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Preface

This volume contains the proceedings of the VII Hotine-Marussi Symposium on
Mathematical Geodesy, which was held from 6 to 10 July 2009. The symposium
took place at the Faculty of Engineering of the Sapienza University of Rome, Italy,
in the ancient chiostro of the Basilica of S. Pietro in Vincoli, famously known for its
statue of Moses by Michelangelo.

The traditional name mathematical geodesy for the series of Hotine-Marussi
Symposia may not fully do justice to the symposium’s broad scope of theoretical
geodesy in general. However, the name for the series has been used since 1965, i.e.,
the days of Antonio Marussi, which is a good reason to adhere to it. The venue of the
Hotine-Marussi Symposia has traditionally been in Italy. The choice for Rome, if a
reason is needed at all, was partially made because 2009 was the International Year of
Astronomy. Two important astronomical events were commemorated: the publication
of Kepler’s Astronomia Nova in 1609, in which he published his first two laws of
planetary motion, as well as the very first astronomical use of a telescope by Galileo
and his discovery of Jupiter’s moons. Besides one of the founding fathers of geodesy,
the unit of Gal being named after him, he was one of the cofounders and an early
member of the Accademia Nazionale dei Lincei in Rome. It was a pleasure, therefore,
that a special session was organized by Fernando Sansò at the Villa Farnesina, located
at the Academy. The special session was dedicated to the memory of Antonio Marussi
(1908–1984), who was the driving force behind the series of Hotine (later Hotine-
Marussi) Symposia.

Since 2006 the series is under the responsibility of the InterCommission Commit-
tee on Theory (ICCT), a cross-commission entity within the International Association
of Geodesy (IAG). The overall goal of the Hotine-Marussi Symposia has always
been the advancement of theoretical geodesy. This goal is aligned with the objectives
of the ICCT, which has the developments in geodetic modeling and data processing
in the light of recent advances of geodetic observing systems as well as the exchange
between geodesy and neighboring Earth sciences as its central themes. Indeed,
the current proceedings are testimony to the width and vibrancy of theoretical
geodesy.

The symposium attracted 132 participants who contributed 75 papers (51 oral and
24 poster), organized in eight regular sessions plus the session at the Accademia
Nazionale dei Lincei. To a large extent, the sessions’ topics were modeled on the
study group structure of the ICCT. The chairs of the ICCT study groups, who
constituted the Symposium’s Scientific Committee, were at the same time responsible
for organizing the sessions:
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1. Geodetic sensor systems and sensor networks
S. Verhagen

2. Estimation and filtering theory, inverse problems
H. Kutterer, J. Kusche

3. Time series analysis and prediction of multi-dimensional signals in geodesy
W. Kosek, M. Schmidt

4. Geodetic boundary value problems and cm-geoid computational methods
Y.M. Wang, P. Novák

5. Satellite gravity theory
T. Mayer-Gürr, N. Sneeuw

6. Earth oriented space techniques and their benefit for Earth system studies
F. Seitz, R. Gross

7. Theory, implementation and quality assessment of geodetic reference frames
Dermanis, Z. Altamimi

8. Temporal variations of deformation and gravity
G. Spada, M. Crespi, D. Wolf

We want to express our gratitude to all those who have contributed to the success
of the VII Hotine-Marussi Symposium. The aforementioned study group chairs (Sci-
entific Committee) put much effort in organizing attractive sessions and convening
them. They also organized the peer review process. We equally owe thanks to all
reviewers. Although much of the review process itself remains anonymous, the
complete list of the reviewers is printed in this volume as a token of our appreciation
of their dedication.

Financial and promotional support was given by a number of agencies and
institutions. Special thanks go to Federazione delle Associazioni Scientifiche per
le Informazioni Territoriali e Ambientali (ASITA), Agenzia Spaziale Italiana (ASI),
the European Space Agency (ESA), and the Faculty of Engineering of the Sapienza
University of Rome.

But most of all we like to thank Mattia Crespi and his team (Gabriele Colosimo,
Augusto Mazzoni, Francesca Fratarcangeli, and Francesca Pieralice) who hosted the
symposium. It is well known that the quality of a Local Organizing Committee
(LOC) is decisive to a successful scientific meeting. Beyond responsibility for
website, registration, technical support, and all kinds of other arrangements, the LOC
organized a great social event to the St. Nilus’ Abbey, the archeological area of
Monte Tuscolo and the Villa Grazioli in Frascati. Through their able organization
and improvisation skills, Mattia Crespi and his team have done more than their share
in bringing the VII Hotine-Marussi Symposium to success.

Stuttgart Nico Sneeuw
Pavel Novák

Mattia Crespi
Fernando Sansò



Fifty Years of Hotine-Marussi Symposia

In 1959, Antonio Marussi, in cooperation with the Italian Geodetic Commission,
started a series of symposia in Venice. The first three of these covered the entire
theoretical definition of 3D Geodesy, as delineated in discussions with renowned
contemporary scientists:
• 1959, Venice, 16–18 July, 1st Symposium on Three Dimensional Geodesy,

published in Bollettino di Geodesia e Scienze Affini, XVIII, N ˚ 3, 1959
• 1962, Cortina d’Ampezzo, 29 May-1 June, 2nd Symposium on Three Dimensional

Geodesy, published in Bollettino di Geodesia e Scienze Affini, XXI, N ˚ 3,1962
• 1965, Turin, 21–22 April, 3rd Symposium on Mathematical Geodesy, published

by Commissione Geodetica Italiana, 1966
From the very beginning, Martin Hotine provided essential inspiration to these
symposia. After his death in 1968, the following symposia bear his name:
• 1969, Trieste, 28–30 May, 1st Hotine Symposium (4th Symposium on Mathemat-

ical Geodesy), published by Commissione Geodetica Italiana, 1970
• 1972, Florence, 25–26 October, 2nd Hotine Symposium (5th Symposium on

Mathematical Geodesy), published by Commissione Geodetica Italiana, 1973
• 1975, Siena, 2–5 April, 3rd Hotine Symposium (6th Symposium on Mathematical

Geodesy), published by Commissione Geodetica Italiana, 1975
• 1978, Assisi, 8–10 June, 4th Hotine Symposium (7th Symposium on Mathematical

Geodesy), published by Commissione Geodetica Italiana, 1978
• 1981, Como, 7–9 September, 5th Hotine Symposium (8th Symposium on Mathe-

matical Geodesy), published by Commissione Geodetica Italiana, 1981
After Marussi’s death, in 1984, the symposia were finally named the Hotine-Marussi
Symposia:
• 1985, Rome, 3–6 June, I Hotine-Marussi Symposium (Mathematical Geodesy)
• 1989, Pisa, June, II Hotine-Marussi Symposium (Mathematical Geodesy)
• 1994, L’Aquila, 29 May-3 June, III Hotine-Marussi Symposium (Mathematical

Geodesy, Geodetic Theory Today), published by Springer, IAG 114
• 1998, Trento, 14–17 September, IV Hotine-Marussi Symposium (Mathematical

Geodesy), published by Springer, IAG 122
• 2003, Matera, 17–21 June, V Hotine-Marussi Symposium (Mathematical

Geodesy), published by Springer, IAG 127
• 2006, Wuhan, 29 May-2 June, VI Hotine-Marussi Symposium (Theoretical and

Computational Geodesy, 1st time under ICCT), published by Springer, IAG 132
• 2009, Rome, 6–10 June, VII Hotine-Marussi Symposium (Mathematical

Geodesy), published by Springer, IAG
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Part I

Session at the Accademia Nazionale dei Lincei



1Welcome to the Participants to the VIIı
Hotine-Marussi Symposium

M. Caputo

Good morning. I am Michele Caputo. The president
of our Accademia prof. G. Conso could not come to
the meeting. He asked me to present his greetings, to
welcome you on his behalf and wish a good visit of the
Accademia.

Our Academia was founded in by the young
Federico Cesi, 18 years old, in the year 1603. The
name of the Accademia comes from the lynx, the
elegant feline, which was supposed to have excellent
eyes and see well at incommensurable distances.
Galilei observed the planets from the highest portion
of the garden outside this building. He had joined the
Accademia in 1625.

Few of you may know of the Pizzetti–Somigliana
theory, but all know of the International Gravity For-
mula. It was all born and developed within the walls of
this building.

In fact following the path indicate by Pizzetti in
a series of papers published between 1894 and 1913,
Somigliana (1929) developed the general theory of the
gravity field of a rotating ellipsoid of revolution. At
the same time Silva (1928, 1930) estimated the values
to adopt for the parameters appearing in the formula
from the average values obtained using the observed
gravity on the surface of the Earth.

M. Caputo (�)
Department of Physics, University of Rome La Sapienza,
Piazzale A. Moro 2, 00185, Roma, Italy

Department of Geology and Geophysics, Texas A&M
University, College Station, 77843, Texas
e-mail: mic.caput@tiscali.it

Finally Cassinis (1930) presented the series expan-
sion of the original closed form formula at the 1930
IUGG Assembly in Stockholm which adopted the
formula to be used for the normal values of gravity on
the surface of the international ellipsoid of revolution.
This ellipsoid had been adopted by the International
Association of Geodesy in the 1923 assembly. 57
years later the closed form formula of the Pizzetti–
Somigliana theory was extended to space, for whatever
it may be useful, introducing the then available satellite
data (Caputo and Benavidez 1987).

It was almost all discussed within the walls of the
Accademia dei Lincei and published in its proceedings
Now all theoretical geodesists who are familiar with
the gravity field of the Earth know that Somigliana,
Pizzetti and Cassinis were members of the Accademia
where they often met and discussed of theoretical
Geodesy. One more notable member of the Accademia
was Antonio Marussi who was one of the most com-
plete professionals of geodesy I knew in my life; he
knew the use of the data resulting from the observa-
tions made with the Stark Kammerer theodolite and
how to make sophisticated maps, at the time when the
Brunswiga Addiermachine desk mechanical computer
was the most advanced instrument to make multipli-
cations and divisions; Marussi had the expertise of
making accurate measurements as well as that to use
differential geometry to model what is called intrinsic
geodesy. And finally he made the extraordinary pen-
dulums. We are here to honour him, as well as his
colleague Hotine.

Thank you for coming to Accademia dei Lincei.
I wish a good day of work.
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2The Marussi Legacy: The Anholonomity
Problem, Geodetic Examples

E.W. Grafarend

Antonio Marussi died 16th April 1984 in Trieste, nearly exactly 25 years ago. He is the founder of
the Geodetic Anholonomity Problem or the problem of integrability of geodetic observational
functionals. My talk will try to open your eyes by simple examples.

Top 1: Gravitostatics
Geodetic heights, better height differences are not
integrable. For instance, every geodesist knows “dH”,
the infinitesimal change of geodetic heights. In my
courses in Physics I learned the notion d̄H . In
terms of Planck notation d̄H is not integrable. But
the Gauss potential – C.F. Gauss introduced the
notion of potential – is integrable. We all know the
transformation

dW D ��d̄H;

where we use the input “geometric height differential”
(anholonomic) versus the physical height difference
in terms of output of the potential differential (holo-
nomic). The factor of integrability is the modulus of
gravity, also called an element of the Frobenius matrix.
A. Marussi recognized first this key problem and gen-
eralized it into three- and four-dimensional Geodesy,
into space-time geodesy. Notable, the potential W
consists of two quantities: the gravitational potentialU
and the centrifugal potential V . In contrast the Euler
rotational force and the Coriolis rotational force are
not integrable.

Geodetic height systems referring to the Gauss-
Listing Geoid are founded on “potential heights”. To
my strong belief, the anholonomity problem estab-
lished Geodesy as a Science!

Integrability or anholonomity problems are treated
nowadays by Cartan calculus, also called exterior
calculus or the calculus of differential forms, a
calculus introduced in the twentieth century by Elie
Cartan, a famous French scientist. F.R. Helmert knew
already about the subject, Heinz Draheim of Karlsruhe

University wrote an early paper about Cartan calculus
and surface geometry. I learned it in Thermodynamics
from the Carnot circle or Carnot loop in my Physics
Courses.

Top 2: Gravitodynamics
I only mention the papers by E. Doukakis, his Ph.D.
Thesis, to include space-time concepts on anholono-
mity problems, namely integrability, both in the space
and in the time domain. There is no time to discuss this
in more detail.

Top 3: Space-Time Geodesy
A. Marussi is the real founder of space-time
Geodesy: He influenced Hotine (1969) to write his
famous textbook with more than 5,000 formulae. He
influenced also J. Zund (1988-1994) to write many
beautiful papers on Differential Geodesy and the leg
calculus. In addition he published A. Marussi’s works
in a remarkable Springer Edition. J. Zund’s book
on Differential Geodesy is another masterpiece of
depth and wide range. (J. Zund, Differential Geodesy,
Springer Verlag, Berlin 1994). At this point, another
mathematician has to be mentioned who also applied
Cartan calculus to the holonomity problem: Nathaniel
(Nick) Grossmann from UCLA. He wrote remarkable
papers on the geodetic anholonomity problem. He is a
trained mathematician on Cartan or exterior calculus.
See our reference list at the end.

Top 4: Refraction and Diffraction
There are excellent papers in Physics on this subject
written in exterior calculus. For instance, I recall a
paper by P. Defrise et al from Belgium.

N. Sneeuw et al. (eds.), VII Hotine-Marussi Symposium on Mathematical Geodesy, International Association of Geodesy
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Top 5: Continuum Mechanics
Traditionally, plasticity problems and nonlinear stress-
strain relations are treated by Cartan calculus and
exterior differential forms.

Top 6: Deformation Analysis
There is a special geometric property within Cartan
calculus. When we transform within Gauss surface
geometry a Riemann metric to orthogonal axes,
we arrive at a picture of a circle: the orthonormal
axes produce a Cartan reference system which is
anholonomic. For deformation analysis, it is possible
to transform a left metric into a right metric, namely
from a left circle into a right ellipse or vice versa. This
is the extended Cartan system when transforming two
Riemann manifolds.

Top 7: Map Projections
The Tissot ellipse is the proper tool when we transform
a left Riemann metric to a right Riemann metric.
It is the extended Cartan reference system from a
circle (left) to an ellipse (right). Reference has to
be made to C. Boucher, A. Dermanis, E. Livieratos
and many others. For more details, we refer to our
book “Map Projections” (Springer Verlag, 750 pages,
Berlin-Heidelberg 2006).

Top 8: Rotational motion by Cartan calculus
and Omega quantities
E. Cartan introduced his new concept by referring to
the Euler kinematical equation. You have to introduce
the transformation from rotational velocities “Omega”
to Euler angles: ! D M.d˛; dˇ; d�/. “Omega” is the
rotational vector which is mapped to Euler angles. !
is not integrable, .d˛; dˇ; d�/ are integrable.

Top 9: Relativity
Hehl (1996) referred to more than 100 authors to
establish Einstein-Cartan geometry with spin degrees-
of-freedom. One part of the connection symbols
are anti-symmetric characterizing Cartan torsion
related to my M.Sc. Thesis in Theoretical Physics.
We refer also to the correspondence between Elie
Cartan and Albert Einstein, published by Springer
Verlag.

What has happened meanwhile?
First, Cartan geometry was generalized to Clifford

algebra and Clifford analysis in order to account for

symmetric differential forms or symmetric matrices
and antisymmetric differential forms or antisymmet-
ric matrices. Nowadays we summarize to multilinear
algebra and multilinear analysis. There are special
conferences every year devoted to Clifford algebra
and Clifford analysis. As a reference see my review
“Tensor Algebra, Linear Algebra, Multilinear Alge-
bra” (344 References), Stuttgart 2004. The famous
papers by W.K. Clifford were published in 1878 and
1882.

Second, Henry Cartan, son of Elie Cartan, also
professor at the Sorbonne, established with 50 French
mathematicians the topic of Structure Mathematics. In
a collective series they wrote more than 20 books, first
in French, then in many other languages under the
pseudonym “Nicholas Bourbuki”. Basically they found
out that there are only three basic structures based on
advanced set theory and being in interference with each
other:
– Order structure
– Topological structure
– Algebraic structure
Now it is time for my examples.

Example 1. Misclosure within a local triangular net-
work and a threedimensional Euclidean space

By Figs. 2.1–2.4 and Tables 2.1–2.6 we present
a triangular network within a threedimensional
Euclidean space. Our target is the computation of the
misclosures caused by three local vertical/horizontal
directions at the points fP˛; Pˇ; P�g which differ from
the geometric vertical/horizontal directions. These

Fig. 2.1 Triangular network fP˛; Pˇ; P� jOg, placement vec-
tors at the origin O, local verticals E3.P˛/, E3.Pˇ/, E3.P� /,
�˛ , �ˇ , �� local gravity vectors
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Fig. 2.2 Commutative diagrams: moving horizon reference
systems E� versus fixed equatorial reference systems F ı

Fig. 2.3 Holonomity condition in terms of relative coordinates
in a fixed reference system, fixed to the reference point P˛

verticals/horizontals are not parallel to each other
causing the anholonomity problem or the misclosures.
Of course, we assume parallelism in the Euclidean
sense (Euclid’s axiom number five).

Our two computations are based first on a holo-
nomic reference system at the point P˛ which is not
operational and second on a realistic anholonomic
reference system attached to the points fP˛; Pˇ; P�g,
separately. We use a local network of an extension of
25 m versus 500 m.

Fig. 2.4 Anholonomity in a moving frame at points fP˛; Pˇ; P�g
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Table 2.1 25 meter local network Relative to the origin O attached to the mass centre
of our planet we calculate relative Cartesian coordi-
nates in a “fixed equatorial reference system” trans-
formed to a “moving horizontal reference system” as
illustrated by Figs. 2.1 and 2.2. The basic holonomity
condition is presented in Fig. 2.3, the detailed com-
putation in Fig. 2.4 related to realistic anholonomity.
Our results are given in Tables 2.1–2.3 for the 25 m
triangular network and in Tables 2.4–2.6 for the 500 m
triangular network: They document a misclosure in the
millimeter range for our 25 m network and in the 30 cm
range for our 500 m network.

For more details let us refer to the contribution by
E. Grafarend (1987): The influence of local verticals
in local geodetic networks, Zeitschrift für Vermes-
sungswesenv 112 (1987) 413–424.

Table 2.2 25 meter local network, detailed computation

Table 2.3 25 meter local network, misclosures
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Table 2.4 500 meter local network

Table 2.5 500 meter local network, detailed computation

Example 2. How to establish an orthonormal frame
in Gauss surface geometry? Is the orthonormal frame
anholonomic?

Table 2.7 Gauss surface geometry, Cartan surface geometry,
orthonormal frame of reference, example of the sphere

Here we concentrate to the question of how to establish
an orthonormal frame fc1; c2; c3g, for instance for the
sphere if we refer to Gauss surface geometry. Is the
attached orthonormal frame a coordinate base or not?
Is the orthonormal frame anholonomic?

Based on an orthogonal reference frame fg1; g2; g3g
with references on spherical longitude and spheri-
cal latitude called fu; vg we compute an orthonormal
reference frame fc1; c2; c3g, called Cartan frame of
reference in Table 2.7. In Table 2.8 we introduce the
displacement dx on the surface of the sphere, both in an
Gaussean frame of reference and in the Cartan frame
of reference. We ask the key question: Are the matrix
components f�1; �2g integrable? Table 2.8 is a very
short introduction to “exterior calculus” or the Cartan
derivative. The 3-index symbol is introduced and cal-
culated for our example of the sphere. Naturally, the
Cartan derivative is not integrable (Table 2.9)!

Table 2.6 500 meter local network, misclosures
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Table 2.8 Displacement vector of the surface of the sphere,
Gaussean frame of reference versus Cartan frame of reference,
integrability

Example 3. Discussion between A. Marussi and
C. Mineo and the development of Differential Geodesy

Let us refer to the discussion of A. Marussi
(1952): Intrinsic geodesy, The Ohio State Research

Foundation, Project No. 485, Columbus/Ohio/USA
1952, C. Mineo (1955): Intrinsic geodesy and general
properties of cartographic representations, Rend. Acc.
Naz. Lincei, Cl. di Sc. Fis., Mat. e Nat., Serie 18,
fasc. 6 and A. Marussi (1955): A reply to a note
by C. Mineo, see C. Mineo 19, fasc. 5 in order to
document these discussions in the past to accept
“Differential Geodesy” as a subject of science.

The subject of Marussian Geodesy was established
in my paper E. Grafarend (1978): Marussian Geodesy,
pages 209–247, Boll. di Geodesia e Scienze Affini,
No. 23, April-Septembre 1978. Refer, in addition,
to our contribution “Elie Cartan and Geodesy” by
F. Bocchio, E. Grafarend, N. Grossmann, J.G. Leclerc
and A. Marussi (1978): Elie Cartan and Geodesy. Boll.
di Geodesia e Scienze Affini, No. 4, August-October
1978, presenting five papers given at sixth symposium
of mathematical geodesy (third Hotine Symposium)
held at Siena/Italy, April 2–5, 1975.

Example 4. Projective heights in geometry and gravity
space, the work of Antoni Marussi

Satellite positioning in terms of Cartesian coordi-
nates .X; Y;Z/2T2 �E3 establishing a triplet of

Table 2.9 1-differential forms, exterior calculus, Cartan derivative
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Table 2.10 Projective heights in gravity space, geodesics
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Cartesian coordinates for quantifying the position of
a topographic point requires a complete redefinition
of geodetic projective heights in geometry and gravity
space, namely with respect to a deformable Earth
body. Such a redefinition has been presented in two
steps:
(i) Projective heights are based upon projective lines

which are
(i1) geodesics (straight lines) in a Euclidean

geometric space, or
(i2) geodesics (plumblines/orthogonal trajectories

with respect to a family of equipotential sur-
faces) in gravity space in a conformally flat
manifold, the Marussi manifold with the mod-
ulus of gravity as the factor of conformality.

(ii) Projective heights are based upon a minimal dis-
tance mapping along those geodesics between a
topographic point .X; Y;Z/2T2 �E3 and a ref-
erence surface:
(ii1) For projective heights in geometry space

such as standard reference surfaces (two-
dimensional Riemann manifolds) are the
plane P

2, the sphere S
2 or the ellipsoid of

revolution E
2
a;b ,

(ii2) for projective heights in gravity space the
standard reference surface is identifies by the
reference equipotential surface, the Geoid at
some reference epoch t0 2 R.

Here we review by Table 2.10 the variational calcu-
lus or the standard optimization routine to generate
a minimal distance mapping between points on the
topography and the reference surface, in particular
the corresponding algorithm. We have referred to the
problem of holonomity of orthometric heights, nor-
mal orthometric heights (“slightly anholonomic”) for
a “star-shaped gravity space” and of steric levelling
heights (“pressure heights”) in our contribution by
E. Grafarend, R. Syffus and R.J. You (dedicated to the
memory of Antonio Marussi) in “Allgemeine Vermes-
sungsnachrichten (1995) 382–403”.

Last, not least, I thank Joseph Zund for all previous
discussions on anholonomity. We recommend to the
reader to study his masterly written book J. Zund
(1994): Foundations of Differential Geodesy, Springer
Verlag, Berlin-Heidelberg-New York 1994 in which
Local Differential Geodesy and Global Geodesy in
the Large are elegantly described. We advice the
reader also to study his The work of Antonio Marussi,
Academia Nazionale dei Lincei, Atti dei Convegni

Lincei, Report 91, Roma 1991, pages 9–20. Here
the mathematical background as well as the geodetic
background of A. Marussi based on interviews with
Mrs. Dolores Marussi de Finetti, Ian Reilly and his
own research are presented.
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Urwald-Flußsysteme unter besonderer Berücksichtigung
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Stäckel P (1891) über die Integration der Hamilton-Jacobischen
Differentialgleichung mittelst Separation der Variablen,
Habilitationsschrift, Halle
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3The Shielding of Gravitation: An Old
Unresolved Puzzle

M. Caputo

Abstract

In the memory of Marussi and its memorable pendulums, made for the
observations of Earth tides but used for the unexpected observations of the free
modes of the Earth and the also unplanned attempt to observe the absorption of
gravitation. Since we are concerned with geodesy, I will recall the result which,
perhaps, is one of the most important observations obtained with the pendulums:
that concerning the absorption of gravitation. I will give no new results.

1 Introduction

Nicolas Fatio de Duiller presented his theory for
explaining gravitation at the Royal Society in 1690
(Launteren 2002), it had many opposites and later
some support from Newton himself. Among the
supporters was Le Sage (Edwards 2002a, b) who
somewhat resumed the theory, discussed it with many
scientists of its epoch such as Huigens and Leibniz
and expanded and publicized it. It had also notable
opponents as Eulero, Maxwell and Poincaré. It is
presently known as Le Sage theory (Le Sage 1784).

Looking into the matter concerning this theory one
sadly notes that, as in the past centuries when mathe-
matical duels were held in churches, how bitter was the
fight for priority in finding theories and mathematical
discoveries. Especially when the theory was apparently
new. It is notable that in the past the opponents of
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the new theories often expressed irrelevant personal
opinions without scientific support also because of
the limited knowledge of physics at that time. The
opposition to Marconi is a good example of this type
of arguing. Neither Marconi nor the opponents had
any knowledge of the ionosphere essential for the
propagation of radio-waves in many circumstances.

Le Sage (1784) theory states that a flow of par-
ticles called gravitons with isotropic distribution of
directions permeates the universe. It hits the planets
and, in the case of a system formed by 2 planets,
they shade one another from the particles which in
turn generate a push of each of the bodies towards the
other. The field generated by this force is of the type of
the inverse square law as shown by Le Sage himself
(Le Sage 1784). In the case of 3 bodies, when they
are aligned the central body is shaded on both sides
in the direction of the other two and is less subject
to gravitation as indicated in Fig. 3.1 in the case of
a particular relative position. This is the shielding of
gravity in Le Sage’s (1784) theory.

The Le Sage (1784) theory arrives to the true basis
of the problem: which is the physical mechanism of
gravitation? Rather than Newton’s “Hypothesis non
fingo”, that is “It all happens as if” of Newton or

N. Sneeuw et al. (eds.), VII Hotine-Marussi Symposium on Mathematical Geodesy, International Association of Geodesy
Symposia 137, DOI 10.1007/978-3-642-22078-4 3, © Springer-Verlag Berlin Heidelberg 2012

17



18 M. Caputo

Fig. 3.1 Imaginative successive relative positions of 3 celestial
bodies: Sun (S), Moon (M) and Earth (E) and Le Sage flux

the generic assumptions of others such as Majorana
(1919, 1920).

In Majorana’s theory the bodies emit an energy flux
of some kind which produces gravitational effects on
other bodies and produces self-shielding for which the
gravitational mass is different from the inertial one.
As in Le Sage’s theory the flux it attenuated when
passing through solid or fluid matter.

Majorana made many sophisticated experiment in
Bologna and thought to have seen a shielding affect
(Caputo 1962) which however was not confirmed
in subsequent more sophisticated experiments. For
a recent review of this matter see Duif (2004) or
Edwards (2002a, b). Obviously all theories are valid
with the limitations of our measuring instrument and
philosophy.

According to the simple Majorana theory the
screening of the moon would cause a decrease of
gravitation at the site where the occultation of the
Sun occurs. According to the Le Sage (1784) theory
the Earth, at the time of occultation of the Sun, because
of the position of the Sun behind the Moon, at the
time of total eclipse would not feel a smaller effect
of gravitation from the Moon and feel an acceleration
towards the Moon.

According to Majorana the shielding of gravity
would happen according to the formula

g D g0

hZ

0

exp.���.l//dl

where ¡ is the density of the shielding layer, œ the
absorption coefficient and g and g0 the resulting and
the incoming gravity respectively.

This difference of perspective effects did not make
much difference in the search of an anomaly in the
data at the time of the 1960 solar eclipse. In fact
the anomaly in the data was generally searched without
making any assumption of the theoretical model of
gravitation. In most cases the search concerned only an
unspecified anomaly to be detected with correlations
between the data and perspective model signals. The
existence of a correlation and its sign would only be a
constraint on the discussion of the perspective model
of gravitation.

The aspects of the two theories trying to model
gravitation and their shielding consequences attracted
the interest of many scientists especially in geodesy
astronomy and geophysics because in these fields was
available the appropriate instrumentation for observ-
ing the shielding phenomenon and with appropriate
approaches one would have a proof of the theory under
scrutiny.

This presentation concentrates on the observations
made with the horizontal pendulums in the Grotta
Gigante in Trieste during the Solar eclipse of 1960; a
brief discussion on the observations made in Florence
with a La Coste gravimeter during the same eclipse
will follow.

Other work done in the field of gravitation
absorption made by other researchers, in spite of their
t relevance, mostly in the field of Astronomy, should
be considered; we are not pretending to write a review
of the work done in this field. We wish to celebrate
Marussi’s pendulums. For an excellent review of the
work done in the field of gravitation absorption see
Edwards (2002a, b), for more references see Caputo
(1962, 1977, 2006).

2 The Grotta Gigante in Trieste,
the Great Pendulums and the
Observations Made During
the Solar Eclipse of 1960

1. In the theory of gravitation absorption it is sug-
gested that a gravitational ray l of intensity g0
be weakened after crossing a layer of material
with density ı according to the law suggested by
Bottlinger (1912)
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g D g0 exp

0
@��

Z

l

ıdl

1
A (3.1)

where œ is the so called absorption coefficient.
The experiment made so far allow to assume that
œ<10–14 g�1 cm�2; for layer thickness and density
sufficiently small we may then write

g D g0

0
@1� �

Z

l

ıdl

1
A (3.2)

A straight forward method to verify the reality of
the phenomenon or to estimate œ is to measure the
weakening of a gravitational ray caused by the crossing
of a layer of known density and thickness. The first
physicists who investigated this phenomenon and esti-
mate œ followed this path.

In 1897 Austin and Thwing set some screens of
different density between the fixed and the mobile
masses of a Cavendish balance; however the did not
succeed to observe the absorption within a limit of the
accuracy of the experiment which was 2% of the acting
force.

In the first years of the following century, experi-
ments with the same method were repeated without
positive results by Kleiner (1905), by Cremieux (1906)
and by Erisman (1908). Erisman (1908) reached the
precision of 0.08% of the acting forces. Lager (1904)
used a regular balance to weigh a spherical silver ball
weighting 1.5 g, alternatively surrounded or not by a
spherical lead layer, however he did not observe any
weight variation larger than 0.01% of the acting forces.

Obviously the phenomenon interested also the ast-
ronomers; in 1911 some irregularities of the motion
of the Moon, for which no causes could be found,
were object of a prize emitted by the University of
München. The prize was assigned in 1912 to Bottlinger
(1912), who showed that the phenomenon of grav-
ity absorption could explain the those irregularities.
During Moon eclipses because of the absorption the
Moon would be subject to an impulsive force due to
the gravity absorption.; Bottlinger (1912) showed the
these forces would cause a periodic variation of the
mean longitude with a period of about 19 years; assum-
ing that œD 3 10–15 the estimated variation would be
in agreement with the observed ones. In the same year
appeared also a paper by De Sitter who reached the
same conclusions of Bottlinger.

Today it is believed that the findings of Bottlinger
(1912) and De Sitter be invalidated by the poor
knowledge of the time in the epoch of Bottlinger and
DeSitter since then the knowledge of the time was
related to the Earth rotation which suffers of periodic
and a-periodic irregularities which may interfere with
the supposed irregularities of the Moon motion.

In 1919 Majorana began a series of studies and
laboratory experiments whose results are presented
in a set of 18 notes appeared in the Proceedings of
Accademia Nazionale dei Lincei from 1919 to 1922.
First he made some theoretical studies where he sug-
gested that the substances composing the Sun appear
to us as masked in the gravitational effects by the
exterior layers, that is due to the supposed effect of the
gravitation absorption; in reality the mass of the Sun
would appear to us as smaller than shows the classical
theory. He showed that if we assume that the Sun is
homogeneous.

With a density of 2 g cm�3 (respectively 20 g cm�3/,
the value sof the absorption coefficient œ assumes the
value 1.11 10–11 (respectively 2.90 10–11).

Subsequently Majorana began a series of laboratory
experiments performed with very refined techniques
seeking to observe the variation of weight of a 1.3 kg
led sphere when it was screened from the effect of
Earth’s gravitational field with other masses. As screen
he used a 114 kg Mercury cylinder, then a 9.8 kg Led
cube which surrounded completely the sphere.

From the results of these experiments Majorana
was induced to state that the absorption effect existed.
The experiments made with the Mercury cylinder
led to conclude that to the value œD 7 10–12, while
the experiments made with the Led cube gave
œD 2 10–12.

Following the publication of the first results of
Majorana’s experiments, Russel (1921) showed that
because of the gravity absorption the inertial mass of
the planets could not be proportional to their gravita-
tional mass and that consequently their motion should
differ notably from what observed in reality. According
to Russel this conditions the value of œ to be smaller
than the values given by Majorana by a factor 10–4;
he further suggested that the phenomenon observed by
Majorana was not due to absorption but possibly to a
relativistic effect.

Many years went by before the research on this
matter would be resumed. In 1954 Brein (1954), using
an idea of Tomaschek (1937), tried to observe the
gravitation absorption during a Solar eclipse which
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occurred in Central Europe and the same was done
by Tomaschek (1955) himself in the Shetland Islands.
In that circumstance the Moon would have served
as a screen relative to the Sun and relative apparent
increase of gravity would have been observed. The
experiment was made with a high sensitivity recording
gravimeter, but few perturbations of difficult inter-
pretation occurred and made results uncertain. How-
ever Brein (1957) from the results of the experiment
inferred for œ the limit œ < 3 10–15 which is not in
disagreement with the results of Bottlinger (1912).
2. The total Sun eclipse of February 15th 1961 was

another circumstance to attempt a verification of
the phenomenon. Experiments were made in Sofia
and Kiev with Askania recording gravimeters by
Venedikov (1961) and Dobrokhotov et al. (1961)
and in Berchtesgaden with horizontal pendulums by
Sigl and Eberhard (1961).
The results of these observations were presented

at the IV Symposium on Earth Tides in Bruxelles in
1961; no evident effect of absorption was reported
moreover no limits for the coefficient were given.
The same type of observations in the circumstance of
the 1961 Solar eclipse of 1961, with the suggestion
of Marussi were made also with the great horizontal
pendulums installed since 1958 in the Grotta Gigante
near Trieste for the study of the tides of the Earth’s
crust (Marussi 1960a, b).

The circumstance was exceptional since the totality
was in near proximity of the station since the minimum
distance of the two bodies at totality was only 5800;
moreover the height of the Sun at totality was 13ı 300
and the effect on the horizontal pendulums was very
near the maximum one could hope. In order to observe
the phenomenon the sensitivity of the pendulums was
taken from 463 s to 657 s for the EW component and
form 500 s to 580 s for the NS component. The longer
period of oscillation implies in the recordings a ratio of
2.185 mm/msec and 1.702 mm/msec respectively. The
speed of the recording photographic film was taken
to 3.8 cm/h. Since the reading resolution is 0.1 mm,
follows that the reading have an uncertainty of about
5 10–5 arcsec.

The recordings of Earth’s tides during February
15th were favoured by excellent environmental and
meteorological conditions: the barometric pressure,
which could cause very small inclinations around the
Dinaric axis, had no appreciable variations nor were
recorded disturbances due to the flow of Karst waters.

The analogue recordings of Earth’s tides during
February 15th for both components EW and NS were
digitised with readings every 12 min. The values were
then fit to a set of sinusoids with various phased in
order to eliminate the effect of Earth tides.

These time series were examined in a time interval
of 12 h centred at totality of the eclipse and further
filtered in order to eliminate the seiches of the Adriatic
sea (Caloi 1938; Polli 1958, 1961).

The resulting residual time series were analysed
with the �2 test which gave confidence levels of 78%
and 85% for the two components. Since this result was
not considered sufficiently significant the time series
were filtered again to smoothing the data. The resulting
curves CNS, CEW are shown in the Fig. 3.1. The
deviations with respect to these curves have a level of
randomness of 83% and 99% respectively, which we
considered acceptable.
3. We compared the curves CNS, CEW with those

which presumably would represent an absorption
effects.
The variations on the horizontal components of

the Lunisolar attraction due to gravity absorption in the
case of Majprana’s model during the successive phase
of the eclipse have been computed for the particular
case which we are considering with a process of
graphics integration which ensure a precision of 2%;
to this purpose we considered the Moon homogeneous
with for density 3.34 while the density of the Sun we
adopted the values, as function of the distance from
its centre, given in the tables of Landolt and Börnstein
(1952).

With g D 980:63 gal at the Grotta Gigante the com-
ponents of the deflection of the vertical (expressed in
milliseconds of arc) which represent North-South and
the East-west components CNS, CEW are reproduces
in the Fig. 3.2 for œ D 3 10–15 (curve c), œ D 10–15
(curve b), œ D 0:5 10–15 (curve a). The comparison
of the theoretical curves with the experimental ones
suggests the following considerations: no effect is seen
in the NS component, while in the EW component the
flattening of the oscillation towards East, which occurs
at the time of the maximum of the eclipse,, could
be due to the presence of the supposed gravitational
absorption with a value of œ < 0:6 10–15.

Taking into account that this component should
have a greater reliability because of the possible effect
of absorption, which on this component should be
1.9 times larger than in the other, and also because
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Fig. 3.2 Final filtered data of the CEW (top) and CNS components (bottom) of the Earth tide station in the Grotta Gigante during
the 1960 solar eclipse

the confidence level with which have been eliminated
the accidental departures is larger than for the other
component, we will assume the limit for œ which
results from it that is œ < 0:6 10–15. We note that this
limit is 1/5 of that so far admitted and lower than the
forecast of Russel (1921).

3 The Observations Made in Florence
with a La Coste Gravimeter During
the 1960 Solar Eclipse

Concerning the method in which the Moon is used as
a screen it is of interest the experimental limit set for œ
by Slichter et al. (1965) with observations, taken with
a La Coste tidal gravimeters during the solar eclipse of
February 15th 1961 is œ D 8:3 10–16.

The method using the Earth as a screen was intro-
duced by Harrison (1963) who used. tidal gravimeters
observation and found œ < 10–15. A better result is
that of Unnikrishnan et al. (2002) with œ < 2 10–17
who used the same method and analyzed 11,000 min
of data taken by Wang et al. (2000) with a gravimeter
during the 1997 total eclipse in China.

4 The Work in Astronomy

Finally studying the fluctuations of the Moon motion
Crawley et al. (1974) found œ < 6:3 10–15. However
the most stringent limit on gravitation absorption, is

that of Eckhardt (1920) who, in a brief note, reported
that using the Laser ranging to the Moon data of
Williams et al. (1976), gave what is now the best upper
limit � < 2 10–21.

Conclusion

Geodesy is gone long way since the glorious time of
Pizzetti, Somigliana, Cassinis and Silva. It is now
deeply involved in the survival of our planet, in
essential social responsibilities and evolved towards
developments unexpected a couple of decades ago,
as it happens in many fields of science, and has
shown its vitality in most countries. Geodesy has
new very important tools and, as usual, the sup-
port of its contemporary mathematics which has
developed new very efficient methods of analysis
and modelling. Some experiments made with the
classical instruments of geodesy could be repeated
using the new more accurate instrumentation now
available, also few of the results obtained in the
studies of gravitation absorption could be reviewed
and refined in view of the new mathematical tools
presently in use.
Time has entered geodesy since long but we should
take this more seriously since all moves in the
Earth’s system. We have a reference system and we
may monitor all the movements almost in real time.
The archive of these movements in the same refer-
ence system is available, as is the catalogue of stars
in the Galaxy and outside it, as is the catalogues of
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earthquakes of the world in almost real time. This
archive may allow to model the rheology of the
Earth’s crust, which is becoming more and more
important in the studies of the seismicity of the
Earth. Geodesy has some responsibility in this field
which I tried carry for some time and which could
possibly explain some rather mysterious phenom-
ena such as the apparently chaotic time distributions
of earthquakes in the seismic regions or the inef-
ficient stress field at the base of peak mountains,
apparently due to the skin effect in anelastic media
which diminishes the surface maximum shear stress
(Caputo 1995).

References

Bottlinger KF (1912) Die Gravitationstheorie und die Bewegung
des Mondes, Innauguraldiss, Univ. München. C. Troemer,
Freiburg Br., 57

Brein R (1954) Photographische Registrierung der Erdgezeiten
mit einem Gravimeter, Deutsche Geolog. Comm., Reihe B,
H. 34, Frankfurt a. M.

Brein R (1957) Beobachtungen zur Sonnenfinsternis 1954 in
Sudnorwegen, Deutsche Geolog. Comm., Reihe B, H. 21,
Frankfurt a. M.

Caloi P (1938) Sesse dell’Alto Adriatico con particolare
riguardo al Golfo di Trieste, Memoria CCXLVII del R. Com.
Talassografico It. Del C.N.R.

Caputo M (1962) Un nuovo limite superiore per il coefficiente
di assorbimento della gravitazione. Accademia Nazionale dei
Lincei. (A new upper limit for the coefficient of absorbtion in
gravitation, Proceedings of Accademia Nazionale dei Lincei)
8, 32, 4, 509–515, 1962. Also in English: http://www.space-
time.info/gravianom/literaturelist.html

Caputo M (1977) Experiments concerning gravitational shield-
ing, Simposio Internazionale: Experimental Gravitation,
Pavia 1976. Atti dei Convegni Lincei 34:193–211

Caputo M (1995) The skin effect of an elastic Earth. Revista
Geofisica 43:145–162

Caputo M (2006) On new limits of the coefficient of gravita-
tion shielding. Journal of Astrophysics and Astronomy 27:
439–441

Crawley R-J, Woodward J-F, Yougrau W (1974) Astronomische
Nachrichten 295:203
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4Marussi and the First Formulation of Physical
Geodesy as a Fixed-Boundary-Value Problem

F. Sansò and F. Sacerdote

Abstract

The famous work of A. Marussi on the geometry of the Earth’s gravity field is
known as intrinsic geodesy. This was aiming at describing all the relevant geodetic
quantities in terms of the so called intrinsic coordinates .ƒ;ˆ;W / and of their
reciprocal relation.

This has been done in a masterly way including all the interesting variables
related to the curvatures of equipotential surfaces, which were in a sense the focus
of this attention.

However, hidden in Marussi’s equations, is the first formulation of the geodetic
boundary-value problem in terms of a fixed-boundary problem. This requires a
proper understanding of the nature of such equations, as explained in the paper.

Keywords

Intrinsic geodesy � Geodetic boundary-value problems � Gravity field geometry

1 Introduction

Antonio Marussi was mainly interested in the
geometric structure of the gravity field. In his early
pioneering work he introduced “intrinsic” coordinates
(i.e. based uniquely on observable quantities, the
astronomic longitude and latitude) on the level surfaces
of the gravity potential; furthermore, using the fact that
the gravity vector, i.e. the direction of the normal to
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level surfaces and the intensity of the variation of the
gravity potential in space, is itself an observable, he
set up an instrument to move from individual level
surfaces into three-dimensional space, introducing as
third coordinate the potential itself (Marussi 1951;
Marussi 1985). Yet, no mention was made, at that
time, of the dynamics of the gravity field, described
by Poisson and Laplace equations. Only in a much
later paper (Marussi 1975) it was introduced in
the form of a first-order differential equation for
the gravity modulus, together with a system of
differential equations describing the geometry of the
field, involving the gravity modulus too.

A first attempt to formulate a boundary-value prob-
lem for the gravity potential in the framework of
intrinsic coordinates was made by Sansò (1981), who
obtained an oblique-derivative problem for a suitably
defined auxiliary potential.
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In the present paper a new formulation of the
boundary-value problem is given, with a Dirichlet
boundary condition, directly deduced from Marussi’s
equations.

2 Equations for the Gravity Field
in Intrinsic Coordinates

The starting point of Marussi’s theory is the intro-
duction of a general coordinate system fxi g. Corre-
spondingly a triad of tangent vectors along coordinate
lines, 	i D @P

@xi
; i D 1; 2; 3 is defined. Such vectors

are generally neither mutually orthogonal nor normal-
ized. Specifically Marussi introduced the coordinates
ˆ;ƒ;W , where ˆ;ƒ are the astronomical latitude
and longitude, W is the gravity potential. In order to
investigate the spatial variation of the vectors 	i , an
orthonormal local triad ik; k D 1; 2; 3, where i1 points
toward north, i2 toward east, i3 up, is defined, and the
variation of the quantities

D D �	1 � i1; D0 D �1
2
.	1 � i2 cosˆC 	2 � i1/;

D00 D �	2 � i2 cosˆ (4.1)

is investigated. Note that these quantities are essen-
tially related to the components of the coordinate
vectors on the equipotential surfaces. Using the inte-

grability conditions @	i
@xj

D @	j

@xi
, the equations

@D

@W
�
�
1C @2

@ˆ2

�
1

g
D 0

@D0

@W
�
�

tanˆ
@

@�
C @2

@ˆ@ƒ

�
1

g
D 0 (4.2)

@D00

@W
�
�

cos2 ˆ� sinˆ cosˆ
@

@ˆ
C @2

@ƒ2

�
1

g
D 0

(g D gravity modulus)
(together with others that are not reported here, as
they will not be used in the sequel) are obtained.
These equations describe the geometric structure of the
equipotential surfaces and their variations in terms of
the reciprocal of the gravity modulus and its derivatives
along the equipotential surfaces themselves.

