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Preface

“The eyes of the mind, by which it sees and observes
things, are none other than proofs.”

—Baruch Spinoza

The organizing concept of this book is this: every topic should bring
students closer to a solid geometric grasp of linear transformations.

Even more specifically, we aim to build a strong foundation for two
enormously important results that no undergraduate math student
should miss:

e The Spectral Theorem for symmetric transformations, and

e The Inverse/Implicit Function Theorem for differentiable map-
pings, or even better, the strong form of that result, sometimes
called the Rank Theorem.

Every student who continues in math or its applications will encounter
both these results in many contexts. The Spectral Theorem belongs
to Linear Algebra proper; a course in the subject is simply remiss if it
fails to get there. The Rank Theorem actually belongs to multivariable
calculus, so we don’t state or prove it here. Roughly, it says that a
differentiable map of constant rank can be locally approximated by—
and indeed, behaves geometrically just like—a linear map of the same
rank. A student cannot understand this without a solid grasp of the
linear case, which we do formulate and prove here as the Linear Rank
Theorem in Chapter 7, making it, and the Spectral Theorem, key goals
of our text.

The primacy we give those results motivates an unconventional start
to our book, one that moves quickly to a first encounter with multi-
variable mappings and to the basic questions they raise about images,
pre-images, injectivity, surjectivity, and distortion. While these are
fundamental concerns throughout mathematics, they can be frustrat-
ingly difficult to analyze in general. The beauty and power of Linear

xi



xii PREFACE

Algebra stem in large part from the utter transparency of these prob-
lems in the linear setting. A student who follows our discussion will
apprehend them with a satisfying depth, and find them easy to apply
in other areas of mathematical pursuit.

Of course, we cover all the standard topics of a first course in Linear
Algebra—Ilinear systems, vector geometry, matrix algebra, subspaces,
independence, dimension, orthogonality, eigenvectors, and diagonaliza-
tion. In our view, however, these topics mean more when they are
directed toward the motivating results listed above.

We therefore introduce linear mappings and the basic questions they
raise in our very first chapter, and aim the rest of our book toward
answering those questions.

Key secondary themes emerge along the way. One is the centrality
of the homogeneous system and the version of Gauss-Jordan we teach
for solving it—and for expressing its solution as the span of indepen-
dent “homogeneous generators.” The number of such generators, for
instance, gives the nullity of the system’s coefficient matrix A, which
in turn answers basic questions about the structure of solutions to in-
homogeneous systems having A as coefficient matrix, and about the
linear transformation represented by A .

Throughout, we celebrate the beautiful dualities that illuminate the
subject:

e An n x m matrix A is both a list of rows, acting as linear
functions on R™ , and a list of columns, representing vectors
in R™. Accordingly, we can interpret matrix/vector multipli-
cation in dual ways: As a transformation of the input vector,
or as a linear combination of the matrix columns. We stress
the latter viewpoint more than many other authors, for it often
delivers surprisingly clear insights.

e Similarly, an n x m system Ax = b asks for the intersection
of certain hyperplanes in R™, while simultaneously asking
for ways to represent b € R" as a linear combination of the
columns of A.

e The solution set of a homogeneous system can be alternatively
expressed as the image (column-space) of one linear map, or
as the pre-image (kernel) of another.

e The ubiquitous operations of addition and scalar multiplica-
tion manifest as pure algebra in the numeric vectorspaces R",
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while simultaneously representing pure geometry in 2- and 3-
dimensional Euclidean space.

e Every subspace of R™ can be described in essentially just two
dual ways: as a span—the span of a generating set, or as an
intersection of hyperplanes—what we call a perp.

We emphasize the computational and conceptual skills that let students
navigate easily back and forth along any of these dualities, since prob-
lems posed from one perspective can often be solved with less effort
from the dual viewpoint.

Finally, we strive to make all this material a ramp, lifting students from
the computational mathematics that dominates their experience before
this course, to the conceptual reasoning that often dominates after it.
We move very consciously from simple “identity verification” proofs
early on (where students check, using the definitions, for instance, that
vector addition commutes, or that it distributes over dot products)
to constructive and contrapositive arguments—e.g., the proof that the
usual algorithm for inverting a matrix fulfills its mission. One can base
many such arguments on reasoning about the outcome of the Gauss-
Jordan algorithm—i.e., row-reduction and reduced row-echelon form—
which students easily master. Linear algebra thus forms an ideal con-
text for fostering and growing students’ mathematical sophistication.

Our treatment omits abstract vector spaces, preferring to spend the
limited time available in one academic term focusing on R™ and its
subspaces, orthogonality and diagonalization. We feel that when stu-
dents develop familiarity and the ability to reason well with R" and—
especially—its subspaces, the transition to abstract vector spaces, if
and when they encounter it, will pose no difficulty.

Most of my students have been sophomores or juniors, typically ma-
joring in math, informatics, one of the sciences, or business. The lack
of an engineering school here has given my approach more of a liberal
arts flavor, and allowed me to focus on the mathematics and omit ap-
plications. I know that for these very reasons, my book will not satisfy
everyone. Still, I hope that all who read it will find themselves shar-
ing the pleasure I always feel in learning, teaching, and writing about
linear algebra.

Acknowledgments. This book springs from decades of teaching
linear algebra, usually using other texts. I learned from each of those
books, and from every group of students. About 10 years ago, Gilbert
Strang’s lively and unique introductory text inspired many ideas and
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syntheses of my own, and I began to transition away from his book
toward my own notes. These eventually took the course over, evolving
into the present text. I thank all the authors, teachers, and students
with whom I have learned to think about this beautiful subject, starting
with the late Prof. Richard F. Arens, my undergraduate linear algebra
teacher at UCLA.

Sincere thanks also go to CRC Press for publishing this work, and
especially editor Bob Ross, who believed in the project and advocated
for me within CRC.

I could not have reached this point without the unflagging support of
my wife, family, and friends. I owe them more than I can express.
Indiana University and its math department have allowed me a life of
continuous mathematical exploration and communication. A greater
privilege is hard to imagine, and I am deeply grateful.

On a more technical note, I was lucky to have excellent software tools:
TeXShop and IXTEX for writing and typesetting, along with Wolfram
Mathematica®,' which I used to create all figures except Figure 28 in
Chapter 3. The latter image of M.C. Escher’s striking 1938 woodcut
Day and Night (which also graces the cover) comes from the Official
M.C. Escher website (www.mcescher.com).

Bruce Solomon

Indiana University

Bloomington, Indiana

"Wolfram Mathematica® is a registered trademark of Wolfram Research, Inc.



CHAPTER 1
Vectors, Mappings, and Linearity

1. Numeric Vectors

The overarching goal of this book is to impart a sure grasp of the nu-
meric vector functions known as linear transformations. Students will
have encountered functions before. We review and expand that famil-
iarity in Section 2 below, and we define linearity in Section 4. Before we
can properly discuss these matters though, we must introduce numeric
vectors and their basic arithmetic.

DEFINITION 1.1 (Vectors and scalars). A numeric vector (or just
vector for short) is an ordered n-tuple of the form (xy,zo,...,z,).
Here, each z;—the ith entry (or ith coordinate) of the vector—is a
real number.

The (z,y) pairs often used to label points in the plane are familiar
examples of vectors with n = 2, but we allow more than two en-
tries as well. For instance, the triple (3,—1/2,2), and the 7-tuple
(1,0,2,0,—2,0,—1) are also numeric vectors.

In the linear algebraic setting, we usually call single numbers scalars.
This helps highlight the difference between numeric vectors and indi-
vidual numbers. ]

Vectors can have many entries, so to clarify and save space, we often la-
bel them with single bold letters instead of writing out all their entries.
For example, we might define

x = (x1,29,...,2,)
a = (al,GQ,Gg,CL4)
b := (-5,0,1)

and then use x, a, or b to indicate the associated vector. We use
boldface to distinguish vectors from scalars. For instance, the same
letters, without boldface, would typically represent scalars, as in x = 5,
a=—42 or b=rm.

Often, we write numeric vectors vertically instead of horizontally, in
which case x, a, and b above would look like this:
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:L’g a o
X = Ca=| 2|, b= o0
as 1
T Gy

In our approach to the subject (unlike some others) we draw absolutely
no distinction between
a1

T
(x1,22,...,2,) and 2

T

These are merely different notations for the same vector—the very same
mathematical object.

DEFINITION 1.2. We denote the set of all scalars—also known as the
real number line—by R! or simply R.

Similarly, R™ denotes the collection of all numeric vectors with n
entries; that is, all (x1,z9,...,2,). The “all zero” vector (0,0,...,0) €
R" is called the origin, and denoted by O. U

As examples, the vectors x, a, and b above belong to R™, R*, and
R3, respectively. We express this symbolically with the “element of”
symbol “e7:

x € R™ acR! and b e R?

If a does not lie in R®, we can write a ¢ R®.

R™ is more than just a set, though, because it supports two important
algebraic operations: wvector addition and scalar multiplication.

1.3. Vector addition. To add (or subtract) vectors in R™, we
simply add (or subtract) coordinates, entry-by-entry. This is best de-
picted vertically. Here are two examples, one numeric and one sym-

bolic:
4 144 5
+1 -5 )= 2-5]|=1 -3
6 346 9

1

2

3
aq b1 C1 ay + bl — C1
as + bg Co as + bz — Co
as b3 C3 as + bg — C3
ay b4 Cyq ay + b4 — 4
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Adding the origin 0 € R™ to any vector obviously leaves it unchanged:
0 +x = x for any x € R™. For this reason, 0 is called the additive
tdentity in R™.

Recall that addition of scalars is commutative and associative. That
is, for any scalars z, y, and z we have

r+y=y+ux (Commutativity)
(x4+y)+z=z+(y+2) (Associativity)

It follows easily that vector addition has these properties too:

PROPOSITION 1.4. Given any three vectors x,y, z € R™, we have

X+ty=y-+x (Commutativity)
x+y)+z=x+(y+2z) (Associativity)

Proor. We prove associativity, and leave commutativity as an ex-
ercise.

The associativity statement is an identity: it asserts that two things
are equal. Our approach is a basic and useful one for proving such
assertions: Fxpand both sides of the identity to show individual entries,
then simplify using the familiar algebra of scalars. If the simplified
expressions can be made equal using legal algebraic moves, we have a
proof.

Here, we start with the left-hand side, labeling the coordinates of x, y,
and z using x;, y;, and z;, and then using the definition of vector
addition twice:

T1 n 21
Ta Y2 22
(x+y)+z = |+ N
L\ Tm Ym Zm
T+ Y Z1
B To + Y2 29
Tm + Ym Zm
(r1+vy1) + =
B (2 4+ y2) + 22

(Tm + Ym) + 2Zm

Similarly, for the right-hand side of the identity, we get
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T U1 21
Lo Y2 22
x+(y+z) = |+ |+
:Em L ym Zm
1 Y1+ 21
Ta Yo + 2o
= + )
x|+ (y1 -+ Zl)
B To + (y2 + Zz)

Ty + (ym + Zm)

The simplified expressions for the two sides are now very similar. The
parentheses don’t line up the same way on both sides, but we can fix
that by using the associative law for scalars. The two sides then agree,
exactly, and we have a proof.

In short, the associative law for vectors boils down, after simplification,
to the associative law for scalars, which we already know. U

1.5. Scalar multiplication. The second fundamental operation
in R™ is even simpler than vector addition. Scalar multiplication lets
us multiply any vector x € R™ by an arbitrary scalar ¢ to get a new
vector tx. As with vector addition, we execute it entry-by-entry:

il tIl

T2 tl’g
tx=t ) =

Tm tTm,

For instance, 2(1,3,5) = (2,6,10) and —3(1,1,0,1) = (-3, -3,0,—3),
while 0x = (0,0,...,0) no matter what x is.

Recall that for scalars, multiplication distributes over addition. This
means that for any scalars ¢, x, and y, we have

tx+y) =tr+ty

Since scalar multiplication and vector addition both operate entry-by-
entry, scalar multiplication distributes over vector addition too. This
simple relationship between the two operations is truly fundamental in
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linear algebra. Indeed, we shall see in Section 4 below, that it models
the concept of linearity.

PROPOSITION 1.6. Scalar multiplication distributes over vector addi-
tion. That s, if t is any scalar and xy, X, ..., Xi are arbitrary
vectors in R™, we have

t(x)+Xg+ - +x)=tx) +1Xo+ -+ +tXg

Proo¥r. To keep things simple, we prove this for just two vectors
x,y € R™. The argument for k vectors works exactly the same way.

Using the same approach we used in proving the associativity identity
in Proposition 1.4, we expand both sides of the identity in individual
entries, simplify, and observe that we get the same result either way.
Let x = (21, 2Z2,...,2y) and y = (y1,¥2, - - -, Ym) be any two vectors in
R™. Then for each scalar ¢, the left-hand side of the identity expands
like this:

t(x+y)
r1+ Y t(xy + 1) try + ty
B To + Yo B t(xa + y2) |ttty
T + Ym (T + Ym) T + tYm
While the right-hand side expands thus:
T h txy ty
T Y tx ty
Ix+ty =t 2 +t 2 = 2 + 2
T, Yn ley tYn
txy + ty
txy + tys
T + tYm

We get the same result either way, so the identity holds. 0
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1.7. Linear combination. We now define a third operation that
combines scalar multiplication and vector addition. Actually, scalar
multiplication and vector addition can be seen as mere special cases of
this new operation:

DEFINITION 1.8. Given vectors aj,as,...,a, € R" and equally many
scalars x1, o, ..., T,,, the “weighted sum”
ria; + Toagy + - + Ty Ay

is again a vector in R"™. We call it a linear combination of the a;’s.
We say that x; is the coefficient of a; in the linear combination. [J

EXAMPLE 1.9. Suppose a; = (1,—1,0), a; = (0,1,—1) and az =
(1,0,—1). If we multiply these by the scalar coefficients z; = 2,

ro = —3, and x3 = 4, respectively and then add, we get the linear
combination
1 0 1
2a1—3a2+4a3 = 2 —1 -3 1 +4 0
0 —1 -1
2—0+4
= —2—-3+0
0+3—-4
6
= -5
-1
0

Ultimately, many (perhaps most!) problems in linear algebra reduce to
that of finding coefficients that linearly combine several given vectors to
make a specified target vector. Here’s an example. Because it involves
just two vectors in R?, we can solve it by elementary methods.

ExXAMPLE 1.10. Does some linear combination of (2,1) and (—1,2)
add up to (8,—1)7

This is equivalent to asking if we can find coefficients = and y such

T )e)-()

After performing the indicated scalar multiplications and vector addi-

tion, this becomes
20—y \ _ 8
xr+2y )\ —1
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Solving this for z and y is now clearly the same as simultaneously
solving

20—y = 8

r+2y =1
To do so, we can multiply the second equation by 2 and subtract it
from the first to get

—3y =6 hence y= -2

Setting y = —2 now reduces the first equation to 2242 =8, so = = 3.

This solves our problem: With x = 3 and y = —2, we get a linear
combination of the given vectors that adds up to (8,—1):

(1) 2()= (1)

We end our introductory discussion of linear combination by introduc-
ing the standard basis vectors of R™. They play key roles later on.

U

DEFINITION 1.11. The standard basis vectors in R"™ are the n
numeric vectors

e = (1,0,0,...,0,0)
e = (0,1,0,...,0,0)
es = (0,0, 1,...,0,0)
e, = (0,0,0,...,0, 1)

U

Simple as they are, these vectors are central to our subject. We in-
troduce them here partly because problems like Example 1.10 and Ex-
ercises 6 and 7 become trivial when we’re combining standard basis
vectors, thanks to the following:

OBSERVATION 1.12. We can express any numeric vector
X = (21,%,...,Ty,)
as a linear combination of standard basis vectors in an obvious way:
X=2x1€1 +T2€y+2T3€3+ -+ 1T,€,

PROOF. Since z1e; = (21,0,0,...,0), zoes = (0,22,0,...,0) and
so forth, the identity is easy to verify. O
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1.13. Matrices. One of the most fundamental insights in linear
algebra is simply this: We can view any linear combination as the result
of multiplying a vector by a matrix:

DEFINITION 1.14 (Matrix). An n x m matrix is a rectangular array
of scalars, with n horizontal rows (each in R™), and m vertical
columns (each in R™). For instance:

0 1
c[rem) s
3 =3

Here A has 2 rows and 3 columns, while B has 3 rows, 2 columns.

We generally label matrices with bold uppercase letters, as with A
and B above. We double-subscript the corresponding lowercase letter
to address the entries—the individual scalars—in the matrix. So if we
call a matrix X, then z3, names the entry in row 3 and column 4 of

X.
With regard to A and B above, for example, we have

agr =m, a;p=0, a3=-25 and by =byp =0.

We sometimes label a matrix X by [z;;] or write X = [z;;] to em-
phasize that the entries of X will be called x;;.

Finally, if we want to clarify that a matrix C has, say, 4 rows and 5
columns, we can call it Cyy5. Just as with entries, the first index refers
to rows, while the second refers to columns. O

1.15. Matrix addition and scalar multiplication. Matrices,
like numeric vectors, can be scalar multiplied: When £ is a scalar and
A is a matrix, we simply multiply each entry in A by k to get EA.

EXAMPLE 1.16. Suppose

1 —1 0
A—{_}l _g _3 _le] and B = 0 1 —1
—1 0 1
Then
5 =5 0
A= | T2 3T AT e BB=| 0 5 -5
—4r 3w 27 -7 _5 0 5
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Similarly, matrices of the same size can be added together. Again, just
as with numeric vectors, we do this entry-by-entry:

ExaMPLE 1.17. If

1 00 0 01
A=]10 20 and B=]0 2 0
0 0 3 300
then
2 00 1 01
A+A=[04 0 while A+B=|[0 4 0
0 0 6 3 0 3

O

1.18. Matrix/vector products. The matrix/vector product we
describe next is an operation much richer than either matrix addition
or scalar multiplication. In particular, the matrix/vector product gives
us a new and useful way to handle linear combination. The rule is very
simple:

We can express any linear combination
T1Vi+X2Ve+ -+ TV

as a matriz/vector product, as follows:

Write the vectors v; as the columns of a matrix A, and stack the
coefficients x; up as a vector x. The given linear combination then
agrees with the product Ax.

EXAMPLE 1.19. To write the linear combination

() n(3) ()

as a matrix/vector product, we then take the wvectors in the linear
combination, namely

() (3) e ()

and line them up as columns in a matrix

7T -5 1
A‘{—?) 2 —4}

We then stack the coefficients z, y, and z up as the vector
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i
X = Yy
z

In short, we can now write the original linear combination, which was

() (3) ()

as the matrix/vector product

7 -5 1 x
Ax= | -3 2 —4 Y
z

Note that the coefficient vector x = (x,y,2) here lies in R3, while
Ax lies in R?. Indeed, if we actually compute it, we get

_ Tx — 5y + 2 2
Ax = < —3x+2y—4z>€R

With this example in mind, we carefully state the general rule:

DEFINITION 1.20 (Matrix/vector multiplication). If a matrix A has
n rows and m columns, we can multiply it by any vector x € R™ to
produce a result Ax in R".

To compute it, we linearly combine the columns of A (each a vector
in R™), using the entries of x = (z1,x9,...,%,,) as coefficients:

Ax:=x1¢c1(A)+zoco(A)+ -+ xpcn(A)
where c;(A) signifies column j of A.
Conversely, any linear combination
T1V] +XoVy + -+ + Ty, Vo

can be written as the product Ax, where A is the matrix with columns
Vi, Vg, ..., Vy, (in that order) and x = (21,29, ..., Z,). Symbolically,

Vl V2 PR Vm
A= ‘ ’ ’ , X = (T1,%2, ..., Tpy)

and then
Ax =2 vi+Tovo+ -+ Ty Vi
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REMARK 1.21 (Warning!). We can only multiply A by x when the
number of columns in A equals the number of entries in x. When the
vector x lies in R, the matrix A must have exactly m columns.

On the other hand, A can have any number n of rows. The product
Ax will then lie in R™.

REMARK 1.22. It is useful to conceptualize matrix/vector multiplica-
tion via the following mnemonic “mantra”:

Matriz/vector multiplication = Linear combination

Commit this phrase to memory—we will have many opportunities to
invoke it. O

ExXAMPLE 1.23. If

12
3 4
A= 4 3 and x = (—1,5)
1 -2
then
1 2 ~1+10 9
B 3 4| [ -83+20 | [ 17
Ax=—11 | +50 3 |=| 4-15 |~ | -1
.| 2 1-10 -9

More generally, if x = (x,y), then

1 2 T+ 2y

_ 3 4 1 3x + 4y
Ax=u 4 | TV 3T —4x — 3y
—1 -2 —r — 2y

Note how dramatically we abbreviate the expression on the right above
when we write it as simply Ax. 0

1.24. Properties of matrix/vector multiplication. To con-
tinue our discussion of matrix/vector multiplication we record two cru-
cial properties:

PROPOSITION 1.25. Matriz/vector multiplication commutes with scalar
multiplication, and distributes over vector addition. More precisely, if
A is any n x m matriz, the following two facts always hold:
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i) If k is any scalar and x € R™, then
A(kx) = k(Ax) = (kA)x.
ii) For any two vectors x,y € R™, we have

Ax+y)=Ax+ Ay.

ProoF. For simplicity here, we denote the columns of A, respec-
tively by aj,as,...,a,. We then prove (i) and (ii) in the usual way:
we simplify each side of the equation separately and show that they
agree.

Start with the first equality in (i). Expanding x as x = (x1, 22, ..., Zn)
we know that kx = k(xy,29,...,2,) = (kxi, kxs,..., kx,,). The
definition of matrix/vector multiplication (Definition 1.20) then gives

A(k?X) = lmlal + k:x2a2 + -+ kxmam
Similarly, we can rewrite the middle expression in (i) as

k(Ax) = k(za; +zas+ -+ xman)
= k:xlal + k’[[’gag + -+ kxmam

because scalar multiplication distributes over vector addition (Propo-
sition 1.6). This expression matches exactly with what we got before.
Since A, k, and x were completely arbitrary, this proves the first
equality in (i). We leave the reader to expand out (kA)x and show
that it takes the same form.

A similar left/right comparison confirms (ii). Given arbitrary vectors
x = (21,%9,...,Ty) and ¥ = (Y1, %2, .-, Ym) in R™ we have

X+y=(T1+y, T2+y2, s Ton + Ym)

and hence

Ax+y) = (z14y)a+ (z2+y2)as+ -+ (T + Ym)am

= T1a1 T+ 1) + Todg + Yoo + -+ + Tp@py + Ym@nm

by the definition of matrix/vector multiplication, and the distributive
property (Proposition 1.6). When we simplify the right side of (ii),
namely Ax + Ay, we get the same thing. (The summands come in a
different order, but that’s allowed, since vector addition is commuta-
tive, by Proposition 1.4). We leave this to the reader. 0
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1.26. The dot product. As we have noted, the matrix/vector
product Ax makes sense only when the number of columns in A
matches the number of entries in x.

The number of rows in A will then match the number of entries in
Ax. So any number of rows is permissible—even just one.

In that case Ax € R! = R. So when A has just one row, Ax reduces
to a single scalar.

EXAMPLE 1.27. Suppose we have

1
A=[-413 -2] and x= _1
~1
Then
[-4 1 3 —2] 1
Ax = _1
~1

[l

Note, however, that a 1 xm matrix corresponds in an obvious way to a
vector in R™. Seen in that light, matrix/vector multiplication provides
a way to multiply two vectors a and x in R™: we just regard the first
vector a as a 1 xm matrix, and multiply it by x using matrix/vector
multiplication. As noted above, this produces a scalar result.

Multiplying two vectors in R™ this way—by regarding the first vector
as a 1 X m matrix—is therefore sometimes called a scalar product.
We simply call it the dot product since we indicate it with a dot.

DEFINITION 1.28 (Dot product). Given any two vectors
u = (U, Ug,...,Uy,) and v = (vy,v,...,0n)

in R™, we define the dot product u-v via

(1) U -V = Uy + Ul + -+ - UppUpy

bearing in mind that this is exactly what we get if we regard u as a
1 X m matrix and multiply it by v.
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Effectively, however, this simply has us multiply the two vectors entry-
by-entry, and then sum up the results. U

EXAMPLE 1.29. In R?,

<—21)'<§):2'3 + (-1)-2=6-2=4

while in R?,
2 3
-1 2
0 o =23+ (-1)-240-(—1) + (-1)-1=3
—1 1

O

PROPOSITION 1.30. The dot product is commutative. It also commutes
with scalar multiplication and distributes over vector addition. Thus,
for any vectors u, v, w € R", we have

u-(kv)=k(u-v)=(ku)-v
u-(v+w)=u-v4+u-w

PROOF. We leave the proof of the first identity to the reader (Ex-
ercise 18). The last two identities follow straight from the matrix iden-
tities in Proposition 1.25, since the dot product can be seen as the
“(1 x n) times (n x 1)” case of matrix/vector multiplication. O

1.31. Fast matrix/vector multiplication via dot product.
We have seen that the dot product (Definition 1.28) corresponds to
matrix/vector multiplication with a one-rowed matrix. We now turn
this around to see that the dot product gives an efficient way to com-
pute matrix/vector products—without forming linear combinations.

To see how, take any matrix A and vector v, like these:

aix Q2 @13 -+ Aim U1
A21 Q22 Q23 -+ QA2m V2

A= : : : e and v =

Qp1 Ap2 Gp3 - Qpm Um
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By the definition of matrix/vector multiplication (as a linear combina-
tion) we get

a11 12 A1m

21 22 A2m
Av =1, N e

an1 an2 Anm

Now carry out the scalar multiplications and vector additions to rewrite
as a single vector:

v1a11 + Vaa12 + 4 UmAim
V1091 + V2@ + -+ * + UpGom

Av =

V1Gn1 + V2ln2 +-+ Umnm

Each entry is now a dot product! The first entry dots v with the first
row of A, the second entry dots v with the second row of A, and so
forth. In other words, we have:

OBSERVATION 1.32 (Dot-product formula for matrix/vector multipli-
cation). We can compute the product of any n x m matric A with

any vector v = (v1,vs,...,0,) € R™ as a vector of dot products:
ri(A)-v
ro(A)-v
Av=| r3(A)-v
r,(A) v

where r;(A) denotes row i of A.

ExAMPLE 1.33. Given

3
2 -1 3
Az[l 4 _5} and v = :3

we compute Av using dot products as follows:

ra(A) v (2,-1,8)-3,=2-7) ) (_13 )

(1,4,-5) - (3,2, —7)
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The reader will easily check that this against our definition of Awv,

)=

0
EXAMPLE 1.34. Similarly, given
3 -1 7
A= 2 2 and v = ( 5 )
-1 3
the dot-product approach gives
26
Av = (2,2)-(7,-5) | = 4
—22
(_17 3) ’ (77 _5)
0

1.35. Eigenvectors. Among matrices, square matrices—matrices
having the same number of rows and columns—are particularly inter-
esting and important. One reason for their importance is this:

When we multiply a vector x € R™ by a square matriz A, .., the
product Ax lies in the same space as x itself: R™.

This fact makes possible a phenomenon that unlocks some of the deep-
est ideas in linear algebra: The product Ax may actually be a scalar
multiple of the original vector x. That is, there may be certain “lucky”
vectors x € R™ for which Ax = Ax, where A (the Greek letter
lambda) is some scalar.

DEFINITION 1.36 (Eigenvalues and eigenvectors). If A is an m x m
matrix, and there exists a vector x # 0 in R™ such that Ax = \x
for some scalar A € R, we call x an eigenvector of A, and we call
A its eigenvalue. 0

EXAMPLE 1.37. The vectors (1,1) and (—3,3) in R? are eigenvectors

of the matrix
1 2
a=]s )

but the vector (2,1) is not an eigenvector. To verify these statements,
we just multiply each vector by A and see whether the product is a
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scalar multiple of A or not. This is easy to verify using the dot-product
method of matrix/vector multiplication:

23 ()=(GE) =) = (1)

Thus, when x = (1,1), we have Ax = 3x. This makes x an eigenvec-
tor of A with eigenvalue A\ = 3.

Similarly, when x = (—3,3), we have

) -(3)=(3) - (3)

Thus, when x = (—3,3), we again have Ax = —x, which makes x an
eigenvector of A, this time with eigenvalue A = —1.

On the other hand, when we multiply A by x = (2,1), we get

2] ()-()=()

Since (4,5) is not a scalar multiple of (2,1), it is not an eigenvector
of A. O

EXAMPLE 1.38. The vector x = (2,3,0) is an eigenvector of the matrix

1
B=1|0
0

O = N
S Ot Ww

since (again by the dot-product method of matrix/vector multiplica-
tion)

1 2 3 2 2+6+0 8 2
Bx=1|0 4 5 3= 0+1240 | =1 12 | =41 3
006 0 0+0+0 0 0

In short, we have Bx = 4x, and hence x = (2,3,0) is an eigenvector
of B with eigenvalue \ = 4.

In an exercise below, we ask the reader to verify that (1,0,0) and
(16,25, 10) are also eigenvectors of B, and to discover their eigenvalues.
Most vectors in R?, however, are not eigenvectors of B. For instance,
if we multiply B by x = (1,2,1), we get Bx = (8,13,6) which is
clearly not a scalar multiple of (1,2,1). (Scalar multiples of (1,2,1)
always have the same first and third coordinates.) U
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Eigenvectors and eigenvalues play an truly fundamental role in linear
algebra. We won’t be prepared to grasp their full importance until
Chapter 7, where our explorations all coalesce. We have introduced
them here, however, so they can begin to take root in students’ minds.
We will revisit them off and on throughout the course so that when we
reach Chapter 7, they will already be familiar.

— Practice —

1. Find the vector sum and difference a + b, if
a) a=(2,-3,1) and b= (0,0,0)
b) a=(1,-2,0) and b= (0,1,—-2)
c)a=(1,1,1,1) and b= (1,1,—1,—1)

2. Guided by the proof of associativity for Proposition 1.4, prove that
Proposition’s claim that vector addition is also commutative.

3. Compute
a) 5(0,1,2,1,0)
b) —1(2,-2)

c) & (10,25,40)

4. Rework the proof of Proposition 1.6 for the case of three vectors
X, y, and z instead of just two vectors x and y.

5. Compute these additional linear combinations of the vectors a;, as,
and as in Example 1.9.

a) a; + 2as + as b) —2a; +a; — 2a3 c) xa; +yas + zas

(In part (c), treat z,y, and z as unevaluated scalars, and leave them
that way in your answer.)

6. Find a linear combination of the vectors v = (1,2,3) and w =
(—2,3,—1) in R?® that adds up to (8,—5,9).

7. Find 3 different linear combinations of a = (1,—-2), b = (2,3), and
c = (3,—1) that add up to (0,0) in R2
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8. Without setting the scalars x and y both equal to zero, find a linear
combination z(1,1)+y(1,—1) that adds up to (0,0) € R?, or explain
why this cannot be done.

9. Express each vector below as a linear combination of the standard
basis vectors:

a) (1,2,—1)
b) (1,—-1,-1,1)
c) (0,3,0,—4,0)

10. Write each linear combination below as a matrix/ vector product
Ax.

1 0 1
by L[ 1 ]+09[ 1]+ 0
0 1 1
1 0 1 2
o (o)1) (5) = (3)
1 4
d) =z :_23 —w g
4 1

11. Expand each matrix/vector product below as a linear combination,
then simplify as far as possible, writing each product as a single vector.

a)
1 -2 3 1
—4 5 —6 1
1

S O =
o~ O
— o O
o o



20 1. VECTORS, MAPPINGS, AND LINEARITY

1 20 T

21 2 -1

0 21 s

1 11
d)

1 2 3 45 1
2 3451 —2
34 5 1 2 4
-2
1

12. Complete the proof of Proposition 1.25 by showing that for any
x = (21,%9,...,Zy) and ¥y = (Y1, %2, ..., Ym) in R™, we have

Ax + Ay = ma) + y1a1 + X223 + Yoz + - + L@ + YA
the same result we got there for A (x +y).

13. Compute each matrix/vector product below using dot products, as
in Examples 1.33 and 1.34 above.

a)
1 -2 3 1
—4 5 —6 1

1
b)
1 00 a
010 b
0 01
c)
T

— O N =
— N~ DN
— =N O
|
—_
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d)
1 2 3 45 1
2 3451 -2
345 1 2 4
—2
1

14. Show that (1,0,0) and (16,25,10) are both eigenvectors of the
matrix B of Example 1.38. What are the corresponding eigenvalues?
Is (0,2,3) an eigenvector? How about (0,—3,2)7

15. A 3-by-3 diagonal matrix is a matrix of the form

0 0
0
c

Q

b
0

— O O

where a,b, and ¢ are any (fixed) scalars. Show that the standard basis
vectors e, ey, e3 € R? are always eigenvectors of a diagonal matrix.
What are the corresponding eigenvalues? Do the analogous statements
hold for 2 x 2 diagonal matrices? How about n x n diagonal matrices?

16. Consider the matrices

1 z vy

Y:{gié_g?] Z=|01z
001

a) How many rows and columns does each matrix have?

b) What are a1, Y14, and yo3? Why is there no yszs?

c) What are z11, 299, and 2337 What is 2137 23,7

17. Compute the dot product x -y for:
a) x=(1,2,3), y = (4,—5,6)
b) x=(-1,1,-1,1), y =(2,2,2,2)
c) x=(mm), y=(1, 1)

18. Prove commutativity of the dot product (i.e., the first identity in
Proposition 1.30 of the text).
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19. Prove the third identity of Proposition 1.30 (the distributive law)
in R? and R* directly:

a) In R?, consider arbitrary vectors u = (uy,u3), v = (v1,v)
and w = (w,ws), and expand out both

u-(v+w) and u-v+u-w
to show that they are equal.

b) In R*, carry out the same argument for vectors u,v,w € R%.
Do you see that it would work for any R™?

20. Suppose x € R™ is an eigenvector of an m X m matrix A. Show
that if £ € R is any scalar, then kx is also an eigenvector of A, and
has the same eigenvalue as x.

Similarly, if both v and w are eigenvectors of A, and both have the
same eigenvalue A, show that any linear combination av + bw is also
an eigenvector of A, again with the same eigenvalue .

— % —

2. Functions

Now that we're familiar with numeric vectors and matrices, we can
consider wvector functions—functions that take numeric vectors as in-
puts and produce them as outputs. The ultimate goal of this book
is to give students a detailed understanding of linear vector functions,
both algebraically, and geometrically. Here and in Section 3, we lay
out the basic vocabulary for the kinds of questions one seeks to answer
for any vector function, linear or not. Then, in Section 4, we introduce
linearity, and with these building blocks all in place, we can at least
state the main questions we’ll be answering in later chapters.

2.1. Domain, image, and range. Roughly speaking, a func-
tion is an input-output rule. Here is is a more precise formal definition.

DEFINITION 2.2. A function is an input/output relation specified by
three data:

i) A domain set X containing all allowed inputs,
ii) A range set Y containing all allowed outputs, and

iii) A rule f that assigns exactly one output f(z) to every input
2 in the domain.
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We typically signal all three of these at once with a simple diagram like
this:
f: X—=>Y

For instance, if we apply the rule T'(z,y) = = + y to any input pair
(z,y) € R?, we get a scalar output in R, and we can summarize this
situation by writing 7: R? — R. O

Technically, function and mapping are synonyms, but we will soon
reserve the term function for the situation where (as with 7' above)
the range is just R. When the range is R"™ for some n > 1, we
typically prefer the term mapping or transformation.

2.3. Image. Suppose S is a subset of the domain X of a function.
Notationally, we express this by writing S C X. This subset S may
consist of one point, the entire domain X, or anything in between.

Whatever S is, if we apply f to every x € S, the resulting outputs
f(x) form a subset of the range Y called the image of S under f,
denoted f(S). In particular,

e The image of a domain point x € X is the single point f(x)
in the range.

e The image of the entire domain X, written f(X), is called
the image of the mapping f.

The image of any subset S C X lies in the range, of course. But even
when S = X (the entire domain), its image may not fill the entire
range.

EXAMPLE 2.4. Consider the familiar squaring rule f(z) = z?. If we

take its domain to be R (the set of all real numbers), what is its image?
What is its range?

Since z? cannot be negative, f(r) has no negative outputs. On the

other hand, every non-negative number y > 0 s an output, since
y = f(y/y). Note that f(—./y) = y too, a fact showing that in
general, different inputs may produce the same output.

In any case, we see that with R as domain, the squaring function has
the half-line [0,00) (all 0 <y < o0) as its image.

We may take the image—or any larger set—to serve as the range of

f- One often takes the range to be all of R, for instance. We would
write

f: R —[0,00) or f:R—=R



24 1. VECTORS, MAPPINGS, AND LINEARITY

to indicate that we have a rule named f with domain R, and range
either [0,00) or R, depending on our choice. Technically speaking,
each choice yields a different function, since the domain is one of the
three data that define the function.

Now consider the subset S = [—1,1] in the domain R. What is
the image of this subset? That is, what is f(S)? The answer is
f(S) = [0, 1], which the reader may verify as an exercise. O

We thus associate three basic sets with any function:
e Domain: The set of all allowed inputs to the function f.
e Range: The set of all allowed outputs to the function.

e Image: The collection of all actual outputs f(x) as x runs
over the entire domain. It is always contained in the range,
and may or may not fill the entire range.

REMARK 2.5. It may seem pointless—perhaps even perverse—to make
the range larger than the image. Why should the range include points
that never actually arise as outputs?

A simple example illustrates at least part of the reason. Indeed, sup-
pose we have a function given by a somewhat complicated formula like

h(t) =2.7t° —1.3¢° + 7 t* — sin |t

Determining the exact image of h would be difficult at best. But we
can easily see that every output h(z) will be a real number. So we can
take R as the range, and then describe the situation correctly, albeit
roughly, by writing

h:R—-R

We don’t know the image of h, because we can’t say exactly which
numbers are actual outputs—but we can be sure that all outputs are
real numbers. So we can’t easily specify the image, but we can make
a valid choice of range. 0

2.6. Onto. Asemphasized above, the image of a function is always
a subset of the range, but it may not fill the entire range. When the
image does equal the entire range, we say the function is onto:

DEFINITION 2.7 (Onto). We call a function onto if every point in the
range also lies in the image—that is, the image fills the entire range.
Figures 1 and 2 illustrate the concept. U
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aj e AT al e A

b| 7 e flO b| e’ o | fl@=f(c)
c| o o | f(a) c| o °

Domain Range Domain Range

Figure 1. A function sends each point in the domain to
one in the range. The function on the left is onto—each
point in the range also lies in the image. The function on the
right is not onto: the lowest point in the range does not lie
in the image. That point has no pre-image (Definition 2.9).

ExAMPLE 2.8. The squaring function with domain R is onto if we
take its range to be just the interval [0,00) of non-negative numbers.
If we take its range to be all of R, however, it is not onto, because R
contains negative numbers, which do not lie in the squaring function’s
image. U

There is a useful counterpart to the term image which, among other
things, makes it easier to discuss the difference between the image and
range of a function.

DEFINITION 2.9 (Pre-image). Suppose we have a function f: X — Y,
and a subset S of the range Y. Notionally, S C Y. The pre-image
(or inverse image) of S consists of all points z in the domain X
that f sendsinto S —all points whose images lie in .S. We denote the
pre-image of S by f~!(S) (pronounced “f inverse of S”). O

REMARK 2.10. We are not claiming here that f has an inverse function
f~1. It may or may not—this is a topic we take up later. In general,
“f=1” by itself means nothing unless it occurs with a subset of the
range, as in f1(S) or f~!(z), in which case it means the pre-image
of that subset, as defined above.

In certain cases, we can define an inverse mapping called f~! (see
Section 2.17). Then the pre-image f~'(S) equals the image of S
under the inverse mapping f~!, so our notation f~!(S) is consistent.
OJ
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Domain Image = Range

Image

Domain Range

Figure 2. The image of g (above) fills its entire range, so
g is onto. The image of f (below) does not fill the range, so
f is not onto.

We can use the concept of pre-image to offer an alternate definition of
the term onto:

OBSERVATION 2.11. A function is onto exactly when every point in
the range has at least one pre-image.

Indeed, if every point in the range has a pre-image, then every point in
the range is the image of some point in the domain. In this case, the
image fills the entire range, and our function is indeed onto.

Pre-image is also a useful term because it gives an alternate name for
something quite familiar, and very central to mathematics: the solution
of an equation. The most basic question we ask about any equation
f(z) = y is whether we can solve it for x, given y. But this is the
same as finding a pre-image f~'(y). Solving an equation and finding
a pre-image are exactly the same thing.
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EXAMPLE 2.12. Again consider the squaring function f: R — R given
by f(z) = 2% What is the pre-image of 47 Of 0?7 Of —47?
According to Definition 2.9 above, the pre-image of 4 consists of all x

such that f(x) = 4. Here f is the squaring function, so that means
we seek all = for which 2% = 4. Clearly, this means

) ={-2.2}

Similarly, we get the pre-image of y = 0 by solving z? = 0. Here there
is only one solution—only one point in the pre-image:

f71(0) = {0}

The pre-image of —4, on the other hand, consists of all solutions to

2?2 = —4. Since this equation has no solutions in the domain R we
specified here, —4 has no pre-image; its pre-image is the empty set:
fH(=4)=0

Finally, we might ask for the pre-image of a set larger than just one
point; say the pre-image of the interval [0,1]. Since every number in
[0,1] has a square root in [0, 1], and also a square-root in [—1,0], it is
easy to see that

f_l ([07 ”) = [_17 1]
Note that f~'[—1,1] is also [—1,1]. O

2.13. One-to-one. By definition, a function f: X — Y sends
each point z in the domain X to a point y = f(z) in the range
Y. In that case, = belongs to the pre-image of y. But the pre-image
of y may contain other inputs beside x. This happens, for instance,
with the squaring function f(x) = z2. The pre-image of any positive
number contains two inputs. For example, f~1'(4) contains both 2
and —2.

A nicer situation arises with the function g: R — R given by g(z) =
2z + 3. Here, the pre-image of an output y always contains exactly
one point—no more, and no less. We know this because we can easily
solve for 2x + 3 = y for x, and we always get exactly one solution,
namely = = (y — 3)/2 (try it).

Since each point in the range of this function has a pre-image, it is
onto. But we also know that pre-images never contain more than one
point. This makes g one-to-one:
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DEFINITION 2.14. A function f: X — Y is one-to-one if each point
in the range has at most one point in its pre-image. Examples show
(see below) that a function may be one-to-one, onto, both, or neither.
O

ExAMPLE 2.15. The function depicted on the left in Figure 1 (above,
not below) is both onto and one-to-one, because each point in the
range has one—and only one—point in its pre-image. The function on
the right in that figure, however, is neither one-to-one nor onto. It’s
not one-to-one because the pre-image of the middle point in the range
contains two points (a and ¢). Neither is it onto, since the lowest point
in the range has no pre-image at all.

The functions in Figure 3 below, on the other hand, each have one of
the properties, but not the other. The function on the left is one-to-one
but not onto. The one on the right is onto, but not one-to-one. (Make
sure you see why.)

~ One-to—One ) “@° Onto -
ale 1(b) | f©
Lo b X
b| f(©) Lo |f@=/(d)
L@ cl e
c|* f@ e | S
Domain N, dl e Range
Range Domain

Figure 3. The function on the left is one-to-one, but not
onto. The function on the right is onto, but not one-to-one.

U

REMARK 2.16 (One-to-one vs. Onto). The definitions of one-to-one
and onto compare and contrast very nicely if we summarize them like
this:

e A function is one-to-one if every point in the range has at
most one pre-image.

e A function is onto if every point in the range has at least one
pre-image. 0
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2.17. Inverse functions. When a function f: X — Y is one-
to-one, each y in the image has exactly one pre-image =z = f~!(y),
hence exactly one solution of f(x) =y. If f is also onto, then every
y in the range has a unique pre-image x in this way. In this case, the
assignment y — = defines a new function that “undoes” f:

DEFINITION 2.18 (Inverse mapping). If f: X — Y is both one-to-one

and onto, the mapping that sends each y € Y to its unique pre-image
x = f~Y(y), is called the inverse of f. We denote it by f~'. O

ExAMPLE 2.19. Consider the mapping f: R — R given by f(z) =
x + 1. The solutions of f(z) = y constitute the pre-image of y, and
here that means solving y = x + 1. Doing so, we get = = y — 1.
There’s no restriction on y here—this gives a solution for every y. In
fact, it gives exactly one solution for every y, so the function is both
one-to-one and onto, and hence has an inverse. The inverse maps each
y in the range to its unique pre-image in the domain, and our solution
gives a formula for it: f~'(y) =y — 1. O

ExAMPLE 2.20. The identity mapping I(x) = x on R™ is its own
inverse, since each x is obviously its own pre-image. Thus, I~! = I.
A slightly less trivial example is given by the doubling map on R™,
given by D(x) = 2x. To solve D(x) =y, we write 2x = y, which
implies x = y/2. It follows that the inverse of D is the “halving”
map: D7 (y) =y/2. O

— Practice —

21. Define a function f: X — Y whose domain and range both con-
tain just the first five letters of the alphabet: X =Y = {a,b,¢,d,e}.
Define the “rule” f for this function by setting

fla)=b, f(b)=c, f(c)=a, f(d)=0b, and f(e) =c
a) Find the images of these sets: {a,b,c}, {a,b,d}, {a,b,e}.

b) Find the pre-images of these sets: {a}, {a,b}, {a,b,c}, {c},
and {d,e}.

¢) What is the image of f?

d) Is this function one-to-one? Is it onto? Explain.



30 1. VECTORS, MAPPINGS, AND LINEARITY

e) Define a function g : X — Y (same X and Y as above)
which is one-to-one, onto, and satisfies g(a) = c.

22. Suppose X and Y are the sets of young men and young women
at a dance where the protocol is that each x € X chooses a dance
partner y € Y. Let f: X — Y be the “choosing” function, so that
for each young man =z, y = f(x) is the partner he chooses.

a) What does it mean for f to be onto?

b) What does it mean for f to be one-to-one?

¢) What is the image of f?

d) If S CY is a subset of the young woman, what does f~!(S)

correspond to?

e) If S C X is a subset of the young men, what is f(5)?

23. The following questions refer to Figure 4.

a) If we take R as the domain of the constant function c¢(x) =1,
what is the image of ¢? (The triple equal sign emphasizes that
c(x) =1 for all inputs = in the domain.)

b) Assuming 1,0 and —1 are in the range of ¢, what are the
pre-images ¢ (1), ¢71(0), and ¢ 1(—1)7

c¢) Could the interval [0, 00) serve as the range of ¢? How about
the interval (—o0,0]7 How about the entire real line R? Is
¢ onto in any of these cases?

24. The following questions refer to Figure 4.

a) Suppose we take R as both the domain and range of the
function g(x) =2z + 1. What is the image of g7 Is g onto?

b) What are the pre-images ¢~'(1), ¢7'(0), and g~ *(—1)?

c¢) If R is the domain of g, could the interval [0,00) serve as its
range? How about the interval (—oo,0]? Why or why not?

d) If we changed the domain of ¢ from R to just the the interval
[—1,1] (all =1 <z < 1), what would the image be?
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25. Devise examples of:
a) A function N :Z — Z that is one-to-one, but not onto.

b) A function F':Z — Z that is onto, but not one-to-one.

Figure 4. Graphs of the functions in Exercises 23 and 24.

26. Let Z be the set of all integers (positive and negative), and let
E C 7Z be the subset of even integers. Show that the map H: E — Z
given by the rule H(n) =n/2 is onto.

Thus, even though FE' is a proper subset of Z ( E is not all of Z), we
can map it onto Z. This is only possible because Z contains infinitely
many elements (integers). A proper subset of a finite set Y can never
map onto Y. Can you give a reason for this?

27. Let A, B,C be scalars with A # 0 and consider the quadratic
function

Q(z) = Ax* + Bx + C
a) Give a precise description of the image of @) (in terms of the

coefficients A, B, C'). Thinking about the shape of the graph
of @) should help you answer.

b) What is the pre-image f~'(0)? How about f~'(y) if y #07?
(Again, your answers will be functions of the coefficients.)
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28. Take both the domain and range of each function below to be
the integers ...,—3,—-2,—1,0,1,2,3,.... In each case, say whether
the function is one-to-one and/or onto. If it isn’t one-to-one, give an
example of an integer with multiple pre-images. If it isn’t onto, give
an example of an integer with no pre-image.

a) fln)=n-+2
b) g(n) =2n

c) h(n) = |n|

d) k(n) = (n+1)?
c)

(n) = n/2, if n is even
P = (1—-n)/2, if n isodd

29. Show that each map below is both one-to-one and onto. Then find
its inverse function.

a) Domain and range both equal to all integers, f(n) =2 —n.

b) Domain and range both equal to R, with f(x) =7+ x/10.

30. When f: X — Y is both one-to-one and onto, will its inverse
f~11Y — X also be one-to-one and onto? Explain why or why not.

31. When X has only finitely many members, an invertible function
f: X — X iscalled a permutation. For instance, when X = {a,b, c},

the rule
fla)=b, f(b)=c, f(c)=a
defines a permutation.

a) Make a table (with 3 columns, f(a), f(b), and f(c)) listing all
six permutations of X = {a,b,c}.

b) Are any of these permutations their own inverses (so that
f(f(x)) = x for every = € X)? Such a function is called
an involution.

c¢) If a set has n members, how many permutations will it have?

d) If a set has n members, how many of its permutations will be
involutions?
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3. Mappings and Transformations

The functions we study in Linear Algebra usually have domains and/or
ranges in one of the numeric vector spaces R" we introduced in Section
1.

DEFINITION 3.1. A function with numeric vector inputs or outputs is
called a mapping or transformation—synonymous terms. A map-
ping, or transformation is thus simply a function described by a dia-
gram of the form
F:R"— R™

where n > 1 and/or m > 1. Typically, we use uppercase letters like
F.G, or H to label mappings, and from now on, we try to reserve the
word function for the case of scalar outputs (m = 1). O

EXAMPLE 3.2. A simple mapping
J:R? - R?
is given by the rule
J(z,y) = (—y, )

This formula makes it easy to compute J(z,y) for any specific input
(z,y) € R?. For instance, we have

J(1,2) = (=2,1), J(=3,5) = (—5,-3), and .J(0,0) = (0,0)

Is J one-to-one and/or onto? We leave that as part of Exercise 32
below.

While the domain and range of J are the same, other mappings of-
ten have domains and ranges that differ, as the following examples
illustrate. 0

ExAMPLE 3.3. The rule
F(z,y,z,w) = (x —y, 2+ w)

has four scalar entries in its input, but only two in its output. It
therefore defines a mapping F: R* — R2. Contrastingly,

G(z,y) = (% 2y, 22, y*)
defines a mapping G: R? — R*. O
Mappings in general display an enormous variety of behaviors. We

present a few more examples here to suggest the almost endless possi-
bilities.
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EXAMPLES 3.4.

e The formula

F(z,y,2) = zyz
has three inputs, but only one output, so it defines a trans-
formation F: R® — R. It is onto, since every t € R has a
pre-image (for example, (¢,1,1)), but it is certainly not one-
to-one. For example, (1,¢,1) and (1,1,¢) and infinitely other
inputs (can you find any?) are all pre-images of t.

The formula

G(t) = (t,*,t%)
defines a transformation G: R — R?. Its image can be visual-
ized as an infinitely long curve in (x,y, z)-space. The mapping
is one-to-one, but not onto. For instance (1,2,3) has no pre-
image. Do you see why?

The formula
Q ($1>x27x37$47x5) = ($1,£L'2,.7§'3,$4,.’L'5,0, 070)

defines a transformation P: R® — R3. It “inserts” a copy
of R® into R®. It is far from being onto, since most points
in R® have no pre-image: the only points that do are those
whose last three coordinates vanish.

The formula
P (xla Lo, X3, T4, I5) = (xlu T2, I’3)

defines a transformation P: R% — R3. It “projects” R® onto
R? by dropping the last two coordinates. It is onto, but not
one-to-one, since every point (z,y,z) € R® has multiple pre-
images. For instance, any vector of the form (1,2,3,s,t) € R?
is a pre-image of (1,2,3) € R?.

O

EXAMPLE 3.5. Every matrix A, .,, determines a mapping F: R™ —
R"™ via matrix/vector multiplication. The rule is simple:

F(x) = Ax

In other words, to each input x € R™, we assign the vector Ax € R"
as output. For instance, the mapping J in Example 3.2 above fits this
description. The rule we gave there was J(x,y) = (—y,x). This is the
same as multiplying the input (x,y) by the 2 x 2 matrix
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0 —1
J=
1 0

For when x = (z,y), we have

(1 2] () (2) e

as claimed. All the questions we wish to ask about such a mapping
(see Section 3.6 below) can be answered by analyzing the matrix that
defines it. The primary goal of our course is to learning how to do such
analyses. O

3.6. Basic mapping questions. Suppose we have a mapping
F:R"—>R™

Given a vector y in the range R™ of F', we often want to answer the
most basic mapping question:

e Does the equation
Fx) =y
have one or more solutions? If so, how might we find them?

In general this question can be difficult or impossible to answer—it’s
just a sad fact of life that most equations are very hard to solve. Fortu-
nately, however, one can always solve this equation when F' is linear,
as defined in Section 4 below. We will learn how in Chapter 2.

Whether we can answer that question or not for a given specific vector
y in the range, however, we often hope to get more general information.
For instance we frequently ask

e Does F(x) =y have a solution for every y in the range? In
other words, is F onto?

Of course, this is the same as asking whether every y € R™ has a
pre-image.

If F is not onto, we often seek a way to describe those y in the range
R™ that do have pre-images. In other words, we want to know

e Can we (geometrically or algebraically) describe the image of F
as a subset of the range?

When a vector y in the range does belong to the image, we often want
to know how many points lie in its pre-image f~'(y). The simplest
situation occurs when each y in the image has exactly one pre-image.
Determining whether this is the case is the same as asking
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e /s F' one-to-one?

If F' is not one-to-one, some pre-images contain multiple points—
perhaps infinitely many. In this case, we often want good descriptions
of typical pre-images.

e Can we (geometrically or algebraically) describe the pre-image of
a typical y € R™ as a subset of the domain R™ ?

Finally, we often want information about how F' “distorts” sets of
inputs. When the outputs of F' tend to be farther apart than the
corresponding inputs, we say the mapping ezpands. If then outputs
tend to be closer than the corresponding inputs, we say that mapping
contracts. The simplest question about distortion would be this like to
know:

e Does F' expand or contract? Can we understand the nature of its
distortion?

To answer this, we must first define distances in R"™. We will do
that using the dot product in Chapter 3. Mappings usually distort in
ways more complicated than simple expansion or contraction, but for
linear maps, which we’ll define in Section 4 below, we will eventually
be able to analyze distortion with satisfying precision. Eigenvalues and
eigenvectors of square matrices play a large part in that analysis, as we
shall see in Chapter 7.

First, however, to get a better feeling for some of the questions above,
we consider them with reference to a few very basic examples.

ExAMPLE 3.7. We start with a recognizable example that is one-to-
one, but not onto, namely the mapping

F:R — R?

given by the rule
Fa) = (2.2 —1)

Here the first coordinate of each output can be any real number x, and
the second coordinate is then simply z — 1. If we regard R? as the
(x,y)-plane in the usual way, then the image of F' is simply the line
y = x — 1 (Figure 5). This line misses “most” points in R?, so the
image is much smaller than the range, and F' badly fails to be onto.
On the other hand, F' is one-to-one, since each point of the image has
just one pre-image, given by its z-coordinate.

As for distortion, we can be very precise: F' expands all distances by
exactly /2. For the distance between two outputs F(a) and F(b) is
exactly V2 times the distance between the inputs a and b. This is
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easy to see because, as Figure 5 illustrates (with a =2 b=4), F(a)
and F'(b) bound the hypotenuse of an isoceles right triangle whose
short sides both have length exactly b — a.

F
> —_— : :
4 2 0 2 4 4 2
_2_
4}
Domain Range

Figure 5. Here F(x) = (z,2 — 1) sends R into R?. Tts
image is the diagonal line y = x — 1 on the right, not all
of R?, so F is not onto. It is one-to-one, however, since
each point (z,x—1) in the image has exactly one pre-image,
namely x, on the left.

ExXAMPLE 3.8. Next, consider the rule

Pz, y) = (z,0)

This is another simple linear mapping. Domain and range are both R?,
and we now propose to verify that it is neither onto, nor one-to-one.

Since P(x,y) = (x,0), which lies on the z-axis, namely (z,0), the -
axis contains the entire image of P. Conversely, every point (a,0) on
the x-axis lies in the image, since P(a,0) = (a,0). In fact, however,
since P(a,y) = (a,0) for any y € R, the entire vertical line through
(a,0) lies in the pre-image of (a,0) (Figure 6).

From these facts, we easily see that P is not onto. The image (the
r-axis) does not fill the entire range R?. On the other hand, points
that do lie on the z-axis—have an entire vertical line of pre-images,
which means P isn’t one-to-one either.

Clearly, this map contracts (or at least, doesn’t expand) distances,
since it doesn’t change the horizontal distance between points, while
collapsing vertical differences to zero. U
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Figure 6. P maps each vertical line in the plane to the point
where it meets the z-axis (right). The image of P is thus the
entire x-axis, and the pre-image of any point on the z-axis is
the vertical line through that point.

ExAMPLE 3.9. We get a somewhat similar, though more complicated
mapping from the function d: R? — R depicted in Figure 7 and given
by

d(z,y) = /2?2 + 1

Again, the mapping is not onto. Sums of squares are always non-
negative, so outputs never lie in the negative half of the number line.
The image fills out that entire non-negative half-line, however, since
every r > 0 has a pre-image: for instance, we have r = d(r,0).

The mapping is not one-to-one either, since the pre-image of a positive
number r > 0 always contains infinitely many points. In fact, the
pre-image d~!(r) forms a circle of radius r centered at the origin of
the (z,y)-plane. This follows from the Pythagorean theorem, since any
point (z,y) on that circle satisfies 2? + y* = r? (Figure 7).

Finally, we mention (omitting the easy proof) that d contracts: When
we apply it to a pair of points in the domain, we always get two points
in the image that are closer (or at least not farther) than the original
points. O

General mappings can be far (far!) more complicated than the simple
examples above, and that can make it truly difficult to address the
questions we have raised—in general. Fortunately for us, when it comes
to the linear mappings we study in this course, one can answer them
all to a very satisfying degree. Doing so is the main goal of our book.
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Figure 7. d maps each circle on the left to the same-colored
dot on the right. Pre-images of positive numbers are thus
circles. Negative numbers on the right have no pre-image.
The hypotenuse of the right triangle associated to any (z,y)
on one of these circles has length d(x,y) = /22 + y? by the
Pythagorean theorem.

That ability, by the way, makes it possible to answer the same sorts
of questions—at least in part—for the mappings of multivariable cal-
culus. Those mappings are called differentiable, which simply means
they can be well-approximated, at least near any point in their do-
main, by a linear mapping. So besides being useful themselves, linear
mappings turn out to be crucial for understanding differentiable map-
pings. Indeed, virtually every field of mathematics requires a good
understanding of linear mappings.

— Practice —

32. Determine which of the mappings J, F', and G in Examples 3.2
and 3.3 (if any) is onto. Which is one-to-one? Justify your answers.

33. Determine which of the following mappings is one-to-one, and
which is onto. Justify your answers.

a) The mapping P: R® — R? given by S(z,y,2) = (z,v).
b) The mapping S: R* — R? given by S(z,y,2) = (0,z,y).
c¢) The mapping T: R® — R* given by S(z,y,2) = (0,2,y, 2).
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34. Consider the mapping A: R*> — R? given by A(x) = —x. Show
that A is both one-to-one and onto, hence invertible. Does the same
hold if we make the domain and range equal to R™ instead of R??

35. Consider the mapping 7: R? — R? given by T(z,y) = (z,2,y).
Which points in R3 have non-empty pre-images? How would you
describe the image of T'? Is T one-to-one? Is it onto?

36. Consider the mapping F: R3> — R? given by S(z,v,2) = (z,2).
Which points in R? have non-empty pre-images? How would you
describe the pre-image of a typical point in the range? Is F' onto? Is
it one-to-one?

37. Consider the mapping E : R?> — R? given by

a) Find the images and pre-images of the points (1,0), (0, 1), and
(1,1) with respect to E.

b) Find the (possibly empty) pre-image E~'(b,c) of a general
point (b, c) € R

c) Is E one-to-one? Is E onto? Justify your answers.

38. Consider the mapping £ : R> — R? given by
W(z,y) = (z+y, zy)

a) Find the images and pre-images of the points (1,0), (0, 1), and
(1,1) with respect to W.

b) Find the (possibly empty) pre-image W~1(b,c) of a general
point (b,c) € R?.

c) Is W one-to-one? Is W onto? Justify your answers.

The next exercise treats a situation where the “points” in the domain
and range of a mapping are themselves functions. This perspective on
functions became common in mathematics during the 20th century.

39. (Requires basic calculus) A polynomial of degree k in the variable
x is a function of the form
p(z) = apt” + ap_1 2"+ -+ a4 ag

where the a;’s are scalars. Let P* denote the set of all such polyno-
mials, and let D : P* — P*=! be the differentiation mapping given
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D(p) = p'. For instance, D(z") = nz""'. Show that D is onto, but
not one-to-one. What is the pre-image of x?? of 23?7 If two different
polynomials lie in D~*(p) for some p € P*~1 what can we say about
their difference?

.

4. Linearity

Recall that both scalar multiplication and matrix/vector multiplica-
tion distribute over vector addition (Propositions 1.6 and 1.25). The
definition of linearity generalizes those distributivity rules:

DEFINITION 4.1. A mapping F: R"™ — R™ is linear if it has both
these properties:

i) F' commutes with vector addition, meaning that for any two
inputs x,y € R™, we have

F(x+y)=F(x)+ F(y)

ii) F' commutes with scalar multiplication, meaning that for any
input x € R™ and any scalar ¢ € R, we have

F(ex) = cF(x)

Linear mappings are often called linear transformations, and for
this reason the favorite symbol for a linear mapping is the letter 7. [J

EXAMPLE 4.2. The mapping T : R?> — R? given by
(2) T(a,b) = (2b, 3a)
is linear.

To verify this, we have to show that 1" has both properties in Definition
4.1 above.

First property: T commutes with addition: We have to show that for
any two vectors x = (z1,x2), and y = (y1,y2), we have

(3) Tx+y)=Tx)+T(y)

We do so by expanding each side of the equation separately in coor-
dinates, and checking that they give the same result. On the left, we

have
T(X-l—y):T(( 2 ) + ( z; )) =T (x1 4+ 1, T2+ y2)

and now the rule for 7', namely (2), reduces this to
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T(x+y)=(2(x2+vy2), 3(x1 + 1)) = (222 + 2y2, 321 + 3y1)

We have to compare this with the result of the right-hand side of (3),
namely T'(x) 4+ T'(y). For that we get

T(x)+T(y) = T(x1,22) +T(y1,92)
= (2x9,371) + (292, 311)
= (222 + 2y, 371 + 3y1)
Both sides of (3) give exactly the same result, and we calculated with

completely arbitrary coordinates x1,xs,y; and ys, so we can be sure
that the first linearity property always holds for T'.

Second property: T commutes with scalar multiplication: Now we must
show that for any vector x = (x1,22) and any scalar ¢, we have

(4) T(kx) = kT(x)

As before, we can check this by computing both sides of the identity
and seeing whether they agree or not. We start with

T(kX) =T (k(l'l, 1'2)) =T (kl'l, kl‘g) = (2k’ T2, 3k 1'1)
and compare that with
kT (x) =kT(x1,25) =k (2x9,371) = (2k 9,3k x1)

Again, we get the same result both ways, and since k and the input
vector (z1,x2) were completely arbitrary, T obeys the identity for all
possible scalars and inputs.

In short, both the first and second linearity properties hold for 7', and
this makes it linear, as claimed. 0

In combination, the two linearity rules, simple as they are, have truly
far-reaching consequences—indeed, our whole subject is based on them.
Most mappings (by far) do not enjoy these properties, however. Even
very simple mappings can lack linearity, as the next two examples show.

ExXAMPLE 4.3. The square-root function is not linear, because

Va+0b does not typically equal +/a + Vb

For instance,

VIF14£V1+V1

This violates the first linearity rule, so the square-root function is not
linear. O
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EXAMPLE 4.4. Suppose T: R™ — R" is the constant mapping given
by T'(v) = b, where b € R" is some fixed vector. No matter what
input v we feed to T, the output is b. The constant mapping is
extremely simple, but is it linear?

Answer: Not unless b=0.

To see this, we test T with regard to scalar multiplication. The second
rule of linearity demands that 7'(2x) and 27(x) be the same for any
x € R™ But T(x) and T'(2x) (like T of anything) both equal b, so
that

T(2x)=b and 27T(x)=2b

Since b # 2b (unless b = 0), we see that the constant mapping fails
the second linearity rule except when b = 0. In short, T is definitely
not linear when b # 0.

Is it linear when b = 07 The answer is easily seen to be yes, but we
leave that as an exercise. 0

EXAMPLE 4.5. The transformation F': R® — R? given by
F(I,y,Z) = (x—l—l,y—z)

is not linear. For one thing, it doesn’t commute with vector addition.
To see this, take two input vectors

x = (r,y,2z) and x = (29,72
and check both sides of the addition rule in Definition 4.1. On the left
side, we get
F(x+x)
= Fle+2,y+vy, 2+ 2
= (x+2+1, y+y —2—2")
while on the right,

F(x) + F(x)
= (z+lLy—z2)+ @ +1,¢y -2
= (z+2'+2,y+y —2-2)

Although the second coordinates of F'(x+x') and F(x)+ F(x’) come
out the same either way, the first coordinates do not. To commute with
addition, F'(x+x') and F(x)+ F(x') must be ezactly the same in all
coordinates, and they are not. So F' fails to commute with addition,
and is therefore not linear.
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It doesn’t commute with scalar multiplication either, by the way. We
may again show this by checking both sides of the condition with an
arbitrary input x € R? and scalar s € R. On the left, we get

F(sx) = F(sx,sy,sz)
= (sz+1,sy — sz)
while on the right,
sF(x) = s(z+1,y—2)
= (sz+s,sy—sz2)

The two sides are close, but not equal, except when s = 1. But the
definition requires equality for all scalars s, and we don’t have that.
So we have an alternative proof that F' is not linear.

Note that failing either condition (i) or condition (ii) from Definition
4.1 suffices to make F' non-linear. We showed that both fail here just
to demonstrate the way one uses each. U

REMARK 4.6. Perhaps we should stress that while functions f: R —
R of the form f(x) = mz + b are often called “linear” in high school
(because their graphs are straight lines), they do not satisfy the linear-
ity conditions in Definition 4.1 unless b = 0, and hence are not linear

for our purposes here. We leave the reader to verify this in Exercise
43. 0

EXAMPLE 4.7 (Projection). When n > m, the map P: R" — R™
given by

P(xy,20,...,2,) = (21, 29,...,2p)
(projection onto the first m-coordinates) is linear.

As always, we prove this by verifying both conditions from Definition
(4.1). To verify that P commutes with addition, we take an arbitrary
pair of vectors x = (21,29, ...,x,) and x' = (2, 2),...,2]), compute
P(x +x') and P(x)+ P(x’), and compare them:

Px+x)=P(x1+ 2,20+ b, ..., 2, + )

The formula for P above says that we get P by simply keeping the
first m < n coordinates of its input. So

Px+x')=(x1+ 2}, 20+ 25, ... 2y +2),)

To determine whether P commutes with addition, we have to compare
this with
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P(x)+ P(x') = (x1,29,...,2m)+ (2],2h,...,2].)
= (xl +I/1,ZE2+C(]/2, 7Im+‘r/m)
This is the same result we got by computing P(x+x"), so P does com-
mute with addition. The first condition for linearity therefore holds.

To show that P also commutes with scalar multiplication, we have
to compare P(cx) and ¢ P(x) for an arbitrary scalar ¢ and vector
x € R". We have

P(cx) = Plcxy,cxe,...,cTy)
= (cxy,cx9y ... CTp)
while
cP(x) = c(x1,29,...,%)
= (cxy,cx9,...,c2p)

Same result both ways, and the calculation applies no matter what ¢ €
R and x € R" we choose. So P commutes with scalar multiplication
as well as addition. In short, P is linear, as claimed. O

EXAMPLE 4.8 (Matrix/vector multiplication). The most important ex-
amples of linear transformations are given by matrix/vector multipli-
cation. As we first noted in Example 3.5 above, every n x m matrix
A produces a linear mapping

T: R™ —- R"
via the simple formula
T(x) = Ax

The input vector can be any x € R™, since A has m columns. Since
A has n rows, each column lies in R". Each output Ax, as a linear
combination of those columns, therefore lies in R".

The linearity of such a transformation follows immediately from the
distributive property of matrix/vector multiplication stated in Propo-
sition 1.25. By combining the definition of 7" with that Proposition,
for instance, we get

Tx+y)=Ax+y)=Ax+Ay=T(x)+ T(y)

which is the first property of linearity. We leave verification of the
second property as an exercise. 0
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— Practice —

40. The zero transformation Z: R™ — R™ maps every input x € R™
to the origin 0 € R™. Show that Z is linear.

41. Suppose k is a scalar, and Tj: R™ — R™ is scalar multiplication
by k. Thus, Tj(x) = kx for any x € R™. Show that T} is linear.

42. Show that the transformation 7' defined by matrix/vector mul-
tiplication in Example 4.8 above obeys the second linearity property,
namely

T(kx) = kT (x)

for all scalars k£ and all vectors x € R™ (where m is the number of
columns in A).

43. Show that a function f: R — R of the form f(z) = mx+b, though
often called “linear” in other contexts, does not meet the linearity
criteria of Definition 4.1 (and hence is not linear in our terminology)
unless b = 0.

44. Show that a linear function f: R — R must take the form f(z) =
ax for some scalar a € R. [Hint: Any scalar x can be written as z -1,
so if we apply the second linearity rule and define a := f(1)...]

45 (Homothety). Show that in R™, multiplication by a scalar m pro-
duces a linear transformation H: R™ — R"™. Mappings of this simple
type are called homotheties.

46. Consider the transformations R* — R? given by
a) T(z,y,z) = (||, |2])
b) P(x,y,z) = (z, 2)

Prove that P is linear, but 7' is not.

47. Consider the transformations R?> — R? given by
a) S(z,y) = (z+2y, 2z —y)
b) F(z,y) = (1-2y,2z—1)

Prove that S is linear, but F' is not.
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48. Consider the “shift-right” mapping S: R™ — R" that shifts each
coordinate one slot to the right (and rotates the last around to the
first). In symbols,

S(ZEl,l’Q, I3, ..., Tp-1, xn) = (l‘na X1,T2, T3, " 7$n—1)

Is S linear? [Suggestion: Warm up with the case n = 3.]

49. Supposing n < m, show that the injection map P: R® — R™
given by

P (x1,29,...,2,) = (x1,22,...,2,,0,0,...,0)

(and so-called because it “injects” R™ into R™ in a one-to-one way)
is linear.
—_— * —_—

5. The Matrix of a Linear Transformation

We end this chapter on a point of great importance: that every linear
transformation 7: R™ — R"™ amounts to multiplication by a matrix
A. In this case, we say that A represents T :

DEFINITION 5.1. A linear transformation 7: R™ — R" is repre-
sented by a matrix A when we can compute 7T using multiplication
by A. In other words, A represents 1" when we have

T(x) = Ax
for all inputs x € R™. O

As the course proceeds, we’ll learn how to answer almost any question
about a linear transformation—Ilike the basic mapping questions listed
in Section 3.6 above—by analyzing the matrix that represents it. We’ll
begin acquiring tools for that kind of analysis in Chapter 2. First
though, we want to show how to find the matrix that represents a
given linear map.

We start with Observation 1.12, which shows how to expand any vector
x = (r1,%9,...,2,) € R™ as a linear combination of standard basis
vectors in a simple way:

(1,29,...,2n) =x1€1 + T2+ - + Ty €

If we expand a vector x this way, and then map it into R" using
a linear transformation 7: R™ — R", the linearity rules (Definition
4.1) yield
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T(X) = T(l’191+$282—|—"'+$’mem)
= T(zrie1)+T(z2€2) 4+ -+ T(xmen)
= o1 T(e))+a2T(es) + -+ a,T(en)
This reveals a powerful fact:

OBSERVATION 5.2. If we know where a linear transformation T: R™ —
R" sends the standard basis vectors, we can find its effect on any input
vector X = (T1,%a,...,Ty). For,

T (z1,22,...,0m) =x1T(e1) +x2T(e2) + -+ + 2, T(ey,)
In short: A linear transformation on R™ is completely determined by
its effect on the standard basis vectors.

EXAMPLE 5.3. Suppose we know that a linear transformation 7: R? —
R? affects the standard basis vectors e; and e, in R? as follows:

T(e)) = ( _; ) and T(e;) = (_g )

Then Observation 5.2 tells us that for any input x = (z,y), we have

T(z,y) = zT(er) +yT ()

()

B Tx — 5y
- —3x + 2y
So for instance,

- 7-(-2)—=5-1\  [(-19
T(=21) = < —3-(-2)+2-1 ) - ( 8 )
The power of linearity shows up clearly here: From just the two data

points T'(e;) and T(ey), we produced a general formula expressing
T(x,y) for all inputs (z,y). O

EXAMPLE 5.4. Suppose we have a linear mapping F: R®> — R (typi-
cally called a linear function in a case like this where the outputs are
mere scalars). Then Observation 5.2 says that if we know where F
sends the standard basis vectors e;, we can compute F(z,y,z) for any
(z,y,2):

F(z,y,2) = xzF(e1)+yF(es)+2zF(e3)
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For example, suppose
F(e))=2, F(e)=-1, and F(e3)=3
Then
F(1,1,1)=1-24+1-(-1)+1-3=4
and
F(-3,2,5)=—-3-2+2-(-1)+5-3=7
O

These examples illustrate the power of Observation 5.2, but there is
more. For it expresses T'(x), given any input X, as a linear combination
of the T'(e;)’s, and by our mantra (Remark 1.22), linear combination =

matriz/vector multiplication. So we can actually rewrite Observation
5.2 like this:

OBSERVATION 5.5 (Matrix construction rule). If we know where a lin-
ear transformation T: R™ — R"™ sends the standard basis vectors,
then its effect on any input vector x = (x1,Ta,...,%y) 1S given by

T(x) = Ax

where A is the matriz whose columns are the T'(e;)’s:

This way of stating the Observation immediately yields a sweeping fact:

THEOREM 5.6. Fvery linear transformation T: R™ — R™ amounts to
multiplication by a matriz—the matriz whose columns are the T'(e;)’s.

In particular, this means: Every linear transformation is repre-
sented by a matrix.

