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PREFACE

The death of Professor K. C. Sreedharan Pillai on June 5,
1985 was a heavy loss to many statisticians all around the
world. This volume is dedicated to his memory in recog-
nition of his many contributions in multivariate statis-
tical analysis. It brings together eminent statisticians
working in multivariate analysis from around the world.

The research and expository papers cover a cross-section of
recent developments in the field. This volume is especially
useful to researchers and to those who want to keep abreast
of the latest directions in multivariate statistical
analysis.

I am grateful to the authors from so many different
countries and research institutions who contributed to this
volume. I wish to express my appreciation to all those who
have reviewed the papers. The list of people include
Professors T. C. Chang, So-Hsiang Chou, Dipak K. Dey, Peter
Hall, Yu-Sheng Hsu, J. D. Knoke, W. J. Krzanowski, Edsel
Peria, Bimal K. Sinha, Dennis L. Young, Drs. K.
Krishnamoorthy, D. K. Nagar, and Messrs. Alphonse Amey,
Chi-Chin Chao and Samuel Ofori-Nyarko.

I wish to thank Professors Shanti S. Gupta and James O.
Berger for their keen interest and encouragement. Thanks
are also due to Cynthia Patterson for her help and Reidel
Publishing Company for their cooperation in bringing this
volume out.

Bowling Green, January 1987 A, K. Gupta

xiii



K. C. Sreedharan Pillai 1920-1985

K. C. Sreedharan Pillai, Professor of Statistics, died of a
heart attack on June 5, 1985. He was in St. Elizabeth where
he was taken after suffering a heart attack while playing
golf. He is survived by his wife Kamalakshi, two sons,
Mohanan and Anandan, a daughter, Mrs. Sudha Seethanathan,
all residents of West Lafayette, and a brother, Raghavan,
who resides in India. He was a devoted family man and
maintained ties with his Indian relatives.

Sree was born on February 24, 1920 in Kerala, India.

He attended the University of Travancore, later renamed
Kerala University, receiving a B.Sc. in 1941 and an M.Sc. in
1945. He served as a lecturer in Kerala University from
1945 to 1951. 1In 1951 he came to the United States to study
at Princeton University. After a year he transferred to the
University of North Carolina where he received a Ph.,D, in
Statistics in 1954.

He began his career as an assistant statistician with
the United Nations. He served in the United Nations from
1954 to 1962, Part of this service was as Senior Statis-
tical Advisor and Visiting Professor at the University of
the Philippines. 1In this capacity he founded the Statis-
tical Center at the University of the Philippines. There he
supervised many graduate students and continued to serve as
an outside examiner of graduate dissertations for many
years.

He came to Purdue in 1962 as a Professor of Statistics
and Mathematics. In the 23 years he served Purdue, he
directed the research of 15 Ph.D. students. He was also an
active consultant on several projects both within and
outside the University. He was a close friend of his
students and maintained a correspondence with most of them,
some of whom are in remote parts of the world.

Professor Pillai was a prolific researcher. His chief
contributions to statistics were made in the field of
multivariate statistical analysis. In particular, he
obtained the probability distributions of statistics
relating to several multivariate procedures. Perhaps his
best known contribution is the widely used multivariate
analysis of variance test which bears his name. His
leadership in statistical research (nearly 80 published
papers and 2 books) was recognized by his being named Fellow
in both major statistical organizations in the United
States, the American Statistical Assoclation and the

Xv



Xvi K. C. SREEDHARAN PILLAI

Institute of Mathematical Statistics. He was also a life
member of the Philippines Statistical Association and an
elected member of the International Statistical Institute.
After his death many letters were received from colleagues.
One remark which exemplifies their sentiments was "It is a
great loss--particularly for multivariate analysts. He had
been a great inspiration to one and all, I am sure the
Department of Statistics will have great difficulty filling
his shoes.”

Sree took an active interest in departmental affairs.
He served on many of the committees that were created to
revise graduate programs. He was a member of the graduate
committee for many years and 1ts chairman for two years.
His remarks and advice on matters of curricula were often
sought and always welcome.

His interests were not just confined to research,
teaching and other academic pursuits. He was an avid
golfer. His unique and unforgettable style charmed his
playing companions and confused his opponents in the Purdue
Staff League. His performances iIn the League matches were
legendary.

Department of Statistics Louis J. Cote
Purdue University Leon J. Gleser
West Lafayette Shanti Gupta
Indiana 47907 Prem Puri

Stephen Samuels



James O. Berger and Shun-Yu Chen

MINIMAXITY OF EMPIRICAL BAYES ESTIMATORS
DERIVED FROM SUBJECTIVE HYPERPRIORS

1. INTRODUCTION

Let X = (X1,...,X,)" have a p-variate normal distribution
with unknown mean vector 8 = (01, ey l9p)t and nonsingular known
covariance matrix ¥. In estimating 0, a variety of shrinkage estimators
have been proposed from decision-theoretic and Bayesian perspec-
tives. It has been argued (cf. Berger (1980, 1982, 1985)) that min-
imax estimators developed in the decision-theoretic approach must
usefully incorporate available prior information to offer significant ad-
vantages. Often the most attractive manner of doing this is to develop
a Bayesian estimator which clearly incorporates such information, and
then to establish the minimaxity of the estimator. In this paper we
follow such a program for several hierarchical Bayesian situations with
informative second stage prior distributions.

The usual hierarchical Bayes formulation for this problem (see
Lindley and Smith (1972) or Berger (1985)) assumes that, given the p-
vector ¢ and the p X p positive definite matrix A, the unknown 6 has a
Np(p, A) (first stage) prior distribution. In addition, however, p and
A are considered unknown with a (second stage) prior distribution
m(p, A). One can then calculate that the corresponding (hierarchical)
Bayes estimator of 8 is

67(@) =2 — SEFAD (L4 )@ - ), (L)

where 7(p, A|z) is the posterior distribution of y and A given z (see
Berger (1985) for formulas). Verification of the minimaxity of such es-
timators has only been done for a few essentially degenerate choices of
m(u, A) (cf. Strawderman (1971) and Berger (1980)), partly because
of the difficulty of mathematically working with 7(u, A|z). Somewhat
more success has been achieved with the empirical Bayes approxima-

tion to the above estimator; one determines & and A, the maximum

likelihood estimates of 1 and A with respect to the posterior distribu-

tion 7 (u, A|z), and then considers the estimator in (1.1) with x and
1

A. K. Gupta (ed.), Advances in Multivariate Statistical Analysis, 1-12.
© 1987 by D. Reidel Publishing Company.



2 J. O. BERGER AND S-Y. CHEN

A replaced by fi and A. (Extensive discussion of such approximations
can be found in Lindley and Smith (1972) and Berger (1985).) In
proving minimaxity for such empirical Bayes estimators, it is com-
mon to consider positive multiples of the shrinkage term, leading to
a final form of the estimator of

§8*(z) =z -t L (L + A) Yz - p), (1.2)

t being a positive scalar.

The most extensively studied special case of this formulation is
that in which s = po(1,...,1)% and A = A7'I,,, po and X unknown,
being a model of the exchangeable scenario in which the 8; are i.i.d.
from an unknown distribution. If ¥ = o021, the estimates of 4 and A
are (letting 1 = (1,...,1)? and I, be the p x p identity matrix)

A 1
p=zl, A= max{0, ;E(x,- — )% — 0%}Ip; (1.3)
the estimator in (1.2) then becomes

P
z —t(z — 1) if ) (zi—z)% < po?
=1

z— mff‘:—;?—(m —z1) else.

When ¢ = (p — 3)/p, this can be recognized as a truncated version of
the usual James-Stein estimator which shrinks to a common mean, as
analyzed in, say, Efron and Morris (1973).

When p is small it was argued in Berger (1982) that it might
be preferable to use subjective estimates of puo and A (or x and A in
general) leading to the minimax robust generalized Bayes estimator
in Berger (1980). The point is that the estimates in (1.3) will be
very inaccurate for small p, and the overall risk performance can be
substantially improved through use of subjective estimates of 1 and
A. (Note that all estimators here are minimax, so that the criterion of
interest would be some measure of overall average risk improvement.)

The natural Bayesian solution to the above dilemma is to give
po and X (or 4 and A in general) an informative (second stage) prior
distribution which incorporates the available subjective information.
This allows optimum estimation of po and A, and hence optimum
overall performance of the resulting estimator of §. The difficulty is
that verification of minimaxity of the resulting estimator of § can be
very difficult, even in the empirical Bayes case since the empirical

68*(z) =



MINIMAXITY OF EMPIRICAL BAYES ESTIMATORS 3

Bayes estimators of po and A are only defined implicitly as solutions
of likelihood equations.

In this paper we make substantial progress on a special case of
the above problem. The specific scenario considered is the symmetric
one where ¥ = azIp,o2 known, and A = A”le. Thus we are assum-
ing X ~ Np(0,02I,) and 0 ~ Np(p,A"'I;). The second stage prior
distribution for (u, A) is as follows:

(i) Either p is assumed to be known, or it is assumed to be of the
form u = B~, where B is a given matrix of rank ¢, and ~ is unknown
with noninformative prior w(v) = 1;

(ii) The distribution of A is chosen to be Gamma (e, 3/2) (indepen-
dently of u), where o and f are subjectively specified constants with
B> (ax—1)o2.

The gamma family of priors for A is sufficiently general to allow
reflection of most beliefs about A. Note that A~! can be thought of
as the common variance of the ;, and that

EX"Y =8/2(a - 1)].

Recall that we assume > (a— 1)o?; thus only those priors for which
E[XA71] > 0%/2 are allowed. (This is a rather mild constraint, since

the variance of the 6; will typically be larger that o2, the sample
variance.) Also,

Var(A™) = % /[4(a — 1)*(a - 2)].

Thus one could subjectively specify E[A~!] (a “best guess” for the
variability of the 6;), and Var(A~!) (say, the square of the estimated
accuracy of this “best guess”), and solve for the corresponding o and
B. One could similarly allow for a more general subjective prior on p,
but we do not do so for two reasons. First, it seems to be somewhat
less important than utilization of information about A~!. Mainly,
however, we were unable to handle the ensuing complexity; proof of
minimaxity of the resulting estimators is formidable.

2. RESULTS WHEN n IS KNOWN

When g is known, the joint density of X, 8, A is

m(z,0,)) o A3+ exP{—%[;_z(x—o)'(z—o)+A(a-ﬂ)'(a—u)+m]}
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and the marginal posterior density of A is given X is

N en(-a( o) T ) ()

7(A|z) WI)——

where v = ||z — p||? = (z — u)'(z — p).
From (2.1), it is easy to show that the MLE of A, A, satisfies the
equation £(X) = 0, where

£\ = (Bo*)A® + (280% — 2(a — 1)o*)A?
+(v—po?—4(a—1)o? + A — (p+2(a—1)). (2.2)
il

Note that the coefficient of A% in £()) is nonnegative (since
B > (o — 1)o?), so that the equation £(A) = 0 has a unique positive
solution. The heirarchical estimator (1.2) can then be written

PRSI U
() = o= (o) (2.3)

(recall we are assuming here that x is known).

Although } is quite complicated (being the solution to a cubic
equation), it is possible to verify minimaxity of 61; that this can be
domne for such complicated estimators is one of the main messages of
this paper.

Theorem 1. Under sum of squares error loss, the estimator & is
minimax for

____ (2.4)

0<t< = ,
= Tt pt+2(a—1)

where

t* = max{p+2(c—1), p+4(a—1)-p/c?}. (2.5)

Proof. The familiar Stein identity (see Stein (1981)) shows that, for
any estimator

6(z) = z— ¢(z)

satisfying certain mild conditions (all of which are trivially satisfied



MINIMAXITY OF EMPIRICAL BAYES ESTIMATORS 5
by the estimators in this paper),

R(6,8) = Eol0 — 5(X)[?

= po® + E¢[D(X))], (2.6)
where
P9
Di(z) = [8(a)|" ~20* Y 5-di(a). (27)
i=1
For 61,
_ gt to(di/dv) ol
P = e (1+023){Zer (A+0252)  (1+028)"

Differentiating with respect to v in the equation £(}) = 0 and rear-
ranging terms yield

A

di s s -
7" —A[380%A% +4(B0® — (a — 1)0*)A

+ (v — po? — 4(a —1)o? + 3)] 71
= —A%[280*)% + 2(B0® — (a — 1)0*) A2 + (p + 2(e — 1))]7*
> -X%(p+2(a—1))"L (2.8)

Also, from the equation £(}) = 0, it follows that
v < (po? + 4(a — 1)o? — B)A + (p + 2(e — 1)),
which implies that

vl _ (po? +4(a—1)0? — f)A+ (p+2(a—1) <

- < . <t*. (2.9
1+ q})\ 1+02A
Hence
tX 4u(—72 tud
Dé(z) < —o* ————{2p+ v(=A%) - °

A +0232)[p+2(a—1)] (1+02))
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. ottd v 4 ;

T (1+02)) p_(1+azf\)[p+2(a—1)+ I

< ———"4—t>‘—r{2p Ct— 4. (2.10)
T (1402)) p+2(a—1)

From (2.6) it is clear that 6! is minimax (and has risk less than the
minimax risk po?), if D¢(z) < 0. Equation (2.10) assure that D¢(z) <
0 when (2.4) is satisfied (note that A > 0). This completes the proof.
ol

There is no clearly optimal choice of ¢ in 6! for this problem.
Certain asymptotic arguments suggest that the choice

t=— P
p+2(a—1)

is attractive for larger p or larger 3/2(a — 1), suggesting use of

f:min{ge— + d } (2.11)
t* p+2(a—-1) p+2(a-—-1)

Note that t* = p+ 2(a — 1) if § > 2(a — 1)o? (which will occur when
the “guess” for the variance of the §; exceeds 02%), so that

;_ min{2(p—2),p} . 2
t= +2(c = 1) if B> 2(a—1)0*. (2.12)

3. RESULTS WHEN p IS PARTIALLY UNKNOWN

When p is known to be of the form p = B-~, where B is a
given matrix of rank ¢ and « is unknown with noninformative prior
7(7) = 1, the joint (improper) density of X, A, v is

m(z, A, y) « (62 + A1) exp(—%(a2 + A7)z - By)'(z — BY))

A
x A lexp(— —2—/8)



MINIMAXITY OF EMPIRICAL BAYES ESTIMATORS 7

(z—Bv)'(z—Bvs) A8

2 4 A1)~ expl
o (07 + A7) 7% exp| 2(0% + A1) 2

1
x X Lexp[—2 (0% + A1) 7 (7~ 1) B'B(7 — 72)],
where
vz = (B'B)"B'z. (3.1)
(Here D~ denotes the generalized inverse of D). It is clear that the
MLE of 7 is 7, and the marginal posterior density of A given z (with
~ replaced by ~;) is

pP—q

m(Alz) o A% (o + A7) T
X exp[—%(a2 + A7)z - By.) (z — Byz) — =].

It follows as before that the MLE, 5\, is the solution of the equation
£:(X\) = 0, where

£1(2) = (B6*)2® + (2807 — 2(a — 1)0*)A? (3.2)
+(#'Mz — (p— ¢)o” — 4(a—1)o® + B)A — ((p— ) + 2(« — 1))
and
M =1I-B(B'B)" B (3.3)
The hierarchical estimator (1.2) can be written in this case as
tho?

52((5) =T — m

(z — Byz).

Theorem 2. Under sum of squares error loss, 62 is minimaz for

2(p—4q) 4
e N e Er RNk (-4

where

£ = max{p—q+2(a—1), p—q+4(a—1)—p/o%}. (3.5)
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Proof. Analogous to that of Theorem 1. g
The suggested choice of ¢ in 62 is

S [P0 4 P—q
= { O p—qg+2(a—-1)] [P—q+2(a~1)]}’

which for 8 > 2(a — 1) becomes

min{2(p — ¢ — 2),p — ¢}

t= P—q+2(c—1)

4. COMPARISONS AND CONCLUSIONS

Since all estimators considered in this paper are minimax, the
main question of interest is to investigate overall average performance.
Since we are mainly considering application in empirical Bayes or
hierarchical Bayes scenarios, suppose that § actually has a N,(u,721)

prior distribution. We consider 02 = 1 and the known u case for
simplicity; the case of unknown p yields similar conclusions.

A convenient way to measure performance with respect to a
prior 7 is through the relative savings loss discussed by Efron and
Morris (1973); this is given by

r(m,6) —r(m,6™)
r(m,89) — r(m, 67)’

RSL(6) =

where 6°(z) = z,6™ is the Bayes rule with respect to 7, and
r(r,6) = E"R(9,6).

RSL measures the additional overall risk incurred by using é in-
stead of the optimal 6™, scaled by the total possible improvement
over the standard estimator 6°. Thus RSL near zero indicates op-
timal Bayesian performance with respect to w, while RSL near one
indicates negligible overall improvement over 6°.

The usual empirical Bayes estimator (for the known p case) is

J= =z — min _____(p—?.) T —
6 S(z) - {1’ ]x_//'lz}( //')a
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the James-Stein positive part estimator. This assumes no knowledge
of 72, and performs reasonably well for any 72.

The new estimator §1(z) is similar to 6§75, except that it is
designed to do particularly well for 72 near E[A~!] = §/[2(a — 1)].
Tables I and II indicate that this is indeed so, for larger p or E[A71].

(When p and E[A"!] are small, the behavior is somewhat dif-
ferent.) For table I, E[A~!] = 1 while for table II, E[A~'] = 3.
The choice of &« = 3 merely implies that the standard deviation of
A~1 equals the mean, corresponding to a situation of moderate un-

certainty in the prior mean for A~!. In all cases, ¢ was chosen using
(2.12).

Table 1
RSL for various p, 72, and 6§75 and 6!, when o = 3.0 and § = 2(a — 1).
p
3 6 10
72 RSL(§'-%) RSL(6') RSL(§'~%) RSL(6') RSL(67-5) RSL(6")

.5 .5393 6331 .2427 .3080 .1480 .2040
1.0 .5472 .5579 .2642 .2156 .1699 1274
1.5 .5547 4994 .2804 .1618 .1824 .0940
20 .5612 4541 .2920 .1335 .1892 .0845
2.5 .5669 4188 .3003 1217 .1931 .0875
3.0 .5718 .3914 .3064 1202 .1954 .0965
3.5 .5760 .3700 .3110 1253 .1968 .1080
4.0 .5798 .3535 .3145 1344 .1978 .1201
4.5 .5832 .3408 3173 .1459 .1984 .1318
5.0 .5862 3311 .3195 .1586 .1988 1428
5.5 .5889 .3238 .3213 1719 .1991 .1529
6.0 .5913 .3185 3227 .1854 .1993 .1619
6.5 .5935 .3148 .3239 .1986 .1994 1701
7.0 .5956 3124 .3250 2115 .1996 1773
7.5 .5975 3111 .3258 .2238 .1996 .1838
8.0 .5992 .3106 .3265 .2357 .1997 .1896
8.5 .6009 .3109 .3272 .2470 .1998 1947
9.0 .6024 .3118 3277 2577 .1998 .1993
9.5 .6038 .3132 .3282 .2678 .1998 2034

10.0 6051 .3150 3286 2775 .1999 .2070
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Table 2

RSL for various p, 72, and §7~° and 6*, when a = 3.0 and § = 6(a — 1).
p

3 6 10
72 RSL(6'-S) RSL(s') RSL(6'-5) RSL(6') RSL(67~°) RSL(s!)

R .5393 1739 .2427 .5124 .1480 .3922
1.0 .5472 7199 .2642 .4200 .1699 .2964
1.5 .5547 6736 .2804 .3499 .1824 .2306
2.0 .5612 6338 .2920 .2965 .1892 .1857
2.5 .5669 .5994 .3003 .2561 .1931 .1554
3.0 5718 .5695 .3064 .2254 .1954 .1353
3.5 .5760 .5433 .3110 .2022 .1968 1222
4.0 5798 .5204 .3145 .1849 1978 1142
4.5 .5832 .5002 .3173 1722 .1984 .1097
5.0 .5862 4824 .3195 .1630 .1988 1077
5.5 .5889 .4666 3213 .1566 .1991 .1074
6.0 .5913 4525 3227 .1525 .1993 .1084
6.5 .5935 .4400 .3239 .1501 .1994 .1103
7.0 .5956 4288 .3250 .1492 .1996 1127
7.5 .5975 4188 .3258 .1493 .1996 1155
8.0 .5992 .4099 .3265 .1504 .1997 .1185
8.5 .6009 .4019 3272 1522 .1998 1218
9.0 6024 .3947 3277 .1545 .1998 .1250.
9.5 6038 .3883 .3282 1573 .1998 .1283

10.0 .6051 .3825 .3286 .1604 .1999 .1316

Although the tables only deal with small and moderate 72, it
is interesting to note that, as 72 — oo, RSL(6') — RSL(6*), where
(assuming B > 2(a — 1)o? for convenience)

5 (2) = 2 min{2(p - 2),p}o® ‘

(z) T (z— )

The RSL of 6* is very similar to that of 675, especially when

p is moderate or large. Thus, even if the prior information concerning

the variance of the 8; is completely wrong and 72 is huge, 6! will be
comparable to 6§75,

We cannot give unqualified endorsement of 6! or 62 over the

more familiar James-Stein type estimators, or over, say, the robust
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generalized Bayes estimators in Berger (1980), because there are too
many variables to study all possibilities. Furthermore, from a practi-
cal perspective it may be questionable to demand complete minimax-
ity.

In any case, the results here are of theoretical interest because
they
(i) deal for the first time in the “Stein estimation” literature with esti-
mators which combine empirical Bayes type exchangeability structure
with subjective inputs;
(ii)indicate that verification of minimaxity is possible even for highly
complicated estimators which cannot even be easily written in closed
form.
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Hilmar Drygas

QUASI-INNER PRODUCTS AND THEIR APPLICATIONS

1. INTRODUCTION, DEFINITION AND ELEMENTARY PROPERTIES.

Usually in statistics, 1in particular in estimation theory,
a quadratic expression has to be minimized subject to some
constraints. This can of course be done by calculus methods.
However, if the arguments of the quadratic form are itself
matrices, this method becomes very cumbersome and requires

a lot of indices. Therefore another method, the use of quasi-
inner products is more often used in statistical Titerature.
An example is the forthcoming monograph by J. Kleffe and
C.R. Rao on variance component estimation.

For this reason it seems to be appropriate that statis-
ticians, in particular multivariate statisticians, become
more acquainted with the properties of quasi-inner products.
This paper is therefore devoted to the study of quasi-inner
products and their applications. Quasi-inner products are a
generalization of inner products but many of the properties
of inner products are maintained. Moreover, applications in
Statistics (Estimation) and Mathematical Programming show
their usefulness.

1.1 Definition

Let V be a real or complex vector-space. A complex valued
function W(x,y) defined VxV is called a quasi-inner product
if

(Q1l) W(x,y) - W(x,0) is linear function of y

(Q2) W(x,y) = W(y,x), where @ denotes the complex conjugate
of the complex number o.

(Q3) W(x,x) is a convex function of x.

Note that by (Q2), W(x,x) = &(x) is a real=-valued function.

13

A. K. Gupta (ed.), Advances in Multivariate Statistical Analysis, 13-30.
© 1987 by D. Reidel Publishing Company.
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1.2 Proposition

(a) W(x,y) is a conjugate affine linear function of x in
the following sense:

W(oyxgtayX, y) = W(0,y) = @) (W(x;,y)-H(0,y))

+ EZ(W(XZ,V)‘W(O,.V))

(b) Let W (x,y) = W(x,y) = W(x,0) - W(0,y) + W(0,0). Then
wo(x,O) =%y (0, ) = 0 and wo(x,y) is a linear function of y.
Moreover, (x y) = Wo(y,x).

The proof of(a) can be left to the reader.(b) follows from
the fact that Wo(x,y) is the difference of two linear func-
tions. Later on, it will turn out, that Wo(x,y) is the semi-
inner product associated with the quasi-inner product W(x,y).
1.3 Theorem
(a) (Parallelogram-identity)

W (x=y,x=y) = W(x,x) - 2 Re W(x,y) + W(y.y)

= 2(H(x,x)H(y,y) - 2 WSy,

(b) (Polarisation equation)

W(x+Ry,x+By) = W(x,x) + |B|2 W (y,y)
+ 2 Re{B(W(x,y)-W(x,0))}
(c) (Polarisation identity)

Re{W(x,y)-W(x,0)} = %{W(x+y,x+y)- W(x-y,x-y]},

Re W (x,y) = %{W(x+y,x+y) + W(-y,-y) - W(y,y)
- W(x-y,x-y)}.

Proof

(a) Since W is linear and conjugate linear in all arguments
it follows®that
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Wo(x=y,x=y) = W (x,x) - 2Re W (x,y) + W (y,y) (1.1)

On the other hand

wo(x,x) - 2 Re wo(x,y) + Wo(y,y)

= W(x,x) - 2 Re W(x,0)+W(0,0)-2Re(W(x,y)

- W(0,y) - W(x,0) + W(O0,0)+W(y,y) — 2ReW(0,y)

+ W(0,0) = W(x,x)-2 Re (W(x,y)) + W(y,y). (1.2)

We now remark that for a function f such that f(x) - f(0) is
lTinear in x, it follows that f(ax+gy) = of(x) + gf(y), if
a+Bg=1. Applying this to the case a=8= 1 and f(y) = W(x,y)

we get finally 2

ML ) = 2 u(x,x) + 3 Re Hix,y) +i(y,y) (1.3)
and therefore

20H(x,x)HH(y,y) -2 (XL, ),

= W(x,x)- 2 Re W(x,y) +W(y,y)= wo(x-y,x-y) (1.4}
(b) W(x+By,x+BYy) = W(x,x+By) + BW(y,x+py)-BW(0,x+py)

W(x,x)+RW(x,y)-BW(x,0+8 W(y,x) + IBIZW(y,y)

- 18] %u(y,0) - Bu(0,x) - (8|2 W(0,y) + [8]%H(0.0)

W(x,x) + !BIZWO(y,y) + 2Re (B(W(x,y)-W(x,0))).

{c) This is an immediate consequence of the polarisation
equation (b).

1.4 Definition

(a) Let V be a real or complex vector-space. A complex-valued
function, defined on V x V, is called a non-negative quasi-
inner product if it fullfills the axioms (Ql) and (Q2) of
affinity and hermitecity in Definition 1.1 and, moreover,
W(x,x) > 0 for all x e« V

(b) A non-negative quasi-inner product is called a semi-inner
product if W(x,0) = 0v xe V. If, moreover, W(x,x) >0 for
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all x eV, x ¥ 0, then W is called an inner product. (It may
be noted that then W(x,y) is an inner product in the usual
sense).

1.5 Theorem

(a) Let W(x,y) be a function defined on V x V, where V is a

real or complex vector-space. If W meets the two axioms (Ql)
and (Q2) in Definition 1.1 then it is a quasi-inner product
if and only if W_ is non-negative, i.e., W_ is a semi-inner
product. ° °

(b) A non-negative quasi-inner product is always a quasi-
inner product.

Proof

(a) W(ax+py,ax+py) = azw(x,X) + aB(W(x,y)+W(y,x))
+ 62 W(y,y),
ifO<a, <1, a+pg=1. Thus

W(ax+py,ax+py) = uzw(x,X) + 2af Re W(x,y)
+ Bzw(y,y) < ol(x,x) + BW(y,y) (1.5)

if and only if
a(l-a)[W(x,y)-2 Re W(x,y) + W(y,y)] > O.

If this holds for all a € [0,1] then necessarily W(x,x) -
-2 Re W(x,y) + W(y,y) > 0. By the parallelogram-identity the
latter expression is identical to W (x-y,x-y) > 0. Thus
W(x,x) is convex iff Wo is non-negative, i.e., a semi-inner
product.

(b) If W meets the axioms of affinity and hermitecity (Ql
and Q2), then we get from the polarisation equation if W is
non-negative:
0 < WOX+By,x+By) = W(x,x) + IBIZWO(y,y)
+2 Re(B(W(x,y)-W(x,0)). (1.6)

If we choose B as a real number and divide both sides of the
equation (1.6) by 32 > 0, we get
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0< JE W(x,y) + W (y,y) +2 B_lRe(W(x,y)-W(X,O))-
5 (1.7)

By passing to the Timit g » = we get wo(y y) > G. W,
therefore a semi-inner product Consequently W(x x) is
convex and therefore W(x,y) is a quasi-inner product.

1.6 Theorems

(a) (Generalized Cauchy-Schwarz inequality)
[HOGY)HOG0)F < WOx,x) + H(v,y) (1.8)

if W is a non-negative quasi-inner product.

(b) (Generalized triangle inequality)

Let W(x,x) = &(x). Then

(e(x+y)) Y2 < ((0(x)) Y2+ (2(a(y)-2(0))

- a(ed) - a(0))t/?
Proof

(a) From the polarisation equation we get for real B
0 < W(x,x)+ Bzwo(y,y) + 2B Re(W(x,y)-W(x,0)). This inequality

can hold iff the discriminant of the quadratic expression
on the right side is non-negative. This is equivalent to

|Re(W(x,y) (x,0) )| < W(Xx,x) * (y y). Now let
W(x,y)-W(x.0) = up|W(x,y) -W(x,0) | and et a = e ' Then
OO 0,00 [ = (Re(a(H(x,y)H(x.0)) = (Re(H(x,2y) -

I hll(x,(i)))2 < (WOGx))H (ay,ay) = WX, x)W (y,y), since

al| = .

(b) From the Cauchy-Schwarz inequality follows in the usual
way that

1/2 1/2 1/2

(e(xty)) ™™ < ((e(x))™" " + (W (y,¥))™" 7).
The relation Wo(y,y) = 2(e(y)-9(0)) - 4(@(%)— ®(0)) follows
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from the parallelogram-identity, QED.

It may be noted that wl(x) = 2(¢(x)—(0))-4(¢(%)—¢(0))30
follows from the convexity of .

2. CONSTRUCTION OF A QUASI-INNER PRODUCT FROM THE
CORRESPONDING QUADRATIC FORM.
From the parallelogram-identity

W(x,x) - 2 Re W(x,y) + W(y,y)

= 20H(x,x) + W(y,y) - WCEGL X)) (2.1)
it follows that
Re W(x,y) = 3(40(XF) - a(x) - 3(y)}, (2.2)

where &(x) = W(x,x). Since

Re(W(x,iy)-W(x,0)) = Re(i(W(x,y)-W(x,0))
= ~Im((W(x,y)-W(x,0)) (2.3)

and

Im(W(x 0)) = Im(W(x, 0)-W(0,0)) = Re(W(ix,0)-W(0,0))
= Re(-1(W(x,0)-W(0,0))) (2.4)

it follows that

Im(W(x,y)) = -Re(W(x, y) W(x,0))+Re(W(ix,0))-W(@O,0)
=-ﬁ°W(x1y)+ReW(x )+Re((ix0)—W(m0))

= - Hao(XE Y - 4a(%) - 40 () +o(ix) - o(iy)+40(0))
= - SR - (&) - o d)) + u(ix) - uliv,

(2.5)
where P(x) = &(x) - &(0).
Thus we can construct W(x,y) from &(x) by the formula

H(x,y) = 3040(5) - o(x) - o(y)
- AR - w () - w(E)) +v(ix) = vy

(2.6)
The question now arises under which conditions on
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¢ (or v, respectively) a quasi-inner product is defined by
(2.6) in such a way that W(x,x) = @(x). The following theo-
rem generalizes a theorem by P.Jordan und J.v.Neumann (1935).

