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Preface to the Series 

Springer’s Selected Works in Probability and Statistics series offers scientists 
and scholars the opportunity of assembling and commenting upon major 
classical works in statistics, and honors the work of distinguished scholars in 
probability and statistics. Each volume contains the original papers, original 
commentary by experts on the subject’s papers, and relevant biographies and 
bibliographies. 

Springer is committed to maintaining the volumes in the series with free 
access on SpringerLink, as well as to the distribution of print volumes. The 
full text of the volumes is available on SpringerLink with the exception of a 
small number of articles for which links to their original publisher is included 
instead. These publishers have graciously agreed to make the articles freely 
available on their websites. The goal is maximum dissemination of this 
material. 

The subjects of the volumes have been selected by an editorial board 
consisting of Anirban DasGupta, Peter Hall, Jim Pitman, Michael Sörensen, 
and Jon Wellner. 
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Christopher Charles Heyde 



Preface 

In 1945, very early in the history of the development of a rigorous analytical 
theory of probability, Feller (1945) wrote a paper called “The fundamental 
limit theorems in probability” in which he set out what he considered to be 
“the two most important limit theorems in the modern theory of probability: 
the central limit theorem and the recently discovered … ‘Kolmogoroff’s cel­
ebrated law of the iterated logarithm’ ”. A little later in the article he added to 
these, via a charming description, the “little brother (of the central limit theo­
rem), the weak law of large numbers”, and also the strong law of large num­
bers, which he considers as a close relative of the law of the iterated logarithm. 
Feller might well have added to these also the beautiful and highly applicable 
results of renewal theory, which at the time he himself together with eminent 
colleagues were vigorously producing. Feller’s introductory remarks include 
the visionary: “The history of probability shows that our problems must be 
treated in their greatest generality: only in this way can we hope to discover 
the most natural tools and to open channels for new progress. This remark 
leads naturally to that characteristic of our theory which makes it attractive 
beyond its importance for various applications: a combination of an amazing 
generality with algebraic precision.” 

No better description of, or prescription for, Chris Heyde’s work in each 
of these fundamental areas, as well as in the other areas to which he made 
significant and original contributions, could be found. 

The selection of papers in the volume to follow amply displays Chris’s 
commitment to these principles, as it traces the growth of his interest in the 
classical theory of probability and stochastic processes from very early days 
to a full flowering decades later, as well as the broadening of his interests and 
expertise from its early origins in probability theory. 

Chris realised early on that the theory of probability was inspired and invig­
orated, and should always continue to be refreshed, by the real-world practical 
problems from which it stems. While never diminishing or neglecting the role 
that theoretical investigations play, his research quickly moved on from them 
to encompass a remarkably wide repertoire; to mention just some of it, his 
work ranged from applications in applied probability, especially to branch­
ing processes and their genetic implications, to statistics, in areas ranging 
from times series analysis and estimating equations theory through to very 
applied subjects—and on to his later interests in and contributions to financial 
modeling and analysis. 
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viii Preface 

In addition to these, Chris nurtured and maintained a deep interest in the 
history of probability and statistics. He returned, and contributed substantially 
to this subject, throughout his entire career. And above all, convinced of its 
utmost importance, Chris lobbied and promoted his subject, probability and 
statistics, as hard as he could to those who had influence, throughout his life; 
thus, we even see papers addressing the role of statistics, and statistical sci­
ence, in his publications list. 

In all that he attempted, Chris’s research was up with or ahead of the times 
in which he worked, and at all times his work was characterised by its elegance 
and a striving for completeness, as well as by a willingness to attack the most 
difficult and fundamental areas. 

The volume is arranged as follows. First, is given an “author’s pick” section, 
comprised of comments by Chris himself on a selection of papers he consid­
ered interesting and important in the development of his, and the profession’s, 
probabilistic and statistical thinking. Then follow four articles by colleagues 
and friends of Chris: Ishwar Basawa, Peter Hall, Eugene Seneta, and myself. 
These articles concentrate on four quite different strands of Chris’s thinking, 
giving in all a wide ranging review of Chris’s interests over a broad area of 
probability and statistics. 

Sadly, Chris died while this volume was in preparation. His mind remained 
clear and focussed till the end, and he wrote a draft of his “author’s pick” 
section in February 2008. It was typed and forwarded to me by his wife Beth 
just a few days before his death, and I needed only to edit it lightly into its 
present form. Knowing that time was short, the other contributors, Ishwar, 
Peter, Eugene and myself, encouraged by our series editor Anirban DasGupta, 
worked hard to get our pieces together in time, hopefully, to present the fin­
ished volume to Chris. Unfortunately that was not to be. 

An appreciation of Chris’s life and works, and the honours accorded to him, 
written by his long-time friends and colleagues Joe Gani and Eugene Seneta, 
appeared as an introduction to Gani and Seneta (2004). This was a special 
issue of the Journal of Applied Probability, which contained a collection of 
articles by his colleagues and friends. It includes a list of his publications up 
till 2004; that list is included, and updated, herein. Beyond these, there are 
papers yet to appear, as coauthors finalise them for publication. No doubt a 
complete list will be made available at some stage. 

A published interview of Chris appeared in Glasserman and Kou (2006). 
An obituary by Gani and Seneta (2008) extends the introduction mentioned 
above. A brief biographical sketch by Joe Gani of Chris’s life is included on 
page xxi of this volume. 

In closing I would like to add my personal appreciation for Chris’s support 
and guidance over many years, following his role as the initial supervisor of 
my PhD in the 1970s. He made a deep impression on me in ways I did not real­
ise for many decades. His contribution was immense, as is the gap he leaves. 

Canberra 
February 2010 

Ross Maller 
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Introduction 

A Biographical Sketch of C. C. Heyde 

Christopher Charles Heyde (Chris) was born in Sydney, Australia on 29 April 
1939, and went to school at Barker College, Hornsby where he excelled in 
sports. In his last year at school, he became interested in mathematics, and 
after completing his secondary studies, he enrolled at the University of Sydney 
in 1957 to study mathematical statistics. He graduated in 1961 with a first 
class Honours degree, and was awarded the University Medal. 

In 1962, Chris won a Commonwealth Postgraduate Research Scholarship 
in Pat Moran’s Department of Statistics at the Australian National University 
(ANU). He was awarded his PhD in 1965 for a thesis on ”Results related 
to first passage time problems and some of their applications”. In 1963, 
his paper ”On a property of the lognormal distribution” appeared in 
J. Roy. Statist. Soc. B 25, 392–393; in this, he showed that the lognormal 
distribution was not determined by its moments, a result which was to make 
him famous. 

Chris was married to Elizabeth (Beth) James in 1965, and they had two 
sons, Neil born in 1967 and Eric born in 1969. Both are now married, each 
with two children who have been the great delight of their grandparents. 

Chris had a very international career: his first job was at Michigan State 
University, East Lansing in 1964–1965, followed by the University of 
Sheffield in 1965–1967, the University of Manchester in 1967–1968, the 
Department of Statistics (headed by E. J. Hannan) at the ANU in 1968–1974. 
and the CSIRO Division of Mathematics and Statistics in 1974-1983. He 
was appointed Professor and Chairman of the Department of Statistics at the 
University of Melbourne in 1983, but returned to the ANU as Professor of 
Statistics in 1986. When the ANU School of Mathematical Sciences (now the 
Mathematical Sciences Institute) was established, he became its Foundation 
Dean. From 1993 until his death in 2008, he divided his time between the 
ANU and Columbia University, New York, where he was a Professor in the 
Department of Statistics. He founded and acted as Director of its Center in 
Applied Probability. He served at Columbia between September and December 
each Fall semester, and was at the ANU for the rest of the year. 

Chris was the author of over 200 papers and wrote or edited a dozen 
books, all of which are recorded in this volume. Among his many contri­
butions, Chris considered the following to be his most significant: (a) the 
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xxii Introduction 

result that the lognormal distribution was not determined by its moments 
(J. Roy. Statist. Soc. B 25, 392–393); (b) the observation that the best linear 
predictor in a discrete time series is the best predictor if the innovations are 
martingale differences (Ann. Math. Statist. 43 (1972) 2058–2066, jointly with 
E. J. Hannan); (c) the clarification of the concept of long-range dependence 
(J. Appl. Prob. 34 (1997) 939-944, jointly with Y. Yang); and (d) the formula­
tion of the fractal activity time geometric Brownian motion model for a risky 
asset (J. Appl. Prob. 36 (1999) 1234–1239). 

Chris acted as the Editor or Associate Editor of several journals. For 18 
years between 1990 and 2007, he was Editor-in-Chief of both the Journal of 
and Advances in Applied Probability and initiated the section on ”Stochastic 
Geometry” in the latter. His judgment was always sound, and he was greatly 
valued as one of the Trustees of the Applied Probability Trust. 

Chris received well-deserved recognition for his professional contributions. 
He was elected a Fellow of the Institute of Mathematical Statistics in 1972, the 
Australian Academy of Science in 1977, and the Academy of Social Sciences 
in Australia in 2003. He was awarded the Academy of Science’s Hannan 
Medal in 1994 and its Lyle Medal in 1995. He served as a Council Member of 
the Australian Mathematical Society in 1980–1983 and was its Vice-President 
in 1981. He was Vice-President of the International Statistical Institute in 
1985–1987 and again in 1993–1995, as well as President of its Bernoulli 
Society in 1985–1987. He was Federal President of the Statistical Society of 
Australia in 1985–1986, and was awarded its Pitman Medal in 1988. In rec­
ognition of his services to mathematics, he was awarded Membership of the 
Order of Australia by the Australian Government in 2003. 

Chris was an eminent scientist with wide statistical interests; he was also a 
kind and thoughtful human being, with a strong sense of justice. He died in 
Canberra on 6 March 2008 from the effects of metastatic melanoma. He is 
sorely missed by his family, and his many friends and colleagues. His life and 
work has enriched us all. 

Canberra 
29 January 2010 

Joe Gani 
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Author’s Pick
C.C.  Heyde1 
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Paper [M1] shows by example that the lognormal distribution is not determined by its moments. It is 
referenced in Feller’s second volume (Feller 1971) and has become a widely cited result.

Paper [M43] with Ted Hannan has the key time series result that the best linear predictor is the 
best predictor if the innovations are martingale differences. This has major implications for the linear/
nonlinear debate, and in this respect has received much attention, especially from econometricians. 
This was one of the very early papers which made it clear that martingales would play an important 
role in statistics.

Paper [M44] illustrates a realization of the emerging role which martingales were to play in prob-
ability and statistics. The derivative of the log likelihood is a martingale. A general Central Limit 
Theorem for martingales emerged. This research was influenced by the first edition of Billingsley’s 
then recent book (Billingsley (1999)).

Paper [M162] with Y. Yang was a serious attempt to bridge the gap between long range dependence 
as a property of processes and the inflexible and restricted formal definitions. “Long range depend-
ence” is really a misnomer. The term persistence is better at catching the idea of large values following 
large values and small values following small values much more than under independence. Correlation 
plays no role in the concept, nor is there need for stationarity or finite variances, so mathematical 
definitions involving these restrictions are unhelpful. In this paper a self-normalised limit criterion is 
included to characterize the concept. None of the correlation related restrictions apply, but if they do 
happen to hold, the definitions of this paper are almost equivalent to the usual forms. The framework of 
the paper easily allows for treatment of the persistence of self-similar infinite variance processes such 
as fractional Lévy noises, which it had hitherto not been possible to integrate with that of fractional 
Brownian motion.

Paper [M169] introduces the fractal activity time geometric Brownian motion (FATGBM) risky 
asset model (also see [M180], [M181], [M189]). This is a minimal description model aimed at captur-
ing the essentially empirical properties which the Geometric Brownian Motion (GBM) lacks. These 
are leptokurtic returns distributions (higher peaks and fatter tails than normal), persistent strong 
dependence of absolute values of functions of the returns and evident stochastic volatility effects. The 
efficient market hypothesis applies to the FATGBM model, the log returns being martingale differ-
ences. Empirical scales of the FATGBvM model strongly suggest fractal scaling of the activity time 
and empirical volatility, and provide considerable support for the need for power tailed return distribu-
tions rather than the somewhat more popular (tractable) exponentially tailed ones.
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This overview of Heyde’s research on inference in stochastic processes is based on a subjective sampling 
of his extensive publications in this area.

The question of asymptotic efficiency of the maximum likelihood (ML) estimator was first addressed 
by R.A. Fisher (1925). Fisher’s criterion of efficiency was further explored by C.R. Rao (1962). The 
Fisher-Rao approach seeks to establish the asymptotic optimality of the maximum likelihood estimator 
in the class of consistent and asymptotically normal estimators by showing that the ML estimator has 
the minimum asymptotic variance, under some broad regularity conditions. LeCam (1960) provided a 
general framework for asymptotics via the local asymptotic normal (LAN) family which formalizes the 
theoretical basis needed for the Fisher-Rao approach. Even though most of the early work on asymptotic 
inference was developed for independent and identically distributed (i.i.d.) observations, the theory has 
since been extended to stochastic processes. The extension to dependent observations mainly involves 
replacing the classical law of large numbers and central limit theorem for the likelihood score function 
by their analogues for martingales (Hall and Heyde (1980)).

In [M62], Heyde’s early work on asymptotic efficiency in estimation for branching processes led 
to some unexpected foundational questions about the classical Fisher-Rao-LeCam approach. Suppose 
Ln(q) is the likelihood function based on n dependent observations (X1, X2, …, Xn), and 
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The Fisher information matrix is denoted by In(q) = E(xn(q)). For a large class of processes (includ-
ing the classical i.i.d. model), typically one can verify that 1( ) ( )n nI − q x q  converges in probability to a 
non-random matrix (usually, the identity matrix). When this happens, the classical Fisher-Rao-LeCam 
asymptotics usually can be extended to dependent observations. However, for branching processes 
(and many other stochastic processes) the normalized information 1( ) ( )n nI − q x q  has a non-degenerate 
limit. For such processes, the Fisher-Rao-LeCam asymptotic optimality criterion no longer applies. In 
particular, the ML estimator is not asymptotically normal, and the LAN property fails. In [M62], Heyde 
provided a remarkably simple modification of Rao’s (1962) asymptotic efficiency criterion by replac-
ing In(q) in Rao’s criterion by xn(q). In [M62], an estimator Tn is defined to be asymptotically efficient 
if it satisfies: 
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for some positive number sT. [M76] shows that the ML estimator Ÿ
qML

satisfies (H) with sT equal to 1, 
and it maximizes the limiting probability of concentration 

1

2(W) lim [ ( ) | | ]n nn
P I T a

→∞
− ≤q q

for all a > 0 (see also, Wolfowitz (1965)). Note that the criterion (W) does not require the asymptotic 
normality of Tn, nor does it need the LAN framework. Moreover, in [M137], Heyde demonstrates the 
advantages of using the random norm xn(q) in constructing asymptotically optimal confidence intervals.

Heyde and Johnstone in [M81] established the asymptotic normality of the posterior density for stochas-
tic processes. Interestingly, this result is applicable for branching processes, thus avoiding the problem 
of a threshold parameter (the offspring mean of a branching process) drastically affecting the asymptotic 
inference. Bayesian asymptotic inference can then be based on the asymptotic posterior normality.

In the context of stochastic processes, it is often the case that complete specification of the likeli-
hood function may not be available. It is then not possible to use the ML estimation or Bayesian 
approach. [B3] gives a comprehensive review of the theory of quasi-likelihood estimation. Let 

1( ) ( | )t t tE X −= m q  and 1( ) Var ( | )t t tV X −= q  denote the conditional mean and variance respec-
tively. A typical quasi-likelihood (QL) estimating equation is defined by
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This method of estimation requires specification only of the conditional mean and variance. In [M118] 
Godambe and Heyde, and in [M127], Heyde, discussed both finite sample and asymptotic optimality 
properties of the QL estimating functions. See also [M151] for quasi-likelihood estimation for diffu-
sion processes.

Stochastic processes with long-range dependence are becoming increasingly important tools for mod-
eling financial, meteorological and diverse other time series data. Heyde’s joint work with Anh, Gao, et al. 
in [M171] and [M184], provides an excellent example of path-breaking research in this important area.

In [M171] estimation for a zero-mean stationary Gaussian process {Y (t)} with spectral density 

2 2( , ) | | (1 ) , ( ),− −= + ∈ − ∞ ∞b af w q h w w w , 

where 
1 1

( , , ) [ , ) (0, ) (0, )
2 2

= ∈ ∞ × × ∞q a b h  is a vector of unknown parameters, is discussed. This 

process has long range dependence (LRD) and is known as the fractional Riesz-Bessel motion (fRBm). 
A continuous version of the Gauss-Whittle contrast function is defined as 

1 2 11
( ) {log ( , ) ( ) ( , )}(1 )

4N NL I d
π

∞ − −

− ∞
= + +∫q f w q w f w q w w
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2

0

1
( ) | ( ) |
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N
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N
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is the periodogram of f (w, q), N being the upper bound of the interval [0, N] on which Y (t) is observed. 
The minimum contrast estimator of q is defined by 

arg min ( ).
Ÿ

qq q=N NL

Consistency and asymptotic normality of the estimator 
Ÿ
qN  are established in [M171].

[M184] considers the nonstationary Gaussian process {Y (t)} with spectral density given by 

( , ) ( , ) ( ), ( , ),ω∗ = ∈ − ∞ ∞f q f w q p w w
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where p (w) is a positive continuous function satisfying a regularity condition, and 

1 3
[0, ) , (0, )

2 2
q ∈ ∞ × × ∞

 
  

 is the unknown parameter. Under regularity conditions, the consistency and 

asymptotic normality of the minimum contrast estimator 
Ÿ
qN

of q are established.
The two papers [M171] and [M184] solve the problem of parameter estimation for both stationary 

and nonstationary Gaussian processes with long range dependence. The method of estimation used in 
both the papers is based on a natural Gauss-Whittle contrast function. These models are illustrated 
with an application to real data sets on time series of maximum daily wind speed [M171], and data 
on air pollution [M184].
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The best-known result on rates of convergence in the central limit theorem is undoubtedly that of 
A.C. Berry and C.-G. Esseen, which describes the rate in the case of finite third moments. In particular, 
if X, X1, X2, …are independent and identically distributed random variables for which

	
3

,E X < ∞ 	 (1)

if E(X) = 0 and E(X2) = 1, and if we define

1

,
n

n i
i

S X
=

= ∑
then

	
31/2 1/2s up | ( ) ( ) | ,n

x
P S n x x A E X n−

−∞< <∞
≤ − Φ ≤ 	 (2)

where F is the standard normal distribution function and A denotes an absolute constant.
The bound at (2) is the best possible, in the sense that for many distributions the convergence rate is 

exactly that given by (2). For example, Esseen also showed that if the distribution of X is non-lattice, 
and if (1) holds, then 

	 1/2 1/2 3 2 1/21
( ) ( ) ( ) (1 ) ( ) ( ) ,

6nP S n x x n E X x x o n− −≤ = Φ + − +f 	 (3)

uniformly in x as n → ∞, where f = F ′ is the standard normal density function. However, the simplicity 
of (2) and (3) tends to obscure some of the more delicate, and therefore more interesting, properties 
of rates of convergence. Chris Heyde played a central role in revealing and exploring those important 
subtleties.

To access these issues we should mention first that the Berry-Esseen bound, at (2), is readily gener-
alised to the case of moments lower than the third. In particular, if we replace condition (1) by the less 
stringent assumption that 

	
2

,E X
+ < ∞d

	 (4)

where 0 <  d  £ 1, then (2) admits the following more general form: 

	
21/2 /2sup | ( ) ( ) | ,n

x
P S n x x A E X n

δ δ
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where the constant Ad depends only on d, not on the distribution of X or on n. We know from expansions 
such as (3) that we cannot expect (5) to hold for d > 1, and of course (5) is degenerate when d = 0. 
However, when 0 < d < 1 result (5) is rather conservative. In fact, in this case it can be shown that if (4) 
holds then 

	
1/2 /2sup | ( ) ( ) | ( .)n

x
P S n x x o n δ−

−∞< <∞
≤ − Φ = 	 (6)

From some viewpoints it is perhaps disappointing that the inequality (5) is so conservative for d < 1. 
Moment conditions such as (4) are very important to statistics, and the architecture of probability 
theory would have been simpler had there been an elementary, concise interpretation of (4) in terms 
of convergence rates. One of the attractions of the Berry-Esseen theorem is that it gives (in many 
cases) an exact convergence rate under an elementary moment assumption. However, as Einstein once 
remarked, “If you are out to describe the truth, leave elegance to the tailor.” The conservatism evi-
denced by (6) begs the question of what the truth might be on this occasion; what rates of convergence 
are characterised by the moment assumption (4)?

Heyde gave a beautiful answer to this question, so exquisite and memorable that it will endure while 
ever moment conditions are discussed in connection with the central limit theorem. He showed in 
[M12] that if 0 < d < 1 then (4) holds if and only if 

	
( / 2) /

1

1 1 2sup | ( ) ( ) | .n
n x

n P S n x x
∞

−

−∞< <∞=

≤ − Φ < ∞∑ d
	 (7)

Results of [M7] are related. In [M45], Heyde and Leslie derived analogous properties connecting 
finiteness of moments to approximations by Edgeworth series.

Condition (4) is rather uninformative if d = 0. In that instance it tells us that X has finite variance, 
and so the constants n1 ∕ 2 give an appropriate standardisation in the central limit theorem, but the 
amount of additional information it provides seems marginal, at least on the surface. Nevertheless, 
(7) is meaningful when d = 0, and we are bound to ask what moment conditions are equivalent to that 
property, i.e. to: 

	 1 1/2

1

sup | ( ) ( ) | .n
xn

n P S n x x
∞

−

−∞< <∞=

≤ − Φ < ∞∑ 	 (8)

In [M12] Heyde solved this problem, too, showing that (8) holds if and only if 

	 2 log(1 | |) .{ }E X X+ < ∞ 	 (9)

In [M60] Chris extended these results to rates of convergence in Lp metrics, showing, among other 
results, that if 0 < d < 1 then (4) is equivalent to 

	
( / 2) 1

1

|| ||n p
n

n F
∞

−

=

− Φ < ∞∑ d
	 (10)

for 1 £ p £ ∞, where Fn(x) = P(Sn £ n1 ∕ 2 x) and, with D = Fn − F, 
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Moreover, [M60] shows that if d = 0 then (9) and (10) are equivalent. Heyde and Nakata in [M106] 
obtained related results addressing the effects of choice of p on convergence rates.

Theory for convergence rates in the central limit theorem is exceptionally delicate, and so it is 
unlikely that results such as these, striking though they may be, probe the very depths of the conver-
gence-rate problem. Indeed, one is left wondering just what kinds of convergence rates are achievable 
under the condition of finite variance alone. In this circumstance, faster rates are sometimes possible 
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if the sum Sn is centred not at its expected value but at a truncated moment, or is rescaled using a trun-
cated measure of variance. Examples of such location and scale constants include 

	 = ≤ = ≤m s1/2 2 2 1/2{ (| | )}, { (| | )}.n nnE XI X n nE x I X n 	 (11)

In [M33] and [M49], Heyde proved that if centring and scaling constants are chosen to give the 
fastest possible convergence rate then the series at (8) converges under solely the assumption of finite 
variance. Indeed, if X1, X2, … come from a distribution in the domain of partial attraction of the normal 
distribution, then 

	
2( )E X < ∞ 	 (12)

if and only if 

	

∞
−

> −∞< <∞ −∞< <∞=
≤ + − Φ < ∞∑ 1

0,
1

.inf sup | ( ) ( ) |nc d xn

n P S cx d x
	

(13)

This equivalence continues to hold if we fix d = 0 in (13), and seek only the infimum over c > 0. 
Moreover, the series in (13) converges if we take either (c, d) = (sn, mn) or (c, d) = (sn, 0), for each n, 
where mn and sn are given by (11). A further investigation of convergence rates shows that choosing 
(c, d) = (mn, sn) can give improved convergence rates, relative to (c, d) = (0, sn), although the improve-
ments are not expressible in terms of convergence of the series at (13).

The equivalence of (12) and (13) was proved independently by Egorov (1973), although under the 
slightly stronger condition that the distribution of X is in the domain of attraction, not the domain 
of partial attraction, of the normal law. In [M28] Chris had previously derived a similar result for 
rates of convergence in the L1 metric. Egorov (1973) extended this to Lp metrics for 1 £  p  £ 2, and 
Rozovskiĭ (1978) treated the case p ³ 1. Ibragimov (1966), Osipov and Petrov (1967) and many others, 
working from the 1960s to the 1980s, developed a variety of related results.

This multiplicity of authors indicates the considerable interest attached to this line of research at the 
time. Heyde was competing with some of the strongest probabilists anywhere, and obtained definitive 
results. His work was fundamental to our understanding of the connections between moment conditions 
and convergence rates in the standard central limit theorem, in cases where that theorem is only barely 
valid; that is, where little more than finite variance is assumed.
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Chris Heyde’s Work in Probability 
Theory, with an Emphasis on the LIL
Ross Maller*,1

In one of his first few papers, [M5], Chris gives necessary and sufficient conditions for the convergence 
of the series 

	
1

( ), ,k
n

n

n P S x x
∞

=

≤ − ∞ < < ∞∑ 	 (1)

for integers k = 0, 1, 2, …, and for a similar series with nk replaced by ern, where r > 0. Here 
Sn = X1 + X2 + … + Xn is a random walk comprised of independent and identically distributed summands 
(Xi)i = 1, 2, …, n. Series of the kind in (1) are fundamental objects in renewal theory. Under the assumptions 
E | X |  < ∞ and EX > 0 (X is any random variable having the same distribution as the Xi), Chris shows that 
the series in (1) converges (for the designated value of k) if and only if E | X −  | k + 2 is finite, and the series 
with nk replaced by ern converges for some r > 0 if and only if X −  has an analytic characteristic func-
tion, or, equivalently, if Ee − qX is finite for all q in an interval [0, K], for some K > 0. (X −  is defined as 
min(0, X).) Thus, the series in (1) converges if and only if the negative tail of the distribution of the Xi 
is not too heavy. Two aspects are worth noting; first, the Xi are allowed to take either sign (early work in 
renewal theory restricted Sn to be a “renewal process”, i.e., comprised of non-negative summands); and, 
secondly, Chris obtains complete characterisations of the convergence of the series, subject only to the Xi 
having a finite and positive expectation. Only much later was this latter restriction relaxed, in connection 
with (1) (in Kesten and Maller (1996)).

In a follow-up paper to [M5], Chris in [M6] extends the study to look at the magnitudes (rather 
than just the convergence or not) of the series in (1) (and with nk replaced by ern, r > 0), considered as 
functions of x. Actually, slightly more general series of the form ∑nanP(Sn £ x), where an > 0 is a deter-
ministic sequence satisfying a certain regularity condition (related to regular variation), are studied. If 
k is the “index” of the sequence (the least real k such that an = O(nk) as n → ∞) then, when it converges, 
the asymptotic behaviour of ∑nanP(Sn £ x), as x → ∞, can be specified in terms of the asymptotic 
behaviour of an. Another theorem shows that the same result holds with Sn replaced by the maximal 
sum, max1 £ j £ nSj. The latter result is closely connected with the large sample behaviour (as x → ∞) of 
moments of the first passage time, M(x) : = inf{n ³ 1 : Sn > x}, x > 0; again, an object of primary interest 
in renewal theory and its applications.

[M5] and [M6] deal with the convergence of series of probabilities. A very natural next step, given 
such a convergence, is to apply the Borel-Cantelli lemma and make some kind of statement about the 
a.s. behaviour of the random walk (where “a.s.” stands for “almost surely”). [M6] contains some infor-
mation on the a.s. convergence of max1 £ j £ nSj, analogous to the Marcinkiewicz-Zygmund strong law 
for Sn, but Chris soon turned his attention to the more delicate issue of the law of the iterated logarithm 
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(LIL). Hartman and Wintner (1941) had given this in its ultimate form: provided the increments of the 
random walk have finite variance s2 and expectation 0, we have 

	 1 liminf limsup 1, a.s.
2 log log 2 log log

n n

n n

S S

n n n n→∞ →∞
− = < = +

σ σ
	 (2)

As part of his deep investigations into functional versions of the LIL (of which, more below), Strassen 
(1966) proved a converse: (2) can hold only if Sn has finite variance s2 and expectation 0. Strassen’s 
proof relied on a representation of Skorokhod, whereby Sn has the same distribution as a Brownian 
motion evaluated at a certain sequence of random times. Chris, in [M19], gives a completely different 
proof of the converse result by modifying a clever and highly technical method developed just previ-
ously by Stone (1966), to investigate recurrence properties of nS n .

This is Chris’s first foray into LIL territory. Prior to this, however, in [M18], Chris proves an interest-
ing result which will have some significant repercussions later. He is aware of course, that central limit 
theorems with remainder (covered in Peter Hall’s article in the present volume), can prove useful in 
establishing LIL and related results. In [M9] and [M27], Chris has already made contributions to vari-
ous aspects of the convergence theory of random walks to of stable laws, that is, to situations where the 
normed and centered sum converges in distribution, but not to the normal distribution. [M18] proves the 
interesting result, that, for any such walks, the “large deviation” probability, P( | Sn |  > xn), where xn is a 
deterministic sequence such that 0,

P

n nS x →  must satisfy
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(and the same with nP( | X |  > xn) replaced by P(max1 £ k £ n | Xk |  > xn)). More precisely, in [M18] Chris 
proves a much more general result than this: (3) holds provided Sn is not in the domain of partial 
attraction of the normal law; that is, provided no subsequence of (Sn), after norming and centering, 
converges in distribution to the normal distribution.

This thread is taken up again in [M23], but now applied directly to “generalised iterated logarithm 
results”. This terminology is used to describe a result of the form 

	
| |

0 limsup , a.s.,n

nn

S

b→ ∞

< < ∞ 	 (4)

where now the  log logn n norming used in (2) is replaced by a more general deterministic sequence, 
bn > 0. Chris shows that if lim supn → ∞ | Sn | ∕ bn < ∞ a.s. for such a bn, and Sn is not in the domain of par-
tial attraction of the normal law, then it must be the case that limn → ∞(Sn − med(Sn)) ∕ bn = 0 a.s., where 
med(Sn) is a median of Sn. Thus, if for example the Xi are symmetrically distributed around zero, a 
generalised LIL as in (4) can hold only if Sn is in the domain of partial attraction of the normal law. 
This result was published soon after a closely related one of Rogozin (1968); Chris was at the cutting 
edge of a quite “hot” area of research into understanding the law of the iterated logarithm, and its 
generalisations.

The results just cited might seem obscure or even cryptic, since the class of random walks belong-
ing to the domain of partial attraction of the normal is extremely narrowly defined; but not so–they 
provide the key for Kesten (1972) to prove the most general possible form of the LIL: (4) holds, 
after allowing certain kinds of centering, if and only if Sn is in the domain of partial attraction of the 
normal law.

Papers on the LIL continue to appear even in the 2000’s, showing that the subject retains its appeal 
and vigour. In Kesten and Maller (2004), Harry Kesten and I reconsidered, and extended somewhat, 
Chris’s 1968 and 1969 papers – a long lead time from when I first read them.
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After [M6] and [M23], as the next logical extension of his research, Chris turns his attention to 
functional limit laws and invariance principles. The note in [M25] gives a rate of convergence result 
for functionals of the interpolated or “broken line” process xn(t) defined by: ( ) / ( )n kt S n= σx  if 
t = k ∕ n; and 

	 ( )( ) ( / ) (( 1) / ) ( / ) ( / ),n n n nt k n n k n k n t k n= + + − −x x x x 	 (5)

if k ∕ n £ t £ (k + 1) ∕ n, 1 £  k  £ n, n = 1, 2, …. Here the Xi have mean 0 and finite variance s  
2, and convergence 

is to the corresponding functional of Brownian motion.
The paper [M25] deals with a weak invariance principle. Chris is also concerned with strong invari-

ance principles. Rather than work these out just for random walks, however, his research takes a notable 
new direction, broadening its range of applicability tremendously, by considering limit laws for martin-
gales. In collaboration with long-time colleagues Peter Hall and Bruce Brown, and (at the time) PhD 
student David Scott, Chris publishes a series of papers, and a book, that do much to demonstrate and 
publicise the possible applications of martingales.

The first step, as for random walks, is to look at rates of convergence to normality. Heyde and Brown 
in [M35] do this in a very general way. The normalisation of the martingale is by its (deterministic) 
standard deviation. A uniform bound for the difference between the cumulative distribution function 
(cdf) of the normalised martingale, and the standard normal cdf, is given in terms of the conditional 
variances of the increments and their moments of order great than 2. The method of proof is via the 
Skorokhod representation, as in Strassen (1967).

Next, we have an iterated logarithm result in [M48]. The main theorem in this paper is a direct ana-
logue of the classical LIL in (2), but where the summands are now required only to form a stationary 
martingale difference sequence, satisfying a kind of strong law condition on their conditional vari-
ances. This provides a generalisation of a slightly earlier result of Stout (1970), who required that the 
summands be ergodic, and used a random normalisation of the martingale in terms of the conditional 
variances of the increments. Its usefulness is demonstrated in [M48] by an application, giving a LIL 
for autoregressive processes.

Heyde and Scott in [M51] carry on this line of research by giving first a strong invariance principle 
for martingales, then generalising it to a wide class of processes with stationary increments. The result-
ing theorems are versions of the Strassen (1964) functional law for the interpolated process, whereby 
its almost sure cluster set is shown to be precisely the class of absolutely continuous functions x(t) 
on [0, 1], with x(0) = 0 and 

1 2

0
(d ( ) / d ) d 1t t t ≤∫ x . The martingale difference sequence in [50] is not 

in general required to be stationary, so Lindberg-type conditions are imposed. The norming for the 
martingale is of the form 2 log logn ns s , where 2

ns  is the variance of the martingale. Thus, we have 
a constant norming LIL and invariance principle. By contrast, Strassen’s (1964) functional law uses a 
random norming. Chris in [M52] applies his results to get a theorem for stationary linear processes, in 
a somewhat similar way as he did in [M48], for autoregressive processes.

The threads are drawn together in Hall and Heyde [M68], where the previous constant and random 
norming versions of the LIL and functional law are replaced by a more general random norming ver-
sion. The Strassen law is shown to hold when the norming is of the form 2log logn nW W , where 2

nW  
is asymptotic to a conditional variance of the martingale increments, truncated in a certain (in general, 
random) way. The resulting theorem is, as the title of the paper suggests, a unification of previous 
results which can be obtained from it as special cases.

[M72] gives a further application of LIL invariance principles, this time using a clever trick of 
Barbour (1974) to transfer both weak and strong laws for martingales to convergent tail series of mar-
tingale difference sequences. An application to the Pólya urn scheme is given.

Finally in this section, we have [M74], again demonstrating Chris’s mastery of a wide range of 
problem areas, by applying his martingale LIL to obtain an a.s. upper bound for the Hawkins (1958) 
random sieve. This is a probabilistic device which “produces a random sequence with asymptotic 
properties similar in many ways to the primes”. This neat paper turns us full circle to Feller (1945), 
who drew attention in the introduction to his paper to an intimate connection between number-theory 
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and the law of the iterated logarithm, in respect to “a problem in Diophantine approximations treated 
by Hardy and Littlewood (1914)”. The particular stream of Chris’s research outlined in this section has 
followed classical lines, but in thoughtful, innovative and useful ways.
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Chris Heyde on Branching Processes 
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When Chris Heyde returned to Australia in September 1968 to take up a position as Reader in Ted 
Hannan’s teaching Department of Statistics in the-then School of General Studies at the Australian 
National University, there was still a strong trend of research into population genetics emanating from 
Pat Moran’s purely research department in the Institute of Advanced Studies, a direction synthesized in 
Moran (1962). There was also strong activity in both departments in the theory of branching processes. 
With its common focus with population genetics on reproduction and extinction, it was the primary 
interest at the time of the author of this commentary. A strong impetus to branching process theory had 
occurred with the appearance of the book of Harris (1963).

The dominant theme of Chris’s work prior to his arrival had been refinement of classical limit 
theory for sums of independent random variables. A principal theme of his work since 1970 has been 
the theory and use of martingale methods in situations of statistical dependence. This seems to have 
its origin in his paper [M31], in the context of a simple (Bienaymé-Galton-Watson) branching proc-
ess {Zn}, n ³ 0; Z0 = 1. Suppose the non-degenerate offspring distribution has probability generating 
function 

	 1
0

( ) ( ), [0,1].j

j

F s s P Z j s
∞

=

= = ∈∑ 	

When 1 < m = E(Z1) < ∞ the process is called supercritical, and in this case the probability of extinction, 
q, is the unique real number in [0, 1) satisfying F(q) = q. The random sequence {Zn ∕ m

n} is clearly a 
non-negative martingale, which in the supercritical case under the-then standard condition 2

1( )E Z < ∞  
was known to converge almost surely (a.s) to a random variable W for which P(W = 0) = q and which 
has a continuous density on the set of positive real numbers. After a number of refinements of this 
convergence result, it was shown in Seneta (1968) that in the non-degenerate supercitical case without 
further conditions, the choice cn = 1 ∕ hn(s0), where s0 is any fixed number in (0, − logq), and hn(s0) is the 
n-th functional iterate of h(s), which is the inverse function of k(s) =  − log F (e − s), results in convergence 
in distribution of {Zn ∕ cn} to a proper non-degenerate random variable, W. While it was noticed that 
{Wn = hn(s0)Zn} was a submartingale, a.s. convergence could not be deduced from the usual theorem 
since E(Wn) is bounded if and only if E(Z1logZ1) < ∞. Chris’s insight was that {exp ( − hn(s0)Zn)} is a mar-
tingale, with (obviously) bounded mean, thus giving the sharpening to a.s. convergence. Reciprocally, 
this strengthening immediately led to an analogous result for the supercritical branching process with 
immigration {Xn} (Seneta, 1970), which then led to collaboration with Chris in [M42] on analogues of 
the Central Limit Theorem and the Law of the Iterated Logarithm as refinements of the results 

	 / , a.s.,n
nX m V→ 	
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and 

	 / , a.s.r
n r nX X m+ → 	

The note [M31] stimulated Chris to develop theory for the supercritical process analogous to the 
classical rate of convergence theorems for the difference {Zn ∕ m

n − W} under the classical condition 
2

1( )E Z < ∞ . The central limit theorem analogue developed in [M34] and [M38] is beautifully attained 
with random norming and the necessary conditioning: 

	 2 1/2 1 1/2lim {( ) ( ) | 0} ( ),n
n n nn

Pr m m Z m W Z x Z x− −

→∞
− − ≤ > = Φs 	 (1)

where s2 = VarZ1. This result is followed in [M37] by a corresponding iterated logarithm analogue, 
using an intermediate result from [M39], under the condition 3

1( )E Z < ∞ , later relaxed in [M41] to 
2

1( )E Z < ∞ . These papers display a finely-honed appreciation of, and ability to adapt in a non-trivial 
way, and to a quite different context, tools of the classical limit theory.

The note [M31] had several other important aspects. The chief of these was the reinvigoration of the 
theory of statistical estimation of m on the basis of a single finite observed realization, including a focus 
on estimation theory for a stochastic process in which extinction may occur. In [M62] Chris returns to 
the investigation of m under the second moment constraint, and under the simplifying assumption that 
P(Z1 = 0) = 0 so that P(W > 0) = 1. The starting point is a comparison of the maximum-likelihood esti-
mator  1

1( 1)n n nm Y Y −
−= − , where Yn = 1 + Z1 + … + Zn, and the simple ratio estimator  1

1n n nm Z Z −
−= . There 

are different non-random normings of each of nm m− ,  nm m− , which result in a limit law of form 
W − 1 ∕ 2Z, where ~ (0,1)Z  , on the basis of which he concludes that asymptotic relative efficiency of 
 nm  relative to nm  is 1 − m − 1. Thus the limit law is normal variance-mixing. Chris then shows that under 
a power-series condition, nm  is asymptotically efficient (according to an extension of Rao’s concept of 
efficiency). Here a central limit theorem for martingales is a dominant tool, arising from the fact that 
{Zn ∕ m

n} is a martingale.
Chris’s inclination towards a framework of time-series type results in which his martingale work 

could be applied was hugely influential, and the extensive use of martingale central limit theory as in 
[M54] and [M62] for inferential purposes, was at least partly stimulated by appearance of a paper of 
(Bruce) Brown (1971). An early manifestation in [M46] stems from noticing that {Yn ∕ m

n} is a mar-
tingale, where Yn = Xn − m, and {Xn} is a subcritical (0 < m < 1) and hence (under moment conditions) 
an asymptotically stationary branching process with immigration. Thus Yn + 1 = mYn + dn, n = 0, 1, 2, … , 
where Edn = 0, and dn is uncorrelated with Yn, in analogy to the first-order autoregressive process. There 
is certainly a line-of-descent on estimation theory for m in branching processes with immigration, which 
is traced in Section 1 of Qi (2007). A related line of descent, which also continues, can be traced from 
Ku and Seneta (1998).

