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Preface to the Series

Springer’s Selected Works in Probability and Statistics series offers scientists
and scholars the opportunily ol assembling and commenting upon major
classical works in statistics, and honors the work of distinguished scholars in
probability and statistics. Each volume contains the original papers, original
commentary by experts on the subject’s papers, and relevant biographies and
bibliographies.

Springer is committed to maintaining the volumes in the series with free
access on Springerlink, as well as to the distribution of print volumes. The
full text of the volumes is available on SpringerLink with the exception of a
small number of articles for which links to their original publisher is included
instcad. These publishers have graciously agreed (o make the articles freely
available on their websites. The goal 18 maximum dissemination of this
material.

The subjects of the volumes have been selected by an editorial board
consisting of Anirban DasGupta, Peter Hall, Jim Pitman, Michael Sorensen,
and Jon Wellner.
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Preface

In 1945, very early in the history of the development of a rigorous analytical
theory of probability, Feller (1945) wrote a paper called “The fundamental
limit theorems in probability” in which he set out what he considered to be
“the two most important limit theorems in the modern theory of probability:
the central limit theorem and the recently discovered ... ‘KolmogorolT’s cel-
ebrated law of the iterated logarithm’ . A little later in the article he added to
these, via a charming description, the “little brother {of the central limit theo-
rem), the weak law of large numbers”, and also the sirong law of large num-
bers, which he considers as a close relative of the law of the iterated logarithm.
Feller might well have added to these also the beautiful and highly applicable
results of renewal theory, which at the time he himself together with eminent
colleagues were vigorously producing. eller’s introductory remarks include
the visionary: “The history of probability shows that our problems must be
treated in their greatest generality: only in this way can we hope o discover
the most natural tools and to open channels for new progress. This remark
leads naturally to that characteristic of our theory which makes it attractive
beyond its importance for various applications; a combination of an amazing
generality with algebraic precision.”

No better description of, or prescription for, Chris Heyde’s work in each
of these fundamental arcas, as well as in the other arcas (o which he made
significant and original contributions, could be found.

The selection of papers in the volume to follow amply displays Chris’s
commitment (0 these principles, as it (races the growth of his interest in the
classical theory of probability and stochastic processes from very early days
to a full flowering decades later, as well as the broadening of his interests and
expertise from its early origins in probability thecory.

Chris realised early on that the theory of probability was inspired and invig-
orated, and should always continue to be refreshed, by the real-world practical
problems from which it stems. While never diminishing or neglecting the role
that theoretical investigations play, his research quickly moved on from them
to encompass a remarkably wide repertoire; to mention just some of it, his
work ranged from applications in applicd probability, especially (o branch-
ing processes and their genetic implications, to statistics, in areas ranging
from times series analysis and estimating equations theory through to very
applied subjects—and on (o his later interests in and contributions to financial
modeling and analysis.
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In addition to these, Chris nurtured and maintained a deep interest in the
history of probability and statistics. He returned, and contributed substantially
to this subject, throughout his entire career. And above all, convinced of its
utmost importance, Chris lobbied and promoted his subject, probability and
statistics, as hard as he could to those who had influence, throughout his life;
thus, we cven see papers addressing the role of statistics, and statistical sci-
ence, in his publications list.

In all that he attempted, Chris’s research was up with or ahead of the times
in which he worked, and at all times his work was characierised by its clegance
and a striving for completeness, as well as by a willingness to attack the most
difficult and fundamental areas.

The volume is arranged as follows. First, is given an “author’s pick” section,
comprised of comments by Chris himself on a selection of papers he consid-
ered interesting and important in the development of his, and the profession’s,
probabilistic and statistical thinking. Then follow four articles by colleagues
and friends of Chris: Ishwar Basawa, Peter Hall, Eugene Seneta, and myself.
These articles concentrate on four quite different strands of Chris’s thinking,
giving in all a wide ranging review of Chris’s inlerests over a broad arca of
probability and statistics.

Sadly, Chris died while this volume was in preparation. His mind remained
clear and focussed (il the end, and he wrote a draft of his “author’s pick”
section in February 2008. It was typed and forwarded to me by his wife Beth
just a few days before his death, and I needed only to edit it lightly into its
present form. Knowing that time was short, the other contributors, Ishwar,
Peter, Fugene and myself, encouraged by our series editor Anirban DasGupta,
worked hard to get our pieces together in time, hopefully, to present the fin-
ished volume (o Chris, Unfortunately that was not o be.

An appreciation of Chris’s life and works, and the honours accorded to him,
written by his long-time friends and colleagues Joe Gani and Eugene Seneta,
appearcd as an introduction (o Gani and Seneta (2004). This was a special
issue of the Journal of Applied Probability, which contained a collection of
articles by his colleagues and friends. It includes a list of his publications up
(il 2004; that list is included, and updated, herein. Beyvond these, there are
papers yet to appear, as coauthors finalise them for publication. No doubt a
complete list will be made available at some stage.

A published interview of Chris appeared in Glasserman and Kou (2006),
An obituary by Gani and Seneta (2008) extends the introduction mentioned
above., A brief biographical sketch by Joe Gani of Chris’s life is included on
page xxi of this volume.

In closing I would like to add my personal appreciation for Chris’s support
and guidance over many years, following his role as the initial supervisor of
my PhD) in the 1970s. He made a deep impression on me in ways 1 did not real-
ise for many decades. His contribution was immense, as is the gap he leaves.

Canberra Ross Maller
February 2010
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Introduction

A Biographical Sketch of C. C. Heyde

Christopher Charles Heyde (Chris) was born in Sydney, Australia on 29 April
1939, and went to school at Barker College, Homsby where he excelled in
sporis. In his last year at school, he became interested in mathemaltics, and
after completing his secondary studies, he enrolled at the University of Sydney
in 1957 to study mathematical statistics. He graduated in 1961 with a first
class Honours degree, and was awarded the Universily Medal.

In 1962, Chris won a Commonwealth Postgraduate Research Scholarship
in Pat Moran’s Department of Statistics at the Australian National University
(ANU). He was awarded his PhD in 1965 for a thesis on “Results related
to first passage time problems and some of their applications”. In 1963,
his paper "On a property of the lognormal distribution” appeared in
1. Roy. Statist. Soc. B 25, 392-393; in this, he showed that the lognormal
distribution was not determined by its moments, a result which was o make
him famous.

Chris was marricd to Elizabeth (Beth) James in 1965, and they had two
sons, Neil born in 1967 and Eric born in 1969. Both are now married, each
with two children who have been the great delight of their grandparents.

Chris had a very inlernational carcer: his first job was at Michigan Siale
University, East Lansing in 1964-1965, followed by the University of
Sheffield in 1965-1967, the University of Manchester in 1967-1968, the
Department of Statistics (headed by E. J. Hannan) at the ANU in 1968-1974.
and the CSIRO Division of Mathematics and Statistics in 1974-1983. Ile
was appointed Professor and Chairman of the Department of Statistics at the
University of Melbourne in 1983, but returned o the ANU as Professor of
Statistics in 1986. When the ANU School of Mathematical Sciences (now the
Mathematical Sciences Institute) was established, he became its Foundation
Dean. From 1993 until his death in 2008, he divided his time between the
ANU and Columbia University, New York, where he was a Professor in the
Department of Statistics. He founded and acted as Director of its Center in
Applied Probability. He served at Columbia between September and December
each Fall semester, and was at the ANU for the rest of the year.

Chris was the author of over 200 papers and wrote or edited a dozen
books, all of which are recorded in this volume. Among his many conlri-
butions, Chris considered the following to be his most significant: (a) the

xxi
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result that the lognormal distribution was not determined by its moments
(J. Roy. Statist. Soc. B 25, 392-393); (b) the observation that the best linear
predictor in a discrele time scries is the best predictor if the inmovations are
martingale differences (Ann. Math. Statist. 43 (1972) 2058-2066, jointly with
E. I. Hannan); (¢) the clarification of the concept of long-range dependence
(J. Appl. Prob. 34 (1997) 939-944, joinlly with Y. Yang); and (d) the formula-
tion of the fractal activity time geometric Brownian motion model for a risky
asset (J. Appl. Prob. 36 (1999) 1234-1239),

Chris acted as the Editor or Associate Editor of several journals. For 18
years between 1990 and 2007, he was Lditor-in-Chief of both the Journal of
and Advances in Applied Probability and initiated the section on "Stochastic
Geometry™ in the lader, His judgment was always sound, and he was greatly
valued as one of the Trustees of the Applied Probability Trust.

Chris received well-deserved recognition for his professional contributions.
He was elecled a Fellow of the Institute of Mathematical Statistics in 1972, the
Australian Academy of Science in 1977, and the Academy of Social Sciences
in Australia in 2003. He was awarded the Academy of Science’s Hannan
Medal in 1994 and its Lyle Medal in 1995, He served as a Council Member of
the Australian Mathematical Society in 1980-1983 and was its Vice-President
in 1981. He was Vice-President of the International Statistical Institute in
1985-1987 and again in 1993-1995, as well as President of its Bermoulli
Society in 1985-1987. Ile was I'ederal President of the Statistical Society of
Australia in 1985-1986, and was awarded its Pitman Medal in 1988. In rec-
ognition of his services o mathemalics, he was awarded Membership of the
Order of Australia by the Australian Government in 2003.

Chris was an eminent scientist with wide statistical interests; he was also a
kind and thoughtful human being, with a strong sense of justice. He died in
Canberra on 6 March 2008 from the effects of metastatic melanoma. e is
sorely missed by his family, and his many friends and colleagues. His life and
work has enriched us all.

Canberra Joe Gani
29 January 2010
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Author’s Pick

C.C. Heyde'

Paper [M1] shows by example that the lognormal distribution is not determined by its moments. It is
referenced in Feller’s second volume (Feller 1971) and has become a widely cited result.

Paper [M43] with Ted Hannan has the key time series result that the best linear predictor is the
best predictor if the innovations are martingale differences. This has major implications for the linear/
nonlinear debate, and in this respect has received much attention, especially from econometricians.
This was one of the very early papers which made it clear that martingales would play an important
role in statistics.

Paper [M44] illustrates a realization of the emerging role which martingales were to play in prob-
ability and statistics. The derivative of the log likelihood is a martingale. A general Central Limit
Theorem for martingales emerged. This research was influenced by the first edition of Billingsley’s
then recent book (Billingsley (1999)).

Paper [M162] with Y. Yang was a serious attempt to bridge the gap between long range dependence
as a property of processes and the inflexible and restricted formal definitions. “Long range depend-
ence” is really a misnomer. The term persistence is better at catching the idea of large values following
large values and small values following small values much more than under independence. Correlation
plays no role in the concept, nor is there need for stationarity or finite variances, so mathematical
definitions involving these restrictions are unhelpful. In this paper a self-normalised limit criterion is
included to characterize the concept. None of the correlation related restrictions apply, but if they do
happen to hold, the definitions of this paper are almost equivalent to the usual forms. The framework of
the paper easily allows for treatment of the persistence of self-similar infinite variance processes such
as fractional Lévy noises, which it had hitherto not been possible to integrate with that of fractional
Brownian motion.

Paper [M169] introduces the fractal activity time geometric Brownian motion (FATGBM) risky
asset model (also see [M180], [M181], [M189]). This is a minimal description model aimed at captur-
ing the essentially empirical properties which the Geometric Brownian Motion (GBM) lacks. These
are leptokurtic returns distributions (higher peaks and fatter tails than normal), persistent strong
dependence of absolute values of functions of the returns and evident stochastic volatility effects. The
efficient market hypothesis applies to the FATGBM model, the log returns being martingale differ-
ences. Empirical scales of the FATGBvVM model strongly suggest fractal scaling of the activity time
and empirical volatility, and provide considerable support for the need for power tailed return distribu-
tions rather than the somewhat more popular (tractable) exponentially tailed ones.
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Chris Heyde’s Contribution to
Inference in Stochastic Processes

Ishwar Basawa!

This overview of Heyde’s research on inference in stochastic processes is based on a subjective sampling
of his extensive publications in this area.

The question of asymptotic efficiency of the maximum likelihood (ML) estimator was first addressed
by R.A. Fisher (1925). Fisher’s criterion of efficiency was further explored by C.R. Rao (1962). The
Fisher-Rao approach seeks to establish the asymptotic optimality of the maximum likelihood estimator
in the class of consistent and asymptotically normal estimators by showing that the ML estimator has
the minimum asymptotic variance, under some broad regularity conditions. LeCam (1960) provided a
general framework for asymptotics via the local asymptotic normal (LAN) family which formalizes the
theoretical basis needed for the Fisher-Rao approach. Even though most of the early work on asymptotic
inference was developed for independent and identically distributed (i.i.d.) observations, the theory has
since been extended to stochastic processes. The extension to dependent observations mainly involves
replacing the classical law of large numbers and central limit theorem for the likelihood score function
by their analogues for martingales (Hall and Heyde (1980)).

In [M62], Heyde’s early work on asymptotic efficiency in estimation for branching processes led
to some unexpected foundational questions about the classical Fisher-Rao-LeCam approach. Suppose

L (0) is the likelihood function based on n dependent observations (X,,X,,...,X,), and
d’InL (0)
6)=—-—"-—.
£, (0) 040"

The Fisher information matrix is denoted by / (6)= E(f (0)). For a large class of processes (includ-
ing the classical i.i.d. model), typically one can verify that I, (8)&,(6) converges in probability to a
non-random matrix (usually, the identity matrix). When this happens, the classical Fisher-Rao-LeCam
asymptotics usually can be extended to dependent observations. However, for branching processes
(and many other stochastic processes) the normalized information 7 '(0)&, (0) has a non-degenerate
limit. For such processes, the Fisher-Rao-LeCam asymptotic optimality criterion no longer applies. In
particular, the ML estimator is not asymptotically normal, and the LAN property fails. In [M62], Heyde
provided a remarkably simple modification of Rao’s (1962) asymptotic efficiency criterion by replac-
ing I (6) in Rao’s criterion by & (6). In [M62], an estimator 7', is defined to be asymptotically efficient
if it satisfies:

-0,

dl 0
(H) &2(9)[0 _6)—0,(0)5(6) “L( )}
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Chris Heyde’s Contribution to Inference in Stochastic Processes 3

for some positive number o,. [M76] shows that the ML estimator éML satisfies (H) with o, equal to 1,
and it maximizes the limiting probability of concentration

1
(W) limP[I2(6)|T,-0[<a]

for all a>0 (see also, Wolfowitz (1965)). Note that the criterion (W) does not require the asymptotic
normality of T, nor does it need the LAN framework. Moreover, in [M137], Heyde demonstrates the
advantages of using the random norm & (6) in constructing asymptotically optimal confidence intervals.

Heyde and Johnstone in [M81] established the asymptotic normality of the posterior density for stochas-
tic processes. Interestingly, this result is applicable for branching processes, thus avoiding the problem
of a threshold parameter (the offspring mean of a branching process) drastically affecting the asymptotic
inference. Bayesian asymptotic inference can then be based on the asymptotic posterior normality.

In the context of stochastic processes, it is often the case that complete specification of the likeli-
hood function may not be available. It is then not possible to use the ML estimation or Bayesian
approach. [B3] gives a comprehensive review of the theory of quasi-likelihood estimation. Let
w0 =EX,|F_) and V,(0)= Var(X, | F,_,) denote the conditional mean and variance respec-
tively. A typical quasi-likelihood (QL) estimating equation is defined by

u du (6
PWAC) (2‘7()))) (X, —11,6)) = 0.

This method of estimation requires specification only of the conditional mean and variance. In [M118]
Godambe and Heyde, and in [M127], Heyde, discussed both finite sample and asymptotic optimality
properties of the QL estimating functions. See also [M151] for quasi-likelihood estimation for diffu-
sion processes.

Stochastic processes with long-range dependence are becoming increasingly important tools for mod-
eling financial, meteorological and diverse other time series data. Heyde’s joint work with Anh, Gao, et al.
in [M171] and [M184], provides an excellent example of path-breaking research in this important area.

In [M171] estimation for a zero-mean stationary Gaussian process {Y (f)} with spectral density

0(@,0)=n|0[** 1+0*) ", © € (=o,),
1 1
where 6= (a,B,n) e [E,“’) X (095) X(0,°) is a vector of unknown parameters, is discussed. This

process has long range dependence (LRD) and is known as the fractional Riesz-Bessel motion (fRBm).
A continuous version of the Gauss-Whittle contrast function is defined as

L,(6)= #fw {log¢(,0)+ 1, (0)¢” (0,0)}(1+0*) ' do>
where
1 N —imt 2
Iy@)=——|[ Y|

is the periodogram of ¢ (@, 6), N being the upper bound of the interval [0, N] on which Y (7) is observed.
The minimum contrast estimator of 0 is defined by

éN = argmin, L, (0).

Consistency and asymptotic normality of the estimator éN are established in [M171].
[M184] considers the nonstationary Gaussian process {Y ()} with spectral density given by

¢ (©,0) = ¢(0,0) T (@), 0 & (—0,0),
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where () is a positive continuous function satisfying a regularity condition, and
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0 €[0,00)x| —,— [Xx(0,00) is the unknown parameter. Under regularity conditions, the consistency and

asymptotic normality of the minimum contrast estimator éN of 6 are established.

The two papers [M171] and [M184] solve the problem of parameter estimation for both stationary
and nonstationary Gaussian processes with long range dependence. The method of estimation used in
both the papers is based on a natural Gauss-Whittle contrast function. These models are illustrated
with an application to real data sets on time series of maximum daily wind speed [M171], and data
on air pollution [M184].
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Chris Heyde’s Work on Rates
of Convergence in the Central
Limit Theorem

Peter Hall!

The best-known result on rates of convergence in the central limit theorem is undoubtedly that of
A.C. Berry and C.-G. Esseen, which describes the rate in the case of finite third moments. In particular,

if X, X,,X,,...are independent and identically distributed random variables for which

E|X] <o, (D
if E(X)=0 and E(X?)=1, and if we define
Sn = Xi’
i=1
then
sup | P(S, <n'"?x)—®(x)|< AE|X[ n"2, 2)

—eo< X <00

where @ is the standard normal distribution function and A denotes an absolute constant.

The bound at (2) is the best possible, in the sense that for many distributions the convergence rate is
exactly that given by (2). For example, Esseen also showed that if the distribution of X is non-lattice,
and if (1) holds, then

P(S, < n'?x)= d)(x)+n_”2%E(X3) (1-x*) ¢(x)+o(n"?), 3)

uniformly in x as n— oo, where ¢ =@’ is the standard normal density function. However, the simplicity
of (2) and (3) tends to obscure some of the more delicate, and therefore more interesting, properties
of rates of convergence. Chris Heyde played a central role in revealing and exploring those important
subtleties.

To access these issues we should mention first that the Berry-Esseen bound, at (2), is readily gener-
alised to the case of moments lower than the third. In particular, if we replace condition (1) by the less
stringent assumption that

E[X[" <o, @
where 0< 6 <1, then (2) admits the following more general form:

sup | P(S, <n'? x)—®(x)[< 4 E| X[ n2, (5)

—co< X <00
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where the constant A; depends only on J, not on the distribution of X or on . We know from expansions
such as (3) that we cannot expect (5) to hold for 8> 1, and of course (5) is degenerate when d=0.
However, when 0<d< 1 result (5) is rather conservative. In fact, in this case it can be shown that if (4)
holds then
sup | P(S, <n'?x)—®(x)|=0(n""). 6)
—ool x< oo
From some viewpoints it is perhaps disappointing that the inequality (5) is so conservative for d< 1.
Moment conditions such as (4) are very important to statistics, and the architecture of probability
theory would have been simpler had there been an elementary, concise interpretation of (4) in terms
of convergence rates. One of the attractions of the Berry-Esseen theorem is that it gives (in many
cases) an exact convergence rate under an elementary moment assumption. However, as Einstein once
remarked, “If you are out to describe the truth, leave elegance to the tailor.”” The conservatism evi-
denced by (6) begs the question of what the truth might be on this occasion; what rates of convergence
are characterised by the moment assumption (4)?
Heyde gave a beautiful answer to this question, so exquisite and memorable that it will endure while

ever moment conditions are discussed in connection with the central limit theorem. He showed in
[M12] that if 0<8< 1 then (4) holds if and only if

o

N n® ™ sup | P(S, <n'" x)—D(x)|< o %)
n=1 —co<x< oo
Results of [M7] are related. In [M45], Heyde and Leslie derived analogous properties connecting
finiteness of moments to approximations by Edgeworth series.

Condition (4) is rather uninformative if d=0. In that instance it tells us that X has finite variance,
and so the constants n'/? give an appropriate standardisation in the central limit theorem, but the
amount of additional information it provides seems marginal, at least on the surface. Nevertheless,
(7) is meaningful when =0, and we are bound to ask what moment conditions are equivalent to that
property, i.e. to:

z n”' sup |P(S, <n'"? x) - ®(x)|< oo. (8)
n=1

In [M12] Heyde solved this problem, too, showing that (8) holds if and only if
E{X*log(1+|X]) } <. ©9)

In [M60] Chris extended these results to rates of convergence in Lp metrics, showing, among other
results, that if 0<d<1 then (4) is equivalent to

zn(éﬂ)*l HE, _q)“,,<°° (10)

n=1

for 1 <p<eo, where F (x)=P(S, <n'?x) and, with A=F -,

o] ={Verce 18I a1 p <o,
! Sup—oo<x<oo | A(x) | lf p = oo,

Moreover, [M60] shows that if =0 then (9) and (10) are equivalent. Heyde and Nakata in [M106]
obtained related results addressing the effects of choice of p on convergence rates.

Theory for convergence rates in the central limit theorem is exceptionally delicate, and so it is
unlikely that results such as these, striking though they may be, probe the very depths of the conver-
gence-rate problem. Indeed, one is left wondering just what kinds of convergence rates are achievable
under the condition of finite variance alone. In this circumstance, faster rates are sometimes possible
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if the sum § is centred not at its expected value but at a truncated moment, or is rescaled using a trun-
cated measure of variance. Examples of such location and scale constants include

1, = nE{XI(X|< n'?)}, 6 = nE{x*1(| X|< n"?)}. (11)

In [M33] and [M49], Heyde proved that if centring and scaling constants are chosen to give the
fastest possible convergence rate then the series at (8) converges under solely the assumption of finite
variance. Indeed, if X, X,, ... come from a distribution in the domain of partial attraction of the normal
distribution, then

E(X*) <o (12)
if and only if

n' inf  sup |P(S, <cx+d)—P(x)|< oo (13)

.l €>0,—e0<d<eo 1 con

This equivalence continues to hold if we fix d=0 in (13), and seek only the infimum over ¢>0.
Moreover, the series in (13) converges if we take either (c,d)=(o,u) or (c,d)=(0,,0), for each n,
where g and o are given by (11). A further investigation of convergence rates shows that choosing
(¢c,d)=(u,, c,) can give improved convergence rates, relative to (c,d)=(0, 0,), although the improve-
ments are not expressible in terms of convergence of the series at (13).

The equivalence of (12) and (13) was proved independently by Egorov (1973), although under the
slightly stronger condition that the distribution of X is in the domain of attraction, not the domain
of partial attraction, of the normal law. In [M28] Chris had previously derived a similar result for
rates of convergence in the L, metric. Egorov (1973) extended this to Lp metrics for 1< p <2, and
Rozovskii (1978) treated the case p> 1. Ibragimov (1966), Osipov and Petrov (1967) and many others,
working from the 1960s to the 1980s, developed a variety of related results.

This multiplicity of authors indicates the considerable interest attached to this line of research at the
time. Heyde was competing with some of the strongest probabilists anywhere, and obtained definitive
results. His work was fundamental to our understanding of the connections between moment conditions
and convergence rates in the standard central limit theorem, in cases where that theorem is only barely
valid; that is, where little more than finite variance is assumed.
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Chris Heyde’s Work in Probability
Theory, with an Emphasis on the LIL

Ross Maller!

In one of his first few papers, [M5], Chris gives necessary and sufficient conditions for the convergence
of the series

Y n*P(S, <x), —co<x<eoo, (1
n=1

for integers k=0,1,2,..., and for a similar series with n* replaced by e™, where r>0. Here

§ =X,+X,+---+X is a random walk comprised of independent and identically distributed summands
(Xi)i:I,Z,...,n' Series of the kind in (1) are fundamental objects in renewal theory. Under the assumptions
E|X|<eo and EX>0 (X is any random variable having the same distribution as the X,), Chris shows that
the series in (1) converges (for the designated value of k) if and only if E|X~|**? is finite, and the series
with n* replaced by ™ converges for some r>0 if and only if X~ has an analytic characteristic func-
tion, or, equivalently, if Ee~% is finite for all 8 in an interval [0, K], for some K>0. (X~ is defined as
min(0, X).) Thus, the series in (1) converges if and only if the negative tail of the distribution of the X,
is not too heavy. Two aspects are worth noting; first, the X; are allowed to take either sign (early work in
renewal theory restricted S, to be a “renewal process”, i.e., comprised of non-negative summands); and,
secondly, Chris obtains complete characterisations of the convergence of the series, subject only to the X,
having a finite and positive expectation. Only much later was this latter restriction relaxed, in connection
with (1) (in Kesten and Maller (1996)).

In a follow-up paper to [MS5], Chris in [M6] extends the study to look at the magnitudes (rather
than just the convergence or not) of the series in (1) (and with n* replaced by ™, r>0), considered as
functions of x. Actually, slightly more general series of the form X, a P(S <x), where a >0 is a deter-
ministic sequence satisfying a certain regularity condition (related to regular variation), are studied. If
k is the “index” of the sequence (the least real k such that a, = O(n*) as n— oo) then, when it converges,
the asymptotic behaviour of X a P(S, <x), as x—>eo, can be specified in terms of the asymptotic
behaviour of a . Another theorem shows that the same result holds with S replaced by the maximal
sum, max, _; SnS],. The latter result is closely connected with the large sample behaviour (as x — o) of
moments of the first passage time, M(x) :=inf{n>1:§ >x}, x>0; again, an object of primary interest
in renewal theory and its applications.

[MS5] and [M6] deal with the convergence of series of probabilities. A very natural next step, given
such a convergence, is to apply the Borel-Cantelli lemma and make some kind of statement about the
a.s. behaviour of the random walk (where “a.s.”” stands for “almost surely”). [M6] contains some infor-
mation on the a.s. convergence of max, < SnSj, analogous to the Marcinkiewicz-Zygmund strong law
for S , but Chris soon turned his attention to the more delicate issue of the law of the iterated logarithm
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(LIL). Hartman and Wintner (1941) had given this in its ultimate form: provided the increments of the
random walk have finite variance o> and expectation 0, we have

S
—1=liminf 2 < limsup———=——=+1, as. )

nse  O4/2nloglogn nse  O+2nloglogn

As part of his deep investigations into functional versions of the LIL (of which, more below), Strassen
(1966) proved a converse: (2) can hold only if S has finite variance o” and expectation 0. Strassen’s
proof relied on a representation of Skorokhod, whereby S has the same distribution as a Brownian
motion evaluated at a certain sequence of random times. Chris, in [M19], gives a completely different
proof of the converse result by modifying a clever and highly technical method developed just previ-
ously by Stone (1966), to investigate recurrence properties of S, / Jn .

This is Chris’s first foray into LIL territory. Prior to this, however, in [M 18], Chris proves an interest-
ing result which will have some significant repercussions later. He is aware of course, that central limit
theorems with remainder (covered in Peter Hall’s article in the present volume), can prove useful in
establishing LIL and related results. In [M9] and [M27], Chris has already made contributions to vari-
ous aspects of the convergence theory of random walks to of stable laws, that is, to situations where the
normed and centered sum converges in distribution, but not to the normal distribution. [M 18] proves the
interesting result, that, for any such walks, the “large deviation™ probability, P(|S, | >x ), where x  is a
deterministic sequence such that S, /x, =0, must satisfy

£(s P(S
0 < liminf M< limsup M<
nP(X > x,)

n—oo YIP(| X |> )Cn) - n—oo
(and the same with nP(|X|>x ) replaced by P(max, _ _ |X,|>x,)). More precisely, in [M18] Chris
proves a much more general result than this: (3) holds provided S, is not in the domain of partial
attraction of the normal law; that is, provided no subsequence of (S ), after norming and centering,
converges in distribution to the normal distribution.
This thread is taken up again in [M23], but now applied directly to “generalised iterated logarithm
results”. This terminology is used to describe a result of the form

0 < limsup S, |

n—»oo n

3

< oo, a8, )

where now the /nloglogn norming used in (2) is replaced by a more general deterministic sequence,
b, >0. Chris shows that if lim sup, _[S |/b <eoa.s. for sucha b ,and S is not in the domain of par-
tial attraction of the normal law, then it must be the case that lim, (S —med(S)))/b =0 a.s., where
med(S,) is a median of S . Thus, if for example the X; are symmetrically distributed around zero, a
generalised LIL as in (4) can hold only if § is in the domain of partial attraction of the normal law.
This result was published soon after a closely related one of Rogozin (1968); Chris was at the cutting
edge of a quite “hot” area of research into understanding the law of the iterated logarithm, and its
generalisations.

The results just cited might seem obscure or even cryptic, since the class of random walks belong-
ing to the domain of partial attraction of the normal is extremely narrowly defined; but not so—they
provide the key for Kesten (1972) to prove the most general possible form of the LIL: (4) holds,
after allowing certain kinds of centering, if and only if S is in the domain of partial attraction of the
normal law.

Papers on the LIL continue to appear even in the 2000’s, showing that the subject retains its appeal
and vigour. In Kesten and Maller (2004), Harry Kesten and I reconsidered, and extended somewhat,
Chris’s 1968 and 1969 papers — a long lead time from when I first read them.
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After [M6] and [M23], as the next logical extension of his research, Chris turns his attention to
functional limit laws and invariance principles. The note in [M25] gives a rate of convergence result
for functionals of the interpolated or “broken line” process & (1) defined by: & (1)=S, / (ovn) if
t=k/n; and

) =&,(k/my+n(E,(k+1)/m)=&,(k/m)(t~k/n), )

if k/n<t<(k+1)/n, 1<k<n,n=1,2,.... Here the X, have mean 0 and finite variance o2, and convergence
is to the corresponding functional of Brownian motion.

The paper [M25] deals with a weak invariance principle. Chris is also concerned with strong invari-
ance principles. Rather than work these out just for random walks, however, his research takes a notable
new direction, broadening its range of applicability tremendously, by considering limit laws for martin-
gales. In collaboration with long-time colleagues Peter Hall and Bruce Brown, and (at the time) PhD
student David Scott, Chris publishes a series of papers, and a book, that do much to demonstrate and
publicise the possible applications of martingales.

The first step, as for random walks, is to look at rates of convergence to normality. Heyde and Brown
in [M35] do this in a very general way. The normalisation of the martingale is by its (deterministic)
standard deviation. A uniform bound for the difference between the cumulative distribution function
(cdf) of the normalised martingale, and the standard normal cdf, is given in terms of the conditional
variances of the increments and their moments of order great than 2. The method of proof is via the
Skorokhod representation, as in Strassen (1967).

Next, we have an iterated logarithm result in [M48]. The main theorem in this paper is a direct ana-
logue of the classical LIL in (2), but where the summands are now required only to form a stationary
martingale difference sequence, satisfying a kind of strong law condition on their conditional vari-
ances. This provides a generalisation of a slightly earlier result of Stout (1970), who required that the
summands be ergodic, and used a random normalisation of the martingale in terms of the conditional
variances of the increments. Its usefulness is demonstrated in [M48] by an application, giving a LIL
for autoregressive processes.

Heyde and Scott in [M51] carry on this line of research by giving first a strong invariance principle
for martingales, then generalising it to a wide class of processes with stationary increments. The result-
ing theorems are versions of the Strassen (1964) functional law for the interpolated process, whereby
its almost sure cluster set is slhown to be precisely the class of absolutely continuous functions &(r)
on [0, 1], with £0)=0 and j (d&(¢)/dt)’dr <1 . The martingale difference sequence in [50] is not
in general required to be stationary, so Lindberg-type conditions are imposed. The norming for the
martingale is of the form ,/2s, loglogs, , where s’ is the variance of the martingale. Thus, we have
a constant norming LIL and invariance principle. By contrast, Strassen’s (1964) functional law uses a
random norming. Chris in [M52] applies his results to get a theorem for stationary linear processes, in
a somewhat similar way as he did in [M48], for autoregressive processes.

The threads are drawn together in Hall and Heyde [M68], where the previous constant and random
norming versions of the LIL and functional law are replaced by a more general random norming ver-
sion. The Strassen law is shown to hold when the norming is of the form W, ,/21loglog W, , where w?
is asymptotic to a conditional variance of the martingale increments, truncated in a certain (in general,
random) way. The resulting theorem is, as the title of the paper suggests, a unification of previous
results which can be obtained from it as special cases.

[M72] gives a further application of LIL invariance principles, this time using a clever trick of
Barbour (1974) to transfer both weak and strong laws for martingales to convergent tail series of mar-
tingale difference sequences. An application to the Pélya urn scheme is given.

Finally in this section, we have [M74], again demonstrating Chris’s mastery of a wide range of
problem areas, by applying his martingale LIL to obtain an a.s. upper bound for the Hawkins (1958)
random sieve. This is a probabilistic device which “produces a random sequence with asymptotic
properties similar in many ways to the primes”. This neat paper turns us full circle to Feller (1945),
who drew attention in the introduction to his paper to an intimate connection between number-theory
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and the law of the iterated logarithm, in respect to “a problem in Diophantine approximations treated
by Hardy and Littlewood (1914)”. The particular stream of Chris’s research outlined in this section has
followed classical lines, but in thoughtful, innovative and useful ways.
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Chris Heyde on Branching Processes
and Population Genetics

Eugene Seneta'

When Chris Heyde returned to Australia in September 1968 to take up a position as Reader in Ted
Hannan’s teaching Department of Statistics in the-then School of General Studies at the Australian
National University, there was still a strong trend of research into population genetics emanating from
Pat Moran’s purely research department in the Institute of Advanced Studies, a direction synthesized in
Moran (1962). There was also strong activity in both departments in the theory of branching processes.
With its common focus with population genetics on reproduction and extinction, it was the primary
interest at the time of the author of this commentary. A strong impetus to branching process theory had
occurred with the appearance of the book of Harris (1963).

The dominant theme of Chris’s work prior to his arrival had been refinement of classical limit
theory for sums of independent random variables. A principal theme of his work since 1970 has been
the theory and use of martingale methods in situations of statistical dependence. This seems to have
its origin in his paper [M31], in the context of a simple (Bienaymé-Galton-Watson) branching proc-
ess {Z },n>0;Z,=1. Suppose the non-degenerate offspring distribution has probability generating
function

F(s)=Y s'P(Z = j), s €[0,1].
j=0

When 1<m=E(Z,) <o the process is called supercritical, and in this case the probability of extinction,
g, is the unique real number in [0, 1) satisfying F(q)=q. The random sequence {Z /m"} is clearly a
non-negative martingale, which in the supercritical case under the-then standard condition E(Z}) < e
was known to converge almost surely (a.s) to a random variable W for which P(W=0)=¢ and which
has a continuous density on the set of positive real numbers. After a number of refinements of this
convergence result, it was shown in Seneta (1968) that in the non-degenerate supercitical case without
further conditions, the choice ¢, =1/h (s,), where s, is any fixed number in (0,-logg), and & (s,) is the
n-th functional iterate of A(s), which is the inverse function of k(s)= —log F (e *), results in convergence
in distribution of {Z /c } to a proper non-degenerate random variable, W. While it was noticed that
{W =h(s,)Z } was a submartingale, a.s. convergence could not be deduced from the usual theorem
since E(W)) is bounded if and only if E(Z logZ,)<e. Chris’s insight was that {exp(—£, (s,)Z,)} is a mar-
tingale, with (obviously) bounded mean, thus giving the sharpening to a.s. convergence. Reciprocally,
this strengthening immediately led to an analogous result for the supercritical branching process with
immigration {X } (Seneta, 1970), which then led to collaboration with Chris in [M42] on analogues of
the Central Limit Theorem and the Law of the Iterated Logarithm as refinements of the results

X,/m" =V, as,
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and

,
X, /X, > m,as.

The note [M31] stimulated Chris to develop theory for the supercritical process analogous to the
classical rate of convergence theorems for the difference {Z /m"—W} under the classical condition
E (le) < oo . The central limit theorem analogue developed in [M34] and [M38] is beautifully attained
with random norming and the necessary conditioning:

lim Pr{(m* -m)"?67'Z"*(m"W -Z,)<x|Z, >0} = ®(x), (1)

n—oo

where ¢®=VarZ . This result is followed in [M37] by a corresponding iterated logarithm analogue,
using an intermediate result from [M39], under the condition E (Zf) < oo, later relaxed in [M41] to
E(Z}) <o . These papers display a finely-honed appreciation of, and ability to adapt in a non-trivial
way, and to a quite different context, tools of the classical limit theory.

The note [M31] had several other important aspects. The chief of these was the reinvigoration of the
theory of statistical estimation of m on the basis of a single finite observed realization, including a focus
on estimation theory for a stochastic process in which extinction may occur. In [M62] Chris returns to
the investigation of m under the second moment constraint, and under the simplifying assumption that
P(Z,=0)=0 so that P(W>0)=1. The starting point is a comparison of the maximum-likelihood esti-
mator 7, = (Y, =1)Y,,, where ¥, =1+Z +---+Z, and the simple ratio estimator , = Z,Z,', . There
are different non-random normings of each of m. —m  m, —m  which result in a limit law of form
W-12Z, where Z ~ N(0,1), on the basis of which he concludes that asymptotic relative efficiency of
m, relative to 71, is 1—m~". Thus the limit law is normal variance-mixing. Chris then shows that under
a power-series condition, 7, is asymptotically efficient (according to an extension of Rao’s concept of
efficiency). Here a central limit theorem for martingales is a dominant tool, arising from the fact that
{Z /m"} is a martingale.

Chris’s inclination towards a framework of time-series type results in which his martingale work
could be applied was hugely influential, and the extensive use of martingale central limit theory as in
[M54] and [M62] for inferential purposes, was at least partly stimulated by appearance of a paper of
(Bruce) Brown (1971). An early manifestation in [M46] stems from noticing that {Y /m"} is a mar-
tingale, where ¥ =X —pu, and {X } is a subcritical (0<m<1) and hence (under moment conditions)
an asymptotically stationary branching process with immigration. Thus ¥ ,=mY +6 , n=0,1,2,... ,
where E£5 =0, and §_ is uncorrelated with Y , in analogy to the first-order autoregressive process. There
is certainly a line-of-descent on estimation theory for 7 in branching processes with immigration, which
is traced in Section 1 of Qi (2007). A related line of descent, which also continues, can be traced from
Ku and Seneta (1998).

Chris’s interest in population genetics models was reinvigorated by a note of the author (Seneta,
1974) which extended Malécot’s Markov chain formulation {X } of the Fisher-Wright diploid model
for fluctuation of gene frequency, say of allele a out of the two possible alleles A, a, at a single diploid
locus, to randomly fluctuating population size {N }, so that the proportion of A alleles in the popula-
tion in generation n is given by ¥ =X /(2N ). The extension assumes the bivariate process {X ,N } is
bivariate Markov, but retains the binomial sampling structure in the manner that

Xn|{N Nn’Xn}NB(anJrl’Yn)‘

n+l>

Since {Y } is an (obviously bounded) martingale, by the martingale convergence theorem ¥ —Y as.,
with 0< Y <1. The distribution of Y, unlike the fixed population-size model, is not necessarily concen-
trated at the two points 0, 1. A handle on its actual concentration is provided by the fact that 2, =E(Y (1Y ))
— E(Y (1-Y)), equals h, say. For a deterministically varying population size, with N >1, n>1, we have
h>0if and only if X7 1/ N, < oo This result emanates from the fact that:

B =01=@2N,,) "h,. )
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The themes of almost sure convergence of relative frequency (Y }, and the concentration of proba-
bility of Y via the study of the evolution of {/, } by relations such as (2), using martingale methods, are
the dominant themes of Chris’s subsequent work. Thus, in [M66] almost immediately, two theorems,
focussed on when =0 or not, are based on investigation of the zero-mean martingale with bounded incre-
ments {U,,F,,n2>1}, where F is the o-field generated by the random vectors {(X,N),(X,,N)),...,
(XN}, and

U, =S [4(-Y) - EQ(-Y) | F_)az1. 3)

The device underlying (3) for constructing a martingale is used repeatedly in later papers.

In [M71] the model is extended to permit selection via a parameter >0, with =0 correspond-
ing to the selective neutrality of [M66]. In this extension {Y,,F,} is a submartingale in general, so
the martingale convergence theorem can still be used; and there is the pleasing conclusion that >0
implies that Y (1-Y )=0, a.s., just as in the case of fixed population size.