EXAMPLE 5.7. In Example 5.3, our linear mapping 7': R?> — R? acted
on the standard basis vectors of R? as follows:

T (e1) = ( _;) and T (e5) = (‘2 )

Theorem 5.6 immediately yields a matrix that represents 7. In fact,
it tells us that for any input vector (z,y), we have

ren=[ 2 3](3)
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It’s easy to see that this gives the same formula for T" we developed in
Example 5.3:
_ Tx — 3y
T(z,y) = ( —3x + 2y )

EXAMPLE 5.8. Similarly, the linear function F: R® — R of Example
5.4, which satisfied

O

F(e))=2, F(e)=-1, and F(e3)=3
can be represented by the one-rowed matrix A = [ 2 -1 3 ] :

Flooy.2) = (2 -1 3] [ ©

z

Note that because A here has only one row, we could write this even
more compactly as a dot product:

F($ay>z) = (2’ _1a3> ) (xv%z)

Whenever the range of a linear mapping is just R, that map will be
represented by a one-rowed matrix, and hence by dotting, in this same
way. 0

EXAMPLE 5.9. What 2 x 2 matrix represents the linear transformation
J: R? — R? given by the formula

J(z,y) = (-y,z) 7

According to Theorem 5.6, J is the same as multiplication by the
matrix J whose columns are the J(e;)’s. The formula for J above
immediately gives

J(er) = J(1,0) = ( ; ) and  J(es) = J(0,1) = (‘é )
So J is represented by the matrix
0 —1
=11 )
It’s easy to check that when we multiply this matrix by (x,y) we do
indeed get (—y,x). O
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ExAMPLE 5.10. What 3 x 3 matrix represents the linear transforma-
tion R: R® — R3 given by the formula

R(z,y,z) = (z,2x,3y) 7

By Theorem 5.6, R agrees with multiplication by the matrix R whose
columns are the R(e;)’s. Using the formula for R above, we easily
compute

0 0
R(el) = R(lv Oa O) = 2 ) R(GQ) - R(O, ]., 0) = O
0 3
and
1
R(e;) = R(0,0,1) = [ 0
0

So R is represented by the matrix

R —

o NN O
w oo
OO =

Again, it’s easy to check that when we multiply this matrix by an input
vector (z,y,z), we get (z,2z,3y), as expected. O

5.11. Numeric vectors as functions. We conclude this chapter
by noting that we can view any numeric vector

m
a=(a,ag,...,a,) €R
as a one-rowed matrix
|: a; Qg - A, :|

A matrix with only one row, however, represents a linear function via
matrix/vector multiplication, as we saw in Example 5.8. Calling this
function a* to emphasize its close relationship to the numeric vector

a, we then have, given any x = (z1,z,...,2,) € R™,
|: ai; Qg -+ Ay ] T
4]
a“(x) :=

T
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Alternatively, using the dot-product formulation of matrix/vector mul-
tiplication, we can say the same thing like this:
a‘(x) = a-x

= mx+ axs+ -+ AT,

In short, a* is the linear function we get by dotting with a, and we
call it the dual of a. Formally:

DEFINITION 5.12 (Duals). Every numeric vector a € R™ determines
a linear function a*: R"™ — R via the simple rule

a'(x)=a-z

We say that the linear function a*, and the numeric vector a, are
duals of each other. The function a* is the dual of the vector a, and
vice-versa.

EXAMPLE 5.13. The numeric vector a := (1,2,3) € R? is dual to the
linear function given by a*(x,y,z) = x + 2y + 3z. So for instance,

*(_27

a , (=2,0,5) =1-(=2)+2-0+3-5=13
a“(—1,—1,

5)
1 (-1,-1,1)=1-(-1)4+2-(-1)+3-1=0

) =

a.
a.

Similarly, the linear function on R* given by
f(x7yazaw) Zx—y—i—22—2w
is dual to the numeric vector (1,—1,2,—2) € R d

Lastly, we note that our two ways to understand matrix/vector multipli-
cation—as linear combinations of columns, and using dot products with
rows—correspond precisely to the vector/function duality of Definition
5.12.

For we saw that when we multiply an n x m matrix A by a vector
x = (21, x9,...,%y) € R™ we can compute the product Ax by either:

e Forming a linear combination:

Ax = T C1(A) + 29 CQ(A) —+ 4 ZEmCm(A)

Here the columns of A are numeric vectors in R", or
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e Forming a vector of dot products:

ri(A)-x

ro(A) - x
Ax — 2()_

r,(A) - x

Here the rows of A operate as linear functions on R™,
since ri(A)-x is the same as r;(A)" (x).

We get the same result either way, of course, but we have two entirely
different “dual” ways of getting there.

REMARK 5.14. (Duality) The row/column duality just described shows
up throughout our subject, one of many beautiful dualities we highlight
in this book.

In Linear Algebra, the word duality traditionally refers to the dual
roles of vector and function associated with a given numeric vector, as
in Definition 5.12.

We use the word more broadly, however, invoking it whenever we meet
two fundamentally different ways of interpreting the same mathemat-
ical object. We can regard an n x n matrix, for instance, as a list of
n (row) vectors in R™, or as a list of m (column) vectors in R"™, and
the difference is not superficial, as we shall come to see. Here and with
each of the dualities we shall encounter—vector/function, row/column,
image/pre-image, geometric/numeric, and perp/span—problems that
seem difficult from one viewpoint often turn out to be much easier
from the dual viewpoint. Each of the two perspectives illuminates the
other in a beautiful and useful way, and we shall make good use of this
principle many times. U

— Practice —

50. What matrix represents the projection P: R* — R? given by
P<x1,$2,x3,x4) = (37271'3) ?

51. What matrix represents the injection @: R? — R* given by
Qz,y) = (0,2,y,0)?

52. In Exercise 41 we saw that multiplication by a scalar k defines a
linear map 7;: R™ — R™ called a homothety. What matrix represents
Ty?
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53. What matrix represents the shift mapping S : R"™ — R" given by

S(I’l, T2, X3y .., Tpn—1, xn) = (xn7$1a Lo, T3, al‘n—l)?

(Compare with Exercise 48.)

54. What matrix represents the mapping R: R" — R" we get by
reversing the order of the coordinates? That is,

R(ajl) L2y ooy Tn—1, mn) = (xna Tp—1,---,T2, xl)

55. Show that the mapping 7': R® — R? given by
T(z,y,z) = (2x,—y,32)

is linear. What matrix represents this mapping?

56. What matrix represents the linear transformation S: R?* — R3
given by
S(z,y,2)=(y—2, z—x, x—y)?

57. Show that the identity mapping I: R" — R" given by I(x) = x
is linear, no matter what n is. What matrix represents the identity
transformation on R™?

58. Let e; and e; denote the ith and jth standard basis vectors in R™
and R™, respectively. Verify the linearity of the mapping E;;: R™ —
R™ given by

Ei (X) = (X . ei) €;

What matrix represents £;;?

59. If u = (uy,ug,...uy) € R™ and v = (vy,v9,...,v,) € R, are
non-zero, we get a linear mapping 7': R™ — R" given by
T(x) =u"(x)v
a) Show that this formula always defines a linear mapping.
b) What is the entry in row 4, column j of the matrix represent-

ing T'7

Mappings like the ones in Exercises 58 and 59 are called rank-1 map-
pings for reasons that will become clear in later chapters. All linear
mappings can be expressed as linear combinations of rank-1 mappings.
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60. Show that when a mapping is linear, it must send the origin in the
domain to the origin in the range.

61. Find a*(—2,1,—4,3) and a*(0,3, —5,0) for each choice of a € R*
below.

a) a=(1,1,1,1)

b) a=(1,2,-2 1)

c) a=(0,0,1,0)

Similarly, find the numeric vector a dual to each linear function below:

d) f(z,y,2) = =3z +y— 5z
e) g(u,v) = 16u + 26v

£) h(zq,xe, 3,24, x5) = by — dg + 323 — 204 + 5

62. What do we get when we apply the dual of a = (ay,as,...,a,) to
a itself? In other words, what is the formula for a*(a)?

63. (Cross product) Given any two vectors a = (aj,as,a3) and x =
(z,y,2) € R3, their cross-product a x x (a new vector in R3?) is given
by the formula

axx = (ayz — agy, azx — a1z, A1y — azx)

For any fized a, the formula C,(x) :=a x x defines a linear transfor-
mation Ch: R? — R3. What matrix represents Cj,?

—_— % ——






CHAPTER 2
Solving Linear Systems

1. The Linear System

We now begin to focus on answering the basic mapping questions for
linear transformations; that is, for linear mappings

T:R™ —-R"

As we observed in Theorem 5.6, every linear transformation is repre-
sented by a matrix, via matrix/vector multiplication. Specifically, we
have the formula

T(x) = Ax

where A is the matrix whose columns are given by the T'(e;)’s. For
this reason, we can usually reduce questions about the mapping 7' to
calculations involving the matrix A..

In this chapter, we focus on the question of pre-image:

Problem: Given a linear transformation T : R™ — R", and a point
b in the range of T how can we find all points in the pre-image
T-1(b).

Since every linear map amounts to multiplication by a matrix (and con-
versely, multiplication by any matrix A defines a linear map), finding
T~1(b) is the same as solving T(x) = b for x. When T is represented
by A, we have T'(x) = Ax, so the Problem above is exactly the same
as this equivalent problem: Given an n x m matriz A, and a vector
b € R", how can we find every x € R™ that solves the matriz/vector
equation

(5) Ax=b

This statement of the problem is nice and terse, but to solve it, we first
need to expand its symbols in terms of matrix entries and coordinates.
We start with A .

As an n x m matrix, A has n rows and m columns. Double-
subscripting its entries in the usual way, we have
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ajpr Gz aiz -0 Qim
A G21 G2 Q23 --- Q2m
Ap1 Ap2 QAp3 **°  Qpm
while
T b1
X = 1:12 and b= b,2
xm b,

When we multiply (5) out using this notation, the single matrix/vector
equation we want to solve, namely Ax = b, expands into the following
system of n equations in m variables:

1121 + 1222 + 1323 + -+ ATy = by

a91%q + a99X9 + a93T3 + -+ aAomTy, — bg
(6) . . _

U101 + ApaT + Ap3®3 + - + ATy, = by

DEFINITION 1.1 (Linear system). Any system having the form (6)
above is called a linear system in m variables, or an n X m linear sys-
tem. The a;;’s are called the system coefficients, and form the entries
of the coefficient matrix A. The variables z; and the right-hand
sides b; form the variable vector x and the right-hand side vector b,
respectively.

By a solution of such a system, we mean any numeric vector x =

(x1,Ta,...,xy) that simultaneously solves every equation in the sys-
tem. Such a vector then solves Ax = b, and is also a pre-image of b
under the mapping 7'(x) = Ax. O

EXAMPLE 1.2. Suppose

1 -1 0
A= 0 1 —-1|, x=(z,y,2), and b=(-1,-1,2)
-1 0 1

Then the matrix/vector equation Ax =b expands as

r —y+0z = -1 r—y = —1
0Or +y— 2z = —1, ormoresimply, y—z = —1
—rz+0y+ 2z = 2 z—x = 2
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Linear mappings can be onto, one-to-one, both, or neither. It follows
that linear systems may have one, many, or no solutions. Before tack-
ling the general problem of finding these solutions (if any), however,
let’s get a sense of the problem by considering simple examples.

ExaMPLE 1.3. This 2 x 2 system has exactly one solution, given by
(x,y) = (—=2,5):

3r+2y = 4
Sr+3y = 5

Leaving aside the question of how to find this solution, it is easy to
check that when r = —2 and y = 5, we do solve both equations. [

ExAMPLE 1.4. This 3 x 3 system has no solution:

r—y = 1
y—z = 1
z—x = 1

For clearly, the first equation implies x > y, the second implies y > z,
and the third implies z > x. If there were a solution, it would therefore
have to satisfy x > y > z > x, which is impossible, since x can’t be
greater than itself. O

ExAMPLE 1.5. This 3 x 3 system, though differing from the last one
only on the right-hand side of the second equation, has infinitely many
solutions:

r—y = 1
y—z =-—2
z—x = 1

For the triple (z,y,z) = (1,0,2) solves it, and it is easy to check that
so does (z,y,z) = (1,0,2) + (¢,t,t), for any value of t. O

Amazingly, there’s a fairly simple procedure, called the Gauss—Jordan
algorithm—that finds all solutions of any n x m linear system, no
matter how big m and n are. Admittedly, it can require many steps.
In such cases humans get tired, bored, and tend to make mistakes.
Computers, however, have none of those problems, and can solve sys-
tems with millions of equations and millions of unknowns. Our main
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goal in this chapter will be to discover and understand the Gauss—
Jordan algorithm.

Before we get there, however, we want to point out that linear systems
have not just a dual, but a triple nature. Every linear system can be
seen as posing three completely different problems.

1.6. Three ways to interpret systems. We have introduced
linear systems as a way of solving the “pre-image” problem: When A
is m x m, the solutions of Ax = b are the pre-images (in R™) of
b € R"™ under the linear map T represented by A, so that for every
input x € R™,

T(x) = Ax
Along with this pre-image problem, however, there are two other im-

portant ways to interpret the same system. We call them the column
and row problems, respectively.

Column problem. The column problem is about linear combinations
in the range R™.

ExAMPLE 1.7. Consider the simple 2 x 3 system
3r—4y+ =z = 0
Sr+3y—2z = 1
This has the form Ax = b, where

X

3 -4 1 0
A:[5 3_2}, X = Z , and b:(1>

As we emphasized in Remark 1.22, however, matriz/vector multiplica-
tion equals linear combination, so we can also read the system as a
problem about linear combinations of the columns of A . In this case,
for instance, Ax = b becomes

f(3) ()= (2) - (V)

xa1+ya2—|—za3:e2

or

where a; denotes column j of A . Seen in this light, solving the linear

system means finding a linear combination of the a; wvectors that adds
up to (0,1). O
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The same reasoning applies to every linear system. Just as in the
example above, we can rewrite the matrix/vector equation Ax =b as
the vector equation

(7) ZL’1C1(A)+ZL‘2C2(A)—|—"'+ZL‘mCm(A) =b

where the c¢;(A) denotes column i of the coefficient matrix A . This
reformulates the problem entirely: instead of seeking all pre-images of
b under the linear mapping represented by A, we now have a question
about linear combinations:

What linear combination of the columns of A (if any) will add up to
the “target” vector b ?

We call this the column problem because it focuses on the columns of
A . Tt is the second of three basic ways of interpreting linear systems
(the first being the pre-image problem).

Row problem. The third way to interpret a linear system is called the
row problem. It asks us to solve simultaneous linear equations in the
domain R™. Specifically, it sees Ax = b as n distinct equations, one
for each row of A, that we must solve simultaneously. For instance,

when
3 2 4
A:[5 3} and b:(5>

we get the system of Example (1.3):

3r+2y =
5r+3y = b

Individually, there are two equations here—and each has infinitely
many solutions. Indeed, given any value of x we can solve 3x+2y =4
for y and get a solution, and the same technique gives infinitely many
solutions for the second equation. The system however, asks us to find
all (z,y) pairs that solve both equations. In this case there is exactly
one such pair: (z,y) = (—2,5).

There is another way to formulate this. Each individual equation in
the system Ax = b has the form r;(A)-x = b;, where r;(A) denotes
row ¢ of A (and b; is the ith entry in b). We could write the 2-by-2
system above, for example, as

(3,2) - (z,y) =
(5,3) - (z,y) = 5
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Here the ith row of A is really acting in its dual capacity as a lin-
ear function, and to emphasize that, we could replace r;(A)-x with
r;(A)*(x). In any case, the rows of A take center stage in this inter-
pretation, each row yielding a single equation that we have to solve.
Each of these equations takes the form

ri(A)-x=1

So from the row standpoint, the problem Ax = b becomes:

Find all vectors in R™ (if any) that dot with each row of A to give
the corresponding entry in b .

This is the row problem. It is dual to the column problem in exactly the
sense of Definition 5.12: In the column problem, we view the columns
of A as numeric vectors, and seek a linear combination that adds up
to the right-hand side b. In the row problem, each row of A acts in
its dual capacity as a linear function, and we seek an input x for which
each of these linear functions returns the value given by the right-hand
side of its row.

In Chapter 3 we will develop a vivid geometric visualization for the
row problem.

1.8. Summary. There are three fundamentally different ways of
interpreting any linear system Ax = b. We can view it as either a

e Pre-image problem: Find all pre-images b € R™ under
the linear map 7T : R™ — R™ represented by the coefficient
matrix A.

e Column problem: Find all ways to linearly combine the
columns of A to produce b € R". This is a problem about
linear combinations in the range, R™.

e Row problem: Find all vectors in the domain R™ that si-
multaneously solve each of the linear equations r;(A)*(x) = b;
for + = 1,2,...,n. Equivalently, find all vectors in the inter-
section of the solution sets of all these equations. These sets
all lie in R™.

By moving between these three interpretations of a linear system, we
will see into Ax = b much more deeply than we could using any one
or two of these perspectives alone.
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— Practice —

64. Find the coefficient matrix A , the variable vector x, and the right-
hand side vector b for this system:

2.’13'1 — 3552 +x4 = 12
209 —Tx3 — x4 = —H
—4%1 + X9 — 5$3 — 21‘4 = 0

65. Find the coefficient matrix A , the variable vector x, and the right-
hand side vector b for these systems:

1 — Xy = 0
To — X3 = 0
a) T3 — X4 0
Ty — Ty = 0
b) T1+ X9 — T3+ T4 —Ts = 0
X1 — X9+ T3 — Ty = 0
c) To—x3+x4 = 0
T3 —Tyq4 = 0

66. If A and b are the matrix and vector given by

-8 -5 9 -3

6 3 —1 8

A= 9 _5 . and b= 9
-8 -3 -8 -5

What linear system (written out in full) corresponds to the vector equa-
tion Ax=b?7

67. What linear systems (written-out in full) correspond to the vector
equation Ax =b when A and b are given, respectively, by

(2 0 -1 3 1.2
A A=l 2 3 1} and b:(2.1>

2 0 5
0 2 -3
b)  A=| | 3| and b=| 7]
-3 1 4
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0] ()

Which of the vectors x below solve Ax =b? (Show your work.)

68. Let

2 -3 1
a) x=| -3 b) x=1 2 c) x=| —1
4 1 1

3 2

d) x=| -5 e) x=[ -2

7 2

69. a) Let x = (x,y,2). Express the “row problem”

aj(x) = 0
aj(x) = -1
aj(x) = 2

as a linear system, assuming a; = (1, —2,3), ay = (=2, 1, —2),
and a3 = (3,—-2,1).

b) Express the linear system below in “row” form like the system

in part (a):
dr—2y = 0
2z — 3y 1
22+3y = 0
3xr+2y = —1

70. a) Express the “column problem”
ua; +vay+waz=Db

as a linear system in the variables wu,v,w, assuming a; =
(1,-2,3), ag = (—2,1,—2), and ag = (3,-2,1).

b) Express the linear system below in “column” form = a;+ya; =

b:
dr—2y = 0
2z — 3y 1
20 +3y = 0
3r+2y = —1
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71. a) Express the “column problem”
ua; +vay+waz=D>b,

as a linear system in the variables wu,v,w, assuming a; =
(1,-2,3), ag = (—2,1,-2), and az = (3,—2,1).

b) Express the linear system below in “column” form z a;+ya; =

b:
d3r—2y = 0
2z — 3y 1
20+3y = 0
3r+2y = —1

72. Consider this problem:

What vectors x € R dot to zero with all three vectors (1,1,2,3),
(1,2,3,1), and (2,1,1,3) simultaneously?

What linear system expresses this problem? You needn’t solve it.

73. Consider this problem:

What linear combinations (if any) of the vectors (1,1,2,3), (1,2,3,1),
and (2,1,1,3) add up to (5,—2,3,7)?

What linear system expresses this problem? You needn’t solve it.

— % —

2. The Augmented Matrix and RRE Form

We now turn to the problem of actually solving linear systems. There
is a standard procedure for doing so, and the solutions it provides (if
any) always arise as the image of a new mapping.

We formalize this fact as a definition:

DEFINITION 2.1. We solve an n x m linear system Ax = b by
finding a mapping X : R* — R™ (for some 0 < k < m ) whose
outputs provide all solutions to the system—and no others. In short,
we solve a system by finding a mapping X whose image forms the
solution set.
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ExAMPLE 2.2. For instance, in Example 1.5, we got all solutions of the
system

r—y = 1
y—z =-—2
z—x = 1

by plugging any real number ¢ into the formula
(r,y,2) = (1,0,2) + (¢,t,t)

This means the solutions of the system above are the same as the image
of the mapping X : R — R? given by

1 1
Xty=|0|+¢|1
2 1

O

In general, when A represents a linear map 7 : R™ — R", and we're
given a “target” vector b € R", we seek a solution mapping X that
fits into a simple diagram like this:

R' 5 R™ 1 R
and we want the image of X to equal the pre-image of b, so that
X(RF) =T71(b).

The crucial question is, How can we find a solution mapping X with
this property for any linear system we encounter?

2.3. The augmented matrix of a system. The first step toward
answering that question is purely notational: We form the augmented
matriz of the system:

DEFINITION 2.4. We get the augmented matrix of the n xm system
Ax = b by taking the coefficient matrix A and adjoining b as an
additional (m 4+ 1)th column: We indicate the augmented matrix like
this: [A|b].

Written out entry-wise, the augmented matrix of the system

a11T1 + @129 + A13T3 + -+ + A1y, = bl
A21T1 + A22%9 + A93T3 + * ** + Aoy, = b2

Ap1T1 + ApaTo + Ap3T3 + - - + Gy = bn
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18

a1 a2 a3 o Ay by
a1 G2 Q23 -+ A2y by
An1 QAp2 QApz - Apm bn

ExXAMPLE 2.5. The augmented matrix of the system

20 +3y = —1
3r—2y = 0
1s
2 3 -1
S

0

Note that the augmented matrix contains all the information we need
to reconstruct the original system.

EXAMPLE 2.6. Suppose we know that the augmented matrix of a cer-
tain system is

3 -2 1 4

5 =3 15

then all we have to do to recover the original system is to put the
variables and +, — and = signs in the appropriate locations:

3331-23724-13 = 4
51’1—31‘24—1'3 = 5

2.7. Systems with obvious solutions: RRE form. Starting
with the augmented matrix of a system—any system—we will solve
the system using the simple strategy discovered two centuries ago by
mathematical giant C.F. Gauss.!

IThe procedure was later modified toward the precise algorithm we’ll use by
scientist W. Jordan—and others.
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Gauss—Jordan Strategy: Simplify the augmented matrixz of the orig-
inal system without changing its solution set, until it represents
a system so simple that we can read off the solution by inspection. The
solution of the final, simple system will then solve the original system
too.

We’ll discover the Gauss—Jordan algorithm for ourselves by working
backwards from a crucial question:

When is a system so simple that one can deduce its solution by inspec-
tion?

Some basic examples will guide us toward the answer.

ExAMPLE 2.8. Consider the system whose augmented matrix is

1 00 =2
010 3
001 O

It is easy to see that this system has exactly one solution, and we can
write it down immediately. First note that the matrix has four columns,
so there are three unknowns. Further, each row represents an equation
that completely determines the value of one unknown: the first row
says x1 = —2, the second says zo = 3, and the third says z3 = 0.

That makes (z1,x2,23) = (—2,3,0) a solution—and the only possible
solution. 0

ExAMPLE 2.9. Drop the third equation from the previous example.
The augmented matrix will then be

10 0 =2

010 3
Again the first equation says 7 = —2, and the second says x, = 3.
There are still four columns, and thus three variables, but we no longer

have an equation that sets x3 to any particular value. So what value
can we assign it?

The answer is. .. any scalar! The third variable gets multiplied by zero
in both equations of the system, so its value affects nothing.

We therefore have a system with infinitely many solutions. They all
have z; = —2 and x5 = 3, but x3 can be any number ¢, and we can
express this very simply by writing the general solution as

(.ZUl, Z2, l’g) - (_27 3a t)
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Alternatively we can see this as the image of the mapping X : R — R?
given by

2 0
Xt =| 3|+t o0
0 1

O

ExAMPLE 2.10. If we switch the last two columns of the matrix in the
previous example, we get a more interesting situation, but the solution
is only slightly harder to tease out. The augmented matrix becomes

10 -2 0

01 30
We can still assign any value to x3 here, and write x3 = ¢, where ¢
can be any scalar, just as in our last example. Then write out the two
equations: they are x; — 2x3 = 0 and x5 + 3x3 = 0. Moving the
x3-terms to the right-hand sides and using x3 =t we then get

ry = 2t

To = —3t

If we now view our assignment
r3 = t

as a third equation, we have three equations that clearly describe all
possible solutions. The t-value we give to x3 completely determines the
other two variables, and this again gives us infinitely many solutions—
one for each value t. We can express the result by the simple formula

(iL‘l, T2, IE3) = (Qt, —3t, t)

Again, we may interpret the solutions as the image of a mapping
X: R — R?, namely

X(t)=t| -3
1
]

Each system above was easy to solve. What made that true? Before
we highlight the key feature they share, we should consider one more
situation:
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ExAMPLE 2.11. Modify the last example by adding the row (000 1)
at the bottom, to get the augmented matrix

10 -2 0
01 30
00 01
This matrix describes a system with no solution. Indeed, whenever the

augmented matrix has a row of the form (00 --- 0 ¢) (where ¢ # 0),
that row represents an absurd equation of the form

01’1 +0$2—|—OZL’3 =C

Since ¢ # 0, this equation is preposterous—it obviously isn’t solved by
any values of x1, zo, and x3. O

This last situation may seem bizarre or even silly: it’s hard to imagine
an equation like 0x; + 0z9 4+ 0x3 = 1 arising in a “real-world” system.
And in truth, we seldom encounter such an equation when we start
solving a system. But such equations often do arise during the Gauss—
Jordan algorithm. When they do, they tell us the original system has
no solution. So we really must include them in our thinking.

2.12. Reduced row-echelon form. Consideration of examples
like the above eventually yields an answer to the question posed earlier:

Question: When is a system so simple that we can read off its solution
by inspection?

Answer: When its augmented matrix has reduced row-echelon form.

DEFINITION 2.13 (RRE form). A matrix has reduced row-echelon
(RRE) form when it satisfies these four conditions:

e Leading 1’s: The leftmost non-zero entry in every row is a
one (called leading ones, or pivot).

e Southeast: Fach pivot lies to the right of all pivots above it
( “Pivots head southeast”).

e Pivot columns: If a column has a pivot, all its other entries
are zeros.

e O-rows sink: Rows populated entirely by zeros lie below all
rows with non-zero entries.
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EXAMPLE 2.14. Here are three simple, but rather different matrices in
RRE form. You should check that all of the four conditions above apply
in each case.

|
O =
oo oo
[ e e
O O =
O = O
_ o O

EXAMPLE 2.15. Every 2 x 3 in RRE form looks like one of the seven
matrices below, where a and b can be any scalars (including 0 or 1):

[0 0 0]
10 0 0|
(1 a b] O 1 al]l [1 0 al
(000] [00O0] |01 b]
00 1] [1 ao0] [O 1 0]
' 000] |[0O0O1] |O0O 1

The reader should check that all seven of these satisfy each of the four
conditions in Definition 2.13.

Let’s work out the solutions to the systems corresponding to each
2 x 3 RRE form in Example 2.15 above.

e The top one (the zero matrix) is easy: both its rows represent the
trivial equation 0z + Oy = 0. Every (x,y) € R? solves this equation,
so that’s the solution: x and y can be anything. Both variables can
take any value. We therefore set © = s, y = ¢, and get the solution
mapping

X(s,t) = (s,t) =se; +tey

e The matrices on the last line of Example 2.15 are easy too, because
each has a row of the form (0 0 1). That row stands for the absurd
equation Oz 4+ Oy = 1, as discussed in Example 2.11 above. When one
equation has mo solution, the system certainly can’t have one either.
So any system with an augmented matrix like the ones in the third row
of our list above has no solution.

e The middle row of Example 2.15 is more interesting. Consider the
first matrix in that row, for example:
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1 a b
0 00
The second row here is all zeros, which we know represents an equation

solved by any (x,y) pair. So only the first row constrains the variables,
and it stands for the equation

r+ay=>

We can set y = s for any scalar s, and then solve the first equation
for x to get * = b — as. We then have both x and y in terms of s,
and the solution set is thus the image of the mapping

() (1)

The number of possible n x m RRE forms grows quickly as n and m
increase. Still, there is a straightforward way to read off the solution of
a system, no matter how large, when its augmented matriz is in RRE
form. Before we analyze that general problem, however, we note that
it becomes truly trivial in two cases, independent of size:

O

Trivial case #1. (“Anything goes.”) The augmented matriz contains
only zeros.

In this case, all vectors (x1,za,...,2T,) € R™ solve the system, just
as we saw in the first 2 x 3 case above. For the equation

Ox1 +0x24+---+0x, =0

obviously holds no matter what values we give to xq, x9,..., T, .

Trivial case #2. (“Nothing goes.”) The augmented matriz has a
pivot in the last column.

In this case, the system has no solution, as illustrated by the matrices
in the last row of Example 2.15. A pivot in the last column always
stands for an equation of the form

Ox1 +0xy+---4+0x, =1

Obviously, no vector solves this equation, and it follows that no vector
can solve a system containing such an equation.
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— Practice —

74. What are the augmented and coefficient matrices for these systems?

20 +3y = 7 y = 12 Tr—2y = 5
) 3p_9y — 4 b = 4 ) Gr—3y = 0

75. What are the augmented and coefficient matrices for these systems?

_ 201 + 29 = —1

Z+ y+Z =3 $2+2l‘3+l’4 = —1

a) xr—2y+z = -9 b) |
rhy-z =3 I

76. What systems have the augmented matrices below?
1 2 3 0 30 1 1 -1
a>{456} b>{2011 C)[1—1 1}
77. What systems have these augmented matrices?
1 2 =3
2) {2 1 4} b)

¢ [1 -1 1 -11 —1]

N DN
W = DN
N W N
|
Al
w o W

78. Find all solutions to the systems represented by the remaining two
augmented matrices in Example 2.15, namely

01 a q 1 0 a
000/ ™ 01 b

79. The four matrices below are not in reduced row-echelon (RRE)
form. Each fails exactly one of the four necessary conditions. Which
matrix fails which condition?

8%

N—
1
O =
[anlN \V)
N O

|

— W
—_

o

N—
OO = O
OO O =

(@)

N—
o O =
O = O
— O
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d)

OO =
O O ot
—_ o O

80. Which matrices below are in reduced row-echelon (RRE) form?

1 2 0 —1 ] [0 1 0 —11
a) 010 —1 b) 001 —1
| 001 0] (000 0]
[0 1 0 —11 [0 0 1 —1]
c) 00 1 —1 d) 010 —1
(00 1 -1 | 100 0]
10 0] 111
010 000
¢) 00 0 £) 00 0
00 1| 000

81. Every 3 x 3 matrix in RRE form falls into one of eight different
classes. The zero and identity matrices

o

I
o O O
o O O
o O O

-

I
SO =
S = O
— o o

are two of them. What are the other six? Use a and b to represent
arbitrary numbers as in Example 2.15.

82. Write down all 16 different 4-by-4 RRE forms. Use a and b to
represent arbitrary numbers as in Example 2.15.

83. Suppose a matrix has RRE form and we remove a row, the new
matrix will still have RRE form.

a) Explain why each of the RRE conditions still holds for the new
matrix.

b) Give an example of a 3-by-4 matrix in RRE form that, upon
removal of column three, no longer has RRE form.
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c¢) If a matrix has RRE form and we delete the last column, the
new matrix will still have RRE form. Explain why each of the
RRE conditions still holds for the new matrix.

84. If an n x n matrix in RRE form has n pivots, what matrix must
it be?

85. Show that for every n, there are 2" different RRE forms of size
n X n. [Hint: Row n of Pascal’s triangle always adds up to 2™.]

— % ——

3. Homogeneous Systems in RRE Form

Most of the work required to solve an arbitrary system in RRE form
arises in solving the related system we get by setting all right-hand
sides to zero.

DEFINITION 3.1. A linear system is called homogeneous if the right-
hand side of each equation is zero. Otherwise, the system is inhomo-
geneous. Given an inhomogenous system Ax = b, we call Ax =0
its homogeneous version. Both systems have the same coefficient
matrix A, but their augmented matrices differ in the last column.

ExaMPLE 3.2. The system on the right below is the homogeneous
version of the inhomogeneous system on the left. Both have the same
coefficient matrices.

20 —3y+z2z = 6 20 —-3y+z = 0
r+2y—3z = 4 r+2y—32 = 0
3r—y—2z = 0 3r—y—2z = 0
Inhomogeneous system Homogeneous version

O

When the right-hand side of a single linear equation is zero, we get an
obvious solution by setting all variables equal to zero. This is called
the trivial solution. It solves every homogeneous system too:

OBSERVATION 3.3 (Trivial solution). A homogeneous system Ax = 0
always has at least one solution, namely the trivial one x = 0. In
other words, the origin in the range of a linear map always has at least
one pre-image: the origin of the domain.
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REMARK 3.4 (Non-trivial solutions!). We cannot emphasize strongly
enough:

Homogeneous systems often have non-trivial solutions too.

In Example 2.10 above, for instance, we studied a homogeneous system
solved by

X(t) = t(2,-3,1)

where t is any scalar. When t = 0, we get the trivial solution, but
every t # 0 gives a non-trivial solution.

The existence of non-trivial solutions is a fundamental difference be-
tween scalar equations and vector equations.

Indeed, every student knows that the scalar equation ax = 0 forces
either a = 0 or x = 0. This basic fact about the algebra of scalars
does not hold for vector equations:

We can and often do have Ax =0 even though A #0 and x# 0.

This is not just a curiosity: it is a key feature of our subject. It occurs
often, and it will affect almost everything we do. It makes the algebra
of vectors and matrices more rich and interesting, than the algebra of
scalars.

So please don’t fall into the trap of thinking that Ax = 0 means
A =0 or x =0. In the world of matrices and vectors, it does not.
Review Example 2.10 if you have trouble seeing how this can happen.
It happens often! O

Indeed, the phenomenon just described spawns one of the most basic
procedures in our entire subject because, among other things, solv-
ing a homogeneous system constitutes the main step in solving an
inhomogeneous system.

Before we present the general algorithm for finding all solutions to a
homogeneous system in RRE form, we make a simplifying observation:
When a system is homogeneous, the last column of its augmented ma-
triz is all zeros. So when solving a homogeneous system, we can work
with the coefficient matrix alone—we needn’t carry the last column.

3.5. Pivot variables and free variables. Each column of the
coefficient matrix corresponds to a particular variable: the first matrix
column lists the coefficients of x; in each equation, the second column
gives the coefficients of s, and so forth. In a system with m variables,
the last column of the coefficient matrix goes with x,, .
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DEFINITION 3.6. Suppose the coefficient matrix of a system has RRE
form. If column j contains a pivot, we call it a pivot column, and
we call z; a pivot variable. Otherwise we say the column or variable
is free.

Each column of the coefficient matrix, and each variable, is one or the
other: pivot or free. O

ExAMPLE 3.7. Consider the system whose coefficient matrix has this
RRE form:

1200

0001

Columns 1 and 4 have pivots, which makes z; and x4 pivot variables.
Columns 2 and 3—and the variables x5 and z3—are free. ]

EXAMPLE 3.8. This coefficient matrix has RRE form too:

1 001
0101
0011

The first three columns have leading 1’s, so x1,x, and w3 are pivot
variables. The remaining variable x4 is consequently free. 0

ExXAMPLE 3.9. Here is a coefficient matrix in RRE form with no free
variables—only pivot variables. Do you see why?

o O O
OO = O
O = OO

O

ExXAMPLE 3.10. This coefficient matrix represents a system with only
one equation:

(00131 2]

There’s a leading 1 in column two, so x5 is a pivot variable. The other
four variables, x1, x3, x4, and x5 are all free. There’s a one in column
4, but it’s not a leading one, so it’s not a pivot. U



78 2. SOLVING LINEAR SYSTEMS

3.11. The algorithm. We now give a simple five-step procedure
for finding all solutions to a homogeneous system in RRE form. After
listing the steps, we illustrate with some typical examples.
Important: This procedure applies only to systems that are both
homogeneous and have RRE form.

e Step 1. Identify the free columns—Iet’s say there are k of
them—and delete (or cross out) the rows of zeros.

Step 2. Write down k blank generating vectors hy, ho,
..., hy in R™. (Write them vertically to make Step 4 a bit
easier.)

e Step 3. Set all free variables equal to 1 or 0: For each j =
1,2,...,k, select h;, and set the jth free variable in it equal
to 1. Set all other free variables in h; equal to zero.

e Step 4. Fill in the pivot variables. For each 7 =1,2,... k,
identify the jth free column in the matrix. Set the pivot vari-
ables of h; equal to the opposites of the entries in that col-
umn, in order of their appearance, top to bottom.

e Step 5. Express the complete solution as all linear combina-
tions of the h;’s:

x = Hs = s1h; 4+ sohy + - - - + s.hy, .

Here H is the matrix having the h;’s as columns

h, h, --- h,
H= .

while we allow s = (s1, So, ..., 8;) to be any vector in R¥. The product
Hs then gives the linear combination above by our “mantra”: Linear
combination is matrix/vector multiplication.

As we let s vary over all vectors in R¥, the products Hs give all
solutions x € R™ for the system. Note too that this allows us to see
the solution set as the image of a mapping R¥ — R".

We illustrate the algorithm by working through two numeric examples.

ExAMPLE 3.12. Consider the homogeneous system with this coefficient
matrix:

0130 =2
0001 4
0000 O
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The matrix has RRE form (check!), so we may apply the 5-step proce-
dure above.

Step 1. Identify the free variables and delete the rows of zeros.

Columns 2 and 4 have pivots, so x1, 3, and x5 are free. Three free
variables makes k = 3. There is one row of zeros, so we discard it.
Our matrix now looks like this:

0130 -2
0001 4
Step 2. Set up k “blank” vertical generating vectors hy, hy, .. .,

h, ¢ R™.

Here k = 3, so we get three generators with blank entries, entries
represented here by p’s (for pivot variables) and f’s (free variables):

f f f
p p p
hy=| f [, he=| f |, hs=]| [
p p p
f S f

Step 3. Fill in the free variables. Taking each generating vector h;
in turn, set the jth free variable equal to 1 and all other free variables
equal to zero. That is, the first free variable (z7) in h; is a 1, the
second free variable (x3) in hy is a 1, the third free variable (x5) in hg
is a 1. All other free variables in all three generators are zeros. The
pivot variables x5 and x; remain undetermined.

This fills in the entries for z;, x3, and x5 in each generator:

h2 ) h3 =

=
I
o o3
I
ok 3 o
—_SoRs O

Step 4. Set the pwot variables of each h; equal to the opposites of
the values in the jth free variable column of the non-zero rows of the
matrix—in order of their appearance, top to bottom.

We start with ;7 = 1: The first free variable is x;, so we take the
entries in the two remaining rows of column 1. In this example both
those entries are zero. We then use their opposites (still zero) to set
the pivot variables x5 and x4 of h;. We thus get
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(The minus signs are irrelevant here since —0 = 0, but they do show
which entries we just filled in.) It’s easy to check that h; now solves
the homogeneous system—just dot it with each row of the coefficient
matrix: We get zero every time.

Now set j = 2. The second free variable is 3, so we take the entries
in the two rows of column three: 3 and 0. We then put minus 3 and
minus 0 in the pivot positions of the second generator to get

Again, this checks: it dots to zero with each row of the coefficient
matrix.

Finally we complete hs. The third free variable is x5, so we take the
entries in column 5, namely —2 and 4, flip their signs to get 2 and
—4, and put these in the pivot positions to get

=
w
I
— oo

Again it is easy to check that hs solves the homogeneous system, and
this completes Step 4.

Step 5. FExpress the homogeneous solution map H as all linear com-
binations of the generating vectors h; .

Here, the full homogeneous solution set is the set of all products Hs,
where
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(8) H = , S = (51,32753)

(evlieviN el el
OO = WO
s O NN O

If we multiply it out, the solution takes the compact form

Hs = (81, —382 + 283, S9, —483, 83)

ExAMPLE 3.13. Consider the homogeneous system whose coefficient
matrix is given by

1 00 2
010 3
00114

Checking that this matrix does indeed have RRE form, we can apply
our procedure. The only free variable here is x4, and there are no rows
of zeros.

Step 2 therefore gives us just one generating vector for the homogeneous
solution set, namely

h, =

_te

The free column is column four, so we take the values in that column
of the matrix and flip their signs to get —2, —3, and —4, respectively.
Replacing the *’s in h; with these values, top to bottom, we conclude
that the homogeneous solution is given by all products sH , where

Here s = s is just a single scalar, and as usual, it is easy to check that
the single column of H does dot to zero with each row of the coefficient
matrix. So its multiples really do solve the homogeneous system. []
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REMARK 3.14. It can certainly happen that a matrix in RRE form has
no free columns. In this case, our procedure yields no homogeneous
generators h;, which means the system has only the trivial solution

x=0. O

— Practice —

86. Each matrix below is in RRE form. Label each column as pivot (P)
or free (F).

100 —1 010 —1
a) 010 —1 b) 00 1 —1
001 0] (000 0
012 0] [0 0 1 1
c) 0001 d) 0000
000 0| (0000
10 0] 110
01 0 00 0
¢) 00 1 f) 00 0
00 0 00 0

87. Verify that the coefficient matrix of each homogeneous system has
RRE form, and find the corresponding solution map whose image gives
all its solutions.

o

xr+2z =

r+2y =
a) y+2z =

0
. — 0 0 c) v+2y+3z = 0

b)

88. Consider this homogeneous system:

Z[‘l—%l‘g—%l‘gl = 0
To+2x3+ 14 =

Verify that its coefficient matrix has RRE form, and find the solution
map whose image gives all its solutions.
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89. Each matrix below is the coefficient matrix of a homogeneous sys-
tem. Which system has only the trivial solution? Find all solutions of
the other system.

a)

OO =

O = O
o

SN—

| —
—_
(@]
(e

| IS

90. Verify that the coefficient matrix of this system has RRE form, and
find its solutions. Then check that each of your generators h; solves
the system.

T+ 2x3—25 = 0

To — T3+ 2[L‘5 =

Ty —Ts =

91. Treat the homogeneous equation below as a system—a system of
one equation in four variables. Write its 1-by-4 coefficient matrix, and
find three generators hi, hy, and hs for the solution set. Then find
the matrix H that generates all its solutions.

Ty + 229 —3x3+ 224 =0

92. Verify that the coefficient matrix of the system below has RRE form,
and find its solutions. Check that each of your generators h; solves
the system.
$1—2$3+3J}4 =0
To+2x5 = 0

93. Suppose a; = (1,0,2,-3,0) and ay = (0,1,0,0,7) in R®. Find
all vectors x € R® for which aj(x) = aj(x) = 0.

94. Suppose an n X m matrix A has RRE form.

a) If A has r leading 1’s, how many generators h; will show up
in the solution of Ax = 07 Explain.

b) What is the smallest number of free columns A can have if
m > n? How about it n > m? Explain.
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95. What 2 x 2 matrix A in RRE form yields
a) The single homogeneous generator h = (—5,1)?

b) The single homogeneous generator h = (1,0)?

96. What 3 x 3 matrix A in RRE form yields
a) The single homogeneous generator h = (3,1,0)?

b) These two homogenous generators: h; = (1,0,0), and hy =
(0,-2,1)?

97. What 2 x 4 matrix A in RRE form yields

a) These two homogeneous generators: h; = (3,1,0,0), and
hy = (—3,0,1,0)?

b) These two homogenous generators: h; = (1,0,0,0), and hy =
(4,0,1,0)?

4. Inhomogeneous Systems in RRE Form

Continuing to assume our system has RRE form, we now turn to the
inhomogeneous case. We clearly need to work with the full augmented
matrix here: inhomogeneous systems always have one or more non-zero
entries on the right-hand side, so the last column of the augmented
matrix contains critical data.

As we noted at the end of Section 2, a pivot in that column rules out
any solution at all. So the first rule of solving an inhomogeneous system
in RRE form is this:

e A pivot in the last column of the augmented matriz means the system
has no solution.

If the last column of an augmented matrix in RRE form does not have
a pivot, however, the system will have a solution. And if we can find
just one solution, we are essentially done, thanks to this crucial fact:

THEOREM 4.1 (Structure of the pre-image). Given just one solution
x, of a linear system Ax = b, every other solution X' is gotten by
adding a solution of the associated homogeneous system to x,. That
is, X' =x, +h, where h solves Ax = 0.
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This theorem plays a huge role in our subject, and its proof is easy. It
boils down to linearity—in this case, the distributivity of matrix/vector
multiplication over vector addition.

PRrROOF. If we have one (“particular”) solution x, of Ax = b,
and x’ is any other solution, x’ and x, both solve the system, so the
distributive law gives

Ax —x,)=Ax'—Ax,=b—-b=0
In short, (x’ —x,) solves the homogeneous system:
AKX —x,)=0
If h =x'—x, denotes this homogeneous solution, we then have
x' =x,+(x'—x,) =x%x,+h

which expresses our arbitrary solution x’ as “x, plus a homogeneous
solution h,” just as the Theorem asserts. 0

This Theorem tells us that once we have all solutions h of the ho-
mogeneous version of a system (as we learned to do, at least for RRE
form systems, in the previous section) then we only have to find one
solution of the inhomogeneous system to get all other solutions. Any
solution of the inhomogeneous system can serve as x,, which we often
call a particular solution to the inhomogeneous system.

4.2. Finding a particular solution. Finding a particular solu-
tion to a system in RRE form is far simpler than finding the full homo-
geneous solution. Two quick steps are all it takes:

To produce a particular solution x, of a system in RRE form, write
down a blank vector x, € R™, and then fill it in by

o Setting all free variables equal to zero.
e Setting each pivot variable equal to the rightmost entry in the

row of that pivot.

We demonstrate with some examples.

EXAMPLE 4.3. Let us find a particular solution of the system with this
augmented matrix:

O =
SN
o o
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The matrix does have RRE form (the procedure doesn’t apply other-
wise!), and there are four variables, so we write down a blank vector
x, € R*:

Xp = ()

The free variables are x5 and 3, and the first instruction has us set
those equal to zero:

Xp:(*vouovf)

We fill in the pivot slots using the last column of the augmented matrix.
We find the z; pivot in row 1, where the last entry is 7, so we set
x1 = 7. We find the x4 pivot in row 2, where the last entry is 3, so
we set x4 = 3, and that’s it—we have a particular solution:

x, = (7,0,0,3)

It’s easy to check that this really does solve both the equations in the
system—just dot it with each row in the coefficient matrix and verify
that we get the right-hand side of that row. O

ExXAMPLE 4.4. Consider the system with augmented matrix

1001 7
0101 =2
o011 3

The only free variable is x4, so we put a zero in that slot. The right-
hand sides of the pivot rows are 7, —2, and 3, so we set the correspond-
ing pivot variables equal to those values, and we’re done:

x, = (7,-2,3,0)

Again, it’s easy to check that this vector solves the system. O

EXAMPLE 4.5. The system with this augmented matrix:

100 7
010 -2
001 3

has no free variables, and a pivot in every row. So the last column, as
it is, gives a (in fact, the only) particular solution: x, = (7,—2,3). O



4. INHOMOGENEOUS SYSTEMS IN RRE FORM 87

EXAMPLE 4.6. Our method gives (0,2,0,0) as the particular solution
to the “system” (really just one equation) with this augmented matrix?

(00131 2]

Can you see why? O

Before going any further, we emphasize that one can easily see why our
procedure always works.

It works because each row of an RRE matrix corresponds to an equation
where the coefficients of all pivot variables except one—the “leading”
variable—are zero. The value we assign to every free variable is also
zero. So when we plug our particular solution into equation i, say, of a
system with RRE augmented matrix, we end up with only one non-zero
term on the left: the leading 1 times the value we gave to its pivot
variable. But the value we gave to that variable is exactly b;, the last
entry in that row. So plugging our particular solution into equation i
always reduces it to b; = b;, which is certainly true. Since this happens
for every equation in the system, we have a solution.

Our procedure for solving the homogeneous system in RRE form is a bit
more complicated, but it actually works for very similar reasons. With
a little persistence, the interested student should be able to confirm
the effectiveness of that algorithm too.

4.7. Complete solution of a system in RRE form. We can
now find all solutions of any linear system in RRE form. For by Theo-
rem 4.1, we get every solution by finding one particular solution x,—
which we now know how to do—and then adding a homogeneous so-
lution h. We know how to find all homogeneous solutions too, so by
putting the skills together, we can always get a complete solution of
the form

Xp—|—HS:Xp+81h1+82h2—|—"'+8khk

The h;’s are the homogeneous generators introduced in Section 3, and
k is the number of free variables.

ExXAMPLE 4.8. In Example 4.3, we found a particular solution, namely
x, = (7,0,0,3), to the system with augmented matrix

1 7

0 3

0 0
01

2
0
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To get all solutions, we need to solve the homogeneous version of the
system. By now, this is a familiar drill: There are two free variables
(x9 and x3), so we prepare two homogeneous generators, of the form

h, = and hy =

"N oR3
" R, O3

The first free variable is x5, and its column in the coefficient matrix
contains a 2 and a 0 (top to bottom) so we replace the p’s in hy
with —2 and —0, respectively. The second free variable is x3, but its
column contains only zeros. So we replace the p in hy with zeros.
Our complete solution thus consists of all vectors

Xp—|-81h1 —|—82h2 = =+ S1 + So

w o o
e R RS O
o~ oo

We can simplify this to express its as the image of a single mapping
x: R? —» R*:

7 — 281
S1
52
3

x (81, 89) =

ExaMPLE 4.9. In Example 4.4, we found that the system with aug-
mented matrix

1001 7
0101 =2
0011 3

has x, = (7,—2,3,0) as a particular solution. We find only one free
variable, namely x4, so we get only one homogeneous generator, namely
h=(-1,—-1,—-1,1). (Verify!) The full solution of the system is con-
sequently given by the image of a mapping x : R — R*, namely
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7 -1 7T—s
-2 -1 —2—5
x(s) = 3 + s 1| = 3.
0 1 S
Easy! O

ExXAMPLE 4.10. This augmented matrix

100 7
010 =2
001 3

has no free variables. So its particular solution is its only solution:
x=x,=(7,-2,3). O

EXAMPLE 4.11. In Example 4.5, we found the particular solution x, =
(0,2,0,0) to the single equation with augmented matrix

(001 3 1 2]

What is the complete solution?

There are three free variables: 1,3, and x4, which give rise to three
homogeneous generators

| 0 0
h, — 8 Che=| 0|, and hy= _é
0 0 1

Adding all linear combinations of these to our particular solution, we
get the complete solution to our “system” of one equation. It is the
image of this mapping x: R®* — R*:

S1

2 — 382 — S3
52
53

X (s1,82,83) = X, + s1hy + sohy + s3hy =
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— Practice —

98. Verify that the augmented matrix for this system is in RRE form.
Then find a particular solution for it.
To + 223 + 375
T4+ 5£L‘5 = 6

99. Determine whether each augmented matrix below has RRE form,
then decide if if the corresponding system has a solution. Find one if
it does.

a)

(@]
(@]
—_
[a]
(e]
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g)
1000
0100
000 1
0000

100. This system has two equations in three unknowns:
r+2y = 1
z = 2

Verify that its augmented matrix has RRE form and find all solutions.

101. Verify that the augmented matrix for this system has RRE form
and find all solutions:

.Z‘1+2$3 = 4
$2+3$3 = -5

ZL‘4:6

102. Verify that the augmented matrix for this system has RRE form
and find all solutions:

.]72-21‘34-%5 =0

T4 —2ZE5 =

103. Verify that each system below has RRE form and find all solutions.

a)
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(e} (e}

(@) (e}

— —

() (e}
O = OO

(e} =

o O O
OO = O
S O N O

104. Suppose A is a 7 x 3 matrix, and b € R". If (2, —1,5) solves
the homogeneous system Ax = 0, and (8, —2,9) solves the inhomo-
geneous system Ax = b, give three other solutions of Ax = b.

105. Suppose A is a 4 x 5 matrix, and b € R?. Assume (2,—1,5,3)
and (5,—1,2,3) both solve the inhomogeneous system Ax = b. Give
three solutions of the homogeneous system Ax = 0.

106. The vectors (3,—1,2,5), (0,1,—1,0) and (7,-7,0,1) € R* all
solve Ax = b for a certain matrix A and right-hand side b. Find
three solutions of the homogeneous system Ax = 0, and three addi-
tional solutions of Ax = b.

107. Create an augmented matrix [A |b] in RRE form with the prop-
erty that Ax = 0 has infinitely many homogeneous solutions, but
Ax = Db has no solution.



5. THE GAUSS-JORDAN ALGORITHM 93

108. Suppose an inhomogeneous system has. . .

a) ...three equations and four variables. Can it have just one
solution? If so, give an example. If not, explain why not.

b) ...four equations and three variables. Can it have exactly one
solution? If so, give an example. If not, explain why not.

¢) ...four equations and three variables. Can it have infinitely
many solutions? If so, give an example. If not, explain why
not.
7*7

5. The Gauss—Jordan Algorithm

So far, we have learned to find all solutions of any linear system whose
augmented matriz has RRE form. But most systems do not have RRE
form—so what about them?

The answer was first discovered by C.F. Gauss, who saw that any sys-
tem can be successively modified, using simple moves, without changing
its solution set, until it reaches RRE form. This lets us implement the
strategy we sketched at the end of Section 2. Once the system is in
RRE form, we know how to solve it; but the solution set of the reduced
system still equals that of the original system, so we’ve solved that too.

This procedure, known as Gaussian elimination, or the Gauss—
Jordan algorithm, reduces any linear system step by step, in such a
way that

e Each step of the procedure changes the system without chang-
ing its solution set, and

e The augmented matrix of the system reaches RRE form—and
does so reasonably fast.

5.1. The Elementary row operations. The Gauss—Jordan al-
gorithm can be repetitious and, for large systems, tedious, but it is
surprisingly simple: It uses just three basic “moves” on the system’s
augmented matrix, called elementary row operations, and it is easy
to see that none of them change the solution set—even while they do
change the system. They are:
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e Row op #1: Swap two rows. We execute this move by
exchanging two rows of the augmented matrix. It only changes
the order of the corresponding equations, so it has no affect
on their solutions. This is simplest, but also the least frequent
move.

e Row op #2: Multiply a row by a non-zero scalar. In
this move, we multiply one row of the augmented matrix by a
non-zero scalar. This corresponds to multiplying both sides
of an equation by the same non-zero scalar. It’s easy to see
that this too leaves the solution set unchanged.

e Row op #3: Add a multiple of one row to another.
This operation is a bit more complex, and the most commonly
used. We’ll examine it more closely after an example.

ExXAMPLE 5.2. Consider the system

To+2x3+oTy = 7
2.%'1—4332—21}3 = —12

0 1 11 7
2 -4 -2 0 —-12
does not have RRE form. We can bring it to RRE form, however, by

using elementary row operations. First, swap the two rows (which
swaps the corresponding equations) to get

2 -4 =2 0 —-12
0 1 11 7

Its augmented matrix,

Now multiply the first row by 1/2, effectively dividing the (new) first
equation by 2:

1 -2 -1 0 —6

0 1 11 7

Finally, use the third row operation, adding twice the second row to
the first, to reach RRE form:

The augmented matrix now has RRE form, so we know how to extract
the solution. The free variables are x3 and x4, which give rise to these
two homogeneous generators:
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—1 -2

—1 —1

h1 = 1 and h2 = 0
1

0

We get a particular solution by setting the free variables equal to zero
and looking at the last column of the final augmented matrix, obtaining

O O o

The solution of our original system is then given by the image of the
mapping

8—5—2
x(s,t) = x, + shy + thy = 7_§_t
t

For example, if we take s =3, t = 2, we get
x(3,2) = (1,2,3,2)

Plug this into the system to see that it works—it solves both equations.
Of course we get many other solutions too: any choice of (s,t) will
give one. The point is, we have discovered all solutions of the system,
even though it did not originally have RRE form. U

How did we know which row operations to use above, and when? The
Gauss—Jordan algorithm gives a complete answer to that question. It
brings any given matrix into RRE form in finitely many steps, just as
we did above.

Before we present Gauss—Jordan, however, let us tie up a loose end.
When we listed the elementary row operations above, we could see eas-
ily that swapping rows and multiplying a row by a scalar—the first
two operations—Ileft the solution set of a system unchanged. Let us
now see that the third row operation—adding a multiple of one row to
another—also leaves the solution set alone. Like the proof of the Struc-
ture Theorem 4.1, it boils down to linearity—in this case, distributivity
of the dot product over vector addition (Corollary 1.30).

Suppose we have a linear system with coefficient matrix A and right-
hand side b = (b1, b2,...,b,). Suppose we also have a solution x of
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the system. If we add ¢ times row © of the augmented matrix to row
7, will the same vector x still solve the new system?

The answer is yes. To see why, recall (Observation 1.32) that we can
abbreviate the equations in question by using dot products

Equationi: r;(A)-x = b
Equation j: r;(A)-x = b,

Both these equations are true, here, because we're assuming x solves
them both. So if we add ¢ times the first one to the second and factor
out the x using the distributive law, equation j becomes

(cri(A)+rj(A)-x = bj+cb

The point is, we added equals to equals, so we still have equals. The
left side of equation i equaled the right side. That remains true if we
multiply both those sides by c¢. So if we add ¢ times the left side to
the left side of equation j, and ¢ times the right side to the right side of
equation 7, we're adding equals to equals, and the equation still holds.

We have just shown that that we never lose a solution x when we do
row operation #3: If x solves the system before the operation, it still
solves the modified system. But we must also check that we never gain
a solution that we didn’t have before the operation.

Fortunately, this is just a matter of reversing the operation: We can
get back to the original equation j by adding —c times row ¢ toit. In
other words, we can “undo” a row operation of type #3, with another
row operation of type #3—we just change the sign of c.

In particular, if we had gained a solution by doing the operation with
+c, we would keep that solution by using the operation with —c¢, since
we have shown that row operation #3 never loses a solution. But
then equation j would have a solution it didn’t have before, which is
impossible, since the equation itself hasn’t changed.

With this we have proven for row operation #3 what we already knew
for row operations #1 and #2. Namely,

PROPOSITION 5.3. FEach of the elementary row operations change a
system without changing any of its solutions.

5.4. The algorithm. The Gauss—Jordan algorithm works on any
n X m matrix A = [a;;]. It consists mainly of a five-step “loop” (steps
1 through 5 below) that we repeat. The matrix is guaranteed to reach
RRE form within m repetitions of this loop.
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Gauss—Jordan Algorithm

0) Start by setting the “current” row and column numbers, re-
spectively to ¢ =1 and j = 1.

1) Inspect the 4,j entry a;;. If a; # 0, skip to Step (3). If
a;; = 0, proceed to Step (2).

2) SCAN column j, from row i down, for a non-zero entry. If
you find one, swap its row with row ¢. This puts a non-

zero entry in the 4, j position. If you find only zeros, move to
the next column (i.e., replace j by j+1), and repeat Step 1.

3) MULTIPLY row i by 1/a;; to create a leading one in the
1,7 position.
4) ADD appropriate multiples of row ¢ to the rows above

and below it to zero-out the remaining entries in column ;.

5) If i <mn and j < m, increment i — i+ 1 and j— j+1
and repeat, starting with Step (1) above. If i =n or j =m
(no more rows or no more columns), we're done. The matrix
is now guaranteed to have RRE form.

With a little practice—and we will get plenty—the Gauss—Jordan al-
gorithm is easy to master. To help remember it, here’s a mantra that
summarizes:

Scan, Swap, Normalize, Zero-out, Increment

EXAMPLE 5.5. Let us use Gauss—Jordan to solve the system

y—3z = 3
r—y+5z =1
—r+4+2y—82 = 2

To start, write down its augmented matrix:

0 1 -3 3
1 -1 51
-1 2 -8 2

This does not yet have RRE form, so we must apply Gauss—Jordan.

For that, we start by setting ¢ = j = 1. Step (1) then has us look for
a non-zero entry in the (i,7) = (1,1) position. We find that entry is
zero however, so we cannot skip to Step (3).
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Step (2) now tells us to scan column 1 for a non-zero entry. We find
one in row 2, so we swap rows 1 and 2:

0 1 -3 3 1 -1 51
swap rl, r2

1 -1 51|-——= 0O 1 -3 3

-1 2 -8 2 -1 2 =8 2

Next we apply Step (3), which asks us to normalize: divide the current
row—row one—by its leading entry to produce a pivot. Here, that entry
is already a 1, so Step (3) doesn’t really change anything.

The point of the first three steps is to get a pivot in the current column.
We now have that pivot, and RRE form requires zeros in the rest of its
column. Step (4) produces them: To zero-out the —1 in the (3,1)
position (row 3, column 1), we add 1 times row 1 to row 3:

L -1 5 1 add rl to r3 L -1 5 1
0 1 33| --——=10 1 -3 3
—1 2 —8 2 0 1 -3 3

The (3,2) position already has a zero, so we’'re now done with column
one: It has a pivot in the current (¢ = 1, j = 1) position, with zeros
above and below it. We therefore increment: move to the next row
and column (¢ =2, j =2) and begin again.

First we inspect that position for a non-zero entry—which it has. In
fact, it already has a leading 1 there, so we don’t need to swap or
multiply. We go straight to Step (4), the zero-out step. It puts a zero
above the pivot by adding row 2 to row 1:

L~ 5 1 add r2 to rl L0 2 4
0 1 33|l-——=101 =3 3
0 1 -3 3 01 -3 3

Then we put a zero below the pivot by subtracting row 2 from row
3—which here cancels the entire third row:

10 0 4 add —r2 to r3 L0 2 4
o1 -33(-—-———>101 -3 3
01 -3 3 00 00

This finishes off column 2. We increment again (Step 5) and move to
the next row and column (row 3, column 3). But when we scan for the
next potential pivot, we find none—our augmented matrix already has
RRE form.
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Now the familiar method for systems in RRE from takes over. We
observe that x and y are pivot variables, while z is free.

To get a particular solution, we set the free variable equal to zero and
use the right-hand sides of the pivot rows for the pivot variables x and
Yy to get

The usual check shows that this does solve the original system.

Meanwhile, since we have one free variable, the homogeneous solution
is generated by a single vector h. To get it, we set the free variable
z equal to 1, and flip the signs of the non-zero entries (2 and —3) in
the z column of the pivot rows of the final RRE matrix to get

h= 3
1

This solves the homogeneous version of the original system, and we’re
ready to write the complete solution of the original system, which takes
the standard form x, + sh, where s can be any scalar. Explicitly, the
solution set is the image of the map x: R — R? given by

4 —2
x(s) = 3 | +s 3
0 1
4 —2s
= 3+ 3s
s
This formula gives all solutions of the original system. 0

EXAMPLE 5.6. As a second demonstration of Gauss—Jordan, consider
the homogeneous system whose coefficient (not augmented) matrix
is

3 6 0 12
-1 -2 0 -3
2 41 11

-2 -4 0 -8
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We immediately find a non-zero entry—namely a 3—in the (1,1) po-
sition so we can skip the swap step and go straight to creating a pivot,
a common situation.

We do so by multiplying all of row 1 by the reciprocal of its leading
entry, that is, 1/3:

360 12 1 20 4
-1 -2 0 -3 multiply rl1 by 1/3 -1 -2 0 -3
2 41 11| 7 2 41 11
2 —4 0 -8 2 —4 0 -8

Here and every time we acquire a new pivot, we use it to zero-out the
rest of its column (Step 4 of the algorithm). In this case, there are
three other non-zero entries in the current column, so we have to apply
Step 4 three times. We

e Add row 1 to row 2,
e Add minus twice row 1 to row 3, and
e Add twice row 1 to row 4.

These moves actually produce zeros in other columns too, getting us
much closer to RRE form:

1 20 4 120 4
1 -2 0 -3 3 moves 0001
2 41 11| """ 7]oo013
9 —4 0 -8 000 0

With a pivot in the (1,1) position and having zeroed-out the rest of
its column, we increment, moving to the next row and column. This
takes us to the (2,2) entry.

Here however, when we scan downwards starting at position (2,2), we
find only zeros! In this case, Step (2) has us move right one column—
taking us to position (2,3)—and retry the scan from there.

In column 3, we do find a non-zero entry when we scan down to row 3.
Step (2) tells us to swap that row with the “current” row 2:

120 4 120 4
0 0 0 1 swap r3 w/r2 O O 1 3
0013 " """]l0oo0o01
0000 0000
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We now have a leading 1 in row 2. Typically, we’d now use it to zero-
out the rest of its column, but the rest of column 3 is already zero, so
we can skip to the next step, moving to the next row and column.

This takes us to position (3,4). There is already a pivot there, so we
needn’t scan, swap, or multiply. If we were dealing with the augmented
matrix of a system here, we would be done: A leading 1 in the last
column would mean no solution.

Here, however, we have the coefficient matrix of a homogeneous system.
So the last column plays the same role as every other column, and we
continue with the Gauss—Jordan algorithm, using the leading 1 to zero
out the rest of the column. Following Step 4, we do so by

e Adding —3 times row 3 to row 2, and
e Adding —4 times row 3 to row 1.

This takes us to RRE form:

120 4 120 0
001 3 2 moves 0010
0001 “7 10001
0000 0000

We now see that x, is the only free variable. Since the system is
homogeneous, the solution will consist of all multiples of the single
homogeneous generator h. To get h we set the free variable equal
to 1, flip the signs of the three entries in the non-zero rows of the xy
column, and obtain

—2

The complete solution of our homogeneous system is then given by

x(s) = (—2s, s, 0, 0)
U

We emphasized that the Gauss—Jordan algorithm is fully deterministic:
each step is completely determined by the instructions and the current
state of the matrix. Moreover, since the increment step moves it in-
evitably column-by-column to the right and row-by-row downwards,
leaving every column it passes in RRE form, it never ends until the
entire matrix has RRE form.
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DEFINITION 5.7. Let us agree to write RRE(A) for the reduced row-
echelon form that we get by applying the Gauss—Jordan algorithm to
A . For example, if

[
then
RRE(A):{é g}

O

REMARK 5.8. The reduced row-echelon form of A is fully determined
quite apart from the Gauss—Jordan algorithm. Any sequence of ele-
mentary row operations that brings A into reduced row-echelon form
will bring it to exactly the same matrix we get using Gauss—Jordan,
namely RRE(A). We will not tackle the proof of this, but it means that
one needn’t follow the Gauss-Jordan algorithm step-by-step as listed
above. Often one can get to RRE form faster by making a “smarter”
choice of row operations. O

— Practice —

109. Reduce to RRE form using Gauss—Jordan:
1 2 39 0 5
341 b){1 3} C){o 12}

110. Reduce to RRE form using Gauss—Jordan:

a)

—
DN DN
N — O
_— o O

111. Reduce to RRE form using Gauss—Jordan:



112.

113.

114.

115.

116.

117.

118.
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Reduce to RRE form using Gauss—Jordan:

3 4 -1
9 12 -3
3 0 1
3 =8 5
1 -1 1

Find all solutions of the system.

r—z = 1
r—y = 1
y—z = 1

Find the complete solution of each system.

r+y+z = 1 r+y+z = 1
a) z—y+z = -1 b) rz—-y+z = -1
r+y—z = —1 r+z = 1

Find the complete solution of each system.

r+y+z = 1

a) r+y+z=1 b) T—ytr = —1

Solve the homogeneous system:

8[L’1 + 4%2 + 4x3 + 2$4 =0
To+ 203+ x4 =
8x1 + 629 + 8x3 +4x4 =

Solve the homogeneous system:

1 — 209 +3x3 —4xy, = 0

If we let R™*™ denote the set of all n x m matrices, each ele-

mentary row operation can be seen as a map from R™*™ to itself.

a) Let S;;: R™™ — R™*™ be the mapping that swaps rows
and j of any A € R™*". Is this map one-to-one? Is it onto?
What is its inverse?
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b) Let M;(k): R™*"™ — R™ "™ be the mapping that multiplies
row ¢ of any A € R™*™ by the scalar k. Is this map one-
to-one? Is it onto? Your answers should depend on whether
k =0 or not. When k # 0, what is the inverse of M;(k)?

c) Let A;;(k): R™" — R™" be the mapping that adds k
times row ¢ of A to row j. Is this map one-to-one? Is it
onto? What is its inverse?

119. The Gauss—Jordan algorithm gives us a way to reach RRE(A)
from A using elementary row operations. Can we always reach A
from RRE(A) using elementary row operations? If so, how? If not,
why not?

120. Let R™*™ denote the set of all n x m matrices as in Exercise
118. The rule A — RRE(A) defines a mapping GJ (“Gauss—Jordan”)
from R™*" to itself.

a) Is GJ onto? If not, what is its image?

b) If GJ one-to-one? If not, how many pre-images does a matrix
in its image typically have?

121. (Quadratic interpolation) Find a quadratic polynomial ¢(x) =
Ax? + Bx + C whose graph goes through the points (—2,19), (1,7),
and (2,15). [Hint: For each (x,y) point on the graph, the equation
q(z) =y gives a linear equation for A, B, and C']

122. (Cubic interpolation) Find a cubic polynomial c(z) = azz® +
asx? + ayw+ag whose graph goes through the points (—3,60), (—1,0),
(1,12), and (3,24).

123. (General polynomial interpolation) Suppose we have n+1 points
(zo,%0), (T1,11), (T2,42),-- -, (T, yn) € R?
with xg < 1 < 9 < --- < x,. Then there exists a degree-n polynomial
p(2) = @™ + ap_1 2" 4 ag2® + a1my + ag
whose graph goes through all the given points by solving a linear system.

What is the augmented matrix of this system? [Hint: Review Ezercises
121 and 122 and generalize.|
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6. Two Mapping Answers

We now understand how to solve any linear system Ax = b for any
(199

n X m matrix A —no matter how many equations (“n”) or how many
variables (“m”) it has. The method, to summarize, goes like this:

e First form the augmented matrix [A|Db].

e Use the Gauss—Jordan algorithm to put [A |b] into RRE form
without changing the solution set of the system.

e Then extract both parts of the solution:
— The particular solution x,, and
— The homogeneous solution Hs = sy h; 4+ --- + s hy .

Here k is the number of free variables in RRE(A), and the
h;’s are its homogeneous generators. Each h; solves Ax = 0,
and as s varies over R*, the matrix/vector product Hs gives
all homogeneous solutions.

e If Ax = b has any solution x,, its complete solution is the
image of the map x : R¥ — R™ given by

(9) X(s1,...,8:) = x,+ Hs
= X, +s1h +---+s,hy

Let us emphasize again (as we did in Remark 3.4) that in the linear
algebra of vectors—as opposed to scalars—we can, and often do have
Ax = 0 when neither A nor x vanishes individually. In fact, this
may happen even when neither A nor x has a single zero entry. For

L)

In fact, finding such homogeneous solutions (finding the matrix H
above), forms the main step in solving a typical inhomogeneous system
Ax = b. If we change b, the particular solution x, will change, but
the homogeneous solution Hs remains the same for all b.

Finally, since “Solve Ax = b” means the same as “Find the pre-image
of b under the linear transformation T represented by A,” we can
view it this way:
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OBSERVATION 6.1. The pre-image of every vector b in the image of a
linear map T has the same form: T~(b) = x,+Hs, where H is the
matrix whose columns are the homogeneous generators for the system,
and s varies over RF.

Using this fact, we can answer two of our basic mapping questions.

6.2. The “one-to-one” question.

PROPOSITION 6.3. Suppose T : R™ — R" is a linear transformation,
and A 1s the matrix that represents it. Then T 1is one-to-one if and
only if RRE(A) has a pivot in every column.

PROOF. Recall that “T is one-to-one” means every b € R" has at
most one point in its pre-image. But the homogeneous system Ax = 0
has infinitely many solutions if we have even one homogeneous gener-
ator h;. That means the pre-image 7~'(0) contains infinitely many
points. So T fails to be one-to-one if RRE(A) has any free columns,
i.e., unless there’s a pivot in every column.

Conversely, if the matrix representing T has no free columns, then
(9) shows that T—'(b) will contain only the vector x, if it contains
any vectors at all. Each b € R™ has at most one pre-image, so T is
one-to-one.

So T' is one-to-one if and only if RRE(A) has no free columns, which
again means a pivot in every column, as the Proposition asserts. [

EXAMPLE 6.4. Consider the transformation 7" : R* — R3 given by

T(x,y,z) = (x+2y+ 3z, 4o+ 5y + 62, Tz + 8y + 92)

Is it one-to-one?
The reader will easily verify that T is represented by

1 2 3
A=14 56
7 8 9
which row reduces to
1 0 -1
RRE(A)= |0 1 2
00 0

Since RRE(A) does not have a pivot in every column, Proposition 6.3
tells us that T is not one-to-one. O
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COROLLARY 6.5. A linear transformation from R™ to R™ cannot be
one-to-one if m >n.

PROOF. The matrix A representing such a transformation has m
columns and n rows. If m > n . it has more columns than rows. Since
RRE(A) can have at most one pivot in each row, “more columns than
rows” means there aren’t enough pivots to go in every column. So
when m > n, at least one column lacks a pivot. This prevents T from
being one-to-one, by Proposition 6.3. 0

For instance, a linear transformation 7" : R* — R? is never one-to-one,
since 4 > 3.

6.6. The “onto” question. This question requires a subtler anal-
ysis, but we can answer it too.

PROPOSITION 6.7. Suppose T : R™ — R" is a linear transformation,
and A is the matriz that represents it. Then T s onto if and only if
RRE(A) has a piwot in every row.

PROOF. Recall that “T" is onto” means every b € R" has at least
one point in its pre-image, which is the same as saying that Ax = b
has a solution for every right-hand side b. The only thing that can
prevent Ax = b from having a solution, however, is a pivot in the last
column when we reduce the augmented matrix [A|b]. That cannot
happen if RRE(A) has a pivot in every row, however, since a pivot in
the “b” column would then have to come after the pivot in that same
row of RRE(A). Since the rules for RRE form forbid two pivots in one
row, “a pivot in every row of RRE(A)” ensures that Ax = b has a
solution, which makes 71" onto.

Conversely, if RRE(A) has a row of with no pivot, T cannot be onto.
This is the subtler part of the argument; it goes like this.

Suppose RRE(A) has a row with no pivot. Such a row must be all
zeros, so RRE(A) has at least one row of zeros at the bottom. With
this in mind, consider the augmented matrix

(10) [RRE(A) | e,] ,

where e, = (0,0,...,0,1) is the nth standard basis vector in R™.
Since RRE(A) has a row of zeros at the bottom, this system has no
solution.

Now suppose we “undo,” in reverse order, all the row operations we
used in reducing A to RRE(A). Then (10) will “un-reduce” to an
augmented matrix of the form [A |b], where A is again the matrix
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representing 7', and b is some vector in R". Having constructed b
using “reverse row-reduction,” however, we now know that forward row
reduction will return us to [RRE(A) |b]:

[A |b] — [RRE(A) | e,]

In short, with this choice of b, Ax = b has no solution. In other
words, b has no pre-image under 7', and T is not onto.

In sum, we have shown that when RRE(A) has a pivot in every row,
it is onto, while conversely, if any row of RRE(A) lacks a pivot, T is
not onto. This is precisely what the Proposition asserts. U

ExXAMPLE 6.8. In Example 6.4, we showed that the linear transforma-
tion T : R® — R? given by
T(x,y,2) = (x+2y + 32, 4o + 5y + 62, Tx + 8y + 92)

was not one-to-one, because the matrix A representing it reduced to

1 0 —1
RRE(A)= |0 1 2
00 O

which has a free column.

We now observe that RRE(A) also has a row with no pivot. By Propo-
sition 6.7, that means that 7' is not onto either. 0

COROLLARY 6.9. A linear transformation T : R™ — R™ cannot be
onto if n>m.

PROOF. The matrix A representing such a transformation has m
columns and n rows. If n > m, this matrix has more rows than
columns. Since RRE(A) can have at most one pivot in each column,
“more rows than columns” means there aren’t enough pivots to go in
every row, even when every column has a pivot. So when n > m, some
row lacks a pivot, and this prevents 7' from being onto, by Proposition
6.7. O

COROLLARY 6.10. A linear transformation T : R™ — R™ cannot be
both one-to-one and onto unless m =n .

PROOF. T can’t be one-to-one if m > n (Proposition 6.3), and
it can’t be onto if m < n (by Proposition 6.7). We can avoid both
inequalities only when m =n. U
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REMARK 6.11 (Warning!). By Corollary 6.10, a linear transformation
from R™ to R™ can’t be both one-to-one and onto unless m = n.
It does not work the other way, though: having m = n doesn’t make
T both one-to-one and onto. In fact, it may be neither! Example 6.8
illustrates this by exhibiting a transformation with m = n = 3 which
is neither one-to-one, nor onto.

COROLLARY 6.12. A linear transformation T : R"™ — R"™ is either
both one-to-one and onto, or it is neither.

PRrROOF. The matrix A that represents a transformation from R"™
to itself will be square, with n rows and n columns. If T' is one-to-one,
then by Proposition 6.3, RRE(A) has a pivot in every column. Since
there are equally many rows and columns, and no row can have two
pivots, it follows that there is a pivot in every row too, and hence T' is
also onto, by Proposition 6.7. In short, if T is one-to-one and m = n,
it is also onto.

Similar reasoning shows that if 7" is onto, it is also one-to-one. We
leave this as an exercise.

Together these facts show that if T' is either one-to-one or onto, it is
both. So it is either both, or neither. O

6.13. Isomorphism. Linear maps that are both one-to-one and
onto are especially important, so they have a special name:

DEFINITION 6.14. A linear map 7 : R™ — R"™ which is both one-to-
one and onto is called an isomorphism.

The most basic isomorphism is the identity map I : R™ — R™ given
by I(x) =x for all x € R™. The identity map has exactly one pre-
image for every b, namely b itself. This makes it both one-to-one
and onto, hence an isomorphism.

