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Foreword

GERAD celebrates this year its 25th anniversary. The Center was
created in 1980 by a small group of professors and researchers of HEC
Montréal, McGill University and of the Ecole Polytechnique de Montréal.
GERAD’s activities achieved sufficient scope to justify its conversion in
June 1988 into a Joint Research Centre of HEC Montréal, the Ecole
Polytechnique de Montréal and McGill University. In 1996, the Uni-
versité du Québec 4 Montréal joined these three institutions. GERAD
has fifty members (professors), more than twenty research associates and
post doctoral students and more than two hundreds master and Ph.D.
students.

GERAD is a multi-university center and a vital forum for the develop-
ment of operations research. Its mission is defined around the following
four complementarily objectives:

» The original and expert contribution to all research fields in
GERAD’s area of expertise;

m  The dissemination of research results in the best scientific outlets
as well as in the society in general;
The training of graduate students and post doctoral researchers;
The contribution to the economic community by solving important
problems and providing transferable tools.

GERAD’s research thrusts and fields of expertise are as follows:

m Development of mathematical analysis tools and techniques to
solve the complex problems that arise in management sciences and
engineering;

Development of algorithms to resolve such problems efficiently;
Application of these techniques and tools to problems posed in
related disciplines, such as statistics, financial engineering, game
theory and artificial intelligence;

= Application of advanced tools to optimization and planning of large
technical and economic systems, such as energy systems, trans-
portation/communication networks, and production systems;

» Integration of scientific findings into software, expert systems and
decision-support systems that can be used by industry.

One of the marking events of the celebrations of the 25th anniver-
sary of GERAD is the publication of ten volumes covering most of the
Center’s research areas of expertise. The list follows: Essays and
Surveys in Global Optimization, edited by C. Audet, P. Hansen
and G. Savard; Graph Theory and Combinatorial Optimization,



vi GRAPH THEORY AND COMBINATORIAL OPTIMIZATION

edited by D. Avis, A. Hertz and O. Marcotte; Numerical Methods in
Finance, edited by H. Ben-Ameur and M. Breton; Analysis, Con-
trol and Optimization of Complex Dynamic Systems, edited
by E.K. Boukas and R. Malhamé; Column Generation, edited by
G. Desaulniers, J. Desrosiers and M.M. Solomon; Statistical Modeling
and Analysis for Complex Data Problems, edited by P. Duchesne
and B. Rémillard; Performance Evaluation and Planning Meth-
ods for the Next Generation Internet, edited by A. Girard, B. Sanso
and F. Vazquez-Abad; Dynamic Games: Theory and Applica-
tions, edited by A. Haurie and G. Zaccour; Logistics Systems: De-
sign and Optimization, edited by A. Langevin and D. Riopel; Energy
and Environment, edited by R. Loulou, J.-P. Waaub and G. Zaccour.

I would like to express my gratitude to the Editors of the ten volumes,
to the authors who accepted with great enthusiasm to submit their work
and to the reviewers for their benevolent work and timely response.
I would also like to thank Mrs. Nicole Paradis, Francine Benoit and
Louise Letendre and Mr. André Montpetit for their excellent editing
work.

The GERAD group has earned its reputation as a worldwide leader
in its field. This is certainly due to the enthusiasm and motivation of
GERAD'’s researchers and students, but also to the funding and the
infrastructures available. I would like to seize the opportunity to thank
the organizations that, from the beginning, believed in the potential
and the value of GERAD and have supported it over the years. These
are HEC Montréal, Ecole Polytechnique de Montréal, McGill University,
Université du Québec a Montréal and, of course, the Natural Sciences
and Engineering Research Council of Canada (NSERC) and the Fonds
québécois de la recherche sur la nature et les technologies (FQRNT).

Georges Zaccour
Director of GERAD



Avant-propos

Le Groupe d’études et de recherche en analyse des décisions (GERAD)
féte cette année son vingt-cinquieme anniversaire. Fondé en 1980 par
une poignée de professeurs et chercheurs de HEC Montréal engagés dans
des recherches en équipe avec des collegues de 1'Université McGill et
de I’'Ecole Polytechnique de Montréal, le Centre comporte maintenant
une cinquantaine de membres, plus d’une vingtaine de professionnels de
recherche et stagiaires post-doctoraux et plus de 200 étudiants des cycles
supérieurs. Les activités du GERAD ont pris suffisamment d’ampleur
pour justifier en juin 1988 sa transformation en un Centre de recherche
conjoint de HEC Montréal, de I’Ecole Polytechnique de Montréal et de
I"Université McGill. En 1996, I'Université du Québec & Montréal s’est
jointe & ces institutions pour parrainer le GERAD.

Le GERAD est un regroupement de chercheurs autour de la discipline
de la recherche opérationnelle. Sa mission s’articule autour des objectifs
complémentaires suivants :

m la contribution originale et experte dans tous les axes de recherche

de ses champs de compétence;

m la diffusion des résultats dans les plus grandes revues du domaine
ainsi qu’aupres des différents publics qui forment l'environnement
du Centre ;

» la formation d’étudiants des cycles supérieurs et de stagiaires post-
doctoraux ;

m ]a contribution & la communauté économique a travers la résolution
de problemes et le développement de coffres d’outils transférables.

Les principaux axes de recherche du GERAD, en allant du plus théo-
rique au plus appliqué, sont les suivants :

m le développement d’outils et de techniques d’analyse mathématiques
de la recherche opérationnelle pour la résolution de problémes com-
plexes qui se posent dans les sciences de la gestion et du génie;

m la confection d’algorithmes permettant la résolution efficace de ces
problemes ;

m Vapplication de ces outils & des problemes posés dans des disciplines
connexes & la recherche opérationnelle telles que la statistique, 1'in-
génierie financiére, la théorie des jeux et U'intelligence artificielle ;

m 'application de ces outils & l'optimisation et & la planification de
grands systémes technico-économiques comme les systemes énergé-
tiques, les réseaux de télécommunication et de transport, la logis-
tique et la distributique dans les industries manufacturieres et de
service;
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s 'intégration des résultats scientifiques dans des logiciels, des sys-
temes experts et dans des systémes d’aide & la décision transférables
a l'industrie.

Le fait marquant des célébrations du 25° du GERAD est la publication
de dix volumes couvrant les champs d’expertise du Centre. La liste suit :
Essays and Surveys in Global Optimization, édité par C. Audet,
P. Hansen et G. Savard; Graph Theory and Combinatorial Op-
timization, édité par D. Avis, A. Hertz et O. Marcotte; Numerical
Methods in Finance, édité par H. Ben-Ameur et M. Breton ; Analy-
sis, Control and Optimization of Complex Dynamic Systems,
édité par E.K. Boukas et R. Malhamé ; Column (Generation, édité par
G. Desaulniers, J. Desrosiers et M.M. Solomon ; Statistical Modeling
and Analysis for Complex Data Problems, édité par P. Duchesne
et B. Rémillard ; Performance Evaluation and Planning Methods
for the Next Generation Internet, édité par A. Girard, B. Sanso et
F. Vazquez-Abad; Dynamic Games : Theory and Applications,
édité par A. Haurie et G. Zaccour ; Logistics Systems : Design and
Optimization, édité par A. Langevin et D. Riopel ; Energy and En-
vironment, édité par R. Loulou, J.-P. Waaub et G. Zaccour.

Je voudrais remercier tres sincérement les éditeurs de ces volumes, les
nombreux auteurs qui ont tres volontiers répondu & 'invitation des édi-
teurs a soumettre leurs travaux, et les évaluateurs pour leur bénévolat
et ponctualité. Je voudrais aussi remercier Mmes Nicole Paradis, Fran-
cine Benoit et Louise Letendre ainsi que M. André Montpetit pour leur
travail expert d’édition.

La place de premier plan qu’occupe le GERAD sur ’échiquier mondial
est certes due & la passion qui anime ses chercheurs et ses étudiants,
mais aussi au financement et & Uinfrastructure disponibles. Je voudrais
profiter de cette occasion pour remercier les organisations qui ont cru des
le départ au potentiel et a la valeur du GERAD et nous ont soutenus
durant ces années. 1l s’agit de HEC Montréal, I'Ecole Polytechnique de
Montréal, 'Université McGill, I'Université du Québec a Montréal et,
bien stir, le Conseil de recherche en sciences naturelles et en génie du
Canada (CRSNG) et le Fonds québécois de la recherche sur la nature et
les technologies (FQRNT).

Georges Zaccour
Directeur du GERAD
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Preface

Combinatorial optimization is at the heart of the research interests
of many members of GERAD. To solve problems arising in the fields of
transportation and telecommunication, the operations research analyst
often has to use techniques that were first designed to solve classical
problems from combinatorial optimization such as the maximum flow
problem, the independent set problem and the traveling salesman prob-
lem. Most (if not all) of these problems are also closely related to graph
theory. The present volume contains nine chapters covering many as-
pects of combinatorial optimization and graph theory, from well-known
graph theoretical problems to heuristics and novel approaches to combi-
natorial optimization.

In Chapter 1, Belhaiza, de Abreu, Hansen and Oliveira study several
conjectures on the algebraic connectivity of graphs. Given an undi-
rected graph G, the algebraic connectivity of G (denoted a(G)) is the
smallest eigenvalue of the Laplacian matrix of G. The authors use the
AutoGraphiX (AGX) system to generate connected graphs that are not
complete and minimize (resp. maximize) a(G) as a function of n (the
order of G) and m (its number of edges). They formulate several con-
jectures on the structure of these extremal graphs and prove some of
them.

In Chapter 2, Brass and Pach survey the results in the theory of geo-
metric patterns and give an overview of the many interesting problems
in this theory. Given a set § of n points in d-dimensional space, and an
equivalence relation between subsets of S, one is interested in the equiv-
alence classes of subsets (i.e., patterns) occurring in S. For instance, two
subsets can be deemed equivalent if and only if one is the translate of
the other. Then a Turdn-type question is the following: “What is the
maximum number of occurrences of a given pattern in S7” A Ramsey-
type question is the following: “Is it possible to color space so that there
is no monochromatic occurrence of a given pattern?” Brass and Pach
investigate these and other questions for several equivalence relations
(translation, congruence, similarity, affine transformations, etc.), present
the results for each relation and discuss the outstanding problems.

In Chapter 3, Fukuda and Rosta survey various data depth measures,
first introduced in nonparametric statistics as multidimensional general-
izations of ranks and the median. These data depth measures have been
studied independently by researchers working in statistics, political sci-
ence, optimization and discrete and computational geometry. Fukuda
and Rosta show that computing data depth measures often reduces to
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finding a maximum feasible subsystem of linear inequalities, that is, a
solution satisfying as many constraints as possible. Thus they provide a
unified framework for the main data depth measures, such as the half-
space depth, the regression depth and the simplicial depth. They survey
the related results from nonparametric statistics, computational geome-
try, discrete geometry and linear optimization.

In Chapter 4, Hertz and Lozin survey the method of augmenting
graphs for solving the maximum independent set problem. It is well
known that the maximum matching problem can be solved by looking
for augmenting paths and using them to increase the size of the cur-
rent matching. In the case of the maximum independent set problem,
however, finding an augmenting graph is much more difficult. Hertz and
Lozin show that for special classes of graphs, all the families of augment-
ing graphs can be characterized and the problem solved in polynomial
time. They present the main results of the theory of augmenting graphs
and propose new contributions to this theory.

In Chapter 5, Krishnan and Terlaky present a survey of semidefinite
and interior point methods for solving NP-hard combinatorial optimi-
zation problems to optimality and designing approximation algorithms
for some of these problems. The approaches described in this chapter
include non-convex potential reduction methods, interior point cutting
plane methods, primal-dual interior point methods and first-order al-
gorithms for solving semidefinite programs, branch-and-cut approaches
based on semidefinite programming formulations and finally methods
for solving combinatorial optimization problems by means of successive
convex approximations.

In Chapter 6, Kubiak presents a study of balancing mixed-model sup-
ply chains. A mized-model supply chain is designed to deliver a wide
range of customized models of a product to customers. The main ob-
jective of the model is to keep the supply of each model as close to its
demand as possible. Kubiak reviews algorithms for the model variation
problem and introduces and explores the link between model delivery
sequences and balanced words. He also shows that the extended prob-
lem (obtained by including the suppliers’ capacity constraints into the
model) is NP-hard in the strong sense, and reviews algorithms for the
extended problem. Finally he addresses the problem of minimizing the
number of setups in delivery feasible supplier production sequences.

In Chapter 7, Marcotte and Savard present an overview of two classes
of bilevel programs and their relationship to well-known combinatorial
optimization problems, in particular the traveling salesman problem. In
a bilevel program, a subset of variables is constrained to lie in the optimal
set of an auxiliary mathematical program. Bilevel programs are hard to
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solve, because they are generically non-convex and non-differentiable.
Thus research on bilevel programs has followed two main avenues, the
continuous approach and the combinatorial approach. The combinato-
rial approach aims to develop algorithms providing a guarantee of global
optimality. The authors consider two classes of programs amenable to
this approach, that is, the bilevel programs with linear or bilinear ob-
jectives.

In Chapter 8, Shepherd and Vetta present a study of dijoins. Given
a directed graph G = (V| A), a dijoin is a set of arcs B such that the
graph (V, AU B) is strongly connected. Shepherd and Vetta give two
results that help to visualize dijoins. They give a simple description of
Frank’s primal-dual algorithm for finding a minimum dijoin. Then they
consider weighted packings of dijoins, that is, multisets of dijoins such
that the number of dijoins containing a given arc is at most the weight
of the arc. Specifically, they study the cardinality of a weighted packing
of dijoins in graphs for which the minimum weight of a directed cut is
at least a constant k, and relate this problem to the concept of skew
submodular flow polyhedron.

In Chapter 9, de Werra generalizes a coloring property of unimodular
hypergraphs. A hypergraph H is unimodular is its edge-node incidence
matrix is totally unimodular. A k-coloring of H is a partition of its
node set X into subsets Sy, S9,..., 5 such that no S; containg an edge
E with |E| > 2. The new version of the coloring property implies that
a unimodular hypergraph has an equitable k-coloring satisfying addi-
tional constraints. The author also gives an adaptation of this result to
balanced hypergraphs.

Acknowledgements The Editors are very grateful to the authors for
contributing to this volume and responding to their comments in a timely
fashion. They also wish to thank Nicole Paradis, Francine Benoit and
André Montpetit for their expert editing of this volume.

DavID Avis
AvaIN HERTZ
ODILE MARCOTTE



Chapter 1

VARIABLE NEIGHBORHOOD SEARCH
FOR EXTREMAL GRAPHS. XI. BOUNDS
ON ALGEBRAIC CONNECTIVITY

Slim Belhaiza

Nair Maria Maia de Abreu
Pierre Hansen

Carla Silva Oliveira

Abstract  The algebraic connectivity a(G) of a graph G = (V, F) is the second
smallest eigenvalue of its Laplacian matrix. Using the AutoGraphiX
(AGX) system, extremal graphs for algebraic connectivity of G in func-
tion of its order n = |V| and size m = |E| are studied. Several con-
jectures on the structure of those graphs, and implied bounds on the
algebraic connectivity, are obtained. Some of them are proved, e.g., if

G # Ky
a(G) < | -1+ V1+2m]

which is sharp for all m > 2.

1. Introduction

Computers are increasingly used in graph theory. Determining the
numerical value of graph invariants has been done extensively since the
fifties of last century. Many further tasks have since been explored. Spe-
cialized programs helped, often through enumeration of specific families
of graphs or subgraphs, to prove important theorems. The prominent ex-
ample is, of course, the Four-color Theorem (Appel and Haken, 1977a,b,
1989; Robertson et al., 1997). General programs for graph enumera-
tion, susceptible to take into account a variety of constraints and exploit
symmetry, were also developped (see, e.g., McKay, 1990, 1998). An in-
teractive approach to graph generation, display, modification and study
through many parameters has been pioneered in the system Graph of
Cvetkovié and Kraus (1983), Cvetkovié et al. (1981), and Cvetkovié¢ and
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Simi¢ (1994) which led to numerous research papers. Several systems
for obtaining conjectures in an automated or computer-assisted way have
been proposed (see, e.g., Hansen, 2002, for a recent survey). The Auto-
Graphix (AGX) system, developed at GERAD, Montréal since 1997 (see,
e.g., Caporossi and Hansen, 2000, 2004) is designed to address the follow-
ing tasks: (a) Find a graph satisfying given constraints; (b) Find optimal
or near-optimal values for a graph invariant subject to constraints; (c)
Refute conjectures (or repair them); (d) Suggest conjectures (or sharpen
existing ones); (e) Suggest lines of proof.

The basic idea is to address all those tasks through heuristic search of
one or a family of extremal graphs. This can be done in a unified way,
i.e., for any formula on one or several invariants and subject to con-
straints, with the Variable Neighborhood Search (VNS) metaheuristic
of Mladenovié and Hansen (1997) and Hansen and Mladenovié¢ (2001).
Given a formula, VNS first searches a local minimum on the family of
graphs with possibly some parameters fixed such as the number of ver-
tices n or the number of edges m. This is done by making elementary
changes in a greedy way (i.e., decreasing most the objective, in case of
minimization) on a given initial graph: rotation of an edge (changing
one of its endpoints), removal or addition of one edge, short-cut (i.e.,
replacing a 2-path by a single edge) detour (the reverse of the previous
operation), insertion or removal of a vertex and the like. Once a local
minimum is reached, the corresponding graph is perturbed increasingly,
by choosing at random another graph in a farther and farther neighbor-
hood. A descent is then performed from this perturbed graph. Three
cases may occur: (i) one gets back to the unperturbed local optimum, or
(ii) one gets to a new local optimum with an equal or worse value than
the unperturbed one, in which case one moves to the next neighbor-
hood, or (iii) one gets to a new local optimum with a better value than
the unperturbed one, in which case one recenters the search there. The
neighborhoods for perturbation are usually nested and obtained from the
unperturbed graph by addition, removal or moving of 1,2,...,k edges.

Refuting conjectures given in inequality form, i.e., i;(G) < i2(G)
where 41 and iy are invariants, is done by minimizing the difference be-
tween right and left hand sides; a graph with a negative value then refutes
the conjectures. Obtaining new conjectures is done from values of invari-
ants for a family of (presumably) extremal graphs depending on some
parameter(s) (usually n and/or m). Three ways are used (Caporossi
and Hansen, 2004): (i) a numerical way, which exploits the mathemat-
ics of Principal Component Analysis to find a basis of affine relations
between graph invariants satisfied by those extremal graphs considered,;
(ii) a geometric way, i.e., finding with a “gift-wrapping” algorithm the
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convex hull of the set of points corresponding to the extremal graph in
invariants space: each facet then gives a linear inequality; (iii) an alge-
braic way, which consists in determining the class to which all extremal
graphs belong, if there is one (often it is a simple one such as paths, stars,
complete graphs, etc); then formulae giving the value of individual in-
variants in function of n and/or m are combined. Obtaining possible
lines of proof is done by checking if one or just a few of the elementary
changes always suffice to get the extremal graphs found; if so, one can
try to show that it is possible to apply such changes to any graph of the
class under study.

Recall that the Laplacian matrix L(G) of a graph G = (V| E) is the
difference of a diagonal matrix with values equal to the degrees of vertices
of G, and the adjacency matrix of G. The algebraic connectivity of G is
the second smallest eigenvalue of the Laplacian matrix (Fiedler, 1973).
In this paper, we apply AGX to get structural conjectures for graphs
with minimum and maximum algebraic connectivity given their order
n = |V| and size m = |E|, as well as implied bounds on the algebraic
connectivity.

The paper is organized as follows. Definitions, notation and basic re-
sults on algebraic connectivity are recalled in the next section. Graphs
with minimum algebraic connectivity are studied in Section 3; it is con-
jectured that they are path-complete graphs (Harary, 1962; Soltes, 1991);
a lower bound on a(G) is proved for one family of such graphs. Graphs
with maximum algebraic connectivity are studied in Section 4. Extremal
graphs are shown to be complements of disjoint triangles, paths Ps, edges
K and isolated vertices K. A best possible upper bound on a(G) in
function of m is then found and proved.

2. Definitions and basic results concerning
algebraic connectivity

Consider again a graph G = (V(G), E(G)) such that V(G) is the
set of vertices with cardinality n and E(G) is the set of edges with
cardinality m. Each e € E(G) is represented by e; = {v;,v;} and
in this case, we say that v; is adjacent to v;. The adjacency matriz
A = [ay] is an n x n matrix such that a;; = 1, when v; and v; are
adjacent and a;; = 0, otherwise. The degree of v;, denoted d(v;), is the
number of edges incident with v;. The mazimum degree of G, A(G),
is the largest vertex degrees of G. The minimum degree of G, 6(G), is
defined analogously. The vertex (or edge) connectivity of G, k(G) (or
K'(@)) is the minimum number of vertices (or edges) whose removal from
@ results in a disconnected graph or a trivial one. A path from v to w
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in G is a sequence of distinct vertices starting with v and ending with
w such that consecutive vertices are adjacent. Its length is equal to its
number of edges. A graph is connected if for every pair of vertices, there
is a path linking them. The distance dg(v,w) between two vertices v
and w in a connected graph is the length of the shortest path from v to
w. The diameter of a graph G, d¢, is the maximum distance between
two distinct vertices. A path in G from a node to itself is referred to as
a cycle. A connected acyclic graph is called a tree. A complete graph,
Ky, is a graph with n vertices such that for every pair of vertices there
is an edge. A cligue of G is an induced subgraph of G which is complete.
The size of the largest clique, denoted w(G), is called clique number. An
empty graph, or a trivial one, has an empty edge set. A set of pairwise
non adjacent vertices is called an independent set. The size of the largest
independent set, denoted a(G), is the independence number. For further
definitions see Godsil and Royle (2001).

As mentionned above, the Laplacian of a graph G is defined as the
n X n matrix

L(G) = A — A, (1.1)

when A is the adjacency matrix of G and A is the diagonal matrix whose
elements are the vertex degrees of G, called the degree matriz of G. L(G)
can be associated with a positive semidefinite quadratic form, as we can
see in the following proposition:

PROPOSITION 1.1 (MERRIS, 1994) Let G be a graph. If the quadratic
form related to L(G) is

q(z) = 2L(G)z*, zeR",
then q is positive semidefinite.

The polynomial prgy(A) = det(A — L(G)) = A" + A"+ - +
Gn—1A + qn 1s called the characteristic polynomial of L(G). Its spectrum
is

¢(G) = (Ao Anmty An), (1.2)

where Vi, 1 < i <mn, A; is an eigenvalue of L(G) and A\; > ... > Ap.
According to Proposition 1.1, Vi, 1 < i < n, A; is a non-negative real
number. Fiedler (1973) defined A,—1 as the algebraic connectivity of G,
denoted a(G).
We next recall some inequalities related to algebraic connectivity of
graphs. These properties can be found in the surveys of Fiedler (1973)
and Merris (1994).
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PROPOSITION 1.2 Let Gy and Go be spanning graphs of G such that
E(Gl) n E(Gg) = ¢. Then a(Gl) + a(Gg) < a(Gl U GQ)

PRrROPOSITION 1.3 Let G be a graph and G a subgraph obtained from G
by removing k vertices and all adjacent edges in G. Then

a(G1) > a(G) — k.

ProprosiTiON 1.4 Let G be a graph. Then,
(1) a(G) < [n/(n - 1)]6(G) < 2|E|/(n - 1);
(2) a(G) 2 20(G) —n+2.

PROPOSITION 1.5 Let G be a graph with n vertices and G # K. Sup-
pose that G contains an independent set with p vertices. Then,

a(G) <n-—p.

PROPOSITION 1.6 Let G be a graph with n vertices. If G # K, then
a(G) <n-—2.

PROPOSITION 1.7 Let G be a groph with n vertices and m edges. If
G # K, then

om >(n~1)/n

n—1

a(G) < (

PRrROPOSITION 1.8 If G # K, then a(G) < §(G) < k(G). For G = Ky,
we have a(Kyp) =n and 6(K,) = k(K,) =n — 1.

PROPOSITION 1.9 IfG is a connected graph with n vertices and diameter

dg, then a(G) > 4/ndg and dg < /2A(G)/a(G) logy(n?).

ProprosITION 1.10 Let T be a tree with n vertices and diameter dp.

Then,
m
< — COS .
a(T) < 2[1 COb(dT+ lﬂ

A partial graph of G is a graph G such that V(G;) = V(G) and
E(G1) C E(G).

PROPOSITION 1.11 If Gy is a partial graph of G then o(G1) < a(G).
Moreover

PROPQSITICN 1.12 Consider a path P, and o graph G with n vertices.
Then, a(Py) < a(G).
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Consider graphs Gy = (V(G1), E(G1)) and Gy = (V(Ga), B(G2)).
The Cartesian product of G; and Gy is a graph G1 x (G9 such that
V(G1 X Gg) = V(Gl) X V(Gg) and ((ul,ug), (’Ul,’Ug)) & E(Gl X Gg) if
and only if either w1 = vy and (ug,v2) € E(G2) or (u1,v1) € E(G;) and
U9 = vU9.

PrOPOSITION 1.13 Let Gy and Go be graphs. Then,
a(Gy x Go) = min{a(G1),a(G2)}.

3. Minimizing a(G)

When minimizing a(G) we found systematically graphs belonging to a
little-known family, called path-complete graphs by Soltés (1991). They
were previously considered by Harary (1962) who proved that they are
(non-unique) connected graphs with n vertices, m edges and maximum
diameter. Soltes (1991) proved that they are the unique connected
graphs with n vertices, m edges and maximum average distance between
pairs of vertices. Path-complete graphs are defined as follows: they con-
sist of a complete graph, an isolated vertex or a path and one or several
edges joining one end vertex of the path (or the isolated vertex) to one
or several vertices of the clique, see Figure 1.1 for an illustration. We
will need a more precise definition:

For nand t € N when 1 < ¢ < n— 2, we consider a new family of
connected graphs with n vertices and my(r) edges as follows:

G(n,me(r)) = {G | for t <r <n—2, G has my(r) edges,
m(r) = (n—t)(n—t—1)/2+r}.

DEFINITION 1.1 Let nym,t,p € N, with 1 <t <n—-2and 1 <p<
n—t—1. A graph with n vertices and m edges such that

(n—=t)(n—t—1) bi<m< (n—t)(n—t—1)
2 2
is called (n,p,t) path-complete graph, denoted PC,, p;, if and only if

+n—2

(1) the maximal clique of PCy, ;¢ is Kn_y;

(2) PC,p,¢ has a t-path Py = [vg,v1,v2, ..., v such that vg € K¢ N
P;y1 and v is joined to K, —; by p edges;

(3) there are no other edges.

Figure 1.1 displays a (n,p,t) path-complete graph.
It is easy to see that all connected graphs with n vertices can be
partitioned into the disjoint union of the following subfamilies:

G(n,m1) & G(n,ma) @ -+ ® G(n, mp-2).
Besides, for every (n,p,t), PCpyp: € G(n,my).
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Figure 1.1. A (n,p,t) path-complete graph
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Figure 1.2, Path-complete graphs

3.1 Obtaining conjectures

Using AGX, connected graphs G # K, with (presumably) minimum
algebraic connectivity were determined for 3 <n <1landn—-1<m <
n(n —1)/2 — 1. As all graphs turned out to belong to the same family,
a structural conjecture was readily obtained.

CONJECTURE 1.1 The connected graphs G # K, with minimum alge-
braic connectivity are all path-complete graphs.

A few examples are given in Figure 1.2, for n = 10.

Numerical values of a(G) for all extremal graphs found are given in
Table 1.1, forn =10 and n -1 <m < n(n-1)/2 - 1.

For each n, a piecewise concave function of m is obtained. From this
table and the corresponding Figure 1.3 we obtain:
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Table 1.1. n = 10; mina(G) on m

m 9 10 11 12 13 14 15 16 17
a{G) || 0.097 | 0.103 | 0.109 | 0.115 | 0.123 | 0.134 | 0.137 | 0.151 | 0.170
m 18 19 20 21 22 23 24 25 26
a(G) |} 0.175 | 0.177 | 0.208 | 0.238 | 0.247 | 0.252 | 0.256 | 0.345 | 0.384
m 27 28 29 30 31 32 33 34 35
a{G) || 0.406 | 0.419 | 0.428 | 0.435 | 0.673 | 0.801 | 0.876 | 0.924 | 0.957
m 36 37 38 39 40 41 42 43 44
a(@) || 0.981 1 2 3 4 5 6 7 8
z
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Figure 1.8. mina(G); a(G) on m

CONJECTURE 1.2 For each n > 3, the minimum algebraic connectivity
of a graph G with n vertices and m edges is an increasing, piecewise
concave function of m. Moreover, each concave piece corresponds to a
family PCy, ¢ of path-complete graphs. Finally, fort =1, a(G) = 6(G),
and fort > 2, o(G) < 1.

3.2 Proofs

We do not have a proof of Conjecture 1.1, nor a complete proof of
Conjecture 1.2. However, we can prove some of the results of the latter.
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We now prove that, under certain conditions, the algebraic connectivity
of a path-complete graph minimizes the algebraic connectivity of every
graph in G(n,m;), when t = 1 and ¢t = 2.

PRrROPERTY 1.1 Consider a path-complete graph PCy, p ;.

(1) Fort=1, a(PCpp1) =p,

(2) Fort>2, a(PCpiy) <a(PChpy) <1.

Proof. Let us start with the second statement. According to the defini-
tion of path-complete graph, 6(Ry ) = 1, when ¢t > 2. From Proposi-
tions 1.8 and 1.11, we obtain the following inequalities

a(PCn,l,t) < Q(Pcn,p,t) < 5(_Pcn,p,t)-

Therefore, a(PCppy) < 1.

Now, consider the first statement. Let ¢ = 1 and PC, ;1 be the
complement graph of PC,, ;1. Figure 1.4 shows both graphs, PC, ;1
and PC»,LJ,J.

PCyp,1 has p isolated vertices and one connected component isomor-
phic to K1 n—p-1. Its Laplacian matrix is,

L(Kl,n—~p~1) 0
0 0}

HPCo) = |
From Biggs (1993), we have
QetlL (K1) = Mysi] = AA = (b+ DA = 1),
Then,
det[L(PCpp1) — M) = (—=A)P det[L(K1pn-p-1) — X In—p)
= (=PA = (n = p))(A - )" P

According to Merris (1994), if ((G) = (A, An—1,...,A2,0) then (@)
=(n—Az,n = Ag,...,n— Ap,0). So, we have
((PCpp1)=(n—p1,...,1,0,...,0)
((PCrpi)=(n,...,n,n—1,...,n—1,p,0).

Consequently, a(PCy, 51) = p. 0O

PROPERTY 1.2 For (n,p,1) path-complete graphs, we have 6(PCpp1) =
K(PCpp1) = p.

Proof. It follows from Definition 1.1, that 6(PC,,1) = p. Applying
Proposition 1.8 we obtain a(PCyp1) < E(PCpp1) < p. Since Prop-
erty 1.1 gives a(PCyp p1) =p then k(PCpp1) = p. O
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}“n.p n,p

1 . M

G, S

Figure 1.5. Graphs K1,n-1 and G

PROPOSITION 1.14 Among all G € G(n, m1) with mazimum degree n.—
1, a(G) is minimized by PCp 1 1.

Proof. Let G be a graph with n vertices. Consider spanning graphs
of G K1pn—1 and G such that E(Kq,-1) N E(G1) = ¢ and G has two
connected components, one of them with n—1 vertices. Figure 1.5 shows
these graphs.

We may consider G = (V, E) where V(G) = V(K ,-1) = V(Gy)
and E(G) = E(Kin-1) U E(G1). Then, A(G) = n — 1. According
to Proposition 1.2, we have a(K1,-1) + a(G1) < a(G). From Biggs
(1993), a(K1pn—1) = 1. Since G is a disconnected graph then a(G1) = 0.
However, a(PCy, 11) = 1, therefore a(G) > 1. m
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PROPOSITION 1.15 For every G € G(n, m1) such that §(G) > (n — 2)/2
+p/2, where 1 < p < n-— 2, we have

a(G) =2 a(PCpp1) = p.

Proof. Consider G € G(n,m1) with 6(G) > (n —2)/2 + p/2. According
to Proposition 1.4, we have

a(G)ZQ&(G)~n+222[n;2+g} —n+2=p.

Consequently, a(G) > a(PCpp1) = p. .

PROPOSITION 1.16 For every G € G(n,mg) such that §5(G) > (n—-1)/2,
we have
a(G) > 12> a(PCyp2).

Proof. Consider G € G(n,my) with §(G) > (n — 1)/2. According to
Proposition 1.4, we have

n—1

a(G)Z%(G)—n-{—QZQ[ }—n+2:1.

From Property 1.1, a(PCy p2) < 1. Then, a(G) > 1> a(PCpp2). O
To close this section we recall a well-known result.

PROPOSITION 1.17 Let T be a tree with n vertices. For every T, a(T)
is minimized by the algebraic connectivity of a single path Py, where

a(P,) = 2[1 — cos(w/n)]. Moreover, for every graph G with n vertices
a(P,) < a(G).

4. Maximizing a(G)
4.1 Obtaining conjectures

Using AGX, connected graphs G # K, with (presumably) maxi-
mum algebraic connectivity a(G) were determined for 3 < n < 10 and
(mn—1)(n—-2)/2 <m < n(n-1)/2 —1. We then focused on those
among them with maximum a(G) for a given m. These graphs having
many edges, it is easier to understand their structure by considering
their complement G. It appears that these G are composed of disjoint
triangles K3, paths Ps, edges K9 and isolated vertices Kj.

A representative subset of these graphs G is given in Figure 1.6.
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R

Gn=10;m=44) Gn=10,m=43) G(n=10;m =42) G(n = 10;m = 39)

Figure 1.6.

R S T
N

‘,_;ya..,..i‘;4_3~|.__MM.L.._.S,,.L_.,3,,JM;'L.J.”:_L«

Figure 1.7. maxa(G) ; a(G) on m

CONJECTURE 1.3 Forallm > 2 there is a gr@h G # K, with mazimum
algebraic connectivity a(G) the complement G of which is the disjoint
union of triangles K3, paths Py, edges Ko and isolated vertices K.

Values of a(G) for all extremal graphs obtained by AGX are repre-
sented in function of m in Figure 1.7.

It appears that the maximum a(G) follow an increasing “staircase”
with larger and larger steps. Values of a(G), m and n for the graphs of
this staircase (or upper envelope) are listed in Table 1.2.

An examination of Table 1.2 leads to the next conjecture.
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Table 1.2. Value of a(G), m and n for graphs, with maximum a(G) for m given,
found by AGX

a(G) 1111212212133 }3 414|14(4|4(4|5|5|5|5]|5
m 213|456 |718}9110|11}12|13(14|15(16|17{18|19|20|21|22
n 3{414(4(5|5]|5(5]6 6|6 TIT| 77|77
a(G)||5|6|6|6[6]6({6!6|6|7|7|7]|7 71717(818|8|8]|8
m |123|24)25/26(27(28]29|30|31|32|33|34|35|36|37{38}39(40|4142|43|44
n 818|8(8|8[8[8(9]9(1919/9]9|9(9]10{10]|10{10]10(10{10

CONJECTURE 1.4 For all n > 4 there are n — 1 consecutive values of
m (beginning at 3) for which a graph G # K, with mazimum algebraic
connectivity a(G) has n wertices. Moreover, for the first {(n —1)/2] of
them a(G) = n — 2 and for the last [(n — 1)/2] of them a(G) =n — 3.

Considering the successive values of a(G) for increasing m, it appears
that for a(G) = 2 onwards their multiplicities are 4, 4, 6, 6, 8, 8,...
After a little fitting, this leads to the following observation:

a{G)(a(G) + 2)
.

<m

and to our final conjecture:

CONJECTURE 1.5 If G is a connected graph such that G # K, then
a(G) < [=1+4 VI +2m|

and this bound is sharp for all m > 2.

One can easily see that this conjecture improves the bound already
given in Proposition 1.7, i.e., a(G) < (2m/(n — 1))(n—1)/n‘

4.2 Proofs

We first prove Conjectures 1.3 and 1.4. Then, we present a proof for
the last conjecture. The extremal graphs found point the way.

Proof of Conjectures 1.8 and 1.4. From Propositions 1.6 and 1.8 if G #
K, o(G) < 6(G) < n—2. For this last bound to hold as an equality one
must have 6(G) = n — 2, which implies G must contain all edges except
up to |n/2] of them, ie,, n(n—1)/2 — |n/2] <m < n(n-1)/2 - 1.

Moreover, the missing edges of G (or edges of G) must form a matching.
Assume there are 1 < r < {n/2] missing edges and that they form a
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matching. Then from Merris (1994) det[L(G)— A I,] = — A" 2" A" (A=2)".
Hence
G)=(2,...,2,0,...,0), H=(n,....,n,n—2,...,n—2,0
¢(G)=( ), C(G) = ( n=2.n )

r times n—r—1 times 7 times

and a(G) = n — 2. If there are r > |n/2| missing edges in G, a(G) <
§(G) < n—3. Several cases must be considered to show that this bound
is sharp, in all of which r < n | as otherwise 6(G) < n — 3. Moreover,
one may assume 7 < n — 1 or otherwise there is a smaller n such that
all edges can be used and with 6(G) as large or larger:

(i) r mod 3 = 0. Then there is a t € N such that r = 3t. Assume
the missing edges of G form disjoint triangles in G. Then (Biggs,

1993)
det[L(K3) — A I3] = M\ — 3)?
and
det[L(G) — M I,] = (=) "M\ — 3)*,
Hence

¢(G)=(3,...,3,0,...,0),
S—— —
2t times

(G =Mm,...,n,n—3,...,n—3,0)
ML/ S g T

n—2t—1 times 2t times

and a(G) =n — 3.

(ii) r mod 3 = 1. Then there is a t € N such that » = 3t + 1. Assume
the missing edges of G form t disjoint triangles and a disjoint edge.
Then, as above,

det[L(G) —~ A\ I,] = (_)\)"—T—l)\(T+2)/3(/\ — (A - 3)(27“—2)/3’

and a(G) =n — 3.

(iii) » mod 3 = 2. Then there is a t € N such that 7 = 3t + 2. Assume
the missing edges of G form t disjoint triangles and a disjoint path
P3 with 2 edges. From the characteristic polynominal of L(P3) and
similar arguments as above one gets a(G) = n — 3. O

Proof of Conjecture 1.5. Let S # K, a graph with all edges except up
to [n/2] of them. So, n(n —1)/2 — [n/2] <m <n(n-1)/2-1.
(i) If n is odd then,

n(n—l)_n—1<mgn(n—l)_~1.
2 2 - 2
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Since n? — 2n +1/2 > n(n —2)/2, m > n(n — 2)/2.
(if) If n is even, then
nn—1) n n(n —1)
T D A,
2 g ="="3 !
So, 2m > n(n—2) and n — 2 < |14 1+ 2m|. From Proposi-
tion 1.6, a(G) < n — 2. Then, a(G) < |-1+ VI +2m].

Now, consider (n—1)(n—2)/2 < m < n(n—-1)/2—(|n/2]+1). This
way, m =n(n—1)/2—r, with [n/2]+1<r<n-1. So,r < 3(n—1).
We can add n? to each side of the inequality above. After some algebraic
manipulations, we get (n —2)2 <2m+ 1. So,n —3 < -1+ 2m + L.

From the proof of Conjecture 1.4, we have a(S) < n — 3. Then,
a(S) < L——l +v1+ 2mJ. As we can consider every G # K, with n
vertices as a partial (spanning) graph of S, from Proposition 1.11, we
then have a(G) < a(S) < [-1+ V1 +2m]. O
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Chapter 2

PROBLEMS AND RESULTS ON
GEOMETRIC PATTERNS

Peter Brass
Jénos Pach

Abstract  Many interesting problems in combinatorial and computational geome-
try can be reformulated as questions about occurrences of certain pat-
terns in finite point sets. We illustrate this framework by a few typical
results and list a number of unsolved problems.

1. Introduction: Models and problems

We discuss some extremal problems on repeated geometric patterns in
finite point sets in Euclidean space. Throughout this paper, a geometric
pattern is an equivalence class of point sets in d-dimensional space under
some fixed geometrically defined equivalence relation. Given such an
equivalence relation and the corresponding concept of patterns, one can
ask several natural questions:

(1) What is the mazimum number of occurrences of a given pattern
among all subsets of an n-point set?

(2) How does the answer to the previous question depend on the partic-
ular pattern?

(3) What is the minimum number of distinct k-element patterns deter-
mined by a set of n poinis?

These questions make sense for many specific choices of the underlying

set and the equivalence relation. Hence it is not surprising that sev-

eral basic problems of combinatorial geometry can be studied in this

framework (Pach and Agarwal, 1995).

In the simplest and historically first examples, due to Erdés (1946),
the underlying set consists of point pairs in the plane and the defining
equivalence relation is the isometry (congruence). That is, two point
pairs, {p1,pa} and {q1,q2}, determine the same pattern if and only if
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Ip1 — p2|l = |¢1 — go|. In this case, (1) becomes the well-known Unit
Distance Problem: What is the maximum number of unit distance pairs
determined by n points in the plane? It follows by scaling that the
answer does not depend on the particular distance (pattern). For most
other equivalence relations, this is not the case: different patterns may
have different maximal multiplicities. For k = 2, question (3) becomes
the Problem of Distinct Distances: What is the minimum number of
distinct distances that must occur among n points in the plane? In spite
of many efforts, we have no satisfactory answers to these questions. The
best known results are the following.

THEOREM 2.1 (SPENCER ET AL., 1984) Let f(n) denote the mazimum
number of times the same distance can be repeated among n points in
the plane. We have

neﬂ(logn/loglogn) < f(n) < O(n4/3).

THEOREM 2.2 (KATZ AND TARDOS, 2004) Let g(n) denote the mini-
mum number of distinct distances determined by n points in the plane.

We have
Q(n0-8641y < < O< n )
(%) < () < O S

In Theorems 2.1 and 2.2, the lower and upper bounds, respectively, are
conjectured to be asymptotically sharp. See more about these questions
in Section 3.

Erdés and Purdy (1971, 1977) initiated the investigation of the anal-
ogous problems with the difference that, instead of pairs, we consider
triples of points, and call two of them equivalent if the corresponding
triangles have the same angle, or area, or perimeter. This leads to ques-
tions about the maximum number of equal angles, or unit-area resp.
unit-perimeter triangles, that can occur among n points in the plane,
and to questions about the minimum number of distinct angles, trian-
gle areas, and triangle perimeters, respectively. Erdés’s Unit Distance
Problem and his Problem of Distinct Distances has motivated a great
deal of research in extremal graph theory. The questions of Erdés and
Purdy mentioned above and, in general, problems (1), (2), and (3) for
larger than two-element patterns, require the extension of graph the-
oretic methods to hypergraphs. This appears to be one of the most
important trends in modern combinatorics.

Geometrically, it is most natural to define two sets to be equivalent
if they are congruent or similar to, or translates, homothets or affine
images of each other. This justifies the choice of the word “pattern”
for the resulting equivalence classes. Indeed, the algorithmic aspects
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Figure 2.1.  Seven coloring of the plane showing that x(R?*) < 7

of these problems have also been studied in the context of geometric
pattern matching (Akutsu et al., 1998; Brass, 2000; Agarwal and Sharir,
2002; Brass, 2002). A typical algorithmic question is the following.

(4) Design an efficient aigorithm for finding all occurrences of a given
pattern in a set of n points.

It is interesting to compare the equivalence classes that correspond to
the same relation applied to patterns of different sizes. If A and A’ are
equivalent under congruence (or under some other group of transforma-
tions mentioned above), and a is a point in A, then there exists a point
a’ € A’ such that A\ {a} is equivalent to A’ \ {a’}. On the other hand,
if A is equivalent (congruent) to A’ and A is large enough, then usually
its possible extensions are also determined: for each a, there exist only
a small number of distinct elements o’ such that AU {a} is equivalent to
A'U {d'}. Therefore, in order to bound the number of occurrences of a
large pattern, it is usually sufficient to study small pattern fragments.

We have mentioned above that one can rephrase many extremal prob-
lems in combinatorial geometry as questions of type (1) (so-called Turdn-
type questions). Similarly, many Ramsey-type geometric coloring prob-
lems can also be formulated in this general setting.

(5) Is it possible to color space with k colors such that there is no mono-
chromatic occurrence of a given pattern?

For point pairs in the plane under congruence, we obtain the famous Had-

wiger — Nelson problem (Hadwiger, 1961): What is the smallest number

of colors ¥(R?) needed to color all points of the plane so that no two

points at unit distance from each other get the same color?

THEOREM 2.3 4 < y(R?) < 7.
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Another instance of question (5) is the following open problem from
Erdés et al. (1973): Is it possible to color all points of the three-dimen-
sional Euclidean space with three colors so that no color class contains
two vertices at distance one and the midpoint of the segment determined
by them? It is known that four colors suffice, but there exists no such
coloring with two colors. In fact, Erdds et al. (1973) proved that for
every d, the Euclidean d-space can be colored with four colors without
creating a monochromatic triple of this kind.

2. A simple sample problem: Equivalence under
translation

We illustrate our framework by analyzing the situation in the case
in which two point sets are considered equivalent if and only if they
are translates of each other. In this special case, we know the (almost)
complete solution to problems (1) - (5) listed in the Introduction.

THEOREM 2.4 Any set B of n points in d-dimensional space has at most
n + 1 — k subsets that are translates of a fized set A of k points. This
bound is attained if and only if A = {p,p +v,...,p+ (k — 1)v} and
B={qq+v,...,q+ (n—1)v} for somep,q,v € R%

The proof is simple. Notice first that no linear mapping ¢ that keeps
all points of B distinct decreases the maximum number of translates: if
A+t C B, then o(A) + ¢(t) C ©(B). Thus, we can use any projec-
tion into R, and the question reduces to the following one-dimensional

problem: Given real numbers a3 < -+ < ag, by < ..., by, what is the
maximum number of values ¢ such that ¢t + {ay,...,ax} C {b1,...bn}.
Clearly, a1 + t must be one of by,...,b,_t+1, so there are at most
n + 1 — k translates. If there are n + 1 — k translates ¢ + {a1,...,ax}
that occur in {b1,...b,}, for translation vectors t; < -+ < tp_py1,
then t; =b; —a1 = biy1 —ag = byj — a1y, fori=1,...,n—k+1 and
j=0,...,k—1. But thenaz—a1 = b1 —-b; = aj11—a; = bi_|_j —bipj-1,

so all differences between consecutive a; and b; are the same. For higher-
dimensional sets, this holds for every one-dimensional projection, which
guarantees the claimed structure. In other words, the maximum is at-
tained only for sets of a very special type, which answers question (1).

An asymptotically tight answer to (2), describing the dependence on
the particular pattern, was obtained in Brass (2002).

THEOREM 2.5 Let A be a set of points in d-dimensional space, such
that the rational affine space spanned by A has dimension k. Then the
maximum number of translates of A that can occur among n points in
d-dimensional space is n — Q(nk=D/k),
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Any set of the form {p,p+wv,...,p+(k—1)v} spans a one-dimensional
rational affine space. An example of a set spanning a two-dimensional
rational affine space is {0, 1,v/2}, so for this set there are at most n —
O(n!'/?) possible translates. This bound is attained, e.g., for the set
{i+jv2]1<i,j<n}.

In this case, it is also easy to answer question (3), i.e., to determine the
minimum number of distinct patterns (translation-inequivalent subsets)
determined by an n-element set.

THEOREM 2.6 Any set of n points in d-dimensional space has at least
(Zj) distinct k-element subsets, no two of which are translates of each
other. This bound is attained only for sets of the form {p,p + v,...,
p+ (n—1)v} for some p,v € RY,

By projection, it is again sufficient to prove the result on the line.
Let f(n,k) denote the minimum number of translation inequivalent k-
element subsets of a set of n real numbers. Considering theset {1,...,n},
we obtain that f(n, k) < (Z:i), since every equivalence class has a unique
member that contains 1. To establish the lower bound, observe that, for
any set of n real numbers, there are (2:3) distinct subsets that con-
tain both the smallest and the largest numbers, and none of them is
translation equivalent te any other. On the other hand, there are at
least f(n —1,k) translation inequivalent subsets that do not contain the
last element. So we have f(n,k) > f(n—1,k) + (Z:g), which, together
with f(n,1) = 1, proves the claimed formula. To verify the structure
of the extremal set, observe that, in the one-dimensional case, an ex-
tremal set minus its first element, as well as the same set minus its last
element, must again be extremal sets, and for n = k + 1 it follows from
Theorem 2.4 that all extremal sets must form arithmetic progressions.
Thus, the whole set must be an arithmetic progression, which holds, in
higher-dimensional cases, for each one-dimensional projection.

The corresponding algorithmic problem (4) has a natural solution:
Given two sets, A = {ay,...,ax} and B = {by,..., by}, we can fix any
element of A, say, a;, and try all possible image points b;. Each of them
specifies a unique translation t = b; — a1, so we simply have to test for
each set A+ (b; —a1) whether it is a subset of B. This takes ©(knlogn)
time. The running time of this algorithm is not known to be optimal.

PROBLEM 1 Does there exist an o(kn)-time algorithm for finding all real
numbers t such that t + A C B, for every pair of input sets A and B
consisting of k and n reals, respectively?

The Ramsey-type problem (5) is trivial for translates. Given any set A
of at least two points a;,as € A, we can two-color R? without generating
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any monochromatic translate of A. Indeed, the space can be partitioned
into arithmetic progressions with difference as — a;, and each of them
can be colored separately with alternating colors.

3. Equivalence under congruence in the plane

Problems (1)—(5) are much more interesting and difficult under con-
gruence as the equivalence relation. In the plane, considering two-
element subsets, the congruence class of a pair of points is determined
by their distance. Questions (1) and (3) become the Erdés’s famous
problems, mentioned in the Introduction.

PROBLEM 2 What is the mazimum number of times the same distance
can occur among n points in the plane?

PrROBLEM 3 What is the minimum number of distinct distances deter-
mined by n points in the plane?

The best known results concerning these questions were summarized
in Theorems 2.1 and 2.2, respectively. There are several different proofs
known for the currently best upper bound in Theorem 2.1 (see Spencer et
al., 1984; Clarkson et al., 1990; Pach and Agarwal, 1995; Székely, 1997),
which obviously does not depend on the particular distance (congruence
class). This answers question (2). As for the lower bound of Katz and
Tardos (2004) in Theorem 2.2, it represents the latest improvement over
a series of previous results (Solymosi and Téth, 2001; Székely, 1997;
Chung et al., 1992; Chung, 1984; Beck, 1983; Moser1952).

The algorithmic problem (4) can now be stated as follows.

PROBLEM 4 How fast can we find all unit distance pairs among n points
in the plane?

Some of the methods developed to establish the O(n*/3) bound for
the number of unit distances can also be used to design an algorithm
for finding all unit distance pairs in time O(n*3logn) (similar to the
algorithms for detecting point-line incidences; Matougek, 1993).

The corresponding Ramsey-type problem (5) for patterns of size two
is the famous Hadwiger —Nelson problem; see Theorem 2.3 above.

PROBLEM 5 What is the minimum number of colors necessary to color
all points of the plane so that no pair of points at unit distance receive
the same color?

If we ask the same questions for patterns of size k rather than point
pairs, but still in the plane, the answer to (1) does not change. Given
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Figure 2.2. A unit equilateral triangle and a lattice section containing many congru-
ent copies of the triangle

a pattern A = {a1,...,ax}, any congruent image of A is already deter-
mined, up to reflection, by the images of a1 and ay. Thus, the maximum
number of congruent copies of a set is at most twice the maximum num-
ber of (ordered) unit distance pairs. Depending on the given set, this
maximum number may be smaller, but no results of this kind are known.
As n tends to infinity, the square and triangular lattice constructions
that realize neclogn/loglogn ynit distances among n points also contain
roughly the same number of congruent copies of any fixed set that is a
subset of a square or triangular lattice. However, it is likely that this
asymptotics cannot be attained for most other patterns.

PROBLEM 6 Does there exist, for every finite set A, a positive constant
c(A) with the following property: For every n, there is a set of n points
in the plane containing at least necA)logn/loglogn oo aryent copies of A?

The answer is yes if |A| = 3.

Problem (3) on the minimum number of distinct congruence classes
of k-element subsets of a point set is strongly related to the Problem of
Distinct Distances, just like the maximum number of pairwise congruent
subsets was related to the Unit Distance Problem. For if we consider
ordered k-tuples instead of k-subsets (counting each subset k! times),
then two such k-tuples are certainly incongruent if their first two points
determine distinct distances. For each distance s, fix a point pair that
determines s. Clearly, any two different extensions of a point pair by
filling the remaining k — 2 positions result in incongruent k-tuples. This
leads to a lower bound of Q(n*~2+08641) for the minimum number of
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distinct congruence classes of k-element subsets. Since a regular n-gon
has O(n*~1) pairwise incongruent k-element sets, this problem becomes
less interesting for large k.

The algorithmic question (4) can also be reduced to the corresponding
problem on unit distances. Given the sets A and B, we first fix a1, a9 € A
and use our algorithm developed for detecting unit distance pairs to find
all possible image pairs by, be € B whose distance is the same as that
of a; and as. Then we check for each of these pairs whether the rigid
motion that takes a; to b; (¢ = 1,2) maps the whole set A into a subset
of B. This takes O*(n*/3k) time, and we cannot expect any substantial
improvement in the dependence on n, unless we apply a faster algorithm
for finding unit distance pairs. (In what follows, we write O* to indicate
that we ignore some lower order factors, i.e., O*(n®) = O(n®*¢) for every
e > 0).

Many problems of Euclidean Ramsey theory can be interpreted as
special cases of question (5) in our model. We particularly like the
following problem raised in Erdés et al. (1975).

PROBLEM 7 Is it true that, for any triple A = {a1,a9,a3} C R? that
does not span an equilateral triangle, and for any coloring of the plane

with two colors, one can always find a monochromatic congruent copy of
A?

It was conjectured in Erdés et al. (1975) that the answer to this ques-
tion is yes. It is easy to see that the statement is not true for equilateral
triangles A. Indeed, decompose the plane into half-open parallel strips
whose widths are equal to the height of A, and color them red and blue,
alternately. On the other hand, the seven-coloring of the plane, with no
two points at unit distance whose colors are the same, shows that any
given pattern can be avoided with seven colors., Nothing is known about
coloring with three colors.

PROBLEM 8 Does there exist a triple A = {a1,a2,a3} C R? such that
any three-coloring of the plane contains a monochromatic congruent copy

of A?

4. Equivalence under congruence in higher
dimensions

All questions discussed in the previous section can also be asked in
higher dimensions. There are two notable differences. In the plane,
the image of a fixed pair of points was sufficient to specify a congruence.
Therefore, the number of congruent copies of any larger set was bounded
from above by the number of congruent pairs. In d-space, however, one
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has to specify d image points to determine a congruence, up to reflection.
Hence, estimating the maximum number of congruent copies of a k-point
set is a different problem for each k= 2,...,d.

The second difference from the planar case is that starting from four
dimensions, there exists another type of construction, discovered by
Lenz, that provides asymptotically best answers to some of the above
questions. For k = |d/2], choose k concentric circles of radius 1/v/2
in pairwise orthogonal planes in R% and distribute n points on them as
equally as possible. Then any two points from distinct circles are at dis-
tance one, so the number of unit distance pairs is (3 — 1/(2k) + o(1))n?,
which is a positive fraction of all point pairs. It is known (Erdés, 1960)
that this constant of proportionality cannot be improved. Similarly, in
this construction, any three points chosen from distinct circles span a
unit equilateral triangle, so if d > 6, a positive fraction of all triples can
be congruent. In general, for each k£ < |d/2], Lenz’s construction shows
that a positive fraction of all k-element subsets can be congruent. Ob-
viously, this gives the correct order of magnitude for question (1). With
some extra work, perhaps even the exact maxima can be determined,
as has been shown for k = 2, d = 4 in Brass (1997) and van Wamelen
(1999).

Even for k > d/2, we do not know any construction better than Lenz’s,
but for these parameters the problem is not trivial. Now one is forced
to pick several points from the same circle, and only one of them can be
selected freely. So, for d = 3, in the interesting versions of (1), we have
k = 2 or 3 (now there is no Lenz construction). For d > 4, the cases
|d/2] < k < d are nontrivial.

PROBLEM 9 What is the mazimum number of unit distances among n
points in three-dimensional space?

Here, the currently best bounds are Q(n*/®loglogn) (Erdés, 1960)
and O*(n3/2) (Clarkson et al., 1990).

PRrROBLEM 10 What is the mazimum number of pairwise congruent tri-
angles spanned by a set of n points in three-dimensional space?

Here the currently best lower and upper bounds are Q(n/3) (Erdés et
al., 1989; Abrego and Fernéndez-Merchant, 2002) and O*(n5/3) (Agar-
wal and Sharir, 2002), respectively. They improve previous results in
Akutsu et al. (1998) and Brass (2000). For higher dimensions, Lenz’s
construction or, in the odd-dimensional cases, a combination of Lenz’s
construction with the best known three-dimensional point set (Erd6s et
al., 1989; Abrego and Ferndndez-Merchant, 2002), are most likely to be
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optimal. The only results in this direction, given in Agarwal and Sharir
(2002), are for d < 7 and do not quite attain this bound.

PROBLEM 11 Is it true that, for any |d/2] < k < d, the mazimum
number of congruent k-dimensional simplices among n points in d-di-
mensional space is O(n%?) if d is even, and O(n¥?=1/8) if d is odd?

Very little is known about problem (2) in this setting. For point
pairs, scaling again shows that all two-element patterns can occur the
same number of times. For three-element patterns (triangles), the afore-
mentioned Q(n%?) lower bound in Erdés et al. (1989) was originally es-
tablished only for right-angle isosceles triangles. It was later extended in
Abrego and Fernandez-Merchant (2002) to any fixed triangle. However,
the problem is already open for full-dimensional simplices in 3-space. An
especially interesting special case is the following.