In [M87], Chris addresses such issues by generalizing Moran’s overlapping generation model, which
is also a Markov chain. Here the transition time-points are times of death of single haploid individuals,
of type a or A. The evolution of population structure is again studied through the movement of the
(haploid) proportion Z =X /N , n>0, which is again a bounded martingale, so Z —Z, 0<Z<1. The
quantity Z (1-Z ) is now randomly normed to be a non-negative martingale relative to the o-field 7,
and martingale theory provides complete resolution of when h=E(Z(1—-Z))>0, inasmuch as a neces-
sary and sufficient condition is that 1 <m<eo, where m is the mean of the offspring distribution. This
insight, progressive assimilation and evolution of earlier techniques to resolve a question completely, is
characteristic of Chris’s work.

A concluding paper [M98] to the sequence [M66], [M71], [M87], [M91], [M89], [M105], reviews
difficulties in studying effects of varying population size focussed on relative frequencies such as {Z }.
To remedy these, Chris characteristically uses a perceived unifying feature based on the growth of
actual frequencies {X }:

EX,. | F)=X,0+f), as., 4)

where fn is F -measurable, and 1+ fnZO, a.s. There is, for the first time, no attention paid to the limiting
behavior of E(Z (1-Z)) as a means of information on the limiting distribution of Z.

Curiously, in a slightly earlier paper in the same year and in the same journal, Buckley and Seneta
(1983) generalized the selectively neutral context of Seneta (1974) to, in essence, conditional branch-
ing processes, with the focus then being on the behavior of the (diploid) sequence {Y, (1-Y,)} in terms of
the conditional expectation:

EY, A=Y, )| F)=01-W, )Y,(1-Y,), (5)
where
W,.=,/2N,-D)N,/N,,),

and V is a conditional variance of an offspring distribution. This somewhat resembles both (2) and (4).
Once the expression (5) is established, the theorems giving sufficient conditions for each of E(Y (1-Y))=0
or #0 follow precisely as in [M66]. For example, the former holds if X W, . =ec, a.s., a condition
later mentioned by Donnelly (1986) as equivalent to his own necessary and sufficient condition for fixa-
tion. The very recent paper of Prince and Weber (2007) achieves an ultimate tidying up of such issues.

This separate line of descent from [M66] further testifies to the enduring vitality of Chris’s ideas.
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SUMMARY
In this paper it is established that the lognormal distribution is not deter-
mined by its moments. Some brief comments are made on the set of
distributions having the same moments as a lognormal distribution.

1. INTRODUCTION

IT seems to be generally accepted that all the commonly used distributions in statistics,
which possess moments of all orders, are determined by their moments. I will show,
however, that this is not the case for the lognormal distribution.

Let the random variable X have the general lognormal distribution. We take
log(X—a) as normally distributed with mean m and variance ¢®. Then X has
frequency function

09 l{o’(x —a)2m)lexp[— Lo Hlog(x—a)—m}?] (a<x<oo0),
X) =
0 (x=a).
It can readily be shown that this distribution possesses the same moments, namely
n
B = 3 (’:) a*Texp(rm+3ric?) (n=0,1,2,..), n
r=0

as the distribution with frequency function

{o(x—a)(2m)*}texp [— o *{log (x —a) —m}?]
glx) = x (14 esin 2nko~*log(x —a)—m}]) (a<x<w0),
0 (x=a),

where 0<e<1 and k is a positive integer. Thus the lognormal distribution is not
determined by its moments. It is clear that distributions can be chosen possessing
the same moments as a lognormal distribution and such that they are indistinguishable
from the lognormal for all practical purposes.

2. REMARKS ON THE MOMENT PROBLEM

The theory of the indeterminate moment problem enables us to make some rather
interesting remarks.

Applying Theorem 2.13 of Shohat and Tamarkin (1943) to the case of the moment
sequence (1), we see that for any real x there exists a purely discrete distribution
having x as a point of discontinuity and moment sequence (1).

We now define P as the set of all points of increase of a distribution function F.
Applying Theorem 10.42 of Stone (1932) to the case of the moment sequence (1), we

17
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see that there exists a constant K>a such that there are cardinal ¢ distributions,
possessing the moment sequence (1) and for which inf P assumes an arbitrary value p
on the range —o0=pu< K. There is, however, just one distribution with the moment
sequence (1) and for which infP = K.

3. A SpeciaL CASE
It is worth remarking that in the case @ = 0, m = 0, the various determinants
which arise out of the theory of the indeterminate moment problem may be expressed
in terms of alternants (see for example Muir, 1960, Chapter XI).
Using the notation of Shohat and Tamarkin (1943, p. 6) we have the determinants

A, =[exp{3* (i +/)}] 0 (21)

= exp{3nto2(n+ D} 1 ("~ 1)n—"+,
r=1

and
AL =|exp{3®(i+j+ D37, (=1)

= exp{3ot(n+ 1) 2n+ 1A,

The corresponding continued fraction (Shohat and Tamarkin, 1943, p. 73) has
coefficients /; (i = 1,2, 3, ...) given by

L=1,
Iﬂ’n+1 == {A(l) }zl{An—l An} (n = 1: 2; 39 ‘*')

n—1

= expinln=1)o I:II(e’""’— ).
I, = —exp (30%),

L =—A%_ AR, AN} (n=2,3,4,..)

n—1
— exp{3(—n—n+1)0% T1(e" ~1).
r=1

Cases where these may be computed explicitly from the moments are particularly
rare.

It is possible, in this case, to obtain the Stieltjes transforms of all the distributions
possessing the same moments as the lognormal. I do not include either the calculation
or the result here as the calculation is routine and tedious, a particular case of analysis
is given in Shohat and Tamarkin (1943, Chapter II), and the result is not in a compact
or useful form.
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TWO PROBABILITY THEOREMS
AND THEIR APPLICATION
TO SOME FIRST PASSAGE PROBLEMS

C. C. HEYDE
(received 23 July 1963)

1. Introduction

Let X,,7=1,2,3,--- be a sequence of independent and identically
distributed random variables and write S, = X;+X,+ -+ +X,. If the
mean of X is finite and positive, we have Pr(S, < z) — 0 as n — oo for
all z, —o0 << x << o0 using the weak law of large numbers. It is our purpose
in this paper to study the rate of convergence of Pr(S, = x) to zero. Neces-
sary and sufficient conditions are established for the convergence of the
two series

S ils. e al —0 < x < 00
n=1
where % is a non-negative integer, and

2o Pys, & %, — i B

n=1
where 7 > 0. These conditions are applied to some first passage problems
for sums of random variables. The former is also used in correcting a
queueing Theorem of Finch [4].

2. Two Probability Theorems

Let X,, 7=1,2,3,--+ be independent and identically distributed
random variables. We write S, = X;+X,+ -+ +X,, X; = min (0, X,)
and X} = X,+X7.

We shall establish the following two Theorems:

THEOREM A 1. Suppose E|X| < o0, EX > 0 and let k be a non-negative

1 My attention has been drawn to a statement of Theorem A without proof in Smith,
W. L. “On the elementary renewal theorem for non-identically distributed random variables”
Univ. North Carolina Mimeographed Notes No. 352 (Feb. 1963). Professor Smith states
that a proof of this result will appear in a paper entitled ‘‘On functions of characteristic
functions and their applications to some renewal-theoretic random walk problems’.

214

20



(2] Two probability theorems 215

inieger. A necessary and sufficient condition for the convergence of the series

> n* Pr(S, < x), —0 < & < 00,

n=1

s that E|X—|¥2 << o0.

THEOREM B. Suppose E|X| < oo and EX > 0. A necessary and suf-
ficient condition for the comvergence of the series

o0
3 o PylS. =), —o0 <z < ™,
n=1

for some v > 0 is that X~ has an analytic characteristic function 2.

(It is clear that analogous Theorems will hold in the case EX < 0).
We defer the proofs of Theorems A and B until some Lemmas have been
established.

Lemma 1. If E|X|" << oo for some integer v =1 and EX > 0, then
> n2 Pr(S, < z) < o, —0 <z < o0
Proor: Write EX = u. Using Katz [5], Theorem 1, we have
> 02 Pr{|S,—nu| = ne} < o0, every & > 0
from which we obtain, in particular
(1) 202 Pr(S, = (u—e)n) < ©, every ¢ > 0.

Now we choose & so small that & << . We then have, for » sufficiently
large,
Pr (S, <) < Pr(S, < (u—e)n)

and the result follows immediately from (1).

LEMMA 2. Let E|X| < o0 and EX > 0 or else E|X| = oo and, in either
case, E|X~|" << oo for some integer v = 1. Then

2w 2 Pr(S, =x) < o, —o0 < & < 00,
Proor. We define a new random variable Y as follows

Y=Xif X<K

= ( otherwise,

where the constant K (> 0) is chosen so that EY > 0. Then, Y = X and
E|Y|" < co0. It follows from Lemma 1 that

2 The term ‘“‘analytic characteristic function’’ is used for a characteristic function which
is analytic in a strip containing the origin as an interior point.
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216 C. C. Heyde (3]
S 2Pr(Y,+Y,+---4+Y, =) < o, —0 <z < 0.

Also, if X\ +X,+ -+ 4+X, <=, then Y, +Y,+ -+ +Y, =z so that
Pr(Yi+Ypt o +Y, =) = Pr(X;+ X+ + X, =2) = Pr(S, = %)

and hence

dSu2Pr(S, <x) < oo, —o0 < < 0.
This completes the proof.
LemmA 3. Let E|X| < 0, EX = u > 0 and
> nEPr(S, =) < w, —00 <X < W

for some non-negative integer k. Then E|X—|*+2 < co.
Our proof relies heavily on techniques used by Erdds [3].

ProoF. Write X¥ = X,—p and Z, = X7, X;. We then have
Pr(S, =)= Pr(Z, < x—nu) = Pr(Z, < —nc)

for ¢ > p and # sufficiently large.
Now from the fact that E|X| < 0, it follows by a simple rearrangement
that

S Pr(X* < —(c+e)n) < o,
n=1

for arbitrary e > 0. Also, since the terms in this series are non-increasing,
we have

(2) nPr(X¥ < —(cte)n) — 0 as n — oo.

Write {E} for the event E and {£} for the complement of {E}. We have

{Zﬂ

IIA

—n} 2 U [XF < —nlete)} o {XI+ - + X5+ X0t
X2 < (=1}
and for the sake of brevity, we put
A= (XF < —n(c+o))
B = {|XT+ - - +XE 4+ X+ X0 < (n—1)e},
t=1, 2, 3,-++, n Thus,

22



[4] Two probability theorems 217

Pr(Z,< —nc) = Pr{{J (4,0 B)]
i=1

P U A B A (L;n By a0 (g Brg) o (4,0 B}
i=1

3

I

Pr[(A; n By)n - (4,0 B;4)n(4; n B,)]
1

2

3) ;éPr(ﬂlnﬁzm---nff,i_lnA,-nBi)
;é [Pr(d, n B)—Pr{(d, 0 Ay U+ U dpy) 0 A
2 3 [Pr(B)— (i~ 1) Pri4)]Pr(4)
> z [Pr(B))—n Pr(4;)1Pr(d,).

Now take arbitrary p, 0 < p < 1 and § > 0 such that 1—26 = p. It follows
from the weak law of large numbers that we can find an integer N, such that

Pr(B;) > 1—4 for n = N;.
Also, from (2), we can find an integer N, such that
n Pr(4,) <é for n = N,.
Thus, for #» = max (N,, N,), we have from (3)
(4) Pr(Z, < —nc) = np Pr(X¥ < —(c+e)n),

and hence
> ukt Pr(XT < —(c+e)n) < 0.
We now introduce the random variable Y defined by
Y=X*id X¥=1

= 0 otherwise,
and obtain

> nt Pr(Y < —(c+e)n) < oo.

It follows from this, by a simple rearrangement, that E|Y|*+2 < o0 and
hence that E|X—|**? < oo. This completes the proof.

Proor oF THEOREM A. Theorem A follows immediately from Lemmas 2
and 3.

We now go on to give two Lemmas leading up to a proof of Theorem B.
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218 C. C. Heyde (5]

The development of the proof is similar to that used above in the proof
of Theorem A.

LEmMA 4. Suppose X~ has an analytic characteristic function and either
E|X| <o and EX >0 or E|X|= 0. There exists a constant R > 0
such that

e PriS,=a) < ©
for every x, —oo < x << 0 and every v, 0 <7 < R.

Proor. Since X~ has an analytic characteristic function, there exists a
constant K > 0 such that

O(6) = E(e°%) < oo
for all § in 0 = 6 << K. Now for such a 0, a well-known Chebyshev type
inequality gives
Pr(S, < x) < e E(67%n) = 2{d(0)}".
Also, in view of our assumption that E|X—| < oo and either E|X| < ®
and EX > 0 or E|X| = oo, we must have @(0) < 1 for sufficiently small
positive 6. We then choose R so small that ¢#®(0) < 1 and for all 7,

0<7r <R,
S g PrlS. = v g,

This completes the proof of the Lemma. I am indebted to the referee for
this direct proof. My original proof was based on Baum, Katz and Read
[1], Theorem 2, 190.

Lemma 4 is a generalization of the well-known result of Stein [9]
which deals with the case X~ = 0. It should be noted that although Stein’s
result is correct, his proof is invalidated by a misinterpretation of the
Markov chain property of the sequence {S,} of sums.

LemMA 5. Let E|X| < 0. Suppose EX = p > 0 and
2 P8, 2w) <

for all r, 0 < v < R and all z, —o0 < x << 0. Then X~ has an analytic
characteristic function.

Proor. We retain the notation of Lemma 3. Proceeding precisely as
in Lemma 3, we obtain (4)

Pr(Z, = —nc) = np Pr(XF < —(ct+e)n)
so that certainly
Y e Pr(XF < —(c+e)n) < oo.
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(6] Two probability theorems 219

We now introduce the random variable Y defined by

Y =X*if X*¥ <0
= ( otherwise,
and obtain

Yem Pr(Y < —(c+e)n) < co.

It follows immediately, using Lukacs [7], Theorem 7.2.1, 137, that Y
and hence X~ has an analytic characteristic function. This completes the
proof of the Lemma.

Proor oF THEOREM B: Theorem B follows immediately from Lemmas 4
and 5.

It is worth remarking that it is quite likely that in Theorems A and
B the condition E|X| << 00, EX > 0 can be replaced by the condition
EX|< w, EX>0o0r EJX7| < w, E|X|= w0.

3. Application to some first passage problems

Let X;, ¢=1,2,3,--- be independent and identically distributed
random variables and write S, = X;+X,+ --- +X,. Consider a single
boundary at A(= 0) so that if

1 =0
Fox) = { 0 g
Fi{e) = Pr(5; = =z},
F o= Pr(S, = ®; max S, =A); n>1,

the probability p, that the first passage time out of the interval (—o0, 4]
for the process S, is # is given by

p’n = Fn—]_(A)_Fn(A), n = 1.

This passage problem in the case A = 0 arises, for example, in the busy
period distribution of the queue GI/G/1 which has been considered by various
authors such as Finch [4].

We introduce the probability generating function P(1) = 32, 1",
for the first passage time distribution (henceforth abbreviated F.P.T.D.)
Pr(N = n) = p,. We have formally

P'(l) = E(N) = 14+ 3 F,(4)

r=1

Pr(1) = S r(r—1)p, = EQV?)—E(N) = 2 5 7F,(4),

2 r=1

M3

r
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220 C. C. Heyde [7]

and in general for %2 > 1,

P®(1) = («), (the k-th factorial moment of N)

oo k

=& 3 ():F(d) = 35k NED)
where (7), = #(r—1)(r—2) - - - (#*—k+1) and s(k, #) are the Stirling
numbers of the first kind. It is thus clear that E(N") < co for some positive
integer 7 if and onmly if ¥ #"1F,(4) < oo. Also, the random variable
N has an analytic characteristic function if and only if the radius of con-
vergence of P(A) is greater than unity or equivalently if 3 e™F,(4) < o
for some » > 0.
Now we write

¥ == L mnass 55 = 0 n=1; g; = L.
1=k=n

Spitzer [8], 332, shows that

(6) S g =exp (3 2 Pr(s, <0),

n=>0 n=1

a result originally due, in a slightly different form, to E. Sparre Andersen.
From this we obtain

1

0= = Pr(S, = 0).
n
Thus,
1
PriS,=sAY2Pr(max S, =A)=F (4)=q, = ~ Pis, =90);
1sksn

and we readily obtain from Theorem B:

THEOREM 1. The F.P.T.D. generated by the random variable X with
E|X| < © and EX > 0 has an analytic characteristic function if and only
if X— has an analytic characteristic function.

Further, we obtain immediately from Theorem A:

THEOREM 2. Let # > 1 be a positive integer. Consider the F.P.T.D.
generated by the random variable X with E|X| < oo and EX > 0. If the
F.P.T.D. has a finite r-th moment, then E|X-|" < o0. If, on the other hand,
E|X-|" < o, then the F.P.T.D. has finite moments at least up to the (r—1)th.

In the particular case where A = 0, we can improve this Theorem

by virtue of the relation (6). In fact, formally differentiating (6) (r—1) times,
we see that

>Su2Pr(S, =< 0) < oo if and only if Y #1g, < .
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[8] Two probability theorems 221

Thus, in view of our comments above, the »-th moment of the F.P.T.D.
exists if and only if
> u-2 (S, = 0) < 1o

We therefore obtain immediately from Theorem A:

THEOREM 3. Let v > 1 be a positive integer. The zevo-bavrier F.P.T.D.
generated by the random vaviable X with E|X| < oo and EX > 0 has a
finite v-th moment if and only if X~ has a finite v-th moment.

Before ending this section, it is worth remarking that Derman and
Robbins [2] show that it is possible to have E|X+t| = o0, E|X~| = oo and
Pr(S, > 0i0.) =1, Pr(S, = 01i.0.) =0 and hence, following Kemperman
[6], Theorem 15.2, 81, > 1/n Pr(S, > 0) = o0, > 1/n P7(S, = 0) < co. This
provides us with a limitation on eventual improvements of the Theorems
given above.

4. Correction to a theorem of Finch [4]

Let n be the difference between the inter-arrival and service time
in a GI/G/1 queue. We refrain from stating the usual queueing assumptions
for the sake of brevity. Let /I, be the probability that # customers are
served in a busy period. Then, as is well known,

II, = Pr(n, > 0)
IT, = Pr( max p+n+ -+ = 0,7, > 0), w>1,

1=ksn—-1
so that Py(T = n) = II,, is a zero-barrier F.P.T.D.
Finch [4] gives the following Theorem (his Theorem 2, 223).

THEOREM Suppose that E|y| < co. Write IT =33, II;, N =332, 7II,,
and a, = Pr(n,+net -« +n, > 0). Then,

1 if Eq =0
i l1—exp{— > nla,} if En <O
n=1
exp { ¥ n1(1—a,)} if En >0
n=1

§: a, exp {— E nla,} if En < 0.
n=]1 n=1

It is the final part of the statement of this Theorem that is incorrect,
namely that
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222 C. C. Heyde 9]

N=3a,exp{—3nla,} < o if En<O.
n=1 n=1

In fact, under the condition En < 0, we see from a negative mean analogue
of Theorem A that »% , a, < oo if and only if E|p*|2 < . Thus, N = o0
if En < 0 and E|n*|? < co. Finch’s error arises from an invalid application
of the Borel zero-one criterion which yields Pr(S, > 0 io0.) =0 or 1
according as ¥ @, << 00 or = 0. Actually, using Kemperman [6], Theorem
15.2, 81, Pr(S, > 0 i0.) =0 or 1 according as » »n~la, < o or = 0.
Finch’s Theorem and his proof of it can easily be repaired in terms of these
comments. A correct statement of the Theorem is as follows:

THEOREM. Suppose that E|n| << co. Write [l = 32, II;, N = 32, jII,,
and a, = Pr(n+ns+ -+ - +1,) > 0. Then

1 if En =0
T = G i
l1—exp {— X nla,} if En <0
n=1
exp{ Y n1(l—a,)} if En >0
n=1
N={ ® if En=0 or En <0 and Elyt|* =

a,exp{— Y nla,} if En <0 and E|p*|2 < oo.
1 n=1

n=
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1. Introduction. Let X., ¢=1, 2, 3, --- be a sequence of independent and
identically distributed random variables with E|X,| < «, EX, = u > 0. Write
X, = —min (0, X)), S, = Zf‘:l X:and M, = max;<i<a Sk . In this paper we
shall discuss the asymptotic behaviour as z — « of the sums > _n_y a, Pr (S, = z)
and D n1 0, Pr (M, £ z) for certain classes of positive coefficient sequences
{a,} and use the results on the latter sums to investigate the behaviour of the
first passage time out of the interval (— o, z] for the process S, asz — .

The analysis that we shall use in obtaining the theorems on asymptotic behav-
iour follows closely on that of Smith [6] who discussed sums Y @, Pr (S, < z)
for a class of coefficient sequences that we shall also discuss and for non-identically
distributed random variables. In fact, our Theorem 1 follows directly from a
specialization of the analysis of Smith. One of the particularly interesting charac-
teristics of this technique is that it enables us to study the asymptotic behaviour
of the sums D _n_1 @, Pr (8, < z) and D _n_y a, Pr (M, £ z) in the one opera-

tion in spite of essential differences in their behaviour.

2. Renewal theorems. For the first set of positive term coefficient sequences
{a.} that we consider we shall suppose (as in [6]) that there exist real numbers
a > 0,y = 0 and some non-negative function of slow growth L(xz) such that

(1) > g ~ /(1 — )Ll —2), as z—1.
This is satisfied, for example, if
an ~ [&/T(V)IW ' L(n) as n— o

using an Abelian theorem of Doetsch [3], 460.

In the subsequent work we shall need the following definition:

DeriNiTiON. The index k& of the sequence {a,} is the least real k such that
an = 0(n).

Consideration will be restricted to cases where 2 a, diverges.

TeEOREM 1. Suppose E|X| < «, EX = u > 0. Let k be the index of the se-
quence {a,} and m be non-negative. In order that

Dona @ Pr (S, < z) ~ [aL(z)/T(1 + y)(z/p)’ a z— o

for each sequence {a,} such that bk = m il is necessary and sufficient that
EX7 ™ 2w,

Received 2 June 1965; revised 6 January 1966.
! Research supported in part by the National Institutes of Health.
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700 C. C. HEYDE

THEOREM 2. Suppose E|X| < «, EX = u > 0. Let k be the index of the se-
quence {a,} and m be non-negative. In order that

om0 Pr (Ma £ z) ~ [aL(z)/T(1 + v))(z/p)” a5 - o

™! < o« and

for each sequence {a,} such that k < m 1t is necessary that E|X
sufficient that E\ X |™™* < w.

I conjecture that the condition E|X™|™*" < o is both necessary and sufficient
in Theorem 2. It is certainly known that in the particular case where ¢, = 1
for all » so that k¥ = 0 we only need E|X | < = (see for example Chow and
Robbins [2]).

The proof of the two theorems shall be deferred until we have given four
lemmas. The first of these is given in a form which is more general than we shall
need subsequently as it has some independent interest.

LeEMMA 1. Suppose the random variables X;, 1 = 1, 2, 3, - -- are independent
and identically distributed. Write S, = > 1w X:, M, = maxi<i<a Sk, and, in
the case where E|X:| < «, EX; = p. If E|X)|" < 0w with1 £ r < 2and p 2 0,
then

(M, — np) =, 0.

IfEX|] < o with0 <r<lorEX)| < owithl =£r<2andp <0, then
n "M, —as. 0.

(““a.s.” denoltes almost sure convergence).

The corresponding almost sure convergence versions for the sums S, have
been given by Kolmogorov (r = 1) and Marcinkiewicz (r # 1) (see for ex-
ample Logve [5] 242, 243).

Proor. Suppose E|Xi|" < o.Lete, = pifl £ r < 2;¢6 =0if0<r < 1.
If ¢, = 0, we have

M, — ne, = maxi<j<a S; — NG,
é maXi<j<n (S? - jC,-)
< maxigjzn ] G5,
where a¢; = j'"|S; — jel|. Therefore, if M, = ne,, 0 £ M, — ne <
maxigi<nf s, and if M, < ne, 0 > My — 06, 2 Sp — 06, = —n'"a, =

—max;<jzn @5 , 50 that 0 £ 27| M, — ne,| < maxigizan 7 a; . In order to
obtain the desired result in this case it suffices to show that for arbitrary ¢ > 0,
Pr (Uis, (maxi<;< /"% a; = ) >0 as n — .

Now the strong laws of Kolmogorov and Marcinkiewicz ([5], 242, 243) imply
that for arbitrary ¢ > 0,
Pr (max;>na; = €¢) — 0 as n— o,
Therefore, given n > 0 arbitrarily small we can choose an N so large that
1

(2) Pr (man>N a; = '%(:) = 37
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RENEWAL THEOREMS AND FIRST PASSAGE 701

and then select an no(>N) so large that for n = no

=

)
1/r —1/r = 1 <
(3) Pr(N''n " maxicijcn@; = 3¢) £ .
Then, for n = n,,

Pr (Uis, {max; ;< 5k "a; = €)

-1 —1
Pr (Usz. {maxicicnj bl

{l

1/ry,—1/
a; + maxy<igk] k@ = €)

A

-lfrk—lfr

Pr (Uszn {maxicj<nj a; + maxy<ick @; 2 €})

IIA

1 —1
Pr (N''n ™" maxicj<n ¢; + maxsy a; = ¢

IA

Pr (N''n ™" maxicj<va; = 3¢) + Pr (maxsya; = 3¢

A

M,

using (2) and (3). This completes the proof of this part of the lemma. It remains
to consider the case ¢, < 0.

In the case ¢, < 0, M," = max (0, M,) actually has a proper limiting distribu-
tion (finite with probability one), M¥ = limy.. M. .

We have

Pr (Uisa {7V |My| =€)
= Pr(Usiza (F"M: = ¢ U Upon (KM < —¢)
< Pr(Uisa {67"Mi 2 &) + Pr (Uiza (K7°Mi < —¢))
< Pr(Uiza (M 2 £'¢) + Pr (Usza (X1 = —k'"¢)
=Pr (M" z n'¢) + Pr (X, £ —n'"¢)

and both these terms approach zero as n — «. Therefore, n "M, —,,. 0 as
required. This completes the proof of the lemma.

In the subsequent work we shall write Fn.(z) = Pr (S, £ z), G.(z) =
Pr(M, = z) and H,(z) to mean either F,(z) or G.(z) (so that if a property
holds for both F,.(z) and G.(x) it holds for H,(x) and conversely).

Lemma 2. [ {1 — Hu(nz)} dz > 0 asn — «.

Proor. Introduce the newrandom variablesY; = max (0, X;),2=1,2,3, - -.
Suppose EY: = a. If M, > z then D 7 Y. > zso that Pr (2 i ¥V: > z) =
Pr (M, > z) = Pr (8, > z) and hence

where we have written K,(z) = Pr (2_ia Y: £ z).
We show firstly that [ {1 — K.(nx)} dz — 0 asn — «. We have, by a simple
integration by parts,

a = [¢{1l — Kau(nz)} dx
= [&{1 — Ku(nz)} de + [ {1 — Ka(nz)} da.
Further, by the law of large numbers, K,(nz) —0asn — « forz < a. It follows
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702 C. C. HEYDE

from the mean value theorem that [§ {1 — K,(nz)} dz — a asn — » and hence
that f: {1 — K,(nx)}de >0asn— o,
Then, making use of (4),

0= [7{1 = Fonx)de £ [ {1 — Gup(nx)} dx

< 51 = Gu(na)} dz + [2{1 — K.(nx)} dx.

Now, in view of Lemma 1 (caser = 1, p > 0), Go(nz) »> 1lasn — = forz > p
so that by the mean value theorem f,'f {1 — Gu(nx)} dr — 0asn— «. Wehave
shown that _f: {1 — K,(nx)} dr — 0 as n — o so the proof is complete.

LEmMa 3. (Smith [6]). If the non-negative constants {a.} satisfy (1) then as
s~ 04,

D 1 ane M ~ a(us) "L(s7Y).
LeEmMA 4. If the non-negative constants {a,} satisfy (1) then as s — 0+,
2o e " ~ a(us) " L(sT) i v >0
1im supesos S{L(s )] 7D mei € ™" < apt if v = 0.

Smith [6] has established the former result, ignoring the possibility of the case
~ = 0. The result given above for ¥ = 0 can be readily extracted from Smith’s
proof and is adequate in the present context.

Proor or THEOREMS 1 AND 2. We follow the methods of [6] but work the
proof in terms of H.(z).

Suppose firstly that E|X|"™* < «. Take 8 arbitrary with 0 < 8 < u. Con-
sider

0

i

A

fﬁﬁ ¢ “H,(z) dx (s = 0)
n [ € " Hq(nx) do
< ne ™ IE H,(nz) dz.

Now using the law of large numbers and the inequality H.(y) £ F.(y) (or
alternatively referring to Lemma 1 as well), we see that H,(nzx) - 0asn — «
for all z < u. Hence, using the mean value theorem, we may write

(5) K, = ne s,

! - -
where §, — 0 as n — o, uniformly in s = 0.
Now consider

K.

0 <L, = |ae™{1 — Hu(x)} dar (s = 0)
=n [y e ™1 — Hu(nx)} dx
< ne ™ [ {1 — H,(nz)} dz.
In view of Lemma 2, we may write
(6) L. = ne™s,”
where 3, — 0 asn — o, uniformly in s = 0.

33



RENEWAL THEOREMS AND FIRST PASSAGE 703

Combining (5) and (6) and putting 6, = 8, — 8. , we obtain
(7) Z:lo=1 an(Ln - Kﬂ,) = - Z:=1 nanﬁne_”ﬂg.

Now given arbitrary ¢ > 0 we can choose an integer no(e) so large that |6, < e
for all n > mo . Then,

| 2 e Nnbae ™| < D nly nalBale ™ + €D _mi none ™,
so that by Lemma 4,
lim supaor [(#8)"/L(s™)]| 2o0-1 nGubue ™| < eyaif v > 0

Lexify=0

and hence
(8) ()™ L(s)] 2 nm1 (L — K,) >0 as s— 0+.
Next write
(9) ®s(x) = D mmt GHa(2)U(z — nB)
= > maaU(z—np) — D ma a{U(z — np) — Ho(z)}U(z — nB)
where

U(z) =1, z = 0,
= 0, x < 0.

If we denote the Laplace transform of a function A (z) by A°(s) = _fff e “A(x) dx
we have

(10) Ba'(s) = § D mer Gu ™ — Dt (L — Ku);

the term by term integration being justified by monotone convergence.
From (8), (10) and Lemma 3 it follows that

(11) [(us)™™/L(s")]®’(s) > ap as s— 0+.
Appealing to a Tauberian theorem of Doetsch [3], 511, we then obtain
(12) [/ L(8)] [s®s(2) dz — a/w'T (v + 2).
Nowfort > 0and0 < 8 < 1,

®(00) (1 — 0t) < [5:®p(x) do < Bp(t) (L — 62)
so that
(/0 L(0))R(60) = [1/(1 — O)HIL/ETL()] Jods(x) da

— [1/0PL()] [ () dx} < [1/8L(8)]1@s(8).

Then, for fixed 6 and { — oo, [l/t"’HL(t)]f{i%(x) dr — a/p'T(y + 2),
[1/(66)" 7 L(8)] [o' ®s(x) dx — [1/(68)" 7' L(6t)] [o' ®s(x) dx — o/w'T(y + 2) by

34



704 C. C. HEYDE

(12) so that
(13)  lim supe.o [1/("L(1)1s(68) < [a/w'T(y + 2)I(1 — 67)/(1 — 0)
< lim inf,,, [1/8"L(t)]®s(2).
Taking 6 — 1 in the right hand part of inequality (13) gives
(14) lm inf,,, [1/7L(¢)1®s(t) = a/u'T(y + 1).
Further, the left hand part of the inequality (13) can be written
lim sup... [1/(60)"L(6t)1@e(61) < [—8a/uw'T(y + 2)](1 — 677)/(1 — 0)

and the left hand side of this is equal to lim sup.. [1/t"L(¢)]®s(t) for 0 fixed.
Then, taking 8 — 1 in the right hand side, we obtain

(15) lim supe.., [1/0"L(8)1@s(¢) < a/p'T(y + 1),
so that combining (14) and (15),
(16) limg,e [1/87L(8)1®6(t) = a/u'T(y + 1).

Now under the condition E|X™|™** < « we certainly have for all z, — o <
< o, > n"H,(x) < « in view of Theorem A of Heyde [4] and the inequality
H.(x) £ F.(x). Hence, 2 a,H.(z) < «, since the sequence {a,} has index
k = m. Write

(17) 2on—1 aHu(z) = ®s(z) + Ye(z),
where
(18) Va(2) = D m1 GuHo(2){1 — Uz — nB)}.

We shall go on to show that ¥s(z)/2"L(z) > 0asz — «.
Define a new sequence of random variables Y, ,7 = 1,2,3, --- by

Y-i =X,:—'B.

Then, EY > 0 and E|Y|""* < » since E|X | < . It follows from Theorem
A of [4] applied to the Y’s that fork < m, 2 n*F.(n8) < =, and since H,(n8) <
Fn(nB),

(19) > n*Ha(nB) < w.

Also, it is clear from (18) that ¥g(z) < D> -1 a.H.(nB) and (19) ensures that
this upper bound is finite since k is the index of the sequence {a,}. We therefore
have ¥g(x)/2"L(x) — 0 as ¢ — « and hence, using (16) and (17),

> ma @ Hu(z) ~ [aL(2)/T(1 + v)I(z/p)* a8 z— ».

This result is true for all sequences {a,} with index ¥ < m and hence establishes
the sufficiency parts of both Theorems 1 and 2.
The necessity parts of both the theorems are easy to establish. It suffices to
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note that in particular Y n"H,(z) < « forallz, — o < z < w«, and hence by
Theorem A of [4] in the case H,(z) = F,(z) we obtain E|X |"™* < = and by
Theorem A of [4] together with the well known inequality G,.(0) = Pr (M, = 0)
= n ' Pr (S, £ 0) in the case H,(z) = G.(z) we obtain E|X~|"" < «. This
completes the proof of both Theorems 1 and 2.

Some remarks on the possibility that the condition E|X™|"™ < « might be
both necessary and sufficient in Theorem 2 would seem in order. To establish
that this is the case, it would be adequate to show that if EX = ux > 0 and
E|X "' < o, then for0 < 8 < p,

> n*Ga(nB) = 2 n"Pr(M, £ n8) < .

The nearest approach to this that I have obtained is summarized in the following
theorem:

THEOREM 3. Suppose E|X| < », EX > 0,Pr(X < 0) > 0,and let k be a
non-negative integer. A mnecessary and sufficient condition for the comvergence of
the series

Z:=1nkPr(Mn§$)a — ® <$<w1

is that E) X~ | < .

Proor. It follows from the work of Heyde [4] that a necessary and sufficient
condition for the convergence of theseries », n"Pr (M, < 0) is that
E|X7|F*' < . Therefore, in order to complete the proof it is only necessary to
show that the convergence of > n* Pr (M, < 0) implies that of Y, n* Pr (M, £ x),
0<z < w.

To accomplish this we define a new sequence of random variables:

Nu o] .SU = 0,
N1 = max (S(},S;) = X1+,
N; = max (8o, 81, 82) = (X1 + X5,

N = max (8o, 81,8, -+, 8) = (X4 (Ke+ -+ (Koo + X700

Since the X; are independent and identically distributed we may write No = 0,
Npyi~ (X + N.)T, n = 1, where for two random variables X and Y, we write
X ~ Y if they have the same distribution. Clearly, N, = M," = max (0, M,),
so that

Pr(N, = z) =Pr(M, £ z), x> 0,
Pr(N,=0)=Pr(M, £0).
Now for A > 0,n = 1, we have
Pr(Myn £ A) = [2,Pr (M, 2 A —9y)dPr(X £vy)
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so that for arbitrary B > 0,
2oman Pr(Mun £ A) = [, (2 0an"Pr(M, £ A — y)}dPr(X £ y)
2z [Z2{20an*Pr(M, £ A — y)}dPr(X = y)
(> ¥an*Pr(M, £ A + B)}Pr(X £ —B).

Then, choosing B so that Pr (X £ —B) > 0, we see that if ) n*Pr (M, < A)
converges then Y n* Pr (M, £ A + B) converges. Let A — 0+ ; we see that
the convergence of »_ n®Pr (M, £ 0) implies that of >_ n* Pr (M, £ rB)
for all positive integral r and hence that of D, n*Pr (M, < z) for all z,
0 < z < . This completes the proof of the theorem.

The restriction to non-negative integral k in Theorem 3 is unfortunate. This
comes about from the use of the derivatives of the generating function

Do Pr(M, £ 0)" = exp {2 aan " Pr(S. = 0)}

1%

in [4].

We now go on to consider coefficient sequences of the form a, = ¢™, r > 0,
and shall establish the following two theorems:

THEOREM 4. Suppose E|X| < o, EX = u > 0. In order that

—1 —1
Doma @™ Pr(8, £ z) ~ e as T — o

for any r in some interval 0 < r < R, it is necessary and sufficient that X~ should
have an analytic characteristic funelion.
(The term “analytic characteristic function’ is used for a characteristic func-
tion which is analytic in a strip containing the origin as an interior point.)
THEOREM 5. Suppose E|X| < «, EX = u > 0. In order that

S € Pr (M, £ z) ~r e as T— ®

for any r in some interval 0 < r < R, it is necessary and sufficient that X should
have an analytic characterisiic function.

The proofs of these theorems, of course, follow markedly similar lines to the
proofs of Theorems 1 and 2. A generalized coefficient sequence form along the
lines of Theorems 1 and 2 is not, however, convenient in this case.

Proor or THEOREMS 4 AND 5. We construct the proofs in parallel fashion as
we did with Theorems 1 and 2.

Suppose X~ has an analytic characteristic function. Take 3 arbltrary with
0 < 8 < p. We consider to begin with

K, = fnﬁ e "H,(x) dx (s > 0)
< ne ™ [§ Hu(nx) da
= ne " (p — B)H,(nf)

< u. (X — &) has an analytic characteristic func-
follows from Theorem B of [4] and the inequality

for some £ = £(n) in B < &
tion and E(X — &) > 0. It
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H,, £ F, that for any r in some interval 0 < r < R,

(20) 2. €"Hu(m§) < o,

and hence, considering the totality of series (20) as n varies,
(21) H,(nt) = o(e™) as n— .
Therefore,

Sra €K £ (u — B) D nmine " H,(ng)e™
< o as s—uflr-l—
in view of (21) and so
(22) limasy—try (8 — 7)) D €Ky = 0.
Next consider
L, = [2.¢ {1 — H.(z)} dx (s> 0).

Using the mean value theorem and the fact that H,.(nz) — 1 as n — o for
x> u, We may write

= b [z = g™,

where 8, > 0 and 8, — 0 as n — <« uniformly in s > 0. Now given arbitrary
e > 0 we can choose an integer no(e) so large that 5, < e for all » > ny. Then,
for s > u'r,

—1 -] — T |
S gl = WD g R
e ! — —u— 1) —1 o0 —nu(s—p—1
& §ID M ™ L gD a e T

- —1
and since for s > p 7,

— —p—1 e | —— |
‘:ﬂlennt»xu r)=e#(3.u ?")/(1_6#(8#

N~1/u(s—p'r) as s—p 1+,
it follows that

(23) i, uiny (8 — 571) 2 nm1 €Ly = 0,
so that combining (22) and (23),
(24) limsp-t1r4 (8 — p7'7) D _mm1 €™ (Ln — Ka) = 0.

Now consider the function
Bp(x) = 2 w1 €"Ho(x)U(xz — nB)
= 20" U@ — np) — 2aa @™{U(x — np) — Ha(2)}U(z — nB).
Taking Laplace transforms, we have
B'(s) = s L™ = 3L (Ln — Ka),
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from which it follows, using (24), that (s — u'r)®"(s) — v ' as s — p 'r4. Now
let

(25) Op'(s — p'r) = B'(8);

we have w®g'(w) — " as w — 04, and appealing to a Tauberian theorem of
Widder [7], Theorem 4.3, 192, we obtain

(26) t7 [§0s(x)dz —r " as t— w.

Then, following through exactly the analysis that we used in the case of Theorems
1 and 2 (we are here dealing with the casey = 0, L(t) = 1, ap '[Ny + 2) ' = v
we find from (26) that

(27) lim., @p(t) = 7.