In this language we can restate Corollary 6.10 above as follows:

A linear transformation from R™ to R™ cannot be an isomorphism
unless m =n.

We emphasize again (as in Remark 6.11) that while a linear map
T:R™ — R" cannot be an isomorphism unless domain equals range,
having domain equal to range doesn’t necessarily make it an isomor-
phism. The zero map Z : R™ — R™, given by Z(x) = 0 for every
x € R™, provides another example. It badly fails to be either one-to-
one or onto, even though it has the same domain and range.
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EXAMPLE 6.15 (Another isomorphism). The map P : R?> — R? given
by

P(z,y,z)=(x+y, y+2, 2+1x)
is represented by

110
P=|011
101
The reader can easily check that
1 00
RRE(P)=[ 0 1 0
00 1

This has a pivot in every row and every column, so by Propositions 6.3
and 6.7, P is both one-to-one and onto—an isomorphism. O

REMARK 6.16. Because isomorphisms are (by definition) both one-to-
one and onto, every isomorphism 7" has an inverse mapping 7!, as
discussed in Section 2.17 of Chapter 1. It is not hard to show that the
inverse of an isomorphism is again a (linear) isomorphism. Rather than
prove that here, however, we wait until Chapter 4. There we introduce
inverse matrices, which reduce the proof to a routine exercise (Exercise

262 of Chapter 4). O

— Practice —

124. Give a short proof that when a “domain = range” linear transfor-
mation 7 : R® — R™ is onto, it must also be one-to-one. (Imitate the
reasoning used in the first paragraph of the proof of Corollary 6.12.)

125. For each linear mapping below, find the matrix representing it,
and use it to decide if the mapping is one-to-one and/or onto.

a) The map T : R?> — R? given by
T(l‘,y,Z):(l‘—y—Z, Yy—<2—-a, z—a:—y)

b) The map Z : R?> — R? given by
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c) The map W : R? — R? given by
Wi(z,y) = (x —vy, 2y —2x, 3z + 3y, 4y + 4x)

d) The map G : R* — R? given by

G(C(]l, $2,[E3,l’4) = (l’l + 2[[‘2 —f- 2[)’23 — T4, 21’1 + T + T3 — 2[)’24)

e) The mapping S : R* — R* given by

S($17x27 CE37$4) - (xl — T2, T2 + T3, T3 — T4y, T4 — xl)
Are any of these maps isomorphisms?

126. Give an example (like the ones in Exercise 125 above) of

a) A linear mapping F : R®> — R® that is one-to-one. Can you
also make it onto? Why or why not?

b) A linear mapping F : R’ — R3 that is onto. Can you also
make it one-to-one? Why or why not?

127. Consider the linear transformation T : R* — R? represented by
1 -1
e

a) Show that T is neither one-to-one nor onto.

b) Find a b € R? (other than (0,0)) whose pre-image contains
more than one vector.

c¢) Find a b € R? with no pre-image under T'.

128. Show that when a linear map F : R?> — R? is represented by a
matrix of the form
1 a
i

with ab # 1, it has to be an isomorphism.

129. Show that a linear map 7 : R? — R? represented by any 2-by-2
matrix

a b

c d

will be an isomorphism unless ad — bc = 0. (Thus, linear maps from
R? to itself are “usually” isomorphisms.)
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130. True or False: An n x n matrix A represents an isomorphism
from R™ to R™ if and only if RRE(A) = I, (the n x n identity
matriz). Explain your conclusion.

131. The linear map 7T : R? — R? given by T'(z,y) = (x +y, x — y)
is an isomorphism. By solving T'(z,y) = (b1, be) for  and y in terms

of by and b, find a formula for the inverse of T

132. Given any three scalars a, b, ¢, form the matrix

0 c —b
—c 0 a
b —a 0

Show that the linear transformation it represents is never one-to-one,
nor onto, no matter what a,b, and ¢ are.

133. Given any three scalars a,b, ¢, consider the matrix

a? ab ac
ab V> be
ac be

Show that the linear transformation it represents is never one-to-one,
nor onto, no matter what a,b, and c¢ are.

— % —



CHAPTER 3
Linear Geometry

Systems of equations and their solutions, the subjects of Chapter 2,
are purely algebraic. Virtually all that material has a geometric in-
terpretation, however, that will help us understand the algebra better.
The algebra, in return provides a powerful tool for solving geometry
problems. Linear algebra is in many respects a dance between algebra
and geometry: each partner helps the other to do things they could
not do alone.

1. Geometric Vectors

1.1. Arrows as vectors. Suppose we take the plane of Euclidean
geometry, and select—at random—one point, as an origin 0. We make
no choice of axes yet. Imagine the plane as completely blank except
for one infinitesimal dot at 0.

DEFINITION 1.2 (Geometric vector). We will call any arrow in the
plane—any directed line segment with its tail at the origin, a geomet-
ric vector. We often view the collection of all these arrows as the
plane itself, since each point p in the plane corresponds to the arrow
from 0 to p, and hence geometric vectors are in one-to-one correspon-
dence with the points of the plane (Figure 1). We denote the geometric
vector from 0 to p by p, and we regard the “infinitesimal” arrow from
0 to itself as a geometric vector too: the zero vector.

Note that we have defined geometric vectors without mentioning nu-
meric vectors—or even numbers—at all. It turns out that, even so,
we can do vector arithmetic with geometric vectors, adding and scalar
multiplying them just as we did with numeric vectors in Chapter 2.

1.3. Geometric vector addition. The procedure for adding geo-
metric vectors in the plane is simple. To add p to ¢, we just slide ¢,
without rotating, moving its tail from the origin to p, the tip of p.
The head of the translated vector ¢ now locates the sum §:= p+ ¢.
(Figure 2). Note that the arrows p and p+ ¢, along with the relocated



114 3. LINEAR GEOMETRY

Figure 1. Geometric vectors. An arrow from the origin
0 to any point in the plane forms a geometric vector.

¢, now form a triangle. Accordingly, we call this the triangle rule for
adding geometric vectors.

Figure 2. Addition. We form p'+ ¢ by sliding the tail of
q to the tip of p (dashed arrow on the right) or vice-versa
(dashed arrow above). Either way yields the black vector

pP+q
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Note a fact of key importance:

OBSERVATION 1.4. Addition of geometric vectors is commutative:
pP+q=q+p.

This is clear from Figure 2: Whether we translate ¢ to the tip of p
to get the dashed arrow on the right, or translate p to the tip of ¢ to
get the dashed arrow up above, we arrive at the same point s. Indeed,
P, ¢, and their translated copies form a parallelogram' whose diagonal
is exactly the sum of interest:

FHi=F=q+7
We can add more than two vectors by repeating the process: simply
translate each new vector to the tip of the previous sum. The last

vector we add then points to the tip of the full sum. Figure 3 depicts
an example.

Addition of geometric vectors is also associative:

OBSERVATION 1.5. Vector addition is associative: Given any three geo-
metric vectors 1, U, W, we have

(@ +7) + @ = @ + (0 + @)

We omit the proof of this fact, which is an exercise in plane geometry.
Given any three specific geometric vectors, however, it is easy to verify
(Exercise 139).

1.6. Scalar multiplication. We can also scalar multiply geomet-
ric vectors (Figure 4).  This requires at most two steps, and takes
place entirely within the line containing the vector.

To multiply a geometric vector U by a scalar s, we simply

e Multiply its length by |s|, and,
e [f the scalar s is negative, reverse its direction.

In particular, multiplication by —1 reverses the direction of a geomet-
ric vector without changing its length.

A simple argument using similar triangles shows that scalar multipli-
cation distributes over geometric vector addition (Exercise 140).

'Our “triangle rule” for vector addition is often called the “parallelogram rule”
because of this parallelogram.
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Figure 3. Vector summation. To sum the black vectors,
we chain them tail-to-tip (dashed blue arrows). The solid
blue arrow from the origin to the tip of the chain is the sum.

247

2D

Figure 4. A geometric vector p and some of its scalar multiples.

1.7. Subtraction and linear combination. By combining ad-
dition and scalar multiplication, we can also subtract geometric vectors,
or form linear combinations.

We subtract by adding the opposite:

P =5+ (=)
The best way to visualize this is by forming the addition triangle for
the sum ¢+ (p— @) = p. If we do this by first drawing ¢ and p, then

P — ¢ must be the vector that, when translated, goes from the tip of ¢
to the tip of p.
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In short,

P — ¢ s the geometric vector we get by drawing an arrow from the
tip of ¢ to the tip of p, and then translating its tail back to the origin
(Figure 5).

b

0

Figure 5. Vector subtraction. We find the difference p'—
¢ by sketching an arrow from the tip of ¢ to the tip of p
(here dashed black), then translating its tail to the origin.

By combining our constructions for addition, subtraction, and scalar
multiplication, we can form any linear combination of geometric vec-
tors. Figure 6 depicts an example.

1.8. Geometric vectors in space. We have only discussed and
depicted geometric vectors in the plane, but all we have said works
equally well in space. Just as in the plane, once we choose an origin
0, geometric vectors are arrows emanating from it. We add /subtract
by chaining vectors tail-to-tip, and we scalar multiply as before, within
the line containing the vector. Figure 7 illustrates this with a linear
combination in space.
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Y

Figure 6. Linear combination. Multiplying p, ¢, and
7 by 3,2, and 1, respectively before summing, we get the
linear combination 35+ 2¢'+ 7 (blue arrow).

Figure 7. Linear combination in space works just as it does
in the plane. Here the black dot marks the tip of 3p+ 27+ 7
(not shown).
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— Practice —

134. Suppose p is a non-zero vector in the plane. How would you
describe the set of

a) Tips of all scalar multiples of p?

b) Tips of all positive scalar multiples of p?

c¢) Tips of all negative scalar multiples of p?

d) Tips of all integer scalar multiples of p?
)

e) How (if at all) would your answers to (a)—(d) change if p were
a vector in space instead of the plane?

f) How (if at all) would your answers to (a)—(e) change if p’ were
the zero vector 07

Sl

Figure 8. Template for Exercises 135 and 136.

135. Sketch or trace a fresh copy of Figure 8, then add and label these
geometric vectors to your drawing:

a) T+p b)) r—p ¢ ¢+p d) §-p e —q-T

136. Sketch or trace a fresh copy of Figure 8, then add and label these
geometric vectors to your drawing:

a) TH+q—p b) p—2r c) 3r—p+2q
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137. In Figure 9, what linear combinations of p and ¢ (if any) add up
to the vectors with their tips at points (a), (b), and (¢)? (A ruler may
be helpful here.)

)

(b)

(a)

jenl?

()

Figure 9. Template for Exercises 137 and 138.

138. Consider Figure 9.

a) Can we reach any point in the plane with a linear combinations
of the vectors p" and ¢ there? If so, how? If not, why not?

b) Suppose we replace p and ¢ there by some other pair of vec-
tors p, and ¢ . What must we assume about a pair of vectors
to ensure that their linear combinations will (or will not) reach
every point in the plane?

139. Verify the associative law (4 + U)+@ = u+ (¥ + @) for the vectors
shown in Figure 10 as follows:

a) Sketch (or better, trace) a copy of Figure 10.
b) Draw and label the addition triangle that constructs (4 + v).

¢) Draw and label the addition triangle that adds @ to that,
giving (u + v) + .
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d) Now go the other way: Draw and label the addition triangle
that constructs (v + ).

e) Draw and label the addition triangle that adds @ to that,
giving 4 + (U + o).
Done carefully, (use a ruler) both procedures should terminate at the
blue dot.

Figure 10. Template for Exercise 139.

140. (Scalar multiplication distributes over geometric addition). Draw

and label two geometric vectors a@ and b with the same length, and
forming an angle of roughly 45°.

a) Draw 2@ + b and 2b — @.

b) Is it true that @ —a@ = 0? Will ¥ — ¢ always equal 07
Explain why using the definitions of vector addition and scalar
multiplication.

¢) Redraw @ and b on a fresh diagram and illustrate the identity
2(d 4+ b) = 2d + 2b (a special case of the distributive law

-

k(@ +b) = ki + kb).
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141. Suppose we travel around a closed (but not necessarily regular)
polygon in the plane, turning each side we visit into a geometric vector
by translating the first endpoint we reach to the origin, as in Figure
11. Explain why these vectors must sum to 0.

Figure 11. At left, a “tour” around a random polygon. At
right, each edge is translated back to the origin to give a
geometric vector. Why do the vectors at right sum to 07

142. Does the converse of Exercise 141 hold? That is, if £ non-zero
geometric vectors sum to zero, will they form a closed, k-sided polygon
when we join them end-to-tip? Does it matter what order we join them
in? Why or why not?

143. a) Draw a 4-sided polygon that crosses itself (like a bow tie), but
has no two sides parallel.

b) Put arrows on one end of each side to indicate one complete
tour around the polygon, as in the left side of Figure 11.

c¢) Translate the arrows to the origin to get four geometric vectors,
as in the right side of Figure 11.

d) Can you arrange these same vectors to get a 4-sided polygon
that does not cross itself?

—_— % ——
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2. Geometric/Numeric Duality

Numeric and geometric vectors don’t just have similar properties—
we can define an amazingly precise correspondence between them by
introducing axes and units of measurement (Figure 12). The process
should seem familiar:

To relate geometric vectors in the plane to numeric vectors in R?, we

i) Choose x- and y-axes. Any two directed, non-parallel lines
through the origin will serve.

ii) Choose a unit of length along each axis.

Given these choices, we can assign a geometric vector ¢ to any numeric
vector v = (a,b) € R? as follows:

e Draw a line Y, parallel to the y-axis through the point a on
the x-axis.

e Draw a line X, parallel to the x-axis through the point b on
the y-axis.

e Define ¥ as the arrow from O to the point where Y, meets
Xp.

In essence, as a and b vary, the lines Y, and X, form a grid that
assigns an (z,y) “address” to the tip of every geometric vector. We
call this address the numeric coordinate vector v of the geometric
vector U. To summarize:

We can assign a numeric coordinate vector v to any geometric
vector U in the plane by drawing two lines through the tip
of U —ome parallel to each axis. The scalars a and b where
these lines meet the x- and y-axes form the entries of v. By
reversing this process, we can assign a geometric vector v in
the plane to any numeric vector v € R2.

Our axes need not be perpendicular, and they can have different length
units. If we choose different axes and/or units, the numeric coordinates
we give to each geometric vector will also change. But once we fix axes
and units, we get a one-to-one correspondence between geometric and
numeric vectors.

DEFINITION 2.1. We call each choice of axes and units as described
above a coordinate system for the plane. We use the term geo-
metric/numeric duality to describe the correspondence a coordinate
system creates between numeric and geometric vectors.
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Figure 12. Coordinates. If we choose x and y axes, and
introduce units (gray arrows), we can assign a numeric vector
(a,b) to each geometric vector ¥, and vice-versa.

The real power of this correspondence derives from an additional, won-
derful property: it respects vector arithmetic.

Geometric/numeric duality respects vector arithmetic.

What does this mean? We explain carefully below, but in brief, it sim-
ply means that numeric/geometric duality is linear—it obeys the same
two linearity rules that govern linear mappings from R™ — R"™. We
can add or scalar multiply either before, or after, we assign numeric
addresses to geometric vectors (or vice-versa). Either order will pro-
duce the same result. The importance of this fact is hard to overstate,
because:

The linearity property of numeric/geometric duality lets us interpret
vector algebra as geometry and vice-versa.

Let us now be more precise. When we say that numeric/geometric
duality respects vector addition we mean we get the same result whether
we

— First add two numeric vectors (z1,¥y1) + (z2,%2) and then in-
terpret their sum as a geometric vector, or. ..

— First interpret (x1,y1) and (x2,y,) as geometric vectors, and
add those via triangle addition.
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Conversely, we get the same numeric result whether we

— First add two geometric vectors o; + ¥o and then assign a
numeric coordinate vector to their sum, or. ..

— First assign numeric coordinates to v and vy separately, then
add those coordinates using numeric vector addition.

Figure 13 illustrates these facts.

(x7, yp) + (x2, ¥2)

(xlx J’I) /,"/,
- (er y2)

Figure 13. Geometric/numeric duality. We can add
numeric vectors and then interpret geometrically, or add geo-
metric vectors and interpret numerically—either way, we get
the same result.

Precisely the same kind of statement holds for scalar multiplication: If
we use numeric/geometric duality to assign a geometric vector ¥ to a
numeric vector v = (z,y), it will assign the geometric vector s to
the numeric vector sv, and vice-versa. We can scalar multiply ¢ and
then read its coordinates, or read the coordinates of v and then scalar
multiply. We get the same result either way.

Finally, because numeric/geometric duality respects both addition and
scalar multiplication, it respects linear combinations.
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In other words, if our coordinate system assigns numeric vectors v; to
a set of k geometric vectors v, like this,

ViU, Vo+— 1y, -+ and Vi <+— Uy

then for any scalars ¢y, co, . . ., ¢, it assigns the same linear combination
of numeric vectors to the geometric linear combination:

C1V] + CaVay + - - Cp Vg > 01171 + 02172 + -+ Ckﬁk
We record all this as a fundamental proposition:

PROPOSITION 2.2. Numeric/geometric duality respects vector arith-
metic.

PROOF. The proof is an exercise in similar triangles, easier to depict
than to write out. We will describe part of it and supply the figure
below, leaving the rest as an exercise.

Fix an arbitrary coordinate system. It will suffice to prove that the
resulting numeric/geometric duality will respect addition and scalar
multiplication, since linear combinations will then automatically be
preserved too, since we get them by combining addition and scalar
multiplication.

Consider scalar multiplication first. Suppose our coordinate system
assigns a numeric vector v = (a, b) to a geometric vector ¥/, as depicted
in Figure 14. Scalar multiply ¢ by a scalar ¢, again as depicted in the
figure. Which numeric vector (a’,’) will the coordinate system assign
to this new vector ¢v'? If we can show that (a’,V) = (ca, cb), then the
Proposition holds for scalar multiplication. Figure 14 shows why this
does in fact hold. The large triangle formed by 0, o/, and ¢@ is clearly
similar to the smaller one formed by 0, a, and @. And by definition
of (geometric) scalar multiplication, side c¢¥ of the larger triangle is
exactly ¢ times as long as side ¢ of the smaller one. It follows that
the other sides must obey the same ratio. In particular, ¢’ must be
exactly ¢ times a—in short o’ = ca.

By drawing the dashed lines parallel to the x-axis instead of the y-
axis, we could prove that & = c¢b in the same way. So (d/,0') =
(ca,cb), and this proves that numeric/geometric duality respects scalar
multiplication.

Similar arguments show that duality respects addition too—we leave
the details as an exercise. U
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> (@, b

Figure 14. Scalar multiplication respects numeric/ geomet-
ric duality because the triangles cut off by the dashed lines
are similar.

— Practice —
144. What numeric vectors a, b, ¢, and d correspond to the geometric

vectors d, l;, ¢, and d in Figure 15, if @, and 1, there mark unit
vectors on the x- and y-axes, respectively?

Figure 15. Graphic for Exercise 144.
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145. Copy Figure 16, and draw the geometric vectors da, I;, ¢ and d
that correspond respectively to the numeric “addresses” a = (1.5, 1.5),
b =(3,-1.5),c = (=1.5,3.5), and d = (—1.5,—1.5) = —a in that
Figure. (The geometric vectors u, and #, there mark the measure-
ment units on the z- and y-axes, respectively.)

Figure 16. Template for Exercise 145.

146. Use a ruler to carefully draw any two axes and mark off units of
measurement along them. [Hint: Make a rough sketch to make sure
you have room for everything before drawing a careful version with a
ruler.]

a) Carefully draw the geometric vectors p and ¢ having coordi-
nates p = (2,1) and q = (1,—1).

b) Carefully draw the scalar multiples —p, —¢, 2p, and 3¢. Ver-
ify that their coordinates are —p, —q, 2p, and 3q, respec-
tively, as predicted by numeric/geometric duality.

¢) Draw the appropriate addition triangle to draw 7 := —p'— 3¢,
then verify that its numeric coordinate vector is indeed —p —
3q as predicted by numeric/geometric duality.
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147. Draw a coordinate system with geometric vectors ¥ and o', re-
spectively. Assign them numeric coordinates v = (a,b) and v/ =
(a',0'). Draw the addition triangle for ¢ + ¢/, and explain why nu-
meric/geometric duality will assign (a+a’,b+b') to that vector sum.
[Hint: Use similar triangles.]

3. Dot-Product Geometry

3.1. Entry-wise multiplication. We have seen that addition,
subtraction, and scalar multiplication for numeric vectors in R? mirror
the corresponding operations on geometric vectors in the plane. The
same goes for R® and geometric vectors in space, by the way. And
in both cases, this mirroring takes place no matter what coordinate
system we choose.

It is natural to wonder why we don’t define numeric vector multiplica-
tion entry-by-entry just like we define vector addition. Numeric/geo-
metric duality (actually, the lack of it) is the reason.

Question: If we multiply numeric vectors in R? entry-by-entry does
that mirror some geometric operation the way vector addition and
scalar multiplication are mirrored via numeric/geometric duality?

Answer: No. Entry-by-entry multiplication for numeric vectors is
not respected by numeric/geometric duality—it doesn’t correspond to
any geometric operation under that duality. It is comparatively useless
for that reason.

In other words, if we set up a coordinate system in the plane, the
geometric vector corresponding to the entry-wise “product” of the nu-
meric vectors will change depending on the coordinate system we use.
It lacks the type of “coordinate-free” geometric interpretation that ad-
dition and scalar multiplication enjoy. We illustrate with an example.

EXAMPLE 3.2. Consider the numeric vector v = (1,1) and its geo-
metric counterpart ¢ in a standard (z,y) coordinate system as shown

[13%2

in Figure 17. Let us use “x” to denote entry-wise multiplication, and
multiply v by itself in this way, to get
)-(1)-

e (D)D) -(1
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2,

<l

le

®
— @

Figure 17. Using standard axes and units, the geometric
vector ¢ corresponds to the numeric vector (1,1). What
numeric vector corresponds to ¥ if we use the dashed blue
axes? (Gray dots mark “1 unit of length”).

If numeric/geometric duality were to hold in this situation, we would
apparently have vxtv' = v'—the “square” of this geometric vector would
be itself.

Now, however, consider what happens if we tilt our axes by 45° along
the blue dashed lines in Figure 17.

In this “blue” coordinate system, the same geometric vector ¢ has a
different numeric label, namely v = (v/2,0). Why? Firstly, it lies
along the first blue coordinate axis, so its second blue coordinate is
clearly 0. To see that its first blue coordinate is \/5, note that it forms
the hypotenuse of a right triangle with short sides 1 and 1, and hence
has length /2. Since it lies on the positive first axis, its length and its
first coordinate are the same.
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When we try entry-wise multiplication in this blue coordinate system,
the square of ¥ will not be v itself:

v () () =) (1)

If we were to interpret that geometrically, it would tell us that v'* ¢ =
V20 —a significantly different result than the one we got with the gray
axes.

Indeed, virtually every coordinate system we try will give us a different
geometric result. We thus see that numeric/geometric duality does
not respect entry-wise multiplication the way it respects entry-wise
addition and scalar multiplication. O

REMARK 3.3. In R? (and essentially only in R?), there is a way to
multiply numeric vectors that does respect numeric/geometric duality,
but it is more complicated than entry-wise multiplication. One
multiplies (a,b) by (a’,b") according to the surprising formula

(aa" — bV, ab’ + ba')

Some students may recognize this formula: one gets it by regarding
vectors in R? as complex numbers. Though quite important, we
won’t pursue the consequences of this formula because it has no true
analogue? in R?® or indeed, R™ for any n > 2. Our interest here
lies with operations that respect numeric/geometric duality in R" for
every n.

3.4. Euclidean coordinates. We saw above that when we mul-
tiply numeric vectors entry-wise, we do not get a result that obeys
numeric/geometric duality. If, however, we sum the entries of that re-
sult to get a single scalar (and use the right kind of coordinate system),
that scalar does have a “coordinate-free” geometric interpretation—a
very useful one.

Indeed, we have seen this scalar before: it is precisely the dot product
we met in Section 1.26 of Chapter 1. We shall see that it has surpris-
ingly rich geometric meaning in R"™ for every n. The dot product is
geometrically natural in an amazing way. To take advantage of this,
however, we need to use certain coordinate systems only:

2 There are partial analogues in R* and R2, but they lack commutativity
and/or associativity.
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DEFINITION 3.5 (Euclidean coordinates). We call a coordinate system
euclidean when it employs perpendicular axes measured by a com-
mon unit of length. When two euclidean coordinate systems use the
same unit of length, we call them equivalent. U

For instance, when we draw horizontal and vertical z- and y-axes in
the usual way, with equally spaced tick marks, we get a euclidean co-
ordinate system. If we then rotate the axes by a fixed angle without
changing their length scales, we get a new, equivalent euclidean, coor-
dinate system. The “gray” and “blue” coordinate systems in Figure
17, for example, are equivalent euclidean systems.

We now want to work our way toward Proposition 3.20 below, which
roughly states: Dot products don’t change when we replace one eu-
clidean coordinate system by another—equivalent—euclidean system.

ExXAMPLE 3.6. In Example 3.2 we saw that the blue vector v in Fig-
ure 17 had numeric coordinates vgn,y = (1,1) with respect to the gray
axis/unit system, and coordinates vyeq = (v/2,0) with respect to the
equivalent, but rotated, red axes. These are completely different nu-
meric vectors, but they represent the same geometric vector in different
coordinate systems, and we have

Vgray * Vgray = Vblue * Vblue = 2

The numeric vectors representing ¢ in equivalent coordinate systems
have the same dot products with themselves. 0

This surprising invariance of dot product in equivalent euclidean coordi-
nate systems holds precisely because dot products compute a geometric
quantity—a function of length and angle, as we are about to see. If we
use a fixed euclidean measurement scale, lengths of geometric vectors
don’t depend on our choice of axes, and angles between vectors don’t
either. So if we can interpret dot products in terms of length and angle,
they should come out the same in all equivalent euclidean coordinate
systems.

3.7. Length. Suppose we have a euclidean coordinate system, and
a geometric vector ¢ with numeric coordinate vector v = (a,b). Then
v forms the hypotenuse of a right triangle with short sides parallel
to the axes. The lengths of these short sides are the absolute values
of the coordinates of v, namely |a| and |b| (Figure 18). So by the
Pythagorean theorem, the length of ¥ is va? + 0% = /v - v, since

v-v=(ab)-(a,b) =a*+ 1
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i}
N i
o x |
C b
a

Figure 18. Dot products and lengths. In a euclidean
coordinate system, a geometric vector ¥ with numeric “ad-

dress” v = (a,b) has length |] = Va2 +b2=/v-v.

If we indicate lengths of geometric vectors with “absolute value” bars,
we can summarize the calculation above like this:

Note that U, on the left, is geometric, while v, on the right, is numeric.
We are computing a geometric quantity—Ilength—using algebra, via the
dot product.

For instance, a geometric vector ¢ with numeric coordinate vector
v = (3,4), has length

ym:¢(i).<j)=¢¥:@=¢%z5

Thus, in any euclidean coordinate system, the numeric vector v =
(a,b) labels a geometric vector with length va? + 0% = /v - v.

Using the Pythagorean theorem twice, it’s easy to see that the same
fact holds in space too, as depicted in Figure 19. In a 3D euclidean
coordinate system (three mutually perpendicular axes with a common
length unit), a numeric vector v = (a,b,c) labels a geometric vector

U with length va? + b2 + ¢2. Again, this equals /v - v.
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Figure 19. Lengths in 3D. In a 3D euclidean system
that assigns numeric coordinates v = (a,b,c) to a geomet-
ric vector ¥, the Pythagorean theorem, applied twice, gives

5] = Va2 + b2 + 2 = /v -v . Can you see why?
In sum, we have

PROPOSITION 3.8. If a euclidean coordinate system assigns a numeric
vector v to a geometric vector U, then

U] = Vv v

With this proposition in mind, we next make a type of generalization
that has great importance in our subject:

We export a geometric notion in the plane to the purely numeric space
R?, and beyond that, to R"™ for any n.

Doing so for the geometric notion of length in the plane, we get

DEFINITION 3.9 (Length in R™). We define the length of any numeric
vector v = (v, vg,...,0,) € R" as

’V’ = W/V'V:\/U%—i—?]%—i—"'—i—/l}%




3. DOT-PRODUCT GEOMETRY 135
ExXAMPLE 3.10. The numeric vectors
u=(1,2,3) v=(1,-1,—-1,1) and w=(1,—4,6,—10,6,—4,1)

belong to R?, R* and R, respectively. Their lengths are

u| = VI24+22+32=/1+4+9=+V14
VI = VI (-2 + 12+ (-1 = Vi =2
w| = VIZ+42+62+10% + 6% + 42 + 12 = V206

Similarly, note that in R*, the length of (1,1,1,1) is given by

VL2124 12=V4=2

Indeed, for any n, the length of (1,1,...,1) € R™ is y/n by essentially
the same calculation. O

We cannot “draw” nor easily imagine geometric vectors corresponding
to the numeric vectors of R™ when n > 3. Still, our definition of length
in R™ behaves exactly as it does for geometric vectors in the plane and
in space. It is positive for all numeric vectors except 0 = (0,0,...,0)
(which has length zero), and, it multiplies “geometrically” under scalar
multiplication, just as we would hope:

PROPOSITION 3.11. Let v € R™. Then |v| > 0, with |v|] = 0 only
if v.= 0. Further, multiplying v by a scalar multiplies |v| by the
absolute value of that scalar:

|ev] =] [v]

PROOF. Exercise. ]
3.12. Unit vectors. We call a vector v € R" a unit vector if
it has length one.

EXAMPLE 3.13. In R2, any vector of the form (cost, sint) is a unit
vector, because

|(cost, sint)| = Vcos?t +sint = 1
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Unit vectors are plentiful and easy to produce, because every non-
zero vector v € R" has exactly two scalar multiples with unit length,
namely

v
This follows from Proposition 3.11, which shows that multiplication by
+1/|v| multiplies |v| by its own reciprocal.

Producing a unit vector in this way (using the plus sign) is called
normalization:

DEFINITION 3.14 (Normalization). If 0 # v € R™, we call

v/ vl
the normalization of v, and we normalize v when we divide it by

its length. Geometrically, we imagine v/|v| as pointing in the same
direction as v, but having unit length. U

3.15. Angles. The familiar “side-side-side” theorem from plane
geometry tells us that a triangle—including its angles—are determined
by its side-lengths. According to the Law of Cosines, we can even
calculate the angles of a triangle from the side-lengths:

THEOREM 3.16 (Law of Cosines). Given a triangle with side-lengths A,
B, and C, the angle 6 opposite side C is determined by the formula
C? = A?>+ B?> —2ABcosf

and the requirement 0 < 6 < 7.

REMARK 3.17. The Law of Cosines beautifully generalizes the far more
familiar Pythagorean theorem. For when 6 = 90° (giving us a right
triangle), the cosine term vanishes (since cos90° = 0), leaving

C? =A%+ B?
O

Now consider two non-zero geometric vectors @ and b in the plane,
with numeric addresses a and b in some euclidean coordinate system.

If we regard @ and b as two sides of a triangle, then by the triangle
rule for addition, the third side of this triangle is a translated copy of
¢=0b—d. In particular, if we write A = |@ and B = |b], then the
third side of our triangle has length C' = |b — a).
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Since we now know how to compute lengths algebraically in a euclidean
coordinate system, however, we can compute |a|, [b], and |& from their
numeric coordinates. Indeed, using the dot-product formula for length,
we have

A’=a-a, B*=b-b
and
C*=c-c = (b—a)-(b—a)
= b-b—b-a—a-b+a-a
= a-a+b-b—-2a-b
A*+B*-2a-b
Comparing this with the Law of Cosines above leads immediately to

the amazing connection we seek between the geometry of angles and
the algebra of the dot product:

PROPOSITION 3.18. Suppose a euclidean coordinate system in the plane
(or in space) assigns numeric vectors a and b to two non-zero geo-

metric vectors a and g, respectively. Then the angle 6 between a and

b is determined by
a-b

cosf) = ——
|a| bl

The left side of this formula is purely geometric, while the right is
purely algebraic. Setting them equal, we get to compute the angle
between two geometric vectors using only their numeric coordinates in
any euclidean system.

ExXAMPLE 3.19. Suppose @ and b are geometric vectors in the plane,
with numeric addresses a = (1,v/3) and b = (v/3,1), respectively in
a euclidean coordinate system. What is the angle 6§ between them?

To answer this, we use Proposition 3.18 to compute
a-b

[a] [b]

(1Lv3) - (vV3.1)
V12 +3v3 412

= zig =V3/2

The only angle 0 < # < 7 with cosine \/§/2 is m/6, so that is the
angle between @ and b. O

cosf =
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By combining Proposition 3.18 with Proposition 3.8, we can now de-
duce the important fact we promised earlier:

PROPOSITION 3.20 (Euclidean invariance of dot products). If a and

b give the numeric addresses of geometric vectors d and b in a eu-
clidean coordinate system, and a’,b’ are their numeric addresses in
a different—but equivalent—euclidean system (a euclidean system with
the same unit of length), then

a-b=a-b
In short, switching between equivalent euclidean coordinate systems
leaves dot products unchanged.
Proor. First, by Proposition 3.8, we can compute the lengths of
a and b equally well in both coordinate systems:
| and [b|=[p] = b

Using these facts, however, we can rewrite the cosine formula in Propo-
sition 3.18 as either

|a] = |a] = |a

|@| [b] cosd =a-b
in the one system, or
|@| |b] cosf = a’ - b’

in the other. The left-hand sides agree, so the right-hand sides must
also agree. O

3.21. Angles in R". We now generalize the notion of angle to
R"™ (for any n), just as we did for length in Definition 3.9.

DEFINITION 3.22 (Angles in R"™). The angle 6 between any two non-
zero vectors v, w € R" is the unique scalar 0 < 0 < 7 satisfying

VW
cosf =

V| [wl

We require v,w # 0 to keep the denominator here from vanishing.
When we need to, we’ll denote the angle between v and w by Zv, w.

This definition has a big potential problem, and we must settle the
problem before we can accept the definition. Indeed, the cosine function
only assumes values between 41. So unless the right side of the formula
in Definition 3.22 stays between —1 and +1, it won’t be the cosine of
any angle 0.

Fortunately, a fundamental result known as the Cauchy-Schwarz in-
equality guarantees the fact we need:
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PROPOSITION 3.23 (Cauchy—Schwarz inequality). For any two nu-
meric vectors v,w € R", we have

v wl < |v]|w|
Equality holds if and only if one vector is a scalar multiple of the other.

PrROOF. The inequality is obvious if either vector is 0, so we may
assume v # 0 # w. It is also easy to check that when one vector is a
scalar multiple of the other, the Cauchy-Schwarz inequality becomes
an equality (Exercise 165). So we can also assume that v is not a
multiple of w.

The rest of the proof, while short, depends on a clever, unexpected
trick. Namely, we consider the quantity

(11) v —tw|* >0

The key point is that, no matter what scalar we take for ¢, this quantity
is strictly positive. For as the square of a length, it can only vanish
if v—tw = 0, implying v = tw, a scalar multiple, which we already
prohibited.

On the other hand, if we expand (11) using the definition of length and
the distributivity of dot products, we get

v —twl]*> = (v—tw) (v —tw)
= v-v-2v-w+t’w-w

We now seek the value of ¢ that minimizes this quantity using elemen-
tary Calculus:® we differentiate with respect to ¢ and set the result
equal to zero:

2v-wH+2tw-w=0 = t=(v-w)/(w-w)

The point is that even with this minimizing value of ¢, (11) is still
positive. For by plugging it into the expansion of |v —tw]|? above, we
get

v-v—2

which simplifies to

3This is the only argument in our book (outside of Appendix B) that uses
Calculus.
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Multiply through by |w|?, add (v-w)? to both sides, and take square
roots to see that Cauchy—Schwarz holds. O

The Cauchy—Schwarz inequality puts Definition 3.22 on solid ground
by guaranteeing that its right-hand side never exceeds 1 in absolute
value.

We now apply that Definition to compute some angles in R".

EXAMPLE 3.24. What is Zv,w when v = (1,1,0,1,1) and w =
(1,0,0,0,1) in RS ?
We have v-w = 2, while |v| = 2 and |w| = v/2. So by Definition
3.92,

1

2
22 V2

The angle between the two vectors is therefore 7/4, i.e., 45°.

cosf = =cos

Suppose we modify w slightly, changing the sign of its last coordinate
to get w' = (1,0,0,0,—1).
Now we find that v -w’ = 0, which immediately yields

cosf =0

The only angle 0 < # < 7 whose cosine equals zero is 7/2, i.e., 90°.
In other words, v and w’ form a right angle. O

Indeed, since the cosine of an angle 0 < 6 < 7 vanishes if and only if
0 = w/2, we see that non-zero vectors v,w € R"™ form a right angle if
and only if their dot product is zero. We therefore make the following
definition:

DEFINITION 3.25. Vectors v,w # 0 in R" are perpendicular or
orthogonal, or normal (all three are synonyms) to each other if and
only if v-w = 0. U

EXAMPLE 3.26. Given any vector (z,y) € R?, the vector (—y,x) is
perpendicular to it, because (x,y)-(—y,z) = —zy+yzr =0 (= cos90°).
Note that (—y,x) also has the same length as (z,y). In fact, if (z,y)
represents a geometric vector v in a euclidean coordinate system, then
(—y,x) represents the geometric vector we get from v after rotation
by 90°. O
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— Practice —
148. Suppose v; = (1,2,3) and vy = (4,-3,5) in R3 and w; =
(2,-1,2,—1) and wy = (1,2, —1,-2) in R*. Compute:
(@) vi-va (0) vi-vy (c) [v2]

(d) wi-wy (d) wi-wi  (f) [wa

149. Compute the lengths of these vectors:
a) (2,-1,2) €¢R*  b)(1,2,-2,4) € R* ¢)(3,2,1,2,3) € R’

150. Normalize each vector below:

u=(1,23) v=(1,-1,-1,1) and w=(1,—4,6,-10,6,—4,1)

151. The 90° rotation described in Example 3.26 is a linear transfor-
mation from R? to itself. What 2-by-2 matrix represents it? [Hint:
Recall Theorem 5.6 of Chapter 1.]

152. Prove Proposition 3.11

153. Compute the length, in R", of
a) The zero vector 0 = (0,0,...,0).

b) The vector (c,c,...,c) when ¢ is an arbitrary constant?

¢) The vector (1,2,3,...,n)7 (You may need to look up the
formula for summing the first n squares.)

154. Show that in R3, every vector of the form

u = (sint coss, sint sins, cost)
is a unit vector. (Here s and t can be any scalars.)
155. Suppose v € R" is any non-zero vector. Show that for any scalar

k > 0, we get the same result when we normalize kv that we get when
we normalize v. What happens if we normalize kv when k£ < 07
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156. Compute the angles between
a) (4, ()) and (3,3) in R?
b) (2, ,2) and (1,3,1,3) in R?
c) Any vector v € R™ and its opposite, —v
d) (1,1,1,...,1,1) and (1,1,1,1,0,0,0...,0,0) in R'®

157. Compute the angle between each pair of vectors, and determine
whether they form the sides of an isosceles triangle.

a) (1,—1 0) and (0,1,—1)
b) (1,-1,0) and (1,1,1)

¢) (1,—1,0 and (0,1,0)

d) (1,1,1) and (=1,-1,-1)

158. Show that the angle between any pair of vectors in the following
set is the same:

{(2,0,1), (1,2,0), (0,1,2)}

159. Find half a dozen unit vectors orthogonal to w = (1,2,3,2,1) in
R®. Can you find all unit vectors orthogonal to w ?

160. Do the vectors (1,1,1,¢) and (—1,—1,—1,¢) form an angle of
7/3 in R* for any values of ¢? (Recall that cosm/3 =1/2.)

161. Which scalars k& minimize the length of the difference between
v(k) := k(1,0,1,0,1) and u = (1,-2,4,—2,1) in R°? What is the
minimum length?

162. Show that (—y,z) and (y, —x) are the only vectors that are both
orthogonal to (z,y), and have the same length as (z,y).

163. Suppose x and y are both perpendicular to a certain vector
u in R™. Show that every linear combination of x and y is also
perpendicular to u.

164. Suppose a and b are geometric vectors in the plane, and a certain
euclidean coordinate system assigns them numeric coordinates a =
(cost, sint) and b = (cos s, sin s), respectively. Show that Proposition
3.18 correctly computes the angle between them as 6 =t — s.
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165. In the proof of Cauchy—Schwarz (Proposition 3.23), we said it was
“easy to check” that the inequality becomes an equality when w is a
scalar multiple of v. Explain this.

166. Sketch the gray and dashed blue axes in Figure 17, and geometric
vectors of length 1 that point along the positive x- and y-axes. Call
them €7 and €5, respectively.

a) What are the numeric vectors e; and e, corresponding to €
and €5 in the gray coordinate system?

b) If we multiply e; and es together entry-wise, what numeric
vector do we get? What geometric vector does it represent?

¢) What are the numeric vectors €] and €} corresponding to
¢y and € in the blue coordinate system? [Hint: Use right-
triangles and the Pythagorean theorem here.|

d) If we multiply €] and €, together entry-wise, what numeric
vector do we get? What geometric vector does it represent?
[Hint: It should be a multiple of €, or é5.]

Your answers to (b) and (d) should be different, showing again
that numeric/geometric duality does not respect entry-wise
multiplication.

167. Trace or copy Figure 17, and on it, sketch the geometric vector
w corresponding to the numeric vector Wy, = (—1, 1) relative to the
gray axes.

(a) What numeric vector wyq represents o relative to the dashed
blue axes?

(b) Show that these dot products are the same, even though the
numeric vectors are different:

Vgray * Wgray = Vblue * Whlue

(c) Sketch the geometric vector « corresponding to the numeric
vector Ugsy = (0,2) relative to the gray axes, and repeat (a)
and (b) with the w’s replaced by u’s.

— % —
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4. Lines, Planes, and Hyperplanes

4.1. Lines. If we take all the scalar multiples of a geometric vector
7 # 0 in the plane (or in space), we get an entire line (compare Exercise
134). We call it the line generated (or later, spanned) by ¢ (Figure
4). Note that a line generated this way always includes the origin 0,
since 0 =07 is always a scalar multiple of @.

Note too that every line through the origin can be generated this way:
just take all scalar multiples of a vector v # 0 on that line. Lines that
don’t go through the origin can be generated almost as simply, because
every line in the plane (or in space) is parallel to some line through the
origin:

OBSERVATION 4.2. Let L be any line in the plane or in space. Let
U # 0 be a vector that generates the line L, parallel to L through the
origin, and let p be any vector whose tip lies on L. Then we get all
vectors on L by adding p to all vectors on Ly, :

L= all p+tv, wheret varies over R.

PRrROOF. For any t € R, we get to the tip of p'+ tv by translating
tv to the tip of p. As t varies, the tip of this sum clearly visits every
point on the line through the tip of p and parallel to L, (Figure
20). O

Figure 20. By adding all multiples of ¥ to p, we trace out
a line (solid blue) through the tip of p" and parallel to the
(dashed) line generated by .
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Using numeric/geometric duality, this picture gives us a numeric notion
of line in R? (or R?). Indeed, since a line in the plane is just the set
of all 7+ t¥, where p and ¥ # 0 are geometric vectors and ¢ is any
scalar, we can define the numeric analogue of a line, in R?, say, by
replacing the geometric vectors p and @ # 0 in the plane, by numeric
vectors p and v # 0 in R2.

But why stop at R?? We can make the same definition in R™ for any
m:

DEFINITION 4.3. For any positive integer m, suppose p,v € R, and
v # 0. We call the image of the map L(t) := p+tv the line through
p in the v direction or the line traced out by L(¢). O

EXAMPLES 4.4. In R*, we can speak of “the line through (1,1,0,0)
in the (1,2,—2,—1) direction.” It is the image of the map

L(t) =(1,1,0,0) + ¢ (1,2,-2,—1)
As t ranges over all scalars, L(t) traces out the line.

Similarly the line through (1,2,3,4) in the direction of the third stan-
dard basis vector is the image of

L(t)=1(1,2,3,4) +tes = (1,2,3+t,4)
O
REMARK 4.5. Just as we generalized the notions of length and angle
from the plane to R™, we have now extended the geometric notion of
line, to the purely numeric vector spaces R™, where m can be as big as
we please. It may be difficult to accurately wvisualize a line in R?", but

we can express it algebraically with no difficulty at all, using Definition
4.3.

We shall soon generalize the notion of plane in a similar way. U

4.6. The 2-variable equation: Lines. Consider a homogeneous
linear equation in two variables:

a1z + ay =0

Set x = (z,y) and a = (a1,az). Assume a # (0,0) (otherwise, the
equation is trivially solved by any (z,y) € R?). Now rewrite the left-
hand side as a dot product:

a-x=90
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Since vanishing of the dot product means perpendicularity (Proposi-
tion 3.18), we can interpret this equation to mean that a and x are
orthogonal. In short,

Solving the equation a -x = 0 corresponds to finding all vectors x
orthogonal to a in R?.

If we visualize all geometric vectors & orthogonal to @ in the plane,
we get a line (Figure 21).

Figure 21. The vectors perpendicular to @ form a line per-
pendicular to a.

This is a wonderful benefit of numeric/geometric duality: if we have
a homogeneous linear equation in two variables, we can visualize its
solution as a line.

We may see this algebraically too. If we solve a;z + asy = 0 by row-
reducing the one-rowed matrix [a; as], we get one free column, and
hence one homogeneous generator h. Our solution mapping conse-
quently takes the form

H(t)=th

which is none other than the line through 0 generated by h (Definition
4.3). Since h is orthogonal to a (after all, it solves a-h = 0), this
line is orthogonal to a.

In sum, we have

OBSERVATION 4.7. The solution set of the homogeneous equation a;x+
asy = 0 is a line through the origin and perpendicular to a = (a1, az).



4. LINES, PLANES, AND HYPERPLANES 147
Now consider an inhomogeneous two-variable equation
a-x=»> (b #£0)
Solve this by row-reducing the one-rowed augmented matrix
[ a; ay | b ]

Assuming a # (0,0), we must get a pivot when we row-reduce. That
leaves one free column, producing one homogeneous generator h.

The solution of the inhomogeneous equation a-x = b therefore takes
the form

X(t) =x,+th
where h again solves the homogeneous equation a-x = 0.

Here, as in the homogeneous case, Definition 4.3 lets us recognize this
solution set as a line: the line through x, in the h direction.

Qb

< inhomogeneous solution set

homogeneous solytion set >

Figure 22. The solution set of an inhomogeneous equation
a-x = b is a line that goes through the tip of Z,, and runs
parallel to the solution set of the homogeneous equation.

OBSERVATION 4.8. The solution set of any two-variable linear equation
a1z + asy = b is a line through the tip of (any) particular solution x,
and orthogonal to the coefficient vector a.
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This fact is especially useful in reverse: Given a line known to be
orthogonal to a certain vector and to go through a certain point, we
can find a linear equation whose solutions are the vectors (whose tips
are) on that line.

EXAMPLE 4.9. Find a linear equation whose solution set is the line
through (the tip of) (2,3) and perpendicular to (1,—2).

Since our line is perpendicular to (1, —2), it runs parallel to the solution
set of the homogeneous equation (1,—2) - (z,y) = 0 (Figure 22), and
therefore has the form

r—2y=>

But we also know it goes through (2,3). So if we plug (2,3) into the
equation, we discover what b is:

r—2y=2—-2-3=-4
Thus, b = —4, and our line is the solution set of

r—2y=—4

4.10. Three-variable equations: Planes. Now let us analyze
equations in three-variables using the same reasoning we applied to the
two-variable case above. Their solution sets will correspond to planes
m space.

As before, start with the homogeneous equation
(12) a1z + asy +azz =0

Once again, we may use the dot product to write this as a-x = 0,
which makes an orthogonality statement. It says the solutions x of the
equation are perpendicular to the coefficient vector a = (ay, as, as). As-
suming a # (0,0,0), and reading these numeric vectors as (euclidean)
coordinates of geometric vectors in space, these solutions form a plane
through the origin. Figure 23 illustrates.

Algebraically, we can treat equation (12) as a system of one equation in
three variables, and solve it to derive a formula all vectors orthogonal
to a. Indeed, since a # 0, the coefficient matrix of this “system,”
namely

[al Q9 ag}
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a

Figure 23. The vectors orthogonal to a non-zero vector @
in space form a plane.

must row-reduce to a 1 x 3 matrix with one pivot and two free columns.
The solution mapping thus takes the form

(13) X (51,52) = s1hy + s hy

To visualize this, regard h; and hy as labeling two of the blue vectors
in Figure 23. Their linear combinations sih; + sshy then fill out the
entire plane orthogonal to @. In particular, all the other blue vectors
in Figure 23 are linear combinations of h; and hy. This shows that
as predicted, the solution set of a homogeneous linear equation in three
variables describes a plane through the origin in space.

Moreover, in precise analogy with what we found for two-variable equa-
tions, the solution set of an inhomogeneous three-variable linear equa-
tion represents a plane that does not go through the origin.

To see this, we again recall that the solution set of the inhomogeneous
equation

a1 x + asy +asz =0
takes the form
X (81, 52) =X, +s1hy +s3hy
which differs from the solution of its homogeneous version (cf. Equa-

tion (13)) only by the addition of a particular solution x,. We saw
that the homogeneous solution represents a plane through the origin,
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and orthogonal to a. The inhomogeneous solution just adds the cor-
responding vector X, to each vector in this plane, translating it away
from the origin until it originates at the tip of x, (Figure 24).

a

Figure 24. The solution set of a-x = b represents a plane
orthogonal to the line generated by @, but through &, rather
than the origin.

This is another wonderful benefit of numeric/geometric duality: we can
describe any plane in space algebraically as the solution set of a single
3-variable equation:

PROPOSITION 4.11. The solution set of any linear equation
a1 x + asy +asz =0

consists of all vectors on the plane perpendicular to the line generated
by a = (a1, a9,as3), and containing any particular solution x, of the
equation.

EXAMPLE 4.12. Suppose we have geometric vectors @ and p’ in space
with numeric coordinates a = (1,1,1) and p = (2,—1,—3), respec-
tively. What equation describes the plane P orthogonal to the line
generated by @ and containing the tip of p?

Proposition 4.11 lets us answer this easily. Since P is orthogonal to
the line generated by d, the equation we want must take the form
a-x = b, where a = (1,1,1). Since p lies on this plane, moreover,
P s a particular solution of that equation. In other words, a-p = b.
Turning this around, and evaluating, we get

b=a-p=(1,1,1)-(2,—-1,-3) = —2
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In short, we may conclude that P is is the solution set of the equation
a-x=a-p, that is

(14) r+y+z=-2
U

REMARK 4.13. (Test for membership) In the Example we just pre-
sented, we found that (the tip of) a geometric vector & lies on the
plane P if and only if its coordinate vector x satisfies (14). That
equation gives us a test for membership in P .

For instance, suppose we ask: Do either of the vectors with coordinates
(1,2,3) or (—3,—1,2) lie on P ? Equation (14) makes it easy to
answer. The first point does not, since v +y+ 2 =1+ 2+ 3 does not
equal —2. The second one does, however, because —3—1+2 does equal
—2. Equation (14) makes it easy to test any point for membership in
P this way.

On the other hand, if we had wanted to actually produce vectors on
P (for instance, if we were asked to list half a dozen vectors on P),
we would have to solve Equation (14). That’s a different task. The
coefficient matrix of (14) is [1 1 1], which happens to have RRE-form,
so we can solve it by inspection: its solutions are generated by the

mapping

—2 —1 —1 —2—-s5—t
(15) X(s,t)=1[ 0 | +s 1 1+tf| 0 ]= s
0 0 1 t

By plugging in values for s and ¢ we can now produce as many vectors
on P as we like.

Thus, (14) and (15) give two completely different descriptions of the
same plane P. This situation typifies the “span/perp” (or “implicit/ex-
plicit”) duality that we shall discuss in Chapter 5. U

EXAMPLE 4.14. (Three points determine a plane.) If three points don’t
all lie on a common line, we expect them to determine a plane. Our
understanding now makes it easy to find an equation for that plane.

For instance, suppose we want an equation for the plane containing
(4,1,1), (2,2,0), and (3,3,1) (or more precisely, the tips of the geo-
metric vectors with those coordinates.)
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The equation of a plane always takes the form
(16) a-x=>

and we want all three coordinate vectors to satisfy this equation. This
gives us three inhomogeneous equations, all having b on the right-hand
side:

a-(4,1,1)=0b, a-(2,2,0)=>b, and a-(3,3,1)=0
Writing a = (a4, az, ag), these equations form a system:

4CL1 + 1@2 + 1&3 =
2&1 + 2&2 + 00,3 =
3@1 + 3@2 + 1CL3 =

The a;’s are unknowns here, but the right-hand side b is also unknown.
We therefore move the b’s to the left side of the system (subtracting
b from both sides of each equation) to get a homogeneous system:

4a1+1a2—|—1a3—b =0
2a1—|—2a2—i—0a3—b =0
3a1 +3ay +1las—b = 0

After a routine application of Gauss—Jordan, the coefficient matrix for
this system row-reduces to RRE form as follows:

411 -1 100 —1/3
220 -1 — |010 —1/6
331 -1 001 1/2

We have one free column, hence one homogeneous generator, and the
solution of the system is thus given by the image of the mapping

1/3
1/6
~1/2
1

H(s) =s

Note that the problem has many solutions: we can choose any value
for the scalar s. Once we choose s # 0, however, we simply set a =
(a1, as,as,b) = H(s) and use those values in Equation (16). This gives
the equation of a plane containing the given points.
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For instance, if we take s = 6 (to clear all denominators), we get
a=(a,as,a3,b) =h=(2,1,-3,6), and (16) becomes

20 +1y —32=6

This equation describes a plane containing the given points.

Note: Choosing a different value of s would work equally well; it
would just give a multiple of this same equation. The plane described
by a linear equation is also described by any multiple of that equation—
of course—because multiplying an equation by a non-zero scalar doesn’t
affect its solution set. U

4.15. Hyperplanes. By interpreting numeric vectors in R? and
R? as coordinates of geometric vectors in the plane and space, we have
seen that, once we fix a coordinate system,

e The solution set of a linear equations in 2 variables describes
a line in the plane.

e The solution set of a linear equations in 3 variables describes
a plane in space.

What about solution sets of linear equations in more variables?

The solution set of an equation in m variables lies in R™, and just as
in R? and R3, we can abbreviate the linear equation, namely

(17) 121 + asxy + -+ + ATy = b

as
a-x=b or a’(x)=b

Once again, (assuming a # 0) the coefficient matrix of this one-rowed
“system” must reduce to an RRE form with one pivot column, and
m — 1 free columns. So the solution to Equation (17) has the form

(18) X (s1,82,.-.,8m-1) =Xp+s1hy +soho+ -+ 5,1y
where the h;’s here solve the homogeneous version of (17), namely
(19) a-x=0

Again, the vanishing dot product—by definition—signals orthogonal-
ity. So we can describe the solution set of (19) as the set of all vectors
orthogonal to a. When m > 3, we can’t draw an m-dimensional
“picture” of this set, but we can use geometric language (like “orthog-
onality”) and regard Figures 22 and 24 as useful metaphors. And just
as we exported notions of length and angle from R? to R™, we can
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now give a geometric name to the sets in R™ that are analogous to
the lines and planes that describe solution sets of linear equations in
R? and R?:

DEFINITION 4.16 (Hyperplane). A hyperplane in R™ is the solution
set of an m-variable linear equation a-x = b (or a*(x) = b) with
a # 0. More specifically, this solution set is a hyperplane orthogonal to
the line generated by a.

When b =0 (so the hyperplane solves a-x = 0), this hyperplane goes
through the origin, and we call it a perp, denoted at. l

Note that this definition applies for any m. When m = 2, hyper-
plane just means a line in the plane (Observation 4.7). Similarly, when
m = 3, a hyperplane is a plane in space (Proposition 4.11). Thus, hy-
perplanes really are the R™-analogues of lines in the plane and planes
in space. A hyperplane in R™ is a linear “copy” of R™~! situated in
R™.

Hyperplane provides a geometric term for a purely algebraic object:
the solution set of a linear equation.

By solving a-x = b to get (18), we can always derive a formula for the
points on a hyperplane, and this formula shows that we can express
any hyperplane as x, + a', where a’ is the homogeneous solution
set. We call it a' because solutions of the homogeneous equation
a-x = 0 are vectors x perpendicular to a. Geometrically, a’ is
suggested by the blue plane in Figure 23 (which really is a picture of
a® in the m = 3 case). When m > 3, we may still visualize a® as a

“higher-dimensional version” of the plane in that figure.

ExXAMPLE 4.17. The solution set of the equation
(20) $1—172+.T3—LU4:2

form a hyperplane in R*. It is orthogonal to the line in R* generated
by the coefficient vector a = (1, —1,1,—1). It does not go through the
origin because the equation is not homogeneous (and (0,0,0,0) clearly
fails to solve the equation). But when we solve the equation to get the
solution mapping

+S1 + S9 + S3

OO O NN
OO = =
O, O K
_ o O =
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we see that this hyperplane can be written as (2,0,0,0) + a*, where
a® (the hyperplane orthogonal to a) does contain the origin (just set
the s;’s all equal to zero). The hyperplane defined by (20) may be
visualized as “parallel” to a’, with “z;-intercept” (2,0,0,0). O

— Practice —

168. Suppose a and b both lie on the line traced out by L(t) = p+tv
in R™. Show that b —a must then be a multiple of v.

169. Suppose we have two lines L(t) = p + tv, and L'(t) = p’ +tv
in R™, with the same v # 0, but with p # p’. Show that (just as
for lines in the plane or space) these two lines either have no point in
common, or all their points in common.

170. The line that goes through (2,1) and perpendicular to (1,2)
forms the solution set of what linear equation?

171. The line that goes through (—1,3) and perpendicular to (0,1)
forms the solution set of what linear equation?

172. We all learn that the graph of y = max + b is a line with slope m
and y-intercept b.

a) What vector (or vectors) a € R?* will make the solution set
of a-x =10 coincide with the graph of mx + b?

b) What vector (or vectors) a € R* will make the solution set
of a-x =0b coincide with a line parallel to the y-axis?

(Note that the lines in (b) have “infinite slope,” hence cannot
be expressed as y = mx +0b for any scalar m. All lines can be
described as solution sets of inhomogeneous linear equations,
however.)

173. Two perpendicular lines in the plane intersect at (—5,2). One of
them is parallel to (1,1). Write two linear equations whose solution
sets describes each of these lines. Their intersection point represents
the solution of what linear system?
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174. Two perpendicular lines in the plane intersect at (1,1). One of
them is parallel to (—5,2). Write two linear equations whose solution
sets describes each of these lines. Their intersection point represents
the solution of what linear system?

175. For what scalar b does the plane. ..

a) ...of solutions to 3z —y + 7z = b contain the the (tip of the)
vector with coordinates (7,7, —2)7

b) ...of solutions to 4x + 6y — 8z = b contain the (tip of the)
vector with coordinates (7,7, —2)7

176. For what scalar ¢ does the plane. ..

a) ...of solutions to —z + cy + 3z = 5 contain the tip of the
vector with coordinates (1,1,1)?

b) ...of solutions to 6x — 8y + cz = 11 contain the tip of the
vector with coordinates (3,2,—9)?

177. Suppose @ and p are geometric vectors in space with respective
numeric coordinates a = (1, —2,1) and p = (1,2, 3) in some euclidean
coordinate system. Find a linear equation that describes the plane
perpendicular to @ and containing (the tip of) p.

178. Suppose @ and p are geometric vectors in space with respective
numeric coordinates a = (1,2,3) and p = (1,—2,1) in some euclidean
coordinate system. Find a linear equation that describes the plane
perpendicular to @ and containing (the tip of) p.

179. Find three vectors on the plane 2x — 3y + 42z = 3.
180. Find three vectors on the plane —x + Ty + 2z = —1.

181. Find:

a) A linear equation for the plane containing the (tips of the)
geometric vectors having coordinates (3,2,1), (4,4,—3) and
(5,3,2) in R3.

b) A mapping whose image consists of all points on the plane
described by 3z — 2y — z = 12.
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182. Find:

a) A linear equation describing the plane containing the (tips
of the) geometric vectors whose coordinates are (1,—2,3),
(—2,3,1), and (3,1,-2) in R3.

b) A mapping whose image consists of all points on the plane
described by z —y + 2z = 1.

183. Suppose a and b are different geometric vectors in space with
repective numeric coordinates a # 0 and b # 0 in some euclidean
coordinate system. Consider two planes: The plane containing b and
perpendicular to d, and the plane containing @ perpendicular to b.
Could these be the same under any circumstances? Why or why not?

184. Find an equation for the hyperplane through the origin and or-
thogonal to the vector

a) (3,-2,1,-2,3) € R® b) (2,0,2,0,2,0,2) € R
¢) (8,4,2,1) € R* d) (-1,1,-1,1,—-1,1,—-1,1) € R

185. Find a vector that generates the line perpendicular to the hyper-
plane of solutions to

a) 3r —4y=—1 in R?

b) —2x1 + 3x9 — 2x3+ x4 = —7 in R*

c) T, —To+ a3 —T4+25 —26 =0 in R®
d) =3z, +3x3— 316 +319=5 in RY

186. Find a unit vector that generates the line perpendicular to
a) the line defined by x 4+ y = 0 in the plane.
b) the plane defined by z =2 + 3x — 4y in space.
c¢) the hyperplane defined by 1 + 25 + 23 + 24 = 15 in R*.

187. Find the equation of a line perpendicular to the hyperplane of
solutions to each given equation, and containing each the given point

a) dr —3y =0, p=(3,4)

b) —3r1 + 219 —x3+22,=0, p=(1,1,1,1)

¢) r1— Tt w3 —x4t+axs—xs=m, p=(50,-2005)

d)  —3w 4+ 23— 16+ 310 =8, p=(1,-2,3-4,5-4,3,-2,1)
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188. Find a mapping whose image is the hyperplane of solutions to the
equation

20 — 3y + 4z — bw = 10
in R*.

189. Find a mapping whose image is the hyperplane of solutions to the
equation

l‘1+2$2—31‘3+41‘4 =5
in R*.

5. System Geometry and Row/Column Duality

We end this chapter by revisiting the algebraic subject of Chapter 2—
linear systems—from our new geometric viewpoint.

A linear system is a set of one or more linear equations. The solutions
of such a system are the vectors that simultaneously solve each of its
equations.

Using the geometric term we have just defined, however, each equation
in a system defines a hyperplane. So from this standpoint, the solutions
of the system are the vectors that simultaneously lie on all of these
hyperplanes. Equivalently,

The solutions of a linear system are the vectors in the intersection of
the hyperplanes described by the individual equations of the system.

This is the geometric interpretation of the row problem associated with
a linear system. FEach row in the system’s augmented matrix corre-
sponds to one equation, and hence to a hyperplane—the hyperplane
of solutions to the equation in that row. Each row corresponds to a
hyperplane, and the solution of the system is the intersection of these
hyperplanes.

ExXAMPLE 5.1. Consider the linear system
r+2y = 4
20+y = 5
Each equation in this system defines a hyperplane in R?, that is, a line

in the plane. The intersection of the two lines they define locates the
solution of the system, as Figure 25 illustrates.

O
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Figure 25. The solution of a linear system of two equations
in two variables locates the intersection of two lines in the
plane.

ExAMPLE 5.2. Consider this system of two equations in three variables:

r+2y+ 2z
2r4+y—2 = 5

Again, each equation defines a hyperplane, and in R?, hyperplanes
correspond (by numeric/geometric duality) to planes in space. These
two planes intersect in a line, which therefore locates the solutions of
the system. Each point on the line of intersection corresponds to one
solution of the equation. Note that this gives infinitely many solutions
(cf. Figure 26).

[l

Note that two distinct planes in space don’t always intersect in a line.
They can be parallel, failing to intersect at all. This corresponds to a
2-by-3 linear system with no solution.

Similarly, systems of three equations in three variables define three
hyperplanes in R3, which we can depict as three planes in space. A
configuration of three planes may intersect in a single point, or in a
line, or not at all, as the pictures below illustrate. Note that unlike
pairs of planes, three planes can fail to intersect without being parallel.
Figure 27 shows some of the possibilities.



160 3. LINEAR GEOMETRY

xX+2y—6z = —4

2x+y—6z = =5

Figure 26. A system of two equations in 3 variables cor-
responds to a pair of planes in space. The solutions of the
system are the vectors whose tips lie on the intersection of
the planes—in this case, a line. The row interpretation of
the system asks for this intersection.

These images can help us think geometrically about linear systems in
more than three variables, even if we can’t actually draw pictures of
them.

For instance, a system of three equations in four variables corresponds
to three hyperplanes in R?*. Solving the system means finding the
intersection of these three hyperplanes. The “size” of this intersec-
tion depends on the number of free variables in the system: each free
variable gives a new homogeneous generator for the system and hence
“more” solutions. We develop a precise language for discussing such
matters in Chapter 5.

5.3. Row/column duality. With these pictures in mind, we re-
visit a duality first encountered in Section 1.6, where we saw that any
n X m linear system can be regarded as either a row problem in R™,
or as a column problem in R"™. We now interpret these problems more
geometrically.

The situation is somewhat reminiscent of the “figure/ground” duality
in M.C. Escher’s beautiful 1938 woodcut Day and Night (Figure 28).
We can see it as a picture of white birds flying east, or as a picture of
black birds flying west. By focusing on one or the other, the image can
be described in two completely different, but equally valid ways.
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Figure 27. Typically, three planes in space intersect in a
single point (upper left), corresponding to a 3-by-3 linear
system with exactly one solution. But such a system may
have an entire line of solutions (upper right), or none at all

(bottom left and right).

In the same way, any linear system

a11T1 + @122 + a13T3 +

(22) 2121 + Q22T + A23T3 +

Ap1T1 + ApoTo + ay33 +

st A1mTm
-t A2mTm

e +a'nmxm

can be seen as a row problem, or quite differently, as a column problem.

Let A = [a;;] denote the coefficient matrix of a system with right-hand
side b = (by, by, ...,b,). We may either focus on its n rows

rl(A)7 rQ(A)> e

or on its m columns

, Tn(A)
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Figure 28. Which is it? White birds flying east, or black
birds flying west? M.C. Escher’s Day and Night.

If we focus on rows, the system looks like this:

r(A)-x = b
29 e
rn(A) ‘X = bn

Each equation here defines a hyperplane in R™. Specifically, the
1th equation defines a hyperplane orthogonal to the line generated by
r;(A). Solving the system, from this viewpoint, means finding every
x € R™ that lies in the intersection of these n hyperplanes.

If, alternatively, we focus on columns, the system poses a problem in
R"—mnot R™. From the column perspective, the same system (22)
looks like this:

(24) z1¢1(A) +z9co(A)+ - +xpcn(A)=Db

It asks us to express the right-hand side vector b, which lies in R",
not R™ as a linear combination of the columns of A (which also lie
in R"™). Here, solving the system means finding all ways of making
this linear combination reach its target vector b. Geometrically, we're
asking what multiples of the columns of A we can chain together “tail
to tip” in R™ to reach the tip of b.

Just as the white birds flying east and the black birds moving west in
Figure 28 are actually two aspects of the same drawing, so (23) and
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(24) are actually two aspects of the same system. In some underlying
mathematical sense they are one problem, with one solution, and one
method of solution: writing down the augmented matrix of the system,
row-reducing, and then extracting particular solution and homogeneous
generators.

At the same time, however, the system has two entirely different inter-
pretations: the row problem in R™, and the column problem in R™.
They are quite different even when m = n. We summarize them again
for emphasis:

Row problem: Each row of the augmented matrix describes a hyper-
plane in R™. We seek the intersection of those hyperplanes.

Column problem: Each column of the coefficient matrix forms a
vector in R". We seek to express the right-hand side vector b (also
in R™) as a linear combination of these columns.

ExXAMPLE 5.4. Consider the row and column problems associated with
the system

r+2y—62z = —4

(25) 2r+y—6z = =5

The augmented matrix for this system row-reduces to
1 0 -2 =2
01 -2 -1
From this, we easily read off the particular solution x, = (-2, —1,0),

and the homogeneous generator h = (2,2,1). The solutions of the
system are then given by the image of the mapping

—2 2
X(s)=1 -1 | +s| 2
0 1

The row problem here takes place in R?, where each equation repre-
sents a plane in space. From this perspective, our solution mapping X
traces out the line in R3 where these planes intersect: the line through
(—2,—1,0) in the (2,2,1) direction (Figure 26 again).

The column problem is entirely different (Figure 29). It takes place
in R?, and asks us for all possible ways to express the right-hand side
vector (—4,—b5) as a linear combination of the column vectors

(2) (1) = (55)
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Again, our solution mapping X(s) gives all possible answers. For
instance X(0) = (—2,—1,0), so we have

2(a) (1) ()= (%)
Similarly, X(—1) = (—4,—3,—1), so we also have
“(a) = (1) (5)- ()

Indeed, for any scalar s, we get a linear combination of the columns
that adds up to (—4, —5).

(23—2)(§>+(2s—1)<§)+8<:2>:(:§)

Figure 29. The column problem. This interpretation of
the system (25) asks which scalar multiples of the columns
c; (black arrows) add up to b (blue arrow). The dashed
gray arrows illustrate one of the many solutions, namely
(—4,-3,-1).
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— Practice —

190. Row problem vs. column problem:

a) The equations —x+2y = 3 and z+2y = 1 both describe lines
in the plane (using the standard euclidean coordinate system).
Sketch both lines and find their intersection.

b) What linear combination of (—1,1) and (2,2) adds up to
(3,1) in R?? Make a sketch like Figure 29 to illustrate your
answer.

191. Row problem vs. column problem:

a) Find the intersection of the planes described by = —2y+2z =1
and 4r — 3y — z = —2 in R3.

b) What linear combinations of the vectors (1,4), (—2,—3), and
(1,—1) in R* add up to (1,-2)?

192. Row problem vs. column problem:

a) The homogeneous equations 1 +x3+2x4 = 0, x1+19—2x4 =
0 and @y + 23+ 274 = 0 all describe hyperplanes in R*. Find
all points in the intersection of these hyperplanes.

b) What linear combinations of (1,1,0), (0,1,1), (1,0,1) and
(2,-2,2) add up to 0 € R??

193. Solve this system:

r+y = 5
20 —y = 4

a) Ilustrate the “row problem” for this system by sketching a line
in the plane for each equation. Interpret the lack of solution
geometrically from this viewpoint.

b) What is the “column problem” associated with the system
above? Interpret its solution geometrically by sketching a lin-
ear combination that adds up to (5,4) (Compare Figure 29).
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194. The system below has no solution:
r—y = 1
—3r+y = 1

a) Illustrate the “row problem” for this system by sketching a line
in the plane for each equation. Interpret the lack of solution
geometrically from this viewpoint.

b) What is the “column problem” associated with the system
above? Interpret its lack of solution geometrically in terms of
linear combinations.

195. Consider three planes in space that go through the origin and
are respectively perpendicular to (3,0,—1), (2,1,0), and (1,—1,—1).
Determine whether these planes intersect in just the origin, an entire
line, or a complete plane.

196. Consider three planes in space that go through the origin and
are respectively perpendicular to (1,0,—1), (1,1,1), and (0,1,—1).
Determine whether these planes intersect in just the origin, an entire
line, or a complete plane.

197. The solutions sets of x —y =1, y+2=1,and 24+ 2 =1 each
describe a plane in space. Describe the set of points that lie on all
three planes.

e



CHAPTER 4

The Algebra of Matrices

Our overarching goal, recall, is to understand linear transformations,
and as we saw in Chapter 1, every linear transformation is represented
by a matrix. To progress further toward our goal, not surprisingly, we
now need a deeper understanding of matrices. So far, we have used
them in two basic ways:

e To represent linear transformations, and

e As a notational tool for solving systems with the Gauss-Jordan
algorithm.

We shall now see that matrices encode additional algebraic and geo-
metric meaning.

Algebraically, matrices can be added and scalar-multiplied, just like
numeric and geometric vectors. Much more importantly, however, we
can multiply compatible pairs of matrices to produce new matrices in
a powerful extension of matrix/vector multiplication. The importance
of this matriz product is hard to overstate. We begin to explore it in
Section 1.9 below, after familiarizing ourselves with matrix addition
and scalar multiplication.

1. Matrix Operations

1.1. Matrix addition. As we saw in Chapter 1, any two matrices
of the same size can be added or subtracted entry-by-entry, just as we
add or subtract vectors. For instance

3 -1] [4 4] _[3+4 —1+4 (73
1 2 4417|144 244] |5 6
-1 2 1 -1 -2 3]

4 31 =1-1 1]= 5 2

-2 1 1 -1 -3 2
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We may describe this operation formally as follows:

DEFINITION 1.2 (Matrix addition). The sum C = [¢;;] of two n xm
matrices A = [a;;] and B = [b;;] is again an n xm matrix. We get its
entries from the simple rule ¢;; = a;; 4+ b;;. Addition requires that both
matrices have the same size (the same numbers of rows and columns).

As an entry-by-entry extension of scalar addition, which is commutative
and associative, matrix addition inherits both those properties:

PROPOSITION 1.3. Matriz addition is commutative and associative:
For any matrices A, B, and C of the same size, we have

A+B=B+A, A+(B+C)=(A+B)+C

PROOF. See Exercise 202. O

1.4. Scalar multiplication. In Chapter 1, we saw how to scalar
multiply matrices entry-by-entry. Formally, given any scalar A (the
Greek letter “lambda,” a common symbol for scalars when dealing
with matrices), we have

\ 10 3| [ X 0 3
02 =11 |0 2\ =\
Here’s a careful definition:

DEFINITION 1.5 (Scalar multiplication of matrices). The product of a
matrix A = [a;;] with a scalar X is denoted by AA. The entry in row
i, column j of AA is simply Aa;;, so that A A = [Aayl. O

Scalar multiplication inherits certain properties immediately from ele-
mentary arithmetic just like matrix addition does.

PROPOSITION 1.6. Scalar multiplication distributes over matriz addi-
tion, so that for any two matrices A and B of the same size, and for
any scalar A\, we have

AMA+B)=)A+)\B
Moreover, (Ap) A = X (uA) for any scalar .

(“u” is the Greek letter “mu.”)

As with the commutativity and associativity of addition, this matrix
statement follows directly from the corresponding properties of scalars,
since matrix addition and scalar multiplication both operate entry-by-
entry. We leave the proof as an exercise.
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1.7. Linear combination. Since we can add and scalar multiply
matrices, we can also linearly combine them. For instance:

EXAMPLE 1.8. Consider these three 3 x 2 matrices:

01 3 —2 ~1 2
A=|10 B=|2 -3 C=|-3 4
01 11 ~1 2

Let us compute a typical linear combination; say 5A + 2B — C:

5A +2B — C

0 1 3 -2 -1 2
=5|10|+2|2 -3|—-1] -3 4
0 1 1 1 ~1 2

[0 5 6 —4 -1 2

= |50|+|4 -6|—-] -3 4

| 05 2 2 ~1 2
[ 0+6+1 5—4—2 7 -1
= | 54+44+3 0-6-4 | =112 =10
| 04241 54+2-2 3 5

1.9. Matrix multiplication. Addition and scalar multiplication
are too simple to have consequences of real interest. Indeed, for pur-
poses of addition and scalar multiplication, n X m matrices are really
no different than numeric vectors in R™ (i.e., vectors with n-m en-
tries) whose entries are arranged in several rows and columns instead
of just one.

True matriz multiplication, on the other hand, will have profound new
implications. We can define it easily though, as a column-by-column
extension of matrix/vector multiplication.

Indeed, given two matrices A and B, we compute the product AB
column-by-column as follows:
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To get column j of AB, we multiply A times column j of B:
(26) c;(AB) = Ac;(B)

We shall see other descriptions of matrix multiplication, but this is the
simplest and most illuminating. It is the column-wise definition of
matrix multiplication.

Note that the right-hand side of (26) makes no sense unless the number
of columns in A matches the number of entries in ¢;(B) (which equals
the number of rows of B). If those two numbers match, the formula
above makes sense, and shows how to compute every column of AB—
and thereby AB in full—using matrix/vector multiplication. If they
don’t match, the product simply isn’t defined.