PROBLEM 12 What is the mazimum number of orthonormal bases that
can be selected from n distinct unit vectors?

The upper bound O(n*/3) is simple, but the construction of Erd8s
et al. (1989) that gives O(n*/?) orthogonal pairs does not extend to
orthogonal triples.

Question (3) on the minimum number of distinct patterns is largely
open. For two-element patterns, we obtain higher-dimensional versions
of the Problem of Distinct Distances. Here the upper bound O(n%?%) is
realized, e.g., by a cubic section of the d-dimensional integer lattice. The
general lower bound of Q(n'/?) was observed already in Erd6s (1946).
For d = 3, this was subsequently improved to Q*(n7"/141) (Aronov et
al., 2003) and to Q(n%%%4) (Solymosi and Vu, 2005). For large values of
d, Solymosi and Vu (2005) got very close to finding the best exponent
by establishing the lower bound Q(n?/4-2/(4d+2))  This extends, in the
same way as in the planar case, to a bound of Q(nk—2+2/d=2/(dd+2)) for
the minimum number of distinet k-point patterns of an n-element set,
but even for triangles, nothing better is known. Lenz-type constructions
are not useful in this context, because they span Q(n*~1) distinct k-point
patterns, as do regular n-gons.

As for the algorithmic problem (4), it is easy to find all congruent
copies of a given k-point pattern A in an n-point set. For any k£ > d,
this can be achieved in O(n?klogn) time: fix a d-tuple C in A, and
test all d-tuples of the n-point set B, whether they could be an image
of C. If yes, test whether the congruence specified by them maps all
the remaining k — d points to elements of B. It is very likely that
there are much faster algorithms, but, for general d, the only published
improvement is by a factor of logn (de Rezende and Lee, 1995).
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The Ramsey-type question (5) includes a number of problems of Eu-
clidean Ramsey theory, as special cases.

PROBLEM 13 Is it true that for every two-coloring of the three-dimen-
sional space, there are four vertices of the same color that span a unit
square?

It is easy to see that if we divide the plane into half-open strips of
width one and color them alternately by two colors, then no four vertices
that span a unit square will receive the same color. On the other hand,
it is known that any two-coloring of four-dimensional space will contain
a monochromatic unit square (Erdés et al., 1975). Actually, the (vertex
set of a) square is one of the simplest examples of a Ramsey set, i.e.,
a set B with the property that, for every positive integer ¢, there is a
constant d = d(c) such that under any c-coloring of the points of R? there
exists a monochromatic congruent copy of B. All boxes, all triangles
(Frankl and Rédl, 1986), and all trapezoids (KFiz, 1992) are known to
be Ramsey. It is a long-standing open problem to decide whether all
finite subsets of finite dimensional spheres are Ramsey. If the answer
is in the affirmative, this would provide a perfect characterization of
Ramsey sets, for all Ramsey sets are known to be subsets of a sphere
(Erdds et al., 1973).

The simplest nonspherical example, consisting of an equidistant se-
quence of three points along the same line, was mentioned at the end of
the Introduction.

5. Equivalence under similarity

If we consider problems (1)—(5) with similarity (congruence and scal-
ing) as the equivalence relation, again we find that many of the re-
sulting questions have been extensively studied. Since any two point
pairs are similar to each other, we can restrict our attention to patterns
of size at least three. The first interesting instance of problem (1) is
to determine or to estimate the maximum number of pairwise similar
triangles spanned by n points in the plane. This problem was almost
completely solved in Elekes and Erdés (1994). For any given triangle,
the maximum number of similar triples in a set of n point in the plane
is ©(n?). If the triangle is equilateral, we even have fairly good bounds
on the multiplicative constants hidden in the ©-notation (Abrego and
Ferndandez-Merchant, 2000). In this case, most likely, suitable sections
of the triangular lattice are close to being extremal for (1). In general,
the following construction from Elekes and Erdés (1994) always gives a
quadratic number of similar copies of a given triangle {a,b, c}. Inter-
preting a, b, ¢ as complex numbers 0, 1, z, consider the points (i1/n)z,
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io/n+(1—1iy/n)z, and (i3/n)z+ (1 —i3/n)z?, where 0 < iy,149,i3 < n/3.
Then any triangle (8 — )z, o+ (1 — )z, Bz + (1 — 8)2? is similar to 0,
1, z, which can be checked by computing the ratios of the sides. Thus,
choosing a = ig/n, B = i3/n, we obtain a quadratic number of similar
copies of the triangle 0, 1, z.

The answer to question (1) for k-point patterns, k > 3, is more or
less the same as for £ = 3. Certain patterns, including all k-element
subsets of a regular triangular lattice, permit ©(n?) similar copies, and
in this case a suitable section of the triangular lattice is probably close
to being extremal. For some other patterns, the order ©(n?) cannot be
attained. All patterns of the former type were completely characterized
in Laczkovich and Ruzsa (1997): for any pattern A of k > 4 points,
one can find n points containing @(n?) similar copies of A if and only if
the cross ratio of every quadruple of points in A, interpreted as complex
numbers, is algebraic. Otherwise, the maximum is slightly subquadratic.
This result also answers question (2).

In higher dimensions, the situation is entirely different: we do not
have good bounds for question (1) in any nontrivial case. The first open
question is to determine the maximum number of triples in a set of n
points in 3-space that induce pairwise similar triangles. The trivial upper
bound, O(n?3), was reduced to O(n??) in Akutsu et al. (1998). On the
other hand, we do not have any better lower bound than Q(n?), which
is already valid in the plane. These estimates extend to similar copies
of k-point patterns, k > 3, provided that they are planar.

PrROBLEM 14 What is the mazimum number of pairwise similar trian-
gles induced by n points in three-dimensional space?

For full-dimensional patterns, no useful constructions are known. The
only lower bound we are aware of follows from the lattice L which, in
three dimensions, spans Q(n*/3) similar copies of the full-dimensional
simplex formed by its basis vectors or, in fact, of any k-element subset
of lattice points. However, to attain this bound, we do not need to allow
rotations: L spans Q(n*/?) homothetic copies.

PROBLEM 15 In three-dimensional space, what is the mazimum number
of quadruples in an n-point set that span pairwise similar tetrahedra?

For higher dimensions and for larger pattern sizes, the best known
lower bound follows from Lenz’s construction for congruent copies, which
again does not use the additional freedom of scaling. Since, for d > 3, we
do not know the answer to question (1) on the maximum number occur-
rences, there is little hope that we would be able to answer question (2)
on the dependence of this maximum number on the pattern.
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Problem (3) on the minimum number of pairwise inequivalent patterns
under similarity is an interesting problem even in the plane.

PROBLEM 16 What is the minimum number of similarity classes of tri-
angles spanned by a set of n points in the plane?

There is a trivial lower bound of Q(n): if we choose two arbitrary
points, and consider all of their n — 2 possible extensions to a triangle,
then among these triangles each (oriented) similarity class will be repre-
sented only at most three times. Alternatively, we obtain asymptotically
the same lower bound €}(n) by just using the pigeonhole principle and
the fact that the maximum size of a similarity class of triangles is O(n?).
On the other hand, as shown by the example of a regular n-gon, the num-
ber of similarity classes of triangles can be O(n?). This leaves a huge
gap between the lower and upper bounds.

For higher dimensions and for larger sets, our knowledge is even more
limited. In three-dimensional space, for instance, we do not even have an
2(n) lower bound for the number of similarity classes of triangles, while
the best known upper bound, O(n?), remains the same. For four-element
patterns, we have a linear lower bound (fix any triangle, and consider
its extensions), but we have no upper bound better than O(n®) (con-
sider again a regular n-gon). Here we have to be careful with the precise
statement of the problem. We have to decide whether we count similar-
ity classes of full-dimensional simplices only, or all similarity classes of
possibly degenerate four-tuples. A regular (n—1)-gon with an additional
point on its axis has only ©(n?) similarity classes of full-dimensional sim-
plices, but ©(n?) similarity classes of four-tuples. In dimensions larger
than three, nothing nontrivial is known.

In the plane, the algorithmic question (4) of finding all similar copies
of a fixed k-point pattern is not hard: trivially, it can be achieved in time
O(n?klogn), which is tight up to the logn-factor, because the output
complexity can be as large as £2(n?k) in the worst case. For dimensions
three and higher, we have no nontrivial algorithmic results. Obviously,
the problem can always be solved in O(n%klogn) time, by testing all
possible d-tuples of the underlying set, but this is probably far from
optimal.

The Ramsey-type question (5) has a negative answer, for any finite
number of colors, even for homothetic copies. Indeed, for any finite set
A and for any coloring of space with a finite number of colors, one can
always find a monochromatic set similar (even homothetic) to A. This
follows from the Hales — Jewett theorem (Hales and Jewett, 1963), which
implies that every coloring of the integer lattice Z¢ with a finite number
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Figure 2.8. Three five-point patterns of different rational dimensions and three sets
containing many of their translates

of colors contains a monochromatic homothetic copy of the lattice cube
{1,...,m}? (Gallai— Witt theorem; Rado, 1943; Witt, 1952).

6. Equivalence under homothety or affine
transformations

For homothety-equivalence, questions (1) and (2) have been com-
pletely answered in all dimensions (van Kreveld and de Berg, 1989,
Elekes and Erdds, 1994; Brass, 2002). The maximum number of ho-
mothetic copies of a set that can occur among n points is ©(n?); the
upper bound O(n?) is always trivial, since the image of a set under a
homothety is specified by the images of two points; and a lower bound
of (n?) is attained by the homothetic copies of {1,...,k}in {1,...,n}.
The maximum order is attained only for this one-dimensional example.
If the dimension of the affine space induced by a given pattern A over
the rationals is k, then the maximum number of homothetic copies of A
that can occur among n points is ©(n't1/%), which answers question (2).

Question (3) on the minimum number of distinct homothety classes
of k-point subsets among n points, seems to be still open. As in the case
of translations, by projection, we can restrict our attention to the one-
dimensional case, where a sequence of equidistant points {0,...,n — 1}
should be extremal. This gives @(nk“l) distinct homothety classes. To
see this, notice that as the size of the sequence increases from n — 1 to
n, the number of additional homothety classes that were not already
present in {0,...n — 2}, is ©(n*~2). (The increment certainly includes
the classes of all k-tuples that contain 0, n — 1, and a third number
coprime to n — 1.) Unfortunately, the pigeonhole principle gives only
an Q(n*~2) lower bound for the number of pairwise dissimilar k-point
patterns spanned by a set of n numbers.
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PROBLEM 17 What is the minimum number of distinct homothety
classes among all k-element subsets of a set of n numbers?

The algorithmic problem (4) was settled in van Kreveld and de Berg
(1989) and Brass (2002). In O(n!*'/%klogn) time, in any n-element set
of d-space one can find all homothetic copies of a given full-dimensional
k-point pattern. This is asymptotically tight up to the logn-factor.
As mentioned in the previous section, the answer to the corresponding
Ramsey-type question (5), is negative: one cannot avoid monochromatic
homothetic copies of any finite pattern with any finite number of colors.

The situation is very similar for affine images. The maximum number
of affine copies of a set among n points in d-dimensional space is ©(n¢*1).
The upper bound is trivial, since an affine image is specified by the
images of d 4+ 1 points. On the other hand, the d-dimensional “lattice
cube,” {1,... ,nl/d}d, contains Q(n9*!) affine images of {0,1}¢ or of any
other small lattice-cube of fixed size.

The answer to question (2) is not so clear.

PROBLEM 18 Do there exist, for every full-dimensional pattern A in d-
space, n-element sets containing Q(n**1) affine copies of A?

PROBLEM 19 What is the minimum number of affine equivalence classes
among all k-element subsets of a set of n points in d-dimensional space?

For the algorithmic problem (4), the brute force method of trying all
possible (d+ 1)-tuples of image points is already optimal. The Ramsey-
type question (5) has again a negative answer, since every homothetic
copy is also an affine copy.

7. Other equivalence relations for triangles in
the plane

For triples in the plane, several other equivalence relations have been
studied. An especially interesting example is the following. T'wo ordered
triples are considered equivalent if they determine the same angle. It
was proved in Pach and Sharir (1992) that the maximum number of
triples in a set of n points in the plane that determine the same angle
a is ©(n?logn). This order of magnitude is attained for a dense set of
angles .. For every other angle «, distribute as evenly as possible n — 1
points on two rays that emanate from the origin and enclose angle ¢,
and place the last point at the origin. Clearly, the number of triples
determining angle o is 2(n?), which “almost” answers question (2). As
for the minimum number of distinct angles determined by n points in
the plane, Erdés conjectured that the answer to the following question
is in the affirmative.
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PrOBLEM 20 Is it true that every set of n points in the plane, not all
on a line, determine at least n — 2 distinct angles?

This number is attained for a regular n-gon and for several other
configurations.

The corresponding algorithmic question (4) is easy: list, for each point
p of the set, all lines £ through p, together with the points on £. Then we
can find all occurrences of a given angle in time O(n?logn + a), where
a is the number of occurrences of that angle. Thus, by the above bound
from Pach and Sharir (1992), the problem can be solved in O(n?logn)
time, which is optimal. The negative answer to the Ramsey-type ques-
tion (5) again follows from the analogous result for homothetic copies:
no coloring with a finite number of colors can avoid a given angle.

Another natural equivalence relation classifies triangles according to
their areas.

PrOBLEM 21 What is the mazimum number of unit-areq triangles that
can be determined by n points in the plane?

An upper bound of O(n"/3) was established in Pach and Sharir (1992),
while it was pointed out in (Erdés and Purdy, 1971) that a section of the
integer lattice gives the lower bound €(n?loglogn). By scaling, we see
that all areas allow the same multiplicities, which answers (2). However,
problem (3) is open in this case.

PROBLEM 22 [s it true that every set of n points in the plane, not all
on a line, spans at least |(n—1)/2] triangles of pairwise different areas?

This bound is attained by placing on two parallel lines two equidis-
tant point sets whose sizes differ by at most one. This construction is
conjectured to be extremal (Erdds and Purdy, 1977; Straus, 1978). The
best known lower bound, 0.4142n—0(1), follows from Burton and Purdy
(1979), using Ungar (1982).

The corresponding algorithmic problem (4) is to find all unit-area
triangles. Again, this can be done in O(n?logn + a) time, where a
denotes the number of unit area triangles. First, dualize the points to
lines, and construct their arrangement, together with a point location
structure. Next, for each pair (p, q) of original points, consider the two
parallel lines that contain all points r such that pgr is a triangle of
unit area. These lines correspond to points in the dual arrangement,
for which we can perform a point location query to determine all dual
lines containing them. They correspond to points in the original set that
together with p and ¢ span a triangle of area one. Each such query takes
logn time plus the number of answers returned.
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Concerning the Ramsey-type problem (4), it is easy to see that, for
any 2-coloring of the plane, there is a monochromatic triple that spans
a triangle of unit area. The same statement may hold for any coloring
with a finite number of colors.

PROBLEM 23 Is it true that for any coloring of the plane with a finite
number of colors, there is a monochromatic triple that spans a triangle
of unit area?

The perimeter of triangles was also discussed in the same paper (Pach
and Sharir, 1992), and later in Pach and Sharir (2004), where an up-
per bound of O(n'%/7) was established, but there is no nontrivial lower
bound. The lattice section has Q(neclo8n/1081087) pajrwise congruent
triangles, which, of course, also have equal perimeters, but this bound is
probably far from being sharp.

PROBLEM 24 What is the mazimum number of unit perimeter triangles
spanned by n points in the plane?

By scaling, all perimeters are equivalent, answering (2). By the pi-
geonhole principle, we obtain an Q(n5/ ™) lower bound for the number of
distinct perimeters, but again this is probably far from the truth.

PROBLEM 25 What is the minimum number of distinct perimeters as-
sumed by all (g) triangles spanned by a set of n points in the plane?

Here neither the algorithmic problem (4) nor the Ramsey-type prob-
lem (5) has an obvious solution. Concerning the latter question, it is
clear that with a sufficiently large number of colors, one can avoid unit
perimeter triangles: color the plane “cellwise,” where each cell is too
small to contain a unit perimeter triangle, and two cells of the same
color are far apart. The problem of determining the minimum num-
ber of colors required seems to be similar to the question addressed by
Theorem 2.3.
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Chapter 3

DATA DEPTH AND MAXIMUM
FEASIBLE SUBSYSTEMS

Komei Fukuda
Vera Rosta

Abstract  Various data depth measures were introduced in nonparametric statis-
tics as multidimensional generalizations of ranks and of the median. A
related problem in optimization is to find a maximum feasible subsys-
tem, that is a solution satisfying as many constrainsts as possible, in a
given system of linear inequalities. In this paper we give a unified frame-
work for the main data depth measures such as the halfspace depth, the
regression depth and the simplicial depth, and we survey the related
results from nonparametric statistics, computational geometry, discrete
geometry and linear optimization.

1. Introduction

The subject of this survey is a discrete geometric problem which was
raised independently in statistics, in discrete and computational geome-
try, in political science and in optimization. The motivation in statistics
to generalize the median and ranks to higher dimensions is very natural,
as the mean is not considered to be a robust measure of central location.
It is enough to strategically place one outlier to change the mean. By
contrast, the median in one dimension is very robust, or has high break-
down point, as half of the observations need to be bad to corrupt the
value of the median.

As a consequence, in nonparametric statistics, several data depth mea-
sures were introduced as multivariate generalizations of ranks to comple-
ment classical multivariate analysis, first by Tukey (1975), then followed
by Oja (1983), Liu (1990), Donoho and Gasko (1992), Singh (1993),
Rousseeuw and Hubert (1999a,b) among others. These measures, though
seemingly different, have strong connections. In this survey we present
ideas for unifying some of the different measures.
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The halfspace depth, also known as location depth or Tukey depth in-
troduced by Tukey (1974a,b) is perhaps the best known among the data
depth measures in nonparametric statistics, and in discrete and com-
putational geometry. It also has a strong connection to the maximum
feasible subsystem problem, Max FS, in optimization. The halfspace
depth of a point p relative to a data set S of n points in Euclidean space
RY, is the smallest number of points of S in any closed halfspace with
boundary through p. It is easy to see that the halfspace depth of p is
the smallest number of points of § in any open halfspace containing p.
A point of deepest location is called a Tukey median. Exact and heuris-
tic algorithms are presented in Fukuda and Rosta (2004) to compute
the halfspace depth of a point in any dimension using the hyperplane
arrangement construction.

For a given data set S, the set Dy of all points in R? with depth at
least k is called the contour of depth k in statistics (Donoho and Gasko,
1992), though this expression is sometimes used just for the boundary of
Dy. In discrete geometry, Dy, is known as the k-core (Avis, 1993; Onn,
2001). This double terminology is a consequence of parallel research in
several fields. It turns out that the halfspace depth computation is equiv-
alent to the Max F'S computation though the only common reference was
the early complexity result of Johnson and Preparata (1978). The depth
regions are convex and nested, that are critical in statistical estimation.
Donoho and Gasko (1992) show that the halfspace depth measure has
other statistically good properties, namely it leads to affine equivariant
and robust estimators as the Tukey median has high breakdown point in
any dimension (Donoho, 1982) (see (3.3) for the formal definition). It is
not completely evident how to construct high breakdown estimators in
high dimension, as shown by Donoho (1982). Many suggested location
estimators do not have high breakdown points, namely, the iterative el-
lipsoidal trimming (Gnanadesikan and Kettenring, 1972), the sequential
deletion of apparent outliers (Dempster and Gasko, 1981), the convex
hull peeling (Bebbington, 1978) and the ellipsoidal peeling (Titterington,
1978).

For any dimension d > 0, as a consequence of Helly’s theorem (Danzer
et al., 1963), the maximum location depth is at least [27]. The set of
points with at least this depth is called the center in computational ge-
ometry, and its computation in the plane drew considerable attention
(Matousek, 1992; Langerman and Steiger, 2000; Rousseeuw and Ruts,
1996; Naor and Sharir, 1990). While the problem is solved to optimal-
ity in the plane, in higher dimensions the computation of the center is
much more challenging. Using Radon partitions Clarkson et al. (1993)
compute approximate center points in any dimension, finding a point of
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depth at least n/d? with high probability. This terminology of center
might be misleading as for symmetric data the maximum depth is n/2,
as observed by Donoho and Gasko (1992). They also mentioned that if
the data set consists of the vertices of nested “aligned” simplices, then
the lower bound is attained. Miller et al. (2001) proposed a method
to compute the depth regions and their boundaries in the plane us-
ing a topological sweep. Unfortunately their method may not be easily
generalized to higher dimensions. An exact and heuristic algorithm is
presented (Fukuda and Rosta, 2004) in any dimension to compute the
depth regions and their boundaries. Not surprisingly these are very high
complexity computations and there is necessity for improvement.

Some of the main additional data depth measures have strong connec-
tion to the halfspace depth. The regression depth defined by Roussecuw
and Hubert (1999a,b) is a measure of how well a regression hyperplane
fits a given data set (see (3.5) for the formal definition). It has been
pointed out (Eppstein, 2003; Fukuda and Rosta, 2004; van Kreveld et
al., 1999) that the computation of the regression depth of a hyperplane H
can be done using enumeration of the dual hyperplane arrangement. The
algorithm (Fukuda and Rosta, 2004) for the computation of halfspace
depth of a point is based on a memory efficient hyperplane arrangement
enumeration algorithm and can be immediately applied to compute the
regression depth of a hyperplane. Amenta et al. (2000) showed that for
any data set S there is a hyperplane whose regression depth is at least
the Helly bound and thus the lower bound for the maximum regression
depth is the same as for the maximum halfspace depth. Discrete ge-
ometry gives the theoretical background for many algorithms. Helly’s
theorem and its relatives (Danzer et al., 1963), the theorems of Tver-
berg, Charathéodory, and extensions by Bardny (1982); Bardny; Barany
and Onn (1997a); Matousek (2002); Onn (2001); Tverberg (1966); Wag-
ner (2003); Wagner and Welzl (2001) are essential for the unification
of different data depth measures, and to describe their properties. For
example there are bounds relating halfspace depth and simplicial depth
based on these discrete geometry theorems, see Bardny (1982); Wagner
(2003); Wagner and ‘Welzl (2001). The simplicial depth of a point p
relative to a given data set S in R? was defined by Liu (1990) as the
number (or proportion) of simplices containing p.

For d = 2, the problem of computing halfspace depth has been solved
to optimal efficiency by computational geometers, Cole et al. (1987),
Naor and Sharir (1990), Matousek (1992), Langerman and Steiger (2000),
Miller et al. (2001) and statisticians Rousseeuw and Ruts (1996).

In higher dimensions, the situation is very different. Let S be a set of
n points on the d-dimensional sphere centered at the origin. The closed
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(open) hemisphere problem is to find the closed (open) hemisphere con-
taining the largest number of points of S. Johnson and Preparata (1978)
proved that the closed (open) hemisphere problem is NP-complete, which
clearly implies that the computation of the halfspace depth of a given
point is also NP-complete. As a consequence very little effort was given
to design exact and deterministic algorithm or even approximate one
to compute the halfspace depth of a point relative to a given data set
in higher dimensions. NP-hardness results concentrate on the worst
case, that might hinder the possibility of computing partial information
quickly in practice. For statistical applications, primal-dual algorithms
might be more valuable, i.e., those algorithms that update both upper
and lower bounds of the depth, and terminate as soon as the bounds
coincide. Such an algorithm can provide useful information on the tar-
get depth even when the user cannot afford to wait for the algorithm
to terminate. In addition, unlike “enumeration-based” algorithms whose
termination depends on the completion of enumeration (of all halfspace
partions), primal-dual algorithms might terminate much earlier than the
worst-case time bound. The exact, memory efficient and highly paral-
lelizable algorithm (Fukuda and Rosta, 2004) for computing the half-
space depth is primal-dual type.

Already Johnson and Preparata reformulated the closed (open) hemi-
sphere problem to the equivalent form of finding the maximal feasible
subsystem of a system of strict (weak) homogeneous linear inequalities,
Max FS. There is an extensive literature for the complexity and computa-
tion of Max FS, using results of integer programming, independent from
the computational geometry or statistics literature for data depth. The
exact and heuristic algorithms (Fukuda and Rosta, 2004) for the com-
putation of halfspace depth and related data depth measures, based on
hyperplane arrangement construction algorithms can easily be adapted
to solve Max FS.

In this survey we analyze the data depth literature in statistics, the re-
lated results in computational geometry, in discrete geometry and in the
optimization literature. The importance of this area is evident for non-
parametric statisticians for whom the computational efficiency is vital.
Considering the high complexity of the problem this is a real challenge.
Seeing the limits of existing results perhaps leads to new modified no-
tions that hopefully will be computationally tractable. It make sence to
go to this direction if all the computational difficulties of the existing
definitions are examined. On the other hand the Max FS research can
also profit from the results of others. Max FS computation has been
applied extensively in many areas, for example in telecommunications
(Rossi et al., 2001), neural networks (Amaldi, 1991), machine learning
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(Bennett and Bredensteiner, 1997), image processing (Amaldi and Mat-
tavelli, 2002) and in computational biology (Wagner et al., 2002).

2. Generalization of the median and
multivariate ranks

Different notions of data depth were defined by Mahalanobis (1936);
Tukey (1974a,b); Oja (1983); Liu (1990); Donoho and Gasko (1992);
Singh (1993); Rousseeuw and Hubert (1999a,b) among others and were
proposed as location parameters in the statistical literature, see Liu
(2003). Depth ordering was used to define descriptive statistics and vari-
ous statistical inference methods. Liu et al. (1999) introduce multivariate
scale, skewness and kurtosis and present them graphically in the plane
by simple curves. Liu and Singh (1993) proposed a quality index and
Liu (1995) applied it with data depth based ordering to construct non-
parametric control charts for monitoring multivariate processes. Other
applications include multivariate rank tests by Liu (1992); Liu and Singh
(1993), construction of confidence regions by Yeh and Singh (1997) and
testing general multivariate hypotheses by Liu and Singh (1997).

An often referred paper in nonparametric statistics on the multivariate
generalizations of the median is by Donoho and Gasko (1992) which
continues earlier works of both and of many other statisticians. We follow
their notations. In the statistical literature a good deal of effort is spent
to demonstrate favorable properties of the various location estimates or
data depth measures from the statistical point of view.

ukey (1974a,b, 1977) introduced the notion of the halfspace depth of
a point in a multivariate data set as follows: Let X = {X, Xo,..., X}
be a data set in R%. If d = 1, the depth of a point or of the value z is
defined as

depth; (z, X) = min(|{i : X; <z}, [{i: X; > z}|). (3.1)
If d > 1 the depth of a point € R? is the least depth of z in any
one-dimensional projection of the data set:

depthy(z, X) = min depth, (u’z, {u” X;})

ful=1
= ‘n‘nnl i s u? Xy > ulz)). (3.2)

ul=
In dimension one, the minimum and the maximum are points of depth
one, the upper and lower quartiles are of depth n/4 and the median is of
depth n/2. Tukey considered the use of contours of depth, the boundary
of the regions determined by points of same depth, to indicate the shape
of a two-dimensional data set and suggested to define multivariate rank
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statistics. Since the median has the maximum depth value in dimension
one, in higher dimensions a point with maximum depth could be consid-
ered a multivariate median. The data depth regions are convex whose
shapes indicate the scale and correlation of the data.

The resulting measures have good statistical properties, for exam-
ple they are affine equivariant, i.e. they remain the same after linear
transformations of the data, and they are robust in any dimension.
Donoho and Gasko (1992) proved that the generalization of the me-
dian has a breakdown point of at least 1/(d + 1) in dimension d and it
can be as high as 1/3 for symmetric data set. A formal definition of a
finite-sample breakdown point is in Donoho (1982). Let X denote a
given data set of size n and let T be the estimator of interest. Consider
adding to X ™ another data set Y™ of size m. If it is possible to make
(XM yYm) — 7(X™) arbitrarily large, we say that the estimator
breaks down under contamination fraction m/(n +m). The breakdown
point €*(T, X)) is the smallest contamination fraction under which the
estimator breaks down:

m
* = mi : T(x™yymy - prx® =oo} 3.3
€ mln{n_'_m 31(13 1T( ) = T(X™) (3.3)

Thus the mean has breakdown point 1/(n+ 1) and the one-dimensional
median has breakdown point % We can say that the median is a robust
measure, but not the mean.

Among location estimates the median has the best achievable break-
down point, as for translation equivariant estimators ¢* < -5— Maronna
(1976) and Huber (1977) found that affine equivariant M estimates of
location have breakdown points bounded above by 1/d in dimension d,
i.e., such estimators can be upset by a relatively small fraction of strate-
gically placed outliers. Donoho (1982) gives several other examples of
affine equivariant estimators which do not have high breakdown points.

(a) Convez hull peeling: ITteratively the points lying on the boundary
of a sample’s convex hull are discarded, peeled away and finally the
mean of the remaining observations is taken as the peeled mean. If
the data set is in general position the breakdown point of any peeled
mean is at most (1/(d + 1)) ((n+d+ 1)/(n +2)) (Donoho, 1982).

(b) Data cleaning or sequential deletion of outlyers uses the Mahalanobis
distance

D*(Xi, X) = (Xi — Ave(X))" Cov ™ (X)(X; — Ave(X))  (3.4)

to identify the most discrepant observation relative to the data set
X. At each stage the most discrepant data point relative to the
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remaining data is removed. At some point a decision is made that
all the outliers have been removed and the average of the remain-
ing point is the “cleaned mean”. If X is in general position, the
breakdown point of any “cleaned mean” is at most 1/(d + 1).

Both convex hull peeling and cleaned mean are affine equivariant. If
the affine equivariance condition is relaxed to rigid-motion equivariance
or to location equivariance, then it is easy to find high breakdown point
estimators, for example the coordinatewise median is location equiv-
ariant and has breakdown point 1/2 in any dimension. The difficulty
is being both coordinate free and robust (Donoho and Gasko, 1992).
Rousseeuw (1985) showed that the center of the minimum volume ellip-
soid containing at least half the data provided a method with breakdown
point of nearly 1/2 in high dimensions, see Lopuhas and Rousseeuw
(1991). Oja (1983) introduced an affine equivariant multivariate median
with interesting breakdown properties based on simplicial volumes, see
Niinimaa et al. (1990). From the point of view of robustness, halfspace
depth is considered interesting by Donoho and Gasko (1992) since the
estimator T(x) = Ave{X; : depth(X;; X) > k} has breakdown point
€ = k/(n + k), which means that the maximum depth controls what
robustness is possible. Since the maximum depth is between [n/(d-+1)]
and n/2 the breakdown point is close to -:1); for centrosymmetric distribu-
tion and it is at least 1/(d + 1) for X in general position.

Another important statistical property for good data depth measure
requires that the data depth regions be nested. This property follows
easily for the halfspace depth. The simplicial depth of a point z € R?
with respect to a given data set X was defined by Liu (1992), as the
number (proportion) of simplices formed with points in X, that contain
the point z. The simplicial depth is affine equivariant, but surprisingly
the corresponding depth regions are not necessarily nested, as shown by
examples already in the plane (Burr et al., 2003; Zuo and Serfling, 2000).
This data depth measure is conceptually attractive by its simplicity but
some modification to this definition might be necessary. Some modified
definitions are suggested in Burr et al. (2003); Rafalin and Souvaine
(2004). It turns out, see Fukuda and Rosta (2004), that the halfspace
depth of a point z is actually the cardinality of the minimum transversal
of the simplices containing x.

Regression is one of the most commonly used statistical tools for mod-
eling related variables. Linear regression is optimal if the errors are nor-
mally distributed, but when outliers are present or the error distributions
are not normal, linear regression is not considered robust. Rousseeuw
and Hubert (1999a) introduced the notion of regression depth by gen-
eralizing the halfspace depth to the regression setting. In linear regres-
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sion the aim is to fit to a data set Z, = {z; = (xi1,...,Tid—1,¥i);1 =
I,...,n} € R% a hyperplane of the form y = ©1x; + Ogzg + --- +
Od—1Tg_1 + Og with © = (01,...,60,)T € R% The z-part of each data
point z; is denoted by x; = (%i1,...,%4-1)7 € R¥! and the residuals
of Z, relative to the fit ® by r;(®) = y; —©1251 — -+ —Oy_1%; 41 — Oq.
The regression depth of a fit ©® € R? relative to a data set Z, C R is
given by

rdepth(©, Z,) = 1{11151(|{z :7(®) > 0 and x] u < v}
+{i: (@) <0 and x7u>v}]) (3.5)

where the minimum is over all unit vectors u = (uy,...,ug_1)7 € R¢?
and all v € R with x7u # v for all (x!',y;) € Zy.

Let £ be a hyperplane in d-dimension and let p, be the point dual to
h in the dual hyperplane arrangement. The regression depth of a hyper-
plane A in d-dimension is the minimum number of hyperplanes crossed
by any ray starting at the point py in the dual hyperplane arrangement.
This geometric definition is the dual of the original definition given by
Rousseeuw and Hubert (1999a). van Kreveld et al. (1999) mentioned
that the regression depth can be computed by the enumeration of all
unbounded cells of the dual hyperplane arrangement. The incremental
hyperplane arrangement enumeration algorithm of Edelsbrunner et al.
(1986) has O(n"!) time complexity and O(n%!) space requirement,
the time complexity is optimal but the space complexity might be pro-
hibitive for computation. Using in Fukuda and Rosta (2004) a memory
efficient hyperplane arrangement enumeration code from Ferrez et al.
(2005) makes possible the computation of the regression depth, though
for high dimension it can also be too time consuming. An alternative
definition of halfspace depth of a point p was given (Eppstein, 2003) as
the minimum number of hyperplanes crossed by any ray starting at the
point p, in the hyperplane arrangement determined by the given data
set X. This looks identical to the regression depth definition given here
showing that the two data depth measures are essentially the same.

Hyperplanes with high regression depth fit the data better than hyper-
planes with low depth. The regression depth thus measures the quality
of a fit, which motivates the interest in computing deepest regression
depth. In Rousseeuw and Hubert (1999a) it is shown that the deep-
est fit is robust with breakdown value that converges to 1/3 for a large
semiparametric model in any dimension d > 2. For general linear models
they derive a monotone equivariance property. It seems that the data
depth measures having the best statistical properties are the halfspace
depth and the regression depth. It is not a surprise then, that these
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measures attracted the most attention in all the relevant fields and thus
justifies our concentration on these.

3. Helly’s theorem and its relatives

In discrete geometry the following theorem is essential.

THEOREM 3.1 (HELLY (DANZER ET AL., 1963)) Suppose K is a fam-
ily of at least d + 1 conves sets in RY, and K is finite or each member
of K is compact. If each d+ 1 member of K have a common point, then
there is a point common to all members of K.

The characterization of the halfspace depth regions Dj and their
boundaries is a direct consequence of Helly’s theorem.

PROPOSITION 3.1 Let S be a set of n points in R and k > 0. Then

(a) the halfspace depth region Dy is the intersection of all closed halfs-
paces containing at least n — k + 1 points of S,

(b) Dgy1 C Dg,

(¢) Dy is not empty for all k < [7%51,

(d) every full dimensional Dy is bounded by hyperplanes containing at
least d points of S that span a (d — 1)-dimensional subspace.

Helly’s theorem has many connections to other well-known discrete
geometry theorems relevant for our study.

THEOREM 3.2 (TVERBERG, 1966) Let d and k be given natural num-
bers. For any set S C R® of at least (d+1)(k—1)+1 points there exist k
pairwise disjoint subsets Si,Sa, ..., Sk C S such that NE_; conv(S;) # @.

Here conv(S;) denotes the convex hull of the point set S;. The sets
S51,89,...,85k, as in the theorem, are called a Tverberg partition and a
point in the intersection of their convex hulls is called a Tverberg point,
or a k-divisible point. The special case k = 2 is the Radon theorem, and
accordingly we have a Radon partition and Radon points. Radon points
are iteratively computed in an approximate center point algorithm by
Clarkson et al. (1993). The algorithm finds a point of depth n/d? with
high probability.

In order to design algorithms for the computation of the halfspace
depth regions Dy, or to be able to decide whether Dy, is empty for given
k, or to find a point in Dy if not empty, it would be useful to know as
much as possible about these regions. Unfortunately the existing discrete
geometry results do not give too much hope for good characterization
of Dy and their boundaries. In the discrete geometry literature Dy
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is sometimes called the k-core or Helly-core, and the set of k-divisible
points is the k-split. It is easy to see that if the k-split is not empty, then
any point in the k-split has halfspace depth at least k. In particular if
k = [n/(d + 1)], then the k-split is not empty as a consequence of the
Tverberg’s theorem, and a Tverberg point is also a center point.

It was conjectured by Reay (1982), Sierksma (1982) and others that
the k-core equals the k-split in any dimension. In the plane, for d = 2,
the k-split equals the k-core (Reay, 1982), but in higher dimensions the
conjecture is not true. In fact the k-split can be a proper subset of the
k-core, as shown by Avis (1993), Barany, and Onn (2001) independently.
Their respective examples are interesting. Avis’ counterexample consists
of nine points on the moment curve in R%. He showed that there are
extreme points of the 3-core that are not 3-divisible, i.e., not in the 3-
split. Onn generates many examples in dimensions higher than nine and
interestingly reduces the NP-complete problem of edge 3-colourability of
a 3-regular graph to the decision problem of checking whether the 3-split
is empty or not. It follows that this is also an NP-complete problem.
Bérdny and Onn (1997a) also proved that to decide whether the k-split
is empty or not, or to find a k-divisible point are strongly NP-complete,
by showing that these are polynomial time reducible to the decision
and search variants of the colourful linear programming problem. They
prove that, if sets (“coloured points”) Si,Ss,...,S; C Q% and a point
b € Q¢ are given, it is strongly NP-complete to decide whether there is
a colourful T = {s1,s2,..., 8k}, where s; € S; for 1 < ¢ < k, such that
b € conv(T), or if there is one to find it. (When all S;-s are equal this is
standard linear programming. )

Although the boundary of the halfspace depth regions D, have no
satisfactory characterization, it is still possible to design algorithm to
compute Dy, for all k. The algorithm in Fukuda and Rosta (2004) for
computing Dy, is based on the enumeration of those cells in the dual
hyperplane arrangement, that correspond to k-sets. A subset X of an
n-point set S is called a k-set if it has cardinality k£ and there is an open
halfspace H such that HNS = X. Therefore there is a hyperplane h, the
boundary of H, that “strictly” separates X from the remaining points
of S. A well-known problem in discrete and computational geometry is
the k-set problem, to determine the maximum number of k-sets of an
n-point set in R%, as a function of n and k. This problem turned out to
be extremely challenging even in the plane, only partial results exist and
mostly for d < 3. Some of these results were obtained using a coloured
version of Tverberg’s theorem (Alon et al., 1992).

Let S be a set of n points in general position in R?. An S-simplex is
a simplex whose vertices belong to S. Boros and Fiiredi (1984) showed
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that in the plane any centerpoint of S is covered by at least %(g) S-
triangles, giving a connection between halfspace depth and simplicial
depth in R%. Bérdny (1982) and Bdardny and Onn (1997a) studied
similar problems in arbitrary dimension. The Charathéodory theorem
(Bérany, 1982) says, that if S ¢ R? and p € conv(S), then there is
an S-simplex containing the point p. The maximal simplicial depth
is therefore at least 1. The colourful Charathéodory theorem due to
Bérany (1982) states that if there is a point p common to the convex hull
of the sets, My, Ma, ..., My, C S, then there is a colourful S-simplex,
T = {mi,ma,...,myr1} where m; € M; for all 1, containing p in its con-
vex hull. Barany (1982) combines the colourful Charathéodory theorem
and Tverberg’s theorem to show the following positive fraction theorem,
also known as first selection lemma, that gives a non-trivial lower bound
for the maximal simplicial depth of points in R% with respect to S.

THEOREM 3.3 (BARANY, 1982) Let S be an n-point set in RY. Then
there exists a point p in RY contained in at least Cd(dil) S-simplices,
where cq is a constant depending only on the dimension d.

The proof gives cq = (d+ 1)"% and ¢y = (d + 1)~4*D is given in
Bérdny and Onn (1997b). The value ¢; = £ obtained in Boros and
Fiiredi (1984) is optimal. A recent result of Wagner (2003); Wagner and
Welzl (2001) shows that in d > 3 dimensions every centerpoint is also
covered by a positive fraction (depending only on d) of all S-simplices. In
the proof for a more general first selection lemma they are using known
discrete geometry results on face numbers of convex polytopes and the
Gale transform.

Moreover, if the k-split is not empty, then any T'verberg point in the
k-split is covered by at least (d-kH) S-simplices (Bérdny, 1982). The k-
split, when not empty, is the subset of the k-core, in this case there
is a point with halfspace depth at least k& contained in at least ( df—l)
simplices. This gives a lower bound on the maximum simplicial depth
of a point with halfspace depth at least k, and Bdrdny (1982) gives an
upper bound for the maximum simplicial depth, showing that no point
can be covered by more than (1/2d)(d$1) S-simplices, if the points of
S are in general position. General bounds on the simplicial depth as a
function of the halfspace depth are given in the special case of d = 2 in
Burr et al. (2003).

The regression depth defined by Rousseeuw and Hubert (1999a,b) is
a measure of how well a regression hyperplane fits a given data set.
Amenta et al. (2000) showed that for any data set S there is a hyper-
plane whose regression depth is at least the Helly bound. It has been
pointed out several times (Eppstein, 2003; Fukuda and Rosta, 2004; van
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Kreveld et al., 1999) that the computation of the regression depth of
a hyperplane H can be done using enumeration of the dual hyperplane
arrangement. The algorithm in Fukuda and Rosta (2004) for the compu-
tation of the halfspace depth of a point is also based on the construction
of the dual hyperplane arrangement and thus it can be immediately ap-
plied to compute the regression depth of a hyperplane. The fact that
the same algorithm can be used to compute the halfspace depth of a
point and the regression depth of a hyperplane indicates the equivalence
of these two measures. Therefore we hope that it is possible to show
that for any data set S there is a hyperplane whose regression depth is
at least the Helly bound, using only Helly’s theorem and its relatives
instead of using Brouwer’s fixpoint theorem as Amenta et al. do.

From the above basic discrete geometry results it is clear that Helly’s
theorem and its relatives give a theoretical framework for a unified treat-
ment of the three basic data depth measures, namely the halfspace depth,
the simplicial depth and the regression depth.

4. Complexity

Johnson and Preparata’s 1978 paper, entitled “The densest hemi-
sphere problem,” contains the main complexity result related to this
survey. It was motivated by a geometric problem that originated as a
formalization of a political science situation. Let K be a set of n points
on the unit sphere S¢. Find a hemisphere of S¢ containing the largest
number of points from K. The coordinates of the points in K correspond
to preferences of n voters on d relevant political issues; the axis of the
maximizing hemisphere corresponds to a position on these issues which
is likely to be supported by a majority of the voters.

In Johnson and Preparata (1978) the problem is reformulated in terms
of vectors and inner products, namely let K = {p1,p2,...,pn} be a finite
subset of Q¢ and consider the following two parallel problems:

(a) Closed hemisphere:
Find z € R? such that ||z|| = 1 and |{i : p; € K and p; - > 0}] is
maximized.

(b) Open hemisphere:
Find z € R such that ||z]| =1 and |{i : p; € K and p; -z > 0} is
maximized.

This formulation is more general than the original geometric problem
since it allows more than one point along a ray. The restriction to use
only rational coordinates is useful as it places the problem in discrete
form, to which computational complexity arguments can be applied. The
closed hemisphere problem is the same as the computation of the half-
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space depth of the origin, therefore the complexity result of the closed
hemisphere problem can be applied immediately. Moreover the closed
hemisphere problem is identical to the Max F'S problem for homogeneous
system of linear inequalities, and the open hemisphere problem is identi-
cal to the Max F'S problem for strict homogeneous system of inequalities.
A variant discussed by Reiss and Dobkin (1976) is to determine if there
is a hemisphere which contains the entire set K. This is equivalent to
linear programming, the question whether there is a feasible solution to
the given system of linear inequalities.

In the same paper Johnson and Preparata showed that both the
Closed and Open hemisphere problems are NP-complete and thus there
is no hope to find polynomial time algorithm in general. They ob-
tained this complexity result by reducing the previously known NP-
complete MAX 2-SAT (maximum 2-satisfiability) problem to the hemi-
sphere problems. The complexity results of Johnson and Preparata were
extended by Teng (1991). Testing whether the halfspace depth of a point
is at least some fixed bound is coNP-complete, even in the special case
of testing whether a point is a center point.

The above mentioned NP-hardness results make very unlikely the ex-
istence of polynomial time methods for solving the halfspace depth prob-
lem. Approximate algorithms that provide solution that are guaranteed
to be a fixed percentage away from the actual depth could be sometimes
sufficient. There are studies comparing the approximability of optimi-
zation problems and various approximability classes have been defined
(Kann, 1992). Strong bounds exist about the approximability of fa-
mous problems like maximum independent set, minimum set cover or
minimum graph colouring and these results had strong influence on the
study of approximability for other optimization problems.

It follows from Johnson and Preparata’s result that Max FS with >
or > relations is NP-hard even when restricted to homogeneous sys-
tems. Amaldi and Kann (1995, 1998) studied the approximability of
maximum feasible subsystems of linear relations. Depending on the
type of relations, they show that Max FS can belong to different ap-
proximability classes. These ranges from APX-complete problems which
can be approximated within a constant but not within every constant
unless P = NP, to NPO PB-complete problems that are as hard to ap-
proximate as all NP optimization problem with polynomially bounded
objective function. Max FS with strict and nonstrict inequalities can be
approximated within two but not within every constant factor.

Struyf and Rousseeuw (2000) propose a heuristic approximation algo-
rithm for high-dimensional computation of the deepest location. The al-
gorithm calculates univariate location depths in finite directions and con-
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tinues as long as it monotonically increases univariate location depths.
Only an approximation of location depth is computed at each step, using
projections to a randomly chosen finite number of directions. There is
no measure of how good this approximation is and there is no proof that
the algorithm converges to a Tukey median.

Fixing the dimension as a constant is a common practice in computa-
tional geometry when a problem is hard. It is possible though that a very
large function of d is hidden in the constants and these algorithms are
rarely implemented in higher than 3 dimensions. Johnson and Preparata
(1978) presented an algorithm to compute the closed hemisphere prob-
lem, if the dimension is fixed, based on iterative projections to lower
dimensions. No implementation of this algorithm is known for arbitrary
dimension. This algorithm has ©(n?~!logn) time complexity. They
considered this algorithm as an attractive method for cases in which d
is a small integer, four or less. They also presented an algorithm for
the open hemisphere problem when the dimension is fixed, that require
0(d2%2n%1logn) time. Rousseeuw and Ruts (1996) and Struyf and
Rousseeuw (2000) rediscovered the same deterministic algorithm when
the dimension is fixed for the computation of the location depth of a
point, requiring ©(n?logn) time, corresponding to the closed hemi-
sphere problem, and implemented it for d < 3.

Matousek (1992) briefly describes approximation algorithms for the
computation of a center point, of the center and of a Tukey median for
point sets in fixed dimension which could theoretically be called efficient.
A point is called an e-approximate centerpoint for the data set S, if it
has depth at least (1 — €)n/(d + 1). For any fixed ¢, an e-approximate
centerpoint can be found in O(n) time with the constant depending ex-
ponentially on d and €, and then a O(n¢) algorithm is given to find a
centerpoint. As he points it out, a large constant of proportionality can
be hidden in the big-Oh notation. This algorithm has no suggested im-
plementations and considered impractical if the dimension is not small.
Clarkson et al. (1993) proposed approximation of a center point, find-
ing n/d%-depth points with proven high probability, using Radon points
computation. It has a small constant factor, it is subexponential and
can be optimally parallelized to require O(log? dloglogn) time. Since
the center is nonempty, this approximation of a center point can be far
from the deepest location.

Given an n-point set S in the plane, Matousek (1992) finds a Tukey
median of S in time O(nlog®n). A ©(nlogn) lower bound was estab-
lished for computing a Tukey median, and the upper bound was im-
proved to O(nlog*n) by Langerman and Steiger (2000). For d = 2,
Cole et al. (1987) described an O(n log® n) algorithm to construct a cen-
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terpoint, ideas in Cole (1987) could be used to improve the complexity
to O(nlog®n). Finally Jadhav and Mukhopadhyay (1994) gave a linear
time algorithm to construct a center point in the plane. Naor and Sharir
(1990) gave an algorithm to compute a center point in dimension three
in time O(n?log®n).

Given an n-point set S in the plane, Dy, the set of points with half-
space depth at least k can be computed in time O(nlog?n) (Matousek,
1992). In the statistics community the program HALFMED (Rousseeuw
and Ruts, 1996) and BAGPLOT (Rousseeuw et al., 1999) have been
used for this purpose. Miller et al. (2001) proposed an optimal algo-
rithm that computes all the depth contours for a set of points in the
plane in time O(n?) and allows the depth of a point to be queried in time
O(log? n). This algorithm uses a topological sweep technique. Compared
to HALFMED their algorithm seem to perform much better in practice.
Krishnan et al. (2002), based on extensive use of modern graphics archi-
tectures, present depth contours computation that performs significantly
better than the currently known implementations, outperforming them
by at least one order of magnitude and having a strictly better asymp-
totic growth rate. Their method can only be used in the plane.

Rousseeuw, Hubert, Ruts and Struyf described algorithms for testing
the regression depth of a given hyperplane, requiring time O(n?®) in the
plane (Rousseeuw and Hubert, 1999a) or time O(n?~!logn) in fixed di-
mensions d > 3 (Rousseeuw and Hubert, 1999b; Rousseeuw and Struyf,
1998). In the plane van Kreveld et al. (1999) found an algorithm for find-
ing the optimum regression line in time O(nlog?n) and it was improved
by Langerman and Steiger (2003) to O(nlogn). In any fixed dimension
standard e-cutting methods (Mulmuley and Schwarzkopf, 1997) can be
used to find a linear time approximation algorithm that finds a hyper-
plane with regression depth within a factor (1 — €) of the optimum. By
a breadth-first search of the dual hyperplane arrangement one can find
theoretically the hyperplane of maximum depth for a given point set
in time ©(n?), (van Kreveld et al., 1999). There is no known imple-
mentation of this algorithm and the memory requirement is also ©(n®),
prohibitive in higher dimensions.

5. Bounding techniques and primal-dual
algorithms

Known complexity results in Section 4 suggest that even an ideal al-
gorithm for any of the main problems might require too much time.
In such circumstances, it is important to have an algorithm that gives
useful information even if the computation is stopped before its comple-
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tion. Typically, upper bounds and lower bounds of the optimal value
are helpful for the user. Surprisingly, these informations are also useful
for designing exact algorithms that might terminate much earlier than
the worst-case complexity bounds.

We shall use the term primal-dual for algorithms that update both
upper and lower bounds of the target measure and terminate as soon as
the two bounds coincide.

5.1 Primal-dual algorithms for the halfspace
depth

Let S = {p1,...,pn} be an n-point set and p be a given point in
RY. Here we explain how can one design a primal-dual algorithm for
the computation of the halfspace depth of p, based on the ideas used in
Fukuda and Rosta (2004).

First of all, one can easily see that any hyperplane through p gives
an upper bound for the halfspace depth of p. Any heuristic algorithm,
such as the “LLP-walk” method that starts from a random hyperplane to
a better one in the neighborhood, can find a good candidate hyperplane
quickly.

In our algorithm such a random walk is used. To compute exactly
the halfspace depth of a point p with respect to the n-point set S =
{p1,...,pn}, an oriented hyperplane h is represented by the signvector
X € {+,—,0}" of a cell in the dual hyperplane arrangement, so that an
index j is in the positive support X of the cell X, iff the corresponding
point p; is in the positive halfspace h™ bounded by h. It is possible
to restrict the dual hyperplane arrangement so that the point p is in
the positive halfspace. Then the halfspace depth of the point p is the
minimum |Xt| over all restricted cells X. The greedy heuristic random
walk starts at an arbitrary cell and uses LP successively to move to a
neighboring cell with smaller cardinality of positive support if it exists.
Successive application define a path starting at the first randomly se-
lected cell, through cells whose signvectors have monotone decreasing
number of positive signs, until no more local improvement can be made,
arriving to a local minimum. Any local minimum gives an upper bound
of the halfspace depth of the point p.

Lower bounds of the halfspace depth can be obtained using integer
programming techniques and LP relaxation. In fact the halfspace depth
problem, as pointed out by Johnson and Preparata (1978) is an opti-
mization problem and therefore it is natural to use optimization tech-
niques besides geometric or computational ones. A subset R of S is
called minimal dominating set (MDS) for the point p, if the convex hull
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of R contains p, and it is minimal with this property. It follows from
Charathéodory’s theorem, that an MDS must be a simplex. It is easy
to see that the cardinality of a minimum transversal of all MDS’s is the
halfspace depth of the point p. Assume that the heuristics stops at a
cell X. Then, for each j € X, there exists at least one MDS R; such
that R; N X+ = {j}. Let I be any collection of MDS’s containing at
least one such R; for each j € X7. Then X7 is a minimal transversal
of 1. To compute a minimum transversal for I, first the sets X~ U j are
generated for all 7 € X*. Using successive LP’s these are reduced to
MDS’s, forming the set I. Let ¢ be the characteristic matrix of I, where
each row corresponds to an MDS. Let y* = (y1,...,yn) be a 0/1 vector
representing a transversal. The minimum transversal of [ is a solution
to the integer program: min y ;" , y; subject to cy > 1,y € {0,1}". Let
us denote by ¢y, the cardinality of the minimum transversal of the set I,
and by ¢, the cardinality of the minimum transversal for all MDS’s. The
optimum value ¢z, obtained through the LP relaxation (with 0 <y; < 1),
satisfies ¢, < ¢; < ¢ = depth (the halfspace depth of p). If this lower
bound equals the upper bound obtained heuristically, then the global
minimum is reached. A lower bound of the halfspace depth can be com-
puted each time an upper bound is obtained by heuristics.

In order to guarantee the termination, one has to incorporate an
enumeration scheme in a primal-dual type algorithm. Our primal-dual
algorithm incorporates a reverse search algorithm of time complexity
O(nLP(n,d)|C%]) and space complexity O(nd), that constructs all |CY|
cells of the dual hyperplane arrangement, for any given S and p, where
LP(n,d) denotes the time complexity of solving a linear program of
d variables and n inequality constraints. While the algorithm termi-
nates as soon as the current upper bound and lower bound coincide, the
(worst-case) complexity of the primal-dual algorithm is dominated by
the complexity of this enumeration algorithm.

To accelerate the termination, this algorithm incorporates a branch-
and-bound technique that cuts off a branch in the cell enumeration tree
when no improvement can be expected. The bound is based on the ele-
mentary fact that no straight line can cross a hyperplane twice. In the
preprocessing the repetition of the above mentioned random walk heuris-
tics gives reasonably good local minimum cell C' which can become the
root cell of the search enumeration tree. The algorithm enumerates the
dual hyperplane arrangement’s cells keeping in memory the current min-
imum positive support cardinality. The enumeration is done in reverse
using an LP based oracle that can tell the neighbors of any given cell and
a function f{X), that computes for any given cell X its neighbor that is
on the opposite side of the hyperplane that is first hit by a ray directed
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from X to the root cell C. The branch-and-bound technique makes use
of the simple observation that if j € C~ N X™ then j € Y for any cell
Y below X on the search tree. If the number ¢g(X) of such indices j
is larger than the current minimum depth, then no improvement can be
made below the cell X, thus the corresponding branch is cut.

As we have seen previously, known and recent discrete geometry the-
orems (Bérdny, 1982; Wagner and Welzl, 2001) give upper and lower
bounds on the simplicial depth, some of them as a function of the half-
space depth when the data set S satisfies certain additional conditions.
In this section we pointed out a different connection between the sim-
plicial depth and the halfspace depth, namely that the halfspace depth
of the point p is the minimum cardinality transversal of the simplices
containing p.

5.2 Regression depth

The regression depth is a measure of how well a hyperplane fits the
data, by checking how many data points must be crossed to obtain a
nonfit, a vertical hyperplane, parallel to the dependent variable y’s co-
ordinate axis. Let Z = {21,22,...,2,} be a set of n points in R%, h be
a hyperplane in R% and let the point py, be the dual of 4 in the oriented
dual hyperplane arrangement. The regression depth of the hyperplane
h, with respect to Z is the minimum number of hyperplanes in the dual
arrangement crossed by any ray starting at the point p,. The same re-
verse search hyperplane arrangement enumeration algorithm can be used
to compute the regression depth of a hyperplane as the one we used to
compute the halfspace depth of a point. The regression depth becomes
computable, as the algorithm is memory efficient, requiring O(nd) space.

Let « be a direction and r, be the ray starting at ps in the direction
«, in the dual hyperplane arrangement. There is an unbounded cell U
in the direction «, for any direction . The point p, has a signvector
corresponding to the face it is located in and each hyperplane crossed
by the ray r, will change the corresponding index to the one in U. To
compute the regression depth of a hyperplane h relative to a point set
Z ={z1,%9,...,2,} is equivalent to finding an unbounded cell U of the
dual oriented hyperplane arrangement that has the mimimum difference
between its signvector, o(U) and the signvector of the point py, o(pn).
The regression depth of the hyperplane h is

min [o(U) ~ o (pa)]. (3.6)

The algorithm enumerates the unbounded cells using the same reverse
search algorithm in one lower dimension. It keeps in memory the lowest
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current difference and outputs the one with minimal difference obtaining
the regression depth.

