ e [+ 1H6.6. 0] d0.)
D. Boundedness of Vo (Y/") and Vi.(Y,").

By the stochastic subdifferential inequality from Lemma 2.38 and Remark 2.39, for
al0 <t <T

eV [@sT(Ytn) — Qe (“0)] <e¥r [@a(Y#) — Qe (uo)]]_
[ e e o6 v z0) a0, - [ (Vo). Z1as)

(and a similar inequality for v.). We infer that

T
eV [@s(Yt”) — @ (o) + Ve (Y") — @e (MO)] + / Li<pnce® [aS|V¢£(YS”)|2

(Vg (V). V(X)) + (1= o) [V ()P |d 0,
<e¥r [‘PS(Y#) — @e (uo) + Ve (Y7) — ¢ (”0)]

T
+ / 1o, (5) €2 (Vo (Y™) + Vo (Y2, H(s, Y7, Z)) dO,

T
_/ e (Vo (Y + Ve (YD), Z'dBy) .
t
(5.176)

Using the definition of the function H(t, y,z) given in (5.149), the compatibility
assumptions (5.152) yield

(Voo (y), H(t, y,2)) = 1 () (Vo (), o, F(t, y,2) + (1 — ;) G(2, y))

= 0. ) [ VeI F (e, 3. + ¢ (1 = ) [VY) (G )] + 80|
(5.177)
and respectively

(VYe(y), H(t, y,2)) = Ljo.q0 (1) (VYe(¥), 0 F(t,y,2) + (1 — ;) G(2,Y))
<1y (1) [c o |Vo-WI (| F (&, y, 29| + f) + (1 —a) |G(2, y)IIVI/fg(y)I]-
(5.178)

Recall that ¢ (y) = ¢c(uo) = ¢(uo) and ¥ (y) = Ye(uo) = ¥ (uo).
From (5.152), (5.176-5.178) and the inequality a (x + y) < %az + x2 + y> we
obtain
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" (@:(Y)") — (uo) + Yo (¥;") — ¥ (uo))

1 T
45 [ Noana ©) [ 10,000 Pas + V9P
!

< P [ (V) = plu) + VoY) = o)
FA+0? [ Noana @ (P10 ZDP + 14F)ds (5179

T
L+ / Touna 5) 2% (1G(s. YD+ |,]2) dA,
t

T
—/ Vs (Vo (Y + Ve (Y]), Z"dBy) .
t

The stochastic integral from this last inequality has the property
T
EE/ 2 (Vo (V)) + VY (Y)'). Z1dB,) = 0,
t

because by Vo, (1p) = V. (ug) = 0 we have
|V(p8(Yxn) + Vl/fé‘(anN = 2n |st - I/t()|

and by (5.171) and (5.172)
1/2

T
E (/ e |V (YD) + Vi (Y] |Z§1|2d5)
t

T 1/2
<2nRyE (/ e2VS|Z§’|2ds) < 00.
0
Let T > n. By Jensen’s inequality it follows that

E[e* (¢:(Y]) + ¥ (Y]))] < E[e*'" (p(ér) + v (67))]
<E['T (p(n) + v ()]

Now from inequality (5.179) we infer by Beppo Levi’s monotone convergence
theorem for 7 — oo

E[e (01 = 0l) + Ve)) = ¥ ) |
3B [ Hoan 0 [V (r) P + 99,07 P,

= E[e?" (p(n) — p(uo) + ¥ () = ¥ (u0))] (5.180)
+(1+¢) ]E/t Lo (s) €* (|F (s, Y, ZDI* + | f?) ds

o0
FO4 B[ Toq () (G610 + 1)
t
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By (5.171), (5.168) and the assumption (5.154(iii)) we deduce that there exists a
constant C independent of n such that

o0
E / Lo () €2 (IF(s. Y ZD P + | £,) ds
t

0 2
< IE/ 1o (5) €2 [2 ‘onﬂuol (s)’ +2L2 2 + Ifslz]ds <C
t
and

o0
E / Lo (5) " (IG(s. Y)P + |, [?) dA,
t

<E[ 1000 |64 1 Of +le P ar <

Therefore from (5.180) we have

E [82% (0e(Y") — @(uo) + Ve (Y,") — ¥ (up))| < C, forallt >0 (5.181)
and

o0

B [ toana O [V DPar + Ty Far] s €. s

Since
0 () = 0u0) = 5 V9. (I + [ (v = £V, () = (o)}
we see from (5.181) that, for all > 0,
IE[ 2 (|8V¢£(Y")| + eV (Y] )] <2Ce (5.183)

(recall that e = 1/n).
E. Cauchy sequences and convergence.

Note that by assumption (A,) and (5.156) we have |&; — 1| < b and

o0 2
E (/ Ljo.7) (s) evxzs <] ds)
<E [(/"01[0,1] (s) (ﬁs)st) (/001[0’{] (s) &2 Iislzds)} L0, @57 co.
n 0
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Hence by assumption (5.154ii)

B ([ enne.a.sla0.)

n

00 2 00 2
<3E ( / Lo () e Ff o (9) ds) +3E ( / Ljo. (8) e Gl 0 (9) dAs)
n n
oo 2
+3E (/ eVSl[O.T] (s) £ |§'S|ds) — 0, asn — oo,
n
and by (5.175),
. o0 .
Esupe?s|Y i — &> + E/ e?Vs|ZmH — ¢ |2ds
s>n oo n
+E / Vs [t (s, YIH) — Wt (5,£0)| d O, (5.184)
n

&+ 1H0.6.61]40,) — 0.0 o0,

§C,,]E(/Ooe“v[

n

By uniqueness it follows that, for all ¢ € [0, n],
Yy i —yr = yrt g, +/ dK"! —/ (ZM — ZM)dBs, a.s.,
t t

where on [0, 1]
dKy"
= [Huti(s. YT Z2)—H, (5. Y], Z) =V, 0" (5, Y )+ V, W (5, Y]")] O,
= [H(s, Y, 20 — H(s, Y, Z") =V, ¥(s, Y + V,W(s, Y1) ] dQs.
By (6.28, witha =0, e = 1/nand § = 1/ (n +i))
(Yt e (VyW(s, YY) — Vs, YY) dO,)
< (e + )10 () (Ve (V). Vips (Vs + (Vo (7). Vs (V1) ).
and using (5.150) we have on [0, n]
<st+i _ st’ng.i)
= 2000 6) [ (9000 + Ve 7) ds
+ (IVUXDP + [V (1)) dA |
+|Y Y Pav, + %|zg+i — Z"|%ds.




462 5 Backward Stochastic Differential Equations
Since by (5.171),

B sup e Y0 = ¥ < 2F sup e[|V — ol + 1Y) — uof’]

s€[0,n] s€[0,n]

<2R} < o0,

we obtain by Proposition 5.2 that

n
E sup,cio € YT —Y? + E / e | Zit — Z2|2ds
) 0
<C ]EeZI/,,lynn-i-z _ En|2

nAT A 5.185
+(s+6) CE/ eV (IVe (Y + (Vs (Y] T)I?) ds O
0

nAT
+He+8)C E[ e (Ve ()P + [Vs(Y) ) P) dA,.
0
The estimates (5.182) and (5.184) give us

n
E sup ezV“|YS”+i - YS”|2 + ]E[0 e2V“|Z;’+i — Z;’|2ds

s€[0,n]

. C
<Esupe?s|Y"H — £+ — — 0, asn — oo.
s>n n

Hence
2Vsyyn+i _ yn|2
Esup e Y] Yy
5>0
<E sup 2" |Y"* —Y"]> + Esupe?s|Y " —£]> — 0, asn — oo

s€[0,n] s=n

and
00 .
]E/ eZVvlz;1+z _ Z?|2ds
0

n o0
§E/ e?Vs|znti —Z;’|2ds+]E/ e |2 — ¢ |2 ds — 0, asn — oo.
0 n

F. Passage to the limit.

Consequently there exists (Y, Z) € S9 x A%, such that

m

o0
]EsupezVS|Ys” - Y ~|—IE/ e2V5|Z;’ — Z|?ds — 0, as n — oo.
0

>0

We have that (Y, Z;) = (n,0) fort > r,since Y =& =nand Z] = {; = 0 for
t>r.
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Taking into account (5.183) and

[P (s, y) — W (s, uo)|
= 1[O,n/\z] (S) [a‘\' ((ps ()’) — Pe (MO)) + (1 - a‘\') (% ()’) - ws (MO))]
= Lound () s [9 (v — Ve () — @(uo)]

+1[0,n/\1:] (S) (1 - (XS) W (y - 3V‘/fs (y)) - 1/f (u0)| ’

the inequality (5.162) follows from (5.170) by Fatou’s Lemma.

Also by Fatou’s Lemma from (5.175) we obtain (5.163) and from (5.171)
and (5.172) we deduce (5.161).

From (5.182) there exist two p.m.s.p. U) and U?, such that along a subse-
quence still indexed by n, we have for ¢ = % —0

e Vo, (Y jprnn — " UMy, weaklyin L (2 x Ry, dP ® dt;R™),
e VY (Y opm — " UP1p,), weaklyin L2 (Q x Ry, dP ® dA;;R™).

Using (5.183) and applying Fatou’s Lemma we have

B¢ [p (Y) = p(uo)] ) = liminfE(e>" [¢ (¥ = eV (1)) = p(u0)] )

+o00

< 1iminf1E(e2Vf [0 (Y]") — @(uo)] )

n—+o0o

and similarly for ¥. Passing to liminf,,_, 4 o in (5.180) we obtain (5.164).
From (5.165) we have forall0 <t < T <n, P-a.s.

T T T
Y +/ VU (s, Y)dQ, = Y} +/ H(s,YS",Z;’)dQS—/ Z"dB,,
t t t

and passing to the limit we conclude that

T T T
Y, +/ UydQg = Yr +/ H(s, YS,ZS)dQS—/ ZdBg, as.  (5.186)
t t t
with
Us = 114 () [ U + (1 — ) UZ], fors > 0. (5.187)

By (5.118—b), we see that, forall E € 7,0 <s <tand X € S2

m?

t t
E f (2 Vo, (Y1), X, — Y\ pdr + E [ (Y] — eV (Y!)1pdr
N

S

t
< ]E/ e?Vro(X,)1gdr.
s
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Passing to liminf for » — oo in the above inequality we obtain US“) € dp(Ys),dP®
ds-a.e. and, with similar arguments, U® € 0y (Y;), dP® dA;-a.e. Summarizing the
above conclusions we conclude that (Y, Z, U) is a solution of the BSVI (5.157).

We want to highlight the fact that the assumption (A;y-b) is too strong for many
applications. The next two results are concerned with the existence of a solution for
the backward stochastic variational inequality (5.146) recalled here for convenience:

Y, +[ dK; =1 +/ [F (.Y, Zs)ds + G (s, Y) dA;]
t t

AT AT -
—/ Z.dB;, fort >0, (5.188)
t

AT

th (S a(p (I][) dt + al/f (Y[)dA[, on R+,

without the boundedness conditions from (A).
Consider the closed convex sets

Oy ={y eR" : 9 (y) = ¢ (u0)},
Oy ={y eR" : ¢ (y) =¥ (w0)}, and
0= 0, NOy.
Since every point of O is a minimum point for ¢ and ¥, it follows that Vo, (1) =
Vi, (u) =0 forallu € O.

Theorem 5.67. Let the assumptions (A,), ..., (Aq) be satisfied and assume that
there exists a 8o > 0 such that

B (uo, 80) C int (0). (5.189)

Assume moreover there exists § € (0,00l and g =1+ 2% (withqg =2if§ = o0)
such that

(o] 146
(i) for0<68<oo: E (/ (ﬁs)zds) < o0,
0
(o)
(@) ford =o0: (€s)s= is a deterministic process and/ (£,)* ds < oo,
- 0

@ Jim B ([ o 6)XI1FG.6.0lds + 160,61 da,) " =
(5.190)

Then the BSVI (5.188) has a unique solution (Y, Z,K) € SBL X A%xk X S,?l in the

sense of Definition 5.64 such that forq = 1 + 2% and g =2 if § = oo,
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o0
(j) Esupe?s |Y, — ug|* —i—E/ e | Z | ds < oo,
0

§>0
[ele) q/2
() lim [Equer—muE(f e”wzs—zsﬁds) }:0.
T—o00 T

(5.191)
Moreover the inequalities (5.162) and (5.163) hold.

Proof. (I) Uniqueness. The proof of uniqueness is similar to that given for
Theorem 5.66 except that now by Corollary 6.82 from Annex C, we have

T
E sup e YX—YS’|q+E (/ e
s€[0.7] 0

< GE (e |Yr = Y7[) ———0.

5 q/2
Z,—Z]| ds)

(IT) Existence. Step 1. Approximation of the problem’s data to satisfy (Ayg). Let
Oy = 1[0,1'] (S) [//Lsas + vy (1 - as)] s dQs =ds+ dAS’

AT IAT INT
B, = Oune +/ 0.dQ, +/ |F (5. 100, 0)| +/ G (5. u0)| dA,.
0 0 0
Yo =1+ B+ 4 + |F (t,uo,0)] + |G (¢, u9)| and
A’t =1 + e,.
Define, for n € N*,
0 =L, (M),
M = (N —uo) Lo (Br + |n — uol) + uo € 7, uo,
Fn (l, y,z) =F ([, J’»Zl[o,n] (At)) - F ([s Uo, 0) 1(n.oo) (Vt) s
G (t.y) =G (t,y) — G (t,up) Ln.o0) (1)
By (t.9.2) = By (.20 + (1 =) G (4.) | 10 ).

and

INT

AT
= / [Mds + () ds + vsdAS] =V - / (£)? 14n00) (As) d.
0 0

Let (7, &™) be given by the martingale representation theorem (Corollary 2.44): for
allt >0, & =E”p, and
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o0
tn Znn_/ ;:ldBAs
t
or equivalently, forall 7 > 0
T
g =Ry, —f {"dBs, te€l0,T].
t

It is easy to verify that

IEsupeZV’ |11 —uol2 < Esupezv’ |17—uo|2 < E(ezvf |n — u0|2> < 00,
>0 >0

Esupe?’ |n, —n* <E [e”’ In — uol® lﬂr+\r/—u0\>n] :
>0

Applying Corollary 6.83, first on [z, T'] and then letting 7 — oo, we infer that for
allt >0

o
(a) B sup e |& — uo|? + ]EE./ e g ds < C, BT (eZVT [n— u0|2) ,
§>1

t

o0
() 57 supe™ € —wf + BT [ 0P ds < GBS (¢ o - woP).
s>t

1

(c) E7t supe?s &7 — &> + EF [ |¢n — ¢, ds

s>t
< GE” [62” 1= uol® 1ﬁr+|n—uo|>ﬂ:| :
(5.192)
Since the assumptions (A1, ..., Ay) are satisfied by (n, F, G, ¢, ¥, V, u, v, £) it
follows that the same assumptions are satisfied replacing (n, F, G, ¢, ¥, V, , v,
O by (s Fuy Gy @, ¥, Vv, 4.
With respect to (A;g) we have

(e} n
E’,’—i—/ (Zg)zds§n+/n2ds:n+n3
0 0

and

H,, (s, uo, 0)‘ dQs

T
eVt [Ny — uo| + ‘H,, (l,uO,O)‘ +/ eV
0 T
< e’ [ —uo| + | H (t.u0.0)| Loy (v1) +/ e’ |H (s,u0.0)| Lo, (v) Qs
0
<n+e'n+e"n®>=hb,.
Hence (f]n, N AT V”) satisfies (Ap).

Step 2. Approximating equation and estimates. By Step I we are in the conditions
of Theorem 5.66 and therefore the approximating equation
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oo oo

00
Ytn +/ UsndQs =1, —|—/ H, (S, st» Z:’) dQA —/ Z;ldBS,
t t t
ng = UY”dQY € 3y‘~11 (S, YX") dQy

has a unique solution (Y",Z", K") € S9 x A°

mxk

s>tand U" = o,U} + (1 — ;) U2" such that

xS0 (¥2.22) = (€1.0) for

o0
(j) Esupe? |Y! —upl* + IE/O e | 2" ds < oo,

5>0

%0 (5.193)
(i) Jim_ E[eZVHYT"— ';{2+/T eZV-v"|Z;’—§§’|2ds] =0.

Moreover the inequalities (5.161), (§.1§2), (5.163) and (5.164) hold with (n, F, G,

(pa W, V, /’L9 U, ea Cb’ Cq.b) by (nn’ Fn, Gn’ (p’ W, VVI’ /'L’ \), gn, Cn’ Cq,n)-
Using in (5.193) V""" — (n 4+ i) < V" we get foralli € N

. o0 .
8] EsupeZVfﬂ_ﬁ |YS”—u0|2+E/ 2t |Z7* ds < oo,
0

s>0

neti > 0t (5.194)
() Jim B[ vp—gf v ez -gpa) -0

Since (Y' — up, U —0) > 0 and
WG, Y1) = W(s,u0) | A + (V' o, (5. ¥ Z) = U} dQ,
. 1
<Y — uy| (H,, (s,uO,O)) A0, +1Y;' =l Vi + 7122 ds
< Y] —uo| Lo, () (|F (5,u0,0)| ds + |G (s, uo)| dAy) + |Y]" — uo|” avi ™+
1 n|2
+Z|ZS| dS,

we infer by Corollary 6.82 for p =2and0<¢ < T,

7 vit (yn 2 7 Lot
E7* sup )e (Y —uo)‘ + E7 e’ |Z!|"ds
s€[t,T] t

T .
R (/ 2T (s, Y — lIJ(s,uo)Iﬂle)
t

n4+i 2
<G Eﬂ“eVr (Y}’—uo)‘
T V"‘H 2
+(/ 1o (5) ¥ (|F(s,u0,0)|ds+|G(s,u0)|dAs)> .
t
(5.195)
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But by (5.192-b) and V;'*' < V7 we have
n+i 2 1/2
|:Efr (‘eVTJr (Y7 —uo)‘ )i|
F(,2vi iy en2\]Y? Fo (,2Vr (en 2
< [E7 (X7 v —P) |+ [E (27 1gh —wl) ]

nti 1/2 1/2
=[5 ()] " [ (e )

1/2

Using Beppo Levi’s monotone convergence theorem and (5.194-jj") we can pass to
the limit in (5.195), first lim sup;_, ,, and then lim; _, o,. We obtain

o0
E7 sup |e"s (Y — u0)|2 +E% (/ e’V |Z?|2ds)

s>t t
(]

o

e2Vs |W(s, Y") — W(s, up)| dQS)

' (5.196)
< G E | e [ —up|
o0 2
+</ Ljo.o] (s) € (|F (s.uo.0)| ds + IG(S,uo)IdAs)) }
t
and, in particular,
E supe®”s |Y! — up|* < oo. (5.197)

5>0

Step 3. Cauchy sequence and convergences. Let

Ky = /Ot EAR AR
We have forany j > 1 > 1
(v =y d (K - K5))
(V' =YTUH (.Y Z{ 100 (A9) = H (5. Y Z0 o044y (As))) Qs
— (¥ =Y H (5,10,0)) [Ljn.00 (¥5) = Lpnticof (v5)] 4O
= ¥ = [1H (5,10, 0)] 1pnoog () 4O,

+1[0,r] (S) gs }1[0,11] (Ax) - 1[0,n+i] (As)| |Zfl | dS]

n n+i|2 1 n n+i|?
V=Y (00d Qs + Loy (9) Lo () (€)ds) + 5 | 2020 s
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then for all T > 0, by Proposition 5.2 withg = 1 + % € (1,2)and g = 2 if
8 = oo,

n+j R T ntj ) q/2
s€[0,T] 0

n+j iq
<SC Ee!T Y-yt

T oy q
B ([ oy 00 18 0,00 4.+ 10 ) 11271 a5] )
0

But

q

r V"+j n
E ([ oo 090" 1 (51,127 ds]
0

T q/2 T ) q/2
fE[([ 1[o,f](s)(mzl(n,oo)(xods) (/ o2 |z:|2ds) }
0 0
T 1
sAn,sx[E (/ e?Vs |Z;’|2ds)] :
0

with

1
2446

T 1+6
|:IE ( / 1.1 (5) (€5)* 1(1.00) (As)ds) } , if0 < § < oo,
0

o0
/ (£,)* 141.00) (As)ds, ifg =2 (8 = oo, £ is deterministic);
0

An,S =

the last inequality is obtained by Holder’s inequality since ﬁ + ﬁ = 1. Thus

n+j g T n+j .2 a/2
E ( sup e " Y=Y " +E ( f eV | zr -zt ds)
s€[0,T] 0

T
n+j .
< CquqVT ' |Y# _Y#+I|q +CqE (/ eVS[|H(tsu0a0)| 1(n,c)o) (ys)dQs)
0

q
T 2
+C, An,gx[E (/ e2V5|Z§|2ds)} .
0

(5.198)

q
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Here we have

n+j . 1/2
2V. n n+i
(B vy —vpi]?)

ntj 1/2 ntj N 1/2
< (B vp—gr) "+ (B g -6t

-+ n+i n+i|? 12
+ (B gt - i)

n+j 1/2 n+j . . 1/2
< (BT 1vp—gP) "+ (BT gt - vy T)

1/2
+ [E (eZVT |77_’/‘0|2 1ﬂ1+\r]—u0\>n):| ,

and as T — oo we infer

. 2V”+‘/ n n+i |2 2V, 2
limsupE e“'7 |YT -Y; | <E (e [n—uol™ g 4jp—uol>n ) -
T—o00

o0
Using (5.196) for the boundedness of ]E[ e?Vs|zn |2 ds we get from (5.198) as
0
T — oo and then passing to the limit as j — oo:

n n+i|4 Wy (o n+i|2 vz
Y-y +E eV |z =zt ds
0

q/2
=< C [E (eZVf |77 - ”0|2 1|7]—ug|>n)]

E (sup et"s

5>0

T q
+CE (/ eVYI:|H (t, u0’0)| l(n.oo) (¥s) dQs) +C Ay,
0

which yields by (5.190) the existence of a pair (Y, Z) € S2 x A%, such that

m

) q/2
lim [IEI supe?” |Y! — Y| + E (/ ez — ZS|2ds) ] =0. (5.199)
n—o00 0

s=>0

Now by Fatou’s lemma from (5.196) we obtain (5.162) and consequently (5.191-).
To verify (5.191-jj), following the proof of Theorem 5.66, we have

|\IJ (S’ YSn) -V (S’ g:5)| dQs + <st - gSv I:I,, (S7 st’ Zg) - Usn>dQS
< 177 =& [1&] + 16,601 [dO,
Y BV 4 120~ s,
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By (5.192-a) and (5.197) we have

"
E sug 2 Y"—&)<E sug X Y — &) < .
5> 5=

Furthermore, using (5.194-jj") and (5.192-c), we have

n—+i
limsupE &> |Y) —&7)* <E (e”f I — uol® l,sf+|n—uo|>n) -

T—o00

In the same manner as above when we proved (5.196) we obtain, by Corollary 6.82
for p € (1,2], similar inequalities with (&, {;) in place of (up,0) and passing
successively to the limit 7 — oo and i — oo we get that for all > 0

00 p/2
Esuper 17 ~&l7 + & ([ 127 - tas)
t

s>t
o0
+E (/ e?Vs
t

< Cp|E (V" |n—uo|” 1g, 4 1y—uol>n)

+E (/ Lo (S)evs[|§s| + |I—}n(sv§s’ Zs)|]dQs)pi|

p/2
W(s, Y") — W (s.&)| dQs)
(5.200)

Since |Hy (s, 5. §)| = [H(s, &, 0)| + €5 |8+ H (s, uo, 0)[1(n,00) (¥s), from (5.200)
with Fatou’s Lemma applied to the left-hand side and the Lebesgue dominated
convergence theorem applied to the right-hand side we infer by taking the limit
asn — oo

0o p/2
EsupepVY|Ys_é§_s|p+]E (/ eZVS|Zs_§s|2dS)
= ) ' p/2
w8 ([ o - vegldo.) (5201
(o] ! N P
=GR ([ Mo e [Elag. + 1HG. 010 + ¢ sl s])

which yields (5.163) if we choose p = 2.
Inthecase p =qg =1+ 2% € (1, 2), by Holder’s inequality, we have

E (/tool[o,,] () €" 4yl lds)"
<& ([Tt o @) ([T pa) ]
<[e([ 1000 (&)zds)qu% =/ °°e2V-v|zs|2ds]g.
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In the case p = ¢ = 2,5 = oo and £ is a deterministic process

00 2 o) 00
E ( / lo (s)e“mws) 5( / (zs)zds) E( / e”wzsﬁds).

Using the assumptions (5.190) and (5.154-ii), from (5.201) we infer (5.191-jj).
Step 4. Estimates on the subdifferential term dK;, = U'dQ, € 0,V (s, YS”) dg.
We now use the assumption (5.189) on the interior of Dom (¢). From the proof of
Corollary 5.49 we have
Sd K" 3+ (Y —uo, B, (1Y), 2}) dO, - dK? )
< [Wh 5, (0 =W (. 10)] dQ: + 1¥," = uol [liu] + | (¢.0,0)| | 0,
1
+ 1Y) —uol*av, + 1 1z dt

where

W¥ (1) = sup {10 (0) [ (o + 8ov) + (1 — ) ¥ (g + Sov)] : |v] < 1}

= sup {101 (1) | (o) + (1 — o) ¥ (uo)|}
= \I} (t, I/t()) s

andit, =0 € 0,V (w, t, up). Hence
Sod § K" 3, +<K” —uo. H, (1. Y, Z") dQ, —dK7>
<1V~ ol [H (100, 0)[ dQ, + 1Y) — ol av, + 12 di.
By Proposition 6.80-B we obtain

T
(SOIE/ e?Vsd § K" 3
0

2

T
< |:IE AT |Y7 —u0|2 +E (/ eVs |H (s,u0,0)|dQs)
0

]SC.

t t
Y+ K=Y/ +/0 H, (s, Y], Z!)dQ, —/0 Z!dB;, V1t >0,

From the convergence (5.199) and the equality

it follows, via Lemma 5.16, that there exists a K € S,% such that

n prob.
K" — K||; — 0, as n — oo.
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As in Proposition 1.20 and Corollary 1.22 we obtain

T T
E/ e?d § K < liminf]E/ e?d § K" ;< C
0 n—-+00o 0
and
dK; € 0,¥ (t,Y;)dQ, onR.

Finally passing to the limit in
T T
Y'+ K} —K'=Y] +f H, (s, Y], Z!)dQ, —[ Z"dB,
t t

we complete the proof. |

Remark 5.68. In this last theorem, in contrast to the results in Theorem 5.66, we
have not been able to show that the process K is absolutely continuous.

To end this section we discuss a particular case of BSVI (5.146) that we recall
here for the convenience of the reader:

T T
Y, + / dK;, = n+ f [F (s,Y, Zs)ds + G (s, Yy) dA;]
t t

AT AT r
_ Z.dB,. 1> 0. (5.202)
INT
dK[ (S 3(0 (th) d[ + 31# (Y[) dAt, on R+,
where the assumptions (A), ..., (A;) from the beginning of this section will to be

replaced by

(Ly):  (A) + (Ay) + (Az) are satisfied;
(L,):  the functions F : Q xRy xR"xR"™* 5 R™ and G : QxR4 xR" — R™
satisfy

F (-, v.2), G (.- y) is p.m.s.p., foreach (y,z) € R" x R™*k

and there exists an L > 0 such that, P-a.s. w € Q, a.e. t > 0, for all y,
y/,Z, Z/

() (Y =y Ft.y.9—F(t.y.2) <%y -y’
@) |F(ty.2)— F@.y.9l < /51~
(i) |F (w,1,9,0] <L +1y]), i (5.203)
) (V'=y.Gt,y)=Gty) =Ly -y,
v G (w,t,y)| =LA +]|y]).

s
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We remark that in this case u, = %l[o.z] @), = \/gl[oyf] (), vi = Ll ()
and

INT
v, = / [12sds + v, + (€)? d5] = LOsne,
0
. L
FJ(s) = sup |F(t,y,0)] < 5(1 +p),

[yl=<p

Gh(s)=sup [G(t.y)| <L(1+p).

[yl=p

(L3):  (Ag)+(Ay)+(Ayg) are satisfied;
(Ls): assume that

E 20 (1+ [l + o + [¥(m)]) < oo, (5.204)

We highlight that under (L;),...,(Ls), the assumptions (A;),..., (Ag) are
satisfied. Also from (Ls) we have

L)

- E[(1+Af)j] <Ee*9% <00, forall j € N*,
j!

and consequently T < oo, P-a.s. Moreover it is not difficult to verify that by (L),
(Ls) and (5.192-a) the condition (5.190) is satisfied for all § € (0, co) and for all
q =1+ % € (1,2). Hence with the exception of assumption (5.189) on the
interior of Dom (¢) all other assumptions of Theorem 5.67 are satisfied.

Theorem 5.69. Under the assumptions (L1),...,(Ls) the BSVI (5.202) has a
unique solution (Y, Z, K) € S x quxk x SO in the sense of Definition 5.64 which
satisfies for all g € (1,2):

o0
() EsupeZLlem—uo|2+E/ 2103 | Z,2 ds < oo,
s=>0 0

00 q/2
() lim []E el \Yr —gr|! + E (/ 20| Z — ¢ dS) } =0.
T—o00 T

Moreover there exist UV, U? e AY, Ut(l) € 0o (Y;) and U,(z) e Iy (1),
dP®dt-a.e. such that dK; = U;dQ, € 0,V (t,Y;) dQ;, where

Ur = 1o 0 [0 + (1 —a) U]
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and

T T T
Y, + / Usde =Yr+ [ H (s, Y, Zy) dQs _[ ZdBy, a.s.
t t t

The inequalities (5.162), (5.163) and (5.164) hold with V, = LQ,.

Proof. The proof is similar to that of Theorem 5.67: the Steps -3 are exactly the
same. To pass to the limit in the approximating equation

oo 0o oo
Y +/ UrdQy = n, +[ a, (s,YS”,Z;’)dQS—/ Z"dB;,
dK" = lUndQ — Ul’nds + bZ,ndA ! (5205)
s T Vs s My K S
with U"ds € d¢ (Y") ds, UX"dA, € 9y (Y]") dA;,

we need a new argument for Step 4 since now the interior condition (5.189) is not

satisfied.
Step 4'. Estimates on subdifferential terms U'" and U*" . By Theorem 5.66 we have

E [ezl’r” (Q"ng") — ¢(uo) + v (¥") = ¥ (uo))]
cle ot oe-F )

< B[ @0m) — () + ¥ (m) — 0]
14K f 1.0 (5) 2V [|F,, (.Y, Z")2ds + |G (s, Yv")|2dAS].

t

INT
Note that V" =V, — 6", where 6, = / % 1(1.00) (As) ds. Since
0

() — (o) = (¢ (1) — @(uo)) 1.y (Be + 1 — uol)
Y (1) =¥ (o) = (W (1) — ¥ (u0)) Lo (Be + |0 — o).
|Fas, Y], Z0)] < % (1+171) + \g 1Z2 1 Vo1 (i) + | F (5,10, 0)] 1po.n) (35) ,
1Gu(s, Y| < L(1+1Y)]) + |G (s, u0)| Lo (35) -
we obtain
E[e (o) = plw) + v () =y ()| = C.

and

o0
B[ toa@ e [[u s+ v aa] < c
0
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Consequently there exist two p.m.s.p. U") and U®, such that along a subsequence
still indexed by n,

e"UMe 1 — " UM}y,  weakly in L (2 x Ry, dP ® dt; R™),
e"Ue" 1) — " UP1yp,), weakly in L2 (2 x Ry, dP ® dA,;; R™).

Passing to the limit in (5.205) the result follows in a standard manner (see the proof
of Theorem 5.66). ]

Remark 5.70. If t = T < oo is a deterministic final time, then the assertions of
Theorem 5.69 are also true with ¢ = 2 (and § = 00) by setting £; = \/g 1j0.77 (5).

5.6.3 Weak Variational Solutions

In this subsection we discuss again the existence and the uniqueness of a solution
(Y, Z) of BSVI (5.146) that we recall here:

Y, + dK; = n+ [F(S.YS,ZS)dS-f-G(S,YS)dAS]—/ ZdBy, t > 0,
AT AT AT (5.2006)
dK; € 3¢ (Y;)dt + 0y (Y;)dA;, on Ry,

under the assumptions (A)), ..., (Ag) presented in Sect. 5.6.2. Adding the assump-
tion (A;y) we have Theorem 5.66. Replacing the assumption (A;y) by (5.190)
and the interior condition (5.189) we have Theorem 5.67. Furthermore if the
stochastic processes ({4r);>o> (Vt);z0 (£1),;>( are constants and some boundedness
assumptions (5.203-iii, v) and (5.204) are satisfied then we can renounce assumption
(Ap), and obtain the existence and uniqueness of a solution (Y, Z) for (5.206): see
Theorem 5.69.

The aim of this subsection is to obtain existence and uniqueness under the
assumptions (A;), ..., (Ag) and (5.190), i.e. to see what happens in Theorem 5.67
without the interior condition (5.189). It is not clear how we can obtain some
estimates on the subdifferential term dK! = U"dQ, € 9,V (s,Y/") dQ, except
for the particular case treated in Theorem 5.69. For this reason we shall give a
weak variational formulation for the solution as in [47]. The stochastic variational
formulation for forward SDEs was introduced by Riscanu in [62].

Let us define the space Lr. p > 0, of continuous semimartingales M of the form

t t
M, = y—/ A,dQ,+/ ®,dB;,
0 0

where y € R”, A and ® are two p.m.s.p. such that on every interval [0, T] C R4,
AeL?(QL"0.T;R™),® e LP (2 L* (0, T;R"’Xk)).
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For an intuitive introduction, let M € £ and (Y,Z,K) be a solution

1
of (5.157), in the sense of Definition 5.64. By 1td’s formula for 3 |M, —Y,|* and
the subdifferential inequality

/tT (M, — Y,.dK,) + /,T‘I’ (r.Yr)dQ: = /;T\Ij (ratder

we obtain the inequality

1 1 T T
5|Ml—x|2+5f |®,~—zr|2dr+/ W (r,Y,)dQ,
t t

T T
|MT_YT|2+/ ‘Ij(r’Mr)er“'/ <Mr_YrvAr_H(raYr,Zr))er
t

t

T
_/ (M, —Y,,(©, — Z,)dB,).

Therefore, we propose the following weak formulation for the solution.
Definition 5.71. We call (Y;,Z,),5, a weak variational solution of (5.206) if
(Y.Z)e SO x A . (Y:,Z,) = (&,&) = (,0) fort > 7 and

mxk?

T
(i) / (H (r, Y, Z)|+ ¥ (r,Y,)dQ, < oo, P-as., forall T > 0,

0
1 1 [° $
@) 51 -P 4 [ 10,z ar+ [(winr)ae,
s !
1 2
s 5
+/ (Mr - Yr, Ar - H (r7 Yr, Zr))er _/ (M) - Yr, ((n)r - Z,)dBr),
t t
VO<t<s<t, VM =y— [[AdQ, + [,0,dB, € L),
[e @]
rob.
@iy 27 |Yr — Z§T|2 + / eV | Z, — é“y|2 ds 22 0, asT — oo.
T
Theorem 5.72. Let the assumptions (A, ...,Aq) and (5.190-(i") and (ii, with

q = 2)) be satisfied. Then the BSVI (5.206) has a unique weak variational solution
(Y,Z) € SO x A° < i1 the sense of Definition 5.71 such that

m

oo
(j) Esupe?™s |Y, — up|* +E/ e | Z | ds < oo,
§>0 0

- (5.208)
() lim [E AV Yy — £ +E / ezV"IZS—Eslzds} —o0.
T—00 T

Moreover the inequalities (5.162) and (5.163) hold.
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Proof. Existence We remark that we are in the conditions of Theorem 5.67 without
the interior condition (5.189). Therefore we start with the same approximating
equation as in the proof of Theorem 5.67

oo oo

o0
an +/ UsndQs = T +/ H" (S’ YSn’ Z;I) dQ3 _/ Z;ldBA’
t

1 t (5.209)
dKy =Ul'dQ, € 0,¥ (s, Y;’) dQs = 1)1 (s) dp (YX”) dQ;

and we follow exactly the same Steps /-3 as there.
We obtain the existence of (¥, Z) € S9 x A&X « such that

>0

o
E |:supezV"|Ys” —Y,? +[ VA ZS|2ds:| — 0, asn — oo,
0

Y:,Z,) = (n,0) fort > v and (Y, Z) satisfies (5.208), the inequalities (5.162)
and (5.163), and (5.207-1, iii).

Let M. = y — [;A,dQ, + [;0,dB, € L. By It&’s formula for 1 |M, — Y¥"|?
we deduce that, forall0 <t <,

1 1 [ $ 1
= viP S [le - ziPars [ (ryy)ag, < JEIM, - 1P
t

+[ ‘P(r,Mr")deL/I( —YX Ay —H, (Y], Z1)dO,
_/ (Mr_an,(Gr—Z;?)dBr).

Passing to the lim inf it follows that the pair (Y, Z) satisfies the inequality (5.207-ii).

Uniqueness. In order to prove the uniqueness of the solution, let (1? Z ) € SY x

ASD(k and (I? , Z) € S0 x A° mxi D€ two weak variational solutions of (5.206)
corresponding to 7 and 7, respectively. Therefore for all M. = y — fOA o, +
[0©,dB, € L

m?>

~ ~ 1 [* ~ -
2 _ 2 - _ 2 _ 2

2 (1M =22+ v, Y|)+2/ (18, = 2P +10, - Z,1*) ar
+/ (\If(rY)+\IJ(rY))dQ,

! N
<5 (M~ 0+ 1~ TF) +2[ WM dQ,
2 S
+/ ((Mr_?raAr_H(ra?r,Zr»+(Mr_?rvAr_H(r’fWZr)))er

t

—/ ((M, —7,,(©, — 2,)dB,) + (M, — ¥,,(®, — Z,)dB,))  Y0<r1<s.
t



5.6 BSDEs with Random Final Time 479

- s s 1 A - -
LetY = B8 7 = 22 and b, = 5 [H(r 9. 2) + Hr ¥ 2,) .
From the convexity of ¢ we see that

20(Y,) < o(Y,) + o(¥,),

and using the identity

) Slu—v. f—g)=(uf)+(v.eg).

2<u+v f+g>+;

we obtain

) ( ?raA _H(r ?r’Z))

(M, =Y, A, — H(r.Y,, Z,
+ (¥, — Y,,H(r Y. Z,)— H(r Y, Z,)),

)
1
=2<Mr_YrvAr_hr> 5

and

/ (M, —Y,,(®, — Z,)dB,) + / (M, —Y,,(®, — Z,)dB,)
t t

K 1 s 5 R B
- 2/ (M, —Y,,(©, — Z,))dB, + E/ ¥, - Y., (Z, — Z,)dB,).
t t

Therefore, since

1 u+v
§(|m—u|2+|m—v2>=|m | + —v)?

4

)

we have forall M. =y — [(A,dQ, + [,0,dB, € L),

7, -7 +[S|2, 7, [dr < 8B, (M) + |V, — T,
t

+2/‘ F, — ¥, H(r V.. 2,)— H(r V., 7,))dO, (5.210)

tos

—2/ (Y, =Y. (Z, — Z,)dB,), Y0<t<s,

t

where
B (M) = 3 IM, - Y|+/\v(rM)dQ,
§ 1
+ | My =Y, Ay —h)dQ; — S |M -1

——ﬁ 18, — Z,? dr—/ \IJ(r,Y,)dQ,—/S(M,—Y,,(@,—Z,)dB,).
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Let

s o 1 (" o
M? = e 0 Y0+—/er Y,dO, |. (5.211)
Qa 0

t ) t

Clearly, M® € L9, since M = M{ + [ydM? = Yo + / TSdQ, + / 0dB, .
0 ¢ 0

By Lemma 6.21 it follows that forall 0 < ¢t <s < T

(Cl) lim [SuprE[O,T] |]‘4r‘s - Yl|] =0,

e—>04

®  tim [ 1n () e(M)dr = / 1o. () (¥, )dr.
t t

e—>04

(c) EE}&/{ Ljo. (r) ¥ (M;)dA, =[

s

Lo (r) ¥ (Y;)dA,

and consequently

limsup B, s (M®) <0,
e—>04

because W (r, M£) dQ, = 1y (r) [@(MS)dr + ¥ (Mf)dA, ].
Using the inequality

>

~ A oA -~ o~ A~ - 1 4 -
(Y, =Y., Hr Y. Z,)—H( Y, Z,))d0O, < |Yr_Yr|2dVr + —|Zr_Zr|2dr
4

from (5.210) with M = M?, ¢ — 04, we obtain that forall 0 < ¢ <,

N ~ 1[5 4 - ~ ~ S ~
=0 45 [ N2 2fdr < 7=V 2 |7, = Ty,
t t

S
—2/ (Y, = Y,.(Z, — Z,)dB,),

t

which yields, by Proposition 6.69

552

2, —Z,[dr < &%V, - 1,

A ~ 1/*
eZV”Yz—Yt}z-i-—/ eV
2J;
$ A ~ A ~
— 2/ e (Y, =Y, (Z, — Z,)dB,).
t

Taking the expectation and then passing to the limit as § — 0o uniqueness follows
(see the properties of the solutions given in (5.208)).
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5.7 Semilinear Elliptic PDEs

5.7.1 Elliptic Equations in the Whole Space

We will first consider elliptic PDEs in R?, and then in a bounded open subset of R?,
with Dirichlet boundary condition.
Let {X;*; t > 0} denote the solution of the forward SDE:

t t
X' =x+ [ f(X)ds +/ g(XX)dB;, 1 >0, (5.212)
0 0

where f : R? — R? is continuous and globally monotone, g : R? — R?*9 is

globally Lipschitz, and consider the backward SDE
T T
Y=Y} +/ F(X;, Yf,Z:f)ds—/ Z; dBy, forallt, Tst.0<t <T,
t t
(5.213)

where F : RY x RF x R¥*4 — Rk is continuous and such that for some K, K’,
u<0,p>0,

[F(x,y. )l = K'(1+ [x]” + [y] + |2]),

(y =y F(x,y.2) = F(x,y".2)) < uly = y'I*,
|F(x,y.2) — F(x,y.2)| < Kllz—Z||.

