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Preface

This book is a result of our ten-year fruitful collaboration. It deals with integral
operators of harmonic analysis and their various applications in new, non-standard
function spaces. Specifically, we deal with variable exponent Lebesgue and amal-
gam spaces, variable exponent Holder spaces, variable exponent Campanato, Mor-
rey and Herz spaces, Iwaniec—Sbordone (grand Lebesgue) spaces, grand variable
exponent Lebesgue spaces, which unify two types of spaces mentioned above, grand
Morrey spaces, generalized grand Morrey spaces, as well as weighted analogues of
most of them.

In recent years it was realized that the classical function spaces are no longer
appropriate spaces when we attempt to solve a number of contemporary problems
arising naturally in: non-linear elasticity theory, fluid mechanics, mathematical
modelling of various physical phenomena, solvability problems of non-linear par-
tial differential equations. It thus became necessary to introduce and study the
spaces mentioned above from various viewpoints. One of such spaces is the variable
exponent Lebesgue space. For the first time this space appeared in the literature
already in the thirties of the last century, being introduced by W. Orlicz. In the be-
ginning these spaces had theoretical interest. Later, at the end of the last century,
their first use beyond the function spaces theory itself, was in variational prob-
lems and studies of p(x)-Laplacian, in Zhikov [375, 377, 376, 379, 378], which in its
turn gave an essential impulse for the development of this theory. The extensive
investigation of these spaces was also widely stimulated by appeared applications
to various problems of Applied Mathematics, e.g., in modelling electrorheological
fluids Acerbi and Mingione [3], Rajagopal and Ruzicka [301], Ruzicka [306] and
more recently, in image restoration Aboulaich, Meskine, and Souissi [1], Chen,
Levine, and Rao [42], Harjulehto, Hésto, Latvala, and Toivanen [127], Rajagopal
and Ruzicka [301].

Variable Lebesgue space appeared as a special case of the Musielak—Orlicz
spaces introduced by H. Nakano and developed by J. Musielak and W. Orlicz.

The large number of various results for non-standard spaces obtained during
last decade naturally led us to two-volume edition of our book. In this Preface to
Volume 1 we briefly characterize the book as a whole, and provide more details
on the material of Volume 1.
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Recently two excellent books were published on variable exponent Lebesgue
spaces, namely:

L. Diening, P. Harjulehto, P. Hast6 and M. Ruzicka, Lebesgue and
Sobolev Spaces with Variable Exponents, Lecture Notes in Mathematics,
Vol. 2017, Springer, Heidelberg, 2011,

and

D. Cruz-Uribe and A. Fiorenza, Variable Lebesgue Spaces, Foundations
and Harmonic Analysis, Birkh&duser, Springer, Basel, 2013.

A considerable part of the first book is devoted to applications to partial differen-
tial equations (PDEs) and fluid dynamics. In the recent book

V. Kokilashvili and V. Paatashvili, Boundary Value Problems for An-
alytic and Harmonic Functions in Non-standard Banach Function Spa-
ces, Nova Science Publishers, New York, 2012,

there are presented applications to other fields, namely to boundary value prob-
lems, including the Dirichlet, Riemann, Riemann-Hilbert and Riemann—Hilbert—
Poincaré problems. These problems are solved in domains with non-smooth bound-
aries in the framework of weighted variable exponent Lebesgue spaces.

The basic arising question is: what is the difference between this book and the
above-mentioned books? What new theories and/or aspects are presented here?
What is the motivation for a certain part of the book to treat variable exponent
Lebesgue spaces? Below we try to answer these questions.

First of all, we claim that most of the results presented in our book deal with
the integral transforms defined on general structures, namely, on measure metric
(quasi-metric) spaces. A characteristic feature of the book is that most of state-
ments proved here have the form of criteria (necessary and sufficient conditions).

In the part related to the variable exponent Lebesgue spaces in Volume 1
we single out the results for: weighted inequality criteria for Hardy-type and
Carleman—Knopp operators, a weight characterization of trace inequalities for
Riemann-Liouville transforms of variable order, two-weight estimates, and a solu-
tion of the trace problem for strong fractional maximal functions of variable order
and double Hardy transforms. It should be pointed out that in this problem the
situation is completely different when the fractional order is constant. Here two-
weight estimates are derived without imposing the logarithmic condition for the
exponents of spaces. We also treat boundedness/compactness criteria for weighted
kernel operators including, for example, weighted variable-order fractional inte-
grals.

For the variable exponent amalgam spaces we give a complete description of
those weights for which the corresponding weighted kernel operators are bounded/
compact. The latter result is new even for constant exponent amalgam spaces. We
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give also weighted criteria for the boundedness of maximal and potential operators
in variable exponent amalgam spaces.

In Volume 1 we also present the results on mapping properties of one-sided
maximal functions, singular, and fractional integrals in variable exponent Lebesgue
spaces. This extension to the variable exponent setting is not only natural, but
also has the advantage that it shows that one-sided operators may be bounded
under weaker conditions on the exponent those known for two-sided operators.
Among others, two-weight criterion is obtained for the trace inequality for one-
sided potentials.

In this volume we state and prove results concerning mapping properties of
hypersingular integral operators of order less than one in Sobolev variable exponent
spaces defined on quasi-metric measure spaces. High-order hypersingular integrals
are explored as well and applied to the complete characterization of the range of
Riesz potentials defined on variable exponent Lebesgue spaces.

Special attention is paid to the variable exponent Holder spaces, not treated
in existing books. In the general setting of quasi-metric measure spaces we present
results on mapping properties of fractional integrals whose variable order may
vanish on a set of measure zero. In the Euclidean case our results hold for domains
with no restriction on the geometry of their boundary.

The established boundedness criterion for the Cauchy singular integral op-
erator in weighted variable exponent Lebesgue spaces is essentially applied to the
study of Fredholm type solvability of singular integral equations and to the PDO
theory. Here a description of the Fredholm theory for singular integral equations
on composite Carleson curves oscillating near modes, is given using Mellin PDO.

In Volume 2 the mapping properties of basic integral operators of Harmonic
Analysis are studied in generalized variable exponent Morrey spaces, weighted
grand Lebesgue spaces, and generalized grand Morrey spaces. The grand Lebesgue
spaces are introduced on sets of infinite measure and in these spaces bounded-
ness theorems for sublinear operators are established. We introduce new function
spaces unifying the variable exponent Lebesgue spaces and grand Lebesgue spaces.
Boundedness theorems for maximal functions, singular integrals, and potentials in
grand variable exponent Lebesgue spaces defined on spaces of homogeneous type
are established.

In Volume 2 the grand Bochner—Lebesgue spaces are introduced and some of
their properties are treated.

The entire book is mostly written in the consecutive way of presentation of
the material, but in some chapters, for reader’s convenience, we recall definitions
of some basic notions. Although we use a unified notation in most of the cases, in
some of the cases the notation in a chapter is specific for that concrete chapter.
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Chapter 1

Hardy-type Operators in Variable
Exponent Lebesgue Spaces

In this chapter we consider the Hardy-type operators

fly)dy
yﬁ(y)+1 ’

x

HOw f () = 0@ (@) 1/ y(agy) L Hpuf (@) = 2P@ e
0

with variable exponents, in variable exponent Lebesgue spaces. We present also
results on the LP()-boundedness of the Mellin convolution operators

0716 (Z ) f(y)i/y

on R, which generalize the above Hardy operators in the case of constant «, g
and g = 0. When proving Hardy-type inequalities, we pay a special attention to
the estimation of the constants arising in inequalities, which enables us to prove
also Knopp—Carleman inequalities in the variable exponent setting, via the known
dilation arguments with respect to the exponent, which is variable in this case.

In the case of constant exponents, the classical Hardy inequalities have the
form

=
d
st [T Oy, (1)
;Y L9(Ry)
and
[ 1)dy
m6+u B+1 <C Hf”Lr(RJr) ’ (1'2>
Yy L9(Ry)
x
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2 Chapter 1. Hardy-type Operators in Variable Exponent Lebesgue Spaces

where 1 < p < ¢ < oo and 11) + pl, = 1. They hold if and only if

and
1

a < 1/ and f[B>-— ,

p p
respectively. We prove such inequalities for variable exponent spaces. As is known
(Hardy, Littlewood, and Pélya [123]; see also Section 2 of Karapetyants and Samko
[151] for more details), one of the ways to prove these inequalities is to use the
homogeneity property of the kernels of the corresponding integral operators. This
property allows to reduce these inequalities, via the exponential change of vari-
ables, to the application of the Young theorem to convolution operators. We use
this approach also because it allows us to estimate the constants arising in the
Hardy inequalities.

1.1 Preliminaries

1.1.1 Definitions and Basic Properties

We do not give proofs of most of the initial basic material for the variable expo-
nent Lebesgue spaces; they are well presented in the already available books by
Cruz-Uribe and Fiorenza [49] and Diening, Harjulehto, Hasto, and Ruzicka [69].
However, we provide all the necessary definitions.

For an open set @ C R", we denote by LP()(Q, 0) the weighted space of
measurable functions f : Q — C with weight as a multiplier, i.e.,

HfHLP(')(Q,g) = llofllpe) = inf{)\ >0: / ’Q(@){(m)
Q

p(x)
dr <1p <oo. (1.3)

The notation LP()(Q) stands for LP()(Q, 1).

The relation
sil/s
1y = 1005, 5 € (0,p-] (1.4)

will prove useful in the sequel.
We will also use the notation L5 (Q) for the spaces defined by the norm

=i ] f(@)
HfHLfUm(Q) = 1nf{)\>0./‘ )
Q

when we wish to interpret the weight as a measure.

p(z)

w(x) de < 1}7
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We often assume that either

1<p_<pz) <py <o on €, (1.5)
or
l1<p_<p(x)<pr<oo on N (1.6)
From the definition of the norm || f|| := || f|| p»» (2) there follow the inequal-
ities
AP < Loy (F) < AP, i (A< L, (1.7)
1117 < Iy ( ) < AP it [IfI =1,

where the modular I, is given by

- / PPy,
Q

Theorem 1.1. Under the condition (1.5) the norm convergence in the space LP)(Q)
is equivalent to the modular convergence:

lm ||fm — f|| )—0(:> hm Ly(fm—f)=0

m—00
for fm, f € LPO(Q).
Proof. The proof is obvious by (1.7). O
We also admit the case where p(x) = +00 on a set denoted by
Qoo = {x € Q:p(x) = +o0}.

The norm in this case is introduced as

1oy = Il + Ifll=w), (1.9)

where "

) f y Py

1l = mf{bo V] wea
O\ Qo
We often use the local log-condition
1

Ip(z) — p(y)| < ol forall z,ye€Q with |z—y|< o (1.10)

|z—y|

where A > 0 does not depend on x and y. In case of a bounded set €2, the condition
(1.10) may be also written in the form
Ay .
Ip(x) — p(y)| < D x,y € Q, D > diam Q.

In
|z—y|
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The condition
< ; Z |z,
In(e + |z|) vl 2 Il
introduced in Cruz-Uribe, Fiorenza, and Neugebauer [51] is known as the decay

condition used for unbounded sets €. It is equivalent to the condition that there
exists a number po, € [1,00) such that

1 1 A
’ — < P forallw € Q. (1.11)
P P(z)| " In(e+|z])
Finally, we recall that the Holder inequality
1 1
f@)g(x) de| < E|flLoor o llglliro@, k= o T (1.12)
) i

is known to hold for f € LPO)(Q), g € LP)(Q), 1 < p(x) < py < o0.

1.1.2 Equivalent Norms

As is well known, when p is constant, the Riesz representation theorem states that

[ t@gta) do
Q

It holds also for variable exponents p(z) in terms of norm equivalence. By | f]|
we denote one of the norms

1l = sup / f(@)g(z) da

llgll,r <1 P

1fllp = sup
gl <1

oot |[fllpy == sup /\f z)| dx.

\QHp()\

(1.13)

Theorem 1.2. Let Q C R™ be an open set and let the measurable exponent p satisfy
the condition (1.5). Then

[fllpey < 1A 50y < FILFllpe),
for each of the norms (1.13), where | f||,.) s the norm (1.3).

Proof. The proof is straightforward, like in the case of constant p. The right-hand
side inequality follows by the Holder inequality (1.12). It suffices to prove the
left-hand side inequality inequality for f with ||f||;»c) = 1. We choose g(z) =
go(z) := | f(x)[P®)~signf(z) for the first norm in (1.13) and go(z) := | f(x)[P(*) 1
for the second one, so that go € LP()(Q) and Ly y(90) = Ipy(f), and then
lgoll oy = 1f sy = 1, and get [[f]I7) = Jo go(2) f(2) dw, = Iy (f) =1. O

For one more version of the norm for variable exponents, known as Amemiya

norm, we refer to Fan [84], where it was studied in the setting of Musielak—Orlicz
spaces.
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1.1.3 Minkowski Integral Inequality
Theorem 1.3. Let Q@ C R™ be an open set and let p satisfy the condition (1.6).

Then
/f(ny)dy
Q

Proof. For the norm (1.13) we have

Q/f(-,y)dy

with the constant 1, by the definition of this norm and Fubini’s theorem. Then
(1.14) follows by Theorem 1.2. O

<k [ 1760y (114)
r() Q

< [ 176y
() Q

1.1.4 Basic Notation

Everywhere in the sequel we use the following notation:

N is the set of all natural numbers; No = N U {0};

R” is the n-dimensional Euclidean space with the distance |z| = /23 + - - + 22;
Z is the set of all integers;

B(z,r)={yeR": ly —z| <71}

B(z,r) is the closed ball with center x and radius r;

Stl={xeR": |z| =1};

eni1 = (0,0,0,...,0,1) € R"+1;

Q) is an open set in R™;

0f) is the boundary of Q;

P(£2) is the class of measurable functions p : 8 — [1, oo], not necessarily bounded;
P(Q) is the class of exponents p € P(Q) with 1 < p_ < py < o0;

P8 () is the set of bounded exponents p € P(£2) satisfying the local log-condition;
Pg(Q) is the set of exponents p € P8(Q) with 1 < p_ < py < oo;

for unbounded sets Q, P (), Poo (), PL28(Q), and P128(€2) denote the subsets of
the corresponding above sets of exponents which satisfy the decay condition;

in the case Q@ = Ry, we denote by Py oo (R4) the class of exponent p € P(R4)
satisfying the decay condition at the origin and infinity, as in (1.47);

Ap(R™), p = const, is the usual Muckenhoupt class of weights, see (2.1);

Apy(Q) is the class of weights o such that the maximal operator is bounded in
the weighted space LP() (€, o);
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Apy(R™) is the class of weights ¢ satisfying the condition (2.3);
Ap(Q) is the class of restriction onto  C R™ of weights o € A, (R™);

We usually write inf and sup instead of essinf and esssup, without danger of
confusion of these notions;

The notation A =~ B for A > 0 and B > 0 means the equivalence c;A < B < A,
with positive ¢; and ¢y not depending on values of A and B.

1.1.5 Estimates for Norms of Characteristic Functions of Balls

We will often use the inequality
HXB(]:,T')HLP(')(Q) < CT”Z‘L’M (1.15)

when € is bounded or unbounded, but r runs over a finite interval; see also Lemma
1.4. We also provide its proof for bounded sets in a more general setting of quasi-
metric measure spaces in Lemma 2.57, see also a more general situation in the
Fuclidean setting in Theorem 2.62, and Corollary 2.63.

For unbounded sets the following estimate is valid (its indirect proof was
given in Diening, Harjulehto, Hasto, and Ruzicka [69, Corollary 4.5.9]; we give an
independent simple proof).

Lemma 1.4. Let Q = R", 1 < p_ < p(x) < py < oo and let p satisfy the local
log-condition in the case r < 1 and the decay condition in the case r > 1. Then

X B2 |l ooy ) < Creen (1.16)

where

L p(x)7 Zf 0<r<1,
plz,r) = { p(o0), if r>1.

Proof. The case r < 1 is in fact a direct consequence of the local log-condition
(see more details concerning the case r < 1 in the proof of Lemma 2.57, in the
setting of quasimetric measure spaces). So we pay the main attention to the case
r>1.

It is obvious that it suffices to estimate the function

_, P¥)
F(x,r) = / T o) dy.
ly|>1
ly—z|<r

Let first |z| > 2r. Then |y| > |z| — | — y| > . We have

Ip(y) — p(oo)|In7 < [p(y) — p(oo)|Infy| < C
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1
_n P
r  p(oo)

by the decay condition, which yields < T,Cn. Consequently,

F(x,r) < ¢ |B(x,r)| = C.
T’I'L

Let now |z| < 2r. Then B(z,r) C B(0,3r), so that
dy

P(v)
p(o0)

F(x,r) <

—n
1<|y|<3r

where we proceed as follows:

N dy
F(a,r) < Z / p(v)

k=0 7~ p(eo)
T ome(r)<|y|<2—F3r

with the notation my(r) := max(1,27%"13r) and N = [log,(37)] + 1. Hence

N dy
F(z,r) < Z / )
(2k|y|/3) " reeo

k=0 my (r)<|y|<2=*3r
N
—k P- dy
<CY 27" S -
f— p(oc
k=0 my(r)<|y|<2—F3r ‘y|

Therefore, in view of the decay condition we obtain
N J N 2*’€3rd
F(z,r) QCZQ%M;) / Y :CZQ”%(;) / <0<
k=0

‘y|n
k=0 X ke .
my (r)<|y|<2—k3r my (1) O

1.2 Convolution Operators

The Young theorem for convolution operators with a kernel k € L*(R™) is not valid
in general in the case of variable exponents, but some classes of integrable kernels
for which the convolution operators may be bounded in LP()(R™) are known, as
presented in the next subsection.

1.2.1 Convolution Operators Bounded in LP()(R™)

As is well known, a convolution operator with sufficiently “nice” kernel is controlled
by the maximal operator

1
I = BWB(_/ i
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Namely, the pointwise inequality

[r(2Y) s

Rn

sup
e>0 E"

Lcf(x) (1.17)

holds whenever the kernel k satisfies the following property (A):

(A) k has a radial decreasing integrable majorant, i.e., |k(z)] < K(|z|) and
Jon K(|2]) dz < oc.

Note that in this case ¢ = 2|[K||p1(gn). Consequently, every convolution op-
erator with such a kernel is bounded in LP(*)(R™) whenever the maximal operators
is bounded in this space.

In the sequel we denote

Kernels k. satisfying the above property (A) are called potential type dilations.

By Theorem 2.19, presented later, the condition p € P¢(R™) guarantees the
uniform boundedness

/%Ax—wfwww

Rn

sup
e>0

<O fllpey
p(+)

of such dilations. Recall that the assumption p € P%8(R") excludes the case
p—=1.
For the maximal operator over a domain {2 we use the same notation;

1
@ =sp o[l
B(z,r)NQ

In the following, we denote by P () the set of exponents p € P () for which the
maximal operator is bounded in the space LP()(Q).

The following theorem, where we consider
ke x f(x) = /ke(w —y)fy)dy
Q

over an arbitrary open set 2 C R"”, is free of the restriction p_ > 1.

Theorem 1.5. Let 2 C R™ be an open set. Then each of the conditions:
(i) k. is a potential type dilation and p € P(),
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(ii) k has compact support and k € LP+(R™) and

Plog(Q), if Q is unbounded,
PEYpPesq), if Q is bounded,

implies the uniform estimate

[| ke * f||p(~) < c”f“p(')'

The proof of Theorem 1.5 in full detail may be found in Cruz-Uribe and
Fiorenza [48]; we will also prove it later in Section 7.7.2 under the hypothesis
(ii) for bounded sets €2, when we will use this theorem to prove the denseness of
Cg°-functions in variable exponent Sobolev spaces, see Theorem 7.27.

Corollary 1.6. Let p € PX8(R™), and let the kernel k satisfy one of the assumptions
(i), (ii) of Theorem 1.5 and f € LPC)(R™). If [, k(x)dz = 1, then k.* f converges
to f both in the norm of LP()(R™) and almost everywhere.

This is an immediate consequence of Theorem 1.5, the Banach-Steinhaus
theorem, denseness of LP~ (R™)NLP+ (R™) in LPC)(R™), the embedding LP()(R") C
LP-(R™) U LP+(R™) and the known validity of such a convergence in the constant
exponent case.

Note that Theorem 1.5 and its corollary use both the local log and the decay
conditions. In Theorem 1.14 we show that convolutions with a certain class of
integrable kernels with radial majorant (in particular, various convolutions used
in applications) are bounded without assuming the local log condition, only the
decay condition being required.

Later, in Theorem 7.30 we prove another result on approximations by con-
volutions, where the assumptions on the kernel are given in terms of its Fourier
transform.

1.2.2 Estimation of Norms of Some Embeddings
for Variable Exponent Lebesgue Spaces

Lemma 1.7. Let p,q € P(R™) and q(x) < p(z) almost everywhere, and

If1 € L"O(R"), then
1Fllay < 24 WLl I fllpg)- (1.18)

Proof. The embedding (1.18) is known (see Lemma 3.3.1 in Diening, Harjulehto,
Hésto, and Ruzicka [69]) in the form

£ llgey < 201 Fllpc)- (1.19)
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To get (1.18), we use the relation

1FYNopey = Ifllpeys @ >0, (1.20)
valid for the norm (1.9). Since ag(z) < ap(z), we apply the inequality (1.19)
to the function f!/ with respect to the norms || - lag(y and || - [lap(.), which is

possible when a > ql ,and get (| £ age) < 21l ar() I F“/lap()- Then we again

use (1.20) and arrive at || f[lqcy < 2%(|1][r([|fllp()- It remains to choose the best
possible value a = q17 . O

We use the standard norms

I fllxny = max{[|fllx, [Ifllv}, [fllx+y = f:ii}ﬁh (Ilgllx + [IAlly)
gEX hEY

for the intersection X NY and the sum X +Y :={g+h:g € X,h € Y} of two
Banach spaces.

Lemma 1.8 (See Theorem 3.3.11 in Diening, Harjulehto, Hésto, and Ruzicka [69]).
Let p1,p2,ps € P(R™) and p1(z) < p2(z) < ps(x) almost everywhere on R™. Then

Lm(-)(Rn) OLP3(')(R") SN Lpz(-)(Rn) SN Lm(-)(Rn) +Lz>3(-)(Rn)7
with
1 1/(p1)-
o Il sroser <N fllzeaer <2 [ fllLrirappac- (1.21)
Denote
Moo(x) = min{p(z),pss} and Mu(x) = max{p(z), pso}-
Lemma 1.9. Let p € Pso(R™) and

1 1
|~ 2
Then
LM=O(R™) — LPO(R™) — L™=0O)(R™) (1.23)
if and only if
1e L*ORM), (1.24)
and then
£y < 221 oo 1 f o) (1.25)
£ 11y < 22 [l 1 I pr (1.26)
where p1(x) and pa(x) are variable exponents defined by

171196) - max{o’pio ; p(lx)}’ /ﬁztw) - maX{O’ p(lw) B pio } (1.27)
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Proof. The equivalence between (1.23) and (1.24) was proved in Lemma 3.3.5
in Diening, Harjulehto, Hésto, and Ruzicka [69], the constants arising in (1.25)
following from the arguments there: let II; = {z € R" : p(z) > poo} and II_ =
R™\IL4, so that
1 171%33)7 rell,,
s(x) 52%30)7 xell_.

As shown in Diening, Harjulehto, Héstd, and Ruzicka [69, p. 84], condition (1.24)
implies that 1 € LP*C)(R™) N LP2()(R™), so that Lemma 1.7 is applicable, from
which we easily derive (1.25)-(1.26). O

Remark 1.10. Let p € Poo(R™). Then 1 € L*O)(R") with s(z) defined in (1.22)
and the embeddings (1.23) with the inequalities (1.25) and (1.26) hold. Indeed, the
decay condition guarantees the validity of the embeddings in (1.23), see Section
3.3 in Diening, Harjulehto, Hasto, and Ruzicka [69]. Consequently, by Lemma 1.9,
the decay condition is sufficient for the inclusion (1.24).

Let p € Poo(R™). The equivalence
LPO(R™) N LP+(R™) = LP=(R™) N LP+(R™) (1.28)
and the embedding
LPO(R™) —s LP=(R") 4+ LP- (R™) (1.29)

are known to hold if 1 € L*()(R"), where s(z) is defined in (1.22), see Lemma
3.3.12 in Diening, Harjulehto, Hasto, and Ruzicka [69] (see also Lemma 4.5 in
Diening and Samko [67]). In the following lemma we specify the constants for the
embedding operators in the statements (1.28) and (1.29).

Lemma 1.11. Let p € Poo(R™). Then the equivalence (1.28) is valid in the form
£l oo e < 222 (1L, )1l oonpe (1.30)
£ llzronres < 2071150 | fll Lo e+ (1.31)

and the embedding (1.29) holds in the form

1+t

Ifllpsesrr- <27 7= 1Lllz )1 f1pc) (1.32)
with 2011/2=) replaced by 2/P~ in the case p_ = poo.
Proof. We first observe that the following inequalities follow from Lemma 1.8:
<pr = fllaeey <27~ max{[|fllpy 1o}, (1:33)
<p 1Fllarcy < 27 max{| fllpss 1 fllpr s (1.34)
1£llpee < 247 masx{|| fllmoys [ lam(y }s - (1:35)
1£ 11y < 2P~ max{|| fllmays 1 f s }-

R
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Then the estimate (1.30) is obtained as follows:

max{[| fllpe, [ Fllpy }
< 21/P- max{|| fllme. ) 1| ma s 11 fllps 3 by (1.35)
< 22/ masc{ [ 1o |l [ F oo [ £l ) by (1.25) and (1.34)
<

22|l (o | £l Looores

with [|1]|,¢.) > 1 taken into account. Similarly (1.31) is obtained:

max{|[fllpc, 11} < 2P 110y max{|| fllarecy, 1 1lp. } by (1.26)

<
< 2PV 1 oy max{ | fllpwes o} by (1:33)
Finally,
[fllzpos+2r- <20 f llmac) by (1.21) (1.36)
<2V o 1 e by (1.25)

which proves (1.32).

1 1
In the case p— = poo, the factor oM iy (1.32) may be replaced by 27~ , since
Moo (L) = Poo in this case, so that (1.36) turns into || fllprecsrr- = | fllmey O

In the next lemma we estimate the norm ||1||,-¢)gn) Which appeared in the
embedding Lemmas 1.7 and 1.11. This estimation is given in terms of the decay
constant. Let the variable exponent r(z) be given by one of the relations

r(z) max{(), p(lw) - pio}’
1 :max{o rod }, (1.37)

By o = <0(n) € (n,00) we denote the unique root of the equation
(t—1)(t—2)---(t—n)e' =|S" Y (n— 1)l (1.38)

Remark 1.12. In the one-dimensional case n = 1 one has g = 1+6, where 6 > 0 is
the root of the equation te® = 2, i.e., qg = W (2), where W is the Lambert special
function. Note that 1,693 ~ 1 4+ 1n2 < ¢y < 2 in this case.

Lemma 1.13. Let p € P(R™) satisfy the decay condition (1.11) and r(x) be defined
by one of the relations (1.37). Then

11l oy < €. (1.39)
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Proof. As observed in the proof of Proposition 4.1.8 in Diening, Harjulehto, Hasto,
and Ruzicka [69], under the condition (1.11) for every m > 0 there holds the
estimate 7"(*) < (e + |x|)~™ with v < e~™A». Taking m > n and A = ™4

then have )
1 (T
/< ) dxg/ v o
A (e + [l

Rn Rn

P we

n—mI(m-n) _ [S" T (n—1)le" ™™
I'(m) (m—1)(m—2)---(m—n)"

With the choice m = ¢p we have C, = 1, so that fRn (i)r(w) dr < 1with A = es04r,
which proves (1.39). O

Direct calculation gives Cy, = |S"7!|(n — 1)le

1.2.3 Estimation of the Norm of Convolution Operators

Let

Kf(z):= [ k(z—y)f(y)dy
/

be a convolution operator. The constant exponents ro > 1 and sy > 1 used in
Theorem 1.14 are defined by

=1- + , =1- "+ ", ro<so (1.40)
We also use the notation of type (1.27)
1 {O 1 1 } 1 {0 1 1 }
- := max< 0, - , o~ := max < 0, - .
pi(z) p(oo)  p(z) P2(x) q(z)  g(o0)
Theorem 1.14. Let p, ¢ € Poo(R™) and g(o0) = p(00). If

ke L™ (R") N L* (R),

then the convolution operator K is bounded from LPC)(R™) to L1C)(R™)N L%+ (R™)
and

I K fllLaernpas < (K50, Q)| fll oo (1.41)

with
slhipyq) = 27 T 1 o 1| oo max {Jklzros K]} (142)
<2 o oAt A ma (||| o, K]0} (1.43)

where Ay, Aq are the constants from the decay condition (1.11), o = ¢o(n) is the

. 142 + 1 2 41
root of the equation (1.38), and 2" »- " *= may be replaced by 27~ P>~ in the
Case p— = Poo-
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Proof. Besides (1.40), define

Then
1 < rop < min{ry, s1} < max{ry, s1} < sp < oc.

By the classical Young inequality for the convolution operator K, we have

1K fllgr < IElsoll fllp- 1K fllgeooy < &l [1f 15
and
1K fllar < Nl fllpoys 1 fllacoo)y < [Ellrol1f [[p(oo)- (1.44)
Therefore,
HKf||q+ < ||k| LsoNLs1 |f||LPf+LP(<>°>
and
1K fllgeo) < NENzronnr | Fllpe- 4 Lot
Consequently,
||KfHLq+qu(°C> < B‘|f“LL+LP(°C>
with
B = max {[|k||Leo, [[kl[sr, |K]|Lro, [[Fl|Lr } = max {||K|Lro, [[Fl[Lso},  (1.45)

where the last equality in (1.45) is a consequence of the continuous embeddings
LoNL% — L NL%o L™ NL%° — [N L% with the norm of the embedding
operator equal to 1. More precisely, |[k|», < [|k[lL k]IS " < [kl Lronzso where
t=T0(0"m) ¢ (0,1), and then ||k|

ri(so—r1)

Lrinpso < ||kl|zronpso; similarly, [|k||pronrs <

1+t .
lk]| zronLso . Therefore, | K fl|potapace <27 7= B||1|| 5100 || fl| ey by the inequal-
ity (1.32). Then by (1.31),

1+ 2 + 1
IE fllpaey <27 7= 7= Bl gz [l oo [l oe
which proves (1.41)-(1.42). The line in (1.43) follows from Lemma 1.13.
2 1 2 1
The possibility to replace 2P oo by 9r- Tree g provided by Lemma
1.11. ([l
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1.3 Reduction of Hardy Inequalities
to Convolution Inequalities

We return to the Hardy operators H** and Hg,,. Let first © = 0. In the case
where a and 8 are constant, the Hardy operators

o it [ 1) [ e dy
HYf(zx)=x 1/ . dy and  Hpf(x) = 2 L
0 T
have kernels, homogeneous of degree —1:

#%Ly>1(x>ae+@>w and kﬁ@40;<z>ﬁady$%

T \Y
respectively, where 64 (z) = J(1 + signz).
1.3.1 Equivalence Between Mellin Convolution on R and

Convolutions on R. The Case of Constant p

It is known that an integral operator

Kf@)Amk@wﬁ@My

Ty
Mellin convolution, may be transformed to a convolution operator on R via the
exponential change of variables, see Hardy, Littlewood, and Pdlya [123]; Kara-
petyants and Samko [151, p. 51], and in the case of constant p, the transformation

on R, with the kernel homogeneous of order —1: k(x,y) = *k (;, 1), known as

(Wof)(t) =e v fle™"), —co<t< o, (1.46)
realizes an isometry of LP(Ry) onto LP(R) :  [|[W, fllLo@w) = |||l Lr(r, ), and
WKWt = H
where
Hg = /h(t —r)g(r)dr, h(t)=erk(l,e"), teR,
R
and

o0

1
HWqu:/yPWwaw
0
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1.3.2 The Case of Variable p

In the case of variable exponent p(z), on Ry, we will suppose that f € Py o (R4)
and impose the decay conditions at the origin and infinity of the form

C

> e. 1.4
lnx’x e (1.47)

1
70<.’I}< 27 and ‘p(x)_poo‘g

C
— ol <
\p(m) p0| ~N |1H x‘

We also write pg = p(0), pos = p(00) in this case.
With the passage from R to R in mind, we denote

p(t)=p (e_t) , teR.
We focus on the case pg = poo. Note that
Po = Poc = P (—00) = p*(+00).
In the case pg = pso Wwe will use the decay constant

Ay = sup [p(®) — peol - |In 2], (1.48)
rERY

the existence of which for bounded p(z) follows from (1.47). Obviously (1.48)
implies that
Ap = sup [p(z) — poo|In(e +|In z|) < o0 (1.49)
zER4

for bounded p(z) with p(0) = p(c0). Clearly, (1.49) is equivalent to

A, = su]RP Ip*(z) — p*(00)|In (e + |t]) < cc. (1.50)
reR4

We now use the mapping of type (1.46) in the form
(Wof)(t) = e »© f(e™!), teR, (1.51)

under the assumption that p € Py (R4) and p(0) = p(c0).

Lemma 1.15. Let p be a bounded exponent in Pj o, and po = peo. Then the operator
Wy, maps the space LPO)(R ) isomorphically onto the space LP"()(R), and

*

e < HWP||LP(')(R+)HLP*(-)(R) < 6A", (1.52)

Proof. We have

R/ ‘ Wp;\f (t)

where Ay is the constant from (1.48).
e vl f (e)

p*(t)
dt =
[

R Ry

P (1) p(z)
dt = / @) da.

11
Axp@)  p(0)
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From (1.48) it follows that e 4 < J:P(11'> =5 (0) < e, Hence,

p(fr
f(x)
<l= < .
/‘”W Fllp-er /‘”W fllpe R/‘|Wpf|p*eAp

which yields (1.52). O

p(z)
dx,

Lemma 1.16. For the Hardy operators H" and Hg, , with constant o, and u
the following relations are valid:

(W HHW,  ip(t) h_(t — ) (T)dr, (1.53)

-

and

(WqHB,HWZjl)w(t) = /h+(t — 7)(T)dT, (1.54)
R

where
he(t) = o) 1) and  ha(t) = e Gl ), 1),

q is defined by the condition q(lo) = p(lo) —p, and 0_(t) =1 —04(¢).
Proof. The proof is a matter of direct verification. O

Thanks to Lemmas 1.16 and 1.15 and Theorem 1.14, we are now able to
prove the main result for Hardy operators, which is done in the next section.

1.4 Variable Exponent Hardy Inequalities

Definition 1.17. By M o (Ry) we denote the class of functions g € L>°(R4) with
the property that there exist go, goo € R such that

A 1
|g(m) —go| < |1H $‘7 0<z < 27 and ‘g(.’l?) _goo| < y & > 2. (155)

We also write go = g(0), goo = g(0).
Theorem 1.18. Let o, B, 1 € Mo,oo(Ry), p € Pooo(R+) and p— > 1 and

1 1
0< u(0) < and O
1(0) 2(0)

Let also q(x) be any function in Py o such that

N
=
g

A

= )~ w(0)  and = )~ 1(00). (1.56)
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Then the Hardy-type inequalities

a(z)+p(z)—1 f(y) dy
v ! / ye ) <C ||f||Lp(~)(R+) (1.57)
0 LaC)(Ry)
and
B @) [ FW)dy
| * : yﬁ(y)-H <C ||f||LP(~)(R+) s (1.58)
@ La®)(Ry)

hold if and only if o and B satisfy the conditions

1 1
00 < gy A<
respectively
BO)> — . Boe) >~ | (1.59)
p(0)’ p(o0)” '

Proof. A) Sufficiency.
1°. The case where p(0) = p(oc0), u(0) = p(co), a(0) = a(oo) and B(0) =
B(00). In this case, by the decay condition we have the equivalence
@) g g (0) - ga(@) oy () B(x) oy B0

on the whole half-line R, so that our Hardy operators H**, Hg , are equivalent
to the Hardy operators with constant exponents p = p(0),a = «(0),5 = £(0),
respectively. To the latter we can apply Lemmas 1.15 and 1.16. We have

W fllLero@ = I flro@yy  and Wl o @) = ¥l Lo g, (1.60)

where p*(t) = p(e™*) and ¢*(t) = q(e™?).

Therefore, by Theorem 1.16, the LP()(R) — LI()(R) boundedness of H*
and Hg,, follows from the LP" () (R) — L7 ()(R) boundedness of the convolution
operators on R with the kernels iy (t) and h_(t), respectively.

Since p,}o) —a > 0 and p(lo) + B > 0, the convolutions h_ x ¢ and hy * ¢
are bounded operators from LP”()(R) to L ()(R) in view of Theorem 1.14. Con-
sequently, the Hardy operators H** and Hg,, are bounded from LPO(R,) to
LIO(RY).
2°. The general case. Let 0 < d < N < co. We have

HO!f(x) = (X(0,6) + X[5.8] + X[N.00)) H* (X[0,6) + X[5.8] + X[N.00)) f(2)
=W(z) + Va(z) + Vs(2),
where
Vi(x) := xjo,5)(x) (H*"x[0,5 f) (),
Va (@) = X5,00) (@) (H*"X[0,5f) (2),
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and
Va(2) := X[N,00) (@) (H¥HX[N,00)f) (2).

It suffices to estimate separately the modulars I,(Vy), k = 1,2,3, assuming
that || fll»¢)r,) < 1. For I,(V1) we obtain

5 2 (o)
// o Py

T 7 por@m(@)-1 a(@) (1.61)
JU[7 e i) e
0

0
= I, (H*V " f),

q(z)
dzx

N

where aq(z), p1(x), and p;i(x) are arbitrarily chosen extensions of the functions
a(x), u(x), and p(z) from [0, d] to the whole half-line with the preservation of the
classes My oo (Ry) and Py oo (R4 ), and such that

a1(00) = a(0), p(o0) = p(0) and  pi(00)}p(0).

Such an extension may be done, for example, in the form p;(z) = w(x) p(x) + (1 —
w(z)) p(o0), where w € C°([0, 00)) has compact support and w(x) = 1 for x € [0, ¢]
and similarly for aq(x) and pq(x)). From (1.61) we obtain that [,(V1) < C' < o0
whenever || f|| 1), ) < 1, according to part 1° of the proof.
The estimation of I,(V3) is quite similar to that of I;(V7), with the only
difference that the corresponding extension must be made from [N, 00) to Ry.
Finally, the estimation of I,(V2) is evident:

<]

where it suffices to apply the Holder inequality in LP(") (R4) in the inner integral,

. . 1 1
taking into account that a < /(0) and make use of the fact that a(oo) < ()

in the outer integral.

p(z)
a(co)—1 (y) d dz

r yo0) Y

0

Similarly, the case of the operator Hg is considered (or alternatively, one
can use the duality arguments, but the latter should be modified by considering
separately the spaces on [0, §] and [V, 00), because we admit p(z) = 1 in between).

B) Necessity. Choose
X[o 1} (33)

— 2 LPO(R
f0($> xp(lo) ]n(l/a’;) € ( +>7
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for which the existence of the integral

x

HoH fo () = @) a1 /
0

dy

1

d
a(@)+ (o) In 1 ¥, 0<z< 2
Yy

)

implies the condition «(0) < 2(0)° To show the necessity of the condition at
infinity, choose foo(z) = X[Q’;‘;)(m) € LPO)(Ry), A >max(1,1—a(c0)). Forx >3

we have

1
(

x

HYMfoo(z) ~ 2(00)+p(o0)—1 / dy

ya(oo)f)\

2
3
>xa(oo)+u(oo)—1/ dy
yaJr)\
2

= Cxa(oo)""“(oo)_l’

which belongs to L) (R ) only if afo0) < 1

p'(00)
Similarly, the necessity of the conditions (1.59) is proved. O

1.5 Estimation of Constants in the Hardy Inequalities

We note that the estimation of constants arising in the boundedness statements
in variable exponent spaces is not an easy task (it is not always easy even in the
case of constant exponents). For variable exponents, they may depend on p(z), for
instance, via the constants p_,p,, and the constants from the log-condition and
decay condition.

In this subsection, based on the calculations presented in Section 1.2, we
give some estimation of the constants in the Hardy inequalities (1.57)—(1.58) in
the cases where

i) «, 8 and p are constants,
i) p(0) = p(oo) and ¢(0) = g(o0).

Note that in the case where all the exponents p, o, 8 and p are constant, the
Hardy inequalities (1.1)—(1.2) hold at the least with the constant

C(l_”)lu, (1.62)

14

where v = 1 — « for the operator H*# and v = ! + 8 for the operator Mg, (use

the relations (1.53)—(1.54) and apply Young (p — ¢)-theorem for convolutions).
However, this is not the sharp constant. The sharp constant for constant exponents
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was known in the p — p case; in the p — ¢ case, p < ¢, in the general form it was
found in Persson and Samko [280].

The decay constants A, A; and A7, A7 in the following theorem are those
which were defined in (1.49) and (1.48). We also use the notation

= 9+

and recall that the constant W (2) was defined in Remark 1.12, 1+In2 < W(2) < 2.
Compare formulas (1.64), (1.65) with (1.62).

Theorem 1.19. Let p,q € Po,oo(R1),Po = Poordo = 4,0 < p < |\, and | =
1

plo — . Under the conditions o < o and 3 > fpl , the Hardy inequalities (1.57)

oo

and (1.58) hold with the constant

=Mt ok AT ATTW @R (A t40) )\ (p, q), (1.63)
where
1—p 1-6
/\(p7 q) ‘= max ( 1 > R ( 1 ) < 1—p (164)
;o T« T !
PLo Py (Pl N Ot)

for the operator H", and

1 s\ )"
A(p, ¢) := max ( 1”) ,(1 > gmax{l7 1 }
Poo +/8 P+ +ﬁ Poo +/8

(1.65)
1+ 2 + 1 3 2 + 1
for the operator Hp.,.; the factor 27" = " *> in (1.63) may be replaced by 27~ " 7>
in the case p_ = py = Poo-
Proof. The estimates will follow from the relations (1.53)—(1.54) and Theorem
1.14 for convolutions. From (1.53), by Lemma 1.15, we have [[H*"|| o), ) <

ea||h_ * W fll o= ) (r)» where ¢*(t) = g(e™"). Subsequently, by Theorem 1.14 and
Lemma 1.15 again, we obtain

L oy < el 07, )Wl oy (1.66)
< e (o p*, ) 1l zee -
Similarly,
Pl ey < 5 et o, ) I oo (60

To estimate the constants »(hy;p*, ¢*) corresponding to the kernels h, we
use (1.42) and obtain

2 1
1+pi +P?§o

#(he;p",q") =2 I Lz 1Ll o5 o max { Al g et o }
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with
1 {O 1 1 } 1 {O 1 1 }
- = max - - = max -
pi(t) pi ) )T G(x) () ax )’
and
1 1 1 1 1
=1 . =1 +  =1-yp
7n0 poo 9o P 4o
1 1 1 1 1
=1- 4+ . =1—- 4+ =1-96
50 p_ q4 p— q+

From Lemma 1.13 and Remark 1.12 it follows that

Ll a5 L) rer < eV R ArtAa)

SO
42+,
s(h+;p*,q*) <2 W (2)(Ap+A4q)

L3}

Then from (1.66) and (1.67) we obtain (1.63) with

Ap,q) =

LSS}'

It remains to calculate the corresponding norms ||h||. For constant exponents
€ [1,00) we have

1
Mhillzom = o = g2(0),
U’Yp)a

where v, = p,l —aand vy, = pl + /3, and then

A1(p,q) = max{g_(ro),9-(s0)},  Aa(p,q) = max{g(ro), g+ (s0)},

which gives equalities in (1.64)—(1.65). To justify the inequalities in (1.64)—(1.65),

)
1
observe that the function g4 (o) = (ofypi) 7,0 € (0,00), has the minimum at
+

o9 = Wei equal to e ¢ , while g4 (1) = Wli and g4 (c0) = 1. (Note that the

point op may lie outside the interval [1, 00) in the case of h,..) Consequently, since

L > 1, we have \(p, q) < W,,and A2(p,q) < max{ Wﬂ} O
p p

Tp

Remark 1.20. Note that the exponent ¢(z) in the above theorem may have for
0 < & < oo values that are completely independent of those of p(x): the only

relation between these exponents is imposed at the end points z = 0 and z = c©

by the condition qlo = plo — 1, and the assumptions py = poo, G0 = Goo-
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1.6 Mellin Convolutions in Variable Exponents
Spaces LP()(R,)

The above estimations may be similarly applied to a more general case of integral

operators
dy
Kuf(o) = [ (7)1
/ ) )

with the kernel homogeneous of order y — 1, in the case u = 0 which are called
Mellin convolution operators. We do not dwell on the estimation of the norm of
this operator with a general kernel.

For simplicity we consider the case where p = 0 and p(0) = p(c0). The reader
can easily modify the arguments for the case > 0, but to allow for the case of
p(0) # p(oc0) one needs additional assumptions on the kernel K.

Lemma 1.21. Every Mellin convolution operator Kg = KN’H:O on Ry reduces to
the convolution operator on R wvia the relation

W, W, 0(0) = [ bt = ryotryar,
R
where W, is the mapping (1.51) and h(t) = e_P(t(J)lC(e_t), with

oo

1Bl ey = / y™ O [K(y)ldy.
0

Proof. The proof is a matter of direct verification. O
Theorem 1.22. Let p € Po,o0(R+) and p(0) = p(cc). If
/mfm IK(2)[*da < o (1.68)

0

fors=1ands=sg, where 1 =1— 1 + 1 then
S0 p— P+

Ko fllLeer@yy < Clfl Lo gy ) -

Proof. As in the proof of Theorem 1.18, we have the isomorphism (1.60) with
p*(t) = p(e~t). Therefore, the boundedness of the operator Ky in LP()(R,) is
equivalent to the boundedness of the convolution operator h* in LP*(‘)(R) with
the kernel h(t) = e~ Ntﬂ)lC(e*t), see Lemma 1.21. By Theorem 1.14, the latter
convolution is bounded if h € L*(R) N L% (R), which is equivalent to (1.68). [
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Corollary 1.23. Let p € Py oo(Ry) and p(0) = p(oc). The operator K is bounded
in the space LPO) (R ;dt), where dt = U, if

oo

dt
|C(t)|° . <oo for s=1 and s=sp. (1.69)
0

Proof. In terms of the corresponding modular, the LT‘(')(R+; dt)-boundedness of
the operator Ky means that

3 K, p(t) s p(t)
/ of (1) dt < C whenever /
0

HON R

t1/a(®) t1/p(t)

By the decay condition and the assumption p(0) = p(oco), this is equivalent to a
similar condition with p(¢) in the exponent in the denominator replaced by p(co).
The latter condition means the LP()(R, )-boundedness of the operator

Kof(t) = /Oo K (t) F(r)dr

with the kernel K(t) = ¢~ a(e2) K(t). Applying condition (1.68) to the latter, we
arrive at (1.69). O

1.7 Knopp—Carleman Inequalities in the Variable
Exponent Setting

In this subsection we apply the known dilation procedure to derive the Knopp—

Carleman integral inequality with variable exponents from the Hardy inequalities.

To apply this procedure, we rely on the estimation of the constants in the Hardy

inequalities obtained in Theorem 1.19.
Recall that we do not assume that the local log-condition holds.

Theorem 1.24. Let p € Py o(Ry), po = Ppoo = p— and f(z) > 0. Then

exp ((1 _a>ma—1 / 1n§£y> dy)

0

S Cpet-ore | fll oo,y (1.70)

LrO) (Ry)

forall a < p,l , and

71
exp (Bmﬁ I;g_ggf) dy)

x

< Cpe reo HfHL"(')(RH (1.71)
LrO(Ry)
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for all0 < B < B(3) — ', where B(6) = (1 —8)%, 6= S p1+ and C), =
2,,20 eQ[A;+W(2)Ap]_

Note that the B(d) appearing in the bound for the exponent 3 is a decreasing
function of ¢ € (0,1), with B(0) = oo and B(1) = 1, so that this bound goes to
infinity when p(x) is taken to be constant.

Proof. We rewrite (1.57) with the constant C' = C(p) given in (1.63) for the case
=0 and p(z) = ¢(z) in the form

(1— Oé).’L'a_l / f(?;zxdy

We replace f(x) by f(z)*, and also p(z) by p(;)7 where A is an arbitrary

<CPA =) [[fllzeerw,) -
LrC)(Ry)

positive number, and make use of the relation || f*||,.) = HfH:\\p() and get
o [Ty p\]>
H ((1 —apaet [0 <[a-ac (D)) 10w,
5 Y LrO(Ry)
s 2[A% +W(2)Ap 1] 1-a .
:217006 A A 17047 A ||fHLp()(R+)' (1.72)
Poc

Denote

r A
ga(z) = (1—a)z! / fy) dy7

ye
0

Ingy (x)

so that limy_0 gx(x) = 1. We have (g,\(x))i =e , and therefore there exists

the almost everywhere limit

lim (g,\(gc))i = exp <>1\1£>% dd)\ lng,\(x)> = exp ((1 —a)z* / ln;;gy) dy).
0

A—0

By Fatou’s theorem (see Theorem 2.3.17 in Diening, Harjulehto, Hasto, and
Ruzicka [69] on the application of Fatou’s theorem with respect to a variable
exponent norm), we may pass to the limit in (1.72) as A — 0. Since }\Az; =A,,
we obtain (1.70).

The inequality (1.71) is proved following the same arguments. O
From (1.71) we obtain also the following
Corollary 1.25. Under the assumptions of Theorem 1.24 on p(x)

8 f(y)
ex — Bx d
Y (Bpoo 0 / yot y)

sup

0<pB<1 < CprHLP('>(R+)-

LrO)(R4)
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1.8 Comments to Chapter 1

We do not dwell in detail on the history of variable exponent Lebesgue spaces; good
presentations can be found in the already existing books on these spaces. Besides the
books, during the last two decades of extensive studies of variable exponent spaces,
several survey papers: Diening, Hasto, and Nekvinda [68], Kokilashvili [169], Kokilashvili
and Samko [194], Samko [324], were published; see also the recent survey by Izuki, Nakai,
and Sawano [140], where more details and references may be found.

Chapter 1 is mainly based on the papers by Diening and Samko [67], and Samko
[327].

Comments to Section 1.1

For classical Hardy inequalities (1.1) and (1.2) we refer for instance to Kufner and Persson
[219, p. 6]. Theorem 1.3 was proved in Samko [317].

Comments to Section 1.2

The failure of Young’s theorem for convolutions in the case of variable exponents was
first observed in Samko [319, Remark 2.1].

For the estimate (1.17) of convolutions via the maximal operator we refer to Stein
[351]. The term potential type dilations was introduced in Cruz-Uribe and Fiorenza [48].

Lemma 1.9 is a slight revision of Lemma 3.3.5 from Diening, Harjulehto, Hasto,
and Ruzicka [69].

Theorem 1.14 is a specification of Theorem 4.6 from Diening and Samko [67] with
respect to the estimation of the norm of the operator K.

In the case of constant exponents, the sharp constant for (p — ¢)-Hardy inequalities
was found in Persson and Samko [280], some particular cases were studies earlier in
Manakov [243].

Comments to Section 1.4

For one-dimensional Hardy inequalities in variable exponent Lebesgue spaces we refer also
to Mashiyev, Cekig, Mamedov, and Ogras [247] and for their multidimensional versions,
including weighted setting, to Cruz-Uribe, Fiorenza, and Neugebauer [55], Cruz-Uribe
and Mamedov [50], Harman and Mamedov [128], Mamedov [237], Mamedov and Harman
[238, 239], Mamedov and Zeren [240, 241], and references therein.

Comments to Section 1.6

Additional information on Mellin convolution operators on R4 in variable exponent
Lebesgue spaces may be found in Samko [329]. In the case of constant exponents see
also Karapetyants and Samko [150].

Comments to Section 1.7

Knopp—Carleman inequalities in the case of constant p and the approach to treat them
as the limiting case of the Hardy inequality as p — oo are known, we refer, e.g., to
Jain, Persson, and Wedestig [142], Johansson, Persson, and Wedestig [144] where other
references and historical comments may be also found.



Chapter 2

Maximal, Singular, and Potential
Operators in Variable Exponent
Lebesgue Spaces with Oscillating
Weights

In this chapter we present estimations for maximal, singular, and potential op-
erators in variable exponent Lebesgue spaces with oscillating weights. In the Eu-
clidean case the weights under consideration have the form

N
o) = [[ wr(jz — zxl), @r €9,
k=1

where the weight functions wy (r) belong to the so-called Zygmund—Bari—Stechkin
class, see definitions in Section 2.2.

In the case of the maximal operator there are known characterizations of
general weights, for which the operator is bounded in LP(); see Theorem 2.4,
which provides a generalization of the Muckenhoupt A,-condition, well known in
the case of constant p:

sup loxallpey - lo™ " xally ) < ClQ).

We pay a special attention to the case of classes of radial oscillating weights.
The main and principal reason for that is that in many applications, in particular
those considered in this book, of extreme importance is to admit concrete classes
of weights, and it is known that, for instance, weighted boundedness criteria, with
concrete classes of weights, of the Cauchy singular integral operator constitute a
crucial tool for the study of boundary value problems of analytic functions.

The above-mentioned general Muckenhoupt type condition does not allow
effective verification in the case of concrete weights (note that this was difficult

© Springer International Publishing Switzerland 2016 27
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even in the case of constant p, and in many cases it was known that a weight
belongs to the Muckenhoupt class A, because there existed an independent proof
showing under what conditions the maximal operator is bounded with this weight).

We deal also with weighted boundedness of the maximal operator in the
general setting of quasimetric measure spaces.

Besides the maximal operator, we consider also singular and potential oper-
ators, for which there are not known general characterizations of weights. In the
case of Cauchy singular integral operator, with a view to applications, we obtain
criteria for its weighted boundedness on an arbitrary Carleson curve and generalize
the classical result of David to the case of variable exponents.

In this chapter we also study weighted boundedness of spherical potential
operators and generalized potentials defined by the kernel K(z,y) = fd((dfjﬁ?,
the framework of quasimetric measure spaces.

Finally, this chapter contains weighted extrapolation results for variable ex-
ponents in the general setting of quasimetric measure spaces, with various appli-
cations.

n

2.1 Preliminaries

In this section we present some known facts for LP()-spaces which will be used in
the sequel. Concerning their proofs, see comments to this chapter; we refer also
to the books Cruz-Uribe and Fiorenza [49] and Diening, Harjulehto, Hasto, and
Ruzicka [69].

Theorem 2.1. Let p; : Q@ — [1,00) be bounded measurable functions, j = 1,2, and
let A be a linear operator defined on LP*()(Q) N LP2()(Q). Then A is also bounded

. . 1 _ 1-6 0
in LP)(Q), where p() = pi) T ope() 0 SO, and

0 1-6
HA||LP(‘)—>LP(') < ||A||LP1(')_>LP1(') HAHLPQ(')*)LIQ(') .

The Hélder inequality in weighted form reads

/u(x)v(x) dx

Q

< kllull oo @,y vl e (,0)0

where p(ll_) + k= 1 + p% < 2, and under the condition (1.6), for the

=1,
P (l)
conjugate space [LP() (€, p)]*, one has:

[LPO(Q, 0)] = L0 (2, 071)

From the Holder inequality one derives the following embedding theorem for
sets Q with |Q] < oco.
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Theorem 2.2. Let 1 < r(x) < p(x) < py < o0 for z € Q and | < oo. Then
LPO(Q) = L"O(Q).

By C§5°(£2) we denote the set of C'*°-functions with compact support in .

Theorem 2.3. Let Q2 be an open set in R™, p(x) a measurable function on Q such
that 1 < p— < p(z) < py < oo, and o a weight function on Q such that [o(z)]P®) €
LL (). Then C§ () is dense in the space LP()(Q, o).

loc

The Muckenhoupt class A, = A,(R"),1 < p < oo, well known for constant
exponents, is described as

L P L ' (2)dzx . 00
Ap:{9~ sgp<|Q/Q (w)dw> <Q|£Q ( )d> < } (2.1)

Q

in accordance with the definition of the weighted space in (1.3), where sup is taken
with respect to all cubes with edges parallel to the coordinate axes.

For the maximal operator to be bounded in the weighted space (1.3) with
constant p, as is well known, it is necessary and sufficient that o € A,.

For an open set 2 C R"™ we treat the Muckenhoupt class A,(2) as the class
of restrictions onto 2 of weights in A,(R™), the definition of “restriction” will be
given when it will be needed.

In the case of radial weights o(z) = w(|z — x¢), zo € R", the A,-condition
(2.1) takes the form (see Dynkin and Osilenker [71]):
p—

T T 1
/gp(t)t"—ldt(/g‘?’(t)t"‘ﬂt) < Cr, (2.2)

0 0

The following theorem gives a complete characterization of those weights
that govern the boundedness of the maximal operator in the space L”(')(R”, 0),
see Cruz-Uribe, Diening, and Hésto [53], Cruz-Uribe and Fiorenza [49, Theorem
4.77). We refer also to Zhikov and Surnachev [381] for a version of Muckenhoupt
type condition for variable exponents on bounded domains in R™.

Theorem 2.4. Let p € P8(R™). Then the mazimal operator is bounded in the
space LPC)(R™, p) if and only if the weight p satisfies the condition
loxallpe) - o™ xelly () < ClQI- (2.3)

By Ay (R") we denote the class of weights satisfying the condition (2.3),
and by Apy(Q2), where Q C R", we denote the class of restrictions of weights in
Ay (R™) to Q.

We will also deal with a weighted space LT’(‘)(S"7 0) with variable exponent
on the unit sphere S” = {0 € R"*! : |g| = 1}, defined by the norm

p(o)
[ fllzrr gm0 = inf{)\ >0 / ’ Q(”)Af(”) do < 1}.
Sn
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Similarly to the Euclidean case, by P°2(S™) we denote the set of exponents
p(o) on S™ which satisfy the conditions 1 < p_ < p(o) < py < 00, o € S,

‘p(O’) 7p(€)| < In IAEEI7 0—35 SRS

In connection with applications, we will work also with the variable exponent
Lebesgue spaces LP(") (T") on a rectifiable curve T', finite or infinite, in the complex
plane, defined by the modular

/ FOPOdu(t) (2.4)

with arc-length measure dv(t) and p : T' — [1,00) a measurable function; the
weighted variable exponent space LP()(T, g) will be defined via of € LP()(T"). The
notations P (), P8(T), P°8(T'), P (T), and P8(T) will have the same meaning
as in the Euclidean case.

2.2 Oscillating Weights of Bari—Stechkin Class

2.2.1 Some Classes of Almost Monotone Functions

In the sequel, a nonnegative function f on [0,¢],0 < ¢ < oo, is called almost
increasing (almost decreasing), if there exists a constant C'(> 1) such that f(z) <
Cf(y) for all z < y (respectively, > y). Equivalently, a function f is almost
increasing (almost decreasing), if it is equivalent to an increasing (decreasing,
resp.) function g, i.e., c1f(z) < g(x) < caf (z), with ¢1 > 0, ¢2 > 0.

Lemma 2.5. Let a nonnegative function w € C([0,]) have the property that there
exist a,b € R such that t*w(t) is almost increasing and t>w(t) is almost decreasing.
Then cyw(t) < w(t) < cow(r) for all t,7 € [0,4] such that ) < ' < 2, where ¢
and co do not depend on t,T.

Proof. The proof is a matter of direct verification. O

Definition 2.6. Let 0 < ¢ < co. We introduce the following notation:
1) W = W([0,4]) is the class of continuous and positive functions ¢ on (0, {]
such that there exists finite or infinite lim,_,q @ (x).
2) Wy = Wy([0,4]) is the subclass of almost increasing functions ¢ € W ([0, ¢]).
3) W = W([0,4]) is the class of functions ¢ € W such that x®p(x) € Wy for
some a = a(yp) € R.

4) W = W([0,4]) is the class of functions ¢ € W such that ﬂ(bt) is almost
decreasing for some b € R.

Definition 2.7. Let 0 < ¢ < co.

1) Woo = Woo([¢, 00]) is the class of functions ¢, continuous, positive, with the
finite or infinite lim, . ¢(x), and almost increasing on [¢, o).
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2) Weo = Wao ([, 00)) is the class of functions ¢, continuous, positive, with the
finite or infinite lim,_, o p(x), such z%p(x) € W4 for some a = a(p) € R.

By W(R,) we denote the set of functions on R whose restrictions to (0,1)
and [1, 00) are in W ([0, 1]) and W ([1, 00)), respectively. The set W (R.) is defined
similarly.

Lemma 2.8. Let ¢ € W([0,£)) UW([0,4]),c>1 and 0 <7 < ‘. Then

aw(r) <w(x) < cow(er), if ¢ e W([0,4]),

r<z<ecr = {clw(cr) <w(z) < cow(r), if p e W([0,4]),

where c1 and co in general depend on c, but not depend on x and r.

The proof is direct.

2.2.2 ZBS Classes and MO Indices of Weights at the Origin

In this subsection we assume that ¢ < oo.

Definition 2.9. We say that a function ¢ belongs to the Zygmund class Z°, 5 € R,
if o € W([0,4]) and

[ o(t) ()
/?Hwﬁgcxﬁ, z e (0,0),

0
and to the Zygmund class Z-, v € R, if ¢ € W ([0, ¢]) and

¢
t
/Lp( )dtgcw(x>, x € (0,0).
We also denote
of =7z,

the latter class being also known as Zygmund—Bari-Stechkin class (ZBS-class).
Note that

PN C P CP) 0K B <h<n < (2.5)

The property of a function to be almost increasing or almost decreasing after
the multiplication (division) by a power function is closely related to the values of

the numbers
i e(ha) i p(ha)
= (,{2}) w(h)> o (,{13}, wn)

= =1 2.
m(p) 02?21 Inx xlg%) Inz (2.6)
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and

i Phe) i P(he)
n <}}£% o) ) n <}}L% o) )
M(p) = sup = lim

z>1 Inx z—00 Inx

: (2.7)

known as the Matuszewska—Orlicz type lower and upper indices (MO indices) of
the function ¢(r). Note that in this definition ¢(x) need not to be an N-function:
only its behavior at the origin is of importance. Observe that 0 < m(p) < M(p) <
oo for ¢ € Wy, and —co < m(p) < M(p) < oo for ¢ € W, and the following
formulas hold:

ml[z®p(x)] = a+ m(p), Mz%p(x)] =a+ M(p), a€R, (2.8)

m([p(@)]*) = am(p), M([p(2)]*) = aM(¢p), az>0, (2.9)
1 1

w ()=o) w (L) =-mie (210

m(uv) = m(u) + m(v), M (uv) < M(u) + M(v) (2.11)

for p,u,v e W.
For functions in W([0,¢]) U W([0,£]) both MO indices are finite and the
following theorem holds.

Theorem 2.10. Let o € W([0,4]) and B,y € R. Then ¢ € Z <= m(p) > B and
¢ € Zy <= M(p) < . Moreover,

m(p) = sup {,u >0: ('Dx(f) is almost increasing} ) (2.12)

M(yp) = inf {y >0: Lp;? is almost decreasing} , (2.13)
and for ¢ € <I>£ the inequalities

axMOte <o) <ea™P) ™ < << (2.14)

hold with an arbitrarily small e > 0 and ¢; = ¢1(g), ca = ca(e).

The proof of Theorem 2.10 may be found in Samko [307] for 8,y > 0, and in
Karapetyants and Samko [149] for 3,v € R.

Corollary 2.11. Let ¢ € W([0,4]) and B,y € R. Then
ped =  B<mlp) < M) <. (2.15)
Let 0 <y < oo. For every w € ®Y there exists a § = 6(w) > 0 such that w € ®_;.

Proof. Choose any ¢ in the interval 0 < § < v — M (w). |
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We define the following subclass in W ([0, ¢]) for b € R:

t
Wop = {Lp eW: (pt(b> is almost increasing} .
Lemma 2.12. Letw € W, M(w) <, and A = 0. Then [WEZ)P\ € Z% if \M (w) < 7,
i.e.,
[ ldt er?
< , 0<r<d.
/ [w(®)]* ~ [w(r)]*

Proof. For wy(z) = [wfj)]m by the properties (2.8), (2.9), and (2.10) we have
My, =7 — AM (w). Hence m(w;y) > 0. It is easily checked that wy; € W. Then
wy € Z° by Theorem 2.10. O

Lemma 2.13. Let w € W, A€ R, Q a bounded domain in R™, and xg € ). Then
[w(lz — o) € Ap(Q) if

[w(m)r", [w(r)] " € Z°,

or, equivalently,

_)7\; <m(w) < M(w) < )\T;), when A >0 (2.16)
and
- < m(w) < M(w) < " when A <O0. (2.17)
[Alg [Alp

Proof. We have to check the condition (2.2) for radial weights on the interval
[0,4], £ = diam . Observe that radial weights satisfying this condition for a finite
interval 0 < r < ¢ are extendable by w(r) = w({),r > ¢, to radial A,(R™)-weights
(recall that our weights w(r) are continuous for r > 0). We rewrite (2.2) for
o(t) = [w(®)]* as

T T

/wlt(t) dt( /wgt(t) dt) < Cy (2.18)

0 0

where wy (t) = [w(t)?Pt", wy(t) = [w(t)]~*?'¢". The feasibility of condition (2.18)
is obviously connected with the validity of the Z°-condition, introduced by Defi-
nition 2.9, for the functions wy (t) and ws(t). By Theorem 2.10, w1, wy € Z° if and
only if m(w;) > 0 and m(wz) > 0. By formulas (2.8)—(2.10) we have

m(w1) =n+ Apm(w) and m(wz) =n — Ap'M(w)
when A > 0 and

m(wy) =n+ ApM(w) and m(ws) =n — Ap'm(w)
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when A\ < 0, which leads to conditions (2.16)—(2.17). Consequently, in view of
Corollary 2.11, under these conditions the left-hand side of (2.18) is dominated by
w1 (r)[wa(r)]P~1 = Cr™, which completes the proof. O

The following technical lemma will be used in Theorem 2.62 to obtain weight-
ed estimates for truncated potential kernels, important for our goals. In Lemma
2.14 we use the following notations, for xy € €

Az, r) = / w(ly — xol) dy

‘y _ x‘n-&-a(a[:) ?
yeN
ly—x|>r
and
Al r) = / w(ly = ol) dy

’ ly — |

yeN

7<\y x| <2r

Lemma 2.14. Let Q be a bounded open set and d =: infyeqa(z) > 0. Then the
estimates

Az, r) < Cr™¢ (z) w(ry),

A(z,7) < Cw(ry), (2.19)

hold if
we®,"([0,4) and we d;"([0,4]), {=diam Q, (2.20)

respectively, where r, = max(r, |z —xg|) and C > 0 does not depend on x € Q and

r e (0,4].

Proof. Note that ®,"([0,¢]) C ®,"([0,4]).

We take xo = 0 for simplicity, assuming that 0 € 2. We present the proof
simultaneously for the functions A(z,r) and A(x,r). To this end, let A(z, ) denote
any one of them. The proof is essentially the same for both, with some changes
for A(z,r) = A(x,r), which will be always indicated.

We treat separately the cases 2| < I, § < |z| < 2r, and |z| > 27. The

changes in the proof for A(z,r) appear only in the third case.

The case |x| < ;. We have | @rl < Iy| Ja|+|\z\ <1+ ILI < 2, and similarly Iy‘g‘rl >
1-— |f| > J. Hence j < ‘ylflm < 2. Therefore, by Lemma 2.5, we have w(]y|) <

w(|z — y|). Consequently,

Alw,r) <C / — oy @ (|7 — y))d c/t—l a@)p(4) dt.

ly—z|>r

The inequality ff t=1=e@y(t)dt < Cr=*@yw(r) with C > 0 not depending on
x and 7, is valid. Indeed, this is nothing else but the statement that w € Zg(,,



2.2. Oscillating Weights of Bari-Stechkin Class 35

uniformly in & € €, which holds because condition (2.20) implies the validity of
the uniform inclusion w € Zg(,) by (2.5). Therefore,

Az, ) < Cr= @y (r). (2.21)
The case § < |xz| < 2r. We split the integration in A(z,r) as follows:
san= [ O [ eyl dy
r<|y—z|<2|z| ly—z|>2|z|

=:TJ1 + Js.

For J; we have J; < r—"~%(®) fT<|y7I|<2‘m‘ w(|y|) dy. Note that |y — x| > r implies
that |y| < |y — =] + |z| < |y — 2| + 2r < 3|y — x|. Consequently,

3, < ) / w(lyl) dy < r~"=o / wilyl) dy

ly—=z|<2|z] ly|<6|z|
ly|<3ly—z|

= Cr @ /t"’l w(t)dt.
0
Since t"w(t) € ®Y%, ,, we obtain J; < Cr=*@w(6|z|) < Cr~*@w(|z|). The esti-

mate for Jo = A(x, 2|x|) is contained in (2.21) with r = 2|z|. Thus, A(x,r) obeys
the estimate (2.21) in this case as well.

The case |x| = 2r. Let first A(z,r) = A(x,r). We have that

sen= [ e e+ [ ey ) dy
r<ly—z|<;|z| 2lzl<|y—z|
=: T3+ J4.

For the term J3 we have ;|z| < [y| < 3|z[, so that w(|y]) < Cw(|z]) by

Lemma 2.5. Therefore, J3 < Cw(\x\)fr"“‘ t=ime@dr < Cr=o@aw(|x|), |z| = 2r.
The term Jy4, coincides with A (x,|x|/2) and its estimate is contained in the pre-
ceding case ; < [z| < 2r.

Now let A(z,r) = A(z,r). We arrange the same splitting (needed only for
|z| < 4r), so that J3 < Cw(\x\)fr% U =< Cln 2Cw(|z|), with the same argu-
ments for J4 as above.

Gathering all the estimates, we arrive at (2.19). O
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2.2.3 Examples of Weights

The functions

w(r) = (ln C> , w(r) = (ln In C) ,  ete.,
T

r

are the simplest examples of weights in ®7, with m(w) = M(w) = X. Less trivial

examples are
Moo
w(r)=r "% .

More generally, one can take w(r) = 79("), where g(r) satisfies the log-condition

strm =gl =o 1 ).

The last example can be also generalized in the following way: if the weight function
w(r) fulfils the condition limy,_,o lfﬂ((rifl)) = r%, « = const, then m(w) = M(w) =
a. All the above examples have coinciding indices m(w) = M (w). Examples of
oscillating weights with non-coinciding indices m(w), M (w) are more complicated.

We refer for such examples to Aslanov and Karlovich [24], and Samko [308].

2.2.4 7ZBS Classes and MO Indices of Weights at Infinity

Definition 2.15. Let —oco < a < 8 < 0o. We put \I!g =78 N 2% where Z8 is the
class of functions ¢ € W, satisfying the condition

o0

[ )P <o), we oo

x

and Z, is the class of functions ¢ € W([¢,00)) satisfying the condition
@ p(t)dt
[ ) oot weso

where ¢ = ¢(¢) > 0 does not depend on x € [¢, c0).

The indices moo(p) and Moo (p) that determine the behavior of functions
¢ € WE([¢,00)) at infinity are introduced in the way similar to (2.6) and (2.7):

: p(zh)
" L}Lnio #(h)

In | lim (zh)
. hsoo PR
Moo () = sup , Moo (p) = inf

z>1 In x x>1 In x
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Properties of functions in the class U2 ([, c0)) are easily derived from those
of functions in ®3([0, £]) thanks to the equivalence

pEWL(loo) = . €dL([0,£]), (2.22)

where ¢, (t) = ¢ (1) and ¢, = 1,. Direct calculations show that

M) = Mg M) =-mlp) w.)i= (). @)

By (2.22) and (2.23), one can easily reformulate properties of functions of the
class <I>£Y3 near the origin, given in Theorem 2.10, for the case of the corresponding

behavior at infinity of functions of the class ¥2 and obtain that

™= Cpt) eptM=TE izl peW, (2.24)
Moo(p) =sup{pu € R: ¢t #p(t) is almost increasing on [¢, 00)},
Moo (@) =inf{v € R: ¢t “¢(t) is almost decreasing on [, c0)}.

We say that a continuous function ¢ : Ry — Ry is in the class Wy o (R4),
if its restriction to (0,1) belongs to W ([0, 1]) and its restriction to (1, 00) belongs
to W ([1,00]). For functions in Wy o (R4) the notation

2= @) = 2O DL, o (Re) = (0, ()
2.25
has an obvious meaning (note that in (2.25) we use Z°= ([1, 00)) and Z,__([1,00)),
not ZP>([1,00)) and Z.__([1,00))). In the case where the indices coincide, i.e.,
Bo = Boo := B, we will simply write Z°(R.) and similarly for Z.,(R;). We also
denote

OL(Ry) = Z°(Ry) N Zy (Ry).

Using Theorem 2.10 for ®3([0, 1]) and relations (2.23), one easily arrives at
the following statement.

Lemma 2.16. Let o € W(Ry). Then

€ ZPIP=(R,) = m(p)> Bo, Mool®) > Boo
and

P € Ly (Ry) = M(p) <70, Moo() < Yoo
Besides the bounds (2.14) and (2.24), the following estimates hold:

g < g play) O elay)

< : < cpr™P) e
0<y<l o(y) = o<y<1 ©(y)

, 0<z<1, (2.26)
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and

cra™= ()¢ L inf @(xy), sup sl SepaM=lre g s, (2.27)
y>1 p(y) v>1 2Y)

the proof of which may be found in Maligranda [236, Theorem 11.13].
Recall that the inclusion ¢ € W[0,(]NW[0, ¢] implies that ¢ has finite indices
m(p) and M(¢) (and also finite indices Mmoo (@) and My (@) in the case £ = c0).

Lemma 2.17. Let 0 < ¢ < 0o and ¢ € W0, NWI0,£]. Then the inequality

[ o) o)
/twdtgc 50 wE0.0),

0

where § € R, implies the inverse inequality

o) c/fl(fgdt, z € (0,0).

0
Similarly, the inequality ff tﬁ@ dt < cﬁff), z € (0,£), where v € R, implies “D,Jgf) <
c jﬁgdt, z € (0,0).

2.3 Maximal Operator with Oscillating Weights

We will admit weights of the form

o(z) = H wi(lx — zx]), zx € Q, (2.28)
k=1

with wg (1) belonging to the Zygmund-Bari-Stechkin class.
In the case 2 = R", a special attention will be paid also to power type weights

m

o(z) = (1 + |z|)? H |z — a,| P, xr € R™ (2.29)
k=1

Remark 2.18. Assuming that the points xjp are pairwise distinct, we can use
smooth partition of unity in the proof of the boundedness of operators to sep-
arate the weight functions in (2.28), so that in most of the cases we take simply

o(z) =w(|z — zol), x0 € N,

but sometimes, for instance in Section 2.5.6, we will work with a weight that is

the product of two weights, one related to the origin, the other to infinity.
Indeed, for the weight w(z) = H,ICVZI wi(x) with the function wy(x) standing

for wi(|Jz — zx|), we make use of a standard partition of unity 1 = Zi\;l ag(t),
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where ay(t) are smooth functions equal to 1 in a neighbourhood of the point
and equal to 0 outside some neighbourhood of zj, (and similarly in a neighbour-
hood of infinity if in our product we have the factor related to infinity), so that
ar(z)w;(z)* =0 in a neighbourhood of the point zy, if k # j. Then

N N
B SUREINED Sy

Yy —1 wu(y) ’

where b, (x) and ¢, (x), p,v =1,..., N, are bounded functions supported in neigh-
bourhoods of the points x. Then, e.g., for the maximal operator

1
B(xz,r)NQ

we have

f al f al f
< E E
w%w S CM:1 U/H% N C w‘u%wy,

pyv=1

WFV

where the terms with p # v have separated singularities and are easily treated by
means of the Holder inequality.

Denote

Wy

%wf($> = ili%ﬁfwf(l% where %wa(.%‘) = w|(Bx(x_ f)()') / w(g(?ﬂx'o) dy.

x,r)N
(2.30)
The non-weighted boundedness of the operator .# is covered by the following
theorem, the proof of which may be found for instance in Cruz-Uribe and Fiorenza
[49], see Theorem 3.16 there, where unbounded p(x) are allowed.

Theorem 2.19. The maximal operator . is bounded in the space LP(‘)(Q), ifpe
Plog(().

2.3.1 Weighted Pointwise Estimates

The proof of Theorem 2.24 on the weighted boundedness of the maximal operator,
proved later, will be based on the pointwise estimate of the weighted averages given
in Lemma 2.21. We need first the following technical result.

Lemma 2.20. Let w € Zy,, A(z) > 0, and sup,eq A(z) < M(w) - Then the inequality
[w(]z — zo]) / dy
O(r) = <c 2.31
V= B wlly — zo (23

z,r

holds with ¢ > 0 not depending on r > 0 and x,xg € €.
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Proof. We treat separately the cases |z — 2| = 2r and |z — 20| < 2r. In the case
|z—x0| = 2r we have 5 |z —zo| > |y—z0| = |v—20|—|y—2| > |z—20|—1 > }|2—20].
Since w € Z,, C W, it is not hard to see then that w(|y — zo|) > cw (3|z — xo|) =
cw(]xz — x0]) and then the estimate (2.31) becomes evident.

Let | — zo| < 2r. In this case B(z,r) C B(xo, 3r), hence

Clu(lz — wol) (@) dy
S B, ) B@/g | lolly =P

 [w(lz — 2@ / "1dg
— o [w(o) A

A(z) A(z)
Then, by Lemma 2.12, we get ®(r) < ¢ (w(z\ur(g:r)ol)> <c (Z(ZT,)) <e O

Lemma 2.21. Let Q be bounded, p € P'°¢(Q) and w € W. If

(2.32)

then

p(x)
w(|z — o)) £ (y)ldy . | .
B(a,7)| B(/ | w<|yxo|>] : (” B(fc,r)|B(/ | )l dy)
| 7 (2.33)

for all f € LPO(Q) such that || f|l,) < 1, where ¢ = ¢(p,w) is a constant that
does not depend on x, r and xg.

Proof. From (2.32) and the continuity of p(z) it follows that there exists a d > 0
such that

M(w)p'(z) <n for all |z — x| < d. (2.34)
We may assume that d < 1

1° The case |z — xo| < ¢ and 0 <r < § (the main case).

Let pq(z) = min‘y,m‘@p( ). We have M (w)pl.(x) < n. Applying the Holder
inequality with the exponent p,(z) for the average

M) =" / £ dy,

|B(z,7)]
B(xz,r)NQ
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we get
p(z)
w(|y — @ol)

p((z)) Ii((T/))

¢ - pr(x dy pl.(x
< prl®) g / .
e ( / v y) ( [w(ly — o)+
B(z,r) B(z,r)

Here the last integral converges, because for small |y — xo| by (2.14) we have
[w(ly — zo|)]Pr® > cly — xo|M@)+eP(*)  where one may choose e sufficiently
small so that, according to (2.34), |y — xo| M@ +PLE) > |y — 24]"=9 for some
0>0.

We may use the estimate (2.31) in (2.35), since according to Theorem 2.10
w € Zy under the condition M(w) < ," | < n. We obtain

p’(z0)
(@) (@) p((z))
fly P w(|lz — xo|)] P (o prie
AT <o [0l mo] [ s @a)
w(|y — o)) 7 pr(e)
B(z,r)
Here [ |f(y)lr@dy< [ dy+ [ |f(y)P¥ dy, since p.(z) < p(y) for
B(z,r) B(z,r) B(z,r)
[f(y)I=1

y € B(x,r). We have

p(z)
p() _ —p(x) 1 pr(z)
‘///T < f()) ) <o [w(|z nfg‘))] o / |f(y)‘p(y) dy )
w(|y—xo|) rpr(z) 2
B(x,r)
Since r < g < ; and the second term in the brackets is also less than or equal to
5 , we arrive at the estimate
p(x)
w(|z — xo)) / |f(y)] /
dy| < o [T+ | () P@ dy
|B(,7)| w(|y — o) o)
x,r B(x,r)
n Pr@=p() 1
Ser e |14 / f ()P dy]-
TTL
B(z,r)

pr(z)—p(x)

This yields (2.33), because " »r < c. Indeed, we have

PRS2 e P@—pr@)n ]



42 Chapter 2. Oscillating Weights

where

IZ. [p(x) — pr(x)] In i’ < n‘p(m) — p(g,.)‘ lni with & € B(x,r), and then
by the log-condition we get

1

n lnr

Dr

[p(x) — pr(z)] In i ‘ <nA < nA.

1
I e

2° The case |v — xo| > %, 0 < r < 9. This case is trivial, because |y — zo| >
|z — o] — ly—x| = ¢ — 4 =1, s0 that w(|y — x0|) > ¢ > 0, and also w(|z — z0))
is bounded from above.

3° The case r = Z. This case is also easy, because .Z" f(x) is bounded. Indeed,

w (g cw(diam ) | f()l |f(y)]
MY f(x) < ()" ( / w(\y—mo\)dw / w(y—mo)dy>z

ly—=ol< g ly—ol>¢

where the first integral is estimated via the Holder inequality with the exponent
pa = minly_wo‘gg p(y), while the estimate of the second integral is obvious since

\y—xo\>§. O

Corollary 2.22. Let Q,p and w satisfy the assumptions of Lemma 2.21. Then
@) <o (1 10 (@) (2.36)

for all f € LPO(Q) such that || f||,) < 1.

2.3.2 Weighted Boundedness; the Euclidean Case

Before to prove Theorem 2.24, we need the following lemma.

Lemma 2.23. Let Q2 be bounded, p € P°8(Q), and w be any nonnegative function
on [0,4], £ = diam Q, such that c;7* < w(r) < cor™, r € (0,£) for some a,b € R.
Then

é[w(\w = 2o|)JP*) < [w(|a — 2o )P < Clw(lz — zo])]P, (2.37)

where C' > 1 does not depend on x,xq € ().

Proof. Denote g(z,z0) = [w(|z — x0|)[P@~P@0) for brevity. To show that }
g(x,z0) < C, ie., |In g(z,z9)] < C1, C1 = In C, we note that |In g(z,zg

|
Ip(z) — p(zo)| - |In w(|z — x0|)|. Therefore, we get |In g(x, xq)| < AE'IHI:(M;ZIOD

|z —zg]

O .= 1A

which is bounded by the assumption on w.
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Theorem 2.24. Let 2 C R™ be a bounded open set and p € P°8(S2). The mazimal
operator M is bounded in the space LP) (S, o) with the weight (2.28), if

rp(2k>wk(r) cd®’ k=1,2,...,N,

or, equivalently, if the MO indices of the functions wy(r) satisfy the conditions
n n
— <m(wg) < M(wg) <
() < M) < "

p(x)
Proof. We have to show that H///wa < c in some ball || f||,.) < R, which is
equivalent to I, (.Z" f) < c for || f|| () < R. In view of (2.37) we have

k=1,2,...,N. (2.38)

z)
. f(y) 7
fgc/w Tr— pmﬂ///( T dzx.
)< [ wllz —wol) o Y@
Q
We first prove the bound H///wa () < ¢ in the case
n n
— <m(w) < M(w) < 2.39
p(0) (w) (w) w0 (2.39)
where ! = P=~% Observe that * < ! so that the interval (2.39) for the
90 p(fr 9 q(zo0)

indices m(w), M (w) is somewhat narrower than the whole interval (— ™ . ™).
p(z0)’ qo

After that we treat the remaining case. We use the known trick

fy) "
A L)
where p1(z) = p}ff).

1° The case — 7\ < m(w) < M(w) < 2.

Estimate (2.36) with w = 1 says that

(" f) < e / ([wux — o)1)

(=)\ P~
dz, (2.40)

()| @) < c(l +///[¢m<->](x)) (2.41)

for all ¢ € LPr()(Q) with [|[¢],, < C for some C' < oo. We intend to choose
() =Yr(x) = 7@ in (2.41), with f € LPO). To this end, let us show that

w(|z—zo|)

¢ fllp, < C for all f € LPO) with ||f]|, < c. Since r#Go w(r) € ¥, by (2.14) we
have w(|z — zo|) = ¢z — 2o|M(+¢ ¢ > 0 and then

p(x)
[lo@pease [ 1
@ Q

Iz — wo|(M(w)+2)p1 (20)
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We apply the Holder inequality with the constant exponent p_, using the fact that

1 _ dx
Iy |zimo‘(ﬂl(w)+s)p1(mo)) = fQ |z —o|(M(w)+e)ao » where (M (w)+¢)go < n under the

choice of small e < — M (w), and obtain that ||¢¢[|,, < C. Then we apply (2.41)
By the property (2.37), this yields

and from (2.40) obtain
p1(y) p-
dz.
L(A"f)

< CQ/{W(I:U — o] )77+ [[w(lx - xol)}”““"“///( ) >]p} da.

[w(]y — xo|)]Pr(=0)

Ip(A7 ) < C/ ([w(|x — )] @)

Q

f(y)
””’(‘ww—m

Here the integral in the first term is finite since w(|x — zo|) < Clz — x0|™~ ¢ by
(2.14) and m(w)p(xo) > —n. Hence

neavn) <cre [ [ (0P @] d.
Q

in the notation (2.30).

The weighted maximal operator .#Z*"" is bounded in LP- with a constant
p— > 1if the weight [w(|z — z0])]P*(*0) belongs to the corresponding Muckenhoupt
class A, . The condition (2.16) of Lemma 2.13 which guarantees this is exactly
the assumption that — 7 < m(w) < M(w) < ». Therefore,

L(#"f) < C+C/Q ()PP dy = c+c/Q 1F()]P® dy

which completes the proof in this case.

2° The remaining case LZ) < M(w) < s reduction to the case of power weights.

n
p’(zo
To get rid of the right-hand side boun(d i)n (2.39), we may split integration over
Q) into two parts, one over a small neighbourhood B(zg,d) of the point zg, and
another over its exterior Q\ B(xzg,d), and to choose § sufficiently small so that the
p—(B(x0,0))—1 p(zo)—1 1

p(zo) = . To this end, we put

number p(zo) — p'(z0)

is arbitrarily close to

M = XB(0,6) " XB(wo,6) T XB(wo,5) " X\ B(0,5)
+ X\B(20,6) X B(20,6) T X\B(0,6)# X\ B(0.0) (2.42)
=M+ M+ M+ M.
Since the weight is strictly positive and bounded beyond any neighbourhood of

the point xg, we get

MY f(x) < C M f(x). (2.43)
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For /3" we have

w XQ\B(w0,8) (z0) () / w(|z — zo|)
MM f(x) = sup fly)| dy.
3 ( ) >0 ‘B(.’I,‘77">| w(‘y_x()')‘ ( )|
B(x,r)NB(x0,0)N

Here |z — xg| > r > |y — xo|. Observe that the function w.(t) = th}‘(’&t))ﬁ is almost
decreasing for any ¢ > 0, see (2.13). Therefore,

w(|lz —zo])  we(|r — 20]) |z — | M(w)+e |z — | M(w)+e

w(ly —wol) — we(ly —zol) |y — @[ M(w) +2) = |y — w0 M(w) + ¢’

Hence

MY [f(x) < Cott™M e f (1), (2.44)

where .#M(W)te f(z) is the weighted maximal function with the power weight
|z — zo|M(®)+e, Similarly, it may be shown that

MPf(x) < Ctt™)7E f(z). (2.45)
Thus from (2.42), by the estimates in (2.43), (2.44), and (2.45), we have
M () < XB(wo,s) X XB(wo,0) [ () + A f(2) + MM (@) + ™) f ().

The boundedness of the first term, i.e., the boundedness of .Z™ on the small
set Q5 = B(x0,0) N, holds according to the previous part of the proof, if

n n

- <m(w) < M(w) < 2.46

(o) (w) S M(w) < (2.46)

where ¢s = ’;2‘50))71. Let us show that, given the condition — 7 < m(w) <
M(w) < p,&o), one can always choose § sufficiently small so that (2.46) holds.

Given M (w) < p/(ng)» We have to choose § so that M(w) < ' < - We have
5 = p(ro) a(d), where a(d) = p(0) [p(z0) — p—(£25)]. By the continuity of p(x),
we can choose 0 so that a(d) < a(wo) ~ M(w). Then » > M(w) and condition
(2.46) is fulfilled, so that the operator .#" is bounded in the space LP()(B(xzo, ).

It remains to treat the case of the operators .M (W)+e and 2™ (®)~¢ with

power weights

n

3° The case of power weights w = |z — xo|®. We separately treat the cases 3 <0
and 8 > 0.

A) The case — < B < 0. By the estimate (2.36), applied with w = 1, we have

p(z0)

()P ) < c(l + ol [y O] (:c)) (2.47)
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for all 1 € LP*(O)(Q) with [|¢]|,(.) < ¢. For ¢(z ) Yr(x) = f(z )\x xo|~? we have
[45 1[pr ) < (diam )P £ < Clleogll,, ) < Cl L < o so that (2.47) s

apphcable Then from (2. 40) we get
p1(y) p-
dx

Q

1(y) p—
< c/ {|x o] PP(*0) 4 <x xo| M (|y—;(;05111($0) dr

Q

<cre [ (a (11OPO) @) s

Q

where wy (z) = |x — xO\V, v = Bp1(zg) = BI;( 20) The operator .#™" is bounded in
LpP-if ,pn <y < see for instance, Dynkin and Osilenker [71], p. 2097. The

latter condition is satlsﬁed since — Zo) < B < 0. Therefore,

LA f) < cte / FQP 0P dy =t e / F)PY dy < C.
Q Q

B) The case 0< 8 < p,&o). We express the modular I,(.#Z" f) as
L(a#"f) = / (|//1“’f )| *)) dx (2.48)
Q

with pq(z) = p(f) > 1, A > 1, where A will be chosen in the interval 1 < A < p_.

In (2.48) we wish to use the pointwise estimate (2 36) with p(x) replaced by pi(x),

which will be possible, if || f||,,() < cand 8 < (pr (o)) - Lhe former is fulfilled since
n—p_g

p1(z) < p(x), for the latter we have to choose A < ™ 7 p(x¢). Therefore, under
the choice 1 < A < min (p_ —p p(xo)> we obtain

Lavf) <cre [ LafrO)a)| do<cre [ (5@ @) @<,
Q

Q
thanks to the boundedness of the maximal operator in L*(Q), A > 1. ]

We single out the case of power weights where we show that the obtained
conditions are necessary.

Theorem 2.25. Let Q2 C R™ be a bounded open set, p € P°8(Q). The operator .M "
with the weight w(x) = |z — x0|%, x0 € Q, is bounded in LPC)(Q) if and only if

7p(330> <B< V(o) (2.49)
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If xg € 09, the condition (2.49) is sufficient; it is also necessary if Q has the
property {y € Q: r < |y — x| < 2r} = cr™ at the point xo € 05

Proof. The sufficiency of the conditions (2.49) follows from Theorem 2.24. To
prove the necessity, we construct counterexamples. Suppose that .Z* is bounded
in LP(®)(Q). Then for all functions f(x) such that I,(wf) < ¢, we have

I(wAf) < c. (2.50)

1) We choose f(z) = |z — xo|* with g > -5 —
<cflz— xo|BTMPE) dy = C' < co. However,
)

p(no)- Then we have I(wf)

I(wAf)>c / |z — | PPE) dz |

QNB(zo,r)

which diverges if Sp(xo) < —n (in the case xg € I use the inequality

/\xfxor*dx > /|xfx0|7 do = ‘€*$0‘6P($0)‘Qr| s P HAP(wo)

where Q. = {y € Q: r < |y —xo| < 2r} and € € Q,). Therefore, from (2.50) it

follows that g > — (z )
2) Suppose that 5 > mgy- H B> ih,y> We choose f(x) lz—zo|n

= for
which I,(wf) converges, but .# f just does not exist. When § = ’; o) We choose

fz)= \x—alco\n (ln \x—lx0\> for |z — | < 5 and 0 otherwise. Then I,(wf) exists

under the choice v < — but Z f does not exist when v > —1. Taking

1
p(z0)’
v e ( -1, —p(io))7 we arrive at a contradiction. ([l

For the case of the whole space R™ the following theorem is valid.

Theorem 2.26. Let p € P'°8(R") and assume that there exist an R > 0 such that
p(T) = poo = const for |x| = R. Then the mazimal operator .# is bounded in the
space LPC)(R™ w) with weight (2.29), if and only if

n n n n n
— < fBr < and - <B4+ Brk< . 2.51
plan) <P i) po PSS, 25

We omit the proof of Theorem 2.26. It was given in Kokilashvili and Samko
[192] in a different setting of infinite curves instead of R™; the proof for the Eu-
clidean case is essentially the same.

Recall that by A,.)(©2) we denote the class of restrictions onto Q of weights
from the class A,.y(R™); the relation of the latter to the maximal function is
characterized in Theorem 2.4.



48 Chapter 2. Oscillating Weights

For our goals it is important to emphasize that when p € P'°8(Q) and € is
bounded, the following is valid:

a) by Theorem 2.25, the power weight o(z) = |z — 0|, 20 € Q, is in Ay
if and only if

- <p< ;
p(o) p'(20)
b) by Theorem 2.24, oscillating weights of the type o(z) = w(|z — z¢|) are in
Ap(.)(Q>7 if
n n
— <m(w) < M(w) < ,
p(0) (w) (w) P (0)

and from the property (2.14) and Theorem 2.25 it follows that the condition

_p(Io) < m(w) < M(w) < p/(xo)

is necessary for w(|z — zo|) € A, ().

2.3.3 A Non-Euclidean Case

The weighted boundedness of the maximal operator presented in the preceding
sections, can be extended to the case where the underlying space is different from
sets in R™. We do not dwell on the proofs in such a general setting in order not
to overload this volume by many details necessary for the proof, but refer the
interested reader for proofs of Theorems 2.27 and 2.28 for the maximal operator

1

i@ =sp oo [ 1))
B(z,r)

to Kokilashvili, Samko, and Samko [200]; see also Kokilashvili and Samko [192]

for the case where X =T is a Carleson curve in the complex plane.

The notions related to quasimetric measure spaces are presented later in
Section 2.5.3; in particular, the lower dimension dim(X) is defined in (2.187). We
always assume that the measure £ is non-atomic and such that such that uB(z,r)
is continuous in r for every fixed € X and infyex puB(x,r) > 0 for every r > 0.

In Theorems 2.27 and 2.28 we deal with weights
N
H d(xz,xr)), x € X,
when X is bounded, and

o(z) = wo[l + d(xg, ) d(z,x)], xo,xr € X,

u::]z

when X is unbounded.



2.3. Maximal Operator with Oscillating Weights 49

Theorem 2.27. Let X be a bounded quasimetric space with doubling measure and
im(X)
p € P'°¢(X). The mazimal operator .4 is bounded in Lﬂ(‘)(X7 0), if r P wy(r) €
(I)gim(x) or, equivalently, wy, € W([0,4]), ¢ = diam X, and
~dim(X)
p(zk)

oim(X)

m(w) < M(w) < (k)

. k=1,2,...,N. (2.52)

Theorem 2.28. Let X be an unbounded quasimetric space with doubling measure
and p € P'°8(X) and let p(z) = p(oo) = const, = € X\B(zq, R) for some R > 0.

The operator M is bounded in LZ(')(X, 0), if besides (2.52), the condition

N

_dim () _ S o) < 3 Mol < bimo/o(Q) —A,
p(e0) k=0 k=0 Poo

holds, where Ap(s) = aimw(f;)(;;)imoc(@)‘

We single out a particular case of this result for the case where X =I" and
w is a power weight, which we need for our applications in Chapter 10.
The maximal operator in this case is defined in the usual way:

s =sp o[ @),
)

y(t,r

where
v(t,r):=TNDB(r), tel, r>0,

dv stands for the arc-length measure; for brevity we denote |y(¢,7)| := v(y(¢,7)).
We admit now power weights of the form

w(t) =[] It —tel®,  tel, (2.53)
k=1
in the case of finite curve, and the weights

w(t) = [t -2/ [t —tl?,  thel, 2z¢l (2.54)
k=1

in the case of infinite curve.
Recall that a curve I' is called Carleson curve (regular curve), if there exists
a constant ¢y > 0 not depending on ¢ and r, such that

|y (t, )| < cor

The following theorem was proved in Kokilashvili and Samko [192].
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Theorem 2.29. Assume that

i) T is a finite or infinite simple Carleson curve;

ii) p € P¢(T") and, if T' is unbounded, p(t) = pso = const outside some big disc
B(0,R).

Then the maximal operator # is bounded in the space LT’(')(F7 w) with the weight
(2.53) or (2.54), if and only if

1 1 1 - 1
— < Bi < and — < B+ B < .
p(tx) P'(tx) Poo ,; Pho

2.4 Weighted Singular Operators

In this section we study the boundedness of singular Calderén—Zygmund-type
operators

Tf(x) = lim k(z,y)f(y) dy (2.55)

e—0
|z—y|>e

in the spaces Lp(')(Q, 0) over a bounded open set in R™ with oscillating radial
type weights from the Zygmund—Bari—Stechkin type classes. We suppose that the
kernel k(z,y) is standard in the well-known sense, i.e., satisfies the assumptions:

i) k(2 y) < Al —y|™" (2.56)
|z — 2°

|z
|x — y|5+n’ ‘k(%x) - k(y7Z>| < A

11) \k(m,y)—k(z,yﬂ <A ‘m_y‘5+n

(2.57)

for all |z — z| < |z — y| with some A > 0 and § > 0; It is known that any such
operator, if bounded in L?(R™) or of weak (1,1) type, then is also bounded in any
space LP(R™),1 < p < 0o, p = coust, see for instance Christ [43].

Remark 2.30. In Section 10.2, in connection with applications to the normal solv-
ability of Pseudo-differential Operators (PDO), we will also consider other ver-
sions of Calderén—Zygmund-type singular operators, better suited for the theory
of PDO.

The boundedness of the singular Cauchy integral operator

Srf(t) = 7:2 / f(jidu(r) (2.58)

along a Carleson curve I' in the spaces LPO)(T, o) with similar weights is also
considered in this section.
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2.4.1 Calder6n-Zygmund-type Operators: the Euclidean Case
Let

M f(x) = sup !

r>0 |B(x,r)| / 1f(W) = fB@nldy, = €R", (2.59)

B(xz,r)NQ

be the sharp maximal function (Fefferman—Stein function), where

1
fB(J;,T') = ‘B(.’I,‘77">| / f(Z) dz

B(xz,r)NQ

In the proof of Theorem 2.35 we will follow the known approach based on
the statements below.

Recall that an operator A is called of weak (1, 1) type if

f
o147 > ] < oI
Theorem 2.31 (Alvarez and Pérez [18]). Let k(x,y) be a standard kernel and let the
operator T be of weak (1,1) type. Then for an s € (0,1), there exists a constant
cs > 0 such that

1

[AF(Tf1*)(@)]° < cod f(z), = €R,
for all f € C3°(R™).

Theorem 2.32 (Diening and Ruzicka [64]). Let p be a bounded exponent withp_ > 1
such that the mazimal operator is bounded in LPC)(R™). Then for all f € LPC)(R™)
and g € LP'O)(R™),

) dx

<c////ﬁ 2 M g(x) da

Rn

with a constant ¢ > 0 not depending on f.

Theorem 2.33. Let p € P6(R™) and w € A,y (R™). Then

waHLP(')(]R") < C||we//fuf\|Lp(~>(Rn)7 (2.60)
with a constant ¢ > 0 not depending on f.

Proof. By Theorem 1.2 we have

[fwllzee) @y < ¢
HQHLp C )(Rn)<1

/f dz|.
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Then, by Theorem 2.32,

[fwll ey @ny < €
‘gHLp()(Rn)

/ M () () ()] A (gw) d

Hence, by the Holder inequality,

||waLp(->(Rn) < C” ”SUP _ ||W///ﬁf||Lp<->(Rn)||w71///(w9)”m’(->(n§n)-
9l st
By Theorem 2.4, w € A, y(R") <= w™' € Ay y(R"), so that the operator
w4 w is bounded in L ()(R™), which completes the proof. O

Corollary 2.34. The inequality (2.60) holds for erponents p € P8(R™) that are
constant at infinity and weights (2.29) satisfying the condition (2.51).

Theorem 2.35. Let p be a bounded exponent with p— > 1 and let the weight o
satisfy the assumptions

i) o€ Ay (R™);
ii) there exists an s € (0,1) such that 0° € Ay, (R™).

Then a singular operator T with a standard kernel k(x,y) and of weak (1,1) type,
is bounded in the space LPC)(R™, o).

Proof. Let f € Cg°(R™) and 0 < s < 1. By (1.4), we have [[oT'f|prc)mn) =
: . Applying Theorem 2.33 with w(z) = [o(x)]® and p(-) replaced
)

||QS ° p(-)
L s (R

by pg), we obtain [|oT'f| o mny < cl|@® ¥ (T f|7)

1
e . Then, by (1.4),
L s (Rm)

Theorem 2.31 and we have

1Tl ooy < | [T 1))

< clloll Dl por gy < e llof iy

LP(‘)(R")

for all f € C§°(R™). To complete the proof of the theorem, it remains to observe
that Cg°(R™) is dense in LP()(R", o) by Theorem 2.3 (that theorem was stated
with the assumption [o(z)]?®) € L{ (R"), which follows from the fact that o €
Apy(R™)). O

From Theorem 2.35 we derive

Theorem 2.36. Let 2 be a bounded open set in R™ and p € P'°8(Q). A singu-
lar operator T with a standard kernel k(xz,y) and of weak (1,1) type, is bounded
in the space LPO)(Q, o) with weight o(z) = w(|lz — xo|), zo € Q, where w, } €
W([0,£)), £ = diam Q, if

(2.61)
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Proof. To apply Theorem 2.35, we use the extension of f(z) by zero outside {2,
denoted by fv(x), extend p(z) outside Q as p*(x) with preservation of the log-
condition in R™ and either constant at infinity, or satisfying the decay condition,
which is always possible. We also extend the weight o(z) to be constant outside

some big ball: o(x) := w(|z — x¢|), where

We have _
16T fll Leory < NOT fllLero) ) (2.62)
Observe that g € A,-()(R™). Indeed,

L@ D) < [t C [ Lasap
Q

Rn\Q

The first term here is covered by Theorem 2.24, while the second term does not
involve the weight and is bounded by Theorem 2.19.

Therefore, Theorem 2.35 is applicable to the right-hand side of (2.62), which
completes the proof. O

2.4.2 Singular Integrals with General Weights on Lyapunov Curves

Before we pass to weighted results on an arbitrary Carleson curve, we show in
Theorem 2.38 that on better curves the result may be obtained much easier and
for general weights, by appealing to Theorem 2.4.

Recall that ' = {t e C: t =t(s), 0 < s < £} is called a Lyapunov curve,
if [t'(s) —t'(0)] < C|s — o|” for some v € (0,1). It is called a curve of bounded
rotation, if t'(s) is a function of bounded variation.

Recall also that A, (0, £) stands for the class of restrictions of weights from

Ap(.)(R) to (0,¢), 0 < £ < oc.
Remark 2.37. Note that Theorem 2.45 for power and oscillating weights, proved
later in this chapter (see also Remark 2.44), cannot be derived directly from The-
orem 2.38 with general weights even in the case of nice curves, because we cannot
explicitly check that power or oscillating weights belong to the class A,.y. Quite
the contrary, since the condition w € A,.) is necessary in case of the maximal oper-
ator, thanks to the separate treatment of special classes of weights for the maximal
operator in the preceding sections, we know that those weights are in A,,).

Theorem 2.38. Let I' be a bounded closed Lyapunov curve or a curve of bounded
rotation without cusps. Then the operators

B £() . B f(r)dr
(SFf>(t> ) F/ T 7th and 5 f(t) B §1>118 ~/t‘r|>s Tt
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are bounded in the space LPC) (D', w), p € P°8(T"), if the weight w[t(s)] belongs to
the class A,((0,£).

Proof. First we note that for both Lyapunov curves and curves of bounded rotation
without cusps, the arc-chord condition

[t(s) —t(o)| = |s — o] (2.63)

holds, see Danilyuk [57, p. 20].
We will denote f(s) := f[t(s)] an d w(s) := f[w(s)] for brevity and similarly
P(s) == plt(s)], so that p(0) = @(s). Also, f(s) := f[t(s)]. We use the notation

¢
/ o) do
—$
0
for the Hilbert transform on [0, £].

1°. The case of Lyapunov curves. It is known that for Lyapunov curves

t(agl(—@t(s) “ . s 7O (0 —1s|1—v) :

which follows from the relation

t/(0> - ' 1 - 8 o— S
to) —t(s) o—s O/ t'(s + &( )] d€. (2.64)

We assume p(s) to be extended to the whole R as p(s) = p(0) = p(¢) for
s € R\[0,¢]. We use the properties

171 oo .y < ell-d* Fll oo (r,a)- (2.65)
and

Vs (\Hﬂ") (s) <t f(s), 0<r<l, (2.66)

where .#* f is the sharp maximal function, introduced in (2.59), and it is assumed
that f(s) is extended by zero beyond [0, ]. These properties are well known in the
Euclidean case for constant exponents; later in Section 2.4.3 we verify that they
hold for variable exponents on an arbitrary infinite Carleson curve.

The term
/ o \1 24

with potential kernel, is also controlled by the maximal function:

(TF)(s)| < CA[(s): (2.67)
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Indeed, with f(c) continued by zero for o ¢ [0, ¢] we have

¢ 20 _
|f(o)] _ o)ldo |f(o)|do
1 do = 1— Z 1—
[ 1o sl AN oot lo—

)
> 1

< d CH
>y /| |fioldo < C. ).

Then, by (2.67) and Theorem 2.4,

T fll L5 ((0,0), @) \C||Tf\|m<> 0,0),3) S CH%fHLP() ((0,0),@)
< Ol fll 5o ) < CHfHLﬁw((o,e),w)-

The boundedness of the operator Si in LPO)(I',w) then follows from the
pointwise inequality

(Spf)(t) < Cat (Sef)(t) + C(A f)(1), (2.68)

well known for the case of maximal Hilbert operator H* (see Stein [352, p. 34])
and also known for Lyapunov curves in view of (2.64).

2°. The case of a curve of bounded rotation without cusps. Let V be the total
variation of the function #'(s) on [0, ¢]. By (2.64) and (2.63), we have

[t(o)—t(s)|>¢

(2.69)

Hence,
(St < e [(H )(s) + V(S)H F)(s) + (HV)(s)] -
The operator H* is bounded in the space LP()((0,¢),w) by the part 1° of
the proof.

Consequently, the operator S} and then the operator Sr are bounded in the
space LPC)(T, w). O

2.4.3 Preliminaries Related to Singular Integrals on Curves

p(t)
1/l rrry = inf{A >0 / ‘f O v < 1}
T

Recall that
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and, as in the Euclidean case,
AL < () < Il (2.70)

where

p+, if Hf”p(-) 2 1, { p—, if || f]] ¢ =1
o = . and = . p 2.71
(f) { P i [ Floey < 1, B = ber i1l <1 @7TY

The auxiliary statements of this section will be used to obtain the results
on weighted LP()-boundedness of the Cauchy singular integral operator along
Carleson curves in Section 2.4.4. Let I" be a rectifiable curve and

r>0

1
A = /) F(7) = Fyem| dv(r),  teT, (2.72)

y(t,r

be the sharp maximal operator on I', where f, ) = Iv(g ) fv(t " f(r) dv(r).

As a counterpart of Theorem 2.33 we have the following statement, proved
similarly to Theorem 2.33.

Theorem 2.39. Let I' be an infinite Carleson curve, p a bounded exponent on I'
with p— > 1, and w such that } € Ay y(T). Then

lwfll Loy < ellwdl® £l Loy (2.73)
with a constant ¢ > 0 not depending on f.

Taking into account Theorem 2.29, we have the following corollary.

Corollary 2.40. The inequality (2.73) holds on an infinite Carleson curve I' for
the weight w(t) = |t —to|?, to € C, when p € P°8(T") and p(t) = poo outside some
circle B(to, R), and

1 1 1 1
— <p< and — <p< if  toel,
p(to) P’ (to) Doo Pho

under the single condition fpl <p< p,l ifto ¢ T.

The proof of the weighted boundedness of the singular operator via the
boundedness of the maximal operator is based on the estimate

ME(|Spf*) () <claf)], 0<s<1, (2.74)

the Euclidean version of which was given above in Theorem 2.31. To prove (2.74)
for Carleson curves, we need the following technical lemmas.



2.4. Weighted Singular Operators 57

Lemma 2.41. Let T be a simple Carleson curve, zg € T', and v, = v(z0,7) and

1
H7‘720(t) = |’YT‘2 //
Ir Ir

Then for any locally integrable function f the pointwise estimate

1
z—t T—1

‘ dv(z)dv(T). (2.75)

sup / PO [Hy oo (dir(t) < Ot (20)
r>0
tel:|t—zo|>27

holds, where C' > 0 does not depend on f and z.

Proof. We have
|7 — 2]
H; o dv(T).
0= [ [ g

Yr Yr

For |t — zo| > 2r we have |z —t| > |t — z0| — |2 — zo\ |t — 20| =7 > |t — 20| and
similarly |7 — | > J[t — 2], so that H, .,(t) < |t o2+ Where the constant C' > 0
depends only on the length of the curve I'. Then

rlf(®)]
sup / |f ()| Hr 2, (t)dv(t) < csup Z / e ZO|2du(t)

r>0 r>0
tel:|t—zo|>2r 2kr<\tfzo\<2k+1r

with m = m(r). Hence,

swp [ O H (B 2csup22k2k+lr [ i

r>0 r>0
tel:[t—zo|>27 [t—zo|<2k+1r

26%]0 Z() Z k: Cl.ﬂf Zo) [l
k=0

Lemma 2.42. Let f be an integrable function on I' and f, = \il f7 f(r)dv(r),
where v CI'. Then

1 2
N / 1) = lavtr) < 2 [150) = Clavtr

5
for any constant C on the right-hand side.

Proof. The proof is well known:

iu/f( —hldn < \2//\f 0)ldv(7)dw (o)
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1
S 2 / / (1f(7) = C| +1C — F(0)])dv(r)dv(o)

|/f — C|dv(r). O

Lemma 2.43. The estimate (2.74) holds on every simple Carleson curve.

Proof. By Lemma 2.42, it suffices to show that for any locally integrable function
fand any 0 < s < 1 there exists a positive constant A such that

<i| / ‘ ENIGIY

for almost all zp € T', where C > 0 does not depend on f and z,. We set f =
f1 + fa, where fi = f - Xy(z0,2r) a0 f2 = [ XD\ (z9,2r)- We take A = (Srf2), =
Iv\ f [Srf2(&)| dv(€). Since [|a|® — [b%]| < |a — b|® for 0 < s < 1, we have

1/s
dV(€)>

(§)> 1/S+c<|i /‘5rf2(5)|—14

The term I is estimated by means of the Kolmogorov inequality

1/s
! . 1
(FI F/Ispf(t) du(t)> <ep F/f(t)|dy(t), (2.76)

where s € (0,1), valid for a finite Carleson curve, which yields

dV(§)> ﬁ SCAHf(20),  v=n(20,7),

(ﬁ / ] Sef()" - A°

=: C(Il -+ 12)

s s /s
Srfi(8)| dv dV(f))

‘ |/f1 |dV | /f |dV '%f(z())

For I,, Jensen’s inequality and Fubini’s theorem yield, after easy estimations,

1

I, < /
ol

2

where H, ,,(t) was defined in (2.75). Hence, by Lemma 241, I, < C. f(z0),
which completes the proof. O

dv(€) < / | F(0) [ Hy oy ()i (1),

"\ (20,27)

1
(SeO- / (St 12)(r)du(r)
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2.4.4 Singular Integrals with Cauchy Kernel on Carleson Curves

In this section we study the singular integral operator

sery = L [T e (2.77)

) T—1
r
along a Carleson curve I' and extend the result of Guy David [58] to the case of
variable exponents by proving that the operator St is bounded in weighted spaces
L”(')(F7 0) with power type weights, if and only if T is a Carleson curve.
To simplify the presentation, we consider the power weights (2.53)—(2.54) in
the form
o(t) = |t —to|?, to €T, (2.78)

in the case of finite curves, and in the form
o(t) = |t — 20|t —to?, to€T, 20¢T, (2.79)

in the case of infinite curves.
We mainly assume that p € P°8(T"). In the case where I is an infinite curve,
we also assume that p satisfies the following condition at infinity:

Ao 1 1] 1
O R B i SR TV U TS
it

for some large L > 0, so that p(co) = limps;—,c0 p(t) exists.

Remark 2.44. To simplify the proof of the next theorem, we give it for the case of
power weights, which is the most important for our further applications. It holds
also for more general oscillating weights of form p(x) = w(|t — to|) (and similarly
for (2.79)) with w in the ZBS class. In this case (2.82) should be replaced by the

condition ) )
— <m(w) < M(w) < ,

p(ty) <" SIS )

for MO indices, and similarly in (2.83) For simplicity we give all the details of
the proof for the case of power weights, which is the most important for our

applications to singular integral equations on curves in the complex plane.

(2.81)

Theorem 2.45. Suppose that

i) T is a simple Carleson curve;
ii) p € P8(T") and also satisfy the assumption (2.80) in the case where T is an
infinite curve.

Then, the singular operator Sy is bounded in the space LPC)(T, o) with weight (2.78)
or (2.79), if and only if
1 1
- <pB<

p(to) (2.82)
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and also
1
— <a+p<

p(00)

in the case where I is infinite.

1
(00) (2.83)

Proof. We consider the single weight |t — #o|?, where #; does not necessarily lie on
I in case I is infinite, which is possible since the factors in the weight (2.79) can be
separated (see the procedure of such a separation in the beginning of Section 2.3).

Sufficiency part.

I). The case of an infinite curve and p constant at infinity. For this case we assume
that p(t) = const = p(oo) outside some large ball B(0, R). Let 0 < s < 1. Observe
that X

e fllaveowar = NS AN e

0
Then by Corollary 2.40 we have

1

p(-)

St fll e < C||.2%(|Srf|°
ST fll Lrey(r,0) |-2*(1Sr f1°) 20 g

for s sufficiently close to 1. Indeed, Corollary 2.40 is applicable in this case, because
P g) € P°8(I) if s and the exponent 3 of the weight satisfy the condition — p(lo ) <

B < p,(lto) , when s is sufficiently close to 1.
Therefore, by Lemma 2.43,

1
1SrfllLrrr,g <€ ||(e///f)‘(’||2pg-> = c|| A fll oy (r,g) -

s (The

It remains to apply Theorem 2.29 to obtain |[Stf|lzr¢)(r,0) < €l fllLo¢)(r,0)-

IT). The case of a finite curve and p constant on some arc. For this case we assume
that there exists an arc v C I' with |y| > 0 on which p(t) = const.
First we observe that the singular integral may be considered in the form

sy = &[T g,

s T—1
I

instead of (2.77), since dr = 7/(s)dv(7) and |7'(s)| = 1 on Carleson curves, so that
1f 7' Lre).0) = If | rer (r,0)-

The present case is reduced to the previous case I) by a change of variables.
Let 2o be any point of I (different from ¢g if ¢ty € T'). Without loss of generality
we may assume that zp = 0. Let

1 . 1
F*Z{tE(C:t: 77'611} and p(t):p(t>7 tel,,
T
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so that T', is an infinite curve and p(z) is constant on T'. outside some large disc.
By the change of variables i = w and 1 =z we get

(Srf)(t) = —z(Sr.9)(2),  zel. (2.84)

where ¢(w) = | f (). The following modular equivalence holds
Lpyr ([t = 1ol f(8)) = Ipr. (¢"(0)¥(1)), (2.85)

where o*(t) = |t|V |t — t(’ﬂﬁ with ¢ = tlo el,,andv=1-p— ﬁ(io) =1-p- p(QO).
Indeed,
Ly ([t = tol”f(2)) :/\t*to\ﬁp(t)lf(t)\”(t)ldtl-

r

After the change of variables t — 1 we get

_ t|517(t)

* p(t
T (It = tol?£(0)) = [ fro)270 19 "
P, 0 0 |t|P(®)
I

L&

(:)

Since [to|P(®) ~ const and f (}) = t)(t), we obtain

Ity — t‘ﬁﬁ(t) .
Lr (|t —to|? (1)) = \Ot )42 ()PP |dt]

*

p(t)
it5 — 1] !
~ MmﬂHﬁﬁww» d].

T

i = (B=1+ 58 a4 B=D+ 5%
We assumed that point z = 0 does not be on T, so that |¢| 26 |t (o)
As a result we arrive at (2.85). Then from (2.85) we also have || f|| o) (r,ji—10(5) &
191l L7 (1. o) and correspondingly

STl Leer (r,jt—to]8) = ISP Y L5 (1 0%) (2.86)
where we used (2.84). Observe also that

1 1 1 1
_ _ . 87
i) P w) T Thn <V S p) (2.87)

Obviously, p € PlogN(F). Since p(t) is constant at infinity, the operator Sr, is
bounded in the space LP()(T,, o(t)) according to part I) of the proof, the required
conditions on the weight o*(¢) being satisfied by (2.87) and by the fact that f+v =

2 . . . 1 1
~ p(oo) 181D the interval ~ 5(00) 7 (0)

the space LPC) (T, |t — to|?) by (2.86).

. Then the operator St is bounded in
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ITI). The general case of a finite curve. Let v; C T and 72 C T be two disjoint

non-empty arcs of I', y1 N2 = 0. According to the part II) of the proof, the

operator wSr . with w(t) = [t — to|?,to € T, is bounded in the spaces LPrON(T)
and LP20)(T), if

p; €POS(T), — ! <p< ! and p;(t) is constant on y; ,i = 1,2.

' T pilto) pi(to) ' “ 7

(2.88)

Aiming to make use of the Riesz interpolation theorem, we observe that

the following statement is valid: Given 8 € (—1,1) and p € P'°8(T") such that

7[)(10) <p< p’(1t0)7 there exist non-intersecting arcs vo2 C I' and v; C T' such that

p(t) may be represented in the form

L _ 0 1= 1

p(t)  pa(t)  pa(t)’ 2’
where p;(t),j = 1,2, satisfy the conditions in (2.88) and p;(to) = p(to), 7 =1,2.
To prove this statement, we re-denote for brevity: a(t) := p(lt) and a;(t) =

p,l( 0 We have to show that given a function a(t) on T satisfying the log-condition

and the assumption 0 < d < a(t) < D < 1 on T, there exist non-intersecting
non-empty arcs 7; and functions a;(¢) on I" with the same properties, such that

a1 (t) + az(t)

a(t) =

with  a;(t) = const on ~;

2
and a;(to) = a(tp), i = 1,2. We take v; so that to ¢ v1 U2 and construct the
functions a4 (t) and as(t) as
A, t e,
ay(t) = U(t), t € T\(11 Ur2),
2a(t) — B, t € s,
and
2a(t) — A, tem,
az(t) = § 2a(t) — £(t), teT\(11Ur),
B, L€,

where A, B € (0,1) are some constants. The link ¢(t) between values of a;(¢) on
~1 and on 5 may be chosen as a smooth interpolation, at each of the components
of the set T'\(y1 U 72), between the number A and the values of 2a(t) — B at the
endpoints of this component, with the only restriction that £(tg) = a(to) in the case
where this component contains the point . Then b(t) and ¢(t) are log-continuous
on I'. To guarantee the remaining interval conditions for a;(t), we choose A and
B so that 2a(t) — 1 < A < 2a(t) on 71 and 2a(t) — 1 < B < 2a(t) on 2. Let
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a_ (i) = infieq, a(t) and ay (vi) = sup;e,, a(t), i = 1,2. It suffices to choose A
and B in the intervals

A € (max{0,2ay (71) — 1}, min{2a_ (1), 1}),
B € (max{0,2a4(y2) — 1}, min{2a_(v2),1}).

These intervals are non-empty, if a4 (v;) —a—(v;) < 3,1 = 1,2, which is fulfilled if
~; are chosen sufficiently small.

In view of the statement we have just proved, the boundedness of the singu-
lar operator in Lp(')(F) with given p follows from the Riesz—Thorin interpolation
Theorem 2.1.

IV). The general case of an infinite curve. Obviously, after step III), the general
case of an infinite curve, i.e., the case where I is infinite and p is not necessarily
constant outside some disc, is reduced to the case of a finite curve by mapping the
infinite curve I" onto a finite curve T', in the same way as it was done in step II).

Necessity part. Let T be a finite curve. From the boundedness of Sr in LPC)(T, o) it
follows that S f(t) exists almost everywhere for any f € LP()(T, g). Thus g should
be such that LP()(T, o) ¢ LY(T'). The function f = feo~! belongs to L'(T) for
any f € LPO(, ) if and only if o=! € L¥'(). The function o~ (t) = |t — to| 7,
to € T', belongs to Lp/(‘)(F) if and only if 5 < p,(lto). Indeed, by the log-condition
we have

It —to] P90 ~ |t — to‘*ﬁp/(to)

and it remains to note that for Carleson curves from |t — to|~#9(0) € L1 it follows

1
that 8 < p(to) "

The necessity of the condition —p(io) < B follows by a duality argument.

The case of an infinite curve and a weight fixed to infinity is treated in a
similar way, with small modifications. ]

2.4.5 The Property of I' to be a Carleson Curve is Necessary

In this subsection, in Theorem 2.49, we extend, to the case of variable exponents,
Guy David’s theorem (Paatashvili and Khuskivadze [277]) known for constant
exponents and stating that the boundedness of the singular operator along a rec-
tifiable curve I' necessarily implies that I' is a Carleson curve.

We first need some auxiliary statements.
Remark 2.46. If the operator Sr is bounded in LPO)(I') and 7 is a measur-
able subset of T, then the operator S, = x-Srx, is bounded in LP()(v) and
1S5l o) () < 1St Lo 1y (we will denote the restriction of p(-) to v by the same
symbol p(+)).

In Theorem 2.49 below we prove an important statement on the necessity for
I" to be a Carleson curve. To this end, we first have to prove two auxiliary lemmas.
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Lemma 2.47. For every point t € I' and every r € (07 édiam F) there exists a
function @y := i (T) such that

r

I (Sepr) > m (”(”)')p_ L (¢, (2.80)

where m > 0 s a constant not depending on t and r.