2.1 Theorem

Let &(x), x € V be a real valued function which meets one of
the following condtions:

(a) #(x) is continuous in the sense that Tim &(A_x+y)
N->eo n

= ¢(Ax+y) if Tim A_ = X; X,y € V.
N N

(b) o(x) > 0¥ x €V and &(x) obeys the generalized triangle
inequality

1/2 1/2 yo 2
(e(x+y))™"7 < (2(x))7" 7+ (2u(y)-4v(3))

Then by (2.6) a function W(x,y) obeying the axioms (Ql) and
(Q2) of Definition 1.1 and coinciding with o(x) if x =y
can be obtained if and only if the following functional
equations are valid:

(1) Y00+ v(y) = 20(55Y) - p(55)) +w(x-y)
(i1) 0= 2 piw(xix) if uy are real numbers and
k ok _
EInlT E LR Ay = 0
Proof

(a) From the parallelogram-identity we get

20(x)+28(y) = 40 (X5L) + W (x-y,x-y)

4@(%1) +&(x-y)+6(0)- 2 Re W(x-y,0)

It

= 40 () +a(x-y) -(40(X5¥) -0 (x-y)-2(0)}+2(0)

= 4(o(%5Y) o (K5)) + 20(x-y) + 20(0). (2.7)

This is evidently equivalent to the functional equation (i).

(b) From the polarisation equation it follows that
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\p(xix) = ¢(O+\1x) - $(0) |)\ | (x,x)
+ 2 Re(A; (W(0,x)-H(0,0)) = 1 218 W (x,x)
+2Re()\) e(W(0,x)-W(0,0))
- 2 Im(A, ) Im(W(0,x)-W(0,0)). (2.8)

From this evidently the functional equation (ii) is obtained
if s are reals.

(c) Now Tet & (or ¥, respectively) obey the functional equa-
tions (i) and (ii). We define W(x,y) by formula (2.6). Then

H0Gx) = o0x) - M) -2 - w1 (2.9

We apply the functional equation (ii) to

A = (1+i)/2, Ay = i/e, Ay = 1/2,

pp = 1wy = ug = oL
hen it i dil ified that 3 [h: |2 = 3 Ap.= O
Then it is readily verifie a i§1|xi| wy = Elxipi— .

Thus the second term on the right hand side of (2.9)
vanishes and W(x,x) = &(x).

Next we want to demonstrate that W(x,y) = W(y,x). Since
evidently Re W(x,y) = Re W(y,x) it is enough to show that
Im(W(x,y)+W(y,x)) = 0. From formula (2.6) we get:

-l[Im W(x,y)+ImW(y,x)] =-% Im(W(x,y)+W(y,x))

= () (- () - w(B) - v ) - ).
(2.10)

From the functional equation (i) we get

pCyad) = 2035 ) - 29 + (5 (2.1

v ()= 2 (- 20 () + 4 (). (2.12)
In view of =-i(x+iy) = y- ix, -i(y+ix) = x - iy we get

- %{Im W(x,y) + ImW(y,x)} =



QUASI-INNER PRODUCTS 21

=y - 2y (RElY) + 2 HlGTN)) (),
+ w(y+1x) - Zw(y'ZIX + Zw(__(_%ﬂ)_) - w(:l(.ziﬂ)il)

(2.13)
We apply functional equation (ii) to
-1 -1 = -1 =1
M2 T T T AT

My = 1wy =22, w3 =2, 4y
e . e 4 2 4
Then it is readily verified that = [A.|7u, = 2 Asps, = 0.
1:11 1 11'\

Consequently the sum in the first and second 11ne of the
right hand side of (2.13) vanishes. It is thus proved that

W(x,y) = W(y,x).
Finally we get from formula (2.6) that

H(x,y) - W(x,0) = 3040(55Y) - da(5) - (a(y)-2(0))
-1[4w(—¥> 49(5) - (iy) 1}
Z[W (x, y) -iW (x iy)], (2.14)
W 06y) = 4 -ud)) -u(y). (2.15)
Therefore, in order to prove linearity of W(x,y)-W(x,0)

in y it is enough to show linearity of W (x y) with respect
to y. We get

where

X+y . "
M (x,y5) = du(—) - 4u(3) - wlyy), § = 1,2 (2.16)
and »
W 06y +Y,) - glwl(x,yj)
Xty ty xty Xty
= 4 (—5—2) +u(5)) - 4u(—H) + v(2)

= (Wlyty,) - wlyy) - wlyy)). (2.17)

By applying functional equation (i) to the first two
summands, the second two summands and w(yl)+w(y2) we get

2
Wl(x,y1+y2)-jglwl(x,y-)=-8w( ) tA (=Y
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Y7y yqity yity

- an(L2) - iy pryy) - 208y + 2p (R
N +y Yty

S 0(yymY,)) = =0y pHy,) + 6u(—5E) - 8y (R

Y7y y
Fuly,y,) - 60 2) + 8D (2.18)

We now apply functional equation (ii) to k = 3, Al =1,

1 -1

Xy =55 Ag =, My = 1, Uy = -6, Uy = 8. Then it is readily

3 3
verified that 2 u.|A.(2 = g A; = 0. Thus the two Tines

M
1
of the right hand side of (2.18
2
W (x,yq.9,) = jglwl(x,yj)-

Evident1y W(x,y) - W(x,0) vanishes if y = 0 and there-
fore W(x,-y) - W(x 0) = -(W(x,y) - W(x,0)). Moreover,

W(x,iy) - W(x 0) = 2[W (x,1y)=1W,; (x,-y)] = %[Wl(x,iy) +
il (GY)T = STH () 1W1(x,1y)] = T(W(x,y)-H(x,0)). To
prove linearity of wl with respect to y it is therefore now

i
) must vanish, which proves

enough to show wl(x,ay) = awl(x,y) if a e Hf

If & is continuous in the sense of (a), then the line-
arity follows at first for all natural numbers, then for all
rational numbers and finally for all reals a € R just as
in Greub (1976, Kap. VIII, §1, p. 150-152).

Under the cond1tions of(b) we first remark that
wl\x) =: Zw(x) - 4¢( ) is homogeneous of degree two, i.e.,

wl( = IA[ vy . To see this we apply functional equation
_ - A - =1 - = -
(i1) to Al = A, AZ 2, Ay =1, Ag =7 U =2, Uy, = 4,
by = -21A| , Mg = 4|A| . Then it is readily verified that
4 4
oz (A | u; = ZlA w; =0 which gives the assertion .
: "_

Now let a R and n(k), m(k) be sequences of real

. -n(k) -
numbers such that &lﬂ 2 m(k) = a. From wl(x,yl,yz)

- \ s = =Y
wl(x,y1)1+ wl(x,yz) it follows (y1 Y5 2), that
wl(x,%) = Ewl(x,y) and by induction wl(x,my) = mwl(x,y),
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- = »~n(k)
wl(x,aky) = akwl( y), where a = 2 m(k). Thus
Tim W, (x,a,y) = (x,y). The proof will be finished if we
ks 1 k l
show that
&ig |w1(x,aky) - Wl(x,ay)| = 0. (2.19)

This is done by the triangle inequality (employing the homo-
geneity of wl(y)) and the inequality

1 1
1812(x) - o!/2(y)| < vy "2(x-y), (2.20)
which follows in the usual way from the homogeneity of yq (y).
The following estimate can be obtained in a way similar %
Weidmann (1976, pp. 17-19).

]wl(x aky W (x ay) 1/2 .

: (<r>”§(x )+ lakl 0 (y )
- (o2 lakl(w2 ynt (2.21)

as k » «. This finishes the proof of the theorem. Q.E.D.

A formula for reproducing W(x,y) from &(x) can also be
obtained from the polarisation identity (Theorem 1.3(c)).
This yields the formula

[ak-a[(w
/2) (a -a((w )1/2 .
)

W(x,y) = %Ew(x+y)+w(x)-w(-X)-w(x-y)—i(w(x+iy)+
H(=ix)=p(ix) - (x-iy)]. (2.22)

The addition theorem is easier obtained from this for-
mula. However, W(y,x) = W(x,y) is more difficult to prove
and requires an extension of the functional equation (ii).

3. APPLICATIONS IN STATISTICS.

Quasi-inner products can be successfully applied in linear
estimation theory, in particular in unbiased estimation.
Examples can be found in the author's work (1969, 1970,
1972, 1975). Also other authors, e.g. Kleffe and Rao,
Klonecki and Zontek have adopted this concept in the theory
of linear models. The fundamental theorem is the projection
theorem proved in Drygas (1972, p. 375/376).
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3.1 Theorem

Let W(x,y) be a quasi-inner product on V and C ¢ V a convex
set, then for ¢, € C the relation

?;8 W(c,c) = W(co,co)

holds if and only if

Re(W(c c })- W ,0)) >0v%¥c, eC. (3.1)

0’17 % o 1
If C is a linear manifold then (3.1) is equivalent to
Re(W(co,f) -W(cO,O)) =0vfeF=C-C. (3.1a)

WF consider a typical application of theorem 3.1: Let
L € R be a linear subspace and consider the Tinear model

y =1+ e, E(e)=0, E(ee') = Q, 1T e L. (3.2)

y'Ay is called an invariant estimator of 02 iff A1 = 0 for
all 1 € L. Under the assumption of quasi-normality and in-
variance we get (see Drygas (1970, pp. 98-103)):
| 4 '
E((y'Av-02)%) = o*E((e'Ae-1)?)
= o7 ((trAQ-1)2 + 2tr(AQAQ)}. (3.3)

The minimization of (3.3) with respect to A gives the best
invariant quadratic estimaor of o2. This can easily be
done by using the quasi-inner product

W(A,B) = (trAQ-1)(trBQ-1) + 2tr(AQBQ). (3.4)
Clearly, W(A,B) is a non-negative quasi-inner product and

212y = 5%(A,A), while

E((y'Ay-¢7)7)
W(A,B) - W(A,0) = (trAQ-1)trBQ + 2tr(QAQB)
tr([(trAQ-1)Q + 2QAQ1B) (3.5)

Here C = {A:AL = 0}, implying the A is optimal iff
(trA-1)Q + 2QAQ is orthogonal to all B meeting BL = 0.
Now it is easy to verify that

A= (£F+2)71 (1-6)'Q7(1-6) (3.6)
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is a solution to equation (3.5) if @ 1is a symmetric g-in-
verse of Q, G is a BLUE (Best Linear Unbiasgd Estimator)
of Ey in the linear model Ey € L, Cov y = ¢“Q and

f = dim(im(Q)) - dim(im(Q)nt) = dim(im(Q)+L) - dim(L).

Indeed tr(AQ) = (£+2)71f, (trAQ-1) = -z(f+2)7L,

QAQ = (F+2) 1(1-6)Q. Thus

(tr(AQ)-1)Q + 2QAQ = -2(f+2) 1fQ + 20AC
= -2(f+2) lag (3.7)

and W(A,B) - W(B,0) = -2(f+2)_1tr(GQB). But GQB = 0 if BL=0.
In Drygas (1970, p. 99-103) the use of quasi-inner pro-
duct was avoided by showing that

W(A,B) = W A—AO,A-AO), (3.8)

where Ao = (dim(im Q))_lQ_ and Wl(A,B) is the semi-inner
product

of

WO(A,B) = tr(AQ)tr(BQ) + 2tr(AQBQ). (3.9)

A representation of the form (3.8) (possibly plus a
constant) is always possible for non-negative quasi-inner
products. But you need not find such a representation in
order to be ready for applying the projection theorem.

Sometimes quasi-inner products could be used as an
alternative to convex analysis. An example of this kind is
lemma 3.8 in La Motte (1982), p. 249, which is nothing else
than the projection-theorem.

4, APPLICATIONS TO MATHEMATICAL PROGRAMMING.

In this section we want to apply the projection theorem to
find the minimizers of &(x) = W(x,x), where

W(x,y)=%x'By + % p'x + % p'y + d is a quasi-inner product
on R". Clearly B is a symmetric n.n.d. (non negative defi-
nite) matrix. We want to show that the Kuhn-Tucker theorem
for quadratic programming problems and the separation theo-
rem can be obtained from the projection theorem for quasi-
inner products.
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4.1 Theorem

Let W(x,y)= %X'By + %p'x + %p'y + d. If B is positive defi-

nite, then &(x) = W(x,x) has a minimum on every closed
convex set C.

Proof

Let o = inf &(x) > -~ (since p € im(B)) and let x_ € C pe
xeC n

such that 1im &(x_) = o. Then (x _+x_)/2 € C by convexity and
% 4y nm
xn m)

therefore &( > > ¢. Let n,m be so Targe that
2
¢(Xn)’¢(xm) <o+ %f. Then by the parallelogram-identity
- -y -4 - ] -
Wo(xn X2 X Xm)'E'(anx i B(xn xm)
= 200(x) + o(x )-20(1D)) < € (4.1)
1/2

Since B is positive definite, B
1/2

is so, too. (4.1) shows
that {B

Then it follows that 1im x_ =
N N

xn} is a Cauchy-sequence, having the limit y.
B_l/zy = X, € C, since C is
closed. Finally 1im &(x_) = o(x_) = o, Q.E.D.

oo n )
4.2 Remark

The preceding theorem is incorrect if B is not positive de-
finite. A simple example is B =0, p = (1,0)' and

C={(x,y) 1 x>0, y2>0, xy >1}. (4.2)
4.3 Theorem (Separation theorem for convex sets).

Let C § ¢ be a closed and convex subset of R" and a ¢ C.

Then there exists an element b € R", b $ 0 and ¢ € R such
that for ¢(x) = b'x

(1) ¢(x) »c¥vxeC
(2) ¢(a) < ¢
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Proof

Let W(x,y) = (a-x)'(a-y). W(x,y) is a non-negative quasi-
inner product and W (x,x) = x'x is positive-definite.

By theorem 4.1 @(x)oattains a minimum at some point x_ e (.
By the projection theorem the minimum is characterizaf by

W(xo,x—xo) - W(xo,O)

= (x,ma)'(x-x ) > 0¥ x e(, (4.3)
0 o/ = 1 )
Let b = (xo-a) $ 0 and c = (xo-a)'a + Slx mal”. Then from
(4.3) it follows that

Iy — i = - ! .1'_ - 2
(x, - a)'x=b'x >c= (x -a)'at+ 5Ix -al (4.4)

(xo-a)‘a =b'la<c-= (xo—a)'a + %Mxo-aﬂz. (4.5)

4.4 Farkas' theorem

Necessary and sufficient for ae{x : x'u >0 ¥ u : A'u > 0}
is that a = Ax for some x > 0. (a > b for vectors, a,b iff
the relation holds for all components of the two vectors).
The proof of necessity of the above assertion is based
on the Separation Theorem 4.3 and can be found in the text-
books on Mathematical Programming, e.g., Stoer-Witzgall
(1970). The sufficiency simply follows from (Ax)'u
= x'A'u > 0 if x,A'u > 0.

4.5 Theorem (Main theorem of quadratic programming)

Let the optimization problem

Min o(x) = p'x + 3 x'Bx + d, (4.6)
B n.n.d. and symmetric, subject to the constraints

Ax <b,be R ,Ac R™" (4.7)
(o)

be given. Then x yields an optimum if and only if
ax(0) = poy(0) -y (0) 5 g (Feasibility) (4.8)

and
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) > 0 such that
\ . (0) - v, (0)
(2) Bx RS TRET (optimatity) (4.9)
(b) (y*"")'u =0
Proof
W _11 1. l, . ..
(x,¥) = 5x'By + 5p'x + 5p'y + d is an quasi-inner product

if B is n.n.d. and symmetric. Since &(x) = W(x,x) and
C={x : Ax < b} is a conve% iet the projection, theorem 3.1
applies. This yields that x'°/ is optimal iff x(0) ¢ ¢ and
W(x(o),x—x(o)) - W(x(o),O)
= %(Bx(°)+p)'(x—x(°)) >0 v x @ Ax < b. (4.10)
x(o) e C is, of course, eguivalent to (4.8). Now we show
that condition (4.9) is sufficient for optimality. Indeed
= (-atul®)yrexto))
e = @) oy
) >0, (4.11)

~—
—_
o
1
=
x
~
v

since (u(o))'y(o) =0, u(o),b - Ax > 0 for all x € C,

To prove necessity, let us split up y(o) according to
the positive and the vanishing components. Thus let

AL _ b
(371, b = (53
2 2
where A, e RN, A, € R
(o) _ (o) . . .
Let Alx = bl’ A2x <« b2 (i.e., there is inequality
for all components) or

vy = O = 0,05 - (x50,

i=1,2,...,m=r. (4.13)

v
A = ), b-ax(0) = (2l (4.12)
Y2

n I -r
, by e R, b, e ",

Now let z be any vector such that -A;z > 0 and

r =r1(z) = {ie{l,2,...,m-r} : (Azz)i > 0}  (4.14)
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and let
0 Vp) 15
A < mi 4.
< rEril @, (4.15)
(If AZZ < 0 choose A arbitrary but A > 0). Now our assertion
is that x = x(o) + Az € C. Clearly

(0 -y (4.16)

Ax = Ax(®) 4 aa .

1 1 12 2 A

1

But Ax = A x(o) + A,z < b, holds as well. This is clear if

(Azz)§ <0 énd fo]]owé for €A22)1 > 0 by the very choice of

A in (4.15). Thus

(Bx(o)+p)'(x-x(o)) = (Bx(°)+p)'Az >0 (4.17)
and in view of A > 0 also (Bx(°)+p)'z > 0 for all z such
that -A;z > 0. It follows from Farkas' theorem that there
exists Uy > 0 such that

Bx(®) 4 5 = -ty (4.18)

171
Now let u(o) = ((u(l))‘,O')'. Then evidently u(o) >0,
(u(o))‘y(o) = 0 (since ¥y = 0) and Bx(o) +p = -Aiu1 -AéO
= -(A1 : AZ)'u(o). This finishes the proof of the

theorem, Q.E.D.

The theorem can also be applied to the special case
B = 0, then yielding the duality theorem for linear pro-
grams.

FB 17 (Math.), GhK
Postfach 101 380
D-3500 Kassel

F.R. Germany
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Bernhard K. Flury

A HIERARCHY OF RELATIONSHIPS BETWEEN COVARIANCE MATRICES

1. INTRODUCTION

In multivariate methods involving several populations, such
as discriminant analysis or MANOVA, equality of all covari-
ance matrices is a frequent assumption. If a test for equal-
ity of the covariance matrices suggests that this assumption
does not hold, the usual reaction is to estimate the covari-
ance matrices individually in each group. For k populations
and p variables this means that the number of parameters
estimated increases by (k-1)p{(p-1)/2, which is quadratic in
p. In many practical applications (as in the example given
in section 4), this is not satisfactory, for two reasons:
First, the k covariance matrices, although not being identi-
cal, may exhibit some common structure. Second, in paramet-
ric model fitting, the "principle of parsimony" (Dempster,
1972, p. 157) suggests that parameters should be introduced
sparingly and only when the data indicate that they are
needed.

Dempster (1972) applied the principle of parsimony to
the estimation of a single covariance matrix by setting se-
Tected elements of its inverse equal to zero, a technique
called "covariance selection". More popular methods of sav-
ing parameters in the case of a single population are usual-
1y summarized under the label "patterned covariance ma-
trices", and the interested reader is referred to the recent
review by Szatrowski (1985) and references therein.

Mode11ing several covariance matrices simultaneously
under constraints on the parameter space has received rather
Tittle attention in the statistical literature, except for
the model of proportionality. Proportional covariance ma-
trices in the two-sample case and for normal populations
have been studied by Federer (1951), Khatri (1967), Pillai
et al. (1969), Kim (1971), Rao (1983), and Guttman et al.
(1985). More recently, the case of k 22 groups has been in-
vestigated by Flury (1986a) and Eriksen (1986). Dargahi-
Noubary (1981) and Owen (1984) used proportionality of co-
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variance matrices in the context of nonlinear discrimination.

A more general type of relationship between several co-
variance matrices is given by the common principal component
(CPC) model, which is based on the assumption that the char-
acteristic vectors (but not necessarily the characteristic
roots) of k covariance matrices are identical (Flury, 1984).
A further generalization is the partial CPC model (Flury,
1987), in which only g out of p characteristic vectors are
common to all groups.

The following section is to define these models math-
ematically and to establish a hierarchy among them. In sec-
tion 3, a decomposition of the log-likelihood ratio statis-
tic for equality of k covariance matrices is proposed. This
decomposition is useful to select an appropriate model for
given data, as will be illustrated in section 4.

2. A HIERARCHY OF MODELS

We are now going to define five levels of similarity between
k covariance matrices Wl,...,W K of dimension pxp. It will

always be assumed in the sequel that all Wi are positive
definite and symmetric.

Level 1: Equality of all Wi.
The number of parameters to be estimated is p(p+l)/2.

Level 2: Proportionality of all W1 , that is,
Wi =0y Wl (i=2,...,k)
for some positive constants PosesrsP - (2.1)
The number of parameters is p(p+1)/2 + k-1.
Level 3: The common principal component (CPC)} model
Vo= BA, B' (i=1,...,k) (2.2)
where B is an orthogonal pxp-matrix, and

A. = diag(

; i) (2.3)

Nigoeeoo g
The number of parameters on level 3 is p(p-1)/2 (for the
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orthogonal matrix 8) plus kp (for the diagonal matrices A ).
The CPC model can also be written as

— 1 1 1
Fim Mqa By Byt A BBt M A BBy
(i=1,...,k), (2.4)
where the Bj are the columns of B.

The representation (2.4) of the Wi suggests a further
modification, which has mainly been motivated by practical
examples. Frequently in applications of principal component
analysis the investigator is mostly interested in the first
components and discards the last ones, provided their vari-
ances are relatively small. Similarly, one may wish to esti-
mate only a few (say gq) common components, the remaining p-g
ones being possibly different from group to group. An appro-
priate model could then be defined as follows.

Level 4: The partial CPC model.

For a fixed integer g<p-1, let
Yi = Aqp BrBp b H BB
(i) (1) (i) (1)
MLar Parl Bgrl T Rp By Bp ’
(i=1,...,k), (2.5)
where Bl to Bq are the common characteristic vectors of all

(1) (1) c g
Wi, and Bq+1 to Bp are specific to each group.

It is tacitly assumed in (2.5) that the characteristic
vectors are ordered such that the common ones are Tabeled 1

to g. If we define the orthogonal matrices B(i) as

(i) .. (i) (i)

B = (B, ByauaiByaByuls -0 By ), (2.6)
then (2.5) can also be written as

wo= 8 e (7 a2 diagy ooy, @07)

but (2.5) exhibits the basic idea underlying the partial CPC
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model somewhat more clearly.
Two further remarks are in order concerning this model.

First, by the orthogonality of all 8(1), the partial CPC
model with g=p-1 components implies the ordinary CPC model
of level 3. Second, there is not just one partial CPC model,
but a whole family, some of which are nested hierarchically.
Within the convention that the common components be labeled
1 through g, it is clear that the model with g common compo-
nents implies the model with g-1 common components.

The number of parameters in the partial CPC model is as
follows: kp parameters for the diagonal matrices Ai R

p{p-1)/2 - (p-q)(p-g-1)/2 parameters for the common charac-
teristic vectors Bl to Bq , and k(p-q)(p-g-1)/2 parameters

for the specific vectors Béjf to Béi). The total number of

parameters is thus p(p-1)/2 + kp + (k-1)(p-q)(p-9-1)/2.

As stated above, if we set g=p-1 or g=p, then the
partial CPC model coincides with the ordinary CPC model. The
other extreme, namely q=0, leads to

Level 5: Wl,.. .,Wk are arbitrary (positive definite) covari-
ance matrices.
The number of parameters is kp(p+l)/2 in this case.
There is a modification of the partial CPC model,
called the common space model (Flury, 1987), which ranks in

the hierarchy between Tevels 4 and 5. This model can be ex-
pressed as follows: Let

y, = g1y g8 (2.8)

i i

denote the spectral decomposition of Wi, where

Ai =diag(xil,...,xip), and the orthogonal matrices 6(1)
are partitioned as
(i) = (1) (i)
B = (a7, a3 ). (2.9)

(1)

Here, o has dimension pxgqg, and o

(1)

(p-q), that is, the columns of agi) and aéi) contain q and

has dimension px
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p-g characteristic vectors, respectively. The hypothesis of
common space spanned by g principal components in each group
is then defined by the constraints

aﬁi)‘aémho for all i, m < k . (2.10)

Another way of putting this hypothesis is:

There exist orthogonal matrices H§1) of

dimension gxgq, and orthogonal matrices

Hé1) of dimension (p-g)x(p-q), i=2,..

.,k, such that a%i) = a&l)H&i) and
a;_” S uél)Héi) . (2.11)

This expresses the fact that in the common space model the
first g (or last p-q) characteristic vectors in group i span
the same subspace as those in group 1.

Common space analysis is an alternative to a method
proposed by Krzanowski (1979, 1982). Krzanowski's method
consists essentially of a descriptive comparison of the sub-
spaces spanned by the first g principal components in each
group, the principal component transformation being computed
individually in each sample. For a detailed comparison of
the two methods, see the discussion in sections 3 and 4 of
Flury (1987).

3. A DECOMPOSITION OF THE LOG-LIKELIHOOD RATIO STATISTIC
FOR EQUALITY OF k COVARIANCE MATRICES

In this section we are going to propose a decomposition of
the log-likelihood ratio statistic for equality of several
covariance matrices into components due to non-proportiona-
1ity, inequality of the principal components across groups,
etc. This decomposition parallels the "analysis of deviance"
in generalized linear models; see, for instance, McCullagh
and Nelder (1983, Section 2.3). Another close analog is the
fitting of regression equations in several groups, as has
been noticed by Krzanowski (1984, p. 166): One may compare,
for instance, regression equations fitted separately in each
group to equations obtained under constraints of paralielism
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or coincidence of regression lines across groups. Yet an-
other analog is model selection in the analysis of multi-
variate contingency tables by the log-Tinear model; see, for
instance, Fienberg (1977, ch. 5).

Let now Sl""’sk denote stochastically independent

sample covariance matrices from normal sampies of size

Ni =, + 12p, such that niS1 is distributed as central

Wishart on n. degrees of freedom and parameter matrix Wi.

It is well known that the log-likelihood ratio statistic for
equality of all Wi versus the alternative of unrelatedness
is

2

k
- det S
total = .= Ny 1o

X 9 < > (3.1)
321 i det Si

where S = (nls1 + ...+ nkSk)/(n1 + ...+ nk) is the pooled

sample covariance matrix. Collecting the relevant results on
the maximum of the likelihood function under the various
models (Flury, 1984, 1986a, 1987), it is seen that the log-
lTikelihood ratio criterion for a model A (null hypothesis)
versus a hierarchically lower model B (alternative hypo-
thesis) always has the form

» k det @i
X“(A|B) = = n; log ———
i=1 det V¥4
k p - .
= = n, = (log ki’ - log Aij) , (3.2)
i=1 ' j=1 J
where the MLE's marked by """ refer to model A, those marked

"~ vefer to model B, and xil to xip are the characteristic
roots of Wi. The asymptotic null distribution of all stat-

istics (3.2) is chi square on a number of degrees of freedom
that corresponds to the difference in number of parameters
between the two models. Formula (3.1) is a special case of
(3.2).

Going step by step through the hierarchy of models, we

can now use (3.2) to decompose X2

total 25 follows:
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2

2 ;- . . .
total X~ (inequality of proportionality

constants | proportionality)

X

+ X2 (deviation from proportionality
| CPC)

+ X2 (non-equality of the last p-q
components | CPC(q))

+ X2 (non-equality of the first g
components | CS(q))

+ X2 (non-equality of subspaces
spanned by g components) . (3.3)

Here, CPC(q) refers to the partial CPC model with g common
components, and CS(qg) refers to the common space model with
subspaces of dimension g and p-g, respectively. Of course,
the integer g must be the same in both CPC{qg) and CS(qg), be-
cause otherwise the two models would not necessarily be in
hierarchical order. Instead of using the common space model,
one may also establish a decomposition into several hier-
archically ordered partial CPC models.

The decomposition (3.3) is also summarized in table I.

Table I

A decomposition of the log-likelihood ratio statistic for
equality of k covariance matrices of dimension pxp. The
log-T1ikelihood ratio statistics associated with each Tine
have the form (3.2).

model A (higher) model B {lower) degrees of freedom
equality proportionality k-1
proportionality CPC (p-1)(k-1)

cpe %Iicg(qc)] < p-2) 1 (k-1)(p-a) (p=a-1)
cPe(a) cs(a) 3 (k-1)a(a-1)

Cs(q) arbitrary covari- (k-1)a(p-a)

ance matrices
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Two cautionary remarks are in order regarding this de-
composition. First, formal hypotheses testing may not be ap-
propriate if we let the data determine what model to fit. In
the terminology of Selvin and Stuart (1966), this process of
model fitting is a "fishing trip", and since it is the big
fish that get caught in the net it is not reasonabie to test
them for average size. The various "partial chi squares"
should therefore be used rather descriptively, and we will
compare their relative magnitude by dividing them by the as-
sociated number of degrees of freedom. Second, the "partial
chi squares'" may not be independent, even under the null hy-
pothesis of equality of all Wi' Take, for instance, three

nested models A, B and C such that A implies B and B implies
C. We know that

X2(AlC) = X2(A[B) + X°(B | C) (3.4)

and that the degrees of freedom add as well. Suppose that
model A is correct. Then it is tempting to assume that the
two partial chi squares on the right-hand side of (3.4)
should be independent. Unfortunately no such statement has
been established yet. In fact, it is not very difficult to
construct examples of stochastically dependent chi square
variables where the sum behaves as if they were independent
- see Flury (1986b) for details.

4. APPLICATION

Airoldi and Hoffmann (1984) took various skull measurements
on two species of voles (small rodents): Microtus californ-
icus and Microtus ochrogaster. The animals were further
grouped by sex. We consider here the three variables (1)
LENGTH, (2) WIDTH, and (3) HEIGHT of the skulls. Since there
is considerable age variation in the data, we followed the
usual practice of transforming the data logarithmically,
which can be justified by the relationship of log-measure-
ments to models of growth - see, e.g., Morrison (1976, p.
295). The raw data were kindly provided by J.P. Airoldi of
the University of Berne.

Table II displays the four sample covariance matrices
and associated degrees of freedom. Table III gives the de-

composition of X2

tota] aS proposed in formula (3.3) and table
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I. Since the dimension is p=3, there is no common space
model to be considered. (For p< 4, the common space model
always coincides with a partial CPC model). The CPC(1l) model
in table III is such that the single common component is the
one associated with the largest characteristic root in each
group.

Table II

Sample covariance matrices in four groups of voles, multi-

plied by 104. Variables are as described in the text.

M. californicus, male M. californicus, female
(n1=172) (n2=140)
§112.01 106.64 52.97 | 86.08 81.66 40.24]

Sl = 106.64 108.13 54.75 82 = 181.66 85.54 42.08j
- l 52.97 54.75 33.86 - 40.24 42.08 26.66 |
M. ochrogaster, male M. ochrogaster, female
(n3=87) (n4=75)

65.40 60.23 24.69 ) (88.66 79.11 41.32}
§3 =| 60.23 62.27 23.47 | S4 =79.11 80.57 38.61:

24.69 23.47 16.33 J - {41.32 38.81 23.97}
Table III

s 2 .
Decomposition of Xtota] in the vole example
Mo d e 1 s

higher Tower X2 df X2/df
equality proportionality .71 3 .24
proportionality | CPC 37.75 6 |6.29
CPC CPC(1) 8.51 3 ;2.84
CPC (1) arbitrary cov. mat. 6.98 6 | 1.16
equality arbitrary cov. mat. 53.95 | 18
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From table III we see that equality of all covariance
@ a1 = 53.95 on 18 de-
grees of freedom . It appears also that the CPC(1l) model fits
well, while the fit of the ordinary CPC model is question-
able. The large value of Xiota1 is mostly due to the part
for non-proportionality, given the CPC model. On the other
hand, the part due to inequality, given proportionality, is
small. This indicates that once we consider the covariance
matrices as proportional, we would have to accept equality
as well. Of couse one has to be careful in interpreting the
"partial chi squares": If the hierarchically Tower model (in
this case, proportionality) is wrong, then the distribution
of the log-likelihood ratio statistic itself may no Tonger
be chi square, since the model is misspecified.