However, usi_qg (25) and the uniqueness theorem for Laplace transformations,
Op(t) = e ™ ‘®y(t), so that (27) gives

(28) lim,. 6 ™ @5(t) = 1.
Now write
(29) 2onm1 € Ha(z) = &y(2) + Yy(a),
where
(30) V() = 2 mm € Ha(2){1 — Uz — np)},

> ¢™H,(x) being finite for rin 0 < r < R by (20). Also it is clear from (30) and
(20) that for all z, ¥g(z) = D ma e H.(nB) < . We therefore have
e ™ "g(x) — 0 as & — =, and hence by (28), Dnes € "Hu(z) ~ e as
x — . This establishes the sufficiency parts of Theorems 4 and 5.

The necessity parts of the theorems follow readily from Theorem B of [4]. We
have D e"H,(z) <  forallz, —® < z < « and Theorem B gives the result
directly in the case H,(x) = F,(x). In the case H.(z) = G.(x), we takex > 0
and make use of the well known relations G,(z) = Pr (M, = z) = Pr (M. =0)
> 7' Pr (8, £ 0). It is clear that the convergence of »_ ™ Pr (M, = x)
implies the convergence of ».n ¢"Pr(S, = 0) and hence that of
> ™ Pr (8, = 0) for s < r and making use of Theorem B again we see that
X~ must have an analytic characteristic function. This completes the proofs of

both Theorems 4 and 5.

3. Application to a first passage problem. Let X;, ¢=1, 2, 3, --- be inde-
pendent and identically distributed random variables with K [X| < o,
EX = pu>0.Write S, = >/ X and M, = maxX: <k <» Sr . Consider a single
boundary at x (=0) so that if

Gn(flﬁ) = 1,
Fulx) = PrilM, = ), n

v
“P—'
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RENEWAL THEOREMS AND FIRST PASSAGE 709

the probability p, that the first passage time, M (z), out of the interval ( — =, z]
for the process S, is n is given by p, = Gua(z) — Gu.(z), n = 1.
We introduce the probability generating function P(X\)
first passage time distribution Pr (M(z) = n) = p. .
Formally differentiating,

PY(1) = EM(2)] = 1 + 27 Gi(2),
and for k > 1,
P®(1) = (a); (the kth factorial moment of M (z))

— k Z:;ic——l (T)kG,.(:I:) = j:=0 S(k: T)E{[M(m)]r},

where (r)y = r(r — 1)(r — 2) ++- (r — k 4+ 1) and s(k, r) are the Stirling

numbers of the first kind. It is thus clear that E{[M (x)]'} < o« for some positive

integer r if and only if Y, n"'G,(z) < . Also, the random variable M(z) has

an analytic characteristic function if and only if the radius of convergence of

P(\) is greater than unity or equivalently if Y €"Gn(z) < « for some r > 0.
As a particular case of Theorem 2 we obtain for integral k = 1,

1A%

=1 N'p, for the

—k @ —1 —k
kx mea 1 Gn(2) — u as r— o,

so long as E | X |*' < . Therefore, in view of the above comments, we see
that asz — «, E{[z "M (z)]"} — p" for integral r = 1 solong as E | X | < .
(Ther = 1 and r = 2 cases are included in the results of [2] and [1] respectively).
If E|X|" = « then Theorem 3 shows us that Y " 'G.(z) diverges and hence
that E{[x'M(z)]} = . If we have the condition that X possesses an analytic
characteristic function, then it follows from Theorem B of [4] and the inequality,
Pr(S,£z) = Pr(M, £z)= G,(x), that M(x) possesses an analytic charac-
teristic function. We have, in fact, for » > 0 sufficiently small,

E[er.h{(z‘)] s Z:ml ernPﬂ
=€+ (¢ — 1) 25 6"Ga(2),
so that by Theorem 5,
Ele™@] ~ (e — 1)e* ® as T — o,

The function 7 (¢ — 1)&™ ' is the Laplace-Stieltjes transform of the con-
volution of a rectangular distribution on the interval (0, 1) and a degenerate
distribution at zu~". We have therefore obtained the following theorem:

TarorREM 6. Suppose EX = u > 0. If for some integral r = 1, E X < o,
then

E{lz"'"M(2)]} —» u " as xr— ©,
If X~ possesses an analytic characteristic function then for r > 0 sufficiently small
Bl o il 1)dF as r— o,
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710 C. C. HEYDE

One can further use a method due to Doob based on the strong law of large
numbers to obtain the following result:
TaEOREM 7. Suppose EX = p > 0. Then,

g M(x) —as p as r— o,

Proor. According to the strong law of large numbers, we have for 0 < ¢ < g and
sufficiently large n, (p — e)n = S, = (u + e)n with probability one. In particu-
lar, if n = M(z) the left hand side implies M(z)/x = 1/(p — €) and if
n = M(x) + 1 the right side implies M (z) + 1 = z/(u + €). Thus, for large
z, 1/ (p+e) —1/x = M(x)/x = 1/(p — €) with probability one. The result
follows.

Acknowledgments. I am indebted to J. F. Hannan for a helpful discussion on
the subject of Lemma 1 and to Y. S. Chow for the observation which led to
Theorem 7.
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SOME RESULTS ON SMALL-DEVIATION
PROBABILITY CONVERGENCE RATES FOR SUMS
OF INDEPENDENT RANDOM VARIABLES

C. C. HEYDE

1. Introduction. Let {X; 7 =1,2,3,...} be a sequence of independent,
non-degenerate random variables and write

Sn =2Xj.

j=1
Under quite a diverse variety of conditions we may obtain
Pr(S, < n*x) — 3

asn — o forallx, — o < x < «,and somereal p > 0. For example, suppose
the {X,} happen to be distributed identically and belong to the domain of
normal attraction of a symmetric stable law with characteristic exponent a,
0<a<2 a#1 If EX;, =0 whenever E|X,| < «, then

Pr(S, < n?x) — 1

as m— o forall x, —o» <x < o, aslong as 0 < p < 1/a, in view of the
central limit theory. It is the purpose of this paper to establish some results
on the rate of convergence of Pr(S, < #n”?x) to § by investigating convergence
properties of the series

S uPIPr(S, <n’) — i, —o<x< e,
n=1

Problems of this type could usefully be called small-deviation problems
(following terminology that appears to have been introduced by Borovkov
2).

This work is another link in the chain of development of a problem that arose
in connection with the study of certain random walks. These previous in-
vestigations were restricted to the case of identically distributed random
variables. In the random walk context, Spitzer (8) showed that if EX? < =
and EX = 0, then

Z_Iln“(Pr(Sn <0)—1) < .

Rosén (7) showed that this series is absolutely convergent, his proof being
based essentially on his rediscovery of Gil-Pelaez’ (3) inversion formula. Baum

Received May 12, 1965,
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SMALL-DEVIATION PROBABILITY CONVERGENCE RATES 657

and Katz (1) sharpened the methods of (7) and showed that if E|X|*"¥ < «
for some 0 < B8 < 1 and EX = 0, then

SaHH[Pr(S, < 0) — 3] < .

We go on to put all this theory in a broader context from two points of view.
First, we generalize to certain broad classes of non-identically distributed
random variables and secondly we include the case Pr(S, < »n”x) for p > 0,
—o Jx < =™,

2. Preliminaries. Suppose {X;,7=1,2,3,...} is a sequence of inde-
pendent random variables with corresponding characteristic functions

1bs(t) 7 = 1,28 35 soaoks

If there exists a non-degenerate random variable with characteristic function
¢(t) and a constant § > 0 such that

max,|¢;(t)] < [¢(t)]  for |t <5,

we shall say that the sequence {X;, j = 1, 2, 3, ...} satisfies the condition L.
If, in addition, there exists a characteristic function with imaginary part I(¢)
such that if I,(¢) is the imaginary part of ¢,(¢), 7 =1,2,3,..., there is a
constant » > 0 such that

max;|I;(¢)]| < |I(t)] for |t| < »,
then we shall say that the sequence {X, j =1, 2, 3, ...} satisfies the con-
dition L',
In the case where the X, are identically distributed, the conditions L and L’
are automatically satisfied. A simple non-identically distributed case in which
they are satisfied is that in which some of the ¢,(¢) are of the form f(¢)¢(¢)

where f(¢) and ¢(¢) are characteristic functions, f(¢) being real, while others
are of the form ¢(#). We then have

;)] = 1f O] 6 ()] < &)

or

o, ()| = |@(t)]

and, similarly,

;01 = [fO1 O] < [I@)]

or
;B = [I@®)].

LEmMMA 1 (5, 61; 7, Lemma 1). Let X be a non-degenerate random variable
with characteristic function ¢(t). There exist constants § > 0 and ¢ > 0 such that

@) <1 —a?  for |t] <.
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658 C. C. HEYDE

LEMMA 2. Let {X;,7=1,2,3,...} be a sequence of independent, non-
degenerate random variables satisfying the condition L. Write

Se =2 X,
j=1

I, is an interval on the x-axis and [(I,) is its length. ¢ is a constant that is inde-
pendent of n and I,.

(@) IfI(I,) <n?,0<p <23 then Pr(S, € I,) < ¢/n*?

(b) If I(I,) < ev/n, € >0, then Pr(S, € I,) < elc + E(e, n)) where
£(e, n) — 0 for every fixed ¢ > 0.

(c) If I(I,) < M (constant), then Pr(S, € I,) < ¢/+/n.

(d) max, Pr(S, = a) € ¢/+/n.
These results cannot, in general, be tmproved.

This lemma is an extension of (7, Theorem 1) from the case of identically
distributed random wvariables to the case of random variables satisfying the
condition L. Only minor modifications are necessary to the proof given in (7)
to make it applicable in this case. It is necessary to replace ¢"(¢) by

i[l é;(¢)

(¢,(t) being the characteristic function of X ;). Then, in view of the condition
L, we have the relation

p 16,0)] < |6@O"

in |f| < 8 (say) for some characteristic function ¢(¢). Thus, by virtue of
Lemma 1,

f I1 ¢, at < f |6 ()" dt
1< =1 | 218
& f (1 — ) at
fel<é

here 8 = min (8, 82) where 83 is the 8 of Lemma 1. The equation (2.2) of (7)
then follows and the remainder of the proof is identical.

LemMA 3 (Gil-Pelaez’ inversion formula (3; see also 7, Theorem 2 and 10)).
Suppose the random variable X has distribution function F(x) and characteristic
Sfunction ¢(t). Then

%[F(x —0) 4+ Fix+0)] = % + lim lim ;)l— LB e o (—t) — e “ro(t)) dt

A0 Bow 4T
1 : 1 L. —izy
= é—l—hm——. : e o(—t) —e Tlo()} dt + R(1, %, 8)
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SMALL-DEVIATION PROBABILITY CONVERGENCE RATES 659

where § > A > 0 and
R(, x,8) = % f AT L ﬂ‘("’—;ﬁdt.

The use of the improper lower limit in the range of integration enables us
to remove the restriction

fm log(l + |x]) dF(x) <

o

which was imposed in (7).

Note. The corresponding remainder term for the random variable S, (an
n-element convolution) will be denoted R (#, x, 6).

LeEmMMA 4. Suppose the sequence {X; j =1,2,3,...} of random variables
satisfies the condition L. For any €, 0 < e < %, there exisis a constant ¢, inde-
pendent of n and x, such that for all 6 < &,

|R(n, x,8)| < cnes.

This lemma is an extension of the lemma of (1) from the case of identically
distributed random variables to the case of random variables satisfying the
condition L. 8¢ is the §, of Lemma 2. The proof in (1) remains formally un-
changed in view of the results of Lemma 2.

3. Results.

THEOREM 1. Suppose {X; 7 =1,2,3,...} is a sequence of independent
non-degenerate random variables satisfying the condition L'. Then for
—o <x< ®, 1>8>%+p and 0<p <3,

2P Pr(S, < n'x) — 3| < @

n=1

as long as

]
lim f I dt < o
A0 A

for some & > 0. (I(t) is the uniform bound from the definition of L'.)

Proof. We shall establish first that when the sequence {X;,j =1, 2,3, ...}
satisfies the condition L', 8 > %, and

L]
lim f NI | dt < w,
A0 A

then

;n_‘SJPr(Sn <0)— 3} < .
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660 C. C. HEYDE

The proof of this result follows along lines similar to the corresponding work
in (1 and 7).
Making use of Lemma 3, we have

Pr(S, <0) — 3 = 3{F0+) - FRO-)} —3Pr(Si=0) — 3

= 53 lim f £ H bs(=1) — I;I1 «m(t)} dt

2 A0

+ R(n,0,8) — 3 Pr(S, = 0)
= Lhm . tlﬁll [p;(8)] sin(i_l_ arg qb_,;(t)) dt

+ R(n,0,8) — 3 Pr(S, = 0),

where 6 > 0, which is yet to be completely specified, is chosen so small that
the inequalities of conditions L, L’, and Lemma 1 are all satisfied. Therefore,
using the condition L,

o0

O X a?Pr(S,<0) — %

n=1

1. E__ ® n n
<=lim | ¢ IZIn 5H1 |, 2 larg ¢,()] dt
2 n 1] <

T 450 A

+ f_‘,ln"ﬂR(n, 0,8)| + %in_ﬂ Pr(S, = 0)

8 0 n
<Lim | X eI Jarg ¢,0)| dt
A n=1 i=1

T 450
+ 3 w7 R, 0,8)] + 33 1w Pe(S, = 0).
n=1 n=1

We consider separately the three parts on the right-hand side of (1).
In view of our choice of 8, it follows from Lemma 4 with ¢ chosen to be less
than 8 — } that

> w?|R(n,0,58)] < o.
n=1

Also, it follows from Lemma 2, part (d) that

fln“’ Pr(S, = 0) < o5.
Now we can write "
¢;(t) = R;(t) + iI;(¢)
where R;(t) and I,(¢) are real functions, bounded on any finite interval. Then
arg ¢,(¢) = arctan {I,;()[R,()]'}.
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SMALL-DEVIATION PROBABILITY CONVERGENCE RATES 661

R,(t) (=%(¢,;(t) + ¢;(—1¢)) is itself a characteristic function and hence is
continuous about R;(0) = 1 in a neighbourhood of the origin. Therefore,
given suitably small € > 0 we can find §;, > 0 so small that [R,(t) — 1| < ein
|#| < 8;. Choose 8y = min;é; (clearly dp > 0). Then, in view of the relation
|R,;(t) — 1| < € uniformly in j for [t < &, we must have

(2) larg ¢;()| < | 1;()| < c[I(®)]

for 0 <t < 8o and some constant ¢ > 0, I'(¢) being the [ of condition L. At
this stage we further restrict the § of the theorem to make it less than the
above 8, as well. Then, using (2), we have

] o n
3) lim | ' n“’|¢(t)l“§l larg ¢,(t)| dt

A0 A n=1

<lime fs f‘i n* P o) " L(2)] dt.

A0 A n=1
By an Abelian theorem of Widder (11, p. 182, Corollary 1a), we see that
lim (1 — 2)**> #* 4" = const.
u->1— n=1

and thus, for 0 < # < 1, there is a positive constant ¢ such that

SouTu < el — w)R

n=1

Putting # = |¢(¢)| in this inequality, we obtain, for ¢ = 0,

4) 2w ls (" <l = (6D,
Then, by (4) and Lemma 1, there is a positive constant % such that
5 o 5
lim 3w Ple @) |I(t)]| dt < klim f 578 1(8)| de
A0 A n=1 A0 A

and the right-hand side of this inequality is finite by hypothesis. This establishes
the first part of the theorem.

The remainder of the proof is now easy to complete. We have, for x > 0,

223

nPIPr(S, < n'x) — 3 < nf|Pr(S, < 0) — 3
1 n=1

n=

- i n? Pri| S| < n°x).
n=1

The first series on the right-hand side converges as we have just shown and
the second series converges by Lemma 2(a) as long as 8 > § + p. This
establishes the result in the case x > 0, and the case x < 0 follows similarly.
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In general Theorem 1 cannot be extended to thecase 3 = 3 + ,0 < p < §.
Take, for example, each of the X ; as normally distributed with zero mean and
unit variance. We have, for x > 0,

_ - 1 g
ns[Pr(Sn<n”x)—§,|=nﬂPr(O<Sn<n”x)=WJ: e du

X

* 1
d _\/(21r)n8*p+% e v @2m)n when 8 = 3 + p

so that the series

o0

2w P|Pr(S, < n"x) — 3|

n=1

diverges when 8 = 3 + p.
As an immediate corollary of Theorem 1 we obtain:

CoroLLARY 1. Suppose {X;, j =1, 2, 3, ...} is a sequence of independent,
non-degenerate, symmelric random variables satisfying the condition L. Then for
—o <x< o, 128>3+p,and 0 < p <3,

in_slPr(Sn <n'x) — 3 < .

n=1

Even when x = 0, the result of Corollary 1 need not extend to the case
8 = 1. We have

|Pr(S, < 0) — 1| = 1 Pr(S, = 0)

and it is easy to find examples where Pr(S, = 0) ~ cn~* for some positive
constant ¢ as # — . This is the case, for instance, when the X ; are identically
distributed with a finite variance, zero mean, and characteristic function
¢ () = E(e'X) such that [¢(¢)| = 1 when ¢ is any multiple of 2r; cf. (9, p. 75).

The following example shows that the condition L restriction in Theorem 1
(and Corollary 1) cannot be relaxed in general. Take X ; as normally distributed
with zero mean and variance j=%~* logj, 7 = 1,2,3,.... Then

¢;(t) = exp(—37-07" log jt*) = |¢,(t)]

and |¢,(t)] =1 as j — « for all ¢ so the condition L is not satisfied. S, is
normally distributed with mean zero and variance

—{1—2 2
S E Y logk =a,"~n"logn asn— ».
k=1

We have, taking x > 0 for convenience,

1 -
Pr(S, < #’x) — 3 = vena. J; exp(—3u’a, *) du
2 -2 2

= (21r)_%an_1npx(exp;%x o, 'n%0,%), 0<6, <1
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using the mean value theorem. It follows that
|Pr(S, < n?x) — 3| = O(log n)~* asn — o,

so that the results of neither Theorem 1 nor Corollary 1 can hold. The break-
down in this case comes in Lemma 2(a).

LEMMA 5. Suppose the random variable X has distribution function F(x) and
I(t) is the imaginary part of its characteristic function. If, whenever

f l¥| dF(x) < w

J:xdF(x) = 0,

1
f [I@®E T dt < o
0

we have
then for v > 0,

as long as

|7 e are < o,

This type of result seems to have been obtained first by Hsu (4). Rosén (7)
treats the case vy = 2 while Baum and Katz (1) treat the case 2 < vy < 3.
The proof is quite simple and will be omitted; whenever

J‘_Z x| dF(x) < e

Jm xdF(x) =0

e

and hence

we use

I@) = an (sin xt — xt) dF(x),

and otherwise we use

I{) = f sin xt dF (x).

Lemma 5 is directly applicable in Theorem 1 only in the particular case
considered by Baum and Katz (1). For in order that it should be applicable,
we must have y =4 — 28 and 1 > 8 > % so that 3 > v > 2. It is not at all
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664 C. C. HEYDE

surprising that this is the best we can do in general. As pointed out previously,
we cannot in general obtain convergence up to 8 = 1 no matter how many
moments we assume to be finite. On the other hand, if the X ; do not possess a
finite variance, it is possible to obtain all sorts of pathological behaviour for
the probabilities Pr(S, < 0) despite the restriction EX; = 0 when E|X,| < «;
cf. Spitzer (9, pp. 228-230). He treats the case of identically distributed
summands possessing zero mean but not a finite variance and shows that it is
possible to find cases where the Césaro limit

n
lim ™Y Pr(S; < 0)
N3 k=1
takes on any value @, 0 < @ < 1, and also cases where the Césaro limit fails
to exist altogether.

In the particular case where Lemma 5 is applicable in Theorem 1, we obtain:

THEOREM 2. Suppose {X,; j=1,2,3,...} is a sequence of independent,
non-degenerate random variables satisfying the condition L'. If there exists a
uniform bound I(t) (for the definition of L') belonging to the characteristic function
of a random wvariable YV for which E|Y|** < o, 0 <a <1, and EY =0,
then for 0 < p < § (1 — a),

L]

Z n—(l—ia)|Pr(Sn & nrx) _ %l < .
n=1
Other, albeit rather less general, cases where Theorem 1 may be used are
not difficult to find. In order to illuminate the situation slightly, let us mention
another expression for I(¢) (the imaginary part of a characteristic function
¢(t) which corresponds to a distribution function F(x)). This is the form

(5) i ——-tJ:[l—-F(x) — F(—x + 0)] cos ix dx,

which is obtained by integrating ¢ (f) by parts. It is clear from (5) that whether
an integral of the form

8
lim f 8 1@)| dt
A0 A

is finite or not depends in a critical way upon K (x) = 1 — F(x) — F(—x + 0),
which isin a sense a function measuring departure from symmetry. By consider-
ing certain classes of functions K (x) it is quite easy to obtain applications of
Theorem 1. For example, we could follow Pitman (6) who has studied cases
where K (x) has the property that for A > 0,

K(m) 1
K@x) A"

asx — 0
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for some fixed m > 0 and has obtained asymptotic estimates of the behaviour
of I(t) ast — 0+. This is, of course, just what we need in order to be able to
apply Theorem 1. It does not seem appropriate, however, to pursue this rather
specialized matter further in the present context.
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1. Introduction
Let the random variables X;, ¢ = 1, 2, 3, ... be independent and identically
n
distributed. Write 8, = Z X; and Z,, = Sa B, 1_ 4, for normed and centered

i=1

sums. The classical central limit formulation is for Pr(Z, =< x,) where x, = O(1)
as n — oo and thus gives only trivial information in the case where z, — oo as
n — oo. However, we often require information on Pr(Z, > z,) under these
circumstances. This type of problem is called a problem on the probability of
large deviations and little in the way of comprehensive general results on such
problems has so far been obtained. For references to the known results and also
to various fields in which large deviation problems arise see, for example, LINNIK
[3] and SETHURAMAN [7].

Up till the work of Lixnik [3], all the general large deviation results obtained
had made use of the condition E {exp(a|X;|)} < oo for some a > 0 (that is, the
X; possess an analytic characteristic function) or something even stronger. The
analytic characteristic function assumption was quite basic in much of the work
as the results were obtained, in effect, from a use of the saddlepoint method in
the theory of functions of a complex variable. LINNIK broke away from the
saddlepoint technique and the associated assumption of an analytic characteristic
function. He has, however, only studied the problem of convergence to the normal
distribution and, with the exception of one theorem, only cases where x, = o(]/'n)
as n — oo. In this paper we study, for the first time, large deviation problems
associated with convergence to non-normal stable laws. A general expression is
found for the order of magnitude of the large deviation probability in such cases.

2. Large Deviations in the Case of Attraction to a Non-normal Stable Law

Let {X;,¢=1,2,3,...} be a sequence of independent and identically distrib-
uted random variables with law.% (X) which belong, with normalizing constants
B, to the domain of attraction of the stable law with characteristic function

_  boer—ep . @]
exp | —alt]* (143 pr g tan 57

O0<a<<2,a%xl,a>0,¢ >0,c > 0, and distribution function F. ¢, ¢z and a

22 7, Wahrscheinlichkeitstheorie verw, Geb,, Bd. 7

R. Maller et al. (eds.), Selected Works of C.C. Heyde, Selected Works in Probability and Statistics,
DOI 10.1007/978-1-4419-5823-5_10, © Springer Science+Business Media, LLC 2010



304 C.C. HEYDE:

are related according to
(o]

& == (cl-i—cz)cxfmdw

alto
0

(GyepENKO and KorLmogorov [1], 169—171. We note in passing that an « is
missing from the second and third terms on the right hand side of equation 12,
168 of [1]. This omission is perpetuated in the sequel). As a matter of convenience
we shall exclude the case where ¢1(ce) is zero although the problem is readily
amenable to the same sort of treatment. Under these circumstances the stable
law would be bounded on the left (right) (Lukacs [5], 106). If « > 1 we suppose

n
the X; to be relocated so that E X; = 0. Write Z,, = B, ! ZX; = B 18, and let
i=1
Fo(u) =Pr(Z, =< u). If a = 1, the probability of interest cannot generally be
put into the form Pr(Z, > x,) (GyEDpENKO and KorLmocorov [1], 175). The
problem in this case can be treated but it needs some special discussion and will
be omitted here.
Under the above conditions we may write for > 0, using GNEDENKO and
KoLmocorov [1], Theorem 2, 175,
Pr(X < —x) =20

%

PrX >z)= L(x)r’

xre

where L; (x) and L (2) are slowly varying functions with

Ly (2) 1
L(:C}._}TQ as x> oo,

L{(x) and the sequence B, are related in such a way that

M—>02 as n—»oo.
By

We shall write Ly (x) + L(z) = M (x) so that M (x) is a slowly varying function,
M@y~@+{ﬂL@a3m+mam

M@=H@§—m+ma>@=%@_

In the following discussion we shall restrict consideration to large deviations
in the right hand tail. It is clear that corresponding results will hold for the left
hand tail. We shall obtain the following theorem.

Theorem. Let {x,} be a sequence with xy —> oo as n — co. Then,

sz(Bn)

:r:;'; L(By)
L 7L(33niBn)

. n\En) < .
0 < lim T Br) Pr(S, > a, By) = lim

NnN—>0o0

Pr(Sy > xn Ba) < oo

n—r o0
n

Proof. Denote by A4; and B; the events {X; > x, By} and l Z X; > 0}
i=1
joki
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respectively, 1 =1,2,...,n. 1

f
Pr(Sp > #n By) = Pr [O (4; N Bi)]

i—1
U{D(AmBj)n(AmBi)H

N (40 Bi)]

;ﬂ.
il

-
e
o
[T

v
N
v

I
hfe
| e | '—_——Tl
m. =
D
EU

Tl
fun

N4 Bi)]

i
I

i
X

v
s
o ——

PI’(Ai N Bi) — Pr CGA; N Ai)
i=1
]

v
v

r(Aq) [Pr(By) — (i — 1) Pr(dy)

s
I
-

=nPr(d;) [Pr(B;) —nPr(d;].

Now Pr(B;) — 4 > 0 as n — oo where 4 is the probability that the corresponding
stable law takes a positive value. Thus, given d > 0 with 4 — 2§ > 0 we can
choose N so large that Pr(B;) > 4 — § for n = N;. Also

nPr(dg) = nPr(X >z, By) = _.A.__(.%fn) &Lgﬂ Lu(;n(ﬁﬂ;

n

and since L(z) is a non-negative function of slow variation, it possesses a rep-
resentation of the form

L) =$exp{ f..fff;)du},

1

where a(x) — 1 as x — oo (Karamara [2]). Therefore,

ZnBn
L(zn By) _ a(rpBp) 1 afu)
L(Ba) ~ a(Ba EeXPU‘f‘d“]’

and given arbitrarily small > 0 we can choose N so large that for n > N,

xaBn
L{xp By 1 d
__:%Bn)_}<(1+??)aexp{(l—l—n)j “l=(1+n)w;{-
Ba
Take << «. Then, for n > N,
nPr(Ai)<%BL)(1+n)mg"“—>0 as m—>o0.

n

Thus, given § > 0 we can choose Nj so large that nPr(4;) < d for n = N3 and
hence, for n = max (N1, N3), we have from (1)

Pr(Sp > 2 Bn) = (4 — 26) Pr(X > g By) = n(4 — 28) ZEnBn)

% BY
nL(By) L{xnBa)

B%:  22L(By)

rg
&)
*
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so that
ag L(By) nL(By)
mPI‘(S'n = Xy Bﬂ) = (“1 — 26) . Bﬁ U
and
.z L(By)
ng—r& L{zn By) Pr(Sy > an Bp) > 0.

In order to complete the proof we shall work in terms of the symmetrized
random variables X7, 7 = 1,2, 3, ..., making continued use of the weak sym-
metrization inequalities (LokvEe [4], 245) to transfer the results.

Define

s {Xﬁc if lXilgann
kn —

0 otherwise,
ﬂ‘ ?-1-'4
and write Sy = > X}, S, = > X},. We have
k=1 k=1
2) Pr(| 85| > 2n Ba) < nPr(| X8| > @y Bu) + Pr(|Ss| > 24 Ba)

and, using the weak symmetrization inequalities,

i D) na3 L (Bn) ZaBa
e Pr(| Xe| >y By) S 2 St B (X > 27 <
<21+uM M (yxnBy)
= L(zn Bp) B
— 91+a L nL(Bn) M(YanBn) M(xnBn)
B:  M(zaBy) L(xnBn)’
so that
(3) nlin:o L( Bn) IXS' = &g Bﬂ) < co.

We now turn our attention to Pr(|S},| > 2nBy). From Markov’s inequality
we obtain

Pr(| 85| > 2a Ba) < 272 By 2B (Si)2 = ny ? By 2 (X2
—=na, 2By 2 I 22dPr(Xs = x)
lﬂ}]gﬂlan

ZnBn
= Anx,ng,[zJ'wzdPrﬂXsl > x)

a:“B,.

<2nz,;°B; fwPr | X8| > 2)de < 4na; By _fxq% de <

Wm\»—-

Tn
<16nz; % B, _f x) al-*dx
0

using integration by parts to obtain the third last inequality and the weak
symmetrization inequalities to obtain the second last. Thus,

120Bn
G L(By) o nL(Bn) 1 _
< 1
Lan By TE(Sm| >0 Bu) S 16 =0 g gy ppe | M@ @ide
]
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A
4 —1emBa) 1 [ 1-o .
@ B LBaByre | O
0
1xnBn
nL(By) M(3xnBs) M2, By) 1 )

+16

1—o
BX  M{znBn) L(xaBn) M(}anBy)(wn Ba)?* j M () w =" de
A

for fixed A. The first term on the right hand side becomes arbitrarily small for
sufficiently large n since L is a slowly varying function and o« < 2. Further,

making use of the representation result for non-negative slowly varying functions,
we have for 4 < x < }a, By,

‘Ian
M@) b))  waBa, f(“)clu}
u

MEapBy) ~ b(lxnBn) 2z

where b(u) — 1 as 4 — oo, and given 0 << § << 2 — « we can choose 4 so large that
2&nln

M (z) :ran du | [ xn By \9

D < (14 8) 2 exp { —a-9f 7} =(1+4) (_.__x_) :

Therefore, for suitably large A,
1 $ZnBn 1 + s 1xnDn

ST, N 1- RN (P B2,

T T fM'(x)x R = fa: %0 oy <
a

1 1+ 5
= 22w 2 _g—9

and it follows from (4) that
% L(By)

(5) lim - L(wn B

n—co

Pr(]| 83| = @p Ba) < 00

Using (3) and (5) in (2) we obtain
_— %

. (Bn)
lim =2
n—s o0 L(@n Bn)

Pr(|8;| > xn Ba) < o0

which, using the weak symmetrization inequalities, implies in particular that
#y L(Bn)

(6) lim L(enBy)

n—> 00

Now B, 1S, converges in distribution so z, !B, 18, converges in probability to
zero. Hence, x, * B; ' med 8, — 0 as n — oo. It follows then from (6) by a simple
transformation that

1) e

n—>00

23 L(Bn) 5

Has it B e g

and the proof of the theorem is complete.

In large deviation problems it is usual to compare the large deviation behaviour
of the normed sums with that of the corresponding stable law. In this context,
that amounts to looking at

1 — Frn(zn) _ x5
T—F@) = oty Lt On> % Ba)
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where a9 (z) — 0 as  — oo ([1], Theorem 5, 181 —182), and we shall have

1 — Fa(an) 1 — Fp(2n)

0 < B T Few 1= Flea) =%

n—00

< Iim -
n—>roc
if and only if
L(Bn) —— L(By)

i Pt s L SR e st Sl LT
s 11_]11_ L(xyp Bp) :nli,n; L(zy By) <o

f—>r 00

This is the case, for example, when the random variables {X;, ¢ =1,2,3, ...}
actually belong to the domain of normal attraction of the particular stable law.
In that case,

L(z) = ¢z + Pa(x)

where f3(x) — 0 as ¥ — oo. In general, however, different distributions belonging

to the same domain of attraction can possess quite different asymptotic behaviour.
It seems plausible that in the theorem the result

2% L(By) — @y L(By)

L(an?) PI’ (Sn => &p Bﬂ) :nl_j_?z-o L(xn Bﬂ»)

lim
n—soco
should hold. In this connection it should be mentioned that McLAREN [6] has
shown, using combinatorial arguments rather like those of LinNik [3], 302,
that in the case of normal attraction,
. 1 — Fp(zs)
lim ———BV%
n—soo 1 — F{Zn)

Pr (S, > xy By)

1

provided ﬁg 5 —> 0 as n— oo for some 4 > 0.
Acknowledgement. I am indebted to A. D. McLAREN for some stimulating correspondence

along the lines mentioned above.
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ON LARGE DEVIATION PROBLEMS FOR SUMS OF RANDOM
VARIABLES WHICH ARE NOT ATTRACTED TO THE
NORMAL LAW

By C. C. HEypE
University of Sheffield

1. Introduction. Let X;,% = 1, 2, 3, -- -, be a sequence of independent and
identically distributed random variables with law £( X ), and writeS, = > X..
Letz,,n =1,2,3, - --, bea monotone sequence of positive numbers with , — «
as n — « such that z, * S, —p 0. (“P” stands for convergence in probability).
We shall call the probability Pr (|S,| > z.), or either of its component tail prob-
abilities, a large deviation probability. This constitutes an extension of the ordinary
concept of large deviation probabilities where the X, belong to some domain of
attraction, Z, = B, 'S, — A, are the normed and centered sums, and the proba-
bilities Pr (|Z,| > z.) are called large deviation ones for z, — «© asn — «.

In this paper, we shall consider random variables which do not belong tothe
domain of partial attraction of the normal distribution. That is, those for which
(Lévy [4], 113)

(1) im infy.. [ Pr (| X| > )/ [ 2 <u 2° dF(2)] > 0,

where F(z) = Pr (X = z). We shall, in addition, make the restriction that for
o > 1and {z,} such that z,”'S, —r0asn — o,

(2) 0 < lim infy.e [Pr (|X| > az,)/Pr (|X| > 2.)].

The condition (2) is imposed to remove from consideration some laws whose dis-
tribution functions have widely spaced points of increase and for which the large
deviation behaviour would be somewhat pathological.

Under conditions (1) and (2), we shall obtain a general expression for the order
of magnitude of the large deviation probability in the form of (3) and (4) below.
This provides a generalization of the work of Heyde [3] where the corresponding
result (one sided version) was obtained for the case where the X belong to the
domain of attraction of a non-normal stable law. Apart from [3], there appears to
be no other work directly on large deviation problems outside the domain of
attraction of the normal distribution.

It is worth noting that the condition (2) goes some way towards implying
condition (1). In this connection, we mention the following result which is a
minor modification of a lemma of Doeblin [1]: If & > 1 and for 4 > wu,,

Pr (|X]| > au)/Pr (|X| > u) = ¢ca > 0,
where a’c, > 1, then
lim infyas (28 Pr (| X| > @)/ [ 1s15u @ dF(2) Z ca(1 — 1/caa®) > 0.
Received 13 February 1967.
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1576 C. C. HEYDE

2. Results.

LeMMA. If {z.} is a monotone sequence of positive numbess with x, — « as
n — oo, then z, 'S, —» 0 if and only if for every e > 0,

(1) nPr(|X| > exn) 0 as n— «,
(i) nx, fm <o, T dF(z) -0 as n— o,

(iii) nz, " [1z1<on TdF () =0 as n— .

This result is stated essentially for the sake of completeness. It follows im-
mediately from the degenerate convergence criterion ( Lodve [5], 317). We note
that when the X; do not belong to the domain of partial attraction of the normal
distribution, condition (ii) is satisfied as a consequence of conditions (1) and (i).

TrEOREM. Suppose that X, , ¢ = 1,2, 3, - -+, is a sequence of independent and
wdentically distributed random variables satisfying the conditions (1) and (2).
Further, {x,} s a monolone sequence of positive numbers such that x, — «© as
n— w and 2,78, —p 0. Then,

(3) 0 < liminfs.. [Pr (|S.] > 2.)/n Pr (| X| > )]
< lim supn-e [Pr ([Sa] > @a)/n Pr (|X]| > 24)] < e,
or equivalently,
(4) 0 < lim infyee [Pr (|8, > 2,)/Pr (maxy<n | Xi| > 2a)]
< lim SUPnasw [Pr (|8a] > 2.)/Pr (maxi <. | Xi| > #.)] < .

Proor. Take ¢ > 0 and denote by A, and B; the events {|Xi| > (1 + €),}
and {|D 7.2 Xj| < ex,} respectively, 7 = 1,2, --- , n. If E is the complement
of E, we then have

Pr (|8, > z.) = PrUi (4,0 By)]
" PriNizl (4;n By) n (4:n By
St PriNi=t A;n (4:n BY)]
S {Pr(4:nB;) — Pr(UiZl 4;n 4,)}
i= Pr (4:)[Pr (B;) — (¢ — 1) Pr (4,)]
= n Pr(A,)[Pr(By) — nPr(A,)].

Now z, 'S, —p 0so Pr(B;) — 1 asn — o« and, given 8 > 0 with 1 — 256 > 0,
we can choose N; so large that Pr (B;) > 1 — &6 for n = N, . Further, from the
lemma we see that n Pr (4;) — 0 as n — <, so that we can choose N so large
that n Pr (4;) < § forn = N.. Thus, forn = N = max (N, N.), we obtain
from (5),

(6) Pr([Sa| > z.) = n(1 — 28) Pr(|X] > (1 + €)z4),
so that
Pr (|8, > za)/n Pr (JX| > 2,) = (1 — 28) Pr (|X| > (1 + €)2.)/Pr(|X]| > z2)

il

(5)

v v

%
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and
lim infpse [Pr (|S.] > z.)/n Pr (| X| > 2.)]
> (1 — 28) Em infoaw [Pr (|X] > (1 + €)2.)/Pr (|X| > z)] > 0

in view of condition (2).

In order to complete the proof we shall work in terms of the symmetrized
random variables X.°, 7 = 1, 2, 3, - - - , making continued use of the weak sym-
metrization inequalities (Loéve, [5], 245) to transfer the results.

Define

Xin = X' if |X| £ 22,
=0 otherwise,
and write S,° = D i Xi', Son = 2=y Xin . We have
(7) Pr (8. > 2x,) < nPr (|X°] > 22,) + Pr (|S7a] > 2z.)
and, using the weak symmetrization inequalities,
Pr (| X°| > 22,)/Pr (| X]| > 2,) £ 2Pr (|X| > 2.)/Pr (| X]| > z.) = 2.

We now turn our attention to Pr (|Sh.| > 2z,). From Chebyshev’s inequality,
we obtain

Pr (|85, > 2r.) £ (22,) 2E(8S5.)
= n(22,) 7" [ 121 <25, £ d Pr (X° < z),
so that
[Pr (85| > 22.)/n Pr (|X] > )]
[Pr (}S5a] > 22,)/n Pr(|X*| > 22,)][Pr(|X°| > 22,)/Pr (|X| > z.)]
< 2(222) 7" [la1 g2 @ d Pr(X° £ 2)/Pr(|X°| > 22,

and lim supy-« [Pr (|87, > 22,)/n Pr (|X| > x.)] < e« since X° cannot belong
to the domain of partial attraction of the normal distribution. We then have,
from (7), lim sup,.. [Pr (|S,°| > 2z,)/n Pr (|X| > z.)] < « and hence, using
the weak symmetrization inequalities, lim sup,.. [Pr (|S, — med 8,| > 2z,)/
nPr (|X| > 2,)] < . However, as ©,”'S, —7 0, . ‘'med S, —» 0 asn — =
and so, for ¢ > 0 and » sufficiently large,

Pr (|8, — med S.| > 2z,)/n Pr (|X| > z.)
(8)  Z Pr(|Sal > (2 + €)z.)/n Pr (JX| > z,)
= [Pr(|Su] > (2 + &)z)/n Pr(|X] > (2 + €)2a)
[P (|X] > (2 + €)2a)/Pr (|X] > 2a4)].