5.3 Heuristics for the halfspace depth regions
and deeper points

The bounding techniques and our primal-dual algorithms can be used
for the computation of the halfspace depth regions. Let us choose an
appropriate starting point s;. Using the random walk greedy heuristics
one can obtain the upper bound of the halfspace depth of the starting
point s1, that corresponds to a signvector with locally minimum number
k of positive signs. The aim is to find a point with halfspace depth at
least k + 1.

The cell with k positive signs corresponds to a k-cell, or a hyperplane
h1, such that hy strictly separates k data points in A} from the remaining
ones in iy . Since it is a local minimum, the vertices of the cell are also
vertices of the neighboring cells, all of them with k+1-positive signs. The
hyperplanes in the primal corresponding to those vertices with at least d
zeros in their signvectors are candidates to be boundary hyperplanes of
Dy41. The attention is restricted to those vertices of the local minimum
k-cell in the dual hyperplane arrangement, which have d zeros replacing
the negative signs of the k-cell. Any point with halfspace depth at least
(k + 1) has to be in the feasible region determined by the hyperplanes
corresponding to these vertices in the primal. If these hyperplanes do not
determine a feasible region, then Dy, must be empty and the deepest
point has halfspace depth k.

Therefore one strategy to get deeper and deeper points can be the
following: compute heuristically the halfspace depth of s1, say it is k, by
finding a local minimum cell with & positive signs. List all the vertices
of this cell. All vertices have at most k positive signs and thus the
corresponding closed halfspaces in the primal contain at least n — k data
points. Check whether the intersection of the halfspaces is empty. If
it is empty, we have a certificate that the maximum depth is at most
k. Otherwise we choose a point so in this region away from s; that is
in hy. Compute heuristically its halfspace depth. If it is k, redo the
same with ho, getting a new smaller region. Then choose a point s3 in
hi M'hy, deeper in the data than si,s. If the halfspace depth of so
is less than k, choose the midpoint of the line segment connecting s;
and sy and redo the same by computing first the halfspace depth of this
midpoint. Continue this procedure until the halfspaces corresponding to
the vertices of a local minimum cell have empty intersection.
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Rousseeuw and Hubert (1999b) designed a heuristic algorithm to find
maximum regression depth in the plane, called the “catline.”

6. The maximum feasible subsystem problem

The doctoral theses of Parker (1995) and Pfetsch (2002) consider the
maximum feasible subsystem problem as their main subject of study. We
follow the definitions and notations in Pfetsch (2002). Let £: Ax < b
be an infeasible linear inequality system, with A € R®*% and b € R".
To fit into the complexity theory the coefficients are finitely represented,
rational or real algebraic numbers. The maximum feasible subsystem
problem Max FS is to find a feasible subsystem of a given infeasible
system ¥: Ax < b, containing as many inequalities as possible.

A subsystem ¥/ of an infeasible system ¥: Ax < b is an rreducible
inconsistent subsystem IIS, if ¥/ is infeasible and all of its proper sub-
systems are feasible.

The minimum irreducible inconsistent subsystem problem Min IIS is
to find a minimum cardinality IIS of a given infeasible system ¥: Ax <
b. The Min IIS Transversal problem is to find an IIS-transversal T’
of minimum cardinality, where 1" is an IIS-transversal," if T NC # @
for all IIS C of 3. The Min IIS-transversal problem has the following
integer programming formulation:

n
min Z Yi (3.7)
i=1

subject to Zyi > 1 for all IIS C of X, and (3.8)
1eC
yi € {0,1} for all 1 <4 < n. (3.9)

The complexity of Max FS is strongly NP-hard, see Chakravarti (1994)
and Johnson and Preparata (1978), even when the matrix A has only
—1,1 coefficients, or A is totally unimodular and b is an integer. In
the special case when [A b] is totally unimodular Max FS is solvable
in polynomial time, see Sankaran (1993). The complexity of Max FS
approximation was studied by Amaldi and Kann (1995, 1998). They
showed that Max FS can be approximated within a factor of two, but it
does not admit a polynomial-time approximation scheme unless P = NP,
Max FS and Min IIS Transversal are polynomially equivalent, but their

HIS-transversal is sometimes called IIS cover. We chose not to use this terminology in this
paper, as it must be dualized to casted as a special case of the set cover problem.
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approximation complexities are very different, namely Min IIS Transver-
sal cannot be approximated within any constant.

Parker (1995) and Parker and Ryan (1996) developed an exact algo-
rithm to solve Min IIS Transversal which solves the above mentioned
integer program for a partial list of IISs, using an integer programming
solver. Then either the optimal transversal is obtained, or at least one
uncovered IIS is found and the process is iterated. The algorithm uses
standard integer programming techniques, in particular branch-and-cut
method, cutting planes combined with branch-and-bound techniques and
linear programming relaxations.

Parker (1995) studied the associated 0/1 polytope, i.e. the convex hull
of all incidence vectors of feasible subsystems of a given infeasible linear
inequality system. Amaldi et al. (2003) continued the polyhedral study.
They found a new geometric characterization of IISs and proved various
NP-hardness results, in particular they proved that the problem of find-
ing an IIS of smallest cardinality is NP-hard and hard to approximate.
The 1ISs are the supports of the vertices of the alternative (Farkas-dual)
polyhedron P = {y ¢ R* : y'A = 0,yTb = —1,y > 0}, where the
number of IISs in the worst case is ©O(nl4/2) and &’ = n— (d+1). Our
experiments indicate that already for d = 5 and n = 40 this number
is too large for the type of computation these algorithms suggest and
the memory requirement is also prohibitive. Compared to this the exact
algorithm developed in Fukuda and Rosta (2004) is memory efficient.
Additionally our worst case time complexity is also much smaller. One
of the main differences is that in our algorithm the time complexity is
O(n%), the number of cells in the hyperplane arrangement given by 3,
while the IIS enumerating algorithms of Parker, Ryan and Pfetsch has
time complexity O(n(®~%~1/2) that corresponds to the number of ver-
tices of the dual polytope given by Farkas’s lemma, which is much larger
if n is large compared to d. It might be useful to combine all the existing
ideas and proceed in parallel with the original and the Farkas dual, using
all information obtained in both to improve the primal-dual aspects of
these algorithms.

Parker, Ryan and Pfetsch also studied the IIS-hypergraphs, where
each node corresponds to an inequality and each hyperedge corresponds
to an IIS. An IIS-transversal hypergraph corresponds to an IIS-transver-
sal. It is unknown whether there is an output sensitive algorithm,
i.e., polynomial in the input and output sizes, that enumerates all IIS-
transversals.

Pfetsch (2002) remarks that if an infeasible linear inequality system
¥: {Ax < b} is given, the IIS-transversal hypergraph corresponding to
3} can be computed using the affine oriented hyperplane arrangement
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corresponding to ¥.. For each point z € R? there are inequalities vio-
lated and the corresponding indices form the negative support S=(2). If
we remove the inequalities in S7(z) from ¥ a feasible system remains
therefore S~ (z) is an IIS-transversal for each z € R?. Moreover if & does
not contain implicit equations then every minimal IIS-transversal corre-
sponds to a cell in the affine oriented hyperplane arrangement. Thus the
IIS-transversal hypergraph can be generated by enumerating all cells of
the arrangement. In Pfetsch (2002) it is suggested that all cells could
be enumerated with the reverse search algorithm of Avis and Fukuda
(1996), and then the ones that correspond to minimal IIS-transversals
could be found. No details or implementation are reported in Pfetsch
(2002).

Several greedy type heuristics were proposed to solve Min IIS Trans-
versal in order to deal with infeasibility of large linear inequality systems.
First the problem of identifying I1Ss with a small and possibly minimum
number of inequalities was considered (Greenberg and Murphy, 1991)
which is the same as solving Min IIS. Chinneck (1997) and Chinneck and
Dravnieks (1991) proposed several greedy type heuristics, now available
in commercial LP-solvers, such as CPLEX and MINOS, see Chinneck
(1996a). Improved versions by Chinneck (1996b, 2001) give greedy type
heuristic algorithms for Min IIS Transversal to avoid overlapping 1ISs
and the resulting lack of information.

One main application consists of finding a linear classifier that distin-
guishes between two classes of data. A set of points is given in R? each
belonging to one of two classes. The aim is to find a hyperplane that
separates the two classes with minimum possible number of misclassifi-
cation. This hyperplane has good chance to classify a new data point
correctly. The linear classification problem can be easily formulated as a
Min IIS Transversal in R, For this Min IIS Transversal application in
machine learning several heuristics use methods from nonlinear program-
ming, see Bennett and Bredensteiner (1997), Bennett and Mangasarian
(1992) and Mangasarian (1994). Mangasarian (1999) introduced heuris-
tics for Min IIS.

Agmon (1954) and Motzkin and Schoenberg (1954) developed the re-
lazation method to find a feasible solution of a system of linear inequal-
ities. If the system is feasible and full-dimensional the fixed stepsize
iteration process terminates in finite steps. If applied to an infeasible
system, the procedure neither terminates nor converges, but decreasing
step length after each iteration can result in convergence. Randomized
decisions can also be incorporated together with other variants as used
by Amaldi (1994) and Amaldi and Hauser (2001) successfully in some
applications. This method can only be applied if no implicit equations
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are present in the system, but many applications can be formulated with
strict inequalities only, for example in machine learning, protein folding
and digital broadcasting.

7. Conclusion

It became evident by looking at the respective literature in statistics,
discrete and computational geometry and optimization that closely re-
lated problems have been studied in these fields. Though there has been
strong interaction between researchers of statistics and computational
geometers, the optimization community appears to be rather isolated.
We reviewed many available tools from geometric and optimization com-
putations, the combination of exact, primal-dual, heuristic and random
algorithms for multivariate ranks, generalization of median, classifica-
tion or infeasibility related questions. The purpose of this survey is
to demonstrate that pooling together all relevant areas can help to get
ahead in this very difficult subject. Since we have to deal with NP-hard
problems which are also hard to approximate, there is almost no hope
for finding a polynomial algorithm. However, this does not mean that
we should give up hope for finding practical algorithms. The Travelling
Salesman Problem (TSP) is a famous hard problem that has been solved
successfully by the team Applegate et al. (1998). We strongly hope that
similar efforts will be made to develop practical algorithms and imple-
mentations, perhaps exploiting parallel computation, for the data depth
and maximum feasibility subsystem problems.
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Chapter 4

THE MAXIMUM INDEPENDENT SET
PROBLEM AND AUGMENTING GRAPHS

Alain Hertz
Vadim V. Lozin

Abstract In the present paper we review the method of augmenting graphs, which
is a general approach to solve the maximum independent set problem.
Our objective is the employment of this approach to develop polynomial-
time algorithms for the problem on special classes of graphs. We report
principal results in this area and propose several new contributions to
the topic.

1. Introduction

The maximum independent set problem is one of the central problems
of combinatorial optimization, and the method of augmenting graphs is
one of the general approaches to solve the problem. It is in the heart of
the famous solution of the maximum matching problem, which is equiv-
alent to finding maximum independent sets in line graphs. Recently, the
approach has been successfully applied to develop polynomial-time al-
gorithms to solve the maximum independent set problem in many other
special classes of graphs. The present paper summarizes classical results
and recent advances on this topic, and proposes some new contributions
to it.

The organization of the paper is as follows. In the rest of this section
we introduce basic notations. Section 2 presents general information on
the maximum independent set problem, describes its relationship with
other problems of combinatorial optimization, shows some applications,
etc. In Section 3 we outline the idea of augmenting graphs and prove
several auxiliary results related to this notion. Section 4 is devoted to
the characterization of augmenting graphs in some special classes, and
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Figure 4.1. The graph S; ; k.

Section 5 describes algorithms to identify augmenting graphs of various
types.

All graphs in this paper are undirected, without loops and multiple
edges. For a graph G, we denote by V(G) and E(G) the vertex set
and the edge set of G, respectively, and by G the complement of G.
Given a vertex z in G, we let N(z) := {y € V(G) | zy € E(G)} denote
the neighborhood of z, and deg(z) := |[N(z)| the degree of z. The
degree of G is A(G) = max,ey(g) deg(z). If W is a subset of V(G),
we denote by Nw (z) := N(z) N W the neighborhood of z in the subset
W, and by N(W) := ,ew Nv(@)-w(z) the neighborhood of W. Also,
Ny(W) = N(W)NU is the neighborhood of W in a subset U C V(G).
As usual, P, is the chordless path (chain), C, is the chordless cycle and
K, is the complete graph on n vertices. By Ky, ,, we denote the complete
bipartite graph with parts of size n and m, and by S;;, the graph
represented in Figure 4.1. In particular, 5111 = K3 is a claw, Si 12
is a fork (called also a chair), and Sp ;4 = Pjy+1. The graph obtained
from 51 1 by adding a new vertex adjacent to the two vertices of degree
1 of distance 1 from the vertex of degree 3 will be called Bannery. This is
a generalization of Banner; known in the literature simply as a banner.

2. The maximum independent set problem

An independent set in a graph (called also a stable set) is a subset
of vertices no two of which are adjacent. There are different problems
associated with the notion of independent set, among which the most
important one is the MAXIMUM INDEPENDENT SET problem. In the
decision version of this problem, we are given a graph G and an integer
K, and the problem is to détermine whether G contains an independent
set of cardinality at least K. The optimization version deals with finding
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in G an independent set of maximum cardinality. The number of vertices
in a maximum cardinality independent set in G is called the independence
(stability) number of G and is denoted a(G). One more version of the
same problem consists in computing the independence number of G. All
three versions of this problem are polynomially equivalent and we shall
refer to any of them as the MAXIMUM INDEPENDENT SET (MIS) problem.

The MAXIMUM INDEPENDENT SET problem is NP-hard in general
graphs and remains difficult even under substantial restrictions, for in-
stance, for cubic planar graphs (Gareyet al., 1976)). Alekseev (1983) has
proved that if a graph H has a connected component which is not of the
form S;;x, then the MIS is NP-hard in the class of H-free graphs. On
the other hand, it admits polynomial-time solutions for graphs in special
classes such as bipartite or, more generally, perfect graphs (Grotschel et
al., 1984).

An independent set § is called mazimal if no other independent set
properly contains §. Much attention has been devoted in the litera-
ture to the problem of generating all maximal independent sets in a
graph (see for example Johnson and Yannakakis, 1988; Lawler et al.,
1980; Tsukiyama et al., 1977). Again, there are different versions of this
problem depending on definitions of notions of “performance” or “com-
plexity” (see for example Johnson and Yannakakis, 1988, for definitions):
polynomial total time, incremental polynomial time, polynomial delay,
specified order, polynomial space.

One more problem associated with the notion of independent set is
that of finding in a graph a maximal independent set of minimum car-
dinality, also known in the literature as the INDEPENDENT DOMINATING
SET problem. This problem is more difficult than the MAXIMUM INDE-
PENDENT SET in the sense that it is NP-hard even for bipartite graphs,
where MIS can be solved in polynomial time.

In the present paper, we focus on the MAXIMUM INDEPENDENT SET
problem. This is one of the central problems in graph theory that is
closely related to many other problems of combinatorial optimization.
For instance, if S is an independent set in a graph G = (V, E), then S
is a clique in the complement G of G and V — S is a vertex cover of
G. Therefore, the MAXIMUM INDEPENDENT SET problem in a graph G
is equivalent to the MAXIMUM CLIQUE problem in G, and the MINIMUM
VERTEX COVER in G. A matching in a graph G = (V, E), i.e., an in-
dependent set of edges, corresponds to an independent set of vertices in
the line graph of G, denoted L(G) and defined as follows: the vertices
of L(G) are the edges of G, and two vertices of L(G) are adjacent if and
only if their corresponding edges in G are adjacent. Thus, the MAXI-
MUM MATCHING problem coincides with the MAXIMUM INDEPENDENT
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SET problem restricted to the class of line graphs. Unlike the general
case, the MIS can be solved in polynomial time in the class of line graphs,
which is due to the celebrated matching algorithm proposed in Edmonds
(1965).

The weighted version of the MAXIMUM INDEPENDENT SET problem,
also known as the VERTEX PACKING problem, deals with graphs whose
vertices are weighted with positive integers, the problem being to find an
independent set of maximum total weight. In Ebenegger et al. (1984),
this problem has been shown to be equivalent to maximizing a pseudo-
Boolean function, i.e., a real-valued function with Boolean variables.
Notice that pseudo-Boolean optimization is a general framework for a
variety of problems of combinatorial optimization such as MAX-SAT or
MAX-CUT (Boros and Hammer, 2002).

There are numerous generalizations and variations around notions of
independent sets and matchings (independent sets of edges). Consider,
for instance, a subset of vertices inducing a subgraph with vertex degree
at most k. For k = 0, this coincides with the notion of independent set.
For k = 1, this notion is usually referred in the literature as a disso-
ciation set. As shown in Yannakakis (1981), the problem of finding a
dissociation set of maximum cardinality is NP-hard in the class of bipar-
tite graphs. Both the MAXIMUM INDEPENDENT SET and the MAXIMUM
DISSOCIATION SET problems belong to a more general class of heredi-
tary subset problems (Halldérsson, 2000). Another generalization of the
notion of independent set has been recently introduced under the name
k-insulated set (Jagota et al., 2001).

Consider now a subset of vertices of a graph G inducing a subgraph H
with vertex degree exactly 1. The set of edges of H is called an induced
matching of G (Cameron, 1989). Similarly to the ordinary MAXIMUM
MATCHING problem, the MAXIMUM INDUCED MATCHING can be reduced
to the MAXIMUM INDEPENDENT SET problem by associating with G an
auxiliary graph, which is the square of L(G), where the square of a
graph H = (V| E) is the graph with vertex set V' in which two vertices
x and y are adjacent if and only if the distance between = and y in H
is at most 2. However, unlike the MAXIMUM MATCHING problem, the
MAXIMUM INDUCED MATCHING problem is NP-hard even for bipartite
graphs with maximum degree 3 (Lozin, 2002a).

One more variation around matchings is the problem of finding in a
graph a maximal matching of minimum cardinality, known also as the
MINIMUM INDEPENDENT EDGE DOMINATING SET problem (Yannakakis
and Gavril, 1980). This problem reduces to MIS by associating with the
input graph G the total graph of G consisting of a copy of G, a copy of
L(G) and the edges connecting a vertex v of G to a vertex e of L(G) if and
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only if v is incident to e in G. By exploiting this association, Yannakakis
and Gavril (1980) proved NP-hardness of the MAXIMUM INDEPENDENT
SET problem for total graphs of bipartite graphs. Some more problems
related to the notion of matching can be found in Miiller (1990), Plaisted
and Zaks (1980), and Stockmeyer and Vazirani (1982).

Among various applications of the MAXIMUM INDEPENDENT SET
(MAXIMUM CLIQUE) problem let us distinguish two examples. The origin
of the first one is the area of computer vision and pattern recognition,
where one of the central problems is the matching of relational struc-
tures. In graph theoretical terminology, this is the GRAPH ISOMORPHISM,
or more generally, MAXIMUM COMMON SUBGRAPH problem. It reduces
to the MAXIMUM CLIQUE problem by associating with a pair of graphs
G1 = (V1, E1) and Go = (Va, E3) a special graph G = (V, E) (known as
the association graph Barrow and Burstal, 1976; Pelillo et al., 1999) with
vertex set V = V; x V5 so that two vertices (4,7) € V and (k,l) € V are
adjacent in G if and only if i # k, j # [ and ik € Ey <= jl € Ey. Then
a maximum common subgraph of the graphs G, and G4 corresponds to
a maximum clique in G.

Another example comes from information theory. The graph theoret-
ical model arising here can be roughly described as follows. An informa-
tion source sends messages in the alphabet X = {z1,29,...,2,}. Along
the transmission some symbols of X can be changed to others because
of random noise. Let G be a graph with V(G) = X and z;z; € E(G)
if and only if z; and z; can be interchanged during transmission. Then
a noise-resistant code should consist of the symbols of X that consti-
tute an independent set in G. Therefore, a largest noise-resistant code
corresponds to a largest independent set in G.

For more information about the MAXIMUM CLIQUE (MAXIMUM INDE-
PENDENT SET) problem, including application, complexity issues, etc.,
we refer to Bomze et al. (1999).

In view of the NP-hardness of the MAXIMUM INDEPENDENT SET prob-
lem, one can distinguish three main groups of algorithms to solve this
problem:

(1) non-polynomial-time algorithms,

(2) polynomial-time algorithms providing approximate solutions,

(3) polynomial-time algorithms that solve the problem exactly for graphs
belonging to special classes.

Non-polynomial-time algorithms are generally impractical even for
graphs of moderate size. It has been recently shown in Hastad (1999)
that non-exact polynomial-time algorithms cannot approximate the size
of a maximum independent set within a factor of n'~¢, which is viewed
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as a negative result. The objective of the present paper is the algorithms
of the third group.

As we mentioned already, the MAXIMUM INDEPENDENT SET problem
has a polynomial-time solution in the classes of bipartite graphs and
line graphs. In both cases, MIS reduces to the MAXIMUM MATCHING
problem. For line graphs, this reduction has been described above. For
bipartite graphs, the reduction is based on the fundamental theorem
of Koénig stating that the independence number of a bipartite graph G
added to the number of edges in a maximum matching of G' amounts to
the number of vertices of G.

A polynomial-time solution to the MAXIMUM MATCHING problem is
based on Berge’s idea (Berge, 1957) that a matching in a graph is max-
imum if and only if there are no augmenting chains with respect to
the matching. The first polynomial-time algorithm to find augmenting
chains has been proposed by Edmonds in 1965. The idea of augment-
ing chains is a special case of a general approach to solve the MAXIMUM
INDEPENDENT SET problem by means of augmenting graphs. The next
section presents this approach in its general form.

3. Method of augmenting graphs

Let S be an independent set in a graph G. We shall call the vertices
of S black and the remaining vertices of the graph white. A bipartite
graph H = (W, B, E) with the vertex set W U B and the edge set E
is called augmenting for S (and we say that S admits the augmenting
graph) if
(1) BCS, WCV(G) -5,

(2) NW)N(S—-DB)=0,

3) [W]>|B|.

Clearly if H = (W, B, E) is an augmenting graph for S, then S is not
a maximum independent set in G, since the set S = (S — B)U W is
independent and |S’| > |S|. We shall say that the set S’ is obtained
from S by H-augmentation and call the number [W| — |B| = [S| — |S|
the increment of H.

Conversely, if S is not a maximum independent set, and S’ is an
independent set such that |S’| > |S], then the subgraph of G induced
by the set (S — §') U (S’ — §) is augmenting for S. Therefore, we have
proved the following key result.

THEOREM OF AUGMENTING GRAPHS An independent set S in a graph
G is mazimum if and only if there are no augmenting graphs for S.
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This theorem suggests the following general approach to find a max-
imum independent set in a graph G: begin with any independent set
S in G and as long as S admits an augmenting graph H, apply H-
augmentation to S. Clearly the problem of finding augmenting graphs
is generally NP-hard, as the maximum independent set problem is NP-
hard. However, this approach has proven to be a useful tool to de-
velop approximate solutions to the problem (Halldérsson, 1995), to com-
pute bounds on the independence number (Denley, 1994), and to solve
the problem in polynomial time for graphs in special classes. For a
polynomial-time solution, one has to

(a) find a complete list of augmenting graphs in the class under consid-
eration,

(b) develop polynomial-time algorithms for detecting all augmenting
graphs in the class.

Section 4 of the present paper analyzes problem (a) and Section 5 prob-
lem (b) for various graph classes. Analysis of problem (a) is based
on characterization of bipartite graphs in classes under consideration.
Clearly not every bipartite graph can be augmenting. For instance, a
bipartite cycle is never augmenting, since the condition (3) fails for it.
Moreover, without loss of generality we may exclude from our consider-
ation those augmenting graphs, which are not minimal. An augmenting
graph H for a set S is called minimal if no proper induced subgraph of
H is augmenting for §. Some bipartite graphs that may be augmenting
are never minimal augmenting. To give an example, consider a claw
Ki 3. If it is augmenting for some independent set S, then its subgraph
obtained by deleting a vertex of degree 1 also is an augmenting graph
for S. The following lemma describes several necessary conditions for
an augmenting graph to be minimal,

LEMMA 4.1 If H = (B,W, E) is a minimal augmenting graph for an
independent set S, then

(i) H is connected;
(i) |B| = [W]-1;
(iii) for every subset A C B, |Al < |Nw(4)|.

Proof. Conditions (i) and (ii) are obvious. To show (iii), assume |A| >
| Ny (A)| for some subset A of B. Then the vertices in (B — A) U (W —
NW(A)) induce a proper subgraph of H which is augmenting too. [

Another notion, which is helpful in some cases, is the notion of max-
imum augmenting graph. An augmenting graph H for an independent
set S is called mazimum if the increment of any other augmenting graph
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for S does not exceed the increment of H. The importance of this notion
is due to the following lemma.

LEMMA 4.2 Let S be an independent set in a graph G, and H an aug-
menting graph for S. Then the independent set obtained by H -augmen-
tation is mazximum in G if and only if H is a mazimum augmenting
graph for S.

To conclude this section, let us mention that an idea similar to aug-
menting graphs can be applied to the INDEPENDENT DOMINATING SET
problem. In this case, given a maximal independent set S in a graph G,
we want to find a smaller maximal independent set. So, we define a
bipartite graph H = (B, W, E) to be a decreasing graph for S if
(1Y BC S, WCV(G)- S,

(2) N(W)N (S - B) =0,

(3" W] < B,

(4") (S — B)UW is a maximal independent set in G.

The additional condition (4’) makes the problem of finding decreasing
graphs harder than that of finding augmenting graphs, though some
results exploiting the idea of decreasing graphs are available in the lit-
erature (Boliac and Lozin, 2003a).

4. Characterization of augmenting graphs

The basis for characterization of augmenting graphs in a certain class
is the description of bipartite graphs in that class. For a bipartite graph
G = (V1,Vy, E), we shall denote by G the bipartite complement of G,

Le. G = (V1, Vo, (V1 x Vo) — E). We call a bipartite graph G prime if
any two distinct vertices of G have different neighborhoods.

Claw-free (S;,1,1-free) graphs. In the class of claw-free graphs,
no bipartite graph has a vertex of degree more than 2, since otherwise
a claw arises. Therefore, every connected claw-free bipartite graph is
either an even cycle or a chain. Cycles of even length and chains of
odd length cannot be augmenting graphs, since they have equal number
of black and white vertices. Thus, every minimal claw-free augmenting
graph is a chain of even length.

Py-free (Sp,1,2-free) graphs. It is a simple exercise to show that
every connected Py-free bipartite graph is complete bipartite. Therefore,
every minimal augmenting graph in this class is of the from K, »41 for
some value of n.
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Fork-free (S1,1,2-free) graphs. Connected bipartite fork-free
graphs G have been characterized in Alekseev (1999) as follows: either
A(G) < 2 or A(G) < 1. A bipartite graph G with A(CN?) < 1 has been
called a complez. Thus, every minimal fork-free augmenting graph is
either a chain of even length or a complex.

Ps-free (Sp,2,2-free) graphs. It has been shown independently by
many researchers (and can be easily verified) that every connected Ps-
free bipartite graph is 2K5-free, where a 2K is the disjoint union of two
copies of Ky. The class of 2K5-free bipartite graphs was introduced in the
literature under various names such as chain graphs (Yannakakis, 1981)
or difference graphs (Hammeret al., 1990). The fundamental property
of a chain graph is that the vertices in each part can be ordered under
inclusion of their neighborhoods. Unfortunately, this nice property does
not help in finding maximum independent sets in Ps-free graphs in poly-
nomial time (the complexity status of the problem in this class is still
an open question). So, augmenting graphs in many subclasses of Ps-free
bipartite graphs have been characterized, among which we distinguish
(Ps, banner)-free and (Ps, K33 — ¢)-free graphs.

It has been shown in Lozin (2000a) that in the class of (s, banner)-
free graphs every minimal augmenting graph is complete bipartite. Here
we prove a more general proposition, which is based on the following two
lemmas.

LEMMA 4.3 Let H be a connected bipartite banner-free graph. If H con-
tains a Cy, then it is complete bipartite.

Proof. Denote by H' a maximal induced complete bipartite subgraph of
H containing the Cy. Let x be a vertex outside H' adjacent to a vertex
in the subgraph. Then z must be adjacent to all the vertices in the
opposite part of the subgraph, since otherwise H contains an induced
banner. But then H’ is not maximal. This contradiction proves that
H = H' is complete bipartite. O

LEMMA 4.4 No minimal (S1,22,Cy)-free augmenting graph H contains
a K13 as an induced subgraph.

Proof. Let vertices a,b, ¢, d induce a K3 in H with a being the center.
Assume first that a is the only neighbor of b and ¢ in the graph H. Then
H is not minimal. Indeed, in case that a is a white vertex, this follows
from Lemma 4.1(iii). If a is a black vertex, then Hla,b,c| is a smaller
augmenting graph. Now suppose without loss of generality that b has
a neighbor e # a, and ¢ has a neighbor f # a in the graph H. Since
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H is Cy-free, e # f and ec,ed, fb, fd ¢ E(H). But now the vertices
a,b,c,d,e, f induce an Sy 9. O

Combining these two lemmas with the characterization of claw-free
minimal augmenting graphs, we obtain the following conclusion.

THEOREM 4.1 Every minimal (S12,2, banner)-free augmenting graph is
either complete bipartite or a chain of odd length. In particular, every
minimal (Ps, banner)-free augmenting graph is complete bipartite.

The class of (Ps, K33 — e)-free graphs generalizes (Ps, banner)-free
graphs. The minimal augmenting (Ps, K33 — €)-free graphs have been
characterized in Gerber et al. (2004b) as follows.

THEOREM 4.2 Every minimal augmenting (Ps, K33 — e)-free graph is
either complete bipartite or a graph obtained from a complete bipartite
graph Kpn by adding a single vertex with ezactly one neighbor in the
opposite part.

S1,2,2-free graphs. The class of Sj 2 9-free bipartite graphs has
been provided in Lozin (2000b) with the following characterization.

THEOREM 4.3 Every prime S 2.2-free bipartite graph is either Ky 3-free
or Ps-free.

The class of S; 9 o-free graphs is clearly an extension of Ps-free graphs.
Since the complexity of the problem is still open even for Ps-free graphs,
it is worth characterizing subclasses of S129-free graphs that do not
contain the entire class of Ps-free graphs. One of such characterizations
is given in Theorem 4.1. Now we extend this theorem to (5129, A)-free
bipartite graphs, where A is the graph obtained from a Ps by adding an
edge between two vertices of degree 2 at distance 3.

THEOREM 4.4 A prime connected (S129,A)-free bipartite graph G is
S1,1,2-free.

Proof. By contradiction, assume G contains an Sp,12 with vertices a, b,
¢, d,e and edges ab, be, cd, ce. Since G is prime, there must be a vertex
f adjacent to e but not to d. Since G is bipartite, f is not adjacent to
a and c. But then the vertices a,b,c,d, e, f induce either an Sy 239, if f
is not adjacent to b, or an A, otherwise. O

S22 o-free graphs. This is a rich class containing all the previously
mentioned classes. Moreover, the bipartite graphs in this class include
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also all bipartite permutation graphs (Spinrad et al., 1987) and all bicon-
vex graphs (Abbas and Stewart, 2000). So, again we restrict ourselves
to a special subclass of S o o-free bipartite graphs that does not entirely
contain the class of Ps-free graphs. To this end, we recall that a complez
is a bipartite graph every vertex of which has at most one non-neighbor
in the opposite part. A caterpillar is a tree that becomes a path by
removing the pendant vertices. A circular caterpillar G is a graph that
becomes a cycle Cj, by removing the pendant vertices. We call G a long
circular caterpillar if & > 4. The following theorem has been proven in
Boliac and Lozin (2001).

THEOREM 4.5 A prime connected (Sq22, A)-free bipartite graph is ei-
ther a caterpillar or a long circular caterpillar or a complex.

Py-free graphs with k > 6 and S; 3 j-free graphs with j > 3.
It has been shown in Mosca (1999) that (Ps, Cy)-free augmenting graphs
are simple augmenting trees (i.e., graphs M, o with > 0 in Figure 4.2).
This characterization as well as the characterization of (Fs, banner)-free
augmenting graphs has been extended in Alekseev and Lozin (2004) in
two different ways.

THEOREM 4.6 In the class of (Pr,banner)-free graphs every minimal
augmenting graph is either complete bipartite or a simple augmenting
tree or an augmenting plant (i.e., a graph L%O with v > 2 in Figure 4.2).

In the class of (51,23, banner)-free graphs every minimal augmenting
graph is either a chain or a complete bipartite graph or a simple aug-
menting tree or an augmenting plant.

Finally, in Gerber et al. (2004a), these results have been generalized
in the following way.

THEOREM 4.7 A minimal augmenting (Pg, banner)-free graph is one of
the following graphs (see Figure 4.2 for definitions of the graphs):

— a complete bipartite graph Ky rp1 withr >0,

- a L, oralL?, withr>2ands>0,

~aM,s withr>1andr>s2>0,

- a N; with s > 0.

~ one of the graphs Fy, ..., F5.

A minimal augmenting (S1,24, banner)-free graph is one of the following
graphs: »

— a complete bipartite graph K, 1 withr >0,

- a path P, with k odd > 7,

- a L?,o with r > 2,
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b B

Figure 4.2. Minimal augmenting graphs

- a My withr > 1,
— one of the graphs Fy, ..., Fy, Lil’»,O’ L%’l, Ny, N7.

Notice that the set of (P, banner)-free augmenting graphs can be par-
titioned into two general groups. The first one contains infinitely many
graphs of high vertex degree and “regular” structure, while the second
group consists of finitely many graphs of bounded vertex degree. It is not
a surprise. With simple arguments it has been shown in Lozin and Raut-
enbach (2003) that for any k and n, there are finitely many connected
bipartite (Py, K1 n)-free graphs. This observation has been generalized
in Gerber et al. (2003) by showing that in the class of (S1,1,5, K1.n)-free
graphs there are finitely many connected bipartite graphs of maximum
vertex degree more than 2. Now we extend this result as follows.

THEOREM 4.8 For any three integers j, k and n, the class of (51,2,
Bannery, K p)-free graphs contains finitely many minimal augmenting
graphs different from chains.

Proof. To prove the theorem, consider a minimal augmenting graph H
in this class that contains a K 3 with the center ag. Denote by A; the
subset of vertices of H of distance ¢ from ag. In particular, Ag = {ao}.
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Let m be an integer greater than max(k + 2,j + 2). Consider a vertex
am € Am, and let P = (ag,aq,...,a:) with a; € A; (i = 1,...,m)
denote a shortest path connecting ag to a,,. Then ag has no other
neighbor in Aj;, except for a1, since otherwise the vertices of P together
with this neighbor would induce a Banner,,_».

Since ag is the center of a K 3, we may consider two vertices in A;
different from a;, say b and ¢. Assume b has a neighbor d in Ay. Then
d is not adjacent to as, since otherwise agz is the vertex of degree 3 in
an induced Sy 2,m-3 (if day ¢ E(H)) or in an induced Banner,,3 (if
da1 € FE(H)). Consequently, d is not adjacent to aj, since otherwise a;
is the vertex of degree 3 in an induced Banner,, 1. But now ag is the
vertex of degree 3 either in an induced S92, (if cd ¢ E(H)) or in an
induced Banner,, (if cd € E(H)). Therefore, vertices b and ¢ have degree
1in H, but then H is not minimal. This contradiction shows that 4; = 0
for each > max(k + 2,7 + 2). Since H is K| p-free, there is a constant
bounding the number of vertices in each A; for ¢ < max(k + 2,5 + 2).
Therefore, only finitely many minimal augmenting graphs in the class
under consideration contain a K 3. O

We conclude this section with the characterization of prime S 9 3-free
bipartite graphs found in Lozin (2002b), which may become a source
for many other results on the maximum independent set problem in
subclasses of S 9 3-free graphs.

THEOREM 4.9 A prime Sya3-free bipartite graph G is either discon-
nected or G is disconnected or G can be partitioned into_an independent
set and a complete bipartite graph or G is K1 3-free or G is K 3-free.

5. Finding augmenting graphs
5.1 Augmenting chains

Let S be an independent set in the line graph L(G) of a graph G,
and let M be the corresponding matching in G. The problem of finding
an augmenting chain for S in L(G) is equivalent to the problem of find-
ing an augmenting chain with respect to M in G, and this problem can
be solved by means of Edmonds’ polynomial-time algorithm (Edmonds,
1965). In 1980, Minty and Sbihi have independently shown how to ex-
tend this result to the class of claw-free graphs that strictly contains
the class of line graphs. More precisely, both authors have shown that
the problem of finding ‘augmenting chains in claw-free graphs is poly-
nomially reducible to the problem of finding an augmenting chain with
respect to a matching. This result has recently been generalized in two
different ways:
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(1) Gerber et al. (2003) have proved that by slightly modifying Minty’s
algorithm, one can determine augmenting chains in the class of
S1,2,3-free graphs;

(2) it is proved in Hertz et al. (2003) that the problem of finding aug-
menting chains in (S; 2, banner)-free graphs, for a fixed i > 1, is
polynomially reducible to the problem of finding augmenting chains
in claw-free graphs.

Both classes of (S},2,;, banner)-free graphs (i > 1) and S 3 3-free graphs

strictly contain the class of claw-free graphs. In this section, we first

describe Minty’s algorithm for finding augmenting chains in claw-free
graphs. We then describe its extensions to the classes of Si 9 3-free and

(S1,2,4, banner)-free graphs.

5.1.1 Augmenting chains in claw-free graphs. Notice first
that an augmenting chain for a maximal independent set S necessarily
connects two non-adjacent white vertices 8 and -, each of which has
exactly one black neighbor, respectively, § and 7. If § = 7, then the
chain (8, 3,7) is augmenting for S. We can therefore assume that 3 # 7.
We may also assume that any white vertex different from g and -y is not
adjacent to # and ~, and has exactly two black neighbors (the vertices
not satisfying the assumption are out of interest, since they cannot occur
in any augmenting chain connecting 3 to 7).

Two white vertices having the same black neighbors are called simi-
lar. The similarity is an equivalence relation, and an augmenting chain
clearly contains at most one vertex in each class of similarity. The simi-
larity classes in the neighborhood of a black vertex b are called the wings
of b. Let b be a black vertex different from 3 and 7: if b has more than
two wings, then b is defined as regular, otherwise it is irregular. In what
follows, R denotes the set of black vertices that are either regular or
equal to § or 7. For illustration, the graph G depicted in Figure 4.3.a
has one regular black vertex (vertex b), one irregular black vertex (vertex
d), and R is equal to {b, 3, ¥}

DEFINITIONS An alternating chain is a sequence (zg, 1, . .., xj) of dis-
tinct vertices in which the vertices are alternately white and black. Ver-
tices xg and xp are called the termini of the chain. If zg and x are both
black (respectively white) vertices, then the sequence is called a black
(respectively white) alternating chain.

Let 6, and by be two distinct black vertices in R. A black alternat-
ing chain with termini b; and by is called an IBAP (for irregular black
alternating path) if it is chordless and if all black vertices of the chain,
except by and by, are irregular. An IWAP (for irreqular white alternating
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¢. The corresponding Edmond's graph

Figure 4.5. lustration of Minty’s algorithm.

path) is a white alternating chain obtained by removing the termini of
an IBAP.

For illustration, the graph G depicted in Figure 4.3.a has four IWAPs:
(a), (f), (9) and (¢, d,e). With this terminology, one can now represent
an augmenting chain as a sequence (Io = (0),bp = B, 11,b1, o,y . byt
Iy 1, by =7, 1 = (’y)) such that
(a) the b; (0 < i < k) are distinct black regular vertices,

(b) the I; (0 < i < k) are pairwise mutually disjoint TWAPs,

(c) each b; (0 <14 < k) is adjacent to the final terminus of I; and to the
initial one of I;41,

(d) the white vertices in I} U+ U Iy_1 are pairwise non-adjacent.

Minty has proved that the neighborhood of each black vertex b can
be decomposed into at most two subsets Ni(b) and Na(b), called node
classes, in such a way that no two vertices in the same node class can
occur in the same augmenting chain for S. For vertices 8 and 7, such
a decomposition is obviocus: one of the node classes contains the vertex
8 (respectively ) and the other class includes all the remaining vertices
in the neighborhood of § (respectively 7). We assume that N,(8) = {8}
and N1(¥) = {v}. For an irregular black vertex b, the decomposition
also is trivial: the node classes correspond to the wings of b.

Now let b be a regular black vertex. Two white neighbors of b can
occur in the same augmenting chain for S only if they are non-similar
and non-adjacent. Define an auxiliary graph H(b) as follows:

- the vertex set of H(b) is N(b)
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— two vertices u and v of H(b) are linked by an edge if and only if u and
v are non-similar non-adjacent vertices in G.

Minty has proved that H(b) is bipartite. The two node classes Ni(b)

and Na(b) of a regular black vertex b therefore correspond to the two

parts of the bipartite graph H(b). For illustration, the bipartite graph

H(b) associated with b in the graph of Figure 4.3.b defines the partition

of N(b) into two node classes N1(b) = {a, g} and Na(b) = {c, f}.

We now show how to determine the pairs (u,v) of vertices such that
there exists an IWAP with termini v and v. Notice first that u and v
must have a black neighbor in R. So let by be a black vertex in R, and
let Wi be one of its wings (W), = Na(B) if by = 3, and W1 = Na(7) if
bo = 7). The following algorithm determines the set P of pairs (u,v)
such that u belongs to W} and is a terminus of an IWAP:

(1) Set k :=1;

(2) Let by denote the second black neighbor of the vertices in Wy; If by
has two wings then go to Step 3. If by is regular and different from
by then go to Step 4. Otherwise STOP: P is empty;

(3) Let W41 denote the second wing of bg. Set k := k+ 1 and go to
Step 2;

(4) Construct an auxiliary graph with vertex set Wi U---U W)}, and link
two vertices by an edge if and only if they are non-adjacent in G and
belong to two consecutive sets W; and W;,1. Orient all edges from
Wi to Wity

(5) Determine the set P of pairs (u,v) such that u € Wi,v € W, and
there exists a path from u to v in the auxiliary graph.

The last important concept proposed by Minty is the Edmonds’ Graph
which is constructed as follows:

~ For each black vertex b € R do the following: create two vertices by
and by, link them by a black edge, and identify b and by with the
two node classes N1(b) and Na(b) of b. In particular, 8, represents

Ni(8) = {8} and 7, represents Ny (7) = {v};

— Create two vertices # and v, and link # to 8, and v to 7, by a white
edge.

~ Link b; (i =1 or 2) to b (j = 1 or 2) with a white edge if there are
two white vertices v and v in G such that u € N;(b), v € N;(b'), and
there exists an IWAP with termini u and v. Identify each such white
edge with a corresponding IWAP.

The black edges define a matching M in the Edmonds’ graph. If
M is not maximum, then there exists an augmenting chain of edges
(eq, - .., eqx) such that the even indexed edges are white, the odd-indexed
edges are black, e is the edge linking 8 to f,, and eg is the edge
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linking v to ;. Such an augmenting chain of edges in the Edmonds’
graph corresponds to an alternating chain C' in G. Indeed, notice first
that each white edge e; with 2 < ¢ < 2k — 2 corresponds to an IWAP
whose termini will be denoted w;_; and w;. Also, each black edge ¢;
with 1 < ¢ < 2k — 1 corresponds to a black vertex b;. The alternating
chain C is obtained as follows:

— replace eg by [, eax by v, and each white edge ¢;(2 < i < 2k — 2) by

an IWAP with termini w;_1 and w;;
— replace each black edge e;(1 <i < 2k — 1) by the vertex b;.

Minty has proved that C' is chordless, and is therefore an augmenting
chain for S in G. He has also proved that an augmenting chain for §'in G
corresponds to an augmenting chain with respect to M in the Edmonds’
graph. Hence, determining whether there exists an augmenting chain
for S in G, with termini 8 and =, is equivalent to determining whether
there exists an augmenting chain with respect to M in the Edmonds’
graph.

For illustration, the Edmonds’ graph associated with the graph in
Figure 4.3.a is represented in Figure 4.3.c with bold lines for the black
edges and regular lines for the white edges. The four IWAPs (a), (f),
(g) and (c,d,e) correspond to the four white edges Byb1, Bab2, bi7¥s
and bo7,, respectively. The Edmonds’ graph contains two augmenting
chains: (/B, /61’ /BQa bl) b27 72) 71, ‘7) ‘and (lg_v_ﬁla 527 b2; bl) 7277)711 ’Y) WEICh
correspond to the augmenting chains (8, 8,a,b,¢,d, e,7,7v) and (3, 5, f,
b,9,%,7) for S'in G.

In summary, given two non-adjacent white vertices 8 and =y, each of
which has exactly one black neighbor, the following algorithm either
builds an augmenting chain for § with termini 8 and =, or concludes
that no such chain exists.

Minty’s algorithm for finding an augmenting chain for S with
termini 8 and ~ in a claw-free graph.

(1) Partition the neighborhood of each regular black vertex b into two
node classes Ni(b) and Ny(b) by constructing the bipartite graph
H(b) in which two white neighbors of b are linked by an edge if and
only if they are non-adjacent and non-similar;

(2) Determine the set of pairs (u,v) of (not necessarily distinct) white
vertices such that there exists an IWAP with termini u and wv;

(3) Construct the Edmonds’ graph and let M denote the set of black
edges;

(4) If the Edmonds’ graph contains an augmenting chain of edges with
respect to M, then it corresponds to an augmenting chain for S in
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Figure 4.4. Bipartite graph associated with a regular black vertex.

G with termini # and «; otherwise, there are no augmenting chains
for S with termini g and ~.

5.1.2 Augmenting chains in Sy 3 3-free graphs. Gerber et
al. (2003) have shown that Minty’s algorithm can be adapted in order to
detect augmenting chains in the class of Sy 3-free graphs that strictly
contains the class of claw-free graphs. The algorithm described in Gerber
et al. (2003) differs from Minty’s algorithm in only two points. The first
difference occurs in the definition of H(b) where an additional condition
is imposed for creating an edge in H(b). More precisely, let us first define
special pairs of vertices.

DEFINITION A pair (u, v) of vertices is special if u and v have a common
black regular neighbor b, and if there is a vertex w € N(b) which is
similar neither to u nor to v and such that either both of uw and vw or
none of them is an edge in G.

It is shown in Gerber et al. (2003) that if (u,v) is a special pair of
non-adjacent non-similar vertices in a S 2 3-free graph, then v and v
cannot occur in a same augmenting chain. For a regular black vertex
b, the graph H(b) is defined as follows: the vertex set of H(b) is N(b),
and two vertices w and v in H(b) are linked by an edge if and only if
(u,v) is a pair of non-special non-similar non-adjacent vertices in G. It
is proved in Gerber et al. (2003) that H(b) is bipartite. For illustration,
the bipartite graph H(b;) associated with the regular black vertex b; in
Figure 4.4.a is represented in Figure 4.4.b.

An isolated vertex in H(b) cannot belong to an augmenting chain.
Hence, an IWAP in an augmenting chain necessarily connects two white
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vertices that are not isolated in the respective bipartite graphs associated
with their black neighbors in R. This motivates the following definition.

DEFINITION Let (by,wi,...,wg_1,b;) be an IBAP. The IWAP ob-
tained by removing by and by is interesting if wy and wy_; are non-
isolated vertices in H(by) and H(by), respectively.

Let W denote the set of white vertices w which have a black neighbor
b € R such that w is an isolated vertex in H(b). The set of pairs (u,v)
such that there is an interesting IWAP with termini u and v can be
determined in polynomial time by using the algorithm of the previous
section that generates all IWAPs, and by removing a pair (u,v) if «
or/and v belongs to W.

The Edmonds’ graph is then constructed as in Minty’s algorithm,
except that white edges in the Edmonds’ graph correspond to interesting
IWAPs.

Now let S be an independent set in a Si o 3-free graph G, let 5 and ~
be two non-adjacent white vertices, each of which has exactly one black
neighbor, and let M denote the set of black edges in the corresponding
Edmond’s graph. It is proved in Gerber et al. (2003) that determining
whether there exists an augmenting chain for S with termini £ and ~
is equivalent to determining whether there exists an augmenting chain
with respect to M in the Edmonds’ graph. In summary, the algorithm
for finding augmenting chains in S 9 3-free graphs works as follows.

Algorithm for finding an augmenting chain for S with termini

B and 7 in a S123- free graph.

(1) Partition the neighborhood of each regular black vertex b into two
node classes Ni(b) and Na(b) by constructing the bipartite graph
H(b) in which two white neighbors « and v of b are linked by an
edge if and only if (u,v) is a pair of non-special non-adjacent non-
similar vertices;

(2) Determine the set of pairs (u,v) of (not necessarily distinct) white
vertices such that there exists an interesting IWAP with termini
and v;

(3) Construct the Edmond’s graph and let M denote the set of black
edges;

(4) If the Edmond’s graph contains an augmenting chain of edges with
respect to M, then it corresponds to an augmenting chain in G with
termini # and ~; otherwise, there are no augmenting chains with
termini # and ~.

The above algorithm is very similar to Minty’s algorithm. It only
differs in step 1 where an additional condition is imposed for introduc-
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ing an edge in H(b), and in step 2 where only interesting IWAPs are
considered.

5.1.3 Augmenting chains in (S 2, banner)-free graphs.
Let G = (V,E) be a (51,24, banner)-free graph, where i is any fixed
strictly positive integer, and let § be a maximal independent set in G.
An augmenting chain for S is of the form P = (xg, 1, z9,. .., Zp-1,Tk)
(k is even) where the even-indexed vertices of P are white, and the
odd-indexed vertices are black.

DEFINITION Let (29, zx) be a pair of white non-adjacent vertices, each
of which has exactly one black neighbor. A pair (L, R) of disjoint chord-
less alternating chains L = (zo,z1,z2) and R = (Tk—m, Thom+1,-- -
Tp-1,Tk) is sald candidate for (xg, zy) if

- no vertex of L is adjacent to a vertex of R,

— each vertex z; is white if and only if j is even, and

m=213).

Augmenting chains with at most ¢ + 3 vertices can be detected in
polynomial time by inspecting all subsets of black vertices of cardinality
at most %’—4. It is proved in Hertz et al. (2003) that larger augmenting
chains can be detected by applying the following algorithm for each pair
(o, k) of white non-adjacent vertices, each of which has exactly one
black neighbor.

(a) Remove from G all white vertices adjacent to g or xy as well as all
white vertices different from zg and x; which have 0, 1 or more than
3 black neighbors.

(b) Find all candidate pairs (L, R) of alternating chains for (z¢, xy), and
for each such pair, do steps (b.1) through (b.4):

(b.1) remove all white vertices that have a neighbor in L or in R,
(b.2) remove the vertices of L and R except for zo and xj_pm,

(b.3) remove all the vertices that are the center of a claw in the
remaining graph,

(b.4) in the resulting claw-free graph, determine whether there ex-
ists an augmenting chain for S with termini x2 and zg—pm,.

Step (b.4) can be performed by using the algorithm described in Sec-
tion 5.1.1.
5.2 Complete bipartite augmenting graphs

In the present section we describe an approach to finding augmenting
graphs every connected component of which is complete bipartite, i.e.,
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Py-free augmenting graphs. This approach has been applied first to
fork-free graphs (Alekseev, 1999) and (Ps, Banner)-free graphs (Lozin,
2000a). Then it has been extended to the entire class of Banner-free
graphs (Alekseev and Lozin, 2004) and to the entire class of Ps-free
graphs (Boliac and Lozin, 2003b). We now generalize this approach to
the class of Banners-free graphs that contains all the above mentioned
classes.

Throughout the section G stands for a Banners-free graph and S for
a maximal independent set in G. Let us call two white vertices © and y
with Ng(z) = Ng(y) similar. First, we partition the set of white vertices
into similarity classes. Next, each class of similarity C' is partitioned into
co-components, i.e., subsets each of which forms a connected component
in the complement to G[C]|. Every co-component of a similarity class
will be called a node class. Two node classes are non-similar if their
vertices belong to different similarity classes.

Without loss of generality we shall assume that for any node class Q;
the following conditions hold:

[Ns(Qi) = 3, (4.1)
each vertex in @; has a non-neighbor in the same node class.  (4.2)

To meet condition (4.1), we first find augmenting graphs of the form
K, 9o0r Ky3. If S does not admit such augmenting graphs, we may delete
node classes non-satisfying (4.1). Under condition (4.1), any vertex that
has no non-neighbor in its own node class is of no interest to us. So,
vertices non-satisfying condition (4.2) can be deleted.

Assuming (4.1) and (4.2), we prove the following lemma.

LEMMA 4.5 Let Q1 and Qo be two non-similar node classes. If there
is a pair of non-adjacent vertices x € Q1 and y € Q2, then one of the
following statements holds:

(a) max(|Ns(Q1) — Ns(Q2)l,[Ns(Q2) — Ns(Qu)]) < 1,

(b) Ng(Q1) € Ns(Q2) or Ns(Q2) € Ns(Q1),

(c) Ns(@Q1) N Ng(Q2) = 0 and no vertex in Q1 is adjacent to a vertex
m QQ.

Proof. Assume first that the intersection Ng(Q1) N Ng(Q2) contains a
vertex a, and suppose (b) does not hold. Then we denote by b a vertex
in Ng(Q1) — Ng(Q2) and by ¢ a vertex in Ng(Q2) — Ns(Q1). We also
assume by contradiction that Ng(Q2) — Ns(Q1) contains a vertex d # c,
and finally, according to the assumption (4.2), we let z be a vertex in Qo
non-adjacent to y. If z is not adjacent to z, then the vertices a, b, ¢, z,y, 2
induce a Bannerg in G. If z is adjacent to z, then a Banners is induced
by b,¢,d,z,y, 2.
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Now we assume that Ng(Q1) N Ns(Q2) = 0, and we denote by a and b
two vertices in Ng(Q1) and by c and d two vertices in Ng(Q2). Suppose
by contradiction that a vertex z in @)y is adjacent to a vertex w in (5.
If z is not adjacent to w then one can find two vertices v and vg on
the path connecting z to z in G[Q] such that w is adjacent to v; but
not to vg. But then vertices a, b, ¢, v1, vo, w induce a Banners in G, a
contradiction. So we can assume that z is adjacent to w. But one can
now find two vertices v1 and vy on the path connecting w to y in G[Q2]
such that x is adjacent to v1 but not to vo. Hence, vertices b, ¢, d, x, v1, v2
induce a Banners in G, a contradiction. a

Let us associate with G and § an auxiliary graph I' as follows. The
vertices of I" are the node classes of G, and two vertices (); and (); are
defined to be adjacent in I' if and only if one of the following conditions
holds:

- max{|Ng(Q:) - Ns(@;)l, [Ns(Q;) — Ns(@il} <1,
— Ng(Qs) € Ng(Qy) or Ns(Qj) € Ns(Qs),
— each vertex of @; is adjacent to each vertex of @; in graph G.

In other words, due to Lemma 4.5, @; and ); are non-adjacent in I'
if and only if Ng(Q;) N Ng(Q;) = 0 and no vertex in @ is adjacent to a
vertex in ();. To each vertex @Q; of I' we assign an integer number, the
weight of the vertex, equal to a(G[Q;]) — |Ns(Q;)|-

Consider now an independent set Q = {Q1,...,Qp} in the graph I'.
Let us associate with each vertex @); € @ a complete bipartite graph
H; = (B;,W;, E;) with B; = Ng(Qj;) and W; being an independent
set of maximum cardinality in G[Q;]. By definition of the graph T,
subsets By, ..., B, are pairwise disjoint and the union U§:1 W; is an
independent set in G. Hence the union of graphs Hi,..., Hp, denoted
Hg, is a Ps-free bipartite graph.

The increment of Hg, equal to ?:1(|Wj| — |Bjyl), coincides with the
weight of @, equal to 3°7_, (a(G[Q;]) — [Ns(Qj)])- If the weight of Q is
positive, then Hg is an augmenting graph for S. Moreover, if () is an
independent set of maximum total weight in I', then the increment of
Hg is maximum over all Ps-free augmenting graphs for S. Indeed, if H
is a Py-free augmenting graph for S with larger increment, then the node
classes corresponding to the components of H form an independent set
in T the weight of which is obviously at least as large as the increment
of H and hence is greater than that of ), contradicting the assumption.
We thus have proved the following lemma

LEMMA 4.6 If Q is an independent set of mazimum weight in the graph
I, then the increment of the corresponding graph Hg is mazimum over
all possible Ps-free augmenting graphs for S.



4. The Mazimum Independent Set Problem and Augmenting Graphs 91

Assume now that S admits no augmenting graphs containing a Py,
and let H be a Py-free augmenting graph for S with maximum incre-
ment. Then, obviously, the independent set obtained from S by H-
augmentation is of maximum cardinality. This observation together
with Lemma 4.6 provide a way to reduce the independent set problem
in Bannery-free graphs to the following two subproblems:

(Py) finding augmenting graphs containing a Py;
(P) finding an independent set of maximum weight in the auxiliary
graph I'.

We formally fix the above proposition in the following recursive pro-

cedure.

ALPHA(G).

Input: A Banners-free graph G.
Output: An independent set S of maximum size in G.

(1) Find an arbitrary maximal under inclusion independent set S in G.
IfS=V(G) gotoT.

(2) As long as possible apply H-augmentations to S with H containing
a P4.

(3) Partition the vertices of V(G) — S into node classes Qq, ..., Q.

(4) For every j = 1,...,k, find a maximum independent set W; =
ALPHA(G[Q;]).

(5) Construct the auxiliary graph I and find an independent set Q) =
{Q1,...,Qp} of maximum weight in it.

(6) If the weight of @ is positive, augment S by exchanging Ng(Q;) by
W; foreachi=1,...,p.

(7) Return S and STOP.