From table III we may decide to fit a partial CPC mod-
el. Table IV displays the maximum likelihood estimates of

the CPC(1) model. The four orthogonal matrices 8(1) have, by
their construction, an identical first column. (Note: MLE's
were computed to four exact decimal digits, but only three
are displayed in the table).

matrices can be clearly rejected: X

Table IV

Partial CPC's in four groups of voles

a) MLE's of characteristic vectors and roots

.332 .937  .107

~ = ~

.332 .925 -.186
X3j = 133.55 6.91 3.54 A4j = 183.87 3.82 5.51

M. californicus, male M. californicus, female
-1y _ [-674 -.519 -.526 ] - (2) [.674 -.551 -.492 |
R = 1.660 .103 .744 B = i‘660 .150 .736

L332 .849 -.412 | i'332 .821 ~-.465
xlj = 244.26 7.22 2.52 AZj = 188.40 6.49 3.40
M. ochrogaster, male M. ochrogaster, female
~(3) .674 -.156 =-.722 } - (4) {.674 -.370 -.640]
B = |[.660 =-.311 .683 B = !.660 -.087 .746

i
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b) MLE's of population covariance matrices

M. californicus, male M. californicus, female

- 113.57 107.32 51.93 | - 88.35 82.07 39.93 |

¥, = 107.32 107.97 53.32 ¥, = 82.07 84.12 40.87
51.93 53.32 32.46 | 39.93 40.87 25.81}

M. ochrogaster, male M. ochrogaster, female

. | e2.67 s8.01 28.55 | . [86.28 79.31 40.42|

W3 = 58.01 60.55 27.47 4 = 79.31 83.26 39.17!
28.55 27.47 20.79 40.42 39.17 23.66

J

The estimates @i under the partial CPC model agree closely
with the matrices Si of table II, but they have one exactly
identical characteristic vector.
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Y. Fujikoshi, P.R. Krishnaiah and J. Schmidhammer

EFFECT OF ADDITIONAL VARIABLES IN PRINCIPAL
COMPONENT ANALYSIS, DISCRIMINANT ANALYSIS AND
CANONICAL CORRELATION ANALYSIS

1. INTRODUCTION

In a number of situations, it is of interest to find
out whether the addition of a new set of variables gives
additional information for inference. For example, in the
area of principal component analysis, it is of interest to
find out whether the new variables contribute to explana-
tion of the variation among experimental units. In the
area of multi-group discriminant analysis, it is important
to find out whether the addition of new variables contri-
butes to the discrimination between the groups. Similarly,
in the area of canonical correlation analysis, it is of in-
terest to find out as to whether the addition of variables
to one or both sets of variables contributes to the degree
of association between the two sets of variables.

Rao (1966) considered the effect of additional vari-
ables on the efficiency of estimates and the power of the
test under multivariate regression model. Recently, Wijs-
man (1984) derived asymptotic distribution of the increase
in the largest sample canonical correlation when some vari-
ables are added. In Section 3 of this paper, we first de-
rive asymptotic distributions of changes in functions of
the eigenvalues of the sample covariance matrix. Asympto-
tic distributions of changes in functions of the eigen-
values of the multivariate analysis of variance (MANOVA)
matrix when some variables are added are derived in Sec-
tion 4. 1In Section 5, we derive asymptotic distributions
of changes in certain functions of the sample canonical
correlations when new variables are added to one or both
sets of original variables. The above results are derived
under the assumption that the underlying distribution is
multivariate normal. Further results are given in Section
6.
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2. PRELIMINARIES

In this section, we state the three Temmas which are
needed in the sequel.

LEMMA 2.1 [Cramer (1946, p.366)]. Let Xn be a p-com-
ponent random vector and u: px] be a fixed vector. Assume
/ﬁ(gn-g) converges to N(0,z) in law. Let f(x) be continu-
ously differentiable in a neighborhood of p and let £ =
af(g)/3§|x= . Then the Timiting distribution is the same
as the one of /ﬁg'(§n- u), which is N(0,£'s¢).

LEMMA 2.2 Let nS be distributed as a Wishart distri-
bution W _(Z,n) and B be distributed as a noncentral Wishart
distribution Wp(Z,q:Q). Assume © = 0(n) = no. Then the
Timiting distributions of V = /n(S-1z) and U = /E(J]—B-e)
are multivariate normal. Further the Timiting distribu-
tions of trCV and tr CU are N(O,o?) and N(O,og) respective-
ly, where C is a symmetric matrix of order pxp, oy =
2tr(CZ)2 and og = 4'trC29.

This Temma is well known and is proved by considering

the characteristic functions of V and U.

LEMMA 2.3. Let S] n and 52 n be sequences of symmet-
ric matrices of order pxp such that the Timiting distribu-
tions of V],n = /ﬁ(S]’n-A) and V2,n = /ﬁ(Sz’n -1) are

p
multivariate normal, where A = diag(A], ...,Ap),

Aozoees 3_Ap and Ip is the identity matrix of order pxp.
Let 2, > ... 3_2p and dy > ... 3Adp be the eigenvalues of
S] and S] nsé]n’ respectively. Suppose that the a-th

9 L] >

largest eigenvalue A of A is simple. Then the Timiting
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distributions of /ﬁ(za-xa) and /ﬁ(da- Aa) are the same as

the ones of (V1,n)aa and (Vl,n)aa respectively,

where (A)as denotes the (a,B)-th element of matrix A.

This lemma has been essentially proved in the papers
of Hsu (1941a,b) and Anderson (1963) who treated the gen-
eral case of multiple roots.

3. PRINCIPAL COMPONENT ANALYSIS

In the area of principal component analysis, it is of
interest to find out a small number of principal components
which would adequately explain the variation among experi-
mental units. In the population, the variance of i-th im-
portant principal component is the i-th largest eigenvalue
of the population covariance matrix. If these eigenvalues
are small, then the corresponding principal components are
unimportant. In a number of situations, it is of interest
to find out as to whether the addition of some variables
will increase the variances of the first few important
principal components. Similarly, it is of interest to find
out whether there is significant increase in the ratio of
the i-th largest eigenvalue to the trace of the covariance
matrix if some variables are added. So, we will derive
asymptotic distributions of increases in certain functions
of the eigenvalues of the sample covariance matrix when a
new set of variables is added.

Let x: px1 be distributed as N(0,z). We partition

x = (X7s%5)s xq3 pyx1 and

1 Iy 51)
I = s Zqq% PXPq- 3.1
221 222 11 1771

Suppose the vector X is augmented to x. Llet Ay and ia
be the ao-th largest roots of 11 and ©, respectively. Then

Ay zas (o= 1,000p)

which follows from the Poincare separation theorem (see,
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e.g., Rao (1973, p.64)).

We are interested in the increases 8, = Ay T Ay Let
S be the sample covariance matrix based on a sample of size

N=rn+1. We partition S as in (3.1)

[511 S12} 2
s = . .
521 322

The sample quantities corresponding to 5, are

=;L - %, (a=]:---sp])

o o o
where 2 and ia are the a-th largest roots of S]] and S,

respectively. We consider the distribution of

J = /ﬁ{f(d],...,d ) - f(G],...,ép ). (3.3)

P 1

We assume Al: f(d) is continuously differentiable in a
neighborhood of d = & where d = (dy,...,d_ )' and & =
o ~ b 1 p] he
(815...5,6_)'. Let
1 P

c = (c],...,cp])' = S f(d)] oy (3.4)

Let H]]: PPy be an orthogonal matrix such that

H H

i] = Ay = diag(x],...,x ).

z
RN P

Since za and za are invariant under the transformation
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we may assume

Z:
where A]2 =

S =
and

S..

where T is an
diag(x],...,x

roots of S]] =

A

[A11 Mo 5)
3.5
Y,

HipZ120 Bgp = ZggHyp and fyp = 255, Let

A +_]_V (3.6)
/n
= 1'ST
A+ e (3.7)
n

orthogonal matrix such that I''ArT = R
). since 2 and Ea are the a-th largest
Aq + (17/0)Vy; and S = a + (1//)r'Vr, we

obtain by Lemma 2.3 that the asymptotic distribution of

/n(d

)
o o

) is the same as that of

g, = (r'vr) - (V) (3.8)

ao

if Ay and iu are simple. Using Lemma 2.1 we obtain that
the asymptotic distribution of J is the same as that of

P1

)

u:

= tr AV (3.9)
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where

A=rDr' - D_s D, = diag(c],...,c

c 0,...,0). (3.10)

Pl’
This implies the following.

THEOREM 3.1. Let nS be distributed as a Wishart dis-
tribution W (z,n). Lletd =2 -2 and s =x - A,
. . o [0 (6] o (6] Q
where & , 2 , A and A are the o-th largest roots of S,,,
a’ "o’ Ta o 11
S, 211 and £. Assume a function f(d1,...,dp ) satisfies
the assumption Al and all the roots Ay and Xu (a= 1,---,p1)
are simple. Then

D 2
ﬂ?{f(d1,...,dp]) f(él,...,sp])} N(0,0")

as n - «, where

62 = 2 tr‘(AA)2
U s e 2 2
=2 Z co (Al +2a) -4 Z__ €.t Y an
o=1 a,B=1

and I = (YQB)'

COROLLARY 3.1.1. When 1 and ia are simple,

-~ N D 2
/ﬁ{(za-xu) - (Aa-xa)} — N(0,0°)
as n - », where 02 = 2(A2-+iz) - 4i2y2

o'aa’
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4, EFFECT OF ADDITIONAL VARIABLES IN DISCRIMINANT ANALYSIS

In the area of discriminant analysis, it is of inter-
est to find out as to whether the addition of a new set of
variables will make a significant contribution on the dis-
criminant functions. This problem can be investigated by
examining the increases due to the additional variables in
certain functions of the eigenvalues of the MANOVA matrix.
So, we will study the asymptotic distributions of the above
increases in the sample.

Let W and B be independently distributed as a Wishart
distribution W_(z,n) and a noncentral Wishart distribution
Wp(z,p:E)o WePpartition

oo W B.. B
P e IR D L TR P
Moy Wy Bay By
(4.1)
z Y, =
;- ' 712 . 12|
221 L22 502

WIth Hyy: PPy Byt PpePys Bqqf PPy and Egq: Pppye
Let ¢ , 7, w, and o be the o-th largest roots of By Wq,

BW, = % 1 sw! z 57) and =57 respectively. Then
> U111 S B B B =t : '
d =2 -2 > 0,
Q o o —
ns_ =G, - u, >0, (a=T.eeupy) (4.2)

which follows from the Poincare separation theorem in the
case of two matrices (also see Gabriel (1968)).

Let
T= HL
H 0 L 0
- n 11 , (4.3)
0 I L
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where LIL' = I and H]1 is an orthogonal matrix such that
H]]L11E11L11H1] =0 = d1ag(w],...,wp]). Since %, and %,
are invariant under the transformation B - TBT' and W -»
TWT', we may assume

£ =1,
Q Q
g=gq=| 1 12 (4.4)
91 %22
with 9 = diag(w], sees ), o = H”L”(EHL21 +

) o 1 ¢ ! .
E1gbp)s 899 = 895 and 55 = (LyyEqq + LyoEyg) Loy +
(LZ,IE]2 + L22522)Lé2. We assume

A2: @ = 0(n)

€] €]
ne = n 911 12 (4.5)
21 922

where o,y = diag(e],...,op ). Let r be an orthogonal matrix
such that 1

r'er = o = diag(é1,...,ép) (4.6)
with 51 > ...>6. Thenno =uw . Let
- - p a a
lg = o+ Ly,
n n
Ty =1+ LW (4.7)
n n

Then it is easily seen that 2, and Ea are the a-th largest

roots of
1 1
fo;; + —Ug; - 2(I-—V.7)| =0
11 Jn 11 Jn 11
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and

|6 + L opr - E(I-+—l-r'Vr)| =0

/n /n
respectively, where U1]: Py*Py and V1]: Pyxp, are the sub-
matrices of U and V partitioned as in (4.1).
From Lemma 2.3, it is seen that the asymptotic distri-

bution of /ﬁ(da-éa) js the same as that of

9y = (r'Ur)aa - ea(r'Vr)aa - (v) +e (V) (4.8)

oa o ao
if W, and &a are simple. Using Lemma 1, we obtain that

the asymptomatic distribution of /ﬁ(f(d],...,dp ) -
1

f(G],...,é )} is the same as that of

P1
P
Y cg =tr A(])V + tr A(Z)U (4.9)
L. "0
o=1
(1) _ o (2) ' -
where A = Dco - Dcor s A = IDCF - Dc’ DC =

diag(c],...,c s 050..,0), D

P, o = d1ag(c]0],...,c

H]

Py
0,...,0), etc. This implies the following.

THEOREM 4.1. Let W and B be independently distributed
as a Wishart distribution wp(I,n) and a noncentral Wishart

distribution wp(z,qzs), respectively. Let d, = iu- %, and
né =w -w , where 2., & , w, and ¢ are the a-th largest
a o e’y g e - ¢

roots of B]] 11° BW °, 51511 and £z ', respectively.

Assume that the assumptions Al and A2 are satisfied, and
W, and &a (o = 1,...,p]) are simple. Then
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JRTF(d 4 ) = F(61snrnss -2 N(0,6%)
12 p_‘ 1° p]

as n > =, where
2

o]

i

2 \ 2
- T -D
2 tr{Dce rDCer 17+ 4 tr{rDcr C} 0

P
2)

a=1

2 I
ca{ea(ea-+2) + ea(ea-+2)

2 ,~
+
u,B8=1 ¢ B BY&B(GO‘ 2)

COROLLARY 4.1.1. When w, and i, are simple

AL -2,) = (8, -8)] =2 1(0,0%)

as n - «, where 02 =20 (6 +2) + 28 (6 +2) -
o o o o

= 2
46@(6@ + Z)Yuu'

5. EFFECT OF ADDITIONAL VARIABLES ON CANONICAL VARIABLES

In this section, we study asymptotic distributions of
certain statistics useful in studying the effect of addi-
tional variables on the canonical correlations.

Consider two sets of variables Xq p]x1 and K q]xl.
We assume P1 2 9y- Let SRR > Py > 0 be the canonical
correlations between X3 and Yy We sAa]] augment the vari-
ates X4 and Y1 to x: px1 and y: gx1 by adding extra variates
Xo' p2x1 and Yo! q2x1, respectively. We assume that (5"¥')
is distributed as Np+q[u,z]. We partition % as
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Zyx ny
T = s Lot pPxp. (5.1)
Zyx Zyy XX
Let 5a be the o-th largest canonical correlation between
X and y. Then
8y = Py = Py 200 (a=T1,.0p), (5.2)

o o —

which has been shown in Fujikoshi (1982). (et

S, S
yx vy

be the sample covariance matrix based on a sample of size
N=n+1. Let r, and Fa be the a-th largest canonical
correlations between X and Y1 and between x and y. We con-
sider the asymptotic distribution of

/ﬁ{f(d1,...,d )-f(é],...,a )}

Py P
where da = Fa -r . Let L] and L2 be the lower triangular
matrices such that
lexxLl = Ip, LZnyLZ = Iq (5.3)
We partition
Lo O [L2-11 0 |
L, = , L. = . (5.4
Voibioar biee) 2 ooy Lo

Let H].]]: P1*Pq and H2-11: Po¥Py be the orthogonal matrices
chosen so that
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H L L) 1+H) =P

1-11°1. 11 Xy-11"2.112- 11 11

1
= 0| , (5.5)

pp]
where
ny-11 ny-12
= . E

ny ny.z] ny.zz s ny.-l-l- p]xq‘lo (J.6)

Then r, and s are invariant under the transformation

Moty O
X - X
=] Yz Lioo2] =7
IR
y > y.
- | Lo Lo.22] =
Therefore, we may assume
B = Tpr Ty = 1o
ny =P
Pl1 P2
= (5.7)
Po1 Paz
With Py i (5.5), Prp = Hyqqbyq Cpqbagn Hoakaa02)s
Por = (Lyo1B1y Ly agaap)puqtiagy and Py = (Ly g2yt

- Let
Ly22%o1)bo.01 (LTt o020 o0 M€
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S=5+ -1y
/n
I P
p ) )
- +Jf[ XX XY}. (5.8)
P Iq n Vyx Vyy
Then ry is the a-th root of
_'| _
lsxy-llsyy-llsyx-11 - rsxx-11| =0
which is equivalent to
1 2 1
|PoPlo+—Z =y (1 +—V )] =0 (5.9)
11 11 I 11 Py XX 11
where
Zyy = P PV )0 by )]
/o v oyl
[ _1_ _ [
(P11'F/ﬁ-vyx-11) P]]P]1}, (5.10)

S 1° v 1° etc. denote the submatrices of S and

Xy

ny partitioned as in (5.6). Let I and I'y be the ortho-

gonal matrices such that

xy-1 xy-1
IyPT5 = P:pxq (5.11)

where the {(a,0) elements of P and 5a and other elements are
zero. Llet
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r ] 1 1
LT B R ] TSl T3y T2
S = ' 5 ' ] 1
_0 7] 0 '3 FZSnyZ I1zsyyr2
B T ] [}
Ip p 1 [F1Vxxr1 F1nyF2] |
= ' +—— . R (5.12
_P Iq_ Jn 1“2VyXF1 F2Vny2

THEOREM 5.1. Let r, and Fa be the o-th largest canon-
ical correlations between K p]X1 and Yy q]X1 (p1 f_q])
and between x: px1 and y: q x1, based on a sample of size
N=-n+1 from N(u,z). Let 0 and Sa be the corresponding
population quantities. Assume that a function f(d],...,dp )
satisfies the assumption Al and the canonical correlations

p, and o, (a = 1,...,p;) are simple. Then

{F(dyseensd ) = F(8750.0s6_ )} D, N(O,oz)
as n > =, where d = Fa -r 8 = 5@ -0,
2
o = 5 tr ,
2 AZ] A22 P Iq
i 2 2
2 2
= L -0+ (1-00)%
a,p=1 ¢ a
hl 2 2 2
+ 0L,%ﬂcmcsﬂ— pB){paoB(Y].Ba-kyz_Ba) - 2Y1-8aY2-8a}

and T] = (Y1'a8) and FZ = (YZ'QB)'

COROLLARY 5.1.1. When o, and Ea are simple,

RUE e ) = (5 -0 )T = N(0,6%)
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as n - «, where 02 = (1-—52)2 + (1-52)
-y 2 2
[papu(Y1 “00 * YZ'aoc) - 2Y1 'uuYZ'uoa] )

Note: Wijsman (1984) proved the Corollary 5.1.1 in
the case of o = 1 and 9, = 0 or Py = 0.

6. FURTHER RESULTS

Let d, and 8, be the increases in the a-th largest
sample and population eigenvalues in the three cases:
(i) principal component analysis, (ii) discriminant analy-
sis, and (iii) canonical correlation analysis. Then in
Theorems 3.1, 4.1, and 5.1, we have shown that

3= R send ) = Flapsensy )Y R N(0,69).

by (6.1)

Py
The limiting variance 02 depends on unknown : for cases (i)
and (iii) and unknown £ and o for case (ii). In order to
make the formula useful, we need the estimate 32 obtained
from o2 by replacing ¢ by S for (i) and (iii), and by re-
placing £ and o by (1/n)W and (1/n)B, respectively, for
(ii). It is easy to see that under the same assumption as
in each of the Theorems

G > & in probability.
Therefore, it follows from (6.1) that

EAEETCRIR (6.2)

The formula is useful in constructing an approximate confi-

dence interval for f(él,...,ap ).
1

It is easy to extend the result for a single function
J to the one for several functions. Let
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) - fa(s],...,s )}

J = /ﬁ{fa(d],...,d by

Py
for a = 1,2,...,k. We assume that fu's satisfy the

assumption Al. Let
3

- - 2
S(x - (c] ,OL’.."CP] ,O.) - Bd f(x(g)
- d=s
Then we can prove that
_ D
J = (J],...,Jk) > Nk(Q,Q). (6.3)

The Timiting covariance matrix Q = (q ) is given as fol-
Tows: aB

Case (i):

A,g = 2 tr(A AAGM),

where Aa is defined from A in (3.10) by substituting ¢ into
c

~a"
Case (11)
- (1),(1) (2)
an =2 tr Aa AB + 4 tr Aa 8

(1

where A(]) and A(Z) are defined from the A ) and A(Z) in

o «

(4.9) by substituting c into €y

Case (111)
I p I p
q = 5 ir ' ) I
a4 o {P Iq BIP qJ

where Aa is defined from A in (5.14) by substituting ¢ into

_

<y Higher order terms of the joint distribution of

J]""’Jk can be obtained by using perturbation technique.
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N. C. Giri

ON A LOCALLY BEST INVARIANT AND LOCALLY MINIMAX
TEST IN SYMMETRICAL MULTIVARIATE DISTRIBUTIONS

0. INTRODUCTION AND SUMMARY

Let

i=1,...,n,

be a n x p random matrix (n > p) with probability
density function

’Z|_n/ZQ(trz—l(x - en')'(x - eu')) (1)

£o(x)

with x € x = {x = (xij)lrank of x = p},

u = (ul,...,up)‘ e R°, e=(1,...,1)", nx1 and

2 >0 (pxp positive definite matrix). We shall assume
throughout that q € Q = {q:M(p) to [0,»)} is convex on
M(p) = {p x p nonnegative definite matrices} and thrice
n
continuously differentiable. Denote nx = 2 Xi’
1

n
g = Z(Xi - Kd(xi - X)'. We shall also use the following
1

notations throughout: for any p-vector
- | ] 1 =
D = (bgyeeesby )t = (b1 yB(5) ) Bryy = (Bpaeees

b(2) = (b

b)),
Py

' = '
p1+1,...,bp) and by (by,..usb, )" for the
63

A. K. Gupta (ed.), Advances in Multivariate Statistical Analysis, 63-83.
© 1987 by D. Reidel Publishing Company.
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i-vector containing the first 1 components of b; for any
P X p matrix

¢(11)  %(12)

¢(21)  %(22)

c(ll) is the p; X Py upper lefthand corner submatrix of
c, 0(22) is the P, X Dy lower righthand corner submatrix

of ¢, P+ Py =D and

-----------

°ri1]

We shall consider here the problem of testing

against the alternatives le

Py <P when ¥ is unknown. The problem of testing HO
against H1 remaing invariant under the multiplicative

group G of p x p nonsingular matrices g

g1y ©
g = (2)
€21) &(22)

where g(11> is by x Pq. A maximal invariant in the
space y of (X,S) under G (see Giri (1968)) is

where
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=, Iy
_ _Mwiaiay (3)
-t el =’
b+ ok yS11yr)
S
- — — — = nxX's X
R, +R, =nX"(8 +niXX')" X = .
tooe 1+ XS

A corresponding maximal invariant in the parametric space of
(u,z) under the induced group is

A = ( 1362)

where

—_ . -1
81 7 MH(1)P(11)¥1 )’
(4)

o]
H
+
g}
I
o}
=
™
=

We shall write §

1]
[ed)]

+
joc)

'é. It is obvious that

—_— -1 .
8 = (uz) = X21)Ea1)M(1))

-1 -1
(o) = X21)%(11)%(12))
-1
© Oz = Ferfanyia)-

For invariant tests under G the problem is reduced to
testing HO: 62 = 0 against the alternatives H,: 6§, > 0

1 2
when it is given that Ei = 0, We shall show here that the
n - Dy
test which rejects H, whenever R, + ————=TR, > C, where
0 1 P 2 - 77

the constant C depends on the level o of the test, is
locally best invariant and locally minimax in the sense of
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Giri and Kiefer (1964 ) as Eé +~ 0 for the family of

densities given in (1). In the multivariate normal setup
i.e. when

a(trz™H(x - et )1(x - en')) = (2r)
n

L
2

o e Pexpt-t w7 (x - et (x - en)d,

Giri (1968) has shown that this test enjoys the same

optimality properties. We shall refer to Kariya and Sinha
(1985) and the references contained therein for optimality
results in symmetrical distributions. We shall furthermore

assume that (i) f q(trz'z)dz = 1,
RP

(i1) fG(tr(gg'))i/glq(i)(trgg')lu(dg) < w,

(ii1) q(3)(x) < 0 and nondecreasing, where

3
q<3)(x) = g—gi§l and u(dg) is defined later.
dx

1. LOCALLY BEST INVARIANT TEST

To derive the locally best invariant test (IBI) (Giri
(1968)), we need the ratio of the probability density of R

under H; to that of R under Hy when Eé + 0. Using

Stein's theorem (1956) or Wijsman's representation theorem
(1967) the ratio R can be expressed as
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£=(F|H, )

(T |Hy)

n-.—pl

n-p

2Py n-p

[ poleFseset ey elan)| " le(ayeany) © 0

(5)

where
n n

py(F,5) = ls[? 27 Paltrs s + n(F - w)(F - w)'))

n n
) <12
[s[]27]

H

. q(trz_l(s + nxx') - Zﬂf'z_lu +8),

n n

po(0) = [s12[17 (s (s + n7E1))

and the range of integration being ~» to <« in each
variable. Ifet A be a matrix in G such that

Als + nxx')A' = I,

Then A'A = (s + nii')_l = s—l - ns_lii's_l(l + ni's_li)_l
so that nx'A'AX = ni's_li(l + ni's_li)_l = 51 + 52 and
- - - -1 = - -1 = -1
y y = 1
I ER R C TR R CD L EE D LD C L SED S DL
r,. Now writing y = vnAX such that y(l)y(l) =T,
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— -1
= = c >
y(z)y(Q) Y and gA h € G and noting that the left

invariant Haar measure in G is

13 .

U(dg) = 'g(ll)g(rll)[v Z]g(zz)g(’22);2dg:

we can rewrite (5) as

2 2
R = {J'Gq(tr[jg:lh(ij Jlisy - 23i§=1p<i)‘y(j)h(ij)

n-—pl
2 Ih

op

' 2
(22 )h( 22)]dh ¥

+§2])\h(11)h('11)|

Il—pl

2
SR J'jg:lh( 113121 1)
n-p

|h<22)h('22)| 2dh, (6)

=_ ! :_ 1 =
where p(l)p(l) 61, 0(2)p(2) 52. Obviously p(l) 0

under HO and Hl' To derive the LBI test we expand the

integrand q in the numerator of (6) as

(), 4o
altzmn) + o emmt (-2 + T,) ¢ S IR
()
(<2n + T, + S8 (2 + 5,Y (7)

where

n o= o) )Moy iy * Brn)Y(2))
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z = trhh! + (1 - a)(-2n + Eé) with 0 <a <1,

and , and evaluate the integral of each

. i
q(l)(x) _d q()iC)
dx
term in (7). To do this we need the following integration
results on O(p), the group of p x p orthogonal matrices

with respect to the invariant measure <(d0), 0 € O(p).

(1) [ tr(A0BO')r(a0) = LEAE (8)
o(p) P
0, if « is odd,
(i) [ (troa)“c(d0) = (9)
o(p) trA'A

5 if k = 2.

Using (9) the integration of the second term in (7) is
oy = %, fa 1 brnnt u(an) (10)
1° % v

n-Py n-p

2 2
integrate the third term we first observe that given °(2)

there exist an orthogonal matrix O € O(p2) such that

00(2) = (V%;,O,...,O) = 9?2) (say) (11)
or prpy < O'p?2). Hence

trolo ) Banyia) * Bazyi(2))

= (o300 21 (1) * Brazy(2))):

Using (9) we get
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' 2
2

= (0r(hay ¥y * Braa)i(2))"
1 1 .
* (oY) ¥ Baayi2) 22 0y 5,
Eé
=5, i) T hee)i(2))!

Y .

(8211 * Brazyi(2))

Hence the integral of the third term in (7) is
262

55 1Y) * heeyi2))!

(2) .
—

$
P2 qu(Z)(trhh')\)(dh). (12)

Since the measure q(z)(trhh')v(dh) is invariant under the
sign change h(22) > —h(22) we conclude that

J 8500 o 2 o)l 2 mim @) = 0. (13)
Hence we can rewrite (12) as

28
2wl (2)n(hnt ) o an)

=1 a0y 220 (2) 1
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26

(2) ,
+'f5§ fGtr(Y(l) (21) (21)Y(1))q (trhh' )yv(dh)
N
+_§.f q(2)(trhh')\)(dh). (14)
G

Transforming Y(2) by an orthogonal transformation of the
type (11) and integrating with respect to O(p2), the

first term in (14) can be written as

273, r

j tr(h(zz) (22))q( )(trhh')v(dh). (15)
Pz

Let Gg(p) be the multiplicative group of (p x p)

nonsingular matrices, GT(p) be the multiplicative group of

(p x p) nonsingular lower triangular matrices with positive
diagonal elements. Obviously Gz(p) = Cp(p) x O(p).

b, € GT(pZ)’ 0 € O(p2), we can get

Now writing h(

v(dh(zz)) = A(db2)r(d0) (16)

where 1 1is the invariant probability measure on O(pz)

and

l —2 -7

A(dby) = |bob it (b ;) T
1

2

with b, = (bij)' Hence we can rewrite (15) as (using (8))

28, T. 28, T
222 / tr(b,b )q(z)(trb A M(db,) = grz o,
P,  Gp(p,) P,
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where Q(Z)(tr(bzbé)) is the marginal measure of b2 and

is given by
£2 N r(o,01)) = [ BN twn, L oo+ B
4 292 q P11 11y T en)Men)

n-—pl

H 1 2
+ 20000 [Bi g yh)qq )l

» dnpqydhe oy, (18)
and
- 15(2) |
Dya, = [tr(b,ph)at = (tr(bybl))A(db, ).
We have used the fact that
[(o b} )q('g)(tr(bzbé))x(dbz) = a,l.

Similarly the second integral in (14 ) can be reduced to

28,7«

oT1%5 ~ . (2) 1
_—‘Ei;—- where 43P1Pg = ftr(h(21)h(21)))q* (tr(h(21)g219)
. dh(l2) and

Q*(Z )( tr(h( 21 )h('21)))

_r.(2) : , . y
= Jo " Cor(h g yaiqqy * BropyBiony * Bronyiion))

=Py n-p

, 5 , )
LLETE e D LI LT PP BT E TR o PYI

To evaluate Uns O3 we now consider the marginal density
of h(22), h(21) with resepct to the measure
n-p

1 2 .
Ih(22)h(22)[ dh(ppydheppys @S glven by,
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h(tr(h(Zz)higg) * h(2l)h(2l>))

= (2) ) + +
= Ja T 0er(h p 00y * Doy a1y * B(pa Y11 )

n-py
2
)] dn g,y (19)
and write h<22) b O Py + P, = D. The marginal measure
of b (21) is given by n-p,
_ 2
¢(db2,dh<21)) = h(tr(beé + h(21)h(2l)))|b2bé|
D
2
2 2
" <bii) dbydh o y-
Write

1, = tr(b2b2' + h(21 )h€21)), eO = 'tI‘(h(2l )h(IZl))/L’

12 s
e, = bii/L’ is= l,...,p2

eP2+1 - 1+l /B 1 =10y - 1,

12 .
°pytpy-lt biip,/k 1= 1eipy - 2,

e
p,(p,+1)
2052 2
A i o L. 20
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Extending the domain of b.. to (—»,+o) which simply
gives a constant c¢ (say) to the right side of (19),
writing

= Jen(tr(bb) + 5y yhlsy ) )dDydn (21)

. ch ' X
and observing that X (tr(p b2.+ h(2l )h(21))) is a
spherical density of b 's and hij's we conclude that L

and e = (e ) are independent and e

l’ 23 ey p2(p2+1)/2
obeys (Kariya and Eaton (1977)) Dirichlet distribution

plp2 1 1 1)

D(——5=~ ~==%,%,...,4). The probability density function of e

is given by

. P,(Py*1) PP, PP,
2 2 ey 2
P (py+1)

(2 )(r( ) ¢

P,(D,+1) . P,(py*1)

_— - i_ A A
. (e, 27 H1 - eg -0, ° e

i=1
z;(n-p;-i)
Denote by N = [L * ch(L)db2dh(21). Then
n-p, -1
P 1

%3P Po 2

= Eegn (e) © )

KN 1
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p n"pl+1 o) n—pl_J
(o] +1 2
252 2
—-K—I\T— = z E( I (e )
i=1 J=1 J
J#1
pz( p2+l ) D n—pl'_l
7 2 >
+ 2 e, 1 (e.)
. J .ol
J—p2+l i=1
a,p n - p o
Hence =2 - L which implies that 2= n - Dq.
43P Py Py G3

In a straightforward manner we can check that the
integration of the last term in (14 ) and that of the last
term in (7) are both 0(6 ) uniformly in T. and T.