We assume moreover that for some A > 2u + K 2 and all x € RY,
o
E/ M F(X;,0,0))%dt < oo, (5.214)
0

which essentially implies that A < 0.

Under these assumptions, the BSDE (5.213) has a unique solution, in the sense
of Theorem 5.27.

It is not hard to see, using uniqueness for BSDEs, that

Y =Y, >0 (5.215)

Denote by

Z(gg i) g * Z fi (x)
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the infinitesimal generator of the Markov process {X,*; t > 0}, and consider the
following system of semilinear elliptic PDEs in R?

Aui (x) + F;(x, u(x), (Vug)(x)) =0,x e RY, 0 <i <k. (5.216)

As in Sect. 5.4, one easily establishes the following:
Theorem 5.73. Letu € C*(R?;R™) be a classical solution of (5.216) such that for
some M,q > 0,
lu(x)| = M(1 + [x]%), ¥Vx € R”.
Then for each x € R4, {(w(X[), (Vug)(XX)); t > O} is the solution of the
BSDE (5.213). In particular u(x) = Y.

We now want to prove that (5.212)—(5.213) provide a viscosity solution to (5.216)
Again, for the notion of a viscosity solution of the system of PDEs we
need (5.216) to make sense, therefore we need to make the following restriction: for
0 <i <k, the i-th coordinate of F depends only on the i-th row of the matrix z.
Define the mapping

O RIxR" xRY xS¢ - R™

by

1 .
;(x,r, p. X) = —ETr[g(X)g*(x)X] —(f(x), p) = Fi(x,r, pg(x)), 1 =i <m.
Then the system (5.216) reads
®; (x, u(x), Du; (x), D?*u;(x)) =0, x e R4, 0 < i < m.

All the assumptions from Theorem 5.37 are assumed to hold below (with of
course f, g and F independent of the time variable 7). The notion of a viscosity
solution of (5.216) is defined by Definition 6.94 in Annex D.

We can now prove the following:

. ds . . .
Theorem 5.74. Under the above assumptions, u(x) Yy, o is a continuous function
which satisfies

o0
1Yy < c\/IE[ eM|F(XF,0,0)|2d1, (5.217)
0

forany A > 2u + K2, and it is a viscosity solution of (5.216).

Proof. The continuity follows from the mean-square continuity of {¥.*, x € R?}.
The inequality (5.217) follows from (5.134) with n = 0 (hence £ = 0 and ¢ = 0).



5.7 Semilinear Elliptic PDEs 483

To prove that u is a viscosity sub-solution, we take any 1 <i < m, ¢ € C2(R?)
and x € RY such that u; — ¢ has a local maximum at x. We assume without loss of
generality that

ui (x) = @(x).
We suppose that
@; (x, u(x), Dg; (x), D?¢; (x)) > 0,

and we will find a contradiction.
Let o > 0 be such that whenever |y — x| < «,

ui (y) < @(y),
cpi(yvu(y)» D(pl(y)v Dz(ﬁz()’)) >0,

and define, for some T > 0,
t=inf{t > 0; | X} —x|>a} AT
Let now
Y. Z) = (V3 Mg (0)(Z)), 0<t <T.

(Y, Z) solves the one-dimensional BSDE
Y, =u (X)) —i—/ 1. (s) Fi (X[, u(X)), Zs)ds—/ ZsdB;, 0 <t <T.
! t

On the other hand, from It6’s formula,

(Y. Z) = (9(X}) Lo ()(Veg) (X)), 0 <t < T

solves the BSDE

T T
P = p(X3) - / 10.(5) Ap(X)ds — / 2udB,, 0<1<T.
t

t

From_ u < ¢, and the choice of @ and 7, we deduce with the help of Proposition 5.34
that Yo < Yo, i.e. u;(x) < ¢(x), which is a contradiction. ||

5.7.2 Elliptic Dirichlet Problem

We now give a similar result for a system of elliptic PDEs in an open bounded
subset of R?, with Dirichlet boundary condition, following [20]. Let D C R¢ be
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a bounded domain (i.e. D is an open bounded subset of R9), whose boundary dD
is of class C''. We are given a function y € C(R?) and we consider the system of
elliptic PDEs

®; (x,u(x), Du(x), D*u(x)) =0,1<i <m, x € D;

21
ui (x) = xi(x), 1<i<m, xe€dD. (5.218)

The process {X;*; t > 0} is defined as in the preceding subsection. For each
x € D, we define the stopping time

T, = inf{t > 0; X" ¢ D}.

Let {(Y,*, Z]); 0 < t < t,} be the solution, in the sense of Corollary 5.59, of
the BSDE

Tx Tx

F(X;,Yj,z;,‘)ds—/ Z¥dBg. 1 > 0. (5.219)

I ATy

Y = 2(XD) + [

ATy

Using It6’s formula, it is not hard to establish the following:

Theorem 5.75. Letu € C*(D;R™)NC(D;R™) be a classical solution of (5.218).
Then for each x € RY, {(u(X]),(Vug)(X¥)); t > 0} is the solution of the
BSDE (5.219). In particular u(x) = Y.

We now assume that P(t, < co) = 1, forall x € D, that the set
A ={x€dD; P(t, >0) =0} isclosed, (5.220)
and that for some A > 24 + K2, and all x € D,
Ee*™ < oo.

We again define u(x) = Y. Besides some arguments which we have already
used, the continuity of u also relies on the following:

Proposition 5.76. Under the condition (5.220), the mapping x — 7ty is a.s.
continuous on D.

Proof. Let {x,, n € N} be a sequence in D such that x,, — x, as n — oo. We first
show that

limsupt,, <7, as. (5.221)
n—o0

Suppose that (5.221) is false. Then

P(zy <limsupz,,) > 0. (5.222)

n—>o0
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For each ¢ > 0, let
r; = inf{t > 0; d(X;", D) > &}.
From (5.222), there exists € and T such that

P(t{ <limsupt,, <T)>0.
n—>oo

But since X — X~ uniformly on [0, T'] a.s., this implies that

P(lim sup r;{z <7t <limsupt,, <T) >0,

n—>o0 n—o0

which would mean that for some n, X* exits the £/2-neighbourhood of D before
exiting D, which is impossible.
We next prove that

liminfz,, > 7, as. (5.223)
n—>oo

For this part of the proof, we will need the assumption (5.220) that A is closed.

It suffices to prove that (5.223) holds a.s. on 2, = {t, < M}, with M arbitrary.
From the result of the first step, for almost all w € Q,,, there exists an n(w) such
that n > n(w) implies 7., < M + 1. From the a.s. (on £2,/) uniform convergence
of X*» — X on the interval [0, M + 1], X hits the set

{(X:;neN}CA=A

on the random interval [0, liminf, z,,] a.s. on Q. The result follows, since X*
exits D when it hits A. [ |

We now prove the following:

Theorem 5.77. Under the assumptions of Theorem 5.74, the above conditions on

D and the condition (5.220), u(x) o Yy is continuous on D and it is a viscosity
solution of the system of Eq. (5.218).

Proof. We only prove that u is a sub-solution. Let 1 <i < m, ¢ € C*(R?) u; — ¢
have a local maximum at x € D, such that u; (x) = @(x). If x € A, then 7, = 0,
and hence u(x) = y(x). If however x € D U (dD\A), the result follows by the
same argument as in the proof of Theorem 5.74.

5.7.3 Elliptic Equations with Neumann Boundary Conditions

The data and assumptions are the same as in Sect. 5.4.3, except that we suppress the
dependence of all coefficients upon the time variable. Moreover we also assume that
all assumptions of Section 5.4.1 are satisfied.
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Consider the following system of semilinear elliptic PDEs with nonlinear
Neumann boundary condition

®; (x, u(x), Du; (x), D*u;(x)) =0, x e D, 0<i<m;

ou; ) (5.224)
a—(x) —Gi(x,u(x)) =0, xeadD, 1 <i <m.
n

Let X* be the process solution of the reflected stochastic differential equation, for
allt >0, Pa.s.

t t
X+ K ' =x+ [ f(r. X} )dr+ / g(r, X;\)dB,,
o 9 0 (5.225)
XfeD. K} = / n(X) L (X7) d K7,
0

To each x € D we associate the BSDE

r

T T
YF =Y +/ F(r, Xj‘,er,Z")dr—i—/ G(r.X'.Y")d $K*},  (5.226)
t t

T
—/ Z7dB,, forall pairs0 <t < T.
t

1t6’s formula again allows us to establish the following:

Theorem 5.78. Letu € C2(D;R™)NC'(D;R™) be a classical solution of (5.224).
Then for each x € R?, {(u(X]),(Vug)(X}")); t > 0} is the solution of the
BSDE (5.226). In particular u(x) = Y.

We now have:

Theorem 5.79. Under the above conditions and those of Theorem 5.43, u(x) :=
Yy is a continuous function of x, and it is a viscosity solution of (5.224).

The proof of this Theorem is easily done by combining the arguments in the
proofs of Theorems 5.74 and 5.43.

5.8 Parabolic Variational Inequality

The aim of this section is to prove the existence of a viscosity solution for the
following parabolic variational inequality (PVI) with a mixed nonlinear multivalued
Neumann-Dirichlet boundary condition:
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du(t, x)

o + Au(t,x)+ F (t,x,u(t,x), Vug)(t, x)) € dp (u(t, x)),

1€(0.7), xeD,
_3ugt’;x) + G (t,x,u(t,x)) € 0y (u(t,x)), t €(0,T), x € Bd(D),
M(T’ X) = K(X), X € 5,

(5.227)
where the operator 4, is given by

1
Av(x) = ETr[g(t,x)g*(t,x)Dzv(x)] + (/. x), Vo(x)),
and D is an open connected bounded subset of R4 of the form
D={xeR:¢(x) <0}, Bd(D)={xeR!:¢(x)=0},

where ¢ € C} (R?), [V¢ (x)] = 1, for all x € Bd(D). The outward normal
derivative of v at the point x € Bd (D) is given by

d

g (x) _ 3 09 (x) dv (x) _ (Ve (x), Vv (x)) .

on dx;  0x;

The functions f : Ry x R - R, g : Ry x R? — R4 F : Ry x D x
RxR! - R, G : Ry xBd(D) xR — Rand k : D — R are continuous.
Assume that for all 7 > 0, there exist a, L > 0 (which can depend on T') such that
vVt €[0,T], Vx, ¥ € R?:

|f(t.x) = f .0+ g x)—g.X)] <alx—X], (5.228)

and V¢ € [0,T],Vx € D,x’ e Bd(D),y,7 € R, 7,z € R?:

() (V=D I[F@t.x.y.2)—Ft,x,3.29]< 5y -5

i) IF(x.2) = Fe.x.9.9] < 5=,

(i) |F(t,x,y.0 <%0+ |y]). (5.229)
) (=G x",y)—G@t.x",7)] = Lly -,

O G X"y =LA+]y).

We also assume that

(i) ¢, ¥ :R — (—o0, +00] are proper convex l.s.c. functions,
(i) 0=¢0)=<¢(y)and0=y0) =y (y).VyeR, (5.230)
(iti) Kk (x) € int (Dom (¢)) N int (Dom (y)) forall x € D,
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and the compatibility conditions: o
foralle >0, >0,x e Bd(D),X € D,y e Randz € R?

(1) Vo () G (t,x,y) < |V IG (t.x, )], (5.231)
(@) Vye (») F (t,X,y,2) < |[Vo: (V)| |F (2, %,y,2)],

where at = max {0, a} and Vo, (y), Vi, (») are the unique solutions U and V,
respectively, of equations

dp(y—eU)>U and dy(y—¢eV)sV

(for the Moreau—Yosida approximations Vg,, Vi, see section “Convex function”
from Annex B and for the compatibility conditions see Example 5.63). We mention
that in the one dimensional case (which is our case here)

dp () =[¢_ (»). ¢y ] and 3y (y) =[v. (). ¥, (].

Since D is bounded and « is continuous it follows from (5.230-iii) that there
exists an My > 0 such that

sup [ic(x)] + sup ¢ ((x)) + sup ¥ (k(x)) < Mo
x€D x€D x€D
Let (t,x) € [0,T] x D be arbitrarily fixed. Consider the stochastic basis
(Q’f’ P, (]:;)XZ()

motion as follows: 7! = N'if 0 < s < and

), where the filtration is generated by a d -dimensional Brownian

Fl=0{B, —B;:t<r<s}VN, ifs>r.

s

From Theorem 4.54 and Theorem 4.47 we infer that there exists a unique pair
(X5, A7)+ Q x [0,00] — RY x R? of continuous progressively measurable
stochastic processes such that, P-a.s.:

(j) X! € D and X[\, = x forall s > 0,

(0= A <A < A" forall0 <u <t <s5 <,
S N
(i) Xy + / Ve (X;*)dAy = x + / f (Xt ar
t s t
+/ g(r.X!*)dB,, Vs=>1,
t

(jy) A* = / le(ﬁ) (Xr['x) dAYY, Vs >1.
!

(5.232)

Then by Proposition 4.55 and Corollary 4.56 we have for all p > 1, A > 0 and
s>t,
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(/) E sup [X0¥— X7 +E sup A0 — A7 |7 < CeCO0 |x — y)?,

relt,s] relt,s]

rx C22?
(ji) Ee*s” <exp (CA +CAt + 5 t) ,

(5.233)

and for every T > 0, p > 1 and continuous functions Ay, h, : [0, T'] x D — R, the
mappings

(t.x) > (X", A") [0, T]x D — S7[0,T] x S} [0, T]

and
T T .
(t,x) —~ IE/ hy(s, X2)ds + Ef ho(s, XP¥)dAYY [0, T] x D —> R
t t

are continuous.
We consider the backward stochastic variational inequality (BSVI):

T T
Y+ / dK* =k (X77) + / Ly (r) F (r, X1 Y5, Z5Y) dr,
S s

T T
+ / Ler) (7) G (r, XI5, YY) dALY — / (Z'~.dB,), ¥ s €[0,T].
YIE =Y, 2 =0, K = Ul = VX =0,V s €[0.1],
N

K> = [ (UM~dr + V/*dAY™), Y se[0,T],
0

Ul € d¢ (Y!™) and V™" € 9y (Y/¥) a.e.on Qx[1,T].

(5.234)

Note that the backward stochastic variational inequality (5.234) satisfies the assump-
tions of Theorem 5.69 and Remark 5.70 with t = T, n = k (X;") satisfying (A%),

s = Sy (9), &5 = \/gl[o,r] (), vs = L1o7y (), Vs = LOgp g = 0, where
Oy =s+ Ay and E (e*Qtfx) < 0o, forall A > 0.

Therefore (5.234) has a unique solution (Y**, Z**, K'*) of continuous progres-
sively measurable stochastic processes such that

T
E sup e*<r |Y,.”‘|2 +E(/ eor Zﬁ”‘fdr) < o0,

relt,T] t
and dK* = U!*“ds + V!*dA.*, where U'*, V¥ are progressively measurable
stochastic processes and U/ € d¢ (Y/*), V/* € 3¢ (Y/*) dP®dt — a.e. on
Qx[t,T]
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Moreover by (5.162) and (5.164) the solution satisfies for all s € [¢, T']:

T
EFs sup eZLQfIx |er.x|2 + EF (/ ezLQi.x |thx|2dr)
rels,T] s

T
+B7 [0 [y (1) dr ot [y (1) aap)

< C2E‘7:5 [eZLQ'T‘X " (X;:x)‘Z

(5.235)

r 1.x 2
#([ e (1F (rx00) | ar 16 (e 0.) | ang) ) |

X X X 2
<G Es |:e2LQtT" My + (eLQtf — eLQ.{-' ) i|

< Cy, B (210F)),

and
1.x 1 T 1%
E [eZLQ~v e(Y!) + w(Y;’x)] + EE[ e or (|Urt’x|2dr + |V,’vx|2dA,.)

< B[22 (ot (x3)) + e (x5))
T T
+4E / L0 (|F(r, Y", ZL¥)?) dr + 4E [ Lo (1G(r YY) P) dA,
N s

t.x
< CMO,LEBZLQT .

(5.236)
We define
u(t,x) =Y, (t,x)e€[0,T] x D, (5.237)
which is a deterministic quantity since ¥,** is F! = N -measurable.
From the Markov property, we have
u(s, X1y =y,
By (5.236) we infer that
u(t, x) € Dom (¢) N Dom (y) forall (t,x) € [0,T] x D. (5.238)

In the sequel we shall prove that u defined by (5.237) is a viscosity solution
of (5.227). Reversing the time by u(¢t,x) = u(T —t,x), the PVI (5.227)
becomes (6.137) and the uniqueness of the viscosity solution follows from Theo-
rem 6.112.

We now give the definition of the viscosity solution of the PVI (5.227).

Atriple (p,q, X) € RxR? xS is a parabolic super-jet to u at (¢, x) € (0, T)x D
if forall (s, y) € (0,T) x D
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u(s, y) < u(t,x) + p(s —1) + (g, y = x) + 3(X(y = x), y — x)
+o(ls —t] + [y —x[*);
the set of parabolic super-jets is denoted P>V u(z, x). The set of parabolic sub-jets

is defined by Py u = —Pg " (—u).
Let

®(t,x,y,4,X) = —%Tr((gg*)(t,X)X) —(f(t,x),q) = F (t,x,y,98(t,x)),
F(tvx’ y9q) = (vd)(x)’Q) - G(Z,X, y)

We clearly have
@ (s,y,7, Vo(y), D*v(y)) = —Av(y) = F (5, 5,7, Vo()g(s,y)) . (5.239)

Definition 5.80. Let u : [_O, T] x D — R be a continuous function, which satisfies
u(T,x) =«(x), VxeD.
(a) uis a viscosity sub-solution of (5.227) if:

u(t,x) € Dom(¢), V(t,x) € (0,T)x D,
u(t,x) €e Dom(y), V(t,x)e€ (0,T)xBd(D),

and for any (t,x) € (0,7) x D and any (p,q, X) € P>Tu(t, x):

d) p+®@ x,ul.x).qg.X)+ ¢ (u(t,x)) <0 ifx € D,
(d) min {p + (1 x,ut.x). . X) + ¢ (u(t,x)) . (5.240)
T(, x, ult, x), q) + ¥’ (u(t,x))} <0 ifx € Bd(D).

(b) The viscosity super-solution of (5.227) is defined in a similar manner as above,
with P> replaced by P>, the left derivative replaced by the right derivative,
min by max, and the inequalities < by >.

(c) A continuous function u : [0,00) x D is a viscosity solution of (6.137) if it is
both a viscosity sub- and super-solution.

Theorem 5.81. Let the assumptions (5.228), (5.229), (5_.230) and (5.231) be
satisfied. If u defined by (5.237) is continuous on [0, T| x D, then u is a viscosity
solution of PVI (5.227).

Proof. We show only that u is a viscosity sub-solution of (5.227) (the proof of the
super-solution property is similar).
Let (t,x) €[0,T] x D and (p,q, X) € P>Tu(z, x).
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Cases. (t,x) €[0,T] x Bd(D).
Aiming to deduce a contradiction we suppose that

min {=p-+® (£, u(t, %), q, X)L (u(t, %)), (0 %, u(t, %), )+Y (u(t, ) | >0.
It follows by continuity of F, G, u, f, g, ¢, ®, I' left continuity and
nondecreasing monotonicity of ¢’ and Y’ that there exists ¢ > 0, § > 0 such
that for all (s,x’) € [0, T] x D, |s —t] <6, |x' — x| <6,
—(p+e)+P(s.x" uls,x), g+ (X +el) (x'—x), X +el)+ ¢ ((u(s.x")) >0
(5.241)
and

L(s.x u(s,x"),q + (X +el) (x —x)) + ¢/ (u(s, x")) > 0. (5.242)

Now since (p,q, X) € P2 Fu(t, x) there exists 0 < 8’ < § such that for all s €
[0,T], s#¢t, x'eD,x"#x,|s—t| <&, |x —x| <8 we have

u(s, x') < (s, x") 2 u(t,x) + (p + &) (s — 1) + {g. x' — x)
—i—%((X +el) (X' —x),x" — x).

By (5.239) the condition (5.241) becomes

8,\ ’ ! A A ! A !
— u(;tx ) —Aiu(s, x") = F (s, x", u(s, x"), Vit(s, x")g (s, x")) + ¢ ((u(s, x")) > 0.
(5.243)
The condition (5.242) can be written as follows
(Vit(s, x"), Vo (x")) = G (s, x", u(s, x')) + ¥ (u(s, x")) > 0. (5.244)

Let

gd=ef(t+8’)/\inf{s>t: | X, — x| =6}

We note that (Y/*, Z!*), t < s < 6, solves the BSDE

¢ 0
(F(r X" Y15, Z1%) = Uf¥)dr / Z1+dB,
0 s

—i—/ (G(r. X[*, Y¥) — V)AL,

s

U™ € do (Y)™) and V!> € 9y (Y)) dP®dt-a.e.

Yo = u (6. X57) + /

A
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Moreover, it follows from It6’s formula that

(Y1, 20%) = (a(s, XI), (Vig) (s, XI™)), t <5 <6

satisfies

A O a0(r. X1 0
Y= 0. X5 ~ [ [% + Acir, X{) |dr — / 2!~dB,
s P s
[ (920 X Vo) an

N

Let (Y, Z%) = (Y15 — Y1, 21 — Z!). We have

0 > tx
yer = [ae, Xy —u (6. X57) ] + / [- % — A, X!)

0
—F(r X[ YIS ZE) 4 U Jdr = / 7!%dB,
N

%
n / [(int(r, X1), V(X)) = G(r, XI5, Y1) + V,’*X]dA;".
s

Let
Bs = Asii(s, XY + F(s, X2, Y, ZY) and

Bs = Ajii(s, XIY) 4 F(s, XI*,Y!Y, 209,

Since |;§Y Bs| < \/g |Z€x — Z!*|, there exists a bounded d -dimensional p.m.s.p.

{¢s;t < s < 0} such that /§S — Bs = (&, fo) and therefore

o o Bagr, X .
7= 0. X~ 0. X + [ [ = D 1 g 260 = B+ U Jar

N

[%
n / [(VXﬁ(r, X1, Vo (X1)) — g(r, X%, V1) + V,"x]dAf:x - / Z1%dB
S S

Let

N 1 N
Aszexp(/ ({,,dB,)—E/ |;,|2dr), 1<s<89.
t t

Then by It6’s formula,

s
AS=1+/ A, (¢ ,dB,), t <5 <0,
t
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and so

du(r, X1)
at

+ A,[ — (Veia(r, X1), V(X)) + g(r, X5, ¥)¥) — V,”x]dAj.'x.

AT A,) = A,[ + B — U,.‘"‘]dr + AZ + T, dB,)

Then

9 ~ 1x ~
P = E[Ag (i(6. X5) — u(®. Xé’x))] + E/ Ar[— W) _ B, 4 Ur”x]dr
t

0
+E / A,[(Vxﬁ(r, X1%), V(X)) — g(r, X%, Y1) + V,”]dA’,’x.
t (5.245)
Since U/ € d¢ (Y,*) and V,"* € 3y (Y,*), we have
U dr = @ (u(r, X)°))dr,  VIYdAYS = ! (u(r, X[°))dAL™,
and therefore by (5.243) and (5.244)

_31)(1’, X

— B, + U™ >0,
ot bt U >

T
and

(e, X5), VO(X[)) = g X[*, ) + Vi |aa = o.
Moreover, the choice of §’ and 6 implies that u(0, X;*) < (6, X;™). Hence
0=it(t.x) (e, x) = V" = E[Ag (a6, X;") — u®. X)) | > 0.

which is a contradiction. It follows that (5.240-d,) holds.

Cases. (t,x) €[0,T] x D.

The proof follows the same steps from Case 5.8, where we now choose § and §’
such that B (x,8’) C B (x,8) C D and, by condition (5.232-iv), A.* = 0 for all
t<r<8@.

This proves that u is a viscosity sub-solution of PVI (5.227). Symmetric
arguments show that u is also a super-solution; hence u is a viscosity solution of
PVI (5.227).

Corollary 5.82. We have

u(t,x) € Dom (dp), V(t,x)e[0,T]x D.
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Proof. Let (t,x) €[0, T] x D be fixed. We have two cases:

(1) Dom (d¢) = Dom (¢), and so, from (5.238), u(z, x) € Dom (d¢).

(2) Dom (d¢) # Dom (¢). Let b € Dom ¢ \ Dom (d¢). Then b = sup(Dom ¢)
or b = infDomg. If b = sup(Domg) and u(z,x) = b, then (0,0,0) €
P2Fu(t, x) since

uls,y) <u(t,x)+o(ls —t|+ |y — x|*)

and from (6.143-d) it follows that ¢’ (b) = ¢_ (u(t, x)) < oo and consequently
b € Dom (d¢); a contradiction which shows that u(¢, x) < b. Similarly for b =
inf(Dom ¢). |

The problem now is to see when (¢, x) —> u(t,x) = Y/* : [0,T] x D — Riis
continuous. A recent result of Maticiuc and Rascanu [46] gives a sufficient condition
for u to be continuous. The idea is to show that if (,, x,) — (¢, x) then (Y.*n), e+
is tight in the Skorohod space D ([0, 7], R) of cadlag functions endowed with the
S-topology (introduced by Jakubowski in [41]). This topology makes the mapping
y — f(; G (r,y (r)) dA, continuous from D ([0, 7], R) into R. The result is the
following:

Proposition 5.83. Let the assumptions (5.228), ..., (5.231) be satisfied. If more-

over there exists an Lo > 0 such that

(i)  F is independent of z,
(i) g (t,x) is an invertible matrix, for all (t,x) € [0,T] x D,
(@) |G (t,x,y) =G (', X", y)| = Lo (It =¢'| + |x =x"| + [y = »'])
forallt,t’ €0, T], x,x’ e Bd(D), y,y' e R
(5.246)

then the function
(X))~ u(t,x)=Y"":[0,T]xD—-R

s continuous.

Finally let f, g, F,G be independent of ¢ and (X, Ay, Y,*', ZY', U},
V5" o<s<s be defined by

(j) X € D foralls >0,

(/) 0= A} < A} < AX forall0 <u <,

() X5+ /0 Vo(X[)dA; = x + /0 SXH)dr + /0- g(X7)dB;,

Vs>0,

(jv) A = /0 () (X7)dAT. Vs > 0.
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and

t t
)?”+/(MWW+VW%ﬂy=M&ﬂ+/1F@ﬁj%ﬁzﬂwn

t t s
+/ G(X[, Y ¥")dA} —/ (Z5',dB,), Vs €0,1],
UM € dp(Y¥") and V5" € 0y (Y,"') a.e.on 2 x[0,1].

Summarizing Theorem 5.81 and Theorem 6.112 we have:

Theorem 5.84. Let the assumptions (5.228),...,(5.231) be satisfied. Assume there
exists a continuous function m : [0, 00) — [0, 00), m (0) = 0, such that

(i) yG(x,y)<0, VxeBd(D) andy € R,

— 24
(iD) \F(x,y)—F(x’,y)|§m(|x—x’|)Vx,x’eDandye]R. (5-247)

If (t,x) —> ul(t,x) o YOW : [0,T] x D — R is continuous (this is true in

particular under the assumptions of Proposition 5.83), then u is the unique viscosity
solution of the parabolic variational inequality

ult, x)

8148 X) + 0y (u(t,x)) > G (x,u(t,x)), t >0, xeBd(D),
u(O x)_/c(x) xeD,

—Au(t,x) +0¢ (u(t,x)) 3 F (x,u(t, x), (Vug)(t,x)), 1 >0, x € D,

where the operator A is given by

Av(x) = ST (08 () D] + (), Vo).

5.9 Invariant Sets of BSDEs

Let {B; : t > 0} be a k-dimensional standard Brownian motion defined on some
complete probability space (2, F,P). We denote by {F;:t > 0} the natural
filtration generated by {B,,7 > 0} and augmented by the P-null sets of F.

Letx € R?,0 <t < T < T. Consider the SDE

t,x
XS

s 5
1.x X ) < <
x+[ b(r. X! )dr““[ o X dB t=s ST 5 o4g)

Xr=x 0<s<t,
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and the BSDE

T T
Y/ =X+ | F(r X5 Y, Z8%Ydr — | Z24dB,,
S T P r r r r
t<s<T, (5249
Y/r = (X2, T
N

s <T,
Y!* =Y, 0=<s=<t

A TA

The aim of this section is to state necessary and sufficient conditions which
guarantee that the solution of the BSDE (5.249) does not leave a given set

={E(t,x) CR"™: (t,x) € [0,T] x R%},
i.e., under which we have that forall 0 < ¢t < 7 < T, x € R and K(th’x) €

E(T,X;’X) a.s.w € Q:

Y!* € E(s,X!") as.0ef, VseltT]

As a by-product, we will derive a result on the existence of constrained viscosity
solutions to some PDEs. Together with the Eqgs. (5.248) and (5.249), we consider
the following system of semilinear parabolic PDEs

W + A (t,x) + fi(t,x,u(t,x), 0", x)V,eu; (¢, x)) =0,

w(T,x) =k(x), (t,x)e[0,T]xR? 1<i<n,

(5.250)

with the second order differential operator

A0)e(x) -TI‘[UU (t,x) D)+ < b(t,x), Vip(x) >

—Z(oa)]g(tx) (p()—i-Zb(t (p()’ goECZ(Rd),

j =1 X

where b : [0, T]xR? - R, ¢ : [0, T] xRY — Rk and f; : [0, T] x R? x R” x
RF >R, 1<i<n.
We make the following standard assumptions:
(AV}) We assume that the functions b : [0, T]xR? — R?, o : [0, T|xR¢ — R4*k,
F:[0,T]xRY xR" x R™* — R™ and f : [0, T] x R x R” x Rk — R”
are continuous and such that, for some constants L > 0 and ¢ > 2,

b(t.x) =b(t. %)+ llo(t.x) =0 (. X)] < Lx—X[,
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i) |Ftx,p,29 <L+ |x7+ |y + z]).
ii) |F(t,x,y,2)— F (@, x,y,2)|<Ll|z-7,
iii) (F(t,x,9,2)— F(t,x,7,2),y—3) < L]y —

and

P @x.yw)] < L(1+]x17+ [y] + |ul),
i 1f@x,y,u)y— ft x,y,u) < Llu—iul, ,
gD (f @ x,yu)— f@,x,y,u),y—=y)<L|y—y|",

forallz € [0,T], x,¥ e RY, y,5 € R”, and 7,7 € R™* u, it € RF.
(AV,) We assume that « : RY — R” is a Borel measurable function of at most

polynomial growth, i.e., there are some a > 0,g > 1 such that, for all
x e R,

lk(x)] <a(l+|x|7), Vx € R
We shall now recall some basic properties of forward and backward stochastic
differential equations.

Proposition 5.85. Under the assumptions (AV)) and (AV,):
1. Equations (1.1) and (1.2) have unique solutions X' € Sﬁ [0, T] and

(Y, Z") € Sp[0. T x A} [0, T

with Z!* = 0 for s € [0,¢] U [T, T) and the solutions satisfy:
I1. Forall p > 2, there exist some constants C, > 0, g € N*, which don’t depend
ont,t' €10,T] and x,x’ € R™, such that

a)  E(supser |1 XIH1P) < Cp(1 + |x]7),
by E (S“Pse[o.r] X — Xﬁ/’x/l”) < (5.251)
< Cp(1+ |x|P 4 |x/|P) (|t — £'|P/? + |x — x'|7),
and
) E(supery 1Yi¥1P) < Cp(1 + |x]79),
d) E <Supse[0,T] |YSI'X - YS[/’X,|2) < CQ[E|K(X;;X) — K(X;#X )|2’
+E [ () F(r, X125, Y, ZEY)
—1y 7 (r)F(r, Xﬁ/,x’7 Yrt.x’ Zi’x)|2dr].

III. There are some Borel measurable functions u : [0, T] x R? - R™, and v :
[0, T] x RY — R"™ such that forall0 <t <s <T <T
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N

tx __ T t.x tx __ T t,x _
Y'Y =u (s A T,me> . Z" = (vo) (s A T,me> , dP®ds—a.e.

(see [30]).

For the convenience of the reader we recall the definition of a viscosity solution
corresponding to the PDE (5.250).

Definition 5.86. a) A lower semicontinuous function u : [0, T] x R — R™ is a
viscosity super-solution of (5.250), if, firstly, u; (T, x) > k; (x), for all x € R4,
1 <i <n,andsecondly, forany 1 <i <n,¢ € C'2((0,T) x R?) and (¢, x) €
[0, T] x R4 such that u; — ¢ achieves a local minimum at (¢, x), it holds that

%go(t,x) + A@®)e(t, x) + fi(t,x,u(t,x), (c*Vo)(, x)) <O0.

b) An upper semicontinuous function u : [0, T] x RY — R™ is a viscosity sub-
solution of (5.250), if, firstly, u; (T, x) < k; (x), for all x € RY 1 <i <n,and
secondly, forany 1 <i <n,¢ € Ch2((0,T) x Rd) and (¢,x) € [0,T] x R? such
that u; — ¢ attains a local maximum at (¢, x), we have that

a%go(t,x) + A@)e(t, x) + fi(t,x,u(t,x), (c*Vo)(t, x)) > 0.

¢) Finally, a continuous function u : [0,T] x RY — R™ is a viscosity solution
of (5.250) if it is both a viscosity super-solution and a viscosity sub-solution of this
equation.

From Sect. 5.4.1 of this chapter we have:

Proposition 5.87. We suppose that the function f satisfies hypothesis (AV1) and
that k : RY — R” is a continuous function satisfying (AV,). Let X'* and
(Y, Z"*) be the solutions to (5.248) and (5.249), respectively, where the driver F
of BSDE (1.2) is of the form

F(t,x,y,2) = (fit,x,y,2%1), ..., fut,x,y,7 en)),

and e; denotes the unit vector pointing in the i-th coordinate direction of R™. Then
u(t,x) = Y5, (t,x) € [0,T] x R, is a deterministic continuous function of at
most polynomial growth. This function is a viscosity solution to (5.250). Moreover
if, for each R > 0, there exists a continuous function ag : Ry — R, ag(0) = 0,
such that, forall t,y,z,x,x" with |x| < R, |x'| < R,

|f(t.x.y.2) = f(t.x", y. )| < ar(lx — X|(1 + [|zI])), (5.252)

then u is the unique viscosity solution in the class C 0 ([0, T] x RY, R™).
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We now give the notion of the viability property for BSDEs and PDEs. We recall
some notations. For any closed set S C R? we denote by x — ds(x) = min{|x—y :
y € S} the distance function to S, and for x € R, we denote by ITg(x) := {z € S:
ds(x) = |x — 7|} the set of projections of x on S.

Forallr € [0,T], x € R4, let E(t, x) be a non-empty and closed subset of R”.
We consider the following set of moving constraints

E={E(t,x):(t,x) €[0,T] x RY}.

Definition 5.88 (Viability for BSDEs). The moving set E(t, x), (¢, x) € [0, T] x
RY, is viable (invariant) for the BSDE (5.249) (or Eq. (5.249) is said to be &-
viable on [0, T]) if, for all (t,x) € [0,T] x R, T € [t,T], and all Borel
measurable functions ¥ : RY — R” of at most polynomial growth, such that

. —1
k(x) e E(T,x),Po [X;S] (d X)-a.s., it holds that the solution of (1.2) satisfies

Y/ e E(s,X!"), Vse [, T], P-as.

Viability for PDEs: Equation (5.250) is said to be £-viable (E-invariant) on [0, 7]
if, forall T € [0,T] and k € Cpol(Rd,R’") such that k(%) € E(T,X), for all
% € R, it holds that there exists a viscosity solution u € C,y ([0, T] x RY,R™)
of (5.250) with time horizon 7" and terminal condition u(7~", x) = k(x), x € R™,
such that

u(t,x) € E(t,x), ¥(t,x) € [0, T] x RY.

From Proposition 5.87 we see immediately that:
Remark 5.89. If BSDE (5.249) is £-viable then PDE (5.250) is also £-viable.
Therefore the next result also concerns constrained the BSDEs and the PDE:s.

Theorem 5.90 (Viability Criterion for BSDEs). Assume that (AVy) and (AV3)
are satisfied and moreover

(i) the function (t,x) +— dé(t,x)(y) 0 [0, 7] x RY — R is jointly upper
semicontinuous,
(ii) there exist some constants M > 0, p > 1 such that

do00) < M(1+[x]?), ¥(1.x) € [0.T] x R”.

Then the following assertions (c) and (cc) are equivalent:
(¢) Equation (5.249) is E-viable on [0, T'].
(cc) For any sufficiently large C > 0 and for every z € R™ 9, the function
h(t,x,y) = dé(tyx)(y) is an upper semicontinuous viscosity sub-solution of
the PDE
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avV(t,x,y)

3[ + EZ(I)V(tv X, J’) + Cdé(t,x)(y) = 0»

(t,x,y) €[0,T] e R x R™,

(5.253)

In the above relation, L,(t) denotes the following second order differential

operator
L.(t)e(x )—lTr[FF*(tx )D? (x,y)]
[D)elx, y) = ST X, y)Di ) x, y (5.254)
+(Bz(t’x»y)vv(x,y)‘/’(%J’))s
where

B O'(t,x) . b(t,x)
I‘Z(t,x,y) = (ZO’(Z‘,X)), Bz(tvxv J’) - (_F([’x,y,za(l,X))).

This theorem yields:

Corollary 5.91 (Viability Criterion for BSDEs). We assume that the moving sets
of Theorem 5.90 are independent of the spatial variable, E(t,x) = E(t), (t,x) €
[0, T] x R™. Then the following assertions (j) and (jj) are equivalent:

(j) Equation (5.249) is E-viable on [0, T].
(j)) The function h(t,y) = dé(t)(y) is an upper semicontinuous viscosity sub-
solution of the PDE:

V(. y)

at +Az(tsx)V([7y)+Cdlzf(t)(y)=09 (L)’)G[OsT]XRm,

orall x € RY, 7 e R™4 where
Jf

1
AZ (fvx)W()’) = ETr[ZO-G*(Zvx)Z*Diw(y)]_(F(t’)“ y,ZU(l,X)),VyW(y)),

and C > 0 is any sufficiently large constant.

Before proving the main results stated above, we shall present some clarifying
examples. In the first example we find a criterion such that a family of moving balls
has the viability property for a given BSDE.

Example 5.92 (Control Security Tube). We consider an arbitrary function r €
C'([0, T]:Ry) with r (1) > O for all # € [0, T], and we put

E@)={yeR":|y|<r(@)}, tel0,T].
Then the square-distance function is

A3, () = ho (t.y) = ((Iy| — r(®)™)?,
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and, for |y| > r(t), the operator .4,(¢) applied to h at (¢, y) takes the form

AOho (6. y) = 'y'f—“) o (0P + 2 o (1) y P
vl [yl
— 2|y||—T|r(t) (F(t,x,y,z0(t,x)), ).