Here is a more precise statement that gives a row-wise definition too:

DEFINITION 1.10 (Matrix multiplication). The product of an n x k
matrix A, and a k X m matrix Bpy,, will have n rows and m
columns:

Anxk X Bk><m - (AB>n><m
Note that the k’s disappear. Column-wise, AB is the matrix whose
jth column is A c;(B):

Aci(B) Acy(B) -+ Ac,(B)

|

Alternatively, we can define AB using dot products and “fast” ma-
trix/vector multiplication as described in Section 1.31 of Chapter 1. .
In this formulation, the (4, j) entry of AB is r;(A) - c;(B):

AB =

[ 1r1(A)-ci(B) ri(A)-ca(B) -+ ri(A)-cn(B) ]
ro(A)-c;(B) ra(A)-co(B) -+ ry(A)-c,(B)
AB =
L ta(A)-ci(B) ry(A)-ca(B) - ru(A)-cu(B) |

4

The column-wise description above is usually the best way to under-
stand matrix multiplication, but the dot-product formula gives a con-
venient way to compute matrix products. Either method gives the same
result.
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ExXAMPLE 1.11.
1 2
A=1|3 4 B:[_g g}
5 6

Here A has two columns, and B has two rows. The product AB
therefore exists. By the column-wise definition, its first column is

0 1 2 —6
A ( 3 > =0 3 | -=-3]| 4 | = —12
5 6 —18
while the second column is
3 1 2 3
A ( 0 ) =31 3 |+0 4 | = 9
5 6 15
So
-6 3
AB=| -12 9
—18 15

The dot-product formula from our definition gives the same result,
though perhaps more cleanly:

(1,2)-(0,-3)  (1,2)-(3,0)

-6 3
AB=| (3,4)-(0,-3) (3,4)-(3,0) | =| 12 9
—18 15

(5,6)-(0,—-3)  (5,6)-(3,0)

Note that the reverse product BA is not defined here, since B has
two columns, which does not match the number of rows (three) in A.

On the other hand, if we replace A by a 2 x 2 matrix, say

1 2
St
then A and B each have two rows and two columns, so both AB and
BA are defined. On the one hand, we have
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1 2 0 3
AB = {3 4} {—3 0}

(3,4)-(0,—-3)  (3,4)-(3,0)

B —6 3
o —-12 9
while on the other, we have
[0 31 2
BA = | -3 0 ] { 3 4 }

O

Here AB and BA are both defined in the example above, but note:
they are not equal.

Indeed, a little experimentation with 2 x 2 matrices quickly shows that
AB and BA wusually don’t agree. Thus, even when defined, matriz
multiplication is generally not commutative.

This is so important that we state it formally:

OBSERVATION 1.12. Matriz multiplication is not commutative. Fven
when AB and BA are both defined, they do not typically agree.

Some pairs of matrices do commute, but by far, most do not, and this
means that when doing algebra with matrices, one must take care not
to change the order of multiplication. For students accustomed only to
the algebra of scalars, this is something new and different, and hence
a common source of mistakes. Be careful about it.

For an extreme example of non-commutativity, take a 1 x n matrix V,

and an n x 1 matrix W. Then VW and WYV are both defined, with

lenwnxl = (VW)lxl
WnXIVIXn - (VW)nxn
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Here, VW is a 1 x 1 matrix—basically, just a scalar—while WV is
much bigger: n X n.

ExaMPLE 1.13. For instance, let n =3 and take

—1
\/1><3:[3_2 5]7 Wi, = 1
—1

The columns of V and the rows of W have only one entry each—
they are individual scalars. So the dot-product formula for matrix
multiplication yields

VW = [3(—1) — 2(1) + 5(~1) ] = [-10]

Indeed, when we multiply an n x 1 matrix by a 1 x n matrix, we're
essentially just treating both as numeric vectors, and computing their
dot product.

Multiplying them in the other order produces a very different result,
however:

~1(3) —1(=2) —1(5) -3 2 -5
WV = 13) 1(-2) 15 |=| 3 -2 5
~1(3) —-1(=2) —1(5) -3 2 -5

REMARK 1.14. While matrix products don’t typically commute, they
sometimes do, and the question naturally arises: Is there some property
that commuting matrices share with each other?

Indeed there is such a property, and it has important ramifications,
especially for square matrices. We won'’t be in a position to understand
it well until Chapter 7, but we can state a rough version of it now, using
the notion of eigenvector that we introduced in Section 1.35 of Chapter
1:

When A and B are n X n matrices, we have AB = BA if and only
if A and B share a suitably large set of eigenvectors.

We can’t be more precise yet about what “suitably large” means here
because it requires notions we won’t introduce for some time (see Ex-
ercise 500). O
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1.15. Distributivity and associativity. While matrix multipli-
cation is not commutative, it does have other familiar properties:

PROPOSITION 1.16. Matrix multiplication distributes over matrix ad-
dition from both sides, so that (when sizes match appropriately) we
always have

AB+C) = AB+AC

(B+C)A = BA+CA
PROOF. Both identities follow easily from the dot-product descrip-
tion of matrix multiplication in Definition 1.10. The first identity
can also be proven very easily from the column-by-column descrip-

tion there. The second is easier using the row-by-row description of
Exercise 210. We leave the details to the reader. U

PROPOSITION 1.17. Matriz multiplication is associative: Any three
compatibly-sized matrices A, B, and C obey the rule

A(BC) = (AB)C

PRroOOF. It suffices to prove this entry-by-entry, showing that the
entries of A(BC) and (AB)C agree in each position.

According to the dot-product description of matrix multiplication, the
entry of A(BC) in row 4, column j, is given by

r,(A) - ¢,(BC)
The column-by-column description of BC, however, tells us that
¢;(BC) = B¢;(C)

Putting these two facts together, we see that the entry of A(BC) in
row i, column j is

(27) r;i(A) - (Bc;(C))

Now the jth column of C, is given by c¢;(C) = (¢1j, 25, ..., Ckj). S0
when we expand out Bc;(C) using the column description of ma-
trix/vector multiplication, we get

Bc;(C) = cijc1(B) + ¢35 ¢2(B) + - + ¢ cr(B)

Putting this into Equation (27) and using the distributive law, the i, j
entry of A(BC) now expands out to

c1;Ti(A) - c1(B) + o5 ri(A) - co(B) + - - - + ¢ r1(A) - ci(B)
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Here the r;(A) - c;(B) terms are exactly—according to our entry-by-
entry rule for multiplication—the entries in row ¢ of AB. So the for-
mula above can be seen as the dot product

¢(C) -1(AB) = 1,(AB) - ¢;(C)

The right side above now gives precisely the entry-by-entry formula for
the i, j entry of (AB)C. Since we started with the i, j entry A(BC),
this is precisely what we wanted to know. 0

1.18. Composition of linear maps. One of the first things we
learned about matrices is that they represent linear mappings. By Def-
inition 5.1 of Chapter 1, an n x m matrix A represents a linear trans-
formation T : R™ — R™ via the simple formula

T(x) := Ax
In other words, A represents T" when we can compute T'(x) for any
input x just by multiplying x by A.

[t turns out that matrix/matrix multiplication also has a simple mean-
ing for the linear maps the matrices represent.

OBSERVATION 1.19. If A and B represent a linear maps T : R¥ —
R”, and S : R™ — R* respectively, then the product AB represents
the composed map T oS : R™ — R".

ProoF. This is an easy calculation. Let x € R™ be any input.
Then since A and B represent 7' and S respectively, we have

(ToS)(x):=T(5(x)) =ASx)=A(Bx)=(AB)x

In short, (T o S)(x) = (AB)x for any input x, which is the same as
saying that AB represents T o S. O

— Practice —

198. Compute the matrix sum A + B, where:

0 -3 (1 -1
a) A=| -2 5|, B=|[2 -2
-3 0 3 -3

1 -2 1 (33 3

b) A:[1 0—1]’ B=l23
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1 00 0 0 -1
c) A=]02 0], B= 0 -2 0
0 0 3 -3 0 0

199. Compute the scalar multiple AA, where:

0 -3
a) A=| -2 5|, A=-=-2
-3 0
b A=|] o 1| A=a
0 0 —1]
) A=| 0 -2 0|, a=111
-3 0 0|

200. Letting

a-[33] m-[23] - [h ]

Compute these linear combinations:

a) A—B+C b) 3A —4C c) —2A+3B+7C

201. Let

|
— O~ N
|
O = N
— N = O
— W N =
— W NN
_ W W W

Compute the indicated linear combinations. (In (d), A and g repre-
sent arbitrary scalars.)

a) A+B  b)A-B ¢)3A—-2B d)AA+uB
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202. Prove:

a) The first assertion of Proposition 1.3 by showing that for any
row ¢ and any column j, the 7,7 entry of A+ B equals that
of B+ A. (If equality holds for every entry, it holds for the
matrices themselves.)

b) The second assertion using the same “entry-by-entry” strategy.

203. Prove the first conclusion of Proposition 1.6 by comparing the
general 7,5 entry of \(A +B) with that of AA 4+ AB. Prove the second
assertion similarly by comparing the general 7,j entry of (Au)A with
that of A(uA).

204. Compute AB and BA given

-1
a) A=[123], B=| 2
| -1
(10 [0 1
b) A:_o —1}’]3:_1 0}
. 2 —1
) A= _? _é _ﬂ B=| -1 2
. 3 —1

205. Let

AZ(l}Q 1?3) and BZ(—é _12>

Compute AB and BA. Are they equal?

206. Let

1 0 0 —1
A:{O _1} and B:{l 0}

Compute AB and BA. Are they equal?
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207. Let
1 -2 3
A= -2 3 1
3 1 -2

x=(1,1,1), y=(1,-1,0), z=(0,1,—1)

Let B denote the matrix with columns x, y, and z:
Xy % ]
a) Ax b) Ay c) Az d) AB
Using the column description of matrix multiplication and the answers

to (a), (b), and (c), you should be able to answer (d) without doing
any further calculations.

B =

Compute

208. Suppose A has n rows and m columns, and that AB and BA
are both defined. What is the size of B?

209. Any square matrix can be multiplied by itself any (whole) number
of times. So when A is square, we can evaluate its powers AZ% A3,
etc.

a) Compute A* for k =2,3,4 with

0 —1
1]
What will higher powers give?

b) Compute A* for k = 2,3,4 with
-1 0
KK
What will higher powers give?

c) Compute A* for k= 2,3 with

R

What will higher powers give?
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210. Suppose B is a k x n matrix and
Xiwp=[ @1 x2 -+ ap |
a) Show that we have
XB = z111(B) 4 zore(B) + - - - + 241(B)

This “vector/matrix” product is the row-analogue of the ma-
trix/vector multiplication we defined in Chapter 1 (Definition
1.20).

b) The vector/matrix product above gives yet another “row-by-
row” way of describing matrix multiplication, in which the ith
row of AB is given by the vector/matrix product r;(A)B:

I (A)B

I'Q(A)B
AnXkBka = .
r,(A)B

Does this give the same result as the dot-product description in Defi-
nition 1.107 Explain.

211. Write a proof of Proposition 1.16. [Hint: Use the dot-product
description of matriz multiplication, along with distributivity of the dot-
product over vector addition (Corollary 1.30).]

— % ——

2. Special Matrices

2.1. The transpose. The rows of an n x m matrix A liein R™.
When we take these same rows and write them vertically as columns,
we get a new matrix called the transpose of A. The transpose of an
n X m matrix is m X n.

DEFINITION 2.2. The transpose of an n x m matrix A, denoted AT,
is the matrix whose ith row is the ith column of A. It follows that the
jth column of AT is also the jth row of A. In symbols,

r;(A") =c¢;(A) and c;(AT) =r;(A)
If we write a; and aj; for the entries in row 7, column j of A and A

respectively, the definition of A7 says that the entry in row i, column
j of A turns up in row j column i of A”.
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Symbolically,
(28) aj; = aji
forall i =1,2,...,n and j=1,2,...,m. O

Visually, we get AT by “reflecting” A across its diagonal. Here are
some examples.

EXAMPLE 2.3. The rows of any matrix form the columns of its trans-
pose, which can also be constructed by reflecting the original matrix
across the diagonal that heads southeast from the upper-left corner.
Verify that by inspection for each pair below:

1 4
A:Hég] AT—| 2 5
3 6
1 2 3 100
B=|05 6 B'=1|2 50
007 36 7
1
0
V=|-2 Vi=[10 -2 0 1]
0
1

0

Note that the diagonal (i = j) entries of a matrix—the a;;’s (marked
with bold in the examples above)—never change when we transpose.
But certain matrices don’t change at all—or change only the signs of
entries—when transposed:

DEFINITION 2.4. A matrix A is symmetric if it equals its transpose:
AT = A. Tf, contrastingly, transposition changes the signs (but not
the absolute values) of all entries, so that AT = —A, we say that A
is skew-symmetric. O

Note that both symmetric and skew-symmetric matrices are necessarily
always square.
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EXAMPLE 2.5. Here are two symmetric matrices. Verify by inspection
that transposition does not change them: ST =S and Qf = Q.

12 -3
SZH?)} Q=| 2 0 -2
3 2 1

Below we exhibit two skew-symmetric matrices. The reader should
verify that transposition changes the sign of every entry, so that X7 =
—X and YT = -Y.

02 -3
XZ{_S g} Y=|-20 -2
32 0

Two key properties of the transpose are easy to prove:

PROPOSITION 2.6. Transposition distributes over addition, and done

twice, returns any matriz to itself. In symbols, for any square matrices
A and B, we have

(A+B) =AT+B” and (A7) =A

Proor. Compute the general i, entry on both sides of each iden-
tity and check that they agree. We leave this as an exercise. 0

Transposition does not “distribute” over matrix multiplication like it
does over addition, however—at least, not quite. There’s a twist. To
see this, consider the matrices Asy3 and Bsy3 of Example 2.3 above.
We can form the product AB in the usual way:

1 2 3
1 2 3 1 12 36
AB- | [[os6]-| }
4 5 6 00 7 4 33 84

The product of transposes, namely ATB7, is not even defined, however,
since AT has 2 columns, while B” has 3 rows. On the other hand, if
we reverse the order, we can multiply:

100 1 4 1 4
B’AT=12 5 0 2 5| =112 33
36 7 3 6 36 84

Notice that AB and B”AT above turn out to be transposes of each
other. This is no accident:
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PROPOSITION 2.7. Whenever AB 1is defined, we have
(AB)" = BTAT

In words, the transpose of a product is the product of the transposes in
reverse order.

Proo¥r. This follows easily from the dot-product formula for matrix
multiplication. Indeed, let ¢;; and ¢;; denote the entries in row 4 and
column j of (AB)? and BT AT, respectively. We want to show that
Cij = E”

To do so, recall that by definition of transpose, c¢;; is the j,¢ entry of
AB, which we can compute by dotting row 5 of A with column i of
B:

cij =1;(A) - ci(B)

Compare this with ¢;. The dot-product formula for entries of BT AT
computes it as

¢y =1; (BY) - ¢; (A7)
But 1;(B?) = ¢;(B), by definition of the transpose, and likewise,
c;(AT) =r;(A). Substitute these into the formula above for ¢; and

we immediately see (since dot products commute) that ¢; = ¢;; as
hoped. U

As a special case of this Proposition, we get a fundamental fact about
the relationship between matrix/vector multiplication (which we know
represents linear transformation) and dot products:

COROLLARY 2.8. Suppose A 1is an n x m matrixz. Then for any
x € R™ and y € R", we have

Ax - y=x-Aly

In other words, when we have a matrix/vector product on one side of
a dot product, we can always move the matrix onto the other factor,
provided we first transpose it.

Note too that the dot product on the left takes place in R", while the
one on the right happens in R™.

ProoF. To prove the Corollary, we interpret x and y as mx1 and
n x 1 matrices [x] and [y]. The dot products can then be interpreted
as matrix products. For example, we have

Ax-y = [y]"Alx]
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The desired formula then follows immediately when we transpose both
sides of this identity and apply the Proposition. We leave the details
as an exercise. O

2.9. Triangular and diagonal matrices. Consider an arbitrary
square matrix A = [a;j|nxn. The entries of A whose row and column
indices are equal, like a1, ass, etc., are called diagonal entries, because
they lie along the main diagonal joining the upper-leftmost entry a;
to the lower-rightmost entry a,,. For instance, the diagonal entries of
the following matrix, aq1, ase, and assz, are in bold:

1 2 3

4 5 6

7 8 9
Further,

e When i > j (row index > column index), a;; lies below the
diagonal.

e When ¢ < j (row index < column index), a;; lies above the
diagonal.

DEFINITION 2.10. A square matrix is upper-triangular when all en-
tries below its diagonal vanish: a;; = 0 whenever ¢ > j. For instance,
the following matrices are all upper triangular:

1010

g_g_g 0101 00

0 o0 ol 0010} 0 0
0001

Note that the zero matrix on the right is upper-triangular, since its
entries below the diagonal vanish. The entries on the diagonal and
above the diagonal vanish too, but that’s irrelevant. All that’s required
for upper-triangularity is for every entry below the diagonal to vanish.

Similarly, a square matrix is lower triangular if all entries above its
diagonal vanish. That is, a;; = 0 whenever ¢ < j, as in these examples:

1 0 00
2 1 00 2 0
’ 1 -2 10|° {031
3 1 -21

|
NN
w oo
N OO
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The matrix on the right is lower triangular because its sole entry above
the diagonal vanishes. Note that this matrix is also upper triangular,
since the entry below the diagonal vanishes too.

We say that A, «, is triangular if it is either upper or lower triangu-
lar. If A,x, is both upper and lower triangular, we call it a diagonal
matrix. In a diagonal matrix, all entries above and below the diagonal
vanish. The diagonal entries themselves can be anything—even zeros.
Each of the following matrices, for instance, is diagonal:

el

The Venn diagram in Figure 1 depicts the relationships between upper-
triangular, lower triangular, and diagonal matrices.

o O ©
O = O
N OO
O O O =
o O OO
O = O O
N O OO

l

Upper triangular Diagonal Lower triangular

matrices matrices matrices

Figure 1. Triangular matrices. The overlapping sets of
upper and lower triangular matrices together form the uni-
verse of triangular matrices. Matrices in the intersection of
these two sets are diagonal.

Triangular and diagonal matrices play key roles in the algebra of ma-
trices because they form “subalgebras.” By this we mean that sums
and products of upper-triangular matrices remain upper-triangular,
and similarly for lower triangular and diagonal matrices. The sub-
algebra of diagonal matrices is even commutative: AB = BA when



2. SPECIAL MATRICES 185
A and B are diagonal. We only scratch the surface of these concepts

here, mainly through the exercises at the end of this section.

2.11. Identity matrix. For any positive integer n, the n x n
diagonal matrix whose diagonal entries are all 1’s, namely

100 - 0
010 - 0
I,—|001 - 0
000 - 1

is called the n x n identity matrix. It is the multiplicative identity
for matrix algebra, meaning that multiplication by 1, from either side
leaves a matrix unchanged. In other words, for any matrix A = A, x«m,
we have

I,A=AI,=A

This follows easily from the column-by-column description of matrix
multiplication, and it shows that the identity matrix I,, plays the same
multiplicative role for matrices that 1 plays for scalars.

There is also an additive identity matrix: the zero matrix 0,y,,. It
is populated entirely by zeros, and clearly,

0+A=A+0=A

for any n X m matrix A.
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— Practice —

212. Compute the transposes of each matrix below. Which are sym-
metric? Skew-symmetric?

11 1 2
A—_25 B—_25]

1 2 -
c=|3 1 [} 23]

| 5 6 i

[0 1 2 0 1 -2
E=|1 3 1 F=| -1 0 1

2 10 2 -1 0

213. What matrix A represents the linear map R* — R” given by
P ('Ila T2, T3, ZE4) = (xla Tg, X3, Ty, 07 07 O)

Give a similar formula for the linear map represented by A”. Which
of these maps (if either) is onto? Is either one-to-one?

214. Explain why
a) Symmetric and skew-symmetric matrices are always square.

b) The diagonal entries of a skew-symmetric must always vanish.

215. With reference to the matrices in Exercise 212 above,
a) Compute (AD)T, ATDT, (DA)?, and DT AT . Which pairs
are the same? Compare Proposition 2.7.

b) Compute A + AT and A — AT. Is either symmetric or skew-
symmetric? Compare statement (a) in Exercise 214 below.

c¢) Compute CTC and DD?. Is either one symmetric or skew-
symmetric? Compare the statement of Exercise 216 below.
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216. Show that

a) If A is any square matrix, then A + AT is symmetric, while
A — AT is skew-symmetric.

b) That every square matrix can be written as the sum of a sym-
metric matrix and a skew-symmetric matrix.

217. Prove: If A is an n x m matriz, then ATA and AAT are
always defined, and are both symmetric.

218. Arguing that corresponding entries are equal, write a proof of
Proposition 2.6.

219. Verify that Corollary 2.8 holds with
a) x = (2,-7,1), y = (3,—2), and
2 -3 5
A= { 5 0 -2 }

b) x=(1,-1), y =(2,—1,3,—2), and

1 3
2 —4
A=1, 4
0 5

220. [Hint: Review Observation 1.12 in Chapter 1 before doing this
exercise.|

a) Verify that for any x = (z,y) € R? we have I,x = x, and
that for any x = (z,y,2) € R?, we have I3x = x.

b) Use the column description of matrix/vector multiplication to
show that I,x = x for any x = (z1,29,...,2,) € R™.
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221. A familiar and important algebraic property of scalars says this:
If ab =0, then either a =0 or b=10
The corresponding fact is false for matrices!

a) Find a pair of 2-by-2 matrices A and B such that AB =0,
but A # 0 and B # 0. (Your matrices may have some zero
entries—but each must have at least one non-zero entry.)

b) Do this without putting any zeros in either matrix! [Hint: Can
you make the rows of A orthogonal to the columns of B ?]

222. What form do the powers A2, A3, etc. take when A is a diagonal
matrix? (Experiment with the 2-by-2 and 3-by-3 cases first to get a
sense of what to expect.)

223. Suppose A and B are both diagonal matrices.

a) Show that the product AB will again be diagonal. Is it the
same as BA?

b) Matrices don’t have to be diagonal to commute. Find a non-
diagonal 2 x 2 matrix that commutes with

2]

224. Suppose A and B are both triangular matrices.

a) Show that in the 2 x 2 case, AB will be upper-triangular
if both A and B are. Do this directly by computing the
product of

| a1 Q12 . bi1 by
A—{ 0 cm} and B—{ 0 522]

b) Show that AB will be upper-triangular if both A,., and
B, . are upper-triangular for any n. (Since the 7, j entry of
AB is r;(A)-c;j(B) = 0, you need to argue that r;(A)-c;(B) =
0 when ¢ > j.)

¢) Is the product of 2 x 2 lower triangular matrices again lower

triangular? How about in the n x n case? (You can deduce
these answers easily from (b) above by taking transposes.)
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225. Compute all powers A, A2 A3 etc., for the matrices

a) A = b) A =

o o O
o O =
o = O
OO =
e R S
— = O

3. Matrix Inversion

Recall that scalars a and b with ab =1 are called reciprocals. In that
case we also call them multiplicative inverses. Some matrices have
multiplicative inverses too:

DEFINITION 3.1. (Matrix Inverse) When A and B are matrices with
AB = BA =1, for some n, we say that B is the inverse of A,
written B = A™'. Likewise, A is the inverse of B (i.e., A =B™!).

By an easy exercise, the inverse condition AB = BA =1,, forces both
A and B to be n x n. In particular, only square matrices have
inverses. O

This definition actually assumes a bit more than it needs to: it would
have sufficed to require just AB =1, (or just BA =1,,), since each
of these “one-sided” facts implies the other, thanks to the following:

PROPOSITION 3.2. For square matrices, AB =1, forces BA =1,
and vice-versa.

Rather than interrupt the flow of ideas here, we leave the proof of this
fact to the end of this section.

ExAMPLE 3.3. Consider the 2 x 2 matrices

3 4 7T —4
A_{E) 7] and B_{—E) 31

These are inverse to each other, since AB = BA = I,. Indeed, we
may compute
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7T —4][3 4
BA = 5 3]{5 7}
[ 73-45 T-4—-4-7
" | -3-543-5 —5-4+43-7
[ 21-20 28-287 [10
T | -154+15 —20+21 ] ~ |01

The reader should check that AB =1, as well. So we can express the
relationship between these two matrices by writing

B

5 7] ~| -5 3
or

(347 [ 7 -4

5 7] -5 3

U

All scalars except zero have reciprocals. That’s not true for matrices:
many square matrices have no inverse. For instance,

1 2
StR
has no inverse. Indeed, the second column of BA will always be twice
the first column, no matter what B is. Can you see why? [Hint:

Matriz multiplication operates column-wise.] Since the second column
of I, is not twice its first, this makes it impossible to arrange BA = 1.

DEFINITION 3.4. A square matrix that has no inverse is called non-
invertible or singular. U

The question as to which square matrices are invertible and which are
not is crucial, and we shall learn several different ways to answer it.
Like non-commutativity, the non-invertibility of many square matrices
makes matrix algebra much subtler than that of scalars. Still, matrices
are like scalars in some respects. For instance:

PROPOSITION 3.5. A square matriz has at most one inverse.

PROOF. Suppose A, x, had two inverses, B and B’. Then AB —
AB =1, — I, = 0,x,. The distributive law then yields A(B — B’)
0,,%. Multiply both sides of this equation—on the left—by B to get

BA(B-B)=B0



3. MATRIX INVERSION 191

Since BA =1, and B0 = 0, the equation now reduces to
B-B' =0

which forces B = B’. The two supposed inverses are thus equal. [

3.6. Three questions. Three questions should now be forming in
the reader’s mind:

1) What are inverses good for?
2) How can we tell if a matrix has an inverse?
3) If a matrix has an inverse, how can we find it?

As mentioned above, there are several ways to answer Question (2)—
that is, to test a matrix for invertibility. In the end, most of them rely
on the Gauss-Jordan algorithm. In fact, we’ll show below how to settle
both (2) and (3) very nicely using Gauss-Jordan.

Question (1) is broader. What are inverses good for? We should start
by saying that invertibility (or the lack of it) will play a big role in
several of our future explorations. Just knowing whether a matrix is
invertible or not (i.e., answering Question (2) above) is often as useful
as knowing what the inverse actually is, in answer to Question (3)).

Nevertheless, we can start to make the case for the importance of in-

verses by considering the simple situation of a linear system with square
coefficient matrix A. Suppose we want to solve

Ax=Db

If we know an inverse for A, we can solve the system with a single
matrix/vector multiplication. Indeed, when A is invertible, the system
above has exactly one solution, given by x = A~'b.

To see this, just start with Ax = b, multiply on the left by A~!, and
simplify:

Ax =D
A7'Ax = A7
ILx = A™'b
x = A7b

This calculation proves some simple but important facts:
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PROPOSITION 3.7. If an n X n matriz A s invertible, then

i) The linear system Ax = b has exactly one solution for each
b € R".

ii) The linear transformation T represented by A is both one-

to-one and onto.

Proor. Conclusion (ii) means that every b in R™ has at most one
pre-image (7" is one-to-one) and at [east one (T is onto). So Conclusion
(ii) is really the same as Conclusion (i), which says that each b has
exactly one pre-image. It therefore suffices to prove Conclusion (i).

For that, simply substitute A~'b for x, and see that A~'b does
solve the system. At the same time, by the calculation preceding the
Proposition, any x that solves the system has to equal A~'b. Thus,
A~'bis the one and only solution of Ax = b when A isinvertible. [

ExXAMPLE 3.8. Suppose we want to solve

3r+4y = by

This system can be abbreviated as Ax = b, where

A:[g ‘71] and b:[bl}

We saw in Example 3.3 that the inverse of this matrix A is

L[ 7 4
S Y

So for any (by,bs) € R?, the unique solution to Ax =b is

am = [ D]

[ by — by
= | —5by +3by

The inverse here gives a general formula for the solution of the sys-
tem, no matter what right-hand side b we target. O



3. MATRIX INVERSION 193

3.9. The inverse of a product. When n x n matrices A and
B are both invertible, so is the product AB, and as we might hope,
the inverse of AB is the product of the inverses—but in reverse order.
The inverse of the product thus exhibits the same order-reversal that
we encountered for the transpose of a product:

ProrosITION 3.10. If n X n matrices A and B are invertible, then
AB is invertible too, with

(AB)"' =B !A"!

Proor. If A and B are both invertible, and we multiply AB on
the right by B™*A =L, the associativity of matrix multiplication lets us
deduce

(ABB'A)=ABB HA '= AL, A '=AA ' =1,
In exactly the same way (or by Proposition 3.2) we likewise get
(B'A™)(AB) -1,
So AB is invertible, with inverse given by B~'A~1. O

We conclude this section by fulfilling our promise (stated as Proposition
3.2) to prove that a matrix that inverts A from the right automatically
inverts it from the left as well.

PROOF OF PROPOSITION 3.2. Suppose A and B are n x n ma-
trices with AB = I. Then for any b € R", we have

(29) ABb=Ib=b

This shows we can solve Ax = b for any target b € R"—just take
x = Bb. The linear transformation 7T represented by A is therefore
onto, and by Corollary 6.12 of Chapter 2, that makes it one-to-one as
well. In particular, T' never sends different inputs to the same output.

With this in mind, take any x € R", and replace b by Ax in (29),
to get
ABAx = Ax

Since A represents T', we can see this as T (BAx) = T'(x). In other
words, T" maps BAx and x to the same output. But we just deduced
that T is one-to-one; it never sends different outputs to the same input.
So these inputs must be the same: we must have BAx = x for every
x, which forces BA =1.

In short, AB =1 implies BA =1, as hoped. O
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3.11. The Inversion Algorithm. We now tackle questions (2)
and (3) from Section 3.6 above: How do we tell if a square matrix has
an inverse? When it does, how do we find it?

One algorithm answers both these questions—and it amounts to little
more than Gauss-Jordan, applied to a “super-augmented” matrix. We
first present the algorithm. After we practice with it, we’ll figure out
why it works.

Inversion Algorithm. To determine whether A, ., isinvertible, and
to find the inverse if it is, take these steps:

1) Set up the n x 2n super-augmented matrix [A ‘ In}.

2) Row-reduce using Gauss-Jordan until the left half reaches RRE
form. The resulting matrix will then look like this:

[RRE(A) | X]
where X is some square matrix.
3) If RRE(A) =1,,, then A is invertible, with A~! =X (!)

4) If RRE(A) # I, then A is not invertible. For when we see
(at any point during the row-reduction) that RRE(A) # I,
(e.g., if the matrix develops a row or column of zeros) we can
immediately conclude that A has no inverse.

EXAMPLE 3.12. Let us find the inverse of

ae 5 7]

According to the instructions above, we should proceed by row-reducing
the super-augmented matrix [A|I]. This goes as follows:

2 5 10] W2 [15/2] 1/20
3701 I3 7| 01

r2-3rl 1 5/2 | ]_/2 0 (=2)r2 1 5/2 | ]_/2 0
"lo —1/2 | —3/2 1 "lo 1| 3 -2

rl-(5/2)r2 1 0 | -7 5
"lo1 ] 3 -2
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At this point, the left side has reached RRE form—and equals I. The
original matrix A is therefore invertible, with its inverse given by the

right-hand block:
2 5170 [-7 5
37 N 3 =2

Multiplying this result by A does gives I, —our calculation checks
out. U

ExXAMPLE 3.13. Similarly, we find the inverse of

O O =
W = N
O O

by augmenting it with I3 and row-reducing:

OO =
W = N

Since that left-hand block has again reached the identity matrix, we
conclude that the original matrix was indeed invertible, with

1 20 1 -2 0
010 =10 10
0 3 1 0 -3 1

Again, it’s easy to check our result: Multiplying the original matrix by
the supposed inverse gives I3, as it should. O
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EXAMPLE 3.14. As a final example, we show that the matrix

1 -1 0
0 1 -1
-1 0 1

1 -1 0100 4, 1 -1 0] 100
0 1 -1 ]o010|—"=|0 1 -1]010
-1 0 1]001 0 -1 1] 101

s [T -1 0100

— 5% l0o 1 -1]010

0 0 0] 111

At this point, the row of zeros at the bottom of the left-hand block
clearly tells us that A will not row-reduce to Is. According to our
algorithm, that means A has no inverse. O

— Practice —

226. We found a pair of inverse matrices in Example 3.3, namely

|13 4 1 7T —4
A—{S 7] and A —{_5 3}

a) Show that the following also invert each other:

(12 o [-3 2
B[} 2] wa =] Y]

b) Compute the matrix products AB, A~'B~!, and B"'A~1.

c) Show that (AB)(B™'A™!) = I,, while (AB)(A™'B7!) is
very different from I.
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227. Verify that these pairs of matrices are inverses.

210 -4 10
a) 9 0 and 9 -2 0
01 1 -9 21
(1 0 0] 1 0 0]
b) 2 10 and -2 10
3 21 1 -2 1
0010 [0 010
0 0001 and 0001
1000 1000
0100 0100

228. Imitate Example 3.8 to find a general formula for the solution of

r+2y = by
20+ 3y = by

Use the invertibility of the coefficient matrix B, which (along with its
inverse) appears in part (a) of Exercise 226 above.

229. If a,b # 0, what values must ¢ and d have if
¢c 0] [ao0]" 0
0O d| |00 ’

230. Generalizing from Exercise 229, what diagonal matrix will invert
D below, assuming a, b, and ¢ are all non-zero?

D =

o O Qe
o ot O
o O O

State a reason why D cannot have an inverse if a = 0.

231. Suppose A is invertible. Show that the transpose of A~! must
equal the inverse AT (show that (A=!)7 inverts AT), thus proving
that transposes of invertible matrices are invertible. [Hint: Use Propo-
sition 2.7.]
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232. Determine whether each 2 x 2 matrix below is invertible. If it is,
find its inverse.

o [31] w5 S @ 1Y)

—_
o=

N
W=

233. Determine whether each 3 x 3 matrix below is invertible. If it is,
find its inverse.

1 20 1 20
a) 1 3 2 b) 1 31
011 011
1 1 1] 1 0 1]
c) 1 01 d) 1 10
111 111

234. Determine whether each 4 x 4 matrix below is invertible. If it is,
find its inverse.

1 1 1 1 2 1 1 1
1 1 —1 -1 1 0 —1 —1
a) 1 -1 -1 1 b) 1 -1 0 1
1 -1 1 -1 1 -1 1 2

235. Show that the general 2 x 2 matrix
a b
A=l
is invertible if and only if ad — bc # 0, in which case A~! is given by

SRR

Cad—be | —¢ a

This general formula for the inverse of a 2 x 2 matrix is worth memo-
rizing.
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236. For what values of A\ (if any) are the matrices below singular, i.e.,
non-invertible?

D[33) w[n] o[l

Y

237. Prove these easy properties of the matrix inverse.

a) (A H1=A
b) If A is invertible, then so is kA for any scalar k # 0, with
1
kAT =~ A7
(kA)" = o

c) If A is invertible, so is AP for any positive integer p, with
(Ap)—l _ (A—1>p

238. Proposition 3.10 tells us that the product of invertible n x n
matrices is again invertible. Is the same true for sums? That is, does
invertibility of A and B imply that of A +B? Prove it does, or show
(by counterexample) that it does not.

239. If an upper-triangular matrix is invertible, its inverse will also
be upper-triangular. Can you explain this as a consequence of the
inversion algorithm?

7*7

4. A Logical Digression

We now want to understand the inversion algorithm—to see why it
works. For this, and increasingly as we go forward, we will use mathe-
matical reasoning at least as much as calculation. To prepare for that,
we digress to briefly discuss some basic facts about logic.

Specifically, we present the four fundamental templates for the relation-
ship between a pair of mathematical claims, or assertions P and Q).
These four templates are known as statement, converse, obverse,
and contrapositive.
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4.1. Statements. Every mathematical theorem makes a state-
ment about some set of objects, where by statement, we specifically
mean an assertion of the form

If P then QQ

This is the same as saying P implies (). FEither way, we express it
symbolically like this:

P = Q

We call P the hypothesis, and () the conclusion of the statement.
Here is a simple example:

Let X be a quadrilateral in the plane. If X 1is a square,
then X 1is a rectangle.

The opening phrase here, Let X be a plane quadrilateral, just spec-
ifies the set of objects under discussion: quadrilaterals in the plane.
Then comes the statement: If P then (), where P and () are these
assertions:

P: X is a square

Q@ : X is a rectangle

In this simple example, the classic “Let. .. If...then” structure is clear.
Every theorem has this same structure, even when it isn’t so obvi-
ous. For example, we could have stated the very same theorem about
quadrilaterals more succinctly as follows:

All squares are rectangles.

This version doesn’t bother to say that it concerns quadrilaterals—it
assumes the reader will realize that. It doesn’t use the words if or then
either, but it still means the same thing: if X is a square, then X 1is
a rectangle.

Every mathematical theorem, proposition, corollary, and lemma can
be given this same “Let. .. If...then” structure.

We can illustrate this structure with a diagram that depicts the set
we're considering as a rectangular “universe” containing two circular
subsets: the subset of objects for which P is true, and the subset for
which @ holds (Figure 2).

The statement above about squares and rectangles happens to be true,
so we can call it a theorem. Of course, we may easily construct false
statements too. Consider this statement about the set of polygons:

If a polygon X has equal sides, then X 1is a rectangle.



4. A LOGICAL DIGRESSION 201

All Quadrilaterals

Figure 2. Typical true statement (theorem). The set
for which @ is true contains the set for which P is true,

which makes P = @ true: If a quadrilateral lies in P, then
it certainly lies in the larger set Q.

This is false—but it’s still a perfectly well-formed statement. It has a
perfectly good hypothesis P—that X has equal sides—and a perfectly

good conclusion @): that X is a rectangle. It just happens to be false.
Figure 3 illustrates.

‘\ | P !
L ! (Rectangles) /
-
(Polygons with equal sides) .~ ;
All Quadrilaterals

Figure 3. False statement. The set ) overlaps, but does

not contain P, so P % (). Some polygons with equal sides
are rectangles, but some are not.
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4.2. Converse. When we swap the order of hypothesis and con-
clusion to form the reverse implication

If Q then P

we get a new statement called the converse of the original. The crucial
thing to realize about the converse is this:

The converse is independent of the statement.

That is: The converse of a true statement can be true or false—neither
18 automatically the case.

ExAMPLE 4.3. The square/rectangle statement above is a great exam-
ple to remember, because it shows that the converse can be false even
though the statement is true:

Statement:  If X is a square, then X is a rectangle. (True)

Converse:  If X is a rectangle, then X is a square. (False)

4

The converse of a true statement doesn’t have to be false, however. For
instance, consider the following variant of the example above:

EXAMPLE 4.4. Suppose we have assertions P and @) as follows:

P X is a square.

Q : X is a rectangle with four equal sides.

With these values for P and @), both the statement and its converse
are true, as follows.

Statement:

If X is a square, then X is a rectangle with four equal sides.

Converse:

If X 1s a rectangle with four equal sides, then X is a square.

Both the statement and converse here are clearly true. U
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4.5. Equivalence. The converse of a true statement isn’t neces-
sarily true, as in Example 4.3, but a statement and its converse may
both hold, as in Example 4.4. In that situation, we have both P = @
and Q = P, and we say that the P and () are equivalent asser-
tions, written

P <= Q@

When we have equivalent assertions, we usually economize. Rather
than assert both the statement and its converse separately, we usually
adopt one of two strategies. The simplest of these is just to list the
assertions and say they are equivalent. For example,

PROPOSITION 4.6. Let X be a quadrilateral. Then the following are
equivalent:

e X is a square.

o X is a rectangle with four equal sides

This is logically the same as saying that each assertion implies the
other, and we will employ this formula whenever convenient—especially
when we have more than just two equivalent assertions. The first im-
portant example of this occurs in the next section (Theorem 5.7).

Typically, however, when we just have two equivalent assertions, we
don’t construct a “TFAE” (The Following Are Equivalent) statement
like the one above. Instead, we use “if and only if” like this:

P if and only if Q.

Here, only if means P can’t hold without (). As we shall shortly see
(“contrapositive” below), this is just another way of saying P = Q.
The if clause, on the other hand, reverses the implication, claiming
that @@ = P. In other words, the if clause states the converse. So if
and only if packs both the statement and its converse into one short
formula.

For example, we could state Proposition 4.6 above using if and only if
like this:

PROPOSITION 4.7. X is a square if and only if X s a rectangle with
four equal sides.
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Read Proposition 4.7 carefully to convince yourself that it means both
Fvery square is a rectangle with four equal sides.

and
Every rectangle with four equal sides is a square.

The matrix inversion algorithm provides another example of if and only
if. For it asserts (among other things) that

PROPOSITION 4.8. An n X n matriz A is invertible if and only if
RRE(A) =1,.

Again, if and only if asserts that both the statement and its converse
hold. Diagrammatically, it means that in the set of objects under con-
sideration, those for which P holds are the same as those for which
@ holds (Figure 4). Theorems of this kind are especially interesting
because they pack two truths into one result: they tell us that a certain
statement and its converse are both true.

P = Squares

P=0

0 = Equilateral rectangles

All Quadrilaterals

Figure 4. If and only if. When the set for which @ holds
1s the same as the set for which P holds, we have P if and
only if @, written P < Q.

4.9. Contrapositive and obverse. We get the obverse of P =
Q@ by negating P and ) both. If we negate and swap P and @, we get
the contrapositive. Statement, converse, obverse, and contrapositive
thus take the following forms:
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Statement If P, then Q.

Converse If Q, then P.
Obverse If P is false, then @ is false.
Contrapositive If Q) is false, then P 1is false.

ExXAMPLE 4.10. Again consider the simple true statement
If X is a square, then X 1is a rectangle.

The converse of this statement (If X is a rectangle, then X is a square)
is false, as we have seen. But the contrapositive,

If X is not a rectangle, then X 1is not a square.

is certainly true. U

The contrapositive (as the Example above suggests) is always equiva-
lent to the original statement, and this equivalence of statement and
contrapositive lies at the very heart of mathematical reasoning. It is
easy to understand diagrammatically: we depict it in Figure 5.

All objects

Figure 5. Equivalence of statement and contraposi-
tive. The statement P = (@ is true here: If a point belongs
to P (“P is true”), then certainly it belongs to @ (“Q is
true.”). The contrapositive says that when a point lies out-
side @ (gray: “Q is false”), then it certainly lies outside of
P (“P is false.”). Both statement and converse amount to
saying “Q) contains P,” so they are equivalent.
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To anyone serious about learning mathematics, the equivalence of state-
ment and contrapositive must become second nature, for it is one of
the most useful tools in the mathematical toolbox. Here’s why:

Though logically equivalent to the statement, the contrapositive is often
easier to prove.

The next Example illustrates this within linear algebra.

ExXAMPLE 4.11. Consider these claims about a square matrix A, «, :

P: Ax =0 has a non-trivial solution.
Q@ : A s singular.

With these meanings for P and (), the resulting statement asserts

OBSERVATION 4.12. If A is an n X n matriz, and Ax = 0 has a
non-trivial solution, then A is singular.

While this is true, it is actually easier to prove the contrapositive,
namely

OBSERVATION 4.13. If A, x, is invertible, then Ax =0 has only the
trivial solution.

Logically, the two Observations mean exactly the same thing. But the
latter is easier to prove. Indeed, it’s a special case of Proposition 3.7,
which says that when A is invertible, the general system Ax = b has
exactly one solution no matter what b is. When b = 0, we already
know one solution—the trivial solution x = 0. So if there’s only one
solution, that must be it. O

So much for the virtues of the contrapositive. What about the ob-
verse?

A glance at the definitions shows that the obverse is the contrapositive
of—and hence logically equivalent to—the converse. For that reason
one seldom encounters the obverse directly. If the converse is true, then
the obverse automatically holds, and one need not state it separately.
If the converse is false, so is the obverse, which then holds little interest.

4.14. About negation. The negation (or falsification) of a simple
assertion like X is a rectangle is pretty obvious: it is X is not a rectan-
gle. More care is required for qualified assertions involving expressions
like some, all, every, and there exists.

Suppose, for instance, we make an assertion like

All math professors are boring.
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To negate this all assertion, do not negate the word all to get none.
Instead, change all to some and negate the property (here boring). So
the correct way to say it is false that all math professors are boring is

Some math professor is not boring. (Correct negation)

not

No math professors are boring. (Incorrect negation)

The second formulation is wrong because it is too strong. The statement
all math professors are boring is clearly false if even one math professor
is not boring.

In general, for a statement of the form

All X have property Y.
the correct negation is

Some X does not have property Y.

Conversely, the negation of the some statement above is the all state-
ment before it.

Since every is closely related to all, similar considerations hold for it.
For instance, to negate a statement of the form

For every X, there exists a Y with property Z.
we assert
For some X, there exists no Y with property Z.

Considered cautiously, these facts are common sense, but they are easy
to get wrong if one is hasty or careless.

EXAMPLE 4.15. A correct negation of

FEvery pot has a cover.
18

Some pot has no cover.
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Here are some mathematical examples:

EXAMPLE 4.16. One of the most famous unsolved problems in mathe-
matics is the Goldbach conjecture, which states:

FEvery even number greater than 2 is the sum of two primes.

The negation of this statement (the assertion that Goldbach’s conjec-
ture is false) would be stated like this:

Some even number greater than 2 is not the sum of two primes.

In a more linear algebraic spirit, let A be a fixed n X m matrix, and
consider this statement:

For some b € R", the system Ax = Db has no solution.
The correct negation of this statement is
For all b € R", the system Ax =Db has at least one solution.
Similarly, the negation of
There exists a b € R" for which Ax =b has many solutions.
would be

For every b € R", the system Ax =Db has at most one solution.
O

Finally, we mention the negation of compound statements—statements
with and or or, which get swapped by negation. Consider, for instance,
the statement

(30) All students are both ambitious and smart.

To negate this, we change the all to some as discussed above. But we
must also change both to either and the and to an or:

Some student is either not ambitious or not smart.

For the existence of even one student who is smart, but not ambitious—
or one student who is ambitious but not smart—clearly falsifies state-
ment (30).

Similarly, to negate an or statement like
That child is either hungry or tired.

we must change the or to an and:
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That child is not hungry, and she’s not tired.

Figure 6 depicts the logic of and and or using a Venn diagram.

not Q and not P

Figure 6. And/Or. Blue discs P and @ are the points
for which P and @Q respectively are true. The dark blue
intersection depicts “P and Q.” By “P or (),” we mean the
union of the light or dark regions, so the negation of “P or
Q" shows up here as the gray region: “not P and not Q.”
The negation of the dark blue region is the union of the light
blue and gray regions, corresponding to “not P or not Q.”

4.17. Summary. The four named implications between assertions
P, @, and their negations (falsifications) come in two equivalent pairs:

Statement: If P then QQ

Contrapositive: If Q) is false, then P is false
Converse: If Q then P

Obverse: If P 1is false then Q 1is false

Within each pair, both statements hold or fail together—both are true,
or both are false. But the truth of each pair is completely independent
of the other pair. Either pair can be false when the other is true.

When the statement and converse (and hence all four assertions) are
simultaneously true, we say that P and () are equivalent, and often
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use an if and only if formulation to express that. Finally, when we
want to claim that several assertions are all equivalent to each other,
we usually say the following are equivalent, and then list the assertions
in question.

With regard to negation, all and for every statements are typically
negated by a some statement, and vice-versa. The conjunctions and
and or replace each other when we negate a compound statement that
one of them joins.

— Practice —

240. Consider these assertions
P : A is an invertible matrix
() : A is asquare matrix

a) How would you phrase the statement associated with these
assertions? Is it true? Why or why not?

b) How would you phrase the converse associated with these as-
sertions? Is it true? Why or why not?

241. Suppose u, v, and w € R". Consider the assertions
P: uw=0andv-w=0
Q: (ut+v)-w=0

a) How would you phrase the statement associated with these
assertions? Is it true? Why or why not?

b) How would you phrase the converse associated with these as-
sertions? Is it true? Why or why not?

242. Suppose T : R"™ — R" is a linear transformation. (Note that
domain and range are the same here.) Consider the assertions

P: T is one-to-one

@ : T isonto

a) How would you phrase the statement associated with these
assertions? Is it true? Why or why not?

b) How would you phrase the converse associated with these as-
sertions? Is it true? Why or why not?
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243. Consider again the assertions
P : A is an invertible matrix
@ : A is a square matrix

a) How would you phrase the contrapositive associated with these
assertions? Is it true? Why or why not?

b) How would you phrase the obverse associated with these as-
sertions? Is it true? Why or why not?

¢) What if and only if statement would assert the equivalence of
statement and converse for these two assertions? Would it be
true or false? Justify your answer.

244. Suppose u, v, and w € R". Consider the assertions
P: uw=0andv-w=0
Q: (u+v)-w=0

a) How would you phrase the contrapositive associated with these
assertions? Is it true? Why or why not?

b) How would you phrase the obverse associated with these as-
sertions? Is it true? Why or why not?

¢) What if and only if statement would assert the equivalence of
statement and converse for these two assertions? Would it be
true or false? Justify your answer.

245. Let P be the assertion that X is a right triangle with short sides
A, B and hypotenuse C'.

a) What assertion () now makes the statement If P then @
into the Pythgorean Theorem?

b) State the converse. Is it true?

246. Identify the hypothesis and conclusion (P and @) implicit in
these statements:

a) A transformation represented by an invertible matriz is onto.

b) A free column in RRE(A) means the transformation repre-
sented by A isn’t one-to-one.

¢) Products of n x n diagonal matrices are again diagonal.
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247. Consider this statement (from Theorem 5.6): Every linear trans-
formation is represented by a matriz.

a) Rephrase it in “If P then Q" form.

b) Formulate the contrapositive. Is it true?

c¢) Formulate the negation of the statement. Is it true?

248. Suppose A, x,, is a matrix and b € R". Consider the statement
(compare Theorem 4.1): If x' and x" in R™ both solve Ax = b,
then x' —x" solves Ax = 0.

a) Formulate the contrapositive.
b) Formulate the converse.

¢) Show that the converse is false by constructing a counter-
example using

e [b3] e (3)

249. Rewrite each statement using if and only if:

a) A square matriz and its transpose are either both invertible, or
both singular.

b) A linear transformation T: R™ — R"™ that is onto is also
one-to-one, and vice-versa.

c¢) Invertibility of A is equivalent to Ax = 0 having a non-trivial
solution.

250. Write the negation of each statement, and say which, if either, is
true: the statement or its negation.

a) Every linear transformation from R™ to R™ is onto.

b) There exists a 2 X 2 matriz A which does not row-reduce to
the identity matriz.

c) Every vector in R? except the origin has a non-zero dot prod-
uct with (1,1,1).

d) All the diagonal entries in any skew-symmetric matriz are ze-
T0S.

e) Every symmetric 3 X 3 matriz has a pair of equal entries.
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251. Write the negation of each statement.
a) The mapping is both one-to-one and onto.

b) The mapping commutes with both vector addition and scalar
multiplication.

¢) The matriz is either upper- or lower-triangular.

d) The vector is neither orthogonal to (1,1,0), nor to (0,1,1).
[Hint: “Neither P nor Q” means “Not P and not Q).”]

252. Write the negation of each statement, and say which, if either, is
true: the statement or its negation.

a) Every linear transformation from R™ to R™ is either one-to-
one or onto.

b) Every linear system either has a solution or has more un-
knowns than equations.

c¢) Every diagonal matriz is both square and symmetric.

d) No triangular matriz is both symmetric and invertible.

253. Consider an nxm matrix A, a vector b € R", and the assertions
P: m>n
@ : Forevery b € R", Ax = Db has one or more solutions.

a) How would you phrase the statement associated with these
assertions? Is it true? Why or why not?

b) How would you phrase the converse associated with these as-
sertions? Is it true? Why or why not?

¢) How would you phrase the contrapositive associated with these
assertions? Is it true? Why or why not?

d) How would you phrase the obverse associated with these as-
sertions? Is it true? Why or why not?

e) What if and only if statement would assert the equivalence of
statement and converse for these two assertions? Would it be
true or false? Justify your answer.

— % —
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5. The Logic of the Inversion Algorithm

The inversion algorithm is powerful and efficient. Simple as it is, when
implemented on a computer it can invert truly enormous square ma-
trices. It isn’t magic, however—we can understand it completely.

The inversion algorithm accomplishes two things. It tells us that
e A is not invertible when RRE(A) # I,,, and

e A is invertible when RRE(A) = I, in which case it actually
constructs A1

As a first step toward understanding why it works, we record an Ob-
servation relevant to both points above.

OBSERVATION 5.1. Let A be any n x n matriz. Then RRE(A) has a
free column if and only if RRE(A) # I,.

PROOF. When we apply Gauss-Jordan, either we get a free column,
or we don’t. If we get a free column, RRE(A) cannot be I, because
I, has a pivot in every column.

On the other hand, when we don’t get a free column, all n columns of
RRE(A) have a pivot. Since there are exactly n rows too, we also get
a pivot in every row. The pivot in row 1 must lie in column 1, since all
other pivots are below (and hence to the right) of it, and the remaining
n — 1 pivots must fit into the remaining n — 1 columns. Similarly, the
pivot in row 2 must lie in column 2, since all n — 2 remaining pivots
are below, and hence to the right of ¢, and they must fit into the
remaining n — 2 columns. In this same way, it follows easily that for
every k = 3,4,...,n, the kth pivot occupies the (k,k) position. The
pivots hence fill the main diagonal of RRE(A), which must therefore
equal I,. O

5.2. The non-invertible case. Observation 5.1 quickly yields a
proof of the first bullet point above.

Recall that we get a homogeneous generator h for the system Ax =0
if and only if RRE(A) has a free column. So Observation 5.1 implies

OBSERVATION 5.3. Let A be an n xn matriz. Then RRE(A) # 1, if
and only if the homogeneous system Ax = 0 has a non-trivial solution.

Just one more fact will let us complete the proof that RRE(A) # I,
implies non-invertibility.

OBSERVATION 5.4. If A is an n X n matriz, and the homogeneous
system Ax = 0 has a non-trivial solution, then A is not invertible.
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PROOF. The homogeneous system always has the trivial solution
x = 0. So the contrapositive to our statement can be phrased like this:

If A s invertible, then Ax =0 has only the trivial solution.

This we can easily prove. For when A is invertible, and Ax =0 we
must also have A7'Ax = A~'0, which simplifies to x = 0. In short,
when A has a inverse, it makes every solution of Ax = 0 necessarily
trivial. This proves the contrapositive, and hence the statement. [

By chaining together Observations 5.1, 5.3, and 5.4, we now get the first
property of the inversion algorithm: When A is square and RRE(A) #
1., A is not invertible. The reasoning goes like this:

e (Observation 5.1) If A is square, and RRE(A) # I,,, then A
has a free column.

e (Observation 5.3) If RRE(A) has a free column, then Ax =0
has a non-trivial solution.

e (Observation 5.4) If Ax = 0 has a non-trivial solution, A
cannot be invertible.

This proves the inversion algorithm’s first claim: If A s square, and
RRE(A) # 1, then A is not invertible.

5.5. The invertible case. We now want to understand the in-
version algorithm’s other, more ambitious claim: When A does row-
reduce to the identity, A has an inverse, and the algorithm constructs
AL
To start, we note that when RRE(A) = I,,, we always get exactly one
solution to Ax = b no matter what b € R" we target. For when
we row-reduce the augmented matrix [A|b] in that situation, we get
[L, | x,], where x, solves the system, and further, x, will be the only
solution, since RRE(A) =I,, has no free columns.

With this unique solvability in mind, let us solve each of the following
systems:

Ax =e;j, j=12,...n

Here the e;’s are the standard basis vectors for R" that we intro-
duced in Chapter 1 (Definition 1.11). As noted above, Ax = e; will

have exactly one solution x,(,j ) for each 7, and row-reduction will place
that solution in the last column of the reduced augmented matrix:

[Ale;] — [Tn]x]
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Now consider what happens if we arrange these X;()j )’s in columns to

form a matrix X like this:

Since matrix multiplication operates column-by-column, and AXI()j ) =

e;, for each j, we now easily deduce that

o | AT T

Crucially, the matrix on the right above is none other than the identity
I,! So we have AX =1I,,, which means X = A~!, as claimed.

This confirms that if RRE(A) =1L, then A is invertible, and more—
we can construct the inverse. [t is the matriz X whose columns are
the individual solutions of Ax =e; for j=1,2,...,n.

That leaves only one thing to check: This X is the same matriz that
the inversion algorithm constructs.

To verify this, simply note that the only difference between the inver-
sion algorithm and the process we just described is this: We solved
each of the problems Ax = e; separately, while the inversion algo-
rithm solves them simultaneously. We solved them serially, whereas
the inversion algorithm solves them in parallel. It does so by aug-
menting A with the entire identity matrix I,, whose n columns are
precisely the vectors e; we used as individual right-hand sides. Row-
reducing the super-augmented matrix [A |I,] thus performs all of the
row-reductions in one ambitious stroke:

[A|T.] =[Aleres -en] — [T 50 x7 - ]
The solutions of these n problems then constitute the last n columns
of the reduced super-augmented matrix to form X = A~%

This is why the inversion algorithm works when RRE(A) = I,. Aug-
menting A with the identity matrix and then row-reducing solves the
n systems Ax = e; all at once. For the reasons given above, these
solutions form the columns of X = A~!,
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5.6. Final notes on inversion. As a final reflection on the inver-
sion algorithm, we observe that beyond explaining why the algorithm
works, our reasoning reveals several properties equivalent to invertibil-
ity. We collect these together in classic TFAE (The Following Are
FEquivalent) format.

THEOREM b5.7. For any n xn matrix A, the following are equivalent:
a) A is invertible

b

) The homogeneous system Ax = 0 has only the trivial solution
¢) RRE(A) =1,
d)

Given any b € R", we can solve Ax =b for x.

PROOF. We use the standard procedure for proving a TFAE state-
ment: we show that each assertion implies the next, and that the last
implies the first:

(@) = () = (¢) = (d) = (a)

By doing so, we show that each of the statement implies all the others,
thereby demonstrating their equivalence.

(a) = (b): This is just the contrapositive of Observation 5.4, as we
noted in proving that Observation.

(b) = (c): This follows immediately from Observation 5.3. (It’s the
contrapositive of the “only if” clause there.)

(c) = (d): The only obstacle to solving Ax = b is a row of zeros in
RRE(A). (This is a version of Proposition 6.7 in Chapter 2). Since I,
has a pivot in every row, RRE(A) = I,, implies solvability of Ax =b
for every b. (In fact, it implies unique solvability, since [A|b] then
reduces to [I,|x,], with x, as the unique solution.)

(d) = (a): If Ax = b has a solution for each b € R", then we
can certainly solve Ax = e; for each of the standard basis vectors
(columns of I,) e;, with j = 1,2,...,n. We saw in analyzing the
inversion algorithm that the solutions of these n problems form the
columns of A~'. So (d) implies the invertibility of A claimed by (a).

Our proof is complete. O
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— Practice —
254. The inversion algorithm works (partly) because we can solve sev-

eral inhomogeneous systems of the form Ax = b; in one stroke by

reducing the super-augmented matrix [A |B], where the columns of
B are the bj’s.

a) Use this method to simultaneously solve the three systems

Ax =b; with

2] we(2) we (1) we (1)

b) Likewise, simultaneously solve the three systems Ax = b;

with
1 -2 0
A= -2 1 =2
0 -2 1
and
3 —4 1
b= 6 |, by= -3 |, by= -5
1 -5 0

255. The technique in Exercise 254 can even be used when the coeffi-
cient matrix A isn’t invertible. Try it on these examples.

a) Simultaneously solve the three systems Ax = b; with

a=[3i) o= (3) me(3R): ()

b) Similarly, solve the three systems Ax = b, with

1 0 -1
A=[11 0
0 1 1
and
-3 4 3
b, = 0], byo=| 5], bg= 0
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256. Answer and explain:

a) What condition determines whether a diagonal matrix is in-
vertible?

b) What condition determines whether a triangular matrix is in-
vertible?

257. Suppose A is a (not necessarily square) matrix with n rows,
and we can solve Ax = e; (the jth standard basis vector) for each
Jj=1,2,...n. Show that A represents a transformation that is onto
R". [Hint: Use Observation 1.12.]

258. As in Exercise 257, suppose A is a (not necessarily square) nxm
matrix for which we can solve Ax =e; for each j =1,2,...n.

a) Show that A has a “right inverse” B-—a matrix B with
AB=1,.

b) What size will B have? Which inequality must hold: n > m,
or n <m?

¢) Why doesn’t the existence of this right-inverse make A in-
vertible by Proposition 3.27

259. Prove that we could add this fifth equivalent assertion to Theorem
5.7: The transformation represented by A 1is both one-to-one and onto.

260. (Compare Exercises 254 and 255.) Let A be an invertible n x n
matrix, and suppose B, y,, is any matrix with n rows. Show that
by row-reducing the super-augmented matrix [A |B] we always get
[L,| A~'BJ. (This procedure lets us compute A~'B without first com-
puting A71)

261. Proposition 3.10 says that when A, ., and B,, are both in-
vertible, so is AB. If B is not invertible, then by Theorem 5.7, the
homogeneous system Bx = 0 has a non-trivial solution.

a) Use this fact to argue that when B is not invertible, the equa-
tion (AB)x = 0 also has a non-trivial solution, so that AB is
not invertible either. Deduce that invertibility of AB implies
invertibility of B.
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b) Does invertibility of AB imply that of A too? [Hint: Assume
A is not invertible and prove the contrapositive.]

c¢) Together, what result do (a) and (b) yield? State it as a
proposition.

262. Suppose A represents a linear map 7T : R®™ — R” that is an
isomorphism (i.e., one-to-one and onto).

a) Show that A is then invertible.

b) Deduce that A~! represents the inverse mapping T-' : R" —
R™ (see Definition 2.18).

c¢) Conclude that the inverse of a linear isomorphism is always
another linear isomorphism.

— %k —

6. Determinants

By row-reducing the super-augmented matrix

SO

one easily derives this general inversion formula for 2 x 2 matrices
(compare Exercise 235):

a b1 d —b

c d Cad—bc | —c a
This formula makes no sense when the denominator ad — bc equals
zero, but that is actually good. For when ad — bc = 0, we have

il ()= (i) -

which means that either

i) We have d = ¢ = 0, in which case the second row of A
contains only zeros, so that A can’t reduce to the identity,
and thus has no inverse, or

ii) The vector (d,—c) is a non-trivial solution to the homoge-
neous system. By Theorem 5.7, we again conclude that A
has no inverse.
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Either way, we see that when ad — bc = 0, then A has no inverse.

The quantity ad — bc thus packs a crucial piece of information into a
single scalar. Namely, the 2 x 2 matrix

a b
A=t
is inwvertible if and only if ad —bc # 0.
This single scalar ad—bc determines whether A is invertible or singu-

lar, and for this reason, it is known as the determinant of A, denoted
by det A or |A|.

EXAMPLE 6.1. These two matrices differ only slightly:

1 2 1 2
A:{Qg] and B:{24}

Yet one is invertible, the other isn’t, as the determinant quickly shows:
detA=1-3—-2-2=3-4=-1+#0
so A has an inverse, while
detB=1-4—-2-2=4—-4=0

so B does not. O

For 2 x 2 matrices, the determinant thus gives an easy test for in-
vertibility. What about larger matrices? Do 3 x 3 matrices have a
determinant formula? How about 4 x 4 or general n x n matrices?

The answer is yes. There is a determinant formula for square matrices
of any size. Unfortunately, the formula gets horribly complicated as n
grows. For a 3 x 3 matrix A = [a,}], it goes like this:

(31) det A = aj1a22a33 + a12a23031 + A13021032
—Q13022031 — (12021033 — 411023032

Where the 2 x 2 formula had just two quadratic terms, the 3 x 3 for-

mula has siz cubic terms. Things have definitely gotten uglier, though

perhaps not completely out of hand. They go from bad to worse very

quickly as n increases, however. The 4 x 4 determinant involves 24

fourfold products:
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det Ays = 14023032041 — Q13024032041 — 14022033047
+a12024033041 + Q13022034041 — (12023034041
—Q14023031042 + Q13024031042 + Q14021033042
(32) —Q11024033042 — Q13021034042 + Q11023034042
+014G22031043 — Q12024031043 — A14021032043
+a11024032043 + Q12021034043 — 11022034043
—Q13022031044 + Q12023031044 + Q13021032044
—Q11023032044 — (12021033044 + 011022033044

This pushes the limits of practical hand calculation, and the number
of terms grows factorially with n, rapidly getting too big even for
computers! Nevertheless, there’s a pattern to these formulae, and by
using summation notation we can write the general determinant quite
compactly. For an n x n matrix A = [a;;], it takes this form:

(33) det A = Z sign(P) a1p(1ya2p(2)a3p(3) - - - AnP(n)
Pes,

The sum here runs over the set S, of all permutations of the first
n natural numbers. There are n! such permutations P, and there
is a rule for attaching a sign +1 to each, denoted by sign(P) in the
formula.

In Appendix A we give a full explanation for this formula, its notation
and properties. For now, we content ourselves with merely knowing
that such a formula exists, and that by using it, one can easily prove
that determinants obey four basic rules:

PROPOSITION 6.2 (Determinant rules). The determinant function as-
signs a scalar |A| to every nxn matriz A = [a;;|. Among its properties
are these:

a) When A s triangular, |A| = anas...an, (the diagonal
product).

b) Swapping two rows of A changes only the sign of |A].

¢) Multiplying any single row of A by a scalar X multiplies |Al
by A as well.

d) Adding a multiple of one row of A to another row of A does
not change |A|.
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PROOF. It is easy to verify all these properties in the 2 x 2 (or even
3 x 3) case, and we leave the reader do so in Exercises 271 and 272.
Using the general determinant formula (33), the n x n case requires
only slightly more effort. We give those details in Appendix A. U

Proposition 6.2 shows how the elementary row operations affect the
determinant—and how to compute the determinant of any triangular
matrix. The beauty of this is that it gives us precisely what we need
to compute any determinant efficiently, even for large matrices. All we
need is (what else?) row-reduction.

For when we row-reduce a square matrix A to a triangular matrix T
(full RRE form isn’t needed for determinants), the Proposition tells us

e The determinant of the final matrix T, and

e How the determinant of the original matrix changed with each
row-operation along the way.

Combining these facts, we can easily recover the determinant of the
original matrix |A|. For any determinant bigger than 2 x 2, this is
usually so much faster than the general formula (33) that we can largely
forget about the latter from now on.

A couple of examples will illustrate the technique.

EXAMPLE 6.3. Let us compute the determinant of

1 2 3
A=|-1 0 -3
0 -2 3

To do so, we row-reduce A to triangular form while tracking the change
each step effects on |A|, using Proposition 6.2.

To start, we zero out the first entry in row 2 by adding row 1 to it.
According to Determinant Rule (d), this doesn’t change |A]. So

1 2 3
Al=|0 20
0 —2 3

Next we add row 2 to row 3. This gets us another zero below the

diagonal, bringing the matrix to triangular form, but it still doesn’t
affect |A]:

A=

S O =
SN N
w O W
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So far, we have used only property (d) of the Determinant Rules. But
now we have a triangular matrix, so we can use property (a), which
tells us

A[=1-2-3=6

This example would have been slightly more complicated if rows 1 and
3 of the original matrix had been swapped. In that case, we would
have started with

0 -2 3
B=|-1 0 -3
1 2 3

Now we cannot make B triangular without swapping a pair of rows.
According to Determinant Rule (b), this changes the sign of the deter-
minant. For instance, if we swap rows 1 and 3, we get

1 2 3
Bl=—| -1 0 -3|=—]A
0 —2 3

Having already calculated |A| = 6, we conclude that |[B|=—6. O

ExXAMPLE 6.4. Let us compute

1 1 1 1
1 -1 1 -1
X=17 1 1 1
1 1 -1 -1

Again, the strategy is to reduce X to an upper-triangular matrix. To
start, we zero out the last three entries of column one by subtracting the
first row from each of the other rows. Determinant Rule (d) guarantees
that none of these moves changes the determinant, so we have

1 1 1 1
0 -2 0 -2
0 -2 =2 0
0 0 =2 =2

X =
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We get another zero below the diagonal by subtracting row 2 from row
3, again leaving the determinant unchanged:

1 1 1 1
0 -2 0 -2
’X|:0 0 -2 2
0 0 —2 -2

Finally, by subtracting row 3 from row 4, we reach upper-triangular
form:

1 1 1 1
0 -2 0 -2
|X|:0 0 -2 2
0 0 0 —4

Since the determinant of a triangular matrix is given by its diagonal
product, we conclude that

X| = 1-(=2)- (=2) - (~4) = 16

We have thus computed a 4 x 4 determinant with much less effort than
would have been required by the explicit formula (32). O

6.5. A trick for 3-by-3’s. Row reduction is typically the most

efficient method for computing determinants of matrices larger than
3-by-3.
For 2-by-2’s, we just apply the ad — bc formula, as in Example 6.1,
and there’s a similar shortcut for 3-by-3 matrices. It’s really just a
mnemonic for computing the formula in Equation (31) (compare Exer-
cise 517) but please be forewarned: This trick only works in the 3-by-3
case; it does not generalize to larger matrices.

The shortcut we have in mind

A_:

Q Q.
> o
<. 0O

is depicted in Figure 7 and described below.
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a b € a b
d e f d e
g h i g h
- — — - + +

Figure 7. The trick for computing 3-by-3 determinants.

3-by-3 determinant shortcut

e Augment A with its own first two columns to form the 3-by-5
matrix in Figure 7.

e Locate the three complete southeast diagonals, marked by “+”
signs in the figure. Compute the product along each of these:
aet, bfg, and cdh.

e Locate the three complete southwest diagonals, marked by “—”

signs in the figure. Compute the products along these too:
ceg, afh, and bdi.

e Subtract the “—” products from the sum of the “+” products,
and behold! We have the determinant:

(34) det A = aei + bfg+ cdh — ceg — afh — bdi

EXAMPLE 6.6. We demonstrate the trick above by quickly finding the
determinant of

2 3 4
A=|-3 1 -3
4 3 2

To do so, we augment A with the first two columns to construct the
3 X 5 matrix
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Subtracting the three southwest diagonal products from the southeast
products now gives the determinant:

(2:1-2)+(3--3-4)+ (4--3-3)
—(4-1-4)—(2--3-3)—(3--3-2)
= 4-36—36—16-+18 + 18
= 48

So |A| = —48. O

6.7. More determinant properties. The Determinant Rules in
Proposition 6.2 don’t just give a practical way to compute large deter-
minants. They also have key theoretical consequences. In particular,
they imply that invertibility of a square matrix is equivalent to having
non-zero determinant:

COROLLARY 6.8. These additional determinant properties hold for any
square matriz A.

a) If A has two equal rows, then |A|=0.
b) If A has a row of zeros, then |A| = 0.
¢) A is invertible if and only if |A] # 0.

PROOF. (a): If A has two equal rows, and we swap them, then
|A| changes sign, by Determinant Rule (b). But when we swap two
equal rows, we don’t actually change A —so its determinant can’t
change either! It follows that —|A| = |A|, which forces |A|=0.

(b): If A has a row of zeros, and we multiply that row by —1 then
Determinant Rule (c¢) says that we multiply |A| by —1 too. But we’re
multiplying a row of zeros by —1, so again we don’t actually change
A, nor its determinant. As in (a), this means —|A| = |A|[, forcing
|A| = 0.

(c): Conclusion (c) is an if and only if statement. We must prove that
invertibility of A is equivalent to non-zero determinant. We will do so
by showing

|A| #0 <= RRE(A) =1, <= A is invertible

Recall that “<=" indicates equivalence (Section 4.5). A chain of equiv-
alences shows equivalence of the first and last conditions, and this is
what (c) asks us to prove.



228 4. THE ALGEBRA OF MATRICES

Luckily, we already know the second equivalence in the chain thanks
to Theorem 5.7. So we only have to show the first one, namely

(35) |A| #0 <= RRE(A) =1,

For this, we start by noting that we can always get from A to RRE(A)
using elementary row operations, and our Determinant rules tell us
that each of these operations multiplies |A| by a non-zero scalar: If we
swap rows, we multiply by —1. If we multiply a row by some A\ # 0
(we never multiply by zero when row-reducing), we multiply |A| by
A too. Finally, if we add a multiple of one row to another, we leave
|A| unchanged, which is the same as multiplying by +1. Products of
non-zero scalars remain non-zero, so we always have

(36) |A| =c- |[RRE(A)| with c¢#0

But RRE(A) will always be upper-triangular, because its pivots run
southeast, and all rows of zeros sink to the bottom. Since A issquare—
say n x n—this allows just two possibilities:

i) Either we get a full set of n pivots, so that RRE(A) =1,

ii) Or we get fewer than n pivots, and the last row of RRE(A)
vanishes entirely.

In case (i), we have |A| # 0 by combining Equation (36) with Deter-
minant rule (d), which tells us that |I,| =1 # 0.

In case (ii) RRE(A) has a row of zeros, and property (a) of the present
Corollary then says that |RRE(A)| = 0. In this case, Equation (36)
yields |A|=0.

As (i) and (ii) are the only possibilities, we have |A| # 0 if and only
if RRE(A) = I,,. In other words, non-zero determinant is equivalent
to RRE(A) = I,,. This proves (35), and we are done. O

6.9. Determinants of products. We now present a truly amaz-
ing fact. To appreciate it, consider that the product of two matrices
mixes the entries of its two factors in a rather complicated way. Even
in the 3 x 3 case, the product of two simple matrices A = [a;;] and
B = [b;;] is pretty monstrous:

AB =
a11b11 + a12b21 + a13b31  a11biz + ai2baz + a13bsz  a11biz + a12b22 + ai13bss
a21b11 + a22b21 + a22b31  a21b12 + a22b22 + a22b32  a21b13 + a22b22 + a22bss
a31b11 + azaba1 + azzbsz1  azibiz + asebee + aszsbsz  asi1biz + asabaz + azsbss
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Computing the determinant of this elaborate mess looks unpleasant at
best, but happily, there’s an amazingly simple shortcut:

THEOREM 6.10. The determinant of a product is the product of the
determinants: det(AB) = det(A) det(B).

PROOF. (See Section 3 of Appendix A.) d

EXAMPLE 6.11. Let us verify the Theorem for the matrices

2 =3 3 —1
a=| 378 wa B} ]

It is easy to see that |A| = —2, |B| = 10, and hence |A||B| = —20.
On the other hand, to check the Theorem, we compute

AB =
2 -3 3 -1 | 6-3 -2-9 | 3 —11
-4 5 1 3| | —-12+5 4+15| | -7 19
Theorem 6.10 predicts that this matrix too will have determinant —20,
and indeed, we find that 3-19 —7-11 =57 — 77 = —20.

Note that even in this 2-by-2 example, the first calculation was much
easier. ]

Theorem 6.10 also yields a key fact about determinants if we apply it
to compute |AB| when B = A~!. For then by reading Theorem 6.10
backwards, we get

AJ|AY = [AAY = |1, = 1

This shows that the determinant of A~!, is reciprocal to that of A.
We state this formally for future reference:

COROLLARY 6.12. If A is invertible, then
1

Al =
A7 =13
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EXAMPLE 6.13. Let

9 2 -5
A=(0 -4 7
o 0 3

Since A is triangular we can quickly compute its determinant as 9 -
(—4)-3=—-108.

We can then instantly deduce that det A~' = 1/108, even though we
have not computed A~!. O

6.14. Determinant of the transpose. Consider the typical 2x 2
matrix and its transpose:

a-lta] wlidl
It’s easy to see they have exactly the same determinant. For larger
matrices, the same fact holds, though it’s harder to see.
PROPOSITION 6.15. For any square matriz A, we have
[AT] = 1Al

PROOF. See Section 2 of Appendix A, where we give a short proof
based on the permutation-based determinant formula (33). u

Proposition 6.15 is useful because the rows of AT are the columns of A.
Since Proposition 6.15 says that determinants “ignore” transposition,
the behavior of |AT| with respect to rows determines that of |A| itself
with respect to columns. As a result, all row properties of determinants
hold for columns too. We summarize as follows:

COROLLARY 6.16. Let A be any square matrix.
a) If we swap two columns of A we change the sign of |A|.

b) If we multiply a column of A by a scalar, we multiply |A| by
that same scalar.