1 2°
Thus
g, 20, n-op
- 2 3 1 —
R=1+ —fgal + 5 [( 5 T, + T, ]
+ B('fl,?z,'s‘z) (21a)
where
! n-p
D = [ q(trtht )|, bl \| 2 | ,.n)4] 2 dn
o (11)*(11) (22)(22)
and B(r r2,5 ) = 0(62) wiformly in T , T,. Hence we

get the follow1ng theorem.

THEOREM 1. For testing Hj: '6‘2

Hy: Eé =\, gtven that Ei = 0, the test which rejects

= 0 against

- =Py _
Hy whenever Tt 5 r,
as A > 0 for the family of distributions in (1), the
constant C depends on the level o of the test.

[v

e, s locally best invariant
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2. LOCALLY MINIMAX TEST OF HO AGAINST Hl: Eé =X

We refer to Giri and Kiefer (1964) for details of locally
minimax test. Let (Eé,n), be a typical element in the
parametric space § where 62 >0 and n 1is a
pg-dimensional vector whose range depends on 62. Let
p(y,gé,n) denote the probability density function on (y,b)

with respect to some o-finite measure. For fixed a,
0 <a <1, consider the rejection region of the form

R¥ = {y: Uly)>¢C} (22)

where U 1s bounded and positive and has a continuous
distribution function for each (62,n), equicontinuous in

(Eé,n) for some Eé < 8, and that

Py n(R*)

it
Q

(23)

B4

P, (BX) = a+n(r) + g(x,n) (24)

where g(a,n) = o(h(A)) uniformly in n with h(i) > O
for A >0 and h()x) = o{1l). Let also 0,07 £1a denote
J 3

apriori probability functions on the set {Eé = 0} and

{Eé = A} respectively such that

fp(y,%,n)ilx(dn)

=1 + h(a)(g(r) + r(2)uly))
fp(y,O,n)gon(dn)

+ B(y,2) (25)

where O < ¢y < (1) < ¢, < for A sufficiently small

and g(a) = 0(1), B(y,r) =o(h(A)) uniformly in y. If U
satisfies (23) and (24) and for sufficiently small XA there
exists £y, £q,, satisfying (25) the R¥ is locally

minimax for testing HO against Hi as A = 0. It is well
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known that Hunt-Stein theorem can not be applied to G with
p>2 (Giri and Kiefer (1964a); Giri, Kiefer and Stein
(1963)). However this does apply to the subgroup GT(p).

Thus for each ) there is a level o test which is
invariant under Gy (Lehmann (1959), p. 225) and which

minimizes, among all level o tests, the minimum power

under Hi. In the place of R, the maximal invariant under
G, we obtain here a p-dimensional vector R = (Rl""’Rp>
as the maximal univariant statistic under Gy (Giri (1968))

and is defined by

1
IRy = ¥ty (Spaay * WKpqp¥igy) Ty
i=1,...,D,
P o _
R, >0, ZRJ =R, ERJ=R1+R2

A corresponding maximal invariant in the parametric space

of (u,%) under the induced group is g = (01,...,op)',

given by
o 1
= ! - =
% Gj nu[i]E[ii U[i]’ 1 1, 3D,
Py _ D 3 3
o; >0, % o5 = 8 §5J=51+52.
Under both Ho and Hi g % ... 70 = 0. The nuisance

parameter in this reduced setup is

n = (O,...,O,npl+l,...,np)’ with ng = Oi/SZ' Let
u' = (V?I;...,/E;)’, v = (O,...,O,¢0p1+1,...,¥557'. Using

Stein's theorem (1956) or Wijsman's representation theorem
(1967) the ratio. R of the probability density R under

Hi to that of " R under HO is given by, with g € GT
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D
2

[ py(ex,gsg'mlel;) © e
GT 1

n-1i
o2 T
| pylex,gsg' nlel;) © dg
G 1

. (26)

p
f q(tr(Z N g - 2v'gu + k))n(gii
T ij<d 1

f a} 7 q° )n(g 5~§—ﬁg
T i<t

g1y  °
For simplicity let us write g = ( ) with

a1)  B(22)
g(ll)’ g(22) both lower triangular matrices. We can now

write

= jG altr(eg’ - 2958001 Y1) 2)8(22)%2)”
T

n-i n- i

_._....

P
n<g. dg/f al trgg’ )H(g >2 (27)
1

T

As before let us now expand the integrand q in the
numerator of (27) as

(1)

a(trgg') + (=2n + a)q ~ “(trgg')

+ (=2n +xf¥2%mgy)+(dn +XPJBRZ

(28)

where z = trgg' + (1 = aX=~2n + 1), O <o <1,
n = ’tI‘\)(Z) 8(21) (1) + g(22) (2)). As in the earlier
section the integration of the second term in (28) gives
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n-i

P
Ay = S q(l)(trgg’)ﬁ(gii) dg. (29)

Gy

Note we have used the fact that, for 1 # g, J # k,
(1) -
f 8588  (treg'dnlel;

GT 1

i=1,2,3. (30)

To integrate the third term in (28), we first observe that
(using (23))

n-i
p ——

i (trv(Z)q(gl)u(l))zq(Z)(trgg‘)H(gii) 2 ag
GT 1 )
n-1

1Y D Y —5—
A A A SRR

1=p+1 * j=1 (31)

and

n-1

p ——
fG (trvgz)g(22)u(z))zq(z)(trgg')g(gii) g
T

‘ 2 2
=/ 1 § r, J (o.85,+ «o. +0.85.)]
. e 1
GT J:pl-(-l J J_>_1 lJ J JJ

P
. q(z)(tr(gg'))g(gii dg. (32)

Now writing K = fq(z)(trgg')dg, L = trgg!’,
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n-i
D = fq(trgg')g(gii) ° e
1
z(n ~i)
N =f (2)(L)dg:
I'l—l
M = E(n(e ) ).
1
We get
SRR LR
J=pq +1 ¢ 1]
+(n - j+ 1)nj) + B(u,n,1)) (33)

where B(u,n,r) = o(r) uniformly in wu,n.

The set {Ax = 0} 1is a single point n = 0. So 0

assigns measure 1 to the single point n = 0. The set
{62 = A} 1is a convex by = (p = pl)-dimensional Euclidean

set where in each component n; = o(h (1)). Any probability
measure glx can be replaced by the degenerate measure

* i 1 ¥

glx which assigns measure 1 to the mean n¥ of Elx‘

Hence

D
_ 2NN =
Jrepylan) =1 g oy v 5o O e Lo
1

- (] nf+(n-J+ 1)n*) + B(u,1)
1>J

(34)

where B(u,r) = o{h(x)) wuniformly in u. Consider the
rejection region

ey = {x: U(x) = ?i + K5é Z_Ca} (35)
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where K 1is a constant such that (34) is reduced to yield
(25) and c, depends on the level of significance o of

the test for the chosen X. Now choose

n - Py
n¥ = T
(n-p P,
yo (n-j-1)..n-p) ""P1
nj m-j+1)..n-p+2) ' (n-p+ l)p2 ’

n-—pl
j=p; +1,...,p so that zrq +(n - j+1)n% = ———,
551 J P2
J = P+ 1,...,p, we can conclude that the test with

rejection region
et = {x: Ux)=7 + =T

with 12 A(c') = o satisfies (25) as A » 0. Furthermore
J

n - p
of the form (35) must have K = ———= +to
k Py

From (21a), for any invariant

any region c

satisfy (25) for some Eqy

region c', P, n(c‘) depends only on A as A - O.

E
Hence from (24) g(ix,n) = 0. Since the test with
rejection region ¢! is LBI, Hotelling's test which rejects

H, whenever ?i + ?é > ¢ does not coincide with the LBI

test and hence it is locally worse. It can be easily shown
that Hotelling's test, whose power depends only on X, has
positive derivative at X = 0. Hence the LBI test satisfies
the same condition at A = 0. Thus h(A) > O. The
condition (23) follows from the null robustness of the
distribution Fl, ?2. Hence we have

THEOREM 2. For testing H, against H{, the test

0 1

no-p;_

which rejects H, whenever T, + ——e=T7T_ > c 18 Locally
0 1 D, 2=
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minimax as A > O for the family of distributions in (1).

Department of Mathematics and Statistics
Université de Montreal
Montreal, Canada
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Leon Jay Gleser

CONFIDENCE INTERVALS FOR THE SLOPE
IN A LINEAR ERRORS-IN-VARIABLES REGRESSION MODEL

1. INTRODUCTION

The linear errors-in-variables model treated in this paper is the follow-

ing. Independent observations (z;,y:), ¢ = 1,2,...,N, are obtained,
where

(::)z(a-{t-‘l;.u,-)_i_ ;i.), t=1,2,...,N,
(2),, (;’;), conditional on uy,...,un, are i.i.d. N((g),z)
(1.1)

The u;’s can be unknown constants (functional case) or i.i.d. N(u,02)
random variables (structural case). The intercept a, slope b, and error

covariance matrix
Y= <‘7 ee Oef )
Oef Off

are unknown parameters. In the functional case of (1.1) the u;’s are
also unknown parameters, while in the structural case u and o2 are
unknown parameters. Note that in the structural case, the model (1.1)
implies that {u;,1 < ¢ < N} and {(e;, f;),1 < ¢ < N} are mutually
independent collections of random variables.

The model (1.1) can be regarded as a regression model in which
the predictor u; of the dependent variable y; cannot be observed ac-
curately, but instead is measured with error e;. Consequently, the
model (1.1) is often called an errors-in-variables regression model. Al-
sernatively, the model (1.1) can be thought of as modeling bivariate
1ormal observations whose mean vectors fall on a straight line. Un-
ler either formulation, the slope parameter b is frequently of primary
nterest.

Without restrictions on the parameters of (1.1), it is known
Nussbaum, 1976; Gleser, 1983) that the slope b is not identifiable,
.eing confounded with the slope 8 = o.fo_.! of the linear regression
f the errors f; on the errors e;, and also with the ratio A = oy fae_el of
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the error variances. Thus, to permit identifiability, it is often assumed
that 8 and A are known. If this is the case, transforming from y; to

= yi — Bz;
AN EDE

yields the model

T; Us €; .
= = 1 2 s N
(yf) (a* + b*ui) * (f,-*)’ PE DSt

€1 EN . - 0 2
: ....uy, are Lid. .N({ ), 02L),
<f1*> <f;{,> given uy uy, are i.i ((0> 0*l)

where f} = (A — 82)~2(f; — fBe;) and

a*=A—-p%"%a, b*=(A-B%"30b-0), 0°=o0e.

Since § and A are known, the y; are observable and we can use
(zi,y}),? = 1,2,...,N, to estimate a*,b* and o2. From these es-
timators, estimators of a, b, 0., are easily obtained. Consequently,
henceforth we act as if the transformation from y; to y; has been
made, and assume that in the model (1.1) we have

L =02I,, o¢%>0,

Over 100 years ago, Adcock (1878) considered the model (1.1)
with ¥ = 0215, and proposed estimating the parameters a, b by choos-
ing the line L for which the sum of squared distances from the observed
points (z;,y;) to L along perpendiculars to L is minimized. This ap-
proach contrasts with classical least squares methodology where dis-
tances from (z;,y;) to L are measured along perpendiculars to the
z-axis. It is now well known (Kendall and Stuart, 1979; Gleser, 1981;
Anderson, 1984) that Adcock’s method yields the maximum likeli-

hood estimators &, b of a, b, respectively, in both the functional and
the structural cases of the model (1.1). Standard theory shows that
a, b are best asymptotic normal (N — oo) estimators of a, b, re-

spectively, in the structural case. The fact that &, b have similar
large-sample optimality properties in the functional case has recently
been shown by Gleser (1983).
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Several studies have been made of the finite sample distribution

of b. [See Anderson (1976, 1984) for references.] However, little has
been written about the problem of assessing (reporting) the accuracy

of b as an estimator of b. In practice, perhaps the most common
approach to this problem is to report a consistent estimator &3 of the

standard deviation o} of the large-sample distribution of b. The usual
justification of this practice is that

bz, oy N2 (1.2)

is a large-sample 100(1 — &)% confidence interval for b. (Here, z, is
the 100(1—v)t"* percentile of the N (0,1) distribution.) Unfortunately,
the large-sample properties of (1.2) for fixed values of the parameters
do not necessarily indicate the properties of this confidence interval
when the sample size N is fixed and the parameters vary.

Indeed, the results of Gleser and Huang (1987), when applied to
the model (1.1), show that when N is fixed, every confidence interval
for b of finite length (for example, the interval (1.2)) has confidence
equal to 0. The analysis in Gleser and Huang isolates a function 72
of the parameters which determines the amount of information in the
data concerning b. This parameter is defined by

N
;2= — iz_:l(ui —@)2/0? in the functional case,

= (1.3)
o2 /o? in the structural case.

When N is fixed, the probability of coverage for any finite confidence
interval for b tends to 0 as 72 becomes small. (This fact is intuitively

n
obvious since 72 — O implies Y (u; — @)> — O in the functional
i=1
case and 02 — 0 in the structural case, and when the u;’s do not
vary, it is impossible to fit a unique straight line through the points
(E(y,‘),u,‘),ISzSN.) X
Consequently, the appropriateness of 6; as a measure of accu-

racy for b and the usefulness of (1.2) as a confidence interval for b
depend upon the value of 72, as well as the value of N. When 72 is
sufficiently large, there is some hope that 6; can serve as a measure of
accuracy for b. The goal of the present paper is to determine a range
of values of N and 72 for which (1.2) is approximately a 100(1 — a)%
confidence interval for b, and 63 can serve as a meaningful index of
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accuracy for b.

In Section 2, lower bounds for the coverage probability of (1.2)
are obtained in both the functional and structural cases of the model
(1.1). In Section 3, these lower bounds are tabulated for various

choices of N and 72. In Section 3 some consideration is also given
to modifying the critical constant z Lo in (1.2) to improve coverage

probabilities. Some details of the derivation in Section 2 are given in
the Appendix. In addition, it is shown in the Appendix that, contrary

to an assertion in Anderson (1976), b is not median unbiased for b.

2. BOUNDS FOR COVERAGE PROBABILITIES

n — N\ !
W — (wu w12) _ Z (x; ’f) (3;1. ff) ,
Wiz W22 < Yi— Yy .-y

N N
where z=N"1'Y z;, g= N1 y;. Let

=1 =1

Let

W=GDd¢ (2.1)

be the spectral decomposition of W, where

_(dy 0
D‘_<o d2>7 dlZdZZoa

is the diagonal matrix of eigenvalues of W and

G = (911 912>
g21 922
is the orthogonal matrix whose #** column is the eigenvector of W
corresponding to the eigenvalue d;, 1 = 1, 2.
For the functional case of the model (1.1), Gleser (1981) shows
that the maximum likelihood estimator of b is

o921 _ @12

2.2
g11 g22 ( )
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1 (1 b\ [di O 1 b
W~1+82(b 1)(0 d2)<—b 1>' (2:5)

It also follows from Gleser’s (1981) results that if

Hence

lim (N-1)7') (u;—a)*=4, A>0,

N —o00

then
VN(b—b) — N(0,0})
in distribution as N — oo, where

2 1 1+ b2
% = @&z T (afen)

Finally, a consistent estimator of org is

2 (1+6%)%dydy
O'E = '——————'—(dl — d2)2 . (2.4)
Hence, a large-sample 100(1 — )% confidence interval for b is
A (1+ b2)(dyds) %
b+ Z1l, ’
(=4 [ (d1 — d) N3
or equivalently
b—b)%(di —d2)? _ 1
C=1b ( ) A(2 12 2) < NX%;a ’ (2‘5)
(1 + 6%)2d1d;

where x2., is the 100(1—a)?”® percentile of the chi-squared distribution

with 1 degree of freedom.
In the structural case of the model (1.1), similar results hold.

Thus, b defined by (2.2) is the maximum likelihood estimator of b.
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The large-sample distribution of v N (I; —b) is N(O, ag) with

o2 1 1+ b?
P (020D T (0%/0?)’

and (2.4) is a consistent estimator of o7. Thus, (2.5) also defines a

large-sample 100(1 — )% confidence interval for b in the structural
case of the model (1.1).

Note that in both the functional and structural cases of the
model (1.1),

1 1+ b2

-

where in the functional case

=== lim
o N-—oo

(v —1)" g (v — 0)?

Instead of finding bounds for the coverage probabilities of C
defined by (2.5), we will instead find bounds for coverage probabilities
of the more general regions

Ck — {b (8 - b)zA(dl - d2)2 S k} . (2.6)
(1 + b2)2d1d2

This greater generality allows us in Section 3 to consider choices for
k other than N ™! x%;a in order to improve coverage probabilities.

Note from (2.2), (2.3), and ((2.6) that the confidence region (in-
terval) Cx depends on the data (z;,y:), 1 < ¢ < N, only through
the matrix W. In the functional case of (1.1), W has a noncentral
Wishart distribution with N — 1 degrees of freedom, covariance ma-
trix parameter 02],, and noncentrality matrix parameter

B () () =0 () )

In the structural case, W has a central Wishart distribution with N —1
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degrees of freedom and covariance matrix parameter

et ()) (00

Hence, the coverage probabilities P{bin Ci} in both cases depend
upon the parameters only through b, 02 and 72. However, if we
transform (z;,y:) to (¢zi,cy:), 1 = 1,2,...N, ¢ > 0, then b,b,72 and
[(d1 — d2)?/d1d;] remain constant under the transformation, while

02 — ¢%20?. Since Cj depends upon the data only through b and

[(d1 — d2)?/d1ds), it follows that

Pb’,,-z’o.z {b in Ck} = Pb’.,-z,cza-z{b in Ck}

Letting ¢ = 0! shows that the coverage probabilities for C) do not
depend on the value of 02. Hence, we can let

H(k,72,b) = P{b in Ci}, (2.7)

where the dependence of P{b in C} on N is suppressed for notational
convenience. (Remember that the sample size N is fixed.) We also
can assume that 02 = 1 without loss of generality.

The confidence of the confidence region Cy is the infimum of the
coverage probabilities H (k,72,b) over —oo < b < oo, 72 > 0. Since we
are mainly interested in the dependence of the coverage probabilities

on 72, we will in the following be considering (bounds on) the values

of

2y __ . 2 _ . .
H(k,r?) = __inf H(k*b)=_ inf P{binCi}. (28)

We obtain bounds on H(k,7?%) for both the functional and structural
cases of the model (1.1).

2.1. Distributional Representation

It has been noted already that in the functional case of the model (1.1),
W has the noncentral Wishart distribution with n = N — 1 de-
grees of freedom, covariance matrix parameter I (remember we are

now assuming o? = 1), and noncentrality matrix parameter (N —
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1)72(1,b)/(1,b). That is,

W ~ W(n, I, nr? (Z) (:’) ,).

In the structural case of (1.1), W has the central Wishart distri-
bution with n degrees of freedom and covariance matrix parameter
I + 72(1,5)(1,b)’. Thus,

W~ W(n, I, + rz(ll,) (D’).

Define the orthogonal matrix

I=(1+6%)% (; _1b>

and let

V= (”” ”12) = I'WT. (2.9)
V12 V22

Note that W and V have the same eigenvalues dy,ds, [V | = [W| =
d1d2, and ‘

1 1 b\ [d1 O 1 b
oo )6 A h) ew

where

U
!
o

[~ 02
o
It

ek
+
o
o

Also

V ~ 'W(n,Iz,n'rz(l + b%) ((1) g))
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in the functional case, and

Vv ~W(n,I2+72(1+b2)((1) g))

in the structural case. Finally,

(b—)2(dy — d3)? (1 — bbo)2b2(dy — dp)?

(]. + 32)2d1d2 d1d2(1 + 8(2))2
2
A v
= (]_ — bbo)zﬁ’
\4
since ‘lfztz (]. + 8(2))_180(d1 - dz)
€
P Y12 po= 21t
(Ullvzz)% ’ V22
Then
b—b)2(dy — dg)? g v . 3
( )"(d1 — dy) = (1 — bbo)2 112 = (1 — bbo)? i 5
(1 + 52)2d, d, \4 1—r

and it can be shown that

1—h+[(h—1)%+ 4hr?]2
2rhz ’

bo = (2.11)

Hence,

T2

1—r2

H(k,72,b) = P{bin Cx} = P{ (1—bbo)2 <k}, (2.12)

where by, is the function of k and r given by (2.11).

Lemma 1. The random variables r and h are statistically independent,
with r having the density of the sample correlation coefficient (p = 0):
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In the functional case of (1.1), A has the noncentral F-distribution

with numerator and denominator degrees of freedom both equal to
n = N — 1 and noncentrality parameter

6% = nr?(1+b%).
Thus,
h ~ Fy n(6%).
In the structural case of (1.1),
b~ [1+72(1+ b%)]|Fpo n,

where F,, ., is the central F' distribution with v; and v, degrees of
freedom.

_1
Proof. Define z = v;,%v12, w = vz2 — 22. In the functional case, since

V ~ W(n,I, 6 (1,0)(1,0)’%, Theorem 2.2 of Gleser (1976) shows
that vy1, 2z and w are mutually statistically independent with

V11 ~X?;(62), ZNN(O,].), w~x31,—1:

where x2 (62%) is the noncentral chi-squared distribution with n degrees

of freedom and noncentrality parameter 62. In the structural case,
since

V~w(n’(1+725)1+b2) (1))),

v11, 2, and w are again mutually statistically independent, with
V11 ~ [1+72(1+b2)]X3n ZNN(O’l)’ wNX?L—l'

However,

z V11
r=———1 k=g
(w+ 22)2 Wtz

and it is well known that r and w + 2? are independent (in either the
functional or structural cases). The conclusions of the lemma now
follow by standard distributional arguments. O



ERRORS-IN-VARIABLES REGRESSION 95

Observe that the distribution of r does not depend upon the
parameters b and 72.

2.2. Bounds

For rb # 0 define

r ar (k@ —r%)\?2 .
q,(T,b)—Z'i"(_l) |ZI<T> s 2—1,2,
and note that when b # 0,
2 2
r 5 g r - b\..
— = —(1 — - <
1_7.2(1 bbo) 1_1'2(1 (rbo) <r>) <k
if and only if
g1(r,b) < rbo < ga(r,b).
Thus, when b # 0, it follows from (2.12) that
H(k,2,b) = P{q1(r,b) < rbo < g2(r,b)}. (2.13)
When b = 0, it is easily seen from (2.12) that
2 r?
= < .
H(k,r%,0) P{l—r2 <k}

The function H(k,72%,b), regarded as a function of b, is difficult
to work with, mainly because of the behavior of ¢; (r,b). Consequently,
we look for good bounds to H(k,72,b) that are better behaved as
functions of b. To this end, define

r2

5 <k 0Z rbo < g2(r,b)}. (2.14)

Y(k,7%,b) = P{

Lemma 2. For all k, 72, b,

2

1
(k,7%,b) < H(k,v*,0) < $(k,7%,8) + S P{—

>k} (2.15)
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Proof. For fixed r # 0, it can be seen from (2.11) that

rbg is strictly decreasing and continuous in A,

lim rbo = oo, lim rbo = 0. 2.16
fig rbo = oo, fim, b (210

Consequently, 7'30 > 0.
First consider the case b = 0. Note that when r # 0 is fixed

and (1 —r2)~1r2 < k, then ginb g2(r,b) = co. Thus since rbo > 0,

r2

1—1r2

7.2

¢(ka72,0)=P{ Sk, OSTI;oSOO}

= P{ < k} = H(k,7%,0).

1—7r2 —

Thus the left-hand inequality in (2.15) is true as an equality, and the
right-hand inequality follows since P{(1 —r2)~1r%2 > k} > 0.
For b # 0 define the events

r2

1—r2

A ={q(r,b) < rbo < q2(r,b)}, B={ < k},

and E = {rb > 0}. Note that H(k,7%,b) = P(A). Since r?(1 —
r?)~! < k implies that ¢;(r,b) < 0 < g2(r,b), and since rbo > 0,

2

AﬂBz{ 5 < k, Ogrl;ong(r,b)}.

1—r7r
Thus,
zp(k,'rz,b) =P(ANnB) < P(4) = H(k,rz,b),

proving the left-hand inequality in (2.15).
On the other hand,

ANB =(ANB°NE)U (AN B°NE°®).
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However,

5 >k, qi(r,b) < rbo < ga(r,b), rb <0}

AnBan"‘={1r

is an impossible event, since rbg > 0 while

2

r
Tb<0,m>k - q2("',b)<0

Thus

ANB*=ANB°NE C BNE={rb>0,——
&

> k}.
Since the density f,(r) of r is symmetric about 0 (see Lemma 1) and
does not depend on b or 72,

r

ANBY)<P b>0 k} =
P(ANB%) < P{r >k = 5P

> k}.

Consequently,

H(k,72,b) = P(A) = P(AN B) + P(AN B°)
2
< "/’(k’Tzab) + %P{'l__r__rz_ > k}’

verifying the right-hand inequality in (2.15). O

The desirable properties possessed by ¥ (k, 72, b) are the follow-
ing.

Lemma 8. In both the functional and structural cases of the model
(1.1), the function ¥(k,72,d) is
(i) strictly unimodal in b for fixed k, 72, with unique mode
at b =0,
(ii) strictly decreasing in 72 for fixed k, b.
Further, for all fixed k, 72,

Jlim g(k,7%,8) = P{v < o [r+ (k(1 - Y @)
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where

v is statistically independent of r,
r has the density f,(r) given in Lemma 1,

v ~n~tx2, functional case, (2.18)
v ~ F,, », structural case.

Proof. See Appendix. O
Let
L(k,7%) = , lim (k,72,b). (2.19)

It follows from Lemma 3(i) that

Lik,r®) = __inf  4(k,7%,0b). (2.20)

(Thc;)rem 1. In both the functional and structural cases of the model
1.1),

r2

L(k, ™) < H(k,7?) < Llky7) + Py > K}, (221
where

H(k,7?) = ~ooi2{<oo P{bin Ci},

and L(k,72) and r are defined by (2.19), (2.17) and (2.18).

Proof. Since r has distribution independent of b (and 72), (2.21)
follows from (2.15) and (2.20). O

The quantity $P{(1 — r*)~'r? > k} indicates the size of the
error made in approximating H(k,7%) by its lower bound L(k,7?).
Since
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this quantity is easily calculated once we are given N and k. For large
values of k, 2 P{(1 — r?)7'r? > k} will be small, and the approxima-

tion of H(k,72) by L(k,72) will be close. It is worth noting that it
follows from (2.14) and (2.20) that

r2

1-—r2

L(k,7%) < P{ <k},

so that

1 r2

—P
2 {l—r2

>k} < %(1 — L(k,r2)). (2.22)

This result allows one to bound the size of the error of the approxi-
mation H(k,72) ~ L(k,72) using only the value of L(k,7%).

3. TABULATION OF THE BOUNDS

Let Gy (-) be the cumulative distribution function of the x2 distri-
bution and G}, (-) be the cumulative distribution function of the F, ,
distribution. Then in the functional case of (1.1),

27 = [ Gl + (- D ED L)

and in the structural case

7.2

L(k’Tz) = ./;t G:(r_4[r+ (k(1 - rz))%]z)fn(r)dr,

where t = [(1+k)~1k]%. These expressions are easily evaluated using
Simpson’s rule, together with IMSL subroutines for calculating G, (')
and G} (:). Breaking the interval [—t,¢] into m = 50 and m = 100
intervals yielded the same result (to four decimals) for each choice of
N, k and 72 considered. Consequently, the results of the calculation
of L(k,72) given below are accurate to at least 3 decimal places.

In Table I appear values of L(k,7%) for k = n™'x},,, a =
10,.05,.01, n = N — 1 = 10, 12, 15, 25, 30, 50, and 72 = 0.25,
0.50, 1.00, 2.00. The values of L(k,72) provide lower bounds for the
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minimum coverage probability (over ) of the confidence interval
7 A —L
bt zy, 6yn” . (3.1)

This region is slightly wider than (1.2), but is asymptotically equiva-
lent to (1.2) as N — oco. Coverage probabilities for the interval (3.1)
are thus greater than, but very close to, the coverage probabilities of
(1.2).

When reading Table I, it should be kept in mind that the differ-

ence between the true minimum coverage probability H(n"!x?.,,7?%)

and the lower bound L(n™'x3,,,7%) can be as large as ;P{n(1 —
r?)~1r? > x}.,}. A rough idea of this error can be obtained by cal-
culating

1 _
'2'(1 - L(n IX%;a’Tz));

see Equation (2.22).

One notable feature of Table I is the agreement between corre-
sponding (comparable a,n,72) values of L(xf;a, 72) in the functional
and structural cases. This is not completely unexpected, since cover-
age probabilities for the structural case can be represented as expected
values (over ui,...,un) of coverage probabilities in the functional
case. The closeness of agreement is, however, surprising.

The decision as to whether the results of Table I support the
use of 6; as a measure of accuracy for b in practice must be left
up to individual judgement. Table I does indicate that the bounds
L(n~'x3,,,7%) are reasonably close to the desired coverage probabil-
ities 1 — « when n > 25 and 72 > 1. Interestingly, the device of using
k = n~1x% o, to obtain a 95% confidence interval for b works well
when n > 25, 72 > 0.25.

A possible improvement over the confidence region (1.2) is to
use t, 1,1, in place of Z1g- Such a substitution is often used in
practice to adjust for finite sample size when using a large sample
confidence region. Here, ¢,_;, la is the 100(1 — %a)th percentile of
the t distribution with n — 1 degrees of freedom. Since

2 —
tn—-l;%a - Fl,n-—l;a,

the resulting interval is equivalent to Cx for k = n™1F} p_1,4. It is
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more convenient instead to use
-1
k= (n - 1) Fl,n-—l;a

since then

2

r 1

P >k} =-
{1 — 72 } 2

and the error in approximating H (k,72) by L(k,72) is fixed as a func-
tion of c. [It has already been noted in Section 2 that (n —1)r?(1 —
r?)7t ~ Fypn_y]

Table II gives values of L(k,72) for k = (n — 1) Fi pia, & =
10, .05, .01, n = 10, 12, 15, 25, 30, 50 and 72 = 0.25, 0.50, 1.00,
2.00. These values provide lower bounds for the minimum coverage
probability (over b) of the interval

btt, 11, o3(n—1)7%. (3.2)

Since it is well-known that

t2 2 z2
n—Lta — Fl,n-—l;a > X1;a _ Lo
n—1 n—1 ~— n n’

the interval (3.2) is wider (has greater coverage probabilities) than
the interval (3.1). Again, corresponding values for the functional and
structural cases are extremely close. Comparing Tables I and II, we
see that use of (3.2) provides substantial improvement in minimal
coverage probabilities for small values of n. Consequently, use of the
confidence interval (3.2) in place of either the interval (1.2) or (3.1)
is recommended, particularly when sample sizes are small. When n
is reasonably large, (3.1), (3.2) and (1.2) are nearly identical, since

Fi 1. 2
lim <n( Ln-lio Xl’a>> = 0.
n—oo n—1 n

Use of the confidence interval (3.2) can be recommended in
practice, particularly if the investigator has reason to believe that 72 >
1. (Remember that 3 (k,72,b), and thus L(k,7?), is strictly increasing
in 72 so that values of L(k,72) will be larger than those appearing in
Table IT when 7% > 2.) The assumption that the variability in the u;’s
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exceeds the error variance o? (that is, 72 > 1) is quite reasonable.
Indeed, in psychometric practice

2 \2
o <1+r2)

is called the reliability of the z; measurements. This index (in the
structural case of the model (1.1)) gives the correlation between z;
and an independent replication (with the same value of u;) of ;.
Measurements (tests, instruments, etc.) with reliabilities of less than
.7 are seldom used in psychometric practice. (Reliabilities are usually
obtained experimentally when the measurement instrument is con-
structed.) Note that p = .7 corresponds approximately to 7% = 1.
Although it is subject to the same accuracy problems as the

estimator b of b, the consistent estimator

2 dy — df
da(1 1 52)

can be used to give an internal (from the given data) estimate of 72.
If 72 is small (say, #2 < 1), one should be very careful when using

large-sample inference methodology, such as the confidence interval
(1.2), particularly when n is also small.
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APPENDIX

Proof of Lemma 3. To prove part (i) fix k and 72. Let
M(q;62,7) = P({h: rbo < q}),
where 62 is the parameter of the distribution of h. That is,

52 — nr2(1 + b?), in the functional case,
T 11+ 7%(1+b%), in the structural case,
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as can be seen from Lemma 1. Using Lemma 1 and (2.14), it can be
shown that

W(k,,b) = / M@0 . (A)

T

l—r2 Sk

Take (d/db)(k,7%,b). Since M(g; 6%,r) is bounded between 0 and 1,
the derivative can be taken inside the integral sign. However,

d 2
zl—b'M(Q2(ra b)16 ,7')
d d
= et M (456%,7)lg=qa (r,b)

52\ d \
+ (71;) WM(qz(r,b)J ,7).