Proof. Let us fix the point ¢ = ¢y and consider circles centred at ty of radii r,
27 and 3r and 8 rays with the angle 7 between them, one parallel to the axis of
abscissas. These rays split the disc |z — to| < r and the annulus 2r < |z —to| < 3r
into 16 parts. It suffices to treat only those parts which lie in a half-plane, for
example, in the upper semi-plane. We denote these parts of the disc |z — to] < r
by I'y, := T'y 4, and the parts of the annulus 2r < |z — to| < 37 by Yk = Ve 10.r5
respectively, k = 1, 2, 3,4, counting them, e.g., counter clockwise. These rays may
be chosen so that there exists a pair kg, jo such that

1 1
Tl > ghlto )| and il > 7 (290)
Without loss of generality we may take ky = 1.
Let
1, tely,
— o () = 2.91
Pty = Pto,r(t) {07 teT\I;. ( )

We have to estimate the integral

I,(Sr¢e,r) /
T

Let 7 —t = |7 — t|e’*(™), We have

cosa(T,t) —isina(r,t
1(Stn,) > / | / " ()

T—t|

du(t). (2.92)

p(t)
dv(t).

Let first jo = 1. We put My = (r,0) and My = (2r cos 7, 2rsin ) It is easily seen
that max |a(7,t)| < B1 < 7, where (; is the angle between the vector MsM, and
the axis of abscissas. Similarly it can be seen that

if TEthE")/Q, then Z g (T t) 7[32,
if 7e€l'y1,t€~s, then ér < a(r,t) <7 —Bs,
if 7el,t€r, then °T < afr, t)<7r+64

2\/2 1

where By = arctg2, B3 = arctg 5 and By = arctg . Therefore, when 7 € T’y

and t € vj,,J0 = 1,2, 3,4, then

either  |cosa(r,t)| = my >0, or |sina(7,t)| = mg > 0.
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Moreover, when 7 € 'y and t € 5 or t € 74, then cos a7, t) preserves the sign and
when 7 € 'y and ¢ € 5 or t € 73, then sin a7, t) preserves the sign. Consequently,

from (2.92) we get
p(t)>

p(t)

)

T—1 T—1

Re [ P

Im/ P, (T)dv(T)

I,(Srey,) = /max(

Yio I8

I'y

Hence

I(Stn) > / ‘

Yio T Yio
Then by (2.90)

nisien > (39)" [ () vt 2 m (PG

Yio
Since |y(t,7)| = Ip(¢:) = [T'1| and |v;,| = g, we obtain

R e () R () BTN

which proves (2.89) with (2.91). O

Lemma 2.48. If the operator Sr is bounded in the space LPC)(T), then for every
t € I' the estimate

t
VDI ¢ oy, )o@ (2.93)
r

holds, where

1 [a(Srer) (8ISt o
Mt)_pl( Bler) _1)’ CF_( " , Bler)

comes from (2.71) and the function p; and the constant m were introduced in
(2.89).

Proof. Denote K = ||St||»». By the boundedness ||Srf||»¢) < K| f|p»c» and
property (2.70), we have

a(Spf)

L(Srf) < KOSrD| a3 < koS DL, (f)) 500
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We choose f = ¢ and use (2.89) and (2.91), which yields

a(Spf) ) \" !
KeSeh) [Ip(sﬂt)]ﬁ(sfr“’” > I,(Srpi) =2 m (WT )|> I (1)

> (M e (2.91)

We observe that in the first term in this chain of inequalities we have I,(¢;) <
|v(t,7)|, and then (2.94) yields (2.93). O

Theorem 2.49. Let T be a finite rectifiable curve andp : T — [1,00) be a continuous
function. If the singular operator St is bounded in the space LP(") (T), then the curve
T" has the property that

t
sup |7(177")‘ < 00 (2.95)
tel TF
r>0

for every e > 0. If p(t) satisfies the log-condition, then (2.95) holds with € = 0,
i.e., I' is a Carleson curve.

Proof. Note that if the operator Sr is bounded in LP()(T') and v is a measur-
able subset of I', then the operator S, = x,S5TX, is bounded in Lp(')(’y) and
1551 ey 4y < 1Sl Loerry (wWe denote the restriction of p() to v by the same
symbol p(+)).

Let v =~v(t,30) =T'N{z: |z — t| < 3p}. By the above remark, the operator
S, is bounded in LP0)(5). Then, by Lemma 2.48, we obtain

§ 0
MEO cohe o O <abEeo®, gen  @9)
where Cr is the same as in Lemma 2.48 and d,(§) = pi(}y)fl (aé“?;ff) - 1) with

p—(7) = min;e, p(7). Depending on the values [|Sy¢¢l| Lo (1) and [[¢gl[ o) (), the
exponent 0, (&) may take only three values 0,0, and —d2, where

5= P+ —p-(n) 1 5, = P+ —p-(n) 1
p+(v)  p-( -1 p-(v)  p-(y)-1

(in fact, according to (2.96) only two values 0 and —d2 are possible, since V(i’g) >
1). Therefore, when p is small, |6, (§)| also has small values:

1
0, < Aw(p,60), A= (b (T) — 1)p_(T)’ (2.97)

where w(p, h) is the modulus of continuity of the function p, since p(t) is continuous
on the compact set I', and consequently uniformly continuous.
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Let o1 < 1 be sufficiently small such that Aw(p,601) < e. From (2.96) we
have [y(¢, Q)‘lﬂs”(g) < Cro, and then

1 1 1
(€, 0)| < Cp"@ gi-2© < Ci“prde  for o< o (2.98)

(where we took into account that Cr > 1 and o < g1 < 1). Thus, (2.95) has been
proved.

Now let p(t) satisfy the log-condition. By (2.98), for the function t¢(g) =
7(€,0)1°®), we have

nC n
| 1nte(0)] = 18,(6) In |y (€. )| < Aw(p, 6) (1 I e|> |

1—¢ 1+c¢

In view of (2.97) we then obtain

A In©r ¢
I Ine(e)] < ¢ g<min{gh }
1—¢ lnsg 6

It is easy to see that In(Cr/ )/ In(¢/3p) is bounded for small g, so that | In e (g)| <
C < 0. Since \7(5279)| < Cripe (o) by (2.96), we get \7(5279)| < Cre®, which means
that I' is a Carleson curve. O

2.5 Weighted Potential Operators

In this section we study the fractional integrals, in general of variable order:

1°0) f(z) = / (3?_” dy, weq,
& — gl el

in weighted variable Lebesgue spaces LP()(R™, o), where o : Q — (0,7n). We first
consider the case where 2 is bounded and the weight w is of radial oscillating type.
We also cover the case of the whole space {2 = R" and prove a weighted Sobolev—
Stein—Weiss type theorem for the Riesz potential operator over R™, but in this
case we restrict ourselves to constant a and give the proof for power weights fixed
to the origin and infinity, but formulate the corresponding statement for general
oscillating weights.

We prove also a similar theorem for the spherical analogue of the Riesz po-
tential in the corresponding weighted spaces LP()(S™, o) on the unit sphere " in
R™+1 see Section 2.5.7.

We start with three subsections on non-weighted results.
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2.5.1 Non-weighted Estimates in the Prelimiting Case
sup a(x)p(x) < n: the Euclidean Version

For bounded sets €2, an extension of the Sobolev theorem for the potential opera-
tors runs as follows.

Theorem 2.50. Let Q C R™ be an open bounded set and p € P'°8(Q). Let also
infyeqa(x) > 0 and sup,cq a(z)p(z) < n. Then the operator 1) is bounded
from the space LPC)(Q) to LIC)(Q) with q(ll_) = p(ll_) - agf).

The proof of Theorem 2.50 is contained in that of Theorem 2.64 for the
weighted setting.

For unbounded sets 2 and constant orders « the corresponding Sobolev the-
orem, proved in Capone, Cruz-Uribe, and Fiorenza [39], runs as follows.

Theorem 2.51. Let 0 < o < n and Q C R™ be an open unbounded set and p €
PLe(Q). Let also 1 < p— < py < . Then the operator I* is bounded from the
space LPC)(Q) to LIO)(Q) with q(ll_) = p(ll_) -

The Sobolev theorem on R™ holds also for variable a(x) with an additional
weight at infinity, as is stated in the next result, the proof of which may be found
in Kokilashvili and Samko [188].

Theorem 2.52. Let p € PI2(R"), 1 < p(00) < p(x) < py < o0, infrern a(x) > 0,
and sup,cpn a(z)p(z) < n. Then

1L+ ) 71O fll ooy @my < €Nl oo my (2.99)

where q(lm) = p(lm) - af) and y(x) = Asa(z) {1 — agf)] < B A, with Ay =

sup,egn [P(z) — p(oo)] - In(e + [z]).

The Sobolev theorem with variable a(x) holds without such a weight related
to infinity, if we use an algebraic sum of spaces for the resulting space.

Theorem 2.53. Let the exponent p € P%%(Q), and let o(x) fulfil the conditions
infa(z) > 0, supa(z)p(z) < n, and ay < p(s) - Then the operator 1°0) s

bounded from the space LPC)(R™) to the algebraic sum
Lq(')(]R”) + qu(-)(Rn)’

1 1 a(z)

where q(x) is the same as above and Gool@) = ploo) ~ m -

Theorem 2.53 is a particular case of Theorem 13.46 proved later in Volume
2 in the general setting of variable exponent Morrey spaces.



2.5. Weighted Potential Operators 69

2.5.2 Non-weighted Estimates in the Limiting Case a(x)p(x) =n:
the Euclidean Version
A question of interest in the variable exponent setting is to cover the case where
a(z)p(z) = n.

For constant exponents, it is known that the Riesz fractional integration operator
acts in this case from LP to the space

BMO = {f: .2* ¢ L>}, ||f|lsmo := ||| o,

where
dy

# i 1 —J5
M f () —ililg B, 7)) / ‘f(w fB(au,r)

E(w,r)
is the sharp maximal function and fé(w,r) = \E(i‘,’r')\ fé(m,r) f(2) dz. This goes back
to a result in Stein and Zygmund [353], where it was given in terms of convolution;
for weighted versions of such a result for Riesz potentials we refer to Muckenhoupt
and Wheeden [264].

We show that the Riesz fractional integration operator 1*() of variable order
on a bounded open set in  C R™ in the limiting Sobolev case a(z)p(x) = n acts
boundedly from LP()(Q) into BMO(S), as expected, if p(x) satisfies the standard
log-condition and a(z) is Holder continuous of an arbitrarily small order.

The case of unbounded sets needs special treatment, not only in the variable
exponent, where there are well-known problems related to infinity, but also in the
case of constant exponents. Even when « and p are constant, the operator I* on
an unbounded set {2 is not well defined as a convergent integral on the whole space
LP(Q2) when ap = n, although it may be treated as a continuous extension from a
dense set in LP.

The operator may be treated also in this case by resorting to a distributional
interpretation. Since the Schwartz space of test functions is not invariant with
respect to the Riesz fractional integration, another space (known as the Lizorkin
test function space (Samko [322, Chap. 2]) is used; we deal with the Lizorkin
space in Section 7.2. In Samko [321] it was shown that when the Riesz fractional
operator I acts on functions f € LP(R™) with « > Z, then the result, interpreted
distributionally, is a regular distribution. More precisely, any distribution I* f,0 <
a < oo, generated by a function f € LP, 1 < p < o0, is a regular distribution and
even belongs to L{ (R™).

Let
1
Mpyf(x) =su / dy, x€Q,
B()f( ) T'>Ié Fn—B(x) ‘f(y>| Yy

B(z,r)
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be the variable-order fractional maximal function. In the following lemma we allow
the set ) to be unbounded, but the main statement in Theorem 2.55 concerns only
bounded sets. See also an extension of a part of Lemma 2.54 to the case where the
underlying space is a quasimetric measure space, given in Lemma 8.15.

Lemma 2.54. Let p € P°2(Q). In case §) is unbounded we also suppose that p €
P8(Q) and p— = p(c0). Then

|30y fllL~) < CllfllLee o)

for any measurable function B(x) such that 5(z) > p(a) > When Q is bounded, and

p(’;) < Blx) < p(zo), when Q is unbounded.
Proof. By the Holder inequality for variable exponents, we have .Zp.)f(x) <

SUP;>o Tﬁ(m)inHXB(J;,r)”LP’(-)(Q)HfHLP(')(Q)' By (1.15),

Myyf@) <O sup T oo (2.100)
0<r<diam$

when 2 is bounded, and by (1.16),

‘//ZB(-)f('w < CSE%)TB(JJ)_H-’—#(:’T) |f||LP(')(Q)

when 2 is unbounded. Hence the statement of the lemma follows. O

By H*(Q) we denote the space of functions f on ) satisfying the Hélder
condition:
If(x) = f(y)| < Clz—y|*, 0<AL L.

Let H(2) = Upcrca HA ().

In Theorem 2.55 we assume that «(z)p(z) > n instead of a(z)p(x) = n. This
assumption has some disadvantage, because at the points x € Q where a(z)p(x) >
n we should require that the Riesz fractional integral behaves better than just as a
BMO function: it should be there locally Holder continuous of order a(x) — )
However, an advantage of the assumption a(x)p(z) > n is that we do not need
to require that p(z) be Holder continuous, which would immediately follow in the
cases where a(x)p(z) = n.

Theorem 2.55. Let 2 be a bounded open set, p € P°5(Q2), and o € H(Q). If
a(x)p(z) > n, then the Riesz potential operator is bounded from LPO)(Q) to
BMO(Q).

Proof. Suppose that f(z) > 0. We continue the function f as zero outside €
whenever necessary. Given r > 0, we decompose the function f as f(z) = fi(z) +
f2(2), where

f1(2) = f(2)XB@2n(2),  f2(2) = f(2)Xa\B(e.2r) (2),
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and then
1°O f(y) = I°O f1(y) + IO foly) =: Fi(y) + Fa(y).

Estimation of Fi(y). For y € B(x,r), and z € B(x,2r) we have |z — y| < 3r, so

that J
A < / f(z)dz

PR—
ly—z|<3r

and we can now use the known inequality
f(z)dz 2npe(y)
[ < e HH). 0l >0 (2.101)
ly—z|<r
(see for instance, Adams and Hedberg [7, p. 54], where a(x) = const; the proof

for variable « is the same via dyadic decomposition), so that

27 (3r)*)

gaty) 1 W) <CroWaf(y)

Fi(y) <

for y € B(z,r). Then, since r*® =) L ¢,

1 / _
Fwdy<oe@ [ as) i
|B(z, )|

We apply the Holder inequality and obtain

1

F d gca(w)—n z,r ' (- ().
By | PO < OO o [ Sl

B(z,r)
Hence, by (1.15) and the boundedness of the maximal operator in LP()(Q2), we get
Fi(y)dy < Cro 7" v | fll ey < CIF e 2.102
‘B(x’r>|3(. ') 1(y)dy < Cr 1fllzrer < Cllfllpre (2.102)

Estimation of Fz(y). We denote

B B f(z)dz
Cf*FQ(‘T)* |$7Z‘n7a(m)
Q\B(z,2r)
Then
1 1
Faly) —esl = ) {y — z|n—e) B |x — zn—a(w)} dz|,

Q\B(z,2r)
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whence
Bw-ol< [ el N
_ < P _
2\Y f |y _ z‘n—a(x,) ‘l‘ _ z‘n—a(x,)
O\ B(z,2r)
L L dz =G G
+ ‘f(Z)‘ ‘yiz‘n,a(y) - |y72‘n7a(z) z=:G1 + Ga.
Q\B(z,2r)

To estimate G, we use the inequality
la™ = b7 < |v] - |a — b|(min{a, b)), a>0,b>0, y€Q,
and observe that |y — z| < r and |z — y| > 2r imply |z — 2| < 5|y — 2|, so that

[f(2)| dz=

G < C'|-'1j - y' |.,1j _ Z|7L—(X(JJ)+1
Q\B(z,2r)

‘l‘ _ Z|n—(x(7;)+1 :
k=1p (g 2041\ B(x,2%7)

By the inequality
f(z)dz gn—al(z)

|I]'J _ Z‘nfa(z)Jrl = r
B(x,2r)\B(xz,r)

Moy f ()

valid for 0 < a(z) < n, we get

.
G1 < OVl 1@) < Cta @I 000

r

Therefore,
1G]l < Cllfllror o) (2.103)

by Lemma 2.54.
For G2 we use the inequality

gmin{a:b} if 0 <t <1
[t* =] < |a—b| ! ’
tmax{a,b}7 if +> 1,

and obtain

Ga<la@ =al [ IO () i * e ) &

ly — z[ro@) |y — z|nmel)
O\ B(z,2r)
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Since |y — z| > 3|z — 2| and Q\B(z,2r) C Q\B(y,r), we obtain

[f(2)| dz |f(2)| dz
G2 < Cla(r) — a(y)] ( / ly — z‘n—a(y) + / |z — Z|n—tx(w)>

O\B(y,r) O\ B(z,2r)
=: Cla(z) — a(y)|[H (y) + H(z)].

Since y runs over the ball B(x,r) centred at z, it suffices to deal only with the
term H(y). Let § € (0,p— — 1) be a small number. We apply the Holder inequality
with the variable exponent ps(x) = 1{(:(3 and obtain

XOQ\B(y,2r)

la(z) — aly)|H(y) < Cle(z) — a)]l| fll Leso 12 — y|r—o)

LP:,()

The estimate

né

—(n—a(y)) _ Cor~ (o) <Cr »-.

XO\B(y,2r)

n
< rPsw
2= glr=e® | 0 S

LP:,()

is valid; it is a particular case of a more general weighted estimate that will be
proved later in Theorem 2.62. Therefore,
_ né
la(z) — aly)|[H(y) + H(z)] < C| sup a(z) —aly)lr 7,
r—y|<T
which yields the boundedness of |a(z) — a(y)|[H (y) + H(x)] provided a(z) has
the corresponding Hélder property. Since § may be chosen arbitrarily small, it is
sufficient to suppose that « is Holderian of an arbitrarily small order.
Taking also the embedding || f]l ;»s¢) < C|fl| o) into account, we obtain

1Gallze < Cllfllpee- (2.104)
Consequently,
1F2 = cplloe < Cllfllzees (2.105)
by (2.103) and (2.104).
It remains to gather the estimates (2.102) and (2.105). O

2.5.3 Non-weighted Estimates in the Prelimiting Case
a(x)p(x) < n on Quasimetric Measure Spaces

Preliminaries on Quasimetric Measure Spaces

In the sequel, (X, d, 1) denotes a quasimetric space with the quasidistance d, sat-
isfying the triangle inequality

d(z,y) < ¢ld(x,2) + d(z,y)], ¢ =1, (2.106)

where ¢; = Ctriangle = 1, and Borel regular measure .
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Note that in this chapter we deal only with symmetric distances:
d(z,y) = d(y, x).

We denote ¢ = diam X and assume that 0 < ¢ < oo.
We refer to the books by Edmunds, Kokilashvili, and Meskhi [76], Genebash-
vili, Gogatishvili, Kokilashvili, and Krbec [104] and Heinonen [133] for the basics
on quasimetric measure spaces. By B(x,r) = {y € X : d(z,y) < r} we denote a
ball in X. The following standard conditions will be assumed to be satisfied:
1) all the balls B(z,r) are measurable,
2) the space C(X) of uniformly continuous functions on X is dense in L!(p).

In most of the statements we also suppose that

3) the measure p satisfies the doubling condition
uB(x,2r) < CuB(z,r),

where C' > 0 does not depend on r > 0 and x € X. A measure satisfying
this condition is called doubling measure. A quasimetric measure space with
doubling measure is called a space of homogeneous type (SHT).

The conditions

p(B(z,r)) <car” (2.107)
and
uB(z,7) = cor™, (2.108)

imposed on the measure u, are known as the upper and lower Ahifors conditions;
the first one is also referred to as the growth condition.

It is known that from the doubling condition it follows that

pB(z, o)

o\’
< , N =1 , 2.1
Bly,r) C ( ) 0gy Cu (2.109)

.
for all the balls B(z, o) and B(y,r) with 0 < r < p and y € B(z,r), where C > 0
does not depend on r, g, and z. From (2.109) it follows that the doubling condition
always implies the validity of the lower Ahlfors condition for any open bounded
set Q C X on which inf,cq uB(z,¢) > 0,¢ = diam €.

We will return to these definitions later, in Section 4.1.2.

The Hardy-Littlewood maximal function of a locally p-integrable function
f X — Ris defined by

Mf@) =sup

>0 W(B(z,7)) / ()l dp(y).

B(x,r)
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It is known (see, e.g., Macfas and Segovia [233]) that the Hardy—Littlewood
maximal operator defined on an SHT has weak (1,1) type.

The spaces LPO)(X) = LZ(')(X) with the p-measurable exponent p : X —
[1,00), on quasimetric measure spaces are defined in the familiar way:

17500 = mf{A . [|1
X

In the setting of quasimetric measure spaces we use two forms of the log-
condition. By P°8(X) we denote the set of y-measurable exponents p : X — [1,00)
which satisfy the standard local log-condition on (X, d, p) :

CP
p(z) —ply)l < d(z,y)’

p(x)
du(z) < 1}. (2.110)

d(z,y) < r,y € X, (2.111)

2’
and by PLOg(X ) we denote the set of p-measurable exponents p : X — [1,00)
which satisfy the condition

p(@) — p(y)] < 4 (2.112)

© —InpB(x,d(x,y))
for all z,y € X such that uB(z,d(x,y)) < %

In the case d(z,y) = d(y,x) the condition (2.112) is equivalent to its sym-
metric form

A A
Ip(z) —p(y)| < —InpB(z,d(z,y)) + —InpB(y,d(z,y))

The log-condition in form (2.112), which coincides with (2.111) in the Eu-
clidean case, is more suitable in the context of general quasimetric measure spaces,
because in some results it allows to put less restrictions on the space (X, d, u).

Lemma 2.56. Let (X,d, ) be the quasimetric measure space. If the lower Ahlfors
condition holds, then

Pl8(X) C PE(X). (2.113)
If the upper Ahlfors condition holds, then,

lo, lo,

PE(X) CPE(X).
Proof. The proof is a matter if direct verification. O
Lemma 2.57. Let ) be an open bounded set in a quasimetric measure space

(X,d,p). If p € P)8, then

IXB@n |, <C Bz, )] (2.114)

for all r € [0,diam Y], where C' > 0 does not depend on x and r. The estimate
(2.114) is valid also for p € P2 if the lower Ahlfors condition is satisfied.
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Proof. Let x € © and 0 < r < diam Q. For p € P}fg it is easy to check that
p(y) ~ 1
& uB(@,r) < [uB(z,r)]»@© < CuB(z,r) for all y € B(x,r). Hence for Cy = C7-

we have
/ du(y) < / du(y) <1
v (B, S nB)

B(z,r) B(a,r)

It follows that

) = inf{n >0: / n~PW du(y) < 1} < Cy [uB(x, 7)) p(e) .
§(z,r)

HXE(I,T) p(

When p € P8 it suffices to refer to (2.113). O

Different Versions of Fractional Operators

Let  be an open set in X. In what follows, B(x,r) will stand for B(z,r) N, for
simplicity. Fractional integrals over quasimetric measure spaces are known to be
considered in different forms. Let a(-) be a p-measurable positive function on .
We find it convenient to introduce the following notation

190 f(z) = / [d{;yy)>]cfff@($), m > 0, (2.115)
and

() () — [d(z,y)]*)

30 f(2) ! B e, oy T i) (2116)

We will be mainly interested in the case where m = n is the “upper dimension”
from (2.107). Obviously,

1

I8 f(x), f=0,
Co

3°0) f(z) <

in case the measure p satisfies the lower Ahlfors condition (2.108). Similarly,
LOf(@) <adVf(@), [20,

when (2.107) holds. When X has constant dimension in the sense that Cjr" <
uB(z,7) < Cor™, then 3%0) f(z) and Iﬁ(‘)f(x) are equivalent. In the case where
n < N, the operator 3*() is better suited for spaces X with lower Ahlfors bound,
while I, ) is better adjusted for spaces with upper Ahlfors bound.
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Sobolev-type Theorem for the Fractional Operators I g(') and J¢

Let n be the exponent from the upper Ahlfors condition and sup,cq a(z)p(z) < n.
In the theorem below, for doubling measure spaces with the upper bound (2.107),
we deal with the “quasi-Sobolev” exponent ¢ = q(x,n, N), defined by

1 1 1

i) ql@) 1—a(@)p@) (L - L)

where q(lm) = p(lm) - ag), so that p(z) < q(x) < g(z). Note that in Theorem 2.58
we impose neither the log-condition, nor any condition of continuity on «f(-), so
that «(-) may be any bounded p-measurable function satisfying conditions (2.117),

hence ¢(-) may be discontinuous everywhere.

Theorem 2.58. Let 2 be a bounded open set in X. Suppose the measure p is
doubling, the upper Ahlfors condition (2.107) is satisfied, and p € P'°8(2). Suppose
also

a_ >0, aypy <n. (2.117)

Then
12O Fllaey < C I F llpey-

Proof. We have to show that [, |I; f(m)’

To verify that

dp(r) < C < oowhen || f|lp),0 < 1.

1205 < cLa sy, (2.118)

we will use Hedberg’s approach to estimation of potentials via the maximal oper-
ator (see Hedberg [131]), adjusted for the case of quasimetric measure spaces and
variable exponents.

To this end, we make use of the standard decomposition

I,(f(')f(x) _ / [df(y) du(y) + / [df(y) du(y) =: A, (2) + B, (2),

() ldy)rete
7 7 (2.119)
where 0 < r < diam Q. For A, (z), via the dyadic decomposition
Ae) =3 [ 1) )@ duy)
kZOBk(m,r)
with By(x,7) = B(z,2 %)\ B(z,27%"1r), we obtain
27Lra(a:) i
A (z) € 1 ga(z) _ 1//1]”(95) < er®@® g f(x), (2.120)

where ¢ is the constant from (2.107) and the last inequality follows from (2.117).
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For the term B, (z) we make use of the Holder inequality and obtain
B (x) < I fllpey X 5. @)@ 9)" O ) < Ixerse.m @)@ 9)" " ),

1
the norm being taken with respect to y. Since || f|[,.) = [[f*[l5, ,0 < a < p_, we

have
n—a(x)

XO\B(z,r) ()
B.(z) < H n . (2.121)
[d(z, )] noel®) )

The pointwise estimate

Xo\B(z,r) (¥) XB(,r)
[d(;{,‘7 y)]n oA [MB(JE‘, T):| (y) (2122)

is valid, with C' > 0 not depending on z,y and r. Indeed, (2.122) must be checked
for y € Q\B(z,r). We have

[ XB(z,r) ] p{B(z,r) "V B(y,d)} _ p{B(z,7) mB(yﬁo)]}

uBa,r)) Y 2 S B (e, B, 8)] © (B, ) [uB(y, 60)]

with an arbitrary 69 > 0. We choose it so that 2¢id(x,y) < o < 3cid(z,y),
where ¢; is the constant from the triangle inequality. Then B(z,r) C B(y, do), and
consequently u{B(x,r) N B(y, )} = uB(x,r). Therefore,

XB(z,r) :| 1 1 C
M = > = ; € O\B(z,7),
LB@,T) W2 B Z asy ” dayp Y D@

where C = ., which proves (2.122). Now (2.121) and (2.122) yield

1
c1(3c¢t)

C a(z)
B, (z) < B, (@) ||/// [XB(M)]HTL @ ()

By (2.117), we have inf, 4cq "_Z(w)p’(y) > 1. Therefore, by Theorem 2.27 on the
boundedness of the maximal operator,

C n— &(Ji) C ||XB(1,,7) } /()
BT»(.%‘) < n-a@) HXB (z,r) || n— a(z) ) = nf;(z) :
(nB(z,r)] (nB(z,r)] " =
Using Lemma 2.57 and the lower Ahlfors condition (2.108) we conclude that
C C
B.(z) < e S (2.123)

N[p(lw) - 0‘5;17)] .

pB(w )=
Therefore, from (2.119), (2.120) and (2.123) we obtain

120 f(@) < ¢ {r @ fl) + N ol
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_ 1

Optimizing the right-hand side with » = [.Z f(x)] ““" ) , after easy cal-
culations we arrive at (2.118). It remains to apply Theorem 2.27 to the right-hand
side of (2.118), which completes the proof. O

Theorem 2.59. Let Q) be a bounded open set in X and u be doubling. Let also
p € P°¢(Q) and
a_ >0 and sup a(x)p(z) < N.
e

Then 3°0) is bounded from LP()(Q) to LIC)(Q), where q(lz) = p(lm) - al(\f).

We omit the proof of this theorem, which is carried out by means of the same

Hedberg approach as in Theorem 2.58; this proof may be found in Almeida and
Samko [16].

Fractional Maximal Operators

The fractional maximal function .., f of a locally integrable function f is de-
fined by

7,.oz(m)

Moy f(z) = sup

P LuB(x, ) / 1f ()| du(y), (2.124)

B(xz,r)
where the variable order @ : X — [0,00) is a p-measurable function with 0 <
a_ < ay <00
In the following lemma we make use of the condition

1B(z, o) )@
< for all : 2.12
WB (2, 7) C(r) orall p<r (2.125)

where the constant C' > 0 is assumed to be independent on g, r and z. Note that in
the cases where p is doubling, from (2.109) it follows that (2.125) is only possible if

alx) < N.
Note that measures p satisfying the halving condition
uB (x, ;) <cu(z)uB(z,r), 0<cu(z) <1, (2.126)

have order of growth a(x) with a(x) = log, Cu%l_). Inequality (2.125) follows from
(2.126) by reiterating (2.126), similarly to how (2.109) is derived from (8.12).

We find it convenient to say that the measure p has order order of growth «,
if condition (2.125) is fulfilled.

Lemma 2.60. Let X be an arbitrary metric measure space whose measure has order
of growth a. Then the pointwise estimate

Moy f(z) <CTOf(z), f=0, (2.127)
holds, with the same constant C as in (2.125).
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Proof. The proof is obvious: by condition (2.125), we have

By [ @l du) Cf/’ﬂBxdxwﬂﬂwmmw,
B(z,r)
from which (2.127) follows. O

Theorem 2.61. Let ) be a bounded open set in X, and let the measure p be doubling
and satisfying the condition (2.125).
If p e P8(Q), a_ > 0, and sup,.q a(z)p(z) < N, then

1 1 a(z)
Moy fllaey < el Fllpe), = - .
H ) Hq() H Hp() q(m) p(.%‘) N
Proof. Apply the inequality (2.127) and Theorem 2.59. O

2.5.4 Weighted Norm Estimates of Truncated Potential Kernels
in the Euclidean Case

In this section we give estimates of truncated potential kernels, on which the proof
of weighted Sobolev type theorems will be based.
Let xr(7) = xgn\B(0,r) (%) and o(x) = w(|y — o), vo € 2. We denote

ngp,o(, 1) = |||z — '|_B(x)Xr($ - ')HLP(')(Q@) (2.128)

_ _ o 1—B(=x) ) _ p(y)
:M%>“/VW zol)z = y|F @y, (x — y) dwg}
Q

A

used later with 5(z) = n — a(z) and p(-) replaced by p/(-).

Theorem 2.62. Let Q be a bounded open set in R™, xo € 2, and let p € P°2(Q)
and € L>(Q). If

7= inf B(z)p(x) >n  and " P (t) € 39, (2.129)
then
ng.p.o(z, ) < Crot @y (r,), ry = max(r, |z — xol), (2.130)

foralzeQ, 0<r<{=dam €, where C > 0 does not depend on x and r.

Proof. For simplicity we take x¢p = 0, assuming that 0 € 2. By the definition of
the norm, we have

_ g B@\PW

/ (w(ly)ly | > dy = 1. (2.131)
ng.p,e

yeEQ

ly—z|>r

We will often use the fact that w?® (|z|) ~ wP©(|z|), as shown in Lemma 2.23.
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st step: only the values ng , o(z,7) = 1 are of interest. This assertion follows from
the fact that the right-hand side of (2.130) is bounded from below:

inf T B@P@P@ () =) >0, r, = max(r, |z]), (2.132)
zeQ,0<r<{
where ¢ = diam 2.
To show (2.132), note that from the condition inf,cq S(z)p(x) > n it follows

that
= B@P@) @) (1) > ¢ min{rn T PE@PE)PO) (1) || B@PE) PO (|2]))
> min{C, O<T<i£ifn(17@ " wPO ()}
and to arrive at (2.132), it remains to observe that v~ 7wP(®)(r) is bounded from

below: the condition r"w?® (r) € @Y implies that
and consequently bounded from below.

7P (0) (r)

5 is almost decreasing
T

2nd step: only small values of r are of interest. We assume that r is small enough,
0 < 7 < gg. To show that this assumption can be fulfilled, we have to check that
the right-hand side of (2.130) is bounded from below and ng, ,(z,r) is bounded
from above when r > 9. The former was proved at Step 1 even for all r > 0. To
verify the latter for r > &g, we observe that from (2.131) and from the fact that
ngp,e = 1 it follows that

_ | —B(x)p(y)
1< / Iy =<l WO (Jy) dy,

nB,p,0
ly—z|>e0

whence
mapa(e) < [y ol PO w0y () dy,

ly—z|>e0

where u(z,y) = |y — 2| #@P®-P@)] is bounded by the log-condition for p(z).
Then

W@ (Jyl) dy p»)
ng.pe(®,1) <C / ly — z|F@p) C/Qw (ly|) dy = const,

ly—z|>eo0

since wP(®) € L(£), which is easily derived from condition (2.129). This proves
the boundedness of ng p o(x,r) from above.

3rd step: rough estimate. First, we derive a weaker estimate

ng p oz, r) < CrA@) (2.133)
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which will be used later to obtain the final estimate (2.130). To this end, we note
that always A\P(¥) < \fP(W) 4 \swpp(y) -\ > 0, so that from (2.131) we have

L —B@)\ P~ B\ P
i< [ Iy — <l (== WP (Jy)) dy.
2o nB,p,0 nB,p,0
Yy

ly—z|>r

. . —BG) \P- —8G) \ P+
Since |y — x| > r, we obtain 1 < [(Cm,p,g) + (’;lﬁ,p,g) ]yérﬂ wP® (|y|) dy.

rB@ \P- B \P+ . . B .
Hence + > ¢, which yields > C, and we arrive at
W P.Q

ng,p,e ng,p,e ng
(2.133).
4th step. We split integration in (2.131) as follows
3 ly — 2| B p(y)
1=> < N > w(y)) dy: =T) + Ty +Ts,  (2134)
i= B.p,e
2_1Qi (z,e0)

where

ly — z[~P@)
Q1 (zye0) =<y €Qir <l|y—z| <ep, >15,
B.p;0

ly — [P
Qa(z,e0) =y €Qir <l|y— x| <ep, <1y,
B,p,0

and Qz(x,e0) ={y € Q: |y —z| > <o}
5th step: Estimation of ;. We have

ly — 2| P@ N\
n- | w9 (ly]) (2, y) dy
ng,p,o
Ql(ZL’,Eo)

ly—z| 8@ )p(y)*p(r)

where w,(x,y) = ( . The function wu,(z,y) is bounded from

nB.p,e
below and from above, with bounds not depending on x,y and r. Indeed,

tn ()
I u,(z,9)| < C e

In N ’
|z—y|

‘75(1)

where N > max(1,diam ). Since ‘y:;; > 1 (which also implies that |z —
v,p

11:,n 1 —Inn v.p x)In 1
y| < 1), we obtain |In wu,(z,y)| < o’ l‘y”‘Nl P AB(I)1 MOl
REST o —vl
Therefore,
C — x x
7, < o) ly — 2| B(x)p( )wp(y)(\yD dy.

Bpse |y —g|>r
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We may use here the estimate (2.19), which is applicable by (2.129), and get

C
LS o

"8 p.0

= BEP(@) (@) (.

6th step: Estimation of Io and Zs and the choice of €. In the integral Zs we have

(yfvl‘ﬁ(“)

ng.p,e

Iy < C

Q2 (z,e0)

Peg (z)
) e dy

where p. () = min p(y). Then

ly—z|<eo

C
Peg (z)
n
Bips@ |y—z|>r

T, < ly — x|76(r)pao(z) wp(y)(‘m) dy.

To apply estimate (2.19), we need to check the corresponding condition (2.20).
To this end, we will have to choose gy sufficiently small. By conditions (2.129)
and Corollary 2.11, there exists a 6 € (0,7 — n) such that t"wP(®)(t) € 9,
v = infzeq B(x)p(x). Since p(z) is continuous and B(x) is bounded, we may choose
o small enough so that 5(z)pe, () > v — 3 > n. Then condition (2.20) for a(z) =
gy () = B(x)pe, (x) — n is satisfied and estimate (2.19) is applicable. It gives

C

Peg (z)
B.p;0

T, < P B()pey (0),2(®) (7).

Estimation of 73 is immediate:
C

I3 p—
"58.p.0

N

Tth step. Gathering the estimates for 7, Zs, and Zs, (2.134) yields

r—B@)p(x)+n r—B@)peg () +n 1
1< G o wP@ () + WP () + . (2.135)
p(z) Peq (2) n?
B.pse "3 po B.p;e
1
We may assume that ngp o(z,r) > (2(110) "~ .= () because for those z and r

where ngp o(z,7) < Cy, there is nothing to prove. Then from (2.135) we derive
the inequality

PPEPE R B@re @)
1 <20, o(x) + b @) wP' ) (r,,). (2.136)

B:pse B,p;0
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Since 7" <1 by (2.133) and since p., (z) < p(x), we have

na,p,e
p—B@pey@)n  p—Ble)p(a)+n
67;79 "5.p.0

P B@p@)+n

Therefore, from (2.136) we obtain the estimate p@)

wP®) (r,) > C, which
"8.p,0
yields (2.130). O

Corollary 2.63. Let Q be a bounded open set in R™, p € PI°8(Q2), and 3 € L>(1).
I ingﬂ(x)p(x) > n, then
fAS

1z =y " DX Bamy @)y < Cre> PO zeq 0<r<t. (2.137)

2.5.5 Fractional Integrals on Bounded Sets {2 C R™
with Oscillating Weights and Variable Order o)

The main result in this section is the weighted Sobolev type Theorem 2.64. We
assume that the function o : Q — (0, n) satisfies the log-condition

A

1
la(z) —ay)l <, o le-yl< (2.138)

In
|z—y|

Theorem 2.64. Let Q) be bounded, p € P'°8((2), inf e () > 0, sup,cq a(2)p(z) <
n. Let also o(x) = w(|x — x9|), xo € Q, where

n n
we ([0, ), ¢=diam Q, with = a(xg) — , = . (2.139
() P gy T e 1)
or equivalently
n n
a(xg) — <m(w) < M(w) < 2.140
(o) p(0) (w) (w) P (0) (2.140)
Suppose one of the following conditions is satisfied:
i) w(r) is almost increasing;
il) w(r) is almost decreasing and a(x) satisfies (2.138).
Then
o)
|01 < C M s (2.141)

In the excluded case, where w is osczllatmg, so that it is neither almost increasing
nor almost decreasing, one has

where o, (x) = p(|z—xo|)w(|z—20|) and p(t) is any bounded nonnegative function

I“(')f‘

L0 (@, Qw) HfHLP()(Q o)’ (2142)

1
such that f(f [“o(t)]tp(m) dt < oo.
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Remark 2.65. In the case w(r) is almost decreasing and 0 < m(w) < M(w) <
p,(”l_o), the log-condition (2.138) on « may be omitted, see part 1° of the proof.
Note also that the case where w is neither almost increasing, nor almost decreasing,
is only possible when m(w) = M(w) = 0. Typical examples of such non-almost
monotonic functions are functions w(r) oscillating between positive and negative

powers of In ‘f, A > diam Q.

Proof. We first note that the equivalence of conditions (2.139) and (2.140) follows
from Corollary 2.11. We take xg = 0 for simplicity, assuming that 0 € €2, and take
f(@) = 0 with [|fll r) (0,0 < 1.
1° The estimate via the mazximal operator independent of the almost monotonicity
of the weight.

We use Hedberg’s trick, already applied in the proof of Theorem 2.58, and
split the fractional integral as

10 f(z) = / fwdy / FWdy o () +Bu().

|.’IJ _ y|n—(x(7;) T — y‘n—a(a:)

le—y|<r le—y|>r
(2.143)
For the term A, (z) we use the inequality (2.101) and get
QnTa(z)

For the term B, (z), the Holder inequality yields

Br(2)] < kg 1 (2.7)

|f||LP(')(Q,g) < nﬂ7p’7;(x7r)7

where the notation (2.128) is used and B(x) = a(x) —n. To apply estimate (2.130)
for ng 1, we have to check the validity of the assumptions in (2.129). They yield

()< (5) <

with v = inf,ecq[n — a(x)]p’(x), or equivalently n —y < m(w) < M(w) < n, which
holds in our case, if we take into account that v > n in view of the relation

the conditions

n — a(z)p(x)
p(z)—1

Using the estimate (2.130) we then obtain

[n = a(x)lp'(x) = n+

B, (2)] < Cr~ a@w l(r,) <Cr s@w (2| +71), (2.145)

where r, = max{r,|z|}, and we use the fact that r, < r + |z| < 2r,, so that
w(ry) ~ w(r + |z|). Then from (2.143) and the estimates (2.144) and (2.145) we
obtain

190 f(x) < C [r* @t f () + w™ (r + [a]) r*q@] : (2.146)
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2° The case where w s almost increasing.
Note that m(w) > 0 in this case by (2.12), so that we are now in the situation

0 < m(w) < M(w) < nlp(xo) — 1]. (2.147)

Observe that we do not use the log-condition (2.138) on « in this case. The function

1}) is almost decreasing by the assumption (note that this is the only place where

we use the fact that w is almost increasing). Therefore, (2.146) yields

170 f(2) < C [r@ .t f &) 4w (fe) e |

It remains to choose the value of r which minimizes the right-hand side (up to

a factor which is bounded from below and above): r = [w(|x|).Z f(z)]”
Substituting this into the above estimate, we get

p(x)

1°0 f(z) < Cw™ (][t f ()] ot

Hence

[ w0 @] de < ¢ [ uel)a s@pt as
Q Q

after which it remains to make use of Theorem 2.24.

3° The case where w is almost decreasing. In this case we have M(w) < 0 by
(2.13), so that we are now in the situation

n

p(0) < m(w) < M(w) <0.

afrg) —

This case is reduced to the previous case by duality arguments. Observe that the
operator conjugate to I%() has the form

= 7o0)
v /xy” ol /xy” @ o)

thanks to the log-condition for a(z).

We pass to the duality statement, using the fact that the theorem has already
been proved for almost increasing weights satisfying condition (2.147).

From (2.141) we obtain that HIO‘(‘)gH(LP(,)(Q’Q))* < C||9H(Lq(~>(9,g))*7 ie.,

17Ol a1) < Cllallzro o)

Now we redefine

Q(‘lx‘) =: eullal), ’w(|133|) =: wi(|z]), q’(x) = pi(x).
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np(x)

For the exponent p;(z) we have py(x) = nlp(x) - 1te(e)p(z) A0
n?[p(z) — 1]
n—oalz)pi(z) = =c>0.
D= hp(a) 1] + a(e(z)

Its Sobolev exponent is

np1(x) /

x) = =p'(z).

=, "M =@
Under this passage to the new exponent p;(x) and the new weight w(|z|), the
whole interval a(0) — o) < m(w) < M(w) < o0y transforms into the com-
pletely similar interval «(0) — (o) < m(wy) < M(wy) < o (0)- Besides this,

1 1

the subinterval 0 < m(w) < M(w) < p,’(lo) is transformed into the subinterval

a(0) — pr0) < m(wy) < M(wy) < 0, and the fact that w is almost decreasing is
equivalent to saying that i} is almost increasing, which allows us to apply part 2°
of the proof.

4° The case where w is neither almost increasing, nor almost decreasing. We return

to (2.146) and represent the term r~ a(» w1 (r + |z|) from there as
el w T (4 ) = v ol [w (e 4 J2l) (4 Ja]) ] (r + )7

where € > 0 will be chosen sufficiently small. Since m(w) = 0 (see Remark 10.87),
the function w(r)re is almost increasing for every £ > 0 by (2.12). Then

g
b fal) < ol w i) (1)
X

With 0 < e < n, (2.146) yields

I°Of@) < C (ra(“)%f(m) +r e w_1(|9€|)) if <z, (2.148)
and
120 f(2) < C (2@ f (@) + 1770 2] Fw T (Jal)) i 7> lal (2149)

The minimizing value of r = ry for the right-hand side of(2.148) is the same as
_»p(x)
in part 1° of the proof, ro = [w.Z f(x)]” ™ . The minimizing value r; for (2.149)

(obtained as the value of r for which both terms in (2.149) are equivalent), is

1

ry = [fefFullal) A f@) o

Observe that [} = <7'° ) " (choose € < o). Then

|| ||



88 Chapter 2. Oscillating Weights

where v(z) = |z|” »@ w=1(|z]). Therefore, from (2.148) and (2.149) we have
1°O (@) < Crd™ s f(x)  in the case where . f(x) > v(z),

and
1°Of(z) < Cro™ £ f(z)  in the case where . f(z) < v(z).
Substituting the above values of rg and r1, we obtain

a(l)p(l) p(x)

10 f () < Cluw(|2])] (A f(z)] 2
and
ca(z) (=) p1 (@)

190 f(2) < Cla| = v [w(x)] " »() A f(2) 0@ |

respectively, where

n() = a(a) [1— o ]zpu) 1- (a (f)Q(x>) < p(a).
n (z)is

Consequently,
q(z) _
/ ’w(l‘)la()f(x)’ dr < C/ ‘w(‘x‘)%f(x>|p(l)dm
@ Q

in the first case, and

[ [0 s
Q

()
e < C/\xrﬁ@f)\w(\x\)///f(xnm(z)dx (2.150)

Q
in the second case, where 3(z) = m)(m) There is nothing to do in the first case,
p(z
so we have to work with the inequality (2.150). Let po(z) = p1 L) Obviously,

infreqpo(x) > 1. Application of the Holder inequality in (2.150) with the expo-
nents pa(x) and p5(x) is not helpful, because f(x)ph(x) = n (independently of the
choice of €!; this explains the appearance of the additional factor ¢ in the weight
in this case).

So instead of (2.150) we write

/‘(p |x])w(|x]) [Oé( f(z) C/Lp 1 ﬁ(x (|x|)%f(x)‘p1(‘l,)dx

(2.151)

Then the Holder inequality with the exponents po(x) and ph(z) and the

boundedness of the maximal operator in the space LP()(Q,w) by Theorem 2.24
provide the inequality (2.142), if

Happl(z)(IwI)

\m\ﬁ(w) < 00.

LIJIZ(')
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This is equivalent to

P L GO R
]S @ @) e | ’

which holds by the assumption on ¢. This completes the proof. O

Corollary 2.66. Let p and « satisfy the assumptions of Theorem 2.64. The operator
1) s bounded from the space L) (Q, o) to the space L) (Q, o) with the weight

gu>|xmwmﬂx?mr
where D > diam$Q, xg € Q, and B € R, if
n n
alzg) — p(zo0) <y < V(o)

2.5.6 Fractional Integrals on R™ with Power Weights Fixed
at the Origin and Infinity and Constant o
We take a constant in this section, so that
T 1 o«

qlz)  plx) n

and consider power weights with different orders at the origin and infinity:
(%) = 0yp, 30 () = [ (1 + []) 7770,
To consider fractional integrals /¢ on R™, we impose a condition at infinity on p(x):

A
In, '’

|z—y|

1 n
D« () = pu(y)| < lz —y| < o LYy ERT, (2.152)

where p.(z) = p (I;i"’)’ which is stronger than the decay condition (similarly to

the fact that the log-continuity in a neighbourhood of a finite point is stronger
than just the log-decay condition at that point; relevant counterexamples may
be found in Samko and Vakulov [330]). The global log-condition and assumption
(2.152) taken together are equivalent to the following log-condition:

C

, xz,y € R™ 2.153
2 ¢1+|x|2¢1+|y|2> (2:155)

|z—y|

lp(z) — p(y)| <
In (

We need the following auxiliary result.
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Lemma 2.67. Let x,y € R" and z, = ‘Jf"‘%y* = ‘yyp. The following relations hold:

— 1— |z
x| |y T
[z =yl + (1 = [2) (1~ [yl)
2. —y|* = ]2 : (2.155)
and
-y
PR . U ml<ipl<t (2.156)

Proof. The relations in (2.154) and (2.155) are verified directly: |z. — y.|?> =

|;|2 — 2|zﬁ'@‘2 + ‘;‘2 = \‘j\;ﬂ\” and similarly for the second relation in (2.154)

and formula (2.155). The inequality in (2.156) is a consequence of (2.155). O

Theorem 2.68. Let 0 < o < n, and let p € P°2(R™) and satisfy the condition
(2.152). Let also sup,egpn p(z) < 7. Then the operator I* is bounded from the

space LPU)(R™, 0., ) to the space L1 (R™, o, ) with q(lx) = p(ll_) —oif

a— << (2.157)

p(0)

n
o — )<’yoo<

p'(0)’ p(oo p'(00)

Proof. Let
A= [ et ol )]
Rn

We have to show that A? _ (I*f) < c¢<ocforall fwith A _ (f) <1, where

¢ > 0 does not depend on f. Let

By ={zeR": |z|<1} and B_={zeR": |z| >1}.

We have
A ) <c(App + A+ A L+ A ),
where
q(z) q(z)
A = o d A, = Yo d
++ / | /|ZZ’ |na €T, + / ‘ /‘IE ‘na X,
By By
and
q(z) )
Ay = / || 7o / de, A__ = / || Ve / dx
|.’IJ— y|n a ‘l‘ ‘n o
B_ B_

so that we may separately estimate these terms.

The term A4 is covered by Corollary 2.66.
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Estimation of the term A__ is reduced to that of A4 by means of the simulta-
neous change of variables (inversion):
U du v v

T = dr = y:‘v‘g, dy =

‘U|2’ ‘u|2n’ ‘U‘Zn'

As a result, we obtain

g+ (2)
A__ = / |x|*2n || =7 , f(y«) dy dz,
[y |z — ya e
Bi Bi
where we denoted g, (x) = g(z.). By (2.154), we obtain
—n—o« ¢+ (x)
A = / ‘x‘—Zn ‘x‘(n—a)q*(w)—’Yoo ‘y| f(y*>dy da.

‘x _ y‘nfa

By By

Since g(x) satisfies the log-condition (2.152) at infinity, the function ¢.(z) satisfies
the local log-condition near the origin, so that |z|("~®% (@) ~ ¢|p|(n=*)e-(0) =
c|x|m=)a(>) for |2| < 1, and we get

Sl
|z — yl” «

ax (2)
dx,

where

It is easily checked that

/ ™

and the conditions

2)|P®) do = / || f( )|p(m) dr < oo

ap.(0) —n <y <n[p«(0) —1] and = 7

hold. Therefore, Corollary 2.66 is applicable again and then A__ < ¢ < .
Estimation of the term A_y. We split A_y as A_, = Ay + Ay, where

q(z)
|x|um/ fly)dy dr. AQ:/ |x|“w/ fy)dy

o=yl o =yl
|[>2 lyl<1

q(z)
dx.

1<|z]|<2
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The term

a(z)
dz < C/ ||

|z|<2

a(@)
A < C’/ || dx

1<|z]|<2

/ fy)dy
|z —y[n—e

ly|<1

/ fy)dy
|z —y[n—e

lyl<2

is covered by Corollary 2.66. For the term Ay we have |z — y| > |z| — |y| > |;C|.

Therefore,
q(z)
A <C / (fv“""“"" / If(y)dy> dx.

|z[>2 lyl<1

Observe that f|y|<1 |f()ldy < C|fllLr¢)@n ey, Which is easily obtained by the
Holder inequality thanks to the conditions in (2.157). Then Ay < C < oo, since
(oo + @ — n)g(o0) < —n.

Estimation of the term Ay _. The estimation of A, _ is similar to that of to A_:
we split Ay as Ay = A3+ Ay, where

|x|“°/ |f(y)dy

x =yl

q(x) a(z)
dl‘, A4 :/

Jz|<1

o

|z|<1

\x\‘“/ |f(y)dy

x =yl

1<|y|<2 ly|>2

The term Aj is covered by Corollary 2.66, similarly to the term A; above.
For the term Ay, we have |z — y| > |y| — |z| = "¥!. Then

ol

fy)dy |f(y)| dy |fo(y)| dy

C =C ,

L |z — y|n—o / ly|n—e / [yl ety
Yy

ly|>2 ly|>2

where fo(y) = [y[7> f(y). Since || foll e @n\B(0,2)) < Il o) @\ B(0,2).0)+ the ap-
plication of the Holder inequality shows that f\y\>2 Q{S@Hi < C < oo. Then
Ay < C < 00, because v — cog(o0) > —n. O

In exactly the same way one can prove the more general statement of the
next theorem, where we deal with the weight “fixed” at a finite point o = 0 and
infinity:

o(z) = wo(lz)weo (|2]), (2.158)

where wy(r) belongs to some @g—class on [0, 1] and wee (r) belongs to some \Ilf—class
on [1,00] and both weights are continued as constant to [0, c0):

wo(r) =wp(l), 1<r<oo and we(r) =ws(l), 0<r<L

Theorem 2.69. Let 0 < o < n and let p € P°8(R™) satisfy the assumption (2.152)
at infinity and the condition sup,cg. p(x) < . Let o(x) be the weight of the form
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(2.158) where each of the functions wo(r) on [0,1] and we(r) on [1,00) is either
almost increasing or almost decreasmg Then the operator 1% is bounded from the
space LPC)(R™, o) to the space LIC)(R™, o), if

wo(r) € ®([0,1]), weo(r) € VT ([L,00)),

where fo = o — 5 70 = Ll Boo == 0y Yoo = p(ae)» OT equivalently

I 200k
and
o — p(00) <Mm(we) < M(weo) < /(o0)

2.5.7 Spherical Fractional Integrals on S™ with Power Weights

Let S” = {0 € R"™! : |o| = 1} be the unit sphere in R"*!. In this section we
study the spherical fractional integration operator

o
K"‘f(x):/ f(o) do, xe€8S", 0<a<n, (2.159)
|x — o|n—
S‘n.
which plays an important role in harmonic analysis on the unit sphere S* ¢ R"*1,
see for instance, Chapter 7 in Samko [322].
The weighted variable exponent space with a power weight on the unit sphere

is defined in the usual way:
POI(S™, gg) = { /|95 o) [P do < oo} 05(0) = o —al?,
where do stands for the surface measure and a € S”, with the norm

B p(o)
HfHLp(')(S"',Qﬁa,ﬁb) {)\>O/ ‘O— CL)|\ f(U) dO’g]_}
sn

In the usual way, we assume that

1<p_<plo)<py <o0, oS, (2.160)
A
Ip(o1) — p(o2)| < o e o OLE S", o9 € S, (2.161)
lo1—o2]
n
sup p(o) < . (2.162)
O'GS" (0%
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Theorems on mapping properties of the spherical operator (2.159) will be
derived from the corresponding results for spatial fractional integrals via the stere-
ographic projection of S” onto R" = {x € R"™! : x,,.1 = 0}. The latter is defined
(see for instance Mikhlin [258]) by the following change of variables in R"*1:

§=s(x) = {s1(2),s2(x), .., snp1(2)},

where
21 |z —1
= k=1,2,... d n = )
Sk(x) 1—|—|.’IJ|2’ s 4y , . an S +1($) ‘m‘2_~_1
reR"™ |z = /et + - a2 .

We recall some useful formulas of the passage from R™ to S™:

+ e, 2
o) = (5 Ol Vil = ,

‘f - 67L+1| ‘5 - 67L+1| (2 163)
| | 2|0 —¢] i 2" do '
=Yyl = ; Yy = ;

‘U_€n+1| : ‘5_6n+1| \a—en+1|2"

and the formulas of the inverse passage from S™ to R":
2 2|z|
|§ - en-‘rl‘ = > ‘5 + en+1| = )
V1l V1l (2.164)
€~ o] 2|z — 9| 2" dy '
— 0| = ) 0 = ?
V1214 [yl (L+ [yl

where ¢ = s(z), 0 = s(y), z,y € R""! and e,11 = (0,0,...,0,1).

Lemma 2.70. If the spatial exponent p(x) defined on R™ ! satisfies the log-condition
(2.153) for z,y € R™ ! then the exponent p[s~'(c)] satisfies the log-condition
(2.161) on S™. Conversely, if a function p(c),0 € S", satisfies the condition
(2.161), then p[s(x)],z € R™, satisfies the log-condition (2.153).

Proof. The proof is direct. O

Theorem 2.71. Let p : S — [1,00) satisfy the conditions (2.160), (2.161), and
(2.162). The spherical potential operator K is bounded from the space LP()(S™, 05)
with the weight ps(o) = |o —al?, a € S", to the space LI (S™, 0g), where q(lg) =

1 _ «
p(o) n’
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Proof. By an appropriate rotation on the sphere we reduce the proof to the case
where a = e,,11 = (0,0,...,0,1). Formulas (2.163)-(2.164) give the relations

_ , 2.165
R/ ‘m_y‘n « /|§_a-n « ( )

els™!(0)]

omen|nta We have also the modular
n

where £ = s(x),0 = s(y), and ¢.(0) =
equivalence

/ o = ensalou @) dor [ 101+ Iy~ ) P dy (2.166)
R?’]
where
B0) = plsw)]. =B+ (nta) -
p y = ) co — T - ~ .
()

Direct verification shows that the corresponding interval for the spherical
weight exponent 3 coincides with the corresponding interval for the spatial weight

exponent Yeo:

e c (O‘ ) ﬁ(ZO)’ﬁ’(ZO)> e (“‘ p(ei;»p/(em '

Using of the relation (2.165) and the equivalence (2.166), we then easily derive
the statement of the theorem from Theorem 2.68 after obvious recalculations. [

2.6 Generalized Potentials
Let us study the generalized Riesz potential operators

k(d(z,y))

d (2, )] (2.167)

Ief (@) = / K(x,y)f)du(y), K(z,y) =

X

over a bounded measure space X with quasimetric d, where n is the upper Ahlfors
dimension of X.

The function k : [0,¢] — [0, 00) is assumed to be continuous, almost increas-
ing, positive for r > 0 with k£(0) = 0, and such that

50 gy < oo (2.168)

S—

We prove a Sobolev type theorem on the boundedness of the operator I from
LPO)(X) to a certain Orlicz-Musielak space.
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In this section, the measure p is supposed to satisfy the growth condition
(2.107).

A function ® : X x [0,00) — [0, 4+0) is said to be a ®-function, if for every
x € X the function ¢t — @ (z,t) is convex, non-decreasing and continuous for
t €[0,00), ®(2,0) =0, &(z,t) > 0 for every t > 0, and z — @ (z,t) is a
p-measurable function of x for every ¢ > 0.

The Orlicz-Musielak space L*(X) is defined as the set of all real-valued
p-measurable and p-almost everywhere finite functions f on X such that Zg ({) <

oo for some A > 0, where

Ta(f) = / B(z, | (@) )du(z).

X

This is a Banach space with respect to the norm

£l =inf{A 20T ({) < 1}.

In particular, ®(x,t) = t*(*) where 1 < p(z) < oo, is a ®-function, and the
corresponding space is the variable exponent Lebesgue space Lﬁ(') (X).

Some of the auxiliary results will be obtained without the assumption that
the measure is doubling.

In the main result given in Theorem 2.72 we impose the condition that

k(r)

. is almost decreasing on [0,£] for some 0 <A< " (2.169)
r

P+

We use of the notation

A(r) = / k(tt) dt.
0

Observe that for a function k € Wy we have the equivalence
Chk(r) < A(r) < Cak(r),

where the right-hand side inequality holds if ’IT(,(T;') is almost increasing for some

6 > 0, while the left-hand side one holds if aT(:) is almost decreasing for some
A > 0, see Theorem 2.10.

Theorem 2.72. Let X be a bounded quasimetric measure space with doubling mea-
sure and upper Ahlfors n-regular, let p € P'°8(X), and let k(r) satisfy (2.168) and

(2.169). Then the operator I is bounded from Lﬁ(‘)(X) to the Orlicz—Musielak



2.6. Generalized Potentials 97

space L¥(X), where the ®-function is defined by its inverse (for every fived x €
X) as
oYz, u) = /A (t—%)t‘p'?mdt (2.170)

0

and k(t) is assumed to be continued as k(t) = k(€) for r > L.

Theorem 2.72 is proved in Section 2.6.4.

Corollary 2.73. Let X be a bounded quasimetric measure space with doubling mea-
sure, upper Ahlfors n-reqular, and let p € P°¢(X). The operator Ix is bounded
from Lﬁ(‘)(X) to the Orlicz—Musielak space L*(X), if the function k(r) is almost
increasing, satisfies condition (2.168), and its upper MO index M (k) satisfies the
condition M (k) < n/p.

Proof. To derive this statement from Theorem 2.72, it suffices to refer to Theorem
2.10. ([l

Remark 2.74. The function ®~!(z,u) may be equivalently represented as

. TAWd 1 [k(t)dt /oo k(t) dt i
@ 1 - n % n n 5 = 'VL7
(3'37 U) / t1+p(m) ol / ¢ + t1+p(m) r U

T 0 T

which follows from the identity

o0 ™ o0

n —1— n _n k(t) dt / —1— 7
AWt ol dt = ¢ o / + [ k@)t el dt,
p(z) / 2 t €

T 0 T

obtained by the direct interchange of order of integration in the repeated integral.

We also reformulate of Theorem 2.72 in terms of the so-called upper MO
type index of the function k(r), see Theorem 2.73.

To prove Theorem 2.72, we use Hedberg’s trick already applied in the proof
of Theorem 2.58. The main difficulty is the estimation of the variable norms of
the kernel of the potential truncated to exterior of balls.

This estimation, evident for the Riesz potential in the case of constant expo-
nent p, becomes a more difficult task for generalized potentials, even in the case
of constant exponents.

For Riesz potentials, such an estimation, and consequently the realization of
Hedberg’s approach for variable exponent norms was achieved in Section 2.5.4.
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2.6.1 Preliminaries

For brevity, by VN p() We denote the class of functions k € Wy([0,4]), 0 < £ < o0,
such that k(0) = 0, f( Dt < 0o and

4 ‘0o r —p'(z)
k()17 dt 1 k(t
sup sup / [ (n)} . " / ( )dt < 0. (2.171)
zeX 0<r<t te) t roe) ) t

The power function k(r) = r* belongs to the class V, (), if and only if
0<ac< p”+ The following lemma gives a sufficient condition for a nonnegative

function k(t) to belong to the class V,, (.,

Lemma 2.75. Let 1 < p_ < p(z) < py < +oo and let k(r) be a nonnegative
function satisfying the condition (2.169). Then k(t) satisfies the condition (2.171).

Proof. The proof is direct: under the conditions of the lemma on p(z) and k(t),

the first integral in (2.171) has an upper bound C(k(r)r~ P&>)p @) With ¢ > 0
not depending on x and r, and the second integral has the same lower bound, the
condition A < p”+ from (2.169) being needed only for the upper bound of the first
integral. O

Lemma 2.76. Let k(r) be a nonnegative continuous almost increasing function on
[0,4],0 < £ < oo, and let the variable exponents A(x) and y(x) satisfy the assump-
tions infyex A(x) > 0, sup,cy AM(x) < 0o, and infex |y(x)| > 0, sup,cx [7(x)] <
0o. Then

4
[ @ [log2 7] ) 1A ¢ A@)
k()] at k(2r) k() 1M dt
Cl/ Lv(m)] , < ;1 (21 <CQ/ | e @)

T

where 0 < r < ;K for the first inequality and 0 < r < £ for the second one, and
it is also assumed that k(t) satisfies the doubling condition k(2t) < Ck(t) for the
second inequality in the case { < co.

Proof. Since k(t) is almost increasing, we have

2 k(t) A) 4 2 k(2j ) ()
t ; A(z) —A(z)y(z)—1 r
J x)y(x
/ LV("“’)] , sC [k(277)] / t dt <C (2ir)@ :
21— 1p 2i—1p
Hence,
[1082 f] 082 r 27r -’

ol Rl S Ei
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where 6 = 0(r) = log, £ — [log, £] € [0,1), and then

log, ¢ . T g
el iy O k() 1M dt
2 |@rypw| 20 |ae '
= (297) / t t
To prove the inverse inequality, we again use the almost monotonicity of k(t)
and have

29 2

A(z)
/ {k()] dt/C[k(zj—lr)]Mm) / @@= gy

V() t

21— 1p 2i—1p
> O [k )] (277) @@,
Therefore,

lo 2 f . 2 T l [ T
[i} k(29— 1) 1) <c i A@) dt _ o [[k) M@ gy
= (2j7~)v(w) ﬂ(l t () t

Since k(2771r) > Ck(27r), we obtain the right-hand side inequality in (2.172). O

Lemma 2.77. Let k(r) be a nonnegative continuous almost increasing function on
[0,0],0 < ¢ < o0, and let it satisfy also the doubling condition k(2t) < Ck(t) in
the case ¢ < oco. If 1 <p_ < py < o0, then

/ <k [d(:c,y)])z’(w) duly) < Cj { (1) r(m) dt FCROPD. 0<r<t,

d(.’L‘,y)” to (1) t
X\B(z,r)

(2.173)
where C' > 0 does not depend on v € X and r € (0,£); (2.173) may be also
written as

‘ (z
X\Bém) <kd[(daf3)g{”)]> C/ me} )dt’ (2.174)
when 0 < r < g
Proof. We have
[ (o )M Iuly) = [logiﬂ Yres )p(m) duly)

X\B(z,r) I=1 gimtr<d(a,y)<2ir

[ G = A e

2-0¢0<d(z,z)<l
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where Fy(z,7) = 0 in the case £ = oo. For Fj(z,r) the almost monotonicity of
k(z) yields

1082 ” p(x) [1082 e}l»l} . p(z)
2]7”' N no(x k 2JT
Czlwl)] ()" = co) 3 [/( ,?] |

= (2J7~>p ()

Then
FT R 1P@ g
Fi(z,r) gc/[ (f)] t

to' (=) t

r

by Lemma 2.76. For Fy(xz,r) we make use of the fact that g < 279 and obtain

. p(w)
pen< [ (SR g < cwope
£<d(z,y)<t

which yields (2.173). The passage to (2.174) in the case 0 < r < & is obvious. [

2.6.2 Estimation of the Variable Exponent Norm
of Truncated Generalized Potentials

We are interested in the estimation of the norm
Bp = Bp(a,7) :fHIC XX\B“) Hp() as r—0,

of the kernel K(x,y), truncated to the exterior of the ball B(x,r). We first prove a
“rough” estimate in Lemma 2.78, which will be used in Theorem 2.79 to get a more
precise estimate which will suit well our purposes. Recall that a similar estimate
for the case of usual potential kernel, i.e., k(r) = r® was given in Theorem 2.62 in
a more general weighted setting.

Lemma 2.78. Let X be bounded and upper Ahlfors n-reqular, 1 < p_ < py < oo,
and let k : (0,¢) — (0,+00) such that kr(,:) is almost decreasing. Then there exists
a constant C' > 0, not depending on z € X and r € (0,£), such that

Bp(z,r) < Cr—"k(r). (2.175)
Proof. By the definition of the norm,

K(x,y)

()
8, ) du(y) = 1. (2.176)

X\B(z,r)
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Hence, taking into account that AP(®V) < AP~ + AP+ A > 0, and that k(r)r—" is
almost decreasing, we get

v G+ () e

X\B(z,r)

k p— k P+
<[(wi) = (i) Jeeo
By By
If ") > 1, there is nothing to prove. When *) < 1, we obtain the in-

’I""BP Tnﬁp

3\ P-
equality 1 < 2u(X) ( k(r) ) , which proves the estimate. O

T.an

Theorem 2.79. Let X be bounded and upper Ahlfors n-regular, and p € P°8(Q).
Suppose that the nonnegative continuous function k(r) is almost increasing and
kE(r)r—™ is almost decreasing on (0,¢], £ = diam (X). Then there exists a constant
C > 0, not depending on x € X and r € (0,4), such that

¢ p(x) P(ll')
6p($7r)§0</{k(t)} dt) +COx(z.q(0)- (2.177)

() t

Proof. Since 1 < p_ < py < oo, the right-hand side of (2.177) is uniformly
bounded from below. Therefore, it suffices to estimate the norm G,(z,r) when
Bp(x,7) > 1 and 0 < r < min(1,¢). Suppose that ¢ > 1 for definiteness. From
(2.176) we have

= L) e () e

r<d(z,y)<l r<d(z,y)<l
K:(a:,y)>[3p K:(a:,y)gﬁp
K x, p(y)
+ / ( (ﬁ y)> duly) = I1 + Ir + Is.
d(z,y)>1 P

We need to estimate I, I2, Is from above. For I; we have

lCm,y p(x)
n= [ s (M57) aww.
p
r<d(z,y)<1
K(z,y)>Bp

where g, (7,y) = (K(x7y)/ﬁp)p(w)_p(y) . By the log-condition for p(z), we get

kld(z,y)]
I[K(z,y)] =Inf, _ ln([du,y)w) -

In [K(z,)8, ] .
|Ind(z,y)| S | Ind(z,y)|

<
g (@< C\ ) D ()

where in the last inequality we used the boundedness of k(r).
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Therefore, I; <
(2.174),

2.\ P(®)
s Pvmen (o)™ du () Then, by (2173) and

¢
C k() 17 dt
L < e (/ L((” L X[1 (r)). (2.178)
p '8

For I we obtain

[ (5) wo=g [ () o

r<d(z,y)<1 r<d(z,y)<1

I>

N

and the application of Lemma 2.77 gives

0
¢ k(t) 17 dt
s - (/ L@”J ¢ *X[g,z](ﬂ) (2.179)

The estimation of I3 is easy:

< ¢ (2.180)
Bp
Therefore, by (2.178), (2.179) and (2.180) we have
¢
1 k(t)\ "™
1< e (/tnl ( t(")> A+ X454 (r)>
& r (2.181)

¢
1 n—1 k(t> P 1
+ g (/t ( o)X () 't
We may consider §,(z,r) only for those z,r for which 3, (x,r) is sufficiently large:
1

Bp(z,7) > (2C)7-, where C is the constant from (2.181) (otherwise, there is
nothing to prove). For such z,r we have B,?, < ) and then from (2.181) we obtain

¢
1 BN\ k()" X[5,q(r)
<C/t"—1 ( (BL) +( (BL) dt+C L (]) , (2.182)
2 Bpt Bpt Bht
X[zyz](T) X[Z’Z}(r)
where we have used the fact that Zp, < ;p(l) . By (2.175) we have
p_ p() ' ’
(1131(2) <C (5152) . Therefore, from (2.182) we get the estimate
d
k t p(l') X 576 (7‘)
1<C/t"—1< ()) dt+C L } 7
Bpt™ B{,’(*)

whence (2.177) follows. O
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Corollary 2.80. Let p(z) and k(r) satisfy the assumptions of Theorem 2.79. If
ke Vn,p(% then
A
BP’ (a’:,?") <C (:)7

rp(x)

where A(r) = [ k(tt) dt.

2.6.3 An Appropriate ®-Function

The function ®(z,u) defining the Musielak—Orlicz space L®(X) into which the
generalized potential maps the variable space Lﬁ(')(X ) is defined by the relation

. T A(t) dt n
) 1(9c,u):/t1+p(,;), r=u"n, (2.183)

.
where @1 stands for the inverse function with respect to u. We always, whenever
necessary, continue the function k(t) as k(¢) for t > £, so that A(t) = ¢+ k(¢)In
for large t(> £).

In the following two lemmas we check that the function so defined is indeed
a ®-function and it is equivalent to A(r)r~ z@) .

Lemma 2.81. Let 1 < p_ < py < oo and k(r) be a nonnegative continuous on
[0,4],0 < ¢ < oo function such that

¢ ¢
k(t)dt k(t)dt
/ , <% / e 0. (2.184)
0 0

t

Then the function ®(x,r) defined by its inverse (2.183), is a ®-function.

Proof. The condition lim,_,o ®(z,7) = 0 +— lim,_,0 ® !(z,7) = 0 is obvious
because of the convergence at infinity of the integral in (2.183) for every z. So
we have only to check that ®(z,r) is a convex function of r or, equivalently, that
®~!(z,r) is a concave function. To this end, it suffices to check that 067%2 O L(z,r) <
0, which is done by direct verification:

68:2@*1(%7”) = fnlgrp(lm)*Q [A’ (valt)r*i +n <1 _ p(z)) A (T}L>] <0

taking into account that A(r) > 0, A’'(r) > 0. O

Lemma 2.82. Let 1 < p_ < py < oo and let the function k(r) be nonnegative

almost increasing and continuous on [0, £],0 < £ < 0o, and such the function k(®)
P+

is almost decreasing for some € > 0. Then there exist constants C; > 0,Cs > 0,

not depending on x and r, such that

CLA(r)r™ ot &7 (2,r7") < CoA(r)r™ vl (2.185)

—e
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Proof. In the equivalence (2.185), i.e

. [A@dt
C1A(r)r~ r@ g/tli)

r

< CoA(r)r oo (2.186)

P(l)

the left-hand side inequality follows from the fact that A(t) is increasing and the

right-hand side one is easily derived from the property that A(t)t r+ € is almost
decreasing. O

2.6.4 Proof of Theorem 2.72

First we note that the function ®(x, r) defined by (2.170) is indeed a ®-function, by
Lemma 2.81; the first of the conditions in (2.184) is satisfied by the assumption,
while the second easily following from the assumption that k(r)r=* is almost
decreasing for some \ < n/p..

It suffices to prove that ||Iic fle < C < oo for || [,y < 1. We split Ix f (x)
in the standard way:

_ [kl kld(a,) .
ni@= [ MRS e+ [ ) = A+ 5.
B(xz,r) X\B(z,r)

and suppose that f(z) > 0. Since k(t)t~" is almost decreasing, for A, (z) we have

= El d(z, )
= . <d/ ) N Cd(y)” f () du(y)
<oy 22]]1 / 1 () dp )

7=0

Jj=0

2=l d(x,y)<27Ir

SCMf ()Y a(27Mr
7=0

Therefore,

A (z) < CA(r).A f(x).
For B,.(x), the Holder inequality for variable exponents and the condition || f||,(.) <
1 yield the estimate

B,-(m)

C Hpr( HK XX\B( )( )
= Cﬂp/(x,r).

<
= (")
<

()
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Then, by Theorem 2.79,

l k t pl(m) dt PI%E) XT1e (7")
B,(z) < C /[ (n)] LAY
tr() t g(fr)

r

By Lemma 2.75, inequality (2.171) is applicable and we get B,.(z) < Cr= e A (r).
Therefore, Ij f(x) < C (///f () +1r~ NT;)) A(r). Then

Iif(z) < C {///f(x)rp&) + 1] i (x,rfn) ,

_p(z)

thanks to (2.185). Now we choose r = [# f(x)]” » . Then the last inequality
turns into I, f (v) < CO~! (z, [ f(x)]P®)), and consequently,

1
/@Qa“§”>W@w§ﬁ%ﬂmW”W@nu.
X X
Hence || Ik f||la < C, which completes the proof.

2.6.5 Weighted Version

Let ® be a ®-function and w a weight. The weighted Orlicz—Musielak space,
denoted by L®(X,w), is defined by the norm

nm@wzm%A>oi/¢<%wuymvdmw<1}

X

An extension of the previous Sobolev type theorem to the case of power
weights
w”(x) = [d(z,x0)]”, w0 € X,

is given in Theorem 2.83. In that theorem we make use of the notion of the lower
dimension of X, defined by

. . pB(z,rt)
n (hfg Ik B >

0im(X) = sup

sup It ; (2.187)

we refer to Section 2.7.1 for more information on this notion. It is clear that
0im(X) = n in the case where X has constant dimension n in the sense that
c1r™ < puB(x,r) < cer™. In general, if X has the property that

0 < dim(X) < oo,
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then X satisfies the growth condition with every
0 <n <dim(X).
This follows from the inequality
uB(x,r) < Cprdim(X)—e,

where ¢ > 0 is arbitrarily small and C' = C(g) > 0 does not depend on x, which
is easily derived from the definition of dim(X), by using properties of MO indices
presented in Section 2.2.

Theorem 2.83. Let (X, d, u) be a bounded quasimetric space with doubling measure
and positive finite lower dimension dim(X), and let p € P°8(X) and

dim(X)

0<r< .
p/(Io)

oim(X

Suppose that there exists a § € <0,
b+

)) such that

k(r)

5 s almost decreasing.
r

Then the operator I is bounded from the space LP() (X,w") to the weighted
Orlicz—Musielak space L®(X,w"), where vy = p(;o) and the function ® is de-
fined by its inverse (for every fized x € X)

r

> (z,r) = /A (t*i> £ dt.

0

For the proof of Theorem 2.83 we refer to Hajiboyev and Samko [114].

2.7 Weighted Extrapolation in the Setting of
Quasimetric Measure Spaces

2.7.1 Preliminaries Related to Quasimetric Measure Spaces

In the sequel, (X, d, ;1) denotes a quasimetric space with the quasidistance d. Some
preliminaries on such spaces have already been given in Section 2.5.3. Recall the
notation ¢ = diam X and the following standard assumptions:

1) all the balls B(z,7) = {y € X : d(z,y) < r} are measurable,

2) the space C'(X) of uniformly continuous functions on X is dense in L' (X, ).
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In most of the statements we also assume that
3) the measure p satisfies the doubling condition puB(z,2r) < CuB(x,r).

The Hardy—Littlewood maximal function of a locally p-integrable function
f X — Ris defined by

M) =swp

>0 ju(B(x,T)) / |f ()] dp(y).

B(x,r)

The spaces LZ(‘)(Q)7 Q C X, on quasimetric measure spaces were defined in
(2.110). In the weighted case we interpret weights as multipliers, i.e.,

LEO(Q, 0) = {f : of € LAV ()}

In this section and in the next one we use the notation A, where 1 < s < 00,
for the class of Muckenhoupt weights w : X — R interpreted as measures, i.e.,
w € A, if

sgp(,jg /W(y)dﬂ(y)> (;B /wsll(y)du(y)> - < 0

B B

in the case 1 < s < oo, and A w(x) < Cw(z) for almost all x € X in the case
s=1.
For variable exponents, we let A,.)(£2) denote the class of all those weights

on (2, for which the maximal operator is bounded in the space LZ(') (Q,0).
Recall that P°2(Q2) denotes the class of bounded exponents p : Q — [1,00)

satisfying the log-condition |p(z) — p(y)| < I df(‘%y)l , d(z,y) < ;, x,y € Q.

The notions of lower and upper local dimension of X at a point x, intro-
duced as

InuB InuB
dim X (z) = lim HH (x,r)7 dim X (z) = lim nuB,r)
r—0 Inr r—0 Inr
are known, see, e.g., Falconer [82]. We will use different notions of local lower
and upper dimensions, inspired by the versions of the MO indices m(w), M (w) of
almost monotonic functions w, introduced in Section 2.2.2.

Definition 2.84. The numbers

. nB(x,rh) . pB(x,rh)
‘ In (,El_rﬁ) pB(@,h) > ‘ . In (,ILIE{) puB(a,h) )
dim(X;z) = sup , oim(X;z) = inf

r>1 In r r>1 In r

(2.188)
will be referred to as local lower and upper dimensions at a point z € X.
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Observe that dim(X;z) may be also rewritten in terms of the upper limit:

. uB(z,rh)
In (,?L% MB(M)>
oim(X;x) = sup .
0<r<1 In r

(2.189)

Since the function

. uB(x,rh)
=1
Hol@,r) = m' b )

is semi-multiplicative in r, i.e., po(x,r1r2) < po(x,r1)wo(x,r2), by properties of
such functions (Krein, Petunin, and Semenov [217, p. 75]; Krein, Petunin, and
Semenov [218]) we obtain that dim(X;z) < ?im(X;z) and we may rewrite the
dimensions dim(X;z) and 9im(X;x) in the form

1
, oim(X;z) = lim n,uo(xm)'
r—0 In r r—oco In r

(2.190)

The introduction of dimensions dim(X; z) and dim(X; x) just in form (2.189)-
(2.190) is motivated by the fact — within the frameworks of general quasimetric
measure spaces — they are well adjusted to the oscillating weights we use.

We will mainly work with the lower bound

0im(Q2) := inf 0im(£;
() == inf dim(€;2)
of the lower dimensions dim(X;z) on an open set 2 C X:
In case where €2 is unbounded, we will also need similar dimensions connected
in a sense with the influence of infinity. Let

. uB(x,rh)
0 =1 .
Hool@r) = lim " e b
We introduce the numbers
1 o0 b) . . l o0 )
oim_ (X;2) = lim B oo (@ r)7 dimy (X;2) = lim B ploo (@,7)
r—0 In r r—00 In r

and their bounds

dim () = inf dim_(X;x), iMoo () = sup dimy (X ).
e zeQ

It is not hard to see that dim(£2), dim__(Q2), and dim,(€2) are nonnegative. In
the sequel, when considering these bounds of dimensions, we always assume that
0im(02), dim_(02), dims(2) € (0, c0).
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2.7.2 Classes of the Weight Functions

Let IT = {xzg,21,...,2n} be a given finite set of points in X. We consider the
weights of the form

N
o(x) = wo[l + d(zo, x H d(z, )] (2.191)

with “radial” weights, where the functions wy and wg,k = 1,..., N, belong to a
class of Zygmund-Bari-Stechkin type introduced in Sections 2.2.2 and 2.2.4.

Definition 2.85. A weight function g of form (2.191) is said to belong to the class

VoS (2, 10), where p(-) € C(Q), if

= diam an — Dim(Q) mlw w bim(Q)
wy, € W([0,4]), £=diamQ and o(z) < (wg) < M(wy) < P (ax)
(2.192)

and (in the case Q is unbounded) also wo (}),we (L) € W([0,1]),k=1,2,...,N,
and

Dtm dim ()
];moo wy,) kz_:OMoo(wk) < -A,, (2.193)
where Ap o) = p(oo) (dimo () — dim ().

Observe that in the case Q@ = X = R conditions (2.192) and (2.193) take
the form

we(r) € W(R,) = {w Cw(r),w (i) e W([o,u)} (2.194)

and
n n
— <m(wg) < M(wg) < ,
plaw) <R S MO <
N n (2.195)
— < Zmoo wk ZMOO(wk) < ,
k=0 k=0 0

By Vp)(2,1I) we denote the class of power type weights
N
o(z) = [1+ d(zp,x) H x,xp)]?*, xp € X,k=0,1,...,N,

with o = 0 in the case where X is bounded, which belong to V75(€2, II).
Remark 2.86. For every pg € (1,p_) one has the implications ¢ € Vpo(s_g(Q, ) —

0P € VS () and g€ Vi) (ATT) = 077 € Vi) (1), where j(z) = 1.
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We will base ourselves on the following two theorems, which are reformula-
tions of Theorems 2.27 and 2.28 in terms of the introduced notation for classes of
oscillating weights.

Theorem 2.87. Let X be a metric space with doubling measure and let € be
bounded. If p € P°5(Q) and ¢ € V.S(Q,T0), then .4 is bounded in 29, 0).

Theorem 2.88. Let X be a quasimetric space with doubling measure and let €0 be
unbounded. Let p € P'°8(Q) and p(z) = p(co) = const, x € Q\B(xg, R) for some
R>0. If o € VES(Q, ), then 4 is bounded in 29, 0).

We will also use the following simple fact, where A, (£2) stands for the class
of restrictions of weights in A, (X).

Theorem 2.89. Let 2 be a bounded open set in a doubling quasimetric measure
space X, and p € P(Q). Then the maximal operator A is bounded in Lﬁ(')(Q7 0),
if [o(@)]P™) € Ap_ ().

Proof. Let f be continued as 0 outside 2. With o a weight function, denote

cr o) @)l
et =swp S [ )

(z,r)

Let Hpr( < 1. We follow the known trick and represent I,,..y(.Z°f) as
p1(z) N
hotaen = [ ([gm]w (1) @ ) e
Q

o(y)
where py(z) = P ( ). The known pointwise estimate

) ()P ) < c(l + ol [y O] (x)) (2.196)

valid for all ¢ € LP1()(Q) with 191lp, () < C (considered in the Euclidean case in
Section 2.3.1) holds also in the general setting of quasimetric measure spaces with
doubling condition, the proof of which may be found in Harjulehto, Hést6, and
Latvala [125]. It is applicable in our case with ¥(y) = f(y)/o(y) and f € LP()(Q),

p(v)

because fQ ~ du(y) < C (apply the Holder inequality with the exponent

Q(y)

_ r(w)
p— and take into account that [,[o(y)] »~~'du(y) < oo, by the assumption that
[o()]P™®) € A, (Q)). Applying (2.196), we obtain
p1(y) p-
du(x).

ny (‘f(y)
Since [,[o(z)]P®du(x) < oo, we obtain the key estimate I, (.Z2f) <

0 c 2)P@)
L) < [lefa) .
c+cfq [e///m(|f(~)|p1('))(m)]p7 du(x) with g1 (z) = [o(x)]P*@). As is well known,

Q
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see for instance the book by Stein [352, p. 201], the maximal operator with A,,-
weights, p = const, is bounded in LP?, p = p_ = const. This completes the proof
since g1 € A,_. O

2.7.3 Extrapolation Theorem

Let (X, d, 1) be a space of homogeneous type. For a locally p-integrable function
f: X — R, we consider the Hardy—Littlewood maximal function

1
)= 5y / Vran)

By As = A4(X), where 1 < s < oo, we denote the class of weights (locally
almost everywhere positive p-integrable functions) w : X — R which satisfy the
Muckenhoupt condition

sgp(M;!w(y)du(y>> (M;B/w_sll(y)du(y)> < oo

in the case 1 < s < 0o, and the condition
AMw(z) < Cw(z)

for almost all x € X, with a constant C' > 0, not depending on = € X, in the case
s=1, A1 CAs 1<s <.

As is known, see, e.g., Calderén and Torchinsky [38], Macias and Segovia
[233], the weighted boundedness

[t 1@y u@ant) < ¢ [ 11@Fudue)

X

holds, if and only if w € Aj.

In the sequel F = F(£2) denotes a family of ordered pairs (f, g) of nonnegative
p-measurable functions f, g, defined on an open set 2 C X. When saying that an
inequality of type (2.198) holds for all pairs (f,g) € F and weights w € Ay, we
always mean that it is valid for all the pairs for which the left-hand side is finite,
and that the constant ¢ depends only on pg, go and the A;-constant of the weight.

In what follows, pg and gy denote positive numbers such that

1 1 1

0<po<qo<oo, po<p_ and — < (2.197)
Po D+ q0

and
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Theorem 2.90. Let X be a quasimetric measure space and £ an open set in X.
Assume that for some py and qo, satisfying the conditions (2.197), and for every
weight w € A1(£2),

1/a0 v 1/po
(/fwwmwwmv <%</¢wwm@mmmw> (2.198)

Q Q
for all f, g in a given family F. Let the variable exponent q(x) be defined by
1 1 1 1
— - ~ ), 2.199
i) =5~ (™ ) (2499

let p(x) satisfy the condition 1 < p_ < py < oo, and let
07 € Ay (Q).
Then for all (f,g) € F with g € LPC)(S, o) the inequality

1 £l ar(2,0) < Cllgll Lrer(0,0) (2.200)
is valid where C > 0 does not depend on f and g.
Proof. By Theorem 1.2, we have

||f||Lq(> Qo) = [ fP0% Lacy < Csup/fpo(x)h(x)d,u(x),
Q

where we assume that f is nonnegative and sup is taken with respect to all non-
negative h such that [|ho™%|| ;@ < 1. (Note that Theorem 1.2 holds also for an
arbitrary quasimetric measure space, as can be easily seen from its proof.) We fix
any such a function h. Let us show that

/ﬂﬂ@ﬂﬂ@%) Cllgell®, (2.201)

Q

for an arbitrary pair (f, g) from the given family F with C' > 0, not depending on
h, f, and g. By the assumption o~% € A5y (), we have

o™ A ol L@ o) < Colle” el L@ o (2.202)

where Cy > 0 does not depend on ¢. We use the Rubio de Francia construction
(Rubio de Francia [305]):

oo

Z 200 k///kga(:c),

k=0
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where . is the k-iterated maximal operator and Cj is the constant from (2.202)

(one may take Cy > 1). The following statements are obvious:
o(x) < Se(x), = € Q for any nonnegative function ¢, (2.203)
HQquSL)O”L(a)’(Q) < 2||Qiqo‘PHL(E)’(Q)7

(2.204)
M (Sp)(x) < 2CoSp(x), e,

so that Sy € A;(Q) with the A;-constant not depending on . Therefore S¢ €
AQO (Q>
By (2.203), for ¢ = h we have

/ F (@) h(@)dp(z) < / £ () Sh(z)d(x). (2.205)
Q Q

By the Holder inequality, property (2.204), and the condition f € LI()(Q, ), we
have

/fqo(fﬂ)Sh(l’)dﬂ(l’) < E[[f* 0% | Lae - lo™* Skl L@
Q
< Ollfollfuey - o™l Loy < Cllfellfu) < oo

Consequently, the integral [, f% (z)Sh(z)du(z) is finite, which enables us to make
use of condition (2.198) with respect to the right-hand side of (2.205). The con-
dition (2.198), being assumed to hold with an arbitrary weight w € Aj, is in
particular valid for w = Sh. Therefore,

a0

/ £ (2)Sh()dp(x) < c( / g7 (2)[Sh(x)] du(x)) B

Q Q

Applying the Hélder inequality on the right-hand side, we get

q0

PO
LGB ) ’

a0
ro

LB )

[ 1e@snuta) < ¢ (el [sms e
Q

Thus,

[ 1@ sh@dute) < C logle, o ()%
Q

From (2.199) we have (p)'(x) = 1 (¢)'(x), and then

Po a0
w || ™ = H97q05h|‘La'(-> :

—Po
HQ (Sh) L®' )
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Consequently,

/fqo(x)Sh(x)dp(x) < Cllogl Py o™ Sh| o - (2.206)
Q

To prove (2.201), in view of (2.206) it suffices to show that [0~ % Sh/| ;4 ., may be
estimated by a constant not depending on h. This follows from (2.204) and using
the condition ||ho~%|| @) < 1 we complete the proof. O

Remark 2.91. Tt is easy to check that in view of Theorem 2.89 the condition
[Q(y)]m(y) € A;, where qi(y) = and s = ,

is sufficient for the membership ¢~% € A/ (Q2) of Theorem 2.90.

By means of Theorems 2.87 and 2.88, the following statement is an immediate
consequence of Theorem 2.90, in which we denote

1 1
y=_ -
Po Qo
Theorem 2.92. Let X be a quasimetric space with doubling measure and €2 an open
set in X . Let also the following be satisfied:
1) p € P'°8(Q), and in the case Q is an unbounded set, let p(x) = p(co) = const
for x € Q\B(zo, R) with some x9 € Q and R > 0;
2) the inequality (2.198) holds for some py and qo satisfying the assumptions in
(2.197) and all (f,g) in some family F and every weight w € A1(S). Then

1) the inequality (2.200) holds for all pairs (f,g) € F with f € LP()(Q, o)
and weights o of form (2.191), where

1 . 1 1 .
(7 — p(xk)> oim(Q) < m(wy) < M(wg) < <p’(mk) — p{)) 0im(Q)
(2.207)
and, in case £ is unbounded,
s (1= b )o@ S ) < 3 M (1)
+ — m < m(wg) < w
1) = = (2.208)

where

§ = [oimoo(Q) — dim_(Q)] ( Lol > ;

po p(o0)
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IT) in case the inequality (2.198) holds for all po € (1,p—), the term Pli) in
(2.207) and (2.208) may be omitted, and § may be taken in the form

§ = [oimac () — dim_(Q)] < b1 >

p— p(o0)

2.8 Application to Boundedness Problems
in LP()(Q, p) for Classical Operators
of Harmonic Analysis

2.8.1 Potential Operators and Fractional Maximal Function

We first apply Theorem 2.90 to the potential operators

5 - f(y) duly)
I f(x) X/ uB(z, d(z,y)) '

where 0 < v < 1. We assume that u(X) = oo and the measure p satisfies the

doubling condition. We also additionally assume the following conditions to be
fulfilled:
there exists a point 29 € X such that p(xg) =0 (2.209)

and
w(B(zg, R)\B(xp,7)) >0 forall 0<r<R<o0. (2.210)

In the case of constant exponents the following statement holds; see for in-
stance Edmunds, Kokilashvili, and Meskhi [76, p. 412].

Theorem 2.93. Let X be a metric measure space with doubling measure satisfying
conditions (2.209)~(2.210), u(X) =00, let 0 <y < 1,1 <pg < _ and | = ' —7.

q0 Ppo
The operator I obeys the estimate

</|u V3 f q0dﬂ> (/ p"dy) (2.211)

whenever the weight v(x) satisfies the condition

1
/

1 o " 1 —Py "
sgp(uB/v (x)dp) (,uB/U (x)dp) < 00, (2.212)

B B

where B stands for a ball in X .
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Using Theorem 2.93 and the extrapolation Theorem 2.90 we arrive at the
following statement.

Theorem 2.94. Let X satisfy the assumptions of Theorem 2.93, and let 0 < v < 1
and 1 <p_ <py < }v The weighted estimate

X Fll Lo (x,0) < CNF 20 (x4 (2.213)

with the limiting exponent q(-) defined by q(l) = p(ll_) — 7, holds if

T

0 € Ay (X) (2.214)

a0
for any choice of qo € (1,q-).

Proof. By Theorem 2.93, the inequality (2.211) holds under the condition (2.212).
Condition (2.212) is satisfied if v® € A;. Consequently, inequality (2.198) with
f = 1I}g holds for every w € A; and 1 < py < o0, qlo = plo - .

Then (2.213) follows from Theorem 2.90. O

For the Riesz potential operator

ﬂﬂm:/}@M>ywm@,o<a<m
RTL

we then have the following corollary.

Corollary 2.95. Let p € PX%5(R™) and 1 < p_ < p; < ". The weighted Sobolev
inequality
1 Fll o> gy < C 11l o (2.215)
with q(lm) = p(lm) — &, holds if 0% € Ay (R™) forr any choice of qo € (1,q-).
a0

This corollary follows from Theorem 2.94 with the natural choice o7 €

A(q(_) )/(R”), which is equivalent to p% € Aq) (R™) by Theorem 2.4.
a0

q0

In the case of oscillating weights, Theorems 2.87 and 2.88 provide sufficient
conditions to satisfy assumption (2.214), so we could write down the corresponding
statements on the validity of (2.215) in terms of the weights used in Theorems
2.87 and 2.88. In the sequel we give results of such a kind for other operators.

2.8.2 Fourier Multipliers

The Fourier transform is defined in the form

9ﬂmRw/mmww7ﬁlﬂwmm@&/ﬂwwm@
R

R
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A measurable function m : R™ — R is said to be a Fourier multiplier in the space
LPO(R™, p), if the operator T},, defined on the Schwartz space . (R™) by

Tf =m].

admits an extension to a bounded operator in LP()(R”, 0).

We give below a generalization of the classical Mikhlin theorem (see Mikhlin
[258] or Stein [351]) on Fourier multipliers, to the case of weighted Lebesgue spaces
with variable exponent.

Theorem 2.96. Let p € P2%5(R"™) and let the function m(z) be continuous every-

where in R™, except for probably the origin, have the mized distributional derivative
"m olelm
Ox10x2---Oxy, azo‘lmfj? Qxpn?

la] = a1 4+ -+ an, < n—1 continuous beyond the origin and such that

and the derivatives D*m = a=(ai,...,a,) of orders

2D m(2)| < C, o] <n, (2.216)

where the constant C' > 0 does not depend on x. Then m is a Fourier multiplier
in LPO/(R™, 0), if 0" € Ap(y/py (R™) for some po € (1,p-).

Proof. Theorem 2.96 follows from Theorem 2.90 under the choice 2 = X = R”
and F = {T,,9,9} with ¢ € Z(R"™), since in the case of constant py > 1 and
weight o € A,,(D A1), a function m satisfying the assumptions of Theorem 2.96,

is a Fourier multiplier in LP°(R™, p), as is known, see for instance Kurtz [222],
Kokilashvili [170]. O

Corollary 2.97. Let m satisfy the assumptions of Theorem 2.96 and let the exponent
p and the weight o satisfy the assumptions

i) p € Pl°5(R") and p(z) = p(co) = const for |z| = R with some R > 0,

i) o€ %‘}?g(R",H%H ={z1,...,on} CR™

Then m is a Fourier multiplier in LPC)(R™, 0). In particular, assumption i) holds
for weights o of the form

2

o(x) = (1 + |z|)P~= H |z — x|, a1 € R”, (2.217)

N
where fp(;fk) < Pr < k=1,2,...,N, and 7p(’go) < Poo +k§16k < pﬁ;

n
p'(zk)’
Proof. 1t suffices to observe that conditions on the weight o imposed in Theorem

2.96 are fulfilled for ¢ € V;O(Sg (R™, 1I), which follows from Remark 2.86 and Theorem

2.88. In the case of power weights, conditions defining the class Vpo(s_g (R™,1I) turn
into the given inequalities for the exponents. O
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Theorem 2.98. Let p € P'%5(R™) and let the function m : R™ — R have distribu-

tional derivatives up to order £ > p’i satisfying the condition

1/s
sup <R5|°‘” |D°‘m(m)sdm> < oo

R>0
R<|z|<2R

for some 5,1 < s < 2 and all the multi-indices « with || < L. If1 < p_ < py < 0
and 0" € Ap(y/p, (R™) for some po € (1,p—), then m is a Fourier multiplier in

LPO(R™, o).

Proof. Theorem 2.98 is similarly derived from Theorem 2.90, if we take into ac-
count that in the case of constant pg the statement of the theorem for Muckenhoupt
weights is known, see Kurtz and Wheeden [223]. O

Corollary 2.99. Let a function m : R™ — R satisfy the assumptions of Theorem
2.98 and let p and o satisfy the conditions i) and ii) of Corollary 2.97. Then m is
a Fourier multiplier in LPC)(R™, o).

Proof. Follows from Theorem 2.98, since conditions on the weight ¢ imposed in
Theorem 2.96, are fulfilled for p € %%?g(R”,H) by Theorem 2.88 and Remark
2.86. O

In the next result by A; denotes the interval of the form A; = [27,27%1] or
Aj=[-2*, -], je L.

Theorem 2.100. Let p € PI°8(R) and let m be representable as

A

m) = [ dus, Aeay,
— 00

in each interval A;, where ua; are finite measures such that sup; var pa; < oo. If

o € Ay p, (R) for some po € (1,p—), then m is a Fourier multiplier in LPO(R, o).

Proof. To derive Theorem 2.100 from Theorem 2.96, it suffices to refer to the
boundedness of the maximal operator in the space LP()(R, g) (Theorem 2.88) and
the fact that in the case of constant p and ¢ € A,, the theorem is known, see
Lizorkin [228] for ¢ = 1 and Kokilashvili [170, 171] for ¢ € A,). O

Corollary 2.101. Let m satisfy the assumptions of Theorem 2.100 and let the ex-
ponent p and weight o fulfil the conditions i) and ii) of Corollary 2.97 with n = 1.
Then m is a Fourier multiplier in LPC)(R, p).

The “off-diagonal” LP()(R, o) — LIC)(R, p)-version of Theorem 2.100 in the
case ¢(x) > p(z) is covered by the following theorem.
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Theorem 2.102. Let p € P'%8(R) and let the function m : R — R be representable
in each interval Aj; as

A
dua,(t)
m()\): / ()\_t>a7 )\GAJ',

— 00

1
P+

bounded operator from LPC)(R, o) to LIO)(R, o), where q(lz) = p(lm) —«aand o is a

where 0 < a < and pa; are the same as in Theorem 2.100. Then T, is a

weight of form (2.217) whose exponents satisfy the conditions

a— L < B < 1
play) 7T ()

Proof. We use the known fact (see Kokilashvili [173]) that the operator T, is

bounded from LP°(R,v) to L% (R,v) for pg € (1,0), 0 < a < p107 qlo = plo - a,
and a weight v satisfying the condition

1 O (2\dx ;0 1 U—Pf)x T plo
SI}I)(I/U ( )d> (I/ ( )d> , (2.218)

I I

N
1
, k=1,2,...,N, and a— <Boo+§ Be <
p

k=1

(o9}

1
p(00)

where the supremum is taken with respect to all intervals. The condition (2.218) is
satisfied if v% € A;. Then inequality (2.198) with f = T;,,g holds for every w € A;.
Consequently, the statement of the theorem follows immediately from Part IT of
Theorem 2.92, conditions (2.207)—(2.208) turning into the formulated inequalities
for the exponents S, since ?im(Q2) = dim_ () = 1, m(wy) = M(wi) = Pi, k =
1,..., N, and m(wy) = M(wp) = Peo- |

Some additional properties of Fourier multipliers for the spaces LP(") (R™) are
also given in Section 7.8.1.

All the statements in the following subsections are also similar direct conse-
quences of the general statement of Theorem 2.92 and results of Theorems 2.87
and 2.88 on the maximal operator in the weighted spaces Lp(')(Q, 0), so that in
the sequel for the proofs we only make references to where these statements were
proved in the case of constant p and Muckenhoupt weights.

2.8.3 Multipliers of Trigonometric Fourier Series

In the Sections 2.8.3 and 2.8.4 we assume that the exponent p(z) is 27-periodic
continuous on the real line.

With the help of Theorem 2.92 and known results for constant exponents,
we are now able to give a generalization of theorems on Marcinkiewicz multipliers
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and Littlewood—Paley decompositions for trigonometric Fourier series to the case
of weighted spaces with variable exponent.
Let T = [—m,n] and f be a 27-periodic function with expansion

f(xz) ~ Cl20 + kz_o(ak cos kx + by sin kx). (2.219)

Theorem 2.103. Let a sequence A\ satisfy the conditions

2k _1
Al < A and >IN = Al < A4,

j:2k—1
where A > 0 does not depend on k. Suppose that
p EPE(T) and " € Ag()y (T) (2.220)

with some po € (1,p_(T)). Given f € LPC)N(T, o), there exists a function F(z) €
LPO(T, o) such that the series % + 3 A (ay, cos kz + by, sin kx) is Fourier series

k=0
for F and
I E N ey (m,0) < Al Lrer(T,0)

where ¢ > 0 does not depend on f € LPC)(T, p).

Corollary 2.104. Theorem 2.103 remains valid if the condition p € PY2(T) is
satisfied and o has the form

N
o(x) = H wg(|lz —zx]), xpeT (2.221)
k=1
where
1 1
wy, € W([0,27]) and — p() <m(wg) < M(wg) < () (2.222)

Theorem 2.105. Let the conditions (2.220) be fulfilled. For f given by (2.219), let
Ap(z) = ag coskx + by sinkzx, k=0,1,2,..., Ay-1=0.

Then there exist constants ¢; > 0 and co > 0 such that
( 0o 2 > ;

j=0
In the case of constant p and g € A, this theorem was proved in Kurtz [222].

201

> Ap(a)

k=2i—1

< CQHfHLP(d(T,Q) (2.223)
LrC)(T,0)

cill fllLeer(r,e) <

for all f € LPC)N(T, o).
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2.8.4 Majorants of Partial Sums of Fourier Series
Let
S*(f) = S*(f7 I’) = sup |Sk(f7 I’)|,

k>0

where Si(f,z) =

.
It

Aj(x) is a partial sum of Fourier series.

Theorem 2.106. Let 1 < p_ < p4 < 0o and the condition (2.220) be fulfilled. Then
||S*(f)||LP<->(T,Q) < C||f||Lp<-)(1r7g)- (2.224)

In the case of constant p and ¢ € A,, Theorem 2.106 was proved in Hunt
and Young [137].

Corollary 2.107. The inequality (2.224) is valid for p € P(T) and weights o of
form (2.221)-(2.222).

2.8.5 Cauchy Singular Integral

The singular integral operator St along a Carleson curve I' in the weighted setting
was already studied in Section 2.4.4. The following theorem, obtained from the

extrapolation approach, complements the results of Section 2.4.4.
Theorem 2.108. Let I' be a Carleson curve, p € P2(I) and o77° € Ay (') for
some py € (1,p—), where p(-) = pp((;). Then Sr is bounded in LP)(T, o).

We use the Muckenhoupt class

s—1

AS(F){p:iEIB(}“ /pS(T)dV(T)> (714 /pS/(T)dV(T)> <oo},1<s<oo7

r>0 % 5(t,r) y(t,r)

where y(t,7) :== T N B(t,r).

For constant p and ¢ € A,(T"), Theorem 2.108 was proved in Khuskivadze,
Kokilashvili, and Paatashvili [167] and by Boéttcher and Karlovich [31]. (As is
known, 077 € Agy (1)) <= o™ € Appo (T) for an arbitrary Carleson curve in the
case of constant p).

Corollary 2.109. Let T be a finite Carleson curve. The operator Sr is bounded
in the space LPC)/(T, ), if p € P8(T") and the weight o has the form o(t) =
H,ICVZI wi (|t —t|), tix €T, where

1 1

wp € W([0,v(I)]) and — () <m(wy) < M(wy) < D)’

A certain modification of Corollary 2.109 holds also for infinite Carleson
curves; for details in the case of power weights, we refer to Kokilashvili, Paatashvili,
and Samko [197].
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2.8.6 Multidimensional Singular-type Operators

Similarly, we can amend the results of Section 2.4.1 for multidimensional singular
operators (2.55) with a standard singular kernel K (x,y).

Theorem 2.110. Let Q@ C R”, 1 < p_ < py < oo and the kernel K(x,y) fulfils
the conditions (2.56)—(2.57). If the operator T is bounded in L*(2) and o P° €

Ay (Q) with p(-) = pp((;) , then the operator T is bounded in the space LP()(8, o).

In the case of constant p and ¢ € Ay, Theorem 2.110 was proved in Cordoba
and Fefferman [47].

Corollary 2.111. Let p € P'°8(Q) and p(x) = p(oo) = const for large |z| > R
in case ) is unbounded. The operator T with the kernel satisfying the assump-
tions of Theorem 2.110 is bounded in the space LPC)(Q, o) with the weight o(x) =
Hivzl wi (| — zx]),  xk € Q, where wy, € W(0,£), £ = diam Q, if
_ 1 < m(wg) < M(wg) < !
p() )
and

n

N
- p(o0) = ,;moo(wk) s ;Moo(wk) = p'(00)’

Let
[0, Tf(x) =b(z)T f(x) —T(bf)(z), xe€R",

be a commutator generated by the singular integral operator 7" over R™, where
b€ BMO(R").

Theorem 2.112. Let p € PI%8(R™) and let the kernel K (z,y) fulfil the assumptions
of Theorem 2.110. Let b € BMO(R™). Then if o*° € Ap(.y/p, (R™), the commutator

[b, T is bounded in the space LPC)(R™, o).

In the case of constant p and ¢ € A,(R™), Theorem 2.112 was proved in
Pérez [278]. In the case of variable p(-), the non-weighted case of Theorem 2.112
was proved in Karlovich and Lerner [161] under the assumption that 1 € A, (R™).

Corollary 2.113. Let p € P(R™), let the kernel K(x,y) satisfy the assumptions of
Theorem 2.110, and let b € BMO(R™). Then the commutator [b,T] is bounded
in the space LPC)(R™, o), if p(z) = p(co) for large |x| > R, and o(x) = wo(1 +
|]) H,I:[:1 wi(le —zk|), xp € R™, with the factors wy, k=0,1,..., N, satisfying
the conditions (2.194)—(2.195).

The next application is to pseudodifferential operators (PDO). We refer to
the books by Kumano-go [221], Taylor [358], Taylor [360] for the theory of PDO,
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but note that some basics of PDO will be later presented in Section 10.2 of Volume
2. For a pseudodifferential operator o(x, D) defined by its symbol o(x, &),

o(x, D) f(x) = / o, )29 f(¢) de,

R’n
we arrive at the following result.

Theorem 2.114. Let p € PI%8(R™) and let the symbol o(x,€) satisfy the condition
08070 (x,€)] < cap(1+ €))7

for all the multi-indices o and 3. Then under the condition " € AF(R™) with

p(-) = pp((')) , the operator o(x,D) admits a continuous extension to the space
LPO(R™, o).
In the case of constant p and ¢ € A, Theorem 2.114 was proved in Miller [259].

Corollary 2.115. Let p € P(R™) and p(z) = p(c0) for large |x|. Then the PDO
o(x, D) is bounded in the weighted space LPC)(R™, ), if o € V;)(S_E(R”, 10).

2.8.7 Fefferman—Stein Function and Vector-valued Operators

Let .#*f(z) be the Fefferman-Stein sharp maximal function, defined in (2.59).
Theorem 2.116. Let 1 < p_ < p4 < oo. Under the condition oP° € Az(R™) with
p(-) = pp(') , the inequality

0
A fl| Loer g g) < CNAP fll Lo @ ) (2.225)

is valid for any measurable function f such that |{z : |f(x)] > t}| < oo for any
t > 0, where C' does not depend on f.

In the case of constant p and ¢ € A, inequality (2.225) was proved in Feffer-
man and Stein [88].

Corollary 2.117. The inequality (2.225) is valid, in particular, under the condi-
tions: p € B(R"), p(x) = p(oo) for large |a], and o € VZS(R™, 1),

Let f = (f1,.-, fry...), where f; : R™ — R are locally integrable functions.
Theorem 2.118. Let 0 < § < co. Suppose that o*° € Ax(R™) with p(-) = pp((')). Then

- 1/6
(Z|fj9>
j=1

<C
LrO) (R, )

. (2.226)
LrO(R™,0)

o 1/6
()

where ¢ > 0 does not depend on f.
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In the case of constant p and ¢ € A, weighted inequalities for vector-valued
functions were proved in Kokilashvili [170, 171, 173], see also Andersen and John
[19].

Corollary 2.119. The inequality (2.226) is valid under the conditions

i) p € Pl8(R") and p(x) = p(co) for large ||,
i) o€ V;ﬁ_;(Q,H).
Remark 2.120. The corresponding statements for vector-valued operators are also

similarly derived from Theorem 2.92 in the case of singular integrals, commutators,
Fefferman—Stein maximal function, Fourier multipliers, etc.

2.9 Comments to Chapter 2

Some general references on weighted results

The problem of the boundedness of the maximal operator in LP() spaces was solved
for bounded sets by Diening [62], who also showed the importance and geometric sig-
nificance of the log continuity condition in variable exponent spaces. His technique was
generalized to the case of unbounded sets by Cruz-Uribe, Fiorenza, and Neugebauer [51]
and Nekvinda [272]. We refer to Futamura and Mizuta [90], where the maximal operator
was studied in variable exponent Lebesgue spaces in some situations where p(z) may
approach 1.

The boundedness of the Riesz potential operators (Sobolev theorem) in the space
LPO)(Q) was first proved in Samko [319] in the case of bounded domains Q in R™ under
the condition on exponents and assumption that the maximal operator is bounded in
this space, the latter under the log-condition being later proved in Diening [62].

Further results were derived in Capone, Cruz-Uribe, and Fiorenza [39], Cruz-Uribe,
Fiorenza, Martell, and Perez [52], Diening [61], Futamura, Mizuta, and Shimomura [92].

The boundedness problem for Calderén—Zygmund operators defined on Euclidean
spaces was investigated in Diening and Ruzicka [64], Cruz-Uribe, Fiorenza, Martell, and
Perez [52]. We refer also to Mizuta and Shimomura [260] for related topics.

The results derived in Cruz-Uribe, Fiorenza, Martell, and Perez [52] are based on
an extrapolation theorem for operators acting in variable exponent Lebesgue spaces.

The extrapolation Theorem 2.90 with variable exponents in the Euclidean setting
was proved in Cruz-Uribe, Fiorenza, Martell, and Perez [52]. For extrapolation theorems
in the case of constant exponents we refer, e.g., to Rubio de Francia [305] and Harboure,
Macias, and Segovia [121].

The extrapolation theorem for operators in weighted spaces Lp(‘)(X ,w) on quasi-
metric measure spaces was proved in Kokilashvili and Samko [193], where it was used to
derive the boundedness of various operators of analysis.

Criteria for the boundedness of the Hardy—Littlewood maximal operator .#Z in Lﬁf')
was obtained in Hést6 and Diening [129]. In Cruz-Uribe, Diening, and H&sto [53] it was
shown that a necessary and sufficient condition for the boundedness of .# in LﬁH(R) is
that p € A, y(R), provided that p € P%8(R™). The same result was derived by another
approach in Cruz-Uribe, Fiorenza, and Neugebauer [55].
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In Kokilashvili, Samko, and Samko [200] it was proved that if X is bounded and p €
P'°¢, then the condition o(z)?®) € A,_ guarantees the boundedness of .# in LF*) (X o).

Spaces (X, d, u) of homogeneous type and all their generalizations arise naturally
when studying boundary value problems for partial differential equations with variable
coefficients, for instance, when the quasimetric is induced by a differential operator, or
tailored to fit kernels of integral operators. The problem of the boundedness of integral
operators arises naturally also in the Lebesgue spaces with non-standard growth. For
the definition, history, and essential properties of spaces of homogeneous type we refer
to the monographs Stromberg and Torchinsky [355], Coifman and Weiss [46], Edmunds,
Kokilashvili, and Meskhi [76], and references cited therein.

For Hardy spaces with variable exponents we refer to Nakai and Sawano [270].

Historically, the boundedness of the maximal and fractional integral operators
in spaces Lﬁ“(X ) defined on quasimetric measure spaces was studied in Harjulehto,
Hasto, and Latvala [125], Harjulehto, Hésto, and Pere [124, 126], Kokilashvili and Meskhi
[183], Kokilashvili and Samko [191, 193], Kokilashvili, Samko, and Samko [200], Khabazi
[165, 166], Almeida and Samko [16], Futamura, Mizuta, and Shimomura [91], Almeida
and Samko [15]. Weighted inequalities for classical operators in the spaces Lﬁ(‘) with
radial power or oscillating weights were established in Kokilashvili and Samko [186, 187,
188, 189, 190], Kokilashvili, Samko, and Samko [200], Kokilashvili and Samko [193, 194],
Kokilashvili, Samko, and Samko [196, 198, 199], Edmunds and Meskhi [73], Samko and
Vakulov [330], Samko, Shargorodsky, and Vakulov [332], Diening and Samko [67] etc.,
while the same problems with general weights for Hardy, maximal and fractional inte-
gral operators were studied in Edmunds, Kokilashvili, and Meskhi [77, 78, 81], Koki-
lashvili and Meskhi [179, 181, 183], Kokilashvili, Meskhi, and Sarwar [202], Kokilashvili
and Samko [191], Asif, Kokilashvili, and Meskhi [23], Kopaliani [208], Cruz-Uribe, Di-
ening, and Hasto [53], Cruz-Uribe, Fiorenza, and Neugebauer [51], Mamedov and Zeren
240, 242].

Comments to Section 2.1

The validity of the Riesz—Thorin interpolation theorem for the variable exponent spaces
LP0) | stated in Theorem 2.1, was established by L. Diening; it is known in a more
general setting for Musielak—Orlicz spaces, see Musielak [265], Theorem 14.16. Theorem
2.1 follows from the fact that LP*¢)(R™) is an interpolation space between LP()(R™)
and LpZ(‘)(R”) under the method of real interpolation. For complex interpolation for
LP")_spaces we refer to Diening, Histd, and Nekvinda [68].

Theorem 2.4 was proved in Cruz-Uribe, Diening, and Hasto [53]; we refer also to its
presentation in the book Cruz-Uribe and Fiorenza [49]. The proof of Theorem 2.3 mainly
follows the same lines as for the case of constant exponent; the details of the proof for
variable exponents may be found in Kokilashvili and Samko [187].

For the Muckenhoupt class A, with constant p (see (2.1)) we refer, for instance, to
Stein [352].

Comments to Section 2.2

In the presentation of the results in Section 2.2 we mainly follow the papers by Kara-
petyants and Samko [149] and Samko [308].

The notion of Zygmund—Bari—Stechkin class goes back to the paper Bari and
Stechkin [26].
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For MO indices (2.6)—(2.7) and their properties we refer to Karapetyants and Samko
[149], Krein, Petunin, and Semenov [217], Maligranda [235, 236], Matuszewska and Orlicz
[248], Samko [307, 308].

The statements of Theorem 2.10 were proved in Karapetyants and Samko [149], see
Theorems 3.1, 3.2 and 3.5 there (in the formulations in Karapetyants and Samko [149]
it was assumed that 5 > 0,7 > 0, and ¢ € Wo; it is evidently true also for ¢ € W and
all 8,7 € R, in view of formulas (2.8)).

For the inequalities (2.26) and (2.27) we refer to Theorem 11.13 in Maligranda
[236].

Comments to Section 2.3

Theorem 2.19 was proved in Diening [62] for bounded sets 2 and in Cruz-Uribe, Fiorenza,
and Neugebauer [51] in the general case.

Statements of Sections 2.3.1 and 2.3.2 were proved in Kokilashvili, Samko, and
Samko [196]. Theorem 2.26 was stated in Khabazi [165], its proof presented in Kokilashvili
and Samko [192] for spaces on infinite curves, in view of applications; the proof in the
Fuclidean case follows the same lines.

The non-Euclidean versions in Theorems 2.27 and 2.29 were proved in Kokilashvili,
Samko, and Samko [200], and Kokilashvili and Samko [192]. Note also a result of Karlo-
vich [157], related to Theorem 2.29, where power weights with a node at a whirling point
of a spiral type curve were allowed.

Variable exponent space on quasimetric measure spaces and maximal and potential
operators in such spaces were studied in Adamowicz, Harjulehto, and Héasto [4], Almeida
and Samko [14], Edmunds, Kokilashvili, and Meskhi [77], Futamura, Harjulehto, Hasto,
Mizuta, and Shimomura [93], Harjulehto, Hasto, and Pere [124, 126], Harjulehto, Hasto,
and Latvala [125], Khabazi [166], Kokilashvili and Samko [191].

Comments to Section 2.4

In this section we follow work of Kokilashvili, Paatashvili, and Samko [197], Kokilashvili,
Samko, and Samko [199], and Kokilashvili and Samko [191].

For the notion of the standard kernel for singular Calderén—Zygmund-type opera-
tors (2.55) we refer for instance to Journé [145]; Christ [43]; Duoandikoetxea [70, p. 99].

Theorem 2.33 for constant p is known, see Stein [352, p. 148], where it is given in
the non-weighted case.

Theorem 2.36 in the non-weighted case was proved in Diening and Ruzicka [64],
Diening [63].

Theorem 2.38 was proved in Kokilashvili and Samko [195], where there was also
given an application of this theorem to the boundedness of generalized singular operators
of Vekua type. In Karlovich and Spitkovsky [164] one can find an extension of Theorem
2.38 to the case of Carleson curves.

Conditions of type (2.61), (2.81) for the indices m(w), M (w) of the weight w are
sufficient for the boundedness of the singular operator, while the conditions —
mw < M(W) < i)
on curves, this necessity statement was proved in Karlovich [156].

p(eo)
are necessary. In the case of the Cauchy singular integral operator

The estimate (2.74) in the Euclidean case was proved in Alvarez and Pérez [18]; in
the proof of Lemmas 2.41 and 2.42 we follow the ideas from that paper, adjusting them
for the case of Carleson curves.
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Theorem 2.45 was proved in Kokilashvili and Samko [192].

For the validity of the Kolmogorov inequality (2.76) (Kolmogorov [207]) on Carleson
curves see David [58], Hofmann [134]; note that this inequality is a consequence of the
fact that the singular operator on Carleson curves is of weak (1,1) type, see David [58].

Comments to Section 2.5

Theorem 2.50 was proved in Samko [319] under the assumption that p € P'°8(Q) and the
maximal operator is bounded in LP*) (). Boundedness for p € P'°8(Q) was later proved
in Diening [62].

Theorem 2.51 was proved in Capone, Cruz-Uribe, and Fiorenza [39] and Theorem
2.52 in Kokilashvili and Samko [188].

In Mizuta, Ohno, and Shimomura [261] Sobolev type theorem was proved in the
setting of the spaces of type LP") (log L)4).

In the presentation of the BMO-result of Section 2.5.2 we follow the paper Samko
[328].

Note that in Izuki and Sawano [139] there was given an extension of the well-known
characterization of BMO in terms of p-norms to the case of variable p(z), see also Izuki,
Sawano, and Tsutsui [141].

The estimate (2.137) was proved in Samko [318, Corollary to Lemma 3.22] and a
simpler proof was given in Samko [326].

Lemma 2.57 in a different formulation was proved in Harjulehto, Hasto, and Latvala
[125], see also Almeida, Hasanov, and Samko [17] for an alternative proof; the Euclidean
version of Lemma 2.57, in a more general weighted setting, was proved in Samko [318].

The fractional operators I); and J% defined in (2.115) and (2.116) were widely stud-
ied in the case of constant exponents, see, e.g., the book by Genebashvili, Gogatishvili,
Kokilashvili, and Krbec [104] and papers by Kokilashvili and Meskhi [175, 177] for J¢,
and the book by Edmunds, Kokilashvili, and Meskhi [76] and papers by Garcia-Cuerva
and Gatto [97], Gatto [99], Gatto, Segovia, and Vagi [102], Gatto and Vagi [100, 101] for
I and references therein. Theorems 2.58 and 2.59 were proved in Almeida and Samko
[16].

In the case of constant exponents p and «, the statement of Theorem 2.58 is known
to be valid without the doubling condition and with the optimal Sobolev exponent g
instead of the “quasi-Sobolev” exponent ¢, see Theorem 3.2 and Corollary 3.3 in Garcia-
Cuerva and Gatto [97]. The progress achieved in Garcia-Cuerva and Gatto [97] was based
on the weak estimate for the potential I and the Marcinkiewicz interpolation theorem.

Theorem 2.59 for constant « but variable dimension N was proved in Harjulehto,
Hasto, and Latvala [125], where a certain modification J of the operator J% was also
considered, |J3% f| < J*(|f]), see Theorem 4.8 and Remark 4.9 in Harjulehto, H&st6, and
Latvala [125].

Theorem 2.62 was proved in Samko, Samko, and Vakulov [312], see also its modifi-
cation for Carleson curves in Kokilashvili and Samko [192]. Theorem 2.64 was proved in
Samko, Samko, and Vakulov [312], see also a correction in Samko, Samko, and Vakulov
[313].

Sections 2.5.6 and 2.5.7 are based on the papers Samko, Shargorodsky, and Vakulov
[332] and Samko and Vakulov [330].
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Comments to Section 2.6

In Section 2.6 we follow Hajiboyev and Samko [114, 113]. The generalized Riesz potential
operator Ik defined in (2.167) in the constant exponent setting was studied for instance
in Gunawan [112], Nakai [268], where such potentials were studied in Orlicz spaces in
the case of X = R" with the Euclidean metric, and in Nakai and Sumitomo [271], where
homogeneous spaces with constant dimension were allowed. We refer also to Pustyl’'nik
[284] for the study of the similar generalized potentials in the Euclidean setting, in
rearrangement invariant spaces.