Hence, the inequality in Corollary 5.91(jj) yields that, for all (¢, x, y,z) € [0, T] x
R? x R™ x R"™* with |y| > r(t),

ZWTT(@ [(F(t.x.y.20(. %)), 3) + |y] 7' (0)]
< bl=r® |_y|r(t) 2o (6, )12 + %I (o (1) ¥+ C Iyl = r ().

from where we easily deduce the following necessary condition for the £-viability
of BSDE (5.249):
For all (¢, x, y,z) with |y| = r(¢) and (zo (¢, x))" y =0,

2r (1) r' (t) + 2 (F(t.x,y,20(t. x)), y) < |lzo (. x)||*. (5.255)
If the assumption (AV]-i) is replaced by
i') |F (. x,y.2) = LA+ |y]),

for all (z, x, y, z), then this condition is not only necessary but also sufficient as the
following argument proves. We fix any (¢, x,y,z) € [0,T] x R? x R™ x Rm*d
with |y| > r(¢), and for simplicity of notation we put y = |y|_1 r (t) y and, for
l<j<m

o uj = (20 (t.X)); = Y4 2400 (1.),

) ﬁj:|y|_2(u1,y)y, ui‘:l/tj—l,/\tj,

o n="(,... 0y, ut= (uf' uL) =u—1.

> m

From the assumptions (A V) and (AV-i’) we get that, for some generic constant C
which can change from line to line but does not depend on (¢, x, y, 7),

z% (F(t.x. yu).y) + |y F(0)

2(F(t.x.y,u).y =¥) +2(Iy| = r@)r'(t)
2(F(t,%,7,u),y =F) + 2(Iy| = r@)) r'(t) + C (|y| = r (1))
<2({F(t,x,57,u"),y =)+ 2(y| = r@) r'®) + C (|y| = r (1))

IA
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+ C(yl=r@)lal

|)’| |y|r(l) (F(t.x.5.u"). y) + C [yl 1l + [y ' (0))
+C(lyl—r @)
I =r@®

N (F@.x,7.u™),3) + 7' @) + C (1y] = r (1))

+C (Iyl =r@) lla +C (| =r @)

Thus, since |y|r'(t) <r () r'(t) + C (ly| —r (¢)), forall (¢, y) € [0, T] x R", we
can deduce from (5.255) that

2O (0. ) + 1917 0)

< |y|’”) [ + € (vl = r@) il + € (ly| = r ()
< PO+ S g+ € (1= 0
< P e 4 (—3|u*y|2+C(|y|—r<t)>2.

This proves the sufficiency of (5.255).

The next example shows that, in the general case, there is no possibility of null-
controllability of BSDEs; although we don’t consider controlled equations, we can
interpret the choice of the coefficients as controls.

Example 5.93. For any given (ty, yo) € |0, T[ x R”, we introduce the family of

moving constraints

R™, ift # to,

E(’)Z{{yo}, it = b

The associated square-distance function is of the form:

0, if t # 1,

h(t,y) =dgq () = { Iy —wol*, ift = 1.

This function is upper semicontinuous in (¢, y) € [0, T]xR™, and if t = 1o, y # yo,
then, for every a € R, there is some ¢, € C'? ([0, T] x R™) with

d
(5, v,. Di) 0u (10, 7) = (.2 (v — y0) . 21)
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such that & — ¢, achieves a local maximum at (#y, y). Since

A (t;x) @a (o, y) = |20 (1,x) > = 2(F(t. x, y,20(t, X)), y — Yo)

does not depend on @ € R, we can choose a > 0 sufficiently large in order to
guarantee that the inequality in Corollary 5.91(jj) is not satisfied. This shows that
Eq. (5.249) cannot be £-viable.

The proof of Theorem 5.90 reduces to that of the following two lemmas, see [15].

Lemma 5.94. Under our standard assumptions we have the equivalence between
the following statements:

i) Equation (5.249) is E-viable on [0, T].

it) There exists a C > 0 such that, for all t, T with 0 <t < T < T, and for
all x € RY, the solution of BSDE (5.249) with time horizon T and arbitrary
Borel measurable terminal function k : R¢ — R™ of at most polynomial growth
satisfies:

A0 (V") < TR} 1 o (V).

Lemma 5.95. Let Y'* be the solution of BSDE (5.249) with time horizon T and
arbitrary terminal function k € Cpy ([0, T] x Rd).

Let C be a positive constant and h : [0,T] x R x R”" — R be an upper
semicontinuous function of at most polynomial growth such that, for some positive
constants M, p > 0,

Ih(t.x,y") = h(t,x. )| < My = Y11+ |x|” + [yI” + Y17 (5.256)

forall (t,x) € [0,T] x R? and all y,y' € R™. Then the following assertions are
equivalent:

i) Forall x € R? and ¢, T with 0 <t < T < T, it holds that

h(t.x, YY) < CTOBR(T, X1 YY),

ii) For every z € R"™*, the function h is a viscosity sub-solution of the equation

v (t,x,y)

oy +L.()V (t,x,y)+Ch(t,x,y) =0 on [0, T| xR xR™. (5.257)

Recall that L,(t) is defined in (5.254).

Proof of Lemma 5.94. We first remark that (ii) obviously implies (). Thus, it
only remains to show that (i) can be deduced from (i). Let T € [0, T], (z,x) €
[0, T] x R?. For simplicity of notation we put u(¢,x) = Y,"*, and we select
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a Borel measurable mapping # : [t,T] x RY — R” such that a(s,x’) €
1 e (u(s, x), for all (s,x’) € [¢,T] x R?. Recall that [[gsa)(2) =
{y € E(s,x') : |z— y| = dg(s.x) (2)}. Then, since Eq. (1.2) is £-viable, the unique
square integrable adapted solution (Y'~, Z"*) of the BSDE

s

7 7
v =a(T,X;X)+/ F(r, X,f'X,Yr”x,Zﬁ”‘)dr—/ ZUdW,, selt.T],

is such that YS"X € E(s,X!),t <s<T,P-a.s.

Consequently, Ed é B X,,X)(Yf”‘) < E|Y!* — Y/*|?, and a standard estimate of
E|lY> — f’s”‘|2 involving It6’s formula and Gronwall’s formula, yields the desired

result:

2 t,x
Edy oy (¥5™)

= ]EIYXI.X - ?SI’X|2 =< eC(T_S)E|Y%’X — Y]E_'X|2

= TRV — (T, X)) = eC(T_S)]Edé(f,X;X)(Y%‘“"),
0<r<s< T < T,x € RY. This completes the proof of Lemma 5.94.
‘We now come to the proof of Lemma 5.95.

Proof of Lemma 5.95. We first show that, under the assumption (i), we have (ii).
To this end we fix an arbitrary function ¢ : [0, T] x R x R — R of class C ,1(‘)21‘2
and a point (¢, x,y) € (0,T) x R? x R™ such that the mapping & — ¢ achieves
a global maximum at (¢, x, y). For an arbitrary but fixed z € R"*¢ we denote by
(Y, Z%) € S2 (1,1 +¢] x A2, (1,1 + ¢) the unique solution of the BSDE

mxk

t+e

t+e 3
Yy = ke(X[]3) +/ F(r, X", Yf,Zf)dr—/ ZdW,, t <s<t+se,
N s

where
ke(x") =y +z2(x’ —x) —ezb(t,x) —eF(t,x,y,z0(t, x)).
From the assumption made on / in assertion (i), we obtain
ht,x,Y?)—h(t,x,y)

< eC[Eh(t + &, Xfﬁg, YE ) —h(t.x, y)]+ (e“¢ = Dh(t, x, y)
< e [EBo(t + & X, YE ) — ot x, )] + (€° — Dh(t, x, y).
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Then, with the help of a Taylor expansion of ¢, we get

1

- (h(t,x, YS) = h(t,x,y))

e

X —x
Ce[ (t x,y)+ IE<v(x \))90(Z x,¥), Y;+€_y)>+

5.258
el v )nzx x;ﬁ . 0238
P @, x,y
3"\ Pl =) Vi -
&

1
+E]E)/t’x‘y([ +e Xtt-i)fa’ t+s)] + h(t’x’ y)’

where,
yl.x,y (t/, x/’ y/)

1 B 0
=/O (Ego(t+9(t —1), x’,y’)—gw(t»x,y)) (t'—1)do

1 0
+ /0 /0 <(D(2x,y)‘p (l,x +7 (x/ - X) Y+ 0 (y’ - y)) — D(Zx‘y)(p([,x, y))

’r_ ’r_
N, ) Y ava.
y=y) -y

Note that

X x\ /+ b(r. X1Y)
Yo, —v ) 2(b(r, XY —b(t,x)) — F(t,x, y,z0(t, x))
t+e

o(r,X)
+/@meym.
t

Hence,

tim LX) = bt,x)
e>0e \YS, -y —F(t,x,y,z0(t, x))

X —x\ (X —x
lim —E D(zx,y)(p(t, X, ) Yt5+6 , Yt5+£
e>0¢e t+e y t+e y

= %Tr ((a 20) (0,z0)" (¢, x) D(x y)(p(t X, y)) .

and
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Moreover, from the assumptions on /,

1 M
2 1h@x Y —h(@x. )l = — Y7 =yl + x|+ [y]7 + Y77,

Therefore, applying the following auxiliary lemma, the proof of which will be given
at the end of this section, we can take the limit as ¢ — 0 in (5.258) and obtain
assertion (ii).

Lemma 5.96. Under the assumptions of Lemma 5.95, and with the notations
introduced above, we have

o1
a) lim (Y7 —y[ =0,

.1 Y v
b) il\ir(l) nghx,y(S’ Xttli-s’ Yl+s)| = 0’

forall (t,x,y) € [0,T] x RY x R™.

We shall now prove the reverse implication: Under the assumption that (ii) holds
we have to show the validity of (7). For this we first remark that, for any continuous
function ® : [0,7] x R x R"™ x R x R"*" x §"*+" x R™*¢ _ R satisfying
the standard assumptions of monotonicity with respect to the R”+"-variable and of
degenerate ellipticity with respect to the S”*"-variable (see Annex D),

h(t, x, y) is a viscosity sub-solution of the PDE
() | ®(t,x,y,0:h(t,x,y), Ve h(t, x, ), D(Zx’y)h(t,x, ¥);z2) =0,
for all z € R™*4

if and only if

h(t,x, y) is a viscosity sub-solution of the PDE
(B) | D(t,x,y,0,h(t, x,y), Vixph(t, x, ), D(zxﬁy)h(t,x, y);g(t, x)) =0,
forall g € Cpo ([0, T] x RY; R™*4),

Indeed, in order to see that () implies («), it suffices to choose g € C,y; ([0, T]
x RY; R™ Y with g (¢, x) = z € R™“. On the other hand, to get the necessity of
(B) under (a), we remark that, for all test functions ¢ € C!?>?2 for which & — ¢
achieves a local maximum at (¢, x, y), and with the notation

3
(a,p.S) = (5% ez D(zxﬁy)w) (t,x,y),

we have that ®(¢,x,y,a,p,S;z) = 0, for all z € R™*d and hence also for
z = g(t,x), where g runs over the set of functions belonging to C ([0, T] x R?;
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R™*) We now fix any g € Cpor ([O T] xR¥; R"™*?) and consider the unique square
integrable adapted solution (X, Y ) of the (forward) SDE

(75 = () T e 7 )
—=txy | = +/ o tX} tx tx dr
Y, y J —F(r, XY, ,g( X, o (r, X))
i o(r,X)
+/ (g(r, X'Yo(r, Xr,_x))dWr, s €, T].

Of course, here the process X' is nothing else than the unique solution of
SDE (5.248). Moreover, we denote by ( Y.z ”) € S2[t.T]x A2, (t.7)
the unique solution of the BSDE

t.x,y

Y = (T, X”Yi”)+c/ hi(r, X125, Y 0 ydr

T
—/ ZVdW,, s et Tl

where T € [0, T] and (hi)g>1 € Cpar([0,T] x R? x R™) is a monotonically
decreasing sequence of continuous functions with at most polynomial growth, such
that its pointwise limit is equal to /. Then the function

Vi(t,x,y) = ktfy, (t,x,y) € [0,T] x RY x R™,
is a continuous viscosity solution of the equation
Vi (t,x,y)

o T Lo OVi(t,x,y) + Chi(t,x, y) =0,
Vi(T,x,y) = (T, x, ), (x,y) e R x R",

and it is the unique solution in the class of continuous functions of at most
polynomial growth. We also note that, by the Markov property,

P = Vi, XY )s € . T

Since, due to assumption (ii), 4 is an upper semicontinuous viscosity sub-solution

of at most polynomial growth of the above PDE, we know that # must be smaller

than or equal to the viscosity solution V. Thus,

Eh(s. X!, Y,")
<EVi(s, X", Y

=t.x,y

) ~
_ T t,x XY a fx XY ~
— Eh (T X2 Y5 + € [ Ehe(r X077 )r, s € [1, T,

N
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then, by passing to the limit as k — oo and applying Gronwall’s inequality, we
obtain the following estimate

Xy

Eh(s. X"~ Y,

=X,y

) < CT2ER(T, X4 V),

Setting s = ¢ and y = u(f, x) = ¥, and using the assumption (5.256) we obtain
for some positive constant Cy,

h(t,x,u(t, x))

=Xy

< CTOENT, XL V5)
< eCT=0[BA(T, X5, V1Y)
—1,x,y

—t.x, P
+ME (|Yf — VI X+ T+ |Y7£;*|P))]

< €0 [Eh(f, X5 YY)

7 12
+C1(1 + |x]P7 + |y]") (E/ |Z£’X — (go) (r, Xf’x)|2dr> i|
t

forall g € C,y ([0, T]xR?Y; R™*4)_ Since by a result from [30] (Theorem 4.1) there
is a Borel measurable function v : [0, T]xR? — R”*¢ such that

ZM = (vo) (s, Xs”x) ,se€[t.T], dsdP—a.e.,
we deduce that by density (and Lebesgue’s dominated convergence theorem)
h(t,x.u(t.x)) < e“TOER(T, XL, VL),

Since this result holds true forall x € R?,0 <t < T < T, we have proved (i).
Let us now prove Lemma 5.96.

Proof of Lemma 5.96. We first prove part a) of the lemma. Obviously, we have that
t+e t+e
Y = KS(X;fS) + / F(r, X!, Y, Z8)dr —/ Z:dw,
t t
t+e
= y+/ z(b(r. X)) = b(t,x)) dr
t

t+e
+/ (F(r, XY}, Z) — F(t,x,y,z0(t,x)) dr
t

t+e
_/ (25 = 20(r, X!¥)] d W
t
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1
Thus for0 < & < —,
612

IYf—y|2+E/

t+
t

&
|28 —z0(r, X1) [P dr
t+e 2
<3¢ |z|2/ E|b(r, X!™) — b(t,x)|" dr
t
t+e )
+3¢E / |F(r, XI5, YE, ZE) — F(r, X2, Y 20 (1, X9 | dr
t

t+e
+38E[ |F(r. X, YF z0(t, X)) — F(t, x, y,za(t,x)|2dr
t

r o Lro

+

t+e 1 &
<3¢ |z|2/ E|b(r, X}™) — b(z,x)\zdr + EIE/ |Z8 —zo (1, Xr”x)‘zdr
t

t
t
t+e )
+38E/ |F(i’, XY zo(t, X)) — F(t,x, y,z0(t, x)| dr,
t

which yields

1 1 t+e
limsup = E Y — y|* + lim sup _2]E/ |Zf —zo(r, Xr”‘)|2dr <0.
N0 € oo 28 t

Finally, the proof of part b) of Lemma 5.96 uses the same argument as that of
Lemma 4.82. The only difference is that the role of the diffusion process X'~ in the
proof of Lemma 4.82 is now replaced by that of the pair (X', Y*?).

5.10 Exercises

Without further mention, (2, F, P, {F;};>0) will be a stochastic basis, {B; : t > 0}
will be a k-dimensional Brownian motion with respect to this basis and F, = FJ
forallz > 0.

Exercise 5.1. Consider the BSDE
T T
Yi=n +[ (s, Ys, Zs)d Qs —/ Z,dBy, (5.259)
t t

under the assumptions (5.41). Let

t 1 t
Vv, = / LydQs + — / (£,)* ds.
0 npJo
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Show that if p > 2 and forall § > 0
4 T p
E [¢/7y] +]E(/ e 1 (1,0,0)dQ, ) < oo,
0

then the BSDE (5.259) has a unique solution (¥, Z) € S° [0, T] x A?

mxk (0, T) such
that

T p/2
E sup "% |Y,|” + +E ([ e2Vs |Z~Y|2ds) < oo, forall § > 0.
s€[0,T] 0

Remark. Note that our assumptions hold in particular if both V; has exponential
moments of all orders (e.g. the tail of its law behaves like that of a Gaussian random

variable) and |n| + IEfOT |®(t,0,0)|dQ; has a finite moment of some order p > 1.
Exercise 5.2 (g-Expectation). Consider the BSDE: P-a.s., for all ¢ € [0, T]

T T
va = r’ + / g (Ss YS? ZS) ds - / (Zs»st) ) (5260)
t t

where we assume:

(l) n S LP (Q’]:Ta]P);R)’ P > 19

(ii) for every (y,z) € R x R¥, the function g (-,-,y,2) : @ x [0,T] = R is P-
measurable;

(iii) g satisfies the assumptions of Theorem 5.27 (F replaced by g) and
g, y,0)=0forall y e R,ae.t €[0,T].

Then by Theorem 5.17 the BSDE (5.260) has a unique solution (Y, Z) €
S7[0,T] x A7 (0, T). Moreover if T : € — [0,7] is a stopping time and
nelL?(Q,F.,P;R)then (Y;,Z;,) = (n,0) forallt > 7.

Define the g-expectation of n by E, (1) “ Yy and the conditional g-

expectation of n with respect to F; by E, (n|F;) =4 Y;. Clearly Eo () = En
and Eo (n|7,) = E (n|F).

Show that:

. E;(a) =a,foralla € R.

-m=m,Pas. = Eg(n1) = Eg ().

. <, P-as.andEg () = Eg () == 11 = o, P-as.

If g(t,-,) : RxR— R is a convex function, a.e. t € [0,T], then E, :
L? (2, Fr,P) — R is convex, too.

5.LetU € L? (2, F;,P). Then E; (14n) = E; (14U), forall A € 7, if and only

ifU =Y,
6. E; (a|F) = a,foralla e R.
7. E; (n|F;) =n,foralln e L? (2, F;,P).

AW =
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8. m < m,P-as. = E,(m|F) ZE; (2| F), P-as.
9. Eg (14| F) = 14E, (n|F), forall A € F,.

Exercise 5.3 (Peano Type Result). Consider the BSDE
T T
Yt =77+/ G(SaYs»Zs)ds_/ (ZS’dBS)7
t t

where n € L? (Q, F7,P;R), p > 2,and G : [0,T] x R x R* — R is a function
such that

e G(-x,2):[0,T] = R is measurable for all x € R and z € R¥,
e G(t,-,):Rx R* — R s continuous for all 7 € [0,T],
« there exists an L > 0 such that for all (, y, z) € [0, T] x R x RF,

|G (¢, y,.2)| < L(1+|y|+z]).

Under these conditions we shall prove that the BSDE (5.260) has at least one
solution (Y, Z) € S?[0,T] x A,f 0, 7).
LetO<e<g=1A(1/L)and G, : [0,T] x R x R¥ - R,

1 1
G.(t,y,z) =inf{G (t,u,v) + — |y —u| + — |z—v| : (u,v) € R x RF} .
& &

Prove that:
1. Forallt € [0,T],y,y € Rand z,7 € R:
(@ [Ge (1, y. 9| =LA+ [y[+ IZP;
®) 1Ge (t.y.2) = Ge (0. ") = — Iy =y + ]z =2
1
© ¥Ge(t,y,2) S LIyl + (L+ L) [P + 712

d0<§<e = Gs(t,y,2)>G:(1,y.2);
(e) if 11II(1) (yavZS) = (y,Z), then 11II(1) G, (t’yavza) =G (f»va)-
£—> £—>

2. The BSDEs
T T
Y= n+/ G. (s,Y;,Zf)ds—/ Z¢dB,,
t t
T T
U,=n+/ L(1+|Us|+|VS|)ds—/ ZdB;
t t

have unique solutions (Y¢, Z¢), (U,V) € S7[0,T] x A

mxk

(0,T) and:
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(@)

T r/2
EF | sup |Y£)” | + ET (/ |Z§|2ds)
S€[t,T] t
< Cpexp[(L + L?) (T —1)] |:Ef’ In|” + L? (T — z)P}

where C), is a constant depending only on p.
(b) Forall0 <§ <e<egy=1A(1/L), P-as.,

Y <YP<Y)<U, foralltel0,T],

and there exists a ¥ € S? [0, T'] such that

ImE [ sup Y] —Y,|" | =0.
&0\ sef0,7]

(¢c) There existsa Z € Af;xk (0, T) such that

T p/2
lim E ([ |ZE — Zslzds) =0.
e—>0 0 ;

Exercise 5.4 (BSDE Reflected Above 0). Let § € L*(Q,FZ P;R), where
{B;, 0 <t < T}is ak-dimensional BM, and F : R x R¥ > Rbea Lipschitz
continuous mapping. Consider for each n € N the solution {(¥,", Z}), 0 <t < T}
of the BSDE

T T t
Y'=§&+ / FY/,Z)ds + nf Y ds— f (Z1,dBs) ,
t t 0

andlet K = n [;(Y]")~ds.
1. Show that Y"*' > y", 0<¢t <T.
2. Show that

supIE( sup |Y,”|2) < 00.
n

0<t<T

3. Deduce that there exists a progressively measurable process {¥;, 0 < ¢t < T}
such that ¥, — Y, as. forall ¢ € [0, T], and

IE( sup |Y}|2) < 00.
0<t<T
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Show that ¥,” > f’t”, where {17[”, 0 <t < T} solves the BSDE
~ T T r
Y =g+/ F(Y;*,zg)ds—n/ Y;’ds—/ (27, dB,).
t t 0

Identify lim, oo f’,” and deduce that Y; > 0,0 <t < T, a.s., and (with the
help of Dini’s theorem) that supy, <7 (¥,")” — 0 in mean square.

Show that {Z]', 0 < t < T} is a Cauchy sequence in A,% (0, T). Hint: check
that

T T
[ (V" — Y7)(dK" — dK?) < [ (/) dK! + (¥)~dK] > o.
t t

Deduce that K" converges in probability to a progressively measurable increas-
ing continuous stochastic process K.

Show that the just constructed triple {(X;, Z;, K;), 0 < ¢t < T} is a unique
progressively measurable solution of the reflected BSDE: for all ¢+ € [0, T],
P-a.s.

(i) Y is a continuous stochastic process, ¥; > 0,

T
(ii) Kisc.is.p., [ Y. dK, = 0,
0

T
(iii) E/ |Z,2dt < oo,
0

T T
) Y,=£t+ / F(Y,, Zs)ds + Kr — K; —/ (Zs,dBy) .
t t

With the help of Tanaka’s formula applied to (¥;)* = Y;, show that in the sense
of inequality between measures,

0 <dK, < 1yy,=qy [F(Y:, Z,)] dt.

Deduce that K is absolutely continuous.
Show that the points 2-9 constitute a particular case of Theorem 5.52.

Exercise 5.5. Let n € L°(Q, Fr,P;R) be such that 0 < n < 1, P-a.s. Prove that
the BSDE

T T
Y, = n+ f Y (1 - Yv) ds — / (ZSv dBv)
t t

has a unique solution (Y, Z) € S} [0, T] x Ai (0, T"). Moreover

T p/2
E (/ |ZS|2ds) < oo, forall p>0,
0

0<Y, <1, P-a.s.
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Exercise 5.6. Let ¢ > 0, k : R — R be a continuous bounded function and g :
R — R be a bounded Lipschitz continuous function. Consider the PDEs

1
u, (t,x) + EMZ* (t,x) =0, (t,x)€]0, T[xR,
u(T,x) =k (x) x €R,

(5.261)

and

( 8); ( ’ x) _2 (’/t ).:C/.X (t7 x) Sin (x) g (”8 (t7 x) ) (ué‘); ( ’ x)) — Y,
u 7 = ( ’X) E]O, z [)(IR7 (5~262)
( ’ x) K (x) ’ X € R.

1. Write the BSDEs in (Y**, Z"*) and respectively in (Y5, Z%"*) such that
u(t,x) =Y and u® (¢, x) = ¥, are viscosity solutions of the PDEs (5.261)
and, respectively, (5.262). Are the corresponding viscosity solutions unique?

2. Prove that

limu® (0,x) = u(0,x), forallx € R.
e—0

Exercise 5.7. Let E be a non-empty closed subset of R, ¢ : R* — E be a
bounded Borel measurable function and F : @ x [0,7] — R™ be a bounded
progressively measurable stochastic process. Let (Y, Z) € S} [0, T] x A}nxk 0,7)
be such that

T T
Y, =g(BT)+/ Fsds—/ ZdBy, a.s., tel0,T].
! t

Show that (i) = (ii), where:

(@) P-as., {Y;:t €[0,T]} C E, for all bounded Borel measurable function g :
R - E;
(i) E is aconvex set.



Chapter 6
Annexes

6.1 Introduction

In this chapter, we collect several results which are used in the book, but whose
presentation we have preferred to postpone until now. A first section presents
notations and elementary results on matrices. The second section presents some
elements of nonlinear and convex analysis. It is mainly used in Chap.4. The
third section presents Gronwall’s inequality, both in the forward and in the back-
ward time direction, together with various original extensions of this inequality
to stochastic processes. The most important stochastic inequalities are given in
Propositions 6.71, 6.74, 6.80. Section four presents the notion of viscosity solutions
of nonlinear PDEs, and establishes three different uniqueness results for viscosity
solutions of PDEs which appear in previous chapters of this book. These are variants
of more or less known results scattered in the literature. We could not possibly
cover all types of elliptic and parabolic equations (and systems of equations) with
various types of boundary conditions. But we believe that the reader can adapt our
arguments to all situations considered in Chaps. 3-5 of the book.

Finally a last section is devoted to giving hints for the solutions to some of the
exercises from the book.

6.2 Annex A: Vectors and Matrices

Denote by RY*¥ the linear space of matrices A = (a;.;) ;- Where a; j € R. If k =1
then R?*! is the Euclidean space R?. Denote by A* = (a;,),,, the transposed
matrix of A.

Let x = (x;);_17 € R? and y = (;);_77 € R?. The usual inner product on
R? is given by '

E. Pardoux and A. Rascanu, Stochastic Differential Equations, Backward SDEs, 517
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DOI 10.1007/978-3-319-05714-9_6,
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(x,y) =xiy1 + X202+ -+ Xgya = x¥y
and the norm

el = Vi) = (43 o) = Vi

We also introduce the notation x T := (xl‘" ) dx1’
The tensor product of the two vectors x and y is the linear operator x ® y :
R? x RY — R defined by

(x ® y) (u,v) = (x.u) (y.v) = u™ (") v.
Hence one can identify

XQ®y = (xiyj)dxd =xy*.

If4 = (ai~j)d><d and {uy,...,uy} is an orthonormal basis of RY that is

1 ifi =,

wow)=8,=4 "7

0 ifi #j,

we define
d
Tr A = Trace (A) = Z (Au;,u;) .

i=1

The “Trace” is independent of the basis {u;,...,u;} and

d
TrA = Za,, = TrA*.
i=1
Moreover if A, B € R?*4 then one verifies that

Tr (AB) = Tr (BA) = Tr (A*B*) = Tr (B*4%).

Let A = (ai ;) 4y € R B = (bi)
on Rk by

axi € RY*%. We define the inner product

(A, B) = Tr (A* B) = Tr (AB*)
d k
=D aghy
i=1j=1

and the norm
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1/2
d k /

|A] = VTr (A*4) = VTr (AA") = [ YD "d}

i=1j=1

We have

a) |AB| < |Al|B],

b) |[Ax| < |A]|x],

c) [A] = |A*],

d) Tr(x ® y) = (x,y),

e) Tr[(x ® y)AB*] = (x,BA*y),
f) Tr((x ® x) AA*] = [A*x|*,
g) |x ® y| = |x|[y].

We note that the above matrix norm is not the operator norm
[All = sup {|Ax] : |x| = 1} < |4],
since || I;]| = 1 # /d = |I4]. Note that
A4l = 14].

We denote by S?*¢ C R?*¢ the set of symmetric matrices. If O, P € S?™¢ we
say that O < P if (Qx,x) < (Px,x),forall x € R4, 0 is semipositive definite if

0 >0.
0 e S?* is semipositive definite if and only if there exists an orthonormal basis
{vi,...,vgtof R and {1}, ..., A4} C [0, ool, such that

QV,‘ = )tiVi, Vi El,_l’l.

d
Then Tr Q = )_ A; and for all 4 € R?*? we have
i=1

d
Tr(AQ) = ) X (Avi.v;) < |4 TrQ < |4| TrQ. (6.1)
i=1

6.3 Annex B: Elements of Nonlinear Analysis

6.3.1 Notations

As references for this Annex, see e.g. [2] or [12]. Throughout in this Annex H is a
real separable Hilbert space with norm |-| and scalar product (-, -).
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Let (X, |||lx) be a real Banach space with dual (X*, ||-|x«). The duality paring
(X*,X) is also denoted (-, -); hence if x € X and x € X*, then by (X, x) and (x, X)
we understand the value, X (x), of X in x.

Given x € X, X € X* and the sequences x, € X, X, € X* we say thatasn — oo

Xp = x (strongly) in X if |x, — x|x = O,

Xy = x (weakly) in Xif (3, x,) = (3,x), forall y € X*,

Xn % (weak star) in X* if (%,,y) — (%,y), forall y € X,

6.3.2 Maximal Monotone Operators

Let X and Y be Banach spaces. A multivalued operator A : X = Y (a point-to-
set operator A : X — 2Y) will also be regarded as a subset of X x Y setting for
ACXxXxY,

Ax={yeY: (x,y) € A}.
Define

D(A) = Dom (A) = {x € X: Ax # 0} — the domain of 4,
R(A) ={yeY:3x € D(A), s.t. y € Ax} —the range of 4,
and define A™! : Y =2 X to be the point-to-set operator defined by x € A~ (y) if

y € A(x).
We give some definitions:

e A:X = X*is monotone if
(yl — Y2, X1 —)Cz) > (, for all (xl,yl) e A, (XZ,yz) € A.

e A : X = X* is a maximal monotone operator if A is a monotone operator and it
is maximal in the set of monotone operators: that is,

(v—y,u—x)>0 V (x,y)e A, = (u,v) € A.
e Jx : X =2 X* defined by
Ty () = {& 1213 = ) = (.0)]

n L n 1 1
&Gy —x) I < P vy ex
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is called the duality mapping; if X = H is a Hilbert space then Jx (x) =
Iy (x) = x forall x € H.

e A:X =2 Yislocally bounded at x, € D(A) if there exists a neighborhood V' of
xosuchthat A(V)={yeY:3x e D(A)NV, s.t. y € Ax} is bounded in Y.

We have:
Proposition 6.1 (Rockafellar). Let X be a reflexive Banach space. Then A : X =
X* is maximal monotone operator if and only if A is a monotone operator and

R(Jx +eA) =X*, foralle > 0.

Proposition 6.2. Let A : H = H be a maximal monotone operator. Then:

(a) A is a closed subset of H x H; moreover if (x,, y,) € A and

X, — x (strongly) in H and y, = y  (weakly)in H, or
Xn X x, and Vp =y, or

Xy =X, ya—y. and Tim, (x,. y,) < (x.y).

then (x,y) € A;

(b) D (A) and R (A) are convex subsets of H;

(c) Axis a convex closed subset of H for all x € D (A);

(d) A is locally bounded on int (D (A)) that is: for every uy € int (Dom (A)) there
exists an ro > 0 such that

B (uo,70) % {uo + rov : [ < 1} € Dom (A)

and

def

At = sup{la| e A(uo + rov), Jv| <1} < c0.

uo,ro

Proposition 6.3. 1. If A : H — H is a single-valued monotone hemicontinuous
operator then A is maximal monotone (A : H — H is hemicontinuous if the
Sunctiont — (A (x +tz),y) : R — R is continuous for all x, y, z € H).

2. If A, B C H x H are maximal monotone sets and int (D (A)) N D (B) # @, then

A+BY {(x,y+2 :(x,y) € A, (x,2) € B} is maximal monotone in H x H.

Let A C H x H be a maximal monotone operator. Then for each ¢ > 0 the
operators

Jox = (I +eA) ' (x) and 4, (x) = é(x — Jex)

from H to H are single-valued. The operator A, is called Yosida’s approximation of
the operator A. In [2, 12] we can find the proof of the following properties:
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Proposition 6.4. Let A : H = H be a maximal monotone operator. Then:
(j) Foralle,§ > 0and forall x,y € H
i) (Jex, Aex) € A,
i) |Jax—sz|§|?i—y|,
iii) |AeX—AEY|S—|X—J’|,
e

iv) |Jex — Jsx| < |e — 6| |Asx],
v)  Jex] = x|+ (1 + [e— 1)) [/10],
vi) Ae : H — H is a maximal monotone operator.

(i) Ifen = 0, x, Xx, A, Xn 5 y and

lim sup (x, — X, Ag, X — Ag, Xm) <0,

n,m—00

then (x,y) € Aand lim (x, — Xp, Ag, Xy — Az, Xm) = 0.
n,m—>o0

(jjj) li\I‘n Jox = PTWX, Vx € H and
e\0

limx,=x€D(A) = limJx,=x.
eN\0 e\0
(Prpy X is the orthogonal projection of x on D (A).)

(jv) lim Aex = Py, {0} Y A0 € Ax, forall x € D (A).
e \0

(v) |Agx| is monotone decreasing in ¢ > 0, and when & \ 0

4°(x)|, if xeDA),
00, if x¢ D(A).

|4e ()]

(vj) |Jex — x| = e|Aex| < ¢ ‘on‘ <elz|, forall (x,z) € A.
(vjj) Forall x € H,

|Jex — x| < [Jex = Je (J1)| + [Je (J1x) = Jix[ + |Jix —x
<2|Jix — x| +<9|A0 (Jlx)|.

(vjjj) Forall x € Hand y € Dom (A)

[Jex — Jsy] < |x — [ + |e = 8] [4sy]
<|x—yl+1le—8|A].
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The operator A is uniquely defined by its principal section A%x “ Pry, {0} in the
following sense: if (x, y) € D (A) x H such that

(y — A%.x —u) > 0, forallu € D (A)

then (x, y) € A.
Proposition 6.5. Let A : H = H be a maximal monotone operator.

I If B (xo,r0) C Dom (A) and

At up i) i A(xo + rov), o] < 11,

X0,70

then

|x — xo| + roA* VY (x,X)€eA.  (62)

ro |X] < (X, x —xo) + A* oy

X0.r0

I If there exist xo € H and aq, g > 0 such that
ro |X] = (X, x — xo) + a0 |x —xo| +do, V (x,%) € 4,
then there exists a by > 0 such that for all x € H, for all ¢ € 10, 1]:
ro |Aex| < (Asx, x — xo) + ag |x — xo| + bo. (6.3)

If xo € Dom (A) and 0 € Axy, then by = ay.

Proof. 1. By monotonicity of A we have V (x,X) € 4,V |v] < 1:

ro (X, v) <ro{X,v) + (X — ¥, x — (x0 + rov))

= (X, x —xo) — (¥, x — x0) + 70 (J,v)

< ()Ac,x—xo)—i—Afil

#
X0.70 |x — xo| + roAxoyro’

which yields (6.2).
II. Since A; (x) € A (J; (x)), it follows that
ro |Aex| < (Aex, Je (x) — xo) + ao |Je (x) — Xo| + do
< (Aex,x — x0) +ao [|Je (x) — Je (x0)| + [/ (x0) — Xol] + do
< (Aex,x — x0) + ao |x — xo| + ao |Je (x0) — xo| + do.
Hence the inequality (6.3) holds for by = ag [2]J1xo — Xo| + |4° (J1x0)|] +do.

If 0 € Axg then J, (xo) = x¢ and by = a.
|
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Proposition 6.6. If A is a maximal monotone set in H x H and A C L? (0, T; H) x
L? (0, T; H) is defined by

A={(x,£) € L>(0.T: H)x L*(0.T; H) : (x (1) .2 () € A, a.e.t €]0,T[},

then A is a maximal monotone set in L? (0, T;H) x L? (0, T; H).

6.3.3 Stochastic Monotone Functions

Let (2, F,P, {F;}:>0) be a complete stochastic basis and
F :Qx[0,400[ x RY x R, — R4

such that

O F (-, ,2) is P-m.s.p. for every (y,z) € RY x Rk,
O forally,y' e R, z,7 e Rk ¢ > 0:

(y _y/7 F(l,%z) - F(l,yl,Z)) < O, P—a.s.;
O forallz,7 e Rk t>0:
y+— F(t,y,2): RY — R?is continuous, P-a.s.:

O there exists a P-m.s.p. £ : Q x [0, 400 — Ry such that for all y € R?,
7.7 e Rkt >0:

|F(t,y,z) — F(t,y,z’)| <Y, |z—z’| , P-as.
Since y — —F(t,y,z) : R — R? is a monotone continuous operator (hence
also maximal monotone operator), it follows that for every ¢ > 0 and (w, ¢, y,z) €
Q x [0, T] x R? x R?*k there exists a unique J, = J, (w,t,y,z) € R? such that

Jo—eF(w,t,Je,2) = .

The Yosida approximation of F' is defined by
def 1
Felt.y,2) = - (Je(t.9.29) = y) = F(t. Je(t.9.2).2).

Note that F, = F,(t, y, z) is the unique solution of

F(w,t,y + eF,,z) = F,. (6.4)
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The functions J, (-, -, ¥,2), Fe (-,-, y,2) : Q x [0, T] = R¢ are P-m.s.p. for every
(7.2) € R? x R¥* and we have:

Proposition 6.7. Foralle,§ >0,Vt€[0,T],V y,y e R,V z,7 € R¥*k:

(Cl) |J8(t,y,z)—J5(t,y/,z’)| S |y_y/| +Ee[ |Z_Z/|5
(h) |Je(2,0,0)| <e]|F (¢,0,0)],

(c) (Fg(t,y,Z)—Fa(t,yCZ’),y;y’>S& lz—=2|ly =y,
(d) |Fe(t.y.2) = F.(t.y".2)| < ;Iy -y +4& -7,

(e) |Je(t,y,2) =yl S elFe(t.y.2)| <e|F (t,y,2)],
(f) gi_lgg)Fs(t,y,Z)=F(tsy,Z)»

(6.5)

|JS(l’y7Z)_J5(t7y/vZ/)| = }y_y/} +8€f ’Z_Z/’ + |8_5| |F(l»y,Z)| (66)
and

(y =Y. F.(t,y.2) = F5(t.y".2)) + e |F. (t, y. ) > + 8 |[Fs (., y". )
<(e+8)(F:(t.y.2), F5(t,y".2)) (6.7)
o [ly =y +elF (. y. 2| +6|F .y . lz—7].