Since rbo is strictly decreasing in h, and since h has strict mono-
tone likelihood ratio in 62 (in both the functional and structural
cases), it follows that (d/d6?)M(q;62,r) < O for all ¢,62,r. Since
M(q;62,r) is a cumulative distribution function as a function of g,
(d/dgq)M(q;6%,7) > 0. Now

d (6?) = {anzb, in the functional case,

db 272b,  in the structural case,

while for rb # 0, r2(1 — r2)~1 < k,

r r [r(1 —r2 3

G+15 (2522
2Y).1

~(+ [*F ), §>0

(A852)E —1) g, §<0

<0, ifb>0,

>0, ifb<0.

&l =

d
%qZ (b’ 1') -

|
———A—
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Combining the above results, we see that for all b # 0, r # 0,

d 2 <0, b>0,
a5 M (a2(rb): 8 ”)_{>0, b <0,

Thus, for b # 0, (d/db)y(k,72,b) is < 0 for b> 0, and > 0 for b < 0.
Since it is easy to show that t(k,72,b) < t(k,7%,0) for all b, this
completes the proof of part (i) of Lemma 3.

To prove part (ii), we can again use (A.1), the fact that A has
strict monotone likelihood ratio in 6%, and the fact that rbo is strictly
decreasing in h when r # 0 is fixed. Consequently, M (g2(r,b);6%,7)
is strictly decreasing in 62, and thus in 7%, when r # 0 and b are
fixed. It then follows immediately from (A.1) that ¢ (k, 72, b) is strictly

decreasing in 72.

Finally, from (A.1) and the Lebesgue dominated convergence
theorem

Jlim(k,rb) = /? o Man(r,0)8% 1)) (42

l-r

Note that for r # 0, r%(1 —r%) "1 < k,

i L

: k(1 —1r?)
Iblllgwaqz(b,r) Jim lbl( [—1)

:{ M i S Ve
—r 4+ [k(1 —r2)]2, b— —oo. ’
Also since

h ~ Fp o(n72(1 + b%)), in the functional case,

h~[1+7%(1+b%)]F,n, in the structural case,
in either case it can be shown that

. h 2 . . s . 2

plim h = oo, gz o in distribution as b* — oo, (4.4)
v

[b]—00
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where

v ~n~1x2, in the functional case,

v~ F, ,, in the structural case,

and v is independent of r (since h is). However, for r # 0,

a l—h:t\/ —12+4T2h (h—l) 4T2h 1
rbo = -1+ (1+ —5) %
0 2h% 2hE | ( (h—1)2) ]

=r2h"3(1 + o(1)),h — oo.

It thus follows from (A.4) that for r # 0,

1

Jblrbo — r*(5)* (4.5)

in distribution as b — +o0o0. Since the limiting distribution of v is
continuous, it follows from (A.3) and (A.5) that for r # 0, r2(1 —
r?)~t <k,

lim M(ga(r,b),d%,r) = P{v < -:-;(ir + k(1 —r2)]$)%). (4.6)

However, fn(r) is symmetnc about r = 0. Hence, (2.17) directly
follows from (A.2) and (A.6). This completes the proof of Lemma 3.
a

Proof that b 1s median biased. Note that

A

P{h> b} = P{b ” >0} = P{-

>0
——bbo }

= P{1—bbo > 0,80 > 0} + P{1 — bby < 0,bp < OY.A.7)

Note from (2.11) that bo and r always have the same sign. Further,
by the symmetry of f,(r) about r = 0, P{r < 0} = %. Thus, P{bo <
0} = % Assume b > 0. Then I;o < 0 implies 1—b30 > 0. Consequently
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(A.7) becomes

P{E>b}=P{%>30>0}+P{30<0}2P{30<0}=

Do =

The inequality is strict unless P{6~! > bo > 0} = 0, which is easily
shown not to be true.
For b < 0, similar arguments show

P@>b}=P@o>®+J%%<0}>P$mﬂﬂ:%,

Of course, when b = 0 P{b > b} = P{b, > 0} = 3. Thus, b is median
biased except when b = 0.

Department of Statistics
Purdue University

West Lafayette, Indiana 47907
U.S.A.
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Table I

Lower bounds for the minimum {over b) coverage probability for the region Cyx when
E=n"1x%,.

Functional Case Structural Case

&l n=N-1 a=.10 a=.05 ¢a=.01 a=.10 ¢a=.05 a=.01

0.25 10 7471 .8050 .8780 7430 .8004 .8726
12 .7610 .8188 .8903 7578 .8153 .8864
15 7759 .8335 .9032 7734 .8309 .9005
25 .8033 .8604 9263 .8019 .8590 9249
30 8114 .8682 9328 .8103 .8671 9317
50 .8303 .8865 9477 8297 .8859 9472
0.50 10 1677 .8265 .8990 7642 .8227 .8951
12 7812 .8397 .9103 7783 .8366 .9073
15 .7954 .8535 9219 .7931 .8512 .9196
25 .8209 .8780 9418 .8197 8768 .9407
30 .8282 .8850 9473 .8272 .8840 .9464
50 .8449 .9008 9593 .8444 .9003 .9588
1.00 10 .7855 .8447 .9160 7823 8414 9128
12 7983 .8571 .9262 .7958 .8545 9237
15 8118 .8699 .9365 .8098 .8680 19347
25 .8353 .8921 .9535 .8343 .8911 .9526
30 .8418 .8982 .9580 .8410 .8974 9573
50 .8565 9118 9676 .8561 9114 .9672
2.00 10 .8002 .8595 19290 7975 .8567 19265
12 .8125 8712 9383 .8103 .8690 9363
15 8251 .8831 9474 .8235 .8815 .9460
25 .8467 .9031 .9619 .8459 .9023 9613
30 .8526 .9084 9656 .8520 9078 .9652

50 .8655 .9201 9733 .8652 9198 9731
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Table II

Lower bounds for the minimuin (over b) coverage probability for the region Cx when
k= (n - 1)—1F1,n;a-
Functional Case Structural Case

ﬁ n=N-1 a=.10 a=.05 o=.01 a=.10 a=.05 ao=.01

0.25 10 .8006 .8598 .9305 7961 .8546 .9250
12 .8051 .8636 9324 .8017 .8598 .9284
15 .8108 .8687 9354 .8082 .8659 9326
25 .8238 .8807 .9438 .8224 .8793 .9424
30 .8284 .8850 .9470 .8272 .8838 .9459
50 .8403 .8963 9555 .8397 .8957 .9550
0.50 10 .8221 8812 .9485 8183 8773 .9449
12 .8259 .8843 9497 .8229 .8812 .9469
15 .8306 .8883 9518 .8284 .8860 .9497
25 .8415 .8980 9579 .8403 .8968 .9568
30 .8452 .9014 .9602 8442 .9005 9594
50 .8549 .9103 9663 .8544 9099 .9659
1.00 10 .8403 .8988 9617 .8370 .8955 9591
12 .8433 .9011 .9625 .8407 .8985 .9604
15 .8472 .9043 9639 .8452 .9023 .9623
25 .8559 0118 9681 .8549 9108 9673
30 .8589 9144 9697 .8581 9136 .9691
50 .8665 9211 9739 .8661 9207 .9736
2.00 10 .8551 9125 9711 .8524 9099 .9691
12 .8575 .9143 9715 .8553 9122 .9700
15 .8605 .9166 9724 .8589 9151 9713
25 .8673 9222 9752 .8665 9215 9747
30 .8696 9242 9763 .8689 9236 9759

50 8754 9292 9791 .8751 9289 .9789
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LIKELTHOOD RATIO TEST FOR MULTISAMPLE SPHERICITY

ABSTRACT

This article deals with the null and nonnull distributions
of the likelihood ratio criterion for testing multisample
sphericity in q multinormal populations. Nonnull moments
have been obtained using a simple and shortcut method. The
null density has been derived using inverse Mellin transform
and the calculus of residues. The nonnull density is given
in a series involving zonal polynomials and generalized
hypergeometric functions.

1. INTRODUCTION

Let &1,...,§q be random vectors of order p x 1 which are

distributed independently as multivariate normal with mean

vectors Ypoeeeolly and covariance matrices 21,...,zq

respectively. Let H denote the hypothesis of multisample
sphericity, i.e.

H: = ... =1 = ¢g2I (1.1)

5l a D

where o2 > 0 is an unknown constant and T is the

identity matrix of order p. Such an hypothesis arises in
repeated measures designs with two or more repeated factors,
where if the assumption of homogeneity of group covariance
matrices can not be made a priori, it needs to be tested.

It is easy to see that the modified likelihood ratio
criterion for testing H is (see Mendoza (1980))

¥Research initiated while he was University Grants Com-
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q ni/2
np/2 .? ‘Ai|
n i=1
M= q n,p/? np/2 (1.2)
In.t [tr A/p]
i=1 *
N,
) 1 X )
where A = A, A, = (X, - X )X, -X. ),
42 1 i 521 1] i ij i
N,
1%/ )
X, = L X .N, N = JN, n, =N, -1,
1 5=1 1771 0 521 1 i i

n = %ni =Ny -q and gij ‘is the j-th (J = 1""’Ni)

independent observation on X, (i =1,...,9).

It may be noted that in the case q =1, (1.1) is the
usual Mauchly's sphericity hypothesis. In the case p =1,
(1.1) is the Neyman and Pearson hypothesis for testing
equality of variances of ¢ univariate normal populations.
These two problems have been studied by many authors, e.g.
see Pillai and Nagarsenker (1971), Khatri and Srivastava
(1971), Gupta (1977), Gupta and Rathie (1982).

The object of this paper is to derive null distribution
of a one-to-one function of A% (see Gupta et al. (1975),
and Gupta and Tang (1984, 1986)). In Section 2, the nonnull
moments of A¥ are derived in the most general form in
terms of Lauricella's hypergeometric functions as well as in
multiple series involving zonal polynomials. Various
particular cases are also discussed there. In Section 3,
the null distribution is derived, using inverse Mellin
transform and residue theorem. The nonnull distribution has
been studied in Section 4.

2. NONNULL MOMENTS

It is well known that Al""’Aq are independent Wishart
with parameters (nl,Zl),...,(nq,Zq) respectively. Since
A¥ is a function of Al,...,Aq, its h-th moment is

obtained as
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h
] J’ (mpP?/2| @ mp/2  n/2 N
i=1 *

)

[ . [tra)mRR/e

I =Q

..dA (2.1)

-1
etr{-% % A.x.7YdA, .
s 11 1 q

where Re[hni/z +1n,;/2] > (p+1)2-1, i=1,...,q, and

D .
Fp(a) ={1nr(a - ii—%—il)}ﬂp(p_l)/4. Replacing
31

-nph/2

[tr A] by the equivalent gamma integral, namely

H

{r(nph/2)) L2 TER/2 o=x trA/2,mph/2-1,,
0
Re(h) > 0,

and changing the order of integration, which is permissible
and integrating out A,,...,A , we get
1’ q

h -1 .
E(A¥7) = Z(h;p,q;ni,zi 1 = 1:---:q)

hni n,
fm X/ % '2_1+XI[_( 2" _§)dx
0 I{nph/2) 1=1 i

(2.2)

where
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2
R -1, _ (o ™/
Z(hsp:q9niJZi sl = 1’--':Q) - “q—_n—i‘ly‘z‘
T n.

i=1 1

171 i i
% Izi I r (—-2——+ 2) (2 3)
i=1 Tpti/2)

2.1 Moments in Terms of Lauricella's Function

Let 6,, >6,,> ... >8, >0 be the eigenvalues of the
il i2 D

p.d. matrix Zi, i=1,...,9. Then

. 1,
1 1
_ 1+nx'p(2 +_'2-)
= (7—=)
n
i

n.
D (1 - noty] (3 + —5)
X [ R (24
5=1L 1 + nx

Substituting from (2.4) in the integral in (2.2), and
transforming v = 1/(1 + nx), we get

1. -1
E(A%P) = Z(h;p,q;ni,nzil,l =1,...,q){r(nph/2)}

. flynp/2—1(1 _ y)nph/2—1

0

hni ni
qg P L A= =)
ToT1-y(1-n0i] ° % ay.
i=1 j=1 J

(2.5)

Now using the definition of Lauricella's function (Mathai
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and Saxena (1978, p. 163)), one gets

n -1 (=)
'X‘ = . - ] =
E(A%7) = 2(hsp,qsmy 7ot = 1,.00,0) =
g+
D 27 2 27 72 2(°
n nph
i=1, » Q5 “g‘ + _'g H
-1 ~1 .
{1 - n8,95..051 - neip}, i= l,2,...,q>
1

Re(h) > O; ]l - nej—_jl < l;

i=1,2,...,9, §=1,...,p. (2.6)

Various other properties and convergence conditions of
FD(...) are discussed in Exton (1976).

Special Cases. (i) For p =1, L, = oi, i=1,...,q9 and

the moment expression given in (2.6) reduces to

h -2 .
E(A* ) = Z(h;l,q;ni,nci 1 = ‘l:-H:Q)

{r{n/2)/r(n/2 + nh/21}

i=1,...,q9 (2.7)

which is the h-th nonnull moment of the modified likelihood
ratio statistic for testing equality of variances.
(i1) For g =1, the h-th nonnull moment of the
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sphericity criterion is derived as

n _ r(n,p/2)
¥ = ep.1:
E(A ) Z(h9p;1:nl)nzl ) I‘[nlp/2+n1ph/2]
3]s W e I8
D 27 2 2702 2’
n,p hn.p
1 1 -1 1
- + 53 1 - nell,...,l - nelp),
-1 .
il-neljl <1, §=1,...,p. (2.8)
Similarly nonnull moments for the cases (iii) q = 2,
p=2 and I =3I, = diag(el,ez) and (iv) g=2, p=2

and 21 = 0512, 22 = OSIZ can also be derived.

2.2 Moments in Terms of Zonal Polynomials

1.
Alternately expanding }Egl + xI| bn, (1+h) in terms of
zonal polynomlals, one gets
i, e
==+ =) (== + =)
PR A T S
1 n
nih ni
(—§~'+ —g)

T - (T - nzgl)/(l + nx)’_

hni n:.L
- (1 + nx)-p( 2 +'f§) <
n
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Wh?re K(i) = (%gi);..:,k;i))’ kgi) Z o 2.kéi) 20,

kgl) L & kél) = k(l) and (a)m = a(a + 1)...(a+m-1),
D

(a)K(i) = jzl(a - (- 1)/2)k{i). C (1) 1s the zonal

polynomial of order k(l). For a discussion of zonal
polynomials see James (1964 ). The series in (2.9) is valid

for I(I - nzgl)/(l + nx)l < 1. Now substituting from

(2.9) in (2.2) and integrating out x +term by term, one
obtains

h -1,
E(A%7) = Z(hsp,asny,nz 1 = 1,.00,09)

k<1%:omkg<1>=o }1)"'}@
T, T T,

-1 -1
CK(l)(I - ng] )...CK(q)(I - nZ, )

e REDRNEACY

(2.10)
(21 + n) + A A )

Notice that when p = 1, the above expression reduces to
(2.7) with different notations. When q = 1 the above
moment sequence reduces to that of sphericity criterion.

3. DENSITY IN SERIES FORM

From the result of the previous section, the h-th null
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moment of V = A*Z/n, for n, =1, i=1,...,q9, is

derived as

- (pa)PPr(L) p | rHE=L Lo n)
E = il
n . - 7+ 1
rlpa(z + h)] j=1 I‘q(n——%——-—)
(3.1)
Simplifying T[pq(% + h)] by using Gauss-Legendre
multiplication formula and writing
F[E—:L%%:;JL + h]...F[zL;L%;:;;£ + h] in the reverse order
as 1.,[_11_—_-1)_'_"_1 + hl.. .F[w + h], the above
2 2
expression 1s written as
pg-1
2 _,npq
(2m) r(==)
(V") = 2
npg~-1
2 pa-1 . k
(pa) T r(z+h+=)
k=0 pa
n - +
p rY=—=L—< + n) )
1 : . 3.2
. n - + 1
=1\ rH=——=—)

2

Now from (3.2) using inverse Mellin transform and substitut-

il

ing = 5 P+ h =1, we have the density of V as

f(v) =

|
=~
~—~
B
3
-
0
~—
~~
[\
5
£
~—r
I
=
<
—
>
~~
o+
~—r
3
+
o
fd

O<v<l (3.3)
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K(n,p,q) = (2r) P41 2p(0pq/0)/

npg-1 D
pa) iA=Ly (3.4)
J=1
P pg-1
alt) = {1 THs + §/20n/0 mrn(t + p/2 + k/pq)}
J=1 k=0 (3.5)

and C 1s a suitable contour. A contour C exists for
which (3.3) can be represented as a G-function and it can
be evaluated as a sum of the residues at the poles of the
integrand. Properties of G-function and other details are
available in Mathai and Saxena (1973). For the computation
of percentage points one needs an explicit representation
for f(v). In order to evaluate the density in computable
form, that is as a sum of the residues, we identify all the
poles of the integrand and their orders. Since the
alternate gamma functions in the numerator of (3.4) differ
by one and the adjacent ones by half, the poles of the
alternate gamma function coincide whereas the poles of
adjacent gamma functions do not. So we separate the two
types of poles and represent all the poles In two sets.
Also some of the gamma functions in the numerator may
cancel out with the gamma functions in the denominator,
we therefore, for simplicity, consider three cases:
p-even; p-odd, g-even and p-odd, g-odd separately.

When p 1s even the numerator gammas in the integrand
are written as

P /2 a p/2
T + /2] = mrde o+ gy mrd(e -1+ )
j:l J':l J':l

and two gammas in the denominator corresponding to k = 0O
and k = pq/2 cancel out with T(t + p/2) and
r(t + p/2 - %), and the expression (3.5) is simplified as
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p/2-1
Al(t) =0 nm {r(t+ )t -3+ 3in?
J=1

{r(t + p/2)r(t + p/2 - 1971y,

pa-1
({ n r(t+p/2+%k/pa)Ht +p/2 - 3
k=1{#pq/2)
(3.6)

When p dis odd the numerator gamma in the integrand are
written as

P (p-1)/2
1+ §/2) = 1 4t + §)
J=1 j=1
(p+1)/2
T B CTE TR
5=1

and if g 1is even two gammas of the denominator
corresponding to k = 0 and X = pg/2 cancel out with
r(t + p/2) and T1(t + p/2 - %) 1leaving the factor

(t + p/2 = 1) in the denominator. In this case

(p-1)/2-1
(%) = [ 1 3t + §)
j=1

(p-1)/2
om0 %t -3+ Ho(s + 5)

j=1

g-1 pq-1
rv + 221 1/ 1 (e e )
k=1(¢pq/2) P4

(v + 2521 (3.7)

If g 1s odd only one gamma of the denominator
corresponding to k = O cancels out with r(t + p/2) of
numerator and the expression (3.5) simplifies to
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(p-1)/2 q (p-1)/2
AB(t) = 1 tHt-32+3) 1 e+
J=1 j=1
pa-1
e e 20 1+ B SO

k=1
(3.8)
Now with the help of Ay by and AB’ one can easily

identify poles of the integrand and their order for three
different cases. The poles are available by equating to
zero each factor of

where aj and bj give the orders of the poles at t = -]

and t = -j + % respectively, which can be easily obtained

as follows.
p-even:

aj ,» J=1,2,...,0/2 - 1,

a, =
J
B-1, j=p2p/2+1,..,
aJ s J=1,2,...,0/2,
b, =
J
B%_l, J=p/2+1,... (3.9)
p~-odd and g-even:
aJ , J= 12,0000 - 1)/2,
a, =
-1
Q(PZ ) 1, J:(p—l)/2+l,...

(3.10)
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p-odd and g-odd:

. . -1
qJ sy J T 152;--~:p 5
a, =
J
-1 . -1
(F==), §=E=+1,..., (3.11)
p-odd:
. -1
qJ s J = 1,2, :p2 >
b, =
J
+ 1 . + 1
aBg=) -1, g (3.12)

Now, using the residue theorem we get the following result
from (3.3).

- x*/n -
THEOREM 3.1. The p.d.f. of V = A¥""", for n, =m,
i=1,...,q, where A* <is the modified likelihood ratio
eriterion for testing H, 1s given by

n-p
= -1

f(v) = K(n,p,q)v [R.. + R

.1,
1 1i 21

Il 0~3. 8

i

where K(n,p,q) ts defined in (3.4), R ; and Ry, are

the residues at the poles t = -1 and t = -1 + %, of
orders a; and b, respectively. Also

ai-l a
_ 1 .. 9 Ly 1 -t
Rli T Ta, = 1T til@ a,-1 [(t + 1) "alt)v ]
* ot (3.14)
and
) b;-1 b, .
R,, = lim [(t-2+1) Ta(t W)
21~ b, = 1)1 TS oI
i tor-i+z atl

(3.15)
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where

Alt)

Al(t) and a,, b; are given by (3.9)

if p 1s even,

Az(t) and a,, b, are given by (3.10),
(3.12) i1f p is odd and q 1is even,

Hi

A3(t) and a;, by are given by (3.11),
(3.12) 1if both p and o are odd.

11
will be different for the three cases considered above and
hence the density will be different for these cases.
Considering the three cases separately one can derive the
expressions for residues explicitly. For illustration, we
here derive the explicit expressions for the case p-even

that is when A = A; end a,, b; are given by (3.9). In

this case the expression (3.14) is written as

Clearly the residues Ry, and R, (i =1,2,...)

a.-1
_ 1 .9 -t
Bpi = o or MR o gy (3.16)
i t+-1 i
9t
where
. p/2-1
A = r9%t +1+1) 1 3t + )
1 o _
J=1i+1
p/2-1
1orde - 3o 8N s Bt e + By
5=
pq-1
[ @ r(t + p/2 + k/pa )t + p/2 - %)
k=1¢pq/2)
1.1 .

]'[(-t,+j)qz]] for 1 =1,2,...,p/2 - 1,
J=1
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) p/2-1
PNy s v 1) m TNt - 2o+ )
Jj=1
g-1 p -1 pa-1
It + ==/ 1 r(t + p/2 + k/pq)
k=1(pa/2)
p/2-1
(v + 22y T (b s )Y
j=1
i-1
T (6 + 3PY2N) for 1= p/2,p/ed,... .
j=p/2 (3.17)

By using a result from differential calculus it is
possible to further develop the expression (3.16), as

1 —t, 9 a;-1
iy e oo Y bt (-log v)1 = Ay
i aiil(ai - l)
= 1im
a; =1l i pot T
a;-1-r (L
(-log v) * ALy (3.18)
Clearly
S Y iy
I e A !
r-1 r-1
9 9 .
=2 (A, —1log A,.) = (A )
Btr_l 11 3t 11 Bt 11 11
(3.19)

where
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_ 3
By =3¢ 108 Ay
p/2-1
=qip(t +1+1)+q ) wlt+j)
j=i+1
p/2-1
ta Lt =3+ g)+(a -1t +5)
5=1
pg-1
#lq =D+ B30 - T (s + Ba K
k=X#pqa/2) Pa
_q1 i
_(t+p2) _qZJ(t+J) for
J=1
i-= 1:2:---:p/2 - 1: (3.20)
p/2-1
= (-t v i+ 1)+ q Ju(t -3+ )
J=1
pg-1
S CTESTORE-EE S g RS e
k- 1#pa/?)
-1 p/2-1
O = N R SR P
j=1
i-1
-(-9-2—-1)2(t+g>
J=p/2
for 1 =7p/2,p/2 +1,... . (3.21)

Consequently all the derivatives of Ali are available from

recursive relation

(r) . 5 f - ) y(r-1m)y(m)
A1§ B zo(rm> 111n ! 1? (3.22)
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with

(m) _ 3
1i m 1i

= (—1yn+lm![qi;(m +1,t +1+1)

p/2-1
+q ) clm+ 1,0+ )
J=i+1
p/2-1
+q )polm+ 1,8 -3%+)
J=1
+(q - 1)(n+ 1,t + 5)
p -1
+ (g - 1)g(m + 1,t + > )

+

-1 X
é tm + 1,6 + 5+ =)

g1 Pa/2) Pa
_qlem i
+(t + lljg——) + q Z (e + J)
Jj=1
for i=1,2,...,p/2 -1, (3.23)

-<n“1z@§-uam+ut+i+n

p/2-1
+q o olm+1,t-3%+3)
i=1

+(q - 1)l + 1,8 + B2

pg-1
7 me 1t e B e (e BT

k 1#pa/2)
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p/2-1
+q )
J=1

) \=1-
j(t o+ )y

i-1 1em
G TR ED N CI D
j=p/2

for i =p/2,p/2 + 1,... . (3.24)

From (3.18) it is possible to write

. a,-1
ot i (ai - ) ai—l—r (r)
M e ST TZO r ) (-log V) Mio
(3.25)
where
Al | ril - 1>Aﬂr—l—m)B(m) (3.26)
1i0 L \'m )7110 1i0 :
m=0
with
p/2-1 p/2-1
Ao=l 1 ¥y -1y 1 %y i3
J=i+1 J=1

i-1 .
. FQ—l(_g _ i)rq—l(B__;__l_ - 1)]/[ z (J ~ i)QJ

j=1
pg-1
T (R e EyR > ERNESY
k=1#pa/2) Pa
for i =1,2,...,p/2 - 1, (3.27)
p/2-1
S SR G IR RS S ¢ R D)
j=1
pq-1
S A R R L Y

k=X#pq/2)
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p/2-1 ,oi-1
1o -10Y w (5 - 1)PYE
J=1 J=p/2
for i =p/2,p/2 +1,..., (3.28)
p/2-1
BliO = qiﬂ)(l) + ._Z IIJ(J' = i)
J=i+l
p/2-1
+q ) w(j-1-2%)+(q- 1)w( - i)
Jj=1

+ (g - DESE - 1)

pg-1

- R N O
pa/2)
1.1
- q E 53 -1t for 1=1,2,...,p/2 -1,
Jj=1
(3.29)
p/2-1
= (25 -1W(1) +q ) w(§ -1 -32)
J=1
¢ (q - (5= - 1)
p X -1 -1
IR S I ¢ - 1)
k= szq/2) Pq 2
p/2-1
-aq ) MJ-m4-<m-1>2 (5 -1yt
J=1 j=p/2
for 1 =p/2,p/2 +1,..., (3.30)

(m) _ (_1)m 1

B1i6 1{qig(m + 1,1)
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p/2-1
+q2C(m+1:j"i>
J=i+l
p/2-1
+q ) tm+1,5j-1-%)
J=1
P o
+ (q —1)dnl+1ﬁ§-l)
-1 .
+ (q - )g(m + 1,E 5 - i)
pg-1
- tn+ 1,5 -1+ =)
k=1¢pq/2)

11
-1 y-1- VNG
P R T g T - )T
Bl

for i =1,2,...,p/2 - 1, (3.31)

= (D™ B - De(n + 1,1)

p/2-1
+qZC(m+1,J-i—%)
J=1

-1 .
+(q - 1)g(m + 1,2 = - i)

pg-1

= C(m+1,§_i+—li)
k=1#pq/2)

pa

p/2-1
+q ) 33 -1)
j=1

-1-m

-1 L\-1-
+ (2 = - i) m

i—_l —l—m
(-0 7 G-07T
J=p/2
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for i =7p/2,p/2 +1,... . (3.32)

Here the suffix o indicates the value of the function and
derivatives at t = -i. y(-) and ¢(.,.) are well known

psi and zeta functions [see Gradshteyn and Ryzhik (1965)1.

Following exactly the same procedure the residue at

t = -1+ % dis obtained as
Si-E 17l 1) b, -1-r (r)
'(““.“1‘7‘ Z (-log v) 8210
(3.33)
where
A T - ) (r-1-m)(m)
Ayio © ZO( n %210 B2i0 (3.34)
with
p/2-1 p/2-1
Ayig = Cn 9y -1) nm U5 +3-1)
J=i+1 Jg=1
SR GRS N D)V
pg-1
(Con rRFE s BuB -
k=1#pa/2) pd
i-1 )
m(j-1)¥ for i=1,2,...,p/2 -1,
j=1
, (3.35)
p/2-1
=0 1%+ 3 - Bty
J=1
pg-1 p/2~-1
[ n r(3 +“Ei) T (5 - p/2)%
k=1#pa/2) P =1

for 1 = p/2, (3.36)
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p/2~1

=0 onor%y -1 3R 1)y
j=1
pa-1 . p/2 :
L1 r(a s Bode Ky - )Y
k=1#pa/2) !
1-1
no (- 1 YPV2Y pon 4 - py2 s 1,...,
J=p/2+1
(3.37)
p/2-1 p/2-1
Byg = al¥(l) +q J w(j-1+3)+q ] w(j-i)
Jj=1 j=i+1
#(q - DR - 1)+ wE - 1)
i-1
~ (% D X iy -1t
j=1
pg-1 .
- Kg ¢(B_2__1._i +-_.)
k=1l#pq/2) Pd
for i =1,2,...,p/2 -1, (3.38)
p/2-1
= O{% -1W(1) +q 3 w(j+% - g&
j=1
p/2-1
fla -1 —a ] K5 -B
j=1
pq—l
Y ow(d o+ ——J for i = p/2, (3.39)
k=1
#3Dq
p/2-1

=B -aw1) ra ) Wik
j=1
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p/2
# (g - EEE 1) - q ) (5 - 1075
j=1
1-1 1
- (E% -1) ) (§-1)
J=p/2+1
pg-1
- w(_i+p;1+__k_
x=1#pq/2) pd
for i =7p/2+1,..., (3.40)
_ m+1 .
(-1)Y m!fgig(m + 1,1)
p/2-1
+q ) olm+1,j-1+3%)
J=1
p/2-1
+q ) tlm+1,j-1)
j=i+1
# (g - Delm + 1,254 - 1)
#(g-Dem+ 1,5 - 1)+ (B -7
11
v q ) 35 - 1)t
5=1
pg-1
- % C(m+1,-i+p;1+-—k-]
k=Y#pq/2) pa
for i=1,2,...,p/2 -1, (3.41)
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+1
= (-1 (5 - Delm o+ 1,1)

p/2-1
q 2 C(m+l,j—%p+%)
J=1

+

+

(g - 1)g(m + 1,%)

p/2-1 e
v g 3 3 - )t
j=1
pg-1
- o(m+ 1,3 + _§)]
k=1 #pa/2) pa
for i = p/2, (3.42)

= (1™ (% - 1)g(m + 1,1)

p/2-1
q ) tlm+1,5-1i+3)
j=1

+

p/2
(q - De(m+ 1,252~ 1)4q | (j-1)77;
i=1

(¥

+

i-1 1-m
-1 ] (-1)
J=p/2+1

+
3
Xe)

p%‘l +1 X
g(m + l,zlj?—“ -1+ =)l
k=1¢pq/2) pa

for 1 =p/2+1,... . (3.43)

Now substituting the expressions for Rli and R2i from

(3.25) and (3.33) respectively, in (3.13), we get the
following result.
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THEORFEM 3.2. When p <8 even, the p.d.f. of V = A*2/n,
for n, =1, i=1,...,n, where A% <is the modified

likelihood ratio criterion for testing H is given by

.n__—Pi -] 1
2 .
£(v) = K(n,p,q)v ) [a e
1 i :

aifl<éi - 1) a;-1-r (L
) ¢ (-1log v) 440
r=0

b,-1

vi-% 1z (bi - 1) bi-l—r (IEJ
+ (~log v) AN A,
Zbi — 17 =0 r 21
0<v<l,

where a,, b, are given by (3.9), X(n,p,q) is defined

T r
110 @4 A0
given by (3.26) and (3.34) respectively.

in (3.4), and the expressions for A are

The density f(v) for q =2, p =2 is derived as

n-4 -
2 v i
£(v) = X(n,2,2)v [ ] viA .
i=1
3 4% i
+vi(-log v + By oMy + VT ) viAyyg)]
i=2
where the coefficients AliO’ B210, A210 and A2iO are

calculated from (3.28), (3.39), (3.36) and (3.37)
respectively. Simplifying these coefficients using
conversion formula (Mathai (1982, p. 248, Eq. (2.7)) and
some properties of psi function the density is finally
given by the following corollary.