The dynamic equation is derived from Poisson
equation r2W D 2!2 � 4
G� (where � is the mass

density and ! is the angular velocity), using the
intrinsic form of the Laplacian:

r2W D 1p
det fgijg

@

@xi

�p
det fgijggijW jj

�
(4.3)

.gij D metric tensor/

Its expression is
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1

g

�2#
(4.4)

where � D DD00 � D02; H D �D00CD cos2 ˆ
�

. It is
remarkable that this equation too involves the geomet-
ric quantities D,D0, D00 and the inverse of the gravity
modulus.

3 Formulation and Linearization
of the Boundary-value Problem

In order to formulate a boundary-value problem it is
convenient to reduce this system of equations to one
single equation in the unknown v D 1

g
. This result can

be obtained in a simple way in a perturbative approach,
carrying out a linearization with the spherical solution
as starting point.

The dynamic equation is considered outside masses
(� D 0) and without centrifugal term (! D 0).

From the expression of the spherical solution:
W0 D �

r
I g0 D �

r2
D W 2

�
one obtains

v0 D �

W 2
(4.5)

Furthermore, it follows from (4.1) or (4.2) that

D0 D � �

W
I D0

0 D 0I D00
0 D �� cos2 ˆ

W

) H0 D 2W

�
(4.6)
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Now equation (4.4) is linearized with respect to the
increments of the quantities

v D �

W 2
C ıv

D D � �

W
C ıD

D0 D ıD0 (4.7)

D00 D �� cos2 ˆ

W
C ıD00

FromW D �

r
C 0.r�3/; g D �

r2
C 0.r�4/ one obtains

g D W 2

�
C 0.W 4/ D W 2

�

�
1C 0.W 2/

�

) v D �

W 2

�
1C 0.W 2/

� D �

W 2
C 0.1/ (4.8)

Consequently ı	 turns out to be a bounded quantity.
Furthermore, the last term in the dynamic equa-

tion (4.4),
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1
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�2#

is of second order.
Consequently, taking only first order terms, (4.4)

is reduced to

� @v

@W
D Hv2; i.e.

� @

@W
.v0 C ıv/ D H0v

2
0 C ıH � v20 C 2H0v0ıv (4.9)

where it can be easily seen that the expression for ıH is

ıH D W 2

�2 cos2 ˆ

�
ıD00 C cos2 ˆıD

�
(4.10)

Consequently
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ıv D W 2

�2 cos2 ˆ
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that finally leads to

W 2 @
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Applying a further derivation with respect to W one
obtains

@

@W

�
W 2 @

@W
ıv

�
C 4W
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ıv C @2

@ˆ2
ıv C 1

cos2 ˆ

@2

@ƒ2
ıv D 0 (4.12)

This is a single equation in the unknown ıv, which is
assumed to be known on the boundaryW D W.ˆ;ƒ/

if the starting point is the vector Molodensky problem
(g and W known on the unknown Earth’s surface), so
that this formulation leads to a Dirichlet problem.

4 Expansion into Spherical
Harmonics in Cartesian-Marussi
Coordinates

Equation (4.11) can be easily treated introducing the
so-called Cartesian Marussi coordinates 
j :


1 D W cosˆ cosƒ


2 D W cosˆ sinƒ (4.13)


3 D W sinˆ

indeed, it can be simply written as

W 2r2

 ıv C 4W

@

@W
ıv C 6ıv D 0: (4.14)

Assuming a solution of the form

ıv D
X
n;m

ıvnmW
�nYnm.ˆ;ƒ/; (4.15)

it leads to the characteristic equation

�n.�n C 1/� n.nC 1/C 4�n C 6 D 0

whose solution is �n D
��2C n

�3 � n
.

Only the upper solution can be accepted, as ıv must
be bounded at the origin.
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The first term, with nD 0, has the form ıv0
W 2 , and

represents a small correction to the coefficient of the
spherical solution used as starting point (corresponding
to a mass variation).

The second term, with nD 1, has the formP
m

ıv1m
1
W
Y1m.ˆ;ƒ/, and corresponds to the variation

of the spherical solution v D r2

�
due to a displacement

of the center of mass.
Indeed, in spherical approximation,

ı
1

g
D � 1

g2
g
g

� Wır D r4

�2
r
r

�
�
� �
r3
.I � 3Pr /

�
ır

D �2 r
�

r
r

� ır;

where W is the matrix of the second derivatives of W .
The components of (r=r) are exactly proportional to
the first order harmonics.

The first two terms can be assumed to vanish if the
mass and the center of mass of the perturbed solution
are coincident with those of the approximate solution.

5 Determination of the Boundary
Surface

The position of the boundary points in the ordinary
space can be recovered by means of the introduction
of an auxiliary potential, the same already used by
Sansò (1981): ' D xi 
i .

Taking into account that

gi D @W
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D @W
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and that, consequently
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it is possible to obtain
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from which, finally
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In order to recover the auxiliary potential ', one
can start from (4.16), expressed in vector form,



g
D r
' � x and take its scalar product by 
 , obtaining

W 2
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D W
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� '. Consequently

v D 1

g
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Subtracting the spherical solution v0 D �

W 2 ) '0 D
�� one obtains simply ıv D @

@W
.
ı'

W
/.

The required result can be obtained by integration:

ı' D W

WZ

0

ıv.�; �/d�.� D .ˆ;ƒ// (4.18)

6 Concluding Remarks

The present short note shows that some kind of formu-
lation of the basic boundary-value problem of physical
geodesy, with Dirichlet boundary condition, can be
obtained using intrinsic coordinates, starting from the
developments introduced by A. Marussi in order to
investigate the geometric properties of the gravity field.
Obviously this formulation is exceedingly simplified,
as it uses as starting point for linearization the spherical
solution. A further step might be carried out starting
from an approximate solution with ellipsoidal symme-
try, whose geometric properties were investigated by
A. Marussi himself in his 1975 lectures. These devel-
opments throw in some sense a bridge between the
studies on geometric properties, in which A. Marussi
obtained his most relevant scientific results, according
to the tradition of the Italian mathematical school
in differential geometry, and the more recent investi-
gations on physical geodesy, which have assumed a
prominent role in last decades. In addition, one has to
be aware that, in order to get sensible results, one has
to exclude the rotational potential fromW . As a matter
of fact, this remark leads back to the argument that the
actual gravity potential cannot be a one-to-one overall
coordinate through the outer space if the centrifugal
potential is left in it.
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Marussi A (1975) Elements of tensor calculus, Part I and II
(Geodetic applications). In: Brosowski B, Martensen E (eds)

Methoden und Verfahren der Mathematischen Physik/Band
13. Bibliographisches Institut Mannheim

Marussi A (1985) Intrinsic geodesy. Springer-Verlag, Berlin
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5The Future of Single-Frequency Integer
Ambiguity Resolution

Sandra Verhagen, Peter J.G. Teunissen, and Dennis Odijk

Abstract

The coming decade will bring a proliferation of Global Navigation Satellite
Systems (GNSSs) that are likely to enable a much wider range of demanding
applications compared to the current GPS-only situation. One such important
area of application is single-frequency real-time kinematic (RTK) positioning.
Presently, however, such systems lack real-time performance. In this contribu-
tion we analyze the ambiguity resolution performance of the single-frequency
RTK model for different next generation GNSS configurations and positioning
scenarios. For this purpose, a closed form expression of the single-frequency
Ambiguity Dilution of Precision (ADOP) is derived. This form gives a clear
insight into how and to what extent the various factors of the underlying model
contribute to the overall performance. Analytical and simulation results will be
presented for different measurement scenarios. The results indicate that low-cost,
single-frequency GalileoCGPS RTK will become a serious competitor to its more
expensive dual-frequency cousin.
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1 Introduction

Global Navigation Satellite System (GNSS) ambiguity
resolution (AR) is the process of resolving the
unknown cycle ambiguities of the carrier phase data
as integers. It is the key to high-precision GNSS
parameter estimation. In order for AR to be successful,
the probability of correct integer estimation needs to
be sufficiently close to one. Whether or not this is
the case depends on the strength of the underlying
GNSS model and therefore on the number and type of
signals observed, the number of satellites tracked,
the relative receiver-satellite geometry, the length
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of the observational time window, the measurement
precision, the dynamics of the positioning application
and the need of having to include additional parameters
like troposphere and/or ionosphere delays.

The coming decade will bring a proliferation of
GNSSs (modernized GPS, Glonass, Galileo, Com-
pass) that are likely to enable a much wider range
of demanding applications compared to the current
GPS-only situation due to the availability of many
more satellites and signals. This contribution con-
siders the application area of single-frequency real-
time kinematic (RTK) positioning. Presently, low-cost
single-frequency RTK systems lack real-time perfor-
mance due to the weaknesses of the single-frequency
GPS-only model, see e.g. Milbert (2005); Odijk et al.
(2007); Takasu and Yasuda (2008). If low-cost single-
frequency RTK would become feasible, a whole range
of exciting applications awaits in e.g. the fast-evolving
field of mobile Location Based Services, precision
agriculture, surveying and mapping, e.g. Wirola et al.
(2006); Denham et al. (2006); Saeki and Hori (2006);
Millner et al. (2005).

In this contribution we analyze the ambiguity
resolution performance of the single-frequency
RTK model for different next generation GNSS
configurations and for different positioning scenarios.
For this purpose, first a closed form expression of
the single-frequency Ambiguity Dilution of Precision
(ADOP) is derived in Sect. 2. A performance analysis
based on the ADOPs as well as empirical success
rates is presented in Sect. 3. These results allow us to
identify the circumstances that make successful single-
frequency AR possible, as will be shown in the final
Sect. 4.

2 Ambiguity Resolution

The key to rapid and high-precision GNSS positioning
is the use of carrier-phase observations, which have
mm-level precision while code observations only have
a precision at the dm-level. In order to exploit the very
precise carrier-phase measurements, first the unknown
integer number of cycles of the observed carrier phase
has to be resolved. The linearized double-difference
GNSS model can be written as:

y D Bb C Aa C e; b 2 R
v; a 2 Z

n (5.1)

where y is the vector with double-differenced
code and phase observables; b is the v-vector with
unknown real-valued parameters, such as the baseline
increments, ionosphere and troposphere parameters; a
is the n-vector with the unknown integer ambiguities;
e is the noise vector. The matrices B and A link
the unknown parameters to the observables. It
is generally assumed that y follows the normal
distribution, with zero-mean noise and the associated
variance matrix Qyy capturing the measurement
precision.

Solving model (5.1) in a least-squares sense
provides the so-called float solution, where the integer
constraint on the carrier-phase ambiguities, i.e. a2Z

n,
is not considered. This is done in a second step, the
ambiguity resolution (AR) step, based on the float
ambiguities Oa and associated variance matrix Q Oa Oa.
The integer least-squares (ILS) estimator is proven
to be optimal in the sense that it maximizes the
probability of correct integer estimation, Teunissen
(1999). A well-known and efficient implementation of
the ILS-principle is the LAMBDA method, Teunissen
(1995). After resolving the integer ambiguities La, the
final step is to adjust the float solution of b conditioned
on the fixed integer solution. This provides the fixed
baseline solution Lb.

Correct integer estimation is essential to guaran-
tee that Lb will have cm-level precision. Hence, the
probability of correct integer estimation, called success
rate, is a valuable measure to assess the positioning
performance. Unfortunately, no analytical expression
is available to compute the ILS success rate exactly.
Several approximations were proposed in the past,
see Verhagen (2005). In this contribution empirical
success rates based on Monte Carlo simulations will
be used.

In Teunissen (1997) the Ambiguity Dilution of Pre-
cision (ADOP) was introduced as an AR performance
measure. It is defined as:

ADOP D p
jQ Oa Oaj

1
n (5.2)

The ADOP measure has the unit of cycles, and it is
invariant to the decorrelating Z-transformation of the
LAMBDA method. It is equal to the geometric mean
of the standard deviations of the ambiguities if these
would be completely decorrelated. Hence, the ADOP
approximates the average precision of the transformed
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ambiguities. The ADOP can also be used to get an
approximation of the ILS success rate:

P. La D a/ � PADOP D
�
2˚.

1

2ADOP
/ � 1

�n
(5.3)

Figure 5.1 shows the relation between ADOP and
PADOP for different values of n. From this figure it can
be concluded that for successful ambiguity resolution
the ADOP should be smaller than 0.15 cycles.

It is possible to derive closed-form expressions for
ADOP. In Odijk and Teunissen (2008) this was done
for a hierarchy of multi-frequency single-baseline
GNSS models. The closed-form expressions give a
clear insight into how and to what extent the various
factors of the underlying GNSS model contribute to
the overall AR performance, see Odijk and Teunissen
(2007). The closed-form expression for the ADOP
of the single-frequency model corresponding to a
moving receiver covering a short time span (no
change in satellite geometry) can be derived as
(see table 8 in Odijk and Teunissen (2008), use
j D 1):

ADOP D
h��
�

i
Œ2sf �

1
2

	Pm
sD1 wsQm
sD1 ws


 1
2.m�1/

�
	
1C � � �

1C �


 1
2
	
1C� � .2� C 1/2

1C �.1C �/


 v
2.m�1/

(5.4)

with:

�� undifferenced phase standard deviation [m]
�p undifferenced code standard deviation [m]
�� undifferenced standard deviation of ionosphere

observables [m]
� carrier wavelength [m]
sf variance scale factor
m number of satellites
ws elevation dependent weights, s D 1; : : : ; m

� D �2p

�2�
and � D �2�

�2p

The ionosphere-weighted model, see e.g. Odijk (2002),
is used where a priori information on the ionosphere
delays is used in the form of ionosphere observables
with standard deviation �� depending on the baseline
length. If the baseline is sufficiently short, the double
difference ionosphere observables will become zero,
and �� is set to zero.

In (5.4) sf is a scale factor, if sf < 1 this can
be either due to enhanced measurement precision, or
due to an increased number of epochs k. In the first
case it is assumed that the variance of code and phase
observations is improved with the same factor sf .
In the second case the scale factor would be equal to:

sf D 1C ˇ

k � .k � 2/ˇ (5.5)

where ˇ.0�ˇ<1) describes the correlation parame-
ter of a first-order autoregressive time process. Hence,
ˇD 0 means that time correlation is absent and
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number of epochs k for various time correlations ˇ
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sf D 1
k

, while ˇD 1 would mean that the observations
are fully correlated between the epochs and sf D 1.
Figure 5.2 shows the relation between the variance
scale factor sf and the number of epochs k for various
time correlations ˇ.

3 Performance Analysis

An analysis of the ambiguity resolution performance is
made based on the following assumptions:

�� D 2mm, �p D 20 cm
�� D 0; 4; 8mm
� D 25:48 cm (L5 frequency)

ws D .1C 10 exp.�es=10//� 1
2

v D 3 (no troposphere parameters estimated)

with es the elevation of satellite s in degrees. A mask
angle of 10ı is used.

The three values of �� are assumed to correspond to
baseline lengths of <5, 10 and 20 km, respectively.

The future Galileo constellation is considered, as
well as the combined GPSCGalileo constelation,
where for GPS the nominal constellation of 24
satellites is used. A time span equal to the repeat
orbit period of Galileo, approximately 10 days, is
considered. Two different geographical locations are
considered, both at longitude 3ıE and latitudes 45ıN
and 75ıN, respectively. The mid-latitude location
is selected because on average the least number of
satellites are visible while at the higher latitude of
75ıN the opposite is true. Figure 5.3 shows the
number of visible satellites and the skyplots for
the two locations with the satellite tracks of both
GPS and Galileo. Note that at higher latitudes the
satellite geometry will generally be better as well,
since satellites from all azimuths will be visible. The
standard deviations of the code and phase observations
are relatively conservative compared to the expected
thermal noise characteristics of the future GNSS
signals as presented in Simsky et al. (2006). Here
we choose somewhat higher standard deviations to
account for multipath and other residual effects, as
well as to simulate the performance with low-grade
receivers.

Figure 5.4 presents the mean ADOP as function
of the number of satellites m with sf D 1 (i.e. the
mean for each m is calculated over all instances that
m satellites are visible during the 10-day period). The
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average values of the two locations are shown, since it
turned out that the impact of the satellite geometry on
the ADOP – third term in (5.4) – is averaged out and
thus the results are nearly identical for the two different
locations.

From Fig. 5.1 it was concluded that an ADOP of
0.15 cycles was required for successful ambiguity
resolution. Using this rule-of-thumb, it follows from
Fig. 5.4 that 8 or more satellites are required with very
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Table 5.1 Scale factor sf needed to obtain a success rate above
0.99 more than 99% of the time. The number between brackets
is the corresponding number of epochs if ˇ D 0

Galileo GPSCGalileo

Baseline 45ıN 75ıN 45ıN 75ıN
<5 km 0.07 (15) 1 (1) 1 (1) 1 (1)
10 km 0.02 (60) 0.11 (9) 1 (1) 1 (1)
15 km 0.01 (70) 0.06 (16) 0.2 (5) 1 (1)

short baselines, more than 11 satellites with baselines
of 10 km, and more than 14 satellites with baselines of
15 km. With longer baselines, single-epoch ambiguity
resolution is generally not feasible. From Figs. 5.3 and
5.4 combined, it follows then that with very short base-
lines (<5 km) single-epoch, single-frequency RTK is
possible with Galileo-only most of the time. However,
for baselines up to 15 km this is only possible with
GPSCGalileo.

Next, the AR performance is analyzed based on
empirical success rates using Monte Carlo simulations,
see e.g. Verhagen (2005). Table 5.1 presents the scale
factor needed to obtain a success rate above 0.99 more
than 99% of the time. The corresponding number of
epochs if ˇ D 0 is derived from Fig. 5.2, from which
also follows that in the presence of time correlation
more epochs are needed.

For baselines of 20 km and longer, single-frequency
RTK is not feasible for large periods of time, and
therefore the corresponding results are not shown in
Table 5.1. Without time correlation and with 100
epochs of data, a success rate above 0.99 can be
obtained during less than 75% of the time. However,
for baselines shorter than 10 km instantaneous ambigu-
ity resolution is possible with GPSCGalileo. At mid-
latitudes the time to fix the ambiguities will often be
longer with a baseline of 15 km, but is still rather
short. With Galileo-only the time to fix depends very
much on the satellite geometry and thus the location
on Earth, but generally the time to fix will be more
than 10 epochs with short baselines, and more than 50
epochs with baselines longer than 10 km.

4 Concluding Remarks

Single frequency RTK with the current GPS or
future Galileo alone is only feasible with very short
baselines (<5 km), and even then at some locations
instantaneous ambiguity resolution will only be

feasible for 65% of the time. At mid-latitudes more
than 15 epochs of data are needed to guarantee a
success rate above 0.99.

A dual-constellation GNSS will enhance the ambi-
guity resolution performance of single frequency RTK
dramatically. Instantaneous success rates above 0.99
are obtained with baselines up to 15 km.
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6Integer Ambiguity Resolution with Nonlinear
Geometrical Constraints

G. Giorgi, P.J.G. Teunissen, S. Verhagen, and P.J. Buist

Abstract

Integer ambiguity resolution is the key to obtain very accurate positioning
solutions out of the GNSS observations. The Integer Least Squares (ILS) principle,
a derivation of the least-squares principle applied to a linear system of equations in
which some of the unknowns are subject to an integer constraint, was demonstrated
to be optimal among the class of admissible integer estimators. In this contribution
it is shown how to embed into the functional model a set of nonlinear geometrical
constraints, which arise when considering a set of antennae mounted on a rigid
platform. A method to solve for the new model is presented and tested: it is shown
that the strengthened underlying model leads to an improved capacity of fixing the
correct integer ambiguities.

Keywords

Constrained methods • GNSS • Integer ambiguity resolution

1 Introduction

The GNSS (Global Navigation Satellite System)
observations are obtained tracking a number of
satellites: both the code and carrier phase data are
used to estimate the antennae positions. Because only
the fractional part of the phase carrier observations
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can be measured, an ambiguity must be resolved for
each incoming signal in order to fully exploit the
capabilities of the GNSS positioning: by resolving the
ambiguities one is able to achieve higher accuracies
than using only the code data. The set of GNSS
observations is usually cast into a (overdetermined)
system of linearized equations, and the theory of Inte-
ger Least-Squares (ILS) (Teunissen 1993) is applied to
solve for the linearized model in a least-squares sense,
with a subset of the unknowns being integer-valued,
namely the phase carrier ambiguities. An efficient
implementation of the ILS was proposed in Teunissen
(1994): the LAMBDA (Least-squares AMBiguity
Decorrelation Adjustment) method is currently widely
used for its high efficiency. For those applications
where a subset of the real-valued unknowns is subject
to geometrical constraints, one faces a substantial
complication for the solution of the constrained ILS
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problem. A modification of the LAMBDA method
was recently proposed in Teunissen (2006), Teunissen
(2008), Teunissen (2010), Park and Teunissen (2003),
Buist (2007), Park and Teunissen (2008), Giorgi et al.
(2008) and Giorgi and Buist (2008) to solve for single-
baseline constrained problems. We investigate in this
contribution how to resolve for the integer ambiguities
when a set of two or more antennae are mounted on
the same rigid platform, with their relative positions
known and constant. The problem was originally
addressed in Teunissen (2007): the peculiar set of
geometrical constraints posed on the baselines vectors
is tackled by introducing a suitable parameterization of
the baseline coordinates, and a modified cost function
to be minimized in an ILS sense is introduced. It is
shown here how to efficiently proceed for the search
of the integer minimizer of the modified objective
function, and a numerical evaluation of the capabilities
of the constrained ILS is given: the single-frequency,
single-epoch success rate is investigated.

2 Modeling of the GNSS Observables

Assuming two antennae tracking the same nC1 GNSS
satellites, the set of single frequency, linearized double
difference (DD) GNSS observations for the baseline at
a given epoch is described via a Gauss-Markov model
(Teunissen and Kleusberg 1998)

E.y/ D Az CGb z 2 Z
nI b 2 R

p

D.y/ D Qy (6.1)

where E.�/ is the expectation operator, y is the vector
of code and carrier phase observables (order 2n),
z contains the n integer-valued ambiguities and b is
the vector of remaining p real-valued unknowns. Here,
we restrict ourselves to short baseline applications,
assuming the three baseline coordinates as the only
real-valued unknowns (p D 3).A andG are the design
matrices which link the observables with the vectors of
unknowns: A contains the carrier wavelengths, while
G is the matrix of line-of-sight vectors.
D.�/ is the dispersion operator: a Gaussian-

distributed error is assumed on the vectors of
observables, characterized by the variance-covariance
(v-c) matrix Qy .

We consider in this work a set of m C 1 antennae
tracking the same nC1 GNSS satellites: we cast the set
of GNSS DD observations collected at the differentm
independent baselines into a unique frame, thus formu-
lating a multivariate model (Teunissen 2007) as

E.Y / D AZ CGB Z 2 Z
n�mIB 2 R

3�m

D.vec.Y // D QY (6.2)

where Y is the 2n by m matrix whose columns are
the code and phase observations from each baseline,
Z is the matrix containing the nm integer-valued
ambiguities and B is the matrix of remaining 3m real-
valued unknowns, i.e. the matrix whose columns are
the coordinates of each baseline. The relative distances
between the antennae are assumed to be short, so
that the deviations between the different line-of-sight
vectors as seen from each antenna can be disregarded
and the same matrix of line-of-sight vectorsG is used.
The vec operator is here introduced in order to define
the v-c matrix of the observables: it stacks the columns
of the 2n by m matrix Y into a vector of order 2nm.
The dispersion of the vector vec.Y / is characterized
by the v-c matrix QY .

We study in this contribution how to embed a set
of nonlinear geometrical constraints posed on the 3m
real-valued entries of B . We assume that the antennae
are firmly mounted on the same rigid platform, and
their relative distances are completely known. This
results in two types of constraints to be considered:
the baseline lengths and their relative orientation are
known and constant. The hypothesis of constant length
constrains the extremity of each baseline vector to
lie on the surface of a sphere of radius equal to the
baseline length; this reduces the number of indepen-
dent baseline coordinates from 3m to 2m. Due to the
invariance of the antennae relative positions, the set
of admissible baseline coordinates is described by a
rigid rotation, and the real-valued unknowns to be
determined are drastically reduced to three (two in the
case of single-baseline) by virtue of the Euler’s rotation
theorem (Goldstein 1980). A suitable parameterization
for the baseline coordinates is necessary to efficiently
describe the characteristics of the baseline-constrained
problem. To this purpose we introduce a frame of body
axis (u1u2u3) defined by the antennae placement. The
first body axis is aligned with the first baseline, the
second body axis is perpendicular to the first, lying
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in the plane formed by the first two baselines, and
the third body axis is directed so that u1u2u3 form a
right-handed orthogonal frame. The relation between
the baseline coordinates expressed in the body frame
u1u2u3 (F ) and a reference frame x1x2x3 (B) under
the hypothesis of rigid rotations is

B D R � F (6.3)

where the rotation matrix R, which describes the
relative orientation of the two systems, defines a linear
transformation R

3�m ! R
3�m. Due to the invari-

ance of both the baselines lengths and their relative
positions, the relation BTB DF TF holds true; mul-
tiplying both the terms of (6.3) for BT , we obtain
BTB D F TRTRF : hence the matrix R has to be
orthogonal (RTR D I ). In order to avoid loss of gen-
erality when only two or three antennae are available,
we define the rotation matrix as (Teunissen 2007)

m � 3 W RF D �
r1; r2; r3

�
2
4f11 f21 f31 � � � fm1
0 f22 f32 � � � fm2
0 0 f33 � � � fm3

3
5

m D 2 W RF D �
r1; r2

� 	f11 f21
0 f22




m D 1 W RF D �
r1
� �
f11
�

(6.4)

with ri the i -th column ofR and fij (scalar) the entries
of F . We introduce for notational convenience the
parameter q, to indicate the second dimension of R:
q D m form < 3 and q D 3 for m � 3.

By the use of the rotation matrix, the problem
of estimating the 3m baseline coordinates turns into
the problem of estimating the 3q� 3m entries of an
orthogonal matrix R, of which only three (two for
a single baseline) are independent. The multivariate
constrained model is then formulated as (Teunissen
2007):

E.Y / D AZ CGRF Z 2 Z
n�mIR 2 O

3�q

D.vec.Y // D QY D Pm ˝Qy (6.5)

where R describes the orientation of the body frame
with respect to the frame wherein the GNSS measure-
ments are obtained. The unknowns to be resolved are
the nm integer-valued ambiguities and the three (or
two in case of single-baseline) real-valued independent

entries of R, which must belong to the class of 3
by q orthogonal matrices O

3�q . We assume that the
different baseline observations are described by the
same v-c matrix Qy , and the dispersion of the matrix
of observables Y is obtained via a Kronecker product
betweenQy and them bym matrix Pm, which defines
the correlation between the baselines.

3 Constrained Integer Least-Squares

The Integer Least-Squares estimator for the solution
of the system (6.1) was demonstrated to be opti-
mal among the class of admissible integer estimators
(Teunissen 1999). A closed-form solution of the ILS
is not known: hence, a least-squares minimization
implies an exhaustive search over a set of integer
candidates. The LAMBDA method is a well-known
and efficient implementation of the ILS, introduced in
Teunissen (1993) and Teunissen (1995). The nonlinear
constraints posed on the baseline coordinates strongly
affects the resolution technique to be adopted, and a
new formulation of the LAMBDA method is presented
here. To express the model (6.5) in a vectorial form, we
again make use of the vec operator:

E .vec.Y // D �
.Im ˝ A/ .F T ˝G/

��vec.Z/
vec.R/

�

Z 2 Z
n�mIR 2 O

3�q

D.vec.Y // D Pm ˝Qy (6.6)

We want to solve the system (6.6) in a least-squares
sense, therefore minimizing the squared norm of the
residuals with respect to the integer-valued matrix Z.
The squared norm and its sum-of-squares decomposi-
tion reads (Teunissen 2007):



vec.Y /� .Im ˝A/vec.Z/� .F T ˝G/vec.R/


2
P˝Qy

D 

vec. OE/

2
Pm˝Qy

C



vec

�
Z � OZ

�


2
Q

OZ

C



vec

� OR.Z/� R
�


2

Q
OR.Z/

(6.7)

where


�

2

Q
D .�/TQ�1.�/ is the weighted squared

norm and OZ and OR are the float solutions of the
unknowns, i.e. the least-squares solution of (6.6)
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obtained without imposing any constraint on Z or
R. OE is the matrix of least-squares residuals, while
OR.Z/ is the float estimator of R given the ambiguity

matrix Z known. Q OZ is the v-c matrix of the float
solution vec. OZ/, while the v-c matrix Q OR.Z/ defines

the dispersion of vec. OR.Z//. Due to the constraints
posed on Z and B , the last two terms of (6.7) cannot
in general be made zero for any value of Z; thus the
minimization problem must be taken with respect to
both the integer matrixZ and the orthogonal matrixR:

LZ D arg min
Z2Zn�m

C.Z/

C.Z/ D 

vec.Z � OZ/

2
Q

OZ

C 

vec. OR.Z/� LR.Z//

2
Q

OR.Z/

(6.8)

with

vec. LR.Z// D arg min
R2O3�q



vec. OR.Z/� R/


2
Q

OR.Z/

(6.9)

The evaluation of the cost function C.Z/ involves
the computation of two correlated terms: the first
is the distance between Z and the float solution OZ,
weighted by the v-c matrix Q OZ , and the second is
the distance between the conditional solution OR.Z/
and the minimizer of the constrained nonlinear least-
squares problem (6.9).

The solution of the minimization problem (6.8)
provides the fixed matrix of integer ambiguities LZ
by taking advantage of the geometrical constraints
expressed by the orthogonality of LR.Z/. Solving the
problem (6.9) for Z D LZ then gives the least squares
estimation of the attitude of the body axis LR. LZ/, i.e.
the orientation of the set of m baselines with respect
the frame of axes wherein the GNSS observation are
taken. Since no analytical solution for the integer
minimizer of (6.8) is known, a direct search method
must be employed. The integer matrix which provides
the smallest value for C.Z/ is exhaustively searched
inside the set of integer candidates defined as

�
�
�2
� D fZ 2 Z

n�m j C.Z/ � �2g (6.10)

where � is a scalar chosen as to limit the search
space �.�2/. The shape of set �.�2/ is driven by the
matrices Q OZ and Q OR.Z/ in (6.8): if Q OR.Z/ ! 0, the
set would be ellipsoidal, as follows from the relation



vec.Z � OZ/

2
Q

OZ

� �2. The tight relation between

the two terms of (6.8) complicates the evaluation of
the shape of the search space forQ OR.Z/ ¤ 0.

We now focus on the three steps involved in the
computation of the minimizer of (6.8): the derivation
of the float solution, the search for the integer mini-
mizer and the computation of the constrained nonlinear
least-squares problem (6.9).

3.1 The Float Estimators

The float estimators OZ and OR are the least-squares
solution of the system (6.6) when disregarding the
integerness of the ambiguities and the orthogonality
of R. These are obtained by solving the set of normal
equations

N

 
vec. OZ/
vec. OR/

!
D
"
P�1
m ˝ ATQ�1

y

FP�1
m ˝GTQ�1

y

#
vec.Y /

N D
"
P�1
m ˝ ATQ�1

y A P�1
m F T ˝ ATQ�1

y G

FP�1
m ˝GTQ�1

y A FP
�1
m F T ˝GTQ�1

y G

#

(6.11)

The inversion of the normal matrix N provides the v-c
matrices of the float solutions vec. OZ/ and vec. OR/:

	
Q OZ Q OZ OR

Q OR OZ Q OR



D N�1 (6.12)

If we assume the matrix of ambiguities known, OR.Z/
and the associated v-c matrix are obtained as

vec. OR.Z// D vec. OR/�Q OR OZQ
�1
OZ vec. OZ �Z/

Q OR.Z/ D Q OR �Q OR OZQ
�1
OZ Q OZ OR (6.13)

Thus, the knowledge of the fixed matrix of ambiguities
improves the precision of OR.Z/: the dispersion is
reduced according to (6.13).

3.2 The Search for the Integer
Ambiguities

As stated above, the minimization problem (6.8) can
in principle be solved with an extensive search in the
search space �

�
�2
�
: this is a non-trivial task if one
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aims to have an efficient and fast search. The choice for
the scalar � in (6.10) is critical: it must be large enough
to guarantee the non-emptiness of �.�2/, but not too
large to avoid onerous computational burdens due to
the large number of integer candidates for which the
solution of (6.9) must be evaluated. Setting the value
of � by picking up an integer matrixZ

0

and computing

�2 D C.Z
0

/ (6.14)

generally leads to unacceptable large values for �, for
which the computational burden is too heavy. This
is due to the fact that the matrix Q OR.Z/ is driven be
the more precise phase measurements, and the second
term of (6.8) largely amplifies the values of � for
any non-correct value of Z. An alternative approach
to the extensive search in �.�2/ is to make use of
approximating functions that are easier to evaluate than
C.Z/, and a modification of the LAMBDA method is
here proposed. In analogy with the bounding functions
introduced for the single-baseline (m D 1) case in
Teunissen (2006), we note that the expression (6.9)
can be bounded via the smallest (�m) and largest (�M )
eigenvalues of the matrix Q�1

OR.Z/:

C1.Z/ � C.Z/ � C2.Z/

C1.Z/ D 

vec.Z � OZ/

2
Q

OZ

C �m

qX
iD1

�

Ori .Z/


 � 1

�2

C2.Z/ D 

vec.Z � OZ/

2
Q

OZ

C�M

qX
iD1

�

Ori .Z/


C1�2

(6.15)

where Ori .Z/ is the i -th column of OR.Z/ and the
inequalities are derived from the rules of the scalar
product between vectors. A clever strategy to quicken
the search is to make use of these two bounds, and
two efficient search strategies for the constrained
ILS minimization have been developed (Buist 2007;
Giorgi et al. 2008; Giorgi and Buist 2008): the
methods were coined the Expansion approach and
the Search and Shrink approach, respectively. The
Expansion approach works by initially enumerating
all the integer matrices contained in a small set of
admissible candidates

�exp

�
�20
� D fZ 2 Z

n�m j C1.Z/ � �20g 	 �
�
�20
�

(6.16)

where the scalar �0 is initially chosen small enough
and iteratively increased until, at step s, the set
�exp

�
�2s
�

turns out to be non-empty: as the evaluation
of C1.Z/ only involves the computation of two
squared norms, the enumeration proceeds rather
quickly. For each of the enumerated integer matrices
in �exp

�
�2s
�
, the problem (6.9) is solved and the

set �
�
�2s
�

is evaluated: if it is empty, the scalar
�s is increased to �sC1 > �s and the enumeration
in �exp

�
�2sC1

�
repeated, otherwise the minimizer of

C.Z/ is picked up.
A second strategy developed is a Search and Shrink

approach: a second set is defined as

�SaS

�
�20
� D fZ 2 Z

n�m j C2.Z/ � �20g 
 �
�
�20
�

(6.17)

where �0 is chosen large enough to guarantee the
non-emptiness of �SaS .�

2
0/. The search proceeds by

iteratively shrinking the set, by means of searching for
an integer matrix ZsC1 in �SaS

�
�2s
�

which provides a
smaller value for �2sC1 D C2.ZsC1/ < C2.Zs/ D �2s ,
until the minimizer of C2.Z/ is found. The minimizer
of C.Z/, which may differ from the one of C2.Z/, is
then extensively searched inside the shrunken set

�
�
�2
� D fZ 2 Z

n�m j C.Z/ � �2g 	 �SaS

�
�2
�

(6.18)

where �2 D C2.Z/, being Z the minimizer of C2.Z/.
The two search strategies provide an efficient alternate
way of performing the search for the integer minimizer
of (6.8), overtaking both the issues of fixing the initial
size of the search space and speeding up the search
avoiding the computation of (6.9) a large number of
times.

3.3 Solving the Nonlinear Least-Squares
Problem

The evaluation of the function C.Z/ at a given point
Z implies the solution of the nonlinear constrained
least squares problem (6.9). Geometrically, it consists
to find the closest point between a given data vector
vec. OR.Z// and a curved manifold of dimension q C 1

embedded in the 3q-dimensional space, where the
metric is defined by the v-c matrix Q OR.Z/. The man-
ifold, which reflects the nonlinearity of the problem, is
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defined by the constraints equationsRTRD I . Making
use of one of the representations that can be employed
for the three-dimensional rotations needed to coalesce
two orthogonal frames, such as the Gibbs vector, the
Direct Cosine Matrix, the Quaternions or the Euler
angles (Battin 1987), the vector vec. OR.Z/�R/ can be
rewritten as a set of 3q-nonlinear functions of a vector
of independent unknowns � , for which the orthogonal
constraint on R.�/ is implicitly fulfilled. The non-
linear least-squares problem can then be solved by an
iterative technique such as the Gauss-Newton method.

4 Simulation Results

The proposed constrained ILS method was tested
with simulated data: the simulation inputs are
summarized in Table 6.1. Each of the 24 scenarios
was processed with the unconstrained LAMBDA,
disregarding the geometrical constraints, and the
Constrained LAMBDA method, taking into account
the orthogonality on R. The latter was applied on both
a single baseline case and a two-baselines case: this
to demonstrate the improvement when the number of
geometrical constraints increases. Table 6.2 reports
for the different methods the single-frequency, single-
epoch success rate, which is defined as the ratio of
correctly fixed matrix of ambiguities over the set of
105 samples simulated. The improvement in success
rate was dramatic: especially for the weaker scenarios
(lower number of satellite / higher noise levels) the
difference between the methods was rather large,
e.g. the weakest simulated dataset, with five available
satellites and high noise values, showed an increment
from a low 3% to 72% for the single baseline case,
up to 99.6% for the two-baselines case. As expected,
the strengthening of the underlying model due to the

Table 6.1 Simulation set up

Frequency L1

Number of Satellite (PRNs) Corresponding PDOP
5 / 6 / 7 / 8 4.19 / 2.14 / 1.92 / 1.81
Undifferenced code noise 30 - 15 - 5
�p Œcm�

Undifferenced phase noise 3 - 1
�� Œmm�

Baselines fi .x1; x2; x3/ f1 D Œ1; 0; 0� m
f2 D Œ�0:35; 1:97; 0� m

Samples simulated 105

Table 6.2 Simulation results: single-frequency, single-epoch
success rates for the unconstrained and constrained LAMBDA
methods. Success rates higher than 99.9% are stressed

�� Œmm� 3 1
�p Œcm� 30 15 5 30 15 5
N Single-baseline success rate, unconstrained

LAMBDA
Single-baseline success rate, Constrained LAMBDA
Two-baselines success rate, Constrained LAMBDA

5 3.30 19.05 86.67 5.99 26.89 95.37
72.43 88.86 99.63 96.54 99.94 100
99.60 99.94 100 100 100 100

6 24.83 66.71 96.89 49.13 86.67 99.99
95.75 99.18 99.90 99.99 100 100
99.99 100 100 100 100 100

7 50.24 79.69 99.53 74.17 93.27 100
99.34 99.97 100 100 100 100
100 100 100 100 100 100

8 86.17 94.48 99.99 99.97 99.99 100
99.80 99.99 100 100 100 100
100 100 100 100 100 100

embedded geometrical constraints substantially affects
the capacity of fixing the correct integer ambiguity
matrix: only two baselines were indeed sufficient to
obtain single-frequency, single-epoch success rates
higher than 99% on all the data sets processed,
obtaining a 100% success rate on 20 out of 24 data
sets simulated.

Conclusion

The problem of resolving the integer ambiguities
which affect the GNSS carrier phase observations
is the key to precise relative positioning. The
LAMBDA method, which mechanizes the ILS
principle, is used to efficiently and reliably fix the
ambiguities. When the geometry of the antennae
placement is known and constant, nonlinear
constraints can be included in the theory, for
the purpose of strengthening the model and
improving the capacity of fixing the correct integer
ambiguities. We proposed in this contribution a
model for the GNSS observations which embeds
the whole set of nonlinear geometrical constraints
arising when considering frame of antennae of
invariant relative positions. The cost function to
be minimized in a ILS sense has been modified: in
order to solve the minimization problem respecting
both the integer and orthogonality constraints, a
modification of the LAMBDA method is proposed
and the integer matrix of ambiguities is searched



6 Integer Ambiguity Resolution with Nonlinear Geometrical Constraints 45

via one of the two iterative search approaches
depicted. Both the Expansion and the Search and
Shrink algorithms can be applied to perform the
search, resulting in a faster and more efficient
approach than the extensive search. We tested
the proposed method on different simulated data
sets, investigating the influence of the number of
available satellite and the noise levels on the code
and phase observations: the difference when using
the unconstrained LAMBDA and the Constrained
LAMBDA is dramatic, with a large improvement in
the capacity of resolving the correct integer matrix,
especially for the scenarios characterized by lower
number of available satellites/higher noise levels.
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Abstract

This contribution focuses on geodetic sensor systems and sensor networks for
positioning and applications. The key problems in this area will be addressed
together with an overview of applications. Global Navigation Satellite Systems
(GNSS) and other geodetic techniques play a central role in many applications
like engineering, mapping and remote sensing. These techniques include precise
positioning, but also research into non-positioning applications like atmospheric
sounding using continuously operating GNSS networks. An important research
area is multi-sensor system theory and applications to airborne and land-based
platforms, indoor and pedestrian navigation, as well as environmental monitoring.
The primary sensors of interest are GNSS and inertial navigation systems. Fur-
thermore, Interferometric Synthetic Aperture Radar (InSAR) is recognized as one
of the most important state-of-the-art geodetic technologies used for generation of
Digital Elevation Models and accurately measuring ground deformations.
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1 Introduction

Global Navigation Satellite Systems (GNSS) play a
central role in many applications like engineering,
mapping and remote sensing. These techniques include
precise positioning, as well as applications of reference
frame densification and geodynamics, to address the
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demands of precise, real-time positioning of moving
platforms. Recognising the role of continuously oper-
ating GPS reference station network, research into
non-positioning applications of such geodetic infras-
tructure is also pursued, such as atmospheric sounding.
Thereby, other geodetic techniques should be consid-
ered as well.

An important research area is multi-sensor system
theory and applications, with a special emphasis on
integrated guidance, navigation, positioning and ori-
entation of airborne and land-based platforms. The
primary sensors of interest are GNSS and inertial nav-
igation systems; however, the important role of other
techniques used for indoor and pedestrian navigation,
and environmental monitoring is also recognized.

Furthermore, Interferometric Synthetic Aperture
Radar (InSAR) is recognized as one of the most
important state-of-the-art geodetic technologies with
applications like generation of Digital Elevation Mod-
els and accurately measuring ground deformations.

This contribution gives an overview of state-of-the-
art technology and research issues for GNSS, multi-
sensor systems and InSAR, respectively.

2 GNSS

2.1 High-Precision GNSS

Recent research and development activities in the field
of high-precision GNSS have been in great extent
driven for improved system performance with sig-
nals from multiple constellations and increased system
cost-effectiveness and availability of high-precision
GNSS. Some research subjects important to high preci-
sion GNSS applications are addressed in the following.

2.1.1 Augmentation with Multiple GNSS
Signals

There are significantly increased efforts toward
augmenting GPS-based systems with multiple GNSS
signals. This comes with demands to further improve
the positioning accuracy and reliability and increase
continuous precise positioning availability in less
desired observing environments such as urban canopy
where significant signal blockages would make GPS-
alone positioning very difficult (Cai and Gao 2009).
Data processing technologies to support multiple
GNSS signals from modernized GPS, GLONASS
and Galileo systems are highly demanded. Benefits

to system’s robustness are particularly of interest
to practical applications. This requires efforts to
develop new signal combination strategies, modeling
techniques and quality control measures (Feng and
Rizos 2009; Fernandez-Plazaola et al. 2008).