Chris’s interest in population genetics models was reinvigorated by a note of the author (Seneta, 
1974) which extended Malécot’s Markov chain formulation {Xn} of the Fisher-Wright diploid model 
for fluctuation of gene frequency, say of allele a out of the two possible alleles A, a, at a single diploid 
locus, to randomly fluctuating population size {Nn}, so that the proportion of A alleles in the popula-
tion in generation n is given by Yn = Xn ∕ (2Nn). The extension assumes the bivariate process {Xn, Nn} is 
bivariate Markov, but retains the binomial sampling structure in the manner that 

	
1 1| { , , } ~ (2 , ).n n n n n nX N N X N Y+ + 	

Since {Yn} is an (obviously bounded) martingale, by the martingale convergence theorem Yn → Y a.s., 
with 0 £  Y  £ 1. The distribution of Y , unlike the fixed population-size model, is not necessarily concen-
trated at the two points 0, 1. A handle on its actual concentration is provided by the fact that hn = E(Yn(1 − Yn))  
→ E(Y (1 − Y )), equals h, say. For a deterministically varying population size, with Nn > 1, n ³ 1, we have 
h > 0 if and only if 11/i iN∞

=Σ < ∞ . This result emanates from the fact that: 

	 1
1 1(1 (2 ) ) .n n nh N h−

+ += − 	 (2)
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The themes of almost sure convergence of relative frequency {Yn}, and the concentration of proba-
bility of Y via the study of the evolution of {hn} by relations such as (2), using martingale methods, are 
the dominant themes of Chris’s subsequent work. Thus, in [M66] almost immediately, two theorems, 
focussed on when h = 0 or not, are based on investigation of the zero-mean martingale with bounded incre-
ments { , , 1}n nU n ≥ , where 

n  is the s-field generated by the random vectors {(X0, N0), (X1, N1), …,  
(Xn, Nn)}, and 

	
1 1[ (1 ) ( (1 ) | )], 1.n

n k k k k k kU Y Y E Y Y n= −= Σ − − − ≥ 	 (3)

The device underlying (3) for constructing a martingale is used repeatedly in later papers.
In [M71] the model is extended to permit selection via a parameter s  ³ 0, with s  = 0 correspond-

ing to the selective neutrality of [M66]. In this extension { , }n nY   is a submartingale in general, so 
the martingale convergence theorem can still be used; and there is the pleasing conclusion that s  > 0 
implies that Y (1 − Y ) = 0, a.s., just as in the case of fixed population size.

In [M87], Chris addresses such issues by generalizing Moran’s overlapping generation model, which 
is also a Markov chain. Here the transition time-points are times of death of single haploid individuals, 
of type a or A. The evolution of population structure is again studied through the movement of the 
(haploid) proportion Zn = Xn ∕ Nn, n ³ 0, which is again a bounded martingale, so Zn → Z, 0 £  Z  £ 1. The 
quantity Zn(1 − Zn) is now randomly normed to be a non-negative martingale relative to the s-field n , 
and martingale theory provides complete resolution of when h = E(Z(1 − Z)) > 0, inasmuch as a neces-
sary and sufficient condition is that 1 < m < ∞, where m is the mean of the offspring distribution. This 
insight, progressive assimilation and evolution of earlier techniques to resolve a question completely, is 
characteristic of Chris’s work.

A concluding paper [M98] to the sequence [M66], [M71], [M87], [M91], [M89], [M105], reviews 
difficulties in studying effects of varying population size focussed on relative frequencies such as {Zn}. 
To remedy these, Chris characteristically uses a perceived unifying feature based on the growth of 
actual frequencies {Xn}: 

	 1( | ) (1 ), a.s.,+ = +n n n nE X X f 	 (4)

where fn is 
n  -measurable, and 1 + fn ³ 0, a.s. There is, for the first time, no attention paid to the limiting 

behavior of E(Zn(1 − Zn)) as a means of information on the limiting distribution of Z. 
Curiously, in a slightly earlier paper in the same year and in the same journal, Buckley and Seneta 

(1983) generalized the selectively neutral context of Seneta (1974) to, in essence, conditional branch-
ing processes, with the focus then being on the behavior of the (diploid) sequence {Yn(1 − Yn)} in terms of 
the conditional expectation: 

	 1 1 1( (1 ) | ) (1 ) (1 ),n n n n n nE Y Y W Y Y+ + +− = − − 	 (5)

where 

	 2
1 1( / (2 1))( / ) ,n n n n nW V N N N+ += − 	

and Vn is a conditional variance of an offspring distribution. This somewhat resembles both (2) and (4). 
Once the expression (5) is established, the theorems giving sufficient conditions for each of E(Y (1 − Y )) = 0 
 or ¹0 follow precisely as in [M66]. For example, the former holds if 0 1n nW∞

= +Σ = ∞ , a.s., a condition 
later mentioned by Donnelly (1986) as equivalent to his own necessary and sufficient condition for fixa-
tion. The very recent paper of Prince and Weber (2007) achieves an ultimate tidying up of such issues. 
This separate line of descent from [M66] further testifies to the enduring vitality of Chris’s ideas.
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On a Property of the Lognormal Distribution 

By C. C. HEYDE 
The Australian National University 

[Received May 1963] 

SUMMARY 
In this paper it is established that the lognormal distribution is not deter­
mined by its moments. Some brief comments are made on the set of 
distributions having the same moments as a lognormal distribution. 

1. INTRODUCTION 
IT seems to be generally accepted that all the commonly used distributions in statistics, 
which possess moments of all orders, are determined by their moments. I will show, 
however, that this is not the case for the lognormal distribution. 

Let the random variable X have the general lognormal distribution. We take 
\og(X— a) as normally distributed with mean m and variance cr2. Then X has 
frequency function 

[{G{X - a) (27T)*}-1 exp [ - |a"2{log (x - a) - m}2] (a < x < oo), 

(0 (xSa). 

It can readily be shown that this distribution possesses the same moments, namely 

« n = S ^ a ^ e x p ( r m + ir2a2) (n = 0,1,2,...), (1) 

as the distribution with frequency function 

({o(x - a) (27T)*}-1 exp [ - M l o g (JC - a) - mf] 
g{x) = I x (1 + € sin [27rka~2{log(x — a) — m}]) (a<x<oo), 

lo (*£«), 
where 0 < e < 1 and k is a positive integer. Thus the lognormal distribution is not 
determined by its moments. It is clear that distributions can be chosen possessing 
the same moments as a lognormal distribution and such that they are indistinguishable 
from the lognormal for all practical purposes. 

2. REMARKS ON THE MOMENT PROBLEM 
The theory of the indeterminate moment problem enables us to make some rather 

interesting remarks. 
Applying Theorem 2.13 of Shohat and Tamarkin (1943) to the case of the moment 

sequence (1), we see that for any real x there exists a purely discrete distribution 
having x as a point of discontinuity and moment sequence (1). 

We now define P as the set of all points of increase of a distribution function F. 
Applying Theorem 10.42 of Stone (1932) to the case of the moment sequence (1), we 

17 
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see that there exists a constant K>a such that there are cardinal c distributions, 
possessing the moment sequence (1) and for which inf P assumes an arbitrary value /J, 
on the range — co^jx<K. There is, however, just one distribution with the moment 
sequence (1) and for which infP = K. 

3. A SPECIAL CASE 
It is worth remarking that in the case a = 0, m = 0, the various determinants 

which arise out of the theory of the indeterminate moment problem may be expressed 
in terms of alternants (see for example Muir, 1960, Chapter XI). 

Using the notation of Shohat and Tamarkin (1943, p. 6) we have the determinants 

Aw = | e x p { M ' + j ) a } | ^ (">1) 

and 

= exp{i«2a2(«+l)} n (er(r*-l)n-r+1, 

A£> Hexp{M/+7+l)2}|£,=0 (»>D 
= exp {ia2(n +1) (2/i +1)} An. 

The corresponding continued fraction (Shohat and Tamarkin, 1943, p. 73) has 
coefficients /f (i = 1,2,3,...) given by 

W ^ A ^ P / I A ^ A J («= 1,2,3,:..) 

= exp{K»-i)^2}/ jnc^-i) . 
/2 = -exp(i(T2), 

kn = - A ^ / I A ^ A^22} {n = 2,3,4,...) 
n 

= e x p { K - « 2 - « + l ) a 2 } n ( ^ r < r 2 - l ) . 
r = l 

Cases where these may be computed explicitly from the moments are particularly 
rare. 

It is possible, in this case, to obtain the Stieltjes transforms of all the distributions 
possessing the same moments as the lognormal. I do not include either the calculation 
or the result here as the calculation is routine and tedious, a particular case of analysis 
is given in Shohat and Tamarkin (1943, Chapter II), and the result is not in a compact 
or useful form. 
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TWO PROBABILITY THEOREMS 
AND THEIR APPLICATION 

TO SOME FIRST PASSAGE PROBLEMS 

C. C. HEYDE 

(received 23 July 1963) 

1. Introduction 

Let Xif i = 1, 2, 3, • • • be a sequence of independent and identically 
distributed random variables and write Sn = X1-\-X2-\- • • • JrXn. If the 
mean of X€ is finite and positive, we have Pr(Sn ^ x) -> 0 as n -> oo for 
all x, — oo < x < oo using the weak law of large numbers. It is our purpose 
in this paper to study the rate of convergence of Pr(Sn ^ x) to zero. Neces­
sary and sufficient conditions are established for the convergence of the 
two series 

oo 

2 nh Pr(Sn t^x), — oo < # < oo 

where k is a non-negative integer, and 

%ern Pr(Sn ^z), — oo < # < oo 
where r > 0. These conditions are applied to some first passage problems 
for sums of random variables. The former is also used in correcting a 
queueing Theorem of Finch [4]. 

2. Two Probability Theorems 

Let Xi9 i — 1, 2, 3, • • • be independent and identically distributed 
random variables. We write Sn = X1-J

rX2
J
r • • • +Xn} Xj = min (0, Xt) 

BndXt = Xi+Xj. 
We shall establish the following two Theorems: 

THEOREM A x. Suppose E\X\ < oo, EX > 0 and let k be a non-negative 
1 My attention has been drawn to a statement of Theorem A without proof in Smith, 

W. L. "On the elementary renewal theorem for non-identically distributed random variables0 

Univ. North Carolina Mimeographed Notes No. 352 (Feb. 1963). Professor Smith states 
that a proof of this result will appear in a paper entitled "On functions of characteristic 
functions and their applications to some renewal-theoretic random walk problems". 

214 

20 



[2] Two probability theorems 2 1 5 

integer. A necessary and sufficient condition for the convergence of the series 
oo 

2 » * Pr(Sn <^x), — oo < x < oo, 

is that E\X-\k+* < oo. 

THEOREM B. Suppose E\X\ < oo and EX > 0. A necessary and suf­
ficient condition for the convergence of the series 

%e™Pr{Sn^x)} ■00 < X < 0 0 , 
n = l 

for some r > 0 is that X~ has an analytic characteristic function 2. 
(It is clear that analogous Theorems will hold in the case EX < 0). 

We defer the proofs of Theorems A and B until some Lemmas have been 
established. 

LEMMA 1. / / E\X\r < oo for some integer r ^ 1 and EX > 0, then 

2 nr~2 Pr(Sn ^ x) < oo, — oo < x < oo. 

PROOF: Write EX = JU. Using Katz [5], Theorem 1, we have 

^ nr~2 Pr{\Sn—nia\ 2> ne} < oo, every e > 0 

from which we obtain, in particular 

(1) ^nr~2 Pr(Sn ^ (ju—s)n) < oo, every e > 0. 

Now we choose e so small that e < /u. We then have, for n sufficiently 
large, 

Pr (Sn ^x)^ Pr(Sn ^ {p-e)n) 

and the result follows immediately from (1). 

LEMMA 2. Let E\X\ < oo and EX > 0 or else E\X\ = oo and, in either 
case, E\X~\r < oo for some integer r ^ 1. 7 7 ^ 

2 nr~2 Pr(Sn ^ a) < oo, — oo < a; < oo. 

PROOF. We define a new random variable Y as follows 

Y = X if X < K 
= 0 otherwise, 

where the constant K ( > 0) is chosen so that EY > 0. Then, Y f^ X and 
£ |Y | r < oo. I t follows from Lemma 1 that 

2 The term "analytic characteristic function" is used for a characteristic function which 
is analytic in a strip containing the origin as an interior point. 
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2 nr~2 PriY^Y^ \-Yn ^ x) < oo, — oo < x < oo. 

Also, if Xx+X2^ \-Xn ^ x, then Yj+YaH ^Ym ^ a; so that 

Pf (YJ+Y2+ • • ' + Y„ ^ *) ^ P ^ ( ^ x + ^ 2 + • • • +Xn ^ x) = Pr(Sn ^ a;) 

and hence 

2 nr~2 Pr(Sn ^ a?) < oo, — oo < a; < oo. 

This completes the proof. 

LEMMA 3. Let E\X\ < oo, EX = /a > 0 and 

2 nk Pr(Sn ^x) < oo, — GO < a; < oo 

for some non-negative integer k. Then E\X~\k+2t < oo. 

Our proof relies heavily on techniques used by Erdos [3]. 

PROOF. Write X* = X€-/i and Zn = ^ L i X*. We then have 

Pr{Sn < x) = Pr(Zn ^ x—n/i) ^ P^(Z n ^ -no) 
iov O [JL and w sufficiently large. 

Now from the fact that E\X\ < oo, it follows by a simple rearrangement 
that 

J,Pr(X*< -(c+e)n) < oo, 
w = l 

for arbitrary s > 0. Also, since the terms in this series are non-increasing, 
we have 

(2) nPr(Xf < — (c+e)n) -> 0 as n ~> oo. 

Write {£} for the event E and {E} for the complement of {£}. We have 

{Z„ rg - « c } D U [{*? < -n(c+e)} n {|Z*+ • • • + Z * _ 1 + Z * + 1 + • • • 

+ X ; | < ( n - l ) e } ] , 

and for the sake of brevity, we put 

At = {X* < -n(c+e)}, 
Bt = {\X*+ ■ • • +X*_1+X*,1+ • • - + * ; | < (n-l)e), 

i = 1, 2, 3, • • •, n. Thus, 
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P r ( Z „ < S - W C ) ^ P r [ U ( ^ n B , ) ] 

Pr[U {(A1 nBj) n (,42 n B2) n • • • n (At_tnBH) n (4,nB,)}] 
*=1 

(3) 

= 2 - ? W i n B1)n • • • n ^ n S ^ J n ^ , n B,)] 

^ 2 B^(^! n A2 n • • • n .!«_,. n 4 , n Bt) 

^ 2 [ P r ( ^ n B i ) - P r { ( 4 1 u 4 a u • • • u ^ i_1) n ^ J ] 

^ 2 [Prm-ii-VPriA^PriAi) 

^2[Pr(Bt)-n PriA^PriAi). 
i=X 

Now take arbitrary p, 0 < p < 1 and <5 > 0 such that 1—26 ^ p. It follows 
from the weak law of large numbers that we can find an integer Nx such that 

Pr{Bi) > 1-6 for n ^N±. 

Also, from (2), we can find an integer N2 such that 

n Pr(A1) < 6 for n ^ N2. 

Thus, for n ^ max (Nly N2), we have from (3) 

(4) Pr{Zn ^ -nc) ^ »/> Pr(X* < -(c+e)n), 

and hence 
2»*+i Pr(X* < —(c+e)n) < oo. 

We now introduce the random variable Y defined by 

Y = Z* if X* < 0 
= 0 otherwise, 

and obtain 
2»*+i Pr(Y < — (c+c)n) < oo. 

It follows from this, by a simple rearrangement, that £|Y|fc+2 < oo and 
hence that E\X-\k+2 < oo. This completes the proof. 

PROOF OF THEOREM A. Theorem A follows immediately from Lemmas 2 
and 3. 

We now go on to give two Lemmas leading up to a proof of Theorem B. 
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The development of the proof is similar to that used above in the proof 
of Theorem A. 

LEMMA 4. Suppose X~ has an analytic characteristic function and either 
E\X\ < oo and EX > 0 or E\X\ = oo. There exists a constant R > 0 
such that 

^ern Pr(Sn <x) < oo 

for every x, — oo < x < oo and every r, 0 < r < R. 

PROOF. Since X~ has an analytic characteristic function, there exists a 
constant K > 0 such that 

0(6) = E(e~ex) < oo 

for all 6 in 0 ^ 6 < if. Now for such a 6, a well-known Chebyshev type 
inequality gives 

P r ( S n ^ *) ^ ^ £(6T^») = ^{<Z>(0)}*. 

Also, in view of our assumption that 2?|-X"-| < oo and either E\X\ < oo 
and EX > 0 or E\X\ = oo, we must have 0(6) < 1 for sufficiently small 
positive d. We then choose R so small that eR0(6) < 1 and for all r, 
0 < r < R, 

%ern Pr(Sn ^x) < oo. 

This completes the proof of the Lemma. I am indebted to the referee for 
this direct proof. My original proof was based on Baum, Katz and Read 
[1], Theorem 2, 190. 

Lemma 4 is a generalization of the well-known result of Stein [9] 
which deals with the case X~ = 0. I t should be noted that although Stein's 
result is correct, his proof is invalidated by a misinterpretation of the 
Markov chain property of the sequence {Sn} of sums. 

LEMMA 5. Let E\X\ < oo. Suppose EX = /u > 0 and 

^ern Pr(Sn <x) < oo 

for all r, 0 < r < R and all x, —oo<x<oo. Then X~ has an analytic 
characteristic function. 

PROOF. We retain the notation of Lemma 3. Proceeding precisely as 
in Lemma 3, we obtain (4) 

Pr(Zn ^ -nc) ^ np Pr(Xf < -(c+e)n), 

so that certainly 

2ern Pr(X* < ~(c+e)n) < oo. 
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We now introduce the random variable Y defined by 

Y = X* if X* < 0 
= 0 otherwise, 

and obtain 
%ern Pr(Y < —(c+e)n) < oo. 

It follows immediately, using Lukacs [7], Theorem 7.2.1, 137, that Y 
and hence X~ has an analytic characteristic function. This completes the 
proof of the Lemma. 

PROOF OF THEOREM B: Theorem B follows immediately from Lemmas 4 
and 5. 

It is worth remarking that it is quite likely that in Theorems A and 
B the condition E\X\ < oo, EX > 0 can be replaced by the condition 
E\X\ < oo, EX > 0 or E\X~\ < oo, E\X\ = oo. 

3. Application to some first passage problems 

Let Xif i = 1, 2, 3, • • • be independent and identically distributed 
random variables and write Sn = Xt+X2+ • • • +Xn. Consider a single 
boundary at ^4(2> 0) so that if 

[ 1 x > 0 

Fx{x) - Pr{Sx ^ x), 
Fn(x)'= Pr(Sn ^ x; max Sk ^A), n> 1, 

l £ j f c£n- l 

the probability ftn that the first passage time out of the interval (—00, A] 
for the process Sn is n is given by 

This passage problem in the case A = 0 arises, for example, in the busy 
period distribution of the queue GI/Gjl which has been considered by various 
authors such as Finch [4]. 

We introduce the probability generating function P(A) = ^Li^rpr 
for the first passage time distribution (henceforth abbreviated F.P.T.D.) 
Pr(N = n) — ftn. We have formally 

oo 

P'(l) = E(N) = l+ZFr(A) 
oo oo 

P"(l) =J,r(r-\)pr = E{N*)-E(N) = 2^rFr{A)> 
r=2 r = l 
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and in general for k > 1, 

P<*)(1) = (a)fc (the A-th factorial moment of AT) 

= ft 2 (r)uFr(A)=2*(k.r)E{N*) 
r=fc-l r=0 

where (r)fc = r{r— l)(r—2) • • • (r—k+1) and s(k,r) are the Stirling 
numbers of the first kind. It is thus clear that E(Nr) < oo for some positive 
integer r if and only if ^n'^F^A) < oo. Also, the random variable 
N has an analytic characteristic function if and only if the radius of con­
vergence of P{X) is greater than unity or equivalently if 2 ernFn{A) < °° 
for some r > 0. 

Now we write 

qn = Pr ( max Sk ^ 0), n ^ 1; ft 

Spitzer [8], 332, shows that 

(6) 
oo fn 

Zqntn==exp\2-Pr(Sn<0) 
w=0 n=i n 

a result originally due, in a slightly different form, to E. Sparre Andersen. 
From this we obtain 

U ^ - Pr(Sn =g 0). 

Thus, 

Pr(Sn <A)^Pr{ max S& ̂  4 ) = F t t(il) ^ qn ^ - Pr(S„ ^ 0), 
l^k^n n 

and we readily obtain from Theorem B: 

THEOREM 1. The F.P.T.D. generated by the random variable X with 
E\X\ < oo and EX > 0 has an analytic characteristic function if and only 
if X~~ has an analytic characteristic function. 

Further, we obtain immediately from Theorem A: 

THEOREM 2. Let r > 1 be a positive integer. Consider the F.P.T.D. 
generated by the random variable X with E\X\ < oo and EX > 0. / / the 
F.P.T.D. has a finite r-th moment, then E\X~\r < oo. //, on the other hand, 
E\X~\r < oo, then the F.P.T.D. has finite moments at least up to the (r-l)th. 

In the particular case where A = 0, we can improve this Theorem 
by virtue of the relation (6). In fact, formally differentiating (6) (r — 1) times, 
we see that 

2nr-2Pr(Sn ^ 0) < oo if and only if ^nf'1qn < oo. 
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Thus, in view of our comments above, the r-th. moment of the F.P.T.D. 
exists if and only if 

%nr-*Pr{Sn ^ 0) < oo. 

We therefore obtain immediately from Theorem A: 

THEOREM 3. Let r > 1 be a positive integer. The zero-barrier F.P.T.D. 
generated by the random variable X with E\X\ < oo and EX > 0 has a 
finite r-th moment if and only if X~ has a finite r-th moment. 

Before ending this section, it is worth remarking that Derman and 
Robbins [2] show that it is possible to have E\X+\ = oo, E\X~~\ = oo and 
Pr(Sn > 0 i.o.) = 1, Pr(Sn ^ 0 i.o.) = 0 and hence, following Kemperman 
[6], Theorem 15.2, 81, 2 l/» Pr(Sn > 0) = oo, £ Vn Pr(Sn ^ 0) < oo. This 
provides us with a limitation on eventual improvements of the Theorems 
given above. 

4. Correction to a theorem of Finch [4] 

Let rj be the difference between the inter-arrival and service time 
in a GI/G/1 queue. We refrain from stating the usual queueing assumptions 
for the sake of brevity. Let TIn be the probability that n customers are 
served in a busy period. Then, as is well known, 

77! = Prfa > 0) 
n > 1, Pr ( max %+%H \-rjk ^0,r)n> 0), 

so that Pr(T = n) = TIn is a zero-barrier F.P.T.D. 
Finch [4] gives the following Theorem (his Theorem 2, 223). 

THEOREM Suppose that E\r\\ < oo. Write n=J£BlIIi, N = ^jL1jni, 
and an = P ^ ( ^ 1 + % + • • • +rjn > 0). Then, 

n = 

N 

l - e x p { - 2 ^ - 1 ^ } 
n=l 

(X) 

e x p { 2 » _ 1 ( 1 — * n ) } 
n = l 

OO 

*/ Erj ^ 0 

if Erj < 0 

if Er]>0 

if Erj = 0 

*/ Ef] < 0. 

I t is the final part of the statement of this Theorem that is incorrect, 
namely that 
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N = 2 an e x P {— 2 n~lan} < co if Erj < 0. 
n=l n = l 

In fact, under the condition Erj < 0, we see from a negative mean analogue 
of Theorem A that 2£Li # n < oo if and only if E\r}+\2 < oo. Thus, N = oo 
if Erj < 0 and E\t}+\2 < oo. Finch's error arises from an invalid application 
of the Borel zero-one criterion which yields Pr(Sn > 0 i.o.) = 0 or 1 
according as ^an < oo or = oo. Actually, using Kemperman [6], Theorem 
15.2, 81, Pr(Sn > 0 i.o.) = 0 or 1 according as ^n~xan < oo or = oo. 
Finch's Theorem and his proof of it can easily be repaired in terms of these 
comments. A correct statement of the Theorem is as follows: 

THEOREM. Suppose that E\ri\ < oo. Write II 
and an = Pr{r]1-\-rj2+ • • • +r]n) > 0. Then 

JSL1ni9N = JSL1jni9 

n = l - e x p { - 2 ^ - X } 
w = l 

exp{2»"1(1-«n)} 
w = l 

N={ 00 

2 * » e X P { — 2W_1*n} 

if Erj^O 

if Erj < 0 

if Erj > 0 

if Erj = 0 or Er] < 0 and £|^+|2 = oo 

# Er] <0 and E\r]+\2 < oo. 
V n = l w = l 
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SOME RENEWAL THEOREMS WITH APPLICATION TO A FIRST 
PASSAGE PROBLEM1 

BY C. C. HEYDE 

Michigan State University 
1. Introduction. Let Xi , i=l, 2, 3, • • • be a sequence of independent and 

identically distributed random variables with E\Xi\ < oo, EXi = /x > 0. Write 
Xr = — min (0, Xi), Sn = X)£=i - ^ a n d Mn = maxi^fc^n Sk . In this paper we 
shall discuss the asymptotic behaviour as x —* oo of the sums X^=i an Pr (Sn ^ x) 
and X)»=i an Pr (Mn ^ x) for certain classes of positive coefficient sequences 
{an} and use the results on the latter sums to investigate the behaviour of the 
first passage time out of the interval (— oo, x] for the process Sn as x —> oo . 

The analysis that we shall use in obtaining the theorems on asymptotic behav­
iour follows closely on that of Smith [6] who discussed sums X^=i an Pr (Sn ^ x) 
for a class of coefficient sequences that we shall also discuss and for non-identically 
distributed random variables. In fact, our Theorem 1 follows directly from a 
specialization of the analysis of Smith. One of the particularly interesting charac­
teristics of this technique is that it enables us to study the asymptotic behaviour 
of the sums 2 ^ = i an Pr (Sn ^ x) and J^n=i dn Pr (Mn ^ x) in the one opera­
tion in spite of essential differences in their behaviour. 

2. Renewal theorems. For the first set of positive term coefficient sequences 
{an\ that we consider we shall suppose (as in [6]) that there exist real numbers 
a > 0, 7 ^ 0 and some non-negative function of slow growth L{x) such that 

(1) E»=i anxn ~ [a / ( l - xY\L{\ - xY\ as x -» 1". 

This is satisfied, for example, if 

an ~ [a/T(y)]ny~1L(n) as n —> oo 

using an Abelian theorem of Doetsch [3], 460. 
In the subsequent work we shall need the following definition: 
DEFINITION. The index k of the sequence {an} is the least real k such that 

an = 0(nk). 
Consideration will be restricted to cases where 2Z an diverges. 
THEOREM 1. Suppose E\X\ < oo, EX = n > 0. Let k be the index of the se­

quence {an} and m be non-negative. In order that 

E » - a a » P r ( S n ^ *) ~ [OLL{X)/Y{\ + T)](X/M) 
y 

as 
for each sequence {an} such that k ^ m it is necessary and sufficient that 
E\x~\m+2 < °° • 

Received 2 June 1965; revised 6 January 1966. 
1 Research supported in part by the National Institutes of Health. 
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700 C. C. HEYDE 

THEOREM 2. Suppose E\X\ < oo, EX = /x > 0. Le£ fc be £/&e index of the se­
quence {an} and m be non-negative. In order that 

E : = i a n Pr (Mn ^ x) ~ [aL(x)/T(l + Y ) ] ( * / M ) 7 as x -> oo 

for each sequence {an} such that k ^ m it is necessary that E\X~\m+1 < oo and 
sufficient that E\X~~\m+2 < oo. 

I conjecture that the condition E|Z~"|m+1 < oo is both necessary and sufficient 
in Theorem 2. I t is certainly known that in the particular case where an = 1 
for all n so that k = 0 we only need 2£|X~| < oo (see for example Chow and 
Robbins[2]). 

The proof of the two theorems shall be deferred until we have given four 
lemmas. The first of these is given in a form which is more general than we shall 
need subsequently as it has some independent interest. 

LEMMA 1. Suppose the random variables Xi, i = 1, 2, 3, • • • are independent 
and identically distributed. Write Sn = ]C?=i^> Mn = maxi^fc^n Sk , and, in 
the case where E\Xi\ < oo, EXi = /x. If E\Xi\r < oo with 1 ^ r < 2 and /x ^ 0, 
then 

n~llr(Mn - nM) ->a.B. 0. 

If E\Xi\r < oo with 0 < r < 1 or E\Xi\r < oo with 1 ^ r < 2 and n < 0, toen 

n"1/rMn ->a.s. 0. 

("a.s." denotes almost sure convergence). 
The corresponding almost sure convergence versions for the sums Sn have 

been given by Kolmogorov (r = 1) and Marcinkiewicz (r ^ 1) (see for ex­
ample Loeve [5] 242, 243). 

PROOF. Suppose E\Xi\r < oo. Let cr = M if 1 ^ r < 2; cr = 0 if 0 < r < 1. 
If cr g: 0, we have 

Mw — ncr = m&xi ̂ j^nSj — ncr 

g maXi^y^n (Sj — jCr) 

g maxi^y^n f,raj, 

where ay = ,T1/r|>Sy — jcr\. Therefore, if Mn ^ ncr, 0 ^ Mn — ncr ^ 
maxi^y^w j1/ray, and if Mn < ncr, 0 > Mn — ncr ^ Sn — ncr = —n1,ran ^ 
— maxi^y^n ay, so that 0 ^ n~1/r|Mw — ncr\ ^ maxi^y^w n~1/rj1/ray. In order to 
obtain the desired result in this case it suffices to show that for arbitrary e > 0, 

Pr (Ufc^n {maxi^^/ / rAT1 / ray ^ e}) -> 0 as n -> oo. 

Now the strong laws of Kolmogorov and Marcinkiewicz ([5], 242, 243) imply 
that for arbitrary e > 0, 

Pr (maxy^n ay ^ e) —* 0 as n —> oo. 

Therefore, given rj > 0 arbitrarily small we can choose an N so large that 

(2) Pr (maxi:>tf ay ^ |e) ^ f̂  
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and then select an UQ(>N) SO large that for n ^ n 0 , 

(3) Pr (AT1 / rn-1 / rmax^^^ay ^ |e) ^ |r?. 

Then, for n ^ n 0 , 

Pr ( L U n {maXl^^,i1/rfc"1/r% ^ *}) 

= Pr ( U ^ n {maxi^y^^j1/rfc""1/ray + max *<,•** j1/r/T1/ray ^ e}) 

^ Pr (Ufc^n {maxi^^^/ / r/c"1/ray + max *<y<gfc ay ^ e}) 

^ Pr (N1/rrTllr max i^y^ % + maxy>JV ay ^ e) 

^ Pr (iV1/rn~1/r maxi^y^^ay ^ |e) + Pr (maxy>iyr ay ^ £e) 

using (2) and (3). This completes the proof of this part of the lemma. It remains 
to consider the case cr < 0. 

In the case cr < 0, Mn
+ = max (0, Mn) actually has a proper limiting distribu­

tion (finite with probability one), M + = limn_*ooMn
+. 

We have 

P r ( U f c ^ { r 1 / r | M f c | ^ e}) 

= Pr (U*fc. {k-1/rMk ^ e} u I U „ {k-1/rMk ^ -e}) 

^ Pr ( l U n {fc~1/rMfc ^ e}) + Pr ( I U » {k-1,rMk £ - € } ) 

^ Pr ( I U „ {M+ ^ kllre}) + Pr ( U ^ n {Xx ^ -fc1/re}) 

= Pr (M + ^ n1/re) + Pr (Xx ^ -n1 / re) 

and both these terms approach zero as n —> oo. Therefore, n~1,rMn —>a.s. 0 as 
required. This completes the proof of the lemma. 

In the subsequent work we shall write Fn(x) = Pr (Sn ^ x), Gn(x) = 
Pr (Mn ^ x) and jffw(x) to mean either Fn(x) or Gn(x) (so that if a property 
holds for both F»(a;) and On(x) it holds for Hn(x) and conversely). 

LEMMA 2. J* {1 — ffn(wx)} dx —» 0 as n —> oo. 
PROOF. Introduce the new random variables Yi = max (0, X»), i = 1, 2, 3, • • • . 

Suppose #F* = a. If Mn> x then X^n=i F< > x so that Pr ( £ ? - i F* > x) ^ 
Pr (Mn > x) ^ Pr (£» > x) and hence 

(4) 1 - Fn(x) ^ 1 - Gn(x) ^ 1 - Kn(x), 

where we have written Kn{x) = Pr (]>3?-i F* ^ x). 
We show firstly that J« {1 — Kn(nx)} dx —» 0 as n —> oo. We have, by a simple 

integration by parts, 

a — JT {1 — 2£n(nx)} dx 

= Jo* {1 - K n ( w & ) } <** + J « {1 - ^ ( M ) } d x . 

Further, by the law of large numbers, Kn(nx) —> 0 as n —► oo for x < a. I t follows 
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from the mean value theorem that J" {1 — Kn(nx)) dx —» a as n —> oo and hence 
that J« {1 — lfn(wx)} dx —■> 0 as n —> oo. 

Then, making use of (4), 

0 ^ J* {1 — Fn(M) | dx S / " {1 - Gn(n£)} AC 

^ JM {1 - Gn(nx)} ^ + J« {1 - Kn(nx)} dx. 

Now, in view of Lemma 1 (case r = 1, /z > 0), Gn(nx) —> 1 as n —> oo for x > /x 
so that by the mean value theorem J" {1 — Gn(nx)} dx —> 0 as n —> oo. We have 
shown that J« {1 — 2£n(nx)} dx —> 0 as n —» oo so the proof is complete. 

LEMMA 3. (Smith [6]). If the non-negative constants {an} satisfy (1) then as 
s - > 0 + , 

Z ^ i ^ - ^ - a ( M s ) - T L ( s - 1 ) . 

LEMMA 4. / / the non-negative constants {an\ satisfy (1) then as s —> 0 + , 

E : = m a n ^ n - a(M«)"^1L(«-1) tf 7 > 0 

limsups^0+ s[L(s";l)]"1X*«sinatle"'4*w < a/x"1 # 7 = 0. 
Smith [6] has established the former result, ignoring the possibility of the case 

7 = 0. The result given above for y — 0 can be readily extracted from Smith's 
proof and is adequate in the present context. 

PROOF OF THEOREMS 1 AND 2. We follow the methods of [6] but work the 
proof in terms of Hn(x). 

Suppose firstly that E\X~\m+2 < oo. Take 0 arbitrary with 0 < 0 < /i. Con­
sider 

0 = Kn = jn4e~8XHn(x) dx (s = 0) 

= n Jg e-nsxHn(nx) dx 

= ne~nfis ft Hn(nx) dx. 

Now using the law of large numbers and the inequality Hn(y) ^ Fn(y) (or 
alternatively referring to Lemma 1 as well), we see that Hn(nx) —> 0 as n —> oo 
for all x < ix. Hence, using the mean value theorem, we may write 

Kn = ne'^8 (5) Kn = ne~np88n, 

where 5n' —» 0 as n —> oo, uniformly in s j= 0. 
Now consider 

= n^e~nsx{\ - ffn(ra)j dx 

^ we""* J " { 1 - ^n(nx)} dx. 

In view of Lemma 2, we may write 

(6) Ln = ne"wV 
where 5n" —> 0 as n —> oo 7 uniformly in s ^ 0. 

( * £ 0 ) 
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Combining (5) and (6) and putting 5n = K' — 8n", we obtain 

( 7 ) Y^n=ian(Ln — Kn) = —Yl™=lnan&ne~nl*S. 

Now given arbitrary e > 0 we can choose an integer nQ(e) so large that |5n| < e 
for all n > n 0 . Then, 

\T,n=inan5ne-nfis\ < Z ^ n a ^ l ^ * + e E L n a ^ 8 , 
so that by Lemma 4, 

limsup^0+[(M«)^V^(8"1)] |En^wa»«ne-w^| ^ eya if y > 0 

^ ea if 7 = 0 

and hence 

(8) [ ( M * ) ^ 7 £ ( 0 ] £ » - I an(Ln - Kn) -> 0 as s -> 0 + . 
Next write 

(9) $fi(x) = X^=lanffn(2)£/(£ — Up) 

= X)*=i anC7(x — n/x) — l]n=i a»{ £70 — nil) — ff»(z)} C/(x — n/3) 

where 

£/<» = 1, x ^ 0, 

= 0, x < 0. 

If we denote the Laplace transform of a function A (x) by A0(s) = f™ e~sxA(x) dx 
we have 

(10) * 0 ° ( S ) = S ^ n - l O n C ^ n = l 0>n(Ln — Kn) ', 

the term by term integration being justified by monotone convergence. 
From (8), (10) and Lemma 3 it follows that 

(11) [(Ms) r+1/L(s_1)]V(s) -»• «M as s - > 0 + . 

Appealing to a Tauberian theorem of Doetsch [3], 511, we then obtain 

(12) [\/ty+1L(t)\ SIM*) dx -> a/nyT(y + 2). 

Now for t > 0 and 0 < 6 < 1, 

so that 

[l/fL(tWe(8t) S [1/(1 - 0 ) ]{[ l / f + 1 L(O]Jo^(x)dx 

- [l/ty+1L(t)\$V$&{x)dx\ ^ [l/tyL(t)]%{t). 

Then, for fixed 0 and i ^ » , [l/fT+1L(0] /o*/»(x) dc -* a/MTr(7 + 2), 
[l/(dt)y+1L(t)] jl'fyix) dx -> [l/(dt)y+1L(et)} $oMx) dx -+ a/M7r(7 + 2) by 
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(12) so that 

(13) limsuvt^[l/fL(t)]^(et) ^ [a/fiyT(y + 2)](1 - 0 / ( 1 - 0) 

^ limmft^[l/tyL(t)pp(t). 

Taking 0 —» 1 in the right hand part of inequality (13) gives 

(14) l i m i n g [l/tyL(t)]^(t) ^ */ixyY(y + 1). 

Further, the left hand part of the inequality (13) can be written 

l imsup^ 0 0 [ l / ( ^ ) 7 L(W)]^ (^ ) ^ [-0a/V7r(Y + 2)](1 - r ( 7 + 1 ) ) / ( l - 6) 

and the left hand side of this is equal to lim s u p ^ [l/tyL(t)]$p(t) for 0 fixed. 
Then, taking 0 —> 1 in the right hand side, we obtain 

(15) lim s u p , . . [l/fL(t)]Mt) ^ a/nyT(y + 1), 

so that combining (14) and (15), 

(16) l i m ^ [l/tyL(t)]fy(t) = a/nyT(y + 1). 

Now under the condition jB|Z~|m+2 < oo we certainly have for all x, — oo < 
x < oo, 5Z nmHn(x) < oo in view of Theorem A of Heyde [4] and the inequality 
Hn(x) ^ Fn{x). Hence, Yl anHn(x) < oo, since the sequence {an} has index 
k ^ m. Write 

(17) 

where 

(18) 

Z X = 1 0^nHn(x) = $fi(x) +Vp(x), 

*u(^) = Hn=ianHn(x){l - U(x - np)}. 

