The Order of Presentation of the Formulas

The question of the most expedient order in which to give the formulas, in particular, in what division to include particular formulas
such as the definite integrals, turned out to be quite complicated. The thought naturally occurs to set up an order analogous to th:
of a dictionary. However, it is almost impossible to create such a system for the formulas of integral calculus. Indeed, in an

arbitrary formula of the form
b
/ flx)de = A

one may make a large number of substitutions of the formp(¢) and thus obtain a number'sfynonyms of the given formula.

We must point out that the table of definite integrals by Bierens de Haan and the earlier editions of the present reference both sin i
the plethora of suctsynonyms and formulas of complicated form. In the present edition, we have tried to keep only the simplest of
the "synonym formulas. Basically, we judged the simplicity of a formula from the standpoint of the simplicity of the arguments of
the "outer“functions that appear in the integrand. Where possible, we have replaced a complicated formula with a simpler one.
Sometimes, several complicated formulas were thereby reduced to a single simpler one. We then kept only the simplest formula. A
a result of such substitutions, we sometimes obtained an integral that could be evaluated by use of the formulas of chapter two anc

the Newton--Leibniz formula, or to an integral of the form
a
[ t@a
J—a
wheref(z) is an odd function. In such cases the complicated integrals have been omitted.
Let us give an example using the expression
T (ctgx —1)P!
/ (ctge — V"7 Intg xdr = ~ T cosec p. (1)
0 p

sin’

XXVi

By making the natural substitutiong x — 1 = u, we obtain

o0
/ uP" M n(1 + u) du = T cosec T (2)
70 b
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Integrals similar to formula (1) are omitted in this new edition. Instead, we have formula (2) and the formula obtained from the

integral (1) by making the substitutiotg x = v.

As a second example, let us take

™

I:/ Intg? z + ctgP x) Intgz dz = 0.
0

The substitutiong = = w yields

7= /Ocln(up +uP)lnu du
0 1+ u?

If we now seb = In u, we obtain

>0 v  In2ck
I= / v In(eP” + e ) dv = / v 2P g,
J _oo J—o0o

14 e2v 2 chv

The integrand is odd and, consequently, the integral is eqiial to

Thus, before looking for an integral in the tables, the user should simplify as much as possible the arguriemés”(fhections)

of the functions in the integrand.

The functions are ordered as follows:

First we have the elementary functions:

1.The functionf (z) = =.
2.The exponential function.
3.The hyperbolic functions.
4.The trigonometric functions.
5.The logarithmic function.

6.The inverse hyperbolic functions. (These are replaced with the corresponding logarithms in the formulas containing definite
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integrals.)

7.The inverse trigonometric functions.

Then follow the special functions:

8.Elliptic integrals.
9.Elliptic functions.
10.The logarithm integral, the exponential integral, the sine integral, and the cosine integral functions.
11.Probability integrals and Fresnel's integrals.
12.The gamma function and related functions.
13.Bessel functions.
14 Mathieu functions.

XXVii
15.Legendre functions.
16.0rthogonal polynomials.
17.Hypergeometric functions.
18.Confluent hypergeometric functions.
19.Parabolic cylinder functions.
20.Meijer's and MacRobert's functions.

21.Riemann's zeta function.

The integrals are arranged in order of outer function according to the above scheme: the farther down in the list a function occurs,
(i.e., the more complex it is) the later will the corresponding formula appear in the tables. Suppose that several expressions have |
same outer function. For example, considare”, sin x, sin In z. Here, the outer function is the sine in all three cases. Such
expressions are then arranged in order of the inner function. In the present work, these functions are therefore arranged in the

following order:sin z, sin e, sin In z.

Our list does not include polynomials, rational functions, powers, or other algebraic functions. An algebraic function that is included
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in tables of definite integrals can usually be reduced to a finite combination of roots of rational power. Therefore, for classifying our
formulas, we can conditionally treat a power function as a generalization of an algebraic and, consequently, of a ratior*al function.
For any natural number, the involution(a + bz)™ of the binomiak + bz is a polynomial. Ifz is a negative integefq + bz)™ is a

rational function. Ifz is irrational, the functiofa + bx)™ is not even an algebraic function.

We shall distinguish between all these functions and those listed above and we shall treat them as operators. Thus, in the expres:

sin? e*, we shall think of the squaring operator as applied to the outer function, namely, the sine. In the expression

sin x-+cos x

Sinz>_cos ' Ve shall think of the rational operator as applied to the trigonometric functions sine and cosine. We shall arrange

the operators according to the following order:

1.Polynomials (listed in order of their degree).

2.Rational operators.

3.Algebraic Operators (Expressions Of The Fatti?, whereg andp are rational, ang > 0; these are listed according to the
size ofq).

4.Power operators.

Expressions with the same outer and inner functions are arranged in the order of complexity of the operators. For example, the
following functions (whose outer functions are all trigonometric, and whose inner functions fe) a# ) are arranged in the

order shown:

. . sin x sinx + cos x o m
sinx, sinxzcosxr, —— = cosecz, =tgx, ——  —, sin"'z, sin"'x cosz.
sin x CcoSs & sinx — cos

Furthermore, if two outer functions, (x) andys(x), wherep; (x) is more complex thap, (), appear in an integrand and if any of
the operations mentioned are performed on them, the corresponding integral will appear (in the order determined by the position of

w2 () in the list) after all integrals containing only the functioriz). Thus, following the trigonometric functions

XXViii

are the trigonometric and power functions (thapigx) = ). Then come
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combinations of trigonometric and exponential functions,
combinations of trigonometric functions, exponential functions, and powers, etc.,

combinations of trigopnometric and hyperbolic functions, etc.

Integrals containing two functions (x) andy2(x) are located in the division and order corresponding to the more complicated
function of the two. However, if the positions of several integrals coincide because they contain the same complicated function, the

integrals are put in the position defined by the complexity of the second function.

To these rules of a general nature, we need to add certain particular considerations that will be easily understood from the tables. |
example, according to the above remarks, the funeticomes aftee” as regards complexity, blt 2 andln % are equally
complex sincén % = —Inx. Inthe section ofpowers and algebraic functidnpolynomials, rational functions, and powers of

powers are formed from power functions of the f¢rmt- bz)™ and(a + Sz)”.

Use of the Tables

Prepared by Alan Jeffrey for the English language edition.

For the effective use of the tables contained in this book it is necessary that the user should first become familiar with the
classification system for integrals devised by the authors Ryzhik and Gradshteyn. This classification is described in detail in the
section entitled The Order of Presentation of the Formulas and essentially involves the separation of the intégreardriato
outerfunctions. The principal function involved in the integrand is calledtiterfunction and its argument, which is itself usually
another function, is called thenerfunction. Thus, if the integrand comprised the expredsisim x, theouterfunction would be

the logarithmic function while its argument, theerfunction, would be the trigonometric functisim x. The desired integral would

then be found in the section dealing with logarithmic functions, its position within that section being determined by the position of

theinnerfunction (here a trigonometric function) in Ryzhik and Gradshteyn's list of functional forms.

It is inevitable that some duplication of symbols will occur within such a large collection of integrals and this happens most

frequently in the first part of the book dealing with algebraic and trigonometric integrands. The symbols most frequently involved ar
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a, B, 04, u, z, 25, andA. The expressions associated with these symbols are used consistently within each section and are define
at the start of each new section in which they occur. Consequently, reference should be made to the beginning of the section being

used in order to verify the meaning of the substitutions involved.

Integrals of algebraic functions are expressed as combinations of roots with rational power indices, and definite integrals of such
functions are frequently expressed in terms of the Legendre elliptic intdgfals:), F (¢, k) andIl(¢, n, k), respectively, of the

first, second and third kinds.

An abbreviated notation is used for the trigonometric and hyperbolic functions cot x, sinh x, cosh z, tanh x andcoth x
which are denoted, respectively, tayz, ctg x, sh x, ch z, th x andcth x. Also the four inverse hyperbolic functioAssh z,

Arch z, Arth z andArcth z are introduced through the definitions

arcsin z = — Arsh (i2)
1

1
arccos z = — Arch (z)
1

1

arctg z = — Arth (iz)
1

arcctg z = i Arcth (iz)

or,

1

Arsh z = — arcsin (iz)
i

Arch z = jarccos z
1

Arth z = - arctg (iz)
1
1

Arcth z = — arcetg (—iz)
i
XXX

The numerical constan®andG which often appear in the definite integrals denote Euler's constant and Catalan's constant,
respectively. Euler's constadtis defined by the limit

S

1
C =lim, .o (Z — —In é> =0.577215... .
m

m=1

On occasions other writers denote Euler's constant by the sypfthalthis is also often used instead to denote the constant
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Catalan's constaG is related to the complete elliptic integral

da

1—k2sin’a

K—K(k)—/oﬁ/2

by the expression

e = (-n™
G=-[ Kdk=) ————— =0915965... .
2_/0 72::0 (2m +1)2

Since the notations and definitions for higher transcendental functions that are used by different authors are by no means uniform,
is advisable to check the definitions of the functions that occur in these tables. This can be done by identifying the required functio
by symbol and name in the Index of Special Functions and Notations that appears at the front of the book, and by then referring to

the defining formula or section number listed there. We now present a brief

XXXI

discussion of some of the most commonly used alternative notations and definitions for higher transcendental functions.

Bernoulli and Euler Polynomials and Numbers

Extensive use is made throughout the book of the Bernoulli and Euler nuBparsl E,, that are defined in terms of the Bernoulli

and Euler polynomials of order, B,,(z) andF,, (z), respectively. These polynomials are defined by the generating functions

t@mt © ke
et —1 = ZBn(x)m for ‘t| < 2
n=0
and
2e*t i m
et _|_ 1 = En(l)ﬁ for ‘t| < Tr.

The Bernoulli numbers are always denotedByyand are defined by the relation

B,, = B,(0) for n=20,1,...,
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when

The Euler numberg’,, are defined by setting

1
E,=2"E, <§) for n=0,1,....

TheF,, are all integral andy = 1, F, = —1, Fy, =5, Fg = —61, ... .

An alternative definition of Bernoulli numbers, which we shall denote by the sysiiboises the same generating function but
identifies the B} differently in the following manner:
t 1 t2 t

This definition then gives rise to the alternative set of Bernoulli numbers

By =1/6, B3 =1/30, B;=1/42, B;=1/30, B =5/66,
B; =691/2730, B; =7/6, Bg =3617/510,....
XXXii
These differences in notation must also be taken into account when using the following relationships that exist between the

Bernoulli and Euler polynomials:

or
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and

There are also alternative definitions of the Euler polynomial of erdend it should be noted that some authors, using a

modification of the third expression above, call

(o) (B -5, (9))

the Euler polynomial of ordet.

Elliptic Functions and Elliptic Integrals

The following notations are often used in connection with the inverse elliptic funetiensn u, anddn w:

1 1 1

nsu = — ncuy = — ndu =

snu cnu dnu

snu cnu dnu
scu = —— csu=—— dsu =

cnu sn u sn

snu cnu dnu
sdu = cdu = dcu =

dnu dnu cnu

The following elliptic integral of the third kind is defined by Ryzhik and Gradshteyn to be

® da
(e, n?, k) = / a
0 (1 —-n2sin?a)V1—k2sin’a
/sian dr
0 (1 —n222)\/(1 — 22)(1 — k222?)

(=00 < n? < o).

XXXiii

The Jacobi Zeta Function and Theta Functions
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The Jacobi zeta functiom (u, k), frequently writtenZ (u), is defined by the relation

: "“’ E , E
m(u, k) = Z(u) = / {an v — K} dv = E(u) — K U.
Jo

This is related to the theta functions by the relationship

(u, k) = 83 In ©(u)

U

giving

19/ (7ru
. U1 2_K) cnudnu
w k) = — -
(1) zn (u, k) 2K . (ﬂ) snu
2K
- (ﬂ) i g
’ T "2\9K dnusnu
W = (o e
2K
19/ (7ru
T Vs 2_K) 5 Snucnu
u. k) = — — K
(i) 2o (u, k) = oo 9 (ﬂ) dnu
2K
&, (ﬂ)
. , ™ "t \9K
k) = SR
(iv) zn (u, k) 2K , (w_u)
2K

Many different notations for the theta function are in current use. The most common variants are the replacement of the argument
by the argument /7 and, occasionally, a permutation of the identification of the functipts 4 with the functiond, replaced by

.

The Factorial (Gamma) Function

In older reference texts the gamma funciign), defined by the Euler integral

I'(z) = / t*~tetdt,
Jo
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XXXIV

is sometimes expressed in the alternative notation

I(1+2) =z =1I(2).

On occasions the related derivative of the logarithmic factorial funclion) is used where

d(lnz!) (21
dz z!

This function satisfies the recurrence relation

1
z—1

U(z)=W(z—1)+

and is defined by the series

- 1 1
U(z) =-C — .
(2) +nz_:o(n—|—1 z—l—n)

The derivativel’ () satisfies the recurrence relation

—0(z—1)=-V'(2) + ziQ

and is defined by the series

Exponential and Related Integrals

The exponential integralS,, (z) have been defined by Schloemilch using the integral

E,(z) = /1 e T dt (n=0,1,... ,.Rez > 0).
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They should not be confused with the Euler polynomials already mentioned. The fuf\¢tioris related to the exponential

integral E'i(z) and to the logarithmic integrél(z) through the expressions

Ei(2) = —-Ei(—2) = /oce_tt_l dt

and

Fdt
1. — —:E. 1 1 .
i(2) Jo i(Inz) (z>1)

XXXV

The functiong”,, (z) satisfy the recurrence relations

Ea(e) = - ! e 2B () (> )

and
El(2) = —FE,_1(2)
with

Ey(z) =e"%/z.

The functionE,, (z) has the asymptotic expansion

l-—+——— -

e—z{ n  nn+1) n(n+1)(”+2)+...} [larg z| < 37/2],

z z 23

e n n(n—2x)  n(6x% — 8nx + n?)
1 + + :
GraP T @) (ot )P

+R(n )]

where

1

—0.36n"* < R(n, z) < (1 +—
r+n-—1

> n~? (x> 0).
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The sine and cosine integralex) and cix) are related to the functions x) and Cix) by the integrals

Si(:r):/ SHTltdt:si(x)—Hr/2
Jo

and

T (cost —1
Ci(:L'):C—I-lnat—i-/ %
Jo

dt.

The hyperbolic sine and cosine integrals §ldaad Chi{) are defined by the relations

“Sinh ¢
Shi (z) = / ST
Jo 1

and

“(cosht—1
Chi(w):C—l—lna:—i—/ Mdt.

0 t

XXXVi

Some authors write

Cin (z) = !/:w dt

when

Cin () = —Ci(z) +Inz + C.

The error function erf is defined by the relation
F(z) = B(2) = — / - dt
err(xr) = r) = —— e
Vo

and the complementary error function exfi$ related to the error function egfeind to®(x) by the expression

erfe () = 1 — erf (z).

The Fresnel integral$(x) andC'(z) are defined by Ryzhik and Gradshteyn as
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2 xT
S(x :—/ sin 2 dt
() 57 ),
and
C(x) 2 /w 2 dt
Xr) = —F/—— COS .
vV 2. 0
Other definitions that are in use are
, v 2 , v 2
Si(z) = / sin dt, Ci(z) = / cos —— dt
Jo 2 Jo 2
and
1 Tsint , 1 T cost
So(x) = —= | —=dt, Cl":—/ dt
2() Grd 2(2) ord

These are related by the expressions

and

XXXVi

Hermite and Chebyshev Orthogonal Polynomials

The Hermite polynomial&,, (x) are related to the Hermite polynomidls,, () by the relations

He, (r) = 2~ "/*H, (%)

and
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These functions satisfy the differential equations

d*H, dH,,
R ZJZW +2nH, =0

and

d?He,, dHe,,
o T e + nHe, =0.

They obey the recurrence relations
-Hn+1 - Qan - 2anfl
and

He,+1 =xHe, —mHe, 1 .
The first six orthogonal polynomial$e,, are

Heg =1, Hey =z, Hey =2°—1, Hes=2°-3z, Hey =a*'—62>+3, Hes; = 2°—102°+15z.

Sometimes the Chebyshev polynoniial(x) of the second kind is defined as a solution of the equation

| 2 dy
(1- xz)# . 33:% +n(n+2)y = 0.

Bessel Functions

A variety of different notations for Bessel functions are in use. Some common ones involves the repladgénmehbptV,, (z) and

the introduction of the symbol
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XXXViii
In the book by Gray, Mathews and MacRobert the symhot) is used to denotéan(z) + (In2 — C)J,,(2) while Neumann

uses the symbdl (") (z) for the identical quantity.

The Hankel functionﬂf,l)(z) andHf,Q)(z) are sometimes denoted Hy, (z) andHi,(z) and some authors write

Gy (2) = (;) riHY(2).

The Neumann polynomidb,, (¢) is a polynomial of degree+ 1 in1/t, withOq(t) = 1/¢. The polynomial®,, (¢) are defined by

the generating function

1 o0
P = JO(Z)OO(t) +2 E Jk(z)OA(t)
k=1
giving
[n/2] n—2k+1
1 nin—FkF—1)! (/2 B
On(t) ZkE:O I (;) for n=1,2,...

(n = 1)O0nq1(t) + (n 4+ 1)O0p—1(t) —

The Airy functions Aif) and Bi@) are independent solutions of the equation

du

The solutions can be represented in terms of Bessel functions by the expressions

0

>
T
N
Il
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The differential equation
d?
—y+(a22+bz—|—c)y:0
dz?

has associated with it the two equations

d? 1 d? 1
d—g—l—(ZzQ—i—a)y—O and —y<—22—|—a>y—
z

the solutions of which are parabolic cylinder functions. The first equation can be derived from the second by rdplaeifig*

anda by —za.
The solutions of the equation
%— <iz2+a> y=20
are sometimes writteli (a, z) andV'(a, z). These solutions are related to Whittaker's fundlgfr) by the expressions

Ula, z) = D_._ s (2)

and

2

Via, z) = lF <1 + a) {D_,_1(=2)+ (sinma)D_,_1(2)}.

Mathieu Functions

There are several accepted notations for Mathieu functions and for their associated parameters. The defining equation used by

Ryzhik and Gradshteyn is

TY 02K cos2)y=0  with k=
E—l—(a— cos 2z)y = wi =q.

Different notations involve the replacementiaindg in this equation by, andd, A andh? andb andc = 2,/q, respectively. The
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a q h 0 A h? b c=2\/q
periodic solutionse,, (z, ¢) andce,, (z, ¢) and the modified periodic solutiofis,, (z, ¢) andCe,, (z, q) are suitably altered and,
sometimes, re-normalized. A description of these relationships together with the normalizing factors is contained in: Tables relating

to Mathieu functions. National Bureau of Standards, Columbia University Press, New York, 1951.

Index of Special Functions and Notations

Notation Name of the function formula no.
am (u, k) Amplitude (of an elliptic function) 8.141
B, Bernoulli numbers 9.61, 9.71
B,.(z) Bernoulli polynomials 9.620
B(z,y) Beta functions 8.38
B.(p,q) Incomplete beta functions 8.39
B(x) 8.37
bei, (2), ber, (2) Thomson’s functions 8.56
C Euler’s constant 9.73, 8.367
C(x) Fresnel’s cosine-integral 8.25
Cy(a) Young’s function 3.76
Cr (1) Gegenbauer’s polynomials 8.93
CH (1) Gegenbauer’s function 8.932 1
cean(z,q), ceant1(z,q) Periodic Mathieu functions (Mathieu
functions of the first kind) 8.61
Cean(z,q), Ceant1(z,q) Associated (modified) Mathieu
functions of the first kind 8.63
chi(xz) Hyperbolic-cosine-integral function 8.22
ci(x) Cosine-integral 8.23
cn(w) Cosine-amplitude 8.14
D(k)=D 8.112
D(p, k) 8.111
D, (2), Dy(z) Parabolic cylinder functions 9.24-9.25
dnu Delta amplitude 8.14
e1, €3, €3 8.162
F, Euler numbers 9.63, 9.72
E(p, k) Elliptic integral of the second kind 8.11-8.12
E(k) = E } Complete elliptic integral of the 811-8.12
E(k')=E second kind e

xlii

Notation Name of the function formula no.
E(p;a,:q; 0s: ) MacRobert’s function 9.4
E,(2) Weber’s function 8.58
Ei(z) Exponential-integral function 8.21
Ei(z) Related exponential integral 8.21
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Notation Name of the function formula no.
H,(2) Hermite polynomials 8.95
H,(z2) Struve functions 8.55
I,(2) Modified Bessel functions 8.406, 8.43
I.(p,q) Incomplete beta function 8.39
J(2) Bessel function 8.402, 8.41
J,(2) Anger’s function 8.58
ky(x) Bateman’s function 9.21
K(k) =K, K(k')=K  Complete elliptic integral of the
first kind 8.11-8.12
K,(2) Modified Bessel functions 8.407, 8.43
kei (z), ker (2) Thomson’s functions 8.56
£ (s) 9.56
L(z) Lobachevskiy’s function 8.26
L.(2) Modified Struve function 8.55
L& (z) Laguerre polynomials 8.97
li (z) Logarithm-integral 8.24
Az, y) 9.640
My (%) Whittaker’s functions 9.22, 9.23
wz, 8),  plz, B, ) 9.640
N, (2) Bessel functions of the second kind
(Neumann functions) 8.403, 8.41
v(z) 9.640
viz), vz, o) 9.640
O, (z) Neumann’s polynomials 8.59
p(w) Weierstrass elliptic function 8.16
PH(z), PH(x) Associated Legendre functions of
the first kind 8.7, 8.8
P,(z), Pu(x) Legendre functions and polynomials  8.82, 8.83, 8.91
p { Z/ g i s ¥ Ri((%gil:ggzl c)lifferential equation 9.160
Lo 52"
P*?) () Jacobi’s polynomials 8.96
II(x) Lobachevskiy’s angle of parallelism 1.48
II(p, n, k) Elliptic integral of the third kind 8.11
D (x) Probability integral 8.25
D(z,5,v) Lerch function 9.55
xliv
Notation Name of the function formula no.
b(a, v; ©)=1F1(a; ; ) 9.21
Dy (o, B,v,x,y),  P2008,08,7,2,y), Confluent hypergeometric series
D5(8, v, 2,y) in two variables 9.26
P () Euler’s psi function 8.36
U(a,c;x) Confluent hypergeometric
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QU(2), QY(x)

8.7, 8.8




R(x)

Rez=z, ITmz=y
Z=x—1y

arg z

sign x

f(bJr) f(b*)

z(x—1)...(x =n+1)/n!

(a)n

ot
k=m
>y

IS¢
<
Il
—

R
88
VA
O

The letter k£ (when not used as an index of summation) denotes a number in the
interval [0, 1]. This notation is used in integrals that lead to elliptic integrals. In

such a connection, the number v1 — k2 is denoted by &'.

A rational function

The real and imaginary parts of the complex number z = z + iy.

The complex conjugate of z = z + iy.

The argument of the complex number z = x + iy.

The sign (signum) of the real number z; sign © = +1 for > 0; sign x = —1
for x < 0.

The integral part of the real number .

Contour integrals; the path of integration starting at the point a extends to
the point b (along a straight line unless there is an indication to the contrary),
encircles the point b along a small circle in the positive (negative) direction,
3nd returns to the point a, proceeding along the original path in the opposite

irection.

Line integral along the curve C.

=1-2-3...n, O0l'=1.

=1-3...2n+1).

—2.4...(2n).

-t = ot (5) =1 mrmodi e
[n=0,1,...]

=ala+1)...(a+n—-1) = F(Fa(—:)n)

= Upm + Uma1 + - .- + Up. If n < m, we define Zuk =0.

k=m

Summation over all integral values of n excluding n = 0, and summation
over all integral values of n and m excluding m = n = 0, respectively.

The order of the function f(z). Suppose that the point z approaches z.
If there exists an M > 0 such that |g(z)| < M|f(z)| in some sufficiently small
neighborhood of the point z, we write g(z) = O(f(z)).

(cf. 3.372 for n =0.)
(cf. 0.112 and 0.113 for ¢ = 0.)

An empty > has the value 0

An empty [] has the value 1

Kronecker

Heaviside step function
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Bl

=)

n a+1 7 1 1 1 5
Z k1 = ;L+ 1 + % + 3 <(1]> Bganl + 1 (g) B4nq*3 + 6 <(5]> BgnT™+... =
k=1

nt ont gt qlg=D(g=2) 5, ala=D@=2(g=3)a=4) .5

“itr1l 2 12 720 o 30, 240
[last term contains either n or n?].
CE 332
i k= n(n+1)
k=1 2
CE 333
i 2 nin+1)(2n+ 1)
k=1 6 '
CES333
=[]
k=1 2 .
CE 333
n 1
STkt = —nn+1)2n+ 1)(3n% + 3n — 1).
k=1 30
CE 333
" 1
STk = —n*(n+1)*2n% +2n —1).
k=1 12
CE 333
" 1
STES = o+ DR+ D(3n* 4+ 6n* —3n +1).
k=1
CE 333
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CE 333

0.122

S 24 +1 1(q -1 -1 1fq —3(93 -3
Z (2]€ — 1>q = ?nq — 5 1 2q BQ’I’lq — Z 3 2q (2 — 1)B4nq —
k=1 q

[last term contains either n or n?.]

L fj (2k — 1) = n?.
k=1
2. fj (2k —1)% = %n(4n2 —1).
k=1
JO (32a)
3. fj (2k — 1) =n2(2n% - 1).
k=1
JO (32b)
g é(mk 1= %[m(n +1)—2l.
5. S (mk —1)? = %n[mQ(n—l— 1)@+ 1) = 6m(n + 1) +6).
k=1
6". i (mk — 1) = in[mgn(n +1)2 =2m*(n+1)(2n + 1) + 6m(n + 1) — 4].
k=1
0.123

n 1
Sk(k+1)2 = ﬁn(n + 1) (n+2)(3n +5).
k=1

0.124

LSk - K = Jaa+ Dt = —0)  lg=12.]

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



2%, Zk®+ﬂ3:awm+DO%ﬁ+%ﬁ+4Wn+%)
k=1

k=1
AD (188.1)
0.126
no(n4k)! \/? . 1
——— =/ —K — .
kgok!(nfk)! 7ot 5\ 2
WA 94

0.13 Sums of reciprocals of natural numbers

0.131

no1 1 ey Ay,
2 —CO+1r -
kglkz N 11n—|—2n g::Qn(n—l—l)...(n—i—kfl)’

where
1 1
Ak:E/ zx(1-2)2—-2)3—2)...(k—1—x)dx.
0
1
Ay = — Ay = —
2 127 3 127
19 9
Ay = — A = —
Y7120 ° T 20
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n 1 1 BQ (23*1)34
=—-(C+1 n2+ —+-——+...
k§12k_1 2( +Inn) +In toet e T [n — oo
0.133

0.141

1 n(2p +ng+ q)

> k; o+ (k—1)g(p+kap+ (k+ Vg  2p(p+q)(p+na)lp+ (n+ 1)~

n 1
SO DN ey P Ty B O
1

1 1
(I+1q {p(p+Q)---(p+lCI) C(ptng)p+(n+1)q...[p+ (n+ 1) }

L ZZ: 1 —1i 1 _Z": 1 }

S+ k=Dl +(k-Dg+p] plZil+(k—-1g =1+ (k-1g+p

0.142

n k24 k—1 1 n+1
Z—,:_—ir
= (k+2)! 2 (n+2)!
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0.15 Sums of the binomial coefficients

0.151

L i <n+k> _ <n—|—m—|—1)
=0\ T n+1

KR 64 (70.1)
n n one1
2 1+<2>+<4>+ =2
KR 62 (58.1)
o (1) () () e
1) 7\3) )T T
KR 62 (58.1)
m, (Y _ [ qym (1
L)) e
KR 64 (70.2)
0.152
n n n 1/, T
1 <0>+<3>+<6>+..:§(2 —|—2008—)
KR 62 (59.1)
n n n R (n—2)m
2. <1>+<4>+<7>+...—§<2 +200573 )
KR 62 (59.2)
C () ) ()
2+5+8+.—§ +cos3
KR 62 (59.3)

0.153
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0.153

—_
7N
o 3
~_
+
7N
= 3
~__
+
VRS
w0 3
~__~
+
Il
N | —

0.154
LS (k
k=0
2. Y
k=1
5
N
3. %
k=0
L%
k=0

(2"_1 + 2% cos %T) .

n nm
91 L 9% i —) .
( + S1n 1

N | —

(p)+m

n 1 n nmw
o= (o — o3 —).
+ <10> + 2 ( 5y

+ (M) + 1(2”—1 2% 5 m)
ce. = = — S11L —— | .
11 2 1
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N
6. E(—l)k<JZ>(a+k)"1:O IN>n>1, 0°=1 N,ne Nt
k=0

0.155

I

M=

—~

—_

S—

<

+

—

A~

>~ 3

N
I

S

| —

?N
I

-
oy

0.156

P
1. > <n> < " > = <n + m) [m is a natural number |.
k=0 \k/ \p—k p

2 S () (k) = e

0.157

L) - ()
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0.158

0.159

n 2n —k n—k—1 2n
ok — ohtl k? = 4" — 3.4".
k§1|: <n—k> n—k—1 n

n [ (2 —k L (2n—k—1\] . 2
S ek .l K = (6n +13)4" — 18n( " ).
L= n—=k n—k—1 n

n [ (2n—k L (2n—k—1 2
S k(" gk (N k4 = (32n24104n) | 7 ) —(60n+T75)4™.
n—k n—k—1 n
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2n on\ . 1/2n (1+a)?" (1 —a)n=l 2k «a |
1. by~ M — | = Z(1+a)*.
k_zn:+1<k)a +2<”>a * 2 kZ::O k) L(1+a)? 2(+Q)

0.2 Numerical Series and Infinite Products

0.21 The convergence of numerical series

The series

0.211

STup =up +ug +usz+ ...
k=1

is said taconverge absolutelfthe series

0.212

o0

Yo ukl = |ur| + |ug| + |ug| + -,
k=1

composed of the absolute values of its terms converges. If theGs2isonverges and the seri@212diverges, the seri@s211 is

said toconverge conditionallyEvery absolutely convergent series converges.

0.22 Convergence tests

0.221
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Suppose that

. 1
i fug[® = g.

If ¢ < 1, the serie®.211 converges absolutely. On the other hangdif1, the serie®.211diverges. (Cauchy)

7
0.222

Suppose that

Uk+1
U,

:q.

Uk41
Up

approache$ but remains greater

Here, ifg < 1, the serie®.211converges absolutely.df-1, the serie®.211diverges. I4
than unity, the series 0.2#iverges. (d'Alembert)

0.223

Suppose that

Uy,

-

Here, ifg > 1, the serie®.211converges absolutely.df< 1, the serie®.211diverges. (Raabe)

lim k
k— o0 Uk+1

0.224

Suppose thaf () is a positive decreasing function and that

kg ok
lim et f(e?)

e fR) T

for naturalk. If ¢ < 1, the seriesy_, f(k)
k=1
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qg>1

0.225

Suppose that

U Vi
k :1+Q+M

Uk4-1 k kp’

wherep > 1 and thevy,

are bounded, that is, tHey,| are all less than sondd, which is independent & Here, ifg > 1, the
series 0.21tonverges absolutely.¢f< 1, this series diverges. (Gauss)

0.226

Suppose that a functiof(z) defined forz > ¢ > 1 is continuous, positive, and decreasing. Under these conditions, the series

converges or diverges according as the integral

/qoc f(z)dz.

converges or diverges (the Cauchy integral test.)

8
0.227
Suppose that all terms of a sequenceus, ... ,u, are positive. In such a case, the series

L. S (=D = uy —up 4uz — ...
k=1

is called aralternating series

If the terms of an alternating series decrease monotonically in absolute value and approach zero, that is, if
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2. Uk+1 < Uk and lim u; =0,

k—oo

the series 0.22T. converges. Here, the remainder of the series is

37 (=D = | S (DM — S (D | < g (Leibnitz)

k=n+1 k=1 k=1
0.228
If the series
oo
1. vp=v1+vo+ ...+ v+ ...
k=1

converges and the numbers form a monotonic bounded sequence, that js,if < A for some numbed/ and for allk, the

series

o0
2. Zukvk:ulvl+u2vg+...+ukvk—|—...
k=1

converges. (Abel)

0.229

If the partial sums of the series 0.228 1. are bounded and if the numbmastitute a monotonic sequence that approaches zero,

that is, if

n
> Uk

k=1

<M [n=1,2,...] and lim up =0,

k—oo

FI 11 355
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then the serie0.22¢ 2. converges. (Dirichlet)
0.23-0.24 Examples of numerical series

0.231

Progressions

LoYadt= g <1
. aq” = q| < 1.
k=0 1—¢
a X a rq
2. a+kr)d" = + ql <1
;;o( ) l—q (1-¢)? laf <]
0.113
9
0.232
e 1
L S (=) - =2
=1 k
1.511
e 1 > 1 T
2. DM =12 =-
;21( ) 2k — 1 k; (4k —1)(4k+1) 4
1.643
0.233
1 f}l 1+1+1+ ¢(p) [Rep > 1]
. = — — R €
= kP 2 " 3p P P
WH
[Rep > 0]

= (1-2""")¢(p)

k=1
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0.234

i(_l) L2n = (2—71)!‘32“‘.

1 (22n _ 1)71_271

= Banl.
k;(zk—l)% 2. (2n)! |Bznl

1 7TQnJrl

D T e P TS T

Sy =

o2k +1)2 ¢

oo (71)k+1 B 3
S k-1 3

3
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5. ="
kZ 2k —1)* ~ 96

I
-

EU
10
© (-1 k41 5 5
6. s DT ST
= (2k—1)> 1536
EU
o0 k w2
7 —1)kt =— —In2.
2 k+12 12
86 fj ! =2-2In2.
= k(2K + 1)
0.235
o 1
Sn - )
kzz:l (4k%2 — 1)
1 w2 -8 32 — 372 7t + 3072 — 384
S ==, Sy= Sy = " =
L L T 64 4 768
JO (186)
0.236
1 fj ! 2ln2—1
n —
S k(4k2 — 1)
BR 51a
o 1 3
2 =" (ln3—-1
kglk(9k2 1y~ 3=
BR 51a
o0 1 3
3. - = = - 3+ZIn3+2mn2.
2 R(36k% — 1) + 9 n3+2n
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BR 52
s 1 3
5 =2 _92mn2.
ZhaEo1z o m
BR 52
o 192k% — 1
[ A S}
;glk(zlkz? T
AD (6917.3), BR 52
x 1 w2
S =4 9w
L ok 1) g
0.237
1 1
1. _——
LoD 2
AD (6917.2), BR 52
x 1 1
2. - -
P T PT ) i
1 3

> k;(kz —D(k+1) 4

0.133

11

g 1 3
4. ' = [m is an integer].

k:l,zlc#m (m+k)(m—Fk)  4m?

AD (6916.1)
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0.238

0.239

1 1
—In2— -
Py 2k —12k(2k+1) 2

S VS
2ok 2Rk 22

& 1 1
=Bk +1D)(3k+2)3k+3)(3k+4) 6

é(_ )k+13k31— 1= % <% _ln2> :
i (*DkH# = L[77 +2In(V2 4 1)].
h=1 4k =3  4y/2
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Gl 111 (93)
Gl Il (94)a
Gl 11l (95)

Gl Il (85), BR* 161 (1)

BR* 161 (1)}

BR* 161 (1)
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7.

0.241

12

ERC) )

o 5 1 5%8
N _ 2T
Azl( ) 2k—1 12
Gl Il (88)
1 1 us
=- - (V2+1).
PO S R TIACREY
< 1
AzlzTZIIIQ.
JO (1729)
> 1 |
=———(In2)%
oz~ 1 a2
JO (174)

ERC) ] pa) e [()on me]

El {23' <2:—j> — 97! <2:_(<jj11))ﬂ j3 = (6i+13)4i—18i<2;>
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8*. 2 {zj (21_]> —tl (Q,i_ (,jH)” = (32i%41044) ( ) (60i+75)4

= i—j i—(+1)
0 e

20 o\ . 1(2n (14 k)11 — k) n=l (2 Eoo]h o1 )
9*. i () e S A

j_%l(j) +2<n) i 2 5\ ) lavnz] =2
10*. Z( ) 9i=k — 4i.

i=o\ k

11%. 2 <Z 4]; k>i_kkz =(i+1)4" — (2i +1) <21>

7

e 5(0)-4(0 )

i (2i i
13*. % ( )k:_ —41,
k=0 \ K 2

0.242
oo 1 n2
k _
,‘§0<7 ) n2k  p2 41 (n>1)
0.243
o0 1 1 1
> _

e+ (k—=Dgllp+kq)...[p+(k+Dg — (+1Dgpp+q)...(p+1q)
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xkfl

27 S
p+ (k= Dallp+ (k= Dg+ 1[p+ (k= Dg+2]... [p+ (k— g+ ]

1=t — ¢t
=— | ———dt >0, 2% <1].
l!/o 1— atd la sl

BR* 161 (2), AD (6.704)

3 i 1 1 (2k + V)7 L (2k +1) :ﬁ.
—0(2k +1)3 2x 16
0.244
¥ Lt ~i
1 = z [p>-1, ¢>-1, p#l
=k +p)k+q)  q—ply 1-x
Gl Il (90)
2 fj(l)k“ ! f/ tpldt [p>0 > 0]
] p+(k—1q Jo 1+t p=5 4 '
3" i ! ! = [q>p>—1 d ¢ int ]
. = — q>p>—1, pand q integers|.
s (k+p)(k+a)  g—ppSham
BR* 161 (1)
Summations of reciprocals of factorials
0.245

x 1
1. al =e=271828...

= ! = 0.36787...

>
I
(==}
=
o |

1
= - =0.36787...

5 ;1 (2k+1)! e
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e

1
<e + —) = 1.54308 ...

ot
712
—~
)
=

Il
N | —

| 1 1
6. — = (e-=)=117520...
=2k + 1) 2 e

> (—1)*
7. Z( ) =cos1 =0.54030...

5=o (2k)!
S D 1 =0.84147
. ——— — SIn = U. e
k=0 (2k —1)!
14
0.246
1
I e = Ip(2) = 2.27958530 . . .
k=0 \v:
<1

2. — = I1(2) = 1.590636855.. . .
gok!(kﬂ)! 12)
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0.247

& k! 1

Zin+ k=1 (n—2)-(n—1)"

0.248
(e’ kn
F Sn
Sl =€, SQ == 26, Sg = 56, S4 = 156,
S5 = H2e, S¢ = 203e, S7 = 877e, Sg = 4140e.
0.249°
= (k+1)3
(k+1) = 15e — 1.
k=0 k!
0.25 Infinite products
0.250
Suppose that a sequence of numbgrss, . .. ,ak, ... is given. If the limitlim [] (1 4 ay) exists, whether finite or infinite

n—oo k=1

(but of definite sign), this limit is called the value of thignite product[] (1 + a;) and we write
k=1

n

1. lim [ (1+ay) :]ﬁl(uak).

neO k=1

If an infinite product has a finionzerovalue, it is said to converge. Otherwise, the infinite product is said to diverge. We assume

that noay, is equal to-1.
FI 1l 400

15
0.251
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For the infinite produc0.25( 1. to converge, it is necessary t{iah ar = 0.
N

0.252

If aj, > 0 orag < 0 for all values of the indek starting with some patrticular value, then, for the pro@L&50 1. to converge, it is

oo
necessary and sufficient that the sefj€sa;, converges.
k=1

0.253

The product][] (1 + a;) is said to converge absolutely if the prod{i¢t (1 + |ax|) converges.
k=1

k=1
FI 11403
0.254
Absolute convergence of an infinite product implies its convergence.
0.255
The product] ][ (1 + ax) converges absolutely if, and only if, the serjesa;, converges absolutely.
k=1 k=1
FI 11 406
0.26 Examples of infinite products
0.261
© (71)k+1
1 =V2
I (1) = v2
k=1
EU
FI 11403
0.262
O 1 1
1 1— ==
(1) -3
k=2
FI 11401
s 1 2
2 1— = —
1L(- ) -
k=1
FI 11401
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FI 11401

0.263
1 1
2 (é>5(6~8)Z<10~12-14~16>1/8 B
1 \3 5.7 9-11-13-15 e
0.264
11 \/El —C
k:11+E
FI 1l 402
0.265
ﬁMl*lﬁ 1+1¢1+1¢I 2
2 2 2V 2 2 2V2 2Vo2 i g7
FI Il 402
0.266
5 ok 1
[[a+2*)= ] < 1].
1—2x
k=0
FI 1l 401
16
0.3 Functional Series
0.30 Definitions and theorems
0.301
The series
1 > fre(x)
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0.302

A series that converges for all valuescah a region) is said taconverge uniformlin that region if, for every > 0, there exists a

numberN such that, fon > N, the inequality

i fk(l‘) <e

k=n+1

holds forall x in M.

0.303

If the terms of the functional series 0.3D1satisfy the inequalities

fe(@) <up (F=1,2,3,...),
throughout the regiof/, where the:;, are the terms of soncenvergenhumerical series

Zuk:ul—kug—k...—l—uk—l—...,
k=1

the series 0.301. converges uniformly id/. (Weierstrass)

0.304

Suppose that the seri@8011. converges uniformly in a regidd and that a set of functiops () constitutes (for each) a
monotonic sequence, and that these functions are uniformly bounded, that is, suppose thata existbesuch that the

inequalities

L. lgn(z)| < L

hold for alln andx. Then, the series

18

fre(z)gr(z)

k

1

converges uniformly in the regidd. (Abel)

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



17
0.305

Suppose that the partial sums of the s¢0.301 1. are uniformly bounded; that is, suppose that, for Joaued for alln andz in M,

the inequalities

FI 11451

hold. Suppose also that for eacthe functionsy,, () constitute a monotonic sequence that approaches zero uniformly in the region
M. Then, the serig&.3042. converges uniformly in the regidd. (Dirichlet)

0.306°

If the functionsf;,(x) (k = 1, 2, 3,...) are integrable on the intervial, b] and if the serie6.301 1. made up of these functions

converges uniformly on that interval, this series may be integet®avise that is,

/ab(ifk(w)) dw—kil‘/abfk(w)dx [a<z<b.

k=1

FI 11 459
FI 11451

0.307

Suppose that the functiofis(r) (for (¢ = 1, 2, 3,...) have continuous derivative$(x) on the intervala, b]. If the series 0.301

o0
1. converges on this interval and if the serjesf; () of these derivatives converges uniformly, the s€xig81 1. may be
k=1

differentiated termwise; that is,

FI 11 460

0.31 Power series

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



0.311

A functional series of the form

1. Aio: an(x—F =ag+ar(x — &) +as(x — &>+ ...
=0

is called gower seriesThe following is true of any power series: if it is not everywhere convergent, the region of convergence is a
circle with its center at the poifitand a radius equal #®; at every interior point of this circle, the power series 0Bldbonverges
absolutely and outside this circle, it diverges. This circle is calledlritie of convergencand its radius is called thadius of
convergencef the series converges at all points of the complex plane, we say that the radius of convergence iR iafiritso].

0.312

Power series may be integrated and differentiated termwise inside the circle of convergence; that is,

k=0 k=0
% iah(if)k} = ikak(iff)k_l
T k=0 k=1

18

The radius of convergence of a series that is obtained from termwise integration or differentiation of another power series coincide

with the radius of convergence of the original series.

Operations on power series

0.313

Division of power series.

- k

Z bk;lﬁ v

k=0 1 i k

- — CpT

s . a0 k=0

> apak

k=0

where
1 n
Cp + — Z Cn—kAar — bn - 07

Qg =1
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or

(l1b0 *aobl an 0 0
a2b0 — aobg aq ap 0
(_1)71 agbo *aobg as aq 0
Cp = ——— 1| -
n
a9 | L
an—1bo —agbp—1  An—2 an—3 -+ ao
anbo — apby, p—1 Ap—2 -+ 4

0.314

Power series raised to powers.

oo k n
> apx =
k=0 k

8
o
&
\‘?“‘

=0
where
1 m
o =ay, Cpm= > (kn—m+k)agcp—p,  form > 1 [n is a natural number .
mag =1
0.315
The substitution of one series into another.
oo 3 o . o 3
Shyt =3 aet y= 3 aah;
k=1 k=1 k=1

2 s
c1 =arby, o =ashy + albg, c3 = aszby + 2a1a2bs + arlﬂbg,

ca = asby + agbg + 2a1a3by + 3&%&2()3 + a‘llb4,

19
0.316

Multiplication of power series
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Taylor series

0.317

If a functioni(x) has derivatives of all orders throughout a neighborhood of agdhen we may write the series

(x=¢)
1!