¢) If we add a multiple of one column of A to another, we leave
|A| unchanged.

d) If A has a column of zeros, then |A| = 0.
e) If A has two equal columns, then |A|=0.
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Proor. We will prove (a) only. Conclusions (b)—(e) can be proven

similarly, and we leave them as exercises.

(a): Let A’ denote the matrix we get by swapping two columns of A
(columns j and k, say). Then we clearly get its transpose (A’)! by
swapping the corresponding rows of A”. Swapping of rows is covered
by Determinant rule (b), however: it changes the sign of the determi-
nant. So we have

|A'l = |(A)T|  (Proposition 6.15)
= — ’AT} (Determinant rule (b))
= —A] (Proposition 6.15 again)
Thus, column-swapping changes the sign of |A|, as claimed. U

EXAMPLE 6.17. The following matrix does not have any equal rows,
nor a row of zeros. If we examine rows only, we don’t easily see that

Al = 0.

A:

=W N
— N W
=W N =
|
w

-2

If we examine columns, however, we do easily see that |A| = 0, because
columns 1 and 3 are the same. Noticing column facts like this can thus
save considerable effort. O

— Practice —

263. Compute the determinant of each matrix. Which are invertible?

101 1

0 —1 —1
0 1 0111
a)[101 b) 1 0 1 c) 1110
-1 10 1101

264. Compute the determinant of each matrix. Is either invertible?

1 1/2 1/3
1 1/2
9 (i a] W 3 v s
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265. Use row-reduction to compute the determinant of each 4 x 4:

1 -3 0 0 1 -2 0 0
2 1 0 0 2 1 -2 0
a) 0o 0 1 5 b) 0 —2 1 —2
0 0 —2 —1 0 0 —2 1
0 0 -1 2 1 0 -1 2
0 1 3 —4 0 1 3 —4
c) 5 6 1 0 d) 5 6 1 0
7 -8 0 1 7 -8 0 1

266. For each pair of matrices A and B, use Theorem 6.10 to compute
|AB| without first computing AB:

0 ae[37] me[1
0 a-[ia] e[
0 as[3] m-[39

267. Use the 3-by-3 trick from Section 6.5 to find the determinants of
the four matrices in Exercise 268 below.

268. For each pair of matrices A and B, use Theorem 6.10 to compute
|AB| without first computing AB:

2 -1 0 1 -1 3
a) A= -1 2 -1 B= 0 1 -1
0 2 -1 -1 0 1

1 -1 0] [ 3 —4 7]

b) A= 0 1 -1 B=| -9 3 -2
-1 0 1 5 —1 8
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269. Find the determinant of each matrix. What values of a (if any)
make each matrix singular (i.e., non-invertible)?

- 11 1 a V8 0
a) { 0 o } b) 1 2 4 c) V8 a8
1 a a? 0 V8 a

270. Verify that the trick for computing 3 x 3 determinants in Section
6.5 is correct by checking that Equation (34) and Equation (31) say
exactly the same thing.

271. Prove that the determinant of a general 2 x 2 matrix obeys all
three properties listed in Proposition 6.2.

272. Using Equation (31) prove that the determinant of a general 3 x 3
matrix obeys properties (a), (c), and (d) of Proposition 6.2. (Optional:
Check (b) too.)

273. Using our proof of Corollary 6.16 (a) as a model, prove Conclusions
(b)—(e) of that same Corollary.

274. Suppose we multiply an n x 1 column matrix C,.; by an 1 xn
row matrix Rjy,. Is the resulting n x n matrix CR ever invertible?
Why or why not?

275. For each statement below, give either a proof or a counterexample.

a) For any n x n matrices A and B, we have

det (A +B) =det A + det B
b) If A and B are n x n matrices then det(AB) = det(BA).

276. An anti-diagonal matrix is an n X n matrix with zeros everywhere
except for the anti-diagonal that runs from the upper-right entry a;,
to the lower-left entry a,;. For instance these are anti-diagonal:

0 00

0 2 0
{3 O} and 0
4

o w o
o O O

2
0
0
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a) Show that the determinants of both matrices above are plus-
or-minus the products of their anti-diagonal entries.

b) State and prove a proposition governing the determinant of a
general n x n anti-diagonal matrix.

277. (Difficult) A matrix is binary if every entry is either a 0 or a 1.
a) How big can the determinant of a binary 2 x 2 matrix be?
b) How big can the determinant of a binary 3 x 3 matrix be?
¢) How big can the determinant of a binary 4 x 4 matrix be?

The maximal determinant for binary n x n matrices is known for n <
17, but not for n = 18. For most n > 17, in fact, the answer is still
unknown.

e



CHAPTER 5
Subspaces

We have given the name hyperplane to the solution set of any single
non-trivial linear equation in R™. Geometrically, hyperplanes in R?
and R? correspond to lines in the plane and planes in space, respec-
tively. We visualize hyperplanes as “copies” of R"! situated in R".

More generally, we can “linearly situate” copies of R¥ into R™ for any
k < n, not just for k =n — 1. We will call these copies k-dimensional
affine subspaces. We cannot directly visualize them when n > 3, but
we can easily understand and even axiomatize them. Indeed, Definition
1.9 below captures their essence in just two conditions.

Just as hyperplanes arise as solution sets to single linear equations,
k-dimensional affine subspaces arise as solution sets to linear systems.
As noted in Chapter 3, solutions of systems—and thus subspaces—are
intersections of hyperplanes. There is, however, an alternate way to
describe subspaces: as families of linear combinations. We thus have
two entirely different two modes of description for subspaces, and we
call them perps and spans (or implicit and explicit), respectively.

Every subspace can be seen as either a perp or a span, and this in-
troduces a new kind of duality into our subject. The present chapter
explores both ways of generating, recognizing and describing subspaces,
and how to convert back and forth between the perp (implicit) and span
(explicit) points of view.

1. Basic Examples and Definitions

1.1. General subsets of R™. Any collection of vectors in R”
forms a subset. Subsets may contain finitely or infinitely many vectors.
They may or may not be geometrically simple or easily described. The
possibilities are endless, but relatively few subsets qualify as subspaces.
Before we state conditions that distinguish a subspace from a mere sub-
set, however, here are some examples of subsets that are not subspaces.
We suspect readers can better appreciate what a subspace is after first
seeing examples of what a subspace is not.
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EXAMPLE 1.2. The unit cube is the set of all points (x1, o, ..., z,) €
R™ with |z;] <1 for each i = 1,2,...,n. Figure 1 depicts the unit
cubes in R? and R3. Cubes are subsets, but not subspaces. 0

(V)
1

Figure 1. Unit cubes. The unit cube in R? can be visu-
alized as a square (left). The unit cube in R3 is depicted
similarly at right.

ExAMPLE 1.3. The set of all unit vectors in R™ (all x € R™ with
x| = 1) is called the unit sphere in R". For instance, in R* we
get the unit circle: all (z,y) with 2? + y? = 1. The unit sphere in
R", forms the boundary of the unit ball, which is defined by |x| < 1.

Balls and spheres are nice subsets of R"™, but they are not subspaces.
O

EXAMPLE 1.4. The set of all vectors in R™ with integer coordinates
(for instance, vectors (1,3) or (—5,2) in R?) is called the integer
lattice. Part of the (infinite) integer lattice in R? is depicted on the
left of Figure 2. Like cubes and spheres, lattices are subsets, but not
subspaces. O

ExXAMPLE 1.5. The set of all points in R™ with strictly positive co-
ordinates is called the positive orthant in R". When n = 2, we
usually call it the positive quadrant (Figure 2, right). Orthants are
not subspaces. 0

EXAMPLE 1.6. A non-linear solution set. Consider the subset of
R3 formed by all solutions (x,y,z) of the non-linear equation
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Figure 2. The dots at left are points in the integer lattice
in R2. The shaded region at right indicates the positive

quadrant.

zyz =0

Since the product xyz vanishes if and only if one of the factors z, y
or z vanishes, this subset comprises the union of three planes: the
z2=0, y=0,and z =0 planes (Figure 3). The individual planes are

subspaces, as it turns out, but taken together, their union is not.

Figure 3. Any point on a coordinate plane solves zyz = 0.
The solution set of xyz = 0 is the union of all three planes.

g
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ExaMPLE 1.7. Hyperplanes. Any hyperplane is a subset, but a hy-
perplane that contains the origin (the solution set of a homogeneous
linear equation) is a subspace. Hyperplanes that do not contain the
origin are not subspaces, though they are affine subspaces, as we shall
explain. O

1.8. Subspaces of R". Within the vast and diverse zoo of sub-
sets, the subspaces we define next play the central role in our subject.
This is because every subspace forms a self-contained linear-algebraic
microcosm in its own right. For the definition guarantees that in a sub-
space, we can perform the basic operations of linear algebra—addition
and scalar multiplication—and remain in that subspace.

DEFINITION 1.9 (Subspace). A non-empty subset of S C R" is called
a subspace if it is

e Closed under addition, meaning that when v,w € S, so is
V + W.

e Closed under scalar multiplication, meaning that when
v € 5,s0is sv for any scalar s.

l

By far, most subsets of R™ have neither property above, and thus do
not qualify as subspaces. The definition above lets us test whether
they do or not, however. We illustrate with more examples.

ExXAMPLE 1.10. Let us verify that the plane S of solutions to = +y+
2z =0 in R3? forms a subspace.

To do so using Definition 1.9, we must confirm that S is closed under
addition and scalar multiplication.

Closure under addition. The defining equation for S says that a vector
v = (v1,v2,v3) belongs to S if and only if its coordinates sum to zero:
v1 + v9 + v3 = 0. We have to show that if v and w both pass that
test, then so does their sum.

We therefore take two arbitrary vectors v = (v1,v9,v3) and w =
(wy, wsy, w3), and compute their sum:

v+ w= (v +wy, vg+ wsy, v3+ ws)

Does this sum remain in S? To find out, we again apply the test
for membership in S by checking whether its coordinates add to zero.
Adding them up and rearranging a bit, we get

U1+ w1 + vy + wa + vz + w3 = (V1 + vz +v3) + (w1 + wa + w3)
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This clearly does vanish: it equals 0+ 0, because v, w € S, and hence
the v;’s and w;’s themselves each sum to zero. So S is closed under
addition, as hoped.

Closure under scalar multiplication. We next have to show that when
v e S, and t € R is any scalar, then tv lies in S too. This is again
straightforward. For v = (vy,v9,v3) lies in S if and only if the sum
of the v;’s vanish. But then the coordinates of tv = (tvy, tvy, tvg) will
also sum to zero, since

tU1+t?)2+t’U3:t(’U1+UQ+U3>:t'OIO

Thus, S is closed under both scalar multiplication and addition. By
Definition 1.9, that makes it a subspace. O

ExAMPLE 1.11. Here are perhaps the two simplest examples of sub-
spaces:

e R”" is a subspace of itself. If we add two vectors, in R"™ we get
another vector in R", so R" itself is closed under addition.

It is also closed under scalar multiplication, since any scalar
multiple of a vector in R"” again lies in R".

e The set {0} C R™ containing only the origin is a subspace.
For if we add 0 to itself, or multiply it by any scalar, we still
get 0, which stays in the set.

O

To emphasize that a subspace S C R™ is a proper subset of R"™ —not
all of R™—we call it a proper subspace.

At the other extreme, note that Definition 1.9 requires a subspace to
be non-empty. So no subspace is smaller than the one-vector subspace
{0} of the Example above. In fact {0} is only one-vector subspace, a
fact we leave to the reader in Exercise 278. We often refer to {0} as
the trivial subspace.

We now give two examples illustrating the use of Definition 1.9 to
disqualify certain subsets of R"™ as subspaces. These are interesting
because each satisfies one, but not both of the closure conditions. Def-
inition 1.9 explicitly requires both conditions, so these sets are not
subspaces.
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ExAMPLE 1.12. The integer lattice in R" (cf. Example 1.4 and Figure
2) is not a subspace because it is not closed under scalar multiplication.
To show a set is not closed, we only have to exhibit one counter-
example—one vector in the lattice that goes out of the lattice when
multiplied by one scalar. Here we can take v = (1,1,...,1) as our
vector, and s = 1/2 as our scalar. While v belongs to the lattice,
multiplication by s now gives

_ (L1 1
V=33 3)
which is not in the lattice: lattice vectors must have integer coordi-

nates. We thus see that the integer lattice is not closed under scalar
multiplication, and consequently is not a subspace.

The integer lattice is closed under addition, by the way. To see that,
simply note that when we take two arbitrary lattice points, say

a=(a,ag,...,a,) and b= (by,bs,...,b,)

and add them, we always get another integer lattice point. Indeed,
their sum is

a—l-bz(a1+b1,a2+bg,...,an+bn)

and since we're assuming the a;’s and b;’s are integers, and sums of
integers are integers, the coordinates of a+ b are integers too. So the
integer lattice is closed under addition.

To summarize: Though closed under addition, the integer lattice in R™
1s not closed under scalar multiplication, hence is not a subspace. []

EXAMPLE 1.13. Let us show similarly that the solution set (call it Z)
of the non-linear equation

zyz =0
(compare Example 1.6) is not a subspace because it is not closed under
addition.

For instance, a = (1,1,0) and b = (0,1,1) both pass the test for
membership in Z. The product zyz of their coordinates vanishes for
a, and it vanishes for b. But when we form the sum a + b, we get

a+b=(1,1,0)+(0,1,1) = (1,2,1)

whose coordinates do not multiply to zero. The sum of two vectors in
Z therefore does not always belong to Z, so Z is not closed under
addition.
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On the other hand, Z 1is closed under scalar multiplication.

To see this, note that when we multiply any point (z,y,2) € Z by a
scalar s, we get (sz, sy, sz), a vector whose coordinates do still multi-
ply to zero:

(s7)(sy)(s2) = s*(wyz) = s° -0 =0

This puts (sz,sy,sz) in Z for any scalar s and any (z,y,2) € Z.
So Z is closed under scalar multiplication. Still, it failed to be closed
under addition, so it is not a subspace. U

Here’s a fact that often makes it easy to see that a subset is not a
subspace:

OBSERVATION 1.14. If a subset of R™ does not contain the origin, it
1s not a subspace.

PrRoOOF. We prove the contrapositive: If S is a subspace, it must
contain the origin. Indeed, if S is a subspace, it is non-empty, hence
contains a vector v. Since 0 is a scalar, and S is closed under scalar
multiplication, S must also contain0-v = 0. 0

ExAMPLE 1.15. The unit sphere in R", consisting of all vectors x €
R™ with |x| =1 is not a subspace. We can disqualify it immediately
by observing that it does not contain the origin:

0] =V02+024---02=0+#1
O

REMARK 1.16. (Warning!) The converse of Observation 1.14 is false:
Containing the origin does not qualify a subset as a subspace.

The integer lattice provides a vivid illustration. It does contain the
origin (0,0,...,0), since 0 is an integer. But we showed above (Ex-
ample 1.12) that it still isn’t a subspace. (It isn’t closed under scalar
multiplication.)

REMARK 1.17. So far, we have treated linear algebra as a theory about
R". Increasingly, however, we shall see that the theorems of linear
algebra hold equally well for subspaces of R™, since one can add and
scalar multiply in them. Subspaces can be domains and ranges of linear
transformations, for instance. The notion of subspace thus extends our
understanding to a larger set of mathematical “universes.”
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One could go even further: There are linear-algebraic universes entirely
outside R™. One defines these spaces, called vector spaces, by listing
a set of axioms they must obey. Chief among these are the requirement
that the space support—and be closed under—operations of addition
and scalar multiplication.

To name just two of many possible examples, the set of all cubic poly-
nomials forms a vector space, as do the solutions of any homogeneous
linear differential equation. Two cubic polynomials, for instance, can
be added to give a new cubic polynomial (we just add the coefficients).
We can also scalar multiply cubic polynomials, again just by multiply-
ing coefficients. Indeed, the analogous facts hold for polynomials of
any fixed degree (compare Exercise 290). Virtually all we learn about
linear algebra in this book turns out to be essential in these settings as
well.

We do not explore more general vector spaces here, however, for we feel
that doing so does not improve one’s command of the subject much.
All the linear-algebraic features of general vector spaces arise already
in R™ and its subspaces. Indeed, R™ is the universal model of a
vector space. Students who understand linear algebra in R™ and its
subspaces will have little difficulty absorbing the notion of vector space
if and when they encounter it.

— Practice —

278. Suppose that S C R" is...

a) ...the subset containing a single vector v and nothing else.
show that S is a closed under addition if and only if v = 0.

b) ...the subset containing all vectors v € R" whose first and
last coordinates are equal: vy = v,. Is S a subspace? Justify
your answer.

¢) ...the subset containing all vectors v € R™ whose first and
last coordinates both equal 1: v; =v, = 1. Is S a subspace?
Justify your answer.
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279. Show that:

a) Every subspace of R™ (except the trivial subspace {0}) con-
tains infinitely many vectors.

b) When a subspace contains any pair of vectors p and v # 0,
it also contains every vector on the line through p in the v
direction. (See Definition 4.3.)

280. Consider the set of vectors in R" whose coordinates are even
integers. Is this set closed under addition? How about the set of
vectors with odd integer coordinates?

281. Show that:

a) The set of all (z,y,z) € R® with z? +3* + 22 <1 (the unit
ball) is not closed under addition.

b) The unit ball in R3 is not closed under scalar multiplication.

c¢) The set of all (z,y,z) € R® with 2?4+ y* — 22 < 0 s closed
under scalar multiplication. Is it a subspace? [Hint: (z,y, —z)
is in this set whenever (x,y,z) is.]

282. Show that the unit cube in R" (Example 1.2) is not a subspace.

283. For what values of m and b (if any) is the line with slope m and
y-intercept b a subspace of R??

284. Show that the graph of the absolute value function y = |z| in R?
is closed under multiplication by non-negative scalars, but not closed
under multiplication by all scalars.

285. Suppose A is any matrix. Show that the solutions of the ho-
mogeneous system Ax = 0 form a subspace of R™. (That is, show
that set of homogeneous solutions is closed under addition and scalar
multiplication.)

286. Show that when b # 0, the solution set of Ax = b will be closed
under neither addition nor scalar multiplication.
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287. If we fix n and m , we can add and scalar multiply nxm matrices.

a) Is the set of all n x m matrices closed under addition and
scalar multiplication?

b) Which of these sets of matrices are closed under both opera-
tions? Justify your answers.

— The set of all n x m matrices with integer entries
— The set of all upper-triangular n x n matrices

— The set of all triangular n x n matrices

— The set of all symmetric n x n matrices

— The set of all skew-symmetric n x n matrices

— The set of all n x m matrices with non-negative entries

288. Suppose A is an n X n matrix, and fix a scalar A € R. Show
that the set of all A-eigevectors form a subspace of R™ (You may want
to review Section 1.35 from Chapter 1.) This subspace, known as the
A-eigenspace of A will play a key role in Chapter 7.

289. Suppose S, T C R™ are two subspaces.
a) Show that the intersection S N7 is also a subspace.

b) We saw in Example 1.13 that the union of subspaces (for in-
stance, several planes through the origin in R?) may fail to
be a subspace. Give an example of two subspaces S,T € R?
whose union is a subspace.

290. Show that the set of all quadratic polynomials f(z) = Ax?+ Bx+
C' is closed under addition and multiplication by scalars. Is the same
true for cubic polynomials? Polynomials of degree n, where n is some
fixed positive integer? All polynomials?

[Note: Even though the set of quadratic polynomials is closed under both
operations, they don’t form a subspace of any R™, since polynomials

aren’t vectors in R™. They do form a vector space though (see Remark
1.17]

291. The graph of a mapping F : R™ — R" is the subset G C R™™"
given by

Gr={(x,F(x)): xe R™}
Show that F' is linear if and only if G is a subspace of R"t™.

— %k —
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2. Spans and Perps

In practice, every subspace of R™ arises in one of two dual-—and beau-
tifully complementary—ways: as a span, or as a perp. We have actually
seen simple examples of each type (without saying so) already. We re-
visit those examples before giving the general definition.

EXAMPLE 2.1 (Simplest span: the line generated by v). In Section 4.1
of Chapter 3, we introduced the line generated by a vector v € R". It
is simply the union of all scalar multiples ¢ v, as ¢t runs over all scalars.

The line generated by v is a subspace. This is easy to check. The line
is closed under addition because the sum of two multiples of v is still
a multiple of v. Specifically, for any two scalars ¢, s € R we have

tv+sv=(t+s)v

which is a scalar multiple of v.

Similarly, the line generated by v is closed under scalar multiplication,
since “a scalar multiple of a scalar multiple is still a scalar multiple.”
That is,

s(tv) = (st)v

again a scalar multiple of v for any s,t € R. So the line generated by
v € R" is indeed a subspace of R". O

EXAMPLE 2.2 (Simplest perp: the hyperplane perpendicular to a). In
Section 4.15 of Chapter 3, we introduced the hyperplane a‘*. Here
a € R" can be any non-zero vector, and a' denotes the solution set
of the single linear equation a-x = 0. Equivalently, a’ is the set of

all vectors x € R™ that are perpendicular to a.

The hyperplane a* is a subspace. As usual, one verifies this by checking
closure under addition and scalar multiplication.

To check closure under addition, we sum an arbitrary pair of vectors
v,w € a’. Since v and w belong to a*, they each pass the member-
ship test:

a-v=0 and a-w=0
We then apply the test to their sum, and find that it too passes:
a-(v+w)=a-v+a-w=0+0=0

So at is closed under addition, as claimed.

Similarly for scalar multiplication. If v € a', and ¢ € R is any scalar,
then tv remains in a', since
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a-(tv)=t(a-v)=t-0=0

So at is closed under scalar multiplication too, which makes it a sub-
space. ]

Let us record the facts proven by these two examples:

OBSERVATION 2.3. Given any non-zero vector a € R", both the line
generated by a, and the hyperplane a*, are subspaces.

The line generated by v is the simplest case of a span description of
a subspace, while the hyperplane a' is the simplest case of a perp de-
scription. We will eventually see that every subspace can be described
both ways: as a span, or as a perp, but we first need precise definitions
of these terms.

DEFINITION 2.4. Any non-empty set of vectors {aj,as,...,a,} C R"
determines the following two simple subsets of R".

e The span of the set, denoted by span{aj,as,...,ax}, is the
union of all linear combinations of the a;’s.

e The perp of the set, denoted {aj,ay,...,a;}", is the inter-

section of the k hyperplanes ai,a;y,...,a;.

Occasionally, one also needs to know the span or perp (in R™) of the
empty set.  For that purpose, we simply declare: The span of the
empty set is {0}. The perp of the empty set is all of R". As our
theory develops, we shall see why these declarations are sensible. [

In fact, spans and perps are always subspaces—not just subsets. We
prove that in Proposition 2.9 below, but first, we want to point out that
we are already in the habit of using both spans and perps to describe
the solution sets of homogeneous systems.

ExAMPLE 2.5 (Homogeneous solution sets as perps). Consider the ma-
trix
1 -1 1 -1

A=|1 1 1

The homogeneous system Ax = 0 then amounts to the following sys-
tem of linear equations:
$1—$2—|—1'3—£E4:O

131+.7)2—.I'3—l’4:0

Taken singly, each equation here defines the simplest kind of perp: a

hyperplane. Solutions of the first equation form the hyperplane a;,
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where a; = (1, —1,1,—1), while solutions of the second equation form
the hyperplane aj, where a; = (1,1, —1,—1). A vector x solves the
system if and only if it solves both equations, which puts it on both the
hyperplanes, and hence on the intersection

af N 512L
The solution set H of the system is thus a perp:

H= {al, a2}L
]

The reader can easily check that the same reasoning applies to any
homogeneous system, thereby proving

OBSERVATION 2.6. The solution set H of a homogeneous system Ax =
0 is given by the perp of the rows a; of A :
H=ainNayN---Na;
= {3_1, ag, ... ,an}L
The very same homogeneous solution set can also be described as a
span, however.

ExAMPLE 2.7 (Homogeneous solution sets as spans). Let us actually
solve the homogeneous system Ax = 0 from Example 2.5 above us-
ing Gauss-Jordan elimination. To do so, we row-reduce the coefficient
matrix to get

10 0 —1
RRE(A):{O 1 1 O}

Columns 3 and 4 are free, giving us two homogeneous generators:
h; =(0,1,1,0) and hy =(1,0,0,1)

The solution set H of the system is then given by all linear combina-
tions of these two vectors, which makes it a span:

H =all 81h2 + 821’12
= span {h;, hy}
U

The reader who understands these examples will see that the same
reasoning applies to any homogeneous system. After all, the solution

of any homogeneous system is the span of its homogeneous generators.
Thus:
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OBSERVATION 2.8. The solution set H of a homogeneous system Ax =
0 is given by the span of the homogeneous generators we get from the
free columns of RRE(A) :

H =span{hy, hy,... h;}

Observations 2.6 and 2.8 show that every homogeneous solution set can
be described as both a span and a perp, and we shall see that the same
holds for every subspace of R"™. We can describe the same subspace
as the perp of one set, or as the span of a different set. Moreover, the
two types of description complement each other with an elegant math-
ematical symmetry. In this way, subspaces manifest the dual nature of
our subject.

Before going further, however, we must resolve a bit of unfinished busi-
ness and prove that both spans and perps are always closed under
addition and scalar multiplication—that is, that every span and every
perp is indeed a subspace.

PROPOSITION 2.9. Let V = {vy,va,...,vi} be any set of k vectors in
R". Then spanV and V* are both subspaces of R™.

Proor. We deal first with span V', proving it closed under addition
and scalar multiplication.

To verify closure under addition, recall that a vector belongs to span V'
if and only if it can be expressed as a linear combination of the v;’s.
So when x and y are arbitrary vectors in span V', we have

X = (C1Vy +CVy + -+ CL Vg
y = divi +davy + -+ dpvy,

Sum these expansions and use the distributive law to collect multiples
of each v; to get

Xx+y=(ci+di)vi+ (ca+da)vo+ -+ (cp + dip) Vi

This is again a linear combination of the v;’s, so spanV is closed
under addition.

An even shorter argument proves that spanV is closed under scalar
multiplication, and we leave that as an exercise.

Next consider V+. To prove closure under addition, as usual, we con-
sider two arbitrary vectors x, y € V+. By Definition 2.4, their mem-
bership in V+ means

x,yEvllﬂV;ﬂ---ﬂv,f
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In particular, both x and y are in each of the hyperplanes v;, and

we want to show that the same holds for their sum: to remain in V+,

the sum must lie in each hyperplane v;-.

This holds thanks to Observation 2.3, which assures us that each hy-
perplane v;- is itself a subspace, and hence closed under addition and
scalar multiplication. It follows that once x and y belong to vi-, so

70

does their sum x+7y. Since this holds for each i = 1,2,... k, we have
X+y€EvinNvy N---Nvy

This makes V+ closed under addition. As with spans, one gets closure
under scalar multiplication by a similar argument that we leave as an
exercise. 0

— Practice —

292. Let a; = (1,0,—2) and ap = (—2,1,0) in R3.
a) Find two non-zero vectors (not multiples of each other) in aj.

b) Find one non-zero vector in {a;,as}*.

293. Consider the vectors a; = (7,—5,4) and a; = (—2,6,3) in R?.

a) Find two non-zero vectors (not multiples of each other or the
a;’s) in span{aj,as}.

b) Which of these three vectors belong to span{a;,as}?

7 22 24
b1 - 27 5 b2 - —8 y b3 - -8
33 24 22

[Hint: The technique explored in Ezxercises 254 and 255 is use-
ful (though not necessary) here.]

294. Consider the vectors a; = (2,—6,4) and a, = (—2,6,2) in R3.
a) Find a non-zero vector in {a;,as}*.
b) Which of these three vectors belong to {a;,as}*?
4 0 24

bi=| 0], bo=| -2, by=138
9 6 0
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295. Consider the vectors a; = (1,—1,1,—1,0), a, = (0,1, —-1,1,—1),
and a3 = (—1,0,1,—1,1) in R®. Find two non-zero vectors (not
multiples of each other) in {a;,a,,az}*.

296. Consider the vectors a; = (1,—2,3,0), a; = (0,1,—2,3), and
as = (3,0,1,-2) in R%

a) Find three non-zero vectors (other than multiples of each other
or the a;’s themselves) in span{ai, as, as}.

b) Which of these three vectors belong to span{a;,as,az}?

4 3 —1

-1 —4 7

bl = 2 ) b2 = 7 ) b3 = 5
—1 —4 1

[Hint: The technique explored in Exercises 254 and 255 is use-
ful (though not necessary) here.]

297. Consider the vectors a; = (1,—2,3,—4), and ay = (2, 3,4, —5)
in R*.

a) Find two non-zero vectors (other than multiples of each other)
- N
m {al, ag} .

b) Which of these three vectors belong to {a;,as}*?

2 2 4

) 1 0

bl = —4 ; b2 = 4 ) b3 = 0
-5 3 1

298. a) Let m be any scalar. Find a vector in R? whose span is the
line of slope m through the origin of R2.

b) Find two vectors in R? whose span is the plane z3 = 0 in
R3.

c¢) Find three vectors in R* whose span is the hyperplane through
0 and perpendicular to (1,1,1,1).

299. a) Let m be any scalar. Find a vector in R? whose perp is the
line of slope m through the origin of R2.
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b) Find two vectors in R?® whose perp is the z-axis in R3.

c) What is {e;, e, e3}- C R3? (The e;’s are the standard basis
vectors in R3.)

300. Is it possible for the span of a set in R"™ to equal the perp of that
same set? Give an example showing it is possible, or prove that it is
not possible.

301. Complete the proof of Proposition 2.9 by showing that

a) The span of any set V = {vy,vy,...,vi} in R" is closed
under scalar multiplication.

b) The perp of any set V = {vi,vs,...,vi} in R" is closed
under scalar multiplication.

— % —

3. Nullspace

Every n x m matrix A gives rise in a simple, natural way to four
subspaces—a span and a perp in both R™ and R™. All four carry
important algebraic and geometric information about the linear trans-
formation represented by A.

DEFINITION 3.1. To every n X m matrix A, we can associate the
following four subspaces:

e The column-space of A, denoted col(A) is the span of the
columns of A. It lies in R™.

e The nullspace of A, denoted nul(A) is the perp of the rows
of A. It liesin R™.

e The row-space of A, denoted row(A) is the span of the rows
of A. It lies in R™.

e The left nullspace of A, denoted nul(AT) is the perp of the
columns of A. It lies in R".

O
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3.2. Nullspace. The two perps associated with any matrix are its
nullspace and its left nullspace. Since the left nullspace of A is simply
the nullspace of AT, however, it will largely suffice to focus on nul(A).
The nullspace of A is defined as the perp of the rows, and Observa-
tion 2.6 then tells us that that it is also the solution set of Ax = 0.
This makes it easy to test vectors for membership in nul(A)—we just
multiply them by A and see if we get 0 (hence the null in nullspace).
To actually find vectors in nul(A), however, we have to work harder
and solve the homogeneous system using Gauss—Jordan.

EXAMPLE 3.3. Suppose

1 -1 0
A:{o 1 —1}

Which (if any) of the vectors

1 1 0
Vi = 1 y V2= 1 y V3= 1
0 1 1

lie in nul(A)? To find out, just multiply each v; by A:

we (1) s () =)

These facts show that vy does lie in nul(A), while v; and vz do not.

But what if we sought more vectors in nul(A)—how could we find
them?

Since nul(A) comprises all solutions to Ax = 0, we just need to solve
that system. The resulting homogeneous generators will lie in nul(A),
and more: their linear combinations give all solutions of Ax = 0, and
hence all vectors in nul(A).

In short, we can also express nul(A)—the perp of the rows of A—
as the span of the homogeneous generators. To find the latter, we
row-reduce A in the familiar way, getting

RRE(A) = { L0 -1 ]

01 —1
The last column (only) is free, yielding one generator:

h=(1,1,1)
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So nul(A) is the span of (1,1,1). Geometrically, it is the line generated
by (1,1,1).

Note that we now have two descriptions of this line: as the span of
(1,1,1), and as the perp of the rows of A. Figure 4 illustrates.

0,1,-1* (1,1,1)

(1,-1,0)*

Figure 4. The black arrow indicates the line of solutions
to the homogeneous system in Example 3.3. It can be seen
as a span or a perp: the span of (1,1,1), or the perp of
{(1,-1,0), (0,1,-1)} (i-e., the intersection of the planes).

ExAMPLE 3.4. Which of these vectors

1 3 3 1
vi= | 1|, vo=1| 3|, v3i=| 2|, vy=1| 2
1 1 1 1

belongs to the nullspace of the one-rowed matrix
A=[2 —4 6]

Again, we can answer this easily by multiplying A with each vector
to see whether we get 0 or not. Here, multiplication by A merely
amounts to dotting with (2, —4,6), and gives

AV1:4, AV2:O, AV3:8, AV4:0

which shows that vy and vy lie in nul(A). The other two vectors do
not.
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To find other vectors in nul(A), we again solve the homogeneous sys-
tem, here just the single equation 2z — 4y + 6z = 0. The solutions of
a linear equation in R? form a plane; we may visualize nul(A) here as
the plane orthogonal to (2, —4,6). Algebraically, we find the points in
this plane in the usual way: we start by row-reducing A to get

RRE(A)=[1 —2 3]

The last two columns are free, and our usual procedure supplies two
homogeneous generators:

2 -3
h1 = 1 and hg = 0
0 1

The nullspace of A is then given by the span (all linear combinations)
of these two generators O

The examples above show that when a subspace S C R"™ arises as the
nullspace of a matrix A, we can easily test any vector v for member-
ship in S by computing Av.

They also show that when S arises as a nullspace, we do not directly
get any explicit vector in S. For that we must solve the homogeneous
system, which then allows us to describe S as a span—the span of
the homogeneous generators. This involves more work than the easier
“membership test” above.

3.5. Summary. Here is a list of some key properties of the null-
space of an n x m matrix A. When we reach the corresponding sum-
mary for column-space, in the next section, the reader should come
back to this and compare the two lists. They exhibit a satisfying com-
plementarity.

o The nullspace of A,xm is a subspace of R™ (not R™ ).

o [t is easy to test any vector for membership in nul(A) (just
multiply by A and see if you get 0 ).

e To actually find vectors in nul(A), we must solve Ax = 0.

e The nullspace of A is orthogonal to every row of A (it is the
perp of the rows).

e The nullspace of A is trivial if and only if RRE(A) has a
pivot in every column.

o The nullspace of A cannot be trivial if m > n.
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— Practice —

302. Answer these questions about the nullspace:
a) What is the nullspace of the identity matrix I,,?
b) What is the nullspace of the n x m zero matrix 0, ?
¢) Which n x m matrices have all of R™ for their nullspace?
)

d) Which n x n matrices have only {0} for their nullspace?

303. Find two vectors that span the nullspace of this matrix. What is
its left nullspace?

1 -1 01

0 1 -1 0

304. Consider the matrix

1200
A—[002 J

a) Which of these vectors lie in the nullspace of A?

) 4 0 0
! B 9 =" ="
XL o YT | 2|27 T 9
0 1 0 0

b) Find all vectors in nul(A).

305. Consider this matrix:

B =

DN = DO
(S N
W DY W

6 3

a) Which vectors below lie in the nullspace of B?

Ne}

2 3 4 -2
X = 2 l,y=1| -6 |,z=| -2 |, w= 4
-2 3 -2 -2

b) Find all vectors in nul(B).
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306. Let a,b,c € R be any scalars that are not all zero. What then is
the nullspace of this matrix?

0 ¢ —b
—c 0 a
b —a 0

307. Consider matrices A and B below.
a) Which columns of B lie in nul(A)?
b) Which columns of A lie in nul(B)?

1 11 1 1 1 1
1 00 -1 11 1 -1
A=11 11 4 B=1 11 41 3
0 00 0 11 -1 —1

308. Show that:

a) The nullspace and left nullspace of a symmetric matrix are
always the same.

b) Does this hold for skew-symmetric matrices?

¢) The nullspace and left nullspace of this matrix are the same,
though it is neither symmetric nor skew-symmetric:

N RS
co Ot DN
O O W

309. Prove true or give a counterexample:

a) If an n x m matrix has more rows than columns, then its
nullspace contains only the origin.

b) If an n x m matrix has two identical columns, then its null-
space contains more than just the origin.

¢) If an n x m matrix has two identical rows, then its nullspace
contains more than just the origin.

d) If every row of an n x m matrix A lies in the nullspace of
that same matrix A, then all entries of A vanish.
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310. When A and B are two matrices of the same size, the nullspace
of A + B bears little or no relation to that of nul(A) and nul(B).

a) Can you find non-zero square matrices A and B, each having
a non-trivial nullspace, such that nul(A) and nul(B) are both
proper subsets of nul(A + B)?

b) Can you find non-zero square matrices A and B, each having
a non-trivial nullspace, and yet nul(A + B) = {0}?

311. Show that:

a) The nullspace of a product AB always contains that of B.
Why is this true?

b) The nullspace of AB may not contain the nullspace of A.
Use the matrices

11 0 —1
A—{22] and B—{l O]

[Hint: Find a vector that lies in nul(A) but not in nul(B).]

— % —

4. Column-Space

The nullspace and left nullspace are the two perps associated with a
matrix. The two spans are its column-space and row-space—the spans
of the columns and rows, respectively. We focus on the column-space
here, since the row-space of A is also the column-space of AT. Still,
the row-space has its own distinct identity and utility, especially with
regard to orthogonality, the subject of Chapter 6, and we’ll have more
to say about it there.

Where nul(A) was already familiar to us as the solution set of Ax = 0,
col(A) is likewise familiar. For by definition, a vector b lies in col(A)
if and only if it is a linear combination of the columns:

b= $1C1(A) + ZL‘QCQ(A) + -+ l’mCm(A)

Recalling that linear combination equals matriz/vector multiplication,
however, we can recognize the expansion of b above as the familiar
matrix/vector product Ax, where x = (x1,Z2,...,Tn).
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This simple insight is important enough to record for future reference.

OBSERVATION 4.1. The column-space of a matrix A, x., 1S the same
as the set of products Ax for all x € R™. In symbols,

col(A) = {Ax: x € R}

FEquivalently, col(A) is the image of the linear transformation repre-
sented by A.

The last sentence here is true because the outputs of a transformation
T, which make up its image, are all possible T'(x)’s, as x runs over its
domain. When A represents 7' this is the same as all possible Ax’s
which, as we have just observed, is the same as col(A).

To make this more concrete, consider a specific example.

EXAMPLE 4.2. Let

1 0 -1
A=|-1 -1 0
-1 2 3

What are some vectors in col(A)? Well, the columns of A themselves
obviously lie in col(A). Moreover, given any x € R?, Ax € col(A),
by Observation 4.1. For instance, with x = (1,2, —3), we find that

4
Ax=| -3 lies in  col(A)
—6

Obviously, it would be equally easy to generate as many other vectors
in col(A) simply by choosing different x’s.

On the other hand, suppose we are given a vector b, and we want
to test it for membership in col(A). For instance: Do either of the
vectors (1,1,1) or (2,2,—10) lie in col(A)? Observation 4.1 above
shows that to answer this question, we must determine whether the
System

Ax=Db
has a solution when b is either of the vectors (1,1,1) or (2,2,—10)

of interest.

This is something we have done many times. It requires us to row-
reduce the augmented matrix [A|b]. Here, where b = (1,1, 1), that
produces
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e ([A]b]) =

o O =
S = O

The non-zero entry in the lower-right corner signals that we cannot
solve Ax = (1,1,1), and hence (1,1,1) does not lie in col(A).

Doing the same experiment with b = (2,2, —10) however, we get

10 -1 ] 2
RRE ([A|b])=|0 1 1 | —4
00 0] 0
Here we see that we can solve Ax = (2,2,—10), and hence that

(2,2,—10) does lie in col(A). Indeed, we can read off the particu-
lar solution x, = (2, —4,0), which tells us

2 1 0 —1
2 | =2 -1 | -4 -1 | +0| O
—10 —1 2 3
The reader will easily verify that this is true. O

Note the perfect complementarity between this example and the null-
space Example 3.3, for instance. When we have a nullspace, it is easy
to test vectors for membership (just multiply by A and see if you get
0), but hard to find vectors in the nullspace (we have to solve the
homogeneous system).

The column-space story is exactly the opposite: it is hard to test vectors
for membership (we have to solve an inhomogeneous system), but easy
to find vectors in the column-space (just multiply A by any x).

We will return to this beautiful duality in the next section.

To conclude this section, however, we present two important theoretical
results.

The first is an extremely useful solvability criterion, and we strongly
recommend that students contemplate it and its ssimple proof thoroughly.
In fact, we call it the V.LP. for Very Important Proposition to signal
its import and to enable future reference. It follows almost trivially
from Observation 4.1 above, which was itself quite transparent, but
there is something subtle and unexpected about it.

PROPOSITION 4.3 (V.I.LP.). The system Ax =b has a solution if and
only if b € col(A).
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PROOF. Ax = b has a solution if and only if b can be written

as Ax for some x. By Observation 4.1, this is the same as saying
b € col(A). O

When A is square, this criterion has an immediate interesting conse-
quence. For when A is n X n, solvability of Ax = b for all b € R"
is equivalent to invertibility (Conclusion (d) of Theorem 5.7 in Chap-
ter 4). By the proposition just proven, however, it is also equivalent
to having b € col(A) for every b € R". This gives a new condition
equivalent to invertibility. We have accumulated several since Theorem
5.7, so we now collect them in a new version of that result:

THEOREM 4.4. For any n xn matriz A, the following are equivalent:
a) A is invertible.

b

) The homogeneous system Ax = 0 has only the trivial solution.
¢) RRE(A) =1,
d) Given any b € R", we can solve Ax = b.
e) det(A) #0.
f) nul(A) = {0}.
g) col(A) = R".

PRroOF. It suffices to show that conditions (b)—(g) are all equiv-
alent to invertibility. Conditions (b), (c), and (d) here come directly
from Theorem 5.7 of Chapter 4, where we first saw that equivalence.
The determinant condition (e) here is equivalent to invertibility by the
third conclusion of Corollary 6.8 in Chapter 4. Observaton 2.6 shows
that condition (f) above is just another way of stating (b), since the
perp of the rows of A is, by definition, the same as nul(A). Finally,
condition (g) above is equivalent to invertibility because by our V.L.P.
(Proposition 4.3) col(A) = R™ means we can solve Ax =b for every
b € R", and hence (g) is equivalent to (b). O

REMARK 4.5. Note the complementarity of the relationships of col(A)
and nul(A) to invertibility in the Theorem just proven. Conclusion (g)
links invertibility of A to the mazimality of col(A), while Conclusion
(f) links it to the minimality of nul(A). O
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4.6. “Span” as a verb. In Definition 2.4, we defined span as a
noun. It is also makes a useful verb: Instead of saying that a subspace
S is the span of a set V', we often say that V' spans S, or equivalently
that the vectors in V' span S.

In short, S = spanV and “V spans S” mean the same thing: the
linear combinations of the vectors in V' fill the subspace S.

EXAMPLE 4.7. In R?, the plane z = 0, also known as es, is the span of
the first two standard basis vectors {e;,es}. There, “span” functions
as a noun.

We can make the statement using it as a verb, however, by saying that
e; and e, in R® span the z = 0 plane.

The verbal form is often useful with the spans associated to a matrix
too. For instance, we defined col(A) and row(A) as the span of the
columns and rows of A, respectively. To make the same definitions
using span as a verb, we could say

The columns of A span its column-space. The rows of A span its
row-space.

Similarly, the homogeneous generators span the nullspace of A. O

4.8. Summary. Now we list of some key properties of the column-
space of an nxm matrix A, just as we did for nullspace in the previous
section. The reader should compare and contrast the column-space list
here with the nullspace list there.

o The columnspace of A,xm 15 a subspace of R™ (not R™ ).

e [t is easy to find vectors in col(A)—simply multiply A by any
vector x € R™.

o To test a vector b € R™ for membership in col(A), however,
we must solve Ax =b. b € col(A) if and only if a solution
exLSts.

e Fvery column of A is orthogonal to the left nullspace of A,
which s the perp of the columns.

e The column-space of A s all of R™ if and only if RRE(A)
has a pivot in every column.

e The column-space of A cannot be all of R™ if n > m.
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— Practice —

312. Answer these questions about the column-space:

a) What is the column-space of the identity matrix I,,?

b) What is the column-space of the zero matrix 0,,x,,"

¢) Which n xm matrices have only {0} for their column-space?
)

d) Which n x n matrices have all of R™ for their column-space?

313. Consider the matrix

1 -2 3
A=|-2 1 =2
3 =2 1

a) Find four vectors (not multiples of single columns) in col(A).

b) Which vectors below lie in col(A)? [Hint: Though not neces-
sary, the technique of Exercises 254 and 255 can help.]

2 6 2 2
x=| -3, y=| 5|, z=| 5|, w=]| —6
2 6 2 6

¢) Which of the vectors in part (b) lie in the row-space of A?

314. Consider the matrix

1 —4

-2 3

L= -3 2
4 -1

a) Find three vectors (not multiples of single columns) that lie in
col(LL).
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b) Which vectors below lie in col(L)? [Hint: Though not neces-
sary, the technique of Exercises 254 and 255 can help.]

) 3 3 2
N | -1 | =1 | -6
=1 | Y= =1 |0 27 1 VT 6
7 3 -3 2

c) Do either (or both) of the standard basis vectors e, e; C R?
lie in the row-space of L?

315. For each set V given below, either show that spanV = R3, or
find a vector not in spanV. In the latter case, describe spanV as a
point, line, or plane. All four possibilities occur here.

a)  V={(1,1,0), (0,1,1), (1,0,1)}

b)  V={(1,-1,0), (0,1,—1), (1,0,—1)}
o) V={(1,-1,0), (-1,1,0), (0,0,0)}
d) vV ={(1,1,0),(2,2,0),(3,3,0)}

e) V={(0,0,0), (0,0,0), (0,0,0)}

316. Use the V.I.P. (Proposition 4.3) to decide if the column-space of
each m X n matrix is all of R™ or not.

S
a) |0 1 -2 L I I
1 0 -1

2 -3 0 1

11 1 1

A S

1 1 -1 -1

1 -1 -1 1

317. Determine whether the row-space of each matrix in Exercise 316
is all of R™ or not.
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318. Determine in each case whether b lies in the column-space of A :

1 -1 0
a) b=(1,1,1), A=| 0 1 -1
-1 0 1

123
b) b=(1,23), A=]|01 2
00 1

0o 2 1

) b=(1,41), A=|-2 0 2
-1 -2 0

0 2 1]

d b=(1,1,1), A=|-2 0 2
-1 -2 0

319. Show that:

a) When A has m columns and B has m rows, we always have

col(AB) C col(A).

b) Contrastingly, col(AB) generally neither contains, nor lies in,
col(B). Demonstrate this by considering

0 1 11
A:[l 0} and B:{Q 2]

c¢) Use the results of (a) and (b) above to prove: When A has
m columns and B has m rows, we always have row(AB) C
row(B), but in general, row(AB) neither contains, nor lies
in, row(A).

320. Let

2 40 6
A:[48 26]

a) Find a matrix B whose column-space equals nul(A).

b) Find a matrix C whose row-space is the left nullspace of A..
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321. Find a 2 x 2 matrix whose nullspace and column-space both lie
in the span of (1,1).

322. When A and B are both n x n, the column-space of AB bears
little relation to that of A and B separately.

a) Can you find 2 x 2 matrices A and B that both have non-
trivial column-spaces, and yet col(A + B) = {0}7

b) Can you find 2 x 2 matrices A and B, neither of which have
all of R? as their column-space, and yet col(A + B) = R??

323. Find (different) matrices whose (a) nullspace, (b) column-space,
(c) row-space, and (d) left nullspace, is spanned by (0,0,1,4) and
(1,2,0,-3).

5. Perp/Span Conversion

At the beginning of Section 2, we asserted that every subspace S € R"
can be described both ways: as the span of a set V' C R”, and as the
perp of some other set W C R". The obvious question then arises as
to whether, and how, we might convert from a span description to a
perp description and vice-versa:

i) Given a spanning set V' for a subspace S, can we find a set
W whose perp is S7

ii) Conversely, given that S is the perp of a set W C R", can
we find a spanning set V' for S7

Algorithms for both conversions do exist. One is already familiar,
and we will soon present the other. First, however, we compare the
strengths and weaknesses of the two types of subspace description.
They serve different purposes, and complement each other with an el-
egant mathematical symmetry.

To facilitate our discussion and connect to other areas of mathematics,
we also use the terms explicit and implicit, respectively for the span
and perp descriptions of a subspace.
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DEFINITION 5.1 (Explicit and Implicit). An explicit description of a
subspace S C R" is a set V' of vectors that span S.

An implicit description of a subspace S C R" is a set W of vectors
whose perp is S:

Explicit description: S = spanV

Implicit description: S = W+
O

The terms span and perp need not actually appear for us to recognize a
description as explicit or implicit. For instance, S = col(A) describes
S explicitly, because col(A) is a span—the span of the columns of A.
Contrastingly, S = nul(A), describes S implicitly, since nul(A) is a
perp—the perp of the rows of A.

These terms make sense because a span description of a subspace S
gies an explicit formula for every vector in S —as a linear combina-
tion. For instance, if S = span{vy,vy,..., vy}, the formula

C1V1 + CoVy + -+ - 4+ Ci Vi
gives every vector in S. By choosing different coefficients ¢, ¢5 ..., ¢,
we can explicitly generate as many vectors in S as we like.

When we describe a subspace S as the perp of a set, on the other hand,
we do not explicitly present any vector in S. Instead, we describe S
by giving a test for membership. A vector x belongs to W+ if and
only a-x = 0 for every vector a in W. Since W does not list any
vectors in S, but only provides a test for membership, it makes sense
to call the description implicit.

The two descriptions therefore complement each other perfectly:
e An explicit (span) description of a subspace S makes it
— Easy to produce vectors in S, but
— Hard to test whether a given vector belongs to S.

e The implicit (perp) description of a subspace S is just the
opposite, making it

— Easy to test whether a given vector belongs to S, but
— Hard to produce actual vectors in S

The terms easy and hard have specific meanings here:

Easy means we need only form a linear combination—or equivalently,
perform a matrix/vector multiplication.
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For example, it is “easy” to produce a member of a subspace that
is explicitly given as col(A) for some matrix A with m columns.
By the V.I.P., we just choose any vector x € R™ and compute Ax
(Proposition 4.3).

Similarly, to test whether a vector x lies in a subspace given implicitly
as nul(A), we again compute Ax. If it vanishes, then x € nul(A),
otherwise it does not.

Hard, on the other hand, means we have to solve a linear system, and
hence row-reduce a matrix.

For instance, to find vectors in nul(A) we must solve Ax = 0. The
homogeneous generators and their linear combinations then give us a
span formula for vectors in nul(A). Similarly, to test whether a vector
b lies in col(A), we must solve Ax = b. The system has a solution if
and only if b € col(A) (again, Proposition 4.3, our V.L.P.).

The terms easy and hard are relative, of course, but in the present
context, one can actually quantify them. The number of scalar addi-
tions and multiplications required by a typical n x n matrix/vector
multiplication is proportional to n?. The number of operations re-
quired in solving an n X n system, on the other hand, is proportional
to n3. For even moderately large n, of course, n? is much smaller
than n3 making matrix/vector multiplication quite a bit easier than

system-solving.

REMARK 5.2 (Image/pre-image). Another way to see the span/perp,
explicit/implicit duality is this:

A span description presents a subspace as the itmage of a linear map,
while the perp description presents it as the pre-tmage of 0 under
some other linear map.

Indeed, the span of a set V' = {vy,va,...,v,,} is, by definition, all lin-
ear combinations of the v;’s. But our mantra, linear combination equals
matriz/vector multiplication (Remark 1.22 from Chapter 1), shows that
the linear combinations of the v;’s form the image of the linear map
represented by the matrix V having the v;’s as columns:

V]_ V2 « e . Vk,‘
V= ‘ ‘ . ‘
Thus, spanV is always an image: the image of the linear transforma-
tion represented by V.
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Similarly, perps are pre-images. For as noted in Observation 2.6, the
perp of a set
A={aj,ay,...,a,} CR™

is the same as nul(A), where

a;
ag

ap,

But nul(A) can also be seen as the pre-image of 0 under the linear
map represented by A.

Thus, At is always a pre-image: the pre-image of 0 under the linear
transformation represented by A. 0

Since the span and perp descriptions have complementary strengths
and weaknesses, we often want to know a subspace explicitly when it’s
given implicitly, or vice-versa. In other words, we want to convert one
mode of subspace description into the other:

e Convert an implicit (perp) subspace description to an ezplicit
(span) description.

e Convert an explicit (span) subspace description to an implicit
(perp) description.

5.3. Converting perp to span. To recast a perp as a span, we
simply solve a homogeneous system.

Indeed, we saw in Observation 2.6 (and just mentioned again in Re-
mark 5.2) that a subspace defined implicitly (as the perp of a set
{aj,as,...,a,}) is nothing but the solution set of Ax = 0, where
row ¢ of A is given by a; for each ¢ =1,2,...,n. This solution set is
of course the span of the homogeneous generators we get from the free
columns of RRE(A). In short,

Converting a perp description of a subspace to a span description of
that same subspace, we always solve a homogeneous system.

3 0
2 3

EXAMPLE 5.4. Let

_ N

1
A=14

and find a matrix B with col(B) = nul(A).

Here we have a perp description (the nullspace of A is the perp of its
rows), and we want to convert it to a span description as col(B) (the

N —
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span of the columns of a matrix B). We want to do an implicit-to-
explicit conversion.

Specifically, we need the columns of B to span the nullspace of A.
What spans the nullspace of A7 The homogeneous generators h;
that we get from RRE(A), of course. So all we need to do is find the
h;’s and set them up as columns of a matrix B.

Accordingly, we compute

1 0 -1 -6
RRE(A):{O 1 5 3}

write down the homogeneous generators

1 6

2 -3

hl = 1 ) h2 = 0
0 1

1 6
—2 -3
B = 1 0
0 1
Now col(B) = nul(A), as desired. O
In sum: To convert the perp of {aj,as,...,ar} to a span, we:

i) Construct a matriz A having the a;’s as rows, and

ii) Solve Ax =0 to find its homogeneous generators

hy, hy,.... h.

We can then rewrite

{ay,a,,... ,ak}L = span {hy, hy,... h}

The perp of the a;’s has become the span of the h;’s.
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5.5. Converting span to perp. To recast a span as a perp re-
quires a new idea. Here, we show how to do it using Proposition 4.3—
the V.I.P. again. We give an alternative and more elegant procedure for
doing this in Section 1.13 of Chapter 6, but we’re not yet in a position
to explain that method.

We can best explain the one we have in mind here using examples. We
give two, after which we’ll summarize.

EXAMPLE 5.6. Consider the subspace S C R? spanned by (1,-1,0),
(0,1,—1), and (—1,0,1). This is an explicit (span) description. How
can we describe this same subspace implicitly (as a perp)?

The answer has us realize S as the column-space of a matrix B. The
V.I.P. (Proposition 4.3), will then help us find a matrix A with

col(B) = nul(A)

On the left, we have our original span description of S, but on the
right, get an implicit, perp description of the same subspace.

The first step, realizing S as a column-space is easy: Set the given
vectors up as columns of a matrix B. Proposition 4.3 (the V.L.P.)
then tells us that a vector b lies in S = col(B) if and only if the
inhomogeneous system Bx = b has a solution. To see if it does,
we form the usual augmented matrix [B|b], with an indeterminate

b = (z,y,2):

1 0 -1 | =
-1 1 0| vy
0 -1 1] =z
Row-reduction takes this to
1 0 -1 | =
0 1 -1 | y+=
0 -1 1| =z
and then
10 -1 | =

01 -1 | y+uz

00 0] z4y+a
The key observation is this: the latter matrix represents a system with
no solution, unless the final entry in the bottom row is zero, that is,

z4+y+x = 0. This single homogeneous equation, however, is equivalent
to the perp condition (1,1,1) - (z,y, z) = 0, or in other words,

Ab=0
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where A =11 1].

Thus, b € col(B) if and only if b € nul(A). We have converted the
span description to a perp description. O

ExAMPLE 5.7. Find an implicit (perp) description for the span of
(1,1,1,1) and (1,—1,1,—1) in R?.

As above, we set up a matrix with the given spanning vectors as the
columns of a matrix B, and augment it with a general vector b:

1 1| b
S
[B‘b]_11|b3
1 —1 | by

1 1| b

0 =2 | by—by
0 0 | by—b
0 =2 | bi—b

and subtract the second row from the last to get

11| b

0 =2 | by—by
0 0 | by—b
0 0 | by—by

We don’t need to go any further: the system clearly has a solution if
and only if the last two right-hand entries vanish—that is, if and only
if b solves the homogeneous system

bg - b1 = 0
b4 - bg = O
The coefficient matrix of this new system is clearly
-1 010
A= { 0 -1 0 1 }

We have thus converted an explicit, span description to an implicit,
perp one. The subspace spanned by (1,1,1,1) and (1,—1,1,—1),
that is, the column-space of the original matrix B is now the nullspace
of a new matrix, namely A above. 0
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Here’s a summary of the method used by these two examples.
To convert a span description of a subspace S C R™ to a perp descrip-
tion,

i) Set up the spanning vectors for S as the columns of a matriz

B.
ii) Row-reduce the augmented matriz [B|b|, with an undeter-
mined “variable” vector b = (by,ba, ..., by,).

iii) Fach row of zeros at the bottom of RRE(B) now ends with a
linear combination of the b;’s in the last column.

iv) Set each of these linear combinations equal to zero, and write
the resulting homogeneous system in vector form as Ax = 0.

The procedure starts with the span description S = col(B), and con-
verts it to the perp description S = nul(A).

— Practice —

324. Find a span description for
a) The plane y =0 in R?.
b) The y-axis in R3.
c) The set of all vectors in R whose last two coordinates vanish.
)

d) All of R™

325. Find a perp description for
a) The subspace spanned by (0,1,0) (the y-axis) in R?.
b) The set of all vectors in R® whose last two coordinates vanish.

¢) The trivial subspace {0} C R".

326. Find an explicit (span) description for the nullspace of

2 4 -2 4
A:{36 3—6}

327. Find an explicit (span) description for
a) The plane through 0 and orthogonal to (1,—3,2) € R3.



328.

329.

330.

331.

332.

333.
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b) The hyperplane through 0 and orthogonal to (2, —3,4,—5,1)
in R®.

Find an implicit (perp) description for
a) The plane spanned by (2,0,1) and (0,2,—1) in R?.
b) The subspace spanned by (2, —4,2, —6) and (2,4,2,6) in R™.

Find an implicit (perp) description for

a) The line spanned by (1,2, 3) in R?. (Figure 4 depicts a similar
situation.)

b) The line spanned by (2,—1,-2,1) in R*.

Find

a) A span description for the intersection of the hyperplanes x;+
23+ 25 =0 and 25 +24 =0 in R’.

b) A perp description for the subspace spanned by (1,0,1,0,1)
and (0,1,0,1,0) in R®.

Find a matrix whose nullspace equals col(A), where

3 —1 5
A = 0O 0 O
-3 1 -5
Consider the matrix
1 1
2 1
A= o o
1 -2
a) Find a matrix X with col(X) = nul(AT).

b) Find a matrix N with nul(IN) = col(A).

Find an implicit description for row(A), where

12—21}

A:{01 10
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334. Suppose V = {vy,va,...,vi} is a finite set of non-zero vectors
in R".

a) Can spanV N V= ever be completely empty? Why or why
not?

b) Can the span of V' ever be the same as the perp of V? Why
or why not?

¢) Can any non-zero vector ever lie in both the span of V' and
the perp of V7 Why or why not?

335. Recall that the row-space of a matrix is the span of its rows.

a) Show that swapping rows doesn’t change the row-space of a
matrix. (The same holds for the other elementary row opera-
tions, but you needn’t show it here.)

b) Swapping rows usually does change the column-space of a
matrix. Exhibit a 2-by-2 matrix whose column-space gets
changed by that operation. Find a vector in the original
column-space that no longer lies in the changed column-space.

6. Independence

6.1. Reducing a spanning set. Suppose we have a spanning set
V' for a subspace S C R"™, and we create a larger set V' by adjoining
one or more additional vectors from S into V. Then V' D V| so
span V' D spanV = S. On the other hand, S is closed under addition
and scalar multiplication, so spanV’ C spanV = S. The new set V’
is larger than V', but has the same span as V.

This shows that spanning sets for a subspace come in different sizes,
and in particular, that we can easily make a spanning set bigger without
changing its span. But how small can we make it? Specifically,

Question: If V' spans S, which vectors (if any) can we delete from
V', without changing its span S?

We will answer this after proving Proposition 6.3 below.

First, however, we clarify a key point of terminology.
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DEFINITION 6.2. Suppose A is a matrix—not necessarily in reduced
row-echelon form. Henceforth, when we refer to the pivot or free
columns of A, we mean the columns that end up with or without
pivots after row-reduction.

Thus, to find the pivot or free columns of any matrix, we row-reduce,
and see which columns end up with pivots. The corresponding columns
of the original matrix are then its pivot (or free) columns. O

PROPOSITION 6.3. Fach free column of a matriz can be written as a
linear combination of its pivot columns.

PRrooF. For simplicity, let us assume that columns 1 through r are
pivot columns, while the remaining columns r+1 through m are free.
(In general the pivot and free columns intermingle, but that doesn’t
really change the argument—it just complicates the notation.)

Now let j > r + 1 be the index of any free column. We get the
corresponding homogeneous generator h by putting a 1 in position 7,
and setting all other free variables to zero. Let p; denote the coordinate
of h in each “pivot” position ¢ < r. Since h solves the homogeneous
system, we have

Ah=0

Expand the matrix/vector product using our mantra: matriz/vector
multiplication is a linear combination. Since all the free coordinates
of h except the jth vanish, Ah, as a linear combination, will involve
only column j and the pivot columns (1 through r) of A, and hence
will look like this:

pici(A) +prca(A)+---+prc(A)+1c;(A)=0

Solve this for the free column ¢;(A) to express it as a linear combina-
tion of the pivot columns:

cj(A) =—picj,(A) =p2cj,(A) = —prc;, (A)
This is what we wanted! We have shown how to express any free column
as a linear combination of pivot columns. O

COROLLARY 6.4. The pivot columns of a matriz span its entire column-
space. Deleting the free columns doesn’t change the column-space.

PROOF. Let A be any matrix, and suppose v € col(A). Then by
definition, v is a linear combination of the columns of A. If any free
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column appears in that linear combination, however, we can substi-
tute a linear combination of pivot columns by the Proposition above.
Replacing all free columns by linear combinations of pivot columns in
this way, we express v as a linear combination of pivot columns only.

Since we can do this for any v € col(A), the pivot columns span all of
col(A). O

EXAMPLE 6.5. The matrix

1 -1 0
A= 0 1 -1
-1 0 1
quickly row-reduces to
1 0 -1
RRE(A)=| 0 1 -1
00 O

So the first two columns of A are its pivot columns. By the Corollary
just proven, the first two columns of A span all of col(A). In particular,
column 3 should be a linear combination of columns one and two—and
it is. In fact, the homogeneous generator we get from it is h = (1,1, 1),
which tells us

l-ci(A)+1-c(A)+1-c3(A)=0

Solve this for c3(A) to write the latter as a linear combination of the
first two columns:

c3(A) = —c1(A) —ca(A)

Caution: Following Definition 6.2, we selected the first two columns
of A itself here. The first two columns of the reduced matrix RRE(A)
do not span col(A). In fact, they’re not even in col(A) (check it)! O

Before we proceed from our discussion of spanning sets, we prove a
fact—especially useful later on—relating span and orthogonality.

PROPOSITION 6.6. If 0 # w € R", and w is orthogonal to each vector
i a set 'V, then w s not in the span of V.

Proor. We will prove the contrapositive: If a vector w s in the
span of V', and is orthogonal to every vector in V , then w = 0.
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To do this, label the vectorsin V' as vq,Vva,...,v,. Then w € spanV’
would mean we could write

(37) W =C1Vy + vy + -+ -+ Vg,

In this case, dotting w with itself and applying the distributive rule
for dot products (Corollary 1.30 of Chapter 1) would give

wi? = w-w
= W-(c1vi+ vyt Vi)
= c(wW-vy)+ca(w-vy)+ -+ cp(w-vg)
=0

since we assume w orthogonal to each of the v;’s. In short, a vector
w in the span of the v;’s, and orthogonal to them, must be 0. This
proves the contrapositive, and hence the Proposition. O

Exercises 347 and 344 develop some useful first consequences of this
fact. We’ll appeal to it again in the discussion leading up to Theorem
8.2—perhaps the deepest result of this chapter.

6.7. Independence. The pivot columns of A don’t just span
col(A) —they span efficiently, in the sense that we need every pivot col-
umn to span col(A); if we discard any pivot column, the column-space
shrinks. A central concept in linear algebra, independence, expresses
this fact.

DEFINITION 6.8. A non-empty set of V' of vectors in R" is linearly
independent (or simply independent) if no proper subset of V
spans all of spanV. If a set of vectors is not independent, we call
it dependent.

This definition of independence has the advantage of showing clearly
why independence is desirable: Every vector in an independent set is
essential—none can be discarded without losing span.

On the other hand, Definition 6.8 provides no practical test for in-
dependence. We remedy that lack with Proposition 6.9 below, which
equates independence to more easily testable properties. Conclusion
(¢) in particular yields a simple and concrete independence test.
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PROPOSITION 6.9 (Independence). The following siz statements are
equivalent:

a) The columns of a matriz A are independent.
b) No column of A is a linear combination of the others.

c) All columns of A are pivot columns (no free columns).

e

nul(A) = {0}.

f) No linear combination of the columns c;(A) wvanishes unless
each of its coefficients vanish. That is,

aq Cl(A) + ao C2(A> + -+ ap Cm(A) =0

)
)
d) Ax =0 has only the trivial solution.
)
)

only when ay =as =--- = a,, = 0.

PROOF. As usual, it will suffice to prove each of the following six
implications:

(a) = (b) = (¢) = (d) = (¢) = () = (a)

Individually, most of these have very short proofs.

(a)= (b): We need to show that when the columns of A are inde-
pendent, no column is a linear combination of the others. We do so via
the contrapositive: If one column is a linear combination of the others,
the remaining columns—a proper subset—uwill still span col(A), mak-
ing the full set of columns dependent. For instance, suppose the last
column ¢, (A) is a linear combination of the first m — 1:

Cm(A) = a1 C, (A) +asCo+ Q1 Cm_l(A)

Then in any linear combination of all columns, we can replace ¢,,(A)
by the right-hand side above, thereby rewriting the original linear com-
bination using the first m—1 columns only. The full set of m columns
would then be dependent, by our definition, because the first m — 1
columns alone—a proper subset—suffice to span the full column space.
(b)= (c): Again, we argue the contrapositive: If A has a free col-
umn, then some column is a linear combination of the others. Indeed,
Proposition 6.3 guarantees that the free column itself is a linear com-
bination of the other columns—in fact, of the remaining pivot columns
alone.

(c)= (d): Here we argue directly. Since each column has a pivot, there
are no homogeneous generators, and hence the particular solution is the
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only solution. Since 0 solves the homogeneous system, it must be that
unique particular solution.

(d)= (e): This one is trivial: by definition, nul(A) equals the solution
set of Ax =0.

(e)= (f): Also trivial: If we define x = (ay,as,...,a,), the linear
combination in (f) just gives the column description of Ax = 0. So (f)
merely restates that nul(A) contains only the origin.

(f)=(a): We argue the contrapositive again: If the columns of A
are dependent, then some non-trivial linear combination of them van-
ishes. Indeed, suppose the columns of A are dependent. Then some
subset of the columns—the first m — 1, say—span the entire column-
space. In that case, the last column is a linear combination of the
m — 1 columns that precede it:

Cm(A) = a1 Cy (A) + as Cg(A) + -+ am_ Cm—l(A)

Subtracting c¢,,(A) from both sides then yields

0= aq Cl(A) + (05} CQ(A) 4+ -4 Qm—1 Cmfl(A) — Cm(A)

Some of the a;’s might vanish here, but they can’t all be zero, since the
coefficient of ¢,,,(A) is —1 # 0. So the right-hand side is a non-trivial,
linear combination of the columns of A that vanishes. This proves the
contrapositive, as desired. U

Traditionally, one takes Conclusion (f) above as the definition of inde-
pendence. We derive it as a consequence of Definition 6.8, because we
find the latter easier for students to understand and remember.

Conclusion (c), as mentioned above, amounts to an easy test for the
independence (or dependence) of a set of vectors. We restate it here
for emphasis:

COROLLARY 6.10 (Independence test). To see if a set of vectors is
independent, set its vectors up as columns of a matriz, and row-reduce.
If every column gets a pivot, the vectors are independent. If not, they’re
dependent.

ExXAMPLE 6.11. Are (1,2,3), (2,1,3), and (2,—3,—1) independent?

To answer this using the test above, we create a matrix A having these
vectors as columns, and row-reduce:
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1 2 2 1 01
A=121 -3 — RRE(A)= |0 11
3 3 -1 000

Column three of the reduced matrix has no pivot, so by Conclusion (c)
of the Proposition, the given set is dependent. The third vector is a
linear combination of the first two (by Proposition 6.3), and can thus
be discarded without losing span. U

EXAMPLE 6.12. Are the vectors (1,-2,3), (2,—3,1), and (3,—1,2)
independent?

Here the answer is “yes,” since a routine row-reduction takes the matrix
A having these vectors as columns, to RRE(A) = I, which has a pivot
in every column. U

Before going any further, we state another important corollary to our
Independence Proposition 6.9. It isn’t quite as obvious as one might
first think.

COROLLARY 6.13. The pivot columns of any matriz are independent.

PROOF. Proposition 6.9 tells us that the columns of a matrix are
independent if they all reduce to pivot columns. What we need to
show here is that if we discard the free columns of a matrix A, the
new matrix A’ that remains will have no free columns. In other words,
no pivot column of A will become a free column of A’.

This holds because the Gauss—Jordan algorithm skips over free col-
umns—it never executes a row operation based on a free-column entry,
for if we don’t find a pivot in some column, we move on to the next.
Exactly the same sequence of row operations thus row-reduces both A
and A’. To put it another way, deleting free columns and row-reducing
commute!

We thus get RRE(A) either way, which means the columns of RRE(A’)
are the pivot columns of RRE(A). It follows that RRE(A’) has no free
columns, making the columns of A’, and thus the pivot columns of A,
independent by Conclusion (c) of Proposition 6.9. O

We conclude our introduction to independence with a more specialized
test that has two immediate, but important corollaries.

PrOPOSITION 6.14. If A is a matriz, and each column of A has a
non-zero entry in a row that has zeros everywhere else, the columns of
A are independent.



6. INDEPENDENCE 281

PROOF. Suppose A has m columns. For each j = 1,2,...,m,
divide the row with the non-zero entry in column j by that entry to
make it a one. Then swap that row into the jth position. The first m
rows of A now form an m x m identity matrix. So far we have only
used elementary row operations, and we can now use the leading one
in each column to zero out all entries in any rows below the first m
rows to put the matrix in RRE form, with a pivot in every column.

Proposition 6.9(c) now certifies that the columns of A are independent,
as claimed. O

COROLLARY 6.15. The non-zero rows of a matrix in RRE form are
always independent.

PRrROOF. The non-zero rows of a matrix in RRE form each have a
pivot in some column that is zeros above and below.

Now delete any zero rows from the bottom of the matrix, and then
transpose. The resulting matrix satisfies hypotheses of Proposition
6.14. Each column now has a 1 in a row that is otherwise zero. Its
columns—the non-zero rows of the original matrix—are therefore in-
dependent. O

COROLLARY 6.16. The homogeneous generators we get when solving a
homogeneous system are independent.

Proor. We construct the jth homogeneous generator by putting
a “1” in the jth free variable position, while putting zeros in that
same position in every other homogeneous generator. If we now set
the homogeneous generators up as columns of a matrix H, that matrix
satisfies the conditions of Proposition 6.14. U

— Practice —

336. Find two vectors whose span equals the span of this set in R?:
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337. Find three vectors whose span equals the span of this set in R*:

2 0 1 2
0 2 2 1
-2 |’ o1’ -1 || -2
0 -2 —2 1

338. Determine whether each set is independent. If not, write one
vector in the set as a linear combination of the other two.

1 2 3
a) 2 1,131, 4
3 4 5
1 2 3
b) 2 |, (3], 4
3 > )

339. Determine whether this set is independent. If not, write one vector
in the set as a linear combination of the other three:

-1 ) 1 4
2 ) -1 -1
2 171 =3 |’ 01’ 9
1 ) —1 —4

340. Which of the following sets (if either) in R? is dependent? Which
is independent?

1 3 5
a) 2 4 6
3 ) 7
1 4 3
b) 2 4 2
3 4 1
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341. Let
Vi, = (1707 1707 1)7 Vo = (17 1707 17 1)7 V3 = (1707 0707 1)

vy =(0,1,0,1,0), v5 = (0,0,1,0,0), v¢ = (1,1,1,0,0)
Which of the following sets in R® is dependent? Which is independent?
a) {V17V27V3} b) {V17V27V4} C) {VQ,V5,V6}

d) {V17V27V37V57V6} e) {Vlav27v37v6}

342. Do any five of the vectors v; in Exercise 341 form an independent
subset? If so, which five? If not, how do you know?

343. Show that a set of k vectors in vi,va,...,vy € R™ cannot be
independent if k > n. [Hint: Regard the v;’s as matriz columns.]

344. Show that a set of k vectors vyi,vs,...,viy € R" cannot span
R"™ if k <n. [Hint: Regard the v;’s as matriz rows, argue that there

exists a vector h # 0 orthogonal to all of them, and use Proposition
6.6.]

345. Suppose S C R" is a subspace.

a) If a set with only three vectors spans S, can S contain an
independent set with four vectors? Why or why not?

b) (Hard) If S contains an independent set of four vectors, can
a set with only three vectors span it? Why or why not?

346. Suppose T': R™ — R" is linear, and we have an independent set
{uy,...,u;} in R™.

a) Give a simple example showing that the image set
{T(wy), T(az),...,T(ug)}
in the range need not be independent.

b) Show that, even so, {T(uy),...,T(ux)} will be independent
it 7' is one-to-one.

¢) Show that {T'(uw;),...,T(ux)} will also be independent, whe-
ther or not 1" is one-to-one, if the u;’s are independent vectors
in the row-space of A.
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347. We call a set V C R"™ orthogonal if every vector in V is or-
thogonal to every other vector in V' (that is, v;-v; =0 whenever v;
and v, are distinct vectors in V.)

Show that an orthogonal set not containing 0 must be independent.
[Hint: Proposition 6.6.]

7. Basis

Suppose a set B both spans a subspace S C R", and is independent.

In this case, including more vectors from S won'’t increase the span,
since B already spans S, which is closed under addition and scalar
multiplication. The new set will be dependent though, since the smaller,
original set B already spanned S.

On the other hand, suppose we delete one or more vectors from B. In
this case, the new set will no longer span all of .S, since that would mean
the original set B—which we assumed independent—was dependent.

In short, when an independent set B spans a subspace S, we can’t
add a vector from S without making it dependent, and we can’t delete
a vector without reducing its span. In this sense, an independent span-
ning subset of a subspace is optimal: it’s a maximal independent set,
and a minimal spanning set at the same time. We call such sets bases:

DEFINITION 7.1. A basis for a subspace S C R" is a subset of S
that both

e Spans S, and is
e Independent.

4

EXAMPLE 7.2 (Standard basis). As a first example, let us verify that
the standard basis for R™ actually is a basis for R"™ according to
Definition 7.1. The criteria are that it must span R", and it must be
independent.

The standard basis does span R™. Indeed, we saw this way back in
Observation 1.12 of Chapter 1, which says we can express any x =
(x1,22,...,2,) € R™ as a linear combination of the standard basis
vectors in an obvious way. The standard basis vectors thus span R",
as needed.
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They are also independent. For when we set them up as columns of a
matrix, we get the n X n identity matrix, whose columns obviously all
have pivots, and are hence independent, by Proposition 6.9 (c). 0

OBSERVATION 7.3. The columns of any invertible matriz form a basis
for R™.

Proor. We must show that the columns of any invertible matrix
both span R", and are independent.

When A is invertible, we can solve Ax = b with any b € R" (just
take x = A7'b). So col(A) (the span of the columns) is all of R"
by the V.I.P. (Proposition 4.3).