We shall go on to show that ^${x)/xyL(x) —> 0 as x —> oo. 
Define a new sequence of random variables Yi:, i = 1, 2, 3, by 

Yi = Xi - p. 

Then, EY > 0 and E\Y~\m+2 < oo since E\X"\m+2 < oo. I t follows from Theorem 
A of [4] applied to the Y's that for k ^ m, ]T) nkFn(np) < oo, and since Hn(np) ^ 
Fn(np), 

(19) J^nkHn(np) < oo, 

Also, it is clear from (18) that ^fp(x) ^ ]JCn-i anHn(n{}) and (19) ensures that 
this upper bound is finite since k is the index of the sequence {an}. We therefore 
h a v e ^ ( x ) / x 7 L ( x ) —* 0 as x —> oo and hence, using (16) and (17), 

]Cn«i anHn(x) ~ [ a L ( x ) / r ( l + 7)](z/V)7 as z —► oo . 

This result is true for all sequences {an} with index k ^ m and hence establishes 
the sufficiency parts of both Theorems 1 and 2. 

The necessity parts of both the theorems are easy to establish. I t suffices to 

35 



RENEWAL THEOREMS AND FIRST PASSAGE 705 

note that in particular ^2 nmHn(x) < oo for all x, — oo < x < oo , and hence by 
Theorem A of [4] in the case Hn(x) = Fn(x) we obtain E\X'\m+2 < oo and by 
Theorem A of [4] together with the well known inequality Gn(Q) = Pr (Mn ^ 0) 
^ n~l Pr (Sn ^ 0) in the case Hn(x) = Gn(x) we obtain E\X~\m+l < oo. This 
completes the proof of both Theorems 1 and 2. 

Some remarks on the possibility that the condition E\X~\m+1 < oo might be 
both necessary and sufficient in Theorem 2 would seem in order. To establish 
that this is the case, it would be adequate to show that if EX = \x > 0 and 
E\X~\k+1 < oo, then for 0 < p < M, 

Y,nGn(n{S) = X > * P r ( M n ^ nfi) < oo. 

The nearest approach to this that I have obtained is summarized in the following 
theorem: 

THEOREM 3. Suppose E\X\ < oo, EX > 0, Pr (X < 0) > 0, and let k be a 
non-negative integer. A necessary and sufficient condition for the convergence of 
the series 

Z L i ^ Pr (Mn S x), - oo < x < oo, 
- I*+1 < oo, is that E\ X 

PROOF. I t follows from the work of Heyde [4] that a necessary and sufficient 
condition for the convergence of the series X^n& P r (Mn ^ 0) is that 
E\X~\k+1 < oo. Therefore, in order to complete the proof it is only necessary to 
show that the convergence of X nk Pr (Mn ^ 0) implies that of X ^ P r (Mn ^ #), 
0 < x < oo. 

To accomplish this we define a new sequence of random variables: 

No = So = 0, 

Nt = max (So, Si) = Xi+ , 

N2 = max (So, S i , S2) = (Xi + X 2
+ ) + , 

Nn = max (So, S i , S 2 , • • • , Sn) = (Xi + (X2 + • • • + (X»_i + X n
+ ) + • • • ) + 

Since the Xi are independent and identically distributed we may write No = 0, 
Nn+i ~ (X + Nn)+, n ^ 1, where for two random variables X and F, we write 
X ~ y if they have the same distribution. Clearly, Nn = M n

+ = max (0, M»), 
so that 

Pr (tfw ^ x) = Pr (Mn ^ x), x> 0, 

Pr(Nn = 0) = P r ( M » ^ 0). 

Now for A > 0, n ^ 1, we have 

Pr (Mn+i ^ A) = J f . P T (Mn ^ A - y)dPr (X ^ y) 
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so that for arbitrary B > 0, 

E t = m * P r (Mn+i ^ A) = J-oo { Z ^ i ^ P r (Mw ^ A - ?/)} d P r (X ^ y) 

^ | - { Z n = m a P r ( M n ^ A - y)\dFr(X ^ y) 

^ {T,n=inaPr(Mn ^ A + B)} Pr (X ^ - B ) . 

Then, choosing 5 so that Pr (X ^ - 5 ) > 0, we see that if J2 na Pr (Mn ^ A) 
converges then J^ na Pr {Mn ^ A + B) converges. Let A —» 0 + ; we see that 
the convergence of ^2naFr (Mn ^ 0) implies that of ^2na Fr (Mn ^ rJS) 
for all positive integral r and hence that of 23 na Pr (Mn ^ x) for all x, 
0 < x < oo. This completes the proof of the theorem. 

The restriction to non-negative integral k in Theorem 3 is unfortunate. This 
comes about from the use of the derivatives of the generating function 

Z n = o P r ( M n ^ 0 ) f = exp {YTn^n'H71 Pr (Sn S 0)} 

in [4]. 
We now go on to consider coefficient sequences of the form an 

and shall establish the following two theorems: 
THEOREM 4. Suppose E\X\ < oo, EX = /x > 0. In order that 

er\ r > 0, 

I X * sm P r ( & £z)~r —\xr\i 
as 

for any r in some interval 0 < r < R, it is necessary and sufficient that X~ should 
have an analytic characteristic function. 

(The term "analytic characteristic function" is used for a characteristic func­
tion which is analytic in a strip containing the origin as an interior point.) 

THEOREM 5. Suppose E\X\ < <*>, EX = /x > 0. In order that 

E: = 1 / n Pr(M n £x) r'Vr" ' as 
for any r in some interval 0 < r < R, it is necessary and sufficient that X~ should 
have an analytic characteristic function. 

The proofs of these theorems, of course, follow markedly similar lines to the 
proofs of Theorems 1 and 2. A generalized coefficient sequence form along the 
lines of Theorems 1 and 2 is not, however, convenient in this case. 

PROOF OF THEOREMS 4 AND 5. We construct the proofs in parallel fashion as 
we did with Theorems 1 and 2. 

Suppose X~ has an analytic characteristic function. Take 0 arbitrary with 
0 < j8 < M- We consider to begin with 

Kn = jn
n$e-sxHn(x)dx (s> 0) 

^ ne^8 f$Hn(nx)dx 

= ne-^ifx - p)Hn(nt) 

for some £ = £(w) in 0 < £ < /z. (X — £)~ has an analytic characteristic func­
tion and E(X — £) > 0. I t follows from Theorem B of [4] and the inequality 

37 

file://�/xr/i


RENEWAL THEOREMS AND FIRST PASSAGE 707 

Hm ^ Fm that for any r in some interval 0 < r < R, 

(20) ZemHm(mO < oo, 

and hence, considering the totality of series (20) as n varies, 

(21) Hn(nO = o(e~rn) as n - > oo. 

Therefore, 

TTn^enKn S (/* - / 3 )En= in^ s f f n (n? )6 r n 

< oo as s —> M~lr+ 

in view of (21) and so 

(22) l i n w - i r + (s - /TV) E L 6rnKn = 0. 

Next consider 

Ln = JnMe-^ l - Hn(x)} dx (« > 0 ) . 

Using the mean value theorem and the fact that Hn(nx) —> 1 as n —> oo for 

x > M> we may write 

where 6n > 0 and 8n —> 0 as n —> oo uniformly in s > 0. Now given arbitrary 
e > 0 we can choose an integer n0(e) so large that 8n < e for all n > n 0 . Then, 
for s > M-1^? 

V^» rnj —lV^oo - _nJLt(s_j l t—lr) 

< rT:i i8/ ¥ s"M" l r ) + e ^ z ^ i ^ ^ " 1 0 , 
and since for 8 > /x~V, 

X L e-WM(*-|,~lr) = e ^ ^ ' ^ / d - e^(s-M"lr)) ~ 1/M(« - M"V) as s -> jTVl-, 

it follows that 

(23) lims^M-ir+ (s — ff^^n^e^Ln = 0, 

so that combining (22) and (23), 

(24) l inw-i .4 . (s - /TV) E n = i ^ ( t - Kn) = 0. 

Now consider the function 

**(*) = YTn=iernHn(x)U(x - n/3) 

= ZI= ie r n f / (x - nM) - E := ie r w ( [ / (x - nM) - fl.W}^(x - n/3). 

Taking Laplace transforms, we have 

*A<o = s-1 E:=ie-""(^~lr) - z:=^r"(L„ - x.) , 
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from which it follows, using (24), that ( S - / T V ) $ A S ) 
let 

r as s • H V + . Now 

(25) © A S - M " V ) =V(«); 
we have w@p°(w) —> r""1 as w —► 0 + , and appealing to a Tauberian theorem of 
Widder [7], Theorem 4.3, 192, we obtain 

(26) t * Jo ®p(%) dx —> r 1 as £ 

Then, following through exactly the analysis that we used in the case of Theorems 
1 and 2 (we are here dealing with the case 7 = 0,L(0 = 1, afTy[T(y + 2)]"1 = r"1) 
we find from (26) that 

(27) l im^* 00(0 = r \ 

However, using (25) and the uniqueness theorem for Laplace transformations, 
0/i(O 
(28) 

®„(0 = e~r" uMt), so that (27) gives 

l im^Me- r" uMt) 

Now write 

(29) 

where 

YTn=ienHn(x) =*fi(x) + ¥ , ( * ) , 

(30) ¥ , (* ) = TTn^enHn{x){\ - U(x - np)\, 

53 ernHn(x) being finite for r in 0 < r < Rby (20). Also it is clear from (30) and 
(20) that for all x, ^ ( x ) ^ X)n=i ernHn(n(3) < oo. We therefore have 
e_ r M" l x^(x) —> 0 as x —> oo, and hence by (28), X!*=i ernHn(x) ~ r~VM lar as 
x —» oo. This establishes the sufficiency parts of Theorems 4 and 5. 

The necessity parts of the theorems follow readily from Theorem B of [4]. We 
have X) ernHn(x) < oo for all x, — oo < x < oo and Theorem B gives the result 
directly in the case Hn(x) = Fn(x). In the case Hn(x) = Gn{x), we take x > 0 
and make use of the well known relations Gn(x) = Pr (Mn ^ x) ^ Pr (Afn ^ 0) 
^ n_ 1 Pr (£n ^ 0) . I t is clear that the convergence of ^ e™ Pr (M» ^ z) 
implies the convergence of ^ n_1e™ Pr (Sn ^ 0) and hence that of 
^2 esn Fr (Sn ^ 0) for s < r and making use of Theorem B again we see that 
X~ must have an analytic characteristic function. This completes the proofs of 
both Theorems 4 and 5. 

3. Application to a first passage problem. Let X» , i=l9 2, 3, • • • be inde­
pendent and identically distributed random variables with E \X\ < oo, 
EX = M > 0. Write Sn = £ ? - i X, and Mn = maxi<K» Sk . Consider a single 
boundary at a; (2:0) so that if 

G0(x) = 1, 

Gn(x) = Pr (M„ ^ x), n^L 1, 

39 



RENEWAL THEOREMS AND FIRST PASSAGE 709 

the probability pn that the first passage time, M(x), out of the interval (— °°, z] 
for the process Sn is n is given by pn = Gn-i(x) — Gn(x), n ^ 1. 

We introduce the probability generating function P(A) = X^=i ^Pr for the 
first passage time distribution Pr (Af(s) = n) = pn . 

Formally differentiating, 

P ( 1 ) ( l ) = S[M(z)] = 1 + E ^ i G r ( x ) , 

and for /c > 1, 

P w ( l ) = (a)fc (the fcth factorial moment of M(x)) 

= fc Z ^ - i (r)*Gr(s) = E t o s ( f c , r)E{[M(x)]r}, 

where (r)* = r(r — l ) ( r — 2) • • • (r — fc + 1) and s(fc, r) are the Stirling 
numbers of the first kind. I t is thus clear that E{ [M(x)]r\ < oo for some positive 
integer r if and only if X) n~~lGr(x) < oo. Also, the random variable M(x) has 
an analytic characteristic function if and only if the radius of convergence of 
P(X) is greater than unity or equivalently if X ernGn(x) < oo for some r > 0. 

As a particular case of Theorem 2 we obtain for integral k ^ 1, 

kx k X)n=i w 
T-\k+l 

fc-1 Gn(x) -k 
M as 

so long as E \X~\ < oo. Therefore, in view of the above comments, we see 
that as x -> oo, E{ [x~xM(x)Y] -» fTr for integral r ^ 1 so long as E |X~|r+1 < oo. 
(The r = 1 and r = 2 cases are included in the results of [2] and [1] respectively). 
If E \X~\r = oo then Theorem 3 shows us that X n~lGn(x) diverges and hence 
that E{ [x~lM(x)]r] = oo. If we have the condition that X~ possesses an analytic 
characteristic function, then it follows from Theorem B of [4] and the inequality, 
Pr (Sn ^ x) ^ Pr (Mn ^ x) = Gn(x), that M(x) possesses an analytic charac­
teristic function. We have, in fact, for r > 0 sufficiently small, 

E[erM(x)] = E t i enPn 

= er+(er-l) En=i6 r nGn(x), 

so that by Theorem 5, 
rM(x) E[erM(x)] ~ f-\e - l)erj 

as 

The function r~l(e — \)eril x is the Laplace-Stieltjes transform of the con­
volution of a rectangular distribution on the interval (0, 1) and a degenerate 
distribution at xyT1. We have therefore obtained the following theorem: 

THEOREM 6. Suppose EX = /x > 0. If for some integral r ^ 1, E |X"| r+1 < oo, 
then 

oo , E{[x~lM(x)]r) -» M ~ r as x 

If X~ possesses an analytic characteristic function then for r > 0 sufficiently small 

E[erM{x)] ~ r(er - l)eri 
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One can further use a method due to Doob based on the strong law of large 
numbers to obtain the following result: 

THEOREM 7. Suppose EX = /x > 0. Then, 

x lM(x) *"a.s. M as 
PROOF. According to the strong law of large numbers, we have for 0 < e < /x and 

sufficiently large n, (/x — e)n ^ Sn ^ (/x + e)n with probability one. In particu­
lar, if n = M(x) the left hand side implies M(x)/x ^ l/(/x — e) and if 
n = M(x) +• 1 the right side implies M(x) + 1 ^ X/(M + e). Thus, for large 
x, l/(/x + e) — 1/x ^ M(x)/x ^ l/(/x — e) with probability one. The result 
follows. 

Acknowledgments. I am indebted to J. F. Hannan for a helpful discussion on 
the subject of Lemma 1 and to Y. S. Chow for the observation which led to 
Theorem 7. 
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SOME RESULTS ON SMALL-DEVIATION 
PROBABILITY CONVERGENCE RATES FOR SUMS 

OF INDEPENDENT RANDOM VARIABLES 

C. C. HEYDE 

1. Introduction. Let {X^j = 1, 2, 3, . . .} be a sequence of independent, 
non-degenerate random variables and write 

n 

Sn — 2L, X j . 

Under quite a diverse variety of conditions we may obtain 

Pr(Sn < n*x) -> i 

as n —> oo for all x, — oo < x < oo, and some real p > 0. For example, suppose 
the {Xj} happen to be distributed identically and belong to the domain of 
normal attraction of a symmetric stable law with characteristic exponent a, 
0 < a < 2, a 5* 1. If EXj = 0 whenever E\Xj\ < oo, then 

Pr(Sn < nvx) 

as n —■> oo for all x, — oo < % < oo f as long as 0 < p < 1/a, in view of the 
central limit theory. It is the purpose of this paper to establish some results 
on the rate of convergence of Pr(5n < npx) to \ by investigating convergence 
properties of the series 

oo 

£ n * | P r G S . <nvx) - | | , - c o < * < a > f j 3 < L 

Problems of this type could usefully be called small-deviation problems 
(following terminology that appears to have been introduced by Borovkov 
2). 

This work is another link in the chain of development of a problem that arose 
in connection with the study of certain random walks. These previous in­
vestigations were restricted to the case of identically distributed random 
variables. In the random walk context, Spitzer (8) showed that if EX2 < oo 
and EX = 0, then 

oo 

Z»~1(Pr(5.<0)-i) < «,. 
7 1 = 1 

Rosen (7) showed that this series is absolutely convergent, his proof being 
based essentially on his rediscovery of Gil-Pelaez' (3) inversion formula. Baum 

Received May 12, 1965. 
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and Katz (1) sharpened the methods of (7) and showed that if E\X\2+& < <» 
for some 0 < /3 < 1 and EX = 0, then 

2>-i+fc|Pr(Sn < o) < oo. 

We go on to put all this theory in a broader context from two points of view. 
First, we generalize to certain broad classes of non-identically distributed 
random variables and secondly we include the case Pr(Sn < npx) for p > 0, 
— oo < X < oo. 

2. Prel iminaries . Suppose {Xjyj = 1 , 2 , 3 , . . . } is a sequence of inde­
pendent random variables with corresponding characteristic functions 

{<t>j(t)J = 1 , 2 , 3 , . . . } . 

If there exists a non-degenerate random variable with characteristic function 
(j>(t) and a constant 5 > 0 such that 

max,|0,(O| < | * (0 | for \t\ < 5, 

we shall say that the sequence {Xj, j = 1, 2, 3, . . .} satisfies the condition L. 
If, in addition, there exists a characteristic function with imaginary part I(t) 
such that if Ij{i) is the imaginary part of 4>j(i), j = 1, 2, 3, . . . , there is a 
constant rj > 0 such that 

max , | / , ( 0 | < \I(t)\ for \t\ < 

then we shall say that the sequence {Xj}j = 1, 2, 3, . . .} satisfies the con­
dition L'. 

In the case where the Xj are identically distributed, the conditions L and V 
are automatically satisfied. A simple non-identically distributed case in which 
they are satisfied is that in which some of the <t>j(t) are of the form f(t)<j>(t) 
w h e r e / ( 0 and <j>{t) are characteristic functions,/(£) being real, while others 
are of the form <j>(t). We then have 

or 

and, similarly, 

or 

|0y(O| = 1/(01 l*(OI.<l*(0| 

\<t>i(t)\ = I* (01 

1̂ (01 = 1/(01 |/(0I < |/(0I 

|/,(0| = |/(0|. 
LEMMA 1 (5, 61; 7, Lemma 1). Let X be a non-degenerate random variable 

with characteristic function <f>(t). There exist constants 5 > 0 and c > 0 such that 

|0(*)| < 1 - ct2 for \t\ < 5. 
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LEMMA 2. Let {Xjtj = 1, 2, 3, . . .} be a sequence of independent, non-
degenerate random variables satisfying the condition L. Write 

n 

In is an interval on the x-axis and l(In) is its length, c is a constant that is inde­
pendent of n and In. 

(a) If l(In) < n*, 0 < p < h then ¥r(Sn £ In) < c/n^ 
(b) If I(In) < eVn, e > 0, then Pr(Sn 6 In) < e(c + £(e, n)) where 

£ (e, n) —> 0 for every fixed e > 0. 
(c) / / /(/w) < M (constant), then Pr(5n £ In) < c/^/n. 
(d) maxa Pr(5w = a) < c/yjn. 

These results cannot, in general, be improved. 

This lemma is an extension of (7, Theorem 1) from the case of identically 
distributed random variables to the case of random variables satisfying the 
condition L. Only minor modifications are necessary to the proof given in (7) 
to make it applicable in this case. I t is necessary to replace <t>n(t) by 

n 

n *i(o 
(<t>j(t) being the characteristic function of Xf). Then, in view of the condition 
L, we have the relation 

n 

n i*,(o i < i*(or 
in |t| < 5i (say) for some characteristic function <t>(t). Thus, by virtue of 
Lemma 1, 

f ni*i(oi*< f \<t>(t)\ndt 

< f (i-ay at 

< I t\<8 
e~ctHdt < ci/Vn; 

here 5 = min (5i, 52) where 52 is the 5 of Lemma 1. The equation (2.2) of (7) 
then follows and the remainder of the proof is identical. 

LEMMA 3 (Gil-Pelaez' inversion formula (3; see also 7, Theorem 2 and 10)). 
Suppose the random variable X has distribution function F(x) and characteristic 
function <l>(t). Then 

\[F(x - 0) + F(x + 0)] == * + lim lim ^ f ^{e^^-t) - e~ixt<i>{t)} it 
A^0 B-KO 

• a 
= \ + lim ~ f rl{eixt4>(-t) - e-ixt<t>(t)\ dt + R(l, x, S) 
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where 5 > A > 0 and 

The use of the improper lower limit in the range of integration enables us 
to remove the restriction 

£ log(l + \x\)dF(x) < oo 

which was imposed in (7). 

Note. The corresponding remainder term for the random variable Sn (an 
w-element convolution) will be denoted R(n, x, d). 

LEMMA 4. Suppose the sequence {X^j = 1, 2, 3, . . .} of random variables 
satisfies the condition L. For any e, 0 < e < ^, there exists a constant c> inde­
pendent of n and x, such that for all 5 < 50, 

\R(n, xy 5)| < cn*~K 

This lemma is an extension of the lemma of (1) from the case of identically 
distributed random variables to the case of random variables satisfying the 
condition L. 50 is the <$0 of Lemma 2. The proof in (1) remains formally un­
changed in view of the results of Lemma 2. 

3. Results . 
THEOREM 1. Suppose {X^j = 1, 2, 3, . . .} is a sequence of independent 

non-degenerate random variables satisfying the condition Lf. Then for 
- o o < x < oo, 1 > 0 > J + £, and 0 < p < i, 

J^n^\Pr(Sn<npx) - *| < « 
7 1 = 1 

as long as 

lim f t"-*\I(f)\dt < oo 

for some 5 > 0. (1(f) is the uniform bound from the definition of L'.) 

Proof. We shall establish first that when the sequence [Xj,j = 1, 2, 3, . . .} 
satisfies the condition Z/, /J > J, and 

jV-5|/(oi^< «, lim I / 

then 

£ n-*|Pr(.S, < 0) - | | < a,. 
7 i = l 
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The proof of this result follows along lines similar to the corresponding work 
in (1 and 7). 

Making use of Lemma 3, we have 

Pr(Sn < 0) - \ = h\Fn(0+) - Fn(0-)} - | Pr(Sre = 0) - \ 

- ^ Km nn^(-o-n^) * 
+ R(n, 0, «) - * Pr(5M = 0) 

1 C* -n. ( n \ 
= 9—. lim r 1 ] ! I *j(01 sin( £ arg 0 , (0 ) <ft 

+ R(n,0,t) - i P r ( 5 , = 0), 
where 5 > 0, which is yet to be completely specified, is chosen so small that 
the inequalities of conditions L, L', and Lemma 1 are all satisfied. Therefore, 
using the condition L, 

oo 

(1) E ^ P r O S . < 0) - 4| 
71=1 

1 nh oo w n 

< - l i m r ^ n-^II l * , ( 0 | £ larg <t>M dt 
TT A^0 *JA n=l j=l j=l 

m -j co 

+ £ n-fi\R(n, 0, 5)| + ± £ »"* Pr(Sn = 0) 

< - lim f T 1 £ n-"| 0(01" £ larg 0,(/) | dt 

+ £ n ^ i J f o O , 5)1 + It, n-*Pr(Sn = 0). 
71=1 & 71=1 

We consider separately the three parts on the right-hand side of (1). 
In view of our choice of 5, it follows from Lemma 4 with e chosen to be less 

than j8 — § that 

71=1 

Also, it follows from Lemma 2, part (d) that 
CO 

£ « - * P r ( S r a = 0) < oo. 
71=1 

Now we can write 

4>j(t) = Rj(t) + iljit) 

where Rj(t) and Ij(t) are real functions, bounded on any finite interval. Then 

arg <t>j(t) = arctan {/,(*) [ ^ ( O ] ' 1 } . 
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Rj(t) ( = i(<t>j(.t) + 0y(~O) is itself a characteristic function and hence is 
continuous about Rj(0) = 1 in a neighbourhood of the origin. Therefore, 
given suitably small e > 0 we can find 8j > 0 so small that \Rj(t) — 1| < e in 
|/| < 8j. Choose do = mmjSj (clearly 50 > 0). Then, in view of the relation 
\Rj(t) — 1| < e uniformly in j for \t\ < 5o, we must have 

(2) |arg 0,(<)| <c\Ij(t)\ <c\I(t)\ 

for 0 < t < So and some constant c > 0, I{t) being the I of condition V'. At 
this stage we further restrict the 5 of the theorem to make it less than the 
above 50 as well. Then, using (2), we have 

/»5 oo n 

(3) lim r15>H,|*(orZkg*i(OI<B 
A->0 *J A w=l j = l 

< l i m c r ^ w ^ k W H / C O l * . 

By an Abelian theorem of Widder (11, p. 182, Corollary l a ) , we see that 
oo 

lim (1 — u)2~^^2 n^u1 = const. 

and thus, for 0 < u < 1, there is a positive constant £ such that 
oo 

£ n x - V < c(l - « ) ^ 2 . 

Putting u = |</)(0| i n this inequality, we obtain, for / =̂  0, 
oo 

(4) z » i _ / , i 0 ( o r < c ( i - i*(oiy-*. 
Then, by (4) and Lemma 1, there is a positive constant & such that 

/ »5 oo / » 5 

lim rxJ2 » 1 _ / , |0 (Or | / ( 0 | * < * lim **~5 | /(0I * 

and the right-hand side of this inequality is finite by hypothesis. This establishes 
the first part of the theorem. 

The remainder of the proof is now easy to complete. We have, for x > 0, 

w=l 
£ n~ff\Pr(Sn < npx) - ±| < £ w^|Pr(5„ < 0) - £| 

oo 

+ X > - * P r ( | S n | <nvx). 
71=1 

The first series on the right-hand side converges as we have just shown and 
the second series converges by Lemma 2(a) as long as j8 > \ + p. This 
establishes the result in the case x > 0, and the case x < 0 follows similarly. 
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In general Theorem 1 cannot be extended to the case P = % + p, 0 < £ < ^. 
Take, for example, each of the Xj as normally distributed with zero mean and 
unit variance. We have, for x > 0, 

n \Pr(Sn < npx) - i | = n* Pr(0 < Sn < npx) = 1 
o ' 

-i«2 

V ( 2 T ) » ' e-v+i ■ V(2x)n 

V(2TT)W S 

when ^ — \ -\- p 

du 

so that the series 

£ tf-"|Pr(Sre < nvx) - i\ 
n=l 

diverges when £ = | + p. 
As an immediate corollary of Theorem 1 we obtain: 

COROLLARY 1. Suppose {Xjy j = 1, 2, 3, . . .} is a sequence of independent, 
non-degenerate, symmetric random variables satisfying the condition L. Then for 
- C D <x < co, 1 > 0 > f + £, and 0 < p < h 

J^n^\Pr(Sn<npx) < oo, 
7 1 = 1 

Even when x = 0, the result of Corollary 1 need not extend to the case 
0 = §. We have 

\Pr(Sn < 0) - *| = * Pr(S„ = 0) 

and it is easy to find examples where Pr(Sn = 0) ~ cn~^ for some positive 
constant c asn -+ oo. This is the case, for instance, when the Xj are identically 
distributed with a finite variance, zero mean, and characteristic function 
0 (0 = E(eitx) such that |0(O| = 1 when t is any multiple of 2TT; cf. (9, p. 75). 

The following example shows that the condition L restriction in Theorem 1 
(and Corollary 1) cannot be relaxed in general. Take Xj as normally distributed 
with zero mean and variance j-^-w logj , j = 1, 2, 3, . . . . Then 

0,(0 = e x p t - i r ^ ) logj72) = |0,(*)| 

and |0,(O| —» 1 as j —> oo for all t so the condition L is not satisfied. Sn is 
normally distributed with mean zero and variance 

n 

^ ! k~(1~2p) log k = a2 ~ n2p log n as n —> oo. 

We have, taking x > 0 for convenience, 

Pr(Sn < npx) — \ = /( , J exp(— \u2a~2) du 

= (2T)~^an~1npx(exp~^x2an~2n2p6n
2)1 0 < dn < 1 
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surprising that this is the best we can do in general. As pointed out previously, 
we cannot in general obtain convergence up to /3 = ^ no matter how many 
moments we assume to be finite. On the other hand, if the Xj do not possess a 
finite variance, it is possible to obtain all sorts of pathological behaviour for 
the probabilities Pr(5w < 0) despite the restriction EXj = 0 when JE|X^| < <» ; 
cf. Spitzer (9, pp. 228-230). He treats the case of identically distributed 
summands possessing zero mean but not a finite variance and shows that it is 
possible to find cases where the Cesaro limit 

n 

limn-1ZPr(S* < 0) 

takes on any value a, 0 < a < 1, and also cases where the Cesaro limit fails 
to exist altogether. 

In the particular case where Lemma 5 is applicable in Theorem 1, we obtain: 

THEOREM 2. Suppose {Xjfj = 1, 2, 3, . . .} is a sequence of independent, 
non-degenerate random variables satisfying the condition Z/. If there exists a 
uniform bound I(t) (for the definition of Lf) belonging to the characteristic function 
of a random variable Y for which £ | F | 2 + a < oo, 0 < a < 1, and EY = 0, 
then for 0 < p < £ (1 - a ) , 

f ; » - ( 1 ^ a ) | P r ( 5 l < n ^ ) - J| < oo. 

Other, albeit rather less general, cases where Theorem 1 may be used are 
not difficult to find. In order to illuminate the situation slightly, let us mention 
another expression for I it) (the imaginary part of a characteristic function 
<f)(t) which corresponds to a distribution function F(x)). This is the form 

(5) 
/•oo 

1(f) = t \ [1 - F(pc) - F(-x + 0)] cos tx dx, 

which is obtained by integrating <t>(t) by parts. I t is clear from (5) that whether 
an integral of the form 

r lim I / 
A->0 JA 

2/3-5 \I{t)\dt 

is finite or not depends in a critical way upon K(x) = 1 — F(x) — F(—x + 0), 
which is in a sense a function measuring departure from symmetry. By consider­
ing certain classes of functions K(x) it is quite easy to obtain applications of 
Theorem 1. For example, we could follow Pitman (6) who has studied cases 
where K(x) has the property that for X > 0, 

K(\x) 
K(x) as x 0 
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for some fixed m > 0 and has obtained asymptotic estimates of the behaviour 
of I{t) as t —» 0 + . This is, of course, just what we need in order to be able to 
apply Theorem 1. I t does not seem appropriate, however, to pursue this rather 
specialized matter further in the present context. 
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1. Introduction 

Let the random variables Xi, i = 1,2,3, ... he independent and identically 
n 

distributed. Write Sn =^Xi and Zn = SnB^1 — An for normed and centered 

sums. The classical central limit formulation is for Pr(Zw fj xn) where xn = 0(1) 
as n -> oo and thus gives only trivial information in the case where xn -> oo as 
n -> oo. However, we often require information on Pr(Zw > xn) under these 
circumstances. This type of problem is called a problem on the probability of 
large deviations and little in the way of comprehensive general results on such 
problems has so far been obtained. For references to the known results and also 
to various fields in which large deviation problems arise see, for example, LINNIK 
[3] and SETHTJRAMAN [7]. 

Up till the work of L INNIK [3], all the general large deviation results obtained 
had made use of the condition i£{exp(a| Xi |)} < oo for some a > 0 (that is, the 
Xi possess an analytic characteristic function) or something even stronger. The 
analytic characteristic function assumption was quite basic in much of the work 
as the results were obtained, in effect, from a use of the saddlepoint method in 
the theory of functions of a complex variable. L INNIK broke away from the 
saddlepoint technique and the associated assumption of an analytic characteristic 
function. He has, however, only studied the problem of convergence to the normal 
distribution and, with the exception of one theorem, only cases where xn = o(\/n) 
as n —> oo. In this paper we study, for the first time, large deviation problems 
associated with convergence to non-normal stable laws. A general expression is 
found for the order of magnitude of the large deviation probability in such cases. 

2. Large Deviations in the Case of Attraction to a Non-normal Stable Law 

Let {Xi, i = 1, 2, 3, ...} be a sequence of independent and identically distrib­
uted random variables with lawj£? (X) which belong, with normalizing constants 
Bn, to the domain of attraction of the stable law with characteristic function 

exp «Ma( i + » t c\ tan 
5 ) \ ' | * | C1 + C2 " 

0 < a < 2, a 4= 1, a > 0, ci > 0, C2 > 0, and distribution function F. c±9 c^ and a 

22 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 7 
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are related according to 

(ci + C2)a I — dx 

(GNEDENKO and KOLMOGOROV [1], 169—171. We note in passing that an a is 
missing from the second and third terms on the right hand side of equation 12, 
168 of [1]. This omission is perpetuated in the sequel). As a matter of convenience 
we shall exclude the case where C\(c2) is zero although the problem is readily 
amenable to the same sort of treatment. Under these circumstances the stable 
law would be bounded on the left (right) (LUKACS [5], 106). If a > 1 we suppose 

n 
the Xt to be relocated so that EXt = 0. Write Zn = B~1^Xi = B~1Sn and let 

i = i 

Fn(u) = ~Pv(Zn fg u). If a = 1, the probability of interest cannot generally be 
put into the form Vv(Zn > xn) (GNEDENKO and KOLMOGOROV [1], 175). The 
problem in this case can be treated but it needs some special discussion and will 
be omitted here. 

Under the above conditions we may write for x > 0, using GNEDENKO and 
KOLMOGOROV [1], Theorem 2, 175, 

L±(x) ¥r{X^-x) = 

~Pr(X>x) = 
x* 

L(x) 

where L± (x) and L (x) are slowly varying functions with 

Li(x) ci 
L(x) as x oo . 

C2 

L (x) and the sequence Bn are related in such a way that 

nL(Bn) 
Ba ->C2 as n oo . 

We shall write L\(x) + L(x) = M(x) so that M(x) is a slowly varying function, 

M(x) ~ ( l + °^)L{X) as X - > O O and 

q(x) = P r ( Z ^ - x) + P r (X > x) = Mix) 

In the following discussion we shall restrict consideration to large deviations 
in the right hand tail. I t is clear that corresponding results will hold for the left 
hand tail. We shall obtain the following theorem. 

Theorem. Let {xn} be a sequence with xn -> oo as n -> oo. Then, 

0 < lim $ ^ ^ 1 Pr (Sn > xn Bn) ^ Urn ^ | 4 P r (Sn > *n Bn) < oo L(xnBn L(xnBn) 

Proof. Denote by A% and Bi the events {Xt > xnBn) and J 2, Xj > 0 
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respectively, i = 1, 2, . . . , n. If E is the complement of E, we then have 

Pr(flfw>arnBn)^Pr \J(AtnBi) 
n (i — l 

(i) 

= P r I U P l ( ^ n ^ ) n (^< n B i ) \ 
1=1 u= l 

t - 1 
f){Aj n Bj) n {At n Bt) 
?=i 
i - i i 
Pj J^n (AinBi)\ 

^ 2 | p r ( ^ n B,) - Pr A j 4 , n ^ ) [ ^ 

> 

> 2?*(Ai) [Pr(Bt) - (i - 1) Pr(4,)] ^ 

^ »Pr(4<) [Pr(B,) - n?r(At)]. 

Now Pr (J3$) -+ A > 0 as w -> oo where 4̂ is the probability that the corresponding 
stable law takes a positive value. Thus, given 8 > 0 with A — 28 > 0 we can 
choose JVi so large that Pr(Z^) > J. — (5 for n ^ iVi. Also 

and since Z, (a;) is a non-negative function of slow variation, it possesses a rep­
resentation of the form 

r / \ a(x) L (x) = —^- exp x 1/ a(u) du \ , 

where a(x) -> 1 as x -> oo (KARAMATA [2]). Therefore, 

L(xnBn) __ a{xnBn) 1 
£(£») a(-B») a?w 

exp / * & > * . . 

and given arbitrarily small r\ > 0 we can choose JV so large that for n > N, 

{ XnBn \ 

a + ^ ^ a + *>**• 
Take r] < a. Then, for n> N, 

n-Pr(At) < n J ^ - (1 + ij) * T « - * 0 W ^ O O . 

Thus, given <5 > 0 we can choose N2 so large that n'Pr(Ai) < 8 for n ^ 2V2 and 
hence, for w ^ max(iVi, N2), we have from (1) 

Pr(S„ > » S B . ) ^ " ( ^ - 2 8) P r ( Z > * n B n ) = n(A - 2 8) ^ ^ -

= (A — 2 8) njk(*?n\_ L(xnBn) 
~[ }" B*~ x-L(Bn) 

xa B* 
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«Pr(S»>,„B,»,^-2„^» 
■LJm 

and 

H m ^ f ( ^ ) P r ( ^ > ^ ^ ) > 0 . 
. ^ o o B(xnBn) 

In order to complete the proof we shall work in terms of the symmetrized 
random variables Xf, i = 1, 2, 3, . . . , making continued use of the weak sym-
metrization inequalities (LOEVE [4], 245) to transfer the results. 

Define 
'X8

k if \Xi\^xnBn 

0 otherwise, 
X Jen ' 

and write #* = 2 Xf, S*nn — 2 X%n • We have 
k=l k=l 

(2) ¥r{\Sl\> xnBn) ^n¥v{\Xs\> xnBn) + ¥r{\Ss
nn\> xnBn) 

and, using the weak symmetrization inequalities, 
nx«L(Bn) 
L(xnBn) 

ft(|Z.|>a!.5.)^2^gLp,(|Z|>^L)^ 

so that 

(3) 

L(xnBn) ' V l 2 

< 2 1 + a nL(Bn) M(jxnBn) 
= L(xnBn) " Bl 
= 2 1 + a nL(Bn) M(jxnBn) M{xnBn) 

m M{xnBn) L(xnBn) ' 

^^fnY^(\Xs\>xnBn)<oo. 
n->oo Ij\xn-Dn) 

We now turn our attention to Pr( | /S^ n | > xnBn). From Markov's inequality 
we obtain 

P r ( | S L | > xnBn) <k x-2B-2E(Ss
nn)^ = nx~2 B~2E(X\n)* 

= nx~2B~2 J x*dVr(Xs^x) 
\x\^XnBn 

= —nx~2B~2 ]x2d¥r(\Xs\ >x) 
o 

XnBn XnBn 

<̂  2nx~2B~2 jx¥r(\Xs\ > x)dx <4nx~2B~2 jxq(^x)dx < 
0 0 
1 XnBn 

< l6nx~2B~2 j* M{x)x1~^dx 
o 

using integration by parts to obtain the third last inequality and the weak 
symmetrization inequalities to obtain the second last. Thus, 

I XnBn 

IOTEr^«l >XnBn) = 16^M J - [M(x)xi-«dx 
L{xnBn) ' ' jg« L(xnBn)(xnBn)* a J 
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(4) = 16 nL(Bn) 
Bl L(xnB 

0 

+ 1 6 nL(Bn) M(jxnBn) M{xnBn) 
m M{xnBn) L(xnBn) M(ixnB: l){xnBn)*-« j 

\XnBn 

M(x)x1~ccdx 
A 

for fixed A. The first term on the right hand side becomes arbitrarily small for 
sufficiently large n since £ is a slowly varying function and a < 2. Further, 
making use of the representation result for non-negative slowly varying functions, 
we have for A fg x ^ -| xn Bn, 

l \XnBn 
M(x) bj,x) _ xnBn 

M(\xnBn) ~~ b(ix^Bn) %x exp / 
b(u) du 

where b (u) -> 1 as u -> oo, and given 0 < <5 < 2 — a we can choose A so large that 

j^k> <{1 + 8) *£rexp I -(1 - d)'l\\ ={1 + 8) &rf' 
Therefore, for suitably large A, 

■^XnJon -^XnJJn 

M(\ 

and it follows from (4) that 

< 2 "̂ 2 i l - T < °° ' 

(5) lim P r ( | £ * n | >xnBn)<oo. 
w_»oo L(xnBn) 

Using (3) and (5) in (2) we obtain 

n^oo B{x„B„) 

which, using the weak symmetrization inequalities, implies in particular that 
.-r- xlL(Bn) (6) lim L{xnBn] 

Pr(# w — m e d £ n > xn Bn) < oo . 