(z— &)
2!

(z—¢)°

F1&+ 3

L flO+ &)+ fE+

which is known as the Taylor series of the functfdn).

The Taylor series converges to the functfgm) if the remainder

oy ey s @ ="
2. Ry (x) = f(x) — f(§) — X S

=1 K

approaches zero as— oo.

The following are different forms for the remainder of a Taylor series.

=g

3. Ry(x) = CF FUTD(E 4 0(x - €)) 0<6<1]. (Lagrange)
_ @O gy e (¢4 g
4. R,(x) = i (1-0)"f (E+0(x—¢)) 0<6<1]. (Cauchy)
5. Ru(z) = L@ =9 =¥ @=O"=0" i) e gey) 0 < 8 < 1], (Schlmilch)

Y[z = &)1 —0)] n!

wherey () is an arbitrary function satisfying the following two conditions: 1) It and its derivatige are continuous in the
interval (0x—¢); 2) the derivative)’(x) does not change sign in that interval. If weysgt) = 2”1, we obtain the following form

for the remainder:

(=" (1L =) P

PRSI SO (Erbe—¢)  [0<p<n: 0<f<1.  (Rouché)

R, (z) =
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6. R,(z)= %/jﬂ"“)(t)(a: — )" dt.

20
0.318

Other forms in which a Taylor series may be written:

0o 2
L fa+a)= 5 T = fa)+ 5 F' (@) + 5 @) + .
k=0 k! !
< ok 72
2. X A f(k)(o) f£(0) + f (0) + f”(()) + ... [Maclaurin series|
k=0 ~:
0.319
The Taylor series of functions of several variables:
of (&, 0 9
fy) = S + -2 EM f<afy 0,

! o2 / 0? / 92 f(e.
i 2! {(x—i)Q% +2(I—5)(2/—77)%’yn) + (2/—7])2%} + ...

0.32 Fourier series

0.320

Suppose thaf () is aperiodicfunction of perio2/ and that it is absolutely integrable (possibly improperly) over the interval

(—1,1). The following trigonometric series is called fmurier seriesof f(z):

> k k
+ > (ak cos}%x + by, sin}%x) ,

20
2 g=
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1

a+21
kmt
l/ f(t)cosTﬂdt (k=0,1,2,...),

1/t ket
2. ap = 7/ F(®) cosdet:
Ji

1 ~a+21
i

1! ket , kmt
3.7 b= 7/ f(t) SinTﬂ-dt = f(t) SinTﬂ-dt (k=1,2,...).
J_q 4 4

U J o

Conve rgence tests

0.321

The Fourier series of a functigitz) at a point:, converges to the number

f(xo +0) + f(xo = 0)
2 )

if, for someh>0, the integral

/h |f(zo +1) + flzo — 1) = f(x0 +0) = f(xo — 0)] gt
0

t

21

exists. Here, it is assumed that the funcfion) either is continuous at the poirg or has a discontinuity of the first kind €altug
at that point and that both one-sided linfits:o + 0) andf(xo — 0) exist. (Dini)

0.322

The Fourier series of a periodic functifific) that satisfies the Dirichlet conditions on the intefwab] converges at every poing

to the valuel { f(zo + 0) + f(xzo — 0)} . (Dirichlet)

We say that a functioffx) satisfies the Dirichlet conditions on the interjal b] if it is bounded on that interval and if the interval
[a, b] can be partitioned into a finite number of subintervals inside each of which the fyf{atjois continuous and monotonic.

0.323

The Fourier series of a functigifx) at a pointz, converges té{f(;co +0)+ f(zo —0)} if f(z) is of bounded variation in

some intervalxzg — h, xzg + h) with center at;y. (Jordan-Dirichlet) FI 11 528

The definition of a function of bounded variation. Suppose that a furfgfios defined on some intervalf], wherea<b. Let us
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partition this interval in an arbitrary manner into subintervals with the dividing points

a=20 <21 <T9<...<Tp_1<Tp=2>b
Fl 111 524

and let us form the sum

é Fe) — )] -

Different partitions of the intervéd, b] (that is, different choices of points of divisiop) yield, generally speaking, different sums.
If the set of these sums is bounded above, we say that the fufictipis of bounded variatioon the intervala, b]. The least upper
bound of these sums is called thtal variationof the functionf () on the intervala, b].

0.324

Suppose that a functiof(x) is piecewise-continuous on the interkal b and that in each interval of continuity it has a
piecewise-continuous derivative. Then, at every pajndf the intervala, b], the Fourier series of the functigifz) converges to
s{f(zo+0) + fzo —0)}.

0.325

A functionf(x) defined in the interval () can be expanded in a cosine series of the form

o0 k "
L. % 4 > ap cos ﬂ,
2 & l
where
2 [ kmt
2. ay = —/ () cos dt.
1/, I
22
0.326

A functionf(x) defined in the interval (@) can be expanded in a sine series of the form

o0 k: b
L. > by sinﬂ,
=1 l
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where

2 krmt

!
2. b = —/ f(t) sin — dt.
Ly l

The convergence tests for the sefi®251. and0.3261. are analogous to the convergence tests for the 8e3Rexl. (see0.321-
0.324).

0.327

The Fourier coefficients;, andb;, (given by formula®.3202. and0.3203.) of an absolutely integrable function approach zero as

k — oo.

If a functionf(x) is square-integrable on the interv@at/, 1), the equation of closure is satisfied:

2 00

a?O > (a / f2(z) da. (A.M. Lyapunov )
k=1

FI 111 705

0.328

Suppose thaf (x) andp(z) are two functions that are square-integrable on the interdall) and thaty, b, anday., 5, are their

Fourier coefficients. For such functions, the generalized equation of closure (Parseval's equation) holds:

(10(10

ij (arog + b Br) / flx
- FI 111 709

For examples of Fourier series, §e#4-1.45

0.33 Asymptotic series

0.330

Included in the collection of all divergent series is the broad class of series knasymgsoticor semiconvergerseriesDespite the
fact that these series diverdke values of the functions that they represent can be calculated with a high degree of accuracy if we

take the sum of a suitable number of terms of such series. In the case of alternating asymptotic series, we obtain greatest accuracy
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we break off the series in question at whatever term is of lowest absolute value. In this case, the error (in absolute value) does not

exceed the absolute value of the first of the discarded tern0.227 3.).

Asymptotic series have many properties that are analogous to the properties of convergent series and, for that reason, they play a

significant role in analysis.

The asymptotic expansion of a function is denoted as follows:

23

oo
The definition of an asymptotic expansion. The divergent s@eéj% is called theasymptotic expansiasf a functionf(z) in a
n=0

given region of values of argif the expressioR,,(z) = z"[f(z) — Sn(2)], whereS,(z) = >_ % satisfies the condition
k=0

lim R,(z) =0 forfixedn.

|z|—o0

A divergent series that represents the asymptotic expansion of some function is clgdtotic series
FI1 11820

0.331

Properties of asymptotic series

1. The operations of addition, subtraction, multiplication, and raising to a power can be performed on asymptotic series just as on

absolutely convergent series. The series obtained as a result of these operations will also be asymptotic.

2. One asymptotic series can be divided by another provided that the firsttefrthe divisor is not equal to zero. The series

obtained as a result of division will also be asymptotic.

FI 11 823-825
3. An asymptotic series can be integrated termwise, and the resultant series will also be asymptotic. In contrast, differentiation of a
asymptotic series is, in general, not permissible.

Fl 11 824

4. A single asymptotic expansion can represent different functions. On the other hand, a given function can be expanded in an
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asymptotic series in only one manner.

WH
0.4 Certain Formulas from Differential Calculus
0.41 Differentiation of a definite integral with respect to a parameter
0.410
d [?@ / dp(a) “ diy(a) ela) g N N
da. o f(z,a)dz = f(ela),a) T f@W(a),a) T +'/11/)(a) %f(x,a) dx.
FI 11 680
FI 11 820
0.411
In particular,
1. %. ba (x)dz = f(a)

0.42 The nth derivative of a product

(Leibniz rule)

Suppose that andv aren-times-differentiable functions af Then,

d™(uv)
dz™

B d”v+ n dud"‘lzz+ n
_udx” 1) dx daxn—1! 2

or, symbolically,

d™(uv)
dxm

d?u d™2v n n\ d*u d"3v T
dx? dxn—2 3 ) dx3 dem=3 T

(u+ ’U)(”>.

d"u

v
dz™
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24
0.43 The nth derivative of a composite function
0.430

If 1(x)=F(y) andy=¢(X), then

da" o Ui / Us 1" Us " Uy (n)
L. dx—nf(x)—FF(y)‘FjF (y)—i—?F (y>+"'+ﬁF (¥),
where
" ok odv o k(k—1) o dv o, k—1,, k-1 2"y
= — = - _ -1 k 2 J
Uk daxm l!ydx” + 2! y dx”y +(=1) 4 dx™

AD (7361) GO

k

A" n! dmF [y i y" J y" h y(l)
2. —_ — 7 7 ) (4
do T ) = 2 S T <1!> <21> 31 I

Here, the symbdf  indicates summation over all solutions in non negative integers of the equatibh+ 3h + ... + [k =n
andm =i+j+h+...+k.

0.431

d" 1 1 1 n—1n 1
S e )= ) [ = L - Pl 2
Lo (=) dx”F <:r> N :rQ”F (:r) t 1!F (x) +

+ (n —12)5?2— 2) n(nm— D p(n-2) (%) L
AD (7362.1)
2 (1) et = xine%{<%)n+(n —1) <’1L> (9)" -1 -2 (;) <%>n_2+
4 (n—1)(n—2)(n—3) (g) (%)H Yo }
AD (7362.2)
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0.432

1 r) = @ F0 ) + M et peen 02 4
+ TL(TZ _ 1)(’”27 2)(?’1 _ 3) (2x>n74F(n72) (1‘2) +
+n(n —D(n— 2)(”3_' 3)(n —4)(n —5) (21,)71—6}7‘(71—3) (.’L‘2)+, -
AD (7363.1)
d" 2 - nn—1) n(n—1)(n—2)(n-23)
2 dan € T (2az)"e {1+ 1!(4az?) 2!(4ax?)?
nin —1)(n—2)(n —3)(n —4)(n —5)
+ 3!(4ax?)3 T }
AD (7363.2)
25
d" » pp—1(—2)...(p—n+1)(2ax)"
3. w(l—l—aaﬂ) = 0+ az2) X
nn—1 1+azx? nn—-1)n-2)n-3) [(1+az? ?
X{1+ Mp—n+1) 4az? * 20p—n+1)(p—n+2) < dax? > +} '
AD (7363.3)
4. din:n%(l ) 7= (71)m—1(2mr+1” sin(m arccos x).
AD (7363.4)
0.433
d" _ PG nn-1) FOV (/) | (n+ Dnn = 1)(n - 2) F72)(V7)
e O 7 S TR W T 2 GV
AD (7364.1)
dr ome1 2n =1 a 5 1 nt
AD (7364.2)
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0.434

n n n,,2

d v =p =Py (T Lyp—ld_y+ " Lyp—Qd_yf”. .

dz™ n 1/p—1 dz™ 2)p—2 dz™
AD (737.1)

0.435
d"” ny 1 d"y n 1 dry? n 1 dmy?
Iny = _— — — 4+ —_—— ...

dx™ 1/1-ydz™ 2/)2-y% daxm 3/)3-y3 dam

AD (737.2)

0.44 Integration by substitution
0.440

Let f(x) andg(z) be continuous if, b]. Further, ley’ () exist and be continuous there. Then

b g(b)
)¢ (z) dx = u) du.
| ool @ / L

1. Elementary Functions
1.1 Power of Binomials

1.11 Power series

1.110

, -1 —1)...(¢q—k+1) ,
(l—i-x)q:l—kq:r—i-—q(qm )x2+...+Q(q ) k(|q ):r]‘—k

If ¢ is neither a natural number nor zero, the series converges absolute|y<fat and diverges fdrz| > 1. Forz = 1, the series
converges fog > —1 and diverges faj < —1. Forz = 1, the series converges absolutelyfas 0. Forz = —1, it converges

absolutely foyy > 0 and diverges fay < 0. If ¢ = n is a natural number, the series 1.idfeduced to the finite suinl11.
FI 11 425
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1.111

(a+a)" = 3 (Z):rka"k.

k=0

1.112

o0
L A+a)t=l—-z+2? -3+, = 3 (- 1ak?
k=1
1121
oo
2. (I+a)2=1-20+32> 42> +...= 3 (=) k™t
k=1
1 1-1 1-1-3 , 1-1-3-5
3 (1a+e)V/2=14= 2 3 _ 4
(1+2) Tty T Ty e 24687
1 1.3, 1-3-5
4. (142" Y2 =1-2=; 2_ 2
(1+2) 'yt Taaet T
1.113
€T oo
B Sy 2 <.
TP
1114
g (z\ , q(g=3) rz\?2
L (1+vVita)? =211 —(—) —(—)
1+vi+e) {+1!4+2! 1)t
—4g—5 3
—I—q((]:s#k)) (z) +... } [z? < 1, q is a real number].
AD (6351.1)

27

> 02(g? = 22 2
2. (z+ 1—|—x2)q:1+zq(q e
k=0
00
Printedfrom_}:a[q]gpqmqgr Setigs,and-Products CD-ROM
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1.121
T > 2’“*11172]%1
1. = k-1
l—2z = 1422
5 1 B [e%S) 216—1
' T — ]. k=1 .’I,’2k_] —|— ].
1.211
0o (L’k
L7 e = Y —.
k=0 k!
< (zrlna)*
2. a"= Y
&
, o 2k
3. e = % (—1)FI
k=0 k!
1.212
k
) < ik +1
fl+x)= 3, (k' )
k=0 :
1.213
T £+ i B2k
et —1 2 k=1 (2]‘3)'
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1.2 The Exponential Function

1.21 Series representations

[z < 2m].

AD (6350.3)
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1.214

e _ o1 222 5x3 152t

e =e +l‘+7+?+ m
28
1.215

22 3zt 8z°  3a8% 5627

sinxz __ . _
Lo =lrer o= ~ 5 e T

x? 4t 3128
cosxT __ o o
2. e =e (1 o +——ZT— ol +—...> .

3 gtmr g ¥ 32 9zt 37aP
. e = +I+E+?+T+ 5l

+ ...

1.216

o x? 23 5at
arcsinxT __ - _
1. e =1+x+ 5T-+ ?i—-+ 1 + ...

2. earctgl‘ =1 + x4+ ﬁ I3 7I4

2l 3l 4l
1.217
e 4 T 1 00
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1.421

2 S 1
2 =42 L —— f.1.422 3.).
erT e—TT + J;kgl( ) LL’Q + k2 <C )
AD (6707.2)
1.422
1.22 Functional relations
1.221
1. aw _ em lna,.
2. alOga T glog, e — 4
1.222
1. e*=chxz+shux.
2. €™ =cosx+isinzx.
1.223
: 1 o — b)*a?
ea,l o ebw — (a — b);ljexp [§(a+ b)il?:| kl;ll |:]_ —|— %} .
MO 216

1.23 Series of exponentials

1.231
1

Zamzl [a>1 and <0 or 0<a<1l and z>0].
k=0 —a®
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I the=1+2Y (=DFe 2 [z >0]
kf

=1

2. sechax =2

8

(_1>kef(2k+1)a: [I > O}

k=0

o0
3. cosechx =23 ¢ (kD [z > 0].
k=0

1.3-1.4 Trigonometric and Hyperbolic Functions

1.30 Introduction
The trigonometric and hyperbolic sines are related by the identities

1
sha = —sin (ix), sinz = - sh (ix).
i i

The trigonometric and hyperbolic cosines are related by the identities

ch x = cos (ix), cos & = ch (ix).

Because of this duality, every relation involving trigonometric functions has its formal counterpart involving the corresponding

hyperbolic functions, and vice-versa. In many (though not all) cases, both pairs of relationships are meaningful.

The idea of matching the relationships is carried out in the list of formulas given below. However, not all the meaningful ~“pairs" are

included in the list.

1.31 The basic functional relations

1.311
: 1 T —ix 1 T —x
1. sinx = —(e" —e™™); 2. shax=—(e" —e™");
24 2
= —ish (iz). = —isin (iz).
1 T —ix 1 T —x
3. cosx=—(e" + e "); 4. chx=—(e"+e");
_Printed from Table of Integrals, Series, and Products CD-ROM. Copgight © 1996 by Academic Press, Inc. All rights reserved.
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1.312

1. cos’x+sin’x=1. 2. ch?z —sh?z = 1.

1.313

1. sin(z £ y) = sinzcosy £ siny cos .

2. sh(xty)=shxchytshychuz.

3. sin(x +iy) =sinxchy £ ishycosz.

4. sh(zzxiy) =shzcosytisinychaz.

5. cos(x y)=cosxzcosy Fsinzsiny.

6. ch(z+ty)=chzchyxshzshy.

7. cos(xtiy) =cosxchy Fisinxshy.

8. ch(z+tiy)=chzcosytishzsiny.

9. tg(xty)= tgokigy

1Ftgatgy”

th z+th Y

10. th(zfy) = Tithothy"
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1.314

1.315

1 1
sinx 4+ siny = 2sin E(:r:l:y)cos i(x:Fy)
1 1
shz £shy = 2sh§(:r:|:y)ch§(x:|2y).
1 1
cos T + cos y = 2 cos i(x—i—jy) cos 5(:1: — ).
1 1
chz +chy = 2Ch§(:r+y)ch§(:r—y).

1
cosx — cosy = 2sin §(x+y) sin §(y —x).

1 1
chz —chy =2sh §(a:+y)sh 5(:1: —y).

sin (x £+ sh (x £
tgx:l:tgy:M. 8. thx:l:thy:M.

COS T COS Y chzchy
sin? z — sin? y = sin (z 4 ) sin (z — y) = cos?y — cos? z.

sh?z —sh?y = sh (z +y)sh (z —y) = ch?z — ch?y.
2

cos? & — sin? y = cos (z + y) cos (x — y) = cos? y — sin? z.
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4. sh?z+ch?y=ch(z+y)ch(z—y)=ch’z+sh®y.

31
1.316
1. (cosx+isinz)” =cosnx+isinnz. 2. (chzx+shz)" =shnz+chnz
[n is an integer].
1.317
1 1
1. sing—:lz\/—(lcosw). 2. shf_i\/—(chxl).
2 2 2 2
1 1
3. cosg_i\/§(1+cosw). 4. chg—\/g(cha:+1).
xr 1l—cosx sin z x chax—1 shz
5. tgl =~ - : 6. the — - :
2 sin x 14 cosx 2 shx chz+1

The signs in front of the radical in formulas 1.3171.3172., andl.317 3. are taken so as to agree with the signs of the left hand

members. The sign of the left hand members depends in turn on the value of

1.32 The representation of powers of trigonometric and hyperbolic functions in terms

1.320

of functions of multiples of the argument (angle)

1 n-l1 . (2n 2n
sin?" x = S (=1 k2 ") cos 2 (n—k)z+ & :
22n | 120 k n

Sh2" g — <;21)n { ) (—1)“2(2”) h2(n—k)o+ <2n> } .

k=0 v n

1 nl 2n —1 ,
so2n—1 n+k—1 . .
sin T= Sy kgo (=1) ( k > sin (2n — 2k — 1)z
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2n—1 _ ( n+k—1

—1)nt nzl <2n -1
k=0

1 (=l _/2n 2n
5. COS2nI:—{ 2( )cos2(n—k x—l—( )}
2277, kzo k ) n

1 n-l /2 2
6. c}12"x—22—n{ > 2<;) ch2(n—k)z+ < n>}
k=0 n

1 n=l/2n-1
7. cos? e = — 5 ) < " ) cos (2n — 2k — 1)x.
22 2\,

1 n=l/2n—-1
8. ch? 'tz = > ( nk ) ch (2n — 2k — 1)x.

32
Special cases
1.321
. 9 1
1. sinz= 5(*COS 2z 4+ 1).
. 3 1 .
2. sin®x = Z(fsm 3x + 3sinz).

1
3. sin‘z = g(cos dx — 4 cos 2z + 3).
. 5 L. . .
4. sin’z = E(sm 5x — 5sin 3z + 10sin ).

1
5. sin®x = ﬁ(fcos 6x + 6 cos 4z — 15 cos 2z + 10).
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1
6. sin’z= 6—4(—sin 7z + Tsin 5z — 21sin 3z + 35sin z).

1.322

1
1. sh2x=§(0h2x—1).
1
2. sh®z= Z(Sh 3x — 3shz).
1
3. sh4x:g(ch4a:f4chQa:—|—3).
1
4. sh5:r=E(sh5m—5sh3x+108hx).
1
5. sh®x = ﬁ(ch 62 — 6¢ch 4z + 15¢h 22 + 10).

1
6. sh”z= a(sh Tz — 7sh bz + 21sh 3z 4 35sh ).

1.323

1
1. COSQ.’L’:§(COSQ.’L’+1).
3 1
2. cos :rzz(cos3:r+3cosx).

1
3. costz = g(cos dx +4cos 2z + 3).
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33

1
4. cos’x = 1—6(COS 5z + 5 cos 3z + 10 cos x).
6 1
5. cos ZL‘:3—2(COS61‘+6COS41‘+1500821‘—|—10).

1
6. cos x = a(cos Tx + 7 cos bx + 21 cos 3z + 35 cos x).

1.324

1
1. ch’z= §(ch 2z +1).
1
2. ch’z= Z<Ch 3z + 3chz).
1
3. chlz= g(ch4:r+4ch2:r—|—3).
=4 1
4. ch’z = E(ch 5z + 5ch 3z + 10ch z).
1
5. ch®x = 35 (ch 62 + Geh dz + 15¢h 2z 4 10).

1
6. ch’z= 6—4(Ch7:r—|—7Ch5:r—|—21ch3:r+35ch:r).

1.33 The representation of trigonometric and hyperbolic functions of multiples of the

argument (angle) in terms of powers of these functions
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1.331

. _ . n _ s
13, sinnz = ncos" ' xsinx + <3) cos" 3 rsin® x +

n _ s
<5> cos" P xsin®r— ...

-2
= sin :1:{2”_1 cos" 1 x — <n ) >2"_3 cos" x4

-3 = —4
+<n 5 >2"‘) cos" P — (n 3 >2"7 cos" T+ ... }

AD (3.175)
[(n+1)/2]
2. shnz=xz 3 " sh? =2 g ch™ 2R g
= \2k—1
[(n—1)/2] —k-1 ’
=shx (—1)* <n k: >2"_2k_1 ch" 21 g
k=0
34
n n n—2 gn 4 4
3. cosnx = cos x—<2>cos x sin :r+< > rsin®z — ... ;
=2""1cos" x — 12" S cos" 2+ g(n ) 3) 2" % cos" "t —
-4
— %<n 5 >2"7cos"6:r—|—... .
AD (3.175)

/2 “ 4 /2 k-1 “
43, chnz = 3 <n> sh? 2 ch™ 2 2 = 2"t ch" a4n 3 (_DkE (n b1 >2"2k1 ch"?F

2k k=1
1.332
1. sin2nx =2ncoszx {sin:c — 47123—'_22 sin® x + (4n” — 22)5(!4712 —4) sin®z — ... } ;
= (=1)""'cosx {22"1 sin?" 1z — %22" 3 sin?" 3 o4
(2n — 3)('271 —4) 92n—>5 (i 2n—5 ..
B (22n - 4)(2n37 5)(2n — 6) 92T 2T o } '
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2n—1)2 - 1% .
2. sin(2n— 1z =(2n—-1) {sinx - % sin® x4
2n —1)2 —1?)[2n — 1) - 3%
+[(n ) }g)[l(n ) ]sin‘)x...}Q

2n —1
= (_1>n71 {22712 SinQn—l T TLT22n74 Si112"*3 ot

(2n —1)(2n — 4)

=
2271 6 —9

o sin?"7% x —
_ (2n- 1)(2n37! 5)(2n — 6) 98 2T o L } '
AD (3.174)
AD (3.172)
3. cos2nx = 142%2 sin? x—i—wl# sin? x74n2(4n2 — 2?(4712 —4) sin® z4.. . ;
=(-1)" {22"1 sin?" z — 21n 2213 gin?" 2 g4
+ —271(2721!— 3) 22n =5 gin 4y — 2n(2n — 3?(271 —5) 22T gin? 6y 4 .. } .
AD (3.173)a
AD (3.171)
35
4. cos(2n — 1)z =cosz {1 - % sin? z +
N [(2n —1)% — 12}4[!(2n —1)% - 37 st } ;
= (=1)""tcosx {22"_2 sin?" 2z — 2711—'_322”_4 sin?" 4 24
n (2n — 4)2(!2n —5) 92n—6 i 2n—6
— (2n—5)(2n3—!6)(2n—7) 22n=8 gjn?n Sx—l-...}.
AD (3.174)
AD (3.172)

By using the formulas and valueslo80 we can write formulas feh 2 nz, sh (2n—1)x, ch 2nx, and ch (2n—1)x that are

analogous to those of 1.338st as was done in the formulasliB31.

Special cases

1.333

1. sin2z = 2sinxcos .
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2. sin3x = 3sina—4sin® 2

3. sindz = cos z(4sinz—8 sin® 7).

4. sinb5z = 5sin2—20sin® z+16sin® .

5. sin6x = cos z(6sin2—32 sin® 7+32sin° 7).

6. sin7z = Tsinz—56sin® 2+112sin® z—64sin” z.

1.334

1. sh2x=2shachuz

2. sh3z = 3shazt+4sh3z

3. shdx = cha(4sha+ 8sh? 7).

4. shbz = 5shz+ 20sh® 24+16sin® z.

5. sh6x = chz(6sh 2+32sh® 2+ 32sh® 7).

6. sh7z= 7shz+56 sh® 2+112sh® 2+ 64sh7 z.

1.335

1. cos2z = 2cos? 2—1.
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1.336

36

cos3x = 4 cos® z—3 cos .

cosdx = 8 cos* z—8 cos? z+1.

cos 5z = 16 cos® 2—20 cos® z+5 cos z.

cos 62 = 32 cos® 2—48 cos* 2+18 cos? z—1.

cosTx = 64 cos” x—112 cos® 2456 cos® x—T cos z.

ch2z = 2ch? z—1.

ch3z = 4ch3z—3cha.

ch4z = 8ch* z—8 ch? z+1.

ch 52z = 16 ch® 2—20 ch? z+5ch z.

ch 6z = 32ch® 2—48 ch* z+18 ch? z—1.

ch 7z = 64ch” 2—112 ch® 2+56 ch® z—7 ch z.

1.34 Certain sums of trigonometric and hyperbolic functions
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1.341

n—1 -1
1. Y sin(z + ky) = sin <:r + 2 y) sin 2 cosec 2.
k=0 2 2
AD (361.8)
n-1 —1 1
2. > sh(x+ky)=sh <:c + n—y) sh %—y'
k=0 2 2 gn?
2
n—1 -1
3. > cos(x+ky)=cos |z+ t y | sin %Y cosec 2.
= 2 2 2
AD (361.9)
n-1 —1 1
4. > ch(z+ky)=ch <:c + n—y) sh %_y'
k=0 2 2 gn?
2
2n—1 . mn —1
5. 5 (=1)¥cos (z + ky) = sin (x + 2 y) sin ny sec Y.
k=0 2 2
JO (202)
n—1 -1
6. S (=1D*sin(z+ky) =sin {x+ n—(y—i—w) sinn(y—_‘_ﬂ-)secg.
= 2 2 2
AD (202a)
Special cases
1.342
n 1
1. > sinkx =sin nt 2 8in = cosec .
=, 2 2 2
AD (361.1)

n n+1 . nx T nr . n+1 T
2*. Y cos kx = cos zsin — cosec — + 1 = cos — sin T cosec —
2 2 2 2 2 2

k=0
. 1
1 sm|n+=<|x
—Printel I_‘]'_on_]_T 1 Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.
2

sin —x
2




AD (361.7)

n
3. > sin(2k — 1)z = sin® nax cosec z.
k=1

n
4. > cos(2k —1)x = 5 sin 2nz cosec x
k=1
JO (207)
37
1.343
2 1
N (=1)" cos < n2—|— x)
1. > (fl)kcosk::c:fi—i— .
=1 2cos —
2
AD (361.11)
n sin 2nx
2. —1)" sin (2 — Do = (—1)"H 2
3 (1) i (26 - D)o = (-
AD (361.10)
n n
3. > cos(4k—3)x+ > sin (4k—1)z = sin 2nx(cos 2na+sin 2nz)(cos z+sin x) cosec 2z
k=1 k=1
JO (208)
1.344
n—1 Tk
1. in — = ctg —.
1;;1 sin ——~ = ctg o -
AD (361.19)
n=l = 2mk?
UL @ (1—|—cosn—7rfsinn—7r) .
2 2
AD (361.18)

2. > sin
=1 n 2
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1.351

38

1.352

1.35 Sums of powers of trigonometric functions of multiple angles

n 1
S sin?ka = Z[(2n + 1)sinx — sin (2n + 1) x]cosec z;
k=1
~n cos(n+ 1)wsinn
2 2sinx

L L — 1
S cos® kx = I + = cosnxsin (n 4+ 1)z cosec x;
k=1 2 2
~n . cos(n+1)wsinne
9 2sinx
noog 3. n+1 | nx x 1 . 3n+Dz . 3nx 3z
> sin® kx = — sin Z sin — cosec ——— sin sin cosec —.
= 4 2 274 2 2 2
n 3 3 n+1l . nx z 1 3n+1) . 3nx x
> cos® kx = = cos Z sin — cosec —-+— cos z sin cosec —.
= 4 2 2 274 2 2 2

1
sin kx = 3 [3n—4 cos (n+1)x sin nx cosec z4-cos 2(n+1)x sin 2nx cosec 2x].

el
I
—

n 1
S cost k= 3 [3n+4 cos (n+1)x sin nx cosec z4cos 2(n+1)x sin 2nx cosec 2x].
k=1
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AD (361.5)

o 2n—1
n—1 n sin T L cosn
2. Z kcos kx = 2 B Cosnx.
= e ;
- 25l 3 4in?Z
AD (361.6)
1.353
L. nf pFsinkx = psinz — p"sinnz + p"sin(n - D .
=1 1—2pcosx + p?

AD (361.12)a

psha —p"shnz + p"Tlsh(n—1)x

n—1
2. Fshkz =
,glp S 1—2pcha + p?

n—1 1— S 1) - n+1 . _
& B pcosx — pPcosne + ptTlcos(n—1)z
3. kgop cos kx = I Ty—
AD (361.13)a
nol o 1—pcha —ptchnr+p"Tltch(n—1)z
k e — bc p p
4. kgo p® ch kx TRy —— .
JO (396)
1.36 Sums of products of trigonometric functions of multiple angles
1.361
1. i sin kzsin(k + 1)z = %[(n + 1)sin 2z — sin 2(n + 1)x] cosec z.
k=1
JO (214)

n 1
2. > sinkzsin(k 4 2)x = % cos 2x — 5 cos (n + 3)x sin nx cosec .
k=1
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n 1 7 2 r 2
3. 25 sinkxcos(2k—1)y = sin {ny + n—2|— :r} sin n(l;;— y) cosec — _; J_
1

k=1
) { n+ } . n(2y —x) 2y —x
—sin < ny — ¢ sin 5 cosec ———.

2
JO (217)
39
1.362
w k~2£2_ n~i2_~2
1. 1;;1 (2 sin 2k) = (2 sin 2n) sin” z.
AD (361.15)
n 1 z\? 9 1 2\’
2. A§1 <2—A sec 2—k> = cosec” T — (2—n cosec 2—n> )
AD (361.14)
1.37 Sums of tangents of multiple angles
1.371
LU T 1 T
1. kgoﬁtgﬁ = 2—nctg% — 2ctg 2x.
AD (361.16)
LA 22n+2 5 1 5 T
2 Agoﬁ 8 o8 = 3. g2n1 + 4 ctg QL*ﬁCg on
AD (361.20)
1.38 Sums leading to hyperbolic tangents and cotangents
1.381
th !
T ok 1
n—1 n sin s
1 5 4n, = th 2nx
E—0 14 th” x
, 2k + 1
— T
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.o kT
n-1 nsin® — 1
2. > —22”=cth2n:r——(th:r—|—cthx).
k=1 th” = 2n
1+
tg2 X7
& 2n
th x
2k +1
o (2n + 1) sin® ﬁﬂ' th
3. > 5 L =th(2n+ 1)z — :
k=0 14 th” z 2n +1
5 2k+1
gf ———m
2(2n+1)
40
2
thx =
(2n 4+ 1)sin? —————
n 2(2n + 1) cthz
4. =cth(2n+ 1)z — .
k§1 th? x ( ) 2n+1
14+ ————
o2 kT
& 2n+1)
1.382
n—1 1
1. = 2nthnx.
2k +1
k=0 g¢in? —4+ T
n th =
sh x + 2
n—1 1
2. = 2ncthnz — 2cth 2.
=1 . ok
sin® — 1
—2n + —th =
shz 2 2
n=l 1 (2n+ 1)z x
3 = (2 1) th —th —.
=N (2n +1) 2
2(2n+1) 1
—th —
shz
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n 1 2n+1
4. > - =(2n + l)cth% fcthg.
k=1 .2
S 2n+1 1z
S (e i ST N
shx * 2

JO (409)

1.39 The representation of cosines and sines of multiples of the angle as finite

products
1.391
n—2 5
2 N2
1. sinnx=nsinzcosxz [[ |1-— s [n — even].
he1 . o km
sin
n
5 s2
2. cosnzx= ][] |1- % [n — even].
k=1 sin? \ T
2n
41
n—1
2 N2
3. sinnx=mnsinz [[ [1- T [n — odd].
k=1 o2 kT
sin
n
n—1 9
3 .
4. cosnx=cosx [[ [1— S — [n — odd].
k=1 2 (2k — D)7
sin
2n

1.392

: n—1 nt : km
1. sinnz =2 I] sin (z+— ).
k=0 n
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1.393

n—l 2k 1
1. ] cos <:c + 7r> = cos N [n — odd].
k=0

n 2n—1
1 n
= on 1 [(*1) 2 — cos na:} [n — even].
1 2% 1 n—1
= ¥ —1) 2
2. ]I sin <SU + 77) = (2>—1 sin nx [n — odd].
k=0 n n=
~1)2
= (2n)1 (1 — cos nx) [n — even].

1.394

= 2km 2 2 2
IT §2° —2zycos |a+ — | +4° ¢ = 2" — 22"y" cos na. + y".
n

1.395

n—1 2k
1. cosnz —cosny=2""1 T {COSLL’COS <Z/+ W)}
k=0 n

n-t 2k
2. chn:r—cosnyzQ"i1 1T {chx—cos <y+—7r>}
k=0 n

42
1.396

n—1 k 2n _ 1
1. I (x22xcos—ﬁ+1) _— :
n ]
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n 2k el
2. 1 <x22xcos u +1> L

b1 2n+1 z—1
KR 58 (28.2)
n 2km |
3 242 1] =———.
;;1;[1 (x + 1‘COS2n+1+ > )
KR 58 (28.3)
n=l 2k +1
4. I <x2—2xcosu+1> = 2% + 1.
k=0 n
KR 58 (28.4)

1.41 The expansion of trigonometric and hyperbolic functions in power series

1.411

oa p ol oo p2kt1
1. sinz = 1) . 2. shx = P
kz::()( ) (2k + 1)! ,éo (2k + 1)!
00 x?k oo ka
3. cosz= Y (=1 : 4. chx= 3
k=0 (2k)! k=0 (2k)!
00 22k<22k _ 1) 2
5t Boy |22k 1 2 T
STy I v
FlI 11 523
3 22° 17 22k (22k 1) 2
6. thex=2—— J S G Boy2k—1 2™
1X =X 3 + 5 +315$ + k§1 (2h)! 2k 7 < 1
1 22K By
7. t = — — _ rranml 2k—1 2 < 2 )
ctga = — 1;;1 2n)! [2° < 77
FI 11 523a
1z 2% 2P 1 = 2?kBy,
8. ¢hr=—+--—+——...=— 72k—1 2 - 22].
= T3 T o PR TeT [z <]

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



10.

11.

12.

43
1.412

2 |Eak| o[ o 7
= < —1.
sec T 1;;0 2! ¥ |z 1
CE 330a
x?2  5xt 6128 o Foy 2
sechar =1— = 4+ 22 _ =1 20 2
i > "o T " 2NN [m 1
CE 330
1 0o 2(22k—1 _ 1)‘ng|l‘2k_1 ) )
o — — <
cosec & . + k§1 o) [z 7]
CE 329a
1 723 3lad 1 = 2221 — 1By, o,
he = ———a+—— +o.=—= 2k—1 2 <712,
ORI = L T6 360 15120 P @ S
JO (418)
00 2213—11,219
sinfz = 3 (—=DFF
=l (2k)!
JO (452)a
o0 92k—1,.2k
2 k+1
cos“r=1-— -1
&0
JO (443)
1 & 32— 3
.3 _ 1 2k+1
sin® x 41;;1( ) (2k+1>!:r
JO (452a)a

o 2k 2k
cos® x = Z(fl)k—(3 +3)z

k=0 (2k)!

W~ | =
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1.413

L 22k71x4k72

1. shz = cosec xk§1 (—1)F* v

i 22kx4k

2. chzx=secx+secz Y, (—1) .
=1 (4k)!

00 (/2] 216—11.219—1
3. Sh.’IZ’:SGC.’IZ’kgl (*1) m

0o 2k71x2k71
4. cha=cosecz Y VUWFDMW'

k=1
1.414
>  (n? 4+ 02 (n? +22) ... [n? + (2k)?] .,
1. cos[nln(z+v/1+ 22)] _1k¥0<1>k(n +0%)(n (-gk_£2)|[n + (2k) ]x2k+2 22 < 1.
o0 ] 2 1 12)(n2 2) 2 4 (2% — 1)2]p2k+1
2. sin[nln (z+ 1+x2)]:m—nk§1(—1)’»+1 (n” + 1) (n” +3 2% 4[_”1);’_( )lz

(2% < 1].

Power series fdm sin x, In cos x andln tg « see 1.518.

1.42 Expansion in series of simple fractions

1.421
T 4r X 1

Logg b s

S a ) D §
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44

.  4m X 1
2. th—=—
o T ,gl (2k —1)2 + 22
2 X 1 1 r X 1
3 tgmr = — + — = — 4+ —
s N szlaﬂfk:? 7rx+7Th;w k(x — k)
kA0

1 2z X 1
4. cthmer = — + — —_— 1.21710).
cthme = — + PP (cf )

5 (o2 % Qi 2(2k — 1)% — 22
— =X .
& 79 2 (12— 22)2(32 — 22)2 . [(2k — 1)2 — 22)2
1.422
T 4 = 2k —1
L. sec— =— > (=1
see T kgl( ) (2k —1)2 — 22
w4 = 1 1
2. sec? - = —
e Wka_:l{(lex)2+(2k1+x)2}

1 222 (—1)F
3. cosecmr = — + — > (=1) (see also 1.217 2.).
Tr w12 — k2
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1.217

1
4. cosec® mr = — = +
72 k:goo (x — k)2 w222 7

e 1 1 2
2

JO (446)
. 0o _1)k+1
5 1+:rcc;sec:r _%7 5 (2 1)2 .
2z x =1 (2% — k27?)
JO (449)
11z L 11
6. cosecmx = —+ ﬂ-k:;oc( 1) (x—k: + k) .
JO (450b)
1.423
™ osec? b g T oL %L
am2 % o T B T 2 T = (1 —k2m2)2°
JO (477)
1.43 Representation in the form of an infinite product
1.431
. > a?
1. smx:xkgl (1— k2772> .
EU
oo 72
2. shz= xkl;[l <1 + m) .
EU

45

3 IO_CI 1 42
. cosx = - |-
=0 (2k +1)272
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) 42
4. h o = 14—
chr ,}1)( +<2k:+1>27r2)

EU
1.432
22 y 2 22
1. cosz—cosy=2(1—"= ) sin?2 - ) (1= 5 |
ooy =2 (1= ) § 11 (1= 55s) (1 @)
AD (653.2)
x2> y oo 2 2
2. chz—cosy=2(1+=] sin®>=Z (1—}—7) (1—1—7).
Y < y? 2 ;};[1 (2km + y)? (2km —y)?
AD (653.1)
1.433
oo _1 k
cos% fsin%x = 1};11 [14— (2k>f} )
BR* 189
1.434
1 402"
2 9 = T x
y = - 2 1-— .
cos” 4(7T—|— x) k];ll [ ( 7 ) 1
MO 216

1.435

sinm(z+a) z4+a X x x
= 1- 1 .
sin a a kl;ll < k:a> ( +k—|—a>

MO 216
1.436
l_s%nzm: _ 1°_°[ [1_< x )2] |
SiN“ T4 k——oo k—a
MO 216
1.437
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1.437

MO 216
1.438
chz —cosa o0 x ?
1 —cosa :k:r_[oc +<2k7r+a>
MO 216
1.439
s T
L. sinz = [ cos; [lz] < 1].
p=1 2
AD (615), MO 216
sinx = 4  ,/x
= kl;[1 1-— 3 sin (3_") .
MO 216
1.44-1.45 Trigonometric (Fourier) series
1.441
> sinkr w—x
1. > = 0 <z < 27].
=1 K 2
FI 111 539
46
x coskxr 1 1
2 =1 0 2
E’l k n2(1—cos:r) 0 < < 2]
FI 111 530a, AD (6814)
= (=1)Ftsink
3 Z( ) Al [T < <.
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1.442

4%,

1.443

> (_D,ﬁlcosTx =In (2 cos g) -7 <z <.

k=1
FI 111 550
i sin(2k— 1)z 7 0 <z < 27]
=— x <27
k=1 2k — 1 X
FI 111 541
> cos(2k—1)x 1 x
—————— = —Inctg = 0 .
21 5% 1 5 nete o 0 <z <7

BR* 168, JO (266), Gl 111(195)

i (71)k_1sin 2k—1x 1 (77 :r)

= “Intg (2472 {f—<f<—}
= 2% — 1 SR i 2 SS9
BR* 168, JO (268)a
T T s
i( p_1cos (2k -1z 4{ 2<x<2}
k=1 2k —1 B by |:7r 37r:|
Ti|l2 ST< %
BR* 168, JO (269)
< cos kmx w2 2n (op
_ 1 n—122n 1 B "
k§1 k2n =1) (2n)! AZ::O k)R
1 (2m)n x
n—1
S 2) et =g
CE 340,GE 71
> sinkwx m2ntl 2n41 fop 4
o _1 n7122n B L k.
121 f2ntt =1) (2n + 1)! kZ::o ( > L

=(-n"! %%B2n+1 (g) {0 <zr<l; p= g - [£/2ﬂ .
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47

1.444

X coskxr w mr T
=1 k2 % 277 0<o<an]
o0 coskr 7w 22
1)1 T _2 —r<z<
kgl( ) X 12 1 [7‘&'_1‘_7@
> sin kz B w2 wa? i 23
=k T 6 4 12
> coskr wt  wa? w2’ ot 0 < < 27]
= kY90 12 12 48 : "
i sin kx - mir  w2ad mat ”
=k 90 36 48 240
o 2(k+ Dz
S Sm(ki—:—l)) = sin 2z— (7w —22) sin? z—sin z cos z In (4 sin® x)
:1
o 2(k+ Dz
S % = cos 2x— (g — :r) sin 2z+sin? 2 In (4sin? z)
:1

> (-1)

Eal

S

k

=1

=1

k(k+ 1)

k(k+ 1)

psin (k+ 1)z

pcos (k+ 1)z

. X . x
=sinx — 5(1 +cosz) —sinzIn 2COS§’ :

=cosx — gsinx— (14 cosz)ln 2(:05%‘

FI 111 547

FI 111544

AD (6818)
AD (6617)

0<z<m|
BR* 168, Gl Il (190)
z<m
<o <
BR* 168
MO 213
MO 213
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MO 213

X cos(2k—1)z  m/m
6. kzlwzz(g—\ﬂ) [—7 <z <]
FI 111 546
. i cos 2kx 1 = . [0 < 7Tj|
: =—- — —sinz < —
2 k—1)@2k+1) 2 4 =T=7
JO (591)
1.445
X ksinkr wsha(r—x)
1. = — 0 <z <2m.
,él k2+a? 2 shar 0 <z <2n]
BR* 157, JO (411)
> coskx m cha(r — x) 1
2. = — - — 0<ax<27m.
,gl k> +a?  2a shar 202 0= < 2]
BR* 257, JO (410)
< (-=1)fcoskr 7 chax 1
3, - - [r<z<7]
,gl k2 + o? 2ashar 202 [-rse sl
FI 111 546
& ksinkx  wshax
4. —1)kt = — :
k:l( ) k2 +a?  2shar [ <@ <]
FI 111, 546
48
o ksin kz sin {a[(2m + 1)7 — z]}
D. = h = 2mm, ...=0].
k; 2 —a? 2sin am [when @ =2mm, 3 ]
2mm < x < (2m + 2)7, a—not an integer].
MO 213
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MO 213

7. —1 —
2, (=1) k2 —a? T 2sin o

 ksink in [a(2mm —
, ksin ka sin [(2mm — )] [when o = 2m + )m, S ...=0]

k=1
[(2m — 1) <z < (2m + 1)7, a—not an integer].
FI 111 545a
. oo (—1) coskr 1 mcos [a(2mm — x)]
) k2 —a? 202 2 asin ar
[(2m — 1)m <2 < (2m + 1)7, a—not an integer].
FI 11l 545a
1.446
o (VR eoe
$ (=1)*tcos (2k + 1)z :ECOSQI—ECOSI —ESISZ}
= 2k—1)(2k+ D2k +3) 8 3 2 2
BR* 256, Gl Il (189)
1.447
k. psin x
L Fsinkz =
,glp ST 2pcos z + p?
x 1 —pcosx
2. ¥ cos kx = <1].
P eoskr = g [Ipl < 1]
o 1— p2
3. 1+23 pFeoska =
+ ,glp COSRE =T 2pcos x + p?
FI 11 559a, MO 213
FI 11 559
FI 11 559
1.448
1 i PP sin kx ~ et psinx
=1 k 1—pcoszx
> pFeosk 1
2. chzsx:ln — =
=t okl Vi- pcoax—l—p. 0<az<2r, p><l1].
o plsin(2k— Dz 1 2psin z
3. > = — arctg
= % — 1 2 1—p?
. i ka—1 cos (2k — 1)1‘ _ lh’l 14+ 2pcosx + p2
2k —1 4 1-—2pcosz+ p?
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1.449

1.451

1.452

(—D)F1p?k=Lgin (2k — 1)z

2 2k -1

1. 14 2psinz+ p?