2.1.2 Integration of PPP and Network-RTK
While Network RTK continues to receive increased
adoption as more and more network infrastructures are
being deployed and PPP is recognized as an attractive
alternate to many high-precision applications, there
are increased interests to integrate the two for com-
bined advantages. Integration of PPP with Network
RTK techniques may lead to improved position accu-
racy and reliability, operational flexibility and effi-
ciency, particularly reduction in convergence time and
network reference station density (Wubbena et al.
2005; Dixon 2006; Feng et al. 2007). State space
corrections to support both Network RTK and PPP and
their seamless integration should be investigated.

2.1.3 PPP for Single-Frequency Receivers
PPP was initially designed based on the use of dual-
frequency GNSS receivers since dual-frequency obser-
vations are necessary in order to remove the effect
of ionospheric refraction which is the biggest error
source after the application of precise orbit and clock
corrections. Increased research and development activ-
ities have been found in recent years towards single-
frequency PPP. This is largely driven by the fact
that the majority of GNSS applications are based
on low-cost single-frequency receivers. Such efforts
have already brought significant progress in method-
ology and product development of single-frequency
precise point positioning based on precise correction
data from the International GNSS Service (IGS) as
well as Satellite-based Augmentation Systems (SBAS)
(Chen and Gao 2008; Zhang and Lee 2008; Van Bree
et al. 2009). Further, there is a great potential to
significantly improve positioning accuracy with cheap
GNSS chipsets. Technologies to process biased and
noisy GNSS observations will be highly demanded and
should be investigated.

2.1.4 Quality Control for High-Precision
GNSS

Quality control is not new but becomes increasingly
important for modern high-precision GNSS systems.
This is particularly true for real-time systems such
as Network RTK, PPP and other real-time systems
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(Aponte et al. 2009). Quality measures should be
developed to assess differential GNSS correction data
and position solutions. Advanced techniques to ensure
high reliability of on-the-fly ambiguity resolution are
still a significant challenge for current high-precision
RTK systems. This becomes even more critical
when signals from multiple GNSS constellations are
combined.

2.1.5 Availability of Precise Correction Data
Precise orbit, clock and further ionospheric correction
data are essential for PPP and they will also contribute
to RTK systems. Precise orbit and clock products
have improved significantly in recent years and they
are freely available over the Internet from organiza-
tions such as IGS. IGS real-time products are expected
to be available in the near future. Further, ionospheric
correction data is critical for single-frequency PPP and
is highly demanded by the industry for product devel-
opment. Increased availability of precise correction
data will accelerate the development of real-time PPP
products and reduce the time to market of new high-
precision GNSS technologies.

2.2 Atmosphere Modelling

2.2.1 Ionosphere
The past years have seen an increasing effort in the
collection of experimental data for monitoring of TEC
and ionospheric scintillation studies. This effort has
resulted in the deployment of dedicated networks of
ground GNSS and scintillation receivers, at high and
mid latitudes. There is also effort by means of satellite
missions. For example, in situ measurements from
GRACE K-Band ranging and CHAMP planar Lang-
muir probe (PLP) have been used for the validation
of the International Reference Ionosphere (IRI); and
occultation data used in combination with GNSS and
satellite altimetry aiming at a combined global VTEC
model (e.g. Todorova et al. 2008; Mayer and Jakowski
2009).

There has been effort put on enhancements in the
spatial and temporal representation of TEC/VTEC,
globally, regionally or locally. Another issue is
that near- and real-time applications require the
dissemination of predicted values of TEC. This brings
to mind the SBAS, based on continental networks
but regional or local systems may also support these
applications.

Investigation into multi GNSS constellation and
higher order (e.g., 3rd) determination TEC seem to
be gaining momentum. Higher order ionospheric delay
terms, which have been mostly disregarded in the dual-
frequency world, can be taken into account in a multi-
frequency reality, see e.g. (Hoque and Jakowski 2008;
Hernández-Pajares et al. 2007).

2.2.2 Troposphere
The increasing use of Numerical Weather Models
(NWM) has helped enhancing the prediction of neutral
atmospheric models (Boehm et al. 2006). It has also
become a source of neutral atmospheric delay that
can be directly applied in GNSS processing, including
PPP. If from one side NWMs contain a more realistic
temporal representation of the delay than prediction
models, from the other side the extraction of this
information requires ray-tracing through the neutral
atmosphere, a time consuming task if done properly.
Fast and accurate algorithms are of fundamental neces-
sity (Hobiger et al. 2008).

There has been an increasing emphasis of neutral-
atmosphere delay monitoring by ground GNSS and
satellite missions, with radio occultation consolidating
itself as a solid technique (Wickert et al. 2009).

There is a continuing effort towards enhancements
in the spatial and temporal representation of the
neutral-atmosphere including its azimuthal asymme-
try. Several models incorporating gradients, spherical
harmonics, tomography, have been further tested
including information from NWMs (Ghoddousi-Fard
et al. 2009; Rohm and Bosy 2009).

2.3 GNSS Reflectometry

Reflected signals are normally a nuisance in case of
precise positioning applications, since only the direct
signals should be used for ranging. Recently, how-
ever, the GNSS reflected signals have given birth to
new applications for various environmental remote
sensing applications in atmosphere, ocean, land and
cryosphere, e.g. (Jin and Komjathy 2010).

Surface multipath delay from the GNSS signal
reflecting from the sea and land surface, could be
used as a new tool in ocean, coastal, wetlands, Crater
Lake, landslide, soil moisture, snow and ice remote
sensing (e.g. Kamjathy et al., 2004). Together with
information on the receiving antenna position and the
medium, associating with the surface properties of
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the reflecting surface, the delay measurement can be
used to determine such factors as wave height, wind
speed, wind direction, and even sea ice conditions.
Martin-Neira (1993) first proposed and described a
bistatic ocean altimetry system utilizing the signal of
GPS. Recently, a number of applications have been
implemented using GPS signals reflected from the
ocean surface, such as determining wave height, wind
speed and wind direction of ocean surface, ocean eddy,
and sea surface conditions.

Key topics of current research are:
• Extension of developments of current GPS reflected

signal sensor techniques and their applications.
• Improvement of existing estimation algorithms and

data processing for GPS reflected signals.
• Coordinated data collection campaigns and com-

parison with terrestrial and satellite remote-sensor
observations.

• Investigation of multi-remote sensor integration and
applications.

3 Multi-sensor Systems

3.1 Navigation and Mapping

Multi-sensor system theory and applications is an
important research area as well. Here, we will put a
special emphasis on integrated guidance, navigation,
positioning and orientation of airborne and land-based
platforms. The primary sensors of interest are GNSS
and inertial navigation systems; however the important
role of other techniques used for indoor and pedestrian
navigation environmental monitoring is also recog-
nized.

Key topics for further research in this field can be
identified as:
• Technical advances in navigation sensors and algo-

rithms, including autonomous vehicle navigation,
based on:
– GPS, pseudolites, INS, wheel sensors, ultrasonic

and magnetic sensors
– Cellular networks and their hybrid with GPS

• Technical advances in mapping sensors (CCD
cameras, laser range finders, laser scanners, radar
devices)

• Standardization of definitions and measurements of
sensor related parameters

• Performance of stand alone and integrated naviga-
tion systems

• Non-linear estimation and information fusion
methods

• Innovation in:
– Algorithms, calibration, synchronization
– Real-time processing and geo-referencing
– Automated information extraction

3.2 Geotechnical and Structural
Engineering

Nowadays extended multi-sensor deformation mea-
surement systems consisting of terrestrial geodetic
and geotechnical measurement as well as hydrological
and meteorological instrumentation completed by the
InSAR technique are mainly employed for multi-scale
monitoring of landslide prone areas. Thereby InSAR is
used for large-scale detection of landslide prone areas
as well as for deformation measurements of the inves-
tigated landslide area. Such a complete measurement
system is very suitable for the investigation of the
kinematic behaviour of landslides and together with
other (e.g. hydrological, meteorological, etc.) param-
eters for the study of the dynamics of landslides. The
observation data is usually collected in GIS (see e.g.
Lakakis et al. 2009; Mentes 2008) and used to develop
Spatial Decision Support Systems (SDSS) and Early
warning systems.

In the last years, Artificial Intelligence (AI) has
become an essential technique for solving complex
problems in Engineering Geodesy. AI is an extremely
broad field – the topics range from the understanding
of the nature of intelligence to the understanding of
knowledge representation and deduction processes,
eventually resulting in the construction of computer
programs which act intelligently. Especially the latter
topic plays a central role in applications (Reiterer and
Egly 2008). Current applications using AI methodolo-
gies in engineering geodesy are: geodetic data analysis,
deformation analysis, navigation, deformation network
adjustment, and optimization of complex measurement
procedures.

4 InSAR

Synthetic Aperture Radar (SAR) and Light Detec-
tion And Ranging (LiDAR) systems are very useful
for geodetic applications, such as monitoring local
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area ground surface deformations due to volcanic and
seismic activities, and ground subsidence associated
with city development, mining activities, ground liq-
uid withdrawal, and land reclamation.

InSAR is a very active field of research in the
geo-detic research communities. The current research
issues include the development of more effective meth-
ods/algorithms for InSAR solutions, the quality control
and assurance of InSAR measurements, the study and
mitigation of biases in InSAR measurements such
as the atmospheric effects, integration of InSAR and
other geodetic technologies such as GPS, and new and
innovative applications of the technology in geodetic
studies.
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8Contribution of a Kinematic Station to the GNSS
Network Solution for Real Time

T. Cosso and D. Sguerso

Abstract

GNSS networks for real time compute differential corrections using undifferenced
equations to model observations biases. Actually there are a lot of NRTK service
on the mainland, but it is very difficult to have a similar service offshore. The
main goal of the present work is to analyse the possibility to insert in the network
design that it could be also installed on a kinematic support. In the present
work the feasibility of a network solution for real time with one kinematic
station is analysed. For this aim it was investigated what kind of contribution the
correlations, could provide in the estimation of the GNSS observations biases.
Some simulations have been carried out and finally an experimental campaign has
been performed and analysed by an innovative ad-hoc developed software.

Keywords

GNSS • NRTK • Undifferenced equations • Correlations • Kinematic solutions

1 Introduction

In the last years the concept of Network Real Time
Kinematic (NRTK) positioning services grew up from
local to national scale. A rover receiver can obtain a
good position in real time, with phase or code obser-
vations, by receiving differential correction estimated
from a network of permanent stations.

This kind of solution can be obtained on the main-
land, but if we are interested in RTK positioning
offshore it is very difficult to reach good precision due
to the very long distances from the GNSS network.

T. Cosso (�) � D. Sguerso
DICAT, Dip. di Ingegneria delle Costruzioni, dell’Ambiente e
del territorio, Via Montallegro 1, 16145 Genova, Italy
e-mail: tiziano.cosso@unige.it; domenico.sguerso@unige.it

In the present work we want verify if it is possible
to have a permanent station off-shore; because of the
absence of static and stable supports for the stations,
we suppose to create a permanent station installed on a
kinematic structure with a multi-antenna system. Such
system is that it would be useful to evaluate the attitude
of the kinematic support as an important information
to model its movements. As a consequence we have to
verify the possibilities to use a kinematic multi-station
as a vertex of the network to estimate its position,
attitude and atmospheric parameters; in the meanwhile
we have to verify if such multi-station has a positive
or negative influence in the estimation of parameters
related to the other stations. In the NRTK solution the
main parametrized biases are estimated by an undif-
ferenced approach: the system to solve is composed by
one undifferenced equation for each observation. Thus,
the estimated biases in correspondence of multi-station
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allows to generate differential corrections offshore
Some network simulations were performed, to evaluate
the contribution of the correlations introduced by the
multi-antenna system in the network solution with
undifferenced equations. The obtained results have
been verified by an ad-hoc developed software applied
to real data.

The present work has to be considered as a fea-
sibility analysis to extend the Network Real Time
Service offshore. For this reason some simplificative
hypothesis have been done, so to use combined iono-
free code observation.

2 Network Simulations

Some network simulations were performed to analyse
the of contribution that the kinematic multi-station
brings in NRTK solution, through the contribution of
the correlations introduced by common parameters,
such as satellite clocks. Thus, we have to compare the
estimations commons parameters in different network
configurations.

Four simple configurations were analysed:
A-configuration: three permanent stations with

mutual distances about 30 km.
B-configuration: A configuration plus an additional

static permanent station.
C-configuration: three stations of A configuration

plus a kinematic multi-station, composed by three
jointed antennas-receivers systems, instead of the
fourth single static station of B configuration.

C/bis-configuration: like C configuration, but with
the kinematic multi-station composed by three joint
antennas and only one receiver (hence one clock
receiver).

In each configuration the parameters are estimated
for single epochs; hence the movement of the multi-
station is reproduces as sequence of instantaneous
positions.

2.1 Hypothesis

As mentioned the present work deals with a pre-
liminary analysis, so it will be presented here just
a solution based upon code undifferenced observa-
tions, combined as a IONO-FREE to avoid at this
stage, problems connected with ionosphere estima-
tion. We know that these aren’t usual condition for a

network solution for real time, but we consider that we
could obtain important directions about the behaviour
of the network solution in this particular condition.
In other words we assume to understand, also with
these simplifications, the contribution of the kinematic
multi-station to the entire network.

The observation equation for code measurements
may be written as follows:

P
j
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where, for each receiver i and satellite j :
E
j
i ephemerides error I ji ionosphere

T
j
i troposphere TGD group delay
M

j
i multipath effect "ji other errors

To simplify the simulation, the following hypothesis
are imposed:
– We use ultra-rapid ephemerides, thus we assume

that Ej
i could be neglected, because it is much

lower than intrinsic precision of code observation.
– Ionosphere effects are neglected considering iono-

free code observables.
– The multipath Mj

i effects, the group delay cTGD,
the effects related to the electronic behaviour of
antennas and receivers and other noises sources "ji
are neglected.

Troposphere effects T ji may be modelled using a map-
ping function mj

i depending on the elevation of each
satellite, that multiplies a tropospheric zenith delay
TZDi depending on the receiver.

The equation so simplified is here reported:

P
j
IF.i/ D

p
.xs � xr/2 C .ys � yr/2 C .zs � zr /2

C cti � ctj Cm
j
i TZDi (8.2)

The degrees of freedom of the spatial network are fixed
by the precise ephemerides, but (8.2) is invariant for a
temporal translation of the time scales of satellites and
receivers, thus the two contributions ti and tj could not
be estimated separately; for this reason the clock of one
receiver or one satellite has to be fixed.

In the present work, the coordinates of one station
were considered known to get a well-conditioned solu-
tion; then the clock and the troposphere parameters of
the same receiver were fixed.
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Table 8.1 Comparisons of the network simulations between A,
B and C configuration

A B C C/bis
Square root of the max value in the main diagonal
6.30 3.80 3.60 4.00
Determinant
52:5 � 10�5 2:7� 10�5 0:8� 10�5 0:9 � 10�5

Square root of the max eigenvalue
10.80 6.00 5.50 6.20
Square root of the min and max eigenvalue ratio
0.01 0.018 0.019 0.017

2.2 N�1 Comparisons

To evaluate the different behaviour of the four config-
urations, rows and columns concerning just the com-
mon parameters about to the three static permanent
stations, were extracted from the N�1, inverse of the
normal matrix. The comparisons between the extracted
matrices of the A, B, C and C/bis configurations were
performed using these different criteria:
• Square root of the maximum value in the main

diagonal
• Determinant
• Square root of the maximum eigenvalues
• Square root of the minimum and maximum eigen-

value ratio
The results are reported in Table 8.1.

Notice that the B configuration has all the values
better than the A one; in particular the determinant
decreases of one order and either the square root of the
maximum value in the main diagonal and the square
root of the maximum eigenvalue are halved.

The difference between A and B configurations
is due to the covariances generated by the param-
eters related to the satellites; in particular, being
ephemerides considered as known, the satellite clocks
brings an important contribution in the solution. In
fact, if the system is solved by fixing all the parameters
related to the satellites, the covariances in the normal
matrix would equal to 0 and so, no difference exists
in the estimation of the parameters between A and B
configurations.

Comparing B and C configurations, the increased
correlations due to the multi-station make the “C”
determinant one order lower than the “B” one, even
if the square roots of the maximum eigenvalues
are quite similar. Hence, the hyper-volume of the
error hyper-ellipsoid is significantly reduced in the C

configuration. To analyse more carefully the extracted
N�1, the main diagonal of the B and C configuration
has been compared. The differences of the values in
the main diagonal are included between 0 and 1.2; in
general it can be asserted that:

�
N�1
B

�
ii � �

N�1
C

�
ii > 0

and so the C configuration, with variances lower than
the B one, could be considered the better solution.

It is important to notice that, in all the three
configurations, the square root of the higher values in
the main diagonal varies from 4 to 6, and correspond
to the height and the clock of the receivers, although
DOP indexes are good (PDOPD2,0; VDOPD1,6;
TDOPD1,1). Instead, the square root of the other
values in main diagonal generally varies from 1 to 2.

The square root of the minimum and maximum
eigenvalue ratio are quite similar and very far from
unit.

A last test denominated C/bis has been carried
out considering a unique clock for the multi-station,
assuming to use three antennas with only one receiver.
Comparing the “C” and “C/bis” values reported in the
table, it is interesting to notice that, although the last
solution has to estimate two unknown parameters less,
with the same number of equations, the “C” solution
gives better results. In fact, the strong correlation
between the receiver’s clocks of the multi-station, due
to the pseudo-observations equations that introduce
geometrical bond between the antennas, brings an
important contribution. In this case, it seems that a
greater number of unknowns is more useful than a
higher redundancy, if such parameters create strong
correlations.

3 New Software for Network Solution
with a Kinematic Multi-station

Verified the positive contribution of the kinematic
multi-station, an experimental campaign was set up to
reproduce the behaviour of that multi-station. The test
data-set was composed by observations coming from
five Permanent Stations of the Polytechnic of Turin and
a multi-station realized in Genoa in cooperation with
Department of Naval Engineering of the University of
Genoa; Fig. 8.1 shows the multi-station composed by
three antennas collocated on a particular dynamic steel
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Fig. 8.1 Structure of the kinematic multi-antenna used in the
experimental campaign

structure. The whole system acquires GNSS data every
1 s. The reciprocal distances between the Permanent
Station is of the order of 40 km.

At present, commercial software used in the man-
agement of the GNSS networks to produce real time
services, does not allow to use dynamic receivers as
permanent stations; so, to reach our aim, a software
able to generate a network solution using the observa-
tions of also the multi-station, was written in MATLAB
language.

Actually this prototypal software reads in input L1
and L2 code observations and ultra rapid ephemerides,
preprocessed with Bernese software, involved in the
elaborations sequentially, like if they arrive second by
second in a real time mode. A Kalman Filter solution
applied to the iono-free combination is implemented,
to estimates epoch by epoch biases of each permanent
stations, like in a real time kinematic procedure. The
so obtained biases may be used as input informations
to create differential corrections.

The same hypothesis of the simulation were con-
sidered, so the parameters estimated are coordinates,
satellite and receiver clocks and tropospheric delay
(total zenith delay).

The goodness of the solutions is evaluated by com-
paring the Permanent Stations coordinates in mono-
graph with the ones obtained epochs by epochs with
the prototypal software, either in planimetry and in
altimetry.

In the Fig. 8.2 are represented planimetry and
altimetry of one static permanent station included in
the network solution; the continuous and the dash line
represents the values calculated using the prototypal
software and the reference values respectively.

altimetry
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Fig. 8.2 Planimetry and altimetry of one station belonging to
the network, calculated with the prototypal software imple-
mented

The behaviour of the other stations is quite similar,
so the previous graph could be considered represen-
tative of the entire network. Thee planimetric shift is
about 20 cm, while altimetric one is about 2 m; this
values can be considered satisfying considering that
just code iono-free observations are used. Moreover,
note the very short instability period, correspondent to
the first three or four epochs.

4 Conclusion and Future
Developments

In the present work has been investigated the oppor-
tunity to extend the NRTK service offshore; through
a kinematic multi-station, verifying its contribution
to the estimation of parameter related to the whole
network. The network simulation of different config-
urations, using undifferenced equations for iono-free
code observations, showed that a kinematic multi-
station brings a positive contribution in the estimation
of the entire network’s parameters also if its attitude
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has to be estimated. It was underlined, although that it
was a preliminary analysis with a lot of simplifying
hypothesis, but we have point out the importance
to introduce strongly correlated unknown parameters,
also if it decreases the redundancy.

Thus an experimental campaign has been planned
and carried out to create a dataset with real observa-
tions. Because commercial software cannot elaborate
such dataset, a prototypal software able to create a GPS
network solution for real time applications using as
input data also a kinematic multi-station, was written
in MATLAB language.

Good results have been provided; the coordinates
of a permanent station have been estimated with a
precision of about 20 cm in planimetry and 2 m in
altimetry, if a multi-station is included in the network.
Note that such results are satisfying because iono-free
code observations are used. Moreover, the precision
could be probably improved modelling better some
effects neglected in the present version.

Hence, the test campaign results confirmed that
the multi-station gives an important contribution to
the GNSS network, maybe permitting longer distances
between the permanent stations.

In the near future, some uploading and improve-
ment of the software are expected. First of all, it will
be necessary to implement the prototypal software in
a compilable informatics language, and to complete it
with the preprocessing data treatments.

Then, it will be uploaded so to generate a network
solution with carriers measurements, where obviously
the main difficulty will be the ambiguities resolu-
tion. Other improvements are needed, like to consider
in the equations the PCV (Phase Centre Variation)
parameters, the orientation of satellites, group delay,
the ionospheric models and different kind of mapping
functions of the tropospheric zenith delay. Also it

could be useful to insert spatial models of the biases,
evaluated for instance with other larger networks, so to
make the solutions stronger; moreover, interpolations
models will be implemented to obtain differential cor-
rections from the punctual biases estimations.

Finally, at this moment the software simulates a real
time solution by reading raw data in a post processing
phase; hence, all the procedures to read in real time
mode the input data to generate a “true” RTK network
solution, has to be implemented.

Acknowledgements We want to thank Prof. A.M. Manzino,
Polytechnic of Turin – DITAG, for his assistance by providing
data coming from Polytechnic GNSS Permanent Station and for
his precious scientific support, Prof G. Carrera of the University
of Genoa DINAV and M. Goso e G. Grosso for the collaboration
in the tests realization.

References

Borre K, Strang G (1997) Linear algebra, geodesy and GPS
Cina A, Manzino AM, Piras M, Roggero M (2004) Reti GPS

per il tempo reale, le informazioni contenute nel segnale
differenziale. Bollettino SIFET 4

Heroux P, Kouba J (2001) GPS precise point positioning using
IGS orbit products. Phys Chem Earth A 26:573–578

Manzino AM (2003) Introduzione all’uso del filtro di Kalman in
Geodesia. Bollettino SIFET 2:63–101

Niell AE (1996) Global mapping functions for the atmo-
spheric delay at radio wavelengths. J Geophys Res 101(B2):
3227–3246
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9Approximation of Terrain Heights by Means
of Multi-resolution Bilinear Splines

M.A. Brovelli and G. Zamboni

Abstract

The paper deals with the approximation of fields sampled at points irregularly
distributed in a plane. Different algorithms both deterministic and stochastic
have been developed in the last years and, among them, those based on spline
functions. The interest of the authors with respect to this method is due to its
suitability in reproducing fields as the ground surface topography to obtain the
corresponding digital elevation models. The observations are modeled by the
sum of a combination of spline functions and a white noise; a least squares
adjustment approach is then used to estimate the unknown coefficients. One of
the greatest drawbacks is the request of having almost regularly sampled data to
avoid severe rank deficiency problems. In cases showing strong inhomogeneity in
spatial distribution, the coarsest resolution must be used, missing details where
denser data are sampled to better describe the higher variability. To overcome
this limit multi-resolution splines, without any particular orthogonality constraint,
can be introduced. In the paper a multi-resolution least squares interpolator and a
significant applicative example are presented. The main advantage of the proposed
method consists in its ability to synthesize, within a certain accuracy, the behavior
and shape of the field by means of a smaller number of coefficients compared with
the count of starting observations.

Keywords

Field • Digital terrain model • Least squares interpolation • Multi-resolution

1 Introduction

Observing the world and trying to model the related
phenomena, usually a classification between objects
and fields is made (O’Sullivan and Unwin 2003).

M.A. Brovelli (�) � G. Zamboni
Politecnico di Milano, DIIAR, Como Campus via Valleggio 11,
22100 Como, Italy
e-mail: maria.brovelli@polimi.it

Objects are characterized by almost exact boundaries
(e.g. buildings); fields on the opposite describe
widespread phenomena continuously varying across
the space. The latter definition can be simply translated
formally saying that if t is a generic data location in a
d -dimensional Euclidean space and h.t0/ at t0 spatial
location is a random quantity, the field is described by
some function h.t/, t 2 Rd .

The definition is quite general and it can be applied
to a huge variety of phenomena, from the topographic
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surface of the Earth (field of orthometric heights) to
environmental variables.

Even if we suppose that fields are continuous
in space, when using point-wise measurements we
are obliged to sample them at a discrete point set.
From these scattered observations we want finally to
re-create a continuous piece of information, i.e. the
continuous behavior of the field itself.

The problem is well known and can be dealt with
applying exact or approximate interpolation. With the
exact methods the interpolating surface passes exactly
through all points whose values are known. But if data
are affected by errors, it could be better to use, for
instance, methods based on a least squares approach,
which lead to filters and therefore reduce the effects of
errors on the resulting surface. The latter case is named
approximate interpolation or approximation.

A great number of both interpolation and approxi-
mation methods have been developed from the easiest
and poorest “nearest neighboring” to the powerful but
more complicate kriging. In the family of deterministic
methods, the interpolation by means of spline func-
tions (Moritz and Suenkel 1978; Unser 1999) has met
with relatively good success probably due to its ease
of use (few parameters to set and few conditions to be
satisfied by the data) and at the same time its flexibility.

The paper concentrates on multi-resolution splines
function approximation, which is particularly suitable
for inhomogeneous spatially distributed data. Scattered
exact or approximate data interpolation is a task not
yet completely solved in an efficient way. Specifically
our aim was to find a method allowing us to create
the field, within a certain level of accuracy, starting
from a small number of stored coefficients instead
of restarting every time from the original observa-
tions. Such a solution could be of interest every time
we need to store or transfer (think for instance the
recently conceived web features and coverage ser-
vices as proposed by the Open Geospatial Consortium:
OGC 2005 and OGC 2008) information about fields
consisting of very large amounts of observations. The
algorithm was at the beginning studied and used by
the authors for vector map warping based on auto-
matically detected homologous pairs (Brovelli and
Zamboni 2004). Here we concentrate on applications
to digital terrain modelling.

Of course there is a wealth of methods serving the
same purpose where the need to follow as exactly as
possible observations is balanced against the wish to
reduce noise influence. Typically methods stressing the

closeness to data are less compressing with respect to
methods putting more weight on the model (Hastie
et al. 2001).

As an example we have compared our least
squares approach with an approach proposed by Lee
et al. (1997) where a large lattice of splines is built with
a number of knots significantly higher than the number
of data in order to obtain an accuracy better than a
certain threshold. The mentioned method combines
only local data and, as compared to ours, is much
faster, though much less compressing (as an example
in case of the TR1 dataset in paragraph 5 the same
accuracy is reached with more than 250,000 splines
instead of the 5,616 used in our approach).

The paper is organized as follows. Section 2 pro-
vides a short overview of interpolation by means of
spline functions; Sect. 3 presents the main drawback
related to such an interpolator, i.e. the problem of
avoiding local rank deficiency in case of inhomo-
geneous spatial distribution. Section 4 illustrates the
multi-resolution approach suitable for dealing with the
previously mentioned problem. In Sect. 5 we present
examples of application related to height field. Finally,
conclusions and some remarks are shown.

2 Interpolation by Means of Spline
Functions

The spline function interpolator here presented is
a deterministic method based on a least squares
approach. It is a global method, i.e. each observation
contributes to the whole interpolating surface, but at
the same time it shows a relatively short range of
diffusion of the local information.

We suppose that the h field has been sampled at n
locations t1, t2, . . . , tn and we model these observations
ho.t/ by means of a suitable combination of spline
functions (deterministic model) and residuals 	i seen
as noises (stochastic model).

In a two-dimensional space each observation is
described by:

h0.ti / D
N1�1X
lD0

N2�1X
kD0

�lk'�.ti ��� lk/C 	i (9.1)

where:
– N1 and N2, which represent the total number of

knots of the splines in x and y directions, depend on



9 Approximation of Terrain Heights by Means of Multi-resolution Bilinear Splines 63

the observation domain and on the chosen resolu-
tion; global rank deficiency is avoided by assuming
more observations than spline coefficients;

– � is the grid spacing;
– � lk D Œl k�T D knot indexes (l , k) of the grid;
– �lk is the coefficient of the spline at the knot � lk;
– '�.t/ is the two dimensional spline function.

3 Inhomogeneous Spatial
Distribution and Local Rank
Deficiency

A simple interpolation with a regular lattice of splines
is prone to local rank deficiency when the spatial
distribution of the data is not homogeneous.

In Fig. 9.1a a one-dimensional sample of 30 obser-
vations is shown; using high resolution, the leftmost
splines can not be determined because their coeffi-
cients never appear in the observation equations.

The trivial way to avoid local rank deficiency is
to decrease the spline resolution but this decreases
the interpolation details, specifically where the origi-
nal field h.t/, showing higher variability, was higher
sampled: the resulting coarse approximation curve is
shown in Fig. 9.1b (continuous line).

An alternative is to add a further condition in the
target function of the least-squares problem to express
the “regularity” (for instance the continuity in the
first derivative of the surface) of the estimated model
(Brovelli et al. 2001). But in this solution, known as
spline approximation with Tychonoff regularization,
the numbers of unknowns (and therefore the dimen-
sion of the matrix to be inverted in the least squares
approach) is not efficiently calibrated with the local
density of observations. The local rank deficiency is
avoided but the procedure, due to its blindness, leads
to an increase in the computation time of the estimate

Fig. 9.1 Examples of one-dimensional spline approximation:
data (a) and approximating curve (b)

just for adding few details. A more suitable solution
has to consider the locations where more observations
are available.

4 Multi-resolution Approach

The main idea is to combine splines with different
widths in order to guarantee in every region of the field
the resolution adequate to data density, exploiting all
available information implicitly stored in the sample.

Different “levels” of splines, corresponding to dif-
ferent halving steps, are considered. A new level cor-
responds with halving the width of the support of the
previous level spline. Taking into account the global
field domain [tmin,tmax], the levels and corresponding
ordered subintervals are shown in Table 9.1:

Each observation can be described as a linear com-
bination of spline functions of decreasing (halving) �
width:

h.ti / D
M�1X
hD0

Nh�1X
kD0

�hk � '
�
2h.ti � tmin/

�
� k

�
C 	i

(9.2)
where:
– M is the number of levels;
– Nh is the number of splines at level h .Nh D
2hC1 C 1/;

– �hk is the spline coefficient at h level;
– ' is the one-dimensional spline function;
– � D .tmax � tmin/=2.
To appreciate the advantage of this approach the multi-
resolution spline interpolator is shown in Fig. 9.2.
Constraints must be introduced on �hk coefficients in
order to avoid local rank deficiency. A general solution
of this problem is till now under study and then, to be
cautious, for the moment we have decided to adopt the
following criterion: a generic kth spline function at h
level

'�h.t � ki�h � tmin/ where�h D �

2h
(9.3)

Table 9.1 Levels of splines and corresponding knots

Level Knots of the splines

1 tmin, tmin C�, tmax

2 tmin, tmin C�=2, tmin C�, tmin C 3�=2, tmax

3 tmin, tmin C�=4, tmin C�=2, tmin C 3�=4, tmin C�,
tmin C 5�=4, tmin C 3�=2, tmin C 7�=4, tmax

4 . . .
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Fig. 9.2 Results of multi-resolution spline approximation with
4 (a) and 5 (b) levels

is active (i.e. �hk ¤ 0) if:
– we have at least f .f > 0/ observations for each�h

half-support of the spline;
– it does not exist a spline at lower level having the

same application point.
The bi-dimensional formulation can be directly
obtained generalizing the mono-dimensional case.

We suppose that h.t/ D h.t1,t2/ can be modeled as:

h.t/ D
M�1X
hD0

"
N1h�1X
lD0

N2h�1X
kD0

�hlk'�h
�
t ��h� lk � tmin

�#

(9.4)

where:

– �h D
"
�1h 0

0 �2h

#
�1h D x grid resolutionI
�2h D y grid resolutionI

– '�h.t/ D '�1h.t1/ � '�2h.t2/
– M D number of different resolutions used in the

model;
– � lk D Œl k�T D knot indexes (l; k) of the grid;
– �hlk D coefficient of the h resolution spline at the

grid knot � lk;
– N1h D number of x grid knots at the h resolution;
– N2h D number of y grid knots at the h resolution.
To avoid local rank deficiency, we generalize the same
criterion seen in 1D: at least f observations for each
quarter of spline support are needed.

5 Some Tests

To evaluate the performance of the multi-resolution
interpolator, we sample data from a LiDAR (Light
Detection And Ranging) digital terrain model (DTM);
it is a promontory overlooking the lake of Como in
Northern Italy. The horizontal spacing of the grid
is 2m � 2m and the fundamental vertical accuracy
(Rood 2004) is of about 20 cm.

A TIN (Triangulated Irregular Network) is extracted
from the grid in such a way that the maximum allow-
able difference in height between the grid and the TIN
surface is less than a certain fixed tolerance.

By fixing the tolerance equal to 5 m, 2 m and 1 m,
we create respectively the training datasets TR5, TR2
and TR1 containing scattered data. By fixing the tol-
erance equal to 20 cm (and removing TR5, TR2 and
TR1), we create the test dataset TE (used for cross-
validation). The original dataset is shown in Fig. 9.3.
In Table 9.2 the statistics of the datasets are reported.

The application of the multi-resolution approximate
interpolation leads to results summarised in Table 9.3.
Moreover, as an example, in Fig. 9.4 the multi-
resolution grid for TR5 is represented.

The analysis of results leads to the conclusion that
in case of the first test (TR5, i.e., points extracted with
a threshold of 5 m) we can reproduce completely the

Fig. 9.3 The original dataset (2m � 2m DTM)

Table 9.2 Statistics of the DTM, training sets and testing set

DTM TR5 TR2 TR1 TE
Count 422610 3274 9256 21656 81869
Min (m) 197,44 197,44 197,44 197,44 197,47
Max (m) 332,27 332,27 332,27 332,27 332,23
Mean (m) 225,27 214,33 225,75 230,81 235,59
St. Dev. (m) 27,80 28,58 30,85 30,36 27,83

Table 9.3 Main statistics for the TR5, TR2 and TR1 test

Processing Mean RMSE (m) Spline
time (ms) error (m) count (#)

TR5 782 0,00 3,39 349
TE 6875 �0,38 4,85 349
TR2 20265 0,00 1,82 1767
TE 44860 0,04 2,20 1767
TR1 314063 0,00 1,07 5616
TE 166109 0,01 1,41 5616
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Fig. 9.4 Multi-resolution grid obtained for TR5

field within the same accuracy simply by using 349
spline functions. The time required both for compu-
tation of the unknowns and approximation on the large
dataset (TE) is globally less than 7 s. In other cases
we cannot stay within the thresholds, but in the former
we are not so far from them. Obviously the number
of spline functions increases and consequently also the
time required for computations. The worst case with
respect to the processing time is, as expected, the one
corresponding to TR1. Another weak point is the value
we got for the RMSE of the testing dataset (TE): it
is too high and can not be accepted. Therefore we
investigated the reasons for such unacceptable result
and we individuated two possibilities; one is related to
the morphology of the area: it is a varying and complex
area, where the coast close to a vertical cliff in the
north-easternmost part and a little plateau surrounded
by steep slopes in the middle of the promontory give
the largest errors. The exclusion of those points (0.6%
of the total) leads to an RMSE equal to 1.19 m. The
other reason deals with the sampling method which
is not optimized with respect to our interpolator: data
decimation, as mentioned, was simply done using a
TIN algorithm.

Conclusion

A multi-level spline based method to efficiently
approximate fields is proposed. The method is

applied on terrain heights to derive the corre-
sponding digital terrain model. The problems at
the moment unsolved are:
– The theoretical estimation of local rank defi-

ciency must be studied: we used f D 1 or f D 2

but it could be too conservative;
– The sampling method for the training sets must

be better selected: data decimation was done
using a TIN algorithm but an optimized sampling
(with respect to our method) must be introduced.

Finally, to evaluate the performances of the interpo-
lator, more comparisons with other methods have to
be investigated.
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10Flexible Dataset Combination and Modelling
by Domain Decomposition Approaches

I. Panet, Y. Kuroishi, and M. Holschneider

Abstract

For geodetic and geophysical purposes, such as geoid determination or the study
of the Earth’s structure, heterogeneous gravity datasets of various origins need to
be combined over an area of interest, in order to derive a local gravity model at
the highest possible resolution. The quality of the obtained gravity model strongly
depends on the use of appropriate noise models for the different datasets in the
combination process. In addition to random errors, those datasets are indeed often
affected by systematic biases and correlated errors.

Here we show how wavelets can be used to realize such combination in a
flexible and economic way, and how the use of domain decomposition approaches
allows to recalibrate the noise models in different wavebands and for different
areas. We represent the gravity potential as a linear combination of Poisson
multipole wavelets (Holschneider et al. 2003). We compute the wavelet model of
the gravity field by regularized least-squares adjustment of the datasets. To solve
the normal system, we apply the Schwarz iterative algorithms, based on a domain
decomposition of the models space. Hierarchical scale subdomains are defined as
subsets of wavelets at different scales, and for each scale, block subdomains are
defined based on spatial splittings of the area. In the computation process, the data
weights can be refined for each subdomain, allowing to take into account the effect
of correlated noises in a simple way. Similarly, the weight of the regularization can
be recalibrated for each subdomain, introducing non-stationarity in the a priori
assumption of smoothness of the gravity field.
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We show and discuss examples of application of this method for regional gravity
field modelling over a test area in Japan.

Keywords

Regional gravity modeling • Wavelets • Domain decomposition methods

1 Introduction

The knowledge of the geoid is essential for various
geodetic and geophysical applications. For instance,
it allows the conversion between GPS-derived and
levelled heights. It is also the reference surface for
ocean dynamics. The geoid can be computed from an
accurate gravity model merging all gravity datasets
available over the studied area. With the satellite grav-
ity missions GRACE and GOCE, our knowledge of
the long and medium wavelengths of the gravity field
is or will be greatly improved (Tapley et al. 2004;
Drinkwater et al. 2007). The gravity models derived
from those missions need to be locally refined using
high resolution surface gravity datasets, to obtain the
local high resolution models that will be used for
geoid modeling. Such refinements also allow to under-
line possible biases of the surface gravimetry and
to improve the local gravity models, provided that a
proper combination with the satellite models is car-
ried out, with an appropriate relative weighting of
the datasets. Featherstone et al. (1998) provide an
overview of methods developed to realize such combi-
nation, using the Stokes integration. Different weight-
ing schemes have been proposed by various authors,
see for instance Kern et al. (2003). Local functional
representations of the gravity field can also be used
(see Tenzer and Klees 2008, for an overview). They
can be related to least-squares collocation in reproduc-
ing kernel spaces (Sansò and Tscherning 2003).

Here we show that wavelet representations of the
gravity field can be very useful for that purpose.
Because of their localization properties, the wavelets
indeed allow a flexible combination of various
datasets. We first explain how to compute a local
wavelet model of the gravity field combining different
datasets by an iterative domain decomposition
approach. Then, we provide an example of application
over Japan, an area where significant variations of the
gravity field occur in a wide range of spatial scales.

2 Discrete Wavelet Frames

The gravity potential is modeled as a linear combi-
nation of wavelets. Wavelets are functions well local-
ized both in space and frequency, which makes them
interesting to combine data with different spatial and
spectral characteristics. To model a geopotential, har-
monic wavelets are well-suited (Freeden et al. 1998,
Schmidt et al. 2005). We chose to use axisymmetric
Poisson multipole wavelets, introduced by Holschnei-
der et al. (2003). Because they can be identified with
equivalent non-central multipolar sources at various
depths, they are well-suited to model the gravity poten-
tial at a regional scale. A wavelet is described by
its scale parameter (defining its width), its position
parameter (defining its center in space), and its order
(defining the multipoles, as explained in Holschneider
et al. 2003). Here we use order three Poisson wavelets,
which provide a good compromise between spatial and
spectral localization.

A wavelet family is built by an appropriate
discretization of the scale and position parameters,
as explained in Chambodut et al. (2005), Panet
et al. (2004, 2006). First, a sequence of scales is chosen
in order to ensure a regular coverage of the spectrum.
This leads to a dyadic sequence of scales. Then, for
each scale, a set of positions on the mean Earth sphere
is chosen, in order to ensure a regular coverage of the
sphere. The number of positions increases as the scale
decreases, because the dimension of harmonics spaces
to be generated by the wavelets increases. The wavelets
are thus located at the vertices of spherical meshes that
are denser and denser as the scale decreases.

The wavelet family thus obtained forms a frame
(Holschneider et al. 2003). It provides a complete
and stable representation of the modeled field, that
may also be redundant. The redundancy is evalu-
ated by comparing the number of wavelets, approxi-
mated with band-limited functions, with the dimension
of harmonic spaces to be generated (Holschneider
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Table 10.1 Description of the wavelet frame used in gravity
modelling over Japan.

Scale (km) Number of wavelets Area covered

300 380 25=49ıN, 129=153ıE
150 1406 25=49ıN, 129=153ıE
75 2,401 29=45ıN, 133=149ıE
38 9,604 29=45ıN, 133=149ıE
20 38,220 29=45ıN, 133=149ıE

et al. 2003). The wavelet family used in this study
(see Table 10.1) is over-complete with a redundancy
estimated to 1.4 at 10 km resolution.

Here, we build a wavelet family suitable for local
gravity field modeling by refinement of a global geopo-
tential model derived from GRACE data with a surface
gravity dataset. We need to combine two datasets:
the high resolution surface gravity one, and a dataset
created at the ground level from the geopotential model
up to degree 120, extending two degrees outside the
surface data. We then select the wavelets as follows.
First, the largest wavelet scale is limited by the size of
the area covered with data. Scales larger than half of
the width of the area indeed cannot be reliably con-
strained by local datasets. Second, wavelet positions,
for each scale, are selected in the area covered by data.
Potential data are modeled by large scale wavelets, and
smaller scales are added to model the surface data. This
leads to the wavelet set detailed in Table 10.1. Note
that, although the central frequency of the smallest
scale wavelets is 20 km, the spectrum is well covered
down to 10 to 15 km resolution.

3 Domain Decomposition Methods

The coefficients of the wavelet representation of the
gravity potential are computed by least-squares fit of
the datasets. Each data type can be related to the poten-
tial by a functional relation, leading to the observation
equations for each dataset i , with i D 1; : : : ; I . We
obtain the following model:

bi D Ai � x C "i

Here, bi is the measurement vector, Ai the design
matrix relating the observations to the wavelet coef-
ficients of the geopotential, and x the coefficients to
be determined. The vector "i contains the data errors

(comprising white noise and correlated errors), with
covariance matrix W �1

i . This matrix is not considered
perfectly known a priori, and we will parameterize it
with variance factors estimated in the computational
process (see below). We then derive the normal system
for each dataset: Ni � x D fi , where Ni DAti �Wi � Ai
is the normal matrix, and fi DAti � Wi � bi is the
associated right hand side. Summing the normals for
all datasets, and adding a regularization term �K leads
to the system to solve:

.N C �K/ � x D f (10.1)

with N D P
i Ni and f D P

i fi . The regularization
may be needed if the data distribution leads to an ill-
posed problem, and also to stabilize the inversion if the
wavelet family is too redundant.

To solve this problem and introduce flexibility, we
apply iterative domain decomposition methods (see for
instance Chan and Mathew (1994) and Xu (1992)).
Here we briefly recall the principle of such approaches.
The least-squares computation of a wavelet model can
be viewed as a projection of the data vectors on the
space H DL2.