Now B^Sn converges in distribution so xn Bn Sn converges in probability to 
zero. Hence, x~1B~1 med 8n -> 0 as n -> oo. I t follows then from (6) by a simple 
transformation that 

(7) lim fL(*n) Pr(Sn > xn Bn) < oo 

and the proof of the theorem is complete. 
In large deviation problems it is usual to compare the large deviation behaviour 

of the normed sums with that of the corresponding stable law. In this context, 
that amounts to looking at 

l-Fn(xn) _ xl 
l—F{xn) C2 + CC2(Xn) 
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where 0L2(x) -> 0 as x -> oo ([1], T h e o r e m 5, 181 — 182), a n d we shall have 

0 < lim \-F»}Xn} ^ lim \~F^Xi < oo 
n~^o l - FM n^ot> 1 - F(xn) 

if a n d only if 

0 < l im L(Bn) ^ J T ^ - L(Bn) 
L(xnBn) L(xnBn) 

< oo 

This is t h e case, for example , when t h e r a n d o m var iables {Xt, i = 1, 2, 3, . . . } 
ac tua l ly belong t o t h e d o m a i n of n o r m a l a t t r a c t i o n of t h e pa r t i cu la r s table law. 
I n t h a t case, 

L(x) = c2 + feix) 

where @2(x) -> 0 as x -> oo. I n general , however , different d i s t r ibu t ions belonging 
to t h e same d o m a i n of a t t r a c t i o n can possess qu i te different a sympto t i c behaviour . 

I t seems plausible t h a t in t h e t h e o r e m t h e resul t 

l im $ ^ ? l P r (Sn > xn Bn) = IlnT ^ | 4 ? r («» > *n Bn) „—Z> L(xnBn) L{xnBn) 

should hold. I n th i s connect ion i t should be men t ioned t h a t M C L A R E N [6] has 
shown, us ing combina tor ia l a r g u m e n t s r a t h e r like those of L I N N I K [3], 302, 
t h a t in t h e case of n o r m a l a t t r ac t ion , 

1-Fn(xn) T lim 
F{xn) 

prov ided %n 
nl + 6 

-> oo as n - > oo for some d > 0. 

Acknowledgement. I am indebted to A. D. MCLAREN for some stimulating correspondence 
along the lines mentioned above. 
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ON LARGE DEVIATION PROBLEMS FOR SUMS OF RANDOM 
VARIABLES WHICH ARE NOT ATTRACTED TO THE 

NORMAL LAW 
B Y C. C. HEYDE 

University of Sheffield 
1. Introduction. Let Z», i = 1, 2, 3, • • • , be a sequence of independent and 

identically distributed random variables with law£(X), and write Sn = X^^-i ^*-
Let xn , n = 1, 2, 3, • • •, be a monotone sequence of positive numbers with xn —* oo 
as n —» oo such that Zn"1 Sn —>p 0. ( " P " stands for convergence in probability). 
We shall call the probability Pr (|Sn | > xn), or either of its component tail prob­
abilities, a large deviation probability. This constitutes an extension of the ordinary 
concept of large deviation probabilities where the Xi belong to some domain of 
attraction, Zn = Bn^Sn — An are the normed and centered sums, and the proba­
bilities Pr (\Zn\ > xn) are called large deviation ones for xn —> oo as n —» <*>. 

In this paper, we shall consider random variables which do not belong to the 
domain of partial attraction of the normal distribution. That is, those for which 
(L6vy [4], 113) 
(1) l i m i n f ^ ^ P r C l X l > u)/Jlxl^ux2dF(x)] > 0, 
where F(x) = Pr (X ^ x). We shall, in addition, make the restriction that for 
a > 1 and {xn} such that Xn^Sn —>p 0 as n —* oo 9 

(2) 0 < l i m i n g [Pr (|X| > axn)/Pr(\X\ > xn)]. 
The condition (2) is imposed to remove from consideration some laws whose dis­
tribution functions have widely spaced points of increase and for which the large 
deviation behaviour would be somewhat pathological. 

Under conditions (1) and (2), we shall obtain a general expression for the order 
of magnitude of the large deviation probability in the form of (3) and (4) below. 
This provides a generalization of the work of Heyde [3] where the corresponding 
result (one sided version) was obtained for the case where the X* belong to the 
domain of attraction of a non-normal stable law. Apart from [3], there appears to 
be no other work directly on large deviation problems outside the domain of 
attraction of the normal distribution. 

It is worth noting that the condition (2) goes some way towards implying 
condition (1). In this connection, we mention the following result which is a 
minor modification of a lemma of Doeblin [1]: If a > 1 and for u > UQ , 

Pr (|X| > au)/Pr(\X\ > u) ^ ca > 0, 

where aca > 1, then 
Urn inf^oo [u Pr (|X| > u)/f]x]tgux2 dF(x) ^ c«(l - l/caa) > 0. 
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2. Results. 
LEMMA. If {xn} is a monotone sequence of positive numbess with xn —> oo as 

n —-> oo y then Xn^Sn —>P 0 if and only if for every e > 0, 
(i) n Pr (|X| > exn) —» 0 as n —> oo, 

(ii) nxn~2 j\x\^xnx2dF(x) —» 0 as w —> oo , 
(iii) na;n

_1 J^i^xn^d^C^) —> 0 as n—> co. 
This result is stated essentially for the sake of completeness. I t follows im­

mediately from the degenerate convergence criterion (Lofeve [5], 317). We note 
that when the Xi do not belong to the domain of partial attraction of the normal 
distribution, condition (ii) is satisfied as a consequence of conditions (1) and (i). 

THEOKEM. Suppose that Xi, i = 1, 2, 3, • • • , is a sequence of independent and 
identically distributed random variables satisfying the conditions (1) and (2). 
Further, {xn} is a monotone sequence of positive numbers such that xn —> oo as 
n —> oo and Xn^Sn —*p 0. Then, 

(3) 0 < l i m i n g [Pr (\Sn\ > xn)/n Pr (|X| > xn)] 

^ limsup^oo[Pr(|>Sn| > xn)/nVr(\X\ > xn)] < oo, 

or equivalency, 

(4) 0 < lim inf^oo [Pr ( |Sn | > xn)/Fr (max*^ \Xk\ > xn)] 

^ limsupn_>co [Pr (\Sn\ > xn)/Pr (maxfc^n \Xk\ > xn)] < oo. 

PROOF. Take e > 0 and denote by Ai and Bi the events {|X»| > (1 + e)xn} 
and {\^2^=ij^i Xj\ < exn} respectively, i = 1, 2, • • • , n. If E is the complement 
of E, we then have 

P r ( | & | > xn) ^ P r [ U r = i ( A , n B , ) ] 

(5) 

= Z r - i P r i n y - l ^ y n ^ O n ^ n B i ) ] 

^ Z ? = i P r [ n ^ U y n ( A , n f i , ) ] 

^ T,U{Pr {AitxBi) - P r ( U } ~ U y n A , ) } 

^ Z r = i P r ( A , ) [ P r ( B , ) - (i - l )Pr (A,- ) ] 

^ n Pr (Ax)[Pr (SO - n Pr (Ai)]. 

Now Xn"1^ —>P 0 so Pr (Bi) —» 1 as n —» oo and, given 5 > 0 with 1 — 25 > 0, 
we can choose iVi so large that Pr (Bi) > 1 — 5 for n ^ N±. Further, from the 
lemma we see that n Pr (Ai) —» 0 as n —> oo, so that we can choose iV2 so large 
that n Pr ( ^ ) < 5 for n ^ A^2. Thus, for n ^ N = max (iVi, iV2), we obtain 
from (5), 

(6) 

so that 

Pr (|>S„| > Xn) ^ n ( l - 2 5 ) P r ( | Z | > (1 + e)x„), 

P r ( | S „ | > a ; „ ) / n P r ( | X | > a ; „ ) ^ (1 - 25) Pr (|X| > (1 + e)x»)/Pr ( |X| > xn) 
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and 

l i m i n g [Pr(|>Sn| > xn)/nl?r(\X\ > xn)] 

^ (1 - 25) l i m i n g [Pr (|X| > (1 + e)xn)/Pr(\X\ > xn)] > 0 

in view of condition (2). 
In order to complete the proof we shall work in terms of the symmetrized 

random variables Xf, i = 1, 2, 3, • • • , making continued use of the weak sym-
metrization inequalities (Loeve, [5], 245) to transfer the results. 

Define 

Xs
kn = Xk

s if \Xk
s\ ^ 2xn 

= 0 otherwise, 

and write Sn
s = ]C*-i Xk

s, Ss
nn = X^=i Xln . We have 

(7) Pr (\Sn
s\ > 2xn) <, n Pr {\XS\ > 2xn) + Pr (|Sa

nw| > 2xn) 

and, using the weak symmetrization inequalities, 

Pr (\XS\ > 2 ^ ) / P r ( | X | > xn) ^ 2 P r ( | X | > xn)/Vr{\X\ > *») = 2-

We now turn our attention to Pr (\Sa
nn\ > 2xn). From Chebyshev's inequality, 

we obtain 

Pr(|>S;n | > 2xn) ^ (2xn)-2E(Ss
nn)2 

= n(2xny2jlxl^Xnx2dVv(Xs^x), 

so that 

[Pr( | iS;n | > 2 z n ) / n P r ( | X | > xn)] 

= [ P r ( | S ; n | > 2xn)/nPv(\Xs\ > 2xn)][Pv (\XS\ > 2xn)/Fr(\X\ > xn)] 

^ 2(2xn)-2flx]^Xnx2dPr(Xs ^ x)/Pr(\Xs\ > 2xn), 

and lim supn-*oo [Pr (|S»n | > 2xn)/n Pr (\X\ > xn)] < oo since Xs cannot belong 
to the domain of partial attraction of the normal distribution. We then have, 
from (7), limsupn->oo [Pr (\Sn

s\ > 2x n ) /nPr (\X\ > xn)] < °° and hence, using 
the weak symmetrization inequalities, limsupn->oo [Pr (\Sn — medSn\ > 2xn)/ 
n Pr (|X| > xn)\ < oo. However, as Xn^Sn —>P 0, XnT1 med Sn —> 0 as n —> oo 
and so, for e > 0 and n sufficiently large, 

P r ( | £ B - medSn\ > 2xn)/n Pr ( |Z | > xn) 

(8) ^ Pr ( |S» | > (2 + e)xn)/n?r {\X\ > xn) 

= \Pr(\Sn\ > (2 + e ) x n ) / n P r ( | X | > (2 + e)xn) 

• [Pr( |X | > (2 + e ) x n ) / P r ( | Z | > xn)]. 

Using condition (2) and a simple transformation, it follows from (8) that 
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lim [Pr(|£n | > xn)/nPr(\X\ > xn)] < <x>. This completes the proof of 
(3) and it just remains to establish the equivalence of (3) and (4). This, however, 
is easily deduced as, from Bonferroni's inequalities (Feller [2], 100), we have 

n P r ( | X | > ^) [1 - l (n - l ) P r ( | X | > xn)] 

g Pr (maxj^n 1**1 > *») ^ n P r (|X| > xn) 
and hence, in view of condition (i) of the lemma, 

Pr (max^n \Xk\ > xn) ~ n Pr (\X\ > xn) as n —> <x>. 

The required result follows and the proof of the theorem is complete. 
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1. Introduction 
Let Xi, i = 1,2,3, ... be a, sequence of independent and identically distrib­

uted random variables with var Xi = a2 < oo and EXi = 0. Write 
n 

Then, 

Fn(x) = Pr (S n ^ a ]/nx) ->&(x) 1 
]/2n 

e *u*du 

as n -> oo, and the rate of this convergence is a matter of considerable impor­
tance. In this paper we shall establish the following theorem: 

Theorem. Let Xi, i = \, 2, 3, . . . be a sequence of independent and identically 
distributed random variables with EX2 = a2 < oo, EXf = 0. Then, 

2 n~1+d/2 sup | Fn (x) 
n = 1 x 

0{x)\ < o o , 0 ^ ( 5 < 1 , (1) 

if and only if ^|X*|2+<> < oo, 0 < <5 < 1, EXf\og{l + |X* | )<oo , 6 = 0. 

With the exception of the boundary case 3 = 0, this result provides a global 
generalization of a theorem of BAUM and KATZ [1] in which they established the 

i I under the condition convergence of the series ^7i~1+6/2\J)r(Sn 5g 0) 
l 

E\Xt\2+^<00, 0^d< 1. 

The theorem of this paper is, in a sense, complementary to Theorem 3.4.1 of 
L I N N I K and IBRAGIMOV [7] in which they show that 

\Fn(x)-@{x)\ =0{n-*<2), 0<d< 1, 
if and only if 

jx2dF(x) = 0(z-*), 
\x\>z 

where F (x) = Pr (X ^ x) (a sketch of the proof of this result has also appeared 
in IBRAGIMOV [5]). The large literature on the BERRY-ESSEEN estimate is also 
closely related. See for example KATZ [6] and B IKJALIS [2] for recent contributions 
in this field. A comparison of the forms of the various results would seem to 
indicate that moment conditions are equivalent to series conditions on the terms 
sup \Fn(x) — 0(x)\ rather than conditions on the individual elements. 
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2. Details 
In view of our assumption of a finite variance, we can express the charae 

teristic function / (t) of the Xt in the form 

f(t) = exV{-G2f(l + y(t))} (2) 
where lim y (t) — 0. Furthermore, in a neighbourhood of the origin, the equation 

*->o 
f ff2 * 2 1 /(0 = exp | -—2- j 

can be satisfied at not more than a finite number of points ([7], § 6, Chapter 1) 
and hence in some suitably small interval, say 0 < t < e, we have y (t) #= 0. 

Firstly, we shall prove the theorem for symmetric random variables X?-. In 
this case f(t) and y(t) are real valued and symmetric. The proof is accomplished 
with the aid of two lemmas. 

Lemma 1. For symmetric random variables the series (1) converges if and only 
if for A>0, A 

J^du <oo. (3) 

Proof. Firstly we prove necessity. Let fn (t) be the characteristic function cor­
responding to Fn(x). Then, integrating by parts in the equation 

oo 

fn(t) - e-<2/2 = $e«*d[Fn{x) - 0(x)], 
— OO 

we obtain 

- ^{t) ~ e~m = fe«* [Fn (x) - 0 (x)] dx. 

Further, it is seen that 
i t e-*2/2 = f eitx l x e~*2/2 dx. 

-So V2n 
We observe that the conditions for the applicability of the Parseval identity are 
satisfied and hence 

oo oo 

f Unit) - e-^e-^dt = J / = / [Fn(x) - 0(x)]xe-^2dx. 
— OO — OO 

Thus from (1) 

1 
$[fn(t)-e~^]e-^dt = ^ n-l+<J/2 f[Fn(x) — 0{x)]xe-x'l2dx 

< ^ W-l+*/2 SUp | Fn (X) _ 0 (X) | < oo , 

That is, 

|V1 + * < Je-t2(l-e~U2i^)dt < oo , 

and since y(u) does not change sign in some interval [0, s], we must have 
oo 1 

| > - 1 + * a JV'211 - e-i'M^V*)) I dt < oo. 

65 



C. C. HEYDE : 

However, as n -> oo, 

| l _ e - i ^ / ( a ^ ) ) . 1 t2\y(-±= 

so that 

(1 + 0(1)), 

r 0
J I 7 U K » ^ < OO , 

and, upon making the transformation u = t\a ]/ny this yields 

oo l/(a]/n) 
2^(1+<5) J ^2 |7(^)|^<oo. 
1 0 

i/M£) 
Now J ^2 |y(^) |cZ^ is montone decreasing as a; increases so, for X > 1, 

o 

(4) 

1 I 0 J w = l n 1 0 J 
[X] l/(oYn) 

n = l 0 

where [X] is the largest integer less than or equal to X. Furthermore, it is possible 
to choose a constant c > 0 such that (n -f-l)*(1+(5) < c7i*(1+(5) for all positive 
integral n and hence, for all X > 1, 

l/fcV'n) 
JV<i + «)J j ^2 | r(^) |^ l^< c2^ ( 1 + <5) J u*\y{u)\du 
1 I 0 J w=l 0 

Consequently, using (4) we see that 

JV< 1 + (5> ] u*\y{u)\du\dx< (5) 

Now, in view of (5) we must have 

(l/((7j/# 2w ill\a\x) \ 
J^iU + tf)! J ^2 |y( t t ) | d ^ l d x - ^ O as i/;->oo, 
^ I o I 

and 
2w (lftoYx) ] l/{ay2w) 
J V ( 1 + < 5 ) | f u*\y(u)\du\dx^ wH3+<5) J u*\y{u)\du^O, 
w [ 0 j 

so that, putting v = l/or)/2w, we conclude that 

■p+tf J ^ 2 | r ( ^ ) | ^ - > 0 as « - > 0 . 
o 

Then, upon making the transformation v = !/<;]/#, (5) becomes 

(6) 

o lo 
j |j«2|y(tt)ldttr. 

dv 
v4+6 
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and in view of (6), the fact that condition (3) is satisfied follows immediately from 
an integration by parts. 

I t remains to prove the sufficiency of the condition (3). Making use of The­
orem 1.5.2 of [7] we have for T > 0, 

fn(t)-e-m \Fn(x)-0(x)\^±j\ dt + 24 
nf2nT 

Take T — Ba]/n where 2o*-1 > B > 0 is chosen so small that 

Then, using the inequality 

we have 

max \y(t)\ ^ -| 
O^t^B 

\ex — l l <: \x\e\*\, 

(7) 

(8) 

Hence for \t\ ^ T, using (8), 

| / .«)-e-"'|s| |r(-^ -it2 

so that we have 

l + is C\ t»(t)-erW 5>-1+i* / 
-T 

oo B 

dt< f^'Vfe e-*t%dt 

= ( 7 2 2 ^ d $u\y{u)\e-ia2nu2du= o-2 f ^ | y M N 2 ^ " * * f ^ ' (9) 

Now, making use of a standard Abelian theorem (e.g. FELLER [3], 423) we see 
that oo 

l im(l - S)1+*8^n*dS™ = T ( l + id), 

and hence, for w #= 0, it is possible to choose a constant X > 0 such that 
oo 

Furthermore, for 0 ^ w ^ B we have \a2ul < 1, so that 

and hence 
1 _ e-*o*u* > 1 ^ 2 ^ 2 ( 1 _ 1 a 2 ^ 2 ) ? 

2^V i o W< w = l a2+(5^2+(5(l _ i tf2^2)l+i<5 

Then, using (9) and (10) we see that 
T 

- I 7 o 
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C\u\ 

dv 

On the other hand, when d = 0, we have for | u | > 1 
C\u\ C C\u\ 

/
l — cos v , /* 1 - cos v , f dv C cos v 

_ _ * , = j __-_* +j — -J — 
0 0 C C 

~ log I u I as | u | -> oo , 
so that (13) is equivalent to the condition EX\ log (I + \Xi\) < oo. This com­
pletes the proof of the lemma. 

Lemmas 1 and 2 establish the theorem for the case of symmetric random 
variables. We go on to complete the proof of the theorem in the general case. 

Firstly, we shall examine the necessity part. Consider the sequence Yi, 
i = 1, 2, 3, . . . of independent symmetrized random variables; each. Yi having the 
distribution of the difference between two independent X^s. Obviously, the char­
acteristic function of the random variables Yi is | f(t) |2 and the distribution func­
tion of the sum 

Fi + - + Yn 
Zn — 

a }/2<> 

is equal to Fn(x j/2) * (1 — Fn(— x j/2 — 0)) = On(x). Hence, if Fn(x) satisfies 
the condition (1), then 

oo 

2?r1 + ^ s u p \Gn(x) - 0{x)\ 
1 X 

oo _ _ 

= 2 n~1 + *8sup | Fn(x \/2) * (1 - Fn(~ x ]/2 - 0)) - 0(x j/2) * (1 - 0(- x ]/2)) \ 

< 2n-1 + ldsu^\Fn(x]/2)^(l~Fn(-~x]/2-O))~0(x\/2)^(l-Fn(-x\/2-O))\ 
? x 

+ 2 w-1 +*'sup 10 (a? j/2) * (1 - i ^ ( - x \/2 - 0)) - 0(x j/2) * (1 - 0 ( - a )/2)) | 
1 # 

<C o o . 

By Lemma 1 in such a case, 

/ 
|Rey(*)l 

tl+6 dt< 

and proceeding exactly as with the proof of Lemma 2 we extract the information 
that E\ Yi\2+* < oo, 0 < d < 1, E Yf log(l + | 7<| ) < oo, 6 = 0 and hence 
JS|Z< |2+«<oo, 0 < < 5 < 1 , J0X?log(l + | X , | ) < o o , (5 = 0. 

In order to prove the sufficiency part, we shall make use of the result that if 

f\v(t)\ 
ti+d dt < o o , 0 ^ < 5 < 1 , (14) 

then 
j>V 1 +**8up \Fn(x) — 0(x)\ < oo . 

We note that \y(t)\ = | y (— 0 1 . Then, the proof of this result is essentially the 
same as the proof of sufficiency in Lemma 1 and is hence omitted. We complete 

2 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 8 
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the proof by showing that the condition 

E\Xt\*+'<oo, 0 < d < l , EXllog(l + \Xi < o o , (5 = 0 , 

implies the condition (14). 
Now exactly as with the proof of Lemma 2 we can show that E \ Xi \2+d < oo 

0 < d < 1, EXf\og(l + \Xi\)<oo, d = 0 implies 

| Re y(0 
/ t l + d dt < oo ; (15) 

we shall show that the corresponding integral obtained by replacing Rey(£) by 
Iray(t) is also finite. Indeed, in a neighbourhood of the origin, 

lo2P\Imy{t)\ = | l m l o g / ( 0 | 
= \lmf(t)\+0{t*), 

so that 

I |Imy (0| 
tl+6 dt - / 

| ( s i n ^ — tu)dF{% 

fi+6 dt + 0{A*~*) 

and the finiteness of the integral on the right hand side under the condition 
E\Xi\2+d < o o 3 0 ^ d < 1, follows from Lemma 5 of H E Y D E [4]. This result, 
together with (15), gives us (14) and thus completes the proof. 

Addendum. Since the preparation of this paper there has appeared a related work "Conver­
gence rates for the central limit theorem" by FRIEDMAN, KATZ and KOOPMANS, Proc. nat. Acad. 
Sci. USA 56, 1062—1065 (1966). In this paper the convergence problem dealt with relates to a 
fixed x and not to the maximum over all a;, — oo < x < oo, as in the present work. In so far 
as the results are connected, those of the present paper are superior. Different methods are 
employed in the two papers. 
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ON LARGE DEVIATION PROBABILITIES IN THE CASE OF 
ATTRACTION TO A NON-NORMAL STABLE LAW 

By C. C. HEYDE 

University of Sheffield 

SUMMARY. In this paper, the precise asymptotic behaviour of the large deviation probability 
is found in the case where the random variables are attracted to a non-normal stable law. This extends 
previous work of the same author in which only the order of magnitude of the large deviation probability was 
found. 

1. INTRODUCTION 

Let Xiy i = 1, 2, 3, ... be a sequence of independent and identically distributed 
n 

random variables with law <£{X) and write Sn = 2 Xit Let yn, n = 1, 2, 3, ... be a 2 Xt. 
*- i 

monotone sequence of positive numbers with yn-+ oo as n—> oo such that y^1 $w—>• 0. 
(P stands for convergence in probability). The probabilities P r ( | $ w | > yn), or 
either of the one sided components, are called large deviation probabilities. 

In the papers Heyde, (1967a and 1967b), the asymptotic behaviour of 
Pr (| Sn | > yn) has been investigated for various types X which are not attracted to 
the normal law. The results contained therein, however, have a shortcoming in that 
only the order of magnitude of the larger deviation probability is found and not the 
precise behaviour. I t is the object of this paper to remedy this deficiency in the case 
of the (1967a) paper where the Xi belong to the domain of attraction of a non-normal 
stable law. The context of the (1967b) paper, namely with the Xi not belonging to 
the domain of partial attraction of the normal distribution, is manifestly too general 
to allow for a corresponding complete answer. 

2. DETAILS 

The formulation of the problem follows the same lines as that of Heyde (1967a) 
to which we refer for background details. Thus, the Xi belong, with normalizing 
constants Bni to the domain of attraction of the stable law with characteristic function 

exp | - a | t | a (l+i~^r 
Ci—Co A not 1 , 2 t an — )}• (i) 

0 < a < 2, a ^ I, a > 0, c± > 0, c2 > 0. Certain rather exceptional cases (cx or 
c2 zero, oc = 1) are excluded as a matter of convenience. If a > 1, we suppose that the 
Xi are located so tha t EXi = 0. Consequently, we have B^Sn converging in law to 

p 
a stable distribution with characteristic function (1) and x'1 B'1 Sn-+ 0 if xn, 
n = 1, 2, 3, ... is a monotone sequence of positive numbers with xn->oo as w—> oo. 
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ON LARGE DEVIATION PROBABILITIES 
n 

where zn = xy
n, 1 > y > 1/2, and write 8nn = S X#n. Take 0 < £ < 1 and define 

the events 

i£n = {| -X"jt J > (1 — z)xnBn for at least one h < n}, 
Fn = {| Xfc | > zni?w for at least two ifc's < 7&}, 

G« = {|*n»l > e * A } . 
Then, we have 

so that 
{\S„\ >xnBn)(ZEnUFnUGn, 

Pr (| Sn\ > xnBn) < Pr (tf„)+Pr ( J - J + P r (GJ 
<rcPr(|X| >(l-£)^5J+^[Pr(|Z| >znBn)f 

+Fr(\Snn\>txnBn). ... 

We shall deal separately with each of the three terms on the right hand side of (6). 

From (2), we have 

(6) 

nPr(\X\ > ( l - e ) s«B n ) _ M[(l-z)xnBn] sffij 1 a q O T ^ m 
» P r ( | X | > * „ £ „ ) ~ M[xnBn] ' ■ a ;« JB«(l_£)«->( l -£)« a s n^co-

.. (7) 
Also, 

n« |Pr( |Zl >znBn)f nM(Bn) x« [M(znBn)f 
nVi{\X\ >xnBn) B* ' *z2a M(Bn)M(xnBn) 

z. 

= G x*+yii-y(2*+7ii-V2) 

for n sufficiently large using estimates obtained in Heyde (1967a), where C is a positive 
constant and rj^ TJ2 are arbitrarily small and positive. Since 1 > y > 1/2, we can 
choose 7j1 and rj2 such that 

*+Vi—7(2^+Vi—V2) < °> 
and then 

n(Pr(\X\ >znBn)f 
P r ( | X | >xnBn) 0 as 7i —> 00. (8) 

Finally, it remains to consider P r ( | $ ^ | > zxnBn). We have, using 
Chebyshev's inequality, 

Pr (I Snn I > es»B») < E ^ " 2 ^ 2 i?(#2
w) 

= e~2o;-2 B~* [nEXln+in(n-l)(EXkn)*]. ... (9) 
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ON THE CONVERSE TO THE ITERATED LOGARITHM LAW 

C. C. HEYDE, University of Sheffield 

1. Introduction 
Let Xi9 i = 1,2,3, • • • be a sequence of independent and identically distributed ran­

dom variables with laWcSf(Z) and write Sn = S ? = t X,. If JSX = 0 and £Z 2 - a2 < oo, 
the law of the iterated logarithm (Hartman and Wintner [1]) tells us that 

Pr(limsup(2(rnloglogn)""i|Sn| =1) = 1. 
n-+co 

Furthermore, it has recently been shown by Strassen [4] that if 

Pr(limsup(nloglogn) ~*|S n | < oo) = 1, 
n->oo 

then EX =0, EX2 < oo. The proof of Strassen, however, utilizes deep results 
of Skorokhod involving the use of an associated Wiener process and it is the 
object of the present paper to develop a direct approach to this result. As a by­
product, it will be clear how the results of Stone [3] can be extended. 

2. Results 
Theorem. If EX2 = oo, then 

Pr (lim sup (n log log n)"i\Sn oo) = 1 
I I - * 00 

Proof. Firstly suppose that Z Pr[ | X\ > (n log log n)*] = oo . Then, for 
N>0, 

Xm Sn ~ Sn-1 < s.\ 
+ 

S„- i | 
JVfwloglogn]* ^[nloglogn]* : N[nloglogn]* iV[n loglogw]* 

+ 
>n-l 

= iV[nloglogn]i iV[(n-l)loglog(n-l)]*' 

so that if Pr(|S„| > N(nloglogn)*i.o.) = 0 , then we must have 

Pr(|X„| > 2iV(nloglogn)*i.o.) = 0 

Received 25 April 1967. 
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and hence, from the Borel-Cantelli Lemma (the X-Js being independent), 
lP r [ | z |>2 iV(« log log«) i ] < oo. ("i.o." means infinitely often). This clearly 

contradicts the condition Z P r [ | x | > (n log log n)*] = oo so, by appeal to the 
zero-one law, Pr(|Sn | > N(/iloglogn)*i.o.) = 1. Since N is arbitrarily large, the 
result of the theorem follows. Consequently, it remains to consider the case 
where E P r [ | x j > (n log log w)*] < oo but Z P r ( | x | > n*) = oo, this last con­
dition being equivalent to EX2 =oo . We note, in particular, that 
lPr( |x| > n 

1 / ( 2 - 5 ) > ) < oo; that is, E | X | < oo , every 5 > 0. Furthermore, 
if EX -■= u ?£ 0, the truth of the theorem is evident from the strong law of large 
numbers so we may subsequently restrict ourselves to the case EX = 0. We shall 
proceed by developing a modification of the argument of Stone [3]. 

Write F for the distribution function of X. Also, for a positive constant K9 
let H be the distribution function which results from truncating X at — K9+K 
and then centering to make the mean zero. Then, there are positive constants 
a and b (a + b = 1) such that F = aG + bH, G being a distribution function. 
Of course, b = P r ( | z | ^ K ) . Let Yl9Y29~- be independent random variables 
with common distribution function G; Z1,Z2, ••• be independent random variables 
with common distribution function H and write Tn = Z"=i Yi9 Un = Z/LiZj. 
Also, £u £2, ••• are independent and identically distributed such that Pr(£k = 1) = a 
and Pr(£fc =0) = 6 . The 7^'s, Zfc's and £fc's are taken as mutually independent. 
We write also, j(n) = E?=i&, fc(w) = n ~Kn) a n d Fn = Tm + l/fc(w). Clearly 
K„ has the same probabilistic structure as Sn9 so in order to obtain the desired 
result we have just to show that for any positive N9 

Pr[(nloglogn)~*| Vn\ ^ N i.o.] = 1. 

Now, since EX = 0 and EZt =0, we have EYt = 0 and consequently 
Pr(J T„J ^ a(ttloglogn)* i.o.) = 1 for any fixed e > 0. Define events v4„, n ^ 3, by 

4B = {j(n) £ #a + l)n; \ Tm\ £ e(/iloglogn)±}. 

Then, Pr(,4„ i.o.) = 1, for n~lj(ri) a-4* a as n-> oo and consequently, 

Pr(j(n)>Kfl +V)n\\Tm\ S fi(nloglogn)Ho.) = 0. 
("a.s." denotes almost sure convergence). Furthermore, 

Pr[(nloglognr*|7n | ^ N i.o.] 

= Pr(|TJCli> +t/*c»>| ^ iV(nloglogn)M.o.) 

= Pr(^n; | Tm + Uk{n)\ > N(n log log nf i.o.) 

£; Pr(^„;| l/fc(w)| £ (AT + e)(nloglogn)*i.o.). 
Also, when 4̂„ holds, k(n)^^nb9 and given a small positive t}9 we have 
(1 -f fj)loglogfc(n) > log log n for n sufficiently large. Thus, 
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On the converse to the iterated logarithm taw 

(log log n)"1 

J|*li 
x2 dF(x) -» 0 as n -> oo, 

f? (n log log n) 2 

and (i) is established. 
In the case of (ii) we have, since EX = 0, 

1/ log log n) 
cdF(x) " I $. xdF(x) 

I J | x | > ( n l o g l o g n ) 

£ f Jx|dF(x) 
J | x | > ( « log log n) 

/•OO 

= («logIog«)*Pr[|x|>(«loglogn)*] + } Pr ( |z |>x)Jx 
J (n log log n) 

oo / . [ ( * + 1 ) log log(fc+l)] 

= (nloglogn)*Pr[|z|>(nloglogn)*] + I } P r ( | x |>x )^ 
fe=n J[ftloglogfc]~ 

^ (nloglogn)*Pr[|x| > (n log log n)*] 
00 

+ I P r [ | * | >(fcloglogfc)*]{[(fc +l)loglog(fc + 1 ) ] * - [fcloglog/c]*} 

^ (n log log n)* Pr [ | X | > (n log log n)*] 
00 

+ C l fe-^Ooglog^^PrClX^C/cloglog/c)1] 

^ (nloglogn)*Pr[|x| >(nloglogn)*] 
00 

+ C'jT±(loglogn)*E Pr[|x|>(fcloglogfc)*], k=n 

C,C being suitably chosen positive constants. Since E P r [ | x | > (nloglogn)^] 
< oo, it follows immediately that (ii) is satisfied. We therefore have 
(nloglogn)~*Sn^0 and consequently that (rcloglogn)~*TnAo. 

Next we return to the main problem. Define events Bn by 

Bn = {\UkW\ * (N +s)i(l +r,)2b-1k(n)loglogk(n)f}. 

Then from (1), our problem is to show that Pr(,4n n Bn i.o.) = 1, or equivalently, 
that lirn^oo P r [ U : = „ ( 4 n B J ] = 1. 

Let A denote the complement of A. We have 
oo / m— 1 r oo -i r o o / m - 1 \ ~| 

U (AmrM3m)\ =Pr U fl (AlnB,)n(AmnBm)\\ 
oo r m - 1 n 

= i P r n(^nB,) n(AmnBm) 
m = n L J = n J 
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oo r m - 1 -I 

^ S Pr n^nB^Aj 
m—n L/—n J 

co -£(a+l )m r m - 1 

= 1 I Pr n StnBmnAmn{j(m)=i} 
m = « i = 1 U =: n 

oo £ ( a + l ) m r m - 1 n 

^ I I Pr n5,nBmn{i(m) = i}]Pr[4n{i(m) = 0 , 
m = / i * = < 5 m U : = : « J 

for arbitrary 5, 0 < 8 < a, the {^} and {Zj being mutually independent. Now, 
since (n log log n)~*T„^0, Pr[j T„| ^ a(n log log n)*]-► 1 as n-»oo. Thus, we 
can find an integer J and a constant K > 0 such that 

Pr[>lm n {j(m) - 0] ^ K for all m ̂  n ̂  J, 5m ̂  i ̂  K« + *)m • 
Then, for n ̂  / , 

oo £(<H^l)m p m - 1 

Pr' 

(2) 

co -l oo £ ( a + l ) m r m - 1 n 

U (AmnBm)\ ^ K l I Pr n ^ ^ B n { j ( f f l ) = i } 
m = n J m-n i=dm ul-n J 

oo r m - 1 

= K I Pr H 8i^Bmn {dm ̂ j(m) ^ \{a + l)m} 
m = n U ==n 

oo rm-1 

^ X I Pr n ^ B „ 
m—n Ll—n 

K I Pr [{5m^;(m) ^ K« + l)m}] . 

Now 

Pr [{5m ^ j{m) ^ ±(a + l)m}] = Pr [j(m) < dm] + Pr[j(m) > \{a + l)m] 

= Pr[fe(m) > (1 - <5)m] +Pr[j(m) > \(a + l)m] 

= [e-'^-'Xae*1 +b)Y +[e-iia+1),2(a - ^ ' 2 ) ] m 

- [«*i)]"+[f lOa)]". 
say, where ^ and t2 are positive and chosen so small that £(fx) < 1, rj(t2)< 1. 
Then, 

SPr[{*.SJC»>SK.+i)SJ] S S + ^ f ) 
0 as n->oo 

Consequently, from (2), 

lim Pr 
n-*oo 

co -i oo r m - 1 

U C 4 m f W ^ Xlim I Pr U (B,f]Bm) 
m—n J n-*oom==n L / ^ n 

Xlim Pr [U Bn] = X 
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On the converse to the iterated logarithm law 215 

for (N +e)2(l +rj) < ab since P r ^ i.o.) = 1 under this condition. It then fol­
lows, from the zero-one law, that Pr(jS„| > iV(nloglogn)*i.o.) =1 provided 
that (N +e)2(l + r\)<ob. However, EX2 =oo, so a can be made arbitrarily 
large by increasing K and, correspondingly, b tends towards unity, e and r\ are 
arbitrarily small so in fact the relation Pr(|S„| > iV(ttloglogn)*i.o.) =1 holds 
no matter how large be N > 0. This establishes the result of the theorem. 
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A NOTE CONCERNING BEHAVIOUR OF 
ITERATED LOGARITHM TYPE 

C. C. HEYDE 

Let {Xi, i = 1, 2, 3, • • • } be a sequence of independent and identi­
cally distributed random variables and write 5 n = X)?-i -̂ *» n= !• ^ 
is well known that 

Pr(lim sup(2w log log w)~1/25„ = 1) = 1 

if and only if EXi = 0, EX* = l (Hartman and Wintner [6] obtained 
the sufficiency part and Strassen [9] the necessity) and the purpose 
of this note is to clarify the corresponding situation in the case where 
these moment conditions are violated. I t turns out that the oscillation 
behaviour of normed sums rests essentially on whether or not the 
summands belong to the domain of partial attraction of the normal 
distribution. 

Firstly, we remark that it has been shown by Freedman (see 
Strassen [9]) that there exist symmetric random variables Xi with 
EX% = oo or even E | X ; | =OO, for which it is possible to choose a 
monotone sequence \bn, » = 1, 2, 3, • • • } of positive constants with 
bn—> °° as n—> GO such that 

Pr(lim sup b^Sn = 1) = 1. 
n—► *> 

With this in mind, we go on to establish the following theorem. 

THEOREM 1. Suppose the Xi are such that there exists a monotone 
sequence of positive constants {bn, n = l, 2, 3, • • • } with bn—>& as 
tt—> oo for which 

(1) lim sup bn1 \Sn\ < <* 

with positive probability. Then, at least one of the following two condi­
tions is satisfied: 

(0 bnKSn m e d S n ) - 1 - ^ . 

(ii) The Xi belong to the domain of partial attraction of the normal 
distribution. A necessary and sufficient condition for this is {Levy 
[7, p. 113]) 
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86 C. C. HEYDE 

(2) 

. u'Vx(\Xl\ >u) 
lim inf = 0. 

/ 
xH Pr(Xi ^ u) 

x\^u 

("a.s." denotes almost sure convergence; "med" is an abbreviation of 
median). 

PROOF. Firstly, since (1) is a tail event on the Si, S2, * • * process 
it has probability one using the Hewitt-Savage zero-one law (e.g. 
Breiman [l, Corollary 3.50]). 

Next, suppose that neither (i) nor (ii) are satisfied. From (2), there 
exists a constant 0 0 such that 

u2 Pr( | Xi | > u) > C f x2d Pr(Xi S x) 
J \x\$u 

for u > U. Thus, for u > U and 77 > 1, 

w2[Pr( I Xi I > u) - Pr( I Xx \ > yu)] ^ f xH Pr(Xx ^ x) 

^ 2 C " V Pr( | Xi | >vu), 

from which we obtain 

Pr( I Xx I > u) ^ (1 + C~W) Pr( I Xi I > vu). 

Thus, for n sufficiently large we have, when e> 1, 

(1 + C-V)- 1 Pr( I Xi I > bn) ^ Pr( I Xx I > ebn) ^ Pr( | Xx \ > bn), 

and when €<1, 

Pr( | X i | > bn) £ Pr( | X x | > ebn) ^ (1 + C ^ ' j P r d X | > bn), 

so the convergence (divergence) of ^ Pr ( |Xi | >ebn) for some e>0 
implies convergence (divergence) for every €>0. 

If X Pr( | J^i| >ebn) = °° for every e>0, we have from the Borel-
Cantelli Lemmas that 

(3) Pr( I Xn I > ebn i.o.) = 1 

for every e>0 ("i.o." is an abbreviation of infinitely often). Further­
more, I 5 n — Sn-i | = I X t t | ^ I Sn\ +1 5w-i | , so that (3) implies 
Pr( |5» | >%ebn i.o.) = 1 for every €>0 which contradicts the condi­
tion (1). 