41— 2psinx + p?

> (=) 'p** ! cos (2k — D)z
= 2k —1
1 2pcosw
= —arctg
9 1—p?
< pksin kx poosz '
5 - —e sin (psin x)
k=1
0o pk k
S c]:'s T eP 03T o5 (psin )
k=0 :
shaz = cosz Z (12 4+0%) (12 +22)...[12
k=0

Fourier expansions of hyperbolic functions

0<z<m,

[p* <1].

+ (2k)?]

chx = cosx + cosx Z
k=1

sh (z cos 6) = sec (x sin 6)

ch (z cos 8) = sec (x sin 9
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(2k + 1)!

(12 +1%)(1%2 + 3%). ..

(12 + (2k — 1)?]

p* < 1].

sin?F 1 g

sin

(2k)!

22*+1 cos (2k + 1)6

(

2
a2 k cos 2k:0

(2% < 1].

2k

x.

JO (597)
JO (261)

JO (485)
JO (486)

JO (504)

JO (503)

JO (390)



2k6
3. sh(xzcosf) = cosec (zsinh) " sin

¢+ sin (2 + 1)6

§1<>
>

4. ch(zcos @) = cosec (zsin6) 2k +1)!

50

1.46 Series of products of exponential and trigonometric functions

1.461

- 1 sin z
L Msinkr = c———  [t>0].
kgo ‘ SR 2cht—cosz [ J
sht
2. 1+2 k= ——— t>0].
* A§1€ oSk = cht— cosx [ }
1.462
¥ 1.2
i sin kx sin ky YR 1l Sin +sh”t
il PN —inm
= " y sin? = +sh
1.463
o0
1. e® oS P g (xsin ¢) Z x" cos TL¢ [12 < 1]
n=0
o0
9. e CosPgin (I sin @) E " sin ngp [IQ < 1]
n=1
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MO 213

MO 213

MO 214
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1.47 Series of hyperbolic functions

1471
> shkx chz 1 (.
L. 1;;1 = sh (shz).
JO (395)
> chk .
2. > QLT _ echa gy (sh ).
=0 k!
JO (394)
> 1 1 (2m+1 2m + 1 3
35 Y o | = h( m + Dz —I—(L‘th( m+ m =T
o (2k+1)3 [z 2 2 16
1.472
oo pshx 5
1. Fshkr = 1].
k:1p S 1 —2pchx + p? ™ <1
JO (396)
X, 1—pchzx
2. Fch ke = 2 <1].
k:Op e 1—2pchx + p? P <l
JO (397)a
1.48 Lobachevskiy's "Angle of parallelism"IM(x)
1.480
Definition.

1. T(x)=2arcctge® = 2arctge " [z > 0].
2. I(z) =7 —T(—2) [z < 0].

LO Il 183, LOI 193
LO Il 297, LOI 120
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51
1.481

Functional relations

1
1 sinTl(z) — ——
sin Il(z) chz
LO lll 297
2. cosIl(z) =thz.
LO Il 297
1
3. tgll(z) = —
g1l(z) shz
LO lll 297
4. ctgIl(z) = sh.
LO Il 297
. sin IT(x) sin II(y)
sinIl(z + y) 1 + cos II(z) cos I(y)
LO lll 297
sTI(z s 11
6. cosll(z+y) = cos IT{z) + cos I1{y) .
1 + cos () cos (y)
LO 11l 183

1.482

Connection with the gudermannian.

(Definite) integral of the angle of parallelism; 4f581 and 4.561
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1.490

Definition.

1.49 The hyperbolic amplitude (the Gudermannian) gd x

dt
1. gdng/O szarctgew—%.

1.491

Functional relations.

1. chz =sec(gdx).

2. shz=tg(gdz).

3. e’ =sec(gd

T  gdx
:r)+tg(gd:r):tg<z+ 5 )

~ 1+sin(gda)
~ cos(gdz)

4. thz =sin (gd z).
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1
6. arctg (thz) = 3 gd 2z.
1.492

If v = gd x, then iz = gd iv.

52
1.493

Series expansion.

3 5 617
3. gdx:wfx——i—x— a

6 To1 s0a0 T

61(gd x)7

(gd z)? L (ed x)®

4. r=o9odz
T=gdrt T 24

1511
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5040

1.5 The Logarithm

1.51 Series representation

[gdx < q .

AD (343.6a)

JA

JA

JA

JA

JA



1512

x 1 (z-1\""
2. Inx= =2 .
nx Z2k—1< ) [0 < z]

r=1 1 (a-1 3+1 z—1 5+
r+1 3\z+1 5\x+1 =1 r+1

2 3 k
z—1 1 /x—1 1 /x—1 x 1 /xz-1 1
3. 1 = — — L= — > —|.
e x +2< x >+3< z >+ zcak( x > {m_J

AD (644.6)
1.513
L+ S S 2
1. 1 =2 1].
n, T2l [27 < 1]
Fl 1l 421
z+1 & 1 9
2. 1 =2 —_— 1].
L Rt POy s W G
AD (644.9)
T < 1 o
3 lnx—1:,§1ﬁ [t<—-1 or z>1].
JO (88a)
1 > zk
4. In =y F1<z<1)
— X k=1 k
JO (88b)
53
11—z 1 & zk
D. 1 =1- 1<z <.
nl*;l? kglk(k-Fl) Flsw ]
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1 1 LA | 5
6. In = > vy — (7 < 1].
l—-2 1-—2 =1 n= N
JO (88e)
(1—a)? 1 1 3 ah !
225 T1-z 242 4:r+ k; k(k+1)(k+2) Flse<l]
AD (6445.1)
1.514

% cos k
In(1 —2zcos o +2?) = -2 > Cosk SOzrk; In(z +V1+22) = Arsh z.
k=1
see 1.631, 1.641, 1.642, 1.646 (2% <1, xcosp#ll.

MO 98, FI Il 485

1.631
1.641
1.642
1.646
1.515
1-1 1-1-3 1-1-3-5
n ( +m) n —|—2_2:L° —|—2.4.4:r +2-4-6-6m
o . W2k =1, )
_1112712231(*1) WJ: (2% <1].
JO (91)
1 1 1-3
2. lrl(1+\/1—|-73:2):lrlx+;*2.3x3+2.4.5I57,__;
I & : (2k — 1)!
=t —1)* 2> ).
nm+$+kzl( ) 22k_1~k’!(l€—1)!(2k—|—1)x2k+1 [:L‘ > ]
AD (644.4)

& 22N R = DR
3. Vi4+z?In(z+V1+a?)=a— 3 (fl)l”#w%"'1 (2% < 1].
=1 (2k + 1)!
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JO (93)

n@A VIS e 2 e oy

4. —
V14?2 =0 (2k +1)!
JO (94)
1.516
1 X (TR ko
. ~{ln(1+z)}?*= LR 2 <1).
(o)) = 5 ==t 3 & <
JO (86), JO (85)
1 N e L L A A |
2. {ln(1+42)} = — 2 <1).
6{11( + o)} ,gl k+2 ; n+1,=21m [= ]
AD (644.14)
[e's) — 1n+1
3. —In(l+z)-In(l—2z)= Zm— Z sl (2% < 1].
=1 k a=1 n
JO (87)
54
1 (142, 1+x 1 X ph1
4., — 1 2In (1 — = — 0 1].
4x{ vz BTz T x>} 2wt X ok O<o<dl
AD (6445.2)
1.517
1 11—z X (=1)Ftght
16 —<d1—-In(1 — —— arct 0 <1].
2x{ n(l+2) Nz arcgﬁ} ; (2k — 1)2k(2k + 1) 0 <z<i]
AD (6445.3)
1 1 %) 4k72 2k—1 (71)7171
2. —arctgxl 2 <)
g BT ;21{—1,11 m—1 [o" <1]
BR* 163
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1.518
2 4 6
1. lnsinx:lnx—x—_x__x__
6 180 2835
B oo (71)k22k71B2kx2k
_ln:r—i-kgl R 2h)! 0<x<m].

2.3 Incosz =
2 12 45 2520

_ i 221 (2% —1)| Bay| L2k 1 i sin *z 2 <
k=1 k(2k)! 251 K
3. Int P 6y 12T sy
. n r =Inx — —X T X e
& 3 90 2835 18,900

Jo%) 22k—1 _ 1)22kB2kx2k T
—In: e [0 —}.

nz+ (—1) Rk <e<y

k=1

Power series fof?> {n In(z + V1 — 22)} cf.1.414.

1.52 Series of logarithms

1.521

o0 4 2
L > In (1—%) =Incosz [—g <z< g} .

2. Y In (1—;—2> =Insinz —Inz 0<x<ml].

55
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1.6 The Inverse Trigonometric and Hyperbolic Functions

1.61 The domain of definition

The principal values of the inverse trigonometric functions are defined by the inequalities:

i . T
fggarcsmwgi; 0<arccosz < -1 <z<1].
FI 11 553

I < arctgr < g 0 <arcctger < [—00 < & < +00].
FI 11 552

1.62 - 1.63 Functional relations

1.621

The relationship between the inverse and the direct trigonometric functions.

1. arcsin (sinz) =z — 2n7w [2n7r - g <z <2nm+ %} :

77 T
= —x+(2n+1)m {(Qn +1)m — 5 <z<(2n+1)r+ 5} :

2. arccos (cosz) =x — 2nmw 2nm <2 < (2n+ D)7;
=—z+2n+)m [(2n+ D7 <z <2(n+ 1)r.

™ ™
3. arctg(tgz) =z —nmw n7r—§<:r<n7r+§}.

4. arcctg (ctgx) =z —nw nm < < (n+1)x].

1.622
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The relationship between the inverse trigonometric functions, the inverse hyperbolic functions, and the logarithm.

1 1
1. arcsinz = —1In(iz 4+ V1 — 22) = — Arsh (i2)
i i

1 1
2. arccosz=-In(z4+Vv22—1)= - Archz.
i i

1 141 1
3. arctgz= —1In + ZZ = — Arth (iz).
21 1—1z 7
1 1z — 1
4. arcctgz = —1In ZZ = i Arcth (i2).
2t iz+1

1
5. Arshz=1In(z+4 V224 1) = — arcsin (iz).
i

6. Archz=1In(z+ V22— 1) =iarccos z.

56
1.1 1
7. Arthz=-1In tE — arctg (iz).
2 1—=z 1
1 1 1
8. Arcthz=-1n— R — arcetg (—iz).
2 z—-1 1
Relations between different inverse trigopnometric functions
1.623

. T
1. arcsinx + arccos x = 5

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



2. arctgx 4+ arcctgx = g

NV 43
1.624
1. arcsin x = arccosy/ 1 — x2 0<z<1];
= —arccosy/ 1 — 22 [—1 <z <0]
NV 47 (5)
2. arcsin x = arctg (2% < 1]
1—2a?
NV 46 (2)
— 2
3. arcsinx = arcctg ——— 0<ax<1];
x
1— 22
:arcctgix—ﬁ (-1 <2 <0
x
NV 49 (10)
4. arccos z = arcsiny/ 1 — 2 0 <z <1
=7 — arcsiny/ 1 — 2 -1 <z <0
NV 48 (6)
— 2
5. arccosx = arctg——— 0<ax<1];
x
V1 — 22
:7r+arctg7£ (-1 <z <0
x
NV 48 (8)
6. arccosz = arcctg = -1 <z<1].
—x
NV 46 (4)

T

V1422

7. arctgx = arcsin
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8. arctgx = arccos ——— z > 0];
; ite w20
1
= —arccos [x < 0]
1+ a2
NV 48 (7)
57
1
9. arctgx = arcctg— [z > 0],
T
1
= —arcctg — — 7 [z < 0].
T
NV 49 (9)
10, arct n——1 &> 0]
. arctgz = arcsin ———— x ;
& V14 22
1
=7 — arcsin ——— <0
V1+ 2?2 | ]
NV 49 (11)
11 t °
. arcctg x = arccos ———.
& V14 2?
NV 46 (4)
1
12. arcctg x = arctg— [x > 0];
x
1
= 7 + arctg — [z < 0].
x
NV 49 (12)
1.625

1. arcsin zarcsin y = arcsin (/1 — y2+y V1- z?) [zy <0 or z?+4y? <1];
= m—arcsin (/1 — 2+yy/1— x?) >0, y>0 and z*+y*>1];
= —m—arcsin (z/1 — y2+y\/l —z2) <0, y<0, and z’+y*>1].

NV 54(1), Gl | (880)

2. arcsin x + arcsin y = arccos (V1 — 22v/1 — y? — zy) [t>0, y>0[;
= —arccos (V1 —x22+y/1—y? —zy) [ <0, y<O0l.
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:L“M—I—ym
=2 T— g —ay
/1 —y2 +yv1— a2
Il

x\/l—yQ—l—y\/l—:rQi

3. arcsin z+arcsin y = arctg [ty <0 or 24y < 1];

= arctg +7 >0, y>0 and z*+y*>1];

= arctg <0, y<0 and z%+y?>1].
V1—22\/1—y? — 2y [ ]
NV 56
4. arcsin z—arcsin y = arcsin (z1/1 — 32 —y\/l —x2) [zy >0 or x*+y* <1];
= m—arcsin (/1 — y2—y\/1— x?) >0, y<0 and z?+y*>1];
= —r—arcsin (z/1 — y2—yv/1 — z2?) <0, y>0 and 2%4+y* > 1].
NV 55(2)
58
5. arcsin z — arcsin y = arccos (zv' 1 — 22/1 — 32 + 2y) [xy > yl;
= —arccos (V1 —x22+y/1 —y? + zy) [z < y].
NV 56
6. arccos x + arccos y = arccos (zy — V' 1 —a2y/1 — y?) [z +y > 0]
= 2 —arccos (xy — V1 — 221 —y?) [z +y <0].
NV 57 (3)
7. arccos x — arccos y = arccos (zy + V1 —x2y/1 —y?) [ >yl
= arccos (zy + V1 — 221 —y?) [x <yl
NV 57 (4)

T+
8. arctgx + arctg y = arctg Y

[zy <1];
1—zy

x
= 7 + arctg

[x >0, zy>1];
1—xzy

:—7r+arctg1x+ [ <0, zy>1].
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1.626

1.627

59

9.

1.

2.

3.

1.

2.

arctg x — arctg y = arctg [y > —1]

1+2y
= oty —— x>0, zy< —1];
7T—|—alcg1+xy [ . ay ]
T
= — t x <0, zy<-—1|
T+ arc gl—i—:uy [£ y LY ]

1
2 arcsin x = arcsin (22 1 — 22) [x| <
1
= —arcsin (2zv/ 1 — 22) { <x<1} ;
1
= —7 —arcsin (2zv/ 1 — 22) [—1 <z< ——} .

2 arccos x = arccos (227 — 1) 0 <z <1
= 27 — arccos (2% — 1) -1 <z<0].
2z
2 arctg x = arctg [lz] < 1];
1—a?
:E .
zarctgm—i—w [z > 1];
) x
:aICtg1,x2 - [z < —1].
1 =
arctg x + arctg — = — [z > 0];
z 2
=-Z  z<0
5 .
tgo+arctg - =% o> -1
arctg « + arctg —— = — z > —1];
g g 1tz 4 ;
3
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1. aresin —— = —7 — 2arctg [z < —1];

)
= 2arctg z -1 <z <1];
=1 —2arctgx [z > 1].
o 3 1_I2 o e .
2. arccos a2 2 arctg [z > 0];

= —2arctgx [z <0].

1.629

20 —1 1 20 — 1
’ — —arctg <tg * 7T> = E(x).
2 s

1.631

Relations between the inverse hyperbolic functions.

x
1. Arshax = Arch V22 +1 = Arth ——.
vz 41

Va? =1
2. Archz = Arsh v22 — 1 = Arth 17.
x

T 1 1
3. Arthz = Arsh —— = Arch —— = Arcth —.
1 — a2 V1— 22 x

4. Arshaz £ Arshy = Arsh (zv/1+y2 £yV 1+ 2?).

5. Archz 4 Archy = Arch (zy + /(22 — 1)(y2 — 1)).

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.

NV 65

NV 66

Gl (886)

JA
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+
6. Artha 4+ Arthy = Arth 1x:|: Y

xy
JA
1.64 Series representations
1.641
1. arcsi '*Efacco* =x+ 1 3+ L3 S 4 135 T4
. ].blIl.I}'—2 I ST =X 23.13 245217 246737 ey
- (2k)! 2h+1 113 5 2
P T T2 2" @ =]
FI 11 479
60
1 13 5
2. Arshx=2x-— 2+ x :
2.3 2-4-5
S ) 2k)! .
— _1k ( 2k+1,
P - T e T VR
113
=al <§7§§§;J»’2) [»BQ <1
FI 11 480
1.642
11 1-3 1
1. AI‘ShI:1n2$+§ﬁ—ﬂ@+
1.—2k
k41 (Qk)‘E [I Z 1]

—1In2 i
2zt 2 (U o yn

AD (6480.2)a

< (2k)lx— 2k

2. Archz =In2z — k§1 22 (k)22k [z > 1].
AD (6480.3)a
1.643
o B

1. arctgm:x—g—i—g—?—l—..

00 (71)kx2k+1 )

= z° <1
kZ::O 2k+1 [ = 1]
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1.644

1.

2.

1.645

1.

61

2.

3.

I3 I5 0o 2k+1
Arthz =2+ —+ —+... Z (2% < 1].
375 = 2k + 1
AD (6480.4)
> 2k)! 2 \F
arctg r = ’ > oon (2%) ( z >
V1422 ;= 22(kD2(2k + 1) \ 1 + 22
T 113 x2
= F(==2 2 <
VIt a? <2 22’ 1—|—x2> [7 < o]
AD (641.3)
. 1,1 L
arctgr = - ——+-—F——+ -5 —
R T v R R
T f( 1)k 1 2 >1]  (see also 1.643)
= — — X see also 1. .
2 5 (2k 4 1)x2k+1 =
AD (641.4)
1.643
T 1 1 1-3 m iol (2k) !z~ R+
arcsec r = — - — e — — .
2 x 2-31% 24510 2 = (BN222F(2k+ 1)
r 1 (1131
=P (2,520 = 2> 1]
2 (2/2’2’:32) [ > 1]
AD (641.5)

(arcsin x)* = i 222 (% < 1]
=0 2k+1)!(k+1) -
AD (642.2), Gl Ill (152)a
. 3! 1 1 1
(arcsin z)® = x3+532 (1 + 3—2> x +7|32 57 <1 +33+ 5—2> N A

BR* 188, AD (642.2), Gl Ill (153)a
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1.646

1.

2.

3.

4.

= (—1)"(2k)! k-1

1
Arsh—=A hx = 2>1].
rsh — rcosech x 1;;0 ()2 (2k + 1) x [z° > 1]
AD (6480.5)
1 2 e (2k)! 2%k
Arch ; = Arsechx = In E — kgl Wf [O <z S 1]
AD (6480.6)

(=DF(2R) o

1 2 x
Arsh _= Arcosech = In —t k§1 22 (h)22k 0<ax<1].
AD (6480.7)a
Arth — = Arcthz = ) ——— 2> 1].
rth — rcth x kgo ST (27 > 1]

AD (6480.8)

1.647* Due to T. Harrett.

. T, =

< tanh (2k —1)(7/2)
= @k —Dnts
_ An+3 (2 no(=1)77N2% 1) —1)Bs,  Bi, oj4s

g

. : +
5 = (25)!1(4n — 25 + 4)!
—1)" (2272 —1)2B3?
+( )" ( )" Bl . n=0,1,2,...,
[(2n + 2)!]?
o i (—1)*=1sech (2k — 1)(7/2) _
n = (2]€ _ 1>4n+1
208\ 2 T2 An—25)! | (4n)! | [@n)]? ) 2,

(Summation term on right to be omitted ferl.) (See page xxix for definition &f".)
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2. Indefinite Integrals of Elementary Functions
2.0 Introduction

2.00 General remarks

We omit the constant of integration in all the formulas of this chapter. Therefore, the equality)sigeans that the functions on

the left and right of this symbol differ by a constant. For example2(6&€l5.), we write

/ dx ) .
= arctg © = —arcctg x,
1422 & SR

although

arctg x = —arcctg x + g
When we integrate certain functions, we obtain the logarithm of the absolute value (for eyfa:&ﬁé% =lInfz+vV1+22%]).In

such formulas, the absolute-value bars in the argument of the logarithm are omitted for simplicity in writing.

In certain cases, it is important to give the complete form of the primitive function. Such primitive functions, written in the form of

definite integrals, are given in Chapter 2 and in other chapters.
Closely related to these formulas are formulas in which the limits of integration and the integrand depend on the same parameter.

A number of formulas lose their meaning for certain values of the constants (parameters) or for certain relationships between these
constants (for example, form#a28. forn = —1 or formula 2.02L5. fora = b). These values of the constants and the

relationships between them are for the most part completely clear from the very structure of the right hand member of the formula
(the one not containing an integral sign). Therefore, throughout the chapter, we omit remarks to this effect. However, if the value of
the integral is given by means of some other formula for those values of the parameters for which the formula in question loses

meaning, we accompany this second formula with the appropriate explanation.

The letterse, y, t,... denote independent variablgs;g, ¢, ... denote functions of, v, ¢,...;

g, o, .o " 4", o, ... denote their first, second, etc., derivativesh, m, p, ... denote constants, by which we
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w7y7t7"' f7g7%07"' :lj?y?t?"'
f/7g/7%0/7"'7f//7g//7¢//7"' a,b,’fﬂ,p,...

generally mean arbitrary real numbers. If a particular formula is valid only for certain values of the constants (for example, only for

positive numbers or only for integers), an appropriate remark is

63

made provided the restriction that we make does not follow from the form of the formula itself. Thus, in Rrid@idsand2.424

6., we make no remark since it is clear from the form of these formulas themselvesittstitoe a natural number (that is, a positive

integer).
2.01 The basic integrals
d £n+1
1 "dr = nE—1
/x T +1 (nf==1)
Forn = —1
2. d—JU =Inx.
x
3. /ew dr = e”.
4. /a‘T de = 2.
. Ina
5. / sin x dx = — cos x. 6. / cos x dr = sin x.
T dr . dr
7. / - g = —ctgx. 8. / é =tgx.
J sin“zx J cos®x
sin cos T
9. / 5— dx = secx. 10. / —— dr = —cosec z.
J cos? x J sin”z
11. /tg:rd:r = —Incos . 12. /ctg:rdx = Insinz.
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20.

22.

24.

26.

—_

w

S

ot

/sh:cda: =chu. 21. /cha:d:u =shux.
dx ‘ dx
5— = —cthuz. 23. 5— = tha.

sh?x J ch”x
/thxd:rzlnchx. 25. /cthxd:rzlnshx.
. dx T !

—— =Inth —.
J shx . 2

2.02 General formulas
/afdx: a/fda:.
/mfib¢ic¢i“jdx:a/}dxib/¢dxig/wdxi“.

%/ﬂhzﬁ

./fmzf

. /f’ga dx = fp — /fgp’ dz [integration by parts .

/f("H)apdx = f M fD L f=2) L (—1)p™) g (=) /ap("H)fd:r.

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



7. /f(.L‘) dx = /f[ga(y)]gp’(y) dy [z = ¢(y)] [change of variable ].

(f)n-H
n+1"

s furs =

Forn = -1

(af +b)ntt

0 /(af O de = a(n+1)

Lo, / flde__2/af ¥ b

Vaf+b a

fo—¢'f f

65

fle=¥'f  f
12. / [ dr =1In o

dx dx ' dx
9 ./f(fiw) - ﬁ?/w(fiw)'

fdx
14. ./\/ﬁzm(f-k\/f?_'_a).
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Fora =b

/ fdx dx —a/ dx
J (f+a)2 ) fra ) (f+a)?

6 <fidi>n -/ f +d;>n—1 -/ <f¢+di>n'

fdx 1 qf
17. — 5 = — arctg—.
J PP+ pg P
I _
18. fdv 1 af=p

J @f2P—p* 2pq  qf+p

19. /1fd“§ _a:+/1dxf.

/ 2dx 1 [ fdx 1 [ fdx
20. == + = .
f2—a?2 2) f—a 2) f+a

/
d
21. /f—x2 = arcsini.

a?— f a

[lde 1 f
2 [ =i e

23 / f d
. —F————————— = — arcsec —.
. f\/f2 —a? a a
o ’
2. / % = arctg .
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2.1 Rational Functions

2.10 General integration rules
2.101
) , ) F(x) ) . !
To integrate an arbitrary rational functmjzn(x—), whereF () andf(z) are polynomials with no common factors, we first need to
separate out the integral péitz) (whereF () is a polynomial), if there is an integral part, and then to integrate separately the

integral part and the remainder, thus:

Integration of the remainder, which is then a proper rational function (that is, one in which the degree of the numerator is less than
the degree of the denominator) is based on the decomposition of the fraction into elementary fractions, thepadiakitadtions

2.102

If a, b, c,...,m are roots of the equatigiiz) = 0 and ifa, 3,, ... , u are their corresponding multiplicities, so that

f(z) = (z —a)*(@—0b)?...(x —m)* then, ?Eg can be decomposed into the following partial fractions:

@(x) . Aa Aa—l A1 Bg Bg_l B1
fz)  (z—a) * (x —a)*—1 +.“+.’L'*(l+ (x —b)B + (x —b)B-1 +“.+(L‘*b+“ +
M, M, M,
(x —m)H * (x —m)r-1 teet T

where the numerators of the individual fractions are determined by the following formulas:

T (0 S . e () N el )
a—k+1 — (]‘C—l)' ) B—k+1 — (k‘-l)' seee iy —k41 = (k‘-l)'
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v () Ced V) o (m)

Aa—k—i—l = s ,]\JM_;H_l =

k—1) (k—1)! (k—1)!
@ @@= ) m)
L 17 H I 17 E A [0

TI5la
If a,b,...,m are simple roots, that is,df= 8 = ... = u=1, then
pl) A B M
flz) z-—a +:r—b +.”+:r—m’
where
_ ¢la) _ p(b) _ p(m)
e ey M=)
67

If some of the roots of the equatigiiz) = 0 are imaginary, we group together the fractions that represent conjugate roots of the

equation. Then, after certain manipulations, we represent the corresponding pairs of fractions in the form of real fractions of the for

Myx + Ny Msx 4+ No T M,z + N,
224+ 2Br+C  (2242Bx+C)2 " (22 +2Bx+ O’

2.103

X S S
Thus, the integration of a proper rational fract% reduces to integrals of the forfn(xg_‘ﬁa or [ (AH”éfogﬁ)p dx.

Fractions of the first form yield rational functions for> 1 and logarithms fov = 1. Fractions of the second form yield rational

functions and logarithms or arctangents:

- / (fcg—dz)a N g./ Elcix—a;?f T T la- 1)(5— T

: ds dlx —
2. /g L :9/7@ ;) =gln|z—al.

Tr—a xTr —

dr —
(A+ 2Bz + Ca2)p "7 2(p— 1)(AC — B®)(A + 2Bz + Ca2)p—1

; / Mz + N NB—MA+ (NC — MB)z

(2p—3)(NC — MB
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Czx+ B

' dx 1
4- fr— ; t A B2:
./A—i—?B:r—l—C:rQ JAC S A — B2 [AC > B7;
L |eesBovEac) L
- n .
2V/B2— AC  |Cx+ B+ VB?— AC
" (Mxz+ N)dx M ,, NC-—MB Cz+ B ,
| Av2Bricar ac MIARBIHCr R o acte oA [AC> B
M NC - MB B_-VBZ_A
= M areBer o N L, |Crt+ B =B —AC
2C 2CVB? — AC  |Cx+ B+ VB?— AC
[AC < B?].

The ostrogradskiy-hermite method

2.104

By means of the Ostrogradskiy-Hermite method, we can find the rational da?@dx without finding the roots of the equation

f(z) = 0 and without decomposing the integrand into partial fractions:

() M "N dx
der = — + .
/ f(x) D / Q FI 1l 49

68

Here,M, N, D, andQ are rational functions af. Specifically,D is the greatest common divisor of the functjd) and its

derivativef’(z); Q = fg” ; M is a polynomial of degree no higher than— 1, wherem is the degree of the polynomial N is a
poynomial of degree no higher than- 1, wheren is the degree of the polynom@l The coefficients of the polynomiald and

N are determined by equating the coefficients of like powersrothe following identity:
o) =MQ—-M(T-Q')+ND

wherel = @ andM/’ and@’ are the derivatives of the polynomidls and@.

2.11-2.13 Forms containing the binomial a + bxk

2.110

Reduction formulas far = a + bX
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—gntlym g k 1/
" m+k+n+ / nomt gy,

2. "ot dx =
/:r i ak(m +1) ak(m + 1)

g ~n+1l.m bk
3. /:r"z,’f dp = 2 Zk 2 /x"*kz}zﬁ”_l dx.
. n+1 n+1,

gkl 1k
4. [ a"a de = b — /”—k v da.
/£ O bk(m + 1) bk(m + 1) Tk *

gkt aln+1—k)

5. et de = — R d,
/m T kem +n+ 1) b(k‘m—l—n—i-l),/m % 45

6. /x"zm dp = gt _bkm+k+n+1) /;L’"H“zm .
k a(n+1) aln+1) k

Forms containing the binomial = a + bx

2.111

. m—+1
1. Nder = ——.
/ e b(m+1)

Form = —1

dx 1
— = —Inz.
J 21
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5 / " dx B " na / 2" Vdx
-1 2 41 -m)b (n+1—m)b, 2

Forn = m — 1, we may use the formula

8 ™ dx a1 1 2" 2de
3. e to |
21 2" (m—=1)b b 21

Form =1
z"dx " az™ 1 a2y 2 a"“tr  (—=1)"a"
= 3 (=) 1 )
/ Z1 nb (n— 1)52+(n—2)b3 +(-1) L gl A
" dy =l Lak—1pn—k an =
4 = k—1 _ {1 ynt _
/ f 1;;1 =D (n — k)bk+1 +(=1) btz (-1 R
2.112
rdr T a
1 / - = D » In z¢

= — — — + — Inz.

/ 22dx 22 ax  a?
Z1 2b b2 b3

2.113
1 /dx 1
' 22 bz
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5 /xd:c T n 1 a " 1
=_— " 4 " lnz = — Inz
2 R e
3 /1‘2 dx T a? 2a |
= — - — — nz
2 by b
] /dx B 1
23 2027
/:rdx B |:£L‘ a } 1
23 b 262] 23
/1‘2 dx 2aqx 3a?] 1 n 1 1
_— _— — | — — 1n z7.
2 B2 2p3 | 22 s
-3 3 2 = 3
6 A a o a 5a’| 1 a
O s I S A
70
2.115
1 dx B 1
b 3b
5 /':L’d:c B [:c a } 1
23 20 6b21 2}
3 /1‘2 dx - 2 ax a?] 1
z‘l1 b b2 363 zf
4 /:L“3 dr 3az? n 9a2x n 11637 1 n 1 |
) = — + — Inz.
2 b2 202 6bt | 23 bt !
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1 / dv 1
2D dbet
5 /':L’d:c B [:c n a } 1
o2y b 122 2
/:L‘de :r2+a:r+ a? 1
2 20 32 1203 2

/:r?’dx - 3 n BRI n a’x n a*] 1
22 b 202 b3 oAbt | 2

2.117

1 / dr -1 b(2—n—m) / dz

+ .
A (n — 1)ax"*121n71 a(n —1) an—lzn

"z =) (n—k)akan—k an x
2.118
d 1
1. @2 In Z—l,
xrz a
71
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2.119

" dx 1 1 Z1
T2y azy a x
d 1 2b| 1 2b
2. /2_102—* {——F—Q} —+—3h’12—1.
r22] ar a*] 2z a x

2 2
3, /dx _[ 1 % +£}i£lnz—l.

2322 S 2a1? ' 222z d® |z dt x
2.121
" dx 3 br| 1 1 21
TURY B L AU LY S M
J a2 [2(1 * aQ} 2 a? -
/' dx 1 n 9 32z 1 n 3b1 Z1
——=—|—4+ =+ —| 5+ h—.
J %z ar = 2a? a® | 2} et x

/d:r [ 1 26 9b2 6b3x} 1 6%, =
3. + —

= |- —— + — — — —1In—.
323 2a22  a’x  a® at | 22 dd "
2122
" dx 11 56z b%22] 1 1 Z1
L=ttt —5 |3~ gh—
J xz] 6a 2a a z{  a T
" dx 1 22b 1062z  4b322] 1 4b . =
oA |ttt | gt s
J x2z] ar  3a a a z;a
dz 1 5b 5502 25b3x  10b*22] 1 1062 . 2z
3. 3.4 | 9,2 P . T I T
327 2ax 20 3a a a zy a x
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= |— In —.
xz® 12a  3a? 2a3 at | 2} d® T x

/dx [25 13bz  Th%z? b3x3} 1 1. =
1. = 4 =

72

/' dv 1 1250 6562z 356322 56%237 1 n 50 . =
, ar 1242  3a? 2a* a® | 2}

—= = —In—.
x229 ab oz

" dx 1 3b 12562 6563z 105b%z2  156°23 ] 1 156% . 2
3. = = |— — — + + — + = In —.
J @327 2a22  a*x  4a? at 2a° ab 2y ad” x

2.124

Forms containing the binomigl= a + bx’

dx 1 b
1. /— = arct :1:\/— ab>0 see also 2.141 2.);
T = ometay o >0 ( )

1 1 a+ xivab
= n
2ivab  a— xivab

[ab < 0] (see also 2.143 2. and 2.1433. ).

rdz 1
2. =— — (see also 2.145 2., 2.145 6. and 2.18 ).
2b(m — 1)z5"

Forms containing the binomiaj= a + bx

Notation:av = ¢ %
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2.125

m
23

] /:r" dv "2 _ (n—2)a /:r"_3 dx

25" 2 n+1-3m)b  b(n+1—3m)

5 / " dx B ! n+4—3m / " dx
' 25" 3a(m — 1)zt 3a(m—1) J 271
2.126

d 1 )? 3
1. —x—g{—lnw—k\/garctg a'kl };
r? —ar+« a—zx

23 3a

‘rdx 1 (1 (x+ a)? 2r — «
2. =< - In——F— — 3 t
/ 23 3ba{2nx2—ax+oz2 arcte a3 }

2% d 1 1
3. /£23$ = %ln(l +22a™3) = %ln 3.

73

23 dx r a [dx
4. =———| — (see 2.126 1.).
z3 b b z3
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Yz o d
5. /x x—x—fg/xx (see 2.126 2.).

2.127

dx T n 2 [dx
z§ "~ 3azz  3a) z3

/':L’d:c x? 1 rdx
2. +

22 3az 3a) 2
3 / z2dx B 1
' . Z% N 3b23 '
4 / 3 dx B T 1 [dx
' Z% N 3b23 3b zZ3

2.128

(see 2.126 1.).

(see 2.126 2.).

(see 2.126 1.).

/ dx 1
L. m m—1
J T2y (n—1azn—124

b(3m +n —4) / dx

a(n—1) =i

5 / dv 1
. "2l 3a(m — 1)an—1z0 !
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2.129

H
I
—
5

" ds 1 b [zd
9 / 2””’ :____/£ T (see 2.126 2.).
r22z3 ar a Z3
dzr 1 b [dx
3 - _2 e see 2.126 1.).
/:B323 2ax? a/Z3 (see )
2.131
d 1 1 a2
1. o +-—In>

J xz3  3azz  3a® T z3

74
5 / dzr 1 n 4bz27 1 4b [z dx ( 2.126 2.)
) —_— == —_ - see 2. ).
J x?z3 ar  3a? | z3 3a? 23
3 / dx 1 n 5bx | 1 5b [dx ( 2.126 1.)
) — = —F — | — = = | = see 2. ).
J a322 2ax2  6a?| z3  3a?) 23

Forms containing the binomial = A + Bx*

. —a
Notationsia = {/% o =4 -
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/2

d , 2 D) 2
1.8 ar a {lnx +a:r\/_+a2 + 2 arctg (;
o}

Z4 4av/2 22 —arV2 + a —x?
|/ / )
_ 4 rre + 2arctg£ lab < 0] (see also 2.143 5.).
4a x—ao o

rdx 1 E
2. / = arct x2¢— ab >0 see also 2.145 4.).
= et L >0 )

1 a+ x%ivab
= n
4ivab  a — z2ivVab

[ab < 0] (see also 2.145 8.).

2q 1 2 azV/2 + a? 2
3. /:r - {h ©—arV2+a +2arctg(;x7\/_2} [ab > 0];
a

= 1
Z4 4bar/2 22 + ary/2 + a2 -
1 T+ o x
= b {lnx—a’ —2arctga} [ab < 0].

',3d 1
4. /£ x:—ln,24

zZ4 4b
2.133
/:r"dxi Tt +4m—n—5/x”dx
2 da(m — 1)z ! da(m —1) J 2t
9 / rtdr " (n—3)a / "tz
' zy 2 41 —4mb bn+1—4m)) oz
2.134
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} [ab > 0] (see also 2.141 4.).

2.143

2.141

2.145

LA 134 (1)



75

rdr x? 1 [xzdx
2. =—+ (see 2.132 2.).

zZ dazy 2a 24

3 / z2dx x3 1 x?dx

— = il
2y dazy  4a. 24

= — 4+ (see 2.132 3.).

4 /'x?’ dr x4 B 1
)22 dazy 4bzg
2.135
/ de 1 _ b(dm +n—5)
a2t (= 1axn—1z ! (n—1)a
Forn =1
/ dv 1/ dr b/ dzr
2 a) x2t al) a7
2.136
dx Inz Inzy 1 xt
1. —_— = — = =—1In—.
T2y a 4a da 24
dzr 1 b (2%dx
2. T =———= (see 2.132 3.).
224 ar a Z4
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2.14 Forms containing the binomial 1 + x"

2.141

4
/H——xx = In(1 + z).

dx
— = arctgx = —arcctg x (see also 2.124 1.).
J 1+ 2?2

1—|—x\/§—|—:c2

2 2 2
T+ — > Q sin
N k=0

(see also 2.126 1.)

(see also 2.132 1.).

[n—a positive even number;

k+1
m
n

[n—a positive odd number].

4 / dx 1 n ¢ x
) = n arc
N, R B TR, R e
2.142
e 2220 gpp1 2270 2% +1
i = n Ago Py, cos - T — AEO Q. sin T
n—3 n—3
1 2 2 2k +1
=—In(l1+xz)—— > Py cos +
n n i=o n
76
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2.143

1. / @ - )

1—=x

©ds 1 1
2. / . _22 = iln . i_i = Arthx 1<z <1] (see also 2.141 1.).
2.141
" odx 1 x-1
,/x2—1:§IHx+1:_ArCthx [x>1, z<-1].
d 1. V1 2 1 3
4. / T o viteta + —arctgi (see also 2.126 1.).
1—23 3 11—z V3 2+
2.126
©ds 1 1 1
5. / ﬁ =4n J—i—i-garctgx = i(Arth x+arctg ) (see also 2.132 1.)
2.132
2.144
Cdr 1 140 2231 25 1
1. / T In T 1;;1 Py, cos ;W—FE A§1 Qy; sin ;W[n—a positive even number].
2k
1 2% Ir —COS —T
P,=-In <:c2 — 22 cos —T + 1) , Q = arctg ———="—
2 n . 2k
sin —m
n
n=3 n—=3
d 1 2 2 2k +1 2 2 2k +1
2. / ’ =——In(l—z)+— >, Py cos + T+ — Y Q sin + ™
1—am n n p—o n n p—o
[n—a positive odd number].
N kE+1
1 9 2k+ 1 X COS n s
Pk—5111<x + 2x cos - 7r+1>, Q. = arctg Rl
sin 77

n
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"xd
1. /1I+J;=x—ln(1+x).
rdx 1 5
" xdx 1 (1+ z)? 1 2 — 1
3. !/H—ﬁ:—glnm—l—ﬁmctg 7 (see also 2.126 2.).
4 /xdx 1 to 22
. ——— = —arctg z”.
1+o1 20 08Y
“xd
5. /I ’ =—In(l—2x)—=.
J 11—z
rdx 1 9
6. /17x2:f§ln(1fx).
" xd 1 1—2)? 1 2 1
7. / rav :—_lnw——arctg vt (see also 2.126 2.).
J 1—a3 6 l14+z+22 /3 V3
" xd 1 1+a?
8. /%:Zlnlj—; (see also 2.132 2.).
2.146

Form andnI natural numbers.

m—1q 1 2 2k —1 2k —1
/u——ZCOSMIH 1 —2x cos e
1+ 227 2n 2n 2n
2k —1
12 . mr(2k—1) roeos T T
+ - ;;;1 sin o arctg o1 [m < 2n].
sin T
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L In(1 + 4 1 n 2k —1 2k —1
/u:(—mm“ n +£)— > COSMID{l—QICOS2 7r—|—x2}+

1+ g2ntl 2n+1 2n+1,2 2n+1 n+1
k-1
2 booomr(2k— 1) Lo 2n—|—17T
<
+2n—|—1 k§1 sin — —~ arctg ok o1 [m < 2n].
sin T
2n+1
TI (46)a
m=1gq 1 1 n=d k k
3. /u = —{(—1)"" In(142)-In(1-z)}—=— > cos P (1 - 22 cos = + 22 ) +
1—z2n 2n 2n = n n
km
1 n=l kmm &L — oS —=
+ — i t I < 2n).
- A§1 sin — —aretg——— [m < 2n]
sin —
n
TI (48)
78
Camlde 1
4 / 1—22nt1  on 41 In(l —2) +
1 n mm(2k — 1) -
—1)mtt S In {1+ 2z cos 2
D T A % T “( Temeosy T )T
n 2k —1
9 n mﬂ—( _ 1) X COS 9
_1\ym+1 n+1 <
+(—1) il kg 1 5 I arctg ok o1 [m < 2n].
sin T
2n+1
TI (50)
2.147
/' ™ dx 1/xmdx 1/xmdx
[T e i :
J1—a? 2) 11—z 2/ 1+a"
/ x™dr 1 zml n m—1 / ™2 dx
1422 2n—m—1 (1422t 2n—m—1/ (1+a2)n’
LA 139 (28)

m m—1 m—2
/ x dr = x 7/1" dz.
1+ 22 m—1 1+ 22
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LA 139 (33)

5 /xmdx B gm—l +/xm_2dx
' 1—22  m-1 1—a22

2.148

1 / dx B 1 1 2n+m — 3 / dx
) am( 4 m— 1 ame (1 a2)nl m—1 ) am=2(1 4 a22)n’
For m=1

/ dx B 1 1 n / dz
Jx(l+z2)n 2 —2(1+ a2t ) 214 22)n-17
Form=1landn=1

/ dx | T
=In .
J x(l+2?) V1+a?