COROLLARY 3.2. The density for p =2, g = 2 <8 given as
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n-4

£(v) = K(n,2,2 v % [4vr(2){r(2)r(3/4)y™t
© Fo(2,,3/433/2,3/25v)
%{-log v + 4 log 2 - 4}

C4T(BT(3/4)r(2 )y

+ v P
. 4F3 <%'§ ,3,2,2,,V)], 0<v<l,

where 3F2 and 4F3 are the hypergeometric functions

(Mathai (1982), p. 248).
4. NONNULL DENSITY

The Lauricella's function FD used in section two has the

following series representation

F]()pq)(a;{bil"“’b‘ b, i=1,...,q; c;

11 1p ql
(a) (b)) v,
. mll+...+mpq % E 1] m%J 1]
R . m, .!
C)mll+...+mpq i=1 j=1 1]

for [vi.i <1, i=1,...,q, J=1,2,...,p, where for

example (a)m =ala+1)...(a +m=-1)=rT(a +m)/T(a)
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whenever T(a) is defined. Expanding the Lauricella's
function given in (2.6) and taking inverse Mellin transform
we get the nonnull density of A¥ as follows:

4 ni/2
_ _ q [nZ. [
j=1| Tp(73/?)
m, .
21 b
o N e p (1-n6y)
2_0"' Z_ R m..!J
m = mpq—O i=1 j=1 1]
np 2pq,0 a n; n;p/2
T Lol i >HD A,2pg M G
127 j=1 17 patl,2pq | 1P
op op
( R R " mpq’ 2>’
n

n,
1 . .
2 ij:‘—z')u] = l:---:p}: 1= 1:---:Q:

n, n,
{(—%f%%),repeated p times}, i=1,...,q

ni -J+1 ni
(F—3), § = 1,...,0}, 171,...50

0 < ¥ <1,

2pq,0 ..

where Hpq+1,2pq[ | -1
general expansion and computable representation of
H-functions see Mathai and Saxena (1978). One can write
this H-function in terms of Meijer's G-function by
expanding various gammas by using Gauss-Legendre multipli-
cation formula.

Alternately, using (2.10) and inverse Mellin transform,
the nonnull density, in terms of zonal polynomials is
derived as

is an H-function, For a definition,
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ni/2
q 27t
£O%) = a7 1 =
o1 | Py - g+ 1
T r(——s )
5=1
DI 1}‘”:0 .}1) La)
1 -1
C I-nk C I -nk
() E =B € )T g
SOD P e
n.p/2
a,0),5 7 (L e/
HlI’> A% T (n_...)
J i:].. p
(%J"k(l) + .. +.k(Q),%)
n,-j+1 .y T,
1 . .
( ¥ kgl)’_];‘)) i=1,...,q, Jj=1;...,p
0 < A% < 1
where Hpq,O[.!_] is an H-function.
1,pq
A, K. Gupta D. K. Nagar
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Shanti S. Gupta and S. Panchapakesan

STATISTICAL SELECTION PROCEDURES IN
MULTIVARIATE MODELS

1. INTRODUCTION

Since statistical inference problems were first posed in the now-familiar
“selection and ranking” framework over three decades ago, these prob-
lems have been studied from several points of view using various goals
and formulations. However, selection from multivariate populations
is an important topic that has not been adequately studied in the
literature. Our interest here is to briefly review developments per-
taining to selection from multivariate models. In doing so, we con-
sider: (1) selection from a single multivariate normal population, (2)
selection from several multivariate normal populations, (3) selection
from a multinomial population, (4) selection from several multinomial
populations, and (5) selection from a set of predictor variables in a
regression model.

For ranking multivariate populations, usually a scalar function
of the unknown parameters has been chosen in all the investigations.
This permits a complete order of the populations. The choice of
the ranking measure depends, of course, on the specific situations.
The selection procedure in these cases depends on a suitably chosen
statistic which has a univariate distribution.

Let us consider k independent populations =y,...,7g, Where
7; has the underlying distribution function Fy,, ¢+ = 1 ,k. The
0; are unknown real-valued parameters; these represent the values of
a certain quality characteristic § for the k populations. The popu-
lations are ranked according to their §-values. To be specific, m; is
defined to be better than m; if 6; > 0;. The ordered f; are denoted
by fj1) < -+ < O It is assumed that there is no prior knowledge
regarding the correct pairing of the ordered and the unordered ;. Se-
lection problems have been generally studied under one of two formu-
lations, namely, (1) the indifference-zone and (2) the subset selection
formulations.

Considering the basic problem of selecting the best population
(i.e. the population associated with ), the indifference-zone formu-

lation of Bechhofer (1954) requires that one of the k populations be
141

A. K. Gupta (ed.), Advances in Multivariate Statistical Analysis, 141-160.
© 1987 by D. Reidel Publishing Company.



142 S. S. GUPTA AND S. PANCHAPAKESAN

chosen as the best. A correct selection (CS) is said to occur when
any population associated with |4 is selected. Any valid procedure
R must guarantee a specified minimum probability of a correct se-
lection (PCS) whenever the best and the next best populations are
sufficiently (to be specified) apart. Let §(6x), 0[x—1)) denote an ap-
propriately chosen measure of the separation between the best and
the next best populations, and P(CS|R) denote the PCS using the
rule R. Further, let

Qs = {QIQ = (01, ee ,0k),5(0[k],0[k__1]) >6* > 0}. (1)
Any valid rule R should satisfy
P(CS|R) > P* whenever § € (2s-. (2)

Both 6* and P*e(1/k, 1) are specified by the experimenter in ad-
vance. Suppose R is based on samples of size n from each population.
Then the problem is to determine the smallest n for which the require-
ment (2) is satisfied. It should be noted that there is no guarantee to
be met when § belongs to Q5., the complement of Q5. The region
¢. is the “indifference-zone” lending its name to the formulation.

In the subset selection formulation studied extensively begin-
ning with the pioneering work of Gupta (1956, 1965), the basic prob-
lem is to select a nonempty subset of the & populations so that the
best population is included in the selected subset with a specified min-
imum PCS. The size of S, the selected subset, is not determined in
advance but by data themselves. Selection of any subset that includes
the best population results in a correct selection. Letting (2 denote
the entire parameter space, any valid rule R should satisfy

P(CS|R) >P* forall §¢0. (3)

This requirement (3) is called the basic probability requirement, or the
P*-condition. Any configuration § which yields the infimum of PCS
over {1 is called a least favorable configuration (LFC).

The expected value ofJS |, the size of S, is a reasonable measure
of the performance of a valid rule and has been generally used. Some
other possible measures (considered by a few authors) are
E(|S|)/P(CS|R) and E(|S|)—P(CS|R), the latter being the expected
number of non-best populations included in S.

There are many variations and generalizations of the basic for-
mulation using either of the two approaches described above. There
are also related problems such as selecting populations that are better
than a standard or a control. A comprehensive survey of the develop-
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ments encompassing all these aspects with an extensive bibliography
is given by Gupta and Panchapakesan (1979). Recently, Gupta and
Panchapakesan (1985) have provided a critical review of developments
in the subset selection theory with historical perspectives. For a cat-
egorized bibliography, see Dudewicz and Koo (1982).

In the present paper, we are concerned with subset selection
procedures for multivariate populations. In Section 2, we discuss se-
lection of the best component in a multivariate normal population in
terms of the means as well as the variances. Selection from several
multivariate normal populations is discussed in Section 3 using dif-
ferent criteria such as the Mahalanobis distance, the generalized vari-
ance, and the multiple correlation coefficient. Section 4 deals with
selecting the most probable and the least probable cells in a multino-
mial distribution. Selection from several multinomial populations is
discussed in Section 5 using the Shannon entropy function for compar-
ison of the populations. Finally, Section 6 describes subset selection
procedures for choosing a best set of predictor variables in a linear
regression model.

2. SELECTION FROM A SINGLE MULTIVARIATE NORMAL
POPULATION

Consider a p-variate normal population N,(g, ) with mean vector
¢ = (p1,...,4p) and covariance matrix ¥ = (oj;), which is
assumed to be positive definite. In this section, we consider ranking
the p components according to their means p;, and according to their

variances oy;.
2.1. Selection in Terms of the Means

Let X’ = (X1i,...,Xp) be the sample mean based on n independent

(vector) observations from the population. We first consider the case
of known ¥ and assume, without loss of generality, that o;; = 1 for
¢ = 1,...,p. For selecting the component associated with p,], the

largest p;, Gnanadesikan (1966) considered the procedure
d
R; : Select the sth component if and only if X; > X[ — -—\/—% (4)
where X[;) <...< X], denote the ordered X;, and d; =
di(n,p,X) > O is the smallest number such that the P*-condition is
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satisfied. It is easily shown that
iréfP(CSIRl) =Pr{Y, > Yj—dy, j=1,...,p—1}, (5)

where Y; = /n(X(;) — p)), X(5) is the component sample mean

associated with p[;), and 0 = {p: —oco<p;i<oo,i = 1,...,p}
For evaluating d; for which the nght-hand side of 5) equals P* we
need to know A = (aj;), the covariance matrix of ¥’ (Y1,..., Yp)

Even though X is known, we do not know the correspondence between
the 0;; and the a;; except when p = 2. For p = 2, the right-hand side

of (5) equals ®[d1/+/2(1 — 012)], where ®(:) is the cdf of a standard
normal random variable; this glves

dy = di1(n,2,Z) = V2(1—012)@7 1 (P*). (6)

For p > 2, Gnanadesikan (1966) obtain two different lower bounds
for the infimum of PCS. Letting do; = min{d;/\/2(1 — ap;), 7 =
1,...,p— 1}, one gets

inf P(CS|R1) 2 Pr{Z; < doi, §=1,...,p~1} (7)

where Z' = (Z1,...,2Zp—1) has Np_1(0, B) distribution and B has a
known structure with elements being 0, or [2(1 — a;,)] "%, or —[2(1 —

a,”,)]‘l 7=1,...,p— 1. One lower bound for the right-hand side

of (7) obtained by Gna,nadesﬂ(a,n 1966) is ®7~!(do1) based on an
inequality due to Slepian (1962). The other lower bound is (2 — p) +
(p — 1)®(do1) obtained by using a Bonferroni inequality. For p = 2,
the two bounds coincide. While do;, using either lower bound, is a
conservative value for d;, the computations of Gnanadesikan (1966)
show that do; in the former case (Slepian inequality) is closer to the
exact value. However, the difference between the two approximate
values decreases as P* increases and is very small for P* > .90.

The determination of the constant d becomes easier when o;; =
p >0, ¢ # 7. In this case, we get

inf P(CS|Ry) = /_ : &P 1(z + )d®(z) (8)

d
Vi—-p

and H = d//2(1 — p) are tabulated by Gupta (1963a) and by Gupta,
Nagel and Panchapakesan (1973) who have also considered the selec-
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tion problem in this special case.

When the covariance matrix ¥ is unknown, let us assume that
o;; = o for i = 1,...,p, and let s2 denote an estimator of 0% on v
degrees of freedom, statistically independent of the X;. In this case,
Gnanadesikan (1966) proposed the procedure

dj‘; 9)

where dy = dy(v,p, P*) > 0 is the smallest number for which the
P*-condition is satisfied. For this procedure,

Rz :  Select the 1th component if and only if X; > X[, —

ixrlsz(CS|R2) >Pr{t; <do1, t=1,...,p—1}

>1- p}:‘, Pr{t; > do1} (10)

=1

where t; = Z;/s,, Z' = (Z1,..., Zp—1) has the same distribution as in
the known X case, vs2 /o? has a chi-square distribution with v degrees
of freedom, do; is defined as before, and 2 = {(g,X)}. Equating the
last member of the inequalities in (10) to P*, an approximate value
of dp; is given by

(2-p) + (p—1)Gu(do) = P* (11)

where G, (-) is the cdf of a Student’s ¢ variable with v degrees of
freedom. In the special case of 0y; = po?, p > 0, do; can be evaluated
as an equicoordinate percentage point of a multivariate ¢ distribution.
The do; values are tabulated by Gupta and Sobel (1957), Krishnaiah
and Armitage (1966), and Gupta, Panchapakesan and Sohn (1985).

2.2. Selection in Terms of the Variances
We now define the best component as the one associated with the

smallest 0;;. A natural procedure is analogous to that of Gupta and
Sobel (1962a) in the uncorrelated case. This procedure is

. . 1 .
R3 : Select the ith component if s;; < — min s;; (12)
¢ 1<5;<p

where ¢ = ¢(p,n, P*) € (0,1) is the largest number for which the P*-
condition is satisfied, and S = (s;;) is the sample covariance matrix
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based on n independent (vectoxg observations from the population.
This procedure has been considered by Frischtak (1973), who has
shown that, for p = 2, the infimum of PCS is attained when 011 = 022
and 032 = 0. Thus ¢ can be obtained from the tables of Gupta and
Sobel (1962b).

For p > 3, Frischtak (1973) obtained only an asymptotic (n —
oo) solution, using the asymptotic normality of log(s"(zl) / s%].)), j =
2,...,p, after suitable normalization; here s?'-) is the s;; associated
with the ¢th smallest ¢;;. The asymptotic solution ¢ is given by

n—1

Pr{Y; < loge, 7=2,...,p} = P* (13)

where the Y; are standard normal random variables with equal corre-
lation 0.5, and can be obtained from the tables of Gupta (1963a) and
Gupta, Nagel and Panchapakesan (1973).

3. SELECTION FROM SEVERAL MULTIVARIATE NORMAL
POPULATIONS

Let mq,...,mx be k p-variate normal populations, Np(gq,%;), ¢ =
1,...,k, where the y; are the mean vectors and the X; are posi-
tive definite covariance matrices. For defining the best population,
several measures have been used such as the generalized variance,
Mahalanobis distance, and the multiple correlation coefficient. Also,
comparison with a control has been studied using as criteria linear
combinations of the elements of the mean vector and those of the
covariance matrix. We now discuss these briefly.

3.1. Selection in Terms of Mahalanobis Distance

Let \; = piX; lg,,-, the Mahalanobis distance of 7; from the origin. We
first assume that the X; are known. Let X,;, 7 = 1,...,n, denote n

(vector) observations from 7;, ¢ = 1,...,k. Define Yj; = ngZi—lXij
n
and Y; = ) Y;;. For selecting a subset containing the population
=1
associated with Afy), Gupta (1966) proposed the procedure

Ry : Select m; if and only if ¥; > ¢4 Y[k (14)

where 0 < ¢4 = ¢c4(k,p,n,P*) < 1 is to be chosen suitably to meet
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the P*-condition. It has been shown [Gupta (1966) and Gupta and
Studden (1970)] that the infimum of PCS occurs when A; = --- =
Ar = 0. Thus the constant ¢4 is given by

/ TG Z)dG ) = P (15)

where G, (z) is the cdf of a standardized (i.e unit scale parameter)
gamma variable with v = np/2 degrees of freedom. The values of ¢
are tabulated by Gupta (1963b) and Armitage and Krishnaiah (1964).
An analogous procedure can be defined for selecting the popula-
tion with the smallest A;. In this case, the appropriate constant can be
obtained from the tables of Gupta and Sobel (1962b) and Krishnaijah
and Armitage (1964).
It should be noted that the procedure R4 is based on the statis-
n
tics Y; = }:1 XﬁjEi_lXﬁ; rather than Z; = X_:-Ei_lxi, where X; de-
]=
note the sample mean vector from #;. If we use Z; instead of Y;
in R4, the infimum of PCS and hence the constant ¢4 do not de-
pend on n. This makes the procedure unsatisfactory. One can, of
course, use a different type of procedure. For example, we can define
R': Select 7; if and only if Z; > Zj) — d, d > 0. Such a procedure
has not been investigated.
When the X; are unknown and not necessarily equal, Gupta and
Studden (1970) proposed and studied the rule

Rs : Select 7; if and only if Ty > ¢5Tix) (16)

where T; = X:S‘._‘X,-, S; is the usual sample covariance matrix with
(n — 1) as the divisor, and 0 < ¢5 = ¢5(k,n,p, P*) < 1 is chosen
suitably to satisfy the P*-condition. It has been shown by Gupta and
Studden (1970) that

oo
. k-1 (T
it PCSIR) = [ Bl (D) Fpnple) (10
where Fp ,_p(z) is the cdf of a central F-variable with p and n — p
degrees of freedom. The values of ¢5 for which the right-hand side
of (17) equals P* have been tabulated by Gupta and Panchapakesan
(1969) for various values of k, P*, p, and n. )

Gupta and Studden (1970) also studied the problem of selecting
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the population associated with the smallest A;. Their rule is

R{ : Select ; if and only if T; < —017T[1] (18)
5

where 0 < ¢§ = ¢§(k,n,p,P*) < 1 is to be chosen suitably. In this
case,

oo

inf PCSIRY = [ (1= Fypop(cha)F M dFpl@). (19

The constant cj for which the right-hand side of (19) equals P* has
been tabulated by Gupta and Panchapakesan (1969) for several com-
binations of k, P*,p, and n.

When £; =---= X3 = X and ¥ is unknown, one would define

a procedure with T; = X:S ~1X; in Rs, where S is the usual pooled
estimator of ¥. This procedure was proposed by Gupta and Studden
(1970) and studied later by Chattopadhyay (1981). He has discussed
evaluation of the constant in an approximate sense, i.e. the infimum
of PCS is approximately P* but can be on either side of it.

3.2. Selection in Terms of the Generalized Variance

It is meaningful to rank multivariate normal populations according
to the amounts of dispersion in them. A frequently used measure
of dispersion is the generalized variance which is the determinant of
the covariance matrix. Let §; = |Z;|, ¢ = 1,...,k. We define the
best population as the one associated with the smallest §;. Let S; be
the sample covariance matrix based on a sample of size n from m;,
i1 =1,...,k. Gnanadesikan and Gupta (1970) proposed the rule

1
Rs: Select m; if and only if W; < E—Wm (20)
6

where W; = |S;|, and 0 < ¢ = ce(k,n,p, P*) < 1 is to be chosen
suitably to satisfy the P*-condition. It has been shown that

1
inf P(CS|Re) = Pr{¥1 < =Y;, 1 =2,...,k} (21)
6

where Y7,...,Y% are independent and identically distributed, each
being the product of p independent factors, the rth factor having a
chi-square distribution with (n — r) degrees of freedom. An exact
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solution for cg is obtained in the case of p = 2, using the fact that
2(n — 1)*/2(W;/6;)% is then distributed as a chi-square variable with
2(n — 2) degrees of freedom. The constant c¢g in this case can be
obtained from the tables of Gupta and Sobel (1962b) and Krishnaiah
and Armitage (1964).

When p > 2, one can use Hoel’s approximation of the distribu-
tion of Yil/ ? by a gamma distribution with scale parameter 4! and
shape parameter m, where 2m = p(n — p) and 26 = p[1 — (2n) " 1(p —
1)(p — 2)]*/?. Another approximation is that of p~!logY; using the
normal approximation of logx?. Gnanadesikan and Gupta (1970)
have studied these approximations.

Some alternative procedures have been proposed by Regier
(1976). These procedures are R§ : Select m; if and only if W; <

k k
a(II W;)* and RY : Select m; if and only if W; < b > W,/k.
i=1 i=1
Again, the evaluation of the constants a and b are based on normal
approximation to log x? and the asymptotic distribution of the sam-
ple variance, respectively. Regier (1976) has given some numerical
comparisons of the three procedures.

3.3. Selection in Terms of Multiple Correlation Coefficient

We now assume that the y; and X; are unknown. Let p; denote the
multiple correlation coefficient between the first variable and the rest
in m;. It is a measure of dependence between the two partitioned
sets. Gupta and Panchapakesan (1969) investigated the problem of
selecting a subset containing the population associated with pxj(p1).

Let R; denote the multiple correlation coefficient between the first
variable and the rest from the sample X;;, s = 1,...,n. Two cases

arise: (1) the conditional case in which the variables 2 to p are fixed,
and (2) the unconditional case in which all variables are random. Let

R;-‘2 = R?/(1 — R?),i = 1,...,k. Gupta and Panchapakesan (1969)
proposed the rule
R;: Select 7; if and only if R} : > C7Rf,:] (22)

for selecting the population associated with o[y}, and the rule

1
R} : Select ; if and only if R} "< z;—RE"G (23)
7
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for selecting the population associated with p[;), where 0 < ¢7 =
c7(k,p,n — p,P*) <1and 0 < ¢}, = ¢%(k,p,n — p, P*) < 1 are chosen
suitably to meet the P*-condition. The procedures proposed are the
same for the conditional as well as the unconditional case. When
pi # 0, the distribution of R} is different in these two cases. However,
the infimum of PCS occurs in either case when p; = --- = px = 0.
The distribution of sz is the same in either case when p; = 0. Thus,
in either case, the constants ¢7 and ¢/, are given by

© k-1 (T
| Fltn( ) am(z) = P (24
and
(o o]
/ [1 = Fag,2m(e72)]* " dFsq,2m(z) = P* (25)
0

where ¢ = (p — 1)/2, m = (n — p)/2, and Faqom(z) is the cdf of
an F-variable with 2¢g and 2m degrees of freedom. The values of ¢z
for selected values of k, P*,m, and ¢q are tabulated by Gupta and
Panchapakesan (1969). The values of ¢} can be obtained from the
same tables because ¢} (p, ¢, m, P*) = c7(p, m,q, P*).

3.4. Selection in Terms of Other Measures

Suppose the p variables under consideration are partitioned into two
sets consisting of ¢; and ¢2(¢; +9g2 = p) variables. Let the correspond-
ing partition of X; be denoted by

= =)
Y= ) . ,t=1,...,k.
=) =§

Selection in terms of the conditional generalized variance of the g;-set
given the ¢;-set has been considered by Gupta and Panchapakesan

(1969). Frischtak (1973) discussed selection in terms 42 = E(—‘%;‘:er
11 22

but has obtained only an asymptotic solution.

For the problem of selecting populations that are better than a
control, Krishnaiah (1967) used linear combinations of the elements
of the covariance matrices for making comparisons. Krishnaiah and
Rizvi (1966) used several linear combinations of the elements of the
mean vectors for comparison and studied procedures to select a subset
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containing good populations (defined through comparison with the
control). For more details, reference can also be made to Gupta and
Panchapakesan (1979).

4. SELECTION FROM A MULTINOMIAL POPULATION

Let pq,...,pr denote the unknown cell probabilities of a k-cell multi-
nomial distribution. The ordered cell probabilities are denoted by
p) < --- < pxj- Gupta and Nagel (1967) proposed and studied
procedures for selecting the most (least) probable cell based on a sin-
gle sample of size n. Let X;,..., X\ denote the cell counts. Their
procedure for selecting the most probable cell is

Rg: Select the sth cell if and only if X; > Xjx) — D (26)
and the procedure for selecting the least probable cell is

Rg : Select the ith cell if and only if X; < X3+ C  (27)

where D = D(k,n,P*) and C = C(k,n, P*) are the smallest nonneg-
ative integers for which the P*-condition is satisfied in each case.

An intereting point about Rg and R§ is that, unlike similar
analogous rules for normal means, normal variances, etc., the analyses
in the maximum and minimum cases do not run parallel. The LFC
for either procedure is completely known only when k£ = 2. In this
case, it is given by p; = ps = % For k > 2, the LFC (in terms of the
ordered p;) is of the type (0,...,0,s,p,...,p), s < p, in the case of Rg
and is of the type (p,...,p,q), p < g, in the case of R{. An alternative
to Rg is the inverse sampling selection rule of Panchapakesan (1971,
1973). Observations are made one at a time until the cell count reaches
a predetermined integer M in one of the cells. At termination, let
Xi,..., Xk be the cell counts (one of them is M). The selection rule
is

Ry : Select the ith cell if and only if X; > M — D (28)

where D(0 < D < M) is the smallest nonnegative integer for which
the P*-condition is satisfied. For Ry, the infimum of PCS occurs when
all the cell probabilities are equal.

Again, for selecting the most probable cell, Gupta and Huang
(1975) proposed the rule

Ryo: Select the sth cell if and only if X; + 1 > ¢ X[y (29)
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where ¢ = ¢(k, N,P*)e(0,1) is the largest number for which the P*-
condition is met. The motivation for the rule R;o comes from their
conditional selection rules for Poisson populations. A conservative
value of ¢ can be obtained from their results for Poisson populations.

Recently, Chen (1985) considered an inverse sampling selection
rule for selecting a subset containing the least probable cell. For his
procedure Rj; the observations are made one at a time until either
(1) the count in any cell reaches r, or (2) (k — 1) cells reach count
of at least r/(1 < r' < r + 1). If (1) occurs before (2), the rule Ry
selects the cells with counts X; < r’. If (2) occurs before (1), then
Ry, selects the cell with count X; < /. The constants r and r’ are
to be chosen so as to satisfy the P*-condition. It has been shown by
Chen (1985) that the infimum of P(CS|R;1) occurs when all the cell
probabilities are equal.

Minimax subset selection rules have been investigated by Berger
(1979) and Berger and Gupta (1980). For selecting the least probable
cell, Berger (1980) investigated a minimax subset selection rule taking
as loss the size of the selected subset or the number of non-best cells
selected. In another paper, Berger (1982) investigated minimax and
admissible subset selection rules for the least probable cell taking as
the loss the number of non-best cells selected. His rule, however,
satisfies the P*-condition only if P* is sufficiently large. For the
corresponding procedure for the most probable cell, the P*-condition
has been verified only in certain special cases.

The importance of multinomial selection rules is accented by
the fact that they provide distribution-free procedures. Suppose that
T1,..., Tk have continuous distributions Fy,, 7 = 1,...,k. We assume
that {F,} is a stochastically increasing family in 6. Let p; denote the
probability that in a set of k observations, one from each distribu-
tion, the observation from ; is the largest, : = 1,...,k. Selecting
the stochastically largest (smallest) population is then equivalent to
selecting the population associated with the largest (smallest) p;. If
we take observations a vector at a time and note which population
yielded the largest observation, the problem can be converted to the
multinomial cell problem.

5. SELECTION FROM SEVERAL MULTINOMIAL
POPULATIONS

Let my,..., T, be k multinomial populations each with m cells and let
the unknown cell probabilities of x; be pi1,...,Pim, ¢t =1,...,k. Let

m
H; = H(pi1,...,Pim) = — D Pij logp;j, the Shannon entropy func-
i=1
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tion associated with 7;. The function is a measure of the uncertainty
with regard to the nature of the outcomes from m;. We want to select
the population associated with the largest H;. For m = 2, the prob-
lem reduces to that of selecting the binomial population associated
with the largest ¢(60;) = —0;log 8; — (1 — ;) log(1— 6;), where 0; is the
success probability. In this case, Gupta and Huang (1976) proposed
the rule

Ry3: Select m; if and only if z/;(%) > max z,b(—;’-) —diz  (30)

T15<k

where X; is the number of successes in n trials associated with =,
and dy2 = di2(k,n, P*) is the smallest nonnegative constant such that
0 < d < ¢¥([n/2]/n) for which the P*-condition is satisfied. Here [n/2]
denotes the largest integer < n/2. The infimum of P(C'S|R;;) takes
place when 0; = - .- = 0, = 6. However, the common value 8 for which
the infimum takes place is not known. Gupta and Huang (1976) have
obtained a conservative value of d using the approach of Gupta, Huang
and Huang (1975), who used this approach to obtain a conservative
value for the constant defining the procedure of Gupta and Sobel
(1960) for selecting the binomial population with the largest success
probability. For more details on this, see Gupta and Panchapakesan
(1979, 1985).

To discuss the selection procedure of Gupta and Wong (1977) in

m

the case of m > 2, let ¢ = (ay,...,am) and A, = ) ay;), where a3 <

i=r
+ < a|m) are the ordered components. Vector ¢ = (@15--.5am)
is said to majorize vector § = (by,...,b,,) of the same dimension

(written ¢ > b) if A, > B, for r = 2,...,m, and A; = By. Further,
a fungtion [ is said to be Schur-concave if f(z) < f(z') whenever
z>z.

In our selection problem, we assume that there is a population
whose associated vector of cell probabilities is majorized by the as-
sociated vector of cell probabilities of any other population. Such a
population will have the largest H; because the entropy function is

Schur-concave. Let ¢; = p(l’:l-, ceey -}—(-,';W-), where @ is a Schur-concave
function, and X1, ..., X;,, are the cell counts based on n independent
observations from 7;, 1 = 1,...,k. Gupta and Wong (1977) proposed

the rule

Ri3: Select m; if and only if p; > max p; — dis (31)
1<;<k

where di3 = di3(k,m,n,P*) is the smallest positive constant for
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which the P*-condition is satisfied. Gupta and Wong obtained a
conservative value of d using the idea of conditioning as in the paper
of Gupta and Huang (1976).

6. SELECTION OF VARIABLES IN LINEAR REGRESSION

In applying regression analysis in practical situations for prediction
purposes, we are often faced with a large number of independent vari-
ables. In such situations, it may be sufficient to consider a subset of
these predictor variables for “adequate” prediction. There arises then
a problem of choosing a “good” subset of these variables. Hocking
(1976) and Thompson (1978a,b) have reviewed several criteria and
techniques that have been used in practice. However, these are ad
hoc procedures and are not designed to control the probability of se-
lecting the important variables. McCabe and Arvesen (1974), and
Arvesen and McCabe (1975) were the first to formulate this problem
in the framework of Gupta-type subset selection.
Consider the standard linear model

Y =XB+¢ (32)

where X is an N X p known matrix of rank p < N, § is a px1 parameter
vector, and ¢ ~ N(0,0%Iy). This model with p independent variables
is considered as the “true” model. Now, consider all reduced models
that are formed by taking all possible subsets of size (< p) from the
p independent variables. These models are described by

¥=X{@i+§i,i=1,...,k=<lt)), (33)

where X; is an N X t matrix (of rank t), §; is a ¢t x 1 parameter
vector, and ¢; ~ N(0,02In). It should be noted that the models
in 333) are considered for prediction purposes and must be compared
under the true model assumptions. The expectations of residual mean
squares in the corresponding ANOVA evaluated under the true model
assumption are o, 7 = 1,...,k. For the goal of selecting the design
X; (or the corresponding set of independent variables) associated with
0[2‘.], Arvesen and McCabe (1975) proposed the rule

1
R;4: Select the design X; if and only if SS; < c—-SS[I] (34)
14
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where SS; is the residual sum of squares in the ANOVA corresponding
to the design X;, and 0 < ¢14 = ¢14(p,t, N, P*) < 1 is to be chosen to
satisfy the P*-condition. An exact evaluation of the constant cj4 is
difficult. Arvesen and McCabe showed that the PCS is asymptotically
(N — oo0) minimized when § = 0. The evaluation of ¢4 is not easy
even under this asymptotic LFC. An algorithm has been given by
McCabe and Arvesen (1974) for determining ¢14 under the asymptotic
LFC for given P* and X, using Monte Carlo methods.