Finally, suppose that ^ P f ( | ^ i | >&n) < °°, every €>0. We intro­
duce a sequence of random variables { Yky k = 1, 2, 3, • • • } defined by 
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Xk 

Xk 

S bk 

> h, 
Yk = Xk if 

= 0 if 

and write r n = J 2 L i Yk. Then, 

X Pr(F* * X*) = £ Pr( | Xx \ > bk) < oo, 

from which it follows that 

a.s. 
(4) ft*-1^- Tn)—>0 

as w—>oo# Also, for w sufficiently large, 

EY2
n ^ C 6 » P r ( | Xx\ >bn), 

and hence X^» 2 -El^< °°- It then follows from a theorem of Kolmo-
gorov (e.g. Loeve [8, p. 238]) that 

a.s. 
bnl(Tn-ETn)—*0 

as »—><*> and consequently, from (4), that 

a.s. 
brl(Sn - ETn)—+0, 

or equivalently (e.g. Loeve [8, p. 247]), 

a.s. 
b^iSn — med Sn) —>0. 

This again provides a contradiction and completes the proof of the 
theorem. 

In view of the important condition (ii) of Theorem 1, it is interest­
ing to investigate the oscillation behaviour of sums when the sum-
mands do not satisfy condition (ii). Unfortunately, it turns out that 
centering complications prevent us from giving a complete answer in 
the general case. These complications can, of course, be avoided by 
working with symmetric random variables and then it is possible to 
give a full explanation of the behaviour. This is what we shall do in 
the next theorem. 

THEOREM 2. Suppose the Xi are symmetric and that they do not belong 
to the domain of partial attraction of the normal distribution. If 
{bn, n — 1, 2, 3, • • • } is a monotone sequence of positive constants with 
&n—> oo as n—> oo, then for any e > 0, Pr( | Sn \ > ebn i.o.) = 0 or 1 according 
as ^2 P r ( |Xt | >bn) converges or diverges. Equivalently, b^Snt^O as 
ft—>co if and only if £ Pr(|-Yi| >bn) converges. 
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The proof of this theorem involves only minor modifications of the 
proof of Theorem 1 and will be omitted. The result is closely related 
to those of Feller [3]. 

REMARK. By way of comparison with the result of Theorem 2, it 
is worth noting that under the same conditions on the Xiy b~lSn^0 if 
and only if n Pr( | Xx\ >e&„)—>0 as n—>oo for every €>0 ("p" denotes 
convergence in probability). This follows simply from the degenerate 
convergence criterion (e.g. Loeve [8, p.317]) upon making use of the 
Levy condition (2). 

If further structural conditions are imposed on the Xit it is often 
possible to investigate the matter of centering of the Sn process in 
sufficient detail to enable the symmetry assumption of Theorem 2 to 
be dispensed with while still obtaining the same behaviour. As an 
example of the possibilities, we have the following theorem. 

THEOREM 3. Suppose that the Xi belong to the domain of attraction of 
a nonnormal stable law of index a ^ 1 which is not one-sided and that 
EXi = 0if E\Xi\ < oo . If [bnj n = 1, 2, 3, • • • } is a monotone sequence 
of positive constants with bn—» oo as n—»co, then for any e>0, 
Pr( |S»| >tbn i .o.)=0 or 1 according as ]T) Pr ( |Xi | >bn) converges or 
diverges. Equivalently, b~ 1Sn^%Q as n—> oo if and only if ^ Pr(I Xi I > bn) 
converges. 

PROOF. Again we can make use of a slightly modified version of the 
proof of Theorem 1 and in order to complete the proof of Theorem 3 
it is just necessary to show that bn1ETn—>0 as n—>oo where Tn is 
defined as in the proof of Theorem 1. 

Firstly we note that under the conditions of the theorem we may 
write for x > 0 , using Gnedenko and Kolmogorov [5, Theorem 2, 
p. 175], 

Pr( \XX\ > x) = M(x)x-«, 

where M{x) is a function which is slowly varying as x-
necessary to treat separately the cases <x< 1 and K a < 2 . 

If a<l, 

►CO , It is 

| £ F n | £E\ Yn\ = f \x\dVx{X1 £x) 

^ f H Pr( | Xx | > x)dx, 
J o 

using integration by parts and, using standard properties of slowly 
varying functions (e.g. Feller [4, p. 273]), we have 
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f " Pr( | Xx | > x)dx 
J n 1 

bn Pr( I Xx I > bn) 1-a 

as n—* oo so that we can choose a constant c\ > 0 such that 

(5) \EYn\ ^ abn YrilXxl >bn) 

for each n. 
If, on the other hand, 1 <a<2, we have since EXx = 0, 

\EYn\ f xd Pr(Xx ^ ») 

"I/ xd Pr(Xx ^ x) 
\x\>bn 

\ \x\d Pr(Xx ^ *) 
•^ | x | > b n 

*J Pr( Xi I > x) 

f* 00 

= bn Pr( I Xx I > bn) + J Pr( | Xi | > *)<**, 

and 

/

> 00 

Pr( | Xx | > *)<** 
1 

bn ~Pr(\Xx\ >bn) a- I 

as n—> oo, so that we can choose a constant C2 > 0 such that 

(6) \EYn\ ^ c2bnVr(\Xx\ > bn). 

Take c = max(ci, C2). Then, from (5) and (6) we have in general that 

(7) E * » _ 1 | £ i r » l ^ X P r d X x l > 6 „ ) < o o , 
» = 1 n = l 

and the result b~1ETn—^0 follows from an application of the Kronecker 
Lemma to (7). This completes the sketch of the proof. 

Theorems 2 and 3 provide a convenient tool for obtaining results of 
the type of Chover [2]. We immediately obtain from Theorem 3, for 
example, the following extension of the result of [2]. 
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COROLLARY 1. Suppose that the Xi belong to the domain of normal 
attraction of a nonnormal stable law of index a 9^ I which is not one-sided 
and that EXi = 0 if E\ X{\ < <x>. Then, 

Pr(limsup | nr^Sn |(log log n)_1 = e"~l) = 1. 

(Note that in the case of normal attraction, there is a constant c>0 
such that Pr( | Xi | >x)~cx~a as#—>°o.) 
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ON EXTENDED RATE OF CONVERGENCE RESULTS FOR THE 
INVARIANCE PRINCIPLE 

BY C. C. HEYDE 

Australian National University 

Let {Xi, i = 1, 2, 3, • • •} be a sequence of independent and identically dis­
tributed random variables for which EXi = 0, var Xi = o-2, E\Xi\2+a = b < <*>, 
a > 0. C[0, 1] is the space of continuous real-valued functions on the interval 
[0, 1] with the sup norm topology. We define a "random broken line" as follows: 

S»(0 = ELi-Xy(em*) for* = n~lk 

Ut) = Zn(rTlk) + n[Un~X(k + 1)) - ^ ( n " 1 * ) ] ^ - n~lk) 

iovn~lk S t S n~\k + 1), 1 ^ k ^ n. 

THEOREM. Le£ # 6e an?/ uniformly continuous functional, g:C[Q, 1] —> reaZ Zme, 
such that there exists a constant L > 0 w#& the property that 

|Pr{(/ft(0) £ * + * } - Pr{0ft(O) ^ *}| ^ ^ 1 
where ^(t) is the standard Wiener process. Then, there exists a constant A > 0 
such that for alln > 1, 

(1) |P*{0(*«(O) ^x} -FT {g(Z(t)) £ *}\ £ A (log nfiC", 

where A = (1 + ia)/(a + 3) (<£ ) , /* = min (a, 1 + Jo)/2(a + 3 ) . This result 
extends that of Theorem 5 of Rosenkrantz [3] where the bound (1) is, in essence, 
given in the form 

|Pr{0ft»(O) ^ x} - Prto(*(0) ^ x}\ S Ailognfn'' 

subject to the restriction that a g 2. Only minor modifications of the work of 
Rosenkrantz and necessary to furnish this extension; we shall just indicate these 
and refer the reader to [3] for full details of the proof. 

The condition a ^ 2 was imposed by Rosenkrantz as a consequence of em­
ploying a moment inequality of von Bahr and Esseen [1] which is valid for ex­
ponent r, 1 g r ^ 2 (note that 2r = 2 + a) . This is used to obtain the vital in­
equality (25) of [3]. For the case a > 2 (r > 2), we make use of a result of 
Dharmadhikari, Fabian and Jogdeo [2] which gives in place of (25), 

(2) E\znn\r ^ Crn*vn, 

where Cr = [8(r - 1) max (1, 2 ^ ) ] ' . 
Thus, combining (2) with (25) of [3], we can replace the estimate (27) of [3] 
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by the general estimate 

(3) Pr (maxi^^„|2«*| > 8) ^ max (2, Cr)n~a(r)8~r 

where a(r) = min (r — 1, | r ) , r > 1. 
The details of proof of [3] are then followed exactly up to the stage of choosing 
en and 8n tending to zero at appropriate rates. Instead of the versions chosen in 
(37), we employ 

Sn = n - * W < * « ) - l ( / 3 l Q g n ) - (2r+l) - l > ^2 = 2 ^ l Q g W) 

wrhere fi > 1 + a ( r ) / (2r + 1). The result of the theorem then follows as with [3]. 
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ON THE MAXIMUM OF SUMS OF RANDOM VARIABLES AND 
THE SUPREMUM FUNCTIONAL FOR STABLE PROCESSES 

C. C. HEYDE*, University of Manchester 

1. Introduction 

Let Xi9 i = 1,2,3, ••• be a sequence of independent and identically distributed 
random variables which belong to the domain of attraction of a stable law of index 
a. Write S0 = 0, Sn = Z/Li Xi9 n ^ 1, and Mn = max0^fc^rt Sk. In the case where 
the Xt are such thatZf n"1Pr(S,

/l > 0) < oo, we have lim^^M,, = M which is 
finite with probability one, while in the case where J^n~~1Pi(Sn < 0) < oo, 
a limit theorem for Mn has been obtained by Heyde [9]. The techniques used in [9], 
however, break down in the case T%n _1Pr(Sn < 0) = oo, T^n"1Pr(Sn > 0) = oo 
(the case of oscillation of the random walk generated by the Sn) and the only 
results available deal with the case a = 2 (Erdos and Kac [5]) and the case where 
the Xt themselves have a symmetric stable distribution (Darling [4]). In this paper 
we obtain a general limit theorem for Mn in the case of oscillation. Specifically, 
if {Bn,n = 1,2,3, •••} is a monotone sequence of constants such that B~1Sn con­
verges in distribution to the stable law with characteristic function 

(1) exp - A|^|aM + zjSsgnmn^* 

X> 0,0 < a ^ 2,j8 = 0 if a = 1, | j81 <1 if a < 1, | ft\ S 1 if 1 < a ̂  2, we shall find 

H(x) = limPrCB^M,, ^ x). 

In connection with the parameter restrictions, we note that the stable law with 
characteristic function (1) is one-sided if a < 1, |/?| = 1 (e.g., Lukacs [12], 
page 106) so that the random walk generated by the Sn does not oscillate ([9], 
Lemma). The case a = 1, /M0 introduces a normalization complication and is not 
amenable to treatment by the methods of this paper. 

It is possible to approach the problem of finding H(x) in various ways. For, if 
7(0, t ^ 0, 7(0) = 0, is the separable stable process with stationary independent 
increments which is based on (1), then also, 
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ff(x) = P r ( s u p y ( 0 < x ) . 

The double Laplace transform of Pr(sup0^M^ t7(w) < x) has, in this context, 
been obtained by Baxter and Donsker [1]. Their results are, however, not in a 
sufficiently explicit form to enable any of the properties of H(x) to be deduced. 
In the present work, we make a more detailed investigation leading to considerably 
more illuminating results. 

2. The supremum functional for a stable process 
In this section, we shall deal with the case where the Xt themselves have a stable 

distribution with characteristic function (1) (and, of course, the specified parameter 
restrictions). This will be followed in the next section by an invariance theorem 
to establish the generality of the limiting distribution found in the present context. 

Under the present circumstances, it is a simple matter to establish the existence 
of a limiting distribution for n~1/aMn. In fact, if 7(0, t ^ 0, 7(0) = 0, is the 
separable stable process with stationary independent increments which is charac­
terised by 

EQxp{iuY(T)} = exp - Tl\u\a ll + i j S s g n w t a n ^ j j , 

N i V a - 1 k = l,2,-,2N, 

and if we take 

then it follows readily from Lemma 2 of Baxter and Donsker [1], that 

(2) lim Pr (rT1/a Mn < x) = H(x), 

where 

(3) 

and also 

H(x) = Pr ( sup 7(0 < x ) 

Pr( sup 7(0 <x)= H(xT"1 / a) . 

We shall proceed, using methods of Darling [4], to obtain an expression for H(x). 

For s real and positive, let 

0„(s) = Pr(S„ ^ 0) + E(pxp{-sSn}; Sn > 0) 

= P r ( X ^ 0 ) + E(exp{-sn1/*X};X>0), 

since n~1/cc Sn and Xt have the same distribution. Then, using Theorem 4 of 
Zolotarev [18], we obtain the unilateral Laplace transform 
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Firstly, we need to investigate the distribution of Rn. We easily see that the 
occurrence of a strong ascending ladder index is a recurrent event in the usual 
sense of Feller. This we shall denote by <?, so that Rn is the number of occurrences 
of $ in n steps. Rn can be expressed as a sum of indicator random variables in the 
following way: 

where 

8k = 

k = l 

1 if $ occurs at the /cth step, 

0 otherwise, 

and we can study 7?n via the dk. If Nn is the number of positive terms in the 
sequence Sl9S29--9Sn9 

(10) 

Pr(A = l) = Pr(S f e >0, Sk>Sl9-9Sk>Sk^) 

= P r ( S , > 0 , I X ; > 0 , . . . , X f e > 0 ) 

= Pr(Nk = fc), 

the Xt being identically distributed. We now define sequences {un9 n ^ 0}, 
{/„, n ^ 1}, as follows: 

u0 = 1, un = Fr(8n = 1), n ^ l , 

fn = P r ( ^ = 0, 5 2 = 0 , . . - , 5 . . ! = 0,5B = 1), n ^ l , 

and introduce the generating functions 

00 00 

U(t) = I unt", F(t) = I / / " , 0 ^ t < 1. 
n = 0 n = l 

These, of course, satisfy the standard identity of recurrent event theory, 

(11) 17(0 = [1 - F ( 0 ] _ 1 , 0 ^ t < 1. 

Then, using a well-known result of Sparre-Andersen (see for example Spitzer [16], 
page 219) together with (5) and (10), we have 

(12) C/(0 = exp { I tk/c_1Pr(X > 0)) = (1 - t)~p. 

Lemma. The recurrence time distribution of $ belongs to the domain of 
attraction of the stable law of index 1 — p. 
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1 - Ee~sZ = expj - I n " 1 £(exp { - sSn}; Sn > 0)} 

= expj - f n ~ yE (exp { - sn1/aX}; X > 0)1 

= e x p { ^ f " log [ 1 - exp { - ( s x ) ^ } ] 

using (4). Furthermore, if 
/» 00 

I(s) = l o g C l - e x p l - C s x ) 8 ^ } ] — 5 
Jo x 

dx ) 
x2 + 2xcos7rp + lj 

c2 + 2x cos np + 1 

then we can write I(s) = 71(s) + J2(s), where 

log b(sx) /• 00 

r'(s) - 1 ? + 2xcos7ip + 1 
dx, 72(s) 

Jo * 
log [(sxyAj 
+ 2x cos np + \ 

dx, 

and fc(w) = [1 — exp { — wa/l1}]/(waA1). Then, ^(s) -► 0 as s -> 0 using dominated 
convergence. Also, 

J o ■* 

dx 7ip . 1% 
Jo x2 

log x rfx 
c2 + 2x cos np + 1 sin 7rp' J0 x2 + 2x cos np + 1 

using (4) and Gradshteyn and Ryzhik [8], page 533, respectively, so that 

= 0, 

I2(s) np 
sin np 

(logy^ + a logs) 

and hence 

(15) 

'(1 - Ee-°z) = S - " e x p { ^ [ / X ( S ) + J2(s)] 1 

= ^ e x p ^ / l ( s ) 
n 

k{= W l + J^tan2™)*] 
i"iPr(X>0) 

as s -> 0. Now it is easily checked from (5) that ap ^ 1, with equality if and only if 
l < a ^ 2 a n d j S = l when a < 2. Thus, if 0 < a ^ 1 or 1 < a < 2 and - 1 ^ £ < 1, 
n~llap(Z1 H— + Z„) converges in distribution to the stable law with characteristic 
function 

e x p { - A ? | f | * ' / l - i s g n m n ^ - ) } , 

while if 1 < a ^ 2 and /? = 1 when a < 2, we have ccp = 1 so that 
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s _ 1 ( l - £ < T s Z ) 

and therefore, 

(16) EZ = 

Ki+»"f)T -M-") 
C. C. HEYDE 

l /a 

>lsec 
l / a 

< 00. 

These results clarify those of Rogozin [15], where it is not possible to calculate 
specifically the constant in (15). We are now in a position to establish the following 
limiting result. 

Theorem 3. If 1 < a g 2 and /? = 1 when a < 2, 101 g 1 when a = 2, then 

(17) H(x) = 1 - G1/a( - A s e c y x - a ) , x ^ 0, 

where G1/a is the distribution function of the stable law whose characteristic 
function is given by 

(18) 

?i/«(0 = exp{ - \t\1,x ( c o s ^ - i s i n ^ s g n r j j . 

Proof. We may write 
M„ Zi + .-. + Zj, i?„ 
ni/a ni/« m/a /?„ 

Now, in view of (16) and using Theorem 2 of Richter [14], 

Z (19) ^ ^ - M M - f T 
("/>" stands for convergence in probability). Also, we have from Theorem 1 that 

(20) lim Pr(n_1/a
JR„ g x) = 1 - G1/a(x"a). 

n-»oo 

Then, using a standard convergence result (see for example Cramer [3], page 254), 
it follows from (18), (19) and (20) that 

H(x) = limPr(n~1/otM„ g x) = lim Pr{n~ll*RttEZ ^ x) 

1 - G 1 / a f - A s e c y * aJ . 

This completes the proof of the theorem. In the particular case a = 2, we see from 
(14)that 

(21) H(> 
1 /•*//* , 1 Cx 

x) = ~ \ e ~iu2du = -J— e-u2,4Xdu. 
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The result (21) is well known and has a long history. Different methods of derivation 
can be seen in Erdos and Kac [5], Levy [11], page 85, and Darling [4]. 

3. Limit theorem for maxima of partial sums 
We shall establish the following invariance theorem. 

Theorem 4. Let Xi9 i = 1,2,3, ••• be a sequence of independent and identically 
distributed random variables and write Sn= ^i

n
=1Xi, n ^ 1, S0 = 0, and 

Mn = m a x 0 ^ ^ „ Sk. Suppose that there exists a monotone sequence of constants 
{Bn, ft = 1,2,3, •••} such that B^S,, converges in distribution to the stable law with 
characteristic function (1). Then, 

lim Fr(Mn^Bnx) = H(x), 

the distribution function H(x) being given by (9), (17) or (21). 

Proof. Let Yi9 i = 1,2,3, ••• be independent and identically distributed random 
variables with characteristic function (1) and write Wn = Z"= i Yt. Write also, 
Hn(x) = Pr (MM ^ Bnx) and for rij = [j/c - 1 ft], j = 1, • •, fe, ([w] here refers to the 
integer part of u)Hnk(x) = Pr [max(S„1?S„2, •••,Sni) ^ 5„x]. Then, since Bn is of 
the form n1/aL(n) where L{n) is slowly varying as n -> oo (Ibragimov and Linnik 
[10], Theorem 2.1.1), we have 

^1/a L(ft) ffM(x) = Pr(Max(Sn i ,Sn2 , ...,S„J = ft/^ft,) (£) 
L(ft,) 

Consequently, it follows from the multidimensional central limit theorem and 
Equation (2) that for x > 0, 

(22) lim lim Hn>k(x) = lim Pr ( max Wj ^ k1,ocx) = H(x). 

Xkn — 

Now, for arbitrary s > 0, define 

[Xk if - i^£„ ^ Xk = e5„ , 

. 0 otherwise, 

where K= K(s, n) is chosen such that EXkn = 0. It is easily seen that K(s, n) -» K0, 
a positive constant, as n -* oo. Write Sn m = Z ^ = i ^ n where m = ftl+1 — r and 
ftt- < r ^ ftf+1. Then, if JV = fti+1 — nh we have 

Pr(|SWi. + 1 - S r | > 8 B „ ) = Fr(\Sm\>sBn) 

^ m [Pr (X < - X8BW) + Pr (X > sBj] + Pr ( | S„>m | > sBn) 

(23) ^ iV[Pr(Z < -KsBn) + Pr(X > eBJ] + s~2B~2ESlm 

^ N [Pr(X < -KeBJ + Pr(X > £#„)] +Ne~2Bn-2EXk
2

n9 

100 



(25) 
< 
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where we have used Chebyshev's inequality in obtaining the second last inequality. 
Now,rcB„"2 EXln^c^2~\nVv{X < -KsBn)^c2s~a , and n Fr(X>sBn) S c3e~a 

as n -> oo, where cuc29c3 are positive constants (not depending on e) (Feller [7], 
pages 304, 544-546) and, furthermore, N ~ k~1n. It follows then, from (23), that 
we can choose a positive constant c such that for all i9 r, n, 

(24) Pr(\Sni + l-Sr\>eBJ£ck-1e-. 

Consequently for x > 0, 

Pr(M„ > Bnx) = I Pr( max Ss ^ B„x,Sr > B„x) 

= 1 I Pr ( max Sj£ B„x,Sr > B„x, \S„i+1 - Sr \>sB„) 

+ E I Pr( max S, ^ Bnx, SF > B„x, \S„i + 1-Sr\^ sBn) 

ck~1e~" I P r ( max Sj ^ Bnx, Sr > Bnx) 

+ *Z S Pr f max S, ^ 5„x, Sr > B„x, | S„l+1 - Sr | rg eB„) 

^ c / c " ^ " ^ 1 - # „ , * ( * - e ) , 

using (24). Finally, since H„{x) ̂  H„k(x), and with the aid of (25), we deduce that 

(26) HnJk{x - s) - ck ~ xs ~* S Hn(x) ^ tf M(x) . 

In view of (22), the result of the theorem is then immediate if we let n -► oo and then 
k -> oo in (26) since H(x) is an absolutely continuous distribution function. 

Addendum 

The author has been informed by a referee that Theorems 3 and 4 of this paper 
are derivable from results of A. V. Skorokhod in "Random Processes with Inde­
pendent Increments" Izdat. Nauk (Moscow) 1964 (in Russian). It has not been 
possible to compare methods due to the unobtainability of this book. A number 
of improvements to the exposition of this paper have been suggested by the ref­
erees and these the author gratefully acknowledges. 
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Summary. This paper is concerned with the use of the j£?i and 3?& metrics in a study of 
certain properties and implications of convergence rates in the central limit theorem for sums 
of independent and identically distributed random variables which belong to the domain of 
attraction of the normal distribution. Also, some general convergence rate results on the j£?oo 
metric obtained under the assumption of a finite second moment are used as a vital tool in a 
new proof of the classical iterated logarithm law and in extending the scope of classical 
methods for the proof of other similar results of a more general kind. 

1. Introduction 

I n this paper , we consider a sequence of independent and identically distr ibuted 
random variables Xi, i = 1,2,3, ... which belong to the domain of a t t rac t ion of 
the normal distr ibution. Since this last p roper ty implies 2£|X$| < oo, we shall 

n 
suppose for convenience t h a t EXi = 0. Then, if Sn = ^Xt, n ^ 1, there is a 

i = l 
monotone sequence of normalizing constants {Bn, n ^ 1} such t h a t as n -> oo, 

Fn (x) = P r (Sn S.Bnx)->® (x) 

and it is no t difficult to see t h a t as n -> oo, 
]/2n 

.je-WV'du, 

j\Fn(x) — 0(x)\dx-+O. 
— oo 

We shall firstly establish the following theorem: 

Theorem 1. / / 
oo oo 

(1) '2n-^-l\Fn{x)-0{x)\dx<oo, 
ft=l —OO 

then EX\ < oo. That is, the Xi belong to the domain of normal attraction of the normal 
distribution. 

I n connection with this theorem, we ment ion the results of IBRAGIMOV [7] 
where i t is shown t h a t if 

oo 

j\Fn(x) -&{x)\dx = 0{n-v) 
— oo 

for some r\ > 0, then EX\ < oo. Also, if EX\ = a2<oo, then for 0 < <5 < 1, 

J j P r (Sn ^xa]/~?i)-0{x)\dx = O(»-«'2) 

13 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 11 

R. Maller et al. (eds.), Selected Works of C.C. Heyde, Selected Works in Probability and Statistics, 
DOI 10.1007/978-1-4419-5823-5_18, © Springer Science+Business Media, LLC 2010 
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if and only if, as z -> oo, 
J x2dPr{Xi^x) = 0(z-<>). 

\x\>z 

We shall show in Theorem 2 that if EX\ = G2 < oo, then 
oo oo 

2 ^ _ 1 J | P r ( ^ » ^ a or]/ft) — 0( ; r ) | e fo< oo 
1 - o o 

if and only if EX*log+ \Xi\ < oo. (Here, log+ x = max(0, log#)). 
The other main theorem of this paper is Theorem 4. 

Theorems Let EX$=1, F(x) = ¥r(Xi^x), and Fn(x) = VT{Sn^xGn J/rc), 

(2) J x2d!J(x) J a; d F (x) 
\x\<Yn \x\< ]/n 

Then, if K > 0, C > 1, araZ {wfc5 & 2^ 1} is a sequence of integers with njc ~ KC2k 

as k -> oo, we have 
oo 

(3) 2 s u p | . F n » - < Z > ( £ ) | < o o . 
& = 1 X 

This theorem depends on refinement of the details of proof of Theorem 1 of 
FRIEDMAN, KATZ, and KOOPMANS [3] where it is not difficult to see that the follow­
ing somewhat stronger result is, in effect, derived. 

then 

(4) 

Theorem A. / / EX\ = 1 and Fn(x) = Pr(Sn t^xGn]/n) where an is given by (2), 

oo 

2 n ' 1 sup \Fn(x) — 0(x)\ < oo. 
i = i 

We remark, in passing, that conditions (3) and (4) would, of course, be equivalent 
if it could be shown that the Loo metric is ultimately monotonically convergent 
to zero. Theorem 4 is particularly useful from the point of view of applications 
since it is often convenient to study convergence along a geometric subsequence. 
We shall illustrate by obtaining a new proof of the law of the iterated logarithm 
and by showing how results of CHOVER [1] may be extended. 

2. Proof of Theorem 1 

Let F(x) = Pr(Xi fg x), and suppose tha t f(t) and fn(t) are the characteristic 
functions corresponding to F(x) and Fn(x) respectively. Then, integrating by 
parts in the equation 

we obtain 

so that 

fn(t) ~ e~it2 = Se***d[Fn(x) - 0(x)], 
— oo 

_ fn(t)-e-it* = ~ m _ 0 ^^ 
it J 

fn(t)-e-l \t* 

t 
^j\Fn(x)-0{x)\dx, 

— oo 
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and therefore using (1), 

(5) I'' fn(t)-e-it* 
t 

< oo . 

Now, by Lemma 2.1 of [7], f(t) is representable in the form 
(6) f(t)=exp{-lt*H(t)}, 
where H (t) is a slowly varying function as t -> 0 and 

H{t)~ J z*dF(x) 
\xt\^l 

as t ->0. Then, from (6), 

/«(0 = 
so that (5) gives for t > 0, 

/(ir)r=expf rc*2 „ / t 
2Bln\B.. i)\-

I> exp {- 2 Bln\Bn 
<C oo . 

However, as n -» oo, 

exp | - y [ 
so that for t > 0, 

7)- '}-

H1-*»(£)! <C 00 . 

Therefore, 

or equivalently, in view of (6), 
0 0 

| | l o g / ( 2 5 - 1 ) - 4 1 o g / ( J B - 1 ) | < o o . 

l og / (2 J B- 1 ) -41og / ( J B- 1 ) 

1--BTH{4 T) 

(7) 

Now, 

(8) 

where 

= log[l - {1 - f{2B~1)}] - 41og[l - {1 - /(2?-1)}] 

= - { l - / ( 2 V ) } + 4 { l - / ( V ) } + ^ . 

^ » = I * - 1 ^ - f(Bn^r - u - /(2^»_i)}r] • 
Furthermore, as n -> 00, we have 

1 -f(2B~l) ~ i ( 2 S n - 1 ) a ^ ( 2 S - 1 ) ~ 2 » - i , 

so that 

2M»I < 
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Consequently, from (7) and (8), 
oo 

2IMi-/(3r 1 )}-{ i - / (2J3w - 1 )} |<oo, 
l 

and a fortiori, taking real parts, 
oo 

2 | 4 { l - R e / ( 5 - 1 ) } - { l - R e / ( 2 £ - 1 ) } | < o = . 
1 

This may be rewritten as 

2 | {4(1 - c o s ^ " 1 * ) - (1 - cos 2 B^x^dFix) < oo , 

oo oo 

2B-* J x*dF (x)<oo. 
1 \x\^7lBn 

which reduces to 

(9) 2 J f l - c o s ^ - ^ ^ f ^ X o o . 
1 - o o 

Now, for | x | 5g 7T J5W, we can find a positive constant 0 so that 

1 - c o s 5 ~ 1 o ; ^ C ( £ - 1 x ) 2 , 

and therefore, (9) yields 

(10) 

Furthermore, 
oo oo n — 1 

2 5"* J xW(z):>25»~42 I a4^*) 
oo n — 1 

w = 2 fc = l 
oo oo 

k=l n=k+l 

Also, Bn = ]/w h(n) where h(n) is slowly varying a s w - > o o ([7], Lemma 2.2) so, 
using a standard result on regularly varying functions (e.g. FELLER [2], I I , 273), 
we have 

oo 

2 *»*~*3T4 
n = k + l 

as k -> oo and, from (10) and (11), 
oo 

(12) JtkPr{7tBk<\Xi\ ^nBk+i)<oo. 

But, since B~x Sn converges to normality, 7 iPr( |X$| > eBn)->0 as n -> oo 
for any e > 0 (e.g. LO&VE [8], 316), and therefore, from (12), 

(13) 2 P r ( | X * | >7iBn)<oo. 
n = l 
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Now suppose tha t E | Xf | 2 = oo, so that the slowly varying function 
K(t) = J x2dF (x)->oo as t-+0. 

\xt\^l 

Under these circumstances, we shall obtain a contradiction with our assumption 
of convergence to normality by showing tha t the condition (13) implies that 
B~x 8n converges in probability to zero. 

Using the degenerate convergence criterion (LOEVE [8], 317), we have B~rSn -> 0 
provided that , as n -> oo, and for any s > 0, 

nVr(\Xi\ >eBn)->0,-g2- J x2dF(x)->0. 
n \x\<nBn 

As we have indicated, the former is satisfied so it remains to establish the latter. 
We have, since n B~2K{B~x) -> 1 as n -> oo, 

n 
j x*dF(x)^ j x* dF(x) +7i*2 Bk+i¥r(nBk<\Xt\^ 7i Bk+1) 

\x\<nBn \x\<nBi & = 1 
n 

^ J" x*dF(x) + G2K{B^1)k'Pi(7iBk<\Xi\^7iBk+1) 
| s c |< j r JBi Jc=l 

for some positive constant 0 . Then, using (12) and by virtue of our assumptionthat 
K(t) -> oo as t -> 0, we have from the Kronecker Lemma (e.g. [8], 238), tha t 

"D2~ / x2dF(x)~ xfR-1) / x2dF(x) ->0 as n -> oo . 
\x\<JiBn \x\<nBn 

This establishes the required contradiction. The result of the theorem is then 
immediate. (13) is only possible in the case where K{B~1) approaches a positive 
constant as n -> oo in which case it is easily seen tha t EX2 < oo. 

3. Background to Theorem 1 

Theorem 2. Let EX% = 0 and EX2 = a2 < oo. Then, the folloiving three 
conditions are equivalent: 

(i) i?x!iog+|x*|<oo, 
oo oo 

(ii) 2 n " 1 J IPr [s» = x°]/n) - ®(x) I dx < °° > 
1 - o o 

oo 
(hi) 2 n~1 sup | Pr (>Sn ^ x cr]/^) — 0 (x) | < oo . 

1 X 

Proof. The equivalence of (i) and (hi) has been established in H E Y D E [5]. We 
shall proceed to establish the equivalence of (i) and (ii). 

Suppose firstly tha t (ii) holds. I t is easily seen tha t the proof of the necessity 
part of the theorem of [5] is still applicable and (i) follows. If, on the other hand, 
(i) holds, we have from Lemma 2 of H E Y D E [6] with a\ = (2 + e) log log n, 
e > 0, and B\ = a~2 \ x2dYv{Xt < x), tha t 

\x\< \/n 

(14) 2 n-1 J" | Pr (S» ^ x <rj/rc) - 0 {x B'1) \ dx < oo 
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(a) 2 n _ 1 ( l - ^ ) < « > , 
1 

oo 
(b) 2 ^ _ 1 J x2d0(xB~1)<oo, 

1 J 051 ^an 

o o 

(c) ^ ^ _ 1 l°g l°g ^ SUP | P r ($rc ^ #(7]/w) — ^ ( ^ S " 1 ) ! < oo . 
3 x 

Furthermore, it is shown in the proof of the theorem of [6] that these three 
conditions are satisfied. Consequently, from (14), we see that (ii) holds if 

oo oo 

(15) 

Now, 

so that 

2 ^ _ 1 j\0(xB~1) — 0(x)\ dx < oo. 
1 - o o 

\*\B? B-J 

\o ( sS- i ) _ 0{x) \=-y^-J e-^du = j ^ j e - ^ d u , 

oo f Bn1 

(16) 

f \OixB~1) -0(x)\dx = -?=- fx fe~^2x2 du l dx 
-oo oil J 

Bnl ( OO * 

= ^̂ — / I / xe~*u2x2 dx \ du 
l 
Bn1 

n TI u~2du 

■(l-BnX^il-B*), 

and (15) holds in view of (a). This completes the proof of the theorem. 
Next, we shall go on to examine the effect of the choice of Bn on the magnitude 

oo 

of the L\ metric J | Fn (x) — 0 (x) | dx. In doing this we shall, in the light of 
— oo 

Theorem 1, concentrate on the context of EX% = a2 < oo, so that Bn may be 
written in the form Bn = a ]/w (1 + en) where sn -> 0 as n -> oo ([7], Lemma 2.2). 

As a starting point, we take a simple example which well illustrates the role 
of sn. Let the Xf be normally distributed with unit variance. Then, since Snl]/n 
has the same distribution as X\ we have, as in (16), 

J\?r(Sn^x ]/n(l + en)) - 0(x)\dx = J \0 (x]/l + en) - 0(x) \ dx 

(17) = y^r(l-(l + \en\)-1/2) = 0(\en\), 
oo 

so that we must have ]jT n~x | en | < oo in order that 
l 

0 0 oo 

2 rc-1 J I Pr (Sn ^ x j/»(l + £„)) - 0(x) I rfx < oo . 
1 — oo 
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With this kind of consideration in mind, we shall go on to establish the following 
theorem. 

Theorem 3. Let EX\ log+1 Xi | < oo and write B% = n EX\ (1 + en) where 
oo 

en ->0 as n -> oo. / / ^ n ~ x \en\ < °°> ^e/i 

(18) 2 n-1 J | Pr(flf„ ^ Bnx) -&(x)\dx<oo, 

(20) 
< 

Conversely, if (18) AoMs /or some monotone sequence {Bn}, and the Xi belong to the 
domain of attraction of the normal distribution, then EX\ < oo and 

B2
n = nEXl(l + en) 

where en -> 0 as n -> oo. / / , in addition, 
oo 

2 n'1 I £n | < °° > * ^ - ^ f l og+ \Xi\ < °° • 

Proof. Write EX\ = cr2(< oo). We obtain from Theorem 2 that 
oo oo 

(19) 2 ™ " 1 J l P r ( ^ ^0*1/™) — ( P ( x ) | e f e < o o , 
1 - o o 

while 
| Pr (Sn ^ xa ]/n(l'+~^)) - 0 ( a ) | 

|Pr(^^^y(iT^cr]/̂ )-0^vrf^) i + i^^yr+^-^^i, 
so that the result of the first part of the theorem is immediate from (17) and (19). 

Now suppose that (18) holds for some monotone sequence {Bn}, and the Xi 
belong to the domain of attraction of the normal distribution. I t follows from 
Theorem 1 that EX? = a2 < oo, and consequently Bn must be of the form 
Bn = a ]/n(l + en) where en -> 0 as n -> oo. Further, the Eq. (20) can be 
rewritten to yield 

oo oo 

jj\Pr(Sn^xo]/n)-0(x)\dx^ j\Vr(Sn^x<T-\/n{l + en))-&(x)\dx + C\en\, 
— oo — o o 

oo 

where C is a positive constant, so that, if 2 n ~ 1 \sn\ < ° ° , (19) holds. The result 

EX\ log+ | Xi | < oo then follows from Theorem 2. This completes the proof. 

4. Proof of Theorem 4 

From the proof of Theorem 1 of FRIEDMAN, KATZ, and KOOPMANS [3], we 
extract the information that 

(21) 
71-1 \Fn{x(y-l)_0{xa-l) 

^ Mn-*<*{an + | ^ | 3 } + rc-i | 0[a-Hx - ]/nfxn)] - 0 K " ^ ) | + cw, 

where M is a positive constant, 

(in= J xdF(x), an= J" \x\*dF(x), cn = Pr( | Xt | > ]/n), 
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oo oo 

and also that 2 n~s/2 a>n < °°, and 2 cn < ° ° . Now, since EX% = 0 and i£Xf = 1, 
71 = 1 _ W = l 

it follows that ]/n/j,n ->0 and 1 ^ crw -> 1 as w -> oo. Consequently, using the 
mean value theorem, we obtain 

for some positive constant C (independent of x). Furthermore, we note that 
/in — o(l) = o(aw) as Ti- -> oo and we can write instead of (21), 

(22) rc-i sup | i ^ (a) — 0 (a) | < A rc-3/2 aw + 5 n"1 / 2 6„ + c n , 

where 
bn= J | * |<ZJ»^ | J x ^ ( ^ ) | - | ^ | , 

and ^4, J5 are positive constants. 
Before proceeding, we check that the result (4) follows from (22) and to do 

this, in view of the abovementioned results, it is just necessary to show that 
oo 

2 n~1/2 bn < oo. This is easily seen to be the case as EX* < oo, so that 
w = l 

oo oo oo 

n=l k = n 
oo k 

2 (fc + 1)1/2 Pr (fc ^ i f < fc + 1) 2 ™_1/2 

w = l 

&=1 

^ C" 2 (fc + 1) Pr (* ^ -2C? < * + 1 ) < <*> , 

C being a positive constant. We are now in a position to deduce (3) from (22) 
by showing that 

oo oo oo 

2 nk112 ank < °° > 2 w*/2 6^fc < oo and 2 w* cnk<°°-
k = l k = l k = l 

Since an is non-decreasing in n, 
OO OO Wfc + 1 — 1 OO 

2 ™-3/2«»^ 2 2 n~3/2«»^ 2 (w*+i - n*) (w*+i - i) - 3 7 2 an* • 
n = l k = l n = tik k = l 

However, since nk ~ KC2k as h -> oo, 

(nk+i - nk) (nk+1 - !)-*>* ~ C~HC2 - 1) n ^ \ 

so that 2^& ll2ank < °°- Also, since 6W is non-increasing in w, 
fc=i 

OO flk + 1 

and 

2n-1/2 bn ^ 2 2 w_1/2 6 « ^ 2»i"+'i2 (»*+i - w*) bn^ 
n = l k = l n = n& + l & = 1 
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oo 

so that V n\!2 bnic < oo. Finally, cn is non-increasing in n, so that 
k = l 

OO OO flfc + 1 OO 

while 
^ + i — nk~{l— C~2) nk+i, 

CO 

and consequently, 2 ^ A ? cWfc < oo. The result (3) then follows from (22). 
k = l 

Corollary 1. Let EX2 = 1 and {99 (n), w ^ 1} 6e a monotone sequence. Then, if 
K > 0, C > 1, and {%£, & ^ 1} is a sequence of integers with nk ~ KC2Jc as &->oo, 
the following two conditions are equivalent: 

00 

(A) 2 P r (8n* > <P(**) ]/rTk) < 00 , 

0 0 

(B) 2 [V (^)l"1 eXP ( - * fo (**)]2 <C} < °° > 

0^ being given by (2). 
Proof. From Theorem 4, we immediately obtain the equivalence of (A) and 

the condition 
CO 

k=l 

The result of the corollary then follows since, as k -> 00, 

_ i v 1 Qnk l-0{<p(nk) a^1) ~ - ^ T " ^ ) " e X P ( ^ 2 [? K ) ] 2 CTw&
2} 

~ izfer ̂ (br e x p {~ *[?9 (n*)]2 ̂ 2} j 

using a well-known asymptotic formula (e.g. FELLER [2], I, 166). 