LA 139 (31)
LA 139 (29)
5 / dx _ 1 _/ dx
S am(L+2?) (m—Damt ) ame2(1 4 22)
79
3 / dz 1 x n 2n — 3/ dz
) A+ 2n—-2(1+422) 0 2n—2) 1+l
FI 11 40
/ dx z "n-1)2n-3)2n—-5)...2n -2k +1) (2n — 3)!!
= - — 4 arctg x.
(I+22) 2n—1;= 2(n—1)(n—-2)...(n —k)(1 + a2k 2n=1(n —1)!
TI (91)

2.149

] / dx B 1 n 2n+m — 3/ dz
' zm(1—z2)n  (m— Dazm=1(1 — 22)n-! m—1 am=2(1 — x2)n’

Form=1

/ dx B 1 n / dx
J ozl =z 2n—1)(1 -2t ) 21 —22)n-1"
Form=1landn=1

/ dil? Pr‘ge&lﬁom Tab% of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.
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5 / dx B 1 T n 2n — 3/ dx
) (1 —a?)n 2n—2 (1—a2)n=t  2n—2) (1 —a22)n1°

dz z "n-1)2n-3)2n—-5)...2n -2k +1) (2n — 3)!! 1+
5 /(1 —az2)n -1, 2(n—1)(n—2)...(n—k)(1 —a2)n—F o (n—1)! n 11—z

2.15 Forms containing pairs of binomials: a + bx and a + x

Notationsz =a +bx; t=a+px; A=a0 ab

2.151
/ nym g Zntlgm mA / nym—1 4
z e — z x.
, (m+n+1>b (m+n+1)b.
2.152

80
2.153

/tm dv 1 t mA /tm_l dr
2 (m—n+1)b 2l (mfn—l—l ’

1 tmtl (m—n+2)8 [t™ dr

(n—1)A zn—1 (n—1)A Zn-l’

1 m mﬂ /tm 1
= - dx.
(n—1)b 21 * (n—=1)b) 271 .

2.154
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/ dx 1 1 (m+n—2)b )
Zngm (m—1)A gm—lzn—1 (m—1)A tm— 12"7

B 1 1 m—|—nf 2 /
©(n—1)A tm—lzn—t (n—1)A pmgn—1"

2.156

/xd:rii s Yt
pon A nz 611

2.16 Forms containing the trinomial a + bxk + cx?

2.160

Reduction formulas fdR.a + bx + cx*

am Ryt _(m+k+nk)b /me‘“*le d (m + 2k + 2kn)c /.:L“"H%*lRZ .
: ma

1. /:rmflRZ dr =

ma ma

2. /.:rmflR" dr = 2" Ry bkn UL S dx——QCkn /xm+2k*1R”_1 dx.
) k m m . k m . k

2RI (m — 2k)a _(m—=Fk+kn)d
3. . m—lR@ _ k o / m—2k—1 Rn e k— an d
,/£ L (m+2kn)c  (m+ 2kn)c * (m + 2kn)c i

"Ry 2kna / me1 1l bkn / b1 1
= ; RVl do——— [ gmTF=LRL gy,
m + 2kn +m + 2kn . v k T m + 2kn . v k v

2.161

Forms containing the trinomi&, = a + bx” + cx’

b 1 b 1
Notations: fzi—ivbQ—élac, g=§—|—§ b2 — 4dac,

— b
h= /¥ — dac, q=%9, L= 2a(n— ("~ dac), cosa =~

C

1 d—xff/ v [ [h% > 0);
" J Ry h c?+f ) cx?+4yg '

9 a
1 z2 + 2qx cos — + ¢* 2 2
P — sin & In 2 + 2 cos garctgxiqcL [h? < 0.
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81

‘rdx 1. e+ f 9
2. — =1 h= > 0];
R o Mazeg 20

22 — ¢® cos

= t 2 <0].
2cq? sin arets ¢? sin « (" <0}
LA 146 (9)a
LA 146 (6)
22dr g dx f 5
3. == — h 0].
Ro h/c:c2+g /cx2+f (= > 0]
LA 146 (7)
4 dx bex® + (b? — 2ac)z b — 6ac dx n be 22 dx
' R IRy I J R 1) Ry’
5 dr bex? + (b? — 2ac)r  (4n — T)be /.’L’2 dx+2(n — 1)h% + 2ac — b? / dx
- J Ry IRy I Ry~ l Ry
[n > 1].
LA 146
6 / de 1 (m—|—2n—3)b/ dz 7m—|—4n—5b
' ™Ry (m—1)azm— 1Ry (m—1)a xm—2Rn (m—1)a xm= 4R”
LA 147 (12)a
2.17 Forms containing the quadratic trinomial a + bx + cx? and powers of x
NotationsR =a+bx + c% A=4acd b’
2.171
m g1 b(m 1
1. /:L’m+1R” do = —— a - an /xm_lR” dxm/xm}?” dz.
, c(m+2n+2) clm+2n+2) c(m+ 2n + 2)

TI (97)
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LA 142(3), Tl (96)a

dx b+2cx (4n—2)c [ dz

5 R~ nARn N nA R
TI (94)a
4 / de (2cx+b) "= 2k(2n +1)(2n — 1)(2n — 3) ... (2n — 2k + 1)c* N
J Rntl o1 o n(n—1)...(n—k)AF+1Rn=k
on (2n =Dl [dz
nlAn R’
TI (96)a
2172
/d_xz 1 ln\/fAf(b—i—ch) =2 Arthb—l—ch A < 0]
R V-A  (b+2cx)+V-A V-A V—A
2
= A =
b+ 2cx [ 0]
2 b+ 2cx
= ——arct [A > 0]
VA VA
82
2.173
dr b+4+2cx 2c [dx
— =t = | = see 2.172).
m~ ar Talr o)
2.172
dr b+ 2cx 1 3c 6c* [ dx
2. — = —_— + — — | = see 2.172).
B A {2R2+AR}+A2 R e )
2.172
2174
1 / a"dr pml ~ (n—=m)b ™ ldz (m—1)a xm 2 dw
' Rn (2n—m—1)cR*™1 (2n—m—1)c, R (2n—m —1)c. R
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m=2n—1

R" e, R1 ¢,

5 / 21 dx 1 [z 3de  a /x2"3 dx b/:cQ"2 dx
. 7 . .

— =

2.175
1 %:;—Cln}R—% dﬁx (see 2.172)
2. :rﬁix = f2aA+be — % dﬁx (see 2.172).
3. :r];lgx = 72§:Rb;ﬁ — 3b(§2—22cx) — 3A—b26 dEx (see 2.172).
4. /:rQRdx = % - %lnR—l— Z)Q;# dﬁx (see 2.172).
D. /:r;;lx = abt (l;l;%c)x + % dﬁx (see 2.172)
6 /:r;cjx _ab —i-z(il—Rgac)x N (2ac —i—QZfA)(QbR—i- 2cr) +2acA—; b2 dﬁx (sce 2.172).
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. / 3 dx x? br  b? —ac

InR—

R 2¢c 2 + 2c3 2c3

b(b? — 3ac) dx

7 (see 2.172).

3 .12 . B2
8. /x dr 2%111R+a(2ac b*) + b(3ac —b*)x  b(
c

RQ

23 dx B <.’L’2 abx

E PN

2.176

AR

2N 1w i
cA ) 2R?2  2¢cA ) R?

(see 2.172).

6ac — b?) /d_:l:
2¢2A R

(see 2.173 1.).

/ dr -1 B
g™ R (m — azm—1Rn—1

83
2.177

]_/ﬁilﬁi
' R 2a HR 2a

dx

b(m +n —2) dz
a(m —1) /

(see 2.172).

dx 1 22 1
2. = —1

T R? 2a2 . E_‘_ 2aR

{1 b(b—i—A2c:r)}% <1+

xmfl Rn o

c(m+2n —3) / dzx
a(m —1) zm—2Rn"’

2ac

A R
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4 / dx b | z? 1 n b? —2ac [dx (see 2.172)
) —_—=—h—-—— 4+ — [ = see 2. )
J 22R 202 R ax 2¢2 ) R
5 / dz b . 22 a+br (b —3ac)(b+2cx) 1 (bt 6b c 63 "dx
) ——=——In—-— —— | =+ — —
J x2R2? a® R a2zR a’AR A \ad a? a )J) R
(see 2.172).
" dx 1 3b [ dx 5¢ [dx
6. / l‘QRS = _al'RQ — ; ﬁ — ;/ ﬁ (See 2.173 and 2.177 3 )
" dx ac—b* 2% b 1 b(3ac — b)) [dx
7. = = — —In—+—— - — 2.172).
/:r3R 25 "R a%r  2ax? 2a? J R (see )

o[ (L WYL (a0 e e
") #3R2 2ax2  2d?z ) R a? a ) ) zR? 2a?) R2

(see 2.173 1. and 2.177 2.).
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2.173

d —1 2 1 b? de 1 d
9. / r o ( + _b> _|_(6_ _ %) / * + Obe x (see 2.173 2., 2.177 3.).

R \2a22 " a2x) R "\ a® o)) 2R & ) RO
2.177
2.173
2.18 Forms containing the quadratic trinomial a + bx + cx? and the binomial o + Bx

Notations:

R=a+br+cx?, z=a+Bx; A=aB?—abB+ ca?;

B =083 —2ca; A =4dac—b>.

m—an—i-l B — 1A
1. /sz” dz = pz - (m +n) /zm_lR" dx&/zm_zl?” dz.
. (m+2n+1)c (m+2n+1)c (m—+2n+1)c

5 /R” de 1 R™ 2nA /R”_l de
) oem (m=2n—1)B zmt (m—2n—1)32, z™m

_ nB "R 'du
(m—2n-1)p2) zm-1
-3 R (m-n-2)B [R"dx (m—2n—3)c/R” dx

T (m—1DAzm1 (m—-1)A zm1 (m—1)A
_ 1 R nB / R Ydz 2nc / R ldx

om—2 ’

C(m—1)3 21 * (m—-1)p2) zm-1 * (m—1)p2) zm—2
LA 418 (6)
LA 148 (5)
LA 184 (4)a
84
3 / 2"dr I6; zmt ~_(m-n)B 2l dy ~ (m-1A /zm2 dr
' Rn  (m—2n+1)cR1 (m—2n+1)c. R» (m—2n+1)c. R™

_ b+2cx 27 2(m—2n—|—3)c/zm dz  Bm =1 o
~ (n—1)A Rt (n—=1A J R*! (n—-1)A Rn—1
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43 / de Ié; 1 (m+n—2)B/ dx (m+2n—3)c/ dv
“J zmRn (m—1)A zm—1Rn-1 (m—1)A ) zm-LlRn (m—1)A Zm=2Rn’

B Ié; 1 B / dx (m +2n — 3)32 / dz
sm—1pn .

T 2(n—1)A zm-1R-1 24 2(n—1)A ZmRn—1
LA 148 (8)
LA 148 (7)
Form =1landn =1
dx 08 1 22 B [dx
—=—In——— [ —.
J zR 2A R 2AJ) R
ForA =0
/ de I6; 1 (m+2n—2)c/ dx
zmRr (m4n—1)BzmR1 (m4+n—1)B /) zm 1R
LA 148 (9)

2.2 Algebraic Functions

2.20 Introduction

2.201

T S
The integralsz (x, (O‘”ﬁ) , (M) yee ) dx, wherer, s, ... are rational numbers, can be reduced to integrals of rational

yx+6 yz+6

functions by means of the substitution

ar + 6 _ym
ye+6

Fl 11 57

wherem is the common denominator of the fractions, . . ..

2.202

Integrals of the fornf:rm(a + bx™)P dz * Transl. The authors term such integratgegrals of binomial differentidls
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Jx™(a + bx™)P dx

wherem, n, andp are rational numbers, can be expressed in terms of elementary functions only in the following

85

(a) Whenp is an integer; then, this integral takes the form of the sum of the integrals shown in 2.201;

(b) Whenm?:bH is an integer: by means of the substitutién= z, this integral can be transformed to the form

m+1
L{(a+b2)Pz" n ~'dz, which we considered B1201;

() When%+1 + pis an integer; by means of the same substitutfos- z, this integral can be reduced to an integral of the form

L ()

z

m+1

For reduction formulas for integrals of binomial differentials,Z&&0.
2.21 Forms containing the binomial a + bz*and./z

Notation:z; = A + Bx.

2.211

/zldf/_ \/_arctg \/a [ab > 0];

1 —-b 2ivxzab
I &0 F 2Vra [ab < 0].

B i\/@ Z1

2.212

m\/_ m ( 1>k k m—lc 1(1/7n+1/ dr
5 _pym+ ee 2.211).
/ 21 dw =2V ; (2m — 2k + 1)bF+1 +H=1) b+l ) oz (see )

2.211

2.213

Vrdr 2\/_ a [ dx
b 21\/5

(see 2.211).
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N

"ry/rdx T  a a? dx
=—=——=]2 — [ —= 2.211).
/ % (5 3) 2o+ 2 gz e BEY

5 / 2?2/ dx

x? za a? 3
21

a’ [ dx
— ==+ =2 - | —= 2.211).
5b 3 b3> Vi / ays e 22D

4. /d_x Ve + i/ du (see 2.211).

2 =
ZVr  az 2a

Vrdr N / dx
D. =———4 — see 2.211).
/ 22 bz o 21T (see )
" d 2 3a [\/xds
6. /”E\/E2 ©_2oye B [Vedeoo 92135,
2] bz b . 2]

86

22 ST d 22 : 2
7. /@=<£——M—x> 2\/E+5bi2/ﬁdx (see 2,213 5.).

22 3 3?2 ) = 22
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3 Cdx 1 n 3 VT + 3 [ dx (see 2.211)
: = r+— [ ——= see 2. :
J 2z 20z 4a’z 8a?.) z1\/x
Vrdr 1 1 1 / dx
9. — =|———5+ — — | —= see 2.211).
$ 2023 * dabz Vot 8ab.) z1\/x (see )

21

\/_d:r

Z1

(see 2.2139.).

x/x dx 21\/_
10. L b

23 bz?

n [2VEe

21

<x2 N 5a:r> 2z 15a° /\/_d:r
o 2
1

b b?

Notations:zo = a + bx?,

2.214
dx 1 T+ a2z + a? av 2z a
In arctg [— > 0} ;
2,’2\/5 ba?’\/_ \/ 22 2z b

e f)

1
= S (1“ o E e

2.215

/\/Ed:c 1 1 T+ a2z + a? et
= —In
bav/2 NED ga2
1 [ o =z

+ 2 arctg
rom '@ble'!bfl grals, Series, and Pnﬂﬂct

QbﬁMd

(see 2.2139.).

a

L;Z J
's|CD-ROM. pyright & 1996 by Academic Press, Inc. All rights reserved.

r_
alpha’ = {/—7.

2.213

2.211

2.211

2.213

2.213



L /.L’\/de _ 2yx _a dx (see 2.214).
Q 2 b b) 2z
2
5 /:L‘ \/Edl‘ _ 21L'\/5 _a \/de (see 2.215).
2 3b b 22
o NG 3 [ dx
3. _ 2 2.214).
/23\/5 2az9 * 4a.) zo\/x (see )
. - d' p 7 ]_ ' J d
L \/EQ z _ *L’\/E + _/@ (see 2.215).
25 2a25 4a z22

87

(see 2.214).

. /:r\/fdx\/f_i_i/ dx
' 22 2bzm 4b) z/x

(see 2.215).

/:rz\/fd:r x/x S/ﬁdx
6. = — +E

z% 2bz9 29
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d 1 ) xd
8. \/53 T ( 5 + > /\/_ : (see 2.215).
J oz dazy  16a°z, T 3242
" d ba? — 3a)
9. /”E\/E3 z _ (be” —30) / (see 2.214).
z3 16abz2 " 32ab 2o/

[ = see 2.216 8.).
z3 5bz3 + 5b z3 (see )

L0, /IQﬁdI 2xy/x Vo do

2.22-2.23 Forms containing

Notation:z = A 4+ Bz.

2.220

(™Y n—k K
(=1) <A>Z a |/ At )+ f
—lk+Il(m+1)+f pntl

[V @ = >

The square root

2.221

( ) <n> Zn—kalc
n 2/ 2m—+1
/:U”v z?2m=ldy = Z i : .

02n—2k+2m+1 prtl
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88
2.223

dr 2
J VB bz

w
\
8
(V)

|
RS
| N,

|

)

)

N}

|

)

(o]
~~

>

w
[\

N

2.224

. /zmdx 2"z +2m—2n+3b 2" dx
' zy/z  (n—1)azn! 2(n—1) a) an 1z’

N !/'zmdx__zm\/;{< 1

"z n—1)az™1
n=2 (2m —2n+3)(2m —2n +5)...(2m — 2n + 2k + 1) b’“}

+ 2

= 2k(n —1)(n—2)...(n —k — 1)zn—k-1 ak+1
2m—2n+3)2m —2n—+5)...2m —3)2m —1) "t [ 2" dx
+
2n=1(n —1)lx a1t ) xyz

Forn=1
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2.225

2 'x/de__Qer/xdjg

z2 x 2.

Vzdz V23 bz b2/ dx
3, - _x
a3 2a22  dax  8a.) x\/z
89
2.226

1. /\/Z—:jdx = (§+a) 2\/E+a2/xd%

9 /'\/Z_3dx__\/z_5+3_b/'\/z_3dx
C 2 2a,

axr X

"V 23 ds 1 b 32
3 /“ZJ”;( N )¢Z—5+—

x 2ax2  4dad’z Sa?
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/

V23 da

T

(see 2.224 4.).

(see 2.224 4.).

(see 2.224 4.).

(see 2.224 4.).

(see 2.226 1.).

(see 2.226 1.).

2.224

2.224

2.224

2.224

2.226



2.227

(see 2.224 4.).

/xzix\/_ ,é (2k+1)a?" kzky/z N /%

2.224
2.228
d b
1. / - __vE b (see 2.224 4.).
x2\/z ax
2.224
" dx 1 3b 30? dx
2. - =\—-—=+— 2.224 4.).
/ 3z < 2az? 4a2:r> Vit 8a? /x\/_ (see )
2.224
2.229
" dx 2 1 [ dx
1. —_— =t —= 2.224 4.).
/:r = a\/Z+a,/ x\/Z (See )
2.224
dx 1 3b\ 1 3b
2. =|-———-— | —= see 2.224 4.).
/ 2223 < ax a2> N x\/_ (see )
2.224

5 / dx 1 N 5b +15b2 1+15b2/d:r (see 2.224 4.)
_ —(_ — 4+ — [ —— (see 2. ).
J 23y/23 2ax%  4a’x  4a® ) 2z 8a® ) xy/z
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Cube root

2.231

1. /\3/23m+ll.n dr — Z ;
. [

03n—3k+3(m+1)+1 prtl

n
-1 k n—k k
N E ) 3
. v/ z3m+2 N Zo3n—3k—=3(m—1) =2 [ pn+t13m-1)+2"

90

n
(_1)k< >Zn—kak 5
3 n k 3 23(m—+1)+2
3. & B3mt2n oy —
/ z " dx kg 3

03n—3k+3(m+1)+2 pntl

n
—1 k n—k k
U ) 3
' Ym0 3n—3k—3(m—1) =1 [ pnt1y/3m—1+1

1
. / de 23 L 3n=3m+db [ etde
. 22 (m—1Daxm—1 3m—1) a) pgm—1yz2"

Form =1
/ 2" dx 32" n 2" dx
- = - a - .
J a2 (3n—2)V22 J a2
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2.232

dxil §n\/— va arc V3y/e
= F{l A N 2f}

2.233
Yz dx /
1. / =3Vz+a see 2.232).
e | )
2.232
Jzd
2. ‘/i - (see 2.232).
x
2.232
"z dx 1 b b2 [ Cdv
3. — = | - — 2.232).
/ 23 2ax? + 3ax ¥z = \/_ 22 (see )
2.232
dx Iz 2b/ dx
4. = — - — see 2.232).
[ov w0 fsee 2:282)
2.232
" odx 1 562 [ dx
5. = |- 2.232).
/ 1'3 3/22 |: 2(1“1.2 6@2 :| \/_+ /IS/ZQ (See )
2.232
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2.234
1 / 2Mdr 2"/ 22 N 3n—3m+50b / 2" dx
' 2 (m—1azm—? 3m—=1) a) am 1Yz’
Form = 1:

¥z (B3n—-1)Yz ta x/z

/z” dx 32" 2" dy

3 / dv 3922 1 [ V22dx

2"z (3n—2)az" Yo

2.235

de 1 \/_ff Sorc f\f
/xf f{ T Y3 tgf+2f}

2.236

Vz22d 3 s " ds
1. / T S a S (see 2.235).
, x 2 J xz

+5 | == (see 2.235).

/Vidm {7?+b€/; 2% [ dx

(see 2.235).

2a.x2 + 6ax 6a2

Va2de [ 1 b ) s Vo b2
x? 6a?

\F
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2.235

[ ST b e 2,285,
) EET e 34l 25 see 2. .
2.235
dx 1 2b | . 20° dx
. —_— = | —— — | 3 —_— E— S 2.2 .
g /£3C/§ { 2022 + 3&23:} Vet 9@2/x\3/2 (see 2.235)
2.235
2.24 Forms containing v/a + bx and the binomial o 4+ 0x
Notation:z = a + bz, t=a+ Bz, A =afB— ba.
2.241
2" dx 2 _ (2m —1)A Tl dy
1' _ thrl m—1
]V T entom+ypl \/;+(2n+2m+1)6. Vz
LA 176 (1)
92

anm n n—k ok L k—p p
9. /t z™ dx _ 2\/22774_1 E (TL) « ﬁ Z (_1)17 <k> z a
. k=0

NZ A — p) 2k —2p+2m+1°

2.242

L[R2 B

2. /tQ\;l; = Qaiﬁ + 2a3 (% —a)

NI ,) 2vz
2 + 0 <E—§za+a T
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19 320 de 2&3\/z7+3a25 (E B g) 2\/274-3&62 2 22_a+ a® 2\/z7+
‘ N 7) b2 11 9 7 b3
e 25 32% N 3za>  a®\ 2V2T
13 11 9 7 bt
2.243
. / t" dx 2 tntt (2n —2m+ 3)6 t" dx
. = z — .
2z (2m—1)A zm (2m —1)A 2m=1/z’
B 2 tn 2n6 / " ldx
o 2m—1)bzm Vit 2m-—=1)0b) zm=1/z

LA 176 (2)

"t dx 2 no (n\ e FEE E k Jk=pgp
2. / NN <kz> s > (—1)p< > 3 .
J 2my/z 22m=1 r 2 =0 p) 2k —2p—2m+1

2.244

2z b\/_ b2\/z

L /'tdx 2a 26(z+a)'

2

z
5 / t2 dx 202 4aB(z +a) N h ( 3 e )

Nz nE s ENE

2 23
2 z 2 3
v - _2 _ 2
3 dx 20%  6a%6(z +a) 6a5 ( 3 —craTa > g < —2%a+3za® +a )

Nz bz Bz ENE g
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. /tdxi % 2ﬂ(z§)_

2VE 0 aEE VR

= - = +
22\/z 3bv/ 23 b2/23 b3V/z3

_aY 982 (249 — L
. /‘tha; Il ot ) I |

2
9 a 2(.209.,_ %
e ey ()

22z 30V b2/ 23 b3/ 23
233 (% —372%a — 3za® + %)
+ .
bi/23
94
a
: /'td:c 2 25(“3)
L AVE s Ve
2za  a?
zoay gp(p 0,
. /t%lx 202 408 *5)7 S
) BAVE T s Vs b3/ 25 '
2za  a®
oL (% @ 602 (22— 5% L9
N /'t3d:c:_ 203 _6&&(5—3)_ af <z 3 +5>+
VRV b2/ 25 b3V 25
3
233 <23 +32%a — zd® + a?>
5
+ .
biV/ 25
2.245
1 /'zm dx 2 szl\/_ (2m —1)A Zm 1d£
) =— z
t"y/z (2n—2m —1)8 "1 (2n—2m— 1)83.

B 1 z2m= 1 2m -1 b/
- (n—-18 t"fl tn— 1f
1 2™ (2n - 2m =3)b [ 2™dx

:_(n—l)At”_l\/z 2n— DA ) 1z
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2" dz 1
9, [Z % _ _.m
/ tnyz \/_{ (n—1)A tn—1 +
+Z(2n—2m—3)(2n—2m—5)...(2n—2m—2kﬁ—|—1)bk_1 1
2k=L(n —1)(n —2)...(n — k)Ak tn—k
B (2n —2m —3)(2n —2m —5) ... (—2m + 3)(=2m + 1)b" ! /Zm d
2n=1. (n—1)1A" tz
Forn =1
3 /'Zm de _ __ 2 m= 1d£
e (2m—1)6f ff
2™ dx - AF sm—k  AMm
A _ Z LA [ dr
tvz o (2m—2k— 1)k 2 0 g ) ty/z
95
2.246

dr 1 nﬂ\/_—\/ﬂ_A '
[ir=rm"srrm  Ba>0

_ 2 BVz .

—\/76A3chtg\/76A [BA < 0];

2z\f A =0].

2.247

dx 2 m g1k ﬂm/ dx
— [ —= see 2.246 ).
/tzm\/g 2m=1/z Z k(2m — 2k + 1) *Am tv/z (see )

2.248

dv 2 B[ dx ,
/W_A—\/E_‘_Z/m (see 2.246).
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-

ot

S

=~

=

/

/

/

/

/

/

dx 2 n 243 N 232 N 33 / dx (see 2.246)
= — [ — see 2. :
tz3\/z  BAz2\/z  3A%zz A3z A3) t/z
dx NZE' dx
== — | —= see 2.246 ).
t2\/z At 2A ) tyz (see )
dz 1 3 38 [ de
= — — — see 2.246 ).
Pai - Angz Arr oAt ngs (e 2246)
dx 1 5b 5b3  5bB> / dz (see 2.246)
=— — — — see 2. :
t222\/z Atz?\/z 3A%z\z A3z 203 ] t\/z
dx 1 b 705 3% B3 [ dw
: =— - - - - (see 2.246).
t223\/z Atz?\/z 5A%22\/z 3A3z\/z A*/z 2A* ) t\/z

da vz 3byz | 3b? / da

[ =— 2.246).
t3y/z oaz T aazn T 8AZ | t\/z (see )
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2.246

d 1 b b? b? 232 [ d
10. / ® _ —_ e 55 ﬂ+35b6/ T (see 2.246).
t322\/2 20122z AA%tz\/z  12A2z2/z  4A%/z  8A* t/z
2.246
dx 1 9 630> 216%3 632 32
1 =- + + + +—5~+
t323\/2 201222z AA2t22\/z  20A322\/z  4A%*z\/z 405z
63023 [ du
— see 2.246 ).
SAS /t\/E (see )
2.246
96
zdr 2z A [ dx
12. — = — | —= 2.246).
/t\/g 3 +ﬂ./t\/5 (see )
2.246
2d 2 2A A? [ d
13. /Z - z\/Z+ vz + _/_:r (see 2.246).
: s o TE)ns
2.246
3 2 2 3
14. /Z dov _ 227z | 2BV | 2ATWE A—/d—x (sce 2.246).
e s e e TE) s
2.246

15.

(a8

zdr 2z bz b [ dx
./tg\/g—— TR +%./m (see 2.246).
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(see 2.246).

16 /22 de 22z N bzy/z  3by/z  3DA / dx

2z At BA + 32 +262. tv/z

17 /23 dr _23\/E+b22\/2+5bz\/§+5bA\/E 5A2%b / dx

2z At BA 332 33 + 233 ) t\/z

ByE  2A2 T aAn  a8A? T 83A ) n/E

187 /zdw 2z N ba/z bz b2 dx

(see 2.246).

19 /szx 22z b2z b2z 3bE\/z ﬁ/ dx

By 2AR 4 T 4a? apEA w32 ) i/E

50, /23 dx 23\/z N 3bz3\/z N 3v222\/z N 5b%2/2 N 1562\/z N

B3z 202 A2t 48A2 432A 433
15b2A/ dx (see 2.246)
— [ —= see 2. :
833 ) t\/z
2.249
L / dr 2 vz N (2n +2m — 3)3 / dr
C ) oaminy/z o (2m — 1)A tn—lzm (2m — 1A ) trem=1/z7

1 Vz o (2n+2m—3)b / dx
(n—1)A zmgn—1 2(n—1)A .
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[

min/z - 2m | (n— DA g1
+n§ (1) (2n+2m —3)(2n+2m —5)... 2n+2m =2k + 1o 1 }+
= 2k=1(n —1)(n —2)...(n — k)AF tn—k
=1yt (2n +2m —3)(2n +2m —5) ... (=2m + 3)(—2m + 1)b" 1 / dx '
2n=1(p — 1)!An—1 J tzmy/z

Forn =1
/ dv 2 1 n ﬁ/ dx
J ozmty/z 2m— 1A zm-1/z A temlZ
97
2.25 Forms containing \/a + bx + cx2
Integration techniques
2.251

It is possible to rationalize the integrand in integrals of the fofr, v/a + bz + ca? ) dz by using one or more of the following

three substitutions, known as the “"Euler substitutions".
1)Va + bx + cx? = xt + \/a fora > 0;

2)Va+br+ cx? =t +x\/cfore > 0;

3) \/c(:r —x1)(z — x2) = t(x — x1) whenx; andzx, are real roots of the equationt bz + cx? = 0.

2.252

Besides the Euler substitutions, there is also the following method of calculating integrals of théfarm/a + bz + ca?) dz.

By removing the irrational expressions in the denominator and performing simple algebraic operations, we can reduce the integran

P (x)

Va+br+cx?
P (x

polynomials. By separating the integral portion of the rational fun ; ) from the remainder and decomposing the latter into

to the sum of some rational functionxcéind an expression of the fo.w (@) , whereP; (x) andP»(x) are both
2

partial fractions, we can reduce the integral of these partial fractions to the sum of integrals each of which is in one of the following

three forms:
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L [——= _P@)de whereP(z) is a polynomial of some degree

dx
11 f(1+p)"\/a+b1+cx2 !
. [ e . (=9 b =10,

(a+Bx+z2)™ \/C(al +bix+x?)

L[ \/szi% = Q(z)Va+ bx + cx? + )\f\/wg—;ﬁ, whereQ(x) is a polynomial of degree — 1). Its coefficients, and

also the numbek, can be calculated by the method of undetermined coefficients from the identity

P(z) = Q' (z)(a + bx + cz?) + %Q(m)(b + 2cz) + A

L7z
Integrals of the forny \/% (wherer < 3) can also be calculated by use of form@as5.
II. Integrals of the form [ (z+p)5\(/?fgx+m2 , where the degree of the polynomiaP(z) is
98
lower thank can, by means of the substitution- —— be reduced to an integral of the fofm\/%i (See als@.281).

(Mz+N) dx
(a+Bx4x2)™ \/C(al +biz4a?)

I1I. Integrals of the form [ can be calculated by the following procedure.

If b1#£06, by using the substitution

ap—a t—1+/(a1 —a)? - (aby —a18)(3 — by)

= +
08 —b t+1 G — by
we can reduce this integral to an integral of the f rm% whereP(t) is a polynomial of degree no higher than
9 9 Ll savewwn (t) is a poly g g
2m — 1. The integral[ QHI)D(: dtt2+q can be reduced to the sum of integrals of the fgr ms fdi/ﬁ and [ (t2+p)ff’\/t2+q.

If by = 3, we can reduce it to integrals of the fof% by means of the substitution= x + %1
P)" A/ c(t*+q
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The integral/ i

tdt
c(t?+q)

can be evaluated by means of the substitufion g = 2.

. g dt . . _
The integralf PRy sy can be evaluated by means of the substltuﬁgﬁ v (see also 2.283).

c(t?+q)

2.26 Forms containing \/a + bx + cx2 and integral powers of x

Notation: R = a + bx + cx?, A = 4dac — b?

Simplified formulas for the cage= 0. See2.27.

2.260

/ MRt gy — n—l/R2n+3 ~ @2m+2n+ 1)b =1 BT gy —

99

(m +2n+2)c  2(m+2n+2)c,

,— 1
__(m=Da ™2V Rt (g,
(m+2n+2)c

TI (192)a
FI 1l 78-82
/1/R2n+1 do — 2cr +b VRZn+1 T 2n+ 1 A/1/ R2n—1 .
, 4(n+1)c 8(n+1)
T (188)
2cx + b)VR =l 2n4+1)@2n—1)...2n—2k+1) (A"
N ( " A n—k1
/ R " 4(n+ 1)e R+ kz::() 8ktlin(n —1)...(n—k) c R *
L Cnat (A et /
8 (n 1 1) \ ¢ NG
TI (190)

2.261

®Forn=-1

dz 1
— = — In(2V¢R + 2cx + b) [c > 0];
R \[
2cx + b
—Arsh——— [c>0, A>0;
\[ /A
2c:r—|—b
_aICbiIl N [c<0, A<O0
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2.262

(2cx+b)VR A [ dx
. rT=—"+— [ —= see 2.261 ).
1 /\/Rdx dc * 8c) VR (see 2.261)

2.261
VR?  (2cx+0b)b bA [ dx
. J = — — — see 2.261).
2 /x\/ﬁdx ™ 2 VR 62 V& (see 2.261)
2.261
' 5b 5b° a\ (2cx +b)VR
. 2 dr = L2 )\ /B3 S I St A Sl
; / PVRAr= (3o |V (5a g PP
n 502 a\ A [ dx (see 2.261)
— - = —= see 2. .
16¢2 8.) VR
2.261
A / 3 /F g 22 Thx N 7 2a BB 75 3ab)\ (2cz +b)VR
: x r=(—— - — - )| =
, 5¢c  40c?  48¢3  15c? 32¢3 8¢? 4c
73 3ab\ A [ dx (see 2.261)
- -— = —= see 2. .
32¢3 82 ) 8J) /R
2.261
' R  3A 3A? [ dx
5. Rdr=—+—%](2 ODVR+ —— | —— 2.261).
!/\/ x <8c+6402>(cx+ WR+ 1252 ) VR (see )
2.261

100

5

VR b 3Ab 3A% [ dx
—(2cz+b VR VR) =222 [ 22 (gee 2.261).
5 (2erth) <16c2 B o8 R> w6 ) vr 5 )
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2.261

7 7b? a b VR 3A
7. VR de = (2 VRS — =) {22+ o
/”K i de (60 6002) Bz — 6 )\ 1o s e VE)T
7b? A% [ dx
+ Z —a m ﬁ (see 2.261 )
2.261
8 /.:r?’\/ﬁd:r— o Sbe o SV 20N
s - \7e 282 40¢®  35¢2
3b° ab b VR 3A
- - 2z —|— +—VR| -
16¢3  4c? 8 64c
3b2 3A%b [ dx
— Z — W ﬁ (See 2.261)
2.261
2.263
1 / 2" dr pmL @m-=2n-1)b [ 2™ Yde  (m—1a [ 2™ 2dx
") VRt (m — 2n)evV/ R?n—1 2(m — 2n)c VR2n+1 (m —2n)c VR2Zn+1’
TI (193)a
Form = 2n
5 /IQndl‘ an—l T 1 d+1/x 2 J
. —— — — | ——dx — | —F————dax.
vV R2n+1 (271, _ 1)0\ / R2n—1 2¢c v R2n+1 Is v R2n—1
TI (194)a
3 / dv 2(2cx +b) (n—1)c
’ J V R2n+1 ( n_l)Aw/RQn 1 n—l A . 1/RQn 1
Tl (189)
/ de 2(2cz +b) 14+ "il 8¥(n—1)(n—2)...(n—k) C_kRk
VR (2n — D)AVRI L = (2n—=3)(2n—5)...(2n — 2k — 1) AF

n > 1
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2.264

dz
1. — (see 2.261).

VR

‘xdx VR b dx

o, [TE _ VA 9 [4T
J VR c 2¢) VR

/:rS dx x? 5bx 5b2
4. = — - 4+ —
. 3¢ 12¢2 8¢

101
5 “dr 2(2cw +b)
- J VR3 AVR
6 ‘xdr 2(2a+ bx)
- J VRS AVR
. 'xde__(Abe):cfQ(zb

. \/ﬁ_ cAVR
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1 dx

+_ J—
c) VR

2a 53 3ab
- 3—> \/E<16c3 -~z

(see 2.261).

)

(see 2.261).

A
] VR

(see 2.261).

2.261

2.261

2.261

2.261



23dr  cAx? + b(10ac — 3b*)z + a(8ac — 3b%)  3b

N = 2AVE 32 Un (see 2.261).
2.265
/- VR2Zn+1 ; /R2n+3 . (2n _om + 5)b / VR2n 1 .
—dx = — dx
, xm (m—1axm—1 xm—l
2n—m+4 /VR2”+1
(m—1)a Tm—2
Form =1
£/ R2n+1 £/ R2n+1 b N/ R2n—1
/ R dr = R +—/VR2"—1d:r+a/R—dx.
. 2n+1 2, . T
Fora =10

(bx + cx?)?n+3 2(m —2n —

ba 22\ 21
/ (bx + cx?) i

xm (2n —2m + 3)bx™  (2n — 2m + 3)b

Form = 0 see 2.26@. and2.2603.

/\/ b£+cx2 2n+1

Forn = —1landm = 1:

2.266°

Ide _ 7%5 In 2a+bx:2\/ﬁ [a > 0],
= ﬁarcsinwj% [a <0, A<O];
_ 1 2a+bx
= Harctg2\/?m [a < 0];
= —?—Arsh% [a>0, A>0[];
= \/_ArthQ\/_\/— [a > 0];

1 )

= s [a>0, A=0]
= _Lbﬁf“ [a =0, bA0].

2a-+bx

1
- TEArclhinQ%f@ﬁT@; of IntLgragSQnes, a@Prﬁiugl CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.
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TI (195)

TI (198)

LA 169 (3)



2.267

L /x/ﬁdx

T

dx b [ dx
=vVR+ a/ + —/— see 2.261 and 2.266 ).
xR 2J VR ( )

(see 2.261 and 2.266).

2. /\/ﬁdx_\/Eer/j—x\/ﬁﬂ d—\/%

z2 x 2

Fora=0

/ Vbx + cx? p 2vbz + cx? N / dx
" dxr=-— c
: a2 x J Vbx + cx?

(see 2.261).

"VRdx 1 b v ¢\ [ da
3. / IS = — <ﬁ + 4(1—:L‘> \/ﬁ— <@ - §> / —m\/ﬁ (8662266)

Fora =0

/ Vbx + cx? 24/ (bx + cx?)3
VLT OV gy = 2V 0T T AT
x3 3ba3
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2.266

2.261
vV R3 vV RP b 3
5. / dx = — —l—ﬂVR?’—i——(ch—l-Sb)\/E-l-
z2 ax a 4
3 d 3(4 b2 d
+—ab/ v SUact V) [dr 2261 and 2.266 ).
2 VR 8 VR
2.266
2.261
Fora =0
b 2\3 b 2\3
V(b + ca?) = V(be +ca?) 3b b£+cx2—|—— (see 2.261).
72 2z 4 Vb + ch
2.261
"V R3 1 b 2 b2 3(be 2ac + b?
6. / LU + VR e etV g Slberd 2ac+ V) p
J 3 2a.x2 4a2 4 2 4a
3
+= (4ac+b? / see 2.261 and 2.266 ).
aac) [ e [ 90 )
2.266
2.261

Fora =10
(bx + cx?)? < 2b> 3bc/ dx
Y L dr=[c—— br + cx?4+— | —— see 2.261).
/ a3 x 2 Vbzx + cx? ( )
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2.268

' dz 1
/ gmy /R (m — 1)azm—1V/R2n—1
(2n 4 2m — 3)b/ dx (2n+m— 2)0/ dx
2(m —1)a xm—1y/R2n+1 (m —1)a rm—2y/R2n+1’

Form =1

/ dx B 1 B i/ dx +l/ dx
oV R2n+1 (2n — 1)ar /R2n—1 2a.) \/R2n+1 a) p/R2-1

Fora =0

/ dx B 2
™/ (bx 4 cx?)?ntl (2n 4 2m — 1)bz™/ (bx + cx?)2n—1

4 2m — 2 d
_{dn+2m - e L (cf. 2.265)

(2n+2m —1)b ) zm=1,/(bx 4 ca?)2n+1

2.269

1 / d (see 2.266)
. See 4. .
VR

VR ar  2a) 2R

(see 2.266)

/dx VR b [ dx
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Fora =0

dz 1 3b 3v? c dz
3. =| - vV — = — see 2.266
/x?)\/ﬁ ( a2 4a2x) h+ <8a2 2a> /x\/ﬁ (see )

Fora =0

dzx 2 1 4c 8c?
I O T I RN/ SSRTT S
/.’L’?’\/ br + cx? 5 < ba3 * 3b22:2 3b31’> v

4 / dx 2(bex — 2ac + b?) n 1/ dx (see 2.266)
. =— = see 2.
VvV R3 aAVR al =R

Fora =0

104

/ dx g<i+g+802x) 1
v/ (br + ca?)3 3\ bx b b ) Vb +ca?

©odx A 1 3b dz
D. / =——+ 3b? — 8ac)cx + 3b2—10acb——/
J x2VR3 VR  a*AVR I e+ M=%, VR
1 b(10ac—3b%)  c(8ac — 3b%)z
where A = <_a_:r - A - A . (see 2.266).
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2.266

Fora =20

< 1 2c 8c? 16¢3x ) 1

dx 2
./:rQ (bx + ca?)? 5 _W—i_bQ_l”_bT bt Vbx + cx?’

6 / dx _< 1 5b 150" — 62ach® 4 24a°c?

23V R az? ' 2a%w 203 A
be(1562 — 52ac)w 1 N 156% — 12ac / dx (see 2.266)
— - - see 2. .
2032 2VR 83 ) 2VR
2.266
Fora =0
/ dx 2 1 n 8c 16¢2 n 64c? n 128c¢z 1
23/ (bx + ca?)3 bxz?  5b%x?  bbdx  5bt 5b° Vor + cx?

2.27 Forms containing \ a + cx2 and integral powers of x

Notationsiu = A + Ca2.

I = Lln(ac\ﬁ—i—u) [c > 0];

Ve
L aresi ¢ € <0 and a> (]

= arcsin xy/ —— c and a .
V—c a
1 _

I2—2\/alrlz+\\§_§ [a>0 and ¢>0];

1 Va—u

=—=1 0 d 0J;
NG n\/5—|—u [a>0 and c¢<O0;

! \/ ¢ ! ! \/ a4 [a <0 d > 0]
= arcsec xr —_— = arccos — —— a an C .
Vv —a a v —a X C

2.271

- 1 5 5 5 .
1. /u‘) dz = gxu‘r’ + ﬂamﬁ + Eazxu—i— Eash.
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' 1 3 3
2. !/u?’ dr = Z:rug + ga:ru—i— gaQIl.

' 1
3. /udx = —zu+ §all'

d
1. [ZEor.
u
5. d_f _ Lz
u au
6 / de 1 2l (=DF (n—1Y cFa? !
J ot an = 2k+ 1\ k uZkt1

2.272

Pudr = ~— — - —— — ——1I.