Proof. (a): It J = J.(t,y,2), J = J.(t,y',7), then
7 =7f
=e(F(t,J,0—F(t,J.2),J=J)+{y=y.J=T)
=¢e(F(t.J.o)—F(t.J.2).J - J)
+e(F(t.J . 2)—F(t.J.2).J=J)+(y—y.J =T
selble=2[[/ =]+ ]y =T =7

and (6.5-a) follows.
(b): With the notation J° = J (¢, 0, 0),

|70 = & (F (1,7°,0),J°%) < &(F (1,0,0), J%) < £ | F (1,0,0)| | J°|

which gives (6.5-b).
(c): We have

(Fs(t’y»z)_Fs (l,y’,{),y—y’)

1 1
= - ({.y. )= L@y Dy =y =< |y - '[P
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1 1
== [ly = y'+et|z=2]]|y—y|- " =)
<l|z=Z||ly=|

that is (6.5-b).
(d): From (a) and the definition of F, the inequality (d) clearly follows.
(e): The properties follow from those of the Yosida approximation, 4., of a
maximal operator A (here A, (y) = —F,(t, y, z) for (w, t, z) fixed.
(6.6): Let J, = Jo(t,y,z) and J{ = Js(t, y’,Z'). Then

e = I = (e =8)(F (1, Je.2) , Je — J})
FS(F (1, Je2) = F (6,7}, 2)  Je = I)) + (y = ¥/, J. = J))
< Je =8| |F (t. Je. ) [Je = Jj| + 86, [e= [ [ Je = Ji| + [y = [ | /e = J}]

and (6.6) follows.
(6.7): Now, we have

(Je = Jf, Fe(t, y,2) = F5(t, ', 2)
= (Je = J§. F(t. Jeu2) — F(t.J5.7))
<O0+(J.— J§, F(t.J{.2) — F(t.J{.2))
< |Je = J§| b |e = 7|
< [elF (ty. 9l +8|F (t.y.2)| +]y—y|]|]--7|

and then

(y =y . Fut.y.2) — Fs(t.y".2))
= (Vo = eF, (t.3.2) = J{ + 8F5 (1.5 ) . Fo(t.y.2) = Fy(t.y'. )
< —¢|F (6,7, 91> =8| Fs (1.¥. 2) ] + (¢ + 8) (F. 1.y, 2) . F5(t, ¥, 7))
+ 4 [e|F .y +8|F (.Y ) + |y =yl -7|
that is (6.7). |

If we define

def
Fi (1) = sup |F(,y,0)],
lyl<R
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then we have the following:

Proposition 6.8. Foralle >0, p,a>1,1r0>0,y e R ze R 1 €[0,T]:

ro | Fe (1, 7.2)] + (F. (t..2) . y) < ro (F# () + Vo% (&)2)
P 6.8)

+ (Fj; () + ro— (&)2) 1+ o P 1P+ 22 1P aus.,
np 2n, 2a
where
np YA (p—1).
Proof. Let0 < ry < 1. The monotonicity property of F, implies that for all |u| < 1:
(Fe (t,rou,z) — Fo (¢, y,2) ,rou—y) <0,

and, consequently, V |u| < 1:

ro (Fe (1, y,2), —u) + (F: (¢, ,2) . )

= |F8 (tvr0u7Z)| |y—r0u|

< |Fe (¢, rou, O)[ (|y| 4 7o) + £ |z] (|1y[ + r0)
a n
=< F (6, row, 0) (1] + ro) + 5 — (€)* (1] + 7o) + 52 J2f”
np 2a
The inequality (6.8) follows by taking the sup of the left-hand side over all vectors
u such that |u| < 1. |

Finally we give some convergence results.
Let F : Q x [0, T] x R — R? be a function satisfying

i) F(,-x) isF ® Bjrj-measurable, ¥V x € R4,
ii) F(w,t,-) 1iscontinuous dP ® dt-a.e. (w,t) € Q x[0,T], 6.9)

T
iiiy da > 0such that/ (FE@)" dt < +oo, P-as., YR>O.
0
Proposition 6.9. Assume that F satisfies (6.9). Let
X°. X e L°(Q:C ([0.T]:RY))

be such that

prob.
sup |X; —X;|—> 0.
1€[0.7] >0
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Then

sup
t€[0,T]

t t
/F(s,X;)ds—[ F (s, X,) ds
0

0

T
5/ |F (5. X5) = F (5. X)) as 225 0.
0 £

Moreover if for some p,a > 0:

T p
Croa® sup E( [ |F(t,Xf)|adt) < +oo, (6.10)
0

0<e<egg

then

T P
1) IE(/ |F(t,X,)|“dt) <C,,
T " (6.11)
) IE(/ \F(z,Xf)—F(z,X,)r”dt) —> 0, Vg €]0, pl.
0 &—>
If, in addition, x —> —F (t, x) is a monotone operator and F, = F.(t,x), € > 0, is

the Yosida approximation of F (Fy is the unique solution of F(w,t,x + ¢F;) = F,)
then ¥V g €]0, p[:

T q
E (/ |F. (6. Xf) — F (t. X)|" dt) —0. (6.12)
0 £—>

Proof. Let ¢, — 0 such that

lim sup |X;/" —X,| =0, P-as.
en=01¢[0,7]

Then by the Lebesgue dominated convergence theorem

T
lim |F (s, Xf") — F (s, Xs)|a ds =0, P-as.

en—0 0

Since the convergence in probability is given by a metric, by reductio ad absurdum
we infer that

prob.

T
/0 |F (s, X{) = F (5. X,)|" ds — 0

Also, if C, < oo, then Fatou’s lemma clearly yields (6.11-cy).
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1I.

. Denote by C positive constants independent of ¢,,. Let

T
(A, =) A, dﬁ / |F (s, Xf") — F (s, XS)|0! ds.
0

Then by the Lebesgue dominated convergence theorem A, — 0,
EAP < C.

Since

Ap_q
]EAZ = E (AZIAnfR) +E (AZ RZ_q 1A,,>R)

Cc

< E(Ala,2k) + 257

it follows that

C
i 49 <_~ vy
0 < 11£Ir,1s13pIEAn - R >0,

529

P-a.s., and

that is lim,, ¢ EAY? = 0 and by reductio ad absurdum the full sequence A, has

the property (6.11-c5).
Since |FE (1. Xf)| <|F(t, X£)|, on a subsequence

Jim, Fo, (0. X;) = Jim F (1, X7 + e Fe, (1. X7"))

F(t, X;), P-as.

and then the convergence result, (6.12), follows in exactly the same manner with

Aé'n = fOT |F€ﬂ (S’ X;”) - F (S, Xs)|a ds‘

6.3.4 Compactness Results

Let I C R be an interval. Denote by C (I R4 ) the space of continuous functions
g: I — RYIf I = [a,b] then C ([a, b] ;Rd) is a separable Banach space with
respect to the norm ||-||(, »), Where if g : [a, b] — R? we define

I8l =suptlg ()] :a <s <1}.
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If [a, b] = [0, t] then
def
lgll, = lgllon =suptlg(s)]:0=s =1}.
ForgeC ([0 T] ;Rd) we define forz € [0, T] and ¢ > O:
m, (¢, ¢) = sup{|lg (t) =g (s)|lpa : |t —s[ <& s €[0,T]}
the modulus of continuity at ¢, and

m, (¢) =m(e;g) =sup{lg (1) —g ()| : [t —s[ =& 1.5 €[0.T]}

the modulus of uniformly continuity.
We also introduce the notation

Ro(e) =p(e58) =e+mg(e).

Note that
my) 0=mz(0) <myg(e) <my () <2|gls, V0 < e <,
my) 0=1p,(0) <p,(e) <p,(d), V0 < e <§,
my)  my(e+8) <mg(e) +my(5), Ved=0, (©6.13)

ma) - limmg (2) = lim e, () =0
and
[my (1.€) —my (1.6)| < [my () —my B)] < 2]|g — il + my (Je —8]).
If M C C ([0,T];R?) and & > 0, then
my (1,6) L sup {myg (1.€) : g € M},

1Ml Z=‘”fsup{||g||T g e M},
M) HLigw):geMy,

and
def
m (¢) = sup {my, (¢) : g € M},
pag(®) L e +mug ().

Theorem 6.10 (Arzela-Ascoli). Let M C C ([0, T]:R?). Then the following
three conditions are equivalent:
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(A) M is relatively compact in C ([0, T] ;]Rd);
(B) (B1) (equicontinuity): lirr(l)mM (t,e)=0,Vtel0,T]
e—>

(B2)  (bounded images) for each t € [0, T] the set M (t) = {g (t) : g € M}
is bounded in RY;
(C) (Cy) (uniform equicontinuity): lirr(l) my, (¢) =0;
&>

(Cy) theset{g(t):t €[0,T], g € M} isbounded in R?.

Theorem 6.11 (Kolmogorov—Riesz—Weil). Let p € [l,o0[. A set S C
L? (0, T; Rd) is relatively compact in L? (O, T, ]Rd) if and only if:

(j) (p-equi-integrability)

T—e
lim [supf lg (& +¢&) —g®llp. dt} =0,

&\0 geS

(jj) (boundedness):
T

sup/ lg ()] dt < oo.
0

gES

(For the proofs of these two last theorems see as example the book of Vrabie [70].)
Clearly we have:

Corollary 6.12. Let M > 0 and y, \( 0, &, \{ 0 be two sequences.

a) Then the set

T
K= {z e L*(0,T:R%) : / |z(t)|2dt <M,
0

T—e,
sup / lz(t + 60) —z(1)|*dr < y,, Vn € N*
0

0<6<g,

is a compact subset of L*(0, T; R?).

b) IfN, = [1] andt; = GOT for 1 <i < Nyn = 1, then the set

K> = {z € C(O.TI:RY) : |2 (0)] < M,

sup  sup |z (t; +0)—z(t)| < yu, Vn € N*

1<i <N, 0<f<e,

is a compact subset of C([0, T];R?) (here z, is extended outside of [0, T] by
continuity z; = zr, for s > T and z; = zo, for s < 0).
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6.3.5 Bounded Variation Functions

Let [a, b] be a closed interval from R and Dj, ) be the set of all partitions
Aia=ty<ti<---<t,=b, n=npeN"

Define |A|| = sup{ti+1 —¢t :0<i <n-—1}.
Let

n—1
Va (k) o< Z lk (ti+1) — k (t;)]

i=0

be the variation of k corresponding to the partition A € Dy, ;). We define the total
variation of k on [a, b] by

$kSup = sup Va(k)
AE'D[HJ,]

nA—l
= sup{ Z |k (li+1) —k (li)| A€ D[a.b]}

i=0
and if [a, b] = [0, T'] then

$kdr = $k$[0,T] .
Proposition 6.13. Ifk € C ([0, T];R?) and Ay € Dy 1y

S P I N N

then
Va, (k) /" $k3r asN /' oo.

Proof. Clearly Vi, (k) is increasing with respect to N and Vz, (k) < $k{7.
Let A € Dy, 5 be arbitrary

A:O0=tg<t) <<ty =T,
and j; = [%£2"] be the integer part of %2V Then
na—1

Va (k) = Y Ik (tie) =k (1))

i=1
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na—1 . . .
Ji-1T Jir1T JiT
= 2 [+ (557) - (5557) -+ (57)
i=1

ole(5e) v

2N
T
< 2nmg N + VZN (k)

and passing to the limit for N ' co we obtain

Va (k) < Nli/r,noo Vay (k) =3k8r. VA €Dy
H lim Vi, (k) = $ko. [
ence lim 7y (k) = 3kr

Definition 6.14. A function k : [a,b] — R? has bounded variation on [a, b] if
$k8.p < 0o. The space of bounded variation functions on [a, b] will be denoted

by BV ([a.b];RY).
Ifx e C ([a,b] ;Rd) and k € BV ([a,b] ;]Rd) then the Riemann-Stieltjes
integral is defined by

na—l1

b
[ ).k ) = Tim 3 (x(m) k (t41) —k (@)

All—0
lal—-0

where the integral is independent of the arbitrary choice of 7; € [t;, t; +1].
The Riemann—Stieltjes integral satisfies

b
/ (1) dk (0)] < [y DD -

Proposition 6.15. Equipped with the norm
1l (o) = Ik @] + 2By

the space BV ([a, b] ;Rd) is a Banach space. An element k of BV ([a, b] ;Rd) can
be identified with the following linear continuous mapping on C ([a, b] ;Rd):

b
x — (x(a) .k (a)) +/ {(x (1), dk ().

With this identification, BV ([a, b] ;Rd) is the dual of the space C ([a, b] ;Rd).
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Proposition 6.16 (Helly-Bray). Let n € N* x,,x € C([0,T];R9), k, €

BV ([0,T]:R?), k : [0, T] — R, such that

(i) x,—>x inC([0,T];R?),
()  k,(t)—>k(t),Vtel0,T] and
(i) sup $k,$r = M < +o0.

neN*

Thenk € BV ([0,T]:R?), $k¢; <M, and V0 <s <t < T:

() / (x (r) dky (1)) —>/ (x (r),dk(r)), asn — oo,

) / [x ()] d k3, < liminf / o (D) d $had,

In particular k, Y kinBV ([0 T] ;Rd), that is forall y € C ([O T] ;Rd):

T T
/ 0 (0) . dky (1)) — / (v (). dk (1))
0

0

Proof. Firstlet Ay € Dy 1] be a sequence such that

Vay k) 7 3k87  asN /7 oo,
From the definition of §-{; we have

VAN (kn) = $kn$T < M.

Since k,, (t) — k (¢) for all t € [0, T], it follows that VA, (k,) — Va, (k). Hence

Vay (k) <M forall N € N*
and passing to the limit as N ' oo we obtain
Tk, < M.

Lete >0

A:s=t<t)<---<ty=t, NZNAEN*,

with t; € [0,T], |A|| = sup{ti+1 —t :0<i <N —1} < & For x; = x(t;),

k; = k (t;), define

=

.
Sa (x,k) = (xi kiv1 — ki)

i

Il
S
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and my,, : [0, co[ — [0, o0
m, (¢) =sup{|x () —x(s)|:|r—s|<e rsel0,T]}

the modulus of continuity of x on [0, T].
We have

/ (x (r) . dk (7)) — S (x. k)

<my(e) Tklr . (6.14)

Indeed

/ (x (r),dk(r)) — Sa (x,k)' =

N-1 atigy Lit1
(x (r) .dk(r)) — (xi.dk (r))
X J

N—-1
=2
i=0

ti41
/ (5 (r) = x;. dk (1))

t

N—1

<m, (JAD Y $kSp, ]
i=0

f my (8) ¢k¢T .

Then

/ (x (r).d (kn (r) =k (r)) = Sa (x, ky — k)‘ =m, (|A]) $kn = k37
=my (¢) [Tkl + Tk7].

Now we obtain the estimate

/ (o (1) <l (7)) — / (x () dk (7))

[ (xn () — x (1) by (1)) + f (x () ok () — dk (1)

< o —xlly kady + / (x (F) 2 dkn () — dk (1)

< lxn = xllz $knlr +my (&) [$hnlr + ThE7] + |Sa (x Ky — k)|

Since k,, (t) — k (¢) for all ¢t € [0, T], it follows that lim,, .o |SaA (x,k, — k)| =0
and
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lim sup <2Mm, (¢), Ve>O0.

n—>oo

/ (o (1) <k (1) — / (x () dk (1)

t
Hence the limit lim / (xn (r),dk, (r)) exists, as does
n—>oo s

t

din [t e o) = [ ake).
Now, leta € C ([0, T]:R?), |la[l; < 1. Then
[ 0ok = tim [ 0o 0)dk o)
< timint [ 3 1 d P,

and passing to supj, . <; We obtain

[ bl g, <timin [, 0 d k3,

We now give some other auxiliary results used in the book:
Proposition 6.17. Let A : R = RY be a maximal monotone operator and A :
C (R+; Rd) = BV, (R+; Rd) be defined by:

(. kye A if xeC (R+;D(A)), k € BV o (Ry:RY) and

t
/ (x(r)—z,dk(r)—12zdr) =0, V (z,2) €A, VO<s<t. (6.15)

Then the relation (6.15) is equivalent to: for all u,it € C(Ry;R?) such that
(u(r),u(r)) e A,Vr=0

/t (x(r) —u(r),dk(r) —u(rydry =0, VO0<s<t, (6.16)

and A is a monotone operator, that is:

forall (x,k),(y,0)e A

[t (x(r)—y(@r),dk(r)y—dl(r)) >0, VYO<s<t.

Moreover A is a maximal monotone operator.
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Proof. (6.15) —> (6.16):
Let Vu,it € C (Ry;RY) be such that (u(r),ii(r)) € A, ¥V r = 0. Then

[ (x(r) —u(r),dk(r) — u(r)dr)

|nr| nr|
n n

!
= lim / <x(r) —u(—=),dk(r) — ﬁ(—)dr> > 0.
n—>o0 s
(6.16) = (6.15):
The implication is obtained for u (r) = zand & (r) = Z.

Let (x,k),(y,£) € A be arbitrary. Then for all u,it € C(Ry;R?) such that
(u(r),u(r)) € A, ¥Yr >0wehaveforall0 <s <t¢,

/l (y(r) —u(r),dt(r)—u(r)dr) = 0,
/l (x(r) —u(r),dk (r)—i(r)dr) > 0.

We put here
. — Ja(x(r)+y(r)) _ x4y ) _EAS(X(r)er(r))
2 2 2
and
b = 4, (KR,

1
where J.(z) = (I +e4)7'(2), A; (z) = —(z— J: (z)). Since A4 is a maximal
— 8 —
operator on R¢ it follows that D(A) is convex and liII(l) gA; (u) = 0,V u € D(A).
Also foralla € D (A)

eld: )] < e]Ae () — A: (@)| + e ]4: (@)] < |u—al +e[A° (a)].

Adding the inequalities term by term we obtain:

x(r)+y ()

0<1/ <y<r)—x(r),de(r)—dk(r>>+g/ <Ag( ;

=3 ), dl(r) +dk(r)>.
13
Passing to lim,\, we obtain / (y(r)—x(@),de(r)—dk(@)) = 0. Ais a

maximal monotone operator since if (y,£) € C (R+; D(A)) X BV pe (R+; Rd)
satisfies
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/t (y(r)—x(r),dl(r)—dk(r)) >0, V(x,k)eA,

then this last inequality is satisfied for all (x, k) of the form (x (¢) ,k (¢)) = (z,2t),
where (z,Z) € A, and consequently (from the definition of A) (y,£) € A . The
proof is complete. n

Remark 6.18. Often we restrict the realization to
C (R4+:RY) x [C (R4 RY) () BVose (R+:RY)

and we write (for this case) dk (t) € A (x (t)) (dt) if

(@)  xeC(Ry:Dom(d)),

(a2) keC (R+;Rd) ﬂBVloc (R+;Rd) s k (0) =0,
(as) (x (t) —u, dk(t) —udt) >0, onRy4, V (u,i)€ A.

Proposition 6.19. Let A C R? x RY be a maximal subset and A be the
realization of A on C (R+; Rd) X BV jpe (]R+; ]Rd) defined by (6.15). Assume that
int (Dom (A)) # 0. Let uy € int (Dom (A)) and ry > 0 be such that B (ug, ry) C
Dom (A). Then

de ~ N —
Al éf sup {|ia| : &t € Au, u € B (ug,ro)} < 00,

and for all (x,k) € A:

rod $k$, < (x (1) —ug, dk (1)) + (AL . |x () —uo| + roAl ,)dt  (6.17)

uo,ro uo,ro

as signed measures on R. Moreover there exists a constant by > 0 such that

ro [ |Aey ()] dr < / O () — o, Aoy (1)) dr

0 (6.18)
+A§0,r0[ |y (r) —uoldr + by (t — ),

forallOSsSt§T,y€C(R+;Rd)and0<5§1.

Proof. Since A is locally bounded on int (Dom (A)), it follows that for uy €
int (Dom (A)), there exists an ro > 0 such that uy + rov € int (Dom (A)) for all
|v| <1 and

dej Al LA o
at sup {|z| :z7€ Az, z€ B (uo,ro)} < 00.

up,ro

LetO<s=1t <t <...<tn=t§T,maxi(t,-+1—ti)=8,1—>0.
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We putin (6.15) z = uy + rov. Then
lit1
/ (x (r)— (uop +rov),dk(r)y—2zdry >0, V|v|<1, VO<s<t<T,
t
and we obtain
ro(k (ti+1) —k (&), v)
ti41 4 lit+1 #
< / (x (r) — up,dk (r)) + Amm)/ |x (r) —uo|dr + roAy, ,, (tit+1 — 1),
ti t
for all |v] < 1. Hence
ro |k (ti+1) — k ()|

li41 li41
< [ ko) AL, [0 - wldr ol G - )
ti 1

and adding term by term fori = 0 toi = n — 1 the inequality

n—1

o 3 ) = K@) = [0 = 0.k ()
i=0 s

t
+ AﬁO,m/ |x (r) —uoldr + (t —s) roAﬁO,,O,
N

holds and clearly (6.17) follows.
Setting in (6.3) x = y(r), xo = up and integrating from s to ¢ the
inequality (6.18) follows. |

Often in the book we use some energy type equalities that we describe in the next
lemma.

Lemma 6.20. Let x,k,m € C ([0,00[;R?), k € BV, ([0,00[:R?), k (0) =
m (0) = 0 such that
x®)+k@)=xo+m@), Vit=>0.

Then
(@): Forallt > 0and forallu € R?:

lx (1) —m (1) — ul? +2/t (x (r) — u, dk (r))
o, (6.19)
= |xo — ul? +2/0 (m (r),dk(r)).



540 6 Annexes
(II): Forall0 <s <t:
x (1) = x (s) —m (1) + m ()] +2/ (x(r) = x(s).dk(r))

S

7 (6.20)
= 2/ (m(ry—m(s),dk(r)).
Proof. (I): We have

x (6) = m (1) —ul®

= |xo —k (¢) — ul?

= o=l 2 [ (ro—k ()~ ud o~k 1) )
0

- |X0—M|2+2/ (x (r) = m (r) — u, —dk (r))
0
=|x0—u|2+2/0 (m(r),dk(r))—Z[O (x (r) — u, dk (r)),

that is (6.19).
(II): From (6.19) we have for u = 0

e (1) =m @) = |x (5) —m (5)|* + 2/ (x (r).dk(r))
= 2/ (m (r),dk(r)).
Butk (1) —k(s)=m(@)—x({t)—m(s) + x(s),

e (1) =m (O] = |x (1) = x () =m (t) +m ()" + |x () —m (5)|*
—2(x(s) —m(s).k (1) =k (5))

and
2/ (m (r),dk (r))=2/ (m(r)—m(s) . dk(r)) +2{m(s) .k (t) =k (s)) .

2/ (x (r),dk (r)):2/ (x (r)—x(s),dk(r)) +2(x(s),k@)—k(s)).

Hence, the equality (6.20) holds. ]

Finally we give an approximation result via Stieltjes integrals.
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Lemma 6.21. Let

e Q:[0,T] = R be a strictly increasing continuous function such that Q (0) = 0,
e £y :[0,T] = RY be bounded measurable functions,
o ¢ :R? =] — 00, +00] be a proper convex lower semicontinuous function.

If

t

fg(t)—f(O)eQ<(>+ﬁ T () do(r), t€[0.T],e> 0

then as ¢ — 04

() f)— f (), aerel0.T],
() / o (f. (M) y (1 dQ (r) — / o (f (M) y (). Vt.s] C [0.7].

If f 1[0, T] — RY is a continuous function it moreover follows that

sup | fe (1) —f ()] — 0.

1€[0,T]
Remark 6.22. The same conclusions are true if we replace f; (¢) by

g )= f (a4 MY do (), 1€ 0.7,

Proof of Lemma 6.21 (j). Obviously we have

0
Ql /Q(I)e”f (07" wQ(e) + 0 (1)) du
Q(e)
/ 0 WQ(e) + 0 (1) — £ (071 (0 (1)))] du+f(,)/ B i
(6.21)
But

0
lim sup ‘/fgm e [f (Q_l @0 () + 0 (f))) - f (Q_l (0 ([)))] du‘
0()

e—>0

0
< limSUP/_ e[S (7 (@@ (e) + Q1) vO) — f (07 (Q (1)]du

e—>0

—n 0

< 2C/_ e”du+/ e | (7 (W () + Q () V0) — £ (07 (Q (1)) du
00 -,

<2Ce™ + limsup/_ (7 (@Q (&) + 0 (1)) v 0) = f (07 (Q (1)))] du

e—0
<2Ce™, foralln,
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since

B
(%i_IE(l)/a | £ (Q7" (s +8w) — f(Q7" ()| du=0, ae.

Therefore the following limit exists
0
tim | [, e[/ (07 @)+ Q @) ~ f )] du| = .
006
and () follows. In the case where f is continuous, it is sufficient to write

L om—o0w)

£ = £ O 4 o [ p a0 )
-0 | le Q(r())fQ(t) . I o(m—0@)
= £ O 4ol [ a0+ gl [ r a0,

where 7, := Q7! (Q t)—+v0 (8)) —t,ase — 0,and ¢, < t.
(jj) We have

/, o () y () dO ()

S -0
< / ¢ 0T o (£ (0)y (r)dQ (r)

s rq W0
+/[ (/0 0 (8)8 0@ o (f (w)dQ (M)) y (r)dQ (r)

S -0
=0 (f (0) / ey (1) dQ (r)

Qw—0(r)

s Ky 1
+ /0 (/(; 0 (8)6 0@ o (f ()1, (u) dQ (u)) y (r)dO (r)
w

O ow—on
—/O (/0 Q(g)e 00 @ (f W) 1, (u)dQ(u)))/(r)dQ(r)

S -0
— 0 (f (0) / ¢ Ty (r)dQ ()

s (er [ G T a0y ) dw
t t 1 oW
[ (e [ 56

e 2T 1 (1) y (r) dQ (r)) dQ (u).
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Using Remark 6.22 we have

1 0W—0(r)

s rndeo.

=y (u), ae.

. Sl QU0 J i !
l_rgg)/ AL Q(V)—Sg}(l)/u

By Lebesgue’s dominated convergence theorem and the lower semicontinuity of ¢
we conclude that

[ oy aee <timint [o sy a0 )

< lim sup [ o (f. () y () dO(r)

e—0 t

5/ o (f M)y (Nd ().

6.3.6 Semicontinuity

Let (X, p) be a metric space.

Definition 6.23. A function f : X — R is lower semicontinuous (1.s.c.) at x € X if
S (x) <liminf f (y),
y—x

i.e. for all & > O there exists a § = § (¢, x) > 0 such that p(x,y) < § implies
S (») = f (x) — & The function f is Ls.c.if itis Ls.c. atall x € X.
A function g : X — R is upper semicontinuous (u.s.c.) if —g is L.s.c.

Proposition 6.24. The following assertions are equivalent:

(i) f:X—> R is lower semicontinuous;
(ii) the set{x € X: f (x) <a}isclosedinX foralla € R.

It is easy to prove that:

A Ifg,: X— R, n € N, are Ls.c. functions and

g(x) = sup{gy(x) : n € N},

then g : X — R is a Ls.c. function.
A If f: X —]—00,+00]is als.c. function, then f is bounded from below on
compact subsets of X.
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Lemma 6.25. Let (X, p) be a metric space. If f : X — R is bounded below on
bounded subsets of X, then there exists a continuous function u : X — R such that

wx) < f(x), forallx e X.
Proof. Letn € N* and a € X. Define
pn = n Ainf{ f(x) : p(x,a) < n}.

Then p, € R. Define p : X — R such that, if n — 1 < p(x,a) <n

1 +
m(x) = —2 [p (x,a) — (n - 5)] (Un — Hnt1) -

The function w is continuous on X and
wx) < f(x) forallx eX.

Proposition 6.26. Let (X, p) be a separable metric space. If f : X —] — 00, +00]
is a ls.c. function and p : X — R is a continuous function such that

nwx) < f(x), forallx eX, (6.22)

then there exists a sequence of continuous functions f, : X — R, n € N*, such that
forallx e X

p) =) == fu(x)=...=f(x) and  lim_ f, (x) = f(x).

Proof. Using only the boundedness from below (6.22) we shall show that there
exists a sequence of continuous functions f, : X — R, n € N*, such that

LM =fimMm=...2fiM=...=2f(y), forallyeX, (6.23)

and such that for all x € X there exists a sequence y, — x satisfying
1
nA (f (yn) — —) < sup fj(x) < f(x), forallne N* (6.24)
n jeN*
Then the result follows using the lower semicontinuity of f':

£ (x) < liminf [n A (f () — 1)} < f; (0= ().
n——+o00 n jEeN*
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Let us prove (6.23) and (6.24). Let n,i € N* and a € X. Define
. i
o = s @) = ninf | £ )5 p ) < .

Then —oco < w;, < +o0. Define ¥, (+,a) : X — R such that, if % <p(y,a) <
L,i € N*, then

o117t
Wn(yva)ZM(J’)VM,n—M[p(y,a)—(z—E);}

X[ )V i) = (@ (¥)V itra)l-

For each a € X the function ¥, (-, @) is continuous on X and

Y, (y,a) < f(y) forally € X.

Let Ay C Ay C ... C A, C ... be finite sets such that A = | J A, is a dense
neN*
subset of X. Define f, : X - R

Jn () = max [Crlréilix Vi (y,a)i| , yeX

kel,n

Clearly f,,, n € N*, are continuous functions and

fiM=...=fiy=...=f()., VyeX

Let x € X be arbitrary. Then there exist a,, € A and k,, > n such that
1
p(x,a,) < — and a, € Ag,.
2n

If win(a,) € R, then from the definition of w;, (a,), there exists y, €
B(a,, %) such that

1
nA (f (yn) - ;) =< Min (an) = WH (x»an) = fk,, (x) = SuI\II) f_/ (x) =< f (x) .
JEeN*

If w1, (ay) = —oo then, once again from the definition of u ,(a,), there exists
yn € B(ay, %) such that

nA(f(yn)—%) S fi0) = s f (05 f ().
JEN*
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We remark that

3
p(yn,X) =< P(Yn,an)4'P(an7X9 =< 5;

and consequently y, — x. The proof is complete. ]
We also have the following:

Proposition 6.27. If f : X — Ris a continuous function and f, : X — R, n € N*,
are lower semicontinuous functions such that for all x € X:

fi@=fhE@ == fi)=...=f () and Tim f, (x) = f(x),

then for every compact set K C X

—>00

lim [sup | fu ()= f (x)|] =0. (6.25)
n xX€K

Proof. Foreache > 0,G, = {x € X: f (x) — f, (x) < &} is an open subset of X
and

KcX= 1G,.

neN*

Hence, by the compactness of K, there exists an n € N* such that K C G, and the
uniform convergence (6.25) follows. |

We now give some examples (as exercises for the reader) of lower semicontinu-
ous functions that are used in the book.

Example 6.28. Let (X, p) be a separable metric space and £ C X. Then E is a

closed subset of X if and only if the function

0, ifxekE,

I =
£ (x) +00, otherwise,

is a 1.s.c. function on X.

Example 6.29. Let (X, p) be a separable metric space. Let 0 < s <t < T.1If
f X =] — 00, +0o0] is a Ls.c. function bounded below on bounded subsets of X
and @ : C ([0, T];X) =] — 00, +00] is defined by

P (x) = /stf(x(r))dr, if f(x)eL'(0,T)

+00, otherwise

then ® is a l.s.c. function.
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LetO <s <t < T.Let D, be the set of partitions A : s =ry <r; <:-- <
r, =t,and

n—1
Va () 2" p(k (1) .k (r41).
i=0

Define the total variation of k on [s, t] by

kg = sup Va(k).

A€Dyy p)

Then as a sup of continuous functions:

Example 6.30. The mapping k +—— $k$, @ C ([0,T];X) — [0,00] is a Ls.c.
function.

Finally we present Ekeland’s principle (see [26], or [4], p. 29, Th. 3.2):

Lemma 6.31 (Ekeland). Let (X, p) be a complete metric space and J : X —
] — 00, +00] be a proper lower-semicontinuous function bounded from below. Then
for any &€ > 0 there exists an x, € X such that:

J(x;) < ig}fg J(x)+¢e and
J(xe) < J(x) + ep(xe, x),  Vx € X\ {x.}.

6.3.7 Convex Functions

6.3.7.1 Definitions: Properties

Let (X, |||]) be a real Banach space and (X*, ||-|,) its dual. A function ¢ : X —
] — o0, +0¢] is convex if

e(1=MDx+Ay) <(1-=Vep(x)+rp(y), forall x,y € X and A €]0, 1].
Denote by
Dom(p) = {x € X: ¢p(x) < 400}
the domain of ¢ and
dp(x) ={f e X*: (X,z2—x) + 0(x) =9(2), Vz€X}

the subdifferential of the function ¢ at x. We say that ¢ is proper if Dom(p) # 9.
Clearly if ¢ is a convex function then Dom(¢) is a convex subset of X.
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Theorem 6.32. If X is a Banach space and ¢ : X —]—00, +09] is a proper convex
Ls.c. function then

Dom (3¢) ¥ {x € X : dg(x) £ 0}

is non-empty and 3¢ : X = X* is a maximal monotone operator.

If K is a convex subset of X then the function /¢ : X —] — 0o, +00] defined by

0, if x € K,

Ik (x) = .
400, ifx e X\K,
is a convex function called the convex indicator function of K.
Recall, from [71] Chapter 2, the following:

Proposition 6.33. Let g : R —] — 00, +00] be a convex function. Then:

(a) Dom(g) is an interval in R;
(b) the left derivative g’ : Dom(g) — [—o0, 4-00] and the right derivative g', :
Dom(g) — [—o0, +00] are well defined increasing functions and they satisfy:

() g ) <8080
s—r

(i) 8- (r) =gy (r), ¥YreDom(g):
(Jij) gL is left continuous and g', is right continuous on int(Dom(g));

() uelgl().gL(MN]NR <= u(s—r)<g@s)—g(r), VseR;
(v) {r € Dom(g) : g_ (r) # g’ (r)} is at most countable;

<g' (s), Vr,s €eDom(g), r <s;

(c) g is locally Lipschitz continuous on int (Dom(g));
(d) A C R xR is a maximal monotone operator if and only if there exists a convex
function j : R —] — 0o, +00] such that 8 = 9j.

Note that if ¢ is a proper convex lower semicontinuous (l.s.c.) function then:
* ¢ is bounded from below by an affine function, that is 3v € X* and a € R such
that
¢ (x) > (v,x) +a, forall x € X,

and, moreover, if X is reflexive and|| 1”1m ¢ (x) = 400 then there exists an
X|[|—00

xo € Dom(¢) such that

¢ (x) > @ (xg), forall x € X
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* (Fenchel-Moreau theorem on biconjugate functions)
@ (x) = @™ (x) = sup {{x,x*) —p* (x*) : x* € X*},
where ¢* : X* — R is the conjugate of the function ¢, i.e.
@* (x*) = sup {{u, x*) — ¢ (u) : u € Dom(¢)}
¢ ¢ is continuous on int (Dom(¢));

e d¢ : X = X* is maximal monotone;
 int (Dom (¢)) = int (Dom (d¢)) and Dom (d¢) = Dom (p).

We have the following instance of Jensen’s inequality.

Lemma 6.34. Let ¢ : RY —]— 00, +00] be a proper convex lower semicontinuous
function. Ifa,b € R, a < b, y € L™ (a,b;R?) and p € L' (a,b;Ry) such that

fab p(r)dr =1, then

b b
w(/ p(r)y(r)dr)s/ (e () dr.

Proof. Since there exists a set ' € R¢ x R such that
¢ (x) =sup{(v.x) +y:(v.y) €I},
we have

b b b
(v,[ p(r)y(r)dr)+y=/ p(r)[(v,y<r)>+y]drs/ P e (v (r)dr

and the result follows passing to sup, ,)er- |

6.3.7.2 Regularization of Convex Functions
Let (H, |-|) be a real separable Hilbert space and ¢ : H —] — 0o, +00] be a proper

convex l.s.c. function. The Moreau regularization ¢, of the convex L.s.c. function ¢
is defined by

1
@e(x) = inf Elz—xlz—l—qo(z);ze]}]l, e>0.

The function ¢, is a convex function of class C! on Hj the gradient Ve, is a
Lipschitz function on H with the Lipschitz constant equal to ¢~. If we define:
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Jex = x — eV (x),

then one can easily prove (see e.g. Brezis [12], Barbu [2], Rockafellar [65] or
Zidlinescu [71]) that for all x € Hand ¢ > 0:

L g.(x) = 5Vg. (0P + p(J.x).
2. 9(Jex) < ge(x) < p(x),
3. Vo (x) = d¢. (x) and
P(Jex) = @e(x)
= @e(2) + (x — 2. Ve ()
<)+ {(x —z,Ve:(x)), Yz eH,

4. Vo (x) € dp(Jex) i.e.
(Voe(x), 2= Jex) + ¢(Jex) < 9(z), Yz € H.

Hence J.x = (I + ¢d¢)~! (x) and Vg,(x) = A, (x), where A is the maximal
monotone operator d¢; V¢, is called the Moreau—Yosida approximation of

ag.
5. If (ug, tig) € d¢, then for all y € H

(@) Ve (uo)| = lio]

(b) 0 < @) — @ (uo) < ¢ (uo) — ¢ (Jeuo) < ¢ i),

() eI = |y —uol + elito| + |uol, (6.26)
(d) g(sz) > ¢ (o) — |fio] |y — uo| — & [fio]” .

(©) 5 1Vge I* = e () = ¢ (o) + lito| [y — ol + & [

Indeed |V, (up)| = |Ae (up)| < |A0 (x)| and

—e|ig]* < —& (fto, Vpe (uo))
= {ng, Jeuo — up)
< ¢ (Jeuo) — ¢ (uo)
< ¢ (o) — ¢ (uo)

<0.

For the inequality (c) we have

[Je V)] < [Je (¥) = Js (uo)| + | I (uo) — uo| + |uo] »
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and therefore

@ (Jey) = ¢ (1) + (ito, Je () — uo)
> @ (uo) — |io| | J: (¥) — Je (uo)| — lito| |Js (o) — uo|

which yields (d).
For the last inequality, (d), we have

e
B Ve ()’)|2 =@ (¥) — ¢ (Jey)
< 0e () = @ (o) + liwo| |y — uo| + & ||
6. If 0 = ¢(0) < ¢(x), Vx € H, it is easy to verify that, moreover

J) 086 99 (0), 0= ¢.(0) < ¢c(x), J:(0) = Vg, (0) =0,
i) EIV%()C)I2 S @e(x) < (Vee(x),x), VxeH,

1 1
i Vel = —lxl, and 0 < ¢ (x) = ZIXIZ, Vx € H,

) (Voe(x), x —y) = —9(Jex) — & (Vpe(x), Vo (), Vx,y € H.
6.27)

If forafixeda >0
()%_y,\’x_y) zal-x_y|2’ v (X,)?),(y,ﬁ) € 8§0’
or equivalently the function

Y (@) = (0= P

is convex, too, then by the definition of J, and the monotonicity of the operator d¢
we have Vr €10, 1[:

—1e¥0.06) ~ 8503

a[(l—r)|x—y|2—

< alJex — Jsy|?

< (V@e(x) = Vs(y), Jex — Jsy)

= (Ve (x) = Vos(3), x — y) — eV (x)|> = 8| Vs (n)|*
+ (e + 6) (Ve (x), Vs(y))
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and then
a) (Vee(x) = Vo (y).x —y) = a(l —r)|x — y|?

b) (Vee(x) = Ves(y).x —y) = a(l —r)lx — y? (6.28)
—(e+8) [Vo:(0)[[Ves(y)]

for all x,y € H, r € (0,1), &8 > Osuchthat 0 < a(l1 —r)e < r, 0 <
al—r)¥<r.
Let uy € H and ro > 0 be such that

{ug + rov : |v| < 1} C Dome.

Note that if

def
903010 (: sup {g (ug + rov) : |v| < 1}) < 00,

then we have for all (x, X) € d¢

a) rolX| 4+ @(x) < (X,x —uo) +¢f ;. ¥ (x.%) € g,
b) rolX| + o(x) — @ (uo)| < (¥, x —uo) (6.29)
+2|09)° wo)| 1x = ol + ¢, — @ ()

and in particular for rp = 0
[0 = ()| = (.3 = 10) +2|(09)° (o) | [x —w] . (630)
Let us prove (6.29). For (x, X) € d¢ and |v| < 1 we have
(.10 + rov = x) + 9(x) < @((wo + rov) < ¢l
and consequently
o (£.0) + @(x) < (£, x — o) + @), ,

which yields (6.29-a) taking the supy,| ;.
On the other hand for all arbitrary ity € d¢ (1),

(itg, x — uo) + @ (uo) = p(x),
which yields

lo(x) — @ (uo)| < ¢(x) — ¢ (uo) + 2|ito| [x — o -
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Hence for all |v| < 1:
ro (X, v) + lo(x) — ¢ (uo)| = (X, x —uo) + 2 ito] |x — ug
+ @y — @ (u0)

which yields (6.29-b).
Observing that V. (x) € dp(J.x), we have

70l Ve ()] + [9(Jex) — @ (uo)| = (V@e(x). Jex —uo) + 2 ito] | Jex — uo
+ @ . — @ (ug) .
But
(Voe(x). Jox — o) = (Voo (x), X —ug — £| Ve (x)
and

|Jex — ug| < |Jex — Jeug| + |Jeuo — ug

< |x —uo| + & litg] .
Hence for all € €]0, 1], x € H and &1y € d@(ug):

1ol Ve (0] + lo(Jex) — ¢ ()| + & Ve (x)

A A 6.31
< (V) x — o) + 2l [x ol + [210 + ¢, 9 )] .V

In particular for uy = 0 and &ty = 0 we obtain

¢ Ifo(x)>¢(0)=0,forall x € Hand
o = sup{p (rev) : [v] < 1} < oo,
then:
a)  rol¥+e(x) < (Xx)+ef, VY (x, %) € dg,
b)  rolVe:(0)| + ¢(Jox) + €|V (X)]* < (Ve (x). x) + 9ff . (6.32)
Ve>0,Vx e H.

6.3.7.3 Convex Functions on C([0, T]; R¢)

Proposition 6.35. If ¢ : R —] — 0o, +od] is a proper convex L.s.c. function and
®:C([0, T];RY) =] — o0, +00],
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T
o = | [ o o € L., 633)
400, otherwise,
then

c1) D isaproper convex Ls.c. function,

¢) d0(x) ¥ %k e BV([0, T];RY):

T
[0 (y(r) = x(r),dk(r)) + @(x) < ®(y), ¥y € C([0,T];RY)

is a maximal monotone operator.