P
/ spanned by the wavelets, whereP

stands for the Earth mean sphere. In the domain
decomposition approaches, also named Schwarz algo-
rithms, we split H into smaller subspaces named sub-
domains fHk; kD 1; : : : ; pg, that may be overlapping
or not, so that we have H D˙

p

kD1Hk . In order for
the computation to converge fastly, it is interesting to
choose not too correlated subdomains, and we natu-
rally define subdomains spanned by the wavelets at
a given scale (hereafter referred to as: scale subdo-
mains). If the scale subdomains still comprise too
many wavelets, which is the case at the smaller scales,
we split them into smaller subdomains spanned by sub-
sets of wavelets at the given scale. These are referred
to as: blocks subdomains. They correspond to a spatial
splitting of the area into blocks. To each scale level cor-
responds a block splitting, with only one block for the
larger scales and an increasing number of blocks as the
scale decreases. Here we used a simple definition of
the blocks, limited by meridians and parallels, but one
may consider general shapes, for instance following
the physical characteristics of the area. We defined
overlapping blocks subdomains, with the size of the
overlap area depending on the scale level, in order to
speed up the convergency of the computations. On the
other hand, our scale subdomains are non-overlapping.



70 I. Panet et al.

Finally, to each subdomain corresponds a subset of
the total wavelet coefficient vector x that is to be
computed.

Once the subdomains have been defined, the
Schwarz algorithms consist in the following steps:
(1) project the data vector and the normal systems
on each subdomain, (2) compute the local wavelet
coefficients by least-squares fit of the datasets for
each wavelet subdomain, (3) gather these subsets of
coefficients and update the global solution vector x,
dropping the coefficients of wavelets located in the
overlap areas and reweighting the coefficients, (4)
update the right-hand side and iterate the computation.
The coefficient weights are defined as the inverse of the
number of overlapping blocks to which they belong.
The Schwarz algorithms exist in two versions: the
sequential one, where the subdomain solutions are
computed sequentially, and the parallel one, where
they are computed at the same time. In the case of
multi-resolution representations based on wavelets, it
is interesting to apply a hybrid algorithm, combining
sequential Schwarz iterations on the scales subdomains
with parallel iterations on the blocks. To design
the iteration path over the scales, we followed the
iteration sequences of multi-level iterative methods
called multigrids. Multigrid methods (Wesseling 1991;
Kusche 2001) are based on the resolution of successive
projections of the normal system on coarse or fine
grids, applying multi-level Schwarz iterations between
subdomains corresponding to the grids. They are
similar to a multi-scale resolution using wavelets,
the wavelet coefficients at a given scale defining the
details to add to a coarser grid approximation in order
to obtain the finer grid approximation of the signal. We
thus applied standard grid iterations schemes (from
coarser to finer grids and vice versa) to design the
wavelets scales iteration schemes (from larger to finer
scales and vice versa). Figure 10.1 summarizes the
approach.

In such iterative approach, it is possible to reweight
the datasets and the regularization subdomain per sub-
domain. Following ideas by Ditmar et al. (2007) devel-
oped in the case of a Fourier analysis of data errors, we
model the datasets systematic errors as a linear combi-
nation of wavelets, and add a white noise component.
To model the systematic errors, we assume here that
there exists a discrete orthonormal wavelet basis B
sampled at the data points (it may be different from
the Poisson wavelets frame). This requires a regular

Fig. 10.1 The Schwarz iterative algorithm. Each layer corre-
spond to a scale subdomain, and the solid lines define the spatial
blocks. The gray arrows show the iterations over the scales.

enough data sampling. Then, the covariance matrices
of the errorsW �1

i may be written as:

W �1
i D F t

i �D�1
i � Fi ; (10.2)

where Fi and Di are square matrices of size equal to
the number of data in the dataset i . Fi is an orthogonal
matrix containing the basis B wavelets sampled at the
data points, and we have: F t

i � Fi D I . The weight
matrixWi thus verifies:

Wi D F t
i �Di � Fi : (10.3)

If the datasets errors can be considered locally
stationary (without any abrupt variations) over the
subdomains, then the projections of Di over these
subdomains can be approximated with a white noise of
constant subdomain-dependent variance �k , leading
to a block-diagonal structure of Di . Inserting (10.3)
into (10.1), and assuming a good enough decorrelation
between the Poisson wavelets and the discrete wavelets
of basis B for different scales and blocks, leads to a
rescaling of the subdomains normals by a factor �k .
In other words, the subdomains normals highlight
different components of matrix Wi , and the scaling
factors �k are roughly estimated using variance
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components analysis (Koch 1986; Kusche 2003) of
a discrete wavelet transform of the residuals. The
regularization may be reweighted in this way too.
However, for the convergence of the iterations, a low
condition number of the normal system is needed.
This may require to increase the regularization weight.
Thus, we chose to follow an iterated regularization
approach (Engl, 1987), where an initially strong
regularization is progressively removed by iterating,
the number of iterations finally controlling the amount
of regularization.

4 Application Over Japan

We validated the method on synthetic tests consider-
ing white and colored noise models, and then apply
it to gravity field modeling over Japan, refining a
GRACE-derived global geopotential model (EIGEN-
GL04S by Biancale et al. 2005) with a local gravity
model by Kuroishi and Keller (2005). We generated
5448 potential values at the Earth’s surface from the
EIGEN-GL04S model up to degree and order 120. The
cumulative error is estimated to 0:8m2=s2 in rms. The
local gravity model is a 3 by 3 min Fayes anomaly
grid at the Earth’s surface (103,041 data), merging
altimetry-derived, marine and land gravity anomalies
(Fig. 10.2). The altimetry-derived gravity anomalies
are the KMS2002 ones (Andersen and Knudsen 1998).
In order to avoid aliasing from the highest frequencies
of the gravity data, we removed the highest frequencies
from the local model by applying a 10 km resolution
moving average filter, corresponding to the wavelet
model resolution. From both datasets, we removed the
lower frequencies modeled by the lower degree com-
ponents of the EIGEN-GL04S model, and the residuals
are modeled using wavelets. This allows us to con-
struct a hybrid spherical harmonics/wavelets model,
refining locally the global EIGEN-GL04S model using
wavelets. For the parametrization of the computation,
we use 5 scales subdomains. For the scales 300 km
and 150 km, there is only one block. For the scales
75 km, 38 km and 20 km, we split the area into 4,
16 and 36 blocks, respectively. We apply a few iter-
ation cycles over the scale subdomains, and a few
hundreds iterations over the blocks. We do not iterate
our estimations of the datasets reweightings using
variance components estimates, but carry out only

Fig. 10.2 Surface gravity model by Kuroishi and Keller (2005).

one weight estimation at the end of the computa-
tion of the wavelet model. Indeed, as the potential
data are perfectly harmonic, iterated variance compo-
nents estimates tend to lead to a perfect fit of these
data.

The results of a first computation, tightly con-
strained to the potential data for the large scale
wavelets, and with a progressive increase of the
weight of the surface data as the scale decreases,
highlighted discrepancies between the two datasets,
that we attributed to large scale systematic errors
in the surface gravity model. Applying a low-pass
filter to the residuals to the gravity anomaly data, we
defined a corrector model and subtracted it from the
surface gravity data. Applying the wavelet method
on the corrected datasets allows to progressively
improve the resulting wavelet model, and refine our
corrector model. The final corrector thus obtained is
represented on Fig. 10.3. It is consistent with results
from Kuroishi (2009), underlining similar biases in
the surface gravity model from a comparison with the
GGM02C/EGM96 geopotential model. The residuals
of the final wavelet model to the potential and gravity
anomaly data are represented on Fig. 10.4, and the final
wavelet model on Fig. 10.5. The RMSs of residuals
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Fig. 10.3 The final corrector model to the surface gravity
anomaly model, derived by low-pass filtering of the residuals
of the wavelet model to the gravity anomaly data.

are 0:80m2=s2 for the potential data, and 0.50 mGals
at 15 km resolution for the corrected anomaly data.
This is consistent with our a priori knowledge on
the data quality. We also note that these residuals
do not show any significant bias. The resolution
of the wavelet model may be slightly coarser than
that of the surface gravity model, which is why
we observe very small scale patterns in the gravity
anomaly residuals map. Small edge effects may also be
present.

Conclusion

We developed an iterative method for regional
gravity field modeling by combination of different
datasets. It is based on a multi-resolution repre-
sentation of the gravity potential using Poisson
multipole wavelets. We define scale and blocks
subdomains, and carry out the computation of the
wavelet model subdomain per subdomain. This
allows to introduce a flexible reweighting of the
datasets in different wavebands and in different
areas. Applying this approach to the example of
gravity field modeling over Japan, a challenging
area with important gravity undulations, allows

Fig. 10.4 Geographic distribution of residuals in the final com-
bination. Top panel: potential residuals to degree 120. Bot-
tom panel: residuals of corrected gravity anomalies at 15 km
resolution.

to derive a hybrid spherical harmonics/wavelet
model at about 15 km resolution, refining a global
geopotential model with a local high resolution
gravity model. Finally, the method can be used
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Fig. 10.5 Surface Fayes gravity anomalies computed from the
final wavelet model obtained in the present study.

to regional modeling of the forthcoming GOCE
level 2 gradient data, in combination with surface
gravimetry.
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11Optimal Hypothesis Testing in Case
of Regulatory Thresholds

I. Neumann and H. Kutterer

Abstract

In this study hypothesis testing is treated, when neither the probability density
function (pdf) of the test statistic under the null hypothesis nor the pdf of the test
statistic under the alternative hypothesis are known. First, the classical procedure
in case of random variability is reviewed. Then, the testing procedure is extended
to the case when the uncertainty of the measurements comprises both random
and systematic errors. Both types of uncertainty are treated in a comprehensive
way using fuzzy-random variables (FRVs) which represent a combination of
probability and fuzzy theory. The classical case of random errors (absence of
systematic errors) is a special case of FRVs. The underlying theory of the
procedure is outlined in particular. The approach allows the consideration of fuzzy
regions of acceptance and rejection. The final (optimal) test decision is based on
the utility theory which selects the test decision with the largest expected utility as
the most beneficial one. An example illustrates the theoretical concept.

Keywords

Hypothesis testing • Decision making • Utility theory • Imprecise data • Fuzzy
data analysis • Regulatory thresholds

1 Motivation

In hypothesis testing three important cases are of
interest: In case (1) both the probability density func-
tions (pdf) of the test statistics under the null and
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alternative hypothesis are known. A second case (2)
is when the null hypothesis is much more probable
and therefore the pdf of the alternative hypothesis is
not (exactly) known. In case (3) neither the pdf of the
test statistic under the null hypothesis nor the pdf of
the test statistic under the alternative hypothesis are
known. Whereas in case (1) no regions of acceptance
or rejection are needed for the test decision (Luce and
Raiffa 1989), in the cases (2) and (3) acceptance and
rejection regions have to be defined. In case (3) there
is no statistically founded method to define the region
of acceptance. However, it can be constructed, e.g.,
based on expert knowledge what leads to regulatory
thresholds. The test decision in case (2) and (3) is
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obtained by comparing a measured value with the
region of acceptance and rejection.

In reality, the total uncertainty budget usually
comprises at least two types of uncertainty: random
variability which reflects uncontrollable effects during
observation and data processing, and imprecision
which is, e.g., due to remaining systematic errors
between data and model. When uncertainty is present
in the measurements, the test decision is not (always)
clear. The general theory of decision making provides
the required procedures for an optimal test decision.
The most beneficial one (with the largest expected
utility) is selected.

In this study, case (3) of hypothesis testing is
of main interest. The classical procedure in case
of random variability will be extended to imprecise
data.

2 Uncertainty Modeling

In this paper two different aspects of uncertainty
modeling are of interest. The first one concerns
linguistic uncertainty and the second one measurement
uncertainty.

Linguistic uncertainty can be modeled with the
aid of fuzzy theory (Zadeh 1965). Here, LR-fuzzy
intervals according to Dubois and Prade (1980) are
used. An LR-fuzzy interval is a special case of a
one-dimensional fuzzy set QA which is described by a
membership function m QA.x/:

QA WD ˚
.x;m QA.x//jx 2 R

�
with m QA W R ! Œ0; 1�:

(11.1)

The core of a fuzzy set is the classical set of elements
of QA with membership degree equal to 1.

An LR-fuzzy interval is then defined as a fuzzy
set over R with a non-empty core. Its membership
function is constructed by monotonously decreasing
(left and right) reference functions L and R. For L and
R the range of values is [0, 1]. For a graphical sketch
see Fig. 11.1. LR-fuzzy intervals can be represented
by QX D .xm; r; cl; cr/LR. The midpoint is denoted by
xm. The radius of the interval representing the core is
r. Together with the deterministic spreads cl and cr it
serves as a measure of linguistic uncertainty. Linguistic
uncertainty plays a key role in the definition of the
regions of acceptance and rejection, see Sect. 3. Strate-
gies to construct fuzzy numbers or fuzzy intervals

Fig. 11.1 LR-fuzzy interval with different reference functions

based on expert knowledge are given in Nguyen and
Kreinovich (1996) and Neumann (2009).

Based on m QA.x/ set-theoretical operations can be
consistently extended to fuzzy sets: the intersection
can be defined as m QA\QB D min.m QA;mQB/ and the
complement as m QAc D 1 � m QA.

The combination of random variability and impre-
cision in measurement uncertainty is based on the
theory of fuzzy-random variables (FRV), see, e.g.,
Kwakernaak (1978).

FRVs serve as basic quantities; they are an exten-
sion of the classical probability theory. For this reason,
all statistical methods have to be extended to imprecise
data and all statistical quantities are imprecise by
definition.

Random variability is introduced through the mid-
point of an LR-fuzzy interval which is modeled as
a random variable and hence treated by methods of
stochastics. In order to model both types of uncertainty
in a comprehensive way, random variability is super-
posed by imprecision which is due to non-stochastic
errors of the measurements and the physical model
with respect to reality.

In general, this yields an LR-fuzzy-random interval
QX D .Xm;Xr; cl; cr/LR with a stochastic midpoint Xm;
the underline indicates a random variable. Actually, QX
is a special case of a fuzzy-random variable (Möller
and Beer 2004). In contrast to the general case only
the expectation value is considered as superposed by
fuzziness but not the variance. Without imprecision the
pure stochastic case is obtained .Xr D cl D cr D 0/,
see Dubois and Prade (1980) for examples. In case
of normal distributed values for the random part, the
standard deviation �x is the carrier of the stochastic
uncertainty, and the radius Xr and spreads cl and cr are
the carrier of imprecision.

A geometric interpretation of a FRV with cl D
cr D 0 is given in Fig. 11.2. The lower and upper bound
of the core define the variation range of the random
midpoint.
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Fig. 11.2 FRV for cl D cr D 0 with the variation range of the
random uncertainty component inside the core element

3 The Pure Stochastic Case

In the pure stochastic case of hypothesis testing in
case of regulatory thresholds, the uncertainty of the test
statistic T is described by a pdf: T � ¡T.x/.

In the pure stochastic case, the regions of accep-
tance A and rejection R are defined through the inter-
vals ŒA� D ŒAl;Au� and ŒR� D ŒRl;Ru�, respectively.
The probabilities p0.T/ and p1.T/ that the test value T
belongs to A or R can be computed by:

p0.T/ D
Z

A
¡T.x/dx and p1.T/ D 1 �

Z
A
¡T.x/dx:

(11.2)

Due to the linguistic imprecision or fuzziness of the
formulated hypotheses such as “The allowed length
of a machine axis is approximately. . . ” the regions of
acceptance and rejection may be fuzzy. This leads to
the definition of regions of transition between strict
acceptance and rejection of a given hypothesis.

The fuzzy region of acceptance QA is then defined
with an LR-fuzzy interval by:

QA WD ˚
.x;m QA.x// jx 2 R

�
; (11.3)

The imprecise region of rejection QR is the fuzzy-
theoretical complement of QA:

mQR.x/ D 1 � m QA.x/ 8x 2 R: (11.4)

The membership function m QA.x/ is introduced in equa-
tion (11.2) to obtain the probability p0.T/ that the test
value T belongs to QA, e.g., Klir (2006):

p0.T/ D
Z
R

m QA.x/¡T.x/dx: (11.5)

Fig. 11.3 Computation of the probability p0.T/ that the test
value T belongs to the imprecise region of QA.

The probability p1.T/ that T belongs to QR is:

p1.T/ D 1 � p0.T/ D
Z
R

mQR.x/¡T.x/dx: (11.6)

A graphical representation of the computed probability
in (11.5) is given in Fig. 11.3.

In hypothesis testing four situations are possible in
the final test decision. The main idea behind utility
theory is to judge each possible decision with a utility
value:
– U0;0: utility for a correct choice of the null hypoth-

esis.
– U1;0: utility for an incorrect choice of the alternative

hypothesis (type I error).
– U1;1: utility for a correct choice of the alternative

hypothesis.
– U0;1: utility for an incorrect choice of the null

hypothesis (type II error).
In the next step, the expected total utility K0 and K1 for
the null and alternative hypothesis is computed:

K0 D p0.T/U00 C p1.T/U01

D p0.T/.U00 � U01/C U01

K1 D p0.T/U10 C p1.T/U11

D p0.T/.U10 � U11/C U11 (11.7)

Finally, the test decision is based on the selection of
the most beneficial hypothesis:

p0.T/U00Cp1.T/U01 � p0.T/U10Cp1.T/U11: (11.8)

This equation can be rearranged:

p0.T/ � p0;crit D U11 � U01

U00 � U01 � U10 C U11
: (11.9)
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The null hypothesis is selected, if the probability p0.T/
is larger or equal than the critical probability p0;crit. The
presented test strategy is based on the general theory of
decision making with two possible alternatives (Luce
and Raiffa 1989).

4 The Extension to Imprecise Data

It is obvious that in the scenario described in Sect. 3
there is a strict (and unique) test decision. Neverthe-
less, in practical test situations imprecision of the data
often superposes (and hence mitigates) this procedure
(imprecise case). For this reason, the test decision is
extended to the fuzzy-random-variables (FRVs) pre-
sented in Sect. 2.

The described procedure allows the treatment of
multidimensional test statistics. The extension princi-
ple (Zadeh 1965) is used and the multidimensional
case is mapped to a one-dimensional test statistic
(Kutterer and Neumann 2007).

Due to the lack of space in this paper, imprecision
is treated in terms of intervals. Hence, according to
Fig. 11.2, the test statistic is a fuzzy-random variable
Œ QT �, with cl D cr D 0 and Tm � ¡Tm

.x/ in the
imprecise case. The situation with imprecise regions
of acceptance and rejection is illustrated in Fig. 11.4.

When imprecision is considered in addition to the
stochastic uncertainty component and when applying
the calculation rules of FRVs, then the probability
Œp0. QT/�D Œpl

0.
QT/; pu

0.
QT/� that the test value Œ QT� belongs

to the region of acceptance QA is, see (Neumann 2009):

pl
0.

QT / D min
Tm2Œ QT �

Z
R

m QA.x/¡Tm
.x/dx;

pu
0.

QT / D max
Tm2Œ QT �

Z
R

m QA.x/¡Tm
.x/dx: (11.10)

Fig. 11.4 The computation of the range of values for the
probability Œp0. QT /� that the test value Œ QT � belongs to QA

Consequently, the probability that Œ QT � belongs to the
region of rejection QR is obtained by:

pl
1.

QT / D min
Tm2Œ QT �

Z
R

mQR.x/¡Tm
.x/dx;

pu
1.

QT / D max
Tm2Œ QT �

Z
R

mQR.x/¡Tm
.x/dx: (11.11)

The expected total utility ŒK0;QT� D ŒK1

0;QT;K
u
0;QT� for the

null hypothesis is computed by (see (11.7)):

Kl
0;QT D min

p02Œp0�
.p0. QT /U00 C Œ1 � p0. QT /�U01/;

Ku
0;QT D max

p02Œp0�
.p0. QT /U00 C Œ1 � p0. QT /�U01/: (11.12)

In case of unimodal distributions we obtain:

Kl
0;QT D p10. QT /.U00 � U01/C U01;

Ku
0;QT D pu

0.
QT /.U00 � U01/C U01: (11.13)

Applying the same idea to obtain the expected total
utility ŒK1;QT� D ŒK1

1;QT;K
u
1;QT� for the alternative hypoth-

esis leads for unimodal distributions to:

Kl
1;QT D pu

0.
QT /.U10 � U11/C U11;

Ku
1;QT D p10. QT /.U10 � U11/C U11: (11.14)

The final test decision requires the comparison of two
interval valued utilities. In 1951, Hurwicz developed
a method, which allows the mapping of an interval
into a single equivalent value. The so-called Hurwicz
criterion (Hurwicz 1951) is a linear combination of the
optimistic and pessimistic outcome of a decision:

›Ku
0;QT C .1� ›/Kl

0;QT � ›Ku
1;QT C .1� ›/Kl

1;QT; (11.15)

with › 2 Œ0; 1�. The parameter › represents the user
preferences with › D 1 as most optimistic outcome
and › D 0 as most pessimistic outcome. Reformulating
(11.15) leads to the unique decision criterion:

›

� �
>

�
¥crit 2 R)

(
Œ QT � belongs to QA
Œ QT � belongs to QR with

¥crit D pu
0. QT /.U10 � U11/� pl

0. QT /.U00 � U01/C U11 � U01

.pu
0. QT /� pl

0. QT //.U00 � U01 C U10 � U11/
:

(11.16)
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The selection of › depends on a particular applica-
tion. In order to keep as many data as possible for
further processing a conservative strategy is typically
preferred in outlier testing; then › D 1 is a proper
choice. If, however, the result of the test is safety
relevant, › has to be small; best it is equal to 0.

5 Application Example

In practice, there are various possibilities for the appli-
cation of the presented strategy. In the following, the
survey of the length of a machine axis is of particular
interest. The length is observed with two different
instruments (Leica TCA 1101 and TCA 2003). The
uncertainties of the length of the machine axis are
computed based on the measurement uncertainties of
the instruments. The results of an imprecise analysis
according to (Neumann 2009) are given in Table 11.1.
The random uncertainty component is Gaussian.

The region of acceptance is defined through linear
reference functions L and R. The transition region
starts at 9,997 mm and reaches the membership degree
of 1 at 9,998 mm. At the value of 10,002 mm the
membership degree decreases linearly to zero until
10,003 mm. The midpoint Tm of the test value is
9,999.2 mm. The radius of the test value depends on
the particular instrument and is depicted in the right
column of Table 11.1. The spread parameters cl and
cr are zero. The midpoint of the test value lies inside
the core element of QA. Due to the lower uncertainty
of the TCA 2003, the probability Œp0. QT /� that the test
value Œ QT � belongs to QA is larger than for the TCA 1101
[see (10) and (11)] (Table 11.2).

Table 11.1 Uncertainties of the length of the machine axis

Distance Standard deviation Interval radius
(mm) Tr (mm)

TCA 1101 2.1 1.1
TCA 2003 0.9 0.8

Table 11.2 The probabilities Œp0. QT /� and Œp1. QT /�
Probabilities TCA 2003 TCA 1101

p10. QT / 0.8350 0.5956

pu
0. QT / 0.9905 0.7577

p11. QT / 0.0095 0.2423

pu
1. QT / 0.1650 0.4044

Table 11.3 Expected utilities for the two hypotheses

Utilities TCA 2003 TCA 1101

Kl
0;QT

�3,320.26e �5,234.89e

Ku
0;QT

�2,075.78e �3,938.75e

Kl
1;QT

�3,000.00e �3,000.00e

Ku
1;QT

�3,000.00e �3,000.00e

The utility value U0;0 for a correct choice of H0 is
defined through the cost (2;000e) for the installation of
the machine axis. The two utility values U1;0 and U1;1

lead to a mechanical finishing of the machine axis and
therefore to costs of 3;000e. The worst case scenario
is a type II error, when the length of the machine
axis is not correct but it is classified as belonging
to the region of acceptance. The costs for U0;1 are
10;000e.

The expected utilities for the two hypotheses are
computed with (11.13) and (11.14). The results are
given in Table 11.3.

The null hypothesis for the TCA 1101 is rejected
in any case. The final test decision for the TCA 2003
depends on the particular situation. The test value is
classified as belonging to the region of acceptance,
when ¥crit from (11.16) is larger than 0.257.

6 Conclusions and Outlook

An optimal tests decision requires the consideration of
both measurement uncertainties and the consequences
of test decisions. In this paper, a strategy is shown
which allows handling data which are both randomly
varying and imprecise. At present, the final test deci-
sion in case of fuzzy-random intervals needs a final
expert statement, if the present situation is safety-
relevant or not.

However, the presented methods allow improved
statements about the influence of uncertainties and
consequences in e.g., the significance of measure-
ment results and in the sensitivity of measurement
setups.

There is some more work needed concerning the
adaptation of the theoretical methods to practical
applications. It is certainly worthwhile to extend
the methods to the fuzzy-random case with arbitrary
membership functions (based on expert opinions about
imprecision). The methods must also be extended to
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test situations, where the pdf of the null and alternative
hypothesis is known.
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12Sequential Monte Carlo Filtering
for Nonlinear GNSS Trajectories
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Abstract

The Kalman filter is supposed to be the optimal analytical closed-form solution
for the Bayesian space-state estimation problem, if the state-space system is linear
and the system noises are additive Gaussian. Unfortunately, except in the above
mentioned cases, there is no closed-form solution to the filtering problem. So
it is necessary to adopt alternative techniques in order to solve the Bayesian
filtering problem. Sequential Monte Carlo (SMC) filtering – or commonly known
as particle filter – is a well known approach that allows to reach this goal
numerically, and works properly with nonlinear, non-Gaussian state estimation.
However, computational difficulties could occur concerning the sufficient number
of particles to be drawn. We present in this paper a more efficient approach, which
is based on the combination of SMC filter and the extended Kalman filter. We
identified the resulting filter as extended Kalman particle filter (EKPF). This filter
is applied to a method for the direct geo-referencing of 3D terrestrial laser scans.

Keywords

Nonlinear state estimation • Bayesian Filtering • Sequential Monte Carlo
Filtering • GNSS

1 Introduction

Linear filtering theory according to Kalman and Bucy
(1960) is optimal only if the system, which consists
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of measurement and transition equations, is linear
and the error process is Gaussian. Unfortunately, the
modeling of reality sometimes differs from these
optimal assumptions and nonlinear, non-Gaussian,
and non-stationary state estimation should be taken
into account. Thus over the years a multitude of
approximate nonlinear filters has been proposed; see
e.g., Doucet et al. (2001), and Simon (2006). A well
known analytical approximation to handle a nonlinear
system is to linearize the measurement and the system
equations using Taylor series expansions; see e.g.,
Simon (2006).

However, as pointed out in Doucet et al. (2001) this
type of nonlinear filter which includes the first-order
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and the higher-order extended Kalman filter (EKF), is
prone to diverge if the system equations are highly
nonlinear. This gives us the motivation to use other
filter techniques such as the sequential Monte Carlo
(SMC) approach in order to take the nonlinearities into
account. The SMC filter (also known as particle filter
(PF)) is a suboptimal filter for implementing the recur-
sive Bayesian filter by Monte Carlo (MC) techniques;
see e.g., Doucet et al. (2001) and Ristic et al. (2004).
The main idea behind the SMC filter is to approximate
the posterior power density function (PDF) of the state
parameters by a set of random samples, which can be
generated from a known PDF. By means of the drawn
particles the mean as well as the variance-covariance
information of the state vector are estimated.

In order to obtain an equivalent representation of
the posterior PDF a large number of particles should
be drawn. Unfortunately, the high computational cost
due to the large number of required particles restricts
the use of SMC in many applications. In this paper,
two filtering techniques are discussed: first, the generic
PF, and, second a filtering technique, which can sig-
nificantly improve the performance of PF, and which
reduces the computational cost of the algorithm.

2 Nonlinear State Estimation

2.1 The Mathematical Model

Before describing the different filter algorithms, we
briefly introduce the notation and the terminology
used throughout this paper. To define the problem of
nonlinear filtering, let us consider the state vector xk 2
Rnx , where nx is the dimension of the state vector, and
k is the time index. The evolution of the state vector xk
is described by the dynamic model:

xkC1 D f .xk;uk;wk/ (12.1)

where f is a known, in general nonlinear function
of xk , uk the vector of known (deterministic) input,
and wk is the process noise vector, which is caused
by mismodeling effects and other disturbances in the
motion model. The main aim of filtering is to estimate
the optimal state vector xkC1 from the observations
ykC1 2 Rny and xk where ny is the dimension of the
measurement model:

ykC1 D h.xkC1; vkC1/: (12.2)

In (12.2) h is a known, in general nonlinear function,
and vkC1 is the measurement noise vector, which obeys
a known PDF and is mutually independent with the
system noise wk .

2.2 The Bayes Filter

From a Bayesian perspective, the filtering problem is
to estimate the state xkC1 recursively given the data
y1WkC1 up to time kC 1. Thus, it is required to evaluate
the joint posterior PDF given the hole data. That is:

p.xkC1j y1WkC1/ D p.ykC1j xkC1/ � p.xkC1j y1Wk/
p.ykC1j y1Wk/

(12.3)

where the posterior PDF at time k, p.xkj y1Wk/, is first
projected forward in time in order to calculate the
prior PDF at time k C 1. This is done by using the
probabilistic process model (cf. Simon 2006, pp. 464):

p.xkC1j y1Wk/ D
Z
p.xkC1j xk/ � p.xkj y1Wk/dxk:

(12.4)

The probabilistic model of the state evolution
p.xkC1j xk/ is defined by the system described in
(12.1) and the known PDF of the noise vector wk . The
term p.ykC1j y1Wk/ in (12.3) is a normalizing factor.
Figure 12.1 illustrates the kth recursive step of sequen-
tial Bayesian filtering, along with inputs and outputs.

Simultaneously with the recursion given jointly by
(12.3) and (12.4), we can estimate the current state
via a maximum a posteriori (MAP) approach (see, for
instance, Koch (2007)):

OxkC1 D max
xkC1

p.xkC1j y1WkC1/: (12.5)

Note, that a closed-form solution for the filtering prob-
lem presented in (12.3) and (12.5) only exists if the
system equations presented in (12.1) and (12.2) are
linear, and both the system noise and the observation
noise are Gaussian. When these conditions are ful-
filled, we obtain the known Kalman filter, which is a
special sequential Bayesian filter where the posterior
density p.xkC1j y1WkC1/ also becomes Gaussian, refer
to (Arulampalam et al. 2002).
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Fig. 12.1 Recursive computation in sequential Bayesian filter-
ing. Each epoch k has two computation steps: the prediction step
and the filtering step. These steps are sequential. The prediction
unit takes in the motion model density and the posterior density

of previous time step k and outputs predicted posterior density
p.xkC1jy1Wk/. Next the Bayesian filtering unit takes in this
predicted posterior density and the likelihood density to estimate
the posterior density p.xkC1jy1WkC1/ for the current time step

2.3 The Generic Particle Filter

In this section, we describe how to approximate the
optimal Bayesian solution (see Sect. 2.2) if an ana-
lytical solution is unsolvable. The PF is a suboptimal
solution to approximate the Bayesian estimator given
in (12.3) numerically by means of SMC techniques.

The main idea of SMC is based on particle rep-
resentation of a PDF. The SMC technique is used to
determine the components of the state vector in the
nonlinear filtering system given by (12.1) and (12.2).
The resulting MC algorithm is known as sequential
importance sampling (SIS). This method approximates
the posterior PDF by a set of M weighted samples of
this density without making any explicit assumption
about its form and can thus be used in general non-
linear, non-Gaussian systems.

Let the particle set
n
x.i/0Wk;w

.i/

k

oM
iD1 denote a

random measure that characterizes the posterior

PDF p.x0Wkjy1Wk/, where
n
x.i/0Wk; i D 1; : : : ;M

o
is a

set of realization points with associated weightsn
w.i/k ; i D 1; : : : ;M

o
, and fxj ; 0 D 1; : : : ; kg is the set

of all states up to epoch k. One can then approximate
the posterior density in epoch k as:

p.x0Wkjy1Wk/ �
MX
iD1

w.i/k ı
�

x0Wk � x.i/0Wk
�

(12.6)

where ı represents the Kronecker Delta function, and
the associated weights w.i/k sum up to unity. The

weights w.i/k in (12.6) are chosen using the principle
of importance sampling, cf. Doucet et al. (2001). After
a lengthly derivation, which will not be given here due
to lack of space, the weights are computed recursively

based on the weight update equation (refer to Ristic
et al. 2004, pp. 37–39):

w.i/kC1 D w.i/k

p
�

ykC1jx.i/kC1
�
p
�

x.i/kC1jx.i/k
�



�

x.i/kC1jx.i/1Wk; y1Wk
� (12.7)

where 
.:/ is a known PDF from which it is easy to

draw samples, p
�

ykC1jx.i/kC1
�

the evaluated likelihood

PDF for each particle and p
�

x.i/kC1jx.i/k
�

is simply the

PDF of the state at epoch k C 1 given a specific state
at previous epoch k for every particle x.i/k . The weight
update equation (12.7) yields a sequential update of the
importance weights, given an appropriate choice of the
proposal distribution 
.:/. Doucet et al. (2001) show
that the selection of the proposal PDF is one of the
most critical issues in the SIS algorithm.

The SIS algorithm starts with M initialization val-

ues of the state vector
�

x.i/0
�

with i 2 1; : : : ;M , which

can be randomly generated from the initial PDF 
.x0/.
These particles are then propagated at each epoch k D
1; 2; : : : ; n in forward by substitution in the dynamic
equation (12.1). In order to distinguish between this
drawn particles (they were indicated in (12.7) as x.i/k )
and the resampled particles in the following step, we
rename the resulting particles as x.i/k;�. As the current
observations yk become available, we compute the

conditional likelihood of each particle: p
�

ykjx.i/k;�
�

.

The evaluation of the likelihood is based on the known
PDF of the measurement noise and on the nonlin-
ear measurement equation. On the basis of (12.7)
we recursively compute the relative weights. Before
we evaluate the current state obtained by (12.5) and
move to the next time step, the particles are resampeld.
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In other words, we randomly generate new particles
x.i/k;C based on the relative weights. Particles with rel-
atively small weights are eliminated. Otherwise, parti-
cles with large weights are duplicated. This resampling
is used to avoid the problem of degeneracy of drawn
particles.

2.4 The Extended Kalman Particle Filter

In this section, an implementation issue to improve
the performance of PF presented in Sect. 2.3 is intro-
duced. A shortcoming of the PF algorithm is the
computational cost caused by the increase of the gen-
erated particles. A large number of samples should
be drawn in order to achieve the convergence of the
algorithm, and to estimate the desired state vectors
and its covariance matrix. In Ristic et al. (2004) and
Simon (2006), several implementation issues are con-
sidered for improving the PF algorithm, including
degeneracy, the selection of the importance density,
and particle filters with an improved sample diversity.
Due to lack of space we only discuss the developed
approach for enhancement of convergence based on
combination with the well known Kalman filter such
as the extended Kalman filter (EKF). The novelty of
the proposed EKPF algorithm is the update of each
particle at every time step k using the EKF, when a
new measurement yk arrives. In other words, we are
running an extra EKF step for i th particle x.i/kC1;� at the
epoch k C 1:

P.i/
kC1;� D F.i/

k
P.i/
k;CF.i/T

k
C Qk

K.i/

kC1 D P.i/
kC1;�H.i/T

kC1
�

H.i/

kC1P
.i/

kC1;�HT
kC1;i C RkC1

��1

x.i/
kC1;C D x.i/

kC1;� C K.i/
kC1

h
ykC1 � h.x.i/

kC1;�/
i

P.i/
kC1;C D

�
I � K.i/

kC1H
.i/

kC1
�

P.i/
kC1;�: (12.8)

K.i/

kC1 represents the Kalman gain of the i th parti-

cle, and P.i/kC1 is the appropriate estimation of the
state covariance matrix. Qk and RkC1 are the covari-
ance matrices of the process noise vector wk and
the observation noise vector vkC1, respectively. We
distinguish in (12.8) between the prior P.i/kC1;� and

the posterior P.i/kC1;C. The transition and design matri-

ces F.i/k and H.i/

kC1 in (12.8) are defined as: F.i/k D
@f

@x

ˇ̌
ˇ
xDx.i /k;C

and H.i/

kC1 D @h
@x

ˇ̌
xDx.i /kC1;�

, respectively.

The Taylor series are evaluated for the transition matrix
F for the particle from the previous epoch x.i/k;C and for

the predicted particle from the current epoch x.i/kC1;� for
the matrix H. Please note that the functions f .:/ and
h.:/ are both time invariant. The key idea behind this
approach is the substitution of the possibly nonlinear
model given by (12.1) and (12.2) with a linearized
model to reduce the variance of the drawn particles in
order to get short computing times without increasing
the number of samples.

The generated prior particles x.i/k;� would be trans-

formed to a new set of particles x.i/k;C using the EKF
step given by (12.8). Based on the transformed parti-
cles x.i/k;C and their P.i/kC1;C we generate and propagate
a new set of particles using the Gaussian PDF:

x.i/kC1 � p
�

x.i/kC1jx.i/k ; ykC1
�

� N
�

x.i/kC1;C;P
.i/

kC1;C
�

(12.9)

where � in (12.9) means that the particles are drawn
from a specific PDF. The remaining computational
steps of the EKPF are similar to the generic PF.

3 Numerical Study and Results

In this section an application of the algorithms pre-
sented in Sects. 2.3 and 2.4 is shown and the results
are discussed. The main goal of the numerical investi-
gation is to derive position and orientation parameters
for the transformation of a local sensor-defined coor-
dinate system (denoted by upper index L) to an global
earth centered, earth fixed coordinate system (denoted
by upper index G). This is a typical task within
the direct geo-referencing procedure of 3D terrestrial
laser scans. For this purpose, an adapted sensor-driven
method based on a multi-sensor system (MSS) has
been developed at the Geodetic Institute of the Leibniz
Universität Hannover (GIH). The MSS is established
by a sensor fusion of a phase-based terrestrial laser
scanner (TLS) and additional navigation sensors to
observe the parameters.

The above mentioned transformation parameters
include the position of the MSS, which is equal to the
translation vector and a rotation matrix, which contains
the orientation of the three axes of the MSS – roll,
pitch and yaw angle, known from aeronautics. The
mathematical modeling of the MSS in form of a EKF
approach is presented in Paffenholz et al. (2009).
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This approach uses the constant rotation of the
TLS about its local vertical axis (zL) in combination
with kinematic GNSS measurements to estimate four
of the six degrees of freedom of the transformation
– the position vector as well as the orientation in
the horizontal plane. Therefore, one GNSS antenna
is mounted eccentrically on the TLS. In order to
optimize the direct geo-referencing strategy the MSS
is enhanced with additional navigation sensors to esti-
mate the residual spatial rotation angles about the xL-
and yL-axis.

In this MSS application the trajectory can be
described by a circle in 3D space. This parameter-
ization is due to the circular motion of the antenna
reference point (ARP) caused by the constant rotation
of the TLS about the zL-axis, as already mentioned.
The orientation change of the ARP within two time
steps is given by the circular arc segment s divided by
the radius rk .

The state vector is expressed by the components:

xGk D �
XG
k ˛

G
S;k ˇ

L
S;k �

L
S;k

�T
(12.10)

where XG
k is the global position of the ARP at the

epoch k, ˛GS;k describes the azimuthal orientation of
the MSS, ˇLS;k the inclination in scan direction and �LS;k
is perpendicular to the scan direction. The space state
model leads to:

xkC1 D

2
666664

XG
k C RG

L.�; '/ � RaP
SN

�
˛GS; k

�
��XL

k

˛GS;k C sk
rk

ˇLS;k

�LS;k

3
777775

C wk:

(12.11)

The term �XL
k in (12.11) is given by:

�XL
k D

2
66664

rk � cos
�
�LS;k

�
� sin

�
sk
rk

�

rk � cos
�
�LS;k

�
� cos

�
sk
rk

�

sk � sin
�
ˇLS;k

�

3
77775 ��XGNSS

SN;k

(12.12)

where�XGNSS
SN;k represents the eccentric position of the

GNSS antenna. �XL
k in (12.11) is responsible for the

high-nonlinearity in the space state model. It should be
pointed out, that in Paffenholz et al. (2009) additional

Fig. 12.2 Filtering results of EKF and the EKPF; top: the
residuals obtained within a linear regression of the orientation
˛GS ; middle and bottom: The filtered inclinations ˇLS and �LS . The
EKPF approach shows a significant improvement of the filter
effect for the filtered inclination whereas the filtered results of
the estimated azimuth are comparable

adaptive parameters are considered in the space state
model. However, the consideration of such adaptive
parameters in the EKPF algorithm (refer to Sect. 2.4)
needs a significant modification, which will be shown
in future works.

The measurement model is characterized by the
position of the GNSS antenna XG

k , and the measure-
ments of the inclination sensor ˇLS;k and �LS;k . That
yields:

ykC1 D

2
664

XG
kC1

ˇLS;kC1
�LS;kC1

3
775 D HkC1 � xGkC1 C vkC1: (12.13)

As start value for the EKPF approach (see Sect. 2.4)
we randomly drawn 500 particles from N .x0;P0/
with x0 D 0 and P0 the initial covariance matrix which
has been chosen equally to the noise covariance matrix
in Paffenholz et al. (2009).

Figure 12.2 presents a subsample of the estimated
state parameters by classical EKF algorithm (black
circles) and EKPF approach (gray points). The upper
part of this figure shows the residuals obtained within
a linear regression of the orientation ˛GS . Due to the
constant rotation of the TLS about its vertical axis,
we expect a linear relationship between ˛GS and time.
Therefore, the residuals are quality indicators. The
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residuals are in both algorithms comparable, and lead
to a metric uncertainty of about 1.5 cm for the azimuth
calculation at a distance up to 35 m. The middle and
lower part of Fig. 12.2 show a comparison between
the filtered inclinations ˇLS and �LS , respectively. Here
again, the EKPF effect is noticeable for the filtered
inclinations, mainly in case of higher noise level.

Conclusion

In this paper, the newly developed filtering
approach EKPF was introduced. It is based on a
combination of the SMC technique and an EKF
step. The EKPF approach has been applied to
derive transformation parameters for the direct geo-
referencing of 3D terrestrial laser scans. The results
show an improvement of the filter effect. They
were compared to the classical EKF approach. The
main benefit of the developed approach is the better
performance in case of high-nonlinear space state
equations. A second important result, which could
be not shown in the above example due to lack of

space, is the significant decrease of the number of
the generated particles compared to the generic PF.
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13Uncertainty Assessment of Some
Data-Adaptive M-Estimators

Jan Martin Brockmann and Boris Kargoll

Abstract

In this paper, we review a data-adaptive class of robust estimators consisting of
convex combinations of the loss functions with respect to the L1- and Huber’s
M-estimator as proposed by Dodge and Jureckova (2000). The great advantage
of this approach in comparison to the traditional procedure of applying a single
estimator is that the optimal weight factor, representing the data-dependent
minimum-variance estimator within that class, may be estimated from the data
itself. Depending on the data characteristics, one could obtain pure L2, L1
and Huber’s estimator, as well as any convex combination between these three.
We demonstrate the computational and statistical efficiency of this approach by
providing an iteratively reweighted least squares algorithm and Monte Carlo
uncertainties of the weight factor.

1 Introduction

The general context of this paper is given by a sta-
tistical analysis of data structured in terms of a lin-
ear model with independent and homoscedastic error
terms, which are assumed to be possibly affected
by outliers. Here we adopt the notion that outliers
may be viewed as either deterministic, as it would
be the case for gross measurement/recording errors
or neglected external effects, or as random, due to
inherent variability (cf. Barnett and Lewis 1994, p. 42).
The statistical methods presented in this paper aim
at accommodating for outliers of the latter type; out-

J.M. Brockmann (�) � B. Kargoll
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of Theoretical Geodesy, University of Bonn, D-53115 Bonn,
Nussallee 17, Germany
e-mail: brockmann@geod.uni-bonn.de,
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lier/discordancy tests will not be discussed (see e.g.
Kargoll 2005). More specifically, we will assume that
the outliers can be explained by the fact that the totality
of data to be analyzed do not follow the Gaussian dis-
tribution, but some form of outlier distribution. Partic-
ular observations which appear as discordant with the
others, when looked at through the “Gaussian lense”,
could then be explained reasonably well in terms of an
outlier distribution with thicker tails. We will therefore
assume that there exists a particular outlier distribution,
which may either be an entirely non-Gaussian type or
a contaminated Gaussian distribution, under which all
of the given observations appear as concordant. We
will focus attention on one particular type of outlier
distribution, the family of convex mixtures of the
Gaussian and Laplacian distribution.