Using condition (2) and a simple transformation, it follows from (8) that
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1578 C¢. C. HEYDE

lim supsaw [Pr (|8a| > z.)/n Pr (|X| > ,)] < «. This completes the proof of
(3) and it just remains to establish the equivalence of (3) and (4). This, however,
is easily deduced as, from Bonferroni’s inequalities (Feller [2], 100), we have

nPr(|X| > z)[1 — $(n — 1) Pr (|X| > @)]
< Pr(maxi<, [Xil > 22) £ 2 Pr(|X| > w,)
and hence, in view of condition (i) of the lemma,
Pr (maxy<n |Xi| > %) ~nPr(|X| > 2,) as n— .
The required result follows and the proof of the theorem is complete.
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1. Introduction

Let X;,¢=1,2,3,... be a sequence of independent and identically distrib-
uted random variables with var X; = 02 << oo and KX; = 0. Write

Sﬂzth nzl
i=1
Then, %
Em%ﬁﬂ&gaﬁﬂ%@m:vrjaww
/2T 4

-— 00

as n — oo, and the rate of this convergence is a matter of considerable impor-
tance. In this paper we shall establish the following theorem:

Theorem. Let X;, i =1,2,3, ... be a sequence of independent and identically
distributed random variables with EX; = 02 < oo, EX; = 0. Then,

> n 102 gup | Fy(x) — P(x)| < oo, 0

n=1 z

if and only if B|X|2%0 < o0, 0 < 6 <1, EX7log(l -+ | Xi|) < o0, 5 =0.

[IA

d<1, (1)

With the exception of the boundary case 6 = 0, this result provides a global
generalization of a theorem of Baum and Katz [1] in which they established the

L=}
convergence of the series ZTFHNZ | Pr(S, < 0) — | under the condition
1

E|Xi|*<oo, 0Z8<1.

The theorem of this paper is, in a sense, complementary to Theorem 3.4.1 of
Linnig and IBragimov [7] in which they show that

| Fp(x) — @(x)] =092y, 0<<d<C1,
if and only if
J‘xzdF(a:) = 0{z79),
|z| =2

where F(x) = Pr(X = x) (a sketch of the proof of this result has also appeared
in IBrAGI™MOV [5]). The large literature on the Brrry-EssErx estimate is also
closely related. See for example Karz [6] and Biksauis [2] for recent contributions
in this field. A comparison of the forms of the various results would seem to
indicate that moment conditions are equivalent to series conditions on the terms
sup | Fy(x) — @ (2)| rather than conditions on the individual elements.

x
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On the Influence of Moments on the Rate of Convergence to the Normal Distribution 13

2. Details

In view of our assumption of a finite variance, we can express the charac-
teristic function f(t) of the X; in the form

16 = exp{— T 1+ y @)} @)

where lim y () = 0. Furthermore, in a neighbourhood of the origin, the equation

{—0 5
0= e~ 7F)

can be satisfied at not more than a finite number of points ([7], § 6, Chapter 1)
and hence in some suitably small interval, say 0 <<t << ¢, we have () + 0.

Firstly, we shall prove the theorem for symmetric random variables X;. In
this case f(f) and 9 (f) are real valued and symmetric. The proof is accomplished
with the aid of two lemmas.

Lemma 1. For symmetric random variables the series (1) converges if and only
if for A >0,

1201 gy < . ®

Proof. Firstly we prove necessmy Let f,(t) be the characteristic function cor-

responding to F,(x). Then, integrating by parts in the equation

falt) — 42 = etz d[Fy (2) — D(@)],
we obtain -

Ul = [t [Fy(2) — B@)]da.
Further, it is seen that

it e~t2 — J‘em 1 eatagy.
—=  V2m

We observe that the conditions for the applicability of the Parseval identity are
satisfied and hence

f [fn(f) — @22 dt = V;; f [Fp) — D) ze ™ Pdx.

Thus from (1)

Saclrorz| [[f () — e F et dt | = 3 n1t02 | [[F,,(x) — Blx)]ze ™ de
1 —o0 1 — o0
< > nlt2sup | Fy(x) — P(x)| < oo.
1 T
That is,

oo oo gl - 12
Zn—1+}:r§ jeugz(l_e*ztr(gvﬁ)) dt}<oo,
1 — o0
and since y(u) does not change sign in some interval [0, ¢], we must have

o0 1
Zn_l+_;5i!"e_zzll ___ e—étﬂy(t/(ﬁwl)” dt << co.
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der

)’dﬁ<oo

However, as n — oo,

11— emderldflef) | — ; 2

Z pl+io J"t2 (

and, upon making the transformation » = t/o |/n, this yields

(1 4-0(1)),

so that

o /(av’)
> a0t [ g2y (u) | du < oo (4)
1 0

ﬂ

Now f u2|y(u |du is montone decreasing as « increases so, for X > 1,

X 1/ (o)) [X] n+1 1/(a}/z)
fa:“”'”{ | uz[y(u)]du}dm_g_ > j'mé(“"”{ _]' ugly(u)]du}dx

1 0 n=1mn
[X]
é n+ %(1+5) J' uzly Idu

where [X] is the largest integer less than or equal to X. Furthermore, it is possible
to choose a constant ¢ > 0 such that (n 4+ 1)}@+9 < cn?@+9 for all positive
integral » and hence, for all X > 1,

X 1/(a)/=) X] V'n)
J’ﬁ(ua){ [ w2 ] Idu}dx<cznﬂ(1+a)f “2|V |du,
1 0 n=1
Consequently, using (4) we see that
oo 1/(c}/=)
J'x"*“""‘”{ J' u-zly(u}|du}dx<oo. (5)
1 0

Now, in view of (5) we must have

2w 1/(a)/z)
J"x%(1+6){ r u2|y(u)[du}dx»0 as w-—»o0,

w 0
and
lf(a 2w)

2w 1/((1 i) F
Ix%(1+d){ u2|y(u)|du}dx;w“3+5) [ w?|y@w)|duz=0,
w 0 ]

so that, putting v = 1/ }/2w, we conclude that

v

',;a}n'fu2|?(“)1fl“”° as v—0. (6)
0

Then, upon making the transformation v — 1/o}/x, (5) becomes

T{fu? Iy 0] du};ﬁio < oo,
0

0
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On the Influence of Moments on the Rate of Convergence to the Normal Distribution 15

and in view of (6), the fact that condition (3) is satisfied follows immediately from
an integration by parts.

It remains to prove the sufficiency of the condition (3). Making use of The-
orem 1.5.2 of [7] we have for 7 > 0,

r
1 n(t) — e-t32 24
| Fu(@) — ®(2)| < f ”)t—e— dt + —

-Tr

(7)

Take 1'= Bo ]/n where 2071 > B > 0 is chosen so small that

Then, using the inequality
lez — 1] < |z]el?],
we have
[fa(t) — e 3| =1 — -1yt (a)n) |

1 { t2 12
< g . A
o V(avn) exp{—y+3

1

_t
y(avﬁ)

Hence for |t| <17, using (8),

2
[fn() — e t¥| < t2 l Y(VWE/*—) e it
. -
so that we have
BUV;],
-1434 j,@( ue_ltg ‘dt < i df ( tik) N

— UZZn%dJu I y(u) I Pk L L Py J‘u ] y(u) | {fn‘-}ﬁe—ic‘znua} i 9)
1 0 0 1

Now, making use of a standard Abelian theorem (e.g. FELLER [3], 423) we see
that

lim (1 — 8 1+%"2n B8 =T'(1+19),
St

and hence, for u =+ 0, it is possible to choose a constant K > 0 such that
in%ﬁe—iaznuﬂ g K(l - e—{-azuz)—(l+%d}‘
n=1
Furthermore, for 0 =« = B we have }o2u? <1, so that
1 — e 1 5 152942(1 — Lo2u?),

and hence

nh 8 8_" uﬂnuﬂ K 22+6
a%ﬂfu To(1 — & o2u?)l+id

(10)

nMS

Then, using (9) and (10) we see that

nzl poltie f‘ fn(i)

dt < du

B
K22+df |‘}«'(%)|

a0 ulte(1 — §o2u2)l+is
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16 C.C. HEYDE:

and this is finite in view of the condition (3). It follows from (7) that the condition
(1} must be satisfied. This completes the proof of the lemma.

Lemma 2. For symmelric random variables, the condition (3) is satisfied if and
only if B|X;|2t0 <00, 0<< <1, EX7log(l + | X;|) < oo, § =0.
Proof. In a neighbourhood of the origin,

azt~

f) —1=——5—(1+40(1)),
and then,
logf(t) = log {1 4 [f(¢) — 1]} = [f() — 1]+ O(¢tY). (11)

Suppose, for the sake of definiteness, that in the interval (0, C], ¢ (¢) << 0; we
obtain from (11),

¢ ¢ o
242 1 242
} o2 fjtlfii dt = [ Ll L T ] b+ IO = gt 4+ 002
0 0 0
G122 j?ocostu— 1)dF(u)
=/ LA dt + 0(C2-0)
0
~ ¢ 14 1292
tu — 1
s [ { f (C"S-ff‘--ﬁ;n——-“-) .t}dF(fu.) +0(C29).
Y 0

Consequently, the condition (3) and the condition

j_o{lc( costﬁtgﬁtijlt?u )dt} dF (1) < oo (12)

— oo 0

are equivalent. c
costu — 1 -+ Ft2u?

Now let us look at the integrand / ( 1375 )dt. After two integra-
0

tions by parts we obtain
c

/‘ cos fu :,l,ii“i) G cos Cu — 1 + €22 w(Cu —sinCu)
. (346 ST RFNme T Qe+ aote T
c
u? 1 —costu
+araaEy | we b
0
so that the condition (12) is equivalent to the condition
=) ¢
1— ¢
fuz U e dt} F (u) < oo,
—oo 0
which transforms to give
Cu)
j|u12w{fﬁ“dv}dmu)<m_ (13)

(13) is obviously equivalent to the condition £ | X;|2%0 < co when 0 < § < 1.
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On the Influence of Moments on the Rate of Convergence to the Normal Distribution 17

On the other hand, when 6 = 0, we have for Iui >1

Cluj Clu|
f lfeosv d’u—f (rzgsipkd + ch _f cosvdv
0 C

log]u| as iu] —> o0,

so that (13) is equivalent to the condition EX7 log(1l -+ | X;|) < co. This com-
pletes the proof of the lemma.

Lemmas 1 and 2 establish the theorem for the case of symmetric random
variables. We go on to complete the proof of the theorem in the general case.

Firstly, we shall examine the necessity part. Consider the sequence Y,
i=1,2,3, ... of independent symmetrized random variables; each Y; having the
distribution of the difference between two independent X;s. Obviously, the char-
acteristic function of the random variables Y; is | f(f) |2 and the distribution func-
tion of the sum

7 = it Vs
o )2n
is equal to Fy(x |/Z (1= Fa(—= /2 — 0)) = Gy (2). Hence, if Fy(x) satisfies

the condition (1), then

§7¢‘1+*°’Sgpl0n(x) — P (x)]
n‘“’“sup | Fa(z)/2) % (1 — Fa(—2 /2 — 0)) — D(2}/2) * (1 — D(—2}/2))]
R sup |Fa(a)/2) #(1— Fp(—2)/2—0))— B(x)/2) ¥ (1— Fa(—z)/2—0))|

—{-Zln sup]@ ]/2 1—Fn(—xV2—0))—@(x]/é)*(l—@(wx]/ﬁ)ﬂ

By Lemma 1 in such a case,

A
[merol g o

0

and proceeding exactly as with the proof of Lemma 2 we extract the information
that E|Y;|2H0 < oo, 0 <<d <1, EY7log(l + |Y;|) < oo, 6 =0 and hence
E|X;|2t0 < oo, 0 <8 <1, EX}log(l + |X;|) < oo, 6=0.

In order to prove the sufficiency part, we shall make use of the result that if

4
POl @< oo, 0=8<1, (14)
0
then oo
Zn‘“”%"sup | Fp(z) — D) < oo.
We note that |y ()| = |y(— t)|. Then, the proof of this result is essentially the

same as the proof of sufficiency in Lemma 1 and is hence omitted. We complete

2 7. Wahrscheinlichkeitstheorie verw. Geb., Bd. 8
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18 C. C. HeEypE: On the Influence of Moments

the proof by showing that the condition
E| X2 <o, 0<d<1, EXilog(l+ |Xi|)<e, 6=0,

implies the condition (14).
Now exactly as with the proof of Lemma 2 we can show that E | X;|2+0 < oo,
0<d<1, EXFlog(l + | X¢|) < oo, § =0 implies
A
Re y(t

B 4 < oo (15)

0
we shall show that the corresponding integral obtained by replacing Rey (t) by
Imy (¢) is also finite. Indeed, in a neighbourhood of the origin,

1022 |[Imy(t)| = |Imlogf(t)|
= |Imf(t)| 4- O(tY),
so that
A 4 ?(sintu — tu)dF (u)
bot 1.1?:3:_&‘)1_ df — f == dt + 0 (A2-9)
0 0

and the finiteness of the integral on the right hand side under the condition
B|X;|2t0 < oo, 0 = 6 < 1, follows from Lemma 5 of HEYDE [4]. This result,
together with (15), gives us (14) and thus completes the proof.

Addendum. Since the preparation of this paper there has appeared a related work *““Conver-
gence rates for the central limit theorem” by FRiepMaN, KaTz and KooeMans, Proc. nat. Acad.
Sci. USA 56, 1062—1065 (1966). In this paper the convergence problem dealt with relatestoa
fixed 2 and not to the maximum over all 2, — o << 2 <C o, as in the present work. In so far
as the results are connected, those of the present paper are superior. Different methods are
employed in the two papers.
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ON LARGE DEVIATION PROBABILITIES IN THE CASE OF
ATTRACTION TO A NON-NORMAL STABLE LAW

By C. C. HEYDE
University of Sheffield

SUMMARY. In this paper, the precise asymptotic behaviour of the large deviation probability
is found in the case where the random variables are attracted to a non-normal stable law. This extends

previous work of the same author in which only the order of magnitude of the large deviation probability was
found.

1. INTRODUCTION
Let X4, 4 =1, 2, 3, ... be a sequence of independent and identically distributed
random variables with law J4(X) and write S, = i_Erlll X; Lety,,n=1223,... be a
monotone sequence of positive numbers with y,— co as n— co such that y;? Sﬂ,i 0.

(P stands for convergence in probability). The probabilities Pr(]S,| > y»), or
either of the one sided components, are called large deviation probabilities.

In the papers Heyde, (1967a and 1967b), the asymptotic behaviour of
Pr(]|8»] > ya) has been investigated for various types X which are not attracted to
the normal law. The results contained therein, however, have a shortcoming in that
only the order of magnitude of the larger deviation probability is found and not the
precise behaviour. It is the object of this paper to remedy this deficiency in the case
of the (1967a) paper where the X; belong to the domain of attraction of a non-normal
stable law. The context of the (1967b) paper, namely with the X; not belonging to
the domain of partial attraction of the normal distribution, is manifestly too general
to allow for a corresponding complete answer.

2. DgeraiLs

The formulation of the problem follows the same lines as that of Heyde (1967a)
to which we refer for background details. Thus, the X; belong, with normalizing
constants B,, to the domain of attraction of the stable law with characteristic function

exp{—a]t]“ (l—f—iﬁzi—_i__zitan%)}, e (D)
0<a<2,a#1, a>0, ¢, >0,c,>0. Certain rather exceptional cases (¢, or
¢y zero, a = 1) are excluded as a matter of convenience. If o> 1, we suppose that the
X are located so that EX; = 0. Consequently, we have B;;1S, converging in law to
a stable distribution with characteristic function (1) and ;' B! Sﬂfy 0 if xy,
n =1, 2,3, ... is a monotone sequence of positive numbers with x,—c0 as n— 0.
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Under the above conditions we may write for & > 0, using Gnedenko and
Kolmogorov (1954, Theorem 2, 175)

(| X| > @)= M(m), @

where M(x) is a slowly varying function which satisfies the relation

M(B
1T N (c;+cy) as n — oo, e (3)
B
We shall establish the following theorem concerning the two sided large devia-
tion probability. Corresponding one sided versions can probably be obtained in
much the same manner but there are some technical difficulties to overcome.

Theorem : Let {x,} be a monofone sequence of positive numbers with x,—co
as n—» 0. Then,

PT(%SnI > x%Bn)

li =1,
w S W Pr([X[ > znBn) (4)
or equivalently,
. Pr(|8n| > znBy)
lim e
nf_,w Pr( max [X;c]>ann) 1. w18
l1sk<sn

This result extends that of Heyde (1967a) where it is shown, in essence, that

Pr(|8u| > #aBy) _ = Pr(|Sn| > zaBn)

0< i
< I I S aaBa) Sa ok Pr{| X = #aB3)

13—):0

< o0.

Proof :  Firstly we note that the analysis of the theorem of Heyde (1967b)
can be used and we deduce immediately that

hm ] i3

It therefore just remains to show that

T Pr(]8u| = zx8,)
nose® PPL]X ]| = waBa)

and the result (4) will follow. The equivalence of the forms (4) and (5) is deduced
precisely as in Heyde (1967b) and will not be repeated here.

For 1 <k nandn=1238,..., define random variables
( Xgp if |Xp] <2aBa
L 0 if |Xi| >2nBn,
264
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ON LARGE DEVIATION PROBABILITIES

n
where z, =27, 1> v > 1/2, and write §,, = £ X,,. Take 0 < ¢ << 1 and define
k=1
the events
E,={|Xr| > (1—¢)x,B, for at least one & < n},

¥, ={|Xx| >z,B, for at least two k's < n},

Gy ={|84n| > ex,B,}.

Then, we have

{{8a| > 2. B4 CEUF, UG,
so that

Pr(|8,| > =,B,) < Pr (£,)+Pr (F,)+Pr (G,)
<2 Pr(|X| > (1—e),B,)+n}Pr (| X| >2,B,)
+Pr (|8, > 62,B,). ... (6)

We shall deal separately with each of the three terms on the right hand side of (6).

From (2), we have

nPr(|X| > (1—&l,B,)  M[(1—s),B,]  a:B2 1
TwPr(|X| >e,B,) | Mz,B,] = wBl—eF (1—e)r

as n—r o0,

(7)
Also,

W Pr(|X| >2,B)F _ aM(B,)  [MeB,)P
nPr(|X]>e,B,)  B: & MB,)Mx,B,

x5 (X, \"1 T2
< i

Za n
2 \2,

ws e xg"l'"h —y(20+1y —23)

for n sufficiently large using estimates obtained in Heyde (1967a), where C is a positive
constant and 7,, 9, are arbitrarily small and positive. Since 1 >y > 1/2, we can
choose 7, and 7, such that

ot — (2049, —%5) < 0,
and then

n[Pr(| X| > zuBp)?
Pr(|X| > zxBp)

— Oasn — 0. e (8)

Finally, it remains to consider Pr(]Spn| > exnBy). We have, using
Chebyshev’s inequality,

Pr(] Sma' > expBa) < &% B2 B(8L,)
= ¢~ 2%;2 B;% [n EX%+ 3 nn—1)EXk,)?]). v (9)
255
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Then,

22dPr (X <=z
EX%, 12| <Iz,, B, (dsm

22B2 Pr (| X | > @nBa) T 2B Pr(|X| > %ubBn)

ZnBa
2 [ zPr(|X]| > x)dz
0

S BBEPr(|X| S onBn)

ZaBn
2 Pr(|X d
j'; zPr(|X]| > a)dx 2Pr(|X| > mBa)

= ZEBIPr(|X| > 2uBn) = #:Pr(|X| > xaBq)

where we have used integration by parts to obtain the second last line. Further-
more, using standard properties of slowly varying functions (Feller, 1966, 273), wehave

2 2 Pr(|X| > w)de
0

AR ([X[ >zaBn) 2 ="

while

22Pr (| X| >2nBn) _ 227® M(z0Bn)
gﬁ‘r——“l = xﬂ,B.,T) = ——x?‘_n M(wan) — 0asn — o,
and therefore,
EX3
: = : .. (10
xﬁBﬁPr([X|>anﬂ)"’0 as 7 —» (10)
Algo, if a < 1,
|EXkn| < Bl Xl = | |z dPr(X < 2)

lz] < znBn
2, Bg

< [ Pr(|X]| > =x)da,
0

using integration by parts, so that

ZnBn

{; Pr(|X| > 2)da T
0
annPT(}XI > zaBa)

MEXgn)®

2 2
ZBIPr(| X| > waBr) s ] el

“22Pr ([X| > 2uBa)

In this case,

zpBp
{ Pr(|X|> 2)dz 1
#.B, Pr(|X[>2.B,) 1-a’

while

n2[Pr (| X| >2,B,)]* _ #[Pr(|X|>z,B,)]
2 Pr(|X| > z,B,) Pr(|X|>x,B,)

— 0 as n— o0,

2566
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ON LARGE DEVIATION PROBABILITIES
according to (8) above, so that for « < 1.,

W EXgq)?
22 BiPr(| X | > #nBy)

— 0 a8 n— 00, wo (11)

If, on the other hand, 1 < & < 2, we have since EX = 0,

|BXy| =| | 2dPr(X <)

Izl < 2,8, I

2d Pr(X < .’c)|
[2] >z,Bp

< |2]dPr(X < )
|z] > 2,B,

=— [ @dPr(|X] > )

2By

= }; Pr(|X| > @)datz,B, Pr(|X| > 2,B,),

and
[ Pr(|X| > 2)de
#nBn - :
2B, Pr(| X|>2,B,) a—1
so that
WEX)? [éf“'xl > 1 wedPr( X [> 2,B,)P
«BZPr (| X|> «,B,) ~ |2,B,Pr(|X|> z,B,) 2 Pr (| X|> 2,B,)

— 0 as n— 00, o (12)

again using (8). Then, from (9), (10), (11), and (12), we see that

Pr(|8,,.|> e2,B,)
wPr(X[> 2.B) — 0 as n— 0. .. (18)

Finally, using (7), (8) and (13) in (6), we see that

Tim Pr(|8s!>=,B,) 1
naen Pr(|X|>2,B,) ° (1—¢)?

and since g, 0 << ¢ < 1 is arbitrary,

Tim Fr([Sal>@.Ba) _
non Pr(|X|>2,B,)

This furnishes the proof of the theorem.
257
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ON THE CONVERSE TO THE ITERATED LOGARITHM LAW

C. C. HEYDE, University of Sheffield

1. Introduction

Let X,,i=1,2,3, - be a sequence of independent and identically distributed ran-
dom variables with law.#(X)and write S, = 27—, X;. If EX = 0and EX? = 6% < o0,
the law of the iterated logarithm (Hartman and Wintner [1]) tells us that

S,|=1 =1.

Pr(lim sup (26nloglogn)™*

Furthermore, it has recently been shown by Strassen [4] that if

S

Pr(limsup(nloglogn) ~*

n—> o

<w) =1,

then EX =0, EX? < 0. The proof of Strassen, however, utilizes deep results
of Skorokhod involving the use of an associated Wiener process and it is the
object of the present paper to develop a direct approach to this result. As a by-
product, it will be clear how the results of Stone [3] can be extended.

2. Results
Theorem. 1f EX* = oo, then

Pr(limsup(nloglogn)~*|S,| =0) = 1.
n— 00
Proof. Firstly suppose that EPr[lX [ > (nloglogn)*] = w. Then, for
N>0,

x| lsese o sl sl
N[nloglogn]* N[nloglogn]* = N[nloglogn]} N[nloglogn]t

< | S”I + I Sn-- 1 ,
= N[nloglogn]* ~ N[(n—1)loglog(n—1)]*’

so that if Pr(]S,,] > N(nloglogn)*i.o.) = 0, then we must have

Pr(| X,| > 2N(nloglogn)*i.o.) =0

Received 25 April 1967.
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On the converse to the iterated logarithm law 211

and hence, from the Borel-Cantelli Lemma (the X,’s being independent),
2 PE[IX] > 2N (nloglogn)*] < 0. (“‘i.0.”” means infinitely often). This clearly
contradicts the condition X Pr[|X | > (nloglogn)*] = oo so, by appeal to the
zero-one law, Pr( S,,1 > N(nloglogn)*i.o.) =1. Since N is arbitrarily large, the
result of the theorem follows. Consequently, it remains to consider the case
where X Pr[|X| > (nloglogm)*] < o but X Pr(|X|> n*) = co, this last con-
dition being equivalent to EX? =o. We note, in particular, that
YPr(|X|>n"?"") < oo; that is, E| X|*7® < 0, every 6>0. Furthermore,
if EX = u # 0, the truth of the theorem is evident from the strong law of large
numbers so we may subsequently restrict ourselves to the case EX =0. We shall
proceed by developing a modification of the argument of Stone [3].

Write F for the distribution function of X . Also, for a positive constant K,
let H be the distribution function which results from truncating X at —K, + K
and then centering to make the mean zero. Then, there are positive constants
a and b (a +b =1) such that F = aG + bH, G being a distribution function.
Of course, b =Pr(|X| < K). Let Y,,Y,,-- be independent random variables
with common distribution function G; Z,,Z,, --- be independent random variables
with common distribution function H and write T, = X, Y, U, = X, Z,.
Also, &, &,, -+ are independent and identically distributed such that Pr({, =1) =a
and Pr(é, =0) =b. The Y;’s, Z,’s and &,’s are taken as mutually independent.
We write also, j(n) = 27-, &, k(n) =n—j(n) and V, = Tj,, + Uy, Clearly
V, has the same probabilistic structure as S,, so in order to obtain the desired
result we have just to show that for any positive N,

Pr{(nloglogn)™*

Va

> Nio.] = 1.

Now, since EX =0 and EZ; =0, we have EY; =0 and consequently
Pr(|T,| < e(nloglogn)ti.o.) =1 for any fixed & > 0. Define events 4,, n = 3, by

A, = {J(0) S 3@ + Dn; | Ty | < elnloglogn)*}.
Then, Pr(4,i.0.) =1, for n~'j(n) “3 a as n— o and consequently,
Pr(j(n) > Ha + n; | Ty

(**a.s.” denotes almost sure convergence). Furthermore,

< g(nloglogn)*i.n.) = 0.

Pr[(n]oglogn)_*]V,,l = N i.o.]

Pr([ Tyy Uk(,,)] > N(nloglogn)*i.0.)
= Pr(A4,; | Tjony + Urimy| = N(nloglogn)* i.0.)
=z Pr(4,;|Uimy| =2 (N +¢&)(nloglogn)*i.o.).

Also, when A, holds, k(n)=%inb, and given a small positive 7, we have
(1 +mloglogk(n) > loglogn for n sufficiently large. Thus,
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212 C.C. HEYDE

Pr(|V,| = N(nloglogn)*i.o.)
1)
2 (N +&)[(1 +n)2b~k(n)loglogk(n)]* i.0.),
and the problem is to show that this right right hand probability is unity.
Let 0> =varZ; = EZ> Then, using the law of the iterated logarithm,

= (N +&)[(1 +1)2b-k(n)loglogk(n)]* i.0) = 1

1\%

Pr(4,;

Uk(u)

Pr (l Ui’z(n)

provided (N +¢)*(1 +n) <ob. In order to proceed further, we show that
(nloglogn) *T, 5 0 as n— co. (“‘P”” denotes convergence in probability).

Firstly, we recall that X Pr [IX I > (nloglogn)*] < oo, and consequently
nPr[] X | > (nloglogn)*¥] — 0 as n — 0. Thus, using the degenerate convergence
criterion (Lo&ve [2], 317), we shall have (nloglogn)™*S, 5 0 provided we can
show that

o (Iog]ogn)'lf x*dF(x) >0 as n— o,
|x] £ (nlog logm)}
and
o
i w(loglog n)'*J ; ¥dF(x) » 0 as n— 0.
| x] < (nloglogn)

For n = 3 we have, using integration by parts,

(nloglog n)%
f , X°dF(x) = —f x*dPr(| X|> x)
|%] = (nloglog n) 0

IA

(n log logn)
2 f xPr(|X| > x)dx
0

(3 loglog3)i
= 2 [ xPr(| X| > x)dx
]

n—1 [(k+1)loglog(k+1)14
+2 X f

k=3d

xPr(| X| > x)dx

[k loglogkT"

1A

(3 loglog 3)i
2 f xPr(| X| > x)dx
0

+ "il Pr[| X| > (kloglogk)*][(k + 1)loglog (k + 1) — kloglog k]
k=3

iIA

(3loglog 3)% n—1
2f xPr(| X | > x)dx+ C X loglogkPr[|X| > (kloglogk)]
k=3

0

for some positive constant C. Consequently, since X, Pr [[ X I > (nloglogn)*) < w0,
we have from the Kronecker Lemma (e.g. Loéve [2], 238) that
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(loglogn)™* x*dF(x)»0 as n-— o,
|x| = (nloglog m)*

and (1) is established.
In the case of (ii) we have, since EX =0,

J xdF(x) = f 3 XdF(x) (
[x] Z(nloglogn) |%]> (n log log n]
f x | dF(x)
|x|> (n log log n)
= (nloglog n)*Pr[[Xl > (nloglogn)*] + f s Pr(lX] > x)dx
(nloglogn)

= (nloglogn)*Pr[| X | > (nloglogn)*] + X Pr(|X|>x)dx

k=n J[kloglogk]

< (nloglogn)*Pr[| X | > (nloglogn)*]

lv[(k +1)loglog(k+1 )]*

+ § Pr[[X| > (kloglog k)*]{[(k + 1)loglog(k + 1)]* — [kloglog k]*}

A

(nloglogn)? Pr[l XI > (nloglogn)*]
+ ck_f Kk *(loglog k)*Pr[| X | > (kloglog k)*]
< (nloglogn)*Pr[| X | > (nloglogn)*]
+ C’n_*(loglogn)*éj Pr[| X| > (kloglogk)*],

C, C’ being suitably chosen positive constants. Since EPr[IX ] > (nloglogn)?]
< o0, it follows immediately that (ii) is satisfied. We therefore have
(nloglogn)™%S,5 0 and consequently that (nloglogn) *T,50.

Next we return to the main problem. Define events B, by

B, = {|Uiw

Then from (1), our problem is to show that Pr(4, N B,i.0.) = 1, or equivalently,
that lim,_, o, Pr[Um=n(4. N B] = 1.
Let A denote the complement of A. We have

= (N +¢)[(1 +n)2b-"k(n)loglog k(n)T*}.

Pr[ fj (Aman)] =Pr [(j { :6:(71:0 B)n(4,N B,.,)”

m=n n=n

~ T [mﬁl(mn (4n0 B |

m=n l=n
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214
= fi [nEnB NA ]
e} a+1)m m—1
= E__ - [[O ElanmAmn{](m) =1}}
0  d(a+1i)m m=—1
2 T T P[0 B Bun{im) = 1P Lon(jom) =1} |

for arbitrary 8, 0 < é < a, the {Y;} and {Z;} being mutually independent. Now,

since (nloglogn) *T,%0, Pr we
can find an integer I and a constant K > 0 such that

Pr[4,N{j(m)=i}] =2 K forall m=n2I, ém=<i=<¥a+1m.

Then, for n=1,

[es) o0 f(a+1)m m—1
Pr[U (A,,,nB,,,)] =K2 XN Pr[ﬂﬁ,ﬂBmﬁ{j(m)=i}]

m=n m=n i=dm I=n
" KX Pr ['ﬁléman{amsf(m) < 3(a + )m}

m=n Il=n
> K Zolo Pr [HIB,an -K f Pr [{dm< j(m) < ¥a + 1)m}] .
m=n I= m=n

Now

Pr[{ém < j(m) £ 4(a + )m}] = Pr[j(m) < om] +Pr[j(m) > 4(a + 1)m]
= Pr[k(m) > (1 — 8)m] +Pr[j(m) > (a + 1)m]
< e-(l—ﬁ)muE[enk(m)] I e—»}(a+ 1)mt2 E[etz}(M)]

— [e—n(l—ﬁ)(aen 2 b)]m _I_[e—-}(a-"l)fz(a _ betz)]m

= [T + ()]
say, where t, and t, are positive and chosen so small that £(¢,) <1, n(t;) <1.

Then,
» _ el | [nG]”
L Pr[{omsjim)<da +Dm}] = 7 é(tl) 1= Z'T(fz)

m=n

— Qas n—oow.

Consequently, from (2),

lim Pr Lj (A,,,QB,,,)] > K lim E Pr [ml:’i(ﬁ,ﬂBm)]
l=n

n—=w m=n

\

n—+ 0 m=n

= Klim Pr [U B,,] =K

n—+a®Q =
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On the converse to the iterated logarithm law 215

for (N +¢€)*(1 + 1) < ob since Pr(B, i.0.) = 1 under this condition. It then fol-
lows, from the zero-one law, that Pr(|S,| > N(nloglogn)*i.o.) =1 provided
that (N +¢&)*(1 +n) < ob. However, EX?> =0, so ¢ can be made arbitrarily
large by increasing K and, correspondingly, b tends towards unity. & and # are
arbitrarily small so in fact the relation Pr(lS,,I > N(nloglogn)*i.o.) =1 holds
no matter how large be N > 0. This establishes the result of the theorem.
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A NOTE CONCERNING BEHAVIOUR OF
ITERATED LOGARITHM TYPE

C. C. HEYDE

Let {X owt=1,2,3, - } be a sequence of independent and identi-
cally distributed random variables and write S,= >~ , X;, n=1. It
is well known that

Pr(lim sup(2#n log log n)~1/35, =1) =1
s 0

if and only if EX;=0, EX?=1 (Hartman and Wintner [6] obtained
the sufficiency part and Strassen [9] the necessity) and the purpose
of this note is to clarify the corresponding situation in the case where
these moment conditions are violated. It turns out that the oscillation
behaviour of normed sums rests essentially on whether or not the
summands belong to the domain of partial attraction of the normal
distribution.

Firstly, we remark that it has been shown by Freedman (see
Strassen [9]) that there exist symmetric random variables X; with
EX?= o or even ElXi = o, for which it is possible to choose a
monotone sequence {bﬂ, n=1,2,3--- } of positive constants with
b,—  as n— = such that

Pr(lim sup 4;715, = 1) = 1.

n— a0

With this in mind, we go on to establish the following theorem.

THEOREM 1. Suppose the X, are such that there exists a monotone

sequence of positive constants {bn, n=1, 2, 3, --- } with b,—© as
n— e for which
(1) lim sup b, Sa| < o

with positive probability. Then, at least one of the following two condi-
tions is satisfied:

a.s.
(i) b1(Ss — med S,) — 0.

(i1) The X; belong to the domain of partial attraction of the normal
distribution. A mnecessary and sufficient condition for this is (Lévy
[7, p. 113])

Received by the editors November 1, 1968.
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2Pr(| X
lim inf “ r(l 1|>u) = (.

o f 22d Pr(X; < )
lz|su

(2)

(“a.s.” denotes almost sure convergence; “med” is an abbreviation of
median).

Proor. Firstly, since (1) is a tail event on the Sy, S, - - - process
it has probability one using the Hewitt-Savage zero-one law (e.g.
Breiman [1, Corollary 3.50]).

Next, suppose that neither (i) nor (ii) are satisfied. From (2), there
exists a constant C>0 such that

u? Pr([XIi >u)>Cf x2d Pr(X; £ %)

|z su

for u> U. Thus, for > U and n>1,
MQ[PI(lX1| >u)—-Pr(|X1] >nu)]§f x%d Pr(X1§x)
<lz|snu

< wC'p? Pr(| X1| > nu),
from which we obtain
Pr(| X1| > u) < (1 + ¢ Pr(| X1| > nw).
Thus, for # sufficiently large we have, when e>1,
(1 + e Pr(| Xi| > b)) < Pr(| Xa| > ba) < Pr(| Xy | > ),
and when e<1,
Pr(| X1| > b2) S Pr(| Xu| > ebw) £ (1 + Ce2)Pr(| X| > b,),

so the convergence (divergence) of D Pr(|X1J >eb,) for some ¢>0
implies convergence (divergence) for every ¢> 0.

If > Pr(| Xi| >ebs) = = for every ¢>0, we have from the Borel-
Cantelli Lemmas that

(3) Pr(| Xa| > ebnio) =1
for every €>0 (“i.0.” is an abbreviation of infinitely often). Further-

more, | Sa—Saa| =|Xa| £|Sa| +]|Sas], so that (3) implies
Pr(| S,.] >ieb, i.0.)=1 for every ¢>0 which contradicts the condi-

tion (1).
Finally, suppose that > Pr(| X1| >ebn) < w, every €>0. We intro-
duce a sequence of random variables { Yi, k=1,2,3, - - - } defined by
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Vi=2X: if |Xi| S b
=0 if | Xi| > b,
and write 7, =2 »_; Vi. Then,
2Pr(Ye = Xy) = 2 Pr(| Xu| > b)) < ,

from which it follows that

a.8.
(4) bn_I(Sn e Tn) —0

as n— . Also, for n sufficiently large,

EY:: = Cbi Pf(‘ XIW > bn))

and hence Y_b;?EV?< w. It then follows from a theorem of Kolmo-
gorov (e.g. Lodve [8, p. 238]) that

a.Ss.
BT, = B o=l

as n— o and consequently, from (4), that

a.s.
b 'S, — ET,) —0,

or equivalently (e.g. Loéve [8, p. 247]),

a.s.
b, 1(S, — med §,) — 0.

This again provides a contradiction and completes the proof of the
theorem.

In view of the important condition (ii) of Theorem 1, it is interest-
ing to investigate the oscillation behaviour of sums when the sum-
mands do not satisfy condition (ii). Unfortunately, it turns out that
centering complications prevent us from giving a complete answer in
the general case. These complications can, of course, be avoided by
working with symmetric random variables and then it is possible to
give a full explanation of the behaviour. This is what we shall do in
the next theorem.

THEOREM 2. Suppose the X ; are symmetric and that they do not belong
to the domain of partial attraction of the mormal distribution. If
{bﬂ, n=1,2,3,--- } 15 a monotone sequence of positive constants with
bn— % as n—s o, then for any €>0, Pr(| S.| >eb,1.0.) =0 o0r 1 according
as Pr(l X 1| >b,) converges or diverges. Equivalently, b;'S,>50 as
n— oo if and only if 3 Pr(| X1| >b,) converges.
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The proof of this theorem involves only minor modifications of the
proof of Theorem 1 and will be omitted. The result is closely related
to those of Feller [3].

REMARK. By way of comparison with the result of Theorem 2, it
is worth noting that under the same conditions on the X, b, 'S,20 if
and only if n Pr(] X1| > eb,)—0 as n— « for every >0 (“p” denotes
convergence in probability). This follows simply from the degenerate
convergence criterion (e.g. Lo&ve [8, p.317]) upon making use of the
Lévy condition (2).

If further structural conditions are imposed on the X, it is often
possible to investigate the matter of centering of the S, process in
sufficient detail to enable the symmetry assumption of Theorem 2 to
be dispensed with while still obtaining the same behaviour. As an
example of the possibilities, we have the following theorem.

THEOREM 3. Suppose that the X ; belong to the domain of attraction of
a nonnormal stable law of index a1 which is not one-sided and that
EXi:OifEIX,- < oo, If {bn, n=1,2,3 --- } 15 @ monotone sequence
of positive constants with b,— © as n—w, then for any €>0,
Pr(l Sn| >eb, 1.0.) =0 or 1 according as Pr(| X1] >b,) converges or
diverges. Equivalently, b, 'S.*50 as n— o if and only if ) Pr(| X1| >b.)
converges.

ProoF. Again we can make use of a slightly modified version of the
proof of Theorem 1 and in order to complete the proof of Theorem 3
it is just necessary to show that b, 'E7,—0 as n— o where 7, is
defined as in the proof of Theorem 1.

Firstly we note that under the conditions of the theorem we may
write for x>0, using Gnedenko and Kolmogorov [5, Theorem 2,
p. 175],

Pr(l X1| > x) = M(x)xe,

where M(x) is a function which is slowly varying as x— . It is
necessary to treat separately the cases a <1 and 1 <a<2.
If <1,

EY.| S E| V.| =f | x| d Pr(X, < «x)

lz] sb,
bn
éf Pl’(l X]l > x)dx,
0

using integration by parts and, using standard properties of slowly
varying functions (e.g. Feller [4, p. 273]), we have
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bn
f Pr(| X:| > a)dx
0

—_—
ba Pr(| X1| > ba) 1—a

as n— o so that we can choose a constant ¢; >0 such that
(3) | EVa| < cibn Pr(| X1| > b2)

for each n.
If, on the other hand, 1 <a <2, we have since EX;=0,

| EV.,

=lf xd Pr(X; = )
zi<hy

=lf xd Pr(X; £ x)
2] >by

gf | x| d Pr(X, £ %)
lz]>by

= ——fma:d Pr(] X1| > x)

n

= b, Pr(| X,| >b,,)+f Pr(| X1| > x)dx,
by,

and

f Pr(| Xi| > #)dx
b

n

__)
b Pr(| X1| > b,) a—1
as n— 0, s0 that we can choose a constant ¢; >0 such that
(6) | EVa| S eobn Pr(| X1| > b2).

Take ¢ =max(c1, ¢2). Then, from (5) and (6) we have in general that

(7) b EYa| ¢ Pr(| Xi| > 8.) < w,
n=1 n=1
and the result b, 'ET,—0 follows from an application of the Kronecker
Lemma to (7). This completes the sketch of the proof.
Theorems 2 and 3 provide a convenient tool for obtaining results of
the type of Chover [2]. We immediately obtain from Theorem 3, for
example, the following extension of the result of [2].
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COROLLARY 1. Suppose that the X ; belong to the domain of normal

attraction of a nonnormal stable law of index o # 1 which is not one-sided
and that EX;=0if E| X;| < . Then,

Uoglog W™ — pa™) = 1,

Pr(lim sup | n= S,

n— ot

(Note that in the case of normal attraction, there is a constant ¢>0
such that Pr(| X;| >x)~cx—=asx—w.)
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ON EXTENDED RATE OF CONVERGENCE RESULTS FOR THE
INVARIANCE PRINCIPLE

By C. C. Hevypr

Australion National University

Let {X:,7 = 1,2, 3, ---} be a sequence of independent and identically dis-
tributed random variables for which EX; = 0, var X; = o°, E|Xi"™ = b < «,
a > 0. C[0, 1] is the space of continuous real-valued functions on the interval
[0, 1] with the sup norm topology. We define a “random broken line”” as follows:

) = D ta Xy (on*) fort =n 'k
£.() = £a(n7h) + nlE @ (k + 1)) — £ (7Rt — n k)
forn ' k<t=n ' k+1),1=5k=Zn.