Proof. We shall prove only the maximal property of the operator d®, since the other
properties are immediate. Let X = C([0, T]; R). Then the dual space is X* =
BV([0, T]; RY). Let

(k—¢,x—2z) >0, forall (z,¢) € 0®. (6.34)

1
The function ¥ (z) = ®(2) + 5 |z — x||% — (k,z) defined on X is a proper convex

Ls.c. function. Furthermore, there exists a ¢ € R such that ®(z) > ¢,Vz €
X. By Ekeland’s principle there exists a z, € X such that

Y(ze) = inf{Y(z) : z € X},
V(z2) <V @+ vVeli— zlly =v(@), Yze X

Then 0 € 0¥ (z.), which means
00(z.) + F(ze —x) —k + /€6, 30, (6.35)

where F' : X =3 X* is the duality mapping and ||6,||x~ < 1. Multiplying by z, — x
we have ({; —k, 7z —x) + || z¢ —x||§g + /e {0,, zz —x) = 0, for some ¢, €

d®( z.), which implies by (6.34) || z. — x|x < +/¢. Hence z. S x, and by (6.35)
e x k, as ¢ — 0. From the definition of the subdifferential operator: ({., y — z.) +

®d(z,) < ®(y), Vy € X and passing to the limit as ¢ — 0 we obtain (x, k)
€ 9. |

Proposition 6.36. If ¢ : RY —] — 00, +00] is a proper convex Ls.c. function, ® is
defined by (6.33), x € C([0, T];R?) and k € C([0, T];RY) N BV([0, T]; R?), then
the following assertions are equivalent:
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ar) / (e — x(r). dk(r)) + / o (M)dr < (t - 5)p(2),
' ' VzeRY, VO<s<t<T,

t

w [ () — x(r), k() + / (e ()i < | et
VyeC(0,T];RY), VO<s<t<T,
as) /t (x(r) —z,dk(r) —2zdr) =0, V (z,2) € d¢,
' VOo<s<t<T,
as) [ (x(r) = y(r),dk(r) = $(r)dr) = 0, ¥y, § € C([0, T]: RY),
(y(r), y(r)) €9p, ¥Yr €[0,T], VO<s <1 =T,
as) (x,k) e d®, thatis, Vy € C([0, T],R?) :

T T T
/ (O (r) — x (). dk(r)) + / o(x()dr < / o(y(r)dr.
0 0 0

(6.36)

Proof. We shall show thata| & a; = a3 = a4 = as = as.
a, = ay: is evident.
ay = axylety e C ([0 T] ;Rd). We extend y () = y (0) fort < Oand y (¢) =
y(T) fort > T. The same extension will be considered for the functions x and k.
To prove a,) it is sufficient to consider the case 0 < s <t < T.

Since ¢ is bounded from below by an affine function, from @) we deduce that
@ (x)e L'(0,7T).

Let ny € N* be such that 0 < % <s<t< t—}—t < T and n > ng. Let
u € [s,t]. From (a;) we have for z = y (u)

u

/ LW —x () .dk () + / 0 () dr = - p(y(w)

—1/n u—1/n

Integrating on [s, ¢] with respect to u we deduce that

[ (n i G ) = % () e (1)) ) i+ [ (7 110 (x () dr)
< [o

s

(6.37)

By Fatou’s Lemma we have

/;90 (x () du < i‘ﬂ&f[ (n /u:/n o (x(r)) dr) du.
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On the other hand by the Lebesgue dominated convergence theorem

/ (n/ (y (u)—x(r),dk(r))) du
K u—1/n

+oo +oo
:/_ (/_ nlg ) () Lyt jng (r) (y ) — x (r) . dk (r») "

oo (o.¢]

+o0 +o00
= /_ </_ ns ) () Ly rpr/n) (W) [y (W) — x (r)] du, dk (r)>

+o0 r+1/n
_ /_ <n / 1) () [y (u)—x(r)]du,dk(r)>

+o0
_>/_ 1 () (y (r) =x (r),dk(r)), asn — oo.

Passing to liminf,_, o in (6.37) (a,) follows.
a; = as: is obtained by adding the following inequalities term by term:

/ (e — x(r). dk(r)) + / (e (r)dr < / o(@)dr

/ ) -z ar+ gt < / )

asz = ay :is proved in Proposition 6.17 since A = d¢ is maximal monotone.
ay = as: Let (X,k) € 0® be arbitrary. Hence for all y, y € C([0, T];Rd),
(y(r), y(r)) € 3¢ we have: (y, [, ydr) € 9P and

T
/ <)?(r) —y(r).dk (r) = (r) dr> >0 (0% is monotone),
0

T
/0 (x(r) — y (). dk (F) — § (F) dr) > 0 (by as).

Since A = d¢ is maximal monotone, by Proposition 6.17 we have

T
/ (x (1) —x (1), dk (1) — dk (z)) >0,
0

where (X, lg) € d® is arbitrary. But by Proposition 6.35, d® is a maximal monotone
operator. Hence (x, k) € 09.

as = ay: Leta,b > 0 such that ¢(y) + a|y| + b > 0. From as) it follows that
@(x) € L'(0,T). Let o, € C([0,T); R),0 <, < 1,and &, /" 1j5,1. In as) we
puty (r):= (1 —a, (r))x (r) + o, (r) y (r). So we have
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T T T
/ (> = X, dk(r)) + / ¢ (x)dr < / (1 =) ¢ (x) + awp () dr
0 0 0

and furthermore
T T
[ w-nanaen+ [ apwa
0 0

T
< / w0 () dr
0

T T
s[ an<¢(y)+a|y|+b)dr—f oy (a|y] + b)dr
0 0

T T
s/ 1[5.,](r)(¢<y)+a|y|+b)dr—/ &, a]y] + by dr
0 0

t T
s/w(y)dr+/0 (L) — ) (@ |y + b)dr.

Passing to the limit as n — 0o, a) follows. |

Proposition 6.37. If ¢ : R? —] — o0, +00] is a proper convex Ls.c. function and
®: L2(R; C([0, T;; RY)) —] — 00, +00),

T
- : 1
by = | B[ vt ifo € Li@xio.T, 639)
+00, otherwise
then
a) isa proper convex L.s.c. function,

b) ad(x) ¥ {K e L2(Q; BV([0, T]: RY)) : IE)/T (Y, — X,.dK,)
0

T T
+E / o(X)dt <E / o(Y)dr, ¥ Y € L2(Q: C([0. T} RY))
0 0

is a maximal monotone operator,
¢) K € 0®(x) iff K. (w) € 00(X.(w)), P-a.s. w € 2, with P characterized in
Proposition 6.36.

Proof. The assertions a) and b) are obtained in the same manner as ¢;) and ¢,) from
Proposition 6.35. The point c¢) follows from b) putting ¥ := X14 + Y14, where
A € F is arbitrary. u

Proposition 6.38. Let ¢ : RY —]—o00, +00] be a proper convex Ls.c. function such
that int (Dom (¢)) # 0. Let
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®: C([0, T]; R?) =] — 00, +00] be defined by (6.33). Let (ug, ity) € ¢, ro > 0 and

def
gDfo,ro = sup {g (uo + rov) : |v| < 1}.

Thenforall 0 <s <t <T and (x,k) € 0®:

ro (bk, — Dk ) + [ (e (r)dr

t (6.39)
= [ 0=tk () + =),
Moreover for all0 <s <t < T and for all (x,k) € 0P:
ro ($k$, — kT +/ lp(x(r)) — @ (uo)| dr < / (x (r) — uo, dk (1))
s s (6.40)

t
+ / (2 o] 1% () — ol + ¢, . — ¢ (o)) .
S

Proof. Let0 <s =ty <t <...<t, =t <T,max; (ti+1—t) = 6, — O.
By (6.36-a;) for z = ugy + rov. We obtain

ti 41 ti41
o (k (r41) — k (1) ) + / o (r)dr < / (x(r) — o, dk(r))
+ (g1 — 1) @) 0
for all |v] < 1. Hence
ti41 ti41
rolk (t41) — k ()] + / o(x(M)dr < / (x(r) — o k()

#
+ (ti-‘rl - tl) (puo,ro

and adding term by term fori = 0toi = n — 1 we have

n—1 t t
P Y-k G~k @)+ [ oo = [0 - 10.dkO) + @ =94l
i—o s s

which clearly yields (6.39). The second inequality (6.40) now follows, using the fact
that

lo(x) — @ (uo)| < @(x) — ¢ (uo) + 2|ito] [x — uo] .

for all x € R? and (uo, ity) € 0. [ ]
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Remark 6.39. Since ¢ is locally bounded on int(Domg), it follows that for
up € int(Domg) [= int (Dom (d¢))],
there exists ro > 0 and M, > 0, such that

sup {|@ (uo + rov)| : [v| < 1} < My.

6.3.8 Semiconvex Functions

Let ¢ : RY — |—o0, +00].
Define

Dom (¢) = {v eRY ) < +oo}.

We say that ¢ is a proper function if Dom (¢) # @ and Dom (¢) has no isolated
points.

Definition 6.40. The (Fréchet) subdifferential of ¢ at x € RY is defined by

()= l2eRl: liminff P =W =Ky —x)

ZO ki
yox ly — x|

if x € Dom (¢), and 0~ ¢ (x) = @, if x ¢ Dom (¢).
Example 6.41. 1f E is a non-empty closed subset of R? and

0, ifxekE,

COO=Te) =\ L ifx ¢ E

then ¢ is l.s.c. and (by a result of Colombo and Goncharov [17] we have for any
closed subset E of a Hilbert space)

0 Ig (x) ={x eR?: limsup Ky =x) <0}
y—>x, yEE |y—X|
0, if x €int(FE),
={ Ng(x), ifxeBd(E),
a, ifx ¢ E,

where Nz (x) is the closed normal cone at £ in x € Bd (E)

ef d
Ne (x) 4 ueRd:li\r‘nsz
&\0 &
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and
dg (Z)dginf{lz—xl :x e E}

is the distance of a point z € R? to E.
Denote

a) Dom(d7¢) = {x e R : 97 ¢ (x) # 0},
by 0 ¢ ={(x,X): x €eDom (07 ¢), x €9 ¢ (x)}.

Definition 6.42. A closed set E C R? is y—semiconvex, y > 0, if for all x €
Bd (E) there exists an X # 0 such that

(%,y =x) <y|X||y — x>, forally € E.
Note that if E£ is a semiconvex set, then
3 Ip(x)={xeR: (&, y—x) <y|&|ly —x|*, forallye E}.
Definition 6.43. ¢ : RY —] — 0o, +00] is a semiconvex function if there exist

0,y > 0 such that

(a) Dom (@) is y—semiconvex;
(b) Dom (37¢) # @;
(c) forall y € R? and forall (x,%) € 97 ¢

Fy—x)+o@ <O+ @+yIE]y—xI.

A function ¢ satisfying the properties of this definition will sometimes be
called a (p, y)—semiconvex function, or a y—semiconvex function (since the second
parameter is the most important one).

Note that a convex function is a (p, y)—semiconvex function for all p, y > 0.

A set E is y—semiconvex iff I is a (0, y)—semiconvex function.

If we write the definition of semiconvexity for a fixed (x¢, Xo) € 0~ ¢, then it is
clear that we have:

Proposition 6.44. If ¢ : RY — ]—o0, +00] is a semiconvex function, then there
exists an a > 0 such that

¢(y)+aly+a>0 VYyeR.

In particular ¢ is bounded below on bounded subsets of R.

The following properties also hold:
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Proposition 6.45. Let ¢ : RY — |—00, +00] be a semiconvex function. If there
exist uy € Dom (@), ro, My > 0 such that

@ (uo +rov) < My, V |v| =1,
then there exist py > 0 and b > 0 such that
polX| < (Fox—up) +b+b(1+ %) |x—ul®, V (x.5)ed ¢  (641)
and moreover there exist M > 0 and 8 €]0, ro] such that
|£] < M, Y x € B (up,8) C Dom () and X € 9" ¢ (x). (6.42)
Proof. Let (x,X) € 0~ ¢. Then forall [v]| < 1and A € [0, 1]:
(&, (o + rodv) — x) + ¢ (x) < @ (g + rodv) + (p + ¥ R]) (o + rodv) — x[*,
which yields
roA (R, 0) < (£, % — uo) + (a Ix 2 +a) + Mo+2(p+y %) [|x — ol + rg)@].

Taking the supy,|<;, we deduce for A = 1/(1 + 2yro):

A ~ ~ A~
(lToyr)z|x|5(x,x—uo)+C+C(1+|x|)|x—u02
0

that is (6.41).
Moreover if [x —up| < 8 =1 A % A 19, then

po|%| < (R.x —uo) +b+b(1+ %)) |x —uo)
< (80 + b&3) |X| + b + bS]
<8 (1+b)|%| +2b

£0 | A
< — 2b
< 18+

and (6.42) follows. |

Let E be a non-empty closed subset of R? and & > 0. We denote by

Ue(E) < {y e R? 1 di () < e}
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the open e-neighbourhood of E and

UE(E)déf{ze]Rd:dE(z)is}

the closed e-neighbourhood of E.

Given z € R?, we denote by IT; (z) the set of elements x € E with |z — x| =
dg (). We remark that [T (z) is always non-empty since £ is non-empty and
closed. We also note that if z € RY and Z € ITg (z), then z — %2 € Ng (3). This
follows from the fact that for 0 < ¢ < 1 we have

dp C+e(z—2)=dp () +dg C+e(z—2) —dg (2)
>z—2—|z24+¢e(z—2) —7

=¢lz—7|
and

dp Z+e(z—2)=drZ+e(z—2)—de ()

<elz—17|.
We recall the notations
B(y.r)={ueR’:ju—y|<r}, and
B(y.r)={ueR’:|ju—y|<r}.

Definition 6.46. We say that E satisfies the “uniform exterior ball condition”
(abbreviated UEBC) if

* Ng(x) # {0} forall x € Bd (E),
* drp>0Osuchthat,Vx € Bd(E)and Y u € Ng (x), |u] = ro:

dg (x +u) =ry orequivalently B (x +u,r9) N E =0,

(in this case we say that E satisfies rp-UEBC).

Note that for all v € Ng (x), |v] < ry, we also have
dg (x +v) =|v]. (6.43)
Indeed since

0<dp(x+v)=dpg(x+v)—de(x) <|v
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and
[v| = ro + (Jv| —ro)
= dp (x + |’;)—0|v) + (lv] = ro)
s(n(x+ﬁ%0—dEu+v>+@xx+w+qw—m)
< (%= 1) 01+ de 0+ ol =)
=dg (x +v),
then (6.43) follows.

It is clear that, under the uniform exterior ball condition with ball radius r(, for
all z € R? with dg (z) < ry, the set ITg (z) is a singleton. The unique element of
IIg (z) is called the projection of z on E, and it is denoted by 7 g (z).

We have the following characterization of the notion of the uniform exterior ball
condition:

Lemma 6.47. Let E be a non-empty closed subset of R. The following assertions
are equivalent:

(i) E satisfies the uniform exterior ball condition;
(ii) E is a semiconvex subset of RY, that is Ay > 0 and for all x € Bd (E) there
exists an X # 0 such that

(X,y—x) < y|)?||y—x|2, forally € E,

(in this case X € Ng (x) follows);
(iii) 3y > 0,Vx,y € Bd(E),VA €]0, 1[:

de (1= x +Ay) <4r (1 =Ny |x — y[*;
(iii') Iy > 0,Vx,y € E, VA €]0, 1[:
de (1= x+Ay) <4r(1 =Ny lx -y

(iv) Iy > 0,Vx,y € Bd(E):

X +
@( 2y)syw—ﬂ%

(v') 3y >0,Vx,y € E:

X+
de (52) <vlx—sP,
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(v) 38 > 0and > 0 such that the function

x— ) L dy () + plxP: Us () > R

is convex on each convex subset of Us (E).

Proof. We first remark that the conditions (i), (iii) , (iii’) , (iv) , (i') are satisfied
for y = 0 if and only if E is convex; the convex sets satisfy the r-UEBC for all
r>0.

Step I. (i) < (ii)

(i) = (ii): Let x € BA(F) and X € Ng (x), X # 0. Then there exists an ry > 0

such that
de (x + rTOfc) = ry.
x|

We have forall y € E and y = 5

2ro

IRy —x[" = (£, y — x)

v I
o
5 =
— —
Q‘ —
oy o ~<
/? |
/N
—+ =
=l _*
= ><>|5
SN———" _><>
N——
St
[

(if) = (i): Let ryp > 0 be such that 2yry < 1. Let x € Bd(E) be arbitrary and

X
u = ro—. Then

x|

lu|” =r;
27‘0 N N
<7+ g [y =2 = (85 = )]

<ly-G&x+w]’. VyekE.
Hence
lul =19 < dg (x +u) < |u],

that is £ satisfies the ro-uniform exterior ball condition.
From this equivalence we have that

1
Eisrg— UEBC & E is 2——semic0nvex. (6.44)
o
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Step I1. (iii) < (iif’).

We have to prove only (iii) = (iii’). Letx,y € Eand 0 < A < 1. Letuy =
1-XM)x+Ay=x4+A(y —x).Ifu, € E, then

dg(1=X)x+Ay) =0<4r(1-A)y|x—y|°.
If u; ¢ E, then there exist 0 < @ < A < 8 < 1 such that
u,=x+p(y—x)¢ E, foralla <p<§p
and
ug=x+a(y—x)ekE, ug=x+p(y—x)eckE.

We have

ulzua—i-/g_Z(u,g—ua)

and consequently

dp (1 =2) x + Ay) = dg (u3)

A—a A—a
= O =) L

<4Q-a)(B-Nyly—x|
<4r1-N)y|x—y].

Step 11 (iii') = (V) = (iv) = (i) = (iii).

(ii") = (iv') = (iv) as particular cases: (iv') for (iii") and (iv) for (iv').

(iv) = (i): We prove by contradiction. We can assume y > 0. We suppose
that there is some z € RY in the ro-neighbourhood of E such that, for two different
x,y € Bd(E),

1
z—x|=lz—yl=de (@) <rp= —.
2y

Under this hypothesis the vectors z — % x+y = % [(z—y) 4+ (z—x)] and
2(x —y) =2[(z—y) — (z — x)] are orthogonal and, consequently,

2

1
dﬁ-(z)=|z—x|2= z—z(x+y) +4|y—x|2.
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Letu € I1g (% (x + y)). Then, from condition (iv) we obtain

yiv=yPzde (300) = (36 0) -

z—(%(x—i—y))’
(o)

2
+ 4|y —x)*—

> |z—u| —

> dg (2) —

2

Z—(%(x—i—y))‘.
1 2
z—(§u+y0},

1
Z—E(x—i-y)

Hence, we have

+4w—xfs[yw—yﬁ+

1
Z—E(x—i-y)

from which we easily deduce that

4<y?ly—x +2y

1
z—z(x—i—y)‘

<Y llz=x|+lz=yP +vllz— x|+ |z— yI]

<2,

which is a contradiction. Consequently, condition (iv) implies the %—uniform
exterior ball condition.

(i) = (iii): Let us now suppose that E satisfies the uniform exterior ball
condition with an ry-ball. Let x,y € Bd(E). In a first step we assume that x, y
are two different elements such that 0 < |x —y| < ry. Let A €]0, 1] be such
that x, = x + A(y —x) ¢ E (if there is not such a A, we are done), and let
X, € g (x)). We fix any uy € Ng (X2), |ux| = ro and put zy = X, + uy. Then,
due to condition (i), |[v — 73| > r¢, for all v € E. In particular, we have

|x =zl = ro, and |y —zi| = ro.
We also observe that
lxr =Xl =de () < | —x| =Aly —x| =ro =[x —Xal,
and

X—z1,y—
OQ_( .Y — )

= e [o,1].
lx —zal [y — 2l
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Hence,

|xx — X2

=719 —|za — Xzl

=ro— \/(1—1)2 X =P+ A2y =zl +20 (1 =) |x =zl |y — 2zl

§r0(1—\/(1—A)2+AZ+ZA(1—A)a)

=r0(1—\/1—2)&(1—k)(1—a)>
<r[l-(0-220-D(-a)]=2rA(1-21)(1-0).
On the other hand, for y > 1/ (2r),
4 (1=1)ylx =yl
=2 (1=Dy (K =ul +ly—al -2k —ally -2ula)
>8(1-Vylx—zully—zul(-a)

>8A(1—A)yr(1—a)>2rA(1-2) (1 —0a).

Consequently, dg (x)) = |xp — X3 <4A (1 —-A)y|x — y|2, if y > 1/ (4rp).
In order to complete the proof, we still have to consider the case of x, y € Bd (E)
with |x — y| > ro. In this case, for y > 1/ (2r), we have
dp(x +A(y—=x))(=de(y —(1=2) (y —x)))
SAAA=Dlx=y[=220=2) |x —y|

1
s4x<1—x)2—m|x—y|2.

This proves that under the ry-uniform exterior ball condition the statement (iii) holds
with y > 1/ (2r¢).

Step III. (v) = (iii)) = (v).

(v) = (iii): Let A € (0,1) and x,y € Bd(F) with |[x —y| < 8. Then x,y €
B (x;8) = {z eR?: |z —x| < 8} C Us (E), and, consequently,

dpAx+ (1 =) y)+ulAx +A=1)y)
=Yk Ax+(1=2)y) <Ak (x) + 1 =) ¥k (»)
=AplxP+ A=) ply.
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By subtracting 1 |[Ax 4+ (1 — ) y|* on the left-hand and the right-hand sides of this
inequality we obtain

dgQx+(1=2)y) <A1 =N plx—y.

On the other hand, if x, y € Bd (E) are such that |x — y| > §, then
2 2
de(Ax+ (A=) y) =AAd=D]|x—y| = gk(l—k)lx—yl .

This shows that (iii) is fulfilled for y > ZLB v E.

(iii)) => (v): We fix any 8 € (0,r), and we recall that 7z : Us (E) — E is
Lipschitz continuous with Lipschitz constant Ls = ro/ (rg — 8). Let A € (0, 1) and
u,v € Us (E) be such that (1 — 1) u 4+ Av € Us (E). For simplicity of notation we
putx =ng W),y =g (v),zz = (1 —A)u+Av,and7, = (1 — A1) x + Ay. Then,

deg (1= u+ Av) =dg (zp)

<l|a—7me @)

<z =zl + 12 — e (2]

S =A)dg () + Adg (v) +dE (z3)

< (1= dg W)+ Ade (0) + 41 (1= Dy [x =y’

< (1= A dp () + Adg (V) + 44 (1= A) L2 Ju— v]?.

Hence, for > 4)/L2,
Y (1= u+ Av) =dg ((1 — D u+rv) 4+ p|(1—A)u+ rv)?

< (=) [dp @) + e ful?] + 2 [de @) + ool

= (1= Vi @ + Mg (V).

This proves that /% is convex on each convex subset of Us (E). ]

Corollary 6.48. If E is a closed subset of RY and satisfies the ro-uniform exterior
ball condition, then for all x € E

1
Ng (x) = )GERd:()?,y—x)§2—|)E||y—x|2; VyeE
o

1
and o = Igisa (0, z—r())—semiconvex Ls.c. function. Moreover Ng (x) = 0~ Ig (x).
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Let ro > 0. The set E satisfies the ry-uniform exterior ball condition if and only
if E is z—io—semiconvex.
We recall the following well-known property of the projection.

Lemma 6.49. Suppose that E satisfies the uniform exterior ball condition with ball
radius ro and & €)0, ro[. Then the projection wg restricted to U, (E) (the closed -
neighbourhood of E) is Lipschitz with Lipschitz constant L, = ro/ (ro — €), and the
function d3 is of class C' on U, (E) with

V@ =mme (). and 27 Q) € Ne (e ().

forallz € U, (E).

Proof. To simplify we denote 7 = 7z andd = dg. Let x,y € U, (E). Then we
have x — 7w (x) € Ng (7 (x)), y — 7 (y) € Ng (7w (y)) and

T @) =7 P =y =7 ()7 () = () + (x — 7 (). 7 (¥) — 7 (x))
+{x—y.m(x)—m ()
sf—0|n(x)—n<y>|2+|x—y||n(x>—n<y>|.

Hence

.
28 Ix — yl. (6.45)

() =7 )] = -

To obtain the second part of lemma it is sufficient to show that there exist a positive
constant C = C, ,, such that

—Cly—xPP<d*(y)—d*(x)—2{(x —m (x),y—x) <Cly—x|*. (6.46)

We have
d*(y) —d* (x) =2 {x =7 (x).y — x)
= —0)+@x—7 @)+ @) -7~ lx—7 )
—2{(x =7 (x),y —x)
=y —xP+lr @) —x P +2(y —x, 7 (x) =7 ()
+2(x—m(x),w(x)—m ().
Since

(x =7 ()7 () =7 (1) = =5 |7 () =7 ()
0
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and
(¥ =7 (%), 7w (x) =7 ())
==, 7)) =)+ x =y 7))
= 2% |7 () = 7 (P + Jx =yl |7 () =7 ()]
the inequality (6.46) follows from this and (6.45). |

6.3.9 Differential Equations

Let H be a separable real Hilbert space. If A : H = H is a maximal monotone
operator, uy € D (A), f € L'(0,T;H), then the strong solution of the Cauchy
problem

dudgl) +Au(t)3 f (). ae.1€]0.T], (6.47)
u (0) = uy,

is defined as a function u € C ([0, T'] ; H) satisfying:

i) u(t)e D(A) a.e.t€]0,T],
if) 3h=h® e L' (0, T;H) suchthat h (1) € Au(t),a.e.t €]0,T[, and

u(t)—i—/oth(s)ds:uo—i—/otf(s)ds, Vtel0,T],

and we shall write u = S (A4;up, /). Note that the strong solution is unique
when it exists. Indeed if u, v are two solutions corresponding to (ug, f), (vo, &),
respectively, then

(1) —v (1) + 2[t (W (s) = h® (s),u(s) —v (s)>ds
0

:|Mo—00|2+2/0 (F (5) — g (5) u(s) — v (s)) ds

and by the monotonicity of A it follows that

lu(t) = v ()]* < Juo — vol? +2/0 |/ () =g () u(s) — v (s)]ds.
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Using Gronwall’s inequality (Lemma 6.63, Annex C) we obtain

|u(t) —v ()] < [uo — vo +/(; |f () — g ()] ds. (6.48)

We recall from Barbu [3], p. 31, that the following proposition holds:

Proposition 6.50. If A is maximal monotone operator on H, uy € D (A) and f €
WU ([0, T]; H), then the Cauchy problem (6.47) has a unique strong solution u €
W ([0, T];H). Moreover if A, is the Yosida approximation of the operator A
and ug is the solution of the approximate equation

du
7; + Agu, = fv Ug (0) = Uuop,

then for all (xo, yo) € A there exists a constant C = C («, T, xo, o) > 0 such that

cr)  lueleqorym < € (1+ luol + 1./ 12107 :m)) and
) li\r‘n u, = uin C ([0, T]; H).
e\o

We introduce the notation
Whr([0,T];H) = {f :da €M, ge L? (0, T;H) such that
t
f(t)=a+/g(s)ds, V1 e[O,T]}.
0

From Barbu [2] (Chap. IV, p. 197, Theorem 2.5) we recall:

Proposition 6.51. Let A be a maximal monotone operator on H such that

int (D (A)) # 0.
Ifuy € D(A) and f € WU ([0, T];H), then the Cauchy problem (6.47) has a
unique strong solution u € Wb ([0, T]; H).

By the continuity property (6.48) one can generalize the notion of the solution of
Eq. (6.47) as follows:

4 uis a generalized solution of the Cauchy problem (6.47) with
up € D(A), felL'(0,T;H),

(and we shall write u = GS (4; ug, f)) if

& ueC([0,T];H) and
& there exist ug, € D (A), f, € W1 ([0, T];H) such that
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Clearly we have:
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U, —> Uy in H,
fu— f inL'(0,T;H),
u, =S (A;up,, fn) >u inC ([0,7];H).

Proposition 6.52. If A is a maximal monotone operator on H, uy € D (A) and
f € L' (0, T;H), then the Cauchy problem (6.47) has a unique generalized solution
u e C ([0, T];H). Moreoverifu = GS (A;ug, f) andv = GS (A4; vy, g) then

|u () = v ()] =< uo — vol +f0 |f (s) =g (s)|ds (6.49)

and for all (xo, Xo) € A there exists a constant C = C (T, x¢, Xo) > 0 such that

lullcqoryzm < € (1 + luol + 1 f Il 2rorm) - (6.50)

In the case when int (D (A)) # @ one can give supplementary properties of

generalized solutions.

Proposition 6.53. Let A C H x H be a maximal monotone operator such that

int (D (A)) # .

Letuy € D (A) and f € L' (0, T; H). Then:

L. there exists a unique pair (u, k) such that

(Py) :

a)
b)

¢)
d)

ue C(0,T;H), u(t)e D(A) YVt €[0,T], u(0) = uy,
k € C([0, T]; H) ﬂBV([O T];H), k(0) =0,

u(t) +k(t) =uoy +/ f(s)ds, Yt €0,T],

t
/ (u(r) — x,dk (r) — xdr) > 0,
N
VO<s=<t=<T V(x,X) €A

II. u=GS (A;uy, f) if and only if u is solution of the problem (P4);
1II. the following estimate holds:

2 2 2
el 0.7 + 1K Lavio.rim = € (14 ol + 1/ 11 0.7 -

where C is a positive constant independent of ug and f.

Proof. Uniqueness. If (u,k) and (v,£) are two solutions of the problem (Pj,)
corresponding to (ug, f), (vo, ) respectively, then
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lu(t) —v (1)) +2/0t (dk (s) — d L (s) ., u(s) — v (s)) ds

=|Mo—00|2+2/0 (F () — g (5) o (s) — v (s) ds.

But by Proposition 6.17, the monotonicity of A and (P4 — d) we have

/l (ke (5) — d.5) 1 (s) — v (5)) ds > 0.
0

Hence
u (1) — v () < |uo — vol? +2/0 |/ (s) —g ()] [u(s) —v(s)|ds,

which yields (6.49) and, in particular, the uniqueness follows.
Existence. Let uy, € D (A), f, € W' ([0, T]; H) such that

Uy — o inH and f, — f inL'(0,T;H).

Letu, = S (A4;ug,, f,) be the strong solution corresponding to (A4; ug,, f,). Hence
there exists an h, € L' (0, T;H) such that h, (t) € Au, (t), a.e. t € 10, T[ and
!

denoting k,, (z) = / hy () ds we have
0

a) u,,(t)+kn(t)=u0n+/0tf,,(s)ds, Vtel0,T],

t
b) f (uy (r) — x,dk, (r) — xdr) > 0,
‘ VO<s<t<T VY(x,%) e A

6.51)

Let xo € int (D (A)) and Xy € A (xp). Then

|uy (£) — xo0|* + 2/1 (hy (8) . uy (5) — xo) ds
0

t
= |uon — xo|* + 2/ (fo (5) 1y (5) — x0) ds.
0
Since

(hn (8)  un () = X0) = (Ko, un (5) — xo) »
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we infer
2 2 '
| (1) — xo” =< |uon — Xo|” + 2/ [1/n ()] + |Xo[] [un (5) — xo| ds.
0
By the Gronwall type inequality from Lemma 6.63, Annex C, we obtain

T
ity (£) — x| < ltton — o +[ | fo ()| ds + T ||
0

T
SC[1+|M0n|+/O |fn<s)|ds]

where C = C (xg, X9, T) > 0.
By Proposition 6.5 we have a.e. t €10, T[:

1o |hn ()| < (B (t) ,uy (1) — Xo) + Mo |u, (t) — xo| + roMy,

and then

t
2r0f |y, (s)] ds
0

1
< Juon —xol? + 2/ (Lo (5)] + Mo) |y (s) — xo| ds + 2rMyT
0

T 2
<C |:1 + |I"0n|2 + ([ | fn (S)lds) :|
0

with C a constant depending on xg, Xo, T, My, ro.
t
Hence k, (1) = / hy (s)ds is bounded in BV ([0, T'] ; H). Then there exists a
0
k € BV ([0, T]; H) such that on a subsequence also denoted by k, we have

k, ">k inBV([0,T]:H).

The sequence (u,),cn+ 1S @ Cauchy sequence in C ([0, T];H) since if u, =
S (A; uom, fm) then

T
sup uy (£) = up (1)| < |u0n_”0m|+/(; | o (8) = fm (5)] ds.

t€[0.T]
Then there exists a u € C ([0, T'] ; H)) such that

U, = u in C([0,T];H).
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Passing to the limit in (6.51), we obtain that (u, k) satisfies (P4). The proof is
complete. |

If the assumption int(D (A)) # @ has a smoothing effect as we saw in
Proposition 6.51, the maximal monotone A = d¢ also has a smoothing effect.
Consider the differential equation

dudgt) +0pu(t)> f(t), ae.tel0T],

u (0) = u,

(6.52)

where

¢ : H —]—o00,+00] isaproper convex l.s.c. function.

Proposition 6.54. If u, € D (99) (: Dom (90)) and f € L2(0,T:H), then the

Cauchy problem (6.52) has a unique strong solution. Moreover u € w2 (6, T;H),
di

Vé > 0, \/fjbtt € L?>(0,T:H), ¢ (u) € L' (0,T) and if uy € Dom (¢), then

d
?b: € L2(0, T:H) and ¢ () € L (0, T).

Consider now the Cauchy problem

dy(r) .
74—3 o(x@)>g@), ae.t€[0,T] (6.53)
x (0) = xo,
where
(i) ¢ : RY — =00, +00] is a proper Ls.c. (p, y) —semiconvex function,
(if) Dom (¢) is a locally closed subset of R,
(6.54)
and
() xo€Domfg). 659

(i) geL*(0,T;RY).
Hence for all (x,x) € 07 ¢
(Fz-x)+o@) <@+ (+yIED)lz—x, VzeR’
We denote here by 0~ ¢ (x) the Fréchet subdifferential given in Definition 6.40.

Recallthat ECR? is locally closed if for all x € E, there exists a § > 0 such that
E N B (x,6) is closed.
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From Degiovanni—-Marino—Tosques [21] and Rossi—Savaré [66] we have:

Proposition 6.55. Let the assumptions (6.54) and (6.55) be satisfied. Then there
existh € L? (O, T; Rd) and a unique absolutely continuous function x : [0, T] —
Dom (¢) such that:

T

@ [ [ or e o<

b) x (t) € Dom (0~ ¢), ae.t€]0,T[,
(c) h(t) e "o (x (1)), ae.te€]0,T],

and

X O+h@)=g@), ae. t €]0,T[
(Pe) : {x (0) = xo.

Moreovera.e. t,s €0, T[, s <t:

t t
2
[ W oPar=ewo -oao)+ [ (o). o)
N N
and there exists a positive constant Cp (independent of xo and g) such that
! 2 2 ! 2
el + o @l + [ 15 @) ar< ¢ (o + o )+ [ e @Par).

Remark 6.56. If we put

k(1) = /Oth(s)ds

then
J) kGBV([O,T];Rd), k (0) =0,
t
) x(z)+k(z)=xo+/g(s)ds, Vie[.T],
0
v) VYOo<s<t, Vy:|[O0, R9 conti :
Gsp): 17V <s =t Vy:[0.00[ > R continuous

/ 5 (r)—x(r),dk(r))—i—/<p(x(r))dr
5/90()/ (r))dr+/ D () = x ()2 (odr + yd $K3,).

that is (x, k) is the solution of the generalized Skorohod problem (xg, m, 9~ ¢) with
t
m(t) = / g (s) ds (see Definition 4.29).
0
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6.3.10 Auxiliary Results

Proposition 6.57. Ifg € L' (0, T) and

t
or(t) = e /0 lg (s)|e*ds, te[0,T], A>0,

then

lim |: sup P (t):| =0.

A=>00 | te[0,7]

t
Proof. Let the continuous function t — G () = / |g (s)| ds and mg (¢) be the

0
modulus of continuity of G on [0, T']. We have forall t € [0, T] and A > 0:

1 (—vi7m)* A ! A
0=p=c| [ g@lPds s [ gt
0 (t-—v17%)
(—vim)*
< e—*fel('—mff g ()] ds + e eMmg (v/1/2)
0

< e VAG (T) + mg (V1/2),

which yields the result. ||
We now give a variant of the Banach fixed point theorem.
Let {(V,,d,) : a > 0} be a family of complete metric spaces such that for all
0<a<b:
Vv, C V,
with a continuous embedding. Let

V= maZOVa = ﬂaEN*Va’

and assume V # (). Then V is a complete metric space with respect to the metric

1 di(x,y)

PXY) =) ey
21 4da(x,y)

andif x,,x € V,n € N* thenas n — oo,
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X, >xinV <<= x,—>xinV,, Ya=>0.

Lemma 6.58. Let ' : V — V be a mapping satisfying:
there exists an ag > 0 and for all a > aq there exists a §, €]0, 1] such that

d;, (T (x), T (y)) <6b.d,(x,y), forallx,y € V.
Then T has a unique fixed point, i.e. there exists a unique x € V such that
x=I(x).

(Banach’s fixed point theorem corresponds to the case (V,,d,) = (Yo, dy) for all
a=>0)

Proof. We define

x0€V, x,41=T1(xy).
Then by recurrence we deduce that

x, €V, foralln eN,

and

n

da (-xl‘l+p7 xn) = = da (.X],XQ) s
1—64

for all @ > ag, n, p € N*. Hence there exists a unique x@ e V, such that as
n— oo

Xp = x9 invV,.
Moreover by the continuity of the embedding V, C V,, for 0 < b < a, we infer

x, = x9 inV,.

d
Consequently x@ = x@0) forall g > ap, X 4 x(@) ¢ V and for a > ap

da (X, r (X)) =< da ()C, xn+l) + da (F (xn) ) r ()C))
=< du (X, xn+l) + 8ada (xn, JC)

— 0, asn — oo,
which yields

x=T(x).
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The fixed point x is unique, since if x, y € V are two fixed points, then for a > ag

da (x,y) = do (T (x), T (y)) < 8ada (x,y)

and x = y follows. |

6.4 Annex C: Deterministic and Stochastic Inequalities

6.4.1 Deterministic Inequalities

Proposition 6.59 (Stieltjes—Gronwall Inequality). Ler K : [0,7] — R be a
continuous increasing function, a : [0, T] — [0, co[ be an increasing function and
x : [0, T] — R be a measurable function such that

T
/ |x (r)| dK (r) < oo.
0

If

t

x (1) 5a(t)+/ x(r)dK(r), Vtel0,T],

0

then
x(t) <a()eXO7KO vielo,1]. (6.56)

Proof. 1. Note that if «, B, B1,...,Bn and 29,21, . . . , 24 € R satisfy

20 = «,
z <a+ Pozo+ Prz1 + -+ Bicizie, 1 <i <n,

then
7 < qePothittpi—1+pi
Indeed, associating the sequence
Xo=0o, X;=a+ PBoxo+pfix;+ -+ Bicixi—1, 1 <i <n,
by recurrence

Z<xi=a(l+B)A+B1)-(14+Bi-1) =< aePotBittpizi

follows.
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Let
t
gt)y=a(@) +/ xT (r)dK (r).
0
Clearly g is an increasing function and
t
OERMUEFDENIORY WY ICY
0
LetO<# <...<t, =t besuch that
1 > max {K (t;) — K (t;—1) : i € 1,n} (@yn) — 0, asn— oo.

Letg; = g (ti),co=0,¢; = ftf’_l dK (r) = K (t;) — K (t;—1) < y». We have

,»<a(r,>+2/ ¢ (1) dK (r)

ca+Y g [ ako

j=1 Jj—1

<a(t)+ (cogo+cig1 + -+ ci—18i—1) + Vu&i,

which yields
a(t) Co cl
l_l_yn+1_J/I1g0+l_Vgl+ 1
foralli € {1,2,...,n}. Hence
a(t)
() Sg () =gn < T -exp l_yan,

:1"(’) exp[ ! [K(t)—K(O)]]
—Vn 1=y

The inequality (6.56) follows by letting n — oo. ]

For K () = fof b (r)dr, where b : [0,00[ — [0,00][ is a locally integrable
function, the following lemma holds.

Corollary 6.60 (Gronwall Inequality). Lera : [0, T] — [0, co[ be an increasing
function and x,b : [0, T] = R, b > 0, be integrable functions such that
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/OTb(z)|x(t)|dt<oo.
If
x(t)fa(t)—l—/olb(s)x(s)ds, Vielo,T],
then
x(t)fa(t)exp(/olb(s)ds), Vielo,T]. (6.57)

Corollary 6.61 (Backward Stieltjes—Gronwall Inequality). Ler K : [0,T] — R
be a continuous increasing function, a : [0, T] — [0, oo[ be a decreasing function
and y : [0, T] — R be a measurable function such that

T
fo ly ()| dK (r) < oc.
If

T
y(r)sa(r)+/ Y dR (). Yielo.T],
then
y(t) <a()eKD=K0O  vielo,T]. (6.58)

Proof. Letx (1) = y(T —t),a(t) =a(T —t)and K (t) = K(T) — K (T —1).
Then

t
x (1) 5a(t)+/ x(r)dK(r), Vtel0,T],
0
and by Proposition 6.59
x () <a(t)eXOKO vielo, 1],

that is (6.58) replacing # by T —t. |
In particular for K (¢) = fot b (r) dr, we have:

Corollary 6.62 (Backward Gronwall Inequality). Leta : [0,7T] — [0, 0c0[ be a
decreasing function and y,b : [0, T] = R, b > 0, be integrable functions such that
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T
/0 b )|y (t)] dt < co.
If

T
y(t)i&(t)+/ b(s)y(s)ds, Vtel0,T],

then

y (@) <al(t)exp (/Tb(s)ds) , Ytelo,T]. (6.59)

We now give some other deterministic inequalities used in the book.