In the rest of this section we show that the problem (P), i.e., finding
an independent set of maximum weight in the auxiliary graph I", has a
polynomial-time solution whenever GG is a Bannero-free graph.

Let us say that an edge Q;Q; in the graph I' is of type A if Ng(Q);) C
Ng(Q;) or Ns(Q;) © Ns(Qi) or max(|Ng(Qs) — Ns(Qj)l, |Ns(@y) —
Ng(Qi]) <1, and of type B otherwise. Particularly, for every edge Q;Q;
of type B, we have Ng(Qi) — Ns(Q;) # 0, Ns(Q;) — Ns(Q:) # 0 and
each vertex of ); is adjacent to each vertex of (); in the graph G.

CrLAIM 4.1 If vertices Q1, @2, Q3 induce a Py in T with edges Q1 Q2 and
Q2Q3, then at least one of these edges is of type A.

Proof. Assume to the contrary that both edges are of type B. Denote
by a a vertex of G in Ng(Q1) — Ns(Q2) and by b a vertex of G in
Ng(Q3) — Ns(Q2). Let g; € Q for j = 1,2,3. By the assumption (4.2),



92 GRAPH THEORY AND COMBINATORIAL OPTIMIZATION

g1 must have a non-neighbor ¢ in ¢1. Since @7 is not adjacent to Q3 in
I’, b has no neighbor in @)1 and a has no neighbor in 3 in G. But now
the vertices a, b, ¢, q1, g2, ¢3 induce a Banners in G. |

Cram 4.2 If vertices Q1, Q2, Q3, Q4 induce a Py in T with edges Q1Q2,
(Q2Q3, Q3Q4, then the mid-edge Q2Q3 is of type B and the other two
edges are of type A.

Proof. Assume by contradiction that the edge Q1@Q2 is of type B. Then
from Claim 4.1 it follows that Q2Q3 is of type A. Let ¢; € Q; for
J =1,2,3,4. Denote by a a vertex of G in Ng(Q1) — Ng(Q2) and by b
a vertex in )1 non-adjacent to q;. If g2 is not adjacent to g3, then we
consider a vertex ¢ € Ng(Q2)NNg(Q3) and conclude that a, b, ¢, g1, ¢2, g3
induce in G a Bannery. Now let gy be adjacent to ¢3. If g3 is adjacent to
g4, then G contains a Bannery induced by vertices a, b, g1, 92,93, q4- If ¢3
is not adjacent to q4, then the edge (3¢}, is of type A and hence there is
a vertex ¢ in Ng(g3) N Ng(ga). But then G contains a Banners induced
by vertices a, b, g1, 42, q3,c. This contradiction proves that Q1@ is of
type A. Symmetrically, Q3Q4 is of type A.

[0 complete the proof, assume that the mid-edge Q2Q3 is of type A
too. Remember that |Ng(Q;)| > 3 and hence |Ng(Qs) N Ng(Q5)| > 2
for any edge @Q;Q; of type A. Since Ng(Q1) and Ng(Q)3) are disjoint,
we conclude that Ng(Q1) U Ns(Q3) € Ng(Q2). Similarly, Ng(Q2) U
Ns(Q4) S Ns(Qs3). This is possible only if Ng(Q1) = Ns(Q4) = 0,
which contradicts the maximality of S. a

REMARK In the concluding part of the proof of Claim 4.2 we did not
use the fact that vertices ()1 and ()4 are non-adjacent in I', which means
that no induced Cy in T" has three edges of type A. In conjunction with
Claim 4.1 this implies

CLAIM 4.3 In any induced Cy in the graph T, adjacent edges have dif-
ferent types.

Combining Claims 4.1, 4.2 and 4.3, we obtain

Cram 4.4 Graph T contains no induced K3, Ps, Cs and Banner.
Finally, we prove

CLAIM 4.5 Graph T' contains no induced Cy, with odd k > 5.

Proof. By contradiction, let Cy = (z1,2,...,%) be an induced cycle
of odd length £ > 5 in the complement to I'. Consider two consecutive
vertices of the cycle, say z; and xo. It is not hard to see that pairs zg_2x1
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and xzoxs form mid-edges of induced P4’s in T". Hence by Claim 4.2
both edges are of type B. Now let us consider the set of edges F =
{z125, 2126, . . ., T1T)_3, T 1Tk—2} In . Any two consecutive edges T1T;
and z1z;41 in F belong to a Cy induced by vertices 1, z;, zo, zj11 in I,
Hence, by Claim 4.3, edges of type A in F' strictly alternate with edges
of type B. Since z1xk_o is of type B and k is odd, we conclude that
125 is an edge of type B in I'. But then vertices z1, x5, 79 induce a P3
in I with both edges of type B, contradicting Claim 4.1. O

From Claims 4.4 and 4.5 we deduce that I' is a Berge graph. It is
known (Barré and Fouquet, 1999; Olariu, 1989) that the Strong Perfect
Graph Conjecture is true in (Ps, banner)-free graphs. We hence conclude
that

LEMMA 4.7 Graph T is perfect.

Lemma 4.7 together with the result in Grotschel et al. (1984) show
that an independent set of maximum weight in the graph I" can be found
in polynomial time. The weights a(G[Q;]) to the vertices of I' are com-
puted recursively. Obviously, if every step of a recursive procedure can
be implemented in polynomial time, and the number of recursive calls is
bounded by a polynomial, then the total time of the procedure is polyno-
mial as well, In algorithm ALPHA the recursion applies to vertex-disjoint
subgraphs. Therefore, the number of recursive calls is polynomial. Ev-
ery step of algorithm ALPHA, other than Step 2, has a polynomial time
complexity. Thus, polynomial-time solvability of Step 2 would imply
polynomiallity of the entire algorithm. The converse statement is triv-
ial. As a result we obtain

THEOREM 4.10 The mazimum independent set problem in the class of
Bannery-free graphs is polynomially equivalent to the problem of finding
augmenting graphs containing a Pjy.

5.3 Other types of augmenting graphs

In this section we give additional examples of algorithms that detect
augmenting graphs in particular classes of graphs. Throughout this sec-
tion we assume that G is a (P, banner)-free graph. As mentioned in
Section 4, a minimal augmenting (Ps, banner)-free graph is one of the
following graphs (see Figure 4.2 for definitions of the graphs):

- a complete bipartite graph K, .1 with r > 0,
-a Li,s or a L%s with r > 2 and s > 0,
~aM,,withr>1landr>s>0,

~ a N, with s > 0,
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— one of the graphs Fs, ..., F5.

An augmenting F; (2 < ¢ < 5) can be found in polynomial time since
these graphs have a number of vertices which does not depend on the
size of G. Moreover, we know from the preceding section that com-
plete bipartite augmenting graphs can be detected in polynomial time
in banner-free graphs. In the present section we show how the remaining
graphs listed above can be detected in polynomial time, assuming that
G is (Pg, banner)-free.

We denote by W' the set of white vertices having exactly i black
neighbors. Given a white vertex w, we denote by B(w) = N(w)N S the
set of black neighbors of w. We first show how to find an augmenting
M, s with 7 > 1 and r > s > 0. We assume there is no augmenting Kj
(such augmenting graphs can easily be detected).

Consider three black mutually non-adjacent vertices ay, ¢, e such that
ay € WL, |B(c)| > |B(e)|, B(a1) N B(c) = {1}, B(c)N B(e) = {d} and
B(a1) N B(e) = 0. Notice that we have chosen, on purpose, the same
labeling as in Figure 4.2. The following algorithm determines whether
this initial structure can be extended to an augmenting M, ¢ in G (with
r = |B(c)] — 1 and s = |B(e)| — 1) (Gerber et al., 2004a).

(a) Determine A = (B(c) U B(e)) — {b1,d}.

(b) For each vertex u € A, determine the set Nj(u) of white neighbors
of v which are in W', and which are not adjacent to ay,c or e.

(c) Let G’ be the subgraph of G induced by (J,c 4 N1 (u):

- if a(G') = |A| then AU{ay, b1, ¢, d, e} together with any maximum
independent set in G’ induce the desired M, s;
— otherwise, M, ¢ does not exist in G.

As shown in Gerber et al. (2004a), G’ is (banner, Ps, Cs, fork)-free
when G is (Pg, banner)-free. Since polynomial algorithms are available
for the computation of a maximum independent set in this class of graphs
(Alekseev, 1999; Lozin, 2000a), the above Step (c) can be performed in
polynomial time.

Finding an augmenting N, with s > 0 is even simpler. Indeed, con-
sider five white non-adjacent vertices z1,...,zs such that z; € W2 (i =
1,...,4), Uiy ({#:} U B(2:)) induces a Cs = (21, y1, ¥2, Y2, T3, Y3, T4, Ya)
in G, and B{zs)N{y1,...,ya} = {y2,y4}. The following algorithm deter-
mines whether this initial structure can be extended to an augmenting
Ng in G (with s = |B(zs)| — 2) (Gerber et al., 2004a).

(a) Determine A = B(zs) — {y2,v4}.
(b) For each vertex u € A, determine the set Ni(u) of white neighbors

of u which are in W', and which are not adjacent to z1,...,z4.
(c) Let G' be the subgraph of G induced by [J,¢ 4 N1(u):
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— if (@) = |A| then AU {z1,...,25,91,.-.,ys} together with any
maximum independent set in G’ induce the desired Nj.

— otherwise, Ns does not exist in G.

If G is (Pg, banner)-free then G’ is the union of disjoint cliques (Gerber
et al., 2004a), which means that a maximum independent set in G’ can
easily be obtained by choosing a vertex in each connected component of
G

We finally show how augmenting L%ys and Lf,s with » > 2 and s >
0 can be found in polynomial time, assuming there is no augmenting
Py = K9, Ps = Mo and Py = My (these can easily be detected
in polynomial time). Consider four white non-adjacent vertices by, by, d
and x such that z belongs to W, b; and by belong to W2, {by,by,d} U
B(b1) U B(by) induces a Cg = (c1, b1, a,be, ca,d) in G, and z is adjacent
to a or {exclusive) ¢;. Notice that we have chosen, on purpose, the same
labeling as in Figure 4.2. The following algorithm determines whether
this initial structure can be extended to an augmenting L%,S or L%,S inG
(with r + s = |B(d)|) (Gerber et al., 2004a).

(a) Determine A = B(d)— {cy,ca} as well as the set W of white vertices
which are not adjacent to x, by, b or d.
(b) For each vertex u € A, determine the set Nj(u) of white neighbors
of u which are in W' N'W as well as the set No(u) of white vertices
in W2 N W which are adjacent to both a and w.
(c) Let G’ be the subgraph of G induced by the vertices in the set
UueA (N1 (u) U NQ(U)):
- if a(G") = |A| then A U {a,b1,ba,c1,c2,d, 2} together with any
maximum independent set in G’ induce the desired L} (if z is
adjacent to 1) or L2 (if  is adjacent to a).

— otherwise, L%’S and L%S do not exist in G.

Once again, it is proved in Gerber et al. (2004a) that the subgraph G’
is (banner, Ps, C5, fork)-free when G is (FPs, banner)-free, and this implies
that the above Step (¢) can be performed in polynomial time.

6. Conclusion

In this paper we reviewed the method of augmenting graphs, which
is a general approach to solve the maximum independent set problem.
As the problem is generally NP-hard, no polynomial-time algorithms
are available tc implement the approach. However, for graphs in some
special classes, this method leads to polynomial-time solutions. In par-
ticular, the idea of augmenting graphs has been used to solve the prob-
lem for line graphs, which is equivalent to finding maximum matchings
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in general graphs. The first polynomial-time algorithm for the maxi-
mum matching problem has been proposed by Edmonds in 1965. Fif-
teen years later Minty (1980) and Sbihi (1980) extended independently
of each other the solution of Edmonds from line graphs to claw-free
graphs. The idea of augmenting graphs did not see any further devel-
opments for nearly two decades. Recently Alekseev (1999) and Mosca
(1999) revived the interest in this approach, which has led to many
new results on the topic. This paper summarizes most of those results
and proposes several new contributions. In particular, we show that
in the class of (51,25, Bannery)-free graphs for any fixed j and k, there
are finitely many minimal augmenting graphs of bounded vertex de-
gree different from augmenting chains. Together with polynomial-time
algorithms to find augmenting chains in (S; 9 ;, Banner;)-free graphs
(Hertz et al., 2003) and S)o3-free graphs (Gerber et al., 2003) this
immediately implies polynomial-time solutions to the maximum inde-
pendent set problem in classes of (S} 27, Bannery, K1 ,,)-free graphs and
(81,23, Bannery, K ,)-free graphs, both generalizing claw-free graphs.
The second class extends also (Ps, K p,)-free graphs and (Po+ Ps, K ,)-
free graphs for which polynomial-time solutions have been proposed by
Mosca (1997) and Alekseev (2004), respectively. We believe the idea of
augmenting graphs may lead to many further results for the maximum
independent set problem and hope the present paper will be of assistance
in this respect.
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Chapter 5

INTERIOR POINT AND SEMIDEFINITE
APPROACHES IN COMBINATORIAL
OPTIMIZATION

Kartik Krishnan
Tamas Terlaky

Abstract  Conic programming, especially semidefinite programming (SDP), has
been regarded as linear programming for the 21st century. This tremen-
dous excitement was spurred in part by a variety of applications of SDP
in integer programming (IP) and combinatorial optimization, and the
development of efficient primal-dual interior-point methods (IPMs) and
various first order approaches for the solution of large scale SDPs. This
survey presents an up to date account of semidefinite and interior point
approaches in solving NP-hard combinatorial optimization problems to
optimality, and also in developing approximation algorithms for some
of them. The interior point approaches discussed in the survey have
been applied directly to non-convex formulations of IPs; they appear in
a cutting plane framework to solving IPs, and finally as a subroutine
to solving SDP relaxations of IPs. The surveyed approaches include
non-convex potential reduction methods, interior point cutting plane
methods, primal-dual IPMs and first-order algorithms for solving SDPs,
branch and cut approaches based on SDP relaxations of 1Ps, approx-
imation algorithms based on SDP formulations, and finally methods
employing successive convex approximations of the underlying combi-
natorial optimization problem.

1. Introduction

Optimization problems seem to divide naturally into two categories:
those with continuous variables, and those with discrete variables, which
we shall hereafter call combinatorial problems. In continuous problems,
we are generally looking for a set of real numbers or even a function;
in combinatorial optimization, we are looking for certain objects from a
finite, or possibly countably infinite set, typically an integer, graph etc.
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These two kinds of problems have different flavors, and the methods for
solving them are quite different too. In this survey paper on interior
point methods (IPMs) in combinatorial optimization, we are in a sense
at the boundary of these two categories, i.e., we are looking at IPMs, that
represent continuous approaches towards solving combinatorial problems
usually formulated using discrete variables.

To better understand why one would adopt a continuous approach to
solving discrete problems, consider as an instance the linear program-
ming (LP) problem. The LP problem amounts to minimizing a linear
functional over a polyhedron, and arises in a variety of applications in
combinatorial optimization. Although the LP is in one sense a contin-
uous optimization problem, it can be viewed as a combinatorial prob-
lem. The set of candidate solutions are extreme points of the underlying
polyhedron, and there are only a finite (in fact combinatorial) number
of them. Before the advent of IPMs, the classical algorithm for solving
LPs was the simplex algorithm. The simplex algorithm can be viewed as
a combinatorial approach to solving an LP, and it deals exclusively with
the extreme point solutions; at each step of the algorithm the next candi-
date extreme point solution is chosen in an attempt to improve some per-
formance measure of the current solution, say the objective value. The
improvement is entirely guided by local search, i.e., the procedure only
examines a neighboring set of configurations, and greedily selects one
that improves the current solution. As a result, the search is quite my-
opic, with no consideration given to evaluate whether the current move is
actually useful globally. The simplex method simply lacks the ability for
making such an evaluation. Thus, although, the simplex method is quite
an efficient algorithm in practice, there are specially devised problems
on which the method takes a disagreeably exponential number of steps.
In contrast, all polynomial-time algorithms for solving the LP employ a
continuous approach. These include the ellipsoid method (Grotschel et
al., 1993), or IPMs that are subsequent variants of the original method
of Karmarkar (1984). It must be emphasized here that IPMs have both
better complexity bounds than the ellipsoid method (we will say more
on this in the subsequent sections), and the further advantage of be-
ing very efficient in practice. For LP it has been established that for
very large, sparse problems IPMs often outperform the simplex method.
IPMs are also applicable to more general conic (convex) optimization
problems with efficiently computable self-concordant barrier functions
(see the monographs by Renegar, 2001, and Nesterov and Nemirovskii,
1994). This includes important classes of optimization problems such as
second order cone programming (SOCP) and semidefinite programming
(SDP). For such problems, IPMs are indeed the algorithm of choice.
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We now present the underlying ideas behind primal-dual IPMs (see
Roos et al., 1997, Wright, 1997; Ye, 1997; Andersen et al., 1996) the
most successful class of IPMs in computational practice. For ease of ex-
position, we consider the LP problem. We will later consider extensions
to convex programming problems, especially the SDP, in Section 4.2.
Consider the standard linear programming problem (LP)

T

min ¢z
s.t. Az =0, (LP)
z >0,
with dual
max bTy
st. ATy+s=c, (LD)
s >0,

where m and n represent the number of constraints and variables in
the primal problem (LP), with m < n. Also, ¢, , and s are vectors
in R™ b and y are vectors in R™, and A is an m X n matrix with full
row rank. The constraints x,s > 0 imply that these vectors belong to
R”, i.e., all their components are non-negative. Similarly, z > 0 implies
that z € R, (the interior of R ), i.e., all components of x are strictly
positive.

The optimality conditions for LP include primal and dual feasibility
and the complementary slackness conditions, i.e.,

Az = b, x>0,

Aly+s=c, 520, (5.1)
zos=20,
where zos = (2;8;), 1 = 1,...,n is the Hadamard product of the vectors

z and s.

Consider perturbing the complementarity slackness conditions in (5.1)
to x o s = pe, where e is the all-ones vector and p > 0 is a given scalar.
Neglecting the inequality constraints in (5.1) for the moment this gives
the following system:

Az =b,
ATy +s=¢, (5.2)
T oS8 = e,

A typical feasible primal-dual IPM for LP starts with a strictly feasible
(z,y,s) solution in R% , 1e.,, #,s > 0. The perturbed system (5.2)
has an unique solution (x,,y,,s,) for each p > 0. Moreover, the set
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{(@ps Yus 8u), ¢ > 0}, also called the central path, is a smooth, analytic
curve converging to an optimal solution (z*,y*,s*) as u — 0. In fact,
this limit point is in the relative interior of the optimal set, and is a
strictly complementary solution, i.e., 2* + s* > 0 and ¥ o0 s* = 0.

If we solve (5.2) by Newton’s method, we get the following linearized
system

AAzx =0,
ATAy 4+ As =0,
SAx + rAs = pe —x o s.

This system has a unique solution, namely

Ay = (AXS_lAT)_l(b - uAs_l),
As = —AT Ay, (5.3)

Ar=pus'—z—z0stoAs
3

where X = Diag(z) and S = Diag(s) are diagonal matrices, whose
entries are the components of x and s, respectively. Since the constraints
x,s > 0 were neglected in (5.2), one needs to take damped Newton
steps. Moreover, the central path equations (5.2) are nonlinear and so
it is impossible to obtain the point (z,,y,,s,) on the central path via
damped Newton iterations alone. One requires a proximity measure
0(z, s, 1) (see Roos et al., 1997; Wright, 1997) that measures how close
the given point (z,y,s) is to the corresponding point (x,,yu,su) on
the central path. Finally, IPMs ensure that the sequence of iterates
{(z,y,s)} remain in some neighborhood of the central path by requiring
that §(z, s, 1) < 7 for some 7 > 0, where 7 is either an absolute constant
or may depend on n.
We are now ready to present a generic IPM algorithm for LP.

Generic Primal-Dual IPM for LP.

Input. A, b, c, a starting point (20,50, s%) satisfying the interior
point condition (see Roos et al., 1997; Wright, 1997), i.e., 2°,s% > 0,
Az® = b, ATy? + s9 = ¢, and 2% 0 s = ¢, a barrier parameter = 1, a
proximity threshold 7 > 0 such that 6(2%, s ) < 7, and an accuracy
parameter € > 0.

(1) Reduce the barrier parameter p.

(2) If §(z, s, 1) > 7 compute (Az, Ay, As) using (5.3).

(3) Choose some « € (0,1] such that = + aAz, s + aAs > 0, and prox-
imity 6(x, s, ;t) appropriately reduced.

(4) Set (z,y,s) = (v + alz,y + alAy, s + als).
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(5) If the duality gap z7s < € then stop,
else if 6(z, s, ) < 7 goto step 1,
else goto step 2.

We can solve an LP problem with rational data, to within an accuracy
e > 0, in O(y/nlog(1/e)) iterations (see Roos et al., 1997, for more de-
tails). This is the best iteration complexity bound for a primal-dual
interior point algorithm. Most combinatorial optimization problems,
other than flow and matching problems are NP-complete, all of which
are widely considered unsolvable in polynomial time (see Garey and
Johnson, 1979; Papadimitriou and Steiglitz, 1982, for a discussion on
intractability and the theory of NP completeness). We are especially
interested in these problems. One way of solving such problems is to
consider successively strengthened convex relaxations (SDP/SOCP) of
these problems in a branch-cut framework, and employing IPMs to solv-
ing these relaxations. On the other hand, semidefinite programming
(SDP) has been applied with a great deal of success in developing ap-
proximation algorithms for various combinatorial problems, the show-
case being the Goemans and Williamson (1995) approximation algorithm
for the maxcut problem. The algorithm employs an SDP relaxation of
the maxcut problem which can be solved by IPMs, followed by an in-
genious randomized rounding procedure. The approximation algorithm
runs in polynomial time, and has a worst case performance guarantee.
The technique has subsequently been extended to other combinatorial
optimization problems.

We introduce two canonical combinatorial optimization problems,
namely the maxcut and maximum stable set problems, that will appear
in the approaches mentioned in the succeeding sections.

(1) Maxcut Problem: Let G = (V| E) denote an edge weighted undi-
rected graph without loops or multiple edges. Let V = {1,...,n},
Ec{{i,j}:1<i<j<n} andw € Rl with {i,5} the edge with
endpoints ¢ and j, with weights w;;. We assume that n = |V, and
m = |E]. For § C V, the set of edges {i,j} € F with one endpoint
in S and the other in V\ S form the cut denoted by §(5). We define
the weight of the cut as w(d(5)) = Z wi;. The maximum cut

{1,7}€8(S)
problem, denoted as {MC), is the problem of finding a cut whose
total weight is maximum.

(2) Maximum Stable Set Problem: Given a graph G = (V,E), a
subset V' C V is called a stable set, if the induced subgraph on V'
contains no edges. The maximum stable set problem, denoted by
(MSS), is to find the stable set of maximum cardinality.
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It must be mentioned that although (MC) and (MSS) are NP-complete
problems, the maxcut problem admits an approximation algorithm,
while no such algorithms exist for the maximum stable set problem un-
less P = NP (see Arora and Lund, 1996, for a discussion on the hardness
of approximating various NP-hard problems).

This paper is organized as follows: Section 2 deals with non-convex
potential function minimization, among the first techniques employing
IPMs in solving difficult combinatorial optimization problems. Section 3
deals with interior point cutting plane algorithms, especially the ana-
lytic center cutting plane method (ACCPM) and the volumetric center
method. These techniques do not require a knowledge of the entire con-
straint set, and consequently can be employed to solve integer programs
(IPs) with exponential or possibly infinite number of constraints, They
can also be employed as a certificate to show certain IPs can be solved in
polynomial time, together with providing the best complexity bounds.
Section 4 discusses the complexity of SDP and provides a generic IPM
for SDP. This algorithm is employed in solving the SDP formulations and
relaxations of integer programming problems discussed in the succeed-
ing sections. Although IPMs are the algorithms of choice for an SDP,
they are fairly limited in the size of problems they can handle in com-
putational practice. We discuss various first order methods that exploit
problem structure, and have proven to be successtul in solving large scale
SDPs in Section 5. Section 6 discusses branch and cut SDP approaches
to solving IPs to optimality, advantages and issues involved in employ-
ing IPMs in branching, restarting, and solving the SDP relaxations at
every stage. Section 7 discusses the use of SDP in developing approx-
imation algorithms for combinatorial optimization. Section 8 discusses
approaches employing successive convex approximations to the underly-
ing IP, including recent techniques based on polynomial and copositive
programming. We wish to emphasize that the techniques in Section 8
are more of a theoretical nature, i.e., we have an estimate on the number
of liftings needed to solve the underlying IP to optimality, however the
resulting problems grow in size beyond the capacity of current state of
the art computers and software; this is in sharp contrast to the prac-
tical branch and cut approaches in Section 6. We conclude with some
observations in Section 9, and also highlight some of the open problems
in each area.

The survey is by no means complete; it represents the authors bi-
ased view of this rapidly evolving research field. The interested reader
is referred to the books by Chvétal (1983), Papadimitriou and Steiglitz
(1982) on combinatorial optimization, and Schrijver (1986) on linear and
integer programming. The books by Roos et al. (1997), Wright (1997),
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and Ye (1997) contain a treatment of IPMs in linear optimization. A
recent survey on SOCP appears in Alizadeh and Goldfarb (2003). Ex-
cellent references for SDP include the survey papers by Vandenberghe
and Boyd (1996), Todd (2001), the SDP handbook edited by Wolkowicz
et al. (2000), and the recent monograph by De Klerk (2002). A repos-
itory of recent papers dealing with interior point approaches to solving
combinatorial optimization problems appear in the following websites:
Optimization Online, IPM Online, and the SDP webpage maintained
by Helmberg. Finally, recent surveys by Laurent and Rendl (2003) and
Mitchell et al. (1998) also complement the material in this survey.

2. Non-convex potential function minimization

The non-convex potential function approach was introduced by Kar-
markar (1990); Karmarkar et al. (1991) as a nonlinear approach for
solving integer programming problems. Warners et al. (1997a,b) also uti-
lized this approach in solving frequency assignment problems (FAP), and
other structured optimization problems. We present a short overview of
the approach in this section.

Consider the following binary {—1,1} feasibility problem:

find T € {—1,1}" such that Az < b. (5.4)

Let Z denote the feasible set of (5.4). Binary feasibility problems arise in
a variety of applications. As an example, we can consider the stable set
problem on the graph G = (V, E) with n = |V|. The constraints Az < b
are given by z; + z; < 0, {i,j} € E, where the set of {—1,1} vectors
x € R™ correspond to incidence vectors of stable sets in the graph G,
with x; = 1 if node ¢ is in the stable set, and x; = —1 otherwise,

The problem (5.4) is NP-complete, and there is no efficient algorithm
that would solve it in polynomial time. Therefore, we consider the fol-
lowing polytope P, which is a relaxation of 7.

P ={zeR": Az < b},

where A = (/_1 I ——I)T, and b = <l_) e e)T. Here [ is the n x n
identity matrix, and e is the vector of all ones. Finding a vector z €
P amounts to solving an LP problem, and can be done efficiently in
polynomial time. Let P° denote the relative interior of P, i.e., P¥ =
{r € R" : Az < b}. Since —e < z < e, Vo € P, we have 2Tz < n,
with equality occurring if and only if z € Z. Thus, (5.4) can also be
formulated as the following concave quadratic optimization problem with
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linear constraints. .
2
max le
pat (5.5)

s.t. x e P.

Since the objective function of (5.5) is non-convex, this problem is NP-
complete as well. However, the global optimum of (5.5), when (5.4) is
feasible, corresponds to +1 binary solutions of this problem.

Consider now a non-convex potential function ¢(z), where

1 m
¢(x) =logvVn—ale — — Zlog Si
mi=

and

n
Sizbi——é AigLy, 7,':1,..‘,777,
Jj=1

are the slacks in the constraints Az < b. We replace (5.5) in turn by the
following non-convex optimization problem

min () (Py)
st. z€P.

Assuming 7 # ¢, a simple observation reveals that z* is a global min-
imum of (FPp) if and only if * € Z. To see this, note that since
¢(z) = log((n — aTe) 2 TR (b — aiTx)l/m), the denominator of the
log term of ¢(z) is the geometric mean of the slacks, and is maximized
at the analytic center of the polytope P, whereas the numerator is min-
imized when z € Z, since —e < z < e, Yz € P. Karmarkar (1990);
Karmarkar et al. (1991) solve (P;) using an interior point method. To
start with, we will assume a strictly interior point, i.e., ° € P’. The
algorithm generates a sequence of points {ack } in P’. In every iteration
we perform the following steps:

(1) Minimize a quadratic approximation of the potential function over
an inscribed ellipsoid in the feasible region P around the current
feasible interior point, to get the next iterate.

(2) Round the new iterate to an integer solution.

If this solution is feasible the problem is solved,
else goto step 1.

(3) When a local minimum is found, modify the potential function to

avoid running into this minimum again, and restart the process.

These steps will be elaborated in more detail in the subsequent sections.
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2.1 Non-convex quadratic function minimization

We elaborate on Step 1 of the algorithm in this subsection. This step
is an interior point algorithm to solve (P;). It mimics a trust region
method, except that the trust region is based on making good global
approximations to the polytope P.

Given z* € PV, the next iterate z**! is obtained by moving in a
descent direction Ax from z¥, i.e., a direction such that ¢(z* + aAz) <
#(z*), where o is an appropriate step length. The descent direction Ax
is obtained by minimizing a quadratic approximation of the potential
function about the current point 2* over the Dikin ellipsoid, which can
be shown to be inscribed in the polytope P. The resulting problem (F;)
solved in every iteration is the following:

min  i(Az)TH(Az) + b7 (Ax)

P,
st (Ax)TATS2A4(Az) < r?, ()

for some 0 < r < 1. Here S = Diag(s) and H and h are the Hessian,
and the gradient of the potential function ¢(z), respectively.

The problem (FP,), a trust region subproblem for some r; <7 <7y, is
approximately solved by an iterative binary search algorithm (see Conn
et al., 2000; Karmarkar, 1990; Vavasis, 1991), in which one solves a series
of systems of linear equations of the form

(H + pATS™2A)Ax = —h,

where p > 0 is a real scalar. This system arises from the first order KKT
optimality condition for (P.). Since there are two iterative schemes at
work, we will refer to the iterations employed in solving (FPy) as outer
iterations, and the iterations employed in solving (P,) as inner itera-
tions. In this terminology, each outer iteration consists of a series of
inner iterations.. We concentrate on the outer iterations first. Assume
for simplicity that (P,) is solved exactly in every outer iteration for a
solution Az*. Let us define the S-norm of Az* as

|Ac*|ls = /(Aer)T ATS-2A(Ax").

Since H is indefinite, the solution to (P,) is attained on the boundary
of the Dikin ellipsoid, giving r = [|[Az*||s. On the other hand, the
computed direction Az* need not be a descent direction for ¢(x), since
the higher order terms are neglected in the quadratic approximation.
Karmarkar et al. (1991) however show that a descent direction can always
be computed provided the radius r of the Dikin ellipsoid is decreased
sufficiently. In the actual algorithm, in each outer iteration we solve (P;)
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for a priori bound (ry,ry) on r, and if the computed Az* is not a descent
direction, we reduce r,, and continue with the process. Moreover, we
stop these outer iterations with the conclusion that a local minimum
is attained for (P) as soon as the upper bound r, falls below a user
specified tolerance € > 0.

We now discuss the inner iterations, where a descent direction Az is
computed for (P.): assuming we are in the kth outer iteration we have
as input the current iterate z*, a multiplier p, lower and upper bounds
(re,my) on 7, a flag ID, which is false initially, and is set to true if during
any inner iteration an indefinite matrix (H + pATS~2A) is encountered.
The algorithm computes Ax*(u) by solving the following system of linear
equations.

Az*(u) = —(H + pATS™2A)h.

We are assuming that p > 0 is chosen so that (H +upATS~2A) is positive
definite. If this is not true for the input u, the value of y is increased,
and the flag ID is set to true. This process is repeated until we have a
nonsingular coefficient matrix. Once Az*(u) is computed, we compute
r* = ||Az*(1)||s. One of the following four cases can then occur:

(1) If r* <7y and ID is false, an upper bound on p has been found; set
Hupper = M, and p is decreased either by dividing it by a constant
> 1, or if a lower bound power On 1 already exists by taking the
geometric mean of the current p and pjgwer. The direction Az is
recomputed with this new value of .

(2) If r* > 1y, a lower bound on p has been found; set fiower = i, and
i is increased, either by multiplying it with some constant > 1, or if
Hupper already exists, by taking the geometric mean of p and prypper-
The direction Az is recomputed with this new value of p.

(3) If r* < 1y, and ID is true, decreasing u will still lead to an indefinite
matrix; in this case the lower bound ry is reduced, and the direction
Az is recomputed.

(4) Finally, if rp < r* <7y, the direction Az is accepted.

2.2 Rounding schemes and local minima

We discuss Steps 2 and 3 of the algorithm in this subsection. These
include techniques to round the iterates to 1 vectors, and schemes
to modify the potential function to avoid running into the same local
minima more than once.

(1) Rounding schemes: In Step 2 of the algorithm, the current it-
erate ¥ is rounded to a 1 solution . Generally these rounding
techniques are specific to the combinatorial problem being solved,
but two popular choices include:
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(a) Round to the nearest 1 vertex, i.e.,
=1 if 2F > 0;
@o=-1 ifzf<o.
(b) We can obtain a starting point z° by solving a linear relaxation
of the problem, using an IPM. The rounding can then be based

on a coordinate-wise comparison of the current solution point
with the starting point, i.e.,

Ty =1 if 2 > 22
Ty =—1 if 2f < a9,

(2) Avoiding the same local minima: After a number of iterations,
the interior point algorithm may lead to a local minimum. One way
to avoid running into the same local minimum twice is the following:
Let Z be the rounded +1 solution and suppose Z ¢ Z. It can be easily

seen that
ity =mn, fory=2
Tly<n-2, Wye{yeR':y e {-1,1}y+#2}

Thus we can add the cut z'y < n — 2 without cutting off any
integer feasible solution. After adding the cut the process is restarted
from the analytic center of the new polytope. Although there is no
guarantee that we won’t run into the same local minimum again, in
practice, the addition of the new cut changes the potential function
and alters the trajectory followed by the algorithm.
Warners et al. (1997a,b) consider the following improvement in the al-
gorithm arising from the choice of a different potential function: For the
potential function ¢(z) discussed earlier in the section, the Hessian H
at the point z* is given by

H = V?¢(z")
1 2 T 1
__ 7 _ __Zxk k 4= ATst——QA
fO 0 n
For a general ¥ this results in a dense Hessian matrix, due to the outer

T . . . .
product term xz*z*" . This increases the computational effort in obtain-

ing Ax since we have now to deal with a dense coeflicient matrix. The
sparsity of A can be utilized by employing rank 1 updates. Instead,
Warners et al. (1997a,b) introduce the potential function.

bw(z) = (n —2Tx) Zwllogsl,
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where w = (w1, ...,wn)? is a nonnegative weight vector. In this case
the Hessian H,, = —21 + ATS™!W S~ A, where W = Diag(w). Now H,,
is a sparse matrix, whenever the product A7 A is sparse, and this fact
can be exploited to solve the resulting linear system more efficiently. The
weights wi-“ — 0 during the course of the algorithm. Thus, initially when
w® > 0, the iterates =¥ avoid the boundary of the feasible region, but
subsequently towards optimality, these iterates approach the boundary,
as any *1 feasible vector is at the boundary of the feasible region.

The technique has been applied to a variety of problems including
satisfiability (Kamath et al., 1990), set covering (Karmarkar et al., 1991),
inductive inference (Kamath et al., 1992), and variants of the frequency
assignment problem (Warners et al., 1997a,b)).

3. Interior point cutting plane methods

In this section we consider interior point cutting plane algorithms,
especially the analytic center cutting plane method (ACCPM) (Goffin
and Vial, 2002; Ye, 1997) and the volumetric center method (Vaidya,
1996; Anstreicher, 1997, 2000, 1999). These techniques are originally
designed for convex feasibility or optimization problems. To see how
this relates to combinatorial optimization, consider the maxcut problem
discussed in Section 1. The maxcut problem can be expressed as the
following {—1, 1} integer programming problem.

max ’LUTCU

s.t. z(C\F)—2(F) <|C| -2 Vcircuits C C E and

5.6
all F C C with |F| odd, (5.6)

ze {-1,1}™

Here wy; represents the weight of edge {i,j} € E. Let CHULL(G) rep-
resent the convex hull of the feasible set of (5.6). We can equivalently
minimize the linear functional w?x over CHULL(G), i.e., we have re-
placed the maxcut problem via an equivalent convex optimization prob-
lem. Unfortunately, an exact description of CHULL(G) is unknown, and
besides this may entail an exponential set of linear constraints. How-
ever, we can solve such problems by using interior point cutting plane
methods discussed in this section.

Although we are primarily interested in optimization, we motivate
these cutting plane methods via the convex feasibility problem; we will
later consider extensions to optimization. Let C € R™ be a convex set.
We want to find a point y € C. We will assume that if the set C is
nonempty then it contains a ball of radius € for some tolerance ¢ > 0.
Further, we assume that C is in turn contained in the m dimensional
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unit hypercube given by {y € R™ : 0 < y < e}, where e is the all ones
vector. We also define L = log(1/¢).

Since each convex set is the intersection of a (possibly infinite) col-
lection of halfspaces, the convex feasibility problem is equivalent to the
following (possibly semi-infinite) linear programming problem.

Find y satisfying ATy < ¢,

where A is a m X n matrix with independent rows, and ¢ € R™. As
discussed earlier, the value of n could be infinite. We assume we have
access to a separation oracle. Given § € R™, the oracle either reports
that § € C, or it will return a separating hyperplane a € R™ such that
aly < a7y for every y € C. Such a hyperplane which passes through
the query point 7 ¢ C will henceforth be referred to as a central cut. A
weakened version of this cutting plane, hereafter referred to as a shallow
cut, is Ty < a’y + B, for some S > 0. It is interesting to note that
the convex sets that have polynomial separation oracles are also those
that have self-concordant barrier functionals whose gradient and Hessian
are easily computable; the latter fact enables one to alternatively apply
IPMs for solving optimization problems over such convex sets.

Generic cutting plane algorithm.

Input. Let P D C be a computable convex set.

(1) Choose y € P C R™.

(2) Present § to the separation oracle.

(3) If § € C we have solved the convex feasibility problem.

(4) Else use the constraint returned by the separation oracle to update
P=PuU{y:a"y < a’y} and goto step 2.

We illustrate the concept of an oracle for the maxcut problem. The max-

cut polytope CHULL(G) does not admit a polynomial time separation

oracle, but this is true for polytopes obtained from some of its faces.

One such family of faces are the odd cycle inequalities; these are the

linear constraints in (5.6). These inequalities form a polytope called the

metric polytope. Barahona and Mahjoub (1986) describe a polynomial

time separation oracle for this polytope, that involves the solution of n

shortest path problems on an auxiliary graph with twice the number of

nodes, and four times the number of edges.

The cutting plane approach to the feasibility problem can be extended
to convex optimization problems by cutting on a violated constraint
when the trial point is infeasible, and cutting on the objective function
when the trial point is feasible but not optimal.
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Interior point cutting plane methods set up a series of convex re-
laxations of C, and utilize the analytic and volumetric centers of these
convex sets as test points 7, that are computed in polynomial time by
using IPMs. The relaxations are refined at each iteration by the addition
of cutting planes returned by the oracle; some cuts may even conceivably
be dropped. We will agssume that each call to the oracle takes unit time.

We discuss the analytic center cutting plane method in Section 3.1,
and the volumetric center method in Section 3.2.

3.1 Analytic center cutting plane methods

A good overview on ACCPM appears in the survey paper by Goflin
and Vial (2002), and the book by Ye (1997). The complexity analysis
first appeared in Goffin et al. (1996). The algorithm was extended to
handle multiple cuts in Goffin and Vial (2000), and nonlinear cuts in
Mokhtarian and Goffin (1998), Luo and Sun (1998), Sun et al. (2002),
Toh et al. (2002), and Oskoorouchi and Goffin (2003a,b). The method
has been applied to a variety of practical problems including stochastic
programming (Bahn et al., 1997), multicommodity network flow prob-
lems (Goffin et al., 1997). A version of the ACCPM software (Gondzio
et al., 1996) is publicly available. Finally, ACCPM has also appeared
recently within a branch-and-price algorithm in Elhedhli and Goffin
(2004).

Our exposition in this section closely follows Goffin and Vial (2002)
and Goffin et al. (1996). We confine our discussion to the convex feasi-
bility problem discussed earlier.

For the ease of exposition, we will assume the method approximates C
via a series of increasingly refined polytopes Fp = {y : ATy < c}. Here
A is an m X n matrix, ¢ € R”, and y € R™. We will assume that A has
full row rank, and Fp is bounded with a nonempty interior. The vector
of slack variables s = ¢ — ATy € R™, Vy € Fp.

The analytic center of Fp is the unique solution to the following min-
imization problem.

n
min  ¢p(s) = — Zlogsi
i=1

s.t. Aly+s=c,
s> 0.

If we introduce the notion that F(y) = ¢p(c— ATy), then the analytic
center y* of Fp is the minimizer of F'(y).

Assuming that C C {y : 0 < y < e}, the complete algorithm is the
following:
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Analytic center cutting plane method.

Input. Let 7O = {y:0 <y <e}, and Fo(y) = — > v, log(yi(1 —
yi)). Set y¥ = e/2.
(1) Compute y* an approximate minimizer of Fy(y).
(2) Present y* to the oracle.
If y* € C then stop,
else the oracle returns the separating hyperplane with normal a*
passing through y*. Update

Fpt=Fhniy: (a)Ty < @y},
Firi(y) = Fi(y) — log((a®)" (v* — ).

Set k =k + 1 and goto step 1.

The formal proof of convergence of the algorithm is carried out in three
steps. We will assume that the algorithm works with exact analytic
centers.

m One first shows that a new analytic center can be found quickly
after the addition of cuts. This is done in an iterative fashion
using damped Newton steps, that are the inner iterations in the
algorithm. Goffin and Vial (2002) show that an analytic center
can be found in O(1) iterations when one central cut is added in
each iteration. In Goffin and Vial (2000), they also show that it is
possible to add p cuts simultaneously, and recover a new analytic
center in O(plog(p)) Newton iterations.

m One then proceeds to establish bounds on the logarithmic barrier
function F(y). Let 7* be the exact analytic center of the polytope
.7:53, i.e., the minimizer of

2m-+k
Fe(y) == > log(ck — (AM)T5");.

i=1

We now establish upper, and lower bounds on Fg(g*). If we are not
done in the kth iteration, the polytope ]:lk) still contains a ball of
radius e. If § is the center of this ball, then we have 5 = c— ATy >
ee, giving

Fo(7*) < Fi()

< (2m+ k) log(%). (5.7)

This is an upper bound on Fj(7*). We can also obtain a lower
bound on Fy(#*) in the following manner. We only outline the
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main steps, more details can be found in Goffin et al. (1996). Let
H; denote the Hessian of F(y) evaluated at §j'. We first obtain the
bound

k

Fu(i*) > _g log(% Z(afH;llai)> +2m log<%> (5.8)

=1

by exploiting the following self-concordance property of Fj(y)

Fi(y) 2 F(#) + V(y - ) Hly - )
~log(1+ V(y - ) Hly — 7)),

and applying this property recursively on Fj(y). The bound is
simplified in turn by bounding the Hessian H; from below by a
certain matrix, which is simpler to analyze. This yields the follow-
ing upper bound on Zk a-THzllai

i=1" 7

k

E k
Trr—1 9 i

‘ 1a¢ H,a; <2m log<1 + —m—2>’

1=

that is employed in the complexity analysis. Substituting this re-
lation in (5.8) and simplifying the resulting formulas we have

Fu(7*) > —klog(v2)

+ mog<fgé—a’3%> ~ om 1og<%>. (5.9)

A comparison of the two bounds (5.7) and (5.9) on Fi(7*) yields
the following upper bound on the number of outer iterations

+ klog(v/2) + 2m log(%) (5.10)

This provides the proof of global convergence of the algorithm. It is
clear from (5.10) that the algorithm terminates in a finite number
of iterations, since the ratio (k/m?)/log(1+k/m?) tends to infinity
as k approaches infinity, i.e., the left hand side grows superlinearly
in k. Neglecting the logarithmic terms, an upper bound on the
number of outer iterations is given by O*(m?/e?) (the notation O*
means that logarithmic terms are ignored).



&5 IPM and SDP Approaches in Combinatorial Optimization 117

The analysis presented above can be extended to approximate analytic
centers (see Goffin et al., 1996) to yield a fully polynomial time algo-
rithm for the convex feasibility problem. The ACCPM algorithm is
not polynomial, since the complexity is polynomial in 1/¢ not log(1/e).
There is a variant of ACCPM due to Atkinson and Vaidya (1995) (see
also Mitchell (2003) for an easier exposition) which is polynomial with
a complexity bound of O(mL?) calls to the oracle, but the algorithm
requires dropping constraints from time to time, and also weakening the
cuts returned by the oracle making them shallow. In the next section,
we will discuss the volumetric center method which is a polynomial in-
terior point cutting plane method, with a better complexity bound than
ACCPM for the convex feasibility problem.

3.2 Volumetric center method

The volumetric center method is originally due to Vaidya (1996), with
enhancements and subsequent improvements in Anstreicher (1997, 1999,
2000) and Mitchell and Ramaswamy (2000).

The complexity of the volumetric center algorithm is O(mL) calls to
the oracle, and either O(mL) or O(m!'°L) approximate Newton steps
depending on whether the cuts are shallow or central. The complexity
of O(mL) calls to the separation oracle is optimal — see Nemirovskii and
Yudin (1983).

As in Section 3, we approximate the convex set C by the polytope
Fp(y) = {y € R™: ATy < ¢} 2 C, where 4 is an m x n matrix, and c is
an n dimensional vector. Let y be a strictly feasible point in Fp, and let
s=c— ATy > 0. The volumetric barrier function for Fp at the point y
is defined as

Viy) = %bg(det(AS“QAT)). (5.11)

The volumetric center § of Fp(y) is the point that minimizes V(y).
The volumetric center can also be defined as the point y chosen to
maximize the volume of the inscribed Dikin ellipsoid {z € R™ : (2 —
y)T(AS72AT)(z — y) < 1} centered at y.

The volumetric center is closely related to the analytic center of the
polytope discussed in Section 3.1. It is closer to the geometrical center
of the polytope, than the analytic center.

We also define variational quantities (Atkinson and Vaidya, 1995) for
the constraints ATy < ¢ as follows:

o aJT(Ab“QAT)‘laj 1
oj = 5 , J=1,...,n.

o
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These quantities give an indication of the relative importance of the
inequality afy < ¢;. The larger the value of o, the more important the
inequality. A nice interpretation of these quantities appears in Mitchell
(2003). The variational quantities are used in the algorithm to drop
constraints that are not important.

We present the complete algorithm below.

Volumetric center IPM.

Input. Given F2(y) = {y € R™ : 0 < y < e} with C C F}(y)
and n = 2m be the total number of constraints. Set y° = ¢/2, and let
0 < € < 1 be the desired tolerance.

(1) If V(y*) is sufficiently large then stop with the conclusion that C is
empty.
Else goto step 2.

(2) Compute o; for each constraint.
If 0; = min;—op+1,..n 03 > € goto step 4,
else goto step 3.

(3) Call the oracle at the current point y*.
If y* € C then stop,
else the oracle returns a separating hyperplane with normal o* pass-
ing through .
Update Fg"'l =FEn{y: (a®)Ty < (a*)Ty*}, n =n + 1, and goto
step 3.

(4) Drop the ith constraint from the current feasible set, i.e., F g“ =
FE\{y: a{y < ¢}, update n =n — 1, and goto step 5.

(5) Take a series of damped Newton steps to find a new approximate
volumetric center. Set k = k 4+ 1 and goto step 1.

We note that the box constraints 0 < y < e defining the initial polyhedral
approximation are never dropped, and hence the polyhedral approxima-
tions have at least 2m constraints. In every iteration we either add or
drop a constraint. It follows that in the kth iteration, the algorithm
must have previously visited Step 4 where we add a constraint at least
k/2 times, and Step 5 where we drop a constraint on no more than k/2
occasions. Else, the number of constraints would fall below 2m. The
formal proof of convergence of the algorithm proceeds in the following
way:

n First, one shows that the number of Newton iterations in one call
to Step 6 of the algorithm to find an approximate volumetric center
is bounded. These are the inner iterations in the algorithm. The
condition for a point to be an approximate volumetric center can
be expressed as a condition on the norm of the gradient of the



5 IPM and SDP Approaches in Combinatorial Optimization 119

volumetric barrier function in the norm given by an approximation
to the Hessian of the volumetric barrier function. Formally, a point
y is an approximate volumetric center if

Blawllpey-+ <, (5.12)

for some appropriate v < %, where

g = min{(Q\/b'-i — o)V, #},

9(y), and P(y) are the gradient and an approximation to the Hes-
sian of the volumetric barrier function V' (y) at the point y, respec-
tively. In Step 6 one take a series of damped Newton steps of the
form § = y + ad, where P(y)d = —g(y). Anstreicher (1999) shows
that when a central cut is added in Step 4, then an approximate
volumetric center satisfying (5.12) could be recovered in O(y/m)
Newton steps. In this case, the direction first proposed in Mitchell
and Todd (1992) is used to move away from the added cut, and
the damped Newton iterations described above are used to recover
an analytic center. On the other hand, when a cut is dropped
in Step 5, Vaidya (1996) showed that an approximate volumet-
ric center could be obtained in just one Newton iteration. In the
original volumetric barrier (Vaidya, 1996), Vaidya weakened the
cuts returned by the oracle (shallow cuts), and showed that a new
approximate volumetric center could be obtained in O(1) Newton
steps (these are the number of Newton steps taken to recover an
approximate analytic center in ACCPM with central cuts).

m The global convergence of the algorithm is established by showing
that eventually the volumetric barrier function becomes too large
for the feasible region to contain a ball of radius €. This estab-
lishes an upper bound on the number of iterations required. For
ease of exposition we shall assume that we are dealing with the
exact volumetric eenter of the polyhedral approximation in every
iteration. In reality this is not possible, however the analysis can
be extended to include approximate volumetric centers. For exam-
ple, Anstreicher (1997, 1999) shows that if the current polyhedral
approximation Fp of C has n constraints, then if the value of the
barrier functional at the volumetric center y of Fip is greater than
Vinaz = mL + mlogn, then the volume of C is smaller than that
of an m dimensional sphere of radius €. He then establishes that
the increase in the barrier function, when a constraint is added,
is at least AV™, and also the decrease is no more than AV ™, for
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constants AV' and AV~ satisfying 0 < AV~ < AV, and where
AV = AVt — AV~ > 0is O(1). Thus, we can bound the increase
in the value of the volumetric barrier functional in the kth iteration
as follows:

V(y*) - V(y”)

> (no of constraints added and still in relaxation) x AV

(no of constraints added and subsequently dropped) x AV

> AV x (total no of constraints added)

S k X AV’
- 2
where the last inequality follows from the fact that the algorithm
must have visited the separation oracle in Step 4 previously at least
on k/2 occasions. Combining this with the maximum value Vinax,
gives the complexity estimate that the volumetric center cutting
plane algorithm either finds a feasible point in C, or proves that it is
empty in O(mL) calls to the oracle, and O(m!°L) Newton steps.
The actual results in Anstreicher (1997) deal with approximate
volumetric centers. The number of Newton steps can be brought
down to O(mL) if shallow cuts are employed as in Vaidya (1996).

The overall complexity of the volumetric center method is O(mLT +
m*? L) arithmetic operations, where T is the complexity of the oracle, for
central cuts, and O(mLT +m*L) for shallow cuts. The ellipsoid method
(see Grotschel et al., 1993) on the other hand takes O(m?L1T + m*L)
arithmetic operations to solve the convex feasibility problem. Although
the original algorithm due to Vaidya (1996) had the best complexity, it
was not practical since the constants involved in the complexity analysis
were very large, of the order of 107. The algorithm was substantially
refined in Anstreicher (1997, 1999) significantly bringing down the max-
imum number of constraints required in the polyhedral approximation
to 25n in Anstreicher (1999). Also, since the algorithm employs central
cuts the number of Newton steps required in Step 6 is O(y/m), which
is significantly more than the O(1) steps employed in the ACCPM al-
gorithm in Section 3.1; whether this can be achieved for the volumetric
center method is still an open question. Finally, we must mention that
the computational aspects of the volumetric center method have not yet
been entirely tested.
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4. Complexity and IPMs for SDP

We consider the complexity of SDP in Section 4.1, and a generic in-
terior point method (IPM) for solving the SDP, together with issues
involved in an efficient implementation is presented in Section 4.2. This
algorithm is employed in solving the SDP relaxations of combinatorial
problems as discussed in the subsequent sections. Our exposition in this
section is sketchy, and for details we refer the interested reader to the
excellent surveys by De Klerk (2002), Todd (2001), Monteiro (2003), the
habilitation thesis of Helmberg (2000a), and the Ph.D. dissertation of
Sturm (1997).

Consider the semidefinite programming problem

min CeX
s.t. A(X) = b, (SDP)
X =0,
with dual
max vy
st. ATy+S=C, (SDD)
S =0,

where the variables X, S € 8™ the space of real symmetric nxn matrices,
be R™ Also Ce X = Z” 1 Ci; Xy is the Frobenius inner product
of matrices in 8™. The linear operator A: 8™ — R™, and its adjoint
AT R™ — 8™ are:

A10X

m
AX) = : and ATy = Z%’Ai,
An e X i=1
where the matrices 4; € $", i = 1,...,m, and C € S™ are the given

problem parameters. The constraints X > 0, S »= 0 are the only non-
linear (actually convex) constraints in the problem requiring that these
matrices X and § are symmetric positive semi-definite matrices. We
will hereafter assume that the matrices A;, ¢ = 1,...,m are linearly
independent, that implies m < ("?

If both the primal (SDP) and the dual (SDD) problems have strictly
feasible (Slater) points, then both problems attain their optimal solu-
tions, and the duality gap X ¢S = 0 is zero at optimality. Most SDPs
arising in combinatorial optimization satisfy this assumption. For more
on strong duality we refer the reader to Ramana et al. (1997), and De
Klerk et al. (1998) who discuss how to detect all cases that occur in SDP.
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4.1 The complexity of SDP

In this section, we briefly review the complexity of SDP. Most results
mentioned here can be found in the book by Grotschel et al. (1993),
the Ph.D. thesis of Ramana (1993), the review by Ramana & Pardalos
in the IPM handbook edited by Terlaky (1996), Krishnan and Mitchell
(2003a), and Porkolab and Khachiyan (1997).

We will assume that the feasible region of the SDP is contained in
a ball of radius R > 0. The ellipsoid algorithm (see Theorem 3.2.1
in Grotschel et al., 1993) can find a solution X* to this problem such
that |C ¢ X* — OPT| < e (OPT is the optimal objective value), in a
number of arithmetic operations that is polynomial in m, n, log R, and
log(1/€) in the bit model. In Krishnan and Mitchell (2003a), for the
particular choice of R = 1/e, it is shown that the ellipsoid method, to-
gether with an oracle that computes the eigenvector corresponding to
the most negative eigenvalue of S during the course of the algorithm,
takes O((m*n® + m®n? + m*)log(1/€)) arithmetic operations. We can
employ the volumetric barrier algorithm, discussed in Section 3, to im-
prove this complexity. In Krishnan and Mitchell (2003a) it is shown
that such an algorithm, together with the oracle mentioned above, takes
O((mn® + m®n? + m*)log(1/e)) arithmetic operations. This is also
slightly better than the complexity of primal-dual interior point meth-
ods to be discussed in Section 4.2, when there is no structure in the
underlying SDP.

On the other hand, no polynomial bound has been established for
the bit lengths of the intermediate numbers occurring in interior point
methods solving an SDP (see Ramana & Pardalos in Terlaky, 1996).
Thus, strictly speaking, these methods for SDP are not polynomial in
the bit model.

We now address the issue of computing an exact optimal solution of an
arbitrary SDP, when the problem data is rational. Rigorously speaking,
this is not a meaningful question since the following pathological cases
can occur for a feasible rational semidefinite inequality, that cannot occur
in the LP case.

(1) It only has irrational solutions.
(2) All the rational solutions have exponential bitlength.

As a result, the solution may not be representable in polynomial size
in the bit length model. However we can still consider the following
semidefinite feasibility problem (SDFP).
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DEFINITION 5.1 Given rational symmetric matrices Ag, ..., A, deter-
mine if the semidefinite system

m
D @A = Ag
i=1

is feasible for some real z € R™.

Ramana (1997) established that SDFP cannot be an NP-complete
problem, unless NP = co-NP. In fact, Porkoldb and Khachiyan (1997)
have shown that SDFP can actually be solved in polynomial time, if
either m or n is a fixed constant. The complexity of SDFP remains one
of the unsolved problems in SDP.

4.2 Interior Point Methods for SDP

In this section we consider primal-dual IPMs for SDP. These are in
fact extensions of the generic IPM for LP discussed in Section 1.

The optimality conditions for the SDP problem (compare with (5.1)
for LP in Section 1) include the following:

AX)=b, X >0,
Ay+S=0, Sx0, (5.13)
XS5 =0.

The first two conditions represent primal and dual feasibility while the
third condition gives the complementary slackness condition. Consider
perturbing the complementary slackness conditions to XS = I for some
1> 0. Ignoring the inequality constraints X, S > 0 for the moment this
gives the following system:

A(X) = b,
ATy +5=C, (5.14)
XS =ul

We denote the solution to {5.14) for some fixed p > 0 by (X, Yu, Su)-
The set {(X,, yu, S.)} forms the central path that is a smooth analytical
curve converging to an optimal solution (X*,y*, S*), as u — 0.