The statement of Theorem 2.72 is stronger than the previously known results even
in the case of constant p: the corresponding result in Nakai and Sumitomo [271] was
obtained under more restrictive assumptions on k(7). In the case where k(r) = r* and p
is constant, when the corresponding Musielak—Orlicz space is the Lebesgue space L? with
(11 = 117 — & statements of the type of Theorem 2.72 were obtained earlier in Kokilashvili
and Meskhi [175] (see also Kokilashvili and Meskhi [177] and Edmunds, Kokilashvili, and
Meskhi [76, Thm. 6.1.1]) and in Garcia-Cuerva and Gatto [97], Gatto [99], Gatto and
Vagi [100] (note that in Kokilashvili and Meskhi [175] there was also shown that the
growth condition (2.107) is necessary for the validity of such a Sobolev theorem).

The Gagliardo—Nirenberg inequality for generalized Riesz potentials in Musielak
spaces was proved in Mizuta, Nakai, Sawano, and Shimomura [262].

Let us mention that for the case of non-generalized potentials and constant p the
corresponding Sobolev theorem is known without the assumption that the measure is
doubling. In the case of variable exponent p(z) we have to impose this condition.

The dimension (2.187) was introduced in Samko [309].

Comments to Sections 2.7-2.8

Presentation in Sections 2.7-2.8 follows the paper Kokilashvili and Samko [193].

The results presented in Section 2.7.3 are extensions of the extrapolation results
for variable exponent Lebesgue spaces obtained in Cruz-Uribe, Fiorenza, Martell, and
Perez [52] in the non-weighted case and in the Euclidean setting, to the weighted case and
quasimetric measure spaces. For extrapolation theorems in the case of constant exponents
we refer to Rubio de Francia [305].

Local dimensions (2.188) were introduced in Samko and Vakulov [311], Samko [309].

The statement of Corollary 2.115 in the non-weighted case was proved, by a different
method, in Rabinovich and Samko [292].

In Bernardis, Dalmasso, and Pradolini [29] there was given a characterization of
weights governing the boundedness of generalized maximal functions and related integral
operators in weighted variable exponent Lebesgue spaces. In particular, for the fractional
maximal function .#Z, the following statement was obtained.

Theorem 2.121. Let 0 < o < n, w be a weight, and p € P2E(R™). Let q be the function
defined by 1/q(x) = 1/p(z) —a/n. Then My is bounded from LPO(R™ w) to L1O(R™, w)
if and only if there exists a positive constant C such that for every ball B,

—1 1—
lwxsllge) - o™ xBllp ) < elBl" .

When « = 0 this result was earlier proved in Cruz-Uribe, Diening, and Hasto [53].



Chapter 3

Kernel Integral Operators

This chapter is devoted mainly to the study of the boundedness/compactness of
the weighted Volterra integral operators

x

Kof(z) = v(x)/k(m,t)f(t)dt, v >0,

and
xr

(.P)w) =v(a) [ K070, o e R
— 00
in variable exponent Lebesgue spaces and variable exponent amalgam spaces
(VEAS) under the log-condition on exponents of spaces, where v is an a.e. positive
function.

We introduce some definitions for a kernel k.

Definition 3.1. Let I := (0,a), 0 < a < co. We say that a kernel k : {(x,y) :
0<y<a<a}l— (0,00) belongs to the class V(I) (k € V(I)) if there exists a
constant c¢; such that for all z,y,¢t with 0 < y <t <z < a,

k(x,y) < crk(a,t).

Definition 3.2. Let r be a measurable function on I := (0,a), 0 < a < oo, with
values in (1,+00). We say that a kernel k& belongs to the class V,(.y(I) if there
exists a positive constant co such that for a.e. z € (0, a),

IX(z ) ()k(z, )

Definition 3.3. Let r be a measurable function on / := R with values in (1, +o0).
We say that a kernel k belongs to the class V,.(.y(I) if there exists a positive constant
o such that for a.e. z € (0,a),
x
Lr() k (x, 9 ) .
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Ezample 3.4 (Lemma 3 of Ashraf, Kokilashvili, and Meskhi [22]). Let I := [0, a),
where 0 < @ < 0o. Let o be a measurable function on I satisfying the condition
0 < a_(I) < ai(I) < 1. Suppose that r is a function on I with values in (1, +00)
satisfying the condition € P'°8(I). Suppose that r(x) = ry = const outside some
interval (0,b) when a = +oo. Then k(z,t) = (x — t)*®~1 € V(I) N V,(y(I) when

r(z) < 17;((:13).

An example of a kernel k belonging to V(R) N V,.y(R) will be given later.

The next examples of kernels can be checked easily:
Ezample 3.5. Let I :=[0,a), where 0 < a < co. Suppose that « is a measurable
function on I satisfying the condition 0 < a_(I) < a4 (I) < 1. Let r be a function
on I with values in (1, +00) satisfying the condition r,7 € P8(I), where r(t) =
r(t1/7). Suppose that r(x) = 79 = const outside some interval (0, b) when a = +oc.
Then k(z,y) = (27 — y?)*@ =1 € V(I) N V,(y(I) when r(z) < 1—(,1!(1;) and o > 0.
Ezample 3.6. Let I :=1[0,a), 0 < a < oo. Let r be a function on I with values in
(1,4+00) such that r € P°8(I) and 7 is increasing on I. Suppose that r(z) = ro =
const outside some interval (0,b) when a = +o0. Further, let 0 < a— < afx) <1
and a(x)+6(z) > 2—T(1z). Then k(z,y) = (x—y)a(x)—llnﬁ(m)—lz e V(I)NV,y(I).
Ezample 3.7 (Power-logarithmic kernel). Let I :=[0,a), 0 < a < co and let r and
« be constants satisfying the condition 1/r < o < 1. Let a < v < oo and 8 > 0.
If k(z,y) = (¢ —y)* ' 7 then k(z,y) € V(I) N V,(I).

For other examples of kernel k satisfying the condition k& € V(I) N V,.(I),
where 7 is constant, we refer to Meskhi [253] (see also Meskhi [251]).

3.1 Preliminaries

3.1.1 Variable Exponent Lebesgue Spaces

Let us recall some definitions and auxiliary results regarding variable exponent
Lebesgue spaces.

Let (X, p) be a complete o-finite measure space without atoms. Suppose that
for an exponent p on X, the condition

1<p_(X)<pi(X)< o0 (3.1)

is satisfied.
Let p be a p-a.e. positive function on X. The space LZ(')(X7 0) is defined
with respect to the norm

||f||Lﬁ(')(X7Q) = inf {)\ >0: Ip()(fg/)\) < ]_},

where

Bo(6) = [ lo@)P (o)
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If o is constant, then we use the symbol LZ(')(X). In particular, if X is a

domain in ©Q in R™ and p is the Lebesgue measure, then we denote Lﬁ(‘)(Q, 0)
by LPO)(Q, o). Further, if du = w(z)dz, where w is a weight function on Q and
dx is the Lebesgue measure, then we denote LA (X) by L5 (Q), ie., L2 (Q) =
Lp(‘)(Qw(.)l/p(-)).

The next statement is well known (see Kovacik [212], Sharapudinov [340],
Samko [318]).

Proposition 3.8. Let for an exponent p condition (3.1) be satisfied. Then

. X
W IS < L) < IS Iflmom < L.

X
1500 < Lo () <AL Rg IFleom > 1

(i) the Holder inequality

1
+

(p (1X) (py(X ))) HfHLP() HgHLP()(X)

holds for any f € LPC)(X) and g € LT’/(')(X);

/f

(iii) 1 £l e (x)y <
<1

\!JHLp()(X)

for any f € LPO)(X).

Lemma 3.9 (Diening [62]). Let I be an interval in Ry. Then p € P°8(ly) if and
only if there exists a positive constant C' such that

|J|P-(D=p+D) < ¢
for all intervals J C Iy with |J| > 0.
Remark 3.10. If p € P28(R), then following conditions are satisfied at 0 and oo:

Ao

Ip(z) —p(0)] < ; [z <1
[ Tn ||
Ao
- Moo g 5 ].
p(@) ~pol < 2| >

Remark 3.11. Let I := Ry It is known that |[x(o,|l s, ) = /P as r — 0 if
p(x) satisfies the local log-condition continuity condition, and ||x(0,r)llLr¢) (R, ) =

/P> as r — oo, if p € PLRB(I).



132 Chapter 3. Kernel Integral Operators
Lemma 3.12. Let D > 1 be a constant and p € P8(R,). Then

1 1
LTS X, 0r) | Loy < corP©® for 0<r<l,
0

and

1 1
rroe K |IX(r, eyl Lre) < CooTroe for

WV
—

(o9}

where cg > 1 and cso = 1 depend on D, but not on r.

The proof of this lemma is given in a more general setting latter in Section
13.1.2 of Volume 2 (see Lemma 13.2).

Example 3.13. Let I := R,. Let a be a measurable function on I satisfying the
condition 0 < a_(I) < a4 (I) < 1. Suppose r € P°8(]) and 7 is non-increasing on
(a,00) for some large a > 0. Then k(z,t) = (z — t)*®)~1 € V(I) N V,(y(I) when
(ar") 1 (I) > 1.

~ Indeed, first it is easy to check that k € V(I). Further, to prove that k €
Vi()(I) we need to show

LT»(.).’Ea(w)_17 (32)

I(z) = [[(z = )" X ay2.0) Ol o) < el X /2.0 ()]

where the constant ¢ does not depend on z. Since r € P%8(I), by Lemma 3.9 for
r —1t <1, we have

(=)™ < er(z— 1)@ L eplx —t)™® (3.3)

where ¢; and ¢o does not depend on z.
Since r is non-increasing, for x —t > 1, we have

(x—t)"D > (z — )@, (3.4)

Consequently,
S(a) = / (2 — )@ -Dr() gy
z/2
- / () + / ()
{t:te(z/2,z), (x—t)<1} {t:te(z/2,z), (x—t)>1}

=: 51(33) + 52(33)

First we estimate S (z). Taking into account (3.3) we have the following pointwise
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estimate:

Si(x) < (z —t)@@=-Dr@) gy

{t:te(x/2,z), (x—t)<1}

< / (2 — £)@@=Dr@) gy  cplal@)=Dr(@)+1

x/2

By using (3.4) for Sz(z), we have

Sh(a) < / (2 — )@@ =Dr() gy

{t:te(z/2,x), (x—t)>1}

< /(x _ )@@ =1r@) gp — cplal@-Dr@+1,
z/2

Since I(x) > d for some positive constant d, Proposition 3.8 and Lemma 3.12 yield

Ig) g CS(x)l/r,([m/Q,m]) _ Cs(x)l/r(m)
_ Cxa(a;)—l-l-r(lw) < Cxoz(:r)flJr 7,;

= clX(a/2.0) )l Lror k(2 /2, 7).

Hence, we have estimate (3.2).

In the sequel the following notation will be used:
E, =227 L =201 27V, = [a27, a2,

where a € R;..

For the next statement we refer to Kopaliani [208].

Proposition 3.14. Let p and q be measurable functions on I := (a,b) (—oo0 <
a < b < +00) satisfying the condition 1 < p_(I) < p(x) < q(z) < q4+(I) < oo,
x € I. Let p,q € ngg(l). Then there is a positive constant c, depending only on
p and q, such that for all f € Lp(‘)(I), g€ Lq/(‘)(I) and all sequences of intervals
Ay = ok, Try1), where [xg, xp41) are disjoint intervals satisfying the condition
Urloks 241) = 1,

S I xadlromllaxal oo a < ellflieonllglieo o)-
k

In the next statement, we assume that the exponents are constant outside
some large interval; this is useful because it allows us to give the explicit values
of constants. For the next statement we refer to Kopaliani [208] in the case of a
finite interval, and Ashraf, Kokilashvili, and Meskhi [22] for an infinite interval.
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Proposition 3.15. Let p and g be measurable functions on I := (a,b) (—oo <
a < b < +00) satisfying the condition 1 < p_(I) < p(x) < g(x) < q+(I)

x € 1. Let p,qg € P8(I). Suppose also that if b = oo, then p(x) = p. = const,
q(x) = g. = counst outside some large interval (a,d). Then there is a positive
constant c, depending only on p and q, such that for all f € LPC)(I), g € Lq/(‘)(I)
and all sequences of intervals Sk = [Tr_1,%k4+1), where [Tk, Try1) are disjoint
intervals satisfying the condition Ug|xk, k1) = 1,

Z £ xsi HLP(')(I)||gXS'k||Lq’(~)(I) < CCa,beHLP(~>(1)||9\|Lq’<'>(1)
k

Moreover, the value of Cyp, is defined as follows: Cop = [(b—a) + 1]? if b < o,
and Cooo = [(d—a) + 12+ 1 if b= 0

In the next statement the intervals S} are replaced by Ig’b, where

b—a b—a
ab  _
I = a+2k+1,a+2k1>, keN,

for b < o0;
%= [a+2F"" a4+ 281, keZ

Proposition 3.16. Let p and g be measurable functions on I := (a,b) (—o0 < a <
b < 400) satisfying the condition 1 < p_(I) < p(z) < q(z) < ¢+(I) < o0, z € 1.
Let p,q € Pégg(l). Then there is a positive constant c, depending only on p and q,
such that for all f € LPO)(I), g € Lq/(')(I) and all intervals I;:’b,

Z ”fX[’:’bHLP('>(I)‘|9X[g’b||Lq’(-)(I) < c”f”LP(‘)(I)”gHLq'(')(I)'
k

Proof. The proof in the case of I = (0,1) can be found in Ashraf, Kokilashvili,

and Meskhi [22]. For simplicity, let us assume that I = R4. In this case a = 0,

b = oo and consequently, I IS’OO = I. Now the proof follows in same manner as in

Kopaliani [210], Proposition 3.4, since the map g := I — (—1/2,1/2) defined by

g(z) = ar“:“" keeps the property > Xy(r,)(7) < 2. Details are omitted. O
k

Proposition 3.17 (Diening [62]). Let p and q be bounded variable exponents on ).
Then LPC)(Q) < LIO)(Q) if and only if ¢ < p a.e. and

) p(z)a(x)
lim [ Ar@-a@@ dr < 400,
A—0
Q

p(x)a(x)
where 0 < A < 1, and Ar@-a@ =0 is p(x) = g(x).
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Definition 3.18. Let 2 be an open set in R™. Let 1 < p_. We say that the exponent
function p(-) € P(Q) if there is a constant 0 < § < 1 such that

p(z)p_
or=r—dy < +o0.
Q

Remark 3.19. It follows from Proposition 3.17 that if 1 < p_ and p € 73( ), then
LPO(Q) — LP- ().

3.1.2 Variable Exponent Amalgam Spaces (VEAS)

Let I be R or Ry, and o = {I,;n € Z} be a partition of I consisting of disjoint
half-open intervals I,,, each of the form [a;,a2). Suppose that u is a weight on I.

Let
1/a
HfH Lp()(]) lq)a (ZHXI LP()([)) :

neZ

We define the general amalgams with variable exponent as
(Lﬁ(‘)(I)’lq)a = {f : HfH(Lﬂ(')(I),H)a < OO}

If u = const, then (L4 (I),19), is denoted by (LPO)(I),19)a.

Let p = p. = const and u = const. Then we have the usual irregular amalgam
(see Stewart and Watson [354]); if I = R and I,, = [n,n+ 1), then (LP<(I),1%), is
the amalgam space introduced by N. Wiener (see Wiener [372, 373]) in connection
with the development of the theory of generalized harmonic analysis.

We call (Lﬁ(‘)(I ),1%), irregular weighted amalgam spaces with variable ex-
ponent. If I,, = [n,n + 1), then (L5 (I),19), will be denoted by (LE)(1),19).

Let d = {[2",2"T1); n € Z} and I = R,. We denote weighted dyadic amal-
gam with variable exponent by (Lﬁ(‘)(I ),1%)q. Some properties regarding general
amalgams with variable exponent can be derived in the same way as for usual
irregular amalgams (L?(R),1%),, where p is constant. Irregular amalgams were

introduced in Jakimovski and Russell [143] and studied in Stewart and Watson
[354].

Theorem 3.20. Let p be a measurable function on I with 1 < p_(I) < p4+(I) <
oo and q be constant with 1 < q < oo. The irreqular amalgams with variable
exponent (LPC)(I),19), is a Banach space whose dual space is (LPC)(I),19) =
(LY O)(I),19). Further, the Holder inequality holds in following

t < HfH(LP(')(I),lq)a||gH(LP’(')(I),Zq’)a-
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Proof. Since LP() is a Banach space and the dual of LP() is given by (Lp ))
211

LP' () general arguments (see Day [59], Fournier and Stewart [89], Kothe |
Stewart and Watson [354]) yield the claimed result.

I:Ig ||

The next statement for more general amalgams (X, [7), where X is a Banach
space, can be found in Stewart and Watson [354].

Theorem 3.21. Let p be a measurable function on I and 1 < q1 < q2. Then
(DPO(D), 1) € (PO (D), 1),
Other structural properties of amalgams are investigated, e.g., in Fournier

and Stewart [89] and Stewart and Watson [354].

The next statement is a generalization of Theorem 4 in Stewart and Watson
[354] for variable exponent amalgams with weights.
Proposition 3.22. Let p, g be measurable functions on I such that 1 < q_(I) <
q(z) < p(r) < pir(I) < oo, and let 1 < r < co. Then (Lp( )(I), ") is continuously
embedded in (L3 (I),1 )a if

S = itég/ <:;((Z))) e w(z)dr < . (3.5)

n

Conversely, if 1 < qg—(I) < q+(I) < p—(I) < p+(I) < oo, then condition (3.5) is
also necessary for the continuous embedding of (LZZ,(‘)(I), ") into (Lg(‘)(I), M-

Proof. Tt is known (see Edmunds, Fiorenza, and Meskhi [79]) that the continuous
embedding L2 (I — LE(I) (¢(z) < p(x)) holds if and only if

p(x)
p(x)—q(e)
/ <v(x) ) w(z)dr < co.
w(zx)
T
Moreover, the estimate

H( ) (()q())‘

H (U()/w()) 1/(p(-)—a()) ’
(3.6)

holds, where the positive constant ¢ depends only on p and g; Id is the identity
operator.
Let condition (3.5) hold. Then

<l g o <emax{ LI ON ()
Ly

Tl e 7y 280 (1) < M 20 (1) 30 0y < 00

Hence, (Lf'u('),l’")a — (Lg(%lr)a.



3.1. Preliminaries 137

Conversely, let the continuous embedding (L2, 1"), < (L4, 1"), hold and
let 1 < q_(I) < q+(I) <p_(I) < p4(I) < oo. By taking functions supported in
I,, we can derive the estimate

SUD I 20 (1,30 280) (1) S Il (220 (1) s 280 (11,

By applying the left-hand side inequality in (3.6) and Proposition 3.8 we conclude
that condition (3.5) is satisfied. O

3.1.3 Two-weighted Hardy Operator on the Real Line

Let v and w be a.e. positive measurable function on [a,b), —co < a < b < o0,
and let

(HS%D F) (@) = o /f z € [a,b).

Further, we denote

(HE £) () = v(z) / fOw(tdt, x>0,

(Hy o f)(@) = v( /f T €R.

Let us recall the two-weight criterion for the Hardy operator in the classical
Lebesgue spaces (see, e.g., Muckenhoupt [263], Kokilashvili [172]).

Theorem 3.23. Let r and s be constants such that 1 < r < s < oo. Suppose that
0<a<b< . Let v and w be nonnegative measurable functions on (a,b). Then
the Hardy inequality

b T s 1/s b 1/r
( / v<x>( / f(t)dt> dx> <c( / w(t)(f(t))"dt> L F>o0.

a

holds if and only if

b

1/s t 1/r’
A:= sup (/v(m)dm) (/wl_r/(x)dx> < 0.
a<t<b f

a

Moreover, if ¢ is the best constant in the Hardy inequality, then there are positive
constants c¢1 and co, depending only on r and s, such that c1A < ¢ < c2A.
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To get the boundedness results for kernel operators we need to prove some
auxiliary results.

The following statement was obtained in Kopaliani [208] for a finite interval;
for the case of an infinite interval we refer to Kokilashvili and Meskhi [184].
Theorem 3.24. Let —oo < a < b < 400 and let p and q be measurable functions
on I := (a,b) satisfying the conditions: 1 < p_(I) < p(z) < q(z) < ¢+ (I) < oo,
p,q € P°8(I). We assume that p = p. = const, ¢ = q. = const outside some large
interval (a,d) if b = co. Then Héi},b) is bounded from LPC)(I) to LY)(I) if and
only if

Agp = sup, 1X(t6) () Nl Lo (1) X (aty (YW O Lo (1) < 00

Moreover, there are positive constants ¢y and co, independent of the interval I,
such that

c1dap < || H u o HLPU (=L (1) < 2CapAap
where the constant Cq, is defined in Proposition 3.15.

Proof. Sufficiency. Let f > 0. Suppose that b < co and that

/f(t>dt e [2"”07 2m0+1)

for some integer mg. We construct a sequence {xy} so that

LTh+1

fre- T o

It is easy to check that (a,b) = Uk[mk,xk+1). Let g be a function satisfying the
condition ||g|| 7.« (b)) S 1. Applying the Holder inequality for variable exponent
Lebesgue spaces and Proposition 3.15 we have that

jrens (1)

(o))

<4 IXron ) 9O e (X @rns ) (V0O oo (1
k

X X (@0 OF Ol oo (X @rra0 QWO oo ()
<4400 Y IX@ransn IO oo () IX a1 OF Oll ooy
k

<4CusAasll FO oo ) 19O o (-
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where C, ; is the constant defined in Proposition 3.15. Taking now the supremum
with respect to g we have sufficiency for b < co.

Let now b = co. Then
v(x) /fw’

= Il -+ Ig.

IHS £l Lao) (0, 00)) <

L ([d, +00))

L90) ((a,d)) * Hv(x)/fw‘

Applying arguments already used we have that [; < 4C, o0 Aq +oo, Where Cp oo =
[(d — a) + 1]2. Further, thanks to the Holder inequality and Theorem 3.23

d z
I> < H”(x)/fw||mc([d,+oo)) + ||U(x)/fw|‘Lq6([d,+oo))
a d

< ()X, +00) (I Lo 10 ()X a,a) N Lor ) | f [ Loy + 4Aa 00| FI ey (1
< 5Aa ool fllLeerry-
To get the lower bound for HHv,w||Lp<.)(1)_)Lp<.)(1) is trivial by choosing the appro-

priate test function f(z) = X(a,1)(7), @ <t < b, for the boundedness of Hiw from
LPO(T) to LIO)N(T). O

Corollary 3.25. Let p(-) and q(-) be defined on Ry and satisfy the conditions of
Theorem 3.24. Then for alln € Z,

g D‘|f‘|LP(')([2nr72n,+1]),
La() ([2m,2n+1])

v(z) / Fw(t)dt

where D = max{c(2d + 1)?,4} sup Agn gn+1, Agn gn+1 is defined in Theorem 3.24,
neZ
and the constant ¢ depends only on p and q.

Proof. By the hypothesis, p and ¢ are constant outside some large interval (0, d).
Let d € [2m0—1 2m0) for some integer mg. Then, by Theorem 3.24, for n < my,

H (271, 727L+1

2 M Lee (2n 2n1)) o Lae) (2 2n+1y) < €27 4 1)2 Agn gni

<
< C(2m0 + 1)214271’271«{»1
<

c(2d + 1)? sup Agn gn1,
ne”Z

where the positive constant ¢ depends only on p and ¢. If n > my, then p and ¢

are constant on the intervals [27,27"1). In this case, taking the proof of Theorem
3.24 into account we find that

< 4sup Agn gnt1. O

2n 27L+1)
sup Hz() w’ () ([2n . o2n+1 () ([an gn+1
n>mo || s HLP ([2m,2 N—Le)([27,2 ) neZ
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Theorem 3.26. Let I =Ry and 1 < p_(I) < p(z) < q(z) < q+(I) < 00. Suppose
that p,q € PX&(I). Then HETU is bounded from LPC)(I) to LI)(I) if and only if

Doo 1= Doo(t) 1= 8P [Ix(t,00) ()0 ()| o (0 X0, (Dl vy < 00

Proof. Sufficiency. Let f > 0, and f f(@®)w(t)dt = co. We construct a sequence
{z1} so that

T Thk+1

/fw = fw =2k

0 Ti

It is easy to check that [0, oo) Ugl®k, zk41). Let g be a function satisfying
the condition ||g|| L0 ((ap) S 1. By applying the Hélder inequality for variable
exponent Lebesgue spaces and Proposition 3.14, we have that

foeansg(1)(]

0 Ty 0
(7))

<4 IXren ) QIO oo (X @rns ) (V0O oo (1
k

XX r120) O Ol 220 () IX @0 QWO Lorer (1)
<4Dw Z IX(rrs0) IO Lo o () IX @20 O Ol e (1)
k

<ADoo |l fOllro gl arer 1y

Taking now the supremum with respect to g we obtain the sufficiency.
Necessity follows in the standard way, taking the test function f supported in (0, t)
with || f]l z») < 1. g

Remark 3.27. 1t is easy to see that the norm |[x(,2n)(")ll L+ ¢)(y) can be replaced

by [XE, ()llpee)(py- Further, if w is constant and p € Plog([), then D, < oo is
equivalent to the condition:

Deo := Slél; ”XEn(')U(')”L‘Z(')(I)HX(O,Q”)(')”LP’(-)(I) < 0.

This follows from Lemma 3.12 and Remark 3.11. The fact that Do, < oo implies
Dy, < oo is obvious.
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Conversely, let D, < oco. Let us now take t € I. Then t € [2™,2™+1) for
some m € Z. Consequently,

oo

Do (t) < Z HXEn(x)v(x)HL‘Z(”E)(I)HX(O,2m+1)(’)HLP’(-)(I)

n=m

DOO( Z ”X(Ov?”)(')”Z;’U(I)) ||X(O,ZM+1)(’)H]ﬁ’(-)([)-

Hence,
[( Z 9—n/p'(0) )Qm/p (0) +( *n/(poc)'>2m/(poc)’]
n=m n=0
D (t) < < c1(p)Dos if m <0,
Doo( > 27'”'/(1700)’)27”‘/ (o)’ < c2(p)Dos if m >0,

n=m

where c1(p) and cz(p) are constants depending only on p. Finally, Dy, < ¢Doo.

3.1.4 Some Discrete Inequalities

Now we discuss some discrete weighted inequalities.
Let {uy, }nez be a positive (weight) sequence. In the sequel, lf{’u }(Z), l<p<
0o, will denote the class of all sequences { g }rez for which

1/p

||9k||l’{’u (@) < Z 9k|puk> < o0.

kez
If uy is a constant sequence, then we denote l{u }(Z) by IP(Z).

Sometimes we use the symbol T'({gx})(n) instead of T'({gx})n for a discrete
operator T.

Lemma 3.28 (see, e.g., Aguilar Canestro and Salvador Ortega [9]). Let 1 < ¢ <

q < oo and i =1 1 Suppose that {u,} and {v,} are sequences of positive real

numbers. The following statements are equivalent:

(i) There exists C' > 0 such that the inequality

{ Z<an|un>q}1/q <cf Z<anvn>‘I}1/q

nez nez

holds for all sequences {an} of real numbers.

(ii) { Z(ununl)S}Us < 0.

nez
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The next statement is the discrete Hardy inequality (see, e.g., Sinnamon
[347], Carton-Lebrun, Heinig, and Hofmann [41], Bennett [28]).

Lemma 3.29. Let p,q be constants such that 1 < p,q < oo. Suppose that vy, > 0,
wg > 0, k € Z. Then there exists a constant ¢ > 0 such that

n ay 1/q 1/p
{ Z <vn Z ak) } < C( Z (wnan)p>
neL k=—o00 nez
holds for all nonnegative sequences {ay} € lf{’wp}(Z), if and only if
k
(i) in the case 1 <p < ¢ < o0,

> 1/q m A L/P
Alssup(Zv;{> ( Z w,?’) < 00;

mGZ n=m

(ii) in the case 1 < ¢ < p < o0,

o0 r/q , m AT/ . r
A2{Z<ng) (anp) wmp} < 00,

meZ ~n=m n=-—0o0

where 1/r =1/q— 1/p.

3.2 Kernel Operators in LP(*) Spaces

This section deals with boundedness/compactness criteria for the weighted kernel
operator K, in variable exponent Lebesgue spaces LP(). If K, is bounded but
not, compact, then the distance between K, and the class of compact operators is
estimated from above and below.

3.2.1 Boundedness Criteria
Here we derive boundedness criteria for the operator K,, from LP()(I) to LIC)(T),
where T is either a bounded interval (0,a) or R..

Let us formulate and prove the main results.
The following notation will be used:

E, = [2",2"h); L, o= [2"7 1 27, W, = [a2", a2 1Y), a > 0.

Theorem 3.30. Let I := (0,a) be a bounded interval and let 1 < p_(I) < p(x) <
q(z) < q4(I) < oo. Let k € V(I) N Vpyy(I). Assume that p,q € P'°¢(I). Then the
following statements are equivalent:

@) 1K fllpaoray <ellflliroray,  f€ LPO(T).
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ii) C,:= sup C,(t) :== su o(@v(x)k(z, £ /7' (0) < .
) 0<tI<)a ) O<t£a X(ea) (2)0(@)k(, 2) La@) (1)
() Ca= sup Culn) = sup v @oledk(e ), @O < o

nez_ neZ_
Moreover, || Kyl Lre)(1)—ra0) (1) & Ca = Ca.

Proof. For simplicity we take a = 1. In this case C, = C; and C, = C,. First we
prove that (ii) = (i). Suppose that f > 0. We write

z/2 z

(Kof)(z) = v(z) / k(s ) F(£)dt + v(2) / k(. ) F(1)dt

0 x/2
= (KV f)(@) + (K2 f)().
Hence,
(o f) @) oo 1y < NS @) pator (1) + IEP ) (@) o (1) =2 SV + 5

It is easy to see that if k € V(1) and 0 < t < x/2, then k(z,t) < ck(z, 7).
Hence, using Theorem 3.24, we have that

v(:c)k(x,x/2)</f(t)dt>
0

Suppose now that ||g|| ;¢ () < 1. Applying the Hélder inequality twice with

< 1.
respect to the pairs of exponents (p(-),p'(-)), (¢(-),¢'(-)) (see Proposition 3.8),
Lemma 3.9 and the condition k € V,,(.y(I) we find that

< Ol fllpror(ry
l;q(w)([)

S <ec

x

jv(x)( /k(x,t)f(t)dt)g(x)dx

x/2
<e Y, / V(@)X (2 /2,2) ) F Ol Leo () IX @/2.0) (k@ ) Lo (1 g (2) da
nez*En—l
< > Xt O FOllzror / v(2) 2P @O (2, 2/2)g(x)dx
nez_ En_1
1/p" (x
<e 3 I OF Ol s, @@t Okt w2

X Ixe, s (gl Loy

<e Y 27O o(@)k(, 2/2)xp, - (@) Lo (1) Ix1,- O F Oll oo ()
neZ_
X AIx2, (IO Lo 1y < CLlf oo llgll ooy < CLllf Lo 1y
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Taking the supremum with respect to g and combining the estimates for S
and S yields the desired result.

(i) = (iii): Let us take f,(x) = x(0,2»)(x), where n € Z_. Then, by Proposition
3.8 (part (i)) and Lemma 3.9,

an”LP(‘)(I) < con/p+((0,2%]) < 2n/P0),

On the other hand, since k € V(I),
|Kof Iy = ellxs, @@k, 3l
> 2" |[xp, -, (@)0@)k(@, )l 1)
Hence, by the boundedness of K, we conclude that

— _ €T /
Cq = suZp Cy(n) := sup ||xe,_, (z)v(x)k(z, 2)\|Lq<x)(1)2"/p 0) < .
nes— nez._

(iii) = (ii): Let us now take ¢t € I. Then t € [2™~1 2™) for some m € Z_.
Consequently,

0
)<Y Ixm, . @)o@)k(, )HW (2" O

0
< Cram/r 0 3 90 < o0y,

n=m
i.e., ) < CC_'1. O
For the case of R we have the next statement.

Theorem 3.31. Let [ := R and let 1 < p_(I) < p(r) < q(z) < q(I) < oo. Let
k€ V(I)NVyI). Assume that p,q € PRE(I). Then the following statements
are equivalent

() 1EKof ey < ellfloeriny,  fe PO,
(i) Coo =supCic(n) =sup HxEn (@)o(x)k(z, 3)

||X(0,2”) () HLpl(.) < 00.

nez Lat=)(I)
(i}) Cao =supCc(r) —iggHX(t @@k 3 e Ollrom <oe.
Moreover, || Kyllpoc)(1y—rat) (1) ® Coo = Coo
Proof. (iii) = (i): Suppose that f > 0. Write
z/2 .
(Kyf)(z) = v(x) / E(x,t)f(t)dt + v(z) / E(x,t)f(t)dt
0 /2

= (KM f) (@) + (KD f)(2).
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Then,
(o f) @) oo (1) < NED )@ oo (1) + NESD F) (@) oo (1) =2 ST + 5@

It is easy to see that if 0 < ¢ < 2/2, then k(z,t) < ci1k(z, §). Hence, taking
Theorem 3.26 into account we have that

o(2)k(z, /2) ( / f(t)dt)

Suppose now that g > 0, Hg||Lq/(.>(l) < 1. Applying the Holder inequal-
ity twice with respect to the pairs of exponents (p(-),p'(+)), (¢(-),¢'(:)) (see (ii)
of Proposition 3.8), Lemmas 3.9, 3.12, Proposition 3.16, and the condition k €

s <c < CCOOHfHLP(')(I)

La(z) (I)

Vpr((I) we find that

/v(x)( /k(:c,t)f(t)dt)g(x)dx

0 x/2
CZ/ )X (@ /2,0) O Ol oo () X @/2,2) k(s )l o) (19 (@) de
nGZEn
<ed I OFOllzeoa /v(fﬂ)HX(x/z,x)(‘)Hm'wk(%fﬂ/2)9(fﬂ)d$
nek E,
<ed Ixn OFOleo e, Oll e /v(fﬂ)k(%fc/Q)g(x)dx
nek E,
<e X In OFOllwow oz Ollo e @@k /2|
nez

X X2, ()9 s 1y
S Cos | fllrornllglliLoe 1y < Cosll fllrer (ny-
Taking the supremum with respect to g and combining the estimates for S

and S we obtain the desired result.

(i) = (ii): For necessity take the test function f,(x) = x(0,2»)(x). Then, by Re-

mark 2,
Hf’fLHLP(‘) ~ 2n/p(0) if n <0,
an”LP(‘) ~ 271/]0OO if n>0.

Hence,
[ Ko follpac) = 2| Xz, (@)v(2)k(z, 2/2)| )
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Using the boundedness of K, we have
Ixz,_, (@)v(@)k(z, 2/2)|| Lo 27 ©) < oo ifn<0 (3.7)
IxE, ., (x)v(@)k(x,z/2)|| L) 2 Pe < oo if n>0. (3.8)

Combining (3.7) and (3.8) we have the required conclusion. The last implication
(ii) = (iii) can be proved easily by applying the arguments used in Remark 3.27;
therefore, we omit the details. O

3.2.2 Compactness

In this section we derive criteria for the compactness of K,, from LP() to L9().
Let us formulate a sufficient condition for the compactness of a kernel opera-

tor in variable exponent Lebesgue spaces. For this statement we refer to Edmunds
and Meskhi [73].

Theorem 3.32. Let p(x) and q(z) be measurable functions on an interval I C R..
Suppose that 1 < p_(I) < p4(I) < oo and 1 < q_(I) < g+ (I) < o0. If

[kl oy <

where k is a nonnegative kernel, then the operator

Kﬂw=/%mwﬂw@

1

is compact from LPC)(I) to LIC)(I).
Theorem 3.33. Let I = (0,a), where 0 < a < oo. Suppose that 1 < p_(I) <
p(z) < q(z) < qr(I) < o0 and that k € V(I) N V(). Further, assume that
p,q € P°8(I). Then the following statements are equivalent:

(i) K, is compact from LPC)(I) to LIC)(I);

(ii) Cq < o0 and lim C4 =0, where

d—0+

£1/7'(0).

Cyq:= sup Cy(t) :== sup Hx(tyd)(x)v(x)k(x,x/Q)’ P ;

0<t<d o<t<d

(iii) C, < 0o and lim C,(j) = 0, where C, and Cy(j) are defined in Theorem
j——o0
3.30.
Proof. (ii) = (i): For simplicity assume that a = 1. Thus, C, = Cy. We represent

K, as
Kof(z) = KV f(2) + K f(z),
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where

KD f(x) = x0,01(@) Ko f(2), K f(x) = xp,0)(2) Ko f (),

and 0 < B < 1.
Observe that, by Proposition 3.8 and Lemma 3.9,

HX(I/?@)HLM-)(U o 2 1/P'(0)

Hence, the condition k € V(1) N Vp(y(I) yields:

“X(ﬁ,l](m)v(x)”X(O,z] (y)k(%y)HLp/(y)(l)‘ Late)(T)

< HX(ﬁ,u(x)v(x)HX(O,x/m(y)k(%y)HLpf(y)(I)‘ L@@

+ HX(B,l] (@)v(@)|[X (/2,00 DF@ | Lo 1)
1/p'(0)

Lq(i)([)
< d||xep,()v(z)x k(x,2/2) HLq(l)U

< o||x g (@)v(@)k(z, 2/2) HLW)(I) < 00,

because €7 < oo. Consequently, by Theorem 3.32, KI(,U

cording to Theorem 3.30 we have

is compact. Further, ac-

[ Ky K ”LP() (I)—=LaC) () HK( )”LP()(I SLet) (1) S € sup Ci(t),
0<t<p

where the positive constant ¢ depends only on p, ¢, and «. Letting f — 0, we have
that K, is compact as a limit of compact operators.

(i) = (iii): Suppose that f,(z) = 27"/P(Oy ou)(x), n € Z_. Then, by Proposition
3.8 and Lemma 3.9, we have that

1

‘ [ @@

0

< Cprn(')HLp(-)(I)||<P(‘)X(o,2n)(‘)HL@’(-)(Z)
< 27 /P(0)gn/p+((0, 2"))H¢( )X(o,gn)(')||Lp'<->(1)
< elleC)xo2m (Lro @y — 0

for all ¢ € L”/(z)(I) as n — —oo. Hence, f, converges weakly to 0 as n — —oo.
Further, it is obvious that

1Ko fall oo 1y = €27 O|xp, - (@)o(@)k(@, 2/2)|| oo -

Finally, we conclude that lim Cj(n) = 0 because a compact operator maps
n——oo

weakly convergent sequence into strongly convergent ones.
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(iii) = (ii): Let d € (0,1). Then there exists an integer m such that d € [2m~1,2™m),
and consequently,

Ca < sup HX t,2m (x)v(m)k(ggx/Q)HLq(E)(I)tl/T’/(O) =: sup Aam(t).
o<t<2m o<t<2am

Ift € (0,2™), then t € [2"~1,2™) for some integer n < m. Consequently, we obtain

Ao (1) < X2 2y (@)0 (@), 2/2)| ooy 1y 27

<2 O3 lxm, s @@k /2] e

Jj=n

< 9n/P'(0) Z Ci(j).2” 3/p'(0)

j=n
< csup C_'l(j).

Jsm

If d — 0%, then 2™ — 0F. Therefore lim Cy=0as lim Ci(j) = 0. O
d—0+ Jj——oo

Theorem 3.34. Let I = Ry. Suppose that 1 < p_(I) < p(x) < q(v) < q4+(I) < o0

and that k € V(I) NV (I). Further, assume that p,q € PXE(I). Then the

following statements are equivalent:

(i) K, is compact from LPC)(I) to LIC)(T).
(ii) Co <00 and lim Ca(n) =0= lim Cy(n),
n——oo n— oo
where Coo and Cuo(n) are defined in Theorem 3.31.
(iii) Coo < 00 and lim Cy= lim Cj, =0,

d—0+ b—+o00

where Cw 1s defined in Theorem 3.31 and

Cy:= sup Cy(t) := sup Hx(tm)(x)v(x)k(:c,x/Q)HLq(m)(I)HX(o’t)(‘)HLp/(.),

o<t<d o<t<d
Cp := sup Cp(t) := sup HX(t,oo) (33)”(95>k($7x/z)HLqu)(I)HX((Lt)(-)||LP’<'>'
t>b t>b

Proof. First we show that (iii) = (i) holds. We represent K,f = Zi:l KMy,
where

Kz(;l)f(m) X(0,0) () (Ko (X (0,a).) (),
K1(12)f(x) de)(x) (X(Ob (=),
Kz()3)f(m) = X[b,00) (@) Ko (X (0,6/21f) (@),
K () = Xip,oo) Ko (X (b/2,00) ) (@),
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where 0 < d < 1 < b < 0co. Now observe that

KO f(z) = / KD (2,) f(y)dy,

1

where k) (2,y) = v(2)x(ap)(2)k(z,y) if 0 < y < 2 < o0, and k® (z,y) = 0 if

0 < z <y < oo. Consequently, since k € V(I) NV, .y(I), we have for K1(,2),

HX[d’b](@”(x)Hk (z,y HLP’UJ) I)HLW) (I
| )k(2,y HLP ") (I) HL‘Z(T)(I)
|

= |Ixtan (@)v(@)]|x(0,0) (9)E
|X(

Ju()
Ju()
+ [xan (@)v(z) HX[r/2 » Wk, y HLp’(y)(z)HLq(z)(I)
< HX[d,b](x>U(x>k(
(z)v(x)k

+ [[Xtan @)v(@)k(z, f”/2 Hmma HX(d/2 @) "W (1)

< [[x1a.01 @) (@) X 0.0/ @R, )| v I)HLq(w (I)

H Lr'()(I)

<2 xpn @)@k, 2/2) HLq(m>(1)||X(07b) HLp’(y)(I) =:J.

It is easy to see that J < oo, since Cx < oo. Hence, by Theorem 3.32,
we conclude that KI(,Q) is compact. Similarly, we can show that Kl(,3) is compact.
Applying now Theorem 3.31 for the interval (0,d) we find that

IE N o (1) naer (1) = 1Bl 200 ([0,a))— 240 (0,0 < ¢ sup Ca(t)
o<t<d

as d — 0", where the positive constant ¢ depends only on p, q. Further following
the proof of Theorem 3.31 we have

<

< . k(z, 2/2)|| Lot Mowre
o oy < S I @R 220 [0

= csup Cy(t).
t>b
Further,
1Ky = K = K 1oy (1) paer (1) S IES N oo (1) a0 (1) F 1B | 2o 1y £aeo (1)

<o s Cutt +supci))

o<t<d t>b

where the positive constant ¢ depends only on p, ¢ and a. Letting d — 0 and
b — 400 we conclude that K, is compact.

(i) = (ii): Let f,(x) =27"/POy; (x), n € Z_ and define f,(x) = 27 "/P=x (z),
n > 0. Let us denote p,, = p(0) for n < 0 and p,, = ps for n = 0. Hence by the
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condition k € V(I) and Proposition 3.8, Lemmas 3.9, 3.12 we have that

‘ 7fn(l’)so(x)dfv

0

< &l Ol oo iyl Ox.2m Oll oo ()

<@ ety (w020 Ollworcn
< elleCxr, Ollzro @ =0

for all p € Lp/(“)(l) as n — +oo. Hence, f, converges weakly to 0 as n — 4o0.
Further, it is obvious that

’ X
1K fall oo (1) = €27 O, (2)o(@)k (2,
(1) 2

Lq(w)(I)
for n < —1,

! x
1Ko fallpaor ) = €27 | x, @@k (=, ] ) |

La(z) (I)

for n > 1.
Finally we conclude that hrf Co(n) = 0 because a compact operator maps
n— 100

a weakly convergent sequence into a strongly convergent one. The implication (ii)
= (iii) follows from estimates similar to those given in Remark 3.27; therefore we
omit details. O

3.2.3 Measure of Non-compactness

This section deals with two-sided estimates of the distance between the operator
K, and the class of compact linear operators from LP()(I) to L9C)(I) when T is
an interval (0,a), 0 < a < oo, provided that p and ¢ satisfy the log condition on I.

Let X and Y be Banach spaces. Suppose that C(X,Y) (resp. Fr(X,Y))
denotes the class of compact linear operators (resp. finite rank operators) acting
from X to Y. Let us denote the distance from T to K(X,Y) and from T to
Fr(X,Y) by

”THIC(X,Y) = diSt{Ta ’C(Xa Y)}a O‘(T) = diSt{T7 FR(Xa Y)}7

respectively, where T is a bounded linear operator from X to Y.

Theorem 3.35 (Meskhi [251, p. 80]). Let I := (0,a), where 0 < a < co. Assume that
X is a Banach space and that 1 < q_(I) < q+(I) < oo. Let the Hardy-Littlewood
mazimal operator defined on I be bounded in L) (I). Then

Il 1) = ()

for any bounded linear operator T from X to Lq(')(I).
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Theorem 3.36. Let I := (0,a), where 0 < a < oo. Suppose that 1 < p_(I) <
p(z) < q(x) < g+ (1) < 0o. Let p,q € P°8(I) and let Cy < oo (see Theorem 3.30).
Then there exist two positive constants by and by such that

b1C < | Kollieoro) (1), 000 (1)) < b2C,

where C := lim Cg, Cg := sup Cy(t), and Cy(t) is defined in Theorem 3.30.
B5—0 0<t<p

Proof. For simplicity we assume that a = 1. In this case, by our notation, E,, = V,,.
The upper estimate follows immediately from the estimate

([ K K( )”LP()(I SLaO(I) S HK( )||LP<>(I —LaC) (T < cCp,

where KV = X(0,8) () Ky f(2), K® = X8, (®) Ky f(z), 0 < B < 1 (see the

proof of Theorem 3.33 for the details) and the fact that K% is compact (by
Theorem 3.32). To get the lower estimate, we take a positive number A such
that A > || Ky |l c(Lre) (1), 000 (1))- Consequently, by Theorem 3.35, we have that

A > a(K,). Hence, there exist g1,...,gn € L90)(I) such that
a(Ky,) < ||Ky — F|| < A,

where F f(z) = Zj\;l a;(f)g;(x), a; are linear bounded functionals in L) (I) and
g; are linearly independent. Further, there exist g1, ..., gy such that the supports
of g; are in [0, al, 0 < 0; < a, and

1Ko = Foll < A,
where Fyf(z) = Z;V:1 a;(f)gj(z). Suppose that ¢ = min{o,}. Then obviously,

supp Fof C [o,a]. Let f, := X(an-1,9n+1). Then for negative integer n chosen so
that 2"t < o, we have

Afallzro = I @ Eoful@) = Fofal@)l oo
> e, (&) (Ko f) @)l ooty
> \xEn(x)v(x) [ K sy

z/2

c||x s, (x)v(@)ak(z, z/2) HLW)(I)
c2m - ||XEH($)U($)]‘J($7$/2)HLq(z>(1)'

x

Lq(w)([)

>
>

Further, using the condition p € P°8(I) and Lemma 3.9 we find that

A2 el xe, @o(e)eh(e, 2/2)|] yy gy 2" = Ci(n+ 1),
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where the positive constant ¢ depends only on p and ¢, and C'(n) is defined in
Theorem 3.30. Since A is arbitrarily close to || Ky || ) (1), La¢) (1)), We conclude
that

c lim Ci(n) < [ Kol e (1),0a0) (1))

n

Further, it is easy to check that (see also the proof of (iii) = (ii) in Theorem 3.30)

C<c lim Cy(n),

n——oo
where the positive constant ¢ depends only on p and gq. Now the result follows. [J

Theorem 3.37. Let I :=R,. Suppose that 1 < p_(I) < p(x) < q(z) < g+ (I) < o0
and that k € V(I) N Vyy(I). Let p,q € PRE(I) and let Coo < 00 (see Theorem
3.31 for the definition of Cs). Then there exist two positive constants by and by
depending only on p, q and the constants c1 and ¢z defined in Definitions 3.1 and
3.3, respectively, such that

bid < | Kollic(eer(r), a0 () < b2, (3.9)

where

Proof. The upper estimate follows immediately from the inequalities

‘|K1)7K1()2)7K’l()3) HLP(~)(I)—>L<2(')(1) < HKq(;l)”LP(J(U—)L‘?(')(I) + ||K1()4) ‘|Lp(')(1)—>Lq(')(I)
<cfsup Coo (i) + sup Coo (5)]

<m jzn
1€EZL JEL

where Kl(f), i =1,...,4 are defined in Theorem 3.34 assuming d = 2™, b = 2™,
m < 0 and n > 0 (see the proof of Theorem 3.34 for the details), and the fact that,
according to Theorem 3.32, K. 1(,2) and K. 1(,3) are compact. To get the lower estimate
we take a positive number A so that A > || Ky|[xc(Lr¢)(1),La¢) (1)) Consequently, by
Theorem 3.35, we have that A > a(K,). Hence, there exist g1,...,gn € LIO)(I)

such that
a(K,) < Ky — FI| < A

where Ff(z) = Zj\;l a;(f)g;j(z), a; are bounded linear functionals in LP()(I),
and g; are linearly independent. Further, there exist g1, ..., gy such that supports
of g; are in [o;,n;], 0 < 0; < 1; < 00, and

1Ky = Foll < A,

where Fyf(x) = Zjvzl a;(f)gj(z). Suppose that ¢ = min{o;}, n = max{n;}.
Then obviously supp Fy f C [o,7]. Let f,, := X(2n-1,2n+1). Then since the condition
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k € V(I), for a negative integer n chosen so that 21 < o, we find that

)‘anHLP(')(I) 2 |xe, (@) (Ko fu(z) — FOfn(”J‘))HLq(M(I)
2 [Ixe, () (K fo) (@) Lo (1)

e, @0la) [ Koo falo)dy
x/2

c1 ||XEn (x)v(@)zk(z, $/2)HLq(z>(1)

cﬂ"HXEn (@)v(z)k(z, z/2) HLqm)(I)'

2 ‘

La(z) (I)
>
>

Further, using the assumptions that p € P8(I) and k € V(I) together with
Lemma 3.12, we find that

A= di||xe, (@)v(2)k(z, z/2 on/p'(0)

)HLG(IJ (I)
where the positive constant d; depends only on p, ¢, and the constant ¢; from
Definition 3.1. Consequently, we have A > d; lim Cx(n).

n——oo

Similarly, let f, := x(gm-1 2m+1). Now choosing a positive integer m so that
2m+1 > 5 and using Lemma 3.9 we find that

A2 ol (20 @,/ i 1y 27

where the positive constant da depends only on p, ¢, and the constant ¢; from
Definition 3.1. Hence, A > d2 lim Cu(m).
m

—+00
Since A is arbitrarily close to ||y |x(Le¢) (1), 0900 (1)), We conclude that the
lower estimate in (3.9) holds. O

Analogously follows the next statement, proof of which is omitted.

Theorem 3.38. Let I :=R,. Suppose that 1 < p_(I) < p(z) < q(z) < ¢+ (I) < o0
and that k € V(I) N Vyy(I). Let p,q € PRE(I) and let Cos < 00 (see Theorem
3.31 for the definition of Cw,). Then there exist two positive constants e; and eg
depending only on p, q and the constants c¢; and ¢ defined in Definitions 3.1 and
3.3, respectively, such that

e1U < HKvHIC(LM-)(I),Lq(-)(I)) < el
where
U= lim Cyj+ lim C
d—0t b—+oc0
and Cy and Cq are defined in Theorem 3.34.

Results similar to Theorems 3.37 and 3.38 were derived in Meskhi [251,
pp. 80-81] for the weighted variable exponent Riemann-Liouville operator (we
refer to Edmunds, Kokilashvili, and Meskhi [76, Chap. 2] for the kernel operator
in the classical Lebesgue spaces).
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3.2.4 The Riemann—Liouville Operator with Variable Parameter

Now we are ready to apply the results of the previous subsections (see also Ex-
amples 3.4 and 3.13) to derive weighted boundedness/compactness criteria for the
weighted Riemann-Liouville operator with variable parameter

Ry f(a) = v(w) / (« _ig?—a(mdt’

0

x>0,

in variable exponent Lebesgue spaces; here v is an almost everywhere positive
measurable function.
Let us recall the notation:

En .= [2n72n+1); V:n = [a2n7a2n+1>7 a> 0.

First we treat the boundedness problem.

Theorem 3.39. Let I := (0,a) be a bounded interval and let 1 < p_(I) < p(-) <
q(-) < ¢+(I) < oo. Suppose that a(-) is a variable parameter satisfying the con-
dition (ap)y > 1 and that p,q,a € P8(I). Then the following statements are
equivalent:

@) IR fll ey < ellfllsorys  f € LPO(D).

(ii) CF := sup CZ(t) := sup ||X(ta) (x)v(x)xa(“)_l‘ t1/7'(0) < oo,
0<t<a 0<t<a ' La(=)(I)
(iii) C® := sup C%(n) := sup ’XVn,l(x)U(')‘ ; (_)(I)(aQ")a(O)_l/p(o) < 0.

neZ_ neZ_

Moreover, ||Kyl|Lee)(1)—rat) () = Cf =~ Cce.

Proof. The case o < 1 follows from Theorem 3.30 and Example 3.13. The case
a_ > 1 follows from the obvious inequality (z — y)“(l')_l < 2@~ where 0 <
y < z, and Theorem 3.24.

It remains to consider the case a— < 1 < ay4. This case can be reduced
to the previous cases by considering the norms defined with respect to the sets
{z:a(z) < 1} and {z : a(z) > 1} separately. O

The next result follows analogously:

Theorem 3.40. Let I := Ry and let 1 < p_(I) < p(-) < q() < ¢4+(I) < o0.
Assume that a(-) is a variable parameter satisfying the condition (ap)y > 1
Assume that there is a positive number a such that p is non-decreasing on (a,o0).
Let p,q,a € P°8(I). Then the following statements are equivalent:

@) IR fll ey < ellfllsorys £ € LPO(D).

(i) C% :=supC2 (n):=sup HXE” (g;)v(x)xa(w)—l ’
nez nez

La() () HX(O’Q") (> HLP’(.) < 00.
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(i) C% i=supCE (1) i=5up | x(1,00) (@) (@) )1
t>0 t>0

pator (pIXOO O ey < 00-

Moreover, R || Loe) (1) a0 (1) = Coe & .
Regarding the compactness we have the next statements:

Theorem 3.41. Let I = (0,a), where 0 < a < oo. Suppose that p(-), q(-), and

a(-) satisfy the conditions of Theorem 3.39. Then the following statements are
equivalent:

(i) RO is compact from LPO(I) to LIO)(T).
(ii) C¢ < o0 and lim C$ =0, where
d—0+

£1/0'(0)

Ca = C(X t = H (x(w)—l‘
b sup C§(t) sup X(tyd)(m)v(x)x La@) (1)

0<t<d o<t<d

(iil) C2 < o0 and lim C2(j) =0, where C¢ and CS(j) are defined in Theorem
j——o0
3.39.

For an unbounded interval we have the next statement:

Theorem 3.42. Let I := Ry and let p(+), q(-) and «(-) satisfy the conditions of
Theorem 3.40. Then the following statements are equivalent:

(1) RSO is compact from LPO(I) to LIO(T).
(i) CY < cio and nglzloo C%(n) = nll)ﬂ[_loo C%(n) =0,
where C and C%(n) are defined in Theorem 3.40.
(i) C% < o0 and lim C§ = lim Cf =0,
d—0+

b—+o00

where CS, is defined in Theorem 3.40 and

C§ = sup CY(t):= sup HX(@OO)(Q:)v(x)xa(z)*l‘
o<t<d o<t<d

La(@) () HX((Lt)(‘) e

Cyp :=sup Cp(t) := sup HX(LOO)(:C)U(:C):UO‘(I)A‘
t=>b t=b

AN X IO1 F7288
Regarding the estimate of the measure of non-compactness of the operator
Ry ¢) in variable exponent Lebesgue spaces we have the next two statements.

Theorem 3.43. Let I := (0,a), where 0 < a < 0o, and let p(-), q(-) and a(-) satisfy
the conditions of Theorem 3.39. Suppose that C& < oo (see Theorem 3.39). Then
there exist two positive constants by and be depending only on p(-), q(-), and a(-),
such that

b10% < IR Lo (1), a0 (1)) < b2C,

where C* := lim Cf, Cf := sup Cg(t), and Cg(t) is defined in Theorem 3.39.
B5—0 0<t<f
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Theorem 3.44. Let I = Ry and let p(-), q(-) and o(-) satisfy the conditions of
Theorem 3.40. Suppose that C%, < oo (see Theorem 3.40 for the definition of
C2). Then there exist two positive constants by and by depending only on p, q,
and a, such that

b1J* < HRg(')||K(Lp(->(1),m(->(1)) < b J?, (3.10)

where
J*= lim C%(n)+ lim C%(n),

n—-+oo n——oo

and C% (n) is defined in Theorem 3.40.

3.3 Boundedness in Variable Exponent
Amalgam Spaces

This section is devoted to the study of the boundedness (and in some cases com-
pactness) of kernel, maximal, and fractional integral operators in VEAS. First
we prove a general type theorem (see Theorem 3.48) for Banach function spaces.
From that statement we deduce results regarding maximal and fractional integrals
in VEAS. Since the conditions of the general type theorem are difficult to check
for a general kernel operator, in this case we obtain boundedness/compactness
results without resorting to the general type statement.

3.3.1 General Operators on Amalgams

We begin this section with the definition of a Banach function space.

Definition 3.45. A Banach function space (BFS) X(R) on R (sometimes we use
the symbol X for X (R)) is a normed linear space of measurable functions on R
for which the following conditions are satisfied:

(A1)  the norm || f||x is defined for every measurable function f and || f||x =0
if and only if f = 0 almost everywhere;

) I llx = [l flllx for every f € X;

) if0<f<g prae, then ||fllx <lglx;
A4) i 0< fu? fae, then |[fullx TIIf]x;

)

if F is a measurable subset of R with finite measure, then ||xg|x < oo,
where x g is the characteristic function of the set E;

(A6) for every measurable E C R with finite measure there exists a positive
constant cp such that [, f(z)dz < cg||f|x for every f e X.
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For the BFS X (R), its associate space X'(R) is given by
X'(R) = {f : /f(s)g(s)ds <ooforallge X(]R)}7
X
and endowed with the associate norm

1l = sup{ / f($)g(s)ds © allx < 1}.
X

X'(R) is also a Banach function space.

Both X and X’ are complete linear spaces, and X" = X . Moreover, for every
f € X and g € X', the Holder inequality is fulfilled:

/f(S)g(S)dS < S llx - llgllx- (3.11)
X

Definition 3.46 (Aguilar Canestro and Salvador Ortega [9]). Let T be an operator
defined on a set of real measurable functions f on R. Define a sequence of local
operators by

(Tnf)(l’) = T(fX(7L—1,n+2))(I)7 S (n717n+2)7 n € Z.
Let us assume that there is a discrete operator T¢ satisfying the following

conditions:

(i) There exists a positive constant ¢ such that for all nonnegative functions f,
x € (n,n+ 1), and arbitrary n € Z the inequality

T(fX(—oo,n—l) + fX(n+2,oo))(x) < CTd ( / f) (Tl)

m—1

holds.
(ii) There is ¢ > 0 such that for all sequences {ax} of nonnegative real numbers
and n € Z, the inequality

T'({ax})(n) < T f(y)

holds for all y € (n,n+ 1) and all nonnegative f, where [ f =:a,,, m € Z.
m—1

It is also assumed that T satisfies the conditions
Tf=TIfl, TO)=NTf, T(f+9)<Tf+Tg, Tf<Tg iff <y

We will say that an operator T satisfying all the conditions listed above is admis-
sible on R.
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We refer to Bennett and Sharpley [27] for a clear presentation of the funda-
mental properties of Banach function spaces.

For example, Hardy operators, Hardy-Littlewood maximal operators, frac-
tional integral operators, fractional maximal operators are admissible on R (see
Aguilar Cafiestro and Salvador Ortega [9]).

A general type result for the admissible operators reads as follows:

Theorem 3.47 (Aguilar Canestro and Salvador Ortega [9]). Let 1 < p,p,q,q < o0,
and let w and v be weight functions on R. Suppose that T is an admissible operator
on R. Then the inequality

N0T fll (Lr®)10) < cllwfllze),ia)
holds for all measurable f if and only if

(i) T? is bounded from 12 | tol

{wn} where

n+1 ;
R /v

n

q
{Un}7

(]

n—1

~Q

(ii) (a) sup ||T7l||[Liﬁ(n—l,n—‘rQ)—)Lﬁp(n—l,n-‘,—2)] < oo forl <g<g<oo.
n

(b) HT’fLH[Liﬁ(n—l,n—&-Q)—)sz(n—l,n+2)] €1°, where | = ; - cly forl<g<g<
0.

We establish a statement similar to Theorem 3.47 for amalgam spaces defined
with respect to a Banach function space, i.e., in the amalgam spaces, where instead
of the || - || () (r) norm is taken the Banach function norm || - || x (). This general
amalgam space will be denoted by (X (R),1%). The associate space of X (R) is
denoted by X'(R).

It should be emphasized that by the change of variable z — log, x it is possi-
ble to get appropriate boundedness or compactness results from dyadic amalgams
(LPO)(R ), 19)4 to amalgams defined on R.

Let, as before, T' be an operator defined on a set of measurable functions on
R, and let T}, ,, be an operator defined by

Towf = UT(wf)a

where v and w are a.e. positive functions on R.

Theorem 3.48. Let X(R) and Y(R) be Banach function spaces and let ¢ and q be
constants satisfying 1 < q,q < 0o. Assume that w and v are weight functions on
R and that T is an admissible operator on R. Then the inequality

| T, wfll (v ®),u0) < cll fllx®),ia) (3.12)
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holds if
(i) T is bounded from l({?wn} to lf{zﬁn}, where Wy, = \|X(n_17n)(~)w(~)||;gR), Up, =
s (o .
(i) (a) supl|(Tn)w,
nez

)= Y (n—1,n42)] <00 for 1 < q<q<oo.

(b) I(Tn)vwllix(n-1nt2)2y (n-1,nt2)) € 1°(Z) with !
q < o0.
Conversely, let (3.12) hold. Then
1) condition (ii) is satisfied;
2) condition (i) is satisfied for w = const.

1—(1?f0r1<q<

Proof. Suppose that (i) and (ii) hold. Then

1/q
VT fll (v (ry.1a) < c{ D AT f (X(—oom—1) + Xnt200) 0O sy }

neZ

1/q
c{ > ||an(fw)|‘§,(n7nH)} =51+ Ss.

ne”Z

m

Let a,, := | fw. By the hypothesis and the Holder inequality (see (3.11)),

m—1

1/q
1< e { S D) Wil i

nez
B e 1/q
A Z alxomimol s el loxman,
nez

Let us estimate Sz. Suppose that 1 < § < g < co. Since the operators (T},)y, are
uniformly bounded we find that

1/q B 1/q
SZ < C{ Z |f|qX(n—1,n+2)} < C{ Z ||f||g((n—1,n+2)}

nez neZ

<l fllxy,ia)-

If 1 < g < G < o0, then by using the Holder inequality (see (3.11)) we find that

1/q
v<e{ LI ol ]|x(n_1,n+2>f|§(R)}

—1,n+2)—=Y (n—1,n+2)

nez
N 1/q
c [{ ) ||<Tn>v,w|w} {Z [OETT ]
nez nez

<l fllxwy,my-



160 Chapter 3. Kernel Integral Operators

Assume now that (3.12) holds. Let n € Z and let f be a nonnegative function
supported in (n — 1,n + 2). Then

11l x®yia) < 3 Xn—1mt2) l(x(®))
On the other hand,

1T, wfll(v®)i0) 2 l0X (1,020 T (fw)lly @) = [[VTn(fw)ly m)-

Consequently,

vTn(fw)lly @) < ClfX(-1n+2)|x(®)

where the positive constant C' does not depend on f and n. Hence, (a) of (ii) holds.
Let us now show that if 1 < ¢ < ¢ < oo, then (b) of (ii) holds as well.
Since

(T,

®)] = sup [vTn (fw)lly ®)-
{F: £l x@=1}

we have that for each n, there exists a nonnegative measurable function f,,
with the support in (n —1,n + 2) and with ||x(n—1,n42)fnllx® = 1, such that
(Tn)owllx@—y@ < 0Th(faw)lly @) + 5w - So it is sufficient to prove that
||an(fnw>HX(R) el

Let {a,} be a sequence of nonnegative real numbers and f =5 aypfy. For
each n € Z, f(x) > anfn(z) and then v(z)T(fw)(r) = anv(x)Th(frw)(x) for all
x€(n—1,n+2).

Thus,

1/q
1Tl ey > { anznx(n1,n+2>an(fw)||;(R)}

neZ

_C{Za VT (frw) ||Y(R)}1/q.

neZ

Hence, (3.12) yields that

1/q ~ 1/q
{Sahntle}  <co{ ol

neZ nez

B 1/q
c { > aZ||X(n17n+2)fn||g<(R)}

ne”Z

C{Zag}.

ne”Z
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Finally, Lemma 3.28 shows that (b) of (ii) holds.
Now let us prove that (i) holds when w = const. If {a,,} is a sequence of
nonnegative real numbers and if f := 3", @mX(m—1,m), then frzil f = am, and

||X(n,n+1)f“qx(]R) = aZ\|X(n7n+1)||g((R) = al. By the properties of T' we have,

1/q
{ S et T 11}

||UTf||(Y(R),za)

nez
m 1/q
P { Z |X(n,n+1)UTd< / f) ||qY(]R)}
nez m—1
d 1 d
> e { S T an Ol ol b = 10T () o
nez
Hence,
J B 1/q Y1
o e < e 3 Il | =ef St
nez nez
— llanls,
and so (i) holds. O

Proposition 3.49. Let p(-), p(-) be measurable functions on R satisfying the con-
ditions 1 < p_(R) < p+(R) < o0 and 1 < p_(R) < p4+(R) < co. Let g and q be
constants satisfying 1 < q,q < co. Assume that w and v are weight functions on
R and that T is an admissible operator on R. Then the inequality

VT fll (Lro )0y < cllwf Nl (Lo @) ) (3.13)

holds if
(i) T¢ is bounded from l?wn} to l?an} where W, := ||X(n,17n)(-)w_1(-)||;g/(_),
Up 1= ||X(n,n+1)(')v(')||%p(-)'

ii > q < .
(i) (a) ilég 1T | [Li(('_’)ﬁ(.)(n—l,n+2)—>LZE:;p(,)(n—1,n+2)] <oo forl<g<qg<oo

Elswithizlféf0r1<

() Tl [Li({-)ﬁ(') (n—l,n-&-?)—)LZE:)p n—1,n+2)] q

) (')(
g <q<oo.
Conversely, let (3.13) hold. Then
1) condition (ii) is satisfied;

2) condition (1) is satisfied for w = const or for p and p being constant outside
some large interval [—mg, mg], mo € Z.
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Proof. The proof follows from Theorem 3.48. We only need to show that if (3.13)
holds, then condition (i) is satisfied for p and p being constant outside some large
interval [—mg, mg)], mo € Z.

Suppose now that w is a general weight and there is a positive integer my
such that p, p are constant outside [—mq, mo).

Taking

m

OEDY amx<m1,m>($)< /

-1
w‘p/(y)(y)dy> w—ﬁ’(w)(x)
meZ

m—1
m

it is easy to see that [ f = a,,. Moreover, by Proposition 3.8 and the fact that
m—1

m mo

/ w7 O (y)dy < / w P @ (y)dy < co, [m—1,m] C [~mo, mo),

m—1 —mo

it follows that for m < mg + 1,

m

-1
HX('rn—l,'rn)fw”Lﬁ(') = 0am ( / w*ﬁ/(y) (y)dy> ||X(’rn—1,’rn)w17ﬁ/(-) HLﬁ(')

m—1

)

m >1/p+([m1,m))

m—1

where the positive constant ¢ depends on mg. Since

||UTf||(LP< )(R),19) Can(T {am}) () s,

using again Proposition 3.8 we find that

1/q
fouT oDl < €[ S Ixn-rm Flr )

m

m —q/p+([m=1,m))q1/q
lZ%n( /wp'(y)(y)dy> ] = ||am@m||ia. 0

m—1

Definition 3.50. Let T" be an operator defined on a set of real measurable functions
f on Ri. We say that T" is admissible on R if the conditions of Definition 3.46
are satisfied with n replaced by 2", n € Z.

The next statement can be obtained in the similar manner as Theorem 3.48;
therefore we omit the proof.
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Theorem 3.51. Let X (R ) and Y (Ry) be Banach function spaces. Let g and q be
constants satisfying 1 < q,q < 0o. Assume that w and v are weight functions on
Ry and that T is an admissible operator on R.. Then the inequality

1T wfll(v®y)ie) < el fllxryyin (3.14)
holds if
(i) T is bounded from l?wn} to lgﬁn} where Wy, := ||X(2n7172n)(')’LU(')H)_(%R), Uy =

||X(2",2"+1)(')W')qu(n{)'
(i) (a) sug (T )v,wll[x (2n—1,2n+2) v (2n—1 2042y < 00 for 1 < q < q < oo.
ne
(b) H(Tn)v7w||[X(27L71727L+2)*}Y(2n—1’2n+2)] € 1° with 1 = é — zlj forl < qg<
q < 0.
Conversely, let (3.14) hold. Then
1) condition (ii) is satisfied;
2) condition (i) is satisfied for w = const.

The following statement is a corollary of Theorem 3.51; therefore we omit
the proof.

Proposition 3.52. Let p(-), p(-) be measurable functions on Ry satisfying 1 <
p—-(Ry) < pyr(Ry) < o0, 1 < p_(Ry) < p(Ry) < 0o. Let q and q be constants
satisfying 1 < q,q < 0o. Suppose also that w and v are weight functions on R4
and that T is an admissible operator on R.

Then the inequality

0T fll (Lo @y )00y, < clwfll e @), (3.15)
holds if
(i) T? is bounded from l?wn} to lgan}, where
W =|x@n-12m) w0, Bni= [Ixan2nry (o)L,

(11) (a) ilég ||T7lH [Li(ré)(‘)(27’1,7172’%‘#2)_)[1:)7;'().)(27L7172n,+2)] < o0 fOT' 1< q < q < 0.
(b) ‘|TnH[L17(I'3)(-)(2n—172n+2)_)Lp§]-()-)(27,',172714,2)] € l® with 1 = ; — zlj forl<g<
q < 0.
Conversely, if (3.15) holds, then

1) condition (ii) is satisfied;
2) condition (i) is also satisfied, but for w = counst, or for p and p satisfying the
condition p = const, p = const outside some large interval [0,2™°], mg € Z.
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3.3.2 Two-weighted Hardy Operator

The next statement gives the two-weight inequality for H, ,, in variable exponent
dyadic amalgam spaces.

Proposition 3.53. Let I :=R. and let 1 < p_(I) < p(-) < p(+) < py(I) < oo. Let
1 < q,q < co. Suppose that p,p € P°8(R.) and that p = p. = const outside some
large interval (0,b). Then the inequality
| Ho,wfll (Lo (1y,09), < cllfllzper g9y,
with a positive constant independent of f holds if
(i) in the case 1 < §< g < o0,

oo 1/q
(a) Slép{ > IX[zn,zn+1><->v(')|ip<~>}
m . 1/q
)({ Z ||X[2n1’2n,)(.)'lU(’)|%P/(,)} < o0,
(b) sup sup HX[%M 2n+1) (1) (')”meHw(’)X(2”n2”+°‘)(~)HL?’” < 005
neZ0<a<l

(ii) in the case 1 < ¢ < § < oo,
(a) {C,} €1, where

Cp = sup |Ixgen+s 2nr1yv ()l e [0 () Xp2n 2048y [ Lre s
Be(0,1)
s/q
Z <Z ||X 2k 2k+1)V ||Lp< )>
nezZ ~k=n
n s/q’ 1/s
17—/
x( > lersanuls) nx@mngvc>ﬁﬂq} <o,
k=—oc0

1

where i =

1
q
Proof. Let 1 < ¢ < g < co. Suppose that f > 0. We write

on

(How ) /f )di +v(e /f (3.16)

We have

| (H, wf)X[Q” 2ntl) lzre
2" z
<WOMmemem</f@w@ﬁ>+PWﬂ/f@w@ﬁhwmwmﬂn
O 271.
=: SYL) + Sén).
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k

Let ag := f;k,l fw. Then by the discrete Hardy inequality (see Lemma 3.29) and

the Holder inequality with respect to the exponents p(-) and (p(-))" we derive

2k 1/q

(Z(Sin))q)l/q: [Z'”(”"[2"72"*%@I%w( >/ f(t)w(t)dtﬂ

nez neL k:—oo2k,1
2" q 1/q
<clz< / f(t)w(t)dt> Iw(~)><[2n1,2n)(~)||;§/<.>]
n€Z \gn—1

1/q
[Z T >|m.>} — el o,

neZ

Further, by Corollary 3.25 and Theorem 3.21,

1/q
(Z(sy>)q) [va / 5 dt|Lp<>2n,2n+1)]

nez nez

1/q
¢ { Z 1FC)xn 2niny () |%p(~>(2n,2n+1)}

nez

_ 1/q
e S IO Ol e

ne”Z

= c[[fllzrer pay,-
Let 1 < ¢ < ¢ < co. Using representation (3.16) we derive

1/q
VHoo Pl 1y < [Z g e HOL A >]

ne”Z

1/q
s [Z X2y HE) f|m]

nez
= Sl + SQ.

We estimate S; and Sy separately. First,

- 2" qq1/q
Sy = ZHX[Q" on+1) (-)v ()|L,,(></ w) 1

LneZ

r n 2k q11/q
= Z|X[2n,2n+1)(')v(')|im->( > /fw>] :

Ln€EZ k=—o00,,_1

ok—
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By the two-weight inequality for the discrete Hardy operator (see Lemma 3.29),
we have

2" a1/q
C[ZHX[Q"1,2")(')w(')”;g'(->< / fw> ]

neL on—1

B ~ B 1/q
<c {Z IX2n=1,2m) w3 Ix2n-1,20) FIl T ooy X [2n =1 2w
nez

<l fllezeo @y aa)4-

Now we estimate Sz. Using Corollary 3.25 for intervals (27,27 '] and the Hélder
inequality, we find that

1/q
C{ Z CZHX[%,%“)fH%ﬁ(» }

nez
_ q/q aq 17;11 1/q
ced (St ) (Sei) ")
ne”Z nez
1/s
nez

3.3.3 Kernel Operators in (LP()(R,),19)4 and (LPO)(R),19)

The conditions in the general type statements (see Propositions 3.49 and 3.52 )
are not easily verifiable for general kernel operators as well as for some concrete
fractional integral operators, such as the Riemann-Liouville fractional integral
operator with variable parameter. That is why we investigate mapping properties
of general kernel operators separately.

Let us recall that

(va / f l‘ t x>0

and
xT

(Ko f)(z) = v(x)/ k(z,t)f(t)dt  x€R.

— 00

One of our aims is to characterize a class of weights v governing the bound-
edness of K, from (LP(),19)4 to (LP(),19),.
We will use the notation:

m

Bl ‘= sup I: Z ||X(2" 2"+1]( >k< ) )HL@( ):| I: Z ||X(2"*1,2"] i/i,/(.)

TILEZ n=m n=—oo
(3.17)
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and

By :=sup sup |xnteantyk(z, 2/2)0(2)] o) [[X (2 2n el Lo - (3.18)
n€Z0<a<l
Theorem 3.54. Let I := Ry, 1 < p_(I) < p(z) < p(x) < p+(I) < oo and let
p,p € P8(I). Suppose that § and q are constants such that 1 < § < q < co. Let
p(x) = p. = const and p(x) = p. = const outside some large interval (0,2™°),
mo € Z. Let k € V(I)(\Viy()(I). Then K, is bounded from (LPC)(I),19)4 to
(LPO(),19) g if and only if B < oo, where B = max{By, By}.

Proof. Sufficiency. Using the representation

z/2 z
(Kof)(z) = v() / k(s ) F(£)dt + v(2) / k(z, £) F(1)dt
0 z/2

= (KD f) (@) + (K f)(=),
we have that
1Ko fll (Lre) g0y, < HK(l)f”(Lp(-),zzz)d + ||K1(;2)fH(LP('>,lq)d

Further, using Proposition 3.53 and the condition k € V(I) into account we find
that

2)
H fH (LG (1), lq)d H x x/ /f LP(~),ZQ)d

< CB||f||(Lﬁ<->(I),14)d-

Now observe that by the condition k € Vj(.y(I), Proposition 3.8 and Lemma 3.9
we obtain
1
Lp(l)]
q

- +oo llz
D xer 2o @o@) X 2.0) () F Ol oo X /2.0 k@, )l e Hmm]

| K2 fH(Lp< )([0,2m0+1)),1 )d

F doo

< Z X(2k, 2k+1] ( /f (x,t) dt)

L k=—o0 ©/2

N

- k=—o0
- +OO

Z X(2k72k+1]($)v($)l’ﬁ/}”:)k(x,fE/Q)

-k=—oc0

+oo
c[ Z 2’“‘1/(17)/(2k)Hx(gk’Qkﬂl(x)v(x)k(x,x/2)

k=—o00

N

q
I OOl

1

iz (7O e

Lpr(z)
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o b ;
< cBy { Z HX or—1 oK) ( ) ( )||Lp(‘)] + cBy { Z ||X(2k72k+1)(')f('>H%ﬁt)
k=—o00 b
< CéleH(Lﬁ(-)(Rn,lf)d’
where ~ x pn)’
Bu = sup [z i@k (2,5 )o@ 20
o
Dn =4 .
Pe, if n > mo-.

Now note that by Lemma 3.9, B; ~ A < cBy, where

A= sup [[0(-)k(z, 2/2)x(@x 21 | oo I 29 Ol o
S

Necessity. Let p, be the sequence defined above. Considering the test function
fn= X(2n72n+1]2_n/ﬁn in the boundedness of the operator K, from (LP()(I),1%),
to (LPC)(I),19)4 and taking the condition k € V(I) into account, we have that

Ly = |[x(2n ani) (@)0(2)k(@, 2/2)| gy < 27/ Pn)",

It is easy to see that

o0

(i) S I < c<2m/”'<°> + zmo/P’c> (3.19)

for m < mg;

(ii) DI, < el (3.20)

n=m
for m > mo + 1.

e’} 1/q m—1 B 1/q
Denoting Sy, = [ > Ig} { > |X(2n72n+1]||%p/(_):| and using (3.19),

n=—oo

Proposition 3.8, and Lemma 3.9, we have for m < my,

oo 1/q B
[Z 14 om/(0) ¢ {Q—m/m H—mo/p'c]gm/p’(m

14+ 2m/P' (0)g=mo/p'e < 1 4 gmo/P'(0)g=mo/P'e ~

Sm

N

<
> mg + 1, then by (3.20),

Similarly, if m
{ ] [2mo/8'(0) | gm/i] < g=m/ilc[gmo/5'(0) | gm/il.]
<1+ 2m0/p( )o=mo/P e « oo,

Hence, B; < oc.
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Now let f be a function supported in (2™,2™%1]. Then thanks to the bound-
edness of K, from (LP()(I),19)4 to (LP()(I),1)4 and the condition k € V(1) we
have that

X(2m,2m+1]11(33)k(x7x/2)< /f(y)dy)

where the positive constant ¢ does not depend on n. Using Theorem 3.24 with
respect to the intervals [2™,2™*1) and the weight pair (v,w), where o(z) =
v(x)k(x,2/2) X(gm 2m+1] and W = const, we conclude that By < oo. O

2m gm+1 H
HX f (LPC)(I), lq)d

(LPO(1),19)4

Remark 3.55. We have noticed in the proof of Theorem 3.54 that By ~ A, where
A is defined in the same proof.

Ezample 3.56. Let p and p be constants satisfying the condition 1 < p < p < oo.
Let 1 < g < q < oo. Suppose that k(z,y) = (x — y)* 1, where 1/p < a < 1.
Let v(z) = x/P=1/P=a Then max{Bj, B2} < 0o, where By and Bs are defined by
(3.17) and (3.18), respectively. Consequently, the conditions of Theorem 3.54 are
satisfied for constant exponents.

Ezample 3.57. Let p, p, q, ¢ be constants satisfying the conditions of Example
3.56. Let k(x,y) = (v —y)*~ 1, where 1/p < a < 1. Suppose that

$) = Z:ﬂ(x — 2n))\X[2n72n+1),

neZ

where A\ =1/p—1/p—a—~,1/p—1/p—a <~y < 1/p—a. Then max{B1, B2} < o0,
where By and By are defined by (3.17) and (3.18), respectively, and consequently,
by Theorem 3.54, K, is bounded from (L?,1%), to (L?,1%)q.

Now we formulate the boundedness criteria for the kernel operator /C,.

Let k(z,y) be a kernel on {(z,y) : y < x} and v, p, p be defined on R. For
the next statement we define k, ¥, pg and pg as follows:

- t—1/p"(logy 1)
k(z,t) :== < 1/p(log, 2) )k(log2 x,logy t)

o(z) := v(logy t)
po(x) :=p(logy ),  po(x) := p(log, ).

Theorem 3.58. Let 1 < p_(R) < p(z) < p(z) < p+(R) < oo and let po,po €
Plog(R+) Let ¢ and g be constants such that 1 < q < q < oco. Assume that
p(x) = pe = const and p(x) = p. = const outside some large interval (—oo,b). Let
ke V(R:) N Vipo(yy (Ry). Then K, is bounded from (LPC)(R),19) to (LPO)(R), 19)
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if and only if

e} B 1/q
Dui= s 3 Iy @R /200 s,

n=m

m 1/q
Ij/
x{ Z ||X[2n71,2") L(Po(‘))/(R+):| <0

n=—oo

and

Dy = sup Ssup ‘|X[2n+a72n+1)]%(x7x/2>ﬂ(m)||Lpo(-)(R+)||X[2n72n+a)||L(ﬁ0(.))/(R+) < 0.
n€Z 0<a<l

Proof. The proof follows from Theorem 3.54 by the change of variable z — log, t.
O

Let
(Ra(yf)(z) = v(x) / (z — t)1—a) di,

where 0 < a— < ay <1and z € Ry.
Using Theorem 3.58 and Example 3.4, we can easily deduce the next state-
ment:

Corollary 3.59. Let p, p, ¢ and q be constants. Suppose that o is a measurable
function on R and that 1 <p<p< oo, 1 <qg<q< oo, 117 < a(x) < 1. Then the
operator Ry.y is bounded from (LP,19) to (LP,17) if and only if

mEeZ

I~ ntl q/p71/q
Dy = sup [Z ( /(2“)51}p(u)du> ] o/ < oo

n=m
n

and

n+1 1/p
Dy = sup sup( <2“)ivp<u)du> (2"(2° — 1)V < .
n€Z0<p<1 5
n+

Moreover, there are positive constants c1 and co depending on p,p,q,q and o, such
that o o
C1 maX{Dl, Dg} g HR(X() || < Co II’I&X{Z)l7 DQ}

3.4 Maximal Functions and Potentials on VEAS

Definition 3.60. Let J be a bounded interval in R. We say that a measure pu
satisfies the doubling condition on J (u € DC(J)) if there is a positive constant b
such that for all z € Jand all , 0 < r < |J|,

p((z—2r,z+2r)NJ) <bu((z —raz+r)nJ).
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We need also the notion of the so-called reverse doubling measure on R (see
also Chapter 4 for the definition).

Definition 3.61. Let 1 be a measure on R. We say that p satisfies the reverse
doubling condition on R (u € RDC(R)) if there is a constant B > 1 such that
p(x —2r,2 4 2r) > Bu(x —r,z +r).
It is well known (see, e.g., Stromberg and Torchinsky [355, Lem. 20]) that if
€ RDC(R), then p € DC(R).
For a weight function u, as before, we sometimes denote

u(E) = [ u(x)dz, ECR.
/

The next statement, in a more general setting, will be proved in Chapter 4
(see Lemma 4.20).

Lemma 3.62. Let J be a finite interval and let u be a doubling measure on J.
Suppose that p is a continuous function on J satisfying the conditions 1 < p_(J) <
p(z) < pi(J) < oo and p € P°8(J). Then there is a positive constant C' depending
only on the doubling constant b, such that for all subintervals I of J,

(u(I))P-D=r+) < .
Let J be bounded interval in R and let
1
A N@ =sw 0 [ 1@ v
25 1
where « is a constant, 0 < a < 1.

Together with M5 we are interested in the maximal operators defined on
R, and R:

1
(%£R+)f)(m) = sup Ji-o
h>0
(z—h,z+h)NR 4

[/ ()ldy

and
x+h

(23 f) () = sup hll,a _/} | (y)ldy,

where again 0 < a < 1.
When a = 0, we recover the Hardy—Littlewood maximal operator. In this
case we denote ///(S;’), ///SR*) and ///SR) by A4, . ®+) and .4 ®) | respectively.

The next statement is a solution of the one-weight boundedness problem
for the Hardy-Littlewood maximal operator (see Cruz-Uribe, Diening, and Hasto
[53]). We formulate the result for a bounded interval.
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Proposition 3.63. Let p € PI%(R). Then the operator 4™ is bounded in Lﬁ(‘)(R)
if and only if w € Apy(R), i.e., there is a positive constant C such that for all
bounded intervals I in R,

lwxzll oo lw™ Xl ey < CHI. (3.21)

Consider the fractional integral operator
fy)
I°f)(z ;:/ dy, z €R,
) ] |z —y[t—e

defined on R, where 0 < a < 1.

The next statement (see Theorem 3.64) is a generalization for variable ex-
ponent Lebesgue spaces of the result by Adams [6]. To formulate that result we
introduce some notation.

Let
(T ), = > n 79;:‘1% . nez
kEZ,k#n
- 9k
(Ra{gr})), = k;m (n—k+1)i-o nez,
Wal{gr})),, = ; o ngj e nEL

be discrete fractional integral operators, where 0 < a < 1.
It is easy to check that

s (Rallae),y + Walloeh) o) < Eallaih),

= (Ra({gx}),,_1 + Walgr}),, 1

Let (X,U, n) and (Y, B, v) be measure spaces with v being o-finite. Let k(x, y)
be a nonnegative real-valued U x B-measurable function and

Kf(y) = / Kz, 9)f (2)du(z)
X

be the corresponding kernel operator.
Denote:

ex(z) ={yeY :k(z,y) > A}, ex(y) ={ze X :k(z,y) > N},
where ) is a positive number;

M, () (y) = sup Nu(ex(y)), Ms(v)(z) = sup Av(ea()),

where r and s are real numbers.
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To prove the statements regarding fractional integrals we use the following
result, which is a corollary of part (ii) of Theorem A in Adams [6].

Theorem 3.64. Suppose that 1 < p < q < oo, 2 —|— 1 —r, where r > 0. If

M. (1)(y) S A< oo forally €Y and My(v)(z) < B < oo for all x € X, then the
operator K is bounded from L (X) to LE(Y).

Proposition 3.65. Suppose that p, ¢ and o are constants satisfying the conditions
l1<p<qg<oo, 0<a<1/p. Then the following statements are equivalent:
(i) Ra is bounded from IP(Z) to l? o (2).
(il) Wa is bounded from IP(Z) to lgvk}(Z)
(iii) Z, is bounded from IP(Z) to lf{z 3 (2).
m+j 1/q
(iv) B:= sup ( Z fuk) (G+1)VP < .

meZ,jeEN ke

Proof. (iv) = (i) Suppose that X =Y = Z, p is the counting measure on Z, and
dv(n) = vpdp(n), where {v, tnez is the weight sequence. In our case the kernel
operator is given by

oo

{Ralgm}}n = Z k(m,n)gm, n € Z,

m=—0o0

where
k(ma ’Il) = X{m€Z:m<n} (’Il —m+ 1)(1—1'

Let r = 1_1a and let Z = ; +1—r, that is, s = ‘1(0;;11/17) > 0. We have

sup My (p)(n) = sup Ap{m € Z:m <ni(n—m+1)°"" > A}

nez AL1,neZ
= sup NOVumeZ:m<nn—m+1<\}
A>1,n€Z
< sup kL Z 1<
keEN,neZ etk
Further,
sup Ms(v)(m) = sup Nv{ne€Z:m<n(n—m+1)*1 >}
meZ AL1,m€EZ
= sup MO YyneZ: m<nn—m+1<A}
A>1,mez
m+k
< sup ke v, < cBY.
h keN,meZ Z "

n=m
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(i) = (iv) Let

1, fm—j<k<m
(m)y, — ) J X M
(B)x { 0, otherwise,

where m, j are positive integers such that j < m. Then

(Ze(Z 0 505)) > (B (2 i)

n=1

n=m =m—]
1 1
m-—+j 3
ey
Zc E Un | ]
n=m

Therefore, by the boundedness of R,

m+j 1/q
(Z vn) PP 1< <m,

(i) = (ii) Let

(m)y _ 1, ifm—j7<k<m,
(B) = { 0, otherwise,

where m € Z and j € Z. Then

(Zn(Z 0 S05)) = (B (2 b))

nez n=m k=m—j
; 1
m-+j 7 "
>c E Un | g7
n=m

Therefore, by the boundedness of R,

m+j 1/q
(Zvn> VP <Le, meZ, jel.

n=m

The remaining implications (ii) = (iv) and (iii) = (iv) follow in much the
same way; therefore, we omit the proofs. O

The next statement gives criteria guaranteeing the trace inequality for the
discrete potential operators in the diagonal case, i.e., when p = ¢. These criteria
are of Maz’ya—Verbitsky [250] type.
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Proposition 3.66. Let 1 <p < oo and 0 < a < 1/p.
(i) The inequality

io (Ragj) v <c Z g7 (3.22)

holds for all nonnegative sequences {g;}i if and only if {Wav;}i < oo for all
i € Z, and there is a positive constants ¢ such that for all i € Z,

{Wa [wauj]p’}i <c {wavj}i. (3.23)
(ii) The inequality

+oo

8 (e £

holds for all nonnegative sequences {g;}: if and only if {Rovi}: < 0o for all
1 € Z, and there is a positive constant ¢ such that for all i € Z,

{Ra [Ravj]p/ }Z <c {Ravj }Z

To prove Proposition 3.66 we need some auxiliary statements.

Proposition 3.67. Let 1 < p < o0 and 0 < a < 1/p. If Ry is bounded from IP(7Z)
to lf{'m}(Z), then there exist a positive constant ¢ such that

m-+h
> vi<cehor (3.24)

for allm € Z and h € N.

Proposition 3.67 follows just in the same way as the proof of the implication
(i) = (iv) of Proposition 3.65 and details are omitted.

We will prove the first part of Proposition 3.66. The second part follows
analogously.

Proof of (i) of Proposition 3.66. Let us first show that from (3.22) it follows that
{Wavi }k < oo for all k € Z. By duality, (3.22) is equivalent to the inequality

i( agj) cZgH . (3.25)

i=1

Let vl-(l) = ViX{i:m<i<m+2h} and Uz@)

h e N.

= ViX{i:i<m or i>m+2h}s where m € Z and
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Note that for k > m+2h—1and m < i < m+h, we have that k—m+1 < 2(k—i+1).
Further, by using (3.24), we obtain the estimates

oo oo
{Wavj(-z)}i < Z vk —i+ 1)t <e Z vp(k —m+1)27 !
k=m+2h—1 k=m+h
0o [} [} jt+m—1
<X oul X )ee X (X u)
k=m+h j=k—m+1 j=h+1 k=m
)
<ec Z ja—2j1—ap < 0.
j=h+1

Therefore, (W v(Q)) < 00. The fact that (W v(l)) < o0 is obvious. Thus,
(W vj) < oo for every ¢ € Z because m and h are taken arbitrarily.

Now we prove that (3.22) yields (3.23). For this we need the next lemmas.

(1) (2)

Lemma 3.68. Let 0 < o < 1. Then there are positive constants ca’ and cy

depending only on «, such that for all m € Z,
m—+j—1
(Waﬁm)’rn < C(al Z < Z ﬁk) X Ca aﬁm)’rrﬁ
Jj=1 k=m
where B, = 0.

Proof. The proof follows easily if we observe that there are positive constants b((ll)
and bg,?), independent of & and m, such that

o0 o0
Z j(x—2 < b(al)(k —m+ 1)@—1 < bg?) Z ja—Z.
j=k—m+1 j=k—m+1
It remains to change the order of summation. O

Corollary 3.69. Let 0 < o < 1, B,, = 0. Then there are positive constants c&l) and

e such that for allm € Z,
m—+j—1

WalWabnl?} <c(1)ZJ°‘ (X ) < {Wabasl}
k=m m

Let 112(1) and 112(2) be defined as above. Then by using (3.25) we have that

m-+h

Z ( (1)>' Z i,

i=m
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Thus, by Corollary 3.69, we conclude that

o0 i+2(j-1)

W) }<02]a z( > vk><c{Wa[Wavi]}i.

k=i

For the estimate of {Wa [Wavi@)]pl } we need some auxiliary statements.
?

Lemma 3.70. Let 0 < a < 1. Then there is a positive constant ¢ such that for all
natural numbers m, k and an integer j satisfying the condition m < k <m+j—1,

) m—+s—1
) < (),
=]

t=m

Proof. We recall that v,(f) = URX{k: k<m or k>m+2;j}- Using the arguments of the
proof of Lemma 3.68 and the fact that

(Wav]@))k = i ve(s —k+1)*71

s=m+2j
we have
oo
2 _
(Wav](- ))k <c Z _vs(s —m+1)¢ !
s=m+2j

e’} m—+t—1
<c Z Vs Z te- 2<th°‘ 2( Z vs>. U

s=m+2j t=s—m-+1 s=m

Lemma 3.71. Let 0 < a < 1. Then there is a positive constant ¢ such that for all
m € 7,

[eS) S m+s—1 /
rawal?r} <o e (S (0y w))
m t=1 s=t

Jj=m

Proof. Using Lemma 3.70 in Corollary 3.69 we have that

{Wa[w @1p } <tha Q(mil{wavk}p’>

k=m

m-+t—1 0o m4s—1 '
v5>

gc;tw 3 (; 3

k=m e=m
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(the inner sum does not depend on k)

’

00 [ee) m—+s—1 p m—+t—1
czw(zsw 3 ) ( 3 1)
t=1 s=t

e=m k=m
oo 00 m+s—1 P’
= cz:t‘)‘_g(z:so‘_2 Z v5> . O

t=1 s=t e=m
Lemma 3.72. Let 0 < a < 1. Then there is a positive constant ¢ such that for all
me€ Z,

0o 00 m+s+1 p =1 m4t+1
{Wa[Wavi(Q)}p/} < th“(Zsa_g Z v8> (t“_2 Z vj>.
m t=1 s=t e=m Jj=m

Proof. We will deduce the discrete case from the continuous case. Let v(z) = v,

j<x<j+1. Then f g+ x)dx = v;. Hence, by using the lemmas proved above
and integration by parts we ﬁnd that

{W War 2P } <cZn“ 1<Z]a Q(mfjvk»p/

n=1 k=m

.S [+ (i’/y (5 w)a)

i= 2"1’ k=m

oo 00 mty P
< c/ac‘)‘_1 ( /y“_2< Z vk>dy> dx
s k=m
' oo - Vo1 i
Jr/xa(/) xaQ(ka)dx]
by x k=m

m-+tx
x* 2 ( Z vk> dx

[<(/)
e’} n+l 0 p'-1 m4+n+1
=Z/w</> oo (7S

k=m

p -1 m+n+1
na—Q( Z vk:)

k=m

kt1 mAk+1 -1 mn+1
[y ) (X )
. -

i=m
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S e (). o

n=1 k=n i=m k=m

Now the necessity part in Proposition 3.66(i) follows easily thanks to Propo-
sition 3.67. Indeed, by using Proposition 3.67 we have that

{Wa[W 21p } <cZ (ika—Q(kJr2)1—‘”})1)/—1(na—ZmiHvk)

k=n k=m
m+n+1
<c E ne 2 E Vg < {W "Um}

n=1

In the last inequality we used Lemma 3.68, in particular, the right-hand side
inequality.
Necessity of (i) of Proposition 3.66 is proved.

Now we prove sufficiency of (i) of Proposition 3.66. We again need some
auxiliary statements.

Lemma 3.73. Let 1 <p < oo and 0 < a < 1. Then there exists a positive constant
¢ such that for all nonnegative sequences {g;}iez and all i € Z,

{Roégk} C{R [ agk}zjjilgm}i- (326)
Proof. First we assume that {V,g;}; := {Ra[Ragr|?'g;}i and
{Vagj}i < {Ragj}f'

Otherwise (3.26) is obvious for ¢ = 1. Now let us assume that 1 < p < 2. Then we
have

Rag}l = 3 (—k+ 1)“1%( S Gi—j+ 1>°flgj) .

k=—o0 Jj=—00
i k p—1
<) (i—k+1>“—1gk( > (z‘—j+1>a—1gj)
k=—o00 j=—00

i i p—1
+ > (i—k+1>°‘1gk<Z<i—j+1>algj) =LY+ 1.

k=—oc0 j=k
It is obvious that if j < k < ¢, then K —j + 1 < i — j 4 1. Consequently,

i k

p—1
<y <z’—k+1>a-1gk( > (k—j+1>a-1gj) = (Vagiti-

k=—o00 j=—00
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Now we use the Holder inequality with respect to the exponents il , 2i and the
P P

measure du(k) = (i — k + 1)* 1 gi duc(k) (here p. is the counting measure on Z).
We have

i 2—p
17 < [ S i-k+ 1)algk]
k

=—00

x [ Z <Z(z —j+ 1)@-19],)(2. ksl 1

k=—oc0 “j=k
= {Ragi}; P(Ji)P 7,
where

% i

Ji= Y <Z(i —j+ 1)a_1gj)(i —k+1)"tg.

k=—oc0 j=k

Using the Fubini Theorem we have
i J
Ji= Y (i—j+ 1)a—1gj( > i-k+ 1)a—1gk>.
j=—00 k=—o0
Further, it is obvious that the following simple inequality
J J p—1 2—p
S (i—k+1) g < ( S G-kt 1)a—1gk) {Ragi}
k=—o00 k=—o00 !
<{Rag;} H{Ragi}i "
holds, where j < i. Taking into account the last estimate, we obtain

7 B 2-p B
s (X G-t 0 Rag ) {Roa} " = (Vg ifRag )2

j=—o0
Thus,
17 < Ragil " (RagelyV 0 Vagil ™! = {RagiI*7V {Vagi}
Combining the estimate for 1) and I(® we derive
{Ragil! < Vogidi + {Ragi} 7" Vagi} "
As we have assumed that {V,g;}; < {Rag:};, we obtain

(Vagiti = {Vagi} P {Vagid? ™ < {Vagid?  {Ragi )17
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Hence
{Ragi}? < (Vogi T {Ragil 17 + (Vagi} i {Ragi )77
= 2{Vagi}! " {Ragi}1* 7.
Next, since (Ragj) < o0, we find that
{Ragi}t < 207 {Vagi)s
Now we shall deal with the case p > 2. Let us assume again that
{Vagi}i < {Ragj}i-

Since p > 2, we have

i i p—1
Rag}? =S~k + 1>a-1gk( G—j+ 1>a-lgj)
Jj=1

k=1

k p—1
< 2P 12171“1 (Zzg+1 j>

k=1 j=1
7 p—1
(i—j+ 1)a_19j)
j=k

+ 277 (i =k + 1) gy
k=1

7 N

op=11(1) 4 or=17(),

It is clear that if j < k < 4, then (i —j + 1)*! < (k — j + 1)®" L. Therefore
b < {Vagi}i. Now we estimate IZ-(2). We obtain

(Z(Z —-j+ 1)“‘19j)p1 = (Z(Z —j+ 1)“‘19j>p2(§i:(i —-j+ 1)“”9;‘)

Jj=k Jj=k Jj=k

< {Raai} Sli- i+ )

i=k

Using the Fubini Theorem and the last estimate we have

1% < {Rag,»}{%2 i: (i—k+1 gkz i—j+1

k=—o00
p=2 : - - a—1 g - a—1
:{Ragi}i oi—j+1)lg Y (i—k+1)
Jj=—00 k=—o0

_ i j
< {Ragz}j ’ Z (Z—]+1>(X—1g] Z (j_k+1)a_lgk.

j=—00 k=—o0
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Using the Holder inequality with respect to the exponents {p — 1, 2 :é} and the

measure du(j) = (i —j + 1)* 'g;duc(j) (e is the counting measure on Z), we
derive

i J

Y=+ g Y GG—k+ 1) g

j=—00 k=—0oc0

. —2
v 1

< < > i+ 1)“_193')
j=—oc0
1

8 ( Z ( i: (jk+1)algk)p1(ij+1)algj) b

Jj=—00 k=—oc0
p—2 1
= {Rozgi}ilFI {Vagi}z‘lFI .

Combining these estimates we obtain

p(p—2)

{Ragz}f < 2p_1{vagi}i + 2p_1{Ragi} Pt {Vagz}p ! .
By virtue of the inequality {V,g:j}: < {Ragj 1 it follows that

p(p—2)

{Vagiti = {Vagj}f’l{Vagg}f <A{Vagi}! *1{73&9;} v

Hence,
—2) p(p—2)
{Rag;}f < 2 1({v;gy} HRagih "+ (Vag} (Ragg) ")
p(p—2)
=2P {Vagj}p I{Ragj} .
From the last estimate we conclude that
{Rag;}? <277~ {Vag; b,
where 2 < p < oc. O

Lemma 3.74. Let 1 <p <00, 0 < a <1 andv; be a sequence of positive numbers
on Z. Let there exist a constant ¢ > 0 such that the inequality

[Rafgle 7 <algillv@, {0V} = Wavid?,

N
holds for all sequences {g;} € IP(Z). Then
IReadgi}ler, | @ < callgilliwz), {g:} € 1P(2),

1 /
where co = cl/p cl/p,
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Proof. Let g; > 0. Using Lemma 3.73, the Fubini Theorem, and the Hélder in-
equality, we derive the following chain of inequalities:

Z{Ragk}kvk CZ Z {Ragj}i™ Lgi(k —i+1)*"

keZ kE€Z i=—o00
oo
=Y {Ragi} ™ 9{Rav)}i
i€EZ

(ig) (Z{Ragj}” ”)

= el Rasilly ! (o

-1 -1 -1
< 611) C||giHlP(Z)H9i||]lgp(Z) = 611) c”!Jt‘pr(z)
Hence,
1 /
IRagilliz, @) < i /Pllgslinz)- O

Lemma 3.75. Let 0 < a <1 and 1 < p < co. Suppose that {W,v;}; < 0o and

i} <),

for all i € Z. Then we have

IRa {gz}\lz @ < clgille@), {9} € 17(2), (3.27)

(1)

where {vM}; = {Wavl}f/
Proof. Let g; > 0 and let g; be supported on the set E,,; := {i : | < i < m},
where m,l € Z. Let tgz) = xgjj<iy min{(i — j + 1)* ", n}, n € Z. Then using

Lemma 3.73 (which is true also for the kernel tEZ-)), the Fubini Theorem, and the
Holder inequality, we obtain the following chain of inequalities:

(o, Y e (S ) g YoV
S (3 ) <o s Z,Jzkgk {
i=—00 S j=—00 i=—00 ~Jj=—00
%) 7 p—1 %)
<o X a2 Wa) (X
j=—00 k=—o00 =7

m J

P S\ P
< C||gi|lp(Z)< Z (Ztﬂ)gk) {Ra[Ravj}p }p)
m J D N\ 1/p
< el (3 () {ran} )
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Since Zk 1 ]"k)gk < oo and {Ww;}; < oo for all j, we have that

%) i (n) D ) 1/p
<Z(Zt” g]> v; ) < clgilliez)-

i=1 \j=1
Passing now by to the limits as m,n — +o00, and by | — —oo, we derive (3.27). O
Combining these lemmas we have also sufficiency of (i) of Proposition 3.66.

Part (ii) of the same statement follows analogously. Proposition 3.66 is com-
pletely proved.

The next lemma will also be useful for us:

Lemma 3.76. Let 1 < r,s < oo and let {gn} be a nonnegative sequence. Suppose
that u, be a positive sequence on 7Z.

(i) The following two inequalities are equivalent:

n—1

(]| X

nezZ -m=—oo

r 1/r
<nm>algm] un) < erlgillec,
and

1/r
(ZRegrunss) - <l
nez

where the positive constant c1 does depend on gj,.
(ii) The following two inequalities are equivalent:

oo r 1/7
(Z[ Z (m_”)a_lgm} un> < e2llgrllis z)

neZ -~m=n+3
and

1/r
(Z(Wagk>7t]TurL—3) < CQHQkHP(Z)v
ne”Z

where again the positive constant co does depend on gj.

3.4.1 Maximal Operators in (LP()(R),19)

In this section we establish criteria for the boundedness of maximal operators in
variable exponent amalgam spaces.

Recall Sawyer’s result (see Sawyer [337]) for the discrete fractional maximal
operator

k

. 1
///5({(171})(]) = s:ll? (h—r+1)i-0 Z lai|, 0 <a<1,
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which is a consequence of a more general result regarding two-weight criteria
for maximal operators defined on spaces of homogeneous type (see Sawyer and
Wheeden [338]).

Theorem 3.77. Letr, s and a be constants satisfying the condition 1 < r < s < oo,
0 < a<1, and let {an}, {Bn} be positive sequences on Z. Then the two-weight
inequality

(Z (///j<{an}>)8<n)an>” >y (Z w) .,

holds if and only if there is a positive constant ¢ such that for all v,k € 7 with
r<k,

(i T ) ) < (i 5

Corollary 3.78. Let 1 <r < s< 00,0 < a < 1 and let {a,} be a positive sequences
on Z. Then the weighted inequality

(Z (//zjuan})f(n)an) e ( 3 |) v (3.28)

nez nez
holds if and only if
k

1/s
su o E—r+1) V" <e
p Z J ( 9

k,reZ,r<k j=r

where the positive constant ¢ is independent of {an}.

For the next statement we refer to Verbitsky [367].

Theorem 3.79. Let s and r be constants satisfying the condition 1 < s < r < 00,
and let {a,} be a positive sequence on Z. We set

k
1
h; = ;e
= S0 (k—r+1)1—w';al
rj<k -

Then the inequality (3.28) holds if and only if {h;}; € l{r;;}

Now we formulate our result regarding variable exponent amalgam spaces.
Theorem 3.80. Let p € PI8(R). Suppose that
(a) we Ay (R);
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(b) the pair of discrete weights ({w,},{Un}) satisfies the condition: there is a
positive constant ¢ such that for all v,k € Z with r < k,

k k
S (k™ b)) Gy < ey _wi
Jj=r Jj=r
where
Wy, 1= HX(n—l,n)(')w_l(')H;g/(.)(R)a Up 1= HX(n,n—i—l)(')w(')H%p(-)(R)'

Then #™ is bounded in (LP)(R,w),19).

Conversely, let #™ be bounded in (LPC)(R,w),19). Then (3.21) holds for
all intervals I C [n,n+ 1), n € Z, with the constant C independent of I and n.
If, in addition, there is a large positive integer mq such that p is constant outside
[—mg, mo], then condition (b) is also satisfied.

Proof. Observe that the Hardy—Littlewood maximal operator .#®) is admissible
(see Rakotondratsimba [302]) and the associated discrete operator is given by

k
A GO = s el

Also, (™), f(x) = "1+ f(2), 2 € [n—1,n+2). Further, condition
(a) and Proposition 3.49 guarantee that

(AN Lo o) < CFN L0 (Ro0):

with the positive constant C' independent of f and n. Now Theorem 3.77 and
Proposition 3.63 yield the desired result. (I

Theorem 3.81. Let p be a continuous function defined on R and satisfying the
condition 1 < p_(R) < p4+(R) < co. Let 0 < o < 1. Suppose that v, w are weight
functions on R and that dv(z) := w(x)~? ®dx satisfies the doubling condition

on R. Suppose also that p € P°8(R). Then the operator :///OER) s bounded from
(LPO(R,w),19) to (LPO(R,v),1%) if

(i) there is a positive constant ¢ such that for all n and all intervals I C [n —
1,n+2),
/ (0P 1D () 7 Oy ()" < / w ' @ de < oo;
1 1

(ii) there is a positive constant ¢ such that for all v,k € Z with r < k,

k k
> () E0) ™ i) ()75 Zw 7

j=r
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where
Wy, 1= HX(n—l,n)(’)w_l(')H;g’(-)(R)’ Up 1= HX(n,n—H)(')U(')”%p(-)(R)'

Conversely, let A be bounded from (LPO(R,w), 19) to (LPC)(R,v),19).
Then (i) holds. If, in addition, there is a large positive integer mg such that p
is constant outside [—mg, mg], then condition (ii) is also satisfied.

Proof. Tt is known (see Rakotondratsimba [302]) that the operator A is admis-
sible and that its discrete version is .Z<%. Further, (e///(ER))n = ") The

operator A7) g defined on the interval [n — 1,n + 2). Observe that, by
Theorem 4.31 (see Chapter 4), condition (i) implies the inequality

1AV fll 1o @,y < ClF N Lo (o)

with the positive constant C' independent of f and n. This follows from the fact

that the bound of ||(///SR))n||Lp<‘>(R7w),_>Lp(.>(R7U) does not depend on n (see the
proof of Theorem 4.31 for details).
Now Theorem 3.77 and Proposition 3.49 complete the proof. O

Theorem 3.82. Let p be a continuous function defined on R satisfying the condition
1 <p_(R) < pi(R) < oo. Assume that o is a constant such that 0 < a < 1.
Suppose that v is a weight functions on R. Suppose also that p € P°8(R). Then
the operator ALY is bounded from (LPC)(R),19) to (LPO)(R,v),19) if and only if

(i) in the case 1 < §< g < o0,

1
sup /(v(m))p(m)|l|a”(z)dm < oo
IC(n—1,n+2) ‘I‘ y

neZ
and
k 1/q
sup <Z’Uﬂ'> (k—r+1)*"VI<e,
k,rel,r<k j=r
where v, = HX[n,nH)UHqu(-)(R);

(ii) in the case 1 < ¢ < q < oo, {Jn} € 1%, where | = é - é, and {H;}; € lfgjq},
where

1 . -
o= s @@,
IC(n—1,n+2) |I|
I
k

1 -
Hj:= sup (k —r+1)l-0d Zvu Un = HX(n,nJrl)(')’U(')H%p(')(R)'
k 1=
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Proof. Part (i) is established in the same way as Theorem 3.81. Here we use
Corollary 3.78. The proof of Part (ii) is similar, by applying Proposition 3.49,
Theorem 3.79, and Corollary 4.33. ]

To formulate the next result we need the definition of the class RDC(R) (see
Definition 6.3).

Theorem 3.83. Let p be a measurable function on R such that 1 < p_(R) <
p+(R) < oo. Let p, q, ¢ and « be constants satisfying the conditions 1 < p < p_,
1<qg<qg<oo,0<a<1. Suppose that w™P € RDC(R). Then the operator

M is bounded from (LP(R,w),19) to (LPO(R,v),19) if and only if

(i) sup 111 Hoxrll oo @ llw™ Xl o ) < 00
IC[nnfl,nJrZ)
and
k 1/q k 1/q
.. _1—d N — _1—q
W (X ) ) <o Sal )
Jj=r Jj=r
where
Wy, = ||X(n—1,n)(')w71(')H;g’(R)a Up 1= ||X(TL,7L+1)(.)w(.)“%P(‘)(R)'

Theorem 3.83 is a direct consequence of Theorems 6.7, 3.77, Proposition 3.49
and Remark 6.4.

3.4.2 Fractional Integrals. Trace Inequality

Now we discuss trace inequality criteria for the fractional integrals operators I,
R, and W, in weighted VEAS defined on R. For the proof of the next statement
we refer to Rakotondratsimba [302] (proof of Theorem 3.1).

Lemma 3.84. The following relations hold:

(I fX(—oom—1))(T) = Z (n —m)*"1G(m),
I fX(nt2.00)(@) = Y (m=n)*"'G(m)
m=n+3

where x € [n,n+1) and G(m) = [ | f(y)dy.

m

Theorem 3.85. Let p be a measurable function on R such that 1 < p_(R) <
p+(R) < co. Let p, q, § and « be constants satisfying the condition 1 < p < p_(R),
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1< q§g<qg<oo 0<a<min{l/p1l/g}. Then the following statements are
equivalent:

(i) I is bounded from (LP(R),19) to (LPO)(R,v),19).

(i) (a) sup [zl oo (1,010 HP < o0; (3.29)
IC [n’riel,Zn-iﬁ)
m+j 1/q
(b) sup( > @k) (4 1)V < o0, (3.30)
7661\% k=m
where Up i = HX[n,n-‘rl)(')||%P(')(R,v)'

Proof. First observe that
n+2
t
I)nf(z) = / " f(t)la dt, x€n—1,n+2).
n—1

Due to Theorem 6.12 (for the case n = 1), the uniform boundedness of (I%),
is equivalent to (3.29). Further, it is easy to see that condition (3.30) is equivalent
to each of the following two conditions:

mtj  \1/q B
Sup ( D @;i”) (G+1) <00, i=12,
meZ,jEN .
where 6121) = Uk41, 179 = Vp_3.

Since (see Rakotondratsimba [302])

n—1

(I ahm~ 35 §1a+-§: e

k=—o00 k= n+3

Proposition 3.49, Lemma 3.84, Lemma 3.76, and Proposition 3.65 yield the desired
result. ]

Theorem 3.86. Let p be a measurable function on R such that 1 < p_(R) <
p+(R) < oo. Let p, g and « be constants satisfying the condition 1 < p < p_(R),
1<g¢<oo,0<a<min{l/p,1/q}. Then the following statements are equivalent:
(i) I is bounded from (LP(R),19) to (LPO)(R,v),19).
(i (@) sup [l 1777 < o
ne
IC[n—1,n+2)

(b) {Wati}i < oo for all i € Z, and there is a positive constant ¢ such that
T P 7
aVa@)” } < e{Wale}

for all k € Z, where v, is the same as in Theorem 3.85;

k
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{Rai}i < 00 for all i € Z, and there is a positive constant ¢ such that
{RalRa(0)]"} < c{Ra(@))}
for all k € Z, where v, is defined in Theorem 3.85.

k

Proof. The proof of this statement follows similarly by applying Theorem 6.12,
Proposition 3.66, Lemma 3.84, Lemma 3.76, and Proposition 3.49. O

3.5 Compactness of Kernel Operators on VEAS

In this section we derive necessary and sufficient compactness conditions for kernel
operators on VEAS. Since for the amalgam norm it holds that

an”(LP()([ 19) 4 \LO fn\l,07 a.e.,

fn € (LPUN(I),19),, the following statement is valid (see Kantorovich and Akilov
[146, Chap. XI]).

Proposition 3.87. Let p, p be measurable functions on I such that 1 < p,p < oo.
Let q, q be constants satisfying the condition 1 < q,§ < oo. Then the set of all
functions of the form

) :an(s))‘l(t)a S7t€Ia

is dense in the mized norm space (LPC)(I),19)4[(LPC)(1),19),], where
A= XB, xB; € (LPO(I),19),
(B, are measurable disjoint sets of I) and
€ (LPO(I),19) N L¥(I).

The next statement gives a sufficient condition for a kernel operator to be
compact on amalgams defined on R.

Proposition 3.88. Let p(x) and q(x) be measurable functions on an interval I C
R.. Suppose that 1 < p_(I) < p+(I) < 00, 1 < p_(I) < p+(I) < oo. Let q,q be
constants such that 1 < q,q < oo. If

M = |1k, )| o (1,00 | oo 1y aay, < 00
where k is a nonnegative kernel, then the operator

Kf(z) = / Kz, y)f(y)dy

I

is compact from (LPC)(I),19), to (LPC)(I),19),.



3.5. Compactness of Kernel Operators on VEAS 191

Proof. By Proposition 3.87, the set of functions
ki (s,t) = > mi(s)Xi(t), s,tel,
i=1

is dense in (LPO)(I),19)4[(LP'O(I),19'),]. By the Holder inequality for amalgam
spaces (see Theorem 3.20), we have

K f()) = /iwmwfwmy

I

< M llezro @y amya 6@ DI peoy (@), -

Hence,

HKf”(LP(‘)(I),IQ)a < HHk(xay)H(L(ﬁ(y))’(I),l(é)’)a ||(LP(I)(I)7[q)aHfH(Lf(‘)([)Jé)a
< M fllcpro (1) 09y -

This means that || K| < M.

Now we prove the compactness of K. For each n € N, let

(o)) = / (2, 4) () dy.

)
Note that,
(Kad)(@) = [ hula)o0)dy
)
= > [ Nty = S
=" -
where

bi= [ Ni(y)o(y)dy.
/

This means that K, is a finite-rank operator, i.e., it is compact. Further, let £ > 0.
Using the arguments above, we see that there is Ny € N such that for n > No,

|K — Ky < HHk(x,y) - kn(xay)H(L(ﬁ(y))'(])J(é)’)aH(Lp(x)(I)Jq)a <e.

Thus K can be represented as a limit of finite-rank operators. Hence, K is compact.
O
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Theorem 3.89. Let 1 < p_(R;) < p(z) < p(z) < p+(Ry) < oo and let p,p €
Plog(R,). Let ¢ and q be constants such that 1 < ¢ < q < oo. Assume that k €
V(R1) N Vi) (Ry) and that p(x) = pe = const and p(x) = p. = const outside
some large interval (0,2™0). Then K, is compact from (LP()19)4 to (LP),19)4 if
and only if the following conditions are satisfied:

(1) B1 < 00, B2 < 00y
(iii) ngrfloo Bs(n) = ngrfoo Bs(n) =0.

Here By and By are defined by (3.17) and (3.18), respectively, and

Bi(m) = [|x(2m amenyk(z, 2/2)0(2) || 1o 277,
i @

By(m) := [Z ||X[2n,2n+1)k($733/2> v(z >|Lp(>] [ Z ‘|X[2"*1,2")('>H§;q<)ﬁ(->>' )

n=—oo

Ba(n) = oiug1 ||X[2n+a,2n+1)(ﬁ)v(x)k(% 2/2) || Lo ||X(2”,2”'+0‘)(')”L(ﬁ(-))"

Proof. Sufficiency. Let ko and ng be integers such that kg < mg < ng. We repre-
sent K, as follows:

(Ko f)(z) = X[0,2’°0](f)Kv(fX[ogkO))(x) + X(2*k0 2m0) (z) v(fX 0,270)) ()
+ X[Z”O,oo)(x)Kv(fX[O 2"0*1))( T) + X[2no oo)(x)Kv(fX 2n0—1 oo))(x)
= (KM ) (@) + (K2 f) (@) + (K2 f) (@) + (K f) ()

It is clear that
(KO D) = [ koo I w)dy,

R

where ka(z,y) = v(2)X (2k0 om0y (®)k(z,y) if y <z and ka(z,y) = 0if y > 2. Then

H HkQ (Z‘, y) H(L(f)/(y)(I)J(Q)/)d (Lp(z)([QkU,QmU)),lq)d

1

—\/
q q
Lp(x)

no—1 m @ 1/(q)
{ Z HX 2m 2m+1) Jo(z )( Z ||X(2",2”+1)k(5”’y)|Lq<p>’<y>)

m=ko n=-—oo

=: J(x).

Denoting I(z) := > ||X(2n’2n+l)k(x7y)||([ij():5)/(y)7 x e 2m2m) kg < m <

n=—oo
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no — 1, we represent I(z) as

m—2
I@) = > oy @k, I,

+ xm=r2my @k 9y + e o) @ DGy,
=: I (z) + L(x) + I5(z).
Now we estimate I1(x), I>(z) and I3(z) separately:

m—2

L(2) <k (2,2/2) D X 2nsny @)%
B mo ., m—2 .,
< k' (z,2/2) [ ST Ixer sy OID 0+ 3 Ixgr sy @I,
n=-—oo n=mo-+1
Y, Tﬂo —\/ —\/ nO —\/ —\/
gckq'(x’xm[ T (@@ § (gn@ /(zm]
n=-—00 mo+1

< k@ (z,2/2) [(Qmo)(@’/(ﬁ)’w) T (Qno)(fi)’/(ﬁ)é] .
Further,
L) + I(2) < 2x k@D,
< elXa/2 k@ DID o, + ellxie/zak@ I .,
<KD (@,2/2) | [x02m @) 1§ + 2@/,

Considering separately the cases m < mg and m > mg, by using Proposition
3.8 and Lemma 3.9 we find that

L(z) + I3(z) < ck(‘j)/(:c,:c/2) [(Qm)(t?)’/(ﬁ)’(o) + (Qm)(Q)'/(ﬁ)é].
Consequently, since kg < m < ng — 1, we have
I(z) < ck(’j)/(x,x/2) [(Qno)(é)'/(ﬁ)’(O) + (Qno)(é)'/(ﬁ)é] —. ck(q)/(x,x/2)BnO.
Since By < oo,
N nog—1 1/(1
J(x) < BT%(Q) [ Z |X[2n72n+1)k(x,x/2)v(x)|%p(_)} < 00.
m=ko

So by Proposition 3.88 we conclude that K1(,2) is a compact operator. Further,
write KI(,3) as

K®) f(z) = / ksl ) (w)dy,

R
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where k3(x,y) = k(x,y)X(0,2r0-1)(¥)X[270 ,00) (¥)v(2) if y < = and k3(z,y) = 0 if
y > x. Then we have

[Whs e aiornctaonsl| s,

0o no—2 1 1
N7 (@)’ q
{ 3 ||x<2m,2m+1><x>v<x>( 3 ||><<2n,2n+1)<y>k<x,y>||;q&>,(y>) |‘zm>}
m=ng n=-—oo
oo (11 no—2 ., (;),
< [ 3 |x<2m,2m+1><x>v<x>k<x,x/2>||1p<z)} ( 3 ||x<2n,zn+1><y>||§q&,y<y))
m=no n=—oo

=:G.