5. Applications of Theorem 4 

In this section, we shall illustrate the usefullness of Theorem 4 and Corollary 1 
with two applications. We start by giving a new proof of the classical iterated 
logarithm law based on the use of Corollary 1. By making use of the corollary, 
we are able to avoid the ordinary complications of truncation and the use of 
exponential bounds. 

Theorem 5 (HARTMAN and W I N T N E R [4]). / / EXi = 0 and EX2 = 1, then 

p (y &» - | \ -■ 
I " )/2wloglog7& I 

Proof. Let bn = (2n log log n)V2 and tn — (2 log log n)1/2. Firstly we shall 
show that if 8 > 0, t h e n P r ( £ „ > (1 + 8) bn i.o.) = 0 ("i.o." stands for "infinitely 
often"). 
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For c > 1, let njc be the integer part of c2Jc, k ^ 1. Then, if Mn = max $#, 
we have i^k^n 

Pr(S„ > ( 1 + d)bni.o.) =g Pr(lfB , > ( 1 + 8)bnk_llo.), 
where 

(i + VK-i-c-Hi + Wn*-
Thus, taking 6' with 0 < d' < d, we can select c > 1, so that c_ 1 (1 -f d) > 1 + (5', 
and then, 

Pr(JfWfc >(l + d) 6WMi.o.) ^ Pr(MWfc > ( 1 + 5') 6nfci.o.). 

Consequently, the result J*r(Sn > (1 + d) bn i.o.) == 0 will follow from the Borel-
Cantelli lemma if we show that 

(23) 2~Pr(Mnt>{l + 6')bnk)<oo. 
k = l 

Now, using an inequality due to KOLMOGOROV (e.g. LOEVE [8], 248), 

Vv(Mnk > ( 1 + d') bnk) < 2 Pr[Sw , > ( 1 + <J' - C |/2) 6nJ 

^ 2 P r ( S n t > ( l + <}")&».) 

for 0 < 5" < 5' and & sufficiently large. Thus, by appeal to Corollary 1, we have 
convergence in (23) if 

oo 

2 C exp { - | (1 + d'T 4 a-2} < oo . 

This is easily seen to be the case as 

C e x p { - i (1 + 8")2 4 < C } ^ C e x p { - \ (1 + .5") 4 } 
= 0 (&-a+<>"> (log A)-i/2) as k -> oo. 

In order to complete the proof of the theorem it remains to show that 

Pr(Sn>(l-d)bni.o.) = l for < 5 > 0 . 

Take 1 > 8 > 8' > 0 and let 

i4 = nJc — nk-i ~ nk (1 — c"2), 
t>* = (2 log log «|)i/2 ~ (2 log log »*)i/2 = *n,, 

and 

Then 
^fc = {8nk — Sn,-, > (1 — <5') « * M • 

Pr(^fc) = Pr (£„,_„,_, > ( 1 - tf')«***), 

while for 1 > 8' > 8" > 0 and k sufficiently large, 

f*-1 e x p [ - i (1 - <5')21| <C-»*-J ^ T 1 exp [ - \ (1 - <5")2 «|] 
= 0(fc-<1-*">'(log*)-i/a), 

OO 

so that from Corollary 1, ^ P r ^ ^ ) = °°- Therefore, since the sums Snic — Snk_1 

are non-overlapping, we have from the Borel-Cantelli lemma that Pr (Ajc i.o.) — 1. 
Furthermore, if Bje = {\Snic_x\ ^ 2bnk_^, it follows from the first part of the 
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d')ukvk~2bnk^}, 

. a ' ) ( l - c - 2 ) i / 2 - 2 c - i ] 6 n , , 

.1.0. 

proof that Pr(I?fci.o.) = 0, where we have used a bar to denote the comple­
mentary event. We must therefore have I?r(Ak n Bk i.o.) = 1. Also, 

Akr\Bkc{Snk> (1 — d')ukvk — 2b„ 
while 

(1 - d')ukvk-2bnk_1 ~ [(1 

so tha t if we take c so large that 
(1 -d'){l - c - 2 ) i / 2 - 2 c - i > 1 -<3 S 

we have 
1 = Pr(Ak n JB*i.o.) < ?i(Snk > ( 1 - 6) bnk, 

This implies, a fortiori, tha t P r ($ w > (1 — d) bni.o.) = 1 and thus completes 
the proof. We next proceed to our final application. 

In the paper [9], STRASSEN obtained a deep and rather striking generalization 
of the iterated logarithm law. For his proof, he appealed to a result of Skorokhod 
which permits one to realize a sequence of independent and identically distributed 
random variables with finite variance in terms of random increments of a Brownian 
motion process. Later, CHOVER [1] developed a more classical approach to the same 
results but was forced to introduce an extra moment condition JE|X$|2+(5 < oo, 
some d > 0, in order to use an estimate of Esseen on convergence to normality. 
As we shall indicate here, Theorem 4 provides just the tool necessary to extend 
CHOVER'S proof to obtain the results given by STRASSEN (the d = 0 case). The 
reader is referred to the papers [1] and [9] for notations and explainations. 

The are three places in the paper [1] where the suplementary moment condition 
E | Xf \2+6 < oo, some 5 > 0, is required. In each case it may be avoided by use of 
Theorem 4 (or Corollary 1). The applications are routine in character so we shall 
only carry out one of them (the last). 

We need to show (see equations 30 and 32 of [1]) that for fixed v, 

(24) 2 P r ( l ^ - ^ l < ( 2 m ) - i e ) = oo, 

where 

Zr = (2mNr9Vloglognr)-1^SNrt99 A = 
But, 

\1±L)-A--
¥r{\Zr- A\ < {2m)-1s) = 'Pr{Zr<A + {2m)-1 e) - Pr (Z r ^ A - (2m)-1 a), 

and by Theorem 4, since Nr>v ~ mr~1 , 

2 | ¥v(Zr<A + (2m)-1 e) - 7r(Zr^A- {2m)-1s) - 0{a + b) + 0(a - b) \ < oo , 
r 

where s — aNr v —> 1 as r -> oo, 

a = i ( 2 m log log nr)1/2 s_1 , and b — (2 m)'1 e (2 m log log nr)1/2 s'1. 

Therefore, (24) holds provided that 

(25) ^\0(a + b) — 0(a — b)\ = oo . 

If A = 0, this is easily seen to be the case since 
0(b) - 0{- b) = 20{b) — 1 -> 1 
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as r -> oo. N o w suppose A #= 0 a n d t h a t e is small compared wi th A. Then , for r 
sufficiently large, 

&(a + b) - 0(a - b) = &(\a\ + b) - &(\a\ - b) 
~ 1 -0{\a\ -b) 
~ {4 7zm\oglognr)-1/2(\A\ - (2 m ) - 1 e ) " 1 

• e x p { — (| A | — (2?n)~1e)2ms~2loglognr } 

^ (4 n m log log n r ) ~ 1 / 2 (| A \ — (2 m ) - 1 e ) - 1 

• exp {— A2 m log log nr } 

- 0 ( r - ^ 2 m ( l o g r ) " 1 / 2 ) 

oo since nr ~ mr. Also, 

(26) 

as r 

3 \ m ) J \ m ) \ 
$ g(t)dt\ 

m-Hv+l) m-Hv + i) 
^ J dt | [g(t)]2dt<m~i, 

so t h a t from (26) we see t h a t (25) holds a n d t h e requi red resul t is ob ta ined . 
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1. Introduction. Let Z0 = 1,Z1 ,Z2** denote a super-critical Galton-Watson 
process whose non-degenerate offspring distribution has probability generating 
function F(s) = YJf=oSjlPr(Zi = 7), 0 ^ s ^ 1, where 1 < m = EZr < 00. The 
Galton-Watson process evolves in such a way that the generating function Fn{s) 
of Zn is the «th functional iterate of F(s) and, for the super-critical case in question, 
the probability of extinction of the process, q, is well known to be the unique real 
number in [0,1) satisfying F{q) = q. It is the main purpose of this paper to establish 
the following theorem which gives an ultimate form of the limit result for the case 
in question. 

THEOREM 1. There exists a sequence of positive constants {cn,n ^ 1} with cn -► 00 
and cn~Acn+ x -► m as n -> 00 such that the random variables cn~xZn converge almost 
surely to a non-degenerate random variable W for which Vx{W = 0) = q and which 
has a continuous distribution on the set of positive real numbers. Let s0 be any fixed 
number in (0, — log#). Then, cn can be taken as [hn(s0)]~l where hn(s) is the inverse 
function ofkn(s) = — log£'{exp( — sZn)}. 

This result constitutes an extension of the main result of Seneta [6] where con­
vergence in distribution was established. It should be remarked that, when 
EZt = 00, it is not possible to find a sequence of positive constants {cn} for which 
cn~1Zn converges in distribution to a non-degenerate limit law ([7] Theorem 4.4). 

By way of comparison with Theorem 1, we note that: 

THEOREM A. (Stigum [8], Kesten and Stigum [3]). As /*-► 00, m~nZn converges 
almost surely to a random variable Wx for which Pr (W1 = 0) = q or 1 and which, if 
Pv(W1 =0 ) < 1, has a continuous density on the set of positive real numbers. 
Moreover, the following two conditions are equivalent: 

(i)i?(Z1 logZ1)<oo. 
(ii)T>r(Wl=0) = q. 

Thus, when E(Z1 logZ t) = 00, the norming by mn is not appropriate and a more 
subtle norming is required to obtain a non-degenerate limit law. Almost sure 
convergence in Theorem A is based on the fact (due to Doob) that the process 
{m~nZn} is a martingale. The process {hn{s0)Zn} is, as was noted in [6], a sub-
martingale but the submartingale convergence theorem is only applicable when 
E(Z1\ogZ1) < 00. 
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2. Proof of Theorem 1. Firstly we note the following results of [6]. kn(s) — 
— \ogE{exp( — sZn)},s ^ 0, is the nth functional iterate of 

k(s)= -logE^xpi-sZJ}. 

kn(s) is continuous, strictly monotone, and strictly concave for s ^ 0 and its inverse 
function hn(s) (the wth functional iterate of h(s) = k~1(s)) exists for 0 ^ s < —logq 
and has properties which are dual to those of kn(s). Let s0 be any fixed number 
in (0, - logq). 

Now, for n ^ 1 let 2Fn be the cr-field generated by Z l 9 • • • ,Z„ and consider the 
process {exp( — hn(s0)Zn)}. Then, 

£[exp(- / i I I + 1(so)Z I I + 1) |^„] = [£[exp(-&B + 1(so)Z0]] z" 

= exp(-Z„/c(/T„+1(s0))) 

= exp(-/in(50)Zn), 

so that {exp( — hn(s0)Zn), J%} is a martingale. Furthermore, 0 ^ exp { — hn(s0)Zn} ^ 
1, so the martingale convergence theorem gives the almost sure convergence of 
{exp( — hn(s0)Zn)} to a finite limit. It has already been demonstrated in [6] that 
hn(s0)Zn converges in distribution to a non-degenerate limit so almost sure con­
vergence to a non-degenerate random variable W is established. 

It is not shown explicitly in [6] that AnCsoX^n+ifao)]-1 ~*m a s n ~* °° but it 
follows readily from the results given therein since 

as n -» oo. Furthermore, Seneta has not shown that the limit distribution function 
is continuous on the set of positive real numbers. It follows simply, however, from 
Equation 3.1 of [6], that the characteristic function (j)(t) ot W satisfies the functional 
equation 

( i ) 4>{mt) = F(<Kt)) 

which is just that studied by Stigum [8]. Then, following [8] and noting that 
Pr (W = 0) = q, we define a characteristic function 

*(O = [0((1-«)O-«]/(!-«), 
and a probability generating function 

h(s) = [F«l-q)s + q)-q']l(l-ql 

so that, using (1), 

V(mt) = hC¥(t)). 

It can then be deduced from Lemma 2 of [8] that lim^i^^ \V(t)\ = 0. This ensures 
that the distribution function corresponding to *¥ is continuous ([5], 27), and hence 
that W has a continuous distribution on the set of positive real numbers. This 
completes the proof of the theorem, 
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3. A Wald type identity. Let T be a stopping rule on the sequence {Z„}. That is, 
Tis an integer-valued random variable such that the event {T^ n}e^r

n for every 
n ^ 1 and P(T < oo) = 1. We shall establish the following theorem. 

THEOREM 2. For any s in [0, — logg), we have esE{exp( — hT(s)ZT)} = 1. 

PROOF. We have seen in the proof of Theorem 1 that, for fixed s in (0, —logq), 
{exp( — hn(s)Zn), #"„} is a martingale. Also, the family {exp( — hn(s)Zn)} is trivially 
seen to be uniformly integrable so we may apply Theorem 2.2, Chapter 7, of Doob 
[1] and obtain 

£{exp( — hT(s)ZT)} = £{exp( —/z(s)Z1)) 

= exp{-/c(/i(s))} = exp{- s} , 
as required. 

Theorem 2 is included in this paper as it follows so simply from the proof of 
Theorem 1. The result will be explored elsewhere. 

4. An application of Theorem 1. In this section we shall establish the consistency 
in a certain sense of the estimator YJ= i ^jlYj = o^j f ° r m- This estimator has been 
discussed by Harris [2] who has shown that it is a maximum likelihood estimator for 
m and that, if EZ^2 < oo, it is consistent in the sense that 

lim„ .Pr( | (Z"=iZi / I" = o Z i ) - H ^ z\Zn > 0) = 0 

for every a > 0. We shall strengthen this result and remove the restriction that 
EZX

2 < oo. 
Firstly, we need the following theorem which is of some independent interest. 

THEOREM 3. If cn
 1Zn^asJV where cn oo, cn

 1c) n+l m as «-► oo, then 
cn

 1YJ = OZJ -+a.s.mWI(m— 1) as n-> oo. ("a.s." denotes almost sure convergence). 

PROOF. Take c0 = 1 for convenience. Since cn~1Zn— W->a.s.O as n -> oo we have, 
using the Toeplitz Lemma (e.g. Loeve [4] 238), 

( 1 2 = 0 Ck\ck~ 'Z,- WjfcUo Ck} ">a.s. 0 , 

which yields 

(2) i}_Jk = 0Ck) L,k = 0^k ^>a.s. "• 

Also, since cn
 lc, « + i m as n -> oo, a further application of the Toeplitz Lemma 

gives 

{Zfc = o^[cfc"1Cfc+i-m]/Xfc = o ^ } ^ 0 , 

{l+(cn+1-l)IJJ=0ck}-+m 

as /i-> oo. This yields 

(3) Hk = oCk~mcnl(m-l) 

and the desired result follows immediately from (2) and (3). 

that is, 
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THEOREM 4. Let £ denote the event {Zk > 0,k = 1,2,3, • • •}. Then, for arbitrary 
e > 0 , 

l im„^Pr (max t g „ | (X* = 1 ZyX*: iZ , . ) -m | ^ e\S) = 0. 

PROOF. Define the random variables U„, n = 1 , 2 , 3 , • • •, W* as follows: 

Un = hMYj=0Zj if 2 „ > 0 , 

= 1 

fl/* = w 

= 1 

if Z„ = 0; 

if W>0, 

if tf'=0. 
Then, it is clear from Theorem 1 and Theorem 3 that Un converges almost surely 
to mW*l(m — l) as n -*■ oo, the random variable W* having a distribution function 
which is continuous at zero. We therefore have, since Pr(<f) = 1 —q, 

Pr(max^B \(B=iZj/B~=oZj)-m\ ^ s \ g) 

> e;£) 

The result of the theorem then follows readily because Pr (W* = 0) = 0 and 

lh-1(s0){lhk(s0)y1Uk-i}-mUk.1 

= (hk_1(s0)[hk(s0)Y1-m)Uk-hk_1(s0) + m(Uk^ 

as n -> oo since hk_ i(s0)[hk(s0)]~x -> ra, /zfc_ !(%) -» 0 and Uk converges almost surely. 
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for any e > 0 so that, writing tn = [(2 + e) log log w]*, it follows from (1) that 
oo 

£ n-l(\oglogn)Pr(\S„\>Bnt„)<co. 

But, for symmetric random variables, 

Pr(\Sn\>B„tn)^2Pr(max\Xk\>Bntn), 
l<k<n 

(2) 

(3) 

(e.g. Feller [2], II, 147) and, from Bonferroni's inequalities (e.g. [2], 1,100) we have 

n P r ( | X , . | > B „ 0 [ l - | ( n - l ) P r ( | X J >£„(„)] 
^Pr{m?ix\Xk\>Bntn)^nPr{\X^>Bntn), 

l<k<n 
so that 

Pr 

as n ->■ oo and hence, from (2), (3) and (4), 

Pr( max \Xk\>B„ 0 ~ n P r ( | X ; | > £ „ t„) 

X ( l o g l o g n ) P r ( | ^ | > B „ g < o o . 

(4) 

(5) 
«=3 

Now suppose that EX2 = oo so that 

K(t)= j x 2 d P r ( Z ^ x ) - o o 
| x * | £ l 

as t -► 0. Since the Zf belong to the domain of attraction of the normal distribution, 
K{t) is slowly varying as t-+0 (e.g. [2], II, 303) and nB-2K(B~1)^l as n-+oo 
(e.g. [2], II, 304-305). 

Then, we have 

j x 2 d P r ( X ^ x ) ^ j x 2 d P r ( X ^ x ) 

+ Z B*2
+i t2

+i M ^ r ^ l X j g B ^ tk+1) 
fe=3 

^ j x2dPr(X-^x) 
\x\^B3t3 

(6) 

+ C^/C(B t-1)/cloglogfcPr(B tf t<|XJ |gB t+1fJk+1) 
fc=3 

for some positive constant C. Furthermore, it is easily shown, using (5), that 
oo 

X/c(loglog/c)Pr(B,tk<|X i |^BJ l+1t fc+1)<ao. (7) 
fc=3 

Thus, using (6), (7) and by virtue of our assumption that K(t) -> oo as t -+ 0, we have 
from the Kronecker lemma that 

nB~2 I x2dPr(XiSx)-LK(B;1)r1 KiB^t^^-^O 
\x\^Bntn 
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as n->oo. This establishes the required contradiction since by definition, 

It follows that (5) is only possible in the case where K(B~ *) approaches a positive 
constant as n^oo in which case it is easily seen that EXf<cc. This completes 
the proof for the case of symmetric Xt. 

In order to deal with the general case, consider the sequence Yi9 i = 1, 2, 3,. . . 
of independent, symmetrized random variables; each Y- having the distribution 
of the difference between two independent X[ s. Write 

Gn(x) = Pr(Y1 + .- + Yn^xBn]/2), Fn(x) = Pr(Sn^Bnx). 

Then, using * to denote convolution, 

G„(x) = F„(x | /2)*( l -F„(-x- | /2-0)) , 

and in view of (1) we obtain 

oo 

£ rc_1(loglogrc)sup|GM(x)-4)(x)| 
n=3 x 

oo 

= X n-1 (log logn)sup \Fn(x j /2)*(1 - F n ( - x i / 2 - 0 ) ) 
w= 3 x 

-<P(x-| /2)*(l-4>(-x-/2)) | 
00 

^ ^n- 1 ( log logn)sup |F , (x 1 /2 )»( l -F B ( -x 1 /2 -0) ) 

- * ( x i / 2 ) * ( l - F B ( - x i / 2 - 0 ) ) | 
oo 

+ X »_1(log logn) sup |$(x-|/2) * (1 -F„ ( -x ] / 2 -0 ) ) 
n = 3 * 

- $ ( x ] / 2 ) * ( l - $ ( - x y / 2 ) ) | < 0 0 . 

Thus, our result for the symmetric case gives EYt
2<oo which implies £Z?<oo. 

This completes the proof of the theorem. 
Remark 1. The following result of Davis [1] is worth noting in connection 

with Theorem 1. If £X. = 0, EXf = 1, EX? log+log+ \Xt\ < oo and 

then 

ft= J x2dPr(X^x)-( J xdPriX^x))2, 
|x|<i/H \x\<Yh 

X n 1(log\ogn)sup\Pr(Sn^xPn-\/rn)-^(x)\<co. 
« = 3 x 

(Here log+ x denotes max(0, logx).) 
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Remark 2. It is conjectured that an improved version of Theorem 1 will hold 
with the log log n term omitted in (1). For background to this conjecture see 
Heyde [5]. 

3. Applications of Theorem 1 

Firstly we use Theorem 1 to elucidate a result of Heyde [4]. 

Theorem 2. Take 0<<5<1. Let £ |X-|2 + < 5<oo and write B* = nEX?{l + sn). 
00 

Then, if ][] n~l+d/2 | e j < oo, we obtain 

£ n~1+m sup \Pr(Sn^Bn x)-*(x)|< oo. (8) 
n=\ 

Conversely, if (8) holds for some monotone sequence {Bn}, and the Xt belong to the 
domain of attraction of the normal distribution, then EXf < oo and B2

n =nEXf (1 + e„) 
oo 

where sn-*0 as n-+co. If in addition, £rc _ 1 + < 5 / 2 |en |<oo, then £ |X. |2 + <5< oo. 
I 

Proof Write EX-2 = cr2(<oo). If E\Xi\2+d<oo, we obtain from the theorem 
of [4] that 

£ n - 1 + ^ / 2 s u p | P r ( S n ^ X ( J i A ) - $ ( x ) | < o o . 

Furthermore, 

Pr(Sn£xGi/n(l + sj)-${x) 

= P r ( S n ^ ( x / T T ^ ( J i A ) - ^ ( x ] / l 4 - e n ) + 0 ( x y i + 8 n ) - ^ ( x ) , 

while expanding by Taylor's theorem gives 

(9) 

(10) 

<P(x-|/T+ej-<P(x)=- ■s„xe 
! + 0(8„2). (11) 

2I/2TT " 

Thus, upon taking sup with respect to x in (10) and using (11), we obtain 

sup\Pr(Sn^x(7-\/n(l+sn))-0(x)\^sup\Pr(SnSxayrn)-<P(x)\ + C\s„\, (12) 
X X 

for some positive constant C. The result of the first part of the theorem then follows 
from (9) and (12). 

Now suppose that (8) holds for some monotone sequence {Bn}, and the 
Xt belong to the domain of attraction of the normal distribution. It follows 
from Theorem 1 that £ X 2 = cr2<oo, and consequently Bn must be of the form 
Bn — ay.n(l + sn) where sn -► 0 as n -► oo. Further, the equation (10) can be rewritten 
to yield 

sup \Pr{Sn^xaYn)-0(x)\^sup\Pr(Sn^xa^/n(l + £„))-<P(x) |+C' |e j , 
X X 
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where C is a positive constant, so that, if £ n~1+3/2 \sn\ < oo, (9) holds. The result 
1 

E\Xi\2+3<GO then follows from the theorem of [4]. This completes the proof. 
Our next application of Theorem 1 concerns its relation to questions of behav­

iour of iterated logarithm type. It is well-known that 
Pr(lim sup (2 ft log log n)~ ^ Sn = 1) = 1 

n-+ oo 

if and only if EXt = 0, EX2 = 1 (Hartman and Wintner [3] obtained the sufficiency 
part and Strassen [9] the necessity). However, it has been shown by Freedman 
(see [9]) that there exist symmetric random variables X{ with EX2 = oo or even 
E \Xt\ = oo for which it is possible to choose a monotone sequence {bn} of positive 
constants with b„ -> oo as n -> oo such that 

P r ( l imsup6- 1 S n =l )= l . (13) 

Furthermore, Heyde [6] has shown that the behaviour (13) is only possible if the 
Xt belong to the domain of partial attraction of the normal distribution. Also, 
the construction of Freedman's is quite inexplicit and it is possible to obtain very 
little idea of the generality of the circumstances under which behaviour of the 
type (13) is possible when EX? = oo. 

Now the following theorem has recently been obtained by Petrov [8]. 
Theorem. Suppose that the independent random variables Xt, i= 1, 2, 3, . . . have 

symmetric distributions. If there exists a sequence of constants {Cn} such that 

c:1 c 
and 

n + 1 1 

sup =o((iogc„r1-5) (14) 

CJoo, 

P r ( tx i <C*x) -<P(x ) 

as n-* oo for some 3 > 0, then 

Pr (lim sup(2 Cn log log Q - * £ Xt= l) = 1. 

This theorem involves no explicit assumptions regarding the existence of 
moments and it is an interesting question as to whether it can be used to generate 
results of the type of (13) for identically distributed random variables with EXf = oo. 
The answer to this question is in the negative. This follows immediately from 
Theorem 1 upon noting that, in the case of identically distributed Xi9 

as H—>oo. 
\ogCn~\\ogn 
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A RATE OF CONVERGENCE RESULT FOR THE 
SUPER-CRITICAL GALTON-WATSON PROCESS 

C. C. HEYDE, Australian National University 

Let Z0 = 1,Z1,Z2, ••• denote a super-critical Galton-Watson process whose 
non-degenerate offspring distribution has probability generating function 
F(s) = E/LQ sJP(Z! = j ) , 0 ^ s ^ 1, where 1 < m = EZ, < oo. The Galton-
Watson process evolves in such a way that the generating function Fn(s) of Zn 

is the nth functional iterate of F(s). The convergence problem for Zn9 when 
appropriately normed, has been studied by quite a number of authors; for an 
ultimate form see Heyde [2]. However, no information has previously been 
obtained on the rate of such convergence. We shall here suppose that EZ2< oo 
in which case Wn = m~nZn converges almost surely to a non-degenerate random 
variable Was n -> oo (Harris [1], p. 13). It is our object to establish the following 
result on the rate of convergence of Wn to W. 

Theorem. Let varZx = a2 < oo. As n -> oo, mn/2(W - Wn) converges in dis­
tribution. The limit law is given by the characteristic function relation 

lim E[exp{itmnf2(W- Wn)}~] = £ [ e x p { - \t2G2{m2 - m ) - 1 ^ } ] . 
n-+oo 

Proof. Firstly, we take r > n and consider 

E[Qxp{itmn/2(Wr- Wn)}~] 
00 

= £ Elcxp{itmn/2(m-rZr - m-"Zn)} | Z„ = fiP(Z„ = j) 
(1) j=o 

00 

= S exp{-itm-n/2j}[£[exp{^mw/2-%_w}]]^P(Zn = j) 
7 = 0 

= £[exp{ - it m-n/2} £[exp{f*mw/2"%_n}]]Zn. 

Next, we let r-> oo in (1) keeping n fixed. Given s > 0 we can choose N so large 
that £/Ltf+i P(ZB = j ) < e . Also, since W .̂_„ converges in distribution to 
W, £[exp{*7mn/2~%-nJ] converges to E[exp{itm~nI2W}'], uniformly in any 
finite f interval, so we can find R so large that 
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(3) = P(Zn = 0 + m"log£[exp{i7m-" / 2(^-l)}] P{m~nZn> x) 

x [£[exp{irm"w / 2(^ - l)}J]xmndx9 

using integration by parts. Furthermore, under the hypotheses of the theorem, 
W has mean 1 and variance cr2/(m2 — m) ([1], p. 13) so we may expand 
E[Qxp{itrn-n/2(W- 1)}] in the form 

(4) £[exp{frm~w / 2(Pf-l)}] = 1 - \t2a2m~\m2 - m)" 1 + o(t2rn~n). 

Thus, 

(5) m"log£[exp{ffm"n/2(^~ 1)}] -> - ± t V ( r o 2 - m)"1 

and 

(6) [£[exp{*mTn / 2(JF- l)}]]wn -+ e x p { - i * V ( m 2 - m)"1} 

as n -> oo. Also, using (4), we have for fixed t and suitably large n, 

\E[exp{itm-n/2(W- 1)}] | mn < e x p { - i * V ( m 2 - m)" 1 + o(f2)} 

< exp{-^2<72(ra2 - m)" 1 } , 

so that the integrand in the rightmost term of (3) is bounded in absolute value by 
exp{ — \t2a2x{m2 — m ) - 1 } . It then follows from Fatou's lemma together with 
(5), (6) and since P(m~nZn > x)-* P(W > x) as n -» oo, that 

lim E[exp{i*mn/2(W - !¥„)}] 
«->oo 

/» 00 

= P(W = 0) - i f V ( m 2 - m ) _ 1 P(JF > x)exp{- i (Vx(m 2 -m)- 1 }rf jc 

/• 00 

exp{-i^2(72x(m2 - my^dPiW ^ x) 

= £ [ e x p { - i r V ( m 2 - m ) - 1 P f } ] , 

again using integration by parts. This completes the proof of the theorem. 
Unfortunately, the distribution function corresponding to the characteristic 

function £[exp{ — \t2a2{m2 — m)-1W}'] does not seem to have a useful general 
representation. However, in certain particular cases it may be recognised simply. 
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For example, in the case of a fractional linear generating function for the offspring 
distribution ([1], pp. 9,17) it is easily found to have an atom at zero and a Laplace 
density elsewhere. 
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ON THE DEPARTURE FROM NORMALITY OF A CERTAIN 
CLASS OF MARTINGALES 

C. C. HEYDE AND B. M. BROWN 

Australian National University and La Trobe University 
Let {Xn9 &n9 n = 0, 1, 2, • • •} be a martingale with X0 = 0 a.s., Xn = £JL ± Yi9 

n ^ 1, and <Fn the cr-field generated by X09 Xl9 * • ■, Jf„. Write 

<jn
2 = E(Yn

2\^n_x)9 S„2 = Z?=1£(7f
2, 

2 + 2<5 < 00, and suppose that there is a constant 5, with 0 < 8 ^ 1, such that i?|y,,| 
w = 1, 2, • • ■. It is the object of this paper to establish the following theorem on 
departure from normality. 

THEOREM. There exist finite constants Kl9 K2 depending only on S9 such that 
sxxpx\P(Xn^snx)-<!>(x)\ 

(1) 

where 

^xi{*.-a-Mca-i£|iirM+£iG-i<'i2)-»ii2r')}i/(s+2') 
^ K2{sn-2-2a(B.iE\Yt\*+M+E\(Bmt y(

2)-^|1+'»1/(3+M>. 

$(x) = (27r)-*Jl00e-*"2dM. 

(2) 

(3) 

and \imn^sn-2-2iZUE\Yt\2 + 2s = 0, 

l i m B . a o £ | ( S , - 2 I ? - i y i 2 ) - i r ' = 0 

or more generally, (2) #tfd 

(4) H m ^ w £ | ( s B - 2 I i " - i * i 2 ) - i r ' = (>, 
r/?e« lim,,.,^ P(A^ ^ snx) = 0(x), flf/trf 0 bound on the rate of convergence is given by 
(1). 

The interesting feature of this result is the bound on departure from normality. 
More general central limit results for martingales are known, under conditions 
related to (2), (3) and (4) (see for example Brown [1]), but rates of convergence are 
not available. 

We note that if Yl9 Y29'" are independent, or more generally if o^2, a2
2> * * * 

are constants a.s., then sn~2Yj=i^i2 = 1 a.s., (4) is trivially true, and the first 
bound in (1) assumes a simplified form, since its second term vanishes. The utility 
of the second bound in (1) is that it does not depend on the conditioning by the 
sequence of cr-fields {^„}. 

The proof of the theorem is based on a martingale form of the Skorokhod 
representation theorem which we state as a lemma in the interests of clarity. 
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LEMMA. (Strassen [3], Theorem 4.3) Let Zx, Z2 , • • • be random variables such that 
for all n, E(Zn

2 | Z„_ l9 • • •, Zx) is defined and E(Zn | Z„_ l9 -•, Zx) = 0 a.s. Then, 
there is a Brownian motion W together with a sequence of nonnegative random 
variables Tx, T2, # • * such that 

ZUiZt=W(%=1Td a.s. 
for all n. Moreover, if *Sn is the afield generated by Zx, Z2 , •• •, Zn and W(i) for 
0 S t ^ YJ= i Ti, then Tn is ^^measurable, E{Tn\^n_^) is defined and 

E(Tn\$n_i) = E(Z„2\%^) = E(Z„2\Z„-u---,Zl) a.s. 

Ifk is a real number > 1 andE(\Zn\2k | Z„_ u •, Zj) w defined, then E(Tn
k | ^„_ t) w 

a/̂ -o defined and 

E(Tn
k\9n^)^LkE{\Zn\2k\9n^ 

= LkE{\Zn\lk\Zn„x,--,Z^ a.s., 

w//ere L* «re constants which depend only on k. 
Applying the lemma to the sequence of random variables sn~l Y1, • • •, s„~x Yn, 

we note that there exists a Brownian motion W and nonnegative random variables 

(5) 

, T„„ such that 

for all n. Moreover, if ^ n i is the <T-field generated by Yu 
O g / £ ^ = i r f l j , 1 ^ / ^ n, then Tni is 0„ (-measurable and 

Yt and W(f) for 

(6) £(T„|SFll.l-1) = s l,-2£(y(
2|^.(_1) 

— 2 2 

Now define 

( ') 2„B = 2^i= i Tni— 1, 

noting that £Z,,n = 0, from (6). Then, from (5) and (7), 

P(Xtt^snx) = P(W(l+Zj£x), 

so that 

(8) \P(X„ £ S „x) -0 (x ) | = \P(W(l+Zm) ^ x)-P(W(l) ^ x)\. 

Next, let {s„} be a sequence with 0 < e„ < 1 and lim„_>x e„ = 0. We have 

P(W(l + Zm)^x) 

(9) = P(W(l + Z J =g x;|ZBB| ^ e„) + P ( ^ ( l +Zm) :g x;\Z„\ > en) 

^ P(inf |f |S£„ W(l + t) ^ x; \Zm\ £ e„) + P(\Znn\ > e„) 

^ P(inf | t |S£„ W(l + 0 5g x)+P(\Z„„\ > e„), 
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and similarly, 

P(W(l+ZJ >x)^ P(sup|r|S£„ W(i + t) > x) + P(\Znn\ > O, 

or equivalently 

2163 

(JO) 
Now, 

P(W(i+ZJ ^ x) ^ P(suP\t]ienW(l + t) ^ x)-P(\Z„n\ > e„). 

P(inf]tlStnW(l+t)^x) 
= P(mfmejW(l + t)-W(l-sn)-] + W(l-zn) ^ x) 

(U) =P<W(l-eJ + M0StS2tn[W(l + t)-W{l)-]£x) 
= J0^ P{W{\ -e„) ^ x-y)dP(mf0^2cn Wit) ^ y) 
= (7re„)-*|? *C(x + y)(l - e n)-^exp(->;2 /4£„)^ 

= 7r-*J0-4)((x + e /zXl-en)-*)e- z 2 / 4dz, 

and also, using a similar procedure, 

(12) P(sup|f|S£n W(l + t) g x ) = 7r-*J0-3)((x-8n*2)(l-e„)-*)e-z2/4dZ. 

But, 

(13) |<D((x + e„V)(l -0"* ) -* ( Jc ( l -£„)-*)| ^ (2*)-* |z| 8„*(l -e„)-*, 

so that, using (13) in (11) and (12), we obtain 

7r-*J0«[«)(x(l-en)-*)-(27r)-*z£n*(l-en)-*]e-z2/4rfz 

g P(sup|(| s £n W(l + 0 ^ x) g P(inf|t| s £„ W(l + 0 ^ x) 

^7r-+J0-[<D(x(l-e„)-*) + (27 t)-+ze„*(l-e„)-*]e-^4dz, 

which yields, for suitably large n, 
PiW(l-8j£x)-a* 

(14) ^P(sup |f |S£„ W(l + t) ^ x) ^ P(inf|r|S£„ W(l + t) ^ x) 

^P(W(l-en)^x) + e*. 
Combining (9) and (10) with (14) then gives 

(15) \P(W(l + ZJ ^ x)-P(W(l-sn) ^ x)\ ^ e„* + P(|Znn| > 8„). 
Also, from a Taylor series expansion for e„ < \, and trivially for e„ ̂  J, we have 
(16) \P(W(l -e„) ^ x)-P(W(l) ^ x) ^ 2e„. 
Consequently, (15) and (16) imply that, for n sufficiently large, 
(17) \P(W(\+ZJ ^ x)-P(W(l) ^ x)| g 2e/ + P(jZnn| > e„) 

g2e„++e„-1-5£|zj1+3 
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by Markov's inequality. The sequence {e„} is then chosen to provide the best 
possible order in (17). Take s„ = (£|Z„„|1+*)2/(3 + 2ii), so that 
(18) \P(W(i+Znn) <; x)-P(W(l) £ x)\ ^ 3(E\Znn\l+s)^3 + 2S>, 
and the problem reduces to that of producing a bound on E\Z„„\1+d. 

Write Z„„ = Ann+Bn + Cn, where 
Ani = B = i (Tnj-sn-2<Tj2), l^i^n, 

and note that {Ani, <gni, 1 ^ i ^ n] and {s„2B„, ^ „ , n ^ 1} are both martingale 
sequences. Therefore, by Burkholder's martingale extension of the Marcinkiewicz-
Zygmund inequality (Theorem 9 of [2]), there exists a finite universal constant 
Mx + d such that 

- , -2„2\2\Hl+») 

(19) 
E\Ann\l+sZM1+sE(ZUi(Tni-sn-W)2) 

^M 1 + , £ l? . 1 | r - - s , -Vr i 

and 

since ^(1 + 5 ) ^ 1 , 
^ M1+,2^?=1(£7;r5+s„-2-2^2+2a) 
^M1 + ,2V2-MIf-i(^i+a£|y«rM + ̂ «2 + M ) 

using the lemma in the last step. Similarly, 

(20) £ | B , , | 1 + ^ M 1 + , 2 ' s I , - 2 - " X ? - i ( ^ 2 + M + £ | ^ r 2 ' ) . 
so that an application of the inequality 

EC?*2* = £[£(y,21^-,.!)]1-1-' ^ £[£(|y l|2+2* | #•,_!>] = £ |y | 2 + 2 a 

to (19) and (20) gives 

(2D £W 1 + '£GA- a-MZ?-i lW + M 

(22) £ | £ „ | 1 + ^ G a 5 n - 2 - 2 ^ ? = i £ i y r + 2 5 

for all «, where Gs is a finite constant depending only on 5. Consequently, applying 
the inequality (Xf|«i|)1+5 ^ 2&Y\\a\1+d, we have 

£ | Z B n | 1 + ^ £ K „ + (Bn + C„)|1+a 

(23) ^ ( £ | 4 , n j 1 + * + £|Bn + Cn|1+*) 

+£|(s„-2s=1o-i|i+a 
from (21), and the first part of (1) follows from (8), (18) and (23). To obtain the 
second part of (1), note that 

£|(*.-aZ?-iO-ir , = £|B.+c11|,+' 
(24) ^2%E\B„\1+5 + E\Cn\1+d) 

^nG,sn-2-2il?=1£|y|2+2i 

+£|(^-2I?=1y2)-i|1+a 
from (22), so that the required result follows from (24) and the first part of (1). 
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DEPARTURE FROM NORMALITY OF CERTAIN MARTINGALES 2165 

REMARK. It is evident from the proof of the theorem that a sufficient condition 
for lim„^00 P(Xn ^ snx) = Q>(x) for all x, is the condition Znn ->p0 as n -> oo, i.e. 

as n oo, 
which in turn is equivalent to the mean convergence 

since Znn ^ — 1 a.s. and EZnn = 0. These conditions, though not explicitly in terms 
of the martingale differences {Yn}, are in a form much simpler than other known 
sufficient conditions for the central limit theorem for martingales (cf. [1]). 
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Some Almost Sure Convergence Theorems 
for Branching Processes 

C. C. HEYDE 

1. Introduction 
In this paper, we shall be concerned with a super-critical Galton-Watson 

process {Z0 = 1,Z1,Z2,...} whose non-degenerate offspring distribution has 
1 < m = EZX < oo and var Z1 = a2<oo. The Galton-Watson process evolves in such 
a way that the probability generating function of Zn is the n-th functional iterate 
of the probability generating function of Zx. 