Recent contributions to the field of mathematical
geodesy, addressing the outlier problem, were often
focussed on L1-norm (e.g. Marshall 2002; Junhuan
2005) and M-estimators (e.g. Chang and Guo 2005)
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individually, whereas this paper aims at demonstrating
a way of combining estimators such as L1-norm,
L2-norm, and Huber’s M-estimator according to the
approach elaborated in Dodge and Jureckova (2000).
We will extend their investigations by evaluating the
appropriateness of such combined estimators under
the aforementioned two types of outlier distributions
in terms of the accuracy and precision with which
the weighting factor within the convex combination
of estimators and the variance of unit weight can be
estimated from the observations. In this context we use
the notion of a data-adaptive estimator, meaning that
the specific form of estimator is estimated from the
data itself (cf. Hogg 1974).

2 Theory

2.1 General Model Assumptions

We will restrict attention to a linear model

`i D Aix C ei ; .i D 1; : : : ; n/ (13.1)

where `i denotes the i th observation, Ai the i th row of
the n�m design matrix A (assumed to be of full rank),
x the unknown parameter vector, and ei independent
and homoscedastic errors with some unknown scalable
density function

fs.e/ D 1

s
f1

�e
s

�
; e 2 R (13.2)

with s > 0, satisfying the technical assumptions
(1) 0 < fs.0/ < 1, (2) 0 < �2 D R

e2fs.e/de < 1,
(3) fs.e/ D fs.�e/ and (4) f1.0/ D 1.

Assumption (4) will be of great importance as it
allows one to express the true density fs in terms of
some standardized basis density f1 and a scale factor s,
which will be seen to render the theoretical solution to
the estimation problem concerning x feasible.

2.2 Some Specific Outlier Distributions

In this paper, we will focus attention on the family of
Gaussian/Laplacian mixture distributions. If we define
the scale factor s.�/D p

2
�2, then the mixture of
Gaussian and Laplacian densities may be expressed

-3-2-10123
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fs(e)
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Fig. 13.1 Example for the family of mixture densities, defined
by (13.3), for a fixed ıD 0:5. The highlighted line (sD 1) refers
to the basis density of that family

as (similarly to the definition provided by Dodge and
Jureckova 2000, p. 38)

fs.�/.e/ D .1 � ı/
1p
2
�2

exp

�
�1
2

e2

�2

�

C ı
1p
2
�2

exp

� �2p
2
�2

jej
�

(13.3)

with weighting factor 0� ı� 1 and � >0 (Fig. 13.1).
Note that (13.3) becomes a pure Gaussian distribu-
tion with standard deviation � for ıD 0 and a pure
Laplacian distribution (with scale bD p

2
�2=2) for
the choice ıD 1. It should be noted that, due to the
interdependence of � and b, the Gaussian and Lapla-
cian parts cannot be scaled independently. If we set
� D 1=

p
2
 then we see immediately that s.�/D 1

and consequently fs.0/Df1.0/D 1; thus we obtain

f1.e/D .1� ı/ exp
��
e2� C ı exp.�2jej/; (13.4)

which may be used to generate any of the mixture
densities (13.3) via (13.2).

We currently investigate the family of rescaled t-
distribution as a further potentially useful class of
outlier distributions in this context, which we will not
explore in the present paper.

2.3 Properties of the Data-Adaptive
M-Estimator

To obtain estimates appropriate under such data distri-
butions, Dodge and Jureckova (2000, p. 6) proposed
minimization of
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nX
iD1

�k;�

�
`i � Aix

s

�
(13.5)

using the convex combination of the loss functions
with respect to Huber’s M-estimator (cf. Huber 1981)
and the L1-norm (cf. Koch 1999, p. 262) estimator, in
terms of the weighting parameter � 2 Œ0; 1�, i.e.

�k;�.e/ D .1 � �/
(
e2 if jej � k

2kjej � k2 if jej > k

)
C �jej:

(13.6)

The psi-function, defined as  k;� D �0
k;� follows to be

 k;�.e/ D .1 � �/

(
2e if jej � k

2ksign.e/ if jej > k

)

C �sign.e/: (13.7)

As we intend to compute the estimates via the
method of iteratively reweighted least squares (IRLS),
described in a subsequent section, it will be useful to
note that the weight function, defined by wk;�.e/ D
 k;�.e/=e, reads

wk;�.e/ D .1 � �/
(
2 if jej � k

2 k
jej if jej > k

)
C �

1

jej :
(13.8)

According to Dodge and Jureckova (2000, p. 81),
this M-estimator eX of the unknown true values 

asymptotically follows the Gaussian distribution

eX a� N
�

; �2 ;f .A

TA/�1
�
; (13.9)

where the variance factor �2 ;f generally depends on
the psi-function through the values of � and k, on the
true data density through the scale factor s and the
basis density f1. For studentized M-estimators, this
variance factor is defined as (Dodge and Jureckova
2000, p. 40)

�2 ;f D
R
 2k;�

�
e
s

�
fs.e/de�R

fs.se/
d k;�.e/

de
de
�2 (13.10)

It is easily shown that substitution of (13.2) and
(13.7) leads to the expression (similarly to Dodge
and Jureckova 2000, p. 78)

�2 ;f D s2

4

.1 � �/2�21 C 2�.1� �/#1 C �2

..1 � �/�1 C �/2
;

(13.11)

with quantities

�1 WD
kZ

�k
f1.e/de D F1.k/ � F1.�k/; (13.12)

#1 WD
1Z

�1
j k;1.e/jf1.e/de;

D 2

kZ

�k
jejf1.e/de C 4k Œ1 � F1.k/� ; (13.13)

�21 WD
1Z

�1
 2k;1.e/f1.e/de;

D 4

kZ

�k
e2f1.e/deC 8k2 Œ1 � F1.k/� ; (13.14)

characterizing the data distribution, with respect to
Huber’s M-estimator  k;1 and the true basis density f1
and the corresponding distribution function F1. It will
be convenient to use the quadratic approximation in �
(Dodge and Jureckova 2000, p. 79)

�2 ;f � s2

4

�
.1 � �/2 �

2
1

�21
C 2�.1 � �/#1

�1
C �2

�

(13.15)

instead as we wish to find the optimal value for
� 2 Œ0; 1� which minimizes the variance (a convex or
concave function depending on the values for �1; #1
and �1). Minimizing (13.15) as a function of � then
yields

�opt D

8̂
ˆ̂̂<
ˆ̂̂̂
:

0 if �21 � #1�1 and �21 < �
2
1

�21 � #1�1

�21 � 2#1�1 C �21
if #1�1 � �21 and #1�1 < �21

1 if �21 < #1�1 and �21 < �
2
1

:

(13.16)

We will now demonstrate how �opt and the correspond-
ing minimum variance �2 ;f are estimated from given

data by substituting empirical quantities (Os; O�1; O#1; and
O�21) for their theoretical counterparts.



90 J.M. Brockmann and B. Kargoll

3 Algorithms and Estimation
Procedure

3.1 Estimation of the Scale s

Evaluating (13.2) for eD 0 and using the fourth techni-
cal assumption we see that fs.0/ D 1=s or sD 1=fs.0/.
The estimation of the scale parameter is thus reduced
essentially to the estimation of fs.0/, which we per-
formed via the well known kernel density estimation
(KDE) method (see e.g. Peracchi 2001, p. 447ff). A
different, however far more complex, approach based
on regression quantiles has been proposed by Dodge
and Jureckova (2000, p. 151).

As a starting point for the scale estimation we
compute the residuals Ovi D Ai OxL1 � `i using the scale
invariant robust L1-norm estimates. Then the kernel
density estimate at a point e0 is given by

Ofs.e0/ D 1

n

nX
iD1

1

b
K

�
e0 � Ovi
b

�
(13.17)

where we used a Gaussian kernel for K.�/ with band-

width b D 1:48 � median .jOvj/ � 4
3n

� 1
5 (cf. Bowman and

Azzalini 1997, p. 31). Equation (13.17) now allows one
to estimate the scale parameter through the relation

Os D Ofs.0/�1: (13.18)

Other kernels and similar bandwidths could be used
without affecting the results much.

3.2 Estimation of �1; #1 and�2
1

As �1 represents the probability mass under f1 between
�k and k according to (13.12), we arrive at a corres-
ponding empirical measure by determining the fraction
of the standardized residuals within that range,1

O�1 D 1

n

nX
iD1

I

�ˇ̌
ˇ̌ Ovi

Os
ˇ̌
ˇ̌ � k

�
: (13.19)

Similarly, the integrals in (13.13) and (13.14) may be
approximated by

1I.�/ denotes the indicator function, which returns 1 if the
statement in the argument is true and 0 otherwise.

O#1 D 2

n �m

nX
iD1

ˇ̌
ˇ̌ Ovi

Os
ˇ̌
ˇ̌ I
�ˇ̌
ˇ̌ Ovi

Os
ˇ̌
ˇ̌ � k

�
C 2k.1 � O�1/;

(13.20)

O�21 D 4

n �m

nX
iD1

Ov2i
Os2 I

�ˇ̌
ˇ̌ Ovi

Os
ˇ̌
ˇ̌ � k

�
C 4k2.1 � O�1/:

(13.21)

Dodge and Jureckova (2000, p. 80) demonstrate that
these estimators converge in probability to their theore-
tical values. Now these estimates can be substituted
into (13.16) and (13.15) to obtain first the empirical
weighting factor O�opt and subsequently the variance
factor O�2.

3.3 Estimation of the Parameters x

Algorithm 1 demonstrates how the estimates for the
parameters x are computed via iteratively reweighted
least squares (IRLS) regarding the data-adaptive
M-estimator defined by the loss function (13.6) and
the corresponding weight function (13.8). Table 13.1
shows the parameter settings for which the various
estimators (L1, L2, HUBER, L2 CL1, HUBER CL1)
can be obtained with this algorithm.

Algorithm 1: Adaptive IRLS M-estimation

Data: AŒn�m� : : : design matrix, `̀̀Œn�1� : : : observations

Result: Ox.imax /
Œm�1� � � � final solution

estimate L1-norm solution OxL1 using .A; `̀̀/1
Ov.0/ D AOxL1 � `̀̀2
estimate Os // cf. eq. 13.17 and 13.183

compute O�1; O#1; O�21 // cf. eq. 13.19, 13.20 and 13.214

compute O�opt // cf. eq. 13.165
compute O�2 // cf. eq. 13.156
// IRLS iterations7
for i D 1 to imax do8

P.i/.j; j / D w
�

Ov.i/j =Os; O�; k
�

// cf. eq. 13.89

Ox.i/ D �
AT P.i/A

�
�1

AT P.i/`̀̀10
Ov.i/ D AOx.i/ � `̀̀11

end12 ḃ̇̇.i/eX D O�2 �AT A
�

�1
// cf. eq. 13.913

return Ox.imax /; ḃ̇̇.i/eX14

Table 13.1 Parameter configurations for different estimators
using algorithm 1

k � s

L1 arbitrary 1 1
L2 ! 1 0 1
HUBER 1:2 : : : 1:8 0 1
L2 C L1 ! 1 estimated estimated
HUBER+L1 1:2 : : : 1:8 estimated estimated
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4 Numerical Simulations

As far as both the small-sample and the large-sample
properties of the presented data-adaptive M-estimator
are concerned, the estimation of the scale parameter s,
the weighting parameter � and the variance factor �2 ;f
is of special interest. In this contribution we will
concentrate on the estimation of the mixture parameter
and of its accuracy as well as its empirical distribution,
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Fig. 13.2 Mean values and standard deviations for the
�-estimation for different sample sizes

the behaviour of which depends on the number of
observations n. For this purpose we performed Monte
Carlo simulations to determine a reasonable sample
size n, for which a reliable estimate for � is obtained.
These simulations were performed using a Fourier
series as functional model, which we found suitable to
simulate different configurations in terms of numbers
of parameters and numbers of observations. The
synthetic observations computed from true Fourier
coefficients were disturbed by adding white noise
generated from the Gauss/Laplace mixture distribution
(with ıD 0:5 and sD 2:5066 in (13.3)) using the
Acceptance-Rejection method for random number
generation (cf. Koch 2007, p. 196). These simulations
were carried out using different numbers of observa-
tions (i.e. 50 : : : 100;000), a Fourier series of degree
two, and two estimators (L2 C L1, Huber+L1). We
used a maximum number of 1;000 iteration steps and a
termination criteria of

ˇ̌
x.i/ � x.i�1/

ˇ̌
< 10�8. Then we

determined the mean value and the standard deviation
of the estimated O�opt from 100;000 Monte Carlo
samples. The estimation of � is influenced by the scale
estimation; to separate the effects, we used the true
scale s instead of the estimated scale as in algorithm 1.

The results of the simulations are summarized in
Figs. 13.2 and 13.3. It is seen that for sample sizes as
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Fig. 13.3 Histogram of �-estimates with sample size 50 (left
column) and 1;000 (right column) for the L1 C L2 combination
(upper row) and the L1CHUBER combination (lower row). The

grey line shows a normal distribution with the estimated mean
and standard deviation. The black line shows the true value for
� (not available for L1CHUBER combination)
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low as n D 50, bias, standard deviation and the range
of � estimates are generally very large. For n D 1;000

both the bias and the standard deviation are already
relatively low and the histogram of the �-estimates
roughly reflects a Gaussian distribution (Fig. 13.3).
For very large n (n>50;000) the bias and standard
deviation are seen to vanish.

5 Summary and Outlook

We demonstrated the theoretical idea, an algorithm and
some empirical small- and large-sample properties of
an estimator for the mixture parameter with respect
to the Gauss/Laplace mixture distribution in the con-
text of data-adaptive M-estimation, in particular for
L2 C L1 and HuberCL1 combination. We intend to
extend these investigations to various estimators for
the scale parameter s (e.g. based on simple KDE) and
for the variance/covariance matrix of the estimated
parameters.
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14Uniqueness and Nonuniqueness of the GNSS
Carrier-Phase Compass Readings

P.J.G. Teunissen

Abstract

In this contribution we analyse the possible nonuniqueness in the least-squares
solution of the GNSS carrier-phase compass model. It is shown that this lack of
uniqueness may manifest itself in the fixed baseline estimator and therefore in the
GNSS compass readings. We present the conditions under which nonuniqueness
occurs and give explicit expressions for these nonunique least-squares solutions.

Keywords

GNSS-compass • Ambiguity resolution • Attitude nonuniqueness

1 Introduction

Global Navigation Satellite System (GNSS) attitude
determination is a field with a wide variety of
challenging (terrestrial, air and space) applications,
see e.g. Cohen (1992), Lu (1995), Tu et al. (1996),
Montgomery et al. (1997), Park and Teunissen (2003),
Simsky et al. (2005), Kuylen et al. (2006), Teunissen
(2006), Hide and Pinchin (2007).

In the present contribution we consider the deter-
mination of heading and elevation (or yaw and pitch)
and therefore restrict ourselves to the two-antenna,
single baseline case. GNSS carrier phase data and
integer ambiguity resolution are needed in order to
determine the compass parameters with the highest
possible precision. Short baseline, epoch-by-epoch,
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Delft Institute of Earth Observation and Space Systems, Delft
University of Technology, The Netherlands

Department of Spatial Sciences, Curtin University of
Technology, Perth, Australia
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successful ambiguity resolution is however only pos-
sible if two or more frequencies are used, but not in the
single-frequency case. In the single-frequency case,
the underlying model is too weak to ensure a suffi-
ciently high probability of correct integer estimation.
Hence, for the single-frequency case, the correspond-
ing GNSS model needs to be strengthened and this
can be done by considering the length of the (small)
baseline to be known. This model is referred to as the
GNSS compass model and it differs from the standard
GNSS single baseline model in that the known length
of the baseline is added as a (weighted) constraint.

The inclusion of the baseline length constraint
strengthens the model, thereby increasing the ambi-
guity success rates significantly, but at the same
time it also complicates the least-squares estimation
process. This is particularly true for short to very-
short GNSS baselines (less than 1 m), as a reduction in
baseline length increases the nonlinearity of the curved
manifold. Related to the high-nonlinearity is another
potential complication, namely the occurrence of
singularities in the solution process. We will show that
non-uniqueness in the attitude solutions may indeed

N. Sneeuw et al. (eds.), VII Hotine-Marussi Symposium on Mathematical Geodesy, International Association of Geodesy
Symposia 137, DOI 10.1007/978-3-642-22078-4 14, © Springer-Verlag Berlin Heidelberg 2012
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occur and we will characterize them for different
measurement scenarios. Singularities of different types
may occur and we will identify them in relation
to various data subspaces. The theoretical analysis
presented also improves our understanding of the near-
singular situations. Due to a lack of space, the theorems
are presented without an extensive proof. These will
be published elsewhere.

2 The GNSS Compass Model

In principle all GNSS baseline models can be cast
in the following frame of linear(ized) observation
equations,

E.y/ D AaC Bb; D.y/ D Qyy; a 2 Z
p; b 2 R

n

(14.1)

where y is the given GNSS data vector of order m,
and a and b are the unknown parameter vectors of
order p and n respectively. E.:/ and D.:/ denote the
expectation and dispersion operator, and A and B are
the given design matrices that link the data vector to
the unknown parameters. Matrix A contains the carrier
wavelengths and the geometry matrix B contains the
receiver-satellite unit line-of-sight vectors. The vari-
ance matrix of y is given by the positive definite matrix
Qyy . The data vector y will usually consist of the
‘observed minus computed’ single- or multi-frequency
double-difference (DD) phase and/or pseudorange
(code) observations accumulated over all observation
epochs. The entries of vector a are then the DD carrier
phase ambiguities, expressed in units of cycles rather
than range. They are known to be integers, a 2 Z

p .
The entries of the vector b will consist of the remaining
unknown parameters, such as baseline components
(coordinates) and possibly atmospheric delay param-
eters (troposphere, ionosphere). They are known to be
real-valued, b 2 R

n. Vectors a and b are referred to as
the ambiguity vector and baseline vector, respectively.

Since we consider the GNSS-Compass application
in the present contribution, we restrict attention to the
case of satellite tracking with two near-by antennas.
The short distance between the two antennas implies
that we may neglect the (differential) atmospheric
delays. Thus b consists then only of the three
coordinates of the between baseline vector of the two
antennas.

If we may assume that the two antennas are firmly
attached to the body of the moving platform, the length

of the baseline vector may be determined a priori. In
that case we can strengthen the GNSS model (14.1) by
including the additional observation equation

E.l/ D kbk; D.l/ D �2l (14.2)

The required compass information (e.g. heading and
pitch) follows from the baseline solution of the GNSS
compass model (14.1) and (14.2). To obtain the most
precise compass information, use needs to be made of
the very precise carrier phase data. The inclusion of
the carrier phase data into the model accounts for the
presence of the unknown integer ambiguity vector a
in (14.1).

3 The Least Squares Compass
Solution

The least-squares (LS) objective function of the GNSS
compass model (14.1) and (14.2) is given asH.a; b/ D
ky � Aa � Bbk2Qyy

C ��2
l .l � kbk/2, with a 2 Z

p ,

b 2 R
n, and k:k2Qyy

D .:/TQ�1
yy .:/. The LS parameter

solution is therefore given by the minimizers

La D arg min
a2ZpŒmin

b2Rn H.a; b/�

Lb D arg min
b2Rn H. La; b/ (14.3)

This can be worked out further if we let Oa, with
variance matrixQ Oa Oa, denote the LS ambiguity solution
of (14.1) without the integer constraint a 2 Z

n, and
let Ob.a/, with variance matrix Q Ob.a/ Ob.a/, denote the
conditional LS baseline solution of (14.1) assuming a
known. Then the LS solution (14.3) can be shown to
work out as

La D arg min
a2Zp

�
k Oa � ak2Q

OaOa
C min

b2Rn G.a; b/
�

Lb D arg min
b2Rn G. La; b/ (14.4)

whereG.a; b/ D k Ob.a/� bk2Q
Ob.a/Ob.a/

C ��2
l .l � kbk/2.

Note that (14.4) reduces to the LS parameter
solution of the GNSS-baseline model (14.1) in case
�2l D 1. Then minb2Rn G.a; b/D 0 and arg minb2Rn
G.a; b/D Ob.a/, from which it follows that the
minimizers of H.a; b/ are given as

La D arg min
a2Zn k Oa � ak2Q

OaOa
and Lb D Ob. La/ (14.5)
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This is the commonly used solution for real-time
kinematic (RTK) GNSS baseline processing, see e.g.
Strang and Borre (1997), Teunissen and Kleusberg
(1998), Misra and Enge (2001), Hofmann-Wellenhoff
and Lichtenegger (2001), Leick (2003).

The computational complexity of (14.5) resides in
the computation of the integer least-squares (ILS) solu-
tion La. Its computation is based on an integer search
inside an ellipsoidal search space, which can be effi-
ciently executed by means of the standard LAMBDA
method, see Teunissen (1994) and Teunissen (1995).
The computation of LbD Ob. La/, the so-called fixed base-
line, is straightforward once La is known.

In our present case, we have �2l ¤ 1. This increases
the computational complexity considerably. First, the
computation of the fixed baseline vector is more com-
plicated; compare (14.4) with (14.5). Second, the com-
putation of La is now based on an integer search in a
non-ellipsoidal search space. An efficient method for
this search has been developed, see Teunissen (2006),
Buist (2007), Park and Teunissen (2007), Giorgi et al.
(2008).

4 Nonuniqueness of Compass
Solution

Note that the minimization problem minb2Rn G.a; b/
of (14.4), is part of the ambiguity objective function.
Thus for every evaluation of the ambiguity objec-
tive function, this minimization problem needs to be
solved. A proper understanding of this minimization
problem is therefore essential for the GNSS-compass
ambiguity resolution problem. To simplify notation,
we define

F.b/ D kb0 � bk2Q C ��2
l .l � kbk/2 (14.6)

Then, forQDQ Ob.a/ Ob.a/, we have minb G.a; b/D minb

F.b/ if b0 D Ob.a/, and LbD arg minb F.b/ if b0 D Ob. La/,
see (14.3) and (14.4). Since all the properties of the
fixed baseline estimator can be derived from F.b/, we
use from now on the simplified notation of (14.6).

The minimization of (14.6) is a nonlinear least-
squares problem of which the manifold is highly
curved if Q is large and l is small. This is the typical
case for the GNSS compass, where the baseline is very
short and the single-epoch solution is determined by
the relative poor code data.

The problem of minimizing F.b/ can be described
in geometric terms as the problem of finding a point
of contact between the b0-centred ellipsoid kb0 �
bk2Q D constant and the origin-centred sphere kbk2 D
constant. These points of contact are easily determined
in case Q is a scaled unit matrix, but not so in the
general case.

We have the following theorem.

Theorem 1. Let Mb D Q�1 C ��2
l .1 � l=kbk/ In.

ThenF. Ob/ � F.b/ for all b 2 R
n if and only ifM Ob Ob D

Q�1b0 andM Ob � 0.

This theorem formulates necessary and sufficiency
conditions for Ob to be a global minimizer of F.b/.
It also provides the conditions for having nonunique
minimizers. Note that Mb DM Ob for any b¤ Ob that has

the same length as Ob, kbk D k Obk. Thus for nonunique
minimizers to exist, it is necessary that M Ob is
singular.

It can be shown that Mb is singular if and only if
kbk D l=.1C�2l �1/, where �1 is the smallest eigen-
value of Q�1. Nonunique minimizers, if they exist, lie
therefore all on the sphere with radius �1.

5 When do the Nonunique Solutions
Exist?

Before we can determine the nonunique solutions, we
first need to know whether they exist. The consis-
tency requirement of the system of equations, Mbb D
Q�1b0 and kbk D �1, results in two conditions that the
data vector b0 has to satisfy. The first condition is that
b0 must lie in the range space of matrix QMb, b0 2
R.QMb/. The second condition comes into play when
the first condition is satisfied. This second condition
puts restrictions on the length of b0. Not every b0 that
makesMbb D Q�1b0 consistent, will namely produce
a solution that satisfies kbk D �1.

We start with the first condition. Let the orthogonal
matrix of eigenvectors of Q�1 be partitioned as U D
.U1; U2/, with U1 containing all eigenvectors having
�1 as eigenvalue. Then the null space and range space
of QMb are spanned by the columns of U1 and U2,
respectively. Hence, the first consistency condition can
be formulated as

UT
1 b0 D 0 or b0 2 R.U2/ (14.7)
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If this condition is satisfied, then Mbb D Q�1b0 is
solvable and its solutions can be expressed as

b D bp C U1ˇ1 (14.8)

where bp D .QMb/
Cb0 is a particular solution, with

.QMb/
C the pseudo inverse ofQMb , and where U1ˇ1

is the homogeneous solution, with ˇ1 still undeter-
mined.

Since b of (14.8) has to satisfy kbk D �1, the as yet
undetermined ˇ1 cannot take on values freely, but has
to satisfy

kˇ1k2 D �21 � k.QMb/
Cb0k2 � 0 (14.9)

This shows that b0 may not have an arbitrary length.
Hence, the nonnegativity condition of (14.9) is the
second consistency condition that b0 has to satisfy.

If we take the two conditions, (14.7) and (14.9),
together, we may summarize our result as follows.

Theorem 2a. The function F.b/ (cf. (14.6)) has
nonunique minimizers if and only if

b0 2 C D fx 2 R
n j kxk2˙ � �21 ; x 2 R.U2/g

(14.10)

where ˙�1 D U1U
T
1 C .QMb/

CT .QMb/
C.

Thus we now know, if the data vector b0 lies in the
intersection ofR.U2/ and the origin-centred ellipsoidal
region kxk2˙ � �21 , that we will have more than one
minimizer of F.b/.

6 The Nonunique Solutions
Determined

It is now not difficult anymore to determine the
nonunique solutions. We already know that the
nonunique minimizers, if they exist, lie all on
the sphere with radius �1, denoted as S�1 . This
combined with the general solution of Mbb D Q�1b0
(cf. (14.8)), gives the following result.

Theorem 2b. The nonunique minimizers of F.b/

(cf. (14.6)), if they exist, are given by the solution set

S D fbp CR.U1/g \ S�1 (14.11)

where bp D .QMb/
Cb0.

The consistency set C and solution set S can both
be given a clear geometric interpretation. The set
C describes the two consistency conditions (14.7)
and (14.9). Geometrically this set describes the
intersection of an origin-centred ellipsoidal region with
the linear manifold R.U2/. Since R.U1/ and R.U2/
are each others orthogonal complement, we have
dimR.U2/Dn� dimR.U1/. Thus if dimR.U1/Dn,
then dimR.U2/D 0 and CD f0g, and if dimR.U1/ D
n � 1, then dimR.U2/ D 1 and C reduces to an origin
centred interval.

The solution set S is the intersection of the linear
manifold bp C R.U1/ with the sphere S�1 . It consists
of two points if the linear manifold is a straight line
(dimR.U1/D 1) and it forms a circle if the linear
manifold is a plane (dimR.U1/D 2). Since the dimen-
sion of the linear manifold is equal to the number
of times the eigenvalues of Q�1 are equal to �1,
we have 1� dimR.U1/�n. If dimR.U1/Dn, then
bp CR.U1/DR

n and SDS�1 . This is the special case
when all eigenvalues of Q�1 are equal (i.e. Q is a
scaled unit matrix).

As an illustration, we now show for the cases n D
1; 2; 3 how the sets C and S may look like.

Case n D 1: If n D 1, then U1 D 1, U2 D 0, and
Q D ��1

1 . Therefore C D f0g and S D S�1 D fb 2 Rj
b D ˙�1g. SinceF.b/ D ��2

l .1C�2l �1/.b2�2�1jbjC
l�1/ for b0 D 0, it is readily verified that ˙�1 are
indeed its two minimizers (see Fig. 14.1).

Case n D 2: We now have two cases: (a) U1 D I2,
U2 D 0 and (b) U1 D u1, U2 D u2. In case (a) we
have C D f0g and S D S�1 . In case (b), C is an origin-
centred interval of length 2�1.1 � �1=�2/ along the u2
direction and S consists of the two intersection points
of the line b D bp C u1˛ with the circle S�1 (see
Fig. 14.2). Note, if b0 lies on the edge of C and thus
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Fig. 14.1 The function F.b/ D �1.b0 � b/2 C ��2
l .l � jbj/2

for b0 D 0 (left) and b0 ¤ 0 (right)
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b0
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b = bp + u1a
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Fig. 14.2 The case n D 2 with U1 D u1, U2 D u2: Shown are
the circle S�1 with axes u1 and u2 , the interval C, the two solution
points of S, the line b D bp C u1˛ and the ellipse kb0 � bk2Q D
constant

kb0k D �1.1 � �1=�2/, that kbpk D �1 and the two
intersection points coincide in one point.

Case n D 3: We have the three cases: (a) U1 D I3,
U2 D 0, (b) U1 D .u1; u2/, U2 D u3, and (c) U1 D
u1, U2 D .u2; u3/. In case (a) we have C D f0g and
S D S�1 . In case (b), C is an origin-centred interval of
length 2�1.1 � �1=�3/ along the u3 direction and the
solution space S is the circle with centre bp and radiusq
�21 � kbpk2 that follows from intersecting the plane

b D bp C u1˛1 C u2˛2 with the sphere S�1 . In case
(c), C is an origin-centred ellipse in the U2-plane with
principal axes �1.1 � �1=�2/u2 and �1.1 � �1=�3/u3.
The solution space S is then the two point intersection
of the line b D bp C u1˛ with the sphere S�1 .

The latter case (n D 3 (c)) is the one that is most
likely to occur with GNSS, since the eigenvalues of
the variance matrix Q D Q Ob.a/ Ob.a/ will usually all be
different.
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15The Effect of Reordering Strategies
on Rounding Errors in Large, Sparse
Equation Systems

A. Ernst and W.-D. Schuh

Abstract

The effect of reordering strategies on the rounding errors is considered for the
factorization and solution of sparse symmetric systems. On the one hand, a
reduction of rounding errors can be expected, because the number of floating
point operations decreases. On the other hand, the clustering of neighboring
parameters and therefore the fixing of the sequence of parameter elimination
may result in numerical instabilities. These effects are demonstrated for sparse
covariance matrices in Wiener filtering. In particular Cholesky factorization and
profile reordering in conjunction with envelope storage schemes are examined.

1 Introduction

In this work we investigate the hypothesis that reorder-
ing the sequence of unknown parameters of a sparse
equation system has no negative effect on the rounding
errors. In principle the sequence of the elimination of
unknowns is subject to an appropriate pivoting strategy
to deal with numerical instabilities. Strongly correlated
parameters are separated by reordering the sequence
of parameter elimination. In contrast to the pivoting
strategy the reordering scheme for sparse systems aims
at a clustering of neighbored data points. This yields a
small profile and only few fill-ins during the solution
process (Ernst 2009). From the numerical point of view
reordering counteracts pivoting. As a typical and also
most critical application we have a look at Wiener
filtering and other prediction processes where large
covariance matrices are generated. Compactly sup-

A. Ernst � W.-D. Schuh (�)
Institut für Geodäsie und Geoinformation der Universität Bonn,
D-53115 Bonn, Nussallee 17, Germany
e-mail: Schuh@uni-bonn.de

ported covariance functions in 2D (Sansò and Schuh
1987) and 3D (Gaspari and Cohn 1999; Gaspari et al.
2006; Moreaux 2008) allow for a sparse representation
of the covariance information considering the positive
definiteness. Naturally, we exploit the sparse structure
of the covariance matrices as much as possible by an
efficient reordering algorithm (e.g. reversed Cuthill-
McKee (Gibbs et al. 1976) or banker’s algorithm
(Snay 1976)) and an appropriate storage schema (Ernst
2009). As outlined in Schuh (1991) the numerical sta-
bility of covariance matrices in prediction procedures
is basically influenced by the shape of the covariance
function, the variance of the uncorrelated noise and the
data distribution. Especially neighboring data points
cause numerical problems. To study the numerical
behaviour in detail a specific rounding error analysis
is necessary. Whereas norm-based perturbation bounds
(Stewart 1973) are focused on the global assessment
of algorithmic processes and ignore the sparsity of a
system, a stochastic approach (Meissl 1980) allows for
an individual handling.

The paper is organized as follows. Section 2 defines
some fundamental terms concerning rounding error

N. Sneeuw et al. (eds.), VII Hotine-Marussi Symposium on Mathematical Geodesy, International Association of Geodesy
Symposia 137, DOI 10.1007/978-3-642-22078-4 15, © Springer-Verlag Berlin Heidelberg 2012
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analysis. Section 3 presents norm-based rounding error
analysis applied to Cholesky’s algorithm and intro-
duces the stochastic approach for a precise round-
ing error analysis and an algorithmic procedure to
overcome the recursive variance propagation within
Cholesky factorization. Section 4 gives an example.
The paper finishes with conclusions.

2 Rounding Error Analysis

For an efficient solution on a computer each floating
point number d is represented by its machine rep-
resentation d . Today the widely-used IEEE standard
754 defines the representation, rounding algorithms,
mathematical operations and exception handling for
floating point arithmetics (IEEE 2008). A floating
point number d in binary coded 64-bit (double preci-
sion) representation consists of

d D .�1/s �m � bq; (15.1)

where s denotes a binary digit for the sign of the
number, m the mantissa with � D 53 binary digits, b
the basis 2, and q the exponent with 10 binary digits
and a given bias. The relative error

ˇ̌
ˇ̌
ˇ
d � d

d

ˇ̌
ˇ̌
ˇ � "m; (15.2)

defines the unit roundoff or machine epsilon "m. This
quantity depends on the number of digits of the man-
tissa � and the rounding procedure. True rounding
(rounding to nearest) yields "m D 2�� . A mapping
error occurs also during each arithmetic operation.
The computer evaluates the computed function f .d/
instead of the mathematical function f .d/.

A rounding error analysis provides information
about the perturbance measured by the size of
jf .d/� f .d/j, the difference between the mathe-
matically rigorous result f .d/ and the function f .d/
evaluated with machine numbers. Expanding this norm
by plus minus f .d/ we get the inequality

jf .d/� f .d/j � jf .d/ � f .d/j C jf .d/� f .d/j:
(15.3)

The first absolute term on the right-hand side of
inequality (15.3) characterizes the stability of the
problem closely connected with the condition of the
problem, whereas the second term contains informa-

tion about the stability of the algorithm, where beside
the condition also the order and number of operations
in the algorithm has to be taken into account (Dahmen
and Reusken 2008).

3 Rounding Error Analysis Applied
to Cholesky’s Algorithm

Without restricting the generality we focus our inves-
tigation on the Cholesky solution of an n-dimensional
equation system Nx D y, where the positive definite,
symmetric matrix N is factorized by N D RTR into a
unique upper triangular matrix R with positive diag-
onal elements. For a given right hand side y the
unknown parameter vector x is computed by the solu-
tion of two triangular systems. In the forward substitu-
tion step RT z D y the auxiliary vector z is determined
and after this the unknown parameter vector x results
from the backward substitution step Rx D z.

In general the effect of rounding errors in a trian-
gular factorization process can be measured indirectly
by an estimation of the coefficients of the disturbed
system .N C�N/x D y, which are given by

j�nij j � .c1nC 2c2n
2 C c22n

3"m/ max
i;j

jnij j g "m

(15.4)

where c1 and c2 are constants of the order unity and g
denotes the growth factor, which is defined by half of
the magnitude of the largest number occurring during
the whole computation divided by the largest absolute
value in N (Stewart 1973, Theorem 5.3, p. 155). Apply-
ing the propagation of relative errors in linear equation
systems

k�xk
kxk � kNkkN�1k

�k�Nk
kNk C k�yk

kyk
�

(15.5)

(cf. Kreyszig 1993, p. 998) the disturbances in �N of
(15.4) can be propagated to the relative disturbances of
the solution vector. Introducing the norm kNk by the
infinity norm kNk D n max

i;j
jnij j and substitute (15.4)

in (15.5) yields

kx � xk
kxk � kNkkN�1k.c1 C 2c2nC c22n

2"m/ g "m:

(15.6)

In contrast to LU factorization strategies, the growth
factor of Cholesky decomposition is not affected by
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Table 15.1 Stochastical description for rounding errors of
arithmetical operations. � denotes the smallest integer power
satisfying the inequality

Operation " E f"g �f"g D cp
12

"m

Summation ".a/ 0 c D 2� > max.jaj; jbj; ja C bj/
Subtraction ".s/ 0 c D 2� > max.jaj; jbj; ja � bj/
Multiplication ".m/ 0 c D 2� > ja � bj
Division ".d/ 0 c D 2� > ja=bj
Square root ".sq/ 0 c D 2� > jpaj

the pivoting strategy and is bounded by g � 1. The
influence of rounding errors is dominated by the linear
term 2c2n. This term is mainly caused by the accu-
mulation of the scalar products, and can be reduced
by a higher precision in the computation of the scalar
product (Stewart 1973, p. 156). However, also sparsity
reduces the number of operations and may have a
positive influence on the rounding errors.

To allow for an individual analysis Meissl (1980)
introduced a stochastic approach to estimate the round-
ing error for very large networks in particular for
the adjustment of the US ground-control network.
The rounding error " is considered a random variable
and defined by its expectation Ef"g and variance
�2f"g. Table 15.1 contains the expectation and vari-
ance for the arithmetic operations used in the Cholesky
algorithm. The expectation depends on the rounding
algorithm. In the IEEE 754 definitions true round-
ing is implemented, so in this case no bias occurs.
The variances �2f"g of the individual operations are
given in the last column of Table 15.1. The vari-
ance depends on the factor c, which is an opera-
tion dependent number, and on the machine epsilon
"m. The factor 1p

12
is defined by the variance of a

uniformly distributed random variable. The factor c
characterizes the maximum number of digits that are
lost during the operation and depends for the addi-
tion/subtraction on the maximum of the input values
as well as on the result of the operation. Within the
other operations of multiplication, division and square
root the factor c depends only on the magnitude of the
result.

In contrast to Meissl’s approach where a rough esti-
mation of the number of operations and the magnitude
of the quantities is used to propagate the rounding
error for the large system, we consider each individual

computing step. All functional dependencies during
the Cholesky decomposition are taken into account and
we perform a rigorous variance propagation for the
whole solution process. The rounding errors in each
operation are modeled individually by the size of the
actual operators,

f .a; b/ D f .a C "a; b C "b/C "f .a;b/: (15.7)

Here "a and "b denotes the perturbance of the coeffi-
cients and "f .a;b/ the rounding error during the opera-
tion. Applying linear perturbation theory we get

f .a; b/ D f .a; b/C c1"a C c2"b C "f .a;b/ : (15.8)

Collecting the "-quantities in the variable "f .a;b/ yields

f .a; b/ D f .a; b/C "f .a;b/ : (15.9)

The Cholesky factorization is a recursive evaluation
process. All elements rij , ri i , zi and xi depend on
previous evaluated elements and all these elements are
correlated. To show the principle approach we pick out
a special operation, the computation of

rij D
 
nij �

i�1X
kD1

rki rkj

!
=ri i ; i D 1 : : : j; j D 1 : : : n

(15.10)

(Meissl 1980, eq. 3.31). For the evaluation the dis-
turbed values rij and nij (ref. (15.9)) as well as the
basic rounding errors ".m/, ".s/ and ".d/ caused by the
arithmetic operations have to be taken into account,

rij D
nij �

i�1P
kD1

��
rki rkj C "

.m/

k

�
C "

.s/

k

�

ri i
C ".d/ :

(15.11)

Applying linear perturbation theory the individual
basic errors can be summarized by ""rij

""rij D 1

ri i

i�1X
kD1

�
"
.m/

k C "
.s/

k

�
C ".d/: (15.12)

It should be mentioned that the order of the computing
steps is important because the rounding errors are not
commutative as they depend on the size of the result.
Taken into account also the disturbances of the input
quantities we get
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000

0

Fig. 15.1 Structure of the implicit error formulation of the
complete solution process with Cholesky’s algorithm. The filled
parts depict dense matrix structures, the fat lines represent
diagonal matrix entries, and the white parts contain just zeros

rij C "rij D
�
nij C "nij

� �
i�1P
kD1
�
rki C "rki

��
rkj C "rkj

�

ri i C "rii

C ""rij : (15.13)

By expanding this equation and disregarding second
order terms of " we get a linearized construction for
the evaluated Cholesky-element rij ,

rij C "rij D rij C 1

ri i
"nij �

i�1X
kD1

�
rkj

ri i
"rki C rki

ri i
"rkj

�

� 1

2ri i
"rii C ""rij : (15.14)

We end up with an implicit formulation of "rij , which
depends on the already computed quantities "nij , "rki ,
"rkj and ""rij . The same approach is also applied to
the quantities of the forward and backward substitution
step, "zi and "xi .

The structure of the complete implicit equation
system is shown in Fig. 15.1. The system shows the
functional dependencies of the rounding errors as they
are formulated in (15.14). The system is ordered col-
umn wise by the errors of the derived quantities ("rij ,
"zi , "xi ) followed by the input errors ("nij , "yi ) and the
individually processed errors of the operations (""rij ,
""zi

, ""xi ) defined by (15.12). Out of these implicit
equations an explicit formulation for the unknown
rounding errors is needed. Therefore, the system is fac-
torized by the Gauss–Jordan algorithm, which solves
for the dependencies of the Cholesky quantities (see
Fig. 15.2).

To compute the rounding error covariance matrix
of the unknown parameters x the bordered block

Fig. 15.2 Structure of the explicit rounding error formulation
after reduction by the Gauss–Jordan algorithm. Dependencies
shifted to the right blocks of the known rounding errors

in Fig. 15.2 is needed. This block is the functional
matrix F"x in the variance propagation ˙ f"xg D
F"x˙ f"basicg FT"x .˙ f"basicg contains the uncorrelated
basic rounding errors that arise during the solution,
e.g ""rij of (15.12) and the a priori error information
of the normal equation system. The result is a full
covariance matrix˙ f"xg where the variances describe
the stochastic rounding errors of the solution of
the equation system. The covariances also contain
information concerning the correlations between the
single rounding errors.

4 Simulations

The algorithm outlined in Sect. 3 is tested with a
Wiener–Kolmogorov filtering of Bouguer anomalies
derived at irregular positions. Figure 15.3 shows
the spatial data distribution with the residuals and
identified outliers. The measurements are reduced
by a polynomial of second order to ensure sta-
tionarity. The residual signal s is predicted by
s D˙ fs; �lg˙ f�lg�1 �l; where �l denotes the
vector with the trend reduced measurements and
˙ f�lg the covariances. The matrix is deduced from
the analytic covariance function, where the empirical
covariances are approximated by a Bessel function
combined with a compactly supported function (Sansò
and Schuh 1987; Moreaux 2008). This leads to a
sparse matrix˙ f�lg. The matrix˙ fs; �lg defines the
covariances between the data points and the prediction
points.

We focus our attention on the inversion process
w D˙ f�lg�1 �l. This is equivalent to the solution of
the linear equation system ˙ f�lg w D�l. The matrix
˙ f�lg is reordered with three different numbering
schemes. The first scheme is the natural form given
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Fig. 15.3 Wiener–Kolmogorov prediction of Austrian Bouguer
anomalies (data set Ruess 1986, intern communication). Red
bars display the residuals. Red dotted bars display identified
outliers
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Fig. 15.4 Profiles of test system after Cholesky factorization
with different reordering strategies

by the ordering of the data. The second scheme is
produced by a reordering with the banker’s algorithm
(Snay 1976). The third system is generated by a ran-
domized ordering. The three profiles are shown in
Fig. 15.4.

To analyze the different rounding errors dependent
on the condition of the system we vary the condition
of the system by arbitrary choices of the uncorre-
lated noise in the data points, which is defined by
the difference between the empirical and the analytic
covariance function at the distance zero. The noise
is added on the main diagonal of ˙ f�lg and stabi-
lizes the system. These systems are tested with the
developed algorithm and the covariance matrix of the
rounding errors of the solution vector w is computed.
Results from the simulation are shown in Fig. 15.5.
The maximum rounding errors are plotted for the
different numbering schemes and systems. The errors
have almost the same size for the same condition
number. They do not differ significantly because of the
reordering strategy. The reordering with the banker’s
algorithm influences the rounding errors positively
at higher condition numbers. There the randomized
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Fig. 15.5 Results of the simulation for various condition num-
bers with the three numbering schemes and Stewart’s rounding
error approximation with c1 and c2 of the order unity fixed
with 1

ordering produces the highest rounding errors. But in
general the size of the rounding errors is essentially
influenced by the condition number. A clustering of
numerical instabilities cannot be observed. For well
conditioned systems the algorithm gives a more opti-
mistic approximation of the rounding errors than the
formula by Stewart up to the factor 100. For bad
conditioned systems both approximations show similar
results, but for instable systems Stewart’s approxima-
tion is smaller than the stochastic errors by a factor
of five but this depends basically on the choice of
the constants c1 and c2 in (15.6). For the stochastic
approach besides the absolute rounding errors also
individual values including the correlations between
the rounding errors can be analyzed. It can be observed
that the correlations depend very strongly on the size of
the rounding errors. The larger they are the higher they
are correlated.