_ 2\ /(@)

Denoting F' := <ZZ°:7100 HX(2",2"+1)(1U>H§;2<-)) and considering the two cases

when mgy < ng — 2 and mg > ng — 2 separately, we derive as previously, that
F< c[(zmo)(é)'/(ﬁ)'(o) + (2no)(é)’/(ﬁ)i]1/@ =: Bry.mo»

and since B < oo we have
0o 1/q
G < Bngmg { Z ||X[2n,2n+1)($)k(xaxﬂ)”@)“%pu)] < 00.
m=no

Hence, by Proposition 3.88, Kz(,3) is compact.
Let us denote
L, = |Ixp2m 2m+1y (@) k(2 2/2)v(2) || Loc) - (3.31)

Following the proof of Theorem 3.54 and applying Proposition 3.8 and Lem-
ma 3.9, we have that

(1)
(e ||(Lﬁ(')([)716)_>(Lp(')([)7lq)d
ko Vap & o 11/@
<o sup [ 3 28] 30 MmO ] s Batm) |
NSF0 " m=n m=—oo msFko

< cmax [[ sup I”‘Qm/ﬁ/(o)] sup [Z 2_"‘/’7/(0)] [ Z 27”/13/(0)], sup Bg(m)}

m<ko n<ko m— Mm——oo m<ko

< cmax{ sup I"™2/P'0) gup Bg(m)} —0
m<ko m<ko
as kg — 0 because lim By(m)= lim Bs(m) = 0. Further, applying Theorem
m—r—0o0 m—r—0o0
3.54 we find that

||KI()4)||( ) < max{ sup Bi(m), sup Bg(m)} —0

Lﬁ(-)(1)715)9([,17(-)(])7111 m>=ngo m>=ng

as ng — +o00.
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Therefore,
|Kuf — K@ f — K@ I <KD f + KD f| — 0

as Bi(m) — 0, B;(m) — 0, ¢ = 1,2. Hence K, is compact, since it is a limit of
compact operators.

Necessity. First we show that lim,,, ., B1(m) = 0.

Let us take f, = X(zn,71727L+1)2*"/ﬁ", where p,, is defined in the proof of
Theorem 3.54. Then, f, — 0 weakly in (LP()(I),19), as n — +oo. Indeed, let
¢ € (LPO)(1),1(D") 4. Then

r q q 1a —n/p
‘/fn(ZUW(y)dZU‘ < <||X(2n71,2"]\|%5(-> + ||X(2",2”+1]H%ﬁ(-)) 9~ n/Pe
0

. 7 1/(q)
x (‘|¢X(2"*1,2”]||(Lq()ﬁ(->>' + ‘|¢X(2"*1,2"}H§;q<)ﬁ<->>’) —0

as n — +00.
Observe now that

1Ko full o0 (1) 0y, = IX(2n 2n0y (@)0(@)E(2, 2/2) | Loy 27777, € Z. (3.32)

Hence lim Bj(n) — 0, because K, is compact and p, = p(0) if n < my.
n——oo

Further, (3.32) implies that
||X(2n,2n+1)(x)v(x)k(x,x/2)||Lp(,)2”/(ﬁc)’ — 0

as n — +00.
To show that lim Bj(n) — 0 we represent By (n) as
n—-+oo

o 1/q n—1 - 1/q
&(n)(ZIzL) ( T |x<2m,2m+1]||;(p<.w)

00 1/q , mo—1 1/q 00 1/q , n—1 1/q
< (Z an> < 3 qu/(p(o»’) . ( 3 an> < 3 2mq/<pc)’)
m=n m=—0oQ m=n m=myo

= J7(11) + J7(L2)7

where n > mg and I, is defined by (3.31). Observe now that

oo

1/q
JO — ( 3 [31) omo/(HO) __,

m=n

as n — +oo, because (3.°°_ 19)Y/4 — 0 as n — +oo. The latter convergence

m=n"~m

follows from the convergence of the series.
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Further,

J® < ¢ sup ( [QO/u»c)') o1/ (5 g/ (5e)’

n
m>=n

< csup Im2m/(ﬁ°)/ —0

m>=n

as n — 400, because I1,,2™/(P)" — 0 as m — +oo (see (3.32)). Hence, we have
limy, 400 B1(m) = 0.

Further, it is easy to see that for 0 < a < 1 and our choice of f,,
1Ky full oy aayy = 2777 X (@n 2neny (@)0(@) (2, 2/2)2 | Lot
> Qn/(ﬁn)/ ||X(27L72n+1) (l’)’U(ﬂ'J)k($, x/2)||Lp(.)
n /oo 1/(pn)’
0(2 (2% — 1) /(Pn) \|X(2n+a72n+1)(x)v(m)k(x,x/2)||Lp(.).

WV

Hence

HKUan(LP(')Jq)d

n (03 1 7’”- !
> sup (22" = 1) e g (@)o(e)h(, 2/2) 1o — 0
as n — 400 or n — —oQ.

The conditions By < oo and By < oo follow from the fact that every compact
operator is bounded. ([l

Ezample 3.90. Let p, p, ¢, and ¢ be constants satisfying the conditions of Theorem
3.89. Suppose that k(x,y) = (x — y)*~ 1, where 1/p < a < 1. Suppose that

vie) = 28, if x> 1,

{x”ﬁ if 0<az<1,
wherey > 1/p—1/p—«, 8 <1/p—1/p— «. Then, by Theorem 3.89 the operator
K, is compact from (LP 1) to (LP,1%)4.

Now we formulate compactness criteria for the weighted kernel operator /C,
defined on R.

Theorem 3.91. Let 1 < p_(R) < p(z) < p(z) < p+(R) < oo and let Ppo,po €
Plog(R,). Let q and q be constants such that 1 < ¢ < q < oo. Assume that
p(x) = pc = const and p(x) = p. = const outside some large interval (—oo,2™0).
Let k€ V(Ry) N Vipo()y (Ry.). Then K, is compact from (LPU),19) to (LP0),19) if
and only if the following conditions are satisfied:

(i) Dy = sup D1(m) < oo, Dy=sup D2(n) < 00;
meZ nez
(i) lim Dy(m)= lim Di(m)=0;

m—r—0oQ m—o0
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(iil) lim Dy(n) = lim Ds(n) =0,

n——oo n—oo

where R y
Di(m) = ||x2m 2mi1yk(z, 2/2)5() || o) 2770,

1/q
D) = [Z Iz /20500

)

m W V@
X I: Z ||X2n 1277,)()”;1_70(.)]

n=—oo

D2(n> = OSU.p1 ||X[2n+a’2n+l)(m)k(m7 m/?)’f)(x)HLm(.) ||X(2n’2n+ alph,a)(-)HL(ﬁo(_))/;
<a<

l~c, v and po and pg are defined before the formulation of Theorem 3.58.

Proof. The proof follows from Theorem 3.89 by the change of variable z — log, t.
O

3.6 Product Kernel Integral Operators with Measures

This section deals with the boundedness of the positive multiple kernel operator

(Kuf)(xl,...,xn):/ /<Hk ot ) (b t)dptrs e t)s 1> 0,

(0,z4] (0, zn]

from LE(R%}) to LI(R’) under some restrictions on the measure j, where p =
U1 X e X .

As a corollary we derive the appropriate result for the fractional integral
operator with product kernels

tyeo i tn
(Rgl,...,anfxmh s 7xn> = / ' / n f( ! ) d,u(th. .. 7tn>
(0,21] % X (0,2] 1:[1(,112'(752'7%})17%

and the strong one-sided fractional maximal operator defined with respect to the
measure [,

n

an f) (@1, 2n) = sup H(Mz‘(% — 7, xi]) "
o<r;<xt i—1
1<i<n v

y // 1t t)ldp(ns - tn),

(x1—7r1,21] X X (T =T, xp)

-1

.....
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where 0 < a; < 1,4 =1,...,n. The formal dual of R%, ..., is given by

tHyeootn
U IR N / Flest) e,
[21,00) X+ X [Ty,00) H(lu‘l(xla Z])liai

where x; e Ry, i=1,...,n.

Let p1 be a positive Borel measure on a set 2 C R". We denote by LF(€2),
1 < p < o0, the set of all measurable functions f : 2 — R for which the norm

1oz = ( / f(w)pdu(w)>
Q

The proof of the main results for &, is based on the two-weight (two-measure)
criterion for the Hardy operator

is finite.

HE )@, 2m) = // Fltra oo ) dp(tn, ),

(0,z1] %+ x(0,24]

which is also obtained in this section. The similar problem is studied for the
Hardy-type operator

(HEf) (@1, o) = // f(t, o ty)du(ty, .. ty). (3.33)

(—o0,z1]X X (—00,2p]

Finally, we emphasize that a new Fefferman—Stein-type inequality for the operator

RE, ., is also established.

3.6.1 Hardy Operator with Respect to a Measure
For the next statements regarding the two-weight (two-measure) inequality for the
Hardy operators

(4 f) () = / FWdu(t). x>0,

(0,2]

(H”f / f@®)du(t), z € R,

(—o0,7]

defined with respect to a general measure u, we refer, e.g., to the PhD thesis of
Sinnamon [347].
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Theorem 3.92. Suppose that 1 < p < ¢ < o0 and u, v are nonnegative regular
Borel measures on Ry.. Then there exists a constant ¢ > 0 such that

1/q 1/p
( / (H“g)%x)du(x)) <c( / gﬁ(x)dm) (3.34)

Ry Ry

holds for all nonnegative g € LT, (R), if and only if

1/q 1/p
€] = sup / dv / du < 00.
yER

[y,00) (0,9]
Furthermore, if ¢ is the smallest constant such that (3.34) holds, then ¢ = c;.

Theorem 3.93. Suppose that 1 < p < ¢ < oo and p, v are nonnegative reqular
Borel measures on R. Then there exists a constant ¢ > 0 such that

1/p

1/q
(/ (ﬁ”g)q(w)dV(w)> < c( /gpdpe) (3.35)

R R

holds for all nonnegative g € LP(R, i), if and only if

1/q 1/p'
Co = Sup / dv / dp < 00.
yER

[y,00) (—o0,y]
Furthermore, if ¢ is the smallest constant such that (3.35) holds, then ¢ = cs.

Proposition 3.94 (Sinnamon [347, Lem. 2.4]). Let 1 < p < co. Then there exists a
constant ¢ > 0 such that for all x € R,

[ tocut) autt) < clu(-oc.2)
[x,00)

Proposition 3.95. Let 1 < p < co. Then there exists a constant ¢ > 0 such that for
for all x € Ry,

[ 00.8) " dute) < clufo.al)
[x,00)

Proof. We follow the proof of Lemma 2.4 in Sinnamon [347]. If p((0,z]) = 0 or
1((0,2]) = oo, then the result holds trivially. The non-trivial case arises when
0 < u((0,2]) < oo. Fix € Ry and a > 1, define

F, = {teRy :pu((0,t]) <a”u((0,2])} forn=0,1,2,...,
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and F_; := (0,2). Then F,, C F,41 for all n € Z, and Un>71 F, = R,. Since
1((0,t]) is non-decreasing as a function of ¢, there exists a real number ¢, such
that F,, = (0,t,) or F,, = (0,t,].

If F,, = (0,ty), then u(F,) = lim+ 1((0,t, —€]) < a™u((0,2]). In the latter

e—0
case if F,, = (0, t,,] we have u(Fy,) < a™u((0,]). In any case, we have the following
estimate for Fj,:
u(Fn) < a” (( x]).

Further, if ¢ ¢ F,,_1, then p((0,¢]) > a"~'u((0, 2]). Consequently,
/ p((0,4]) "du(t) Z / 1(0,4]) P dp(t)
[z,00) n=0 Fo\Fpn_1
<> / (a" (0, 2]) Pdu(t) < (u(0,2)) apZalp
n:OFn\anl n=0
1—
c(u(0,2]) " O

3.6.2 Main Results

In order to state our main results, we introduce some definitions.

Definition 3.96. We say that a sequence {u21 _____ Z}ZOI" _____ =118 a product sequence

if there are sequences {u1 4, }7_;, ...
Un,i,, -

Proposition 3.97. Let 1 < p < oo. Then for any regular Borel measure p on R
there exists ¢ > 0 such that

R/<M((—olo7m]>) / fd“>pd“(x)<cR/fpdu

(7OQ!:E]
for all nonnegative f € LF(R).

Proof. By taking the measure dv(z) = (,u(foo,x])fpd,u(x) in Theorem 3.93 (for
p = q) and using Proposition 3.94, we get

R/(M((—io,x]) / fd#>pdﬂ(x)<cR/fpdu. 0

(_0071;]

Proposition 3.98. Let 1 < p < oo. Then for any measure p on Ry there exists

¢ > 0 such that
R/ <M((01,x])) / fdu> dp(x) gc/f,,dﬂ

+ 0,z] Ry

holds for all nonnegative f € LF (R ).
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Proof. The proof is similar to that of Proposition 3.97; in this case we use Theorem
3.92 instead of Theorem 3.93. O

Now we formulate the main results of this section. We begin with the Hardy
inequality.

Theorem 3.99. Let 1 < p < g < o0 and let u, v be reqular Borel measures on R™.

Suppose that u = py X -+ X Wy, where u; are regular Borel measures on R for
i=1,...,n. Then there exists a constant ¢ > 0 such that the inequality
1
q q
(/‘ / Flt, . tn)du(te, .o tn)| dv(xy, ... zp)
—00,21] (—00,z4]
X (3.36)

(/f Tlyeoey T pdﬂ(xla"'axn)>

holds for all f € LY (R"), if and only if

1

Bi:=  sup <V([a1700) X X [a"’oo))) q

at,...,an€R

1
’

X (m(—oo,aﬂ : ~-Mn(—oo7an]> " < oo

Moreover, if ¢ is the best constant in (3.36), then ¢ ~ Bj.

Theorem 3.100. Let 1 < p < ¢ < oo and let p, v be reqular Borel measures on
R? . Suppose that p = pi1 X -+ X pin, where p; are reqular Borel measures on R
fori=1,...,n. Then there exists a constant ¢ > 0 such that the inequality

(/’/ /fth"- n)dp(ty, ... tn) du(xl,.. $n)>

" (0,21] (0,21,]
) (3.37)

<c< |f(x1,...7xn)pd,u(ml,...,mn)>p
/

holds for all f € LF(RY}) if and only if

A1,..ey an >0

Byi=  sup (V([al,oo)x-~><[an,oo))>;<u1(0,a1]~~un(0,an]>;]<oo.

Moreover, if ¢ is the best constant in (3.37), then ¢ ~ Bs.
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For the discrete case we have the following statements:

Corollary 3.101. Let 1 < p < ¢ < oo. Suppose that {wy,. 1k, } and {vk,, ... k.,
are positive sequences on Z". Assume that wy,, . k, = Wik = Wnk, for some
sequences {wj7kj}zj:1, 7 =1,...,n. Then there exists a constant ¢ > 0 such that
my
YooY

00 e} 111
( E § Uml,...,mn)
mip=—00 my=—00 ' k1=—o00 kp=—00
oo 0o ;
< p
& e aml,...,mn w’rrL1,...,7nn

mip=—00 My =—00
(Z™) if and only if

holds for all sequences {ak, .. k,} € l{wk o

1 kl , kn , 1/

.f 1-p 1-p \?

Bs = sup < E E Uiy, ) ( E wy o E W, > < oo.
kiokn€Z N\ Th 0 1 Tk h——oc l——oo

Corollary 3.102. Let 1 < p < g < oo. Suppose that {wy, .. r,} and {vg, . k.

are positive sequences on N". Assume that wg, . . g, = Wik, = Wk, for some

sequences {wj7kj}zj:1, 7 =1,...,n. Then there exists a constant ¢ > 0 such that
S

1
q
Uml,...,mn
ki1=1 kn=1

1
D
<c E E |a/m17 7mn| Wmy,.co;may,

mi= my=1

(mf_:l... 3

my,=1

holds for all sequences {ay, . .} €1} (N) if and only if

{wky, .o kn

Lk , En, AN Y
— 1—-p 1-p }*
By = sup ( E E v ) ( E wy P E w, " ) < 00.

ki,okn€N Ny TR SR Li=1 =1

To formulate the main results for positive kernel operators K, we need some
definitions (cf. Definitions 3.1, 3.2). The following class of kernels is a special case
of the kernels introduced in Definition 3.1 but we define it again with a different
constant.

Definition 3.103. We say that a kernel k¥ : {(z,y) : 0 < y < z < o0} — (0,00)
belongs to V' (k € V) if there exists a constant d; such that for all x,¢, z with
0<t<z<a<oo,
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Definition 3.104. A kernel k belongs to Vy(u), where p is a Borel measure on R
and 1 < A < oo, if there exists a positive constant dy such that for a.e. x > 0,

B (@, y)duly) < dopi(0, 2k (x x/?),
($/27"L']
where X = A/(A —1).

Lemma 3.105. Let 1 < p < 0o, and } < o < 1. Then for any Borel measure j on
R, there exists a positive constant ¢ such that for all x € Ry

1= [ ) o < (i)

(z/2,]
Proof. We have
I(x) = / p({t € (z/2,2] : (ut,2)) @~ > A})dA
0
A(w,p,c) o0

(...)d)\+ / (~~~)d)\::11(x)+12($)7

A(z,p,a)

Il
o

where A(z,p, o) := M((m/27mb(a—1)p/.
First, note that

1) < (/2,51 Al p.0) = (utar2,a))

Now let us estimate Iy(x). For this we show that

Ex(z) = p({t € (x/2,2] : (u(t, z])@=Dr" > A} < Ata—1p" |
Indeed, let

to := inf {t cu({t € (x/2,2) : (u(t,2]) @D > A})}.
It is easy to see that .
w(to, x] < A=’
Hence, )
Ex(x) < plto, z] < Ae-ve’,
Using this estimate we find that

oo

I(z) < / Ale—0p 4\ < C(M(.’E/27$]
A(z,p,)

)(afl)p”rl
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Example 3.106. Let 1 < p < oo and let k(z,t) = p(t, z]*1, where 11) <a< 1.
Then k € VNV, (1).

Indeed, it is easy to check that k € V. Further, the fact that k € V,,(u) follows
from Lemma 3.105.

Remark 3.107. Examples of appropriate kernels k(z,y) = (M(t,x])ail are
k(z,y) = (x—y)*~", ;1, < a<1,and k(z,y) = (27 — y°)*~!, where 11) <a<l1
and o > 0.

For other examples of kernels k satisfying the condition k € V NV, (dx) with
respect to the Lebesgue measure dz we refer to Meskhi [253] (see also Edmunds,
Kokilashvili, and Meskhi [76, Chap. 2]).

To formulate the next result we need to introduce some classes of measures.

Definition 3.108. We say that a measure i defined on R satisfies the doubling
condition at 0 (u € DCy(Ry.)) if there exists a constant d > 1 such that for all
a >0, u[0,2a) < du(0,a), where p(E) := [ p.

E

Definition 3.109. We say that a measure p defined on R, satisfies the strong
doubling condition at 0 (1 € SDCy(R4.)) if there is a constant d > 1 such that for
all a > 0,

1[0, 2a) < dmin{u0, a), ula, 2a)}. (3.38)
If u(E) = [ p, where p is a weight function, then we say that the weight p

E
satisfies the doubling condition at 0 (resp. the strong doubling condition at 0) if
the corresponding condition is satisfied for p.

Remark 3.110. Tt is easy to check that if p € DCy(Ry.), then p satisfies the reverse
doubling condition: there is a positive constant d; > 1 such that

u([0,2)) > dy max{,u([O,t)),u([t,?t))}. (3.39)

Indeed, by (3.38) we have

u(0.20)) > Lu(10,20)) + (1, 20).

Then

M([Ovzt)) > /1,([@21?)).

d—1
Analogously,

p((0,20) = p([0,1)).

d—1
Finally, we have (3.39) for dil.
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Theorem 3.111. Let 1 < p < q < oo. Suppose that v and p are reqular Borel
measures on R . Suppose also that 1 = p11 X -+ X pn, where p; are reqular Borel
measures on Ry such that pu; € SDCy(Ry), i =1,...,n. Assume that the kernels
k; belong to VN V,(ws) for i =1,...,n. Then the operator K, is bounded from
LE(RY) to LE(RY) if and only if

Buy = sup (/ / ﬁkf(xi,xi/Q)dV(xl,...,xn)>}Z

[a1,00) [an,00) =t

1
’

x (,ul((),al]~~~p2(07an])p < .

Theorem 3.111 and Example 3.106 immediately imply the next statement.

Corollary 3.112. Let 1 < p < ¢ < o0 and 11) <a; <1 fori=1,...,n. Suppose that
v and p are reqular Borel measures on R . Suppose also that p = pig X -+ X fip,
where p; are reqular Borel measures on Ry such that p; € SDCy(R4.). Then the
operator R . is bounded from L% (R%) to LL(RY}) if and only if

1

By, = sup (/ / ﬁ(,u,»(xi/Q,mi])(a"_l)qdy(m,...7xn)>q

ai,...,an>0 i=1
la1,00) [an ,00)

1
’

X (iﬁlm(o,ai}y < . (3.40)

Corollary 3.113. Let 1 < p < ¢ < oo and Tl) <a; <1 fori=1,...,n. Suppose
that v and p are regular Borel measures on R'f. Suppose also that p = py x
o X iy, where p; are reqular Borel measures on Ry such that p; € SDCyh(R),
i =1,---,n. Then the operator AL, . . is bounded from LF(R%) to LE(RY) if
and only if (3.40) holds.

3.6.3 Proofs of the Main Results

In this section we prove the statements of Section 3.6.2. For simplicity we give the
proofs for n = 2. Proofs of other cases can be carried out in the same manner, and
therefore are omitted.

Proof of Theorem 3.99. Necessity. Let the operator 4 defined by (3.33) (for n =
2) be bounded from L%(R?) to LE(R?) and let us take the test function

fab(x7y) - X(—oo,a]x(—oo,b](xa y)7 a,beR.

Then )
| favll 2 2y = (1 (=00, a] x p2(—00,b])» < oo.
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On the other hand,

q a
~2 abl|| Ly (R2) = pt, T vz, y
IH5 fas > dpu(t,7) | dv(z,y)
la,00) [b,00) (—o0,a] (—o0,b]

= (([a, 00) % [b,00))) 1 (—00, ]z (—00, b]-

By the boundedness of ’}-75 we conclude that B; < oo.
Sufficiency. Suppose that f > 0 and [|f| 1z ®2) < 1. Define

xk:inf{xeR: / d,u1>2k}, yj:inf{yGR: / dpg)?j},

(o] (—o0,y]
K;:{kEZ:$k<$k+1}, JCZ{jGZ:yj<yj+1}7
and denote
Ep = (k, xir1], Fy = (Y5, y541]-

Then it is easy to see that R= |J Ex = |J Fj and R?= |J Ej x F}.
keK jeJ kEK, jeJ
Now observe that the following estimates hold for ¢ = 1, 2:

,U,A*OO,I’]C} = lim H“Z(fooax} 2 Qka
z—x)

pi(—00, xx] = 47 pi(—00, Tpy2),
Wil Thg 1, Thy2] = i (—00, Tg1) = pi(—00, ).

Taking into account these estimates we find that

mwwma//< t// tfwtﬂyw@m
¥

(—o0,2] 00,y]

S //( // tTdquT))qdu(m,y)

keK’]eJE x F; —o00,z] X (—

(//dm)( [/ f(t,T)d,m,T))q

Ey X F; (=00, Tp11] X (—00,y;+1]

Sl L o) S o).

[#1,00) X [y;,00) (=00, Tr41] X (—00,y;41]

N

N
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<8t Y (misomdntoend)” ([ [ sanmen)

~
keK,jeJ (=00, p41] X (—00,y;+1]

< Bf Z (Ml(_oo7xk]/‘2(_oo’yj]))g (,ul(OO,mkl

keK,jeJ ]M2(*00,yj]
q
x / / f<m>dﬂ<t,v>>
(=00, @k 41] X (—00,y541]
’ 1
< By (Ml[IkJrh$k+2},u2[y'+17y'+2})> !
' keKZ,jeJ ’ ! f11 (=00, zx] pr2(—00, yj]
q
x / / f<m>dﬂ<t,v>>
(=00, Zk41] X (—00,yj+1]

kEK,jET
€€ [Tht+1,2hr2] X [Yj41,Y5+2]

x // f(t,m)du(t, ) pdu(% y)) Z

(=00, Tr41] X (—00,y;41]

ch§< Z // (m(oow]lm(oovm

keK J
CRTET (g1 en ) X Y4195 42)

< B! Z ( // (ul(—oo,m}lm(—oqy}

aq

x // [t 7)du(t, T)> pdu(% y)) p

(—00,@p41] X (—00,y;11]

<ch< / / (ul(oo,x}lﬂz(oqy} / / ft.7)

(=00, Tk41] X (—00,y;+1]
q

P ;
X d,u(tn‘)) d,u(a:,y)) := c¢B1S,

where

B ( / / (m(oo,x}lﬂz(oay}

— 00 —O0

x // f(t,m)du(t, T))pdu(% y)) q/P.

(=00, Zpt1] X (—00,y;+1]
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By Proposition 3.97,

m(fl (/( / f(z,m)dps( )) dul(m)>du2(y)> ‘1/1’.

—00,y]

oo

sgc(/

Using the generalized Minkowski inequality and Proposition 3.97 again we
have that

S < c( 7 Ml(_;y]p( / ( / fP(, 7)dpa ( )) /pdu2(7)>pduz(y)> "

- —00,]

[e%s} [e%e] p/p q/p
c( / ( /fp(x,y)dm(x)) duz(y)>
o q/p
c(//fp($7y>dﬂl($>dﬂ2(y)> <C‘|f“%ﬂ(R2)-
R2

Hence, _
My fllLarey < el fllLzre2)- a

Proof of Theorem 3.100. Follows in much the same way as Theorem 3.99, therefore
we omit the details. O

Proof of Corollary 3.101. For simplicity we give the proof for n = 2. Let dy;
denote the Dirac measure concentrated at the point (k,j) € Z x Z and ¢; denote
the Dirac measure concentrated at i € Z.

Considering the measures

’ !
_ 1—p _ 1—p _
o=y wiy Gk, pp= wy P8 and v= ) ol

keZ JEL k,jE€Z

in Theorem 3.100, the inequality

(> 3|3

n=—o0 m=—0o0

» 1/p
( E § : ‘fnmwln w27rL’wn7m>

n=—o0 m=—0o0

holds for all f € LF(Z) = ZZH*P' (Z?), if and only if B3 < oo.

n,m

Now letting ay ; = f(k:,j)w,lc_jp we have the required result. O
Proof of Corollary 3.102. Similar to that of Corollary 3.101 and is omitted. O

To prove the next result we need the following Lemma.
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Lemma 3.114. Let 1 < p < ¢ < oo and let u be a reqular Borel measure on Ry .
Then there exists a constant ¢ > 0 such that the inequality

q , 1/q 1/p
( / ( / f(t)du(t)) (M(O,x})q/pldu(fv)> <c( / (f(w))pdﬂ($)>
R+

(07‘7"] Ry
(3.41)
holds for all nonnegative f € LV (R.).
Proof. By Theorem 3.92, (3.41) holds if
1/q
Sup< / (1(0,8)) »* ~elpa(t )) (0, y]»" < oo.
y>0
[y,00)
Using Proposition 3.95 (for | +1 > 1) we find that
1/q
1 _ 1 1
( / (1(0,4]) »" ~dp(t )) 1(0,y]7" < ep(0, 9] » p(0,y]» = c.
[y,00)
Hence, (3.41) holds. O

Proof of Theorem 3.111. Sufficiency. Let f > 0. Represent K, f(z,y) as a sum of
four two-dimensional integrals:

Kuf(z,y) = / / (-~ )du(t,T) + / dp(t, T)

(0,3/2] (0,y/2] (0,2/2] (y/2,y]
v [ eduten + / (- )dult,7)
(z/2,2] (0,y/2] (z/2,2] (y/2,y]

=KWV f(a,y) + KD fla,y) + KD f(z,y) + KD £z, ).

For t < x/2, the condition k1,ke € V gives k;(z,t) < d;ki(x,2/2), i = 1,2.
Using Theorem 3.100 we have

VA A gy < B I 2

Applying the Holder inequality and the assumptions that k; € V,(u;), pi €
SDCy(Ry), ¢ = 1,2, we have that

||IC(4)fHLq ) //( / / £t 7)) Pdpt, T)>Z

(z/2,2] (y/2,y]

A f st

(z/2,z] (y/2,y]

q
p’

kS’(y,r)du2<r>> dv(z,y)
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</ [( [ [ wenrmen)

R3 (x/2,7] (y/2,y]

. (m(o,x]ki” <x,x/2>u2<o,y]kg”(y,y/z)) " dv(z,y)

DM

kEZ jEL

/ <u1(07 ] p12(0, y]) ’ ki(z,2/2)k3(y, y/2)>

(2k 20 1] (27,2941

( || vy T>> gdu(m)

(x/2,7] (y/2,y]

<eBl,Y Y

q
kEZ jEL ( (2k—1,2k+1] (201 2+1]

p

(f(t.7)"dult, T))

~ q
< cBZ_y“fHLﬁ(Ri)'

Now we estimate H/C,(f)f 154 (g2 - Using the Holder inequality for the integral
v(RY

[, the conditions k1 € V, ko € V,(u2), 2 € SDCyH(R), and Lemma 3.114 we
(y/2,y]
have that

1P £l

J ki(x,m)( /] f(t,T)k‘z(%T)dm(t)duz(T)>qu(Ly)
By

(0,2/2] (y/2,y]

<e // ki’(x,x/z)( / ( / (f(t,T))pduz(T)>p
R2 (

0,z/2] “(y/2,y]
X <
(/2,9

< c//kq z,x/2)k(y, y/2)u5q' (0,9]

( ( (f(t, T))”fhtz(f)) Pdﬂl@)) dv(z,y)

0,z/2]  *(y/2,9]

1
p’

4 (y77)du2(7)> dm(ﬂ) dv(z,y)
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)

heLjen <(2k,2k+11 (29,29+1]

( / ( / (f(th))pdm(T)) dm(ﬂ)
(0,2’“] (21*1,27'*1]

< CBZW Z Z(,ul (07 QkD

kEZ jET

><< / ( / (f(tﬁ))pduz(T));dul(t)>q=u4~

(0,2F] (28,2941

(2, 2/2)k5(y, y/2)u§' (0,yldv (z, y))

Observe now that the condition pq € SDCy(R4) implies that
p1(0,2541) < emin{p (0,24, pa (27, 2813,
where the positive constant ¢ does not depend on x. Hence,

A<eBL, Y (11 (0, 25417 " 1

keZ(2k72k+1]

- ( / ( / (f(t’T»de?(T))pdm(t)) dp ()
(2F—1 2k+1]

(0,2]
q
P

(f (2, 7))Pdpa(7)dpa (33>> < eBy u”f”LP (R%)

<£m2</ /
Ry (2k—1 2k+1

kEZ ]

Similarly, the conditions 1 € DCo(Ry), ua € SDCy(R) yield that

”]C(S)fHLq(RZ Cqu”f”LP(RZ
Taking into account the estimates for IC,(Lj ) f,7=1,2,3,4, we conclude that

”’CHfHLq(RZ CBq u”f”LP R2

Necessity. Taking the test function fau(2,y) = X(0,a) ()X (0,6) (%), @, b > 0, we

find that \|fa7b||Lz;(R2+) = (,ul(O, alp2(0, b]) " On the other hand, by the conditions
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k; € V,i=1,2, we have

”]C,ufa bHLq R’z

1

></ /(/ /mtkw )dm()dﬂz()>d( ))

[’1700) [bvoo) “L/2 J/ y/2,y

20(

Observe that if x > a and py € SDCy(R+.), then

1
q

K (z,2/2)k3 (y, y/2) (a(x/2, 2] p2(y /2, y]) 1dv(z, y))
[a;00) [b,)

pa(z/2, 2] = cpa (0, 2] > cpa (0, al.
Similarly, we have that
p2(y/2,y] > cpa (0, ]

for y > b. Using these estimates in the inequality above we conclude that

H’Cufa,bH%g(R’i) 2 C( / / k:f(m,m/2)k:§(y7y/2)du(x,y)> q(ul(ova}/i?(&b])

la,00) [b,00)

holds for a positive constant ¢ independent of a and b. By the boundedness of K,
we finally have that B, < oco. O

Proof of Corollary 3. 113 Sufficiency is a consequence of Corollary 3.113 and the
estimate R . f > f where f > 0.

a1 a2
Necessity follows by taking the test function fou(21,72) = X(0,q)(Z1)X(0,0)(2),
a,b > 0, in the two-weight inequality. Observe that for a,b > 0,

H al,azfa bHLq(]R )
1

101.(0, a2 (0, b] ( / / H’“‘l 0, 2:)) @Dy (zy, x2>> 2

[a,00) [bioo) =1

> cpa(0, alu2(0, b] / /HM(%/Z%D(Mqu’/(ﬁ,m)) )

[a,00) [b,00) =1

where we applied the condition u; € SDCyh(Ry), i =1,2. O
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3.6.4 A Fefferman—Stein-type Inequality

Now we derive a Fefferman—Stein-type inequality for the multiple Riemann—Liou-
ville operator R, where p is a product measure.

ooyl Y

Lemma 3.115. Let 0 < a < 1 and p be a reqular Borel measure on R... Then there
exists a positive constant ¢ such that for all x € Ry the following inequality holds:

Tw)i= [ (uta) dute) < c(u(0,0])".

(0,2]
Proof. We have
I@) = [ it e (.01 (uit.a)* " > )
?4(1'7(1) )
= / () ar+ / (+) dhi= (@) + hale),

0 A(z,)

where A(z, @) := p((0,2])> 1.
First, note that

Ji(z) < <u(0,m])A(m,a) = u((0,2])".
Now let us estimate Ja(z). For this we show that the inequality

Ex(z) = p({t € (0,2] : (u(t,z])* ' > A}) < Aati

holds. Indeed, let

to := inf {t cp({t e (0,2] : (u(t,z))* " > )\})}

It is easy to see that
w(to, 2] < Moot

Hence,
Ex(z) < plto, 2] < Aot

This estimate yields

Ja(x) < / Aer1d\ < e(u(0, z))®. O
A(z,)
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Theorem 3.116. Let 1 < p < o0, 0 < a; <1, and p be a measure on RY} such that
=1 X - X u, where p; are Borel measures on Ry fori=1,...,n. We set

dv(z1,...,xn) =v(x1,. . xp)dp(ze, ... Ty)
dn (21, o) = (WEKR00) (@1, g, o ),

.....

where x; > 0 and v is a nonnegative p-measurable function on R’ . Then there
exists a positive constant ¢ such that

(0, ]) ™ - ¢ (1 (0, ]) = RV 28 fll oy < Lz, )

Proof. For simplicity we prove the theorem for n = 2. Let ||g|, s < 1, where

(B2)
dv(z,y) = (u(0, 2])* (0, y))Pdv(z, y).

Using the Holder inequality twice, Fubini’s Theorem, and Lemma 3.115, we
have that

// (REXZ"™ £) (2, y)g (2, y)o(, y)dpn () dpz(y)
0 0

- / / £ 9) W2 3g) (0 y)dpis (2)dps (1)

0 0
1

JT0( [ ] i #00)

00 [22,00) [,00)
1

g? (t,7)dv(t, T) v
/ / (1 (2, 1)1 (a7, 7)1 5) dp (z)dpz(y)

[#,00) [y,00

(/O/f” T,y ( / / (s (. 1]) dV (,uz)(y - )dm(m)duz(y));

[z,00) [y,00)
1

(7 /m (/ [ iyl )d“l(”d”(y))pl

[,00) [y,00)

1

= (//f”( Y)W p1)dpa (= )dm(y))p
0 0
(o/o/gp 7 ( / / (pa(t, iml a?/f((T)y]) >dy(t7T)> p/

0,4 (
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< Ca,ﬁ”f”LP(Ri’yl) ( //gpl(t,T)(/u (0,t])a(ug(o,r])ﬁdu(t,r>> »

0 0

= capllflice, ®2) Hg”Lﬁ’(Ri)

< Casllflle, @2)-

Taking the supremum over all g satisfying ||g|| , (B2 < 1 completes the proof. [

=)
Corollary 3.117. Let 1 < p < 00, 0 < oy < 1 fori = 1,....,n, and let v be
a nonnegative Lebesgue measurable function on R’t. Then there exists a positive
constant ¢ such that

||x1_041 o 'x;anROél,---ﬂnf”LP(]Ri,vdw) < 0”JCHLP(]RSLVI/Q1 apvd)s

w p
where Ra, ... 0, and Wa,, . o, denote the operators RE —, —and WE -,
spectively, in the case when p is the n-dimensional Lebesgue measure on R'}.

re-

3.7 Comments to Chapter 3

The boundedness of the maximal, potential, and singular operators in L” (')(R”) spaces
was established in Diening [61, 62], Diening and Ruzicka [64], Nekvinda [272], Cruz-
Uribe, Fiorenza, Martell, and Perez [52], Capone, Cruz-Uribe, and Fiorenza [39], Koki-
lashvili and Samko [186, 187, 188, 189, 190, 193, 194], Kokilashvili, Samko, and Samko
[196, 198, 199, 200], Edmunds and Meskhi [73], Samko and Vakulov [330], Samko, Shar-
gorodsky, and Vakulov [332], Diening and Samko [67] etc. The same problems with general
weights for Hardy, maximal, and fractional integral operators were studied in Edmunds,
Kokilashvili, and Meskhi [77, 78, 81], Kokilashvili and Meskhi [179, 181, 183], Koki-
lashvili, Meskhi, and Sarwar [202], Kokilashvili and Samko [191], Ashraf, Kokilashvili,
and Meskhi [22], Asif, Kokilashvili, and Meskhi [23], Kopaliani [208], Cruz-Uribe, Dien-
ing, and Hast6 [53], Cruz-Uribe, Fiorenza, and Neugebauer [51], Mamedov and Zeren
[240, 242]. Moreover, in Cruz-Uribe, Diening, and Hésto [53] a complete solution of the
one-weight problem for the Hardy—Littlewood maximal functions defined on Euclidean
spaces is given in terms of Muckenhoupt type conditions (see also the comments to
Chapter 2).

Comments to Section 3.1

Boundedness/compactness of fractional integral operators with power weights was stud-
ied in Edmunds and Meskhi [73]. We refer to Rafeiro and Samko [297, 298] for compact-
ness of a class of integral operators involving fractional integrals.

The material presented in this chapter is based on the papers by Kokilashvili and
Meskhi [184], Edmunds, Fiorenza, and Meskhi [79], Kokilashvili, Meskhi, and Zaighum
[205, 206].
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Comments to Sections 3.3, 3.4 and 3.5

The idea of considering amalgam spaces, instead of the classical Lebesgue spaces is natu-
ral because it allows us to separate the global behavior from local behavior of functions.
This idea goes back to Norbert Wiener (1926), who considered special cases of amalgam
spaces. Other cases have appeared sporadically since then, but the first systematic study
of these spaces was undertaken in 1975 by Holland [135] (see also the survey by Fournier
and Stewart [89]).

Carton-Lebrun, Heinig, and Hofmann [41] established two-weight criteria for the

Hardy operator (H,.,f)(z) = [ f(t)dt in amalgam spaces defined on R (see also

Ortega Salvador and Ramirez Torreblanca [276], Heinig and Kufner [132] for related
topics). In Carton-Lebrun, Heinig, and Hofmann [41] the authors derived some suf-
ficient conditions for the two-weight boundedness of the kernel operator (Kf)(z) :=
J* . Kk(x,y) f(y)dy, where k is non-decreasing in the second variable and non-increasing
in the first one. In Aguilar Cafiestro and Salvador Ortega [9] the two-weight problem
for generalized Hardy-type kernel operators, including the fractional integrals of order
greater than one (without singularity), was solved.

In Aydin and Giirkanli [25] there was defined Wiener amalgam spaces of
W (LFO (R™), L(R", w)),

where the local component is the variable exponent Lebesgue space L” (x)(R") and the
global component is a weighted Lebesgue space LY(R™,w). In that paper it is shown
that these Wiener amalgam spaces are Banach function spaces, and new Holder type
inequalities and embeddings for these spaces are presented; it is also shown that under
certain conditions the Hardy—Littlewood maximal function is not mapping the space
W (LP@)(R™), L (R™, w)) into itself.

Comments to Section 3.6

Criteria for the boundedness of the operator R® f(z) := [ (x M dt from LP(R.) to
0

“pl-a

LY(R4,v), where 1 < p < ¢ < oo, ; < a <1, and v is a weight function on R have been
obtained under simple transparent condition in Meskhi [252] (see also Prokhorov [282],
Edmunds, Kokilashvili, and Meskhi [76], Chapter 2 and references cited therein for this
and related results). In particular, one such result can be formulated as follows:

Theorem 3.118. Let 1 < p < ¢ < 00 and let 1/p < o < 1. Then the following statements
are equivalent:

(i) the operator R is bounded from LP(R4) to LY(Ry,v);

1/q
. o ’U(‘T) 1/p/
(ii) igg ( /t 2o dx t < o0.

It should be emphasized that another characterization, different from Corollary
3.101, regarding the two-weight double discrete Hardy inequality was given in Okpoti,
Persson, and Wedestig [274].
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The results of Section 3.6 are a generalization of the LP(R%t) — LY(R’,v) bound-
edness result established in Kokilashvili and Meskhi [178] (see also Kokilashvili, Meskhi,
and Persson [201]: Section 2.1) regarding the product kernel operator

(Kf)(xl»»»,xn):/omlx---x/oxn (ﬁki(mi,ti)>f(t1,...,tn)dtl»--dtn, i >0,

involving the classical Riemann—Liouville operator. It should be emphasized that LP(R)

— L%(R4,v) boundedness results for (K f)(z) := [ k(z,y)f(y)dy, including fractional
0

order integral operators with kernels such as k(z,y) = (z — y)*™*, 11) <a<l; k(zy) =

(z — y)> tlogh? oy 11) <a<l1 faJr; < B < 1; k(z,y) = (x —y)* 'log” o

0<a<l, B>0; k(z,y) =2 @M (7 — 7)1y 1 5 50,0 < a < 1 etc., were
derived in Meskhi [252, 253] (see also Edmunds, Kokilashvili, and Meskhi [76, Chap. 2]).
For the solution of two-weight problems in the classical Lebesgue spaces (L, — L
boundedness for 1 < p < g < o0) for general integral transforms with positive kernels
defined on an SHT we refer to Genebashvili, Gogatishvili, Kokilashvili, and Krbec [104],
Theorems 3.1.1 and 3.4.2.

Weighted characterization of boundedness/compactness of the Riemann-Liouville
operator with variable parameter Ry ) i PO spaces, where exponents of spaces are
constants outside some large interval, was established in Ashraf, Kokilashvili, and Meskhi
[22]. We refer also to the monograph by Meskhi [251]. Therein two-sided estimates of the
measure of non-compactness for Rﬁ“ were also given in variable exponent Lebesgue
spaces when exponents are constant outside some large interval. Also in [251] lower
weighted estimates of the measure of non-compactness for other operators (identity op-
erators, potentials, maximal functions, singular integrals) were derived. Some necessary
conditions and sufficient conditions guaranteeing two-weight inequalities for one-sided
fractional integrals were derived in Kokilashvili, Meskhi, and Sarwar [203].

This chapter is based on the papers of Kokilashvili, Meskhi, and Zaighum [205, 206],
and Meskhi and Zaighum [255, 256, 257].



Chapter 4

Two-weight Estimates

In this chapter two-weight boundedness problems for various integral operators in
variable exponent Lebesgue spaces defined on Euclidean, as well as quasimetric
measure spaces are explored. Namely, Sawyer’s type two-weight criteria for frac-
tional maximal functions .#, (0 < a < 1) defined on finite or infinite intervals
of the real line are established; modular and norm type two-weight boundedness
conditions for maximal functions and singular integrals are derived; two-weight
estimates for Hardy-type transforms defined on quasimetric measure spaces are
obtained. A part of this chapter deals with variable-parameter potentials. Here
two-weight boundedness criteria for fractional integrals with variable parameters
on spaces of homogeneous type are established.

4.1 Preliminaries

4.1.1 Some Properties of Variable Exponent Lebesgue Spaces

Let u be an a.e. positive locally integrable function on an interval J C R. We recall
the definition of a doubling weight (see also Chapter 3).

Definition 4.1. Let J be a bounded interval in R. We say that a nonnegative
function w satisfies the doubling condition on J (u € DC(J)) if there is a positive
constant b such that for all z € J and all r, 0 < r < |J|, the inequality

u(I(z —2r,x+2r)NJ) <bu(l(z —r,z+71)NJ)
holds, where the symbol u(E) denoted [ u(z)dz.
E

Lemma 4.2. Let J be a bounded interval and let 1 < r—(J) < r4(J) < co. Suppose
that r € P8(.J) and that the measure u lies in DC(J). Then there is a positive
constant ¢ such that for all f, such that HfHLT(.)(JyH) < 1, all intervals I C J and
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allx €1,

r(z)
(M(lf) /f(y)ldu(y>> <cl<ﬂ(1]) /f(y)|’"(y)du(y)> +1/.

Proof. We follow the idea of Diening [62] (see also Harjulehto, Hésto, and Pere
[124] for the analogous statement in the case of metric measure spaces with dou-
bling measure). We give the proof for completeness.

First recall that (see, e.g., Harjulehto, Hasto, and Pere [124]) since J with
the Euclidean distance and the measure p is a bounded doubling metric measure
space with finite measure y, the condition » € P°2(.J) implies that

105) e (4.1)

for all subintervals I of J.
Assume that pI < 1/2. By the Holder inequality,

r(z)
1 1 r_(I)
(m / If(y)du(y)> < (M(I) / 7| du(y)>

r(z)/r—(I)

r(a)/r—(I)

< eu(1) /-0 [; J @IVt + ;um]
I

Observe now that the expression in brackets is less than or equal to 1. Conse-
quently, using (4.1) we find that

r(z)
1 C 1—r(z)/r_(I) 1 r(y)
(M / |f(y)du(y)> < all) (mn / ) du(y)+1>

r—(=ry /ey [ 1 r(y)
< euD) (w) / 7(w) du(y)+1>

1 "
<c<M(I)I/|f(y) ( )du(y)+1>~

The case p(I) > 1/2 is trivial. O

4.1.2 Variable Exponent Lebesgue Space on Quasimetric
Measure Spaces

Let X := (X, d, p) be a topological space with a complete measure p such that the
space of compactly supported continuous functions is dense in L'(X, u) and there
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exists a nonnegative real-valued function (quasimetric) d on X x X satisfying the
conditions:

(i) d(z,y) = 0 if and only if x = y;
(ii) there exists a constant ¢; > 0, such that d(z,y) < ci(d(x, z) + d(z,y)) for all
x, Yy, 2 € X;
(iii) there exists a constant ¢, > 0, such that d(z,y) < csd(y, z) for all z, y, € X.

We assume that the balls B(x,r) := {y € X : d(z,y) < r} are measurable and
0 < pu(B(z,r)) < oo forall z € X and r > 0; for every neighbourhood V of z € X,
there exists r > 0, such that B(x,r) C V. Throughout this chapter it is assumed
that u{x} =0 for all z € X, i.e., X does not contain any atoms. Sometimes it will
be assumed that a quasimetric measure spaces (X,d, ) satisfies the condition:
there is a constant ¢g > 1 such that for all z € X and 0 < r < R < {/cy,

B(z, R) \ B(z,r) # 0, (4.2)

where
¢ :=diam (X) = sup{d(z,y) : z,y € X }.

The triple (X, d, u) is called a quasimetric measure space. Recall that if u
satisfies the doubling condition

pw(B(x,2r)) < bu(B(w,7)),

where the positive constant b does not depend on z € X and r > 0, then (X, d, u)
is called a space of homogeneous type (SHT briefly). For the definition, examples
and some properties of an SHT see, e.g., monographs by Stromberg and Torchinsky
[355], Coifman and Weiss [46], Edmunds, Kokilashvili, and Meskhi [76].

Notice that the condition £ < oo implies that pu(X) < oo, because we assumed
that every ball in X has finite measure.

We say that the measure p is upper Ahlfors Q-regular if there is a positive
constant ¢; such that pB(z,r) < c17@ for for all € X and r > 0. Further, b is
lower Ahlfors g-regular if there is a positive constant co such that uB(z,r) > cord
forall z € X and r > 0.

If 1 is Ahlfors 1-regular, then sometimes we say that p satisfies the growth
condition on X (p € GC(X)).

Definition 4.3. A measure ;2 on X is said to satisfy the reverse doubling condition
(u € RDC(X)) if there exist constants A > 1 and B > 1 such that the inequality
1(B(a, Ar)) > Bu(B(a,r)) holds.

Definition 4.4. An SHT (X, d, i) is called RD-space if u satisfies the reverse dou-
bling condition (see Han, Miiller, and Yang [119, 120]).
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Remark 4.5.

(i) It is easy to check that u satisfies the reverse doubling condition if and only if
there exist constants £ > 0 and 0 < ¢ < 1 such that forallz € X, 0 < r < 2¢,
and 1 < A< 20/r,

A p(B(z,r)) < p(B(x, Ar)).

(ii) It is known that (X,d, ) is an RD space if and only if it is an SHT and
condition (4.2) is satisfied (for the proof we refer to, e.g., Stromberg and
Torchinsky [355, p. 11, Lem. 20], Han, Miiller, and Yang [120, Rem. 1.2]). In
particular, any connected space of homogeneous type is an RD-space.

(iii) For any space of homogeneous type (X, d, i), the set

AL(X,d, ) = {x € X : p({z}) > 0}

is countable and for every x € At(X,d, u) there is r > 0 such that B(z,r) =
{z} (see Macias and Segovia [234]).

(iv) Tt is easy to check that any RD-space is non-atomic, i.e., up{z} = 0 for all
zecX.

Definition 4.6. Sometimes we will assume that a quasimetric measure space

(X,d, i) satisfied the doubling condition at a single point g € X (u € DCy(x0)),

i.e., there is a constant D > 1, which might depend on z(, such that for all r > 0,
M(B(l‘m 27")) < D,u(B(.%‘o, 7"))

Let p be a nonnegative py-measurable function on X. Suppose that E is a
p-measurable set in X. We use the standard notations:

p-(E) =infp; py(E):= SUpp; - p- = p—(X); py=pe(X);
B(z,r) ={ye X : d(z,y) <r}, kB(z,r):=DB(z,kr); Bg,:=B(z,d(z,y));

Buy = Blo.d@n) g5= /w\@

Assume that 1 < p_ < py < oo. The variable exponent Lebesgue space
LPO)(X) (sometimes denoted by LP(*)(X)) is the class of all y-measurable func-

tions f on X for which
)i= [ 15@Fdutz) < oo
X

The norm in LPO)(X) is defined as

||f||Lp(.) =inf{A > 0: I, (f/N) <1}
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Definition 4.7. Let (X,d, 1) be a quasimetric measure space and let N > 1 be a
constant. Suppose that p satisfy the condition 0 < p_ < p; < oco. We say that
p belongs to the class Py ,, where 2 € X, if there are positive constants b and ¢
(which might depend on ) such that

w(B(xz, Nr))P- B@m)=p+(B@r) ¢ (4.3)

for all r, 0 < r < b. Further, we write p € Py if there are positive constants b and
¢ such that (4.3) holds for all € X and all r such that 0 < r < b.

Further, we denote
P, =P, P:=DP.

Remark 4.8. Tt is easy to check that Py, C Pn, (respectively, Py, » C Pny.z)
whenever Ny > Ny > 1.

Definition 4.9. Let (X, d, 1) be an SHT. Suppose that 0 < p_ < p; < co. We say
that p € P°8(X, z) (p satisfies the log-type condition at the point x € X) if there
are positive constants b and ¢ (which might depend on x) such that

—In (u(Bay))

for all y satisfying the condition d(z,y) < b. Further, p € P'°8(X) (p satisfies the
log-type condition on X) if there are positive constants b and ¢ such that (4.4)
holds for all z,y with d(z,y) <b.

Ip(z) — p(y)l < (4.4)

We shall also need another form of the log-condition given by the following
definition:
Definition 4.10. Let (X, d, 1) be a quasimetric measure space and let 0 < p_ <

Py < 0o. We say that p € Plog (X, ) if there are positive constants b and ¢ (which
might depend on z) such that

p(@) —py)| < | ¢ (4.5)

= —Ind(z,y)

for all y with d(x,y) < b. Further, we write p € Plog(X) if (4.5) holds for all z,y
with d(x,y) < b.

As already noted in Lemma 2.57 in a slightly different notation, if a measure
p is upper Ahlfors Q-regular and p € P°8(X) (or p € P°8(X,x)), then p €
Plog(X )(pe P (X, x), respectively. Further, if u is lower Ahlfors ¢-regular and
pE Plog(X) (orpe 7310g(X7 z)), then p € P8(X) (p € P'°8(X, x), respectively).
Remark 4.11. It can be easily checked that if (X, d, ) is an SHT, then pu(Bg,z) =~
;L(Bmo).
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Remark 4.12. If £ < oo, then the measure y is lower Ahlfors regular. Indeed, from
the doubling condition for p it follows that there are positive constants ¢ and g,
depending only on the doubling constant, such that

R

r

et ) < o 1) i),

Taking now R sufficiently large, we conclude that p is lower Ahlfors g-regular.

Proposition 4.13. Let (X,d, ) be an SHT with ¢ < co. If p € P 5(X), then
p € P. Further, if u is upper Ahlfors regular, then the condition p € P implies

that p € P'°%(X).

Proof. Indeed, let p € Plog(X ). Then by Remark 4.12 we have that p is lower
Ahlfors g-regular for some g. Then for balls B with radii less than or equal to 1/2,
we find that

—cq

M(B>p7(3),p+(3) < C(rq)pf(B)—m(B) < or' 2t <,

where ¢; is the constant from the definition of the quasimetric of d.

Let now p be upper Ahlfors Q-regular and let p € P. Suppose that d(z,y) < b,
where the positive constant b is chosen so that yu(B) < 1, where B := B(x, 2d(z, y)).
Then | (B)

clog i1 c
p(x) = p(y)| < c(p4(B) —p-(B)) < a

logd(z,y) ~ —logd(x,y)’
Proposition 4.14. Let ¢ > 0 be a constant and let 1 < p_(X) < p4(X) < o0 and
p € P8(X) (resp. p € Plog(X)). Then the functions cp(-), 1/p(+), and p'(-) belong
to P8(X) (resp. Plog(X)). Further if p € P8(X,z) (resp. p € 7310g(X7 x)) then
ep(), 1/p(-) and p'(+) belong to P'°8(X,x) (resp. p € Plog(X7 x)).

The proof of the latter statement can be checked immediately using the
definitions of the classes P°8(X, x), P°8(X), 7710g(X7 x), Plog(X).

Proposition 4.15. Let (X,d, ;) be an SHT and let p € P. Then (u(Byy))P® <
c(u(Byz))PW) for allz,y € X with u(B(z,d(x,y))) < b, whereb is a small constant
and the constant ¢ does not depend on z,y € X.

Proof. Due to the doubling condition for u, the condition p € P and the fact that
x € B(y, ct(cs + 1)d(y, x)) we have the following estimates:

u(B(y. cules + Dd(z, )" < cpBy, eiles + 1)d(, y)PY)

[1(Bay )P <
< C(#Byr)p(y)- 0

The proof of the next statement is trivial and follows directly from the defi-
nition of the classes Py, and Py. Details are omitted.
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Proposition 4.16. Let (X, d, ) be a quasimetric measure space and let zo € X.
Suppose that N > 1 be a constant. Then the following statements hold:

(i) If p € Pn g, (resp. p € Pn), then there are positive constants ro, ¢1 and cz
such that for all 0 < r < ro and all y € B(xg,r) (resp. for all xo,y with

d(zo,y) < r < o), we have that u(B(xo7Nr))p($°) < cl,u(B(xo,Nr))p(y) <
CQ[L(B(IE(),NT‘))Z)(IO).

(ii) Let p € PN y,. Then there are positive constants ro, c1 and co (in general,
depending on xo) such that for all v (r < ro) and all x,y € B(xg,r) we have

p(B(zo, Nr)* < erp(B(wo, N7)"Y < eop(B(wo, N7)".
(iil) Let p € Pn. Then there are positive constants ro, ¢1 and cz such that for all

balls B with radius r (r < ro) and all x,y € B, we have that u(NB)P*) <
CUL(NB)p(y) < CQM(NB)p(fL’).

For the next statement we refer, e.g., to Kova¢ik and Rékosnik [213] and
Samko [318] (see also Proposition 3.8).

Lemma 4.17. Let f be a measurable function on X and E is a measurable subset
of X. Then

. E E
(i) LA < Ly (Fxe) < 1A 1Ly < 1

.. E)
(i) 11 < p<‘><fxE> LAEES L 1 asoge > 1.

(iii) The Hélder inequality in the variable exponent Lebesgue spaces has the form

[ o< (Up-(B)+ 1/6)-(B)) I woci ol eys () = Lo

(iv) Let E be a subset of X of finite measure. Then

[l oy < L+ w(EDIfll o2y gy, 1 < pr(@) < pa().

Lemma 4.18. Let (X, p,u) be a quasimetric measure space satisfying the growth
condition. Suppose that o > —1. Then there exists a positive constant ¢ such that
for all a € X and r > 0, the inequality

I(a,r,0) = / d(a,z)%dp < er®t
B(a,r)
holds.

Proof. Let 0 > 0. Then the result is obvious because of the growth condition on
w. Further, assume that —1 < o < 0.
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We have

oo

I(a,r,0) = /u{x € Bla,r) : d(a,z)? > A}dA

r? oo

p(B(er) B A A= [+ [()

I
~ 0\8 o

= 1Ya,r,0) +IP(a,r, o).
By the growth condition for p,
IW(a,r,0) <7 p(Bla,r)) < er”*,

while for I®)(a,r,0) we find that

1®(a,r,0) < c/)\l/ad)\ _ —clo+ 1>r0+1 -
o
because 1/0 < —1. .

Lemma 4.19. Let (X,d, ) be an SHT.

(i) If B is a measurable function on X such that f(x) < —1 and if r is a small
positive number, then there exists a positive constant c, independent of r and
x, such that

Blx)+1

2. r))BE) 1
sy BB@T)

(1Bay)?@dp(y) < c
X\B(z,r)

(ii) Suppose that p and o are measurable functions on X satisfying the conditions
1 <p_ <py <ooand a_ > 1/p_. Then there exists a positive constant ¢
such that for all x € X

a(z)—1)p' (z
J(x) = / (/L(B(x,d(x,y))))( (z)—1)p’( )d#(y)
s (4.6)
< C((,LLB($(), d(zo, x)))) (a(z)—1)p (:z:)+1.
Proof. (i) We have

Aly) = / (X \ B, 1) 0 {y € X : (1(Bay))®™ > A})dA
(u(B(z,r))P @ 00
() + / ()=t Ay (x, 1) + Aa(x, 7).

0 (1(B(z,r))P)
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First observe that As(z,7) = 0 for all x € X and small r. Indeed, let z € X and
A > (u(B(z,7)))P®) . We denote

Ex(z) :={y € X : (uByy)*® > \}.
Suppose that y € (X \ B(z,7)) N Ex(x). Then
1(Bay) < A\L/B(@)

On the other hand, if A\ > (u(Byy))?@), then p(By,) < A\Y/P@) < u(B(z,r)).

When y € X\ B(z,7) we have d(z, y) > r and therefore, j1(Byy) = u(B(z,7)).
Consequently, (X \ B(z,r))NEx(z) = 0 if A > (u(B(z,7)))?®), which implies that
A2 ($, 7‘) =0.

Now we estimate Aj(x,r). First we show that

p(EN) < BPAYPE), (4.7)

where b is the constant from the doubling condition for p. If u(Ey) = 0, then (4.7)
is obvious. If u(E)) # 0, then 0 < ¢y < oo, where

to = sup{s € (0,0) : u(B(z,s)) < \/P@)},

Indeed, since ¢ < oo, we have ¢y < oco. Assume now that ¢y = 0. Then E)\ = {z};
otherwise, there exists y € Ej(x), such that d(z,y) > 0 and u(By,) < A\/F@),
which contradicts the assumption tg = 0. Hence we conclude that 0 < tg < oo.
Further, let z € Ex(z). Then u(B,.) < A\Y/#) Consequently, d(z,z) < to. From
this we have z € B(x, 2tp), which due to the doubling condition yields

H(E) (@) < u(Bz,2t0)) < Pu(B(a, t0/2)) < PAVAE),
This implies (4.7). Since 8(z) < —1, we have

(u(B(,1)))" @ .
Mo [ @i PO e,

0

To prove (ii) we follow the proof of Lemma 6.5.2 in Edmunds, Kokilashvili,
and Meskhi [76]. Let a(z) > 1. Then for d(zo,y) < 2d(zg, 2) we have

(Bla,d(z,9)))*" < (u(Ble,cules + 2)d(wo, )"

< e (u(B(a, (o, 2)))) ™7 < o (u(Blao, d(wo, 7)) ™

z)—1

Consequently,

J(z) < e3(p(B(wo, d(zo, m))))(a(w)—l)p ()41
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Now let p{ < a_ < 1. Then we have
J(x) = /M(B(fﬂo,?d(xoﬁﬂ)) N{y: u(B(z,d(w,y))) @@ =DP" @ > A} )dA
0
(H(Bzoz))(a(z)fl)p’(w)
< / 1(B (20, 2d(x0, 2)))dA

0
00

. / ply  m(Bla,y)) @I > ApdA
(1(Bage)) (@@ =10
= J1(l‘) + JQ(JL‘).

Using the doubling condition for p we obtain
J1(2) < ea (u(B(xo, d(zo, x)))) “ I I
Next, let us prove the inequality
1 (Ex(z)) < bA (a(@)—~1p (@) (4.8)

for all X > p(B(zod(zo, x))) @@ =DP"(#) and z € X, where b is the constant from
the definition of the doubling condition for the measure p and

Ea(e) = {y: u(B(z,d(z,))) < A1 |,
If Ex(z) =0, then (4.8) is obvious. Let Ey(z) # () and suppose that
1
to = sup {s s w(B(x,8)) < Ale@-1p' @) }

First we show that ¢ty > 0. Indeed, if tx = 0, then Ej(z) = {z}. Conse-
quently, u{z} < A (@)D’ @) (otherwise Eyx(xz) = 0). From this inequality we
have p(B(x,s)) < Ae@-nr'@ for some s > 0. Therefore, {s > 0 : d(z,s) <
)\(a(wfl)p'(w) } # (). Hence to > 0.

Now we show that ¢y < co. From A0 @) < w(B(xg, d(zo,x))) we have

that s < d(zo,z) < a for all s with the condition u(B(zg,s)) < A -np! (@)
Hence, to < a. If u(X) < oo, then ty < oco.

Let u(X) = oo and tg = co. Then there is a sequence {t,} such that ¢,, — oo
and pu(B(xg,ty)) < Ae@-0'@) . Consequently u(X) = lim p(B(xo,ty)) < co.
n—oo
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Let z € Ex(z). Then d(z,z) < tg, i.e., 2 € B(wg,to). On the other hand,
1
w(B(z,t9)) < Ae=v2’ and we obtain

n(Ex(2)) < p(B(x,t0)) < bu(B(w,t9)) < A1 -w/ )
Inequality (4.8) is proved.
From (4.8) it follows that

Jol) <b / A0 01 AN = by (1(Brge)) ™

(1(Baga)) (@@ =Dp! (=)

z)—1)p’(z)+1

Finally we have (4.6). O

Lemma 4.20. Let (X,d, u) be an SHT. Suppose that 0 < p_ < py < oco. Then
p € P (resp. p € P1 ) if and only if p € P8(X) (resp. p € P°8(X, x)).

Proof. We follow Diening [62]. Necessity. Let p € P and let z,y € X with d(z,y) <
¢o for some positive constant c¢y. Observe that z,y € B, where B := B(z, 2d(x,y)).
By the doubling condition for u we have that

(M(Bzy))*lp(@*p(y)l <C(('LLB))*\19(13)711(9)\ gC(M(B))zﬂf(B)ﬂu(B) <C,

where C' is a positive constant greater than 1. Taking now the logarithm in the
last inequality we have that p € P°2(X). If p € P(1,z), then the same argument
shows that p € Pl°8(X, x).

Sufficiency. Let B := B(xzg,r). First observe that if z,y € B, then p(Bgy) <
cu(B(zo,7)). This inequality and the condition p € P'°8(X) yield that

C
lp—(B) —p+(B)| < —In (CO/L(B(:E[MT))).

Further, there exists ro such that 0 < rg < 1/2 and

oo m(u®)
'S (con(B))

X 62,

where ¢; and co are positive constants. Hence

C

(,u(B))p’(B)_p*(B) < <,U(B)) In (CW<B))

o Cln (u(B))
=e (), («:ou(B))) =
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Let now p € P'°8(X, z) and let B, := B(z,r), where r is small. We have that
B,) —plx) < ¢ and p(x) — p_(B;) < ¢ for some
p+( ) p( ) —1In (cou(B(aL‘,’r'))) p( ) p ( ) —1In (CoM(B(J),T')))
positive constant cy. Consequently,
_ T)— B _(Bg)—p(x
—2c
< C(M(Ba;)) —In(eonBa)) L (. O
Lemma 4.21. Let (X,d,p) be an SHT. Suppose that there is a point xo € X such
that p € P8(X,xq). Let A be the constant introduced in Definition 4.3. Then

there exist positive constants ro and C' (which might depend on xg) such that for
all r, 0 < r < rg, the inequality

((Bp))P-Ba)—p+(Ba) < ¢
holds, where By := B(xo, Ar) \ B(xo,r) and the constant C is independent of r.

Proof. Let B := B(xg,r). Taking into account that (X, d, i) is also RD-space, we
have that u(Ba) = u(B(zo, Ar)) — u(B(zo,)) > (B — Du(B(wo,7)) > cu(AB),
Suppose that 0 < r < ¢, where ¢q is a sufficiently small constant. Then we find
that

(M(BA))pf(BA)—PJr(BA) < C(M(AB»P—(BA)—IH(BA)

gC([L(AB))pi(AB)ier(AB) <ec. 0

In the sequel we will use the notation:

L[ Bl A e i <o,
bR (xo,Ak Ve) if f=o0
B(
B(zo

xo, A"T2¢,0)\ B(wo, A¥ "M /e;) if f<oo,
Ak+2Ct) \ B(a’,‘o7 Ak 1/Ct) if /=

e {X\B(xo,Ak“Ect) if £ < oo,

’ X\ B(xg, A¥2¢,)  if L=o0
. {B(xo,Ak+1£)\B(xo,Ak£) if ¢ < oo,
B(zo, A¥1)\ B(xg, AF)  if (=0

where the constants A and ¢; are taken respectively from Definition 4.3 and the
triangle inequality for the quasimetric d, and ¢ is the diameter of X.

Lemma 4.22. Let (X,d, ) be an RD-space and let 1 < p_(z) < p(z) < q(z) <
q+(X) < oo. Suppose that there is a point xg € X such that p,q € Plog(X ,T0).-
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Assume that if £ = oo, then p(xz) = p. = const and q(x) = g. = const outside
some ball B(xg,a). Then there exists a positive constant C' such that

Z | FXTa 1 ”LP() ||9X12 wll arc (X)X < Ol fllzec >(X)H9||La ()(X)
k

for all f € LPO)(X) and g € LY ) (X).
Proof. Suppose that ¢ = co. To prove the lemma note first that
p(Ex) ~ p(B(xo, A¥)) and  p(lox) = p(B(zo, A¥1)).

This holds because p satisfies the reverse doubling condition (see Definition 4.3)
and, consequently,

p(Ex) = p(Blao, A1)\ Blao, AY)) =
Ak

= ,u( (l‘o,AA )) (B(CC(),
= (B = )u(B(xo, AF)).

(0, A1) = p(B(zo, AY))

w(B
)) > B ( (x()vAk)) - :U’(B(x(hAk))

Moreover, the doubling condition yields p(Ey) < u(B(xo, AA)F) < cu(B(zo, AF)),
where ¢ > 1. Hence, ju(Ex) ~ p(B(zg, A¥)).
Further, since we can assume that ¢, > 1, we obtain

w(loy) = (B(xo AR \B(fovAk*l/Ct))

= u(B(zo, A" ?¢t)) — p(B(xo, A1 /cy))
= (B, AA"  ey)) — p(B(xo, A cy))

> Bu(B(wo, A" ey)) — p(B(wo, A /cy))
> B?u(B(wo, A" /e1)) — u(B(wo, A1 /e))
> B*u(B(wo, A /er)) — p(B(xo, A" /cy))

= (B® — )uB(z0, A¥"1/cy).
Moreover, using the doubling condition for p we have that
p(L2x) < p(B(xo, A ?r)) < eu(B(wo, A¥ 1)) < ¢ u(B(ao, A" ey))
< Eu(Blao, A er)).
This gives the estimates

(B® = 1)u(B(xo, A* " /er)) < plIa ) < Pp(B(wo, A ey)).

For simplicity assume that a = 1. Let mg be an integer such that A";TI > 1.
We split the sum as follows:

S x oo - Noxm o = 20 () + D0 () =i+ .

i i<mgo i1>mg
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Since p(x) = p. = const, ¢(x) = g. = const outside the ball B(zg, 1), Holder’s
inequality and the fact that p. < g. show that

Jo = Z ||fX12,i

1>mo

Lre(X) * l9X12., Lo (x) S C”f“LP(')(X) : ||gHLq’(')(X)-

Let us estimate Ji. Suppose that || f[[zrc)(x) < 1 and ||gflporcr(x) < 1. By
Proposition 4.14, 1/q¢' € PY“8(X, x¢), which, together with Lemma 4.20 shows

1 1 1
that p(Tox) 20 & xn o) & (lr) =50 and p(he) %020 =
1

||X127k||Lq/(,)(X) A ,u(fz,k) 7~ where k < mg. Further, observe that these esti-
mates and the Holder inequality yield the following chain of inequalities:

1836l * 19X el
<y T e (@) dut)

B<mo g dmotty ||X12,k||L‘1(')(X) ’ HXIz,k||Lq’(~>(X)

B (@) dp(z)

=cC

Z fofz,kHLP(')(X) ) ||gX12,kHLq'(')(X)
B(zg,Amo+1) k<mo HXIQ»’“HLQ(')(X) ' HXI?,’»"HL‘ZI(')(X)
Z ||fX12,k:||LP(')(X) )

XX XE, T
X1 ||La(->(X)

k<mo LaC) (B(wo,A™0T1))

||9XI, HLq'(-) X
SO O (@)

k<mo XLkl Lo (x)

=:¢S1(f) - Sa2(9)-

L") (B(ao, A™0+1))

Now we claim that S1(f) < cI(f), where

I(f) =

XE (")

Z ||fX12,k:||LP(')(X)

k<meo ||X12k||LP(')(X) Lr() (B(zo,Am0+1))

and the positive constant ¢ does not depend on f. Indeed, suppose that I(f) < 1.
Then using Lemma 4.20 we have that

/ 1 Fra I, e ()

Xl Lo (x p(x)
S / ( Z o ( )XEk(z)) du(z) < c.

XI 8
B(z,Amo+1) k<mg ” Q,k”LP (X)

Consequently, since p(r) < q(x), Ex C Iz and || f| r»c)(x) < 1, we find that

//\

/uthkuz;% dp(z) /uthkum dp(z) <c.

k<0
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This implies that S;(f) < ¢. Thus the desired inequality is proved. Further, let us
introduce the function
=> pi(L2k)XE ()
k<2

It is clear that p(y) < P(y) because Ejy, C I . Hence,

> X100 |l ro ()

k<mo X 11 HLP(~>(X)

I(f) <e

LW(')(B(CE(),A7”0+1))

for some positive constant c. Then by using this inequality, the definition of the
function P, the condition p € P'°8(X) and the obvious estimate ||xy,,, | 1;(1;2( ’”)) 2
cp(Iz,r), we find that

||fXI ||LP(')X P()
/ < Z o ( )XEk(:r)> du(z)

B(zg,A™0t1) k<mo ” 2,kHLP (X)

k)
||fX12k:‘ L ()
_ PO(X)
B / Z x ||P+(12 k:) XEk(w))dﬂ(w)
B(zg,A™0+1) k<mo T2k Lr()(X)

v+ (I2,k)

1 X1s, 1117
< (Z ne) )XE’“(“)>d“ )

<
B(zq,Amo+1) k<mo

I
<e Y I xn 50

kém()
<o Y [ @) <0/\f P Odu(z) <
k<’m0I,k

Consequently, I(f) < ¢ f|lpre)(x)- Hence, S1(f) < ¢l f|| L»¢)(x)- Analogously
taking into account the fact that ¢’ € P°8(X, z¢) and arguing as above we find
that S>(g) < ¢f|gll o) (x)- Thus summarizing these estimates we conclude that

>

i<m0

"Ox) S CHfHLp(-)(X)HQ”Lq’(-)(X)- U

Lemma 4.23. Let (X, d,v) be a quasimetric measure space and let s be a constant
satisfying the condition s < —1. Suppose that the measure v € DCy(xg), where xg
is a fized point of X. Then there exists a positive constant ¢ independent of r such
that

A(xg,r) := / (y( 101)) dv(y) < c(v(B(zo,7)))* .
X\B(zo,r)
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Proof. The proof is similar to that of part (i) of Lemma 4.19 but we give it for
completeness.

We have

oo

A(zg,r /V (X \ B(zo,r)) N{z € X : (W(Bgyz)® > A}))dA
0
(v

(B(wo,m)))* o0
(>+ / (): Al(l‘o,r)—FAg(.’Eo,’l").

0 (v(B(zo,7)))*

First observe that As(zg,r) = 0 for all small 7. Indeed, let A > (vB(xq,7))*. We
denote

Ex(z0) :={z € X : (W(Bzoz))® > A}

Suppose that z € (X \ B(zo,7)) N Ex(20). Then v(By,.) < A5 On the
other hand, if A > (V(B(l‘oﬂ”)))é, then v(Byyz) < AY* < v(B(xo,7)).

For € X \ B(xo,r), we have that d(zg,z) > r and therefore, v(By,z) =
v(B(zg,7)). Consequently, (X \ B(zo,r)) N Ex(z¢) = 0, whence As(xg,r) = 0.

Now we estimate Aj(xg, ). First we show that
v(Ex(zo)) < b2AY/*, (4.9)

where b is the constant from the doubling condition for v. If v(Ex(x¢)) = 0, then
(4.9) is obvious. If v(E)) # 0, then 0 < ¢y < 0o, where

to = sup{s € (0,£) : v(B(zo,5)) < \'/*}.

Indeed, since ¢ < oo, we have that tg < oo. Assume now that ¢ty = 0. Then
Ex(z0) = {x0}; otherwise there exists © € E\(zg), such that d(zg,z) > 0 and
V(Byyz) < A/ which contradicts the assumption ¢ty = 0. Hence, 0 < tg < 0o.
Further, let z € Ey(z¢). Then v(By,.) < A\/s. Consequently, d(xo,2) < tg. From
this we have z € B(xg, 2tg), which due to the doubling condition for v at x( yields
that

V(E)\(I’O)) < V(B(I’O7 2t0)) < b2V(B(I’0,t0/2)) < b2)\1/s.
This implies (4.9). Since s < —1, we have that

(vB(zo,r))°

Aq(zg,r) < / v(Ex(zg))d\ = b’

1 +S(V(B(xo,1")))‘(”"'1. O
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Lemma 4.24. Suppose that (X, d, ) is an SHT such that ¢ < co. Assume that s is
a function satisfying the conditions 1 < s_ < sy < 0o and s € P°8(X, x¢), where
xo 1s a fized point in X. Let B be a constant satisfying the condition § < —1/s_.
Then there are positive constants ¢ and ro such that for all v, 0 < r < rg, the
inequality

B+1/s(wo)
Ny 3(30) = X3\ Bo.r) (@) (#(Baga)) | oo ) < ((Bao, 7))

holds.

Proof. We follow Samko [318]. It is enough to consider the case when N, g(x¢) > 1.
By the definition of the norm || - || s,

L {(quow)ﬁ

s(z)
Nty | o)

X\B(zo,r)

Let us denote:

ET(QO ={z € X :r<d(xo,x) <b, ((Bzoz))’ > Ny s(z0)},
EQ) ={xe X :r<dxo,x) <b, (1(Bue))’ < Nps(20)},

where b is a sufficiently small positive constant. Hence,

1= / {(#(Bmom))B]S(m)du(x)+ / [(M(Bzom))ﬁr(m)d#(x)

Ny p(z0) Ny g(z0)
B, B,
mwmnwr@
+ du(x) =: I{ + Iy + Is.
ey |t =

X\B(zq,b)
For I, we have that

s / FMBMQWTWF$NFMBMJW

s(xo)
du(z).
N, (z0) Mw@d] )

Observe that the condition s € P8(X, z) yields for d(xo,z) < b,

’ n {(M(wa))ﬁ]sms(mo)

Ny (o)

= |s(z) — s(zo)|| In [(ﬂ(BzOz))ﬁ(Nr,B(x[)))1]’

In (4(Bz,2)” = n (N 5(20)
ln (/I’(BIOI))

K C

’gc’



236 Chapter 4. Two-weight Estimates

where the positive constant ¢ does not depend on z. Hence, by using this estimate
and Lemma 4.23, we conclude that

B < el * [ (B )
X\B(zo,r)

< C(Nf'ﬁ(mo)) —s(z0) (u(B(xo, 7‘)))5(%)6"‘1,

Taking Lemma 4.23 into account we obtain for Is that

(M(Bzoz))ﬁ s_
s / [ Nr,s(xo) } du(w)
r<d(zo,z)<b
— c . )
— (Ny(@o))*- <d(/)<b (M(onw)) dp(z)

o (u(B(xg, 7))L

(Nrg(20))""

<

It remains to estimate Is. By Lemma 4.23,

c

s(z)pB T
I3 g (NT»76(.'17[)>>87 (/I’(BZL’O?L’)) dlu‘( )
d(xo,x)>b
¢ Bs—du(x ¢ .
S Wty [ PPrTAEN S ()

d(xo,x)>b

Summarizing these estimates we find, for all 0 < r < b, that

'S (NT‘B(;O>>S($U) (/L(B(f(),T)))S(IO)ﬁJrl + (NT,ﬁ((;O))s, (/L(B(%),T)))LLBJA

T (Npp(@o))

Now we show that since 5 < 0,

{(MB(%,T))W]S § C[(M(B(xoﬂ”)))ﬁ]s(w(]). (4.10)

Ny g(0) N, p(0)

This follows from the fact that

(u(B(x0,7)))”

>c>0.
Nr,ﬁ(fr())
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To show the last inequality observe that

|- |:(H“(Bmoz))ﬁ:|8(w)d/},(x>

Nz g(zo)
X\B(zo,r)

< (T LT e

o (45 () )

It S(,Brsz‘é;;])))) > 1, then nothing is to prove. If * (BT$Z?;:O))))B < 1, then

(M(B(fﬂmr)))ﬁ)s
N 5(20) '

This completes the proof of (4.10) and hence of the lemma. O

1<2M(X)(

4.1.3 Carleson-Hormander Inequality

Let k € Z and let A, = 27FZ" be the lattice formed by those points in R” whose
coordinates are integer multiples of 27%. Let D*)(R™) be the collection of the
cubes with side length 27% and vertices in A*. Let D(R") = |J;,c, D*)(R") be the
set of all dyadic cubes in R".

The main property of the dyadic cubes is that if |Q’] < |Q|, then Q' C Q or
Q'NQ = 0. BEach Q € D®) is the union of 2" non-overlapping intervals belonging
to DD (R™) (for details and some properties of the dyadic intervals we refer, for
instance, to Garcia-Cuerva and Rubio de Francia [98, p. 136]).

The next statements give sufficient conditions guaranteeing the validity of
Carleson—Hoérmander type (Carleson [40], Hérmander [136]) inequalities.

Proposition 4.25 (Sawyer and Wheeden [339, Lem. 3.20]). Let s be a constant
such that 1 < s < 0o and let u > 0 on R™. Suppose that {Q;}ica is a countable
collection of dyadic intervals in R™ and that {a;}ica,{bi}ica are sequences of
positive numbers satisfying the conditions:

i) [u<a forallie A;
Qv

(ii) > bj < ca; for alli € A.
{1€A:Q; CQ;i}
Then there is a positive constant cs depending on s such that the inequality

(;b ( / Yu(a )dx) )1/8 ch<RZQS(x)u(x)d:c>l/s

holds for all nonnegative functions g.
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Corollary 4.26. Let 1 < s < oo and let u be a nonnegative locally integrable
function on R™. Suppose that {Q;}ica is a sequence of dyadic cubes in R™ and
that {b;}ica is a sequence of positive numbers satisfying the condition

Yo b <cu(@)

{j€A:Q;CQ:}
Then there is a positive constant ¢ such that for all nonnegative functions g the
inequality
1 B 1/s
Zbi( /g(x)u(x)dx) <c /gs(x)u(x)dx
i€EA U(Qi)Q, Rn
holds.

Definition 4.27. We say that the measure p satisfies the dyadic reverse doubling
condition on R™ (or belongs to the class RDC(d)(R")) if there exists a constant
d > 1, such that for all dyadic cubes @ and Q’, Q@ C Q’, |Q| = @]

on

Q') = ou(Q).

Definition 4.28. Let J be a bounded interval in R and let D(J) be the set of all

dyadic subintervals of J. We say that u € RDC(d)(J ) if there exists a constant
6 > 1 for which

p(I') = op(l)

for all dyadic sub-intervals I and I’ of J (i.e., I, I' € D(J)) satistying the condition
1=

Remark 4.29. When we deal with the class D(J), it is assumed that J is itself
dyadic.

The following statement is a special case of the Carleson-Hormander type
inequality (see, e.g., Sawyer and Wheeden [339], Tachizawa [357]).

Proposition 4.30. Let 1 < p < r < co. Suppose that the weight pP € RDC’(d)(]R”).
Then there exists a positive constant C' such that for all nonnegative f the inequal-

ity
e - r/p
3 ( pp’(x)dx> ( f(y)dy) <C( (f(fv)P(fﬂ))”dx>
\ o) <\

QeD(R" 0 R

holds.
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4.2 A Sawyer-type Condition on a Bounded Interval

Let J be bounded interval in R and let

(A 1)) = s 0 a/\f dy, e

IBI

where z € J and « is a constant satisfying the condition 0 < a < 1.

Theorem 4.31. Let 1 < p_ < p(z) < py < oo and let the measure dv(x) =
w(z) ™" @ dzx belong to DC(J). Suppose that 0 < o < 1 and that p € PY5(J).
Then the inequality

[o() A Fll ooy < ellw) F O e ()

holds, if and only if there exist a positive constant ¢ such that, for all intervals I,
IcJ,

/(v(m))p(w) (A (w(-) 77 Oxg)))P P < C/w_p/(“")dx < 00.

I I

Suppose that R is an interval in R and let us introduce the dyadic maximal
operator

() ) = sup 1117 [ Iflay,
IGD(R) T
where 0 < o < 1 and D(R) is the dyadic lattice in R.

To prove Theorem 4.31 we need the following statement:

Lemma 4.32. Let R be a bounded interval on R and let J be a subinterval of R.
Suppose that o(x) = w P @) belongs to the class DC(J) and that p € P&(J),
where 1 < p_(J) < p(x) < py(J) < oo. Let 0 < o < 1. If there is a positive
constant ¢ such that for all intervals I, I C J,

/(v(x))p(’”) (///(gd),R(XI(.)a(.)))p(m)(x)dx < c/o(x)dm < 00,
1

I

then the estimate
o)A E R (xa ()poer ) < ellw()FO Lo ()
holds.

Proof. We use the idea of E. Sawyer. Suppose that \|f\|Lp(.>(J) < 1 and let f; :=
xJf- Consider the set

Je={zeS: 2" < (#DEf)(x) <2, kel
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Suppose that for k, J, # 0, {I]’f} is a maximal dyadic interval, Ij’-c C D(R), such
that

1
i [ 10> 2" (411)
! I*
J

It is obvious that such a maximal interval always exists. Now observe that
(i) {I}} are disjoint for fixed k;
(ii) Jp={zeS: (MIf)(x)> 2"} = Uj Ik,
Indeed, (i) holds because if If' N IF # 0, then I} C I} or IF C If. Conse-
quently, if IF C I Jk , then I Jk is maximal interval for which (4.11) is fulfilled.

To see that (ii) holds, observe that if « € J, then ://Zo(ld)’Rﬁ(x) > 2% Hence,
there is a maximal dyadic interval I ]k containing x such that (4.11) holds for I Jk .

Now let & € [JIF. Then x € I} for some jo. Hence, (///éd)’Rfl)(x) > 2k because

J
(4.11) holds for IF .
Denote
Ef =1"\{z e SV fi(x) > 2"}

Then Ef = I¥ (1 J;. Indeed, if & € EY, then z € I¥ and 28" f1(x) < 2841,
Hence, by (4.11),

2% < |1Fje / Fu(y)ldy < O () < 25

I*
J

This means that 2 € IF N J. Now let z € I} N .J;. Then obviously M f (z) <
2k+1 . Consequently, € Ejk
Observe that {E]’f } are disjoint for every j, k because, as we have seen,
EY ={z eIl 28 < (VEfi(z) <281}
Also, EF C IF. Assume that [|w(-) f1(-)]| () (g) < 1. Denote
V1 ‘= UXJg, O01:=0XJ.

By the above arguments and using Lemma 4.2 with 7(-) = p(-)/p— and the measure
du(z) = o(x)dz, we have that
@ (@R ' @ (_yanr p \"@
(0(@))"@ (A R]) T @)de = [ (o1 (@) (DT R)T (@)
J 5
)

p(z
1
< § :/(vl(x))p(z)Q(k“)p(m)dm < c§ :/(vl(m))p(“") <|Ik1a /fl(y)|dy> dx
' Ik gr o
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o) E/ <v1<x))p<”(ﬁf?f))p(z)( (I’“lﬂJ)/ . ) "
c§¥<vl<x>>p<w>(U%Zk?;j))p(w)( (IklmJ)]/ . ) i

5 oo (DY) o 1 o)
(e ()

= c(ZA? —&—ZBJ’»“).
J.k gk

Notice that the sum is taken over all those j and k for which o(I} N.J) >0
To use Corollary 4.26 observe that

oo o(If nJ)\ P
Z /m ‘[k|1 a dzx

I’“CI Ek
IF.I;€D(R)

< / (v1 (z))P@ (///(Ed)’R(XImJU))p(w) (z)dx

I;
<c / o(x)dx = c/ol(x)dx.
LnJ I;

Now Corollary 4.26 implies that

o(IF N J)\P@
= vy ()@ J x
>4 Z(E/< (i) d>
o -
U1(?J>dy>

/\fl )P @ g (z dx—c/|f1 PE wP @ de < e.

fi (y)
a(y)
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For the second term we have that
NN
S 5=3 [ (L) e
J.k J.k oL J
p(z)
<X [ (a0 @)do
gk

= /(U(I))p(r) (///éd)vR(Xl]on(x)(x)d:c < c/o(x)dm < 00.

J J

Finally we conclude that
() (A5 1) Ol woer (g < €

for lw(-) fF( ) zeerry < 1. 0

Proof of Theorem 4.31. Sufficiency. Let us take an interval R containing J. With-
out loss of generality we can assume that R is a maximal dyadic interval and that
|J] < “gl. Further, suppose also that J and R have one and the same centre.
Without loss of generality, assume that |R| = 2™° for some integer mg. Then
every interval I C J has length |I| less than or equal to 27073, Assume that
|I] € [27,2771) for some j, j < mo — 4. Let us introduce the set

F={te(—2m4 2m~%): thereis I, € D(R)—t,] C I; C R, |I,| = 2/*1}.

A simple geometric argument (see also Garcia-Cuerva and Rubio de Francia [98])
shows that |F| > 2mo—4,
Further, let

RDI1 >z

1
Epa) = s, [IAL te R
LeD(R)—t Iy

where f; = xsf. Then for x € J there exist I > x, I C J, such that

1 [18]> St 1)@,
I

For the interval I, we have that |I| € [27,271), j < mg — 4. Therefore, for t € F,
there is an interval I, I; € D(R) —t,I C I; C R,|I1| = 2771, such that

— C
et [1al< g [ 1AL
I Iy
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Hence,
() [)(@) < (Ko f1) (@), for every t € Fiu € J,

with the positive constant ¢ depending only on a. Consequently,

Vi ¢ T
(A" [ \F\/thl ‘ (0, 2m0—4)| / (Kif1)(x)dt

1(0,2m0—4)

Suppose that [[w(-)f(-)[z»¢)(sy < 1. Then by Lemma 4.32 we have that

S, = / (0(@)P® (K, 1) ()" de

J
p(z)
. 1
— @y sw o 1) de
RDI 3z |Il| .
J LeD(R)—t I
p(z—t)
= /(vt(m))p(w_t)< sup Il|a_1/XJ(S—t)f1(S—t>dS> dx
RDOI1 >z
J+t I,€D(R) Iy
pi ()
— /(vt(x))pt(z)< Isup |11“1/X!1+t(s)f1(5t)d5> dz
J+t Ilelng) I
pt(x)
= /(vt(x))pt(z) (///(Ed)’R(XJH(‘)fl(‘ — t))) dx < ¢,
J+t

provided that

[ @) @it = 0o = [ wia)ipa)rds < 1.

J+t J
where v, (x) = v(z—t), w(x) = w(z—t), pi(x) = p(x—t). To justify this conclusion
we need to check that for every I,I C J +t,

/ (v ()7 @) (///éd)’R(thI)(x)>m($)dx <e / o(z)dz < oo,

I I

where the positive constant c is independent of I and ¢. Indeed, observe that

/ (vy(z))P* @ (///(gd)’R(atXI)(x))pt(x)dx

T
pe(z)
:/(vt(m))p‘(“)< Isup |Ila_1/X[(S>O'(S—t>dS> dx
12T
1

IeD(R) I,
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pi ()
:/(Ut(:c))pt(z) sup |I —t[*7! / XI(5+t)0(5)d5> dx

I —t3x—t
I I,eD(R) It
p(x)
= /(v(x))p(z)( sup I1|a1/XIt(S)O'(5)d5> dx
I—t 116%(31§’f)7t I

N

[ 0@ (4 0u0)) " @da < [ olw)do
/

or(x)dr < oo.

Further, let g € LP'()(J) with lgllercr () < 1. Then

/ (A f)(@)o()g(x)de

J

1
< J/ (|1(072’rn0—4) / (th1)(x)dt> U($)9($)dx

1(0,2m0—%)

1
s [1(0,2mo=4)] / (/(thﬁ(x)g(x)v(x)dx) dt

1(0,2m0—4) J

1
< oameny | IR0 0l ot <

1(0,2m0—4)
provided that HfHLfJ"(J) <1

Finally, we conclude that H(e//l(g’j)f)vHme(J) < cif [ fwll gy < 1.
Sufficiency is proved.

Necessity. Let f1(t) = x7(t)w™? @ (t). Suppose that 5 = Hw_1(~)\|m/(.)(]) < 1. We
have that

[o O FPO O ooy 2 I Oo) (287 (w0 OCxa () Ol oo () = A-

Hence, by the boundedness of .4 and (4.1) for » = 1/p (recall that the measure
dv(z) = w(z) " @) dz satisfies the doubling condition and 1/p € P8(.J)), we find
that

A= HXI(')U('>«//4§J) (w_p/(.)(.>XI(.))(.)HLP(')(J)

< cHw(~)w*pl(')(')XI(')Hme(J)



4.2. A Sawyer-type Condition on a Bounded Interval 245

Lpe(D)
< c( / WP @F() ()0(@) (x)dx>

T
, Pfl(f)
< E( /w*p @) (az)daz) <ec.
T
On the other hand,

Az H ;XI(')U(')‘%OEJ) (w"’/(‘)XI('))(')‘

LP(')(J)

>c ( /(E)*p(m) (v(z))P™ [///(EJ) (wipl(')xf())} (x)dx> o

> Cl /(U(JJ))P(x) <%(5J) (w_p/(‘)XI(-)) (x))p(z)dxl p_(D) |

1

Combining these inequalities we conclude that

-r'(: Nz p(:r)x\c w? ®)(2)dz < co.
[y (4 @) / @) (a)dar <

I

Suppose now that 5 > 1. Let us take

~w P O(t)x(t)
Then
1w O ) xr ()l poe 1y
B

Arguing as above we have the desired result. It remains to show that

1f1Cwleo ) = <L

A= /w_p/(”“') (x)dzx < oo.
7

Suppose that A = co. Then Hw_l(')HLp'(-)(J) = 0o. Hence, there exists a function
95 1191l Le¢r gy g = 0, such that

[ stern @yds = .

J
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Let f(x) = g(x)w™ (). Then

(OIEZREI0) ( Ju )vaw-l\ oy =
J
while
| fwll Lrer gy = lgllLecr sy < 0. U

Corollary 4.33. Let J be a bounded interval and let 1 < p_(J) < p(z) < p+(J) <
oo and let 0 < a < 1. Assume that p € P°8(J). Then the inequality

Hv()(’//ly)f) HLP()(J) llFllzeer oy (4.12)

holds if and only if

1
sup /(v(x))p(m) 11]°P@) dz < oo.
rica ||

Proof. Sufficiency. By Theorem 4.31, it is enough to verify that
(A Dxr)(z) <|I|* for  zel

This is true because of the following estimates:

sup \S|a_1/><1< sup \Sﬂ[\“‘l/dm: sup |SNI|®=]|I".

5,8CJ EIVET: EISVET:
S3z s 5CT snI scJ
Necessity follows by choosing the appropriate test functions in (4.12). O

4.3 A Sawyer-type Condition on an
Unbounded Interval

Now we derive criteria for the validity of a two-weight inequality for the following
maximal operators:

1
(af )@ =sp L [ Il
h>0
(z—h,z+h)NR4

and
x+h

(2@ 5) @) =smw L, / T wldy.

h>0

where 0 < a < 1.
In the sequel we will assume that v?()(-) and w=?'()(-) are a.e. positive locally
integrable functions.
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Theorem 4.34. Let 0 < a < 1, 1 < p_(Ry) < p < p+(R4) < o0 and let p €
P8R, ). Suppose that there is a bounded interval [0,a] such that w=? ()(-) €
DC(]0,a]) and p = p. = const outside [0, a]. Then the inequality

[0 fll oo,y < Nwfllzeor @y

holds if and only if there is a positive constant b such that for all bounded intervals
I CRy,
0.2 (w™ x| ooy < ellw ™ O pocy 1y < 0. (4.13)

Proof. Sufficiency. Suppose that ||wf|| ) g, ) < oo. We will show that
H’l’///(gRJr)”Lp(-)(ﬂh) < 00.

Represent ME f(z) as follows:

MED (@) = X100 (@) AT (f - X[0,01) (@)
+ X10.0) (2) A (£ X(0,00)) (@) F X(a00) (@) A8 (f - Xpo.0)) ()
+ X(asoo) @) AT (f  X(aroo)) ()
= M [ (@) + MD [ (@) + AP [ () + AP [ ().
Since |wfl|re)(r,) < 00, we have that [[wf|| Ls¢)([0,a) < 00- Applying now Theo-

rem 4.31 we find that \|v%§1)f||Lp<-)(R+) < 0.
Further, observe that

z+h

/ f(y)ldy < (25 f)(a) < oo.

a

M [(@) < sup
h>a—x

Hence,
[0 fll oo sy < (AFD F) (@) - vl Lo (0,07 < 00-

Let us use the following representation for V% f(z):

(AP ) (@) = X(ar2a) (@)D (f - Xp0.01) (%) + X(20,00) (@) A (f - X[0.0]) ()
(M 1) (@) + (MP ) ().
It is easy to check that for = € (a,2a],

(M F) (@) < sup / FW)ldy < (AFDf)(a).

h>x— a(a’_x—"_h

Consequently,

1035 P @) < Il e (o) (A5 ) @) < 0,
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because v?()(-) is locally integrable on R . Further, for 2 > 2a,
(PN @ <, i [Vl
« (x —a)l—«
0

Hence, by using the Holder inequality in LP() spaces, we find that

WA <‘ v [ 11y
LPO(RY) (x—a)l=|| . ((2,1700)) J 7 w)l
v(z) -1
] [P e () v (o) 1 v 0
— 1L, I

Since Iy < oo and I3 < 0o, we need to show that I; < co. This follows from the
fact that condition (4.13) yields

|‘v//2a(w_(pC)IX1)|| )/(')XI(')HLPC((M,OQ))’ I C (2a,00),

(4.14)

Lrc ((211,00)) <

where ./, is the maximal operator defined on (2a, o0) by

= 1
(///af)(:c) = sup Ji-o
h>0
(2a,00)N(x—h,x+h)

[ (y)|dy.

Using the result of Sawyer [337] (see also Garcia-Cuerva and Rubio de Francia [98,
Chap. 4]) for Lebesgue spaces with constant parameter, we see that (4.14) implies
the inequality

Hv//ZafHch ((ga,m)) S chwHch ((ga,m))'
Since .
_ 1
Aaf@ > i [y for a2
2a

we have that for the Hardy operator
(@ = [ f0d, 2>
2a

the two-weight inequality

o) = H S o) <) @19)
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holds. Let us recall (see, e.g., Maz’ya [249, Sec. 1.3]) that a necessary condition
for (4.15) is that

o ( 7 [(x v(5)>1a]pcdx> ( j wl‘“’c)’(x)dx) - <~

2a
Hence,
o0 ( ) Pe 3a 00
v(x
de = [ (-
[0 = feo+ e
2a 2a 3a
3a oo ( ) Pe
a—1 De v ‘
<a /(v(y)) +/ {(m—a)l—“} dzx < oo.
2a 3a
It remains to estimate I := Hy///;“)f”Lp(.)(R”. But I < oo because of the two-

weight result of Sawyer [337] (see also Garcia-Cuerva and Rubio de Francia [98,
Chap. 4]) for the maximal operator defined on (a,c0) in Lebesgue spaces with
constant exponent. Sufficiency is proved.

Necessity follows easily by taking the test function f(-) = x(-)w™? )(-) in

the two-weight inequality for ///SR*). O

The next statement follows in the same way as the previous one; therefore
we omit the proof.

Theorem 4.35. Let 0 < a < 1,1 < p_ < p < py < oo, and let p € P8(R).
Suppose that there is a positive number a such that w= )(-) € DC([~a,a]) and
p = pe. = const outside [—a,a]. Then the inequality

||U«//f(£R)f||Lp<->(R) < waHLP(')(R)v

holds if and only if there is a positive constant b such that for all bounded intervals
I CR,
0.t (w=P (')XI)”LM-)(R) < cflw' P (')HLP(-)(I) < oo.

4.4 Hardy-type Operators on Quasimetric
Measure Spaces

Our aim now is to derive modular type two-weight conditions for the operators

Tyuf(a /f i(y) and T, @ [ e,

X\Bage
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Let a be a positive constant and let p be a measurable function defined on
X. Let us introduce the notation:

o ) _ | po(=) if d(zo,x) < a,
po(ﬂf) T p*(Bzoz)a Po(x) T { Pe = const if d(.’1307.’17> > a,
— IR B 215 if d(zo,2) < a,
pl(x) =Pp- (B(:co,a) \Bmom) ) pl(x) T { Pe = const if d(.’1307.’17> > a.

Remark 4.36. If we deal with a quasimetric measure space with ¢ < oo, then we
will assume that a = £. Obviously, po = pg and p; = py in this case.

Theorem 4.37. Let (X,d, 1) be a quasimetric measure space. Assume that p and q
are measurable functions on X satisfying the condition 1 < p_ < po(z) < q(z) <
q+ < oo. In the case when ¢ = oo suppose that p = p. = const, ¢ = q. = const,
outside some ball B(xo,a). If

A; = sup / (v(az))q(m)<
0<t<e

. #0)/ (@)
wP) (””)(y)du(y)> dp(z) < oo,
t<d(xo,x)<L d(xzo,z)<t

then T, ., is bounded from LPC)(X) to L10)(X).

Proof. First we notice that p_ < po(x) < p(x) for all z € X. Let f > 0 and let

L,y(f) < 1. First assume that £ < oo. We denote

/ F)w(y)du(y) for s € [0,4].

d(zo,y)<s

Suppose that I(f) < co. Then I(¢) € (2™,2™ %] for some m € Z. Let us denote

sj = sup{s : I(s) < 27}, j < m, and sp41 := £. Then {s }"HOQ is a non-

decreasing sequence. It is easy to check that I(s;) < 27, I(s) > 2/ for s > s,
and 27 < f fWw(y)du(y). If f:= lim s;, then d(zg,z) < £ if and
s;<d(@0,y)<s 41 Jmeo
only if d(zo,z) € [0,8]U U (s4,8j41]. If I(¢) = oo, then we take m = oco. Since
j=—o00
0 < I(B) < I(sj) < 27 for every j, we have that I(3) = 0. It is obvious that

X = U {z:s; <d(zo,x) < sjy1}. Further, we have that
Jj<m

L(Tyf) = / (T f (2)7) da(r) = / <v<x> / f(y)w(y)du(y)> dp(z)
X X B(zg, d(zo,z))
q(x)
- / <v<x>>q<m)< f(y)w(y)du(y)) dp(z)
B(

X xo, d(wo,x))
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m

a(z)
<y <v<x>>q<m)< /f(y)w(y)du(y)> du(x).

I=T0 s <d(xo,2) <5541 d(z0,y)<sj+1
Let us denote
Bj(xo) :={r € X :sj_1 < d(zo,x) < 84}
Notice that I(sj4+1) < 2771 <4 [ w(y)f(y)du(y). This estimate and the Holder

Bj(zo)
inequality with respect to the exponent pg(z) imply that

(L) < fj | o ( [ s <>>q<$)dp<x>

s, j<d(zo,x)<sj41 Bj(x0)
<Y [ @),
Jj=—00

sj<d(z0,r)<sj41

where

q(x) q(x)

po(x) (po)! (x)
T () :=< / f(y)“(“)du(y)) ( / w(y)(’“’)/(”")du(y)> :
B

Bj(zo) (o)

Observe now that g(z) > po(v). Hence, this fact and the condition I,,.)(f) <
1 imply that

q(x)

po ()
Jr(z) < C( / Fly)P P dply) + / f(y)p(y)du(y)>

Bj(zo)n{y:f(y)<1} Bj(zo){y:f(y)>1}
oy e
pPo T
X( / w(y) ™) (z)du(y)>
Bj (o)
a(x)
o (po)’ (=)
<c<u(Bj<xo>)+ / f(y)”(y)du(y)>< [ ww (‘)du(y)> .
Bj(zo)N{y:f(y)>1} Bj(xo)

It follows now that

1y(Towf) < C( > u(Bj(x0)) / ()1

J=7 s;<d(wo,x)<s 41
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a(z)

(po)! (x)
( / w<y><p6>’<f>du<y>> ()

Bj(x0)

|

j=—o00

f (y)"(y)du(y)>

Bj(zo)n{y:f(y)>1}

q(x)

(po)! (x)
< v<x>q<z>< JRO (z)du(y)> du(%))
s;j<d(zo,z)<sj41 Bj(zo)

= C(N1 + Ng)

Since ¢ < oo it is obvious that

m—+1
Ny < A4 Z /L(Bj(wo)) <CAy

j=—o0

and

m—+1
Ny <Ay Y / Fly)PWdp(y) < C/ (F@)" dply) = ALy () < Av.
R HE X

Finally, I,(Tywf) < c(CA1 + Al) < 00. Thus, T, 4, is bounded if 4; < oo.
Let us now suppose that ¢{ = co. We have

Ty f () = XB(ag o (2)0(2) / Fwyw(y)du(y)

= T{0f(2) + T2 ().

Since the diameter of the ball B(z, a) is finite, using the already proved result

for £ < oo we find that HTélg,fH ) < ¢ because

L‘J(')(B(Io,a)) < CHfHLp(')(B(zo,a)

, (ngfzw)
w® @ (y)du(y) | du(x)
0<t<a
t<d(zo,x)<a d(xzo,z)<t

A(la) = sup / (v(x))q(m)<

< A < 0.
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Further, observe that
T 1(&) = X\ 5 (0)0(2) [ F0)ul)duty)
Baega

= Xx\B(ea (@)0(@) / Fw)w(y)du(y)

d(zo,y)<a

Fnsea@@ [ fwue)du)
a<d(zo,y)<d(wo,x)

= T f(2) + TED f(@).
By using the two-weight inequality for the Hardy-type operator defined on a

measure space (see Theorem 1.1.6 in Edmunds, Kokilashvili, and Meskhi [76]) we
have

1 1
qc (pc)’
A :=§gp< / (v(x))chu(w)> ( / w(y)®e) du(y)) < 00,
= d(zo,z)>t a<d(zo,y)<t

which guarantees the boundedness of the operator

T, i () = v(a) / F)wy)du(y)

a<d(zo,y)<d(zo,z)

from LP<(X\B(zo,a)) to L% (X\B(zo,a)). Thus Téi},z) is bounded. It remains to
prove that T 572,1,1) is bounded. We have

||T21)fHLP(')(X) = ( / v(z)®dp(x > ( / f(y du(y ))
© (z0,a)

(B(J;g,a)) )

1
< ( / v(x)chm@) 190 s (50000) 190 7 (500010
(B(ﬂv(wl))C
Observe now that the condition A; < oo guarantees that the integral

| e@rdu)

(B(J;O,a))c
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is finite. Moreover, N := |lw|| < 00. Indeed, we have that

Le' () (B(J;g,a))

’ p_(B(zq,a)) ' .
( fuww@ww>( ")l ooy < 1
N <

B(zg,a)
1

’ py (B(zg,a)) / .
( f w(y)p (y)d,u,(y)> ( " ’ ) if ||wHLP/(‘)(B(JJO,II) > 1.
B(zg,a)

Further,

/w(y)p'(y)du(y)Z / w(y)?” @ du(y)+ / w(y)? Wduly) == I + L.

B(zo,a) B(zo,a)n{w<1} B(zo,a)n{w>1}

For I1, it holds that Iy < p(B(zo,a)) < co. Since £ = 0o and condition (4.2) holds,

there exists a point yo € X such that a < d(zo, y0) < 2a. Consequently, B(x,a) C

B(wo, d(z0,y0)) and p(y) > p-(B(zo,d(20,%0))) = po(yo), where y € B(zo,a).

Consequently, the condition A; < oo yields I, < [ w(y)Po) W) dy < oo
B(zo,a)

Finally, we have that HTéi’ul)fHLp(.)(X) < C. Hence, T, ,, is bounded from LP()(X)

to LI (X). O

The proof of the following statement is similar to that of Theorem 4.37, and
we omit it (see also the proofs of Theorem 1.1.3 in Edmunds, Kokilashvili, and
Meskhi [76] and Theorems 2.6 and 2.7 in Edmunds, Kokilashvili, and Meskhi [78]
for similar arguments).

Theorem 4.38. Let (X,d, ) be a quasimetric measure space. Assume that p and q
are measurable functions on X satisfying the condition 1 < p_ < p1(z) < q(z) <

4+ < 00. If £ = 00, then we assume that p = p. = const, ¢ = q. = const outside
some ball B(xg,a). If

B; = sup / (v(x))q(m) (
0<t<e

d(wo,z)<t t<d(z0,2)<t

q(x)
(P1) (=)

wﬁWWwW@O dp(z) < o,

then Ty, is bounded from LPO(X) to LIO)(X).

Remark 4.39. If p = const, then the condition A; < oo in Theorem 4.37 (resp.
By < oo in Theorem 4.38) is also necessary for the boundedness of T), ,, (resp.
Ty ,,) from LPO(X) to L9 (X). See Edmunds, Kokilashvili, and Meskhi [76, pp.
4-5], for the details.

Now let us investigate the two-weight problem for the operators T, ., and
T, under conditions written in terms of LP) norms.
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Let us denote

1
fop = W(B) B/f(x)du(x),

where v is a measure on X and B C X is a ball.

Proposition 4.40. Let (X,d,v) be an SHT with £ < oo and let xg € X. Suppose
that 1 < p(-) < py < oo. If p € P8(X, xq), then there is a positive constant c
such that for all 0 < r < £, x € B(xo,r) and f € LPO(X) with || f|| L) (X) < 1
and f > 0, the inequality

(fu,B(on‘))p(x) < c[(fp()()) v,B(zq,r) * 1}
holds.

Proof. Let B := B(xq,r). We follow Lemma 3.3 of Diening [62]. First assume that
v(B) > 1/2. Then

. p(x)
(£6)"" < (V(;) [ (G + 1)du<y>> < c[(fﬂ‘)(-))w + 1}
B

Assume now that vB < 1/2. By the Holder inequality,

z p(z)/p—(B)
(fu,B)p( : < (u(;) /fP(B)(x)dV(x)>

B
1 1 p(x)/p—(B)
< cv(B) @) [2 @y @avia) + uB)
B

Observe that the expression in brackets is less than or equal to 1. Conse-
quently, by Lemma 4.20 we find that

(fV,B)p(E) < ev(B)L-P@ - (B) <<fp<-)(.))y7B + 1>

< c((fc)p('))yﬂ + 1>. O

The next lemma will prove useful.

Lemma 4.41. Let (X,d,v) be a quasimetric measure space. Suppose that r is a
constant satisfying 1 < r < oo, and assume that v € DCy(xg). Then the inequality

}(/(V(leow)B/ f(y)dV(y)>TdV(x) <c/(f(x))"dy(x)

vor X

holds for all nonnegative v-measurable functions f.
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Proof. By Theorem 1.2.1 of Edmunds, Kokilashvili, and Meskhi [76], it is enough
to check that

sup H (I/(Bmom))fl‘
o<t<t

xr r! v < 00.
LT»(X\B(IN)’V)”XB( o)l (x0)

But this follows from Lemma 4.23. O

Theorem 4.42. Let (X,d, ) be a quasimetric measure space and let v and w be
weights on X. Assume that 1 < p_ < p1 < oo and that there is a point xo € X
such that p{zo} = 0, p € P8(X,x0) and the measure dv(z) = w? ) (x)du(z)
belongs to the class DCy(xg). In the case when £ = 0o suppose that p = p. = const
outside some large ball B(xg,a). Then the operator T, ., is bounded in LP)(X) if
and only if

B := sup < oo.

o<t<t ||U||Lp(')(X\B(wo,t)) HwHLP/(')(B(xO,t))

Proof. To prove sufficiency we will show that the inequality

||Tv,waLv(->(X) < C||f('>w('>1/p(') HLP(')(X)

holds if

_ _ A/ 0)
Bii= sup Bi(t) := sup V]| x\miao.an 100" Lo aa,ny < 00

provided that the measure
dvy(x) := w(z)dp(z)

belongs to the class DCo(xo).
Let f > 0 and let Ip(_) (f(~)w(.>1/p(-)) < 1. We denote

I(s) := v1(B(wo,9)),

where s € [0, £].
Suppose that I(¢) < oo. Then I(¢) € (2™,2™T!] for some m € Z. Let us

i +1
denote s; := sup{s : I(s) < 27}, 7 < m, and S;pq1 = E.' Then {sj};.iioo
non-decreasing sequence. It is easy to check that I(s;) < 27, I(s) > 27 for s > s,

and 2/ < v1(B(xo, sj41) \ B(wo,s;)). If B := lim s;, then d(zg,z) < ¢ if and
j——o0

is a

only if d(zg,z) € [0,]U U (sj,s;41]. If I(£) = oo then we take m = oco. Since
j=—00

0 < I(B) < I(sj) <27 for every j, we have that I(3) = 0. It is obvious that

X = U {z:s; <d(zo,x) < sjy1}-

Jjsm
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Using the notation Ej := {z : s; < d(xo,2) < sj+1} it is easy to check that the
condition B; < oo implies that

p(Ej) i)
22 ol 0O O Ny <00 (410

where
~ p— i) if vl pec <1,
sy — {P-(E) I Ivlos,
p+(Ej) if |lvflpee) ;) > L.

Further, the conditions p € P°8(X, ), w € DCy(x), Lemma 4.20, Proposi-
tion 4.16 and the properties of I(s) mentioned above imply that there is a positive
constant ¢ such that the inequality

p_(Ej)

(Vl(B(mo,sj_l))) 1)~ (Blz0.05-1) (V1(B(.’Eo,8j+1)))p( ") < e (B(wo,sj-1))
(4.17)
holds for all j, j < m — 2.
We have
Ip(-)(Tv,wf) = / ( vwf( )) L)dﬂ( ) / ( vwf( )) L)dﬂ( )
d(z0,2)>Sm—2 B(20,5m_2)
= s 4 5@

Due to the Hélder inequality it is clear that S < oo, while for S, by
applying Proposition 4.40, we find that

SO / (T f (2))" dpa(a)

B(z0,5m—2)

m—2

< Z /U(x)p(m)(Vl(B(fo,SjH)))p(Z)

o
J E;

p(®)
) <V1 (B(xi 5j+1)) / f(ZU)dVl(y)) dpu(x)

B(z0,85+1)

<c[ i (/v(x)lﬂ(m)dﬂ(x)> (Vl(B(xO’strl)))p(zo)

e \ )
1

p(y)/p- -
x (1/1 (B(xo,5j+1)) (f(y)) dV1(y)>

B($073j+1)
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(/v )P dp(x) >(V1 (B($o73j+1)))p(IO)dM(ZU>]

.7

= C[Al -+ Ag}

m2

j=—00

Let us estimate A; and Ay separately. We have

A= 3 () 3 ()

{ij<m—2:]Jv(- )HLP( )(E )\ 1} {jg’rn—Z:HU(~)HLP(.)(E]_)>1}

= c(Sil) + S§2)).

We estimate only S§1), because the estimation for Sf) is similar.
By (4.16), (4.17) and the Hardy inequality (see Lemma 4.41),

s < 3 T8 ( (Blao, 5541))"

{] m—2:[|v(-) LP()(E)\l}

) <V1 (B(xi 8j+1)) / (f(y))p(y)/pw(y)dV(y)>

B(z0,55+1)
p_(Ej )

<c Z (Vl (B(xo7Sj_1>)>7(p/)f(B(zo,ijl)) (Vl(B(l‘O’Sj_A,_l)))p(mO)
{j<m—2}

><< ! / (f(y))p(y)/pdm(y)> 7

V1B($07 5j+1)
B(z0,55+1)

1 p(y)/p- .
<c Z Vl(B(ﬂf(),Sjl)(VlB( 1) / (f(w)) dVl(y))

. To, Sj+1
{gsm=2} B(wo,s5+1)

1 p(y)/p— -
/( o J ) e

Bige
c/ (x)dp(z) < C.
X

Hence,
A < C.

The estimate for A, is easier. Indeed, by (4.16) and (4.17),

A2 <ec Z 1%} (B(x078j+1>) < cvy (B(Z‘o,g)) < C.
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Suppose now that ¢ = co. We have

zawfcm:=xB@mﬂxxﬁmx>L/ Fyw(y)du(y)

= T30 f (@) + T2 f ().

Using the already proved result for ¢/ < co and the fact that the diameter of
the ball B(xg, a) is finite, we find that ||T,57112)f\|Lp(.>(B z0,a)) S < fllpec )(B(zo,a)) S
because

Aga) ‘= sup Hv()”

0<t<a

Lp(-)(B(wo,a)\B(xo7t)) ||wHLP’<->(B(xO,t)) < B < .

Further, observe that
T15,2wf( ) XX\ B(zo, a) /f )
B(zg,a)

+ XX\ B(zo.a) (T)0(7) / f@w(y)du(y)
a<d(zo,y)<d(zo,x)

= TV f(2) + T2 f ().

It is easy to verify (see also Edmunds, Kokilashvili, and Meskhi [76, Chap. 1])
that the condition

1 1
ac (pc)’
AP = sup ( / (U(x))chﬂ(x)) ( / w(y)®e) du(y)> < o0
- d(xzo,x)>t a<d(zo,y)<t
guarantees the boundedness of the operator
Towh@=ol@) [ )

a<d(zo,y)<d(zo,z)

in L?e (X \B(zo,a)). Thus Tﬁf) is bounded because Ai“) < B. It remains to prove
that Tﬁ}}) is bounded. By using the Hélder inequality for LP(*) spaces we find that

ITED Fll oo ) = ( | o@rdnta ) ( / e <0

(B(J;g,a))
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X

(B("L‘Ova‘))

1
dc

v(m)’kd,u/(m)> ||f||LP(')(B(J;O,a))Hw < B.

|LP/(') (B(J;g,a)) =

c

Finally, \|T1§,2d;1)f\|Lp(~>(X) < C. Consequently, T, is bounded in LP)(X).
Necessity. Let T, ., be bounded in LP()(X), i.e.,
||Tv7waLP('>(X) <C  for HfHLPO(X) <Ll
Suppose that f has support in B(xg,t), where ¢ > 0. Then

||Tv7waLP('>(X) = ”Tv,waLP(')(X\B(xo,t))

2 (o]l Lo (x\ B(wo,t) ( f(y)w(y)dy> :

B(zo,t)

Taking now the supremum over such f and using the inequality (see, e.g., Samko

318])
/ ghdu‘

we conclude that B < oo. O

lgll ey < sup

Al pry <1

The next statement for the operator T}, can be proved using duality argu-
ments. Details are omitted.

Theorem 4.43. Let (X,d, ) be a quasimetric measure space and let v and w be
weights on X. Assume that 1 < p_ < p1 < oo and that there is a point xo € X
such that p € P8(X,x0). Let the measure dv(z) = vP®) (x)du(x) belong to the
class DCy(xg). In the case when { = 0o, suppose that p = p. = const outside some
large ball B(zo,a). Then the operator Ty, is bounded in LPO(X) if and only if

B’ := sup ||wHLp,(_) < 0.

o<t<t (X\B(wo,t))||UHLP(-)(B($O¢))

4.5 Modular Conditions for Fractional Integrals

In this section we discuss two-weight estimates for the potential operators

(2O f)(z) = o) )
Ju@@d@wm @

and

1 On@ = [ 4 I duty

X
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on quasimetric measure spaces, where 0 < a— < ay < 1. If @« = const, then we
denote K*() and I*() by K and I®, respectively.

Theorem 4.44. Let (X,d,p) be an SHT. Suppose that 1 < p_ < py < oo and
p € P(1). Assume that if £ = oo, then p = const outside some ball. Let o be a

constant satisfying the condition 0 < o < 1/p4. Set q(x) = l_po(;%x). Then K% s
bounded from LPO)(X) to L) (X).

Theorem 4.45. Let (X,d, i) be a quasimetric measure space with £ < oo and let
N = ¢t (1+ 2¢5), where the constants cs and ¢ are taken from the definition of the

quasimetric d. Suppose that 1 < p_ < py < 0o, p,a € Py and that p is upper

Ablfors 1-reqular. Define q(x) = 1_(&%)1)($), where 0 < a— < ay < 1/py. Then

1°C) is bounded from LPC)(X) to LI (X).

For the statements in this section and their proofs we keep the notation of
Section 4.4 and, in addition, introduce the new notation:

v (@) = 0(2) (Baga)* s wi (2) 1= w T (2); wiP (2) == w T (@) (uBaga)
b e X R <d(ao,y) < Aled(xo,2)), i £< o0,
" {ye X: d(lo’y) < d(xo,y) < A%cid(xo, 1)}, if £=o00

where A and ¢, are the constants in Definition 4.3 and the triangle inequality for
d, respectively. We begin this section with the following general type statement:

Theorem 4.46. Let (X,d, ) be an SHT without atoms. Suppose that 1 < p_ <
Pt < 00 and « is a constant satisfying the condition 0 < o < 1/py. Let p € P.

We set q(z) = 1 p;pzm) Further, if £ = oo, then we assume that p = p. = const

outside some ball B(xg,a). Then the inequality
[v(E* )l Lacr xy < cllwflleox) (4.18)

holds if the following three conditions are satisfied:
(a) T a) v is bounded from LPO(X) to LIV (X);
(b) T . is bounded from LPO(X) to LIV (X);
(c) there is a positive constant b such that one of the following inequalities holds:
1) vy (Fy) < bw(x) for p-a.e. v € X;
2) v(z) < bw_(Fy) for p-a.e. x € X.

Proof. For simplicity suppose that ¢ < co. The proof for the case £ = oo is similar
to that of the previous case. The sets I;, ¢ = 1,2,3 and Ej were defined in
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Section 1. Let f > 0 and let ||g| ¢y (x) < 1. We have

0
/ (K ) (@)g(@)(@)dp() = 3 / (K f)(@)g(z)o(x)du(z)

X k=—o0 o

<) /(K“fl,k)(w)g(w)v(w)du(w)+ > /(K“fa,k)(w)g(w)v(w)du(w)

k=—o00 o k::—OOEk

+ Y / (K fs ) (@)g(@)o(@)duz) == 51 + 52 + S,

where f1 = f X1, feok = Xiows 3.6 =F X1

Observe that if © € Ep and y € I, then d(zo,y) < d(zo,x)/Ac,. Con-
sequently, the triangle inequality for d yields d(zo,z) < A’ciesd(x,y), where
A" = A/(A —1). Hence, by using Remark 4.11 we find that p(Bg,z) < cp(Bay).
Applying now condition (a) we have that

51<C

(1Bupe) ™ 0(2) / F(w)duy)

Biga

||9HLQ’(-)(X) < C||waLp(-)(X).
LQ(m)(X)

Further, observe that if € E} and y € I3, then ,u(BmOy) < cp(Bzy). By
condition (b) we find that S3 < c|lwf||Lro)(x)-

Now we estimate Sz. Suppose that vy (Fy) < bw(z). Theorem 4.44 and
Lemma 4.22 yield

52 < Z I (Kaflk) (xz (vl Lao (x) ||gXEk(')||Lq/(‘)(X)
k

< Z (v+(Ek)) ([ (K f2,6)(+) HL‘Z(')(X) lg()xE, () HLq'(~>(X)
k

<ed (0 (B)) 2kl oo llaC)xm, (Ol oo )
k

<Y eV Ol (019G xE Ol Lo (x)
k

< lFOwlieo collgOlleo ) < el fOQw)lro x)-

The estimate of Sy for the case when v(z) < bw_(F;) is similar to that of
the previous case. Details are omitted. O

Theorems 4.46, 4.37 and 4.38 imply the following statement:

Theorem 4.47. Let (X, d, p1) be an SHT. Suppose that 1 < p_ < p4 < 00 and v is a
p(x)

constant satisfying the condition 0 < o < 1/py. Let p € P. We set q(z) = 1 op(a) -
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If £ = oo, then we suppose that p = p. = const outside some ball B(xo,a). Then
inequality (4.18) holds if the following three conditions are satisfied:

(i)

. q(x)
vl a(z) _ ($0)! ()
Py:= sup / ( ()1_a> (/w(”“ (z)(y)du(y)> " dp() <oo;
0<t<L (1(Baoe))
t<d(xo,x)<l d(zo,y)<t

) )’ (@) F o

T 1—a\ ~\P1) (& P (@
Pz [ (@)™ ([ (w0 )" ) ) <,

0<t<L
d(zo,z)<t t<d(zo,y)<L

(iii) condition (c) of Theorem 4.46 holds.

Remark 4.48. If p = p. = const on X, then the conditions P; < oo, i = 1,2, are
necessary for (4.18). Necessity of the condition P; < oo follows by taking the test
function f = wf(pc)/XB(mo,t) in (4.18) and observing that p(Bgy) < cp(By,s) for
those  and y which satisfy the conditions d(zo,z) > ¢ and d(zo,y) < t, while
necessity of the condition P, < oo can be derivec/l by choosing the test function
f(z) = w*(Pc)'(x)XX\B(l.M) () (M(Bzoz))(afl)((pc) ~ and taking into account the
estimate (1(Bgy) < p(Bayy) for d(zo, z) <t and d(zg,y) > t.