It is well-known that, for the process in question, m~n Zn converges almost 
surely (a.s.) to a non-degenerate random variable W as rc—>oo (e.g. Harris [2], 
p. 13). Also, a central limit analogue holds, namely that, conditional on Z„>0, 
(m2 — rrif a~x Z~^(mn W— Zn) converges in distribution to the unit normal 
(Heyde [3]). It is an important question as to whether there is, in addition, an 
iterated logarithm analogue and it is the object of this paper to show that this is 
the case. Corresponding results also hold for continuous time Markov branching 
processes and can be obtained by minor modifications of the present arguments. 
In this connection, we mention that an iterated logarithm analogue for the pure 
birth process has been obtained by Kendall [5] but his methods are quite different. 
We make extensive use of results on rates of convergence to normality which were 
established in [4]. 

2. Results 
Theorem. Suppose that EZ\<oo. Then, on the non-extinction set {W>Q} we 

have almost surely, 

and 

Zn+r m Zn Z„+r m Zn 
"" - »r ,~ i 7 ! zr = 1, lim ml 2 rr 
»-+oo (2cr^Znlogn)2 n̂ oo (207 Zn logn)2 

l im SUP „ Try "LS* = * > l i m inf „Jr^ [_ ^ = -1 (1) 

mnW-Zn _ 
nJ^P {2o\m2-mY1Zn\o%nf~ ' 

. mnW-Zn 
l i m i n t //■> 2 / 2 \ - l -7 1 X± = ~ l ' 

n-00 {2az(mz — m) L Zn\ogn)2 

where r ̂  1 is any fixed integer and 

a2 = var Zr = a2 mr (mr — 1) (m2 — m)" l. 
Proof. We shall just obtain the results for lim sup; those for lim inf require 

only minor modifications to the arguments given. There is also no essential loss 
of generality in giving the proof for the case P(Z1 = 0) = 0 in which case Z„—► 00 

R. Maller et al. (eds.), Selected Works of C.C. Heyde, Selected Works in Probability and Statistics, 134 
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190 CCHeyde: 

with probability one as ft—►oo. We shall do this for the sake of convenience. 
When P(Z1 = 0)>0, it is well known that Z„-> 00 a.s. on the set {W>0}. 

Firstly we shall work on (1). We have, using Theorem 2 of [4], that 
00 

X s u p l P ^ - ' Z - ^ t Z ^ - w ' Z J ^ x J - ^ W ^ o o , (3) 
M = l X 

<P(x) being the distribution function of the unit normal. Thus, for any d>0, 
00 

X P ( ^ - 1 Z - n Z r + „ - m r Z „ ) > ( l + «5)(21ogn)*)<a), 

oo 

since £ [1 —#((l+<5)(21ogn)*)]<oo and hence, from the Borel-Cantelli lemma, 
n = 2 

hmsuP/5r^ ?z:*£i (4) "nl/^T (2 of Z„ log ft) 
with probability one. 

Next, we shall fix attention on the particular case r = l . For 0<(5<1, define 

An = {Zn-mZn_1>(l-d)a{2Zn_1log(n-l)f}, 

ft = 2, 3, . . . and note that /4„e#'(Z1, ...,Zn), the a-field generated by Z l 9 . . . ,Z„. 
We make use of an extension of the Borel-Cantelli lemma which gives P{An i. o.) = 1 

00 

if and only if ^P( /4 n + 1 |Z„ , ...,Z1) = oo with probability one (e.g. Breiman [1], 
n=l 

Corollary 5.29, p. 96). 
Now, 

P(An+1\Zn,..^Z1) 

= P{Zn+1-mZn>(l-S)(j(2Znlogn)±\Zn,...,Z1) 

= P((Z[1)-m)+''^(Z[z^-m)>(l-d)a(2ZJogn)-\Zn), 
where the Z^ are independent and identically distributed each with the distribu­
tion of Zx and are independent of Z 1 ? . . . ,Z n . Thus, using the Berry-Esseen 
inequality, 

P{{Z^ - m) + • • • + (Ziz"> -m)>(l-d)a(2Zn log nf \ Zn) 
^ 1 - <P((1 - 5 ) (2 log ft)})-cZ-" 

c being a positive constant. Also, 
00 00 

£ [l-4>((l-<5)(21ogn)*)] = oo and £ Z - * < o o a.s. 
w = 2 n = l 

since 

n=l n = l 

using Theorem 2 of [4]. Thus, 
00 

YJP(An+1\Zn,...,Zl) = oo 
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with probability one, from which we deduce that P(An i.o.)= 1. This gives 

i • Zn +1 — m Zn hm sup 2
+ -T- ̂  1 n^co (2o Zn\ogn)2 (5) 

with probability one and the particular case r= 1 of the lim sup part of (1) follows 
from (4) and (5). 

To deal with the case r> 1, we write Z* for Zrn, n = 0,1, 2, . . . . The process 
{Z*} is a super-critical Galton-Watson process with offspring distribution that 
of Zr. Thus, applying the lim sup part of (1) with r = 1 to the process {Z*}, we have 
with probability one, 

Z* — mr 7* 
hm sup 2

+ -r= 1, 
w-oo (2 a; Z^logn)2 

which gives 7 —mr 7 
hm sup + -r-- 1 

H-OO (2cr^Znr lognr)2 
with probability one. But, 

hm sup ^ _2 ^ t „ ^ ^ h m sup n-oo (2 erf Zn\ogn)2 n-oo (2 a, Znr log nr)2 

which together with (4) gives the lim sup part of (1). The liminf part follows 
similarly. 

In order to obtain (2) we firstly use Theorem 2 of [4] to deduce that 

X sup\P((m2-m^G-1Z-^(Zn-mnW)^x)-<P(x)\<oo, 
n= 1 x 

from which we obtain, for any 3 > 0. 

(6) 

YJP(\Zn-m"W\>(l+d){2a2(m2-m)-1Zn\ognf)<oD 

since £ [l-#((l+<5)(21og n)*) + 4>(-(l + 5)(2log «)*)]< oo. Thus, from the 

Borel-Cantelli lemma, 

lim sup |Z„-m"W| 
< 1 (7) "nl^*' (2a2(m2 — m)~1Zn log n) 

with probability one. 
Next, making use of (1) we have with probability one and for any fixed integer 

r ^ l , 
r Zr + n — m Zn 1 =hm sup 

so that 

1 \* i'-ir) 

(2a2mr(mr-l)(m2 — m) l Zn\ogn)2 ' 

(m-rZr + „-Wnin) + (Wmn-Zn) 

Wmn-Zn 

= lim sup 
«-oo (2a (m —m) Zn\ogn) 

m-rZr+n-Wnf 
^ h m sup ^ _ 2 / 2 — \ _ i ^ f „ u + * im SUP 

(8) 

(2a2(m2-m)-1 ZJognf n-ooF (2a2(m2-m)~x Zn\ogn)2 
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with probability one. But, 

m-rZr+n-Wmn 

lim sup 2—= ±—.: —-
n-*co [la (m —m) Znlogn)2 

1 r zr+n-Wmr+n 

—ZJY lim sup ——-x— ^ -
m' «->oo (2<7z(mz — m) Zr+IIlog(r-

/Z r + w log(r + n)y < 1 
-w))* \ mrZ„ log w / =mr/2 

with probability one in view of (7) and since mrZ~l Zr+n~^ 
Therefore, using (9) in (8), we have with probability one that 

Wmn-Zn ^ i, 1 \* 1 

-> 1 as n ■ oo. 

lim sup Tj(i4)' (2a2(m2-m)-1Z„logi 

Now, (10) holds for any integer r^l so we must have 

Wmn-Zn 

m 
r/2 

lim sup 
{2o2{m2-m)-lZn\ogn) r ^ l (11) 

with probability one. (7) and (11) then give the required lim sup part of (2). Similar 
reasoning gives the lim inf part. 

i + d 

3. Concluding Remark 
The condition EZ\ < oo in the theorem can at least be weakened to EZ\ "^ < oo, 

some (5>0. This is a simple consequence of the fact that (3) and (6) and a minor 
modification of the Berry-Esseen bound continue to hold under the condition 
£Z2+<5<oo. See the remarks after the proof of Theorem 2 of [4] concerning 
geometric bounds on the rate of convergence to normality for the case EZ2+3< oo. 

Note Added in Proof. Subsequent research has revealed that the theorem of this paper continues 
to hold under the condition EZ\ < oo. This result will appear in a paper of Heyde and Leslie in Bull. 
Austral, math. Soc. 5 (1971). 
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SOME CENTRAL LIMIT ANALOGUES FOR SUPER­
CRITICAL GALTON-WATSON PROCESSES 

C. C. HEYDE, Australian National University 

1. Introduction 
It is possible to interpret the classical central limit theorem for sums of inde­

pendent random variables as a convergence rate result for the law of large numbers. 
For example, if Xi9 i = 1,2,3, ••• are independent and identically distributed 
random variables with EXt = /x, varXf = a2 < oo and Sn = X"= 1X f , then 
the central limit theorem can be written in the form 

lim P(G-1n\n~1Sn - / i ) g x ) = <D(x) = (2TI)"* i: -W du, 

This provides information on the rate of convergence in the strong law n'1 Sn -V/j 
as n -* oo. ("a.s." denotes almost sure convergence.) It is our object in this 
paper to discuss analogues for the super-critical Galton-Watson process. 

Let Z0 = 1,Z1,Z25--- denote a super-critical Galton-Watson process with a 
non-degenerate offspring distribution having probability generating function 
F(s) = S J=0sJP(Zx = j)9 0 S s S 1, where 1 < m = JEZJL < oo. The process 
evolves in such a way that the generating function Fn(s) ofZn is the nth functional 
iterate of F(s). The convergence problem for Zn, when appropriately normed, 
has been studied by quite a number of authors; for an ultimate form see Heyde [2]. 
However, we shall herein suppose that EZ1\ogZ1 < oo in which case Wn = m"nZn 
converges almost surely to a non-degenerate random variable W as n -> oo (e.g., 
Stigum [8], Kesten and Stigum [4]). We shall be dealing with the case where Zx 
belongs to the domain of attraction of a stable law of index a, 1 < a ^ 2, 
so that EZ\ < oo for any a < a and in particular £Z1logZ1 < oo. 

Now the result m"n Zn -V Wis an analogue of the strong law of large numbers. 
Furthermore, the existence of central limit analogues in this context has been 
shown by Heyde [3] where the following theorem is established. 

Theorem A. Let varZ t = a1 < oo. As n -» oo, m*n(Wn — W) converges in 
distribution. The limit law is given by the characteristic function relation 

lim E[Qxp{itm*n(W- Wn)}~\ = £[exp{-i*V(m2 - m) - 1 ^} ] . 

We shall extend this result in Theorem 2 and then go on to obtain a different 
central limit analogue by modifying the norming (Theorem 3). 

Received in revised form 8 June 1970. 
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2. Results 

53 

As a preliminary to setting up the central limit analogues we shall firstly obtain 
the following result of independent interest. 

Theorem 1. W belongs to the domain of attraction of a stable law of index 
a, 1 < a ^ 2, if and only if Z1 belongs to the same domain of attraction. More 
specifically, if Ui9 i = 1,2,3, ••• are independent and identically distributed, 
each with the distribution of W— 1 and if Z( l), i = 1,2,3, ••• are independent 
and identically distributed, each with the distribution of Zx, then c~1 Z ^ i (Z(0— m) 
converges in distribution to a stable law Y if and only if (ma — m)11*^1 S /LiC/f 
converges in distribution to Y. Here {cn} is a monotone sequence of posi ive 
constants. 

Next, making use of Theorem 1, we shall obtain the following extension of 
Theorem A. 

Theorem 2. Let Zx belong to the domain of attraction of a stable law of 
index a, 1 < a <£ 2. More specifically, suppose that if Z(l), i = 1,2,3,••• are 
independent and identically distributed, each with the distribution of Zx , then 
there is a monotone sequence {cn} of constants such that c"1 £ "=1 (Z(,) — m) con­
verges in distribution to a stable law with characteristic function f{t). Then, we 
have 

lim £[exp{*Xma- m)1/amnc^n\W- Tfn)}] = £[7(0]^ . 
«->oo 

We remark that since Zx is non-negative, f(t) must be of the form 
exp{ — c| t\\l — itan^asgnO} where c is a positive constant (Gnedenko and 
Kolmogorov [1], Theorem 2, page 175). 

Now the dependence of the limit result of Theorem 2 on the distribution of 
W is unfortunate as comparatively little can be said about W in general. The 
distribution function corresponding to the characteristic function £ [ / ( 0 ] ^ can 
rarely be written down in a form which is suitably explicit. It would be much 
more pleasing to have a limit which did not involve W. 

The clue to the problem of obtaining a limit independent of W comes from 
noting that E[f(t)~\w is the characteristic function of a product VWi/a where 
V and W are independent, V is stable with characteristic function /(*) and a is 
the index of the stable law. This indicates an appropriate change to make in 
the norming which is done in the following theorem. 

Theorem 3. Under the same conditions on the distribution of Zx as in The­
orem 2, 

lim £[exp{/*(ma- m)'llctmnc^{W- Wn)}\Zn > 0] = /(*). 
n-*ao 

The relation between Theorems 2 and 3 is further elucidated in Section 6. 
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3. Proof of Theorem 1 
The finite variance case of this result is well-known. In fact var W = (m2 —m)""1 

varZx. Furthermore, Lamperti [5] has shown that W belongs to the domain of 
normal attraction of a stable law of index a, 1 < a ^ 2, if and only if Z1 belongs 
to the same domain of normal attraction. The result of Theorem 1 is obtained 
by a straightforward extension of Lamperti's methods. 

Let 4>(X) be the Laplace transform E[exp{ — XW}~\ and recall that F is the prob­
ability generating function of Zx . The connection between F and <£ is well-known 
to be 

(1) 4>(mX) = J W ) ) , 

which, together with the requirement that they be a probability generating func­
tion and a Laplace transform respectively, determines either uniquely in terms 
of the other (e.g.,Levinson [6]). Now W, which has mean one, belongs to the 
domain of attraction of a stable law of index a, 1 < a ^ 2, if and only if 

(2) 4>{x) = i - x + rux'1)^ + o(i)) 
as X -* 0 where Lis non-negative and slowly varying at infinity. Also, Zx belongs 
to the domain of attraction of a stable law of index a, 1 < a ^ 2, if and only if 

(3) 1 - Fix) = m(l - *) - (1 - *)aM((l - x)~*) (1 + *(!)) 

as x -»1 where M is non-negative and slowly varying at infinity. Consequently, 
we must derive the form (3) from (1) and (2) and conversely the form (2) from 
(1) and (3). 

Firstly, assume (2). Then, using (1) and writing <f)(X) = x,we have as X -» 0, 

(4) 
1 - F(x) = mX - m^LdmXy1)^ + oil)) 

= m ^ - m ' A ' L C r ^ l + Kl)), 

since L is slowly varying. But 

(5) x = 1 - A + A W ' X l + o(l)), 

so that, using (5) in (4), 

(6) 1 - F(x) = m(l - x) - (ma - m)vlaL(A~x) (1 + o(l)). 

However, from (5), 

A = ( l - x ) ( l + o ( l ) ) 

as x -» 1, X -> 0 and using this result in (4), 

1-Fix) = m ( l - x ) - ( m a - m ) ( l ^ x ) a L ( ( l - x ) - 1 ) ( l + o(l)), 

which is of the form (3). 
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Next, let 

(7) 1 = F(x) - m(l-x) - (l-xYMdl-xy1)^ + A(l-x))9 

where A(l— x) = o(l) as x -> 1 and write 

(8) (j)(X) = 1 - X + a(X) 

where a(X) = o(X) as X -► 0 since W has mean one. We then obtain from (1) 
and (7) that 

(9) a(mX) = ma(X) + XaM(X~ ̂ ( l + B(X)) 

for a certain £(A) which is a function of a(X) and satisfies 5(A) = o(l) as /I 
Now consider the more general functional equation 

0. 

(10) b(mX) = mfc(A) + XaM{X~1){l + J8(A)) 

with B(X) as in (9). The homogeneous part of (10) has the general solution 
XP(logX) where P is any function with period logm. Thus, (10) has at most 
one and hence exactly one solution which is o(X) as X -> 0, for if there were two, 
their difference would be of the form /LP(log X) which is not o(X) unless P(log X) = 0. 
This solution is easily seen to be of the form 

(11) b(X) = (ma - m)-U aM(A"1)(l +o(l)) 

and this is the form of a(X) since a(X) is uniquely specified. The required form (2) 
then follows from (8) and (11). 

Now we note from the above analysis that the slowly varying functions L 
and M of (2) and (3) are related by 

(12) L(A_1) - (ma - m)"1M(A"1)(l + o(l)) 

as /l->0. We shall exclude from consideration the case a = 2 and L(X~1)9M(X"1) 
asymptotically constant for then the variances of W and Zt are finite and are 
related by var W = (m2 — m)~1varZ1 and the result of the theorem is obvious. 
We also note that when a = 2 and the variances of Wand Z1 are not finite, I^A"1) 
and M(A_1) must be unbounded above as X -+ 0. Then, since 

£[exp{-AZ1}] =F(e-*), 

we have from (3) that 

Elexpi-Ac;1 i ( Z ( i ) - m)}] = [F(exp{ - c;1 A})exp{mC-U}]" 
i = l 

-^exp{cAa},c > 0, 

as n -> oo if and only if 

(13) "c; aM(cn) -* c 
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as n -> oo. Using (2) and (12), we see that the condition (13) is also necessary 
and sufficient for 

E C e x p l - A ^ - m ) 1 ^ " 1 i t f j ] = [^(Ac;1(ma~m)1/a)exp{Ac;1(ma-m)1/a}],, 

i = l 

-> exp{cAa} 

as n -> oo. This completes the proof of the theorem. 

4. Proof of Theorem 2 

This follows the pattern of that of the theorem of Heyde [3] (Theorem A). 
Write bn = cn(nf — m)"1 / a . Then, exactly as in [3] we find that 

E[pxp{itnrb*t(W- Wn)\\ = £ [ £ [ e x p { i ^ ^ ( ^ - 1)}]]Z« 
/ * 00 

= (Eiexp{itb-n\W-l)}-])xmndP(m-"Zn^x) 
(14) Jo 

= 1 + mnlogElQxp{itb-n\W- 1)}] 

x P(.m-nZ„ > x)(E[exv{itbZn\W- l ) } ] ) ^ * 

using integration by parts. (In the right hand side of Equation 3 of [3], the term 
P{Z„ = 0) should be replaced by 1.) Now, we have 

ECexp^c;1 _£ (Z(i> - m)}] = (ECexpOfc;1^ - m)}])» -+/(*) 

as n -> oo and consequently, using Theorem 1, 

(Elexplitb;\W- 1)}])" -+/(*) 

as n -*■ oo. Thus, 

(15) (£[exp{if^(»f - 1)}])""* - f(t) 

and 

(16) m"log£[exp{iffc;„1(^- D}] - log/(0 
as n ->• oo . Also, 

| / ( 0 | = e x p { - c | t | « } 

for some constant c > 0 so that for suitably large n, 

| £ [ e x p { i 7 ^ ( ^ - 1)}] |mn < exp{~ic11\*}, 

and therefore the integrand in the rightmost term of (14) is bounded in absolute 

143 



Some central limit analogues for super-critical Galton-Watson processes 57 

value by exp{—\c | f\ x}. It then follows from the dominated convergence theorem 
together with (15), (16) and since P{m~nZn > x) -» P(W > x) as n -> oo, that 

lim E{Qxp{itmnb^(W - Wn)} = 1 + log/(0 P(Pf > x ) [ / ( 0 7 ^ 

J: 
J: 

U(t)YdP(W ^ x) 

= Elf(t)T 
again using integration by parts. This completes the proof. 

5. Proof of Theorem 3 

Take r > n and again write b„ = c„(ma — m)~1/x . We have 

Elcxp{itmnbl\Wr - Wn)} I Z„ > 0] 

(17) 

= IP(Z„ > 0)]"1 £ Elexpiitm^im-'Z, - m-»Zn)} \ ZH = j]P(Zn=j) 

OO 

= [PCZ^O)] - 1 2 exp{-i^J1}(£[exp{iffe71W;_n}]y"P(Zn = ; ) 

00 

- [PCZ. > 0)]" 1 £ expi-iO-fo/^^EexplzrfeJ1^}])^^ = j) 

as r -> oo, the justification for taking the limit inside the summation following 
exactly as in [3]. Now define Z*, n ^ 1, such that 

P(Z*=j) = P(Zn = j |Z„ >0) = [P(Zn>0)]"1P(Zn = j ) , j = 1,2 3 , - . . 

Then, from (17), 

E[exip{itmnbz\W - WQ} | Z„ > 0] 

= lim E[exp{itnTbz*(Wr - JFB)} \Zn > 0] 

(18) 
= X ( E E e x p O ^ ; 1 ^ - l)}]yP(Z? = j) 

J = l 

= £[£[exp{z^zV(PF~l)}]]z«. 

Now, £[£[exp{i^2*1(Tf- 1)}]]ZS is the characteristic function of 
bzz(Ut + ••• + Uz*) where the Ut, i = 1,2,3, ••• are independent of Z* and are 
independent and identically distributed, each with the distribution of W — 1. 
Also, as rc-» oo, m~nZ* -V jp* where W* is positive and has an absolutely 
continuous distribution function given by 

144 



145 



Some central limit analogues for super-critical Galton-Watson processes 59 

where the Ui9 i = 1,2, 3, ••• are independent of Zn and are independent and 
identically distributed each with the distribution of W— 1. Take Z* and JF* 
as in the proof of Theorem 3. Then, conditional on Zn > 0, mnb~n(W— Wn) 
has the distribution of b„n(U1 + ••• + Uz*) which converges in distribution to 
a product V(W*)1/a of independent random variables (using Theorem 2) where 
Fhas characteristic function/(f). On the other hand, from the proof of Theorem 3 
we see that, conditional on Z B > 0 , mnbz* (W — Wn) has the distribution of 
bziiUi + ••• + Uz*) which converges in distribution to V. 

Finally, it is worth remarking that a central limit analogue is not obtainable 
for the Galton-Watson process with EZ1 = oo. Clearly it is possible to find a 
monotone sequence {cn} of positive constants such that c~1Zn -V 0 as n -> oo . 
However, there is no norming sequence {dn} for which d~xZn converges in dis­
tribution to a non-degenerate limit law ([7], Theorem 4.4). 
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Note added in proof 

A central limit analogue for the finite variance case of a continuous time Markov 
branching process has been obtained by K. B. Athreya (1968) Some results on 
multitype continuous time Markov branching processes. Ann. Math. Statist. 
39, 347-357. 

146 



Z. Wahrscheinlichkeitstheorie verw. Geb. 20, 271-278 (1971) 
© by Springer-Verlag 1971 

An Invariance Principle 
and Some Convergence Rate Results 

for Branching Processes 
C. C. HEYDE and B. M. BROWN 

1. Introduction 
Let Z0 = l, Z 1 ? Z 2 , . . . denote a super-critical Galton-Watson branching 

process with l<EZ1=m<co and 0<varZ x = <T2<GO. It is well-known that 
there exists a non-degenerate random variable W such that lim Wn=W almost 
surely, where Wn = m~nZn (e.g. Harris [3], p. 13). Also, a central limit analogue 
holds, namely that, conditional on Z„>0, {m2 — m)^a~1Z~^mn(W—Wn) is 
asymptotical normal N(0,1) as n->oo (Heyde [4]). This result is called a central 
limit analogue by virtue of the analogy with the convergence of o~ln^(^ — n'1 Sn) 
to iV(0,1) for a sum Sn of independent and identically distributed random variables 
with mean ji and variance a2. 

In this paper, we explore the setting of the central limit analogue. An in­
variance principle in i?00 is obtained from which it follows as a simple corollary. 
Also, results are obtained on the rate of convergence to normality. It is shown 
that, under mild restrictions, there is a geometrically decreasing bound on the 
L^ metric. 

2. Results 
Let the probability generating function (p. g. f.) of the offspring distribution Zx 

00 

be F(s) = Y, sjP(Zi=j).ThQ p.g.f. Fn(s) of Zn is the w-th functional iterate of F(s). 

For the super-critical process in question, the probability of eventual extinction 
is q, the unique real number in [0,1) satisfying q = F(q). Furthermore, in addition 
to the fact that Z„ = 0 for n sufficiently large on the extinction set [W=0], it is 
known that z ^ ^ a s ^ ^ Q n LW>0]t (1 ) 

so that the process either dies out or becomes arbitrarily large. 
The symbols P and E will, for convenience, be used to denote various different 

probability measures and their associated expectation operators. In addition, we 
use the symbol Z* to denote the random variable (r. v.) Z„ under the probability 
measure conditional on Zn > 0. These conveniences should cause no ambiguities. 

Let i?00 denote the space of real sequences x = (xl9 x2 , . . .) with the metric 

p{x,y) = sup 
i + E (xj-yj) 

R. Maller et al. (eds.), Selected Works of C.C. Heyde, Selected Works in Probability and Statistics, 
DOI 10.1007/978-1-4419-5823-5_25, © Springer Science+Business Media, LLC 2010 
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272 C.C. Heyde and B.M. Brown: 

Let $ be the cr-field generated by the open sets of the topology given by p and 
let V be the probability measure on (i?00,0$) under which the co-ordinates xx, x 2 , . . . 
of a random element x of i?00 become independent r.v.'s with Xj distributed as 
iV(0, a2 m - 1 ~jl j = 1,2,.... Write U for the probability measure on (K00, J*) which 
assigns probability one to the zero sequence (0,0,...) and define, for j = 0,1,2,... 
and n= 1,2, 3 , . . . , 

A n ~ l^nl> A n2> ---J 

*„,=m"(w;+;-w;)(zll+i)-*, 
and for j =1,2, 3, . . . 

*nj — Xnj Xnj_1. 

Theorem 1. Le£ ij denote the probability measure on (i?00,^) defined by the 
distributions of Yn = (Ynl, Yn2, ...)• Therc, 

P„=>KP(W>0) + L/P(W=0) 

as n->oo, where => denotes weak convergence of probability measures. 
We remark that, as simple corollaries to Theorem 1, (m2 — m)1 cr-1 Z~* • 

mn(W-Wn) conditional on Z„>0 and (m2-mf a~l m-j,2(m?-l)'*Z~*{Zj+n-
mJZn) conditional on Zn>0 (fixed 7) are both asymptotically Af(0,1). These 
results have previously been obtained by direct methods by Heyde [4] and by 
Biihler [2] respectively. They can here be deduced from Theorem 1 using the 
measurable mapping theorem (Billingsley [1], p. 30) with the mappings 

^ (x) = limsup Y Xj 

if this is finite, 0 otherwise and h2{x) = x1 + x2-\ \-x} respectively. 
The next theorem gives rates of convergence to normality in the limit results 

cited above. 
Theorem 2. Let EZ\< 00. Then, 

and 

su^\P{{m2 -mf a-1 Z~^ m%W-Wn)^x\Zn>Q)-^{x)\ 

SKa-3(m2 -mf E{\jZ*f E\W-l\ (2) 

sup |P(a r - 1 Z-*(Z r + l l -m r Z l l )gx |Z J i >0)-*(x) | 

= X a - 3 E \Zr-mr\3E(l/Z*)*, ( 3 ) 

where <P(x) is thedistributionfunction ofN(0,1), o2 = var Zr = o2 mr(mr — 1) (m2 — m)~l 

and K is the universal constant in the Berry-Esseen bound (K<0.82; see Zolotarev 
[6]). Furthermore, 

E(\IZ*nf^{E{\IZ*n)f^{{\-F{Q>)y ?}* (4) 

where y<\ is given by 

y=]{F{S{\-q) + q)-q)s-\\-q)-ldS, 

withy = EZi1 if F(0) = 0. 
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3. Proof of Theorem 1 
Firstly we show that the finite-dimensional distributions of {Pn} converge 

weakly to those of VP{W>0)+UP{W=0). 
Let J*k be the a-field generated by Z0,ZX,..., Zk and for fixed r write 

where 

Consider the r. v. 

0.(fl1,fl2>...,9r)=EJexp(lf9Jy.JU 

-£(J?.4 
AJ = exp (i Oj m ~j (Z„ +j -mZ„ +j _ t) (Z„ +1)" *). 

Rr=flAj-exp(-±<T2I(Zn>0)tejm-l-j) 

(5) 

(6) 

(7) 

7=1 

where I is the indicator function and for j = l, 2, . . . , r, using the convention that 
s 

a product of the form Y[ *s replaced by unity, 
k=s + l 

/j-l 

with 

B ;=(fK) exp (-i(T2/(Z„>0)^ X ftm-1-"} 
■{Aj-exp(-^a2I(Z„>0)9fm-1-J)), 

£ ( B 7 | ^ + ; _ 1 ) = ( n ^ ) e x p ( - i a 2 / ( Z „ > 0 ) £ e^m"1- ' ) 

■{E(AJ\^n+j_l)-txp(-^2I(Zn>0)efm-1-i)). (8) 

But, Zn+j is the sum of Zn+j_1 independent and identically distributed r.v.'s, 
each with the distribution of Zx, so that from (6), 

£ (^ | J£ + 7 . 1 )={0(0 i m^(Z B + l)-*)}z-.'-S (9) 

where (f)(t) = E{exp[itiZ^ — m))}. Therefore, E(Aj\^l+j_l)->l almost surely (a.s.) 
as n-+ oo on [W=0], so that from (8), 

since 

UmE{Bj\^n+j_1) = 0 a.s. on [W=0] , 

I(Z„>0)^I(W>0) a.s. asn-»oo. 

Also, we know from the central limit theorem that for each fixed r, 

lim{4>(i(n + l)-*)}" = exp(-|<72r2). 
n-» oo 

Therefore, from (9), using (1) and since 

limZ-1Z I I+</_1 = m'-1 a.s. on [W>0] , 
we have 

limE{Aj\^n+j_i) = exp(-^a26fm-1-j) a.s. on [W>0] , 
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EY^i = E(E(Y^n+j_1)) 

-m 

-m 

"2./- 2 02Y.H^n^YXZn^_x\Zn = k)P{Zn^k) 
fc^O 

" 2 ^ 2 a^kik + iy'EZj^PiZ^k) 
k>0 

^o m 
Therefore, from (15), 

P ( max y v . >c\^a2m-kC-2{m-\y (16) 

By applying the inequality (16) to A'k and D' (the prime denoting complemen­
tation), we obtain 

Pn{A'k)^o2{m-\r'm-^ 
and 

for all n = l,2, 

and 

Pn{D')^o2 m-^m-l)-1 M~2, 

It now follows that 

Pn(C) = l-Pn(UA'k) 

^ l - ( j 2 ( m - l ) - 1 ( l - m - - ) - 1 m - r / 3 

Pn{D)^l-o2(m-\)-lm-'M-2, 

(17) 

(18) 

for all w = l ,2 , . . . . Thus, from (17) and (18), Pn{CnD)>l-s for all n if r and M 
are chosen suitably large, so that tightness is established. The proof of the theorem 
is thus complete. 

It is worth remarking that the result of Theorem 1 can be generalized to cover 
the case where Zl belongs to the domain of attraction of a stable law of index a, 
1 < a ̂  2. This provides a complete extension of the result of Theorem 3 of Heyde 
[4]. Theorem 1 has been given in the less general form in the interests of a unified 
exposition in this paper. In order to obtain the general form we would use 

in the notation of [4]. 
Xnj = mnb^+1(Wn+j-Wn), 

4. Proof of Theorem 2 
We first need the following lemma. 
Lemma. Let Yi9 z = l, 2, 3 , . . . be independent and identically distributed r.v.'s 

with EY1 = Oy var7i = a2 and £ |71 |3<oo. Let N be a positive integer-valued r.v. 
which is independent of the {Yf}. Then, 

sup|P(a-1N-"(71 + ... + yN)^x)-^(x)|^C£(Af- i), 
X 

where C = /Ca _ 3 £ |7 1 | 3 , K being the universal constant of the Berry-Esseen bound. 
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Proof. Using the Berry-Esseen bound, 
00 

- C £ ( i V - * ) = - C X r i F ( i V = y ) 

oo 

SYjy{oi-lrHY1 + --- + Yj)^x)-0(x)}P(N=j) (19) 

^C£(AT*). 

But, since N is independent of the {YJ, 
CO 

YJ{P{oi-lrHY1 + -- + Yj)Sx)-<P(x)}P(N=j) 
j = 1 oo 

= Z{i>(a~V" i(yi + '-- + 15)^^|N=;)-*(x)}P(Ar=;-) (20) 

= P(ar1N-*(Y1 + - + YN)£x)-<P(x), 

and the required result follows from (19) and (20). 
We now proceed with the proof of the theorem. Firstly we establish (2) and (3). 
Heyde [4] has shown that, conditional on Z„>0, nfZ~*(W—Wn) has the 

same distribution as (Z*)~i(L/1H h Uz*\ where the U{ are independent of Z* 
and are independent and identically distributed, each with the distribution of 
W—\. Furthermore, var W— a2(m2 — m)_1, and hence 

P((m2-mf a-1 Z"*mn(W-Wn)^x\Zn>0) 
= P((vart/1)-*(Z*)-*(l/1 + . - + t / z 0^x) , 

so that (2) follows immediately from the lemma. (3) is obtained similarly by 
noting that, conditional on Z n>0, Z~*(Zr+n — mr Zn) has the same distribution 
as (Z*)_ i (Vx H h Fz*), where the V{ are independent of Z* and are independent 
and identically distributed, each with the distribution of Zr — mr. 

Next, in order to obtain (4) we note that 
£(Z*)"^(£(Z*)- 1 ) - , (21) 

by a standard moment inequality, so that it suffices to study £(Z*)_1, which is 
given by 1 

£ ( Z * ) - ^ { ( ^ ( ^ - ^ ( O ^ - ^ l - F ^ O ) ) " 1 ^ . (22) 

Now define a p. g. f. 
H(s) = (l-q)-1{F(s(l-q) + q)-q), O^srgl. 

Then, if Hn(s) is the n-th functional iterate of H{s), it is easily seen that 

//n(5) = ( l -^)- 1 (F n (5( l -g) + ^ ) - ^ ) , 
and Hn(s) is the p.g.f. of a super-critical Galton-Watson process {Yn} (say) with 
p(yn = 0) = 0 for each n. The growth properties of {YJ are closely related to those 
of {Z„}; in particular EYn = EZn = mn. Also, we note that 

U(s) = Fn(s(l-q) + q)-(l-q)Fn(s) 
satisfies 

U(0) = F„(q)-(l-q)Fr,(0) = q-(l-q)F„(0) 
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and 
U'(s) = (l-q)(F;(s{l-q) + q)-F;{s))ZO 

since s(l — q) + q^.s (O^srgl) and F„'(t) is monotone increasing in t. Thus for 

° - S - 1 ' Fn{s(l-q) + q)-(l-q)Fn(s)^q-(l-q)Fn(0), 
that is, 

Hn(s)^Fn(s)-Fn(0). 
Consequently, from (22), 

£(Z*)-1^(l-Fll(0))-Ms-1HB(s)ds 
0 

=(i-F„(0))-1£(y„-1). 
(23) 

Now let J^ be the a-field generated by Y1,...,Y„, and note that 7„^ 1 for each n. 
T h e n ' £(yB-1)=£(i;-1

1 £(y._, r , - 1 !^-!) ) 
=£(yn-1

1£(y„_1(y1
< 1 )+- + y1

(y"-'))-1i^_1)), 
where the 7/° are independent of Yn_! and are independent and identically 
distributed, each with the distribution of ^.Furthermore, using the harmonic 
mean-arithmetic mean inequality, 

so that 
Yn^(Y^ + --- + Y^y^Ynz\((Yn-1 + ---HY!Y"-'))-1), 

Hence, from (24), 

so that 
(25) 

£ ( > ; - i ( ^ ( 1 ) + - - + ^ - i ) ) - 1 i ^ - i ) ^ £ ( ^ r 1 ) . 

£(yn-1)^£(y1-1)£(7n-1
1), 

£(V 1 )^(£(Yf 1 ) ) ' \ 

(4) then follows from (21), (23) and (25) by setting y = E(Y{-1), which is in turn 
given by 1 

y = E(Y1-1)=$s-1(l-qr1{F(s(l-q) + q)-q)ds, 

with y = E(Zi1) when P(Z1 =0) = 0, for then q = 0. This completes the proof of 
Theorem 2. 

5. Remarks on Theorem 2 
The bound (4) of Theorem 2 appears to be rather crude and with reference to 

it we note that, by Jensen's inequality, 

£(y 1 - 1 )^(£y 1 r 1 =m- 1 . 
How, if £ (W ~* | W > 0) < oo, it is plausible that under suitable conditions, £ (Z*)"1 ~ 
m-nE(W-1\W>0l since lim nfZ~1 = W'1 a.s. on [W>0]. However, it emerges 

n-»oo 
that E(W~1\W>0) is often not finite and there are wide ranging possibilities for 
the asymptotic behaviour of £(Z*)_1 . For example, take 

F{s) = s(m-{m-l)sk)-1/k, m > l , 

where k is a positive integer. Then, 

£„(5) = 5(m n - (m"- l )5 k ) - 1 / f c , 
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so that i 
£(Z*)- 1 =£(Z- 1 )=js- 1 F„( S )ds 

= ${mn-(m"-l)sk)-llkds, 
o 

and, putting y=i — sk(l — m "), we obtain 

E{Z~') = 1 
u/k J 

dy 

Thus, if fc=l, 

and if/c>l, 

as n-*oo since 

k(mn-l)1,k
min yWQ-yy-M ' 

£(Z- 1) = (m n - l ) - 1 nlogm, 

E(Z-Vfc~1"i",,/*B(l-fc~1,fc~1) 
-fc-1m-n/k7i(sin(7r//c))-1 

B(l-fc-1 , /c-1) = r ( /c- 1 ) r ( l - /c- 1 ) = 7i(sin(7r/fe))-1. 

In conclusion, we make two observations. Firstly, Theorem 2 may be extended 
to deal with the case EZf +<5<oo, 0<(5:gl, by using results of Ibragimov [5]. In 
this case we obtain bounds of the form c(E(Z*)~l)dl2 in (2) and (3), c denoting a 
positive constant. We have not framed Theorem 2 in this more general context 
because an explicit form for c is not available. 

Secondly, an improved rate of convergence to normality can be obtained by 
conditioning on the value of Zn as well as on [ZB>0]. In this case it is apparent 
that, after minor modifications in the foregoing proof, the bound in (2) and (3) 
becomes 0((Z*)_i), which is 0(m~^n) as w-»oo. 
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r any fixed integer, 

u = I x2dTfa"1[m2-m)*(V-l) < x\ n >\x\<& I J 
v = s2dP o"1 Z -mr < x\ n l\x\<£ ^ ^ J J 

and $(x) is the distribution function of N(09 l) . 

Explicit forms for c and d can be found by applying the lemma r n n 
below. We note also that u + 1 and v t l as n ■> °° . 

n n 
THEOREM 2. Suppose that 1 < m = EZl and 0 < varZi = a2 < « . 

Then, on the non-extinction set {W > 0} we ha^e almost surely 

lim sup n+r n 

2a Z log n 
r n ° 

= 1 , lim inf 
Z -mrZ n+r n 

20 Z log n 
r n ° 

= -1 

and 

lim sup 
n-*» 

mnW-Z mnW-Z 

J2( 2 -lr 20 [m -m) Z log n 
= 1 , lim inf 

n-*°° 
= -1 

-2r 2 \-lr 2a fm -m) Z log n 
v ' n 

where r is any fixed positive integer. 