5 / 1 zu 1 azu 1 a2
4 ¢ 8 ¢ 8 ¢
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2 1 1
3. /x—dx -4y
u 2 ¢ 2c
2 1
4 /”B—de - T4
m cu
2 1 1 3
5. Toge =2
ud 3 aus
6 / w?de 1 22 (=1)F (n—2) Fa?kt3
: ) u2n+1 - an—l P 2k+3 k u2k+3 .
. / 3 dx B 1 n a
C ) wtl o (2n = 3)c2u3 (2n — 1)c2un-l]
2.273
12%u°  azu® azud 3aizu 3a*
L [atPde = < - L.
/ PUOr =TT T 062 T i T 1282 12822 !
' 1 2343 azu’ a’xu a’
2. Yude = = — I.
/“L T ¢ 82 T 162 162
106
[l s e
U 4 ¢ 8 2 8 c2
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4 3
T T 1z 1
5 —dr=—— — = +
/u5 v 2y 3cud | 2
" 4 =
. 1 25
6. [Ldr=2"
u? 5 auP

. / x;l dx _
J u n+1

1 n=3 (=1)F [n— 3\ cFakts
an=2 = 2k+5\ k u2hts

1 2a a?

3. / 21325 dx _
J u n+1

2.274

(2n — 5)cBun—> * (2n — 3)cu2n=3 (20 — 1)Bu2n—1"

1 x5ud ar3ud aZxu® a?xu’ 3atzu 3 a®

]__ ’63d’:— —_ — — 7___[
/ T 162 T 3288 1983 25663 256 2!

2. ’6 d = — —_ — o
/”“‘ TEST. TR’ @ Tee  1me 18

6
3. /$_de
u

3 5a%xu 5 a*

1 2543 5 axdu? S5a2xu It
el — 1.

12°%¢ 5 az®u 5 a?zu 5 a®

~ 2 =2 N
6 ¢ 24 2 16 & 1631

125 5 ax3 15 a?z 15 a?

S R

4cu  8cu 8 Bu = 8 3
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DW

6 /'xG d 23 b 7 ax® a’x n 1 7
. _ xzr—= - —-————— — _
J u’ 15cud  3c¢ub  Sud | B3
DW
28 1 27
7. —dr = -—.
/u9 * 7 au’
DW
S /x6 de 1 "i‘l (=D)* [n— 4\ cFa?kHt7
. u2n+1 - an73 =0 2k:_|_ 7 k u2k+7 :
9 / 7 dx B 1 n 3a 3a? n a®
Co ) wtl  (2n = T)ctunT (20 — 5)ctun =5 (20 — 3)ctutn3 T (2n — 1)ctun-l
DW
107
2.275
G 5 1
1. /u—d:r: u—+—au3+a2u+a3[2
J x 5 3
DW
3 3
2. /u—dx: u——i—au—|—a2I2.
T 3
DW
3. /ngJ:U—FCLIQ.
T
DW

d
4 [E o,
TU
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dzx 1 1
6 d i gt 4 1 4 22y
. —dr=——+ —cxu —acxu + —a“Iy.
z2 x 4 8 8 !
03 3 3 3
7. %dx:—%—i—gcxu—i—gall.
8. /—Qd:r————i—cll
J x

Cdx 1 u no (=D)L L g 2kl
9. — vy DT _ ,
/ 2yl ant! {:L‘ * =1 2k—1 \k ¢ (u)

2.276
/—dx— f——l— gcu + gacu—l— ga cls.
/—dx—f——l—gcu—i—:sadg
/—dx*f s+ ol
4. %:*ﬁ*ib'
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dx B
5. il

dx B
6. By

“ud

108

1 3c 3c

_ By
2ax%u  20%u  2a?

1 5 ¢ 5 ¢ 5 c

ey
2ax%u3  6a?ud  2a’u  2a3

au 2acu ru 5

_a 2acly.
305 o T g Taech

dx
10. pAy2ntl

2.277

03
u
./Ed

1 w3 cu Al (=1)F 41\ oy 2k-3
: - 5
ant? { 323 +n+ )x * Z 52k—3\ k “\u

ud 3 cu? 3c2u 3

10 Sax? 8 a '8

U 1 cu 1 2
— 5 —12.

4zt Saz? 8 a
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=———+ o=+ -—I.

3 / dx u 3 cu 3 2
' iU daz*  8a?z?  8a?

4 /dxi 1 +5 c +1562+15CQI
' oud daztu 8 a2xu 8 a’u 8 a3’ %
2.278
1. —d =
/ v 5a:c5
ud 2 cu?
0. [ Lar=— s
/ v Saz® + 15 a223
3 " dx 1 ud 2 cud u
' 2u a3 hzd 3 3 x )

" dx 1 ub 1+ 2\ cu? n+2\ctu  nE2 (=1)F (n+2\ , 2\2k5
PN B Y (A E A LA T ()
J byt ant 5x 3\ 1 x 2 x = 2k—5\ k u

2.28 Forms containing \/a + bx + cx2 and first- and second-degree

polynomials

Notation:R = A + Bz + Cz?

See also 2.252.

2.281°

d " 1dt 1
(- " VR t= >0/ .
J@+pvR ) et (b= 2pe)t + (a—bp + cp?)t? T+p
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T ds “dx o [ dx
o \/_ +(b—c )/ﬁ+(a—bp+cp )/ 7@4—]))@

[z+p > 0].

109

dx 1 dx 1 dx
2 /(:c+p)(:c+q)\/§ _qp/(:c+p)\/§+pq/(:c+q)\/§'

/‘ VRde 1 [VRde 1 [VRde
(

z+p)x+q) q-—p) z+p p—q) v+qg’

4. /(x+p\/—dx /\/_dx—i— V) \/ﬁdx.

T —+q T —+q

(re+ s)dx _s—pr dx s—qr dx
/(:c+p)(:c+q)\/§ B qp/(a;+p)\/§+ pq/(:c+q)\/§'

2.283
/(Ax—i—B) dv é du n 2Bc — Ab (1—co®)" Ldv
(p+R"VR  c) (p+ud) 2 { b2 "
p+a— e cpv

whereu = /R andv = &2z

QC\/E
2.284
/ Arx + B d A n 2Bc — Ab
————dz = —
(p-l-R)\/E ¢! \/62p[b2 —4(a+ p)d] ?
where
1 V-p-VR
—alctg [p>0]; = In p < 0.
\/ 2v=p /-p+VR p<0)
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I ) P b+ 2cx
= arc
2T 4atpe VR

arctg\/bQ (Z—I—p) b%‘r b2 —4(a+p)ck >0, p>0;
IR e
- VB2 —4latplcVR — y=p(b+ 2er) p{b? —4(a+p)ct <0, p<0]

\/ 4(a+ p)eVR + /=p(b+ 2cx)

[p{b> —4(a+ p)c} >0, p<O0;

2.29 Integrals that can be reduced to elliptic or pseudo-elliptic integrals
2.290
Integrals of the fornf R(x, \/%) dz, whereP(z) is a third- or fourth-degree polynomial can, by means of algebraic
transformations, be reduced to a sum of integrals expressed in terms of elementary functions and elliptic int8dira)s $eee
the substitutions that transform the given integral into an elliptic integral in the normal Legendre form are different for different
intervals of integration, the corresponding formulas are given in the chapter on definite integBali3¢(8ekY).

110
2.291

Certain integrals of the formi R(z, \/ P(z)) dz, wherek > 2 andP, () is a polynomial of not more than fourth degree, can be

reduced to integrals of the forfiR(x, {/P,(x)) dx. Below are examples of this procedure.

/L__/—Z [xz_;}
JVizs ) SBrsesan 1+

dz 1 dz ?
Va+ba? +cxt +dxb 2 Vaz 4022 4 cz® 4+ d2?

1
22AF3 dz

' 3
3. /(a + 2bx + ca® + g3 de = 5/ IE

3
f AR/ pe: ,
3 A—g( + +(Z a)C> _'_23’ B = b2+(23 -|
&

{a—i—%x—l—cx?—z, a)cJ
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dz
\/a+b:r+c:r2+dx3+cx4+bx5+a:r6 B

1 dz [ .
/\/z—i—l V2. (z—1p r=at Vel

1 dz
ﬁ/\/ml)p +ﬁ/\/<z1>p

[t=2—V22-1],

where

p=2a(42® — 32) +2b(22% — 1) + 2cz + d.

dx 1/ dy
Va+br? +cat +baS +axd 2y a+ by +cy? + by + ay?

r = /yl;

2;5/\/@%71)?5;5/% ly=z+Vz2 —1];
:2\1/5./\/(26{7_71)29—2\1/@/\/&71)]) ly=z2—v2%2—1],
wherep = 2a(2z2 — 1) + 2bz + c.
[ e 1)
[y

111

wherep = 2a(22% — 1) + b1 ; by = b\/2.

rdz 22 dz 4

_— =2 — a+br’+ext = 24, A =1b>—4dac, B =4d.
va + bx? + cxt J VA+ Bzt | ’ ’ ]

~ale — b - 4y,2
. - B [t | R
Va+ 2b:z:2 + cxt (c—2%)/b% — alc — %) : . b2 —a(c— z%)
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whereR; (z%) andRy(z*) are rational functions of!; a + 2bx? + cz? = 2124,

2.292

In certain cases, integrals of the fofR(z, \/P(z)) dz, whereP(x) is a third- or fourth-degree polynomial, can be expressed in

terms of elementary functions. Such integrals are cpieddo-elliptiantegrals.

Thus, if the relations

pa=-h () pw=-n(ars). s =6 (1)

hold, then

S Val 18:) 1— k%) :/Rl(z)dz [z = Va(l - 2)(1 - k22)

(a S
\/:rl—x)l—kQ)_./RQ()d [_ V-2 ]’

f3(x) B B z(1—x)
\/bleU)le)_/RS(z)dz [2_ \/1—k:2:r1’
whereR; (z), R2(z), andR3(z) are rational functions of.
2.3 The Exponential Function

2.31 Forms containing e

2.311
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2.312

a® in the integrands should be replaced with e®"¢ = ¢,

112
2.313
" d 1
/ a—i—% = a—m[mx — ln(a —+ bemx)]
PE (410)
" dx e’
=1 =z —In(1+¢e").
./1—1-69” nl—i-em . n( +e’)
PE (409)
2.314
dr 1 a
= rct mey = b > 0];
/aemaz + be—mz WL\/%aIC g <€ \/b> [Cl ]?
1 b+ e/ —ab
= In lab < 0].
2myv —ab b —em®\/—ab
PE (411)

2.315

/ dz 1 1 Va+bem™r —\/a
= n
Va+bemr  mya  a+bem™ +\/a
Va + bem®

ctg AT <ol

2
= ar
my/—a Vv —a

[a > 0];

2.32 The exponential combined with rational functions of x

2.321
1. /:rme‘””d:rzx S ™ L .
. a a .
: " n nn—1)...(n—k+1) ,_,
N ax _ ax [ ¥ _1\k n—Fk
2. /x edr=e (a —|—k§1( 1) =) x :
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(2 2 2
2. /xQeawdx:e‘m <£—§+—3> .
, a a® a

[ (2 327 6 6
3. /x‘gemdx:em <x—ai2+a—§a—4>-

[0

‘ 443 1222 Ux A
4*. /:L’4emd:c:em Lo = L)
‘ a a2 a3 A T

2.323

whereP,, () is a polynomial in: of degreen andP*) () is thek-th derivative ofP,, (x) with respect ta.

113
2.324

/e‘n dx 1 e” /e‘” dx
1. = — +a .
J xm m—1 zm—1 J xm-1

) F pa J e n—1 akfl anfl -
P D DIl T SO A e il R L)

2.325

1. /e—d:rin(ax).
J x
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2.326

/ ze'dr e’
J (1+ax)?  a2(1 +az)’

2.338

2 1 /n b* — b
./e*(aat +2ba+c) g, — 5\/2 exp ( - ac) erf <\/51L" + ﬁ) [a#0]

2.4 Hyperbolic Functions

2.41-2.43 Powers of sh x, ch x, th xand cth x

2.411
/shpa} ch?zdr =
hPt g cpet -1
_5 x_: r 4 n /shpxchq x dx;
pT4q pTq.
3.p—1 +1 g
- sh” J:_Chq L p; 1 / sh? 2z chiz dx
pT4q p—Tq.
hP 1y chdt? -1
_° x+C1 T p+ I /shpﬁxchqﬂx dx;
q q .
1ptl g g—1 -
— sh” x_:liq T q ; 1 / shPt24 ch? %z dx;
p p .
hPtL 4 cpat? 2
_5 x_:l x—p_'—j_—il_ /s}1p+2xc}1qa:dx;
p p .
ptl 1 g+l
= _sh? J:_C}llq x—l—p_‘_j__; 2 /Shp:r ch ¥ du.
q q .
114
2.412
. 1 p+1,
1. /shp:rch%:r de = 521 n £ {ChQn_lI +
. n—-—p

n=l 2n—1)2n—3)...(2n —2k+ 1) ChQanlLL‘}—F
= 2n+p—2)2n+p—4)...2n+p—2k)
(2n — ! o
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-2 -4 ... =2n p
number andv = 0, we have

2m\ =z 1 m=t . (2m)\ sh(2m — 2k)z
2. W2 de = (—1)™ —_—+ —1)* —_—.
,/Sl vde =(-1) <m)22m+22m1 k; (=1) ( kz> 2m — 2k

Tl (543)

5 /therlxdx B L i 1) (2m + 1) ch(2m — 2k + 1)x

k=0 2m — 2k + 1 ;

—(~1)" i m) ch?* 1z
k=0 k) 2k+1"°

GU ((351)) (5)

Tl (544)

h? n 25n(n—1)...(n = k+ 1)ch”" "
4. /shpx gy = >0 T Jepng g D nn—1)...(n +1)e x
, 2n+p+1 i 2n+p—1D2n+p—3)...2n+p—2k+1)

This formula is applicable for arbitrary reaéxcept for the following negative odd integerd; —3, ..., —(2n + 1).
2.413

hp+1
1. /chpx sh?"z dy = & x{sh%lx n
: 2n+p

n—1 (2n—1)(2n —3)...(2n — 2k + 1)sh®" 21y

—l—k; (—1)* Cnt+p—2)2n+p—4)...2n+p—2k) }—I—

+ (=17 (2n - 1)2 /chpx dx
2n+p)2n+p—2)...(p+2). ‘

This formula is applicable for arbitrary reaéxcept for the following negative even integerg;, —4

., —2n. If pis a natural
number andh = 0, we have

' 2m\ = 1 m=! 2m\ sh(2m — 2k)x
2. th dr = L .
_/C Latr <m > 22m + 22m—1 kgo < ke > 2@m — 2k

TI (541)

' 1 2 (2m+1\sh(2m —2k+ 1)z
3. [ ade = ——
,/C = o ,;0 k 2m —2k+1

i Cn) sh?F+1y
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4, /Chp:rshQ”'Hx dxr =

This formula is applicable for arbitrary rgaéxcept for the following negative odd integerd;,

2414

ch? Tty {Shin’—i‘
n+p+1
n ) %nn—1)...(n—k+ 1)sh®>"
+ Z (71)k ( ) ( )
=1 Cn+p—12n+p—3)...2n+p—2k+1)

1. /shaxd:r = 1chax.

1
2. /sh2 ardr = —sh2ax — —.

a

T
4da 2

1 1
3. /sh rdr = f§chx—|——ch‘3x— —ch®z —chax.

4. /sh4 rdr =

5. /sh5 T dxr

6. /sh6 T dxr

7. /sh7 T dx

4 12 3

= §:r— —Sh2:r+ iSh4:r— §:r— —thchx+—sh3xchx
8 32 8 8

5 1
= —chz — —ch3z + — chbz;
8 48 80

4
= —Ch:r—l——sh4:rch:r— —ch3x
5 5 15

5 15 3 1
= —Ex—kasth‘* ash‘ll‘%—@ﬂl&t
5 1 5 5

=—— g+ -sh’zcha— —sh®zchax+ — shachaz.
16 6 24 16

35 7 7 1
——6—40h:r—|—6—4(:h3:r %ch&r—l—mch?x

8 6 1
= f—chx—l— —ch®r — —chash*z + =ch 2 sh® .
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1
8. /ch ar dr = —shazx.

4

. ) 1
9. /Ch2al‘ dr = z + —sh 2ax.
. 2 4da

3 1 1
10. ./ch?’:rd:r = Zth + ESh 3r =shx+ gsh?’:r.

3 1 1 3 3 1
11. /ch4:1: de = gx + ZSh 2x + ﬁsh 4o = gx + Sshazchaz + —shzch®z.

|4 = 1
12. ./ch‘r’:z:d:r = gshx + %sh 3x + @sh 5x;

1 4
gsha: + gch4:1: shx + —SSh?’x.

116

5 15 3 1
13. ./ch6:rd:r = %:r + 6—4$h 2x + 6—45h4x + 19—2$h 6x;
5

5 5 1 =
= E.L’ + Esh:ccha: + ﬂshfcchg:c + gshxch‘)x.

35 7 7 1
14. h“zde = “~shz + —sh —sh ——sh 7a;
./c rdx 64S x+64s 3:r+32os 51—}—4485 Tz;
6 1
= gshx + gshgx + gsh:cch‘l:c + ?shxchex.
2.415

1. /sh archbxdxr = chia +b)z + ch(a = b)z .
2(a+b) 2(a

2. /sh ax ch ax dx = iCh 2ax.
. 4q
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10.

11.

12.

1
/sthch:cd:c: gsh?’ z.
3 1 4
/sh zchxdr = ZSh xT.
! 1.5
/sh zchxdr = gsh xT.

2 1 .3
shxchxdx = gch xT.

/sh rch’x dr = ——+ —sh4:r.
8 32

2
(sthg — §> ch?z.

U] =

/sh?’:c ch’z de =

1
/sh4x ch’zde = — — —sh 2r — —sh 4x + ——sh 6.
16 64 64 192

1
/sh:cchga: dr = Zch4:c.

1 2
/8112xc}13x de = — <c}12:1:—|— —) sh3z.
5 3
/shS:r ch®zde = ——Ch 2z + —Ch 6r = —Ch3 2z — —Ch 2z;
64 192 48 16
_s}1x+s}1x_c}1x chtz
6 4 6 4
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1
14. /thch4:rd:r = gch‘r’x.

g 1 1 1
15. ./Sh2$Ch4I dr = _f_ﬁ — 6—4$h 2r + 6—4$h 4 + 19—25h 6x.

1 . 3 2 1 2
16. /Sh3:r ch*z dx = ?chsx (Sh4:r + gshzx — g> = - <Sh21‘ — —> ch’x.

3 1 1
17. /sh4:1: ch*z dr = or ——shdz + sh 8x.
128 128 1024

2.416

hP hp+1
1. /shQ_nx dx = 28 I {sec}12"1x—|—
J C xT n —

=l 2n—p—2)2n—p—4)...(2n — p — 2k) 21
T Gnoaens) . @n-2k-1 ' x}+
2n—p—=2)2n—p—4)...(=p+2)(=p) [ ,p .
+ 2n — 1) /bh xdx.

This formula is applicable for arbitrary ranForfsh”:r dx, wherep is a natural number, see 2.442and2.4123. Forn = 0 and

p a negative integer, we have for this integral:

2. / du Chxl{—cosecth_lzr—l—

b2z 2m -
k _ _ —
2"(m—=1)(m—=2)...(m—k) cosech 221, L
(2m —3)(2m —5)...(2m — 2k — 1)

+5 o
k=1

3 / dx chx n2m, 4
: = —cosech ™"z
J sh?mtly  2m
m=1 1 2m—=1)(2m —3)...(2m — 2k +1) 2m—2k
_1 k 1. h m
+k§1 - 26(m —1)(m—2)...(m—k) conee Tyt

(2m —1)!

2m ! x
m i
Printe_!j_fr()rWT]agle of Integgals, Sgries, zht] &J&d_ls CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.
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" shPz shP Ty 5
1. dz = sech™"z +
/ ch?" g 2n {

nl2n—p—1)2n—p—3)...2n—p—2k+1) och2n2F
+k§1 2k(n —1)(n—2)...(n — k) secl }+
2n—p—1)2n—p—3)...3=p)(1 —p) [shPz
* 2nn! /chx de.

118

This formula is applicable for arbitrary realForn = 0 andp integral, we have

9 /SthJrl TZR:( 1)m+k 2%k

sh*"z 4+ (=1)" In ch z;
chx =1

m

1 m+’v .
= > D i ) (Z?) ch?*z + (=1)"In chz [m > 1].

k=1

}Qm m (_1\m+k )
/S;h ;f doe= 3 %S’h%_lﬂf + (—D™arctg(shaz)  [m > 1].

2m—2k+2
m +.’IZ’

n / i ff _ %( 1)*cosech
J sh*™ " xchx 521 2m — 2k + 2

+ (=)™ Inthz.

dx o (—1)*cosech ™2k 2,
> /sth:z: che kz_:1 2m — 2k +1 (1) arctg sha.

2.418

hP hp+1
1. /(;lz—nx dr = 7(; f{cosech%lx +
sh™™x n—

+Z( DFQ2n—p—2)2n—p—4)...(2n — p — 2k)

<2n B 3)(2n - 5) RN (2n — 92k — 1) COS@ChQn_Qk_ll.}_i_
( 1) C2n—p—2)2n—p—4)...(—p+2)(—p)
: (2n — 1)! /ch cdz
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D JchPz dx D

5 / céx _ _shz sech®™ 13 + mz—l 28(m —1)(m —2)...(m — k) coch2m 261, 1
J ch™z  2m -1 =1 2m—=3)2m —5)...(2m — 2k — 1)

dz shz 9 m=l (2m—-1)2m —3)...2m —2k+1) D2k
3. = sech™™ sech ™™=
/cth‘Hx 2m {se(n v ,gl 2k(m —1)(m —2)...(m —k) sect Tyt
2m — 1!
uarctgsh x.
(2m)!!
2.419
" chPx ch?™t g 9n
1. /m T = — o {cosech x+
(=) 2n—p—1)2n—p—3)...2n —p—2k+ 1) S }
+ cosech™" ™"z >+
,gl 2k(n —1)(n—2)...(n—k)
+(71)"(2n —p—1)2n—-p-3)...3=p)(1—p) / ch?zx .
2nn) shz
119

This formula is applicable for arbitrary realForn = 0 andp an integer

/C xdx: u—l—lnthg.
shx =1 2k—1 2

ch?m g m ch?k
3. —dr = Insh x;
/ T k§1 % + Insh z;

i m) sh?* 4 Insh
= nsh .
=1 \k/) 2k

SeCth72k+1 T

1 2m —2k+1

NgE!

' d
J shxch™x E 2
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sh2n iy n n\ ch2* Mty m—1 n
——dxr = —1)ntk T 4g(—1)" m— Inchz.
/ gy T=on (D (k> 11 L R
Kt

“ch?" ! g n n\ sh? ="+, n
2. ———dx = e E— m—1 | Insha.
/ o T <k>2k—m+1+8<—21>ns *

[In formulas 2.4211. and?2.4212.,s = 1 form odd andn < 2n + 1; in all other cases, = 0.]
2.422

L / i dx - m%—l (—1)k+1 <m+n 1>th2k_2m+1x.
J sh*"xch™"x =0 2m—2k—1 k

Gl ((351))(11, 13)

' dx man (DR 0 oo m-+n
2. = — th m 1™ Inth x.
/ sh?™ gy ch? iy o 2m — 2k k z+(=1) m .
k#Em

Gl ((351))(15)
2.423

" dx T 1. chae—1
— =Inth—=-In——.
J shx 2 2 chax+1

dx
2. 5— = —cthz.
J sh®z

120

dx chx 1 T
3. T = — >— — - Inth_.
J sh’z 2sh“x 2 2
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10.

11.

12.

13.

" dx chx

2 1
= — + —cthz = —gcth?’:r + cth x.

/ shtz 3sh®z 3

dx chx 3 chz 3

x
= - + = + -Inth—.
/sh5x 4sh*r  8sh®z 8 2

dx chx 4

4
= + —cth®z — gcth x;

/ shbz ~ 5sh’z | 15

/
/

/
/
/

/

1 2
= ——cth’z + =cth®z — cth z.
5 3

— i In th£.

dx B chx 1 5 E
16 2

= - - +
sh”z 6sh?z \sh*z  4sh’x 8

dx

sh®z

3 1
=ctha — cth®z + gcth5x — ?Cth7x.

d
- arctg(sh z) = 2 arctg(e®);

chzx
= arcsin(th z);
=gduz.
d,
f =thx.
ch’“x
dx sh x

1
= + —arctg(sh z).
ch®z  2ch?z 2 8l )

dx sh x 2

= ——— + -thux;

ch*z  3chiz 3 ’
1

= —Zth®z + thz.
3

dx shx 3 shz

+ S tg(shz)
_ = = —arctg(sh z).
ch®z  4ch*z  8ch?zx 8 8
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14 / dr she 4 e 2y
. — = — —th’z + —thz;
ch®r  5ch’x 15 5

1 2
= —th®z — ~th®z + th z.
5 3

15.6 / dz shx < 1 N 5 +15>+5 tg(sh )
9. = — —arc shx).
ch’z  6ch%z \ch*z  4ch’x 8 16 &

d: 1 3
16. /—”SB = —_thz + Sthz — th®z + tha,
J ch®x 7 5

17. /sh_x dr =1In chz.

chx

121

h2
18. /S T dx =sha — arctg(sh z).
chz

sh?; 1
19. / bdll; dx = gshQ:r —Inchuz;

1
= —ch?z —Inch x.

sh?; 1
20. /bl L dr = “sh®z — shz + arctg(sh z).
J chz 3

sh x
21. de = ———.
/ ch’z * chx

sh2x
22. s—dr =1z —thu.
ch“z
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33. /C}ﬁ dr = Inshz.

shx

2/
34. /Ch xdx:ch:r—l—lnthf.
J shx 2

3,
35. /Ch £ dr = 1ChQ:L" + Inshz.
J shx 2

h* 1 :
36. /(;;lj dr = gch?’:r—l—chx—l—lnthg.

37, /Chx dr— —

sh?z sha’

2/
38. /C}IQ£ dr = x —cthz.
J shz

3,
39. /Ch T e =sho —

5 )
sh™z shz

h' 31
40. /C 21‘ dr = —x + —sh2x — cth x.
sh?x 2 4
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41. /chx dr = ;

sh® x _28112213’
1
= ——cth?z.
2
h? h
42. /C 3x de = f% +In th£.
sh”x 2shx 2
h? 1
43. /C 3x dr = ———— +Inshux;
sh” 2sh”x

1
= —gcthzx + In sh .

h' h 3
44. /C 3x de = — ¢ Z —l—chx—l——lnthf.
sh”x 2shx 2 2

b [0 L
J sh™z 3sh x

h? 1
46. /C 4$ dr = —=cth®z.
sh®x 3

ch®z 1 1
47. / dr = ——— — .
sh*z shr  3sh’z

h? 1
48. /ClTxd:rz——cthgx—cthx—l—:r.
J sh*z 3

123

sh xch x

49. /d—:r = Intha.
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50. / v _ 1 hw?

shzch?z chao 2

dx 1
51. T = >— +In tha;
shx ch” 2ch?x
1
= —ithQI + Inthzx.
dx 1 1 T
52. / = + + Inth—.
J shzch*z chz  3ch’z 2

dx 1
53. / = — — arctg sh .
J shzchz sh x &
dx
54. Ty = —2cth 2.
sh“xch” x
dx sh x 1 3
55. / = — — — —arctgsh z.
J sh?zch’x 2c¢h?z shaz 2 &

dx 1 8
56. / = — —cth 2z.
J sh?zch*zx  3shzch®z 3

d 1
57. / 3 :r = — 5— — Inthuz;
sh”x chx 2sh”x

1
= —3 cth?z + Incth z.

dx 1 chx 3 T
58. / = — — — —Inth—.
J sh?zch?x chx 2sh%z 2 2
da 2ch?2
59. / 3 v T = — c21 x—2lnth:r;
J sh®z ch”x sh*2x

1 1
= —th%z — =cth?z — 2 Inth .
2 2

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



60.

61.

62.

63.

124

64.

2.424

N

ot

/ dx 2 1 chx 5 In 41 T
= — — — — —Inth=.
sh®z ch*z chx  3ch?zr 2sh?z 2 2

/ dx 1 1 n to sl
= — arctg sh x.
J sh*zchz shz  3shix 8
dx 1 8
= — + —cth 2z.
/sh4:r ch’x 3chzsh®y 3
/ dx 2 1 n sh x n 5 to sl
— — —arctg sh .
sh*zch®z shz  3sh®z  2ch?z 2 &
d 8
/4—1"4 = 8cth 2z — —cth?® 2x.
sh*xch®x 3

th? !
/thpx de = — f + /thp72x dz [p£l].

n -1 k—1 1
/t}12"+1xd:u: Z( 2)]€ <:) 55— +Incha;

k=1 ch™z
0o gp2n—2kt2,
=—> = " Lincha.

-2k +2

n p2n2ktl
th?" 2z dr = — = T
/1 vdr == k1 T

cth? 'z 9
cth?z dx = B + [ cth?’“xdx [p#1].
=

no1 1
/ cth?" M rde = - — (Z) —— +Insha;
x

r=12n sh
Printed from Tahlg of&rﬁg%‘@,ﬁ?lﬁéﬂha% Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.
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GU ((351))(12)



n Ct1’12n72k+1.’13’

6. [cth®zdr=—5 S L yg
,/C vdr == S 1 T°

GU ((351))(14)

For formulas containing powers df x andcth x equal ton = 1, 2, 3,4, see 2.4237.,2.42322.,2.42327.,2.42332.,2.42333.,

2.42338.,2.42343.,2.42348.

Powers of hyperbolic functions and hyperbolic functions of linear functions of the argument

2.425

1. / sh(ax 4+ b)sh(cx + d) dz = shi(a +c)z + b+ d] —

2(a+c)
- ﬁsh[(a —c)x +b—d] [a?#c?].
GU ((352))(2a)
2. / sh(az + b) ch(cx + d) dz = ﬁch[(a +c)r+b+d +
+ ﬁch[(a —c)x+b—d] [a?#c?).
GU ((352))(2¢)
125
3. / ch(ax + b) ch(cx 4 d) dx = ﬁsb[(a +coz+b+d +
bl —orrb-d  a

GU ((352))(2b)

Whena = c:

4. /sh(ax + b)sh(ax + d) dx = —gch(b —d)+ %sh@a:r +b+d).
GU ((352))(3a)
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1
6. /ch(a:c +b)ch(azx 4+ d)dz = gch(b —d)+ 4—sh(2afc +b+d).
a

2.426

1. /shaa: shbx shex dz = chatbtor ch(zatbtor
da+b+c) 4(—a+b+c)
_chfa—b+cx  cha+b—c)x

4a—b+c) 4(a+b—c)

2. /Sh ax shbx chcxdr = Sh(a th+ C)l’ — Sh(_a o+ C)l’ —

4(a+b+c) 4(—a+b+c)
_sha—b+c)z  sh(a+b—c)x
4a—b+c) 4(a+b—c)

ch(a+b+c)z  ch(-a+b+c)z
da+b+c) 4(-a+b+c)

3. / shax chbz chexdx =

ch(a —b+c)x N ch(a+b—c)x
4(a—b+c) 4dla+b—c)

sh(a+b+c)x  sh(—a+b+c)x

4. /cha:r chbx chexdr =

da+b+c) 4(—a+b+c)
sh(a—b+c)z  sh(a+b—c)x
4(a —b+c) 4(a+b—rc)

2.427

1
1. /shpxsh ardy = —— {shpxch ar — p/shpflxch(a -1z dx} .
p+a
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2. /shp:r sh(2n + D)z dx = Lip+1)
: <p +3 )
'\ =——+n
2
o1 | T (p_ +n — Qk)
XQ Y sh?~2% o ch(2n—2k+1)z—

=0 | 220 (p—2k +1)

-1
F<p?+n2k:

) sh? =21 o sh(2n—2k)x | +

22KE2D (p — 2k)

[p is not a negative integer |.

3
T <_p—;— n)
5 /shp_Q":rsh:rdx
2°"T' (p+1—2n).

T(p+1)
F(g—i—n—i—l)

3. /shp:r sh 2nx dx =

n—1 T (Q +n— 2kz)
X > 2

i=o | 2" (p— 2k + 1)

sh? ™2 ch(2n — 2k)x —

F(g—l-nf%:fl) -
~ TRk ()~ o) sh? xsh(2n — 2k — 1)z

[p is not a negative integer].

GU ((352))(5)a

2.428

1. /shpxch ax dx = {shpxsh ar — p/shpflxsh(a -1z dx} .

p+a

L(p+1)

+3 x
r (p_2 + n)

p+1
(P )

X sh? =2 sh(2n—2k+1)z—
kgo 22]”1F (p — 2k + 1) ( )
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2. /shp x ch(2n + Dz dx =




3. /shp:r ch2nzdr = %
- F(—+7L+1>
2
n—1 T (g +n— Qk)

X sh?~ 2% 3 sh(2n —2k)x —
Py AT ( )

F(g—i—ank:fl) -
T TRRIT (p— 2k) sh? xch(2n—2k—1)z| +

I‘(gfn—l-l)

22T (p+1—2n

) / sh?™" z dx [p is not a negative integer ].

GU ((352))(6)a

2.429

1. /chpxsh ax dx = {chpa:ch ax + p/chpflxsh(a -1z dx} .

p+a

p+
N——+n-=%
I(p+1 n=1 ( 2 ) "
L{ ch? %z ch(2n—k+1)a+
{

2. /chp z sh(2n+1)x dx = =y 28T (p— k4 1)

/chp*"a: sh(n 4+ 1)z dx¥
)

[p is not a negative integer].

128

p
'z+n-=%
: T(p+1 n-l ( > a
3. / ch? x sh2nz dx = W)){ 2 ch?F & ch(2n—k)z+

F(§+n+1 = 2T (p—k+1)

r(3+1)

m / ch? ™" x shnzx dx} [p is not a negative integer |.

GU ((352))(7)a
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2.431

1
p+a

1. /Chpl‘Ch ax dx = {Chpxshax —I—p/chp_lzrch(a - l)xdm} .

) ch? ™% 2 sh(2n—k+1)z+

2. /chp:r ch(2n+1)z dx = F(p——l—l){ nil
: | ¢

—~ = 7 [ P2 ch(n+1 d$
M A p——— ./C = chn+ 1)z x)

[p is not a negative integer].

T'(p+1) n—1 F(£+nsz>
3. /chp x ch2nzdx = —) > 2 ch? "z sh(2n—k)x+

r(2+1)
Q"F(;T‘Fl) ch?’™" x chna d:rJ [p is not a negative integer |.

GU ((352))(8)a

2.432

1. /sh(n + Dazsh" tede = lshnx shnz.
. n

1
2. /sh(n + Dazch" tzde = —ch"x chna.
n

3. /Ch(n + Dash" 'ede = lsh":r chnz.
. n

4. /Ch(n + Dazch" 'zdr = lCh":r shnz.
. n
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N

e~

2

®

©

dr =25, —— +u.

/' sh(2n 4+ 1)z n=l sh(2n — 2k)x
shz =0 2n-—2k

/sh 2nx dr — 2ni1 sh(2n — 2k — 1)z
shx =0 2n—2k-1

"ch(2n + 1)z n=l ch(2n — 2k)x
———dx =2 ——— + Inshux.
/ shz v ,Z’O 2n — 2k insh
"ch 2nz n=l ch(2n — 2k — 1)z x
dr =2 Inth—.
/ T B

h(2 1 n—1 _ch(2n — 2k
/m de =25 (71)ku +(=1)"Inchz.
chx =0 2n — 2k

/sh 2nx dp — 2ni1 (71)kch(2n —2k— 1)z .
chz =0 2n — 2k —1

5sh(2n — 2k)x

n—1
dr =2 )+ (—1)"x.
chx * ,Z’O( ) 2n — 2k + (=1

/' ch(2n+ 1)z

h 2 n—l1 .sh(2n — 2k — 1
/C "y =2 (— )l”s (2n )z + (—=1)"arcsin(th z).

chz v =0 2n — 2k —1
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h2
10. /S 2x dr =2 Inshx.
sh?x
/sh 2x dx 2
11. n = —2
J ch"z (2—n)ch" “x
Forn = 2:
12. /Sh 2 dr =2 1Inchuz.
J ch®x
h 2
13. /C x dr = 2(:hx—|—h’1th£.
sh x 2
h 2
14. /C 2x dr = —cth x + 2x.
sh?x
ch 2x chx 3 T
15. / r=———-—+ —Inth—.
J sh3z 2shZy 2 2
h 2
16. /C Ty = 2sh x — arcsin(th z).
chx
130
h 2
17. /C 2x dr = —thz + 2z.
ch“z
ch 2z sh x 3
18. / dr = ————— + —arcsin(th x).
ch®z 2ch?r 2 ( )
19. /Sh S = 2 + sh 2x.
J shx
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h
20. /S ;‘)x dxz3lnth£+4(:hx.
sh?x 2

21. /Shgxd:r:—?)cth:r—i—élx.
J sh’zx

sh 3 4 1
99. / 2T e = S— —
J chz (3—n)ch" "’z (1 —n)ch" "z

Forn = 1 andn = 3:

sh 3
23. /bl ¥ dw = 2sh%z — Inch z.
J chz

h3 1
24. /¥ dr = —5— +4Incha.
ch’z 2ch?x

ch 3z 4 1
25. —n dr = n—3 + n—1_°
J sh™z 3—n)sh" "z (1 —-n)sh" "z

Forn = 1 andn = 3:

h 3
26. /Cl xd:ershQ:r—l—lnshx.
J shz

2

27. /Chgmd:r:— ! +41Inshx.
J sh'zx 2sh”x

28. /Ch s dr =sh2x — z.
chx
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2.44-2.45 Rational functions of hyperbolic functions

2.441
/' A+ Bshx aB — bA chz n
e .
J (a+0bshz)”? (n—1)(a®>+b%) (a+bshx)»1
N 1 / (n—1)(aA+bB)+ (n—2)(aB — bA)shx
(n—1)(a®+b?). (a +bshx)n—t
131
Forn = 1:
A+ Bshux B aB—bA/ dx
———dr = —x — see 2.441 3.).
/ a+bshz * bx b a+bshz (see )
da 1 atllgfb—l—\/a?—kb?
= 1 : ;
/a—i—bshx Va2 + b2 nathg—b—«/aQ—ka
9 athf —b
= Arth 2 .
va? 4 b? Va2 4 b?
2.442

/A—I—Bch:r o B —|—A/ dx
J (a+bshz)” T (n—1)b(a + bshz)*1! J (a+bshz)"’

Forn =1:

dx

/'A—G-Bchxd B
a+bshz
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2.443
/A—i—Bchx o aB —bA shx n
(a +bchx)” x_(nfl)(azflﬂ) (a +bchx)n—1
N 1 /(n1)(aAbB)—|—(n2)(aBbA)ch:c i
r
(n—1)(a® — b?) (a +bchx)n—1
Forn = 1:
"A+ Bchzx B aB —bA dx
————dx = —x — 2.443 3.).
/a—i—bch:z: TR b ./a+bch:z: (see )
d 1 h
/ :r = arcsirlb+ac :z: b? >a®, x <0
a+bchzx b2 — g2 a-+bchzx
1 h
f—arcsinw b? >a® x>0l
b2 — g2 a+bchzx
. a+b+VaZ—b2the
= 75— % [a® > b7].
va* —b a—i—bf\/aszzthi
132
2.444
d _
/4x:cosecha lnchx—i_aflnchx a ;
cha+chzx 2 2
T . a
= 2cosech a Arth (th—th—) .
2 2
/ du 2 t (t} xt a)
———————— =2 cosaarc —tg— ).
cosa+ chzx Saarcte l2 g2
2.445
/'A—i—Bsh:L’ d B —I—A/ dx
———dr = — _—
J (a+bchx)" (n—1)b(a+bchax)"—1 J (a+bchx)"
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Forn =1:

/A—i—Bsh:r

_— l bel A
a+bchz ) n(a+behz) + /

a+ bch T
2.443

In evaluating definite integrals by use of formu2a#41 2.442 2.443 and 2.44%e may not take the integral over points at which the

integrand becomes infinite, that is, over the points

a

o ()
X IS b

in formulas 2.441 or 2.44& over the points

a

= ()
X Irc b

in formulas 2.443 or 2.445. Formulas 2.443 are not applicabi€ ferb?. Instead, we may use the following formulas in these

cases:
2.446
A+ Bchz Bshx n (n—1)! n=l (2n — 2k — 3)!!
———dx = A B h -
/ (e +chaz) * (I1=n)(e+chax)" +<5 * n—1 ) (2n — 1)!!8 I;;O (n—Fk—1)
h
e
— =41 L > 1.
(e + cha)n—F e o>l
Forn =1:
"A+ Bchx chx —e¢
2. ————dx =B A—B)— =41
/ e+chx v T ) sh x = J
133
2.447
b
alnch | x4+ Arth— | — bx
1 / sh x dx _ a @ > bl
" ) achz+bshx 2 _p? “ ’
Printed from T blxe oﬂnt(elgr lli S?}elnec and Prxiuctiloﬂ) jOM Copyright © 1996 by Academic Press, Inc. All rights reserved.
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Fora =b=1:

/ shzdz 7:r+1_2z
chz+shx 2 R

Fora = —b=1:
" shaxdx x 15,
5 ,/Chx—sh:r__g—i_ze '

2.448
b
ar —blnch |z + Arth—
1 / chxdx B a @ > [b[]
" ) achx+bshx a? — b2 “ '
—ax + b Insh (.’L‘—FAI‘thg)
- — b> lal].
Fora =b=1:
/ chzdx T 1 5,
chz+shx 2 €
Fora = —b=1:
/ chzdz 7l‘+1 9
chz—she 2 4° "
2.449

dx

dx 1 .
o - /
n 2 _ 12 \n
J (achz+bshz) (a* = b*)". sh” <x +Arthé>
a

B 1 / dx
V (b2 — a2)n 7 ch™ (.L’ + Al‘th%)
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' dx 1 b
2. = tg |sh Arth— :
./ach:r—i—bth aQ—anng 5 (I+ ! a>‘ [a > [b]];
1 ac—i-Arthg
-~ Injth— b [b> |al].

Vb2 —a? 2

Fora =b=1:
/L = —¢ ¥ =shx —chux.

chx +shx

Fora = —b=1:

d )
4. /4x =e” =shx+chuz.

chx —shx

2.451

dx

"A+ Bchx+Cshe
/ (a+bchx+csha)”
Bc—Cb+ (Ac— Ca)chx + (Ab — Ba)shz 1 y
(I—=n)(a®—-0b2+c?)(a+bchx+cshzx)" 1  (n—1)(a?®—b%+ ?)

" / (n—1)(Aa — Bb+ Cc¢) — (n — 2)(Ab — Ba)chz — (n — 2)(Ac — Ca)shx
(a+bchx+ esha)r—!

[a® + *#b7);
Bc—Cb—Cach:r—Bashx+ A+n(Bb—C’c) (cch z-+bsh ) (n—1)! "
= — _— C S _—
(n—1)ala+bchx + csha)” a (n—1)a? COLTTOSRY (2n — 1!

n—1 _ — 3N
L5 2n— 2k -3 1
k

=0 (n—k—1)d* (a+bchax+ csha)"=F

[a® + ¢* = b?).