5 Conclusion and Discussion

We investigated the hypothesis that reordering induces
a clustering of instabilities. The stochastic approach
allows for an individual analysis of rounding errors in
evaluation processes. As demonstrated here also com-
plex recursive algorithms can be handled and rigor-
ously computed. With respect to our hypothesis it can
be stated that the clustering of numerical instabilities
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caused by reordering strategy has no negative impact
on rounding errors.
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16Performance Analysis of Isotropic Spherical
Harmonic Spectral Windows

B. Devaraju and N. Sneeuw

Abstract

Spatial smoothing or spectral filtering using spherical harmonic spectral windows
is performed, for example, to reduce noise, or to bring two datasets to the same
resolution. Despite a number of spectral windows available, no framework exists
to analyse their performance in the spatial domain before a choice can be made. In
view of this, a set of parameters is devised to analyse the performance of isotropic
spectral windows in the spatial domain. Using these parameters five isotropic
spectral windows – Gauss, von Hann, Pellinen, box-car and Butterworth – are
analysed in terms of their efficacy in reducing the resolution of a given dataset.
The analysis shows that the parameters designed in this contribution provide a
new perspective to the qualitative and quantitative analysis of isotropic spectral
windows. Further, the analysis points out Butterworth (order 2) and von Hann
windows as the appropriate windows for reducing resolution of datasets.

Keywords

Isotropy • Performance analysis • Spectral windows • Smoothing • Filtering

1 Spatial Smoothing

Smoothing the gravity field on the sphere using
isotropic filter windows was formalised for physical
geodesy by Jekeli (1981) in order to reduce the res-
olution of the dataset. There he adapted the windows
that were already in use in Fourier spectral analysis
of one-dimensional (1-D) data to the sphere. The
interest in such filter windows resurfaced with the
advent of GRACE time-variable gravity field data due

B. Devaraju (�) � N. Sneeuw
Institute of Geodesy, University of Stuttgart,
Geschwister-Scholl-Str. 24D, D-70174, Stuttgart, Germany
e-mail: devaraju@gis.uni-stuttgart.de

to the need for suppressing noisy higher frequencies in
the GRACE dataset (Wahr et al. 1998). In due course,
a variety of methods were proposed to smooth the
noisy GRACE data, for example, Han et al. (2005);
Swenson & Wahr (2006); Kusche (2007); Klees et al.
(2008). An attempt was made by Kusche (2007) to
derive performance measures for the inter-comparison
of these filter kernels. However, a unifying framework
to analyse the performance of these filters in both the
spatial and spectral domains does not exist. In this
contribution, performance measures will be derived
and applied to determine the appropriate isotropic
spectral window for resolution reduction of a given
gravity field. The performance measures are to a larger
extent an adaptation of the measures devised by Harris
(1978) for windows in 1-D Fourier spectral analysis.

N. Sneeuw et al. (eds.), VII Hotine-Marussi Symposium on Mathematical Geodesy, International Association of Geodesy
Symposia 137, DOI 10.1007/978-3-642-22078-4 16, © Springer-Verlag Berlin Heidelberg 2012
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In the rest of this document, the terms smoothing oper-
ator/window and filter will be used inter-changeably.

2 Isotropic Windows

The weights of isotropic windows on the sphere
depend only on the spherical distance between the
points, which implies that they are independent of the
location and direction. They are the simplest class of
windows defined on the sphere. Table 16.1 shows a
few well-known isotropic windows used in physical
geodesy. Following is the harmonic transform pair for
an isotropic window.

W. / D
LX
lD0

2l C 1

2
wlPl .cos / (16.1a)

wl D

Z

0

W. /Pl .cos / sin d (16.1b)

where

W. / � Isotropic function on the unit sphere

Pl.cos / � Legendre polynomial of degree l

 � Spherical distance

wl � Legendre polynomial coefficients

Table 16.1 Some well-known isotropic windows. All spatial
cross-sections shown here are reconstructed/constructed using
(16.1a)

Filter Definition

Gauss W. / D b
e�b.1�cos /

1� e�2b
; b D ln.2/

1� cos 0

von Hann W. / D
(

1
2

�
1C cos 
 

 0

�
, 0 �  �  0

0,  0 �  � 


Pellinen W. / D
(
1 , 0 �  �  0

0 ,  0 �  � 


Box-car wl D
(
1 , l D 0; : : : ; lc

0 , l > lc

Butterworth wl D 1r
1C

�
l
lc

�2k , k D 1; 2; 3; : : :

Gauss von Hann Pellinen Box-car Butterworth

Spatial

Spectral

Smoothing a field f .�; �/ on the sphere with
an isotropic window is a convolution in the spatial
domain, and a multiplication in the spectral domain.

f 0.�; �/ D f .�; �/ �W. / (16.2a)

D
1X
lD0

wl

lX
mD�l

flmYlm.�; �/ (16.2b)

where � , � are the co-latitude and longitude, Ylm.�; �/
is the surface spherical harmonic of degree l and order
m, and flm is its coefficient.

3 Performance Measures

The performance measures that are designed here use
the energy associated with the filter kernel as the basis.
In Fig. 16.1, the definitions of different terms that will
be used in the rest of this contribution are illustrated.
The magnitude of the filter weights and the energy of
the filter will all be measured in units of decibel (dB).

W 0. / [dB] D 20 log10

�
W. /

W.0/

�
(16.3)

Processing loss (˛L) A certain amount of the signal
is lost when a field is filtered. Processing loss computes
the amount of signal lost due to filtering.

˛L D 1 �

’
˝

f 02.�; �/d˝
’
˝

f 2.�; �/d˝
D 1 �

P
l;m

w2l f
2
lm

P
l;m

f 2
lm

(16.4a)

D 1 � ˛ (16.4b)
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Fig. 16.1 Anatomy of an isotropic filter kernel
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˛SNR D SNR.f 0.˝//

SNR.f .˝//
; where SNR D Signal power

Noise power
(16.4c)

where ˛ is the damping factor (Kusche 2007). If the
isotropic windows are used for reducing noise, then
(16.4c) provides better information than (16.4b) as it
includes the smoothing applied to the noise as well.

Main-lobe half-width ( M) Main-lobe half-width
is the point of first zero-crossing of the isotropic
window. This definition is applicable only for filters,
whose spatial filter weights oscillate around zero. In
order to determine the main-lobe width of filters whose
weights decay to zero and do not cross it, a few other
definitions are required.

1. Spatial variance of normalized energy of the spatial
filter kernel For non-zero-crossing windows, the
main-lobe half-width is calculated via the second
moments of the energy function. In order to deter-
mine the second moments, the energy function is
treated as a probability density function by normal-
izing it as done by Kusche (2007).

 2M D

Z

0

 2
W 2. /


R
0

W 2. / sin d 
sin d (16.5)

2. Half-width of fraction of the peak The half-width
from kernel location at which the function attains a
certain fraction of its peak value.

W. M/ D 1

n
W.0/ (16.6)

3. Half-width at fraction of total energy The half-
width at which the filter has accumulated a desired
fraction of total energy contained in the function.

 MZ

0

W 2. / sin d D 1

n


Z

0

W 2. / sin d 

(16.7)

Highest side-lobe level It is defined as the peak of
the highest side-lobe. This is an important quantity
both for noise reduction and resolution reduction as
it determines the single largest unwanted contribution
from outside the main-lobe. For non-zero-crossing
windows, it is the magnitude at main-lobe half-width.

Side-lobe roll-off ratio (%s) It is defined as the ratio
between peak window weights of the first and last
side-lobe (cf. Fig. 16.1). This ratio determines how
fast the oscillations around the main-lobe subside, i.e.,
approach zero. For non-zero-crossing windows, it is
the ratio between window weights at the main-lobe
width and at the end of the window.

Spatial leakage (�) Spatial leakage is the fraction
of energy contributed to the total energy by the side-
lobes. Thus, the total energy contained in the filter is
the sum of leakage and main-lobe energy concentra-
tion (ˇ).


 D


R
 M

W 2. / sin d 


R
0

W 2. / sin d 
(16.8a)

D 1 �

 MR
0

W 2. / sin d 


R
0

W 2. / sin d 
D 1 � ˇ (16.8b)

4 Performance Analysis

The main idea of applying windows in the spectral
domain is to reduce the resolution or smooth noise in
the dataset. The windows must decay slowly towards
zero so that they can be transformed from the spectrum
to the space without any artefacts. The artefacts, which
are inevitable in the case of discontinuous and rapidly
decaying windows, mainly occur as oscillating weights
in the transformed window (in space). Therefore, the
region under these oscillating weights, called the side-
lobes, can be considered unwanted contribution. This
implies that the side-lobe levels must be smaller to
ensure that the smoothed signal represented at a point
in space is mostly represented by the main-lobe.

An ideal filter window applied in the spectral
domain for reducing the resolution should have the
corresponding main-lobe width without any side-
lobes, and should have minimum processing loss. This
implies that in the less-ideal cases, as in Fig. 16.2,
the filters should have desired main-lobe width, less
leakage, lower side-lobe levels, minimum processing
loss and faster side-lobe roll-off. Of these, highest side-
lobe level and processing loss provide an overview of
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Fig. 16.3 Scatter plot of the highest side-lobe level and process-
ing loss. The filters shown in Fig. 16.2 are compared for seven
different smoothing radii: 200, 300, 400, 500, 750, 1,000, and
2,000 km. These are arranged from left to right for each curve of
the filter. Good filters for a given smoothing radii will be in the
lower left corner of the plot

how much leakage can happen and how much energy
will be lost due to the filter, respectively. Figure 16.3
is constructed based on these observations.

Filter kernel comparison Gauss, von Hann, Pelli-
nen, box-car (Shannon window), and Butterworth. All
the filters have been transformed into spatial kernels
from their spectral coefficients, which means in the
case of Gauss, von Hann, and Pellinen filters, the ker-
nels are reconstructions. The spectral windows were
all expanded upto degree 360 for seven different radii.
Since the five filter kernels are defined in completely
different ways (cf. Table 16.1), the following proce-
dure was adopted for comparison.

The smoothing radii for Gauss filter is defined
such that the filter weights drop to half at the pre-
scribed smoothing radius. Similarly, the von Hann
filter weights reduce to half at half the prescribed
smoothing radius, which means that Gauss 500 km
and von Hann 1,000 km filters will have the same
filter weight at 500 km from the kernel location. This
provides a basis for comparing Gauss and von Hann
filters. The definition of von Hann filter shows that
the prescribed smoothing radius is also a cut-off radius
(cf. Table 16.1) and hence, it can be compared directly
with a Pellinen filter of the same cut-off radius. Since
Box-car and Butterworth filters are based on cut-off
degrees, they can be conveniently converted to spa-
tial scales by using half-wavelength rule

�
�
2

� 20;000
l

�
.

Excluding the Gauss filter, the main-lobe width values
obtained from the analysis, shown in Table 16.2, is a
proof to this procedure. The main-lobe half-width of
Gauss filter is the cut-off radius of the comparable von
Hann filter.

In Fig. 16.2, the magnitudes of filter weights are
shown in decibels for a 1,000 km smoothing radius.
The reason for plotting the filter weights in decibels is
that the filter structure is far more clearer than the usual
cross-section plots. Figure 16.3 shows the scatter plot
between highest side-lobe level and processing loss.
Kaula’s rule

�
�2l D 160�10�12

l3

�
was used for calculating

processing loss as the calculation requires spherical
harmonic coefficients of the field. Table 16.2 provides
values for the rest of the performance measures. The
ideal filter for a given smoothing radius will be in the
lower left corner of Fig. 16.3 as it will have a very low
side-lobe level and a minimal processing loss.

Butterworth filters of order 2 and von Hann filters
come close to satisfying the good filter criteria. While
Butterworth filters lose less during filtering, they have
more leakage than von Hann filters due to their side-
lobe levels (cf. Table 16.2). The von Hann filter has
a narrow main-lobe width with a very low side-lobe
level, in addition to the fact that leakage is nearly
non-existent. However, they lose a moderate part of
the energy during filtering. It is clear from Fig. 16.3
that von Hann filters have the lowest side-lobe levels,
and have processing loss slightly less than Pellinen &
Gauss but much more than Butterworth & Box-car
filters.

Pellinen filters outperform the box-car filters. They
have less leakage, lower side-lobe levels, and narrower
main-lobes compared to the box-car filter. However,
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Table 16.2 Main-lobe width ( M), spatial leakage (
), and
side-lobe roll off ratio (�s) are provided for the isotropic filters
compared here.  M is the first zero-crossing of the filter weights

Filter  M [km] 
 [%] �s [dB]
Gauss (at W. / D 0:5)
100 km 200 0.39 �106.16
250 km 500 0.39 �147.63
500 km 1,000 0.39 �169.12
von Hann
200 km 200.37 0.01 �30.86
500 km 498.53 0.00 �32.70
1,000 km 990.05 0.00 �84.04
Pellinen
200 km 235.44 0.50 �27.96
500 km 533.80 0.15 �26.48
1,000 km 1,033.94 0.08 �23.88
Box-car (lc)
100 242.05 16.22 �22.52
40 596.12 16.21 �14.70
20 1,163.78 16.18 �8.94
Butterworth (lc)
k D 2

100 193.96 0.33 �22.10
40 522.78 0.10 �19.43
20 1,062.39 0.10 �18.34
k D 5

100 212.60 2.55 �63.39
40 528.39 2.59 �87.49
20 1,044.56 2.65 �105.90
k D 10

100 225.22 6.96 �122.17
40 559.05 7.00 �170.86
20 1,105.27 7.08 �88.98

the performance of the reconstructed Pellinen filter
is highly dependent on the number of terms used to
reconstruct it.

Butterworth filters of order 2 have relatively lower
side-lobe levels, relatively less leakage, and a minimal
processing loss, which make them attractive for res-
olution reduction. The lower order Butterworth filters
decay slowly, and so the cut-off degree must be far less
than the maximum degree of expansion. If the cut-off
degree is closer to the maximum degree of expansion,
then there will be truncation effects and that can lead
to change in filter characteristics.

Gauss filters are different from other filters
compared here as by definition they do not reach
zero and therefore, will not have a side-lobe. The
side-lobes (not shown here) are an artefact of the
truncation of the harmonic expansion in the spectral
domain. Since they are comparable to von Hann filters,
their main-lobe width can be taken to be twice their

prescribed smoothing radius as mentioned previously.
It is interesting to note that the leakage remains
constant even with a change in the smoothing radius.
Other than the steep side-lobe roll-off, there is not
much of note about this filter.

Box-car filter performs the worst due to very high
side-lobe levels, enormous leakage, and wider than
expected main-lobe width. Inspite of having the least
processing loss, Box-car filters have a lot of undesir-
able characteristics, especially their leakage.

5 Summary and Conclusions

A set of measures were developed to analyse the
performance of isotropic spectral windows: processing
loss, main-lobe half-width, spatial leakage, highest
side-lobe level, and side-lobe roll-off ratio. Using these
parameters five different filters of varying smoothing
radii were analysed for their efficacy in reducing the
resolution of a given field.

The performance measures provide deeper insights
into the characteristics of the filters, which makes
it easier to choose a filter and its smoothing radii
depending on the needs of the problem in hand. This
was shown for the case of resolution reduction, where
the measures point to Butterworth filters of order 2 (if
lower processing loss is desired), and von Hann filters
(if lower leakage is desired).
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17Uniqueness Theorems for Inverse
Gravimetric Problems

D. Sampietro and F. Sansò

Abstract

The inverse gravimetric problem, namely the determination of the internal density
distribution of a body from the exterior gravity field, is known to have a very
large indeterminacy while it is well identified and described in functional terms.
However, when density models are strongly reduced to simple classes, or func-
tional subspaces, the uniqueness property of the inversion is retrieved. Uniqueness
theorems are proved for three simple cases in Cartesian approximation:

 The recovery of the interface between two layers of known density

 The recovery of a laterally varying density distribution, in a two layers model,
given the geometry of the problem (topography and depth of compensation)

 The recovery of the distribution of the vertical gradient of density, in a two
layers model, given the geometry of the problem (topography and depth of
compensation) and the density distribution at sea level.

Keywords

Inverse gravimetric problems • Earth’s density anomalies • Uniqueness theorems

1 Introduction

The inverse gravimetric problem consists in recovering
the Earth’s density distribution from observations of
functionals of the gravitational potential. This prob-
lem, is based on the inversion of Newton’s gravita-
tional potential:

V.P / D G

Z Z Z
B

�.Q/

rQ.P /
dv.Q/ (17.1)

D. Sampietro (�) � F. Sansò
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Via Valleggo 11, 22100 Como, Italy
e-mail: daniele.sampietro@polimi.it

and of its derivatives, which are expressed in term
of Fredholm integral equations of the first kind (see
for example Lavrent et al. 1986). In literature vari-
ous publications have studied this inverse gravimet-
ric problem (see, for instance, Nettleton 1939, 1940;
Ballani and Stromeyer 1982, 1990; Vanı́ček and Chris-
tou 1994; Michel 1999; Tarantola 2005; and the refer-
ences therein). Considering (17.1) it turns out that each
of Hadamard’s criteria for a well-posed problem is
violated (see for example Michel 2005), in particular if
the problem is solvable, then the space of all solutions
corresponding to a fixed potential V.P / is infinite-
dimensional. In specific the densities that do not pro-
duce an external field, are those that are orthogonal to
all (square integrable) harmonic function in B.
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The non-uniqueness can be treated, for instance, by
considering hypotheses on the shape of the density
discontinuity. In fact, in principle, one can think that
it is better to use a rough geophysical hypothesis
and to find a unique solution, rather than accepting
a solution that can be very far from reality because
it corresponds to a purely mathematical criterion (see
Sansò et al. 1986). In this work the uniqueness of
the solution for three different inverse gravimetric
problems under the assumptions of a two layer body
in Cartesian approximation is proved. Note that for
some geophysical problems such as the study of the
Moho topography or the study of mountains roots these
approaches are frequently used (see e.g.Gangui 1998
or Lessel 1998).

We underline here that in this work “Cartesian
approximation” means that we consider a Cartesian
reference frame in which the Z axis is oriented as the
prevailing direction of the plumb line in the area.

2 Considered Inverse Problems

The determination of the structure (density and depth
of discontinuity) of a two layer body, based on the
inversion of Newton’s gravitational potential, is an
ill-posed problem. Nevertheless under some assump-
tions the uniqueness of the solution can be retrieved.
In this work three cases (fixed geometry, fixed density
distribution and vertical gradient), with different initial
hypothesis, are considered. To fix the ideas we think
of the two layer case as referring, in Cartesian approx-
imation, to the Earth crust and mantle. In this context
the three cases can be seen as the estimation of the hor-
izontal density gradient in the Earth crust, the estima-
tion of the Moho depth and the estimation of the crust
density gradient in the vertical direction respectively.

In the first case (fixed geometry) the uniqueness of
the solution is proved for an inverse problem in which
we want to estimate the density distribution from
gravimetric observations knowing the geometry of the
problem (i.e. the topography and the surface of the
discontinuity between crust and mantle). Vice-versa in
the second case we suppose to know the value of the
density in the two layers and the topography and we
want to estimate the depth of compensation. In the last
case the uniqueness is proved for the estimation of the
vertical gradient of the density from gravity observa-
tions, given the geometry and the density distribution

Fig. 17.1 Geometry and the notation used

at a known altitude. The three cases can be summarized
as follow (refer to Fig. 17.1 for the notation):
• Fixed geometry:

– H.Ÿ/ is the given topography
– �c.Ÿ/ is the unknown crust density as function of

the planar coordinates only
– �D.Ÿ/ is the known geometry of the surface

between crust and mantle
• Fixed density distribution:

– H.Ÿ/ is the given topography
– �c.Ÿ/ is the given crust density
– �D.Ÿ/ is the unknown depth of compensation

• Vertical gradient:
– H.Ÿ/ is the given topography
– �c.Ÿ/D�0.Ÿ/C.h�H/�0.Ÿ/ is the linearized, in

the vertical direction, crust density
– �0.Ÿ/ is the known density at the upper level
– �0.Ÿ/ is the unknown density vertical gradient
– �D.Ÿ/ is the known depth of compensation.

In all the cases, the mantle density, is considered as a
known constant. The geometry and the notation used
in the three cases are described in Fig. 17.1.

To prove the uniqueness of the solution for our
inverse problems we consider two bodies, B1 and B2
respectively, with the same external surface S and
generating the same external (i.e. in h > H ) gravity
field. We restrict here to the case that the perturbing
body B has a finite extension, as shown in Fig. 17.1.

Moreover we assume that:
• Both the bodies are constituted by two layers: man-

tle and crust
• D1 and D2 are the regular surfaces between mantle

and crust for the two bodies
• ¡m, is the mantle density for both the bodies

while ¡c1 ¡c2 are the crust densities for B1 and
B2 respectively

• �m > �c1 and �m > �c2
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• V1 D V2 D V where V1 is the potential outside S
due to B1 and V2 is the potential outside S due to
B2.

Naturally this condition guarantees that the potentials
V1 and V2 do coincide in fh � H g. Let us observe that
the solution of the second problem, with some little
variations, has already been given in literature (Barza-
ghi and Sansò 1988, Biagi 1997, Sampietro 2009) and
it is presented here only for the sake of completeness
and comparison with the solution of the other two
cases.

3 Uniqueness Theorems

We want to prove that if we take into account the previ-
ous hypotheses the corresponding inverse gravimetric
problems admit a unique solution.
1. To demonstrate the thesis for problem 1 consider

a third body B , which density is, ı� D �c1–�c2
obtained as the difference between B1 and B2 (see
Fig. 17.2). Obviously, since V1 D V2 on S including
the whole Ÿ plane, B generates a zero-potential
everywhere outside the body:

V.ı�/ D 0 outsideB: (17.2)

Note that in principle we know that V D 0 only
on the upper surface (Fig. 17.2), but due to the

Fig. 17.2 The Body B in the three cases considered

hypothesis of finite extension of B and thanks to the
unique continuation property holding for harmonic
functions, we can claim that V D 0 everywhere
outside B (Moritz 1980).

Consider now the classical inner product
<�; �> in L2, since, for (17.1) and (17.2), for
P<ı�; 1

rQ.P /
> D 0 outside B and since the set

fı�; 1
rQ.P /

g is dense in the subspace of functions
harmonic in B (one of the many formulations of
Krarup’s theorem, see Krarup 1975; Sansò 1982)
it holds <•¡; u>D 0 8u 2L2.B/, i.e. belongs
to the orthogonal complement of the space
of square-integrable functions harmonic in B .
A detailed proof of this theorem (theorem of zero-
potential distributions) is given in Sansò 1980.

Let’s consider now a generic square integrable
function u, harmonic in B, since ı� belongs
to the orthogonal complement of the space of
square-integrable functions harmonic in B (see
Sansò 1980) we have that:

Z
B

h
ı �
�
Ÿ; h

�i
u dB D 08u; �u D 0 inB:

(17.3)

Take an arbitrary set A on the plane Ÿ, contained
on the projection of B on this plane (see Fig. 17.1)
and define a typical test function ˚A.Ÿ/ smooth
and positive in A but null outside A. Now let v be
harmonic in B and such that:

(
v.Ÿ;H/ D ˚A.Ÿ/

v.Ÿ;�D/ D 0
(17.4)

furthermore define

u D @v

@h
: (17.5)

It is easy to see that v is a smooth function, so that
v 2 L2.B/. If we think at the fixed geometry model,
we have thatD1.
/ D D2.
/ D D.
/ and that since
both �c1 and �c2 do not depend from h also ı� will
not depend from h (i.e. ı� D ı�.
//. Substituting
(17.5) into integral (17.3) we get:

Z
S

dŸ

Z H

�D

h
ı�.Ÿ/

i @v

@h
dh D 0: (17.6)
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Solving the integral in the vertical direction we
obtain:
Z
S

h
ı�.Ÿ/

i
Œv.H/ � v.�D/� d.Ÿ/ D 0: (17.7)

Taking into account a small two-dimensional set A,
in which we know that ı� does not change its sign
and considering the properties of v described into
(17.4), we have:

Z
A

ı�.Ÿ/˚A.Ÿ/dŸ D 0: (17.8)

This implies ı�.Ÿ/ D 0 in A and, since the previous
equivalence must hold for every set A and for every
function v; it must be ı�.Ÿ/ D 0 i.e. �c1.Ÿ/ D
�c2.Ÿ/.

2. In the case of a fixed, laterally varying density
model we assume �c1.Ÿ/ D �c2.Ÿ/ D �.Ÿ/ while
D1 and D2 can be different. Going back to (17.3)
and considering the new assumptions we can write:

( R
S
dŸ
R �D1

�D2 .�m � �/ @v
@h

dh D 0 if D2 > D1R
S
dŸ
R �D2

�D1 .� � �m/
@v
@h

dh D 0 if D1 > D2

:

(17.9)

The only solution of the previous system is
D1.Ÿ/ D D2.Ÿ/. In fact if we suppose to take
the set A where for exampleD2 > D1 we obtain:

Z
A

.�m � �2/˚A .Ÿ/dŸ D 0 (17.10)

that is not possible since this integral, for the prop-
erties of the function ˚A and because �m > �2, is
always positive.

3. Consider now the last case (vertical density gradi-
ent). This means that by hypothesis the following
density model holds:

�c.Ÿ/ D �0.Ÿ/C .h�H/�0.Ÿ/ (17.11)

where �0.Ÿ/ is the density on the external surface
S , which is assumed to be known, while �0.Ÿ/, the
vertical gradient, is unknown. Equation (17.3) still
holds and by hypothesis we can write:

ı�c.Ÿ/ D .h �H/ı�0 (17.12)

where ı�0 D �0
1.Ÿ/� �0

2.Ÿ/.

Furthermore in this case we use again the same
function v as defined in (17.5) but we put u D @2v

@h2
.

Substituting (17.12) into (17.3) we obtain:

Z
S

dŸ

Z H

�D
�
.h �H/ı�0� @2v

@h2
dh D 0 (17.13)

solving the integral in the vertical direction we get:

Z
S

dŸı�0
	

v.�D/ � v.H/� .D CH/
@v

@h

ˇ̌
ˇ̌
�D




D 0: (17.14)

Again, considering the properties of the function v,
integral (17.14) becomes:

Z
A

dŸı�0
	
� .D CH/

@v

@h

ˇ̌
ˇ̌
�D

� v .H/



D 0:

(17.15)

In integral (17.15) the integrand in square brackets
is always negative since v.Ÿ;H/ D ˚A.Ÿ/ � 0, and
@v
@h

j�D is positive, or better non-negative, because
of standard maximum properties of harmonic func-
tions. Therefore it must be ı�0.Ÿ/ D 0 i.e. �0

1.Ÿ/ D
�0
2.Ÿ/.

Conclusion

The general theorem of zero-potential distributions
proves that in a two layer model and under simple
assumptions (known topography, constant density
or known depth of compensation) the inverse gravi-
tational problem admits a unique solution.
The uniqueness of the solution is proved also when
the linear, vertical gradient density distribution is
unknown.
Once the uniqueness of the solution is guaranteed,
we are entitled to apply to the corresponding inverse
problem a regularization method (like Tikhonov
regularization) and we know from litterature (e.g.
Schock 2005) that in this way we can approximate
the true solution, dominating the inherent instabili-
ties. This is the reason why, in inverse problem like
this, it is so important to address specifically the
question of the uniqueness of the solution, at least
for simplified models.
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18Towards a Multi-Scale Representation
of Multi-Dimensional Signals

Michael Schmidt

Abstract

For analyzing and representing a one-dimensional signal wavelet methods are
used for a long time. The basic feature of wavelet analysis is the localization
property, i.e. it is – depending on the chosen wavelet – possible to study a signal
just in a finite interval. Nowadays a large number of satellite missions allows to
monitor various geophysical phenomena. Since often regional phenomena have
to be studied, multi-dimensional wavelet methods come into question. In this
paper the basic principles of a multi-scale representation of multi-dimensional
signals using B-spline wavelets are presented. Finally the procedure is applied
to an example of ionosphere research.

Keywords

Series expansions • B-spline functions • Wavelet functions • Multi-scale repre-
sentation

1 Introduction

Today a large number of satellite missions allows the
monitoring of various geophysical phenomena, e.g.
for studying climate change. Frequently, scientists are
interested in regional processes such as post-glacial
rebound or the equatorial anomaly in ionosphere
research. For a long time wavelets have been
considered as a candidate for regional representations
due to their localization feature and their flexible
filtering characteristics; see, e.g., Freeden (1999)
or Schmidt et al. (2007a). Modern spaceborne
observation techniques provide huge data sets. For

M. Schmidt (�)
Deutsches Geodätisches Forschungsinstitut (DGFI), D-80539
München, Alfons-Goppel-Str. 11, Germany
e-mail: schmidt@dgfi.badw.de

the evaluation and interpretation of such kind of data
representations are required which are characterized
by both effective numerical algorithms and an efficient
data handling. The multi-scale representation (MSR) –
also known as multi-resolution representation – splits
an input signal into a certain number of detail signals
by successive low-pass filtering (Schmidt et al. 2007a).
Hence, each detail signal is a band-pass filtered
version of the input signal, related to a specific
frequency band, i.e. resolution level. Numerically
this decomposition process is realized by the highly
effective pyramid algorithm. In case of a two-
dimensional (2-D) MSR for further efficiency reasons
so-called tensor product scaling and wavelet functions
can be introduced. Schmidt (2001) formulated a 2-D
MSR generated by orthogonal wavelet functions
such as the Haar function using mathematically the
Kronecker product. Since in many geodetic and

N. Sneeuw et al. (eds.), VII Hotine-Marussi Symposium on Mathematical Geodesy, International Association of Geodesy
Symposia 137, DOI 10.1007/978-3-642-22078-4 18, © Springer-Verlag Berlin Heidelberg 2012
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geophysical applications spatio-temporal signals are
studied, the 2-D MSR based on tensor products is
generalized in this paper to the multi-dimensional
(M-D) case. B-spline representations of M-D signals
are widely used, e.g. in reverse engineering for fitting
surfaces to given measurements (Koch 2009). Because
of their mathematical properties (e.g. compactness,
smoothness) B-splines are taken here to generate the
M-D MSR. In summary this paper can be seen as a
guide for applying a MSR based on tensor product
B-spline wavelet functions to M-D problems.

In the following section the fundamentals of the 1-D
MSR based on B-splines are outlined. The results are
generalized in the third section to the M-D case. As
an example the derived procedure is finally applied
to the vertical total electron content within the iono-
sphere.

2 1-D Multi-Scale B-Spline
Representation

As level-j scaling functions �j Ik.x/ of a 1-D MSR
with x 2 R the normalized quadratic B-splines
N2
j Ik.x/ with k D 0; : : : ; Kj � 1 are introduced,

i.e. �j Ik.x/ D N2
j Ik.x/. Kj means the total number

of scaling functions of the resolution level (scale)
j 2 N0. Assuming that a sequence of non-decreasing
values t

j
0 ; : : : ; t

j
KjC2, called knots, is given, the

normalized quadratic B-spline is defined via the
recursion formula

Nm
j Ik.x/ D x � t

j

k

t
j

kCm � t
j

k

Nm�1
j;k .x/

C t
j

kCmC1 � x
t
j

kCmC1 � t
j

kC1
Nm�1
j;kC1.x/ (18.1)

with m D 1; 2 and initial values N0
j Ik.x/ D 1 for t jk �

x < t
j

kC1 andN0
j Ik.x/ D 0 else; see, e.g. Stollnitz et al.

(1995) or Schmidt (2007). Note, in (18.1) a factor is
set to zero if the corresponding denominator is equal
to zero.

A B-spline is compactly supported, i.e. its values
are different from zero only in a finite interval on
the real axis, mathematically written as suppN2

j Ik D

Œt
j

k ; t
j

kC3/. Since the B-splines shall be used for
regional modeling, so-called endpoint-interpolating
normalized quadratic B-splines (ENQ B-splines)
defined on the unit interval I D Œ0; 1�, i.e. x 2 I

are introduced. For that purpose the first three knots
are set to the value zero and the last three knots to the
value one. Hence, the knot sequence is given as

0 D t
j
0 D t

j
1 D t

j
2 < � � � < tjKj D t

j
KjC1 D t

j
KjC2 D 1

(18.2)

with t
j

k D .k � 2/ hj , hj D 1=.Kj � 2/ and
Kj D 2j C 2. Figures of ENQ B-splines can be
found, e.g. in the publications of Schmidt (2007) and
Zeilhofer (2008).

The Kj scaling functions �j Ik.x/ D N2
j Ik.x/ con-

stitute a basis of the so-called scaling space Vj . The
MSR requires that there exists a sequence of nested
subspaces Vj with j 2 N0, such that V0 � V1 � � � � �
Vj�1 � Vj � VjC1 � � � � � L2.I/ holds. Hence, it
follows that the scaling functions �j�1Il .x/ with l D
0; : : : ; Kj�1�1 and �j�1Il 2 Vj�1 can be expressed by
a linear combination of the scaling functions �j Ik.x/
with k D 0; : : : ; Kj � 1 and �j Ik 2 Vj , i.e. the two-
scale relation

�j�1Il .x/ D
2lX

kD2l�.Kj�1/
pj Ik�j I2l�k.x/; (18.3)

also known as the refinement relation holds. By defin-
ing the Kj�1 � 1 scaling vector

���j�1.x/ D �
�j�1I0.x/; : : : ; �j�1IKj�1�1.x/

�T
(18.4)

of resolution level j � 1 and the Kj � 1 scaling vector

���j .x/ D �
�j I0.x/; : : : ; �j IKj�1.x/

�T
(18.5)

of resolution level j the two-scale relation (18.3) can
be rewritten as the matrix equation

���Tj�1.x/ D ���Tj .x/Pj : (18.6)

The entries pj Ik of the Kj � Kj�1 matrix Pj of the
refinement process are given as
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Pj D 1

4

2
66666666666666666666666664

4 0 0 0 � � � 0 0 0
2 2 0 0 � � � 0 0 0
0 3 1 0 � � � 0 0 0
0 1 3 0 � � � 0 0 0
0 0 3 1 � � � 0 0 0
0 0 1 3 � � � 0 0 0
0 0 0 3 � � � 0 0 0
0 0 0 1 � � � 0 0 0

. . . . . . .
0 0 0 0 � � � 1 0 0
0 0 0 0 � � � 3 0 0
0 0 0 0 � � � 3 1 0
0 0 0 0 � � � 1 3 0
0 0 0 0 � � � 0 2 2
0 0 0 0 � � � 0 0 4

3
77777777777777777777777775

;

see, e.g. Stollnitz et al. (1995) or Lyche and Schumaker
(2001).

Next the so-called detail space Wj�1 defined as the
orthogonal complement of the scaling space Vj�1
in the scaling space Vj , i.e. Vj D Vj�1 ˚ Wj�1
is introduced. Furthermore, it is assumed that the
so-called wavelet functions  j�1Il .x/ with l D
0; : : : ; Lj�1 � 1 and Lj�1 D Kj � Kj�1 are base
functions of Wj�1. Since the relations Wj�1 � Vj ,
 j�1Il 2 Wj�1 and �j Ik 2 Vj hold, the series
expansion

 j�1Il .x/ D
2lX

kD2l�.Kj�1/
qj Ik�j I2l�k.x/ (18.7)

is formulated analogously to (18.3) as the second two-
scale relation; but this time l D 0; : : : ; Lj�1�1 holds.
With the Lj�1 � 1 vector

   j�1.x/ D �
 j�1I0.x/; : : : ;  j�1ILj�1�1.x/

�T
(18.8)

of level j � 1 (18.7) can be rewritten as

   T
j�1.x/ D ���Tj .x/Qj ; (18.9)

wherein the Kj � Lj�1 matrix Qj with elements
qj Ik can be determined from the given matrix Pj as
will be shown in the following. Since, as mentioned
before, the wavelets  j�1Il .x/ are assumed to be
orthogonal to the scaling functions �j�1Ik.x/, the inner
product

Z 1

0

 j�1Il .x/�j�1Ik.x/dx D ˝
 j�1Il ; �j�1Ik

˛
L2.I/

D 0 (18.10)

vanishes for l D 0; : : : ; Lj�1 � 1 and k D
0; : : : ; Kj�1 � 1. Wavelet functions which fulfill this
condition are called pre-wavelets or semi-orthogonal
wavelets. Substituting (18.3) and (18.7) into (18.10)
yields

P
m

P
n qj Impj In

˝
�j I2l�m; �j I2k�n

˛
L2.I/

D 0:

Writing this equation for each .l; k/-combination
gives

QT
j GjPj D 0; (18.11)

wherein 0 is the Lj�1 � Kj�1 zero matrix. Since
the Kj � Kj matrix Gj with elements

˝
�j I2l�m;

�j I2k�n
˛
L2.I/

is positive definite, the Cholesky

factorization can be applied and yields Gj D LjLTj ,
wherein Lj is an Kj � Kj lower triangular matrix
(Koch 1999). Substituting the Cholesky factorization
into (18.11) gives

ePTj eQj D 0T : (18.12)

Thus, the columns of the Kj � Lj�1 matrix

eQj D LTj Qj (18.13)

are a basis of the null space of the given matrixePTj D PTj Lj . If eQj is calculated from (18.12)
(see, e.g. Koch 1999), the desired matrix Qj is
obtained from (18.13) and can be introduced into
the two-scale relation (18.9). However, with the
columns of eQj , i.e. with the basis of the null space
of ePTj , the matrix Qj is not unique. Examples for
Qj are presented by Stollnitz et al. (1995) and
Lyche and Schumaker (2001); see also Zeilhofer
(2008).

Next, the decomposition equation will be derived,
which is required for the MSR. Since the relations �j 2
Vj , �j�1 2 Vj�1 and  j�1 2 Wj�1 hold, it follows
from Vj D Vj�1 ˚Wj�1

���Tj .x/ D ���Tj�1.x/Pj C   T
j�1.x/Qj ; (18.14)

wherein Pj and Qj are Kj�1 � Kj and Lj�1 � Kj

initially unknown coefficient matrices, respectively.
Inserting (18.6) and (18.9) into (18.14) yields���Tj .x/ D
���Tj .x/PjPj C ���Tj .x/QjQj and therefore
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I D PjPj C QjQj D �
PjQj

� 	 Pj
Qj



: (18.15)

Since the Kj � Kj matrix
�

PjQj

�
is due to (18.12)

and (18.13) of full rank, i.e. rank
�

PjQj

� D Kj , it
follows from (18.15)

	
Pj
Qj



D �

PjQj

��1
: (18.16)

Now, both the two-scale relations (18.6) and (18.9)
as well as the decomposition equation (18.14) will
be used to construct the MSR. It can be achieved
in two steps, namely the decomposition of the signal
into level-dependent coefficients (analysis) and the
(re)construction by means of the detail signals (syn-
thesis).

Assuming that a signal fJ .x/ with fJ 2 VJ is
given, the decomposition

fJ .x/ D fj 0.x/C
J�1X
jDj 0

gj .x/ (18.17)

can be formulated (see Schmidt 2007), wherein fj 0.x/

with fj 0 2 Vj 0 and j 0 2 f0; : : : ; J � 1g is defined
as

fj 0.x/ D
Kj 0 �1X
kD0

dj 0Ik�j 0Ik.x/ D ���Tj 0.x/dj 0 (18.18)

and means a low-pass filtered, i.e. smoothed version
of fJ .x/. TheKj 0 � 1 scaling coefficient vector dj 0 of
level j 0 reads

dj 0 D �
dj 0I0; : : : ; dj 0IKj 0 �1

�T
: (18.19)

The detail signals

gj .x/ D
Lj�1X
kD0

cj Ik j Ik.x/ D    T
j .x/cj (18.20)

with gj 2 Wj and j D j 0; : : : ; J � 1 are band-
pass filtered versions of fJ .x/. The Lj � 1 wavelet
coefficient vector cj of level j is defined as

cj D �
cj I0; : : : ; cj ILj�1

�T
: (18.21)

Hence, the decomposition (18.17) is the MSR of the
signal fJ .x/. For the M-D case, which will be outlined
in the next section, (18.17) is rewritten with j 0 D J�I
as

fJ .x/ D fj 0.x/C
IX
iD1

gJ�i .x/: (18.22)

It can be seen from (18.20) that the lower the level j
is chosen the smaller is the numberLj of addends, i.e.
the number of wavelet coefficients cj Ik is decreasing
with the level value. This is due to the fact that coarse
structures, i.e low-frequency signals, are describable
by just a few coefficients, whereas fine structures
or high frequency signals require a large number of
coefficients. In addition the probably most important
feature of the MSR presented here is the dependency
of the coefficient vectors (18.19) and (18.21) on each
other. For the computation of the level–.j�1/ vectors
dj�1 and cj�1 from the level-j vector dj the signal
fj .x/ is expressed as fj .x/ D fj�1.x/ C gj�1.x/
according to (18.17). It follows with (18.18) and
(18.20)

���Tj .x/dj D ���Tj�1.x/dj�1 C   T
j�1.x/cj�1: (18.23)

Substituting the decomposition equation (18.14)
for ���Tj .x/ on the left-hand side of (18.23) yields

���Tj�1.x/Pjdj C    T
j�1.x/Qjdj . The comparison of

this result with the right-hand side of (18.23) gives the
desired relations

dj�1 D Pjdj and cj�1 D Qjdj (18.24)

for j D j 0 C 1; : : : ; J , which connect the scal-
ing and wavelet coefficient vectors recursively. To be
more specific, the Kj elements of the level-j scaling
coefficient vector dj are transformed into the Kj�1
elements of the level-.j � 1/ scaling coefficient vector
dj�1 and the Lj�1 components of the level-.j � 1/

wavelet coefficient vector cj�1 with Kj D Kj�1 C
Lj�1. Hereby the transformation matrices Pj and Qj ,
computed from (18.16), provide the downsampling
from level j to level j � 1. Hence, (18.24) are rewrit-
ten as 	

dj�1
cj�1



D
	

Pj
Qj



dj : (18.25)

Solving this equation for dj gives under the
consideration of (18.16) the inverse relation



18 Towards a Multi-Scale Representation of Multi-Dimensional Signals 123

dj D Pjdj�1 C Qj cj�1: (18.26)

Thus, the level-j scaling coefficient vector dj is
computed from the level-.j � 1/ scaling and wavelet
coefficient vectors dj�1 and cj�1 by means of the
transformation matrices Pj and Qj .

Now the procedure of decomposition and recon-
struction of a signal can be explained as follows. The
initialization step is started with the expansion (18.18)
for altogether P observations y.xp/ DW yp with p D
1; : : : ; P . Note, that the value J has to be chosen such
that KJ D 2J C 2 < P holds. With the measurement
error e.xp/ DW ep the left-hand side of (18.18) with
j 0 D J is replaced by fJ .xp/ D y.xp/ C e.xp/ D
yp C ep . Thus, the observation equation reads

yp C ep D
KJ�1X
kD0

dJ Ik�J Ik.xp/ D ���TJ .xp/dJ ; (18.27)

wherein the KJ � 1 vector dJ of the level-J scaling
coefficients dJ Ik is unknown. Introducing the P � 1

vectors y D .yp/ and e D .ep/ of the observations
and the measurement errors, the P � KJ coefficient
matrix XJ D �

���J .x1/; : : : ;���J .xP /
�T

and the P � P
covariance matrix D.y/ of the observations, the linear
model

y C e D XJdJ with D.y/ D �2yP�1
y (18.28)

is established. Herein �2y and Py are denoted as the
variance factor and the weight matrix, respectively.
Since the model (18.28) means a Gauss–Markov
model, the least-squares estimator under the assump-
tion rank XJ D KJ is given as

bdJ D .XT
J Py XJ /

�1XT
J Py y; (18.29)

see, e.g. Koch (1999). The corresponding covariance
matrix reads D.bdJ / D �2y.X

T
J Py XJ /

�1. An unbiased
estimator of the variance factor �2y is given as b�2y D
beT Pybe
P�KJ , wherein be D XJ

bdJ � y means the residual
vector, i.e. the least-squares estimation of the error
vector. Thus, the estimated covariance matrix bD.bdJ /
of the estimation (18.29) follows as

bD.bdJ / D b�2y.XT
J Py XJ /

�1:

Within the pyramid steps the estimatorsbdj�1 D Pjbdj
andbcj�1 D Qj

bdj are computed from (18.24) recur-
sively. Applying the law of error propagation to these
relations yields the estimated covariance matrices

bD.bdj�1/ D PjbD.bdj /PTj and

bD.bcj�1/ D Qj
bD.bdj /QT

j :

A hypothesis testing can be used to check the
elements bcj�1Il with l D 0; : : : ; Lj�1 � 1 on signifi-
cance; see Koch (1999). Other data compression
techniques are, e.g. discussed by Ogden (1997).
Either with the estimation bcj�1 or with a corre-
sponding compressed version the estimated detail
signals bgj�1.x/D   T

j�1.x/bcj�1 with variances
bV .bgj�1.x//D   T

j�1.x/bD.bcj�1/   J�1.x/ are calcu-
lable from (18.20).