If we solve (5.14) by Newton’s method, we get the following linearized

system
AAX = 0,

ATAy + AS =0, (5.15)
AXS + XAS = pl — XS.
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Since X and S are matrices, they do not always commute i.e., X.5 # SX.
In fact, we have m + n? + n(n + 1)/2 equations, but only m -+ n(n -+ 1)
unknowns in (5.15), which constitutes an overdetermined system of lin-
ear equations. This is different from the LP case in Section 1, where
X and S are diagonal matrices and hence commute. As a result, the
solution AX may not be symmetric, and X + AX is not in the cone of
symmetric positive semidefinite matrices S%. To ensure the symmetry
of AX, Zhang (1998) introduces the symmetrization operator

Hp(M) = 3(PMP™' + (PMP™HT), (5.16)

where P is a given nonsingular matrix, and uses this to symmetrize the
linearized complementary slackness conditions, i.e., we replace the last
equation in (5.15) by

Hp(AXS + XAS + XS) = pl. (5.17)

A family of directions arises for various choices of P, that vary with
regard to their theoretical properties, and practical efficiency, and it is
still unclear which is the best direction in the primal-dual class. The
Nesterov and Todd (1998) (NT) direction has the most appealing theo-
retical properties, and is shown to arise for a particular choice of P =
(X-Y2(X125 X1/ -1/2X1/28)1/2 in Todd et al. (1998). On the other
hand, the H..K..M direction (proposed independently in Helmberg et
al., 1996, Kojima et al., 1997, and Monteiro, 1997) is very efficient in
practice (see Tiitiincii et al., 2003), and also requires the least number
of arithmetic operations per iteration. It arises for P = $1/2, and a nice
justification for this choice appears in Zhang (1998). However, since the
NT direction employs a primal-dual scaling in P as opposed to a dual
scaling in H..K..M, it is more efficient in solving difficult SDP problems.
The H..K..M direction is also obtained in Helmberg et al. (1996) by
solving the Newton system (5.15) for AX, and then symmetrizing AX
by replacing it with %(AX + AXT). Finally, a good survey of various
search directions appears in Todd (1999). As in IPMs for LP in Sec-
tion 1, we need to take damped Newton steps. Similarly we introduce a
proximity measure (X, S, 1) that measures the proximity of (X, vy, S) to
(X4, yu, Su) on the central path. We present the generic IPM for SDP.
For simplicity, we shall consider the H..K..M direction using the original
interpretation of Helmberg et al. (1996).

Generic primal-dual TPM for SDP.

Input. A, b,C, a feasible starting point (X°,4°, S%) also satisfying
the interior point condition, i.e., X = 0, S° = 0, A(X% = b, and
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ATy? + 8% = C. Further, we may assume without loss of generality
that X°59 = I. Other parameters include a barrier parameter p = 1, a
proximity threshold 7 > 0 such that §(X° S% u) < 7, and an accuracy
parameter € > 0.

(1) Reduce the barrier parameter p.

(2) If 6(X, S, u) > 7 compute (AX, Ay, AS) from (5.15) and replacing
AX by {(AX + AXT).

(3) Choose some « € (0,1] so that (X + «AX), (S + aAS) > 0, and
proximity §(X, S, u) is suitably reduced.

(4) Set (X,y,S) = (X + aAX,y+ alAy, S + aAS).

(5) If X ¢S < ¢ then stop,
else if 0(X,y, ) < 7 goto step 1,
else goto step 2.

One can solve an SDP with rational data to within a tolerance € in
O(y/nlog(1/e)) feasible iterations (see Todd, 2001, for more details).
This is the best iteration complexity bound for SDP. Interestingly, this
is the same bound as in the LP case.

We now examine the work involved in each iteration. The main com-
putational task in each iteration is in solving the following normal system
of linear equations.

AXAT(AY)S™Y) = b (5.18)

This system results from eliminating AS, and AX from (5.15). Let
M: R™ — R™ be the linear operator given by My = A(X AT (y)S™1).
The ith row of M Ay is given by

Ao XAT(AY)S™! = Z Ay; Trace(X 4;S714;).
J=1

Each entry of the matrix M thus has the form M;; = Trace(X A;S™1A;).
This matrix is symmetric and positive definite, if we assume matrices A;,
i1=1,...,m are linearly independent in §".

Solving for Ay requires m?/3 flops, when the Cholesky decomposition
is used. Moreover, M has be to recomputed in each iteration. An
efficient way to build one row of M is the following
(1) Compute X A;S~! once in O(n?) time;

(2) Determine the m single elements via X A;S~! @ A; in O(mn?) arith-
metic operations.

In total the construction of M requires O(mn3+m?n?) arithmetic oper-

ations, and this is the most expensive operation in each iteration. On the

whole, an interior point method requires O (m(n®+mn?+m?)/nlog(1/e))
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arithmetic operations. For most of the combinatorial problems such as
maxcut, the constraint matrices A; have a rank one structure, and this
reduces the computation of M to O(mn? + m?n) operations.

Excellent software based on primal-dual IPMs for SDP include CSDP
by Borchers (1999), SeDuMi by Sturm (1999), and SDPT3 by Tiitiinci
et al. (2003). An independent benchmarking of various SDP software
appears in Mittleman (2003).

In many applications the constraint matrices A; have a special struc-
ture. The dual slack matrix S inherits this sparsity structure, while
the primal matrix X is usually dense regardless of the sparsity. Benson
et al. (2000) proposed a dual scaling algorithm that exploits the spar-
sity in the dual slack matrix. Also, Fukuda et al. (2000) and Nakata
et al. (2003) employ ideas from the completion of positive semidefinite
matrices (Grone et al., 1984; Laurent, 1998) to deal with dense X in a
primal-dual IPM for SDP. Burer (2003) on the other hand utilizes these
ideas to develop a primal-dual TPM entirely within the space of partial
positive semidefinite matrices.

However, in most approaches, the matrix M is dense, and the necessity
to store and factorize this dense matrix A limits the applicability of
IPMs to problems with around 3000 constraints on a well equipped work
station.

One way to overcome the problem of having to store the matrix M via
the use of an iterative scheme, which only accesses this matrix through
matrix vector multiplications, is discussed in Toh and Kojima (2002).
This approach is not entirely straightforward since the Schur matrix M
becomes increasingly ill-conditioned as the iterates approach the bound-
ary. Hence, there is a need for good pre-conditioners for the iterative
method to converge quickly. Recently, Toh (2003) has reported excellent
computational results with a choice of a good preconditioner in solving
the normal system of linear equations.

5. First order techniques for SDP

Interior point methods discussed in Section 4.2 are fairly limited in
the size of problems they can handle. We discuss various first order
techniques with a view of solving large scale SDPs in this section. As
opposed to primal-dual interior point methods, these methods are mostly
dual-only, and in some cases primal methods. These methods exploit the
structure prevalent in combinatorial optimization problems; they are ap-
plicable in solving only certain classes of SDPs. Unlike IPMs there is no
proof of polynomial complexity, and moreover these methods are not rec-
ommended for those problems, where a high accuracy is desired. Never-
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theless excellent computational results have been reported for problems
that are inaccessible to IPMs due to demand for computer time and
storage requirements. A nice overview of such methods appears in the
recent survey by Monteiro (2003). In this section, we will focus on the
first order techniques which are very efficient in practice.

The first method is the spectral bundle method due to Helmberg and
Rendl (2000). The method is suitable for large m, and recent computa-
tional results are reported in Helmberg (2003). The method is first order,
but a second order variant which converges globally and which enjoys
asymptotically a quadratic rate of convergence was recently developed
by Oustry (2000).

The spectral bundle method works with the dual problem (SDD).
Under an additional assumption that Trace(X) = 3, for some constant
B >0, for all X in the primal feasible set, the method rewrites (SDD)
as the following eigenvalue optimization problem.

max min(C — ATy) + b7y, (5.19)

where Apin(S) denotes the smallest eigenvalue of S. Problem (5.19) is a
concave non-smooth optimization problem, that is conveniently tackled
by bundle methods for non-differentiable optimization. In the spectral
bundle scheme the maximum eigenvalue is approximated by means of
vectors in the subspace spanned by the bundle P which contains the
important subgradient information. For simplicity we mention (see Kr-
ishnan and Mitchell, 2003b, for a discussion) that this can be interpreted
as solving the following problem in lieu of (5.19)

max BAmin(PT(C — ATy)P) + 0"y, (5.20)

whose dual is the following SDP

min (PTCP) e W
T A. — _
st. (PPAP)eW=0b, i=1,...,m (5.21)
TeW =23
W =0

In the actual bundle method, instead of (5.20), we solve an SDP with a
quadratic objective term; the quadratic term arises from the regulariza-
tion term employed in the bundle method. For more details we refer the
reader to Helmberg (2000a); Helmberg and Rendl (2000); Helmberg and
Oustry (2000). In (5.21), we are approximately solving (SDP), by con-
sidering only a subset of the feasible X matrices. By keeping the number
of columns 7 in P small, the resulting SDP can be solved quickly. The
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dimension of the subspace P is roughly bounded by the square root of
number of constraints. This follows from a bound by Pataki (1998) on
the rank of extreme matrices in SDP. The optimum solution of (5.20)
typically produces an indefinite dual slack matrix S = (C — ATy). The
negative eigenvalues and corresponding eigenvectors of S are used to up-
date the subspace, P and the process is iterated. A recent primal active
set approach for SDP which also deals with (5.21) has been recently
developed by Krishnan et al. (2004).

Another variation of the low rank factorization idea mentioned above
has been pursued by Burer and Monteiro (2003a). They consider factor-
izations X = RRT, where R € R™", and instead of (SDP) they solve
the following formulation for R

min C'e (RRT)
st. A(RRT) =b.

This is a non-convex optimization problem that is solved using a modified
version of the augmented Lagrangian method. The authors claim via
extensive computational experiments that the method converges to the
exact optimum value of (SDP), while a recent proof of convergence for
a variant of this approach appears in Burer and Monteiro (2003b). As a
particular case of this approach, Burer & Monteiro have employed rank
two relaxations of maximum cut Burer et al. (2002b), and maximum
stable set Burer et al. (2002c) problems with considerable computational
success. The rank two relaxation is in fact an exact formulation of the
maximum stable set problem.

We now turn to the method due to Burer et al. (2002a). This method
complements the bundle approach discussed previously; it recasts the
dual SDP as a non-convex but smooth unconstrained problem. The
method operates on the following pair of SDPs.

max CeX
s.t. diag(X) =d,
5.22
A(X) = b, (5.22)
X =0,
with dual
min d¥z+ 0Ty
s.t. ATy + Diag(z) — S = C, (5.23)
S0
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Burer et al. consider only strictly feasible solutions of (5.23), i.e., § =
(ATy + Diag(z) = C) = 0. Consider now a Cholesky factorization of

S = (Diag(v) + Lo)(Diag(v) + Lo)7, (5.24)

where v € R} ,, and Lg is a strictly lower triangular matrix. In (5.24),
there are n(n+1)/2 equations, and m+n+n(n+1)/2 variables. So one
can use the equations to write n(n 4 1)/2 variables, namely z and Ly,
in terms of the other variables v and y. Thus one can transform (5.23)
into the following equivalent nonlinear programming problem

inf d”z(v,y) + o'y

5.25
s.t. v >0, ( )

where z(v, y) indicates that z has been written in terms of v and y using
(5.24). We note that the nonlinearity in (5.23) has been shifted from the
constraints to the objective function, i.e., in the term z(v,y) in (5.25).
The latter problem does not attain its optimal solution, however we can
use its intermediate solutions to approach the solution of (5.23) for a
given € > 0. Moreover, the function z(v, y) is a smooth analytic function.
The authors then use a log-barrier term introducing the v > 0 constraint
into the objective function, and suggest a potential reduction algorithm
to solve (5.25); thus their approach amounts to reducing SDP to a non-
convex, but smooth unconstrained problem. The main computational
task is the computation of the gradient, and Burer et al. (2003) develop
formulas that exploit the sparsity of the problem data. Although the
objective function is non-convex, the authors prove global convergence
of their method, and have obtained excellent computational results on
large scale problems.

Other approaches include: Benson and Vanderbei (2003), a dual La-
grangian approach due to Fukuda et al. (2002), and PENNON by Koc-
vara and Stingl (2003) that can also handle nonlinear semidefinite pro-
grams. A variant of the bundle method has also been applied to the
Quadratic Assignment Problem (QAP) by Rendl and Sotirov (2003);
their bounds are the strongest currently available for the QAP and this
is one of the largest SDPs solved to date.

6. Branch and cut SDP based approaches

We discuss an SDP based branch and cut approach in this section that
is designed to solving combinatorial optimization problems to optimality
via a series of SDP relaxations of the underlying problem. Our particular
emphasis is on the maxcut problem.

A branch and cut approach combines the advantages of cutting plane,
and branch and bound methods. In a pure branch and bound approach
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the relaxation is improved by dividing the problem into two subproblems,
where one of the variables is restricted to taking certain values. The
subproblems form a tree known as the branch and bound tree, rooted at
the initial relaxation.

In a branch and cut approach cutting planes are added to the subprob-
lems in the branch and bound tree, improving these relaxations until it
appears that no progress can be made. Once this is the case, we resort
to branching again. We do not discuss branch and cut LP approaches
in this survey, but rather refer the reader to the survey by Mitchell et
al. (1998).

Consider now the maxcut problem. As discussed in Section 1, for
S C V with cut 6(S5), the maxcut problem (MC') can be written as

gﬁ%? 2{: Wij. (hﬁCD
{1,7}€4(5)

Without loss of generality, we can assume that our graph is complete.
In order to model an arbitrary graph in this manner, define wy; = 0,
{i,j} ¢ E. Finally, let A = (w;;) be the weighted adjacency matrix of
the graph.

We consider an SDP relaxation of the maxcut problem in this section.
The maxcut problem can be formulated as the following integer program
(5.26) in the x variables, where z; = 1 if vertex s € S, and —1if i € V\S

n

11— xzwj
5.26
T T (5-26)

A factor of % accounts the fact that each edge is considered twice. More-
over, the expression (1 — x;x;)/2 is 0 if 2; = z;, i.e, if ¢ and j are in
the same set, and 1 if z; = —z;. Thus (1 — x;x;)/2 yields the incidence
vector of a cut associated with a cut vector x, evaluating to 1 if and only
if edge {i,7} is in the cut. Exploiting the fact that z? = 1, we have

n
% Z wi (1 — zi25) Z<Z U}UCL ZM;%%)

7,j=1
- —jIwT(Diag(Ae) — Az, (5.27)

The matrix L = Diag(Ae) — A is called the Laplacian matrix of the
graph G. Letting C' = %L, we find that the maxcut problem can be
interpreted as a special case of the following more general {+1,—1}
integer programming problem

max z! Ct. (5.28)
ze{-1,1}"
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We are now ready to derive a semidefinite programming relaxation for
the maxcut problem. First note that 27 Cx = Trace(Cxzz”). Now con-
sider X = za7T, ie, X;; = xyx;. Since x € {-1,1}", the matrix X is
positive semidefinite, and its diagonal entries are equal to one. Thus
(5.28) is equivalent to the following problem

max CeX
st. diag(X) =e,
5.29
X0, (5.29)
rank(X) = 1.

The rank restriction is a non-convex constraint. To get a convex problem
one drops the rank one restriction, and arrives at the following semidef-
inite programming relaxation of the maxcut problem

max CeX
s.t. diag(X) =e, (5.30)
X =0,
and its dual
min eTy
s.t. S = Diag(y) — C, (5.31)
S = 0.

Lemaréchal and Qustry (1999) and Poljak et al. (1995) derive the SDP
relaxation (5.30) by taking the dual of the Lagrangian dual of (5.26),
which incidentally is (5.31). We will refer to the feasible region of (5.30)
as the elliptope. A point that must be emphasized is that the elliptope is
no longer a polytope. Thus {5.30) is actually a non-polyhedral relaxation
of the maxcut problem. '

These semidefinite programs satisfy strong duality, since X = [ is
strictly feasible in the primal problem, and we can generate a strictly
feasible dual solution by assigning y an arbitrary positive value. In fact,
setting y; = 1+ 37, [Cij| and S = Diag(y) — C should suffice.

We can improve the relaxation (5.30) using the following linear in-
equalities.

(1) The odd cycle inequalities
X(C\F)-X(F)<|C] -2
for each cycle C,F C C,|F| odd. (5.32)

These include among others the triangle inequalities. They provide a
complete description of the cut polytope for graphs not contractible
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to K5 (see Barahona, 1983; Seymour, 1981). Although there are an
exponential number of linear constraints in (5.32), Barahona and
Mahjoub (1986) (see also Grotschel et al., 1993) describe a poly-
nomial time separation oracle for these inequalities, that involves
solving n shortest path problems on an auxiliary graph with twice
the number of nodes, and four times the number of edges. Thus it is
possible to find the most violated odd cycle inequality in polynomial
time.
(2) The hypermetric inequalities
These are inequalities of the form (5.33)

n
aa’ e X >1, whereae Z”,Zai odd
i=1

and min{(a”z)?: 2z € {~1,1}"} = 1. (5.33)

For instance, the triangle inequality X;; + Xy + X, > —1 can be written
as a hypermetric inequality by letting a to be the incidence vector of the
triangle (4, 7, k). On the other hand the other inequality X;;— X — X1 >
—1 can be written in a similar way, except that ar = —1. Although
there are a countably infinite number of them, these inequalities also
form a polytope known as the hypermetric polytope (Deza and Laurent,
1997). The problem of checking violated hypermetric inequalities is NP-
hard (Avis, 2003; Avis and Grishukhin, 1993). However, Helmberg and
Rendl (1998) describe simple heuristics to detect violated hypermetric
inequalities.

We sketch a conceptual SDP cutting plane approach for the maxcut
problem in this section.

An SDP cutting plane approach for maxcut.

(1) Initialize. Start with (5.30) as the initial SDP relaxation.

(2) Solve the current SDP relaxation. Use a primal-dual IPM as
discussed in Section 4.2. This gives an upper bound on the optimal
value of the maxcut problem.

(3) Separation. Check for violated odd cycle inequalities. Sort the
resulting violated inequalities, and add a subset of the most violated
constraints to the relaxation.

If no violated odd cycle inequalities are found goto step 5.

(4) Primal heuristic. Use the Goemans and Williamson (1995) ran-
domized rounding procedure (discussed in Section 7) to find a good
incidence cut vector. This is a lower bound on the optimal value.

(5) Check for termination. If the difference between the upper
bound and the value of the best cut is small, then stop.
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If no odd cycle inequalities were found in step 3 then goto step 4.
Else goto step 2.

(6) Branching. Resort to branch and bound as discussed in Section 6.1.

The choice of a good SDP branch and cut approach hinges on the fol-
lowing:

Choice of a good initial relaxation: The choice of a good initial
relaxation is important, and provides a tight upper bound on the
maxcut value. The SDP relaxation (5.30) is an excellent choice;
it is provably tight in most cases. Although, better initial SDP
relaxations (Anjos and Wolkowicz, 2002a,b; Lasserre, 2002; Lau-
rent, 2004) do exist, they are more expensive to solve. In contrast
the polyhedral cutting plane approaches rely on poor LP relax-
ations, the ratio of whose bounds to the maxcut optimal value can
be as high as 2 (Poljak and Tuza, 1994). Recently, Krishnan and
Mitchell (2004) have proposed an semidefinite based LP cut-and-
price algorithm for solving the maxcut problem, where one uses an
LP cutting plane subroutine for solving the dual SDP relaxation
(5.31).

Generating good lower bounds: The Goemans— Williamson
rounding procedure in Step 4 is an algorithm for generating inci-
dence cut vectors, that provide good lower bounds. We will see in
Section 7 that this procedure is instrumental in developing a 0.878
approximation algorithm for the maxcut problem.

Choice of good cutting planes: It is important to use good
cutting planes that are facets of the maxcut polytope, and use
heuristics for finding such constraints quickly. In the above cutting
plane approach for instance we might first check for violated trian-
gle inequalities by complete enumeration, and use the Barahona-
Mahjoub separation oracle when we run out of triangle inequalities
(Mitchell, 2000).

Choice of the branching rule: Typically we may have to resort
to branch and bound in Step 6. It is important to choose a good
branching rule to keep the size of the branch and bound tree small.
We present a short discussion on branch and bound in an SDP
branch and cut framework in Section 6.1.

Warm start: One of the major shortcomings of an SDP branch
and cut approach, where a primal-dual IPM is employed in solving
the SDP relaxations is the issue of restarting the SDP relaxations
after the addition of cutting planes. Although some warm start
strategies do exist for the maxcut problem (Mitchell, 2001), they
are prohibitively expensive. We will discuss some of these strate-
gies in Section 6.2. There do exist simplex-like analogues for SDP
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(Pataki, 1996a,b; Krishnan et al., 2004), and dual simplex variants
of these schemes could conceivably be used to re-optimize the SDP
relaxations after the addition of cutting planes.

6.1 Branch and bound in the SDP context

We provide a short overview on branch and bound within the SDP
context in this section. Some excellent references for branch and bound
within the SDP context of the maxcut problem are Helmberg and Rendl
(1998), and Mitchell (2001).

Consider X = VIV, with V = (vy,...,v,). We want to branch based
on the values of X;; = (vfv;). Typically this is the most fractional
variable, i.e., the Xj; closest to zero. The branching scheme is based on
whether vertices i and j should be on the same side of the cut or on
opposite sides. With this branching rule X;; and Xj; are also then con-
strained to be either the same or different, Vk = {1,...,n}\{%,j}. This
means that the problem can be replaced by an equivalent semidefinite
program of dimension one less. Without loss of generality let us assume
that we are branching on whether vertices n — 1 and n are on the same
or opposite sides. Let we write the Laplacian matrix L in (5.30) as

L P1 P2
L=|pl o B
pi B v

Here L € 8™2, p1,p2 € R 2 and «, 8, and v € R. The SDP relaxation
that corresponds to putting both n — 1 and n on the same side is

1 L p1+ P2
- X
e 4{p’{+p’£ at+28+~]°

5.34
s.t.  diag(X) =, (5:34)
X =0,
with dual
min eTy

— Diac( 1 f’ P1+ P2 F QK
s.t. S = Diag(y) — T +p7 a+28++] (5.35)

S >=0.

Note that X, S € 8™, and y € R*7!, ie., not only do we have a
semidefinite program of dimension one less, but the number of con-
straints in (5.34) has dropped by one as well. This is because performing
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the same transformation (as the Laplacian) on the nth coefficient ma-
trix epel leaves it as e,_1el_;, which is in fact the (n — 1)th coefficient
matrix.

On the other hand, putting n — 1 and n on opposite sides, we get a
similar SDP relaxation, with the Laplacian matrix now being

4

i L p1— P2
4 |pl —p5 a—28+~]"

It is desirable that we use the solution of the parent node, in this case
the solution of (5.30), to speed up the solution of the child (5.34). As
we mentioned previously, this is a major issue in the SDP, since there
is no analogue to the dual simplex method, unlike the LLP case for re-
optimization. More details on this can be found in Mitchell (2001).

Another important issue is determining good bounds for each of the
subproblems, so that some of these subproblems in the branch and bound
tree could be fathomed, i.e., not explicitly solved. In the LP approach,
we can use reduced costs to estimate these bounds, and hence fix some
of the variables without having to solve both subproblems. In the SDP
case things are not so easy, since the constraints —1 < X;; < 1 are
not explicitly present in the SDP relaxation (they are implied through
the diag(X) = e and X > 0 constraints). Thus, the dual variables
corresponding to these constraints are not directly available. Helmberg
(2000b) describes a number of approaches to fix variables in semidefinite
relaxations.

6.2 Warm start strategies for the maxcut
problem

In cutting plane algorithms it is of fundamental importance that re-
optimization is carried out in reasonable time after the addition of cut-
ting planes. Since the cutting planes cut off the optimal solution XPr®Y
to the previous relaxation, we need to generate a new strictly feasible
point X5t for restarting the method.

We first discuss two strategies of restarting the primal problem since
this is the more difficult problem.

(1) Backtracking along iterates:
This idea is originally due to Mitchell and Borchers (1996) for the
LP. The idea is to store all the previous iterates on the central path,
during the course of solving the original SDP relaxation (5.30), and
restart from the last iterate that is strictly feasible with respect to
the new inequalities. Also, this point is hopefully close to the new
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central path, and the interior point algorithm will work better if this
is the case.

(2) Backtracking towards the analytic center:
This was employed in Helmberg and Rendl (1998). The idea is to
backtrack towards I along a straight line between the last iterate
XPre¥ and I. Thus we choose X5 = (AXP'V 4 (1 — \)I) for some
A € [0,1). Since the identity matrix I is the analytic center of the
feasible region of (5.30), it is guaranteed that the procedure will
terminate with a strictly feasible primal iterate.

Restarting the dual which has additional variables corresponding to the
number of cutting planes in the primal is relatively straightforward, since
we can get into the dual SDP cone S = 0, by assigning arbitrarily large
values to the first n components of y (that originally appear in Diag(y)).

7. Approximation algorithms for combinatorial
optimization

One of the most important applications of SDP is in developing ap-
proximation algorithms for various combinatorial optimization problems.
The euphoria began with an 0.878 GW approximation algorithm (Goe-
mans and Williamson, 1995) for the maxcut problem, and the technique
has since been applied to a variety of other problems. For some of
these problems such as MAX 3SAT, the SDP relaxation (Karloff and
Zwick, 1997) provides the tightest approximation algorithm possible un-
less P = NP.

We discuss the GW algorithm in detail below. The algorithm works
with the SDP relaxation (5.30) for the maxcut problem we introduced
in Section 6. We outline the main steps in the algorithm as follows:

The Goemans — Williamson (GW) approximation algorithm for
maxcut.

(1) Solve the SDP relaxation (5.30) to get a primal matrix X.

(2) Compute V = (v1,...,v,) such that X = VIV, This can be done
either by computing the Cholesky factorization of X, or by comput-
ing its spectral decomposition X = PAPT, with V = VAP?.

(3) Randomly partition the unit sphere in R™ into two half spheres
H, and Hy (the boundary in between can be on either side), and
form the bipartition consisting of Vi = {i : v; € H;} and Vo =
{i:v; € Hy}. The partitioning is carried out in practice by gen-
erating a random vector r on the unit sphere, and assigning i to
Vit v%rr > 0, and V, otherwise. In practice, one may repeat this
procedure more than once, and pick the best cut obtained.
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Hereafter, we refer to Step 3 as the GW rounding procedure. It is im-
portant to note that Step 3 gives a lower bound on the optimal maxcut
solution, while the SDP relaxation in Step 1 gives an upper bound. The
entire algorithm can be derandomized as described in Mahajan and Har-
iharan (1999).

A few notes on the GW rounding procedure: For any factorization
of X = VTV in Step 2, the columns of V yield vectors v;, i = 1,...,n.
Since we have diag(X) = e, each vector v; is of unit length, i.e., ||v;]| = 1.
Associating a vector v; with node i, we may interpret v; as the relaxation
of z; € {~1,1} to the n dimensional unit sphere. Thus we are essentially
solving

L
max Z —ﬂvzv]
ni=1 (5.36)
st Juill=1 Vi=1,...,n,
v; € R™,

This vector formulation provides a way to interpret the solution to the
maxcut SDP. Since v; and v; are unit vectors, Uf v; is the cosine of the
angle between these vectors. If all the edge weights w;; are nonnegative,
the off diagonal entries of the Laplacian matrix are negative. Thus, if the
angle between the vectors is large, we should separate the corresponding
vertices, if it is small we put them in the same set (since this would
improve the objective function in the vector formulation). In order to
avoid conflicts, Goemans and Williamson (1995) consider the random
hyperplane technique mentioned in Step 3. This step is in accord with
our earlier intuition, since vectors with a large angle between them are
more likely to be separated, since the hyperplane can end up between
them.

The hyperplane with normal r in Step 3 of the algorithm divides the
unit circle into two halfspheres, and an edge {4,j} belongs to the cut
§(S) if and only if the vectors v; and v; do not belong to the same half-
sphere. The probability that an edge {4, j} belongs to §(5) is equal to
arccos(vl v;)/m, and the expected weight E(w(S)) of the cut §(S) is

n

Lis arccos(vTU )
E(w(S)) = ) SL——tL
i,j=1 ’
"\ Lij 1 —vl'v; 2 arccos(v] ;)
5 4 2 s 1—1)?11]-

> 0.878 x (objective value of relaxation (5.36))
> 0.878 x (optimal maxcut value).
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The second to last inequality holds if we assume that all the edge weights
are nonnegative, and from the observation that
min 2808@) 5 o7,
-1<z<ilm 1 —2

The last inequality from the fact that the objective value of relaxation
(5.36) provides an upper bound on the maxcut solution. Hence, we have
an 0.878 approximation algorithm for the maxcut problem, when all
the edge weights are nonnegative. On the negative side Hastad (1997)
showed that it is NP-hard to approximate the maxcut problem to within
a factor of 0.9412.

For the general case where L > 0, Nesterov (1998) showed that the
GW rounding procedure gives an % approximation algorithm for the
maxcut problem.

Interestingly, although, the additional inequalities such as triangle
inequalities (mentioned with regard to the metric polytope) improve
the SDP relaxation, they do not necessarily give better approximation
algorithms. On the negative side Karloff (1999) exhibited a set of graphs
for which the optimal solution of relaxation (5.30) satisfies all the triangle
inequalities as well, so after the GW rounding procedure we are still left
with a 0.878 approximation algorithm,

Goemans and Williamson (1995) show that the randomized rounding
procedure performs well if the ratio of the weight of the edges in the cut,
to those in the graph is more than 85%. If this is not true, then it pays
to introduce more randomness in the rounding procedure. Zwick (1999)
considers the randomized rounding as applied to (yI 4+ (1 —~)X) rather
than X, for some appropriate v € [0, 1].

There have been several extensions of SDP and the randomized round-
ing technique to other combinatorial optimization problems. These in-
clude quadratic programming (Nesterov, 1998; Ye, 1999), maximum bi-
section (Frieze and Jerrum, 1997; Ye, 2001), max k-cut problem (Frieze
and Jerrum, 1997; Goemans and Williamson, 2001) and more recently in
De Klerk et al. (2004b), graph coloring (Karger et al., 1998), vertex cover
(Kleinberg and Goemans, 1998), maximum satisfiability problem (Goe-
mans and Williamson, 1995; De Klerk and Van Maaren, 2003; De Klerk
et al. , 2000; Anjos, 2004), Max 2SAT (Feige and Goemans, 1995), Max
3SAT (Karloff and Zwick, 1997), and finally the maximum directed cut
problem (Goemans and Williamson, 1995; Feige and Goemans, 1995).
A nice survey on the techniques employed in designing approximation
algorithms for these problems can be found in Laurent and Rendl (2003),
while a good overview of the techniques for satisfiability, graph coloring,
and max k-cut appears in the recent monograph by De Klerk (2002).
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8. Convex approximations of integer
programming
The results in this section are based on recent results by Nesterov
(2000), Lasserre (2001, 2002), Parrilo (2003) and De Klerk and Pasechnik

(2002); Bomze and De Klerk (2002). A nice survey of these methods also
appears in Laurent and Rendl (2003).

8.1 Semidefinite approximations of polynomial
programming

Consider the following polynomial programming problem

min z
90() (5.37)
st. gp(z) >0, k=1,...,m,
where gx(x), k = 0,...,m are polynomials in z = (z1,...,2,). This is

a general problem which encompasses {0, 1} integer programming prob-
lems, since the condition z, € {0,1} can be expressed as the polynomial
equation z? —x; = 0. The importance of (5.37) is that, under some tech-
nical assumptions, this problem can be approximated by a sequence of
semidefinite programs. This result, due to Lasserre (2001), relies on the
fact that certain nonnegative polynomials can be expressed as sums of
squares (SOS)! of other polynomials. Also, see Nesterov (2000), Parrilo
(2003), and Shor (1998) for using SOS representations of polynomials
for approximating (5.37).

We give a brief overview of some of the main ideas underlying this
approach. For ease of exposition we shall confine our attention to the
unconstrained problem

¢" = min{g(z),z € R"} (5.38)

where without loss of generality we assume g(z) is a polynomial of even
degree 2d. Let
2 2 2 2d 2d
1,21, %9, ..., Tn, TT, Z1T2, « .o, T1Tpy, Ty TALZy « vy Tiry e vy LT ooy T

be a basis for g(z). Let

Soy = _{oz €2l Zai < 2d}a
i

1 This is not to be confused with specially ordered sets commonly used in integer programming,.
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and let s(2d) = |Saq|. The above basis can then be conveniently rep-
resented as {z%}, a € S We write g(x) = 3° g, Ta?®, with 2% =
s xd? . x9n where v = {v,} € R%?? is the coefficient vector of g(z)

in the basis. Then problem (5.38) can also be written as
g" = max{A s.t. g(x) — A >0, Vz € R"}. (5.39)

This problem encompasses integer and non-convex optimization prob-
lems, and consequently is NP hard. However, lower bounds on g*
can be obtained by considering sufficient conditions for the polynomial
g(x) = A > 0 on R™. One such requirement is that g(z) — A be express-
ible as a sum of squares of polynomials, i.e., have an SOS representation.
Thus,

g" > max{A s.t. g(z) — A has an SOS representation}. (5.40)

Problem (5.40) can be expressed as a semidefinite program. To see
this, let z = {*} with o« € Sy be the basis vector consisting of all
monomials of degree < d. Then one can easily verify that g(x) has
an SOS representation if and only if g(z) = 27Xz for some positive
semidefinite matrix X. For v € Sy, let

By= Y Eag,

a,B€5q

a+B=y
where L, g is the elementary matrix with all zero entries except entries
1 at positions («, §) and (3, ). Using this we have:

2TXz = z Xa,gxaﬂi,
a,B€S,

=Y 2" ) Xag,

v€S24 €Sy,
a+p=y

= ) 27(ByeX).

YES2a

Assuming the constant term gg in the polynomial g(z) is zero, and com-
paring coefficients in g(z) — A =3 cq  27(By ¢ X) for v = 0, we have
A = —DBjy e X. Hence, one can equivalently write (5.40) as the following
SDP

max — By e X

st. Bye X =g,, € Syu\{0}, (5.41)

X =0,
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with dual
min Z Galo
G52 (5.42)
s.t. Z Baya = 0.
a€Say

The dual (5.42) has an equivalent interpretation in the theory of mo-
ments, and forms the basis for the original approach of Lasserre (2001).
Another advantage of this dual approach of Lasserre (2001), over the
primal approach of Parrilo (2003), is that it also yields certificates en-
suring that an optimal solution is attained in the series of relaxations,
and also gives a mechanism for extracting these solutions (see Henrion
and Lasserre, 2003b).

In general for a polynomial with even degree 2d in n variables, the

n+d

SDP (5.41) has (n;dgd) constraints, where X is a matrix in S, The
lower bound from (5.41) is equal to g* if the polynomial g(z) — A has an
SOS representation; this is true for n = 1, but not in general if n > 2. In
such cases, one can estimate g* asymptotically by a sequence of SDPs,
if one assumes that an upper bound R is known a priori on the norm
of a global minimizer x of g(x) (Lasserre, 2001), by using a theorem
of Putinar (1993) for SOS representations of the positive polynomial
g(xz) — A+ € on the set {z : ||z|| < R}. This gives a sequence of SDP
approximations, whose objective values asymptotically converge to g*. A
similar approach has been adopted by Lasserre (2001) for the constrained
case (5.37).

In the {0,1} case, when the constraints z? — z; = 0 are part of the
polynomials in the constraint set, Lasserre (2002) shows there is finite
convergence in n steps. Laurent (2003) shows that the Lassere approach
is actually a strengthened version of the Sherali and Adams (1990) lift
and project procedure, and since the latter scheme converges in at most
n steps so does the above approach. Other lift and project methods in-
clude Lovész and Schrijver (1991), and Balas et al. (1993) in the context
of estimating the convex hull of the feasible set of {0,1} programming
problems, and the successive convex approximations to non-convex sets
introduced in Kojima and Tuncel (2000). We also refer the reader to
Laurent (2003), and the recent survey by Laurent and Rendl (2003) for
a comparison of these various approaches. Finally, MATLAB code based
on-the above approach have been developed by Prajna et al. (2002) and
Henrion and Lasserre (2003a).
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8.2 Copositive formulations of IP and SDP
approximations of copositive programs

As another instance of convex approximations to integer program-
ming, we consider the problem of finding the stability number of a
graph. This problem can be expressed as a copositive program (Quist
et al., 1998; Bomze et al., 2000), that is a convex optimization prob-
lem. Recently, De Klerk and Pasechnik (2002) apply the technique of
approximating the copositive cone through a series of semidefinite ap-
proximations introduced by Parrilo (2003), and use this to estimate the
stability number of the graph to any degree of accuracy. We present a
brief overview of their approach in this section.

The stability number of a graph G = (V| F), denoted by «(G), can be
expressed as the solution to a copositive programming problem (Quist
et al., 1998); this is based on an earlier representation of «(G) due to
Motzkin and Strauss (1965) that amounts to minimizing a particular
quadratic function over the simplex. This copositive program (5.43) is
given by:

min A
st. S=AM+yA—eel, (5.43)
S eC,,
with dual
max eel e X
R =1
st feX =1, (5.44)
Ae X =0,
X =0,

where A,y € R, e is the all-ones vector, A is the adjacency matrix of
the graph G = (V,E), and C, = {X € §" : d'Xd > 0,¥d > 0} is
the set of n X n symmetric copositive matrices. The problem (5.43) is
not solvable in polynomial time since the decision problem whether a
matrix is copositive or not is NP-hard (Murthy and Kabadi, 1987). In
fact, De Klerk and Pasechnik (2002) show that the equality constraints
in (5.44) can be combined together as (A + I) ¢ X = 1. Thus, we can
drop the additional variable y in (5.43), and rewrite the slack matrix as
S=XI+A4)—ee.

A sufficient condition for a matrix M to be copositive is M »= 0. In
fact, setting S = 0 in (5.43) gives a constrained version of (5.45) which
represents the Lovdsz theta function (see Lovész, 1979; Grotschel et al.,
1993) and is given by
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min A
st S=M+ Yy - e, (5.45)
{i,j}€F
S = 0.

Here E;; € S™ is the elementary matrix with all zero entries, except
entries 1 in positions (i, 7) and (j,4), corresponding to edge {4, j} in the
graph. In the search for stronger sufficient conditions for copositivity,
Parrilo (2003, 2000) proposes approximating the copositive cone using
SOS representations of polynomials. To see this, note that a matrix
M € G, if and only if the polynomial

n
gum(x) = Z mef:z:?
ig=1

is nonnegative on R™. 'Therefore, a sufficient condition for M to be
copositive is that gas(z) has an SOS representation, or more generally the
polynomial ga (z)(3 1., z?)" has an SOS representation for some integer
r 2> 0. In fact a theorem due to Polya suggests that M is copositive,
then gp(z)(3-i; 22)" has an SOS representation for some 7. An upper
bound on r is given by Powers and Reznick (2001).

Let K7, to be the set of symmetric matrices for which gas(z)(30 | 2)"
has an SOS representation. We then have the following hierarchy of
approximations to Cy.

STCK)C...
C Kl =C,. (5.46)

For each K7, one can defihe the parameter
F(G)=min A st. M +yA—eel € K7, (5.47)

where v"(G) = «(G) for some r. It was remarked in Section 8.1 that
the SOS requirement on a polynomial can be written as a semidefinite
program, and so (5.47) represents a hierarchy of semidefinite programs,
whose objective values eventually converge to the stability number of the
graph. Parrilo (2003) gives explicit SDP representations for K, » = 0, 1.
For instance S € KU, if and only if S = P+N, for P = 0, and N > 0. For
the stable set problem, this first lifting gives the Schrijver formulation
(Schrijver, 1979) of the Lovédsz theta function. In particular, using the
estimate in Powers and Reznick (2001), De Klerk and Pasechnik (2002)
show that
o(G) = 7' (G)], ifr = a¥(G).
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One obtains the same result by applying the hierarchy of SDP ap-
proximations due to Lasserre (discussed in Section 8.1) on the original
Motzkin and Strauss (1965) formulation for the maximum stable set
problem. In fact, De Klerk et al. (2004a) have shown that the copos-
itive programming approach mentioned in this section and polynomial
programming approach of Section 8.1 are equivalent for the problem of
minimizing a quadratic function over the simplex (standard quadratic
programming problem).

Recently, Bomze and De Klerk (2002) developed the first polynomial
time approximation scheme (PTAS) for the standard quadratic program-
ming problem, by applying a similar technique of LP and SDP approx-
imations to the copositive cone. A good account also appears in the
recent survey by De Klerk (2002).

As of now, copositive programming has only been applied to the stan-
dard quadratic programming problem De Klerk (2003). It is therefore
interesting to speculate on other classes of problems that can be mod-
elled as copositive programs,

9. Conclusions

We have presented an overview of some of the most recent develop-
ments in IPMs for solving various combinatorial optimization problems.
IPMs are adapted in a number of ways to solving the underlying dis-
crete problem; directly via a potential reduction approach in Section 2,
in conjunction with an oracle in a cutting plane approach in Section 3, or
applied to SDP relaxations or other convex reformulations of these prob-
lems as discussed in Sections 6 and 8. SDP is a major tool in continuous
approaches to combinatorial problems, and IPMs of Section 4 can also
be used in conjunction with ingenious randomized rounding schemes to
generate solutions for various combinatorial optimization problems with
provable performance guarantees. This was the topic of Section 7.

We conclude with a summary of some of the important issues, and
open problems in the topics discussed:

(1) The interior point cutting plane methods of Section 3, especially
ACCPM, and its variants have been applied to solve a variety of
convex optimization problems with some degree of practical success.
It is interesting to speculate whether ACCPM is indeed a polyno-
mial time solution procedure for the convex feasibility problem. The
volumetric center IPM on the other hand has the best complexity
among cutting plane methods which is provably optimal, and has
rendered the classical ellipsoid algorithm obsolete. Recent work by
Anstreicher (1999) has considerably improved the constants involved
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(2)

in the analysis of the algorithm, and it would be interesting to con-
sider practical implementations of this algorithm in the near future.
The primal-dual IPMs described in Section 4.2 are indeed the algo-
rithms of choice for SDP; however as of now they are fairly limited
in the size of problems they can handle in computational practice.
The ability of future IPMs to handle large SDPs will depend to a
great extent on the design of good pre-conditioners (see Toh, 2003;
Toh and Kojima, 2002), that are required in an iterative method to
solve the normal system of equations. On the other hand, the first
order approaches discussed in Section 5 exploit the structure in the
underlying SDP problem, and are consequently able to solve larger
problems; albeit to a limited accuracy.

On the theoretical side, the complexity of the semidefinite feasibility
problem (SDFP) discussed in Section 4.1 is still an open problem.
There have been several applications of SDP to hard discrete opti-
mization problems as discussed in Section 7 of this survey. However,
to the best of our knowledge, there have been relatively few appli-
cations of second order cone programming (SOCP) in combinatorial
optimization. In this regard we note the work of Kim and Kojima
(2001) and Muramatsu and Suzuki (2002). An open question is
whether one could develop good approximation algorithms for com-
binatorial optimization using SOCP relaxations of the underlying
problem, since the SOCP can be solved more quickly than SDP us-
ing IPMs.

An important issue in the branch and cut approaches discussed in
Section 6 is that of restarting the new relaxation with a strictly
interior point after branching, or the addition of cutting planes. In
this regard, it is interesting to consider dual analogues of the primal
active set approaches investigated in Krishnan et al. (2004), which
conceivably (like the dual simplex method for LP) could be employed
for re-optimization.

One of the major applications of the SDP is its use in develop-
ing approximation algorithms for various combinatorial optimiza-
tion problems as discussed in Section 7. In many cases, such as
the MAX 3 SAT problem, the SDP in conjunction with rounding
schemes provides the tightest possible approximation algorithms for
these problems unless P = NP. Recently, there has been renewed
interest in SDP approximations to polynomial and copositive pro-
gramming, which are provably exact in the limit. We discussed some
of these ideas in Section 8. Although, there are a variety of problems
that can be modelled as polynomial programs, the situation with re-
spect to copositive programming is far less clear. In this regard it
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is interesting to speculate on the classes of problems, that can be
written as copositive programs.
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Chapter 6

BALANCING MIXED-MODEL
SUPPLY CHAINS

Wieslaw Kubiak

Abstract  This chapter studies balancing lean, mixed-model supply chains. These
supply chains respond to customers’ demand by setting rates for deliv-
ery of each model and pull supplies for model production from upstream
suppliers whenever needed. The chapter discusses algorithms for ob-
taining balanced model delivery sequences as well as suppliers option
delivery and productions sequences. It discusses various factors that
shape these sequences. The chapter also explores some insights into the
structure and complexity of the sequences gained through the concept of
balanced words developed in word combinatorics. The chapter discusses
open problems and further research.

1. Introduction

Benchmark supply chains offer their members a sustainable compet-
itive advantage through difficult to replicate business processes. The
growing awareness of this fact has made supply chains the main focus
of successful strategies for an increasing number of business enterprises,
see Shapiro (2001), Bowersox et al. (2002) and Simchi-Levi et al. (2003).

The main insight gained through preliminary research on supply
chains is that information sharing between different nodes of a chain
counteracts harmful effects of unbalanced and unsynchronized supply
and demand in the chain (Lee et al., 1997). This shared information
includes both demand and production patterns as well as, though less
often, capacity constraints. Improved balance of supply and demand in
the chain achieved by sharing information reduces inventories and short-
ages throughout the chain and consequently allows the chain members
to benefit from lower costs.

A mized-model supply chain is intended to deliver a large number of
customized models of a product (for example a car or a PC computer)
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to customers. Each model is differentiated from other models by its
option and supplier content. The main objective of such chain is to
keep the supply of each model as close to its demand as possible. For
instance, if the chain is to supply three models a, b and ¢ such that
the demand for a is 50%, for b 30%, and for ¢ the remaining 20% of the
total demand for the product, then the chain should ideally produce and
deliver each model at the rates 0.5, 0.3 and 0.2, respectively. This has
reportedly been the main goal of many benchmark lean, mixed-model
supply chains, see for example an excellent account of Toyota just-in-
time supply chain by Monden (1998). Accordingly, the chain sets its
model delivery sequence, that is the order in which it intends to deliver
the models to its customers, to follow the rate of demand for each model
as closely as possible at any moment during the sequence time horizon.
By doing so the chain satisfies the customer demands for a variety of
models without holding large inventories or incurring large shortages of
the models.

Due to the “pull” synchronization of lean supply chains, once the model
delivery sequence is fixed at the final (or model) level of the chain, the
option delivery sequences at all other levels are also inherently fixed.
Consequently, suppliers have to precisely follow the delivery sequence
of each option they deliver to the next level of the chain. The model
delivery sequence is thus a pace-maker for the whole chain. The supply
chain pace is set by the external demand through the demand rates for
various models and the model delivery sequences are designed so that
the actual rates deviate from these rates only minimally. Since the model
delivery sequence is discrete not continuous there always will be some
deviation from demand rates. Furthermore, since this pace is set for the
chain according to external demand rates, it is generally independent
of the internal capacity constraints of supply chain. These capacity
constraints, unfortunately, distort the delivery sequence. For instance,
to address capacity constraints at a supplier node the model delivery
sequence may be set so that models supplied by the supplier be paced at
the rate 1:10, meaning at most one out of each 10 models in the sequence
should be supplied by the supplier.

These two main factors, external demand rates and internal capacity
constraints, shape the model delivery sequence so that it features dif-
ferent models evenly spread throughout the sequence. This form of the
sequence, however, may remain at odds with the most desirable supplier
production sequence. The latter’s goal, being upstream the supply chain,
is often to take advantage of the economies of scale by reducing setup
costs incurred by frequent switching production from one option to an-
other. The supplier prefers long runs or batches over short passed from
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the model level. The model level being closer to customer can hardly
afford the luxury of long production runs. To minimize his costs the
supplier maintains some inventory of finished options that allows him to
batch together few orders of the same option. Therefore, the supplier
needs to decide which orders to batch and how to schedule the batches
to meet all deadlines imposed by model delivery sequence and, at the
same time, to minimize the number of setups.

The chapter is organized as follows. Section 2 formally defines lean,
mixed-model supply chains. Section 3, reviews algorithms for the model
variation problem which consists in generating model delivery sequences
to minimize deviations between the model demand and supply levels.
Section 5 shows how much this deviation increases for suppliers up-
stream the supply chain. Section 4 introduces and explores a link be-
tween model delivery sequences and balanced words. The latter have
been shown to minimize expected workload of resources in computing
and communication networks by Altman et al. (2000) and thus appear
promising for balancing mixed-model supply chain as well. In balanced
words the numbers of occurrences of each letter in any two of their fac-
tors of the same size differ by at most one. These words feature a number
desirable properties, for instance there is only polynomial number of dis-
tinct factors of a given size in any balanced word. However, one of the
main insights gained from the famous Frankel’s Conjecture for balanced
words is that they can only be built for very special sets of model de-
mand rates. Therefore, model delivery sequences being balanced words
are extremely rare in practice. Interestingly, it is always possible to ob-
tain a 3-balanced sequence for any set of demand rates. Section 6 shows
that the incorporation of supplier’s temporary capacity constraints into
the model delivery sequence renders the model variation problem NP-
hard in the strong sense. The section also reviews algorithms for this
extended problem. Section 7 discusses minimization of the number of
setups in delivery feasible supplier production sequences. These produc-
tion sequences can be converted into required delivery sequences with
the use of an inventory buffer of limited size. We show that obtain-
ing such sequences with minimum number of setups is NP-hard in the
strong sense. However, we prove that for fixed buffer size this can be
done in polynomial time. Finally, Section 8 gives concluding remarks
and directions for further research.

2. Lean, mixed-model supply chains

A mixed-model supply chain has a set {0,1,...,S} of suppliers. The
supplier s offers supplies from its list S = {(s,1),...,(s,ns)} of ng
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supplies. The supplies of different suppliers are connected by directed
arcs as follows. There is an arc from (s;,p) to (s;,¢) if and only if s; asks
s; to supply g for its p. The arc ((s;,p), (4, q)) is weighted by the number
(or amount) of ¢ needed for a unit of p. The set of supplies Uf:o Ss and
the set of arcs A between supplies make up a weighted, acyclic digraph.
Without loss of generality we shall assume that s; < s; for any arc
((s4,p), (55,q)) in this graph. The supplies So = {(0,1),...,(0,n0)} at
Level 1 will be called models. For simplicity, we denote model (0, j) by
j and the number of models ng by n. To avoid duplicates in the supply
chain, we assume that any two nodes of the digraph have different out-
sets and no node has out-degree 1. In fact we assume that the digraphs
are multistage digraphs, as virtually all supply chains appear to have
this structure simplifying feature, see Shapiro (2001); Bowersox et al.
(2002), and Simchi-Levi et al. (2003).

Each path p from model m to (s,i) represents a demand for (s,1)
originating from m. The size of this demand is the product of all weights
along the path. Therefore, the total demand for (s,) originating from
m is the sum of path demands over all paths from m to (s,i). For
instance, in Figure 6.1, there are two paths from model 1 to (4,1) both
with weight 1, therefore the total demand for (4, 1) originating from 1
equals 2. Each supplier s aggregates its demand over all supplies on its
list Ss. For supplier 4 the demand originating from model 1 is (112), from
model 2, (12233), and from model 3, (233). In our notation, supply ¢ for
a given model is listed the number of times equal to the unit demand for
i originating from the model. Each of these lists will be referred to as a
kit to emphasize the fact that suppliers do not deliver an individual part
or a subassembly required by models but rather a complete collection
required by the model, a common practice in manufacturing (Bowersox
et al., 2002). Thus, model 1 needs the entire kit (112) from supplier 4
rather than two 1’s and one 2 delivered separately. We shall also refer
to kit as option. Notice that a model may require at most one kit from
a supplier. The supplier content of models is defined by an n by S + 1
matrix C, where C;s = 1 if model i requires a kit (option) from supplier
s and C;s = 0 otherwise.

We assume that the supply chain operates in a pull mode. That is any
supply at a higher level is drawn as needed by a lower level. Therefore, it
is a sequence of models at Level I that determines the delivery sequence
of each supplier at every level higher than 1 (upstream) and the supplier
must exactly follow this delivery sequence. For instance a sequence of
models 1231121321 at Level I results in the option delivery sequence

(12)(1)(12)(12)(1)(12)(1)(12)
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Level 1

Level 2

Level 3

Figure 6.1. Mixed-model supply chain with three levels and five suppliers (or chain
nodes): one at Level 1 supplying three models, two at Level 2, and two at Level 3.

for supplier 1 at Level 2, and the option delivery sequence
(112)(12233)(233)(112)(112)(12233)(112)(233)(12233)(112)

for supplier 4 at Level 3. The demand for model j is denoted by d; and
assumed given. The demand for any other supply can easily be derived
from demand for models and the option content of each model.

3. The model rate variation problem

This section formulates the model variation problem and presents al-
gorithms for its solution. For models 1,...,n of a product with their
positive integer demands dy,...,d, during a time horizon, for instance
a daily, a weekly or a monthly demand, the demand rate for model 7
is defined as the ratio r; = d;/D, where D = Y ' | d;. We require the
actual delivery level of each model to remain as close as possible to the
ideal level, rik, k = 1,..., D, at any moment k during the time hori-
zon. Conveniently, the rates sum up to 1 and consequently can be also
looked at as the probabilities of a discrete probability distribution over
models in a possible stochastic analysis of the chains, however, we shall
not proceed with this analysis here leaving it for further research.

Figure 6.2 illustrates the problem for an instance with model a pro-
duced along with two other models b and ¢. In the example, the demands
for models a, b and ¢ are d, = 5, dy = 3, and d, = 2, respectively. Con-
sequently, the demand rates for the three models are r, = 0.5, rp = 0.3,
and r, = 0.2. The ideal delivery level for o is set by the straight line
0.5k in Figure 6.2. For convenience, we assume that k takes on real val-
ues in the interval [0, D}. The actual delivery levels, on the other hand,



164 GRAPH THEORY AND COMBINATORIAL OPTIMIZATION

Figure 6.2. The target 0.5k line and the actual delivery level for model a with its
copies in positions 1, 4, 6, 7 and 10 of the delivery sequence.

depend on the sequence in which models a, b and ¢ are delivered. Here,
for instance,we assume the following delivery sequence

abcabaachba.

This sequence keeps delivery levels for all models simultaneously within 1
unit of their respective target levels, as the reader can easily be convinced
by Figure 6.2 for model a.

Following Monden (1998); Miltenburg (1989), and Kubiak (1993) we
shall formulate the problem as the problem of minimizing the {otal de-
viation of the actual delivery levels from the target levels as follows.

Let f1,..., fn be n convex and symmetric functions of a single vari-
able, the deviation, all assuming minimum 0 at 0. Find a sequence
S = s1,...,8p, of models 1,...,n, where model ¢ occurs exactly d;

times that minimizes the following objective function,

mn

D
F($) =YY" filzu —rik), (6.1)

=1 k=1

where z;, the number of model 7 occurrences (or the number of model 1
copies) in the prefix s1,...,s; of 5.

An optimal solution to this problem can be found by reducing the
problem to the assignment problem (Kubiak and Sethi, 1991, 1994).
The main idea behind this reduction is as follows. We define Z! =
[(25 — 1)/2r;] as the ideal position for the jth copy of model 7. Though
sequencing the copies in their ideal positions minimizes F(5), it is likely
infeasible since more than one copy may compete for the same position,
which can only be occupied by one copy. Therefore, we need to resolve
the competition in an optimal fashion so to minimize F'(S). Fortunately,
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this can be done efficiently by solving an assignment problem, which we
now define.

Let X = {(4,4,k) |t=1,...,n;5 = 1,...,d;sk = 1,...,D}. Define
cost C’;.,C > 0 for (4,7, k) € X as follows:

Zi-1 . )
SCile ¥y ifk<Z

=140, - ifk=2Z] (6.2)
g%%bﬁk>@,

where for symmetric functions f;, Z; = [(2j—1)/2r;] is the ideal position
for the jth copy of product 4, and

Vi =1fi0 —lr)) = fi(G— 1 =)
_ fi('j—lm)—fi(j——l,——lﬂ), ?fl<Zjlj, (63)
fiG=1=1r) = fi(G —1n), 12 Z}

Notice that the point (2j—1)/2r; is the crossing point of f;(j —1—kr;)
and fi(j —kri), j=1,...,d;. ‘

Let S C X, we define V(S) = 37, ;115 Cjp, and call S feasible if it
satisfies the following three constraints:

(A) For each k, k = 1,...,D, there is exactly one pair (i,j), i =
L,...,n; 7=1,...,d; such that (i,7,k) € S.

(B) For each pair (i,7),1=1,...,n;j =1,...,d;, there is exactly one
k, k=1,...,D, such that (¢,5,k) € S.

(C) I (4,4,k), (4,5 k') € S and k < K'. then j < j'.

Constraints (A) and (B) are the well known assignment problem con-
straints, constraints (C) impose an order on copies of a product and will
be elaborated upon later.

Consider any set S of D triples (i, 7, k) satisfying (A), (B), and (C).
Let a(S) = a(S):,...,a(S)p, where a(S)y = ¢ if (i,7,k) € S for some
J, be a sequence corresponding to S. By (A) and (B) sequence a(S) is
feasible for dy, ..., d,. The following theorem ties F'{a(S)) and V() for
any feasible S.