/'A+Bch:1:—|—Csh:c

a+bchz+ecshx v

Cb—B
:rc;ln(a—i—bch:r—l—cshx)—i—
Bb—-Cec Bb—Cc dx
———5 | A- b #c? see 2.4514).
* b2 — 2 £+< e >/a—|—bchx+csh:c b7 (see 2.4514)
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} In(a+bch z+bsh x) [ab#0)].

and

a#b:

b? < a®+c* and

a#bj;

"A+ Bchxz+ Cshx CFB A (BFO)M
- hz T sh 4_BFYP
/ a+bchxtbshx 2a (ch Fs x)—i_{a 2a? v
N C:I:Biéi(CIFB)b
2b a 2a?
135
/ dx
a+bchx+cshx
(b—a)thf—i-c s e
= b2—a2—02arCtg —— b >a” +c
1 (afb)th%fc—l—\/CL27b2—|—c2
= In
Va2 — b+ ¢? (a_b)thg_c_ﬂ/(ﬁ_bz_'_cz
1
= Eln (a—i—cthg) [a =05, cHO;
2
= R [b? = a® + %
(a—b) 5 Te
2.452

/' A+ Bchx+Cshx
J (a1 +bichz+cishzx)(az + bachz + coshx)
a1 +bichz+cysha
= Al
0 n(lg‘i‘bQChI—'—CQShZL‘_'—

dx
dx

A
1./a1 + by Ch:r+clsh:r+

GU ((351))(18)

/ dx
2. as +bychxr +coshe

where
ai C1
ar b o by ¢ c1 a ar by
A B C B C c A A B
az by co a b c
Ao = 2 2 27 A = - 2 : 2 : 27
al b1 + b1 C1 C1 al al b1 + bl C1 C1 a1
as bg bg Co Co Qa2 as bg bQ C2 C2 as
a1 b1 C1
C B Cc A B A
c2 by cy  as by as ) ) )
A a9 bg C2 aq b1 + b1 C1 C1 al
2= 2 2 27 as b by ¢ co a '
ay b1 n b1 c1 c1 ap 2 2 2 2 2 2
az b by 2 cy  as

GU ((351))(19)
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136

5 / Ach?z +2B shzchz + Csh’z d
. T
ach?z + 2bsh x ch x + csh’x
1

= m{[4Bb —(A+C)a+ o)z +

+[(A+ C)b— B(a+ ¢)]In(ach®z + 2bsh z ch x + csh®z) +
+[2(A = O)b* — 2Bb(a — ¢) + (Ca — Ac)(a + o) f(z)},

where
1 cthz+b— Vb2 —ac 5
flx) = In [b° > ac];
2vb? —ac  cthx+b+ Vb% —ac
1 ¢ cthz +0b 52 < ad
= arc acl;
ac — b? g\/ac—b2
1
e b* = ac].
cthz+b | ac}
GU ((351))(24)
2.453
"(A+ Bshx)dr 1 x / dx
1. —— =— Al th—‘ B—bA) | —— 2.441 3.).
/ shz(a+bshz) a S ) +la ) a+bshx (see )
2441
"(A+ Bshzx)dz A x’ a+bchz / dz
2. = Injth=|+bln|—— B| —— 2.443 3.).
/ shaz(a+bchz)  a?—b2 ety * J a+bchx (see )
2.443
Fora? = b2 (= 1):
"(A+ Bshx)dz A x| 1 sz x
3. —— =1 ‘th—‘——th — Bth—.
/ sho(ltchz) 2 (MMl Tty ) TR

"(A+ Bshx)dx A
4. = —1In
J shx(l—chx) 2

€T 1 €T xT
th—’ —cth?= Beth=.
cthg]+ e 2) T Ecthy
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2.454

1 / (A+ Bshzx)dx
"~ J chaz(a+bshx)

5 / (A+ Bcha)dx
' shz(a+ bshx)

137
2.455

1
= a2 + b2 {(Aa + Bb)arctg(shz) + (Ab — Ba)In

= l (A In
a

/(A + Bchz)dz
shx(a+ bchx)

Fora? = b*(=1):

1
= {(Aa—l— Bb) In
a2 —

5 /(A—I—Bchx)d:rA—i—B

shx(1 4 chx)

2

3. /(A—I—Bchx)d:r_A—i—BCthQ:r

shx(1 — chx)

2.456

4

/' (A+ B chz)dx

cha(a+bshz) a2+ b2

v

2.457

/(A—G-Bchx)d:c

chz(a+bchx)

th%’wm

a+bshz
chzx

.

' dx

shx
a+bshz

2.441
T a+bchzx
t}—’ Ab— Ba)In | 22T
l2 + @)In shx }
A—-B
In thg — thQE.
2 4 2
- B
— lncth£.
2 2
bsk
[aarctg(sh:r)—l—bln atbshe } +
chx
dx
_ 2.441 3.).
a+bshz (see 3)
2.441

J a+bchz

_1! Aarctgshz — (Ab — Ba)/d—x} (see 2.443 3.).
a
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2.443

2.458

dz 1 b b
— = arctg — —1thz ->1
a+bshz a(b—a) a a

Z;Arth \/1—Eth:r [O<9<1oré<0and sh2x<—g}§
a(a — b) a a a b

= ;Arcth ¢1 — éthx {9 <0 and sh?z > E} .
a(a —b) a a b

MZ 195
dx 1 b b
— = arctg —(1+ —)cthx - < —1];
a+bch’x 7a(a—|—b) a a
Z;Arth \/l—l—écthx {—1<9<0 and Ch21‘>—g:| ;
a(a + b) a a b
1
= ——— Arcth \/1—!— écthx
Va(a+0b) a
b b 2 a
—>0 or —1<—-<0 and ch"zx<——|.
a a b
MZ 202

Fora® = b2 = 1:

" od
P —
J 1+sh”x

138

" dx 1
=~ _Arth(vV2thax sh?z < 1]:
/ 1 —sh?z V2 ( ) [ J
1
= —Arcth(V2th x sh?z > 1].
7 ( ) ]

dr 1
— =~ Arcth(v2cthz).
/1+ch2:r V2 reth( 12)
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6. /dix = cthx.

1 —ch?z
2.459
d 1 bshxch: d
/ LA i e +(b—2a)/7x2} (see 2.458 1.).
J (a+bsh*z)? 2a(b—a) |a+ bsh’z J a+bsh°z
2.458
MZ 196
5 / dz 1 bshxchx+(2 —|—b)/ dz } (sce 2,458 2.)
. = - a _ see 2. ).
(a+bch*z)2  2a(a+b) [ a+bch’z a+bch’z
2.458
MZ 203
dx 1 2 3 2 3 pthx
= 3— =+ — Jarctg (ptha)+({3—- = — — | ———
/(a—l— bsh?z)  8pa’ [( P2 p4> g (pthz) ( P2 p4> 1+ p2 thlz
2 1 2pth b
+<1+—2—2t}12£> p—x2:| |:p2_—]_>0:|,
p* P (1+ p?th*z) a
1 3 2 3 qthzx
= - + —+ — ) Arth (¢thx)+ {3+ — — —
8qa’ [( 2 q4> (g ) < q? q4> 1—¢?th’z
2g th
+<1 5 —|——2thQ£> g } [qQ—l— >0}
q (1—¢2 th2x)
MZ 196

*If © < 0andch®z > —¢, then

o(x) = Arth(gcthx). If g <0, butch® z < —g,or if% > 0, thenp(z) = Arcth(gcth z).

/ dx 1 [(3 2 N 3> g (petl )+<3 2 3> pcthx
= — =+ — | arc cthz e e
(a+bch?x)3  8pa’ p>  pt A p*  p*) 14 p2cth’s

2 1 2pctl b
+<1+—2——20th2x> - 2 {PQZ—l__>O}§
pp (14 p2cth?z)” | a

1 [<3+2+3> ()*)+<3+2 3> gcthx
= —_— —_— "L’ —_—— — e —
8qa? 2 ¢)7 @ ¢*) 1—qcth’z
2 1 2¢ cth b
+(1_2+_2cthzx>% [q2_1+_>o}.
q q (1—q20th2:r) ] a
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/v th z dx = Arthvthx — arctgvthz.

Mz 221
/\/cth xdr = Arcthvcth z — arctgVeth x.
Mz 222
2.462
sh x d: s
1. /M:Arshi—ln chz + Va2 +sh®z) [a® > 1];
J Va2 +sh?z Va?
chzx
— Arch——2 —n chz + Va2 +sh*z a® < 1];
ia ity )<l
=Inchz [a® = 1].
shxdx . chz 9 9
2. ——————— = arcsin—— sh™z < a®].
Va2 —sh?z Va? +1 | |
" shadzx chx
3. . — Arch——— = In(chz + Vsh’z — a2 sh’z > a?].
J \/sh?z — a2 va? +1 ( ) | |
MZ 199

hxd h
4. /& = Arsh 2T = In(sh x + Va2 + sh®z).
Va2 4 sh’z a

' h z da sh 4
5. /cucix = arcsinﬂ [shQ:L" < a2].
Va2 —sh’z a

" chads hx
6. /mix—Archlzln shz + Vsh’z — a?) [sh?z > a?].

2
sh“x — a2

" shaxdi h
7. /%_Arshl—lnchx—l—\/cﬂ—l—chx
: a? +ch
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hxd h
8. /& = arcsin o [ch®z < a?].

2
Va2 —ch’z a

: w} d, } b
9. /M = Arch =% = In(chz + Vch®z — a?) [ch?z > a?].
. a

2
ch’z — a?

haxd h
10. _ O Apsh ot = In(shz + Va2 + ch?z).
Va2 + ch’z Va? + 1
chzdx shz
11. —— = arcsin ———— [ch2:c < az].
Va2 —ch’z Va? —1
140
' hzd sh 5
12 [ S5 Arch- 2 @ > 1),
J Veh?x — a2 a? —1
=1Inshz [a® = 1]

cth z dx b
13. /—:2 aArcth¢1—|——shx bshxz >0, a>0|
va-+bshz Va a [ i ]

=2\/5Arth\/1+ésh:r [bshz <0, a>0];
a

= 2\/—aArth\/— <1 + éSh :z:> a < 0.
a

th z dx b
14. /—:2 aArcth¢1—|——cha: bchx >0, a>0;
va-+bchax Va a [ i ]

=2\/5Arth\/1+éch:r [bchz <0, a>0];
a

= 2\/——aArth\/— <1 + Sch x> [a < 0).
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2.463

| /Shfc— Vatbehe ga+behz)
. p+qchzx N aq — bp
:2\/ h\/qa+bch:c
aq — bp
—9 qa—l—bchx
= -
2 /Chfc— Vatbshe gla+bsha)
. p+gshx N aq — bp
:2\/ h\/qa—l—bbhx
ag — bp
_2\/ \/qa—i—bshx
p — aq
141
2.464

/ N / A
k2 + k’Qcth 1+ k!2 ShQQj

/ dx / dx P < ) ( 1 > k:)
= = arcsin e N
VehZz — k2 Vsh?z + k2 chx

= F(arcsin(th z), k)

[bch:c o, WP o} :
q
aq —bp
bchx <0, > 0] ;
[M - 0} ,
q
MZ 220
[bsh:c>0 a4 bp o} ,
q
[bshx<0 qbp>0},
=]
q
MZ 221
[z > 0].
BY (295.00)(295.10)
[z > 0].

BY (295.40)(295.30)

d th 1
3. /—:r =F (arcsin <_x) , k:) [O <z< Arch—} .
V1 —k?2ch’z k k!

In 2.464 4.-2.468., we sety = arccos i=5224Z . —

1+4sh 2ax’ [(IZL‘ > 0] .

S

BY (295.20)
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BY (296.50)

' 1 1 \/sh 2az(1 + sh*2ax)
5-/V%%Wﬁ=;wmm%ﬂﬂ%ﬂ+—¢ |
. a a

1+ sh2az
BY (296.53)
ch? 2az dx 1
6. / = —F(a, r).

J (1 +sh2ax)?vsh2ax  2a (e, 7)

BY (296.51)
" (1 —sh2az)?dz 1
= —2E(a, r) — F(a, 7).

/ (1 + sh 2ax)?Vsh 2ax 2(1[ (@ 7) (e, )

BY (296.55)
Vsh 2az d 1

[ R, ) - B, 1)

J (1+sh2ax)? 4a
BY (296.54)

In2.464 9.-2.4645., we setv = arcsiny/ 2291 ) — % [z#0]:
dz 1
9. / = F(a,r).
Veh2ar  av?2 (er)
BY (296.00)
10 /\/Ch2a:rdx—L[F(a r)—2E(a 7“)}—1-%
o av'2 ' ’ av/ch 2az
BY (296.03)
dx 1
11. / = 2E(a, r) — F(a, 1)].

J Ve 2ar  av2

BY (296.04)
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h?2az d 2 1
13. Shocavdr 7\/—7F(a, r) + — sh 2axVv'ch 2ax.
vch 2ax 3a 3a
th?2az dx \/5 th 2ax
14. ——=—F(a,r) - ——0—.
J  vch2ax 3a 3aVvch 2ax
142
h 2ax d 1
T S WA
J sp?+ (1 —p?)ch2ax a2

In2.464 16.-2.4620., we set

va2+b2 —a—bshz
VaZ + b2 +a+bsha’

Qe = arccos

a>0, b>0, x>—ArSh%}:

\/a+ Va? +b?
r=\
2va? +b?

dx 1
16. / = F(a, r).
J Va+bshze a2+ b2 (e, 7)

4 2bch xva +bshx
17. /\/a+bshxdx:\/a2+b2Fa,r—2Ea,r + .
. Fa. ) (e, 7)) va?+b? +a+bshzx
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19 / ch’z dx 1 B )
. = a, r).
(Va2 +b? +a+bshz]2a+bshx b2 va?+ b2 /

va+bshaxdx 1
20. =— E(a, r)+
J [Va?+b* —a—bshaz)? Va2 + b2 (Va2 + b2 — a)
b chzva+bshzx

+ : .
Vaz +b2 —a a?+b* —(a+bshx)?
In2.464 21.-2.4681., we setv = arcsin (th £),r = /252 [0 < b <a, x> 0]

/ dx B 2 2
" J Va+bchz Va+b

21 (o, 7).

22. /\/a—i-bchxdx =2Va+b[F(a, r) — E(a, r)] +2thg\/a+bchx.

chxdx 2 2v/a+b 2 x
23. = Fla,r) — —F(a, r)+ -th=vVa+bchz.
J Va+bchz Va+b ( ) b ( ) b 2

143
th? 2
2/ b
24, 2 gy = Y0 p(a, r) - Elayr)].
J Va+bchz a—>b
th4§ 2a+b 9 Shg\/CL-FbCh.’B
25. dz = 7 [(3a+b)F(a, r)—4aE(a, 1)+ .
vVa=bchax 3(& — b) 3(& — b) Chg f
2
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hx —1 2
%. /de:g thgx/aA—bchxf\/a%—bE(a; 7")}

va+bchax
BY (297.31)
(chz—-1)?2  4/a+b B
27. N T dr = ETh [((a+3b)E(a, r) — bF(a,r)] +
4 2L X
+ 32 {bch 5 (a+3b)} thg\/a—l— bch.
BY (297.31)
vV bcel
28. / :h_;fllx =Va+bE(a, ).
BY (297.26)
d V 2
29. / z = aj_ bE(a r)— —bF(a, r)
(chz+1)vVa+bchx a—1b (a—bVa+b
BY (297.30)
' dz 1
30. / = bbb —a)F (o, r) +
J (chz+1)2Va+bchz S(a—b)Q\/a—i-b[ ( a)F(a, 7)
x
1 sh—
+(a—3b)(a+b)E(a, r)]+ —2 \a+bchaz.
6((1 - b) 3T
ch”—
2
BY (297.30)
(1+ cha)dx 2
31. / 5 — = (a, p?, 7).
J 1+p*+ (1 —=p?)cha]va+bchae  Va+b
BY (297.27)

In 2.464 32.-2.4640., we setv = arcsiny/ 22D ;=\ Jo=b [0 < p <4, 0 <2 < Arch?]:

2
Va—bchzx B Va+b

Fla, ).
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33. /\/a—bchxdx:2\/a—|—b [F(o, 1) — E(c, 7)].

BY (297.54)
4. chxdx :2\/a+bE(a’T)_ 2 Fla, 7)
J Va—bchzx b Va+b
BY (297.56)
144
ch?z dx 2(b — 2a) dav/a +b 2
35. = F(a, r)+————F(a, r)+—shazva —bchz.
J Va—bchzx 3bva+b ( ) 3b? (o, ) 3b
BY (297.56)
1 hz)d 24/
36. /( tchz)de a+bE(a, 7).
va—bchax b
BY (297.51)
dx 2b a—b
v | )
chzva—bchz ava+b R
BY (297.57)
dx 1 1 x
38. - Ela, r) — thiva—behz.
/(1+Chx)\/abchx Va+b (@, 7) atbo 2% o
BY (297.58)
dx 1
39. = +3b)E(a, r) — bF (a, —
/(1—|—Ch.’L’)2\/abChLIZ 3y/ (a +b)3 @ JE(e, 7) (. 7))
1 thg\/a—bchx
— 2a+4 h z].
S(a+b)? ] [2a+4b+(a+3b)ch ]
BY (297.58)
dx 2
40. / = (e, p°, 7).
J (a—=b—ap?>+bp*chz)vVa—bchz  (a—b)Va+b (@, ")
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IN2.46¢41.-2.464 47., we sety = arcsin\/%g}ﬁ—i?, r= 4/ GQ—? 0<a<bd, z>0:

|2

41. F(a, r).

2 2bsh 4
42. ./\/bch:r—adx =(b—- a)\/gF(a, r) —2V2bE(a, 1) + ﬁ.

dx 1 9
- / - '¢_2bE0¢77’baFa,r.
bar—ap  Boa Ve = b-aker)
dx 1 9
44 / = \/— b—3a b*CL FOJ,T +8abE a, r +
(behz—ap  3(0% —a?)? F(b=3a)(b—a)F(a, 1) (a, )]
2b shx
+ 5 I .
3(b —a ) (bchx—a)3
chxdx \/5 9sh 2
45 = \/Z[F(a, ) = 2E(cv, )] + ————.
o e - Vplfle ) = 2B+ e
o, [(hetlde 2 J2p,
(bchox —a)®> b—aVb
145
he—ad 2
i / Vhehs —ads —¢—H(a7 P, r)
p*b—a+b(1 —p?)chzx b
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In2.46448.-2.464 55., we sety = arcsin\/bb(((;}l;l—if), r= 1/a2—+bb 0<b<a, z> Arch%] :

dz 2
48. / - F(a, r).
J Vbchz—a Va+b (a; 1)
BY (297.75)
49. /\/bchx —adr=—-2vVa+bE(x, r)+ 2Cthg\/bchil? —a.
BY (297.79)
QI
- cth 5 dx 2\/mE( )
. = a, r).
Vbchz —a a—1b
BY (297.76)
vbchx —
51. /M dz = Va+ b[F(a, r) — E(a, 1)].
J chx—1
BY (297.77)
d vV 1
52. / ’ = a+bE(a, r)— F(a, )
(chz —1)vbchz —a a—1b Va+b
BY (297.78)
dx 1
53. / = —2b)(a — b)F(a, r) +
J (chxz—1)2Vbcha —a S(a—b)Q\/a—i-b[(a Jlo =) F(a )
x
a + b Ch 5
+(3a—b)(a+b)E(c, )|+ —=V bchz —a.
6b(a - b) 3T
sh® —
2
BY (297.78)
d 1 2 hao —
. [ d = L _[F(a, 1) - Bla, )] + 20D
(chz+1)vbchz—a Va+b (a+b)sha
BY (297.80)
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55./ da - L (atnFr) -

(chx +1)2vbchx —a  3y/(a+b)>
vbchz —a a+ 3b 9T
- 30)E 2 —th"—|.
(a-+3b)E(a, 7"ﬂ—i_S(a—i-b)sh:z:( a+b 2

In2.464 56.-2.4640., we sety = arccos47 Vb2 —a? r=-L1 [0 <a<b, —Arsh :

, __a < :|
Vashz+bchz V2 Vb2 —a? x

4

- /d—fc¢_
' Vashz +bchx Vb2 —a?

F(a, r).

146

2(ach bsh
57. /\/ashx—l— beha de = /4(b? — a®)[F(a, r)—2E(a, )]+ (achz +bsha) .
vashx +bchz

dx . 4 o
58. /\/(ashx+bchx)3 - \/(b2a2>3 2E(a, r) — F(a, 1)].

59 / dx 1, 4 F( V4 2 achx +bshz
. =-{/——5=F(a, r : —.
J V(ashz +bchz)s 3\ (b2 —a?)s 3(b* —a?) \/(ashz + bchx)3

60.

(Vb2 —a? +ashx +bchz)dr .
=2 ﬁE(O&, 7’).
V/(ashz + bchx)3 b —a

2.47 Combinations of hyperbolic functions and powers
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2471

1 _
1. /IT sh? x ch? xdx = ptq? [(p-i- @) sh?~ 'z ch? 'y —

147
2.472

/:L"" sh?™ g dy =

1 m
/:B" ch?™ My de = o >
k=

—ra" " shPxch? z +r(r + 1)/:1:7‘_2 sh?z chz dx +

—H"p/:rrfl sh? 'z ch? 'z d:r—i—(q—l)(p—i—q)/:rr shPx ch? %z d:r} ;

1 .
T hra? [<p +q)a” sh? L ch g —

—ra" "t shPx chx 4 r(r — 1)/$T72Shpx chiz dz —

frq/xr_l sh?~ 'z ch? 'z dxf(pfl)(p—l—q)/xr sh? 2z chiz dx} .

GU ((353))(1)

2m il 1 m=l 2m
on o 1.2m _ m k n ,
/x sh™"zdr = (—1) (m > 22 (n +1) —|—22m*1 1;:0 (—1) ( . >/:c ch(2m—2k)x dx.

o 5o ()

<2m +1
k=0

i ) /x" sh(2m — 2k + 1)z dz.

2m I 1 m=1/2m
) 2m _ n .
/x ch™zdxr = <m ) (1) +22m71 ;;::0 < i )/:c ch(2m—2k)x dx.

2 1
< m >/£" ch(2m — 2k + 1)z dz.
gzm 2\,

1. /:L“"sh:rd:r:x"chx—n/:r’“1 chxdx =

=a2"chx —na" 'sha 4 n(n — 1)/:5"_2 sh x dx.
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2.473

Notation:z=a + bx

' 1 b
1. !/21 sh kx dr = EZI ch kx — ﬁshkx.

N

1 b
/21 chkxdx = EZl sh kx — ﬁch kax.

1 2b? 2b
3. /zfsh kx dr = T (zf + k:_2> chkx — kzl sh kz.

' 1 22 2b
4. /z%ch kxdxr = T <zf + > -l

k—2 sh kx — ?Ch kx.

148

602 3b 202
D. /z?sh kx dr = % (z% + k:_2> chkx — w2 <zf + ﬁ) sh kz.

602 3b (5 207
6. /z? chkxdr = % (zf + ﬁ) shkz — 72 (zf + ﬁ) ch kx.

1 12b° 24b* 4b 6b*
7. /z‘fsh kx dr = T (z‘f + k—zz% + ?> chkx — k—zl <z% + ﬁ) sh kz.
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8.

9.

10.

11.

12.

2.474

e~

' 1 12p° 24b* 4b 6b°
/zfchkxdm = <zi1 + k:—QZ% + k:—> sh kx — k—il (z% + ?> ch kz.

206> b 5b b? b
/zf shkxdr = % (z‘f + ?zf + 120F> ch kx— w2 <z1 + 12]{32 22 4 24/€_4) sh kz.

b? b 5b b? b
/zir’ chkxdr = % <z1 + 20]{32 22 + 120/€_4> shkxfﬁ <z1 + 12]{32 22 4 24/€4) ch kx.

\ 1 b? b? bs
/z?shkxdm =7 (zl —|—30k221 —|—360k421 + 720k6> chkx —
6021 b? b
2 (z + 20k2 i+ 120143—4 sh kz.

\ 1 b? b bs
/z?chkzxdfc: z (zl —|—30k221 + 360-— 21 +720k6> shkx —

k4
6bz b2 b
_ 14:21 (z 120555+ 120k—4) ch k.
Tl n! [n/2] =2k pn—2k—1
2" she de = — .z e — )] h 2 .
/”K = ) kZ_:O{QQk(an)!Sl Ty 2k — 1 x}
g n+1 | [n/2] xn72k xn72k71
/x = ) T A 2 T e — o=

. 2
/:rshzxdx = lxsh2:r— 1Ch2x — x—.
. 4 8 4

. .3
/mQShQ:rdle :L"Q—I—l sh2x—£ch2x—£—.
. 4 2 4 6
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1 2
D. /.’L’ChQ.’L’ dz = Zsh 2z — ~ch 2z + T
4 8 4

149

: 1 1 3
6. !/:rQChQ:rdx: 1 <:r2—|—§> sh 22 — zch2x+ %

MZ 261

C 3 _n! (/2] 2k ch 3z pn 2kl sh 3z
7. /:r sh :rdx—Zkgo (n = 20)] 32k+1—3chx _(n—2k?—1)! 32k+2—3sh:r .

GU ((353))(2f)

s ,on! (/2] pn2k sh 3z ) gn—2k=1 ch 3z )
8. /x Chxdx—zkzo (n = 28)] 32k+1—|—3bhl‘ 7(nf2szl)! 32k+2—|—3chx .

GU ((353))(3f)

' - 3 1 3
9. /:rshsxdxz —shx——sth——xchx—ich&r.
. 4 36 4 12

. 322 3 x? 1 3z T
10. 2sh3zde = — (== + 2 ) ch — 4+ —ch “shx—-—sh 3.
0 ./xs xdx <4+2>c x+<12+54>c 3x—|—2s:r 18S 3z
MZ 257
3 1 3
11. ./xch?’xd:r:—Zchx—%ch3x+1xshx+f—2sh3m.
3 3 2 1 3
12. /:UQCh?’:L’dx: 24 2 ) sha+ m——i—— sh3x7—xchxf£c}13x.
4 2 12 54 2 18
MZ 262

2.475
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9 /chqxd L (p —2)ch%s + gvch? 'zsha B
B
(g —1) / ch?™2z ¢ /Chq:r
B dx+ dz p > 2].
(p—1p-2)) ar2 p—Dp-2)) 2 [p>2]
‘shx 1 n=2(2k +1)! n=1 (2k)! 1 .
J wm T T aen =) {Eo bt a2 Seshe p ey i)
sh 1 [l (2k)! n=1 (2% + 1)! ,
4. / pTHS, de = 22! {;zjo o chz + kgo Wshm +(2n)!sh1(:r).
150
“chx 1 n—2 (2k + 1)! n-i (2]{3)'
5 /xzn dox = 2@ 1! {A¥0 s cha ;;0 poTE chz +(2 - 1)|sh1(x)
ch 1 [l (2k)! n=l (2% + 1)! .
6. / P2+l dx = _(2n)!:r {;zjo ok shax + kgo Wch:r +(2—n)!ch1(m).

h?" 1 omsl o (2 —1)™ (2
7. / i T dr = ST kgo (1);”< ZI> Chi(27rL72k:)x—|—(2221 <:;) Inz.

m (2 1
N A (_1)’»< m}: > shi(2m — 2k + 1)z
k=0
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“ch®"z 1 1 [2m
9. / . dx = S Z ( : )Chl 2m — 2k)x + Som (m) In z.
GU ((353))(7¢)

h2m+1 1 m 9 1
10. /C— = Som > ( m >chi(2m —2k+ 1.

xr k=0

GU ((353))(7¢)

sh?"z (=)™t /2m
11. dx =
/ 22 22my m *
1 m=l 1 (2mY\ [ ch(2m — 2k)x )
T oam—1 kgo (_1)AH< i ) {— — (2m — 2k)shi(2m — 2k):r} .

T

sh?™ g 1 w1 (2m+1
P = 41
12. / s dr= 5 Y (-1) < > x

L (2m — 2k + 1)chi(2m — 2k + 1);;;} .

ch®™z 1 /2m 1 m=t /2m\ [ch(2m —2k)x _
13. / = de = ~ Sy < o ) Tt kz::() ( f > {f — (2m — 2k)shi(2m — 2k)z o .

h2mtl; 1 m (2 1 h(2m — 2k + 1)
14 /Cl_zlfdx:__ > ( me ){“( m—2k+ Dz —(2m—2k—|—1)shi(2m—2k+1)x} .
. k=0 €T

2.476

/ sh kz de — % [ch ]%l shi(u) — sh % Chl(u)} ;

Sl (K)o ()] fr=borie]

151

/ ch kr dzx = % [ h%chl( ) — shkfashi(u)} ;

_ % {exp< kba) Fi (1) + exp <%‘1) Ei(u)} {u— %(cH—bx)} .
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/' sh kx d
——dx
J (a+bx)?

e~

5 / sh kx A
' (a + bx)3 *

6 / ch kx A
' (a + bx)3 e

/ sh kx A
(a + bx)* e

/ ch kx A
(a + bx)* e

/' sh kx d
——dx
J (a+bx)>

/' ch kx d
——dx
J (a+bx)?

1 shkx / ch k:x 2.476 2.)
= — see 2. ).
b oa+ bx b)) a+ b:r
1 chkz / sh kw 2.476 1.)
= ——. see 2. ).
b a+ bx b)) a+ b:r
sh kx kchkx +k2/shk d 2.476 1.).
= — - see
%(a+ bx)®  202(a+ bx) | 20 br "
ch kx ksh kx n k2 / ch kx d 2.476 2.)
= — - — see 2. ).
2b(a + bx)?  2b%(a+bx) 2b%2) a+bx v
. sh kx B kch kx B k2sh kx +£/ ch kx
3b(a+bx)?  6b%(a+bx)? 6b3(a+bx) 6b3) a+ bx
see 2.476 2.).
. ch kx B ksh kx B k2ch kx +£/ sh kx
3b(a+bx)?  6b%(a+bx)? 6b3(a+bx) 6b3) a+ bx
see 2.476 1.).
B sh kx B kch kx B k% sh kx
4b(a+bx)*  120%(a+bx)?  24b3(a+ bx)?
E3ch ka sh kx

 24b%(a + bx)

k’4
+ 24b4/a + bx
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dr =

ch kx ch kx ksh kx k2ch kx
10. <—

a+ bx)d Cdb(a+bx)t 120%(a+bx)® 2403 (a + bx)2

k3sh kx k4 / ch kx

— d 2.476 2.).
b (a+br) 2t avbe T )

1 / shka  ~— shka  kchke k2sh kx B k3ch kx B
© ) (atbe)® T T Bb(a+ be)®  2002(a + bx)* 6063 (a + bx)P  120b%(a + bx)2
ksh ka K5 chkz
- d 2.476 2.).
12065 (a + be) 12000 / atbet )
19 / ch kz d ch kx ksh kx k2ch kx k3sh kx
. ——dr = — - - - -
J (a+bx)b 5b(a+ bx)>  20b%(a+ bx)*  60b%(a+ bx)3  120b%(a + bx)?
k4ch kx n k° / sh kz J 2.476 1)
- ] see 2. )
12065 (a + bx)  1200°) a+bx
152
2477
1 / 2P dr  —paxP~lshax — (¢ —2)zPchz p(p—1) / P2 p
. = xr—
J shiz (q—1)(g—2)sh 'z (q—1(g—2)/ shi 2
g 2 [ xPdx g > 2]
q—1J sh' %z 1 .
5 / xP dx _ prP~lchx + (¢ — 2)aPshzx ~_plp—1) /pr dx
- J chizx (¢g—1)(g —2)ch? 'z (a—1)(qg—2)) ch? %z
qg—2 [ xPdx
— [q > 2].

g—1J ch? 2%z
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L 0o EQkxn+2k+1 T
4. dz = [ Ton> o} .
/ s ¥ X ot ok Dk wl<g 2z
dz |
= -4+ (-)"———B,Inz+
z" shx n!
x  2-2% 2k
T BoupitTm , > 1.
NP 2T oA R laf <, 2 1]
-
dx o Loy, ok—nt1 , | -1
6. = " =1 - (=1)"
/:L’"Ch:c ,;U (Qk:fn—i—l)(Qk:)!x * 2[ (=)™ 1+
k#ng
En,1 7T'
+ (n—1) Inx [|:L“\ < 5} )
2 oo 22kB2k
7. dx = —2" cth z+n g2kl n>1|z| <nl.
/sh2x ,§0 (n+ 2k — 1)(2k)! | » fol <]

" o  22R(22F — 1) By, "
8. /I dv=z"thz—n > ( )Bok_ ok

T
> 1, < _} .
b =1 (n+ 2k — 1)(2k)! n>1 fal<g
dx cthz 9ny,
8 - —[1 = (=1)" 57 Bnt1 Inz —
/mnshQI n [ (-1 ](n+1)! 11 Inz
n EOC: B2k ok
o ) |

+1
kE g
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153

dz thz 2n (2" — 1)n
10. I SIS U0 D L S L - S
/:U"C}12x " == (n+1)! 1T
n (22k - 1)ng ok
2 —.
FERpy (2k —n — 1)(2k)! (22) [m < 2}

n+1

Ko

x ol (2n—2)2n—4)...(2n — 2k +2)
- /bh o= 2, (_1)A(2n—1)(2n—3)...(2n—2k+1) .

><{ xchax N 1 }+( 1)n_1(2n—2)!!/xd:r
gh2n—2k+1, (2n — 2/{1)8}127172]“;13 (2n — D'/ sh2z

(see 2.477 17.).

x = - (2n—3)(2n —5)...(2n — 2k + 1)
12 /shQ”—lx o = kZl (=1)f (2n —2)(2n —4) ... (2n — 2k)

x{ xchx N 1 }+< 1),11(2n3)!!/r
sh?" =2y (20 — 2k — 1)sh®" 21y (2n =2)1,

(see 2.477 15.).

; —1 _ _ _
13, / f PRI S (2n—2)2n—4)...(2n — 2k +2) "
J ch™™x = Cn—=1)(2n—-3)...(2n — 2k +1)

x{ xshx N 1 } n—2'/:rdx
ch?" 2Ry (20 — 2k)ch®" Ry 2n -1 ) ch’z

(bee 2.477 18.).

x 1 (2n—-3)2n—5)...2n—2k+1)
. / ch®" g ; on —2)(2n —4)...(2n — 2k)

{ xshx 1 k}_‘_(271—3)” xdx
Printed from akzﬁp%ﬁtegrélstsenes Snyprod @i (H?-F&))@};%ﬁyﬁg%’f@ f@aﬁ Acaeaﬁik Presg)lhk Il ri@ﬂiisﬂéserved.

(see 2.477 16.).

GU ((353))(11c)

2.477
GU ((353))(8e)

2.477
GU ((353))(8e)

2.477
GU ((353))(10e)



xdx e 2 — 2%k
15. — B ‘,2k+1 < T
7 /shx ,éo (2k + 1)(2k) 2H ol <
d oo E . 2k+2
16. /M_ S _Pwr” T T
chx =y (2k+ 2)(2k)! 2

17. /xcix = —xcthx +1In shax.
J sh?z

18. /xci:c =xtha —Inchz.
J ch®zx

T dxr zchax 1 1 [(zdx
19. = — - - = — 2.477 15.).
/ sh? x 2sh®z  2shx 2./ shz (see )

154

90 /xdx :rsh:r+ 1 +1/:rdx ( 2.477 16.)
. a = — see 2. ).
ch’z 2¢h?z  2chzx  2) chz

xdx zchax 1 2 2
21. = T — s— + sxcthe — ~Inshx.
sh® x 3sh®z 6sh‘x 3 3
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2.477
GU ((353))(10e)

GU ((353))(8b)a

GU ((353))(10b)a

Mz 257

MZ 262

2.477
Mz 257

2.477
MZ 262



0. /xdfc _ wshz N 1 +gxthx—§lnChI-

ch*z  3ch’z  6chZx 3

3xchax

93, /xdw :_xchx_ 1

sh®z 4sh*z  12sh®z  8sh’z

3xshux

+ 5 +§/
8shxz 8.

o4, /xdfc :xsh:c+ 1

[ +
ch®z  4ch*z 12ch®z  8ch’z

n 3 +§/'xd:c
8chax 8.) chx

z dx
sh x

2.478
/' a"chwdr x"” / " ldz
(a+bshaz)™ — (m—1)b(a + bshx)m—1 m—lb a+ bshz)m—1
/ a"shade " n n / " ldx
(a+bchz)™  (m—1)b(a+bcha)™1  (m—1)b) (a+bchz)m-1

3. /ﬂ zxth£—2lnch£.
J 1+cha 2 2

T dx T T
4. /4 =xzcth— —2 Insh—.
1—chx 2 2

/ rshxdxr T —|—t}$
= — 1—.
(14 chax)? 1+chz 2
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(see 2.477 16.).

[m#£1).

MZ 262

2.477
MZ 258

2.477
MZ 262

MZ 263

MZ 263



6 / rshxdr B T thx
J (1—=chz)2 1—chzx ¢ 2"
(
MZ 262-264

' rdx 1
= L t)— L(u—1t)—2L(t
/ ch 2z — cos 2t 2sin2t[ (u+?) (u—1) ®)]
[u=arctg(thx ctgt), t£+nml.
LO 11l 402
" xchzdx 1 u—+t u—t v+t
= L — L L -
,/Ch2:r—cos2t 2sint{ < 2 ) ( 2 >+ (W 2 >+
) — ¢ t —t
- —or (L) —2r (™
2 2 2
4 t t
u = 2arctg th£~ctg— , U =2arctg Cth£~ctg— ; tEEnamw] .
2 2 2 2
LO 11l 403
2.479
sh?™ m m P dx
- - m+k .
1. ‘/‘L’p Chnaj dx = kzo (*1) <k)/m (bee 2.477 2)
2.477
155
©ogh?m Tty m m\ [ shaz
2. P dr = —1)mtk / P d 1 2.479 3.
/:r o x 1;;0( ) <k:> T =T T [n > 1] (see )
2.479
" _shx zP P P~ ldx
3 /:rp —dr = — + / n>1 see 2.477 2.).
ch”x (n—1)ch" 'z n—1J ch" 'z | } ( )
2.477

GU ((353))(12)
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2.477

g h2mt, m . " 2P ch s
5. /:rpudx: > <m> /udx (see 2.479 6.).

2.479

" _chx xP D P ldx
6. /:rp —dr = — + / n>1 see 2.477 1.).
. sh™x (n—1sh" 'z n—-1J sh" 'z | } ( )

2.477
GU ((353))(13¢)

o 22k(22k _ 1>B2k ook

7. ‘/:L'pthwd:c—kzl Ok + p)2h)

> —1 \|<—}
s X .
P ; 5

GU ((353))(12d)

2k

8. /:L'pcth:udx: >

I AYSI AN > 41 e .
= (p + 2k) 2k [p>+1, |z| <]

GU ((353))(13d)

‘zchax T T
9. dr=Inth— — —.
/ sh?z TS T he

rshx T
10. / i dx = %z + arctg( shx).

MZ 263

2.48 Combinations of hyperbolic functions, exponentials, and powers

2.481
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Fora? = b%

1 1 .
3. /e‘n sh(azx + ¢)dx = ——xe ¢ + —e2977¢,
2 4a

' 1 1
4. /ef‘”: sh(az + ¢)dx = Zxe® + —e~(2arte),
. 2 4a

1 1
5. /e‘n ch(az 4 ¢)dx = §xe_c 4+ —eParte,

1 1
6. /e_‘“” ch(az + ¢)dx = —xe® — —e~(2a7H0),
2 4a
MZ 275-277
156
2.482
1 .
1. /:L’pe‘“” shbx dx = 5 {/xpe(a"'b)l dx — /:Bpe(a_bn d:L’} [a?#Db?]see 2.321).
2.321
1 .
2. /:L’pe‘“” chbx dr = 5 {/xpe(‘“b)“ dx + /xpe(“_b”” dx} [a?#b%]see2.321).
2.321

Fora? = b3;

Pt

1
3. /:L’pe‘“” shax dx = —/:BpeQ‘” doe — ———
2 2(p+1)

(see 2.321).

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



' 1
4. /:rpef‘“: shardr = — — —/xpez*%”C dx (see 2.321).

Pt

: 17
5. /:rpe‘” chardx = ) +t3 /:L"peQ‘” dx (see 2.321)

2(p+1

2.483

g ax 2 b2 2ab
1. !/:rem shbrdr = a;j [(am - %) sh br — (b:r - ﬁ) ch bx} [a?#b?).

g ax 2 b2 2ab
2. !/:rem chbrde = a;j [(am - %) ch bz — (b:r - ﬁ) sh bx} [a?#b?).

2 ax e 2 2(a® + b?) 2a(a® + 3b*) .
3. /x e shbrdr = PR { [(w T T2 T (@~ 12)° sh bx—
4ab 2b(3a? + b?)
2 p p 2432
_ {bx - b2£—|— (a2 — 02 chz [a“#b7].

"o e 5 2(a®+b?) 2a(a® + 3b*)
4. /ZL' e CthdI: m{[&l‘ — a2—b2 xr + (a2—b2>2 Chbl‘—
4ab 2b(3a? + b?)
2 2432
- {bx —a2_b2:r—|— (a2 —02)2 shz [a“#b7].

Fora? = b2:

eQaw 1 1:2
: ax h d P— I — T .
5 ./ZL‘E shazx dx 1a <:z: 2a> 1
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—2ax 2
e 1 T

6_ re T ‘} ] d = J - —_—.
/xe shax dx 1a <£+2a)+ 1

157

7.

2 12(1,&0 1
/:L’ea“chaxdx:x——l—e r——.
4 4a 2a

2 —2azx 1
8. /xe_a“cha:cdx _r ¢ T+ — .
4 4a 2a

9.

10.

11.

2.484

2ax 1 3
/xze‘“” shardr = 64 <x2 Ty _) _ %

—2ax 3

2 _—ax € 2 € 1 €
hazdr = +o+ =)+ =

/x e shax dz 1a <:r o 2a2> 5

w
[N
IS)
8

. . 1
/IQeaICha:rd:r:x——i—e (xz—f—i——).

/e‘w sh b:z:d—x
. x

/e‘w ch b:z:—x
. x

d
/eax sh bx—f
x

/e‘w ch b:rd—f
. x

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.

S{Billa+ b))~ Billa b} [P

%{Ei[(a 0] +Eilla—ba]} a2,

(el (a+D)a]— (@) Fil(a—b)2]}

— %—1—%{(a+b)Ei[(a+b)x]+(a—b)Ei[(a_b)x]}

[a*#b%).

MZ 276, 278



Fora? = b*

d 1
5. /e‘n shazZ = —[Ei(2az) — Inz].
. x 2

d 1
6. /e_‘“” shazZZ = 5[11’11’ — Ei(—2ax)].

. ax dx _l .
7. !/e ch az— = 2[lnx + Ei(2ax)].
8. /e‘n sh awd—f = fi(e%"r —1) + a Ei(2ax).
. x 2r
9. /e_‘“” sh a;t:d—:; = fi(l — e729%) 4 g Fi(—2ax).
. x 2z
10. /e‘” ch ax% = —%(62” + 1) + a Ei(2ax).
MZ 276, 278
158
2.5-2.6 Trigonometric Functions
2.50 Introduction
2.501

Integrals of the forny R(sin z, cos x) dz can always be reduced to integrals of rational functions by means of the substitution
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If R(sinz, cos z) satisfies the relation
R(sin z, cos ) = —R(—sinz, cos x),

it is convenient to make the substitutioa: cos x.

2.503

If this function satisfies the relation
R(sinx, cosx) = —R(sinx, — cos x),

it is convenient to make the substitutios: sin x.

2.504

If this function satisfies the relation
R(sin z, cos ) = R(—sinz, — cos z),

it is convenient to make the substitutios tg x.

2.51-2.52 Powers of trigonometric functions

2.510
sin? ™!z cos?tl x -1
/sin” xcos?wdr = — + p /sin”_2 z cost? z du;
. qg+1 qg+1.
sin? !z cos?t! -1
= — + P / sin?~? z cos? x du;
p+q p+q.
sin?t! z cos?tl z +q+2
= + pT4 /sin”+2 x cos? xdx;
p+1 p+1 .
sin? ™! 2 cos? ! -1
= + a /siner2 z cos? 2z du;
p+1 p+1
sin?t 2 cos? 1 & -1
= + g /sinp z cos? 2 xdx;
p+q p+q.
sin? Ttz cos?tl g 2
= — +p—|—q—|— /sinpx cos?2 z du;
q+1 qg+1 .
sin? ! 2 cos? ! x { o qg—1 }
= sin“x — —— » +
p+yq ptq—2
(p—1)(g—1)

/ sin? 2z cos? 2z dx.
(r+q)p+q-2).