Lemma 6.63. Leta,f € L} ([0, o0|).

loc

L If « >0a.e. and x : [0,00] = RY is an absolutely continuous function such
that

@O xO)sa@xOI+ @O IxOF, aer=0,

then

1 ! 1
Ix ()] < |x (v)] ls PO 4 / a (s) el FOrgg (6.60)

T

forall0 <t <t.
II. Ifa,B > 0a.e., a:|0,00] — [0,00[is an increasing function and ¢ : [0, co[ —
[0, 00| is a continuous function such that V't > 0

t

¢2(t)fa(l)+2/ a(s)qo(s)ds+2/lﬂ<s>¢2<s>ds,
0 0

then
l 4 t
¢ (1) < Va (t)eh PO 4 / a(s)els POrgs vt > 0. (6.61)
0

Proof. 1. Letu, (t) = |x (t)]>e 2/ B 4 ¢ & > 0. Then

WL (1) = 205 (1) . x () e 2R BOB 2 (1) x (1) =2 01
< 2 (1) |x (1)) =2 o PO

<20 (1) Vue (¢ e_ffﬁ Bls)ds
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which yields
d o, (1)
—(Vu: (1)) = ——=
dr ( ( )> 2\/ Ug (t)
<a(t)e” fs Bls)ds
Hence

'
Vi (1) < Mg(‘l.')—l—/ a(s)e_foﬁ(’)drds'

Passing to the limit as ¢ N\ 0 the inequality (6.60) follows.
II. Let O € [0, T] be fixed and

t t 1/2
x(t)=(a(9)+2/0oz(s)go(s)ds+2/0,B(s)<p2(s)ds) .

Then for all ¢ € [0, 0]:

& (1) 5a<9)+z/fa(s)¢(s>ds+2/’ﬁ(s)<p2(s>ds=x2(t>,
0 0
and

X () x (@) =a@®) e @)+ @) 1)
sa@®x @)+ B2 (),

which implies, by the first part, that for z € [0, 6]:
t t 1
@ (t) < x (1) < x(0) el PO 4 / a (s) el B g,
0

which is (6.61) if we choose t = 6. [ |

Corollary 6.64. If o, > 0a.e.,a:[0,T] — [0,00[ is a decreasing function and
¥ 1[0, T] — [0, oo is a continuous function such that ¥Vt € [0, T]:

T

T
1//2(7,‘) S&([)—i-Zf ot(s)W(s)ds—i—Z/ ﬂ(s)wz(s)ds,

then

T T S
V(1) < Va (el POS 4 / a(s)el POrgs Vi eo,T]. (6.62)

t
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Proof. Note that V¢ € [0,T]:

Y (T —1)
T

T
5&(T—t)+2/ a(s)y (s)ds +2 B (s) ¥ (s)ds
T—t

T—t
t

=d(T—t)~|—2[ oz(T—s)l//(T—s)ds—{—Z/t,B(T—s)wz(T—s)ds.
0 0

Hence by (6.61)

" t .,
W (T —1) <a(T —1) e PT=9d / a (T —s) eh BT=ndrgg
0

which clearly yields (6.62) replacing T — ¢ by ¢. |

If f,g € BV ([0,00]) (= BV ([0, 00[; R)), we say that df (s) < dg (s) as
signed measures on [0, oo if

dl1.
/@(r)df(r)ffso(r)dg(r),

for all 0 < ¢t < s and for all continuous function ¢ : [0, 00 — [0, oo, or

equivalently
a2. f(s)— /()

equivalently
d3. i (s) = f (s) — g (s) is a decreasing function on [0, co|.

Lemma 6.65. Let x, N,V € BV, ([0, o). If

Jdf(r) = [[dg(r) = g(s)—g(t), YO<t<s0r

x (s) 5x(l)+/S[dN(r)+x(r)dV(r)], VO<t<s,
or equivalently
dx(r) <dN (r)+ x (r)dV (r)

as signed measures on [0, oo, then for all 0 <t < s:

e Vx(s)<x@)e " + /S e "dN (r). (6.63)

t
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Proof. We have
d(x(r)e ") =edx(r)—e "x (r)av(r)
< e "dN (r)
and the result follows. |

Corollary 6.66. Let o, € L} ([0,00[) and y : [0,00[ — R be a continuous
function such that

y(r)sy(s)+/ o () + B (r)y (N]dr. YO<r<s,
then

t 5 s rr
efo ﬁ(“)duy (1) <y (s) efo Bu)du + / o (r) e(/o Bwdu g, (6.64)

t

Proof. By Lemma 6.65 and

(=y () = (=y @) +/t [ (r) = B (r) (=y ()] dr,

the result follows. |

Finally we have:

Proposition 6.67. Let x € BV, ([0.00[:R?) and V € BV, ([0,00[:R) be
continuous functions. Let R, N : [0,00] — [0,00[ be continuous increasing
functions. If

(x (1), dx (1)) < dR (1) + |x (1) dN (1) + |x ()*aV (1)

as signed measures on [0, oo, then for all0 <t < T:

1/2

le ™ x]r =2 |:‘e—V(t)x (t)‘ + (/T VO R (s))

t

T
+ / e VN (s):|

and

¥l = 262400 [1x O] + VRT) = R@) + (N (T) = N (1))].

If R =0thenforall0 <t <s:

s
Ix ()] < e"O7VO |x (1) + / e"OVOUN (r) . (6.65)

t



586 6 Annexes

Proof. Letu, (r) = |x (r)|* e +&, & > 0. We have as signed measures on [0, oo]
dus (r) = =272 |x (1) av (r) + 2¢72 0 (x (r) . dx (r))
<2¢2YOUR (r) + 2¢72 D |x (r)|dN (r)
2¢7VdR (r) + 2¢77 O \/u, (r)dN (r).
If R = 0 then

du, _

and consequently

Ve (5) < Vue (1) + / V4N (r),

which yields (6.65) passing to the limit as ¢ — O.
If R # 0 then

e x ()]

s s
< e_2V(t) |)C (t)|2 + 2/ e—ZV(r)dR (r) + 2/ e—ZV(V) |X (r)| dN (r)

t t
e |x (1) +2 / eYOdR () +2 eV x|, / e N (1)
2 2 T 2
< ‘efv(”x (t)‘ +2/ e VR r)y+ = ||e x|| (7] +2 (/ e VOan (r)) .
t t

Henceforallt <t <T

eV Ix (7)] < ”e—vx”[iﬂ

T T 2
<270 Ux () + 4 / e2"VdR (s) + 4 ( / e "Wan (s))
4

t

and the results follow. ]

6.4.2 Stochastic Inequalities

In this subsection {B, : ¢t > 0} is a k-dimensional Brownian motion with respect to
a given stochastic basis (2, F, P, {F; }/>0).
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Proposition 6.68 (Stochastic Gronwall Inequality). Ler

O a,b 0,00 = [0, 00 be measurable deterministic functions and
O H,o,B,y,6 : Q x[0,00] = [0,00[ be stochastic processes, where H is a
continuous stochastic processes. If for allt > 0

t t
|Xz|+|uz|s|H,|+/ <as+a(s)|xs|>ds+‘[ GydB,| . P-as. (6.66)
0 0

where

i) X.UeS) GeAYy,.
i) |G| <B +b@)|X|, dP®drae.

then for all ¢ > 1 there exists a positive constant Cy such that for all T > 0:

T q
E sup |X;|?+E sup |U|? < |E|H|% +E (f asds)
1€[0.7] t€[0.7] 0

+E (/OT,des)q/z:| X exp { C, |:1 + T‘f_I/OT (a‘f (s) +b% (s)) ds:“ .

(6.67)
In particular if the right-hand side of the inequality (6.67) is finite then

X.U € S4, GeAl,.
Proof. Clearly we can assume that the right-hand side of the inequality (6.67) is
finite. Denote by C, different constants depending only ¢ and which can be changed
from one line to another. For each n > 1, we define the stopping time

7, () = inf{t > 0: |X; (w)| > n} An.

Note that for all positive stochastic processes Z,

tAT, ATy !
/ | Xs|P Zsds =/ | Xsnz,|” Zsds 5/ sup | Xy, |? Zsds.
0 0 0 relo,s]

By the convexity of the function ¢ (r) = |r|? we have

q
| Xing, 11+ [Uin, |7 < 27 | H || g, + 4

tAT,
/ G,dB;
0

AT,
/ (o5 + ag | Xs|) ds
0

q
+ 47
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By the Burkholder—Davis—Gundy and Holder inequalities:
49K sup

SATy q ATy q/2
/ G,dB,| <C,E ([ |GS|2ds)
s€lo,f] [JO 0

t t q/2
<CE (2/0 ﬁszds + 2/(; b* (s) | Xsar, |2ds)

' q/2 t /2
<CE Bds + C,E| sup |Xsar |97 b%(s) sup |Xons |ds
q K q p n p n
0 s€[0,1] 0 rel0,s]

1 t q/2 t 4
< Z]E sup |Xsar, |7 + C,E ( / ﬂfds) + C,E / b*(s) sup |X,nq,|ds
0 0

s€[0,1] re€l0,s]

1 t q/2
< -E sup |Xsnr, |7 + C,E (/ ﬁfds)
4 el 0

t
+th"_1/ b* ()E sup |Xar,|* ds.
0 relo,s]

Also

q
49

AT,
/ (o5 + as | Xs|) ds
0

! q t 4
C, (/ asds) +Cy ([ a () | Xsnq,| ds)
0 0

t q t
<C, (/ asds) + thq_l/ a? (s) sup | Xrnq,|? ds.
0 0

relo,s]

IA

Hence, defining

t q t q/2
K, =E ||H||? +E |:(/ asds) + (/ ﬁszds) :| ,
0 0

E sup |Xs/\rn|q + E sup |Us/\rn|q < 2E sup [|XsAtn|q + |Us/\rn|q]
s€[0,1] s€[0,¢] s€[0,1]

we have

t
<C,Ky; + quq_]/ (a? (s) + b* (s))E sup |X,nq,|? ds.
0 rel0,s]

Using Gronwall’s inequality (6.57) we obtain

E sup |[Xsnq,|? < C K, e < oo, (6.68)
s€[0,]
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where
Ay () =177! f t (a? (s) + b* (s)).
0

Since 1 + xe® < e@tDx forall x > 0, it follows that

E sup [Usnq, |7 < Cy [Kygi + Ay (1) CyKy o€ ®]
s€[0,r] (6.69)
< C K, ¥4 < 0o,

We also have

[AT, q/2 .
E ( / |GS|2ds) < (<00 (6.70)
0

for some (:’q,t independent of 7. Passing to the limit in (6.68)—(6.70) as n — oo, we
obtain X, U € S7[0,T], G € A?_, (0,T) and (6.67) follows. [ ]

Proposition 6.69. Let § € {—1,1}. Let {B, : t > 0} be a k-dimensional Brownian
motion. Let Y K,V : Q xRy — Rand G : @ x Ry — RF be progressively
measurable stochastic processes such that

i) Y, K,V are continuous stochastic processes,
iiy V,K €BVy ([0,00[;R), Vo =Ky =0, P-as.,
s

iif) / |G,.|2dr < oo, P-as., VO<t <s.
t

Ifforall0 <t <,
N N
§ (Y, —Yy) 5/ (dK,+Y,dv,)+/ (G,,dB,), P-as.,
t t
then
§ (Ve — v,e'™) 5/ e‘W'dK,—i—/ " (G,,dB,), P-as.
1 t

Proof. Denoting
s ~
M; =/ (Gr.dB,), Yy = =M, — §Y, (6.71)
0

we obtain

Y, <Y, +/ [dK, + (—8Y, —8M,)dV,].
t
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Hence

. s
s L, 4y, —/ [aK, + (—8Y, — M,)dV,]
0

is a decreasing function and then

d (Yye®") = {dL, + [dK; + (=8Y, — M) dV,]} e®" + § Y,e®"av
< —3M,e?"dv, + eV dK,

and integrating from ¢ to s

s N
YtV < ¥, —/ M,V av, +/ AVrdK,

t t

S S
=Y,e% — M + M, +f eV (G,,dB,) +/ eV dK,.

t t

Now by (6.71) we obtain the conclusions. [ |

6.4.3 Forward Stochastic Inequalities

In this subsection { B, : t > 0} is a k-dimensional Brownian motion with respect to
a stochastic basis (2, F, P, {F; }i>0)-
We shall derive some estimates on the local semimartingale X € Sg of the form

t
X, =Xo+ K, + / GydBy, t >0, P-as., (6.72)
0
where
O K €S89 K. €BVy ([0,00[;RY), Ky =0, P-as.;
O GeAY,.

Notation 6.70. Let p > 1 andm, v (p—1.

Proposition 6.71. Let X € Sg be a local semimartingale of the form (6.72).
Assume there exist p > 1, a P-m.i.c.s.p. D and a P-m.b-v.c.s.p. V, Dy = Vo =0,
such that as signed measures on [0, oo[

1
dD; + (X, dK) + Sm, |G, |*dt < |X,|?dV,, P-a.s., (6.73)

then forall0 <t <s:
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s
E7 e X,|" + p ﬂ«:ff/ e PV |X, |77 dD, < |e7" X,|" . P-as. (6.74)
t

Moreover forall § > 0,0 <t < s:

e Vs ? § —rVr -
]E]:t|—XS|)p/2 + p E]:I/ ( e PV |X,|” 2 dD
t

\
(+ale=tsx tafeton 1) (6.75)
— P .
< Ltlzﬂ/l’ P-a.s.
(1+8]e=v x,[7)

The proof of this Proposition is contained in the proof of the next Proposition.

Remark 6.72. Since by (2.27)
1x,—0|G;|[*dt = 0,
we see that the condition (6.73) yields
1x,—0dD; = 0.

We now formulate a more general assumption.
(FB)  There exist

c p=21,42>0,
e three P-m.i.c.s.p. D, R, N, Dy = Ry = Ny =0, and
e aP-mb-vcsp.V,Vy=0,

such that, as signed measures on [0, ool

1
D, + (X,,dK,) + (Emp +9p1) |G/ di
= lpzzdRz + |Xt|sz + |X,|2dV,.

(6.76)

Remark 6.73. From the condition (6.76), we deduce that

1x,—odD, =0, if1<p <2, and
1Xt=0th < 1Xz=0th < dR;, lfp > 2.

Proposition 6.74. Let X € Sg be a local semimartingale of the form (6.72).
Assume that there exist p > 1 and A > 1 such that (FB) is satisfied. Then there
exists a positive constant C,  depending only on (p, A) such that for all § > 0, and
0<t<s:
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e x| S e
E7i bl 1 EF e 2 |X, dp
/2 + r

(sl x[12,)” ¢ (1sfevrx, )7

s p/2
/ e 2Vr . ZdDr)
o (148l x,|7)
s o ) p/2
t

1+8]e="r X, |*)

|87V’X[|p K} p/2
< Cp,,\|:—7p/2 + E* (/ e_zv"lpzzdRr)
t

(1+8]e=v x|
K P
+ EX (/ e_VrdN,) :|, P-a.s.
t

If we set § = 0 in (6.77), we obtain the following:

Corollary 6.75. Under the assumption (FB), for all0 <t < s:

s
E7 He’VX”ﬁ.S] + ]Ef’/ e PV |X,|”72 dD,
t

K /2
+ E* ( / e—ZVrdD,)
t

s r/2
+ EF ( / e 2 |G, | dr) (6.78)
13

s p/2
< Cp,)t[ |e_VtX[|p + ]E]:t ([ €_2Vr1p22dRr

t

K P
+ E* (/ e_V’dNr) :|, P-a.s.
t

Proof (of Proposition 6.74). In view of the monotone convergence theorem it suf-
fices to treat the case § > 0, which we assume from now on.
To simplify, we define

J def |e_VrX’i
r= NIE
L+ 8le X, )

N

IA

Sl

3

and

™" X, |7 1, 20
)(]1+2)/2

(1 Fle VX,

Lx, %0

= Jr? .
(1+ 51 x.T")

r
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We remark that

2(p) —Vr -1 2(p) =2V, 2

JPe VX, | < JP My, 4o and TPV X, > < JP.

Step 1. General calculation.
We begin by assuming a condition which is more general than the assump-
tions (6.73) and (6.76), namely that there exists a y > 0 such that

m
dD, + (X,,dK,) + (7” +7)1G,*dr

(6.79)
<1,52dR, + |X,[dN, + |X,2dV,.

Since by Itd’s formula
t t
e X, = X, +/ (e7""dK, —e™"" X,dV,) +f ¢”""G,dB,,
0 0

it follows from the inequality (2.28) in Corollary 2.28 that for all 0 < ¢ < s and any
stopping time 6

s
Jho<Jho+0p [ 1.9 JPe ™ (X,,G,dB,)
t
s n 1
+ p/ 1,0 J,('”)e_wf |:(X,,dK, - X,dV,) + Em,, |G,|2] dr, a.s.
t
But

p .
Jspls<0 = Js,\g,

hence we deduce that
s R s R
I+ p / 1.0 JPe=2%dD, + py / 1y JPe2 G, dr
t s t
<l 0 [ L BV (X, G B

s t
o 1
—l—p/ 1, J,(”)e_zv' |:dDr + (X,,dK, — X,dV,) + (Emp + y) |Gr|2} dr,
t

and using the assumption (6.79) it follows that for any stopping time 8 and for all
0<t<s,P-a.s.:
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s s
Jsp1s<9 + p/ 1.2 Jr(p)e_zvrdDr + p)// P Jr(P)e—ZV, |Gr|2dr
t t

s
= JtI;\O +p 1,9 Jr(P)e_ZVr <Xr» G,dB,)

t

s s
+[7/ 1,26 er_ler?éOe_ZVYIPZﬂJRr + P/ 1,9 er_llXﬁéOe_VrdNr-
t t

(6.80)
Since forall T > 0:

T, 2 T
/ ‘J,(”)e_ZVfX,*Gr dr < sup [e_pV’ |X,|P—‘] / G, | dr
0 re[0.7] 0

< o0, P-as.,

it follows that forall 0 < ¢ < s:

/ JPe=2Vrdp, + y/ J e |G, P dr < 00, a.s.
t t
For each n € N* we define the stopping time
Lo ' 1
9,1 = inf%t >0: / er_ IX’,¢0€_2Vr1p22dRr +/ er_ lxﬁéoe_V’dNr

o ) 0 6.81)
+/ )J,(”)e—erX,*G,) dr> n}.
0

Note that for 6 = 6,
t
M!'=p / 15,07 (7" X,,e™" G,dB,)

0

is a martingale and consequently, for all 0 < ¢ <'s:

N R N R

Ef’/ 1,0, Jr(p)e_zv’dD, + y]E}—’/ 1,20, Jr(p)e_zvf |Gr|2dr < 00, a.s.
t t

Step 2. Proof of the inequality (6.75).
In view of the first step, the assumption (6.73) yields (6.80) with y = 0 and R =
N = 0, from which we deduce

s
E7 JP1,g, + pET / 1o, JPe™?7dD, < J], . as., (6.82)
t
and passing to the limit as n — oo (the first two terms converge monotonically and
the third one converges a.s.) the estimate (6.75) follows in view of Remark 6.73,
since R = 0.
Step 3. Proof of the inequality (6.77).
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(A) Let y > 0. From (6.80) we have

N
E7" sup (erl,-<9n) + pIEf’/ 1,0, Jr(p)e_w’dD,
t

relft,s]

+ pyE” / 126, /P eV G, | dr

t
<2JP, +2pE” /t 1<0, J7 21y, 20¢ 2" 1 ,52dR,

s
+2pE / 1o, 7 1y, o~ "dN,
t

+ 2pE%" sup

u€lt,s)

/ 1,.9,J e " X*G,dB,
t

By the Burkholder—Davis—Gundy inequality

2p BTt sup

u€lt,s

gspEﬁ\//‘
t

s
<6pE” \/sup Jr(p)e*ZVr |X,|2 1,0, \/[ 1<, Jr(p) le=Vr G,|2dr

reft,s) t

/ 1"<9n jr(p) (e_VrXr’ e_Vr GrdBr)
t

~ 2
1r<9n Jl‘(p)e_ZVrXr*Gr‘ dr

=

N
B sup (J/1,4,) + 9p*A EF / 126,57V G, " ar,
t

reft,s)

> =

for all A > 0. Hence

1 S N
(1 — —) E7 sup (J71,<0,) + p]Ef’/ 1,20, /" e 2" dD,
A reft,s) t
N
+p (y — 9pA) EF [ L, /7 |G, | dr
t
N
< 2.][1;\9" + 2p ]E]:’[ 1r<0,, er_zlxr?g()e_zv’ 1p22dRr
t

K
+2p E]:l/ 1r<9,,er_llX,-aé()e_VrdNr-
t

Let y = 9pA, A > 1. By Holder’s inequality
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N S
2pES / 1,20, J7 21y, 20¢ 72" 1 )>0dR, + 2pE”" / 1,20, J 7 "1y, 20¢”"7dN,
t t

reft,s]

s
= sz}-t |:Sup (er_le,#01p221r<9,,)/ e_zvrlpzzdRr]
t

+ 2PE]:’ |:Sup (er_ler7é()1r<0n) / e_VrdNr:|
¢

relt,s]

1 1 F F Rt P2
< 3 1-— T E”" sup (J,p1r<9n) + Cp E e ""1,52dR,
t

reft,s)

s P
+ C,,E” ( / e_V’dN,)
t

We deduce from the above that

s
E]:z sup (erll-<9,,) =+ ]E]:t/ 1r<<9,, Jr(P)e—erdDr
t

relt,s]

s p/2 s P
<Cpa Jt’j\en + E* ([ e_ZVflpzzdR,) + E7 (/ e_V’dNr) .
t t

(6.83)

The argument used in order to take the limit in (6.82) yields as n — oc:

E]:t sup le +Eft/ jr(p)e_zvrdDr < Cp,)t [Jtp

relt,s] t

K r/2 s P
+E7 (/ e‘zV’IpzzdRr) + E* (/ e_V’dN,) ]
t t

(B) From (6.80) for p =2,y = 1 and 8 = 6, we have

(6.84)

JZAO,, +2/ 1,9, f,(Z)e_ZV'dDr +2/ 1,4, jr(z) ‘e_V'Grlzdr
t t )

N

s s
< Jt2/\9,, + 2/[ 1,0, 1Xr7é()€_2VrdRr + 2/[ 1,0, J,~1Xr;é0€_V’dNr

s
+2 [ Lo, JP (e X,,e7""G,dB,).
t

which yields

s /2 s p/2
i ([reainemn) s ([niticvor)
t t

s p/2
<C,J+C,E" ( / e—ZVrl,,szR,)
t
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s p/2
+ CP E]:t sup (er/21r<9u) (/ e_VrdNr)
relt,s] t
p/2
+C, E7 sup

u€lt,s)

/ 1’<9n jr(z) <e_Vr Xra e_Vr G,«dB,)
t

By the Burkholder—Davis—Gundy inequality (2.8)

p/2?
c, E7 sup

u€lt,s]

S
< ) B ( / 1,2,
t

K
< C;]Ef[ sup (er/21r<9n) (/ 1"<<9n jr(Z) |e_VrGr|2dr)
t

relt,s]

/ 10, fr(z) (e_V’ X, e " G,.dB,)

t

R 2 p/4
JPe X6 dr)
p/4

1 $ - p/2
<C,/E” sup (J/1,.4,) + EETH (/ 1,20, J@ |€_VrG,|2dr)
t

relt,s]

Hence

s . p/2 1 s . 5 p/2
E” ( / 1r<9nJ}2’e‘2Vder) + B ( / 1,20,/ eV G, | dr)
r t

s p/2 s 14
<C, |:]Eff sup J/ + E7 (/ e‘zvflpzzdR,-) +E% (/ e_V’dN,) :|
relt,s] t t

(6.85)

We take the limit as n — oo in the last inequality and the estimate (6.77) follows
from (6.84), (6.85), Remark 6.73 and the identity

le™" X Iz

p/2’
relt.s] (1 +4 ”e_VX"[Zt,s])

This last fact follows from the increasing monotonicity of the function

rp
rl—)m . [0,00[—)[0,00[
+or

The proof is complete. n

We shall give a supplementary result in the case when R, N, V' are deterministic
functions.
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Corollary 6.76. Let X € S((z) be a local semimartingale of the form

t
Xt = X() + Kl‘ +/ GSdB_y, t 2 0, P‘a.s.,
0

where

O K €89 K. €BVi([0.00[;RY), Ko =0, P-as.;

O GeAd,.

Assume that there exist

s p> l,mpglv(p—l);

e two continuous increasing deterministic functions R, N : [0,00] — [0, 00],
R (0) = N (0) =0, and

* a continuous deterministic function with bounded variation V : [0,00[ — R,
V(0) =0,

such that as signed measures on [0, co|:
1
(X;, dK:) + 5m, |G, dt <1,52dR (1) + | X,|dN (t) + | X,[?dV (t).  (6.86)

Define

Q@) =2R(1) 1=+ N (1),
PO)=(p-2)RMO1p=+(p-DN@)+pV () and

t
M) = f e "a0 (r).
0
Then forall§ > 0and 0 <t <s:

|X5|pe_P(S) < |Xz|p e~
p/2 — /2
(1+81X.F) (1+381x.P)

In particular for § \(Oand 0 =1t < s:

+ M (s)— M (1). (6.87)

@ e "UE X7 <E [Xo|” + M (s),
1

oo 1 )
(b) / e—P(S)—alM(S)—)LS (E |Xs|p) ds < X (E |X0|p + _) (6 88)
0 o

forall o, A > 0.

Proof. We follow from (6.80) the first steps from the proof of Proposition 6.74 but
now
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X .
J, = le and Jr(p) -

(1 +5|X,|2> ! (1 81X,

1 X" 7% 1y, %0
)(P+2)/2

and 6 = 6, is defined similarly.
From the inequality (2.28) in Corollary 2.28, we have forall0 <7 <

E (JYIJIAY<9")
<EJ?

SAOy
N A 1

<EJ], + pE/ 1,9, JP [(X,,dl(,) + 5y |G,|2} dr
t

<EJ?

tAB,
s
+ pE / Lo, [J7721x, 20, 1p22dR (r) + JP "1y, 20dN (r) + JFaV (r)].
t
Taking into account that

2 p-2 1 p-1
Iy o< =+ 27200 and JP My g0 < — + 2
P p p

JP,

r

and passing to the limit as n — oo we have forall 0 <t < s:

s N
EJ <EJ"+ 2/ 1,52dR (r) + / dN (r)
S ! t

+/ [(p—2)1,52dR(r) + (p — 1)dN (r) + pdV (r)|E(J/). as.,
t
that is
S S
EJ? <EJ/ +/ do (r) +/ E(er)dP (r).
t t
By Gronwall’s inequality (Proposition 6.69), we have forall 0 <7 < s:

N
e PORJP < e POE P + / e~ P0ago (r),

t

and the inequality (6.87) follows. The inequality (6.88-b) clearly follows from (6.88-
a) using the elementary inequality

1
—e ™, forall x,y,8,A>0and o > 0.

o

ye—x—ay—h <
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Let X, X € Sg be two semimartingales given by

X, = Xo+ K, + [, GsdB,, t >0,

NN p 6.89
X; = Xo+ K, + [, GydBs, t >0, (6.89)

where
O K,Ie e SO
O K. (0), K. () € BV ([0,00[;RY), Ko (w) = Ko () =0, P-as. w € Q;
O G.GeAl,.
(FB'): Assume there exist p > 1 and A > 0 and a P-m.b-v.c.s.p.V,Vy = 0,
such that as measures on [0, oo[:

2 ~
dr < | X, — X,|*dv,.
(6.90)

. A 1 ~
(X, = Xk, —dR) + (zmp + 9pA) 6. -6,

Corollary 6.77. Let p > 1 and A be a P-m.i.c.s.p., Ay = 0.
(I) If the assumption (6.90) is satisfied with A = 0, then forall § > 0,0 <t <s:

e Vst )| x, %, |7 P $ e=PWrtan |y, %, |
AL A
(1+8€ 2(V;<+Ar)|Xr_Xr| ) t (1+5€72(V,+Ar)|Xr_Xr| )

e—P(Vi+Ar) |Xr_)2r |p

EF:

< , P—a.s.
(|+5(,—2(Vr+Ar) |X,—)?, |2)p/2
In particular for § = 0
Fi = p(VitA o7 mE [ —p+a o |7
EFte—p(Vst+4s) ’Xs —X,| +EF | e~pit DX, — X,| dA,
t
S e_p(Vt+At) ‘X[ — )2[ B P'a.s.,

forall0 <t <s.
(Il) If the assumption (6.90) is satisfied with A > 1, then there exists a positive
constant Cp, ;. depending only on (p, A) such that forall § > 0,0 <t <s:

—V—A(x_$)II? S 2t | x, %, p/2
I L )||M)m LR ( / . | lz)sz,)
t

(1+8||e*V*A (x—%) ||[2m] (1+8e*2Vr*2Ar |Xr—A)?,|
e—p(Vet+Ar) IXt_Xt |F

<Cpa P-a.s.

B (]+8e—2(Vr+A!)|X,—)?,|2)p/2’

In particular for § = 0
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R P K 12 r/2
EF ( eV (x - X) oy TE (/ e 20t | x, _ X, dA,)
t,s ¢

o |P

< Cp.)t e_p(V[+At) Xl - X[ B P'a.s.,
forall0 <t <s.
Proof. Since the assumption (6.90) is equivalent to
A N 1 ~ |2
dD; + (X, = X, dK, — d R} + (Em,, + 9p/\) (G, — G| ar

<X, = X/)2d (V, + A)),
with

.2
X, —X,| dA,,

t
Dlz/
0

the results clearly follow from Propositions 6.71 and 6.74 applied to the identity

X,—)?,=X0—)20+(K,—IQ,)—i—/Ol(GS—CA?S)dBS.

Since

1
E(r/\l)f Al, Vr=>0,

1+r?) /
we have:

Corollary 6.78. If the assumption (6.90) is satisfied with A > 1 and p > 1, then
there exists a positive constant C,  depending only on (p, 1) such that P-a.s.

1

E” [1 A He_V (X — X)

' } = Cpa[1n ’e_Vf (X - %)

[£.5]

forall0 <t <s.

6.4.4 Backward Stochastic Inequalities

Let {B, :t > 0} be a k-dimensional Brownian motion with respect to a given
stochastic basis (2, F, P, {F},>), where Ff is the natural filtration associated
to{B, : t > 0}.
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Notation 6.79. For p > 1 define

npdgl/\(p—l).

In this subsection we shall derive some estimates on (Y,Z) € S0 x A% .
satisfying forall 7 > O and ¢ € [0, T]:

T
Y, = Yr + (Kr — K)) —/ Z.dB,, P-as., (6.91)
t

where K € S0 and K. (w) € BV, (Ry;R™), P-as. w € Q.
We note that if the interval [0, T'] is fixed then the equality (6.91) will be extended
toRy by Y, =Yr,Ks = Krand Z; =0foralls > T.

Proposition 6.80. Let (Y, Z) € S, x A0, satisfy
T T
Y, = Yr +/ dK, —/ Z.dB,, 0<t<T, P-as.,
t t

where K € S° and K. (w) € BVjpe R4;R™), P-a.s. w € Q.
Assume given

A three P—m.i.c.s.p. D, R, N,Dyg=Ry=Ny=0,
A aP-mb-vesp. V,Vy=0,
A 1two stopping times T and o such that0 <t < o < oc.

(A) If A <1,q > 0and
2 A 2
dD; + (Y;,dK,) < dR, + |Y,|dN, + |Y,|*dV, + > |Z:|" dt,

then there exists a positive constant Cy 5, depending only on (q, A), such that

o q/2 o q/2
E* ( / e2VrdD,) +E% ( / ezV"|Z,|2dr)

o q/2 o q
92
< C,:E” |: sup |eV5Ys}q + (/ ez‘/des) + (/ eVSdNS) :| , (6.92)
s€lr.0] T T

P-a.s.

(B) IfA <1< p,

n
(i) dDy + (Y, dKy) < (1p=0dR, + [Yi[aN, + Y, PdV,) + A |Z, [ d.

(i) E sup e?"|Y;|? < oo,
s€lr,0]

(6.93)
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then there exists a positive constant C, ;, depending only on (p, L), such that
P-a.s.,

o p/2
E*: | sup }eVSYS]p + E7 (/ eZVdeS)
s€[r,0] T
o p/2
+E7 ( / e2V.v|zS|2ds)

o

47 [ 1y adD, + B e 1 1y 0|2, ds
T

T
o /2 o P
=Cpa E7 |:|eVaYa|p + (/ eZVSlpzﬂlRS) + (/ evsts) :|
T T

(6.94)
Proof. Step I.
By the It6 formula, we have forall 0 <t < s:
S S
Y[+ / N Z, P dr = |V, + 2] ' (¥, dK,) = 1Y, av, )

t t

N
—2/ eV (Y, Z.dB,), a.s.
t
Since
(Y,.dK,) —|Y,[*dV, < —dD, + dR, + |Y,|dN, + = |Z| dr,

we get

Y, |? €2V +2/ e?VrdD, +(1—A)/ 2\ Z, | dr

g s (6.95)
< |Y,|* &2 +2f 2" dR, +2/ Vr|Y,|dN,—2/ e (Y,, Z,dB,).
t

t t

Let the stopping times 0 < 7 < 0 < oo and

sVt

6, =0 /\inf{s > HeVY —erYf“S +/ e?dD, + fj 2V |Z,|2dr

S\/‘L'T sVT
+/ e?VrdR, +f edN, = n}.
T T

We have 7 < 6, < o and 6, /' o P-a.s. Replacing in (6.95) ¢ by  and s by 6, we
obtain
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9,, 9/1
2/ eZV’dDr—i-(l—)k)/ e\ Z. ) dr

ell
< |Yg, |* ¥ + 2] e?"" (dR, + |Y,|dN,)

T

011
— 2/ e?V (Y,, Z.dB,)
T

On
< |Yg,|*e*n 4 sup 1pq, (r) e Y,|2 + 2[ e*Vr dR,
] T

refr,o

2
6, o
+(/ eVrdN,) —2/ 116, (1) &2V (Y,, Z,dB,) .

Moreover, by Minkowski’s inequality we infer for all ¢ > 0

0,, 0n
E7 ( / eZV»-dD,) + B ( / e |Z,|2dr)
T T

I q/2
< Cq.AE]:’ sup |eVrYr‘q + Cq.AE]:’ (/ ezv’dRr)
T

relr,ol

q/2 q/2

o q q/2
—i—Cq.)LE]:f (/ €V’dNr) + Cq,)L]EfT
T

/ Lio,) (r)e*" (Y,, Z,dB,)

T

(6.96)

But by the Burkholder—-Davis—Gundy and Cauchy—Schwarz inequalities, we get

o q/2
C, E” / 16, (r) €2 (Y,, Z,dB,)

T

o q/4
= Cq,AEFT (/ l[r,Gn] (r) e4Vr |Yr|2 |Zr|2dr)

F Vv 14/2 ’ 2, 2 av
< CpuE” sup](l[f,e,l](rnerm (] teon e 1z P ar

relt,o

q/2
1 b
< Cé’AEFf sup |eV'Yr|q + EEE ([ eV |Zr|2dr) .

ré€(r.0,]

On
Since f e2r | Z,.|? dr is finite, from (6.96) we infer
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On t]/2 1 O
EF: </ eZV’dDr) + EE}} (/ eV |Zr|2 dr)
o q/2 o q
< Cya |ET* sup | Y, |" + E7r (/ eZVrdR,) + E* (/ eV’dN,) :
r€fz.o] T T

(6.97)

q/2

By the monotone convergence theorem as n — oo the inequality (6.92) follows.
Step II. Let us first assume that p > 1.
Noting that

t t
ey, = YO—/ e’ (dK,—Y,dV,)—}—/ e Z,dB,,
0 0

then by the inequality (2.30) from Corollary (2.30) we get, for p > 1 and for all
stopping times ¢ € [, 0]

On
PN+ By [ e 87 1y 012, P < e 11y,
t
6n
+p/ L ALES W ((Y,,dK,.) - |Y,|2dv,) (6.98)

t

1vo,
—p/ e?Vr 1Y, " 1y, 40 Yy, Z,dB,) .
t
We note that the right-hand side of (6.98) is finite P-a.s. and consequently
9/1
0< np/ eP Y|P 1y, 0 | Z, )P dr < 00, P-ass.
By the assumption (6.93)
2 np 2
(Y,.dK,) — |Y,|*dV, < —dD, + (1,52dR, + |Y;|dN,) + 7)& |Z,|” dr.

It follows that

o
e?V |V, + P/ 16, (r) e |V, P72 1y, 2odD,
t

P ’ - 6.99
2, =2 [ty 0 141 g0 Z, Par O
t
< 7 ¥y, |7 + Uy, — U~ (M, — M),

where

N
U, = p / Lirg,) (r) €”" Y, P2 1y, 20 (1,22dR, + |Y,|dN,) (6.100)
0
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and
g 2
M, =p / 1) () e Y72 1y, 4o (Vy. Z,odB,)
0

Note that {M; : s € [0, T']} is a martingale since

1/2
On
Ey<M>7 < pE (/ eV |Yr|2p_4 1y, 4o |Y;-|2|Zr|2d’")

0, 1/2
< pE (|erYf|+n)”‘1 (/ eV |z,|2dr>

= C, (Ble" ¥ +nr7) Vi
Therefore from (6.99),
e’V Y|P < EBTrePYon |Yy |P + BT (U, — U,). (6.101)

From here we assume that p > 1. From (6.99) we also get

0“
pE7 [ e %1772 1y o,

6,
n _ 6.102
#2n, = nE [yt iz par O

T
< 7t ePVon |Ye,|? + E7~ Uy,
Since

sup |My — M| <2 sup [M, — M| =2 sup [M,],

t€r,0] t€r,0] telr,o]

we obtain from (6.99) that

E7* sup (e?" |Y;]”)
t€[z.,6,]
6.103
< B o?Vo Yy, [P + B Uy, — Up) + 285 sup (b, O

telr,6,]

By the Burkholder-Davis—Gundy inequality (2.8) and (6.102):

E” sup |M,|

t€[r,0]

o 1/2
<3pE* ( / 1js, (r) eV |V, P74 1Y,¢0|Yr|2|zr|2dr)
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1/2

O

<3pE% | sup e/ |y, P (/ P Y, 1P 1y, 40 | Z, d”)
relr.0,] T

IA

1 On
JE7 sup (" [Y,|7) + C) B / P Y P Uy, 0| Z, | dr

relr.0,] T

1
< -E”* sup o' |V, |7 + C, BT eV |Yy, |P + Cp a7 (Up, — Uy).
relr,o,]

Plugging this last estimate into (6.103) we obtain with another constant C), ,

EF* sup e?V|Y,|? < CpaE7 PV Yy |P + CpaE7* (U, —U,). (6.104)

r€lz,0,]

We deduce from (6.102) and (6.104)

On
EFc sup eP" |Y, |7 + Efff e |Y,|P7* 1y, 20dD;
relr,0,] T
9”

+u<:fr/ PV Y, 1P 1y, 20 | Z, | dr
< CP_AE]:T ePVon |Y9n|p + CPTAE]:T Uy,

But
C],’AE]:’ (U@n — Uf)
= CP.)LE]:T |: sup I:e([)—Z)Vr |Yr|p_2 IYﬁéOlpzz:I/ ZV' p>2dR :|
relr.o,] T
+ET | sup [ =DV |y, |7~ IIY;AO]/ e"dN,
relr,0,]
1= ¥, ! mF o2V P/
< ZE7 sup ™ |V, |7+ C) ]Er( ’1p>2dR)
relr,0,]
+C1’)_A]Eff ([ eran,)".
T
Hence

6n
E7: sup ePVr Y, | —}-E]:’/ ePVr |Yr|p_2 1y, £odD;,
refr.6,] T

9}1
+ H«:fr/ eP Y|P 1y, 20| Z, | dr
T
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o r/2
< CP.AEJ-‘I epVen |Y0n|1) + Cp,/\Efr (/ eZV"I,,szR,)
T

+ Cp BT (/Uev’dN,)p .

T

Now letting n — oo, by the Beppo Levi monotone convergence theorem for the
first member and by the Lebesgue dominated convergence theorem for the right-
hand side of the inequality, we conclude (6.94) (using of course the first step:
inequality (6.92)).