The next statement follows in the same manner as the previous one. In this
case Theorem 4.45 is used instead of Theorem 4.44. The proof is omitted.

Theorem 4.49. Let (X,d,pn) be a quasimetric measure space with £ < oo. Let
N = ¢(1 4 2¢s). Suppose that 1 < p_ < py < o0, p,a € Py and that p is upper
Abhlfors 1-reqular. We define q(x) = 17057(%)19(1:) , where 0 < a— < ay < 1/py. Then
the inequality

[v() IO F) Ol peo ) < ellw()FOllzeeo x) (4.19)

holds if

(i) q(x)
v(z) q(x) —(po)' () (p0)’ (=)
sup / | o(z) ) / w™ PO (y)dp(y) dp(z) < oo

<tL
0 tt<d(m0,l’)<£ (d(l’o, $)) B(xzo,t)
(ii) a(a)

. a _ s (1) (@)
s [@) ([ 0) " i) " ) <o,
b \B(zo,t) t<d(zo,y)<L

(iii) condition (c) of Theorem 4.46 is satisfied.

Remark 4.50. It is easy to check that if p and « are constants, then conditions
(i) and (ii) in Theorem 4.49 are also necessary for (4.19). This follows easily by
choosing appropriate test functions in (4.19) (see also Remark 4.48).
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Theorem 4.51. Let (X, d, 1) be an RD-space. Let 1 < p_ < py < 0o and let o be a

constant with the condition 0 < a < 1/py. We set q(z) = 1717;;2@). Assume that p

has a minimum at xo and that p € P°8(X). Suppose also that if { = oo, then p is
constant outside some ball B(xg,a). Let v and w be positive increasing functions
on (0,20). Then the inequality

lod(@o, NEHO o x) < clwl@d@o, DOl (420
holds if
a(x)
I := sup Ii(t) := sup / < v(d(xo,xl)za)
0<t<e O<t<€t<d(mo,w)<€ (M(Bwow))
a(x)
. (50)! (=)
X ( /w*(po) (z)(d(w(hy))d#(y)) dp(z) < o0
d(wo,y)<t
for £ = oo

q(z)

T B Pt )U( [ e )t <oc

11—«
o<t ox
<tt<d(wo,x)<e (4(Broz)) d(zo,y)<t

for 0 < .

Proof. We prove the theorem for ¢ = oco. The proof for the case when ¢ < o is
similar. Observe that, by Lemma 4.20, the condition p € P°8(X) implies p € P.
We will show that the condition I; < oo implies the inequality ”(grzf{t) < C for
all t > 0, where A and c¢; are the constants in Definition 4.3 and the triangle
inequality for d respectively. Indeed, let us assume that ¢ < by, where by is a small
positive constant. Then, thanks to the monotonicity of v and w, and the facts that

po(x) = po(x) (for small d(zg,x)) and p € RDC(X), we have

v 2Ct a(@) a—1/po(x))q(z
L N e

A2ct<d(xo,z)<A3cqt

v(A%¢it) " (a—1/po(x))q(x)
> B(zo, t d
AZ2cit<d(zo,x)<A3ct

(")

2
Hence, ¢ := lim *“ &)

< oo. Further, if ¢ > bo, where bs is a large number, then
iS50 w®)
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since p and ¢ are constants, for d(xo,z) > t, we have that
a—1)qe
L) > ( v(d(wo, )% (1B (o, 1)~ du<x>>

AZ2cit<d(xo,x)<A3cit

ac/(pe)’
X ( / w—@c)’(x)du(x)) dp()
B(Io,t)
v(A%cit) \ * a—1/pe)qe
> C< (A%cet) / (,uB(xo,t))( l/p')qd,u(x)

w(t)
AZ?cit<d(xo,x)<A3cit

v(A%cit) \ ¥
c .
w(t)
In the last inequality we used the fact that p satisfies the reverse doubling
condition.

Now we show that the condition I3 < oo implies that

t>0 t>0
d(zo,z)<t d(zo,y)>t

sup Iy(f) = sup / <v<d<xo,x>>>q<z>( / w7 ) (d(g, y))

q(x)

(a=1)(F1) (=) (e
X (1(Bagy)) du(y) dp(x) < oc.

Due to the monotonicity of the functions v and w, the condition p € P8(X),
Proposition 4.14, Lemma 4.19, Lemma 4.20, and the assumption that p has a
minimum at g, we find that for all ¢ > 0,

Lit) < / (;}}(é)) )q(a[;) (,u (B(xg, t))) (a_l/p($0))q($)dp(x)

d(xo,x)<t

<. / (U(t)>q(m)(u(3(xo7t)))(aUp(m(]))q(m(])du(x)

d(xo,x)<t

<c< / (v(izgtt))q(z)dﬂ(@) <M(B(:co,t)))71

d(xo,z)<t
< C.
Now Theorem 4.47 completes the proof. O

Theorem 4.52. Let (X, d, 1) be an SHT with ¢ < oo. Suppose that p, q, and « are
measurable functions on X satisfying the conditions: 1 < p_ < p(z) < q(z) <
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qr <ocoand1/p_ < a_ < ay < 1. Assume that o € P'°8(X) and there is a point
x9 € X such that p,q € P8(X, x¢). Suppose also that w is a positive increasing
function on (0,2¢).Then the inequality

(O )0l oo ) < ellwld(@o, ) Ol oo x)

holds if the following two conditions are satisfied:

_ o(z a(z)
I := sup / ( ( >1—a(ac)>
o<t<e (1#(Buoa))

t<d(zo,2)<L
q(x)

(o)’ (=)
X ( / w™ o) (z)(d(wmy))du(y)) dp(z) < oo;
d(zo,z)<t

Bimsw [ @)™ [ (wldow)
0<t<s
(o, w)<t t<d(ao,2)<t

a(z)

—(p1) () (p1)" (=)
du(y)> du(z) < oo.

X (M(Ba;oy))l_a(x))

Proof. For simplicity assume that ¢ = 1. First observe that, by Lemma 4.20,
p,q € Py, and a € P. Suppose that f > 0 and

L (w(d(xo, ) £ () = / (w(d(zo, ) f ()" Py < 1
X

We will show that T, (v(K°0) f)) = [ (v(a) Ko@) f(z))"dw < C.
X
We have
Loy (VK0 )
q(z)

/ (v<x> [ (u(Bwy»“(”)‘ldu(w) ()

d(wo,y)<d(zo,2)/(2¢t)

<,

" / (v(x) / () (M(Bzy))a(m)1du(y))q(z)du(x)
X

d(zo,z)/(2¢¢)<d(x0,y)<2cid(x0,)

q(z)
+ / (v<x> / f(y) (u(Bzy»”‘““du(y)) du(x)]
X d(xo,y)>2cid(zo,)
= Cq[ll + IQ + 13]
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First observe that the doubling condition for px, Remark 4.11, and simple
calculation we find that /L(Bzoz) < cp(Bzy). This estimate and Theorem 4.37
yield

(@)
v(x)
I < c/ <(M(onx))1_“(”) / f(y)du(y)> du(z) < C.

d(zo,y) <d(wo,x)

Further, it is easy to see that if d(xo,y) > 2ctd(zo,x), then the triangle
inequality for d and the doubling condition for p yield that p(Bgyy) < ci(Bay).

Hence due to Proposition 4.15 we see that (,LL(BIOy))Oé(m)f1 > t:(/L(BgEy))Oé(y)f1 for
such z and y. Therefore, Theorem 4.38 implies that Is < C.

It remains to estimate I5. Let us denote
EW(z):=Byy \ B(zo,d(z0,7)/(2ct)); E@(z) := B(z0,2¢ctd(w0,2)) \ Baga-

Then

q(z)

L<C ) (u(Bmy»“(z“du(y)] du(x)

)[ W
+f

X

= c[lo1 + L2l

EM) ()
a(x)

v(w) / f(y)(u(Bmy))a(z)ldu(y)]

E® (x)

du(x)]

Using the Holder inequality for the classical Lebesgue spaces we find that

4(@) /po(@)
Iy < / v"(“")(w)< / w”O("”)(d(wmy))(f(y))m(z)du(y)>
X ED ()

a(z)/(po)' (x)
- "(x a(z)—1 "(x
% ( / w—Po)( )(d(m07y))(M(Bxy>)( (z)=1)(po)'( )d,u(y>>
B (2)

Denote the first inner integral by J) and the second one by J®).
Since po(z) < p(y), where y € EM (), we see that

JD < w(Bays) + / (F@)) (w(d(zo, y)))"™ du(y),
EM) (z)
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while by applying Lemma 4.19, for J), we have that

oy () { A0, T () ~1) (po)’ (x)
7O < @) (1002 / (1(B21)) dpa(y)

2c
' E) (z)
/ (e(@)=1)(po)' (x)+1
< Cw_(pU) (z) (d(z(z .’13)) (M(BLOJ)) " :
t

Summarizing these estimates for J) and J?) we conclude that

x)a(x —qg(x d(x ) L
I g/vq(m)(w)(ﬂ(er))Q( 1yt )( (2(; ))d,u(:c)
X
a(z)/po )

N / Uq(w)(@( / wp<y>(d(xo,y))(f(y))p(y)du(w)

b'e EM ()

(z)(a(x)—1 z)) g d(xo,
% (1(Baga)) 12100, o )( (2¢:t ))d,u(x) =I5 + 15,

By applying monotonicity of w, the reverse doubling property for u with the
constants A and B (see Remark 4.5), and the condition I; < co we have that

0

a(x)
’ (po)! (z)
< o(2)4@) w= @) @ (d(z0,y))du(y ’
21

k=—c Bl(zo, AR\ B(zo,A*—1) B( Akfl)

o, 2ct
(@) 1 (a(z)—1)q(z
% (/L(B:ro,:r)) ooy Ta@)=1)a( )d,u(:c)
0
q-/p+
< Y (uBlao, 44))
k=—oc
a(zx)
, (po)’ (=)
X / v(x)q(z) ( /wf(po) (z)(d(xo,y))d,u(y)>
B(wo, A¥)\B(z0,AR=1) B(wo,A¥)

% (1(Bag,)) "V dp()
0
<e Y, (M(B($07Ak)\3(x07‘4k_1>>) o

k=—c

0
_ —1
<e Y [ ) i)
F==9F (20, AF)\ B(xz0,AF—1)

<o [ (u(Bay) ™" duly) < oo
/
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Since g(x) > po(x), Ip(.)(w(d(xo7~)f(-))) <1, < oo, and w is increasing,
for IQ(?, we find that

0
12(?) <c Z (

k=—o0

WY (d(zo,y))(f (y))p(y)du(y)>

B(J;O,AkJrlct)\B(xo,Ak*Z)
q(z)
. . (po)’ (=)
x ( [ @ [ e )
B(xo,AR)\B(zg,AF—1) B(zg,AF—1)

x (u<BzO,z>)<°‘<“")”‘“”dum) < el (f()w(d(zo, ) < .

_ Analogously, it follows the estimate for I>. In this case we use the condition
I, < oo and the fact that pi(x) < p(y) when d(zo,y) < d(xo,y) < 2¢d(zg, ).
The details are omitted. The theorem is proved. O

Recalling the proof of Theorem 4.51 we can easily derive the following state-
ment, the proof of which is omitted:

Theorem 4.53. Let (X,d, ) be an SHT with ¢ < oo. Suppose that p, ¢ and o are
measurable functions on X satisfying the conditions 1 < p_ < p(x) < q(z) < ¢4 <
o0 and 1/p_ < a_ < ay < 1. Assume that o € P8(X). Suppose also that there
is a point o such that p,q € P'°8(X,x0) and p has a minimum at x¢. Let v and
w be positive increasing function on (0,2() satisfying the condition J; < oo (see
Theorem 4.51). Then inequality (4.20) is fulfilled.

Theorem 4.54. Let (X,d,p) be an SHT with £ < oo and let p be upper Ahlfors

1-regular. Suppose that 1 < p_ < py < oo and that p € Plog(X). Let p have
a minimum at To. Assume that o is constant satisfying the condition o < 1/py

_ p@)
and set q(r) = 1f'az;(
satisfying the condition

o If v and w are positive increasing functions on (0,2()

q(z)

E:= sup / ( U(d(xo’x»a)m( / w‘(’”’)'(d(“’“’”"”(y)du(y)) " ()

1
oL (d(l’o,l’))

t<d(zo,r)<l d(zo,z)<t
< 00,

then the inequality
Hv(d(xo’ '))(Iaf)(')Hqu(X) < C||w(d(3307 '))f(')HLP(‘)(X)
holds.

Proof. Similar to that of Theorem 4.51. We only discuss some details. First observe
that due to Proposition 4.13 and Remark 4.8 we have that p € Py, where N =
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ct(1+ 2¢s). It is easy to check that the condition £ < oo implies that vt < o

w(t)
for all ¢, where the constant A is defined in Definition 4.3 and c¢; is from the triangle
inequality for d. Further, Lemma 4.23, the fact that p has a minimum at z(, and
the inequality

ot '@ a— 1) (z
(d(mmy))( Y1) )du(y) < ctlo= D) (@)+1

d(zo,y)>t

where the constant ¢ does not depend on ¢ and x, yield

q(x)
w(d(x —(p1)' (@) 1)’ (=)
sup / (v(d(xo,x)))q(w)< /( (d( o,y))> du(y)) @)

11—«
0t d
d(zo,2)<t d(z0,y) >t ( ($o7y))
< 0O0.
Theorem 4.49 completes the proof. 0

Ezample 4.55. Let v(t) = t” and w(t) = t?, where y and /3 are constants satisfying
the condition 0 < 8 < 1/(p-), v = max{O, l—a— 1 — Z; (=8 + (pi),)}.

at
Then (v, w) satisfies the conditions of Theorem 4.51.

4.6 Modular Conditions for Maximal and
Singular Operators

Let .4 and K be maximal and Calderén—Zygmund operators, respectively, defined
on X:

1
Af@)= s o), / | 1F()ldu(y)

and

Kf(z) = pv. / k() (9)duy),

X

where k : X x X\ {(z,2) : z € X} — R be a measurable function satisfying the
conditions:

C

<
HEINS B, da.y

)’ rye X, x#y;

CZ(QZQ, a:l) 1

F(e1,y) = Kzl + k) = bz < ey ) o
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for all 1, 9 and y with d(za,y) > cd(x2, 1), where w is a positive non-decreasing
function on (0, c0) which satisfies the Ag condition w(2¢t) < cw(t) (¢ > 0), as well
1
as the Dini condition [ (w(t)/t)dt < cc.
0

We also assume that for some constant s, 1 < s < oo, and all f € L*(X) the
limit K f(x) exists almost everywhere on X and that K is bounded in L*(X).

It is known (see, e.g., Edmunds, Kokilashvili, and Meskhi [76, Chap. 8]) that
if 7 is a constant such that 1 < r < oo, (X, d, 1) is an SHT, and the weight function
w e A (X), Le.,

1 1 - r—1
s%p<M(B> B/ w(fv)dﬂ(x)> (M(B) B/ w (m)dﬂ($)> < oo,

where the supremum is taken over all balls B in X, then the one-weight inequality

'/ K f]

Lr(x) S Cle/Tf| L7(X) (4.21)
holds.

Lemma 4.56. Let 1 < q— < ¢ < oo. Suppose that ¢ € P. Let u(X) < co. Then
there is a positive constant ¢ depending on X such that

(A f ()" < el (|f17) (@) + 1]
forallz e X.

Proof. First observe that there is a positive constant C; such that for all nonneg-
ative f, || fllpac)(x) < 1, balls B C X and z € B,

(fB)lI(fL’) < Cq [(flI(')(.))B + 1]_

This inequality can be obtained just in the same manner as Proposition 4.40, and
so details are omitted. Now the result follows immediately. O

Theorem 4.57. Let (X, d, ) be an SHT and let p(X) < co. Suppose that 1 < p_ <
py <00 and p € P. Then 4 is bounded in LPC)(X).

Proof. The proof is a consequence of Lemma 4.56 taking ¢(-) = p(-)/p— and ap-
plying the boundedness of .# in LP-(X); the details are omitted. O

Remark 4.58. Theorem 4.57 was proved in Harjulehto, Hasto, and Pere [124] in
the case of metric-measure spaces (see also Khabazi [165], Kokilashvili and Meskhi
[183] for quasimetric measure spaces).

Using Theorems 4.57, 2.90 and (4.21) we have the next statement.
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Theorem 4.59. Let (X, d, 1) be an SHT with u(X) < oco. Suppose that 1 < p_ <
py < 0o and that p € P. Then the Calderon—Zygmund operator K is bounded in
LPO(X).

Theorem 4.60. Let (X,d,pu) be an SHT and let £ = co. Suppose that 1 < p_ <
p4 < o0 and p € P. Suppose also that p = p. = const outside a ball B := B(xg, R)
with o € X and r > 0. Then A is bounded in LP()(X).

Proof. We use arguments of Lemma 3.4 and Theorem 3.5 of Diening [62]. Let
I £l r)(x) < 1. First we show that there is a positive constant c such that

(A f(a)P P < e (| IO ) () + ch(x), (4.22)

where
-1
h(l’) = XB($0,2ctcsT') (l’) + XX\B(J;U,Qctcsr) (I) (M(BLE()ZL’)) .

Let ¢ := p/p— and let ¢. := p./p—. It is easy to check that ¢ satisfies the
condition ¢ € P(1). Consequently, by Lemma 4.56 we have

(A ()" < Cat (| ()9 () + C. (4.23)

Suppose that € X \ (2¢t¢csB). Then

E:=B (:c, d(zo,z) = R> NB=0.

2ctcq
Indeed, assume that there is a point z such that z € E. Then

d(zo,x) < epd(mo, 2) + ¢1d(z, ) < ed(xo, 2) + cresd(z, 2) < R + cpesd(z, 2)
d(zg,z) R R d(xg,x)

gctR* +

<
R+ 9 9 9 9

Hence,
d(xo,z) < (2¢; — 1)R < 2¢4¢5R.
This contradicts the assumption that d(zg,x) > 2¢icsR.
Further, observe that

d(zo,2) — R > (1 >d(x0, z)

2ctcq

for x € X \ 2¢tcsB.

Split f as follows: f = f1 + f2, where f1 = fxp and fo = fxx\p. Taking
into account the doubling condition for p and the fact that suppfi C B we have



4.6. Modular Conditions for Maximal and Singular Operators 273

for x € X\ B(x0,2cs¢t R),

q(x)
(///fl(m))mk('( sup ! ) / fl(y)Idu(y)>

T To,r)— CtCs B T,r
>(d(wo.2)- B)/ (2ecer) H(B( .

(@)
C
<<M<B<x,d<xo,x>>> / f(”'d’“‘(y))

B(zo0,2¢tcsR)

x,d(xo,x)))

B(zo,2cics R)

a(z)
¢ Py
<(M(B( | e+ 1)du(y)>
< ¢ < ¢
Su(Blad(o,2) = u(Bae)’

where the positive constant C' depends on R and gq.
Further, it is easy to see that

(A f2(2)") = (A fo(x)® < A(| fo]*)(x) < (| f17)) ()

when z € X \ B(zg, 2¢t¢sR). Hence
(A ()" X x\ 20008 (x) < A (| F*O) (@)X x\200008()-

Finally, combining these estimates with (4.23), we conclude that

M f(@) < Xzere,5(x) (A f (2 >)‘1<“> +Xx\2000, () (A i () + M fo(2)) "
Xoeres 8 (@) (A F(@)) "+ pXx\2000,5 (%) [(A F1(2)) D+ (A o)) 7]

<
< CM(|f7O) (@) + Cxovre, (%) + OXx\2e0e, (%) (11(Baga))

Inequality (4.22) has been proved.

Now we will show that I,.y(.Z f) < C when I,,y(f) < 1. Using (4.23) and
the boundedness of .#Z in Lebesgue spaces with constant exponent LP-(X) we
find that

p—
Loy (D) = 1A D 0y < C(IAAF o0y + Il 2o x) )
) -
< C(IF1 e ) + Ao x) )

p—
= (CLOWY + k- x)

where h has the desired form. Now the result follows. O
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Before formulating the next result we introduce the notation

v(x) ~ 1 . 1
,  w(x):= ,  wi(x) = .
W(Bayz) w(z) w(z) W(Bryz)
Theorem 4.61. Let (X,d, p) be an SHT and let 1 < p_ < py < oo. Suppose that

p € Pl8(X). If { = oo, then we assume that p is constant outside a ball B(zo,a)
for some xg € X and a > 0. Then the inequality

HU(Nf)HLp(-)(X) < C||waLP('>(X)7 (4.24)

where N is M or K, holds if
(a) Ty.i is bounded in LPC)(X);
(b) Tj g, is bounded in LPO)(X);
(c) there is a positive constant b such that one of the following inequalities holds:
(1) vy (Fy) < bw(x) for p-a.e. v € X;
(2) v(z) < bw_(Fy) for p-a.e. x € X, where Fy is defined in Section 4.5.

v(z) =

Proof. First notice that, by Lemma 4.20, p € P. Suppose that £ = oo and let
||gHLP’(~)(X) < 1. Take

1
B := B(x,r); hp:= /h dy.
@) s = o [ @y
B
We have

[ n@e@sine <[ [tnoe@e@dne)] =3 s,

e j=1‘kerp j=1
where fj := fxi,, (recall that the constant A is defined in Definition 4.3). We
prove the theorem for the case N = M. If x € Ej and y € I, then d(ﬁ’,’w) <
d(z,y), where A" := A/(A—1). Further, if r < d(ﬁ’,’x), then B(z, r)ﬂ{y cd(zo,y) =

d(zo,x
Al
account Remark 4.11 we have

d(”j:,’x). Then taking into

R —) Consequently, (f1,x)p = 0. Now let » >

C
(fre)s < 11(Bzoz)
B

x

/ F@)ldu(y)

for x € E}. Hence,

M) < / F@)lduy).

c
1(Baoa)
B,

x
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Consequently, Theorem 4.37 and condition (a) yield

S1 < C/ (Tor(1fD)(@)g(@)dz < el (Toa (I Dlloor ) lgll Lo (x) < el fllzre x)-

X

To estimate S3, first observe that

(fx)e) <o sw (uB@ ) [If@ldnw),  ve B @29)

j=k+1
D;

where D; := B(zg, A7) \ B(zo, c;A’). To prove (4.25) we take r so that 0 <
r < AF. Then it is easy to see that B(x,r) N I3 = (). Consequently, (f34)p = 0.
Further, let » > AF. Then r € [A™, A™+1) for some m > k. If y € B, then

d(z0,y) < ey A™HH for the integer [ defined by | = [1“2} +1. On the other hand,

there are positive constants b; and by such that
n(B(zo, A™)) < bip(B(z, A™)) < bap(B(zo, A™)),

when =z € E; and m > k. Consequently, applying the reverse doubling condition,
for such r we have

(fax)B !

S j(B(x, Am))

e AR <d(wo,y) Scr AmHH2

1 m+l+1
< (Blon ) / ()l duy)

|f(y)ldp(y)

Jj=k+1p
<c sup ((uB(z,AY)) /U?\@
j=k+1
=: sup P;(f),
>kt

where the positive constant ¢ depends on the constant A. Further, taking into
account condition (b) and the inequality sup < >, we find that

$<ey ( / v(fv)g(fv)du(w)) (S 20

j=k+1
ZC%:(M(B(woW))) (IZIf(y)du(y)) k;m (E/kv(x)g(x)du(x)>

v(x)g(f)du(i))

—e) (M(B(xO,Aj))>_1( / f<y>|du<y>> (
J D;

B(0,A%)
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<) (M(B(xo,Aj)))1< /If(y)\ (M(B(xmd(xo,y))))il

j b,

x ( / v(x)g(x)du($>> dM(Zl))

B(zo,d(r0,y))

<c / U@)g(x)( f(y)|<M(B($o,d(xo,y))))_ldﬂ(y)>dﬂ($)
X d(zo,y)>d(zo,x)

< ellgll Lo ol Ty aon Fll oo (x) < elfllrorx)-

If, for example, (i) of condition (c) is satisfied, then Theorem 4.60 and Lemma
4.22 yield

2 <Y (04 (BO)IM 2, ()l oo ) lgOx e Oll s ()
k

<3 (e B £ X80 Ol 2o ) 19X, Ol 2o )
k

< e I wxn Olleo o llgOx e Ollpro oo < el fol) o x)-
k

When (ii) is satisfied, then the same arguments yield the desired result.

The proof of the theorem for the operator N = K is similar to that for the
case N = .. In this case Theorem 4.59 is used instead of Theorem 4.60 The
details are omitted. O

The next two statements are direct consequences of Theorems 4.61, 4.37, and
4.38 (see also appropriate statements in Section 4.5). Details are omitted.

Theorem 4.62. Let (X,d,p) be an SHT and let 1 < p_ < py < oo. Further
suppose that p € P8(X). If { = oo, then we assume that there are an xo € X
and a positive constant a such that p = p. = const outside B(xg,a). Let N be A
or K. Then inequality (4.24) holds if:

p(x)

v(z) p(w) o (B0)’ (=)
(a) sup / < B > / w™ P @) (y)dp(y) dp(z) < o0,
ot<t HDzxq 2
t<d(zo,z)<l B(wo,t)
)’ (2) AL
x w TP P’ (@
(b) sup / (v())" / ( ) ) du(y) dp(z) < o0,
0<t< KBaoy
B(zo,t) t<d(zo,z)<l

(¢) condition (c) of Theorem 4.61 is satisfied.



4.6. Modular Conditions for Maximal and Singular Operators 277

Theorem 4.63. Let (X,d, ) be an SHT without atoms. Let 1 < p_ < py < o0.
Assume that p has a minimum at xo and that p € P°8(X). If { = co we also
assume that p = p. = const outside some ball B(xp,a). Let v and w be positive
increasing functions on (0,2¢). Then the inequality

[o(d(zo, )N )l zeer (x) < ellw(d(zo, ) f )l oo x)s (4.26)
where N is # or K, holds if the following condition is satisfied:

. /(v(d(xow)))p(x)( /w—(ﬁo)’(l') (d(mo,y))du(y)>(5ggfzz)du(x) < 0.

o<t<t #(Baoz)
t<d(zo,x)<t B(zo,t)

Ezample 4.64. Let (X, d, 1) be a quasimetric measure space with ¢ < co. Suppose
that 1 < p_ < py < oo and p € P8(X). Assume that the measure y is both upper
and lower Ahlfors 1-regular. Let there exist o € X such that p has a minimum
at xg. Then the condition

p(x)

v(d(xo, 2 p(x) - p’(x0)
S o I O E ) BETERE

t<d(xo,x)<l B(xo,t)
is satisfied for the weight functions v(t) = /7' (o) () = 1/#'(=0) Ip 257 and
consequently, by Theorem 4.63, inequality (4.26) holds, where N is .# or K.

Indeed, first observe that v and w are both increasing on [0, ]. Further it is
easy to check that the condition p € P°¢(X), Proposition 4.16, and Lemma 4.20

implies that
wwmwvm> 1
< c(d(zp, .
( ﬂ(Bzom) ( >>
We have also

p(x)

p’ (zg)
/7uﬂmw@wm@@0

B(xo,t)
P (@0) TG
20 O\ P P(wo 20
— d -1 d <Cln 7.
( / (l’[)7y) < nd(.’l}o7y)) lu(y)> n ¢
B(xo,t)
Hence,
20 20
S <cln : ‘In~?t : =c < o0.

This example for constant p and X = R" was presented in Edmunds and
Kokilashvili [72] (see also Edmunds, Kokilashvili, and Meskhi [76, Chap. 8] for
spaces of homogeneous type).
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4.7 Norm-type Conditions for Maximal and
Calder6n-Zygmund Operators

This section is devoted to two-weight estimates for maximal and singular integrals
defined, generally speaking, on quasimetric measure spaces. Weighted inequalities
are derived under norm type conditions on weights. The same problems for these
operators defined on R, are also studied.

4.7.1 Maximal Functions and Singular Integrals on SHT

Let .4 and K be the Hardy-Littlewood maximal and Calderén—Zygmund opera-
tors, respectively, defined on quasimetric measure spaces (X, d, ) (see Section 4.6
for the definitions).

In this section we use the following notation:

v(x) o1 () e 1
1(Bzoz)’ wle) = 1) w(2)(Baox)

Theorem 4.65. Let (X,d,u) be an SHT and let 1 < p_ < py < oo. Suppose
that p € P°8(X). If { = oo, then we assume that p is constant outside some ball
B(xg,a). Let v and w be p-a.e. positive functions on X such that the measures
dv(-) = w PO du() and dvy(-) = vPO()du(-) belong to the class DCo(xo).
Then the inequality

v(x) =

w(z)’

HU(Nf)HLp(-)(X) < C||waLP('>(X)7 (4.27)
where N is M or K, holds if

(i) Ni:= Hv(m)(u(BwOw))_lHLP(E)(X\B(IM))Hw_l(~)HLP/(.>(B(IOJ)) <
(i) Nj= sup S(¢)
0<t<t

= sup [0 (@) (1u(Bura)

_1’
o<t<t

Lo @) (X\B(xo.1)) o) HLP(~)(B(w0,t)) < 00

(iii) Condition (c) of Theorem 4.61 is satisfied.
Conversely, if inequality (4.27) holds for N = ., then condition (i) is sat-
isfied.

Proof. Tf (i), (ii) and (iii) hold, then Theorems 4.61, 4.42, and 4.43 immediately
imply (4.27). Conversely, let (4.27) hold. Then the pointwise estimate

O 5 [ twduto)

xoT

where f > 0, and Theorem 4.42 give the desired result. O
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The following statement shows that for radial type weights the following
simple condition is a criterion guaranteeing the two-weight inequality:

Theorem 4.66. Let (X,d, p) be an SHT and let 1 < p_ < py < oo. Suppose that
p € P°(X) and 29 € X. If { = 0o we assume that p = p. = const outside some
large ball B(xg,a). Let v and w be positive increasing functions on (0,2¢), and let
the measures dv(-) = w™" O (d(xo,-))du(-) and dvi(-) = v*O) (d(xo,-))du(-) belong
to the class DCy(xo). Then the inequality

[v(d(zo, ) (N )l Leer x)y < ellw(d(@o, ) f ()l Lrer (x) (4.28)

where N is A or K, holds if the condition

S := sup S(t):= sup ||v(d(xo,z Broo) M|, e
0<t<t (¥ 0<t<€H (d(zo, 2))(1(Bro 2)) HL @) (X\B(zo,t)) (4.29)

—1
[ (@0, D s (moayy <
is satisfied. Conversely, if (4.28) holds for N = .4, then S < co.

Remark 4.67. Let (Hf)(x) = pv.[ ) dy be the Hilbert transform, X = R,
R

du(x) = dz, d(z,y) = | — y|, o = 0. By choosing appropriate test functions
in (4.28) it is easy to check that the condition (4.29) is also necessary for the
two-weight inequality (4.28).

Proof of Theorem 4.66. Sufficiency. We prove the theorem for £ = co. By Theorem
4.61, it is enough to show that (a)

v(At) < cw(t), (4.30)

where the positive constant does not depend on ¢ > 0 and A is a fixed number
greater than 1; and (b)

S’ := sup S'(t):= sup Hw_l(d(xo,-))(M(Bwow))_l‘
0<t<t 0<t<t

X H’U(d(xm .))||LP(')(B((IIO7t)) < o0

LP' () (X \B(zo,t))

Let ¢ be a small positive number, and denote
Et = B(%O, At) \ B(xo,t),

where the constant A is taken from the definition of the reverse doubling condition
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for u. By using the fact that 1/p,1/p’ € P°8(xg) we find that

€2 50> ()X B2y Wetonr < Ol
D )t -
> c(wz()t(;))\)) ((uB(z0, At))) " (u(B(zo, At)) /P~ FroA)
 (n(Blan, 40) O s o SO,

Hence (4.30) holds for small ¢. If ¢ is large, then we are dealing with p = const
and using similar arguments we derive the desired result. Finally we conclude that
(4.30) holds for all ¢ > 0.

It remains to check that S’ < co. Indeed, by applying Lemma 4.24, inequality
(4.30), and the condition p € P8(X), for small positive ¢, we have that

S'(t) Hwil(d(xo’x))(iu’(Bl’Oz))il||LP’($)(X\B(x0,t))Hv(d(xov’))HLP(')(B(xo,t))

/N

< wal(d(:co, ~))(/L(Bmo.))71 HLP'("(B(Io,a)\B(mO,t)) Hv(d(:go7 .))HLP(')(B(CE(),t))
+ [Jw™ (d(z0, ) (11(Bao-)) "
) ([L(B(xo7 t)))*lJrl/Pl(:ro) (M(B(SCO, t)))l/p(zo)

)
v(a) ) (1(B(ao, a)))fl/pm/mB(mo,a)) <C

‘LP’(-)(X\B(mo,a)) H’U(d(.’];o, ) HL"(')(B(IOva))

If ¢ is large, then we can assume that ¢ > Ry > a for some fixed positive
number Ry. Then we have that

S/(t><Hw_l(d(l‘o,x»(M(Bmw))_lHL(DC)/(X\B(IOJ))Hv(d(l‘o,~>>HLP(_)(B(IO’G))
_ —1
+||w ™ (d(0,2)) (1(Baos)) Hupc)'(X\B(mo,t))H”(d(%"))HLPC(B(mO,t)\B(mO,a))
=:51(t)+55(1).

Let us estimate S and S5 separately. By applying Lemmas 4.20 and 4.23 we
find that

052 Bt ) ()
<CZ((?)M(B(9:O,RO>) VP (uB(xo, Ro)) P < Z;((tt)) <c
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Further, Lemma 4.23 implies that

u(t)
w(t)

Sy(t) < e

which yields the desired result.

Necessity is a direct consequence of Theorem 4.65. ]

To show appropriate example satisfying the conditions of Theorem 4.66 we
need some lemmas:

Lemma 4.68. Let (X,d,u) be an SHT and let xg be a point of X. Suppose that
{ < 0o and that p is 1-Ahlfors upper reqular. Let b be a positive constant such that
w(B(zo,b)) < min{l, 1}. Suppose that s is a function on X such that 1 < s_ <
51 < 0o and s € P°8(X, x0). Then there is a positive constant ¢ such that for all
0<t<b

To(w0) =[x (@)d(wo, )Y/

<ot ]
t )

Lo@)(X)
where Eyp, := B(xo,b) \ B(xo,1).

Proof. We use the arguments of the proof of Lemma 4.24. It is enough to assume
that Js(xzo) = 1. We have

L / [d(xo,x)l/S(ro)]s(l’) au(e)

JS($0)
t,b
Et,bﬂ{d(mo,m)fl/s(w(])>JS(£E())} Et,bﬁ{d(lo,l’)fl/s(z())SJS(ZL’(])}

= Il + IQ.
Observe that the condition s € P°8(X, xg) implies

ln’ [d(xo,x)1/S(mo)]s(w)_s(“°)

T (z0) < C.
Hence,
I < Jg(2g)~5@0) / d(z0, ) tdu(z) < eJy(z0) @) In 2;.
Eip
Here we used the estimate
Ny := / d(zg, ) 'du(z) < cln 25. (4.31)

E: b
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Let us check (4.31). We have

N; = jM(E@,, N B(zo,A™"))dA = 1//t(- )+ /oo(~ ) =151+ 5.
0 0 1/t

It is easy to see that S = 0, while for S, we have

1 1/t 1/t
51:/(...)+/(...)gM(B(xo,t))Jr/)rld/\chni gclni
0 1 1

Finally we conclude that (4.31) holds. Further, it is easy to see that
IQ g [L(B(%O,b)) =: B.
Combining the estimates derived above we find that

o2
1 < eJy(x0) @) In . + B,

where B is a positive constant less than 1. O

Lemma 4.69. Let (X,d,p) be an SHT. Assume that p is upper Ahlfors 1-regular.
Let o be a constant such that « < —1. Let ¢ be the function defined on (0,b),
0<b< oo, by
b
o(t) :=t"'n" g
Then there is a positive constant ¢ such that for all t € (0,b) the inequality
a+1 b
Jp = o(d(zo,2))dp(z) < cln :
B(Io,t)
holds.
Proof. 1t is obvious that

[e%e) W(t)

Ji= /M(Buo,t) N Blao, o (V) d\ = /(---) + /Ooo--) —: )+ 5.

0 0 o(t)

Simple calculations for each term show that

b
S < (p(t),u(B(mo,t)) < ep(t)t < cln®t! t;
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o0

S5 < / 1(B(ao, o~ () dA

»(t)
t

r b
<c / e (\)d\ = c/ —¢ (w)u du < cIn®*! . O
e(t) 0
The next lemma can be proved analogously, and its proof is omitted:

Lemma 4.70. Let (X,d, u) be an SHT. Assume that p is lower Ahlfors 1-regular.
Let v be a constant such that oo < —1. Let ¢ be the function on (0,b), 0 < b < oo,

defined in Lemma 4.69. Then there is a positive constant ¢ such that for all t €
(0,0)
b
¢ (d(wo, 7)) dp(z) > ¢ .
B(wo,t)

Now we are ready to formulate our example of pair of weights.
Ezample 4.71. Let (X, d, 1) be an SHT and let 2y be a fixed point of X. Suppose
that ¢ < oo. Assume that p is lower and upper Ahlfors 1-regular at xq. Let
1<p_<py <ooandpéc P(X). We set

/ / 20
t) = tl/P (%0) t) = tl/P (z0) )
v(t) = , w(t) = n,

Then the pair (v, w) satisfies the conditions of Theorem 4.66 and, consequently,
inequality (4.28) holds, where N is .Z or K.

Indeed, observe first that Lemmas 4.69 and 4.70 imply that the measures
dv(-) = w? O (d(xo,))du(-) and dvi(-) = vPO) (d(xo,-))du(-) belong to the class
DCy(wp). Further, it is easy to check that the condition p € P'°8(X, o) and the
fact that p is Ahlfors regular at xg imply that there are positive constants ¢, ¢
and b such that for all x € B(xo,b),

1 <ec InP (o) 1 < e InP(®) 1

™) )
d(l’o,l’) d(l’o,l’) d(IEo,m)

(4.32)

Also, there are positive constants C, C2 and b such that for all balls B := B(x,r)
with u(B) < b

1 1 1
P+ , <y InP- (P , < Oy InP+ (P . (4.33)

Now, using the estimates of the LP() norms by p(-) modulars, estimates
(4.32), (4.33), as well as Lemmas 4.68 and 4.69, we find that (4.29) is satisfied.

Remark 4.72. Notice that the weights v?) (d(z,-)) and wP() (d(zo,-)) in Ex-
ample 4.71 do not belong to the well-known Muckenhoupt class A,(X) even for
constant p.
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4.7.2 Maximal Functions and Singular Integrals on R

The results of this section can be derived from the appropriate statements of the
previous section, but we give the proofs for completeness.

Let
(Hf)(z) = p.v. 1) dt, r€eR,,
r—t
0
(R4) — aup |
(A f)() Sup |I|I/|f(t)dt, z€Ry,

where the supremum is taken over all finite intervals I C Ry containing x. It is
assumed that the weights are monotonic.

Let us recall the definition of the two-weight Hardy operator and its formal
dual (see Chapter 3) defined on R, :

(Hoof) (@ /f
(. f / 0

The next statement is a special case of the similar one for quasimetric measure
spaces.

Theorem 4.73. Let 1 < p_ < py < oo. Suppose that p € P°3(R,) and that
p = p. = const outside some interval. Then the inequality

||va||LP(‘)(R+) < C||waLP(')(R+)7 (4.34)

where T is .#®+) or M, holds if
(i) Hy.g is bounded in LPO)(R), where v(z) := "), w(z) := !

z 7 w(x)’
(i) H} g, s bounded in LPO(R), where @y (z) = .}

(z)x ;

(iil) vy ([x/4,42])) < cw(z) ae., or v(z) < cw_([z/4,4x]) a.e. (4.35)
This theorem implies the next statement:

Theorem 4.74. Let 1 < p_ < py < oo and let p € P8(R ). Suppose that p =
pe = const outside some interval [0, a]. Suppose also that v and w are weights on
R, . Then the inequality (4.34), where T is .4 ®+) or H, holds if

s o o —1 —1 B
() By = sup By (6) 1= sup o)™ | o) 107 D () <207 (436)
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ii) By :=sup Ey(t) := T, 4.37
() Bz i= sup Balt) = sup 0] ) 10 000 () <20 (437)
(iii) condition (4.35) is satisfied.

Theorem 4.75. Let 1 < p_ < py < oo and let p € P°8(R ). Suppose that p = p. =
const outside some interval [O, al. Suppose also that v and w are positive increasing
functions on R,. Then inequality (4.34), where T is .#®+) or H, holds if and
only if (4.36) is satisfied.

Proof. Sufficiency. By Theorems 3.24 and 4.74, it is enough to verify that condition
(4.36) implies conditions (4.37) and (4.35). For (4.35) we will show that there is a
positive constant ¢ such that for all ¢ > 0,

v(4t) < cw(t). (4.38)

Indeed, inequality (4.1) with respect to the Lebesgue measure du(z) = dx and the
exponent r = p’ which belongs to P'°2([0, a]), for small ¢, yields that

Ei(t) = [Jv(-)x X[t,4t] QIE |71HLP(')(R+) | X[o,t/4](')w71(') ||LP’(-)(R+)

v(t
t
v(t)

w(t/4)

Further, for large t, we have that

/

)tp o) fl(t/4)t(p'>,<1[o,t/4]) >c u(t) tfltp,(ﬁxm)t(p'>,(}o,t/41>

Z Cu(t/4)

Ei(t) = [lv(@)a™ X w00 (@) Loe ) IX1e/8,6/1 0™ Ol oo )
o) ()
> t ttrct@e) = .
“uw(t/4) “uw(t/4)
Thus, condition (4.35) is satisfied.

Using inequality (4.38) and the fact that v and w are increasing we can easily
conclude that condition (4.37) is satisfied.

Necessity. First observe that inequality (4.34) implies that ||w_1HLp/(.)(07t) < 00
for all t > 0.
Let T = .#®+). Then using the obvious inequality

M E f () /f x>0,

and Theorem 3.24, we have necessity for .#®+). Now let T = H. We take f >0
such that || fll»¢)(r, w) < 1. Then,

[V fll Lo gy < C. (4.39)
Obviously, (4.39) yields that

c= ||UHf||Lq(->(R+) > HX(t,OO)(')UHf||LP(')(R+)~
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If f has support on (0,t), t > 0, then this inequality implies that

t
C> x<t,m)<~>v<~>< _ffy;dy>
0 LPC)(Ry)
t
>c X(t,oo)(x)v(x)fl’ me(R”(/f(y)dy)'
0

By taking now the supremum with respect to f and using Lemma 4.17 we
have necessity. g

4.8 Potentials with Variable Parameters

This section is devoted to the two-weight problem for variable-parameter fractional
integral operators in the classical Lebesgue spaces and the trace inequality for these
operators in variable exponent Lebesgue spaces. The problems are studied on an
SHT (X,d, ) (see Section 4.1.2 for the necessary definitions and some properties
of SHTs).

We will assume that the conditions (4.2) and £ < oo are satisfied for (X, d, p);
in addition, we assume that p is upper Ahlfors s-regular, i.e., there exist positive
constants ¢g and s such that

uB(x,r) < cor® (4.40)

for all z € X and all » > 0.
As before, we assume that || f||rc)(x,w) = [[Wf ]l Lro) (x)-

Let us recall Adams’ trace inequality result (Adams [6]) for the Riesz poten-
tial defined on R",

I“f(z) = / 2 _f(yyl_ady, 0<a<n.
R

Theorem 4.76. Let v, A\, and o be constants such that 1 < v < A < oo and
0 < a < n/y, and let p be a measurable function on R™, positive a.e. Then the

trace inequality
/X 1/~
( / <|faf<x>p<x>>kdx> <c< / f(w)”dx> ,
R’n

R‘VL
where f € LY(R™), holds if and only if
sup M@=/ / p*N(x)dr < oo,
z€R™
r>0 B(z,r)

where B(xz,r) is the open ball in R™ with centre x and radius .
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The main object of our study here is the generalized Riesz potential

%) f(2) = / (dz.9)" " Fw)duly), 0 < alz) < s.

X

Our main goal is to prove two statements. The first concerns criteria for a two-
weight inequality to hold for the operator I%(*) in a weighted Lebesgue space with
constant exponent. A trace inequality for 7*(®) in Lebesgue spaces with variable
exponent will be given in Theorem 4.81. Then we derive some corollaries and
indicate the interesting special cases, such as potentials on thin sets.

Let k be a positive measurable function on X x X and let

Kf(x) = / Kz, 9)f(4)du(y)
X
and

K05(0) = [ K@) w)duto)
X
where k*(x,y) = k(y, z).
To prove the results presented above we need some auxiliary statements.

Definition 4.77. We say that k belongs to the class V' (k € V) if there exists a
positive constant ¢ such that

k(z,y) < ck(z',y)

for all z, y, and a’ such that d(z,z’) < Nd(z,y), where N = 2¢¢(1 + 2¢5). Here ¢
and ¢ are the constants arising in the definition of the quasimetric d.

The next statement is well known (see Genebashvili, Gogatishvili, Koki-
lashvili, and Krbec [104, Thm. 3.4.2]).

Theorem 4.78. Let 1 < v < A < o0 and let k, k* € V. Then the operator K is
bounded from LY(X,w) to L*(X,v) if and only if

1/
sup (UAB(%N?”))W( / k”/(%y)w”/(y)du(y)) < oo
reX,

o<r</t X\B(z,r)

and

1/X
sup (w_”*/B(x,Nr)fM( kk(y,x)v”(y)du(y)> < oo.

o<r<t X\B(z,r)

Note that the condition (4.40) is not needed for this result.
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4.8.1 Weighted Criteria for Potentials

Now we formulate the weighted results for 7*(*),

Theorem 4.79. Let 1 < v < XA < 00, 0 < ax) < s and o € P'°8(X); let p and w
be weights.

Then the operator I*®) is bounded from LY (X, w) to L)X, p) if and only if

reX,

1/
sup (,O*B(m,Nr))l”< / w‘”/(y)(d(m,y))(“(”‘s)”/du(y)> < o0
o<r<¥t X\B(z,r)

(4.41)

and

1/
sup (w‘”'B(%N?"))””[( / p*(y)(d(%y))(“(“)‘s)*du(y)> < o0,
X\

rzeX,
o<r<t B(w,r)

(4.42)

where N = 2¢i(1 + 2¢5). The constants ¢s and ¢y are from the definition of the
quasimetric d in SHT.

Corollary 4.80. Let 1 <y < A < oo, a € P°%(X), and sup,cy a(z) < s/v. Then
i) the operator 1) acts boundedly from LY(X) into LN(X, p) if

sup pMa(@)=e/r) / PN y)dp(y) < oo (4.43)
0<r<t B(z,r)

ii) If X is compact and
bir® < uB(z,r) < bor?®

for some positive constants by and b, then condition (4.43) is also necessary
for the boundedness of I*®) from LY(X) to LN(X, p).

Theorem 4.81. Let p(-) and q(-) be measurable functions on X with a € P&(X)
and ay < s/p—, and let v be a weight.

Then the condition

sup @@=/ [ (4 )a0 () dpy) < o0 (4.41)
rzeX,
Osrce B(r,r)

implies the boundedness of 1) from LPO)(X) to LI0) (X, v).
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From this theorem it follows, for example, the statement of Sobolev type for
Ioz(:r)'
Corollary 4.82. Let p(-) and q(-) be arbitrary measurable functions on X such that
1<p_ <qy <oo. Suppose that a € P°8(X) and s(p{ — qi) Sa-<ay < ).
Then 1) acts boundedly from LPC)(X) into LI (X).

Now we derive Theorem 4.79 from Theorem 4.78. For that we observe that
if the parameter a(-) satisfies the condition o € P°8(X), then the inequality

er(d(z, y) @7 < (d(w, )7 < ea(d(x,y)) @ (4.45)

holds with the constants ¢; and co independent of z and y.

Proof of Theorem 4.79. Suppose that k(x,y) = (d(z,y))*®~*. Then due to The-
orem 4.78 it is enough to prove that k£ and k* belong to the class V. Let

d(z,z") < Nd(z,vy).
We have

d(z',y) < e(d@’, x) + d(z,y)) < co(csNd(z, y) + d(z,y))
= ¢i(esN + 1)d(z,y).
From the last inequality and (4.45) we conclude that
k(a,y) < ex(d(z, )7 < ea(d(a’, )"

c3(d(x', )@ = esk(a y).

NN

The inclusion £* € V follows analogously. Now applying Theorem 4.78 we
come to the desired result. g

Proof of Corollary 4.80. To prove (i) it suffices to show that the condition (4.43)
implies conditions (4.41) and (4.42).
Denote

Dy(x,7) := B(z, 28 r)\ B(z,2%r), k=0,1,2,....

We have

(p’\(B(x, Nr)))w’/A / (d(z, y))(a(m)fs)v’dﬂ(y)

X\B(z,r)

= (P (Ba, Nr))"/* Y (d(a, 9)) = du(y)
k:ODk(JJ,T')
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< (P (B, Nr)) NS uDy(a, r) (28 )@@=
k=0

< e(pN (B, N2 Y72k mone
k=0

< c(p/\(B(%N,n)))v’//\r(a(w)—s)w”rs ZQk((a(w)—s)w”rS) <e.
k=0

In the last inequality we used (4.43) and the condition oy < 7.

Further
P / () (d(, )@~ dp(y)
X\B(z,r)
=S [ ) P duty)
k:ODk(m,r)
<MY (@)l / P (v)du(y)
k=0 Dy (z,r)
> alx)—s As  __1.As > _ L. AS
= (@) g / Py)duly) < esy 27" <oo.
k=0 Dy (w,r) k=0

Now let us prove ii). Let the operator 1*(*) be bounded from LY(X) to
LQ(X). By Theorem 4.79 it follows that condition (4.41) is satisfied. Let us show
that in our case this means that (4.43) is valid.

Recall that the doubling condition implies the reverse doubling condition (see
Remark 4.5), i.e., there exist some constants A and B > 1 such that

uB(x, Ar) > BuB(x,r)

for small r.
Consequently,

u(B(z, T )\ B(x, i) = p(B(z, ni )= (B, nir)) = (n2—1)u(B(x, nir)).

Our aim is to show that taking w(x) =1 in (4.41) we get (4.43).
Let us consider the decomposition

X\ B(x,r) = |J (Bla,n"'r) \ Bla,nir)),
k=0

for some positive integer m.
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Put D} (z,r) = B(a,n'r) \ B(z,nfr).

Then we have

A/
( [ty )du(y))
X\B(z,r)

Ay
d(z,y)) @@= du(y)>

(%

Dnl(z r)
m , )\/7/
(Z ) (B f)
k=
m , Ay
2027»(04(1:)3)<Z,ﬁ<<a(m>—s)w +s)) > eqrr@@=2),

k=0
In the last estimate we do not need the assumption sup a(x) < s/v. For this
it is enough that inf a(z) > *.
Thus we proved that condition (4.43) is satisfied. O

Proof of Theorem 4.81. Let us recall the notation

q_ = inf g(z) and g, := sup q(z).
zeX reX

Let f > 0 and suppose that

@y <1,

X

Then we have

q(z)
/(U(@)‘I(“) ( /(d(w‘,y))“(w)‘sf(y)du(y)> dp(x)

- [ @@ @)
XN{z:1o@) f(z)>1}

+ / (0(2))™@ (1) f(2))1@di = J, + ],

XN{I*® f(x)<1}
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If we put (p(z))* = (v(2))9®) in Corollary 4.80, then we obtain

5 < / (0(@))1® (1% £ (2))+ dpa(x)

XN{z:Io@) f(z)>1}
a+/p-
< ( / (f(w))pdu(w)> .
X

On the other hand, from condition (4.44) it is obvious that

sup re-(@@)=s/p-) / (v(y) W dy < .
rzeX,

o<r<t B(z,r)

Therefore, using Corollary 4.80 again we obtain

q-/p-
I < / (0(2))7®) (19 f(2))0- dp(x) < ( / (f(w))”du(fv)> |

X X

Now we observe that

/ (@)~ dulz) = / (f(2))P- du(z) + / (f(2)- du(z)

X Xn{f<1} Xn{f=1}
S /(f(m))p(m)dﬂ(x) + u(X) < 1+ p(X).
X
Thus,
/(v(m))Q(w) (Ioc(w)f(x»q(x)du(m) <e
X
This proves the boundedness of I*(®) from LP(*)(X) to LI®)(X,v). O

Proof of Corollary 4.82. Tt is clear that when v(z) = 1 the condition (4.44) is
satisfied if

a_ = s(1/p— —1/q4). O

4.8.2 Applications to Gradient Estimates

From the results of the previous section we can obtain the embedding theorem of
Sobolev type for weighted spaces with variable exponent.

Let © be a bounded open set in R™ and let D*u be the vector of all weak
derivatives of u of order k.
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Proposition 4.83. Letn > 2, 1 < p_ < gy < 00, and let k be any positive integer
smaller than n/p_. Suppose that the functions p and q satisfy condition (4.44) of
Theorem 4.81 for X = Q. If

sup pa+(k=n/p_) / (v(y))’I(y)dy < 00, (4.46)
e,
0<r<e B(r.r)

where £ is a diameter of €2, then there exists a positive constant ¢ such that
ull Lot (,0) < llD*ull Locr o (4.47)

for all real-valued functions u in € whose continuation by zero outside ) has weak
derivatives up to the order k in R™.

Proof. Following Cianchi and Edmunds [44] it can be shown that D¥u € L'(R"),
and therefore (see Maz’ya [249, Thm. 1.1. 10/2]) there is a constant ¢1, depending
only on n and k, such that

DF
@l <en [ U0 ay,
|z —y["

Then using condition (4.46) and Theorem 4.81 we conclude that (4.47) is valid.
(I

The proof of the next statement is based on the ideas used in Cianchi and
Edmunds [44].

Proposition 4.84. Let n > 2 and let 1 < p_ < gy < oo. Suppose that k is any
positive integer smaller than n/p_. If condition (4.46) holds and Q is convez, then
there exists a positive constant ¢, depending only on n, k, and Q, such that
: k
P€17ré£,1 [u = Pl Lac) (,0) < | D" ul| Lror (e (4.48)
for all real-valued functions u in Q having weak derivatives up to the order k in

Q; here Py, denotes the space of polynomials of order less than or equal to m. If
k =1, inequality (4.48) holds, in particular, with P = \flll [ u(z)dz.
Q

Proof. It is known (see Maz’ya [249, Thm. 1.1.10/1] and Cianchi and Edmunds

[44]) that there exists a positive constant ¢z, depending only on n, k, and Q, and
a polynomial P € Py_1, depending on n, such that

<o [ IDFu)
u(z) - P@)] < e J oy

for all x € Q and u, D*u € L*(2). Theorem 4.81 and condition (4.46) complete
the proof. O
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4.8.3 Potentials on Fractal Sets

Let T be a subset of R” which is an s-set (0 < s < n) in the sense that there is a
Borel measure g on R™ such that

i) the support of p is T

ii) there are positive constants ¢; and ¢y such that for all x € T and r € (0,1),

crr® < u(B(z,r)NT) < cor’. (4.49)

It is known (see Triebel [361]) that u is equivalent to the restriction of the
Hausdorff s-measure Hg; we shall thus identify p with Hg|p. Given € T, put
I'(z,7) = B(x,r)NI. Let us indicate some examples of SHT for which the condition
(4.49) is satisfied.

Let I' C C be a connected rectifiable curve and let v be the arc-length measure
on I'. By definition, I' is regular if

v(I'NB(z,r)) <er

for every z € C and r > 0.
For r smaller than half the diameter of I', the reverse inequality

v(lNB(x,r) >r

holds for all z € I'. Equipped with v and the Euclidean metric, the regular curve
becomes an SHT.

Now let
a(t) _ f(7)
T f(t>_/t71a(t)d7
T

be an integral with weak variable singularities.
The Cantor set in R™ is an s-set, where

_ log(3™ —1)

log 3

Consider the potential type integral operator on a bounded Cantor set F',

s—a(x)

T f(a) = / o ;’; (|y) dH,, 0<afz) < s.
F

Then from the previous results we can derive a trace inequality for the operator
JC) In some cases the statements have the form of criteria.

To illustrate this, we present these results for the case of J*().
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Proposition 4.85. Let 1 <y < A < oo, a € P8(X), and sup,cp < s/7. Then the
operator J*O) acts boundedly from L (F) into L*(F, p) if and only if

sup pAe(@)=s/7) / pMy)dH,(y) < oo,
Osrt T(z,r)

where ¢ is the diameter of F and I'(z,r) := B(z,r) N F.

Proposition 4.86. Let p(-) and q(-) be measurable functions on F with 1 < p_ <
g+ < 00, let a € PI8(F) and sup,cpa(z) < s/p—, and let v be a weight. Denote
by £ a diameter of F'. Then the condition

sup 11+¢@o0) [ (010 ) < o
om<€rliz I(z,r)

implies the boundedness of J*©) from LPC)(F) to L1O)(F,v).

Proposition 4.87. Let p(-) and q(-) be as in the previous proposition. Suppose that
a € P8(F) and

s(1/p- ~1/a4) < inf a(x) < sup a(x) < s/p-.

Then J*O) acts boundedly from LPC)(F) into L) (F).

4.9 Comments to Chapter 4

For the two-weight theory of integral operators in the classical Lebesgue spaces we refer,
e.g., to the monographs by Garcifa-Cuerva and Rubio de Francia [98], Kokilashvili and
Krbec [174], Edmunds, Kokilashvili, and Meskhi [76], Cruz-Uribe, Martell, and Pérez
[54], Volberg [368], and references therein. It should be emphasized that the two-weight
characterization for the Hilbert transform in terms of Sawyer type test conditions and a
variant of the two-weight As condition were given in Hyténen [138].

The proof of Theorem 4.37 is based on the arguments of the proofs of Theorem
1.1.4 in Edmunds, Kokilashvili, and Meskhi [76] (see also Edmunds, Kokilashvili, and
Meskhi [78]).

A statement similar to Proposition 4.40 for an exponent p € P'°8(X) and for
arbitrary balls B C X (with the constant ¢ independent of B) was derived in Harjulehto,
Hasto, and Pere [124] (see also Kokilashvili and Meskhi [180]).

Lemma 4.56 and Theorem 4.60 were proved by Diening [62] for Euclidean spaces.
For a similar result in the case of SHT we refer to Harjulehto, Hasto, and Pere [124].

An example analogous to Example 4.71 for the classical weighted Lebesgue spaces
defined on R™ first appeared in the paper Edmunds and Kokilashvili [72]. In the paper
by Edmunds, Kokilashvili, and Meskhi [81] the authors constructed a similar pair of
weights guaranteeing the two-weight inequality in L” ) spaces for maximal and Calderén—
Zygmund operators, but under the restriction that p has a minimum at the origin.

This chapter is based on the papers by Kokilashvili and Meskhi [184], Edmunds,
Kokilashvili, and Meskhi [77, 81], Kokilashvili, Meskhi, and Sarwar [203, 204].



Chapter 5

One-sided Operators

This chapter is devoted to the study of the behavior of one-sided maximal func-
tions, Calderén—Zygmund integrals, and potentials in Lp(‘)(l ) spaces, where I is
an interval of R. Namely, we show that these operators are bounded in LP()(T)
if p belongs to a certain class which is larger than the class P'°¢(I). From the
general results we conclude, for example, that left-sided (right-sided) operators
are bounded in LP()(I), where I is a bounded interval, if p is non-increasing (resp.
non-decreasing). In the case when I = Ry or I = R we assume, in addition, that
p satisfies the Cruz-Uribe-Fiorenza—Neugebauer condition (“decay condition”) at
infinity.

The proofs of the main results for one-sided potentials and singular integrals
are based on one-sided extrapolation, which is also established in this chapter.

In this chapter we investigate also the boundedness of one-sided maximal
functions and potentials in weighted Lebesgue spaces with variable exponent. In
particular, we derive a one-weight inequality for one-sided maximal functions; suf-
ficient conditions (in some cases necessary and sufficient conditions) governing
two-weight inequalities for one-sided maximal and potential operators; criteria
for the trace inequality for one-sided fractional maximal functions and potentials;
Fefferman—Stein-type inequality for one-sided fractional maximal functions; gener-
alizations of the Hardy—Littlewood theorem for the Riemann-Liouville and Weyl
operators; the one-weight modular inequality for the Riemann—Liouville operator
on the cone of decreasing functions from the variable exponent viewpoint. It is
worth mentioning that some results of this chapter imply the following fact: the
one-weight inequality for one-sided maximal functions automatically holds when
both the exponent of the space and the weight are monotonic functions.

© Springer International Publishing Switzerland 2016 297
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5.1 Preliminaries

Let I be an open set in R and
1<p_(I)<pi(I) < . (5.1)

Definition 5.1. We say that an exponent p belongs to the class Pk)g(l ) if there exists
a positive constant ¢; such that for a.e. x € I and a.e. y € I with 0 < x —y < 1/2,

the inequality

C1

p(xr) < ply) +

@) SPOF 10102 - y)

holds. Further, we say that p belongs to Pfg(l ) if there exists a positive constant
¢ such that for a.e. z € I and a.e. y € T with 0 < y — 2 < 1/2, the inequality

(5.2)

C2

p(x) < p(y) + In(1/(y — x)) (5.3)

holds.

It is easy to see that if p is a non-increasing function on I, then condition
(5.2) is satisfied, while for non-decreasing p condition (5.3) holds.
Let

Ii(z,h):=[x,c+hNI; I_(x,h):=[z—hx]NI;
I(xz,h) =[x —h,z+h|NI.

Observe that either I (z,h) =0 or |I;(z,h)| > 0, because I is an open set.
The same conclusion is true for I_(x,h) and I(z,h).

Proposition 5.2. Let p be a measurable positive function on I such 0 < p_(I) <
p+(I) < 0o. The following conditions are equivalent:

(a) (5.2) holds;

(b) there exists a positive constant Cy such that for a.e. x € I and all r with
0<r< ; and I_(z,7) # 0,

rp,([, (z,m))—p(z) < Oy (54>

(c) the inequality
rP@)—p+ (I (2.1)) < 1,

holds, for a.e. x € I and all r with 0 <r < 1/2 and I (x,r) # 0.

Proof. Let us show that (a) is equivalent to (b). The equivalence (a) < (c) can be
obtained in a similar way. We follow Diening [62]. Let (5.4) hold and take x,y € I
such that 0 < z —y < 1/2. We choose r with 0 < /2 <z —y < r. Then

)

1 p(([:)—p,([, (1;77'))
Cy > rP- (I-(z,r))—p(z) > ¢, ( )
r—y
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where ¢, = 2P~ (=P+()_ Hence

C

P@) <Pt O

and so, (5.2) holds.

Conversely, suppose that (5.2) holds and take r so that 0 < r < é and
I_(z,7) # (. Observe that if

Sy = (1/2) esssup (p(x) —p(y)) <0,
yel_(z,r)

then p(z) < p(y) for a.e. y € I_(x,r). Therefore, p(z) < p_(I_(z,7)), and conse-
quently, (5.4) holds for such r and x. Further, if S, , > 0, then we take g € I_(x,r)
such that

0 < Srz < p(z) — plxo).

Hence,

1 2(p(xz)—p(z0)) 1 2¢/In(1/(z—w0))
o (@) —p(a) o ( > < ( ) <C. O
T — X0 T — X0

The next statement can be proved in a similar manner; therefore we omit
the proof.

Proposition 5.3. Let p be a measurable positive function on I such that 0 < p_(I) <
p+(I) < 0o. The following conditions are equivalent:

(a) (5.3) holds;
(b) the inequality
pp-Us(@m)=p(@) < oy

holds for a.e. x € I and all r with 0 < r < é and I (x,r) #0;
(c) the inequality
rP@)=p+I-(=1) < 1,

holds for all x € I and all r satisfying 0 < r < ; and I_(x,7) # 0.

Remark 5.4. Let I be a bounded interval in R and let p be continuous on I. Then
P(I) = P5(1) N PYE(D).

Proposition 5.2 implies the next statement.

Proposition 5.5.

(a) p/ € P5(I) if and only if p € Pfg(I); p e Pfg(l) if and only if p € P'5(I).
(b) Let s be a positive constant. If p satisfies (5.2) (resp. (5.3)), then s-p also
satisfies (5.2) (resp. (5.3)).
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Let us introduce the following maximal operators:

() () = sup . / @)t

h>02h
I(z,h)
1
(@ =swp, [ 15l
h>0
I_(z,h)
1
(M f) @) =swp [ IO,
h>0
I+(£E,h)

where I is an open set in R and z € I.
Let
R(x) = (e+[z))7"
Lemma 5.6 (Cruz-Uribe, Fiorenza, and Neugebauer [51], Capone, Cruz-Uribe, and

Fiorenza [39]). Let r and s be nonnegative functions on a set G C R. Assume that
B is a measurable function on G with values in R. Suppose that

< C
= log(e + |B(2)])

for a.e. x € G. Then there exists a positive constant C,. such that for every func-
tion f,

0<s(z) —r(x)

[1t@r@a <c, [17@re + [ rE@)yed.
G & Z

Lemma 5.7 (Capone, Cruz-Uribe, and Fiorenza [39]). Let r and s be nonnegative
functions on a set G C R. Suppose that for a.e. x € G,

C
‘S(I) - r(:c)\ < 10g(€—|— |.’IJ|)

Then there exists a positive constant C, such that for every function f satisfying
|f(z)| <1 for x € G, one has

f(@)["@da < C, [ |f(@)]*® + [ R(z)"ada.
/ Juer]

Definition 5.8. Let I = R (resp. I = R). Suppose that p is a constant, 1 < p < oc.
We say that w € A} (1) if there exists ¢ > 0 such that

1 T 1/p 1 z+h 1/p
(h /w(t)dt) (h /wlp'(t)dt> <c

z—h x

for all h,x >0, h < z (resp. x € R, h > 0).
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We say that w € A] (I) if there exists ¢ > 0 such that (.Z_w)(x) < cw(x)
for a.e. € R when I = R, and for a.e. € Ry when I =R,.
Let I =Ry (vesp. I = R). We say that w € A, () if there exists ¢ > 0 such

that
) z+h 1/p ) z 1/p’
1—p’ <
(h /w(t)dt) (h / w (t)dt) <c

x z—h

for all h,x >0, h <z (resp. x € R, h > 0).
We say that w € Ay (I) if there exists ¢ > 0 such that (#Z w)(z) < cw(x)
for a.e. x € R when I =R, and for a.e. x € Ry when I =R,

It is easy to verify that AT (I) C Af(I), p>1.

Let 1 <p_(I) < p+(I) < o0, and let p and w be weight functions on I. Let
us recall that

Hf”Lp«mIp)iiiHPf”Lp«xfy
£l 207y = 0P F Ol o (1),

Lo = [ 1f@P@ds
I

The following statements can be found in Sawyer [334] for R, and in Andersen
and Sawyer [20] for Ry.

Theorem 5.9. Let I = R or I = R,. Suppose that p is a constant and that
1< p<oo. Then

(i) Ay is bounded in LP(I,w) if and only if w? € A} (I).
(ii) - is bounded in LP(I,w) if and only if w? € A, (I).

We shall also need

Definition 5.10. Let p and ¢ be constants such that 1 < p < 00, 1 < ¢ < co. We
say that U € A} (Ry) if

T 111 x+h pl,
sup ! /Z/lq(t)dt ! /Z/I*”/(t)dt < 0.
o<h<az \ R . h

x

Further, U € Aj (R ) if

x+h (11 T pl,
sup ! /L{q(t)dt ! /Z/l_p/(t)dt < 0.
o<h<az \ R h
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Theorem 5.11 (Andersen and Sawyer [20]). Let p and o be constants. Suppose that
O<a<l,l<p<?! andq= L . Then the Weyl operator W< given by

a’ —«

We f(z) = / fO)t—2)°dt,  zeRy,

is bounded from LP(Ry,U) to LY(Ry,U) if and only if U € A (Ry). Further, the
Riemann—Liouville operator

R(@) = [ 107t e R,
0
is bounded from LP(Ry,U) to LY(Ry,U) if and only if U € A, (Ry).

5.2 One-sided Extrapolation

Now we prove a one-sided version of Rubio de Francia’s extrapolation theorem for
variable exponent Lebesgue spaces.

Theorem 5.12. Let I = Ry or I = R. Let F be a family of pairs of nonnegative
functions such that for some py and qo with 0 < pg < qo < oo, the inequality

( / f(fv)‘“w(x)dfv) ° <( / g<x>p°w<x>p°/q0dx> 0 (5.5)
I

I

holds for all (f,g) € F, where w € AT (I) (resp. A7 (I)) and the positive constant
co depends on the AT (I) constant of the weight w. Given p satisfying (5.1) and
also the condition po < p—(I) < p4+(I) < qﬁ"f’;a , define a function q by
1 1 1 1
- = - , zel (5.6)
p(x)  q(@) po
If A (resp. ///” is bounded in L(’I(')/qo)/(l), then for all (f,g) € F such that
f € LIO(I) the inequality

[l Lacr(ry < ellgllprorcry
holds.

Proof. Let us prove the theorem for I = Ry and w € Af(I). The proof for
p(x)

Ppo

other cases is the same. First notice that ¢ satisfies (5.1). Let p(z) := and
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q(z) := q((;'). Observe that 1 < (7/)-(I) < (7))+(I) < oo. By assumption, .#_ is

bounded in L@ O)(R,), i.e.,
|- fllpar oy < B v @,
Let us define .2 on L@ ()(R,) by

+o00 (k) z
o) = - O,

B
Il
o

where

A = o ot oo . P =1d
k

From the definition it follows that

(a) if ¢ > 0, then ¢(z) < () (2);
(b) ||%¢||L(®'(~>(R+) < 2”¢HL(®’(‘)(R+);
(¢) M_(#9)(x) < 2B (H'¢)(x) for every z € Ry.

It follows that J#¢ € A (Ry) with an A] (R) constant independent of ¢.

Further, by the definition and elementary properties of LP(*) spaces (see pre-
vious chapters) we have

19180y = Dy < sup [ 1) hie)da,
Ry

where the supremum is taken over all nonnegative h € L(@'()(R, ) with the norm
7]l L@ g,y = 1. Let us fix such an h. We will show that

[ 11ha) do < e ol e,
Ry

where ¢ is independent of h and f € L90)(R). By (a), (b), and the Holder inequality
for LP() spaces we have

J1s1mhta) de < [ 1710 (o) do <2 AP faseo |l o e,
Ry Ry

< 2¢ | 1% Il orosy = 2¢ | Fl%0, ) < oo
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Using the fact that the A} (I) constant of ##h is bounded by 2B, and applying
(5.5) and the Holder inequality with respect to p we find that

q0
PO

[ 11 sth(a) do < [ [ st (na) i
R+ Ry

<c 9p°||Lp(>(R+)H () H];(p) O/(Ry)

a0

Po
= gl | RS 1200

where p(-) = pp((')). In view of these estimates, it remains to show that

||( ) ||L(p) ()(]R g &)
where ¢ is independent of h. From (5.6) we have
.y p(x) @ q(x) qo (s
p)(x)= = = q) (x
#)() p@)—po  po () —q  po /)
for x € R;. Hence by (b) we conclude that

loen)s |12

L (R = |0 L "O®y) S ||h||L(§)'(~)(R+) =6

where ¢ does not depend on h. O

5.3 One-sided Maximal Functions

In this section we establish the boundedness of one-sided maximal functions in L?()
spaces. According to the next statement, in the case of an exponent p exhibiting
jumps the operator .# is not bounded in LP(") (I), but one of the one-sided maximal
operators is bounded in the same space. In particular, we have

Proposition 5.13. Let I = [0,b] be a bounded interval. Then

(a) there exists a discontinuous function p on I satisfying (5.1) such that #—
bounded in L”(')(I), but A is not bounded in L”(')(I).

(b) there exists a discontinuous function p on I satisfying (5.1) such that A is
bounded in LPO)(I) but, .4 is not bounded in LPC)(T).

Proof. Let p; and ps be constants such that 1 < ps < p1 < oo and let

) = D1, .'L'E(07ﬁ]7
p) {pg, v e (5,0,

where 0 < 8 < b.
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It is easy to see that the operator .Z4 (and consequently .#) is not bounded
b

in LPO(I). Indeed, let f(z) = (z — B)"YP x5 (2). Then [(f(z))PVdx < oo,
0

b
while [ (t//l_s_f)p(')(x)dx = oo since
0

Mif(x)= sup  F(h)=F((B—z)p1)=c(8—z)" /™

B—x<h<b—2z

for x € (0, 5], where the positive constant ¢ depends only on p;.
Let us show that .#_ is bounded in LP()(I). Let [ fllrery < 1 and let

us represent f as follows: f = f1 + f2, where fi(x) = x5 (7)f(z), falx) =
f(z) = fi(z). Then we have

b PO () d clﬁ pl x
[ (agy O < O/(///f o) +
B
/

///fp2 dz

(A1) (z)dz + | (- f2)"*( m] =c) L.
By the boundedness of .#, on LP'(I), we have

b b

b
L < [ (o) (2)de <c | |flx)rde < e |f (@) PO dz < c.
j Fararee]

0 0
Further, it is easy to check that

(A_f1)(x) < sup (B —a+ h)V/P

= c(z — 5)—1/11’1
rz—p<h<Lx h

when z € (8,b). Consequently, since py < p1, we have Is < co.
It is also obvious that Is = 0, while due to the boundedness of .Z_ in LP*(I),

b b
Ls [ (o) @i < e [ 1@ <
Analogously we can prove part (b). a

Proposition 5.13 motivates us to establish the boundedness of one-sided max-
imal function under a condition on p(-) which is weaker than the log-condition.

Theorem 5.14. Let I be a bounded interval, (5.1) be satisfied for an exponent p,
and let p € P'5(I). Then 4_ is bounded in LPC)(I).
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Proof. We use the arguments from Diening [62]. For simplicity let us assume that
I =(0,b). First we show that the inequality

()" (@) < c<p>(2 | 1rorod 1>, O<h<az, (57
I_(z,h)
holds for all f with ||f||z»¢) < 1, where
1
(eah)@i= ) [ 1wy
I_(z,h)

and the positive constant C(p) depends only on p.
Ifh > é, then

(- nf)P(

p(x
(1 / dy) (w)
h
1_(z,h)
1 p(x)
(h I <y>p<y>dy+1>

I_(z,h)N{|f|=1}

p(z)
b / y)[PW dy + 1)

I_(z,h)
<(2+41) p(l 3P+( )7

—_

which proves (5.7) for this case.
Let h < 1/2. Then using the Holder inequality we have

p(x)
(z 1 p_(I_(z,h))
(A nf)’ )( ) < (h / f(y)|p(1(:r,h))dy>

I_(z,h)

1 p,(}i?i,h»
<y [ vwreawe

I (z,h){|fI>1}

_ p(x)
I_(:
< BT P-U-G)
I_(z,h

p_(I_(z,h))
|f)PWdy + h) :
,h)
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b
Since [ |f(z)[P")dz < 1 and 0 < h < 1, we have that
0

1 1
, | W@ pst
I_(x,h)
The last estimate and the assumption that p € P'°%(1) yield

. 1 1
(M- )P (z) < Ch~ - G@m) (2 / |f () P@dy + 2h>

I_(z,h)

poU_(m)-p() [
= (Ch P-U—@h) ) / |F ()PP dy + 1
_ (=, )

I_(x,h
C (A n(| 1P (@) +1).
Thus (5.7) has been proved. Inequality (5.7) immediately implies
(A f)" 7 (@) < CE (A7) (@) + 1] (5.8)

Suppose now that g(z) = ? (‘r) . Then using the fact ¢ € P'°5(I), inequality
(5.8), and the boundedness of /// in LP-(I) we find that

b b
/ )P Pd < c/ (A (1190 (@) de + C
0 0
b
<C/|f(x)|p(“")dx+C<C. 0
0

The next theorem follows analogously. The proof is based on the inequality

(A f @)D < elp) [ A (1PN @) + 1] (5.9)

which can be proved in the same manner as (5.8) was proved.

Theorem 5.15. Let I be a bounded interval and let (5.1) be satisfied for an exponent
p. Let p € Plog( I). Then Ay is bounded in LPC)(I).

Now we investigate the boundedness of one-sided maximal functions in LP()
spaces defined on unbounded intervals.
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Proposition 5.16. Let I be an open subset of R. Suppose that p € Pfg(l) NPoo ().
Suppose also that Sy.)(f) < 1. Then there exists a positive constant C' such that

1)

(s ()" < Ot (| PO D) ()P~ 4 S(a) (5.10)

for a.e. x € I, where S € L'(R).

Proof. We use the arguments of Lemmas 2.3 and 2.5 in Cruz-Uribe, Fiorenza, and
Neugebauer [51] and Theorem 4.1 in Capone, Cruz-Uribe, and Fiorenza [39]. Let
f = 0. We shall see that there exists a positive constant C' such that for a.e. z € T
and all h > 0,

p(z) p_(I)
(; / f(t)dt) <c<}1l /(f(t))p(t)/p(”dt> + S(@).

I+(5L’7h) I+(£E,h)

Let us denote
1

h
I (xz,h)

Monf(z) = F(b)dt.

We divide the proof into two parts:
(a) f&)>1or fla) =0,z €l
(b) f(z) <1lonl.

Proof of (a). Case 1 (h < |z|/4). Denote p(z) = p(x)/p—(I). Then it is obvious
that p € Pfg(l) NPoo(I). It is also clear that p(x) > 1 a.e. on I. Further, we claim
that for a.e. t € I (z,h),

C
0<p(t) =p-(I4(2,h)) < : 5.11
Indeed, if z € I (z, h) and |z| > |¢|, then
p(t) = B(2) < C/log(e +|t]). (5.12)

On the other hand, if |z| < |t| we observe that
] < h+ 2] <5(|2| = 3h) <5z,
Hence |z| > |t|/5. Consequently, since p € Poo(I),
p(t) — p(z) < C/log(e + |z]) < C/log(e + [t]).

Taking the infimum in (5.12) with respect to z we will find that (5.11) holds.
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Further, the Holder inequality and Lemma 5.6 yield (here 7(-) = p_ (I (z, h)),
s(t) = p(t), B(t) = 1)

(///Mf(m))p(%(; | oy e

I (ZL’,h)

<<i / (f(t))ﬁ(t)dt—l—}ll / R(t)7- T+ @) gy

Iy (z,h) I (z,h)

>p(1f)/p(1+(rah))

>p(1f)/p(1+(rah))

<<§ | G @y e

I+(ZL’,h)

<c<§f | o

I+(£E,h)

>p(1f)/p(1+(rah))

p(@) /P (Lt (2,h)
) + C(R(z))P").

Moreover, by the Holder inequality and the condition Sp.)(f) < 1 we have

(,11 | oy

>P(T)/P(I+(ffvh))

I (z,h)
1 p—(1) 1 p(@)/p-(I+(z,h))—p-(I)
(h / (f(t))”(”dt> (h / (f(t))”(”dt>
I (xz,h) I (z,h)
1 (p(x)/P—(I+(,h))—p-(1))/p-(I) 1 p—(1)
<(h / (f(t))”“)dt> (h / (f(t))”(t)dt> :
I (xz,h)

I (xz,h)

Now observe that

i1

ot Loy 77 0] =29 [ )

Hence,
Az, h) := h~ @@/ U+ @m)=p-(1)/p-(1) 1

for h > 1, while by Proposition 5.3,

Az, h) < (P-4 () =p(2)p1 (1) / (p- (1)) <C
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when h < 1. In addition,

(p(z)/p— I+ (x,h))—p-(I))/p-(I)

( / (F(H)" Ot
Iy (z,h)

because Sy, (f) <1 and (p(x)/p—(I4(x,h))) — p—(I) = 0. Consequently,

p—(I)
(2 O <c(; / (f(t))”(t)dt> ,

>P(I)/P(I+(l’vh))
I, (z,h) I (z,h)

and the desired inequality follows.
Case 2 (|| < 1 and r > |x|/4). In this case, it is easy to check that

0<pt)—p-(Li(2,h) <pp(I) —p-(I) < log(ec-i’- |z[)’

where ¢ € I (z,h), because |z| < 1.
Consequently, the Holder inequality and Lemma 5.6 yield (with s(-) = p(+),

Ble) =z, r() =p-(L(z,z+h)))
1 p(z)/p— (L4 (z,h))
(A f(@)" < <h / (f(t))p(”(x’h))dt)
I+(£E,h)
c 1 p(2)/p— (Lt (z,h))
< (h / (f(t))ﬁ(t)dt+ b / R(x>P(I+(ay,h))dt>
I

Iy (z,h) +(z,h)

p(z)/P- 1+ (z,h))
> + CR(z)P™).

<o<jl / (Pt

I+(£E,h)

Now using the arguments from Case 1 we obtain the desired estimate.

Case 3 (|| > 1 and h > |x|/4). By the conditions Sy,.)(f), f =1 or f =0, we
have

p(z)
(///+7hf(x))p(:r) < h—p(x)< / (f(y))p(y)dy> < hP@)
I+("E7h)
< Clz| 7™ < CR(x)P0).

Proof of (b). The proof is the same as in the previous argument, except for Case
3, because the condition f > 1 or f = 0 was used only in this case. Assume that
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|z] > 1 and h > |x|/4. We have

p(w)

I4(z,h)NI(0,|z])

p(x)
o)

Ly (@,)NI(0,]])
= Il + IQ.

Let E := I, (z,h)\ I(0, |z|). Since p € Pso(I), we find that

C

p(t) —p(2)| < |p(t) — p(x)| + |p(2) — p(r)| <
IP(t) = p(2)| < Ip(t) = P(@)| +P(2) =Pl <y 0o 1)
when t, z € F, because in this case |z| < |y| and |z| < |z|. Hence,

C

0<P®) =P-(B)< e s 1a))

for all t € E. Consequently, by the Holder inequality and Lemma 5.6 with r(-) =
p—(E), s(-) = p(+), B(x) = x we find that

p(@) p(®)/p-(E)
(}L / f(t)dt> < (,11 / (f(t))”(E)dt>

E

o i 1 i p(z)/p-(E)
< ( . / (PP Ve + / (R(w))““dt)
E

E

p(®)/p-(E)
“‘(i / (f(y))p“)dt> + C(R()y"™

I (x,h)
= S(z,h) + C(R(z))P®,

Notice that p(z) > p_(E) for a.e. x € E. Now we argue as in Case 1. We have

p—(I)
S(x,h)G /(f(t))p(t)dt> (;L /(f(t))ﬂt)dt

> (p(2)/p-(E))=p-(I)
I (x,h) I (x,h)

h(p(r)/p(E))p(I)< / (f(£)PDdt

I (x,h)

p—(I)
x<]11 /(f(t))p@)dt) .

I (x,h)

> (p(z)/p-(E))—p-(I)
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Observe that since —(p(z)/p—(E)) + p—(I) < 0 we have
p—(p@)/P—(E)+p-(I) < 1,
Indeed, for h with h > 1, the inequality is obvious, while for A < 1, using Propo-
sition 5.3, we find that
B~ (@) /p—(B)+p-(I) (p— (1) /p—(E))(p- (E)—p(=))

(P (D)/p+ (D) (P~ (I1-(2,h) —p(2)) < O

h
h

N

Consequently,

h
I (xz,h)

p—(I)
Ir < C(l / (f(t))”(t)dt> + C(R(x))"™).

To estimate I;, we denote F := I(0, |z]) N I (z, h). Using again the assump-
tion that p € Poo(I) we see that

C

) =B < 1

because if ¢t € F, then [¢t| < |z|. Applying the Holder inequality and Lemma 5.6
with r(z) = p(z) and s(t) = p(t), we see that

p() p(z)/p(x)
(,11 /f(t)dt> < (,11 / (f(t))p“”)dt)
F

F
p—(I)
¢ . 1 _
) ( (e + (R(t))"(m)dt)
h h
F/ 1<o,|/x|>
1 - p—(I) 1 i p_(I)
S C( (f (t))”“)dt> + C( (R(t))”(“dt)
h h
F/ 1(040
p-() p-(1)
< (flL / (f(t))p(”dt> + C<|glc| / (R(t))p@dt) :
I (x,h) 1(0,)z])

because h > |z|/4, F C Iy (x,h), and F C I(0,]|z|).
Further, let us take the constant  so that 1 < r < p_(I). Then by the Holder
inequality,

p-(I)
(i / <R<t>>"<ff)dt> <M<I>/T< / <R<t))p<m”dt>

1(0,]z|) I(0,]=|)

p-(I)/r
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Now observe that p(z)r > p_(I)r > 1 and R(t) < 1. Therefore simple
estimates give us

/ (R(t))P@rdt < / (R(t))P-Drat < C.
1(0,]]) 1(0,]])
Further, since |x| > 1 we see that
o =D/ < Cle + a7 O,
Since the last function is in L!(R), we finally have the desired result. ]

Proposition 5.17. Let I be an open subset of R and let the exponent p satisfy the
condition 1 < p_(I) < py(I) < oo. Suppose that p € P5(I) N Pao(l), and also
that Sy (f) < 1. Then there exists a positive constant C' such that

(A ()" < (P D))"+ S(a)
for a.e. x € I, where S € L'(R).

The proof of this statement is similar to that of Proposition 5.16. In this case
we need Proposition 5.2 instead of Proposition 5.3. The proof is omitted.

Proposition 5.18. Let I be an open set in R. Let (5.1) be satisfied for p. Suppose
that p € PLE(I1) N Poo(I). Then the operator My is bounded in LPO)(Ry).

Proof. Inequality (5.10) and the boundedness of the operator .Z in the Lebesgue
space with constant exponent p_(I) yield the desired result. ([l

In a similar way it follows

Proposition 5.19. Let I be an open set in R and let the exponent function p satisfy
(5.1). Suppose further that p € P'°2(I)NPao(I). Then the operator 4 is bounded
in LPC)(R,).

Theorem 5.20. Let [ = R and let p satisfy condition (5.1). Suppose further that
p € PYE(I) and there is a positive number a such that p € Poo((a,00)). Then My
is bounded in LPC)(R ).

Proof. Since .# is positive and sublinear, it is sufficient to show that
| A4 fl Loy )y < 00 3 || fl| Lror(my < 00
Let fi(z) = Xxj0,q)(x) f(2), fo(x) = f(z) — f1(x). Then

oo

/ (1 )" (@)da < c

0

a oo

/(///+f1)p(m)(x)dx+/(///+f1)p(z)($)d$

0 a

a oo

/(/mfg) (@ )dx+/(///+f2)p(l x] chIk.

0 a
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oo

Since f |fi(2)P@dz < [ |f(2)P@dr < oo and p € PYE([0,a]), using Theo-

[}

rem 5.15 We have that I; < c.

It is obvious that Iy = 0.
x+h
Let us evaluate I3. Notice that if 0 < h < a — =, then f |f2(t)|dt = 0,

while for h > a — z > 0, we have

1 z+h z+h 1 z+h
o [ 1l - / foe< o [ 10l < (),

By Theorem 5.15, (///+f) () < oo a.e. on every finite interval. Thus we can
take a so that (.Zyf)(a) < co. Then (4 f2)(z) < (M1 f)(a) < oo when z €

[0,a] and, consequently, I3 < a(t///_s_f)p*([o’a])(a) < oo if (M4 f)(a) < 1515 <
a( s 1) OV (a) < oo if (M4 f)(a) > 1
The boundedness of ., in LP()((a,00)) (see Proposition 5.18) yields

oo

I, = / (1 £2)"7) (@)da < oo. 0

a

Corollary 5.21. Let I = R. Suppose that p satisfies condition (5.1) and is non-
decreasing on I. Suppose also that there exists a positive number a such that

C

, a<y<uwo.
log(e +v) Y

p(x) <ply) +

Then M, is bounded in LPC)(R,).

This follows from Theorem 5.20 and the fact that for nondecreasing p the
condition (5.2) is satisfied.

Theorem 5.22. Let I =R, and let the exponent p satisfy condition (5.1). Assume
thatp € P'°5(I) and that p € Pso((a, 50)) for some positive a. Then .4~ is bounded
in LPO)(T).

Proof. Keeping the notation of Theorem 5.20, we have (we assume || f|| Loc) (g, ) <
o0)

0 4
/ //l fp(l )dxgc[ZIk].
5 k=1
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It is obvious that Iy < ¢, thanks to Theorem 5.14. Further,

oo oo T p(z)
b:/(//l_fl)p(x)(x)dx:/< sup ht / |f1(y)dy> dx
r—a<h<a
a a x—h
2a [e’e}
=/+/Z=I21+I22~
a 2a

Notice that for z € [a, 2a],

sup B[ |f(y)ldy= sup h7' [ |f(y)ldy < (A-f)(a).
J J

z—a<h<zx r—a<h<x

By Theorem 5.14 we can assume that (///,f) (a) < oo. Consequently, I
< a(e//l_f)pf([a’ga})(a) < ooif (A#-f)(a) <1and Iy < a(///_f)”([a’ga})(a) < o0
if (A_f)(a) > 1.

Let us estimate now Iss. Assume that @ > 1. Then for x —a < h < x we have

—

a

1 1 /
I / |f1| < h||f||Lp<->(R+)||X(w—h,a)(‘)HLp’H(nh) < Cal/lP )7(1)/(35 —a).
z—h

Hence, since a > 1,

I < c/(m — a)_p*(”dx = c/m_p*(”dm < 00.
2a a

Further, it is clear that Is = 0, while Proposition 5.19 yields
I, < / (//Lfg)pm (x)dz < oo. O

Corollary 5.23. Let I = R.. Suppose that p satisfies condition (5.1) and is non-
increasing on I. Suppose also that there exists a positive number a such that

C

p(z) <ply) + log(e + 7’

a<z<y.

Then A — is bounded in LPC)(R,).

Theorem 5.24. Let I = R. Suppose that p satisfies condition (5.1) andp € Pfg(l).
Suppose further that there is a positive number a such that p € Ps(R\ [—a,al).
Then M+ is bounded in LPC)(I).
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Proof. Let || f|rc)(m) < 0o. We have

[t s@p@in < [ pyp@@is e [ (g s

R ~a Za
+c / (Mo f1)PD) (2)dx + ¢ / (M f2)P®) (2)dx
R\[—a,a] R\[—a,a]

4
=:C E Ik,
k=1

where fl = fX[—a,a]7 f2 = fX]R\[—a,a]'
It is easy to see that, by the definition of .Z ,

L :/_a (M4 (FX (ar00) (2))P®) da, 13:/__a(%+(f1( )P da.

To evaluate Io, observe that when x € (—a,a),
1 xT+T 1 T+
(et = swo [ irende< s [

r>a—x r>a—z L+ 7T
a a

< (%Jrf)(a) < 00.

Further, (///+ f) (a) < oo because we can always choose such an a.
Hence

I, < a{ a(%_'_f)pi—a,a] (a), if (://f+f)(a) <1,
a( My f)Po(a), if (Ayf)(a) > 1
This implies that Iz < co.

Further,
—2a —a
L< [(Hh@r@des [ p@rde =1 110,
—00 —2a

By the Holder inequality and simple calculations, we have (we can assume
that a > 1)

—2a p(x)
1 < / (~a— ”( / £t |dt> du
_:.;ll Ood
z t
< [ oo xcon I xcanllitde <e [ <0 <o

where the positive constant C' depends on a, f and p.
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Notice that

1 < [ (@)@ <
—2a
because HleLp(_)([da’a]) < oo and p € Py([—2a,a]).
Finally, Theorem 5.15 and Proposition 5.18 yield

I, < oQ; I, <@
respectively. ]

Theorem 5.25. Let I = R and let p satisfy (5.1). Let p € Plfg(l). Suppose further
that there exists a positive number a such that p € Poo(R\ [—a,al). Then A_ is
bounded in LPC)(I).

The proof of this statement is similar to that of Theorem 5.24 and is omitted.
We only mention that in this case Theorem 5.14 and Proposition 5.17 are used
instead of Theorem 5.15 and Proposition 5.18, respectively.

5.4 One-sided Potentials

In this section we assume that I = [0,b), where 0 < b < c0. Let

b
(Ia(‘)f)(x):/f(t)\x—t‘a(w)—ldt, z € (0,b),
(R*ON)@) = [ 10 =02, e 0.b),

0
(WO‘ )f /f —2)*@=Ldt e (0,b),

where 0 < a(z) < 1.

If a(x) = o = const, then we denote 700 ReC) W) by 70 R and W2,
respectively.

We analyse these operators in much the same way as the maximal operators
were handled earlier.

Proposition 5.26. Let I = [0,b] be a bounded interval and let o € (0,1) be a
constant. Then

(a) there exists a discontinuous function p on I such that R* is bounded from
LPO(I) to LION(I) and T is not bounded from LPC)(I) to LIC)(I), where

q(z) = 1f’£zzz) and 0 < a < 1/p4(I);
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(b) there exists a discontinuous function p on I such that W is bounded from
LPO(I) to LION(I) and T is not bounded from LPC)(I) to LIC)(I), where
g(z) = | 20 and 0 < a < 1/pi(I).

Proof. We prove part (a). The proof of (b) is similar; therefore it is omitted.

Let
_ DP1, 0 << a,
p(x){ p2, a<wz<b,
where p; and py are constants, a € I, go < p; and ¢; = , P! | i=1,2.

1—ap;’
It is clear that ps < g2 < p1. Let f > 0 let HfHLp(.)([o’b]) < 1. We have

gclo/(o/(mil()l—“dt> dx+0/<0/(xi2(>1_adt> dx
b x q b x a2 4
+ /< 0/<xfli§3 ) /< O/@fzii ) ] ~3n)

where f1 = fX(0,0) and f2 = fX[a,b)-
It is obvious that I < ¢ because [(fi())P*dt < 1 and consequently, R

0
is bounded from LP'([0,a]) to L%([0,a]). It is also clear that Io = 0. Now let
€ (a,b). Then

[ A .
O/(xt)ladt <cx (%_fl)(m)

Hence, by the boundedness of .Z_ in LP2(I) and the Holder inequality, we

have
b b
I3 < cbo‘pz/ /// f1 p2 / <c.
0 0

Using the boundedness of Ry, from L2 ([a,b]) to L% ([a, b]) (see, e.g., Samko,
Kilbas, and Marichev [331]), where

/f —t)*7tdt, z € (a,b),

b
we have Iy < oo, because [(fa(t))P2dt < [(f(t))PPdt < 1.

a

S

o
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Let us now prove that W is not bounded from LT’(')(I) to L9C)(I). Let

f(®) = Xap)(x)(x — a)*, where A = —a— ! . Then f P()dx < oo, because
11 1
@ P p2’

On the other hand, it is easy to see that, for € (0,a), we have (W‘)‘f) (x) >
c(a —x). Hence [[W* f|| 1ocy(1) = 00

Finally, we conclude that W is not bounded from LP() ([O7 b)) to L1C)([0, b])
and, consequently, Z® is not bounded from LP()([0,b]) to L90)([0,d]). O

Theorem 5.27. Let I = Ry and let p satisfy condition (5.1). Suppose that p €

P8(I) and that there exists a positive constant a such that p € Puo((a,0)).

p(z)

) 1 _
Suppose further that « is a constant on I, 0 < a < pa(D) and q(z) = 1ap(z) -

Then W is bounded from LPC)(I) to L) (T).

Proof. By Proposition 5.5, the assumption p € Pfg( ) implies ¢’ € Plog(r I), where

q(z) = ql(lf) and qo is a constant such that 1 < gy < ¢—(I). Let us choose pg
so that plo — qlo = p(ll_) (1) = a. Then p4(I) < | = qf)’o_q;o. It is clear that

_ g q-(I) _
Po = 0“100+1 < aq; +1 =Dp- (I)

It remains to apply Theorems 5.11, 5.12, and 5.22, together with the fact

that p© € Af(I) = p e A} (R, ) (see Section 5.2). O
Theorem 5.28. Let [ = Ry and p satisfy condition (5.1). Suppose that p € P5(I).
Let a be a constant on I, 0 < o < p+1(1), and let q(x) = | ap L) Suppose further

that p € Poo((a, 00)) for some positive number a. Then R® is bounded from LP)(I)
to LIO)(I).
The proof of this theorem is similar to that of the previous one.

Remark 5.29. Theorems 5.27 and 5.28 remain valid if we replace the assumption
p € Pso((a,00)) by: p is constant outside an interval (0,a) for some positive
number a.

Theorem 5.30. Let I := [0,b] be a bounded interval and p satisfy condition (5.1).

Assume that p € PYE(I), 0 < a_(I) and that (ap)(I) < 1. Suppose that q(z) =

l_a(f);(w). Then W) is bounded from LPC)(I) to LIC)(T).

Remark 5.31. Notice that if p € P4 ([0,5]), then there exists a positive constant
¢ such that for a.e. z € [0,b] and all » with 0 < r < 1/2 and Iy(z,7) # 0, the
inequality

1 1
z,r)) " p/(a
Ty @m) TR Lo

holds.

To prove Theorem 5.30 we need the next statement.
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Lemma 5.32. Let I = [0,b] be bounded, p satisfy condition (5.1) and || f|lz») (1) <

1. Suppose that p € Pfg(l) and 0 < a < p+1(1), and let q(x) = l_ap(%l)(x). Then

there exists a positive constant ¢, depending only on p and o, such that

p(x)

WeO(f)(@) < e[(Ay f) (@), zel.
Proof. For simplicity we assume that b = 1, i.e., I = [0, 1]. We have

2(t—x)

W@ < [ O g < [ oo [ et a
(t _ x)l—a(x,)
0<t—z<1 0<t—x<1 t—x
2 5 2
< c/r“(w)_2< |f(t)dt>dr —cf()wef() =l
0 0<t—z<min{r,1} 0 €

where ¢ will be chosen later (if € > 2 we assume that Iy = 0). It is easy to check

that
[ a(z)—1 1
Li=|r . |f(t)|dt |dr.
[

0 z,z+r]N(0,1)
Further, if z + 7 < 1, then
1 1
f0lr < [ 1@ < (o)
[z,xz+r]N(0,1) z
if x +7 > 1, then again
1
1 1
Vo et i< s
[z,z+7]N(0,1) T

So, for all 0 < r < 2 we have

1

T
[z,z+7]N(0,1)

[f(@)|dt < My f(x),

which implies that

ea(z)
L <A fl@) (@) < colly f(x)e®@),
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Now by the Hélder inequality and elementary properties for LP() spaces
together with Remark 5.31 we find that

2

I < 2/ra(x)_gHX[m,erT]fHLP(‘)([O,l])HX[:L’,IJrT]HLP’(‘)([O,I])dr
1>
2

2
< c/r‘)‘(“)_gr(?f([z'l”"]))’ dr < c/ra(x)_2+ v dr = ce®®) " plo)
€ €

Taking & = (e//l+f(m))7p(m) we have

p(x)

W) (@) < cap (A f)(2)] . 0
Proof of Theorem 5.30. Let || f| 1r¢)(jo,5)) < 1, which is equivalent to saying that
fblf(w)lp(')dl’ <L
’ By Lemma 5.32 and Theorem 5.15,

b b
/‘Wa(‘)f(q:)\q“)dm < c/ (t//1+f(x))p(‘)dx <ec
0 0

The theorem has been proved. O

The next statement follows analogously.
Theorem 5.33. Let I = [0,b] be a bounded interval and let condition (5.1) hold
for an exponent p. Let p € Pl,og(l). Suppose that 0 < «a_(I). Assume also that

ap)+(I) < 1 and let q(x) = | P Then RC) is bounded from LPO)(I) to
1—a(z)p(z)
LAO)(T).

5.5 Omne-sided Calder6n-Zygmund Operators

We begin this section with the definition of the Calderén—-Zygmund kernel defined
on R.

Definition 5.34. We say that a function k in L{, (R\ {0}) is a Calderén-Zygmund

loc
kernel if the following properties are satisfied:

(a) there exists a finite constant B; such that

e<|z|<N
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for all € and all N, with 0 < & < N, and furthermore

lim / k() dx

e—0
e<|z|<N
exists;

(b) there exists a positive constant Bs such that
; x #0;

(c) there exists a positive constant Bs such that for all z and y with |z| > 2|y| > 0
the inequality

holds.

It is known (see Aimar, Forzani, and Martin-Reyes [10], Martin-Reyes [244])
that conditions (a)—(c) are sufficient for the boundedness of the operators:

K*f(a) = sup [Ko ()] and K f(x) = lim K. f ()

e>0 e—0

where

K.f(x) = / Kz — y)f(y)dy,

lz—y|>e

in L"(R), 1 < r < 0.

It is clear that K f(x) < K* f(z).

The following example shows the existence of a non-trivial Calderén-Zyg-
mund kernel with support contained in (0, +00).

Ezample 5.35. The function

1 sin(Inz)

k(r) = X(0,400)(7)

T Inx

is a Calderén—Zygmund kernel (for details see, e.g., Aimar, Forzani, and Martin-
Reyes [10], Martin-Reyes [244]).

There exists also a non-trivial Calderéon-Zygmund kernel supported in the
interval (—o0,0).

The next results are well known (see Aimar, Forzani, and Martin-Reyes [10],
Martin-Reyes [244]).
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Theorem 5.36. Let p be a constant, 1 < p < oo, and let k be a Calderon—Zygmund
kernel with support in (—00,0). Then the condition w € Af(R) implies the in-
equality
/|K*f(m)’pw(x)dx < c/ ’f(x)|pw(m)dx, f e Lf(R).
R R
Theorem 5.37. Let k be a Calderdn—Zygmund kernel with support in (0,+00) and
let p be a constant, 1 <p < oo. If w € A, (R), then K* is bounded in L},(R).
Theorems 5.12, 5.24, 5.25, 5.36, 5.37 yield our main results of this section:

Theorem 5.38. Let I = R, and let condition (5.1) be satisfied and p € Pfg(l).
Suppose that p € Pso(R\ [—a,a)) for some positive number a. Then the operator
K*, with kernel k supported in (—00,0), is bounded in LPC)(I).

Theorem 5.39. Let I = R, and let condition (5.1) be satisfied and p € P'5(I).
Assume that p € Pso(R\ [—a,a]) for some positive number a. Then the operator
K*, with kernel k supported in (0,+00), is bounded in LPC)(I).

5.6 Weighted Criteria for One-sided Operators

Let us introduce the following maximal operators with variable parameter:

(o)) =5 oy [ IO

h>0
I(z,h)

1
(A f)) =sw [ Al

h>0
I_(z,h)

(D)@ =sw [ Al

h>0
Iy (z,h)

where 0 < a_(I) < a4 (I) < 1, I is an open set in R, and z € T.
If « = 0, then ///Oj(_) and ///;(_) are the one-sided Hardy-Littlewood maximal
operators, which are denoted by .#_ and .#., respectively.

Recall that the symbols D(R) and D(R.) denote the dyadic lattice in R and
R, respectively.

5.6.1 Hardy-Littlewood One-sided Maximal Functions.
One-weight Inequality
In this subsection we discuss the one-weight problem for the one-sided Hardy—

Littlewood maximal operators .Z* and .#Z~.
The following two theorems are the main results of this section:
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Theorem 5.40. Let I be a bounded interval in R and let p be a measurable function
on I satisfying condition (5.1).

(i) If p € Plog( I) and the weight function w satisfies the condition w(-)P") €
Al (I), then for all f € LA(D),
(N H)wll ooy < Cllwfll ooy (5.13)
where N = .47 .
(ii) Let p € Plfg(f) and let w(-)P0) € A, (I). Then inequality (5.13) holds for
all f € LEO(I), where N = .~
In the case of unbounded intervals we have the next statement:

Theorem 5.41. Let I = R, and let p be a measurable function on Ry such that
1 < p_ < py < oo. Suppose that there is a positive number a such that p(z) =
pe = const outside (0, a).

(i) If pe PIE(I) and w(-)P0) € Al (I), then (5.13) holds for N = .4*.
(ii) If p € P_log(I) and w(-)P") € A (I), then (5.13) holds for N = .4 ~.

Theorem 5.40 yields the following corollaries:

Corollary 5.42. Let p be an increasing function on an interval I = (a,b) such that
1 < p(a) < p(b) < oo. Suppose that w is an increasing positive function on I.
Then the one-weight inequality

1T 5Ol oo gy < ellFOll oo

holds.

Corollary 5.43. Let p be a decreasing function on an interval I = (a,b) such that
1 < p(b) < pla) < co. Suppose that w is a decreasing positive function on I. Then
the one-weight inequality

12~ YOl peo oy < el FOllzeo g
holds.

Now we prove Theorems 5.40 and 5.41.

Proof of Theorem 5.40. Since the proof of (ii) is similar to that of (i), we prove
only (i). It is enough to show that

o (wat ™ (f Jw)) <
for all f satisfying the condition || f|[ sy < 1.

First we prove that I;.) (w) < 00, where p(z) = p}fz)~
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By using the Hoélder inequality we find that

8 (j;) = / [f /P (2)da
I
< (/f(m)p(mdx) g (/w(x)P(@(l—(P)’)dx) oLy < o,
I

1

because w?()(-) € A} (I). Further, by (5.9) for p instead of p, and the boundedness
of A" in LY | (I), we have

Loy (w(tt* fw)) = / L+ (f ) (2)] 7 0@ () da

= [ ([ (/) @] wr® (@)

N\N

< [ (Lt (1/uP)e)” (i) ds
I
C/ P(:r d:c+C’/ ///—l- \f/w\p )( ))p*wp(x)(x)dx
I I
<C’—|—C/‘f/w‘p x)wp(w)(x)dxgc. O
I

Proof of Theorem 5.41. First we prove (i). Without loss of generality we can as-
sume that .Z T f(a) < oo. Since .# T is a sublinear operator, it suffices to prove
that I,y (w.#* f) < co whenever I,,..)(wf) < co. We have

[t " @

R
a

gc[/(%+fX[07a])p(z)(x)w(x)p(m)d‘r+/(%+(fx[a,oo)))p(m)(Z’)w(x)p(z)dx

v 0
- / (%+(fx[[)’a]>)p(x) (@)w(a)™ da + / (e///Jer[a,oo))p(w) (2)w(z)P) da

= C[Il +Ig +I;3 +I4}

Using the assumptions w(-)P*) € Af ([0,a]), p4+ € P1((0,a)) and Theorem 5.40,
we find that I; < oo. Further, the condition w(-)P¢) € A} (I) implies that
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w(-)P0) € Af ((a,00)). Consequently, since p = p. = const on (a,o0), by the
boundedness of the operator 4" f := X (a,00)#* (fX(a,00)) I L, ((@,00)) we
have I < oo.
Now observe that .#Z " (fx[0,q))(z) = 0 when z € (a,c0). Therefore, I3 = 0.
It remains to estimate I5. For this notice that if z € (0,a), then

z+h z+h
1
A (F X)) = 00 / £ @y = 510 170 o (0)d
>a—x
) a+(z+h—a)
< a, o0 d
R / |f (1) X[a,00) () dy

<M fla) <

Hence,
a

I, < c/w(x)p(w)daz < 00
0

because w(-)P") is locally integrable on R .

To prove (ii) we use the notation of the proof of (i), substituting .#* by .# .
In fact, the proof is similar to that of (i). The only difference is in the estimates of

= [ (7 (Fx))" )0l s
0

and

I3 = / (A (f - Xp0.0) (@) (@)w(2)? ™) dac.

Obviously, we have that I = 0. Further, we represent I3 as follows:

o0

b= [ o) @) )ty do

a

= [ G X)) @uterde s [ 0 a)@)" @ty

=: I:gl) + L§2).

Observe that for = € (a, 24,

a

/ |f()|dy < A~ f(a) < co.

a—(a—x+h)

1
%7 : a])\T g su
(f - x10,a) (@) e a—z+h
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Hence,
2a

< (P (a) / (w(@))™ de < oo.

a

If x > 2a, then

a

(@<, b [l

Therefore, the Holder inequality with respect to the exponent p(-) yields

12 < (/(w(x))”c (a:c)p°d35> (/If(fv)ldl’>
0

2a
[e)

< ( [ @) @-a)- d) 170 o T~ 25,

al) ([0,a])
2a
= CJl . J2 . J3.

It is clear that Jo < oo. Further, since w(-)P() € A, ((a,00)), by the Holder

inequality we have that w(-)P() ¢ A ((a,00)), because p. > p_. Hence, the
operator A~ f 1= M (fX(a,00)) 15 bounded in L¥¢((a,00)). Consequently, the
Hardy operator

H f(a / Fldt, € (a,00),
is bounded in L2 ((a,o0)). This implies that J; < oc.
It remains to see that J3 < co. Indeed, we have

Hw_lum’w([o,a]) <1+ a)||w_1\|L(p7)/.([o7a])

< el 131 0 Olloro o + g1 0 Oll oy 0.
P()

< Xz (w7 (@) Lo Y ((0,a)) T €
a 1/(p-)
< ( / w’”("‘")“@>'><w>d“"> o
0
Thus I{? < oo. -

5.6.2 One-sided Fractional Maximal Operators.
One-weight Inequality

In this section we derive the one-weight inequality for one-sided fractional maximal
operators. The main results are the following statements:
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Theorem 5.44. Let I be a bounded interval and let condition (5.1) be satisfied

for an exponent p. Suppose that « is a constant such that 0 < a < 1/py4. Let

q(x) = kpé%) :

(i) If p € Pfg(l) and a weight w satisfies the condition w(-)1) € Al (D),
then the inequality

H(Naf)wHLq(~>(1) < Cllwfllpeoray, € LZJ(')(I% (5.14)

holds for No = A .
(ii) Let p € PB(I) and let w(-)1") e Ay .
Ny =DM].

Theorem 5.45. Let I = Ry and let condition (5.1) be satisfied for an exponent
p. Suppose that p(x) = p. = const outside some interval (0,a). We set q(x) =
p(z)
1—ap(z)’

(i) If p € PLE(I) and w(-)10) € A
(ii) If p € P'°5(I) and w(-)10) € A

P—,q—

(I). Then inequality (5.14) holds for

where « is constant satisfying 0 < a < 1/p4.

(I), then (5.14) holds for N, = M} .
(I), then (5.14) holds for No = M, .

q—

Proof of Theorem 5.44. We prove (i). The proof of (ii) is the same. First we show
that the inequality

ME(F ) (@) < (//ﬁ(fp(-)/s(-)wq(-)/s(-))(x))“r)/q(r)(/fmy)(y)dy)
I

holds, where f > 0 and s(z) =1+ ¢q(z)/p'(x). Indeed, denoting
g(-) = (f(.))p(-)/s(-)(w(.))fq(-)/s(-)
we see that
FO/w() = (g(-)* /POt /PO=1 — (g())Imags()/pl)FTa=lyaal)

By using the Holder inequality with the exponent (1 —a)~! and the relations
s()/a() =1 —a, (s(y)/p(y) + a = 1)/a = s(y), we have

l—«
1 fy) 1 /
dy < &
- win @< 9(y)dy
Iy (z,z+h) Ly (@a+h)
" GG /pw+a=1/a(y),1@) (y)dy>
Iy (z,z+h)

< (M g(w))" 1) / 9°@ (y)w'™ (y)>
I, (z,x+h)
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< (%+g(x))s(w)/q(w)</fp(y)(y>dy> ]

I

Now we prove that I,(.) (w.Z; (f/w)) < C when Sp(f) < 1. By applying the
above-derived inequality we find that

Loy (wdlF (fw)) < C/ (A (PO 000 50N @) (08 ()l
I
— el (0 (PO IO 501 0)/50),

Observe now that the condition on the weight w is equivalent to the as-
sumption w9()(-) € AT (I). On the other hand, ||fp(')/5(')||Ls(.>(I) < 1. Therefore
applying Theorem 5.40 we have the desired result. O

Proof of Theorem 5.45. (i) Let f > 0 and let Sy, (f) < co. We have

Iq(~)(“’///jf) = / (///(jf)q(m) (x)w(x)q(z)d:c

I
a

/ (A FX(0a) ()" (2)0() 1 da

0

<c

a

+/(///J(f'X[a,oo))(m))q(w) (2)w(z)?@ dz

0
00

+ / (3(f- X[o,a])(x))q(z) (2)w(z)1®) da

a
oo

+ / (///;(fX[a,oo))(x))q(z) (z)w(z) ™) dy

a

= C[Il +Ig +I;3 +I4}

It is easy to see that I; < oo, thanks to Theorem 5.44 and the condition w9()(-) €
Al ([0,a]). Further, it is obvious that I3 < oo, because .. (fX0,a)(x) = 0 for
x > a. Also,

a
I < c/w(x)q(z)dx < 0,
0
where the positive constant ¢ depends on «, f, p, a.
It is easy to check that, by the Holder inequality with exponent

((pe)'/4e)/ ((0-) /a-),
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the condition w(-)% € Af _ ([a,00)) implies w(-)% € A  ([a,00)). Hence,
Iy < oo.

(i) We keep the notation of the proof for (i) but substitute .#; by ., . The
only difference between the proofs of (i) and (ii) is in the estimates of I and I3.

It is obvious that Iy = 0, while for I3 we have

2a

b= [ (o) @) (@)

a
oo

[ (A o) @) " @y de
2a
=1V + 1.

If x > a, then

M@ < sup b / FW)ldy < el f(a).
x—h

r—a<h<z

Consequently,
2a

I?El) <c(; fla)™ / (w(z))*dx < occ.

a

Now observe that when x > a we have the following pointwise estimates:

My (fxp,a)(@) < (x—a)*™ / |f(y)ldy
0
< (@ = a)* M fwll oo qo,ap o™ Lo (0.a))
= (z —a)* ' - Ja.

Hence,

1?9 < ( /(93 _ a)(o‘l)q”(w(%))chx> (J1 - Jo)%.

2a

It is obvious that J; < oo. Further,

Jo < o™ Oxgo- 1513 Ollrroqoay + 107 X guw-1<13 Ol Lo 0,a))
=: J2(1) + JQ(Q).
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It is clear that J2(2) < oo. To estimate ,]2(1)7 observe that

. _
TV <+ @)l syl (oay < 4+ @)™ x syl (0.0
< L+ a)flw™ % | oo, < o0

Since ., is bounded from L2 ([a, o)) to Li([a, o)), we have the Hardy inequal-

ity
z e 1/qc o0 1/pe
(w—a)(“_”q°wq°(w)< /If(t)dt> dm) <c</f(w)p°w”°(w)dm> ;

which in turn yields

oo

(/

a

/(m — )@V (y(z)) % dx < co. O

2a

5.7 Generalized One-sided Fractional
Maximal Operators

In this section we establish two-weight inequalities for one-sided fractional maximal
operators with variable parameters. For that we first investigate the two-weight
problem for one-sided dyadic fractional maximal functions, which is of indepen-
dent interest. Fefferman—Stein-type inequalities for one-sided fractional maximal
functions are also investigated.

5.7.1 The Two-weight Problem
Let I := [a,b) be a bounded interval and let
It :=[,2b—a), I~ :=[2a—b,a).
Let Q=11 X Is X --- x I, be a cube in R". We denote:
Q=1 xI x---xIF, Q :=1I] xI; x---x1I,.

Let a be a measurable function on R", 0 < a— < a(r) < agr < n. Define
one-sided dyadic fractional maximal functions on R™ by

(435 D) = s IQP o / 1£(y)ldy,
QG'D ]R")
()@= s / £ w)ldy.

IGQ
QGD(R")
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If a(z) = 0, then we have the one-sided Hardy—Littlewood dyadic maximal
functions .# (D gD,

Recall that the symbols D(R™) and RDC' (R™) denote the dyadic grid
in R™ and the class of weights satisfying the dyadic reverse doubling condition
respectively.

Theorem 5.46. Let p be constant and let1 <p < q_ < g4 < 00,0 < a_ < ay <n,
where q and « are measurable functions on R™. Suppose that wP € RDC(d) (R™).
Then t///()jr(ﬂgd) is bounded from LP(R™ w) to LIYO)(R™, v) if and only if

a(-)
A= sup |xo()|Q] = v
Q,QeD(R™)

')HL‘J(')(R”) XQ*“’AHLP’(W) <oo.  (5.19)

Proof. Necessity. Assuming f = xo+ w? (Q € D(R™)) in the inequality

H/// me( V(R ) < Ol fllpr@n ) (5.16)

= [Ixe(: |Qa()_1HLq<.>(Rn7v)< /w_p/(y)dy>

L) (R™,v) Q+

1
S ||‘//lzj(7-§d)f||Lq(~>(Rn,v) S C( /w_p/(y)dy> .

Q+

Thus, to show that (5.15) holds it remains to prove that for all dyadic cubes
Q, Sg = fw v y)dy < oo. Indeed, suppose the contrary, i.e., Sg = oo for some

we have that

1
XQ(><|Q1 /f>

cube Q. Then So = ||w_1||Lp/(Q) = oo. This implies that there is a nonnegative
function g such that g € LP(Q) and [ g(y)w~'(y)dy = co. Further, let Q = Q™,
Q

where @ € D(R™). Then taking f = yqogw™ !, we have

I flle®r,w) = ( /g”(x)d:c) < 00.

o+
Further,

o+
= Ixa ORI | ot / gy)wly) "y = o
ot
This contradicts (5.16).
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Sufficiency. For every x € R™ we take Q, € D(R") (x € Q) so that

a( @) _
Q" [ 1wy > , (4557 D@, (5.17)
Q+
Assume that f is nonnegative, bounded, and with compact support. Then it is

easy to see that we can take the maximal cube @), containing z for which (5.17)
holds. Let @ € D(R™) and let us introduce the set

Fg = {x € @ : Q is maximal for which \Q|a(nz)* / fly)dy > ; ///;(’_gd)f(:c)}.
+

It is knovvn that dyadic cubes have the following property if Q1,Q2 € DR"),

and Q1 ﬂQg # (), then Q1 C Q2 or Q2 C Q1, where Q denotes the interior of
a cube Q.

Now observe that Fo, (| Fg, # 0 if Q1 # Q2. Indeed, if Q1 Q2 = 0, this

is clear. If Q;l ﬂég # 0, then Q1 C Q2 or Q2 C Q1. Take x € Fy, () Fg,. Then
T €Q1, r € Qe and

1 e / Py > (40F) @),

Q= S
@
1 1
P [rwis> 5 (4555 @)
2
QF

If Q1 C Q2, then Q2 would be the maximal cube for which (5.17) holds.
Consequently = ¢ Fg, and x € Fg,. Analogously we have that if Q2 C @1, then
x € Fp, and = & Fyp,.

Further, it is clear that Fp C @ and U Fgo =R", where
QEDm(R™)

D,,(R"):={Q:Q € D(R"), Fq # 0}.

Suppose that || f|| 1z @n) < 1 and that r is a number satisfying the condition
p <71 < q_. We have

A2 iy = I A0 o0

:sup/vr(x) (e///(j(’.) f) (x)h(x)dz,
Br

where the supremum is taken over all functions h with ||A] («01)’ < 1.
L ™ (R‘n
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Now for such an h, using Proposition 4.30, we have that

[reeits) eree= 5 / (A £) @h(a)do

R~ QED,,

<c 3 (/ (@l )dx) ( /f(y)dy>
Qt

QEDm(R™) \
h|| (q<>) )(Q/+f(y)dy>

<C Y ORI IO o

r (R™)
QEDm (R™)
a() r
¢ S ot el oy, ([ 0m)
QED,,(R") LA/ (R™) o+

QEDm(

<cam Y (/w”’@)dy) (/f(y)dy> < CA"[| fIIZp @ )
R™) Ng+ Q+

In the last inequality we used also the fact that QT € D(R™) if and only if
Q € D(R").

Let us pass now to an arbitrary f, where f € LP (R™). For such an f we take
the sequence fi, = fXQ(0,km)X{f<jm}> Where

Q0 k) i={(z1, ... xn) || < km, i=1,...,n}.

and ky,, jm — 00 as m — oo. Then it is easy to see that f,, — f in LP(R” w)
and also pointwise. Moreover, f,,(z) < f(z). On the other hand, {/// o fm} is

a Cauchy sequence in L) (R",v), because

5 fon = A I3l o oy < Ny (o= i) oo gy
<Ol fm = Fill 1o n oy
Since L9()(R™, v) is a Banach space, there exists g € L9()(R", v) such that

H (%;7(d)fm) - g”Lq(')(]R",v) —+ 0.

Hence, we conclude that there is a subsequence %;ﬂgd) fm,, which converges

to g in L9O)(R™,v) and also almost everywhere.
But fi,, converges to f in LP(R™, w) and almost everywhere. Consequently,

90l L) @m0y < Clfllr @ w)s (5.18)
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where the positive constant C' does not depend on f. Now observe that since f,,,
is non-decreasing, for fixed x € @, @ € D(R™), we have that

|Q\“(f“1/f< )y = lim Q| /f’"k(y)dy

a(z)
< Tim sup Q] / Fonn (0)dy

= koo zeQ EA
= (A ) @)
and the last limit exists because it converges to g almost everywhere. Hence,
(2500 ) @) < tim (0 f, ) (@) = g(a),
for almost every x. Finally, (5.18) yields

H%+ (@) fHLq( )R ) S CHfHL”(R” w)+ (]

The proof of the next statement is similar to that of Theorem 5.46, and is
omitted.
Theorem 5.47. Let 1 <p < q_ < g4+ <00, 0 < a_ < at < n, where p is constant
and q, a are measurable functions on R™. Suppose that w? e RDC(d) (R™). Then
t//l()l_(ﬂgd) is bounded from LP(R™ w) to L) (R™ v) if and only if
()

sup HXQ el -
Q,QeD (R~

: HL‘Z(')(R”) ‘wil()xQ*(')HLP’(R”) < o0

Let us now consider the case when p = ¢ = const.

Theorem 5.48. Let 1 < p < oo, where p is constant. Suppose that 0 < a_ < ay <
n. Then ///;(’_gd) is bounded from LP(R™ w) to LP(R™, v) if and only if

/vp(:c) (///;(’_gd) (w*p/XQ)(x)>pd:c < C’/w*pl (x)dx < o0,

R™ Q
for all dyadic cubes Q C R™.