Since an invertible matrix row-reduces to I, every column is a pivot
column too. So by Proposition 6.9 (b), they’'re independent. This
completes the proof. O

Contrastingly, the columns of a general n x m matrix may or may not
span R". Likewise, they may or may not be independent. The pivot
columns of a matrix span its column-space (Corollary 6.4), however,
and they’re also independent, by Corollary 6.13. So we immediately
get an easy (and useful) conclusion:

PROPOSITION 7.4. The pivot columns of a matriz A always form a
basis for col(A).

This Proposition is what gives us a practical way to find a basis—
an independent spanning set—for any subspace given explicitly—as a
span. We take a spanning set, set up its vectors as columns of a matrix,
row-reduce to distinguish pivot columns from free columns, and discard
the latter.

ExAMPLE 7.5. Find a basis for the span of (1,-3,5), (3,-9,15), and
(2,2,-2).

To do this, set the given vectors up as columns in a matrix A. By
Proposition 7.4, the pivot columns of A will then provide a basis.

We therefore row-reduce the matrix

1 3 2
A=|-3 -9 2
5o 15 -2
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This gives

RRE(A) =

o O =
S O W
o = O

Pivots appear in the first and third columns, so columns 1 and 3 of A
form a basis B for col(A):

1 2
B= 31,1 2
5 —2

O

This example shows how to extract a basis from any span. But how do
we find a basis for a perp? Since the nullspace of a matrix is the perp
of its rows, the answer follows easily from Corollary 6.16, as we now
show:

PROPOSITION 7.6. The homogeneous generators for nul(A) always
form a basis for nul(A).

Proor. We must show that the homogeneous generators both span
nul(A) and are also independent.

Spanning is immediate: the nullspace of A s the set of solutions to
Ax = 0 which, we know, is the span of the homogeneous generators.

Independence is even quicker: it is exactly the statement of Corollary
6.16. 0

EXAMPLE 7.7. Find bases for both nul(A) and col(A), given

A=| -

N W DN
|

N W N

— N W

— N W

To get either basis, we start by row-reducing A, which yields

1100
RRE(A)=|[0 0 1 1
0000

The pivot columns are columns 1 and 3, so the first and third columns
of A form a basis for the column-space:
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2 3
Basis for col(A) = -3 1, 2
2 1

By inspecting the two free columns, we can also write generators for
the nullspace, namely h; = (—1,1,0,0) and hy = (0,0, —1,1). Thus,

Basis for nul(A) =

O

These examples show how to find a basis for any subspace S C R". If
S comes to us as a span, we realize it as the column space of a matrix.
The pivot columns of that matrix then give us a basis for S. If, on the
other hand, we encounter S as a perp, we realize it as the nullspace of
a matrix, whose homogeneous generators then give us a basis for 5.

7.8. Linear interpolation. One reason bases are important is
this: A linear transformation is completely determined by what it does
to any basis for its domain. In a way, this fact, called linear interpo-
lation is just linear algebra’s generalization of the familiar statement
that “two points determine a line.”

As a special case of linear interpolation, we saw (in Observation 5.5
of Chapter 1) that any linear map 7: R™ — R" is completely deter-
mined by its effect on the standard basis. In fact, we saw that the m
outputs 7T'(e;) form the columns of the matrix A that represents T,
and using that matrix, we can then compute T'(x) for any input x by
the simple formula 7'(x) = Ax.

We now extend that principle from the standard basis to any basis
for the domain R™ of T'. Specifically, suppose we have a basis B =
{by,bs,...,b,} for R™ and we know the outputs

Wj:T(bj), j:1,2,...,m

Then we can still construct the matrix A representing 7T, and from
that, compute 7'(x) = Ax for any input x € R™.

To see this, let A denote the (as yet unknown) matrix that represents
T'. Then for each basis vector b; € B, we have

Abj = T(b]) = Wj
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But if Ab; = w; for each j = 1,2,...,m, then (since matrix multi-
plication works column-by-column), we actually have

(38) AB=W

where B is the matrix whose jth column is b;, while W' is the matrix
whose jth column is w;. Since we're given the basis vectors b; in R™,
and the corresponding outputs w; in R", we can easily construct both
B and W.

Now A is still unknown, but: Since the m columns of B form a
basis for R™, the matrix B is invertible, by Observation 7.3. We
can therefore solve (38) for A:

(39) A =WB™

and this gives us the desired formula for the matrix A that represents
T. As mentioned above, once we have A, we can compute 7'(x) =
Ax for any input x € R™, and T is thus completely determined, as
claimed.

Let us demonstrate:

EXAMPLE 7.9. Suppose T: R? — R? is linear, with

0 3
T(é): 1 and T(§>: 0
—2 3

Since (1,3) and (2,5) form a basis for the domain R? and we’re given
their images under 7', we have exactly the situation discussed above,
with

0 3
b1=<§)7b2=(§)7 W1 = 1 , W = 0
-1 3

These vectors form the columns of the B and W in (38), but we want
to use (39) to compute A, so we must first find the inverse of B. Using
either the formula from Exercise 235 of Chapter 4, or by row-reducing
[B|I], we find that

S
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so that T is represented by

[ 0 3 -5 2
A = WB! = 10 3 —1
-2 3
9 —3
= | =5 2
19 —7

We emphasize again the key point: Once we have A, we can find T'(x)
for any input vector x. For instance,

9 -3 2 12
T(2,2)=1| =5 2 2 = —6
19 -7 24
O
— Practice —

348. Find a basis for the column-space. Then find one for the row-
space.

>

Il
W N =
[@X RSN N
~ 00 W
—_ =
W DN Ot

349. Find a basis for the column-space. Then find one for the row-
space:

111000
100110
A=101010 1
001011

350. Find a basis for {(0,1,0,1), (1,0,1,0)}* in R4,

351. Find a basis for the perp of the rows of the matrix in Exercise
349. Then find a basis for the perp of the columns.
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352. Let V = {vy,va,...,Vs}, where the v;’s are the vectors in Exer-
cise 341.

a) Find a basis for the span of V.

b) Find a basis for the perp of V.

353. The columns of any invertible n X n matrix form a basis for R".
Is the converse true? That is, if we take any basis for R” and make its
vectors the columns of an n x n matrix, do we always get an invertible
matrix? Justify your answer with either a proof or a counterexample.

354. Suppose v; and v, form a basis for a subspace S C R". Let
w; = vy + vy and wy = v; — vy. Show that w; and wy form a basis
for S too.

355. Use Exercise 335 and Corollary 6.15 to prove
The pivot rows of RRE(A) form a basis for the row-space of A.

356. Let
0 1 2 3
4 5 6 7
A=1 ¢ 9 10 11
12 13 14 15

Find bases for each of the subspaces row(A), col(A), nul(A), and
nul(AT).

357. Suppose

U:{ul, s, ..., U_k}
is an independent set in R", and z € R" is not in the span of U.
Show that if we adjoin z to U, the new set

U ={uy,uy, ..., u, z}

will still be independent. [Hint: What happens if we row reduce [U|z],
where the columns of U are the vectors in U ?]

358. If T: R*> — R? maps (3,—1) to (1,—4), and maps (5, —2) to
(—3,2), what matrix represents 77 Where does T send the standard
basis vectors (1,0) and (0,1)?
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359. Find a 2-by-2 matrix for which (4,5) is an eigenvector with eigen-
value A = —1, and (3,4) is an eigenvector with eigenvalue A = 2. (See
Definition 1.36 of Chapter 1 to review the meanings of eigenvalue and
eigenvector.) [Hint: Use linear interpolation.]

360. Find a 3-by-3 matrix for which (1,0,0) is an eigenvector with
eigenvalue A = 2, (1,1,0) is an eigenvector with eigenvalue A = —1,
and (1,1,1) is an eigenvector with eigenvalue A = 3. [Hint: Use linear
interpolation.|

361. What matrix represents the linear transformation @Q: R* — R?,
with

Q(1,1,1,1) = (1,1)
Q(1,-1,1,-1) = (1,-1)
01,-1,-1,1) = (~1,1)
Q(1,1,-1,-1) = (-1,-1)

362. Suppose B = {by,bsy,...,b,} is a basis for R". Suppose further
that S: R™ — R" is a linear transformation that sends b; to —b;
for each 7 =1,2,...,n. What n X n matrix represents S 7

— % —

8. Dimension and Rank

8.1. Dimension. We now know how to extract, from any span-
ning set for a subspace S, an independent spanning set—a basis—for
S. Each vector in such a basis is then essential: we can’t delete it
without losing span. In that way, bases for S are minimal spanning
sets.

We may still wonder, however: Is it possible that some bases for a given
subspace S have fewer vectors than others, making them even “more
manimal”?

Experience suggests otherwise. For instance, Observation 7.3, tells us
that the columns of any invertible n X n matrix form a basis for R".
That gives many bases with exactly n vectors.

It’s easy to see that no basis for R™ can have more than n vectors.
For a matrix with more than n columns in R"™ would have only n
rows, hence a free column, violating the independence we require any
basis to have.
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Similarly, no basis for R™ can have fewer than n vectors, for if we
set them up as rows of a matrix, that matrix too would have more
columns than rows, and hence a free column, giving us a homogeneous
generator—a non-zero vector in the perp of the rows. By Proposition
6.6, that puts it outside the span of the rows, violating the requirement
that a basis for R™ must span all of R".

We now want to show that this same fact holds, not just for R", but
for all its subspaces too.

The following theorem, one of the most important in the subject, com-
pletely settles the question.

THEOREM 8.2 (Dimension). All bases for a given subspace S C R"
contain the same number of vectors.

Before we prove this, we briefly explore the major consequence for
which it is named. Specifically, it assigns each subspace S C R"™ two
characteristic integers d,c > 0 called the dimension and codimension
of S, respectively:

DEFINITION 8.3 (Dimension). The number of vectors common to every
basis for a subspace S C R" is called the dimension of S, denoted
by dim(S). The difference in dimension between R"™ and S, namely
n — dim(S), is called the codimension of S, which we abbreviate as

codim(S5). O

Dimension is perhaps the most basic feature of a subspace. Here are
some examples.

ExAMPLE 8.4. As noted above, every basis for R", like the standard
basis, contains n vectors. The dimension of R"™ is thus n, while its
codimension is n —n = 0. 0

ExAaMPLE 8.5 (Hyperplanes). Let a = (a1, as,...,a,) € R™ be any
non-zero vector. Then the hyperplane at has dimension n — 1. For
we know that a' is also the nullspace of the matrix

A:[al ay - an}

Such a matrix must have exactly n — 1 free columns, hence n — 1
homogeneous generators. By Proposition 7.6, these form a basis for
nul(A) = at. It follows from the Dimension Theorem that every basis
for a' contains exactly n — 1 vectors, and hence a' has dimension
n — 1 and codimension n — (n—1) =1.
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This gives meaning to our intuitive sense that hyperplanes in R" are
“copies” of R™!. Both have dimension n — 1. For instance, every
plane in R3 has dimension two, as we might expect. U

EXAMPLE 8.6 (Lines). The line generated by any non-zero vector v €
R" has dimension 1, and hence codimension n — 1. For {v} spans
the line, and is independent, and thus forms a 1-element basis for the
line. By the Dimension Theorem 8.2, every basis for the line also
contains exactly one vector. Lines are thus 1-dimensional according to
our definition of dimension. U

Let us now turn toward the proof of the Dimension Theorem (8.2) itself.
Most of the work goes into Lemma 8.7 below, a fact very useful in its
own right. To facilitate the proof, we formalize a naming convention
we have already used informally:

When we use uppercase without bold to name a set of vectors, like this:
V= {V17V27' o 7Vk’}

we use the same uppercase letter—but in bold—to name the matrix
having those vectors as columns:

Vi Vo - Vi
V= ’ ‘ . ‘
With this notation in hand, here’s the key lemma:
LEMMA 8.7. Suppose S C R"™ has a basis with exactly k vectors. Then

i) Any subset of S with more than k vectors is dependent, and

ii) No subset of S with fewer than k vectors can span S.

ProOOF. By assumption, S has a basis B with exactly k vectors.
Call this basis
U= {ul,ug,...,uk}
To deduce conclusion (i), we must show that any subset of S with
k' > k vectors must be dependent. Let

V=A{vi,va,..., v}

Since U is a basis, the u;’s span S, so if we set them up as columns
of a matrix U, we have

S = col(U)
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Now the v,’s also lie in S, so each v; is a linear combination of the
u;’s. Linear combination is the same as matrix/vector multiplication,
however, so for each j =1,...,k', we can write

Vj = UXj

for some x;. Moreover, since matrix multiplication works column-by-
column, we now have

(40) V=UX

where X and V are the matrices with columns x; and v;, respec-
tively.

Now V is nx k' and U is n x k. So X must be k£ x k', which means
X has more columns than rows, and hence a free column.

That gives us a homogeneous generator h # 0 with Xh = 0. But if
Xh = 0, then by (40) above, we have

Vh=UXh = U (Xh) =U0=0

So Vh = 0. But this makes the columns of V —the v;’s—dependent,
by conclusion (d) of Proposition 6.9, thereby proving conclusion (i) of
our Lemma.

Conclusion (ii) then follows easily from (i). For if S contained a span-
ning set V' with &’ < k vectors, then V' (or some independent subset of
it), would form a basis for S with fewer than k vectors. Our original
basis U would then be a spanning set with more vectors than this new
basis, violating conclusion (i). O

This Lemma makes the Dimension Theorem 8.2 (every basis for a sub-
space S has the same number of vectors) easy to prove:

PROOF OF DIMENSION THEOREM. Take any two bases B and B’
for a subspace S C R", with k and k&’ vectors in B and B’, respec-
tively. As bases, B and B’ are both independent. By conclusion (i)
of the Lemma, neither has more vectors than the other. This forces
k' = k, and we're done: any two bases for S have the same number of
vectors. U

Another implication of the Lemma above often proves useful:

COROLLARY 8.8. If S C R" is a subspace of dimension k, then any
set of k independent vectors in S forms a basis for S. Similarly, any
spanning set of k wvectors forms a basis for S.



8. DIMENSION AND RANK 295

In other words, if we know that dim(S) = k, and we have a set of k
vectors in S, we only have to verify one of the defining conditions for
a basis. The remaining condition (independence or spanning) follows
automatically when the number of vectors equals the dimension.

ProoOF OoF COROLLARY 8.8. Since S has dimension k, it has a
basis U with k vectors. Let V C S be some other subset with k
vectors:

V={vi,va, ..., Vg}

If V' is independent, it must also span S. For otherwise, we could find
a vector viy; in S, but outside the span of V. Adjoining viy; to V
would give us a new set, V’ with k+1 vectors, and V' would be then
independent, by Exercise 357. But since V'’ has more than k = dim(5)
vectors, this contradicts Lemma 8.7. So if V' was independent, it also
spans, making it a basis for S.

Similarly, if V' spans S, it must also be independent. For if it were
dependent, we would get at least one free column on row-reducing the
matrix V having the v;’s as columns. Keeping only the pivot columns,
we would then have a spanning set with fewer than k& = dim(S) vectors.
This again contradicts the Lemma. 0

8.9. Rank and nullity. The dimensions of the column-space and
nullspace of a matrix are among the most useful fact we can know
about it. Both have names.

DEFINITION 8.10. The rank of a matrix A, denoted rank(A), is the
dimension of its column-space. The dimension of nul(A) is called its
nullity, written nullity(A). O

PROPOSITION 8.11. The rank and nullity of a matrix respectively equal
its number of pivot and free columns. If A has m columns, this means

rank(A) + nullity(A) =m

PROOF. By definition, the rank of A is the dimension of col(A).
Since the pivot columns of A always form a basis for the column-space,
rank(A) is the number of pivot columns.

Similarly, nullity(A) is the dimension of its nullspace, and by Propo-
sition 7.6, the generating vectors h; form a basis for it. Since each
free column gives rise to one homogeneous generator and vice-versa,
the nullity of A equals the number of free columns.
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The Proposition’s last statement is now obvious, since the number of
pivot columns plus the number of free columns equals the total number
of columns. O

We will continue to encounter rank and nullity going forward but for
now, we content ourselves with one more useful fact that, at first, seems
almost magical:

PROPOSITION 8.12. Let A be any matriz. Then
rank(A) = rank(A”)

Note that the pivot columns form a basis for col(A), so the number
of pivots is dim(col(A)), the rank of A. When we row-reduce AT,
on the other hand, the number of pivots we get is the dimension of
col(AT) =row(A). Thus, the Proposition tells us that

dim(col(A)) = dim(row(A))

even though col(A) C R™ and row(A) C R™ typically lie in entirely
different numeric vector spaces. More operationally, it says we get the
same number of pivots whether we row-reduce A or AT, even though
the row-reduction processes for the two will be completely different!

PROOF OF PROPOSITION 8.12. The rank of A is the dimension
of col(A), and the rank of AT is the dimension of col(A”). But

col(AT) = row(A), so it suffices to show that
dim(col(A)) = dim(row(A))

By Exercise 355, the pivot rows of RRE(A) form a basis for row(A),
and the dimension of row(A) is therefore the number of pivots in
RRE(A). By Proposition 7.4, however, the pivot columns of A form
a basis for col(A), so the dimension of col(A) is also the number
of pivots in RRE(A). Thus, dim(col(A)) = dim(row(A)), just as we
needed. O

8.13. Affine subspaces. The solution set of the homogeneous
system Ax = 0 is always a subspace. We can describe it as nul(A),
a perp, or, as the span of the homogeneous generators we get from the
free columns.

The solution set of an inhomogeneous system Ax = b, on the other
hand, can never be a subspace since it cannot contain the origin (Proof:

A0O=0+#Db).
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Geometrically, however, the solution set of Ax =b “looks” very much
like a subspace. Indeed, we get it by adding just one vector—a par-
ticular solution x,—to each vector in nul(A), which is a subspace.
As we have know since Theorem 4.1 of Chapter 2, the solution set for
Ax = Db takes the form

x, + nul(A)
Here x, is one (“particular”) solution of the inhomogeneous system,

and of course nul(A) comprises all solutions of the homogeneous sys-
tem.

Geometrically, x, + nul(A) is the set we get by translating nul(A)
away from the origin by the vector x, (Figure 5). It is no longer a
subspace, but we shall signal its resemblance to one by calling it an
affine subspace:

™

X, +S

Figure 5. Affine subspace. When we displace a subspace
S by an amount x,, we get the affine subspace x,+S. Note
that x,+S will not be a subspace, unless x, € S. (Compare
Figure 5, Chapter 3.)

DEFINITION 8.14. A k-dimensional affine subspace of R" is a
subset having the form

a+S={a+s:s€S}

where S C R" is a k-dimensional subspace. An affine subspace a+ S
is not an actual subspace, unless a € S (Exercise 373). O
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We call 1-dimensional affine subspaces of R"™ lines. A plane in R"
is any 2-dimensional affine subspace.

Note that the solution set of a single inhomogeneous equation a-x = b
(a hyperplane parallel to a* ; see Definition 4.16 in Chapter 3) is always
an (n — 1)-dimensional affine subspace—a hyperplane. For we can
always write it as x,+a’, where x, is a particular solution to a-x = b.

Conversely, (n—1)-dimensional affine subspaces are always hyperplanes
(Exercise 374).

— Practice —

363. For each set of vectors below, determine (i) Whether it is inde-
pendent, and (ii) The dimension and codimension of its span.

a) {(1,1,1,-3), (-3,1,1,1), (1,-3,1,1), (1,1,-3,1)}
b) {(1,3,5), (3,5,1), (5,1,3)}
¢) {(6,3,0), (0,3,2), (6,—3,—4), (9,0, —-3)}

364. Compute the dimensions of all four subspaces (column-space,
nullspace, row-space, and left nullspace) for each matrix below.

1 5 -1 5
a) 2 -1 8 b) 5 -2 1 4
03 =3 -1 1 3 3

365. Compute the codimensions of all four subspaces (column-space,
nullspace, row-space, and left nullspace) for each matrix below.

a) -3 1 b)
1 —3 5 7 2
-3 5 7

366. Find the dimension of the affine subspace of solutions to each of
these four-variable systems:

r+y+z = 2 rT—2y+z—2w = 3
a) y+z+w =1 b) =+ y—2z
r+z+w = 3 y+z—2w =1

\)
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367. Suppose we have an inhomgeneous linear system of n equations
in m unknowns.

a) If n =7 and m = 12, and the augmented matrix for the
system reduces with 7 pivots, what are the dimension and
codimension of the solution set (as an affine subspace)?

b) If n = 12 and m = 7, and the augmented matrix for the
system reduces with 7 pivots, what are the dimension and
codimension of the solution set (as an affine subspace)?

c)if n = 12 and m = 7, the augmented matrix has eight
columns. If they are all pivot columns, what does that say
about the solution set?

368. Suppose a 3-by-4 matrix A represents a linear mapping that is
onto. What will the dimension of the solution set to Ax = 0 be?
Explain your answer.

369. Explain why each statement below about the rank r of an nxm
matrix A is true, or give an example showing it to be false.

a) A is invertible if and only if m =n =r.
b) If r < m, the columns of A are dependent.

)
)
c) If r <n, the columns of A are dependent.
d) If » < m, the rows of A are dependent.

)

e) If r < n, the rows of A are dependent.

370. Suppose we have k vectors vy, va, ..., v} in a subspace S C R".

a) If the v;’s span S, what can you deduce about the dimension
and codimension of S7?

b) If the v;’s are independent, what can you deduce about the
dimension and codimension of S7

c¢) If the v;’s both span S and are independent, what can you
deduce about the dimension and codimension of S7?
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371. Suppose V and W are subspaces of R", and define their sum
to be

V+W:= {v+w:veVandwe W}.
Show that
a) V + W is a subspace.
b) dim(V + W) < dim(V) + dim(W).

¢) Give an example in which the inequality in (b) is actually
strict.

d) Give an example in which the inequality in (b) is actually an
equality.

372. Suppose A is an n X m matrix.
a) Express rank(A) in terms of nullity (AT).
b) Express nullity (A”) in terms of nullity(A).

373. Prove: If S C R" is a subspace and a ¢ S, the affine subspace
a+ .S doesn’t contain the origin, hence isn’t a subspace.

374. Prove that every (n — 1)-dimensional affine subspace S C R”
is a hyperplane (the solution set of a single inhomogeneous equation).
[Hint: Find a vector orthogonal to each vector in a basis for S.]

375. Show that when b is in the affine subspace a+ .5, then b+ S5 =
a+ S (they are the same affine subspace).

376. Show that the intersection of two affine subspaces (when non-
empty) is again an affine subspace. [Hint: Express each subspace as
the solution set of a linear system. Then express their intersection the
same way. Alternatively, use Exercises 289 and 375.]

— % —



CHAPTER 6
Orthogonality

In the first two sections of this chapter, we use orthogonality to com-
plete our understanding of subspaces—especially the relationship be-
tween the span and perp of the same set. In the last two sections,
we explore other topics that use orthogonality: First, we focus on or-
thonormal bases: bases comprised of mutually orthogonal unit vectors.
Such bases are particularly useful, and they also have special geomet-
ric significance, for when they form the columns of a matrix, that ma-
trix represents a distortion-free linear transformation, as we shall see.
Lastly, we explain the Gram—Schmidt algorithm, which systematically
replaces the vectors of any basis for a subspace S C R™ by those of
an orthonormal basis.

1. Orthocomplements

The nullspace of a matrix is the perp of its rows—we defined it that way
in Chapter 5. So a vector lies in nul(A) if and only if it is orthogonal
to (dots to zero with) each row of A.

A vector orthogonal to every row, however, will also be orthogonal to
any linear combination of rows, since the dot product distributes over
vector addition. It follows that each vector in nul(A) is actually or-
thogonal to the entire row-space of A. Similarly, each row is orthogonal
to the entire nullspace of A.

In short, the nullspace and row-space of an n x m matrix A enjoy a
mutual perpendicularity relationship. The nullspace consists precisely
of all vectors orthogonal to the row-space.

DEFINITION 1.1. We say a vector w € R" is orthogonal to a sub-
space S C R" if it is orthogonal to every vector in S.

The set of all vectors orthogonal to S is called the orthogonal com-
plement (or orthocomplement) of S, denoted by S+. In symbols,

St={wecR": w-v=_0forallvesS}
See Figure 1. 0
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L,
T=S8"
L,

Figure 1. Orthocomplements (and not). The ortho-
complement of a plane S C R3 is the perpendicular line T
through 0, because that line contains every vector orthogo-
nal to the plane. The blue lines at right are orthogonal to
each other, but they are not orthocomplements, since Lo
does not contain every vector orthogonal to L;.

Definition 1.1 doesn’t certify w as orthogonal to a subspace S until it
is orthogonal to every vector in S. Fortunately, we don’t have to test
it on every vector—it suffices to test on a spanning set:

LEMMA 1.2. If S = span{vy,va,...,Vvi}, then w is orthogonal to S
if and only if it is orthogonal to each v;.

PRrROOF. By definition, w is orthogonal to S if it dots to zero with
every vector in S. In that case, it certainly dots to zero with each of
the v;’s. Conversely, if w dots to zero with each of the v;’s, it dots
to zero with any linear combination of the v;’s (since the dot product
distributes) and hence is orthogonal to S. O

It follows immediately from this lemma that the set of all w orthogonal
to S = span{vy, vs,..., v }—the orthocomplement of S—is simply
the set of all w orthogonal to each v;. But we already have a name
for that—it’s the perp of {vy,va,...,vi}. This proves:

COROLLARY 1.3. The orthocomplement of the span of a set is the
perp of that same set: If S =spanV, then S+ =V+.

REMARK 1.4. Note that the “perp” superscript L has a slightly dif-
ferent meaning depending on whether we apply it to a set (as in V*
above) or a subspace (as in St ). Technically, the perp of a set consists
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of everything orthogonal to each vector in the set. The Corollary shows
that the perp of a set is also the perp of the entire span of that set. [

EXAMPLE 1.5. Consider the line L spanned by (1,0,0) in R?—the
r-axis. What is the orthocomplement L+ ?

By Corollary 1.3, the orthocomplement L* is simply (1,0,0)*, the
plane perpendicular to (1,0, 0), also known as the y, z-coordinate plane,
or the z =0 plane. 0

EXAMPLE 1.6. We just saw that when L is the z-axis, L' is the
x = 0 plane. Now we show that, at least for this example, it works the
other way too: when P is the x = 0 plane, Pt is the z-axis.

To see this, we need to show that the z-axis contains all vectors or-
thogonal to the x = 0 plane. Corollary 1.3 makes this easy.

For the x = 0 coordinate plane is spanned by the standard basis
vectors e, = (0,1,0) and ez = (0,0,1). So by the corollary, P+ =
{e1,e3}t, and hence P+ = nul(A), where

010
A[OOJ

This matrix is already in RRE form, and yields one homogeneous gen-
erator h = (1,0,0). So P+ = nul(A) = span{h}, which is the z-axis.
In short, the z-axis forms the orthocomplement of the z = 0 plane, as
claimed. 0

The examples above illustrate a fundamental fact:

If T 1is the orthocomplement of S, then S is the orthocomplement of
T. “Orthocomplement” is a reciprocal relationship.

This may not be surprising, but it isn’t easy to prove—it does not follow
directly from the definition. Indeed, its proof is somewhat subtle. We
will derive it as one of several corollaries to Proposition 1.7 below.
Most of the work goes into proving that proposition, which, stated
informally, says that the nullspace and row-space of a matrix are always
orthocomplements of each other.

PROPOSITION 1.7. For any matriz A, we have
row(A)" = nul(A)
nul(A)" = row(A)

The row-space and nullspace of a matrix are always orthocomplements
of each other.
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PRrOOF. The definition of row-space (Definition 3.1 in Chapter 5)
says that nul(A) is the perp of the rows, so by Corollary 1.3, it is
also the perp of the row-space, thereby proving the first identity. The
second requires a subtler argument, however, which starts with the
observation that nul(A)" certainly contains row(A):

(41) nul(A)" O row(A)

Indeed, each row of A dots to zero with any solution x of Ax =0
since we can compute Ax by dotting x with each row of A. The same
then goes for any linear combination of rows—anything in row(A)—
since dot products distribute over vector addition. So any vector in
row(A) is orthogonal to everything in nul(A), which confirms (41).

To conclude that row(A) equals nul(A)", however, we must also be
sure that nul(A)" contains only row(A). We argue that by contra-
diction, assuming that, to the contrary, there were some

(42) zecnul(A)" with z ¢ row(A)
To contradict this, observe that if we had such a vector z, we could
append it to a basis {uj,uy, ..., u;} for row(A) to get a new set

B ={uj,uy, ..., uy, z}

Since z ¢ row(A) however, this set is independent (Exercise 357). In
fact, we may assume that z s a unit vector orthogonal to each of
the u;’s (Exercise 389). As a basis for row(A), the u;’s span it, so
by Lemma 1.2, we have z € row(A)l. By the first identity of our

Propostion, this means z € nul(A).

But wait: we now have both z € nul(A) and by (41), z € nul(A)". So
z is both in and orthogonal to nul(A), which makes it orthogonal to
itself, forcing

0=z 2=z
Since we assumed above that z was a unit vector, this is a contradic-
tion. So (42) must not be impossible, which makes (41) an equality, not
just a containment. In short, Proposition’s second identity holds. [

Now consider an arbitrary subspace S C R". Take any basis for S, and
make its vectors the rows of a matrix A. Then S = row(A), and hence
S+ =nul(A) by the Proposition just proven. Take orthocomplements
on both sides of this equation and apply the Proposition again, to get

(SL)L = nul(A)" = row(A) = S
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This proves the corollary we promised:
COROLLARY 1.8. If S C R™ is any subspace, then
(1) =5

It follows immediately that, as mentioned earlier, If T = S*, then
T+ = S. For when T = S+, we can take the orthocomplement of both

sides to get T+ = (SL)L, which equals S, by the Corollary.

More generally, Proposition 1.7 lets us find the orthocomplement of
any subspace S, whether we encounter it as span or perp. We state
this as an additional corollary:

COROLLARY 1.9. Let V = {vy,va,...,vi} CR"™ be any set of vectors.
Then:

i) If S is the span of V, then S+ is the perp of V.
ii) If S is the perp of V, then St is the span of V.

PROOF. When S is the span of V, we have S = row(V7), where,

as usual, V is the matrix having the v;’s as columns. The Proposi-
tion’s first identity then yields S+ = nul(VT). By definition, the latter
is the perp of the rows of VT, which makes it the perp of V. This
proves (i).
To prove (ii), we essentially just switch span with perp, and row with
nul above: when S is the perp of V, we have S = nul(VT). The
Proposition’s second identity then yields S+ = row (VT), which makes
it the span of V.

REMARK 1.10. Note that conclusion (i) above is not really new—it
restates our earlier Corollary 1.3. We include it above to highlight the
beautiful duality between (i) and (ii), one aspect of the broader duality
between spans and perps, row-spaces and nullspaces. 0

We illustrate the basic use of Proposition 1.7 and its corollaries with
two simple examples:

EXAMPLE 1.11. Find the orthocomplement Pt of the plane P that
(1,2,—2,—1) and (0,1,1,0) span in R*.

Since P arises here as the span of two vectors, Corollary 1.9 (i) tells
us that P is just the perp of those same two vectors. If we create a
matrix A having those two vectors as rows, then P = row(A), and
hence, by Proposition 1.7 (i), P+ =nul(A):
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Plzmﬂ[l 2 —2 —1}

01 1 0

This gives P+ implicitly, which could be exactly what we want. If we
preferred an explicit description instead, we simply do a perp-to-span
conversion by row-reducing A to get its homogeneous generators. The
reader can easily calculate them to conclude that

P+ = span

—
_ o O

We just saw how to find the orthocomplement of span, both implicitly
and explicitly. What about finding the orthocomplement of a perp?
For that, we use Proposition 1.7 (ii).

EXAMPLE 1.12. Let

12 -2 1
AZ[Ol 10}

Find the orthocomplement of S = nul(A).

In a sense, Proposition 1.7(ii) makes this trivial, immediately giving
S+ = row(A). In short, the rows of A span the orthocomplement of

nul(A), giving us an explicit description of nul(A)" with no real work.

Suppose, however, that we wanted an implicit description of nul(A)L =
row(A). This is trickier, but one way to do it is to first convert nul(A)
(an implicit description) to an explicit one by finding the homogeneous
generators h; for A. Conveniently, we already found these in the last
example: they are (4,—1,1,0) and (1,0,0,1). So we can write

4

1 Y
0

nul(A) = span

_ o O =

and hence, by Corollary 1.9(i),
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4 1
L -1 o |l [T4-110
nul(A)~ = perp R = nul [ 1 00 1 ]
0 1
This indeed gives an implicit description of S+ = row(A). O

1.13. Span-to-perp conversion. The last part of Example 1.12

is a bit intricate, but if we review its logic, we get something we
promised at the beginning of Section 5.5 of Chapter 5: a more ele-
gant method for converting from span to perp.
In the first part of the example, we had an explicit (span) description
S =row(A), but we wanted an implicit (perp) description of that same
subspace S. To get it, we took three steps, two of which involved no
effort:

i) First, we went to the orthocomplement S* = nul(A). (This
is just a shift of focus—no calculation involved.)

ii) Second, we computed an ezplicit description of S+ = nul(A)
as the span of the homogeneous generators h;. (This requires
calculation, but of a familiar kind.)

iii) Finally, we took the matrix having the h;’s as columns (call
it H) transposed it, so that now S* = row(H”), and paired
Proposition 1.7 with Corollary 1.9 to get the result:

S = (SL)l = 1rovv(HT)l = nul(HT)

We started out with the span description S = row(A) and ended up
with the perp description S = nul(HT). We summarize this as another
corollary to Proposition 1.7:

COROLLARY 1.14. Let A be any matriz, and make its homogeneous
generators the columns of a new matrix H. Then

nul(A) = row(H")
row(A) = nul(H")

PRroOF. The first identity is obvious, since the rows of H? are
the homogeneous generators of A. We argued the second identity in
Example 1.12. It boils down to this:
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row(A) = nul(A)" Proposition 1.7(ii)
= Iow (HT)L
= nul(H") Proposition 1.7(i)
This proves the result. 0

The Corollary’s second identity gives the elegant span-to-perp method
we promised, since row(A) is a span, while nul(HT) is a perp. The
only real work involved is the familiar task of computing the homoge-
neous generators of A, which then form the rows of HT.

We diagram this three-step span-to-perp algorithm below (Figure 2),
where it amounts to going from the upper-left to the upper-right of the
diagram by going down, across, and up, instead of straight across.

,,,,,,

Convert span to perp

i S=rowd) N > | S=nul (H)
5 (span) J/ ‘\\ (perp) ,/‘
£ L
e S* = nul (A A \ Convert perp to span ; /S* _ H b \
{ =nul (4) > | =row (H) \
3 (perp) / \ (span) J

Figure 2. Instead of converting explicit to implicit directly
as in Section 1.13 (upper arrow), we can take an orthocomple-
ment (left arrow), convert implicit to explicit (lower arrow),
then take another orthocomplement (right arrow).

Two examples will serve to demonstrate.

ExaMpPLE 1.15. Find a perp description for the span of (1,-1,0),
(0,1,-1), and (—1,0,1) in R3.

Note that this is indeed a span-to-perp conversion problem. We show
how to solve it using the second identity of Corollary 1.14, that is, by
going left-to-right across the top of the diagram in Figure 2.



1. ORTHOCOMPLEMENTS 309

We must first write our span S as a row-space, by writing the given
vectors as matrix rows:

1 -1 0
S =row(A) where A = 0o 1 -1
-1 0 1

Corollary 1.14 then says we can also realize S as a perp by writing
S = nul(HT)

Here the rows of H? are the homogeneous generators of A. Finding
them is the only work we really have to do. A familiar row-reduction
shows that RRE(A) has only one free column, and hence one homoge-
neous generator h = (1,1,1). So

S=mnul([1 1 1])

This is the implicit description we sought. Equivalently, we could say
that S is the plane x +y + 2z = 0, or the plane (1,1,1)*. O

EXAMPLE 1.16. Find an implicit description for the span of (1,1,1,1)
and (1,—1,1,—1) in R

As in the previous example, we write the spanning vectors as rows to
get

S:mw[l 11 1]

1 -1 1 -1

The matrix on the right reduces to

1 010
0101

Columns 3 and 4 are free, and give rise to homogeneous generators
(—1,0,1,0) and (0,—1,0,1), respectively. The second identity of Cor-
ollary 1.14 now says we can realize S as a perp by writing these vectors
as matrix rows, and then taking the nullspace:
0 -1 0 1

S:nm[_l 0 10]
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REMARK 1.17. Many different matrices have the same column-space
or nullspace. So if we want, for instance, to describe a subspace S
as the nullspace of a matrix A, there will always be (infinitely) many
correct answers. Indeed, elementary row operations don’t change the
row-space or the nullspace of a matrix, so once we have S = nul(A),
we also have S = nul(A’) for every matrix A’ obtainable by applying
elementary row operations to A.

Similarly, if we start with a perp description S = nul(A), convert to
the explicit description row (H”) = nul(A), and then convert back by
finding the homogeneous generators of H? and making them the rows
of a new matrix A’, we don’t expect to get back our original matrix
A (we will not generally have A = A’). While A and A will have

the same nullspace, they will not generally be the same matrix.

Likewise, if we start with .S = row(A), convert to the implicit descrip-
tion row(A) = nul(H”), and then convert back to explicit by making
the nullspace generators of H” the rows of a new matrix A’, we will
have row(A’) = row(A), even though A # A’ in general. O

We can demonstrate this using Example 1.16 above. We started with
the span description

and converted to the perp description

-1 010
S_mﬂ{ 0 -1 0 1]
If we now convert back to explicit in the usual way, by computing the
homogenous generators of this last matrix—they are (1,0,1,0) and
(0,1,0,1) —we get
1010
S = row [ 010 1 }
If we call the first and third matrices above A and A’, respectively,
we can see by inspection that they have the same row-spaces: the sum
and difference of the rows of the third give the rows of the first, while
conversely, half the sum and difference of the rows in the first give those
of the third. But they are obviously not the same matrix.

We conclude this section with one more important consequence of
Proposition 1.7:
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COROLLARY 1.18. If S C R"™ is any subspace, then
dim (S*) = codim(S)

ProOOF. Take any spanning set for S and make its vectors the
columns of a matrix A. Then

S = col(A) = row(A")
The first identity of Proposition 1.7 then gives
S+ =nul(A")

So dim(S)™" is the nullity of AT, which has n columns. Since rank plus
nullity equals total number of columns (Proposition 8.11 of Chapter 5),
we now know that

rank(A”) + dim(S)" =n

But rank(AT) = rank(A), by Proposition 8.12 of the same chapter,
and rank(A) = dim(col(A)) = dim(S) by definition of rank. The
desired result now follows easily:
dim(S)" = n — dim(S) = codim(S)
O

REMARK 1.19. In Exercise 371 of Chapter 5, we introduced the sum
V 4+ W of subspaces V,W C R", which is just all possible sums v+ w,
where v € V and w € W. The intersection V NW, of course, is all
vectors common to both V' and W.

Exercise 390 below, we explore some basic inequalities satisfied by the
dimensions of the sum and intersection:

dim(V +W) < dim(V) + dim(W)
codim(VNW) < codim(V) + codim(W)
Both follow easily from one beautiful identity:
(43) dim(V + W) = dim(V) + dim(W) — dim(V N W)
To prove (43), just take a basis {uy,...,u,} for VN W, and extend
it to bases for V' and W, respectively, of the form
{ug,...,u,,vy,...,vi}

and
{ul,...,uT,Wl,...,wl}



312 6. ORTHOGONALITY

It is easy to show that the u;’s , v;’s, and w;’s form an independent
set that spans (hence forms a basis for) V + W. Identity (43) can
then be verified by simply counting basis vectors, and the dimension
inequality above follows trivially.

To get the codimension inequality, convert (43) into a statement about
codimension, by subtracting each side from the dimension n of the
space containing V' and W (using n = n +n —n on the right)
whence it becomes

codim(V + W) = codim(V') 4+ codim(W) — codim(V NW)

— Practice —

377. Let P denote the plane spanned by (1,4, —1,—1) and (1,4, 1,4)
in R*

a) Find a basis for P+.

b) Find an implicit description of P+.

378. Consider the plane 2z — 3y + 2z =0 in R3.
a) Find a basis for its orthocomplement.

b) Find an implicit description of its orthocomplement.

379. Find a basis for the orthocomplement of the line spanned by
(1,1,1,1,1) C R®.

380. Suppose (a,b) € R?, and (a,b) # 0. Derive a formula, involv-
ing a and b, for a vector spanning the orthocomplement of the 1-
dimensional subspace spanned by (a,b).

381. The cross product u x v of two vectors u,v € R?, is defined
in Exercise 63 of Chapter 1. Show that when u # 0 # v, the cross-
product u x v forms a basis for the orthocomplement of span{u, v}.
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382. Letting S denote the column-space of the matrix below, find
bases for S and S*.

1 3 3

2 =2 2

A= 3 =7 1
-2 2 =2

1 3 3

383. Letting S denote the nullspace of the matrix below, find bases
for S and S*.

&
N DN = DO
NN DN~
DN /=

384. Find an explicit description for the perp of the set

1 2
-2 2

31,1 2 c R%}
-2 2

1 2

385. Find an implicit description for the span of the set in Exercise
384.

386. Given any two independent vectors R?, the cross product (Exer-
cises 63, 381) produces a third vector orthogonal to both. If you were
given n — 1 independent vectors in R”, how could you find an nth
vector orthogonal to all of them?

387. Suppose S C R™ is a subspace, and we have independent sets in
UcS and V C S*. Prove that U UV will be independent in R™.
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388. Supposing that S C R" is a subspace, prove:

a) SNS+={0}.
b) dim(S) + dim(S*+) = n. [Hint: Proposition 8.11 of Chapter
5.
389. Suppose B = {uj,uy, ..., ux} is a basis for a subspace S C R",

and that z € R" is not in S.
a) Explain why Bx = z has no solution.

b) Show that BTBx = BTz does have a solution. [Hint: Show
that nul(BTB) is trivial, so that BTB is invertible. Use the
conclusion of Corollary 2.8: Ax - Ax =x- ATAx ]

c¢) Show that when x solves BTBx = BTz (as in (b) above),
z — Bx is non-zero, and lies in S*.

If we normalize z — Bx, we produce a unit vector perpendicular to
each of the wu;’s. This justifies the “we may assume” statement in the
proof of Proposition 1.7 above.

390. Suppose V and W are subspaces of R"”. You may want to review
Remark 1.19 above, and Exercises 289 and 371 from Chapter 5.

a) Show that (V + W) =vVinw-.
b) Show that (V NW)* = VLWt
¢) Show that codim(V NW) < codim(V') 4 codim (V).

[Hint: Write V' and W as nullspaces.]

— %k —

2. Four Subspaces, 16 Questions

We conclude our focus on subspaces here by summarizing what we have
so-far learned about the four subspaces associated with any matrix. In
particular, we consider four basic questions one needs to answer in
trying to understand these, or any other, subspaces.
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Any n x m matrix A presents us with four fundamental subspaces:
e its column-space col(A)
e its nullspace nul(A)
e its row-space row(A)
e its left nullspace nul(AT).

To claim we “know” any subspace, we should be able to answer four
questions about it:

i) Where does S lie (e.g., R™ or R™)?

ii) How do we find a basis for S (an efficient span description)?

)
iii) What are the dimension and codimension of S?
)

iv) How do we find a basis for St (an efficient perp description

for S itself)?

We now review the answers to each of these questions for each of the
four subspaces associated with a matrix A, «.m,.
Column-space:

i) Where does S = col(A) lie?

Since A has n rows, each column of A has n entries. The
columns of A, and thus col(A), therefore lie in R".

i) How do we find a basis for S?

The pivot columns of A form a basis for col(A).

ili) What are the dimension and codimension of S?

Since the pivot columns form a basis, the dimension of col(A)
is the number of pivot columns—the rank of A.

iv) How do we find a basis for S*+?

Since col(A) = row(AT), we have
col(A)" = row(AT)L = nul(A”)

the orthocomplement of col(A) is thus nul(AT), so the ho-
mogeneous generators for AT yield a basis for col(A)l.
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Nullspace:

i) Where does S = nul(A) lie?
Since A has m columns, each rows has m entries. To form
the product Ax (whose vanishing defines nul(A)) x must also
have m entries, so nul(A) C R™.

ii) How do we find a basis for S?
The homogeneous generators h; we get from RRE(A) form a
basis for nul(A) by Proposition 7.6.

iii) What are the dimension and codimension of S?

The dimension of nul(A) is by definition nullity(A). Accord-
ing to Proposition 8.11 of Chapter 5, we have

dim(nul(A)) = nullity(A) =m —r
where r = rank(A) is the number of pivots in RRE(A).

iv) How do we find a basis for S+?

By Proposition 1.7, nul(A)" = row(A). Any basis for row(A)
will therefore serve our purpose. By Exercise 355, the pivot
rows of RRE(A) provide such a basis. The pivot columns of
AT also provide a (different) basis.

REMARK 2.1. We can answer any question about the row-space or left
nullspace of a matrix A by answering the corresponding questions for
the column-space and nullspace of A”. We prefer to face row(A) on
its own terms, though, since this allows us to highlight some facts we
might otherwise miss. U

Row-space:
i) Where does S =row(A) lie?
Since A has m columns, each row of A has m entries. So
the rows of A, and thus row(A), lie in R™.
ii) How do we find a basis for S?

By Exercise 355, the pivot rows of RRE(A) form a basis for
row(A). Note that these are not typically rows of A itself.
The pivot columns of AT, which are rows of A, yield another
(generally different) basis.

iii) What are the dimension and codimension of S?¢
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The pivot rows of RRE(A) form a basis for row(A), so its
dimension is the number of pivots, which equals the rank r of
A. So the dimension of row(A), like that of col(A), is .

How do we find a basis for S+?

By Proposition 1.7 above, the orthocomplement of row(A) is
nul(A). The homogeneous generators h; for A therefore give
the desired basis, by Proposition 7.6.

Left nullspace:

We handle the left nullspace by transposing and answering the four
questions for the nullspace of AT. We address the four questions for
the left nullspace here mostly for completeness; not much is really new.

i)

ii)

iii)

iv)

How do we find a basis for S = nul(AT) ¢

By the same reasoning we used above to deduce nul(A) C R™,
we see that nul(AT) CR"

Where does S = nul(A) lie?

The homogeneous generators for AT form a basis for nul(AT)
by Proposition 7.6.

What are the dimension and codimension of S?

The homogeneous generators for AT form a basis for the left
nullspace, and we get one generator for each free column of
AT. The dimension of nul(A”) therefore equals n — r, the
total number of columns of AT (namely n) minus the number
of pivot columns. The latter number is 7 because rank of AT
equals the rank of A by Proposition 8.12.

How do we find a basis for S+?

The orthogonal complement of nul(A”) is row(A”) = col(A)
by Proposition 1.7. The pivot columns of A therefore form a
basis for the orthocomplement of nul(A).
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— Practice —

391. Consider the matrix

1 5 -3
A:L -3 5}

a) Find sets of vectors R and C' that span row(A) and col(A),
respectively.

b) Find a set V' such that row(A)=V".
¢) What is the dimension of col(A)"?

392. Consider the matrix

2 4 4 =2
A=1|12 4 -3
1 2 3 =2

Find bases for each of the four subspaces associated with A

393. Find the dimension and codimension of each of the four subspaces
associated with

-5 —4 -3
1 2 3
-2 -1 0
4 5 6
394. Consider the matrix
1 -1
B = 2 =2
—1 1

For each of the four subspaces associated with B,
a) Find an implicit (perp) description for that subspace.

b) Determine the dimension of the subspace.

395. Consider the matrix

3 =3 0
C= 0 1 -1
-3 0 3

For each of the four subspaces associated with C,
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a) Find a basis for its orthocomplement.

b) Find an implicit description of its orthocomplement.

396. A certain matrix A has a 5-dimensional left nullspace, and a
6-dimensional row-space.

a) How rows does A have?

b) What’s the minimum number of columns A can have? Is
there a maximum?

397. Give an example of a matrix A with the given properties, or
explain why none exists.

a) dim(nul(A)) = 3, dim(col(A)) = 2, and dim(nul(AT)) =1
b) dim(row(A)) = 3, dim(nul(A”)) = 0, and dim(nul(A)) = 2
¢) dim(row(A)) = 3, dim(nul(A)) = 1, and dim(col(A)) = 2

398. Consider the general 3 x 3 skew-symmetric matrix

0 a -0
X=| —a 0 c
b —c 0

Here a,b,c € R can be any scalars.
a) Explain why row(X) = col(X) and nul(X) = nul(X7).
b) Show that the nullity of such a matrix is always at least one.

c¢) Give examples (i.e., choose a,b,c) for which nullity(X) = 1,
nullity(X) = 2, and nullity(X) = 3.

399. What are the answers to the sixteen questions of this section in
the case where A, ., 1is invertible?

400. Discuss the answers to the sixteen questions of this section in the
case where A, is diagonal. (The answers depend on how many (if
any) diagonal entries vanish.)
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3. Orthonormal Bases
In Chapter 3, we defined the length of a vector v = (v1,v,...,v,) as
V= VvV = fod bl ek

Definition 3.25 of that same Chapter makes vectors v,w € R" orthog-
onal to each other if and only if v-w = 0.

To state our next definition, we use the Kronecker delta ¢;;, which
denotes the row i, column j entry of the identity matrix:

1, ifi=y
dij = e
0, ifi#j

DEFINITION 3.1. A set {uj,us,...,u;} C R™ is orthonormal if

e BEach u; has unit length, so that |u;|> = 1 for every i =

1,2,...,k, and

e Fach u; is orthogonal to every other u;. Thatis, u;-u; =
0, whenever i # j.

Since |u;]?> = u; - u;, we can express both these conditions as a single
identity using the Kronecker delta:

A set {uj,ug,...,u;} is orthonormal if and only if

(44) u;-u; =9;; forall i j

O

We can say this even more compactly using matrix notation. Set the
u;’s up as the columns of a matrix U, and observe that by the dot-
product method of matrix multiplication, u;-u; gives the ¢, j entry of
UTU. Since §;; is the 4,7 entry of the identity matrix, identity (44)
above reveals a remarkable property of any orthonormal set U: the
transpose of U is a left inverse for U itself:

PROPOSITION 3.2. A set U = {uy,uy,...,ux} is orthonormal in R"
if and only if
Uu'u =1,

PROOF. When (44) holds, the 4, entry of UTU is
r; (UT) . Cj (U) =u; - llj = 57;]'

which is the 4, j entry of the identity matrix.
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Conversely, when UTU = I, we have u; - u; = d;;, which makes U
orthonormal. O

REMARK 3.3. In Proposition 3.2 of Chapter 4, we showed that for
square matrices, AB = I forces BA = I. While orthonormality
ensures UTU = I, however, it does not generally imply UUT =1, ;
it is not generally a right inverse for U, because unless k =n, U s
not square.

The square case k = n is especially important, however, and we explore
it in Section 3.15 below. U

We will shortly give interesting examples of orthonormal sets, but first,
we record a useful corollary to Proposition 3.2:

COROLLARY 3.4. Any orthonormal set is independent.

Proor. By Conclusion (d) of Proposition 6.9 in Chapter 5, U =
{uj,uy,...,u;} in R"™ is independent if and only if Ux = 0 has
only the trivial solution. If U is orthonormal, however, then Ux = 0
implies UTUx = 0 too, which Proposition 3.2 above then rewrites as

IkXZO

which clearly forces x = 0. So any solution of Ux = 0 has to be
trivial. As noted at the outset, this makes U independent. O

EXAMPLE 3.5. It is easy to check that the columns of this symmetric
matrix

1 1
u-| % %
V2 V2
form an orthonormal set. Since they are independent by Corollary 3.4,

and there are two of them, they actually form an orthonormal basis for
R? (Corollary 8.8 of Chapter 5). It is easy to check that

1 1 1 1
UTU:[E_EHE_E}:b
V2 V2 V2 V2

just as the Proposition predicts. O
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EXAMPLE 3.6. The vectors

$(1,1,1,1) and $(1,1,-1,-1)

are orthonormal in R*, as is easily checked by computing their dot
products with themselves and each other. These same dot products
arise when we compute

1/2 1/2  1/2  1/2 /2 1/2
1/2 1/2 —1/2 —1/2 /2 1/2

1/2 —1/2 | ~ I
1/2 —1/2
which also proves orthonormality, by Proposition 3.2. U

In Chapter 1, we noted that the linear system Ax = b can be seen
as a column problem: How do we express the right-hand side b as a
linear combination of the columns of A7

Proposition 3.2 makes it especially easy to solve this problem when the
columns involved are orthonormal. For when the columns of U are
orthonormal, it allows us to solve

(45) Ux=b
by simply left-multiplying both sides of the equation by U7 ':
U"Ux=U"b

By Proposition 3.2, the left-hand side reduces to I;x = x, and we're
done:

x=U"b

Note that we actually compute each coordinate x; of UTb by dotting
b with each u; in turn:

ri=uw-b, i=1,2,....n

We record this fact as follows for easy reference.

OBSERVATION 3.7. If U 1is an orthonormal basis for a subspace S C
R"™, and b € S, then

b = iUy + ToUg + - - - TpUg

where x; =u; -b for each i =1,2,....,n.
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ExAMPLE 3.8. The vectors v = (2,2,—3,—-3) and w = (0,0,4,4),
belong to the plane spanned by these two vectors:

u, = % (1,1,1,1) and wuy = % (1,1,—-1,-1)

Because the wu;’s are orthonormal, we can easily expand any vector
in their span (like v and w above) as linear combinations of them.
Indeed, Observation 3.7 shows how to do so by computing a couple of
dot products in each case.

vV = (111 . V)u1 + (112 . V)ll2
= —u;+5uy

w = (u;-w)u; + (uz - w)uy
= 2111 — 2112

0

ExXAMPLE 3.9. By an easy exercise, these three vectors form an or-
thonormal basis for R3:

1 1 1 1 1 (1

u = — 0], wm=—4| 2], ws=—7|1
SRV W R/ U AV

By Observation 3.7, then, we can easily expand any vector in R? as a
linear combination of them. For instance, let b = (1,2,3). Then

b:(b-ul)ul+(b-u2)u2—|—(b-u3)u3
1 1 1

V2 V6 V3
= — 2111 +2\/§113

The reader will easily check that this is indeed correct: (1,2,3) =
—V2 u; + 2\/§ us. ]

3.10. Distortion-free maps. We saw above that having an or-
thonormal basis U for a subspace makes it easy to solve the column
problem (i.e., express a given vector as a linear combination of the basis
vectors) in that subspace. This followed from Proposition 3.2, which
asserts that when the columns of U are orthonormal, we have

UvTu =1,
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This same identity has a strong geometric interpretation, however,
when we regard the matrix U as representing a linear transformation.
Then it says that when U has orthonormal columns, it represents a
distortion-free linear map, meaning that multiplication by U leaves
lengths and angles unchanged. To say this precisely, we have

DEFINITION 3.11 (Distortion-free mapping). A linear map 7 : R™ —
R"™ is distortion-free or distortionless if it preserves dot products,
so that for all inputs v, w € R™, we have

TWv) - T(w)=v-w
O

Because we used dot products to define lengths and angles, this simple-
looking condition forces T to preserve the lengths and angles in the
following sense:

OBSERVATION 3.12. If T': R™ — R"™ s a distortion-free linear map,
then for all inputs v,w € R™, we have

T(v)|=1|v|] and ZT(v), T(w)=ZLv,w

Proor. We prove the second identity and leave the first as an
exercise.

Let v,w € R™ be any two non-zero vectors. Since 7' is distortion-
free, we have T'(v)-T(w) = v - w, and, assuming the first identity of
the Observation, |T'(v)||T(w)| = |v||w]|. So

T(v)-T(w) VW

TWT(w)| v |w]

By Proposition 3.18 of Chapter 3, the two sides here give the cosines
of £ T(v), T(w) and Z v, w, respectively. Angles between vectors are
completely determined by their cosines, so this proves the Observation’s
second identity. O

ExAMPLE 3.13 (Two distortion-free maps). The mapping 7T : R? —
R? given by

T(SE, y) = <_y> ;U)

(a 90° rotation of the plane) is distortion-free. Indeed, suppose v =
(v1,v2) and w = (wy,ws) are any two vectors in R?. Then

T(V) -T(w) = (—U27U1) . (—w2,w1) = VW2 + VW1 =V -W

So T preserves dot products—it is distortion-free.



3. ORTHONORMAL BASES 325

As a second example, consider the transformation 7' : R? — R3 rep-
resented by

L [v2
A=— 1|2 0
Vol va —v3

A routine calculation shows that ATA = I, so the columns of A are
orthonormal. To see that it represents a distortion-free transformation,
we must show that multiplication by A preserves dot products.

For that, take two arbitrary vectors x and x’, say, in the domain, and
note that by definition of T

T(x) -T(x') = Ax - AX'
Now use Corollary 2.8 from Chapter 4, which lets us write
Ax - -Ax =x-ATAX =x-I,x =x-%

as hoped: multiplication by A preserves dot products, so T is distor-
tionless. ]

In the example just discussed, distortion freedom ultimately rested on
the identity ATA = I, —a property familiar from our discussion of
matrices with orthonormal columns. Indeed, Proposition 3.2 says that
ATA =1 if and only if A has orthonormal columns. By the exact
same argument used in the example above, all such matrices represent
distortion-free transformations. Specifically,

PROPOSITION 3.14. A linear transformation R™ — R is distortion-
free if and only if it is represented by a matriz with orthonormal
columns.

Proor. If T : R™ — R" is distortion-free, then by Theorem 5.6
of Chapter 1, T is represented by a matrix A in the sense that

T(x) = Ax for every input x € R™

Moreover, by the column description of matrix/vector multiplication,
we have

c;(A) = Ae;
(cj(A) denotes column j of A, while e; is the jth standard basis
vector in R™.) But then for each i,7 =1,2,...,m, we have

CZ(A) . Cj(A) = Aei . Aej = T(ez) . T(ej) =e€; - ej = 5ij
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The second equals sign holds because A represents 7', and the next-
to-last because T' is distortion-free. In short, we get

ci(A) - c;(A) = dy

which says the columns of A are orthonormal. This proves the “only
if” half of the Proposition.

The “if” half follows almost immediately because when A has or-
thonormal columns, we have ATA = I,, by Proposition 3.2. That
being the case, we can apply Corollary 2.8 from Chapter 4 just as in
Example 3.13 above, deducing that for any two inputs v,w € R™, we
have

Tv)- T(w)=Av- Aw=v-ATAw=v - I,w=v -w

So T preserves dot products, which makes it distortion-free. U

3.15. Orthogonal matrices. When U is an orthonormal basis
for all of R, we get a square (n X n) matrix when we set its vectors
up as columns Proposition 3.2 then says that U? actually inverts U.
Since transposition is vastly easier than row-reduction, this yields a
truly valuable short-cut—when it applies.

DEFINITION 3.16. A square matrix A is orthogonal if it can be in-
verted by mere transposition. In other words, A is orthogonal iff

AT — A—l
0

With this terminology at our disposal, we can state some basic facts
about orthogonal matrices.

OBSERVATION 3.17. The following are equivalent.
a) A is an orthogonal n X n matric.
b) AT is an orthogonal n x n matriz.
c) The columns of A form an orthonormal basis for R™.
)

d) The rows of A form an orthonormal basis for R".
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PRrROOF. (a) <= (b). By Definition 3.16, we have orthogonality
of A if and only if AT = A~!. Take the inverse on both sides of this
equation to get

1

(A7) =A
Since A = (AT)T, we can write this as
(A7) = (aT)"

read backwards, this says that AT is orthogonal too. If we read the
whole chain of identities backwards, we get the converse: If the trans-
pose is orthogonal, so is the matrix.

(a) <= (c). Once more, we start with the orthogonality of A, which
means

ATA =1,
Since the entry in row ¢, column j of I, is d;;, this implies
r; (AT) ¢ (A) =y
and hence, since the rows of AT are the columns of A,
ci(A)-c;(A) =10
The columns of A are thus orthonormal, as (c¢) claims. The converse

follows immediately from Proposition 3.2.

(b) <= (d). Orthonormality of the rows of A is equivalent to or-
thonormality of the columns of AT. Since (c) is equivalent to (a), this
holds if and only if AT orthogonal. In short, (b) < (d) as claimed.

Schematically, we have now proven
(d) <= (b)) <= (a) <= (¢

so that all four statements are equivalent as claimed. O

Orthogonal matrices have other remarkable properties too.

PrOPOSITION 3.18. The product of two orthogonal matrices is again
orthogonal. The determinant of an orthogonal matriz is always =+1.

PROOF. The inverse of a product is the product of the inverses
in reverse order (Proposition 3.10 of Chapter 4) and the same rule
governs products of transposes (Proposition 2.7 of Chapter 4). Since
we also have orthogonality of A and B, meaning that A~' = AT and
B! = B7, we get



328 6. ORTHOGONALITY

(AB)"' =B 'A ! =BTAT = (AB)"
This shows that AB is orthogonal, as promised.

To see that the determinant of an orthogonal matrix is +1, note first
the obvious fact that detI,, = 1, and recall that the determinant of a
product is the product of the determinants (Theorem 6.10 of Chapter
4). Tt follows that we always have

1 =detI, =det (A"'A) =det (A™") det (A)
Here, however, A is orthogonal, so A~! = AT, and hence
1 = det (A”) det (A) = (det A)*

because det AT = det A by Proposition 6.15 of Chapter 4. In short,
we have (det A)? = 1, and hence det A = £1, as claimed. O

REMARK 3.19. Orthogonal matrices play a major role in many fields
of mathematics, and we may interpret the first conclusion of Proposi-
tion 3.18 as saying that that orthogonal matrices form a closed alge-
braic system of their own—a system important enough to have a well-
established name: the n x n orthogonal group, denoted by O(n). It
plays truly fundamental roles in both geometry and physics. U

REMARK 3.20. As discussed in Exercise 410, all 2-by-2 orthogonal ma-
trices take the form

[0056’ —sin@] [cos@ sinﬁ}

sin 0 cos 6 sinff —cos@

Matrices of the first type correspond to rotation of the plane counter-
clockwise by 6. More precisely, when we multiply a vector v € R? by
such a matrix, the corresponding geometric vector in the plane rotates
counterclockwise by the angle 6 (radians).

Similarly, matrices of the second type correspond to reflection across
the line that makes an angle of /2 with the positive x-axis.

It is geometrically clear that both rotation and reflection are distortion-
free, changing neither lengths of vectors nor angles between them. [J
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— Practice —

401. Show that the columns of the following matrices yield orthonormal
bases for R? and R3?, respectively:

036 048 0.8
2) [0'6 _0‘8} b) 0.48 0.64 —0.6

0.8 06 —0.80 0.60 0.0
402. Let
12 2
U==-]|2 1 2
312 —2 _1

a) Compute UTU to show that the columns of this matrix form
an orthonormal basis U for R3.

b) Use Observation 3.7 to express each of the vectors (1, —2,0),
(0,1,—2) and (1,0, —2) as linear combinations of the columns

of U.
403. Let
1 2 3 —6
U= - 6 2 3
3 —6 —2

a) Compute UTU to show that the columns of this matrix form
an orthonormal basis U for R3.

b) Use Observation 3.7 to express each of the vectors (1,—2,0),
(0,1,—2), and (1,0, —2) as linear combinations of the columns
of U.

404. Consider all matrices of the form

cos@ 0 sinf
ue= o 1 0 |, 6eRr
sind 0 —cosf
a) Show that for any fixed 6, the columns of U(#) form an or-
thonormal basis for R3.
b) Expand (1,—1,0) and (0,1,—1) € R? as a linear combination
of the columns of U(#). Use Observation 3.7 (no need to row-
reduce anything).
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405. Define
0 1 0 0 0 0 0 —1
-1 0 0 0 0 0 -1 0
J = o 0o o 11> X=l0o 1 0o ol

0 0 -1 0 1 0 0 0

0O 0 1 0

0 0 0 —1

L=1 41 0 0o o

0O 1 0 0

Show that for any v # 0 in R*, the set
{V Jv Kv LV}
VI vl v v

forms an orthonormal basis.

406. Consider the vector u; = (1, v/3)/2 in R?, and the vectors v; =
(1,1,1)/v/3, v = (1,0,-1)/+/2 in R?.
a) Find a vector uy that makes {u;, up} an orthonormal basis

for R2. How many possibilities are there for such a vector?

b) Find a vector vz that makes {vi, vo, v3} an orthonormal
basis for R?®. How many possibilities are there for such a
vector?

407. Find an orthonormal basis for the plane spanned by these two
vectors in R*:

u; = (17 _27 _2a 1)7 Uy = (17 _27 67 _3)

[Hint: Start by normalizing uy. Then seek a second vector in the span
of wy and uy, but orthogonal to u,.]

408. Prove that distortion-free linear mappings preserve lengths of vec-
tors (the first identity of Observation 3.12).

409. Which of the following represent distortion-free linear transforma-
tions? Justify your answers.

1 —4

176 —8 1 1[ 1 438
a)ﬁ{s 6] RN B C>§[—4 7 4]
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410. Show that every 2 x 2 orthogonal matrix takes one of the two
forms displayed in Remark 3.20 above. [Hint: If a>+b* = 1, then (a,b)
is on the unit circle in R?, and hence takes the form (cos@,sinf) for
some angle 0.]

411. Prove the claims made by Remark 3.20. Specifically show that
when we multiply a unit vector of the form (cos ¢, sin ¢) (or any vector
that makes an angle ¢ with the z-axis) by a matrix of the first or second
type, we respectively get

(cos(p + 0), sin(¢p+0)), or (cos(d — @), sin(d — ¢))

(The latter results from reflecting (cos ¢, sin ¢) across the line gener-
ated by (cos 36, sin 36), a less obvious fact.)

412. Proposition 3.18 says that the product of two orthogonal matri-
ces is again orthogonal. Verify this in the 2-by-2 case by computing
products of pairs of orthogonal 2-by-2 matrices of the forms displayed
in Remark 3.20. For instance, show that the product of two matrices
of the first type, e.g.,

[cosa —sina} {cosﬁ —sinﬁ]

sina cos sinf cospf

is orthogonal. There are three other combinations of the two types;
verify their products are orthogonal too. [Hint: The addition and sub-
traction identities for sine and cosine can be helpful here.]

413. Which linear transformations below are distortion-free? Justify
your answer.

a) T:R3>— R3, given by T(x,y,2) = (2,2,y)

b) P:R*— R3, given by P(x1, 29,73, 74) = (21,29, 73)

c) Q:R? — R givenby Q(z,y) = (x+vy, v—vy, v —vy, x+7Yy)
d) S:R?— R givenby S(z,y) =i (z+y, z—y, 2—y, v+Y)

414. Show: A linear map T : R™ — R"™ is distortion-free if it preserves
lengths—that is, if |T'(v)| = |v| for every v € R™.
[Hint: To show that T'(v)-T(w) = v -w, argue that

T(v) + T(w) = [T(v + W)l = v + Wl

then expand out both ends of the equality and do some cancelling.)
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415. Length preservation alone makes a linear map distortion-free, by
Exercise 414. Does angle preservation make a linear map distortion-
free? Find out by considering the map given by T'(x) = 2x. Show that
for any v,w in the domain of T, we do have angle-preservation:

LT(WV), T(w)=/Lv,w
Does T also preserve dot products?

— % —

4. The Gram—Schmidt Algorithm

4.1. Introduction. In Section 6 of Chapter 5, we learned three
ways to find a basis for a subspace S.

o If S is described as a span, we have a set U of vectors that
span S, and the pivot columns of the matrix U having those
vectors as columns give us a basis.

e Alternatively, we can transpose U and row-reduce. The pivot
rows of RRE(U) then form a basis for S.

e Finally, if we have an implicit description for S as nul(A) for
some matrix A, then the homogeneous generators we get from
the free columns of RRE(A) give us a basis.

The methods listed above seldom produce orthonormal bases, how-
ever, and yet (as the previous section shows) orthonormal bases have
especially desirable qualities.

Fortunately, there is an algorithm, known as the Gram—Schmidt pro-
cess, that transforms any basis for a subspace S into an orthonormal
basis for S, and does it in a particularly nice way by preserving the
spans as it proceeds. Before we explain what we mean by this and
present Gram—Schmidt in detail, we consider a simple example that
reveals the basic idea behind it.

EXAMPLE 4.2. The vectors u; = (1,—1,0) and up = (0,1, —1) form
a basis for the perp of (1,1,1)—the plane P defined implicitly by
x +y+ z = 0. This basis is not orthonormal, though. Neither u; nor
u; have unit length. They aren’t orthogonal to each other either.

We can use them to construct an orthonormal basis for P, however, in
two main steps. First, we modify the original basis {u;,us} to get an
orthogonal basis {vi,vs} for P. Then we normalize the v;’s.
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The second step will be trivial: we just divide each v; by its length.
The first step, however—modifying the original basis {uj,us} to get
an orthogonal basis {vy, vo}—is subtler. It starts easily, for we simply
set

Vi = U = (].,—1,0)

The next step is harder, but this is where the main idea behind Gram-—
Schmidt comes in. To get vo, we “correct” us, accomplishing two goals
in one operation: We make it perpendicular to vy, while still keeping it
within the span of {u;,uy}. This is done by subtracting off a multiple
of the previous vector vy, that is, by setting

(46) Vo = Uy —CV;
where ¢ is a scalar we have yet to determine. Notice that this auto-
matically formula keeps v, in the span of u; = v; and uy. The key

point now is to choose ¢ so that vy will also be orthogonal to v;. This
means we want

0 = Vg -V

(ug — cvy) - vy

= uy-vy—c(vy-vy)

which we simply solve for ¢ to get

Us - V1
c =

V1V

Putting this value into (46) yields

(47) o — Uy <uQ-v1> Vi

V1V

which now has the properties we need: Together with vy, it spans P,
and it is orthogonal to v;.

Plugging in the actual vectors u; and uy we started with, we have

Uz - Vi - <07 17 _1> ) (17 _170) 1

vVi-Vvi (17 _17()) ’ (17 _170) 2
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Inserting this into (47), we get

0 1
1
Vo = 1 — (—§> —1
-1 0
1/2

= [ 12
~1

We are not yet done: we still need to normalize the v;’s to get unit
vectors that we shall call w;’s. Accordingly, we set

Wy = v (17_170) o (17_170)
T VI+1+0 V2

1,1,-2 1,1, -2

Wy = e ( ) ) . ( y Ly )

vl VI+1+4 V6

Notice that we got wy by normalizing 2vy, = (1,1, —2), instead of
normalizing vy itself. That’s because normalizing kv gives the same
result as normalizing v for any positive scalar k > 0 (Exercise 155).
It’s often easier to normalize a vector after clearing all denominators
with a large scalar. In any case, we now have the desired orthonormal
basis for P:

4.3. General case. The ideas used above allow us to orthonor-
malize any independent set U = {uy,uy,...,u;x} to get an orthonor-
mal set W = {wy,ws,...,wy} with precisely the same span as U
itself. In fact, the span of the first j w;’s always equals that of the
first j w;’s, so the procedure preserves span along the way. It goes as
follows:
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Gram—Schmidt algorithm
Step 1. Set vi = u;.

up - v
Step 2. Set vo =uy — ( 2 1) Vi.

V1V
uz - v uz - v
Step 3. Set V3:U3—( 3 1) V1—< 3 2) Va.
Vi-Vi Vg - Vo
Step i. For each remaining i = 4,...,k, produce a vector
v, perpendicular to all previous v;’s, and lying in the span of
{uy,...,w;} wvia the formula
! u; vy
v, i=u; — v
Z (Vj : VJ) !
7=1

Step k+ 1. The set {vy,va,...,Vi} is now orthogonal,
with the same span as the original w;’s. To complete the
Gram—Schmidt process, simply normalize the v;s, setting
Wi:l, Zzl,,k’
Vil
Now W = {wq,ws,..., Wi} yields an orthonormal basis for
the span of the original set U.

The prescription for Gram—Schmidt above is a learnable routine, but
it can be tedious. For sets of two or three vectors, one can apply it by
hand without too much effort, but for larger sets, computer assistance
is nice.

EXAMPLE 4.4. Use Gram—Schmidt to orthonormalize this basis for R?:

1 0 1
B= ~1 |, 1].( o
0 ~1 1

Step 1. Define v; =u; = (1,—1,0).
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Step 2. Compute vy as described above:

Us - V1
Vo = Uy — Vi
V1V

This is exactly the same calculation we did in the previous example,
and with the very same vectors. So again,

1/2
Vo = 1/2
-1

As noted there, however, we can scalar multiply this vector by 2 to
clear the denominators without changing its direction (i.e., leaving it
perpendicular to v;). Doing so gives a cleaner result:

1
Vo = 1
—2

Step 3. Now compute vz using the “Step ¢” formula above with

1 =3:
Uz vy U3 - Va2
V3 =u3 — vy — Vo
Vi-Vy Vg - Vo

To organize the calculation, first compute

u;-vy  (1,0,1)-(1,—1,0) 1
vi-vi (1,-1,0)-(1,-1,0) 2’

Uz vy (17()’]-) ) (17 L, _2) _ —1
Vo - Vo B (17 1a_2) ) (17 17_2) B 6
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Now put these coefficients into the formula for v; above to get

Vg = 113—§V1+6V2
1 1 1
1 1
- 0ol -—=( -1 )+2 1
1 2\ o —9
1-1+41
= | 0+3++
2
1=3
1
2
- 2|1
3\ 1

Once more, we can ignore the positive scalar 2/3 here (i.e., multiply
by 3/2) because we’re about to. . .

Step 4. ...finish up by normalizing:

vi  (1,-1,0) 1

w - — —_(1,-1,0),
' Vil VILt1+0 \@( )
v (L,1,-2) 1
wp = 2o - = (1,1,-2),
? Vol VIi1l+t4 v%< )
1,11 1
W3 = Vs ( — ) (17171)

va|  VI+tl+1l 3

Simple inspection reveals that these w;’s are indeed mutually perpen-
dicular unit vectors. Our new orthonormal basis for R? is thus
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— Practice —

416. Use Gram—Schmidt to convert {(1,1),(1,2)} into an orthonormal
basis for R2.

417. Find an orthonormal basis for the plane spanned by (1,2,3) and
(3,2,1) in R®.

418. Find a basis for the plane x +2y — 2z = 0 in R3. Then use
Gram—Schmidt to make it orthonormal.

419. Use Gram-Schmidt to turn the given (ordered) set into an or-
thonormal basis for R3.

2%

N—

d

Il
O O =
[ R p—
— =

1
, 0
0

b) U=

~_ O = =

1
1
1
Notice that while the sets in (a) and (b) are the same (as sets), Gram—

Schmidt yields different results for the two cases because the vectors
come in a different order.

420. Find a basis for R? that is orthonormal, and whose first vector
is a multiple of (3,4).

421. Find a basis for R?® that is orthonormal, and whose first two
vectors span the plane 2z — 4y = 0. [Hint: Inspection is all you need
to find a vector orthogonal to the given plane.]

422. Find a basis for R?® that is orthonormal, and whose first two
vectors lie in the span of (1,—2,2) and (2,—1,2). [Hint: The cross
product of (Ezercises 63 and 381) may be useful here.]

423. Consider the vectors u; = (1,2,3,4), us = (—2,1,—4,3), and
us = (—4,-3,2,1).

a) Verify that the u;’s are mutually orthogonal, and all have the
same length.
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b) Find a fourth vector orthogonal to all three wu;’s.

¢) Normalize the resulting set of four vectors to produce an or-
thonormal basis for R*,

424. Find an orthonormal basis for the nullspace of

165 —2
B:{327—2]

425. Find a basis for the hyperplane x; + 2o + 23 + 24 = 0 in R™.
Then use Gram—Schmidt to make it orthonormal.

— % —






CHAPTER 7
Linear Transformation

1. Kernel and Image

In this final chapter, we explore the geometric structure of linear trans-
formations. Our findings will address the remaining unanswered map-
ping questions from Chapter 1. Specifically, we shall understand the
geometry of images and pre-images of linear maps, and quantify the
ways that linear maps distort subsets in the domain.

Virtually all we have learned so far will come into play, and we need to
go deeper into a topic we introduced just briefly in Chapter 1: eigen-
values and eigenvectors.