In the next section the previous results are general-
ized to the M-D case. A detailed treatise of the M-D
MSR is given by Zeilhofer (2008).

3 Multi-Dimensional B-Spline MSR

First the M-D vector x D �
x1; : : : ; xM

�T
with x 2 I

M

and I
M D NM

mD1 I of coordinates xm 2 I with m D
1; : : : ;M is introduced. Assuming that a M-D signal
fJ1;:::;JM .x/ D fJJJ .x/ with fJJJ 2 VJJJ D VJ1;:::;JM and
VJJJ � L2.IM/ is given, (18.18) can be generalized to

fJJJ .x/ D
KJ1�1X
k1D0

: : :

KJM �1X
kMD0

dJJJ Ik1;:::;kM �JJJ Ik1;:::;kM .x/

D
X
kkk

dJJJ Ikkk�JJJ Ikkk.x/ D ���TJJJ .x/dJJJ ; (18.30)

wherein �JJJ Ikkk.x/ is a M-D scaling function of
resolution levels J1; : : : ; JM w.r.t. the coordinates
x1; : : : ; xM . In the tensor product approach �JJJ Ikkk.x/
is replaced by the product of M 1-D scaling functions
�JmIkm.xm/ with m D 1; : : : ;M , i.e.

�JJJ Ikkk.x/ D
MY
mD1

�JmIkm.xm/: (18.31)
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Note, that for the M-D B-spline representation the
functions �JmIkm.xm/ are defined as ENQ B-splines.
According to

���JJJ .x/ D ���JM .xM /˝: : :˝���J2.x2/˝���J1.x1/; (18.32)

theKJJJ .D QM
mD1 KJm/�1 vector���JJJ .x/ can be written

as the Kronecker product sum (“˝”; see, e.g. Koch
1999) of the M vectors ���Jm.xm/ as introduced in
(18.5) with j D Jm. The KJJJ � 1 scaling coefficient
vector dJJJ reads

dJJJ D �
dJJJ I0;:::;0; : : : ; dJJJ IKJ1�1;:::;KJM �1

�T
: (18.33)

As generalization of the 1-D MSR (18.22) the M-D
MSR of the signal fJJJ .x/ is defined as

fJJJ .x/ D fjjj 0.x/C
IX
iD1

�X
�D1

g�JJJ�iii .x/ (18.34)

with � D 2M � 1 and the two M � 1 vectors jjj 0 D�
j 0
1 D J1 � I; : : : ; j 0

M D JM � I �T, iii D �
i; : : : ; i

�T
.

The level-jjj 0 smoothed version fjjj 0.x/ and the level-
.JJJ � iii/ detail signal g�JJJ�iii .x/ are defined as

fjjj 0.x/ D
X
kkk

djjj 0Ikkk�jjj 0Ikkk.x/ D ���Tjjj 0.x/djjj 0 ;

g�JJJ�iii .x/ D
X
kkk

c�JJJ�iii Ikkk 
�
JJJ�iii Ikkk.x/ D .   �

JJJ�iii .x//T c�JJJ�iii :

The altogether� level-.JJJ � iii/ tensor product wavelet
functions  �

JJJ�iii Ikkk.x/ with � D 1; : : : ; � are given as

 1JJJ�iii Ikkk.x/ D �J1�i Ik1.x1/�J2�i Ik2.x2/ : : :
: : : �JM�1�i IkM�1 .xM�1/ JM�i IkM .xM /;

 2JJJ�iii Ikkk.x/ D �J1�i Ik1.x1/�J2�i Ik2.x2/ : : :
: : :  JM�1�i IkM�1 .xM�1/�JM�i IkM .xM /;

� � �
 MJJJ�iii Ikkk.x/ D  J1�i Ik1.x1/�J2�i Ik2.x2/ : : :

: : : �JM�1�i IkM�1 .xM�1/�JM�i IkM .xM /;

 MC1
JJJ�iii Ikkk.x/ D �J1�i Ik1.x1/�J2�i Ik2.x2/ : : :

: : :  JM�1�i IkM�1 .xM�1/ JM�i IkM .xM /;

� � �

 �JJJ�iii Ikkk.x/ D  J1�i Ik1.x1/ J2�i Ik2.x2/ : : :
: : :  JM�1�i IkM�1 .xM�1/ JM�i IkM .xM /:

The decomposition equations between the scaling
coefficient vectors djjj , dj�1j�1j�1 and the wavelet coefficient
vectors c�j�1j�1j�1 with � D 1; : : : ; � are derived to

dj�1j�1j�1 D .PjM ˝ PjM�1 ˝ : : :˝ Pj1/djjj ;

c1j�1j�1j�1 D .QjM ˝ PjM�1 ˝ : : :˝ Pj1/djjj ;

c2j�1j�1j�1 D .PjM ˝ QjM�1
˝ : : :˝ Pj1/djjj ;

� � �
cMj�1j�1j�1 D .PjM ˝ PjM�1 ˝ : : :˝ Qj1/djjj ;

cMC1
j�1j�1j�1 D .QjM ˝ QjM�1

˝ : : :˝ Pj1/djjj ;

� � �
c�j�1j�1j�1 D .QjM ˝ QjM�1

˝ : : :˝ Qj1/djjj (18.35)

are obtained as the generalization of the 1-D relations
(18.24); the Kjm�1 � Kjm and Ljm�1 � Kjm matrices
Pjm and Qjm were already introduced in (18.16).

Let y.xp/ D yp be a M-D observation with p D
1; : : : ; P and e.xp/ D ep the corresponding mea-
surement error, the observation equation follows from
(18.30) and reads

yp C ep D
X
kkk

dJJJ Ikkk�JJJ Ikkk.xp/ D ���TJJJ .xp/dJJJ ; (18.36)

herein the vector dJJJ as defined in (18.33) has to be
determined within the initialization step of the M-D
MSR; see also Schmidt et al. (2007b). Introducing
the covariance matrix D.y/ of the P � 1 observation
vector y, the linear adjustment model is established.
Consequently, the results presented before for the 1-D
case are also valid for the M-D problem. In the pyramid
steps of the MSR the relations (18.35) have to be used.
Note, if the input data is given on a regular grid, too, the
lofting method can be applied for solving (18.36) with
much less computational complexity; see Koch (2009).

4 Example

With M D 2 the 2-D multi-scale B-spline approach is
outlined in this example; J1 D J2 D J is set for the
highest resolution levels w.r.t. the coordinates x1 D x
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(geographical normalized longitude) and x2 D y (geo-
graphical normalized latitude) with x D Œx; y�T 2 I

2.
Consequently, the representation (18.30) of the 2-D
signal fJJJ .x/ D fJ .x; y/ with fJ 2 VJJJ reduces with
(18.31) to

fJ .x; y/ D
KJ�1X
k1D0

KJ�1X
k2D0

dJ Ik1;k2�J Ik1 .x/�J Ik2.y/

(18.37)

with KJ1 D KJ2 D KJ D 2J C 2 as defined before.
The KJ � 1 vector dJJJ introduced in (18.33) can be
rewritten as

dJJJ D vecDJ ; (18.38)

herein ‘vec’ means the vec-operator (Koch 1999). The
KJ � KJ scaling coefficient matrix DJ is defined
as

DJ D

2
664

dJ I0;0 dJ I0;1 : : : dJ I0;KJ�1
dJ I1;0 dJ I1;1 : : : dJ I1;KJ�1

. . . . . . . . . . . . . . . . .
dJ IKJ�1;0 dJ IKJ�1;1 : : : dJ IKJ�1;KJ�1

3
775 :

(18.39)

With the Kronecker product representation (18.32),
(18.37) reads fJ .x; y/ D .���TJ .y/ ˝ ���TJ .x// vecDJ ;
considering further the computation rules for the
Kronecker product (Koch 1999) the matrix equa-
tion

fJ .x; y/ D ���TJ .x/DJ���J .y/ (18.40)

is obtained. With j 0
1 D j 0

2 D j 0 it follows from
(18.34)

fJ .x; y/ D fj 0.x; y/C
IX
iD1

3X
�D1

g�J�i .x; y/; (18.41)

wherein the signals fjjj 0.x; y/ D fj 0.x; y/ and
g�J�iJ�iJ�i .x; y/ D g�J�i .x; y/ are computable via the
relations

fj 0.x; y/ D ���Tj 0.x/Dj 0���j 0.y/;

g1J�i .x; y/ D ���TJ�i .x/C1
J�i   J�i .y/;

g2J�i .x; y/ D    T
J�i .x/C2

J�i���J�i .y/;

g3J�i .x; y/ D    T
J�i .x/C3

J�i   J�i .y/; (18.42)

Fig. 18.1 (a) Reference model IRI.x; y/ of VTEC at July 21,
2006 at 5:00 p.m. UT; (b) estimated VTEC correction modelbf 4.x; y/ at the same time; (c) the sum of the two other panels,

i.e. the estimated VTEC model IRI.x; y/Cbf 4.x; y/; all data
in TECU. The colorbar of panel b is the same as in Fig. 18.2

the vectors    J�i .x/ and    J�i .y/ were already intro-
duced in (18.8). Furthermore in (18.42) the KJ�i �
LJ�i matrix C1

J�i , the LJ�i � KJ�i matrix C2
J�i

and the LJ�i � LJ�i matrix C3
J�i defined via the

relations c�J�iJ�iJ�i D vecC�
J�i with � D 1; 2; 3 anal-

ogously to (18.38) are used. The corresponding 2-D
downsampling equations are following from (18.35)
and read

"
Dj�1 C1

j�1
C2
j�1 C3

j�1

#
D
"

Pj

Qj

#
Dj

h
P
T

j Q
T

j

i
(18.43)

for j D j 0; : : : ; J � 1.
For numerical demonstration of the 2-D MSR ter-

restrial GNSS data, radio occultation data from the
COSMIC/FORMOSAT-3 mission and radar altimetry
data from the Jason-1 and Envisat missions are eval-
uated to derive a correction model of the vertical
total electron content (VTEC) w.r.t. the International
Reference Ionosphere (IRI) over South and Central
America; for more details see Dettmering et al. (2011).
Figure 18.1 shows in panel b the signal bf J .x; y/ at
level J D 4, i.e. the estimated level-4 VTEC correc-
tion model to IRI (shown in panel a) calculated from
the scaling coefficient matrix bD4, which is the result
from the least-squares adjustment of the input data
mentioned before. Since we choseK4 D 24 C 2 D 18,
the 18�18matrixbD4 contains 324 scaling coefficientsbd4Ik1;k2 with k1; k2 D 0; : : : ; 17; see Table 18.1.

Figure 18.2 displays the MSR of the estimated
level-4 VTEC correction model (panel a, corresponds
to panel b in Fig. 18.1). The low-pass filtered
(smoothed) signals bf 3.x; y/, bf 2.x; y/, and bf 1.x; y/

(panels b–d) are calculated according to the first
equation of (18.42). The panels e–g visualize the sums
bg4�i .x; y/ D P3

�D1bg�4�i .x; y/ with i D 1; 2; 3.
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Table 18.1 Numbers Kj and Lj of the scaling and wavelet coefficient matrices Dj and C�
j

Level Kj Lj Dj C1
j C2

j C3
j Total

j Kj �Kj Kj �Lj Lj �Kj Lj �Lj #

4 18 – 324 – – – 324

3 10 8 100 80 80 64 324

2 6 4 36 24 24 16 100

1 4 2 16 8 8 4 36

0 3 1 9 3 3 1 16

The last column means the total number of coefficients in level j

Fig. 18.2 (b)–(d) Estimated low-pass filtered signalsbf 3.x; y/,bf 2.x; y/,bf 1.x; y/ of the level-4 VTEC correction model (panel
a, corresponds to Fig. 18.1b; (e)–(g) estimated band-pass filtered
detail signalsbg3.x; y/,bg2.x; y/,bg1.x; y/; all data in TECU.

The signals bg�4�i .x; y/ with � D 1; 2; 3 are all
computed via the last three equations in (18.42). It
is clearly visible that the lower the level value is
set the coarser are the extracted structures. Table
18.1 displays the sizes of the scaling and wavelet
coefficient matrices for the levels j D 0; 1; 2; 3; 4

computed from the decomposition scheme (18.43).
According to the principle of the MSR the sum of
the three detail signals bg4�i .x; y/, i D 1; 2; 3 and
the smoothed signal bf 1.x; y/ yields the estimated
VTEC correction model bf 4.x; y/. The application of
data compression techniques is discussed by Schmidt
(2007) and Zeilhofer (2008).

5 Summary and Outlook

In this paper it was demonstrated how a MSR based
on ENQ B-spline wavelets and tensor products can be
applied to M-D signals. Since the derived approach is

based on Euclidean theory, it is restricted to regional
or local areas. The basic feature of the MSR is the
decomposition of a signal into band-pass filtered detail
signals; as already standard in digital image processing
the reconstruction step should include efficient data
compression techniques. This way just the signifi-
cant information of the signal is stored. Furthermore,
Kalman filtering can be applied efficiently to the MSR.
In ionosphere research the presented procedure can,
e.g. be applied to model the 4-D electron density
(Zeilhofer et al. 2009). The author will present these
issues in an upcoming paper.
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19Analysing Time Series of GNSS Residuals
by Means of AR(I)MA Processes

X. Luo, M. Mayer, and B. Heck

Abstract

The classical least-squares (LS) algorithm is widely applied in processing data
from Global Navigation Satellite Systems (GNSS). However, some limiting
factors impacting the accuracy measures of unknown parameters such as temporal
correlations of observational data are neglected in most GNSS processing software
products. In order to study the temporal correlation characteristics of GNSS
observations, this paper introduces autoregressive (integrated) moving average
(AR(I)MA) processes to analyse residual time series resulting from the LS
evaluation. Based on a representative data base the influences of various factors,
like baseline length, multipath effects, observation weighting, atmospheric condi-
tions on ARIMA identification are investigated. Additionally, different temporal
correlation models, for example first-order AR processes, ARMA processes, and
empirically determined analytical autocorrelation functions are compared with
respect to model appropriateness and efficiency.

Keywords

GNSS • Stochastic model • Temporal correlations • Time series analysis •
AR(I)MA processes

1 Introduction

Accompanying the modernisation and completion
of Global Navigation Satellite Systems (GNSS), the
requirements on positioning accuracy and reliability
increase in a wide range of geodetic applications, for
example highly sensitive deformation monitoring. To
meet the rising demands on accurate positions as well
as realistic quality measures, improvements not only

X. Luo (�) � M. Mayer � B. Heck
Geodetic Institute, Karlsruhe Institute of Technology (KIT),
D-76131 Karlsruhe, Englerstr. 7, Germany
e-mail: luo@kit.edu

in hardware but also in mathematical modelling within
GNSS data processing are necessary. The mathemati-
cal models consist of the functional and the stochastic
model. In contrast to the intensively investigated
functional model, the stochastic model formulating
the observations’ statistical properties is still under
development. One essential deficiency of the stochastic
model is caused by neglecting temporal correlations of
GNSS observations, which leads to over-optimistic
accuracy estimates. The temporal correlations
originating from turbulent irregularities in the Earth’s
lower atmosphere (Wheelon 2001) are affected, for
instance, by multipath effects and receiver-dependent
signal processing techniques (Tiberius et al. 1999).
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Up to now, different approaches for modelling
temporal correlations of GNSS observations have been
proposed. Tiberius and Kenselaar (2003) applied vari-
ance component estimation to construct an appropriate
variance-covariance model (VCM) for GNSS data pro-
cessing. Furthermore, Howind (2005) used an empir-
ically determined analytical autocorrelation function
(ACF) and found significant variations of up to 2 cm
in estimated site coordinates, in particular for long
baselines. Based on the atmospheric turbulence theory
Schön and Brunner (2008) suggested a fully-populated
VCM which enables the understanding of physical
processes correlating and decorrelating GNSS phase
observations. Applying this advanced VCM, more
realistic formal coordinate variances can be obtained
despite highly redundant observation data. Although
being different in modelling theories, all the aforemen-
tioned approaches aim at realistic quality measures
of the unknown parameters, such as site coordinates,
ambiguities, and site-specific troposphere parameters.

This paper presents an innovative procedure for
modelling temporal correlations of GNSS observations
using AR(I)MA processes. Section 2 gives a brief
introduction to AR(I)MA processes and ARMA
modelling. In Sect. 3 the impacts of different factors
on model identification are empirically investigated
based on representative data. Section 4 outlines an
advanced approach for modelling trends of GNSS
residuals. Finally, Sect. 5 compares three temporal
correlation models concerning model appropriateness
and efficiency.

2 AR(I)MA Processes

As an important parametric family of stationary time
series, ARMA processes play a key role in mod-
elling time series data. In the context of geodesy, Li
et al. (2000) employed ARMA processes to analyse
crustal deformations in central Japan. Wang et al.
(2002) investigated the noise characteristics of GNSS
carrier phase measurements using first-order autore-
gressive (AR(1)) processes. In connection with the
determination of the Earth’s gravity field, Klees et al.
(2003) exploited ARMA representation of coloured
observation noise in large LS problems to achieve a
faster solution of a Toeplitz system of linear equations.
In the following text, AR(I)MA processes and the
associated procedures for parameter estimation are
briefly described.

The time series fYt g is an ARMA(p, q) process if
fYt g is stationary and if for each time index t ,

Yt �
pX
iD1

�iYt�i D Zt C
qX

jD1
�jZt�j ; (19.1)

where fZt g is referred to as a white noise (WN)
process of random variables, each with zero-mean and
variance �2 (see, e.g., Brockwell and Davis 2002). The
integer numbers p and q denote the ARMA orders.
The terms ��� D .�1; : : : ; �p/

T and ��� D .�1; : : : ; �q/
T

are the model coefficients. In particular, fYt g is an
autoregressive process of order p (AR(p)) if �j D 0

for j D 1; : : : ; q, and a moving average process of
order q (MA(q)) if �i D 0 for i D 1; : : : ; p.
The corresponding pth- and qth-degree characteristic
polynomials are

�.z/ D 1 � �1z � � � � � �pzp; (19.2)

�.z/ D 1C �1z C � � � C �qz
q: (19.3)

A unique stationary solution fYtg of (19.1) exists only
if �.z/ ¤ 0 for all jzj D 1. An ARMA(p, q) process
is causal (invertible) if �.z/ ¤ 0 (�.z/ ¤ 0) for all
jzj � 1.

ARMA modelling aims at the determination of
an appropriate ARMA(p, q) model to represent
an observed stationary time series. It involves a
number of interrelated problems, such as order
selection, parameter estimation, etc. Using the
software ITSM2000-V.7.1 provided by Brockwell and
Davis (2002), ARMA modelling is performed in three
steps.

In the first step the given data are transformed into
continuous and stationary time series. There are two
general approaches to handle the trends. One is to
model the trend, then to subtract it from the data. The
other is to eliminate the trend by differencing. If a
differenced time series with the order of differencing d
is an ARMA(p, q) process, the original undifferenced
time series is denoted as an ARIMA(p, d , q) process.
The stationarity of detrended data can be verified using
variance homogeneity tests (e.g., Teusch 2006), sign
tests for trend (e.g., Hartung et al. 2005), and unit root
tests (e.g., Said and Dickey 1984).

The second step deals with model identification
and parameter estimation. The order selection is
carried out based on the so-called AICC (Akaike
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Information Criterion with small sample Correction)
statistic

AICC D �2 lnL.���;���; �2/C2 .p C q C 1/n

n � p � q � 2 (19.4)

proposed by Hurvich and Tsai (1989), where L

denotes the Gaussian likelihood function and n the
sample size. All ARMA (p, q) models with p and
q in the specified limits are considered and the pair
(p, q) holding the smallest AICC value is selected.
Besides the AICC criterion there are other criteria
for order selection, like FPE and BIC statistics
(see, e.g., Brockwell and Davis 2002). Following
the model identification, the initial values of ���, ��� ,
and �2 can be computed, for example using the
Hannen–Rissanen algorithm (Hannen and Rissanen
1982). The final parameters are maximum likelihood
estimators, whereas a non-linear optimisation of the
initial approximation is undertaken numerically to
maximise the Gaussian likelihood function.

In the last step the model validity is judged by
analysing the sample ACF of residuals which represent
the discrepancies between the given data and the fitted
model, as well as by employing statistical hypothesis
tests for residual randomness.

3 ARIMA Identification

In order to investigate the influences of different fac-
tors impacting GNSS positioning quality on model
identification, 21-day 1-Hz GPS phase observations
from the SAPOS R�(Satellite Positioning Service of the
German State Survey) network are processed with the
Bernese GPS Software 5.0 (Dach et al. 2007) in post-
processing mode considering multipath impact, base-
line length, observation weighting model, and atmo-
spheric conditions based on meteorological surface
data provided by the German Meteorological Service
(DWD). Table 19.1 gives selected important parameter
settings of the GNSS data processing.

A total set of 285 studentised double difference
residual (SDDR) time series of identical length (3,600
values) and relating to sidereal time are obtained.
The use of SDDR rather than LS residuals is due to
the more homogeneous variances of SDDR without
attenuation of temporal correlations (Howind 2005).
Considering the results of the unit root tests indicat-

Table 19.1 Parameter settings of the GNSS data processing

Observations 1-Hz GPS phase double differences
Processing interval DOY2007: 161–181, UT: 15–18 h

Observation weighting ELV: sin2 e, SNR: f .SNR/
e: satellite elevation angle
SNR: signal-to-noise ratio

Elevation cut-off 3ı

Satellite orbits Precise IGS products
Earth rotation parameters Precise IGS products
Ionospheric model Precise CODE products
Tropospheric model Nielldry (a priori model)
Mapping function Niellwet (Niell 1996)
Troposphere parameters 15 min (time window)
Ambiguity resolution SIGMA strategy (L5, L3)
Antenna correction Individual absolute calibration

Table 19.2 Analysed factors impacting ARIMA identification

Factor Comparison between #SDDR

Multipath impact HEDA (MP: strong, 54.1 km) 60
(MP) TAAF (MP: weak, 53.7 km) 62

Baseline length RATA (MP: weak, 203.7 km) 56
(BL) SIBI (MP: weak, 42.5 km) 63

Observation ELV: Dach et al. (2007) 285
weighting (WGT) SNR: Luo et al. (2008) 285

Relative humidity Wet days (mean: 75.8%) 55
(RH) Dry days (mean: 46.0%) 55

Wind velocity Windy days (mean: 5 m/s) 51
(WV) Calm days (mean: 2 m/s) 50

ing difference-stationary behaviour and regarding the
specific irregular data properties, the SDDR time series
are primarily modelled by means of ARIMA(p, 1, q)
processes. Applying first-order differencing, the appar-
ent trends are sufficiently eliminated and the achieved
stationarity is proved by the tests for stationarity men-
tioned in Sect. 2. Table 19.2 provides an overview of
the considered impacting factors and the correspond-
ing numbers of the used SDDR time series.

The influences of these factors on model identi-
fication are investigated based on the corresponding
empirical cumulative distribution functions of the
sum of the selected order parameters p and q.
Figure 19.1 visualises the quantile differences of
p C q under different aspects. Compared to other
analysed factors, multipath impact illustrates the most
significant effect on order selection. The ˛-quantile
values of p C q rise with increased multipath, and
fall with stronger wind. Thus, under strong multipath
conditions, higher ARMA orders are necessary for
sufficient data characterisation.
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Fig. 19.1 Influences of different factors on model identification

Utilising ARIMA processes, trends are effectively
eliminated by differencing. However, the temporal
correlation characteristics existing in the original
SDDR can not be retrieved from the differenced
series. The use of ARMA processes to model
undifferenced data requires appropriate strategies for
trend modelling.

4 Modelling Trends of GNSS
Residuals

Benefiting from the repetition of GPS satellite geome-
try and assuming invariable observation environments,
a conventional approach for modelling residual trends
of GNSS observations is to calculate the epoch-wise
arithmetic means of the residual time series relating
to sidereal time and being available on different days
(e.g., Howind 2005; Ragheb et al. 2007). However, due
to variable atmospheric conditions the performance of
the conventional trend modelling degrades if a large
number of sidereal days are involved in calculating the
epoch-wise mean values.

Within this study an improved iterative procedure
for modelling GNSS residual trends has been devel-
oped. At each iteration, the three (empirically deter-
mined) most similar SDDR time series holding the
highest correlation coefficients are chosen to calculate
the epoch-wise mean values which are then subtracted
from the selected data. Subsequently, a second degree
polynomial fitting is carried out in order to correct the
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Fig. 19.2 Comparison of sample ACFs with respect to the
applied approaches for modelling residual trends (SDDR:
SIBI0917)

remaining long-periodic effects. At the end of each
iteration, the processed series are removed from the
residual data base.

Applying this improved trend modelling procedure,
the computed epoch-wise mean values are generally
more appropriate to reflect the data characteristics. As
a result, the detrended SDDR exhibit smaller variation
ranges and more homogenous variances. Comparing
the sample ACFs of a representative example dis-
played in Fig. 19.2, the conventional approach leads
to merely insignificant improvements in correlation
structure, while using the advanced one, the corre-
sponding sample ACFs illustrate a considerably faster
decay and a clearly smaller variation range. These
enhancements emphasise that appropriate trend mod-
elling is mandatory for analysing temporal correlations
of GNSS observations based on residual sample ACFs.

5 Comparing Temporal Correlation
Models

Following the advanced trend modelling, the detrended
SDDR time series are analysed using AR(1) processes,
ARMA(p, q) processes, and an empirically derived
analytical ACF suggested by Howind (2005). The
model ACF of an AR(1) process (Yt � �Yt�1 D Zt
with j�j < 1) has the form

ACFAR(1).h/ D �h .h � 0/; (19.5)
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Fig. 19.3 Comparison of different temporal correlation models
under strong multipath conditions (SDDR: HEDA2922177)

and it decreases exponentially with increasing epoch
distance h (lag). The model ACF of an ARMA(p, q)
process can be obtained, for example by solving a
set of homogenous linear difference equations after
successfully determining the unknown model parame-
ters within ARMA modelling (see, e.g., Brockwell and
Davis 2002, Chap. 3.2). The analytical ACF consists
of an exponential function and a cosine oscillation
component

ACFLS.h/ D C � exp

�
� h

ND1

�
cos

�
2
 � h
ND1 � T

�

(19.6)

for h � 1, where ND1 denotes the smallest lag value
at which the sample ACF falls below zero. ND1 pro-
viding valuable information about correlation length is
determined numerically a priori, while the parameters
C (scaling factor) and T (oscillation period) are esti-
mated using LS regression on sample ACF values.

The temporal correlation models are compared
based on the associated ACFs. Under normal observa-
tion conditions, both ARMA processes and the applied
analytical ACF are capable of modelling the temporal
correlation behaviour of GNSS observations. In the
presence of strong multipath effects, as exemplarily
visualised in Fig. 19.3, ARMA models show large
deviations mainly at high lag values because of their
short-memory nature, while the estimated analytical
ACFs differ from the sample ACFs also within the low-
valued lag areas as a result of the global minimisation
using LS regression. Under both circumstances, AR(1)

processes are obviously insufficient to reflect the
observations’ temporal correlation characteristics due
to the extremely rapid decay of the corresponding
model ACFs. Moreover, considering the arithmetic
mean of ND1 of approx. 250 s in this case study,
residual time series of between 600 and 1,000 s appear
to be efficient for temporal correlation analysis.

6 Conclusions and Outlook

In this paper autoregressive (integrated) moving aver-
age (AR(I)MA) processes are investigated to analyse
time series of GNSS residuals with the final purpose
to propose a reliable and practicable temporal corre-
lation model for GNSS data processing. Based on a
representative data base the investigation results show
that multipath effects and wind velocity considerably
affect ARIMA identification. Applying an improved
approach for modelling residual trends, the determined
mean correlation length of GPS observations amounts
to approx. 250 s. Furthermore, first-order autoregres-
sive processes are clearly insufficient to characterise
the temporal correlation behaviour of GNSS observa-
tions, while both ARMA processes and the employed
analytical ACF turn out to be applicable under normal
observation conditions. Compared to estimating ana-
lytical ACFs, fitting ARMA processes is more time-
consuming and computational-intensive.

The future work will concentrate on the verification
of the impact of atmospheric conditions on ARIMA
identification. Additionally, other criteria for model
identification, for example applied by Klees et al.
(2003), will be utilised. Finally, the performance of
the advanced procedure for modelling trends of GNSS
residuals has to be assessed.
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20Discontinuity Detection and Removal
from Data Time Series

M. Roggero

Abstract

The aim of time series analysis is to distinguish between stochastic and deter-
ministic signals, which are generated by different sources and mixed in the data
time series. Before analyzing long term linear trend and periodic effects, it is
necessary to detect and remove time series discontinuities, often undocumented.
Discontinuities can occur in the case of hardware change, data model change or
even signal source and environmental variations.

A data time series can be interpreted as a stochastic process plus a step function
that represents the time series discontinuities or jumps. Modeling the process as
a discrete-time linear system, it can be described by a finite state vector evolving
with known dynamics, and by constant biases. The constant biases are described
by a matrix of zeroes and ones, but generally the number and the position of jumps
are unknown, and it cannot be defined univocally.

Since it is not possible to build a bias model a priori, the null hypothesis H0

with no jump can be tested against a certain number of alternative hypothesesHA,
with a jump in a given epoch. An alternative hypothesis can be formulated for each
observation epoch. The adequacy of the model can be verified using the ratio test,
which is known to have the �2 distribution. After detecting the jumps, they can be
estimated and removed. Simulated and real data examples will be given.

Keywords

Time series • Least mean squares • DIA

1 Introduction

The analysis of observations time series is applied in
many problems of space geodesy. The same definition
of a geodetic reference frame also includes the tempo-

M. Roggero (�)
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INSEdiamento, Viale Mattioli 39, 10125, Torino, Italy
e-mail: marco.roggero@polito.it

ral coordinates, and its realization involves the use of
observations time series. Moreover, time series analy-
sis is an important aid in the analysis of deformations,
in the case of landslides, of crustal deformations or
geodynamic continental drift. Time series analysis can
finally provide a direct estimation of the observation
accuracies (repeatability).

GNSS coordinates time series are complex pro-
cesses generated by the sum of different effects that
can be modeled by a functional plus a stochastic
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Symposia 137, DOI 10.1007/978-3-642-22078-4 20, © Springer-Verlag Berlin Heidelberg 2012

135

marco.roggero@polito.it


136 M. Roggero

model. Generally the functional model is interpreted
as the sum of a long term linear trend, a step func-
tion and cyclical components, as in (Perfetti 2006)
and (Ostini et al. 2008). The stochastic model is a
cyclo-stationary stochastic process, whose statistical
properties vary periodically. Colored noise, non con-
stant observation noise (heteroskedasticity) and data
gaps must be taken into account. Discontinuities and
data gaps must be localized, estimated and removed,
before fitting one or more linear models to remove the
trend and analyzing the time series in the frequency
domain.

All behavior which is a result of abrupt changes in
coordinates are identified as “discontinuities of degree
zero”, level shifts, or simply jumps. Jumps can be
caused by antenna or hardware change, site effects or
also earthquakes.

The changes in velocity described by multi linear
models, and usually caused by earthquakes, are identi-
fied as “discontinuity of degree one”.

A full time series analysis can be roughly divided
into five steps:
1. Detection and removal of the level shifts (disconti-

nuities of degree zero)
2. Detection of the velocity changes (discontinuities of

degree one)
3. Fitting of one or more linear models to remove the

trend
4. Analysis in the frequency domain and removal of

the cyclical components
5. Noise analysis
The presented approach focuses on step 1 and is
intended to detect, estimate and remove the level shifts,
performing iteratively the so called detection, identi-
fication and adaptation procedure (DIA), presented in
(Teunissen 1998), as applied in (Perfetti 2006). How-
ever, instead of assuming an a priori functional model,
the station motion is represented as a discrete-time
Markov process. The state vector can be designed in
3D, taking into account coordinate cross correlations,
and it is estimated by least squares, constraining the
system dynamic as in (Albertella et al. 2005) and
(Roggero 2006). This approach also makes it possible
to consider documented and undocumented jumps, to
predict the station coordinates in data gaps (2.4), and
to correctly represent the pre-seismic and the post-
seismic deformations or other non-linear behaviors, as
will be shown in 3.2.

2 Algorithms

2.1 Constrain Dynamics in Least Squares

Let us consider a discrete time linear system described
by a state vector x and by a constant bias vector b;
the system evolves with known dynamic through the
epochs t (2 t Œ1; n�) with system noise 	 (with variance-
covariance matrix Rvv/ and observation noise " (with
variance-covariance matrix R""/:

8̂
<̂
ˆ̂:

xtC1 D TtC1xt C BtC1bt C vtC1
ytC1 D HtC1xtC1 C CtC1btC1 C "tC1
btC1 D bt

(20.1)

where b is a bias vector linked to the system dynamic
and to the observations by the matrices B and C .
The transition matrix T describes the equations of
the motion and H is the matrix of the coefficients
that links the unknown parameters x to the observa-
tions y. The system (20.1) usually leads to a quite
large normal matrix to be inverted, taking advantage
of its sparse structure. The structure of the system
(20.1) is described in detail in (Roggero 2006). Note
that partitioning the normal matrix and using the Schur
domain decomposition, the bias vector can be esti-
mated independently by the whole state vector, as
already shown in (Roggero 2006).

In coordinate time series analysis, both the state
vector x and the observations vector y contain coor-
dinates and have the same number of elements. The
observed coordinates y are derived by GNSS obser-
vations, e.g. resulting from a network compensation,
while the estimated coordinates x take into account
a functional and a stochastic model of the system
dynamics.

The special case of coordinate time series with
jumps can be described by a constant velocity model
in T , and by the unknown matrices B and C with
B D C .

ptC1 D pt C vt � ıt
vtC1 D vt

T D
	
1 ıt

1



(20.2)

where p and v are positions and velocities. The posi-
tions of the jumps are represented by the matrices
B and C , whose elements are 0 or 1, as shown in
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Fig. 20.1 The bias matrix C : C observed coordinates y, ı esti-
mated coordinates x. The observed coordinates are synthetic
(observation noise � D 5mm, power of the test ˛ D 5%)

Fig. 20.1. The number of rows is equal to the number
of observation epochs, while the number of columns is
equal to the unknown number of jumps to be estimated.
These matrices can be known a priori in the case of
documented jumps, or determined by means of the
algorithm described in 2.2 for undocumented jumps.

The matrix B has the function of removing the
effect of the estimated biases on the estimated parame-
ters x, and can therefore alternatively be assumed equal
to zero (the level shifts are not removed), or equal to C
(adaptation, the level shifts are removed).

2.2 Jump Detection and Estimation

Assuming that the observation vector y is normally
distributed and has variance-covariance matrixQy , we
can make the null hypothesis H0, in the absence of
discontinuities and a number of alternative hypothe-
ses HA in presence of discontinuities. Under these
assumptions the deterministic �.y/ and the stochastic
˙.y/ models take the form:

H0 W
�
�.y/ D Hx

˙.y/ D Qy

I HA W
�
�.y/ D Hx C Cb

˙.y/ D Qy

(20.3)

The estimate of these two cases will also provide the
respective variances of unit weight O�0.0/ and O�0.A/.
The variance O�0.0/ can be used as an a priori value
�0.0/ in the case A. We can make an alternative
hypothesis for each observation epoch, if we wish to
localize the discontinuities with full time resolution,

Fig. 20.2 Series of 100 synthetic height coordinates of a per-
manent GNSS station, with �h D 0:005m. A discontinuity of
0.015 m is located at day 50. Legend: C observed coordinates
y, ı estimated coordinates x. (a) Null hypothesis H0, no
discontinuities; estimated coordinates are smoothed. (b) Ratio
test: the upper limit is exceeded in two contiguous cases; the
discontinuity is located at the maximum between the two. (c)
Alternative hypothesis HA, estimation in the presence of the
identified discontinuity

and verify the adequacy of the model by means of a
test on the variable ratio, that has a �2 distribution:

�2� ˛
2

�

n � r <
O�20 .A/
�20 .0/

<

�2�
1� ˛

2

�

n � r (20.4)

If the ratio exceeds one of the two thresholds
(Fig. 20.2b), the initial hypothesis (Fig. 20.2a) must
be discarded, and the alternative hypothesis of the
presence of a jump in the considered observation epoch
accepted (Fig. 20.2c). This test shall be carried out for
each observation epoch, and requires the estimation
of as many alternative models. Terminated this phase
of testing, the final alternative model will include all
the detected jumps and the documented discontinuities



138 M. Roggero

known a priori, so it is possible to populate the matrices
B and C . Finally the unknown x and the bias vector b
representing jump amplitudes can be estimated.

2.3 Performance Testing

The proposed algorithm was tested on synthetic time
series of 100 observation epochs. The time series were
generated by a step function plus white noise, with
the step position located at epoch 50. The a priori
observation � was assumed equal to 4 mm, and tests
for jump values between 1� and 5� were performed.
The test significance level is ˛ D 5%. The test was
repeated 100 times for each jump value, computing the
mean jump epoch tj and the respective RMS. The % of
correct estimatiowith respect to the a priori model are
given in Fig. 20.3.

2.4 Algorithm Remarks

Data gaps are usually present in GNSS coordinate time
series. The proposed algorithm basically estimates a
number x of unknown equal to the number y of avail-
able observations. However, this causes discontinuities
in the system dynamics in the presence of data gaps.
The solution consists of predicting the system dynamic
in the data gap, estimating a number of unknown x
equal to the number of possible observations y:

y D t.n/ � t.1/C 1 (20.5)

where t.1/ and t.n/ are the epochs of the first and
last observations. The matrix B must be modified to
be coherent (Fig. 20.4).
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Fig. 20.3 Performance test: C correct estimations, � false
jumps, ı jump estimation errors. False jumps are detected for
normalized jump values lower than 2.5

6
x 10–3

4

2

0

–2

–4

–6
1250 1300 1350

1 week 4 weeks

1400 1450 1500 1550

6
x 10–3

4

2

0

–2

–4

–6
1250 1300 1350 1400 1450 1500 1550

Fig. 20.4 Effect of estimating the system dynamics in the data
gaps. C observed coordinates y, ı estimated coordinates x

Fig. 20.5 Decorrelation of the horizontal components. The map
coordinates (E , N/ and the inertial ones (I1 , I2) are represented

In GNSS coordinate time series can also be use-
ful to uncorrelate horizontal components by principal
component analysis. It is necessary to transform the
horizontal coordinates in the principal system instead
of in the cartographic system as shown in Fig. 20.5, and
to estimate the jumps of the components I1 and I2 in
the time domain.
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Finally, the effect of uncertainties in the stochastic
model must be underlined. For GNSS coordinate time
series it is quite well known, but the noise stochas-
tic properties varies with time and are different for
different stations, depending on hardware, antenna
and site effects. Autocorrelation violates the ordinary
least squares assumption that the error terms are time
uncorrelated. While it does not bias the least square
parameter estimates, the standard errors tend to be
underestimated, when the autocorrelations of the errors
at low lags are positive.

3 Real Data Examples

3.1 Analysis of IGS Time Series

Different IGS permanent stations coordinate time
series have been analyzed to test the algorithm.
The case of Wroclaw station (WROC) can be taken
as an example. 5 years of weekly solutions were
used, in which there is a documented jump in week
1400, corresponding to the IGb00-IGS05 transition.
The documented jump can be included in the null
hypothesis. Moreover, two undocumented jumps were
detected in the North component. The first one also
was detected in the East component, the last one in
height component as shown in Table 20.1.

Removing the jumps and the linear trend from the
East and North component, the periodic effects became
clearly visible (see Fig. 20.6).

3.2 L’Aquila Earthquake Time Series

The 2009 L’Aquila earthquake occurred in the region
of Abruzzo, in central Italy, in 2009 (Fig. 20.7). The
main shock occurred on 6 April, and was rated 5.8 on
the Richter scale; its epicenter was near L’Aquila, the
capital of the Abruzzo, which together with surround-
ing villages suffered most damage. There were several

Table 20.1 Detected jumps and estimated level shifts

Week Jump (m)

E 1,389 �0.003
N 1,389 �0.016
N 1,400 0.006
N 1,426 0.015
h 1,426 0.014

Fig. 20.6 WROC station cleaned time series. The vertical lines
mark the position of detected and removed jumps. The linear
trend has been removed from E and N components

Fig. 20.7 Abruzzo earthquake: up component in the Paganica
station (PAGA). Are evidenced the pre-seismic and the post-
seismic velocities. The co-seismic deformation is about 7 cm
down, while the post-seismic deformation is about 5 cm in 22
days. C observed coordinates y, ı estimated coordinates x

thousand foreshocks and aftershocks from December
2008 to July 2009, more than thirty of which had a
Richter magnitude of over 3.5.

Conclusion

The time series analysis allows the identification
of undocumented anomalies, which if not removed
may lead to incorrect interpretations and, therefore,
would compromise the proper estimation of the
estimated station velocities. Also in the case of
documented discontinuities, the magnitude of the
jump remains not always easily deductible and must
be estimated.

The sampling of the time series is usually non
uniform due to data gaps, so that it is not pos-
sible to perform the frequency analysis using the
FFT. Operating on the estimated positions x, it is
possible. However, in case of non uniform data
sampling other algorithms can be suitable, such
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as FAMOUS – Frequency Analysis Mapping On
Unusual Sampling (Mignard 2003).

The L’Aquila earthquake GNSS time series were
estimated by Eng. Stefano Caldera, whom I thank
for giving me the results.
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21G-MoDe Detection of Small and Rapid
Movements by a Single GPS Carrier Phase
Receiver
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Abstract

This paper presents a new method to detect small and rapid movements in real-time
with a single L1-GPS receiver. The method is based on the prediction of single
differences between satellites by appropriate Filter methods. The movements’
detection is based, on the one hand, on displacements computed with multiple
prediction lengths, and on the other hand, on the time series of displacements
computed with the previous epochs. The accuracy of this method is demonstrated
by real 10-[Hz] observations with two L1-receivers. One antenna remained
completely static, while characteristic movements were applied on the other.
This allow us to compare on the one hand the displacements of the displaced
antenna estimated by G-MoDe with standard differential kinematic processing
and on the other hand the resolution and the noise behavior of G-MoDe applied
on the data of the static antenna. The results indicate that, in good conditions,
horizontal movements and of short duration and oscillatory movements above
5 mm amplitude are significantly detected (95%).

Keywords

Displacement Detection • GNSS Signal Processing • Kalman Filter • L1 Carrier
Phase Receiver • Real-Time algorithm

1 Introduction

The advent of GPS in the 1980s was a revolution in
many domains, notably in geodesy. In this field, the
majority of coordinates’ determinations are based on
carrier phase measurements. Because of systematic
errors and ambiguities contained in phase measure-
ment, it is necessary to observe the same satellites with

S. Guillaume (�) � Prof. Dr. A. Geiger � F. Forrer
Institute of Geodesy and Photogrammetry, CH-8093 Zurich,
Schafmattstrasse 34, Switzerland
e-mail: alain.geiger@geod.baug.ethz.ch

two or more receivers simultaneously. After suitable
treatments, this method makes it possible to determine
the vector between antennas very accurately. Precision
ranges from millimeter in static mode, to centimeter
in the kinematic mode (Hugentobler et al. 2007; Leick
2004). An other technique that uses a single receiver
(to determine absolute positions with a precision of
a few millimeters in static mode and a few centime-
ters in the kinematic one) is known as Precise Point
Positioning (PPP) (Shen et al. 2002).

The phenomena we want to investigate are
dominated by rapid deformations on the order of a
few millimeters. A data processing in static mode
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is very accurate and powerful for long duration
and continuous deformations but unsuccessful for
small and quick displacements which can occur at
any moment. In fact, it is necessary to measure the
same points during a few hours to obtain highly
accurate and reliable positions [mm] in static mode.
A solution would be to work in kinematic mode to
obtain positions at a high sampling rate. However, the
gain in the sampling rate leads to the loss of precision.
In addition, the noise of the obtained time series is
in the range of the centimeter and remains highly
coloured. Therefore, this method is not adequate for
high accurate applications.