The proof is complete. |

Corollary 6.81. Let (Y,Z) € S5 x AY . satisfy
T T
Yi=Yr —i—/ dK; —/ ZydBg, 0 <t <T, P-as.,
t t

where K € S0 and K. (w) € BV o R4;R™), P-a.s. w € Q.
Assume given

A D and N are P-m.i.c.s.p., Ny = 0,
A VaP-mb-vcsp., Vy=0,
A 1, 0 and o are three stopping times such that0 <t < 0 < o < co.

If
(a) dD; + (Y. dK,) < |Y;|dN, + |Y;|*dV,,
b) E sup |eV»"Yx| < 00,

s€lr,0]

then

o
e’ |Y,| <ETte" |Y,] +]Efr/ e""dN, (6.105)

T

andforall 0 < a < 1

o a2
sup [E (" [Yo)] + B sup [e"Vi[" | + E(/ eZV’IZrIZdV)
f€lr.o] s€lr,0] -

o /2

([ )

T

<c, [(E (" |Yg|)) + (E/Taev"dN,)a} .

(6.106)

5
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Proof. From (6.101) for p = 1 we deduce, using the definition (6.100) of U, that
e Y| < EF eV |, | + BT U,

o
<Ee"n |Y,, | + ET* / e""dN,
and the inequality (6.105) follows as n — oo. Moreover
a
sup E(eV" [Ys]) < E(ev“ 1Ys]) + E/ e""dN,
f€lr,o] T

and by the martingale inequality (1.11-A3) from Theorem 1.60 we infer

a 1 o *
E| sup ]eVSY5| < — |:IE (ev" |Ys| +/ eV’dN,)j| .
s€[r,0] l -« T

The inequality (6.106) is now a consequence of (6.92). |
Corollary 6.82. Let (Y, Z) € S5 x AY . satisfy

m
T T
Y, =7Yr +/ dK —/ ZdB;, 0<t<T, P-as.,
t t

where K € S and K. (w) € BV o (Ry;R™), P-a.s. 0 € Q.
Assume given

A aP-mb-vcsp.V,Vy=0,
A 1, 0 and o are three stopping times such that 0 < t < 0 < ¢ < o0.

IfA<1<pn,=1A(p—1)and

@  (Y.dK,) < |Y,[2dv, + ’%PA \Z, P dt,
(b) E sup e?" |Y,|? < oo,

s€[z,0]
then foralll < q < p,
eV Y |7 < EF e |Y, |7, P-a.s. (6.107)

If p > 1then

o p/2
E sup e’ |Y,|” + E ([ eV |Z,|2dr) < C,,,,\E(epv” |Ya|]’),

s€[r,0]
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and if p =1 (andn, = 0) then for all 0 < a < 1,

o o a/2
sup (Ee" |Yg] ) +E sup e |¥|" +E (/ e”’lzrfd’)

felr,o] s€lt,0]

sca(JEeV”lYal)

(6.108)

o
Proof. Since

q/p
E sup e/ |Y|? < (E sup e?" IYsI”) < 00,

s€lr.o] s€lr,0]

the inequality (6.101) with p replaced by ¢ yields (6.107). The next two inequalities
follow from Proposition 6.80 and Corollary 6.81, respectively. |

Corollary 6.83. Let p > 1 and (V}),~, be a bounded variation continuous
progressively measurable stochastic process with Vo = 0. Let T > 0 and
n : Q — R be a random variable such that E (sup,cp ) e?" [n|’) < oc. If
(£,0) e SH[0,T] x A?_ [0, T] satisfies

mxk

T
& = E}-Tn—./ {dB,, s €[0,T], as.
N

(the pair (€,0) exists and it is unique by the martingale representation: Corol-
lary 2.44), then there exists a C = C (p) > 0 such that for all t € [0,T], for
p>1

T p/2
E”" sup e?" |& |7 + ET (/ s |{‘S|2ds) <C, ES ( sup PV |77|”)
t

it rel0.7]
(6.109)
and for p = 1
. o Ve | ! 2V, 2 o
s (Ee5|§5|) +E supepoqy e"&|" +E (fo e 14| ds) (6.110)

o
< Cu (B (supyepo.ry " Inl)) . forall0 <o < 1.

Proof. We see at once that the stochastic pair (&, ¢) satisfy the equation

T
£ =t — [ tudB,. 1 € [0.T]. as.
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The stochastic process V, = SUP,efo,] Vss V is increasing continuous progressively
measurable and V) = 0. Since for all 7 € [0, T']

B [eVg| = [efis| = e [En] < BFel gl <EFeT @11

by Proposition 1.56 we infer for all p > 1

E |¢e Hm] (%)pE(epVT|ﬂ|p)<oo

and consequently by Proposition 6.80-B (for (Y, Z) = (§,{) withA =0, K = R =
N = 0,dD, = |&]*dV) the inequality (6.109) follows; we also use that V < V
and

E”

_ .
eVTér‘ =E” UeVTE}-Tr]

14
] < EF |o'r

In the case p = 1 we have for all 0 < « < 1, by Proposition 1.56

E sup e |§]° <E sup ’5 ) < — <EeVT |n|> (6.112)
t€l0,T] t€l0,T]

and by Proposition 6.80-A

T /2 5 o
E (/ e |§S|2ds) <CE sup |e"g (6.113)
0 t€f0,T]
Also we can see that from (6.111) E ‘6‘7’%} <E (6‘77 |r]|> and therefore
Vi Vr
sup E |e 5,’ §]E(e |n|> (6.114)
tel0,T]

From (6.112)—(6.114) the inequality (6.110) follows. |

Let (Y, Z),(Y,Z) € S0 [0,T] x A°

mxk

(0, T) satistying for all ¢t € [0, T]:

T T
Y, =Yr +/ dK —/ Z,dB;, P-as.,
t t

and respectively

T T
Y, =Yr —|—/ dK; —/ ZdB;, P-as.,
t t
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where
O K.KeSP,
O K. (), K. (®) € BVjpe ([0, 00[; R™), P-as. w € Q.

Assume there exist A < 1 < p and V a P-m.b-v.c.s.p., Vo = 0, such that as signed
measures on [0, T]:

~ A ~ ~ |2
(Y, — ¥, dk, —dK,) < |Y, = V,Pav, + Z2A |z, - Z,| a, (6.115)
2

wheren, = 1A (p —1).

Corollary 6.84. Let A < 1 < p be given. Let the assumption (6.115) be satisfied
and {A; : t > 0} be a P-m.i.c.s.p., Ay = 0, such that
P

) < 00.

E sup (ep(A,+m Y, - ¥,

1€[0,T]

Then forall0 <t <T,

€th YT—YT

A |P
Y, — Yt‘ < E7 (ePVT

p
) , P-a.s.

Moreover if p > 1, then

P
dAg

A

E7 ( sup eP AtV |y, — ¥ Y, — Y,

s€t,T]

P T
+ ]E]:I / eP(A:+Vs)
I3

2 p/2 T 2 r/2
dAs) + E% (/ XAV ‘Z‘Y - ZS‘ ds)
t

< Cp.)kE]:t eP(AT+VT)

T
LR (/ Q2A V) ‘yX _7,

t

A |P
YT—YT‘ s ]P-Cl.S.,

where C, ; is a positive constant depending only on (p, A).

Proof. The results clearly follow from Corollary 6.82 and the inequality (6.94) from
Proposition 6.80, applied to

T T
Y- ¥, =YT—YT+/ d(KS—KS)—/ (2.~ 2.)as..
t t
satisfying

N N ~ ~ 12
D, + (Y, — V,.dK, —dK,) < |Y, — V,[’d (A, + V}) + %’A)Zt ~ 7, ar
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with

dD, = |Yt - );t|2dAt~

6.5 Annex D: Viscosity Solutions

The aim of this section is to introduce the notion of viscosity solutions to second
order elliptic and parabolic PDEs and give uniqueness results for such solutions.
This notion, which was invented by Crandall and Lions, allows us to state that a
continuous function satisfies a PDE, without any differentiability requirement on
that function. This notion has been invented specifically for nonlinear equations, for
which the notion of weak solutions in the sense of distributions is not convenient.
We use this notion here for linear and semilinear equations.

This section is divided into four parts. In the first part, we state the main
definitions of viscosity solutions to elliptic and parabolic PDEs (or systems of
PDEs). We prove three uniqueness results in the next three parts. We do not prove
any existence results, since such results for the equations considered in this book
are provided by our probabilistic formulas. Concerning uniqueness, it would be too
long and repetitive to give a uniqueness result for each PDE considered in this book.
The last three parts of this section give uniqueness results, corresponding to three
large classes of semilinear PDEs or systems of PDEs. All other relevant results can
be proved by combining the arguments given in those three proofs.

The first uniqueness result concerns an elliptic PDE with Dirichlet boundary
condition at the boundary of a bounded set. We shall also explain how the proof
can be adapted to the parabolic case. The second result treats the case of a system
of parabolic PDEs in the whole space. Finally the third result concerns a parabolic
PDE with subdifferential operators and nonlinear Neumann boundary condition.

We refer to the well-known “user’s guide” of Crandall et al. [18] for more details,
which complements the material presented here.

6.5.1 Definitions

Let O be a locally closed subset of RY, that is for all x € O there exists a § > 0
such that O N B (x, §) is closed.

A function 7 : © C R? — R is lower semicontinuous and we write 2 € LSC (O)
if there exist {h,, n > 1} C C(O) such that

By (x) < <hy(x) <-- < h(x) and lim hy(x) = h(x), ¥ x € O.
n—>o0
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The function 7 : © C R? — R is upper semicontinuous and we write i €
USC (O) if —h is lower semicontinuous.
In particular for all R > 0 we have

() inf  h(x) > —oo, ifh € LSC(O),
x€0, |x|<R

(if) sup  h(x) < oo, ifh e USC(O).
x€0, |x|<R

6.5.1.1 Elliptic PDE
Consider the PDE
®(x, u(x), Du(x), D*u(x)) =0, x € O, (6.116)
where
®:OxRxR!xS! > R,

and S? denotes the set of symmetric d x d matrices.
Definition 6.85. (i) u € USC(O) is a viscosity sub-solution of (6.116) if for any
@ € C?(0) and £ € O alocal maximum of u — ¢:

(£, u(), Dp(), D*¢(%)) < 0.

(i) u € LSC(O) is a viscosity super-solution of (6.116) if for any ¢ € C%(O) and
X € O alocal minimum of u — ¢:

D(%, u(%), Do(%), D*¢(%)) = 0.

(iii) u € C (O) is viscosity solution if it is both a viscosity sub- and super-solution.
In these definitions we can also assume that u(X) = ¢ (X) since we can
translate ¢.

Note that the class of PDEs for which probabilistic formulas are given in this
book is the class of semilinear equations, where the function ® has the following
particular form

1
o(x.r, p, X) =—>Tr [¢()g"N)X] = (f(x).p) = F (x.r.p).  (6.117)

In the Definition 6.85 we can replace local maximum (minimum) by strict global
maximum (minimum).
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Remark 6.86. Let O be an open subset of R? and u € C%(0O).

(1) If u is a viscosity solution of (6.116), then u is a classical solution.
(i) If u is a classical solution of (6.116) and ® satisfies the degenerate ellipticity
condition

X <Y = d(x,r,p,X) > D(x,r,p,Y), Vx,rp,

then u is a viscosity solution.

Definition 6.87. A function u € USC(O) satisfies the maximum principle if for all
@ € C?(0) and all open subsets D C O the inequality

®(x, ¢(x), Do(x), D*p(x)) > 0, Vx € D
implies that at every X € D which is a local maximum of u — ¢:
u(x) <o (x).
Proposition 6.88. Let O be an open subset of R¢ and
r<s = ox,r,p,X)<o(x,sp,X),Vx,p, X.

Then each viscosity sub-solution u satisfies the maximum principle.

Proof. If we assume that there exist ¢ € C2(Q), an open subset D C O such that
®(x, u(x), Do(x), D*p(x)) > 0, Vx € D,
and X € D alocal maximum of u — ¢ such that u (X) > ¢ (X) then
(%, (%), Dg(%), D*¢(R)) < ®(%, u(%), Do(%), D*¢(%)) < 0,

since u is a sub-solution. Hence necessarily u(x) < ¢(X). |

We next introduce the notion of a proper function (in the sense of the theory of
viscosity solutions, which should not be confused with the notion of proper convex
function), for which the notion of a viscosity solution makes sense.

Definition 6.89. A continuous function
®:OxRxR!xS! >R

is said to be proper, if ® satisfies:
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(1) Monotonicity condition
r<s = ox,r,p,X)<®x,s,p, X)), Vx,p, X,

and
(2) Degenerate ellipticity condition

X <Y = ®(x,r,p,X) > O(x,r,p,Y), Vx,r,p. (6.118)

Definition 6.85 of a viscosity solution can be reformulated in terms of subjets
and superjets of u.
Definition 6.90. Let O be a locally closed subset of R, u:0O —>Randx € O.

() (p.X) € R? x S? is a superjet to u at x if

u(y) =) —(py—x)= 3 (X(y=x).y=x) _ 0
[y—x[? -

lim sup
O3y—>x

The set of superjets to u at x will be denoted Jé’+u(x).
(i) (p,X) € R? x S is a subjet to u at x if

liminf"(“V)_"(x)_@'y_x)_%(X(y_x)’y_x) >0
Osy—x ly=x]? -

The set of subjets to u at x will be denoted Jé’_u(x).
If © = RY, then the index @ will be omitted.
Proposition 6.91. Let O be a locally closed subset of RY.
(i) Letu € USC(O) and x € O.
(a) If (p,X) € J(29’+u()~c), then there exists a ¢ € C*(O) such that u(x¥) =
(%),
(P X) = (¢(5). 911, ()

and X is a strict global maximum of u — ¢ in O.
(b) If ¢ € C*(0) and % is a local maximum of u — ¢ in O, then

(92 (). 91, (D) € J5Tu(®).

(ii) Letu € LSC(O) and x € O.

(@) If (p,X) € Jé’_u(fc), then there exists a ¢ € C2(O) such that u(¥) =
¢ (%),
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(p. X) = (¢} (%). ¢}/, (%))

and X is a strict global minimum of u — ¢ in O.
(b) If ¢ € C*(O) and % is a local minimum of u — ¢ in O, then

(¢1(3). ¢ (D)) € I5Tu(®).
Proof. 1t is sufficient to prove (i) since J(Zo’_u(fc) = —Jé‘+ (—u) (x). Also the
equivalence is clear if X is an isolated point of O.
Let X be a non-isolated point of O.

(=): Let (p, X) € Jé’+u()~c). Then there exists a strictly increasing function
p = p% 1[0, +oo[— [0, +00[, p(0+) = O such that Vy € O

- - 1 - - - -
u(y) =u®) +{p.y = X) + Xy =)y = %) + oy — DIy — X[ (6.119)
One can define p by

(u(y)—u(@®)—(p,y—5)— L (X (y—%),y—7))
[y—%/? )

p(r)=r+ sup
y€O0, |y—X|<r

Let

1 2r 2r2 2}’1
B(r) = ﬁ/ / / ) (\/?) dtdridr,, forr >0,
r r r

and B8(r) = 0if r < 0. Then rp(/r) < B(r) < 8rp(8/r) forall r > 0, B €
C2(]0, oc[), B(0+) = B'(0+) = 0 and

}1\13(1) rB” (r) = 0.
Define ¢ € C2(RY) by
of . S| - - -
() L u®) + (poy =) + 3 (X = .y =8 + Blly - ).
Then

@L(X)=p and @] (¥) =X

and X is a strict global maximum of u — ¢ since for y € O \ {X}:

u(y) —o(y) < p(ly —%Dly — 2> = B(ly — %"
<0 = o(F) — u(®).
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(<): Let ¢ € C?(O) and ¥ be a local maximum of u — ¢. Let

V) =90 —e ) tu(x).

By Taylor’s formula
0= lim Y=Y =L (D) y—T)—3 (Y, D)y —5).y—F)
y—X [y—%[?
> limsup () —u®) (¢} (3).y—=%) = 3 (@l D) (y=F).y =)
- 712 .
y—=>Xx,yeO ly=%|

Corollary 6.92. Let O be a locally closed subset of R?.

(i) u € USC(O) is a viscosity sub-solution of (6.116) iff for any x € O and
(p.X) € J& u(x)

D(x,u(x), p, X) <0.

(ii) u € LSC(O) is a viscosity super-solution of (6.116) iff for any x € O and
(. X) € J5 u(x)

®(x,u(x), p, X) > 0.
2§&nition 6.93. Le_tzu_: O —Randx € O.
J & u(x) (respect. J 5 u(x))is the set of (p, X) € RY x S¢ such that there exists a
sequence (X, pu, X;) € O x R? x S, n € N*, with the properties
(pn, X)) € Jé’+u(xn), (respect. (pn, X,) € J5 u(x,)), ¥ n € N*,

and

(en, u(x), pus Xn) — (x,u(x), p, X), asn — oo.

6.5.1.2 Systems of PDEs

Backward stochastic differential equations naturally give probabilistic formulas for
systems of PDEs, not just for single PDEs.

Let O be an open subset of RY, ® € C(O x R” x R? x S¢;R™). We want to
explain what we mean by the fact that u € C(O,R™) solves in the viscosity sense
the following systems of PDEs

®; (x, u(x), Du; (x), D*u; (x)) =0, 1 <i <m, x € O. (6.120)
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Note that the various equations are coupled only through the vector u(x). The i-th
equation depends upon all coordinates of u(x), but only on the i-th coordinate of
Du(x) and D?u(x). This is essential for the following definition to make sense.

Definition 6.94. Let O be a locally closed subset of R¢.
e (i)u € USC(O) is a viscosity sub-solution of (6.120) if

D;(x,u(x),p,X) <0 forxeO, 1 <i<m, (p,X) € 739'+u,-(x).
e (ii) u € LSC(O) is a viscosity super-solution of (6.120) if
®;(x,u(x),p,X)>0 forxe O, 1 <i<m, (p,X) e 7é_ui(x).
o (iii) u € C(O) is a viscosity solution of (6.120) if it is both a viscosity sub- and
super-solution.
6.5.1.3 Boundary Conditions
We now discuss the formulation of the boundary condition in the framework of
viscosity solutions. Suppose for simplicity that the boundary dO of the open set

O is of class C! and that @ satisfies the uniform exterior ball condition. We shall
consider two types of boundary conditions, namely:

 Dirichlet boundary conditions, of the form
u(x) —k(x) =0, x€90;
e Nonlinear Neumann boundary conditions, of the form
(n(x),Du(x)) + G(x,u(x)) =0, x €d0O,

where n(x) denotes the outward normal vector to the boundary 0O at x.

Consider the function
Ir:90xRxR! >R
defined in the case of the Dirichlet boundary condition by
L'(x,r,p) =r—«(x),
and in the case of the Neumann boundary condition by

F(X,V,p) = (n(x),p) —G(x,r),
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where G € C(00 x R) and r — G(x,r) is assumed to be nonincreasing for all
x € 00. The correct formulation of the boundary value problem

®(x, u(x), Du(x), D>u(x)) =0, x € O,

F(X, Lt(x),Du(x)) = 0, X e a(’)’ (6121)

is as follows.

Definition 6.95. Let O be an open subset of R, ® € C(O x R x R? x S%) be
proper and I' € C(O x R x R?) be as defined above.

e (i)u € USC(O) is a viscosity sub-solution of (6.121) if

®(x, u(x), p. X) <0 forx € O, (p,X) € T3 u(x),
®(x, u(x), p. X) AT (x.u(x), p) <0 forx € 00, (p.X) € T o u(x).

e (ii) u € LSC(O) is a viscosity super-solution of (6.121) if

O(x,u(x),p,X)>0 forx e O, (p,X) € 725'_14()6),
®D(x,u(x), p, X) vI(x,u(x),p) >0 forx € 90, (p,X) € 7%_u(x).

e (iii)u € C(@) is a viscosity solution of (6.121) if it is both a viscosity sub- and
super-solution.

6.5.1.4 Parabolic PDEs

One might think that a parabolic PDE is an elliptic PDE with one more variable,
namely time 7. However, because we are considering equations with first derivatives
in ¢ only, the variable ¢ plays a specific role. In particular, there will be a boundary
condition either at the initial point or at the final point of the time interval, not at
both.

Given O C R? and ® € C([0, T] x O x R x R? x S?), we consider the parabolic
equation

9
a—?(l,x) + ®(t, x, ut, x), Du(t, x), D2u(t,x)), 0 <t < T, x € O,
u(0,x) = k(x), x € O,

(6.122)

where as previously, Du stands for the vector of first order partial derivatives with
respect to the x;’s, and D?u for the matrix of second order derivatives with respect
tox; and x;, 1 <i,j < d.Only in the case O = R4 can we hope that the above
parabolic PDE is well posed. If © # R?, some boundary condition is needed. This
will be discussed later.
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We denote by 73(29’Jr and 73(29’_ the parabolic analogs of J(29,+ and Jé’_. More
specifically, for O a locally compact subset of RY, T > 0, denoting O7 = (0, T) x
O,ifu:0r > R,0<s,t<T,x,ye0,(p.q,X) e RxR? xS we say that
(p,q,X) € 73(29’+u(t,x), whenever

1
u(s,y) <u(t,x)+ p(s—1)+{q.y —x) + §<X(y —X),y —X)
+o(ls —t|+ |y —x|2).

Moreover Pé_u = —73(29’+(—u). The corresponding definitions of 7_3§Q'+u(t, x) and
52_u(t, X) are now clear.
We now give a definition of the notion of a viscosity solution of equation (6.122).

Definition 6.96. With the above notation:

. (i) u € USC(]0, T') x O) is a viscosity sub-solution of Eq. (6.122) if (0, x) <
k(x), x € O and

p+ O, x,u(t,x),q,X) <0, for (t,x) € Or, (p.q. X) € Py u(t, x).

. (ii) u € LSC([0, T)x ) is a viscosity super-solution of Eq. (6.122) if u(0, x) >
k(x), x € O and

p+ Ot x,u(t,x),q,X) >0, for (t,x) € Or, (p,q, X) € P u(t, x).

. (iii) u € C([0, T) x O) is a viscosity solution of (6.122) if it is both a sub- and
a super-solution.

We remark that u(t, x) solves the parabolic PDE (6.122) if and only if v(z, x) =
e*u(t, x) solves the same equation with ® replaced by ® + Ar, which in the case
where ® has the form (6.117) is proper iff r — Ar — F(¢, x, r, q) is increasing for
any (¢, x, ¢). The fact that this is true for some A is one of our standing assumptions
on I for existence and uniqueness of the solution to the associated BSDE.

Note that we also consider parabolic PDEs with a final condition (at time ¢ = T')
rather than an initial condition (at time ¢ = 0). In that case, the equation becomes

_%(I,x) + ®(t, x, u(t, x), Du(t, x), D*u(t, x)) = 0,

and the condition u(0, x) < k(x) (resp. u(0, x) > «(x)) becomes u(7T, x) < x(x)
(resp. u(T, x) > k(x)).
Finally we explain what we mean by a viscosity solution of the parabolic PDE

%(l,x) + O(t, x, u(t, x), Du(t, x), D*u(t, x)) + dp(u(t,x)) 30,



622 6 Annexes

where d¢ is the subdifferential of the convex lower semicontinuous function ¢ :
R — (—o00, +00].

A sub-solution is a function u € USC(Or) which is such that for any (¢, x) €
Or, u(t, x) € Dom(p) and whenever (p, g, X) € Pé*u(t, X),

p+ @@, x,ult,x),q,X)+ ¢ (u,x)) <0,
where ¢’ (r) is the left derivative of ¢ at the point r. A super-solution is defined

similarly with the usual changes, the left derivative of ¢ being replaced by its right
derivative.

6.5.2 A First Uniqueness Result

Let O be an open subset of R? and ® € C(O x R x R? x §%).
The basic assumptions of this subsection are:

(Ay) Super-monotonicity: there exists a § > 0 such that for all x € O, p € R,
XeS rsekR:

r<r = Ox,rnpX)-dx,r,p,X)>(2—11) 6,
and

(Ay) Super-degenerate-ellipticity: for all R > 0 there exists an increasing function
mg : Ry — Ry, mg (04) = Osuch thatife > 0, X, Y € S and

X 0 I -1
(0 —Y) 530{(_1 7 ), (6.123)

(Xz.2) — (Yw,w) <3a|z—w]*, VzweR?,

or equivalently

then forallx,y e ON B (0, R), r € R:

O(y.ra(x = ).Y) = 0. ralx = ). X) <mg (jx =y +alx—yP).
(6.124)

Note that if X and Y satisfy (6.123) then Y < X (setting z = w).

In the particular case of the function ® given by (6.117), the super-monotonicity
of @ is a consequence of the same property for —F. As for the super degenerate
ellipticity, we have the following:

Lemma 6.97. If g is globally Lipschitz, f is globally monotone, and —F satis-
fies (6.124), then ® is super-degenerate-elliptic.
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Proof. The global monotonicity of f implies that

—(f() — f(x),a(x = y)) < palx -y

Now consider the term involving g. We take advantage of (6.123) and the Lipschitz
continuity of g:

Tr[gg* (X)X | —Tr[gg*(»)Y] = Tr[g*(x)Xg(x) — g*(»Yg(»)]
d

[(Xg(x)ei, g(x)ei) — (Yg(y)ei, g(y)ei)]
1

1

d
<3 lgx)e —gel’

i=1

<Clx -yl
m

Theorem 6.98 (Comparison Principle). Let O be a bounded open subset of R?
and assume that ® : O x R x R? x S¢ — R satisfies (A1) and (A,). If

(j) uelUSC (5) is a sub-solution of ® = 0in O,
(jj)) ve LSC(@) is a super-solution of ® = 0in O,
() ux) <v(x), Vxeado,

then
ux)<v(x) YxeO.

We first prove auxiliary results.

Lemma 6.99. Givenu,v € C (@), o > 0, we define
a 2
Vo(x,y) = u(x) —v(y) — Elx -y~

Let (X, $) be a local maximum in O x O of Wy. Then there exist X,Y € S such
that

() @& =9).X) € J5Tu(®),
(i) (@& —79).Y) e J5 v(),

(X 0 1 -1
(iji) (0 _Y)§3a(_l 1)'
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Proof. We shall use the notation

I -1
A—a(_l I)'

It is sufficient to prove the proposition in case © = R, ¥ = § = 0, u(0) = v(0) =
0, (0,0) is a global maximum of v, u and —v are bounded from above. Hence we
may assume that for all x, y € R¢,

u(x) —v(y) < %<A (;) (;)> (6.125)

and we need to show that there exist X, Y € S; such that

(j) (0.X) € J>Fu(0),
(i) (0.Y) € J>*v(0),

i) (3( _f) <34
With the notations & = ( ) ( ) we deduce from Schwarz’s inequality
that (with the notation | A < sup{| (4€, €)|: |&] < 1}):
(A%, %) = (A&, E) + (A(X — §). ¥ — &) + 2(x — £, 4¢)
<(AE.E)+ AEP + (o + 1 ADIT P
< (A + S ADEE) + @t DL - B

Henceif BY 34 = A+ 142 2 ¥

implies

a + ||A]], and w(x) = u(x) —v(y), (6.125)

w(x) — %W — £ < %(Bé, ). (6.126)
We now introduce inf- and sup-convolutions. Let
36 L sup(ui) — 17 - )
= i(§) — 0(n),
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where
. A P
u(§) = sup(u(x) — §|x —£9),
A
B(n) = infw(y) + 1y = nl?).
Yy

Since a supremum (resp. an infimum) of convex (resp. concave) functions is convex
(resp. concave), the mappings

_ - A - . A
§—w() + EISIZ, and § — u(§) + EISI2
are convex, while

X A
n— (n) — Elnl2

is concave. Hence w, it and —0 are “semiconvex”, i.e. they are the sum of a convex
function and a function of class C 2. Note that the hyphen is here on purpose, in order
to distinguish this notion from the notion of semiconvex functions, as introduced in
Chap. 4.3.

Moreover:

w(0) = w(0) =0,

and from (6.126)

hence

and consequently
I
w(0) = max; (W(é) ~5 (BE. S)) .

If w is smooth, we could deduce that there exists an X € S,; such that
0,X) € J?W(0), and X < B. Since W is semiconvex, it is possible to show,
using Alexandrov’s theorem (which says that a semiconvex function is a.e. twice
differentiable), and a lemma due to R. Jensen, which states that the above is
essentially true in the sense that it is true provided the first condition is changed
to (0,X) € J?w(0). We refer to the user’s guide [18] for more details. Now,
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since fv(g) = u(§) — v(n), it is not hard to deduce that X = (())( ;))’ and

0, X) € J2(0), (0,Y) € J?*5(0).

The magical property of sup-convolution is that this is enough to conclude that
(0,X) € J>Tu(0) and (0,Y) € J> v(0), which is a consequence of the next
Lemma. |

Lemma 6.100. Ler A > 0, u € C(RY) be bounded from above, and

A
a(¢) = sup (u(x) — S|x = ¢ ).

x€R4 2

Ifn,g eRY, X € Sy and (9, X) € J>Ti(n), then (g, X) € J>Tu(n + q/1).
Proof. We assume that (¢, X) € J>Ti(n). Let y € R? be such that

. A
i) = u(y) =1y —nl*
Then for any x, { € R?,
A 2 A
u(x) = S = ¢ < )
N 1
< i) + (g, ¢ =) + 5 (XE = m. & —n) +o(lg =)
A 2
=u(y) = 5ly—nl"+{q.¢—n)
1
+ 3 (XE=m.¢ =) + ot —nP)
A 2 2
=u(y) = 5ly =0 +{g.Z=n) + O(¢ —nl).
If we choose { = x — y + 1, then we deduce from the above that
1
u(x) =u(y) +{g.x —y) + 5 {(X(x = y).x —y) +o(lx — P
On the other hand, choosing x = y and { = n+ «(A(n— y) + ¢g), we obtain that

0<ald(n—y)+ql* + 0.

The first inequality says that (¢, X) € J*>Vu(y), while the second, with & < 0 small
enough in absolute value, implies that y = 5 4 £. The result is proved. ]

We shall also need the following:
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Lemma 6.101. Let O be locally closed subset of R?, ® € USC(O), ¥ € LSC(O),
Y >0¢>0and

M, = sup {CD(x) — llll(x)% .
x€O €

If liII(l] M, exists in R and x, € O satisfies
&>

1
lim |:M‘s — d(x,) + —W(xg)] =0,
e—>0 &

then

. l’p(xe)
lim ——= =

0. (6.127)
e—>0 &

Moreover if X € O and there exists an €, — 0 such that x.,, — X, then

¥(x) =0, and li_IR) M, = ®(x) =sup{P((x): x € O, ¥ (x) =0}. (6.128)

1
Proof. Leta, = M, —®(x,) + —¥(x,). Note that for 0 < ¢ < § we have M, < M;
£

and
1 1
My > ®(xg) — =W (xg) = Mg —a, + —W (x,).
2¢e 2¢e

Then

U (x,
% fz(MZS_Ms'i'O[s)

and (6.127) follows. Moreover by the lower semicontinuity of ¥

0 <y¥(x) <liminf¥(x,,) = 0.
&y —0

Using now the upper semicontinuity of & we have

d(x) > limsup D(x,,)

&n —0
] 1

= limsup | M,, — o, + —¥ (xs,)
g,,—)O 8”

= lim M,

e—>0
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>sup{®(x):x € O, ¥ (x) =0}
> d(x).

The result follows. ]

Proof of the comparison principle. Assume that

M sup {u(x) —v (x)} > 0.
x€O

Let e > 0 and

def 1
M s )=o) = o b=y
(x,y)€OXO €

Clearly for § > &, Ms > M, > u(x) — v(x), YV x € O and consequently M,
converges in R as ¢ — 0,

M.>M >0 and lim M, > M.
e—>0

Since O is compact and (x, y) > u(x) — v(y) is upper semicontinuous on Ox0,
there exists (xg, y) € O x O such that

1
u(xe) = v(ye) = 5 xe = yel = Me.
e
1
By Lemma 6.101, with ®(x, y) = u(x)—v(y) and ¥(x, y) = 3 |x — y|* we obtain

Jim . 2=0
o g eyl =0
We now conclude that there exists an gy > 0 such that

Xe, Ve € O, forall0 < & < g.

Since u (x) < v (x), Vx € 0O and whenever ¢, — 0 and x,,, y,, — X, it follows
that

lim M, = u(X) — v (%)

e—>0

sup{CD(x,y) C(x,y) € OxO,¥ (x,y) =0}
sup {u (x) —v (x)}

xe®
> 0.
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By Lemma 6.99, for 0 < ¢ < g there exist X, ¥, € S“ such that

1 _
_lp;(xg,yg),Xg) € J§9'+u(x£), and
€

1 L (6.129)
_gllf;(xg,yg),Yg) eJo v(ye)

and the inequality (jjj) in Lemma 6.99 reads here

Xe 0 _ 3(1 —1
0 -Y.)] " e\-11)
Let R > 0 such that O C B (0, R). From (4,) with & = ¢!, we deduce that

— e

Xe — )
<y57v(ys) 7Ys) _q)(xs~v(ys)» %7)(5)
1 2
Smg | |xe—ye| + = |xe Yel” )

and since u(x,;) > v(y,) for ¢ small enough, we deduce from (A4,) that

@ (xé" v(yé‘)’ YT ys ) XS) - q) (xé" M(Xg), u’ XS)
& &

< 8[v(ye) — ulxe)]

— 2

—8|: |Xe — Vel —}—M{|.
It follows that
q) (yE’ U(yb‘)v u’ YS) - @ (-x€1 u(xé‘)v uv XE)
& &

1
= mg (|x€ Vel + = |x£ y8|2) ) |: |xe — ys|2 + ng| .

Since u is a viscosity sub-solution and v is a viscosity super-solution of the equation
® = 0, we deduce from (6.129) that

Xe — Ve

@ (xg, u(x.), ,Xs) <0<® (ya, v(ye), = ; Y Ye) :

Hence

1
0 <mp (|x£ Vel + = |xa Vel ) 8|: |xe — y£|2+Msj|’
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then also

1 §
O<5M§5Mg§mR(|x5—y5|+—|x£—y£|2)——2 lxe — vel?
£ £

and letting ¢ — 0, we infer the contradiction
0<éM<0O.

The Theorem is established. |

We deduce from this theorem the uniqueness of the viscosity solution for the
Dirichlet problem.

Corollary 6.102. Under the assumptions of Theorem 6.98, ifu,v € C (5) are two
viscosity solutions of ® = 0 on O then

u(x)=v(x),Vxed0 = u(x)=v(x),VxeO.

This Corollary proves that our probabilistic formula provides the unique solution
of the corresponding elliptic PDE, satisfying the Dirichlet boundary condition in
the classical sense. However it follows from Theorem 7.9 in [18] that it is also
the unique solution in the larger class of those solutions satisfying the Dirichlet
boundary condition in the (relaxed) viscosity sense.

Let us now indicate how the above proof can be modified, in order to treat the
case of a parabolic PDE with Dirichlet condition at the boundary of a bounded set.

Let O be a bounded open subset of R?. Consider the Cauchy—Dirichlet problem

9

Lo xud i) =0 in 10, T[x O,

o ' (6.130)
u(t,x) = x(t,x), (t,x)€]0,T[x00, ’

u(0,x) =k (0,x) x € 0,

where ¥ € C([0, T[xO).

The notion of a viscosity solution to (6.130) is expressed as in Definition 6.96,
adding the requirement u(¢, x) < «(¢, x) (resp. >) for (¢, x) € (0,T) x 0O for u to
be a sub-solution (resp. a super-solution).

We have the comparison principle:

Theorem 6.103. Ler ® € C([0,T] x O x R x R? x S%) be a proper function
satisfying (A1) and (A,) for each fixed t € [0, T|, with the same § and mg. If
u € USC([0, T) x O) is a viscosity sub-solution of (6.130) and v € LSC([0, T) x O)
is a viscosity super-solution of (6.130) then

u(t,x) <v(tx), forall (t,x)€0,T)xO.
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An essential tool for the proof of this Theorem is the parabolic analog of
Lemma 6.99, which is as follows:

Lemma 6.104. Given u,v € C(O7), a > 0, let
a 2
Valt,x,y) = u(t,x) —v(t, y) — Elx -y~

Let (£, %, §) be a local maximum of ¥, in (0, T) x O x O. Suppose moreover that
there is an r > 0 such that for every M > 0 there is a C with the property that
whenever (p,q, X) € 73(29‘+u(t,x), |x—2|+|t =] < rand |u(t,x)|+|g|+|X| < M,
then p < C, and the same is true if we replace 73(29’+u(t, x) by —’Pé’fv(t, x). Then
there exist p € R, X, Y € S such that

0 (Pl —5).X) e Py uli.9)
() palE=9).Y) Py v(i.2)

X 0 1-1
(i) (0 _Y)§3a(_l 1).

Proof of the Theorem. We only sketch the proof. We first observe that it suffices to
prove that u(t, x) = u(t,x) —e/(T —t) < v(t,x) for all (¢,x) € (0,T) x O and
all ¢ > 0. Now u satisfies

-
S (1.%) + @t x.ii(r, ). Dir(e, ). D1, x)) < _(Ti—t)T
lim u(t, x) = —oo.

t—>T

From now on we write u instead of #. We want to contradict the assumption that
max(.yxolu —v] = § > 0. Let (7, £, ) be a local maximum of ¥, (7, x, y) from
Lemma 6.104, and write

PN A A o ~
M, =u(t,x)—v(t,y)—§|x—y|2.

From our standing assumption, M, > § > 0. It is not hard to show that for « large
enough, 0 < 7 < T, %, € O. Arguing as in the proof of Theorem 6.98 with the
help this time of Lemma 6.104, we conclude that there exist p € R, X,Y € N
¢ > 0 such that

p + Cb(f,fc,u(f,)e),a(fc _,),}\7X) S —C,
—p+ @@, P, v, ), a(x —3,Y) >0,

while
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We deduce that

c <Oy, v, ), a(x =P, Y) = O, %, ut, ), a(X -9, X)
<m(a|f — P>+ |2 — 7,

from which a contradiction follows. |

6.5.3 A Second Uniqueness Result

We are given a continuous and globally monotone f : R? — R? and a globally
Lipschitz g : RY — R?*4 together with

k€ CRY:;R™), and F € C([0, T] x RY x R™ x R"™; R™)

such that, foreach 1 <i <k, F;(t, x, y, z) depends on the matrix z only through its
i-th column z;. As already explained, this assumption is essential for the notion of
a viscosity solution of the system of partial differential equations to be considered
below to make sense. We assume specifically that for some constants C, p > 0:

(A21) |F(t,x,0,0,0)] < C( + [x]?), |kx)] =<CA+ |x|?),
(A.2ii)) F = F(t,x,y,z)is globally Lipschitz in (y, z), uniformly in (¢, x).
Remark 6.105. In the case of systems of equations, it does not seem possible to

weaken the Lipschitz continuity of F in y to a monotonicity condition as we do in
the case m = 1.

Under the assumptions (A.2i) and (A.2ii), for each t € [0, T] and x € RY, we
consider the system of PDEs

ou;
—a—L;(t,x) + @, (1, x, ult, x), Dui (¢, x), D2u; (¢, X)) = 0,

(t.x) € [0,T]xRY, 1<i<k, (6.131)
(T, x) =ki(x), xeRY, 1<i<m,

where

1
dD,-(t,x,r,q,X) = —ETV[gg*(X)X] - <f(x)’CI) - E(l’xvr’q)'

The notion of a viscosity solution for such a system is easily deduced from a
combination of Definitions 6.94 and 6.96.

We can replace “global maximum point” or “global minimum point” by “strict
global maximum point” or “strict global minimum point”. The proof of this claim
is very simple and we leave it as an exercise for the reader.
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Now we give a uniqueness result for (6.131). This result is obtained under the
following additional assumption:

(A21]1) |F(t’x»r7p)_ F(tvy’rvp)| SmR(|X—Y|(1 + |p|))»

for all x,y € RY such that |[x| < R, |y| < R, r € R™, p € RY, where for each
R > 0, mp € C(Ry) is increasing and mg(0) = 0.
Our result is the following:

Theorem 6.106. Assume that f,g satisfy (A2). Then there exists at most one
viscosity solution u of (6.131) such that

lim  |u(t, x)|e oDl — @ (6.132)
|x]—>+o00

uniformly for t € [0, T], for some § > 0.

Remark 6.107. Notice that any function which has at most a polynomial growth at
infinity satisfies (6.132).

The growth condition (6.132) is optimal to obtain such a uniqueness result
for (6.131). Indeed, consider the equation

_______ =0 in(0,T) x (0, 400), (6.133)

then u is a solution of (6.133) if and only if the function v(z, y) = u(t,e”) is a
solution of the Heat Equation

v 10%

——=-— =0 in(0,7) xR. 6.134

or  20x o 0.7) (0139
But it is well-known that, for the Heat Equation, the uniqueness holds in the class

of solutions v satisfying

lim  |u(r, y)le " = o0, (6.135)
lyl—>+o0

uniformly for ¢ € [0, T'], for some § > 0. And (6.135) gives back (6.132) for (6.133)
since y = log(x).