As always, the computational tool for exploring a linear transformation
T is the matrix that represents it; that is, the matrix A that calculates
T(x) as the matrix/vector product Ax.

By Observation 5.5 of Chapter 1, we can always construct A from T
if we know how T affects the standard basis vectors in the domain:

c;(A) =T(e;)

Here c;(A) and e; are the jth column of A, and the jth standard
basis vector in R™, respectively.

We warm up with a simple example. Though very basic, it illustrates
the kind of structural understanding we develop in this chapter.

ExaMPLE 1.1. Consider the transformation T represented by

SIEI

Since A is 2 x 2, the domain and range of 7" are both R?:
T:R* = R?

To understand the effect of T, we view R? geometrically, using nu-
meric/geometric duality.



342 7. LINEAR TRANSFORMATION

First consider the image. A vector w € R? lies in the image of T' if
and only if

w=T(x) = Ax

for some x in the domain. Reading this backwards, we see that w
lies in the image of T if and only if the system

Ax=w

has a solution. By Proposition 4.3 of Chapter 5, however, a solution
exists if and only if w € col(A). So we see that the image of T s
precisely the same as col(A) . To visualize it geometrically, we compute
a basis for col(A) by row-reducing:

RRE(A) = { (1) _g ]

The single pivot in the first column means c¢;(A) = (1,—1) spans
col(A), and hence spans the image of 7. Geometrically, this means
the image of T' is the line generated by (1, —1). That line is not all of
R?, so T is not onto.

At the same time, the free column in RRE(A) means that when w =

(wy,ws) does lie in the image, it will have infinitely many pre-images,

namely solutions of Ax = w. We can read them off after reducing the
augmented matrix [A|w] to get

. 1 -2 w1

RRE ([A |w]) = { 0 0 0 }

Column two is free, yielding the single homogeneous generator (2,1),
so T~1(w) is given by the image of the mapping

. w1 2

This too is a line: the line through (w,0) in the (2,1) direction. Just
as the image of T is a line in the range, the pre-image of w is a line
in the domain, and 7T sends every point on it to w. Since w was
an arbitrary vector in the image, we see that the pre-image of any w
in the image is a translate of nul(A)—a line in the (2,1) direction
(Figure 1).

Our analysis here reveals that T is neither onto, nor one-to-one. It

fails to be onto because its image does not include the entire range
R?. Tt fails to be one-to-one because each w in the image of T has



1. KERNEL AND IMAGE 343

-1.0 -05 0.0 05 1.0
Domain Range

Figure 1. Pre-image and image. The blue line at right
shows the image of T in the range R?. Points on the line
are outputs of T'; other points in R? are not. Each output
(e.g., each dot on the right) has an entire line of pre-images
(same-hued line on the left). The black line at left is nul(A),
the pre-image of 0. All other pre-images are parallel copies
of that one.

multiple pre-images, a result of the fact that nul(A) contains multiple
vectors (here, an entire line). O

Guided by this example, we now take up the general case.

1.2. Kernel and image. Two key aspects of the example above
hold for every linear map:

PROPOSITION 1.3. Let T: R™ — R"™ be any linear transformation.
Let A be the matriz that represents it.

a) The image of T in R™ is the column-space of A. In partic-
ular, the image of T is always a subspace of R™.

b) The pre-image of each w € col(A) is a translate of the null-
space of A, an affine subspace of the form x, + nul(A).

PROOF. By definition (and as in Example 1.1 above), w lies in the

image of T if and only if T(x) = w for some x in the domain R™.
Since A represents T, this in turn holds if and only if we can solve

(48) Ax=w
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which is true if and only if w € col(A), by Proposition 4.3 of Chapter
5. So the image of T' equals col(A), as our first assertion claims, and
since col(A) is subspace of R™, so is the image of T.

To get the second assertion, observe that by the same reasoning, the
pre-image of any w € col(A) is exactly the solution set of the inho-
mogeneous system (48). But Theorem 4.1 of Chapter 2 (our Structure
Theorem for pre-images of linear maps) tells us we can always express
that solution set as the affine subspace

x, + nul(A)

where x, is any particular solution of (48). This completes the proof.

O

We sometimes denote the image of 7' by im(7T).

The nullspace of the representing matrix A is itself a pre-image: it is
T71(0), and as we just saw, every other pre-image is a parallel copy of
it, obtained by simply adding a particular solution. When discussing
the linear map T represented by A, we usually this crucial subspace
the kernel of T':

DEFINITION 1.4. The kernel of a linear transformation 7": R™ — R",
denoted ker(7'), is the pre-image of 0 € R™. In short, ker(T) =
T-10).

When A represents 7', we have x € ker(7) if and only if T'(x) =
Ax = 0. So just as Proposition 1.3 equates the image of T" to col(A),
we can equate the kernel of T to nul(A). For future reference, we
state these facts as follows:

OBSERVATION 1.5. We always have ker(T) = nul(A) and im(T) =
col(A). In particular, ker(T') C R™ and im(7T) C R™ are subspaces
of the domain and range, respectively.

We give the dimensions of these subspaces obvious names:

DEFINITION 1.6. The nullity of a linear transformation is the dimen-
sion of its kernel. The rank of the transformation is the dimension of
its image. Observation 1.5 makes it obvious that the rank and nullity
of a linear map are the same as the rank and nullity of the matriz
representing it. U

For any n X m matrix, we have rank + nullity = m (Proposition 8.11;
“pivot columns plus free columns equal all columns”). Since every
linear map from R™ to R™ is represented by an n x m matrix, we
immediately get the corresponding fact for linear maps:
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OBSERVATION 1.7. For any linear map T: R™ — R™, we have
rank(7") 4+ nullity(7") = dimension of domain = m
To practice with these terms, we study a few more examples.

EXAMPLE 1.8. Suppose T: R?® — R? is the linear transformation
represented by

1 21
a=[351]
Row-reducing, we get
10 3
RRE([A]) = { 01 -1 }

Clearly A, and hence T, has rank 2, which means the image of T
forms a 2-dimensional subspace of the range R?. That makes it all of
R?, so T is onto.

Meanwhile, the single free column tells us 7" has nullity 1. The kernel is
therefore a line in the domain R?, spanned by the single homogeneous
generator h = (—3,1,1). We again have a case where ker(7") contains
multiple points, so T is not one-to-one. It is onto, but not one-to-one.
OJ

EXAMPLE 1.9. Consider the transformation G : R? — R3 represented
by the transpose of the matrix A above, so that G is represented by

and RRE(B) =

vy

I
e
R OA N\
OO =
o = O

The representing matrix still has rank 2, so the image of G is again
2-dimensional. Now, however, the range is R3, so the image is not the
entire range: G is not onto.

On the other hand, it is one-to-one. For the nullity—the number of
free columns—is now zero. There are no homogeneous generators, so
G~1(0)—and hence every pre-image—contains exactly one point. [
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The reasoning in these examples applies quite generally. We leave it as
an exercise for the reader to prove:

ProrosITION 1.10. Let T: R™ — R"™ be a linear map. Then
a) T is onto if and only if it has rank n.

b) T is one-to-one if and only if it has nullity zero.

— Practice —

426. For each matrix, sketch a diagram like that in Figure 1 depicting
the kernel, image, and pre-images of the linear map 7: R? — R? it
represents.

o a-[33] wee[id] woe-[g3]

427. For each matrix below, sketch a diagram like that in Figure 1
depicting the kernel, image, and pre-images of the linear map 7': R? —
R? it represents. These sketches will be qualitatively different that
those in Figure 1 and Exercise 426. Why?

s a[31] we[od]

428. Suppose T: R? — R3 is a linear transformation, with
T(1,0) = (1,—1,0), and 7(0,1) = (0,1,—1)
What matrix represents 7'? What are the kernel and image of 7177
(Give bases.) Is T one-to-one and/or onto?
429. Suppose T: R? — R3 is a linear transformation, with
T(1,0,0) = (=1,0), T(0,1,0)=(1,1), and 7(0,0,1) = (1,—1)

What matrix represents 7'?7 What are the kernel and image of 717
(Give bases.) Is T one-to-one and/or onto?
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]

430. Let

0 0 =3

a) Name the domain and range of the linear map 7' represented
by A. What is the image of T'? Is T onto? Is it one-to-one?

b) Name the domain and range of the linear map S represented
by B = AT. What is the image of S? Is S onto? Is it
one-to-one?

431. Suppose (dy, do, d3) € R3, and consider the diagonal matrix

d 0 0
D= 0 dy O
0 0 ds

Explain why the linear map represented by D will be both onto and
one-to-one unless one of the d;’s vanishes, in which case it will be
neither onto nor one-to-one.

432. Suppose T: R* — R* is the linear map represented by

1 2 3 4
5 6 7 8
A= 9 10 11 12
13 14 15 16

a) What are the dimensions of the image and kernel of 7'7
b) Is T one-to-one, onto, both, or neither?

c¢) How would you describe T7!(w) when w lies in the image
of T? What is T-'(w) when w does not lie in the image of
T7

433. Suppose T: R® — R? is a linear transformation, with
T(-1,1,0) = (1,0)
T(1,-1,1) = (1,1)
T(0,1,—1) = (0,1)
a) What matrix represents 7' 7

b) Find the kernel and image of 7. Is T" one-to-one and/or onto?

434. Prove Proposition 1.10.
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435. Prove true, or give a counterexample:

a) The transformation represented by a matriz A is onto if and
only if the transformation represented by AT is one-to-one.

b) The transformation represented by a matriz A is one-to-one
if and only if the transformation represented by AT is onto.

436. Prove: Fwvery linear transformation is one-to-one on the row-
space.

More precisely, for any w in the image of a transformation 7' repre-
sented by a matrix A, the pre-image T!(w) has at most one point
in row(A). [Hint: If there were two such points, their difference would
lie in both row(A) and nul(A).]

437. (Linear transformations map subspaces to subspaces.) Suppose
T: R™ — R" is a linear map, and S C R™ is a subspace.

a) Show that 7" maps S to a subspace of R". In other words,
show that

T(S):={T(x):xe S} CR"
is a subspace.

b) Similarly, show that 7" maps affine subspaces of R™ to affine
subspaces of R™ (see Section 8.13, Chapter 5).

— % —

2. The Linear Rank Theorem

2.1. The prototypical map. Suppose r < m,n, and consider
the rank-r linear transformation U, : R™ — R" given by

Uy (21, X9, ..., Tp) = (21, T2, ..., 2, 0,0, ..., 0)

The first r coordinates of the input become the first r coordinates of
the output, which are followed by n —r > 0 zeros. Applying U, to
the standard basis vectors in the domain R™, we get

e, ifj<r
Ufe)=1<" =
(e5) {0 if j>r

so U, is represented by the matrix
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which has m —1r columns of zeros at the right, and n—r rows of zeros
at the bottom. This matrix is already in RRE form, with r pivot rows,
and m — r free columns, so we have

rank(U,) =r and nullity(U,) =m —r

It now follows from Proposition 1.10 above that U, is one-to-one or
onto if and only if » =m or r = n, respectively.

When r < n, one or more rows lack pivots, so U, is not onto. Its r-
dimensional image—the column-space of the matrix above—is spanned
by the first r standard basis vectors. Implicitly, it is the perp of the
last n —r standard basis vectors; it consists of all y € R™ whose last
n — r coordinates vanish.

The homogeneous generators for U, are easily found to be the last m—
r standard basis vectors in the domain R™. They span ker(U,.), which
consequently has dimension m —r. The kernel can also be described as
the perp of the first r standard basis vectors in the domain, consisting
of all x € R™ whose first r coordinates vanish.

We depict the situation schematically in Figure 2.
What do the image and pre-images “look like” for U,.?

To answer this, consider any b = (by,...,b,,0,...,0) in the image of
U,. The pre-image of b clearly contains any vector in the domain
whose first r coordinates are by, bs,...,b,.. One such vector is clearly

xp:(bl,bQ,...,br,O,O,...,O) e R™

So by our Structure Theorem for linear pre-images (Theorem 4.1 of
Chapter 2) U'(b) is the (m — r)-dimensional affine subspace

x, + ker(U,)

Note that U, is already reduced, and its homogeneous generators are
simply the last m — r standard basis vectors in R™, so we get the
following geometric picture:

The domain R™ is filled by (m —r) dimensional affine subspaces par-
allel to the “vertical” kernel, the span of the last m —r standard basis
vectors in the domain R™. Fach of these affine subspaces gets sent to
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Rm—r Rl'l—r
A \
Rm > U o-0-90-¢ - Rn
Domain = R" Range = R"

Figure 2. The “prototypical” linear map is neither
1:1 nor onto. The dotted line at right represents the r-
dimensional image of U in the range R™. The pre-image
of each point (blue dot) on this line is an affine subspace on
the left, represented by a vertical line of the same color. The
black line through 0 in the domain is the kernel.

a different point in the r-dimensional image, which is the span of the
first r standard basis vectors in R™.

We do allow the possibility that 7 = n (so that U is onto), and/or
r = m, which makes U one-to-one. In the onto case, the dotted line
in our range picture fattens out to cover the whole square—in effect,
the whole square is filled with colored dots; every point in the entire
range has a pre-image.

When r = m, the map is one-to-one and the kernel becomes 0-dimen-
sional—a single point. Still, every pre-image is a copy of the kernel, so
in this case, all pre-images are single points.

If we have both m = n = r, then U is the simplest rank-r linear
isomorphism: the identity map.

Once we understand Figure 2 as allowing all these possibilities, we un-
derstand the geometry of all linear transformations in a certain sense.
The similarity between Figures 1 and 2 is no accident: the Structure
and Rank theorems we explain and prove next predict it.

2.2. Rank and structure. The rank of a linear transformation
is the dimension of its image. Given the dimension of the domain,
the rank tells us the dimension of the kernel (by Observation 1.7), and
hence that of all pre-images, which are just parallel copies of the kernel:
ker(T') + x,. A single number—the rank—therefore gives a detailed
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structural picture of a linear map from R™ to R". The following easy
result describes this picture. It holds for every linear mapping.

THEOREM 2.3 (Structure theorem for linear maps). If a linear map
T: R™ — R"™ has rank r, then

a) The image of T is an r-dimensional subspace of the range,

b) The kernel of T is an (m — r)-dimensional subspace of the
domain,

c) The pre-image of each point in im(T") is a translated copy of
ker(7T'), and

d) These pre-images completely fill the domain.

PRroOF. Conclusion (a) holds by definition of rank. Conclusion (b)
then follows, because rank(7") 4+ nullity(7") = m (Observation 1.7).

If we write A for the matrix representing 7', then Conclusion (c)
simply restates something we have known since Chapter 2: The pre-
image of any point b € im(7") amounts to nothing more nor less than
the solution set of the system

Ax=Db
which, by Theorem 4.1 of Chapter 2, comprises all vectors of the form
x, + nul(A)

Since nul(A) = ker(T"), each pre-image is a parallel copy of ker(T), as
Conclusion (c) claims.

Finally, for Conclusion (d), we note that every vector x in the domain
maps to some b € im(7T'), and x then lies in the pre-image of that b.
So every x € R™ lies on a pre-image. This shows that (d) holds. O

Roughly speaking, the Structure Theorem says that the geometry of a
rank-r linear mapping from R™, to R"™ always looks much like that
of the rank-r archetype U, : R™ — R" of Section 2.1 above.

2.4. The Linear Rank Theorem. Theorem 2.5 below makes the
universality of our prototypical map U, above even more precise. It
says that if we precede T with an isomorphism of the domain, and
then follow it with an isomorphism of the range, we get exactly U,.
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THEOREM 2.5 (Linear Rank Theorem). Suppose A represents a rank-

r linear map T: R™ — R". Then there are invertible matrices B and
C for which

C!'AB=UU,

PROOF OF RANK THEOREM. Since T has nullity m —r, there are
m — r nullspace generators {hy,... h,_.} for nul(A). Take a basis
for the row-space of A, say {uy,...,u,}, and include it with the h;’s
to form the set

B:{ul,...,ur,hl,...,hm_r}

Since the row-space and nullspace of A are orthocomplements, and
the u;’s and h;’s were independent, it is easy to show (Exercise 387)
that the union of the two sets is also independent, and hence forms a
basis for the domain R™.

Set the vectors in B up as the columns of a matrix B. Since Ah; =0
for each ¢+ =1,2,...,r, and matrix multiplication operates column by
column, we will then have

Vi ooV, ’ 0 --- 0
AB =
0 - 0
where v; = Auw; = T'(w;) for i = 1,2,...,7r. Since the u;’s are in-

dependent in row(A), their images, the v;’s, will be independent too
(Exercise 346).
The v;’s lie in the range R™ of our map. Augment them with addi-
tional independent vectors v,.,1,...,v, to get a basis C' for R". Since
C~!C =1 and matrix multiplication works column-by-column, we will
have

V]_ P V’I” IT
C_1 ... _ o

O(nfr) X7

That is, the first 7 columns of the n x n identity matrix. It follows
immediately that

C'AB=1,

exactly as desired. 0
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REMARK 2.6. Notice that if we multiply on the right by B~! and on
the left by C, the identity C"'AB = U, turns into

CUB'=A

This says that any rank-r linear transformation (represented by A) is
accomplished by U,, after we “prepare” the domain (using B~!) and
then “adjust” the range (using C).

EXAMPLE 2.7. The matrix

10 -1 0
A=(01 0 -1
1 2 -1 -2

row reduces to
10 -1 0
RRE(A)=| 0 1 0 -1
00 0 O

so A has rank 2. By the Linear Rank Theorem, there should conse-
quently exist invertible matrices B and C for which

(49) C'AB= =U

o O =
o = O
o O O
o o O

Indeed, the proof of that Theorem says we can construct B by making
its first two columns a basis for row(A), and its last two columns a
basis for nul(A). We can thus take the first two rows of RRE(A) above
as the first two columns of B, and the two homogeneous generators as
the last two to get

1 0 1 0
o 1 0 1
B=1_1 0 1 o
0o -1 0 1
We then compute
2000
AB=|10 2 0 0
2 400
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The vanishing of the last two columns here (and independence of the
first two) is exactly as the proof of the Rank Theorem predicts.

To get C, take the first two columns of AB, and augment them with
one independent vector since we're trying to construct a basis for the
range, R3?. In general, any vector in nul((AB)T) will be independent
of col(AB) since these two subspaces are orthocomplements. So we
could row-reduce (AB)?T and take a homogeneous generator as our
independent third vector. In the present case however, (0,0,1) is ob-
viously independent of col(AB), and has the virtue of simplicity. So
we take

200
C=]020
2 41
Computing its inverse, we get
1
5 00
-1 1
C = 0 5 0
-1 -2 1

Checking the product verifies that as predicted, we have (49):

C'AB=

SO =

0
1
0

o O O
oS O O

The isomorphisms B of the domain, and C~! of range that we have
constructed here distort domain and range in precisely the right way
to turn multiplication by A into the prototypical rank-2 from trans-
formation from R?* to R?, namely U,(xy, %9, 73, 74) = (21, 72,0). [

— Practice —

438. Find bases for the kernel and image of this map 7: R* — R*.
T(z,y,z,w)=(r—2, y—w,z—x, w—1y)

439. Find bases for the orthocomplements of the kernel and image of

the transformation S: R* — R3? given by

S(x,y,z,w)=(r—2y+2—2w, y—2z4+w—2z, t+y+ 2+ w)



440.

441.

442.

443.

444.
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Suppose T: R® — R® is a linear transformation.

a) Given no other information about 7', how small could the
dimension of ker(7") be?

b) If the pre-image of one point in R® has dimension 3, what is
the dimension of im(7)?

¢) Suppose a point b lies in the image of T, and that im(7)
has codimension 6. What can you say about the pre-image of
b ? Be as precise as you can.

Suppose T: R” — R?® is a linear transformation.

a) Given no other information about 7', how large could the codi-
mension of ker(7") be?

b) If the pre-image of one point in R’ has codimension 4, what
is the codimension of im(7")?

¢) Suppose a point b lies in the image of T, and that im(7T)
has codimension 3. What can you say about the pre-image of
b ? Be as precise as you can.

Find a linear transformation with the stated properties:

a) The domain is R?, the range is R?, and the kernel is spanned
by (1,2,—-3,0) and (0,1,2,-3).

b) The domain is R?, the range is R?, and the image is spanned
by (1,2,—3,0) and (0,1,2,—-3).
Find a linear transformation with the stated properties:

a) The domain and range are both R3, and the kernel is orthog-
onal to both (3,—1,3) and (1,-3,1).

b) The domain and range are both R3, and the image is orthog-
onal to both (3,—1,3) and (1,-3,1).

Let T: R?> — R? be the linear map represented by

N

The image and kernel of T' are both lines in R?. Carefully sketch
the image on one set of axes, and the kernel (along with a few non-
empty pre-images) on another. Your sketches should agree with the
predictions of Theorem 2.3.
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445. Let X: R? — R? be the linear map represented by

1 -1
X=12 -2
3 -3

The image and kernel of X are lines in R® and R?, respectively.
a) Find a vector that generates the image line in R3.

b) Carefully sketch the kernel and several non-empty pre-images
in the (z,y)-plane.

446. The matrix
1 2
A-l2d]
has rank 1. According to the Linear Rank Theorem, there consequently
exist invertible 3 x 3 matrices B and C for which

e 100
can-[ 1 0]

Find matrices B and C that accomplish this, and verify that they do.
(Compare Example 2.7.)

447. The matrix

has rank 2. According to the Linear Rank Theorem, there consequently
exist invertible 3 x 3 matrices B and C for which

C'AB=

oo R
= e R )
oo o

Find matrices B and C that accomplish this, and verify that they do.

448. Suppose A is an n X m matrix of rank r.

a) Show that when B,,x,, is invertible, AB will always have
the same rank and nullity as A.
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b) Show that when C,«, is invertible, CA will always have the
same rank and nullity as A.

¢) Deduce from (a) and (b) that when C and B are both in-
vertible matrices of the appropriate sizes, CAB will always
have the same rank and nullity as A.

[Hint: Show that col(AB) = col(A) and that nul(CA) = nul(A). Be
sure to use the invertibility of B and C. These statements fail without
that.]

g

3. Eigenspaces

The Linear Rank Theorem gives us a good structural picture of the
general rank-r linear mapping 7: R™ — R”™. We can get a far more
detailed picture, however, when domain and range coincide: when m =
n. For when images and pre-images—outputs and inputs—occupy the
same numeric vector space, we may assess their geometric relation to
each other. For example, we can measure the angle between an input
x and its image T'(x). Mappings from R™ to itself thus enjoy extra
structure and finer detail. We call such mappings operators.

DEFINITION 3.1. Linear mappings that have the same domain and
range are called linear operators. A linear operators 7" has an in-
verse operator S if and only if ST is the identity map: S(7'(x)) =
T(S(x)) = x for every x € R™. O

A linear operator 7" on R™ is represented by an n x n matrix, and of
course, the operator is invertible if and only if its representing matrix
is invertible. Recall that invertible linear maps are also called isomor-
phisms (Definition 6.14 of Chapter 2).

OBSERVATION 3.2. If T and S represent operators T and S on R",
respectively, then ST represents ST. If T is an isomorphism, then
the inverse matriz T~! represents the inverse isomorphism.

PROOF. Exercise 459. O

The ability to make direct comparisons between images and pre-images
allows us, in particular, to ask whether they are ever collinear—whether
T(x) is ever a scalar multiple of x so that T'(x) = Ax for some scalar
A. If this happens, and A is the matrix that represents T, we clearly
have Ax = Ax, so that x is an eigenvector of A . In this case we also
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call it an eigenvector of T'. We introduced eigenvalues and eigenvectors
of a matriz in Definition 1.36 from Chapter 1). The definition below
adds the notion of eigenspace to that vocabulary.

To prepare for a careful definition, let I : R® — R" denote the iden-
tity operator, given by I(x) = x for all x € R™ The identity
operator is of course represented by the identity matrix I.

Now notice that whenever T: R™ — R" is a linear operator, we can
construct a new operator for any scalar A € R, by subtracting A I from
T. The resulting operator, T"— A I simply applies T, then subtracts
off A times the input:

(T = XI) (x) :=T(x) — A\(x)

DEFINITION 3.3 (Eigenspace). Suppose T: R" — R" is a linear op-
erator. Then for each scalar A € R, the kernel of T'— A I is called the
A-eigenspace of T. We typically write E) for the A\-eigenspace. [

The first thing to note here is that, for each scalar A, the A-eigenspace
E\ C R" is a subspace. We noted this in Exercise 288 of Chapter 5,
but we can now see it as an immediate consequence of our defining FEy
as the kernel of T'— X\ I. For the kernel of any linear map is a subspace
(Observation 1.5).

Recall too that every subspace contains the origin. So we always have
{0} C E,. In fact, for almost any value of A we might choose, F) is
exactly {0} —it is the trivial subspace, and holds no real interest for
us.

Only for rare values of A does FE) contain more than just the origin.
In that case, as a subspace of positive dimension, it contains infinitely
many vectors. Only then, when dim(F)) > 0, do we find \ interesting.

DEFINITION 3.4 (Eigenvalues and Eigenvectors). When 7: R — R”
is a linear operator, A is a scalar, and F, has positive dimension, we
call A an eigenvalue of T, and we call each v € E), an eigenvector
(or more specifically, a A-eigenvector) of T

The set of all eigenvalues of T is called the spectrum of T, denoted
spec(T). O

While stated somewhat abstractly here, eigenvalue and eigenvector are
actually very geometric—and familiar—concepts. For when dim(F)) >
0, as discussed above, there are infinitely many vectors v # 0 in
Ey\ = ker(T — AI). Such a vector v then satisfies T'(v) — Av = 0, or
equivalently,

T(v)=Av
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In other words, T sends v # 0 to a multiple of itself. This is exactly
the condition we used to define eigenvalues and eigenvectors of a matrizx
A in Definition 1.36 of Chapter 1. There, we wrote

Av=)v

Of course, the two conditions become one when A represents 7. Ei-
ther way, the geometric meanings of eigenvalue and eigenvector are
plain and simple:

A wvector v # 0 in R" is an etgenvector of an operator T on R" if
and only if T maps it to a scalar multiple of itself: T'(v) = Av. We
then call the scalar \ an etgenvalue of T.

3.5. Kernel as eigenspace. The 0-eigenspace Ej of a linear op-
erator has long been familiar to us: it is none other than the kernel of
the operator. For,

Ey=ker(T —01I) = ker(T)

Geometrically, vectors in the kernel are eigenvectors because they get
mapped to scalar multiples of themselves: zero times themselves.

Note in particular that the presence or absence of the scalar 0 in the
spectrum tells us whether or not 7" has a non-trivial kernel-—a key
piece of information about any linear operator.

Since the kernel of T is the same as the nullspace of the matrix repre-
senting it, and a square matrix is invertible if and only if its nullspace
is trivial (Theorem 4.4 of Chapter 5), we immediately have:

OBSERVATION 3.6. The spectrum of an operator contains A =0 if and
only if the operator is singular.

Arguably, this makes Fy the most important eigenspace. It tells us
whether the operator is invertible or not. As we shall see, however,
other eigenspaces carry rich information too.

REMARK 3.7. While the scalar 0 holds great interest as an eigenvalue,
the vector 0 is of virtually no interest as an eigenvector, because it
lies in every eigenspace. Indeed,

T(0) = A0

for every scalar A. This holds for every linear map, so it tells us nothing
about T in particular. For this reason, we don’t call A an eigenvalue
of T unless T(v) = Av for some non-zero vector v. U
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To begin seeing the importance of eigenspaces other than Ey = ker(T),
and to give all this eigen-vocabulary more meaning, we study some
examples. They are all rank 2 operators on R?, so from the perspective
of the Linear Rank Theorem, they are all structurally equivalent to the
identity map Us(x) = I(x) = x. This isn’t very enlightening.

By focusing on their eigenvalues and eigenvectors though, we can de-
tect fundamental geometric differences between them. The number of
independent eigenvectors for each example will play a special role, and
the corresponding eigenvalues reveal an even finer level of detail.

ExAMPLE 3.8 (Homothety). When we multiply every x € R" by a
fixed scalar A\, we get an operator called homothety H,. Homothety
is the simplest kind of linear operator. As a scalar multiple of the
identity map, H, sends every vector to A times itself,

Hy(x) = Ax

so every vector is an eigenvector with eigenvalue A. To put it another
way, Hy — A =0, and hence E) = ker(H, — \I) is all of R

In short, H, has one non-trivial eigenspace, namely F)\, which is all
of R?, and exactly one eigenvalue, namely \, so the spectrum of H,y
contains only .

spec(H,) = {\}
Note too that H) is represented by the matrix

S th

0 A

clearly displaying the spectrum along its diagonal.

When, A\ = —2, for instance, Figure 3 depicts the geometric effect of
H,. There, and in all future diagrams of this type, each point on the
figure should be seen as the tip of an arrow emanating from the origin.

O

ExAMPLE 3.9 (Diagonal dilatation). The operator on R? represented
by
3 0
= ]

has two eigenvalues, and the standard basis vectors are both eigenvec-
tors, as we can verify by direct calculation:
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Input Output

Figure 3. Homothety with A = —2. Homothety with
factor A = —2 magnifies all arrows (and hence any figure) in
the plane by a factor of 2, then reflects it through the origin
(reverses every vector). All vectors are A = —2 eigenvectors.

e [ 21(3)-(3)
e 21D (2)

Since eigenspaces are subspaces, it follows that the entire line generated
by e; —the z-axis—lies in FEj3, while similarly, the y-axis liesin F_;. In
fact, the eigenspaces F3 and E_; are the z- and y-axes respectively,
by an easy calculation (Exercise 457). Equally easily, one can show
that these are the only eigenspaces, which means

spec(A) = {3, -1}

Geometrically, this information paints the picture suggested by Figure
4. The operator represented by A stretches vectors by a factor of 3
along FE5 (the z-axis) and flips it along E_; (the y-axis).

O

More generally, an operator represented by a diagonal matrix of any
size behaves very much like the example just given. If )\; is the ith
diagonal entry, the operator scalar multiplies the ith coordinate of every
input by ;. It thus stretches (when |\;| > 0), shrinks, (when |\;| < 0)
or collapses (A; = 0). When X; < 0, it also reverses direction along
that axis.
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3 . . . : " 3
2 2}
1 1
of 0
—1 -1t
_2b -2
[ S B S B S [ S S B S B S
Input Output

Figure 4. A diagonal map. Diagonal matrices represent
linear operators that stretch or shrink the input along the
axes.

ExAaMPLE 3.10 (Non-diagonal dilatation). Now consider the transfor-
mation represented by
1 -2
5= 7]

We claim B has the same spectrum as A in the previous example,
and like A, has two eigenspaces F3 and FE_; that form mutually
perpendicular lines. The difference is that here, the eigenspaces don’t
line up with the azes. Instead, they are generated by (1,1) and (1, —1),
as the following calculation reveals:

s(1)= [ 0]()=(3)--(3)
o(0)= [ 0)=(8) ()

This shows that A = —1 and A\ = 3 are eigenvalues, with correspond-
ing eigenvectors (1,1) and (1,—1), respectively. As in the previous
example, it follows that the lines they generate form the eigenspaces
Es and E_; respectively, and that spec(B) contains no other eigen-
values, so here again,

SpeC(B) = {37 _1}
The geometry of this operator thus mimics that of the diagonal operator

in Example 3.9 above, except that the stretching and flipping don’t line
up with the axes, but rather with the new, “tilted” eigenspaces. For
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this reason, if we start with the same input figure we used in Figure 4,
the geometry is harder to understand (Figure 5).

3

2t

B R
Input

3

2t

-2 -1 0 1 2 3
Output

Figure 5. A poor way to picture the effect of B. How would
you describe the way the input picture gets distorted?

The trick is to align the input picture with the eigenspaces. The geo-
metric similarity between A and B then gets much clearer (Figure
6) as we see the picture stretching by a factor of 3 along the (1,—1)
direction, while flipping along the (1,1) direction.

Input

Output

Figure 6. To see the effect of B better, first align the input
picture with the eigenvector directions (blue arrows). The
tripling along the northwest-pointing eigenvector then shows
up clearly, as does the flip along the other eigenvector.
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ExaMPLE 3.11 (Rotation). The transformation represented by
0 -1
=]V
has no eigenvalues. Indeed, Rx can never be a multiple of a non-zero

input x because Rx is always perpendicular to its input x. To see
this, just compute

r(2)=[0 3] (5)- ()

This output clearly dots to zero with the input (z,y), showing that for
this transformation, output is always orthogonal to—and consequently
cannot be a scalar multiple of—the input. Geometrically, R rotates
vectors by 7/2 (90°) counterclockwise, as shown in Figure 7, prevent-
ing any non-zero input from mapping to a multiple of itself: R cannot
have any eigenvectors. All eigenspaces are trivial and spec(R) = 0
(the empty set).

2 . . . 2

) 1 0 1 2 -2 —ll 0 1 2
Input Output
Figure 7. No eigenvalues. An operator that rotates the

plane by 90° maps every vector perpendicular to itself, hence
has no eigenvalues, and no non-trivial eigenvectors.

O

EXAMPLE 3.12 (Shear). Finally, we consider the operator represented
by this triangular matrix:
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This operator has just one eigenvalue, A = 1, and the corresponding
eigenspace FE; turns out to be the z-axis. We can easily verify that
FE; contains the z-axis:

(6)=[o1](5)=(5)

For now, we ask the reader to accept our claim that these are actually
the only eigenvectors, so that

spec(S) = {1}

Geometrically, this tells us that S leaves the z-axis (the line of eigen-
vectors) fixed (each vector maps to 1 times itself). The rest of the
plane, on the other hand contains no eigenvectors: the operator tilts
vectors above the x-axis to the right; vectors below it tilt (“shear”) to
the left. (Figure 8).

2 2

-1 —1r
- ) : ' '
i) -1 0 1 2 -2 -1 0 1 2
Input Output

Figure 8. A shear in the plane. A shear preserves the
eigenvector direction (blue arrow), while tilting the perpen-
dicular direction.

O

The examples above show that a linear operator on R? may have two
eigenvalues, one, or none at all. They suggest that different eigenvalues
always correspond to linearly independent eigenvectors. Example 3.8
(homothety) shows that a single eigenspace can have dimension bigger
than one. The existence of eigenvalues, their signs and magnitudes, and
the dimensions of the eigenspaces are details that reveal much about
an operator. In the next two sections, we will learn (a) how to find all
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eigenvalues and eigenspaces, and (b) how to interpret the information
they provide.

— Practice —
449. Let T be the linear operator on R? represented by this matrix:
—43 —60
30 42

Show that (—3,2) and (—4,3) are eigenvectors of T'. Find the corre-
sponding eigenvalues and sketch the corresponding eigenspaces.

450. Let G be the linear operator on R?* represented by this matrix:

2 -1 0 1
-1 2 1 0
o 1 2 -1
10 -1 2

Show that (1,—1,-1,1), (0,1,0,1), (1,0,1,0), and (—1,—1,1,1) are
all eigenvectors of T'. If every eigenspace of GG contains at least one of
these vectors, what is spec(7T) ?

451. Show that the standard basis vectors in R? are eigenvectors for
the (diagonal) operator represented by

[0 5

What is its spectrum? Sketch a version of Figure 4 to depict the effect
of this operator. Your sketch should have the same input figure, but a
different output figure.

452. Show that (2,1) and (—1,2) are eigenvectors for the operator
represented by

3 4

4 =3

What is its spectrum? Sketch a version of Figure 6 to depict the effect
of this operator. The input and output “faces” should line up with the
given eigenvectors, but have the same shape and size as the ones in
Exercise 451.
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453. Reasoning directly from the definitions (Definition 3.4), find all
eigenvalues and eigenvectors of the following operators on R™?

a) The zero mapping Z(x) =0
b) The identity mapping I(x) = x
c¢) The rank-r projection mapping P, : R" — R" given by

P(xy,z9,...,2,) = (x1,29,...,2,,0,...,0)

454. (Compare Exercise 59.) Given non-zero vectors u = (u, ug, . . . Uy,
and v = (v1,v9,...,v,) in R™ and R", respectively, consider the
rank-1 mapping 7: R™ — R" given by
T(x) =u"(x)v

a) Show that im(7) is the line spanned by v.

b) Show that ker(T) is the hyperplane u*.

c¢) Show that the only eigenspaces of T' are its image and kernel.

d) What is spec(T")?

While it is instructive to write down the matriz representing T (as
in Erxercise 59), the Exercise above can be solved by reasoning directly
from the formula, without recourse to the matrix.

455. Suppose that A, pu € spec(T') are two different eigenvalues of an
operator T' : R®™ — R"™. Show that while the A\- and p-eigenspaces
both contain 0, they have no other vector in common.

456. Show:
a) No skew-symmetric 2-by-2 matrix (except 0yx2) has an eigen-

value. [Hint: Compare Example 3.11.]

b) Every skew-symmetric 3-by-3 matrix has an eigenvalue. [Hint:
Does the matriz below have a nullspace?]

0 a —b
—a 0 c

b —c 0
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457. Show that the z- and y-axes are the only eigenspaces of the matrix
A explored in Example 3.9. (Show that (z,y) never maps to a multiple
of itself unless =0 or y =0.)

458. Use our mantra (Remark 1.22 of Chapter 1) to show that whenever
we have an n X n diagonal matrix

A0 0
0 X -+ 0
0 0 - A\,

each standard basis vector in R™ will be an eigenvector, with eigen-
value \;.

459. Prove Observation 3.2.

460. Suppose A is an eigenvalue of A, and p is a positive integer.
Show that

a) Any eigenvector of A is also an eigenvector of AP (A multi-
plied by itself p times).

b) AP is an eigenvalue of AP.

c) Can A? have an eigenvector that is not an eigenvector of A?
Give an example where this happens, or prove that it cannot
happen. [Hint: Consider Example 3.11.]

— % —

4. Eigenvalues and Eigenspaces: Calculation

We now tackle the job of actually finding the eigenvalues and non-
trivial eigenspaces of a linear operator 7" on R™. The strategy we
describe is standard and straightforward, though it can be tedious in
high dimensions. It has two basic stages:

1) First, find the eigenvalues of T'. This is a fundamentally non-
linear problem, and can be difficult. In essence, it asks us to
factor a degree-n polynomial.

2) Second, for each eigenvalue, find a basis for the correspond-
ing eigenspace. This stage is straightforward, reducing to a
familiar task: finding homogeneous generators for a nullspace.
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4.1. Characteristic polynomial and eigenvalues. To find the
eigenvalues of an operator 7: R" — R", we work with the n x n

matrix A that represents it. Recall that a scalar \ is an eigenvalue
of T if and only if

(50) ker(T'— A1) = nul(A — AI)
has dimension greater than zero, which means
(51) (A-X)x=0

must have a non-trivial solution.

We know this happens if and only if the coefficient matrix A — A1 has
a free column. But A — A1 is a square matrix, so a free column means
A — )l is not invertible, and hence has determinant zero.

So: The eigenvalues of T are the scalars \ for which
(52) det (A —AI)=0

Now it follows quite easily from the general determinant formula (see
(33) in Chapter 4, or (62) of Appendix A) that for any n x n matrix
A, the determinant above is a degree-n polynomial in A. In fact, the
left side of (52) can always be expanded as

(53) det (A — \T)

= AN N, DN\ + ag
DEFINITION 4.2 (Characteristic polynomial). We call the degree-n
polynomial given by (53) the characteristic polynomial of T (or

of the matrix A that represents it). Setting it equal to zero, we get
the characteristic equation

det (A —AI) =0
0

A degree-n polynomial has at most n roots.! So we may summarize
the facts and definitions above as follows:

PROPOSITION 4.3. The eigenvalues of the operator represented by an
n X n matriz A are the roots of its characteristic polynomial

det (A — A1)

which is a degree-n polynomial in X. A linear operator on R"™ therefore
has at most n eigenvalues.

IThis basic fact about polynomials is contained in the so-called Fundamental
Theorem of Algebra.
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Finding the roots of a degree-n polynomial by hand can be difficult or
even impossible. The case n = 2, however, arising when we deal with
2 x 2 matrices, is always manageable, since the characteristic equation
in that case is quadratic, and we can either factor it, or if necessary,
apply the quadratic formula.

EXAMPLE 4.4. Find the eigenvalues of the linear operator 7: R? —
R? represented by
2 -3
SR

By Proposition 4.3 above, the eigenvalues of T are the roots of the
characteristic polynomial

det(A—)\I):‘ 20 ;iA‘
@2 (-3
— XN AN -5
=A=5A+1)

The roots (and hence eigenvalues) are now clear: we have spec(T") =
{5,—1}.

Given the eigenvalues, the eigenspaces of T are easy to find, but we
temporarily leave that aside. We will return to it in Example 4.9. [

ExAMPLE 4.5. Find the eigenvalues of the linear operator represented
by
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As in the previous example, we start by computing the characteristic
polynomial

det (B — \I) =

2—X 2
3 4=

—(2-M\)(4-)\)—2-3

=\ — 6 +2

This characteristic polynomial doesn’t have integer roots, so we can’t
easily factor it like the previous example. It does have two roots,
though, since its discriminant is positive:

b —dac=6>—4-1-2=28>0
The eigenvalues of B are consequently given by the quadratic formula:

_ 2 _
- bi\/zb 4ac:3iﬁ
a

We may therefore conclude that

spec(B) = {3+ V7, 3—VT7}
U

EXAMPLE 4.6. As a final 2 x 2 example, consider the operator repre-
sented by
2 =2
c- 15 7]
Here, the characteristic polynomial is

det(C—)\I):‘ 2 ﬁA‘

—(2-N)4—-)\)+2-3

=\ —6)\+14
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This has a negative discriminant:

b? —dac =36 —56=—-20<0

The characteristic equation therefore has no roots, and hence C has
no eigenvalues: spec(C) = 0. U

For a 3 x 3 matrix, the characteristic polynomial will be cubic. There
1s a formula for the roots of a cubic, but it is difficult to remember and
harder to use. The situation for 4 x 4 matrices is even worse, and for
larger matrices, many characteristic polynomials cannot be factored
exactly by any algorithm. Fortunately, approximation methods (New-
ton’s method, for instance) often work well, especially with computer
assistance.

Still, we can sometimes factor the characteristic polynomials of larger
matrices directly, making it possible to identify their eigenvalues with-
out too much work.

EXAMPLE 4.7. Let us find the spectrum of the operator 7' on R3
represented by

1 -1 0
T=| -1 2 -1
0 -1 1

It takes some care to find the characteristic polynomial by our usual
methods, but it can be done:

det (T—AD)=| -1 2-\ -1
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1 ——= 0

1—

—(1-N| -1 2-

R
|
—_

1 —= 0
=(-N[0 e
0 -1 1-)
1 - 0
= (A =3)+1) 11A -2
AZ—32+1
0 -1 1—\
1 —L 0
=AM =32+1)] 0 11A 1A
A2—3AJ{£A
0 0 1=A- AZ—3\+1

Since the determinant of a triangular matrix is the product of its di-
agonal entries, we can now extract the characteristic polynomial of T
with just a little algebra:

det (T — AT) = (1 — A\)(A% — 3))

Though cubic, we can factor this by inspection, identify its roots, and
deduce that spec(T) = {0, 1, 3}. O

4.8. Finding eigenspaces. Once we actually know an eigenvalue
A, we can find a basis for the eigenspace E) (the subspace of all \-
eigenvectors) with relative ease.
Indeed, the A-eigenspace E)\ of T is by definition the kernel of T—\ 1.
To get a basis for it, we simply take the matrix A, that represents T,
and compute the homogeneous generators for A — A 1.

ExAMPLE 4.9. In Example 4.4, we found that when T is represented
by

A= [ _?) _g } , we have spec(T) = {5,—1}

Let us now find bases for the eigenspaces F5 and F_; in turn.
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The X =5 eigenspace is the nullspace of
2—-5 =3 -3 -3
A_5I:[ -3 2—5}:{-3 —3}

RRE (A —51) = {é (1)}

has one free column, and the A\ = 5 eigenspace is therefore spanned
by the homogeneous generator

(-1
V5 1= 1
The A = —1 eigenspace is the nullspace of

- 241 =3 ] [ 3 -3
A_AI_A+I_{-£ 2+1}_{—3 3}

Clearly,

SO NOwW

0 0

Again we have one free column, so F_; is spanned by the single ho-
mogeneous generator
(1)
1 1

These facts reveal the geometry of T': It is just like the diagonal op-

erator
5 0
0 -1

except that, instead of magnifying by a factor of 5 along the x-axis
and flipping the y-axis, it magnifies by a factor of 5 along the direc-
tion spanned by vs = (—1, 1), while flipping the direction spanned by
v_1 = (1,1), as suggested by Figure 9.

RRE (A +1) = {1 _1}

4

ExAMPLE 4.10. Find the spectrum and eigenspaces of the operator on
R* represented by

o NN OO
N O OO
S OO
S O N O
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2r A 1 ol
.'."‘:} ;
0f N & i ok

v

4 2 0 2 a4 4 2 0 2 4
Input Input
Figure 9. The operator in Examples 4.4 and 4.9 is a di-

latation with eigenvalues 5 and —1. Blue arrows show the
eigenvector directions.

As always, we first find the eigenvalues, given by the roots of the char-
acteristic polynomial

A 0 2 0
det (P — AT) — X _3 o
0 2 0 -\
10 —2/A 0
_ |01 0 -2/
20 A 0
0 2 0  —A
10 —2/A 0
o1 0 —2
= o 0 4-x 0
0 0 0 4-
= (=N

Though it has degree 4, this characteristic polynomial is already par-
tially factored, and its roots are clearly £2. So spec(P) = {—2,2}. In
particular, P has two non-trivial eigenspaces. Let us find them.
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The X = 2 eigenspace is the nullspace of

9 0 2 0
0 -2 0 2
P-2I=1 o o
0 2 0 -2

This reaches RRE form after just a few operations:

-1 0
RRE (P —21) =

SO O
o o= O
@)

)

0 0

The two free columns reveal that FE5, the nullspace of this matrix, is
2-dimensional—a plane. We easily get a basis for it by writing the
homogeneous generators

Vo = Wo =

O = O =
— O~ O

Multiplying these vectors by P doubles them both (try it), showing
that they are indeed \ = 2 eigenvectors.

Repeating the same procedure with A = —2, we get

1 010
0101
RRE (P 4 21I) = 000 0
0000

Again we find two free columns, so E_» is plane just like Fs, and again
we get a basis by writing the homogeneous generators, namely

Multiplication by P sends each to minus its double, confirming that
both are A = —2 eigenvectors.
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Note that the eigenspaces Ey and E_5 here turn out to be orthocom-
plements of each other. This fact is related to the symmetry of P, as
we shall see from the Spectral Theorem 6.14 (next section). O

We conclude this section by summarizing the procedure for finding the
eigenvalues and the eigenspace bases for any linear operator.

4.11. Summary: Finding eigenvalues and eigenvectors. To
find the spectrum and eigenspaces of a linear operator 7" on R", we
use a 4-step procedure.

1) Find the n x n matrix A that represents 7.
2) Find the characteristic polynomial of T by simplifying
det A — A1
It will always have degree n.

3) The roots (if any) of the characteristic polynomial form the
eigenvalues of T'. There will be at most n of them.

Note: A\ = 0 is a root of the characteristic polynomial if and
only if T has a non-trivial kernel.

4) The eigenspace FE) for each eigenvalue A is the nullspace of
A — \I. We therefore get a basis for E), by finding the ho-
mogeneous generators of the latter matrix.

— Practice —

461. Find the spectrum of each matrix.
3 2 3 =2 3 =2
o 1] w30 o [

462. Find the spectrum of the operator in Example 4.7 using the 3-by-3
determinant trick from Section 6.5 of Chapter 4.

463. Find the spectrum of each matrix.

1 -2 0 1 -2 0 1
a) | =2 3 —=2| b0 1 2| ¢ |0 1 -2
0 -2 1 0 -2 4 0
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464. Compute the dimension of the M-eigenspace for A when

2.0 1 2 1 -3
a)A=3 A=|0 3 0 P)A=-2 A=| 0 -2 1
10 2 0 0 -2

465. Compute the dimension of the A = —1 eigenspace for A when

000 1 1111
00 10 1111
a)A=101 g0 ba=1 1 |1 1 4
1000 111 -1

466. Find bases for the eigenspaces of each matrix in Exercise 461. In
each case, determine whether R? has a basis made of eigenvectors for
that operator.

467. Find bases for the eigenspaces of each matrix in Exercise 463. In
each case, determine whether R3 has a basis made of eigenvectors for
that operator.

468. Find the spectrum of the operator represented by each matrix
below, and bases for all eigenspaces.

a)

S O N
SO =N
N = OO
=N OO
OO N =
O DO =N
N = OO
=N O =

469. Find bases for all eigenspaces of these triangular matrices:

1 -1 1 -1
1 2 4
1 0 0 1 -1 1
a) {2 3} b) 0 4 3 c) 00 1 1
005 0 0 0 1

470. Give a proof, if true, or a counterexample, if false: The eigenvalues
of a triangular matrix are the same as its diagonal entries.
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471. Give a proof, if true, or a counterexample, if false: A square matrix
and its transpose always have the same spectrum.

472. Give examples of:
a) A 2-by-2 matrix whose spectrum contains —1 and 4.
b) A non-diagonal 2-by-2 whose spectrum contains —1 and 4.

¢) A 2-by-2 matrix that has (1,2) as an eigenvector with eigen-
value —1, and (2,3) as an eigenvector with eigenvalue 4.

473. Give examples of:
a) A 3-by-3 matrix whose spectrum contains 1,2, and 3.
b) A non-diagonal 3-by-3 whose spectrum contains 1,2, and 3.

¢) A 3-by-3 matrix that has (1,0,0) as an eigenvector with eigen-
value 1, (1,—1,0) as an eigenvector with eigenvalue 2, and
(0,1,—1) as an eigenvector with eigenvalue 3.

— %k —

5. Eigenvalues and Eigenspaces: Similarity

More than any other tool we have, eigenvalues and eigenvectors expose
the geometry of linear operators. Every operator on R™ belongs to
one of a relatively small set of geometrically meaningful classes. The
most important of these classes can be understood completely through
their eigenvalues and eigenspaces.

5.1. Similarity. The classes we have in mind are defined by the

mathematical notion of similarity, also known as conjugacy.

DEFINITION 5.2 (Similarity). Linear operators 7' and S on R are

similar or conjugate, written T ~ S, if there is an isomorphism
B :R™ — R"™ such that

T=BSB™!

Equivalently, operators 7" and S are similar if the matrices T and S
that represent them satisfy

T=BSB!

for some invertible n x n matrix B. O
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REMARK 5.3. The operator formulation T'= BSB™! is equivalent to
the matrix formulation T = BSB~! by Observation 1.19 and Exercise
262 of Chapter 4. (The Observation asserts that the operator we get by
composing two or more other operators (doing them in succession) is
represented by the product of their representing matrices. The Exercise
says that when B represents an isomorphism, B! represents the
inverse isomorphism.) Together, these facts ensure that when S and
B represent S and B, respectively, BSB™! represents BSB~!. O

Based on the definition above, similarity may seem like a purely alge-
braic and abstract relationship. But it actually expresses a basic idea
that arises in many situations, in and out of mathematics. To convey
its meaning, we present two informal metaphors.

Let T represent the operation of Tom doing his laundry, while S
is that of of Tom’s mother doing her laundry. These operations are
actually “similar” in roughly the same way that similarity is defined
above: we can relate them to each other by writing

T =BSB™

What is B~! here? It is the invertible operation of delivering Tom’s
laundry to his mother. Indeed, if he does B! in this sense—bring
his laundry home to mom—then she does hers (.5), and finally, Tom
does B —bringing the clean laundry back to his house (the inverse of
bringing it to her), the effect is essentially the same as T, that is, Tom
doing his own laundry. Symbolically, BSB~! =T.

Here’s a more geometric example. Tina can draw wvertical arrows, but
no other kind. Call that T'. Sue can draw only horizontal arrows. Call
that S. Here again we can write

T =BSB™!

this time by taking B~! to be the invertible operation of rotating a
sheet of paper by 90°. After all, if we rotate a sheet of paper by 90°,
have Sue draw a horizontal arrow on it, then invert—undo—the 90°
rotation, we get a vertical arrow, just as if Tina had drawn it.

Now consider an example that models the Tina/Sue story in a linear-
algebraic form.

EXAMPLE 5.4. Suppose T" and S denote the operators on R? repre-

sented by
10 2 0
T:[O 2] and S:{O 1}
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Geometrically, T stretches the plane by a factor of 2 vertically, leav-
ing horizontal distances unchanged, while S stretches the horizontal
direction by a factor of 2 while leaving vertical distances fixed.

These operators are clearly different, but when we rotate the plane by
90°, do S, and then rotate back by the same amount, the result is
indistinguishable from T

We can verify this algebraically, recalling Example 3.11, which shows
that rotation by 90° (counterclockwise) is the linear operator repre-
sented by

- 0 1 e 1|10 =1
R—{_l 0] with inverse R —{1 0]

A simple calculation (check it!) verifies that RSR™! indeed equals T':
01 20 O -1] |10
-1 0 01 1 0] |0 2

Among the many important features of similarity, we should highlight
three right away:

U

PROPOSITION 5.5. The similarity relation between operators on R™
has these properties:

a) (Reflexivity) Every linear operator is similar to itself.

b) (Symmetry) If T is similar to S, then S is similar to T.

¢) (Transitivity) If T is similar to S and S is similar to R,

then T is similar to R.

PROOF. We prove (b), leaving (a) and (c) to Exercise 481. Let
T and S be the matrices that represent similar operators 7" and S,
respectively. By the definition of similarity, we can write

T =BSB!

for some invertible B. Multiply this on the left by B~! and on the
right by B to get

S=B'TB=B!T(B Y '=CTC

where C = B~!. Since C is invertible, this makes S is similar to T
as claimed. U
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DEFINITION 5.6. The set of all linear operators similar to a given linear
operator T is called the similarity class of T'. 0

The similarity class of T' will typically (though not always) contain
many operators beside T itself. When it does, all of them will be
similar to each other, by Proposition 5.5.

Note that different similarity classes don’t overlap at all. For if the
classes of T" and S shared some operator R, then by conclusion (c)
of Proposition 5.5, R would be similar to both of them, making them
similar to each other (by transitivity), thus forcing S,7T, and R all
into a single class.

What interests us here is that all operators in a given class share certain
basic geometric features. To some extent, if you’ve seen one (operator
in the class), you’ve seen them all. This makes it fruitful to seek the
defining algebraic and/or geometric traits common to all operators in
a given class.

To describe the nature of every class would take us beyond (but not
far beyond) our present abilities. We will therefore content ourselves
with understanding the most basic and important classes: those that
contain diagonal matrices. Our approach focuses on the spectrum,
which correlates closely, though not exactly, with similarity classes.
For when T and S are similar, they always have the same spectrum;
the spectrum is a similarity invariant, as we will show in Proposition
5.14 below. The converse is not true, however, since operators with
the same spectrum are not always similar. Here’s an example.

ExXAMPLE 5.7. The operators represented by

20 2 1
ZI:[O 2] and A:{O 2}

have the same spectrum: spec(2I) = spec(A) = {2}, as the reader will
easily check. But 2I is not similar to A.

Indeed, the similarity class of 2I contains only 2I. Indeed, any matrix
similar to 2I must actually equal I, because for any invertible matrix
B, we have

B(2I)B ' =2BIB ' =2BB! = 2I

So even though both matrices have the same spectrum, A % B. For,
A #B. O
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In the example just given, we showed that 21, is the only matrix in its
similarity class. The argument generalizes easy to higher dimensions
and other scalars (Exercise 484).

OBSERVATION 5.8. The similarity class of A1, for any n, and any
scalar X\, contains only AI.

The multiples of T addressed by Observation 5.8 are the simplest kinds
of operators: they just scalar multiply every vector in R™ by A. For
instance, 2I doubles every vector, while —(1/4)I shrinks every vector
to a quarter of its length and reverses its direction. Such operators are
called homotheties. We encountered the 2 x 2 case in Example 3.8.

DEFINITION 5.9 (Homothety). Scalar multiplication by A in R" is
represented by the matrix A1, and is called the n-dimensional homo-
thety with factor ).

Observation 5.8 above says that each homothety forms a one-operator
similarity class. One can strengthen this statement with a strong con-
verse:

PROPOSITION 5.10. If the similarity class of T contains T alone, then
T is a homothety.

PRrROOF. If T isalone in its similarity class, then for every invertible
n X n matrix B, we have

BTB ' =T or equivalently, BT —TB =0

where T is the matrix that represents 7. This identity holds in par-
ticular when B = E;;, the matrix we get by changing the 7, j entry of
0,,x, from a zero to a 1. If one carefully analyzes

E,T — TE,;

however, one finds that it vanishes if and only if T is a multiple of the
identity matrix, as claimed (Exercise 485). O

Proposition 5.10 tells all there is to know about the smallest similarity
classes: The classes that contain only one operator are the homothety
classes.

On the other hand, Example 5.7 and Exercise 484 show that many
operators have the same spectrum as a homothety without actually
being stmilar to it.
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Fortunately, this vexing situation, where an operator has the same
spectrum as T' but is not similar to T, can only arise when T has
repeated eigenvalues—a statistically rare occurrence.

To see what we mean by this, recall that T" has a particular scalar r as
an eigenvalue if and only if r is a root of the characteristic polynomial
det(T'—A1). Of course, when r is a root, the characteristic polynomial
has a factor of the form (X —r)* for some integer k > 0.

DEFINITION 5.11. An eigenvalue r of T has algebraic multiplicity
k when the characteristic polynomial has a factor of the form (A —
r)*, but not (A — r)*"'. When r has multiplicity k& > 1, we call
it a repeated eigenvalue. The geometric multiplicity of r is the
dimension of the r-eigenspace.

Algebraic and geometric multiplicity are both important—and they
don’t always agree:

EXAMPLE 5.12. The matrices

30 3 =2
- [30] e an[3 2]

both have the same characteristic polynomial: (A — 3)%. So 3 is a
twice-repeated eigenvalue in both cases. This means A = 3 has the
same algebraic multiplicity, namely 2, for both matrices.

The geometric multiplicity of A = 3 is different in each case, however.
When we subtract A = 3 off the diagonal of 31, we get the zero matrix,
whose nullspace is all of R?. It follows that the 3-eigenspace of 3I is
R?, which is 2-dimensional. So for 3I, the geometric multiplicity of
A =3 is two.

Constrastingly, the geometric multiplicity of A = 3 for A is only one,
since we only get one free column when we subtract A = 3 off the
diagonal of A.

Here’s another example: Consider the triangular matrix

oSO O
S O Ot
O ot = O
— o O O

which clearly has characteristic polynomial

(A+1)> (A —5)°
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Its spectrum is {—1,5}, and both eigenvalues are twice-repeated, so
both A = —1 and A =5 have algebraic multiplicity 2.

They have different geometric multiplicities, on the other hand.
When we subtract —1 and 5, respectively off the diagonal here, we get

B+1I= and B —-5Il=

oo OO
O O Oy
OO = O
o O OO
SO O™
OO O
oo = O
SO OO

It’s easy to see that (after row-reduction) the first will have two free
columns, while the second will only have one. It follows that the geo-

metric multiplicity of A = —1 is two (equalling its algebraic multiplic-
ity), but the geometric multiplicity of A =5 is only one, which is less
than its algebraic multiplicity. O

REMARK 5.13. The geometric multiplicity of an eigenvalue never ex-
ceeds its algebraic multiplicity. We aren’t in a good position to prove
that here, however. O

We have now seen that operators with the same spectrum may not be
similar, and that the geometric multiplicity of an eigenvalue may be
less than its algebraic multiplicity. These facts do make it harder to
understand the geometry and similarity classes of linear operators, and
we will consider them further in the next section. Let us conclude this
one, however, with a useful positive result:

PROPOSITION 5.14. Similar operators have the same spectrum, and
each eigenvalue has the same algebraic and geometric multiplicity in
both operators.

PRrROOF. We first prove that similarity gives 7" and S the same
characteristic polynomial. 1t follows immediately that they have same
spectrum, and that each eigenvalue has the same algebraic multiplicity
in both operators.

As usual, we employ the matrices T and S that represent 7" and
S, respectively. By definition of similarity, there exists some invertible
matrix B such that

(54) T = BSB™!
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Now use the trivial identity I = BB~! = BIB~! to deduce

det (T — AI) = det (BSB™' — AI)
= det (BSB™' — ABIB™)
=det (B(S—AI)B™")

To finish the calculation, recall that the determinant of a product is the
product of the determinants, and that determinants of inverse matrices
are reciprocals (Theorem 6.10 and Corollary 6.12 of Chapter 4). So

det (T — AT) = det (B) det (S — AI) det (B™")
= det (B) det (B™") det (S — A1)
=det (S — A1)

In short T and S (hence T and S) have the same characteristic
polynomials. Since the characteristic polynomial determines both its
roots (the eigenvalues), and their algebraic multiplicity, 7" and S have
the same eigenvalues with the same algebraic multiplicities, as claimed.

To show they have the same geometric multiplicities, take any eigen-
value A of S, and let v be any A-eigenvector of S. Then Bv is an
A-eigenvalue of T, as follows by rewriting (54) as TB = BS and then
computing

TBv = BSv =B(A\v) = ABv

Thus, T(Bv) = ABv, and Bv is an A-eigenvector of T. Applying
this to a basis of A-eigenvectors for S, we see—by Exercise 346(b) and
the invertibility of B —that the dimension of the A-eigenspace of T
is at least as big as that of the A-eigenspace of S. The geometric
multiplicity of A in T is thus greater than or equal to that of A in S.
This whole argument is reversible, however, since B~! similarly maps
any \-eigenvector of T to one for S. So the inequality goes the other
way too: the geometric multiplicity of A in S is at greater than or
equal to that of A in T.

Both inequalities can hold only if the geometric multiplicity of A is the
same for both operators, just as we hoped to prove. 0

The contrapositive version of Proposition 5.14 tells us that operators
with different spectra cannot be similar.
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ExAMPLE 5.15. The operators represented by

11 —4 4 -6
A:{m —3} and B:{m —7}

are not similar, as we can check by computing their characteristic poly-
nomials:

det(A —X) = (11 = A)(=3—-A)+4-12=X1 -8\ + 15
det(B—A)= (4—AN)(=7T=A)+6-18 =X\ +7A+10

Different characteristic polynomials means different eigenvalues and/or
algebraic multiplicities. That rules out similarity, by Proposition 5.14.

ExAMPLE 5.16. The operators represented by

210 211
A=|(0 21 and B=|0 2 0
0 0 2 00 2

are not similar, even though they have the same characteristic poly-
nomial, namely (A — 2)3, as can be seen by inspection. Both A and
B have the same single eigenvalue \ = 2, with algebraic multiplicity
three in each case. But to check geometric multiplicities, we compute

A -2 = and B -2 =

o O O
SO
SO = O
o OO
SO =
SO =

We see that A — 21 has one free column, while B — 2I has two. This
tells us the geometric multiplicities of A = 2 for the two matrices
are 1 and 2, respectively—they are different. The contrapositive of
Proposition 5.14 now applies, and we conclude that A % B.
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— Practice —

474. By conjugating with the matrix

oo [11]

IR

475. By conjugating with the matrix

Show that

010
P=|001
1 00
Show that
1 00 2 00
020|~1]030
0 0 3 0 0 1

476. Find all eigenvalues, along with their algebraic and geometric
multiplicities:

477. Find all eigenvalues, along with their algebraic and geometric
multiplicities:

320 320 330
a) |03 2] bBlo3ol| o030
00 3 00 3 00 2

478. Show that
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479. Show that

2 00 2 0 0
3 -1 3|23 -1 0
0 0 2 0 0 -1

480. Show that these two matrices have the same characteristic poly-
nomial, but even so, are not similar.

2 0 -1 2 -1 0
0 2 -1, 0o 2 -1
0 0 —1 0 0 —1

481. Complete the proof of Proposition 5.5 by showing that similarity
is reflexive and transitive as explained in conclusions (a) and (c) of that
Proposition.

482. Show that a non-trivial 2-by-2 symmetric matrix can never be
similar to a non-trivial skew-symmetric matrix. [Hint: Show they can
never have the same characteristic equation.]

483. A square matrix A and its transpose always have the same spec-
trum (compare Exercise 471).

a) If A € spec(A), does A have the same algebraic multiplicity
in A and AT?

b) f A € spec(A), does A have the same geometric multiplicity
in A and AT?

[Hint: What do we know about determinants and ranks of transposes?|

484. Prove Observation 5.8. Then find an n x n matrix T with
spec(T) = {A} = spec(AI), but which is not similar to A\I. [Hint:
Imitate Example 5.7.]

485. (From the proof of Proposition 5.10.) Let E;; be the matrix we
get by changing the ¢, 7 entry of 0,., from a zero to a 1. Suppose
T = [t;;] is another n X n matrix, and for every 1 <4,j <n, we have

Let e; denote the ith standard basis vector in R".



390 7. LINEAR TRANSFORMATION

a) Show that for any 1 <i < n, we have
TE;;e; =Te;

b) Show that for any 1 < i < n, we have
EnTe; =t11€

c) Use (a), (b), and (55) to deduce that T = ¢y;1I, so that T
represents a homothety.

[Hint: Recall Theorem 5.6 of Chapter 1.]

6. Diagonalizability and the Spectral Theorem

After homotheties, the simplest similarity classes are those that contain
more general diagonal matrices. Operators in these classes are called
diagonalizable.

DEFINITION 6.1. An operator is diagonal if it is represented by a
diagonal matrix. It is diagonalizable if it is similar to a diagonal
operator. O

Most diagonalizable operators are not actually diagonal.

EXAMPLE 6.2. The matrix

2 3
A= 70
is certainly not diagonal, but it is diagonalizable, for it is similar to
5 0
o= |3 ]

Indeed, A = BDB™!, with

(1 -3 o 17 53
B[] it w1 2]

Geometrically, the eigenspaces of D are just the x- and y-axes, so D
magnifies along the z-axis by a factor of 5, while along the y-axis, it
multiplies by —3.

Because A is similar to D it also multiplies by 5 and —3 in indepen-
dent directions (those of the corresponding eigenvectors). U
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This example illustrates the geometric nature of diagonalizability, but
how did we find the invertible matrix B that realized the precise al-
gebraic similarity to a diagonal matrix? More generally, we face three
obvious questions:

e How can one tell whether an operator is diagonalizable?
o [f it is diagonalizable, to what diagonal operator is it similar?

e Finally, how can we find an invertible matriz B that will re-
alize the similarity?

A single theorem settles all three questions:

THEOREM 6.3 (Main Diagonalizability test). A linear operator T on
R™ is diagonalizable if and only if it has n independent eigenvectors

V1,Vo, ..., V,. If so, it is similar to the diagonal matrix
A0 -0
0 N -+ 0
0 0 -+ M\,

FEach \; is the eigenvalue of the eigenvector v;, and we have the sim-
tlarity

T=BDB' (or D=B'TB)
where B is the matriz whose jth column is v; :

Vl V2 PR VTL

B:

PROOF. The proof is surprisingly short, and once one sees how it
works, the result is almost obvious.

The key is to consider the effect of T on the matrix B. The columns
of B are eigenvectors, and matrix multiplication operates column-by-
column, so we immediately have

AVE Aava o ALV,

TB =

On the other hand, it follows just as easily from the column descrip-
tion of matrix/vector multiplication and that of matrix multiplication
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that we get the same thing when we right-multiply B by the diagonal
eigenvalue matrix D:

[ ‘/1 ‘/2 . e Vn )\1 O ° O

BD = S :
| 0 o --- )‘n
i )\1V1 )\2V2 cee )\nvn

In short, we easily get TB = BD, and if we right-multiply both sides
of this equation by B™!, we get T = BDB™!, just as the Theorem
claims. 0

EXAMPLE 6.4. The Main Diagonalizability result (just proven) shows
how to get the similarity presented in Example 6.2. For if we compute
the characteristic polynomial of the matrix

2 3
Stk
there, we get A\ — 2\ — 15 = (A — 5)(\ + 3), and hence spec(A) =
{57 _3}
Computing eigenspaces for these eigenvalues, one easily finds that v; =
(1,1) generates the 5-eigenspace, while vy = (—3,5) generates the —3-
eigenspace. As v; and v, are independent, they form a basis for R2.

Theorem 6.3 immediately tells us (i) that A is diagonalizable, (ii) that
it is similar to

5 0
o=[5 )
and (iii) that A = BDB™!, where
1 =3
»=1 3]
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ExXAMPLE 6.5. We can use Theorem 6.3 to conclude that neither ma-
trix below is diagonalizable:

00 =3 3 01
X=]102 0], Y=|0320
30 0 00 3

To see that X isn’t diagonalizable, compute its characteristic polyno-
mial:

(A +9)(2- )
There is only one root: A = 2. Subtracting 2I from X, we find that
the A = 2 eigenspace is spanned by (0,1,0). Alas, we get only one
independent eigenvector. Theorem 6.3 says that for diagonalizability,
we need three.

The characteristic polynomial for Y is obvious, and more promising:
(A —3)3. There is only one eigenvalue, but it has algebraic multiplicity
three, and we can hope for geometric multiplicity three as well—which
would give us three independent eigenvectors. Unfortunately though,
when we subtract 3 off the diagonal, we only get two free columns,
hence a 2-dimensional eigenspace. As there is no other eigenspace,
we again fall short of the three independent eigenvectors stipulated by
Theorem 6.3, and hence Y is not diagonalizable. U

EXAMPLE 6.6. The vectors
vy =(0,-1,1), vo=(—1,1,1), and v3 = (2,1,1)

are independent, as we can see by computing the determinant of the
matrix having the v;’s as columns: it is —6 # 0.

They are also eigenvectors of the operator represented by

-2 1 1
T = 1 1 -4
1 -4 1

Indeed, one easily computes
Tv; = (0,—5,5) = 5vy
TV2 = (4, —4, —4> = —4V2
TV3 = (—2, —1, —1) = —V3

So, T has 3 independent eigenvectors, with eigenvalues 5, —4, and —1,
respectively. It is thus diagonalizable, and by Theorem 6.3, similar to
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5> 0 0
D=0 -4 0
0 0 -1

O

6.7. “Distinct eigenvalue” test. Theorem 6.3 is a sure test for
diagonalizability—an if and only if statement. It can be difficult to
apply, however, because it can’t certify diagonalizability of an operator
on R™, until we know all its eigenspaces. For n > 3 (and sometimes
even n = 3), finding all eigenspaces (or even just the eigenvalues) can
be very hard.

We therefore present two weaker tests for diagonalizability. They are
easier to apply, but not equivalent to diagonalizability: A matrix is
diagonalizable if it passes either test, but it may be diagonalizable
even when it fails both.

The first test saves us of the work of computing eigenspaces, though
it asks for the full spectrum of an operator—knowledge that can be
difficult to get, as we have seen.

THEOREM 6.8 (Distinct Eigenvalue test). A linear operator on R"
with n different eigenvalues is diagonalizable.

Proor. This is really just a shortcut to Theorem 6.3. To prove it,
we show that eigenvectors with different eigenvalues are always inde-
pendent, so with n different eigenvalues, Theorem 6.3 applies.

Suppose to the contrary, that we had an n x n matrix A with a
dependent set of non-zero eigenvectors
V: {Vl,Vg,...,Vk}

all having different eigenvalues A, Ag, ..., \g. Since V is dependent,
some linear combination of its vectors must vanish, by conclusion (f)
of Proposition 6.9 of Chapter 5. So for some scalars ¢;, we have

cvi+cove+ -+ v =0

We may assume each ¢; is non-zero—if not, just throw away the ones
that have zero coefficients, leaving a smaller dependent set, and call
the new set V. In fact, we can assume c¢; = 1 for each 7. If not, just
replace v; by ¢;v;. These are still eigenvectors, since eigenspaces are
closed under scalar multiplication.

Our dependency equation now becomes

vi+ve+--+vp=0
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If we multiply it by Ay, we get
(56) MV +Ava+ -+ v =0
If instead, we multiply instead by A, we get
(57) AV + Avo 4o+ v =0

Subtract the former from the latter. The v; terms cancel, leaving
()\2 — )\1)V2 + ()\3 — )\1)V3 st (>\k — /\1>Vk =0

By hypothesis, the \;’s are all different, so none of the coefficients here
vanish, and by conclusion (f) of Proposition 6.9 again, we now see that

V/ = {V27V3,...,Vk}

is dependent.

Now just repeat the argument k£ —2 more times. Each time, we produce
a dependent set with one less eigenvector until finally, we conclude that
{vi}, by itself, is dependent—absurd, since a single non-zero vector
is never dependent. By assuming the Theorem false, we derived a
contradiction, so it must be true. O

EXAMPLE 6.9. The eigenvalues of a triangular matrix always equal its
diagonal entries (do you see why?). So an n X n triangular matrix with
distinct diagonal entries will have n distinct eigenvalues and hence must
be diagonalizable by Theorem 6.8. For instance, we can immediately
decide that

and

o O =
[ RN )
D Ot W
=~ DN =
ot w D
o OO

are diagonalizable by Theorem 6.8. The same Theorem, however, tells
us nothing about

and

o O =
O =N
— N W
=~ DN =
NN O
_ o O

As it turns out, at least one of these is diagonalizable (Exercise 491),
even though both fail to satisfy the hypothesis of Theorem 6.8. O
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6.10. The Spectral Theorem. Our final test applies only to
symmetric matrices, but it is one of the crowning results of any first
course in linear algebra, and one of the most important in all of math-
ematics.

Recall Definition 2.4 of Chapter 4: A is symmetric if an only if it
equals its transpose:

AT =A

DEFINITION 6.11. We call a linear operator symmetric when it is
represented by a symmetric matrix. O

Remarkably, symmetry alone guarantees diagonalizability. In fact, sym-
metry implies even more than diagonalizability—it implies orthogonal
diagonalizability:

DEFINITION 6.12. A linear operator 7" on R" is orthogonally di-
agonalizable when 7' has n orthonormal eigenvectors.

When T has n independent eigenvectors, it is diagonalizable by Theo-
rem 6.3, but orthonormality is stronger than independence (Corollary
3.4 of Chapter 6). We shall see that orthogonal diagonalizability is
stronger than diagonalizability too.

Recall that when an operator is diagonalizable, it magnifies or shrinks
along n independent eigenvector directions. When it is orthogonally
diagonalizable, these directions are mutually perpendicular—just like
the standard coordinate axes. Since the standard axes are the lines
along which actual diagonal operators do their rescaling, orthogonally
diagonalizable operators resemble diagonal operators even more than
merely diagonalizable operators do.

EXAMPLE 6.13. The matrices A and A’ below are both diagonaliz-
able, but only A is orthogonally diagonalizable.

12 , 3 0
S R IEE Y

Indeed, it is easy to check that (1,1) and (1,—1) are eigenvectors of
A, with eigenvalues A =3 and A = —1, respectively. Since (1,1) and
(1,—1) are orthogonal, we can normalize them to get an orthonormal
basis of eigenvectors, which then form the columns of an orthogonal

diagonalizing matrix
111 1
B-01 ]
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Because B is orthogonal, we can invert it by simply transposing. That
makes it easy to check the diagonalization formula for A. Indeed,
A = BDB™! becomes

A =BDB” where D= [g _(”
This means that A is just a “rotated” version of D. It stretches by a
factor of 3 along the line spanned by (1, 1), while it flips the orthogonal
line spanned by (1, —1). The diagonal matrix D does exactly the same
thing, except that it stretches by a factor of 3 along the z-axis, while
flipping the perpendicular direction—the y-axis.

Our second matrix A’ has the same (distinct) eigenvalues as A, (\ =
3,—1) so it too is similar to D.

But the eigenspaces of A’ are spanned by the non-orthogonal vectors
(1,1) and (1,0). So A’ stretches by a factor of 3 along the line spanned
by (1,1) and flips along the line spanned by (1,0), but these lines are
not perpendicular—they form an angle of 45°.

In short, while A and A’ are both similar to D, the former is “more
similar” than the latter because like D (and every other diagonal ma-
trix), its eigenspaces are mutually perpendicular. This is the meaning
of orthogonal diagonalizability (see Figures 10 and 11).