THEOREM 6.1 We have

n D

F(a($)) = V(S)+ >} inf filj = k). (6.4)

i=1 k=1

Proof. See Kubiak and Sethi (1994). O
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Notice that >_7 , Z,?Zlinfj fi(j — kr;) in (6.4) is constant, that is
independent of S. An optimal set S can not be found by simply solving
the assignment problem with constraints (A) and (B), and the costs as
in (6.2), for which many efficient algorithms exist. The reason being
constraint (C), which is not of the assignment type. Informally, (C) ties
up copy j of a product with the j-th ideal position for the product and
it is necessary for Theorem 6.1 to hold. In other words, for a set §
satisfying (A) and (B) but not (C) we may generally have inequality
in (6.3). However, the following theorem remedies this problem.

THEOREM 6.2 If S satisfies (A) and (B), then S satisfying (A), (B)
and (C), and such that
V(S) > V(5"

can be constructed in O(D) steps. Furthermore, each product occupies
the same positions in «(S’) as it does in a(S).

Proof. See Kubiak and Sethi (1994). O

We have the following two useful properties of optimal solutions.
First, the set of optimal solutions &* includes cyclic solutions when-
ever functions f; are symmetric. That is, if the greatest common divisor
g = ged(dy, ..., dy) of demands dy,...,d, is greater than 1, then the
optimal solution for demands d;/g,...,d,/g repeated g times gives an
optimal solution for dy, ..., d, (Kubiak, 2003b). Second, if o € §*, then
oft € §* where ot is a mirror reflection of c.

This approach to solving the model variation problem applies to any
lp-norm (F' = ), in particular to loo-norm. In the latter case the ap-
proach minimizes maximum deviation where the objective function be-

comes
H(S) = min max filzy — k).
i,

Steiner and Yeomans (1993) considered the same absolute deviation
function, fi(wik —rik) = |2y — rik|, for all models, and suggested an al-
gorithm based on the following theorem of Steiner and Yeomans (1993);
Brauner and Crama (2001), and Kubiak (2003c).

THEOREM 6.3 If a sequence S with mazimum absolute deviation not
exceeding B exists, then copy j of model i, i=1,....nandj=1,...,d;
occupies a position in the interval [E(i, j), L(1, 7)], where

B(i, ) = P - B]

T
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and .
M@ﬂ:{llli§+q.
r;

The feasibility test for a given B is based on Glover (1967) Earliest
Due Date algorithm for testing the existence of a perfect matching in
a conver bipartite graph G. The graph G = (V3 U V5, &) is made of
the set Vi = {1,..., D} of positions and the set Vo = {(i,5) | i =
1,...,m;5 = 1,...,d;} of copies. The edge (k,(i,7)) € £ if and only
if k € [E(i,7),L(i,7)]. The algorithm assigns position k to the copy
(4,7) with the smallest value of L{i,j) among all the available copies
with (k, (i,7)) € &, if such exist. Otherwise, no sequence for B exists.
The results of Brauner and Crama (2001); Meijer (1973), and Tijdeman
(1980) show the following bounds on the optimal B*.

THEOREM 6.4 The optimal value B* satisfies the following inequalities

1|4
B*> 1=
> 1|2

fori=1,...,n, where A; = D/ gcd(d;, D) and

11
B <1- SR
= mM{DQM~D}

The quota methods of apportionment introduced by Balinski and
Young (1982), see also Balinski and Shahidi (1998), and studied by Still
(1979) proved the existence of solutions with B* < 1 already in the
seventies.

Theorem 6.4 along with the fact that the product DB* is integer
allow the binary search to find the optimum B* and the corresponding
matching by doing O(log D) tests for B.

Other efficient algorithms based on the reduction to the bottleneck
assignment problem were suggested, by Kubiak (1993) and developed
by Bautista et al. (1997).

Corominas and Moreno (2003) recently observed that optimal solu-
tions for the total deviation problem may result in maximum devia-
tion being greater than 1 for some instances, they give n = 6 models
di = ds = 23, and d3 = dy = d5 = dg = 1 as an example. However,
it is worth noticing that a large computational study, Kovalyov et al.
(2001), tested 100,000 randomly selected instances always finding that
optimal solution to the total absolute deviation problem have maximum
absolute deviation less or equal 1, which indicates that most solutions
minimizing total deviation will have maximum deviation B < 1.
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4. Balanced words and model delivery sequences

This section explores some insights into the solutions to the model
rate variation problem gained from combinatorics on words. We use the
terminology and the notation borrowed from this area which we now
briefly review as they will be also used in the following sections.

The models {1,...,n} will be viewed as the letters of a finite alphabet
A= {1,...,n}. We consider both finite and infinite words over A. A
solution to the model variation problem will then be viewed a finite word
of length D on A, where the letter ¢ occurs exactly d; times. This word
can be concatenated ad infinitum to obtain a periodic, infinite word on
A. We write S = s189..., where s; € A is the i-th letter of S. The index
i will be called the position of the letter s; in the word s. A factor of
length (size) b > 0 of S is word « such that z = s; ... s;4p—1. The length
of word z is denoted by |z|. The empty word is the word of length 0. If
z is a factor of a word, then |z|; denotes the number of i’s in z.

We recall from Section 3 that sequencing copy j of model i in its
ideal position [(2j — 1)/2r;] minimizes both the total deviation and the
maximum deviation, however, leads to an infeasible solution whenever
more than one copy competes for the same ideal position in the sequence.
The algorithms discussed in Section 3 show how to efficiently resolve
the conflicts so that the outcome is an optimal sequence, minimizing
either total or maximum deviations. Let us now drop the ceiling in the
definition of ideal positions and consider an infinite, periodic sequence of
numbers (27 —1)/2r; = jD/d;— D/2d; = (j—1)D/d;+ D/2d;. We build
an infinite word on A using these numbers as follows. Label the points
{(j=1)D/d;+D/2d;,j € N} by the letter i. Consider |J;,{(j—1)D/d;+
D/2d;, j € N} and the corresponding sequence of labels. Each time there
is a tie we chose i over j whenever ¢ < j. Notice that here higher priority
is always given to a lower index whenever a conflict needs to be settled.
This way we obtain what Vuillon (2003) refers to as an hypercubic billiard
word with angle vector o = (D/dy,D/dy, ..., D/d,) and starting point
B = (D/2d1,D/2dy,...,D/2d,). Vuillon (2003) proves the following
theorem.

THEOREM 6.5 Let x be an infinite hypercubic billiard word in dimension
n of angle a and starting point 5. Then x is (n — 1)-balanced.

The c-balanced words, ¢ > 0, are defined as follows.

DEFINITION 6.1 (¢c-BALANCED WORD) A c-balanced word on alphabet
{1,2,...,n} is an infinite sequence S = $182... such that

(1) s; €{1,2,...,n} forall j €N, and
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(2) if x and y are two factors of S of the same size, then Hm\z— ]ym <,
foralli=1,2,...,n.

Theorem 6.5 shows that the priority based conflict resolution applied
whenever there is a competition for an ideal position results in ¢ being
almost of the size of the alphabet, in fact 1 less than this size. However,
Jost (2003) proves that the conflict resolution provided by any algorithm
minimizing maximum deviation leads to ¢ being constant. He proves the
following theorem.

THEOREM 6.6 For a word S obtained by infinitely repeating o sequence
with mazimum deviation B for n models with demands dy, ..., d,. We
have:

e IfB< %, then S is 1-balanced.

e [fB< %, then S is 2-balanced.
e [f B <1, then S is 3- balanced.

For instance, the infinite word generated by the word

abcabaacha

is 2-balanced as its maximum deviation equals + but not 1-balanced,

factors bc and aa differ by 2 on the latter a. ’

The opposite claim does not hold, for instance, any sequence for n
models with their demands all equal 1 is a 1-balanced word though its
maximum deviation equals 1 —1/n, and thus greater than half for n > 3.
It remains an open question to show whether or not there always is a
2-balanced word for any given set of demands dy,...,d,.

In the hierarchy of balanced words, the 1-balanced words, or just bal-
anced words, have attracted most attention thus far, see Vuillon (2003);
Altman et al. (2000) and Tijdeman (2000) for review of recent results
on balanced words. Berthé and Tijdeman (2002) observe that the num-
ber of balanced words of length m is bounded by a polynomial of m,
which makes the balanced words very rare. The polynomial complexity
of balanced words would reduce a number of possible delivery sequences
through the supply chain which could have obvious advantages for their
management, as well balanced words would optimally balance suppliers
workload according to the results of Altman et al. (2000). However, bal-
anced words turn out to be out of reach in practice. Indeed, according to
Frankel’s conjecture, Altman et al. (2000) and Tijdeman (2000), there
is only one such word on n letter alphabet with distinct densities.

CONJECTURE 6.1 (FRAENKEL’S CONJECTURE) There exists a periodic,

balanced word on m > 3 letters with rates ry < 19 < -+ < 1y if and only
if ry = 2071/(20 = 1).
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Though this conjecture remains open, a simpler one for periodic, sym-
metric and balanced words has recently been proven by Kubiak (2003a),
see also Brauner et al. (2002), which indicates that the balanced words
will indeed be very rare generally and as the solutions to the model rate
variation problem in particular.

THEOREM 6.7 (FRAENKEL'S SYMMETRIC CASE) There erists a peri-
odic, symmetric and balanced word onn > 3 letters with rates 71 < 19 <
<o+ < Ty, if and only if the rates verify r; = 271/(2% —1).

Theorem 6.4 shows that there always is an optimal solution with B <
1, and the Theorem 6.6 shows that such solutions are 3-balanced. These
two ensure that 3-balanced words can be obtained for any set of demands
dy,...,d,. However, Berthé and Tijdeman (2002) observe the number
of c-balanced words of length m is ezponential in m for any ¢ > 1.

5. Option delivery sequences

A supplier s option delivery sequence can be readily obtained from the
model delivery sequence S and the supplier content matrix C by deleting
from S all models i not supplied by s, that is those with C;s = 0. This
deletion increases deviation between the ideal and actual option delivery
levels for suppliers as we show in this section. Let us first introduce some
necessary notation.

o A; C{l,...,n}—the subset of models supplied by s.

o Ay C A;—the subset of models requiring option j of supplier s.
¢ Tsj = ZmeAsj dm/ Y ome a, dm-

® TAy = (Zme/}sj dm)/D = ZmeAsj T'm.

® T4 = (ZmeAs dm)/D = ZmeAs Tm-

We notice that
TAs;

rA,

First, we investigate the maximum deviation in the option delivery se-
quence of supplier s. Supplier s has total derived demand D=3} 1 di,
and the derived demand for its option j equals dgj = >, ¢ A dm.
model delivery sequence S with @, copies of model m out of first k
copies delivered results in actual total derived demand ) . A, Tmk for
supplier s out of which )~ Ayj Tk is demand for option j of s. There-
fore, the maximum deviation for the option delivery sequence of supplier

s equals
Z Tk — Tsj Z Tk

MEA;; mEAs

Tsj =

. (6.5)

max
3k
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However, for S with maximum deviation B* we have
krpm — B* < o < kry, + B* (6.6)

for any model m and k, and consequently

]W'Asj — |As'j|B* < Z Tk < /{}TAS]. + ’A3j|B*

mEASj
and
kra, — [AoB* < Y @ < kra, + |As| B,
meAg
Thus,

Z Tmk = Kra,; T €4,;,
mEAsj

where [e4,,| < |Ag;|B* and

> Tk = kra, +ea,,
meA;
where |ea,| < |Aq|B*.
Therefore, (6.5) becomes

maxtkrAs. — = (kra, +e€a,) +ea,, (6.7)
ik ! J A, E s s7
or -
|—Zea, —€a,,l- 6.8
max | e, €41 (6.8)

Notice that in fact both €4, and €4,; depend on k. Obviously,

€As = €A\ Ay +6Asj'
Thus,

max
3ok

TAsj rAsj
—€ =1 €A
TAs As\As, ( TAs *

< max{ry [ Au|B* + (1 = 2r)| Ayl B} (69)

but, since [Ag;] < |As] and 1 —2rg; <1 —r,;, we have
rsjlAsl + (1 = 2rg;)|Agsi < Al
Finally,

Z Imk — Tsj Z Imk

kGAs]‘ meEAs

max
gk

< |A4|B. (6.10)
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We have just proved the following theorem.

THEOREM 6.8 The maximum deviation of the option delivery sequence
for supplier s who supplies |Aq| different models out of n produced may
increase |Ag| times in comparison with the mazimum deviation of the
model delivery sequence.

Theorems 6.4 and 6.6 show that the model delivery sequence minimiz-
ing maximum deviation are 3-balanced. However, Theorem 6.8 proves
that the maximum deviation of the option delivery sequence of supplier s
grows proportionally to the number of models s supplies. Therefore, the
option delivery sequence becomes less balanced. We have the following
result.

THEOREM 6.9 The option delivery sequence for supplier s is |4|As|B* |-
balanced.

Proof. For supplier s consider k and ka, A > 1 such that between k& and
ka there are exactly A copies of models requiring some option from s.

That is
Z Tmka — Z Tk = A.

meEAs meA;
We then have
_|ASIB* < Z Ik — Tsj Z Tk < |As|B*a

kGASj meA;

and
”‘|AS|B* < Z Tmka — Tsj Z Tmka < |A8|B*a
ke Ay meA,

which results in

—2|A4|B* < Z Tonks — Z Tk — TsjA < 2|/ Ag| B*
keAsj ]CEAS]‘

for each k. Therefore, the numbers of option j occurrences in any two
supplier s delivery subsequences of length A differ by at most |4]|As|B*].
O

6. Temporal supplier capacity constraints

Thus far, we have required that the model deliver sequence S keeps up
with the demand rates for models but ignored the capacity constraints of
suppliers in a supply chain. This may render S difficult to implement in
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the chain since S may temporarily impose too much strain on supplier’s
resources by setting too high a temporal delivery pace for their options.
This section addresses this temporal suppliers capacity constraints. We
assume that supplier s is a subject to a capacity constraint in the form
Ps ¢ ¢s, which means that at most ps models of S in each consecutive
sequence of ¢; models of § may need options supplied by s. The problem
consists in finding a sequence S of length D over models {1,...,n} where
i occurs exactly d; times and which respects capacity constraints for each
supplier s. Clearly, in order for a feasible model sequence S to exist the
capacity constraints must satisfy the condition D/qsps > 3¢ (i:5,;=1} d;
for all s, otherwise the demands d; for models will not be met. For
instance, in the example from Table 6.1 demand for supplier 4 equals 6
which is less than 11 -2/3, with 2 : 3 capacity constraint for supplier 2.
Table 6.2 presents a feasible sequence for this example.

We now prove that the problem to decide whether or not there is a
model delivery sequence that respects suppliers capacity constraints is
NP-complete in the strong sense. This holds even if all suppliers have
the same capacity constraints 1 : o for some positive integer «, that is
for each supplier s at most 1 in each consecutive o models of the model
deliver sequence may require an option delivered by s. We refer to the
problem as temporal supplier capacity problem. We have the following
theorem.

Table 6.1. An instance of the temporary supplier capacity problem.

supplier  capacity models

1 2 3 4 5 6

1 2:3 1 0 0 0 1 1

2 2:3 0o 0 I 1t 0 1

3 1:2 1 0 0 0 1 O

4 3:5 1 1. 0 1 0 O

5 2:5 0 01 0 0 O
demands 2 3 1 1 2 2

Table 6.2. A feasible sequence of models.

supplier sequence
2 2 1 3 5 2 2 1 4 5 6
1 o 0o 1 0 1 0 1 1 0 1 1
2 ¢ 0 6 1 0 0 0 1 1 0 1
3 0 0o 1.0 1.0 1 0 0 1 O
4 1T r 1 0 0 1 1 0 1 0 O
5 0 o 0 1.0 0 0 0 0 0 O
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THEOREM 6.10 The temporal supplier capacity problem is strongly
NP-complete.

Proof. Our transformation is from the graph coloring problem, see Garey
and Johnson (1979). Let graph G = (V,E) and k£ > 2 make up an
instance of the graph coloring problem. Let |[V| = n and |E| = m. Take
k disjoint isomorphic copies of G, G* = (V1 EY,...,GF = (V¥ EF).
Let G = (V = Ule VEE = Ule E*) be the union of the k copies.
Now, consider an independent set S on n nodes, that is the graph § =
(N =1{1,...,n},2). Take k + 1 disjoint copies isomorphic of S, S! =
(N, 2),...,8% = (N* ). Add an edge between any two nodes of
N = Ufill Nt being in different copies of S to make a graph S = (N, X =
Ui; Vi x N;). Notice that N' ..., N**! are independent sets of N each
with cardinality n. Finally, consider a disjoint union of G and N, that is
H=GUN = (VWUN,EUZX). Clearly, the union has nk+n(k+ 1) nodes
and mk + k?n edges, and thus its size is polynomially bounded in n,m
and k and consequently polynomial in the size of the input instance of
the graph coloring problem.

Consider the node-arc incidence matrix I of graph H. In fact, its
transposition I7. The columns of IT correspond to the nodes of H and
they, in turn, correspond to models. The rows of I7 correspond to the
edges of H and they, in turn, correspond to suppliers. The demand for
each model equals one. The capacity constraint for each supplier in £ is
1: (n+1), and the capacity constraint for each supplier in X is 1 : (n+1)
as well. We shall refer to any supplier in £ as the £-supplier, and to any
supplier in X' as X-supplier.

(if ) Assume there is a coloring of G using no more than k colors.
Then, obviously, there is a coloring of G using exactly k colors. The
coloring defines a partition of V into k independent sets Wi,..., Wy.
Let I/VJZ C V' be a copy of the independent set W; inside of the copy G
of GG. Define the sets

A =WEUW2U. - AWE,
Ay=WisUWiu. . .nWF,

Ay =WiuWZu.-- . nWE,.

These sets partition set V, moreover, each of them is an independent
set of G of cardinality n. Given the sets, let us sequence them as follows

NYA|N24,. .. AR NFTL (6.11)
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To obtain a sequence of models we sequence models in each set arbitrar-
ily. Next, we observe that each set N7 is independent thus no X-supplier
is used twice by models in N7. Furthermore, there are n models with no
X-supplier between N7 and N7*!, j = 1,... k. Consequently, any two
models with an X-supplier are separated by at least n models without
this X-supplier, and therefore the sequence (6.11) respects the 1 : (n+1)
capacity constraint for each X-supplier. Finally, we observe that each
set A;, 7 =1,...,n is independent, thus no £-supplier is used twice by
models in A;. Moreover, there are n models with no X-supplier between
Al and A7t j=1,...,k—1. Thus, any two models with an E-supplier
are separated by at least n models without this £-supplier, and therefore
the sequence (6.11) respects the 1 : (n + 1) capacity constraint for each
E-supplier. Therefore, sequence (6.11) is a feasible model sequence in
the supplier capacity problem.

(only if ) Let s be a feasible sequence of models. Let us assume for
the time being that s is of the following form

S =N'M|N*M,... M N*! (6.12)

where U?Zl M; =V and |M;| =n for j =1,..., k. Consider models in
V1 and the sets
Vi=M;nVii=1,... k.

Obviously, Ule V; = V1 and the sets V; are independent. Otherwise,
there would be an edge (a,b) between some models ¢ and b of some
Vi. Then, however, the E-supplier (a,b) would be used by both a and b
models in M; of length n which would make s infeasible by violating the
1: (n+1) capacity constraint for the £-supplier (a,b). Consequently,
coloring each V; with a distinct color would provide a coloring of G!
using k colors. Since G! is an isomorphic copy of G, then the coloring
would be a required coloring of G itself.

It remains to show that a feasible sequence of the form (6.12) always
exists. To this end, let us consider the following decomposition of s into
2k + 1 subsequences of equal length n,

S=y172 . Yokt

where
Yi :S(i--l)n-l-l-nsinai: 1,...,2k+ 1, (6.13)

For each ; there is at most one N7 whose models are in ;. Other-
wise, the 1 : (n + 1) constraint for some X-supplier would be violated.
Consequently, no N7 can share v;, i = 1,. .., 2k 4+ 1 with any other N,
4 # 1. However, since there are only 2k + 1 subsequences ~;, then there
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must be N7° which models completely fill in one of the subsequences Yi-
Let us denote this sequence by «v. Neither the subsequence immediately
to the left of ~, if any, nor to the right of v, if any, may include models
from Uf;r;wzl NJ. Otherwise, the 1 : (n + 1) constraint for some X-
supplier would be again violated. Consequently, there are at most 2k — 1
subsequences with models from Uf;jl* =1 NV Jin s, but this again implies
the existence of N7, j* # 7** which models completely fill in one of
the subsequences -;, say v*. Furthermore, neither the subsequence im-
mediately to the left of 4*, if any, nor to the right of 4*, if any, may
include models from U?;;Myjzl N7. By continuing this argument we
reach a conclusion that for any feasible s there is a one-to-one mapping
fof {NY,...,N*Vinto {v1,...,vers1} such that the sequence f(N?)
is made up of models from N® only, i = 1,...,k+ 1. Also, if v; and o
are mapped into then |i — j| > 2. This mapping f is only possibly if s is
of the form (6.11), which we needed to prove. a

The temporary supplier capacity problem is closely related to the car
sequencing problem. The latter was shown NP-complete in the strong
sense by an elegant transformation from the Hamiltonian path problem
by Gent (1998), though his transformation requires different capacity
constraints for different car options. The car sequencing problem is of-
ten solved by constraint programming, ILOG (2001). Drex! and Kimms
(2001) propose an integer programming model to minimize maximum
deviation from optimal positions, which is different from though re-
lated to the model variation problem discussed in Section 3, over all
sequences satisfying suppliers capacity constraints. The LP-relaxation
of their model is then solved by column generation technique to provide
lower bound which is reported tight in their computational experiments.
See also Kubiak et al. (1997) for a dynamic programming approach the
temporal supplier capacity problem.

7. Optimization of production sequence

Suppliers do not need to assume their option delivery sequence to be-
come exactly their production sequence. In fact the two may be quite
different, which leaves suppliers some room for minimization of number
of setups in their production sequence. For instance, in car industry
when it comes to supplying components of great diversity and expen-
sive to handle, an order is sent to a supplier, for example electronically,
when a car enters assembly line. The supplier then has to produce the
component, and to deliver it within a narrow time window, following the
order sequence, Guerre-Chaley et al. (1995) and Benyoucef et al. (2000).
However, if production for a local buffer is allowed, then the buffer per-
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mits permutation of production sequence to obtain the required option
delivery sequence. The options may leave the buffer in different order
than they enter it, the former being the option delivery order, the latter
the production order. The size b of the buffer limits the permutations
that can be thus obtained. The goal of the supplier is to achieve the
delivery sequence at minimal costs, in particular to find the best trade-
off between the buffer size and the number of setups in the production
sequence, Benyoucef et al. (2000).
Let us consider, for instance, an option.delivery sequence

S = ababacabaca.

This sequence, is 2-balanced (though B = 10/11) and has 11 batches
thus, by definition, the same number of setups.

A batch is a factor of S made of the same letter, which can not be
extended either to the right or to the left by the same letter. Thus, the
decomposition of S into batches is unique. The number of letters in a
batch will be referred to as the batch size and the position of the batch
last letter will be referred to as the batch deadline.

On the other hand the following production sequence

P = aaabbbccaaa,

has 4 batches only. Table 6.3 shows how a buffer of size 3 allows to
convert P into S. Therefore, a buffer of size 3 allows to reduce the
number of setups more than twice.

Though the buffer allows for the reduction of the number of setups,
it does not prevent an option from being produced too early and conse-
quently waiting in the buffer for too long for its position in §. To remedy
this undesirable effect we put a limit, e, on flow time, that is the time
between entering and leaving the buffer by an option.

We call a production sequence P (b, e)-delivery feasible, or just deliv-
ery feasible, for S if it can be converted into S by using a buffer of size
b so that the maximum flow time does not exceed e. The permutation
defined by P will be denoted by mp. We have the following lemma.

LEMMA 6.1 The production sequence P is (b, e)-delivery feasible if and
only if mp(i) - i < b and i —wp(i) <e for eachi=1,... |P|.

Proof. Assume that mp(i)—i < bandi—wp(i) < eforeachi =1,...,|P|.
The position ¢ in delivery sequence S becomes mp(i) in the production
sequence P. Thus, wp(i) is among 1,...,i+b— 1, and at the same time
among i — e + 1,...,|P|. The former ensures that the ¢ must be in the
buffer and thus ready for delivery. The latter ensures that the i waits
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Table 6.3. The build up of delivery sequence S from production sequence P using
buffer of size 3.

time delivery buffer production
1 - {%@,a,a} bbbccaaa
2 a {a,a,?} bbccaaa
3 ab {%a,a,b} becaaa
4 aba {a,?,b} ccaaa
5 abab {a b} caaa
6 ababa {b,c c} aaa
7 ababac {b,c,a} aa
8 ababaca {?,c,a} a
9 ababacab {c,a,a} -
10 ababacaba {c,-a} -

11 ababacabac {—,-,‘E} -
11 ababacabaca {-} -

no longer than e for its position in S. Thus, P is delivery feasible. Now
assume that 7p(i) — ¢ > bor i — wp(i) > e for some i = 1,...,|P|.
Consider the smallest such 7. Thus, 7p(i) —4 > b or i —wp(i) > e. Thus,
1 is not among 1,...,4 4 b — 1, thus not in the buffer and not ready for
delivery or, it is among 1,...,7 — e, thus waits in the buffer for at least
e+ 1. Thus P is not delivery feasible. O

We assume that the production sequence respects batches of S, that is
if §=s1...8,;, where $1,..., 8y, are batches in S, then the permutation
wp of options (letters) translates in a permutation o of batches such that

P =501y So(m)

7.1 The limits on setup reduction, buffer size
and flow time

In this section, we develop some bounds on the buffer size b and flow
time e, but first we investigate the limits on reduction of the number of
setups in production sequence for given buffer size b and flow time e.

THEOREM 6.11 The buffer of size b > 2 with the limit on mazimum flow
e > 2 can reduce the number of batches, and consequently the number of
setups, at most 2min{b, e} — 1 times in comparison with S.

Proof. Consider an option delivery sequence S = s; ... 8y, where s, 1 =
1,...,m, are batches of 5, and its delivery-feasible production sequence
P =s,-101y..86-1(m) = P1...p1, where [ < m and p; are batches of P,
i=1,...,0. We have o(z1) — 7 < b for all i since P is delivery feasible.
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Next, consider a batch p; = s5-1(+) ... S5-1(=44—1) Of type t in P. We
shall prove that k < 2b. By contradiction, suppose k > 2b. Then, there
are at least 2b— 1 non-t batches between o~ (i*) and o ! (i*+k—1) in S,
for there must be at least one non-t batch between any two consecutive
¢ batches s;-1(3+15) and sg-134 4541y of S, j =0,...,k —2. Then, o > 0
of them would end up in py...pj—1, and 8 > 0 in pj41...p;, where
a+ 3 =k > 2b— 1. Furthermore, all batches s1,...,8,-13+)-1 of S
must be in p1 ... pj—1. Otherwise, let a < o71(4*) be the earliest of them
to end up in pj41...p, that is o(a) > " +k > * + 20 — 1. Then all
batches s1 to s,—1 would be in p;...p;—-; and thus i* > a. Therefore,
o(a) —a>2b—1+ (i* —a) > b, which leads to a contradiction since P
is delivery-feasible. Consequently,

i* > o) + a.

Moreover, oo < b for otherwise, o(i*) —¢* = a > b and P would not
be delivery feasible. Now, consider the earliest non-t batch between ¢
batches 071(i*) and 0} (¢* + k — 1) that ends up in pj; ...p; in P. Let
it be s¢. Then,

olc)—c>+k>0c (i) +atk—c

Since there are 3 t batches among s,-1(;+) . .. 85-1(;=4—1) that follow ¢
in S, we have
o Hi*+k=8)=0c"i*"+a) > ¢

and, thus, it remains to show that
o @)+ k+a—o T Hi* +a) > b
However,
o7 i* +a) - o (i) = 2a + 11,
and thus
2a—-1+k+a=k—a—-1>k-b-1>2b-1,

which again leads to a contradiction since P is delivery-feasible, and
proves that & < 2b. That is the number of batches in P is no more than
2b — 1 times higher than in S. To complete the proof we observe that
by taking the mirror reflection of S and e instead of b we can repeat
the argument that we just presented showing that k < 2e. Therefore,
k < min{2b, 2¢}, which completes the proof. O

We now develop some bounds on the buffer size b and flow time e.
The rate-based bound on b follows from the following theorem.
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THEOREM 6.12 Any option delivery sequence S which is a c-balanced
word will keep copies of alli’s with ry > ¢ in buffer of size b at any time.

Proof. For i with demand d; there always is a factor of S of size b with
at least d;/[D/b] i’s. If d; is sufficiently large so that d;/[D/b] > ¢, then
each of the factors of size b must include at least one 7. Otherwise, there
would be one such factor 'with at least ¢ 4+ 1 i’s and at least one such
factor with none, which would lead to a contradiction for S is c-balanced.
However, 1 with d;/[D/b] > ¢ implies that

TP 2

?

O

which proves the theorem. O

Consequently, only the i’s with rates not less than § can always be

found in a factor of size b of the delivery sequence, for those i’s with

c
T < E
this cannot be ensured. The Theorem 6.12 suggests choosing b based on
a threshold rate r* by requiring that b is large enough so that all i’s with
r; > v* be always present in the buffer of size b.

Other bounds on b and e can be obtained from the well known result
of Jackson (1955) on the optimality of earliest due date sequences (EDD)
for the maximum lateness problem on a single machine. The minimum
buffer size b* required to ensure the number of batches equal the number
of options |A| is determined by the maximum lateness, denoted by Lpax,
of the EDD sequence of letters (options). The EDD sequence puts a
single batch of letter ¢ in position 4 according to the ascending order of
due dates dy < -+ < d,, where d; = f; + p; — 1 and f; is the position
of the first letter ¢ in .S and p; = |S}; is the number of ©’s in S. It is
well known, Jackson (1955), that the EDD order minimizes maximum
lateness of a set of jobs with processing times p; and due dates d; on
a single machine. Therefore, extending a deadline of each job (batch)
by Lmax will result in a sequence with no job being late. Equivalently,
the buffer of size b* = Lyax + 1 will produce a (b*, 0o)-delivery feasible
production sequence having |.A| batches. By the optimality of Lynax no
smaller buffer is able to ensure this feasibility. The minimum flow time
e* required to ensure |A| batches can be calculated similarly. To this
end, we define r; = [; — p; + 1, where [; is the position of the last letter
i in §. The earliest release date first (ERD) sequence orders a single
batch of letter 7 in position ¢ according to the ascending order of release
dates r; < --- < r,. This sequence minimizes maximum earliness Epax,
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which follows again from Jackson (1955). Therefore, reducing a release
date of each job by Fy.x will result in a sequence with no job being
started before its release dates. Equivalently, the flow e* = Eac + 1
will produce a (o0, e*)-delivery-feasible production sequence having |.A|
batches.

7.2 Complexity of the number of setups
minimization
We prove computational complexity of the number of setups mini-
mization problem subject to the (b, e)-constraint in this section.

THEOREM 6.13 The problem of obtaining a (b, e)-delivery feasible pro-
duction sequence with minimum number of setups is NP-hard in the
strong sense.

Proof. The transformation is from the 3-partition problem, Garey and
Johnson (1979). We sketch the proof for an instance with the set of 3n
elements £/ = {1,...,3n} with positive integer sizes a1, . . ., agy such that
529" a; = nB. Let us define b = ¢ = (n+1)B+n in the (b, e)-constraint,
and the option delivery sequence § as follows

1L,2L,... (n+ 1)Ln+11M12M2 e nMn(n—i— 1)R11R22 R Rn+1(n+ 1).

In S, all batches L; and R; are of the same letter (option) L and R,
respectively, and all of them of the same length B + 2. Moreover, each
M; is of length B, and all M;’s hold 3n letters corresponding to the
3n elements of A in an arbitrary but fixed order. Therefore, there are
lA| = (n+ 1) + 2+ 3n letters in S which obviously is also the minimum
possible number of batches. We show that there is a 3 partition of A if
and only if there is a (b, e)-constrained production sequence for S with
|A] batches.
(if) Let A1, ..., A, be a 3 partition, then the following sequence

L111A4,222A5333.. . nnn4,(n+1)(n+1)(n+ 1)R

has |A| batches and respects the (b, €)-constraints.

(only if ) Consider the three batches of letter i, i=1,...,n+1in S.
If the earliest of them is in position j, then the next is in position j +e
and the last in position j + 2e in S. Thus, if one wants to create one
batch for this option, then one needs to find a permutation 7 such that

m(j) =7(j+e) -1

and
m(j+2e)=7(j+e)+ 1
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Since the production sequence defined by m must be delivery feasible,
then
Im(j) —dl=r(+e)—1-j|<e
and
|w(j + 2€) — j — 2¢| = |n(j + ) + 1 — j - 2¢] < .

Thus, from the first equation we get
m(jt+e) <e+j+1

and from the second
e+j+1<w(j+e).

Consequently
m(j+e)=e+j+1

Therefore, the production sequence has the letter i in positions 7 + e,
Jj+e+1,and j+e+2. Obviously, j = (i = 1)(B+2) 4. Consequently,
letter i occupies positions (i —1)(B+2)+i+e, (i—1)(B+2)+i+e+1,
and (i — 1)(B + 2) -+ ¢ + e + 2. This pattern leaves a gap of size i(B +
D+i+l+e—((i—1)(B+2)+i+e+2)—1= B in between batches of
letter i and of letter i + 1 for other letters. These gaps, however, cannot
be filled in be either L or R since the two require long batches of size nB
in a solution with |.4| batches. Thus, the gaps can only be filled by the
short batches of letters 1,...,3n. None of them, however, can be split
as this would violate the optimality of the solution. Therefore, if letters
[, 7 and k occur in between batches of letters i and i+ 1, then

al—l—aj—i—ak:B.

Notice that by definition of the 3 partition problem the total size of any
two elements in F is less than B and the total size of any four is greater
than B. Therefore, the letters 1,...,n + 1 partition the letters 1,...,3n
into n sets with the total size of each equal B, which gives the required
3 partition. O

The problem of obtaining a (b, co)-feasible sequence that minimizes
the number of setups is NP-hard provided that S is succinctly coded as a
sequence of batches, where each batch is specified by its letter and size,
we refer the reader to Kubiak et al. (2000) for this complexity proof.
However, it remains open whether or not there is a pseudo-polynomial
time algorithm for the (b, 00)-constrained problem.
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7.3 Algorithm for minimization of the number
of setups

Consider an option delivery sequence S = s;...8,,, where s;, ¢ =
1,...,m, are batches of §, and |S| = T'. Let option (letter) i has its m;
batches in positions 41, .., ip, of S. For batch i; let its size be p;; and
its deadline d;,. Recall form the beginning of Section 7 that the size of
a batch equals the number of letters in the batch and the deadline of a
batch is the position of its last letter.

For any letter i, an optimal production sequence P merges some
batches of S into a single batch of P. The batch [j, k] of ¢ obtained
by merging batches ij,...,1; for 1 < j <k < m; has size

k
Pijj k) = Zpi“
I=j
deadline, that is the position of its last letter
difj ) = di; + Pijrip t0 -1,
and release date, that is the position of its first letter
rifih = G~ Piia) — et L

Since any batch must meet the (b, e)-constraint in P, the deadline en-
sures that the batch [4, k] is not too late for any of composing it batches
of S, whereas the release date ensures that the batch [j, k], is not too
early for any of composing it batches of S. Meeting the two simulta-
neously can only be possible if di; — pi; > 7[5 Otherwise, the batch
[7, k] can be discarded for it will never occur in a production sequence
respecting the (e, b)-constraint. From now on, we consider only feasible
candidates for batches in the production sequence.

Let (i,[j,k],s), where i = 1,...,n, feasible batch [j,k], and s =
1,...,T. We build a digraph G where a node is any triple (i, ([j, k], s)
with a possible starting point s of [, k] in the interval [ry[; &}, difj 5] In
addition, we have two nodes, start B and finish F. There is an arc be-
tween S and any (4, [4, k], s = 1), and an arc between any (i, [f, mi], s =
T — pyjjm, — 1) and the F'. Finally, there is an arc between (4, [4, k], s)
and (¢, [§', k'], ') if and only if

and
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The length of each arc starting with B is 1. The arc linking (1, [7, k], s)
with (¢, [j', k'], §'), has length 1 as it represents a setup between a batch
of ¢ and a batch of 4" which are by definition different. The length of any
arc finishing with F is 0. There are O(nm?T) nodes and O(nm*T) arcs
in G. For any path

B(il) [jla kl]) 81) o (Zm> []ma k’m]a STTL)F

from B to F', we have sy =1, s; = s-1 -+ py[j,r,), for L = 2,...,m and
$m =T = Pi, [jmkm] 0 G- Furthermore, the length of the shortest path in
g is a lower bound on the number of setups. However, the path may not
be feasible as it may pass two nodes (i, [j, k], s) and (i, [j', k], s’) with
overlapping intervals [, k] and [j/, k¥']. In order to avoid this overlap along
a path we need to keep track of the batches used in reaching a given node
v. We now describe how this can be done. For v = (4, [j, k], s) define,

o = {kig, kijrs oo Kik )

where k;j, kijy1,. .., ki, are the positions of batches j,...,k of i in the
delivery sequence S. We associate with each node v of G a set M,
calculated as follows.

Start at B and recursively calculate the set M, for each node v of G
finishing once the M is calculated. Proceed as follows, initially

Mg = {(@,O)},

Next, let 1,...,1 be all immediate predecessors of v, v # F', with their
sets My, ..., M;, respectively. Define

Dy = {p: 3ge(p, ) € My},
and
Co=A{p: 1€ Dy, Ny =}
If C, = @, then delete v for it overlaps on some batch with any path
leading to v. Otherwise, for each p € C), let
ty = min{t : Ju(p,t) € My}
Then,
My ={(1U pp, tp+1) 1 p € Cy}.

We observe that if (u,t) € M, then there is a path from B to v of
length t that uses all, and only, batches in positions in y, and there is no
shorter path from B to v using all, and only, batches in positions in u.
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Finally, let 1,...,1 be all immediate predecessors of F' with their sets
My, ..., My, respectively. Define

tp = min{t : Ip(p,t) € My},

the number of setups in the solution to the problem. We have the fol-
lowing lemma.

LEMMA 6.2 The tp is the minimum number of setups subject to the
(e,b)- constraints. The solution can be found by backtracking the se-
quence tp,tp —1,...,0 from F to B.

Proof. For any t in the sequence tp, tp — 1,...,0 from F to B, there is
p and v such that (u,t) € M,. Therefore, there is a path from B to v
of length ¢ that uses all, and only batches, in positions in i, and there
is no shorter path from B to v using, all and only, batches in positions
in p. O

We now estimate the number of pairs (1, t) that need to be generated
by this algorithm in order to eliminate infeasible paths.

LEMMA 6.3 The number of different pairs (p,t) does not exceed m? /2 x
(b + c)gminibe).

Proof. We begin by calculating the number of distinct sets p C {1,...,m}
constructed by the algorithm. Consider any non-empty p. Then, there is
E such that {1,...,k} C p. Let k* be the largest such k. Then, k*+1 ¢
p. Also, let I* be the largest element of p. Thus, {I*+1,...,m}Nu = @.
We have |p\{1,...,k*}| < b. Otherwise, the batch k£*+1 would end up in
position k£*+|p\{1,.. ., k*}|+1 > k*+b+1, that is too late. Furthermore,
F—k*—|p\{1,...,k*}| < e. Otherwise, the batch {* would end up in
the position not latter than I* — (I* —k* — [u\ {1,...,k*}|) <1*—e, that
is too early. Consequently,

A\ A{L, .. k" < b
and
{1,...,0"}\ pul <e

Therefore, for given k* and [*, 1 < k* < I* <'m, I* — k* > 2, there are
at most 2" ¥ 1 sets p. Denote z = I* — k*. Then the total number of
number of sets p is

min{b+e—1,m} min{b,e,z}

S moz) Y <j>§(b+e)%2mm{bve}.

z=2 1=0
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Finally, ¢ < m. Thus the lemma holds. O

The following corollary follows immediately from Lemma 6.2.

COROLLARY 6.1 If at least one of b and e is constant then the algorithm
s polynomial.

The reader is referred to Benyoucef et al. (2000) for review of the liter-
ature on a closely related problem of changeover minimization problem.

8. Concluding remarks and further research

This chapter studied balancing lean, mixed-model supply chains.
These chains respond to customers’ demand by setting demand rates for
each model produced and pulling supplies required for production when-
ever they are needed. To balance and synchronize these supply chains,
it is important to find a balanced model delivery sequence for a given set
of demand. Two main goals shape this sequence. The external, meeting
demand rates, and, the internal, satisfying the temporary chain capacity
constraints. The chapter discussed algorithms for setting up the model
delivery sequence as well as supplier option delivery and productions
sequences. The chapter introduced and explored a link between model
delivery sequences and balanced words, and showed that though bal-
anced words result in optimal workload balancing, Altman et al. (2000),
they are not sufficient for all possible sets of demand rates. The real-live
model delivery sequences are either 2-balanced or 3-balanced at best,
that is if they disregard temporary capacity constraints. It is, how-
ever, an open problem to show how well these sequences balance the
chain workload in comparison with balanced words. As well, it would
be interesting to further investigate the concept of complexity of model
delivery sequences based on their numbers of factors. By reducing this
complexity supply chain could reduce the number of different demand
patterns in option delivery sequences and thus reduce variability present
in the chain. Finally, the chapter discussed optimization of suppliers
production sequences. In particular, it discussed the problem of mini-
mizing the number of setups for a given buffer size and maximum flow
time limit. It proved the problem complexity and proposed algorithms
for the problem.
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Chapter 7

BILEVEL PROGRAMMING:
A COMBINATORIAL PERSPECTIVE

Patrice Marcotte
Gilles Savard

Abstract  Bilevel programming is a branch of optimization where a subset of vari-
ables is constrained to lie in the optimal set of an auxiliary mathemat-
ical program. This chapter presents an overview of two specific classes
of bilevel programs, and in particular their relationship to well-known
combinatorial problems.

1. Introduction

In optimization and game theory, it is frequent to encounter situations
where conflicting agents are taking actions according to a predefined
sequence of play. For instance, in the Stackelberg version of duopolistic
equilibrium (Stackelberg, 1952), a leader firm incorporates within its
decision process the reaction of the follower firm to its course of action.
By extending this concept to a pair of arbitrary mathematical programs,
one obtains the class of bilevel programs, which allow the modeling of
many decision processes. The term “bilevel programming” appeared for
the first time in a paper by Candler and Norton (1977), who considered
a multi-level formulation in the context of agricultural economics. Since
that time, hundreds of papers have been dedicated to this topic. The
reader interested in the theory and applications of bilevel programming
is referred to the recent books by Shimizu et al. (1997), Luo et al. (1996),
Bard (1998), and Dempe (2002).

Generically, a bilevel program assumes the form

min f(z,y)
)y

st (z,y) € X
y € S(z),
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where S(z) denotes the solution set of a mathematical program param-
eterized in the vector z, i.e.,

S(z) = argmin g(x, y)
y
s.t. (z,y) €Y.

In this formulation, the leader is free, whenever the set S(x) does not
shrink to a singleton, to select an element of S(x) that suits her best.
This corresponds to the optimistic formulation. Alternatively, the pes-
simistic formulation refers to the case where the leader protects herself
against the worst possible situation, and is formulated as

minmax f(z,y)
z oy

st (z,y) e X
y € S(x).

The scope of this chapter is limited to the optimistic formulation. The
reader interested in the pessimistic formulation is referred to Loridan
and Morgan (1996).

In many applications, the lower level corresponds to an equilibrium
problem that is best represented as a (parametric) variational inequal-
ity or, equivalently, a generalized equation. We then obtain an MPEC
(Mathematical Program with Equilibrium Constraints), that is expressed
as!

MPEC : min f(z,y)
.y

st (z,y) € X
yeY(x)
— G(z,y) € Ny (y),

where Y(z) = {y : (z,y) € Y} and N¢(z) denotes the normal cone to
the set C' at the point z. If the vector function G represents the gradient
of a differentiable convex function g and the set Y is convex, then MPEC
reduces to a bilevel program. Conversely, an MPEC can be reformulated
as a standard bilevel program by noting that a vector y is solution of
the lower level variational inequality if and only if it globally minimizes,
with respect to the argument y, the strongly convex function gap(z,y)

IThroughout the paper, we assume that vectors on the left-hand side of an inner product
are row vectors. Symmetrically, right-hand side vectors are understood to be column vectors.
Thus primal (respectively dual) variables usually make up column (respectively row) vectors.
Transpose are only used when absolutely necessary.
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defined as (see Fukushima, 1992):

gap(e,y) = max Gla,y)y— o) — 2ly — /I
yeY(x) 2

Being generically non-convex and non-differentiable, bilevel programs
are intrinsically hard to solve. For one, the linear bilevel program which
corresponds to the simple situation where all functions involved are lin-
ear, is strongly A'P-hard (see Section 2.2). Further, determining whether
a solution is locally optimal is also strongly ANP-hard (Vicente et al.,
1994). In view of these results, most research has followed two main
avenues, either continuous or combinatorial. The continuous approach
is mainly concerned with the characterization of necessary optimality
conditions and the development of algorithms that generate sequences
converging toward a local solution. Along that line, let us mention works
based on the implicit function approach (Ko¢vara and Outrata, 1994),
on classical nonlinear programming techniques such as SQP (Sequen-
tial Quadratic Programming) applied to a single-level reformulation of
the bilevel problem (Scholtes and Stohr, 1999) or smoothing approaches
(Fukushima and Pang, 1999; Marcotte et al., 2001)]). Most work done
on MPECs adopts the latter point of view.

The combinatorial approach takes a global optimization point of view
and looks for the development of algorithms with a guarantee of global
optimality. Due to the intractability of the bilevel program, these al-
gorithms are limited to specific subclasses possessing features such as
linear, bilinear or quadratic objectives, which allow for the development
of “efficient” algorithms. We consider two classes that are amenable to
a global approach, namely bilevel programs involving linear or bilinear
objectives. The first class is important as it encompasses a large number
of combinatorial problems (e.g., 0-1 mixed integer programs) while the
second allows for the modeling of a rich class of pricing applications.
This chapter focuses on the combinatorial structure of these two classes.

2. Linear bilevel programming
The linear/linear bilevel problem (LLBP) takes the form
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LLBP : max c1x + diy
Ty
s.t. Ayx+ By < by
x>0

y € argmaxdoy
Y

s.t. Aox + Boy < by
y =0,
where ¢; € R™, d), dy € R, A} € R™*"z Ay € RM*" p € R™,
By € R™*™ By € R"*™, by € R™. The constraints Az + Biy < b;
(respectively Aoz + Boy < bg) are the upper (respectively lower) level
constraints. The linear term c;x + dyy (respectively doy) is the upper
(respectively lower) level objective function, while z (respectively y) is

the vector of upper (respectively lower) level variables.? To characterize
the solution of LLBP, the following definitions are useful.

DEFINITION 7.1 (1) The feasible set of LLBP is defined as
= {(may) 2 073/ > O,All’—f— Bly < b17 AQ(IJ"f‘ B.‘Zy < bQ}

(2) For every x > 0, the feasible set of the lower level problem is
defined as
Qu(z) ={y:y >0, Bay < b— Agz}.

(3) The trace of the lower level problem with respect to the upper level
variables is

Q2= {z:2>0, Qz)#0}.

(4) For a given vector x € 2, the set of optimal solutions of the lower
problem is

S(z) ={y :y € argmax{day : y € Qy(x)}.

A point (z,y) is said to be rational if x € Q2 and y € S(z).
(5) The optimal value function for z € Q2 is

viz) =doy, ye€S(x).
(6) The admissible set (also called induced region) is

T= {(:Z:ay) cr> Oa A1m+B1y < bla ye S(CU)}

2We slightly abuse notation and use the letter y to denote both the optimal solution (left-hand
side) and the argument (right-hand side) of the lower level program.



7. Bilevel Programming: a Combinatorial Perspective 195
A point (z,y) is admissible if it is feasible and lies in S(z).

Based on the above notations, we characterize optimal solutions for
the LLBP.

DEFINITION 7.2 A point (z*,y*) is optimal for LLBP if it is admissible
and, for all admissible (x,y), there holds cia* + d1y* > c1x + dyy.

Note that, whenever the upper level constraints involve no lower level
variables, then rational points are also admissible. The converse may
fail to hold in the presence of joint upper level constraints.

To illustrate some geometric properties of bilevel programs (see Fig-
ure 7.1), let us consider the following two-dimensional example:

max —z — 4y
m)y
st. x>0

Yy € argmaxy
y

st —2x—y <8
-3z +2y <6
5z + 6y < 60
22 +y <16
20 -5y <0
y=>0.

The left-hand side graphs (b) and (d) illustrate the example’s geom-
etry, while right-hand side graphs (c) and (e) correspond to the bilevel
program obtained after moving the next-to-last constraint from the lower
to the upper level, showing the impact of upper level constraints on the
admissible set. We observe that the admissible set, represented by thick
lines, is not convex. Indeed, its analytic expression is

YT={(z,y): x>0, Ajz+ By < b} Nls

where
FS = {(.%‘,y) HEUNS Q%) de = ’U(ZL‘)}

represents the union of a finite (possibly empty) set of polyhedra (Savard,
1989). Based on a result of Hogan (1973), one can show that the multi-
valued mapping S(z) is closed, whenever the set  is compact. In the
particular case where S(z) shrinks to a singleton for every z € Q2, it
follows that the reaction function y(x) = S(x) is continuous.
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Figure 7.1. Two linear/linear bilevel programs
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Figure 7.2. A disconnected admission set

As seen in Figure 7.1 the presence of joint upper level constraints may
considerably modify the structure of the admissible set. It can make this
set disconnected, finite or even empty. This is illustrated in Figure 7.2,
where a single upper level constraint is slided. In the next section, we
will construct a bilevel program with an admissible set corresponding
solely of integer points.

The following theorem is a direct consequence of the polyhedral nature
of the admissible set. It emphasizes the combinatorial nature of the
LLBP.

THEOREM 7.1 If LLBP has a solution, an optimal solution is attained
at an extreme point of 1.

The combinatorial nature of bilevel programming can also be ob-
served by studying the single-level reformulation obtained by replacing
the lower level problem by its (necessary and sufficient) optimality con-
ditions:

LLBP; : maxciz + diy

Z,Y,A

s.t. A+ By <b
Aoz + By < by
ABy > da
A(be — Agz — Bay) =0
(ABy —dg)y =0
z>0,y20, A=0,

where A € R™, The combinatorial nature is entirely captured by the two
orthogonality constraints; which can actually be added to form a single
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constraint. Their disjunctive nature relates the LLBP to linear mixed
integer programming and allows for the development of algorithms based
on enumeration and/or cutting plane approaches.

2.1 Equivalence between LLBP and classical
problems

In this section, we show that simple polynomial transformations al-
low to formulate linear mixed 0-1 integer programs (MIPg.1) and bilinear
disjoint programs (BDP) as linear bilevel programs, and vice versa. The
interest in these reformulations goes beyond the complexity issue. In-
deed, Audet (1997) and Audet et al. (1997) have uncovered equivalences
between algorithms designed to solve mixed integer programs and LLBP.
They have shown that the HJS algorithm of Hansen et al. (1992) designed
for solving the LLBP can be mapped onto a standard branch-and-bound
method (see for instance Beale and Small, 1965) for addressing an equiv-
alent mixed 0-1 program, provided that mutually consistent branching
rules are implemented. One may therefore claim that the mixed 0-1 al-
gorithm is subsumed (the authors use the term embedded) by the bilevel
algorithm. This result shows that the structure of both problems is
virtually indistinguishable, and that any algorithmic improvement on
one problem can readily be adapted to the other (Audet et al., 1997):
solution techniques developed for solving mixed 0-1 programs may be
tailored to the LLBP, and vice versa.

2.1.1 LLBP and MIPg. . The linear mixed 0-1 programming
problem (MIPq 1) is expressed as

MiPg_1 : max cx + eu
T,

s.t. Az + Eu <b

x > 0, u binary valued,

where ¢ € R™, ¢ € R™, A € R™*"=, [ € R™*"™, b c R™.
We first note that the binary condition is equivalent to:
0<u<1
0 = min{u, 1 — u},
where 1 denotes the vector of “all ones”. Next, by introducing an up-

per level variable y, and defining a second level problem such that the
optimal solution corresponds to this minimum, we obtain the equivalent
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bilevel programming reformulation:
LLBP; : maxcx + eu

xT,Y,u
st. Az +Fu<b
0<u<l1
z>0
y=10
Ny
Y€ argmlimiz:;wZ
s.t. w<u
w<1-—u.

where y,w € R™. In this formulation, the integrality constraints are no
more required, as they are enforced by the upper level constraints y = 0,
together with the lower level optimality conditions.

In general, upper level constraints make the problem more difficult
to solve. Actually, some algorithms only address instances where such
constraints are absent. However, as suggested by Vicente et al. (1996),
the constraint y = 0 can be enforced by incorporating an exact penalty
within the leader’s objective, i.e., there exists a threshold value M* such
that, whenever M exceeds M*, the solution of the following bilevel pro-
gram satisfies the condition y = 0, i.e., the integrality condition:

LLBP; : max cz + eu — M1y

l’yyuu

st. Av+ Fu<b
0<u<l1
x>0

Ny
(7S argmngwi
i=1
st. w<u
w<1-—mu.

Conversely, LLBP may be polynomially reduced to MIPg.;. First, one
replaces the lower level problem by its optimality conditions, yielding a
single-level program with the complementarity constraints

Alby — Agz — Boy) =0
(ABg — do)y = 0.
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The second transformation consists in linearizing the complementarity
constraints by introducing two binary vectors v and v and a sufficiently
large finite constant L > 0, the existence of which is discussed in Vicente
et al. (1996):

by — Ay — Bay < L(1 — u), A< Lu',
y < L(1—v) ABy —dy < LoT.
This leads to the equivalent MIPg_; reformulation of LLBP:

MIP  gp: max ciz+diy
Y, AU

s.t. Az + By < by

z>0

Agz + Boy < bo — ABy < —dy
y=20 A=0

— Az —Boy+Lu<Ll—by A—Lu' <0
y+ Lv<L1 ABy — Lu' < dy
u binary valued v binary valued.

2.1.2 LLBP and BILP.  The disjoint bilinear programming prob-
lem BILP was introduced by Konno (1971) to generalize Mills’ approach
(Mills, 1960) for computing Nash equilibra (Nash, 1951) of bimatrix
games. [t can be expressed as follows:

BILP : max cx — wQx + ud
T,

s.t. Az < by
UBSZ)Q
x>0
u >0,

where ¢ € R?% d € R™, Q € RW " A € RWX B ¢ RMX",
b1 € R™, by € R™, and the matrix ¢} assumes no specific structure.

By exploiting the connection between LLBP and BILP, Audet et al.
(1999) and Alarie et al. (2001) have been able to construct improved
branch-and-cut algorithms for the BILP. Their approach relies on the
separability, with respect to the vectors z and wu, of the feasible set of
BILP. Let us introduce the sets X = {x > 0: Az < b} and U = {u >
0:uB < be}. If both sets are nonempty and the optimal solution of
BILP is bounded, we can rewrite BILP as

BILPs : meax cz + maxu(d — Qz).
2 z€X B uclU ( Q )
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For fixed z € X, one can replace the inner optimization problem by its
dual, to obtain

max cx + min boy
zeX Y

s.t. Qr+ By >d
y = 0.
Under the boundedness assumption, the dual of the inner problem is

feasible and bounded for each x € X. In a symmetric way, one can
reverse the roles of  and u to obtain the equivalent formulation

max ud + min vb;
uelU v

s.t. u@Q +vA>c¢
v > 0.

Thus, the solution of BILP can be obtained by solving either one of the
symmetric bilevel programs

LLBP, LLBP;
max cx + by max ud + vh
T,y u,v
s.t. Az < b s.t. uB < by
x>0 u>0
Yy € arg myin bay v E arg mvin vby
st. Qv+ By >d st u@Q +vA >c
y >0 v >0,

These two problems correspond to “max-min” programs, i.e., bilevel
program involving opposite objective functions.
~ If BILP is unbounded, the above transformations are no longer valid
as the inner problem may prove infeasible for some values of z € X (or
u € U). For instance, the existence of a ray (unbounded direction) in
u-space implies that there exist € X and # with @B < 0 such that
@(d — Q%) > 0. Equivalently there exists a vector Z such that the inner
problem in BILPy is unbounded, which implies in turn that its dual is
infeasible with respect to .

In order to be equivalent to BILP, LLBP4 should therefore select an
x-value for which the lower level problem is infeasible. However, this
is inconsistent with the optimal solution of a bilevel program being ad-
missible. Actually, Audet et al. (1999) have shown that determining
whether there exists an z in X such that

Y(z)={y>0:By>d-Quz}
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is empty, is strongly N'P-complete. Equivalently, determining if BILP
is bounded is strongly N'P-complete. This result was achieved by con-
structing an auxiliary bilinear program BILP’ (always bounded) such
that BILP is unbounded whenever the optimal value of BILP’ is positive.
Based on this technique, the bilevel reformulation can be used to “solve”
separable bilinear programs, whether they are bounded or not.

2.2 Complexity of linear bilevel programming

While one may derive complexity results about bilevel programs via
the bilinear programming connection, it is instructive to perform re-
ductions directly from standard combinatorial problems. After Jeroslow
(1985) initially showed that LLBP is AP-hard, Hansen et al. (1992)
proved N'P-hardness, using a reduction from KERNEL (see Garey and
Johnson, 1979)). Vicente et al. (1994) strengthened these results and
proved that checking strict or local optimality is also A"P-hard. In this
section, we present different proofs, based on a reduction from 3-SAT.