TraEOREM. Let g be any uniformly continuous functional, g:C[0, 1] — real line,
such that there exists a constant L > 0 with the property that

[Prig(¢(t)) = o+ A} — Prigt(t)) = z}| = LiA|

where £ (t) is the standard Wiener process. Then, there exists a constant A > 0
such that for alln > 1,

(1) |Pr {g(t. (1)) < 2} — Pr{g(t(t)) < z}| < A(logn)'n™*,

where A = (1 + %a)/(a +3)(<%),r = min (a, 1 + 3a)/2(a + 3). This result
extends that of Theorem 5 of Rosenkrantz [3] where the bound (1) is, in essence,
given in the form

IPrig(t.(t)) = z} — Pr{g(t)) < z}| < A(log n)'n™

subject to the restriction that ¢ = 2. Only minor modifications of the work of
Rosenkrantz and necessary to furnish this extension; we shall just indicate these
and refer the reader to [3] for full details of the proof.

The condition a £ 2 was imposed by Rosenkrantz as a consequence of em-
ploying a moment inequality of von Bahr and Esseen [1] which is valid for ex-
ponent r, 1 < r = 2 (note that 2r = 2 + ). This is used to obtain the vital in-
equality (25) of [3]. For the case @ > 2 (r > 2), we make use of a result of

Dharmadhikari, Fabian and Jogdeo [2] which gives in place of (25),

(2) Elzfmlr é Crn§Vn,

where C, = [8(r — 1) max (1, 27°)]".

Thus, combining (2) with (25) of [3], we can replace the estimate (27) of [3]
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2179 CONVERGENCE RATE FOR INVARIANCE PRINCIPLE

by the general estimate
(3) Pr (maxi<i<n [2a] > 6) < max (2, C;)n™* g

where ¢ (#) = min (r — 1, 3r), r > 1.

The details of proof of [3] are then followed exactly up to the stage of choosing
e, and &, tending to zero at appropriate rates. Instead of the versions chosen in
(37), we employ

& = n—2a(r) (2r+1)—1 (.B lOg n)—(2r+1)"1, e"2 — 285,, IOg n,
where 3 > 1 4+ a(r)/(2r + 1). The result of the theorem then follows as with [3].
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ON THE MAXIMUM OF SUMS OF RANDOM VARIABLES AND
THE SUPREMUM FUNCTIONAL FOR STABLE PROCESSES

C. C. HEYDE®*, University of Manchester

1. Introduction

Let X;, i=1,2,3,--- be a sequence of independent and identically distributed
random variables which belong to the domain of attraction of a stable law of index
o« Write S, =0, S, = X2, X;,n =1, and M, = max,<; <, S;. In the case where
the X, are such that}? n~'Pr(S, > 0) < oo, we have lim,_ M, = M which is
finite with probability one, while in the case where XLin” 'Pr(S,<0)< o,
alimit theorem for M, has been obtained by Heyde [9]. The techniques used in [9],
however, break down in the case X3n ~'Pr(S, < 0) = o0, 27n " 'Pr(S, > 0) =
(the case of oscillation of the random walk generated by the S,) and the only
results available deal with the case o = 2 (Erdds and Kac [5]) and the case where
the X; themselves have a symmetric stable distribution (Darling [4]). In this paper
we obtain a general limit theorem for M, in the case of oscillation. Specifically,
if {B,,n =1,2,3,---} is a monotone sequence of constants such that B, 'S, con-
verges in distribution to the stable law with characteristic function

§)) exp[ —A|I|“(1 + iﬁsgnrtan%d)],
A>0,0<0g2,B=0ifa=1,|f|<lifa<1,|B| S 1if1<a <2, weshallfind

H(x) = limPr(B; 'M, < x).
n—+co

In connection with the parameter restrictions, we note that the stable law with
characteristic function (1) is one-sided if a <1, |f|=1 (e.g., Lukacs [12],
page 106) so that the random walk generated by the S, does not oscillate ([9],
Lemma). The case « = 1, f7£0 introduces a normalization complication and is not
amenable to treatment by the methods of this paper.

It is possible to approach the problem of finding H(x) in various ways. For, if
Y(t), t =0, Y(0) =0, is the separable stable process with stationary independent
increments which is based on (1), then also,
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420 C. C. HEYDE

H(x) = Pr(sup Y(f) <x).
0s=s1
The double Laplace transform of Pr(supy<,<,Y(u) < x) has, in this context,
been obtained by Baxter and Donsker [1]. Their results are, however, not in a
sufficiently explicit form to enable any of the properties of H(x) to be deduced.
In the present work, we make a more detailed investigation leading to considerably
more illuminating results.

2. The supremum functional for a stable process

In this section, we shall deal with the case where the X; themselves have a stable
distribution with characteristic function (1) (and, of course, the specified parameter
restrictions). This will be followed in the next section by an invariance theorem
to establish the generality of the limiting distribution found in the present context.

Under the present circumstances, it is a simple matter to establish the existence
of a limiting distribution for n~"*M,. In fact, if Y(¢), t =0, Y(0) =0, is the
separable stable process with stationary independent increments which is charac-
terised by

Eexp {iuY(T)} =exp { — T1| u]“ (1 + iﬁsgnutanﬁg—)},

and if we take

k (L v B 5
Xk=[Y(2—)—Y(2N )]2 L R B DY,

then it follows readily from Lemma 2 of Baxter and Donsker [1], that

2) lim Pr(rf””t M, < x) = H(x),

where

(3) H(x)=Pr ( sup Y(1) < x )
0=t=1

and also

Pr( sup Y1) <x ) = H(xT~1/*).

0=ZtsT
We shall proceed, using methods of Darling [4], to obtain an expression for H(x).
For s real and positive, let
$,(s) = Pr(S,£0) + E(exp{—sSn}; S,>0)
=Pr(X<0) + E(exp{—sn'"X}; X >0),

since n”'/* S, and X; have the same distribution. Then, using Theorem 4 of

Zolotarev [18], we obtain the unilateral Laplace transform

93



On the maximum of sums of random variables and the supremum functional for stable processes 421

sinmp
d
x2 + 2xcosmp + 1 *

(4) Ele™*; X>0)= % on exp { — (sx)%,}

where

1/2 1
5y A= }L(l+52tan2fg~) ,p=3%+ fﬂgarctan[ — B tan =

A ] =Pr(X > 0),

(the result p = Pr(X > 0) was obtained by Chung-Teh [2]), so that for 0=t < 1,

o0
X n~1",(s)
1.
dx
x2+2xcosmp+1°

sinnp

= —(1-plog(l—1) -

fcolog[l —texp{ — (sx) ", }
0

But, using (4),

sinmp dx _
7 Jo X2+ 2xcosmp+1 P

and therefore,

©
log(1 =10+ X n7'1",(s)
1

__sinmp J‘”lo 1 — texp {—(sx)"4} dx B
N T Jo g 1—t x? +2xcosmp +1°

Consequently, as ¢11,

sin mp J‘m log(1 + s"% ;) ix

o
1 1—¢ ~1yn _ i/ —
og( ) + ? n” ", [(1— 1) s]— - o X2+ 2xcosmp+1

and, using the Spitzer-Pollaczek Identity (see for example Prabhu [13], page 218,
Theorem 4.1),

[ea]
(6) 1331 (1-9 § E(exp{—s(1 — H''*} M,) = g(s),
where
sintp [ log(1 + s%%4,)
7 - e
) &(s) exp{ n J:) x? + 2xcosnp + 1 )

Precisely the argument of Darling [4] then yields the relation
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G(1 — )
®) 2 = ra—sr(d —a=t +sa-1)’

|.@s| sufficiently small, between the Mellin transforms,

A(s) = J;w x*"1dH(x),

G(s) = J;OO x*71 g(x)dx.

As with [4], it follows that H(x) is an absolutely continuous distribution function
and upon inverting in (8) we obtain the density function

d 1, ok G(1 — s)x~*
T smio TA =1 — a1 + sa—1) 4

(see for example Widder [17], pages 246, 247). We have thus established the

following theorem.
Theorem 1. If 0 <o <2and f=0ifa=1,|B| < lifa <1,

Bl s1ifl<a=2,

then

d I paE G(1 —5)x°
©) i 0= 5 J.c_,.w T =0 — a1 F a1
where

G(s) = me’_lg(x)dx,

g(x) being given by (7).

The expression in (9) does not in general simplify conveniently. We shall go on
to examine an alternative method which is illuminating in its own right and has
the advantage of providing more recognisable results in certain particular cases.
This is based on the representation of M, in the form

M, =0if R,=0
Mn=zl+22+"'+ZR", ifR"gl,

where the Z; are successive strong ascending ladder steps for the random walk
generated by the S, (that is, Z; has the distribution of the minimum S, with S, > 0)
and R, is the number of strong ascending ladder indices in the first n steps of the
random walk.
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Firstly, we need to investigate the distribution of R,. We easily see that the
occurrence of a strong ascending ladder index is a recurrent event in the usual
sense of Feller. This we shall denote by &, so that R, is the number of occurrences
of & in n steps. R, can be expressed as a sum of indicator random variables in the
following way:

RI’I = Z 5’(’
k=1
where
1 if & occurs at the kth step,
6.’( = {

0 otherwise,

and we can study R, via the §,. If N, is the number of positive terms in the
sequence Sy,S,, -, S

n’

Pr(5k=l) = Pr(Sk>0, Sk>Sl,"',Sk >Sk‘l)

k
(10) = Pr($;>0, XX;>0,,X,>0)
2
= Pi’(Nka),

the X, being identically distributed. We now define sequences {u,, n =0},
{f.,» n=1}, as follows:

ug =1, u,=Pr(6,=1), n=z=1,
fy = Pr(6, =0, ,=0,--,6,_,=0,6,=1), nz 1,

and introduce the generating functions

o0} [e 0]
Ul) = Xut” FH= Xfit", 0=t<l.
n=0 n=1

These, of course, satisfy the standard identity of recurrent event theory,
(11) Up=[1-F®]™', O0=t<l.

Then, using a well-known result of Sparre-Andersen (see for example Spitzer [16],
page 219) together with (5) and (10), we have

(12) U(t) = exp :ZO) fkTIPr(X >0 =1 —1)7".
1

Lemma. The recurrence time distribution of & belongs to the domain of
attraction of the stable law of index 1 — p.
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Proof. If q,= X2, .1f, we have

(-0 [1-FOl= T qf=(1-pn¢,

using (11) and (12), so that

(1 - t)l_pz ann= 19

n=0

and applying a standard Tauberian theorem (see for example Feller [7],
page 423, Theorem 5),

1
n ™~ T P
BT TA - p)

-P

as n — oo. The result of the lemma then follows immediately by appeal to Theorem
la, page 303 of Feller [7]. Then, using the lemma in conjunction with Theorem 7
of Feller [6], we readily obtain:

Theorem 2. let G, be the distribution function of the stable law whose
characteristic function is given by

e .. TP
g,(1) =exp { - |t\"’ (cos7 — isin jsgnt)},
where p = Pr(X > 0). Then,
(13) limPr(n™® R, £x)=1-G,(x"'/"), x=z0.

n—+co

Remark. Only in the case p = } is it possible to give a convenient alternative
form for the limit distribution in (13). We have, making use of a result due to Lévy
(see for example Lukacs [12], page 107),

%G%(x) =4n " *x"texp{ — 1/4x}, x >0,

so that
(14) % [1 = Gy(x™*)] = n " *exp{—1/4x?}.

Thus, the limit distribution is a truncated normal.
Next, we need to examine the limit properties of the Z, We have (see for
example Prabhu [13], page 210, Theorem 2.2)
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o0
1—Ee %= exp[ — X n~! E(exp{—sSn}; S, >0)}
1
- exp{ — X nT'E(exp{—sn'"X}; X >0)}
1

sinm ® « dx
- exp{ RPJ; log[1~exp{—(sx) ll}] g Ty

using (4). Furthermore, if

dx
x2 + 2xcosmp + 1

3

I(s) = f log[1 —exp { — (5x),}]
]
then we can write I(s) = I,(s) + I,(s), where

® log b(sx) J‘ © log[(sx)*A]
— I § =
L) J:, x2 4 2xcosmp + ldx’ 2(5) o X2+ 2xcosmp+1

and b(u) = [1 —exp{ — u“4,}]/(u"4,). Then, I,(s) >0 as s >0 using dominated
convergence. Also,

J‘m dx _mp J”” log x dx 1
o X>+2xcosmp+1 ~ sinzmp’ o X2+2xcosmp+1

using (4) and Gradshteyn and Ryzhik [8], page 533, respectively, so that

_
I,(5) = sinnp(IOg A, + alogs)
and hence
1 - B = s exp| L1 + 1,9
(15) - Hexp {2721,

£ Pr(X>0)
- M = [}{(1 + thanz%{) ]

as s — 0. Now it is easily checked from (5) that ap =< 1, with equality if and only if
l<a=<2and f=1whena <2 Thus,if0<a=<lorl<a<2and —1=f<1,
n~*(Z, +... + Z,) converges in distribution to the stable law with characteristic
function

exp{ — 2] t[“‘”(l — isgnttan rr;_p)}’
whileif 1l <a <2 and =1 when a < 2, we have ap = 1 so that
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31/ 1/a
sl — Ee™* %) [/1(1 + tan? ﬂ—;) ] = [lsec(n—g—a)] >

and therefore,

(16) EZ = [}Lsec(ﬂ: - ?)]m < o0.

These results clarify those of Rogozin [15], where it is not possible to calculate
specifically the constant in (15). We are now in a position to establish the following
limiting result.

Theorem 3. If 1 <a<2and f=1 when a <2, || =1 when « = 2, then
17) Hx)=1— Gm( - Asec";x‘*), x>0,

where G, is the distribution function of the stable law whose characteristic

function is given by
e {cos - — isin —sgnt
20 208 )
Proof. We may write

(18) My Zi+-tZp, Ko  Zit-+2s,

nile nila nila R,

81/(t) =exp { = lt

Now, in view of (16) and using Theorem 2 of Richter [14],

Zy+ - +Zg, p .., moe\
(19) WT— —>EZ = |: j. SCC(TE = T)jl )
(“‘p”’ stands for convergence in probability). Also, we have from Theorem 1 that
(20) lim Pr(n™ "R, £ x) =1 — Gy ,(x™%).
n—+o0

Then, using a standard convergence result (see for example Cramér [ 3], page 254),
it follows from (18), (19) and (20) that

H(x) =1limPr(n~ "M, < x) = lim Pr(n""*R,EZ £ x)

h— 0 n—» o0

g . Gm(— lsec%x’“) ;

This completes the proof of the theorem. In the particular case o = 2, we see from
(14) that

(21) H(x) = - fxm ~F i f e
X) = \/TE . e u—m oe .
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The result (21) is well known and has a long history. Different methods of derivation
can be seen in Erdds and Kac [5], Lévy [11], page 85, and Darling [4].

3. Limit theorem for maxima of partial sums

We shall establish the following invariance theorem.

Theorem 4. Let X;,i=1,2,3,--- be a sequence of independent and identically
distributed random variables and write S,=X%, X, n=1, S,=0, and
M, = max, <, <, S;. Suppose that there exists a monotone sequence of constants
{B,, n=1,2,3,---} such that B, 'S, converges in distribution to the stable law with
characteristic function (1). Then,

lim Pr(M, < B,x) = H(x),

n—+oQ

the distribution function H(x) being given by (9), (17) or (21).

Proof. LetY,i=1,2,3,-- be independent and identically distributed random
variables with characteristic function (1) and write W, = X'_, Y, Write also,
H,(x) =Pr(M, < B,x) and for n; = [jk 'n], j =1,---,k, ([u] here refers to the
integer part of u) H, ,(x) = Pr[max(S,,,S,,, -+, S,) < B,x]. Then, since B, is of
the form n'/*L(n) where L(n) is slowly varying as n — oo (Ibragimov and Linnik
[10], Theorem 2.1.1), we have

. n\'* L(n
H,3(x) = Pr(Max(S,,, S, S,,) = ni""L(n,) (n—) %H)L)_x )
1 1

Consequently, it follows from the multidimensional central limit theorem and

Equation (2) that for x > 0,

(22) lim lim H,y(x) = lim Pr ( max W, < k”"x) = H(x).

k= now k=0 1j2k
Now, for arbitrary ¢ > 0, define
X, if —KeB,=< X, <¢B,,
an = { 2
0 otherwise,

where K= K(g,n) is chosen such that EX,, = 0. It is easily seen that K(e,n) — K,
a positive constant, as n— co. Write S, ,, = 2y X,, where m =n;,; — r and

n; <r =n;; Then, if N =n;,, — n;, we have
Pr(|S,., — S,

< m[Pr(X < —KeB,) + Pr(X > ¢B,)]+ Pr(

>¢B,) = Pr(| Sml > ¢B,)

Hi+1

Sum| > ¢B,)
(23)

IIA

N[Pr(X < —KeB,) +Pr(X >¢B,)] +¢ *B, *ESZ,,

A

N[Pr(X < —KeB,) + Pr(X > ¢B,)] + Ne *B, ’EX_2,
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where we have used Chebyshev’s inequality in obtaining the second last inequality.
Now,nB, %> EX2 < ¢,e* %, nPr(X < —KeB,) <c,6 * ,and n Pr(X>¢B,) < ¢3¢ °
as n— oo, where ¢, c,,c5 are positive constants (not depending on ¢) (Feller [7],
pages 304, 544-546) and, furthermore, N ~ k™ 'n. It follows then, from (23), that
we can choose a positive constant ¢ such that for all i, r, n,

(24) Pr(

Spr,— S| >eB)<ck™e™?

Consequently for x > 0,

Pr(M,> B,x)= X Pr( max Sng,,x,S,>B,,x)

r=1 15jsr~1

k-1
= 2 3 Pr( max S; < B,x,S, > B,x, S,,Hl——S,.|>eB,,)
i=0 mi<rZni+1 1=j=r—1
k—1
+ X b2 Pr( max S; < B,x, S, > B,x, |S,.,, —SrlgaB")
i=0 ni<rini+i 1£jsr—-1
(25) n
A e Pr( max S; < B,x, Sr>B,,x)
r=1 1=jsr-1
k—1
+ X =z Pr( max S; < B,x, S,> B,x, |S,,,—S: gsB,,)
i=0 m<rZm+4 1£j=r—-1

< ckTleT + 1 — Hyx — ¢,

using (24). Finally, since H,(x) < H, ,(x), and with the aid of (25), we deduce that

(26) H,(x — &) — ck™'e™" < H(x) < H, ().

In view of (22), the result of the theorem is then immediate if we let n — oo and then
k — oo in (26) since H(x) is an absolutely continuous distribution function.

Addendum

The author has been informed by a referee that Theorems 3 and 4 of this paper
are derivable from results of A. V. Skorokhod in “Random Processes with Inde-
pendent Increments” Izdat. Nauk (Moscow) 1964 (in Russian). It has not been
possible to compare methods due to the unobtainability of this book. A number
of improvements to the exposition of this paper have been suggested by the ref-
erees and these the author gratefully acknowledges.
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Summary. This paper is concerned with the use of the #; and %, metrics in a study of
certain properties and implications of convergence rates in the central limit theorem for sums
of independent and identically distributed random variables which belong to the domain of
attraction of the normal distribution. Also, some general convergence rate results on the %o
metric obtained under the assumption of a finite second moment are used as a vital tool in a
new proof of the classical iterated logarithm law and in extending the scope of classical
methods for the proof of other similar results of a more general kind.

1. Introduction

In this paper, we consider a sequence of independent and identically distributed
random variables X;, ¢ = 1, 2, 3, ... which belong to the domain of attraction of
the normal distribution. Since this last property implies £|X;| < oo, we shall

suppose for convenience that £X; = 0. Then, if §, = ZX.;—, n = 1, there is a
i=1
monotone sequence of normalizing constants {B,, n = 1} such that as n — oo,

[
Fo(z) = Pr(Sp < Bypz) - ®(x) = 7;_; fe=aizne gy,
and it is not difficult to see that as # — oo, -

_Foan(x) — D ()| de—0.

We shall firstly establish the following theorem:
Theorem 1. If
(1) Sal[|Fu(x) — @ (x)| de < oo,
n=1 —oo

then EX? < oo. That is, the X; belong to the domain of normal attraction of the normal
dustribution.

In connection with this theorem, we mention the results of IBraGciMOV [7]
where it is shown that if

ﬂ Fo(x) — @ ()| da = O (n-")

— 00

for some % > 0, then EX? < oo. Also, if EX} = 02 < o0, then for 0 < ¢ < 1,
[|1Pr(Sy £x0)/n) — ®(x)| dx = O(n-92)

13 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 11

R. Maller et al. (eds.), Selected Works of C.C. Heyde, Selected Works in Probability and Statistics, 103
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if and only if, as z -+ co,
J‘ 22dPr(X; <) =0(z79).

|2 >z

We shall show in Theorem 2 that if EX? = ¢2 < oo, then
>alf|Pr (Sn = cco‘l/;z) — @ (x)|de < oo
1 — 00

if and only if EX}logt | X;| < co. (Here, log+z = max (0, log z)).

The other main theorem of this paper is Theorem 4.

Theorem 4. Let EX?=1, F(x)=Pr(X;=xz), and Fp(z)=Pr(Sp =20, ]/ﬁ),
where
(2) oi= [ 22dF@)—| | a:dF(x)r.

lz]<}n lz]<}n

Then, if K > 0, C > 1, and {ny, k = 1} is a sequence of integers with ny ~ K2k
as k —> oo, we have

oo

(3) Z sup | F,, (@) — @ (x)| < oo.

k=1 =
This theorem depends on refinement of the details of proof of Theorem 1 of
Friepman, Karz, and Koopmaxs [3] where it is not difficult to see that the follow-
ing somewhat stronger result is, in effect, derived.

Theorem A. If EX?=1 and F,(x)=Pr (Sﬂ =xo, V_n) where oy 18 given by (2),
then

(4) > nlsup | Fy(x) — @ ()| < oo.
n=1 T

We remark, in passing, that conditions (3) and (4) would, of course, be equivalent
if it could be shown that the L. metric is ultimately monotonically convergent
to zero. Theorem 4 is particularly useful from the point of view of applications
since it is often convenient to study convergence along a geometric subsequence.
We shall illustrate by obtaining a new proof of the law of the iterated logarithm
and by showing how results of CHOVER [1] may be extended.

2. Proof of Theorem 1

Let F(x) = Pr(X; = @), and suppose that f(t) and f,(t) are the characteristic
functions corresponding to F(x) and F,(x) respectively. Then, integrating by
parts in the equation

fult) — o~ = [eited[Fy () — D(@)],

we obtain )
_ fal®) ;eméfzr = [eite[Fy(x) — D ()] dw,
so that B

fn(t) '__Eﬁ

13

< | Fute) — & @) do,
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and therefore using (1),

(5) z

1

— e—%ﬂz
R oo,

Now, by Lemma 2.1 of [7], f() is representable in the form
(6) f(t) =exp{— 2 H(t)},

where H (t) is a slowly varying function as { — 0 and

H(t) ~ [ a2dF(z)
|lat| =1

ag t — 0. Then, from (6),

0 =i (5, )] =esp{= 35 2 (5}

so that (5) gives for ¢ > 0,
< 2 n ¢
n—-1 {7_____{ ...E._H(_)_l}_]_‘<oo.
; ey 2 | B B ]

However, as n — oo,

2 t I 2 ¢
oxp{— G5 H(5)—1}—1=5[1—pa(5)]a+o,
so that for ¢t > 0,

Therefore,

(==

1
35

(k) ()
ggn‘l

or equivalently, in view of (6),

oo

- ;: H (15%) ’ +>nt

1

1_n

(7) §|Iogf(23; ) — 4log (B )| < oo.
1

logf(2B, ") —4logf(B,")
(8) =log[l — {1 —f(2B,1)}]—4log[l — {1 — f(B,H}]
=—{1—f@B; W)} +4{1 - (B "} + 4a,
where
=3 (= (B — (L= @B,
Furthermore, as # — oo, we have
1—f2B;%) ~ %(23,:1)21?(23;1) ~2np1,
1 —f(B;Y) ~§B,*H(BY) ~ §nt,
so that

> | Au] < oo
1

13*
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Consequently, from (7) and (8),
2|40 = f(BN} = (1 —f@B)}| < oo,
1

and a fortiori, taking real parts,

oo

> 14{1 —Ref(B;Y)} — {l — Ref(2B;1)}| < oo.

This may be rewritten as

oi }0{4(1—00313;13:)—(l—cos2Bglx)}dF(rc) < oo,
1l |—co

which reduces to

(9) >[I —cos B 12)2dF (x) < oo.
1] —co
Now, for |x1 = 7 By, we can find a positive constant C so that
1 —cos B, 1z = C(B,1a)2,
and therefore, (9) yields

(10) 2Bt [ 24dP(x) < oo
1 [:El =naBa
Furthermore,
= e n—1
2 [ atdF(@) =3 B;* | at dF (x)
n=1 |z| =nBa n=2 =1ln x<ﬂx]£13ku
oo n—
(11) 2ﬂ4ZB;4ZBLPr(nB;G< | Xi| £ 7 Bri1)
n=2 k=1
=nt) BiPr(n By < |Xi| SnBry1) > Byt
k=1 n=k+1

Also, B, = ]/;z,h(n) where % (n) is slowly varying as n — oo ([7], Lemma 2.2) so,
using a standard result on regularly varying functions (e.g. FeLrLER [2], 11, 273),
we have

> Byt ~EkB;t
n=k+1

as k — oo and, from (10) and (11),

(12) ZkPI‘ J‘EBk<[XI 7t Bgi1) < oo,

But, since B, 'S, converges to normality, » Pr(|X;| > ¢B,) -0 as n — oo
for any £ > 0 (e.g. LoivE [8], 316), and therefore, from (12),

(13) §Pr(|X¢|>ﬂBn)<oo

n—=1
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Now suppose that ¥ | X;|2 = co, so that the slowly varying function
K(t) = j' x2dF(x) >oc0 as £—0.
|| =1

Under these circumstances, we shall obtain a contradiction with our assumption
of convergence to normality by showing that the condition (13) implies that

. 1 Sy converges in probability to zero.

Usmcr the degenerate convergence criterion (Lokve [8], 317), we have B, 1S, %0
provided that, as n — oo, and for any £ > 0,

nPr(|Xi|>eBn) >0, [ a2dF()—>0.
" |x|<nBa

As we have indicated, the former is satisfied so it remains to establish the latter.
We have, since n B, 2K (B;!)—>1 as n— oo,

[ a2dF@) =< [ a2dF(x) nZZBk+1Pr(an<|X¢| 7 Br+1)

|z|<aBa |z|<aB:

= j ’L‘zdF x) }—O EK(B kPI'(J’L’Bk< |X3;l JIBk+1)

|} <nBi
for some positive constant C. Then, using (12) and by virtue of our assumptionthat
K (t) — oo as t — 0, we have from the Kronecker Lemma (e.g. [8], 238), that

‘Bng,-_ f x2dF (ﬂ’f) ~ *K(IB_;) f 22 dF(.CC) —0 as n—>oo.
n].?:[<:111’f; " |z]<nBn
This establishes the required contradiction. The result of the theorem is then

immediate. (13) is only possible in the case where K (B, !) approaches a positive

constant as n — oo in which case it is easily seen that EX} < co.

3. Background to Theorem 1
Theorem 2. Let EX; =0 and EX? = 0% < oo. Then, the following three
conditions are equivalent.
(i) EX?logt|X;| < oo,

(ii) in—lﬁPr(Sngxovih)—@(x)[dx < oo,
1 -0

(iii) Oﬁ:n—lsup|Pr(Sn éxa]/?ﬁ)—@(:v)[<oo.
3: T

Proof. The equivalence of (i) and (iii) has been established in HEvDE [5]. We
shall proceed to establish the equivalence of (i) and (ii).

Suppose firstly that (ii) holds. It is easily seen that the proof of the necessity
part of the theorem of [5] is still applicable and (i) follows. If, on the other hand,
(i) holds, we have from Lemma 2 of HEYDE [6] with a2 = (2 + &) log log n,
¢>0,and B =02 [ a22dPr(X; <), that

|z]< [n

(14) in—lﬁPr(SnéxaVﬁ)—(D(xBn’l)]dx<oo
1 — 00

107



186 C.C. HEYDE:
if

n-1(1 — BZ) < oo,

[ a2d®(xB;") < oo,

(2| zan

=
«[V8 =8 =8
3
h

n=1loglog nsup | Pr (S, éxﬂ‘l/;?;) — DB Y| <eo.

Furthermore, it is shown in the proof of the theorem of [6] that these three
conditions are satisfied. Consequently, from (14), we see that (ii) holds if

(15) >nalf|@@B ) — D(x)| de < oo.
1 —o0
Now,
|| B! B
1 142 _1u2x2
|®(xBﬂ1)—®(x)|:V2ﬂ|[e‘3“ du:T/i%l; e Wiy,
z 1
so that
oo oo B!
@ (xB ') — D(x) do=—— [z} [~ qu! do
n V2m
. 0 i
9 B! co
(16) = V’27if {fxe”i"?‘”zdx} du
i 0
0 Byt
= —-—fu—2 du
V2 j
2 2

= Jam (1= Ba) <55 (1 — By,

and (15) holds in view of (a). This completes the proof of the theorem.
Next, we shall go on to examine the effect of the choice of B, on the magnitude

L= ]

of the L; metric _[']Fn (x) — @ (x)| dz. In doing this we shall, in the light of

Theorem 1, concentrate on the context of EX; = ¢2 < oo, so that B, may be
written in the form B, = ¢ ]/ﬁ(l + &) where g, — 0 as n — oo ([7], Lemma 2.2).

As a starting point, we take a simple example which well illustrates the réle
of £,. Let the X; be normally distributed with unit variance. Then, since Sn/ ]/7@
has the same distribution as X; we have, as in (16),

f | Pr(Sy =2 Yn(l + en) — O ()| do = f|qb (x )1 F ea) — B(2)| do
an 2

= Jam (1 — L+ [ea )12 =0( eal),
so that we must have Z n~1|ey| < co in order that
1

o0 Lol i3 o B

Zn—lf[Pr(Sﬂéx]/n(l—l-sﬂ))—@(xﬂ de < oo,
1 — 00
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With this kind of consideration in mind, we shall go on to establish the following
theorem.

Theorem 3. Let EX;logt|X;| < co and write B2 =n EXZ(1 + e5) where

en-—>0asn —>oo. If anl]enl < oo, then
1

(18) inﬁl ﬂPr(Sﬂanx)—@(x)|dx<oo.
1 — o0

Conversely, if (18) holds for some monotone sequence {By}, and the X; belong to the
domain of attraction of the normal distribution, then EX? < oo and

B =nEX:(1 + ¢p)

where g5 — 0 as n — oo, If, in addition,

> tlen| <oo, then EX7logt|X;| <oo.
1

Proof. Write EX? = 02(< o0). We obtain from Theorem 2 that

(19) Sal[|Pr(Sy Sxo]/n)— ® ()| de < oo,
1 — o0

while -

(20) }Pr(Sngxa]/n(lJrsn))—@(xH

< |Pr (Sn < xl/(l + &) GVn)— (15(3:]/1 - sn) | + [GD(;UVI + sn) — ()|,

so that the result of the first part of the theorem is immediate from (17) and (19).
Now suppose that (18) holds for some monotone sequence {B,}, and the X;

belong to the domain of attraction of the normal distribution. It follows from

Theorem 1 that EX? = ¢2 < oo, and consequently B, must be of the form

B, =0 ]/n ('1' - é;) where &, -0 as % — oo. Further, the Eq. (20) can be

rewritten to yield

T}Pr(S’n gxal/ﬁ)— D (z)| do = T|Pr(8n =< xo']/m—l— en))-—@(x)\d:c%—olenL

where C is a positive constant, so that, if z n~l|ey| << o0, (19) holds. The result

1
EX%log* | X;| < oo then follows from Theorem 2. This completes the proof.

4. Proof of Theorem 4

From the proof of Theorem 1 of Friepmaw, Karz, and KoopMans [3], we
extract the information that

nl |Fp(xo, ) — @(xo, )]
< Mn32{ay + | pa[3} + 01 |@[o; @ — |0 pa)] — Pl 2)| + ca,
where M is a positive constant,

pn= [ xdF(x), an= [ |z[BdF(x), cn="Pr(X;|>}n),

lzl< Y 2] < Vn

(21)
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188 C. C. HEYDE:

and also that Z n32q, < oo, and z ¢n < oo. Now, since KX; = Oand EX?=1,
n=1 n=1

it follows that ]/n Un—>0 and 1 = o, — 1 as n — oo. Consequently, using the

mean value theorem, we obtain

|0, @ — Y un)] — Pl ' 2)| £C | pal
for some positive constant C (independent of z). Furthermore, we note that
tn=10(1) =o0(ay) as n — co and we can write instead of (21),
(22) nlsup |Fp(x) — D) = An32a, + Bu12by, + ¢y,
where ’

b= [ |z|dF@) =] [ zdF(@)|=]|pa|,

lzl= yn 2]z yYn

and A, B are positive constants.
Before proceeding, we check that the result (4) follows from (22) and to do
this, in view of the abovementioned results, it is just necessary to show that

Z n~1/2b, < oo. This is easily seen to be the case as EX? < oo, so that

n=1

Su12b, <3 a2 S (k+ V2 Pr(k < XF < &+ 1)

n=1 n=1 k=n

(k+ 1)V2Pr(k < X2 <k + 1)21@*1/2

n=1

(k+ JPr(k = X} <k+1)<eo,

LMS

L

=€

i Mg

k

C' being a positive constant. We are now in a position to deduce (3) from (22)
by showing that

oo
Sngta,, < oo, ZnIZb < oo and ancm<oo
k=1 k=1

Since ay, is non-decreasing in #,

oo ©0  frk—1
o, =% n‘3’2an>z (ng+1 — nx) (g1 — 1)732 @y,
n=1 k=1 n=n k=1

However, since ny ~ KC2% as k& — oo
2 .

(ns1 — ng) (nggy — 1)732 ~ C-3(C2 — 1) 02,

oo
so that Z ng Y a,, < oo. Also, since b, is non-increasing in n,
k

N+l

Z"_m by = z > nl2h, = an (ni+1 — NE) by,

k=1 n=nc+1

and

1/2

nk+1 (nk+l - nk) e n‘i-’f] (1 - 0_2) 3
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so that z n3/*b,, < co. Finally, ¢, is non-increasing in n, so that

oo Ne+1

co
n ; Z z Cn _2 Z (n’fc+}. e ?’bk) Gﬂk+1 s
T k=1 n=ng+1 k=1

M3

n

while
ngr1 — ng ~ (1 — C~2) ngy1,

and consequently, an ¢y, << co. The result (3) then follows from (22).
k=1

Corollary 1. Let EX} = 1 and {p(n), n = 1} be a monotone sequence. Then, if
K>0,C>1,and {ng, k = 1} is a sequence of integers with ny ~ K C% as k— oo,
the following two conditions are equivalent:

(A) > Pr(S,, > @) [ng) <o,
k=1

(B) D lpm)texp{— }p(n)2 05} < oo,
k=1

an being given by (2).

Proof. From Theorem 4, we immediately obtain the equivalence of (A) and
the condition

Z[l— @(ng) opl)] < oo
The result of the corollary then follows since, as k — oo,

L= Dlplm) on)) ~ 57 exp{— } [p(m)]? 07,7}
o _99_(%}.}')_ oxp (— LIp a3,

using a well-known asymptotic formula (e.g. FELLER [2], I, 166).

5. Applications of Theorem 4

In this section, we shall illustrate the usefullness of Theorem 4 and Corollary 1
with two applications. We start by giving a new proof of the classical iterated
logarithm law based on the use of Corollary 1. By making use of the corollary,
we are able to avoid the ordinary complications of truncation and the use of
exponential bounds.

Theorem 5 (HARTMAN and WINTNER [4]). If EX; = 0 and EX? = 1, then

n—oco

. S
Pr (hm sup VT:@J()QT{& = 1) s T
Proof. Let by = (2nloglog »)1/2 and t, = (2 log log #)1/2, Firstly we shall
show that if & > 0, then Pr(S, > (1 + ) by i.0.) = 0 (“i.0.” stands for “infinitely
often”).
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190 C.C. HEYDE:

For ¢ > 1, let ny be the integer part of ¢2¥, k = 1. Then, if M, = max S,
we have 1=k=n
Pr(Sy > (1 + 8)bnio.) < Pr(M,, > (1 + 8)b,, ,1.0.),
where
(14 0) by, ~ 71 (L + 0) by,
Thus, taking 6" with 0 < 8" < §, we can select ¢ > 1, so that ¢~ (1 +08)>1+ 4,
and then,
Pr(M,, > (14 6)b,, ,io)=Pr(M, > (1+d)b,,io0.).
Consequently, the result Pr(S,; > (1 + d) by i.0.) = 0 will follow from the Borel-
Cantelli lemma if we show that

(23) ZPI- (14 6')8,,) < oo.

Now, using an inequality due to Kormogorov (e.g. Loive [8], 248),
Pr(M, > (1+6)b,) <2Pr[S,, > (1+6 —t;} ]/ﬁ) b,
=2Pr(S,, > (1+6")b,,)

for 0 << " < ¢’ and k sufficiently large. Thus, by appeal to Corollary 1, we have
convergence in (23) if

zt,jkl exp{— 3 (L +6")2¢E 0,7} < oo.
E=1

This is easily seen to be the case as

tlexp{—3( +6”)282, 07,2 <t texp{— (1L + &)%)}
= O (k-(1+0') (log k)1/2) as k-—oo.
In order to complete the proof of the theorem it remains to show that
Pr(S,>(1—48)bpio)=1 for 6§>0.
Take 1 > § > ¢’ > 0 and let
Up = ng — ng—1 ~ ng (1 — c2),
vr = (2log log u3)1/2 ~ (2loglog ni)l/2 =t,,,
and
Ak — {Snk —_— Snkd = (1 —_ a') ’Il,]a’l)];;} .
Then,
Pr(dg) = Pr(8,,—p,, > (1 — 8") ug vi),
while for 1 > ¢ > 6"’ > 0 and k sufficiently large,
vp texp[— 3 (1 — 820 052 0, ] Z v exp[— (1 — 8")2 wj]
= 0k~ (log k)~1/2),
so that from Corollary 1, > Pr(A4;) = oo. Therefore, since the sums S,, — S
k=1

are non-overlapping, we have from the Borel-Cantelli lemma that Pr(4yi0.)=1.
Furthermore, if By = {|S,, | = 2b,,.,}, it follows from the first part of the

HE-1

k-1
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proof that Pr(Bjyi.0.) = 0, where we have used a bar to denote the comple-
mentary event. We must therefore have Pr(A4; N Brio.) = 1. Also,
A,rc N By c {Smc > (1 — (S') UV — 2bn;c-1},
while
(1 — (5') UV — 2b
so that if we take ¢ so large that
(1—671 —e2)/2 —2¢711—4,

~[(1 = 8)(1 — )2 — 2¢-13b,, ,

NE-1

we have
1="Pr(dnN Brio) ZPr(S,, = (1 —29)b,1Lo.).

This implies, a fortiori, that Pr(S, > (1 — d) b, 1.0.) = 1 and thus completes
the proof. We next proceed to our final application.