Proof. Sufficiency. It is enough to show that the inequality

H A f‘ (5.19)

<ol s

Lr(R") Lr(Rn)

holds if for all @ € D(R™),

JECICR C/\f R

R"
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where
(350 1) @) = Y (fu) @),
To prove (5.19) we argue in the same manner as in the proof of Theorem
5.46. Let us construct the set F for Q € D(R™). We have

QED,,
e o () Q|(°‘5f>—1)pdx>< f<y>u<y>dy>

by (F{ Qz
& (/ () Q|(“5f”)”d$>< (@) ( @ / flo )

Taking Proposition 4.25 into account it is enough to show that

5= Z / e ( " 1Q/U(y)dy>pdx <CQ/U(y)dy-

J: Q;CQ

FQ,];AV) FQ; J
J

Q;€D(R™)

Indeed, we have

s< Y [ et D) @)

jFQJ;Cég FQ;
Q;€D(E™)
= / VP (x) (///’L’(d) (v xq)(x))’dx
UQj cQ FQ;
</ () (A (1 xg) (v C/
R‘VL

Necessity. Taking the test function fg = XQw_p/ in the two-weight inequality
0 (A )y <17
and observing that [ w P (y)dy < oo for every @ € D(R™), we obtain the desired

Q
result. O

Lr(R") Lr(R")
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The proof of the next statement is similar to that of the previous theorem,
and is omitted.

Theorem 5.49. Suppose that 1 < p < oo, where p is constant. Then /// ’(d) 18

bounded from LP(R™, w) to LP(R™,v) if and only if there is a positive constant C
such that for all Q € D(R™),

/ p /
/vp(x) <e///;(’.§d) (w™P XQ)) (x)dz < C/w_p (x)dx < oo.
Rn Q

Next we now discuss the two-weight problem for the one-sided maximal func-
tions ///:(.), ///a_(‘) defined on R.

Recall that ///:(’_gd) and ///Oj(ﬂgd) denote the one-sided dyadic maximal func-
tions. Now we assume that they are defined on R.
Together with these operators we need the following maximal operators:

x+h
. 1
w+g

(//Z;()f> (z) = ii% (h/2)i*a(z) /Qf(y”dy;

xz—h

a:+2j
—~ 1
+
(L)@ =5 o ey [ F
r4+2i—1

To prove the next statements we need some lemmas.

Lemma 5.50. Let f € Lioc(R). Then the following pointwise estimates hold:

<‘//l<j()f) (@) < 1 Ea;a_+171 <*///_:()f) (2),

2a+—1

()@ <, 7 e (Aay 1) @)

(5.20)

for every x € R.
Proof. Observe that

x+h T+ 5 h x+h

1
e [ 1TO= /\f M+ oy [ 170N

T m+h
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x4l z+h
= 20(@)-1 1 " /Qf(t)|dt—|—2“($)‘ o) / £ (t)|dt
h 2 —al(x 2 a x
(h/2) (h / i

<20@Naf ) (@) + 200N (AT F) (@)
Hence,
(S ) (@) <227t d f) (@) + 200 (A F) (@)
Consequently,
(1_ aL) 1)(%+ f)(><2a(1 ( )f)()
which implies

2@(7;)—1 _ 9oy —1 _
(%(j()f) (l‘) < 1— 204(1’)71 (%;F()f) (.’17) < 1 —2a4+-1 (%;F()f) (l‘)

Inequality (5.20) is established analogously. O
Lemma 5.51. The inequality

(A 1) (@) < C(AY ) @) (5.21)
holds with a positive constant C' independent of f and x.

Proof. Take h > 0. Then h € [2971,27) for some j € Z, and so

) oty . w427
ot | O oo [ ISl
oth w4292
m+2j71 m+2j
1 1
= 9(-2)(1-a(x)) IFOldE+ 52 (1 —at@) |£(®)ldt
T+27-2 r4+2i-1
1 z+2/7 2&(1)71 axd
= 2-2)(1-0()) / FOIE+ oG- na-a) / ()]t
4272 r+4+2i—1

< (AT f) (@) + 22 (S ) () = (14207 (A3 F) ().
Hence, (5.21) holds for C' =1+ 2%+~1, O

Lemma 5.52. There exists a positive constant C' depending only on « such that for
all f, f € Lioc(R), and z € R,

(A5 ) @) < (a0 ) ). (5.22)
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Proof. Let h = 27 for some integer j. Suppose that I and [ " are dyadic intervals
such that I|JI’ is again dyadic, |I| = |[I'| = 277, and [z + 2,2+ h) c (TUT).
Then x € (I'JI")~, where (I|JI')” is dyadic, and

z+h
[ lses [ 1swla <20 (a0 ) @)
et Jr

whence

(AF 1) (@) <2 (V) (@),

If I|JI’ is not dyadic, then we take I; € D(R) of length 27 containing I’. Con-
sequently, € I, where I; is dyadic. Observe that x € I~, where I~ is also
dyadic. Consequently,

z+h

[ swiar< [ i = [ 1zl [ i@ < e om0 )
ot TUnh I I
with positive constant C' independent of j. Finally, we have (5.22). O

Lemma 5.53. There exists a positive constant C, depending only on «, such that

(350 @) < C(af ) ) (5.23)
for all f € Lie(R) and all x € R.

Proof. Let z € I, I € D(R). Denote I = [a,b). Then It = [b,2b — a). Let
h =2b—a — x. We have

z+h
21— a(z)
)|dt < t)|dt
e M)/\f Nt < e [ 1O

x+h
/\ (t)ldt < 2.4, f(a).

T

1

l-a_
<2 hl—a(z)

Since I is an arbitrary dyadic cube containing z, (5.23) holds for C' = 2'=2-. [
Summarizing Lemmas 5.50-5.53, we have the next statement:

Proposition 5.54. There exists positive constants Cy and Co such that for all f,
f € Lioc(R), and x € R the two-sided inequality

Cu( A\ F) (@) < (A0 ) (@) < Col o, ) ()
holds.
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Now Theorem 5.46 (for n = 1) and Proposition 5.54 yield the following result,
for the formulation of which we need the class P(I) of exponents (see Definition
3.18).

Theorem 5.55. Let p, q, and o be measurable functions on [ =R, 1 < p_ < q_
g+ < 00, 0 < a— < ay < 1. Suppose also that p € P(I). Further, assume that

wP-) e RDC(d)(I). Then t//l:(‘) is bounded from LPC)(I,w) to L) (I,v) if

||L(p (R )<OO.

B:= sup ||X(a—h,a)(') ha()_
a€R
h>0

Proof. By Theorem 5.46, the condition B < oo implies

.(d
350 Fll oo @y < Clfwllze- .
Now Propositions 3.17 and 5.54 complete the proof. O

Analogously the next statement can be proved:

Theorem 5.56. Let p, q, and o be measurable functions on I := R, 1 < p_ <
q- < qp <00, 0<a_ <ay < 1. Suppose also that p € P(I) and that w=#-)" €

RDC(d)(I). Then M, is bounded from LPO(I,w) to LY)(1,v) if

By := 80P [[x(a.a+t) DO 70O s ) Xty (o gy < 00
h>0
The results of this section have the following corollaries:
Corollary 5.57. Let I ;=R and 1 < p < q- < qy <00, 0 < a_- < a <1,
where p is constant. Assume that w™? € RDC(d)( R). Then ///;(_) is bounded
from LP(I,w) to L) (I,v) if and only if

w[ L 1y < o

sup HX(a—h,a)(') h (
acl
h>0

Corollary 5.58. Let [ :=R and let 1 < p < q— < q4 < 0o, where p is constant.
Suppose that « is a measurable function on R satisfying 0 < a_ < ay < 1.
Suppose also that w™?' € RpCY (I). Then Moy s bounded from LP(I,w) to
LAO(1,v) if and only if

o100 <o

h>0

U() HLq(')(I) HX(a*hva)w_l HLP’(I)

Corollary 5.59. Let I =R, 1 <p_ < q- < qy <00, 0 < a_ < ay <1. Assume
that p— = p(o0), p € Po(I) and w=P-) € RDC(d) (R). Then:

(1) ///;(_) is bounded from LPC)(I,w) to LIO)(I,v) if B < oo;

(ii) Moy is bounded from LPO(I,w) to LI (I,v) if By < 0.
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Proof of Corollary 5.57. Sufficiency is a direct consequence of Theorem 5.55.

Necessity follows immediately by applying the two-weight inequality for the test
function f(x) = X(a,atn)(®)w™? (z) (see also the necessity part in the proof of
Theorem 5.46 for details). O

The proof of Corollary 5.58 is similar to that of Corollary 5.57.

Proof of Corollary 5.59. (i) follows from Theorem 5.55 and Proposition 3.17 be-
cause the condition p € P (I) implies that

/ §P@IP(00)/Ip(@) ~P(o0)] Jp < o0,
I

Hence, by using the assumption p(co) = p_— we have that p € ﬁ([)

The second part of the corollary is obtained in a similar manner, and is
omitted. g

The next statement gives the boundedness of ,//l(j(.) in the diagonal case
p = q = const.

Theorem 5.60. Let I := R and let 1 < p < oo, where p is constant. Suppose that
0<a- <ay <oo. Then ///:(.) is bounded from LP(I,w) to LP(I,v) if and only
if there is a positive constant C' such that for all bounded intervals J C R,

/v”(x) (///;() (w*plx,j)(x)>pdx < C’/w*pl (x)dx < oo.
R J
Proof. Sufficiency follows from Proposition 5.54 and Theorem 5.48 for n = 1.
Necessity. We take f =y wP in the two weight inequality
v ///:(-) f”LP(I) <C w fHLp(I)
and we are done. O

The following theorem is established analogously.

Theorem 5.61. Let I := R and let 1 < p < oo, where p is constant. Suppose that
0<a- <ay <oo. Then t//l;(_) is bounded from LP(I,w) to LP(I,v) if and only if

/vp(x) <t//l(;(‘)(w_p/xj)(x))pdm < C/w_p/ (x)dr < oo
7

R

for all bounded intervals J C R.
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5.7.2 Fefferman—Stein-type Inequalities

In this section we derive Fefferman—Stein-type inequalities for the operators ///Oj(_),

M +( )-
Theorem 5.62. Let o, p and q be measurable functions on I = R. Suppose that
1<p_-<qg-<qr <0 and 0 < a- < ay < 1/p_. Suppose that p € P(I). Then

the following inequalities hold:

||U(')(///;(.)f)(')||1:q(~>(R) < CHf()(N;( YO Ol o) Ry (5.24)
o)Ay, £z @) < ell fODNF o)l oo @y (5.25)
where
(N(x_(')v)(x) _fg%h VP o )he ()X(m hoa) ()l Lo ®)»
(Ni( )U) (z) = il;%h 1/p- \|U(')ha(')X(x,x+h)(')||Lq(~>(R)-

Proof. We prove (5.24). The proof of (5.25) is the same. First we show that the
inequality

o) ALY DO oo @y < el FOW ) Ollzro @)

holds.

We repeat the arguments of the proof of Theorem 5.46 for one-dimensional
dyadic intervals J and construct the sets F;. Taking h, HhHL(q(.)/T)/(R) < 1, where
p— <1 < q—, the Holder inequality yields

[ @) nwde = 3 [ o (450 @ha)ds

R JEDM(R)fr,

<e Y (/ ”"<x>J|<a<w>-1>f'h<x>dx></ f“)dt>

JED 1 (R)
¢ Z ‘ Lq(_)/T(R)|h|L(Q(')/T')’(R)</f(t)dt>
J+
<e > Hvr(.)J|(a(.)1)7~XFJ(.)‘M)/T(R)</f(t)dt)
JeDm(R) J+

JED,, (R)
= (X(
o T (el tn o], . )
dx)
Lq(')(R)

N

o OO R, ()

JEDm (R)

—c Y |JT/<p>’< [ 1@[o01101 i, )
R) J+

JEDm (




5.8. Two-weight Inequalities for Monotonic Weights 343

<e Y |J—"/<p>'< / f<x>(ﬁa(.)v)<x>dx>

JEDm (R)
< ellF YN0 Ollie- @y < elf N 0Ol e 2)-

Here we used the inequality

V(IO ()

LaC) (R) < Co‘vp (N;(-)U) (-73>7 r e Jg,

sup
Jtsoz

which follows in the same manner as Lemma 5.53. Now Proposition 5.54 completes
the proof. 0

5.8 Two-weight Inequalities for Monotonic Weights

This section deals with two-weight estimates of the one-sided maximal functions
and one-sided potentials defined on Ry := [0, 00).

Let us recall the notation for the weighted Hardy operators:

( v, wf /f d% HANS R-H
and
(H* /f dy7 T e R-f—
We will also use the following notation:
(@) o1 1 o 1
Vo () 1= pl-a’ w(x) = w(z)’ w(x) == w(z)z’ we(x) := o)’
Obviously, vo(z) := ”(‘r) . Let us fix a positive number a and let
o _ o py(x), if © < a,
po(@) :=p_ ([0 2]), po(@) := { pe = const, if z > a,

- - | p (), ifx <a,
) =p (e, p@)={ 2@ RS

I o= [2F1 22 Kk ez, B, =[2F 2" kezZ

The following statements follow immediately from Theorems 4.37 and 4.38 taking
X =Ry, dp =dx, g =0, and d(z,y) = |z — y|.

Theorem 5.63. Let 1 < p,(z) < ¢(x) < g+ (R4) < oo and let p be a measurable
function on Ry. Suppose that there exists a positive number a such that p(x) =
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pe = const for x > a. If
00 t q(z)

(z) ., (P0)’ (=)
sup/ <v(:c))q (/w(y)(po) mdy) dx < oo,
t>0.)

0
then H, .., is bounded from LPC)(R,) to LI)(R,).

Theorem 5.64. Let 1 < p,(z) < ¢(x) < ¢+ (R4) < 0o and let p be a measurable
function on Ry. Suppose that there exists a positive number a such that p(x) =
pe = const for x > a. If

t e}

. @)
sup [ @) ( [wl)™ @dy) e <o,

t>0
0 t

then H} , is bounded from LPO)(Ry) to L1O(R,).

Now we prove some lemmas which will be useful for us.

Lemma 5.65. Let 1 < p_(Ry) < po(z) < p(x) < p,(Ry) < oo, where p is a
measurable function on Ry, and let p(x) = p. = const if © > a for some positive
constant a. Suppose that v and w are positive increasing functions on Ry satisfying
the condition

00 t p(x)
) ., (Po)’ (@)
B := sup/ <v(x))1> (/w(y)_(po) mdy) dx < oo. (5.26)

t>0 T
t 0
Then v(4z) < cw(zx) for all x > 0, where the positive constant ¢ is indepen-

dent of x.

Proof. First assume that 0 < ¢t < a. The fact that ¢ = }11’% 1;5?:)) < oo follows from
—
the inequalities:

p(x) 8t

7 p() [ ] (70)’ (@) () e
/ v(z) / w(yy) =T @ gy g s [ (PN el @) gy
x w(t)

t 0 4t

8t
P oo P
> v(4) /t(?’o()’()m) 2 P@dr > ¢ v(4t) 7
w(t) w(t)
it

where the positive constant ¢ is independent of the small positive number ¢. Fur-
ther, suppose that 0 is a positive number such that v(4t) < (¢ + 1)w(t) for ¢t < 0.
If § < a, then for all 6 < t < a, we have that

v(4t) < v(4a) < cw(d) < cw(t),

where ¢ depends on v, w and ¢. Now it is enough to take ¢ = max{(c + 1), c}.
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Let now a < t < co. Then p(x) = p. = const for z > ¢, and consequently

o0 t c_l
Pe
B > sup /(U > /w Pcdx > c(v(4t)> .
t>0 w(t)
t 0
The lemma is proved. O

The proof of the next lemma is similar, and we omit it.

Lemma 5.66. Let 1 < p_(Ry) < pi(x) < p(z) < p.(Ry) < oo, and let p(x) = pe
= const if x > a for some positive constant a. Suppose that v and w are positive
decreasing functions on Ry. If

t 0o p(x)

3= sup [ (o) ( [ iy dy> T <o (20)

0 t

then v(z) < cw(4x), where the positive constant ¢ does not depend on x > 0.

Theorem 5.67. Let 1 < p_ (Ry) < p, (Ry) < oo and let p € P°5(R,). Suppose
that p(x) = p. = const if € (a,00) for some positive number a. Let v and w be
weights on Ry such that

(a) Hyy.i is bounded in LPO)(R,);

(b) there exists a positive constant b such that one of the following two conditions

hold:
(i) esssup v(y) < bw(x) for almost all x € Ry ;
ye[] 4]

(ii) v(z) < b essinf w(y) for almost all x € Ry.
y

€[g 4]
Then #~ is bounded from LPC) (R, w) to LPO) (R, v).

Proof. Suppose that Hg||Lp/(.)(R+) < 1. We have

[ (5@
0
«/// fix( x)dr + //l far( dz
<3 / o > / )o@ )
£ [ sl otglerin = 51 + 52 + 5

where f1x = f - X[0,2¢-1)s for = [ X210 [3.6 = [ - X201 2842)-
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If y € [0,257!) and o € [2%,2¥+1] then y < z/2. Hence /2 < = — y.
Consequently, if h < 2/2, then for z € [28=1, 2k+2] we have

1 1
w [ 1@ dy= [ 1F oy [dy=0.
xz—h z—h

Further, if h > 7, then

x

1 [ 1 [ 1
y [V =, [ 1 xpayldr<e | [150) ]y

z—h z—h 0

This yields that

x

1
A fsta) <o [ 15w 1y for we 25,25,
0
Hence, due to the boundedness of H,, 7 in LP()(R,) we have that

o0

S, <e / (Hopa|f]) (@) g(w)de

0

< ¢ [Huoal fl ey @y) - M9llror @y < € lfwllzeo @,

Observe now that Sy = 0 because for = f - Xjor+2,o0). Let us estimate S3. By
using condition (i) of (b), boundedness of the operator .#~ in LPC)(R,), and
Proposition 3.16 we have that

S3 < CZ(GSSESUPU)H«///_f3,k||Lp<'>(R+) ‘ Hg('>XEkHLP’(~)(]R+)
k k
< CZ(eSSESUPU)Hf(')XIk||LP(')(R+) MgCOxallLero ey
k k
Sc ||waLP('>(R+)~

If condition (ii) of (b) holds, then

<b essinf <b inf < bw(z),
v(2) yees[szlgz]w(y) ye(ggéggk+2)w(y> w(x)

for z € Ej and x € Ij,. Hence,

esssup < bw(x),
By

if x € I. Consequently, taking into account this inequality and the estimate of S3
in the previous case we have the desired result for .#Z . O
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Theorem 5.68. Let 1 < p (Ry) < p, (Ry) < oo and let p € P°¢(Ry). Suppose
that p(x) = p. = const if x > a, where a is some positive number. Let v and w be
weight functions on Ry such that

(a) HY,, is bounded in LP*)(R,);

v, w
(b) there exists a positive constant b such that one of the following two conditions
holds:

(i) esssup v(y) < bw(x) for almost all x € Ry;
yel[] 4a]

(ii) v(z) < b essinf w(y) for almost all x € Ry.
€[] 4]

Then #* is bounded from LPO)(Ry,w) to LPC) (R, v).
Proof. Suppose that Hg||Lp/(.)(R+) < 1. Then

00 2k+1

////*f Z////Jrflk v(z)g(x)dr

=)
e
m
N

t2 / (A fs.x(@))v(@)g(x)dx

kEZ 5

=:51 4+ 52 + 53,

where f; x, ¢ = 1,2,3 are as defined in the proof of the previous theorem. It is easy
to see that S; = 0. To estimate Sy observe that

MEFf - X[2k+1,00)(T) < ¢ sup 2 ]/|f(y)\dy, z € Ej. (5.28)
j=k+2

Indeed, notice that if y € (2¥+2,00) and 2 € Ej, then y — 2 > 281, Hence,

x+h

1 1

s [1rswias, [ il =0
T {y:y—x<h,y—z>2kt1}

for h < 2511 and z € I,.

Let now h > 2+l Then h € [27,27F1) for some j > k+ 1. If y — z < h,
then it is clear that y =y —2x + 2 < h+2 < 2T + 2k+1 <2427 L 2J+2.



348 Chapter 5. One-sided Operators

Consequently, for such an h we have that

z+h x+h
p [ @l =, [ 1w, [ @l
z T {y:y—z<h,y>2k+2}
1 j+1 2+t
< y)ldy < Zw/u )ldy
{y: yel2F+2,29+2]} i=k2

which proves inequality (5.28).
Taking into account estimate (5.28) and the boundedness of H; ,, in L") (R )

we find that
cg sup 2 j/ dy |dz
/ (j}k ) |f(y)ldy

kEk

et ) o

j=k+1

-y ( / e dy> kw( x)g(x)dx>
CZW(/U dy>< dx)
<cZ/\f(y)l yl(/yv(x)g(x)dl)dy

!
—c [ 1wy ( / v(x)g(x)dx> dy

—c / v<m>g<x>< 70 1£(y)| yldy> dx

Ry

c gl porc ) T | H (),1/- fllLec Ry X Cwa||LP(')R+'

To estimate S3 assume that condition (i) of (b) is satisfied. By Proposition 3.16
and the boundedness of the operator .#* in LP()(R,), we conclude that

S3<c Z(GSSESUP DI fs kOl o @) - l9COXEN L0 @4
k k
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CZ eSSESUP O fOxnllLro @)  19CO)XE Lo &y

CZ £ ()w()xn( )HLP('>(R+) ) Hg('>XEkHLP’(~)(]R+)
C||f(‘)w(‘)HLP(->(R+)‘HQ()HL@()R+ ¢ 1fFOw)llpee @y)- 0

Let us recall that P'°8(I) denotes the class of all bounded exponents p : I —
[1, +00) satisfying the local log-condition.

Theorem 5.69. Let 1 < p_ < po(x) < p(x) < p, < oo andletp € Plog(I). Suppose
that p(x) = p. = const if x > a, where a is a positive constant. Assume that v and
w are positive increasing weights on (0,00). If condition (5.26) is satisfied, then
M~ is bounded from LPC)(RT w) to LPO(RY,v).

Proof. The proof follows by using Lemma 5.65 and Theorem 5.67. O

Theorem 5.70. Let 1 < p_ < pi(x) < p(r) < p,. < 0o, and let p € Ploa(r).
Suppose that p(x) = p. = const if © > a, where a is some positive constant. Let

v and w be positive decreasing weights on (0,00). If condition (5.27) is satisfied,
then A is bounded from LPC)(RT w) to LPO) (R, v).

Proof. The proof follows immediately from Lemma 5.66 and Theorem 5.68. O

Next we discuss two-weight estimates for the one-sided potentials defined
on R_'_’

rRefe = [ werw = [ T

where z > 0 and 0 < a < 1.
Now we are going to prove the main results regarding the one-sided potentials:

Theorem 5.71. Let 1 < p_(Ry) < p(x) < ¢(z) € ¢+(Ry) < o0, a < 1/p4,
q(x) = 1_"5‘;21_), p € PY9(R,). Suppose that p(z) = p. = const if x > a, where a
is some positive number. Let v and w be a.e. positive measurable functions on R4
such that

(a) H,, & is bounded from LPO)(R,) to LIC)(R,);

(b) there exists a positive constant b such that one of the following two conditions

hold:
(i) esssup v(y) < bw(x) for almost all = € Ry ;
y€E[ ] 4a]
(ii) v(z) < b es[s inf] w(y) for almost all © € Ry.
ye[] 4z

Then R® is bounded from LPO) (R, w) to LIO)(R,v).
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Theorem 5.72. Let 1 < p_(Ry) < p(x) < ¢(z) € ¢+(R4) < o0, a < 1/p4,
q(x) = 17"3%1‘,), p € P8(R,). Suppose that p(z) = p. = const if x > a, where a
is some positive number. Let v and w be a.e. positive measurable functions on R4
satisfying the conditions:

(a) Hy . is bounded from LPO(Ry) to LIO(Ry)
(b) there exists a positive constant b such that one of the following two conditions

hold:

(i) esssup v(y) < bw(x) for almost all x € Ry ;
y€e[] 42

(ii) v(z) < b essinf w(y) for almost all x € Ry.
y€e[] 4]

Then W is bounded from LPO)(Ry,w) to LI (R, v).
Proof of Theorem 5.71. Let f > 0 and let ||g|| o)z, ) < 1. It is obvious that

ok+1

/ (RE (@) v(@)g(w)dz < 3 / (Raf14(2)) o(2)g(z)dz
o keZ 5,
+Z/ (R for () v(@)g(x)da
keZ
+Z/ (R f3 1 () v(z)g(x)dx =: Si + So + Ss,
keZ

where f; ;, ¢ =1,2,3 are defined in the proof of Theorem 5.67.
If y € [0,2"71) and = € [2%, 2] then y < %. Hence

R f1k( /f x € [2F1 2k +2),

By using the Holder inequality, Theorem 5.63, Remark 5.29 we find that condi-
tion (i) guarantees the estimate
S1 < el fwllpro -
Further, observe that if 2 € [2%, 2¥+1) | then R f5 x(x) = 0. Hence Sy = 0.
To estimate S3 we argue as in the proof of Theorem 5.67. O

The proof of Theorem 5.72. is similar to that of Theorem 5.71; therefore it
is omitted.

Now we formulate other results of this section:

Theorem 5.73. Let 1 < p_(Ry) < p(z) < ¢(x) < ¢+(Ry) < oo and let o be

a constant satisfying the condition o < 1/p. Suppose that q(x) = 17"{5;21,) and
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p € P8(R, ). Assume that p(z) = p. = const outside some interval [0, a], where a
is a positive constant. Let v and w be positive increasing functions on Ry satisfying
the condition

t a(z)

i ., (Bo)’ (=)
/(%(m))q(w) (/w_(p‘)) (w)(y)dy> dr < oo.
t

0
Then R® is bounded from LPO) (R, w) to LIO(R,v).

Theorem 5.74. Let 1 < p_(Ry) < p(z) < ¢q(x) < ¢+ (Ry) < oo and let « be
()
17p047p?(m)
p € P8(R,). Suppose also that p(x) = p. = const outside some interval [0,al,
where a is a positive constant and that v and w are positive decreasing functions

on R satisfying the condition

t oo a(x)
., (71) ()
sup / (v(x))® ( / (wa(y)) P dy> dz < cc.

t>0
0 t

a constant satisfying the condition o < 1/py. Suppose that q(x) = and

Then W is bounded from LPO)(Ry,w) to LI (R, v).
The proofs of Theorems 5.73 and 5.74 are based on Theorems 5.71, 5.72 and

the following lemmas:

Lemma 5.75. Let the conditions of Theorem 5.73 be satisfied. Then there is a
positive constant ¢ such that
v(4t) < cw(t)

for allt > 0.

Lemma 5.76. Let the conditions of Theorem 5.74 be satisfied. Then there is a
positive constant b such that
v(t) < bw(4t)

for allt > 0.

The proof of Lemma 5.75 (resp. 5.76) is similar to that of Lemma 5.65 (resp.
Lemma 5.66); therefore we omit it.

5.9 The Riemann-Liouville Operator on the
Cone of Decreasing Functions

In this section we investigate the Riemann-Liouville operator on the cone of de-
creasing functions in weighted LP(*) spaces. First we show that the two-sided point-

wise estimate ~
aHf(x) < R f(x)) < coH' f(2),
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holds on the class of functions f : R; — R, that are nonnegative and decreasing,

where
1/ 1
= f(t)ydt and R*f Lt 0<a<l
x
0 0

The notation T'f ~ K f, where T and K are linear positive operators defined
on appropriate classes of functions, means here that there are positive constants
c1 and ¢y independent of f and x such that

alf(z) < Kf(z) < ceoTf().
Suppose that u is a weight on (0, 00). Define the local oscillation of p by

Op(yu(s) = esssup  p(x) —  essinf  p(x).
Pl)uld) z€(0,6)Nsupp u ) z€(0,5)Nsupp u )

Note that ¢,(.) 4(s) is @ non-decreasing and positive function such that

lim ¢,() u(s) = P — Pu >

d—00

where p/ and p, denote, respectively the essential supremum and infimum of p
on the support of .

Definition 5.77. Let D be the class of all nonnegative decreasing functions on
R;. Suppose that u is a measurable a.e. positive function on R;. Let us recall
that LP()(R,u) denotes the weighted variable exponent Lebesgue space (i.e.,

f € LPO(R, u) < fu € LPO)(RL).) By the symbol Ldgc( ,R;) we mean the
class LPC) (R, u) N D.

Now we list the well-known results regarding the one-weight inequality for
the operator H. For the following statement we refer to Arifio and Muckenhoupt
[21].

Theorem 5.78. Let v be a constant such that 0 < r < co. Then the inequality

/ 2)HOf( <C / (@) de,  f€ Lh(u,Ry)
0 0

holds if and only if there exists a positive constant C' such that for all s > 0

/ (;) " (z)dz < C 0/ " (z)da. (5.29)

S

Condition (5.29) is called the B, condition and was introduced in Arino and
Muckenhoupt [21].
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Theorem 5.79 (Boza and Soria [37]). Let u be a weight on (0,00) and letp : Ry —
Ry be such that 0 < p— < py < oo. Assume that @) i) = 0. The following
assertions are equivalent:

(a) There exists a positive constant C' such that for any positive and non-increas-
ing function f,

/(u(m)Hof POz < C/ O dg.
0 0
0
y p()  ulz)PC)
" u(x)P®) <C u(@) dz
ST sP()
0

r

(b) For any r,s >

(c) plsupp u=po a.e. and u € By,.
Our result in this section is the following statement:

Theorem 5.80. Let p : Ry — Ry be such that such that 0 < p_ < py < oo.
Assume that pp.) @) = 0. The following assertions are equivalent:

(i) R“ is bounded from Ldec)(u,]R+) to LPO) (R, u);
(ii) condition (b) of Theorem 5.79 holds;
(iii) condition (c¢) of Theorem 5.79 holds.

Proof. In view of Theorem 5.79 it is enough to show that the following relation
between the operators R, and T holds:

R*f~H"f, 0<a<l1l, febD.
Upper estimate. Represent R f as
T s
_ 1 F(t 1 F(t
R” = dt dt =S So(x).
f(.’I}) et / (IE . t)lfa + / (IE o t)lf& l(m) + 2(.’1})
0 z/2
Observe that if t < /2, then x/2 < x — ¢. Hence,
x/2

Siw) < ey [ Fe)dt < clOf (@),
0

where the positive constant ¢ does not depend on f and x. Since f is non-
increasing, we find that

Sa(x) < cf (x/2) < cH" f ().

The lower estimate follows immediately by using the fact that f is nonnega-
tive and the obvious estimate z — ¢t < & where 0 < t < x. O
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5.10 Comments to Chapter 5

Motivation for the study of one-sided operators acting between the classical Lebesgue
spaces is provided in Samko, Kilbas, and Marichev [331], Martin-Reyes [244], Edmunds,
Kokilashvili, and Meskhi [76]. Our extension of this study to the setting of variable
exponent spaces is not only natural, but has the advantage that it shows that one-sided
operators may be bounded under weaker conditions on the exponent than those were
known for two-sided operators.

In Diening and Ruzicka [64] and Cruz-Uribe, Fiorenza, Martell, and Perez [52] the
boundedness of the Calderén-Zygmund singular integral was established in L” (‘)(R”),
while Sobolev type theorems for the Riesz potentials have been obtained in Samko
[318, 319], Diening [61], and Cruz-Uribe, Fiorenza, Martell, and Perez [52]. Weighted in-
equalities with power type weights for the Hardy transforms, Hardy-Littlewood maximal
functions, singular and fractional integrals were established in Kokilashvili and Samko
[188, 186], Edmunds and Meskhi [73], Samko [323], Samko and Vakulov [330], Samko,
Shargorodsky, and Vakulov [332], Kokilashvili, Samko, and Samko [196], Diening and
Samko [67], and for general type weights in Diening [63], Kokilashvili and Meskhi [179],
Edmunds, Kokilashvili, and Meskhi [81] (see also Samko [324], Kokilashvili [169]).

The one-weight problem for one-sided operators in the classical Lebesgue spaces
was settled in Sawyer [334] and Andersen and Sawyer [20]. Trace inequalities for one-sided
potentials in L spaces were characterized in Meskhi [252] and Kokilashvili and Meskhi
[176] (we refer also to Prokhorov [282]) under transparent conditions (see also comments
to Section 3.6). It should be emphasized that the two-weight problem in the classical
Lebesgue spaces under integral conditions on weights for one-sided maximal functions
and potentials in the non-diagonal case is solved in the monographs by Genebashvili,
Gogatishvili, Kokilashvili, and Krbec [104, Chap. 2 and 3] and Edmunds, Kokilashvili,
and Meskhi [76, Chap. 2)]. For Sawyer type two-weight criteria for one-sided fractional
operators we refer to Martin-Reyes, Ortega Salvador, and de la Torre [246], Martin-Reyes
and de la Torre [245], Lorente [231].

A result similar to Theorem 5.40 has been derived in Kokilashvili and Samko [191,
193] for the Hardy-Littlewood maximal operator defined on a domain in R".

In the paper by Ombrosi [275] the two-weight weak type inequality was proved
in the classical Lebesgue spaces for the one-sided dyadic Hardy—Littlewood maximal
functions defined on R".

Notice that the Fefferman—Stein-type inequality for the classical Riesz potentials
for the diagonal case was established by E. Sawyer (see, e.g., Sawyer [335]).

This chapter is based on the papers Edmunds, Kokilashvili, and Meskhi [80] and
Kokilashvili, Meskhi, and Sarwar [203].



Chapter 6

Two-weight Inequalities for
Fractional Maximal Functions

In this chapter necessary and sufficient conditions for boundedness of the fractional
maximal functions

(Mo f)() = sup !

0> ‘Q|1,a(m)/n Q/ |f(y)‘dy? 0<a- g ap <n,

and Riesz potentials

n—a(z)

1 On@ = [ T 0<a<a<n,
Rn

from LP(R™, w) to L) (R™, v) are given in the case when the parameter a(-) and
the weights are general-type functions.
Let B and @ be a ball and cube respectively in R™. In the sequel we will use

the notation R R
B:=Bx[0,rad(B)); Q:=Q x[0,1(Q)],

where rad(B) and [(Q) denotes radius and side-length of B and @, respectively.

Our conditions on the triple (a(-),v(:),w(:)) are transparent and we do not
require the log-condition for parameters and exponents. The target space is the
classical Lebesgue space and the right-hand side weight raised to a certain power
satisfies the (reverse) doubling condition. In particular, from the general results we
have: a generalization of the Sobolev inequality for potentials; criteria for the valid-
ity of the trace inequality for fractional maximal functions and potential operators;
a theorem of Muckenhoupt—Wheeden type (one-weight inequality) for fractional
maximal functions defined on a bounded interval,

<‘//10(¢(]))f) (3;‘) = Sup |I|1—1°4(%') /|f(y)‘dy
I

I3x; ICJ
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in the case when the parameter satisfies the log-condition. Also, Sawyer-type two-
weight criteria for fractional maximal functions are derived. Further, similar prob-
lems are studied for fractional integrals with variable parameter defined on the
upper half-space.

The two-weight problem for the double Hardy operator and the strong frac-
tional maximal operator is also studied in variable exponent Lebesgue spaces.
In particular, we derive a complete characterization of a class of weights which
guarantee the trace inequality for these operators.

We keep the notation of Chapter 3 for weighted variable exponent Lebesgue
spaces.

6.1 Preliminaries

The following definitions were introduced in Chapter 2 on an SHT but we give
them again for the case of a domain 2 C R”.

Definition 6.1. We say that a measure p satisfies the doubling condition on a
domain Q (p € DC(Q)) if there exists a positive constant b such that for all = € Q
and all » > 0,

w(B(z,2r) N Q) < bu(B(z,r) N Q).

Definition 6.2. Let 1 < p < co. We say that a weight function w belongs to the
Muckenhoupt class on a domain  (w € A,(2)) if

a7r pp—
sup A7 1= sup
ac) aef
>0 r>0

(st ) (i) <o

P

where p’ = 1

It is easy to check that if, for example, n = 1 and € is an interval J, then
the condition w € Ay (J) implies p € DC(J), where dp = w(x)dx.

In Chapter 4 we introduced the class of weights RDC @ (R™) (see Definition
4.27). We need also the class of weights RDC(R™) introduced in the following
definition.

Definition 6.3. A measure u belongs to the class RDC/(R™) if there is a constant
0 > 1 such that for all cubes Q and @’ such that @ is a sub-cube of Q' obtained
by dividing @’ into 2" equal parts, the inequality

n@Q") = opn(@)

holds.
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Remark 6.4. Tt is easy to check that n € RDC(R™) implies u € RDC(R™) (see
Definition 4.3); in particular, it follows that there are constants A, B > 1 such
that for all x € R™ and r > 0,

1(Q(x, Ar)) = B(Q(x,1)),
where Q(z,r) denotes the cube with centre x and side-length 2r.
The following lemma will be useful for us:

Lemma 6.5. Let p be a constant such that 1 < p < oo and J be an interval in
R. Assume that « is a variable parameter defined on J satisfying the conditions
a(-) €Pr8(J) and 0 < a_ < a(r) < ay < 1/p. Set q(z) = 1_(5(1_)1). If

B = suwp Il 11O wll oo oy Ixrw ™ | o ) < 00,
c

then w™" € RDC(d)(J).

Proof. First we show that w? € A,(J).
By Lemma 4.17,

1/q-(I)
(/wq(”> < X+ IDIIxrwl pao gy < @+ [TDIIxrwll ac )-
T

The latter inequality, the assumption a(-) € P°8(.J), Proposition 4.13 (for X = .J),
and the equality ¢_(I) = 1—of(1)p yield

B HXI|I|a(‘)_1wHL‘Z(‘)(J)”Xlw_l”LP'(J)

c|I|a+(I)71HXIwHLq,m(J) Ixrw™ I Lo ()

VoV WV

elI1*= D7 xqwll oo gy lIxrw™ g (-

On the other hand, using the Holder inequality with the exponent g_(I)/p we find
that

1
\IrlHXIw”LP(J)HXIw71||Lp/(J) < |I|71|I|(q’(l)/p)lp||XIwHLq7(I)(J)||Xlw71||LP'(J)
< |I|a’(1)_1HXIwHLq,w(J)HXIw_lHLp’(J)
<

B < .

Thus, w” € A,(J), and so w? € Ay (J). Hence, if we denote v(E) := w™? (E),
there is a constant C' > 1 such that for all subintervals 1,1’ C J, I’ C I, where I’
is one of the subintervals of I obtained by dividing I into two equal subintervals,

v(I) < Cu(I). (6.1)
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Hence, if I,I’ and I” are dyadic subintervals of J such that I', I"” C I, |I'| =
|[I"”| = |I|/2, then by (6.1),

v(I)=v(I")+v{I") = (1/C)w(I) + v(I").

Finally,
C

>

). O

6.2 Generalized Maximal Function and Potentials

This section is devoted to weighted criteria for fractional integrals with variable
parameter in LP() spaces. In the case of the two-weight inequality we work under
the restriction that a certain power of the right-hand side weight satisfies the
reverse doubling condition.

6.2.1 Fractional Maximal Function

Here we derive weighted criteria for the operator .#,.). It should be emphasized
that in the most cases we do not require the log-condition on exponents of spaces.

To forn%}ll)late the statements of this section we need the definitions of the
classes RDC" ' (R™) and RDC(R™) (see Definitions 4.27 and 6.3, respectively); in
the proof we first establish two-weight criteria for the dyadic fractional maximal
operator with variable parameter,

Qoz
QED(R™)

1
(///(i((l_))f)(x) = sup Q|1_a(w)/n/f(y)|dy,
Q

where D(R") is the dyadic grid in R™, and then pass to the operator .Z ..

A dyadic grid D(R™) is a countable collection of cubes with the following
properties:
(i) Q € D(R") = 1(Q) = 2% for some k € Z;
(i) @ PeDR") = QNPe{DPQ}
(iii) for each k € Z the set Dy = {Q € D(R") : I(Q) = 2*} forms a partition
of R™.

Lemma 6.6 (Lerner [225]). There exist 2™ shifted dyadic grids
D= {275([0,1)" + m+ (=1)"B) : ke Z,m € Z"}, B €{0,1/3}",

such that for any given cube Q, there are a § and a Qg € DP with Q C Qp and
I(Qp) < 61(Q).
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As a consequence of this lemma one has the pointwise estimate

B
Moy f@)<C > QT f(w), (6.2)
Be{0,1/3}n

B
where :///(5((1?)’D is the dyadic variable-parameter fractional maximal operator cor-

responding to the dyadic grid D?, and the constant C' depends only on n and a.

Theorem 6.7. Let p be constant. Suppose that ¢ and « are measurable functions
onR™. Let 1 <p<q- <q(z) < g <o0; 0 < a- < az) <ayp <n. Assume
also that o € RDC(R™), where o = w™?". Then the following conditions are
equivalent:

(i) v oy fll Lacr mny < cllwf Il Le@ny; (6.3)
(if) A= sup oxql@™ |z @l xall @y < 00 (6.4)

where the supremum is take over all cubes @Q C R™.

Proof. First note that inequality (6.3) implies the condition o(Q) < oo for every

Q. Indeed, if 0(Q) = oo for some @, then by duality arguments there exists a

nonnegative function g € L?(Q) such that [ gw™' = oo. Let f = gw™!'. Then it is
Q

clear that || fw(|zr@) = ll9llLr(q) < 00. On the other hand,

o oy (g™ Lacr ny = [IXQUA oy (9w ™ )| pac ey

> (/9101) ||XQ\Q|Q(')/n71HLq(-)(Rn) = 00.

Q

Hence, .#,. is not bounded unless v = 0 almost everywhere on Q.

Substituting now the functions fg(x) = o(z)xq(z) in (6.3) we derive the
implication (i) = (ii).

Let us now show that (i) = (i). First we prove that (ii) implies the inequality

d
| WA S | oo ey < €llwf o). (6.5)

Let f be a bounded nonnegative function with compact support. If we prove
the result for such f, then we can pass to arbitrary f € LP(R™ w). Indeed, let
[ € LP(R",w) and take the sequence f,, = fXQ(0,k,)X{f<j.}> Where ky, j, — 00 as
n — oco. Then f, — f in LP(R™, w) and also pointwise. Moreover, f,(x) < f(z).
On the other hand, .Z,.) fn is a Cauchy sequence in LIO(R™, v) because

Hﬂa(-)fn - %a(-)meLQ(')(Rnﬂ;) = HU[%Q()fn - e%oz(-)f’m]||L‘1(')(]R")
<Ny (fr = fr)lll Loty (mm)
< CHw[fn - f'rn]”LP(R”)'
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Consequently, by the completeness of the space L4(") (R™, v), there exists a function
g € LIO)(R",v) such that

[ Aoy fr] = 9llLa) ®n ) — 0.

Thanks to the properties of the generalized Lebesgue spaces (see Section 3),

there is a subsequence .#,.) fn, which converges to g in it (R™) and also almost
everywhere. Since f,, converges to f in LP(R",w) and almost everywhere, this
leads to the inequality

09l ®ny < ellwfllr@n), (6.6)

where ¢ does not depend on f. Now we deal with the sequence f,,. Since f,, is
non-decreasing, we have that for fixed x € @

QI 1/1’ dt = lim Q|- 1/fn

< lim sup @[/~ 1/fnk

k—o0 Qam
the last limit exists because of convergence a.e. to g. Hence
(‘/{a(-)f)(x> < kli_?;o(‘%a(-)fnkﬂx) = g(cc)

for almost all z. Finally, inequality (6.6) yields
[vto() fll Loy @ny < cllwf ([ Le@n).-

Now for every z € R™ choose a dyadic cube @, so that

Qul @)/ 1/f> (4D (@), (6.7)

Since f has compact support, for each x we can assume that @), is a “maximal”
dyadic cube for which (6.7) holds. Further, for each @ € D(R™) introduce Fy as
the set of those x € @ for which (6.7) holds for @, and moreover, @ is “maximal”.

It is obvious that if we take arbitrary x € R", then x € Fg for some Q €
D(R™). On the other hand, for each @ € D(R™) we have the set Fg, which might
be empty for some Q. It is also clear that Fp C @ and that Fp, N Fg, = 0 if
Q1 # Q2. Let Dy, :={Q € D(R™) : Fo # 0}.

Now let us take r so that p < r < g—. Then by Proposition 3.8 we have

d) g\r
0t F s gy = N[0S0 F17 | a1 ey < sup / (Al )" D

R™
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where the supremum is taken over all functions h with ||h||L(q(.>/r>/(Rn) < 1. Now
for such an h, by using Proposition 4.30 we find that

JeaDprn= 3 [walnn

Rn QEDmFQ

<e Y (/ ()/Q| @@/~ Drh(a )dw></f>T

QEDm Fg Q

<e Y Qe |Lq<'>/r(Rn)||h||L<q<~>/">'<R")(/f>
Q
Q

Q€D
<c Z [[o" (- |Q\ (eC)/n=r HLq< /e (@) 1l pacr (Rn)(

QEDm
—T'/p/ r
cor g (f2) 7 ([o) <orvmton
Q

QEDm, Q
Taking now the supremum with respect to h we see that (ii) = (6.5).
Now by applying inequality (6.2) we pass from ///CE?_)) to Mo .. O
From the latter statement one derives a trace inequality criterion for .Z,.):

Corollary 6.8. Let Q) := R™. Suppose that p = const, 1 < p < q_ < q(z) < ¢4 < o0,
and 0 < a_ < a(z) < ag < n/p. Then the inequality

||’U///a(.)f||Lq(~)(Q) < HfHLP(Q)
holds if and only if

a() ’
sup [oxq|@l ™ | a0 o) [QIYF < oo,
QCQ

where by Q we denote a cube in R™.

The next statement is a restriction version of Theorem 6.7.

Corollary 6.9. Let n =1 and let 2 := J be a bounded interval in R. Suppose that
al-), p, and q() satisfy the conditions of Theorem 6.7 and that o € RDC(J),
where o ;= w™ P Then

J
HU%i(_))f”Ltz(-)(J) < cllwfllzecn

if and only if
sup loxtl 1% oo oy Ixrw™ | or gy < 00,
C

where the supremum is taken over all subintervals I of J.
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Proof. Sufficiency. For simplicity assume that J := [0, 1]. Introduce the following
one-sided maximal functions:

x+h
1
M@ = s [ Al e,
0<h<l—z T

Yy
_ 1
Mo D0) = o, [ U@ yed,
Yy—s

0<s<y

and their dyadic versions:

1
(A0 F) @) =S 1) /\f(t)|dt,
I
- 1
(///a(’.gd)f)(y) =S Gima() /lf(t)\dt,
S

where the supremum is taken over all dyadic intervals I := [a,b) C J, S :=[¢,d) C
Jyr<a,y>d,0<a—x<b—a,0<y—d<d—ec.
We show that there exists a positive constant ¢ such that the inequality

(A5, D)) < et} NV F) () (6.8)
holds for all z € [0, 1].

First observe that

2a+71

(A P)la) < AL (@), (6.9)

1__2a+—1( a(-

which can be checked immediately, where

x+h
(A N@ = sy [ @l s e

O0<h<Ll—x x+h/2

Further, it is also clear that

(A (@) < e AT ), (6.10)
where |
z+27
P 1
(:///;(Qf(l‘) = 316112) o~ 1) (1—a()) / [f(®)|dt, =€ J.
27<l—w 4271

Now let h = 27 for some integer j with 27 < 1 —x and let I and I " be dyadic
intervals in J such that TUI" is dyadic, [I| = |I’| = 27~ and [z+h/2,2+h) C TUT'.
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Then
x+h

1< [ 1< @t O ),
z+h/2 0r

where ¢ does not depend on j. Hence
(A3 ) f (@) < et} D) f (). (6.11)

If TUI' is not dyadic, then we take I; € D(J) of length 27 containing I’, and then

x+h
[ < [asi= i fin <ot O e
z+h/2 05 T I

with a positive constant ¢ independent of j, which gives again (6.11). Combining
(6.9), (6.10), and (6.11), we arrive to (6.8).
An estimate similar to (6.11) holds also for the left-hand side maximal oper-
ators.
Recalling the argument used in the proof of Theorem 6.7 we find that the
inequality
||U///;(’.§d)f\|Lq<->(J) < cllwfllpe

holds if

sup ”UX(G—’Wl)ha(.)_lHL‘Z(‘)(J)Hw_lx(ma-&-h)HLP’(J) < 00,
acJ,h>0
(a—h,a+h)CJ

provided that o € RDC(d)(J).

Analogously,
-,
Hv///a(_g )fHLq(')(J) < cllwfllzecr
if
sup ||vx(a,a+h)ha(‘)_1||Lq<~>(J)||w_1X(afh7a)HLP’(J) < 00,
a€J,h>0
(a—h,a+h)CJ

provided that o € RDC’(d)(J).
Hence, the above-derived inequalities, the latter observations, and the in-
equality
(D D)) < (A3 ) @) + (M (@),
yield the sufficiency. Necessity follows in the standard way. ]

Combining Corollary 6.9 and Lemma 6.5 we obtain the one-weight inequality
for ,///(i(j))
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Theorem 6.10. Let J be a bounded interval in R. Suppose that p = const, 1 <
p < a-(J) < 4f@) < 4ul)) < 0.0 < a()) < ale) < (/) < 1/p. and
q(xz) = | a(l . Suppose also that a( ) € P°8(J). Then

||p//l ( )fHLqU < CprHL"(J)
if and only if

sup 111D Il pacr oy llxze ™l por gy < o0,

where the supremum is taken over all subintervals I of J.

6.2.2 Fractional Integrals

Now we prove the trace inequality for the operator I*().
Let us recall the following statement due to Adams [5] for the Riesz potential
1% with constant parameter a.

Theorem 6.11. Let «, p, and q be constants such that 1 < p < q¢ < o and
0 < a<n/p. Then I* is bounded from LP(R™) to LY(R™,v) if and only if

sup vq(Q)\QP(a/”_l/p) < o0,
Q;QCR™

where the supremum is taken over all cubes () in R™.
The next statement is a generalization of the previous result.

Theorem 6.12. Suppose that p = const and that q(-) and a(-) are defined on R™ and
satisfy the conditions 1 <p < q_ < q(z) < gy <00, 0 < a_ < a(z) < ay <n/p.
Then

[0 £l Lacr @y < €l Fll Loy (6.12)

if and only if

QM7 < o,

al)
Bi= sup |loxelQ » "ML @
Q;QCR™

where the supremum is taken over all cubes Q) in R™.

Proof. Necessity follows easily by substituting fo = x¢q () in the inequality (6.12).
To prove sufficiency we apply the trace inequality for the fractional maximal op-
erator with variable parameter to obtain the similar result for 7¢().

First we prove an inequality similar to that from Hedberg [131]. We argue
as in that paper. For simplicity assume that n = 1. Let 8 be a number such that
0< B <a_.Then0< a(z) — 8 < ar —f < 1/p. We have

e _ f() f) —
1°0) f () = / - y‘l_a(x)dy + / 2 — y[i-a) dy := S1(z,7) + So(x,r).

I(x,r) \I (z,r)
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Simple calculations show that

Si(x,7) < erf (Moy—pH(@); Sa(@,r) < er® DV [l Loy

Taking r = [(Mo)—pf ()] a)-1/p N FI17s S/ i these inequalities we find

Lr(R)
that
. R e vaivas
(190 f)(a) < o Ma )5S () Il (6.13)

Let us now assume || f||z»r) < 1 and prove that

||Ia(')f||Lq(->(R,v) <C
if B /
B = sup el 71O oo gy 1P < 00,
Using (6.13) and the inequality S — a(z) > 8 — ay > —1/p we find that

/ [<1“<'>f><x>]q(””)vq<x>dx<0/ (a5 (@)] S a@an, 69

R R

Next, denote g1 (z) := @@ =1/P) Thep it is easy to see that ¢1(z) > g(z).
a(z)-B-1/p

From (6.14) it follows that
() 1(z)
[ aonw] vwar < [ [(taeysn@)] " v
R R
Further,

([ I = |1y

X1l g (R,v) Hqu(‘)(R,v)'

Besides, it is easy to see that
/|I|(a(w)—ﬁ—l/mql(w)vq(m)dx _ / || =1/P)a) 1 () g < ©
I I
for all I because B < oo. In fact, by Corollary 6.8,
[ 05 @) e @)e < 0
R

for all || f||Lrr) < 1if B < oo. The latter fact implies that ||I"‘(')f||Lq(.)(R’v) <C
for f, || fllLrr) < 1, provided that B < . O
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Theorem 6.12 yields the following generalization of Sobolev’s theorem (Sobolev
[348)).

Theorem 6.13. Let p be constant and let q(-), a(-) be defined on R™. Suppose that
l<p<q <qlz)<qp<oo,and0 < a_ < alz) <oy <n/p. Then I°0) s
bounded from LP(R™) to LI)(R™) if and only if

SgpHXQ|Q‘O¢(.)/7L71HL‘J(')(R")‘Q|1/p < 00,

where the supremum is taken over all cubes () in R™.

6.2.3 Diagonal Case

This section deals with the boundedness of fractional maximal functions with
variable parameter from L? (R™) to LE(R™) under the assumption that w satisfies
the doubling condition. In particular, the derived Sawyer-type criterion (Sawyer
[336]). As a corollary we have a transparent necessary and sufficient condition on
a(-) and v guaranteeing the trace inequality (when w = const) for .#,.).

Theorem 6.14. Let 1 < p < co. Suppose that w € DC(R™). Then
vty fllr@ny < cllwf|lLe@n)
if and only if there is a positive constant ¢ such that for all cubes @,

/U"(x) (May (w7 X)) d < C/wl_”/ < 0.
Q Q

Proof. Since necessity is trivial, we will show sufficiency. In fact we will prove that
the inequality

o) fllngny < llfllzny (6.15)
holds if
/vp(x)(///a(‘)mXQ)pdx < c/u < 00, (6.16)
Q Q
where
(MaraD)e) =50 0 [ 1Oy
Q
Let

1
DD = s [
QED(R™) Q
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Arguing as in the proof of Theorem 6.7, suppose that f is nonnegative, bounded,
and has compact support. For each « € R™, choose a dyadic cube Q,, @, 3 x, so
that

|Q$‘a($)/n—1/fw > ;(%i??)7uf)(x). (6.17)

Since f has compact support, for each z we can assume that @, is a “maxi-
mal” dyadic cube satisfying (6.17). Further, for each @ € D(R™) introduce the set
Fg consisting of those x such that z €  and @ is “maximal” for which (6.17) is
valid. It is clear that if we take € R™, then z € Fg for some @ € D(R™). On the
other hand, for each @ € D(R™) we have the set Fg, which might be empty for
some Q. It is also obvious that Fp C @ and that Fp, N Fo, = 0 if Q1 # Q2. Let
Dy, = {Q € D : FQ # @}

We have

P
1
<2 Z / (Q'l—a(l‘)/n/fu> dz
Q

QG'D
canF{ ()| Q|- 1d:c<Q/fu>
a(z)/n—1 P ! U p.
ng(F/ 2l dx)( (@) (u@Q/f)

At the same time,

> ( / vp<x>c2|a<f>/“dx> (u(Q))”

QCQ’;Q,Q"€D(R™)

< ¥ / W (@)]QI) " (u(Q)da

QRCQ;Q,Q'€DR™)f,

< > / ) (xou)" (z)0” (z)da

QCQ":Q,Q'€DR™)f,
<c / (///a(.)(XQu))p(x)vp(x)d:c
Ugcor Fa

< / (Aaiyxqu))" (2)0? (z)da < / (o) (xQu))” (2)v? (2)dz < C/U-

FQ/ Q’ Q'
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Here we used the fact that Jgo Fo C Q'. Proposition 4.25 shows that

(6.16) implies (6.15). Now we can pass to .#, .y, in the same way as in the proof
OF

of Theorem 6.7. ]

From this statement we derive

Theorem 6.15. Let 1 < p < co. Then the inequality

vt o(ll Lo rny < el fllLrwn)
holds if and only if

@) v
sup ( / P(2)|Q| " lpdm) Q7P < .
Q

Q

6.2.4 Further Remarks

If we require that a(-) € P2(J), where J is an open interval in R, then we
can obtain a Sawyer-type two-weight criterion for ///(i‘(])) without any additional
restrictions on w. Namely the next statement holds.

Theorem 6.16. Let n = 1 and let Q@ = J be a bounded interval. Suppose that
p = const and 1 < p < co. Assume that 0 < a_ < ay < 1 and a(-) € P8(J).
Then the inequality

o250 Il < ellwf Il
holds if and only if

forall I C J.

Proof. Since necessity is trivial, we show sufficiency. Without loss of generality we
assume that J is itself a dyadic interval and all dyadic intervals from D(J) are
contained in J. We begin again by dyadic maximal operator

J.(d 1
IS = s L [l
1€D(7) T

A key relation in the proof is
J,(d ZJ,(d
(///a(.() )f)(x) ~ (///a(.() )f)(x), (6'18)

where

(AL D@ = sup (1D / 1

IeD(J)
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Relation (6.18) holds because of the condition a(-) € P&(J). We can assume
that f is nonnegative and bounded. Let for k € Z, {I jk} be a family of “maximal”
dyadic intervals such that

\1f|af<ff>*1/f>2k.
Ik

For some k, such a family of intervals might be empty. Further, observe that
(1) {///J (d)f > 2k = U ; if for k, the set {Ijk} of intervals is not empty

(i) I ]k are non-overlapping for a fixed k.

Let us denote
Jo={re T2 < (M1 D) <2y BE = I\ (25 () > 26,

We have

/v(m)( z(d)f x<022kp/ P

Ek

<

where X = N x Z, the measure w on X is given by

p
1
AR P
w(]7k>' /U (I;_C'l—a(IJ’P) /U> y
J

k k
12 I;

and the operator T is given by

N
TG0 = 0, [ 00

Ik
b

It is obvious that the operator T is bounded in L*°(X). Let us check that T
is of weak type (1,1). Fix a bounded function g and a positive number A. Let

Fy :{(]7k> EX:Tg(j7k> >)‘}
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Denote by I; the maximal disjoint sub-collection of {I]k : (j,k) € F\}. Since
Ejk C Ij’?, using (6.18) we find that

w(Fy) = _Z /vp(x)dx<ljk|l_1a(1f)/a>p

(G R)EFN i I*
< Y [etoa @
(4:k)EFA BV
< Z Z / ()O'XIk) P (z)dx

: IJCI"E’.€
J
1 1
<cZ/J<C}\Z/gU§C}\/gU
e e J

Hence, T is of weak type (1, 1), so using the Marcinkiewicz interpolation we
obtain the desired result for ,///(;I’(d)(~).

Now we can pass to the operator ,//l(i(j)) in the same manner as in the proof
of Theorem 6.7 (see also the proof of Theorem 4.31). O

6.3 Fractional Integral Operators on the
Upper Half-space

This section is devoted to two-weight estimates for fractional integrals defined on
the upper half-space,

(r 1)7
(M) f)(z,1) = ng 1/If )dy,
1(Q)>t>0

S y&;"w’“ v

where (z,t) € RTT R := R x [0, 00). Here @ denotes a cube and /(Q) denotes
its side-length. Also, @ denotes the set Q x [0,1(Q)].

To prove the main results of this section we need the following dyadic maximal
operator defined on the upper half-space:

Q3x
QY>>0
QED(R™)

1
e///(ic(l;t)f(%t): sup \Q|17Q(z‘t) /\f(y)|dy7
"4
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where D(R™) denotes the dyadic grid in R™ and the supremum is taken over all
cubes @ € D(R™) containing .

It is easy to see that Lemma 6.6 implies the following estimate similar to
(6.2):
d),D?
Moy [, ) SC > AT f(,1), (6.19)
pe{0,1/3}

s
where ///(i((l;g are dyadic fractional maximal operators defined with respect to

dyadic grids DP.

6.3.1 Non-diagonal Case

In this section we derive criteria for two-weight and trace inequalities for gener-
alized fractional maximal functions and potentials on the half-space in the non-
diagonal case.

First we formulate the result for dyadic generalized fractional maximal func-
tions.

Theorem 6.17. Let p be constant, and let q(-) and a(-) be defined on R™ 1. Suppose
that 1 < p < g- < g+ < 00, 0 < a- < ay < n. Suppose also that w™P €
RDC'(R™). Then AL) ) is bounded from LP(R",w) to LR v) if and
only if

a) _ _
A= swp xgOIQl Ol pao @rtn o™ Ox@O)ll e any < 00
Q,QED(R™)

Proof. Sufficiency. Let f be a nonnegative bounded function with compact sup-
port. If we prove the result for such an f, then we can pass to an arbitrary
f € LP(R",w). Indeed, for f € LP(R™, w), we take, for example, the sequence
Jm = XQ(0,km)X{f<jm}> Where k., jm — 00 asm — oo. Then f,, — fin LP(R", w)

and also pointwise. It is clear that f,, < f. On the other hand, {e///(ic(li t)fm} is a
Cauchy sequence in Lq(')(Riﬂ, v). Indeed, this follows upon observing that

d d d
”-/%o(l(a)u,t)fm1 - '%c(v(i',t)fmZ”Lq(')(RiJrl,v) < ||U%(i(;7t)(fml — fm2)||LQ(')(Ri+1)
< CHw(fml - fmz:)”Lp(R”) —0

as mp, my — 00. Further, there is g € Lq(')(]Rr_f_H, v) such that Y )fm converges

a(z,t

to g in L‘I(‘)(RT'I, v) and also pointwise. This leads to the inequality

1091l Lacr @n+1y < ellwfllLe@ny, (6.20)
RE™)



372 Chapter 6. Two-weight Inequalities for Fractional Maximal Functions

where the constant ¢ does not depend on f. Since {f,,,} is a non-decreasing
sequence, we have that, for all z € Q and ¢ < |Q)| $,7

Q" [ ) dy= Jim joI"5 / S (9) d
Q

(J: t) _
< lim. Zglz l/f’rnk = Jim ( (5£7t)fmk)($7t)~
QI ">t

Hence, since the last limit exists, we have

(A0 )@, t) < lim (A0 fin)(,8) = g(a,1)

k—o0

for a.e. (x,t) € R""1. Finally, inequality (6.20) yields
”U/// (z, t)f”[,q( YREFY S C”waLP(R”)-

Let (z,t) € R} Then there is a dyadic cube Q. such that Q. > =,

|Qa.t|» >, and
a(x,t) 1

S NVEER: (6.21)
Qu.t

Since f is bounded and has compact support, we can assume that Q. is the

maximal cube containing 2 and such that |Q, | » > ¢ for which (6.21) holds. Let
us introduce the set

Fo = {(z,t) eR}T™, 2 €Q, \Q|i >t, (6.21) holds for @, and @ is maximal}.

Now observe that Fg C @ and Fg, N Fo, = 0 if Q1 # Q2. It is also obvious
that R = Ugen, o, where D, = {Q € D(R™) : Fg # 0}. Let us take a
constant r so that p < r < ¢g_. Then

d r
[0t 0 F ey = W00 ) I o

<c sup /(ve//lé?i’t)f)rh

[[A]] q( y,, <1
¢ ) n+1
]RJr

Now for such an h, using the Holder inequality for LP(") spaces and Proposi-
tion 4.30 we have

/ (U%(d) Z / U«%(d)

RiJrl QeDmFQ
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<c Z (/ z,1)|Q| (“G =y h(m,t)dmdt)(/f)r

QEDm \ p, Q
a('z t)
<e Y et X@(')HLap @) 1Al o0 @ ( f)
QED.,
a(z,t)
=c Y fv()Q 1)X@(‘)|Lq<->(m+l)|h|L(qg;>>/(Rn+1)</f>
QEDm, Q
<er 32 ( [orr) " ([1) <envrotine
QEDWL Q Q

Taking the supremum over all h we get the desired result. To prove necessity

observe first that the two-weight inequality implies [ w™ P < oo for all cubes.
Q

Further, taking the test function f(@) = XQw_p/ and using the boundedness of
///O(ji p from LP(R™, w) to LIO (R v) for (@), we conclude that A < co. O

Theorem 6.18. Let p, q(-) and «(-) satisfy the conditions of Theorem 6.17. Suppose
that w=? € RDC(R"™). Then Mgy is bounded from the space LP(R™,w) to
LIORYT v) if and only if

L o) _q .
B 1= sup Ixg 1@l ™ 00 o gl Ox@ Oy < o
where the supremum is taken over all cubes Q C R™.

Proof. Necessity follows in the same way as in the proof of Theorem 6.17. Suffi-
ciency is a consequence of estimate (6.19). O

Theorem 6.18 immediately implies the following statement.

Theorem 6.19. Let p, q(+), and «(-) satisfy the conditions of Theorem 6.17. Then
Me(z,1) 18 bounded from from LP(R™) to LIORY v) if and only if

a(z,t)

sngX@(x,t) v(z,t)|Q 71\|Lq(”)(Rn+1 Q" < oo, (6.22)

where the supremum is taken over all cubes Q) in R™.

Now we pass to the operator 1*(#*)- First we prove a Welland-type inequality
(see Welland [370]) for the operator I*(®:!),



374 Chapter 6. Two-weight Inequalities for Fractional Maximal Functions

Proposition 6.20. Let 0 < a_(R}™) < ap(RTM) < n, (z,t) € R} Suppose
that 0 < ¢ < min{a_(R}™"),n—ay (R}, Then there exists a positive constant
C: such that for all f € Lioe(R™) and all (x,t) € R**1

1

I(X(%t)(‘ﬂ)(xvt) <O [(j/oc(w,t)—ef) (z,1) (///a(%t)""af) (x’t)] B

Proposition 6.20 will be proved later.

Theorem 6.21. Let 1 < p < ¢—(R}7™') < ¢4 (RTT) < 00, 0 < a_(RTT) <
ai (R < n. Then 1% is bounded from LP(R™) to LIO)(RH, v) if and only
if (6.22) holds.

Proof. Necessity follows from Theorem 6.19 using the estimate
%a(z,t)f(xvt) < Cn,(x Iu(l?t)f(m7t>

Let us prove the sufficiency. Let || f||z»mn) < 1. We will show that

I / (12D A1 (1) (@, t)dadt < C
Ry
if
a(z,t) _ 1
/v(az,t)\Q| n “redr dt < C.
Q

By Proposition 6.20,

q(z,t) q(z,t)

I< / ’U(SL‘,t) (%oz(m,t)faf) 2 (.’L‘7t) (%oz(m,t)Jref) : (l‘,t) dxdt

n+41
RY

q(z,t) q(z,t)
Sl (Lawo-<f) * lpnes @l (Aa@oref) * llmes gy,

where
_ 2qi(z,1) ot) = 2qa(z, t)
PO = g D= gy
» —alz,t) » —alz,)
ql(x7t) :q(x7t>n 7(@(‘% t)+6)7 q2(x7t) ZQ(x7t) n 7(04(:17 t)*e)

o) = (o), vaey) = (v, ) /20,
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Moreover, it is easy to see that

S q(x,1) q(z,1)
Py(x,t)  Py(z,t)  2q1(x,t)  2g2(x,t)
q(z,t) 1

[ 1

2 |a(z,t)  g(x?)
o@t) [; ~(ae.)+e) = (ale.0) =)
2q(z,t) Z — afx,t) Z — afx,t)
=1.

Now observe that Theorem 6.19 yields

q(z,t) - x,
(Mowry—of) 2 Oty ol D (@, t)dadt

n+1
R+

— / (%a(z’t),af)ql(z’t)(m,t)v(&t)dxdt<C
Ry
and

q(x,t) - "
/ (///a(x,t)-s-af) 2P ’t)(:c,t) Ufz( b dadt

n+1
R+

_ / (Mowiysef) ™ (@, 1) v(a, t)dadt < C.

n+1
RJr

Finally, we have that I < C if ||f|rr@n,w) < 1. Here we have used the
obvious equalities

/ (z,1) ‘Q|(a(z D=4 Jodt — / (z,1) ‘Q|(a(z D= Da @) gt

Q
a(z, t) e

o(z,t) Q| — )90 g dt

&))\ Q)

Now it remains to prove Proposition 6.20. ([l

Proof of Proposition 6.20. First we show that there exist positive constants C}
and Cy satisfying such that for every (z,t) € R’j_‘“ there is a cube Qo = Q(z,79),
with [(Qo) > t, for which

(%a(:r,t)+6f) (.’177 t)

C1]Qo| ™ < (Moo f) (@) < Co|Qol . (6.23)
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To prove (6.23) we fix (z,t) € Rff_“. Then there is a cube Q1, [(Q1) > t, Q1 =
Q(z,r1), such that

a(l De_
e%oz(m t)+5f T t) 2 |Q1 * 1/|f‘

Hence

a(z,t) | e
Qi = Tt [ S
(‘%a(z,t)+af) (l‘,t) <9 Q1

X a(w,t =21Q 2;'
(Moo ) (2,1) Q" —i1 f | f] o

Further, there is a cube Q2, (Q2) > t, Q2 = Q(x,rg), such that

a(z,t) e
Moo () <21Qo] "5 57 / I

Therefore,
a(l t)
|Q2| et IS
(Moo )4<f) (1) > @ _1 , Q2 B
(Maay—f)(@,t) 7 2 |y " o= 1f|f\
Let

. . (‘%a(z,t)+af) (m7 t) 2;
ro := inf {rl : (///a(x,t)—af)(%t) <2 |Q| .
If 1(Qo) = t, then

2¢ 1 2e (f%a(z,tH»af) (.’Eﬂf)

1
g [Qmmollm <y IR < ) S

2e

<2(Q(z,71)|

Hence

(atoiys=f) W>> <20l

1 € 1 €
Qol* < 1Qal <
\/2‘ O‘ \/2| 2| (('ﬂa(w,t)—Ef)(xvt)
Let [(Qo) > t. Then since

2e

" < (%Oz(:r,t)+6f) (.’L‘7t)

2 < )
’Q(x7 (%a(w,t)—ef) (xat)

2

we have

V2
Cn,e

"o T "o
|Q(m,ro)| V2 |Q( ’ 2) (Maoi)—<f) (1)

where the constant C,, . depends only on n and e. Thus, (6.23) has been proved.

" g [(///a(w’t)ﬁf)(x’t)] < V2 |Q(x,mo)| ",
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Further, we have

a(x a(z,t)—n
R N (e e
Q(z,mo—t)
b [ @I =l = Bt + B
R™\Q(z,r0—t)
where r( is defined in (6.23). Let r, = 2Fr5. We have

Lt =3 / F@) (1 — ] + 60"y

k=0 0@,k s 1 —0\Q (@, ri—t)

S5

k=0

()] dy> o0
Q(z,rk41—t)\Q(z,rr —t)

< C < Z 2k67"0_5> (%a(:r,t)+6f) (.’177 t)

k=0
< Cras (%oz(m,t)JrEf) (.’IJ7 t)

2
< C {(ﬂa(m,t)JrEf) (.’IJ7 t) (%oz(m,t)faf) (l‘, t)] .
In the last inequality we have used (6.23). Further, let r, = 27 %rq. Suppose that
m = sup{k T > t}.

It is clear that r,,11 < t. We have

m—1

a(x,t)—n
DY [ o= v+ 9"y
k=0 0@z, m—t\Q (@, p1—t)

+ / F@) (1 =yl + 80"y

Q(z,rm—t)
m—1
<<Z<mﬂ>a<m“ / |f>+t°‘<ffvt>" / FW)ldy
k=0 Qz,rr—t) Q(x,7m—t)
m—1
o N e B R o )
h=0 Qi) Q@)
= Z(rk+1>a(w,t)—a—7b(rk+l)5 / ‘f|
k=0

Q(z,rk)
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Now observe that
e _ 1 1
rha1 =2 "1rg = ClQ(x,27 ro)|» = C |Q(z,rk)|» = C 1y,

where the positive constant C' depends only on n. Therefore, since a(x,t)—e—n <

0, 71 <7, e >t k=0,1,2,---  m, we have
N(x,t) < e (r)* (rg) D= / fI < e (Magany-<F) (@, 1),
k=0 Q(z,rk)

where the positive constant ¢ depends only on n and . Using again (6.23), we

have
1

I (.’177 t) <c {(%a(:r,t)Jrsf) (.’177 t) (%oz(:r,t)faf) (m7 t)] ’ :

Combining the estimates for I1 (z,t) and I2(x,t), we obtain the desired result. [

6.3.2 Diagonal Case

In this section we study the boundedness of .Z, ;) in the diagonal case. In partic-
ular, we establish a Sawyer-type criterion guaranteeing the two-weight inequality
for this operator in Lebesgue spaces with constant parameter.

Theorem 6.22. Let 1 < p < oo. Suppose that 0 < a_(R}™) < ay (RTT) < n.
Then Mg is bounded from LP(R™, w) to LT’(RQL_H, v) if and only if there exists
a positive constant C' such that for all cubes @ in R™,

/ P /
/v”(x,t) (///a(w,t) (w*p XQ)) dxdt < C /w*p < 00.
Q Q

Proof. Let us prove sufficiency. Let ///CE?; £ be the dyadic maximal function. De-
note

d d
%(,E(a)u,t),uf = ///(i(i,t)(f“)’

where u is a weight function. We will show that if

/v”(x,t) (///a($7t)7uXQ)p(x,t) dxdt < C/u < 00,

Q Q
then ///CE?; 1), 18 bounded from LP(R™, u;) to LP(RT™, v). In fact, the bounded-
ness of .4V from LP(R™, uzlj) to LP(R’!, v) is equivalent to the boundedness

a(z,t),u

of ‘//Zcic(ia)n t) from LP(R™, w) to Lq(m’t)(Ri+17 v), where u = wP.



6.3. Fractional Integral Operators on the Upper Half-space 379

Arguing as in the proof of Theorem 6.17, we assume that f > 0, f is bounded
and has compact support. Further, for every (z,t) € RT‘I, we choose a dyadic

cube @, containing z, |Qy | » > t, so that

Q] / fus (A, D). (6.24)

We introduce the set
Fo:={(z,t): t< IQ|~, = € Q and Q is maximal for which (6.24) holds}.

It is clear that Fo, (| Fo, = 0 if Q1 # Q2 and that R = Ugen,, & Fa»
where D, ={Q: Fy # 0}. We have

5 = / vp(m,t)(//lg(i;,t)yu f)p(m,t) dadt

Ry
P
<o / Up(x,t)LQl_la(?t) / fu] dadt
Fq
< 2p< P (z, t)|Q\( )r dmdt) ( fu)
/ /

=c Y (/ P(z,1)]Q) ("% )T‘d:cdt>( ))p(u(lc»/fu)p.

QEDm(R™) \

Now observe that for Q" € D,,(R™), the following inequalities hold:

> (/vpxw( ”dwdt)((@)”

QCQ Fo
Q.Q'€D, (B")
< Y [veoU )W) deoa
QCQ'  F,
Q,Q €D (R™)
p
< ¥ o (@, 0) (AL (xqu) (@) dadt

QCQ"
Q,Q" €D (R™)

p
< / (e//la(myt),u (XQ')) (x,t)vP(z,t) dadt

U Fo
QCQ’
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p
< / (t//la(z,t)yu (XQ’)) (x,t)vP (z,t) dedt < C/u.
Q' Q'
Applying Proposition 4.25 we find that

S< C/fpu.
R’n

Arguing in much the same way as in the proof of Theorem 6.17 we can pass
from ///CE?; y to Mot

Necessity follows easily taking the test functions fo = XQw*pl in the two-weight
inequality
| @) (a fo) w.0) dedt < € [ lfo@lPu (@) do
R1+1 R
and observing that this inequality implies
Sg = /w*i" < o0 (6.25)
Q

for all cubes. Let us check that (6.25) holds. Assume, on the contrary, that Sg = oo
for some cube ) in R™. This means that

IxQw ™ Lo (gny = o0

By a duality argument, there exists a nonnegative function g € L?(Q), such

that
/guﬁ1 = 00.

Q
Let f =xg g w™!. Then

[ip =[x
Rn

Q
On the other hand,

/ vP(z,t) (e//loé(g[‘,yt)f)p(gc7 t)dxdt

n+1
RY

p
></www@“W1MQ</m>m
Q

Q
which contradicts inequality (6.25). O



6.4. Double Hardy Operator 381

6.4 Double Hardy Operator

In this section we derive two-weight criteria for the double Hardy operator

(Haf)oy) = [ [ feryitar, (.)€ B = Re xRy

in variable exponent Lebesgue spaces.

It should be emphasized that from the results for the two-weight problem
derived in this section, as a corollary, we deduce trace inequality criteria for the
double Hardy operator when the exponent of the Lebesgue space on the right-hand
side of the inequality is constant. Another remarkable corollary is that, unlike the
case of the strong Hardy—Littlewood maximal operator (see Section 6.5), there
exists a variable exponent p(z) for which the double average operator is bounded
in L0,

In 1984 Sawyer [333] found a characterization of the two-weight inequality
for Hy in terms of three independent conditions in the classical Lebesgue spaces.
Namely, he proved the following statement:

Theorem 6.23. Let p and q be constants satisfying the condition 1 < p < g < 0.
Suppose that v and w are weight functions on Ri. Then

||H2fHLZ(]Ri) < C||f||Lﬁ(Ri)

holds for all positive and measurable functions f on Rﬁ_ if and only if the following
three conditions hold simultaneously:

o° xR /q ;Y1 Y2 1/
sup (//U($17$2>d$1d$2> (// w(z1,T2) deldm2> < 00, (6.26)
y1,y2>0
Y1 Y2
Y1 Y2 /x1 T2 q 1/q
<ff (f Jw(ty, )~ pdtldt2> v(meg)dxlde)
00 A <o
Y1,y2>0 Y1 Y2 1/p y
(f [ w(xy, x2)tP dx1dx2>
and
00 p ) 1/p'
(ff J f (t1,t2) dtldt2) w(wy, x)' P dxldxg)
sup Y1 Y2 12 » :A3<OO.
y1,y2>0 00 00 /q
[ v(zy,ze)deydes
1Y2

The following statements give two-weight criteria written as a single condition
when the weight on the right-hand side is a product of two univariate weights (see
Meskhi [254], Kokilashvili, Meskhi, and Persson [201, Chap. 1]).
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Theorem 6.24. Let p and q be constants such that 1 < p < g < 0o and let w(z,y) =
wi (z)wa(y). Then the operator Hy is bounded from LP (RZ) to LI(R%) (1 <p <
q < o) if and only if condition (6.26) is fulfilled.

First we prove the following lemma:

Lemma 6.25. Let p be a constant satisfying the condition 1 < p < co. Suppose that
0 < b < oo. Let p be an almost everywhere positive function on [0,b). Then there
is a positive constant ¢ such that for all f € LP([0,b),p), f > 0, the inequality

b y P b
! p
J (A([O,x]) / / <t>dt> Naldo < C [ (f@)p(o)rds

0

holds, where A(z) = p~? () and ([0, z]) := f)\(t)dt.

Proof. In view of Theorem 3.23, it is enough to verify that the condition

b t

s ( / A([o,xp—wx)dx) ( / A(m)dm) S

0

is satisfied.
To do this, observe that

o (o) o
< o ) e
S [(fre) " (fr) ]

S

To formulate the next theorem we introduce the notation:

>/

= [a,00) X [b,00), JY :=1[0,a) x [0,D).

Theorem 6.26. Let p be constant and let the exponent q be defined on Ra_. Suppose
that 1 < p < q- < g4+ < o0o0. Suppose that v and w are weights on Ri with
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w(x,y) = wi(x)wz(y) for some univariate weights wy and we. Then Hy is bounded
from LP(R? ,w) to LY)(R2 ,v) if and only if

R —1
B = ;})130 ”U(XJab)”LqU(Ri)Hw XngHLP’(]R?F) < 0.

Proof. Necessity follows in the standard way by choosing the test function
f(xay) =w P (xvy)X[O,a]X[O,b](xay)v a,b >0,

in the two-weight inequality.

Sufficiency. Suppose that f > 0 and |[f|[1z @) < 1. Let {zx} and {y;} be se-
quences of positive numbers chosen so that

Tk Y
/w;p' =2k, /w;”' =2, (6.27)
0 0
Without loss of generality assume that [ w;? = [w;? = oco. Then [0,00) =
0 0

Urlzks Te41) = U;[y), yj41)- Hence, RZ = U, (Ek X Fj)7 where
By = oy, xpt1), Fj = [y, yj41)-

It is easy to see that (6.27) implies
/ wi? =2k, / wy? =9, (6.28)
Fj

Let us choose 7 so that p < r < g—. Then
[o(H2 ) Lar w2y = o EH2 P | Lacr/m (g2

<c  swp // (0, )" (Ha f (2, )" h(z, y)dady.

IRl caeyrryr ST 25

Let

for a measurable set £ C R.
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Observe that due to (6.27) and (6.28) the following chain of inequalities holds:

// (0, 9))" (Haf)" (2, )b, y)ddy

B
Tht1 Yj+1 7
Zl (z, y)h(x y)dwdy] l f]
k.j Ek‘g/p J J
Th41Yj+1 qr
CZH’U [ Lacr/r (g x ) 1] Laacrmr (g [ f]
Z L Epx F; L (R2) 0/ 0/
Th41 Yj+1 o7
<3 ol [ f]
Tr+1Yj+1 r
N R el oyj))[/ /f]
- Tk42Yjt+2 ;0 ’ 1 Tk+1 Yj+1 T
— T —p’ .
B kZ/y/ (s (w2 ) da:dy] [ME,C)@(FJ-) / 0/f}
C Thpe Yite . T Yy qp r/p
gCBrg-MZIy[l[wl(m)wZ(y)}p [U1([0,$])02([07y}>0/0/f] didy‘|
1 T Yy P r/p
< B’ R/Q/[wl(x)wQ(y)] P [01([O7x])02([0,y])‘/Jf] dxdy] =: 5.

By using Lemma 6.25 twice we conclude that

r/p
// x,y))P(w(z y))pdmdy] <ec. O

The next statement is the special case of the two-weight inequality for w = 1.

<eB”

Corollary 6.27. Let p and q be as in Theorem 6.26. Let v be an a.e. positive function
on R%. Then Hy is bounded from LP(R%) to LIC)(R2,v) if and only if

1
sup ||vXJ3§HLq<.)(R2+)(ab)P’ < 00.
a,b>0
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Corollary 6.28. Let 1 < p_ < q- < g < oo with py < 0o. Let v and w be a.e.
positive functions on R?* with w(x,y) = wy(x)wz(y). Suppose that p € P(RY). If

sup HUXI ||Lq(> Rz)Hw XJo ||L(p,>’(R2+) < 00, (6.29)

then Hy is bounded from LPO)(R2  w) to L1V)(R2 , v).

The proof of Corollary 6.28 follows immediately from Remark 3.19 and The-
orem 6.26.

Corollary 6.29. Let 1 < p_ < q— < g4 < 0o with p1 < co. Suppose that the limit
p(00) 1= lim, o p(x) exists and equals p—, and that p € Poo(RY). Suppose also
that the weight function w satisfies the condition w(z,y) = wa(x)wa(y). If (6.29)
holds, then Hs is bounded from LPC)(R2 w) to LI (R?, v)

Let us now discuss the operator Hs on a bounded rectangle
J := [0, ag] x [0, bo].

It is convenient to use also the notation:
JY, = [a, ao] x [b,bo).

Recall that by J?, we denote a rectangle [0,a) x [0,b).
The arguments used in the proof of Theorem 6.26 enable us to formulate the
next statement:

Theorem 6.30. Let 1 < p_(J) < q_(J) < ¢+ (J) < oo with p4(J) < 00. Suppose
that v and w are a.e. positive functions on J with w(xz,y) = w1 (x)wa(y) for some
univariate weights wy and wo. If

su VX g1 w™ < o0
0<a£a0 [ XJl ||La( )(R2 )H XI HL“’—“”’(Ri) )
0<b<bo

then Hy is bounded from LPC)(J,w) to L) (J,v).
Corollary 6.31. There is non-constant exponent p on [0,2]? such that the double

average operator
(Af)(x,y) //ftrdtdr

is bounded in LPC+)([0,2]?).
Proof. Let p be defined by

_ )30 i () €127,
P(,y) = {2, it (z,y) € [0,2)2\[1,2]2
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It is clear that p(0,0) = p_ = 2 and that

1
sup H(my)ilxm,Q]x[b,Q](l’vy)”LP('v')(Ri)(ab)p/(o’o) < 0.
0<a,b<2

Theorem 6.30 completes the proof. O

6.5 Strong Fractional Maximal Functions in
LP() Spaces. Unweighted Case

In Kopaliani [209] it was shown that the Hardy—Littlewood strong maximal oper-
ator is bounded in LP() if and only if p is constant. We prove that a similar result
is valid for fractional maximal functions; however, the situation in the case of the
strong fractional maximal function of variable order and of the multiple Hardy
operator (see Section 6.4 for the latter one) is completely different.

Let

(M) (v,y) = sup IR\‘H/ |f(t,7)|dtdr, (z,y) ER?, 0<a<l,
R3(z,y)

be the strong fractional maximal function, where the supremum is taken over all
rectangles R C R? containing (x,y).

Theorem 6.32. Let p be a measurable function on R? satisfying the condition 1 <
p— < py < o0. Suppose that o is a constant such that 0 < a < p{ We set

q(z) = 1_’:52)($). Then A2 is bounded from LPC)(R?) to LIC)(R?) if and only if
p = const.

Proof. Sufficiency can be obtained easily by using twice the LP(R) — LI(R)
boundedness for the one-dimensional fractional maximal operator

(Mo f)(x )—Sup \1\1 a/\f dt, 0<a<1.

Necessity. We follow Kopaliani [209], who proved the theorem for o = 0.
First we observe that if .25 is bounded from LP()(R?) to L) (R?), then

Ap : L
SUD AR = SUD Py IXRl e [IXRI Lorcr < 00,

where the supremum is taken over all rectangles R in R2.
Indeed, let || f||») 2y < 1. Then for every rectangle R we have

cz ||‘%§f||L‘1('>(R2) = H‘%EfHL‘Z(')(R) = ||XR||L‘1('>‘R|Q71/ |f(t, 7)|dtdr.
R
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Taking now the supremum with respect to f, || f|lz») < 1, we find that

|RI*7HIxrl Lo xRl o <c

for all R C R2.
Further, suppose the contrary: p is not constant, i.e., iﬂ%fp(t) < supp(t). By
]RZ

using the Luzin theorem we can conclude that there is a family of pairwise disjoint
sets {F;} with the following properties:
(i) IR*\ U; Fy| = 0;
(ii) the functions p : F; — R are continuous;
(iii) for every fixed i, all points of F; are points of density with respect to the
basis consisting of all open rectangles in R2.

Indeed, let us represent R? as R? = | J ; Qj, where {Q;} is a family of pairwise
disjoint semi-open unit squares. Let us fixed j. Suppose that i is a sequence
converging to 0. By using the Luzin theorem step by step, we obtain a family of
pairwise disjoint sets Fj in @; such that |Q; \ (U, F})| = 0 and p is continuous
on F ,g . Removing now sets of measure zero from F; ,g we can assume that all points
of F} are points of density with respect to open rectangles.

Further, we can find a pair of points of the type ((zo,¥1), (z0,y2)) or of
type ((w1,90), (x2,90)) in UFi such that p(zo,y1) # p(zo,y2) or p(z1,y0) #
p(z2,y0). Without loss of generality, assume that this pair is ((zo,y1), (xo,¥y2)),
with (zg,y1) € F1, (z0,y2) € F> and y1 < yo.

Let 0 < € < 1 be a fixed number. Then there is a number § > 0 such that
for any rectangles Q1 3 (x,y1) and Q2 > (o, y2) with diameters less than ¢, we
have

Q1N Fi| > (1=¢)|Q1], Q2N F| > (1-¢)|Q2], (6.30)
p1 = sup p(z,y) <c1 <cg < inf p(a,y) = pa, (6.31)
Q1NF1 Q2NF2

where ¢; and co are some positive constants.

Let Q1,- and ()2, be rectangles with properties (6.30) and (6.31). Suppose
that Q1,7 := (zo — 7,20 + 7) X (a,b) and Q2. = (xo — 7, x0 + 7) X (¢, d), where
a<b<c<d.

Observe now that the following embeddings hold:

LO(Qayr) = L#(Qar), LPO(Qur) = L (Qu5), (6.32)
where ¢2 = infg,nm, ¢ = 1f’;p27 (pg,) = plpil' Recall that (see Lemma 4.17)

the norms of the embedding operators in (6.32) do not exceed 27(d — ¢) + 1 and
27(b — a) + 1, respectively. Further, by using (6.30) and (6.31) we have for the
rectangle Q, := (o — 7,20 + 7) X (a,d),

Ans
Sup Ap > |QT|1_(X||XQT||L4(->||XQTHLM->
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1
= [QT(d o a)}lfa ||XQ2,7-0F2HL‘2(‘) HXQl,TnFl HLP’(')

C 1 11
= 2r(d — a)]1-o [27(d — ¢)] 22 [27(b — a)]

1 1

1 1 _ _
:CTailJrqurlim :CTa [m 112].

The last expression tends to 0 as 7 — 0 because o — pll + q12 =a— 11 + p12 —a<0
and the constant C' does not depend on 7 and ¢ for small 7 and ¢ (recall also that

a, b, ¢, and d are fixed). This contradicts the condition supp Ar < co. O

6.6 Two-weight Estimates for Strong Fractional
Maximal Functions

Recall that by the symbol D(R) (or simply D) we denote the set of all dyadic
intervals in R (see Section 4.1.3 for the definition and relevant statements).
Let

(//ff(m,ﬂ(y)f) (,9) :SIHP|f|a(ﬂ”)71\JIB("’)*1 // |f(t,7)|dtdr, (z,y) € R?,
Sx

Joy IxJ

be the strong fractional maximal operator with variable parameters o and 3, where
a and (3 are measurable functions on R satisfying the conditions 0 < av— < g < 1,
0 < B- < B4+ < 1, and the supremum is taken over all intervals I and J containing
z and y, respectively.

Together with the operator .#° a(-),8(-) We are interested in the dyadic strong
fractional maximal operator

(A5 Ssp ) e = sup (1@ 0 e nldrar, () € B2
I>x

J3y IxJ
1,JED(R)

(6.33)
Taking into account Lemma 6.6 we conclude that the following estimate

holds: S (4).DP1 D%
(%a(l) 8 y>f> SCY (0550 ” )(=y), (6.34)

B1,B2
where

MDD ) = sup (100 |gPW / FEldtdr  (6.35)
’ Iz

Joy IxJ
IeDP1 jepP2

is the strong dyadic variable-parameter fractional maximal operator corresponding
to the dyadic grids D% and D?2 in R, 31, 2 € {0,1/3} (see Lemma 6.6).
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6.6.1 Formulation of Results

We start with the Fefferman—Stein-type inequality.
Theorem 6.33. Let p, ¢, o, and B be defined on R? and satisfy the condition
1<p_<p_~_<q_<q+<oo,andletp{—qlJr < a_ <o¢+<p ,pl —q1+ <
B < By < p{ . Then there is a positive constant ¢ such that
S
H(«///a(m y)f) | ac. I(R2) S <l f( az),ﬁ(y)v)\le(~,~>(Rz),

where
7. — 7 2)
(‘//Za(z),ﬁ(y)v) (z,y) = max{(‘%a(x),ﬁ(y)v) (z,y), (f///a(l By (25 )}7
1
(A5 502 (@) = sp 11 12 o 1L a1,

Joy
2 — a(z
(A5 500 (@) = sp 115 1724 [ ) 1L e
Joy

Corollary 6.34. Let p be constant and let q, «, and B be measurable functions

on R2. Suppose that 1 < p < q_ <q+<oo,117—ql+ < oo L ay < 117, and
;—q{<ﬁ_<6+<;. Then

1A ) 5y PVt @2y < el (Mo 50y0) Lo r2)-

Corollary 6.35 (Trace inequality). Let p, q, «, and [ satisfy the conditions of
Theorem 6.33. Suppose that for the weight function v, the condition

1
S}lpRH|I|a(L)U|B(y)U(937y)||Lq(-=->(IxJ)|I x J| Prxs < oo,

)

holds, where

P+, lf ‘IH‘]‘ > 1.
is bounded from LPC)(R?) to L) (R2, v).

{p_ if 117 <1
Prxjg = .

Then /// (0,80

Theorem 6.36 (Criteria for the trace inequality). Let p, ¢, a, and [ salisfy the
conditions of Corollary 6.34. Suppose that 1 - q1+ <o < ap < 117 and 1 -
q1+ < B <Py < 11) Then M is bounded from LP(R?) to LiC+)(R? ) if

and only if

(),8()

. _1
sup [|[7|* TP v (@, y) | pacor (x| I x T < o0,
I,JCR

where the supremum is taken over all intervals I and J in R.
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Theorem 6.37. Let p be constant and let 1 < p < q— < g4+ < 0o0. Suppose that
0<a-<ar <land0 < B_ < By < 1. Let v and w be weight functions on
R? and let w be of product type, i.e., w(x,y) = wy(x)wa(y). Then /// (0,80

bounded from LP(R?,w) to LIC)(R? ) if and only if

sup (IT|[J) ™ o, )1 NTVP DN aco ey lw ™M por 1y < 400,
I,JCR2

provided that wy? ,w;” € RDC(R).

Corollary 6.38. Let p, q, a, B satisfy the conditions 1 < p_ < q_ < g+ <00, pt <
00,0 <a_<ay<1l,and0< B_ < By < 1. Assume that p € P(RQ) Assume
also that v and w are weight functions on R? and that w(x,y) = wy(x)ws(y) with

wy P w; P e RDOR). If

sup (|IHJ|)_1||U($,y)|f|a($)\J|B(y)||Lq(~,~>(1xJ)Hw_lHL@J(IXJ) < 400, (6.36)
1,JCR?

then /// ().5(,) i bounded from LPC)(R2,w) to LIC)(R2, v).

Corollary 6.39. Let 1 < p_ < q- < qy <00, py <00, 0 < a_ < ap <1 and

let 0 < B_ < By < 1. Suppose that p(co) := lim p(z) exists and is equal to p_.
Tr—r0o0

Let p € Poo(R?). Assume that v and w are weights on R? and that w(x,y) =

wy (x)wa (y) with wf(p’)/ w;(p’)/ € RDC(R). Then condition (6.36) guarantees
the boundedness 0f//l (0,60 from LPC)(R2,w) to LI (R? v).

6.6.2 Proofs

Proof of Theorem 6.33. Recall that the dyadic strong fractional maximal operator
///s(()d )ﬁ(_) is defined by (6.33). Without loss of generality we can assume that f is
nonnegative, bounded, and has compact support.

It is obvious that for (z,y) € R2, there are dyadic intervals I > x, J 3 y such
that

2 S,(d
e f(t,T)ldtdr > (a5 50 P y). (6.37)
|[I[1=a(@) | J|1=B) (2),6(y)

IxJ

Let us introduce the set:
Frj={(z,y)€R*:2 €I,y J and (6.37) holds for I and J}.

Observe that R? = U sepm) 1.0 and Fr; C I x J (it may happen that
Fr,. 5, N Fr, g, # 0 for some different couples of dyadic intervals (I1, J1), (12, J2)).
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Let us take a number r so that p; < r < ¢—. Then we have

Lat) (R2) H[ ( )dv )]T LaC.)/m(R2)

7 (d) "
<ec ( // a(-),B(: )f>] >
Hh”L(q( )/T)/(RZ)<1

Suppose that ||f//l (.80l Lot (r2) < 1. Further, arguing as above, we find
that for / satisfying the condition [[h| 1 cc.)/m g2y < 1,

// AN < X // 255500)]

LJED®)E,

(// (2, ) (7@ | TP, xy)dxdy><I|J//|ftTdth>

I,JEDR)\ 1% 7

<e Do N@EAHEOIPOY a

1,JED(R)

1 r
X ||h Y // t, T)|dtdr
H HL(q(T,)) (Ix) <I|JIX] |f( )‘ >

1 "
< CTEOLTEOV o / ¢ 7)|dtd
o, B MOCHEOEN o gy [ N
X

H’U( (x(z

N

(IxJ)

1,JED(R)
1 T

< WO LTEOY o //

[ > PO Yo o [ 16 s

1,JeD(R) IxJ

WIEOLTPOY o (t,7)|dtd

TSR (OB RRIME >|L(T>IJ)([|J/f2 ) )]

I,JED(R)
= 0[51+SQL

where fr = fx (7. o es1y fo= T = fie
Let us estimate S; and S separately. Using Proposition 4.30 (with p = 1)
and the Minkowski inequality, we have that

si= 3 <|I|J|>‘<f>'< [ 1niazia |v<~7~>|f|a<‘>|JB<'>||Lq<.,.><m>

1,JED(R) el

<I€%(:R)|I|_<P>’ > |J_<P>’</</|f1 )50 )))

JeD(R)
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g () )

IED(R)

1

<e > (;),</</|f1p L) 5yl ))

IED(R)

C( // |fil" [‘///A(ac),a(‘)”]p) -
R2 T

C( // i (x,y)(//?ﬁim(y)v)@y)r@»y)dmy) T <e
R2

Similar arguments show that

M2 WD dndy | <
c [f (z,y)( a(x)ﬂ(y)v)(%y)} xray ¢
RQ

Thus, we established the desired estimate for the dyadic fractional maximal
function.

Now we pass from %j(() a() to MO a(),8() by using inequality (6.34). O
Proof of Corollary 6.35. This statement will be proved if we show that
('ﬂa(x,),ﬂ(y)v)(x7y) < c
in Theorem 6.33. Indeed, if the condition
a()| 718() ~pis
A= sup [T TP 0 (@, y)l| aco 1y (I T]) 7 < oo
I1,JCR

is satisfied, then

11T D0 (@, )| pac-or ey (TI]T]) 7+ < A< o0
and
I P02, )| Lac o 10y (HI1T]) 7= < A < oo O

Proof of Theorem 6.37. Sufficiency. We use the notation of the proof of Theorem
6.33. First we construct the sets Fry ;.
Take r so that p < r < ¢_ and observe that

<e // v/// )d 7).
LaC) (R2?) \hHL(q( /7 )’(R%gl

HU( )d )f)
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Let || fllzz,@z) < 1. Then for h such that ||k ;.m0 g2y < 1, we find that

- 5.(a) s@
S '*//h[”///a(-m S // a0 ]]
R2

LJED®) p,

<e ) (// () ([1][* 1717 bz, y)dmdy)(w /IftT dtdv)
IxJ

1,JED(R)

<e > @I a1l e mr 1o
1,JED(R)

1 '
X <|I|J|I></J f(t,7)|dtd7'>

(T T 1 '
=c > eyl ()JIB(y)IILq(m,w(M)(mJ| //f(th)Idth>

1,J€D(R)
—r/p’ —r/p’
<c Y (/w1p> (/ ) (//|ft7dtd7>.
I,JeDR) \ 7 J IxJ

Applying Proposition 4.30 we derive the following estimates:

S<e ) (/w2p>Hp/(/wl(t)(/f(t77'>|d7'>pdt> B

JeD(R)

2 </ )’”/p’</ </ wi’(t)lf(t,r)”dt) l/pdT>T

JED(R) R
p

r/
c(/ f(t,T)|pwp(t,T)dth> <ec.
R2

Thus, we established the desired inequality for the dyadic fractional maximal
function.

Applying (6.34), we can pass to the fractional maximal function /// ()80

Necessity follows easily by taking appropriate test functions in the two- Welght
inequality. We omit the details. O

Proof of Corollary 6.38. The assertion is a direct consequence of Theorem 6.37
and the fact that the condition p € P(R?) implies the inequality

[ fwllLr- w2y < cll fwll Lo w2y O

Corollary 6.39 follows from Corollary 6.38 and the fact: p € Py (R?) = p €
P(R?) provided that p(oo) exists and p_ = p(c0).
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6.7 Comments to Chapter 6

Some properties of integral operators on the half-space in unweighted variable exponent
Lebesgue spaces were investigated in Diening and Ruzicka [65, 66].

For the trace inequality for potential operators with constant parameter in classi-
cal Lebesgue spaces we refer to Adams [6] (see also Genebashvili [103], Edmunds, Koki-
lashvili, and Meskhi [76]: Chapter 6 and references cited therein for an SHT).

The original inequality of Fefferman—Stein type for the fractional maximal operator
Mo, defined with respect to cubes is due, for the classical Lebesgue spaces, to E.T. Sawyer.

The characterization of the trace inequality in variable exponent Lebesgue spaces
for fractional maximal functions defined on R™ was derived by Kopaliani [210].

Theorem 6.24 was obtained in Meskhi [254] (see also the monograph by Kokilashvili,
Meskhi, and Persson [201, Chap. 1]). It should be emphasized that in the PhD thesis
of Ushakova [362] the author answered the question in the case when ¢ < p. Earlier,
A. Wedestig in her PhD thesis Wedestig [369] derived two-weight criteria for Hs to be
bounded from LP (R, w) to LY(R,v), where p and ¢ are constants (1 < p < ¢ < o0) and
w is a product of two one-dimensional weights, but under different (non-Muckenhoupt)
type conditions.

Analogs of the results of Section 6.6 for the classical Lebesgue spaces were derived
in Kokilashvili and Meskhi [182] (see also the monograph by Kokilashvili, Meskhi, and
Persson [201, Chap. 4]).

In the proof of Theorem 6.12 we established a pointwise inequality similar to that
from Hedberg [131]. In our case we have the fractional maximal operator on the right-
hand side.

The analogs of Proposition 6.20 for the Riesz potentials on the upper half-space
with constant a was proved in Genebashvili [103]. The trace inequality for fractional
integrals defined on the upper half-space was proved in Adams [6] (see also Genebashvili
[103], Edmunds, Kokilashvili, and Meskhi [76, Chap. 6] for similar statement on spaces
of homogeneous type).

This chapter is based on the papers by Kokilashvili and Meskhi [179, 185] and Asif,
Kokilashvili, and Meskhi [23].



Chapter 7

Description of the Range of Potentials,
and Hypersingular Integrals

In this chapter we give a complete characterization of the range I*[LP()(R™)]
in terms of the convergence of hypersingular integrals of order a. The proof is
based, in particular, on the results on denseness in L”(')(R") of Schwartz functions
orthogonal to polynomials, and the inversion of the Riesz potential operator by
means of hypersingular integrals.

This enables us also to give a characterization of the variable exponent Bessel
potential space and study connections of the Riesz and Bessel potentials with
variable exponent Sobolev spaces.

Finally, we give a characterization of the variable exponent Bessel potential
space via the rate of convergence of the Poisson semigroup.

7.1 Preliminaries on Higher-order
Hypersingular Integrals

A typical hypersingular integral has the form

1 / (ALf) (x)

dne(a) J Jy[n+e
R’I‘L

DYf(x) := dy, a >0, (7.1)

where Ai f denotes the finite difference of order £ € N and step y € R™ of the

function f and d, ¢(«) is a certain normalizing constant, which is chosen so that

the construction in (7.1) does not depend on ¢, see Samko [322, Chap. 3] for details.
The finite difference will be mainly taken in a non-centred form

L
e )
83 @) = (1 =)0 = Y17 () ste = ) (7.2
j=0
© Springer International Publishing Switzerland 2016 395
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where 7, f(z) = f(x — y). It is well known that the integral (7.1) exists, for each
x € R™, as absolutely convergent integral if £ > «, and, for instance, f € Z(R™).

Following Samko [322], we shall consider both a centred difference and a
non-centred one in the construction of the hypersingular integral. However, when
we write A7* without any specification, we mean a non-centred difference. The
important fact here is that the order ¢ should be chosen according to the following
rule (as stated in Samko [322, p. 65]), which will be always assumed in the sequel:

1) in the case of a non-centred difference we take € > 2 [‘2*], with the obligatory
choice £ = o when « is an odd integer;

2) in the case of a centered difference we take ¢ even and ¢ > « > 0.

In general, the integral in (7.1) may be divergent, and hence it needs to be
properly defined. We interpret hypersingular operators as

D® := lim D2,
e—0

where D7 . denotes the truncated hypersingular operator

£ xr
Dy fa) =, | /(Ayf)()dy, £ 0, (7.3)

|y|te
ly|>e

D® is also called the Riesz fractional derivative, since it can be interpreted
as a positive fractional power (—A)?2 of the minus Laplacian.

In what follows, the limit above is always taken in the sense of convergence
in the LP()(R™)-norm.

Note that the Riesz derivative D® with the appropriate choice of the normal-
izing constant d,, ¢(«) does not depend, under the rule 1)-2) for the choice of the
order £ of the difference, on the value of ¢. This is why we may omit the parameter
¢ in the notation D*. We refer to Samko, Kilbas, and Marichev [331] for details.

An important property of hypersingular integrals is that they provide a con-
struction for operators inverse to fractional operators.

7.2 Denseness of the Lizorkin Test Functions Space
in LPO)(R™)
Recall that C§°(R™) denotes the class of all C*°-functions on R™ with compact

support and .(R™) is the Schwartz class of all infinitely differentiable functions
which decrease rapidly at infinity. For an integrable function g,

F9©) =3) = [ gla)dn, € (7.4
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stands for its Fourier transform. The inverse Fourier transform of ¢ is given by

F g =3 = 20" [ e ga)ds, g eR,
The class C$°(R") is dense in LPC)(R™), as shown in Kovéacik and Rakosnik [213].
However, both the test function spaces C§°(R™) and .(R™) are not invariant
under the Riesz potential operator (cf. Samko [322, Chap. 2 and 3]). A class with
the required property is the Lizorkin test functions space ®(R™) defined via Fourier
transform as

O(R") ={p € S([R"): (D'§)(0) =0, |j| =0,1,2,...}

where D7 stands for the usual derivative of the multi-index j = (j1, ..., jn). It is
known (Samko [322]) that the Lizorkin space ®(R™) is invariant with under the
Riesz potential operator I* and I* [®(R™)] = ®(R™), 0 < a < n. For further
purposes we need to prove that ®(R") is dense in LP()(R"). In the proof below
we mainly follow the arguments in Samko [322, pp. 41-42].

Let k € L (R™), kn(y) := N "k(y/N), N € N, and let

b £(0) = [ (o) fa = Ny)dy.

R™

In connection with Lemma 7.1 observe that functions k& € ./(R™) obviously have
an integrable radial majorant: supy, -, [k(y)| € L' (R™).

Lemma 7.1. Let sup, -, |k(y)| € L' (R") and p € Plg(R™). Then ||ky * Fllpey <
C|fllp¢) where C > 0 does not depend on N and f and |kn = f| ., — 0 as
N — oo for f e LPO),

Proof. The uniform boundedness follows from Theorem 1.5. Since C§°(R™) is dense
in LPO)(R™) (Kovacik and Rakosnik [213]), it is sufficient to check the conver-
gence for f in this class. Indeed, for § > 0 there exists ps € C§°(R™), such that
If = s,y < 6 and then for all N € N, [lkn = fll,y < lkn *(f —@s)ll,) +
[kn @5l < €0+ [[kn *@s]l,.)- To justify the passage to the limit for f €
C5°(R™), we observe that [|ky * fll,, < [[kx * fl|, + [[kn * f]|, for such f and
then we can proceed as in the case of constant exponents (see Samko [322, p. 42])
via the inequality [[kn * fl|, < ||k * fl[y [|kn * f||, for constant exponents p and
r > 1 such that p lies between 2 and r. O

Theorem 7.2. The Lizorkin test functions space ®(R™) is dense in LPC)(R™), if
p € Plog(R").

Proof. Since .#(R") is dense in LP()| it suffices to approximate each element in
S (R™) by elements in ®(R™), in the norm of LP()(R™). Let f € .#(R") and
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w € C([0,00)) be such that p(r) =1 for r = 2, u(r) = 0 for 0 < r < 1, and
g w(r) < 1. We put

Un(z) = p(Nlz)(F 7 f)(x), = €R", N e N.

=0 as |9c| 1/N. Let us define

Then ¢y € U(R™), since Yy € . (R™) and ¢y (z)
= pu(|-]), vN(-) :=v(N-), we have

fn = ZYn € O(R™). With the notation v(-)

£@) =~ n) " [ F o)1 - Ny)dy
R’IL
= fl@) = @m)™" [ FL—o"](2)f(x - 2)dz
R‘VL
= f(z) — @m)"F ((2m)"[1 — o] - F 1) (2)
= fN(l’)
Then we can denote k(y) = (2m) " F[1 —v](y) € L(R™) and apply Lemma 7.1 to

obtain
Jim 1 = Sl = Jim ko fll,) = 0. 0

7.3 Inversion of the Riesz Potential Operator
on the Space LP()(R"™)

Let
1

V()
be the Riesz kernel of order o, 0 < a < n, with the known normalizing constant

n(a) = 2;((2/22()%2) We use the functions ko and Ky, which are standard

ko(x) :=

ax—n
"7,

tools in the theory of hypersingular integrals (see Samko [322]):

biala) = (AL k) f (%)= ree,

where e; = (1,0,...,0), and

1

K@,a(-’lf) = dnl(a)|x|n

/ ke.a(y) dy.

ly|<|=]
It is known (Samko [322, p. 68]) that

lz|*7, faf <1

|K€,a(x>| <C { ‘x‘afnff*’ ‘x‘ >1 (7'5>
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where ¢* = ¢ + 1 if £ is odd and ¢* = ¢ otherwise, and
F(DEf) () = Kpalex)z|*f(z), feCERY, (7.6)

where IC/Z\&(x) is the Fourier transform of the function C¢ o (z). It is also known
that

/K@,a(.%) dx = 1. (7.7)
Rn

Remark 7.3. It is not hard to see that the truncated operator D7 ., given by (7.3),

is well defined on the space LP()(R™) and is bounded in this space, if p € Poo (R™),
because Dy has the structure Dy _f = ¢f + k = f, where ¢ = c(e) is a constant
and the convolution k x f is covered for instance by Theorem 1.14.

Theorem 7.4 (Inversion theorem). Let p € ‘B(R™) and py < I.. Then there hold
the uniform estimate

HDZEIQLPHP(.) <C ||‘PHp(‘) ) (7.8)

and the inversion formula
D% = ¢, (7.9)

for ¢ € L”(')(R”), where the hypersingular operator D% is taken in the sense of
convergence in LPC)(R™)-norm.

Proof. In view of (7.6) and (7.7), the truncated hypersingular operator composed
with the Riesz potential operator reduces to the identity approximation:

Df I%p(x) = Kf o * p(x), €>0, (7.10)

where K7 () = €7 "Kya (2/€), which is valid for ¢ € LP(R") with constant
p < " and consequently for ¢ € LPU))(R™) since LPO))(R™) C LP- (R™)+LP+ (R™).
By (7.5), the kernel K¢ o () has an integrable radial majorant. It is also known that

[ Keo(x)dz =1 (which is a consequence of the choice of normalizing constants)
R‘VL
and then the application of Theorem 1.5 and Corollary 1.6 concludes the proof.

O

Remark 7.5. Under the assumptions of Theorem 7.4, the inversion formula (7.9)
holds also with the hypersingular integral interpreted in the sense of almost ev-
erywhere convergence:

lim D7 _I%p(z) = ¢(z),
e—0 ’

for almost all x € R™, by Corollary 1.6.
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7.4 Characterization of the Space of Riesz and
Bessel Potentials of Functions in LP() (R™)

In this section we give an exact characterization of the spaces I*[LP()(R")] and
B[LP()(R™)] of Riesz and Bessel potentials of functions in variable exponent
Lebesgue spaces in terms of convergence of hypersingular integrals. As a conse-
quence of this characterization, we describe a relation between the spaces of Riesz
or Bessel potentials and variable exponent Sobolev spaces W’”’p(')(R”).

7.4.1 Preliminaries

By Wo(R™) we denote the class of Fourier transforms of integrable functions and
®’'(R™) will stand for the topological dual of the Lizorkin space ®(R™). Two el-
ements of ./ (R™) differing by a polynomial are indistinguishable as elements of
O’'(R™) (see Samko [322, Sec. 2.2]).
We define the space of Riesz potentials with densities in LP() in a natural
way as
PO ={f: f=I", ¢el’},  0<a<n,

EEN P
 la) ) |z - yl”“

The normalizing constant 7, («) is chosen in the usual way so that

where

1°f =77l T f

on nice functions. The explicit expression for this constant can be found in Samko
[322, p. 37].
The Bessel potential of order o > 0 of a density ¢ is defined by

/G z—y) p(y) dy, (7.11)

where as is known the Bessel kernel G, is defined via its Fourier transform:
Golz) = (1+z2)"2, zeR", a>0.

It is known that
oo
2
/e mel® g en dt7 r e R,
t
0

where c¢(«) is a certain constant (see, for instance Stein [351, Sec. V.3.1]), so that
G, is a nonnegative, radially decreasing function. Moreover, G,, is integrable with
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|Galli = G4(0) = 1, and it can also be represented by means of the McDonald
function:

Ga(x) = c(ayn) |2]"2" Kna(|z]). (7.12)

For convenience, we also admit the notation B%p = (.

7.4.2 Characterization of the Riesz Potentials on LP()-Spaces

Theorem 7.6. Let 0 < a <n, 1 <p_ <py < ., and let f be a locally integrable
function. Let also p € PR8(R™). Then f € I*[LPV)], if and only if f € L) (R™)
with q(1.) = p(l‘) — & and there exists the Riesz derivative D*f (in the sense of

n’

convergence in LPC)(R™)).

Proof. The “only if” part is immediate: the statement f € I*[LP()] = f € La0)
follows from Theorem 2.51, and as f = I%¢ for some ¢ € LP), we have D*f =
lim. o D21 = ¢ € LPC)(R™) by Theorem 7.4.

Conversely, let f € LI() (R™) and suppose that its Riesz derivative D® f exists.
Our aim is to prove that f = I*D®f and hence that f € I*[LP()(R")]. Both f
and [*D%f can be regarded as elements of ®’. Let us show that they coincide in
this sense. Let ¢ € ®. For (I*D* f, ¢) := [, I*D* f(x) #(x) dx, Fubini’s theorem

shows that
(I°D" f, ¢) /D"‘f(y)</|x f)(j)—a dl’) dy,
R~

Rn

the application of Fubini’s theorem being justified by the fact that |¢(y)| < ¢(1 +
ly|)~™ with an arbitrary large N, and it may be shown that I%(|¢|)(z) is bounded
and 1%(|¢|)(x) < (14|a])n—a» See for instance Lemma 1.38 in Samko [322]. Then

fe' dzx
o) <e [ (4 oo <
R’n

because infzern (n — a)p’(x) > n, so that
/\D“f(y)\ 1*(191)(y) dy < ¢ D fllpey (DDl < 00
R‘VL

by the Holder inequality. Notice that the convergence in the LP()-norm implies
weak convergence in & (note that I*¢ € ®). Hence

oTyEf A — T (ALF)(y) o
(I°D* f, ¢) Elg%R/<l |/ doa(e) |2+ dz)[ o(y) dy
" z|>e
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| oD () Fu) 120(u + k2)
m (/ o e d“)”lz
|z|>e

-t s [ )

|z|>e

= lim [ f(u) DETp(u) du
e—0
R’n
Consequently,

(1°D°£.6) = [ f(u) ow)du.
Rn
thanks to the Lebesgue theorem and the fact that ¢ € ® = DI%¢ e LY () (R™)
and [|[D2T%@||rp) < C < oo by (7.8).

To finish the proof, we observe that since both f and I*D®f are tempered
distributions, we can write I*D*f = f + P, where P is a polynomial. Therefore
f+ P € LIO(R"), which implies P € L90)(R"). Thus we should have P = 0,
which means ID® f(z) = f(z) almost everywhere. O

The next theorem provides another characterization of Riesz potentials.

Theorem 7.7. In Theorem 7.6 one can replace the requirement for the Riesz deriva-
tive of f to exist in the sense of convergence in L”(')(R”) by the following uniform
boundedness condition:

IDZ fllpey < C (7.13)
for all e > 0.

Proof. If f = I%p, ¢ € LP0), then (7.13) is immediate by (7.8).
Conversely, if sup..o [|[DEfl,) < oo, then there exists a subsequence
{Dg, f},cy> Which converges weakly in LPO)(R™) since this space is reflexive when

1 < p_ < py < oco. Let us denote its limit by g € LP(), and let ¢ € ®. As in the
proof of Theorem 7.6, we have

/ I°g(z) $(z) d = / (v) °6(y) dy = lim [ D2 () I°6(y) dy

k—+oo
Rn Rn

= Jdim [ 6 8100 dx = [ 1) 602) dz
]Rn

R‘VL
The second equality follows from the weak convergence in LP()(R") since I%¢ €
LP'()(R™), and the last one from the convergence of Dg I to ¢ in LY O(R™)
by the inversion theorem and from the fact that f € (Lq/('))’ = L90). Hence, as
in the proof of Theorem 7.6, one arrives at f = I®g with g € LP()(R™), so that
fe et O
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7.5 Function Spaces Defined by Fractional
Derivatives in LP()(R™)

Hypersingular integrals can also be used to construct function spaces of fractional
smoothness.

7.5.1 Definitions

Similarly to the case of constant exponents (see for instance Samko [322]), let us
consider the space

LPOXR™) = {f € LPOR"™) : Df € LPO(R™)}, «a >0, (7.14)

where the fractional derivative D™ f is treated in the usual way as convergent in
the LP()-norm. Note that this space does not depend on the order of the finite
differences used in D® f. It is a Banach space with respect to the norm

= 11l + D% fllpc)-

These spaces will be shown to coincide with the spaces of Bessel potentials.
They are connected with the space of Riesz potentials as stated in the following
result.

#1270

Theorem 7.8. Let p € P8(R"), 0 <a<nandl<p_ <py < ». Then
LPO-(R™) = LPO(R™) 0 17 [LPO(R™)).

Proof. By Theorem 7.6 we only need to prove the embedding LP()*(R"™) C
LPO) N Io[LPC)(R™)]. So, let f € LP()*(R™). As in the proof of Theorem 7.6
(but here under the assumption that f € LPO) replacing f € Lq(')), we have
f(z) = I°D* f(z) almost everywhere, so that f € T*[LP()(R")]. O

Remark 7.9. Theorem 7.8 also holds if one takes centred differences (everything in
the proof of Theorem 7.6 works in a similar way). Therefore, the space LP()-*(R")
does not depend on the type of finite differences used to construct the derivative
D%, at least when py < .

7.5.2 Denseness of C3° in LP()*(R™)

In order to prove that functions f € LP()*(R™) can be approximated by Cg°-
functions, we need a preliminary denseness result. By WP():>°(R") we denote the
Sobolev space of all functions in LP()(R™) for which all their (weak) derivatives
are also in LPC)(R™).

Lemma 7.10. Let p€P(R"). The set C>(R™)NWP):2°(R™) is dense in LP()*(R™),
ifp € PR™).
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Proof. Step 1: Let us show that C>°(R")NWP():>°(R™) C LP():*(R™), which is not
obvious in the case of variable exponents. For f € C°° N WP():>(R") we already

know that
/ (AL ) (@)

dy € LPO(R™ 7.15
y|to (R™) (7.15)

lyl>e

for any € > 0, by Remark 7.3. Now we show that also

‘ (ALf)(x)

y|n+a
To this end, we use the representation

ly|<o
)= Z Z )= kkv( > /1 ) HDIf) (@ — kty)dt, (7.17)

dy —0 as 0 —0. (7.16)

p(*)

ljl=r k= 1

(see Samko [322, formula (3.31)]) with the choice £ > r > a. Hence,

1

(Ayf) B L v
/ ‘WQ V=3 Yo Ja- ( | e @1 kty)dy)dt.

k=1
ly| <6 lil=r 0 ly| <68

The change of variables y — dz yields

1

C P (g ¢ . .
[ G =570 s =07 (1 5 () P25 @1

yi<s ==t g
where K is given by

J
Kj(z) = |Z|i+a when |z| <1, and K,;(z)=0 otherwise.

Since |j| = r > «, the kernel K; has a decreasing radial integrable majorant, so
Theorem 1.5 is applicable and we have

[ e,

|y|te

<SS ol / (L=t c. (DI f)()dt, (7.18)

k=1
ly|<o l7l=r

where ¢ > 0 is independent of &, § and ¢. Hence,

4
Ip(,)< / (iyﬁ(f) dy>\ (== S [ (M (DIf) — 0 as §—0.

ly| <8 ljl=r

(7.19)
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To arrive at (7.16), it remains to refer to the boundedness of the maximal
operator .# and recall that the norm convergence is equivalent to the modular
convergence, see Theorem 1.1.

£
From (7.15) and (7.18) we see that the integral [ (mﬁf) dy converges for all
Rﬂ,
x and defines a function belonging to LP()(R™). Moreover, by (7.19), it coincides
with the Riesz derivative:

= [
Iy\"+“ ly \"*“

ly|>e

— 0 ase — 0,
p(-)

Iy\"+“

so that D f € LPO)(R™).

Step 2: We use the standard approximation by means of mollifiers (as in the case
of constant p, see Samko [322] Lemma 7.14). Let ¢ € C§° be nonnegative, with
supp ¢ C B(0,1) and fRn x)dr = 1. Put g, (x) := m™¢o(mz), m € N. Then

©m € C§° and supp ¢, C B(O, 1/m). Given f € LP()*(R™), we define
L 7 Yy
o) i= g s 1) = [ol) 1 (o= 1) o
Rﬂ,

Then f,, € C®(R"). Moreover f,, € LPO(R") and Dif,, = D’(pn) * f €
LPO)(R™) by Theorem 1.5. In the case of fractional derivatives we have D2 f,, =
(D2 f),, for each e > 0 and m € N, i.e.,

D?(‘Pm*f>:90m*®?f7

which can be easily proved by Fubini’s theorem. Hence
D% f, = lim (‘Pm *D?f> =om*D*f = (]Daf)mv
e—0

where the second equality follows from the continuity of the mollifier in LP()(R™).
In particular, we have D f,,, € LP()(R™).

It remains to show that the functions f,, approximate f in the L”(')’O‘(R")—
norm. Certainly, ||f — fup) — 0 as m — oo, by Corollary 1.6. By arguments
similar to those above we have

D = fmdllpy = 1D f =D frnllpcy = IDVF = (D f)pullpey = 0
as m — oo, since D f € LPO)(R™). O

Theorem 7.11. Let p € B(R™) and 1 < p_ < py < . Then the set C3°(R™) is
dense in LP()*(R™).
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Proof. By Lemma 7.10, it suffices to show that every function f € C*°(R™) N
WP():22(R™) may be approximated by Cg°-functions in LP():®(R™)-norm. To this
end, we use smooth truncation: choose p € C§°(R™) such that p(z) = 1 for |z < 1,
supp i C B(0,2), and 0 < p(x) < 1 for all z. Define

L () ::p(;), z€eR™ meN.

We are to show that the truncations g, f, converge to f in LP(): (R™).
The passage to the limit hm If =tm fllpey =0 <= hm Ly (f=pm f) =0
is obvious. To show that also I . ( *(f —pmf)) — 0asm *) oo, by Remark 7.9

we may consider centred differences in the fractional derivative (under the choice
¢ > « with £ even). For brevity we denote v,,, = 1 — p,, and write

l Akl/m T g AL—F T éf
D (v f) (2 Z()/ Fum) (@ + 5y) (AR f) (@ + ( k)y)dy

+
n@ —0 o ‘y|n *

L

= dn;(a) 2 (1) st

To show that I,,(.y(Am kf) — 0asm — oo, for k=0,1,...,¢, we separately treat
the cases k =0,k =/fand 1 <k < /- 1.