Let z1,..., 2, be n Boolean variables and

m

= /\(lil ViV lig)
i=1

be a 3-CNF formula involving m clauses with literals {;;.*> To each clause
(lix V lig V li3) we associate a linear Boolean inequality of the form

Vi1 + v + vz > 1

where

Tk if li]‘ = Tk,
Vig =
K 11—z if lij = Tg.

According to this scheme, the inequality
z1+ (1 —24) +26 > 1

corresponds to the clause (z; V T4 V xg). Using matrix notation, the
inequalities take the form

Ase > 1 +c

where Ag is a matrix with entries in {0, 1, —1}, and the elements of the
vector ¢ lie between —3 and 0. By definition, S is satisfiable if and only

3A literal consists in a variable or its negation.
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if a feasible binary solution of this linear system exists. We have seen
that it is indeed easy to force variables to take binary values trough a
bilevel program. The reduction makes use of this transformation.

THEOREM 7.2 The linear bilevel program LLBP is strongly N'P-hard.

Proof. Consider the following LLBP:

n

min F'(z,z) = Z 2

X,z
i=1
st. Age > 1+c¢
0<z; <1 i=0,...,n
n
ZE argmaX{Zzi cz Ly
=1 5 <1l—uz

z>0 }

We claim that S is satisfiable if and only if the optimal solution of
the LLBP is 0 (note that 0 is a lower bound on the optimal value).
First assume that S is satisfiable and let * = (z1,...,2,) be a truth
assignment for §. Then the first level constraints are verified and the sole
feasible lower level solution corresponds to setting z; = 0 for all i. Since
this rational solution (z, z) achieves a value of 0, it is optimal. Assume
next that S is not satisfiable. Any feasible xz-solution must be fractionary
and, since every rational solution satisfies z; = min{z;, 1 — z;}, at least
one z; must assume a positive value, and the objective F(z,z) cannot
be driven to zero. This completes the proof. O

COROLLARY 7.1 There is no fully polynomial approximation scheme for
LLBP unless P = N'P.

To prove the local optimality results, Vicente, Savard and Judice
adapted techniques developed by Pardalos and Schnitger (1988) for non-
convex quadratic programming, where the problem of checking (strict
or not) local optimality was proved to be equivalent to solving a 3-SAT
problem. The present proof differs slightly from the one developed in
Vicente et al. (1994).

The main idea consists in constructing an equivalent but degenerate
bilevel problem of 3-SAT. For that, we augment the Boolean constraints
with an additional variable 2g, change the right hand-side to 3/2, and
bound the x variables. For each instance S of 3-SAT, let us consider the
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constraint set:

A5x+1x02%+c

%-%S%S%—kwo i=1,...,n
z; >0 1=0,...,n
Obviously, the solution z* = (0, %,. ,%) satisfies the above linear in-

equalities, but this does not guarantee that S is satisfiable. Hence, we
will consider a bilevel program that will have, at this solution, the same
objective value than we would obtain if S is satisfiable.

THEOREM 7.3 Checking strict local optimality in linear bilevel program-
ming is N'P-hard.

Proof. Consider the following instance of a linear bilevel program:

min F(z,l,m,z) = E %

x,lm,z

st. Agx + ITxg > 5—{-0
1 .
s—wo<z<i4my, i=1,...,n
xz; > 0, 1=0,...,n

7

lym,z € argmax{Zzi cxy— = %— - xg

=L gim =4+ a0

2 Sli, Z; Smii=1,...,n

z>0 }
Let z* = (0,%,...,—%—) and I* = m* = 2* = 0. We claim that S is

satisfiable if and only if the point (z*,1*, m*, 2*) is not a strict minimum.

Since all variables z; are forced to be nonnegative then:

F(z,l,m,z) > 0.

First, assume that S is satisfiable. Let 21,..., 2, be a true assignment
for S and set, for any zo € [0, 3]

_ %—xo if x; =0,
T=4q7 _
5txo ifa;=1,

i.e., T satisfies the upper level constraints. Furthermore [ = 0, 72 = 0
and Z = 0 is the optimal solution of the lower level problem for Z fixed.
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Hence (Z, I,m, z) belongs to the induced region associated with the linear
bilevel program. Since F(z,l,m,2) = 0, we claim that (Z,[,m,2) is a
global minimum of the linear bilevel program.

Clearly, F(x,l,m,z) = 0 if and only if x; € {% — o, % + 20}, for all
1 = 1,...,n. If this last condition holds, then I; = 0 or m; = 0 and
zi=0foralli=1,...,n and F(z,l,m,z) = 0. Since xy can be chosen
arbitrarily close to 0, z* cannot be a strict local minimum.

Assume next that (z*,[*, m*, z*) is not a strict local minimum. There
exists a rational point (z!, 1!, m!, 21) such that F(z!,1},m!, 21) = 0, and
this point satisfies {* = m! = 2' = 0 and r} = % — g or T} = % + xg for
all ¢ and some xg. Then the assignment

— : 1 _ 1
r; =0 ifz; =5 —mo,
1
7

is a truth assignment for 5. O

THEOREM 7.4 Checking local optimality in linear bilevel programming
is N'P-hard.

The proof, which is based on complexity results developed in Pardalos
and Schnitger (1988) and Vicente et al. (1994), will not be presented.
Let us however mention that the underlying strategy consists in slightly
discriminating against the rational points assuming value 0, through the
addition of penalty factor with respect to xp, yielding the LLBP

n n
— 1
min  F(z,l,m,z,w) =Lz¢— %sz

m,z, - -
X msz i1 i1
s.t. A5$2%—§—C
s—zo <z <i+ag i=1,...,n
z; >0 1=0,...,n

n n
l,m,z,w € argmax{ Zzz — Zwi :
i=1 i=1
i — li - % — g

1
mi+m¢=§+azo

zi <y, zz<m;i=1,...,n
wiZa:i—%wiZ%—xi, 1=1,...,n
z,w > 0.
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3. Optimal pricing via bilevel programming

Although much attention has been devoted to linear bilevel programs,
their mathematical structure does not fit many real life situations, where
it is much more likely that interaction between conflicting agents occurs
through the model’s objectives rather than joint constraints. In this
section, we consider such an instance that, despite its simple structure,
forms the paradigm that lies behind large-scale applications in revenue
management and pricing, such as considered by Coté et al. (2003).

3.1 A simple pricing model

Let us consider a firm that wants to price independently (bundling
is not allowed) a set of products aimed at customers having specific
requirements and alternative purchasing sources. If the requirements
are related in a linear manner to the resources (products), one obtains
the bilinear-bilinear bilevel program (BBBP):

BBBP : max tx
t,x,y

s.t. (z,y) € argmin(c + t)z + dy
T,y

Az+ By=1»
z,y 20,

where ¢ denotes the upper level decision vector, (c,d) the “before tax”
price vector , (z,y) the consumption vector, (4, B) the “technology ma-
trix” and b the demand vector. In the above, a trade-off must be achieved
between high t-values that price the leader’s products away from the cus-
tomer(s), and low prices that induce a low revenue.

In a certain way, the structure of BBBP is dual to that of LLBP, in that
the constraint set is separable and interaction occurs only through the
objective functions. The relationship between LLBP and BBBP actually
goes further. By replacing the lower level program by its primal-dual
characterization, one obtains the equivalent bilinear and single-level pro-
gram

maxtx
txy

st. Az + By =b
z,y >0
M < e+t
AB <d
(c+t—XA)z=0
(d— AB)y = 0.
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Without loss of generality, one can set t = AA — ¢. Indeed, if z; > 0,
ti = (A); — ¢; follows from the next-to-last orthogonality conditions
whereas, if x; = 0, the leader’s objective is not affected by the value of
t;. Now, a little algebra yields:

te = Mz —cx = ANb— By) — cx = A\b — (cx + dy)

and one is left with a program involving a single nonlinear (actually
bilinear and separable) constraint, that can be penalized to yield the
bilinear program

PENAL : max Ab — (cx + dy) — M(d — AB)y

z,Y,A

st. Ax+ By =10
z,y >0
AB < d.

Under mild feasibility and compactness assumptions, it has been shown
by Labbé et al. (1998) that there exists a finite value M™ of the penalty
parameter M such that, for every value of M larger than M*, any op-
timal solution of the penalized problem satisfies the orthogonality con-
straint (d — AB)y = 0, i.e., the penalty is exact.* Since the penalized
problem is bilinear and separable, optimality must be achieved at some
extreme point of the feasible polyhedron. Moreover, the program can,
using the techniques of Section 2.1.2, be reformulated as a linear bilevel
program of a special type.

The reverse transformation, from a generic LLBP to BBBP, is not
straightforward and could not be achieved by the authors. However,
since BBBP is strongly AP-hard, such polynomial transformation must
exist.

3.2 Complexity

In this section, we consider a subclass of BBBP initially considered by
Labbé et al., where the feasible set {(z,y) : Az+By = b, z,y > 0} is that
of a multicommodity flow problem, without upper bound constraints on
the links of the network. For a given upper level vector ¢, a solution
to the lower level problem corresponds to assigning demand to shortest

4Be careful though: the stationary points of the penalized and original problems need not be
in one-to-one relationship!
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paths linking origin and destination nodes. This yields:

TOLL : maxt z*
t,x,y
keK
s.t. (z%,9y%) € arg min tz* + dy”
I
Azk + Byk = bt Vk € K,

2k y* >0

where (A, B) denotes the node-arc incidence matrix of the network, and
b* denotes the demand vector associated with the origin-destination pair,
or “commodity” k € K.

Note that since a common toll vector ¢t applies to all commodities,
TOLL does not quite fit the format of BBBP. However, by setting
T=) ek z* for both objectives® and incorporating the compatibility
constraint £ = Y, .- =¥ (at either level), we obtain a bona fide BBBP.

THEOREM 7.5 TOLL is strongly N'P-hard, even when |K| = 1.

The proof relies on the reduction on the reformulation of 3-SAT as
toll problem involving a single origin-destination pair, and is directly
adapted form the paper by Roch et al. (2004). Let z1,...,z, be n
Boolean variables and

F=/ (liVigVig) (7.1)

~

i=1

I

be a 3-CNF formula consisting of m clauses with literals (variables or
their negations) l;;. For each clause, we construct a “cell”, i.e., a sub-
network comprising one toll arc for each literal. Cells are connected by a
pair of parallel arcs, one of which is toll-free, and by arcs linking literals
that cannot be simultaneously satisfied (see Figure 7.3).

The idea is the following: if the optimal path goes through toll arc
T4, then the corresponding literal /;; is TRUE. The sub-networks are
connected by two parallel arcs, a toll-free arc of cost 2 and a toll arc of
cost 0, as shown in Figure 7.3.

If F is satisfiable, we want the optimal path to go through a single
toll arc per sub-network (i.e., one TRUE literal per clause) and simultane-
ously want to make sure that the corresponding assignment of variables
is consistent; i.e., paths that include a variable and its negation must

5This is allowed by the fact that the lower level constraints are separable by commaodity.
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Figure 7.3. Network for the formula (z1 V22 VI3) A (T2 V23 VTa) A (T1 V 23 V 24).
Inter-clause arcs are bold. Path through T2, T3z, Th2 is optimal (z2 = x5 =TRUE).
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be ruled out. For that purpose, we assign to every pair of literals cor-
responding to a variable and its negation an inter-clause toll-free arc
between the corresponding toll arcs (see Figure 7.3). As we will see, this
implies that inconsistent paths, involving a variable and its negation,
are suboptimal.

Since the length of a shortest toll-free path is m+2(m —1) = 3m — 2
and that of a shortest path with zero tolls is 0, 3m — 2 is an upper bound
on the revenue. We claim that F' is satisfiable if and only if the optimal
revenue is equal to that bound.

Assume that the optimal revenue is equal to 3m — 2. Obviously, the
length of the optimal path when tolls are set to 0 must be 0, otherwise
the upper bound cannot be reached. To achieve this, the optimal path
has to go through one toll arc per sub-network (it cannot use inter-clause
arcs) and tolls have to be set to 1 on selected literals, C' 4+ 1 on other
literals and 2 on tolls Ty, ¥ k. We claim that the optimal path does
not include a variable and its negation. Indeed, if that were the case,
the inter-clause arc joining the corresponding toll arcs would impose a
constraint on the tolls between its endpoints. In particular, the toll T}
immediately following the initial vertex of this inter-clause arc would
have to be set at most to 1, instead of 2. This yields a contradiction.
Therefore, the optimal path must correspond to a consistent assignment,
and F is satisfiable (note: if a variable and its negation do not appear
on the optimal path, this variable can be set to any value).

Conversely if F' is satisfiable, at least one literal per clause is TRUE in
a satisfying assignment. Consider the path going through the toll arcs
corresponding to these literals. Since the assignment is consistent, the
path does not simultaneously include a variable and its negation, and
no inter-clause arc limits the revenue. Thus, the upper bound of 3m — 2
is reached on this path.

Another instance, involving several commodities but restricting each
path to use a single toll arc, also proved N'P-hard. Indeed, consider
the “river tarification problem”, where users cross a river by either using
one of many toll bridges, or by flying directly to their destination on a
toll-free arc. The proof of N'P-completeness also makes use of 3-SAT,
but there is a twist: each cell now corresponds to a variable rather than
a clause, and is thus “dual” to the previous transformation (see Grigoriev
et al., 2004, for details). Apart of its elegance, the dual reduction has the
advantage of being related to the corresponding optimization problem,
i.e., one can maximize the number of satisfied clauses by solving the
related TOLL problem. This is not true of the primal reduction, where
the truth assignment is only valid when the Boolean formula can be
satisfied. Indeed, the solution of the TOLL reduction may attain a near-
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optimal value of 3m —3 with only one clause being satisfied, thus making
the truth assignment of the variables irrelevant. For instance, consider
an instance where a variable and its negation appear as literals in the first
and last clauses.® Then, a revenue of 3m — 3, one less than the optimal
revenue, is achieved on the path that goes through the two literals and
the toll-free link between them, by setting the tolls on the two toll arcs
of that path to 0 and 3m — 3 respectively.

We conclude this section by mentioning that TOLL is polynomially
solvable when the number of toll arcs is bounded by some constant. If the
set of toll arcs reduces to a singleton, a simple ordering strategy can be
applied (see Labbé et al., 1998). In the general case, path enumeration
yields a polynomial algorithm that is unfortunately not applicable in
practice (see Grigoriev et al., 2004). Other polynomial cases have been
investigated by van Hoesel et al. (2003).

3.3 The traveling salesman problem

Although the relationship between the traveling salesman problem
(TSP in short) and TOLL is not obvious, the first complexity result
involved TSP or, to be more precise, the Hamiltonian path problem
(HPP). The reduction considered in Labbé et al. (1998) goes as follows:
Given a directed graph with n nodes, among them two distinguished
nodes: an origin s and a destination ¢ the destination, we consider the
graph obtained by creating a toll-free arc from s to ¢, with length dg =
n—1. Next, we endow the remaining arcs, all toll arcs, with cost —1 and
impose a lower bound of 2 on all of them. Then, it is not difficult to see
that the maximal toll revenue, equal to 2n — 2, is obtained by setting
to = 2 on the arcs of any Hamiltonian path, and ¢, = n + 1 elsewhere.

The weakness of that reduction is that it rests on two assumptions
that are not required in the reductions presented in the previous sec-
tions, that is, negativity of arc lengths and lower bounds on toll values.
Notwithstanding, the relationship between TOLL and TSP has proved
fruitful. To see this, let us follow Marcotte et al. (2003) and consider a
TSP involving a graph G and a length vector c. First, we transform the
TSP into an HPP by duplicating the origin node s and replacing all arcs
(i,s) by arcs from i to ¢t. It is clear that the solutions to TSP and HPP
are in one-to-one correspondence. Second, we incorporate a toll-free arc
(s,t) with cost n, we set the fixed cost of the remaining arcs to —1+c¢,/L
and the lower bounds on tolls to 2—c¢, /L, where L is some suitably large

6Remark: The clauses involving the two opposite literals can always be made the first and
the last, through a straightforward permutation. This shows that the model is sensitive to
the rearrangement of clauses.
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constant, L = n x maxg{cq} for instance. Then, any solution to the toll
problem on the modified. network yields a shortest Hamiltonian path.
This toll problem takes the form

(z,y) € arg nﬂ}’bn;(_l + ca/L + ta)xq + nyse

s.t. flow conservation
z > 0.

Replacing the lower level linear program by its optimality conditions,
one obtains a linear program including additional complementarity con-
straints. The latter, upon the introduction of binary variables, can be
linearized to yield a MIP formulation of the TSP that, after some trans-
formations, yields:

Hxl,iunz CijTij
a
s.t. Zwi]‘ =1 Vi
7
inj =1 Vj
p .

w—u; < (n—=2)+ (1—n)zy; + B —n)zy V(i J)
uj < (n—2)+ (3 —n)r1y + Tjm1) Vi #1
uj 2 (n = 3)Tj(nq1) — T1j + 2 Vil
z binary valued,

where u corresponds to the dual vector associated with the lower level
program. It is in a certain way surprising, and certainly of theoretical
interets that, through standard manipulations, one achieves the mixed
integer program Note that this program is nothing but the lifted formu-
lation of the Miller — Tucker —~ Zemlin constraints derived by Desrochers
and Laporte (1991), where the three constraints involving the vector u
are facet-defining.

In the symmetric case, the analysis supports a multicommodity ex-
tension, where each commodity is assigned to a subtour between two
prespecified vertices. More precisely, let [v1,va,...,v|k|] be a sequence
of vertices. Then, the flow for commodity & € K must follow a path
from vertex vy to vg41,’ and the sequence of such paths must form a

"By convention, vk 1 = vi.
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Hamiltonian circuit. If the number of commodity is 3 or less, the or-
dering of the vertices is irrelevant. In the Euclidean case and if |K]| is
more than 3, it is yet possible to find a set of vertices that are extreme
points of the convex hull of vertices, together with the order in which
they must be visited in some optimal tour (see Flood, 1956).

When applied to graphs from the TSPLIB library (TSPLIB), the
linear relaxation of the three-commodity reformulation provides lower
bounds of quality comparable to those obtained by the relaxation pro-
posed by Dantzig et al. (1954). This is all the more surprising in the
view that the latter formulation is exponential, while the former is in

O(n?).

3.4 Final considerations

This chapter has provided a very brief overview of two important
classes of bilevel programs, from the perspective of combinatorial opti-
mization. Those classes are not the only ones to possess a combinatorial
nature. Indeed, let us consider a bilevel program (or an MPEC) where the
induced region is the union of polyhedral faces.® A sufficient condition
that an optimal solution be attained at an extreme point of the induced
region is then that the upper level objective be concave in both upper
and lower level variables. An interesting situation also occurs when the
upper level objective is quadratic and convez. In this case, the solution
of the problem restricted to a polyhedral face occurs at an extreme point
of the primal-dual polyhedron, and it follows that the problem is also
combinatorial.

Actually, bilevel programs almost always integrate a combinatorial
element. For instance, let us consider the general bilevel program:

min f(z,y)
z’y

s.t. y € argmin g(z,y)
y
G(z,y) <0.

Under suitable constraints (differentiability, convexity and regularity of
the lower level problem), one can replace the lower level problem by its

8This situation is realized when the lower level is a linear, a convex quadratic, or a linear
complementarity problem, and joint constraints, whenever they exist, are linear.
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Kuhn-Tucker conditions and obtain the equivalent program -
BLKKT : min f(z,y)
z,y

s.t. Glz,y) <0
Vyg(z,y) + AV, G(z,y) =0
AG(z,y) = 0.

If the set of active constraints were known a priori, BLKKT would re-
duce to a standard nonlinear program. Provided that f, g and each of
the (G;’s be convex, the last constraint could yet make it non-convex, al-
beit “weakly,” in the sense that replacing all functions by their quadratic
approximations would make the bilevel problem convex. The main com-
putational pitfall is actually the identification of the active set. This two-
sided nature of bilevel programming and MPEC is well captured in the
formulation proposed by Scholtes (2004), which distinguishes between
the continuous and combinatorial natures of MPECs. By rearranging
variables and constraints, one can reformulate BLKKT as the generic
program

mmin f(z)

s.t. G(z) € Z.

If Z is the negative orthant, this is nothing more than a standard nonlin-
ear program. However, special choices of Z, may force pairs of variables
to be complementary. It is then ill-advised to linearize Z, and the right
approach is to develop a calculus that does not sidestep the combinato-
rial nature of the set Z. Along that line of reasoning, Scholtes proposes
an SQP (Sequential Quadratic Programming) algorithm that leaves Z
untouched and is guaranteed, under mild assumptions, to converge to a
strong stationary solution. While this approach is satisfactory from a
local analysis point of view, it does not settle the main challenge, that
is, aiming for an optimal or near-optimal solution. In our view, progress
in this direction will be achieved by addressing problems with specific
structures, such as the BBBP.
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Chapter 8

VISUALIZING, FINDING AND PACKING
DIJOINS

F.B. Shepherd
A. Vetta

Abstract  We consider the problem of making a directed graph strongly connected.
To achieve this, we are allowed for assorted costs to add the reverse
of any arc. A successful set of arcs, called a dijoin, must intersect
every directed cut. Lucchesi and Younger gave a min-max theorem
for the problem of finding a minimum cost dijoin. Less understood is
the extent to which dijoins pack. One difficulty is that dijoins are not
as easily visualized as other combinatorial objects such as matchings,
trees or flows. We give two results which act as visual certificates for
dijoins. One of these, called a lobe decomposition, resembles Whitney’s
ear decomposition for 2-connected graphs. The decomposition leads to a
natural optimality condition for dijoins. Based on this, we give a simple
description of Frank’s primal-dual algorithm to find a minimum dijoin.
Our implementation is purely primal and only uses greedy tree growing
procedures. Tts runtime is O(n*m), matching the best known, due to
Gabow. We then consider the function f(k) which is the maximum
value such that every weighted directed graph whose minimum weight
of a directed cut is at least k, admits a weighted packing of f(k) dijoins
(a weighted packing means that the number dijoins containing an arc
is at most its weight). We ask whether f(k) approaches infinity. It is
not yet known whether f(ko) > 2 for some constant k9. We consider
a concept of skew submodular flow polyhedra and show that this dijoin-
pair question reduces to finding conditions on when their integer hulls
are non-empty. We also show that for any k, there exists a half-integral
dijoin packing of size k/2.

1. Introduction

We consider the basic problem of strengthening a network D = (V, A)
so that it becomes strongly connected. That is, we require that there
be a directed path between any pair of nodes in both directions. To
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achieve this goal we are allowed to add to the graph (at varying costs)
the reverse of some of the network arcs. Equivalently, we are searching
for a collection of arcs that induce a strongly connected graph when they
are either contracted or made bi-directional. It is easy to see that our
problem is that of finding a dijoin, a set of arcs that intersects every
directed cut.

Despite its fundamental nature, the minimum cost dijoin problem is
not a standard modelling tool for the combinatorial optimizer in the
same way that shortest paths, matchings and network flows are. We be-
lieve that widespread adoption of these other problems stems from the
fact that they can be tackled using standard concepts such as dynamic
programming, greedy algorithms, shrinking, and tree growing. Conse-
quently, simple and efficient algorithms can be implemented and also,
importantly, taught. One objective of this paper, therefore, is to ex-
amine dijoins using classical combinatorial optimization techniques such
as decomposition, arborescence growing and negative cycle detection.
Under this framework, we present a primal version of Frank’s seminal
primal-dual algorithm for finding a minimum cost dijoin. The running
time of our implementation is O(n?m), which matches the fastest known
running time (due to Gabow, 1995). We also consider the question of
packing dijoins and along the way we present open problems which hope-
fully serve to show that the theory of dijoins is still a rich and evolving
topic. We begin, though, with some dijoin history.

1.1 Background

We start by discussing the origins of the first polytime algorithm
(based on the Ellipsoid Method) for this problem: the Lucchesi— Younger
Theorem. A natural lower bound on the number of arcs in a dijoin is the
size of any collection of disjoint directed cuts. The essence of Lucchesi-
Younger is to show that such lower bounds are strong enough to certify
optimality. A natural generalization also holds when an integer cost vec-
tor ¢ is given on the arcs. A collection C of directed cuts is a c-packing
if for any arc a, at most cg of the cuts in C contain a. The size of a
packing is |C|.

THEOREM 8.1 (LUCCHESI AND YOUNGER, 1978) Let D be a digraph
with a cost ¢, on each arc. Then

min{z co: T is a dz’jom} = max{|C| : C is a c-packing}.
acT

This was first conjectured for planar graphs in the thesis of Younger
(1963). It was conjectured for general graphs in Younger (1969) and
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independently by Robertson (cf. Lucchesi and Younger, 1978). (A pre-
liminary result for bipartite graphs appeared in McWhirter and Younger,
1971.) This theorem generated great interest after it was announced at
the 1974 International Congress of Mathematicians in Vancouver. It
proved also to be a genesis of sorts; we describe now some of the histori-
cal developments and remaining questions in combinatorial optimization
which grew from it.

Consider the 0 -1 matrix C whose rows correspond to the incidence
vectors of directed cuts in D. Theorem 8.1 implies that the dual of the
linear program min{cz : Cz > 1,z > 0} always has an integral optimum
for each integral vector ¢. Obviously, the primal linear program also
always has integral optimal solutions since any 0 — 1 solution identifies a
dijoin. Matrices with this primal integrality property are called ideal. As
discussed shortly, this new class of ideal matrices did not behave as well
as its predecessors, such as matrices arising from bipartite matchings and
network flows, each of which consisted of totally unimodular matrices.

Consider next an integer dual of the minimum dijoin problem where
we reverse the roles of what is being minimized with what is being
packed. Formally, for a 0—1 matrix C, its blocking matriz is the matrix
whose rows are the minimal 0 — 1 solutions = to Cz > 1. A result of
Lehman (1990) states that a matrix C' is ideal if and only if its blocking
matrix is ideal. Note that the blocking matrix of our directed cut inci-
dence matrix C, is just the dijoin incidence matrix, which we denote by
M. Tt follows that a minimum cost directed cut in a graph is obtained
by solving the linear program min{cz : Mx > 1,z > 0}.

Unlike the directed cut matrix, however, Schrijver (1980), showed
that the dual of this linear program does not always possess an integral
optimum. In particular, this implies that M is not totally unimod-
ular. Figure 8.1 depicts the example of Schrijver. Note that it is a
0—1-weighted digraph whose minimum weight directed cut is 2, but for

Figure 8.1. The Schrijver Example (bold arcs have weight 1)
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which there does not exist a pair of disjoint dijoins amongst the arcs
of positive weight. The example depends critically on the use of zero-
weight arcs. Indeed, the following long-standing unweighted conjecture
is still unresolved.

WooDALL'S CONJECTURE  The minimum cardinality of a directed cut
equals the mazimum cardinality of a collection of disjoint dijoins.

Schrijver (1982) and Feofiloff and Younger (1987) verified the conjec-
ture (even in the weighted case) if the digraph is source-sink connected,
that is, there is a directed path from each source to each sink. Note
that restricting the conjecture to planar graphs, and then translating to
the dual map, one has the following question which is also open. In a
planar digraph with no directed cycle of length less than &, there is a
partition of its arcs into k disjoint feedback arc sets (collections of arcs
whose deletion destroys all directed cycles).! Observe that two disjoint
feedback arc sets can be trivially found in any graph. If we take an
ordering of the nodes vy, vs,...,v, then A" = {(v;,v;) € A:i < j} and
A — A’ are feedback arc sets. Nothing is evidently known for & > 2,
except in the case of series-parallel digraphs for which the problem was
recently settled by Lee and Wakabayashi (2001).

We define a function f(k) which is the maximum value such that ev-
ery weighted digraph, whose minimum weight directed cut is at least k,
contains a weighted packing of f(k) dijoins. By weighted packing, we
mean that the number of dijoins containing an arc is at most the arc’s
weight. We ask whether f(k) goes to infinity as k increases. Currently
it is not even known if f(ko) > 2 for some kg. As suggested by Pulley-
blank (1994), one tricky aspect in verifying Woodall’s Conjecture is that
dijoins are not as easily visualized as directed cuts themselves or other
combinatorial objects such as trees, matchings, flows, etc. For a given
subset T" of arcs, one must resort to checking whether each directed cut
does indeed include an element of T'. Motivated by this, in Section 2,
we devise two “visual” certificates for dijoins. One of these, called a lobe
decomposition, resembles Whitney’s well-known ear decompositions for
2-connected and strongly connected graphs. This decomposition is used
later to define augmenting structures for dijoins, and it also immediately
implies the following.

THEOREM 8.5 Let D be a digraph with arc weights w whose minimum
directed cut is of weight at least 2. If each component of the graph induced

1t was actually the feedback arc problem which originally motivated Younger (1963).
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by the support of w induces o 2-edge-connected undirected graph, then the
set of positive weight arcs contains two disjoint dijoins.

In Section 4 we discuss an approach to determining whether there
exists a constant kg such that f(kg) > 2. We conjecture that dijoins
have an “Erdds-Posa property,” that is, f(k) approaches infinity. Even
more strongly we propose:

CONJECTURE 8.1 Let D be a weighted digraph whose minimum weight

directed cut is of size k. Then there is a weighted packing of dijoins of
size Q(k).

We prove the weaker result that there always exists such a “large”
half-integral packing.

THEOREM 8.2 Let D be a weighted digraph whose minimum weight dicut
is of size k. Then there is a half-integral packing of dijoins of size k/2.

We also discuss a possible approach for finding integral packings based
on a notion of skew supermodularity. This is related to a number of other
recent resuits on generalized Steiner problems in undirected graphs and
on network design problems with orientation constraints. Skew submod-
ular flows may themselves be an interesting direction for future research.

1.2 Algorithms

Frank’s original O(n3m) combinatorial algorithm (Frank, 1981) for
the minimum dijoin problem? is a primal-dual algorithm which essen-
tially looks for an augmenting cycle of negative cost much like Klein's
cycle cancelling algorithm for minimum cost network flows. It differs
in two main respects. First, in some iterations, no progress is made in
the primal, but rather some of the dual variables are altered. Second,
the negative cycles are not computed in the residual digraph associated
with the current dijoin. Rather, such cycles are computed in an extended
graph which contains new arcs called jumping arcs; these arcs may not
correspond to any arc in the original digraph. Avoiding jumping arcs
altogether is a difficult task, but there are two reasons to attempt this.
The first is that it is more natural to work in a residual digraph asso-
ciated with the original digraph; for example, this is what is done for
minimum cost network flows. The second is that computation of these
arcs has proved to be the bottleneck operation in terms of running time.

2More complex algorithms for the problem were found also by Lucchesi (1976) and Karzanov
(1979).
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Frank’s original algorithm computed these arcs in time O(n?m) per it-
eration. Gabow developed a sophisticated theory of centroids and used
it to compute these arcs in O(nm) time. In Section 3.2 we discuss a
simple primal O(n?m) implementation of Frank’s algorithm. There we
give a simple O(nm) primal algorithm for computing the jumping arcs.
Putting this together, we exhibit an O(n?m) algorithm which is based
only on negative cycle detection and arborescence growing routines.

The Lucchesi - Younger Theorem led Edmonds and Giles (1977) to de-
velop submodular flows, a common generalization of network flows and
dijoins. Frank’s algorithm for dijoins proved to be the prototype for the
original “combinatorial” algorithms for submodular flows, see for exam-
ple Cunningham and Frank (1985). In particular, the notion of jumping
arc carried over to that of an exchange capacity which is at the heart of
every algorithm for submodular flows. Computation of exchange capac-
ities corresponds to the problem of minimizing a submodular function
(a problem for which combinatorial algorithms have only recently been
devised Iwata et al., 2001; Schrijver, 2000).

Recently, it was shown by Fleischer and Iwata (2000) how to compute
minimum cost submodular fows without an explicit call to a submodular
flow minimization routine; instead they capitalize on a structural result
of Schrijver (2000) on submodular flow extreme points. In a similar vein,
we seek optimality conditions in terms of the original topology given by
D. In this direction, we describe a cycle flushing operation (similar to
augmentations), inspired by the above-mentioned lobe decomposition,
which allows one to work in a modified auxiliary graph whose arcs are
parallel to those of D (and so no expensive computation is required to
build it). We show that any pair of minimal dijoins can be obtained
from one another by a sequence of cycle flushings. Unlike network flows,
however, we may not always be guaranteed to be able to improve the
cost on each flushing operation. That is, we may not restrict to negative
cost cycle augmentations. We show instead that a dijoin is optimal if and
only if there is no negative cost strongly connected subgraph structure
in the modified auxiliary graph. Specifically, for a dijoin T we define a
residual graph D(T") which includes the arcs TU (A — 1) each with cost
zero, the arcs A — T each with their original cost, and the arcs T’ each
with the negative of their original cost (for a set X of arcs, X denotes
the set of arcs that are the reverse of arcs in X).

THEOREM 8.7 A dijoin T is optimal if and only if D(T') contains no
negative cost strongly connected subgraph, without any negative cycle of
length two.
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Detecting such negative cost subgraphs is NP-hard in general, as
shown in Section 3.1.2, although in this specific setting there is evidently
a polytime algorithm to find such subgraphs. This result effectively de-
termines a “test set” for local search. In other words, call two dijoins
neighbourly whenever one can be obtained from the other by flushing
along the cycles in such a strong strongly connected subgraph. Then
the result implies that the set of neighbourly pairs includes all adjacent
dijoins on the dijoin polyhedron. We have not characterized the adjacent
pairs however (cf. Chvétal, 1975, where adjacent sets on the stable set
polytope are characterized).

2. Visualizing and certifying dijoins

In this section we describe two “visual certificates” concerning whether
a set of arcs forms a dijoin. They have a similar flavour but are of inde-
pendent use depending on the setting. First we introduce the necessary
notation and definitions. We consider a digraph D = (V, A). For a
nonempty, proper subset S C V, we denote by §1(S) the set of arcs
with tail in S and head in V — 5. We let 67(S) = 6"(V — §). We also
set 8(S) = 67 (S) UG (S) and call §(S) the cut induced by S. A cut is
directed if §7(S), or 67(S), is empty. We then refer to the set of arcs as
a directed cut and call § its shore. The shore of a directed cut induces
an in-cut if 37{S) = @, and an out-cut otherwise. Clearly if S induces
an out-cut, then V — § induces an in-cut. We may abuse terminology
and refer to the cut 6(5) by its shore S.

A dijoin T is a collection of arcs that intersects every directed cut,
i.e., at least one arc from each cut is present in the dijoin. An arc,a € T,
is said to be critical if, for some directed cut 1 (S), it is the only arc in
T belonging to the cut. In this case we say that 6% (9) is a justifying cut
for a. A dijoin is minimal if all its arcs are critical.

Observe that if « € A induces a cut edge in the underlying undirected
graph then a set of arcs A’ is a dijoin if and only if a € A" and 4’ — {a}
is a dijoin of D —a. Thus, we make the assumption throughout that the
underlying undirected graph is 2-edge connected. Notice, also, that we
may assume that the graph is acyclic since we may contract the nodes
in a directed cycle without affecting the family of directed cuts.

A (simple) path P in an undirected graph is defined as an alternating
sequence v, €9, U1, €1, - - -, €11, ¥y of nodes and edges such that each e;
has endpoints v; and v;4;. We also require that none of the nodes are
repeated, except possibly vg = v; in which case the path is called a
cycle. Note that the path v, e 1,v_1,..., €0, v is distinct from P, and
is called the reverse of P, denoted by P~. A path in a digraph D is
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defined similarly as a sequence P = wvg, ag, vy, a1, ...,a-1,v of nodes
and arcs where for each 7, the head and tail of a; are {v;,v;+1}. If the
head of a; is v;41, then it is called a forward arc of P. Otherwise, it is
called a backward arc. Such a path is called a cycle if vy = v;. The path
(cycle) is directed if every arc is forward. Finally, for an arc a with tail
s and head t, we denote by @ a new arc associated to a with tail ¢ and
head s. For a subset F'C A, welet I' = {@:a € F}. We also let D
denote the digraph (V, A).

2.1 A decomposition via cycles

A cycle (or path), C, is complete with respect to a dijoin, T, if all of
its forward arcs lie in 7. In McWhirter and Younger (1971) the notion
of a complete path (called minus paths) is already used. A complete
cycle (or path) is flush if, in addition, none of its backward arcs is in the
dijoin.

LEmMMA 8.1 Let T be a dijoin of D and C be a complete cycle in D.
Then either C is flush or T is not minimal.

Proof. Suppose that a € T is a reverse arc of C and 67 (S) is a justifying
cut for a. Since 67(S9) is a directed cut, C intersects it in an equal
number of forward and reverse arcs. In particular, 67(S) N7 contains
some forward arc of C. It follows that T'— {a} is a dijoin. O

THEOREM 8.3 FEwvery dijoin contains a complete cycle.

Proof. We actually show that every non-dijoin arc is contained in a com-
plete cycle. Since the underlying graph is 2-edge connected there is a
non-dijoin arc (otherwise any cycle in D is complete). Let a = (s,t) be
such an arc. We grow a tree T rooted at s. Initially, let V(7)) = s and
A(T) = @. At each step we consider a node v € 7 which we have yet to
examine and consider the arcs in §(v)N§(7). We add such an arc a’ to 7
ifa’ € 67 (T)orifa’ € 67 (T)NT. It follows that this process terminates
either when 7 = V or when 6(7) consists only of out-going, non-dijoin
arcs. This later case can not occur, otherwise §(7) is a directed cut that
does not intersect the dijoin 7'. So we have t € T. In addition a = (s, 1)
is not in 7 as a was an out-going, non-dijoin arc when it was examined
in the initial stage. Now take the path P € 7 connecting s and ¢. All
of its forward arcs are dijoin arcs and by adding ¢ we obtain a complete
cycle, C, in which a is a backward arc. O

The preceding tree algorithm also gives the following useful check of
whether or not a dijoin arc is critical.
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LEMMA 8.2 A dijoin arc a = (s,t) is critical if and only if there is no
flush path from s to ¢ path in D — {a}. Moreover, any such arc lies on
a flush cycle.

Proof. This is equivalent to the following. A dijoin arc a = (s,t) is
critical if and only if the tree algorithm fails to find an s — ¢t path when
applied to D — {a}. To prove this, remove a from D and grow 7 from
s as before. If ¢t € 7 upon termination of the algorithm then let P be
the path from s to ¢ in 7. All the forward arcs in P are in the dijoin.
So C' = PU{a} is a complete cycle. However, a is a backward arc with
respect to C' and it too is in the dijoin. Thus, by Lemma 8.1, a is not
critical. Suppose then, on termination, ¢t ¢ 7 (notice that since we have
removed a dijoin arc it is possible that the algorithm terminates with
T # V). Clearly 6(7) is a justifying cut for a, and so a is critical. O

COROLLARY 8.1 A dijoin T is minimal if and only if every complete
cycle in T is flush.

Consider a complete cycle C' with respect to T'. We denote by D x C
(there is an implied dependency on T') the digraph obtained by con-
tracting C to a single node, and then contracting the strong component
containing that node to make a new node ve. The subgraph of D cor-
responding to ve is denoted by H(C'). Hence, D x C' = D/H(C), where
/ denotes the contraction operation. Observe that any cut of D that
splits the nodes of H(C) either contains a dijoin arc a € T'N C or is
not a directed cut. This observation lies behind our consideration of the
digraph D« C.

LEMMA 8.3 Let D be an acyclic digraph and T a dijoin. If C' is a
complete cycle, then T — H(C) is a dijoin in Dx C. If T is minimal in
D then T — A(C) is also minimal in D % C.

Proof. First, note that any directed cut in DxC corresponds to a directed
cut, 61(S), in D (with V(H(C)) C S or V(H(C)) CV —S). It follows
that T — V(C) is a dijoin in D+ C. Now suppose that 7" is minimal. We
first show that every arc a € H(C) — A(C) is contained in a complete
cycle C, whose forward arcs are a subset of C’s forward arcs. For if a
is such an arc, then since H{(C)/V(C) is strongly connected, there is a
directed path P which contains a, is internally disjoint from V(C), and
whose endpoints lie in V(C); the endpoints, say x and y, are distinct as
P is itself not a directed cycle in D. We may then identify a complete
cycle by traversing a subpath of C' from x to y, and then traversing P
in the reverse direction. Lemma 8.1 now implies that no arc of P lies in
T'. In particular, this shows that TN H(C) — A(C) = @.
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H(Cy)

Figure 8.2. A lobe decomposition

Now consider a € T'— A(C) and let S, be a justifying cut in D for a.
If V(H(C)) C Sq or V(H(C)) NS, = @, then it is a justifying cut for a
(with respect to T'— A(C)) in D x C. Otherwise, §*(S,) must contain
an arc ¢’ € H(C) — A(C). But then Cp must intersect §1(S,) in some
arc of T'N C, contradicting the fact that §(S,) NT = {a}. a

Set Dy = D and let Cy be a complete cycle in Dy. A lobe decomposi-
tion (which supports T) is a sequence S = {Cy, P°,C1, P, ..., Cr, P*}
such that

m For each i > 0, C; is a complete cycle for T in D; = D; 1 % Cy—
containing the special node v¢,_, .

» For each i > 0, P = {P, P,. ..,Pf;i} is a directed ear decom-
position of H;/(H;—1 U C;). Here H; = H(C;), that is, V(H;) =
Uj—o (U U Cy).

» Dy consists of a single node (Hyq1 = V).

Alternatively, we could replace the first condition, by one which does

not look for a complete cycle in D;_; + C;_1 but rather for a complete
path with distinct endpoints z,y € H;_; and whose internal nodes lies in
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V — H;_1. An example of a lobe decomposition is shown in Figure 8.2.
We refer to the Cj’s as the lobes of the decomposition. The ears for
some particular lobe are the directed paths P? in any directed ear de-
composition for the subgraph H(C;). Each P; or Cj is called a segment
of the decomposition. We say that a lobe decomposition § is flush if C;
is a flush for each i. We remark that, whilst each C; is only a complete
cycle in D; and not necessarily D, it can easily be extended to give a
complete cycle C} in H; C D using arcs of H;_; (possibly using arcs in
some Cj,j < %). Thus, we may also think of T" as being generated by a
sequence of C}, C1,...,C}, of flush cycles in D.
This leads to the following decomposition theorem,

THEOREM 8.4 (LLOBE DECOMPOSITION) A set of arcs T is a dijoin if
and only if it has a lobe decomposition. A dijoin T is minimal if and
only if every such decomposition is flush with respect to T

Proof. Suppose that T' = Tj is a dijoin in D = Dy. Then we may find
a complete cycle Cy in Dg by Lemma 8.3. Now set D; = Dgx Cp.
By Lemma 8.3, 71 = T — A(Cp) is again a dijoin in D;. Thus we
may find a complete cycie Cy in D;. We may repeat this process on
Diy1 = Dy * C; until some Dy, consists of a single node. Hence the C;
give rise to a lobe decomposition. Conversely, first suppose that 1" has
a lobe decomposition & = {Cp, P°, C1, PL, ..., Ck, P*} and let 6(S) be
a directed cut. Since Dy consists of a single node, the nodes in S and
V — S must have been contracted together at some point. Suppose this
occurs for the first time in stage j. Thus there is some node =z € S and
y € V—5 which are ‘merged’ at this point by contracting the arcs within
C; or one of its ears. Since §(5) is a directed cut and since D; either
lies entirely in S or entirely in V' — S, none of C;’s ears may intersect
the cut §7(S). Hence z and y were merged via the complete cycle C;.
Hence T intersects 0(5) and is, therefore, a dijoin.

Now suppose that T is minimal but there is a lobe decomposition for
which some Cj is not flush. Let ¢ be the smallest index of such a cycle.
Lemma 8.3 implies that 75 is minimal in D;. However, C; is complete but
not flush, contradicting Corollary 8.1 applied to 7;. Conversely, suppose
that every lobe decomposition is flush. If T" is not minimal, then we may
find a non-flush complete cycle C' by Corollary 8.1. But then we may
start with this cycle Cy = C, and proceed to obtain a non-flush lobe
decomposition, a contradiction. O

This theorem immediately implies:

THEOREM 8.5 Let D be a digraph with arc weights w whose minimum
directed cut is of weight at least 2. If each nontrivial component of the
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graph induced by the support of w induces a 2-edge-connected undirected
graph, then D contains two disjoint dijoins made up of positive weight
arcs.

Proof. Let Hy, Hs, Hs, ..., H; be the nontrivial connected components
of the subgraph induced by positive weight arcs. For each component,
create a lobe decomposition and let F; be those arcs that are traversed
in the forward direction of this decomposition. Now set F' := (J, F;, and
F' = J,(A(H;) = F;). We claim that F, F’ are the desired dijoins. This
is because if §7(9) is a directed cut, then since it has positive w-weight,
for some i, SNV (H;) is a proper, nonempty subset of V(H;). One easily
sees that F;, and A(H;) — F; intersect this cut, hence the result. |

This clearly extends to the cardinality case, for which two disjoint
dijoins was first observed by Frank (cf. Schrijver, 2003).

COROLLARY 8.2 If D is a connected digraph with no directed cut of size
1, then it contains two disjoint dijoins.

2.2 A decomposition via trees

We now discuss a decomposition based on building a connected sub-
graph on the underlying undirected graph. We begin with several more
definitions. Given our acyclic digraph D = (V, A), we denote by V* and
V'~ the set of sources and sinks, respectively. An ordered pair of nodes
(u,v) is legal if u is a source, v is a sink, and there is a directed path
from wto v in D. A (not necessarily directed) path is called a source-sink
path if its start node is a source node v of D and its terminating node
v is a sink of D. A source-sink path is legal if the pair (u,v) is legal.

A cedar is a connected (not necessarily spanning) subgraph K that
contains every source and sink, and can be written in the form

AK) = | AP)

Pep

where P is a collection of legal source-sink paths. We call P the de-
composition of the cedar. Given a cedar K, we denote by F'(K) the
set arcs that are oriented in a forward direction along some path in the
source-sink decomposition.

We start with several lemmas.

LEMMA 8.4 If K is a cedar, then F(K) is a dijoin.

Proof. Suppose that §7(5) is a directed cut. Note that since D is acyclic,
there must be some source in S and some sink in V — S. Since K is a
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cedar, it is connected and hence there is a path PP € P joining a node
of S to some node of V.— S. Let u and v be the source and sink of this
path. Since P is legal, it can not be the case that ue€ V — S and v € S.
It is easy to see that, in each of the remaining three cases, I” must have
traversed an arc of §7(S) in the forward direction. Thus F(K) does
indeed cover the cut. a

Thus, the complete paths induced by a cedar form a dijoin. Now, for
each source v, we denote by T, the maximal out-arborescence rooted at
v in D. Let R be the subgraph obtained as the union of the 7},’s. The
following lemma, follows trivially from the acyclicity of D.

LEMMA 8.5 There is a directed path from any node to some sink in D.
There is also a dipath to any node from some source. In particular, each
node lies 1n some T,,.

LEMMA 8.6 The digraph R is connected.

Proof. Suppose that S # V is a connected component of R. By the
connectivity of D, we may assume that there is an arc (z,y) such that
z € Sandy ¢ S. By Lemma 8.5, there exists a source v € R such that
x € Ty. The existence of the arc (x,y) then contradicts the maximality
of T,. O

Associated with a digraph D is a derived digraph, denoted by D', The
node set of D' is V* UV~ and there is an arc (u,v) for each legal pair
(u,v) such that u e V* and v € V™.

LEMMA 8.7 The derived graph D’ is connected.

Proof. Let S be a nonempty proper subset of V1 UV ™. It is enough
to show that dp/(5) is nonempty. By Lemma 8.5, we may assume that
both § and V' — S contain a source nodes. Let v1,..., v, be those sources
in S, and let wy,...,wy be those sources in V' — S. Evidently, no T,
contains a sink in V — 8 and no ij contains a sink in S. On the other
hand, by Lemma 8.6, there exists some 7 and j for which T, and Ty,
share a common node, z say. Hence, by Lemma 8.5, there is a dipath
from x to some sink node y. Therefore, there is a dipath to y from both
v; and w;. It follows that dp/(S) # @ as required. a

LEMMA 8.8 If T is a minimal dijoin, then there exists a cedar K such
that T' = F(K).

Proof. Given a minimal dijoin T, we construct the desired cedar K.
For any legal pair (u,v) in distinct components of K, there is a complete
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path, Py, from u to v. Suppose that such a complete path does not exist.
Then there is a subset S such that v € § and v ¢ S with §7(5) = @ and
that 6+ (S)NT = @. That is, S defines a directed cut which is not covered
by T', a contradiction. Now we add the arcs of Py, to the cedar. The
desired cedar is then obtained from the final subgraph X by throwing
out any singleton nodes. The resulting digraph is necessarily connected
by Lemma 8.7 and, hence, is a cedar. Moreover, by Lemma 8.4, F'(K)
is a dijoin. Since F(K) C T, we have that F(K) = T', by the minimality
of T, ]

One simple consequence is the following.

COROLLARY 8.3 (CEDAR DECOMPOSITION) A set of arcs T is a dijoin
if and only if there is a cedar K with T C F(K). Moreover, T is minimal
if and only if T' = F(K) for every cedar K with T C F(K).

3. Finding minimum cost dijoins

In this section, we consider the problem of finding minimum cost
dijoins. We begin by presenting a “flushing” operation that can be used
to transform one dijoin into another. We then use this operation to
characterize when a dijoin is optimal. Finally, we give a simple efficient
primal implementation of Frank’s algorithm.

3.1 Augmentation and optimality in the original
topology

OQur approach, in searching for a minimum cost dijoin, is to transform
a non-optimal dijoin into an instance of lower cost by augmenting along
certain cycle structures. The augmentation operation is motivated by
the lobe decomposition in Section 2.1. In due course, we will develop a
primal algorithm for the dijoin problem along the lines of that given by
Klein (1967) for minimum cost flows.

Given a dijoin 17" and a cycle C, let T = T'® C be the resultant graph
where C' is made into a flush cycle. We call this operation flushing the
cycle C. We may make the resultant flush cycle have either clockwise
or anti-clockwise orientation by adjusting whether we flush on C or C.
These two possibilities are shown in Figure 8.3. Similar operations have
been applied in various ways previously to paths instead of cycles (see,
for example, Frank, 1981; Fujishige, 1978; Lucchesi and Younger, 1978;
McWhirter and Younger, 1971; Zimmermann, 1982). One key difference
is that we introduce the reverse of arcs from outside the current dijoin.

We now formalize this operation and introduce & cost structure. Given
T, we construct an auxiliary digraph, D(T'), as follows. Add each arc
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Figure 8.5. Flushing a cycle

a € T to D(T") and give it cost 0; also add a reverse copy a with cost —c,
(corresponding to the action of removing a from 1"). For each a ¢ T', add
arc a to D(T') with cost ¢4 (corresponding to the action of adding a to T'),
and include a reverse copy with cost 0. We call the arcs TU (A —T') the
zero arcs (or benign arcs) of the auxiliary digraph. Now for a directed
cycle Cin D(T), we define T® CasTU{a€eC:a¢T}—{acT:
a € C}); we also define T'® A’ in the obvious fashion for an arbitrary
set of arcs A’. The value of this operation is illustrated by the following
simple lemma.

LEMMA 8.9 Let T be a dijoin in D, and let C be a cycle of length at
least 3 in D(T"). Then T'® C is also a dijoin.

Proof. If S induces an out-cut, then if C' crosses this cut, then it crosses it
at least once in the forward direction, and hence an arc of I'®C intersects
this cut. If C did not cross this cut, then TN§T(S) = (T'®@ C)NFH(9).
Thus T'® C is indeed a dijoin. O

We now see that one may move from one dijoin to another by re-
peatedly flushing along cycles. To this end, consider a directed graph G
whose nodes correspond to the dijoins of D and for which there is an arc
(T, T") whenever there is a cycle C, of length at least 3 in D(T), such
that 77 = T ® C. We have the following result.

THEOREM 8.6 Given a dijoin T' and a minimal dijoin T there is a
directed path in G from T to T™*. In particular, there is o directed path
in G from a minimal dijoin te any other minimal dijoin.

Proof. Let T* have a flush lobe decomposition that is generated by the
flush cycles Cy, C1,...,Cy. Take Ty = T and let Tj41 = T; ® C;. Note
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that 7™ C Tgy1. If T* = T}.q then we are done. Otherwise take an
arc @ € Ty —T*. Since T* is a dijoin, the arc a is not critical. So
there is a complete cycle C, for which a is a backward arc. Applying
Thyo = Ty ® Cq removes the arc a. We may repeat this process for
each arc in 1341 — 7. The result follows. |

Observe that there is a cost associated with flushing along the cycle
C. This cost is precisely ZaeC:aéT Ca = Y geTacc Ca- We call a directed
cycle C, of length at least 3 in D(T"), augmenting (with respect to c)
if it has negative cost. (We note that the general problem of detecting
such a negative cycle is NP-hard as is shown in Section 3.1.2.) Clearly,
if C' is augmenting, then ¢(T'® C) < ¢(T'). Hence if D(T) contains an
augmenting cycle, then 71" can not be optimal.

3.1.1 Auxiliary networks and optimality certificates.
Ideally one could follow the same lines as Klein’s negative cycle can-
celling algorithm for minimum cost flows. He uses the well-known resid-
ual (auxiliary) digraph where for each arc a, we include a reverse arc
if it has positive flow, and a forward arc if its capacity is not yet sat-
urated. A current network flow is then optimal if and only if there is
no negative cost directed cycle in this digraph. This auxiliary digraph
is not well enough endowed, however, to provide such optimality cer-
tificates for the dijoin problem. Instead Frank introduces his notion of
jumping arcs which are added to the auxiliary digraph. In this aug-
mented digraph the absence of negative cost directed cycles does indeed
characterize optimality of a dijoin,

We attempt now to characterize optimality of a dijoin working only
with the auxiliary digraph D(T") since it does not contain any jumping
arcs. We describe an optimality certificate in this auxiliary digraph.
Conceptually this avoids having to compute or visualize jumping arcs;
note that D(T') is trivial to compute since all its arcs are parallel to those
of D. This comes at a cost, however, in that the new certificate gives
rise to a computational task which seems not as simple as detecting a
negative cycle (at least not without adding the jumping arcs!). This
is forewarned by several complexities possessed by the dijoin problem
which are absent for network flows. For instance, if a network flow f is
obtained from a flow f’ by augmenting on some cycle C, then we may
obtain f’ back again, by augmenting the (topologically) same cycle. The
same is not true for dijoins. Figure 8.4 shows gives two examples in which
two dijoins can each be obtained from the other in a single cycle flushing.
Any such cycles, however, are necessarily topologically distinct.
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Figure 8.4. 'The asymmetry of flushing

One might hope that any non-optimal dijoin 7', could he witnessed by
the existence in D(T") of an augmenting cycle. Unfortunately, Figure 8.5
shows that this is not the case. The dijoin T} is non-optimal; there is,
however, no augmenting cycle in D(7}). We remark that we do not
know whether the non-existence of an augmenting cycle guar-
antees any approximation from an optimal dijoin. (Neither do we
know, whether this approach leads to a reasonable heuristic algorithm
in practice.)

An alternative optimality condition is suggested by the fact that,
whereas any network flow can be decomposed into directed flow cycles,
dijoins admit a lobe decomposition. Thus we focus instead on strongly
connected subgraphs of the auxiliary graph. We say that a subgraph
is clean if it contains no digons (directed cycles of length two). Now
take a dijoin T and consider a clean strongly connected subgraph H of
D(T). Since H can be written as the union of directed cycles, it fol-
lows by Lemma 8.9 that the flushing operation produces another dijoin
T = T ® H. The resulting dijoin has cost ¢(7") = c(T) + > cn Ca-
Consequently, if H has negative cost then we obtain a better dijoin.
The absence of a negative cost clean strongly connected subgraph will,
in fact, certify optimality. In order to prove this, we need one more
definition. Given a clean subgraph H and a directed cycle C, we define
H o C-as follows: firstly, take H U C' and remove any multiple copies of
any arc; secondly, if a and @ are in H U C then keep only the arc from
C. Our certificate of optimality now follows.
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Figure 8.5. A non-optimal dijoin with no augmenting cycle

THEOREM 8.7 A dijoin T is of minimum cost if and only if D(T) in-
duces no negative cost clean strongly connected subgraph.

Proof. As we have seen, if T' is of minimum cost, then clearly D(T')
containsg no negative cost clean strongly connected subgraph. So suppose
that T is not a minimum cost dijoin and let 7™ be an optimal dijoin.
Then, by Theorem 8.6, there are cycles C',...,C; such that T* =T ®
C1®Cy -+ ®@Cy. Let H' = Cy and H™ ™! = H"oC,1. We now show that
H' is a negative cost, strongly connected, clean subgraph. The theorem
will then follow as T* = T'® H°.

(i) By the use of the operation ¢, no digons may be present in H* and,
hence, H* is clean.

(ii) Since T* = T ® H!, we have that ¢(H') = c(T*) — ¢(T) < 0.
Therefore the cost of H! is negative.

(iii) We prove that H® is a strongly connected subgraph by induction.
H'! = (Y is strongly connected since C is a directed cycle. Assume
that H*™! is strongly connected. Then, clearly, H"! U C; is also
strongly connected. Now H® is just H*~! U C; minus, possibly, the
complements of some of the arcs in C;. Suppose, a = (u,v) € H'™*
is the complement of an arc in in C;. Now a ¢ H* but since all the
arcs in C" are in H there is still a directed path from u to v in H®.
Thus, H' is a strongly connected subgraph. O
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COROLLARY 8.4 A dijoin T is of minimum cost if and only if D(T)
induces no negative cost strongly connected subgraph that contains no
negative cost digon.