In the above formulation, the size t is arbitrarily fixed. Huang
and Panchapakesan (1982) considered a different formulation taking
into consideration all possible reduced models. They considered the
regression model with 8’ = (Bo,...,0p), and X = (lz1...Zp-1),
where ' = (1,...,1) and 2! = (zi1,...,zin), 1 = 1,...,p — 1. For
fixed @e{0,1,...,p — 1}, consider all the (p;I) subsets of the set
of predictor variables {z1,...,2p—1} and the corresponding reduced
models obtained from (32). Associated with these reduced models
are the multiple correlation coefficients R;o, ¢ = 1,2,..., (p ;1) Let

0; o = E(1 — R%). Any reduced model with the associated parame-
ter 0;  is said to be inferior if 0, ,_1 < 6*0; o, where 6%¢(0,1) is a
specified constant. (The parameter 6, ,_; is associated with the true
model). Huang and Panchapakesan (1982) considered the problem of
eliminating all inferior models. A correct decision (CD) is selection
of any subset of the models such that all inferior models are excluded
from the selected subset. They proposed and studied the procedure

€15

R;5: Exclude a model if and only if é,-,a > 3*—91,,,_1 (35)

where 0 b =1~ Rza, and the constant ¢i5 = ¢15(N,p, P*) > 6* is
determmed such that the P*-condition is satisfied.

The LFC for the rule R;5 has been established only in the
asymptotic (N — oo) sense. For evaluating the constant under the
asymptotic LFC(8 = 0), Huang and Panchapakesan (1982) used an
algorithm similar to that of McCabe and Arvesen (1974).

Hsu and Huang (1982) considered the goal of selecting a subset
of the models that contains all the superior models, namely, all models
for which 0? < Ao?, where A > 1 is a specified constant. For this
problem, they 1nvest1gated a sequential procedure.

Gupta, Huang and Chang (1984) studied the problem of elimi-
nating inferior models, using the expected mean squares as the crite-
rion for comparing any model with the true model. Their approach is
different from those of the earlier papers in that they use simultaneous
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tests of a family of hypotheses in constructing their procedure.

Now, for any reduced model, it is known that SS;/02 has (under
the full assumption model) a noncentral chi-square distribution with
v = N — p+ 1 degrees of freedom and a noncentrality parameter
X = (XB)'Qi(XB)/202, where Q; = Iy — X;(X!X;)~'X!, and o
is the error variance in the full model. Recently, Gupta and Huang
(1986) have considered the problem of eliminating inferior models,
namely, those for which A; > A > 0, where A is specified in advance.
For this problem, they have proposed and investigated a two-stage
procedure.

7. CONCLUSION

As we have seen, multivariate selection problems have wider appli-
cations. However, in many cases, the existing procedures have not
been fully examined in terms of their performances as well as the de-
termination of the LFC. Even the multinomial problems have to be
studied more satisfactorily. Also, the criterion employed for ranking
multivariate populations usually induce a complete ordering in the
space of distributions. However, in many practical problems, there
is a need to consider a partial ordering. There has been practically
no development in this direction. Also, there has been no work done
for distributions other than multivariate normal populations. It will
be interesting to consider reliability related models such as increasing
failure rate distributions in two or more dimensions.
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QUADRATIC FORMS TO HAVE A SPECIFIED DISTRIBUTION

1. INTRODUCTION

Let x' = (Xl’XZ""’Xn> be a random vector and let its

joint density be

1.
f(x'x) = (2H)“2nexp(—§f§/2) for all x € R,
(1.1)
where Rn is a set of n-vectors defined on the real field

R. Let us use the transformations: R = x'x and u = &//ﬁ
with u'u = 1. We shall say that u € o(I,n) {= a set of

vectors u € " such that u'u = 1}. On account of the

restriction on u, the random variables will be taken as
2 nol o

Up,Us,. o0, while up = (1 - izlui). Then, it is easy

to see that the jacobian of the transformation is
1n_ n-1 5 3
J(§ > R,g) = Rzn l(l - 2 ui) 2,
i=1
and the joint density of R and u can be obtained from
(1.1). This shows that

(i) R and u are independently distributed,

(i1) R is distributed as Chi-square with n degrees
of freedom,
denoted by R - Xi or R - G(%n,%) where the density of

Gla,a) is

(o?/7(a )R Lexp(-oR) for all R > O (1.2)
161
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with o >0 and a > 0, and

(iii) the density of UpslUpyeeesty 4 18
in n-1 2.\3-1
(r(n/2)/m*" X1 - ) ui)2 for all u € O(1,n).
i=1

(1.3)

This distribution of u will be said to be uniform over
the surface u'u = 1 and will be denoted as [du], a unit
invariant Haar measure over O(l,n). -

Cochran's Theorem (1934 ) is related to the random
normal vector variables x whose density is given by (1.1).
We shall write x - N(Q’In)' This will be stated as

LEMMA 1. Let x'Ax (i =1,2,...,k) be k quadratic

k
forms and x'Ax = i§l§'Ai§, Here, A’Al""’Ak are
symmetric matrices. If A = In’ (the identity matrix of

order n x n and some times it will be mentioned without
the suffix n when there is no confusion), then x'A.x

(i = 1,2,...,%) are independently distributed as =~
Chi-squares with n, degrees of freedom for all i <if and

k
only 1f Z n, = n,
i=1 *

Later on the above result was slightly modified by
Graybill and Marsaglia (1957 ) which is given by

LRMA 2. Let x - N(Q,I) and let x'Ax (i=1,2,...,k)

. X
i

o~

be X quadratic forms. Let Xx'Ax = x'A.x. Consider the

i=1

statements:

2 .
(@) x'Ax - Xni for all i

(b) x'Ax and §'Aj§ are independently distributed
for all 1 # ]
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. 2
(c) x'Ax - Xg

k
(d) Rank A = ) Rank A,.
i=1

Then (1) any two of (a), (b), (c) <mply all the four
conditions and (i1) (e) and (d) imply (a) and (b).

Later on, these results were extended to complex
normal random vector variables and the singular normal
random vector variables. Further, they were extended to
matrix variables and the quadratic forms in normal vector
variables; (see, for example, Khatri (1959), (1962), (1963),
(1977), (1978), (1980a), (1980b), (1982), (1983), (1984),
and Shanbhag (1968) and Good (1969)). Recently, Anderson
and Fang (1985), Khatri and Mukerjee (1986) and Khatri
(1986) exterded the results to the elliptical contoured
distributions. The random vector x 1s said to have an
elliptical contoured distribution denoted by x - K (p,z $)
if its characteristic function is given by

exp(V/=T £'y) o(4'5t) for all real t € R™. (1.4)

It has been printed out by Cambanis et al (1981) or Dawid
(1977) that if P((x - p)'s(x -u)=R> 0) = 1 where
T is a g-inverse of L, say I I =%, then

X -y d | P'u where R and u are independently
dlstrlbuted V= P'P, Rank V=m and u - [du] for all
u € 0(1,m). Thus, to combine all the above results, we
shall develop some results on the quadratic forms ¢'A13

where u - [du] These results are extended to the multi-
variate situation where U — [dU] with U € 0O(p,n)

{= Stieljes manifold, a set of Ue€ Rpxn matrices such
that UU!' = Ip} and [dU] denotes the unit Haar measure

defined on O(p,n). The explicit expression of [dU] is
given by Khatri (197Q0) for any p. Further, these results
are extended to the complex random variables.
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2. QUADRATIC FORMS IN u

Let wu'Au = z be a quadratic form in u - [dul]. Then,
since A is an n x n symmetric matrix of rank r (<mn),
we can write A = ADAA‘ where A is an n x n orthogonal
matrix and D, = diag(kl,...,kr,O,...,O) with Aj,d5,..e5hs
being nonzero eigen values of A. Then, taking a'u =y,

we see that y - [dy] and

T 5 T
Zz = ) Ays o= ) Az, (2.1)
i=1 Tt it
where (21,22,...,zr) is distributed as Dr(%,%,...,%;ngt)
whose density function is given by
o T o)
F(n/2) .H Z? l(l _ z Z.)z(n I‘) 1
T/2. 0 - Ty . - 1 . i
1 F("‘Z"‘ i=1 i=1
for all (zl,...,zr)eoﬁ' (2.2)
. r
where ﬁ{(zl,...,zr): 0<z; <1 and izlzi < 1}. Notice
that
r r
lz| < 2 |>\i]zi imgx[kil-i z; < ma}x!Ai!.
i=1 i i=1 i

Since the variable 2z has the finite range, all its moments
exist and the distribution is uniquely determined by their
moments.,

(24) Moments of z.
Let R, and u be independently distributed, R - G(4n,1)

1
and u - [du]. Then, x = /ﬁzgw N(O,%In) and

1
E exp(-—tRlz) E exp(-tx'Ax) = [T + tA| ™2
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for all t such that (maxlxi[)t < 1. Hence,
i
-n/2
/2 - 4(1), (say).
(2.3)

; 1
(1 + tAr, ) ° = E(1 + tz)
1 1

[}

i
Let us denote
by = 0(z o+ JI/RENE for = 0,12,

Then

(o]

- . r
o(t) = u.(=t) 30 = m (1 + )T
=0 i=1 1

Nl

for all [t] < 1/max|,|.
i

From this, we get

0 . T
log ¢(t) = ¥ K.(-t)0/51 = -3 T log(1 + ta,)
s2q J .= i
J=1 i=1
© j R
=3 ) (=87 (4 ady,

=1 Y

Hence Kj = (3trAd)j - 1) for § =1,2,3,... . Here,

the relations between Kj's and uj's are the same as

those between cumulants and moments. Thus, we have

2

- - - 3
Kl - Ul: K2 - 1—12 = ul’ K3 - U3 - 3112111 + 2“1:

2 2
K4 + 3K2 - 4u3u1 + 6u2u1 - Bui ete.

From the above considerations, one can obtain the moments
of =z,
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(2B) Beta distribution of z.

7z is sald to be distributed as Beta with parameters a and
b denoted as z - B(a,b), when its density function is
given by

-1 a-1

{B(a,b) 1 21 - z)Pt

for 0 <z <1 (2.4)

where a >0 and b >0 and B(a,b) = r(a)r(b)/r(a + b).
The joint distribution of 2938550032y, is said to be

Dirichlet with parameters 815855008, and a denoted

r+l’
as (Zl’Z2""’Zr) Dr(al’aZ""’ar; ar+1) if its joint

density is given by

r a.-1
1

. -1
{B(al,a2,...,ar, ar+l)} (iI:Ilzi )

-1
(1 - y T+ (2.5)

i

Z,
1

N~

1

for all (Zl”"’zr) e [ ={(zl,...,zr)[0 <z; <1 forall

T
i and z zg < 1}, where a, > O for 1i=1,2,...,vr +1,
i=1
and
r+l r
B(al,...,ar; ar+l> = F(.E ai)/.n F(ai).
i=1 i=1
T
When a4 = 0, then ) z, =1 and Dirichlet's distribu-
i=1

T
tion is singular and defined on the surface { z z, = 1 and
i=1

0 < zy < 1 for all i}.

Theorem 1. Let u - [du] on O(1,n) and let =z = u'Au be
a quadratic form with A = A'. Then, 2z - 8(a,b) with
a>0 and b >0 <fand only if a +b =n/2, 2a is a
positive integer and A <is idempotent of rank (2a).
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Proof. Since 0 <z <1, u'au >0 and u'(I -AJ >0
for all u e 0(1,n), and hence A and I - A are

positive semi-definite., If >\1 > A2 > el > >‘r > 0 are
the nonzero eigen values of A, then xl <1 and we can

write

A = ADA', A€ O(n),

A
D, = diag(xl,xz,...,xr,o,...,o).
Hence, we can write
T n-r
7 = izlkizi, (Zl""’zr) wDr(%,...,%; > )

Notice that =z € [O,Al] while the given range is [0,1].
Hence, >‘l = 1. We shall obtain the density of 2z from
the joint density of (Zl""’zr)’ given by

r o2 r N
(r(n/2)/m/ (2 =) 1 Z§"1(1 -y Zi>z(n-r)_1
i=l i=1

for all (zl,...,Zr) € 0.

Use the domain

T
&y = {(W2,w3,...,wr)] Zwi <1, w; >0 and
i=g

T
z.Z wi(l - xi)/xi <1 -2}
i=2

r
and note that as z - 1, '(}l ->.0‘O{(W2,...,wr)|iz2wi <1
and W, > 0} and Ai +1 for all 1 =2,3,...,n. Using

the necessary transformations, the density of 2z 1is given
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by

n-r -1

z%rbl(l - 2515- glz/(1 - 2z)) for O0<z <1

where g(t) 1is given by

2 - 1
g(t) = (T(n/2)/M (25 E)m, %)
T, T
-1 -1
IR e U
| 1= is
r 1 -2 1
c(1-t7 Ly j¥n-r) Taw,. . .au_.
T
1i=2 i
(1 - a,)
Notice that as 1t » =, —_— 1. Hence as 1t » =,
i
AE > ﬁg and g(t) -~ c(# 0). Hence, we must have

n-r

—————

. -1
zir—l(l -z) 2 glz/(1 - 2)) =

-1 a-1

B(a,b ) 22 N1 - 2 )PL

for all 0 <z < 1,

n-r -1

If a > 3r, then (1 - 2575' glz/(1 -2)) = {B(a;b)}ul

Za-r/Z(l_z)b—l for 0 <z <1 and as 2z - O, L.H.S. »

constant while R.H.S. > 0. Hence a ¥ ir. Similarly, we
can show that a # 3r and hence, r = 2a must be a

D=L  then

positive integer. If b > 5>

1 b= ==
g(z/(1 - z)) = {Bla,b)} (1 - z) for
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and as noted above, g(z/(1 -2z))+>c (#0) as z > 1
while R.H.S. » 0, which is impossible. Hence b # i(n-r).
Similarly, we can show that b £ %(n - r). This gives

b =2%n -1r). This shows that a +b =2n and 2a =r =

Rank A. We have already noted that as z > 1, ﬁﬁ »-Cb

and hi -1 for all 1i. Hence, A must be an idempotent

matrix of rank r.
This proves the first part of Theorem 1. The converse
result is immediate. Thus, Theorem 1 is established.

Note 1. Theorem 1 was established by Khatri and Mukerjee
(1986) by a different approach.

Theorem 2. Let u - [du] on 0(1,n) and let z; = g}AiE
(i =1,2,...,k) be k quadratic forms. Then, the joint
distribution of (Zl’ZZ""’Zk) is Dk(al’i%i'..’ak; ak+l)

a) R I e 0 <f and only if izlai =n/2,

28, (i =1,2,...,k) are positive integers, A,

with >0

(i =1,2,...,k) are idempotent matrices of ranks 2a;
(i =1,2,...,k) respectively and AiAj =0 forall 1i# j,
1,5 = 1,2,...,k.

Note 2: This will be considered as Cochran's Theorem (or
Graybill and Marsaglia (1957)) for uniformly distributed
random variables defined on 0(1,n).

Proof. Theorem 2 due to 'if'! part is easy to verify. For
the Tonly if' part, note that z, - B(ai,bi) with

k+1 k+1
bi = izlai - a;. Then, by Theorem 1, izlai = n/2 and Ai
is an idempotent matrix of rank (2ai) and this is true for

I o~

all i (i =1,2,...,k). Similarly, z =

z; = u'Au with
i

1
k k

A= .2 A; - 8(a,b) with a = .2 a; and b =a .,
1=1 1=1

Theorem 1, A must be idempotent with rank (2a). Thus, we

and by
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have proved

(a) A? = A, forall i, (c) A% = 4 and
X

(d) Rank A = ]} Rank A,.
i=1

By Graybill and Marsaglia's result (1957), we get (b)
AiAj =0 for all 1 # j. This proves the required

Theorem 2.

Theorem 3. Let u - [du] on 0(1,n) and let z, = EﬁAig
for i = 1,2 be two quadratic forms with A, = AL If

m=n/2 and

Mm+ 1+ §)Ealzd = r(m + £)r(m + §)(Ezl X(E2d)/
r(m) (2.6)
for i,; = 0,1,2, then AjA, = AAL =0, Conversely, if
AA, = A2Al = 0, then (2.6) holds for all
i,j = 0,1,2,.

proof. Let w, =z, - E(zi) for i =1,2. Then, the

given conditions (2.6) are

Ewiwg =0 for (1,5)=(1,1),(1,2),(2.1) (2.7a)
and

Mm + 4)E(wEwS) = (T(m + 2))2(Ew? )(Bw2)/r(m).

(2.70)

Consider 2z = tlwl + t2w2 for all tl and t2 and

A= tlAl + t2A2. Then, by the moment relations given in



QUADRATIC FORMS 17

section (24), we have

L 3 2,2 _
Btr(tlA + t A ) Z[tr(tlA + 1t A )]

I + 4)/(T(m)¥ECtywy + o, )
and
3t(tA) + 5,4,)° = (T(m + 2)/T(n))
E(tqwy + tow, .

Now, using (2.7), we get

4 by by b
tr(tlA + 1t A ) tltrAl + t2trA2
for all tl and t2

and collecting the coefficients of (t1t2)2, we get
20e(AA2) + tr(agh, + A A )
172 172

and then it is obvious that A1A2 = A2A1 = 0. The converse

result is easy to establish.

(2C) Distribution of simultaneous guadratic forms.

Let u be distributed uniformly over O(1, n), and k + p
be quadratic forms given by u'Au = oz (1 =1,2,...,p+k).

Suppose that if x B y denotes that x and y have
identical dlstrlbutlons, then we shall consider the
situation

d
(zl,zz,...,zp+k) = (Wll’w22""’wpp’wl’w2’""Wk)

where W sWony e

positive definite matrix W and the joint density of (W,y)

"pr are the diagonal elements of a
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is given by

ao—%(p+l) k a,-l
clw] mw, for all (W,w)e &
i1 Rk
(2.8)
S Ty, T
where 0k~ {(w,w); w>o0, w, >0 and try W+ izlwi =

1}, = >0 and c¢ 1is a constant given by

k ag k
¢ =r(ap + izlai)/|21 rp(ao)iglr(ai),
1 P .
rag) - (P g o Lol

i=1

for k > 1, while if k = O, the density of W 1is given
by

a4 aq-3(p+1)
tr(agp)/|2] " (ag)3 W] J for all Wel

(2.9)

where fogs {W; W >0 and trZ_lw =1} and J denotes the
jacobian of the transformation of any positive definite
matrix S to W and b by the relations bW = S and

b = trz"'S when b = 1. The distributions (2.8) and (2.9)
are respectively denoted by D_.(a.,z; a) and D_ .(a.,%)
P,k 0O = p,0" 0

respectively. Theorem 2 gives the results when
k
~~ 1 ’: =
(Zl’“"zk) Dk(g) with a (al,...,ak) and izlzi 1.

(In the notations of (2.5), (zl,...,zk_l) - Dk-l(al""’
a1 ak) which is the same as (zl,...,zk) - Dk(g) when
k
)z, =1 and z, > 0.)
Lo i
i=1

When k > 1, (wl,w2,...,w

)~ Dlas pag), and the

density of W is given by
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T(a.p + za,) -a a.-3(p+l) a,-1
0 J 0 0 -1 i
m ;Z[ (Wl (1 - try W)
J7p 0
for all W > 0 and trZ_1W <1, (2.10)

or (W,wl) - Dp’l(ao,z' JZlaJ) If 3 = Ip’ then

<W11’W22"“’pr) - Dp(ao,...,ao; Zai)

in the notations of (2.5).

Suppose, I 1s a diagonal matrix with diagonal elements

045 (i =1,2,...,p), then

(wll/oll, ’pr/cpp) - Dp(ao,...,ao; Zai).
(2.11)

Now assume throughout that ¢ is a correlation matrix with

04 =1. When k=0 and p>2 (or k>1 and p > 1),

(Wii/oii,wl,...,wk) Dk+1(ao,al,...,ak;(p—l)ao)

for any i =1,2,...,pD. (2.12)

Now, Khatri (1986) has established in a different
language the following

Theorem 4. Let u - [du] over 0(1,n) and let u'Aju = z4

T =1,2,...,p +k)be p+k quadrattc forms, with
= d

A, = Al Then, (Zl”"’zp+k) = (wll,...,wpp,wl,...,wk)

where (W,w) - Dp,k(aO’Z; a) and Wll""’wpp are the

diagonal elements of W with a5 2P and 2y > 0 for
k

J=1,2,...,k; 2¢f and only if 2 z a + 2pag = m, 2ai
j=1" 5

(§j =1,2,...,k) are positive integers = Rank Ap+j’ A7 = A,
AlAp+J =0 for i=1,2,...,p+%k, 17#p+],
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A

J 212000k, AAA = oA and AaASAyAa=(chosona .
for o # 8 # vy, o,B,y =1,2,...,D.

d
) = (Wll,...,wpp,w ""’Wk)

and Oy5 = 1 for i=1,2,...,p are the diagonal elements

of . Using (2.12),

Proof. Suppose (zl,...,z

d
(Zi’zp+l""’zp+k) = (Wii’wl""’wk)

Dyap(Bgraps e oayiag(p-1)).

By Theorem 2, we must have

k
n = 2pa,. + 2 a 2a. = Rank A ., = trA .
Py jzl i’ p+J p+j’
2a. = Rank A,, A =A., A - -
0 12008 T By Aifhag T Apasty TN
IS -

.= A LA A, =
p+J p+j’ o+ TpH]!

for J#3', 3,3'=1,2,...,k. This is true for any

i=1,2,...,p. To establish the other conditions, let Rl

and u De independently distributed, R, v‘G(paO * Tay, 1)
and x = /EI’E - N(Q,%In). Then if R,W = S, then given
conditions imply

d
(Zl""’zp) = (Wll,...,wpp) and
K
(W,w,) ~D_ -(a,,%; } a,)
1 p,1°°0 551

and consequently

a
(§'A1§""’§'Ap§) = (Sll"“’spp) and
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S - Wp( ao;%z );

that is, the density of S 1is

a -3(p+l)
0 exp(—trz_lS)

a
(r (ag)]z| O-15]
for S > 0.

Then, using the result of Khatri (1980b), we get the
required conditions.

Conversely, given the conditions Ai = Au’
- o2 -
AuABAa = GuBAa’ AaABAyAa = (GdBOBYGYu)Au and
2a0 = Rank Aa for o =1,2,...,p, we have

d
! t a
(x AX,..X A&x) (Sll""’spp)

and S - Wb(ao,%z).

Note that Rl and u are independently distributed,

R - G(pao + Zaj,l) and (W,wl) and R, are independently

k
with (W,Wl) - Dp,l(aO’Z; jZlaj), using the condition

Zpao + ZZaj = n. Thus, we have
J

Rl(zl,...,zp) d Rl(wll""’wpp)

= (z

W)

d
1,...,zp) = (Wll"‘ oD

because P(zl > O,...,zp >0)=1-= P(w11 > O,...,wpp > 0) =

P(R1 > 0). (8ee Anderson and Fang (1985) or the result

A.1 after Lemma 3'). For the other conditions, we use the
matrix decomposition Theorem, and get the required result.
Thus, Theorem 4 1s established.
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Lemma 3. Let u - [du]l on O(1,n) and let u'Au = z be a

k
quadratic form with A = A'. Then, 3z d ) Ay 24 where
i=1

(zl,zz,.l.{;izk v-Dk(al,...,ak; ak+l)’ Mo Ay PN My 4

0 and ) a; = in if and only if Ay A A, are the
i=1

22k

distinet eigen values of A with respective multiplicities
2aj (3 =1,2,...,k).

Proof. The 'if!' result is obvious. For the 'only if’
result, let Rl and u be independently distributed and

let R, and (Zl""’zk) are independently distributed

k
with R, - G(#n,1) and n = 2j§1aj. Then x = /Bj u -
N(O,%In) and y; = Bz, (i =1,2,...,k) are independent-

ly distributed as G(ai,l) for all i. Further,

a k X
= ' = =
(Rlz x'Ax) (Rl ) AiZs .leiyi)'

i=1 i
Then, using the c.f. on both sides, we get

a .

T - VT oAl = 7 (1= /Tt xj)_ J

or [T -4l = j

for all t€R or for all t, (= /=1 t). By analytic

continuation this will be true for all real numbers
]tl| < p, p being the radius of convergence. From this

it is easy to establish the required result. This proves
Lemma 3.

k
[Conjecture. In the notations of Lemma 3, =z Q 2 Aizi
i=1
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where (zl,...,z )ka(al,...,ak; ak+l)’ and g,y
are distinct nonzero real numbers if and only if

k+1

2 Z a, =n, and A X, are distinct nonzero eigen

j=1J LR LN
values of A with respective multiplicities Zaj

(§j =1,2,...,k).
This conjecture is established when k = 1 through
Theorem 1.]

Theorem 5. Let u - [du] on 0(1,n) and Al’AZ""’Ak

k

and A= ) A be symmetric matrices defined on R. Then,
i=1

consider the following statements:

(a) u'Au - S(ai,bi) for all i =1,2,...,k;
*1 %2
(b) T(3n + a; + a,)E(u'Au) (E'AJ‘E) =T(dn + o)

o o
« T(3n + a, )E(g_‘AiE) lE(g"AJ.g) 2/I‘(n/2) for all i # j,

1,j =1,2,...,k, and for Oqs05 = 0,1,2;
(¢) u'Au - B(a,b);
k
and (d) Rank A = ] Rank 4,.
i=1

Then (1) any two of (a), (b), (c) imply all the conditions
and (i) (e) and (d) imply (a) and (b) or

1 ' — .
(u Ajl,...,u Akg) Dk(al"' LW ak+1).

This follows from Theorems 1 to 3. This is a
generalization of Lemma 2. A result corresponding to that
given by Khatri (1983) is due to conditions: (a), (d4) and
product of nonzero eigen values of A = 1 % all the condi-
tions of Theorem 5, or (E'Alg,...,g'Akg) -

Dk(al, ceesy s ak+l)'

Theorem 6. Let u - [du] on 0(1,n) and Apshsy e By
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k
and A = ) A, be symmetric matrices defined on R. Let
i=1
u'Ay - B(a,b), u'A.u - B(ai’bi) for 1 =1,2,...,k -1
and u'Au >0 forall ue€ 0(1,n). Then
(EfAlg""’ngkE) - Dk(al,a2,...,ak; b) with

k-1
a, = a - .z ass and 2(b + a) = n.
i=1

This follows by using Theorems 1 and 2 along with the
following result on matrix algebra (see, for example,
Hogg (1963)):
2 _
(al) Ai = A

1= 12,000k -1,

(e) A? = A with A = A, and

Il o~
[

2 _ _
(a,) & >0= A7 =A; and AjA, =0 for all

1475, 1,J=1,2,...,k.
A generalized Theorem 5 can be written as
Theorem 7. Let u - [du] over 0(1,n) and let
- k
AjyAsy, .. A and iZlAi = A be symmetric matrices defined

on R. Then, consider the following conditions:

(@) uau S Y A,z where
i e
J=1
(2595000025) = Dplagg,850, 0 hay ai,r+l)
r+l
with Z aij =n/2 for all 1 =1,2,...,k
J=1

(when some 255 = 0, then the corresponding

z..'s do not exist) and X\

13 1oeeeshy, being
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distinet and nonzero.

(b) The same as mentioned in Theorem 5.

a r
(¢c) u'Au = )} .z, where
PR L
(Zl""’zr) - Dr(al,...,ar; ar+1) with
r+l
Y a, =n/2 and A, ,...,\. being distinct and
121 i 1 r
nonzero.
k
(d1) (r - 1) Rank A = ) ERank(Ai(A+>\aI))
i=1 a=1

for r > 1,

Then (<) (d1) implies all conditions, (i) (al) and

(b) imply all conditions, (iii) (b) and (¢) <imply all
s

conditions and (iv) (al), (e) and ay = N a5 for
i=1

j=1,2,...,0r =1 <Zmply all conditions.

This follows from the results of Lemma 3, Theorem 3
and Khatri's results on matrices (1982, 1984).

Remark 1. The results of this section 2 are true when u
is a complex random vector such that u¥u = 1 where ux’
denotes the complex conjugate of u. The space generated
by such a vector will be denoted by €O(1,n) and the
uniform distribution over CO(1,n) will be denoted by
[du], a unit invariant Haar measure. Here, the symmetric
matrices will be replaced by Hermitian matrices, and
condition Zai =n/2 will be replaced by fa, = n; in
Theorem 3, T(m + i) will be changed to T(n + i); the
distribution (2.8) will be changed to

a
clwl

-p k a,-1

1 ~—
€
izlwi for all (W,w) nb,k

0

where 15; = {(W,w); W is Hermitian positive definite,
E

k
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-1 K
trz W+ Jw, =1 and w, >0} and
i=1 * *

k an k
c = r(agp + _Z a;)/|z] rp(ao)_g r(a;),
i=1 i=1

- in( D b
T (a.) = Hzp(p 1) Trla, -1 +1).
P 0 i=1 O

Similarly, (2.9) can be changed. These distributions will

-~

be denoted by Dp’k(ao,z; a) and Dp,O(aO’Z)' With these

changes, we can modify all the results for complex

variables. We only mention Theorems 4 and 3 as

Theorem 4C. Let u - [du] over co(1,n) and let

ukAu = 7y (i =1,2,...,p +k) be p+k Hermitian forms
. - d

with A; = A% v?%en (Zl""’zp+k) = (Wll""’wpp’wl"'°’“@)

where (W,w) - Dp,k(aO’Z; a) with ag 2 D and aj > 0 for

all j=1,2,...,k, <if and only if pag + zaj =0, a;

(j =1,2,...,k) are positive integers = Rank Ap+j’ A? = A,
AiAp+j = 0, ag = Rank A AaABAa = GQBUBQAQ,

AaABAyAa = (GQBGBcha)Aa for all i =1,2,...,p *+ k,

J=1,2,...k, 1D+, a#B 7y, 0,8,y =1,2,...,D.

Theorem 3C. Let u - [du] over co(1,n) and let
z; = E*AiE for i = 1,2 be two Hermitian forms  If

r(n +1i+j )Eziz% =T(n + i)r(n + j)EZizg/F(n) for

i,j = 0,1,2, then AjA, = AA = 0. Conversely, if
A1A2 =0 = A2A1, then the above moment relation is true
for all 1,5 = 0,1,2,3,...

Remark 2. Let x - E (u,Z; ¢) and x d u + /R P'u where
0

P(R>0)=1, R and u are independently distributed,

£ =P'P, u~- [du] over O(1,n), n = Rank I and the
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density of R 1is

in-1

{Ifl/Z/r(n/z)}R g(R) for R > O. (2.13)

The results of section 2 will be true for these variables.
They are mentioned below:

Lemma 3'. Let the joint density of MY SYRIS Y be given
through y, = Rz; (i =1,2,...,k) where R and
(zl,z2,...,zk) are independently distributed,

(zl,...,zk) - Dk(al,...,a’; ak+1) and R tis distributed
as (2.18). Let y = x'Ax + 28'x + ¢ be a polynomial such

that y & wAuR where AL = PAP', y'Au + 20"y +c = O

1

k

and t(Auy + &) = 0. Then y d ) Ay, where ), ('s are
= = = R A i

i=1 k+1

distinct and nonzero real numbers if and only if ) a; = in
i=1

and Ashgseeeshy  are the distinct nonzero eigen values

of TA with respective multiplicities 2aj (3 =1,2,...,k).