Theorems 1 and 2 extend the scope of results given in Heyde and Brown 
[7] and in Heyde [6] respectively under the additional condition that 
EZ\ < °° . The form of the bounds obtained in Theorem 1 is however, of 
necessity, much more complicated in the general case. An explanation of 
this is not difficult to deduce from results given in [3] and [4]. Our 
Theorem 2 preserves exactly the form of the Theorem of [6] under the more 
general conditions. 

In order to establish the above results we need the following key 
lemma. The result of the lemma is given in two parts; the first is needed 
in the present section and the second to obtain corresponding results for 
the process with immigration in Section 3. 

LEMMA. Let £. , i = 1, 2, 3, be independent and identically 
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(k) sup 
x 

9(x) - * U j ^ x ^ o 1 - e, A1 

\x\<Jk 
xdP of " ^ < x 

- «S1^^)"1(| 
5 *A - "A ■ 

xdplaT1^. < a: 

e9 o "being positive constants. Furthermore, from (22) of Heyde [4] we 

find that 

(5) sup 
x I N n h + + 5 'N t nJ 

< x \ N = k 
1 n 

l 

so that using (3), (h) and (5), 

(6) sup 
a; n [h + ••• + 5ff ) ~x I \ = fe) ' *U) 

i i 

The result (l) follows readily from (6) using the argument of the lemma in 
§U of Heyde and Brown [7]. (2) is obtained using exactly the method of 
Lemma 2.1 of Heyde and Seneta [S] with the aid of (l) instead of the 
Berry-Esseen bound. 

Proof of Theorem 1. Suppose that Z* has the distribution of Z 

conditional on Z > 0 . We firstly note that (see [5], [7]), conditional 

on Z > 0 , nPz"(W-W ) has the same distribution as 

, where the U. are independent of Z* and are 

independent and identically distributed, each with the distribution of 

has the same 

are independent of 

W - 1 . Also, conditional on Zn > 0 , Z~* I Z ^ - m Zn 

-if ) 
distribution as (z*) * \v± + ... + t^J where the V^ 

nJ 
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ON LIMIT THEOREMS FOR QUADRATIC FUNCTIONS 
OF DISCRETE TIME SERIES 

BY E. J. HANNAN AND C. C. HEYDE 

Australian National University 
In this paper it is shown how martingale theorems can be used to 

appreciably widen the scope of classical inferential results concerning auto­
correlations in time series analysis. The object of study is a process which 
is basically the second-order stationary purely non-deterministic process 
and contains, in particular, the mixed autoregressive and moving average 
process. We obtain a strong law and a central limit theorem for the auto­
correlations of this process under very general conditions. These results 
show in particular that, subject to mild regularity conditions, the classical 
theory of inference for the process in question goes through if the best 
linear predictor is the best predictor (both in the least squares sense). 

1. Introduction. A great deal of time series analysis is based upon quadratic 
functions of the data. In particular, many inferential results relate to theorems 
concerning the autocorrelations 

(1) '0') 
W {x(n) - x}{x(n + j) - x] 

2:= 1{*(")-*}2 J > 0 

r(-j) = r(j)> 
x(l), x(2), • •., jc(iV) being a sample of N consecutive observations on some pro­
cess {*(/!)}. It is well known that, under certain conditions on the process {x(/i)}, 
a strong law of large numbers and a central limit theorem hold for r(j) (see, for 
example, Hannan [6], Chapter IV, VI). In this paper it is our object to show, 
using limit theorems for martingales, that the scope of the classical inferential 
theory can be appreciably widened in a natural way. 

We shall be concerned with a process of the form 

(2) x(n) - fx = £~=0 a(j)e(n - j) , £~=0 a\j) < co , a(0) = 1 ; 
Ee(n) = 0 , E{e(m)e(n)} = 0 , m =£ n . 

If x(n) — ju is a second-order stationary, purely non-deterministic, process ([6], 
Chapter III) then it may be represented in this form with the e(n) as the linear 
prediction errors, having variance a2 > 0. As is well known, there will be many 
representations of such a stationary process in the form (2) but for only one of 
these will the e(n) be the prediction errors. However, our results extend beyond 
the stationary case so that we do not assume stationarity for the {e(n)} but only 
that (2) holds for n :> 0, together with other conditions to be discussed shortly. 
A process of the kind (2) arises from a wide variety of contexts; for example 
from a mixed autoregressive and moving averge process ([6], Chapter I) and as 
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LIMIT THEOREMS OF DISCRETE TIME SERIES 2059 

the response of a physically realizable filter to an uncorrelated sequence (Gikhman 
and Skorokhod [5], Chapter 5). 

Now the classical theory of inference for the process (2) usually requires that 
the e(n) be independent and identically distributed with zero mean and variance 
a2 (which we paraphrase as i.i.d. (0, a2)). The essential feature of this paper is 
that, subject to some reasonable additional conditions, the classical theory goes 
through if the independence assumption is replaced by the weaker condition 

(3) E(e(n) | J ^ ) = 0 a.s. , all n , 

where ^~n is the cr-field generated by the e(m), m <L n. This requirement has a 
simple and natural interpretation in the case where {x(n)} is stationary and thus 
purely non-deterministic and the e(n) are the linear prediction errors, for then 
^"n is also the tf-field generated by the x(m), m <* n so that, because of (3), 

(4) e(n) = x(n)-E(x(n)\^%_1). 

To see this, write ^n for the a-field generated by x(m), m fg n. Clearly J^~n 2 
&n and, when the e's are the prediction errors 

e(n) = x(n)-E(x(n)\S?„_l) 

which is 5fn measurable. Thus 5?n = J^ t t . Then, E(x(n)\^'n_1) is the best 
linear predictor and the best linear predictor is the best predictor (both in the 
least squares sense). Conversely, if this is so, (4) must hold and hence (3). 
Thus (3) is equivalent to the condition that the best predictor is the best linear 
predictor, both in the least squares sense. In the stationary case our additional 
conditions are, for example, the regularity condition (7), below, together with 
the requirement that E(e2(n) | _^~w_1) = a2 a.s. Our results give that, subject to 
the mild regularity condition (7), the classical theory of inference for (2) goes 
through when the e(n) are the prediction errors provided the best linear predictor 
is the best predictor and the prediction variance, given the past, is a constant. 

2. Strong law for autocorrelations. Here we consider the process (2) where s(n) 
satisfy the condition (3). We shall not require stationarity of {e(n)} but instead 
the condition 
(5) l i m ^ TV"1 £ ? . ! E(e2(n) \ ^n_x) = a2 > 0 a.s. 

and the condition that there exists a random variable Xwith EX2 < oo such that 
(6) />(|e(n)| >u)^ cP(\X\) > u) 
for some 0 < c < oo and all n, all u ^ 0. If x(n) is stationary we modify (5) to 
(5)' E(e2(n) \ J ^ ) = a2 > 0 a.s. 
and (6) is redundant. We shall, in Section 3, make use of the condition 

(7) £7-iy*«0)a < °° ■ 
Define 
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where x is the sample mean of the x(n), n = 1, • • ♦, N. If x(n) is stationary its 
spectral density is 

and the autocovariances y(j) satisfy 

rU) = \'-* *iiXfV) a = °* S?-.«(»)«(« +.;) • 
However we may define f(X) and y(y) by these formulae whether or not x(ri) is 
stationary. We now have the following theorem 

THEOREM 1. / / (3) , (6) and £ \a(k)\ < oo /bW, x converges a.s. to pt and if {5) 
holds also, then c(j) converges in probabilty to y(j). If x(n) is stationary, x converges 
a.s. to (A and if (3), (5)' hold c(j) converges a.s. to y(j). 

PROOF. If e(n) satisfies (3), (6) and 2 \a(k)\ < °°> then it is easily seen that 
x has a variance which is 0(N~1) as N-+ oo. It consequently follows from the 
proof given in Doob [4], Theorem X 6.2, that x converges a.s. to JJL. It is then 
clear that c(j) has the same a.s. behaviour as 

c*U) = N~l L - / (*(") - AOW" + J) ~ P) 
= Zu=o Zr=o <x(u)a(v)N-> ^-j e(/I _ w)6(/I +j-V). 

Now 
£ | W"1 2 L 7 «(i - u)e(n + y - v)\ < K < oo 

by virtue of (6) and if 2 |a(&)| < oo then 

(8) l im p _ filS^+i S ^ o ^ a W ^ 1 2 - 7 e(n - u)e(n + j - v)\ = 0 . 

The same is true if in the left term in (8) the first two sums are over 0 ^ u <; p, 
p < v < oo. On the other hand, 

W-1 ULi E{e(n)e(n - k) \ ^n_x) = 0 a.s. , k > 0 , 

and it follows from (6) and a law of large numbers for martingales due to Heyde 
(Theorem 1 of Heyde and Seneta [8]) that N-1 ^=1e(n)e(n - k)9 k > 0, and 
hence N'1 S»=/ e(n — u)e(n + J' — v)-> u =£ v ~~ J converges in probability to zero. 
(In order to obtain the uniform bound on the distribution of e(n)e(n — k) required 
to justify the application of Theorem 1 of [8] we note that 

P(\e(n)s(n - k)\ > u) ^ P(e\n) + e\n - k) > 2w) 
(9) ^ P(e2(n) > u) + P(s\n - k) > u) 

^ 2cP(X2 > u) 

using (6).) Furthermore, by the same theorem together with (5), iV-1 £»=/ £2(n) 
converges in probability to a2. Thus 

L£=o 25=0 a^a^N'1 2^=7 e(/i - u)e(n + j - v) -> <;2 £ ' «(«)«(« + y) 

in probability as N —> oo where £ ' *s a s u m o v e r 0 ^ #, " + j ^ p- It follows 
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from this together with (8) and Markov's inequality that c*(y), and hence c(j), 
converges in probability to y(j). 

If x(n) is stationary with a.c. spectrum it is well known that x converges a.s. 
to p. In place of c*(y) consider 

*U) = C*U) ~ Zu=o a(u)a(u + j)N-> ZU *2(" - «) • 
Assuming x(n) stationary and (3), (5)' we may show that the mean of c(j) is zero 
and its variance converges to zero. The proof of the first is obvious and we 
prove the second, for simplicity, in casey = 0. The variance is 

S S ^ , . o <p)a(q) S Lr\=o a(r)a(s) 
x [#-» s S 2 . ^ i EW™ - P)<™ - qW - rHn - ')}] • 

We evaluate the expectation using (3) and (5)'. The only contribution comes 
when m — p — n — r and s = q — p + r or m — p = n — s and s = p — q + r. 
Both sets of identifications give the same result and we take the first. After 
evaluating the expectation let us add back 

w s zr,-ri<N.=o«(py«(ry(i - - l £ ^ L ) 
which clearly converges to zero as TV increases. Then we obtain 

JV-V SJL-2W+1 ( l - IjL) {Zo a(p)a(p + \j\)Y . 

This is N - 1 by the Cesaro sum of the Fourier series, evaluated at the origin, of 
the convolution of f(X) with itself. It thus converges to zero. Thus c(0), and in 
the same way c(j), converges in probability to zero. However 

£~=0 a(u)a(u + j)N-* £ £ • / e\n - u) 

converges in probability to j(j) by the same kind of argument as was used earlier 
in the proof (the convergence of 2 la(w)l n ° t now being needed). Thus c*(/) 
and hence c(j) converges in probability to y(j) and since, by the ergodic theo­
rem, c(j) converges almost surely it must converge almost surely to j{j). This 
completes the proof. 

3. Central limit theorems for autocorrelations. From Theorem 1 we note that, 
depending on the conditions, r(j) = c(j)/c(0) converges either in probability or 
almost surely to p(j) = r(j)/r(0). Here we offer two theorems, the first of which 
is for the non-stationary case. 

THEOREM 2. Suppose (7) holds, 2 \a(j)\ < °° and{e(ri)} is a stochastic sequence, 
with Ee\n) = a2, all n, satisfying (3), (5), and (6) with bounding random variable X 
having finite fourth moment. Suppose also that E{e\n)e{n — r)e(n — s)} — a4rr8 is 
finite and uniformly bounded for every n, r >̂ 1, s ^ 1, and 

(10) / r 1 Z?=i <(t - r)e(t - s)E(e*(t) | J ^ ) -».... o*zrt 

as n —> oo for any r 3> 1, s ^ 1. Then, the joint distribution of N*(r(j) — p(j)), 
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1 <z j <^ s, converges to the s-variate normal distribution with zero mean and non-
singular covariance matrix W — [w{j] where 

"u = S"=i E.~ i ?Mr + i) + p(r - i) - 2p(r)p(i)} 
X {p(r+j) + P(r-j) - 2p(r)p(j)} • 

PROOF. This theorem may be established by adapting the proof of the theo­
rem of Anderson and Walker [1], where the case {e(n)} i.i.d. (0, a2) is considered. 
The only parts which cannot immediately be adapted involve the replacement 
of their condition J^ja2(j) < oo by our (7), their application of a central limit 
theorem of Diananda in the proof of their Lemma 1 and their demontstration 
that N'1 2 L W " ) — fY converges in probability to E{x(l) — fjtf as N—> oo. 
This last result, however, is covered by our Theorem 1. 

The replacement of J] ja\j) < oo by our (7) is easy to justify. The only point 
at issue concerns the proof of their Lemma 3 where it is necessary to note that 
the bound on the expectation of their (2.23) can be suitably sharpened for 
|/| > n. Full details are given in the proof that we give for Theorem 3 below. 

It then remains to consider the central limit part. What is required is just 
that, for any sequence of constants c19 • • •, cn9 n~* £|?=i cr S?=i £ (0 £ ( r + r) c o n -
verges in distribution to a certain normal law. In order to obtain this under our 
conditions we first note that it suffices to establish the convergence result for 
«"* Zlr=i cr Zl?=i £ (0 £ ( r "~ r) which differs from the former in a fixed finite num­
ber of terms (and hence the difference goes in probability to zero as n —► oo). 
We shall obtain this last result with the aid of a central limit theorem for 
martingales due to Brown [3]. 

Define Xt = Z^iCre{t)e{t - r), noting that {Sn = £ ? = 1 Jf„ J ^ n , n ^ 1} is a 
martingale. Let 

V* = S ^ W I ^ - i ) = S?=i S r V ET^crcsB(t - r)e{t - s)E{e\t)\^t_l) 

and s%* = EVn* = ZUEX? • 

In order to apply Theorem 2 of [3] we need to show that 

(i) s%-*Vn*-*,l and (ii) *„-» £ ? = 1 E(X*I(\Xt\ ^ es.)) - 0 

for any e > 0, /(•) being the indicator function. 

The condition (10) clearly ensures that (i) holds upon noting that 

(11) ^ 2 - » ^ E r m = i Z r = i C r c a r „ . 

To obtain (ii) we first note that for any u ^ 0, 

P(\Xn\ > u) < P(S?= 1 |c r 8(«)e(« - r)\ > u) 

^ ^(Ur-i{Ke(«M» - r)\ > «/«}) 
(12) £ S ? , x F(|e(n)e(n - r)\ > ujm\cr\) 

£2CZ?=1P(X*<u/m\cr\) 
<S 2cmP(Xi < u/mc*) 
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where c* = max^ r^m \cr\. Thus, using integration by parts and (12), 

EX%*I(\Xn\ ^ esn) £ 2 J=n xP(\Xn\ > x) dx 
^ 2cm \Zn

 xP(x* > x/mc*) dx -> 0 

as n —> oo and (ii) follows. Brown's theorem then gives that sn~l 2*=i %% c o n " 
verges in distribution to N(0, 1). That is, /r* 2™=1

 cr ZT=i e(0e(* "" r) converges 
in distribution to iV(0, <r4 2?=i L r = i c r c

8 0 - T h e proof of Theorem 2 is then 
completed along the lines of Anderson and Walker [1]. Our second theorem 
relates to the stationary case. 

THEOREM 3. Let x(n) be stationary and satisfy (3), (5)' and (7). Then the joint 
distribution of N*(r(j) — p(j)), 1 ^ j ^ s, converges to the s-variate multivariate 
normal distribution with zero mean vector and covariance matrix W = [wtj] where 

*u = £~=i {P(r + 0 + p(r - i) - 2p(r)p(i)} 
X {p(r + j) + p(r - j) - 2p(r)p(j)} 

= L"«-~ {P(r)p(r + i - ;) + p(r)p(r + i + j) + 2p\r)p(i)p(j) 
- 2p(r)p(i)p(r + j) - 2p(r)p(j)p(r + /)} . 

This proof also follows [1] and improves the theorem of that paper in three 
ways. Firstly the independence of the e(n) is replaced by (3), (5)'. Secondly 
J]ja2(j) < oo is replaced by Yijh(x\j) < °°- Thirdly £ |<*(./')| < oo is avoided. 
Because we use the conditions (3), (5)' we must confine ourselves to a one-sided 
sum, 2]S° a(j)e(n — j) (i-e-> t o t h e purely non-deterministic case) while [1] treats 
the case of a two-sided moving average. The second and third relaxations of 
the conditions of the theorem in [1] may be made under the other conditions 
of that theorem. 

PROOF. Let us take the case where fjt is known to be zero since mean correc­
tion makes no difference to the truth of the theorem. Instead of N^{r((j) — 
P(j)} w e m a y consider the limit distribution of iV*{c*(y) — p(j)c*(0)}/c*(0) and 
since c*(0) converges a.s. to f(0), by Theorem 1, we thus consider 

(13) N*{c*(j) - P(j)c*(0)} ■ 

We first show that we may omit all terms involving an s2(n). These terms are 
(see [l]page 1301) 

(14) N-*{Z~ a(k)a(k + j)T£k - p(j) Zo <*\k)T«\k} 

where 

and 
E\Tj]k\ = o2mm{2k+f2N-j). 

(In [1] a bound by (2k + j)a2 is given for £17^1 and this accounts for the 
replacement of our £ fi<*\j) < oo by %ja2(j) < oo in [1].) Thus, taking the 
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first term in (14), for example, 

N~iE{\ZZ a(k)a(k + j)Ttfk\) 
^ N-*o* Zo \a(k)a(k + y)| min(2A: + j , IN - j) 
^ o2[{N-i £0°° a\k) min(2A: + j , 2N - ;)}* 

X {N-i Zo «\k + j) min(2A: + 7, IN - ;)}*] . 
However, 

N-i £0~ a2(A:) min(2A: + j , 2N - j) 
=g 2 S r i « W M W +y^"* So"-' «W + 2 £]?_, a W * , 

which converges to zero. The same is true of the second factor and the second 
term in (14) and thus (14) converges in probability to zero. 

Let us put x(n) = x^n) + x2(n) where 

We also put 

If Tij{k) = ECij(k), then 

and 

cM = N-1 Sf *«(")*,(« + k) ; i,j =h2. 

M*) IK IE.*«(y><yir. /«W 2?r IS ?+!«(;>' j'JI 

M*) = AW = ^ Lox «(;>"' 2 ™ «(y>-^ 

All of these functions are square integrable over [ — K,K]. In fact to see that, 
for example, f(X) is square integrable under (7) note that this is equivalent to 

and 

ZT-AZr-iMl) •;'-*«(;' + *)F £ Lr..{L-.iyMy')}{Sr=iy-*«,(; + *)} 
^ {2-..My')} L?=o sr-i ;'-*«*(; + *) 
^ {Sr-i;My)} S--.«*(*) S5-iy-* < °° 

under (7). 
Now (13) becomes 

(15) M[{cu(j) + c22(7) + c12(7) + c21(7)} - My')W(O) + c22(0) + 2c12(0)}] . 

We call c'^k) the expression c0-(fc) with all terms involving an s2(«) omitted. We 
wish to show that the contribution to the primed form of (15) from the c'tj(k) for 
i, j not both equal to unity has a variance which, for all sufficiently large N, 
may be made arbitrarily small by taking K large. To this end we put 

W{ci}{k) - Ec^k)} = N%(k) + M{cZ(k) - E<%(k)}, 
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wherein c^(k) contains all terms in ci:j(k) involving an e2(n). If we evaluate the 
variance of this as if the e(n) and x(n) were Gaussian we shall not affect the 
variance of N^c^^k). Since on this Gaussian assumption the two terms on the 
right are uncorrelated, we obtain the variance of the left-hand term as an upper 
bound to the variance of A^c^/c). The variance of the left-hand term is, on the 
Gaussian assumption, ([6] page 210) 

L V + 1 ( i - M/tf){r«(«)rw(«) + r«(« + k)rs*(" - *)} 
which converges to 

(16) 2n Jlr {MXtfd*) + 1/iiWIV"} dl 
because of the square integrability of the/^(>?) and Parseval's theorem. How­
ever, as K —> oo, 

converge to zero because the Fourier series of a function in Lp ( — n9 n), 1 < p < 
oo, converges in the Lp norm to the function ([9] page 50). (In our case the 
function is ££+i a(j) exp ijX eL4.) Thus taking K sufficiently large we may, if 
i, j are not both unity, make (16) arbitrarily small and hence the variance of 
N^Cij(k)9 for all sufficiently large N, arbitrarily small. 

By what is sometimes called Bernstein's lemma ([6] page 242) the theorem 
will now result if it is shown that the N*{c'n(j) — p(j)cii(®)} are jointly asymptot­
ically normal with a covariance matrix which converges, as K is increased, to 
W. The proof of the asymptotic normality is the same as that given in the course 
of proving Theorem 2. Putting 

p'U) = E *««(*)«(* +y)/2*« «'(*)■ 
the covariance of the N*{c'n(j) — p'(j)c'n(0)} converges to W where W is obtained 
from W by replacing f(X) by / u(^) . Since N*(p(j) — p'(j))c'n(0) evidently con­
verges in probability to zero and W converges to W as K —> oo because of the 
theorem, quoted above, on Lp convergence, the theorem is proved. 

4. Some applications and extensions. The most obvious application of the re­
sults of Sections 2 and 3 is to the autoregression 

(17) L J.o «*){*(* - * ) - / ! } = e(n) , /3(0) = 1 , 

wherein we assume that 
Z i .o l8 (* )z**0 , M ^ l , 

so that x(n) can be represented in the form (2), and (7) is satisfied (see, for 
example, [6], Chapter I). The /3(y) and a2 ( = Ee2(n)) are estimated through 

S J . 0 j8(y)c(* - y ) = d0fka2, k = 0, 1, . . ., q , 

([6], Chapter VI) and, remembering that /3(0) = 1, we see that /3(1), • • . , fi(q) 
are functions only of the r(j), j = 1,2, . . -, q and thus Theorem 3 may be 
applied. Similar considerations apply to the mixed autoregressive and moving 

188 



2066 E. J. HANNAN AND C. C. HEYDE 

average process obtained when (17) is altered only by the replacement of the 
right-hand side by 

ZU d(j)e(n-j). 
It seems that all of the classical inferential theory for the /3(/), d(j) (see [2]; 
[6], Chapter VI) will continue to apply under the appropriate conditions of the 
present paper. 

There are other problems that yield to the same treatment as we have applied 
to the r(j) in the present paper. For example, if x(n) is generated by (2) and is 
stationary with finite fourth moment and (3) holds, then 

l i m ^ sup,,,,, l^"1 2£Li (x(n) - [t)eM\ = 0 a.s. 

The proof of this proposition, which is important in connection with the esti­
mation of the frequencey of a sinusoidal signal received together with noise, 
follows the same lines as that given in Hannan [7]. 
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MARTINGALES : A CASE FOR A PLACE IN THE 
STATISTICIAN'S REPERTOIRE1 

C. C. H E Y D E 
Australian National University 

1. Introduction 
I t is usually the case that martingale methods do not form a valued 

part of the statistician's repertoire of techniques. The reasons are 
partly historical and partly environmental, and while modern texts 
on probability theory deal in great detail with sums of independent 
random variables, the essentially broader subject of martingales is 
often relegated to a small section or the back pages. The object of 
this note is to give a brief exposition of what martingales are and what 
they can do. I t is my personal feeling that the role of martingale 
theory in probability and statistics will increase rapidly in importance 
within the next few years. 

2. The Basic Ideas 
In order to give a feel for the subject, we start with the basic 

concepts in the case of a countable state space. 
Let 11 be a sample space consisting of countably many points 

cop o)2, . . . to which are assigned probabilities p^ p2, . . . respectively, 
with Pj>0 and 2 ^ = 1 . If X is a random variable its expectation is 
defined as 

(provided 2,-|-X(coy) | #,-< oo) and the conditional expectation of X 
relative to A is defined correspondingly, when P(A)>0, as 

E(X\A)= 2 X(<*J)PJIP(A). 

If P(A) = 0, the conditional expectation can be defined arbitrarily. 
Now let {An9 n>l} be a partition of fi, that is, a countable class 

of disjoint sets with union Q. This partition generates, and is in turn 
determined by, a cr-field, J^, namely the class of all unions of sets of 
the partition. If X is a random variable with an expectation, define 
E(X | J^), the conditional expectation of X relative to J% as the random 
variable with constant value E(X \ An) on each set An. The definition 
specifies E(X | J5") almost surely (a.s.), that is, everywhere except on 
partition sets (if any) of probability zero. As an example, if 
Y19 . . ., Yk are random variables, they induce a partition each of 
of whose sets is determined by a condition of the form 

{Y1=a1J . . ., Yk=ak}. 
Let &k be the a-field generated by this partition. In this case 
E(X | ^k) (which is commonly written as E{X \ Y1? . . ., Yk)) is the 
random variable with value JE(X \ Y1=a1 , . . . Yk=ak) on the set 
{Y1=a1J. ..,Yk=ak}. 

1 Manuscript received February 22, 1972. 
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Let J ^ c J ^ be an increasing sequence of a-fields 
generated by partitions of the sample space as just described. I t is 
useful to interpret 3Fn as representing the class of all relevant past 
events up to and including time n. The monotoneity relation, then, 
corresponds to the idea that the past up to time n+1 includes more 
events than the past up to time n. Let Xly X2, . . . be a sequence 
of random variables such that Xn is determined by the history up to 
and including time n (i.e. each event of the form {Xn=a} z &'n; 
Xn is then called !Fn measurable). Then, the sequence {XnJ n>l} 
is defined as a martingale (MG) relative to {J^, n>l} if each Xn has 
finite expectation and if for m < ^ , 

(1) J B ( Z J ^ m ) = Z m a . s . 
This is a relation between functions on the sample space and is to hold 
almost surely (a.s.), that is, everywhere except perhaps on a subset of 
the sample space of probability zero. Note that it is sufficient to 
replace (1) by 

E(Xn+1\ ^n)=Xn a.s., each n>l, 
for then 

E{Xn\^m)=E{E{Xn\^n_1)\^m} 
=E{Xn_x\^m)^ 
= . . ,=E(Xm | ^r

m)~Xm a.s. 
using continued reduction. 

Now the basic definition of a MG is inspired by notions of fairness 
in gambling. The idea of a fair game is that the knowledge of the past 
should not enable the gambler to improve on his fortunes. As a simple 
example of the above idea let Z{=±1 each with probability | and 
suppose that Z19 Z29 . . . are independent (i.e. basically a simple 
coin-tossing situation). Suppose the gambler's strategy is that he 
bets bn(Z19 . . .,Zn) on the (w+l)st trial and let 

Sn = 8n(bi> • • •? bn; Z±, . . ., Zn) 
denote his fortune after n trials. {8n} satisfies the recurrence relation 

Then, if IF n denotes the a-field generated by Zx, . . . ,Zn , we observe 
that {Sn, n>l} is a MG with respect to {J%, w>l} . We have for 
n>l, 

E(Sn+11 ^tt)=E{Sn+Zn+1bn(Z19 . . .,ZH) | #~J 
=Sn+bn(Z11...JZn)E(Zn+1) 
= 8n 

as required. Of course if bn(Z^ . . ., £ n ) = l , then 8„ is just a sum of 
independent and identically distributed random variables. 

Now suppose that the gambler can decide to skip individual 
trials. Introduce a decision function en, which is SFn_x measurable, 
such that zn is 0 or 1. If s„ is 0 the gambler skips the nth trial and 
if zn=l he bets. Then, denoting his fortune after n trials by Tn1 
we have 

Tn+l = Tn+Sn+lZn+lbn(ZD • • -1 Zn) 
so that 

E(Tn+i I ^n)=Tn+zn+1bn(Z1, . . -,Zn)E(Zn+1) 
=Tn 

and the game remains " fair " under this system of optional sampling. 
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Martingale theory forms a natural setting for many such gambling 
problems. I t can be used to establish intuitively striking propositions 
such as the persistent gambler goes broke with probability one (Breiman 
[2], pp. 101, 102). 

3. A General Definition 
In many problems the assumption of the countability of the 

sample space O is not satisfied. We go on to sketch a general frame­
work for a definition of a MG. 

Let {Q, J ^ P } be a measure space : Q is a set, 37 is a cr-field of 
subsets of O and P a probability measure defined on !F. Let 
& J ^ c . . . be an increasing sequence of cr-fields of J^ sets. 
Let {Xn, n>l} be a sequence of functions on Q, satisfying 

(i) Xn is measurable relative to #~„, 
fii) E\Xn\<co, 

(iii) H w < w , then E(Xn \ &r
rn)=Xm a.s. 

Then, the sequence of random variables is said to be a MG relative 
to {J%, n>l}. 

In many applications, the cr-field ^n is the past as determined by 
Z19 . . ., Xm ; that is J^n is generated by Z j , . . ., Xn. In this case the 
basic martingale condition (iii) is commonly written 

E(X„ | Xm, . . ., X1)=Xm a.s. 
The more flexible setting of the definition is chosen since, for example, 
one has often to replace the conditioning variables XmJ . . ., Xx by 
some functions of them. 

4. The Martingale Convergence Theorem 
A key reason for the importance of the concept of a MG is provided 

by the following powerful theorem. 
The MG convergence theorem. Let {Xn} be a MG such that 

limsup E | Xn | < oo. Then, there exists a random variable X such 
n—>oo 

that lim Xn=X a.s. and E \ X | < liminf E | Xn |. 
n-> oo n—> co 
This is an existence theorem ; it tells us nothing about the limit 

random variable save that it has a finite first absolute moment. The 
theorem seems rather unexpected a priori and it is an extremely 
powerful tool which has led to a number of interesting results for 
which it seems essentially a unique method of approach. Of course 
one is still faced with finding the limit law, but that can usually be 
done by other methods. 

A proof of the MG convergence theorem is particularly easy in 
the special case where limsup EX\<^ oo. See for example Feller 

W->oo 

[6], p. 236. A general proof can be found in many of the standard 
probability texts. 

As a simple example of the power of the theorem, consider its 
n 

application to show that if Sn= 2 Xi is a sum of independent random 
i = l 

variables with Sn converging in distribution as n-> oo, then 8n converges 
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a.s. This result is a straightforward consequence of the MG con­
vergence theorem when it is noted that 

oitS7 me ,us„ pltSy, n E(eitxi] 

2? is a stochastic 

is a MG. The result is rather difficult to prove by other methods. 
Another interesting application of the MG convergence theorem 

concerns the likelihood ratio. Suppose X1? X 
process such that the joint density of (X19 . » 
the problem is to decide which. Define Yn 

i r _(ln(X1, . . ., Xn) 

., Xn) is either pn or qn 
by 

Pn(XlJ • • •> Xn) 

Yn is likely to be small or large according as the true density is pn or 
qn and the asymptotic behaviour of {Yn} is clearly of importance. 

For simplicity we assume that the densities pn are strictly 
positive and continuous (although it certainly suffices to assume 

)=0 whenever pn{xly . . ., ocn)=0 ; see Doob [5], p. 348, 
or Chow, Bobbins and Siegmund [4], p. 12). Then, if the pn are the 
true densities, the conditional density of Xn+l given X1? . . ., Xn IS 
P „ + I ( - ^ I , Xn,y)\pn{Xx, 

E(Yn+1 | Xn, . . ., X J 

- J 
X J and hence 

., X„,2/) p ^ ^ X i , . . ., Xn,y) 
-ooPn+l^ i , • . ., XB,y) ^ . (X , , . . ., X„) 

dy 

qn(X19...,Xn)_ : L p„(X1? . . ., Xn) 
so that {Yn, w> l} is a MG with respect to the sequence of a-fields 
generated by X1? . . ., X„, n>l. Clearly Yn>0 and JEYn=l, so that 
the MG convergence theorem ensures the existence of a random variable 
Y, with J5?Y<1, given by lim Yn = Y a.s. 

n—>oo 
Under suitable hypotheses, detailed information can be obtained 

on Y. For example, suppose the p^s and gn's correspond to 
independent X / s with a common distribution. Then, it is not difficult 
to show that Y = 0 a.s. ([5], p. 349 ; [4], p. 19). This is a result of 
precisely the type desired. 

5. Stopping 
Martingale theory is closely related to problems of stopping 

and in particular optimal stopping. We shall just sketch these concepts 
here ; a comprehensive discussion of the material in this section is 
given by Chow, Bobbins and Siegmund [4].* 

Let {J^n, n>l} be an increasing sequence of a-fields. A stopping-
time is by definition a random variable t such that 

and 
P(t< oo )=1 

{t=n} z SFn for each n. 

! Reviewed in this issue.—EDITOR. 
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If {XnJ n>l} is a MG with respect to {^nJ n>l} we may for concrete-
ness interpret the MG as the values assumed by the gambler's fortune 
as he plays a sequence of " fair " games. A stopping time is a strategy 
by which the gambler decides to stop playing and Xt is his terminal 
fortune. The requirement {t=n} z ^n is just that the gambler's 
decision to stop at time n depends only on his past experience. One 
interesting and important problem is whether 

EXt=EXx, 
i.e., whether the property of " fairness " is preserved under the 
stopping time t. 

This theory provides a simple method of deriving the Wald 
identity of sequential analysis. Let Y1? Y2, 

identically distributed, Sn = 
f» 

be independent and 

tnd assume that for some real 

X^O, (p(k)=EeXYi exists and that cp(X)>l. Then, if N is a stopping 
time for the sums $1? $2, . . . such that \ Sn\ is uniformly bounded 
for n<N and EN< oo, we have 

JS/[{9(X)}-^^v] = i . 
This identity is derived by noting that 

is a MG and showing that 
EXN=EX1 = 1 

(e.g. Breiman [2], p. 100). 
Now let {Xn1 n> 1} be any stochastic sequence with Xn measurable 

with respect to J^n and let t be any stopping time. Suppose also that 
E\ Xn\<ao for each n. Define V=$wpEXt where the supremum 
is taken over all stopping times for which EXt exists. Optimal 
stopping theory is concerned with the problems of existence and 
nature of an optimal stopping variable (i.e. one for which EXt = V). 

As an example, we mention the problem of testing a simple 
hypothesis against a simple alternative with independent and 
identically distributed observations of constant cost. I t is well known 
that a Bayes solution to the problem is a Wald sequential probability 
ratio test. Now, the problem of minimizing the risk in this context 
can be re-stated as a problem on optimal stopping ([4], pp. 46-49) 
and the stopping variable appropriate to the sequential probability 
ratio test turns out to be optimal ([4], pp. 71, 105). Some variants 
are also given in [4]. 

6. Limit Theorems 
Zero mean random walks and sums of independent random 

variables centred at their expectations are MG's. The standard 
theory for sums of independent random variables, however, continues 
to proceed in its own right. Limit results such as the laws of large 
numbers, central limit theorem and law of the iterated logarithm have 
been major achievements and have had a substantial impact. Now, 
for the most part, the standard theory for sums of independent random 
variables can be put into a more general MG setting. From the 
point of view of applications there is considerable advantage in doing 
this. We shall sketch the basic ideas. 
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Let {Sn, n>l} be a zero mean MG with respect to {J^, n>l} 
n 

and write 8n= X Xr The first thing to note is that many results on 

sums of independent random variables in fact require only ortho­
gonality of the increments (E(XiXJ)==09 i ^ j ) and that this property 
holds for MG's whose increments have finite variance. As a simple 
example we see that the so-called Chebyshev inequality continues 
to hold for MG's. By Markov's inequality we have for any s>0 , 

while 
P(\ Sn\>z)<z-*ES% 

ES*= ZEX2
j+2 2 EXiXJ = S EX] 

j = l i>j j = l 
since for i>j, 

E{XiXj)=E{XjE{Xi | P^^EiXjiEiSi | ^ i_1)->Sf_1}) = 0. 
This inequality for MG's gives immediately a weak law of large numbers, 
In fact, for MG's whose increments have finite variance, 

P{\ Sn\>m)<n-*z-2 S EX% 

n 
so that n-1Sn->0 in probability if n~2 S JEX^O. 

5=i 
In the general case of the weak law of large numbers, where the 

finite variance assumption is dropped, there is a well-known set of 
necessary and sufficient conditions for convergence in probability 

n 

of n^S^ Sn= 2 XJJ denoting a sum of independent random variables. 

In fact (Loeve [11], p. 278) n"18n->0 in probability if and only if 
n 

(i) ^P(\Xj\>n)->0 
n 

(ii) n-1 2 EXjn-*0 

(hi) n-» £ [EXfn-(EXjnn^0 
i = i 

where Xjn is defined by Xjn=Xj or 0 according as | X}; | < n or | X, | > n. 
An inspection of the proof given by Loeve shows that the " if " part 
(which is after all the most important part) depends only on truncation 
and the use of the so-called Chebyshev inequality. A minor variant 
obtained by, in (ii), replacing EXjn by E(Xjn \ Xj-tJ . . ., Xx) and 
->0 by ->0 in probability and in (iii) replacing (EXjn)2 by 
E(E(Xjn | Xj-u . . . Xx))2, holds in the MG context. This of course 
reduces to the Loeve condition in the special case of independence. 
The " only if " part of Loeve's proof involves the use of characteristic 
functions and only this rests on the assumption of independence. 

In the case of the strong law of large numbers, the most basic tool 
is probably the Kolmogorov criterion that if the X{ are independent 

196 



MARTI1N GALES 7 

with zero mean and EX2<oo each i, then Hb~2EXl< oo, &n f oc 
entails lim6~1AS„=0 a.s. (e.g. Loeve [11], p. 238). That this result 

n—>oo 
continues to hold in the case when {8n} is a MG is a simple consequence 
of the MG convergence theorem (e.g. Feller [6], p. 238). 

In the case of the central limit theorem there is the following result 
of Brown [3]. Let {8n^n} denote a zero mean MG whose increments 
have finite variance. Write 

n n 
8n = S Xt, V2 = S E^l^j-i) and 8*=EV*=ES*. 

If ("p 

and 

t = i i = i 

denotes convergence in probability) 

v 

s-2 XE{X*I(\Xj\^e8n))-+<.> 

as n->oo for any s > 0 (Z(.) denotes the indicator function) then 

limP(s-18n<x) = (2n)-i\ e-^du. 
n—+ oo J — oo 

This result reduces to the standard Lindeberg-Feller result (e.g. [11], 
p. 280) in the case of independent random variables as the condition 

v 
s~2V2-^i is then trivially satisfied. The proof is a little more delicate 
than that of the Lindeberg-Feller result but uses similar ideas (whose 
use in the MG context dates back to Levy ; see for example [5], 
p. 383). 

The following law of the iterated logarithm has been obtained by 
Stout [12]. Let {Sn} denote a stationary and ergodic zero mean MG 
whose increments have finite variance cr2. Then 

n-18n = G^(n)(2 loglog njn)h 

where ^(n) has its set of limit points confined to [—1,1] a n ( i 
limsup £ ( w ) = + l a.s., liminf £(n)=—l a.s. The law of the iterated 

w-> oo n—> oo 
logarithm clearly provides detailed information on the rate of con­
vergence in the strong law of large numbers (lim n~18n=0 a.s.). The 

n—>oo 
result contains the classical law of the iterated logarithm for sums of 
independent and identically distributed random variables (due to 
Hartman and Wintner). 

7. Some Applications of the Limit Theory 
In this section we shall mention some applications of the results 

of Section 6. The examples chosen involve problems amenable to 
treatment using MG limit theorems but not using the corresponding 
results for sums of independent random variables. Basically, the 
MG limit theory of Section 6 seems relevant to any context where 
conditional expectations, given the past, have a simple form. This 
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