FI 1189, Tl 214

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



159
2.511

: P11, n—1 _ _ _ 2n—2k—1
L / 0P o cos? pdp = ST {0052"1 - (2n—1)(2n —3)...(2n — 2k + 1) cos x }+

2n+p =1 Cn+p-2)2n+p—4)...2n+p— 2k)
2n — !
+ (2n —1) /sinpxd:c.
2n+p2n+p—-2)...(p+2)

This formula is applicable for arbitrary rgeéxcept for the following negative even integers:

-2, —4,...,—2n. If pis a natural number and= 0, we have:

: S B =1 20—-1)(20—3)...(2l — 2k + 1) ok
5 02 g dp — —COST ) 211 in2l—2k—1
/ sin“’ x dx 5 sin T+ ;;;1 2k(l—1)(l—2)..-(l—k’) St Ty

(21 — 1)

T (see also 2.513 1.).

2.513

TI (232)
' 5 =1 M1 —1)...(1—k)
3. e N L B . 21-2k—2
/ s e = T U S @@ - @k " !
(see also 2.513 2.).

2.513

TI (233)

. p+1 n k 2n—2k
n /SinpxCOSQn—i-l xdx_smp—x{cos% + 3 2"nn—1)...(n—k+1)cos®"?F }
2n+p+1 =1 Cn4+p—1D2n+p—-3)...2n+p—2k+1)

This formula is applicable for arbitrary reaéxcept for the negative odd integerst, —3,... ,—(2n + 1).

2.512

1. / cos? x sin®" xdx =

cosPt o | o n=1(2n — 1)(2n —3)...(2n — 2k + 1) sin®" 21
————— {Ssin T+ +
2n+p =1 Cn+p—2)2n+p—4)...2n+p—2k)

(2n — 1)
+ cos? x dx.
(2n Ehnlze)g Lo2m zj;legf Heg%gls', Se'ri@a_rh‘j grld cts CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



—2,—4,...,—2n. If pis a natural number amd= 0, we have

21
(21 — 1!
20!

i =120 —1)(20—=3)... (2l — 2k + 1 .
9 /COSQIIdx: sin X {00821—1x+ D ( )( ). ( +1) COSQZ—Qk—1$}+

= 21 -D(-2)...(1—k)

T

1 =1 k11— 1) ... (1 —k .
3. /(:0521Jrl gdr = 2% {COSQZ DY ( ) ) cos?l—2k=2 .L’}

2+ 1 = 20—1)(20—3)... (2l — 2k — 1)

4. / cos? x sin®" ! xdr =

n 3 i 2n—2k
_ cosPTl x {sinQ” it 3 2kn(n—1)...(n —k+ 1)sin x } .

2+ p+1 S 2n+p—1D2n+p—3)...2n+p—2k+1)

This formula is applicable for arbitrary rgaéxcept for the following negative odd integers;, —3, ..., —

2.513

) 1 (2n (=1 n=d [ 2n) sin(2n — 2k)z
i 2" - ; k
1. / sin“" x dx = 52 < >.L’—|— 52n 1 ];:0 (-1) 1 o — 2%

n

1 n .
2. / sin?" ™z dx = 22—71(71)""'1 > (1)l”<

k=0

2n 4 1\ cos(2n + 1 — 2k)x
k 2n+1 -2k
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2.513
TI (231)

(2n+1).

2.511
TI (226)



' 1 (2n 1 =l /2n) sin(2n — 2k)x
2n _
3. !/cos :rdx—27n<n>:r+—22n_1 k¥0<k>—2n—2k’

>

k=0

' 1
4. / cos?" ™ xdx = Jon (see also 2.512 3.).

no 2n+ 1\ sin(2n — 2k + 1)z
- k 2n —2k+1

1 1 1 1
5. /sinQIdx:—Zsin2x+§x:—isinxcosm—l—ix.
1 3 1 )
6. /sirl3xdx:—cosSxf—cosx:—cos‘g:cfcosx.
12 4 3
' 3x sin2x  sindx
7. intzrder =" — -
/ SN~ x dx 3 1 + 39
1

= _—Zginzcosz — —sin® x cos T + —x.
8 4 8

161
5 5 1
8. !/sin5xdx=—gcosx—l—ﬁcos&r—%cos bxr =
. 4 4 3
= ——SIn X COST+ — COS" & — — COS .
5 15 5
5 15 3 1
9. /sinGIdxz—x——osin2:r—|——sin4:r——sinGx:
. 16 64 64 192
1.5 .3 5 . 5
= ——ginr cosr — —sin"x cosr — —sinx cosx + —x.
6 24 16 16
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10.

11.

12.

13.

14.

16.

17.

18.

19.

35 7 7 1
/sin7xda: = ——cosx+ —cosd3x — —cosbr + — cosTx =
64 64 320 448
4 8 3 24
T CcoST + — cos’ x — — cos T.
35 35

6

= ——sgin’x cosz — — sin
35

/COSQIdl‘ = lsin2:r—i— L lsinxcosx—l— lx
4 2 2 2
3 . 3 . . 1 .3
cos’xdr = —sin3z + —sinz =sinz — —sin” z.
12 4 3
3 1 1 3 3 1
/COS4 rdr = g.L‘—l-Z sin 2x—|—§ sindx = gx—i—g sin x cos x+Z sinz cos® z.
5 5 1 4 4 1

cos® rdr = = sin 1+ — sin 32+ — sin 5z = — sin z—— sin® z+— cos* 7 sin .
/ 8 48 80 5 15 5

. 5 15 3 1
/cos():cda: = —x+ —sin2x + —sin4dx + — sin 6x =

167 64 64 192
5.5 R sy s
= —X — SInXx COST — SInX COS T —SIMmx CoOS X.
167 ' 16 24 6

35 7 7 1
/cos7:cd:1: = —sgsinx + —sin3x + — sin bz + msin?x =

64 64 320
= %sinx — —sin®z 4+ —sinz cos* 7+ = sinz cos®
35 35 35 '

COS™ X

. 9 1 (1
sin x cos a:dx:fz gcos?)a:—l—cosx = —

. 3 cos*

sinx cos” xdr = — .
4

. 4 cos® x

sinx cos” xdr = — -
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20.

162

21.

22.

23.

24.

26.

27.

28.

. 9 1 (1 . . sin®
sin xcosxd:c:fz gsm?)xfsmx = .

1 (1
/51112:1: cos’zdr =—=4 Zsindz —x p .
8 |4

.9 3 1 (1 . 1. .
sin“xz cos®xder = —— < —sinbr + —sin3x — 2 sinxz p =
16 |5 3

sin® z 9 2 sin®z /5 .9
= cos“x+ — | = — —sm x| .
5 3 5 3

1 1 1
/sin2 x cos* xdr = -z + —sin2x — — sin4x — —— sin 6.
. 16 64 64 192
. 3 1/1 sin? z
sin®x cosxdr = — | —cosdxr —cos2x | = .
8 \ 4 4

.3 5 1 /1 1
sin®x cos“xdr = — | —coshxr — —cos3zx —2cosz | =
16 \ 5 3

5 1 3
= —cos’ x — — cos” .

5 3

1 /1
/51113:1: cos® zdr = — | = cos 6z — §cos 2x | .
32 \ 6 2

. 1 . 2 3. .
/Sll’l3 x COS4 rdx = ? COSS €T *5 I SlIl2 x + SlIl4 T .
[9)

sin®

5

/sin4:r coszdr =
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1 1 1
29. /sin4 xcos’rdr = —x — — sin 2x — — sin 4z + — sin 62
16 64 64 192

1 .. 2 3
30. /sin4 x cos® xdr = - sin® z (; + 3 cos?® z — cos? x) .
5

3
n4dx +

——x — —— si1 sin 8.
128 128 1024

31. /sin4:r cos* xdr =

2.514

in?
/sm2x d —
cos“™ x
_ sin? ™! g A =l 2n—p—2)2n—p—4)...(2n — p — 2k) cec2n- 21, |
2n—1 =1 (2n—3)2n—5)...(2n -2k — 1)
n—p—-2)2n—p—4)...(— 2)(—
(2n —p —2)( n(zp 1;” (=p+2)(—p) /sinpxdx.
n— 1N

_|_

This formula is applicable for arbitrary realFor [ sin? x dz, wherep is a natural number, see 2.5113. an®.5131., 2. Ifn = 0

andp is a negative integer, we have for this integral:

163
2.515
" dx CcCOoS T -1 2k(l*1)(l*2)(l7kj) "
1. - _ 20-1 21—2k—1 '
/ sn? w21 {Cosec T @) @2k 1) v
TI (242)
" dx cos =1 (20—-1)(20-3)... (2l — 2k + 1) .
2. = — 21 ol ok
/ sin? 1 g 2 {cosec v kzz‘ﬁ 28k(1—1)(1—2)...(I— k) cosee Ty
@-nr.
+ S In tg2.
TI (243)
2.516

] / sin” xdr
") cos2ntly
_ sin? ! sec?my + ”il Cn—p—-1)2n—p—3)...2n—p—2k +1) cec2n 2k |
2n =1 26(n—1(n—2)...(n—k)

N 2n—p—-1)C2n—p—3)...(3=p)(1 —p) /Sinpxd
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/' sin? ! 2 dx _ i sin“” z lncosz.
cos & = 2k
. . 9] s 2k—1
sin®' z dx ! sin x T oz
3. [y = lt(— —).
/ cos & k; 2k -1 +inte 4+2
2.517
dx m 1
1. /—:— +Intgz.
J sin?™ g cos k§1 (2m — 2k + 2) sin®" T2 o &
dx m 1 T x
S e (T-2).
J sin®™ x cos kgl (2m — 2k + 1) sin2m kAL o & 4 2
2.518

" SinP qnP 1

sin? z sin? ™" x e

1. / 5 dxzi—(p—l)/smp 2y dr.
J cos?x cos ,

164
2. /.CO.Spgxdx = — Cospﬂx{cosec%lx—l—
sin“™ x 2n —1

nln—p—-2)2n—p—4)...2n —p— 2k .

+ Z ( n p )( n p ) ( n p ) COSGCQn—Qk—lx +
=1 (2n—3)2n—5)...(2n —2k - 1)

N 2n—p—2)2n—p—4)...(2—p)(—p) /cosp:rdx.

(2n — ! .

This formula is applicable for arbitrary realFor | cos? x dz wherep is a natural number, see 2.5123. an®.5133., 4. Ifn = 0
andp is a negative integer, we have for this integral:

2.519

©odx sin =1 2RI -1)(1—-2)...(I—k) :
1. _ 211 20— 2k—1 '
/ cosz 20— 1 {Sec Ly 20—3)2—5)... (2l —2k—1) v
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5 / dx sin x {sechx N li (20 —=1)(21—3)...(2l =2k + 1) sech_%x}—i—

cos2Hly 2 = 2P0 =2) . (k)

PO g (T42).

207! 4 2
TI (241)
2.521
) / cosP x dw cosPTl g 2y,
: = - cosec”™"x
J sin®"t g 2n
"l 2n—-p-1)2n—p—-3)...2n—p—2k+1) 2n—2k
* ,él 2k(n —1)(n—2)...(n — k) comec Tyt
N 2n—p—-1)2n—p—3)...3—p)(1—p) /'C(?SPIL’ .
2n - n! sin z
This formula is applicable for arbitrary rgalForn = 0 andp a natural number, we have
cos? ! x dx L cos?t x
2. —_— = In sin z.
/ - k§1 ok + Insin z
cos? x dx I cos?F! T
3 = Intg —.
/ sin & X opop Thnteg
2.522
dz m 1
1. - = Intgz.
/ sinw cos? 1 g k; (2m — 2k + 2) cos?m—2k+2 g +intgz
' dz m 1 x
2. _— = Intg—.
/ sinx cos?™ x k; (2m — 2k + 1) cos?m—2k+1 g i &9
GW ((331))(15)
165
2.523
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2.524

. ont1 n 2k—m+41 m+1
L /sm T g — S~k <”) cosm T (1) 2 <mn1 > In cos x.

k Zkfm—l—l_‘_s 5

GU ((331))(11d)

e 2ntl k i 2k—m+1 1
co s m=1( n
2. /M dr = > <n> M—i—s(—l) 2 ( m—1 > In sin 2.

2k:—m+1 2

[In formulas 2.524L. and2.5242., s = 1 for m odd andn < 2n + 1; in other cases,= 0.]

2.525

. / dz B m%*l m4n— 1Y tg2h—2mtly
. sin? R k 2k —2m +1°

TI (267)

' dx mAn (m 4 n\ tg2k2m g m—+n
2. = -+ Intgz.
/ sin?™ 1 g cos2ntl g ;;Z::o ( k ) 2k —2m m &

TI (268), GU ((331))(15f)

2.526

sin x 2

dzr T
1. =Intg—.

" dx
JosmmTx

3 / dx 1 cosx n 11 . T
. = —— —Intg—.
sin® z 2sin?x 2 g2
4 / dx cos & 2 ) 1 to® .
. = — — —ctgx = ——ctg’x — ctg x.
sin? z 3sinz 3 & 3 & &
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5 / dx CcoS & 3COS.’B+31 ¢ T
. = - - = —Intg—.
J sin®z 4sin*z  8sin’z 8 & 2
6 / dx Ccos & 4 o 4 .
) E_— — — —ctg’r — —ctg x;
sin® z 5sin®°x 15 & 5 &
L tg® 2 tg? t
= ——ctg’r — —ctg”xr — ctg x.
5 g 3 g g
166
. / dx cos ( 1 N 5 +15> N 5 e
. = — — —Intg—.
J sin” z 6 sinz \sin*zx  4sin’z 8 16 & 2
©ods 1 3
8. / - § =— <—Ctg7x + “ctg®z + ctglr + ctg x) .
J sin®x 7 5

dx T oz T T 1+sinx
o [ g (T D) = ety (T 2) =y [LEE
/cosx ntglytg) =y 7)) TV T e

10. /—2 = tg .
COS~ x

1 / dx 7ls,inx_|_11’t (7T+x)
' cosbz  2cos2x 2 0 \g T o)

19 / dx sin x —|—2t 1t I
. = “tgr = —tg°x z.
J costz 3cosdz 3 & 3 & &
13 / dx sin x +3 sin x +31 ) (x+7r)
. = - —In — 4+ —).
cos®xr 4dcostxr 8Scos?z 8 & 2 4
14 /dx ST 4 st e = Lgta+ tgta 4t
: = =TT cigr = g + gy x.
cos®xr  HcosPx 15 & 5 & 5 & 3 & &
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

/
/
/

/
/
/
/
/
/
/

dx

cos” x

sinx 5sinx 5sinx n 5 Int (.’L‘+7T)
- — In —+—.
6cosbxr 24 costz 16 cos?xz 16 & 2 4

dx 1 - 3 5 3
< = ST+ ctghr g +tg .
cos® 7 5
sin x
dr = —Incos x.
CcoS T
2
sin“ x . T oz
=—sinz+Intg(—=—=.
CcoS & 4 2
sin® sin? |
der = — —Incosx = —cos“z —Incos z.
CcoS T 2 2
sin® z 1.5 . x m
de=——sinz—sinz+Intg (= + — ).
Ccos T 3 2 4
sin® z dz 1
cos? x cos T
sin® z dz
—C082 . =tgxr — .
sin® z dz 1
——5 = CosT + .
cos? x CcoS T
sin® z dx ¢ .
Teola g:r—l—ismxcos:r—gzr.
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o5 /sinxdaz 1 1t 9
. = = —tg°z.
cos3 x 2cos2x 2 &

96 /sinzxdx sin x 11 ¢ (7r+x)
. = ——In — 4+ .
cos3 x 2cos2x 2 & 4 2

= — + In cos z.
cos3 x 2 cos? x

o7 /81113 T dxr 1 sinx

08 /sin4xdx 1 sinx 4 31 ¢ (x+77)
. = — sinz — = In —4+=).
cos3 x 2 cos? x 2 & 2 4
sin x dx 1
29. = .

/cos4:r 3 cos3x

—

20 /sin2 T dx to®
. —_— == x.
cost x 3 &

31 /si113:rd:r 1 n 1
' costz  cosx 3cosdx’

sin® z dx 1 4
32. — =5 gr—tgr+ua.
cos* T 3

cos xdx .
33. —— = Insinz.
sin x

cos? zdx T
34. —— =cosx +1In tgg.

sin x
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35. = + Insin x.

/0083 xdxr  cos’zx
sin x 2

4 ds 1 ,
36. /M = —cos’z +cosz+1n tg (f) .
sin x 3 2

37. /%dx: !

sin“ x sin x

2

cos” x

38. /7d:r —ctgx — x.
J sin“zx

3
Ccos® x . 1
39. /7d:r=—smx— —.
J sin“zx sin x

4

' 1 3

40. /C?s—Qxd:r —ctgx — —sinx cosz — —x.
J sin“x 2 2

CcoS & 1
sin® x 2 sin“x
cos? COS T 1 x
sin® z 2sin“x 2 2
168
.3 1
43. /COS—Sx dr = ————— —Insin .
J sin®x 2 sin“x

4
) 1 . 3 ;
44. /C?s—Sxd:rz——c_o#—cosx——lntgf.
J sin°z 2sin° x 2 2
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dx 1
62. / = — — —ctg 2z.
J sin* z cos? z 3cosxsin®z 3 &
63 / dx 2 1 n sin x +51 ; (.’L‘+7T)
. =— — —In 4+ ).
J sin* z cos? z sinz  3sin®z  2cos?ax 2 8\2 7y
64 / dx Sctg 2 — Setg® 2
. —— = —8ctg 2z — —c z.
sin® z cost & 3 &
2.527

: t p—1,
1. /tgpx dz = -2 f - /tgpﬂx dx [p#1].
. p— :

: n
2n+1 _ n+k n 1 n _
2. / tg rdr = k5:1 (-1) <k> m - (-1) Incosz =
n (71)k71tg2n—2k+2x

>

T2 m-2k+2

—(=1)" Incos x.
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: 9 n 1 thn_Q;H_l(L'
3. tg"rdr = - = —1)"x.
Jreede = (0 E 1
» ctgpflx p—2
4. ctgPrdr = — b1 ctgP ™" x dx [p£1].

n n 1
5. /ct 2ty dp = -1 ”+k+1< >— +(=1)"Insinx =
. & kgl( ) k) 2k sin?* z (=1
) 2n—2k-+2
= 3 (-1 5”
k=1

G

M —2%k+2 + (—1)"Insin z.

n kcthn—2k+1$

6. /cth”:rdx: > (—1)

> - _171.
= on—oky1 TV

GU ((331))(14)

For special formulas fay = 1, 2, 3, 4, see 2.5287.,2.52633.,2.52622.,2.52638.,2.52627.,2.52643.,2.52632.,2.52648.

2.53-2.54 Sines and cosines of multiple angles and of linear and more complicated
functions of the argument

2.531

L. /Sin (ax +b)dx = —lcos (ax +b).
. a

2. /cos (ax +b)dx = —lsin(am—i—b).
. a

2.532

sinf(a—cJx+b—d| sinf(a+c)z+b+d I
2(a —c) 2(a+c) la”#"].

1. / sin (az+b) sin (cx+d) dz =

170

2.8 / sin (ax+b) cos (cx+d) dx = — [(a2(ac)_;uc4)— b-d _cos [(a;;)j:)‘ b+d [a?#c?].
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sin[(a —c)x +b—d] sin|[(a+c)z+b+d 2, 2
a0 + a1 o) [a”#c].

3. /cos (az+b) cos (cx+d) dx =

Forc = a:

sin (2az + b+ d)
4a )

4. / sin (ax + b) sin (ax + d) dz = g cos (b—d) —

cos (2ax + b+ d)
4a

5. / sin (az + b) cos (ax + d) dz = g sin (b —d) —

sin (2ax + b+ d)

6. /cos(ax—i—b)cos(ax—l—d)d:r:gcos(b—d)—i—

4a
GU ((332))(3)
2.533
b —b
1.8 /sin az cos br dz = — > (atb)r cosla—bla [a?#b?].
2(a+b) 2(a —b)
1 —b
2.8 /sin arsinbrsincrdr = — —{M +
4 a—b+c
cos(b+c—a)r cos(a+b—c)x cos(a+b+c)z
b+c—a a+b—c a+b+c '
PE (376)
1 _
3. /sinaxcosbfccosca:dx S i (a+b+c)z _ s (btc-a)z
4 a+b+c b+c—a
cos(a+b—c)z  cos(a+c—Db)x
a+b—c a+c—b '
PE (378)

1 (s _ . _
4. /cosaa:sinbxsinc:cd:c——{Sln(a+b c):r+sm(a—|—c b>x*

4 a+b—c a+c—b
sin(a+b+c)x  sin(b+c—a)z
a+b+c b+c—a ’
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cos ax cos bx cos cx dxr = —

. / 1{sin(a+b+c)x+sin(b+c—a)x+

a+b+c b+c—a
sin(a+c—>b)x  sin(a+b—c)z
- + :
a+c—b> a+b—c
PE (377)
2.534
L / cos pa:’—i— isin px do — _2/' Lptn—1 o
sin nx J 1=z .
. T [z = cosx + i sin z].
5 /cosp:r—l— isin px d — 7%/ z _d
cos nT 1 — z4n
PE (373)
PE (374)
171
2.535

1. / sin? z sin ax dx = {sinp x cos axr + p/ sin?~ !z cos (a — 1)z d:c} :

p+a
GU ((332))(5a)

2. / sin” zsin (2n + 1) x dz =
[(2n +1)% — 1%)[(2n +1)* = 3%]. ..
L @en+1)? = 2k —1)7]

— sin?t! 2 dz SHERIL
_<27L+1){/b111 d +k§1< 1) kT D) X

X /sirlzk+p+1xdx¥;

b p+1
L (=1 1I‘<?—|—n2k>

-y
3 - 22k+1T (p — 2k + 1
c(2) | (p—2k+1)

sin? =% g cos (2n—2k+1)a+

sinP =2 gsin (2n — 2k) 2| +

22K2T (p — 2k)

(=H"r (— -n
2207 (p— 2n + 1)

> /sinpf%ﬂxdm
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' 1
1. / sin? x cos ax dr = 1 {sinpxsin ar — p/ sin? ! zsin (a — 1) :L“d:r} .
. p .

GU ((332))(6a)

2. / sin® xcos (2n+ 1) zdx =

B sinftly o Ckl@n+ )2 —12[2n +1)2 =32]...[(2n+1)? — (2k — 1)?]
- op+1 +,§1< 2 (2k)!1(2k + p+ 1) 8
x sin?k TP+l 4

’ 1
(—DFT (% +n— 2kz>

n—1
EIFES TN P2 e TP T
F( n) V=

X -1
(—1)*r (p? +n— Qk:)
22F+2T (p — 2k)

+ sin?~2F "1 g cos (2n — 2k) x| +

(—1)"T <@ —n

2 > s p—2n
+ 20T (p—2n + 1) / sin® recosxdr p;

[pis not equal to —3,—5,...,—(2n+ 1)].
GU ((332))(6c)
TI (301)

: n 2 (4n2 _ 92 2 _ _9)2
3. /sinp:r cos2nxr dr = /sinp:rd:r—i— > (—1)k4n (4n® —27)... [4n° — (2k — 2)7]
. . i=1 (2k)!
kp (P
 T(p+1) {nzl [(*1) r (5 +n— 2k:)
r(? = | 2T (p— 2k +1
F(2+n+1)“0[ (p )
R (2 — ok —
(—1) I‘(2—|—n 2% 1)
92K2T (p — 2k)

(—1)"T (£—n+1) .
+ 2 /sinpf%xd:r .
22T (p—2n+ 1) . J

/ sin?* Py da:

sin? =2k zsin(2n—2k) -+

+ sin? = ?* "1 g cos (2n—2k—1)x | +

GU ((332))(6¢)
TI (300)
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173
2.537

1
p+a

1. / cos” xsin ax dx = {—cosp x cos ax + p/ cos? ! xsin (a — 1)z dx} .

GU ((332))(7a)

2. / cos? zsin (2n+ 1) zdx =

gt [ cosPT
SRl s
Ll2n+1)2 = 13[(2n+1)2 = 3% ... [(2n+ 1)% — (2k — 1)?] o2t x}

+ 3 (-1

= B2k +p+ 1)

p+1
r{——= —k
_ Tp+1) {"1 (2 o )
_1_‘<p+3+n)k (=0 22K (p — 2k + 1)
2

3
‘()
+ m/cosp_”xsin (n+ 1)xda:) ;

[pis not equal to —3,—5,...,—(2n+ 1)].

)

cosP % z cos (2n—k+1)z+

GU ((332))(7b)a
TI (295)

p+2
3. /cospa: sin 2nz dx = (1)”{M
p+2
N "il (—1)* (4n? — 22)(4n? — 42) ... [4n? — (2k)?] o2 :r}:
= 2k + D)2k +p+2) ’
p
T 1 n—1 F(——l—nfk:) “
= _ L+l { - ) 2 cosP~F x cos (2n—Fk)x+
F(§+n+1) | =2 T—k+D
r(Z+1)
+ 2—/ cosP " xsinnzdr p;
2nT (p—n+1), )’
[p is not equal to —2,—4,...,—2n].

GU ((332))(7b)a
TI (297)

2.538

1
1. /cospa:cos ardr = {cospxsin ar + p/ cos? !z cos (a — 1)z d:c} .
p

a
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2. /cosp z cos(2n+ Nz dr =

=(—=1)"(2n + 1){/ cosP™ zdx +

pl2n+1)2 —12][(2n+ 1)2 = 32] ... [(2n + 1)? — (2k — 1)?] y

(=1) (2k +1)!

n
+ 2
k=1
X /cos%ﬂﬂrlxd:r};

p+1
M(p+1) {n_ll"( 5 +n k:)

3 —y 28T (p—k+1

(13

+ W—nm./COSPnICOS (n—|— l)mdx}

cosP~* rsin (2n—k+1)z+

GU ((332))(8b)a
TI (293)

3. /cosp z cos2nx dx =

=(=1)" {/ cos” xdx + kél (—1)k4n2 [4n” - 27] (2]5?2 — (k= 2)7] / cos TP xd:r} ;

D+ ){"Zl r(3+n-*)

cosP~F zsin (2n — k)x +

r(2+1)
+ 2—/Cosp7"xcosnxd:r .
2T (p—n+1). J
GU ((332))(8b)a
TI (294)
2.539
L /sin(2-n+1)x dl’:Qi sin2kzx+x
sin x =1 2k
5 /sir? 2nx dr = 2 i sin (2k — 1)z .
sin x =1 2k —1
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2 1 n 2k
3. /w o8 2T + Insin z.

de =2
sin x * ,él 2k

"cos 2nx nocos (2k — 1)z x
4. dex =2 ———— + Intg =
/ singz 0 k; 2k —1 +inte
Gl ((332))(6e)
in (2 1 n : 2k
5. [RELEDT g g 5 (cay ke SOy con
cos T =1 2k

6 /sin 2nx dp = 2 i (—1)n—k+1 cos (2k — Dz
' cos T P} 2k—1

GU ((332))(7d)

. / cos (2n + 1)z

n sin 2kx
dr =2 —nh I
cos T v kz (=1)

= 2k

"cos 2nx n _psin (2k — Dz
8. dr =2 —pnh I T
/ cosz T k; (=1) 2k -1

GU ((332))(8d)

2.541

: e 1. .
1. /sm (n 4 Dasin” 'z dr = — sin" zsin na.

Bl ((71))(D)a

) _ 1
2. /sm (n 4 1)z cos" 'z dr = —— cos™ x cos n.
n

Bl ((71))(2)a

e 1.
3. /cos (n+ Dzsin" 'zdr = — sin™ x cos nz.
n
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. 1 .
4. /cos (n + Daxcos" 'z dr = — cos™ xsin n.

n

1
5. /sin {(n +1) (E - .L’)} sin" 'z dr = —sin" zcosn

2

n

(

1
6. /cos {(n +1) (g - .L’)} sin" ' xdr = —=sin" zsinn

2.542

sin 2 9
/Slll xdx:_

sin” x (n—2)sin" 2z’

Forn = 2:

2. / 811122x dxr = 2Insin x.

sin“ x
2.543
1 / sin 2x dx B 2
' cos"x  (n—2)cosn 2z’
176
Forn = 2:
in 2
/szx dz = —21Incos x.
J cos?x
2.544

cos 2z dx T
1. 4:2cosx+lntg§.

sinx
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(5

T
——x

S-a).

).

Bl ((71))(4)a

BI ((71))(5)a

BI ((71))(6)a



" cos 2 da
2. /(}05# = —ctgx — 2.
sin“ x
cos 2z dx CcOS & 3 T
3. —3 =———> — ;ntg -.
sin® x 2sin“ a2 2

cos 2z dx . T T
4. — =2sinx — Intg (——l——).
CcoS & 4 2

" cos 2 da
D. /(}05# =2r —tgz.
cos2x
/COSQ:L"d:r sin x +31 ) (7T+ZL')
= — —1In — 4+ = .
cos> x 2cos?2x 2 5 4 2
/sin 3z dx .
—— = x + sin 2x.
sin x
"sin 3x T
8. 3 d:rlentg§—|—4cos:r.
J sin“x
in 3
9. /S%n * dr = —3ctgx — 4.
sin® x
2.545
L / sin 3x do — 4 B 1 '
J cos"x (n—3)cos" 3z (n—1)cos" !z

Forn =1 andn = 3:

sin 3x .
2. / dr = 2sin’ z + In cos x.
cos T
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"sin 3z
3. / 3 dr =
J cos3x

2.546

3
L cos 3z

/

sin” x

177

1
2cos? x

—41n cos z.

1

(n—1)sin" 'z

4

(n—3)sin" > x

Forn =1 andn = 3:

Cos 3x

/

sin x

Cos 3x

Sz

/

sin

2.547

" sinnx
L
J cosPx

Cos 3x

/

COos T

cos? x

3 / cos 3x

Cos 3T

"

2.548

cos> x

dr = —2sin? x + Insin z.
1 .
r=—-———— —4Insinz.
2sin“ x

sin (n — 1)z dx

B / sin (n — 2)xdz

dr = 2/
. cosP x

cosP—1 g
dr = sin 2z — x.

T

)

dr =4sinx — 3lntg (% +

dxr = 4x — 3tgx.

[ (k=n)mr =z
sin | —— 4+ =
sin™ x dx 1 2 ik om | 2k+1 22n+1) 2
- = Yo (1) cos™ | m———7| In
sin(2n+ 1z 2n+1 ;5 2(2n +1) ) Lk’—l—n—l— 1 :r}
n |———n——
r&sgﬁhcﬁlllights reserved,
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s.2m
d -n" n-l1 ’ k k
/Sm vdr (1) {lncosx—i— ST (=1)F cos?™ 2—7Tln <0082x81112 —W)}
n

sin 2nx 2n E—1 2n
[m — a natural number < n].

TI (379)
. 2m—+1 n
-1
s [ L= E g (5-2) +
sin 2nx 2n 4 2
n_l . km n+k x n—=k x
2 (P e ol g ( mpmm =g ) e\ T 5
[m — a natural number < n].
TI (380)
s 2m n+1
sin“™ x dx (—1)"* T X n &
— tg (3 -3) -1
,/Cos(2n+1):r o+ 1 {n gl 2) T X (0 x
om kT 2n+2k+1 x 2n —2k+1 x
X COS In tg | ———71—=)tg | —7—7—=
2n+1 4(2n+1) 2 2(2n+1) 2
[m — a natural number < n).
TI (381)
178
© G 2ml da —1)n+1 n k L
/ — T (=) Incosz+ > (—1)%cos?™ 1 " _1n (cos?z — sin? ——
J cos(2n+ 1)z 2n+1 =1 2n+1 2n+1
[m — a natural number < n).
TI (382)a
. 2k —2n+1 n T
sin | ——— =
sin™ x dx 1 2n-d ik om |2k +1 8n Ty
———=— > (—=D)""cos m| In
Cos 2nx 2n ;1= 4n . 2k +2n+1 T
sin | ————n— =
8n 2
[m — a natural number < 2n].
TI (377)
I+l g d 1 n . k k
/C.OS T Insinz+ Y (=1)F cos?™ 1 "1y (sin? & — sin? ——
sin(2n+ 1z 2n+1 =1 2n+1 2n+1

[m — a natural number < n).
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/ cos?™ x dx 1 Inte” n
= ntg—
sin(2n+1ax  2n+1 &9

n km €T km €T km
—1)* cos?™ In [te [ = tg [ 2 —
+ 2 (D) eosT o m T [g <2+4n+2> 8 (2 4n+2>“

[m — a natural number < n).

TI (375)
cos?mHly 1 x  n=l km x  km x  krm
9. ————dr=—<Intg - —DFecos® 1 2"l ftg (S 4 — ) tg | 2 — —
/ sin 2nx * 2n { e 2 * ,gl( )" cos 2n e 2 * 4 & 2  4dn
[m — a natural number < n].
TI (374)
2m 1 n—1 : k k
10. /C?S T dr = — {Insinz + S (1) cos®™ T ln (sin?z — sin? o
J sin2nz 2n =1 2n 2n
[m — a natural number < n.
TI (373)
) [2]{7 +1 :r}
sin —
5" 1 n=l 2k +1 4 2
11 /Cob Ty = — ST (=1)F cos™ i mln n
cos nx n p=o 2n 2k+1 x
sin ==
4dn 2
[m — a natural number < n).
TI (372)

2.549

: 2 B2
3. / sin (ax?+2bz+c) do = \/;_a {cos acab S<Mi/_gb> + sin aca b C<ali/_gb>}.

179
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PE (444)

6. / coslnxdr = g(sin Inz + cosln ).

PE (445)
2.55-2.56 Rational functions of the sine and cosine
2.551
1 / A+ Bsinx 1 (Ab — aB)cos x
€Tr =
J (a+bsinz)” (n—1)(a®> —b?) | (a+ bsinz)"~!
N / (Aa — Bb)(n—1) + (-aB —bA)(n —2)sinz i
(a+ bsinz)n—t
TI (358)a
Forn = 1:
A + Bsi B Ab—aB d
/ﬂ de = —x + “ / :r. (see 2.551 3.).
a+ bsinx b b a+bsinzx
2.551
TI (342)
x
/ — = arctg ——=—— [a® > b?);
J a+bsinz /g2 — 12 Va2 — b2
1 atg£+b—\/b2—a2
= = % [a® < b7].
b* —a atg s +b+ Vb —a?
2.552
A+ Bceosx B dz
———dr = — A see 2.552 3.).
/ (a + bsinz)” * (n—1)b(a+ bsinz)?1 * / (a + bsinz)™ (see )
2.552
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TI (361)

Forn = 1:
A+ B
/wd :—ln(a+bsmx +A/7 (see 2.551 3.).
a+bsinx b a+bsinz
2.551
TI (344)
3 / dx B 1 bcosx
" J (a+bsinz)r  (n—1)(a? —b2) | (a + bsinz)n1
(n—1)a— (n—2)bsinz
d see 2.551 1.).
* / (a+bsinz)n—1 * (see )
2.551
TI (359)
2.553
" A+ Bsinx B / dx
dr = Al ——— 2.554 3.).
/ (a + bcos x)" v (n —1)b(a + bcos z)n—1 + J (a+bcosz)" (see )
2.554
TI (355)
180
Forn = 1:
"A+ Bsins B
/wdw: ——1In(a+bcosw) +A/— (see2.5533.).
a+bcoszx b a+bcosx
2.553
TI (343)

xT
/2 _ }H2 —
dx 2 a* — b tg 9 9 9
= arctg —————= [a® > b7];
a4+ bcosx a2 — b2 a+b
Printed from Table of Integrals, oductg:CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.
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2.554

/' A+ Bcosz 1 (aB — Ab)sin z
€Tr =
J (a+bcosz)" (n—1)(a®> —b2) | (a+ bcosx)"~1
+/ (Aa —bB)(n — 1) + (n — 2)(aB — bA) cos x gzl
(a+ bcosz)nt
TI (353)
Forn = 1:
A+ B B Ab—aB d
/w de = —z + b—a / : (see2.5533.).
a+bcosx b b a—+bcosx
2.553
TI (341)
3 / dx _ 1 bsin z B
" J (a+bcosx)r  (n—1)(a? —b2) | (a+ beos )1
—1la—(n—2)b
- / (r=Da=(n = 2bcosz - (see2.5541.).
(a+ bcosz)n1
2.554
TI (354)

In integrating the functions in formul2s5513. and?2.5533, we may not take the integration over points at which the integrand
becomes infinite, that is, over the poimts= arcsin (—¢) in formula 2.55B. or over the points = arccos (—%) in formula
2.5533.

2.555

Formulas2.5513. and2.553 3 are not applicable fof = b2. Instead, we may use the following formulas in these cases:

2k+1 (T T
"A+ Bsinzx 1 n=2 (n — 2\ 8 (Z:F 5)
1 ——dr = — 2B " +
J (Itsinz)” 2n—1 S k 2k +1
; T x
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"A+ B 1 n—2 92 tg2k+1 [Z:F(Z_f)}
2. /wdx: 2B’y ("~ 4" \4 2)] |
T T AN ST
2k+1 [T T X
ooy (£ (5-3)
+ (AF B) <” ) 4 " \4 2)1 L
K=o \ K 2k +1 J
Tl (356)
Forn = 1:
A+ Bsinx T ox
3. —————de=+Bx+ (AF B)t (— —).
/1:|:sinx v 7+ (AF B)tg 4:’:2
TI (250)
A+ Bcosx T T ox
o[RBT (1))
/1j:cosxx »U(:F)g4:F42
Tl (248)
2.556
(1—a?)dzx l1+a =
L. = 2arct tg 0<a<l, < 7.
/172acosx+a2 e\ 1,879 0<a<l, |z <n]
FI 1193
" (1 —acosx)dx x l14+a =z
./1—2acosx—i—a2 g Tarcte 1_a %9 0<a<l |z <7]
FI 1193
2.557
’ : no see2.515).
(acos z + bsin z) Vi@ +02)" ) ginn (I—i-arctg%)
2.515
MZ 173a

. b
. axr —blnsin | x 4 arctg —
56 / sin z dx B a

asinx + bcosx a? + b2
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1 blnsi ( + arct a)
axr nsin (z rctg —
3 / cos x dx gb .

acosx + bsinx a? +b?
MZ 174a
Int 1( +arctg )
\ / iz 7ng2x arctg -
' acosx +bsinz Va2 + b2
. a
5 / dz B ctg (:c—l—alctg 3) _ 1 asinz — bcosx
' acosw +bsinz)? a? + a2+ b? acosx+bsing
b 2 2 1 2 2 1 p2 b
MZ 174a
182
2.558
/A—i—Bcosa:—l—Csin:c B
(a+bcosz+csinx)”
Be—Cb) + (Ac — Ca) cosz — (Ab — Ba) sinx 1
_ + x
 (n—D(a® =02 —-c)(a+bcosx+csinz)mt  (n—1)(a? — b2 — c2)
"(n—1)(Aa — Bb—Cc) — (n — 2)[(Ab — Ba) cosxz — (Ac — Ca) sinz
X
(a+0bcosx+csinx)n!
L, a* £ + A
Cb— Bc+ Ca cosx — Ba sinx A+n(Bb—|—C'c) ( +b sin )%
= — 4+ ——~ | (—ccosax+bsinx
(n—1a(a+ b cosx + ¢ sinz)” a (n—1)a?
(n—1)! n=l (2n — 2k — 3)!! 1 5 9 9
: 1, =0 .
2n - ;=) (n—k—1!a* (a+bcosz+csinx)rF nAL, a <]
Forn = 1:
A+ Bcosxz+C sinx Be—Cb . Bb+ Ce
- dx = ——— In(a+b cos z+c sinz)+———5x+
a+bcosx +csinz b? + 2 b2 + 2
Bb+Cc dx
—i—(A— 12 a) ./a—l—b P (see 2.558 4.).
2.558

GU ((331))(18)
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3 / dzx 7/ d(z — a)
' (a+bcosz+csinz)® ) [a+r cos(z— )’

whereb = r cos o, ¢ = 7 sin « (see 2.558.).

/ dx B
J a+bcosz+csine

9 (a—10) tgz—l-c
T arctg 5 2
Va2 —b% —c Va2 —b% —c2

1 (a—b)tgf—i-C—\/bQ—i-cQ—a2

2

[a2 > b2+ 02];

= In [a* < b*+c?;
Vb? + ¢* — a? (a—b)tg%—l—c—l— b2+ c? —a?
1 T
=-1 ( -t —) =bl;
- Infa +c-tg 5 [a =]
-2
= [a® = b + 7]
c+(a—0) tg -
TI (253)a
Tl (253)a
TI (253), FI 1l 94
2.559
dx 1 [ clasinz —c cosx) x
1. - = — - faln(a—l—ctg—) .
[a(l1+cosz)+csinz]? 3 |a(l +cosz)+csinx 2
183
/ A+ Bcosxz+C sinz d
€T =
(a1 + by cosx + ¢y sinx)(az + by cosx + ¢ sinx)
— 4, 111a1+b1 cos T + ¢ s%n:r_FAl/ dzr . —|—A2/ dx . 7
as + by cosx + ¢y sinx a1 +by cosx+ ¢y sinx as + by cosx + ¢y sinx
where
B C A C B A
A B C by c ar € by a
a1 b1 ¢ ai by C1
as by o as ba C2
Ag = 2 2 2 Ay = 2 2 2
ay bl b1 C1 C1 ay a1 bl b1 C1 C1 aq
- + - +
a9 b2 bg C2 Co a2 a9 bQ bg Co Co Qg
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3.

where

184
2.561

1.

C B c A A B
ca  bo co G as bo
aq bl C1
an b2 C2
Ay = P P 2
ar by by @ e m
_|_
az  bo by e Co  as
a; b 2 c1 a ? by ¢ 2
1 b 1 a1 1 €
[ o b + o ay = by o ] (see 2.558 4.).

2.558
GU ((331))(19)

/' A cos? x4+ 2B sinz cosx + C sin? z

a cos? x + 2b sinx cosx + ¢ sin® x

1
= m{[wb +(A—=O)a—e)z+[(A—C)—Bla——c)] x
x In(a cos® x + 2b sinx cos x + ¢ sin? x) +

+ [2(A 4+ C)* — 2Bb(a + ¢) + (aC — Ac)(a — o)] f(x)},

1 ctgx+b—Vb? —ac

T) = n b2 > ad:
/(@) 2vVbZ —ac  ctgx+b+ Vb2 —ac | ]
ctgr+0b 5
arct b* < acl;
ac — b2 & Vac — b? | !
1
= — [b* = ad]
ctgx+0b
GU ((331))(24)
A+ Bsinz)d A Ba — Ab d
/(, +Bsina)de A, v, Ba / . (see 2.5513.).
sinz(a + b sin x) a 2 a a+bsinx
2.551
TI (348)
/(A—i—Bsinx)dx A It x+bl’a—|—bcosx n
sinaz(a+bcosz)  a?— b2 ) YT sing
d
+ B/ix (see 2.5533.).
a+bcosx
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Fora? = b*(= 1):

/(A—i—Bsinx)dx A mte ® 4 Bte®
=—<¢{lntg -+ —— =.
sinz(a+bcosx) 2 &2 T 1+ cosa &9
A+ Bsinz)d A 1
/(,+ sin@) F=Z lntgf—— —Bctgf.
sinz(1 — cos z) 2 2 1—cosz 2
(A+ B sinz)dzx 1 T T a+bsinz
5. = Aa—Bb) Intg (T +2) = (Ab—aB) n © 220G
/cosx(a—l—bsinx) a? — b2 (4a ) Intg 4+2 ( aB) In cos
TI (346)
Fora? = b*(=1):
/(A—I—Bsin:r)d:r A+B T X AFB
ds ARE (7 9y, AFE
cos z(1 £ sin z) 2 4 2 2(1 £+ sin )
. /(A—I—Bsin:r)d:r *élnt (E_'_f)_'_glna—l—bcosxi
' cosxz(a+bcosz) a S\4 72 a cos
Ab dz
- _ (see 2.553 3.).
a.) a+bcosx
2.553
TI (351)a
"(A+ B cosx)d A r B bsinx Ab [ ds
8. /( + COSJ,U) r_4 lntgf—— lnw—— —x (see 2.5513.).
J sinz(a+bsinz) a 2 a sin a ) a+bsing
2.551
TI (352)
"(A+ B cosx)dx 1 x a+bcosx
9. = Aa — Bb) Intg — + (Ab— Ba) In ——— ¢ .
,/sinx(a—l—bcosx) a? —b? (Aa ) In &9 *+ @) In sin x
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Fora®? = b*(=1):

=4 + Intg —.