In this paper, an alternative method is presented
(G-MoDe c�, GNSS-Movement Detection). It is based
on the filtering of the carrier phase observations of a
single receiver. The main goal is to detect and mea-
sure the rapid movements of a few millimeters. The
presented algorithm allows to analyse at these small
displacements in real time and at a high sampling rate.
It avoids complicated processing like ambiguity res-
olution and additional parameter estimation for error
modelling: like precise satellites orbits, tropospheric
and ionospheric models, phase center offset variation,
multipath effects, clock errors etc. The basic principle
is to assume that all effects which affect the carrier
phase observations vary continuously; therefore, they
are short time predictable. Movements of the antenna
engender signals in phase measurements which can
be detected and used to reconstruct the real displace-
ments.

2 Basic Principle

Our goal is not to determine the coordinates of the
receiver but their displacements. Basically, GPS is
based on differences of range measurements between
satellites and receiver antenna and by assuming that
satellites and receiver positions are known, the theo-
retical distance to each satellite should be equal to the
measured range provided all error sources are negligi-
ble. If the receiver is displaced, the difference between
the theoretical and the measured range to every satellite
will equal the orthogonal projection of the displace-
ment’s vector onto the receiver-satellite direction.

Regrettably, we cannot measure the geometrical
range and calculate the position of satellites accu-
rately enough to easily determine the displacements.

Nevertheless, the basic principle that the ranges are
modified by the orthogonal projection of the displace-
ment will be used for the detection of movement.

Carrier phase measurements show a time-dependent
variation which is mainly due to the satellites’ move-
ments along their orbits. It is obvious that numerous
effects will also impact the measurements, e.g. change
of the slant path delay. However, at the sub-second res-
olution these time varying effects may be considered to
be slow. If on the contrary rapid displacements have to
be detected, see Fig. 21.1, an appropriate filter model
could help to discover the movement.

In fact, if a displacement occurs between two
epochs in the direction of the satellite-receiver
direction, the corresponding time series contains

Fig. 21.1 Effect of a rapid displacement on a carrier phase time
series. At the time when a displacement occurs, a discontinuity
in the time series can be determined with appropriate carrier
phase prediction techniques

Fig. 21.2 A displacement of the antenna produces a range
anomaly equal to the orthogonal projection of the displacement
on the receiver-satellite direction. In this case, only the ranges on
satellite 1 and 3 are influenced by the displacement. The range of
the satellite 2 is invariant because its direction is perpendicular
to the displacement
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a discontinuity – or a jump – identical to the
displacement that should be detectable with a certain
accuracy, see Fig. 21.2. Then, if we do that for
all visible satellites, the distinction between noise
and real displacement can be improved and the 3D
displacement vector determined.

3 From the Carrier Phase to the
Displacement Vector

After this short introduction on the basic principle,
this section explains how it is possible, with real data,
to compute the displacement vector from the carrier
phase observations measured with a single receiver.
As explained in Chap. 2, the goal is to be able to
track and to predict carrier phase measurements. That
is only possible if it is enough regular and deter-
ministic for the required prediction time span. How-
ever, analysing the zero-differences more carefully, it
is seen that these conditions are not present at the
accuracy level required. In fact, the receiver clock
error has a dramatic effect on the regularity of the
time series, it engenders jumps which are quasi unpre-
dictable. For this reason, the tracking is done on car-
rier phase differences between two different satellites,
thus, the receiver clock error is completely elimi-
nated.

3.1 Single Difference Tracking

The simplified fundamental carrier phase zero-
difference observation equation for L1 is:

˚i .t/C "i .t/ D �i .t/ � �N i C cŒıT .t/ � ıt i .t/�

Cd itrop.t/C d iiono.t/C :::„ ƒ‚ …
d idiv.t/

(21.1)

and the effect of a displacement d added:

˚i.t/C "i .t/ D �d.t/ � ei.t/C �i .t/ � �N i

C cŒıT .t/ � ıt i .t/�C d idiv.t/

(21.2)

and forming the single difference between the satellites
i and j :

O˚ij .t/C O"ij .t/ D �d.t/ � Œei.t/ � ej.t/�

C O�ij .t/ � �ON ij � cOıt ij .t/C Od ijdiv.t/„ ƒ‚ …
Dfk.t/

(21.3)

where:

i; j D satellite i respectively j

t D GPS time [s]

˚ D carrier phase received [m]

� D wavelength of L1 [m]

� D range between the receiver and a satellite [m]

N D carrier ambiguity [cycles (integer)]

c D speed of light in vacuum [ m
sec

]

ıT D receiver clock bias [s]

ıt D satellite clock bias [s]

dtrop D tropospheric delay [m]

diono D ionospheric effect [m]

d D displacement vector [m]

e D receiver to satellite unit vector [-]

" D carrier phase random noise [m]

O:ij D :i � :j , single difference between

satellites i and j

fk D displacement-free single difference k

carrier phase function [m].

Without displacement, the function fk.t/ is equal to the
observed single difference O˚ij .t/. If we are able to
track and to predict this function for the next epochs,
it might become possible to detect and to determine
a possible movement of the receiver. The quality of
determination of fk.t/ is therefore, crucial for success-
ful prediction of unbiased single differences.

Many kind of function approximation algorithms
with specific capabilities are known, but some nec-
essary conditions restrict the choice of them signifi-
cantly. The algorithm must run real-time and should
automatically adapt itself to the varying non-stationary
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properties of the tracked signal. In our application, we
applied the Kalman Filter (Gelb 1988):
( Px.t/D F.t/x.t/C w.t/ where W w.t/�N.0;Q.t//

z.t/D H.t/x.t/C v.t/ where W v.t/�N.0;R.t//
(21.4)

The first equation describes the dynamic behavior

of the state vector x.t/D �
fk; Pfk; Rfk; «fk;

�T
to be

estimated. The second equation links the observations

z.t/D �
O˚ij ; �O P̊ ij �T with x.t/ where P̊ is the

observed Doppler converted in [ m
sec

]. With the matrices
F(t) and H(t):

F.t/ D

0
BB@
0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

1
CCA I H.t/ D

�
1 0 0 0

0 1 0 0

�

The stochastic model for the observations repre-
sented by the matrix R.t/ is a diagonal matrix with
2 [mm] and 30 [mm

sec
] standard deviation for the sin-

gle difference and the Doppler measurements, respec-
tively.

The system noise characterised by the covariance
matrix Q.t/ is estimated empirically for each single
difference k in the initialization process of the filter.
To obtain this covariance matrix, a collocational model
is adjusted over an initialization time (�30 [s]), see
Fig. 21.3, thus, estimating fk.t/ in an optimal way
and whitening the residual noise. Then, at each ini-
tialization epoch, the state vector is computed on the
one hand by numerical derivation of the collocated
function and on the other hand by the step by step
resolution of the dynamic system (21.4). Finally, Q.t/
can be estimated with these two states series.

If D D .ıx1 ��ıx; ıx2 ��ıx; : : : ıxn ��ıx/T is the
matrix which groups the n state vector residuals ıxi
(�ıx is the mean of ıxi ) of each initialization epoch i ,
Q.t/ can be empirically computed by:

Q D 1

n � 1 � DTD (21.5)

3.2 Estimation of the Displacement

After the initialization and the system identification
process, all available single differences are tracked and
it is assumed that all fk.t/ are known. From (21.3) we

Fig. 21.3 Collocation of a single difference time series of 30 [s]
(carrier phase observations acquired at 10 [Hz]). The covariance
function is adapted to obtain a white residual noise. Only
the signal and the noise components are shown (upper). The
autocorrelation function proves that the residual noise is close
to a white noise process (lower)

have:

O˚ij .t/C O"ij .t/ D �d.t/ � Œei.t/ � ej.t/�C fk.t/

(21.6)
and can be rewritten:

O˚ij .t/ � fk.t/„ ƒ‚ …
lk

C O"ij .t/„ ƒ‚ …
vk

D �Œei.t/ � ej.t/�
T

„ ƒ‚ …
Ak

� d.t/„ƒ‚…
x

(21.7)

With all available single differences, the unknown
displacement can be estimated :

Ox D .ATQ�1
l l A/�1ATQ�1

ll l (21.8)

The covariance matrix �20Qll is computed by taking
into account the correlation due to forming the single
differences. A displacement is significantly detected
if both the global test (F-Test) of the estimation and
the non-zero displacement hypothesis test (congru-
ence test) at a chosen confidence level are successful
(Welsch et al. 2000).

4 Test on Real Measurements

To illustrate the algorithm and assess the real accuracy
of this method, we have applied the algorithm to
observations carried out by two Leica 500 receivers
(2 [m] baseline) at an data acquisition rate of 10 [Hz]
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Fig. 21.4 East, North and Height components of the displace-
ment estimated with G-MoDe algorithm in real-time on the static
receiver. The a priori 3� confidence intervals are drawn in red on
the time series

Fig. 21.5 Time series of the east component of the displace-
ments computed with standard kinematic differential processing
and G-MoDe algorithm

during 25 [min]. The first was static and different kind
of displacement where applied on the second one. This
allow us to compare on the one hand the displacements
of the displaced antenna estimated by G-MoDe with
standard differential kinematic processing and on the
other hand the resolution and the noise behavior of
G-MoDe applied on the data of the static antenna.

In the Fig. 21.4 it is shown the East, North and
Height components of displacements calculated by the
filtering and extraction algorithm of the static receiver
which give an idea of the accuracy of the filtering. The
displacements are computed with a prediction length
of one time step. Only L1 carrier phase observations
measured on nine satellites are used. The empirical
standard deviations are 0.8, 1.3 and 2.1 [mm] for the
east, north, and high components respectively.

In the upper Fig. 21.5 the time series of the east
component of a standard kinematic processing is
shown. The black line represents the movement which
were applied. In the first part, rapid displacement in the
order of 5–20 [mm] were produced. In the second part,
oscillating movement with frequencies from 0.5 to
2.0 [Hz] with amplitudes of 5–20 [mm] were applied.

In the lower Fig. 21.5 the time series of the east
component of G-MoDe processing is shown. All rapid
and oscillating displacement are well detected.

Conclusion

A new method to detect small and rapid movements
in real-time with a single L1-GPS carrier phase
receiver has been presented. In good conditions,
quick movements above 5 [mm] in the horizontal
and 10 [mm] in height can be significantly (95%)
detected instantaneously. There are multiple advan-
tages of this technique, compared to the conven-
tional differential processing:
First, it is based on one stand-alone single receiver.
No reference station is needed. The processing can
be carried out at the measurement site without the
need of communication with other stations. In addi-
tion, the precision is not dependent on any baseline
length.
Secondly, it is not necessary to use complicated
models for satellite ephemeris, tropospheric correc-
tion etc. The presented method reduces the noise to
an almost white spectrum. Finally, low-cost single-
frequency receivers which are able to measure the
carrier phase with an acquisition rate equal or higher
to 10 [Hz] can be used.
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Abstract

Discontinuity detection is of great relevance at different stages of the processing
and analysis of geodetic time-series of data. This paper is essentially a review of
two possible methods. The first method follows a stochastic approach and exploits
the Bayesian theory to compute the posterior distributions of the discontinuity
parameters. The epoch and the amplitude of the discontinuity are then selected as
maximum a posteriori (MAP). The second method follows a variational approach
based on the Mumford and Shah functional to segment the time-series and
to detect the discontinuities. Whereas the original formulation was developed
in a continuous form, discrete approaches are also available presenting some
interesting connections with robust regressions. Both the methods have been
applied to identify the occurrence of cycle-slips in GNSS phase measurements.
Simulated and real data have been processed to compare the performance and to
evaluate pros and cons of the two approaches. Results clearly show that both the
methods can successfully identify cycle-slips.
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via Mesiano, 77 – 38123 Trento, Italy
e-mail: alfonso.vitti@ing.unitn.it

1 Introduction

The occurrence of discontinuities in geodetic data
is very common, discontinuity detection is a well
known problem and a key task in many applica-
tions. Sometimes, one wants to detect and then
remove discontinuities in signals so that subsequent
analyses or models can be correctly applied on a
discontinuity-free signal. Sometimes, one is mainly
interested in the discontinuities themselves and in the
event epochs. Jumps in coordinates time-series are
unwanted events when working on the realization of
Reference Systems (Perfetti 2006; Altamimi et al.
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2007), likewise, cycle-slips have to be detected
and possibly corrected when dealing with GNSS
phase measurements (Lichtenegger and Hofmann-
Wellenhof 1989; Teunissen and Kleusberg 1998;
Gao and Li 1999). Again, discontinuities are of
great interest in the analysis of velocity fields and
coordinate time-series in geophysical applications
(Albertella et al. 2007; Dermanis and Kotsakis
2007; Serpelloni et al. 2005), just to mention some
examples.

This paper describes two techniques suitable for
discontinuity detection. The first method exploits the
Bayesian theory to detect jumps in a time-series of
data modeled by a smooth regression (de Lacy et al.
2008). Epoch and amplitude of the jumps are described
by means of probability distributions. The second
method is based on the minimum problem proposed
by Mumford and Shah (1989) to solve the signal
segmentation problem. Segmentation can be consid-
ered here as the partitioning of the data into disjoint
and homogeneous regions by smoothing the data and
simultaneously locating the region boundaries without
smoothing them out. The boundaries of the homoge-
neous regions are the points where the data present
discontinuities.

The main theoretical elements of the two methods
are just introduced herein for a matter of space limi-
tation. The treatment of the mathematical subjects is
not exhaustive and the description of the methods is
introductory and short as well. Regarding the Mumford
and Shah model, the primary aim is to show the com-
plex and long way connecting the original formulation
and its practical implementation by means of known
results.

The two methods have been implemented numer-
ically and used to detect cycle-slips in GNSS phase
measurements. The Bayesian method was developed
and applied in a previous work by de Lacy et al. (2008)
to face this specific problem. Being the effectiveness
of theory-based Bayesian models widely proved (see
e.g., Koch 2007), the results of the Bayesian method
are here used as a reference to assess the perfor-
mance of the Mumford and Shah model. In partic-
ular, to evaluate and compare the different features
of the two methods, tests on simulated and real data
have been performed obtaining good and consistent
results.

2 The Bayesian Method

When a time-series of data is expected to be smooth
in time, a polynomial regression can be used to model
the data. If a single discontinuity occurs at epoch � ,
one can write the following observation equation:

y
0

D Ax C kh� C 	; (22.1)

where y
0

is the vector of observations; the base func-
tions of the regression are the elements of the design
matrix A; x is the vector of the unknown regression
parameters; � is the discontinuity epoch; k is the
discontinuity amplitude; h� is the Heaviside func-
tion; 	 is the observation noise vector. The obser-
vations, the unknown parameters, the discontinuity
epoch, the discontinuity amplitude and the variance
of the observation noise are all considered as a priori
stochastically independent random variables. For each
parameter, a probability distribution (prior) is intro-
duced and the Bayesian theorem is applied to compute
the joint posterior distribution of the parameters as:

p.x; �; k; �20 j y
0
/D p.y

0
j x; �; k; �20 / �p.x; �; k; �20 /

p.y
0
/

:

(22.2)

In the Bayesian approach, the priors can be used to
force some specific constraints on the parameters. The
constraints are derived from the a priori knowledge
about the parameters features, e.g., cycle-slips in some
GNSS data combinations take only integer values,
hence an integer condition can be enforced on the prior
of the amplitude parameter. In the model presented by
de Lacy et al. (2008) non-informative priors (Box and
Tiao 1992) were used.

The discontinuity is detected by first computing
the marginal posterior distribution of the discontinuity
epoch p.� j y

0
/ and then selecting the epoch � with

the maximum a posteriori probability (MAP). The
estimate of the discontinuity amplitude is obtained
from the conditional posterior distribution p.k j �; y

0
/

exploiting again the MAP principle.
In the model (22.1) only one discontinuity has

been considered. To handle correctly the general case
with more than one discontinuity, the conditional pos-
terior distribution of the observation noise variance
p.�20 j �; y

0
/ is used in a test on the model accuracy
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to divide the original data set into intervals containing
at most one discontinuity.

3 The Mumford and Shah Method

Mumford and Shah (1989) proposed one of the most
known models in image segmentation. The model
seeks a smooth approximation u of the data g, at the
same time the model detects and preserves from the
smoothing the discontinuities of g. In two dimensions
the Mumford and Shah functional is:

MS.u; K/ D
Z
˝nK

h
.u � g/2 C � jruj2

i
dx

C ˛H 1.K/; (22.3)

where ˝ is a bounded set in R
2; K � ˝ is a compact

set representing the contours reconstructed from the
discontinuities of g and ˝ is the closure of ˝ . The
function u 2 W 1;2.˝nK/ is a smooth approxima-
tion of the data g outside K and W 1;2 is a Sobolev
space; H 1 is the 1-dimensional Hausdorff measure;
˛ and � are positive constants. In three dimensions
analogous models are widely adopted in Mathematical
Physics, e.g. fracture mechanics, plasticity, static the-
ory of liquid crystals. In one dimension, the counting
measure #.K/ replaces the H 1.K/ measure, and u0
replaces ru.

The first term in (22.3) measures the distance
between the solution u and the data g, the second
term measures the variations of u, and the third term
handles the discontinuities of g. The problem is to find
a pair .u; K/ that minimizes the functional (22.3) so
that the solution u is forced to be close to the data g,
strong variations of u are penalized, and the measure
of the discontinuity set K is kept as small as possible
in order to avoid over-segmented solutions.

The third term in (22.3) misses some good mathe-
matical properties that would ensure the existence of
the minimum. To overcome this difficulty, De Giorgi
proposed a weak formulation of (22.3) in the space
of special functions of bounded variation SBV.˝/
(see Ambrosio et al. 2000). The relaxed functional in
SBV.˝/ proposed by De Giorgi is:

MSw.u/ D
Z
˝

h
.u � g/2 C � jruj2

i
dx

C ˛H 1.Su/: (22.4)

This functional depends only on the function u: the set
K has been replaced by the set Su of the discontinuities
of u. In SBV.˝/, the measure of Su is negligible
(roughly speaking) and hence the integral terms in
(22.4) are now defined over the entire domain ˝ .
De Giorgi et al. (1989) proved the existence of mini-
mizers of (22.4) using the direct methods of the Calcu-
lus of Variations and then showed that minimizers of
(22.4) provide also minimizers for the Mumford and
Shah functional (22.3).

The Mumford and Shah problem belongs to a class
of variational problems known as free discontinuity
problems. Energy terms of different dimension com-
pete in this kind of minimum problem, as in (22.4).
The lower dimension energy, e.g., the third term in
(22.4), is concentrated on a set that can be recovered
by the discontinuity set of a suitable function, as
done in (22.4). This unknown discontinuity set has
an important role and it is not fixed a priori, i.e.,
it is free.

Finding a suitable numerical method to compute
a minimizing pair of (22.4) is not trivial because the
numerical treatment of H 1.Su/ is very difficult. The
first and most used result is due to Ambrosio and
Tortorelli (1992), they proved the variational approx-
imation of the functional (22.4) with a new sequence
of functionals which are numerically more tractable.
The Ambrosio and Tortorelli functionals are:

AT".u; z/ D
Z
˝

h
.u � g/2 C �z2 jruj2

i
dx

C ˛

Z
˝

	
" jrzj2 C .1� z/2

"



dx; (22.5)

where z 2 W 1;2, 0 � z � 1, and u 2 W 1;2.˝/. The
variational approximation was proved exploiting the
theory of the � -Convergence (De Giorgi and Franzoni
1975) and an important result by Modica and Mortola
(1977) who proved that H 1.Su/ can be approximated
by the third integral in (22.5). In (22.5) " is the
� -Convergence parameter, and the approximation
holds when "! 0. The functionals (22.5) present only
integral terms defined on the entire domain ˝ . The
auxiliary function z, that mimics the characteristic
function of u, is introduced to control strong variations
of u. From the practical point of view, a standard
finite element method can be used to approximate
numerically the functionals (22.5). A finite difference
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discretization of the Euler equation associated to
(22.5) is also possible. Different types of variational
approximations exist (see Braides 1998). We mention
only a discrete approximation proposed by Chambolle
(1995), that is:

C.uh/ D h2
X
i;j

�
uhi;j � ghi;j

�

C �

2
4h2X

i;j

Wh

 
uhiC1;j � uhi;j

h

!

C h2
X
i;j

Wh

 
uhi;jC1 � uhi;j

h

!3
5; (22.6)

where h is the mesh size and Wh.t/D min.t2; ˛=h/,
this function is very similar to the “weight” function
used in robust regressions.

Blake and Zisserman (1987) proposed an extension
of the functional (22.3) where the smoothness of u
is controlled by a second order term, e.g., the second
derivative of u in 1-D, and where also the set Su0 of
the discontinuity points of the first derivative of u is
explicitly handled. The weak formulation of the Blake
and Zisserman functional in one dimension is:

BZw.u/ D
Z
˝

�
.u � g/2 C �z2.u00/2

�
dx

C ˛#.Su/C ˇ#.Su0/: (22.7)

Some variational approximation is still needed to
implement the functional (22.7) numerically.

4 Cycle-Slips Detection on Linear
Combinations of Undifferenced
GPS Observations

The geometry-free linear combination of phase obser-
vations from a single satellite to a single receiver
depends only on the ionospheric effect, on the initial
integer ambiguities and on the electronic biases. This
combination presents a noise ranging from 3 to 4 mm.
The wavelengths of the two GPS carriers L1 and L2 are
two orders of magnitude larger than the noise of their
combinationL1�L2. This means that even cycle-slips
with amplitude of one cycle, occurring in one of the

two carriers, can be easily identified. This is not the
case for some couples of simultaneous cycle-slips on
the two carriers with the amplitude of the combination
smaller than the L1 � L2 noise level. Anyway, these
cycle-slips that cannot be detected in the L1 � L2

combination have an amplitude that is always 2 or 3
times larger than the P1 � L1 noise, ranging from 20
to 30 cm (see de Lacy et al. 2008).

The performance of the variational method has been
assessed on the basis of the results by de Lacy et al.
(2008) where the Bayesian method was compared with
the BERNESE 5.0 scientific software. The comparison
has been performed on a simulated time-series of data
with known cycle-slips and on real data with simulated
cycle-slips. The data are those used by de Lacy et al.
(2008). The simulated data set is composed of 500
observations with a noise variance of �20 D 1. A first
jump of amplitude kD 3�0 is present at epoch � D 200,
a second jump of amplitude kD 5�0 is present at epoch
� D 300 (see de Lacy et al. 2008).

Figures 22.1 and 22.2 show the detection of the first
jump by the Bayesian method: the interpolation and
the posteriors of the parameters � and k are plotted.
The conditional posterior distribution of the disconti-
nuity amplitude k has been obtained by enforcing an
integer condition on the prior of k. The variational
segmentation u of the data and the auxiliary function
z that “sees” the discontinuities of u are shown in
Fig. 22.3. An estimate of the discontinuity amplitudes
can be computed as the difference between the values
the approximating function u presents before and after
the discontinuity epoch (k200 D 2:7, k300 D 5:8). The
variational method has been also applied to a subset of

Fig. 22.1 Bayesian method: the most likely interpolation (black
dots) of the data (gray dots) and the marginal posterior of the
discontinuity epoch � given the data (gray bars)
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Fig. 22.2 Bayesian method: the conditional posterior of the
amplitude k given the data and the estimate of the discontinuity
epoch

Fig. 22.3 Variational method: the segmentation u (black dots)
of the data (gray dots) and the auxiliary function z (gray filled)

the real 30 s GPS data with simulated jumps studied in
de Lacy et al. (2008), all the jumps have been correctly
detected.

Conclusion

The use of the Mumford and Shah variational model
has produced good results, consistent with the ref-
erence results of the Bayesian method developed
and applied by de Lacy et al. (2008) to study the
general problem of detecting discontinuities on a
smooth signal. Here the Bayesian and the varia-
tional models have been successfully applied to
detect cycle-slips, but they could be also used to
detect discontinuities in other geodetic applications
or in Geophysics.

With the Bayesian approach, significant constraints
can be enforced in the priors of the parameters
in order to make the discontinuity detection more
effective and to achieve results consistent with the
a priori knowledge of the features of the unknown
parameters. On the other hand, the test on the con-
ditional posterior distribution of the noise variance
depends on the knowledge of an a priori value of the
noise level which may not always be available.
The Mumford and Shah model has an intrinsic
“multi-scale” nature, the ratio between the param-
eters ˛ and � is somehow related to the size of
the smaller discontinuity that the model can detect
and the noise variance of the signal, for details see
(Blake and Zisserman 1987). Despite this underly-
ing connection, the choice of proper ratios is far
from being an easy task, even when an a priori
estimate of the noise level is known.
To exploit the best of the two methods, a sequential
application is under investigation. The variational
method could be used in a first step with “high
sensitive” parameters to detect possible jumps, i.e.,
real jumps and noise compatible variations. On a
second step, the Bayesian model could be used to
detect and hence select just the real jumps, and to
estimate the corresponding amplitudes.
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23Prediction Analysis of UT1-UTC Time Series
by Combination of the Least-Squares
and Multivariate Autoregressive Method

Tomasz Niedzielski and Wiesław Kosek

Abstract

The objective of this paper is to extensively discuss the theory behind the
multivariate autoregressive prediction technique used elsewhere for forecast-
ing Universal Time (UT1-UTC) and to characterise its performance depending
on input geodetic and geophysical data. This method uses the bivariate time
series comprising length-of-day and the axial component of atmospheric angular
momentum data and needs to be combined with a least-squares extrapolation of
a polynomial-harmonic model. Two daily length-of-day time series, i.e. EOPC04
and EOPC04 05 spanning the time interval from 04.01.1962 to 02.05.2007, are
utilised. These time series are corrected for tidal effects following the IERS
Conventions model. The data on the axial component of atmospheric angular
momentum are processed to gain the 1-day sampling interval and cover the time
span listed above. The superior performance of the multivariate autoregressive
prediction in comparison to autoregressive forecasting is noticed, in particular
during El Niño and La Niña events. However, the accuracy of the multivariate
predictions depends on a particular solution of input length-of-day time series.
Indeed, for EOPC04-based analysis the multivariate autoregressive predictions are
more accurate than for EOPC04 05-based one. This finding can be interpreted as
the meaningful influence of smoothing on forecasting performance.
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1 Introduction

Universal Time (UT1-UTC) quantitatively describes
the Earth’s rotation rate and is one of five Earth
Orientation Parameters (EOPs). EOPs are intrinsic
to practically perform the time-varying transforma-
tion between the International Celestial Reference
Frame (ICRF) and the International Terrestrial
Reference Frame (ITRF). The knowledge about this
transformation and its accuracy is crucial for tracking
and navigation of objects in space.

The importance of forecasting UT1-UTC as well as
its derivative length-of-day (LOD or �) is stressed by
many authors (e.g. Schuh et al. 2002; Johnson et al.
2005; Niedzielski and Kosek 2008). The short-term
predictions of EOPs are essential to enhance the time-
keeping, communication, and navigation in space. The
long-term UT1-UTC forecasts, however, can be used
for monitoring and prediction of El Niño/Southern
Oscillation (ENSO). Indeed, UT1-UTC and LOD data
comprise El Niño and La Niña signals (e.g. Rosen et al.
1984; Gross et al. 1996; Abarca del Rio et al. 2000)
and hence their prediction can serve well a purpose of
ENSO diagnosis (Niedzielski and Kosek 2008; Zhao
and Han 2008).

There are several methods suitable for forecasting
UT1-UTC and LOD time series. They are usually
based on empirical data processing. Probably one of
the simplest methods to forecast UT1-UTC and LOD is
extrapolation of a polynomial-harmonic least-squares
model. The UT1-UTC and LOD time series can also be
forecasted using the autoregressive technique (Kosek
1992). To determine the predictions of Earth’s rota-
tion rate, Kosek et al. (1998) utilised the autocovari-
ance technique and Gross et al. (1998) applied the
Kalman filter. Schuh et al. (2002), Kalarus and Kosek
(2004) as well as Kosek et al. (2005) showed that
artificial neural networks can be successfully applied
to forecast LOD time series. Akyilmaz and Kutterer
(2004) found that the fuzzy inference system serves
well a purpose of LOD prediction. Following the
concept by Freedman et al. (1994), Johnson et al.
(2005) utilized the axial component (�3) of atmo-
spheric angular momentum (AAM) to support very
accurate forecasting technique for UT1-UTC. More
recently, Niedzielski and Kosek (2008) applied a mul-
tivariate autoregressive model comprising LOD and

AAM �3 time series and gained the improvement of
UT1-UTC predictions during ENSO events.

This paper presents a detailed theory behind the
multivariate autoregressive technique and extends
the previous study by Niedzielski and Kosek
(2008). The impact of different input LOD data
on the accuracy of multivariate autoregressive
predictions is discussed. Two LOD solutions,
EOPC04 and EOPC04 05 spanning the time interval
from 04.01.1962 to 02.05.2007, are selected. The
differences between the results are interpreted in terms
of data smoothing.

2 Multivariate Autoregressive Model

Following Niedzielski and Kosek (2008), three
prediction methods are applied: extrapolation of
the least-squares polynomial-harmonic model (LS),
combination of LS with autoregressive forecasting
(AR) denoted by LSCAR, and combination of LS
with multivariate autoregressive forecasting (MAR)
referred to as LS+MAR. For the sake of brevity,
LS and LSCAR methods are not presented here but
an extensive presentation of MAR method is given
instead. The theory on MAR technique is presented
following the paper by Neumaier and Schneider
(2001). The application of LS and AR estimations
for modelling UT1-UTC and LOD is presented by
Niedzielski and Kosek (2008).

2.1 Modelling

The m-variate time series X.m; n/ comprising n vec-
tors is given by (before subtracting LS model):

X.m; n/ D
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9>>>>>=
>>>>>;
:

(23.1)

A residual time series Y.m; n/ can be obtained as a
difference between the data and the LS model (for each
component) and may be denoted by:
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Y.m; n/ D

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

2
666664

Y
.1/
1

Y
.2/
1

:::

Y
.m/
1

3
777775
;

2
666664

Y
.1/
2

Y
.2/
2

:::

Y
.m/
2

3
777775
; : : : ;

2
666664

Y
.1/
n

Y
.2/
n

:::

Y
.m/
n

3
777775

9>>>>>=
>>>>>;
:

(23.2)

A multivariate autoregressive process of order p
(MAR(p)), Yt , is stationary and the following condi-
tion holds:

Yt D w C
pX
iD1

AiYt�i C Et ; (23.3)

where Yt is a random vector of residuals indexed by
discrete time t , Ai , i D 1; : : : ; p are autoregressive
coefficient matrices, w is an intercept term, Et is a
white noise vector with mean zero and a covariance
matrix C. Selection of an order p can be done by
the Schwarz Bayesian Criterion (SBC) defined as
(Schwarz 1978; Neumaier and Schneider 2001):

SBC.p/ D lp

m
�
�
1 � np

N

�
logN; (23.4)

where lp D log detŒ.N � np/ OC�, np D mp C 1, N
is a number of state vectors, m is a dimension of the
model, and OC is a covariance matrix estimate of the
noise vector. Optimal p is an integer, for which SBC
attains a minimum value. Estimation of A1; : : : ;Ap , w,
and C is performed for a fixed p using a least-squares
procedure. A MAR(p) model can also be denoted as:

Yt D B

2
66664

1

Yt�1
:::

Yt�p

3
77775C Et ; (23.5)

where B D Œw A1 : : : Ap� is matrix of parameters to
be estimated. An estimate of B can be obtained by:

OB D WU�1; (23.6)

where

W D
NX
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and

U D
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In order to estimate OB one may apply the Cholesky
factorization as:

OB D .R�1
11 R12/

T ; (23.9)

where R11 and R12 can be obtained from:

"
U WT

W V

#
D
"

RT
11R11 RT

11R12

RT
12R11 RT

12R12 C RT
22R22

#
;

(23.10)

where V D PN
iD1 YiYT

i . An estimate of C can be
determined using the following expression:

OC D 1

N � np RT
22R22: (23.11)

2.2 Prediction

A 1-step prediction of a MAR(p) model is given by:

P1YsC1 D Ow C
pX
iD1

OAiYsC1�i ; (23.12)

where P1YsC1 is the prediction vector for time s C 1

determined at time s; OAi , i D 1; : : : ; p, are already
estimated autoregressive matrices. The 1-step predic-
tion vector is thus defined as:

P1YsC1 D

2
664
P1Y

.1/
sC1
:::

P1Y
.m/
sC1

3
775; (23.13)

where P1Y
.j /
sC1 is the 1-step prediction for j -th

component of a multivariate time series Y.m; s/.
A k-step prediction, PkYsCk , is determined in a
stepwise way. First, P1YsC1 is computed. Second,
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P1YsC1 is attached to the time series Y.m; s/ in the
following way:

eY.m; s C 1/ D
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A 2-step prediction, P2YsC2, is based on the com-
putation of the 1-step prediction of the time serieseY.m; s C 1/. A k-step prediction, PkYsCk , can be
computed by repeating this procedure k times.

2.3 Prediction Accuracy

Root mean square error (RMSE) of the 1-step predic-
tion can be obtained using the equation:

RMSE D
vuut 1

d

dX
hD1

�
P1X

.j /

sCh � X
.j /

sCh
�2
; (23.15)

where X
.j /

sCh is j -th component of a vector XsCh;
P1X

.j /

sCh is the 1-step prediction of j -th component of a
multivariate time series X.m; sCh�1/; d is a number
of 1-step predictions; 1 � d � n�s. RMSE for k-step
predictions is computed in a similar way.

3 Data

For the purpose of the study, three time series are
selected. They span the time interval from 04.01.1962
to 02.05.2007.

Two of them are different� solutions (EOPC04 and
EOPC04 05) used here to carry out the comparative
study highlighted in the Introduction. The daily time
series � are retrieved from EOPC04 and EOPC04 05
data sets. In both cases, � data are corrected for tidal
effects using the IERS Conventions tidal model ı�
(McCarthy and Petit 2004). The non-tidal length-of-
day signal can thus be denoted as .� � ı�/EOPC04

and .� � ı�/EOPC04 05, respectively for EOPC04
and EOPC04 05 solutions. The difference between
these time series is depicted in Fig. 23.1. The
characterisation of .� � ı�/EOPC04 05 data is provided
by Niedzielski et al. (2009).

Fig. 23.1 The difference between .� � ı�/EOPC04 and
.�� ı�/EOPC04 05 time series

The third data set is AAM �3 time series, the sum of
wind (motion) and pressure (mass) terms corrected for
inverse barometer effect (Kalnay et al. 1996). The data
were interpolated to get the 1-day sampling interval.

4 Predictions of UT1-UTC

The analysis indicates that the performance of
LSCMAR technique in forecasting LOD and UT1-
UTC time series is better than the performance of
LS and LSCAR methods. This is particularly well
seen during El Niño and La Niña events (Niedzielski
and Kosek 2008). One should note that the superior
performance may be partially driven either by selecting
model orders with dissimilar statistics or by calibrating
models with different techniques. Figure 23.2 shows
that RMSE values of long-term predictions are the
lowest for LSCMAR approach based on LOD input
data from EOPC04. The corresponding predictions
determined using LOD from EOPC04 05 are less
accurate, however, they are still better than those
calculated by LS or LSCAR techniques.

It is difficult to address the issue of potential
causes of the above-mentioned discrepancy between
accuracies of predictions derived using two EOPC
solutions. The probable explanation may be related to
smoothing as it is usually easier to successfully predict
filtered data. It is interesting, however, that the similar
difference cannot be observed in the case of LSCAR
predictions based on EOPC04 and EOPC04 05 data.
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Fig. 23.2 RMSE of predictions based on the LSCMAR
method for different input data

Conclusion

In this paper, LSCMAR technique for UT1-
UTC forecasting is discussed and shown to be an
efficient method in comparison to LS and LSCAR
approaches. For long-term predictions, which are
crucial for ENSO investigations, the superior
performance is provided by LSCMAR method
based on the input data from EOPC04 solution. If
EOPC04 input data are replaced with EOPC04 05,
the EOPC04-based computation still remains to be
the most accurate amongst the predictions under
study. The potential explanation may be linked to
smoothing.
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24Next Generation GNSS Single Receiver Cycle
Slip Reliability
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Abstract

In this contribution we study the multi-frequency, carrier-phase slip detection
capabilities of a single receiver. Our analysis is based on an analytical expression
that we present for the multi-frequency minimal detectable carrier phase cycle slip.

Keywords

GNSS Cycle Slips • Minimal Detectable Bias (MDB) • Multi-Frequency
Receivers

1 Introduction

In this contribution we will study the Global
Navigation Satellite System (GNSS) reliability of
multi-frequency single-receiver, single-satellite code-
and carrier phase time series. Examples of such studies
for the single-baseline GNSS models can be found
in Teunissen (1998), De Jong (2000), De Jong and
Teunissen (2000). There are several advantages to
single-receiver, single-satellite data validation. First,
it can be executed in real-time inside the receiver and
thus enables early quality control on the raw data.
Second, the geometry-free single-satellite approach
has the advantage that no satellite positions need to be
known beforehand and thus no complete navigation
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messages need to be read and used. Moreover, this
approach also makes the method very flexible for
processing data from any (future) GNSS in a simple
way, like e.g. (modernized) GPS (USA), Galileo (EU),
Glonass (Russia), and Compass (China).

Our study of the single-receiver, single-satellite
reliability will be analytical and supported with numer-
ical results. As reliability measure we focus on the
Minimal Detectable Biases (MDBs). The MDB is a
measure for the size of model errors that can be
detected with a certain power and a certain probability
of false alarm. The MDB can be determined from
the functional and stochastic model and is therefore a
useful tool to assess how well certain model errors can
be detected. We formulate alternative hypotheses for
model errors like outliers in de code data on different
frequencies, cycle slips in the carrier phase data on
different frequencies, potential loss of lock, and iono-
spheric disturbances. The closed form formulas that
will be presented are applicable to any GNSS with an
arbitrary number of frequencies and include also the
ionosphere-weighted case. Due to lack of space, we
only work out the single- and multi-frequency MDBs
for cycle slips. However, the same approach can be
followed for the other type of model errors as well.
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We emphasize the results for (modernized) GPS and
Galileo.

2 The Multi-frequency
Single-Receiver Geometry-Free
Model

Null Hypothesis: The carrier phase and pseudo range
observation equations of a single receiver that tracks
a single satellite on frequency fj (j D 1; : : : ; n) at
time instant t (t D 1; : : : ; k), see e.g., Teunissen and
Kleusberg (1998), Misra and Enge (2001), Hofmann-
Wellenhoff and Lichtenegger (2001), Leick (2003), are
given as

�j .t/ D ��.t/ � �jI .t/C b�j C n�j .t/

pj .t/ D ��.t/C �jI .t/C bpj C npj .t/
(24.1)

where �j .t/ and pj .t/ denote the observed carrier
phase and pseudo range, respectively, with correspond-
ing zero mean noise terms n�j .t/ and npj .t/. The
unknown parameters are ��.t/, I .t/, b�j and bpj . The
lumped parameter ��.t/ D �.t/C cıtr .t/� cıts.t/C
T .t/ is formed from the receiver-satellite range �.t/,
the receiver and satellite clock errors, cıtr .t/ and
cıts.t/, respectively, and the tropospheric delay T .t/.
The parameter I .t/ denotes the ionospheric delay
expressed in units of range with respect to the first
frequency. Thus for the fj -frequency pseudo range
observable its coefficient is given as �j Df 2

1 =f
2
j . The

parameters b�j and bpj are the phase bias and the
instrumental code delay, respectively. The phase bias
is the sum of the initial phase, the phase ambiguity and
the instrumental phase delay.

Both b�j and bpj are assumed to be time-invariant.
This is allowed for relatively short time spans, in which
the instrumental delays remain sufficiently constant.
The time-invariance of b�j and bpj implies that only
time-differences of ��.t/ and I .t/ are estimable. We
may therefore just as well formulate the observation
equations in time-differenced form. Then the parame-
ters b�j and bpj get eliminated and we obtain

�j .t; s/ D ��.t; s/ � �jI .t; s/C n�j .t; s/

pj .t; s/ D ��.t; s/C �jI .t; s/C npj .t; s/
(24.2)

where �j .t; s/ D �j .t/��j .s/, with a similar notation
for the time-difference of the other variates.

Would we have a priori information available about
the ionospheric delays, we could model this through
the use of additional observation equations. In our
case, we do not assume information about the absolute
ionospheric delays, but rather on the relative, time-
differenced, ionospheric delays. We therefore have the
additional (pseudo) observation equation

Io.t; s/ D I .t; s/C nI .t; s/ (24.3)

with the (pseudo) ionospheric observable Io.t; s/. The
sample value of Io.t; s/ is usually taken to be zero.

If we define �.t/ D .�1.t/; : : : ; �n.t//
T , p.t/ D

.p1.t/; : : : ; pn.t//
T , y.t/ D .�.t/T ; p.t/T ;Io.t//

T ,
g.t/ D .��.t/;I .t//T , � D .�1; : : : ; �n/

T , y.t; s/ D
y.t/ � y.s/ and g.t; s/ D g.t/ � g.s/, then the
expectation E.:/ of the 2nC1 observation equations of
(24.2) and (24.3) can be written in the compact vector-
matrix form

E .y.t; s// D Gg.t; s/ (24.4)

where

G D

2
64
en ��
en C�
0 1

3
75 (24.5)

This two-epoch model can be extended to an arbitrary
number of epochs. Let y D .y.1/T ; : : : ; y.k/T /T and
g D .g.1/T ; : : : ; g.k/T /T , and let Dk be a full rank
k � .k � 1/ matrix of which the columns span the
orthogonal complement of ek , DT

k ek D 0 (recall that
ek is a k-vector of 1’s). Then�y D .DT

k ˝I2nC1/y and
�g D .DT

k ˝ I2/g are the time-differenced vectors of
the observables and parameters, respectively, and the
k-epoch version of (24.4) can be written as

H0 W E .�y/ D .Ik�1 ˝G/�g (24.6)

where ˝ denotes the Kronecker product. Model (24.6),
or its two-epoch variant (24.4), will be referred to as
our null hypothesis H0.

Alternative Hypotheses: The data collected by a
single GNSS receiver can be corrupted by many
different errors. The errors that we consider are the
ones that can be modelled as a shift in the mean of
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Balaš, J., 227, 228
Baldi, P., 148, 342
Ballani, L., 111
Balmino, G., 71, 287, 369
Banerjee, B., 251
Bar-Itzhack, I.Y., 93
Barnes, D.F., 355
Barnett, V., 87
Barrett, R., 229

Barthelmes, F., 200, 201, 314
Barzaghi, R., 112, 113, 173, 368, 389
Bassin, C., 248
Bastos, L., 215
Battin, R.H., 44
Baur, O., 381
Baustert, G., 280, 314
Beardsley, B., 370
Becker, J.J., 229
Beekman, F., 388
Beer, M., 76
Ben-Avraham, Z., 388
Benavidez, A., 3
Benciolini, B., 147, 339, 391
Bender, P.L., 21
Benedek, J., 251
Bentel, K., 276
Berardino, P., 218, 220, 364
Berry, M., 229
Berry, P., 207, 229
Bers, L., 190–192
Bettadpur, S., 68, 200, 285, 294, 295, 314
Betti, B., 136
Beutler, G., 280, 336, 342, 368, 389
Beyerle, G., 49
Biagi, L., 113, 335, 339, 344, 391
Biancale, R., 71, 287, 314, 369
Bilitza, D., 124, 126
Binder, B., 229
Bingley, R.M., 389
Bischke, R.E., 357
Bjerhammar, A., 227, 228
Blaha, G., 332
Blake, A., 150, 151
Blewitt, G., 294, 313, 336, 342–344, 391
Bocchio, F., 10
Bock, H., 389
Bock, R.W., 342
Bock, Y., 342, 369
Boehm, J., 49
Bogaard, P., 388
Bonnefond, P., 369
Boon, F., 93
Borghi, A., 389
Borre, K., 95, 239
Bos, M.S., 368
Boschi, E., 393

399N. Sneeuw et al. (eds.), VII Hotine-Marussi Symposium on Mathematical Geodesy, International Association of Geodesy
, © Springer-Verlag Berlin Heidelberg 2012Symposia 137, DOI 10.1007/978-3-642-22078-4