Proof. If T is not optimal then by Theorem 8.7 there is a negative
cost clean strongly connected subgraph H in D(7"). Clearly, H is a
negative cost strongly connected subgraph containing no negative cost
digon. Conversely, take a negative cost strongly connected subgraph H
that contains no negative cost digon. Suppose that H contains a digon
C = (a,a). This digon has non-negative cost and, therefore a is a non-
dijoin arc. If we then flush along H (insisting here that for a digon, the
non-digon arc a is flushed after @) we obtain a dijoin of lower cost. O

These results can be modified slightly so as to insist upon spanning
subgraphs. For example we obtain:

THEOREM 8.8 A dijoin T is of minimum cost if and only if D(T) con-
tains no spanning negative cost clean strongly connected subgraph.

Theorem 8.8 follows directly from Theorem 8.7 and the following
lemma.

LEMMA 8.10 If T is a manimal dijoin, then the zero arcs induce a
strongly connected subgraph.

Proof. Recall that the zero arcs are those arcs in TU (A —T"). Now,
consider any pair of nodes u and v. If there is no dipath consisting only
of zero arcs, then there is a subset S C V containing u but not v such
that 67(S) € A—T and 67(S) C T. Moreover, §7(S) # @ and so
contains some arc a. One now sees that a cannot be contained on a
flush cycle, contradicting Lemma 8.2. O

3.1.2 A hardness result. We have now developed our opti-
mality conditions. In this section, however, we present some bad news.
The general problem of finding negative cost clean subgraphs is hard.
We consider a digraph D and cost function ¢: A — Q. Consider the
question of determining whether D contains a negative cost directed cy-
cle whose length is at least three. The corresponding dual problem is
to find shortest length clean paths. As we now show, this problem is
difficult.

We note that the question of whether there exists any cycle of length
greater than 2 is answered in polytime as follows. A bi-tree is a directed
graph obtained from a tree by replacing each edge by a directed digon.
A long acyclic order for digraph D is an ordered partition Vi, Vs, ..., V,
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such that each V; induces a bi-tree and any arc (u,v) with v € V; and
v € V; with ¢ # j, satisfies ¢ < 7. One may prove the following fact

PROPOSITION 8.1 A digraph D has no directed cycle of length at least
3 if and only if it has a long acyclic order.

We now return to examine the complexity of finding a negative cost
such circuit.

THEOREM 8.9 Given o digraph D with o cost function c¢. The task of
finding shortest path distances is NP-hard, even in the absence of nega-
tive cost clean cycles.

Proof. So our directed graph D may contain negative cost digons but
no negative cost clean cycles. By a reduction from 3-SAT we show that
the problem of finding shortest path distances is NP-hard. Given an
instance, C1 A Cy A -+ A Oy, of 3-SAT we construct a directed graph D
as follows. Associated with each clause Cj is a clause gadget. Suppose
Cj = (x VyV z) then the clause gadget consists of 8 disjoint directed
paths from a node s; to a node t;. This is shown in Figure 8.6.

Each of the paths contains 5 arcs. For each path, the three interior
path arcs represent one of the 8 possible true-false assignments for the
variables x,y and z. The two end arcs associated with each path have
a cost 0, except for the path corresponding to the variable assignment
(Z, 9, Z). Here the final arc has a cost 1. Assume for a moment that the
three interior path arcs also have cost 0. Then the 7 variable assignments
that satisfy the clause C; correspond to paths of cost 0, whilst the non-
satisfying assignment corresponds to a path of cost 1.

Now, for 1 <-j7 < n — 1, we identify the node ¢; of clause C; with
the node s;11 of clause Cjy1. Our goal then is to find a shortest path
from s = s1 to t = t,. Such a path will correspond to an assignment of
the variables that satisfies the maximum possible number of clauses. We
do, though, need to ensure that the variables are assigned consistently
throughout the path. This we achieve as follows. Fach arc representing
a variable will in fact be a structure, called a variable gadget.

Note that a variable appears an equal number of times in its unnegated
form x and its negated form Z. This is due to the fact that we have four
occurrences of z and four of Z for each clause containing z or . Thus
if © and & appear in a total of n, clauses we have 4n, occurrences of
x and of Z. The variable gadget representing x or Z will be a directed
path consisting of 8n, arcs, with the arcs alternating in cost between L
and —L. We link together the 4n, directed paths corresponding to the
assignments with the 4n, directed paths corresponding to the Z assign-
ments as follows. Each of the 4n, negative cost arcs in an x structure
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Figure 8.6. 'The clause gadget for a C; = (z Vy V 2)

forms a digon with a negative cost arc from one of the Z structures, and
vice versa. This is shown in Figurew 8.7. Here the positive cost arcs
are solid whilst the negative cost arcs are dashed. In addition, the 4n;
gadgets corresponding to x are labelled z!,22%,..., 2™ etc. Hence each
pair of variable gadgets x! and #7 meet at a unique negative cost digon.

This completes the description of the directed graph corresponding to
our 3-SAT instance. Note that any consistent assignment of the variables
corresponds to a unique clean s — ¢ path. This path has the property
that it either traverses every arc in a variable gadget or none of the arcs.
Note that if a gadget corresponding to z is completely traversed, then
none of the gadgets corresponding to Z may be completely traversed,
since our shortest paths must be clean.

We say that a variable gadget is semi-traversed if some but not all of
the arcs in the gadget are traversed. We do not require any gadget to
explicitly enforce consistency within the variables. Instead we show that
in an optimal path, none of the variable gadgets may be semi-traversed.
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Figure 8.7. Interleaving variable gadgets.

By our previous observation, this implies that the path corresponds to a
consistent variable assignment. To see that none of the variable gadgets
are semi-traversed note that, in any path, the arcs immediately before
and after an arc of cost —L must have cost L. This follows as we may
not use both arcs in a negative cost digon. However, if we have a semi-
traversed gadget, then locally, with respect to that gadget, the path
must contain two consecutive arcs of cost L. As a result the overall cost
of the path is at least L. For L > n, though, clearly there are paths
corresponding to consistent variable assignments with smaller cost. The
result follows. O

Fortunately, as we will now see, the residual graph (associated with a
dijoin) that we consider has enough structure to allow us to find negative
cost clean strongly connected subgraphs efficiently.

3.2 A primal algorithm

We now present a simple primal implementation of Frank’s primal-
dual algorithm for the minimum cost dijoin problem. We also show
how this algorithm fits into the framework we have just formulated. As
discussed in the introduction, Frank’s algorithm looks for augmentations
of a dijoin in a residual digraph that contains a collection of jumping arcs
that are not necessarily parallel to any arc of D. We begin by defining
this residual digraph. To do this we require the concept of a strict set.
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For a dijoin 7', a directed cut §(9) is strict if the number of dijoin arcs
in 6(5) equals the number of weakly connected components in D — S.
The minimal strict set containing a node v is defined as

P(v) = {z : } a directed cut §7(9) s.t.
r€S,vgSand [§T(S)NT|=1}.

From these minimal strict sets, we obtain a collection of jumping arcs
J = {(u,v) : u € P(v)}. The residual digraph is then F(1') = (V, AY),
where A" = 4, UA;UT and A, = {G:a €T} and Ay ={a:a ¢
T'}. Frank actually generates dual variables and uses them to select a
subgraph of (V, AT) to work on.®> We add the following cost structure
to (V, AT"). Each arc a of A, receives a cost of —cz, each arc a € Ag
receives a cost ¢g, and all jumping arcs have cost 0. Given these costs,
the following result is then implied by the analysis of Frank’s algorithm.?

THEOREM 8.10 (OPTIMALITY THEOREM, FRANK) A dijoin T is opti-
mal if and only if F{T') has ne negative cycle.

Frank does not actually look for negative cycles but rather finds node
potentials in the aforementioned subgraph of F(1'). He then either im-
proves the primal dijoin, or updates his dual variables. He shows that
this need be done at most O(n) times. The running time of each itera-
tion is dominated by the time to build the jumping arcs, which he does in
O(n®m) time. Gabow showed how to compute these arcs in O(nm) time
and, thus, improved the total running time of Frank’s algorithm from
O(n®m) to O(n?m). Gabow’s approach is based on so-called centroids
of a poset and is applicable to a broader class of problems. His method
is very general and also rather complex to describe and implement. In
Section 3.2.1 we give an elementary O(nm) algorithm for building the
jumping arcs for a given dijoin.

We now describe a simple primal implementation of Frank’s algo-
rithm that builds directly on the Optimality Theorem. We call this
the PENDING-ARC algorithm. The algorithm assumes the availability of
a subroutine (such as is given in the next section) for computing the
jumping arcs of a dijoin.

The pending-arc algorithm. In each iteration 1, we have a current
dijoin T; and subgraph G; of F(7;) that contains no negative cost cycles.

3Frank works in the digraph where all arcs are reversed.
4We remark that phrasing optimality in terms of negative cycles was first done by Fujishige
(1978) for independent-flows and Zimmermann (1982) for submodular flows.
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The (negative cost) arcs in F(7;) — G; are called the PENDING ARCS at
time i; we denote by P; this set of arcs. Initially we find any (minimal)
dijoin Ty, and let G consist of the jumping and forward arcs of F(Tp).

Iteration i+ 1 consists of adding some arc a of P; to GG;. We then look
for a negative cycle containing a. If none exists, then G;41 = G; + a has
no negative cost cycles and P, 1 = F;—a is a smaller set of pending arcs.
Otherwise, we find a negative cost cycle C containing a and we augment
on it (dijoin and non-dijoin arcs have their status reversed, jumping
arcs are ignored) to obtain T;41. Provided that this cycle is chosen (as
detailed below) to be a minimal length cycle of minimum cost, one can
show that Gi11 = F(Ti+1) — (P; — a) also has no negative cost cycle.
Since |Py| = |Tp| < n and the number of pending arcs decreases by one
in each iteration, we have that P, = & and so G,, = F(71,). Since G,
has no negative cycles, the Optimality Theorem implies that 75, is a
minimum cost dijoin.

Note that, in each iteration, we may clearly determine whether a lies
in a negative cost cycle in time O(nm) (an O(m) implementation is given
below). If one is found, then we must recompute the jumping arcs for
the new dijoin T;4;. This can also be done in O(nm) time, and hence
the total running time of the algorithm is O(n?m).

Since one of our aims is to motivate thought on solving dijoin opti-
mization in the original topology, without explicit reference to jumping
arcs, we now show how the augmenting structure from Section 3.1.1 is
obtained directly from a negative cycle C' in D(T).

LEMMA 8.11 The cycle C gives rise to a negative cost clean strongly
connected subgraph in D(T;).

Proof. The arcs in C'— J are present in D(7;) and have a negative total
cost. In addition, it follows from Frank that augmenting on C' produces
a dijoin T;41 of lower cost than 7;. Hence, repeating the arguments
used in the proof of Theorem 8.7, we see that T;1 = 1T ® H, where H
is a negative cost clean strongly connected subgraph. Moreover, H is
the union of C' — 7 and a collection of zero arcs, and is therefore easily
obtained. O

We now describe a faster implementation of (and fill in some technical
details concerning) the PENDING-ARC algorithm. In particular, we show
how to compute a suitable cycle C in O(m) time. Therefore, letting J(n)
denote the worst case time needed to update the set of jumping arcs in
an n-node graph after a cycle augmentation is performed, we obtain the
following result,
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THEOREM 8.11 The algorithm PENDING-ARC solves the minimum di-
join problem in O(nm + nJ(n)) time.

Theorem 8.11 suggests there may be hope of finding even more effi-
cient methods for making a digraph strongly connected. It clearly levels
the blame for inefficiency squarely on the shoulders of computation of
the jumping arcs. We discuss the implications of this in the next sec-
tion. Here, however, we prove Theorem 8.11, that is, correctness of the
PENDING-ARC algorithm. This amounts to showing two things: (1) After
each iteration, Tj;1 is again a dijoin and (2) G;41 has no negative cycle.
Clearly if we do not augment on a negative cycle, then both these con-
ditions hold. So we assume that we do apply an augmentation. Frank’s
work indeed shows (see also Lemma 8.13) that if C is chosen as a mini-
mal length minimum cost cycle, then 75, is again a dijoin. In order to
prove (2) we need to more completely describe how to find the cycle C.

The simplest way to establish the result, is to maintain shortest path
distances (from an arbitrary fixed node r) in each G; as we go along. Let
di(x), or simply d(x), denote this distance for each node . Let a = (u,v)
be the new pending arc to be included. We are looking for a shortest path
from v to u in the digraph G;. This can be achieved in O(m) time by
allowing Dijkstra’s algorithm to revisit some nodes which were already
placed in the shortest path tree (this is described in Bhandari (1994) in a
special setting arising from minimum cost flows, but his technique works
for any digraph without negative cycles). A more traditional approach,
however, is as follows. For each arc b = (z,y) € G let ¢, denote its cost
in this auxiliary digraph, and set ¢, = d(z) + & — d(y). Consequently,
each ¢, is non-negative since the shortest path values satisfy Bellman’s
inequalities: d(y) < d(x) + ¢(, ) for each arc (z,y). In the following, we
refer to an arc as tight, relative to the d-values, if ¢ = 0.

Grow a shortest path tree F' from v using the costs ¢’. If the shortest
path to w is at least the auxiliary cost |é,| of a then there is no negative
cost cycle in G;\U{a}. In this case, there may be a shorter path from r to
v using the arc (u,v). We can then easily update the rest of the distance
labels simply by growing an arborescence from v. So assume there is a
negative cost cycle in G; U {a}. We obtain such a cycle C in F(1}) via
the union of a with a v — u path in F'. Note that since ¢’ > 0, we may
assume without loss of generality that C does not contain any shortcuts
via a jumping arc (these have auxiliary cost ()). We now perform an
augmentation on T; along ', and let 7,3 be the resulting set of arcs.
We also set Piyy = P; — {a} and G411 = F(Li+1) — Pit1.

It remains to show that G;11 has no negative cost cycle. In order to do
this we show how to update the shortest path distances d(z). Note that
it is sufficient to find new values that (i) satisfy the Bellman inequalities
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and (ii) for each node = # r, there is a tight arc entering . In order
to establish these facts we need one technical lemma, whose proof is
deferred to the end of the section.

LEMMA 8.12 If (z,y) is a jumping arc on C, then after augmenting T;
along C, there is a jumping arc (y,x).

Let & be the length of the path in F from v to u. For each integer
i < 8§ < |éq], and each node x € F at distance ¢ from v, we set d(z) =
d(z)— (6 —1i). In particular, we reduce d(v) by d. One easily checks that
after performing this change, every arc of C' — a becomes tight under
the new d(z) values. Thus, using Lemma 8.12, the reverse of all of these
arcs occurs in G;41 and each of these arcs is tight. One also checks that
the Bellman inequalities still hold for all arcs of Gy — C = Gy 1 — C.
We have thus established (i). Moreover, one checks that the above facts
imply that (ii) holds for every node except possibly w. In addition, it
fails at u only if there was only a single tight arc into « previously and
this arc was on C.

To correct this, we grow an arborescence R from u as follows. First
increase d(u) until @ becomes tight; that is, d(v) = d(v) + |é&,|. Now u
has a tight arc entering it, but this may have destroyed condition (ii) for
some other node if its only tight arc came from u (and, in fact, was the
reverse of an arc on C!). We scan u’s out-neighbours to check for this.
If we find such a neighbour x, we add it and the tight arc to R. We then
update z’s label; this involves searching x’s in-neighbours and, possibly,
discovering a new tight arc. We then repeat this process until no further
growing is possible. The process terminates in O(m) time provided we
do not revisit a node. Such a revisitation would correspond to a directed
cycle of tight arcs. This, however, could not be the case, since each of
these tight arcs was the unique such arc entering its head and every node
originally had a directed path of tight arcs from the source node r. Thus
after completing this process, we have amended the labels d(x) so that
every node satisfies (ii), and every arc satisfies (i). Thus we have new
shortest path labels.

We now prove Lemma 8.12 and, thus, Theorem 8.11. To do so, we
invoke the following result from the work of Frank.

LEMMA 8.13 (FRANK) Let S induce a directed in-cut in D and let j be
the number of jumping arcs in C N6~ (S). Then |67 (S)NT;| > 14 5.

One easily checks that this lemma implies that Tj4; is again a dijoin.
From this we also obtain the following structure on directed cuts that
become “strict” after augmentation.
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LEMMA 8.14 Suppose that S induces a directed in-cut with |0~ (S) N
Tit1] = 1. Then either C did not cross the cut induced by S, or

(i) Bvery arc of C N6 (S) is the reverse of an arc of T;.
G
(i1) Every arc of CNég (S) is a jumping arc except possibly one which
is an arc of A —1T;.

Proof. Since S induces an in-cut, each arc of C' in 61(95) is either a
jumping arc or the reverse of an arc of T;. Let 7; be the number of
jumping arcs, and ¢t be the number of negative cost arcs. Similarly, each
arc of C' in 7 (S) must be either a jumping arc or an arc of A — T;.
Let j be the number of jumping arcs and & be the number of arcs of
A —T;. Note that |67(S) NT;,1] > k and hence k € {0,1}. Note next
that j1 +¢ = 7 + k. Moreover, by the previous lemma we have that
0=(S)NTi| > 144 Thus 1 = [6-(S)NTi41| > j+1—t+k, and so
j+ k —t <0 which implies j; = 0. This completes the proof. O

Using this, our desired result follows.

Proof of Lemma 8.12. Suppose that (y, x) is not a jumping arc after T;
is augmented along C. Then there is a directed cut induced by a set S
such that z € S, y ¢ S and [0~ (S)NT;11| = 1. But then by Lemma 8.14
every arc of 67(S) N C must be the reverse of a dijoin arc, contradicting
the fact that (x,y) lies in this set. O

3.2.1 Computing the jumping arcs. The bottleneck op-
eration in obtaining a minimum cost dijoin is obtaining the set J of
jumping arcs. In order to find the jumping arcs we have to find the
minimal strict set, denoted P(v), with respect to each node v. Frank
(1981) showed how to construct all the minimal strict sets in O(n*m)
time, and also proved that this need be done at most n times, giving a
total running time of O(n?m). He then asserted that “it would be useful
to have a procedure with running time O(n3) (or perhaps O(n?)).”

Gabow (1995) described such a procedure that runs in O(nm), im-
proving the running time of Frank’s algorithm to O(n?m). Underlying
Gabow’s result is the following simple observation. Consider the di-
graph obtained from D by replacing each arc in D by two parallel arcs
and adding the reverse of every dijoin arc. Then a node u is in P(v) if
and only if there are two arc-disjoint paths from v to w in this digraph.
Gabow developed a general method which builds eflicient representa-
tions of arbitrary posets of strict sets. This is achieved by repeatedly
finding a centroid (like a separator) of the poset. He then uses the fi-
nal representation to answer 2-arc connection queries and, thus, find the
jumping arcs.
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Here we describe an elementary O(nm) algorithm, based upon ar-
borescence - growing, for computing the minimal strict sets. We also
discuss the hardness of improving upon this. We use the terminology
that, for a dijoin arc a, an out-cut §1(S) is a-separating (for v) if a is
the unique arc of 7" in 67(S) and v ¢ S. We refer to the set S as being
a-separating (for v) as well. Observe that any node that is not in P(v)
is contained in (the shore of) a separating cut for v. If no such cut exists
then the node is in P(v). This motivates the following question: given
a dijoin arc a and a node v, find the a-separating cut for v (if it exists)
which is induced by a maximal set Sq(v). We use the notation .S, instead
of Sg(v) if the context is clear. We call such a question a red query, and
using such queries we can compute each P(v) in O(m) time. To do this
we grow an arborescence, called the jumping tree, rooted at v in DU D.
As we proceed, the nodes are coloured blue and red depending upon the
outcome of the query. At the end of the algorithm, the minimal strict
cut P(v) consists exactly of those nodes coloured blue.

Growth of the jumping tree 7 alternates between blue phases and
red phases. A blue phase consists of repeatedly finding a blue node
in the tree and a node w not yet in the tree, for which there is an arc
(u,w) € D. We then add the arc to the tree and label w as blue. We
repeat this until no such arcs exist. At this point the nodes of 7 induce
an in-cut. We then choose a dijoin arc @ = (u,w) in this in-cut, and
attempt to determine the colour of v. More precisely, we make a red
query with respect to a and u, the result of which is an arborescence S,
rooted at uw. If S, is empty, in which case there are no a-separating cuts
for v, we colour u blue. Otherwise, S, identifies a maximal a-separating
cut, and all nodes in this set are coloured red. The algorithm is formally
described below. Here I'T(S) denotes the set of out-neighbours of S, that
is, those nodes y ¢ S such that there is an arc (z,y) for some z € S.

The jumping-tree algorithm.

Colour v blue; set 7 = ({v}, Q)

While V(T) #V

If there is an arc (u,w) € A(D) such that v €7, w¢ T
Colour w blue; add w and (u,w) to T

Otherwise there exists a = (u,w) €T such that u¢ 7T, weT
Add u,a to 7 and let S, =REDQUERY(a)
If V(S,) =@ then colour u blue
Else colour all nodes of S, Ted and add S, to 7

Colour all nodes of I't(S,)—V(T) blue
EndWhile

THEOREM 8.12 The algorithm JUMPING-TREE correctly calculates P(v).
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Proof. Notice that a node u can only be coloured red if there is a dijoin
arc a for which there is a justifying cut §*(S) withw € Sandv € V- S.
Since this is a separating cut, such a node is not contained in P(v) and
is, therefore, correctly labelled. Next we show that any blue nodes is in
P(v). This we achieve using induction beginning with the observation
that the blue node v is correctly labelled. Now a node w may be coloured
blue for one of two reasons. First, there is a blue node u and an arc
(u,w). Now, if u is correctly labelled then w must be as well. Suppose
the converse, and let 67 (S) be a separating cut with respect to v that
contains w in its shore. Clearly w must then also be in this shore, a
contradiction. A node u can also be coloured blue if there is a dijoin arc
a inducing a maximal separating cut 67 (S) with respect to v, contains
a non-dijoin arc (y,u). Suppose that there is a dijoin arc o’ inducing a
maximal separating cut §7(S’) with respect to v whose shore contains
u. Since there is an arc (y,u), we have y € S’ and therefore S and S’
intersect. It follows that S C 57, otherwise 67(S N .S’) is not a maximal
a’-separating cut for v. This implies that the head of arc a, say z is in
S’. We obtain a contradiction since z must be coloured blue. O

LEMMA 8.15 The algorithm JUMPING-TREE can be used to find the
Jumping arcs in O(nm) time.

Proof. The algorithm JUMPING-TREE evidently runs in O(m) time if the
red queries can be answered in say O(|S,|)-time. To achieve this, we
implement an O(nm) time preprocessing phase. In particular, for each
dijoin arc a = (u,w) € T, we spend O(m) time to build a structure that
allows us later to find an arbitrary set S, in time O(|Sg]).

Our method is as follows. Let D, = DU(T ~a). Initially, we call node
u alive. We then repeatedly grow, in D,, maximal in-arborescences Ay
from any existing alive node x. In building such arborescences we may
spawn new alive nodes. As we proceed, we let X be the set of visited
nodes. We add a new node to some A, only if it is not already in X.
If it is added, then it is marked as visited and put in X. In addition, if
this node had been labelled alive, then this label is now removed. Each
node z in A, is also marked by an (x) so we know that it was node x’s
tree that first visited z.

After A, is completed, observe that X induces a strict cut containing
a as its only dijoin arc. All out-neighbours of X, except w, are then
marked as alive, i.e., put on a stack of candidates for growing future
trees. Upon completion, we have generated a poset structure for the
a-strict sets. We use this structure to create an acyclic graph H which
has a node y for each arborescence A, which was grown. There is an arc
(z,y) € H if there is an arc with tail in A, and head in A,. In other
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words, H is obtained by contracting each A, to a single node. This
graph is easily built as the algorithm runs.

Given this preprocessing, we now show how to find the maximal a-
separating sets for v. Consider a partial arborescence 7 created during
the course of the jumping tree algorithm for v. Observe that if some
node y € H lies in S,, then A, C V(S,) by construction of A,. Thus,
our task amounts to determining which nodes of H lie in S,. In addition,
observe that if some node y € H lies in V — 7, then either (i) v € A4y
or (i) Ay € V —V(T). To see this, suppose that v ¢ A, and that
AyNT # @. Then T must have grown along some arc into A4, N 7.
However, no such arc exists in D UT — a. In particular, this also shows
that S, € V — 7. It then follows that a node y € H lies in S, if and
onlyify¢ 7.

Consequently, we may build S, by starting with the node of H which
contains the tail of a and growing a maximal arborescence in H — 7.
Then S, is the union of those A,’s which were visited in this process.
Given H and the A,’s, this can be done in O(|S,]) time, as required. O

We remark that Gabow also showed how fast matrix multiplication
can be used to find all the strict minimal cuts in O(nMM)) time (here,
MM(n) denotes the time to do matrix multiplication). Our algorithm
may also be implemented in this time. We end this section by comment-
ing on the hardness of finding a more efficient algorithm for calculating
the P(v). In particular, we show that finding all the minimal strict sets
is as hard as boolean matrix multiplication. To achieve this we show
that transitive closure in acyclic graphs is a special case of the minimal
strict set problem.

LEMMA 8.16 The minimal strict set problem is as hard as transitive
closure.

Proof. Given an acyclic graph D we form a new graph D’ as follows.
Add two new nodes s and ¢t with an arc (s,t). In addition, add an arc
from s to every source in D and add an arc to t from every sink in D.
Clearly, the arc (s,t) is itself a dijoin 7' in D’. Now observe that, for
each node v in D, there is a correspondence between the reachability
sets for v in D and the minimal strict set, with respect to 7', containing
v in D', The result follows. a

To see that transitive closure is as hard as Boolean matrix multiplica-
tion. Take two matrices A and B and consider the acyclic graph defined
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by the adjacency matrix

I A 0
M=10 I B
0O 0 I
Now the transitive closure of M is then:
I A AB
CiM)=1{0 I B
0 0 I

Therefore, trying to speed up the minimum cost dijoin algorithm by
finding more efficient methods to calculate the minimal strict cuts may
be difficult. One possible way around this would be to avoid calculating
the minimal strict cuts from scratch at each iteration. Instead, it may
well be possible to more efficiently update the minimal strict cuts after
each augmentation.

4. Packing dijoins

As mentioned in the introduction, an important question regarding
dijoins is the extent to which they pack. Here, we discuss this topic
further. We consider a digraph D with a non-negative integer vector
of arc weights, and denote by wp(u) the minimum weight of a directed
cut in D. An initial question of interest is: determine the existence of
a constant ko such that every weighted digraph D, with wp(u) > ko,
admits a pair of disjoint dijoins contained in the support of w. (The un-
weighted case was discussed in Section 2.) We approach this by consid-
ering submodular network design problems with associated orientation
constraints (as were recently studied in Frank, Kirdly, and Kiraly, 2001,
and Khanna et al., 1999). First, however, we look at the problem of
fractionally packing dijoins.

4.1 Half-integral packing of dijoins

By blocking theory and the Lucchesi— Younger Theorem (see Sec-
tion 1.1), any digraph D with arc weighting vector u has a fractional
u-packing of dijoins (a packing such that each arc a is in at most u, of
the dijoins) of size wp(u). We show now that there is always a large
%—integral packing of dijoins.

THEOREM 8.13 For any digraph D and non-negative arc vector u, there
is a half-integral u-packing of dijoins of size wp(u)/2.

Proof. Let k = wp(u) > 2. We now fix a node v and consider a partition
of the set of directed cuts 61(S) into two sets. Following a well-known
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trick, let O = {S:07(S) =@, ve StandZ ={S:67(S) =2,v e S}
Next note that an arc vector z identifies a (fractional) dijoin if and only
if z(67(S)) > 1 for each S € O and z(§7(9)) > 1 for each S € Z.
Consider now the digraph H obtained from D by deleting any zero-
weight arcs and adding infinitely many copies of each reverse arc. Tt
follows that for each proper S C V containing v we have |§5(S)| >
k. The Branching Theorem of Edmonds (1973) then implies that H
contains k disjoint spanning out-arborescences rooted at v. Call these
arborescences O1, Oy, . .., Oy, and for each 7, let 2 be the 0—1 incidence
vector in R4 of the set of forward arcs O; N A. Obviously for each
arc a, we have >, x% < 1. Similarly, there are k disjoint spanning in-
arborescences rooted at v and an associated sequence i of arc vectors.
We thus have, for each i and j, that 2*(5*(S)) > 1 for each S € O and
y/(6T(S)) > 1 for each S € Z. Hence, the support of the integral vector
x' + 97 identifies a dijoin T; ; for each 4,7 pair. Since any arc is in at
most two of the dijoins T11,122,..., Tk, & %—integral dijoin-packing of
size k/2 is obtained by giving each such dijoin weight one half. ]

We speculate that the structure of the above proof may also be used in
order to settle Conjecture 8.1. Namely, consider the digraph H obtained
in the proof, and let v be any node in H. Is it the case that for each r =
0,1,...,wp(u) there exists r arc-disjoint out-arborescences 11, T, ..., T}
in H rooted at v with the following property? In H' — (|, A(73)) each
cut 0 (S) with v € S, contains at least wp(u) incoming arcs. Thus we
could also pack wp(u) — r incoming arborescences at v. If such an out-
and-in arborescence packing result holds, then Conjecture 8.1 holds by
taking » = |wp(u)/2] and then combining each out-arborescence with
each in-arborescence to obtain a dijoin.

4.2 Skew supermodularity and packing dijoins

We begin this section by recalling some definitions. Two sets A and
B are intersecting if each of A — B, B — A, AN B are non-empty; the
sets are crossing if, in addition, V — (A U B) is non-empty. A family
of sets F is a crossing family (rvespectively, intersecting family) if for
any pair of crossing (respectively, intersecting) sets A, B € F we have
ANB, AUB € F. The submodular flow polyhedra of Edmonds and Giles
are given in terms of set functions defined on such crossing families of
sets. We consider a larger family of set functions based on a notion
of skew submodularity, a concept introduced for undirected graphs in
Williamson et al. (1995). A set family F is skew crossing if for each
intersecting pair A and B either ANB,AUB€ ForA—B,B—A¢c F.
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A real-valued function f defined on F is skew supermodular if for each
intersecting pair A, B € F one of the following holds:

(i) ANB,AUB € F and f(A)+ f(B) < f(ANB) + f(AU B).

(i) A-B,B—AeFand f(A)+ f(B) < f(A—B)+ f(B—A).

We claim that for an arbitrary digraph D, the family F*(D) = {S :
§7(S) = @ or 6 (S) = @} is skew crossing. Indeed, consider intersecting
members A and B of F*. Suppose first that both A and B induce out-
cuts (or in-cuts). If A and B are crossing then AN B, AU B are also
out-cuts (respectively in-cuts). If A and B are not crossing then both
A— B and B— A induce in-cuts (respectively out-cuts). Finally, suppose
that A induces an out-cut and B induces an in-cut. Then A — B is an
out-cut and B — A is an in-cut. Thus the claim is verified.

We are interested in skew supermodular network design problems with
orientation constraints. That is, we have a digraph D = (V,A) and
a skew supermodular function f detined on a skew crossing family F
of subsets of V. We are also given a partition of arcs into pairs a
and a, and for each such pair there is a capacity u,. We then define
Pp(f,u) to be the polyhedron of all non-negative vectors z € Q4 such
that z(67(S)) > f(S) for each S € F and x4 + x5 < uq for each arc pair
a and a. In general, the region Pp(f, u) need not be integral and we are
interested in finding minimum cost vectors in its integer hull. There are
a number of related results in this direction. Notably, Melkonian and
Tardos (1999) show that if f is crossing supermodular and if the orienta-
tion constraints are dropped, then each extreme point of this polyhedron
contains a component of value at least i. Khanna et al. (1999) describe
a 4-approximation algorithm for the case with orientation constraints
provided that f(S) =1 for every proper subset S. They also show that
the polyhedron is integral in the case that f is intersecting supermodu-
lar (see Frank, Kiraly, and Kirdly, 2001, for generalizations of this latter
result).

In terms of packing dijoins, we are interested in the polyhedron
Pr(f,u) where H = DUD and f(S) = 1 for each S € F£. Ob-
serve that, for any digraph D and weighting u with wp(u) > 2, we have
Py (f,u) is non-empty since we may assign % to each arc variable. For
now, we may as well assume u is a 0 — 1 vector. Suppose that Py (f, u)
has an integral solution x. Let F be those arcs a € D such that z, = 1,
and let K = A—F. We claim that the arc sets of D associated with both
F and K are dijoins. For suppose that S induces an out-cut. Then the
constraint x(67(S)) > 1 implies that F contains an arc from this cut,
whereas the constraint z(§7(V -- §)) > 1 implies that K intersects this
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cut.> The example of Schrijver (1980) implies that there is a weighted
digraph with wp(u) = 2 for which Pg(f, u) has no integral point (since
D does not have a pair of disjoint dijoins amongst the support of u). We
ask:

CONJECTURE 8.2 Is there a constant kg such that, for every weighted
digraph D, if wp(u) > ko then Py (f,u) contains an integral point? Is
this true for kg = 47

We note that, if wp(u) > 4k were to imply that Py (kf, u) contains
an integral point, then the methods used at the beginning of this section
can be made to yield an (k) packing of dijoins.

Acknowledgments. The first author is grateful to Dan Younger for
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References

Bhandari, R. (1994). Optimal diverse routing in telecommunication fiber
networks. Proceedings of IEEE Infocom, pp. 1498 - 1508.

Chvatal, V. (1975). On certain polytopes associated with graphs. Journal
of Combinatorial Theory, Series B, 18:138 —-154.

Cook, W., Cunningham, W., Pulleyblank, W., and Schrijver, A. (1998).
Combinatorial Optimization. Wiley-Interscience, New York.

Cui, W. and Fujishige, S. (1998). A primal algorithm for the submodu-
lar flow problem with minimum-mean cycle selection. Journal of the
Operations Research Society of Japan, 31:431 —440.

Cunningham, W. and Frank, A. (1985). A primal-dual algorithm for
submodular flows. Mathematics of Operations Research, 10(2):251
261.

Edmonds, J. (1973). Edge-disjoint branchings. In: R. Rustin (ed.), Com-
binatorial Algorithms, pp. 91-86, Alg. Press, New York.

Edmonds, J. and Giles, R. (1977). A min-max relation for submodular
functions on graphs. Annals of Discrete Mathematics, 1:185-204.
Frank, A. (1981). How to make a digraph strongly connected. Combina-

torica, 1:145-153.

Frank, A., Kirdly, T., and Kirdly, Z. (2001). On the Orientation
of Graphs and Hypergraphs. Technical Report TR-2001-06 of the
Egervary Research Group, Budapest, Hungary.

5We remark, that we could have also cast this as a “skew” submodular flow model as well; this
could be achieved by defining f(S) = |6(5)|—1 and then requiring z(§+(S))—z (6~ (5)) < f(S)
for each S € F.



8. Dijoins 253

Feofiloff, P. and Younger, D. (1987). Directed cut transversal packing
for source-sink connected graphs. Combinatorica, 7:255 —263.

Fleischer, L. and Iwata, S. (2000). Improved algorithms for submodular
function minimization and submodular flow. STOC, 107-116.

Fujishige, S. (1978). Algorithms for solving the independent flow prob-
lem. Journal of the Operations Research Society of Japan, 21(2):189—
204.

Fujishige, S. (1991). Submodular functions and optimization. Annals of
Discrete Mathematics, 47, Monograph, North Holland Press, Amster-
dam.

Gabow, H. (1995). Centroids, representations, and submodular flows.
Journal of Algorithms, 18:586 — 628,

Iwata, S., Fleischer, L., and Fujishige, S. (2001). A combinatorial
strongly polynomial time algorithm for minimizing submodular func-
tions. Journal of the ACM, 48(4):761-777.

Iwata, S., McCormick, S., and Shigeno, M. (2003). Fast cycle cancel-
ing algorithms for minimum cost submodular flow. Combinatorica,
23:503 - 525.

Jain, K. (2001). A factor 2 approximation algorithm for the generalized
steiner network problem. Combinatorica, 21(1):39-60.

Karzanov, A.V. (1979). On the minimal number of arcs of a digraph
meeting all its directed cutsets. Abstract in Graph Theory Newslet-
ter, 8.

Khanna, S., Naor, S., and Shepherd, F.B. (1999). Directed network de-
sign problems with orientation constraints. SODA, 663 -671.

Klein, M. (1967). A primal method for minimal cost flows. Management
Science, 14:205 - 220.

Lee O. and Wakabayashi, Y. (2001). Note on a min-max conjecture of
Woodall. Journal of Graph Theory, 14:36 -41.

Lehman, A. (1990). Width-length inequality and degenerate projective
planes. In: P.D. Seymour and W. Cook (eds.), Polyhedral Combina-
torics, pp. 101-106, Proceedings of the DIMACS Workshop, Morris-
town, New Jersey, June 1989. American Mathematical Society.

Lovész, L. (1976). On two minmax theorems in graphs. Journal of Com-
binatorial Theory, Series B, 21:96—103.

Lucchesi, C. (1976). A Minimaz Equality for Directed Graphs. Ph.D.
thesis, University of Waterloo.

Lucchesi, C. and Younger, D. (1978). A minimax theorem for directed
graphs. Journal of the London Mathematical Society,17:369—374.

McWhirter, 1. and Younger, D. (1971). Strong covering of a bipartite
graph. Journal of the London Mathematical Society,3:86 —90.



254 GRAPH THEORY AND COMBINATORIAL OPTIMIZATION

Melkonian, V. and Tardos, L. (1999). Approximation algorithms for a
directed network design problem. IPCO, 345 - 360.

Pulleyblank, W.R. (1994). Personal communication.

Schrijver, A. (1980). A counterexample to a conjecture of Edmonds and
Giles. Discrete Mathematics, 32:213 —214.

Schrijver, A. (1982). Min-max relations for directed graphs. Annals of
Discrete Mathematics, 16:261 - 280.

Schrijver, A. (2000). A combinatorial algorithm minimizing submodu-
lar functions in strongly polynomial time. Journal of Combinatorial
Theory, Series B, 80:346 —355.

Schrijver, A. Combinatorial Optimization: Polyhedra and Efficiency.
Springer Verlag, Berlin,

Wallacher, C. and Zimmermann, U. (1999). A polynomial cycle canceling
algorithm for submodular flows. Mathematical Programming, Series
A, 86(1):1-15.

Williamson, D., Goemans, M., Mihail, M., and Vazirani, V. (1995). A
primal-dual approximation algorithm for generalized Steiner network
problems. Combinatorica, 15:435—454.

Younger, D. (1963). Feedback in a directed graph. Ph.D. thesis, Columbia
University.

Younger, D. (1969). Maximum families of disjoint directed cuts. In: Re-
cent Progress in Combinatorics, pp. 329-333, Academic Press, New
York.

Zimmermann, U. (1982). Minimization on submodular flows. Discrete
Applied Mathematics, 4:303 —323.



Chapter 9

HYPERGRAPH COLORING BY
BICHROMATIC EXCHANGES

Dominique de Werra

Abstract A general formulation of hypergraph colorings is given as an introduc-
tion. In addition, this note presents an extension of a known coloring
property of unimodular hypergraphs; in particular it implies that a uni-
modular hypergraph with maximum degree d has an equitable k-coloring
(S1,...,Sk) with 14 (d - 1)|Sk| > |S1| = -+ > |Sk|. Moreover this also
holds with the same d for some transformations of I (although the
maximum degree may be increased). An adaptation to balanced hyper-
graphs is given.

1. Introduction

This paper presents some basic concepts on hypergraph coloring and
in particular it will use the idea of bichromatic exchanges to derive some
results on special classes of hypergraphs. In de Werra (1975) a result on
coloring properties of unimodular hypergraphs is formulated in terms of
“parallel nodes”; it is a refinement of a basic property of unimodular hy-
pergaphs given in de Werra (1971). As observed recently by Bostelmann
(2003), the proof technique given in de Werra (1975) may fail in some
situations. The purpose of this note is to provide a stronger version of
the result in de Werra (1975) together with a revised proof technique.

We will use the terminology of Berge (see Berge, 1987, where all terms
not defined here can be found).

A hypergraph H = (X, £) is characterized by a set X of nodes and a
family € = (E; | i € I) of edges F; C X;if |E;|=2forallie ] H isa
graph.

In order to extend in a non trivial way the concepts of node coloring
(and also of edge coloring) of graphs to hypergraphs, we shall define a
k-coloring C' = (S1,...,Sk) of a hypergraph H = (X,&) as a partition
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of the node set X of H into subsets Sp,..., S, (called stable sets) such
that no S; contains all nodes of an edge F; with |E;| > 2.

Notice that if |E;| = 2 for each edge E; in £, then this defines precisely
classical node k-colorings in graphs: the two end nodes of an edge must
receive different colors,

The adjacency matric A = (a;; | © € I,j € X) of a hypergraph
is defined by setting a;; = 1 if node j is in edge E; or a;; = 0 else,
So a k-coloring of H may be viewed as a partition of the column set
into subsets Si,..., Sk such that for each row ¢ with at least two non
zero entries, there are at least two subsets Sj, S, of columns for which
d(aij |7 €Sp) 21, 3 (as | 7€ Sq) 2 1.

Notice that if we consider the transposed matrix A7 of A, it may be
viewed as the adjacency matrix of some hypergraph H* = (7, X) called
the dual of H; it is obtained by interchanging the roles of nodes and
edges of H. In other words each edge F; of H becomes a node ¢; of H;
each node j of H becomes an edge X; of H*. Edge X contains all nodes
e; such that F; 3 7 in H.

The dual of a hypergraph is another hypergraph, so coloring the edges
of H is equivalent to coloring the nodes of its dual H* (in an edge coloring
of a hypergraph, we would require that for each node j contained in more
than two edges, not all edges containing j have the same color).

So edge colorings and node colorings are equivalent concepts for gen-
eral hypergraphs.

Notice however that the dual of a graph G is generally a hypergraph.
So coloring the edges of G in such a way that no two adjacent edges
have the same color is equivalent to coloring the nodes of hypergraph
G* in such a way that in each edge of G* all nodes have different colors.
But this is simply a node coloring problem in the graph G obtained by
replacing each edge of G* by a clique.

So in the remainder of this note we shall consider only node colorings
of hypergraphs without loss of generality. We will review some special
types of colorings (which are more restricted than usual colorings of hy-
pergraphs in the sense that the subsets S; have to satisfy some additional
conditions) and this will lead us to consider some classes of hypergraphs
in which such colorings may be constructed.

This will provide some opportunity to illustrate how some classical
coloring techniques like bichromatic exchanges can be extended to hy-
pergraphs.

The results to be derived by such procedures are simple generalizations
of some edge coloring problems in graphs and the reader is encouraged
to derive them from their hypergraph theoretical formulations.
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We also refer the reader to the seminal book of Berge (Berge, 1987)
for additional illustrations and basic properties of hypergraphs.

H is unimodular if its adjacency matrix A = (a5 | ¢ € I,j € X) is
totally unimodular.

For k > 2, an equitable k-coloring of H is a partition of the node set X
into k subsets S1, ..., Sk such that for each color r and for each edge E;,
we have

LE:l/R] < |Ei0Se| < [1E|/k] (9.1)

It is known (see Chapter 5 in Berge, 1987) that H is unimodular if and
only if every subhypergraph H' of H has an equitable bicoloring. From
this it can be seen (see de Werra, 1971) that for any £ > 2 a unimodular
H has an equitable k-coloring,

Let d be the maximum degree of the nodes of H, i.e., d = max; Y, a;;
where A is the edge-node incidence matrix of H. Two nodes of H are
parallel if they are contained in exactly the same edges; parallelism is
an equivalence relation on X let Ny,..., N, be its classes.

In de Werra (1975) the following result was given:

PROPOSITION 9.1 Let H be a unimodular hypergraph with maoximum
degree d. Then for any k > 2 H has an equitable k-coloring C' =
(S1,...,Sk) satisfying

(a) max, |Sr| <14 (d—1)min, |Sy]|

(b) =1 <|NsOSp| = NN S| <1 (it < k)

for every class N. of parallel nodes.

We will state a simple extension of this result and give a proof tech-
nique which can be used to derive Proposition 9.1.

2. An extension and a revised proof

Let H = (X&) be a hypergraph; we call z-augmented hypergraph of
H any hypergraph H(x) = (X',£’) obtained from H as follows:

X'=(X\z)U{x1,...,z;} where z1,...,x, are new nodes  (9.2)

E( - Ei ifEiﬁfL' (9 3)
¢ (Ei\iv)U{.Tl,...,:Uq} if B 3 x. '

Let F() = {.Tl, . .»,a:q}.
Furthermore, let £” = (F | s € J) be any family of edges Fy C Fj
such that:
(a) Fpe&”
(b) (Fy,&") is unimodular
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Then for H(x) we set
&= (Eliehug".

PROPOSITION 9.2 If H is unimodular and z is a node of H, then H(z)
s also unimodular.

Proof. We simply have to prove that H(z) has an equitable bicoloring
(it will follow that every subhypergraph of H(z) also has an equitable
bicoloring).

This can be seen as follows: let us assume that we have a hypergraph
H' obtained from H by simply considering that in H(z) we have &’ =
{Fo} (ie., 1] = 1).

CrLaM 9.1 The hypergraph H' = H(x) with J = {0} and all its subhy-
pergraphs have an equitable bicoloring.

Proof of the Claim. Let C = (S,,Sp) be an equitable bicoloring of H;
we now extend C to a bicoloring C’ of H' as follows: assume z had color
a in C; we then color z1,x2, ..., 24 alternately with colors a and b while
starting with color a. Since z1, ..., z, are contained in exactly the same
edges of H', we notice that the bicoloring C’ is equitable for H'.

This ends the proof of the claim. |

CLAIM 9.2 Any equitable bicoloring C' of H' can be extended to an eg-
ustable bicoloring of H(x).

Proof of the Claim. Let C" = (S}, 5}) be an equitable bicoloring of H'
which exists from Claim 9.1. We clearly have —1 < |Fy NS, — |Fo NS
<1

Assume w.l.o.g. that |S, N Fy| > |S; N Fyl.

Now (Fp, £”) has an equitable bicoloring (S, S} ) since by assumption
(b) it is unimodular. This coloring satisfies —1 < |SINFy|— S/ NFy| < 1
since by (a) Fy is an edge and we may also assume w.l.o.g that |S) NFy| >
IS N Fol.

Let

So=(Se — Fp) U(Fon SY)
—,S_'b = (Sb — Fo) U (Fo n Sé’).

Then it is easy to see that (since all nodes of Fy are contained in
exactly the same edges of &' —&") C = (9,, Sp) is an equitable bicoloring
of H(xz). This ends the proof of the claim. a

Now the result follows since the construction of equitable bicolorings
given above is trivially valid for any subhypergraph. O
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We will say that H is an augmentation of H if it is obtained by
successively choosing distinct nodes z (of the initial H) and constructing
an z-augmented hypergraph. Then we have from Proposition 9.2:

COROLLARY 9.1 If H is an augmentation of a unimodular hypergraph
H, then H is also unimodular.

We can now state the announced extension.

PROPOSITION 9.3 Let H be a unimodular hypergraph with mazimum
degree d and let H be an augmentation of H; then for any k> 2 H has
an equitable k-coloring (S, ..., Sk) satisfying

max |Sy| < 1+ (d - 1)min|S,|.
T T

Notice that the maximum degree of H may be strictly larger than d
when introducing the subhypergraphs (F§, (£")%) according to the aug-
mentation procedure.

Proof. From Corollary 9.1, we know that ]3 is unimodular; so let C =
(S1,...,Sk) be an equitable k-coloring of H. Let Fi, F2,..., F¢ be the
disjoint sets of nodes which have been introduced consecutively in the
augmentation operations. We remove all but the edge Fjj from each fam-
ily (£")* introduced during the augmentations. Let H' be the resulting
hypergraph; clearly C is also an equitable k-coloring for H'.

Then we show there exists an equitable k-coloring C' = (51, ..., (S},))
of H' with:

L4+ (d—1)s > 81 > sh >+ > 5

where s, = |5} for all » < k. Here d is the maximum degree of H.

Let us assume that if s; = |S;| (1 =1,...,k) the colors are ordered in
such a way that s; > --- > s.

(1) So we assume s; = s+ K > 14 (d—1)s,. We construct a simple
graph G’ whose nodes are those of S1 U Sy; its edges are obtained in the
following way: we examine consecutively all edges E/ of H' (except the
edges F§,Fg,..., F¢); in each E! we join by an edge as many disjoint
pairs of nodes x,y with x € Sy, y € S provided they have not been
joined yet. For doing this we associate to each F{ an edge E(s) such
that E/(s) D F§. Such edges do exist by construction. We consider
consecutively all edges E] (starting by the edges E;(s); when we consider
El(s) we first join as many pairs z,y within Fjj and we continue with
the nodes in E(s) — F§. For the other edges, we join the pairs z,y in
any order.

We recall that the sets F{§ are disjoint; so the construction is possible.
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We will get a simple bipartite graph G’ with maximum degree at most
d since each node in H' belongs to at most d edges E; (not considering
the edges F{).

(2) Now G’ has at most d.sy edges and since s1+sg > 2+d.sg, G’ is not
connected. So there exists a connected component G* = (S} U S}, E*)
of G’ for which s} < s7 = s; +L <14 (d—1)s;. We have 0 < L <
14+ (d—2)s; < 14(d—2)sp < K. Interchanging the nodes of ST and S}
we get a partition (S, Sk) of the nodes of the subhypergraph induced by
S1USg. If (possibly after permutation of indices 1 and k) we still have
51 > 1+ (d—1)5; we repeat the procedure. Finally we get an equitable
bicoloring (57, 5},) with s, < s7 <14 (d - 1)s}.

Now letting S.. = S, for r # 1, k we have an equitable k—coloring; after
permuting the indices if necessary we have 31 > sy > -+ > s but the
number of pairs a, b of colors for which s, — s} = max, d(s —sl) = s1—sk
has decreased by at least one.

Repeating this we will finally get an equitable k-coloring C” =
(ST,...,8)) of H with 14+ (d—1)s) >8] >+ > 5. .

(3) We now have to transform C” into an equitable k-coloring C' =
(§1, e ,,§k) of H satisfying the same cardinality constraints, i.e., 1 -+
(d=1)5, 251 >+ > 5.

Consider now the first edge Ff = {1, ...,2,} introduced into (£")*;
since C" is an equitable k-coloring of H’ (which contains Fy as an edge)
we have

FL/k) < |S" N FY < [|FL/k] forr=1,... k.

Let ¢ =|SINFg|forr=1,... .k s=1,...,t

Now construct any equitable k-coloring of (F&, (E"Y); such a coloring
C’1 = \Sl, ., St) exists since by (b) (Fy, (£”)!) is unimodular. Since

by (a) (FO is an edge of this hypergraph, the values |St N Fy|, |S4 N F},

,|Sk N F0| are a permutation of cl,cé, .. ,c}c So we may reorder
the colors in C’ in such a way that we have an equitable - colormg
C' = (81,51,.. Sk) of (Fy, (£")1) with |Sl)ﬂF0| =ctforr=1,... k.

Now, setting —SIT/ = (S~ F})U Srl forr=1,...,k.

We get an equitable k-coloring ' = ( :S;/l/, o ,glkl) of H', which is also
equitable for the edges in (£")1.

Moreover we have |S)| = [S”| for r =1,..., k.

Repeating this procedure for Fg, ... F¢ we will get the required eq-
uitable k-coloring C = (81, ...,8k); it will satisfy |S,| = |S/| for r =
1,...,k so that we will have:

1+(d—1)§k2§1>"'2/3\k- O
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COROLLARY 9.2 (DE WERRA, 1975) Let H be a unimodular hyper-
graph with mazimum degree d; let N1, Na,..., N, be the mazimal sub-
sets of nodes such that all nodes in N1 are exactly in the same edges
(s=1,...,p). For any k > 2, H as an equitable k-coloring (Si, ..., Sk)
such that

(a) max, Sy <1+ (d—1)min, |S,|

(b) LINs|/k] < INsNSp| < INGl/k], r=1,...k, s=1,...,p

Proof. H can be viewed as an augmentation of a unimodular hypergraph

H with maximum degree d where |N,| = 1 for each s; we transform
H into H by replacing each N, by F5 = Ng (if |Ng| > 2) so that in
(F5,(E")%) we have a single edge Fg (for s = 1,...,1). 0

REMARK Consider the unimodular hypergraph with edges {1234},
{3456}, {17}, {18}. In the original proof of Corollary 9.2, (de Werra,
1975) one starts from a bicoloring which is equitable except possibly
for some of the subsets N;: here Ny = {34}, Ny = {56}. For instance
S1 = {1256}, Sy = {3478}; one removes the largest possible even num-
ber of nodes in each N; (here all 4 nodes are removed). Then one con-
structs an equitable bicoloring of the remaining hypergraph. S; = {1},
So = {278} from which one gets S} = {135}, 55 = {24678}. But one has
|55 =151 > |S1] = |S2| = 0. So it may happen that max, |S}| — min, |S}.|
does increase at some iteration of the recoloring process.

If H = (X,€) is the dual of a graph G (the edge-node incidence
matrix A of H is the node-edge incidence matrix of G), then coloring
the nodes of H is equivalent to coloring the edges of G. In such a case,
the maximum degree d of H is at most two. So that the “balancing”
inequalities max, |S;| <1+ (d — 1) min, |S;| become simply

max(|S;| — [Ss]) < 1.

The “parallel nodes” in H correspond to parallel edges and so Corol-
lary 9.2 states that for any k a bipartite multigraph has an equitable
edge k-coloring such that in each family of parallel edges the coloring is
equitable and furthermore the cardinalities of the different color classes
are all within one (see de Werra, 1975).

The above properties have been extended to totally unimodular ma-
trices with entries 0, +1, —1; but in these formulations the conditions on
the cardinalities |S;| are not as immediate as in the 0, 1 case.

Balanced hypergraphs have been defined in Berge (1987) as hyper-
graphs which have a balanced 0, 1-matrix as edge-node incidence matrix.
A 0,1 matrix is balanced if it does not contain any square submatrix of
odd order with exactly two ones in each row and in each column.
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It is known (Berge, 1987) that balanced hypergraphs have a good k-
coloring (S1,...,Sk) for any k > 2, i.e., a partition of the node set X
into k subsets S, such that for each edge F and for each color r

<1 i|E| <k
CRPE
>1 i |E| > k.

Now Proposition 9.3 can be formulated as follows for balanced hyper-
graphs:

PRrROPOSITION 9.4 Let H be a balanced hypergraph with maximum degree
d; then for any k > 2, H has a good k-coloring (S1,...,Sk) satisfying

max |S;| <1+ (d— 1) min|Sy|.
T T

Proof. We use the same technique as in the proof of Proposition 9.3.
We start from a good k-coloring (S1,...,Sg) with 51 > s9 > -+ > s
and s; > 1+ (d — 1)s;. We consider the subhypergraph H' generated
by S1 U Sk; in each edge E with |E| > 2 we link one pair z,y of nodes
with z € S,y € Sk.

As before we get a bipartite graph G’ with maximum degree d; we
can interchange colors as in the proof of Proposition 9.3 and we finally
get a good bicoloring (57, S;) with s), < s} <1+ (d —1)s}.

Setting S} = S, for r # 1,k we get again a good k-coloring. The
number of pairs a, b of colors for which s}, —s; = max. 4(s, — s;) = s1— s
has decreased by at least one.

Repeating this will finally give the required k-coloring. O

3. Final remarks

One should notice that the augmentation operation described here is
the analogous of transformations which are known for perfect graphs:
replacement of a node z in a perfect graph G by a perfect graph G’
whose nodes are linked to all neighbors of  in G (see for instance Schri-
jver (1993) for a review of results and for references). Here we replace a
node by a unimodular hypergraph (Fp, £”) but in order to have a simple
recoloring procedure in the transformed hypergraph which is still uni-
modular, the set Iy of all new nodes is introduced as an edge of (Fy, £").

So one may furthermore wonder whether such an augmentation pro-
cedure can be defined for balanced hypergraphs. However in the case
where |Fy| > k, we cannot use the same procedure as for unimodular
hypergraphs: while for unimodular hypergraphs, it is always possible to
extend an equitable k-coloring C” of H' to an equitable k-coloring C of H
without changing the cardinalities of the color classes, this is a priori not
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possible for balanced hypergraphs. The reason lies in the fact that for a
given Fy and a given k, there is a unique vector s; > s9 > - -+ > s, which
gives the cardinalities of the color classes of an equitable k-coloring, while
for good colorings (associated to balanced hypergraphs) it may not be
unique. For instance for |Fy| = 5,k = 3, we have (s1,s2,83) = (2,2,1)
for any equitable 3-coloring, while we may have (2,2,1) or (3,1,1,) for
good 3-colorings. So the proof technique used in Proposition 9.2 cannot
be used in the same way.

Finally one should recall that these chromatic properties have been
extended to the case of 0, +1, —1 balanced matrices. These can be char-
acterized by a bicoloring property in a similar way to totally unimodular
matrices. Such matrices correspond to “oriented balanced hypergraphs”;
they have been extended to a class called r-balanced matrices (see Con-
forti et al. (2005)) which is also characterized by a bicoloring property.
We just mention the basic definitions: a 0, 1 matrix A has an r-equitable
bicoloring if its columns can be partitioned into 2 color classes in such a
way that:

(i) The bicoloring is equitable for the row submatrix determined by
all rows with at most 2r non zero entries.

(ii) Every row with more than 2r non zero entries contains r pairwise
disjoint pairs of non zero entries such that each pair contains either
entries of opposite sign in columns of the same color class or entries
of the same sign in columns of different color classes.

In Conforti et al. (2005) it is shown that a 0, £1 matrix A is r-balanced
if and only if every submatrix of A has an r-equitable coloring. Clearly
1-balanced matrices are precisely the balanced matrices. Also if r >
[n/2] (where A has n columns) the r-balanced matrices are the totally
unimodular matrices.
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