Let us finally mention that, in our case, the growth condition (6.132) is mainly a
consequence of the assumptions on the coefficients of the differential operator and
in particular on ¢ = gg*; under the assumptions of Theorem 6.106, the matrix a
has, a priori, a quadratic growth at infinity. If a is assumed to have a linear growth at
infinity, an easy adaptation of the proof of Theorem 6.106 shows that the uniqueness
holds in the class of solutions satisfying

lim |u(t,x)|e_‘s|"‘| =0,
[x|—=>400

uniformly for ¢ € [0, T'], for some § > 0.
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Proof of Theorem 6.106. Let u and v be two viscosity solutions of (6.131). The
proof consists of two steps. We first show that u — v and v — u are viscosity sub-
solutions of an integral partial differential system; then we build a suitable sequence
of smooth super-solutions of this system to show that |u — v| = 0in [0, T'] x R?.
Here and below, we denote by | - | the sup norm in R™.

Lemma 6.108. Let u be a sub-solution and v a super-solution of (6.131). Then the
function w := u — v is a viscosity sub-solution of the system

b _
—a—cj—Aa),-—K[|w|+|Vw,»g|] —0in[0,T] x RY, (6.136)

for1 <i <k, where K is the Lipschitz constant of F in (r, p).

Proof. Let ¢ € C%([0,T] x R) and let (¢, xo) € (0,T) x R? be a strict global
maximum point of w; — ¢ for some 1 <i < k.
We introduce the function

Ya(t,x.y) = u;(t,x) —vi(t,y) — n|x — y|> — (1, x),

where 7 is devoted to tend to infinity.

Since (ty, xo) is a strict global maximum point of u; — v; — ¢, by a classical
argument in the theory of viscosity solutions, there exists a sequence (t,, X, ¥)
such that:

(i) (tn, Xn, yn) is a global maximum point of v, in [0, T] x (B g)?, where By is a
ball with a large radius R;
@) (ty, xn), (tu, yn) = (to, X0) as n — 00;
(iii) n|x, — y,|? is bounded and tends to zero as n — oo.

It follows from a variant of Lemma 6.104, see also Theorem 8.3 in the user’s guide
[18], that there exist X, Y € S¢ such that

d
(B_(f(tn»xn), qn + Dgo(tn,xn),X) € P> u(ty, x,)

0,9:.Y) € ,Pz’ivi (s yn)
X 0 I -1 D%¢(t,, x,) 0
<
(O—Y)—4”(—1 1)+( o o)

qn = 21’1()(,, - YH)‘

where
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Modifying if necessary v, by adding terms of the form y(x) and y(y) with supports
in Bj /o> W€ may assume that (¢,, x,, y,) is a global maximum point of v, in

([0, T] x R?)?2. Since u and v are respectively sub and super-solutions of (6.131),
we have

0 1
_a_(f(tnwxn) - ETr(a(xn)X) —(f(xn), gn + Do(tn, x1))

_Fi(tmxn’ u(tm Xn), (Qn + D‘P(ln, xn))g(xn)) <0

and

1
—zTr(a(yn)Y) —{(fn),qn) — Fi(tn, yn, v(tns Yn)s Pn€(yn)) = 0.

The computation of Lemma 6.97 yields

S Trlgs™ (o) X] = S Trlgg™ m)Y ]+ /(o) — ). 40)
< nlx, = yul* + Trlgg™ (x2) D*p (8, x)].
Finally, we consider the difference between the nonlinear terms
Fi (tw, Xn, u(ty. Xn), (qn + D@(tn, xn))& (Xn)) — Fi(tw, Yus V(tns Yn): 4ng(Yn))

= m(|xn - yn|(1 + |png(Yn)|)) + Iglu(tnvxn) - U(tn, Yn)|
+I€|Qn(g(xn) —gWn) + Do(tn, xn)g(xn)|.

The first term on the right-hand side comes from (A.2 iii): we have denoted by m
the modulus my which appears in this assumption for R large enough. The two last

terms come from the Lipschitz continuity of F; with respect to the two last variables.
We notice that

|91 (8 (xn) — g(¥n))| = Cnlx, — yn|27
because of the Lipschitz continuity of g and that
%0 — Yl - 1gng(yn)] < Cnlx, — ynlz-

Now we subtract the viscosity inequalities for « and v: thanks to the above estimates,
we can write the obtained inequality in the following way

0 -
_8_(f(tnyxn) — Ap(tn, xn) — Kl|uty, x4) — v(ty, ya)| < w1(n),
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where we have gathered in w, (n) all the terms of the form n|x, — y,|* and |x, —
Yul; @1(n) — 0 when n tends to oco. To conclude we let n — oo. Since (t,, x,,),
(tn, yn) = (20, x0), we obtain:

dp ~ .
—; (o-X0) = Ap(to. o) — Kl (to. x0)| — K[ Dg(to. x0)g (x0)| = 0.
and therefore w is a sub-solution of the desired equation. |

Now we are going to build suitable smooth super-solutions for the equation
(6.136).

Lemma 6.109. For any § > 0, there exists a C; > 0 such that the function
x(t,x) =exp [(C((T —1) + 8 (x)]

where

Y(x) = [log ((IxP? + 1) + 1],
satisfies

P - _
—8—f—AX—Kx—K|ng| > 0in [, T) x R?

for1 <i <k wherety =T —§/C).

Proof. We first estimate the term K y, the main point being its dependence in x. For
the sake of simplicity of notation, we denote below by C all the positive constants
which enter into these estimates. These constants depend only on § and on the
bounds on the coefficients of the equations.

We first give estimates on the first and second derivatives of i: easy computa-
tions yield

_ 2]

Dy (x)| < W <4 inR?,
and
2 C(+ [y (x)]'?) d
|D Iﬂ(x)| = W n R* .

These estimates imply that, if ¢ € [¢1, T']

Dy (. x)| < (Ci(T —1) + 8) x(1. )| DY (x)]

[y (012

=< CX(I’X)(|x|2+—1)1/2 .
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and, in the same way

¥ (x)

D%y(t,x)| < Cy(t, )
[D"x (2, x)| = Cx( X)|x|2+1

It is worth noticing that, because of our choice of 7, the above estimates do not
depend on Cj.
Since gg* and ( f(x), x) grow at most quadratically at infinity, we have

0 - -
- 3—);(&)6) —Ax(t.x) = Ky(t,x) = K|Dy(z, x)g (x)]|

¥ (x)

Pl K—-CK[y(x)V*-CK

[y ()]
>xlC -C -C — .
= 1o - v e
Since ¥ (x) > 1 in RY, by using the Cauchy—Schwartz inequality, it is clear enough
that for C; large enough the quantity in the brackets is positive and the proof is
complete. |

To conclude the proof, we are going to show that w = u — v satisfies
lw(t, x)| < ay(t,x) in[0,T] x RY

for any @ > 0. Then we will let « tend to zero.
To prove this inequality, we first remark that because of (6.132)

lim  |o(r, x)|e " TosxP+DP
|x]—>+o00

uniformly for ¢ € [0, T'], for some § > 0. From now on we choose § in the definition
of x such that this holds. Then |w;| — ay is bounded from above in [t;, T] x R for
any 1 <i <k and

M = max maxd(|a)i| —a)()(t,x)e_lz(T_”

1<i<m [1) T]xR

is attained at some point (g, Xo) and for some ij.
We first remark that, since | - | is the sup norm in R"”, we have

M = max (o —a)()(l,x)e_k(T_t)
[t1.T]xR4
and |wj, (fo, X0)| = |w(fo,X0)|. We may assume without loss of generality that

|wi, (fo, X0)| > 0, otherwise we are done.

There are two cases: either w;,(fo,xo) > 0 or wj,(fo,Xo) < 0. We treat the
first case, the second one is treated in a similar way since the roles of # and v
are symmetric.



638 6 Annexes

From the maximum point property, we deduce that

Wiyt %) = ax(t, x) < (@, — ax)(to, xo)e K1

and this inequality can be interpreted as the property for the function w;, — ¢ to have
a global maximum point at (¢, x¢), where

o(t,x) =ay(t,x) + (wi, — a)()([o,xo)e—k(f—fo)'

Since w is a viscosity sub-solution of (6.136), if #y € [t;, T[, we have

d - -
—8—(f(lo,xo) — Ag (1o, x0) — K|w(to, x0)| — K| D¢ (o, x0)g(x0)| < 0.

But the left-hand side of this inequality is nothing but

0 - -
! [_B_)t((lo’ xo) — Ax(to, x0) — K x(t0, x0) — K| D (10, xo)g(xo)|] ;

since wj, (ty, Xo) = |w(ty, Xo)|; so, by Lemma 6.109, we have a contradiction.
Therefore ftp = T and since |w(T, x)| = 0, we have

lo(t, x)| —ay(t,x) <0in[t,, T] x RY.
Letting o tend to zero, we obtain
lo(t,x)| = 0in[r, T] x R?.
Applying successively the same argument on the intervals [, ;] where t, =
(t1 — 8/Cy)™ and then, if £, > 0, on [t3,1,] where 13 = (£, — §/C;)" ... etc, we
finally obtain that

lw(t,x)] =0 in [0, T] x R?

and the proof is complete.

6.5.4 A Third Uniqueness Result
Let D be an open connected bounded subset of R? of the form
D={xeR’:¢(x) <0}, Bd(D)={xeR!:¢(x)=0},

where ¢ € C? (RY), V¢ (x)| = 1, for all x € Bd (D).
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We define the outward normal derivative of v at the point x € Bd (D) by

d

v (x) Z d¢ (x) dv (x)

3 = (V¢ (x), Vv (x)).
Xj Xj

The aim of this section is to prove uniqueness of a viscosity solution for the
following parabolic variational inequality (PVI) with a mixed nonlinear multivalued
Neumann-Dirichlet boundary condition:

du(t,
ui‘)t x) —Aju(t,x) + 0o (u(t,x)) > F (¢, x,u(t, x), (Vug)(t, x)),
du(t. x) t>0, xeD, 6.137)
3, + oy (u(t,x)) > G (t,x,u(t,x)), t >0, x € Bd(D),
n —
u(0,x) =k(x), x €D,
where the operator A4, is given by
Av(x) = —Tr[g(t x)g* (1, x)D*v(x)] + (f(t, x), Vo(x)).
We will make the following assumptions:
(I) The functions
f :[0,00) x RY — RY,
g :[0,00) x RY — R*4
F:[0,00) x D x RxR? - R, (6.138)
G :[0,00) xBd(D) xR — R,
k:D—>R

are continuous.
We assume that for all 7 > 0, there exist@ € Rand L, 8,y > 0 (which can
depend on T') such that V¢ € [0, T], Vx,% € R¢:

(f(t,x)—f (%), |— t4lgt.x)—g (. )| < Llx—X|, (6.139)

and Vt € [0,T],Vx e D ,x' e Bd(D), y,7 e R,z,z € R%:

(i) (=3 (Ft,x,y,2) = F(t,x,7,2) < aly - %,

(i) |F(t,x,y,2) — < Blz—13l,

(iii) (1+[y1), (6.140)
) (=3 (Gt,x',y)=G@.x',7) <aly -7,

W G Xy <y d+]y).
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In fact, the conditions (6.140-i) and (6.140-iv) mean that, for all 7 € [0,T],
x €D, x eBd(D),zeR?,

re>ay—F(t,x,ry,z) and rar—G(t,x'.r)

are increasing functions.
(I) We assume that

(i) ¢,¥ :R — (—o0, 400] are proper convex l.s.c. functions,

6.141
(i) () =9 =0mdy()=yp©=0vyer M
and there exists a positive constant M such that
(i) |o(k()| =M. vxeD.
(6.142)

(ii) w(K(x))’ <M, Vx eBd(D).

Remark 6.110. Condition (6.141-ii) is generally satisfied after a translation of both
the functions ¢, ¥ and their arguments.

We define

Dom (¢) ={u e R: ¢ (1) < oo},
dpw)={ueR:a(v—u)+ew <e@),VveR},
Dom (d¢) = {u € R : d¢ (u) # 0},

(u, 1) € dp < u € Domdy, u € I (u)

and we will use the same notions with ¢ replaced by .
At every point y € Dom (¢) we have

dp(y) =RN[e_(»). ¢ (M].
where ¢’ (y) and ¢/, (y) are resp. the left and right derivatives of ¢ at y.

For the reader’s convenience we recall here from Sect. 5.8 the definition of a
viscosity solution of the parabolic variational inequality (6.137). We define

1
©(t,x.1.q. X) == =5 Tr ((g8") (1. ) X) = (f(t,¥). q) = F (¢, x,7,4g(t, %)),

r'¢,x,rq):=(Vo(x),q) —G(t,x,r).

Definition 6.111. Letu _[0 0) x D — R be a continuous function, which satisfies
u(0,x) =k (x), VxeD.
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(a) uis a viscosity sub-solution of (6.137) if:

u(t, x) € Dom (¢), V(t,x) € (0,00) x D,
u(t,x) € Dom (), V(z,x) € (0,00) x Bd(D),

and for any (¢, x) € (0,00) x D, any (p,q, X) € P>tu(t, x):

p+@(t, x,ult,x),q. X)+ ¢ (ut.x)) <0 if x € D,
min {p + @ (1. x.ut. x). q. X) + ¢ (u(t,x)), (6.143)
T, x,ult, x), q) + V' (u(t,x))} <0 if xeBd(D).

(b) The viscosity super-solution of (6.137) is defined in a similar manner as above,
with P> replaced by P*~, the left derivative replaced by the right derivative,
min by max, and the inequalities < by >.

(c) A continuous function u : [0, 00) X D is a viscosity solution of (6.137) if it is
both a viscosity sub- and super-solution.

We now present the main result of this section.

Theorem 6.112. Let the assumptions (6.138)—(6.142) be satisfied. If moreover the
function

r — G(t,x,r) is decreasing forallt > 0, x € Bd(D), (6.144)

and there exists a continuous function m : [0, 00) — [0, 00), m (0) = 0, such that

’F(t,x,r,q)—F_(t,y,r,q)} Sm(lx_y|(1 +|CI|))’ (6 145)
Vi>0,x,yeD, geRY, '

then the parabolic variational inequality (6.137) has at most one viscosity solution.

Proof. 1t is sufficient to prove uniqueness on a fixed arbitrary interval [0, T].

Also, it suffices to prove that if u is a sub-solution and v is a super-solution such
that u(0, x) = v(0,x) =k (x), x € D, then u < v.

Clearly by adding a constant we may assume that ¢(x) > 0 on D.

ForA =at 4+ 1and$, e, ¢ > 0let

u(t,x) =e u(t,x)—8¢(x)—c

v(t,x) =e Mvo(t,x) +8¢p(x) +c + TL—Z
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Let

~ 1
D (t,x,r,q,X)=Ar — ETI[ (gg™) (t,x)X] - (f(t,x),q)

—e_MF(t,x, eMr,eMgg (1, x) )7 (6.146)
L@, x,r q) = (Vo (x),q) —e™™G(t, x, e r).

Clearly r — ® (¢, x,r, ¢, X) is an increasing function for all (7, x, ¢, X) € [0, T] x
R? x R? x S¢. Moreover, since

sup  {l¢ () [+ [Dp ()| + D¢ (x) | + | £, 0)| + |g(t, 0)|} < o0,
(t,x)€[0.T]1xD

then for any 6 > 0, we can choose ¢ = ¢ (§) > 0 such that ¢(§) — 0 as § — 0 and
forall 8, ¢ > 0,

&J(Z,x,r,q,X) < &)(Z,x,r +8¢p +c,q+8Dp, X +5D2¢),
&)(f,xd‘—&b—c_%sq—SDqﬁ,X_SDzd’) = &)(tsx»r’qu)'

We will prove that u < v forall § > 0, ¢ > 0, ¢ = ¢(§). This will imply u < v on
[0, T) x D by letting §, ¢ — 0. The result will follow, since T is arbitrary.

Using the two last properties, assumption (6.144) and the fact that the left and
right derivative of ¢ and v are increasing we infer that u satisfies in the viscosity
sense:

ou -
a—?(r,x) + @ (1, x,@(t, x), Dii(t, x), D (¢, x)) + e Mg (eMii(t, x)) < 0
ifxeD,t>0

ou -
min 8—1;(1,x) + @ (¢, x,u(t, x), Du(t, x), D*u(t, x)) + e Mol (eMu(r, x)),

[ (t,x,u(t, x), Di(t,x)) + & + e My’ (eMi(t, x)); <0
if x € Bd(D),t > 0.

(6.147)
Analogously we see that v satisfies in the viscosity sense:

g—';(t,x) + @ (¢, x,5(t, x), Di(t, x), D*0(t, x))

+€_M(Pg_(e)ttl_}(l,X)) - rgty >0,ifxeD,t>0,

v -
max a—lt}(t,x) + @ (1, x,0(1,x), DU(1,x), D*5(t, x)) + e Mg/, (¥ (1, x))

&

T T (t.x,0(t,x), Dv(t,x)) — 8 + e My, (e’“f;(t,x))} >0

if x € Bd(D),t > 0.
(6.148)
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For simplicity of notation we write from now on u, v instead of &, v respectively.
We now assume that

max_ (u—v)" > 0. (6.149)
[0.T]xD

By an argument similar to that of Theorem 6.103, see Theorem 4.2 in [56] for more
details, there exists (7, £) € (0, T] x Bd (D) such that

u(, %) —v(f,%) = max (u—v)*T > 0.
[0,T]1xD

We now let

U (6, x,y) =u(t,x)—v(t,y)—py (t,x,y), with (£,x,y) € [0,T] x D x D,
where

n T I A N N
on(t,x,y) = > lx —y[* + e_MG(t,x,e’“u(t,x))(qu x),x— y) + |x — &*
e =71t = Myl (e Mu(d, 2)) (Ve (), x — y).
(6.150)

Let (¢,, x,, y») be a maximum point of ,,.

We observe that u (1, x) — v (£, x) — |x — X|* — |t — 7]* has (7, X) as its unique
maximum point. Then, by Lemma 6.101, we have that as n — oo

~ A ~ 2
by > 1, Xy = X, Yo = X, n|x, — yu|” =0,

~ ~ 6.151
u(ty, x,) = u(t, %), v(ty, x,) > v(,X). ( )

But the domain D satisfies the uniform exterior sphere condition:
Arg > OsuchthatS(x +r0V¢(x),r0) ND =@, forallx € Bd(D),

where S (x, rg) denotes the closed ball of radius ry centered at x.
Then

|y—x—r0qu(x)|2>r§, forx e Bd(D),y € D,

or equivalently

1 _
(V¢(x),y—x)<2—|y—x|2 forx e Bd(D),y € D. (6.152)
ro
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If x, € Bd (D), we have, using the form of p, given by (6.150) and (6.152), that
P (b X010 s 60) « D (s 3) ) = Dt %1 b 5) 1 (5 = 32)

+ TGI8, M )V (8) + 4 1xy = 2 (v — )

— YL (Mulh, )V (2) )
> _Ziro by — yul> + e MG (£, 2, M u(E, £)) (Ve (R), Ve (x))

— €M G (g0, € u (1, 30) ) + 4130 = X (Ve (0) s — £)

—e My’ (e”u(f, D)V (X). Ve (xn)).

Then (6.151) and the lower semicontinuity property of ¥’ implies that along a
subsequence {x, } which belongs to dD:

lim inf I:f (tn, Xp, U (ln, Xn) , Dxpn ([nv Xns yn)) +8+ e_M” 1//_ (emnu(tn, Xn)):l > 0.
n—00
(6.153)

Analogously if y, € dD we infer

lim sup[f“ (tns Yus ¥ (tns V) s =Dy o by Xy ) =8+ 4y, (X vy, x,,))] < 0.
n—00
(6.154)

From Lemma 6.104 we deduce that there exists
(p.X.Y) e RxS? xS,
such that

2.+
(P, Dxpn (t}’l’xna yn) ’ X) € 7) ) u(tn»xn)v
(P.=Dypn (tn. X, y0) . Y) € P7 v(ty, yu).

and

X 0 I,
<A+ —-A4°, 6.155
(O_Y)_ T (6.155)
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where A = D?c,ypn (4, Xn, yn). From (6.150) we have
—1I

A—n( [)+0(|xn—x|)

1
1
—2n2( ])—i—O(n X — % + [x0 — £[*).

Then (6.155) becomes

X 0 I -1 I 0
<
(0 _Y)_3n(_1 ])+8n(0 1), (6.156)
where §, — 0.

Then from (6.147), (6.148) together with (6.154) and (6.153), we deduce that for
n large enough

p + é(l‘l‘lv-xi'lvl’t(l‘nv-xf’l)7D)Cpn (tnaxm yll)’X) At”(p ( Atnu(tnvxf’l)) = O

and

p + é(l‘n’ Yn, v (Zna yn) ’ _Dypn (Zn’ Xn, J’n) ’ Y) + e_/\t”goif— (e/\[n U([n, yn))
€
>
(T - tn)z
Subtracting the last two inequalities, we deduce that

&
(T = &) (6.157)
= qz(tn»yn»v(tnv Vn) = D, py, (tns Xns Yn) » Y) + e~Hn +( M"v(tn»yn)) ’

=D (1, X e (g Xn) « D (tn, X, yn) s X) — e Mgl (e uty, x,)).

By (6.149) and (6.151) there exists an N > 1 such that for all n > N, the above
holds together with

u(ty, Xn) > v(tn, yn), (6.158)
and consequently

e Mg (e)""u(t,,, xp)) = e Mgl (eM"v(t,,, Yn))-
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Combining this with (6.157), we deduce that

& ~
T=n)y < D (tys Yuo v (T, ) - =Dy o (tn X2 Yu) . Y)
n

_? (tn»xnau(tnsxn)anpn (Zi’laxn9 yf’l)aX)
= ETr[ (gg") (tn, xn) X — (gg™) (tu, yn)Y] + Cnlx, — yn|2 + Wy,

where w, — 0 as n — oo. Note that we have used the assump-
tion (6.145), (6.151), (6.158), the fact that r — Ar — F(t,x,r,z) is increasing,
and the Lipschitz continuity of F' with respect to its last variable.

From (6.156), YV ¢q.G € R?,

(Xq.q) = (Yq.q) =3nlg = 31" + (lgI” + 141" ).
Hence by the same computation as in Lemma 6.97 we obtain
Te[ (g8") (tn, Xn) X — (88”) (tas ya) Y ]

<3C nlxy = yal* + (18t x0)* + 18t ya)I* )30,

and consequently taking the limit in the above set of inequalities yields

&
— <
(T —1)?

’

which is a contradiction.
Then

u(t,x)<v(t,x), V(t,x)el0,T]xD.

6.6 Annex E: Hints for Some Exercises

Chapter 1
Exercise 1.7
By Proposition 1.34 we have

B (Br)17) = 5 (5 (ST =1+ B) 17

= /Rg (x\/ﬁ+ B,)p(x)dx.

Setting here g (4) = 1(—c0,q] (), the second assertion follows.
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Exercise 1.15: Let N > 0 and a sequence &, \ 0 as n — oo. Then

P (limsup IBHE;—_BA > N) =P (ﬂPI J (Uk>n (|Bt+£k — B/ > Nak)>)
n = =

n——+oo
— lim P (Um (1Bise, — B/ > Nek))

n—00

> liminfP (| B;4,, — B:| > Ne,)

n—-+o00

= liminfP (|B| > N /)
o0

n—>+
=P (|B:] > 0)
=1.
Exercise 1.16: Let us write S,Ep ) = S(Ai ) (B.;[s,t]). The results are consequences

of the following inequalities (see Proposition 1.86 for the first one) combined with
Proposition 1.14 and Proposition 1.7:

E[s® - (- s)]2 = Var (5@) =21, ¢ = 9)

and
SP <SP x (my (|A)72, forp>2, and
S < S x (mp (A7, forl<p<2,
where

mp (§) = sup{|B, — By| 1 u,v € [s,t], |u—v| <48},

is the modulus of continuity of {B, : u € [s,t]}.

2
Exercise 1.17: Applying the inequality (1.25) with ¢ = -
€

deduce that for all 5,7 € [0, T

1 £ _
3 Eandp— , We

1X; (@) = X (0)| <& () T° |t _S|%—E’
where

0. ifT =0,
E@=kr@=1C /T/TlBu@)—Br(w)'gdudr i£7 >0
T \Jo Jo , '

Sk

1
lu—r|e
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Letl <g < % < p. By Lyapunov’s inequality and Minkowski’s inequality (1.24)
from Exercise 1.2 we obtain

1€l s 70 < 1§llr@.7p)

/ / T dud
lu— r| Ler/2(Q, F P)

i85
o e e,
T lu—rle

= Ca,p»

€
2

[STE)

since

2

1B, — 5. = (B|B,— B,I")"

LeP/2(Q,F.P)
2
= (Cplu—r)7.

Exercise 1.19: Deduce from the proof of Theorem 1.40 that forany 0 < § < b/a,
there exists a constant K = K(M, T, a, b, §) such that for all &, A > 0,

P mys (200, 7]) = 1) = 2B (m, (5[0, 7]) < 56

and conclude that (ii) in Theorem 1.46 is satisfied.

Exercise 1.20 (2) By Lemma 1.73 and Proposition 1.65, we infer that
(U,(A));e[o,r] and (Z ,(A) )tefo,r] are continuous martingales.

(3) Let the stopping time 7, = inf{t >0:|M;|+ <M >,> n}. Then
{Zt(i)rn;t > O} is a martingale and for all0 < s <7t

EFSZ(A) < liminf E” Z,(j\\), = hmlanEA) Zfl).

n—+o00

(5) By Proposition 1.59 with ¢ (x) = e**, {e“M’W;t > 0} is a sub-martingale
and the inequality follows by Doob’s inequality (Theorem 1.60) and Holder’s
inequality.

(6) The inequality yields that {Z @

ing, 1 E N*} is uniformly integrable and

consequently E Ztm =lim, o EZ W =1,

NG, T
(7) In the inequality from (6) with A= 2, one passes to the limit as n — oo

and then A 7 1.
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(8) We have E(e%MT) - ]E(ﬁTe%<M>T) < E ZT)2E(e%<M>T) <
E (e%<M>T) < oo.

Chapter 2

Exercise 2.1: («<): From the theory of the Riemann—Stieltjes integral we know
that if g € BV[0,T], then S, (f) converges (to the Riemann—Stieltjes integral

fo f (1) dg ().
(=): Let S, (f) be convergent forall f € C[0,T]. Then S, : C[0,T] - Risa
bounded linear operator such that

sup [, (f)] < o0,

n>1
and by the Banach—Steinhauss Theorem

sup || Syl = M < o0,

n>1

where ||S,|| = sup{|S, (/)| :lfll; <1}. For a fixed n we can construct s, €
C [0, T'] such that &, (tl”) = sign {g (ti”H) —-g (ti”)} and ||4,]|; = 1. Hence

Zw,ﬂ (") = Sy (hy) < |Sa]l < M,

and as a consequence g is of finite variation.

Note (Banach—Steinhauss Theorem). Let X be a Banach space and let Y be a
normed linear space. Let S; : X — Y, i € I, be a family of bounded linear
operators. If for each x € X the set {S; (x):i € 1} is bounded then the set
{ISi|| : i € I} is bounded.

Remark: This is not a contradiction since the subsequence {rn;} depends on f.
Exercise 2.3: If £ is the linear subspace of L?(R) consisting of those functions
f of the form:

f =Za,«1[ti7ti+l[, neN0=t<t<---<ty;a €R,i<n,
i=0

then H|[B] is the closure of {B(f), f € £}, which coincides with {B(f), f €
L*(R4)}. Moreover the set {B; = B(1y,). ¢ > 0} is total in H[B].
Exercise 2.4: Let s € [0, T]. We have

[(/ f(t)dB,+/ f(t)B,dt) :| [ f(l)dt+/ G A1) dr

= f(T)s.
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Since E|B;| = \/g, it follows that f0°° | £/ ()| B:|dt < o0 a.s., and

£y di = / (L Lo (0) 7 (0) it A l[t.oo[(v)f’(v)dV) dt

0 0

5/0 /0 A @] )] ducdy
s/owfow Sl f )| ()] dudy

_ (/Ooo Jal @) du)z < oo,

Exercise 2.5: Note that
g (x)=30x—1)22=x)?>0 and g’ (x)=60(x—1)(2—x)(3—2x).
and for x € [1,2]

x—1+2—x)2_1

Of(x—l)(2—x)§( . L

and therefore for all x € [1, 2],
0<g'(x) <2, |¢"W)]=15

The relation (2.67) follows by taking the limit as & — 0 in 1t6’s formula for ¢, (X;).
Chapter 3
Exercise 3.1: Consider the equation

X, =&+ [y F(s,Xy)ds

t
+/0 (—M ()= 520 6) - %) Xods + [ G (5. X, aB,. O

By Theorem 3.27, it has a unique solution X € Sg and from the inequality (3.18)
we clearly have (3.131)

U = (—u ()= 222 (1) - 3) X, (6.160)
2 p

where X € S[? is the solution of the Eq. (6.159). The inequality (3.132) shows us

that Y, = eat#'fz)m is a super-martingale and then (3.134).
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Exercise 3.3: First deduce the following from the stochastic Gronwall inequali-
ties (Annex C)

T p .
E sup |X— X,|? < C,E ([ |F. (r. X,) — F (r, X,)| dr) eCrlo [M+(r)+12(r)]dr.
t€[0,T] 0

Exercise 3.9: (1i) We clearly have

1 b |u|2
b
Eexp(C|x+B,|>_( )/Z/Jexp(c‘x—l—ﬂu‘ )du<oo,

forall C,t > Oifand only if 0 < b < 2.
(1i)) If 0 < a < 2, then by Jensen’s inequality

t 1 t
E exp (C/ |x + B‘Y|“ds) < ;/ E exp (Ct |x + B‘Y|“)ds < 00.
0 0
If —1 < a < 0, then by Corollary 2.30 we have

+ By|“ ds.

t 2 1 P
|x + B,|*T? = (a+2)/ |x+B|* (x_i_BS’dBS)_i_(a—i—)zi—i—)/ x
0 0

Hence by (2.62-b)

t
E exp (C/ |x + Bs|” ds)
0

1/2 t 1/2
< [Eexp (C] |x + B,|“+2)] |:Eexp (Cz/o |x + By|* (x + BS,dBS)):|

1/2 f 1/2
< [Eexp (c1 Ix + B,|“+2)] |:Eexp (202/ Ix + By[2t? ds)}
0

< Q.
(1iii)

E {exp [C log® (|x + B:])]}

>/ oClogll Ly g,
= JoaF Qm1)k/?

1 2 -
> We—(k+\x|) /21/ A o § 108 () g
T [0,1]*



652 6 Annexes

1

2
> Cirx eClog “du

o0 2
= Crix e eV dy

S—

= 00.
(1iv) Observe that for every « €]0, 1], there exists a C, > 0 such that
log? [x| < Cu + [x] + |x| ™

and consequently (iii) follows from (if).
(2). Existence follows in both cases from Lemma 2.49 and Girsanov’s Theo-

rem 2.51. Uniqueness in law on (2, F, ,7 ) (resp. (Q JF AT,,)) follows again from

n
Girsanov’s Theorem, where

t
T, =inf{t >o:/ |g(XS)|210g2(|XS|)ds>n},
0
R t
T, =inf{t >0:/ |g(XS)|2|XS|“ds>n}.
0

It remains to note that Tn — 00, f,, — 00, as n — 0Q.

Exercise 3.10 The function F : R - R, F (x) = f (x) \/ESign (x) is locally
monotone and x F (x) < 0, but it is not locally Lipschitz.

Chapter 4

Exercise 4.1

1. The existence and the uniqueness of the solution X" € S? [0, T] follows from
Theorem 3.17; by the comparison result from Proposition 3.12 we have X" +! >
X/, forallt € [0,T], P-a.s.

2. Let L and £ be the Lipschitz constants of f and, respectively, g. We have

t t
X -1 =(X—1)+/ ng+/ g(X!)dB;,
0 0
with dK" = [ f(X?) 4+ n(X")"]ds and G = g(X”). Since
dD} + (X;' — 1) dK} + |G/'|*dt < dR, + |X]' — 1> dV,.

where D7 = [ [0 Pasn [ xyas k= (517 WOF 421 OF )
0 0

1
and V,= (L + 5 + 2@2) t, it follows by (6.78) (with p = 2 and A = 1/18)
that
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T 2 T
E sup |X' —1?+E (/ n[(x"7] dt) +E (/ n(Xf)—dt) <G
tel0,T] 0 0

3. Since, moreover, (X')” > (X/'T')” forall ¢ € [0, T], P-as., it follows that

lim, o (X/')” = 0, dP ® df — a.e. By 1t0’s formula for [(Xl”)_]2 (see
Proposition 2.35), we deduce E sup | (X)) |* — 0, as n — oo.
0<t<T
4. Since

(X! = X" [ (X7) = f (X") + (X)) —m(X[") "] di
+ g (X)) — g ()| e
< (n+m) [((X))”" (X7 ]de+ (L + ) |X] = X[ dr,

we see, by (3.138), that

E sup |X"—X"|* < CE/T (n+m)[(X)~(X")"]at
1€0,7] 0
1/2 T 2
<CE (IE sup [(X,m)_]z) |:E (/ n(Xt")_dt) :|
t€f0,7] 0
1/2 T 2
+CE (]E sup [(th)_]z) |:]E (/ m(X,m)_dt) :|
tel0,7] 0

— 0, asn,m — oo.

1/2

1/2

9. Itis sufficient to prove that the SDE

X, = x+ f (f (X)) + Lf O] Ly.—o) ds + / ¢ (X,)dB,

has a unique positive solution X € S2[0,T]. The uniqueness of positive
solutions follows from

(X = R) [£ QO+ 1 OF Ly — £ (£) = [f O 14—,
+ ‘g (Xs)—¢g ()25)

~ 12
< (L+£2)‘XJ—XS

and Corollary 6.77. The existence of a positive solution follows from the
approximating equation
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Xf=x+/0t |:f (X5 +[f O] (1_@)+j|ds+/:g()(f)d33.

Note that X¢ = 0 is the unique solution of the SDE
3 oo 1%\ oo
Xf=0+/ fX)-foOf1-— ds—l—[g( J) dB;,
0 € 0

+
and £ (0)+[f (0)] (1 - %) > 0, which yields (by Proposition 3.12) X* >

10. By Remark 2.27 we have for all > 0,

t t
0= / 1y,—, g% (Xy)ds = g% (y) | 1x,=,ds.
0 0

Exercise 4.2: On each interval I the equations from the schema (4.149) have
unique adapted solutions U”, V" and Y", respectively; U” is absolutely continuous;
t

d
H' = F(-,U") — EU- e L'(2x]0, T]). Let K = / Hds. To prove (4.150)
0
the steps are:
LE(UP+IV2E IR+ X0+ $K787) < € (1 + ElHolY):

C
2. B sup [V = U = -5 (1 + ElHol');

t€[0,T]
C
3. E sup |Y—U*+E sup |X'—U/|* < = (1+E|Ho|*);
1€[0,T] 1€[0,T) n
C
4. E sup |Y" —U"? < — (1 4+ E|Ho|*);
reo.r] ! «/ﬁ( )

5. Lett € I'. By It¢’s formula for |Y," — X; |* and the above estimates we obtain
(4.150).

Exercise 4.3: In the same manner as the estimate from Proposition 4.8 is
obtained, we derive using Proposition 6.74 the boundedness of approximating
quantities. Then estimating, via the same Proposition 4.8, X¢ — Xand X®— Xand
using Proposition 6.9 the convergence results follow.

Exercise 4.4: For the first four questions, choose the control in feedback form as
follows:

Us =—- (/’L (s) + lInpZz (s) + 2) (Xy — xo) .
2 p

For the last question, choose
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== [+ (5mp +902) £+ 4 | (% 0.

Exercise 4.5: The equivalence follows easily from Example 4.79.
Exercise 4.6: 1&2 Letx € I1g (x) and y € ITg (y). Then

di(x)—dz(y) < |x =P =y =5
=|x—yP+2(x—y.y—7)
<lx=yl(x=yl[+2]y—al.

3. LetO <A< landx,y € RY. Putz = Ax + (1 — A)y. Then there exists a
7 € E suchthat dg(z) = ||z — Zz||. Hence

o —di(2) = |z — lz—2
=2(z,2) — 2
=2 (202 - 7) + 1= (2(0.2) - )
= A(xPP = x =2+ A=y =1y =2
< A(Ix]? = dz(x) + (1= )|y = dz ().

4. According to Alexandrov’s Theorem (1939),' the function x + |x|* — dZ(x)
is almost everywhere twice differentiable, consequently so is x > dz(x).
Chapter 5
Exercise 5.1
Let p > 2, § > 0 and the Banach space

V2R (0,T) Y (Y. Z) € SO[0,T] x A

mxk

0, 7): I(Y, Z) 5 < oo},

where

T p/2
MKZMQ@EswemﬂnV+E(/e@“waﬂg)
s€[0,T] 0
T p/2
+E (/ ez‘WS|ZS|2ds) ,
0

. 8,
and the complete metric space Vf;,k 0, 7)=N 550 Vm{’ . (0. 7).

! Alexandrov, Alexandr Danilovich (1939) The existence almost everywhere of the second differen-
tial of a convex function and some associated properties of convex surfaces. (in Russian), Ucenye
Zapiski Leningrad. Gos. Univ. Ser. Math. Vol. 37, N. 6, pp. 3-35.



656 6 Annexes

Using Lemma 6.58 we show that the mapping I" : Vf’;’,k 0,7y - V? mi (0.T)
given by

Y,Z2)=T(X,U)
T T

Y, = 77"’_/ <I>(s, X, Us)de _/ ZdB;
t t

has a unique fixed point in Vf;.k (0,T). First I is well defined because by
Corollary 2.45 E sup, ¢ 7 e?1 1Y,|? < oo and by the inequality

|YS|2 LSdQs + (YS7 CI) (S» XS» US)) dQv
< 105 | X5 LodQy + 55 | Ul ds + [Y,| | (5,0,0)[ dQ; + [Y,[* 8dV, V8 > 1

and Proposition 5.2 we get ||(Y, Z)||§V <ooforall§ > 1.
From the inequality

|Ys — Y|LdQY (v, — Y/QD(SXS,U)— (s, XU, ))dQY

< % U= U/ ds + 155 1Xs — X LydQ, + Y, — Y/[" 8dV,, V6 > 1

and Proposition 5.2 we obtain

!/ C /7
|0 =2 = 20}, = o [0 = () i

which tells us there exists a §, > 1 such that " is a strict contraction on
(Vﬁl’k ©,7),| - ||5V>, for all § > &, and consequently, by Lemma 6.58, T" has

a unique fixed point in V) (0, T).
Exercise 5.3: Since

(Y, =Y)(Ge (1Y), Z]) = Gs (1. Y. Z7))
< LY =Y @+ 1Y+ Y| +1Zi | +Z0))

we obtain, by Proposition 5.2, with N = 0, V = 0, A = 0, that

T ) r/2
E( sup |Y;—Yf|”> +E (/ |ze - Z?| ds)
s€[0,T] 0

T p/2
<CE (/ LY = V2| (2 |YE] + V2] 412 + |Z§|)ds)
0
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1/2
<c,|e( wp vy
s€[0,T]

X |:IE (/(;TL (2+ YE|+ |Ys8| 1z + |Z§Dds)p]

1/2

Exercise 5.5: We apply the existence and uniqueness result from Theorem 5.27
and the comparison result from Theorem 5.33 for the BSDE

T T
Y, = n+/ Y, (1 —YS+)ds—/ (Z,,dBy)
t t

with0 <n < 1.
Exercise 5.7: Assume that E is not convex. We shall show there exists a bounded
continuous function g : R¥ — E such that

P {Y, ¢ E}) >0, forsomet € [0, T].
If E is not convex, we can find a,b € Bd(FE) such that ¢ # b and a +

A(b—a) ¢ E forall A €]0,1[. Let § = 1dp(“t2) > 0. Define g : RF — E
by g (x(“, x@ . ,x(k)) =a+(b—-a)l e (x(l)). By Exercise 1.7 we have

(1)
1-B
(1) _ _ t
(e (1) 2) =+ om0 (1225
where
r ‘2
®(r) := —/ e zdx, r € R.
We also have

<E <M(T —1) =<4,

Y, —Elg (87 1]

T
/ Fyds|F,

t

ift € [T — % T], where M > 0 denotes the bound of F'.
Then forall 7 € [T — 2. T,

a+b
2

a+b
2

Y, - =<

v, 5lg (") 17|+ [Ble (") 17 -

T —t 2

<8+1|b—al
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0)
0<P||® 1-5 _ESL
T—t) 2|7 |b—al
5@( “+b520

<P, ¢E).

Therefore

Yl_
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