In the paper [9], STRASSEN obtained a deep and rather striking generalization
of the iterated logarithm law. For his proof, he appealed to a result of Skorokhod
which permits one to realize a sequence of independent and identically distributed
random variables with finite variance in terms of random increments of a Brownian
motion process. Later, CHOVER [1] developed a more classical approach to the same
results but was forced to introduce an extra moment condition | X;|2+¢ < oo,
some 0 = 0, in order to use an estimate of Esseen on convergence to normality.
As we shall indicate here, Theorem 4 provides just the tool necessary to extend
CHOVER’s proof to obtain the results given by STRASSEN (the § = 0 case). The
reader is referred to the papers [1] and [9] for notations and explainations.

The are three places in the paper [1] where the suplementary moment condition
E| X;|2t% < oo, some § > 0, is required. In each case it may be avoided by use of
Theorem 4 (or Corollary 1). The applications are routine in character so we shall
only carry out one of them (the last}).

We need to show (see equations 30 and 32 of [1]) that for fixed »,

(24) S Pr(|Zy—A] < (2m)le) = oo,

where

Zy = (2mNy yloglogn,)~128y , A= lr] ( d _ﬂtL) —g (_;:i"ﬂ'
But,
Pr(|Z; —A| <@m)le)=Pr(Z, <A+ 2m)le) —Pr(Z, =4 — (2m)Le),
and by Theorem 4, since N, , ~ m"1,

D | Pr(Zy<A+ (2m)le) —Pr(Z, <A — (2m)~le) — D(a+b) 4 Pla—b)| <o,

r
where s = oy, — 1 as r — oo,
a=A2mloglogn,)¥2s71, and b= (2m)1e(2mloglogn,)l/2s-1.
Therefore, (24) holds provided that
(25) > |Pla+b)—Pla—b)| =co.
T

If 4 = 0, this is easily seen to be the case since
Ob) - DP(—b)=200B)—1->1
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as r — co. Now suppose 4 =0 and that ¢ is small compared with A. Then, for r
sufficiently large,

Dla+b)—Dla—b)=D(al +b) — D(la| —b)
~1—®(a|—0b)
~ (4nmloglognr)—1f2(]A] — (Z2m)-1g)"1
cexp{— (| 4| — (2m)Le)2ms2loglogn, }
= (4wmloglogn,)~1/2(| 4| — (2m)-1¢)-1
-exp{— A%2mloglogn,}
(26) = O (r=4"(logr)~1/2)

as r — oo since ny ~ mr. Also,

b2 ol [ o]

m~1ly
m-1(v+1) m-l{v+1)A
= [ & | [gord=m1,

m-ly m~1y

s2 that from (26) we see that (25) holds and the required result is obtained.
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EXTENSION OF A RESULT OF SENETA FOR THE
SUPER-CRITICAL GALTON-WATSON PROCESS

By C. C. HEYDE

Australian National University

1. Introduction. Let Z, =1, Z,, Z,--- denote a super-critical Galton—-Watson
process whose non-degenerate offspring distribution has probability generating
function F(s)=)Tos'Pr(Z, =j), 0<s=<1, where 1 <m=EZ, <. The
Galton-Watson process evolves in such a way that the generating function F,(s)
of Z, is the nth functional iterate of F(s) and, for the super-critical case in question,
the probability of extinction of the process, ¢, is well known to be the unique real
number in [0, 1) satisfying F(gq) = g. It is the main purpose of this paper to establish
the following theorem which gives an ultimate form of the limit result for the case
in question.

THEOREM 1. There exists a sequence of positive constants {c,,n = 1} with ¢, — o
and ¢, "¢, , = m as n— oo such that the random variables ¢,” ' Z, converge almost
surely to a non-degenerate random variable W for which Pr(W = 0) = q and which
has a continuous distribution on the set of positive real numbers. Let s, be any fixed
number in (0, —logq). Then, c, can be taken as [h,(s,)]~" where h,(s) is the inverse
Sunction of k,(s) = —log E{exp(—sZ,)}.

This result constitutes an extension of the main result of Seneta [6] where con-
vergence in distribution was established. It should be remarked that, when
EZ, = oo, it is not possible to find a sequence of positive constants {c,} for which
¢, 'Z, converges in distribution to a non-degenerate limit law ([7] Theorem 4.4).

By way of comparison with Theorem 1, we note that:

THEOREM A. (Stigum [8], Kesten and Stigum [3]). As n— o0, m™"Z, converges
almost surely to a random variable W, for which Pr(W, = 0) = q or 1 and which, if
Pr (W, =0) <1, has a continuous density on the set of positive real numbers.
Moreover, the following two conditions are equivalent:

(i) E(Z,1logZ,) < .
(i) Pr(W, = 0) = q.

Thus, when E(Z, logZ,) = oo, the norming by m" is not appropriate and a more
subtle norming is required to obtain a non-degenerate limit law. Almost sure
convergence in Theorem A is based on the fact (due to Doob) that the process
{m™"Z,} is a martingale. The process {h,(50)Z,} is, as was noted in [6], a sub-
martingale but the submartingale convergence theorem is only applicable when
E(Z logZ,) < .
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740 C. C. HEYDE

2. Proof of Theorem 1. Firstly we note the following results of [6]. k,(s) =
—log E{exp(—sZ,)},s = 0, is the nth functional iterate of

k(s) = —log E{exp(—sZ,)}.

k,(s) is continuous, strictly monotone, and strictly concave for s = 0 and its inverse
function A,(s) (the nth functional iterate of A(s) = k~'(s)) exists for 0 < s < —logg
and has properties which are dual to those of k,(s). Let s, be any fixed number

in (0, —loggq).
Now, for n = 1 let &, be the o-field generated by Z,,---,Z, and consider the

process {exp(—h,(s5)Z,)}. Then,
Elexp (=1 1(50)Zy+1) | Fol= [E[EXP(_hnH(So)ZO]]Z"
= exp(—Z, k(h,+1(50)))
= exp(mhn(s())zn)a
so that {exp(—h,(50)Z,), # .} is a martingale. Furthermore, 0 < exp {—A,(s0)Z,} =
1, so the martingale convergence theorem gives the almost sure convergence of
{exp(—h,(s9)Z,)} to a finite limit. It has already been demonstrated in [6] that
h,(sy)Z, converges in distribution to a non-degenerate limit so almost sure con-
vergence to a non-degenerate random variable W is established.
It is not shown explicitly in [6] that A,(s,)[h,.,(50)]" ' = m as n— oo but it
follows readily from the results given therein since
(s0) s 1(50)] ™" = hu(so)[A(hn(s0))] ™" —m

as n — oo. Furthermore, Seneta has not shown that the limit distribution function
is continuous on the set of positive real numbers. It follows simply, however, from
Equation 3.1 of [6], that the characteristic function ¢(¢) of W satisfies the functional

equation
(1 P(me) = F(¢(1))

which is just that studied by Stigum [8]. Then, following [8] and noting that
Pr(W = 0) = g, we define a characteristic function

Y1) = [¢((1—q)n—q]/(1—q),
and a probability generating function
h(s) = [F((1—q@)s+q)—q]/(1—q).
so that, using (1),
Y(mt) = h(¥(1)).

It can then be deduced from Lemma 2 of [8] that lim,|-, |'¥(#)| = 0. This ensures
that the distribution function corresponding to ¥ is continuous ([5], 27), and hence
that W has a continuous distribution on the set of positive real numbers. This
completes the proof of the theorem.
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3. A Wald type identity. Let 7" be a stopping rule on the sequence {Z,}. That is,
T is an integer-valued random variable such that the event {T < n}e %, for every
n=1and P(T < ov) = 1. We shall establish the following theorem.

THEOREM 2. For any s in [0, —logq), we have e*E{exp(—h(s)Z)} = 1.

ProOF. We have seen in the proof of Theorem 1 that, for fixed s in (0, —logq),
{exp(—h,(5)Z,), #,} is a martingale. Also, the family {exp(—/,(s)Z,)} is trivially
seen to be uniformly integrable so we may apply Theorem 2.2, Chapter 7, of Doob
[1] and obtain

E{exp(—h(8)Z;)} = E{exp(—h(s)Z,)}

= exp {— k((s))} = exp { —s},
as required.

Theorem 2 is included in this paper as it follows so simply from the proof of
Theorem 1. The result will be explored elsewhere.

4. An application of Theorem 1. In this section we shall establish the consistency
in a certain sense of the estimator > _, Z,;/> "_§ Z; for m. This estimator has been
discussed by Harris [2] who has shown that it is a maximum likelihood estimator for
m and that, if EZ,? < oo, it is consistent in the sense that

M PrOG 1oy 243 b Z—m| = 8| Z,50) =0

for every ¢ > 0. We shall strengthen this result and remove the restriction that
BT 2 B0,

Firstly, we need the following theorem which is of some independent interest.

Tueorem 3. If ¢,”'Z,—,. W where ¢,— c0,c, 'c,., = m as n— oo, then
¢ DY 0Z; .. mW](m—1) as n— 0. (“a.s.” denotes almost sure convergence).

Proor. Take ¢, = | for convenience. Since ¢, 'Z,— W —_, 0 as n — o0 we have,
using the Toeplitz Lemma (e.g. Loéve [4] 238),

{22:0 Ck[ck_ lzk - W}fzzzo Ck} =450,
which yields
(2) (Z::m’ik)_l ZE=OZk as. I(V

Also, since ¢, '¢,,; — m as n— oo, a further application of the Toeplitz Lemma
gives

(¥lopale tceer=m]Y ooty =0, that is,

H+(cpr1 =D oo} —m
as n — oo. This yields

(3) Z;’:zo ¢ ~ me,f(m—1)
and the desired result follows immediately from (2) and (3).
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THEOREM 4. Let & denote the event {Z, > 0,k =1,2,3,---}. Then, for arbitrary
e>0,

lim,, ,, Pr(max,», |5-, Z,/Y 526 Z)—m| 2 ¢| &) = 0.
Proor. Define the random variables U,, n =1,2,3,---, W* as follows:

Ul’l - hu(SO)Z?=OZj lf Z" > 0,

=1 if z,=0;
W*=Ww if W>o0,
=]_ if VV:O.

Then, it is clear from Theorem 1 and Theorem 3 that U, converges almost surely
to mW*/(m—1) as n — oo, the random variable W* having a distribution function
which is continuous at zero. We therefore have, since Pr(&) = 1—g,

Pr(max,s, Q%=1 Z;/Y526Z)—m| 2 €| &)
= (1—¢q) ' Pr(max,s, Uy |he—1(so){[M(s0)] ' Up— 1} —mU,_,| 2 &; &)
< (1—q) ' Pr(max,s, Uy |- 1(5o){[I(s0)] ' Uy =1} —mU,_ | Z ¢).
The result of the theorem then follows readily because Pr(H#* = 0) = 0 and
1) [(s0)]™ ' Up— 1} —mU,_,
= (he—1(s0)Ils0)] ™" =m)Us = I 1(50) + MUy = Uy - 1) =, 0

asn — oo since /1, _ 1(8o) [A(50)] ™' = m, hy_ ,(so) = 0 and U, converges almost surely.
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On the Implication of a Certain Rate
of Convergence to Normality

C.C.HEYDE

1. Introduction

Consider a sequence of independent and identically distributed random
variables X,,i=1, 2, 3, ... which belong to the domain of attraction of the normal
distribution. Since this last property implies E|X,|< oo, we shall suppose for
convenience that EX;=0. Write

S,=3 X, nzl,
i=1

and x
D(x)=

2

j e ¥ du.

We shall establish the following main theorem.

Theorem 1. If there is a monotone sequence of normalizing constants {B,} with
B, — 00 as n— oo such that

Y n~'(loglogn) sup |Pr(S,<B,x)— ®(x)| < o0, (1)
n=3 -
then EX? < 0.

This result extends that contained in Theorem 3.1 of Ibragimov [7] where it

is shown that if sup |Pr(S, < B, x)— ®(x)| =0(n"?)

for some 6 >0, then EX? < o0. It provides us with a converse to a result of Heyde
[4]. Furthermore, it provides an interesting elucidation of a result of Petrov [8]
concerning iterated logarithm behaviour which was proved without explicit

assumptions regarding the existence of moments. Theorem 1 is proved in Section 2
while Section 3 contains a discussion of its applications.

2. Proof of Theorem 1
Suppose firstly that the X, are symmetric. Since
1

x1/2n

g

1—P(x)~
as x — oo, we have
Y n!(loglogn) {1—@[((2+¢) loglogn)*]} < oo
n=23
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152 C.C. Heyde:

for any &> 0 so that, writing ¢, = [(2+¢) log log n]?, it follows from (1) that

i n~(loglogn) Pr(|S,| > B,t,) < 0. 2

n=3

But, for symmetric random variables,

Pr(|S,|> B, r");%Pr(lrf‘ff |X,|>B,t,), (3)

(e.g. Feller [2], 11, 147) and, from Bonferroni’s inequalities (e.g. [2], I, 100) we have

nPr(X;>B,t) [1—4(m—1) Pr(X,|>B,¢,)]
< Pr(max |X,|>B,t,)<n Pr(X,|>B,1,),

so that
Pr(max |X,|> B, t,)~nPr(X,>B,t,) 4)

as n — oo and hence, from (2), (3) and (4),
Y (log logn) Pr(|X,|>B,t,) < . (5
n=3

Now suppose that EX?= oo so that
K(it)= | x?dPr(X;=x)-w®
|xt|=1

as t — 0. Since the X, belong to the domain of attraction of the normal distribution,
K(t) is slowly varying as t —» 0 (e.g. [2], I1, 303) and n B, *K(B;')> 1 as n—» w0
(e.g. [2], 11, 304-305).

Then, we have

[ xdPriXsx)< | XPdPr(X,=x)

|x|§Bnt“ 1xE§BgI;
n
4 X B i PriBiLlX)=B, )
k=3

< | x2dPr(X;=x)

Ixi=Bans
+ CkisK(B; Ykloglog kPr(B, t,<|X;|S By, t,1)
for some positive constant C. Furthermore, it is easily shown, using (5), that
kik(loglogk) Pr(B, t;<\X||£B; 4 4 . 1)< 0. (7)

Thus, using (6), (7) and by virtue of our assumption that K(f) - oo as t — 0, we have
from the Kronecker lemma that

nB,;? | x*dPr(X;=x)~[K(B; )] 'K(B;'t;)-0

n
|x| = Buty
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as n—o0. This establishes the required contradiction since by definition,
[K(B, "] ' K(B;"t;)=1.

It follows that (5) is only possible in the case where K(B, ') approaches a positive
constant as n— oo in which case it is easily seen that EX? < oo. This completes
the proof for the case of symmetric X,.

In order to deal with the general case, consider the sequence Y,,i=1,2,3,...
of independent, symmetrized random variables; each Y, having the distribution
of the difference between two independent X s. Write

G,(x)=Pr(Y,+--+Y,£xB,12), FE(x)=Pr(S,<B,x).

n

Then, using * to denote convolution,

G,(x)=F,(x1/2)*(1-FE(-x1/2-0)),

and n view of (1) we obtain

i l(loglogn) sup |G, (x)— @(x)]

o0

=Y n!{loglog n)sgp |F,(x)/2)*(1-E(—x}/2-0))

n=3

—B(x )2 *(1—D(—x2)

gi Ioglogn)supu?(x]f) (1—E(-xy2-0)
—d(xY2)+(1—E(-xy2-0))

+"§:3n‘1(10g log ) sup | (x V2 *+(1-E(—x)2-0)
—B(x Y2)*(1—B(—x}2))|< 0.

Thus, our result for the symmetric case gives EY,> < oo which implies EX? < co.
This completes the proof of the theorem.

Remark 1. The following result of Davis [1] is worth noting in connection
with Theorem 1. If EX;=0, EX? =1, EX? log*log™ | X,| < o0 and

Br= [ x*dPr(X;=x)—( [ xdPr(X;=x)
|xl<yn |x]<vn
then

i 1(loglogn)supuf’r =x8, ]/.71) D (x)| < 0.

(Here log* x denotes max (0, log x).)
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Remark 2. It is conjectured that an improved version of Theorem 1 will hold
with the loglogn term omitted in (1). For background to this conjecture see
Heyde [5].

3. Applications of Theorem 1
Firstly we use Theorem 1 to elucidate a result of Heyde [4].
Theorem 2. Take 0<d<1. Let E|X,|**°<oc and write B2=nEX?(1+¢,).

20
Then, if . n~ '+¥2 |¢,| < o0, we obtain
1

18

n~ 92 sup |Pr(S,£ B, x)— ®(x)| < 0. (8)

n=1

Conversely, if (8) holds for some monotone sequence {B,}, and the X, belong to the
domain of attraction of the normal distribution, then EX? < oo and B?=nEX}(1+¢,)

o0
where g,— 0 as n—co. If, in addition, Y n~'*%? |¢ | < o0, then E|X,|**? < 0.
1

Proof. Write EX?=0%(< ). If E|X,|>*°< o0, we obtain from the theorem
of [4] that

Z —1+4/2 sup |Pr (s, <xa)/n)—o(x)|<w. (9)

Furthermore,

ré ]/_1

(10)
=Pr(S,<(x 1/1+,c, a]f B(xY1+e,)+P(x)1+e,)— P(x),
while expanding by Taylor’s theorem gives
1
D(x) 1+¢,)—P(x)= g, x e 1 1+ 0(e). (11)
( w)— P(x) T (&)

Thus, upon taking sup with respect to x in (10) and using (11), we obtain
sup |Pr(S,=x g}/ n(l+¢,)— ®(x)|<sup |Pr(S,<x a/n)—@(x)|+ Cle,l, (12)

for some positive constant C. The result of the first part of the theorem then follows
from (9) and (12).

Now suppose that (8) holds for some monotone sequence {B,}, and the
X, belong to the domain of attraction of the normal distribution. It follows
from Theorem 1 that EX?=0?< o0, and consequently B, must be of the form
B,=a})/ n(l +£:) where ¢, — 0 as n — co. Further, the equation (10) can be rewritten
to yield

sup |Pr(S,<x a1/n)—@(x)| <sup |Pr(S,<x o/ n(l+¢,)— D (x)|+ C'[&,],
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where C' is a positive constant, so that, if > n='*%2 |¢ | < o0, (9) holds. The result
1
E|X,|**?< o then follows from the theorem of [4]. This completes the proof.

Our next application of Theorem 1 concerns its relation to questions of behav-
iour of iterated logarithm type. It is well-known that

Pr(limsup(2nloglogn)™*S,=1)=1

ifand only if EX,;=0, EX? =1 (Hartman and Wintner [3] obtained the sufficiency
part and Strassen [9] the necessity). However, it has been shown by Freedman
(see [9]) that there exist symmetric random variables X; with EX?=co or even
E|X,|= oo for which it is possible to choose a monotone sequence {b,} of positive
constants with b, — o0 as n— oo such that

Pr(limsup b, ' S,=1)=1. (13)

Furthermore, Heyde [6] has shown that the behaviour (13} is only possible if the
X, belong to the domain of partial attraction of the normal distribution. Also,
the construction of Freedman’s is quite inexplicit and it is possible to obtain very
little idea of the generality of the circumstances under which behaviour of the
type (13) is possible when EX? = 0.

Now the following theorem has recently been obtained by Petrov [8].

Theorem. Suppose that the independent random variables X;,i=1,2,3, ... have
symmetric distributions. If there exists a sequence of constants {C,} such that

Clow,  CilC,, -1
and

Pr (i Xz Cn%x) —®(x)

=1

sup =0((log C,)"79%) (14)

as n— oo for some 6>0, then

Pr (lim sup(2C,loglog C,)"*) X;= I) =1.
fhene i=1
This theorem involves no explicit assumptions regarding the existence of
moments and it is an interesting question as to whether it can be used to generate
results of the type of (13) foridentically distributed random variables with EX}? = co.
The answer to this question is in the negative. This follows immediately from
Theorem 1 upon noting that, in the case of identically distributed X,

1
log C,~35logn
as n— oo,
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A RATE OF CONVERGENCE RESULT FOR THE
SUPER-CRITICAL GALTON-WATSON PROCESS

C. C. HEYDE, Australian National University

Let Zy = 1,Z,,Z,,--- denote a super-critical Galton-Watson process whose
non-degenerate offspring distribution has probability generating function
F(s) = X20s'P(Zy =j),0<s5s <1, where 1 <m = EZ, < c. The Galton-
Watson process evolves in such a way that the generating function F,(s) of Z,
is the nth functional iterate of F(s). The convergence problem for Z,, when
appropriately normed, has been studied by quite a number of authors; for an
ultimate form see Heyde [2]. However, no information has previously been
obtained on the rate of such convergence. We shall here suppose that EZ2< o
in which case W, = m™"Z, converges almost surely to a non-degenerate random
variable Was n — oo (Harris [1], p. 13). It is our object to establish the following
result on the rate of convergence of W, to W.

Theorem. Let varZ, = 6> < . As n — o, m"*(W — W,) converges in dis-
tribution. The limit law is given by the characteristic function relation

lim E[exp{itm"*(W — W,)}] = E[exp{— 1t?a%(m* — m)-'W}].

n—aoo
Proof. Firstly, we take r > n and consider

E[exp{itm"*(W, — W,)}]

1) = E E[exp{itm"*(m™"Z, — m™"Z,)}| Z, = j1P(Z, = j)

Il

§ exp{—itm "?j}[E[exp{itm"*~"Z,_}]VP(Z, = j)

i=0

E[exp{—itm™"*} E[exp{itm"*~"Z,_ }]]*".

Next, we let r— o0 in (1) keeping n fixed. Given & > 0 we can choose N so large
that X 2y, P(Z, =j) <e. Also, since W,_, converges in distribution to
W, E[exp{itm">~"Z,_, 1] converges to E[exp{itm ™"?W}], uniformly in any
finite ¢ interval, so we can find R so large that
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452 C. C. HEYDE
| E[exp{itm"*™"Z,_,}] ~ E[exp{itm™*W}]| < ¢

for r > R. Consequently,

pa exp{—itm™"?j}[E[exp{itm"*"Z,_}]VP(Z, = j)
j=0

= Z exp{—itm "%} [E[exp{itm "*W}]|VP(Z, = j)

+ X exp{—itm "?jH{[E[exp{it m"?~"Z,_,}1) — [E[exp{it m "*W}]}}P(Z,=))

i=0

> exp{~it m™"j}{[E[exp{itm"*~'Z, ,J]V-[E[exp{itm=""* W} ]’} P(Z,=)),

J=R+1

and

Z exp{—itm~ "’ZJ}{[E[exp{ttm"’Z Z,_ ,1}]]1«-[E[exp{ztmf"'sz}]] P(Z, —j)|

i=R+1

2 L P(Z,=j) = 2,

j=R+1

[IA

while for » > R,

R

Y exp{itm ~"*}{[E[exp{itm"*""Z,_}1V — [E[exp{itm "*W}]V}P(Z, = })

j=0

< |[E[exp{itm"*~"Z,_}]}’ — [E[exp{itm"*W}]]’| P(Z, = J)

JP(Z, = j) £ em"

.Mm M~

0

J

since EZ, = m". However, ¢ is arbitrary and »n fixed so that

E[explitm"*(W — W,)}] = lim E[exp{itm"*(W, — W,)}]

F—=r oo

@) = 2 exp{—:tm "2 [E[exp{itm "2 WY P(Z, = j)

= E[E[exp{itm™"*(W — 1)}]]*".
Now,
E[E[exp{itm™"*(W — 1)}]]*"

= [ Tetexpiom™0v = DI dpn~"2, < )
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3) = P(Z, = 0 + m"log E[exp{itm "*(W—1)}] f P(m™"Z,> x)
0

x [E[exp{itm™"* (W — 1)}]]™™dx,

using integration by parts. Furthermore, under the hypotheses of the theorem,
W has mean 1 and variance ¢*/(m*—m) ([1], p. 13) so we may expand
E[exp {itm ™ ™*(W —1)}] in the form

(4)  E[exp{itm™™*(W—1)}] = 1 =342 m™"(m?* —m)™! + o(t>m™").

Thus,

(5) m"log E[exp{itm™* (W~ 1)}] - — 11’6’ (m* — m)™!
and

(6) [E[exp{itm™™*(W — D}]]™" — exp{—$’c*(m* — m)™'}

as n — oo. Also, using (4), we have for fixed ¢t and suitably large n,

| E[exp{itm™"*(W—1)}]| ™ < exp{—1t’c*(m*> — m)™" + o(t})}
< exp{—2%t’c*(m* — m)~1},

so that the integrand in the rightmost term of (3) is bounded in absolute value by
exp{ —+t*o*x(m* — m)~'}. It then follows from Fatou’s lemma together with
(5), (6) and since P(m™"Z,> x) —» P(W > x) as n — oo, that

lim E[exp{itm"*(W — W,)}]

n— o0

= P(W =0) — }t?¢*(m? — m)*lj‘ P(W > x)exp{—%t*c*x(m*—m)~}dx
0

. fwexp{—%tzazx(mz — m)~}dP(W < x)
= E[exp{—}t*c’(m*> — m)~'W}],

again using integration by parts. This completes the proof of the theorem.
Unfortunately, the distribution function corresponding to the characteristic

function E[exp{—11*a*(m* — m)~'W}] does not seem to have a useful general

representation. However, in certain particular cases it may be recognised simply.
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For example, in the case of a fractional linear generating function for the offspring
distribution ([1], pp. 9, 17) it is easily found to have an atom at zero and a Laplace
density elsewhere.
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ON THE DEPARTURE FROM NORMALITY OF A CERTAIN
CLASS OF MARTINGALES

C. C. HEypE AND B. M. BrOwWN

Australian National University and La Trobe University
Let {X,, #,,n=0,1,2,+++} be a martingale with X, =0 as.,, X,=37_, %,
n 2 1, and &, the o-field generated by X, Xy, -+, X,. Write

0',,,2 = E(Y,,z Ig'_,._ 1) snz T Z?=1 Eaiza

and suppose that there is a constant 8, with 0 < 8 < 1, such that E|Y,[>*?* < oo,
n=1,2,---. It is the object of this paper to establish the following theorem on
departure from normality.

THEOREM. There exist finite constants K,, K, depending only on 8, such that
sup, [P(X, < 5, %) —®(x)|
1 < K:{S..-Z"M(Z?: E | Y,-|2+2‘5+E [(ZL . Giz)_sn2l1 +.5)}1,'(3+2a)
< Kz{sn—z—za(Z?z \E |Yl_i2+2a+E |(Z?=1 Yiz)_snzlna)}u(ﬁza)’

where
D(x) = (2n) % e du.
Thus, if
(2) lim,.8,” 2" 2Y7_  E|F2*¥ =0, and
3) lim, o E|(sy™2 Tiey %)~ 1112 =0
or more generally, (2) and
) lim, .o E|(s,™2 X0y 05)— 1|1+ = 0,
then lim,_, , P(X, £ s,x) = ®(x), and a bound on the rate of convergence is given by
(1).

The interesting feature of this result is the bound on departure from normality.
More general central limit results for martingales are known, under conditions
related to (2), (3) and (4) (see for example Brown [1]), but rates of convergence are
not available.

We note that if Y, Y,, -~ are independent, or more generally if o2, ¢,2, -
are constants a.s., then 5,72Y7_,0,> =1 a.s., (4) is trivially true, and the first
bound in (1) assumes a simplified form, since its second term vanishes. The utility
of the second bound in (1) is that it does not depend on the conditioning by the
sequence of o-fields {#,}.

The proof of the theorem is based on a martingale form of the Skorokhod
representation theorem which we state as a lemma in the interests of clarity.
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LEMMA. (Strassen [3], Theorem 4.3) Let Z,, Z,, - - - be random variables such that
for all n, EZ,?|Z,_,, ", Z,) is defined and E(Z,|Z,_,, ", Z,) =0 a.s. Then,
there is a Brownian motion W together with a sequence of nonnegative random
variables T,, T,, - - - such that

Z’i'= 1 Zi=W (Z?: ;) as.

for all n. Moreover, if 4, is the a-field generated by Z,, Z,, -, Z, and W(t) for
0= Z:':l T,, then T, is 4 ,-measurable, E(T, | %._,) is defined and

E(T;Ilgn—l) = E(Zn2 lgu—l) = E(an Izn—is T szl) a.s.

If k is a real number > 1 and E(|Z,|** | Z,—,, -, Z,) is defined, then E(T,*| 9, _,) is
also defined and

KT} |%,-1) S LE(|Z,|**|%,.-1)
= LEIZP*| ZasvaZy) a8,

where L, are constants which depend only on k.

Applying the lemma to the sequence of random variables s,”* Y,, -+, 5,7 ¥,,
we note that there exists a Brownian motion W and nonnegative random variables
T, -, T,, such that

(5 s, ' X,=WQI, T,) as.
for all n. Moreover, if %,; is the o-field generated by Y,, -+, ¥; and W(r) for

0=r=>i.,T, 1 £i<n, then T, is 4,-measurable and
(6) E(Tm‘ | gn,i— 1) = Sn_zE( Yi2 ] gn,i— 1)
=5, 202 a.s.
Now define
(7) . znn =Z?=l 7;"'-15

noting that EZ,, = 0, from (6). Then, from (5) and (7),
P(X, £ s,x) = P(W(1+Z,) £ x),
so that
(8) |P(X, < 5, %)= ®(x)| = |P(W(L+2,,) < x)—P(W(1) < x)|.
Next, let {¢,} be a sequence with 0 < ¢, < 1 and lim,_, &, = 0. We have
P(W(1+2,,) £ x)
® = P(W(1+Z,,) £ x;|Z,s| S &)+ PW(L+Z,,) < x;|Z,| > &)
< P(infy, <, W +1) S x;|Z,,| S &)+ P(|Z,.] > &)
< P(infy <, WL +10) £ x)+ P(|Z,,] > ¢,),
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and similarly,

P(W(1+2Z,,) > x) < P(supy <, W +1) > x)+ P(|Z,,| > &),
or equivalently
(10) P(W(1+Zy,) < x) 2 P(supy <., W +1) £ X) = P(|Z,,] > ¢,).

Now,
P(inf“lgﬂﬂ W’(l + t) é x)

= P(infy, <., [W(L+0)— W(1—&)]+ W(l—¢,) < x)

(1n = P(W(L—g,)+info< <2, [W(1+1)— W(1)] < x)
= [2 . P(W(1—¢,) S x—y)dP(info <, <., W(1) S y)
= (m8,) T [§ B((x + y)(1 —e,) " H exp (— y*[de,) dy
= P D((x+e,iz)(1—e,) P e dz,

and also, using a similar procedure,

(1) P(supy<,, W(l+0) < x) = 17 [§ d(x g, 2)(1—e,) "} e dz.

But,
(13)  [((x+e, (1 =) H—B(x(1—2,) )| < Qm) 7 2] e} (1 —2,) %,
so that, using (13) in (11) and (12), we obtain
e [O(x(1—¢,) " H)—(2n) Pz, (1—g,) ¥l e "4 dz

£ P(supp <., W1 +1) £ x) £ P(inf, <, W1 +1) = x)

< n HE [D(x(1—e,) " H)+(2m) 2ze,}(1—g,) F]e 4 dz,
which yields, for suitably large n,

P(W(1—g,) £ x)—8}
(14) S P(supy <., W(1+1) = x) < P(infy, <., Wl +1) S x)

< P(W(l1—g,) £ x)+g,t.

Combining (9) and (10) with (14) then gives
(15) |P(W(1+2,,) < x)— P(W(1—¢,) < x)| < 6, +P(Z,| > &,).
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Also, from a Taylor series expansion for ¢, < 4, and trivially for ¢, = 4, we have

(16) [P(W(1=¢,) < x)=P(W(1) £ x) £ 2,
Consequently, (15) and (16) imply that, for » sufficiently large,
17 P(W(1+2Z,,) £ x)—P(W(1) £ x)| £ 26,* + P(|Z,.a| > €,)

< 26+, ' TPE|Z,|' "
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by Markov’s inequality. The sequence {g,} is then chosen to provide the best
possible order in (17). Take ¢, = (E|Z,,|' *%)*/C*2 5o that

(18) |P(W(1+Z,,) £ x)—P(W(1) £ x)| S 3E|Z,,|" +2)1/3*22,

and the problem reduces to that of producing a bound on E|Z,,|'*%.
Write Z,, = A,,+ B,+ C,, where

Am = Z§=1(Tnj_sn_zaj2)1 I

Bn=sn—22?=1(ai2_}:’2)s C _221 1 Yz'_l
and note that {4,;, %,,1 <i<n} and {s,°B,, #,,n =1} are both martingale
sequences. Therefore, by Burkholder’s martingale extension of the Marcinkiewicz—-

Zygmund inequality (Theorem 9 of [2]), there exists a finite universal constant
M . s such that

E|A,|' T M, +.5E(Z?=—1 (Tui—sn_zaiz)z)*(l el

(19) §M1+6Ez?=1lTni_Sn_zai2|l+as since $(1+d) =1,
S M4, 220 (ETy 045, 2" ¥Ea %)
SM452%,72723 0 (Ly+sE IY;'12+2‘5 +Eg** %)

using the lemma in the last step. Similarly,
(20) EIBRIHa < M1+5265n_2"262?=1(EU;2+25+E|Y}|2+25L
so that an application of the inequality

Ec**? = E[E(Y? | & |
to (19) and (20) gives
@) ] o b W and
(22) E|Bn|1+a<=:Gasn—z—zazp;:lEi}Hzﬂa
for all n, where G; is a finite constant depending only on 4. Consequently, applying
the inequality (3 }|a;)! *? < 2% }|a,|' *?, we have

E|Z,|'** £ E|A,,+(B,+C,)|'*’
(23) < 2(E|A,,|'**+E|B,+C,|' ")
< 2[G,s —z-zazf IEIYFZ-}ZJ
+E|( _ZZi 10_2) lll+a]
from (21), and the first part of (1) follows from (8), (18) and (23). To obtain the
second part of (1), note that
E[(s 22l 162)—1|1+" E[B +C |;+a
(24) S 2UE|B,|' TP +E|C,| )
< 25[G65"~2—252?=1E|Y}i2+2a
+E|(s,72 X0, Y- 1]147,

from (22), so that the required result follows from (24) and the first part of (1).

Il/\
< [I/\

n },i|2+26l'g’—i-—l)] — E]Yi|2+26
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REMARK. It is evident from the proof of the theorem that a sufficient condition
for lim,_, , P(X, < 5,x) = ®(x) for all x, is the condition Z,, = ,0 as n — oo, i.e.

YioiTu—,l as n— oo,
which in turn is equivalent to the mean convergence
limn-‘m E ’(z:’= 1 Tni)_ 1! = Os

since Z,, =2 —1 a.s. and EZ,, = 0. These conditions, though not explicitly in terms
of the martingale differences {Y,}, are in a form much simpler than other known
sufficient conditions for the central limit theorem for martingales (cf. [1]).

REFERENCES
[1] Brown, B. M. (1970). Martingale central limit theorems, To appear Ann. Math. Statist. 42
[2] BURKHOLDER, D. L. (1966). Martingale transforms. Ann. Math. Statist. 37 1494-1504.
[3] STRASSEN, V. (1967). Almost sure behaviour of sums of independent random variables and
martingales. Proc. Fifth Berkeley Symp. Math. Statist. Prob. 2 315-343, Univ. of
California Press.
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Some Almost Sure Convergence Theorems
for Branching Processes

C. C. HEYDE

1. Introduction

In this paper, we shall be concerned with a super-critical Galton-Watson
process {Z,=1,Z,.Z,,...} whose non-degenerate offspring distribution has
l<m=EZ,< oo and var Z, =¢? < 0. The Galton-Watson process evolves in such
a way that the probability generating function of Z, is the n-th functional iterate
of the probability generating function of Z,.

It is well-known that, for the process in question, m~" Z, converges almost
surely (a.s.) to a non-degenerate random variable W as n— oo (e.g. Harris [2],
p. 13). Also, a central limit analogue holds, namely that, conditional on Z,>0,
(m?*~my e~ Z;¥*(m"W—2Z,) converges in distribution to the unit normal
(Heyde [3]). It is an important question as to whether there is, in addition, an
iterated logarithm analogue and it is the object of this paper to show that this is
the case. Corresponding results also hold for continuous time Markov branching
processes and can be obtained by minor modifications of the present arguments.
In this connection, we mention that an iterated logarithm analogue for the pure
birth process has been obtained by Kendall [ 5] but his methods are quite different.
We make extensive use of results on rates of convergence to normality which were
established in [4].

2. Results

Theorem. Suppose that EZ} < oo. Then, on the non-extinction set {W >0} we
have almost surely,

Zy ,—mZ Zy ,—mZ
Ii —mkr TR o iminf——oxtr__ "t “n
e (262 Z, log n)* L hP_l, ;}nf (26?2 Z,logn) : @)
and n _
lim sup ——— 2m W_IZ" =1,
nww (20%(m*—m)~! Z,logn)* 2
lim inf m W2,

nsw  (26%(m*—m)~! Z,log n)? =iy
where r=1 is any fixed integer and
ol=var Z,=a*m (m" —1)(m* —m)~'.
Proof. We shall just obtain the results for lim sup; those for lim inf require

only minor modifications to the arguments given. There is also no essential loss
of generality in giving the proof for the case P(Z,=0)=0 in which case Z,— «©

R. Maller et al. (eds.), Selected Works of C.C. Heyde, Selected Works in Probability and Statistics, 134
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190 C.C. Heyde:

with probability one as n— co. We shall do this for the sake of convenience.
When P(Z,=0)>0, it is well known that Z,— <o a.s. on the set {W >0}.

Firstly we shall work on (1). We have, using Theorem 2 of [4], that

Zsup|P( N ZoHZ, g Z,)SX)— P(x)| < 00, (3)

n=1 X
@ (x) being the distribution function of the unit normal. Thus, for any 6>0,

Z Plo, ' Z;¥(Z,,,—m Z,)>(1+0)(2log n)t) <00,

since Z [1—®((1+8)(2log n)*)] <o and hence, from the Borel-Cantelli lemma,

. Zr n— an
lim sup —22n "

e e W W 4 4
n—w {20’52“ logn)* = )
with probability one.

Next, we shall fix attention on the particular case r=1. For 0<d <1, define
A,={Z,—mZ,_,>(1-6)c(2Z,_,log(n—1))}},

n=2,3,... and note that A,e #(Z,, ..., Z,), the o-field generated by Z,, ...

.
We make use of an extension of the Borel Cantelli lemma which gives P(4, i.0.)=1

if and only if Z P(A, | Z,, ..., Z)=00 with probability one (e.g. Breiman [1],
Corollary 5. 29 p 96).
Now,
o 0 W [ E—
=P(Z,,,—mZ,>(1-8)0(2Z,logn)}*|Z,, ..., Z,)
=P((ZP"—m)+ - +(Z¢—m)>(1-8)0(2Z,logn)*| Z,),

where the Z! are independent and identically distributed each with the distribu-
tion of Z, and are independent of Z,,...,Z,. Thus, using the Berry-Esseen
inequality, )

P((Z —m)+ - +(ZF) —m)>(1-0) 0 (2Z, log n)} | Z,)

21-d((1-8)Qlogn?)—cZ,?

¢ being a positive constant. Also,

a0

Y [1—@((1-9)(2logn)*)]=cc and iZ,,‘i<oo a.s.

n=2 n=1

since w -
YEZ Y=Y (EZ7 )<
n=1

n=1

using Theorem 2 of [4]. Thus,

ZP(AnH!Z o Zy)=00

n=1
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Some Almost Sure Convergence Theorems for Branching Processes 191

with probability one, from which we deduce that P(A, i.0.)=1. This gives

Z, .—mZ
lim sup ——%+1 el

— =1
n— oo (20'2 Zn ]Og ﬂ)i - (5)

with probability one and the particular case r=1 of the lim sup part of (1) follows
from (4) and (5).

To deal with the case r> 1, we write Z¥ for Z,,, n=0,1,2,.... The process
{Z¥} is a super-critical Galton-Watson process with offspring distribution that
of Z,. Thus, applying the lim sup part of (1) with r=1 to the process {Z}}, we have
with probability one, X

. ZE  —mZFk
ll[ﬂ,sx?p (20% Z*logn)* L
which gives

r
an+r__m an

lim sup =1

n— O (20’,2 an lognr)%

with probability one. But,

r

r
Zn+r_m n Zm‘+r7m an

lim sup 22" Zr 4 pturia” I S
aP o2 Z lognf = P Qo2 Z. lognr)

which together with (4) gives the lim sup part of (1). The lim inf part follows
similarly.
In order to obtain (2) we firstly use Theorem 2 of [4] to deduce that

o0

Z sup |P([m2 —myie ' Z- N Z,—m" W)gx)—(D(x)] < oo, (6)

n=1 x

from which we obtain, for any 6 >0,

Y P(1Z,—m" W|>(1+0)2 62 (m> —m)~" Z, log n)}) < o
n=2

o0

since ) [1—®((1+8)(2logn)*)+@(—(1+)(2logn)*)]<oo. Thus, from the

Borel-Cantelli lemma,
Z _— n
lim sup —— !2 - n_li u 3
new (26%(m*—m)~! Z, log n)?
with probability one.