3t 3
2 2
1 i
0 0
-1 —1F
-2 -2
-3 =3¢
32 -1 0 1 2 3 3 2 -1 0 1 2 3
Input Output

Figure 10. Orthogonal diagonalizability. The symmet-
ric matrix A in Example 6.13 above stretches by a factor of 3
along the (1, 1) eigenvector, while flipping along the (—1,1)
eigenvector.
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3 4
2+
2
1F
0 0-
—1f
-2
_2f
-3 -4
3 2 -1 0 1 2 3 4 2 0 2 4
Input Output

Figure 11. Non-orthogonal diagonalizability. The ma-
trix A’ in Example 6.13 also stretches by a factor of 3 along
the (1, 1) eigenvector, but (not being symmetric) it flips along
a non-perpendicular direction (in this case, vertical), produc-
ing a more complicated type of distortion.

Remarkably, an operator is orthogonally diagonalizable if and only if it
is symmetric. Simple but profound, this fact plays a key role in almost
every mathematical subject. Formally,

THEOREM 6.14 (Spectral Theorem). A linear operator is orthogonally
diagonalizable if and only if it is symmetric.

We can prove this using undergraduate mathematics only, but we de-
fer the proof to Appendix B because it isn’t fully linear-algebraic—it
requires some basic multivariable calculus. We therefore content our-
selves here with examples and discussion.

The Spectral Theorem is fundamental partly because symmetric ma-
trices arise in so many applications of linear algebra. But much more
broadly, we shall see in Section 7 that it yields decisive information
about all linear transformations, even those represented by non-sym-
etric— even non-square—matrices. How? Because ATA is always
symmetric, even when A itself is not, so we can always apply the
Spectral Theorem to ATA. We return to this point in Section 7. For
now, we focus on its direct application to symmetric matrices by look-
ing at some examples.

EXAMPLE 6.15. The Spectral Theorem 6.14 lets us see immediately
that a complicated matrix like
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1 4 3 0 7
4 5 -2 3 0
S=13 -2 -1 -2 3
0O 3 -2 2 -5
7 0 3 -5 4

is diagonalizable—even orthogonally diagonalizable—simply because it
is symmetric. This is an amazing shortcut, given how difficult it would
be to compute any of its eigenvalues precisely. By symmetry alone,
however, we may conclude that S has 5 eigenvalues, and 5 mutually
orthogonal directions in R® along which it rescales its input by these
eigenvalues. 0

EXAMPLE 6.16. The matrix
7 6
A=l )

is symmetric, so the Spectral Theorem 6.14 predicts an orthogonal (or
even orthonormal) basis of eigenvectors.

To find such a basis, we start as usual with the spectrum. The charac-
teristic equation is clearly

det (A —AI) = (7= A)(=2—\) — 36
=X -5\ =50
=(A—10)(A+5)

Hence spec(A) = {—5, 10}, and we can proceed to find the correspond-
ing eigenvectors:

To get an eigenvector for A = —5, we row-reduce
12 6 :| row—reduce |: 1 1/2 :|

A+51:[63 0 b

Reading off the homogeneous generator, we find that v_5 := (—1/2,1)
spans the A\ = —2 eigenspace, or, clearing the denominator, we can
take v_5 = (—1,2).

Here, we row-reduce
-3 6 :| row—reduce |: 1 -2 :|
BN N

A—1OI:[ 6 —12 0 0

It follows that vip = (2,1) spans the A = 10 eigenspace.
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Combined, these calculations give us the eigenvector basis

{V_s,vm}z{(_%)(?)}

which are orthogonal, as predicted by the Spectral Theorem 6.14.
Given the eigenvalues, we also see that geometrically, A mimics the

diagonal matrix
-5 0
D= { 0 10 }

except that it rescales by by —5, and 10 along “rotated” axes spanned
by v_5 and v instead of the standard coordinate axes.

Algebraically, we express this via the (orthogonal) diagonalization for-
mula

A = BDB”

where the columns of B form an orthonormal basis for R% Though
orthogonal, our vectors v_5 and vy, are not orthonormal, so we have
to normalize—to divide each one by its length—to get B. Since

|V—5\ = |V10| = \/5

this gives

1 _
B 1 2
NG 2 1
Since B is orthogonal and symmetric, it is its own transpose, hence
its own inverse, and we have

1[-12][-5 0o][-1 2
A:BDBZE{ 2 1“ 0 10“ 2 1]

EXAMPLE 6.17. The matrix

A:

— N
OO N
— N

is symmetric, so the Spectral Theorem 6.14 predicts an orthogonal (or
even orthonormal) basis of eigenvectors. Let us try to find such a basis.

The hardest part, as usual, is to find the spectrum. We leave the reader
to show that the characteristic equation is
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det (A — AXI) = =)\ + 8)\ + 2)\?
= -2\ -2\ -38)
= - AA+2)(A—14)

It follows that spec(A) = {—2,0,4}, and we can proceed to find the
corresponding eigenvectors:

To get an eigenvector for A\ = —2, we row-reduce

3 21 ) 1 0 —1
A-MNM=A+2=1]2 2 2| =T 101 2
1 2 3 00 0

Reading off the homogeneous generator, we see that v_o := (1, —2,1)
spans the A = —2 eigenspace.

The presence of 0 as an eigenvalue tells us that A has a
non-trivial nullspace. To find it, we row-reduce A itself:

1 21 ) 101
A-XN=A=|20 2| 2T 1010
1 21 000

It follows that the homogeneous generator vy := (1,0, —1) spans the
A = 0 eigenspace, that is, the kernel of the operator.

Calculating similarly for this last eigenvalue, we get

3 2 1 ] 10 -1
A-MN=A_4I= 2 4 2| TS o1 -1
1 2 -3 00 0

and hence v, := (1,1,1).

In sum, we have the eigenvector basis

1 1 1
{V—27V07V4} - -2 ) 0 ) 1
1 -1 1

As predicted by the Spectral Theorem 6.14, each eigenvector is orthog-
onal to the other two. Geometrically, A then mimics the diagonal
matrix

D=

O O N
o O O
~ O O
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except that the scalings by —2, 0, and 4 take place along “rotated” axes
spanned by v_s, vg, and vy instead of the standard coordinate axes.

Algebraically, we express this same fact via the (orthogonal) diagonal-
ization formula

A = BDB”

where the columns of B form an orthonormal basis for R?. Our
vectors v_s, vy and v4 above are orthogonal, but we must divide each
one by its length to make them orthonormal and get B. Since

[v_o| = \/67 Vol = \/57 and  |vy] = V3

this gives
11 1
V6 V2 VB
. 1 V3 V2
-2 1
1 —V3 V2
1 -1 1
V6 V2 V3

O

Finally we emphasize again that when we have orthogonal diagon-
alizability—or equivalently, by the Spectral Theorem 6.14, symmetry
of the representing matrix—we get an orthonormal basis of eigenvec-
tors. As in the Examples above, we can make the eigenvector basis
matrix B orthogonal, and we can invert it simply by transposing. The
usual diagonalization equation

T =BDB!

then reduces to the much simpler T = BDB? when T is symmetric.

— Practice —

486. Determine which matrices below are diagonalizable without trying
to diagonalize them. Justify each answer using a diagonalizability test.

ols o] wlis] olis] ot o]
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487. Determine which matrices below are diagonalizable without trying
to diagonalize them. Justify each answer using a diagonalizability test.

a) b) c)

o w
=l O )
O — W
o w
=R SR
S =W
W N
— o N
A=W

488. Diagonalize each 2-by-2 matrix A by finding, in each case, a di-
agonal matrix D, and an invertible matrix B such that A = BDB~ ..

o a-[13] was[ii] wa[2d]

489. The matrix T in Example 6.6 is symmetric. What orthogonal
matrix diagonalizes it?

490. Diagonalize each 3-by-3 matrix A by finding, in each case, a di-
agonal matrix D, and an invertible matrix B such that A = BDB™!.

12 0 1 V2 0
a) A=1[0 2 -1 b) A=|+vV2 1 V2
00 3 0 V2 1

491. Determine which of these matrices from Example 6.9 are diago-
nalizable.

and/or

OO =
O = N
— N W
=~ DN =
DN O
e )

492. A certain operator T on R? has (2,5) as an eigenvector, with
eigenvalue A = —1, and (1,3) as an eigenvector, with eigenvalue \ =
2.

a) What diagonal matrix (or matrices) represent operators simi-
lar to 7177

b) What matrix represents 7' itself?
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493. A certain operator S on R3 has (3,2,1) as an eigenvector, with
eigenvalue A = 2, and (2,2,1) as an eigenvector, with eigenvalue \ =
0, and (1,1,1) as an eigenvector with eigenvalue A\ = —2.

a) What diagonal matrix (or matrices) represent operators simi-
lar to S?

b) What matrix represents S itself?

494. Determine whether each matrix is orthogonally diagonalizable;
justify your conclusion. You shouldn’t need any calculations:

4 -2 7 0 -1 0
a) | —2 0 —11 by |1 0 -1
7 -11 0 0 1 0
7 -6 5 —4 —4 5 —6 7
N A A T N IO I B O A
5 —4 7T 2 2 7 —4 5
—4 3 2 7 7 —6 3 —4

495. Find an orthogonal 2-by-2 matrix that diagonalizes
7 6
=[5 =]

496. Find an orthogonal 3-by-3 matrix that diagonalizes

0 -2 2
S=| -2 -1 0
2 01

497. The Spectral Theorem 6.14 says that symmetric matrices have
orthogonal eigenvectors. But “almost” symmetric matrices can have
eigenvectors that aren’t “almost” orthogonal. Find the angle between
the eigenvectors of this “almost” symmetric matrix.

1 0.01
2= {0 1.01 ]
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498. (Compare Exercise 456.) Show that the only eigenvalue a skew-
symmetric matrix of any size can have is A = 0. [Hint: If Ax = x,
what is Ax -x? What happens if we apply Corollary 2.8 of Chapter J
to Ax-x with A skew-symmetric?|

499. In Exercise 410 we saw that every 2 x 2 orthogonal matrix takes
one of these two forms for some scalar 6:

lCOSQ —Sin@] . {COSQ sin@}

sin 0 cos 6 sinff —cos@

a) Using inspection only, deduce that one of these is orthogonally
diagonalizable. The other represents a rotation by 6.

b) Show that the rotational form is diagonalizable if and only if
6 is a multiple of 7, when it is orthogonally diagonalizable.

¢) Compute the spectra of both forms (assume 6 is not a multiple
of 7.

d) Show that the non-rotational form represents reflection across
the line spanned by (cos#/2, sinf/2). (That is, it leaves that
line fixed, while flipping lines perpendicular to it.)

500. Show that when A and B are operators on R"™ with a common
basis of eigenvectors {vq,va,...,v,} C R" they commute (AB =
BA). [Hint: Diagonalize.

501. Let A, ., be any matrix.

a) Show that ATA and AAT are always symmetric. What are
their sizes?

b) Show that the eigenvalues of ATA cannot be negative. [Hint:
Suppose x is an eigenvector of ATA, and note that ATAx-x =
Ax - Ax.|

¢) Show that nul(ATA) = nul(A).

502. Let A,.,, be any matrix. Show that ATA and AAT always
have the same eigenvalues.
7*7
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7. Singular Value Decomposition

7.1. Overview. The Spectral Theorem 6.14 claims orthogonal di-
agonalizability for symmetric matrices. Shortly after stating it, how-
ever, we claimed it would also have big implications for all linear trans-
formations—symmetric or not.

Here we show why. The basic idea is beautifully simple:

No matter how badly A fails to be symmetric, the product ATA s
always symmetric, and hence (by the Spectral Theorem 6.1) ATA s
always orthogonally diagonalizable, with eigenvalues and eigenvectors
that reveal the geometry of A itself.

Because the transpose of a product is always the product of the trans-
poses in reverse order (Proposition 2.7 of Chapter 4), we can easily
verify that ATA is its own transpose:

(ATA)" = AT(AT)" = ATA

By definition, this makes ATA symmetric, so we can apply the Spectral
Theorem 6.14 to AT A, getting an orthonormal basis of eigenvectors,
which along with their eigenvalues, say much about A. The precise
result is called the Singular Value Decomposition (SVD) of A. We
summarize it in Theorem 7.4 below, the last major goal of our book.

We focus on theory here, but the Singular Value Decomposition enjoys
an enormous range pivotal applications too. Data compression algo-
rithms and the “data-mining” technique called Principle Component
Analysis are among the most important. Readers interested in appli-
cations may want to start with a 2012 article? whose abstract includes
the following statement:

The SVD can be used to characterize political positions of
congressmen, measure the growth rate of crystals in ig-
neous rock, and examine entanglement in quantum com-
putation. We also discuss higher-dimensional generaliza-
tions of the SVD, which have become increasingly crucial
with the newfound wealth of multidimensional data, and
have launched new research initiatives in both theoretical
and applied mathematics. With its bountiful theory and
applications, the SVD is truly extraordinary.

2Carla D. Martin & Mason A. Porter, The extraordinary SVD, American Math-
ematical Monthly 119 (2012), no. 10, 838-851.
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To understand SVD, we first need to generalize our notion of “diagonal
matrix” to the non-square setting.

DEFINITION 7.2. An n xm matrix A = [a;;] is quasi-diagonal if its
non-diagonal entries all vanish. In other words,

a;; =0 wheni#j
For square matrices, quasi-diagonal and diagonal are the same, but
quasi-diagonal matrices need not be square.

When a linear map 7: R™ — R" is represented by a quasi-diagonal
matrix, we call it a quasi-diagonal transformation. 0

These matrices, for instance, are all quasi-diagonal:

As with diagonal matrices, zeros on the main diagonal are permitted,
but zeros off it are required.

If we let d denote the smaller of m and n, we can understand any
quasi-diagonal transformation 7: R™ — R" as a two-step operation:

e First, T rescales along the first d coordinate axes in the do-
main R, multiplying each of of the first d input coordinates
by a scalar (possibly negative or zero).

e Second, T places these first d rescaled axes into the first d
slots of the output, zeroing out any other output coordinates.

We illustrate with two simple examples where d = 2.

ExAMPLES 7.3. The quasi-diagonal matrix

3 0
A=10 -2
0 0

represents the linear map given by T'(x,y) = (3x, —2y, 0) (check this).
In terms of our two-step process, T' rescales the x- and y-axes in the
domain R? by —3 and 2 respectively, then places that rescaled copy
of R? into R? as the z = 0 plane.

Similarly, the quasi-diagonal matrix
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represents the linear map 7: R% — R? given by T'(x1, z2, T3, T4, T5) =
(—x1,425). Here n =2 <5 =m, and thus d = 2. So T “collapses”
all of R® down onto the plane of its first two coordinate axes, rescales
those two axes by —1 and 4 respectively, then maps that plane onto
the range, R2. O

We now state the main SVD result. We will devote the rest of the
section to its meaning and proof.

THEOREM 7.4 (Singular Value Decomposition). If A is any n x m
matriz of rank r, then

A=VDU”

where U and V are orthogonal, and D is quasi-diagonal. The main
diagonal entries of D, called the singular wvalues of A, are the
square-roots of the eigenvalues of ATA.

REMARK 7.5. Lemma 7.10 below shows that the eigenvalues of ATA
are always non-negative, so the square-roots in Theorem 7.4 always
make sense. U

REMARK 7.6. When A is symmetric, the SVD Theorem 7.4 reduces
to the Spectral Theorem 6.14. For then we can take V = U, with
the columns of U given by eigenvectors of A, and the quasi-diagonal
D becomes truly diagonal. The SVD Theorem 7.4 thus generalizes
the Spectral Theorem, extending it to all matrices, not just symmetric
ones. 0

The SVD Theorem 7.4 likely seems abstract and puzzling to most read-
ers at first glance. But it has a striking and clear geometric interpre-
tation, and we want to convey that before we explain the proof. This
interpretation comes from

e The orthogonality of U and V, and
e The quasi-diagonality of D

The orthogonality of U and V means—by Proposition 3.14 of Chap-
ter 6—that both U and V (and their transposes, which are also or-
thogonal by Observation 3.17 of Chapter 6) represent distortion free
transformations.

As for D, we saw in discussing quasi-diagonal transformations that
the distortion produced by a quasi-diagonal transformation is of the
simplest kind: it merely “rescales” along certain coordinate axes, while
collapsing any remaining axes to zero.
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So when the Singular Value Decomposition says we can factor A as
VDU?, with U and V orthogonal, it is saying:

The transformation represented by an arbitrary matrix A can be ac-
complished in three steps, with no distortion except during the second
step, where the distortion is very simple.

The three steps go like this: First, U does a distortion-free isomor-
phism that rotates or reflects the columns of U to the standard basis
vectors. Then D rescales the first m or n (whichever is less) axes
or R™ and sends them to the corresponding axes of R". Finally, V
makes a distortion-free rotation or reflection that takes the standard
basis vectors in R" to the columns of V. When we put all three steps
together, we get:

The factorization A = VDUT tells us that A rescales along each
direction spanned by the (orthonormal) columns of U, and then maps
those directions, with no further distortion, to the orthogonal directions
spanned by the columns of V.

This last interpretation implies an illuminating corollary of the SVD
Theorem 7.4:

COROLLARY 7.7. Given any linear transformation T: R™ — R",
there is an orthonormal basis {uj, vy, ..., u,} in the domain that T
maps to an orthogonal set in the range. That is,

T(w) -T(u) =0 ifi#j

PrROOF. Let A be the matrix representing 7', and use the SVD
Theorem 7.4 to factor it as

A = VDU”T

Multiply both sides of the equation on the right by U. Since U is
orthogonal, this yields

(58) AU =VD

The columns of U form the orthonormal basis we seek. Indeed, let u;
denote the jth column of U. Then 7'(u;) = Au,, and since matrix
multiplication works column-by-column, (58) now tells us that Au; =
c;(VD) (the jth column of VD). Using the column-by-column rule
yet again, we now get more:
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Au; = c;(VD)
= V¢,(D)
=V (\//\_jej>
=/, Ve,
=V (V)
(For D is quasi-diagonal, and its jth column is \/)\_jej, where e; as

usual denotes the jth standard basis vector in R™.)

Since V is orthogonal, its columns are orthonormal. In particular,
c;(V)-¢c;j(V) =0 when ¢ # j. This gives the desired result, since the
u;’s are orthonormal, and we have now shown that

T(w) - T(w) = Au; - Au; = VAi/Aj ei(V) - (V) =0

We emphasize this Corollary in our final Examples 7.16 and 7.18.

7.8. Two lemmas. To fully understand and apply the SVD The-
orem 7.4 requires familiarity with its proof, which amounts mostly to
using the eigenvectors of ATA to locate the “right” orthonormal bases
in the domain and range of T. These bases will form the columns of
the matrices U and V in the SVD Theorem, while the eigenvalues of
ATA determine D.

To fill in the details, we need two easy lemmas that let us construct the
bases mentioned above. With their help, the SVD Theorem 7.4 will
become almost obvious.

The lemmas themselves are not difficult—the reader may already know
them from Exercise 501.

LEMMA 7.9. The nullspaces of A and ATA always agree. That is, for
any matriz A, we have

nul(A"A) = nul(A)
Proor. We can prove this by showing that both
nul(A’A) D nul(A) and nul(A"A) C nul(A)
The first containment is easy. For when x € nul(A), we have
(A"TA)x = AT(Ax) = AT0=0

and hence x € nul(ATA) too.
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The reverse containment requires a bit more, namely the link between
transpose and dot product of Corollary 2.8 in Chapter 4: For any x
and y in the appropriate dimensions, we have

Ax-y=x-Aly
If we replace y by Ax in this identity, we get
Ax - Ax =x- ATAx

When x € nul(ATA), the right side vanishes. The left must then
vanish too, but it equals |Ax|?, which vanishes if and only if Ax = 0.
But that means x € nul(A). So x € nul(ATA) implies x € nul(A),
and thus

nul(ATA) C nul(A)
as needed. O

The other fact we want assures us that, as mentioned earlier, eigenval-
ues of ATA can never be negative:

LEMMA 7.10. Let A be any matriz. Then each eigenvalue of ATA is
non-negative.

PROOF. Every eigenvalue A of ATA has an eigenvector v # 0, so
that

(ATA)v = \v
Dot each side of this identity with v to get
(ATA) - v=Av-v=Alv|]?

At the same time, by Corollary 2.8 of Chapter 4 again (indeed, by the
same calculation we used in the proof of Lemma 7.9 above) we have

IAv]> = Av-Av = (ATA)v - v
Chaining these two calculations together yields
Av[* = v
and hence (since v #0)

A 2
)‘:%ZO
[v]

which proves the Lemma. O
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We are now ready to construct the orthonormal bases we seek in the
domain and range of the transformation represented by A.

7.11. Domain basis. The domain of our transformation T is
R™, so the representing matrix A has m columns, making ATA an
m X m symmetric matrix. By the Spectral Theorem 6.14, ATA is
orthogonally diagonalizable, with an orthonormal eigenvector basis

{uj,ug,...,u,,} CR™
Writing \; for the ith eigenvalue of ATA, we then have
(ATA>UZ:)\ZL11, izl,Z,...,m

and by Lemma 7.10, each eigenvalue \; is non-negative. Number the
eigenvectors in decreasing eigenvalue order, so that

ALZ> A2 A32>- 20,20

Let r denote the rank of A. If r < m, then A —and hence ATA,
by Lemma 7.9—has a non-trivial nullspace, and the last m —r eigen-
values must vanish. We need to treat the corresponding eigenvectors
differently, so we rename these last m — r eigenvectors—the u;’s that

span nul(ATA)—as
kla k27 R km—r
Our orthonormal eigenvector basis now looks like this:
{ula Uz, ..., U, kla k27 s 7kmfr} CR™
with corresponding eigenvalues

)\12)\22"'2)\r>07 and >\r+1:)\r+2:"':>\mzo

The orthonormality of the basis makes the spans of the wu;’s and the
k;’s orthogonal complements in R™. Since the k;’s span nul(A), and
nul(A)" = row(A), by Proposition 1.7 of Chapter 6, we have

LEMMA 7.12. Let A be any nxm matriz. Then R™ has an orthonor-
mal basis U composed of bases for row(A) and nul(A), respectively:
U= {ul, s, ..., uT} U {kl, kz, ey kmfr}

where the w;’s are eigenvectors of ATA with strictly positive eigenval-
ues.

This Lemma gives us the special basis we need for the domain of any
linear transformation 7: R™ — R"™. To understand the SVD Theorem
7.4, we also want a special basis for the range of T.
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7.13. Range basis. Recall that col(A) and nul(A”) are ortho-
complements in the range of 7" (Proposition 1.7 of Chapter 6 again).
We construct a basis for R™ —the range of T"—by combining separate
orthonormal bases for col(A) and nul(AT), just as we combined the
u;’s and k;’s in Lemma 7.12 above.

We know that rank(AT) = rank(A) = r by Proposition 8.12 of Chap-

ter 5. So the nullity of AT is n —r, and any basis for nul(AT) must
therefore contain exactly n — r vectors. Accordingly, let

(ki ks, ko)

be any orthonormal basis for nul(AT).

We need to be more particular about our basis for the image of T
which equals col(A) by Proposition 1.3. Any basis for col(A) will
have r = rank(A) vectors, of course, since rank (by definition) equals
dimension of column-space. So we seek r independent vectors

Vi,Va,...,V, € col(A)

Specifically, we will get each v; from the corresponding u; in the do-
main of T by defining

Aul-
vor

This definition certainly puts each v; in col(A), since Ax € col(A)
for any x € R™ (Observation 4.1 of Chapter 5). Note too that the
square-roots here all make sense, because \; > 0 for each 1 < i < r,
by Lemma 7.12. Crucially, moreover, the v;’s, defined this way, form
an orthonormal set, because

v, = 1=1,2,...,r

VZ“V]': = =

A A VA

since the u;’s are orthonormal, and \;/y/A\A; =1 when i = j. As an
orthonormal set, of course, the v;’s are independent by Corollary 3.4
of Chapter 6. Moreover, we have r = dim(col(A)) of them. So they
form a basis for col(A), by Corollary 8.8 of Chapter 5.

These facts give us a special basis for the range of T' analogous to the
domain basis of Lemma 7.12:

Aul- . AUj ATALIZ‘ -4y )\iui -4y . {O, 1 7éj
1, 1=y
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LEMMA 7.14. Let A be any m xn matriz. Then R™ has an orthonor-
mal basis V' composed of bases for col(A) and nul(AT), respectively:

V={vi,va, ..., v,} U{ki, Kk} ...,k }
where Au; = \/A\;v;, with the u;’s given by Lemma 7.12.

We now have all we need to prove the SVD Theorem 7.4 in short order.

PrOOF OF SVD THEOREM. The real work is already done. First,
Lemma 7.12 gives an orthonormal basis of eigenvectors for ATA in the
domain R™:

U= {uh uy, ..., uT7k17 k27 R km—v"}
In particular, we have ATAu; = \ju;, and Ak; = 0. The correspond-

ing basis matrix, namely

U=

u; U u, kl kmr]

is then orthogonal. This will serve as the matrix U in the statement

of the SVD Theorem 7.4.

Similarly, Lemma 7.14 gives us an orthonormal basis in the range, and
we take the corresponding basis matrix as the matrix V of the SVD
Theorem 7.4:

Vi Vg v, ki k;_,

Lemma 7.14 says the first » columns of U and V are related: Au; =
VAivi. Lemma 7.12 tells us that Ak; = 0 for each k;. So the column-
wise description of matrix multiplication now implies

\/>\_1V1 \//\_2V2 \/)\_rvr 0 0]

Computing column-by-column, and viewing matrix/vector multiplica-
tion as linear combination (our mantra again), it is easy to check that
the matrix on the right above also equals VD, where D is this n xm
quasi-diagonal matrix:

AU:[
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V0 O --- 0 --- 017
0 VX 0 -+ 0 -+ 0

D:= 0 0 VA 0 - 0

0O -+ - 0 0 --- 0
0O -« - 0 0 --- 0

In sum, we have AU = VD, with U and V orthogonal, and D
quasi-diagonal.

Now just multiply AU = VD on the right by U?. Since U is or-
thogonal, UT = U~!, and we get the SVD Theorem 7.4:

A = VDU”T

As promised, U and V here are orthogonal, and the square-roots
of the eigenvalues of ATA appear on the main diagonal of the quasi-
diagonal matrix D. O

REMARK 7.15. The proof of the SVD Theorem 7.4 is concrete: it
doesn’t just show that matrices U, V, and D with the required prop-
erties exist. Along with the Lemmas preceding it, it shows exactly how
to construct those matrices. U

We conclude with two examples illustrating the construction of U, V,
and D, and the use of the SVD Theorem 7.4 for analyzing transfor-
mations that aren’t symmetric.

ExAMPLE 7.16. Consider this square—but not symmetric—matrix:

2 2
e
The SVD Theorem 7.4 says we can write it as
A=VDU"

where

o5

and the \;’s are given by the eigenvalues of

w2205
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The usual calculation finds the characteristic polynomial of the latter
matrix to be

A — 130 +36 = (A —9)(\ — 4)

So Ay =9 and Ay = 4. These eigenvalues already say much about
A. For as explained above, the SVD Theorem 7.4 factors the trans-
formation represented by A into three steps, with no distortion except
during the quasi-diagonal step. Knowing the \;’s, we can now see that
the distortion step is represented by

30
o= 03]
Thus, except for distortion-free isomorphisms in the domain and range,
A acts by magnifying its input along perpendicular lines by factors of
roughly 3 and 2, respectively. It follows that no input gets magnified

by less than 2, nor more than 3. This kind of information is often
valuable, and can’t be gotten from mere inspection of A.

We can delve deeper, however, by determining the “before and after”
matrices U and V.

According to Lemma 7.12, the columns of U are the (normalized)
eigenvectors of ATA. Having computed \; =9 and A\, = 4 above, we
can find these easily:

We row-reduce

ATA—QI:[_l Q}ﬂ.%e.d&[l —2}

2 -4 0 0

So wyg := (2,1) spans the A =9 eigenspace.

A similar calculation with A =4 yields

TA . 4 2 row—reduce 1 ]_/2
A'A 51_[21 — =y 0

So wy := (1,—2) spans the A =4 eigenspace.
Since |wg| = |wy| = v/5, we now have U':
poLfmow]o Ly 1]
V5 | | Vi1 —2

Though we won’t do so here, one easily finds that U has eigenvalues
+1. Tt represents a (distortion-free) reflection across its +1 eigenspace.
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Now let us find V. Since ATA (and hence A ) has trivial nullspace,
the formula at the end of Lemma 7.14 produces the columns of V from
the corresponding columns u; and uy of U:

_Au1(6,-3) _ (2-1)

"IN 3 VBB
oo Aw 124 (12

Ve 245 6

Vel o)

One can show that V, like U, represents a (distortion-free) reflection.

What does all this tell us? The SVD Theorem 7.4 says that A =
VDU?, and here, U is symmetric, so U? = U, and we can check
that

1 2 -1 3 0 2 1 2 2
veu=s[ 3 S)[0 [T a4 1]
as predicted.

Geometrically, the SVD Theorem 7.4 lets us visualize the transforma-
tion represented by A as follows: If we take the columns of U as
azxes, any figure aligned with these azes will be magnified by 3 along the
first axis, by 2 along the second, and then rotated to align with the azes
spanned by the columns of V.

Figure 12 illustrates.
0

REMARK 7.17. When A is square, as in the Example just given, we
can interpret the SVD Theorem as an “almost diagonalizable” claim:

Any square matriz A is orthogonally similar to a product
QD, with Q orthogonal and D diagonal:

A =U(QD)UT
where U s orthogonal.

For when A square, the quasi-diagonal matrix D in A = VDU7 will
be truly diagonal. Meanwhile, the orthogonality of U means UU? =
I, so we can write

A =VDU" = (UU") VDU" = U(QD)U"



418 7. LINEAR TRANSFORMATION

3 ARSRSASESS RRSASARRES 3
2f 2
1 1L
0 OF
-1 1k
-2 -2r
B S S R I R E N T
Input Output

Figure 12. The SVD relation A = VDUT encodes the
geometry of A. Any figure aligned with axes spanned by the
columns of U (like the cartoon aligned with the blue arrows
on left), will be magnified by factors of 2 and 3 along those
directions, then re-aligned with the directions spanned by the
columns of V' (blue arrows on right).

where Q = UTV. This is orthogonal (the product of orthogonal ma-
trices is always orthogonal by Proposition 3.18 of Chapter 6), making
A orthogonally similar to QD, as claimed. O

EXAMPLE 7.18. As a last example, we use the SVD Theorem 7.4 to
analyze the transformation 7': R? — R* represented by

N OOy
DN 1 Do W

As usual, we start by computing the symmetric matrix A’A, which
turns out to be

54 66
We then find the characteristic polynomial to be

A2 — 132\ + 662 — 542 = 22 — 132\ + 1440
= (A—120)(A — 12)

ATA — {66 54]

and hence spec(T") = {12,120}. It follows immediately that the quasi-
diagonal matrix D in the SVD decomposition of A is then
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V120
0 120
D p—
0 0
0 0

The input to T thus gets stretched by factors of /12 and /120 along
perpendicular directions. By Lemma 7.12, those directions are spanned
by the eigenvectors of ATA, which, after normalization, also give the
columns of U. We find them the familiar way:

Row-reduce

T [ 54 54 11
AA—12I_[54 54 — 0 0

The homogeneous generator for the latter matrix, namely wi, =
(1,—1), spans the A = 12 eigenspace.

Similarly,

. 1 -1
AA—1201—>{0 o}

and the homogeneous generator wisg := (1,1) thus spans the A = 120
eigenspace of ATA.

We then compute |[wis| = |Wi| = v/2, and putting these facts to-
gether, can immediately write U:

o= =l ]

As in the previous example, no eigenvalue A’A vanishes, so it—and
by Lemma 7.9, A too—has rank 2. It follows that we can get the first
two columns of V by normalizing the columns of

{11] -1 2
-1 1 _ /3 2 4
6
2

These columns are orthogonal, as expected, and after normalization,
they give the first two columns of V:
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~1 1
1 2 1 2

59 V= — and vy = ——=
(59) VS T V5| 3
0 ~1

According to Lemma 7.14, any orthonormal basis for nul(AT) will
provide the last two columns of V. We leave the reader to show (Exer-
cise 512) that applying the Gram-Schmidt process to the homogeneous
generators yields this orthonormal basis for nul(AT):

9 11
1 1 1 )

60 K= — and kf= ——
(60) er | o 210 -7
4 6

For the record, this gives

V:[V1 Vo kT k;]

with the v;’s from (59) and the k}’s above. But the actual contents
of the last two columns here have little geometric interest. The geom-
etry of the transformation shows up mainly in the columns of U, the
singular values v/12 and /120 in D, and the first two columns of V.
Specifically, these data tell us that T first stretches its input (in R?)
by factors of v/12 and /120, respectively, along the lines spanned by
the first and second columns of U —the lines generated by (1,—1) and
(1,1). The result is then placed—without distortion—onto the image
plane in R*. That plane is spanned by the first two columns of V in
R*. Figure 13 depicts the input and image planes for this process.

O

These examples only hint at the utility of the SVD Theorem 7.4. Ex-
ercises H13 and 514 explore another important application.

— Practice —

503. Suppose a,b > 0, and let

=[]
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2 0 2 4 =5 0 5
Input (in R?) Output (in R*)
Figure 13. The transformation analyzed in Example 7.18
maps the orthonormal basis (arrows) and input cartoon on
the left to an orthonormal pair and output cartoon in the
image plane, depicted on the right. The image plane lies in
R*. Note that we shrunk the scale on the right to fit the

page; the arrows there are actually equal in size to those on
the left.

a) Show that A has no eigenvalues.

b) What are its singular values?

504. Compute the singular values of the operator represented by each
matrix. Which operator has the largest distortion factor?

-1 -7 -7 -9 0 —4
o [ a] e [R5 5]
505. Find the singular values of the transformation represented by
2 3
St

and the matrices V, D, and U in its singular value decomposition.
What will A do to a unit square aligned with the columns of U?

506. Let T: R® — R? be the linear transformation represented by

32 4
A:[1 4 —2}
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Find the matrices V, D, and U in its singular value decomposition.
T will map a unit cube aligned with the columns of U to a rectangle
in R%. What will the side-lengths of that rectangle be? Its sides will
be parallel to which lines through the origin?

507. Let T: R?® — R? be the linear transformation represented by

2 3 -1
A:[1 1 3}

Find the matrices V, D, and U in its singular value decomposition.
T will map a unit cube aligned with the columns of U to a rectangle
in R?. What will the side-lengths of that rectangle be? Its sides will
be parallel to which lines through the origin?

508. If a matrix has orthonormal columns,
a) What are its singular values?

b) How does the answer to (a) relate to the statement of Propo-
sition 3.14 in Chapter 67

509. Suppose a matrix has mutually orthogonal (but not necessarily
orthonormal) columns. What are its singular values?

510. Show that for any matrix A, the product AAT will (like ATA)
always be symmetric, and hence orthogonally diagonalizable.

511. Show that the v;’s of Lemma 7.14 are eigenvectors of AAT, just
as the u;’s of Lemma, 7.12 are eigenvectors of ATA.

512. Verify that when A is the matrix in Example 7.18, and we apply
Gram—Schmidt to the homogeneous generators for its transpose, we get
the basis displayed in Equation (60).

513. Suppose we have k “data points” v; € R, all lying on the line
generated by a unit-vector u, so that for some scalars aq,as,...,a,
we have v; = q;u foreach 1 =1,... k.

a) If we make the v;’s rows of a matrix A, what will ATA be?
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b) Show that in this case A will have only one non-zero singular
value.

c¢) Show that the eigenspace of ATA associated with the non-zero
singular value will be the line generated by u.

The significance of Fxercise 513 is that the eigenspace associated with
the largest eigenvalue of ATA in such cases always picks out the line
that fits the data.

More importantly, even when the data points do not all lie on one line,
the eigenspace of largest eigenvalue picks out the subspace that best
fits the data. This makes the SVD technique enormously useful for
detecting “trends” in data sets. Fzxercise 51 gives a glimpse of this.

514. (Calculator helpful) Regard the vectors (2.9,1.3),(—3.1,—0.7),
and (0.1,—0.3) as “data points” in the plane, and make them rows of
a matrix

29 1.3
A=| -31 =07
0.1 -0.3

a) Carefully plot the data on a standard set of axes.
b) Compute ATA .

c) Verify that spec(ATA) = {20,0.3}. (Subtract each eigenvalue
off the diagonal and show that we get a non-trivial nullspace.)

d) Verify that (3,1) and (—1,3) are eigenvectors of ATA.

e) On the axes from part (a) draw the line generated by the
A = 20 eigenvector, and decide whether you think any other
line (through the origin) would better “fit” the data.

— %k —






APPENDIX A
Determinants

We return here to the determinant function introduced in §6 of Chapter
4. We stated various properties for the determinant there without
proof. Now we provide the missing justification. We begin with a
closer look at the “permutation formula” for determinants given in
equation (33) of Chapter 4. Mastery of that formula yields accessible
proofs for most of the determinant’s key properties, including

e The basic determinant rules of Proposition 6.2, and

e The transposition-invariance of Proposition 6.15.

We then prove Theorem 6.10 from that same chapter: the product
formula det(AB) = det A detB.

1. The Permutation Formula

DEFINITION 1.1. If n is a counting number, a permutation p of the
set {1,2,3,...,n} is just a re-ordering of that set, with no repeats or
omissions. Equivalently, it is a one-to-one, onto map

p:{1,2,3,...,n} > {1,2,3,....,n}

where p(i) gives the new position of i in the reordering. The set of all

permutations of {1,2,3,...,n} is called the symmetric group S,,.
[

EXAMPLE 1.2. Suppose p is the permutation that re-orders the first
five integers to produce {3,5,2,1,4}. We can describe p (or any per-
mutation) with a 2-rowed matrix: inputs on the top row, outputs on
the bottom. We enclose it in curly brackets to signal that the matrix
describes a permutation. For this particular permutation, this gives

425
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(12345
Pr 13521 4
Alternatively, we could just list p(i) for each input, like this:

p(1) =3, p(2) =5, p(3) =2, p(4) =1, and p(5) = 4
O

OBSERVATION 1.3. There are exactly n! distinct permutations of the

set {1,2,3,...,n}. The symmetric group S, thus contains n! ele-
ments.
PROOF. If we want to construct a permutation of {1,2,3,...,n},

we have n possible choices for p(1). That leaves n — 1 choices for
p(2), and then n — 2 choices for p(3) and so forth. The total number
of permutations in S,, is thus

n-(n—1)-(n—-2)---3-2-1=n!

as claimed. ]

Note that we always count the identity permutation p(i) =i for each
1 = 1,2,---,n as an element of S, even though no input actually
moves.

OBSERVATION 1.4. If p € S, is any permutation except the identity,
there are inputs © and j with p(i) > i and p(j) < j.

PROOF. The reader can probably supply a proof, but here’s an
elegant one. First note that

(1) +p(2) +p(3) + - +p(n)) — (1+2+3+-+n) =0

since both sums contain the same numbers, just differently ordered.
Rearrange this as

(p(1) = 1)+ (p(2) —=2) + (p(3) =3) + -+ (p(n) —n) =0

There are only two ways that this (or any) sum can vanish. The first
is that every term vanishes. Here that would mean p(i) =i for every
17, making p the identity permutation. That would be consistent with
our statement.
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The only other possibility is for the sum to have both positive and
negative terms. In that case, there are inputs ¢ and j with p(i)—i > 0
and p(j) —j < 0. Equivalently p(i) > ¢ and p(j) < j, which proves
our statement. O

ExXAMPLE 1.5. The symmetric group Sy contains just 2! = 2 permuta-
tions: the identity and one other, namely

1)

Note that p(1) > 1 and p(2) < 2 in accordance with Observation 1.4.

Similarly, the reader can check that S3 contains these 3! = 6 permu-
tations and no others (compare Exercise 31):

3

2

1 2 3 1 2 3 1 2

12 3’ 2 1 [ 31

1 2 3 1 3 1 2 3

1 3 21 2 3|7 3 2 1
It is also easy to see that each one (except the identity) has inputs @
and j, with p(i) > ¢ and p(j) < j. O

NN W

DEFINITION 1.6. Two outputs in a permutation form an inversion if
they reverse the order of their inputs; that is, if ¢ < j, but p(i) > p(j).

We call p an even or odd permutation when it has an even or odd
number of inversions, respectively. We then define the sign of p as

. +1 piseven
sign(p) = —1 pisodd
O

ExXAMPLE 1.7. Let us count the number of inversions in the permuta-

tion
1 2 3 45
35 2 1 4

of Example 1.2 above, and compute its sign.

To do so, we examine each output in the second row of the matrix,
scan to the right (where the inputs are bigger), and count the outputs
that are smaller.
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Start with the first output: p(1) = 3. Scanning to the right, we find
two smaller outputs: 2 and 1. So the first output, p(1) = 3 contributes
two inversions in p.

The second output, p(2) =5 accounts for three new inversions, since
the smaller outputs 2,1, and 4, all lie to the right of it.

So far, we have five inversions, and we now consider the third output,
p(3) = 2. To find new inversions, we again scan to the right, and in
this case find just one smaller output, namely 1.

That gives p a total of six inversions, and there are no more: the reader
will verify that the last two outputs, (1, and 4) yield no new inversions.
Finally, we note that p has an even number of inversions (six), so it is
an even permutation, and hence sign(p) = +1. O

ExaMpLE 1.8. Along with the identity permutation

123 -+ n
I”_{1 2 3 .- n}
the symmetric group S, always includes the countdown permutation
Q, = 1 2 3 v n—2 n—1 n
" 1n n—-1n-2 --- 3 2 1

The identity permutation obviously has zero inversions, so it is even,
with sign(Z,) = +1 for every n.

The inversions in the countdown permutation (), are harder to count,
but each output @, (i) is clearly inverted with respect to every output
Q.(j) to the right of it. So @,(1) = n contributes n — 1 inversions,
Q.(2) = n —1 contributes n — 2, and so forth. The total number of
inversions is thus

n-1)4+m-2)+(n-3)+ - +3+2+1

There is a general (and easily justified) formula for this sum, as one
often sees in first-year calculus: it equals n(n — 1)/2. This number is
clearly even when (and only when) either n or n— 1 is divisible by four.
It follows that

_ ~1 n=2,3,6,7,10,11,14...
it

+1 n=4,528,9,1213,16...

The countdown permutation (), can thus be either even or odd, de-
pending on n. U
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REMARK 1.9. It is easy to see that swapping the last two outputs of a
permutation p adds or subtracts 1 from the total number of inversions
in p, and hence changes sign(p). (More surprisingly, the same holds
if we swap any two outputs—see Exercise 516 below.) So if we divide
S, into its even and odd subsets, the “swap-last-two” operation yields
a one-to-one correspondence between the even and odd subsets. They
consequently have exactly the same size: half the permutations in S,
are even, and half are odd. O

We need one more fact about the symmetric group:

ProPOSITION 1.10. Every permutation p € S, has exactly one in-
verse permutation p~! that “undoes” p, and p~' has the same sign
as p.

PRroOOF. If p € S, then the outputs p(i) list every integer in the

set {1,2,...,n} exactly once. So the requirement that p~' “undo” p,
that is, that

(61) p~ (p(i) =i

for each ¢« = 1,2,...,n uniquely determines the input/output matrix

for p~!, and hence determines p~! itself.

It remains to show that sign(p~!) = sign(p). Actually, more is true:
p~! has the same number of inversions as p. For p has an inversion
if and only if there are inputs ¢ and j with

i<j and p(i) > p(j)

Applying (61) to the first of these inequalities, however, and defining
i" = p(i) and j' = p(j), we can rewrite this pair of statements like this:

p (i) <p7'(j) and > j

Thus, p~! inverts the inputs i’ and j’ if and only if p inverts ¢ and
7. The inversions in p therefore correspond one-to-one with those of
p~!, and having the same number of inversions, p and p~! have the

same sign as claimed. O

ExaAMPLE 1.11. If we know the bracketed 2-rowed “symbol” for p, we
can produce the symbol for p~! simply by swapping the two rows, and
then re-ordering the columns so that the top row increases from 1 to
n.
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For instance, if we have
_ 1 2 3 4
P13 5 21
as in Example 1.2, we can get the the symbol for p~! by first swapping
the two rows, to get
352 14
1 23 45
Then re-order the columns to “standardize” the top row, and get
1 1 23 45
P 14315 2

It’s easy to check that this “worked” in the sense that p~'(p(i)) = i
for each input 7. O

= Ot

1.12. The Determinant formula. Now that we have the basic
facts about permutations in hand, we can see more deeply into the
general determinant formula (cf. (33) in Chapter 4). For an n x n
matrix A, that formula, again, is

(62) det A = Z sign(p) A1p(1)A2p(2)A3p(3) - - - Anp(n)

PESn

Each summand here is (plus or minus) a product of n matrix entries
a;j. The row indices in these entries simply go from 1 to n, so there is
one a;; from each row. The column indices are the outputs of p, which
also go from 1 to n, albeit in a different order. So each term in (62)
also has exactly one a;; from each column.

ExAMPLE 1.13. Let us verify that (62) gives the expected result for a
2 X 2 matrix, namely

a1l a2
21 A22

(63)

= 11022 — Q12021

To see that (62) yields (63), note that there are two permutations in
Sy, as listed in Example 1.5, namely the identity permutation I, and
the countdown permutation (Js. These are even and odd, respectively,
so when n = 2, the sum in (62) can be written out as

(64) + a17(1)021(2) — A1Q(1)2Q(2)
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Since I(1) =1 and I(2) =2, while @ reverses these two outputs, we
easily see that (64) agrees with (63), as hoped. O

2. Basic Properties of the Determinant

The determinant formula (62) leads quickly to the basic determinant
rules of Proposition 6.2, along with the transposition invariance |AT| =
|A| (Proposition 6.15). For the sake of convenience, we restate each
Proposition here before giving its proof.

PROPOSITION 6.2 (Determinant Rules) The determinant function as-
signs a scalar |A| to every nxn matriz A = |a;;]. Among its properties
are these:

a) When A s triangular, |A| = apnas...a,, (the diagonal
product).

b) Swapping two rows of A changes only the sign of |Al.

¢) Multiplying any single row of A by a scalar X multiplies |Al
by A as well.

d) Adding a multiple of one row of A to another row of A does
not change |A|.

PROOF. (a): Suppose A is upper triangular. Then all entries be-
low the main diagonal vanish: a;; = 0 whenever j > ¢. It follows that
in the determinant formula (62), ;) = 0 whenever p(i) > i. Accord-
ing to Observation 1.4, however, every permutation except the identity
has p(i) > i for somei. As aresult, every term in (62) vanishes ezcept
the one we get when p is the identity. That one remaining term is the
diagonal product —+aj1a92a33 - - @pp, s0 (a) holds for upper triangular
matrices.

Similarly, when A is lower triangular, all entries a;,;) with p(j) < j
vanish. Observation 1.4 applies here too, and again kills every term
in the determinant summation formula except the one given by the
identity. So (a) holds for lower-triangular matrices too.

(b): Now we need to show that the determinant changes sign when we
swap two rows. This depends the result of Exercise 516: Swapping any
two outputs of a permutation changes its sign.

Given that, a little careful bookkeeping yields (b). For suppose we swap
rows r < s in A = [a;;] to get a new matrix A’ = [aj;]. Also, given
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any p € S, let p’ denote the new permutation we get by swapping
outputs p(r) and p(s). Then for each j =1,2,... n, we have

aij = a; (1 F#71,5) p(i) =p'(i) (i#rs)
(65) apj = d; and  q p(r) =p'(s)
asj = a, p(s) =p'(r)

Note too that the transformation p +— p’ maps S, to S, in a one-to-
one, onto fashion.

We now claim that the p-summand for det A is exactly the opposite
of the p/-summand for det A’. For, starting with the p-summand of
det A and applying the information in (65), we can deduce that

SIgN(P)A1p(1)A2p(2) - - - Arp(r) - - Asp(s) - - - Drp(n)
= sign(p)aiym)opa) - - - Usp(r) - - - Crp(s) - -+ Arp(m)
SIEN (D)@ (1) Ao (2) -+ Tapr(s) - Tt (1) + + - Tt ()
= —sign(p)al, 1)y () - Q) - Tsr(s) - -+ Ot ()

since (thanks to Exercise 516) sign(p’) = —sign(p). One the one hand,
if we now sum the terms at the top of this chain of identities over all
p € S,, we get det A. On the other, summing the terms at the bottom
of the chain over all p’ € S, we get —det A’. So det A’ = —det A,
as claimed by (b).

(c): This is the easiest conclusion. If we multiply row r of A by a
scalar A, we get a new matrix A’ = [a};], with a}; = a;; unless i =r,
in which case we have a; = Aa;;. The p-summand in the formula for
det A’ thus becomes exactly A times the p-summand in the formula for

det A :

S (P)d1p(1)02p(2) *** Crp(r) " D)
= sign(p)aip)azp(2) A lrp(r) ** * Gnp(n)
= Asign(p)aip(1)@zp(2) - - * Arpr) * * * Anp(n)

Summing the terms on the left, we get det A’, while the final terms
sum to A det A. This proves (c).

(d): This argument goes much like those for (a), (b), and (c) above,
so we sketch it more briefly. The interested reader will fill in missing
details without difficulty.
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Suppose we get A’ = [a;;] from A = [a;;] by adding A times row
rs(A) to r,(A). Then for any permutation p, we have

&;p(i) = Qip(3) (i #r)

Uy = Grp(r) + A sp(r)

This splits the p-summand in the determinant formula for det A’ in
two:

SIgN (D)@ p(1)Ap(2) *** Arp(r) * ** ()

= sign(p)aip)@ap(2) * * * Arp(r) " * Anp(n)

+A Sign(p)alp(l)GQp(Q) T Agp(r) *  Qup(n)

The first of the two terms on the right above is exactly the p-summand
for det A. So when we sum those, we get det A.

When we sum the second of the two terms on the right above, however,
we get A det A”, where A” is the matrix we get by replacing r,(A)
with rg(A). So by summing on both sides of the identity above, we
get

det A’ = det A + det A"

But rows r and s of A" are now the same, which forces det A” = 0.
Indeed, the determinant of any matrix with two equal rows must van-
ish. We proved this in Corollary 6.8 of Chapter 4 using only Conclusion
(b) above. Since we already proved (b), that fact is available here, and
it completes the proof of (d). O

PROPOSITION 6.15 (Transposition invariance) For any square matriz
A, we have

[AT] = 1Al

PROOF. If, as usual, we write a;; for the entries of A, and aj; for
those of AT then we have the key relation (compare (28) of Chapter
4)

/ P ..

Applying the determinant formula (62), we then have

det AT = > sign(p)a 1)@y @) Tt
PESn

= D sign(p)aym)1ap)aps)s - Gy
pGSn
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If we now define ¢/ = p(i) for each i = 1,2,...,n, however, and invoke
Proposition 1.10, which gives p~1(i') = i and sign(p~') = sign(p), we
can rewrite the last expression above to deduce

det AT = Z sign(pil)al/p_1(1/)a2/p_1(2/)a3/p_1(3/) s an/p_1(n/)
PESH
Two final observations let us complete the proof. First, since the cor-
respondence p <+ p~! is one-to-one, summing over all p € S, is the
same as summing over all p~* € S,. So we can abbreviate ¢ := p~!
and rewrite the result above as

det AT = Z Sign(q)allq(ll)GQIq(2/)a3/q(3/) ©r Ap/g(n?)
qESn
Finally, we can replace each row index 1’,2',...,n’ above by its actual
value, and then (since scalar multiplication is commutative), re-order
the resulting a;q;)’s to put the row-indices in standard order. We then

get the usual formula for det A, albeit with ¢ replacing the letter p.
Thus,

det A" = sign(q)aig)azg(z)ase@) - angin)
q€Sn

= det A

just as we sought to prove. U

3. The Product Formula

We conclude by proving the product formula |AB| = |A||B|. Our
proof here follows the clever argument sketched in Gilbert Strang’s
text.! The following lemma will help.

LEMMA 3.1. Doing an elementary row operation to a matrix A before
or after multiplying on the right by a matrix B gives the same product.

ProOOF. This follows easily from the fact that r;(AB) = r;(A)B
(Exercise 210 of Chapter 4). For example, by multiplying both sides
of this identity by a scalar k, we get

kr;(AB) = kr;(A)B

which says we get the same result whether we multiply row ¢ by k
before, or after right-multiplying by B, just as the Lemma predicts.

1G. Strang, Introduction to Linear Algebra, Wellesley-Cambridge Press, Boston.
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Similar arguments prove the lemma for the other elementary row oper-
ations: swapping two rows and adding a multiple of one row to another.
We leave them as an exercise. O

THEOREM 3.2. The determinant of a product is the product of the
determinants: det(AB) = det(A) det(B).

PRrOOF. First observe that the theorem holds when B is singular.
For then case AB is also singular,? and determinants of singular ma-
trices vanish. In short, |AB| = |A||B| when B is singular because
both sides equal zero.

If, on the other hand, B is not singular, then |B| # 0, and we can
divide by it to define a function fp on the set of all square matrices
A as follows:
|AB|
fB(A) = =2
B
Now consider how elementary row operations on A affect fp(A). By
Lemma 3.1 above, a row operation on A effects the same operation on
AB. But the behavior of determinants with respect to row operations
(Proposition 6.2) and the definition of fp then show that such an

operation affects fp(A) in exactly the same way as it affects |AB],
and hence |A].

It follows that fp(A) obeys the same rules as |A| with regard to
row-operations. But that lets us compute fg(A) much as we would
compute |A|, row-reducing until we reach the identity, while keeping
track of the multiplicative scalar we generate at each step. When we
complete the row-reduction, we must then have

(66) fe(A) =|A| fz(I)

because |A| is the product of the constants we extracted, following the
determinant rules, while reducing A to I. At the same time, however,
we obviously have

_ Bl _ Bl _

So (66) reduces to fp(A) =]A|-1=|A], and hence

2Compare Exercise 261 of Chapter 4: when B is singular, Bx = 0 has a
non-trivial solution h # 0. But then (AB)h = A(Bh) = A0 =0. So AB has a
non-trivial nullspace, hence is singular too, by Theorem 5.7 of Chapter 4.
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This is the same as |AB| = |A||B| —exactly what we wanted. O

— Practice —

515. Determine the sign of each permutation belonging to Sy and S3
as listed in Example 1.5. Note that each of the last three permutations
listed for S3 can be gotten by swapping the last two outputs of the
permutation above it (compare Remark 1.9).

516. Show that swapping any two outputs of a permutation reverses
its sign.

517. Proceeding as in Example 1.13, show that (62) yields the formula
(31) we gave in Chapter 4 for the determinant of a 3 x 3 matrix. Use
the list of n = 3 permutations from Example 1.5, and check your result
against the “trick” depicted in Figure 7 of Chapter 4 too.

518. Complete the proof of Lemma 3.1 by showing that it holds for the
two operations not yet addressed in its proof: swapping two rows, and
adding a multiple of one row to another.

— % —



APPENDIX B
Proof of the Spectral Theorem

Here we prove the Spectral Theorem (Theorem 6.14 of Chapter 7):

THEOREM 6.14.(Spectral Theorem) A linear operator is orthogonally
diagonalizable if and only if it is symmetric.

To set up our proof, we need to make a simple definition, prove an easy
lemma, and finally, recall a basic fact about continuous functions.!

DEFINITION 0.3. We say that a linear operator 7' : R — R" pre-
serves a subspace S C R" when T'(S) C S. That is, T maps any
vector in S back into S':

x €S implies T(x)e S
U

Recall from Definition 2.4 of Chapter 7 that an operator 7: R™ — R"
is symmetric when it is represented by a symmetric matrix.

LEMMA 0.4. If a symmetric n X n operator preserves a subspace S C
R" , then it preserves S+ too.

PROOF. We have to show that T'(x) € S+ whenever x € S*+. That
is, we must show that T'(x)-s = 0 whenever x € S* and s € S. This
follows immediately from the symmetry of 7'. For when x € S+ and
s € S, we have

Tx)-s=Ax-s=x-As=x-T(s) =0

because T preserves S, while x € S+. O

Recall from Example 1.3 of Chapter 5 that the unit sphere in R" is
the set of all unit vectors in R™: all v.€ R" with |v|=1.

IWe regret having to leave the realm of algebra and using a fact about
continuity—a concept from Calculus—to prove the Spectral Theorem. A purely
algebraic proof is possible, but we would need to move beyond real scalars and
introduce the complex number system, an even bigger departure from the familiar.

437
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The basic fact about continuous functions we need involves this sphere:
Any continuous function on the unit sphere attains a mazimum.?

PROOF OF SPECTRAL THEOREM. Let T : R® — R" be a sym-
metric operator, represented by a symmetric matrix A.If A is orthog-
onally diagonalizable, it is easy to see that it must also be symmetric
(cf. Exercise 520 below). The real content of the Spectral Theorem
is the converse: that when A is symmetric, it must be orthogonally
diagonalizable. To prove that, we must show that a symmetric n X n
matrix A will always have n orthonormal eigenvectors. The matrix
B having those eigenvectors as columns is then orthogonal and diago-
nalizes A. That is, A = BDB? with D diagonal, as discussed in §6
of Chapter 7.

In short, it remains to show that symmetry of A forces the existence
of n orthonormal eigenvectors.

To produce these eigenvectors, we study the function ) : R* — R
given by

Q(x) = Ax-x
If we write the entry in row 4, column j of A as a;; in the usual way,

it is easy to verify that () expands as a quadratic polynomial in the
coordinates (xy,wa,...,z,) of x:
n
Qx) = ayum;
ij=1

All polynomials are continuous, so by the basic fact mentioned above,
() attains a max on the unit sphere. Let v € S~ ! be a vector where
that max is attained, so that

Q(v) > Q(x) for all x with [x| =1

This inequality will force v to be an eigenvector of A.

To see how, we leave the reader to check (recalling that |v| = 1) that
when

(67) Ai=Av-v and w=Av-—)\v

>This is just a slightly more sophisticated version of a theorem one always
encounters in first-year Calculus: A continuous function on a closed interval always
attains a mazimum. Our version can be found in most basic Analysis texts; see
for instance Corollary 21.5 of Elementary Analysis: The Theory of Calculus by
Kenneth A. Ross.
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we have
(68) Av=JX v+w and w-v=0

Now consider the vector function v(t) we get by normalizing the vec-
tors along the line through v in the w direction, mapping them all
to the unit sphere:

vV +tw

0= e

Note that v(0) = v, the vector where @ attains its max. So if we
now define the 1-variable function

f(t) =Q(v(t))

This function must attain a max at t = 0. We will show this forces
w = 0, which in turn means Av = A\v+ 0 = Av, and hence that v is
an eigenvector, as promised.

To check this we expand f(t) explicitly:

f(t)
= Q(v(1)
= Av(t)-v(t)
Av - v+ 2t(Av-w) + ?Aw - w
1+ t2|wl?
Q(v) + 2t(Av - w) + t2Q(w)
14 t2|wl?

Note that we used the symmetry of A here to rewrite v-Aw = Av-w.
We also simplified using the definition of Q.

It is now easy to check that the derivative of the denominator above
vanishes at ¢ = 0, so when we apply the quotient rule and set t =0,
we simply get

0=f'(0)=2Av-w
Conclusion: Av -w = 0. By dotting the definition of w in (67)
above with w itself, however, and using this conclusion along with our

assumption that w-v = 0 from (68), we now see that |w|?> = 0, so
that w = 0 as hoped. In short, v is an eigenvector:

Av =)v

Now that we have one eigenvector, it is straightforward to finish the
proof recursively using Lemma 0.4. Indeed, since v is an eigenvector,
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A preserves the 1-dimensional subspace (line) spanned by v, Lemma

0.4 shows that A preserves its orthocomplement, the hyperplane v* .

We may thus repeat the argument above, maximizing @ on v* to
get a second eigenvector vy in this hyperplane. Now A preserves the
plane spanned by v; and vy, so by Lemma 0.4 again, it also preserves
the orthcomplement of this plane, where we can maximize () a third
time to get a third unit eigenvector v orthogonal to both v; and v, .

Nothing prevents us from continuing this process, decreasing the di-
mension of the orthocomplement by one each time, until the v;’s span
all of R", forming the desired orthonormal basis of eigenvectors.  []

— Practice —

519. Show that the operator T: R? — R? represented by

11
S
preserves the x-axis, but not its orthocomplement. Lemma 0.4 thus
fails without the symmetry assumption.

520. Prove the “easy half” of the Spectral Theorem: If an operator is
orthogonally diagonalizable, then it is symmetric.

521. Show that the identities in Equation (68) follow from those in
Equation (67).
7*7



APPENDIX C
Lexicon

Augmented matrix. See Matrix.

Basis. A basis for a subspace S C R"™ is a set of vectors in
S which spans S, and is independent.

Characteristic polynomial. The characteristic polyno-
mial of an n X n matrix A is the degree-n polynomial in the
variable A given by

det (A — AI)

Its roots are the eigenvalues of A . The characteristic poly-
nomial of a linear operator T on R is simply that of the
matrix that represents it.

Codimension. The codimension of a subspace S C R",
denoted codim(S), is the is the difference between the ambient
dimension n and the dimension of S. In short, codim(S) =
n — dim(S).

Coefficient matrix. See Matrix.

Column space. The column space of an n x m matrix A
is the span of its columns. Denoted by col(A), it lies in R”,
and is always a subspace.

Conjugate. (Same as similar) We say that square matrices
A and A are conjugate if there is an invertible matrix B
such that

A =BAB™!

In this case, A represents a linear transformation that affects
the basis formed by the columns of B in the same way that
A affects the standard basis.

Contrapositive. The contrapositive of a statement P =
() is the statement not () = not P. The contrapositive is
logically equivalent to the original statement: Either both are
true, or neither is.
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e Converse. The converse of a statement P = () is the

statement () = P . The converse is logically independent of
the original statement: The truth of one implies nothing about
the truth of the other.

Dependent. See Independent.

Diagonal matrix. A diagonal matrix is a square matrix
with zeros everywhere except for the main diagonal. All en-
tries in row i of a diagonal matrix are zero except (possibly)
for the entry in column 1.

Diagonalize. An n x n matrix A is diagonalizable when
it is similar to (conjugate to) a diagonal matrix:

A = BDB™!

with D diagonal. In this case we say that B (or the basis for
R™ given by its columns) diagonalizes A.

Not all square matrices are diagonalizable, but all symmetric
matrices are. In fact, they are orthogonally diagonalizable, by
the Spectral Theorem.

Dimension. The dimension of a subspace S C R", denoted
dim(S), is the number of vectors in any basis for S'.

If dim(S) > 1, S has infinitely many different bases. One
proves, however, that all bases for S have the same number
of vectors, so that dim(S) as defined above is unambiguous
(Theorem 8.2 of Chapter 5).

Domain. The domain of a mapping F' : X — Y is the set
X containing all allowed inputs to F.

Dot product. The dot product of two numeric vectors
v = (v1,V2,...,0,) and w = (wy,ws,...w,)
in R" is defined to be

VW = 01W1 + VgWo + -+ - + VW,

Eigenspace. For any scalar A, the \-eigenspace of a linear
operator T on R" is the kernel of T — AI, or equivalently,
the nullspace of A — AI, where A is the matrix representing
T.

For each A € R, the A-eigenspace is a subspace, though it
contains only the origin for all but at most n values of .
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Eigenvalue. A scalar ) is an eigenvalue of a linear operator
T on R"™ (or of the matrix A that represents 7T') if and only
if the A-eigenspace of T has positive dimension (and thus if
and only if A — AI has a free column).

The eigenvalues of a linear operator 7" on R™ (or an n X n
matrix A) are precisely the roots of its characteristic polyno-
mial, which has degree n. An operator on R™ thus has at
most n different eigenvalues.

Eigenvector. When ) is an eigenvalue of an operator 7" on
R™ (or of the matrix A that represents T'), any vector v €
R"™ with T(v) = Av (or Av = \v) is called a A-eigenvector
(or just eigenvector) of 7" (or of A). Equivalently, the \-
eigenvectors are the members of the A-eigenspace.

Explicit. When a subspace S C R" is described as the
span of a set of vectors {uy, uy, ..., ug}, we say we have an
explicit description of S. The term highlights the fact that
a span description lets us easily and ezplicitly produce vectors
in S as linear combinations of the u;’s.

Homogeneous/Inhomogeneous. A linear system Ax =b
is homogeneous when b = 0, and inhomogeneous other-
wise.

Hyperplane. By a hyperplane in R™, we mean the set of
all vectors v = (x1,29,...,2,) € R™ that solve some linear
equation (having at least one non-zero coefficient) in the m
variables x;. Thus, a hyperplane is the set of all solutions to
a non-trivial linear equation.

Identity matrix. The n x n identity matrix, denoted by
I, (or simply I), is the matrix whose entry in row ¢, column j
is 0 unless ¢ = j, when it equals 1:

100 - 0
010 0
I,—| 001 0
000 1

The key property of the identity matrix is that it satisfies
I,A = Al, = A for any n x m matrix A.
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e Image. The image of a linear transformation 7': R™ — R",

denoted im(7'), is the set of all w € R™ that are actual outputs
of T. Thus, a vector w in the range of 7' belongs to im(7T)
if and only if w = T'(v) for some v in the domain of 7.

The image of a linear transformation is always a subspace of
its range. We always have im(7") = col(A), where A is the
matrix representing 7.

Implicit. A subspace S is defined implicitly when it is
described as the solution of a homogeneous linear system—
the nullspace of a matrix. We call such a description implicit
because it does not ezplicitly name any vectors in S —it just
provides a test we can use to determine whether vectors belong
to S or not.

Every subspace description is either implicit or explicit.

An implicit description is the same as a perp description of a
subspace, since x solves the homogeneous system Ax = 0 if
and only if x is orthogonal to each row of A.

Independent. A set of U of vectors in R" is linearly in-
dependent (or just independent) if no proper subset of U
has the same span as all of U. A non-independent set is called
dependent.

Independence has many equivalent definitions (see Proposition
6.9 of Chapter 5). For instance, U is independent if and only
if no v; € U can be expressed as a linear combination of the
remaining v;’s. More practically, the columns of a matrix A
are independent if and only if each column of RRE(A) has a
pivot.

Inverse. The inverse B of a matrix A is defined by the
condition

AB =1, =BA

where I,, denotes the identity matrix. We typically denote
the inverse B by A~!. Note that because I, is square, this
definition forces both A and B to be square—only square
matrices have inverses. Not all square matrices have inverses,
however.

If we know that A and B are both square, the conditions

AB =1, and BA =1, each separately suffice to guarantee
the other, and hence that B = A~
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e Invertible matrix. A matrix A is invertible if it has an
mverse.

e Invertible transformation. A linear transformation 7T :
R" — R"” is invertible when it is both one-to-one and onto.
Invertibility of T is equivalent to that of the matrix A that
represents 1.

e Kernel. The kernel of a linear transformation 7" : R™ —
R", denoted by ker(T) is the set of all vectors v € R™ that
T sends to the origin. Thus v belongs to ker(T") if and only
if T(v)=0.

The kernel of a linear transformation is always a subspace of
its domain. It always equals nul(A), where A is the matrix
representing 7.

e Leading one. See Reduced Row-Echelon form.

e Left nullspace. The left nullspace of an n X m matrix A
is the nullspace of the transpose of A, that is nul(AT). As
such, it is always a subspace of the range of T

e Length. The length of a numeric vector v € R" is defined
as

v =V -v= \/v%+v§+~'+vg
when v = (v1,va,...,0,).
e Linear combination. A linear combination of k£ vectors
Vi, Vo, ..., Vi in R" is a sum of the form
C1V1 + CaVg + -+ + C Vg
The coefficients ¢;’s can be any scalars.

Since the v;’s are in R" so is the linear combination. Note
that k£ and n need not bear any relation to each other.

e Linear equation. A linear equation in the m variables
r1,%a,...,Ty, is an equation of the form

171 + aoxoy + azxr3z + -+ + ATy = b
The a;’s are called coefficients, while b is called the right-hand
side.

Some or all of the coefficients may vanish. When the right-
hand side b vanishes, we say the equation is homogeneous.
Otherwise, it is inhomogeneous.
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e Linear operator. A linear transformation 7 : R™ — R" is

an operator when m = n, i.e., the domain and range are the
same.

Any matrix that represents a linear operator is necessarily
square.

Linear system. A linear system of n equations in m
unknowns is a set of n linear equations, each in m variables.
Such a system thus takes the form

a1 + a9 + a13x3 + -t am = b1
A21T1 + A22%9 + A23T3 + *** + Aoy, — b2
Un1T1 + Apa®s + Qp3T3 + + + A = by

Linear transformation. A transformation (or mapping)
from R™ to R" is linear if it commutes with linear com-
binations, in the sense that for any scalars a; and vectors v;
in R™, we have

T (a1V1 + aovoy + -+ + CLka)
= a1 T(vi)+axT(vy)+ -+ apT(vg)

Equivalently, T is linear if and only if it commutes with ad-
dition and scalar multiplication separately, meaning that for
any scalar k£ and any v, w € R™ we have both

i) T(v+w)=T(v)+T(w), and
i) T(kv) = kT(v)

Matrix. A matrix is a rectangular array of scalars. We say
that a matrix is n x m if it has n (horizontal) rows and m
(vertical) columns.

When we extract the coefficients a;; from a linear system and
place them in a matrix with a;; in row 4, column j, we get the
coefficient matrix of the system. When we add an additional
column on the right with the right-hand side b; of the ith
equation in the ith position, we get the augmented matrix
of the system.
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Matrix transformation. Multiplication by a n x m matrix
A yields a linear transformation 7' : R™ — R", given by
T(v) = Av. In this case, we call T" a matrix transforma-
tion, and we say that A represents T

By Theorem 5.6 of Chapter 1, every linear transformation 7'
is represented by some matrix A . All linear transformations
can thus be seen as matrix transformations.

Nullity. The nullity of a linear transformation 7T is the
dimension of its kernel. The nullity of a matrix A is then the
nullity of the linear transformation it represents.

The kernel of a linear transformation always equals the null-
space of the matrix that represents it, so the nullity of a matrix
A is the dimension of the nullspace of A.

Nullspace. The nullspace of an n x m matrix A, denoted
nul(A), is the set of all solutions to Ax = 0. It is always a
subspace of R™.

One-to-one. A mapping F : X — Y is one-to-one if each
y in the range of F' has at most one pre-image.

Equivalently, F' is one-to-one when F(x) =y never has more
than one solution x € X for any fixed y € Y.

This also means F' is one-to-one if and only if unequal inputs
X1 # Xy always map to unequal outputs F(xy) # F(xs).

Onto. A mapping F : X — Y is onto if every y in the
range has at least one pre-image.

Equivalently, F' is onto when F(x) = y has at least one
solution for every y € Y.

This also means F' is onto if and only if its image equals its
entire range.

Origin. The numeric vector (0,0,...,0) € R" is called the
origin of R". We often denote it by 0.

Orthocomplement. Same as orthogonal complement.

Orthogonal (matrix). An n X n matrix A is orthogonal if
and only A~! = AT. Equivalently, ATA = AAT =1, which
is in turn equivalent to saying that the rows of A, and the
columns of A, both form orthonormal bases for R”.
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e Orthogonal (vectors). We say that non-zero vectors v, w €

R" are orthogonal when their dot product vanishes: v-w =
0.

e Orthogonal complement. The orthogonal complement

(or simply orthocomplement) of a subspace S in R™ is the
set of all w € R"™ that are orthogonal to every v € §. We
denote the orthogonal complement of S by S*.

The orthocomplement of a subspace S is itself always a sub-
space.

Orthogonally diagonalizable. A (necessarily square) ma-
trix A is orthogonally diagonalizable if it is conjugate to
a diagonal matrix via an orthogonal matrix B. That is, when

A = BDB”

with B orthogonal and D diagonal. Orthogonally diagonal-
izable matrices are always diagonalizable, but diagonalizable
matrices need not be orthogonally diagonalizable.

Orthonormal. We call a set of vectors {uy, ug, ..., ug}
orthonormal if each u; is a unit vector, and is orthogonal to
all other vectors in the set.

Perp. The perp of a set U of vectors in R" (denoted U~)
is the set of all vectors x € R" that are orthogonal to each
vector in U.

Pivot. See Reduced Row-Echelon form.

Pre-image. The pre-image of a point y in the range of a
mapping F': X — Y is the (possibly empty) set of all inputs
x € X that F' sendsto y. The pre-image of y thus comprises
all solutions x of the equation F(x) = y. We often denote
the pre-image of y by F~!(y).

Range. The range of any mapping F': X — Y is the set Y
containing all potential outputs of the mapping.

Rank. The rank of a matrix A is the dimension of its column
space. Computationally, it equals the number of pivots in

RRE(A).

The rank of a linear transformation T is the dimension of its
image. Since the image of a linear transformation coincides
with the column space of the matrix that represents it, the
rank of 7' is the same as the rank of its representing matrix.
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e Reduced Row-Echelon (RRE) form. We say that a ma-
trix A has Reduced Row-Echelon form if and only if it
satisfies all four of the following conditions:

— Leading 1’s: The leftmost non-zero entry in every row
1s a “1”. These entries are called leading ones, or just
pivots.

— Southeast: FEach pivot lies to the right of all pivots above
it. (“Pivots head southeast.”)

— Pivot columns: If a column has a pivot, all its other
entries vanish.

— 0-rows sink: Any row populated entirely by zeros lies at
the bottom of the matriz—all non-zero entries lie above
it.

e Represent. We say that a matrix A represents a linear
transformation T if T(v) = Av for every input vector v.

e Row-space. The row-space of an n x m matrix A is the
span of the rows of A. Equivalently, it is the column space of
the transpose: row(A) = col(AT). It is always subspace of
R™.

e R and R". We denote the set of all real numbers—the points
of the number line—by R. Note that R forms the set of all
allowed scalars for this text. The numeric vector space R"
is the set of all n-entried vectors x = (x1,29,...,x,), with
each x; belonging to R.

For instance, (1,2,2,1) € R*, and if we write v € R3, we
mean that v has three coordinates: v = (z,y, z), for exam-
ple.

e Scalar. The preferred term for number in linear algebra.

In this text, scalars are always real numbers, but in more ad-
vanced work they may belong to other number systems, such
as the complex numbers.

e Span (noun). The span of a set of vectors {uj,us,...,ux} C
R™ is denoted by span{uj,us,...,u;}. It is the family of all
linear combinations

ciuy + coug + - - - + CcpUg

The span of a set in R" is always a subspace of R".
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e Span (verb). When a subspace S C R" is the span of a set

of vectors, we say those vectors span S. In particular, any
set of vectors “spans its span.”

Spectrum. The spectrum of a linear operator 7" on R" is
the set of all the eigenvalues {Aj, Ay, ..., A\x} of T, of which
there are at most n. We denote the spectrum by spec(T').

Standard basis. The standard basis for R" is comprised
of the n vectors

e. = (1,0,0,...,0,0)
es = (0,1,0, ...,0,0)
es = (0,0, 1,...,0,0)
e, = (0,0,0,...,0, 1)

Note that these are also the rows (and columns) of the n x n
identity matrix.

Subspace. A subspace is a subset S C R"™ that is closed
under both vector addition and scalar multiplication. Closure
under addition (or scalar multiplication) means that the sum
of any two vectors in S and all scalar multiples of vectors in
S remain in S.

Symmetric. An n X n matrix A is symmetric when it
equals its own transpose: AT = A. All symmetric matri-
ces are consequently square, though square matrices are not
generally symmetric.

Transpose. The transpose of an n x m matrix A, denoted
AT isthe m xn matrix whose ith row is the ith column of A.
Equivalently, it is the matrix whose (i,7) entry is the (j,7)
entry of A.

Unit vector. A vector v € R" is a unit vector when it has
length one (“unit length”): v-v =1.

Vector (numeric). A numeric vector (or simply vector
when “numeric” is clear from the context) is an element of R",
i.e., an ordered n-tuple of scalars. The individual scalars in a
vector are called its entries, components, or coordinates. We
use bold lowercase to denote vectors, as in v = (vy,va,...,0,)
or a=(2,—1,3,0).
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The entries of a numeric vector may be written horizontally
or vertically. The following, for instance, represent the same
numeric vector:

(2,-3,5,7) and

Vector (geometric). A geometric vector (or simply vec-
tor when “geometric” is clear from the context) is an arrow
emanating from the origin in the plane or in space. We indi-
cate geometric vectors by putting an arrow above a lowercase
letter, as in v'.

If one puts axes through the origin and introduces units of
measurement along them, each geometric vector v in the plane
or in space can be identified with a numeric vector v that lists
its coordinates relative to those axes.
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