The case k = 0: we have

Amof (@) = dno(@) v (2) D f () + B f(2), (7.20)
where
Vm T g — Um (@ Ai T g
Bmﬂm):/[ (v +5) |y7§+1}< Ne+dn
Rn
_ [ (@) = (o + SpIAGN (@ + )
_/ ol &

The convergence of the first term in (7.20) is clear. We split the second one as
lyl<1 ly|>1

For BY

o[, by the Taylor formula with the remainder in the integral form, we have

1
I A o [z+ %y
Hm <.’IJ + 2y) - M'rrz(x) - 2m Z_:y] 8x ( m dt
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Hence
c
< , 7.21
ly (7.21)

{
Hm <l‘ + 2y> - M'rrz(x)

where ¢ > 0 does not depend on z, y, and m.

As in the proof of Lemma 7.10, we can estimate BY, f in terms of the convo-
lution of the derivatives of f with a “nice” kernel, keeping Theorem 1.6 in mind.
Taking (7.21) and (7.17) into account, we get

4

B 3 ZU =07 (g (o) 1P @

Tl =
+ /1 (1—t)! (gy(lt)nK ( eQ( t)> % Djf> (z) dt] (7.22)
JZ—T uz_llo/l ey <(0V1(t))nK (9;@)) * Djf|)(m)dt

where K is defined by
K(z)=|z"""" " if |z2| <1, and K(z2)=0 otherwise,

0,(t) = vt — , and r was chosen so that r > a — 1. Therefore, by Theorem 1.6,
we have
Ly (B, f ZI (D f)] — 0 asm — oco.
|J|_T

For the term B}, f we may proceed as follows. Since y is infinitely differen-
tiable and compactly supported, it satisfies the Holder continuity condition. Hence,
for an arbitrary e € (0, 1], there exists ¢ = ¢ > 0 not depending on x and y, such

that
lyl|=.

x+ £ - ()| <
2 Qy Hm S e

When o« > 1, we may proceed as previously by considering r < a < /.
Putting all these things together, one estimates Bl f(z) as in (7.22), with the
corresponding kernel K given by

K(y) = y|7|ia6 when |y|>1, and K(y)=0 otherwise.

Under the choice 0 < ¢ < min(1,« — r), the kernel K has an integrable radial
decreasing majorant, so that we can apply Theorem 1.5 and obtain that

Iy (B}, Z YDV f]) — 0 as m — oo,

l3l=r
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In the case 0 < o < 1 we can take £ = 2, so that

1 c |f(z +y)| |f(2)] |f(z —y)l
1B f ()] < me ( / |y|nte—e dy + / |y |nte—e dy + / |y|nte—e dy).
ly|>1 ly|>1 ly|>1

Each term can be treated by using arguments similar to those above, but now
with the choice 0 < € < a.

The case k = £: let
AZV’rn z ¢ m—£
Am,gf(x):/( y )( +2:U>f( Qy) dy = /(_._)dy_|_ /()dy

|y|te
R™ lyl<1 lyl>1

= BY, ,f(2) + Bl of (@),
Notice that (Aium)(z) = f(Agpm)(z) = *(A% w) (7). By (7.17),

\(Agm(wﬁy)\|<Agu>(””;2‘y> e (M) S i< 5o

[Fl=r
(with £ > r > «). Hence,

B f@)] < (K x| f]) (@)

where K is now given by

1 L
= 1 < = 1 .
K(y) ly|na—r it |yl < 9’ and K(y) =0 otherwise

Since r > a, the kernel K satisfies the assumptions of Theorem 1.5. As above, we
conclude that 1By, ofllpcy = 0 as m — oo.

As far as the term B! ,f is concerned, when o > 1 we may choose £ > a > r
and proceed in a similar wa’y as in the case k = 0 above. When 0 < o < 1 we may
take £ = 2 and get

o ] I
m, L X ‘y|n+a Y
ly|>1
e (U00) =20 () + 1 ([ @ =)l
- Y
|y‘n+a
ly|>1
z+y\ _ T _ T—Y\ _ T _
< / i Co?) = GONI G =)l /Iﬂ(m) nCIN =l
|yt |y |t
ly|>1 ly|>1
< ¢ / yI* 1@ =yl ,
me ly[+e

ly|>1
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for any ¢ € (0,1] (and ¢ > 0 independent of m). Thus we arrive at the desired
conclusion by taking € < a.

The case k € {1,2,...,£ — 1}: as in the previous case, we have
Aky,, x+ ¢ ASFE A2+ (¢ -k
sty = [ I ) B =)
ly[+e
R‘VL
= [yt [ oy = Bt @) + Bl o)
lyl<1 lyl>1

We can estimate the term thkf by noticing that

(@lu)o+ g <c (fjj)

and then proceeding as above with an appropriate choice of r.
For the term B}n’k we first consider the case a > 1. Since (’;) = (k’il), for
l=0,1,...,k, we can write

a4t b ot rat
st ()£ (2 a2) ()
1=0

if k is odd. When k is even, we can also represent our finite difference as the sum
of the first-order differences of two appropriate terms, since Zfzo(—l)l (l;) =0.In
both situations we may again make use of the Holder continuity (of order €) of the
function p. Finally, we shall arrive at the desired estimate by using arguments as
above, but under the assumption 0 < € < min(1, — 1). The case 0 < a < 1 can
be easily solved by taking ¢ = 2. So, we have k = ¢ — k = 1 and hence

(AL ) ()] [ALH) @)
|BL, o f(2)] < e e ! dy
[y|>1
() 17 (") 17— )
d d
/ jyl+o w/ jylr+o v
ly|>1 ly|>1

so that we can proceed as in the previous cases. ([l
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7.6 Bessel Potentials Space of Functions in LP() (R™)
and its Characterization

The main aim of this section is to describe the range of the Bessel potential opera-
tor on LP() in terms of convergence of hypersingular integrals. This is known in the
case of constant p, see Samko [322, Sec. 7.2], or Samko, Kilbas, and Marichev [331,
Sec. 27.3], and references therein. Here we consider the case 0 < a <n, py < 7

7.6.1 Basic Properties

Theorem 7.12. If p € P(R"™), then the Bessel potential operator B* is bounded in

LPO(R™),
Proof. For f € L/ we have [ B flly() = [Ga * fllpcy < ¢ /]l in view of
(7.11), (7.12), and the assertion follows Theorem 1.5. O

We define the space of Bessel potentials with LP()-densities as the range of
the Bessel potential operator

B[LPORM) = {f: f=B%, ¢el’V}, ax0.

The space BY[LP()(R™)] is well defined whenever 1 < p_ < p; < oo and, by
Theorem 7.12, is embedded into LP()(R™), when the maximal operator is bounded
in LP(). This is a Banach space endowed with the norm

I £l garrery = llellpe)s

where ¢ is the density from (7.11). This space may be also called Liouville space
of fractional smoothness, as Theorem 7.19, proved in the sequel, shows.

Theorem 7.13. If p € PB(R") and a > v > 0, then BY[LPO)(R™)] — BY[LPO)(R™)].

Proof. The proof follows immediately from the properties of the Bessel kernel
and the boundedness of the Bessel potential operator: if f = B%p with some
p € LPO(R™), then f = BY(B*7¢) so that ||fllgyeo) = [BY79)lp) <
cllellpey = cllfllpopeey- O

7.6.2 Characterization of the Space B*[LP()(R"™)] via
Hypersingular Integrals

The comparison of the ranges of the Bessel and Riesz potential operators is natu-
rally made via the convolution type operator whose Fourier transform is the ratio
of the Fourier transforms of the Riesz and Bessel kernels. This operator is the sum
of the identity operator and a convolution operator with a radial integrable kernel.
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Keeping in mind the application of Theorem 1.5, we have to show more, namely
that this kernel has an integrable decreasing majorant.

We have to show the existence of integrable decreasing majorants for two
important kernels g, and hq, defined in (7.23) and (7.24) below. This will require
substantial efforts.

Let g, and h, be the functions defined via the following Fourier transforms:

« =14+7ga4(x), a>0, ze&R" 7.23
(1+ |2[2)3 ga(®) (7.23)
1+ |z*)2 -

=1+hq(z), a>0, zecR™ 7.24

It is known that g, and h,, are integrable (see, for example, Lemma 1.25 in Samko
[322]). Observe that

1+ x| = .
o« =Go(T) + Gulz) + 1.
The following two lemmas are crucial for our purposes.

Lemma 7.14. The function g, defined in (7.23) has an integrable and radially
decreasing magjorant.

Lemma 7.15. The kernel hq given by (7.24) admits the bounds

\%@Nguﬁﬂ as |z| <1,  a=min{l,a} (7.25)
and .
[ha(x)] < - as x| = 1. (7.26)
T

where ¢ > 0 is a constant not depending on x.

The proof of these lemmas, rather technical, is postponed till Subsection
7.6.3.

Before we formulate the main result of this section, we need to prove the
following two statements.

Theorem 7.16. Let 0 < oo < n and p € P(R™) with 1 < p_ < py < n/a. Then
every ¢ € LT’(')’O‘(R”) can be represented as

¢ = BY(I 4+ Ua)(p + D), (7.27)

where I is the identity operator and U, is the convolution operator with kernel h,.

Proof. Identity (7.27) holds for functions ¢ € C§°. This follows immediately from
equality (7.24) (cf. Samko [322, (7.39)]). The set C§° is dense in LPC)*(R™) by
Theorem 7.11, which allows us to write (7.27) for all functions in LP()*(R™). To
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this end, we observe that both operators, B* and U,, are bounded in L?(") (R™): the
boundedness of B* was proved in Theorem 7.12, while the convolution operator
U, is bounded by Lemma 7.15. ]

Theorem 7.17. Let 0 < a < n and let p a measurable function with 1 < p_ <
p+ <n/a. Then
B =TI + Ku) 1, (7.28)

forally € L,_ + Ly, , where I is the identity operator and K is the convolution
operator with the kernel g, bounded in LPC)(R™) when p € PI%8(R™).

Proof. Representation (7.28) holds for ¢ in classical Lebesgue spaces (see, for

instance, Samko [322, (7.38)]). By the Sobolev theorem and Lemma 7.14, both B

and [*(I + K,) are bounded from L,  to Lgp_y and from L,, to Ly, ), with
1

ape) = pli — . Then (7.28) extends to functions ¢ € L,_ + Ly, .

The boundedness of the operator K, in LPC)(R™) follows by Lemma 7.14
combined with Theorem 1.5. g

Corollary 7.18. Let 0 < a < n and p € P%%(R") with 1 < p_ < py < n/a. Then
15y <Ml iy = ey =
Proof. Use (7.28), the boundedness of the operator K, in LP()(R™), and Theorem
2.51. O
Theorem 7.19. Let 0 < o < n. If 1 < p_ < py < n/a and p € P%(R™), then
Be[LPO)(R™)] = LPC)2(R™) with equivalent norms:
e [1fllerore@ny < 1l Bapproy < ez [[fll o) a@ny-

Proof. Assume first that f € B*[LP()(R")]. Then f € LP*)(R™) by Theorem 7.12.
It remains to show that the Riesz derivative of f also belongs to LP()(R™). Since
f = B for some ¢ € LP(), and since LP() C Ly + Ly, , Theorem 7.17 yields
the representation

P
B% =11 + K,) p.

Since the operator K, is bounded in LP()(R™) by Theorem 7.17, we obtain that
f € I*[LP)(R™)]. Applying Theorem 7.6, we deduce that the Riesz derivative
D*f exists in the sense of convergence in LP()(R™). Therefore, f € LPC)*(R™).
Moreover,

[floera@ny = 1BY@llpe) + DBl
= [|[B¢llp() + D I*(I + Ka) @llp()
= 1B¢llpcy + 1L + Ka) @llp()
<clellpey = e 1 fll Bapro @ny)s
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where the third equality follows from the inversion Theorem 7.4 and the inequality
from Theorem 7.12 and the boundedness of K.
Conversely, suppose that f € LP():*(R™). Then, by Theorem 7.16,

f=B*I+Uy)(f+D*f).

Now using Lemma 7.15 and Theorem 1.5, we conclude that f € B*[LP()] and

[l Borey = 1T +U)(f +D*llpey < e fllpe) + 1D Fllp)) = el fllLrere@n):
]

Corollary 7.20. Let 0 < a < n,1 < p_ < py < n/a, and p € P8(R"). Then
C§°(R™) is dense in B*[LPC)(R™)].

Proof. Apply Theorem 7.11. O

7.6.3 Proof of Lemmas 7.14 and 7.15
Proof of Lemma 7.14. With the notation p = (14 |z|?)'/? we have (H“w‘;)g —1=
(1 — p~2)®/2 — 1. Taking the binomial series expansion we get

_o\a o~ ()2 N = a2\ _
(1—p72)2 _1:Z< é )(—p %) —122(—1)’“< é ) p 2k p> 1.
k=0 k=1
Hence, for each = # 0,
el . i(_l)k <a/2) Ciop (2) 1= ic(a k) Gon(z)
C; k . b b
k=1 k=1
where Gop, is the Bessel kernel of order 2k, so that
golz) = Zc(a7 k) Gox(z), z€R™
k=1

The function mq () := Y po; |c(a, k)| Go(z) defines a radial decreasing majorant

of go. It is integrable:
2
())<=

(0‘42)‘ < jisase a8 k — oo (cf. Samko, Kilbas, and Marichev [331, p. 14]).
U

o0

lmall <

k=1

since

Proof of Lemma 7.15. Step 1 (proof of (7.25)): The function he may be repre-
sented as a finite sum of Fourier transforms of Bessel kernels plus an integrable
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function. To show this, we denote t = so that Ba(x) = — 1 with

B = 5. We have

1 1
1+|z|2? tB4(1—-t)8

1 1 1 o
—1= . —1= —-1
B+ (1—1t)s (1—1t)» \? 1462 <1t>
e (i4)

t

where the series converges if ¢ < j <= |z| > 1. Since |,

1
= |zp20 W€ get

R 212)5 & (L)
o) = CHIEDE S CUT s
ke

] |

For each natural number N, we can write

ho(z) = (1 + |z]?) Z s ‘a(kﬂ —1+An(z), |z| >1, (7.29)
where
A+ o~ EDF_ @+ )2 1 2¢
|An (@) < < . (7.30)
|] k:ZNH || ** |2 fa]oN T o]

Now it remains to express the powers lea(l"" 41y in terms of the powers \/141r\ "
x

We observe that for any v > 0, denoting p = /1 + |z|2, we have
1 1 —v/2 M 4 7’}//2 .
p‘”<1 ) =p 13( . )p_]+¢MP ;o (731
o . (] (). @31

where M € N and ¢y (p) = Z;’;MH(—l)j (7;/2)p_2j converges absolutely for
p>1<= z # 0. Obviously

b (p) = 11 c = 11
< < )
oY Cj:%:ﬂ G1=3 p2ity S pM+1 j:%:ﬂ j1=3 97t

where we took into account that |z| > 1 <= p > /2. Hence
¢ . Then from (7.31) one has
P

¢]z5p) ‘ g C1 <

M —v/2

1 :Z (_1)j( ] ) —I—BL(.’E% (732)

2)j+7/2
] = (L |2f?)7 4/

where
. C
|By(x)] < 2 as |z| > 1. (7.33)



7.6. Bessel Potentials Spaces 415

Substituting (7.32) into (7.29) (with v = a(k+1)), and taking M = N, we arrive at
ks (—al1)/2
(=D ()

(14 |z[2)it+ok +rn(z), (7.34)

where the function

ra(z) = An(z) + (14 |2[?) ZB D) (¢

k=0

satisfies for all |z| > 1 the estimate |ry(x)| < s = N min(2, «), according
o (7.30) and (7.33). Hence, we only have to choose N > min(2,q) O ensure the
integrability of rx at infinity.

The above estimates were given for |z| > 1, but the representation (7.34)
itself remains valid for all z € R™, upon defining ry as

N - ~ n n
rn () = ho(z) — Z c(k,j) Gajrar(z), N > min(2,a)’ x eR",
k,j=0 k+j#0 ’

where @2j+ak are Bessel kernels and c(k,j) := (—1)*+ (7a(k;.r1)/2). Then ry €
Wo. In particular, ry is a bounded continuous function. Also, ry is integrable at
infinity in view of the estimate above and hence, ry € Wy N L;. Consequently,
also Flry € Won Ly. Thus, # !ry is a bounded continuous function too. So

ha (@) < D lelk, )] |Gajran(@)| + | F rn (@)
k,j=0
k4350

< D ek, )l 1Gajran(@)| + C.
k,j=0
k4§70
We know that Gajtar ~ o[- Lo for |z| < 1, when 25 + ak < nm so that

Gojtak < ‘m‘n,lsm(lﬁa) in this case. Thus, we arrive at (7.25) with ¢ = min(1, «).
When 25 + ak > n, we have the same estimate, since Gajtqk(2z) is bounded
at the origin in this case. For the case 2j + ak = n we have the logarithmic
behavior Gojtak(x) ~ In(1/]z|), < \w\’l"“ for any a € (0,n). The proof of (7.25)
is completed.
Step 2 (proof of (7.26)): To obtain (7.26), we transform the Bochner formula for
the Fourier transform of radial functions via integration by parts and arrive at the
formula

_ C m n
Fhale) = s /wg (0 13y (tlz)dt,  ©#0,  (7.35)
0
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where ¥, (t) = (11+Jf22 and m is arbitrary such that m > 14 7 (the latter
condition on m guarantees the convergence of the integral at infinity).

We omit the justification of the representation (7.35): the details may be
found in the paper Almeida and Samko [13, p. 138]. To deduce the inequal-
ity (7.26) from (7.35), observe that ‘w&m)(t)’ < ,moast>1and ‘w&m)(t)’ <

2

c (trx—m + tm*Q[ }) as t < 1. Therefore,

1

1
c y c R
\x‘u+m—1/|w&m)‘t | Jytm—1(tz])| dt < ‘x‘wm—l/ta " | Jutm—1(t|z])] dt
0 0

|z] o]

C _ C _
< ‘m‘n—Hx /ta m+v |Jy+m,1(t)| dt < ‘g;‘n-‘rtx /ta m-+v ‘Jy+m71(t)| dt
0 0

— €1
- ‘m‘n-‘r(x

if m > 1+ v + «, which guarantees the convergence of % 71};0[ at infinity. The
proof is complete. (I

7.7 Connection of the Riesz and Bessel Potentials
with the Sobolev Variable Exponent Spaces

The identification of the spaces of Bessel potentials of integer smoothness with
Sobolev spaces is a well-known result within the setting of the classical Lebesgue
spaces. The result is due to A. Calderén and states that
BTLP(R™)] = W™P(R™),
if m € Ny and 1 < p < oo, with equivalent norms, and can be found, for instance,
in Stein [351, Sec. V.3.3-4].
In this section we extend this to the variable exponent setting.

7.7.1 Coincidence with Variable Exponent Sobolev Spaces
for o € N

The key point is the following characterization:

Theorem 7.21. Let p € P(R") and o > 1. Then f € B[LP)(R™)], if and only if
f € B LPO)(R™)] and aifj € B> HLPO(R™)] for every j = 1,...,n. Further-
more, there exist positive constants ¢1 and co such that

of

81‘] < C2 ||f||Ba[Lp(-)]. (736)

1 | fllpagzeery < IIfllBa-1izeey + Z
j=1 Ba—1[Lp()]
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Proof. Suppose first that f = B%p, ¢ € LP(). Then for each j = 1,2,...,n, we

have 9
O = B R (T + K (7.37)
€Lj

where
) — 1 Yi _
Rigw) = tme, [ W fe—v)dy
ly|>e

are the Riesz transforms and K is the convolution operator whose kernel is g,
given by (7.23) with a = 1. This identity, obvious in Fourier transforms, is known
to be valid for ¢ € L, when p is constant, see Stein [351, p. 136]. Then it is also
valid for variable p(-), since LP) < LP+ 4 LP-. The right-hand side inequality
in (7.36) follows from (7.37) by the mapping properties of the Bessel potential
operator on spaces LP()(R™).

The proof of the left-hand side inequality follows the known scheme for con-
stant p. However, we need to refine the connection with the Riesz transforms and
the derivatives, in order to overcome the difficulties associated to the convolution
operators in the variable exponent setting. Assume that both f and 6‘? :z{] belong to
B LPO(R™)] so that | = B* ', with ¢ € LPO(R") and §f = B! (5;)
where 881% exist in the weak sense and belong to LP()(R™). Thus ¢ € W1PO)(R™).

By the denseness of C§°(R™) in WP()(R™), proved in Theorem 7.27, there exists
a sequence of Cg°-functions {py, }ren such that limy 00 i = ¢ and limg_, o0 gﬁ’? =
J

aafj in Ly, j=1,2,...,n. Since B! maps .7 onto itself, then, for each k, there
exists ¢, € . such that ¢, = B. Since

1=(1+ )21 +hi(2)A + z]), zeR",

as follows from (7.24) (with a = 1), we arrive at the identity

Y = (I+U1)<<Pk +> R, (g§k>>,
j=1 J

where U; is the convolution operator as in Theorem 7.16. Thanks to the bound-
edness of the involved operators it is not difficult to see that

of )
Bafl[Lp(.)]

ij
which completes the proof. O
Corollary 7.22. Let p(-) be as in Theorem 7.21 and let m € Ny. Then
B’rn[Lp(‘)} — I/I/"rn,p(‘)(]Rn)7

| fllBaiL,.) < C <||f||Ba1[Lp(_)} +)°
j=1

up to norm equivalence.
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The theorem below provides a connection of the spaces of Riesz potentials
with the Sobolev spaces. It partially extends the facts known for constant p (see,
for instance, Samko [322, p. 181]) to the variable exponent setting.

Theorem 7.23. Let m € N, 0 < a < min(m,n) and p € P2%8(R") with 1 < p_ <
py < nja. Then
wmrt) ¢ LpO) A e[ LrO(R)] (7.38)

and WP = LPC) A [ [LPO)(R™)] when 0 < m < n.

Proof. We first prove that Wm™r() = LPC) 0 [ [LPC)(R™)]. Let f € WmP(),
By Corollary 7.22 and Theorems 7.13 and 7.19, not only f € LPO)(R"), but
also D™f € LPO)(R™). On the other hand, the Sobolev theorem states that
f e L’I(')(R”), with the Sobolev exponent ¢(-). Then by Theorem 7.6 one con-
cludes that f is a Riesz potential. Conversely, if f € I"™[LP()(R™)] then the ap-
plication of Theorem 7.6 shows that D™ f exists in LP(")(R™), which implies that
f € L™PO(R™). As above, one gets f € W™P()(R™).

The embedding (7.38) can be proved by similar arguments upon observing
that we have B™[LP()(R")] < B*[LP()(R™)] when m > o O

7.7.2 Denseness of C$°-Functions in W1P()(R")
Let K(x) be a measurable function with support in the ball B(0, R) of a radius
R < o0, and let K. (z) = ElnlC (i) and

Kef@) = [ Koo =)rin
where €2 is a bounded domain in R™. We define also the larger domain
Qr={z eR":dist (z,Q) < R} 2 0.
Let p(z) be now a function defined in Qg such that
1<p(x)<pyr<oo, z€gr. (7.39)

The following theorem is a consequence of (1.17) when p_ > 1; for p; > 1
it is contained in Theorem 1.5. We give the proof of Theorem 7.24 obtained in
because of its importance for our purposes. Since we admit the case p— = 1, we
have unbounded conjugate exponents, so we recall that for unbounded exponents
p(x) the norm is defined by (1.9).

Theorem 7.24. Let K € LP+(B(0, R)) and p € P'8(B(0, R)) satisfy (7.39). Then

1K f e r) < el fllror @),

where ¢ does not depend on €.
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Proof. We assume that || f||,(.y < 1 and have to show that

Loy (K.f) = /\Kgf(m)\p(‘)dm <e

with ¢ > 0 not depending on e. By the Holder inequality it is easy to see that
|K.f(x)] < cforallz € Qp and e > £(©), with ¢ = ¢(¢(9) in this case. So it suffices
to consider 0 < £ < (0 for some choice of £(9. Let

N
QR = U w%
k=1
k

be any partition of Q0r into small sets wR comparable with e: diam w} < e,
k=1,2,...,N, with N = N(g). We represent the modular I, (K.f) as

p(z)—pr+pr

) (K f) (z —y)f(y)dy dr,

with py = inf e p(x) < inf ¢ x p(x), where the larger sets Qk o wk will be
chosen later, comparable with e: diam Qk <me,m > 1.
We shall prove the uniform estimate

//c 2 — y)f (y)dy

where ¢ > 0 does not depend on z € wk, k, and ¢ € (0,e(®) with some £(©) > 0.
To this end, we first obtain the estimate

p(2)—pk
<c, Tewh, (7.40)

Ap(x,e) < ¢q gmP@)=pel 0 e Qp. (7.41)

To get (7.41), we consider separately the cases p/, = oo and p/, < co. Let p/, = oc.

Then "
p(T)—Pk
M
Ak(m7€) < (8 /XB z,eR) )‘f( >|dy> )

Q
where M = supp gy |[K(2)|, whence by the Hélder inequality

oM p(z)—pK
Ap(z,e) < ( n IXB@.er)llp ) :

1
We have ||Xg(z.er)llp() = L+ IXB@.er)llp) < 1+(€"B(z, R)|)*~ < 2 assuming
that 0 < e < |B(0, R)\_ = 550) Then we arrive at (7.41) with ¢; = (4M)P+ 7P~
if4M >1,and ¢y =1 otherw1se
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Let p/, < co. By the Hélder inequality, we obtain the estimate Ay (z,e) <
(2l1Ke(@ = y)llpr))" 7" Clearly,
P’ (v) 0
dy |

1 §—1
Ke(z — N < K
K-~ )l ( [k
2\ Qe (p')
, depending on whether the last integral in the parentheses

where 0 = p} orf =

1
p/
is less or greater than 1, respectively. Hence,

0
1 T
IKe(z =l < ( SOl dy>

|yl <R,z—ey€ R\ 2 (p’)

0
BO,R)| + / K () dy]

ly| <R |K(y)[>1

1 p/ 0
< <o
<, |IBO.R) + K] < e,
1 1 ,
where ¢ = max{c;* ,c;:/’ },e3 =1B(0,R)|+ ||IC||zfr. This establishes (7.41) in the
+
case p/, < 0o, with ¢; = (c2k)P+ 7P~ if ¢ > 1, and ¢; = 1 otherwise.
Now that (7.41) has been proved, we observe now that p(z) — pr, = |p(z) —

p(&k)| < n 4 where z € w% & € Q]ﬁz. Evidently, |z — &| < diam Qlf% < me.
|z—&

Therefore, p(z) — pi < 1nA1 under the assumption that 0 < ¢ < 2171 =: 5%0). Then

A
1

Ag(z,e) < c1e "me <O , T E w%,

o 0 _

with C not depending on z, for 0 < ¢ < g3’ = mQ Therefore, we have the

uniform estimate (7.40) for 0 <e < e 0), 0 = ming<r<s s,i ) By (7.40),
N
Lo () < ey [
k=1 % 14
R
where py are constants so that

1/Pk \ Pk
oy (Kef CZ{ K- y)Idy</|f(fc—y)Ip’“dm> } 7

by the usual Minkowski inequality. Hence,

Z{ dy( / f<x>”dx>1/pk}pk,

k=1 k
ly|<R THeyEwh

Pk

dzx,

/ (3 — )f (y)dy

lyl<eR
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where the domains of integration with respect to = are embedded, for each ¢, into
the sets UyeB(o,eR) {x rx+y € wg} which already do not depend on y. Now, we
take these sets to be the previously undetermined sets. Then Q% > wk and it is
easily seen that diam Q]fz < (1 4+ 2R)e, so that diam Q’f% < me, as required.

Consequently,
N Pk
Ty (K.f) < cz{ / |ic<y>|dy} [ 15 s
F=1 Yyl<r ok,
0 N
<c{ / /C(y)dy} > [ i@
lyl<R F=1arno

where 0 = py if fIyI<R IK(y)|dy < 1, and 6 = p_ otherwise. Since diam QF, < me,

the covering {wy, = Q% N Q}Y_| has a finite multiplicity (i.e., each point z € Q
belongs simultaneously to only a finite number ng of the sets wy, ng < 14+ (1+2R)"
in this case). Therefore,

Ly (K. f) < %/\f(x)\ﬁ(x) dx
Q

where p(z) = maxp; < p(z), the maximum being taken with respect to all the
J

sets w; containing x. Then I,y (K. f) < C5||f||gi) with 01 = inf p(x) if || f[|5) < 1,
and 01 = sup p(z) otherwise, §; < pi. Applying the embedding Theorem 2.2, we
arrive at the final estimate I,y (Ko f) < CGHszE-) < c. O

Theorem 7.25. Let p and IC satisfy the same assumptions as in Theorem 7.24 and
fB(O,R) K(y)dy = 1. Then

lim [[Kef = fllzroran) = 0
for f e LPO(Q).

Proof. By Theorem 7.24, the operators K. are uniformly bounded from Lp(‘)(Q)
to LP()(Qgr). Then, by the Banach-Steinhaus theorem, it suffices to verify the
convergence for a dense set in LP(") (€2), for instance, for the characteristic functions
x&(x) of bounded measurable sets E C Q (their denseness in LP()(Q) follows from
Theorem 2.3, since € is bounded). We have

K. (xs) — xb = / K() [xe(e — y) — v (@) dy.
B(0,R)
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Hence

1K:(xE) = XBllps < / KW Ixe( —ey) —xe@),, dy — 0
B(0,R)

as € — 0 by the Lebesgue dominated convergence theorem and the p -mean
continuity of functions in LP+(Q) with a constant py. Then also |K.(xg) —
XEellp = 0, by the embedding Theorem 2.2.

Corollary 7.26. Let p satisfy the assumptions of Theorem 7.24. Then
li - (- = U,
lim [|fe = fllzocr ) = 0

where )
€ = d
fe(z) en|B(0, 1), / f(y)dy
yeQ,|ly—z|<e
is the Steklov mean of the function f.
In the case m < n and p; < 7" the following theorem follows also from
Corollary 7.20 on the denseness of smooth functions in variable exponent Bessel

potentials spaces and the coincidence of those spaces with Sobolev spaces (Corol-
lary 7.22).

Theorem 7.27. Let p € P'°5(R"™) and 1 < p(z) < py < 0o. Then C§°(R™) is dense
in Wmr@) (R m = 1,2, ..
Proof. The proof follows from Theorem 7.25 in two steps.

1. Let f € W™PO(R") and p € C3°(Ry) be a smooth step-function such that
p(r) = 1for 0 <r < Lip(r) =0for r > 2, and 0 < p(r) < 1. The functions

Nx): = p (ljf,l) f(2) belong to W™P()(R™) for every N € R and have compact
support in B(0,2N). They approximate f(z) in W™P()(R"?). Indeed, denoting

vn(z)=1—p (ljf,l) and using the Leibniz formula for differentiation, we have

1f = N lwmaer = D ID nll, < D> Y cllD¥wn)DI7k £,

[Fl<m |7]<m 0k
<Y AwwDifllp + ¢ > > IDMew) DRl
[F]<m [7l<m 0<k<j
. 1 -
< oDl e 3N LIRS, 0
[7]<m |71<m 0<k<j

as N — 0.

2. By the step 1, we may consider f € W™P() with compact support Then we

take IC € C§° (R”) with support in B(0,1) and such that fly|<1 1)[T = oo and
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arrange the approximation f. = K.f. Then, evidently, f. € C5°(R"). Indeed, for
any multiindex j we have

it = Ly [ 000 (77 ) 1wy e cxr)
lyl<1

and f.(z) has compact support because f.(x) = 0 if |z| > 1 + A, where A =
SUD, csupp £ 1], and supp stands for the support of f(x). We have

(@) = Fllwmee < Y 1D f = Ko(D )l o @y
li|<m
= > D7 f = Ko (D7 f) oo

ljl<m

where Q1 = {z : dist (z,Q) < 1}, Q = supp f(x). It suffices to apply Theorem
7.25. 0

7.8 Characterization of the Variable Exponent Bessel
Potential Space via the Rate of Convergence
of the Poisson Semigroup

In this section we give a characterization of the variable Bessel potential space
B~ [L”(')(R")] in terms of the rate of convergence of the Poisson semigroup

Pof(x) = / P(x —y.0)(y) dy, (7.42)
RTL

nt 1 n
P(x,t) = ¢ s an(n+ >/7r Ea
(1o + 12" 2

We show that the existence of the Riesz fractional derivative D®f in the space
LPO(R™) is equivalent to the existence of the limit % (I — P)®f. In the pre-
limiting case p; < ! we show that the Bessel potential space is characterized by
the condition ||(1 — P;)* f|lpc) < Ct*.

Such results for constant p, including the equality

where

1
lim (I —P)*f =D"f (7.43)
s

may be found in Theorem B in Samko [315], where the simultaneous existence of
the left- and right-hand sides in (7.43) and their coincidence was proved under
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the assumption that f and D®f may belong to L"(R") and L?(R") with different
p and r. In the case p = r this was proved in Rubin [304], where the case of the
Weierstrass semigroup was also considered. Relations of the type (7.43) go back to
the formula (—A)® f = limy, 0 ti (I —=T;)“ f for fractional powers of the generator
of a semigroup T} in a Banach space, see, e.g., Westphal [371].

Although expected, the validity of (7.43) in the variable exponent setting was
not easy to establish, in particular because the apparatus of the Wiener algebra
of Fourier transforms of integrable function, based on the Young theorem, is not
applicable. Another natural approach, based on Fourier multipliers, is used in this
section. However, because of the specific behavior of the Bessel functions appearing
when the Mikhlin—-Hormander theorem is used, this approach also encountered
essential difficulties, see Sections 7.8.4 and 7.8.5.

7.8.1 More on Fourier p(x)-Multipliers

Fourier multipliers for variable exponent Lebesgue spaces were studied in Section
2.8.2. The following theorem is nothing else but an adjustment of the Mikhlin type
Theorem 2.96 to the case of radial multipliers m(x) = M (|z|).

Theorem 7.28. Let the function M(r) be continuously differentiable up to order
n — 1 and have nth derivative for r € (0,00). If

kdk

T gk M(r)

<C<oo, k=0,1,...,n. (7.44)

then m(z) = M(|z|) is a Fourier p(-)-multiplier in LPC)(R™).

Note that (7.44) is equivalent to
d\*
M
<r dr> (r)

k .
. k ; .
since (r )" = > ) Ch 477 dd;j with constant Cj ; (note that C1 = Ci = 1).
j:

<C<o0, k=0,1,...,n, (7.45)

Lemma 7.29. Let the function m satisfy the Mikhlin condition (2.216). Then the
function m.(x) := m(ex) satisfies (2.216) uniformly in e, with the same con-
stant C.

The proof is obvious, since D*m(e-)(&) = £l®l(D¥m)(e€).

We need the following lemma on approximations of the identity. Note that
in this lemma no restriction is imposed on the kernel of the approximation itself.
The assumptions are imposed only on its Fourier transform: it should satisfy the
Mikhlin multiplier condition.
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Lemma 7.30. Suppose that the function m satisfies the Mikhlin condition (2.216).
If lim. o m(ex) = 1 for almost all x € R™ and p € P%8(R"), then

lim |72 f = fllp¢) =0 (7.46)

for all f € LPO)(R™), where T. is the operator generated by the multiplier m(cx).

Proof. By Lemma 7.29 and Theorem 2.96, the family of operators {7.} is uni-
formly bounded in LP()(R™). Therefore, it suffices to check (7.46) on a dense
set in LP()(R™), for instance for f € LP~(R™) N LP+(R™), and then to use the

inequality |[fllpe) < [1fllp- + 1 Fllp, - -

Since we will also deal with Fourier p(-)-multipliers which do not satisfy the
Mikhlin condition (2.216), we need the following lemma.

Lemma 7.31. Let m(z) = M (x)+¢(x), where M (x) satisfies the Mikhlin condition
(2.216) and the radial non-increasing majorant ®(z) := SUP|y|> 2| [P (Y)] of @(2) =
F~1¢(x) is integrable on R™. Then m(x) is a Fourier p(-)-multiplier in LPC)(R™)
whenever p(-) € M(R™).

Proof. This follows from Theorems 7.28 and 1.5. O

7.8.2 On Finite Differences

Besides finite differences (7.2) of integer order, one can also consider differences of
fractional order «,

2 f(a) = (I —m)° i v (se—im, a0

Jj=

where the series converges absolutely and uniformly for each @ > 0 and every
bounded function f, which follows from the fact that

- §[0)

k=0
see for instance Samko, Kilbas, and Marichev [331, Sec. 20.1], for properties of
fractional order differences. In a similar way tone introduces a generalized differ-
ence of fractional order «, with the translation operator replaced by any semigroup
of operators. We will use the Poisson semigroup (7.42), so that

(I - P i 0 (3 Pees @)

=0
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By Theorem 1.5, the operators P; f are uniformly bounded in the space LP()(R™)
if p € P2(Q), so that

1= P oy < C (@I f - (7.47)

for p € PL8(Q), where C is the constant from the uniform estimate ||P,f]|,.) <
Cll fllp)-

7.8.3 More on the Function K, ()

Recall that the composition Dy _I* of the truncated fractional Riesz differenti-
ation operator Dy, with the Riesz fractional integration operator reduces to the
approximation of identity with the kernel Ky (), see (7.10). Its Fourier transform

m(x) is given explicitly by

-0
— sin‘(y
Reato) e [ St =)
ly[>]=|
where ¢ = digeizi) and we denoted [?g\a(l‘) simply as w(|x|) for brevity, so that
[v
w(|z|) = c/ pl(_ﬁz dp, where V(p) = / sin’(poy) do. (7.48)
|(L| §n—1

Lemma 7.32. The following formula is valid:
2, (i)
Vi) = A+ 3G (7.49)
i=0 ¢

where £ = 2,4,6,..., J,_1(r) is the Bessel function of the first kind, v = 1,
i =€ —2i and \ and C; are constants:

_ AmED ()

- l n\’

r(,)r(3)

Proof. Formula (7.49) is a consequence of the Catalan formula

Ci = (—1)2i(2r)5 2 ¢ <£> (7.50)

7

1
[ sinttoon) do =572 [[sint(prya - )5
21

S§n—1

(see, e.g., Samko [322, p. 13]), the Fourier expansion

inlt — 261_1 gz_l(nﬁi (f) cos ((€ — 2i)t) + 21,5 <£f2)

=0
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of the function sin’¢ with even ¢ (see, e.g., Prudnikov, Brychkov, and Marichev
[283, App. 1.1.9]), and the Poisson formula

(p/2)"

RN OIS

1
) /cos(pt) (1 - 152)11_é dt, v > —;,
2

for the Bessel function. The values in (7.50) are obtained by direct calculations,
using properties of the Gamma function. O

Following Samko [315] (see also Samko [322, p. 214]), we use the functions

(1 —e~lzhe

1
N and B(z) = ESHINGH
|z *w(|2])

Alw) = Al

related to the Fourier transform of I?;a(x), which will play a central role in our
proofs below. It is known that these functions belong to the Wiener algebra:

A, B € W(R™). (7.51)

The proof of this fact for A may be found in in Samko [322, Lem. 7.49]. For B
it then follows immediately by the Wiener 1/f-theorem, since min |A(x)| > 0.
However, (7.51) is not so efficient as in the case of constant p, so in the sequel
we will prove that the functions A(z) and B(z) are multipliers in LP()(R™), see
Theorem 7.39.

Since A and B are radial, we find it convenient to also use the notation

(1—e ")
row(r)

rw(r)

A(T’) = (1 _ 6_7-)a :

and B(r) =
First we need some technical but crucial lemmas.

7.8.4 Crucial Lemmas

Lemma 7.33. The function B(r) has the following structure at infinity:

£-1
I ; 1
B(r) = A + Z %JV—Q(&T) +0 <r”+g) , T — 00 (7.52)

« rv 4
1=0

where X and C; are the constants from (7.50).
Proof. By (7.48) and (7.49), we have that
o v 1(6 t)
rw(r) = +r Zc/tlwwy Lt (7.53)

=0
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o
Bessel functions, integration by parts yields the relation

Thanks to the well-known differentiation formula ”(t) = — ;t {J;ngt)] for the

T, g, T,
/ tz(ﬂt) dt = r;’(r) +v=F-1) / tﬁigt) dt,

for r > 0 and 8 > f;. Applying twice this formula, we transform (7.53) to

L1
o A : C; JV_Q(&T) 24+« JV_3(€1‘7")
rw(r) ="+ ; I [ v Ty prtl
2)(a+4) Jo—a(bit)
+ (a+2)(a+ Z fatv42 dt, 0<r< oo,
=0
whence (7.52) follows, since B(r) = r*w(r) + O(e™") as r — 0. O

Corollary 7.34. The function B(r) is non-vanishing: inf.cgr, [B(r)| > 0.

Proof. The function B(r) is continuous in (0, c0) and |B(r)| > 0 for all r € (0, c0).
Also B(0) =1 by (7.7) and B(co) = X # 0 by (7.52). O

Lemma 7.35. It holds that

/f )t T, (rt) d ch,m/f(k)(t)t”+k’m(]l,+m,1(rt) dt, (7.54)
0 k=1 0
where m > 1 if
FO I, =0 (7.55)
and

f(k)( )ty+k ]JV+] ) o= 07 (756)

‘0

fork=1,2,....7 and j =1,2,...,m — 1, the latter condition for the derivatives
of f appearing in the case m > 2.

Proof. A relation of type (7.54) is known in the form

3 —1)ym 3
/ O Ty (tlal) dt = (|x|r)n / £ O () dt, (757)
0 0

under the conditions
’ —0, j=0,1,2....,m—1, (7.58)

PO o (1))
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where one denotes f{™(t) = (1} jt)mf(t), see formula (8.133) in Samko [315].

Then (7.54) follows from (7.57) if one observes that (} dt) flit)= Z Chom {ém) @
where Ck,m are constants. U
Lemma 7.36. The function A(r) has the following structure at infinity:
L1
a C3i~g¢

A(r) = A\ + o v JV_Q(&T) + h(’l”) + m(r)
=0

=:C(r) +m(r),

(7.59)

where m(r) satisfies the Mikhlin condition and h(r) = O ( ! )

3

Proof. We have
I a 1=Sr%w(r)
rew(r) A row(r)
By the asymptotics of Lemma 7.33 and the fact that r*w(r) > C' # 0 for suffi-
ciently large r,

J4

1 o (a>2 1 51 ¢ Ty a(lir) + s(r)
rew(r) A Aoy — 4t vt row(r)
0
al 3 . ci o

1
oA 144 Ju—a(lir) {r“w(r) B )\} ’

=0

where

14

L1
(a—|—2 £ Jo_ 3£t E C; J,_3(l;r
s(r) = — a+4) Z iz A=Y TVL "), (760)

=0

Applying the same procedure to the factor [rawll "~ ‘;], we obtain

1 e (a)Q 1 31 CiJ (6r) + h(r)+
rew(r) A Aoty v—2\&T "
21 51 (7.61)

)2 1 S & C;

B v—2(4; o),
()\) rrton(r) ; gu‘] 2(lir) 2 K;’J 2(l;r)

~ = ~ = -

:=m(r)

where

hr) = s(r) (raul)(r) - )\ra+0:w(r) 2 %Jl’2(€ir)>' (7.62)

=0
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To see that m(r) satisfies the Mikhlin condition is a matter of direct calculations.
To obtain (7.59), we just need to use (7.60), (7.61), (7.62), and the fact that
A(r) = T'O‘ul)(r) +0(e™). O

Lemma 7.37. The derivatives B (1) have the following structure at infinity:

1

1
chﬂr)+o(u+l>, r— o0, (7.63)
r 2

1=0

BY(r) =

rk
where ¢ and ¢; are constants.

Proof. By the Leibniz formula, it suffices to show that the derivatives [r®w(r)]®*)
have the same asymptotics at infinity as in (7.63). We have

k
[r“w(r)](k) = cror® Fw(r) + Z cp ;7T R (1)
j=1
From (7.48) we have w'(r) = —0;/1(427 so that
k—1

_ o & (V(r
[r"‘w(r)](k) = cpor™ Fw(r) —CZ(:)ck jppretitis kdrj <r1(+2>
J

Hence

[Taw(r)](k) = cror® Fw(r) + Z Ck,z‘rifkv(i) (r). (7.64)

We use the relation
a\ (%] d
_ i 1—28Ni—S —
<dr> o ;Cl’sr S o rdr

and transform (7.64) to [r*w(r )](k) = ¢ o Fw(r)+ Z k. sT?*"FDV (1), keeping
in mind formula (7.49). Then using (7.49) and the formula

° [Ju(r)] _ (_1>5JV+S(T)

rv rvts ?

easy transformations yield

[Taw(T‘)}(k) — ek, +Cl7‘ ko Z —v—s Z Coidyihs 2 g 7”)

=0

for 0 < r < oco. Now in view of (7.52), after some calculations we arrive at
(7.63). O
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Lemma 7.38. The derivatives C'¥)(r) have the following structure at infinity:
ol 1
® () = € > , ;
C (7") - Tk + v i:O Csz—2(€7,7H> + O <TJJ+§) , T (0.¢] (765)

where ¢, ¢; are constants and C(r) is given in (7.59).

dr
asymptotic of h(r). By (7.62), we have h(r) = s(r)v(r) T,QI})(T), where v(r) =
)

Proof. Since d" [C(r)—h(r)] = O ( ,u}rl ), we just need to take care of the

1 o é_l C;

— 2 iso ¢ Ju—2(lir). Further, since

1 0(1) ,if k=0,
S(k)(r)O(rVJrg), U(k)(r){o( l)ifk;zl,_,n

1
ot

and
L1

! (k)—c+12Z-J wry+o( 1 (7.66)
raw(r> - rk rv Cidy—2{tT 7”'V+1 ) .

: 2
=0

we arrive at (7.65). To obtain (7.66), we differentiate the quotient and use the
asymptotics. O

7.8.5 A(x) and B(x) are Fourier p(-)-Multipliers

Establishing the following theorem turned out to be the principal difficulty in
extending the result (7.43) to variable exponents.

Theorem 7.39. The functions A(x) and B(x) are Fourier p(-)-multipliers, for p €
Plog(R™),

Proof. When we verify that A(|xz|) and B(|z|) are p(-)-Fourier multipliers, we split
these functions into terms covered by different means, some by the Mikhlin con-
dition, others via the approximation of identity by establishing properties of the
corresponding kernels. Under this approach, the result for B(IT,) does not follow
automatically from that for B(r) and we have to treat both. Since B(r) and A(r)
have similar behavior at the origin and infinity, we give all the details for B(r) and
mention only principal points for the similar proof in the case of A(r).

We need to use the properties of B(r) near the origin and infinity in different
ways. To this end, we make use of a partition of unity 1 = p(r) + pa(r) + us(r),
w; € C,i=1,2, 3, where

1 if 0<z<e, 0, if 0<x< N N =9,
p(r) = { 0 if 2>et0 Fe0)= { 1, if 2> N,
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with supp 1 = [0, + 4], supp ps = [N — §,00), and represent B(r) as

—Q

B(r) = (1 - ) w(r) pa (r) + B pa(r) + (1 — ) rw(r) pa(r)

= Bl(’f‘) + 32(7‘) + Bg(?”)

(7.67)

The function Bs(r) vanishing in neighbourhoods of the origin and of infinity,
is infinitely differentiable, and so it is a Fourier multiplier in LP()(R™). There-
fore, we only have to take care of the multipliers By (r) and Bs(r) supported in
neighbourhoods of the origin and of infinity, respectively.

For Bi(r) we will apply the Mikhlin criterion for the spaces LP()(R"). The
case of the multiplier B3(r) proved to be more difficult. In the case n = 1 it is
easily covered by means of the Mikhlin criterion, while for n > 2 we use another
approach. Namely, we show that the kernel bs(|x|), corresponding to the multiplier

Bs(r) — Bs(oo) = ps(r)B(r) — B(0),

has an integrable radial non-increasing majorant, which will ensure that Bs(r) is
a multiplier. However, we will need to appeal to special features of the behavior of
the Bessel functions at infinity and to information on some of integrals of Bessel
functions.

The proof of Theorem 7.39 follows from the study of the multipliers By (r)
and Bs(r) given below. O

Lemma 7.40. The function By(r) satisfies the Mikhlin condition (7.44).

Proof. We have to check condition (7.44) only near the origin. The function
(l_g,r)a is infinitely differentiable on any finite interval [0, N] and thereby satis-
fies conditions (7.44) on every neighbourhood of the origin. Thus, to estimate
r* dd:k Bi(r), we only need to show the boundedness of [rFw® (r)| as r — 0.

By the equivalence (7.44)<=>(7.45), we may estimate (r ddr)J w(r). Since w'(r) =

—er~ 172V (r) by (7.48), we only have to prove the estimates

(-2Y a

where G(r) = =% [ sin‘(roy) do. We represent G(r) as
§n—1

<C<o0, j=1,2,...,n—1, for 0<r<e, (7.68)

G(r)y =r"2F(r), F(r):= / s(roy)ot do,
S’n,fl

where s(t) = (Si?t)z. Since s(t) is an analytic function, F'(r) is an analytic function
in . Then estimate (7.68) becomes obvious because ¢ — o > 0. O
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We will further treat separately the cases n =1 and n > 2.

In the case n = 1 we just have to show that B(r) and rB'(r) are bounded on
[0, 00]. The boundedness of Bs(r) is evident on any subinterval (N, N1), Ny > N,
and it suffices to note that there exist the finite value B(co), see the proof of
Corollary 7.34. To show that rB5(r) is bounded, it suffices to check that r[r®w(r)]’
is bounded for large 7. From (7.48) we have r[r®w(r)] = r®w(r) — csin’ 7, which
is bounded.

The case n > 2 is treated by means of the following lemma.

Lemma 7.41. Let n > 2. The kernel bs(r) vanishes at infinity faster than any
power and admits the estimate

bl< . S o<r<oo, (7.69)
re (14+r)m

where m = 1,2,3, ... is arbitrarily large, and C = C(m) does not depend on r.

Proof. 1) Estimation as v — 0. By the Fourier inversion formula for radial func-
tions,

bar) = 7 [ aatiBate) = Baoo)at, =, (7.70)
0
This implies that
2m)7Y T
()] < (jj)l / V1 ()B4 (6) — B d

Using the asymptotics obtained in (7.52), we get

J4

2

c Ci
LGRS D

1=

oo

/ o1 (rt)Jy_a(tst) dt| +

N

o0

V dt
} /t Toalrt)] 5y

N

Ctu—l
where ¢; are constants. Since |J,_1 ()| < the last term is easily

X (t+1)y—1+§7
estimated:

o0 o0

c dt c vt dt c
tY|J,—1(rt < < .
r”*l/ | 1(rt)] A / 1)”‘5 t: v

N N
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Thus

L1
2

c
sl < 0y +

“ / Ty (1) Jy_o(€it) dt
N

=0

as 7 — 0. It is known that the integral fo v—1(rt)JJ,_2(¢;t) dt converges when
n > 2; it is equal to zero, if n > 2, and to — , , if n = 2, see Gradshtein and Ryzhik
[110, formula 6.512.3] (use also the fact that Jl, o(r) = J_1(r) = =Ji(r) if n = 2).
Then

,_.

‘
2~
C
lbs(r)l <,

1
TV72 7”” 1 _ 1>

N
/JV 1 V 2(€ t)dt
0

which proves (7.69) as r — 0.

2) Estimation as r — oo. Since the integral in (7.70) is not absolutely convergent
for large t, it is not easy to treat the case r — oo starting from the representation
(7.70). So we transform this representation, by interpreting the integral in (7.70)
as a regularization:

bs(r) = lim (%fu / eV J,_1 (rt)[Bs(t) — Bs(c0)] dt, (7.71)
0

and before passing to the limit in (7.71), we apply formula (7.54) with the function
f(t) = e ct[Bs(t)—Bs(c0)]. Then conditions (7.55) and (7.56) (or see the conditions
(7.58)) are satisfied, so that formula (7.54) is applicable and after easy passage to
the limit we obtain

bar) = T Z / O (OB (1.72)

rV+'rn—1
0

for every m > 1. The last representation already allows to obtain the estimation
as r — oo. From (7.72) we get

N
&
|bs(r)] < prbm-1 / [Ty g1 (rt) B (t)] dt
N-—§
rl,Jrfn,l /tVJV-‘rm—l(rt)B(m)(t) dt (773)
N

m—1 0

+ § Ck tqukfm
Tqumfl
k=1

N

Jytm1(rt)B® (t)‘ dt.
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The function B (t) is bounded on [N — 6, N], so that the estimation of the first
term is obvious. Since |Jyym—1(rt)] < \/“;t and [BR ()| < ct~¢, € = min{k,v +
1/2}, see (7.63), the last sum in (7.73) is estimated by cr2 =™,

To estimate the second term, we use the asymptotics (7.63) again and obtain

bl < <c+2 ¢ ) (7.74)

y+m—
=1

/JV+7n 1 Tt V—Q(‘eit) dt
N

It is known that the last integral converges when v + "' > 1 and

oo

Jy+7,L_1(Tt)JV_2(£it> dt = :/71 s r> gi,
T

0
r(v-1417)

=1 (1+7)
mula 6.512.1]. Then from (7.74) we get (7.69).

where v = ¢/72 is a constant, see Gradshtein and Ryzhik [110, for-

Finally, for the function A(r), we only note that the splitting is similar to
that in (7.67):

A(r) = Ai(r) + Ax(r) + m(r) + C(r), (7.75)

where supp A;(r) = supp p; and supp m(r) = supp ps.
Here
A;, i =1,2 satisty Mikhlin’s condition,

while for a3 = . ~1C with C(|z|) the estimate

C
nf I

43S vzt ) gy

0<r<oo, (7.76)

similar to (7.69), also holds.

The statement for A;, ¢ = 1,2 is obvious; the proof for az, prepared by
Lemmas 7.36 and 7.38, is similar to that of Lemma 7.41 O

7.8.6 Main Theorems

Theorem 7.42. Let f € LPO)(R™), where p € P28(R™). The limits

lim (I PH*f and  lim DZf

e—0+ % e—0+

exist in LPC)(R™) simultaneously and coincide.
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Proof. Assume that the limit ¢ := lim. ,o; D2 f exists in LP()(R™). We express
(I = Po)*f via p-(z) := D2 f(z) in “averaging” terms:

L — f(x) = co(x L a Ty B , .
L pys@ SD(HE"RZ (")ewa @

where a(z) is the inverse Fourier transform of the function A(z) — A(c0), ¢ =
A(0), so that a € L'(R") by (7.51) and

c+ [ aly)dy =1. (7.78)
R\[

Representation (7.77)—(7.78) is verified via Fourier transforms
1
F (1= P)r ) (@) = A F 02 N0 (7.79)

and is obviously valid for f € C§°(R™). Then (7.77) holds for f € LP()(R") by
the continuity of the operators in the left-hand and right-hand sides of (7.77)
in LPO)(R™); for the left-hand side see (7.47), while the boundedness of the con-
volution operator in the right-hand side follows from the fact that the Fourier
transform of its kernel is a Fourier p(:)-multiplier by Theorem 7.39. From (7.79)
we have

1 (073
I-=P)f =l  <Cllgs—@llpe) + 11T — @llpey (7.80)

60&

’ r()

where T is the operator generated by the multiplier A(e-). The first term in the
right-hand side of (7.80) tends to zero by the definition of ¢. For the second one
we have

[Te0 = ellpey < ITaee = ¢llpe) + 1 Tapllpe) = I + I,
where Ty is the operator given by the multiplier M (e-) := A; (e-) + Az(e:) +m(e-),
with the terms from (7.75). Since M satisfies the Mikhlin condition and M (ez) — 1
as € — 0 for almost all x € R™, we have I; — 0 as ¢ — 0 by Lemma 7.30.
For I we observe that

Tap(x) = =C(00) [(as)e * p(x) — ()]
where (a3)e(x) = |, a (") is the dilation of the kernel ag(z) = .Z 1 [C(-)—A(c0)](z)

and then I — 0 ase 0 by (7.76) and Corollary 1.6.
Suppose now that lim._,o+ Ela (I — P.)*f exists in Lp(')(]R”). By (7.79), we
have 7_pie
Foepe) = sz (1) (751
for f € C§°(R™), where B(z) = 1/A(zx). Since B(z) is also a Fourier multi-
plier by Theorem 7.39, the arguments are the same as in the above passage from
lim. oD f to lim. oy % (I — P.)*f. 0
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Corollary 7.43. Let a > 0 and p € P'%(R"). An equivalent characterization of the
space LPC)(R™) is given by
1

a.p() (R™) — PC)(R™Y - 1 _ a () (R
L (R™) {fEL (R>'51_1>%1+5a(1 P)“f e LPY)(R )}

Proof. The proof is immediate by the definition (7.14) of the space L*P()(R™).

d

Theorem 7.44. Let 0 < a < n, p € P8(R"), and 1 < p_ < py <n/a. A function
f € LPC)(R™) belongs to L*PC)(R™) if and only if

(I = Po)* fllp) < Ce%, (7.82)

where C' does not depend on €. If (7.82) is fulfilled, then D*f € LPC)(R™), and
(7.82) is also valid in the form

(I = Pe)* fllpey < CID flpce,
where C' does not depend on f and €.

Proof. The “only if” part of Theorem 7.44 is a consequence of Theorem 7.42. To
prove the “if” part, suppose that (7.82) holds. From (7.81) we obtain that

1

cor (I_Pe)af < C7

1D Flle) < 0]
p(-)

since A(ex) is a uniform Fourier multiplier in LP()(R™) by Lemma 7.29. To finish
the proof, it remains to refer to Theorems 7.7 and 7.6. O

Theorem 7.45. Let 0 < oo < n, 1 < p_ < py < n/a and p € P8(R™). The
variable exponent Bessel potential space B*[LPC)(R™)] is the subspace in LP()(R™)
of functions f for which the limit lim. o4 Ela (I — P)™f exists.

Proof. Apply Theorems 7.42 and 7.19. ]

7.9 Comments to Chapter 7

Comments to Section 7.1

In the case of constant exponents, there are many papers on application of hypersingular
integrals in function spaces and also in problems of inversion of potential type operators.
We refer to the books by Samko [322] and Samko, Kilbas, and Marichev [331], where
further references and historical remarks may be found. The realization of the Riesz
derivative .Z ' |€|*.Z f in the form of a hypersingular integral first appeared in Stein
[350] in the case 0 < a < 2. The general case a > 0 was considered in Lizorkin [230],
including anisotropic hypersingular integrals.
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Comments to Section 7.2

Section 7.2 is based on the paper Almeida [11]. In the case of constant p the denseness of
the Lizorkin space ® was proved in Lizorkin [229], see also an alternative proof in Samko
[322, pp. 40-41].

Comments to Section 7.3

In Section 7.3 we follow the paper Almeida [11]. In the case of constant p results around
the contents of this section may be found in Samko [322].

Comments to Section 7.4

Section 7.4 is based on the paper Almeida and Samko [13]; for results of this section in
the case of constant p see Samko [322]. In particular, versions of Theorems 7.6 and 7.7 in
the case when p is constant, see Samko [322, Thms. 7.9 and 7.11]. For similar weighted
results in the case of constant p see Nogin [273].

Comments to Sections 7.5, 7.6 and 7.7

In Sections 7.5, 7.6 and 7.7 we follow the paper Almeida and Samko [14], see also Almeida
and Rafeiro [12]. Theorem 7.19 in the case of constant p,1 < p < oo, is due to Stein
[350] when 0 < « < 1 and Lizorkin [227] in the general case 0 < a < 0o, see also the
presentation of the proof for constant p in Samko [322, p. 186].

Comments to Section 7.8

Section 7.8 is based on the paper Rafeiro and Samko [299]. Such results for constant p
are known also in a more general setting, we refer to Samko [315] and Samko [322], where
other references on similar or close results may be found.

The statement of Lemma 7.30 is well known in the case of constant p € (1,00), see
Samko [315, Lem. 12], being valid in this case for an arbitrary Fourier p-multiplier m.



Chapter 8

More on Hypersingular Integrals and
Embeddings into Holder Spaces

In this chapter we present results on hypersingular operators of order a < 1 acting
on some Sobolev type variable exponent spaces, where the underlying space is a
quasimetric measure space. The proofs are based on some pointwise estimations
of differences of Sobolev functions. These estimates lead also to embeddings of
variable exponent Hajlasz—Sobolev spaces into variable order Holder spaces.

In the Euclidean case we prove denseness of Cg°-functions in W1P0)(R™).

Note that in this chapter we consider quasimetric measure spaces with sym-
metric distance: d(z,y) = d(y, x).

8.1 Preliminaries on Hypersingular Integrals

Recall that a hypersingular integral (7.1) in the case of order a € (0, 1) reduces to

f(x) = f(y)

o =yl
n

D f(x) = c()

R

)

with the normalizing constant c(a) = 2°T (1+ §) T ("§*)sin %7172, cho-
sen so that D*f = Z~1¢|*F f, where .# is the Fourier transform (7.4). This

construction is also known as the Riesz fractional derivative of f.

We will also consider the restriction of D®f to an arbitrary domain in R"™.
The obtained formula may be considered as a multidimensional analogue of the
Marchaud formula for fractional derivatives of functions of one variable, see Samko,
Kilbas, and Marichev [331, Sec. 13.1].

Let now © be a domain in R™ and f(x) a function on Q. We introduce the
fractional Riesz type derivative D& f(z) of f as a restriction onto 2 of the Riesz
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derivative of the zero extension of f to the whole space R™. Namely, let

_ f(IE), T € Q7 . r
ng(m) - { 0, = Rn\Q, - f(.’l?)
Then, for 0 < a < 1, we define D f as

af(@): =roDaf(z), x€Q,

where rq stands for the operator of restriction to €.

Recall that the cone property of a domain €2, used in the lemma below, means
that for every = € {2 there exists a finite cone C, centred at the point x, contained
in © and congruent to a finite cone of fixed aperture centred at the origin (by C,
being finite, we mean that C, is the intersection of a cone with a fixed ball centred
at the same point), see for instance, Kufner, John, and Fuéik [220, p. 300].

Lemma 8.1. The expression of DG f in intrinsic terms with respect to € is

(@) = clo) [ag<x>f<x>+ ff”;ﬁi)dy], sen, (81
Q
where
ag(z) = / ‘x—y‘_"_adyg[d(x)}a’

R™\Q

with ¢y = }|S"7Y|. If the exterior R™\Q has the cone property, then there exists a
constant ca > 0 such that ag(x) > [5(22)]a.

Proof. We have

D f(x /f |y‘n+a "y zea

Splitting the integration as [+ [ , we arrive at (8.1).
QO RO\Q
For z € ), we have

dy < dy _ dy
|z —y[nte |z — y[nte |y|nte

R™\ yER™ yER
lz—y|>6(x) ly|>0(x)
Passing to polar coordinates, we arrive at the claimed upper bound of aq(z). To
obtain the lower bound, we choose a boundary point z¢ € 92 (depending on x and
not necessarily unique) for which |x —xg| = 6(x). Then |z —y| < |z —xo|+ |20 — Y|

and have J
Yy
> .
aQ(w) / on _ y| 4 5(x)]7z+a
R \Q
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Since R™\) has the cone property, there exists a finite cone T'q(z0, ) with vertex
at xo and fixed aperture 0(= arctg |Z’"O|) > 0, such that T'q(zo,0) C R™\€. Then

/ dy < dy
[lwo — y| + d(z)nte = [lzo — y| + d(a)]n+e
R7\Q B(z0,6(z))NCq(z0,0)

After translation to the origin and passing to polar coordinates, we obtain

() 1
pn— 0 Co
> do = ;
aq(z) / [p+ 6(x)]n+e / o [6(z)]
0 Sn=1AT(0,0)
1 1
where co = C(Q) [ (tt:;)yflfm and C(Q) = |S*~ 1 NTy(0)]. O
0

In what follows, the convergence of the integral in (8.1) is interpreted as

fl@)=fl) , . F@) = fy)
‘m_y‘n-‘r(x dy*gl_r)% / l‘—y|”+a dy7 x e

yeN
ly—z|>e

with the limit taken in this or other sense.

8.2 Embeddings of Variable Sobolev Spaces into
Holder Spaces: the Euclidean Case

We prove embedding theorems of variable exponent Sobolev spaces into vari-
able Holder spaces. One of the main results is given for Sobolev type spaces on
quasimetric measure spaces, where the usual gradient is replaced by the so-called
Hajtasz—Sobolev gradient. However, we will start with the usual setting in the
Euclidean case because in this case we can obtain more precise estimates.

As in the classic case, the Sobolev space Wmvp(')(Q) of variable exponent is
defined as the space of functions f € LP()(R™) which have all the distributional
derivatives D7 f € LP()(Q),0 < || < m. Let

I lwmecr =D 1D Fllpg) -

l7l<m

8.2.1 Holder Spaces of Variable Order

Let BC(2) be the class of bounded continuous functions on an open set 2. For a
measurable function a: Q@ — (0,1] and f € BC(Q), let

[flay == sup [f(z+h) — f(m)\

z,x+heQ ‘h|a(z)
0<|h|<1
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By H*)(Q) we denote the space of all functions f in BC(€) for which [f](.
is finite. H*()(Q) is a Banach space with respect to the norm

[ £l o) = 1 fllL= (@) + [flag)-

8.2.2 Pointwise Inequalities for Sobolev Functions

It is known that in Sobolev spaces the oscillation of a function can be estimated
in terms of the fractional maximal function of its gradient; see for instance Bo-
jarski and Hajlasz [30], Hajlasz [115], Hardy [122], Kinnunen and Martio [168],
where such estimates of the oscillation were used to derive properties of functions
in Sobolev spaces within the classical setting. We extend this to the case of vari-
able exponents and start by recalling the mentioned estimates of oscillation in
Theorem 8.4.

Lemma 8.2 (Gilbarg and Trudinger [105, Lem. 7.16]). Let B be a ball in R™. If
g € WHY(B), then

Vg(2)]
|g(m)_gB| <C(n> |I’*Z‘n71 dz
almost everywhere in B, where gg := Uli’l [ 9(z)dz.
B

In the next lemma we compare the potential operator of order o with the
fractional maximal function of smaller order A\ < «, see the definition of the latter
n (2.124).

Lemma 8.3. Let Q C R™ be a bounded open set, 0 < a <n and 0 < A< «. Then
there exists ¢ > 0, not depending on f, x and X\, such that

/ FENdz e am )0 (), (8.2)

|z — z|"m T a— A

for almost all x € Q and every f € L*(Q), and X\ may depend on x.
Proof. Let £ = diam 2. We have

2dz & / |f(2)]d=
/|l’ Z‘n « _ZO ‘IE72|”70‘
I= Qm(B(z,;j)\B(m )
2]+1 oo ¥ 7&
\Z( ) () dz < Z( ) M5 1),
=0 onB(z, ) 7=0

from which (8.2) follows. (I
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Theorem 8.4. Let € be a bounded open set with Lipschitz boundary, or let 2 = R™.
Then for every f € VVﬁ)Cl(Q) and almost all x,y € (Q,

2 —y|tH
]_i

|z —y|' >

s = fwl<e | T +

AV | (8:3)

where A\, u € [0,1) and the constant ¢ > 0 does not depend on f,x,y, A\, u and Q,
and it is admitted that X\ and p may depend on x and y.

Proof. For bounded domains estimate (8.3) can be proved as in Hajlasz and Martio
[118, Lem. 4]. For Q = R™ the argument is similar: we observe that for all z, y €
R™, & # y, there exists a ball B, , containing these points such that diam (B, ) <
2 |z —y|. Then we write | f(z)— f(y)| < |f(z)—fB,,|+|f(y)— B, | and it remains

to make use of Lemma 8.2 and afterwards Lemma 8.3 with o = 1. O
8.2.3 Embedding Theorems for Hajlasz—Sobolev spaces

The main statement of this section is Theorem 8.5, which shows that functions in
W1P()(Q) are Holder continuous for all x, where p(x) > n.

We will use the following statement, in which
II, :={z € Q: p(x) > n}.

Theorem 8.5. Let 2 be a bounded open set with Lipschitz boundary and suppose
that p € P°8(Q) and has a non-empty set 1L,,. If f € WHPE)(Q), then

£ (@) = ] < Cla,) [V Flllpey = y|' ™ mmiee o (8.4)

for all z,y € II, such that |x — y| < 1, where C(z,y) = with ¢ >0

not depending on f,x and y.

min[p(z) p(y)]—n’

Proof. We apply (8.3) with A =n/p(x), p=n/p(y) € (0,1) and get

¢ @ — y|'T minke) e

|f(z) = fy)] < min[p(z) — n, p(y) — n]

M (V@) + A (V1))

By (2.100),
Moy (@) <clfllpe), 2 €l (8.5)

p(x)

Then (8.4) immediately follows from the last estimate. O

Remark 8.6. Let Q be a subset in IT,. Under the assumption that inf,cq p(z) > n,
one may take a constant in (8.4) not depending on z,y € Q.
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Corollary 8.7. Let 2 be a bounded open set with Lipschitz boundary and p satisfy
the assumptions of Theorem 8.5. If f € WP()(Q), then the estimate (8.4) may
be written in the form

[f(x) = flz+ )] <

C

- n
minfp(a), p(a + h)] —n WV lpe) 177, (8.6)

where x, x + h € I, and |h| < 1, with ¢ > 0 not depending on x, h, and f.

Proof. Tt suffices to recall that |z — y|P<7;> ~ |z — y|P<7?L4> for z and y running a
bounded set. g

Theorem 8.5 suggests that functions in W1HP()(Q) admit a Holder continuous
representative of variable order.

Theorem 8.8. Let 2 be a bounded open set with Lipschitz boundary and suppose
that p € P8(Q). If inf,eq p(x) > n, then

WhPO(Q) —s H'™»0) (), (8.7)
where “— 7 means continuous embedding.
Proof. Let us prove first that
WhPO(Q) — L2(Q). (8.8)

Fix x € Q and let B, be a ball containing z. By Lemma 8.2, estimate (8.2) with
a=1and A\ =n/p(x), and inequality (8.5), we have

F(@) ~ fp.] < cdiam (B,)'#) (19 f)(@) < ediam (Bo)'"#6) [[V£] (-

where it is assumed that f = 0 beyond Q. We take B, such that |B;| = 1 and
by the Holder inequality we have |fg,| < c(p) |[fllp). We get [f(2)| < |f(z) —
I+ /5.1 < Cp) | fllwiee), which implies (8.8). The embedding (8.7) follows
then from (8.6) and (8.8). O

When the exponent is constant, p(-) = p > n, we recover the classical Sobolev
embedding.

8.2.4 Extension to Higher Smoothness

The embedding (8.7) easily extends to higher smoothness. For constant exponents
p such embeddings are well known and can be found, for instance, in Adams and
Fournier [8].

The corresponding embedding for constant p in the undercritical case, i.e.,
when p < 7', is known in the Euclidean setting for domains with sufficiently smooth
boundary (for instance on domains with Lipschitz boundary).

For the whole Euclidean space R™, the embedding in the undercritical case
for variable exponents is given by the following theorem.
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Theorem 8.9. Let k € N with 1 < k < n. If p € P°¢(R") and py < W, then

WHhPO(R™) s LIO(R™), (8.9)
1 _ 1 n
where y(z) = piz) ~ n» @ ER™
Proof. 1t suffices to use Corollaries 7.22 and 7.18. O

If © C R™ is an open bounded set with Lipschitz boundary, then there exists
a bounded linear extension operator £ : W5P()(Q) — WHPO(R™), such that
Ef(z) = f(x) almost everywhere in €, for all f € W*P()(Q). The exponent p(-)
is an extension of p(-) to the whole R™ preserving the original bounds and the
continuity modulus of p(-). All the details of this construction in the case k = 1
can be found in Diening [61, Thm. 4.2 and Cor. 4.3], and Edmunds and Rékosnik
[74, Thm. 4.1], or in Diening, Harjulehto, Hastd, and Ruzicka [69]; constructions
for k # 1 follow the same way, since the Hestenes method is known to work well
with higher derivatives as well. As a consequence, the embedding (8.9) holds also
for bounded open sets 2 with Lipschitz boundary, namely if p € P8() and
1<p-<py <, then

WhPO(Q) — £I0)((), = -,z e (8.10)

Our interest now concerns the overcritical case p— >

Theorem 8.10. Let 0 C R™ be an open bounded set with Lipschitz boundary. If
p € P°8(Q) and (k — 1)py <n < kp_, then

WEPO)(Q) < HY 50 (Q). (8.11)

Proof. As in the case of constant exponents, the proof can be reduced to the
case k = 1: by (8.10), we have W*?P()(Q) «— Wk-1PO)(Q) «— LIO)(Q), where
(m) p() — k=1 2 € Q. Thus we also get W*?()(Q) — W120)(Q). It remains to

observe that W140)(Q) — H'™ () (Q), since g =, —k+1<landl-

k= 0y

a(z) ~

|
Remark 8.11. Since we consider Holder spaces of orders less than 1, in Theorem
8.10 we in fact have the restriction k < _ P* . To avoid this restriction one should
make use Holder spaces of higher order, Wthh we do not touch upon here. Observe
that the condition (k — 1)p; < n of Theorem 8.10 may be omitted, but then we
should just assume that (kK — 1)p4 # n and then the embedding (8.11) holds in

the form WHP()(Q) — j7at PEIL)}(Q), where {k‘ — p?_)} stands for the fractional

n

part of k — ()
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Corollary 8.12. Let 2 C R™ be an open bounded set with Lipschitz boundary. Let
also p(-) satisfy the log-condition with p_ > 7', k > 1. Then

Wk,p(-)(Q> SN H)‘(')(Q),
for any function A(-) € L*(Q) such that A\(z) <k — p(y and A >0, Ay <1

8.3 [Embeddings into Holder Function Spaces on
Quasimetric Measure Spaces

8.3.1 Variable Exponent Holder Spaces on Quasimetric Spaces

Recall that a space of homogeneous type is a triple (X,d, u), where X is a non-
empty set, d : X x X — R is a quasimetric on X, and p is a nonnegative Borel
measure such that the doubling condition

uB(z,2r) < Cy uB(z,r), C,>1, (8.12)

holds for all x € X and 0 < r < diam (X). By iteration of the condition (8.12) it
can be shown that there exists a positive constant C' such that

pB(z, o) o\ N
< , N=1 , 1
nB(y,r) ¢ (T) 082 Cn (8.13)

for all the balls B(z, 0) and B(y,r) with 0 < r < ¢ and y € B(z,r). Recall that
from (8.13) there follows the lower Ahlfors condition

uB(z,7) = cor?, reX, 0<r<diam X, (8.14)

in the case where X is bounded.

Let p: X — [1,00) be a p-measurable function. In this section we assume
that 1 <p_ <p() <py <oo, z€X.

We deal with Holder spaces HM) of variable order. We say that a bounded
function f belongs to H*()(X), if there exists ¢ > 0 such that

1f(z) = fy)] < cd(z, y)mexPE@rw) (8.15)

for every x,y € X, where ) is a y-measurable function on X taking values in (0, 1].
HA(‘)(X) is a Banach space with respect to the norm

£l zxorxy = 1 fllLee ) + [l

where
[faey = sup [ f(@) = fly)ld(w, y)~ "2,
0<d(z,y)<1
Observe that H)(X) — HAO(X) for 0 < B(z) < M) < 1, since \(z) >
B(z) = max {A(z), AMy)} > max {5(z), B(y)}.

For more general definitions of Holder spaces on quasimetric measure spaces
we refer to Nakai [269)].



8.3. Embeddings into Holder Spaces on Quasimetric Measure Spaces 447

8.3.2 Variable Exponent Hajlasz—Sobolev Spaces

Let 1 < p_ < py < oo. Wesay that a function f € LP()(X) belongs to the Hajlasz—
Sobolev space M'P()(X), if there exists a nonnegative function g € LP()(X) such
that

|f(z) = f(y)] < d(=,y)[g9(x) + g(y)] (8.16)

p-almost everywhere in X. In this case, g is called a generalized gradient of f.
M'PO)(X) is a Banach space with respect to the norm

1m0y = I laree x) = I lpe) + nfllgllpe),

where the infimum is taken over all generalized gradients of f.
Our aim now is to estimate the differences f(x) — f(y) via the fractional
sharp maximal function

—a(z)
/ F@) = Fam] duly)

B(x,r)

x) =su
a()f( ) r>18 ,U,B(.’I,‘J")
of variable order a(-), where o : X — (0, 00).

Lemma 8.13. Let X satisfy the doubling condition (8.12) and f be a locally inte-
grable function on X. If 0 < a— < a(z) < ap <o and 0 < - < fB(x) <
B+ < o0, then

@) = F@)I < Cly e B) [, )"l f (o) + dlw, ) D F )] (8.17)
w-almost everywhere.

Proof. The proof is carried out by arguments similar to those for the classical case
in Hajlasz and Kinnunen [117]. For a Lebesgue point & we have

oo

|f(x) = [Bwm] < Z |fB(a;,2*(J'+1)7-) — [B2-in]

=0

s 1
<2 B (x,2-G+07) / |f(2) = fB(z2-im)|dp(2).
j=0 ’ Ble2-ir)

Hence, by the doubling condition (8.12) we get

- 1
1760 = Facarl €3 ey | 176 = foaim] dutz)

B(xz,2=9r)

< cuc(a) @) ///C%(.)f(x)a (8.18)
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x . @ __
where c(a) = 202*”‘* = ,&__,. On the other hand, a similar technique also
=

yields

|f(y) - fB(z,r)' < ‘f(y> - fB(y,Q’l“)‘ + ‘fB(z,r) - fB(y,2r)| < C(Mvﬁ) rﬁ(y) ‘%ﬁﬁ()f(y)

when y € B(z,r). Thus, if 2 # y we take r = 2d(z, y), write

|f(@) = FW < |f (@) = fB@2d@yn| + W) = [B@.2a009))]
and use the above estimates. O

Having in mind applications to the embedding given below in (8.23), we
wish to estimate the oscillation of a Hajtasz—Sobolev function also in terms of the
variable order fractional maximal function

7,.oz(m)

Moy f(z) = sup

>0 /JJB(J,‘7 'r) / ‘f(y)| d/u‘(y)7

B(w,r)
of the gradient.

Lemma 8.14. Let X satisfy the doubling condition (8.12) and let f € M'PO)(X)
and g € LPC)(X) be a generalized gradient of f. If0 < ay <1, 0< By <1, then

(@) = FWI < Cluy e B) [dlw,y)' =t y9(w) + d(, y) PO My 9(v)]

(8.19)
w-almost everywhere.
Proof. Taking into account (8.17), it suffices to show the estimate
//llﬁ_/\(.)g(x) < cdlyyg(x), 0< AM(z) < 1. (8.20)

This follows from the Poincaré-type inequality

/ ) = Fowmldu(z) < cr / (=) du(z), zeX, r>0,

B(x,r) B(w,r)

valid for every f € M"P()(X) and its generalized gradient g and proved just by
integrating both sides of the inequality |f(y) — f(2)| < d(y, 2) [9(y) + g(2)] over
the ball B(z,r), first with respect to y, and then to z. O

8.3.3 Embeddings of Variable Exponent Hajlasz—Sobolev Spaces

Estimate (8.19) suggests that a function f € M*?()(X) is Holder continuous (after
a modification on a set of zero measure) if the fractional maximal function of the
gradient is bounded. As we will see below, this is the case when the exponent p(+)
takes values greater than the “dimension”. First we need some auxiliary lemmas.
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Lemma 8.15. Let X be bounded and p satisfy condition (8.14). Suppose that p(-)
satisfies the log-condition. If f € LPC)(X), then

M~ f(@) < el fllpey (8.21)

p(x)
where N > 0 is the exponent from (8.14) and ¢ > 0 is independent of x and f.

Proof. Let x € X and r > 0. By the Holder inequality, we have

7‘P€i) d < 2 7’?52)
/LB(%T)B(/) |f (W)l du(y) < uB(z, ) Hpr(.) HXB(‘T/'")

()"

From this, we easily arrive at (8.21) by using Lemma 2.57 and the assumption
(8.14). O

Theorem 8.16. Let X be bounded and let p be doubling. Suppose also that p(-)
satisfies the log-condition and p_ > N. If f € Mlvp(')(X) and g is a generalized
gradient of f, then there exists C > 0 such that

/(@) = F@)] < Cllgllpey dlw,y)' mesizOz) (8.22)

for every xz,y € X with d(z,y) < 1.

Proof. After redefining f on a set of zero measure, we use (8.19) with a(z) = pé\;)
and B(y) = pj(\;), and get
_ N
1)~ FW)| < CluN.p)da. ) molon [ (o) - o(u)]
for all z,y € X. Hence we arrive at (8.22) taking into account (8.21). O

Theorem 8.17. Let the set X be bounded and the measure p be doubling. If p(-)
satisfies log-condition and p— > N, then

MYWPO(X) s H' 00 (X). (8.23)
Proof. Let x € X and rg > 0. Recalling (8.18), we use (8.20) and get
[F@) = Fo | < ereg VM0 @)
<ery VPO AN p(y9(T) < cry NP0 lgllpc),

where in the last inequality we took estimate (8.21) into account. On the other
hand, the Holder inequality (cf. proof of Lemma 8.15) yields

_ N
| fBro)| < cro " I fllpe)-
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Hence, choosing appropriately rg as o = min{1, diam (X)}, we obtain

[fllzee < ellfllip)- (8.24)

It remains to show that f is Holder continuous. To this end, we apply inequality
(8.22) and get

[f (@) = f(y)]

N N
< cl||gllpey d(z, y) maxte(p@)} T min{p().p()}
d(xay)max{lipz')’lipé\;)} = || HP() ' )

for every x,y € X, x # y, with d(z,y) < 1. Since p(-) satisfies the log-condition,
then d(x’y) max{P(A")vP(y)} ~ d(:c,y) min{p(-N),p(y)} . Consequently, [f]lf f\{) < c”ng(‘)’
from which the embedding (8.23) follows, thanks also to (8.24). O

8.3.4 Hypersingular Integrals in Variable Exponent
Hajlasz—Sobolev Spaces

Let the measure u satisfy the growth condition
p(B(x,r)) < Kr™. (8.25)

Let © be a bounded open set in X. Similarly to (2.115) and (2.116), we can
consider two forms of hypersingular integrals:

DO f(z) = / [dfégli’i(“y(l) duly), =€qQ,

where n > 0 is from (8.25), and

f(y)

a() £() — flx) = .
o Q/ pBw, da ) e PR 2 R (520

We admit variable orders o = a(x), 0 < () < 1, z € Q.

The Case of the Operator D*()

Recall that the assumption that the measure p has order of growth 1 — a(z), used
in Theorem 8.18, and defined in Section 2.5.3, is fulfilled if p satisfies the halving
condition (2.126) with ¢, (z) = 201,

Theorem 8.18. Let the measure p be doubling and satisfy the upper Ahlfors condi-
tion (8.25). Let 0 < a_ < a(z) < ay < 1 and p € P°8(Q) satisfy the assumption

sup p(+)[1 — a(x)] < n. (8.27)
e
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If the measure p has order of growth 1 — «(x), then the operator D) s bounded

from MO (Q) into LI (Q) with * = 1 7)\(1:)} where \(+) is any nonnegative
q(z) — p(") n
function satisfying the log-condition and such that
sup[A(z) + a(z)] < 1. (8.28)
IS

Proof. By Lemma 8.14 and the log-condition for A(-), we have

ol flx)—f Mry9(x) + AMry9(y)
D01 < [ mppeenen 0 < e [N
Q

for p-almost all x € Q. Note that A1 < 1 in view of (8.28) and condition a— > 0.
Put f(z) =1—ax) —A(z). Then 0 < 1 — (a+ N4 < S(z) <1—a_. We
have

s e [ iy aw e [ OG0 wo
Q Q

The fractional integral [, [d(z,y)]?®~"du(y) of a constant is a bounded
function, since S_ > 0. This follows from the estimate (11.57) which is valid for
any measure p with the growth condition. Therefore,

’D"‘(')f(fﬂ)‘ < clyyg(@) +c IO [y y9] (),

where I5") is the fractional operator of type (2.115). Hence

Do qu(.) <e |l aglly oy + e |50 [Aa]

a)

In view of the conditions S_ > 0 and B4 < q’i , the operator Ig(') is bounded

in the space L9()(Q) by Theorem 2.58. Therefore,
||Da(.)f||q(‘) sc¢ H///)\(‘)gnq(.) :
Then by Theorem 2.61 we have
10708, < lally < € 11000,

that theorem being applicable since sup,cq A(2)p(-) < sup,cq [1 — a(z)]p(-) <n,

according to (8.28) and (8.27). Note also that from the condition (8.28) it follows
that the growth of order 1 — a(x) implies that of order A(x).

Thus the boundedness of D*() from M?()(Q) into L) () has been proved.

]

For constant exponents the following statement holds.

Corollary 8.19. Let a and p be as in Theorem 8.18 and 1 < p < " _ . Then

1
1D fllq < ¢ || fllarre for any exponent g such that p < q < nﬁ(?fa)p.
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The estimate of Lemma 8.16 allows us also to derive the following conclusion
on the pointwise convergence of the hypersingular integral.

Theorem 8.20. Let o and p be as in Theorem 8.18 and p € P°8(Q). Then the
hypersingular integral DO, with 0 < a_ < a(z) < 1, © € Q, of functions in
MYPO(Q) converges at p-almost all those points x € Q where p(-)(1 — a(z)) > n.

Proof. The pointwise convergence of the hypersingular integral is an immediate
consequence of (8.22). Observe that the assumption p(-)(1 — a(z)) > n implies
p_>n. O

The Case of the Operator (")

A similar result for the other type of hypersingular integral (8.26) of Hajlasz—
Sobolev functions is obtained when the difference N — n between the dimensions
N and n is not large.

Theorem 8.21. Let the measure j be doubling and satisfy the upper Ahlfors condi-
tion (8.25). Let also 0 < a— < a(x) < ay < 1 and suppose that N —n < 1 — ay.
Let also p € P'°8(Q) satisfy the assumption

sup p(-)[1 — a(z)] < N.
€N

If the measure p has order of growth 1 — «o(x), then the operator D) 4s bounded
from MYPC)(Q) into LIO)(Q), with

1 A(x)
g(z) p() N
where \(+) satisfies the log-condition and is such that

Ao>0 and 51618[)\(1') +a(z)] <1—(N—n).

Proof. We make use of (8.19) and the log-condition on A(-) and arrive at

[d(, )P

uB(z, d(z,y)) PV +¢3°0 [y 9] (@),

205 w)] < e.ttrroo) [
Q

where 8(z) =1 — a(x) — M(x) and J°C) is the fractional operator of type (2.116).
Since p is doubling, we get

d(z, )] duy
/ (. y) du(y) < C/ (N>—B(7;) :
pB(z,d(z,y)) [d(z, y)]

Q Q

The latter fractional integral is a bounded function. This can be checked through
the standard dyadic decomposition of B(x,r) for some r > 0, where we use the
upper Ahlfors bound (8.25) and the condition 5_ > N —n. The proof can now be
completed following similar steps of the proof of Theorem 8.18. (I
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In the case of constant exponents a and p, we have the following result.

Corollary 8.22. Let « and u be as in Theorem 821 and 1 —a < N <n+1— a.
If1 < p< N, then |9%f|lraqy < c||fllars for any ezponent q such that

11—«
Np
P<9< N_(1—a)p+(N—n)p-

As in the case of the operator D%, we can also derive conditions on the
p-almost everywhere convergence of hypersingular integrals of the form (8.26).

Theorem 8.23. Let a and p be as in Theorem 8.21 and p € P°8(Q). Then the
hypersingular integral DC), with 0 < a_ < a(x) < 1, x € Q, of functions in
Ml’p(')(ﬂ) converges (-almost everywhere at all points x where

1a(x)pé\;) >N —n.

8.4 Comments to Chapter 8

Comments to Section 8.1

For the theory of hypersingular integrals, we refer to Samko [322] and Samko, Kilbas,
and Marichev [331], where historical references are also provided. Lemma 8.1 was proved
in Rafeiro and Samko [296].

Comments to Section 8.2

The presentation in Sections 7.7.2, 8.2.2, and 8.2.3-8.2.4 follows the papers of Samko
[320] and Almeida and Samko [14, 15].

Variable exponent Sobolev spaces were introduced in Kové4cik and Rdkosnik [213],
though they are particular cases of general Sobolev spaces based on Musielak—Orlicz
function spaces. We refer to studies of variable exponent Sobolev spaces in Fan, Shen,
and Zhao [87], Fan [85], and related papers of Fan [83, 86] and references therein.

The failure of denseness of smooth functions in variable exponent Sobolev spaces
for all variable exponents p € P was discovered in Zhikov [375]. The denseness for log-
continuous exponents was proved in Samko [320]. The proof of denseness of smooth func-
tions in variable exponent Sobolev spaces was also given in Zhikov [380]. For the denseness
in a more general case of weighted variable exponent spaces we refer to Surnachev [356]
and Zhikov and Surnachev [381]. Note that in Zhikov and Surnachev [381] weights not
necessarily requiring the boundedness of the maximal operator were admitted.

Holder spaces H ‘1<'>(Q) of variable order appeared in Karapetyants and Ginzburg
[147], Ross and Samko [303], where mapping properties of Riemann—Liouville fractional
integrals in such spaces were studied, see also Almeida and Samko [15], Ginzburg and
Karapetyants [106].

Embedding (8.10) was proved in Diening [61] (Corollary 5.3) in the case k = 1,
which in its turn generalizes a former result from Edmunds and Rékosnik [74] formulated
for Lipschitz continuous exponents. Embedding (8.10) was also proved in Fan, Shen, and
Zhao [87] with the assumption that p(-) is Lipschitz continuous and the cone condition
for Q holds.
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Comments to Section 8.3

Section 8.3 is based on the paper of Almeida and Samko [16].

For constant exponents p(-) = p, the spaces M"? defined by (8.16) were first
introduced in Hajlasz [116] as a generalization of the classical Sobolev spaces WP to
the general setting of the quasimetric measure spaces. If X = €2 is a bounded domain with
Lipschitz boundary (or Q = R™), endowed with the Euclidean distance and the Lebesgue
measure, then M'P(Q) coincides with WP (). Recall that the oscillation of a Sobolev
function may be estimated by the maximal function of its gradient. In other words, every
function f € WP(Q) satisfies (8.16) by taking .# (|V f|) as a generalized gradient (see,
for instance, Bojarski and Hajlasz [30], Hajtasz and Martio [118], Kinnunen and Martio
[168], for details and applications, and Almeida and Samko [14] where this property was
also discussed for variable exponents). Hajlasz—Sobolev spaces with variable exponent
have been considered in Harjulehto, Hasto, and Pere [126], Harjulehto, Hasto, and Latvala
[125]. In Harjulehto, Hésto, and Pere [126] it was shown that M P (R™) = WHPO(R™) if
the maximal operator is bounded in LP() (R™), which generalizes the result from Hajlasz
[116] for constant p.

For constant o = 3 the inequality (8.17) was proved in Hajlasz and Kinnunen [117,
Lem. 3.6], which in its turn generalizes Theorem 2.7 in DeVore and Sharpley [60], given
in the Euclidean setting.

Lemma 8.14 is an adaptation of Corollary 3.10 from Hajlasz and Kinnunen [117]
to variable exponents; the pointwise inequality (8.19) for variable exponents has been
discussed in the Euclidean case in Almeida and Samko [14, Prop. 3.3].

The statement of Theorem 8.17 was proved in Almeida and Samko [14] within
the frameworks of the Euclidean domains with Lipschitz boundary. Hélder functions
on metric measure spaces were considered, for instance, in Gatto [99], Gatto, Segovia,
and Vagi [102], Macfas and Segovia [234, 234] for constant orders A. For Holder spaces
of variable order A(z) in the general setting of quasimetric measure spaces we refer to
Samko, Samko, and Vakulov [312, 314] and Rafeiro and Samko [300]; in the last reference
Holder spaces were considered in the frameworks of Campanato spaces.

See also Ginzburg and Karapetyants [106], Karapetyants and Ginzburg [148], Kara-
petyants and Ginzburg [147], and Ross and Samko [303] in the one-dimensional Euclidean
case, and Vakulov [363, 364, 366, 365], Samko and Vakulov [311] in the case of functions
on the unit sphere S”~! in R™.

The symmetric definition (8.15) was suggested in Ross and Samko [303] (in the
one-dimensional case).

Variable-order hypersingular integrals were studied in Samko [316]. Hypersingular
integrals of constant order on quasimetric measure spaces were considered in Gatto [99]
and Gatto, Segovia, and Vagi [102] within the frameworks of Lipschitz (Holder) function
spaces.

Theorem 8.18 in the Euclidean case was proved in Almeida and Samko [14].

We refer also to a recent paper Gaczkoswki and Gorka [94] for further results on
variable Hajlasz—Sobolev spaces on compact metric spaces.



Chapter 9

More on Compactness

In this chapter we present in Section 9.1 two general compactness results conve-
nient for applications. One is the so-called dominated compactness theorem for
integral operators. We give it in a general context of Banach Function Spaces
(BFS) in the well-known sense (see Bennett and Sharpley [27])and recall that
LPO)(Q) is a BFS, as verified in Edmunds, Lang, and Nekvinda [75].

The other compactness result is a consequence of the general unilateral com-
pactness under interpolation theorems of 7??(Krasnosel’skii theorem).

We conclude this chapter by an application of the above, in Section 9.2, to
compactness of convolution type operators with coefficients weakly vanishing at
infinity.

9.1 Two General Results on Compactness of Operators

9.1.1 Dominated Compactness Theorem

For classical Lebesgue spaces LP(Q), || < oo with a constant p € (1,00) one
has a compactness that goes back to Krasnosel’skii, see Krasnosel’skii, Zabreiko,
Pustyl’nik, and Sobolevskii [215]. It states that the compactness in L? of an integral
operator with a positive kernel yields that of the operator with a smaller kernel. In
the following theorem we present, following Rafeiro and Samko [297], an extension
of such a property to the general setting of BFS, from which the statement for
variable exponent spaces follows as a corollary.

Preliminaries on Banach Function Spaces

Let (£2, 1) be a measure space and M(, ) the space of measurable functions
on ).

Definition 9.1 (Bennett and Sharpley [27]). A normed linear space
X = (X[ lx) = (X(2, 1), [ - [1x)
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of functions f : @ — R! is called a Banach function space (BFS) if the following
conditions are satisfied:

(A1)  the norm || f]|x (0 < ||f]|x < o0) is defined for all f € M(Q, u);

(A2) ||fllx =0 if and only if f(z) =0 p-a.e. on Q;

(A3)  [[flx = lllf[llx for all f € X;

(A4) if B C Q with u(E) < oo, then ||xgllx < oo;

(A5) if fr € M(Q, 1) and 0 < fp T f p-ae. on &, then || fullx T [|.f]x;

(A6)

(strong Fatou property) given E C Q with u(F) < oo, there exists a
positive constant Cg such that [, |f(z)|du(z) < Cgllf|x.

In what follows, it will be always assumed that p(€2) < co. The property of
BFS given in Lemma 9.2 is known, see Bennett and Sharpley [27, pp. 4 and 6].

Lemma 9.2. Let X be a BFS with () < oo. Then strong convergence implies
convergence in measure.

Definition 9.3. We say that a function f € X possesses absolutely continuous norm,
if lim,(py—o [[Pp f]| = 0, where

Ppf(z) = { (Ji(x)’ i;gf

By X® we denote the set of all f € X which have absolutely continuous norm.
If X* = X, then we say that the space X has absolutely continuous norm.

Lemma 9.4 (Bennett and Sharpley [27, p. 16]). The set X* is a closed subspace
of X.

Definition 9.5 (Bennett and Sharpley [27]). We define the associate space X' of a
Banach function space X as the set of all measurable functions g € M(, ) such
that the norm

lgllx = sup{ /Q [fgldu: £ €X[[fllx < 1} < 0.

Lemma 9.6 (Bennett and Sharpley [27]). The dual Banach space X* of a Banach
function space X is isometrically isomorphic to the associate space X' if and only
if X* =X.

Definition 9.7. A family X of functions in the space X is said to have equi-absolutely

continuous norms, if for any e > 0 there exists §(¢) > 0 such that p(D) < §(e)
implies || Ppfljx < ¢ for all f € X.

Definition 9.8. A bounded linear operator T : X — Y is compact in measure if the
image {Tu,} of any bounded sequence {u,} of X contains a Cauchy subsequence
with respect to measure, i.e., if ||u,||x < C, then there exists a subsequence {u,, }
such that Ve > 0,V3 > 0, there exists an N (e, §) such that py ({s € Q@ [Tun, (s) —
T, (s)| >e}) <& forall ng,mg > N(e,06).
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The following theorem is a kind of version of the known statements from Lux-
emburg and Zaanen [232] and Krasnosel’skii, Zabreiko, Pustyl’nik, and Sobolevskii
[216], see also Bennett and Sharpley [27, p. 311]; the proof of the presented version
may be found in Rafeiro and Samko [297].

Theorem 9.9. Let X and Y be Banach function spaces and T a bounded linear
operator from Y into X*. T is compact if and only if it is compact in measure and
the set {Tf : ||flly <1} has equi-absolutely continuous norms.

Theorem 9.10. Let X and Y be Banach function spaces and T be a bounded linear
operator acting from Y to X*. T is compact if and only if it is compact in measure
and

lim HPDTHYHX =0. (91)

w(D)—0

Proof. “If” part. By (9.1), the range of the operator T' on each ball has equi-
absolutely continuous norms. Then the result follows from Theorem 9.9. “Only
if” part. By Theorem 9.9, T' is compact in measure. Suppose, to the contrary, that
(9.1) is not valid. Then there exist a sequence {f,} of functions with || f,[|y <1
and a sequence of sets D,, with measure converging to zero as n — oo, such that
IPp, T fnllx = €0 > 0, ¥n € N, which contradicts the equi-absolutely continuity of
the norms of the elements {T'f : || f|ly < 1}. O

Regular Integral Operators and Dominated Compactness Theorem in BFS

We consider linear integral operators

Kf(x) = / K (2, y) (o) duy),
Q

where it is always assumed that the kernel K(z,y) is measurable and integrable
in y on  for almost all x € €. In the sequel in this section we follow some ideas
from the book Krasnosel’skii, Zabreiko, Pustyl’nik, and Sobolevskii [216].

Definition 9.11. An operator K acting from a space X into a Banach function
space Y is called a regular linear integral operator from X to Y, if the operator |K|
defined by

K|f(z) = / K, 9)| () dia(y)
Q

is bounded from X to VY.

Definition 9.12. Let ¥ be a linear subspace of the space X*. A sequence {z,,} € X
is called W-weakly convergent, if, for each ¢ € ¥, the sequence {¢)(z,)} converges.

Lemma 9.13. Let U be a linear subspace of X*. If U is separable, then X is V-weakly
compact.
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Proof. We wish to prove that given { f,,} with || f,|| < 1, there exists a subsequence
{fn,} such that {¢(f,,)} is a Cauchy sequence, where 1 € ¥. Such a subsequence
may be constructed inductively, exploiting the fact that ¥ is separable, so that it
has a countable dense set

(b:{90179027g037"'7¢n7"'}'

First, we note that given a linear functional ¢ € X* and a sequence {f,} in the
unit ball of X, there exists a subsequence { f,,, } such that {1(f,,)} is convergent.
(Just note that {¢(f,,)} is a bounded set of R! and use the Bolzano-Weierstrass
theorem). Then from { f,, } we can extract {f;}} such that {¢(f!)} converges. From
{f}} we extract a subsequence {f2} such that {¢2(f2)} converges and similarly,
we can find {f*}, a subsequence of {f*~1}, such that {¢.(f¥)} converges, ad
infinitum; by the Cantor diagonal process we choose the subsequence {s¢,}, i.e.,
{5e,} = {f'}. Note that, for any ¢ € ®, {¢K(s¢,)} is convergent.

Finally, given € > 0 choose from ® an appropriate ¢y such that ||¢) — on|| <
/3, and an appropriate M such that n, m > M implies |¢n (56,) — N (22m)| < €/3.
Then we have: [()(56,) — 9 (3am)| < [¥(0m) = o (50| + N () — on (56m)| +
o (3em) — Y (3em)| < 2[¢ — N[l + /3 <e. O

Corollary 9.14. The space L°°(Q, 1) is L'-weakly compact.

Proof. Indeed, it suffices to note that L'(£2, ), a subspace of (L>)*(Q,u), is
separable. O

Theorem 9.15. Any reqular linear integral operator K acting from L into a space
X? is compact.

Proof. Let u(x) = / |K(z,y)|dp(y). Then u € X?, since K acts from L into X*.

Q
Therefore, |K|f(z) < u(x)]| ]| for all f € L. By the properties of the norm, we
obtain || PpK]| pe—x < || Ppul|x, thus proving that

| PpK]| px = 0. (9.2)

lim
n(D)—0
For almost all z € Q, the map f — F,(f) = [K(z,y)f(y)du(y) is a con-
Q

tinuous linear functional on L™ for those x for which w(z) is finite. Since L™ is
L'-weakly compact by Corollary 9.14, from each bounded sequence {f,} in L*®
one can extract a subsequence {f,, } such that F,(f,,) converges for almost all
x € Q, ie., the sequence of numbers Kf,, () converges, which implies that K
transforms each ball in L* into a set of functions compact in measure. By (9.2)
and the compactness in measure, the result follows from Theorem 9.10. O

Theorem 9.16. Suppose X = X*. Then any regular linear integral operator K acting
from a space X into Ly is compact.
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Proof. By the Schauder theorem on the compactness of the dual operator, see for
instance Yosida [374], the required compactness is equivalent to the compactness
of the operator K* from L to X* = X'. According to Theorem 9.15, it suffices to
check that the operator K* acts boundedly from L* to (X')®. The latter holds if
the operator K is bounded from [(X")2]* to L', which in turn is guaranteed by the
assumption of the theorem, since it is known that [(X")?]* = (X’)’, see Bennett and
Sharpley [27, p. 23, Cor. 4.2], and X" = X, see Bennett and Sharpley [27, p. 10,
Thm. 2.7]. O

Theorem 9.17. Let X = X®. Any reqular linear integral operator K acting from a
space X into a space Y? is compact in measure.

Proof. This follows from the fact that K acts from X% into L'. Then by Theorem
9.16, the operator is compact and therefore, it is compact in measure. O

Let
Kof(z) = / Ko, 9)f(0)du(y).  Ko(z,y) > 0.

In the case
IK(z,y)| < Ko(z,y), (z,y) €QxQ, (9.3)

we say that the operator Ky is a majorant of the operator K.

Theorem 9.18. Let X = X*. Let condition (9.3) be fulfilled and suppose that the
operator Ko acts from a space X into a space Y* and is compact. Then K is also
a compact operator acting from X into Y?.

Proof. We have

lim ||PDK||X~>Y: lim sup HPDKfHY
u(D)=0 #D)=0 | fllx<1

< lim  sup [|[PpKo(|fD]ly £ lim
M(D>—>0|\f\|x<1” il L

| PpKol[x—y = 0.
Then the operator K is compact in measure by Theorem 9.17. Therefore, its
compactness follows from Theorem 9.10. O

Corollary 9.19. The statement of Theorem 9.18 is wvalid for the function space
X = LrO)(Q, 0), if p is a bounded exponent with p— > 1 and

lellpey < o0, lle™ Iy < oo (9-4)

Proof. Tt suffices to note that conditions (9.4) are equivalent to the embeddings
L=(Q) c LPO)(Q, o) C LY() under which LP()(Q, o) is a BFS, while condition
1 < p_ < pg < oo ensures that the dual and associate spaces coincide, see Bennett
and Sharpley [27, Thm. 2.5], and thereby this space has an absolutely continuous
norm. ([l
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9.1.2 Compactness under Interpolation Theorem

For the spaces LP()(Q) with the interpolation spaces realized directly as LP¢() (),
pe%x) = m‘?w) + plrzzf), 0 € (0,1), the following unilateral interpolation of the prop-
erty of compactness is valid. We omit its proof, which may be found in Rabinovich

and Samko [292], where it was derived from results of Persson [279].

Theorem 9.20. Let @ C R"™ be an open set and let the variable exponents p; : 8 —
[1,00), 7 =1,2, satisfy the condition

1<p_<p(x)<py <oo, z€Q.

Let a linear operator A defined on LP*C)(Q) U LP2()(Q) be bounded in the spaces
LPiC)(Q),5 = 1,2. If it is compact in the space LP*)(Q), then it is also compact
in every space LPC)(Q), where

1 0 1-0
p@ p@) @y 0O

In applications it is convenient to use the following statement.

Theorem 9.21. Let Q C R™ and let there be given a function p: Q — [1,00), p(x)
such that 1 < p— < p(z) € py < 00, and a number py € (1,00), if p— > 1, and
po =1, if p- = 1. There exists function q : Q — [1,00) with the similar property
1 <q <qlx) <qp < oo and a number 0 € [0,1) such that LPC)(Q) is an
intermediate space between LP° (Q) and L’I(')(Q) corresponding to the interpolation
parameter 0. Moreover, q(x) may be chosen so that q— > 1 when p_ > 1.

Proof. The interpolating equality p(ll_) = pi + ;(_Jg gives the expression for ¢:
_ po(1—0)p(x)
po — Op(x)

q(x)

)

so that we have only to take care about the choice of 8 € (0,1) so that the
conditions ¢_ > 1 and ¢4 < oo are fulfilled. This gives the restriction

/
0c(0,00), 0o min{l, Po Do }

/

b+ P_

(with 5,0 interpreted as 1 in the case pg = p_ = 1), which is always possible. [

The importance for applications of the above statement, combined with the
compactness interpolation theorem, is obvious: it suffices to know that an operator
is compact in LP° to conclude that if it is bounded in variable exponent spaces, it
is also compact in such spaces.
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9.1.3 Compactness of an Integral Operator with Integrable
Almost Decreasing Radial Dominant Majorant of the
Kernel in the Case |2| < oo

In this section we study the compactness of integral operators

Kf(r) = / K(z,9)f(y) dy, (9.5)
Q

over an open set ) of a bounded measure, |Q] < oo, whose kernel K(z,y) is
dominated by a difference kernel, i.e.,

(K (2, y)| < A(lz = yl). (9.6)
)

It is well known that in the case p(x) = p = const, operators of the form

Kf(z)= [ k(z —y)f(y) dy
/

over a set Q with || < co are compact in LP(Q2),1 < p < oo, for any integrable
kernel k(z) (this follows from the simple fact that a kernel k € L'(2) can be
approximated in L'-norm by bounded kernels).

In the case of variable p(x) this is no longer valid for arbitrary integrable
kernels; convolutions with such kernels are even unbounded in general. However,
one may ask whether the compactness still holds in the situation where Stein’s
pointwise estimate

(K f(2)] < Al M f (),
of type (1.17) holds.

The requirement for A to be decreasing may be slightly weakened to almost
decreasing. The constant
t
C¢ = sup f(ty)

ta>t, [ (t2)
is sometimes called the coefficient of almost decrease of f.

In the sequel, when saying that the kernel k(z) has a radial integrable almost
decreasing majorant A, we mean that |k(z)| < A(|z|), where A(|z|) € L*(R™) and
A(r) is an almost decreasing function

The results on compactness in weighted variable exponent spaces we prove

in Section 9.1.3 are based on obtaining a version of Stein’s estimate, see Lemma
9.23.

Non-weighted Case

In the non-weighted case, the following compactness theorem for integral operators
(9.5) is an immediate consequence of the interpolation Theorems 9.20 and 9.21.
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Theorem 9.22. Let || < 00,1 < p— < py < oo. An integral operator of form
(9.5) with radial decreasing integrable majorant A(|x|) of its kernel is compact in
the space L”(')(Q), if the maximal operator is bounded in this space.

In the next subsection we use another approach, not based on the interpola-
tion theorem, which allows us to cover the weighted case, at the least for a certain
class of integral operators.

Weighted Case

We assume that the majorant A in (9.6) is integrable:

/ A(|z|) de < 0o, R =2diam €,
B(0,R)

and almost decreasing.
We split the operator K in the standard way:

Kf(r) = / K(z,9)(y) dy + / K(z,9)f(y) dy

le—y|<e lz—y|>e (9.7)

The following lemma is crucial for our purposes. In this lemma, in particular,
we give a new proof of the pointwise Stein estimate |K f(z)| < || A|l1.# f(z) known
in this form for radially decreasing majorants .A.

Lemma 9.23. Let (9.6) be satisfied and let A be almost decreasing. Then the point-
wise estimate

Ko f(z)] < ale)Af(x), ze,
holds, where
a(e) = (CQ)* / A(lz])dz — 0 as € =0 (9.8)
B(0,¢)
and C 4 s the coefficient of the almost decrease of the function A. In the case
Q =R" we also have

[Kf(@)] < (Ca)|Alh# f(z), =eR™ (9.9)

Proof. To prove (1.44), we use the decomposition

o0

K f@) <Y / Az = )£ ()] dy

k:[))\*k*15<|y—x|<)\*ke
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with an arbitrary A > 1. Then after standard estimations we obtain (1.44) with
Sn— 1
‘ S Z A keym. (9.10)

To arrive at (9.8), we estimate the integral [ A(|y|) dy as follows:
B(0,¢)

/ Ay =3 [ Al

k=0 - k=le<|yl<A—Fe

> ANTFT / d
= kZ:O ( €) y

A—k—le<|y|<A—Fke

which after easy calculations yields

- 1 ‘Sn 1‘ - n n
A(lyl) dy = > ZA ke — A(e)e™ | .
B(0,e) k=0

Then by (9.10)

o) < (€ (1) [ At

B(0,¢)

Since the left-hand side of (1.44) does not depend on A > 1, we may pass to the
limit as A — oo, which yields the validity of (1.44)—(9.9). O

Observe that the kernel of the operator T in the representation (9.7) is a
bounded function for each € > 0. Therefore, from Lemma 9.23 we immediately
arrive at the following statement.

Theorem 9.24. An integral operator with radial almost decreasing integrable dom-
inant A(|z|) of its kernel is compact in a Banach function space X = X () with
1] < o0, if

1. the maximal operator is bounded in X ;

2. integral operators with bounded kernel are compact in X.

In the case where X is a Banach function space with absolutely continuous norm,
assumption 2 may be omitted.

Proof. The compactness of the operator K under the assumptions 1 and 2 is
obvious in view of representation (9.7) and estimate (1.44). The fact that one can
drop assumption 2 follows from Theorem 9.18, since the integral operator with
constant kernel is one-dimensional and consequently compact in every Banach
function space. O
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Corollary 9.25. Let |Q] < 00,1 < p— < py < 0o and the weight o satisfy condition
(9.4). An integral operator with radial almost decreasing integrable majorant A(|z|)
of its kernel is compact in the space L”(')(Q7 0), if the maximal operator is bounded
in this space.

Proof. Tt suffices to note that LP()(Q, o) is a Banach function space with absolute
norm, under the conditions (9.4). O

9.2 The Case 2 = R": Compactness of
Convolution-type Operators with
Coefficients Vanishing at Infinity

Definition 9.26. A function a(z) € L (R™) is said to belong to the class By"? (R™), if

lim sup |a(z)] = 0.
N=oo|g>N

The following statement is known (see Karapetyants and Samko [151, p. 39]
and references therein) and is of importance in application to the Fredholmness
theory of convolution type equations, see Karapetyants and Samko [151, Sec. 3].

Theorem 9.27. An operator of the form

(Tf)(x) = a(x) / k(e — y)b(y)f(y) dy, =€ R™, (9.11)

where k € L*(R™) and a,b € L>®(R"™), is compact in LP(R"), 1 < p < oo, when
either a € By or b € By'™.

Then from Theorems 9.27 and 9.20-9.21 we derive at the following statement.

Theorem 9.28. Let the kernel k(z) have a radial integrable almost decreasing ma-
jorant, and let a,b € L (R™). Under the condition 1 < p_ < p4 < oo, operators
T of the form (9.11) are compact in the space LPC)(R™), if

i) the mazimal operator 4 is bounded in the space L) (R™) with any q(-) such

that q(lm) = p(’\m) — ¢, where X € (1,00),c € (0,00) and ;\ >p_,

ii) whenever one of the conditions a € By"™ or b € By is satisfied.
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9.3 Comments to Chapter 9

Comments to Section 9.1

In Section 9.1 we follow the papers of Samko [325] and Rafeiro and Samko [297].

The fact that one can unilaterally interpolate the compactness property of operators
in LP-spaces, presented in Theorem 9.20 for variable exponents p = p(x), in the case of
constant p goes back to the original paper of Krasnosel’skii [214], see also the book by
Krasnosel’skii, Zabreiko, Pustyl’nik, and Sobolevskii [216]. After Krasnosel’skii [214] an
extension to the case of general Banach space setting was a matter of study in a series
of papers, we refer for instance to Cobos, Kiihn, and Schonbek [45], Hayakawa [130],
Lions and Peetre [226], and Persson [279], where such an extension was made under
some hypotheses on the space, which were finally removed in Cwikel [56].

For the dominated compactness theorem in the case of constant p we refer to the
book by Krasnosel’skii, Zabreiko, Pustyl’nik, and Sobolevskii [216].

Comments to Section 9.2

In Section 9.2 we follow the paper Samko [325]. For constant p, Theorem 9.27 can be
found in Karapetyants and Samko [151, p. 39], see also Karapetyants and Samko [151]
for historical references concerning such compactness statements.



Chapter 10

Applications to Singular
Integral Equations

We give an application of the weighted results obtained in Theorem 2.45 with
power weights to the theory of Fredholm solvability of singular integral equations
(10.1) with piecewise continuous coefficients. As is well known to researches in
this field, to investigate such equations in a specific function space, it is important
to know precise necessary and sufficient conditions for a weighted singular oper-
ator to be bounded in that space. Once such conditions are available, to obtain
the criterion of Fredholmness, one can follow the known scheme of investigation
of singular integral operators in already studied situations, for example in the
spaces LP(T"), p = const. This scheme may be rewritten in terms of an arbitrary
Banach space of functions defined on I'; subject to some natural axioms. We do
this in Section 10.1.3. As a model of the scheme to follow, we use the Gakhov—
Muskhelishvili-Khvedelidze—Gohberg—Krupnik scheme of investigation of singular
operators with piece-wise continuous coefficients.

At the next step we pass to more general operators, including pseudodif-
ferential operators (PDO). We start with a generalization of our previous results
on the boundedness of singular integral type operators in the spaces L”(')(R”, w)
with power type weight w, to a more general class of operators, from which in
Section 10.2.4 we derive the boundedness of PDO of Hérmander class SY ; in such
spaces. This enables us to study Fredholm properties of PDO of the Hérmander
class OPSTY), and also obtain an information about their essential spectra.

After that, in Section 10.3 we return to singular integral equations, this time
on composed Carleson curves oscillating near nodes, via Mellin PDO, and describe
their Fredholm theory.
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10.1 Singular Integral Equations with Piecewise
Continuous Coefficients

For singular integral equations with piecewise continuous coefficients we prove a
Fredholmness criterion and an index formula in the spaces LP()(T) on a finite
closed Carleson curves I' without whirling points. The obtained criterion shows
that Fredholmness in this space and the index depend on values of the function
p(t) at the discontinuity points of the coefficients of the operator, but not on the
values of p(t) at points of their continuity.

10.1.1 Introduction

The singular integral operators under consideration have the form

t d
Ap(t) : = u(t)p(t) + °O / PIVAT gy e (10.1)
T T—1
r
or in short
A=aPy +bP_, a=u+v, b=u—wv,

where Py = ; (I£S) are the projectors, generated by the singular integral operator

Se(t) = 1 /Lp(T) dT.

i T—1
r
The coefficients u and v are assumed to be piecewise continuous and I' is a finite
closed curve in the complex plane.

The main statement on Fredholmness of the operator A is given in Theorem
10.4, where the curve I' is assumed to be a Carleson curve without whirling points.
In fact, we prove a more general statement on Fredholmness of the operator A
in an abstract Banach space of functions on I', satisfying some natural axioms.
This statement, as already mentioned above, appears as a result of an abstract
Banach space reformulation of the Gohberg—Krupnik scheme of investigation of
singular operators with piecewise continuous coefficients. For the completeness
of the presentation and the reader’s convenience we give this reformulation with
proofs in Section 10.1.3.

The theorem on Fredholmness of the operator A in the spaces LP()(T) is
obtained as a corollary to that abstract Banach space scheme, see Section 10.1.4.

By I' we denote a finite closed rectifiable Jordan curve on the complex plane;
¢ is its length, DT denotes the interior of the curve I' and D~ its exterior.

Recall that the space LP()(T") on a rectifiable simple curve I is defined in the
usual way via the modular (2.4). We always assume that

1<p_<p(t) <py <oo, tel. (10.2)
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We shall deal with weighted spaces LP()(T, o) = {f cof € LT’(‘)(F)}.

Theorem 10.1. Let I be a finite Jordan curve and o a weight. The set C*°(T")
(and even the set of rational functions on T) is dense in LPC)(T, o) under the
assumptions that 1 < p(t) < py < oo, te Tl and [o(t)P®) € LY(I).

We do not dwell details of the proof, but recall that approximability upon
nice functions was already stated in the Euclidean case in Theorem 2.3. As regards
the possibility to approximate by rational functions, it suffices to refer to the
known fact that any function f € C(T") can be approximated in C(I") by rational
functions, on any Jordan curve I' (Mergelyan’s Theorem, see for instance, Gaier
[95, p. 169]).

In this section we will work with the weights

m
o(t) = I It — tl®
k=1

where tp, €', k=1,2,...,m.

10.1.2 Statement of the Main Result for the Spaces LP()(T)

By PC(I') we denote the class of piecewise continuous functions on I' with a finite
number of jumps and by Ind x A the index of the Fredholm operator A in a Banach
space X.

Let a(t) € PC(T') and let ¢1,tq,...,tmy be the points of discontinuity of a(t).

Definition 10.2. Following the well-known definition for the case of constant p
(Gohberg and Krupnik [109, p. 63]), we say that a function a(t) € PC(T) is
p(+)-non-singular, if

inf |a(t)| > 0

ter

and at all the points of discontinuity of a(t) the following condition is satisfied:

CL(tk - O) 2w

e Lty +0) 7 ()

( mod 27), k=12,...,m.

For a non-vanishing function a(t) € PC(I") we denote

tre41—0

! d arg a(t). (10.3)

2w
tr+0

0(tr) =

Definition 10.3. Let a(t) € PC(T") be a p(-)-non-singular function. The integer

n

. 1 a(tka)
d,. = O(tr) —
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a(t,—0)

a(tr10) AT€ chosen in the interval

where the values of 217r arg

1 1 aty—0) 1

< arg < s
p/(tk> 2 a(ty + 0) p(tk)

is called the p(-)-indez of the function a.

It is known that ind,,(.) a is the same as the Gohberg—Krupnik p-index defined
as the winding number of the curve, obtained from the image a(I') of the curve T’
by supplementing it at its discontinuities by the corresponding circular arcs in the
well-known way, but with the difference that now the angle of the arc is defined
by the exponent p(tx) varying from one discontinuity point to another. We refer
to Gohberg and Krupnik [109, pp. 63-64], for the notion of p-index in the case
where p is constant; to see that the two numbers coincide, use for instance Lemma
2.7 from Karapetyants and Samko [151].

Theorem 10.4. Let I' be a closed Carleson curve, p € P'°8(T"), and a,b € PO(T)
with the jump points of a and b not coinciding with whirling points of T'. The
operator A = aPy + bP_ is Fredholm in the space LPC ( ) if and only if

inf la(t)| # 0, inf [b(t)] # 0

and the function b(( )) p(+)-non-singular. Under these conditions,

IndLP(,) A= —ind,,) Z

Theorem 10.4 is proved in Section 10.1.4 as a corollary of a more general
statement.

From Theorem 10.4 it follows that the essential spectrum of the operator
aP, + P_ with a € PC(T) in the space LPO)(T') (the set of points \ in the
complex plane for which the operator AI —(aP; + P_) is not Fredholm) is described
similarly to the case of constant p, as the union of the image a(I") and the circular
arcs Vp(4,)(a(tr —0),a(ty 4 0)), connecting the points a(tx —0) and a(t +0) and
with the angle (Qt ) depending on the point ¢.

Remark 10.5. The restriction that the coefficients have no jumps at whirling points
imposed in Theorem 10.4 and also in Theorem 10.11 is essential in this scheme
since for power weights we use the equivalence |(t — t—)%)| ~ [t — to|®°¢, which
does not hold when tg is a whirling point and Ima # 0.

10.1.3 Singular Integral Operators in Banach Function Spaces X(T")

The theory of singular integral equations with is well known, for example, in the
Lebesgue weighted spaces LP (T, o) and in 7?7 The Fredholm solvability properties of
singular equations in the case of PC(T')-coeflicients and, for instance, on Lyapunov
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curves, well known for the space LP(T") with constant p (see for example Gohberg
and Krupnik [109]) and some other spaces of integrable functions, do not depend
much on the choice of the function space.

In this subsection we show in explicit form what properties of a given function
space X (I') guarantee that the result on Fredholmness may be formulated in terms
similar to those used in Theorem 10.4, i.e., in terms of X-non-singular functions
and X-index, appropriately defined.

Observe that the idea of taking the bounds for the weight functions (used in
Axioms 1 and 2) as the base for formulating The Fredholmness criterion is well
known in the theory of singular integral operators, see Spitkovsky [349], Bottcher
and Karlovich [33], Bottcher and Karlovich [32, Chap. 2], and Karlovich [152].
In the context of Carleson curves and general weights this idea led to the notion
of the so-called indicator set of the space at the point to € I', see Bottcher and
Karlovich [32, p. 72]. We show that it is possible to axiomatize this idea so that
the Gohberg—Krupnik approach, known for LP(T', p)-spaces on Lyapunov curves,
may be made to work for an arbitrary Banach function space under two natural
axioms.

Banach Function Spaces, Suitable for Singular Integral Operators

Let X = X(I') be any Banach space of functions on a closed simple Jordan recti-
fiable curve I' satisfying the following assumptions

C(T) c X(I') c L1 (1), (10.4)

for any a € L=(T), [la fllx < |lalloo - || f]|x for all F € X(T), (10.5)
the operator S is bounded in X (T'), (10.6)

C*>°(I) is dense in X (T). (10.7)

Assumptions (10.4)—(10.7) will be used to formulate the statement on Fred-
holmness in the case of continuous coefficients. For the case of piecewise coefficients
we shall also need the following Axioms 1 and 2.