Next, making use of (1) we have with probability one and for any fixed integer
r&l,

1A

1 (7)

Ly Z,.,—mZ,
=P a2 m (m" —1)(m* —m)~' Z, logn)*
so that

i
2

(1 ) lim su m"Z,  ,—Wm"+(Wm"—Z,)
R (262 (m*—m)~"' Z, log n)*
mZ, —Wm" Wm"—Z,

Sl T 1 +1im sSu 1
=l SUp 2o (m*—m)~* Z, logn)} el (20 (m*—m)~"' Z, logn)?
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192 C.C. Heyde: Some Almost Sure Convergence Theorems for Branching Processes

with probability one. But,

m"Z,  —Wm"

lim sup - - ,
i (20*(m*—m)~' Z, logn)? 5
) L —Wmt" Z, . log(r+n\ 1
m's ot (202 (m*—m) ' Z,,  log(r+n))} m' Z, logn m"”

with probability one in view of (7) and since m"Z,; ' Z, ,~*%>1 as n— oo,
Therefore, using (9) in (8), we have with probability one that

. Wm"—2Z,
lim sup (

1y 1
— I = 177 o5 [ I—e
N a0 (2(;2(1n2fm)ﬁ1 7 iogn)'i = ) 73 (10)

m m"
Now. (10) holds for any integer r =1 so we must have

lim su : i
T (20*(m*—m)~' Z, logn)*

21 (11)

with probability one. (7) and (11) then give the required lim sup part of (2). Similar
reasoning gives the lim inf part.

3. Concluding Remark

The condition EZ3 < oo in the theorem can at least be weakened to EZ: %% g,
some d>0. This is a simple consequence of the fact that (3) and (6) and a minor
modification of the Berry-Esseen bound continue to hold under the condition
EZ1*?< 0. See the remarks after the proof of Theorem2 of [4] concerning
geometric bounds on the rate of convergence to normality for the case EZ2+° < 0.

Note Added in Proof. Subsequent research has revealed that the theorem of this paper continues
to hold under the condition EZ} < oo, This result will appear in a paper of Heyde and Leslie in Bull.
Austral, math. Soc. 5 (1971).
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SOME CENTRAL LIMIT ANALOGUES FOR SUPER-
CRITICAL GALTON-WATSON PROCESSES

C. C. HEYDE, Australian National University

1. Introduction

It is possible to interpret the classical central limit theorem for sums of inde-
pendent random variables as a convergence rate result for the law of large numbers.
For example, if X;, i = 1,2,3,.- are independent and identically distributed
random variables with EX; = u, varX; = o’ <o and S, = X}.,X;, then
the central limit theorem can be written in the form

lim P(c™'n}(n7'S, — p) £ x) = O(x) = 2n) * J e du.

n—co -

This provides information on the rate of convergence in the stronglaw n ~* S, a—'i',u
as n— oo. (“a.s.”” denotes almost sure convergence.) It is our object in this
paper to discuss analogues for the super-critical Galton-Watson process.

Let Z, = 1,Z,,Z,,--- denote a super-critical Galton-Watson process with a
non-degenerate offspring distribution having probability generating function
F(s) = X%-08P(Z; =j), 0<s =<1, where 1 <m = EZ; < o0. The process
evolves in such a way that the generating function F,(s) of Z, is the nth functional
iterate of F(s). The convergence problem for Z,, when appropriately normed,
has been studied by quite a number of authors; for an ultimate form see Heyde [2].
However, we shall herein suppose that EZ,log Z, < oo in which case W, = m™"Z,
converges almost surely to a non-degenerate random variable W as n — o« (e.g.,
Stigum [8], Kesten and Stigum [4]). We shall be dealing with the case where Z,
belongs to the domain of attraction of a stable law of index o, 1 <a < 2,
so that EZ{ < oo for any a <« and in particular EZlogZ; < o0.

Now the result m™"Z, 3 Wisan analogue of the strong law of large numbers.
Furthermore, the existence of central limit analogues in this context has been
shown by Heyde [3] where the following theorem is established.

Theorem A. Let varZ, = 6> < 0. As n - oo, m* (W, — W) converges in
distribution. The limit law is given by the characteristic function relation

lim E[exp{itm*(W — W,)}] = E[exp{—1t’c*(m* — m)-'W}].

n—ow
We shall extend this result in Theorem 2 and then go on to obtain a different
central limit analogue by modifying the norming (Theorem 3).

Received in revised form 8 June 1970.
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Some central limit analogues for super-critical Galton-Watson processes 53

2. Results

As a preliminary to setting up the central limit analogues we shall firstly obtain
the following result of independent interest.

Theorem 1. W belongs to the domain of attraction of a stable law of index
o, 1 <o = 2,if and only if Z, belongs to the same domain of attraction. More
specifically, if U;, i = 1,2,3,.-- are independent and identically distributed,
each with the distribution of W—1 and if Z”, i = 1,2,3,-- are independent
and identically distributed, each with the distribution of Z,,then ¢, * X/-,(Z —m)
converges in distribution to a stable law Y if and only if (m* —m)'*¢c;* T ', U,
converges in distribution to Y. Here {c,} is a monotone sequence of posi ive
constants.

Next, making use of Theorem 1, we shall obtain the following extension of
Theorem A.

Theorem 2. Let Z, belong to the domain of attraction of a stable law of
index o, 1 <a < 2. More specifically, suppose that if Z¥, i = 1,2,3,.-- are
independent and identically distributed, each with the distribution of Z, , then
there is a monotone sequence {c,} of constants such that ¢, * X _, (Z) — m) con-
verges in distribution to a stable law with characteristic function f(¢). Then, we
have

lim E[exp{it(m®* — m)"m"c,,}(W— W)}] = E[f(O]".

n—00
We remark that since Z, is non-negative, f(t) must be of the form
exp{—c]t “(1 —itaninasgnt)} where ¢ is a positive constant (Gnedenko and
Kolmogorov [1], Theorem 2, page 175).

Now the dependence of the limit result of Theorem 2 on the distribution of
W is unfortunate as comparatively little can be said about W in general. The
distribution function corresponding to the characteristic function E[f(#)]" can
rarely be written down in a form which is suitably explicit, It would be much
more pleasing to have a limit which did not involve W,

The clue to the problem of obtaining a limit independent of W comes from
noting that E[f(#)]" is the characteristic function of a product VW'* where
V and W are independent, V is stable with characteristic function f(t) and « is
the index of the stable law. This indicates an appropriate change to make in
the norming which is done in the following theorem.

Theorem 3. Under the same conditions on the distribution of Z, as in The-
orem 2,

lim Efexp{it(m®— m)~""m"c; (W — W,)} 1Zn > 0] = f(1).

The relation between Theorems 2 and 3 is further elucidated in Section 6.
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54 C. C. HEYDE

3. Proof of Theorem 1

The finite variance case of this result is well-known. In fact var W = (m? —m)~!
var Z, . Furthermore, Lamperti [5] has shown that W belongs to the domain of
normal attraction of a stable law of index o, 1 <a = 2, if and only if Z, belongs
to the same domain of normal attraction. The result of Theorem 1 is obtained
by a straightforward extension of Lamperti’s methods.

Let ¢(4) be the Laplace transform E[exp{ —AW}] and recall that F is the prob-
ability generating function of Z, . The connection between F and ¢ is well-known
to be

(1) p(mi) = F(p(4)),

which, together with the requirement that they be a probability generating func-
tion and a Laplace transform respectively, determines either uniquely in terms
of the other (e.g., Levinson [6]). Now W, which has mean one, belongs to the
domain of attraction of a stable law of index «, 1 <« < 2, if and only if

2) ¢(A) =1 — A+ LA™ + o(1))

as A — 0 where Lis non-negative and slowly varying at infinity. Also, Z, belongs
to the domain of attraction of a stable law of index «, 1 <a £ 2, if and only if

(€)) 1 — F(x) = m(1—x) — (1=x)"M((1=x)"")(1 + o(1))

as x —1 where M is non-negative and slowly varying at infinity. Consequently,
we must derive the form (3) from (1) and (2) and conversely the form (2) from
(1) and (3).

Firstly, assume (2). Then, using (1) and writing ¢(4) = x, we have as 1 - 0,

1 — F(x) = mid— m*2°L{(mA)~H (1 + o(1))
= mi— m*A" LA™Y (1 + 0(1)),

)

since L is slowly varying. But

(5) x=1-—1+ 2 LA"HA + o(1)),
so that, using (5) in (4),
(6) 1 — F(x) = m(1—x) — (m*— m)A* LA~ (A + o(1)).

However, from (5),
A=(1-x)(1+o(1))
as x — 1, A — 0 and using this result in (4),
1 — F(x) = m(1—x) — (m* — m)(1—x)"L(A —x)") (L + (1)),
which is of the form (3).
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Next, let

(7 1=F(x) — m(1—x)— (1—x)*"M({(1—x)"H{1 + A(1—x)),

where A(1—x) = o(1) as x —» 1 and write

(8) () =1—-21+a(d)

where a(d) = o(4) as 4 — 0 since W has mean one. We then obtain from (1)
and (7) that

(9) a(ml) = ma(2) + *M(A~ Y (1 + B(A)

for a certain B(A) which is a function of a(1) and satisfies B(1) = o(1) as A — 0,
Now consider the more general functional equation

(10) b(mA) = mb(1) + A*M(A~ 1) (1 + B(A))

with B(4) as in (9). The homogeneous part of (10) has the general solution
AP(logA) where P is any function with period logm. Thus, (10) has at most
one and hence exactly one solution which is o(1) as A — 0, for if there were two,
their difference would be of the form AP(log A) which is not o(4) unless P(log 1) = 0.
This solution is easily seen to be of the form

(11) b(2) = (m* — m)™ T AM@E™ (1 +o(1))

and this is the form of a(4) since a(4) is uniquely specified. The required form (2)
then follows from (8) and (11).

Now we note from the above analysis that the slowly varying functions L
and M of (2) and (3) are related by

(12) LY = (m* = m)" "M (L + o(1))

as A — 0. We shall exclude from consideration the case o = 2 and L(A™'), M(A™")
asymptotically constant for then the variances of W and Z, are finite and are
related by var W = (m? — m)~!varZ, and the result of the theorem is obvious.
We also note that when « = 2 and the variances of Wand Z, are not finite, L(A~")
and M(2~!) must be unbounded above as 4 — 0. Then, since

E[exp{—2Z,}] = F(e™%),

we have from (3) that

Elexp{—Ac;* 3 (29— m)}] = [Flexp{ — ¢ * Pexp{me; 2T’
- —exp{cA*},c >0,
as n — oo if and only if
{13} ne, “M(c,) = ¢
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as n — o . Using (2) and (12), we see that the condition (13) is also necessary
and sufficient for

E[exp{—A(m* — m)'/%,* 5 U}] = [¢(Ac; *(m® — m)®exp{ic; '(m* — m)'/*}]"
i=1

— exp{cA*}

as n — co. This completes the proof of the theorem.

4. Proof of Theorem 2

This follows the pattern of that of the theorem of Heyde [3] (Theorem A).
Write b, = c,(m*— m)~'/*, Then, exactly as in [3] we find that

Efexp{itm"bp (W~ W,)}] = E[E[exp{ith,. (W— 1)}]]*

= fw(E[exp{itb,}f(W— DYP*™dP(m~"Z, < x)
(14) ¢

1 + m"log E[exp{ith, . (W — 1)}]
X J wP(m ~"Z, > x)(E[exp{itb,. (W — 1)}])*"dx
0

using integration by parts. (In the right hand side of Equation 3 of [3], the term
P(Z, = 0) should be replaced by 1.) Now, we have

E[exp{itc,* X (2 — m)}] = (E[exp{ite, '(Z, — m)}]" — f(¥)
i=1
as n — oo and consequently, using Theorem 1,

(ELexp[ith, (W — D}]" = f(1)

as n — oo. Thus,

(15) (E[exp{ith,m (W — D}D™ - f(1)
and
(16) m"log E[exp{itby (W — 1)}] — logf(?)

as n — 0. Also,

|f(] = exp{~c]|t|*}
for some constant ¢ > 0 so that for suitably large n,
|E[exp{itb;,.1(W—- D] l"’" <exp{—1ic ] t]“} :
and therefore the integrand in the rightmost term of (14) is bounded in absolute
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value by exp{—4c|#%| x}. It then follows from the dominated convergence theorem
together with (15), (16) and since P(m~"Z, > x) - P(W > x) as n — oo, that

lim E[exp{itm"b, (W — W,)} = 1+ logf(t)f DOP(W> x)[f(O]dx
0

= J.OOO LA aP(W < x)
= E[f(O]"

again using integration by parts. This completes the proof.
5. Proof of Theorem 3

Take r > n and again write b, = c,(m* — m)~'/* . We have

E[exp{itm"b; (W, — W)}|Z, > 0]

[P(z,>0)]""! % E[exp{itm"b; ! (m™"Z, — m™"Z)}| Z,= j1P(Z,=))
j=1

D _ [p@,>0]"" T exp{—itib] '} (Elexplith; W, }]YP(Z, = )
j=1

- [P(Z,>0)]! E exp{—itjb; '} (E[exp{itb; *"W}])'P(Z, = j)
j=1

as r — oo, the justification for taking the limit inside the summation following
exactly as in [3]. Now define Z*, n = 1, such that

P(Zy =) = P(Z, = j|Z, > 0) = [P(Z,> 0)]-'P(Z, = ), j=123,-.
Then, from (17),
Efexp{itm"b; (W — W,)}| Z, > 0]
= lim Efexp{itmbz' (W, — W,)}| Z, > 0]

r=roo

Il
I ™8

3 (E[exp{itb; (W ~ DID/P(Z3 = )

(13) !
= E[E[exp{itbz'(W — 1)}]]%".

Now, E[E[exp{ithzs (W — 1)}]]%% is the characteristic function of
bz# (Uy + -+ + Ugy) where the U;, i = 1,2,3, -+ are independent of Z; and are
independent and identically distributed, each with the distribution of W—1.

Also, as n — o0, m™"Z* 23 W* where W* is positive and has an absolutely
continuous distribution function given by
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P(W £ x) = P(W=0)D(x) + P(W > 0)P(W* £ x)
where
0, x <0
D(x) =

1 x=0

(see Stigum [8]).

Then, since b, (U, + --- + U,) converges in distribution to the stable law with
characteristic function f(t) (from Theorem 1) we can, given & > 0, choose N so
large that

| (E[exp{ith; ‘U — f(1)| <e

for j = N uniformly in any fixed finite ¢ interval. Thus, for any fixed §,0 <4 < 1,
we can choose n so large that [m"6] = N ([x] denotes the integer part of x)
and then

.Gé [(E[exp{itb i 1Ul.}])j — (5] P(Z* = j)’
[mm6]—1 .
< X |(Elexp(itty UL S| P2 = ]

b 3 |Elexplin; UND — )| PEE = ))

Jj=[mns)
< 2P(ZF <[m"5]) + eP(Z] = [m"5])
— 2P(W* <) + eP(W* > §)

as n — oo. Thus, since W¥ is absolutely continuous and § and & can be arbit-
rarily small, we have

(19) lim 3 (E[exp{ith] 'UJ)P@E = ) = 1)

n—~w j=1
and using (19) in (18)
lim Efexp{itm"b; (W — W)}|Z,>0] = f(t)
as required.

6. Concluding remarks

To illuminate the connection between Theorems 2 and 3, we note from (14)
that m"b,.}(W — W,) has the same distribution as X, which is given by

X. =

n

{0: 1f Z" = 0
b;nl(U]_ i Uz_), lf Zn > 0,
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where the U;, i = 1,2, 3,--- are independent of Z, and are independent and
identically distributed each with the distribution of W— 1. Take Z) and W*
as in the proof of Theorem 3. Then, conditional on Z, >0, m"b.}(W— W,)
has the distribution of b\ (U; + --- + Uz.) which converges in distribution to
a product V(W*)'/* of independent random variables (using Theorem 2) where
Vhas characteristic function f(t). On the other hand, from the proof of Theorem 3
we see that, conditional on Z, >0, m"b;nl(W— W,) has the distribution of
bzi'(Uy + -+ + Ugzs) which converges in distribution to V.

Finally, it is worth remarking that a central limit analogue is not obtainable
for the Galton-Watson process with EZ; = oo. Clearly it is possible to find a
monotone sequence {c,} of positive constants such that ¢, 'Z, Z0asn- .
However, there is no norming sequence {d,} for which d, 'Z, converges in dis-
tribution to a non-degenerate limit law ([ 7], Theorem 4.4).
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An Invariance Principle
and Some Convergence Rate Results
for Branching Processes

C.C. HEeyYpE and B. M. BROWN

1. Introduction

Let Zy=1, Z,,Z,,... denote a super-critical Galton-Watson branching
process with 1<EZ,=m<oo and O<varZ,=¢"<o0. It is well-known that
there exists a non-degenerate random variable W such that lim W, =W almost

R— OO

surely. where W,=m~"Z, (e.g. Harris [3], p. 13). Also, a central limit analogue
holds, namely that, conditional on Z,>0, (m*—m)ic™'Z;7 m"(W—W,) is
asymptotical normal N(0, 1) as n—o0 (Heyde [4]). This result is called a central
limit analogue by virtue of the analogy with the convergence of 6 ~'n*(u—n-'8,)
to N(0, 1) for a sum S, of independent and identically distributed random variables
with mean p and variance o2.

In this paper, we explore the setting of the central limit analogue. An in-
variance principle in R® is obtained from which it follows as a simple corollary.
Also, results are obtained on the rate of convergence to normality. It is shown
that, under mild restrictions, there is a geometrically decreasing bound on the
L, metric.

2. Results

Let the probability generating function (p.g.f.) of the offspring distribution Z,
be F(s)= ) s’ P(Z,=j).The p.g.f. F,(s) of Z, is the n-th functional iterate of F(s).
j=0

For the super-critical process in question, the probability of eventual extinction
is g, the unique real number in [0, 1) satisfying g = F(g). Furthermore, in addition
to the fact that Z,=0 for n sufficiently large on the extinction set [W=0], it is

known that Z,,AOO as hn—o0  0n [W>0]. (1)

so that the process either dies out or becomes arbitrarily large.

The symbols P and E will, for convenience, be used to denote various different
probability measures and their associated expectation operators. In addition, we
use the symbol Z} to denote the random variable (r.v.) Z, under the probability
measure conditional on Z,>0. These conveniences should cause no ambiguities.

Let R™ denote the space of real sequences x=(x,, x,, ...) with the metric

n
Z (x;—¥)
plx, y)=sup | —
T T4 (x—y)
i=1
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272 C.C. Heyde and B.M. Brown:

Let # be the o-field generated by the open sets of the topology given by p and
let V be the probability measure on (R*, %) under which the co-ordinates x;, x,, ...
of a random element x of R* become independent r.v.’s with x; distributed as
N(0,6?m=' ), j=1,2,.... Write U for the probability measure on (R*®, %) which
assigns probability one to the zero sequence (0,0, ...) and define, for j=0, 1,2, ...

and n=1,2,3,...,
Xn=( nl’XrlZ’ “‘)

an=mn(w/n+j_ I’Vn) (Zn+ 1}_%3

and for j=1,2,3, ...
Ynj=an_Xn,j—1'

Theorem 1. Let P, denote the probability measure on (R*, &) defined by the
distributions of Y,=(Y,, Y,2,...). Then,

B=VP(W >0)+ UP(W=0)

as n— oo, where = denotes weak convergence of probability measures.

We remark that, as simple corollaries to Theorem 1, (m*—m)*o~'Z %
m"(W—W,) conditional on Z,>0 and (m*—m)* ¢ 'm~ 2 (m' - 1)"*Z *(Z,,,—
m’ Z,) conditional on Z,>0 (fixed j) are both asymptotically N(0,1). These
results have previously been obtained by direct methods by Heyde [4] and by
Biihler [2] respectively. They can here be deduced from Theorem1 using the
measurable mapping theorem (Billingsley [1], p.30) with the mappings

hy(x)=limsup Y x;
n— 00 1:1

if this is finite, O otherwise and h,(x)=x; + x, + --- + x; respectively.

The next theorem gives rates of convergence to normality in the limit results
cited above.

Theorem 2. Let EZ3} < oo. Then,
sup [P((m* —m)* o' Z; tm"(W— W,)<x|Z,>0)— P(x)|

<Ko 3m2—m} E(1/Z* E|\W—1] @)

and
sup |P(o; ' Z, (2, ,—m Z,)<x|Z,>0)— ®(x)|

<Koy E|Z,—nlP EQZE), )
where ®(x) is the distribution function of N(0, 1), 62 = var Z,=c* m"(m"—1)(m* —m)~!

and K is the universal constant in the Berry-Esseen bound (K <0.82; see Zolotarev
[6]). Furthermore,

E(Z3P <(EQ/ZN)F ={(1-FO)~'y"}* (4)
where y<1 is given by

v=[(FGsU-g)+a)-q)s~'1-9)"" ds,
with y=EZ " if F(0)=0.

148



Invariance Principle and Some Convergence Rate Results for Branching Processes 273

3. Proof of Theorem 1

Firstly we show that the finite-dimensional distributions of {P} converge
weakly to those of VP(W>0)+UP(W=0).

Let &, be the o-field generated by Z,, Z;, ..., Z, and for fixed r write

6,01, 0,,...,0,)= {exp(z )}
:E(,l;[lAj)’

Aji=exp(iO;m(Z,,;—mZ,,; _)Z,+1)7}). (6)
Consider the r.v. " r
R,=[]A4,—exp (—% o’ 1(Z,>0) ) 07 m_l_j)
j=1 j=1
: (7)
-3 8,
Jj=1

where I is the indicator function and for j=1, 2, ..., r, using the convention that

where

a product of the form [] is replaced by unity,

k=s5+1

(HAk) exp(—za 1(Z,>0) Z 02 m—1- .l:)

k=j+1
(A;—exp(—3a* 1(Z,>0) 67 m~"' 7)),
with

E(Bj| ;- 1)—(HAk) exp (—%azl(z,.>0) z Bfm““")

k=j+1

A 8
(E(4|Fayj—1)—exp(—1 0 1(Z,>0) 0F m~'~)). i

But, Z,,; is the sum of Z, ; , independent and identically distributed r.v.’s,
each with the distribution of Z,, so that from (6),
E(A;|Z ;o) ={(0; m™(Z, + 1)~ 3)}7nim, ©)

where ¢(t)=E {exp(i t(Z, —m))}. Therefore, E(4;| %, ;_,)— 1 almost surely (a.s.)
as n— oo on [W=0], so that from (8),

llmE(B! 7eji-1)=0 a.s. on [W=0], (10)

Snee I(Z,>0)>I(W>0) as.asn—o. (11)

Also, we know from the central limit theorem that for each fixed ¢,
lim {¢(¢(n+1)~})}"=exp(—30*1?).

Therefore, from (9), using (1) and since

imZ;'Z,,,_y=m'~' as on [W>0],
we have L
lim E(4;| % ;_)=exp(—3c* 0 m~"'~7) as. on [W>0],

n— 0O
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so that
lim E(B;|%,,;,_)=0 a.s. on [W>0], (12)

using (8) and (11). Clearly |B;|<2a.s. foreach j=1, 2, ..., r, so that the combination
of (10) and (12), with dominated convergence, gives

ER,=E} B=E} E(Bj|#,; 1)—0
j=1 j=1

J

as n— o0, Referring now to (5) and (7), we have

hm {¢n(919 "'79r)—EeXp (_%0’2 I(Z”>0)Z Q}m_l_j)}=0- (13)
n— oo )
But, bj
lim E exp (—%o‘z 1(Z,>0 Y 9}_2 m—l—j)
- - v (14)
= P(W=0)+ P(W >0) exp (H%Jz 5 g2 m,l,j)
j=1

from (11) and dominated convergence. (13) and (14) complete the proof of the
convergence of finite-dimensional distributions.

To complete the proof of the theorem, we must show that the sequence {P}
is tight. That is, for each £>0 there exists a compact set 4 such that B(A)>1—¢
forall n=1,2,....

Consider the sets

C=C,,={x: sup

s=k

5
ij

=k

<m~"*? for all kgr}

éM}-

The set C n D has compact closure, for any sequence belonging to it can readily
be shown to possess a limit point ([1], p.217). Tightness will be established if
we can show that, given ¢>0, B(C nD)>1—¢ for all n, when M and r are suitably

and

D=Dy= {x: sup [szj

s=1 i1

large.
We first note that C= () A,, where
kzr
Ak={x: sup| Y. x; gm*“f?’}.
szk | j=k

Kolmogorov’s inequality for martingales, when applied to the martingale

{Z Y, r=kk+1, } yields the inequality
j=k

P (max

k=r=s

IRG
j=k

>c)gc-2 Y EY2. (15)
i=k

But,
E(YA %, ;_)=Em 2(Z,+1)" " (Z,j—mZ, ;| %, i 1)

=m#2j(zn"|“1)_l UZ Zn+j—19
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Invariance Principle and Some Convergence Rate Results for Branching Processes 275

and 2 2
EKU-=E(E(KU'|£+_J'—I))

=m~%g*}) E(Z,+1)'Z,,;_1|Z,=k)P(Z,=k)

kz0
=t Y k(k+1)"'EZ;_, P(Z,=k)
k=0
go.zm—I—}
Therefore, from (15),
P (krgﬁ v, >c) <o?m* C-2(m—1)-". (16)

By applying the inequality (16) to 4; and D’ (the prime denoting complemen-
tation), we obtain ,
B(4) <0 (m—1)~" m=+"

and
B(DVZo*m™ (m—1)"" M2,
for all n=1,2,.... It now follows that
B(C)=1-E(|) 4}
kzr
21— Y B(A) (17)
k=zr
zl—c*(m—1)" " 1l—m %) "'m "3
and

B(D)z1—ac?(m—1)"'m M2 (18)

for all n=1,2,.... Thus, from (17) and (18), B(CnD)>1—¢ for all n if r and M
are chosen suitably large, so that tightness is established. The proof of the theorem
is thus complete.

It is worth remarking that the result of Theorem 1 can be generalized to cover
the case where Z, belongs to the domain of attraction of a stable law of index o,
l<a=2. This provides a complete extension of the result of Theorem 3 of Heyde
[4]. Theorem 1 has been given in the less general form in the interests of a unified
exposition in this paper. In order to obtain the general form we would use

anzmn bZ_"1+I(H/;1 I/Vn)~

+ji
in the notation of [4].

4. Proof of Theorem 2
We first need the following lemma.

Lemma. Let Y, i=1,2,3,... be independent and identically distributed r.v.’s
with EY,=0, varY,=0o® and E|Y,|><oo. Let N be a positive integer-valued r.v.
which is independent of the {Y}. Then,

sup [P(a™ " N=*(Y,+ - + W =x)—@(x)| S CE(N~3),
where C=K a2 E|Y,|?, K being the universal constant of the Berry-Esseen bound.
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Proof. Using the Berry-Esseen bound,
—CE(N~%)

—CYj*P(N=))

j=

(Pt (Y4 -+ T)SX) -0} PN=))  (19)

7
s

—

<CE(N7%).
But, since N is independent of the { Y.},

oC

Y AP T Y+ + V) S x) = (%)} P(N=))

i=1

:_2 {Pla™'j ¥ (¥y+ -+ ¥)Sx|N=j)—®(x)} P(N=j) (20)

=Pa "N} + -+ Yy)<x)— B(x),

and the required result follows from (19) and (20).

We now proceed with the proof of the theorem. Firstly we establish (2) and (3).

Heyde [4] has shown that, conditional on Z,>0, m"Z,*(W—W,) has the
same distribution as (Z})~*(U,+ --- + Uy,), where the U, are independent of Z}
and are independent and identically distributed, each with the distribution of
W—1. Furthermore, var W=¢?(m* —m) ', and hence

P(m*—m)F o' Z; " m"(W—W,)<x|Z,>0)
= P((var U)~ ¥ @ZH U+ + Uz:.)éx),
so that (2) follows immediately from the lemma. (3) is obtained similarly by
noting that, conditional on Z,>0, Z;*(Z,,,—m" Z,) has the same distribution

as (Z})~*(V+ -+ Vy,), where the V; are independent of Z} and are independent
and identically distributed, each with the distribution of Z,—m".

Next, in order to obtain (4) we note that
E@ZH *=(E(ZH)~"), (21)

by a standard moment inequality, so that it suffices to study E(Z¥)~!, which is
given by L
EZ}) = J(F(s)=F0) s~ (1= F,(0) " ds. (22)

0

Now define a p.g.f.
H(s)=(1—¢)" ' (F(s(1—q)+q)—q), 0=s=l.
Then, if H,(s) is the n-th functional iterate of H(s), it is easily seen that
H,(s)=(1—q)"" (F,(s(1—q)+9)—q),

and H,(s) is the p.g.f. of a super-critical Galton-Watson process {Y,} (say) with
P(Y,=0)=0 for each n. The growth properties of {Y,} are closely related to those
of {Z,}; in particular EY,=EZ,=m". Also, we note that

U(s)=F,(s(1—q)+q)—(1—q) F,(5)
U(0)=F,(q)—(1—q) F,(0)=g—(1—q) F,(0)
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nd
an U'(s)=(1— ) (F(s(1— q) + ) — F()) 20

since s(l—gq)+g=s (0=s=1) and F,(t) is monotone increasing in t. Thus for

=, F(s(1—q)+4)—(1-q) F,()Z4—(1-q) F,(0),

H,(8)2 F,(s)— F,(0).

that is,

Consequently, from (22),

1
E(Z) ' £(1-F0) ' [s ' Hy(s)ds
¢ (23)
=(1-F,(0) E(%,").
Now let % be the o-field generated by Y}, ..., Y,, and note that ¥,=1 for each n.
Th
en, E(Y, )=E(Y, Y E(Y,_ Y, % )

24
CE(Ym E(Y i (K4 oot Y)Y ), e

where the Y” are independent of Y, , and are independent and identically
distributed, each with the distribution of Y. Furthermore, using the harmonic
mean-arithmetic mean inequality,

Lo (P 4+ YR T S L) -+ (HR9) ),
so that
E( X (V4 b BTVt BT ).

Hence, from (24),

E(Y, )=E(Y,Y) E(Y,ZY),
so that

E(Y, )=(E(Y Yy (25)
(4) then follows from (21), (23) and (25) by setting y=E(Y;""), which is in turn
given by "
y=E¥ )= [s7 (1-q) 7 (F(s(1-g)+q)—q)ds,

0

with y=E(Z; ') when P(Z,=0)=0, for then ¢=0. This completes the proof of

Theorem 2.
5. Remarks on Theorem 2

The bound (4) of Theorem 2 appears to be rather crude and with reference to
it we note that, by Jensen’s inequality,

E(YHzZ(EY) '=m~.

How, if E(W ~!|W > 0) < oo, it is plausible that under suitable conditions, E(Z*) ! ~
m~"E(W~!|W >0), since im m"Z,;'=W ' a.s. on [W >0]. However, it emerges

n— oo

that E(W ~'|W >0) is often not finite and there are wide ranging possibilities for
the asymptotic behaviour of E(Z*)~'. For example, take

F(s)=s(m—(m—1)s)~"%, m>1,
where k is a positive integer. Then,

E(s)=s(m"—(m"—1)s¥)~ 1/,
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so that 1
E(Z})'=E(Z;")= [s~'F(s)ds
0

1
= [(m"—(m"—1)s*)~1*ds,
0

and, putting y=1—s*(1—m™"), we obtain

1 dy

E(Z,,—l):k( Cyy I PUR(L = )&=k

Thus, if k=1,
E(Z;Y)=m"-1)"'nlogm,
and if k> 1,
EZ Y)Y~k *m " B(1—-k~', k™)

~k=tm~"*n(sin(n/k)) =’
as n— oo since

B(1—k=', k=) =T(k~") (1 —k~")=n(sin (z/k)) -

In conclusion, we make two observations. Firstly, Theorem 2 may be extended
to deal with the case EZ? %< o0, 0<d <1, by using results of Ibragimov [5]. In
this case we obtain bounds of the form ¢(E(Z})~')*? in (2) and (3), ¢ denoting a
positive constant. We have not framed Theorem 2 in this more general context
because an explicit form for c is not available.

Secondly, an improved rate of convergence to normality can be obtained by
conditioning on the value of Z, as well as on [Z,>0]. In this case it is apparent
that, after minor modifications in the foregoing proof, the bound in (2) and (3)
becomes O((Z¥)~*), which is O(m~%") as n—co.
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Improved classical limit analogues for
Galton-Watson processes with or
without immigration

C.C. Heyde and J.R. Leslie

It has recently emerged that the central limit theorem and
iterated logarithm law for random walk processes have natural
counterparts for Galton-Watson processes with or without
immigration. Much of the work on these counterparts has
previously involved the imposition of supplementary moment
conditions. In this paper we show how to dispense with these

supplementary conditions and in so doing make the analogy with

the random walk results complete.

1. Introduction

Let Z9 =1, Z;, Z5, ... denote a super-critical Galton-Watson

process with 1 < EZ] =m and 0 < varZg; = 02 < o , It is well-known that

there exists a non-degenerate random variable W such that 1lim Wn =W
oo

almost surely, where Wﬁ S m_nZn (for example, Harris [2], p. 13).

Furthermore, some central limit analogues have been established in this

context by Heyde [5] and Bihler [1]. These results are that
1 1
Qn2-m]20_lzn2mn[W—Wn) conditional on Zn >0 and
- e (g S RN (g | 1
(m“-m)20™"m 2 (mJ-l) 27 2[2 -~z ] conditional on Z_ > 0 (fixed J )
n | ntd n n

are both asymptotically normal N(0, 1) . See [5] for an explanation of

Received 23 February, 1971.
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146 C.C. Heyde and J.R. Leslie

why these results can be regarded as central limit analogues.

Under the further restriction that EZ? < o , rates of convergence in
the central limit analogues cited above have been given in [7]. These have
been used in [6] to obtain almost sure convergence results for the
Galton-Watson process which are analogues of the law of the iterated
logarithm for random walks. In this paper we shall show how the
restriction that EZ? < © may be removed. In Section 2 we shall obtain
convergence rates in the central limit analogues and also iterated

2
logarithm analogues under the basic condition that FZ; < « .

In Section 3 of this paper we shall deal with the Galton-Watson
process with immigration. The development of the corresponding limit
results in this case has followed the pattern described previously for the
case without immigration. Heyde and Seneta [§] have obtained central limit
analogues under EZ% < «» and rate results and iterated logarithm analogues
under EZ% < e ., We shall again show how tc dispense with the moment
restriction and will obtain the rate results and iterated logarithm

2
analogues under EZ; < « ,

2. The process without immigration

We shall establish the following theorems. The reader is referred to

the papers [5], [6] and [7] for background details.

THEOREM 1. Let 1 <m =EZ, and 0 < varZ; = 02 < o, Then

2 y2-1-1-4d7
sup‘P((m —m]20 U, Zan (W;Wn) = x | Zn > OJ - ®(x)| = e,
x n
and
sup P Odlv_lZ-El 72 -mz| < I 72 >0| - ®(x)| =d
b r Zn n | ntr n| = ) ~n?

where {cn}’ {dn} are certain sequences of positive constants satisfying

(o] co
3 e, <« and ¥ d <o . Here
n=1 n=1
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r any fixzed integer,

N
n

2. [ ~1,2 13
s dP[o m--m)2(W-1) = xJ
" f|3:|<v"n r*=r)

v, J|x|<wg_x2dP[c;l(Zr—mr] < x]

and ®(x) is the distribution function of N(0, 1) .

Explicit forms for e, and dn can be found by applying the lemma

below. We note also that un 41 and vn 41 as n > .,

THEOREM 2. Suppose that 1 <m =EZ, and 0 < varZ, = 02 < .

Then, on the non-extinction eet {W > 0} we have almost surely

n+r7m Zn Zn+r_m Zn
lim sup : =1, 1lim inf . = =1,
e 2 = 1o 2 =
o 2 2
2 rzn log n EOPZH log n]
and
m”w-zn ‘W2
lim sup =1, 1lim inf = = =1,
1 1
L eoeﬁﬂe-m) lzn log n]z e [ch(me—m] lZn log n]z

where r 1is any fixed positive integer.

Theorems 1 and 2 extend the scope of results given in Heyde and Brown
[7] and in Heyde [6] respectively under the additional condition that
EZ? < ® , The form of the bounds obtained in Theorem 1 is however, of
necessity, much more complicated in the general case. An explanation of
this is not difficult to deduce from results given in [3] and [4]. Our
Theorem 2 preserves exactly the form of the Theorem of [6] under the more

general conditions.

In order to establish the above results we need the following key
lemme. The result of the lemma is given in two parts; the first is needed
in the present section and the second to obtain corresponding results for

the process with immigration in Section 3.

LEMMA. Let Ei , 1=1,2, 3, ... be independent and identically
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148 C.C. Heyde and J.R. Leslie

distributed random variables with E(El] =0 and varg, = of <o, et

v be a positive integer valued random variable which is independent of

the {Ei} . Then,

(1) sup
x

e |
P(a d&nﬁn2[il + ...+ EN ] < aﬁ = @(m)‘

1
< AElzvn?aN ] + BE[szN ] + E[NncN ]
n n

where A, B are positive constants and

a = |m|3dP[u-lE < m] , b= I |x|dP[a_l€ < xJ .
4 J|.’r|</?; . GERArIEYa '
-1 2 2 -1
=P £ > ] s d = J dP[ E = ] i
e, g | > vk . oy ““dPla"E S x

If n, with E|nn| < w 48 a random variable which is independent of
the 1{£.} and of N _, then for any sequence e } of positive constants

with Bl 0 as n =+ =,

(2) sup
x

p[a“ld’lm'%[g % sis BE. F ] < m] — i)
N n 1 e N ny

1

<ax[rta | v mefwes | v 2(ne |+ ate e |5[izdt] + L e
- n N n N n " n Nn 2

n N n "
n n n
Proof. Let
2 2 1 1l e
et = J x dP[a— El < x] e [J mdP[u- By & x]] .
o el < || </
We have
1
(3) supl|P a'ldalﬁ_i[il + ...+ EN ] <z l Nn = k] - @{w)‘
x n n
1
= sup’P[u_le&lN;E[El ot gy ] <x | N = k] - ¢(x)k
x n n
+ sup|®(x) - @[ekd;lxj‘ ’
x

Also, using the mean value theorem,
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(L) sup‘Q(x) - @(ekd;lx]l = c[l - ekd;l]
cd_l[e +d )-1[J de[a'lg x]]e
k k "k |$|<Vﬁ. 1

cd{cl (ek+ko == U o2k xdP (u'l.";l

1A

IA
8
——t
—
n

' L2
< clbk = clbk 5

e, ¢ being positive constants. Furthermore, from (22) of Heyde [4] we
find that
(5) sup|P &fle_lﬂ—é £+ + £ sx |V =k| - 0x)
N "n |71 ter N | ~ n
x n n
_% 1
2
= Ak a, + Blk bk + kck s

so that using (3), (4) and (5),

1A

(6) sup‘P[GﬁldElN;%[El F * gN ]
x n n

e | W =k]-¢(x)1

1 1
< g 2

=< 4k a + Bk bk + kck .
The result (1) follows readily from (6) using the argument of the lemma in
§4 of Heyde and Brown [7]. (2) is obtained using exactly the method of
Lemma 2.1 of Heyde and Seneta [8] with the aid of (1) instead of the

Berry-Esseen bound.
Proof of Theorem 1. Suppose that Z; has the distribution of Zn

conditional on Zn >0 . We firstly note that (see [5], [7]), conditional
n -2
om 2, >0, m ZnZ(RLWh] has the same distribution as
1
*)72 — . i #
(Zn] (Ul + UZ;] » Where the Ut are independent of Zn and are

independent and identically distributed, each with the distribution of

1
= 43 -% L
W=-1. Also, conditional on Zn >0, Zn [Zn+r m Zn] has the same

5
distribution as [Z;] Z[Vi + ...t VZ*] where the V{ are independent of
n
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150 C.C. Heyde and J.R. Leslie

Z; and are independent and identically distributed, each with the

distribution of Zr - m . We can thus apply the lemms in both cases and

obtain bounds which we call e s dn respectively. It remains to show that

[e+] +2] =]
' Z e <o, E d < e ., We shall indicate the proof for Z e 3 that
n n n
n=1 n=1 n=1

(2]
for ) d  follows similarly.
n=1

= 1
What we have to demonstrate is that z E (Z*) 2q <.y
n=1 n Z;

(= o] 1 0
Z E[[Z;}zbz*] < ® and E E[ZQCZ*] < « yhere a,s bn’ ¢, are defined"
n=1 7 n=1 n

in the lemma with Ei having the distribution of W - 1 . The proofs of

the convergence of these three series are identical in form. They depend

on results of [4] where it is, in essence, shown in the proof of Theorem L

that under the conditions of the theorem and if {n,, k=1, 2, 3, ...} is
a sequence of integers with ny, ™ Kcek as k> (K>0,¢>1) , then

© © o

L nk2ank 5K S kZl nibnk =Ky <>, kzl nkcnk Sk <=

K., K, independent of X .

for certain Kl’ 20 K3

For u >0, let

3.0(~1(,2 13 -
a, J|x|<¢5_|x| dP|o™" (m"-m)2 (W-1) < zJ :

We have
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= 1
Jo (am’*) "2q ndP[m-nZ; = x]

1

oo |
E[[Zn 2a, *]
n xm

e ny-= -n
f (xm*) 2a dPLw Z* = x]
k=0 Jksw<k+1 am’ i
® 1 _1
T km 2% P[k sm 'z* < k+l]
k=0 (k+1)m” 7

A

1A

® 1
e. Y [(k+1)m"+1] 24 P[k < m-nZ*J ,
1 x=0 "

[(x+1)m™+1]
where ¢, is a suitable positive constant and [x] denotes the integer
part of x . Then using Chebyshev's inequality, PLW—nZ; = k] < ok™2 , and
oo 1 w e 1

e 7 - -1
E E[(z;J Zaz*} ey ]} [km"*+1] 2a " P[k-l <m z;;]
=1 n n=1 k=1 [lon"+1]

A

I [l
e m +1 2q
. n=1 Dnn+l]

+ a e E (k-1)"2 E [kﬂn+1]”%a
1 )
k=2 -n=1 [kom*+1]

1A
Q
+
o
It~ 8
x
1
|,_J

1 o0
as required. That X E[(Z;)Ebz*] < o gnd E E[chz*] < « follow in
= 7 n=1 n

the same fashion.
Proof of Theorem 2. This follows the same lines as the proof of the
theorem of [6]. We just make use of Theorem 1 and the inequality (6)

instead of the results based on the Berry-Esseen inequality employed in
[6]. We then obtain

lim sup . N =1, lim inf ; = -1
 (nacd 2 2 3 nreo 2.2 3
EUPUZnZn log n] [ecrvznzn log n]

almost surely on {¥W > 0} . The required results for

1
7 2 2 :
- & )
[Zn+r m n][EUan log n] then follow since v, 41 as n > We

have, for example, since Zn + ®© glmost surely on {W > 0} ,
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152 C.C. Heyde and J.R. Leslie

Z  -mZ - Z
lim sup nir L : = lim sup P L
nre > [ aand 2 2 :
2 b3
2Urzn log nJ Ecrvz Zn log n]
n
r
-m Z
< lim sup nir L ; 1lim sup EL—
e 2022 log n|2 g Zn
rn
Z . -m'z
. n+r n
= 1lim sup
e laefz 1 3
r'n TO8 "

on {W > 0} . The remainder of the proof goes through exactly as in [6].