Proof. This will follow from Lemma 3 if we can show that

% k
R) Az, = ) A
5=1 J J 321 J

i

y = B(a'Aju) ;
k

A.Z..
5=1 J J

= u'Aju d

This will follow from Anderson and Fang's result (1985)
given by

Al. Let R and X be independent and R and Y be
independent random variables such that RX d RY. Then,

X d Y under any one of the following conditions:

(i) P(R>0)=PX>0)="PY>0)=1 and c.f, of
log R is nonzero, or c.f. of log X (or log Y) equal to
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gome cf. in an interval implies the validity of the relation
throughout the real space. [The later condition on the c.f.
will be denoted as the class of c¢.f.s belonging to €.]

(ii) P(R > 0) = 1 and the c¢.f. of (log x* |X > 0)
belongs to %, and the c.f. of (log X IX < 0) belongs to
g. [Here, X =X if x>0 and X" =0 if x <0 and
X" =-X if x<0 and X =0 if X > 0.]

(The result A.1(1) is true ﬁhen X and Y are random

vectors.) Notice that if =z = 2 X%z, then
121 4 4
J
k k
lz] < 7§ IA.]Z. < max[A | ¥z, < (=max|r,]). Thus,
- 27 J j J j=1 J j J
-1 < z/x <1, and all the moments of 2/ exist and its
distribution is continuous and determined uniquely by the
moments. Then, it can be seen that the c.f.s of
(1og(z+/k)]z > 0) and (log(z™/A)|z < 0) belongs to E.
q_ X q ¥
SR) Az, 2PuAu= ) A.z..
j=lJJ - - soq J 0 d
In short, for the normal variates, this proves the
following important result:

Thus, by A.1(ii), R(u'Au)

- TR

Lemma 4. Let x -

N(
form. Then x'Ax = Rz where R and 3z are independently
distributed, R = G(in,%) and z - B(a,b) with
= Rank Iz, <f and only 7f a + b = in,
2a = Rank(TAr) = tr(Ax) and TAIAT = TAT.

0,r) and let x'Ax be a quadratic

IIQ.-

(Notice the change in the statement of the Lemma 4.
If 4n =a +b, then Rz - G(a; %), otherwise Rz may
not be distributed as chi-square.)

All the Theorems can be modified except Theorem 3 and
consequences of Theorem 3.

Lemma 5. Under the assumptions mentioned in the beginning,
Tet vy = XA o+ 2udx + ey be second degree polynomials in
x such that u'hiu + 2gdu +e; = 0, Z(A uot L ) =0 and

=

vy = Rg'A(i)g for i =1,2,...,k. Then (7)
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(yl,yz,...,yk)g R(z,...,2,) where R and (215,02, ) are
independently distributed, R has a density given by (2.18)

-— . .o .
and ii ,...,zk) Dk(al’ N ak+1) if and only if
=2%a, AZA3 =3Az, TAZA.x =0 and
=1 J 1771 i 177

Rank(ZA T) = tr; T = 2a.,
Further (%1) if ¥y

Qe

Rz; (1=1,2,...,k-1), 3, > O

k
for all x and ) Y3 d Ry where R and z., and R and
i=1

1,

z are independently distributed, the density of R 1is

given by (2.13), z; v-B(ai,bi), i=1,2,...,k-1 and

z - gla,b), themn a +b = a; + by = n/2 for all

i=1,...,k -1, and zA,3A.r = IA.5, GTA.7A.z =0 and
1 1 1 1 J

Rank(zAiZ) = 2a, for all i #3j3, 1i,j =1,2,...,k -1,

k
with a = Z ai,

Lemma 6. As before, let ¥ = X'Ax + 280 + e, = Ru'A,

i=1,2,...,k, where R ts d@strtbuted as (2. 13)
u - [du] on 0(1,n) and R and u are independent. Then,

] D 1100 0By 2 Dlaggs e sag s ey L) and
k
and y = z Vs d Rjzlszj, (zl,...,zr) - Dr(al,...,ar; ar+1)
where R and (zl,,,,,zr), and R and (Zil""’zir) are
k
independently distributed for all i, and ay = ) 855 for
i=1

j=1,2,...,vr -1 (r> 1) if and only if
k

(r - 1) Rank(zAz) = } 2 Rank(zA, (zAz + 2 1)).
i=1 a=1

(This will follow from Theorem 7 after using A.1(ii).)

The result corresponding to Theorem 4 can be written
down in the same way, and it is left to the readers to write
down.
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Remark 3 Let x be a complex random vector and let

X d [T /E‘P*u where P¥P = ¢ is a given matrix, R and
u are independently distributed, u «~[dg} over C€O(1,n)

and the density of R is {I " /r(n)IRT g(R) for R > O.
Such a distribution of x is to be complex elliptical and
denoted as §_v~CEn(H,Z; $). Then, with the help of the

modifications mentioned in Remark 1, we can obtain the
corresponding results mentioned in Remark 2 for such
variates. Explicit statements are left to the readers.

3. MULTIVARIATE EXTENSION
In section 2, we have considered u - [du] on o(1,n).
Let O(p,n) be the Steiljes manifold, (That is, a set of
p x n matrices U € 82" such that UU! = Ip (n 2_p))

and let [dU] be the unit invariant Haar measure defined on
O(p,n). For the study of this distribution, one can refer
to Khatri (1970). If U = (Ul,U2) where U, isa pxn,

(i = 1,2) matrix, then the distribution of UU1 = B 1is

known as the matrix Beta distribution and its density
function can be given provided n, >p and n, > p. Under

these conditions, the density of B 1s given by

“(nl‘p“l) %(ng_p“l)

{Bp(ni/z,nz/z)}“llB] T - B

for 0 <B < I, (3.1)

We shall say B - Bp(a,b) with a = n1/2 and b = n2/2,
and write O < B < I where B>0 and I -B>20
(positive definite). Here Bp(a,b) = rp(a)rp(b)/rp(a +b).

Notice that if ae R is any nonzero given p-vector, then
a'U/va’ u - [du] over 0(1,n). Notice the above matrix
dlstrlbutlon is connected with positive integers nq and

n,. We shall say that B "Bp(a,b) if 2a > p and
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2b > p, and its density function is given by (3.1) after
replacing n1/2 by a, and n2/2 by b. In this
situation, it is easy to see that a'Ba/a'a - g(a,b) for

for any nonzero vector a € U
Let the density function of X be

£(XX') for X € i (3.2)

and if n > p, then the density of S (= XX') 1is given by
3pn 3(n-p-1)
{r* /Fp(%n)}ISlz £(8) for S >0. (3.3)

Iet S = TT' where T is a lower triangular matrix (or an
upper triangular matrix) with positive diagonal elements,
or T > 0. Then, it is easy to see that X = TU (see for
example, Perlman (1969) or Khatri (1970)) where T and U
are independently distributed, the density of S = TT' 1is
given by (3.2) and U - [dU] over O(p,n).

Let a € R be any non-null vector and let

lfeN]

x=x'a dura $um (3.4)
where R = a'Sa and u are independently distributed, the
density of R can be obtained from (3.3) and u - [du]
over 0O(1,n). For the proof of the above result, let

A = (T'a/VR, Al) be a p x p orthogonal matrix. Then,

given T, U and A'U are identically distributed as

[dU] over O(p,n), and hence U'T'a/VR = u —~ [du] over
0(1,n). This proves the required result (374). Now, the
extension of Theorem 1 to the matrix variates is given by

Theorem 1E. Let X have a density function given by (3.2).

Then XAX! d TWI' where A =A', T and W are inde-

pendently distributed, S = TT' <s distributed as (3.3) and
w- Bp(a,b), if and only if 2a +2b =n, and A is

idempotent of rank(2a).

We shall define the matrix Dirichlet distribution
MﬁDk(é; ak+1) through the density function
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sz_rl k+1 k [ Iai—%(P‘rl)
{r ()a. )/ nr(a.)¥ u|w, )
Pyspti=1 P b =1t
k a, --3(p+l)
el - JTow,| ¥
. 1
i=1
13
for all O <W, <I and N W, <I. Here, for the
1=1

existence of the density, it is assumed at a, > p for all
i=1,2,...,k + 1, Even though these conditions are not

satisfied, observe that for any ¢ € g with c'e=1
(¢'We,...,c'e) Dla;a o),

or Mka(g; ak+1) = Dk(%f ak+1) with a; > 0 for all 1.
If a,'s are half integers, this can be proved through

i
U -~ 0(p,n) and taking U = (Ul""’Uk’Uk+l) and W, = U,UJ
for 1i=1,2,...,k. Now, Theorem 2 can be mentioned as

Theorem 2E. Let X have a density function given by (3.2),

i

k
and let Aj,...,A L4 )y A; be symmetric matrices. If
i=1

(XAX', 1 =1,2,...,k) d (TW, T, TW,T, L, TWLTY),
where T and <W1’W2""’Wk) are independently distributed,

S = TT' s distributed as (3.3) and 5
(Wl,W2,...,Wk) «~Mka(§; ak+1)’ if and only if AT = A

i’
AiAj =0 forall 1#j5, 1, = 1,2,...,k,
k+1
trA, = Rank A, = 2a, and 2 ) a, =n,
i i i L1
i=1
Proof. This will follow Theorem 1E. Note that K+l
d
! = -~ —— 1 =
XA X TW,T' and W, - Bp(ai, ¢ ai) with ¢ izlai
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and X(A, + A X' S o(w, + w,)T' with
i J i J
w, o+ Wj “‘Bp(ai e, b -a, - aj) for 1 #j,

i,j = 1,2,...,p. From these we get the required result.

[The Theorem 2E can be reworded as: Consider the
following conditions:

d -
(a) XAX' = TW,T', W, sp(ai,ci) for all
i=1,2,...,k

() xax' $wrr, w- 3,(2,€)

X
(d) Rank A = ) Rank A

(b) AiAj 0 forall 1i#j, 1i,j=1,2,...,k.

Then, (i) any two of (a), (b), (¢) imply all conditions
and (ii) (c¢) and (d) imply all conditions.]

The extension of Lemma 3 is given by

Theorem 3E. Let X have a density given by (3.2), and let
k

A be a symmetric matrix. Then XAX! d ) A TW,T" where
i=1

Afseeashy are distinet real numbers, T and (Wl,W2,...,Wk

are independently distributed, S = TT' <s distributed as
(i;i) and (Wl’WZ""’Wk) “‘MﬁDk(al""’ak; ak+1) with

2 a, =1 if and only if Ashgsaeeshy  are the distinct

nbnzero etgen values of A with respective multiplicities
2aJ. (j =1,2,...,k).

This follows from Lemma 3 after using (3.4).
For the density of X given by (3.2), we mention
below the extensions of Lemma 6 as

I D~

Lemma 6E. Let Al’AZ""’Ak and A =

A, be symmetric
i

1

)



188 C. G. KHATRI

matrices. Then, XA X d .glAjTWijT', T and (Wil’
are independent, S = TT’J ie distributed as (%.3),
iYil,Wi2,...,Wir) - MbDr(ail,...,air; air+l) wttﬁ
Jajy=n/2 for 1=1,2,...k and XX d g
J=1 J=1
T and (W ,...,Wr) are independent, and

""Wir)

ATW,TT,
3T

1 k+1
(w ""’Wr) - Mka(al,...,ar; ar+1> with ) a; = n/2, and
i=1

k
a. = Z a,, for § =1,2,...,vr -1, Zf and only if
J P
i=1
k r
(r - 1)Rank A = ) ) Rank(A, (A + A 1)) with r > 1.
i=1 a=1

The above results can be extended for the complex

random matrix variate X € Cpxn’ but we shall not mention
them explicitly. The changes similar to Remark 1 are
necessary for this situation. This is left to the readers.

C. G. Khatri

Department of Statistics
Cujarat University
Ahmedabad, Gujarat, India
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S. Kocherlakota, K. Kocherlakota and N. Balakrishnan

ASYMPTOTIC EXPANSIONS FOR ERRORS OF MISCLASSIFICATION:
NONNORMAL: SITUATIONS

SUMMARY

A unified development of the expansions available for the
asymptotic distribution of the errors of misclassification
is given in the nonnormal situations. Several examples
are presented.

A detailed study is undertaken in the case of out-
liers in sampling from the normal distribution. It is
shown that outliers with large variances lead to inflation
in the errors of misclassification.

1. INTRODUCTION

The classification rule for classifying an observation X
into one of two normal populations II., I1,, when the
variances are assumed equal, is to classify X as

(i) Belonging to IIl, if

1 = =

X < 5 (Xl+X2) for Xl < X2
or

1 - = - -
X > 5 (X1+X2) for Xl > X2

(ii) Belonging to 11, if

1 = = - -
X > 5 (X1+X2) for Xl < X2
or

1 = = - -
X < 5 (X1+X2) for Xl > X2.

For this rule, the errors of misclassification are

s =\ 1 - = - =
e, X,X,) = P{X23 (xl+x2)]xs I1,} for X <X,

1 = = - =
P{X<35 X #X))|Xe IL} for X 2X

191
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and a similar expression for e, X ). In the above, we
have assumed that the means are un]lénovm and estimated by

/X,

l Considerable work has been done by the present authors
in comnection with the distribution of these errors and
the expected values of the errors, when the underlying
distribution is nonnormal. Here a unified development is
given of the distribution of e (and of e ) when the
distribution sampled from has pdf £ x% under II1.,

(x) under II,. 1In particular, several situations are
1aent1f1ed for“the expansion of the error rates. The
basic results have been developed in Chinganda and
Subralmaniam (1979) and Subrahmaniam and Chinganda (1978).
Much detail is also given in Chinganda (1976).

2. DISTRIBUTION FUNCTIONS OF e,, AND e

12 21

Let the pdf and the cdf of X under_IT; e £f. and F. i’
respectively. Then, wrltlng § = (X + X2)

e, & /X)) = / £ x)dx  for X < X,
8/2
§/2 3 _
= [ fxax for X 2 X,
or
—-— - _ g - -
_ S 3 e
= Fl(2) for xl > X2.
Also
- 8 = -
ezl(Xl’X ) = F, (-2—) for Xl < X2
-7 _ 6, z z
=1 F2 (2) for Xl > X2.

This yields for the distribution function of ey

IA

Gy (z) = P{e12 ()_(1,22) z}

S -
P{Fl(‘z-) £z, X, 2 2}

) <z, X, <X}

IO

+ P{1 —Fl(
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or s _ _
Gl(z) = P{Fl(f) < z, Xl > X2}
5 _ - —
+ P{Fl(j) > 1l-z, Xl < Xz}, (2.1)

with a similar representation for G2 (z), the distribution
function of e l(xl’X ).
In what %olloys,_the joint distribution of

U= (§l+)_(2) , V= (Xl—Xz) is considered for the notation

2 .
EX.) = u., V(Xi) =0 for i =1,2,

i i
“u=”l+”2’ B, = M T oHy
2_ 2 _ 2 2
Ou = OV = (Gl/nl) + (cz/nz)
and 2 2
cucvpuv = (Ol/nl) - (02/n2) -

2.1 FIl (p) Known Explicitly
If Fi-l (P), 0 < p <1, is known and can be found explicitly,
then"we can write
_ 8 T 3
Gl (z) = P{Fl (7) <z, Xl X2 > 0}

6 -— -
+ P{Fl (f) > 1-z, Xl—X2 < 0}

= P{U < ZFIl(z), v > 0}

+ P(U > 2F] " (1~2), V < O} (2.2)
If h(u,v) is the joint pdf of U and V, then
L F (@)
G, (2) =/ J h(u,v)dudv
0 -
0 o
+ [ h(u,v)dudv. (2.3)
™ ] (1-z)

If, in particular, (U,V) are known to have the
bivariate normal distribution, then
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n -t u
= u 1l _ v, _
G, (z) = HL — ouv]
u v
ty-u u
2 "u v
+ H[ p 7 E— I —puv]r (2-4)
u v

with
t, = 2F L (1-2), t, = 2F L(z)
1= % vty =287 (2).

In (2.4), H(*,+;p) is the distribution function of
the SBVN(p) distribution.

Examples. (i) Let X be the truncated normal so that
X.=-u.
under IIi, Zi = 10 L ~ standard ™(a,b), i=1,2. If
i
®(+) is the distribution function of the standard normal
variate, then it can be seen that

£ = 20u, + 0,0 {o(@) + zla() - o(a)1}]
and
t2 = 2[ul + clq>'l{<1>(b) - z[a(b) - o(a)l}l.

(ii) Johnson's system. Let Y = y(X) ~ N(ui,cz) under

Ir, i=1,2. Then, if u= FI]' (z),
<

Y (U)—ul
y(u)l} =2 [——0———]

z Fl(u) = P{vy(X)
or
u = y—l[ul + 00t (z)].

This yields

= 2y - 6o (2)]

t 1
- -1
t2 = 2y l[ul + 00 " (z)1,
as found in Chinganda and Subralmaniam (1979).

(iii) Dichotomous and Normal Variables. Let X conditional

2
on Y=y be N(u-(y),c(y) ), 1i=1,2. Here Y is taken to be
Bernoulli with probability 6. Then it can be shown that
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(), 5(y)

X+

e oo | L2 2 -ul‘Y’} /o ‘Y>} i x¥) >z
),z (y)
X2 4X

Considering the conditional distribution of (U,V) for
Y = y, we can write the distribution function of e, as

L 1=y (y)
G (2) = ] o¥-0)""Y6" (2)
y=0
where LW _ @) (¥) 1
c¥) (z) = H 1 Ny _
1 oY) G0 B Puv J
u v
(y)_ (y) (y)
+ 1 t2 st My (y)
v w7 Puv |
a (0]
u v
From the preceding development
-1
¥) _ »n(¥) -
tl = 2Fl (1-2)
and -1
¥) _ n(¥)
t2 = 2Fl (z)
or

2[u{y) - o We Lz,

(v)
&
tz(y) = 2[111(y) + c(y) <I>_l (z)1.

These results are given in Balakrishnan et al (1986a).

2.2 F_l (p) Cannot Be Determined Explicitly

If the quantity FL (), 0 < p <1, cannot be found ex-
plicitly, then we can consider the expansion of

-— - _ _ 5 - -
e, X /X)) =1 -F 5, X <X

6 - -
=F &G XX
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in terms of § = (}'Zl+}—( Thus

2).
P ZF (0) + 65 £ (0))
12 1 2 71

and
elZ(Xl’XZ) =K - K26 Xl < X,
~ = =
=Ky + KZG Xl > X2
where
]
S 1 - Fl(O), k] = Fl(O), Ky = fl(O)/Z.
From this we find the asymptotic distribution function of
e,, as
12

K12
Gl(z) =P{Uz ,V<0}
2
z—(l—Kl)
+ P{U < , V 2 O}.
2
Two cases arise here: (i) The exact distribution of (U,V)
is known to be h(u,v); (ii) The asymptotic distribution
of (U,V) is BVN distribution.
In case (1) we can write

0 oo
Gl(z) = f [ h(u,v)dudv
~o0 (Kl—z)/K2
. [z-—(l—Kl)]/K2
+ f f h(u,v)dudv (2.5)
0 —

while in case (ii)

Gy (2) = HL=21) 1219570 1 T HIZy1 ,=Z9p 770 ] (2:6)
where
Kl‘Z
%11 % ( > “u]/ % 12 T TR/ %y
Z—(l—Kl)
7217 (—KZ— - uu}/cu’ %22 = /%



ERRORS OF MISCLASSIFICATION 197

Examples. (i) Mixtures of Normals. ILet IIi be defined
by the density function

fi(x) = p¢(x;ui,02) + (l—p)¢(x;ui+ao,02)

for i = 1,2. In this case it is known that the exact dis-
tribution of (U,V) is

n
g* @) = 73 rl] { S2}pr+s (1-p)™” (r+s)
rs

2 2
W Tu, vidp Ay A=Ayt 10,0
where h* is the bivariate normal density function with the
parameters as indicated and

A\ = {nlul + (nl—r)ao}/nl,

>
Il

2 {nzu2 + (n2—s)a0}/n2,

2 _ 2,1 1 _ = -
T =0 (;1—1—+§), n—nl+n2, p = (n2 nl)/n.
Since Ky = 1- Fl(O) we get
u u
1 1
Ky = p<1>(—0-) + (l-p)ofa + —C}"),
Ul Ul
L«l=pM~Gﬁ+-a1ﬂﬂ—@+-;H.
From this we can see that
G, (z) = ;2 c(r,s) {H(a, ,b i -p)
+ H(az,bz;—p)} (2.7)
where
a) = [()\l+>\2) + (z—Kl)/KZJ/ou, bl = —b2 = ()\z—xl)/ov,
a, = [{z - (l—n<l)}/|<2 - (>\l+>\2)]/ou.

Equation (2.7) agrees with the result of Balakrishnan and
Kocherlakota (1985).
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(ii) Edgeworth Series Distribution. It has been shown by
Subrahmaniam and Chinganda (1978) that in this case

127% T 2= (l—Kl) T
G =He e T Ty T
a2 u u<2 u

where
1
_]‘.‘ + "“) 4
1

2 2
g n2
p = (nz—nl)/(nl+n2), T = (uz"ul)/Z-

K1=F1(T), K2=f(T), o, = (n

This result is obtained from (2.6), after a slight modifi-
cation of the arguments.

3. OUTLIERS
ILet us consider sampling from normal populations under IIi’

1,2, with s: outliers in each case. That is, for
1,2,

| d
([}

2 . _
Xl,] NN(UiIO )r J = l,2,.,_,ni Sj_

and

2 2 .
X ~ N(ui+aio,bic ), 3= ni—si+l, -eeaDy.

i3
Then it can be seen that the sample mean
2
v o] 2
Xi N(ui+piai0, rTj‘-' [1+ pi (bi"‘l) 1)

independently, for i = 1,2. Here p; = si/n. , the propor-
tion of outliers in the i-th sample. Using the usual
classification rule for the observation X, the errors of

misclassification are found to be:

X +X.~2u
= Ty o1 _ 172 771 . =
e &%) =1 @(—-————20 J if X, < X

1 2
X +&. ~2u -l
R R = =
= (DP-EG—_——_.} if Xl > X2
and
- X1+_X'2—2u,, _ _
621 (Xllxz) = ¢ % if X]. < X2

Y
<!

X, =X, =2u
1 72 7T2 R
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Considering the outliers as described above,

- [

where
Vi =My touy +oolppa; + pyay),
Vo = Hp T Hy Falpja) = pray)y
2 2
s o[l#py (B]-1)  l4p, (b5-1)
e n * n
1 2
and

2 2
2 2[l+pl (by-1) ) 1+p, (b2—l)'1
n

pT =0 .
1 ny |
3.1 Distribution Function of e
Using the results derived earlier for the general situation,

we can write the asymptotic distribution function of ey
as

v, =t v
el 1 _ 2, _
Gl(Z)—H[: T ’ T H }
tHy-v v
271 2
+H‘: T [ _T—I "p] (3'1)
where
P = op 1L
tl = 2Fl (1-2z), t, = 2Fl (z).
Since under II,, X~ N(ul,oz),
-1 _ _ -1
Fl (1-z) = uy cd (z)
and

-1, -1
Fl (z) = y + 0d “(2).
Hence
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-1
v,=2{y,-cd " (z)} v
Gl(z) =H[l 1 ,___T_Z_;_J

T
- -1 .
[é{pl+c¢ (Z)}=v; v, }
+ H At Ak

T

Substituting for ViV, and writing § = (uz—ul)/c, the
standardized distance between the two populations, we have

-1
~ S+ (alpl+a2p2 Y4286 T (z) &- (alpl—azpz)
Gl (z) =H 3 ’ 5 e

- -1
|'2<I> (z)-6- (alpl+a2p2)
+ H ’
g
-8+ (a,p,-a,p,)
lgl 272 ;_] (3.2)

where 5 5
2 _ l+pl (bl—l) N l+p2 (b2-l)

nl n2

Lip, (05-1)  Lip, (B3-1))
p = - /87

g

n R

Similarly, for €517
-1
(o) - H 20 (z)+6-—(alpl+a2p2)
2 3 !
§-(a,py-a;p,) }
'““_—E_— ;7 P

14

g

-8+(a,p,-a,p,)
llg 272 ; p]. (3.3)

-1
29 ~ (z)-&+(a,p,+a,p,)
+ HL 1¥1 7282

It should be noted that if p, = p, = 0, that is when
there are no outliers, the distrillmtio% function G, (z) in
(3.2) reduces to the form given in equation (13) o% John
(1961).



ERRORS OF MISCLASSIFICATION 201
3.2 Density Function

It is readily seen that

aqz— Hlu,k(z);p] = k' (Z)d’{k(z”@{i—;f%l

fram which we have

* *
1 E4L 0 (2)] £) g a-p%)

* * 1
S ~p8,=8
2 2
+ ¢(—I q{—-——-——-] (3.4)
2 g (1—02);5

where
&F =8 + (a + a )+2<I>—l(z)
1 1P1 T 3P '
-1
6; = § + (alpl + a2p2) - 2% " (2)
and
§ =6 - (alpl - azpz).
Similarly 7
* 1 *
SR - P
goLd ~(z)] £(1-p™)
&%y =8"+p8"
o
£(1-p")
where
* -1
63 =4 - (alp1 + a2p2) + 20 7 (2)
* _ _ _ -1
64 =34 (alpl + a2p2) 29 “(z).

3.3 Expected Values

The expected value of e,, is of interest as it is the
unconditional probability of misclassification. From the
definition of e, it can be readily seen that



202 S. KOCHERLAKOTA ET AL.

< 2%, X, X, < 0|X ¢ II,}

Blejpl = PIX+X) 17%2 1
+ PR X, 22X, X X, > 0]X e IL;}.
(3.6)

Fixing X, standardizing the variables (X 2 )—(l—}_(z) we
can write the first term as

2x-u Hy
P{U < 2 V < - —O_——‘ = x}
u
I
= p ’ g P
u v
and hence
P{X1+X2 < 2%, X 1 2 < 0|X € IL,}
2
® 2%-y W (x=n;)
= [ H Gu,—g—v;p L exp—-———é—-——dx.
- u v 2ro 20

(3.7)

Upon rearranging the terms and simplifying, the right hand
side reduces to

© —\)2/ T 2x-—vl—upT 1 (x--ul)2
J [ e —— ¢ du exp - —5—d
- - T (1-p7)" To 20
—\)Z/T 24, =v. =UpT
= [ 9 1 L j ¢ (u)du
— {40 +T (l—p )} _J

which further reduces to
. _zﬂlv_l_; S, e
14 ’ A
(1:2+402) 2 T (T2+402) 2

Similarly, the second term in (3.6) is evaluated
stepwise to be
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\)2/T q{ vl—Zul—pTu ‘]

[ ¢ (u)du
2 (1-p2)+40%} *

_gli 2 o
=H——r . T K

-0

L
(r2445°) 7 (12+46°)
*
Combining these results, with 1 2 = t2+4%,

2y, -v v
= 11 _ 2,01
Ele)pl = H|: ™ ! T*:]
\)l-2ul vy ot
i i b

Substituting for v., Vor T, we have, writing
§* = ¢ + (alp1+a2p2) and g 2 - £“+4,

R S o S

gx g
& _ 8l pE]
+H|:£* P «EJ' (3.7)

As before, if p, = p, = 0 (i.e., no outliers in either
sample the quanitity on the right-hand side reduces to
that of (19) in John (1961).

Similarly, with &** = § - (alpl+a2p2) ,

- g¥* 8" —pt]
E[321] = H[‘ z*—' ’ —E— 1 "g.}‘_:l
$

+H[i’i _?;2%, (3.8)

3.4 Numerical Results

The distribution function G, (z) and the expected value
E[elzl have been evaluated ~for a variety of values of

the parameters. A small selection of the numerical results
obtained are reproduced here. While G, (z) is depicted
graphically, the expected values are led. We discuss
these individually.

Gl (z): The graphs provided here are for the parameter

cambinations n, =n, = 20, a; =ay = 1,
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b =5, 10 and § = 0.5, 1.0. The outlier numbers
(sl,s :f are (0,0), (0,1), (1,1), (0,2), (2,2). It should
be notz:ed that the first one represents the normal situa-
tion. The presence of the outliers affects the outcome
through 1jz's effect on the distribution of X: For
X ~ N(p,0%), with s outliers out of n observations
2
X ~ N[y + apo, 95— 1+ p(b2—l)}]

where p = s/n, the outliers having N(u+ac,b202) distribu-
tion.

The distribution function G, (z|N), in the normal
case, remains unaltered for all \‘]ihe rest of the parameters
considered except §. It is seen that G, (z) for the out-
liers is less than Gy (z|N) when z < E(ey,) but tends to be
flatter for z > E(e,,). This makes the probability of the
error rates being large much higher in the presence of
outliers than in the normal case. The effect of the out-
liers in both samples is much more pronounced than in the
case of only « one having outliers. This is illustrated by
ccmparlng the graphs where s 0 with those in which

Sy # 0. Thus when s, = 0, t}]ie error distribution is close
t5 that of the nonnai case while when s, # 0 this distri-
bution function is extremely flat. The latter case leads
to very high probability of the error being large. These
results are illustrative of a general behaviour pattern.
E(eIZ) : This table re-enforces, in a summary fashion, the

behaviour discussed above. 1In this respect they
are not as informative as the distribution function. If
bl = b2 = 1 we find that the error rates with outliers are
ol the"average smaller than those without outliers. This
seems to be the result of the variance being independent
of the outliers. The distributions are far apart. If,
however, b = 5 or 10 the distributions of X under II, and
II, have larger variances. This leads to a larger oVer-
lap in the distributions of X under the two populations.
Hence we see a larger E (e 2) when both Sy and s, are not
equal to zero. Ontheot%ierhand,lf 0 while s 750
the populations are once agam moved p%rt (farther
in the case of $; = s 0. This accounts for the smaller
expectation of e12 (t?)an for the normal situation).
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DELTA=0.50, N1=N2=20, A1=A2=1
B1=B2=5, G1(2)

OF
1.04

A===~A S1=0,52=0

B--—-B S1=0,52=1
D--—-D S1=1,52=1
K-==-K S1=0,S2=2

M===-M S1=2,S2=2
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DELTA=0.50, N1=N2=20, A1 =A2=1
B1=62=10, 61(z)

DF
1.04

=0,52=0
B~—--B S1=0,S2=1
D----D S1=1,S2=1
K-—=—K S1=0,S2=2
M——=-M S1=2,52=2



ERRORS OF MISCLASSIFICATION 207

DELTA=1.00, N1=N2=20, A1 =A2=1
B1=B2=5, G1(z)

A-—-=A S1=0,52=0
B~---B S1=0,52=1
D-—--D S1=1,S2=1
K~===K S1=0,52 =2
M——==M S1=2,52=2
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DELTA=1.00, N1=N2=20, A1 =A2=1
B1=B2=10, G1(z)

A—=-—A S1=0,52=0
B-~~-B S1=0,52=1
D----D S1=1,52=1
K——~—K S1=0,52=2
M----M S1=2,52=2
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Table 1
Values of E(elz) for a; =a, = 1 and n; =n, = 20
(sl,sz) bl = b2 § =0.25 §=0.50 6 =1.00
(0,0) Normal .4720 .4136 .3110
(0,1) 1 .4613 .4017 .3022
5 .4505 .4028 .3044
10 .4213 .3914 .3092
(0,2) 1 .4498 .3902 .2936
5 .4333 .3911 .2977
10 .3905 .3675 .3009
(1,1) 1 . 4608 .3968 .2938
5 .4725 .4180 .3029
10 .4835 L4467 .3421
(2,2) 1 .4498 .3802 2771
5 .4716 .4199 .3011
10 .4850 .4552 .3659

3.5 Conclusions

The presence of the outliers in one sample in general does
not affect the behaviour of the error rates. If both
samples have outliers the error rates tend to increase.

As the variance in the outlier samples increase the error
rates tend to get inflated. This stands to reason. If,
on the other hand, the variance of the outliers is small
we can proceed to use the normal rule for classification.
Similar conclusions are true when no outliers are present
only in one of the samples.
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