AXIOM 1. For the space X (T') there exist two functions « and (B, with values
0<a(t)<l, 0<fB(t) <1, foralteTl, such that the operator

It — to| TS|t —to| Y, g €T,
is bounded in the space X (T') for all y(to) such that
—a(to) <(to) <1—B(to)

and is unbounded in X (') if ~(to) ¢ (—a(to),1 — B(to))-
The functions «(t) and 3(t) will be called index functions of the space X (T).
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In the case X(I') = LPCI(T, 0) = {f : |t — to|*f(t) € LPO)(T)} we have

1 12 t= to
pr— f— ’ ’ 1 .
o) =50 = o+ { b I (10)
which follows from Theorem 2.45.

Let X(T,t—to|”)={f: |t —to]"f(t) € X(I)}.

AXIOM 2. For anyy < 1—f(to) one has the embedding X (U, |t —to|7) C LY(T")
and C*(T") is dense in X (T, |t — to|?), for any to € T.

Lemma 10.6. Let X (T') satisfy conditions (10.4)—(10.5) and t1,t2,...,t, € T.
Then

ﬁ It — x| € X (D) (10.9)
k=1

forall vik > —ay, k=1,2,...,m.

Proof. Let first m = 1. If 41 > 0, the inclusion (10.9) is obvious because of the
embedding C(I") € X(I"). Let 71 < 0. Since 1 € X(I'), from Axiom 1 it follows that
[t —t1 | S (|7 —t1]77) (t) € X(T). As —y1 =0, S (|7 — t1]7") (¢) is a continuous
function non-vanishing at the point y = ¢, as is known. Then |t — t;|"* € X(T),
thanks to property (10.5).
The case m > 1 reduces to the case m = 1 by unsing a partition of unity on
I 1=5" w(t), with w;(t) € C°(T") and w;(t) = 0 in a small neighbourhood of
j=1
the point ¢;. Then
[T =t =D 1t —t1a;(0) (10.10)

k=1 j=1

with a;(t) € Coo(T'), so that [] |t — tx|"* € X in view of the case n = 1 and
k=1
(10.5). O
Let now

m

XT,0)={f:0)f(t) e XM}, o) =[] lt—tel™, t1,... tm €T. (10.11)
k=1

Lemma 10.7. Let X (') be a Banach function space satisfying conditions (10.4)—-
(10.5) and Azioms 1 and 2. Then the space X (T, p) satisfies conditions (10.4)-
(10.5) as well, provided that

7Oé(tk)<’yk<176(tk), k=1,...,m.
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Proof. To verify properties (10.4)—(10.5) for the space X (T, o), we observe that o-
C(T") ¢ X(I') by Lemma 10.6, which means that C'(I') C X(T", p). The embedding
X (T, 0) € LY(T) is easily derived from Axiom 2 (use a partition of unity).
Property (10.5) for X (T, o) obviously follows from its validity for X (T"). Prop-
erty (10.6) is in fact postulated in Axiom 1, the passage from the single weight
|t — ti|"* to the weight o(t) in (10.11) being justified by the standard use of
a partition of unity, as in (10.10). Finally, property (10.5) is also in fact pos-
tulated in Axiom 1, since the space X (I, g) is the algebraic sum of the spaces
X(T, |t —te]™),k=1,2,...,m. O

X -Non-Singular Functions and X-Index of a PC-Function

Here we present an abstract Banach space reformulation of the notions of p-non-
singularity and p-index Gohberg and Krupnik [109]. A development of these no-
tions in the context of Carleson curves, related to the notion of the indicator
set, may be found in Béttcher and Karlovich [32, Prop. 7.3 and Thm. 7.4]. For a
function a € PC(I") we put, as usual,

1 (t—0)
alt) = 2mi In a(t +0)
and
w(t) = TJ(t = 201 (10.12)
k=1

where zg € DT, t are the points of discontinuity of a, and wy(z) = (z — zo)z(t"“)

are univalent analytic functions in the complex plane with a cut from z to infinity
passing through the point ¢ € I'. The function

_a(t)
@) = o) (10.13)

is continuous on I' independently of the choice of

. 1 CL(tk — 0)
Rea(ty) = o 8 oty +0)°

Following Definitions 10.2 and 10.3, we introduce the following notions.
Definition 10.8. Let X (I") be a Banach function space satisfying Axiom 1. A
function a € PC(T) is called X -non-singular if in1£ la(t)| > 0 and

te
1 a(tk — 0)
arg
2 a(ty +0)

where [---]+7Z stands for the set of |J {&,€+1,6+2,...}, and «a(t) and B(t)
are the index functions of the space X.

¢ [a(ty), B(tr)] +Z
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Definition 10.9. Let X (') satisfy Axiom 1 and a € PC(T") be X-non-singular. The

integer
m

indy a = Z [0(tr) — Rea(tr)],
k=1

where 6(t;) are the increments (10.3) and Rea(¢x) are chosen in the interval
Btk) —1 < Rea(tr) < altr), (10.14)

will be referred to as X-index of the function a.

Theorem 10.10. Let X (T') be any Banach function space satisfying assumptions
(10.4)—(10.7). The operator A = aPy + bP_ with a,b € C(T') is Fredholm in the
space X if and only if a(t) # 0,b(t) # 0 for all t € T'. In this case Indx A = indx

(b/a) =: .

Proof. The proof is completely standard and follows the well-known arguments,
but we sketch the proofs for completeness.

1st step (compactness of the commutators aS — Sal, a € C(T') in X(T')). It is
known that any function a(t) continuous on I' can be approximated in C(T") by a
rational function r(t), see the reference after Theorem 10.1. Therefore, since the
singular integral operator S is bounded in X (I") by assumption (10.6), we deduce
that the commutator a5 — Sal is approximated in the operator norm in X by
the commutator S — Srl, which is finite-dimensional operator, and consequently
compact in X (T'). Therefore, aS — Sal is compact.

2nd step (sufficiency). By compactness of the commutators, we have that (a Py +
bP_)(bPy + aP-) = ab I + T, where T is a compact operator, so the operator
aPy + bP_ has a regularizer. Consequently, it is Fredholm.

3rd step (the operator A,, = P, +1*P_). Let 0 € D*. The operator A,, is right
invertible in X (T'), if 5 > 0, and left invertible if 5c < 0 and has the deficiency
numbers ax(A,.) = > and Bx(A4,.) =01if > > 0 and ax(A4,.) =0 and SBx(4,.) =
|| if 52 < 0. Indeed, the operator A,, is Fredholm in X (T') by the sufficiency part
(the previous step). The one-sided invertibility follows from the relations

A A, =1, if x>0, A_LA, =1, if %<0

well known on spaces of “nice” functions and valid on X (T") by (10.6)—(10.7). To
obtain the information on the deficiency numbers in the space X (I"), we observe
that HNT) c C(T') ¢ X(T) by (10.4) and that ays(A4,.) = 3 in case ¢ > 0
(Muskhelishvili [266]). Therefore, ax (A,.) > ». Since X(I") C L1(T"), we also have
ax(A,.) < ». The case 3 < 0 is treated similarly.

4th step (the operator N = (t — A\)Py + P_). The operator N is invertible in
X(T), if A € D7, and is Fredholm with Indx N = —1, if A € D*. Indeed, the
invertibility in the case when A € D~ is checked directly: NN = NN; = I, where
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N1 = ', Py + P_, thanks to the conditions (10.6)—(10.7). The case when A € D
follows from the 3rd step, (t — A\)Py + P = (t = X) [Py + (t = A\)7'P_].

5th step (necessity). Suppose that a(tyg) = 0 for some to € T and the operator A is
Fredholm. By the compactness of the commutators aS — Sal (1st step), we have
the relations

aPy +bP_ = (Py +bP_)(aPy + P_)+ Ty = (aPy + P_)(Py +bP_) + T3,

where T} and Ty are compact operators in X (I'). So aPy + P_ is Fredholm and
a(to) = 0. We can approximate the function a in C'(I") by rational functions a. such
that ac(tg) = 0. Then the operators a. Py + P— with € small enough are Fredholm.
To arrive at a contradiction, we follow Gohberg and Krupnik [108, p. 174], and
represent a. as ac(t) = (t — tg)s(t). Then

acPy + P_ = (sPy + P_)[(t —to)Py + P_] =[(t — to) Py + P_](sP+ + P_) + T,

where T is a compact operator. Therefore, the operator (t — to)Py + P- has a
regularizer and is a Fredholm operator, which is impossible in view of the statement
of the 4th step and the known property of stability of the index of Fredholm
operators.

6th step (index formula). As in Gohberg and Krupnik [108, p. 103], we approximate

the function c(t) = Z(:)

(+) Dy a rational function r(t) so that

c(t) =r)[1+m(t)  with max |m(t)| < !

. 10.15
124l (10.15)

Let r(t) = t*”:tgg be the factorization of the function r(t). Since ||m|cr) < 1,
we have ind(1 +m) = 0 and then ind » =ind ¢ = —s.
In the case > < 0, there holds the representation

1 1
A=by_(I+mP,) (X Prt P> (tP, + P_), (10.16)
+ —

with reference to conditions (10.6)—(10.7). The operator I + mP_ is invertible
since |/mP+|x < 1 by (10.15) and (10.6). Since the operator x1+ P+ Xl, P_ is also
obviously invertible in X, from (10.16) we obtain Indx A = indx (¢t *P})+ P- =
2 according to the statement at the 3rd step. O

Theorem 10.11. Let X (I') be any Banach function space satisfying assumptions
(10.4)—<(10.7) and Azioms 1 and 2 and let a,b € PC(T') have no jumps at possible
whirling points of T'. Then the operator A = aPy + bP_ with a,b € PC(T) is
Fredholm in the space X if

inf a(t)| 0, inf [b(t)| # 0 (10.17)
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and
t
the function th; is X — nonsingular. (10.18)
In this case,
Indy A = —indy . (10.19)

b

Condition (10.17) is also necessary for the operator A to be Fredholm in X. If
the index functions a(t) and B(t) of the space X coincide at the points ty of
discontinuity of the coefficients a(t),b(t):

alty) = B(ty), k=1,2,...,m,
then condition (10.18) is necessary as well.

Proof. Because of condition (10.17) we may assume that b(t) = 1 (the necessity of
(10.17) for both a and b simultaneously is shown similarly to the case b(t) = 1).

Sufficiency. Let

y :w+(t) " _ n L ) - _ n P a(ty)
0=l wro=Te-wrw, wo=T1(7%)

k=1

be the well-known factorization of the function (10.12). Recall that Rea(ty) are
chosen according to (10.14). We make use of the well-known representation

1
aPy+P_= (a1Py+ P )w (wPy + P_), (10.20)
w

where a; is the function (10.13), see for instance, Karapetyants and Samko [151,
p. 22]. The function a4 is in C'(T") by the choice of the values a(t;). Relation (10.20)
which holds, for instance, in the case of “nice” functions, extendeds to the space
X(I) by condition (10.7), since both operators wPy 4+ P_ and ! (a1 Py + P_)w™
are bounded in X (I'), the former by condition (10.6) and the latter by Lemma
10.7. The operator ' (a1 Py + P_)w™ is Fredholm in X (T') by Theorem 10.10,
and Lemma 10.7 and its index in X (T") is equal to ind a¢; which is nothing else but
indx a. Thus (10.19) is obtained.

It remains to show that the operator wPy + P_ is invertible in the space X (I")
thanks to the choice (10.14). This is checked in the familiar way: N(wPy + P_) =
(wPy + P_)N,where N = ' (! Py + P_)w™. The operator K is bounded under

the choice (10.14) in the spzce X(T') by Lemma 10.7.

Necessity. Let A be Fredholm in X (I"). We first assume that a(ty £0) # 0,k =
1,2,...,n. We have to show that a(t) # 0 for all other points and that the required
conditions on the jumps are satisfied.

1st step (reduction to a simpler operator). Since a(ty = 0) # 0, the function w(t)

is well defined and the function a;(t) = Z((?) is continuous. As the commutators
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aS—Sal,a € C(T), are compact in X (I") (see the 1st step in the proof of Theorem
10.10), we have
A= (wPy+P_)a1 Py +P_)+T. (10.21)

From the Fredholmness of the operator A, we conclude by a theorem of Yood
(see, e.g., Karapetyants and Samko [151, p. 4, Property 1.11]) that wPy + P_ is a
®_-operator.

2nd step (necessity of the conditions on jumps for the operator wPy + P_). The
following lemma reformulates a statement well known for example for LP(T, o)-
spaces for the case of the abstract spaces X (T).

Lemma 10.12. Let a(ty £0) # 0,k = 1,2,...,n and let the space X (T') satisfy
conditions (10.4)~(10.7) and Azioms 1 and 2 and let a(t) = B(tr), k =1,2,...,n.
The operator ¥ = wPy + P_ with w defined in (10.12), is a @4 - or ®_-operator
in the space X (T') if and only if

Revi # a(ty) (mod 1)  for all k=1,2,...,n. (10.22)

Proof. By the sufficiency part of Theorem 10.11, condition (10.22) is sufficient. To
prove its necessity, suppose that Rey; = a(ty) +r for some r = 0,+1,£2,... and
for some k, say k = 1, but that the operator ¥ is a ® - or ®_-operator. Let first
Revg # ai (mod 1) for all other k =2,3,...,n. Weput ¥4, =wi P +P_, >
0, where wi. = (t — 20)i°w(t). This new function has the new exponents 7i° =
~v1 £+ . We choose ¢ small enough, so that Re~; - & — a1 is not an integer. Then,
by the sufficiency part of Theorem 10.11, U, and ¥_. are Fredholm operators in

the space X (T, p). The calculation of the index by formula (10.19) gives
Indx[(t — 20)" Py + P_] = [a(t1) — Rev] when  Rev # a(ty) +m,

where m = 0,£1,42,... and [---] on the right-hand side stands for the integer
part of a number. Then

Indx U.—Indx ¥_. = [Rea(t1)+e—a(t1)]—[Rea(tr) —e—a(t1)] = [e] - [—¢] = 1.

(10.23)

On the other hand, |[¥4. — ¥|x < ¢ sup|(t — 20)*° — 1| < ¢1¢, which contradicts
tel

(10.23) by the stability theorem for ®4-operators in Banach spaces.

This proves the lemma for the case k = 1. If (10.22) is violated for several k =
N1, ..., MNm, the argument is similar: the operators ¥,. must then be introduced
for the functions wac(t) = [[", (t — 20)F w(t). O
3rd step (necessity of the conditions for the operator N). Since Py + wP_ is a
®_-operator (see the 1st step), by Lemma 10.12, conditions (10.22) are satisfied.
Consequently, by the sufficiency part of our theorem, P, + wP_ is a Fredholm
operator in the space X (T'). As is well known, if any two of the linear operators
A, B, and AB are Fredholm then the third one is Fredholm as well (see, e.g.,
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Karapetyants and Samko [151, p. 4, Property 1.12]). Therefore, from (10.21) we
conclude that the operator a; Py 4+ P— is Fredholm in X (I"). Then by Theorem
10.10, a1 (t) # 0 and consequently a(t) # 0,t € T.

4th step. (removing the assumptions a(ty £ 0) # 0,b(tr, £ 0) # 0). Suppose that
some of the numbers a(t; £0) are equal to zero and the operator A is Fredholm in
X (T). There exist a complex number & with arbitrarily small modulus and a point
to close to tj such that a(tr £0)+¢e # 0, but a(tg)+e = 0. Let A. = (a+&)Py+P-.
Clearly, ||Ac — A|| = ||eI|| = e. Therefore, by the stability theorem for Fredholm
operators, the operator A, is Fredholm for sufficiently small . This contradicts
the preceding step. O

10.1.4 Proof of Theorem 10.4

Proof. To show that the statements of Theorem 10.4 may be obtained from The-
orem 10.11 as a particular case, we have to verify that under the assumptions of
Theorem 10.4 LP()(T) is a space of type X(I'). To this end, we have to check
conditions (10.4)—(10.7) and Axioms 1 and 2 of Section 10.1.3.

Condition (10.4) is obvious by assumption (10.2).

Condition (10.5) is evident.

Condition (10.6) follows from Theorem 2.45.

Condition (10.7), that is, denseness of C*°(T') in LP()(T), follows

from Theorem 10.1.

The validity of Axiom 1 for the space X (T") = LP()(T) follows from Theorem 2.45
according to (10.8). The embedding LPC)(T, |t — to|?) € LY(T) for v < 1 — B(to),
required by Axiom 2, is also obvious. Finally, the denseness of C*°(I") in the spaces
X (T, |t — to|?) for tg € T follows as a particular case from Theorem 10.1. O

Remark 10.13. Following the same scheme, it is not difficult to prove that the
operator A = aPy + bP_ with a,b € PC(T') has the same solvability proper-
ties in the spaces with variable exponent as in the spaces with constant p, that
is, dimker A = s = ind,()a, dimcoker A = 0, if » > 0, and dimker A = 0,
dim coker A = ||, if 52 < 0.

We also note that, based on (10.8), one can also easily obtain a similar
corollary from Theorem 10.11 for the case of the weighted spaces LT‘(')(F7 0) with
the power weight fixed at a finite number of points on I'.

10.2 Boundedness and Fredholmness of Pseudodiffer-
ential Operators in Variable Exponent Spaces
In Section 10.2.5 we obtain a necessary and sufficient condition for PDO with

slowly oscillating symbols to be Fredholm in the spaces LT’(‘)(R")7 and in Section
10.2.6 we study Fredholmness of PDO with analytical symbols in weighted spaces
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bz i (‘)(R”) with constant smoothness s, variable p(:)-exponent, and exponential
weights w. These results rely on the study of a class of singular type operators on
Section 10.2.1.

10.2.1 Boundedness in LP)(R™, w) of Singular
Integral-type Operators

Formulation of the Main Result
We consider operators of the form
bf(a) = [ Ko=) (0)dy (10.24)
R’V‘L

with k(z,2) € CH(R™ x (R™\{0})), and assume that the following conditions are
satisfied:

A(A):=sup sup |z["TH|0%%(x, 2)| < oo, (10.25)
|a]=1 z,z€R™ xR™
Ao(A) := sup  sup |z|"T! |6§k(m,z)’ < o0, (10.26)

|B|=1z,z€R" xR"

and the operator A is of weak (1,1) type:

{z e R : [Af(z)] > t}| < ”(f) /\f(x)\da:. (10.27)
Rn

Theorem 10.14. Ewvery operator A satisfying the conditions (10.25)—(10.27) is
bounded in the weighted space LT‘(')(R"7 0) for the exponents p and weights o sat-
isfying assumptions of Theorem 2.35, and

[Al Lo @n 0y < (P, 0) [M(A) + A2(A) + v(A)], (10.28)
where the constant ¢(n,p, 0) depends only on n, the exponent p(-), and the weight o.

The proof of Theorem 10.14 in this section, for reader’s convenience, is di-
vided below into several steps. First, however, we formulate some corollaries.

Corollary 10.15. Theorem 10.14 is valid for every PDO A € OPSY(R™).

Corollary 10.16. An operator A satisfying the conditions (10.25)—(10.27) is bound-
ed in the weighted space LPC)(R™, o), with the estimate (10.28), in each of the
cases:

I peP%R), p=1;
II. p € P°8(R™), p is constant at infinity, and o is the weight (2.29), with the
conditions

n
— < Br <

k=1,...,n,
p()

n
p(xr)’
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and

n - n
— T <P Br<
Poo P Pho
To derive Corollary 10.16 from Theorem 10.14, we only have to verify that as-
sumptions of Theorem 2.35 are satisfied, which is the case because ” g) € Plog(R")
and the exponents sf; of the weight w® automatically satisfy the conditions

— p(ik) < 8Pk < p,(,lpk) (and similarly for the exponent /3 at infinity).

The Crucial Step: the Pointwise Estimate

In the proof of Theorem 10.14, we use the technique of pointwise estimation of
the sharp maximal operator of the sth power, 0 < s < 1, of the singular integral
operator via the maximal operator, see Theorem 2.31. In this subsection we show
that this technique is also applicable for singular integral operators (10.24). We
emphasize that now the explicit dependence of the arising constant on the kernel
of the operator is important, see (10.29).

Theorem 10.17. For any operator A of form (10.24) with the kernel k(x, z) satis-
fying conditions (10.25)—(10.27), the following pointwise estimate is valid:

ME(AF]P) () S CLAf(x)®, 0<s<], (10.29)

where the constant C' > 0 has the form C = c(n,s)[A(A) + A2(A) + v(A)] with
¢(n, s) depending only on n and s.

Theorem 10.17 is proved in Section 10.2.1.

Regularity of the Kernel
To prove Theorem 10.17, we need some auxiliary statements and the following
notion of regularity of the kernel.

Definition 10.18. Let » > 0 and zp € R™. We say that a kernel k(z, z) satisfies
the regularity property (D1), if

D1’I”

|k(u,u — ) — k(v,v —2)| < & — o [n 1 (10.30)
for all u,v,x € R™ such that
lu—xol <7, |v—2z<r, |z — x| > 4r,
where D; > 0 does not depend on u, v, x, zg.
Let
H, .o (z) = \B(xol, 2| / / |k(u,u — x) — k(v,v — x)| dudv.  (10.31)

B(zo,r) B(zo,r)
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Definition 10.19. A kernel k(z, z) is said to have the regularity property (Dz), if
for any locally integrable function f (such that . f(zg) < o0)

sup / | (@)| Hy oo (2)dz < Dol f (o), (10.32)
>
B(xzg,4r)

where Dy > 0 does not depend on f and zg.

Lemma 10.20.
L. Let the kernel k(z,2) € C*(R™ x R™\{0}) satisfy assumptions (10.25)—(10.26).
Then k(x,z) has the regularity property (D1) with the constant
Dy = 22" [\ (A) + X (A)].

IT. Any kernel k(x,z) with regularity property (D1) satisfies also property (Dz)

with the constant Dy = 22,:11 D.

Proof. 1. By the mean value theorem we have k(u, u—x)—k(v,v—x) = [0.k(&, n)+
0.k(&,n)](v—u), where E =u+0(v—u),n=u—x+60(v—=1). By (10.25), we get

2
lk(u,u— ) — k(v,0 — 2) < [\ (A) + Az(A)] |n\:+1'
We have |n| > |u—z|—0lv—u| > |z — xo\f\u zo| —2r = |z —x0| —3r = |z —10|.

Therefore, |k(u, u—=) —k(v,v—z)| < |, ' with Oy = 2273 (A1 (A) + A2 (A)],
which gives (10.30) and proves the first part of the lemma.

IT. Let k(x,z) have property (Dp). By the definition of this property, we
obtain H, 4, (z) < ‘l__gé""nﬂ when |z — 29| > 4r. Then

T f(z)]
su )| H,y s < D;su E dx.
r>1(3) / (@) Hro () 1r>18/,'C : / |z — o[

|z—xo|>4r 2kr<|z—zo|<2ktir

Hence,
wp [ @ <Dy [ e
|z—zo|>4r \m7m0\<2k+1r
e 1 on+1
2D1%f o ];)271!@ on _ D1%f(a'}0) U

Corollary 10.21. Every kernel k(x, z) € C*(R"™ x R"\{0}) with properties (10.25)-
(10.26) has the regularity property (Ds).
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On the Kolmogorov Inequality

The following lemma on the validity of the Kolmogorov inequality for sublinear
operators A of weak (1,1) type is well known, see Duoandikoetxea [70, p. 102]
(To see that the constant in (10.33) may be taken in the form V;EA;), it suffices to
check the proof in Duoandikoetxea [70]; the interested reader can find details in

the Appendix to the paper by Rabinovich and Samko [292].)

Lemma 10.22. Let A be a sublinear operator of weak type (1,1) and let E C R™ be
a measurable set in R™. Then the Kolmogorov inequality

[iws@rar< "B mn o<s<as oy
E

is valid, where v(A) is the constant from the weak estimate (10.27).

Proof of Theorem 10.17

Fix a point x = xg. As is well known, for any real-valued function g on R™ and a
ball B(I’O7 7”‘)7

! 2
|B(zo, )] / \g(y)—gB(xo)|dy<|B(x07r)| / l9(y) — cldy

B(zo,r) B(zo,r)

for any constant ¢ (which may be taken dependent of zy and 7). Hence, for any
decomposition of g as g = g1 + g2 we have

1
- d
|B(m07r)B/ |g(y) gB(xO)‘ Y
(ror) (10.34)

e [ @ —alys 2 ) - el

< — —c

\B(xo,r)\ 91y 1|ay |B(m0,r)\ 92(Yy 2|0y

B(xzo,r) B(xo,r)

for any constants ¢; and cs.
To prove estimate (10.29), we split ¢ = Af as Af = Afy + Afs with f =

Ji+ f2, where fi = f-XB(ze,4r) and fo = f-Xr1\ B(z,,4r) Then according to (10.34)

we have

1

AL @) = g )

| 1AW = (851 p@0) dy

B(zo,r)
2

. 2 .
<oy | ROl gy [ AR =l

B(zo,r) B(zo,r)
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We now choose ¢; = 0 and ¢z = [(|Af2|)5(z0)]° = {\B(Iloﬂ“)\ Ik \Afg(y)|dy] .
B(zo,r)
Then, since ||a]®* — |b°]| < |a — b|®, we have
M (|AF]*) (o)

S

c ° c 1
< Afi(y)| dy + / 18L2)] - c5 | d
\B(zo.r)| / ‘ AW dy+ g ) [Afa(y)l =5 | dy
B(zo,r) B(zo,r)
= C(Il + IQ)
Estimation of I3. Since the operator A is of weak (1,1) type, from (10.33) we obtain
A) 1 4"y (A)
Il < v / dy < M f(x0).
1 (175)1 B(%O,T)‘ ‘fl(y>| Y (175); f( 0)

B(xzg,4r)

Estimation of Is. By Jensen’s inequality and Fubini’s theorem, after easy estima-
tions, we get

IMe < ! A o A deld
2 < B(.’L‘O7’I”>|B(/') |( fZ)(y) B(x07r>|B(/)( f2)(£) 5 Y
< |f ()| Hp o (2)d,

R\ B(z0,47)
where H, ;,(x) was defined in (10.31). By Corollary 10.21, the kernel k(x, z) has

property Ds. Therefore, according to (10.32), I; < Do f(x(), which completes
the proof.

Proof of Theorem 10.14

Let 0 < s < 1. Since [|Af]|Loc)@n,w) = [[ASI]] 1/;_) , Theorem 2.33 yields
L7 @)
1
Af | oo mnwy < Co [Z5(AFID||* 0 ,
IAf Nl Lot @ ) < Co ||| f\)L<5>(Rn7ws)

where Cy is the constant from (2.73), so it does not depend on the choice of the
operator A.
Therefore, by Theorem 10.17,

(A1)

1 1
IAS] Lo ®n ) < CoC' *p0) = CoC+ || A Il poc) mr ) -

L s (R7L7ws)
It remains to apply Theorems 1.20 and 2.26 to obtain
[Afl Loy nw) < €l fll oo @n w)

where the constant ¢ has the form ¢ = ¢(n, s,p, w)[A(A) + A2(A) + v(A)], with
¢(n, s, p,w) not depending on the operator A.
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10.2.2 On Calculus of PDO on R”

In this section we recall some definitions and basic facts for PDO. As usual, . (R™)
will stand for the space of L. Schwartz’s space test functions, with the topology
defined by the semi-norms

lel,, = Seu]lg(lJr lz[)™ Z |0%p(z)|, m € NU{0},
e la|<m

and ./ (R") for the dual space of distributions. We use the standard notation
(&) = (1+1¢)">.

Definition 10.23. A function a belongs to the Hormander class ST, if
o€ C™ (R? x RY)

and

lal,,= > sup |9g0fa(z,&)] (&) "M < 00 (10.35)

R”» xR™
lo| <] BISt
for all integers r and t.

Similarly, ST o denotes the class of double symbols a € C*°(Ry x R x RY)
satisfying the estimates

‘Cl'r,t,l = Z n Sunp . lagafaga(x,y@)’ <§>—m < oo.
lal<r | Bl<t, Iyl <t &R XR

With a symbol a we associate the pseudodifferential operator defined on the space
Z(R™) by the formula

Au(z) = Ops(ayuta) = ()™ [ de [ ot uly)e™ 9y,
R Rn
and we denote the class of such operators by OPST| (. In the case of symbols
a = a(z,£) not depending on y we write Op(a)u(z) instead of Opy(a)u(x).
By H*(R"™) we denote the Sobolev space of fractional order defined by the
norm [[ull s gny = (D) ull p2(gny , where (D) = Op ((£)").
Theorem 10.24. Let Op(a) € OPST. Then

(i) Op(a) is continuous in #(R™) and for every l; € NU{0} there exists la,r,t €
NU{0} such that
‘Op(a)%@‘zl <C |a\r7t |¥7‘12 )
where the constant C' does not depend on a.
(ii) Op(a) is bounded from H*(R™) to H*~™(R"™) and

10p(a )HHS(]R’L)—)HS ™ (R") <C ‘a|7 o
with some C > 0 and r,t € N not depending on a.
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Theorem 10.25. Let A = Op(a) € OPSY. Then

Au(x) = /k‘A(m, 2u(x — 2)dz, ue S R"Y),
R‘VL
where
kA(x7z) §az (.’L‘ f)

(9‘5;12 is the inverse Fourier transform in the sense of distributions.)

The kernel ka(x,z) € C°(R™ x R™\0), and satisfies
080%ka(x, 2)| < Capn(a) 2] ™17 2 40, (10.36)

for all the multi-indices o, 8, and all N > 0 so that n +m + |a| + N > 0, where
Ca,p,n(a) depends on the finite set of the semi-norms |al", of the symbol a.

10.2.3 Operators with Slowly Oscillating Symbols

Below we present (without proof) some facts on the calculus of PDO with slowly
oscillating symbols, following Rabinovich [288]; see also Rabinovich, Roch, and
Silbermann [294, Chap. 4].

Definition 10.26. A symbol a is called slowly oscillating at infinity if a € ST, and

0200 a(x,€)| < Capla) (&)™,

where limg_, o Cop(x) = 0 for every a and S # 0. We denote by SO™ the class
of slowly oscillating symbols, and by SOg* the subclass in SO™ of symbols such
that the lim,_, . Cap(z) = 0 for every a and 3. We use the notations OPSO™,
OPSOF for the classes of operators with symbols in SO™, SOf*, respectively.

A double symbol a € ST, ; is called slowly oscillating, if for every compact
set K C R™,

aBy
yeK

where lim,_, Cfm(x) = 0 for every a and |5 + | # 0. We denote by SOY the
class of slowly oscillating double symbols, and by OPSOJ* the corresponding class
of PDO.

Theorem 10.27.
(i) Let A= Op(a) € OPSO™, B = 0p(b) € OPSO™2. Then
AB € OPSO™*™2_ and AB = Op(a) Op(b) + Op(t(z,&)),

where t(z, &) € SOy Tm2—1
(i) Let A= Opy(a) € OPSO'(R™). Then

A = Op(a(z,z,£)) + Op(t(x,§)),
where t(z, &) € SOF .
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10.2.4 Boundedness of PDO in H*P()(R™)

Sobolev type spaces W*P() of integer order s € N and their generalizations, Bessel
potential spaces, have been studied in Section 7.4. Within the frameworks of PDO,
we use the notation H*P() (R™), s € R, for the space defined as the closure of
Z(R™) with respect to the norm

HUHHS‘I?(-)(]R”') = ||<D>su||Lp(-)(]R”) )
where (D)* = . Z 71 (£)° Z. In the case s > 0 we have the coincidence
Hs,p(~) (R?’L) — Bé[Lp()(RTL)]

with the space of Bessel potentials.

We use the results of Section 10.2.1 to prove the boundedness of PDO in the
space H*P()(R™). As a corollary of those results and the formulas for composition
of PDO, we obtain boundedness of PDO of the class OPSTY, from H#P()(R™)
to H*~™P()(R"), and of the class OPS?,;,0 < § < 1 in Lebesgue space with
constant p, 1 < p < . 7

We start with the boundedness of PDO in variable exponent Lebesgue spaces.
For the boundedness of PDO of the class OPS§ 5:0 < 0 < 1in the case of constant
p,1 < p < oo, we refer to Stein [352] and references therein.

Theorem 10.28. Let p € P5(R"). Then the operator A = Op(a) (€ OPSY,) is
bounded in the space LP)(R™), and

1A Leo) @)= o0y @ny < €15 0) [A1(A) + A2(A) + v (A)], (10.37)

where the constant c¢(n,p) depends only on n and the exponent p(x). The constants
A (A), A2 (A),v(A) are defined by formulas (10.25)—(10.27), and they depend on
the finite set of the semi-norms |a|7,7t of the symbol a.

Proof. To apply Theorem 10.14, we have to check that the PDO A = Op(a) €
OPSY  satisfies the conditions (10 25)—(10.27). We obtain estimate (10.25), if in
(10. 36) we take || = 1,8 =0, N = 1, and we obtain estimate (10.26) if in (10.36)
we take « =0, |8 =1, N =0. Tt is Well known that a pseudodifferential operator
A=0p(a) € OPS?O is of weak (1,1) type (see for instance Stein [352, pp. 16-23
and p. 250]), hence condition (10.27) holds as well.

One can check that A\ (A), A\2(A),v(A) depend on the finite set of the con-
stants Cy g,0(a). This implies that there exist L € N and a constant

= <{a|r,t}7-<L,t§L)

such that

||AHLP(')(]R") LrO@®r) S c(n,p,w)s ({|ar,t}T<L’t<L) : 0
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Theorem 10.29. Let p € PI5(R™). Then the operator A = Op(a) (€ OPSTY) is
bounded from the space H*P() (R™) to the space H*~™P() (R™), and

FAN 10y 1oy < €y 5.m) [ (4) + Ao A) +0(A)], (10.38)

where the constant c¢(n,p, s, m) depends only on n, the exponent p, the order m of
the operator, and the order s of the space. The constants A1(A), A2(A),v(A) are
defined by formulas (10.25)—(10.27).

Proof. By the definition of the space H*?() (R") we obtain
||A\|Hsm<'>(R")—>HS*7”*”('>(R") - H<D>S_mA<D>_sHLM-)(RWMLM-)(R“)'

We have (D)*™"™ A(D)"* € OPSY,, so that this operator is bounded in LPO)(R™)
by Theorem 10.28. Hence A : H*P() (R™) — H*~ () (R") is bounded and esti-
mate (10.38) holds. O

10.2.5 Fredholmness of PDO in LP")(R™) and H*P()(R")
Sufficient Conditions of Fredholmness in LP(") (R™)

Theorem 10.30. Let p € P'°8(R™). Then an operator A = Op(a) € OPSO° is a
Fredholm operator in LPC) (R™), if

I inf L) > 0. 10.39

Ak le @9l (10.39)
Proof. Let ¢ € C§° (R™ x R™), and ¢ (z,€) = 1if |z| + |¢| < 1, and ¢ (2,£) =0
if |z + [£] = 2. We set ¢r (2,8) = ¢ (¢/R,&/R), Yvr =1 — pr. Condition (10.39)
implies that there exists an R > 0 such that bg(z, &) := Yg(z,&)a! (z,€) € SO°.
Then, applying Theorem 10.27 we obtain that

Op (br) Op(a) = Op (Yr +t) = I + Op(pr +1)

where pr+t € SOEI. As is known, operators in OPSOE1 are compact in L? (R™).
Since LP()(R™) is an intermediate space between L? (R™) and some L9()(R™) with
q also in P98 (R™) and operators in OPSOy ' are bounded in L)(R™), then by
Theorem 9.20, they are compact in LP()(R™). Thus Op (¢r +t) is compact in
LPO)(R™), and Op (bg) is a left regularizer of Op(a) in LP()(R™). In the same way
one can prove that Op (bg) is a right regularizer of Op(a). |

Necessary Conditions of the Fredholmness in LP(") (R™)

One can check that the two conditions:

1) there exists a constant C' > 0 such that for every point € R"

lim inf &) >C >0, 10.40
Jiminf Ja(a €) (10.40)
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2 lim inf a(x, > 0, 10.41

) LN . la(z, €] (10.41)
imply condition (10.39).

We will refer to condition (10.40) as uniform ellipticity of Op(a), and to
condition (10.41) as ellipticity at infinity. In two following subsections we show
that both conditions are necessary for Fredholmness.

Remark 10.31. As stated in Theorems 10.32 and 10.35, the proof of the necessity
of the above conditions does not use local log- or decay conditions for p(z).

Uniform Ellipticity

We first show that the condition (10.40) is necessary for the Fredholmness of an
operator Op(a) € OPSO" in LP()(R™).

Theorem 10.32. Let p : R™ — [1,00) be a measurable bounded exponent and Op(a)
(€ OPSOY) be a Fredholm operator in LP*)(R™). Then condition (10.40) is sat-
isfied.

Proof. Fredholmness of Op(a) implies the priory estimate
10p (@) ull Loy @ny 2 C llull Loor @ny = 1Tl o) @ny » (10.42)
where C' > 0 does not depend on u, and T is a compact operator on L”(')(R”).

Let ||uHLp(')(Rn) = 1 and u’rn(m) = ei(hm’x)u(x), so that ||um||Lp(.)(R") =1 and
the sequence u,, converges Weakly to 0 as hm — 00. Indeed, hnear functionals

on LPO)(R™) have the form f(u) = [ f(z)u(z)dz, with f € LP'()(R™), where by
R'VL

the denseness of .(R™) in LT‘(')(R"), we can take f,u € Y(R") Then by the

Parseval equality f(u,,) = [ f(z)e!"m®y(z)de = f FE)U(E + hy)dE — 0

as m — 00. -

Let Upu(x) = e@My(z). The operator Uy, is isometric in LP()(R™) and for
a PDO Op(a) we have

Uy, Op(a)Us = Op(a(z, € + ).
Hence inequality (10.42) implies that
||Op(a(m,§ + hm))uHLp(-)(R”) >C - ||Tum||Lp(')(R”) )

where [|Tum| o¢)(gny — O thanks to the compactness of T'. Hence, for every
function w with [|u[[ ;) gny =1 there exists mo such that for m > my

C
10p (a(z, & + hm))ull poc) gy = 5 > 0. (10.43)
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It is known that

Op(a) € OPSO° — "}i_r)noo 10D (a(z, & + hum) — alz, hm)(p)HLQ(Rn)HLz(R") =0

(10.44)

for ¢ € C§°(R™),0 < p(z) < 1, see for instance, Rabinovich [288, pp. 51-55].
Since ¢ is bounded, by Theorem 10.28 we have

10p (a(@, & + him) — al@, hm) )l ) - o) <O,

with C' > 0 independent of m. Then by the interpolation Theorem 2.1,

lim ||Op (a(z,&+ hm) — a(z, by )@) || Loc) 1oy = 0.

m—r o0

Hence (10.43) and (10.44) imply that for u € C§°(R™) with |lul|;sc)gn) = 1 there
exists an mg such that |a(z, b )ull poc) gn) 2 ¢ > 0. for m > mg. Choose a
function v € C§°(R™) : [lul[1p¢) gn) = 1 with support in a neighbourhood of the
point xgp € R™ such that sup,ecqupp o [@(; hm) — a(zo, )| < & uniformly with
respect to m. Consequently,

[(a(@, hin) — a(@o, hm)) ull poc) @ny < €

for sufficiently large m > mg and then
C
|a(zo, him)| = Ha(xovh"L)uHLp(-)(]Rn) > ||a(xvhm>uHLP(-)(Rn) TE= e 0.

Thus we proved that if Op(a) is a Fredholm operator in LP()(R™), then there exists
a constant C; > 0 such that for every xg € R™ and every sequence h,, — o0,

|a(zo, him)| = C1 >0 (10.45)

for large m. This in fact completes the proof, because if (10.40) does not hold,
then for arbitrary e > 0 there exist an xy and a sequence h,, — oo such that
limy, 00 |a(zg, hm)| < &, which contradicts (10.45). O

Ellipticity at Infinity

In Theorem 10.35 we show that the condition (10.41) is also necessary for the
Fredholmness of PDO in LP(‘)(R”). We first need two auxiliary lemmas. By V}, we
denote the shift operator Vyu(z) = u(z — h), = € R, h € R”; R" stands for the
compactification of R™ by the unique point at infinity.

Lemma 10.33. Let p € C(R”) and 1 < p_ < py < oo. Let hy, € R® — 00 and
let wy,, € C(R™) be a sequence converging in the sup-norm on R™ to a function
w € C(R™) such that

|wm (z) | < lw(z)| < (10.46)
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for every m € N and some constant C > 0. Then
n}l_r)noo ||thwm||Lp(')(Rn) = ||w||Lp(oo)(Rn) ‘ (10.47)

Proof. Let A > 0. We consider the modulars

/ ‘Vh i () [P i, / ‘ e
and wish to show that the limit
lim_F, (A) = Fao (V) (10.48)
exists uniformly in A on every segment [a,b],0 < a < b < c0.
Let
p(z+hm) p(c0)
Flp(h) = / ‘w”;(m) dr, and F2 p(\) = / ‘w(f) ‘ de.
|z|>R |z|>R
By condition (10.46), for a given € > 0 we can find Ry > 0 such that
Fpop,(\) <e (10.49)
uniformly in m, and
FO207RO N\ <e. (10.50)

Let Br = {x € R": [z| < R} and M. = {x € Bg, : sup,, |wy, (z)| < e} M. =
Bp,\M.. Then

L (Am) = M/ ‘wm;x)
_ w(x) p(

uniformly in A € [a, b]. Let now

)\ m / ’w’rn

It is clear that we can pass to the limit as m — oo under the sign of the integral
n (10.53). Then we obtain that uniformly in A € [a, b]

lim I3 (A, m) /‘
m—00

Now (10.49), (10.50), (10.51), (10.52), and (10.54) yield (10.48).

p(z+hm) eP-
dr<® M < Ce, (10.51)

v < 2 |M.| = Ce, (10.52)

p(z+hm)
dz. (10.53)

p(oo

(10.54)
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Let N U oo be a compactification of N by the point co, with the topology on
N U oo introduced so that it is discrete on N and the sets Ug = {j € N: j > R},
R > 0 form the fundamental system of neighbourhoods of the point co. From
(10.48) it follows that F': Ry x (NUoo) — R4 is a continuous function.

By the definition of the norm in LP()(R") we have

[Vh Wil oy gy = Inf{A > 02 Fip (A) < 1}

Note that there exists the derivative dd)\ F,, (\) and that dd)\ F,, (\) < 0 for every
A € (0,00) and m € NU co. Hence F (-,m) is a monotonically decreasing function
on (0, 00) for every fixed m € NU co. This implies that

||thmeLP(-)(R7L) = inf {)‘ >0: Fp ()‘> < 1} = )\(m)

where A\(m) is the unique solution of the equation F,, (A\) = 1. One can see that for
m = oo the equation Fi (A) =1 has the unique solution A(co) = [|w|| 1 p(e) gn)-
Moreover

FL () s ey ) # 0.

Then by the Implicit Function Theorem we obtain that A(m) is a continuous
function on N U oco. Consequently,

HwHLp(oc)(Rn) = A(oo) = "}i_r)noo A(m) = "}i_r)noo ||thmeLp(')(Rn)

and we obtain equality (10.47). O

Lemma 10.34. Let A = Op(a) € OPSO° and take a sequence h,, — oo. Then
there exist a subsequence h,,, and a symbol a) € OPS?’07 ap, = ap(§), such that
for every function u € C§°(R™),

Jim Vo, AVh,, u = Op(an(§))u

in the topology of .7 (R™).

Proof. We have
V_hsz‘/YhWL = Op(am>7

where a,(z,£) = a(x + hiy,, £). In the topology of .7(R"),
lim Op(a(x + hm,&) — a(hm,&))u =0
m—00

for u € C§°(R™), which may be verified by standard means, following, e.g., Rabi-
novich [288; pp. 52-55].

The sequence a(hy,,§) is uniformly bounded and equi-continuous. Hence
by Arzela—Ascoli Theorem there exists a subsequence a(hyy,, ,&) which converges
to a limit function ap(£) uniformly on compact sets in R™. This implies that
Op (a(hm,,,&))u — Op (ap(§)) u in the space .7 (R™), and it is easy to check that
ap € S?,O' U
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Theorem 10.35. Let A = Op(a) € OPSO° and let A be a Fredholm operator in
LPO)(R™), where p is as in Lemma 10.33. Then (10.41) holds.

Proof. From the Fredholmness of Op(a) there follows the a priori estimate

10p(@)ull Loy gny 2 Cllell oo @ny = 1T Lo @ny)s (10.55)

where C' > 0 and T is a compact operator.

Let ¢ € C§°(R™) and ¢(x) = 1 for = in a neighbourhood of the origin,
¢or(z) = ¢(z/R),Yr = 1 — pr. One can see that limpg o I, (¢yru) = 0 for
u € Z(R™), which implies that limpg_; oo ||1ZJRu||Lp(.)(Rn) = 0, i.e., the sequence

YrI converges strongly in LP()(R™) to the 0 operator as R — oco. Since T is a
compact operator,

Aim ITYRIN o) @n)— Lo¢) ey = O- (10.56)
Formulas (10.55) and (10.56) show that there exist Ro such that for R > Ry
||OP(CL)7/’RU||LP(~>(RTL) > C)/2 ||¢RU||LP(~>(RH)

for every function u € L”(')(R”). Let the sequence h,, € R" tend to infinity, and
u € C§°(R™). Then for fixed R > 0 there exists m > myg such that vV, u =
Vh,,w. Thus, for m > my,

Va (V=ho, OP(@thU)HLp(»(Rn) = HOP(GWRthUHLm.)(Rn)
2 C/2 |V, ull o) @n) -

Let h,, be the subsequence of h,, defined in the proof of Lemma 10.34 and
let wy = V_p,, Op(a)Vh,, u = Op(a(x + hm,,§))u. Applying Lemma 10.34 we
deduce that wy — w = Op(ap)u in the space .(R™). Hence we can use Lemma
10.33 and pass to the limit in the inequality

Hthk wkHLP(')(R”) 2 C/2HthkuHLp(')(R”)’
and obtain that

10p(an(€))ull oo gny = C/2 |ull pooo) rny -

Then for the adjoint operator we get
1 OP(@n ()" 4l s ey = C/2 Nl ooy

Hence Op(ap,(€)) : LP(>)(R™) — LP(>)(R™) is an invertible operator. As is known,
this implies (see for instance Simonenko [343], Simonenko [344], Simonenko and
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Min [346], Rabinovich [289])) the invertibility of Op(a(§)) in LP(R™),p € (1, 00),
in particular, in L?(R™), and hence the condition

inf |an(§)] > 0. (10.57)

Thus we proved that for every sequence h,, — oo there exist a subsequence Ay,
and a limit symbol ay, (§) € S7 ; such that a(hym, , ) converges to the limit function
ap(€), for which condition (10.57) holds uniformly with respect to £ on compact
sets in R™.

Suppose now that condition (10.41) is not satisfied. Then there exists a se-
quence (h,, &m ), hm — 00 such that

Hm a(hm, &m) = 0. (10.58)

m—r o0

Note that &,, cannot tend to infinity because in this case (10.58) contradicts con-
dition (10.40). Choose a subsequence (A, ,&m,) of the sequence (hy,,&n) such
that a(hm,,,§) converges uniformly with respect to £ on compact sets in R™ to
the limit function ap(§). Suppose that &, — & € R™. (In the contrary case we
can pass again to a subsequence.) Then ap (&) = limg_,c0 @(Rm,,, Em,) = 0, which
contradicts to (10.57). O

Fredholmness of PDO in H*P()(R™)

The corresponding result on Fredholmness of PDO in the spaces H Svp(')(]R”) is
given by the following theorem.

Theorem 10.36. Let p € P°¢(R") and Op(a) € OPSO™. Then
Op(a) : Hs,p(~)(Rn) N Hs—m,p(~)(Rn)
is a Fredholm operator if and only if

li inf 7 s . 10.59
am el a(z, &) (€) ( )

The “only if” part holds with the assumption p € Plo¢(R™) replaced by the weaker
one that p € C(R™) and 1 < p_ < py < o0.

Proof. The operator A : H*P(O)(R™) — H*~"™P()(R") is Fredholm if and only if
the operator B = (D)™ Op(a) (D)~° is Fredholm in LP()(R™). The operator
B = Op(b) € OPSO° and we can apply Theorems 10.30, 10.32, and 10.35. From
Theorem 10.27 it follows that b(z,&) = a(x, &) (€)™ + t(z, &), where t € SOP, so
that lim, ¢y 00 t(2,£) = 0. Hence the condition limpg,ec inf ;1> R [b(2, €] > 0
is equivalent to (10.59). O
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10.2.6 Pseudodifferential Operators with Analytic Symbols
in the Space H*P()(R™)

In this subsection we consider boundedness and Fredholmness of operators with
analytic symbols in weighted spaces Hy” (')(]R”). They are defined by the norm
||uHHfu,p(.)(Rn) = [lwul| ge.n¢) (gn) and we consider exponential weights w.

As a corollary of Fredholmness in weighted spaces we consider a Phragmén—
Lindelof principle (see for instance Lacey, Sawyer, and Uriarte-Tuero [224, pp.
284-286]) for solutions of PDO with analytic symbols in H" ¢ )(R”)

Let B be an open convex domain in R™ containing the origin. Let STO(B ) be
the subclass of S (R") consisting of the symbols a(z, &) that admit an analytic
extension with respect to the variable £ to the tube domain Rf +¢B, and such
that for all 11,15 € NUO

by s = s (@7 (9f0gata, € +in)| < oo
TERTECREMED o<1 1BI<l>

As above, with a symbol a € ST, (B) we associate the corresponding pseu-

dodifferential operator. The class of such PDO is denoted by OPSYY, (B).

Definition 10.37. We denote by R(B) the class of positive weights w such that:
1) logw € C*(R™), and

N,(logw) = sup Z |86V (logw(z))| < oo
ST
for all [;
2) V (logw(x)) € B for every x € R™.
A weight w € R(B) is called slowly oscillating if

3) lim, o OV —0 j=1,...,n

We denote the class of slowly oscillating weights by R (B).

Let
1

gulay) = [ (Vioguw)(o —tle — ).
0
It is easy to check that for all Iy, 1l € Ny

sup Z |8“859w (z,y ’ C sup |86 logw(x)| < 0.
WY Jal<in11<la TER™1SIBISh +a

Moreover, condition 2) implies that g, (z,y) € B for every (x,y) € R™ x R™.

The following statements are key results for the study of PDO in spaces with
exponential weights. The proof of Theorems 10.38 and 10.39 may be found in
Rabinovich, Roch, and Silbermann [294, pp. 243-247].
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Theorem 10.38. Let A = Op(a(z,§)) € OPST(R",B) and w € R(B). Then
wOp(p)w™" € OPSY ,(R™), and
wOp(a)w™ = Opy(a(z, & + igw(z,y)).

Theorem 10.39. Let A = Op(a(z,§)) € OPSO™(B) = OPSO™NOPST,(B), and
w € Rq(B). Then

wAw ™I = Op(a(x, & +iVlogw(x))) + Op(t(z,£)),

where t(x,€&) € SOFH(R™).
Theorem 10.40. Let p € PI°(R™) and Op(a) € OPSTy(B), w(x) € R(B). Then

Op(a) : HyPO(R™) — Hy ™ P0(R™)
is a bounded operator.

Proof. Apply Theorems 10.38 and 10.29. O

Theorem 10.41. Let p € P°(R™), Op(a) € OPSO™ N OPST(B), and w €
Ra(B). Then
Op(a) : Hy?O(R") — Hy ™ PO (R")

is a Fredholm operator if and only if

li inf NERA S
Jim |m\+ITE>R|a(x§ iVlogw(z)) (£)

Proof. Apply Theorems 10.39, 10.30, and 10.35. ]

Theorem 10.41 has the following important corollary, in which $pess(A : X —
X) stands for the essential spectrum of a bounded operator A: X - X (A eC
is said to be a point of the essential spectrum of A, if A — A\I is not a Fredholm
operator).

Theorem 10.42. Let p € PR°(R™) and Op(a) € OPSO° N OPSY ((R™, B) be a
PDO uniformly elliptic at every point © € R™ and w € Rq(B). Then the essential
spectrum of A is described by the formula

pess(Op(a)) = | {A€C:A=an(€+iwn), {€RY,
heQ(a,w)

where Q(a,w) is the set of all sequences h,, — 0o such that the limit

ap(& 4 twy) = ) lim a(hm,&+i(Viogw) (hm))

Lm, —> 00

is uniform on every compact set in R™.
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Theorem 10.42 shows that the essential spectrum of the considered PDO
does not depend on s,p, but it essentially depends on the weight w. Generally
speaking, the essential spectrum of Op(a) € OPSO° N OPSRO(R”7 B) acting in

a;r (')(R”) is a massive set in the complex plane C, and its massivity depends
on the oscillations of the symbol with respect to x, and the oscillations of the
characteristic V (logw) of the weight w.

Theorem 10.43 (Phragmén-Lindeldf principle). Let p € P2¢(R"). Let Op(a) €
OPSO™ N OPST(B) be a PDO elliptic at every point x € R", w € Rq(B),
lim, 00 w(z) = 00. Let the domain B be symmetric with respect to the origin. Let

1. i f s Jr y -—m > O_ 10'60
RE)IIOO |z|>R7§<~l>Iiln€Rn+iB ‘a(x € 'LT])‘ <€> ( )

Then
we HY"O(®Y) and Oplaju€ Hy ™R = ue HyOR")

Proof. In view of Theorem 10.39, the operator w’ Op(a)w=?I, § € [~1,1] can be
written as

w? Op(a)w_gf = Op(a(z,& +i0V1ogw(x)) + Op(te(x,£)),

where tg(z,¢) belongs to SOJ* ' (R"). By Theorem 10.41 and condition (10.60),
w? Op(a)w=01 : H>PO)(R™) — H*~™P()(R") is a Fredholm operator for all 6 €
[—1,1].

We will show that the index of w? Op(a)w=?I does not depend on the pa-
rameter #. Applying Theorem 10.24 we prove that the mapping [—1,1] 3 0 —
w? Op(a)w=01 : H¥(R") — H*~™(R™) is continuous. Theorem 10.29 implies that
the family w? Op(a)w=?1 : H>P()(R") — H*~™P()(R") is uniformly bounded.
Hence in light of Theorem 2.1, the family

w’ Op(a)w™?1 : H>PO(R™) — H*~™PO)(R™)
is continuous. Hence,
Index (w® Op(a)w™?T : H¥PO(R™) — H*~™PO)(R™))
does not depend on 6 € [—1,1]. This yields that
Index (Op(a) : H3P) — H3~™P0)) = Index (Op(a) : HZ’?S') — HZiT’p(')).
Moreover, the condition lim,_,. w(z) = oo implies that H,i’p(')(R") C H;’fg') (R™),
and this embedding is dense. Then, as is known, we have the coincidence of the

kernels:

ker Op(a) : Hi’fg')(R”) — HZiT’p(')(R”)
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and
ker Op(a) : Hfu’p(‘)(R") — Hfu_"“p(')(R”)

(see Gohberg and Fel’dman [107, p. 308], on the coincidence of kernels in such
cases). Moreover, if the equation Op(a)u = f, where f € Hiy ™) (R™) is solvable
in H2P)(R), then u € Hy"") (R™). O

10.3 Singular Integral Equations on Composite
Carleson Curves via Mellin PDO

10.3.1 Introduction

In the preceding section we proved the boundedness, in the variable exponent
Lebesgue spaces LP()(R™), of PDO of the class OPSY ), and obtained necessary
and sufficient conditions for their Fredholm solvability in these spaces admitting
symbols slowly oscillating at infinity.

The main aim of this section is the Fredholm theory, in variable exponent
weighted spaces LPC)(T,w), of singular integral operators (SIOs) on composite
curves I' with whirling points and with coefficients having slowly oscillating dis-
continuities. Applying results from the preceding section, we prove that singular
integral operators are bounded in Lp(‘)(Rw) and they are local type operators
in the sense of Simonenko. Consequently, for the investigation of the Fredholm
property we can apply the local principle of reducing the study of the Fredholm
property of local type operators to the study of the local invertibility of their local
representatives, which are simpler operators than the original ones.

For the reader who is not familiar with this principle, we recall that for
instance, the investigation of the Fredholm property, in the space LP(T'),1 < p <
oo, of the SIO

A=al +bS,

where St is the singular integral operator (2.77), the coefficients a and b are
continuous, and I is, say a Lyapunov curve, is known to be reducible to the inves-
tigation of local representatives at every point ¢y € I', which are operators of the
type Az, = a(to)l + b(to)Sr. For Ay, local invertibility in LP(R) coincides with in-
vertibility, which is equivalent to the condition a(to) £b(tg) # 0. The investigation
of the Fredholm property of the operator A = al + bS with piecewise continuous
coefficients on a simple Lyapunov curve I in the space LP(I", w) with power weight
w, is reduced to the investigation of the local invertibility of the homogeneous op-
erators of the form al + bSg acting in LP(R), where a,b are piecewise constant
functions with the only discontinuities at the origin and at infinity. These oper-
ators are realized as Mellin convolutions and conditions for their invertibility are
given in the terms of the Mellin transform of the kernel.
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We extend here results known for the constant p to the case of variable ex-
ponent p(-). The local representatives of the SIO at the singular points ¢t € T'
take the form of Mellin PDOs with a symbol depending on the curve, weight and
coefficients, and also on the values of p(-) at singular points ¢. Using results on
local invertibility of Mellin PDOs, we obtain necessary and sufficient conditions
for the local invertibility of SIOs at singular points of the curves, weights, and
coefficients. Finally, the application of the variable exponent version of Simonenko
local principle allows one to obtain necessary and sufficient conditions for Fred-
holmness in LP(T', w).

The localization methods presented here can be applied to the study of the
Fredholm properties of multidimensional SIOs and PDOs on compact and non-
compact manifolds, and of boundary value problems in Sobolev and Besov spaces
connected with LP(). We do not touch upon this topics.

In Section 10.3.2 we consider PDOs in LP()(R). The main result is a criterion
of local invertibility, at the point 400, of PDOs with slowly oscillating symbols,
and a criterion of local invertibility of PDOs and SIOs at a point 2y € R.

In Section 10.3.3 the results of Section 10.3.2 are reformulated for the Mellin
PDOs in LP) (R, , du) with the Haar measure dy = d[.

In Section 10.3.4 we apply the results of Sections 10.3.2 and 10.3.3 to obtain
the boundedness, local invertibility and Fredholmness of SIOs on composite Car-
leson curves, within the frameworks of LT‘(')(F,w) spaces with weights having a
finite set of oscillating singularities.

Finally, in Section 10.3.5 we give a comparison of the used class of oscillat-
ing weights with weights of Bari-Stechkin type. In particular, we show that our
assumption on the differentiability of weights near the nodes is not essential in
the sense that any function in the Bari—Stechkin class is equivalent to an N-times
differentiable function in this class, for any given finite NV, the Matuszewska—Orlicz
indices coinciding under the equivalence, as is known. However, the conditions on
the weights in terms of the Simonenko indices are somewhat stricter than those
in terms of the Matuszewska—Orlicz indices, see Remark 10.90.

The main results of this section are:

1) A theorem on the boundedness of SIOs on composite Carleson curves I' in
LP(T, w) with weights having a finite set of oscillating singularities. The proof
is based on the local boundedness of Mellin PDOs in LP() (R, du) and an
admissible partition of unity on the curve I'. The PDO approach demands
that near every node the curve is infinitely smooth. But in fact we use the
existence of only a finite number of derivatives.

2) A criterion for the local invertibility and Fredholmness of SIOs on slowly os-
cillating composite curves with piecewise continuous slowly oscillating coeffi-
cients, in the spaces LP()(T, w) with weights slowly oscillating at the nodes.
The main tool is the Simonenko local principle and criteria for local invert-
ibility of Mellin PDOs in LPO)(Ry, 97) at the point 0, and PDOs and SIOs
in LPO)(R) at the point xo € R.
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By B(X) we denote the space of all bounded operators in a Banach space
X; C§°(R) stands for the subspace of C*°(R) of functions with compact support,
and Cp°(R) is the subspace of C*°(R) of functions bounded on R together with
all their derivatives.

Everywhere in this section, if not stated otherwise, we suppose that p €
Plog(R™).

10.3.2 Pseudodifferential Operators on R

Some Properties

We refer to Section 10.2.2 for the notions related to PDOs we use here. The
theorems formulated in this subsection are well known and may be found for
instance in Rabinovich, Roch, and Silbermann [294, Chap. 4].

Theorem 10.44. Let Op(a) € OPSY . Then the operator Op(a) is bounded in
L?(R) and 10p(a)lg(r2(g)) < C \a|2’27 where C' does not depend on a.

Theorem 10.45.

(i) Let a; € 83,5 = 1,2 and C = Op(a1) Op(as). Then C € OPSyE*™2,
C = Op(c), where

o(x,€) = // oz, € + bz +y,E)eV Ndydy. (10.61)

Moreover
c(x, &) = a(z,§)b(x, &) + t(z,§), (10.62)
where t € STOlerrl.
(ii) Let a € ST . Then Opgy(a) € OPSTY, Op,(a) = OP(a?), where

af(z,8) = // a(z,x +y,&+n)e” Y dydn. (10.63)

Moreover af(x,&) = a(x,z,€) + t(x, &), where t € Sﬁ;l.

We say that an operator A7 is formally adjoint to A = Op(a) € OPSTY, if
(Au,v) = (u, Av) for all u,v € (R").
Theorem 10.46. Let a € STy Then the operator AT formally adjoint to A = Op(a)
belongs to OPSTY, and A™ = Op(a™) with

§) = 217r // a(z +y, &+ n)e” Y dydn (10.64)
R2

and " (z,§) = a(z,§) +t(x,§), where t € STy L
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Note that the integrals in (10.61), (10.63), and (10.64) are understood as
oscillatory.

Definition 10.47.
(i) We say that a symbol a € 57, is slowly oscillating at +oc, if

0702 a(x, )| < Caplx) (€)™, (10.65)

and limg_, 4 Cop(x) =0 for all @ € Ny and 5 € N. We denote this class by
SO~ and the corresponding class of PDOs by OPSO .

ii) We say that a double symbol a € S?,, is slowly oscillating at +oo, if
1,0,0
aga;aga(x,y,g)] < gy (2,y) (€)™ where limy_, o0 Capo(z,y) = 0 uni-

formly in y for all a,y € Ng and § € N, and lim,, 1 Copy(z,y) = 0
uniformly in z for all o, 8 € Ny and v € N. We denote this class by SO .4
and the corresponding class of PDOs by OPSO4 4.

(iii) We say that a € S, if the coefficient Cyp(z) (in 10.65) satisfies

lim Cup(z) =0 forall o,8 €Ny

T—r—+00

and denote by OP§+OO the corresponding class of PDOs.

Theorem 10.48.

(i) Let Op(a;) € OPSO4oc, j = 1,2 and B = Op(a1)Op(az). Then B €
OPSO4o and B = Op(b) with

b(.’IJ7§) :a1(1‘7§>a2($75> +q(l‘,f)7 where qec §+OO'
(ii) Let Opy(a) € OPSO4oo.a. Then Opy(a) = Op(a*) € OPSO, o, where
aﬁ(x7§> :a(l‘7$7§>+q($,f)7 where q S §+w~

(iii) Let Op(a) € OPSO4 . Then the formal adjoint operator (Op(a))™ = Op(a™)
is in OPSO4 o with

a"(x,8) =a(x,x,&) + q(x,), where q¢€ S_TOO

Pseudodifferential Operators on Lebesgue Spaces with Variable Exponent

Recall that, by Theorem 10.28, for Op(a) € OPS? ; there exists M > 0 and C' > 0
not depending on a such that

10p(a)|[5(Lrcr )y < Clalarar (10.66)

Theorem 10.45 and the boundedness (10.66) imply the following
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Corollary 10.49. Every operator Op(a) € OPSY  is bounded in LPO)(R) and
there exist M >0 and C > 0, not depending on A, such that [|Op(a)| (s (ry) <

C |a‘M,M,M'

Theorem 10.50. Let Xr = X(Rr,+) and Q = Op(q) € OP§+OO. Then
RLHEOO HXRQHB(LP(')(]R)) = RETOO ||QXRIHB(LP(')(]R)) =0. (10.67)

Proof. Let ¢ € C*°(R) be the real-valued function defined by
1L x>1,
P@) =90 z< 1/2,
and pr(z) = ©(5), R > 0. Then r@Q = Op(prq). Since ¢ € S4o0, we have
limp_s0 |<,0Rq|l17l2 = 0 for every 1,1y € Ny. By the boundedness (10.66),
B}Lmoo HSDRQ”B(LPM(R)) =0.
Now we will prove that limp—, oo [|QYRI| 5(1s¢) (r)) = 0. We have
1QeRI| g(Lrc) )y = 1PRQ | 5(La0) (R)) -

where Q* € OPSO'+OQ by statement (iii) of Proposition 10.48. Hence,

B}LH;Q ||Q<PRI||B(LM->(R)) = B}ggo H@RQ*HB(LQ(')(R)) = 0.
This yields (10.67), since prXr = XR- O

Local Invertibility at +oo

Definition 10.51. We say that an operator A € B(LP()(R)) is locally invertible at
the point +oo, if there exist operators Lr , Rr € B(LP()(R)) such that

Lr Axrl = xrI, xrARgr = xgrl for all R > 0.
We use the notation
Vhu(z) = u(x — h)

for the translation operator. In what follows, if @ is a symbol and h € R, then
a" denotes the symbol shifted in z, that is, a”(z,&) = a(x + h,&). Note that
V_n Op(a)Vh = Op(ah).

Theorem 10.52. Let Op(a) € OPSO, . Then

Jim (Vo Op(a)Vh, ull oo gy = 0

for every u € C§°(R) and every sequence hy, — +o0.
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Proof. We have V_j, Op(a)Vy,,, = Op(a"™). Let ¢ € C5°(R) such that pu = u.
Hence V_j,, Op(a)Vy,, u = Op,(a™¢)u. Applying formula (10.63) we obtain that
Opy(a”mp) = Op(by,), where

b:6) = 51 ] ale+ B, €+ et + )y (10.68)
R2

By the definition of the oscillatory integral in (10.68),

lim  sup |8§8§‘bm(x,£)’:0

M0 (3,6)ER?
for all a, 8 € Ny. The boundedness (10.66) implies that
n}ijﬂm HOp(bm)HB(LP(~)(R)) = mlgnoo ||Opd(ahm¢)HB(LM)(R)) =0,
whence the statement of the theorem follows. O
Theorem 10.53. Let Op(a) € OPSO . Then the operator
Op(a) : LPO(R) - LPO(R)
1s locally invertible at the point +oo if and only if

lim inf |a(z, )| > 0. 10.69
lim_inf Ja(a. ) (10.69)

Proof. First we prove that condition (10.69) is sufficient. Let ¢r be the function
from the proof of Theorem 10.52. Condition (10.69) implies that there exists an
Ro > 0 such that br, = pr,a"! € SO, . Hence, by Theorem 10.48,

Op(br,) Op(a) = ¢r,I + Qry, (10.70)
where Qgr, € OPS, . Equality (10.70) implies that
Op(br,) Op(a)xrI = (I + QroXRI)XRI,

where R is such that ¢r,xr = xr. By Theorem 10.50 we can choose an R such
that [|Qxr! | p(pec)(ry) < 1. Hence

(I +QxrI)"" Op(br)Op(a)xrl = xrI.

Thus the operator Op(a) is locally left invertible at the point +oo. In the same
way we prove that Op(a) is locally right invertible at the point +oo.

Conversely, let Op(a) : LP()(R) — LP()(R) be a locally invertible operator.
Then there exist C' > 0 and R > 0 such that

10p(@)xrullLoer m) Z C lIXRUI Lo R)
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for every u € C§°(R). Let h,, € R be a sequence tending to +o0c. Then for a fixed
R > 0 there exists mg > 0 such that xgrVp,,u = Vj, u for m > mgy. Hence for
such m

Va,, (V-h, Op(a)thu)HLp(.)(R) = HOP(@XRVIWUHLP(')(R) >C ||thu||LP('>(R) :

Let h,,, be a subsequence of h,, defined as in Lemma 10.34 and take wj =
Voh,,. Op(a)Vh,, u=Op (a"m+)u. Applying Lemma 10.34, we obtain that wy —
w = Op(ay))u in the space S(R). Then we can use Lemma 10.33 to pass to the
limit in the inequality HVth wkHLP(,)(R) > CHV;L%uHLP(,)(R), and obtain that
HOp(a(h))uHLpr)(R) 2 Cllull oo gy » (10.71)

where the symbol a;) depends only on £. Estimate (10.71) implies the condition
inf > 0. 10.72

nf g (©)] (10.72)

Thus we proved that for every sequence h,, — 400 there exist a subsequence
hm, and a limit symbol a(;) € 5?,0 such that the sequence a(hyy,,,§) converges
uniformly on R to the limit function a(p(§) for which condition (10.72) holds.

Suppose now that condition (10.69) is not satisfied. Then there exists a se-
quence (M, &m), hm — 400, such that limy, o0 a(hm,&rn) = 0. Choose a sub-
sequence h,, of the sequence h,, such that a(h,,,&) converges uniformly with
respect to & € R to the limit function ap(€) for which condition (10.72) holds.
Then

lim a(hm,,&m,) =0 and

lim ‘
k—o00 k—o0

a(h'rnk7 fmk) - a(h) (g'rnk)’ = 07

which contradicts to (10.72). O
By OPSY (n) (OPSO,(n)) we denote the class of PDOs Op(a), where a

is a matrix with entries a;; € S? ) (SO4 o). Theorem 10.53 is reformulated for the
matrix case as
Theorem 10.54. Let Op(a) € OPSO4o(n). Then Op(a) : Lﬁ(')(R) —>Lﬁ(')(R) is
locally invertible at the point +oo if and only if

lim inf |det , > 0.

im_jnf |det(a(, )|

r—+00

Local Invertibility at the Point x¢o € R

Definition 10.55. We say that an operator A € B(LP()(R)) is locally invertible at
the point xg € R, if there exist an interval Z.(z¢) = (¢ — €, xo + ¢ ) and operators
Looes Rage € B(LPO(R)) such that

Lag e AXZT = X2°L, X" ARy e = X2°1,
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where xZ° = X7_(z,) is the characteristic function of Z.(z¢). The operators
La.e(Ray ) are called left (right) local inverse operators.

We consider the subclass 5(1)70 of symbols in S{ ; for which there exist func-
tions a® € Cp°(R) such that

lim sup |a(z, &) — ai(x)’ =0.
§—Foo pecR

Let Op(a) € OPSY . Then we set

Ozq (A) = {a+(m0),a7(mo)}
and call 04,(Op(a)) the local symbol of the operator Op(a) at the point zo € R.
Note that if Op(a;) € OPS?,j = 1,2, then
920 (Op(a1) Op(az)) = 02, (Op(a1))ow, (Op(az)
={ay (z0)az (z0), ay (zo)ay (wo)} -
The PDO Op(a) € OPS“RO is called elliptic at the point zg, if the local symbol
04,(0p(a)) is invertible, i.e., a*(xq) # 0.
Theorem 10.56. Let t € S, and

lim ¢(x,&) =0. 10.73
(x,g)—w( £) (10.73)

Then Op(t) is a compact operator in LPC)(R).

Proof. Condition (10.73) implies that Op(t) is compact in L?(R) (see Rabinovich
(288, Thm. 5.8.3]). We can find a function r € P!%8(R") such that LP()(R) is
an intermediate space between L?(R) and L")(R). Hence Op(t) is a compact
operator in LP()(R) by Theorem 9.21. O

Theorem 10.57. Let t € ST and lime o0 SUP,cpa [t(2,€)| = 0. Then

gi_{% HOP(t)X?IHB(Lp(»(R)) = il_r)% X2 Op(t)HB(LpM(R)) =0 (10.74)
and

213[1) Hop(t)W?OIHB(Lm-)(R)) = ilj)% loZ° Op(t)”[j’(Lp(-)(R)) =0. (10.75)

Proof. Fix g9 > 0 and let 0 < & < gg. Then Op(t)xZ°I = Op(t)xZ°xZ°I. The op-
erator Op(t)xZ01 is compact by Proposition 10.56, and x2°I — 0 if ¢ — 0 strongly
in LPC)(R). Hence lim. o [0p()x2 || g( o) )y = 0. Passing to the adjoint op-
erators and taking into account that the assumption lim¢_, o SUp,cpn |t(z, &) =0
of the theorem implies lim¢_, o SUp,cpn [t7(2,€)| = 0, we obtain that

lim [[x2° Op(t) | 500> @) = [[(OP(E)" XET || g a0 sy = O

Formula (10.75) follows from (10.74). O
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The following localization statement is a counterpart of Lemma 10.33 for a
finite point zg.

Theorem 10.58. Let p € C(R") and 1 < p_ < py < oo, and let (Ty, su)(x) =
5 vl (*_5*0) ,0 > 0. Then

%i_r)% HT%WHLP(')(R) = HUHLWO)(R)

for every function u € C§°(R).

Proof. Fix a function u € C§°(R) and set

v (l._l.o) p()
F(\8) = 1" (1, 5u) = / N 5~ 'dz, A > 0.
R
After the change of the variables *7j™* =y we get
p(xo+0y)
Fove) = [ dy.
R

Passing to the limit in (10.3.2) as § — 0, we obtain

%%F()\,(S) :/

R

p(z0)

u(y) ,_
\ dz = F(),0),

where the convergence is uniform with respect to A > 0 on every segment [a,b] C R.
Note that F : (0,4+00) % [0, 1] — R is a continuous function. Moreover, the partial
derivative F§ (X, d) < 0 exists for every (A, d) € (0,400) x [0, 1]. Hence, for every
fixed § € [0,1], F (-,d) is a monotonically decreasing function of A on (0,00). It
follows that

70,5l o gy = I {A > 02 F (A, 6) < 1} = A9),

where A(d) is a solution of the equation F' (\,d) = 1. One can see that for § =0
the equation F'(A,0) = 1 has a unique solution A(0) = |[ul| ,p(o) () - Moreover,

B} (Ilull e gy - 0) #0-

Therefore, the Implicit Function Theorem yields a unique solution A(J) of the
equation F'(A,0) = 1 for small §, and A(d) is a continuous function in a neigh-
bourhood of the point 0.

Hence [|ul|ppeo)gny = A(0) = limso A(6) = limso [[7aq,sull 1o gy for
every function u € C§°(R).
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Theorem 10.59. Leta € 5?70. Then Op(a) : LPO)(R) — LPO)(R) is locally invertible
at a point xo € R if and only if Op(a) is an elliptic operator at xg.

Proof. First we prove that local ellipticity of Op(a) at the point x( implies local
invertibility at this point. Let a®(z, &) = a™(2)0(¢) + a™ (£)(1 — 6(€)), where 0 is

the characteristic function of Ry. Since a € 57, we have

Rlm - sup |(a(x,€) = a®(x,€))Pr(£)] =0 (10.76)
—40o0 (x,6)€R?

and
lim sup |(a* (@) — a* (a0) ¢2* (@)] = 0.
Hence,
im  sup [(a(e,€) — a(xo, €)pl ()R (E)] = 0. (10.77)

e—0,R—+o00 (z,§)€R2

In view of the ellipticity of Op(a) at the point 2y and relation (10.77), we obtain
that there exist e9 and Ry such that the symbol b(z, &) = a™ ' (z, &)@ (z)¢r, (€)

is in 57 ;. Then Op(b) Op(a) = Op(¢20¥r,) + Op(te,.r,), Where te, g, € Sy by
(10.62). This implies that

Choose € > 0 such that xZ0p?° = xZ0. Then from (10.78) we get

Op(b) Op(a)x2°1 = x2°I + Q-,

where Q. = ¢ Op(¢r,)xZ°1 + Op(tey,r,)X2°1 is a compact operator in LPO)(R),
by Theorem 10.56. Since we have the strong convergence x2°I — 0 in LP()(R),
we can choose ¢’ > 0 small enough such that ||Q:x.’I|| < 1. Hence

(I 4+ QxZ1)~" Op(b) Op(a)x2PT = x2°1.

Consequently, (I + Q-xI)~* Op(b) is the left local inverse operator at the point
o € R. In the same way we prove that there exists a right local inverse operator
at the point xg.

Now we prove that the local invertibility of A = Op(a) at the point z¢ implies
the local ellipticity of Op(a) at this point. We denote

A’ =aTPy+a P, A™ =a"(v0)Py +a (20)P-,

where Py = j (I £ Sg) and (Sgu)(z) = “éy_)jy Note that the SIOs A° and
R
A0 are bounded in LT‘(')(R), see, for instance, Theorem 2.35 or 2.96. By the
multiplicative inequality (see for instance, Shubin [341, p. 22] or Rabinovich [288,
Prop. 5.8.1]), (10.76) implies that
lim sup [970¢ ((a(x,€) — a®(z,€)¥r(€)| = 0.

R—+o00 (x,6)ER2
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By (10.66), for each n > 0 we can find an Ry > 0 such that

Jim[(A =A%) Op(Wro) || 5100 ) <

By the continuity of the coefficients a®

go > 0 such that for all € € (0,¢&0)

at g, for every n > 0 there exists an
0
H(A - Azo)‘P:OIHB([,p(-)(R)) <

Furthermore,

1A = A" g 1o

< H (A— AO) Op(wRo)LP?OIHB(Lp(»(R)) + H(A - AO) OP(¢R0>‘P§OIHB(LP<.>(R)) )
and

||(A*AO) OP(¢R0)W§OIHB(LM-)(R))
< H(A_AO)HB(Lp(-)(R))||Op(¢Ro)‘P;UOIHB(LM-)(R)) .
By Theorem 10.57, for small € > 0 we have

Ui

10P(0rs )22 Ll 3(100) ) < _
0 B(LPO)(R)) ”(A*AO)”B(LM-)(R))

Hence,
H(A - AO) Op((bRo)‘P:OIHB(Lp(-)(R)) <.
All these estimates yield that
(A =A%) 2| g 1oy (my) < 31 (10.79)

for small ¢ > 0. Let A be locally invertible at xy. Then there exist &’ > 0 and
C > 0 such that

||AX§’OU||LD(') (R) >C ||X:’OU’HLZD(')(R) (10-80)
for every u € C3°(R). Since x2P¢Z° = pZ° for € > 0 small enough, (10.80) implies
HAQDg:OuHLP(')(]R) = C ||W§OU||LP(~>(R) , u € G (R). (10.81)

Let n = §. Then (10.81) and (10.79) yield that

xr xT C xr o0
A" o2°ull Lo v 2 5 lo2°ull Loy vy » v € G5 (R). (10.82)

We replace w in (10.82) by 74, su, where ¢ > 0. Then for § small enough
OTO (T 6U) = Ty 5u. Since Ay, commutes with the operator 7., 5, (10.82) shows
that

. C
720,64 OUHLP(‘)(R) > 9 ||T'Jco75u||];p(~>(]1e)- (10.83)
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Passing to the limit as ¢ — 0 in (10.83) and applying Theorem 10.58, we obtain
the estimate

4wl ey > 5 Nl (10.84)
for every u € C§°(R). In the same way, from the estimate
Al gy > € Il g0 g » 4 € CE(R) (10.55)
we obtain that
, C
1Al paarey = 5 ol gy v € CE@®). (1086)

Since C§°(R) is dense in LP(0)(R), estimates (10.85) and (10.86) imply the
invertibility of A0 in LP(®0)(R). It remains to note that the invertibility of the
SIO A% in the space LP(R) with constant p € (1,00) implies, as is well known,
the condition a (xo) # 0 (see for instance Simonenko and Min [346]). O

Theorem 10.60. Let A° = a™ P, + a~P_ be a SIO with coefficients a* € L>(R)
continuous at a point o € R. Then A : LP()(R) — LPC)(R) is locally invertible at
the point x, if and only if a*(xq) # 0.

Proof. By the continuity of a® at the point zg, for every n > 0 we can find an
€ > 0 such that

[(A% = A7) 02T || g o my) < 7 (10.87)
Let a™(xg) # 0. From (10.87) we have
APpEol = ATop*o T + Ty, (10.88)

where ||T.|| < 1. The condition a*(x¢) # 0 implies that there exists the in-
verse operator (A%) ™" = at(20) " Py + a~ (z0) *P_. Let n < 1 (A‘TO)_lH. Then
there exists an &’ such that ¢ZoxZ’ = xI’. From (10.88) it follows that (I +
T.x21)~t (A‘/""O)*1 A\EPT = xZP1. Hence there exists a left local inverse operator
for A% at the point zg. In the same way we prove that there exists a right local
inverse operator.

Let A be a locally invertible operator at the point x¢. Then (10.87) implies
that A is also locally invertible at . Hence for every u € C§°(R) estimate
(10.84) holds. As in the first part of the proof of Theorem 10.59, we obtain that

ax(xo) # 0. O

10.3.3 Mellin Pseudodifferential Operators

Mellin PDOs are PDOs on the multiplicative group R with the invariant measure
dr/r. They are obtained from PDOs on R by means of the change of the variables:
Ry 37 = e * o € R. The main properties of Mellin PDOs easily follow from
those of PDOs on R.
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Main Property

In this subsection we reformulate the results of Section 10.3.2 for Mellin PDOs;
we refer to Rabinovich, Roch, and Silbermann [294, Chap. 4.5] for more details on
such PDOs.

Definition 10.61.

i) We say that a matrix-function a = (a;;)"._, belongs to £(n), if
J/1,5=1
a;; € C°(RyxR) and

la|, ,, = max sup (r0,) 0 aij(r,€)] ()7 < o0
ot Klﬂgn(né)eRMRashzﬁ:sb’ v |

for all Iy, 1> € Ng.
(ii) We say that a matrix-function a = (a;;)7';_; belongs to Ea(n), if

;5 € COO(R+ X R+XR)
and

‘a|11,12,l3 =

max sup S 000700, 000,06 < ox,

ISPIST (rp ) R4 xRy xR 1y 5T, 1<l

for all 117 ZQ, lg S No.
(iii) Let a € £(n). The operator

(Op(a)u)(r) = (2m)! / e / a(r.€) (rp Yeulp)pdp,  (10.89)

R Ry

where u € C§°(Ry,C"), is called the Mellin pseudodifferential operator
(MPDO) with symbol a € £(n). We denote by OPE(n) the class of all such
operators and by OP&q(n) the class of the double M PDO’s Opy(a) with
symbols a € £4(n) which are defined by formula (10.89) with the symbol a
of two variables replaced by the double symbol a of three variables.
(iv) We say that a matrix-function a (€ £(n)) is slowly oscillating at the point
r =0, and write a € Eg(n), if
lim sup|(rd, )’ 0ga:;(r, £)[(€)™ =0, (10.90)
r——+0 ¢ER
for all « € Ny and 8 € N. By &y(n) we denote the set of matrix-functions
satisfying condition (10.90) for all a, § € Ny.
We say that the matrix-function a = (a;;)7 ;= € €a(n) is slowly oscillating
at the point 0, and write a € Eg q(n) if

fim sup 7"87. b pa 78(104" r, Pvf 5 *=0
THJFO(p’&)eRerR‘( )"(p0p)" O i ( E
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for all 8 € N and every 7, a € Ny, and

lim  sup |(rd,)%(p8,) 08 ai;(r, p, ()™ = 0

P40 (r )eR, xR

for all v € N and every 8, a € Ny. The corresponding classes of Mellin PDOs
are denoted by OPE&g(n), OPE&y a(n), OP&y(n).

By L2(R.,du) we denote the space of measurable C"-valued functions u on

1/2
Ry with the norm [[ullz2 &, 4. = (fR+ [e(r ||<C” du) . The proof of Theorems

10.62, 10.63, 10.64 and 10.67 can be found in Rabinovich, Roch, and Silbermann
[294, Chap. 4].

Theorem 10.62. Let A = Op(a) € OPE(n). Then the operator A is bounded in
L2(Ry,dp) and there exists C > 0 not depending on A such that 1Al 5Lz (kR duy) <
C |a\272 :

Theorem 10.63.

(i) Let Op(a),Op(b) € OPE( ). Then C' = Op(a) Op(b) € OPE(n), and C =
Op(c) with c(r, &) = o [p, Jp alr.&+m)b(rp,&)p™ " dpdn.

(i) Let Opd( ) € OPE&y(n). Then Opy(a) € OPE(n),Opy(a) = Op(af) and
at(r &)= o [ f a(r,rp, & +n)p~Mdpdn.

(iii) Let A= Op(a ) € OP&(n). Then the adjomt operator A* is in OPE(n), and
A* = Op(b), where b(r, &) =, [[p2 a*(rp, & 4+ n)p~"dpdn, where a*(r,) is
the Hermite adjoint matriz to a(r,§).

The integrals in the above formulas are understood in the oscillatory sense.
Theorem 10.64.
(i) Let Op(a),Op(b) € OPEy(n). Then Op(a) Op(b) = Op(c) € OPEy(n), where
c(r,§) = a(r, §)b(r, ) + q(r,€),

and g(r, &) € E(n).
(ii) Let Op,(a) € OPEqq(n). Then Op,(a) = Op(af) € OPEy(n), where

0} (r,€) = a(r, 1) + q(r,€)
and q(r, &) € E(n).
(iii) Let Op(a) € OPE&y(n) and act in L*(Ry,du, C™). Then the adjoint operator
Op(a)* = Op(b) € OP&y(n) and

b(r,§) = a*(r,§) +q(r, ),

where a*(r, &) is the Hermite adjoint matrixz to a*(r,§), and q € Ey(n).
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Definition 10.65. Let w = expv, where v € C*(Ry) is a real-valued function
satisfying the following two conditions:

(r dflr)kv(r)

and there exists an interval (¢, d) 0 such that

sup < keN, (10.91)

reRy

c < inf 5¢,(r) < sup »,(r) < d, (10.92)
reRy reRy

where 3, = rv’. We say that w = e is a weight of the class R(c,d), if conditions
(10.91) and (10.92) hold, and of a class Rq(c,d), if w € R(c,d) and

lim 3, (r) = 0. (10.93)

r—0
The weights in Rg(c, d) are called slowly oscillating at the point 0.

Definition 10.66. We say that a symbol a defined on Ry xR belongs to E(n, (¢, d)),
if @ admits an analytic extendsion with respect to the second variable £ to the strip

II={¢e€C:3() € (c,;d)} and sup(, ¢y sner, x11 |(r0r)P0%aij (r, € + in)| < oo
for all a, 8 € Ny. By OPE(n, (¢,d)) we denote the corresponding class of Mellin
PDOs with analytic symbols.

The class OPE&4(n, (¢,d)) of Mellin PDOs with double symbols that are de-
fined on Ry x Ry x R and admit an analytic extension with respect to the third
variable to the strip II is introduced in the obvious way.

Theorem 10.67.
(i) Let a € E(n,(c,d)) and w = e’ € R(c,d). Then

wOp(a)w™' = Op,(ay), (10.94)

where aq,(r, p, &) = a(r, p, & + 0, (r, p)) and

1
Yy (1, p) :/%1,(7"1_7/)7)0?7'.
0

(Note that condition (10.92) yields that 9,(r,p) € (¢,d) for all r,p € Ry.)
(i) Let A = Op(a) € OP&y(n,(c,d)), w € Ra(c,d). Then wOp(a)w™! €
OP&g(n) and
w Op(a)w™" = Op(a,) + Op(q),

where ., (1,£) = a(r, & +ix,(r)) and q € Ey(n).
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Mellin PDOs in the Spaces LP() (R, dp)

Let Lﬁ(')(R+, du) be the variable exponent space with du(r) = dr/r.
Let p: Ry — (1,00) be a measurable function satisfying the condition

L<p-(Ry) <p+(Ry) <o0 (10.95)
and the log-condition, which now is taken in the form
A
p(r) —plp)| <
PO =P togi1 togr/ )
for all r,p € Ry such that 1/y/e < r/p < /e, which may be interpreted as the
log-condition with respect to the metric d(r, p) = |log(r/p)|. We also assume that
the decay conditions at the origin and infinity hold in the corresponding form:
C
2+ |logr|)’

(10.96)

p(r) = p(0)] < log ( r€Ry, and p(0) = p(c0). (10.97)
Note that the mapping R Sx — expx € Ry establishes an isomorphism of
the spaces L (R4, dp) and Lo (R), where p(r) = p(logr), so that the conditions
(10.96) and (10.97) have their obvious source in the log- and decay conditions on
R, the coincidence p(0) = p(c0) corresponding to p(—oo) = p(co).
Theorem 10.68. Let p satisfy conditions (10.95), (10.96) and (10.97). Then every
operator Op(a) € OPE(n) (Opy(a) € OPE&q(n)) is bounded in Lﬁ(')(R+,du), and
there exist M > 0 such that

1OP() 5120 & )

<
<

(HOpd(a)||B(Lﬁ('>(R+7du)) C|a‘M,M,M)'

Proof. Let u be a measurable function on R with values in C". We set (Pu)(r) =
u(—logr),r € Ry. It is evident that the mapping

where p(r) = p(—logr),r € Ry, is a Banach space. This isomorphism induces an
isomorphism of spaces of operators

U B (R, dp) — B(LEO(R))

by the formula U(A4) = U~1AV, A € B(Lﬁ(')(R+,du)). Moreover U(OPE(n)) =
OPSY y(n). Hence Theorem 10.68 follows from the boundedness in (10.66) and
Corollary 10.49. |
(‘)(

The weighted spaces Ly’ (R, w,du) are defined by the norm

ull 20> @y o,y = N0l 20 8, g -
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Theorem 10.69. Let Op(a) € OPE(n, (¢,d)),w = e € R(c,d). Then Op(a) is
bounded in Lﬁ(')(R+, w, dp) and there exist constants M > 0,C > 0, not depending
of a, such that

||Op(a)HB(LZ(‘)(R+,w,du)) g C |a‘M,M ‘U‘M 9 (1098)
where |v],, = 22/[:1 SUp,.cp, ‘v(k) (r)’

Proof. The boundedness of A in Lﬁ(')(R+, w, dy) is equivalent to the boundedness

of wAw™! in Lﬁ(')(R+,dy). Applying formula (10.94) and Theorem 10.68, we
obtain the estimate (10.98). O

Local Invertibility of Mellin PDOs

We say that an operator A acting in the space Lﬁ(‘)(RJr, duw) is locally invertible
in this space at the point 0, if there exists an R > 0 and operators Lr, Rr €

B(LEY (R, dp)) such that
LrAx0,r/L = X0,rR11; X[0,RIARE = X[0,r){

Theorem 10.70. An operator < Op(a) € OPEg(n) is locally invertible in the space
Lﬁ(‘)(R%p) at the point 0, if and only if lim,_, , ,infeer |det a(r, §)[ > 0.

Proof. A € B(Lﬁ(')(R+,u)) is locally invertible at the point 0, if and only if
VAV~ € B(Lﬁ(')(R)) is locally invertible at the point +o0o0. Moreover

T(OPE(n)) = OPSO, o (n).

Therefore, the assertion follows from Theorem 10.54. O

10.3.4 Singular Integral Operators on Some Classes
of Carleson Curves

Curves, Weights, Coefficients

We say that a complex-valued function a is in C™(0,¢),e > 0, if a € C"™(0,¢) and

(-2 o

for every j = 0,1,...,m the case m = oo being included. We say that a € C™(0, ¢)
if 3¢, := ri‘:, € C™(0,¢).

A function a is said to be slowly oscillating at the point 0, denoted also as
a€Ci0,e) ifaeC™(0,e), m>1and

sup < 00

re(0,e)

}13(1) #,(r) = 0.
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By C~;{L(075)7 m > 1, we denote the class of functions a € CN"L(O,E) such that
7, € C(0,¢). If a € C™(0,¢), m > 1 we set

1
Do(r,p) = [ e
0

A set v C C is called a simple locally Lyapunov arc, if there exists a homeo-
morphism ¢ : [0, 1] — 7 such that ¢ € C1((0,1)), ¢'(r) # 0 for all r € (0,1), and
for every segment [a,b] C (0,1) there exist C > 0 and « € (0, 1] such that

(1) =" (P < Clr—p|® forall rpe[ab].

The points ¢(0) and ¢(1) are called the endpoints of . We refer to a set I'(C C)
as a composite curve if I' = Uszl 'y, where I'y, ..., 'k are oriented and rectifiable
simple locally Lyapunov arcs, each pair of which has at most endpoints in common.
A node of T is a point which is an endpoint of at least one of the arcs I'y, ..., k.
The set of all the nodes is denoted by F.

Let tg € F. We suppose that there exists an € > 0 such that the subset
I(to,e) ={t €' : |top — t| < €} is of the form

I'(to,e) = {to} U F%O U---u FZ)(tO)7
where
r, = {Z €C:z=ty+re0i™ 1 r e (0,6),(j=1,... ,n(to))}

and ¢y, ;(r) = th(i(r) + ey 5 (1), With Yy, Yig 1, .., Vto.n(to) Teal-valued functions
such that: ¢, € C>(0,¢), ¥4,,; € C(0,¢), and

0 <ma < tey,1(r) < My <ma < gy a(r) < My <---
e K My, < wto,nto (T) < Mmo <27

for all » € (0,¢) with certain constants mj, M;. The function t;, defines the
rotation, and the functions v, ; define the oscillations of the curves Fgo near the
node tg.

We assume that these conditions hold for every node, and we denote the class
of curves with this property by L. Since

dlre'# )] = V(1 + (r! (1),

it easy to see that any I' € L is a Carleson curve.

In the case where in the above conditions we have i, € C~§1° (0,€),11,,5 €
C(0,¢) for every node ty € F, we say that the curve T is slowly oscillating at
every node. We denote the class of such curves by Lg.
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For example, if

(Pto,,j(r) = 0y, log 7 + put,5, J= 17"'7n(t0)7 re (075>7

with 0 < pieg1 < pege < -+ < Ptong, < 27, then the above conditions on the node
0 are fulfilled. Hereafter we will assume that I' € £ and, for simplicity, that I" is a
compact curve.

Let p: I' — (1, 00) be a measurable function satisfying the local log-condition
on X = I'\F. For tyg € F we suppose that there exists an ¢ > 0 such that the
functions

Pioj (1) := plto + ey = p, (1), 7€ (0,¢), (10.99)
do not depend on j when r € (0,¢) and belong to C*°(0, ) and satisfy the condi-

tions (10.95), (10.96), and (10.97). By (10.97), py, is a continuous function at the
origin and

lim py, (1) = pe, (0) = p(to).
r—0

The weighted variable exponent Lebesgue space LT’(')(F7 w) is interpreted in the

text below as the space of functions f such that [w(m)}ﬂl&r) f(z) € LPOI(T). We
consider weights on Ry of the form

w = expuv,

where v is a real-valued function of the class CN‘”(O,E). We denote this class of
weights by Rg. Let s, = v/,

/
2 = lim sey(r) = lim "), (10.100)
r—0 r—0 w(r)
and
2, = lim 5, (r) = lim rw'(r) (10.101)
v r—0 ! r—0 w(r) .

By R§! we denote the class of weights w = expv with v € C’:ﬁ" (0,¢).

Ezxample 10.71. If v(r) = f(log(—logr))logr, r € (0,¢) and f € Cy°(R), then
w € RY. For instance, when f = sinz, we have s, (r) = cos(log(—logr)) +
sin(log(—logr)) = v2cos (log(—logr) — ) and s}, = V2,5, = —v/2.

Theorem 10.72. Let w = € € Ry = Ro(0,¢). Then for every § > 0 there exists
an e’ € (0,¢) such that

w(p)r et < w(r) < w(p)r*e 0 (10.102)

for p,r € (0,¢").
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Proof. Let
1 o(r) = o(p)
_ 2, (t —v(p
Gy (1, p 11/%; P TrT)d / .
0= [T = In(r/p)
0 P
Then
w(r)w_l(p) = 6“(7')_“()0) = eﬂv(T'yp)(IOgT'_IOg/’) — (rp_l)ﬁv(np) . (10103)

For every § > 0 we can find &’ € (0,¢) such that s, —§ < 9,(r,p) < s + 6 for
all 7, p € (0,€’), which together with (10.103) implies (10.102). O

In the following definition, for the weight w on the curve I', we assume that
for every point t; € F there exists a neighbourhood U; such that w and w™*

belong L (r\ Uy er(T'N Uj)).
Definition 10.73. We say that w € Rr, if for every point ¢y € F and for every
je{l,...,n(to)} the function

Wy, (1) = w(ty + re¥t0i (M) = (™ r e (0,¢), (10.104)

does not depend on j and wy, = €% € Ro. By A,)(I') we denote the class of
weights in Rrp such that

1 1
— < lim 5, (r) < lim 5, (r) <1 -

10.105
p(to)  r—0 r—0 p(to) ( )

for every node ty € F, and by A;l(_)(f‘) the class of weights in A,.y(I") such that
wy, € Rl for every node tg € F.

Theorem 10.74. If w € A,\(I"), then w € LPO(T) and w=" € L' O)(1).
Proof. First we prove that if ¢ty € F, then there exists an € > 0 such that w €
LPO)(D(tg,€)). We will prove that
p(-) _ p(t)
Tr(to,e) (W) = w(t)P [dt] < oco.
I'(to,e)

Using the expressions (10.104) and (10.99) for the weight w and exponent p on
I'(to, ), we obtain that

’I’Lto

e Z/ pr—Z/“M>w+wmmmn
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By Theorem 10.72, for every 6 > 0 there exists an € € (0,1) such that wy,(r) <
Cr’ o 75, r € (0,6), where

. 1
g = ili% g (1) > plto)’

Since py, is a continuous function and py, (0) = p(to), by the estimate (10.102) we
can find first a 6 > 0 and then an € > 0 such that

Vo = Teiﬁ)f:e)pto(r)(%; 0 ) > -1,
which yields

wf(fo (T')(T) < CPoo (T)T‘<%;"0 _6)1)”’ ™ Cyro,

Hence Ilggt)o o (w) < oo, because 7y, > —1. In the same way, applying the right-
hand side inequality from (10.105), we obtain that w~" € L)(I'(tg,¢)) for some
small ¢ > 0, which suffices to complete the proof.

Definition 10.75. A function a : I' — C is said to be piecewise slowly oscillating
on T, if a € C(T'\F) and for each node ty € F we have

a(to +re’®0i)y =y i(r), r€(0,e), je{l,....n(to)},
and aq, ; € C3°(0,¢). We denote the class of piecewise slowly oscillating functions
by PSO(T).
Representation of a Singular Integral Operator at the Node as a Mellin PDO

Let ' be a compact Carleson curve of the class £ and w € A,)(I') a weight
satisfying the conditions formulated in Section 10.3.4.
For the point ¢y € F we introduce the mapping

By, : LPO (Dt €), w) — L2 ((0, ), dp), (10.106)
where
r"‘ol“') wy, (1) f (Lo + re¥i01(7)
(Beo f) (r) = : = f(r), r € (0,2).

1 .
700wy (1) f (o + reronto) (1)
The inverse mapping @;}1 maps the vector-function
7 7 5 to (¢
[ = (fla ) fn(to)) € Li((%o))((oa 6)3 d#)

to the function f on the curve I'(tg, &) = U;-Litf) I't,; by the rule

e, (to +re @0y = 7 reo ™, 1(r) fi(r).

Theorem 10.76. ., is an isomorphism between the corresponding Banach spaces.
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Proof. We have

n(to)
B o) = [ @i =3 [ @smp .
T'(to,e) = 1Ftoy

After the change of variables 7 = to + re®0.4(") we obtain

() f(7)[P7) |dr]
T'(to,e)
n(to) &
= Z [w(to + ret#o s ) £ty + ret#os )P 14 (rgh (r)dr
j=1

€

= Z /‘r”fo(”wt fto + re#tos (™ ’p‘o(r) \/1 + (rgogoj(r))gdu(r).
=1

Since

0< 1nf \/1 (reof, (7 sup) \/1 (ref,; (7 ? < 0, (10.107)
0,e

it follows that the modular [ |w(7)f(7)|P") |d7| is bounded if and only the
['(to,e)
modulars

/|,',,pt0(7‘) we, (7) f (to + re'®o, ](T) pto \/1 r(ptw( ))Qdu(r)

are bounded for every j =1,2,...,n(tp). Hence the mapping

Oy, - LPO(D(tg, ), w) — L0 ((0,¢), dp)

T (to)
is bounded.
In the same way one can show that

o1 L7000, €), dp) — LPO(D(to, £), w)

0 n(to)

is bounded. Hence ®;, is an isomorphism between the corresponding Banach
spaces. O

To formulate the main results, we need the following notation. Put ¢, = 1,
if ¢o is the starting point of an oriented arc 'y, and e = —1, if ¢o is its ending
point. Define

v:[0,27) x (C\iZ) — C
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by

0=0 (10.108)
0 € (0,2m). ’

Let ¢4, be in C§°(T'(tg,)) and equal to 1 in a small neighbourhood of .

th(r2),
V(S 2) = {C?(fm)

sinh(7z)?
Theorem 10.77. Let I' be a composite compact curve of the class L, and let p €
P'8(T") and w € A,.y(T). Then for every point to € F the operator
S0 1= By iy S, Dy, = Op(s™)

is a Mellin PDO of the class OPEy(n) with the double symbol s = (s )"}
where

(pla Zf ] < k7
st (r,p,8) = ®a, if j =k, (10.109)
(b?n Zf ] > k7

with
L+ipp;, 1 (p)
1+ iﬁwto (’r‘, p)
. 1
5 +1 <Pt0 (r) + 19’Ut0 (7"7 p))
L+ idy, (1,p)

O = 5k(;j,to (7">(£k,to (p)

Xv |27+ '(/}tmj(r) - ’(/}t07k(p)7

. (1
L+ippy, 1.(p) , §+1 (pf,o(r) + D, (1, ﬂ))

Do = b b - ; )
2= 0 Py Gy ) L+ 0y, (r,0)

L+ipp; 1 (p)
1+ iﬁwtmk(r, 1))
£+ i(ptol(,.) + Do, (15 9))
L+ iy, (1, p) > ’

Dy = £ jt, (1) Drto (p)

X v (1/&07]-(7”) — io.k(p),

and g’j,to (r) = ¢ (to + rewto.j(r)).

We will not dwell upon the proof of Theorem 10.77. For constant p it was
proved first in Rabinovich [289, Prop. 3.4], with a more detailed proof presented
in Rabinovich, Roch, and Silbermann [294, Chap. 4.6]. The proof for the variable
exponents, with the use of Theorems 10.63, 10.64, and 10.67, repeats the proof for
the constant p.

Boundedness of the Singular Integral Operator in LP() (T, w).

We already know that the operator S : LPO)(T,w) — LPO)(T,w) on a simple

Carleson curve and with weights of the form w(t) = vazl w; (|t —t;]), where w;
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may grow and have oscillations at the point 0, is bounded, but we cannot use
this result for composite Carleson curves. The following theorem, based on the
boundedness of the Mellin PDOs, concerns the case of composite curves.

We say that a nonnegative function ¢, € C§°(I'(to,€)) is a smooth cut-off
function of a neighbourhood I'(¢g, £) of the point ¢, if there exists an &’ < & such
that ¢, (t) = 1 for all t € ['(¢g,&").

Theorem 10.78. Let I' be a composite compact curve of the class L, and let
p € Pe(T") and w € Ay (). Then S : LPO(T,w) — LPO)(T,w) is a bounded
operator.

Proof. Let

N
Y oor(t)=1, teT,

k=0

be a partition of unity on I', where IV is the number of nodes on I, the function
¢o € C(T) has support away from the nodes, ¢;,7 = 1,..., N, are smooth cut-off
functions such that supp ¢; contains only one node ¢;. Let the mapping (10.106) be
defined on supp ¢;, j = 1,..., N. It is clear that ' supp ¢g is a Lyapunov curve,
and w and w™! belong L (supp ¢p). Let 1); be another smooth cut-off function of
a neighbourhood of the point ¢; with supp 1; in a small neighbourhood of supp ¢,
and ¢, (t) = 1 for ¢ € supp ¢,. Then

N N
S= hSrpil + Y (1 —1;)Sp;1.
j=0 j=0

The boundedness Sl : LPC)(T',w) — LPO(T,w) follows from Theorem 2.45,
since ©oSvol is defined on a simple Lyapunov part of I, and w and w™' are
bounded on this part.

From Theorem 10.77 it follows that for every j = 1,..., N the operator
St = @y, z/JjSFijq)t_le is a Mellin PDO in OP&q(n(t;)) with a double symbol
defined by formulas (10.108) and (10.109). By Theorem 10.68, S% is bounded

in LZ?QES)(R+7du). Hence 1;Sp;I is a bounded operator in LPC)(I',w). Let us
consider the operator K;; = (1 —1;)S¢;I. Since supp (1 — ;) Nsupp ¢; = 0, K;;
has a smooth kernel, and is bounded from L!(I") to L°>°(T"). By Theorem 10.74,
w € LPO)(T) and w=! € LIO(T). Applying the Hélder inequality for the space
LP0) | we obtain that the map u — w ™ u is a bounded operator from Lp(‘)(F) to
LY(T). Since the operator K;; is bounded from L'(I") to L>(I") and the operator
v + wv is bounded from L>(T") to LP()(T'), we obtain that wK;;w I is a bounded
operator in the space L”(')(F). This concludes the proof. O
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The Fredholm Property of Singular Integral Operators in LP() (T, w).
Local Invertibility

Similarly to Definition 10.55, we say that an operator A € B(LPC) (', w)) is locally
invertible at the point to € T, if there exist a neighbourhood U, (C T') of tg
and operators Ry, ,Lu, € B(LPC)(T,w)) such that Ru,, Axv,, I = xv,, ! and
ALUtO XUtOI = XUtOI'

We set 570(S) = (5%,)7, where

555.(r €) = s35.(r,m,€)

E+i( iy Frop (1) .
eV | 2+ l/JtO ,j(T) - wto,k(T’), 1_’(_;)7)1/4 (T.[)) ) , g <k,
0

E+i( e, ) T (1)

=4 |0, L+iry) (r) , =k,
If a € PSO(T) and tg € F, then we set
ag,1(r)
51 (al)(r) = 2 (0]
Aty n(to) (1)
Let
Ar =al +bS, a,be PSO(T). (10.110)

Then we define
G (Ap)(r, &) = &' (al)(r) + & (bI)(r)5" (S)(r, €), r € (0,e), EE€R,
and
' (Ar) = {alto) + b(to), alto) — b(to)}

if tg € T\ .F.

In the following theorem we deal with the class Lq of slowly oscillating curves
and the class A;l(‘)(f‘) of weights slowly oscillating at every node of I'.
Theorem 10.79. Let I' € Ly, p € P°8(T), w = expv € A;l(_)(F), and Ar be an
operator of form (10.110) acting in LPO) (T, w). Then:

(i) Ar is locally invertible at the point to € F, if and only if

lim inf |det 6" (Ar)(r,&)| > 0. (10.111)
r—0&€ER
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(ii) Ar s locally invertible at the point to € T\F, if and only if 6'(Ar) is
invertible, i.e.,

Proof. (i) Note that Ap : LPO)(I',w) — LPC)(T', w) is locally invertible at the point
to € I, if and only if the operator

Al = @y A @ L0 ((0,2),dr fr) — L5 (0,2), dr/r)

is locally invertible at the point 0, where Af? is a Mellin PDO with double symbol
in the class OPE&4(n(ty)) given by formulas (10.108) and (10.109). The condi-
tions I' € Lg, w € A;l(.)(F) and a,b € PSO(T') and Theorem 10.77 imply that
AL € OPE44(n(to)) (see, for instance, Rabinovich, Roch, and Silbermann [294,
Chap. 4.6.5]). From the statement (ii) of Theorem 10.62 it follows that the Mellin
symbol o(A®) of Al is of the form

a(AP)(r,€) = 6" (Ar)(r,€) + 4z, (r,€),

where g, = (¢,)/') and

715% ?el%lg 85 (7"6,.) 4, (7", §> 0

for all a, 8 € Ny. By Theorem 10.79, the condition (10.111) is necessary and
sufficient for the local invertibility of the Mellin PDO Atr0 at the point 0. Hence
the condition (10.111) is necessary and sufficient for the local invertibility of Ar :
LPO(T,w) — LPO(T,w) at the point to € F.

Note that the local-invertibility condition in the spaces LP()(T, w) depends
on the value p(-) only at the point ¢.

(ii) Let ¢t € T'\F. Then there exists a simple locally Lyapunov curve I'; C T’
such that ¢y € int I';, where ¢; : (0,1) — int I'; is the parametrization of the
curve int I';. Let ¢;(rg) = to, and ¢(ro) = 1. Let € > 0 be sufficiently small and

F;O’E = 0;(Ziy.e)s Lty = (ro — €, 70 + €). The restriction L,O;»O’E of the mapping ¢,
to Zy,.« is a homeomorphism of 7, . of F;O’E. Let

B0 L PO s DO, ),
with p(x) = p(p;(z)), be the isomorphism defined as
(@5u)(2) = u(p}"(2)),

and (@;0’5)71 S LPON(Ty, ) — Lp(‘)(l“éo’e) be the inverse mapping.
It is well known (see for instance Béttcher, Karlovich, and Rabinovich [34])
that
BN Sxe (@10°) T = ReSakd + T, (10.113)
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where x. and x. are the characteristic functions of '€ and 2+, e, respectively, and
T, is a compact operator in LP(Z,, .) for every constant p € (1,00). Moreover it
follows from (10.113) and the boundedness of <I>§-°’8XESX8 (@?0’5)71 and Y. SrX!
in LP()(Z,, ) that T. is also a bounded operator in LPC)(Z;, ).

By Theorem 9.21, 7. is a compact operator in LPC)(Z;, ).

Let ¢ € Cp((—1,1)) and ¢(0) = 1. We set

r — 2o

o) =0 (75 ) dal0) = ol ) = Bs(0)

Then ¢5x. = ¢s for sufficiently small § > 0. Consequently, from (10.113) we obtain
that

e e 1 z " b 5
95805 (7)) = PsSudsl + GsTedsl.

The sequence q~55[ converges strongly to 0 in L”(')(Ito,g) as 0 — 0. Hence,

lim 95T o1 | =0

Sg% ¢5 ¢5 B(LPC) (T4 )
Therefore, Ar : LPO(T, w) - L”E')(F,w) is locally invertible at the point g,
if and only if the operator ¢sAR¢sI : LPO)(T, ) — LPON(T,, ), with AR =
(ao gpé“’a)f + (bo cpﬁo’E)SR, is locally invertible at the point xy = <I>§»°’E(t0) e R.
Applying Theorem 10.60, we obtain that ¢~>5A§§ o5l is locally invertible at the point
zo € R, if and only if

(a o (p;O’E)(T()) + (b o (pz-o’e)(’l”o> = a(to) + b(to) 75 0. U

Simonenko’s Local Principle in LP(")(X)

We prove here the Simonenko local principle in variable exponent Lebesgue spaces
L”(')(X ) in the general setting where the underlying space X is a quasimetric
measure space, as introduced in (0.14). In this subsection we assume that X is a
Hausdorff compact space.

Definition 10.80. An operator A € B(LP(")(X)) is called an operator of local type, if
for every two closed sets F} and Fy such that F} N Fy = (), the operator x g, AxF, 1
is compact.

Definition 10.81. An operator A € B(LP1)(X)) is said to be locally Fredholm at
the point xg € X, if there exist a neighbourhood U of the point xy and operators
L7 R* ¢ B(LP")(X)) such that

L*Axyl = xyI +T1 and ypAR™ = xyl + 15,

where T}, Ty are compact operators in LP()(X). If T = 0 and T, = 0, A is said
to be locally invertible at the point xq.
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Remark 10.82. We say that the space X does not have discrete components, if
for every point o € X there exists a sequence Uy D Uy D --- D U; D -+ of
neighbourhoods of the point xg such that

lim p(U;) =0. (10.114)

j—o0
If X does not have discrete components, then local Fredholmness coincides with
local invertibility. Indeed, let L*°Axyl = xyl + T, and U D U; DU D -+ D
U; D -, then

L Axu, I = (I +Tixu,I)xu, 1.
Condition (10.114) implies that the sequence xy,I converges strongly to 0 in
LPO)(X). Hence,
]1520 HTlXUjIHB(LP(')(X)) =0.

It follows that the operators I +T1xy, I are invertible for sufficiently large j. Then
(I+ Tlejj I)*lL‘/""O is a left local inverse operator at . In the same way one can
prove the existence of a right local inverse operator.

The Simonenko principle for variable exponents reads as follows.

Theorem 10.83. Let A € B(LP") (X, 1)) be an operator of local type. Then A is a
Fredholm operator if and only if A is a locally Fredholm operator at every point
x € X. If the space X does not have discrete components, we can replace local
Fredholmness by local invertibility.

The proof of Theorem 10.83 for variable p(-) repeats word by word the Si-
monenko proof for a constant p (see, for instance, Simonenko [345, pp. 21-24]).

Fredholmness of SIOs

Theorem 10.84. Let T' be a composite compact curve of the class L, let p € P°8(T)
and w € A,)(T'). Then S : LPO(T,w) — LPO(T,w) is a local type operator in
the sense of Simonenko, i.e., for any closed sets Fy, Fo C T such that FyNFy =0
the operator xp, Sxr,I is compact in LPC) (T, w).

Proof. The operator xr, Sxr,I has a kernel k € C(T" x T'). Hence xp, Sxr, [
: LY(T') — L*(I") is a compact operator. Since u — w~ ' u is a bounded operator
from LPO)(I',w) in LY(I') and v +— wov is a bounded operator from L>®(I') to
LPO(T, w), the operator xp, Sxr,I is compact in LPC) (T, w). O

Theorem 10.85. Let Ar be an operator of the form (10.110) and let T’ and w satisfy
the assumptions of Theorem 10.79. Then

Ar: LPO(T,w) — LPO(T,w)

is a Fredholm operator, if and only if condition (10.111) holds for every point
to € F and condition (10.112) holds for every point to € T\F.
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Proof. Make use of Theorem 10.84, Theorem 10.83 and Theorem 10.79. O

Remark 10.86. If we freeze the variable exponent p(-) at the point tg, condition
(10.111) coincides with the known condition in the paper by Béttcher, Karlovich,
and Rabinovich [35] for the case of the constant Lebesgue exponent p € (1,00),
while condition (10.112) is classical and does not depend on p(-).

Index Formula

Let A =al+bS, where a,b € PSO(T) and T' € Ly. Let A be a Fredholm operator
in LPO)/(T, w), where w € A;l(‘)(F). Then the Fredholm index of A : LPO)(T, w) —

LPO)(T, w) is given by the formula

K t + ) t
. 1 a( ) ( )
lndGXAf § :( ) a(t) l:(t):|tEI j
y J ( 0.115)

=Y (2m) 7 lim [argdet 5(AY)(r )] 2.

j=1

In this formula, K is the number of the oriented and rectifiable simple smooth
arcs generating the composite curve I', and L is the number of nodes of I'.

The proof of the index formula (10.115) uses the method of separation of

singularities, and is similar to that for the constant p, see for instance Bottcher,
Karlovich, and Rabinovich [35].
Remark 10.87. All the results of this chapter remain valid if we replace the classes
C>=(0,¢),C%(0,¢),C5(0,¢),C(0,¢) in the assumptions on the curve T' and the
weights near nodes by the classes C"(0,¢),C™(0, ¢), 7(0,¢), ;T(O, ¢), where m is
sufficiently large.

In relation to Remark 10.87, see also Definition 10.88 and Lemma 10.89 in
the next section.

10.3.5 Comparison of the Used Class of Oscillating Weights
with the Bari—Stechkin-type Weights

In this subsection we compare the class of weights w used in this chapter with the
Bari—Stechkin class of oscillating weights introduced in Section 2.2. In the proofs
in this section we follow some ideas of the paper Samko [310].

We say that two nonnegative functions f and g are equivalent, if

af(z) <glx) <caf(x), ¢ >0,c0>0.

Note that the Bari-—Stechkin class is closed with respect to the equivalence of
functions.
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Simonenko-type Class S?

Let 0 < ¢ < oco. The indices

xw'(x) zw'(z)

w) = inf , w) = su
p(w) 0<z<t w(x) aw) o<m2£ w(z)
which appeared in (10.100)—(10.101) are known as Simonenko indices, see Simo-
nenko [342], and it is known that

p(w) < m(w) < M(w) < q(w),

where m(w) and M (w) are the Matuszewska—Orlicz indices, see Maligranda [236,
Thm. 11.11]. The class of functions on (0, ¢) with finite Simonenko indices may
be called Simonenko class. We introduce a slight generalization of this notion,
inspired by conditions (10.91) and (10.93).

Definition 10.88. We say that a weight function w = ¢*(®) is in the Simonenko
type class SN, N =1,2,3,..., if

d\F
sup <x ) v(z)| <oo, k=1,2,....,N (10.116)
z€(0,0) dx
and
d\2
ili% (mdx> v(x) =0. (10.117)

Obviously, SN+ ¢ SV¥. We are mainly interested in the case N = 2. The
connection of this class with the Simonenko indices becomes clear, if we observe
that in terms of the weight w itself conditions (10.116)—(10.117) with N = 2 have
the form

/ d ’
sup w'(z) < oo, sup |z w'(z) < 00, (10.118)
ze(0,0) | w(®) ve(p) | dr w(z)
and ; /
lim x 2w'(z) =0.

Lemma 10.89. Given a function w € WNW, for every N =1,2,3,... there exists
a function
wy € CN([0,4) N (WNW)

equivalent to w, and such that v(x) = logwy(x) satisfies conditions (10.116). It
may be chosen as

with any « such that a < m(w).
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Proof. Let first N = 1. The proof of the equivalence wy(z) =~ w(x) is direct,
resorting to the properties (2.12)—(2.13). By direct differentiation of w;(x) we
obtain

xdiwl(x) = aw; (z) + w(x). (10.119)

Then the first inequality in (10.118), corresponding to the case N = 1, holds
because wi ~ w. Note that w € WNW = w; € W NW and that w and wq,
as equivalent functions, have equal Matuszewska—Orlicz indices, see Maligranda
[236, Thm. 11.4].

For N = 2 the statement is obtained by iteration of the procedure. Indeed,
by the already proved equivalence wy ~ w, we have

[t L [w(s)ds [ dt
w(z) = w(z) ~ / t11+°‘ dt =z / it ; = wsy(x).
0 0 s

By direct differentiation we obtain

d

z wa(x) = aws(x) + wi(x). (10.120)
Consequently,
xwh () w1 (x)
—a+t , 10.121
wa(x) “ wa(x) ( )

whence the first inequality in (10.118) follows in view of the equivalence wy =~ ws.
Furthermore, differentiating (10.121) and using (10.120) and (10.121) we ob-

d rwh(z) _ w ~ (w
dr wa(z) ~— wa wo

in view of the equivalence w ~ wi ~ ws.

For N > 2 the statement is obtained by induction using (10.119) and (10.121). O

2
tain x ) , whence the second inequality in (10.118) follows

Remark 10.90. It is known that the interval defined by the Matuszewska—Orlicz
indices is in general narrower than that defined by the Simonenko indices, i.e.,

[m(w), M(w)] € [p(w), q(w)],

see Maligranda [236, Thm. 11.11]. Therefore, any function with finite Simonenko
indices, also has finite Matuszewska—Orlicz indices and consequently belongs to
the Bari—Stechkin class ®.

10.4 Comments to Chapter 10

Comments to Section 10.1

Section 10.1 is based on the paper Kokilashvili and Samko [189].
The theory of singular integral equations on curves in the complex plane with
piece-wise continuous coefficients within the frameworks of the Gakhov—Muskhelishvili—
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Khvedelidze—Gohberg—Krupnik approach is presented in the books by Gakhov [96], Go-
hberg and Krupnik [108, 109] and Muskhelishvili [267].

The theory of singular integral operators in the case of constant p was intensively de-
veloped in the last decades and was generalized, in particular, by allowing general weights,
whirling points on curves, and weaker assumptions on discontinuity of coefficients, which
did lead to new effects, see Bottcher and Karlovich [33, 31, 32], Spitkovsky [349] and
references therein. We do not touch upon such generalizations in the LP()-setting in this
book, but refer to some papers in that direction: Karlovich [153, 154, 155, 158, 159, 160],
Karlovich and Spitkovsky [162, 163].

We also refer to the papers Abramyan and Pilidi [2] and Pilidi [281], where approxi-
mate methods for singular integral equations in variable exponent spaces were developed.

Comments to Section 10.2

Section 10.2 is based on the paper by Rabinovich and Samko [292].

In Definition 10.18 we follow Duoandikoetxea [70] and Alvarez and Pérez [18].

The basics of the PDO theory used in Section 10.2 may be found in various books,
for instance in Kumano-go [221], Shubin [341], Stein [352], Taylor [358, 359]. In particular,
Theorem 10.25 may be found in Stein [352, p. 241].

Fredholmness of PDO of the class OPST acting in the Sobolev spaces H*(R™)
was established in Grushin [111]. Fredholmness of PDO of the class OPSy in the spaces
H?°(R™) was considered in Rabinovich [285], see also Rabinovich and Roch [291] and
Rabinovich, Roch, and Silbermann [294, Chapter 4], by means of the method of the
limit operators. Fredholmness and exponential estimates of solutions of general PDO in
spaces with exponential weights were considered in Rabinovich [286]. We refer also to
the paper Rabinovich [287], where operators of the class OPSTy with symbols slowly
oscillating at infinity were considered in weighted Holder—Zygmund spaces. Results on
Fredholmness of operators in algebras of PDO in LP(R"™) with constant p € (1,00),
with applications to one-dimensional singular integral operators on Carleson curves, were
obtained in Rabinovich [289, 290].

Comments to Section 10.3

Section 10.3 is based on the paper Rabinovich and Samko [293].

For Simonenko local type operators and the Simonenko local principle we refer to
Simonenko [343, 344], Simonenko and Min [346], and Simonenko [345].

In Rabinovich [289, 290], Bottcher, Karlovich, and Rabinovich [34, 35, 36], Rabi-
novich, Roch, and Silbermann [294], the Simonenko local method was applied to SIOs
on some composite Carleson curves with discontinuous coefficients acting on weighted
LP-spaces, and in the paper Rabinovich, Samko, and Samko [295] for SIOs acting on
weighted Holder spaces. In this case the local representatives are Mellin pseudodifferen-
tial operators with variable symbols. The structure of symbols of local representatives
(the local symbols) generates the appearance of the logarithmic double spirals and spiral
horns in the local spectra of SIOs.

For the local principle of Simonenko in the case of constant exponents we refer to
Simonenko [343, 344, 345], Simonenko and Min [346].
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