We show
|2, ~ni"W|
1lim sup =L g
P 2,2 4-1.2 4
- 2
{20 Gw m) U, Zn log n]
n
from which it follows that
|2, W]
lim sup =1,

1
00 -
% 2

[2020n2—m]_lzn log n]

and the remainder of the argument of [6] can be repeated word for word.

3. The process with immigration

Let X5 =1, X;, Xp, ... denote a Galton-Watson process with
immigration whose offspring distribution has the distribution of Z2; with
1 <EZy=m and 0 < varZ; = 02 < ® ., We shall also suppose that the
immigration distribution has a finite mean. We refer the reader to Seneta

[9] for a detailed description of the process. Under the present
conditions, the theorem of [9] ensures that m_nXﬁ converges almost surely

to a proper random variable V with finite mean EV and such that
P(V=0) =0 . We shall here obtain the following theorems which extend

results presented in Heyde and Seneta [§].

THEOREM 3. Let 1 <m=EZ, and 0 < varZ) = 0? <® . Then
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Galton-Watson processes 153

LR, . . -
sup P[(ma-m]zo lu lX z(mnV;X ] <z | X > OJ - d(x)| =«
X 'n n n n
x n
and
-1 =1_-3 r
Sip P[Gr vXnXhz[Xn+P-m Xn] sz | x, > 0] - &(x)| = Sn 3

where {an}, {Bn} are certain sequences of positive constants satisfying

== [= -]
Y o <® and )} B <®. Here O_, u , v are as defined in the
wiqg L r®* n’ n

statement of Theorem 1.

Explicit forms for o, and Sn can be found by applying the lemmsa.

THEOREM 4. Suppose that 1 <m = EZ, and O < varZ; = 02 < ® ,
Then, with probability one,
r b
X  -mX X  -mX
lim pup —2E_ 7 =1, liminf wmr B —5 i, 5
N 2 = no 2, - 5
Z 2
EGan log n} 2Gan log n]
m”V—Xn mtv-x
lim sup =1, 1lim inf L -=-1,
1 —
e [QUBGWE—MJ lXﬁ log n]z e [Edeﬁwg-m}_an log n}z

where r ig any fixed positive integer.

Theorems 3 and 4 extend the scope of results given in Theorems 2 and
3 of [§] under the additional condition that EZi < © , The form of the
bounds obtained in the present Theorem 3 is however, of necessity, much
more complicated in the more general case. The present Theorem 4 preserves

exactly the form of Theorem 3 of [§] under the more general conditions.

The proofs of Theorems 2 and 3 follow the same lines as those of
Theorems 1 and 2, again using the lemma and (6). We make use of the

representations

X
mv - X = (W(l)—l) * e F [W{ nJ—lJ + I(n) a.s.
n

and
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154 C.C. Heyde and J.R. Leslie

(x,)
X -m'x = [Z(l)-mrJ + ... F [Z n _mr] + Y
n+r n r r r,n

of [§] and the points noted in the proof of Theorem 3 of [§]. The only

real point of difference in the proofs involves showing that we can choose
o0

a sequence {e } with € >0 as 7+ such that i e, <= and
n=1

o 1
Z €-lE[XPEw-l I X > 0] < @ wywhere w is either u or v .
[ n X n n n n

n=1 n
We know that u, (e vn + 1 so that wn 41 as n + ., Thus,

conditional on X >0, w, = w, and hence
n X 1

A
&

-0 . g | I . f =
3 €, E(anw | x, > o] < ¥ e, E[an | x > o]
-1 v =1 [.~1
1 L €, (E[Xn | x, > o}] .

Now, using Lemma 2.3 of [§] we have e, = 6" with 0 < Yy<6<1,

IA
£
ESIES

o N -
o, s 2 -
Y € [E[Xn | x, > OJ] = J 7' <,
n=1 " n=1
e}
Thus, with this choice of € , ] € <« and
n=1l

X
n

o 1
-1, (.~ =1
2 > < ;
z €, E(Xﬁ W ] Xﬁ 0] © , as required.
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ON LIMIT THEOREMS FOR QUADRATIC FUNCTIONS
OF DISCRETE TIME SERIES

By E. J. HANNAN aND C. C. HEYDE
Australian National University

In this paper it is shown how martingale theorems can be used to
appreciably widen the scope of classical inferential results concerning auto-
correlations in time series analysis. The object of study is a process which
is basically the second-order stationary purely non-deterministic process
and contains, in particular, the mixed autoregressive and moving average
process. We obtain a strong law and a central limit theorem for the auto-
correlations of this process under very general conditions. These results
show in particular that, subject to mild regularity conditions, the classical
theory of inference for the process in question goes through if the best
linear predictor is the best predictor (both in the least squares sense).

1. Introduction. A great deal of time series analysis is based upon quadratic
functions of the data. In particular, many inferential results relate to theorems
concerning the autocorrelations

(1) r(j) = 2 {x(n) — &Hx(n + ) — x}

i jzo,
2 i=i {x(n) - x}
r(=j)=r(),
x(1), x(2), - - -, x(N) being a sample of N consecutive observations on some pro-

cess {x(n)}. Itis well known that, under certain conditions on the process {x(n)},
a strong law of large numbers and a central limit theorem hold for r(j) (see, for
example, Hannan [6], Chapter IV, VI). In this paper it is our object to show,
using limit theorems for martingales, that the scope of the classical inferential
theory can be appreciably widened in a natural way.

We shall be concerned with a process of the form

(2) x(m) — p= Eioa(e(n —j)s  Lio@(j) <o, a0 =1;
Ee(n) =0, E{e(m)e(n)} = 0, m=n.

If x(n) — p is a second-order stationary, purely non-deterministic, process ([6],
Chapter III) then it may be represented in this form with the e(n) as the linear
prediction errors, having variance o* >> 0. As is well known, there will be many
representations of such a stationary process in the form (2) but for only one of
these will the ¢(n) be the prediction errors. However, our results extend beyond
the stationary case so that we do not assume stationarity for the {e(n)} but only
that (2) holds for n = 0, together with other conditions to be discussed shortly.
A process of the kind (2) arises from a wide variety of contexts; for example
from a mixed autoregressive and moving averge process ([6], Chapter I) and as

Received August 7, 1971; revised April 7, 1972.
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LIMIT THEOREMS OF DISCRETE TIME SERIES 2059

the response of a physically realizable filter to an uncorrelated sequence (Gikhman
and Skorokhod [5], Chapter 5).

Now the classical theory of inference for the process (2) usually requires that
the ¢(n) be independent and identically distributed with zero mean and variance
o’ (which we paraphrase as i.i.d. (0, ¢*)). The essential feature of this paper is
that, subject to some reasonable additional conditions, the classical theory goes
through if the independence assumption is replaced by the weaker condition

(3) E(s(n)| .%,) =0 as., all n,

n

where 5% is the o-field generated by the ¢(m), m < n. This requirement has a
simple and natural interpretation in the case where {x(n)} is stationary and thus
purely non-deterministic and the ¢(n) are the linear prediction errors, for then
%, is also the o-field generated by the x(m), m < n so that, because of (3),

“) e(n) = x(n) — E(x(n) [ ,_,) -

To see this, write &7, for the o-field generated by x(m), m < n. Clearly &, 2
¥, and, when the ¢’s are the prediction errors

&(n) = x(n) — E(x(n)| &, )

which is &, measurable. Thus ¥, = .%,. Then, E(x(n)| 5 ,_,) is the best
linear predictor and the best linear predictor is the best predictor (both in the
least squares sense). Conversely, if this is so, (4) must hold and hence (3).
Thus (3) is equivalent to the condition that the best predictor is the best linear
predictor, both in the least squares sense. In the stationary case our additional
conditions are, for example, the regularity condition (7), below, together with
the requirement that E(s*(n) | % ,_,) = o® a.s. Our results give that, subject to
the mild regularity condition (7), the classical theory of inference for (2) goes
through when the ¢(n) are the prediction errors provided the best linear predictor
is the best predictor and the prediction variance, given the past, is a constant.

2. Strong law for autocorrelations. Here we consider the process (2) where ¢(n)
satisfy the condition (3). We shall not require stationarity of {e(n)} but instead
the condition

(5 lim,_, N* ¥ E(¥(n)| F,,) =¢* >0 as.
and the condition that there exists a random variable X with EX? < oo such that
(6) P(le(n)| > u) < cP(|X]) > u)
for some 0 < ¢ < co and all n, all ¥ = 0. If x(n) is stationary we modify (5) to
5y E(&(n)| F,_) =" >0 as.
and (6) is redundant. We shall, in Section 3, make use of the condition
(7) Yijta(j) < oo.
Define _ . '
c(j) = e(—j) = N7 T35 {x(n) — x}{x(n + j) — X}, jz0,
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where % is the sample mean of the x(n), n = 1, - .., N. If x(n) is stationary its
spectral density is

2 -
f) = |5 a(ey
and the autocovariances y(j) satisfy

() = 2. e f(Q) di = o Lo, a(u)a(u + j) -
However we may define f(4) and y(j) by these formulae whether or not x(n) is

stationary. We now have the following theorem

THEOREM 1. If (3), (6) and }] |a(k)| < oo hold, X converges a.s. to p and if (5)
holds also, then c(j) converges in probabilty to y(j). If x(n)is stationary, X converges
a.s. to p and if (3), (5) hold c(j) converges a.s. to y(j).

ProoF. If ¢(n) satisfies (3), (6) and }] |a(k)| < oo, then it is easily seen that
% has a variance which is O(N~') as N — co. It consequently follows from the
proof given in Doob [4], Theorem X 6.2, that X converges a.s. to g. It is then
clear that c(j) has the same a.s. behaviour as

c*(j) = N7P 35 (dn) — p)(x(n 4 ) — )
= o D a(U)a()N! T e(n — u)e(n + j — v) .
Now
EIN' 3V jen—we(n+j—v)) < K< 0
by virtue of (6) and if }] |a(k)| < oo then

(8)  lim, . E|X . Do oa@)a@N- D= e(n — u)e(n 4+ j — v)] = 0.
The same is true if in the left term in (8) the first two sums are over 0 < u < p,
p < v < oco. On the other hand,

N-* 38 Ele(n)e(n — k)| 5 ,,} =0 a.s., k>0,
and it follows from (6) and a law of large numbers for martingales due to Heyde
(Theorem 1 of Heyde and Seneta [8]) that N~' 3 %_, e(n)e(n — k), kK > 0, and
hence N~* ¥/ e(n — u)e(n + j — v), u #+ v — j converges in probability to zero.
(In order to obtain the uniform bound on the distribution of (n)e(n — k) required
to justify the application of Theorem 1 of [8] we note that

P(le(m)e(n — k)| > 1) < P(eX(n) + &X(n — k) > 2u)
©) < P(X(n) > 1) + P(&(n — k) > 1)
= 2¢P(X? > u)
using (6).) Furthermore, by the same theorem together with (5), N=* 3 11=7 €*(n)
converges in probability to ¢*. Thus
To Li=o a(ua()N! T e(n — w)e(n + j — v) = o* L' a(u)a(u + j)

in probability as N — co where Y’ is a sum over 0 < u, u + j < p. It follows
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from this together with (8) and Markov’s inequality that c¢*(j), and hence ¢(j),
converges in probability to 7(j).

If x(n) is stationary with a.c. spectrum it is well known that ¥ converges a.s.
to #. In place of c¢*(j) consider

e(j) = ¢*(j) — Lo a(ma(u + )N 2357 &(n — u) .
Assuming x(n) stationary and (3), (5) we may show that the mean of &(j) is zero
and its variance converges to zero. The proof of the first is obvious and we
prove the second, for simplicity, in case j = 0. The variance is

L ka0 A(p)a(g) X XK7ss, o 2(r)a(s)
X [N 2 Zimnm1 E{e(m — p)e(m — g)e(n — r)e(n — 5)}] -
We evaluate the expectation using (3) and (5)'. The only contribution comes
whenm —p=n—rands=qg—p+rorm—p=n—sands=p—gq+r
Both sets of identifications give the same result and we take the first. After
evaluating the expectation let us add back

N0 T B newmoa(pratry (1 = 122 11)

which clearly converges to zero as N increases. Then we obtain
Nt it (1= L) (25 atpatp + 1Y -

This is N~! by the Cesaro sum of the Fourier series, evaluated at the origin, of
the convolution of f(4) with itself. It thus converges to zero. Thus &0), and in
the same way &(j), converges in probability to zero. However

Lo a@)au + N7 215 en — u)
converges in probability to y(j) by the same kind of argument as was used earlier
in the proof (the convergence of 3 |a(x)] not now being needed). Thus ¢*(j)
and hence ¢(j) converges in probability to y(j) and since, by the ergodic theo-

rem, c(j) converges almost surely it must converge almost surely to y(j). This
completes the proof.

3. Central limit theorems for autocorrelations. From Theorem 1 we note that,
depending on the conditions, r(j) = ¢(j)/c(0) converges either in probability or
almost surely to p(j) = 7(j)/r(0). Here we offer two theorems, the first of which
is for the non-stationary case.

THEOREM 2. Suppose (7) holds, 3 |a())| < oo and {e(n)} is a stochastic sequence,
with E&(n) = o°, all n, satisfying (3), (5), and (6) with bounding random variable X
having finite fourth moment. Suppose also that E{'(n)e(n — r)e(n — 5)} = o'r,, is
finite and uniformly bounded for every n, r = 1, s = 1, and
(10) n~t P et — ne(t — E(E() | F o) s o',

asn— oo forany r = 1, s = 1. Then, the joint distribution of N¥(r(j) — p())),
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1 <j < s, converges to the s-variate normal distribution with zero mean and non-
singular covariance matrix W = [w;;] where

Wii = 21 Dem Trd0(r + 1) + o(r — i) — 2p(r)p(i)}
X Ae(r + ) + o(r — j) — 20(ne()} -

Proor. This theorem may be established by adapting the proof of the theo-
rem of Anderson and Walker [1], where the case {¢(r)} i.i.d. (0, ¢%) is considered.
The only parts which cannot immediately be adapted involve the replacement
of their condition }] ja?(j) < oo by our (7), their application of a central limit
theorem of Diananda in the proof of their Lemma 1 and their demontstration
that N=' 31%_, {x(n) — g}* converges in probability to E{x(1) — p}* as N — oo.
This last result, however, is covered by our Theorem 1.

The replacement of }] ja*(j) < co by our (7) is easy to justify. The only point
at issue concerns the proof of their Lemma 3 where it is necessary to note that
the bound on the expectation of their (2.23) can be suitably sharpened for
|i| > n. Full details are given in the proof that we give for Theorem 3 below.

It then remains to consider the central limit part. What is required is just
that, for any sequence of constants ¢, ---, ¢,,, 7! 3™, ¢, 317, &(t)e(t + r) con-
verges in distribution to a certain normal law. In order to obtain this under our
conditions we first note that it suffices to establish the convergence result for
ntyim e, Y, e(t)e(t — r) which differs from the former in a fixed finite num-
ber of terms (and hence the difference goes in probability to zero as n — oo0).
We shall obtain this last result with the aid of a central limit theorem for
martingales due to Brown [3].

Define X, = 3™, ¢, ¢(t)e(t — r), noting that {S, = X1, X,, F,,n=1}isa
martingale. Let

V= Dl B ) = Dia Ila Bic 6,6t — ne(t — 5)E(E(n | F,2)
and .S‘ﬂ2 = 1“_:V,_.;2 = Z?:f E‘Afﬂ2 .

In order to apply Theorem 2 of [3] we need to show that
(i) s,V 1 and (i) 5,7 2, E(XP(|X,| = es,)) > 0
for any ¢ > 0, /(+) being the indicator function.

The condition (10) clearly ensures that (i) holds upon noting that
(1 1) snz = ng* Z;Ll ;n=1 C, cs Tps
To obtain (ii) we first note that for any u = 0,

P(|X,| > u) < P(X7 e, e(n)e(n — 1)| > u)
< P(Uz {le, s(m)e(n — 1)] > ufm})
(12) = D Ple(n)e(n — 1) > ufmie,}) (using (9))
< 2¢ X7, P(X* < ufmle,))
= 2emP(X? < ujmc*)
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where ¢* = max,_,, |c,|]. Thus, using integration by parts and (12),

EX(|X,| 2 es,) < 2§5, xP(1X,| > x) dx
=< 2cm §; xP(X* > x[mc*)dx — 0

as n — oo and (ii) follows. Brown’s theorem then gives that s,~' 337, X, con-
verges in distribution to N0, 1). That is, n=# 3i™ ¢, i1, e(f)e(t — r) converges
in distribution to N0, ¢* » ™, 3™, ¢, c,7,,). The proof of Theorem 2 is then
completed along the lines of Anderson and Walker [1]. Our second theorem

relates to the stationary case.

THEOREM 3. Let x(n) be stationary and satisfy (3), (5)" and (7). Then the joint
distribution of Ni(r(j) — o(j)), | = j = s, converges to the s-variate multivariate
normal distribution with zero mean vector and covariance matrix W = [w,;] where

W = e {e(r + 1) + p(r — i) — 2p(ne(i)}
x {o(r + j) + o(r — j) — 20(n)p(j)}
= Do {o(No(r + i — j) + p(ne(r + i+ j) + 20*(ne(i)e())
— 20(np(i)o(r + j) — 2o(Ne(f)e(r + i} .

This proof also follows [1] and improves the theorem of that paper in three
ways. Firstly the independence of the ¢(n) is replaced by (3), (5)’. Secondly
3 je*(j) < oo is replaced by 3 jia’(j) < co. Thirdly }; |a(j)] < oo is avoided.
Because we use the conditions (3), (5) we must confine ourselves to a one-sided
sum, 3 a(j)e(n — j) (i.e., to the purely non-deterministic case) while [1] treats
the case of a two-sided moving average. The second and third relaxations of
the conditions of the theorem in [1] may be made under the other conditions
of that theorem.

ProoF. Let us take the case where p is known to be zero since mean correc-
tion makes no difference to the truth of the theorem. Instead of N¥{r((j) —
p(j)} we may consider the limit distribution of N¥{c*(j) — p(j)c*(0)}/c*(0) and
since ¢*(0) converges a.s. to 7(0), by Theorem 1, we thus consider

(13) NHe*(j) — o(j)e*(0)] -
We first show that we may omit all terms involving an ¢*(n). These terms are
(see [1] page 1301)
(14) NHET a(k)ak + HTE — o(j) ZF (k)T
where
Ty, = S~ &i(n) — T4 e(n)

and

E|T{,| = ¢*min(2k 4 j, 2N — j) .

(In [1] a bound by (2k + j)e* is given for E|T{’,| and this accounts for the
replacement of our }] jia*(j) < oo by I ja*(j) < oo in[1].) Thus, taking the
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first term in (14), for example,
N=E(| 55 a(k)a(k + j)T¥h])
< N-to* T |atk)atk + j)| min(2k + j, 2N — j)
< G(N-} X7 a’(k) min (2k + j, 2N — j)}}
X (NS¢ @k + j) min(2k + j, 2N — ] .
However,
N-t 3o a®(k) min(2k + j, 2N — j)
= 2 Bi al(k)kHk[NY + N7 30 a¥(k) + 2 TF-; al(k)kE,

which converges to zero. The same is true of the second factor and the second

term in (14) and thus (14) converges in probability to zero.
Let us put x(n) = x,(n) + x,(n) where

x(n) = Xgnalf)e(n —j) .
We also put
;i (k) = N7 2V xy(n)x;(n + k)5 Lj=12.
If 7,;,(k) = Ec(k), then
ris(k) = §Z. e fi(4) d2
and

fu(z) = gz |3 a(j)ein%z , fzz(z) - ; iE?H a(j)el'j}.!ﬂ ,
T 4

fuld) = F®) = T TF al)e T ali)es.

All of these functions are square integrable over [—x, z]. In fact to see that,
for example, f(2) is square integrable under (7) note that this is equivalent to

Do ([ D7 a(f)a(j + k) < oo
and
Lo Diajta(f) - jra(j + b £ T (B P (OHE 5 S e + k)
S D ()} Lieo Di- J¥(j + k)
S{Z e (N} Zis (k) Zia j ™ < o0
under (7).
Now (13) becomes
(15)  Ni[{eu()) + enl)) + eu)) + ca(N)} — p(7Meu(0) + €a(0) + 2¢,4(0)}] .
We call c;(k) the expression c,;(k) with all terms involving an ¢*(n) omitted. We
wish to show that the contribution to the primed form of (15) from the ¢;,(k) for
i, j not both equal to unity has a variance which, for all sufficiently large N,

may be made arbitrarily small by taking K large. To this end we put
N¥c, (k) — Ec;i(k)} = Nici (k) + N¥{cli(k) — Ecl(k)},

J
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wherein c}}(k) contains all terms in ¢;;(k) involving an ¢*(n). If we evaluate the
variance of this as if the ¢(n) and x(n) were Gaussian we shall not affect the
variance of Ntc;,(k). Since on this Gaussian assumption the two terms on the
right are uncorrelated, we obtain the variance of the left-hand term as an upper
bound to the variance of Nicj;(k). The variance of the left-hand term is, on the

Gaussian assumption, ([6] page 210)
DA (U — [ul/N){ra)y (1) + 1ii(4 + K)rsiu — k)}

which converges to

(16) 2r §2 A SuAf542) + | [i5(2) e} dA
because of the square integrability of the f;,(2) and Parseval’s theorem. How-
ever, as K — oo,

§2. fa(d) dA,  §Z. fn(4) d2
converge to zero because the Fourier series of a functionin L, (—=, n), 1 < p <
oo, converges in the L, norm to the function ([9] page 50). (In our case the
function is Y%, a(j)expijde L,.) Thus taking K sufficiently large we may, if
i, j are not both unity, make (16) arbitrarily small and hence the variance of
Nic(k), for all sufficiently large N, arbitrarily small.

By what is sometimes called Bernstein’s lemma ([6] page 242) the theorem
will now result if it is shown that the N#¥{c],(j) — p(/)c},(0)} are jointly asymptot-
ically normal with a covariance matrix which converges, as K is increased, to
W. The proof of the asymptotic normality is the same as that given in the course
of proving Theorem 2. Putting

0'(J) = Dsx alk)atk + ) Lesx a’(k)
the covariance of the N#{c],(j) — p'(/)c}y(0)} converges to W’ where W’ is obtained
from W by replacing f(4) by fi,(4). Since Ni(o(j) — p'(j))ci,(0) evidently con-
verges in probability to zero and W’ converges to W as K — co because of the
theorem, quoted above, on L, convergence, the theorem is proved.

4. Some applications and extensions. The most obvious application of the re-
sults of Sections 2 and 3 is to the autoregression

(17) Zico BR)x(n — k) —p} =eln),  B(O) =1,

wherein we assume that
2ik-o BlR)Z* £ 0, lzZj =1,

so that x(n) can be represented in the form (2), and (7) is satisfied (see, for
example, [6], Chapter I). The (/) and o* (= E<*(n)) are estimated through

§=0ﬁ(j)c(k—-—j):50'k62, k=0,1,...,9,

([6], Chapter VI) and, remembering that 5(0) = 1, we see that j(1), - - -, f(g)
are functions only of the r(j), j=1,2, ..., ¢ and thus Theorem 3 may be
applied. Similar considerations apply to the mixed autoregressive and moving
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average process obtained when (17) is altered only by the replacement of the
right-hand side by
25=00())e(n = j) -

It seems that all of the classical inferential theory for the S(j), a(j) (see [2];
[6], Chapter VI) will continue to apply under the appropriate conditions of the
present paper.

There are other problems that yield to the same treatment as we have applied
to the r(j) in the present paper. For example, if x(n) is generated by (2) and is
stationary with finite fourth moment and (3) holds, then

1imy o SUP,3 g0 [N7! T2, (x(n) — )] = 0 as.

The proof of this proposition, which is important in connection with the esti-
mation of the frequencey of a sinusoidal signal received together with noise,
follows the same lines as that given in Hannan [7].

Acknowledgment. We are indebted to E. Seneta for some useful conversations
during the initial stage of this work.
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C. C. HeEvDE
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1. Introduction

It is usually the case that martingale methods do not form a valued
part of the statistician’s repertoire of techniques. The reasons are
partly historical and partly environmental, and while modern texts
on probability theory deal in great detail with sums of independent
random variables, the essentially broader subject of martingales is
often relegated to a small section or the back pages. The object of
this note is to give a brief exposition of what martingales are and what
they can do. It is my personal feeling that the réle of martingale
theory in probability and statistics will increase rapidly in importance
within the next few years.

2. The Basic Ideas

In order to give a feel for the subject, we start with the basic
concepts in the case of a countable state space.

Let £ be a sample space congisting of countably many points
®qy Wy, . . . 10 which are assigned probabilities p;, p,, . - . respectively,
with p;>0 and 2;p,=1. TIf X is a random variable its expectation is
defined as

EX=2X(w;)p;

(provided X, | X(w;) | p;< ) and the conditional expectation of X
relative to 4 is defined correspondingly, when P(4)>0, as
EX|A)= X X(w,)p;/P(4).
{j:ijA

If P(4)=0, the conditional expectation can be defined arbitrarily.

Now let {4,, n>1} be a partition of (2, that is, a countable class
of disjoint sets with union 2. This partition generates, and is in turn
determined by, a c-field, #, namely the class of all unions of sets of
the partition. If X is a random variable with an expectation, define
E(X | %), the conditional expectation of X relative to &, as the random
variable with constant value E(X | 4,) on each set A,. The definition
specifies E(X | &) almost surely (a.s.), that is, everywhere except on
partition sets (if any) of probability zero. As an example, if
Y,..., Y, are random variables, they induce a partition each of
of whose sets is determined by a condition of the form

{Y1=a1, .. ey Yk=a!k}.

Let %, be the o-field generated by this partition. In this case
E(X | #,) (which is commonly written as E(X|Y,,.. . Y,)) is the
random variable with value E(X |Y,=a,...Y,=a,) on the set
{Y1=0‘:1, ..oy Yk=ak}.

1 Manuseript received February 22, 1972,
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2 C. C. HEYDE

Let %, « %, =... be an increasing sequence of g-fields
generated by partitions of the sample space as just described. Tt is
useful to interpret %, as representing the class of all relevant past
events up to and including time n. The monotoneity relation, then,
corresponds to the idea that the past up to time n -1 includes more
events than the past up to time n. Let X, X, ... be a sequence
of random variables such that X, is determined by the history up to
and including time n (i.e. each event of the form {X =a}ec¢ #,
X, is then called &%, measurable). Then, the sequence {X,, n>1}
is defined as a martingale (MG) relative to {%,, n>>1} if each X, has
finite expectation and it for m n,

(l) E(Xﬂ I g’bJﬂ):Xm aJ.E.

This is a relation between funetions on the sample space and is to hold
almost surely (a.s.), that is, everywhere except perhaps on a subset of
the sample space of probability zero. Note that it is sufficient to
replace (1) by
B(X,..| #.,)=X, as., each n>1,
for then
E(X]])F{DXE ﬂllﬂm}
—E(X

m1 m):.Xm H
using continued reduection.

Now the basic definition of a MG is inspired by notions of fairness
in gambling. The idea of a fair game is that the knowledge of the past
should not enable the gambler to improve on his fortunes. As a simple
example of the above idea let Z,= 41 each with probability { and
suppose that Z,, Z,, ... are independent (i.e. basically a simple
coin-tossing situation). Suppose the gambler’s strategy is that he
bets b,(Z,, ..., Z,) on the (n-+41)st trial and let

S?z:Sn(bl! L bn; Zl7 v ivN Zn)

denote his fortune after n trials. {8,} satisfies the recurrence relation
Sn+1:Su +Zn+l.bn(zl‘ S oy Zn)

Then, if #, denotes the c-field generated by Z,,...,Z,, we observe

n?

that {8,, »>1} is a MG with respect to {#,, n=> l} We have for
n>1,
E(Sn-i-ll 37 ) (S +Zn+1b ( 3 ‘?Zn) ! L9'(’_n)
—g ntbalZy e e s BAB(Z, )
as required. Of course if b,(%,,...,Z,)=1, then §, is just a sum ot

independent and identically distributed random wvariables.

Now suppose that the gambler can decide to skip individual
trials. Introduce a decision function ¢, which is %, , measurable,
such that =, is 0 or 1. If ¢, is 0 the gambler skips the nth trial and
if ¢,=1 he bets. Then, denoting his fortune after » trials by T,
we have

1’n+1=Tn+En+1Zn+1bn(Zlﬁ bR | Zn)
so that
BTy | FD =Tyt vl - - o LB )

n

and the game remains “ fair ** under this system of optional sampling.
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Martingale theory forms a natural setting for many such gambling
problems. It can be used to establish intuitively striking propositions
such as the persistent gambler goes broke with probability one (Breiman
(2], pp.- 101, 102).

3. A General Definition

In many problems the assumption of the countability of the
sample space € is not satisfied. 'We go on to sketech a general frame-
work for a definition of a MG.

Let {Q,% P} be a measure space: £ is a set, & is a o-field of
subsets of Q and P a probability measure defined on #. Let
F, e F, =... be an Increasing sequence of o-fields of % sets.
Let {X,, n>>1} be a sequence of functions on () satisfying

(i) X, is measurable relative to &

lii) B| X, | < oo,

(iii) If m<n, then E(X,| #F,)=X,
Then, the sequence of random variables is said to be a MG relative
to {#,, n>=1}.

In many applications, the o-field 4, is the past as determined by
Xy .. X, thatis & is generated by X,, ..., X,. In this case the

m?
basic martingale condition (iii) is commonly written
BEX,|X,,...,X)=X, as.
The more flexible setting of the definition is chosen since, for example,
one has often to replace the conditioning variables X ,,..., X, by
some functions of them.

n?

@.8.

4. The Martingale Convergence Theorem

A key reason for the importance of the concept of a MG is provided
by the following powerful theorem.

The MG convergence theorem. Let {X,} be a MG such that
limsup F | X, |< co. Then, there exists a random variable X such

i—» 0

that lim X, =X a.s. and £ | X |< liminf F | X, |.

n—-oo fi—> o
This is an existence theorem ; it tells us nothing about the limit
random variable save that it has a finite first absolute moment. The
theorem seems rather unexpected a priori and it is an extremsly
powerful tool which has led to a number of interesting results for
which it seems essentially a unique method of approach. Of course
one iz still faced with finding the limit law, but that can usually be
done by other methods.
A proof of the MG convergence theorem is particularly easy in
the special case where limsup EXZ- co. See for example Feller
n—> 00
[6], p. 236. A general proof can be found in many of the standard
probability texts.
As a simple example of the power of the theorem, consider its
3
application to show that if §,= ¥ X, is a sum of independent random
i=1
variables with 8, converging in distribution as n->co, then 8§, converges
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4 C. C. HEYDE

a.8. This result is a straightforward consequence of the MG con-
vergence theorem when it is noted that

n
7, =" E(6"Sn) =S| 11 B(ei*Xi)

i=1

is a MG. The result is rather difficult to prove by other methods.

Another interesting application of the MG convergence theorem
concerns the likelihood ratio. Suppose X, X,, ... is a stochastic
process such that the joint density of (X, ..., X,) is either p, or ¢, :
the problem is to decide which. Define Y, by

7 _ Gy 5)
" pn(XU i wl Xn)

Y, is likely to be small or large according as the true density is p, or
g, and the asymptotic behaviour of {Y .} is clearly of importance.

For simplicity we assume that the densities p, are strictly
positive and continuous (although it certainly suffices to assume
9.z - . . x,)=0 whenever p, (r,..., 2,)=0; see Doob [5], p. 348,
or Chow, Robbins and Siegmund [4], p. 12). Then, if the p, are fh(‘

true densities, the conditional density of X, given X,,. ., X,
Prril gy o sy X W) AX, o ooy X, ) and hence
E( n+1 ! “Y ® JX )
"J‘ qn‘l v ® oty ery) . erA](Arl’ £ siay A—n!.}')d‘;
""wpn-i-]_ " lied Xniy) p”(le + . X )
X)
=Y
Pn( A o

go that {¥,, n= 1} is a MG with respect to the sequence of c-fields
generated by X,,..., X, n=>1. Clearly ¥, >0 and EY =1, so that
the MG convergence theorem ensures the existence of a random variable
Y, with EY <1, given by lim Y, =Y a.s.
n—» 0

Under suitable hypotheses, detailed information can be obtained
on Y. For example, suppose the p,’s and g/ s correspond to
independent X,’s with a common distribution. Then, it is not difficult
to show that Y =0 a.s. ([5], p. 349; [4], p. 19). This is a result of

precisely the type desired.

5. Stopping
Martingale theory is closely related to problems of stopping
and in particular optimal stopping. We shall just sketch these concepts
here ; a comprehensive discussion of the material in this section is
given by Chow, Robbins and Siegmund [4].*
Let {#,, n>>1} be an increasing sequence of c-fields. A stopping
time is by definition a random variable ¢ such that
Pt 0)=1
and
{ft=n} e %, for cach n.

* Reviewed in this issue.—EDITOR.
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If {X,, n>1}is a MG with respect to {&#,, n>>1} we may for concrete-
ness interpret the MG as the values assumed by the gambler’s fortune
as he plays a sequence of ‘ fair ”’ games. A stopping time is a strategy
by which the gambler decides to stop playing and X, is his terminal
fortune. The requirement {{=n}c %, is just that the gambler’s
decision to stop at time n depends only on his past experience. One
interesting and important problem is whether

EX,=EX,,
i.e., whether the property of ¢ fairness’ is preserved under the
stopping time f£.
This theory provides a simple method of deriving the Wald
identity of sequential analysis. Let Y, Y, ... be independent and

n
identically distributed, S,= % Y, and assume that for some real
i=1
270, o(A)=HEe'r exists and that ¢(A)>1. Then, if N is a stopping
time for the sums S, S,, ... such that | 8,]| is uniformly bounded
for n<<N and EN « cc, we have
E[{p(\)} Ner¥]=1.
This identity is derived by noting that
X, =[p(R)]7"eMn
is a MG and showing that
EX,=EX,=1
(e.g. Breiman [2], p. 100).

Now let {X,, =1} be any stochastic sequence with X, measurable
with respect to # , and let ¢ be any stopping time. Suppose also that
E| X,|< o for each #. Define V=sup X, where the supremum
is taken over all stopping times for which EX, exists. Optimal
stopping theory is concerned with the problems of existence and
nature of an optimal stopping variable (i.e. one for which BX,=V).

As an example, we mention the problem of testing a simple
hypothesis against a simple alternative with independent and
identically distributed observations of constant cost. Tt is well known
that a Bayes solution to the problem is a Wald sequential probability
ratio test. Now, the problem of minimizing the risk in this context
can be re-stated as a problem on optimal stopping ({4], pp. 46-49)
and the stopping variable appropriate to the sequential probability
ratio test turns out to be optimal ([4], pp. 71, 105). Some variants
are also given in [4].

6. Limit Theorems

Zero mean random walks and sums of independent random
variables centred at their expectations are MG’s. The standard
theory for sums of independent random variables, however, continues
to proceed in its own right. Limit results such as the laws of large
numbers, central limit theorem and law of the iterated logarithm have
been major achievements and have had a substantial impact. Now,
for the most part, the standard theory for sums of independent random
variables can be put into a more general MG sefting. From the
point of view of applications there is considerable advantage in doing
this. 'We shall sketch the basic ideas.
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6 C. C. HEYDE

Let {8,, n=1} be a zero mean MG with respect to {#,, n=>1}

and write §,= L X,. The first thing to note is that many results on
i=1

sums of independent random variables in fact require only ortho-

gonality of the increments (K(X,X;)=0, 1+j) and that this property

holds for MG’s whose increments have finite variance. As a simple

example we see that the so-called Chebyshev inequality continues

to hold for MG’s. By Markov’s inequality we have for any >0,

P(l Sﬂ l 2 E} g E_zESTQH
while
ES8:= s EX2+2 2 EXX;= L EXZ
ji=1 i>3 j=1
since for ¢>j,
E(Xin):E(XjE(Xi l ﬁiAl)):E(Xj{E(S:‘ | "g:i—l)_Si—l}):
This inequality for MG’s gives immediately a weak law of large numbers.
In fact, for MG’s whose increments have finite variance,

P(| 8, |=ns)<n2e2 Z EXZ,

~.

2

so that n~18,~0 in probability if »2 X EX3->0.
i=1
In the general case of the weak law of large numbers, where the
finite variance assumption is dropped, there is a well-known set of
necessary and sufficient conditions for convergence in probability

[
of n1-8,, 8,= X X, denoting a sum of independent random variables.
i=1
In fact (Loéve [11], p. 278) n~18,—>0 in probability if and only if

() ¥ P( X,|=n)-0
i=1

i
(i) n-! ¥ BX;,—>0

i=1
(iil) n—2 %l [EXfﬂm(EXjnF]AO

where X, is defined by X, =X, or 0 according as | X; | <nor | X, |=n.
An mspectlon of the proof gwen by Loéve shows that the it ¥ part
(which is after all the most important part) depends only on truncation
and the use of the so-called Chebyshev inequality. A minor variant
obtained by, in (ii), replacing EX;, by E(X;,| X;~, ..., X;) and
—0 by —0 in probability and " 'in (iii) replacing (LX o2 by
E(E(X;,| X,_y,...X,))% holds in the MG context. This of course
reduces to the Loeve condition in the special case of independence.
The ‘ only if ”* part of Loéve’s proot involves the use of characteristic

functions and only this rests on the assumption of independence.

In the case of the strong law of large numbers, the most basic tool
is probably the Kolmogorov criterion that if the X; are independent
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