10 /(A—l—Bcos:c)dx AFB A+B x
’ sin z(1 % cos z) 2(1 £ cos x) 2 2

(A+ B cosz)dx A T X a+bsinx / dz
11. = Intg(—-+=)-bln—m—>+B | ————
,/cos:r(a—l—bsin:r) a? — b2 @ g(4 + 2) n cos & + J a+bsinz

(see 2.551 3.).

2.551
TI (350)
185
Fora? = b*(=1):
A+ Bsinx)d A+B g AFB
12. /< +Bsinz)dr _ In tg (Z+f) 5 277
cos z(1 £ sin x) 2 4 2 2(1 £sinz)
(A4 Bcosz)dx A T Ba — Ab / dx
13. =—Intg|—+ =
,/cos:r(a—l—bcos:r) a ng(4—|—2)+ a J a+bcosx
(see 2.553 3.).
2.553
TI (347)

2.562

/ dx sign a . ¢a—|—bt {b> 1}
= arc — tgw - > =11
a+bsin? z Vala+b) & a 5 a
3 b b
:ﬂArth \/_a—l— tgx [—<—1, sinQ:r<_9} :
—a(a +b) a a b

. b b
SR Arcth ¢—a+ tgx {— <1, sin’z > g} :
V=ala+ ) z “ ’
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/ e o) — _bléllu arctg \/ w T U
a+bcos? z a(a +b) k
—si b b
:ﬂArth \/_a—l— ctgx {—<—1, COSQI<—Q:| :
—a(a+b) a a b

= UBRY Arcth \/—a+b ctgx [9 <-1. cos®z> g} :
V=alat ) z “ :

ctga:) [i > —1J ;
a

d 1
/4x = — arctg(V2 tgz).

1+sin’ x 2

' dx 1
5. —_— = t 2 ct .
,/1+COSQZL‘ \/iarc g(V2 ctg x)

o [t
) — = _ctgx.
J 1—cos? z &

2.563
dx 1 dx b sinx cosx
= 2a+b / + see 2.5621.).
/ (a+bsin? 2)2  2a(a+b) [( ) a+bsin®z  a+bsin®x ( )
186
' dx 1 dx b sinx cosx
= 2 b — 2.5622.).
/ (a+0bcos?x)®>  2ala+Db) [< @t >./a +bcos?x a-+bcos?ux (see )

/ dr ! {<3+2+3> tg (p tg ) +
= - — arc X
J (a+bsin? )3 8pad p pt e

2 3 ptgx
(34— ) et
( p? p4>1+p2tg2:r

1, 2p tgx 9
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/ d 2 tg (p ctg x) +
= — + — | arc ctgx
. (a+bc082x3 8pa3 p 8P C8
2 3 t 2 1 2p ct
(3—!————)&4—(1——2——20@21“) pegr 2}
p?2 pt) 14 p? ctg’a p* P (1+ p? ctg? z)
5 b
p’=14+->0|;
a

1 2 3
= ——[{<3——2+q—4> Arth (q ctgz) +

8qa’ q
2 3 t 2 1 2p ct
H3-5-0) B (14 2 gt ) LUEL ]
q 1—¢q?ctg? x q q (1—¢? ctg? )
P =-1--<0, cos’z< —g, for cos®z > —%, one should replace
a

Arth (¢ ctgx) with Arcth (g ctg .L’):|

MZ 163a
2.564
/' tgrdr  In(cos? x +m? sin® z)
1+m2tg?x 2(m? —1)
LA 210 (10)
187
‘tga—tgx . .
————— dx = sin 2alnsin (x + o) — 2 cos 2a.
tga+tgx
LA 210 (11)a
" otgads 1
/ - —Egtgx:r = T {bx —a In(a cosz + b sinz)}.
PE (335)
/ dx 1 \/E . \/E .
= xr —\/ — arc —tgx || .
J a+btg’?x a—b a & a &
PE (334)

2.57 Forms containing v/ a & bsinx or v/ a £+ b cos x and forms reducible

to such expressions
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Notationsiv = arcsin /=322, 3 = arcsin %

— arcsin 1/ 2=cos®) o oin [ (atb)(d—cosz)
7y = arcsin \/Ta 6 = arcsin 2(a—b cosz)

2.571

_ ]/ _2b
r = ath’

' dx -2 s m
1. / = F(a, r a>b>0 ——<z<—-|;
J Va+bsinz Va+b ( ) { 2 2}
2 1
—¢5F<6, ;) {O<|a\<b, farcsin%<a:<g} :
BY (288.00, 288.50)
sin z dx 2a 2va+b T
2. = Fla,r) —FE(a, r a>b>0, ——<zr<-—
J Va+bsinz bJ/a+b (@, ) b (@) [ 2
2 1 1
=\/=-sF |8, —|—-2E(8, - [0<\a|<b, farcsing<:c<ﬁ}.
b r r b 2
BY (288.54)
BY (288.03)
sin? z dx 4ava+b 2(2a® + b?)
3. — = s— B, 1) — ———F——=F(a, ) —
va+bsinz 3b 3b2va + b
2
—gcosx\/a—i-bsinx [a>b>0, —%§m<g};
2 (4 1 2 b 1 2
= \/;{S—ZE <ﬁ, ;) — ag: F (ﬁ, ;)}£ cosxvVa+bsinz
{0<\|<b in 2 < <7T}
—aresin — <z < —| .
a , resin o <z < o
BY (288.03, 288.54)
188

[a>b>0, 0<z<mnl

i)

{b > lal >0, 0<ax < arccos (f%)} .

' dx 2 x
4. / = F(Z r
J Va+becoszr Va+b (2’ )
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BY (289.00)

' dx 2
5. / = F(o, >b>0, 0<x<m|.
J Va—bcosz Va+b (6,7) la vl
BY (291.00)
cos rdx 2 T T
6. = DE (=, r) —alF | = b>0 0<z<ml;
J Va+bcosz b\/a+b{(a+> (2/71) ¢ (Q’T)} o >5>0, sw sl
2 1 1
—¢—{2E<7,—>F<7,—)} [b>\a|>0, 0§a:<arccos(fg)}.
b r r b
BY (290.04)
BY (289.03)
7.6 cos v du 2 {(=a)TI(6, 1, 1)+aF (5, 1)} [a>b>0, 0<z<n]
. = - ) ) 3 ) = > 7.
J Va—"bcosx bva+b
BY (291.03)
8 cos” wdv 2 {Ca® +t)F (S.r) —20(a+0) B (5 )}+2 inava + beosx
) = a —.r] —2a(a —.r — sinzVa cos T
va+bcosz  3b2Va-+b 2’ 2’ 3b
[a>b>0, 0<z<mnl
1 /2 1 1 2 .
=—\/=-9R2a+b)F (v, -] —4aE |~, — | p += sinzxVa+bcosz
3bV b r r 3b
[bZ\a|>0, 0 <z < arccos (f%)}
BY (290.04)
BY (289.03)
cos? zdzx 2
9. = 2a° + b2 F (6, 1) — 2a(a + b)E(6, r)} +
Va—beoss  avarp ot PO 20t HEG 1}
2 a—+bcosx
+ — sint———==a>b>0, 0 x<m|.
3b \/afbcosx[ ]
BY (291.04)a
2.572
tg? xd 1
& rav F(a,r)+ a E(a,r) —

Va+bsinz B Va+b (a—bva+bd
b—a sinas
—ﬂ\/a—i—bsinx [0<b<a,—z<m<z};

(a® —b?) cosx 2 2
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2.573
1—sinx dx 2
L. : = Va+bE -
/1—|—sinx Va+bsinz ab{ a+bE(a, 1)
_tg(g—g)m} ocbca <ol
BY (288.07)
1—cosz dx 2 T
= tg =va + b cosa —
/1+COSLE\/a—|—bcosx o _p BavaThosy
2v/ b
_svato E(E,r) [a>b>0, 0<z<mn].
a—b 2
BY (289.07)
2.574
dx 1 m m
1. / =— (o, p?, r 0<b<a, f—§x<—}.
(2—p%2+p?sinz)Va+bsinz a+b (@, p%, 7) 2 9
BY (288.02)
/' da 1 \/2H<ﬂ > 1>
J (a+b—p?b+ p?b sinz)va+bsinx a+bVb ,p,r
a T
0 b7 - in — —i| .
[ <la| < arcsmb<:c< 5
BY (288.52)
dx 1 x
3. / = H(—, 2,7“) a>b>0, 0<x<m].
J 2—=p2+p2cosax)Va+beosr Va+b 9 P [ ]
BY (289.02)
/ dr B \/§ H( 5 1>
(a4b—p2b+p?b cosz)Va+bcosz  (a+bVb TP
[bZ\a|>O, 0 < x < arccos (—%)}
BY (290.02)
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190
2.575

1 / dz 2b cosx 2 Bla, )
_ - — a, r
(a+bsinz)?  (a?—b%)Va+bsinz (a—b)Va+b

™
< 2.
B {O<b<a, 27£<2},
2 2b 1 1 1 2b CoSs T
=/2!{ 2 F ) = Flag = )
\/b{bQ—a2 (ﬂ’ r> a+b (ﬂ’ 7‘>}+b2—02 Va+bsinzx

[O<\a|<b, —arcsin%<x<g} .

3

BY (288.56)
BY (288.05)

i 2 2" F(a, r)—4a(a a, r
> / (a+0bsinx)® - 3(@27b2)2\/m{<a b)F (@, r)—da(a+b)Ela, )}+

2b(5a* — b% + 4ab sin x)
3(a? —b?)2\/(a+ b sinzx)3

™ T
0<b<a, ——<'<—};
{ G Ty =TSy

_ —m\/%{(iia —b)a—b)F <5, %) 4

232 o
SabE <ﬂ, 1) }+2b[a b* + 4a(a + b sin z)) cos 1
r 3(a? —b%)%2y/(a+bsinx)?

[O<\a|<b, —arcsin%<x<g} .

COos T

BY (288.56)
BY (288.05)

3 / dx 2 E(:U ) 2b sin x
. = -, T — .
: (a+bcosz)d (a—bVa+b \2 a? —b> Va+bcosz

[a>b>0, 0<z<mnl

1 2 1 1 2b sin
=— /= —BO)F (v =) +20E(~, = :
aQ—bQ\/b{<a ) </’ r>+ </’ r>}+b2—a2 Va+b cosx

[b >lal >0, 0<ax<arccos (—%)} .

BY (290.06)
BY (289.05)

' dx 2
4. / = FE(6, >b>0 0<z<m|.
(a—bcosz)® (a—bVa+b (6,7) la v
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X \/a— . N
i /mfim - 3(2a2 +g,2b)2 {4aE(§, r) - (a—b)F(? r)} _

2b 5a% — b* + 4ab
- 22.(1 +dabcosz sin x [a>b>0, 0<z<ml
3(a? —b?) (a+0bcosx)?

= W¢%{(a b)(3a — b)F <7, %) +

+ S8abFE <’Y, l) } + 2b(5a2 —b? + 4ab cos :L‘) sin ¢
" 3(ab — b2)2\/(a+ b cos x)3

[b >lal >0, 0<uz < arccos (7@)} .

b

BY (290.06)
BY (289.05)

191

2.576

1. /\/a—i—bcosxd:r:Q\/a—l—bE(g,r) [a>b>0, 0<z<mnl
2 1 1
= \/— {(a—b)F <7, —> + 2bE (7, —)}
b r r
[b >lal >0, 0<ax<arccos (—%)} .
BY (290.03)
BY (289.01)
2 / a—bcosxdr=2Va+0bE( ) 2b sin [a>b>0, 0<a<n]
. Va — =2V ST ——— \ <z <ml.
. va—"bcosz

BY (291.05)

2.577

3 va—bcosx 2(a —b) 2ap
13 fyezoeost 7Y (s 2P,
1+ pcosz (1+pVa+b (a+b)(1+p)
[a>b>0, 0<z<m pE-—1].

BY (291.02)

s [ la—bcosx . 2(a —b) 2 2(ap + b)
2 ,/\/l—l—pcosmd B (1+P)(a+b)H<6’ ’\/(1+p)(a—|—b)>

[a>b>0, 0<z<m pE-—1].
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2.578

s

tg x dx 1 ( b—
arccos

= cos b>a, b>0].
Va+btgzz Vb—a Vb >

PE (333)

2.58-2.62 Integrals reducible to elliptic and pseudo-elliptic integrals

2.580

d " |
: v =20 +a, tga=% p=viEta]

. i
J Va+bcos o+ csin + 2pcos2

' de / dx
2. / =2
J Va+bcos o+ csin g + dcos? ¢ + esin g cos o + fsin’ @ J VA+ Bz + Cz? — Da? + Ex*

[tg%zm, A=a+btd, B=2c+2, C=2 —2d+4f, D=2c—2e, E=a—b+d}

Forms containing/1 — k2 sin? z; NotationsA = /1 — k2, sin?

W= VIo k2

192
2.581

1. / sin” x cos” zA" dx =

1
= (_'_—_'_MQ{Sinm3 x cos™ M 2 AR [(mAn—2)+(m+r—1)k?] x
m+n+nrk

X / sin™~? z cos™ zA" dx — (m — 3)/ sin”™* 2 cos™ A" dx} =

1
= (—F—+W{Sinm+l x COSni3 :L“AT+2+[(n+r—1)k2—(m+n—2)k/2]><
m n Tk

></ sin™ x cos" "2 zA" da:—l—(nf?))k:’Q/ sin™ x cos" ™1 zA" da:}[m—l—n—l—r#O]

Forr = —3 andr = —5:

"sin™ z cos™ x sin™ ! 2 cos™ ! &
/ A3 de = K2A N
m—1 {sin™ 2 z cos™ z n—1 [sin™ x cos" 2 x
2 A dx+ 2 dx.
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€T =

A® 3k2A3
m—1 {sin™ 2 z cos" z n—1 {sin™ x cos" 2 x
32 A EANETON A

/sinm z cos” x sin™ ™!z cos™ ! x

dz.

Form=1orn=1:

4. / sinx cos" A" dx = 7cos"_1 AT - (n = DK™ / cos" 2 x sin zA” dz.
(n+r+1Dk> (n+r+1)k?

sin™ ™! pATT2 m—1

+
(m+r+1Dk> (m+r+1

5. / sin™ x cos zA" dx = — e / sin™ ™2 x cos zA” dx.

Form =3 orn = 3:

(n47+1)k? cos? . — [(r +2)k* + n + 1]
(n+r+1)(n+r+3)ki

[+ 2k + 4 1] (n — DE? / cos" 2 z sin A" dx

(¥ Dot r 3K |

6. / sin® z cos™ zA” dx = cos"t pATT2

(m 47+ Dk? sin? z — [(r + 2)k* — (m + 1)k o
(m+r+1)(m+r+3)k4
[(r +2)k% — (m — DK% (m — 1)
(m+7r+1)(m+r+3)k?

7. / sin™ z cos® A" dx =

xsin™ ™t AT+

193
2.582
o n—1 oy [ An—2 n—2 oy [ An—a
1. Adx = (2—Fk%) [ A" " dx — (1—k*) [ A" " dx +
2
+ — sinz cosx - A" 2,
n
5 dx - k2 sinz cos x n—22—k2 dx n—3 1 dx

Antl DAL a1 k2 J At n_1k2) A
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sin™ 3

sin” 2

n—21+k?

“sin” x T T
R e A d —
3 / N0 =i cos & +n—1 2 / A x
n—3 sin” ™% x 4
— .
(n—1)k?. A
LA 316(1)a
“cos™ x cos" 3z n—22k>—1 fcos" 2z
4, ———dr=———"->sinx- A d
A * (n —1)k? St e +n—1 k2 A T
+n—3k¢’2/cos”_4 :rd’
n—1Kk2 A -
LA 316(2)a
. / tg" x tg" S A (n—2)(2-k% [tg" 2z J
. = — €T —
J A (n—1)k"? cos? z (n—1)k'? A
n—3 tg" ™tz d
n— 1)k"? A -
( )
LA 317(3)
“ctg™ x ctg" . A n—2 9 /ctg”_2 x
. de = — — 2—k ———dxr —
6 / A v n—1 cos?zx n—l( ) A v
n—3 ctg" 4w
- k:’Q/ de.
n—1 A v
LA 317(6)
2.583
1. /Adx = FE(z, k).
S Acosz k2
2. /Asm:rd:r-— 5 —%ln(kzcosx—l—A).
A sinx

1 .
+ — arcsin

2k

3. /A coszdr = 5

Printed from Table of Integrals, Series, and
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6.

7.

8.

9.

10

11

12

13

14

' A k"2 k*+1
!/A cos? xdr = 3 sinz cos x — S?F(I k) + S%E(:r, k).
2k? sin® z + 3k* — 1 3kt —2k% — 1
/A sin® zdr = — — ;Ek_; A cos x—i—T In(k cos z+A).

2k? sin® z — 1 1
SR T Asing + ] arcsin(k sin ).

/A sin’ x cos xdr =

8k2
' 2k? cos? z + k2 k4
. 2 o
!/A sinz cos® dz = — 2 Acos:r—i—g?ln(k: cosx + A).
2k? cos? 22 +1 4k2 — 1
./A cos® xdr = o8 8$k::_ * A sinx + v arcsin(k sin z).
2 i 2 2
/A sin? zdr = 73k: s 1%}:;4]{: lAsin:c cos T —
5
2(2k* — k2 — 1) 8k* — 3k? — 2
-~ F(x, k —F(x, k).

15k4 (@ k) + =5 (z, k)

/A .3 d 3k4sirl4x7k2sin?x72A
sin® x cosxdr = )
. 15k4
3k2 2 —2k%2+1
/A sin? z cos? xdr = — cos 1:;2 + A sinx cosx —
5
E2(1+ k) 2(k* — k2 +1)
- (2, k) + ————— L F(x, k).
R v (=, k)

3k* sin® x — k2 (5k% 4+ 1) sin® = + 5k% — 2

A.
15k4

/A sinz cos® rdr = —
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15.

16.

17

18

195

19

20

21

22

2 .2 2
/Acos4xdx=3k cos” ¢+ 3k +1Asin:rcosx—|—
. 15k2
2k"2 (k"2 — 2k?) 3k +Tk? — 2
— ' F(x, k —F(z, k).
15k4 (2. k) + =5 (z, k)

—8k* sin® x — 2k2(5k? — 1) sin® x — 15k* 4+ 4k% + 3
48J4

/A sin® zdx = A cos z+
5O —3k* — k2 —1
16k5

In(k cosz + A).

8k4 sin® o — 2k? sin® 2 — 3 A sin ot 1 in( sin z)
sin x+-—— arcsin(k sin z).
48k4 16k5

. /A sin* z cosxdr =

8k* sin® 2 — 2k% (k2 + 1) sin? o — 3k* 4+ 2k — 3

. ./A sin® z cos? xdr = I A cos z+
B4 (k% +1
% In(k cosx + A).
—8k* sin? 2k? (6k2 4+ 1) sin® z — 6k% + 3
. /A sin? x cos® xdr = S -+ ( 48/;— ) sin” z + A sin x+

262 — 1
16k5

arcsin(k sin ).

QLA wind 2 (71,2 G2 . 9nd QL2
. /A i cost o dp — 8k* sin® x + 2k* (Tk* 4+ 1) sin” x — 3k* — 8k* + 3 A cos o
. 48k
k'S
~ 16k In(k cosz + A).
kY sin® @ — 2k% (12k2 + 1) sin® o + 24k% + 12k —
. /A cos” xdr = Sk” sin_ x ( +48>k;jm v + 5 A sin z+

8k* —4k? +1

s arcsin(k sin x).

5 _ 2 2 k2 k2
. A d:r—3(1+k: VE(x, k) 3 F(x, F)+ SAsm:rcosx.
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2 2 2 = 14
23. /A3 sin:rdx:2k sl $8+ 3k OACOS:L"—S;]f

In(k cos z + A).

—2k? sin? 3
24. /A3 cosx dx = bl; vEo A sinz + Sk arcsin(k sin ).

3k? sin® x + 4k? — k2 (3 — Ak?
25. ./A?’ sin? 2 dr = — $15+ 6A sinx cos x—l—% F(z, k)-
8k* — 13k* +3
— —————E(z, k).
15K2 (= k)

26. /A3 sin x cos dx = —A—5.
. 5k2

—3k2 sin® k2 +5 E2(k%2+3
27. /A3 cos? zdr = S A sinz cos xng(:c, k)—
15 15k2
2k* — 7k% — 3
-2 " Y FB(x, k).
15k2 (@, k)

8k* sin? x4 2k2(5k% — 7) sin? x + 15k* — 22k% + 3

18K A cosz—

28. /A3 sin® zdr =
5k6 — 9k* + 3k% + 1

In(k cosz + A).

16k3
—8k* sin? 14k? sin® © — 3
29. /A3 sin? z coszdr = s &+ s A sinx +
482
1
+ e arcsin(k sin ).
196

—Bwsm4x+2ﬁ@9+7)mﬁx+fm+—&9—3X
48%2

30. /A3 sinz cos® xdr =
16

163

x A cosx + In(k cosxz + A).
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

8k* sin® x — 2k%(6k + 7) sin? z + 30k + 3
482

/A3 cos® zwdr = A sinx +

6k% — 1

+ ETER arcsin(k sin z).

Sin = *5 In m + k hlk’(k’ COSJZ+A).

/Adx 1 A+ cosz

Ad Ko A+ E s
/ r o sma + k arcsin(k sin ).

=—1In -
cos T 2 A —Fk' sinx

/ Adr = k?F(x, k) — E(x, k) — A ctg .

sin?

/ Adx 1 17A+k:’1 A+ FE
_— = n n——m—.
J sinz cosx 2 1+ A 2 A—FK

/Amj:ﬂLMfMLM+A@m

cos? x

sin VAN
/CosxAdx—/A tgrdr = —A+ 5 lnm.

1-A
1+ A

/CosxAd:r: /A Ctg:rd:r:A—i—%ln

sin x

=— +—In .
sin® 2 sin’ z 4 A —cosz

/ Adx Acosx Kk?  A-+cosx

/ Adx —A 1+ k2 1 A -k sinz

= — n )

J sin? z cosz sinz 2K A+ F sinz
/ Adzx A 1 A+ cosz
: = + - In—-.
sinz cos?x coszx 2 A—coszx
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42. 1

= — ln—«+———.
cos®> x  2cos?x 4K A —k' sinzx

/Adx _ Asinx 1 A+K sinx

A si da A
3 / 5111256 T _ —EkIn(k cosxz + A).
cos? x Ccos &

A d A
44. / (?OS;I Lo —— — karcsin (k sin z).
sin® = sin x
45 /A sin? x dx Asinx_ﬁ_kaQfl in(k si )+k" 1 A+ K sinx
. = — arcsin(k sinz)+ — ln ———.
cos T 2 2k 2 A—Fk'sinx
197
Acos? zdr Acosx k241 1. A+dcosx
46. = In(k A —In———.
/ sin x 2 + 2k n(k cos + )+2 DA—COSZL‘

Ad 1
47. / : f = g{fA ctg?® x4+ (k?—3)A ctg x+2k?F(z, k)+(k*=2)E(z, k)}.
sin- T

18 / Adx A +k:’1 A+kz’+k2—2l 1+ A
. = — — In n )
sin® z cos 2 sin? x 2 A—FK 4 1-A
Adzx 1 14+ k"
49. —— = — t —ct A+2F(x, k) — Fzx, k).
/Sin2 x cos? x (k’2 gL gx) +2F(z, k) 12 (z, k)
A dx A 1 1+A 2-K  A+W
50. . = ——1n n .
J sinzcosdx 2cos2x 2 1-—A 4k A—F

Adz 1 2.2 2 ) 12 1y 2
51. /cos4x_3k:’2{[k tg” x—(2k*=3) tg ] A+2K“F(z, k)+(k*—2)E(z, k)}.
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02.

53.

o4.

56.

o7.

58.

59.

60.

61.

In

/sind:r A k2 CA+E

/ cos
sin®

/ sin?
J cos?

/ cos?
sin?

sin®
J cos

/ cos?
J sin

x _200823:_'_@ A—Fk

T A k2 1+ A
Ade = ——5—+ —1 .
x v 2 sin? z 4 "1-A

T Adz = / tg? tAdr = A tgx + F(x, k) — 2E(x, k).
€T .

TAdr = / ctg? zAdr = —A ctgx + K?F(x, k) — 2F(z, k).

T

T k2 sin? x4+ 3k2 -1 54 A+ K
Adr = — At p—"%
P 3k? To ATk
x k? sin® x —3k%2 — 1 1. 1-A
Adr = — A+ =1 .
PR 3k? T Ea

/Ad
J sin®

z (k= 3)sin® 242 E?(k*+3) . A+cosw
= — cosx A+ In .
T 8 sin® x 16 A —cos ©

Adx (3— k) sin® z +1 E  A—F sinx
— =— — A-—In—F70>—-.
J sin® x cosx 3sin® x 2 A+ K sinz
Adz 3sin®x—1 k2 -3 A—cosz
—3 =— A+ In .
J sin® z cos2 x  2sin® z coszx 4 A + cos x
/ Adzx 3 sin® x —2 A 22 -3 1 A+ E sinz
= — n )
J sin? z cos3 £ 2sinx cos? x 4k A —Fk sinz
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o (o2 2 2 4 12
64 / sinz o (2k* + 1)k? sin” = + 3k k*+1 A
cos? x 3k'2 cosd x
A3
sin™ x 3 sin® x
. 2 . 2 / .
sin sin x 2k= —1 A+ Kk sinx
66. Adxr = A 1 —k in(k si .
/ cos3 = . 2 cos? x 4k! " A — kK sinz arcsin (k sin z)
2 E+1 . A
67. /Cf’sg CAdr = ——S8L AL 2Tk cos 2+ A).
sin® x 2 sin“ x 4 A —cosz
.3 .2 2
sin” x sin“ z — 3 3k —1
. Adr = — A — In(k A).
68 /0052 T . 2 cos x 2k n(k cosz+ A)
3 . 2 2
2 sin 2 +2  2%2+1
69. /Cf)s TAdy = -2 TE+ A— + arcsin(k sin z).
J sin“ x 2 sinx 2k
sin z 2k? sin® x + 4k? — 1
70. / Adr = — sin z A +
Ccos T 8k2
+8k474k271 in (k si )+/€’1 A+ E sinz
—— arcsin(k sinz) + — In ————.
8k3 2 A —Fk sinx
4 —2k? sin? 5k% 4+ 1
71. /CO_S xAdx: SI” 7+ * cos zA +
sin x 8k2
1 A+cosz  3k*+6k%—1
—|—§ lnAfcosa: + E In(k cosz + A).
2.584
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sin?
-

10.
11.
12.
13.
14.

15.

rcosrdr  sinzA  arcsin(k sinz)
A S 2k? 2k3
"sinx cos? zdx coszA  k”?
/# = —W + % ln(k‘ COSI-'—A).

/
/
/
/
/
/

cos® xdr sinzA  2k*—1

A = = + T arcsin(k sinz).
sin4A:r dz _ sin x3<];c;s A n 2;;2 Flz, k) — %E((B, k).
Sin?’:r+xd:r = 7$(2 + k2 sin? x)A.
sin? (Zs2 xdr _ _sin ZL“S(Z;S zA + 2?;{;52 E(z, k) + 2]{§TZ2F($, k).
W = —3%(1{2 cos® z — 2K"*)A.
cos4A:1: dx: _ sin x3(];(;s xA N 4k;k4 2E(ZL‘, k) + %F(z, k).
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.5 2 .2 2 2 4
sin® d 2k2 sin® x +3k%2+3 3+ 2k% + 3k
16, | sin A.L‘ z sin ;ki- 9 cos Z‘A—% In(k cos z+A).

.4 2 i 2
Q p Q d, zk Q 3 3
17. /bm ”BZObx r_ bl8nk4x * sin A + SKF arcsin (k sin x).
.3 2 2 2 4 2
S g s 2 ds 2k s x — k* —3 k 2k= — 3
18. /bm xZObx T o8 824 oS :rA—gT In(k cos z+A).
sin? @ cos® @ ds 2k? cos? x4 2k* — 3 4k? -3
19. /bm £ (Zb rer_ cos ;]{: sin IA+87 arcsin(k sin z).
sinx cos® xdr 3 —5k? + 2k sin® 4 3k — 6k +3
20. /bmx COAb Ter _;k4 ST cos Z‘A—# In(k cos z+A).
Saxd 2k? cos? 6k — 3 8k* —8k? +3
21. /COS Ax - cos ;k:j sin .’L‘A—FT_'— arcsin(k sin x).
- 6 2 2 2
S xd 3k= s x + 4k 4
29. | s AJU r_ S 1";}; + sin x cos zA +
4k* + 3k% +8 8k* 4+ Tk? +8
- F(x, k) — ——— F(x, k).
15k5 (@, k) 15k0 (, k)
03, /sin5 T cos x dx _ 73/{:4 sin* z + 4k? sin® x + 8 A
A 15k6
04 /sin4 T cos x dx 3k? cos? . —2k% —4 At
) = sin & cos
A e sin x cos x
Y+ Tk? -8 2k* 4+ 3k% -8
—  F(z, k) — ————— F(z, k).
15k6 (=, k) 15k0 (, k)
200

prm— A-
A 15k6
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26.

27.

28.

29.

30.

31.

32.

33.

/ sin?

x cos? xdx 3k? cos? x+ 3k —4 At
= — S cos
A Toid inx T
Ok* — 17k%2 + 8 3k* —13k% + 8
— F(x, k) ————F(x, k).

pum— A-

/sin x cos® zdx —3k* cos* x + 4k2K'? cos? x — 8k* + 16k2 — 8

A 15k6

= sin x cos tA +

/C086 T dx 3k? cos? z+8k? —4

A 15k4
15k5 — 34k* + 27k* — 8 23k* — 23k2 + 8
F(zx, k E(z, k).

sin®” xdr  8k* sin® x + 10k%(k* + 1) sin® o + 15k* + 14k% + 15

/ sin®

A = ASEG cos ¥ A—
k* — 2k2 K2 +1
_ (5 1(;‘]_;)( +1) In(k cosz + A).
x cos x dx 8k* sin? o + 102 sin® z + 15 . At 5 in(k sin )
= — S —— arcs S .
A 15K inx T6k7 resin inx

sin® 2 cos® xdr  —8k* sin® 2 4 2k?(k? — 5) sin? x + 3k* + 4k% — 15
A = RV cos tA—
kS 4+ k* 4+ 3k% =5
R 1;{;7 In(k cosz + A).
sin* z cos® xdr  8k* sin* z — 22 (6]{:2 —5) sin® z — 18k2 +15 .
A = 18K sin tA+
6k% — 5
ST arcsin(k sin x).
sin® x cos* xdr  8k* sin® x — 2k%(6k% — 5) sin? x + 3k* — 22k% + 15
A = 18K cos tA—
kS + 3k* —9k% + 5
A 16k79 o In(k cosz + A).
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sin? 2 cos® xdr  —8k* sin® x 4 2k2(12k% — 5) sin? x — 24k* 4+ 36k — 15
34. = sin A+
A 48k6
8k —12k%2 + 5 in(J sin 7)
———— arcsin(k sin z).
T6k7 resin inx
sinz cos® xdr  —8k* sin® z 4 2k?(13k% — 5) sin? = — 33k* 4 40k — 15
35. = - cos A+
A 48k6
16
+ 61 In(k cosx + A).
201
cos” xdr  8k*sin* x — 2k?(18k2 — 5) sin? x + T2k* — 54k% + 15
36. = sin x A+
A 48k6
16k — 24k* + 18k% — 5 i (k sin 2)
arcs sin ).
1657 resin(k sin x
dx 1 k? sinx cos x
sin x dx Ccos T
38. / A5 = A
39 /COSZL‘d:L‘ _sinz
. NS
sin x dx 1 1 1 six cosx
40. / T E(x, k) — k—QF(ZL‘, k) — mOA
41 /sinx cos xdx 1
’ A3 R2AT
cos? zdx 1 1 sinz cosx
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53.

o4.

55.

56.

o7.

o8.

59.

3
= sinz — —— arcsin(k sin x).

A3 2E*A 2k>

/sin4 rcosxdr —k*sin?z+3

/sin3 zcos? xdr  —k?sin® 243 N k?—3 In(k +A)
= cos T n(k cos )
A 2k4A 2k5
sin? z cos® xdr  k?sin®x+2k2 -3 2k2 -3 ) )
A5 — SEAA sin :L‘—W arcsin (k sin z).
sinz cos* xdr k% sin® z+2k2 -3 3k'?
A5 — TN cos T + o In(k cosz + A).
cos® xdr  —k%sin? x4+ 2k* —4k> +3 4k* =3 : :
x5 — STAA sin :H_W arcsin(k sin z).
d_xr _ —k2 sinx cos x B 2k%(k"™ + 1) sinz cos B 1 Flz, k) +
AP 3k2A3 RYETAN 3k'2
2k +1)
sin x dx 2k? sin® x + k2 —3
o SN COS .
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60.

61.

62.

63.

64.

66.

67.

68.

203

69.

/cos T dx —92k% sin® x + 3

G = SAS sin x.
.9 2
sin® zdx k®+1 1
/ AF = 3/{:’4/€2E<x’ k)f—SkaQ F(z, k) +
E2(k* 4+ 1) sin®z —2
+ 3 AAD SIn & COS .
/sinx cos xdx B 1
A5 - 3k2A3T
cos? x dx 1 2k% — 1 k2(2k% — 1) sin® . — 3k> +2
T = ﬁF(ﬂ? ki)+WE<JZ, k,’)—|— 2]{;/2A SInx COSXT.
sin® . (3k% — 1) sin® o — 2 B
G de = SIS COS I.
/sin2 T Cos T B sin? z
AS YT 3
sinwcos® x . cos®x
A5 U= TR
cos® x dx —(2k% + 1) sin2z+3 .
- = sin .
AS 3A3
dz 1 | A +cosz
=—In—.
A sinx 2 A —cosz
dx 1 A -k sinz

_=———In—.
J A cosz 2K nA—I—kz’sinx
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70

71

72

73.

4.

N

76

7

78

79.

80.

-/
-/
-/
/
/
-/
-/
-/
-/
/
/

dx 1 +ctg?
——— = | ——=—dex=F(x, k) — E(x, k) — A ctg z.
A sin® / A v (z, k) (z, k) ctg x

dx /(t et )d:r 11 1—A+ 1 | A+ K
—_— = x+c —=—-—In—F+ 4+ —1Ir .
A sinx cosx &7 & A 2 nl—l—A 2K’ nAfk:’

dx , dx 1 1

r— = — 1In

sinzx dz / dx 1 A+E
A2 T A—k

cosz A .

cos T dx dx 11 1-A
— = [ ctgz— =—=1In .
sinxz A & 1+ A

dz A cosx 1+ k2 A+ cosz

. 3 = - ) — In .

A sin® z 2 sin” x 4 A —cosz

x B A 1 I A —FK'sinx
2Kk’ nA—i—kz’ sinz’

d
A sin? z cosx sin x

T A 1 A —cosz
In ——.
A+ cosz

d
Asinz cos?2 z k?2cosxz 2

dx A sinz 2% — 1 1 A —FE sinz
= n .
A cosdx  2k2 cos? 4k'3 A+ E sinz

sinz dz A

cos2 x A k"2 cosx’

cosx dx A

sin? z A sin x
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sin? z dz I A+k sinz 1
81. COS T K = W In m — E alelIl(k’ Slll.’ll').
cos?xdr 1. Ad4cosz 1
82. —=—In———+ — In(k A).
/sin:r A 2 nA—cosx+k n(k cosz+A)

d 1
83. /—x4 = —{-Actg® v — A2k* +3) ctgz + (k> + 2)F(z, k) —
Asin®x 3
—2(k* + ) E(x, k)}.

dx dx
84. /—:/t r+2cter + ctg® ) — =
J A sin® . (te & & >A

Xr COST
A N 1 | A+ K k:2+21 1+A
= — — In - n .
2sin’?z 2 A-—F 4 1—A

dx ' dx
85. /—:/t2x+2+ct2x—:
J Asin? zcos?z . (te & )A

tgx k2 —2
= < T ctg:r) A+ TE(I k) + 2F (z, k).

204
dx d
86. - @ " 9t NN
./A sinx cosd x ./<Cg$+ g +1tg iL“)A
A 1 1—|—A+2f3k;21 A+ K
T U082 o ¢ 9 B n _
2k2 cos2x 2 1-—A AL'3 N
d.r 1 3 5k2_3 )
57 /A cost 3k/2{Atg v -y Atgr — (3K —2)F(w, k) +
2(2k* — 1)
+TE(;U, k:)}
sinx dx dx A 2 Atk
88. = t 1 t 2 tadu B It .
/COS3 x A gu(l+te x)A 2k'2 cos2 x  4k'3 nA*k/
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89.

90.

91.

92.

93.

94.

96.

97.

98.

99.

=———F———n

/COb.L‘ dx A K2 1+A
sin® 2z A 2 sin® x 4 1-A"

A
— dr = — t — — F(x, k).
cos? x A A v k2 & (@, k)

/sin2 x dx tg? x

dx = —A ctgx — FE(z, k).

/COS2 vde  [ctg?x
sin? x A . A

cosxx_k:_Q_‘_%:’ A—Fk

/sin3 z dx A 1 A+ K
—In

o2y :
sinz A k2 2 nl—A

/cos?’a:dx A 1. 14+A

dx [3(1 + &2) sin? 2 + 2] 3k + 2k +3 . A+cosw

— = — — A cos z+ In .

A sin® z 8 sin“ x 16 A —cosz
dx (3 + 2k2) sin® o + 1A 1 | A—F sinx
=— - In—
A sin? z cosx 3 sin® z 2k’ A+ F sinz

A+ In

2k’2 sin® x cos x 4 A+ cosw

/ dx ~ (3—k?) sin® x — k72 k*+3 . A—cosx
A sin® x cos? &

dx (3 — 2k?) sin? 2 — 2k'? A 4k% -3 | A+ Kk sinx
—= — n .
A sin? z cos® z 2k"2 sinx cos? x 4k’3 A —Fk sinz

/ dx ~ (5k* —3) sin® z — 6k* +4 1, A+cosx
A sinz cost v 3k cos® x 2 A—cosz

A sin z+ In

/ _ 3(2k* — 1) sin® » — 8k + 8k* —8k*+3 . A+ K sinx
A cos5 r 8k cost x 16K/ A—F sinz’
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100 / sinz dr 2k2 cos? x — k'?
' cost z A 2k cos3 x
205
101 / (.:oi:c dx _ _2k:2 511:123x +1 A
J sin* z A 3 sin” x
"sin? z dx A sinz 1 A+ Ek sinz
102. — = — In —.
J cos3 z A 2k'2 cos?2 x4k A —FK sinx
cos® z dx Acosx k2 A+ cosz
103, (=200 2 0ORF T 2T
sin® x A 2 sin” x 4 A —cosz

QPRI B
104, / sin® x d_:c _ A
J cos?2z A k'? cos x

+ % In(k cos z + A).

1
= — — arcsin(k sin x).

105. — -
sin? z A sin x

/C083 z dx —A

106 /'sin4 rdr Asinz N 1 1 A+E sine  2kZ+1 in (k sin z)
) — = — In — arcsin(k sin z).
J cosz A 2k2 2 T A —FK sinx 2k3

1
= +-1In + In(k cosz + A).

107 /COS4 z dx Acosz 1 A+cosx 3k%-—
' sine A 2k2 2 A—cosz 2k3

2.585

1 / (a + sin z)P*3 da

A
1 .
“ TR {(a +sinx)? cos zA +
p
+ s P2 + s Pty
sa(oprgyan? [T )0 g gargey [T

' b sin )P ds
—a(2p+1)(1 + & —2a2k32)/ (e + bzlﬂ«") x

Printed from Table of Injegrals, erj,ese and\ Producty CDYROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.
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"a+sinx 1 A —k cosx
2. —————dx = alF'(x, k — In————.
/ A @ =ak(z, )+2k: "Atkcosz

A —k cosx
=——F(z, k) — n——————,
v (2, ) nA—i—k:cosa:

(a+sinx)? 1+ k?a?
3. ——dx =
J“75 .

1 a

46 / dx IH 1 i / sin z dx
: — =1z, 5, k) - | ————,
(a+sinz)A  a " a?’ (a2 —sin® 2)A’

where
5 / sin z dz -1 V1—a2A — V1 - k242 cosx
) = n .
(a2 —sin® 2)A  2,/(1—a)(1 —a2k2) V1 —a?A+ V1 —k2%a? cosz
206
2.586

/ dx B 1 ~ coszA B
J (a+sinz)"A  (n—1)(1 —a?)(1 —a2k2) | (a+sinz)n—!
' dx
—(2n - 1k2—22k2/ —
(2n =3)(1+ “ )a! (a+sinz)"~1A
dx B
a+sinz)"2A

— (n —2)(6a*k* — k* — 1)/<

dx dx
—(10—4 k:2/ —(n—3 k:2/
( nja (a+sinz)"3A (n=3) (a+sinz)"—4A

[n#l, aE+1, ai+ H .

This integral can be reduced to the integrals:

5 / dz B 1 _ coszA
' (a+sinz)?A (1 —a?)(1 —a2k?) | a+sinz

' dz "(a+sinz) dx
—a(1+k*—2a*k> /7—2 k‘Q/—
a(l+ “ ) (a+sinz)A “ . A +

. 24
+ /{:2/%} (see 2.585 2., 3., 4.).
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2.585

/ dx B 1 _coszA 3a(14k2—2 2/€2)/ dx B
J (a+sinz)3A  2(1—a2)(1 —a2k?) | (a+sinz)? “ “ (a+ sinz)2A
dx
— 2k2—k2—1/7 20k*F (z, k
(6a ) (a+sinz)A +2ak"F(z, k)

(see 2.585 4. and 2.586 2.).

2.586

2.585

Fora = +1, we have:

/ dx B 1 cos A n
J (1+sinz)"A  (2n — 1)k2 :F(l + sin z)”

+(n1)(15k2)/(1isifi)"1A

~- 2)k2/ (1= sircllz)"*A} ‘

dz B
(1 £sinz)"2A

—|—2(2n73)kz2/

GU ((241))(6a)

This integral can be reduced to the integrals

/ dx F cos A
5. (

1
= F(z, k) — —E(x, k).
T EsmoA ~ W21 Lsing) 1@ (, k)

k?lQ
GU ((241))(6¢)

207

dx 1 k2 cosxA (1 —5k?) cos xA
/(1j:sin:c)2A T3t | T tsna)? T ldsme
+ (1 = 3kHK?F(x, k) — (1 — 5k*)E(x, k)].

GU ((241))(6b)

Fora = i%, we have
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GU ((241))(7a)

This integral can be reduced to the integrals

' dx k cos A 1
8 = — E(, k).
/ (1+ksinz)A k(14 k sinx) + k2 (z, k)

GU ((241))(7b)

9 / dx 1 kk'? cos xA k(5 — k?) cos zA B
) (I£ksinz)2A  3E4 [T (1 £k sinx)? 1+ksinz

— 2K F (2, k) + (5 — k*)E(x, k;)} .

GU((241))(7¢)
2.587
1 / (b+ cosA:c)HB dr _ . +12)k:2 [(b-i-cos 2)P sin IA+2(2p+3)bk2./ (b+ cosi;)pm dz
— (p+ 1)(K? — k* 4 6b%K?) / (b+ cosi;)ﬁ1 dx
+p(1 — b)) (K? + k2b2)/ (b+ CosAx)P—l dﬂ

|:p75—2, b+ 1, b#%}.

For p = n a natural number, this integral can be reduced to the following three integrals:

b 5 4 1
2. /% dx = bF (z, k) + z arcsin(k sin z).

208

b 2 b2 k2 — k2 1 2b
3. /% dz = TF(.L’, k) + k—2E(x k) + * arcsin(k sin ).
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4 / dx B b . 1 I +/ cos x dx
' (b+cosz)A b2 —1 T (1—b2—sin? 2)A’

where
. / cosx dx 1 1 V1—02A+kVE? + k2?2 sinx
) = n )
(1—0b%2—sin® 2)A  2,/(1 = 02)(2 + k202)  V1—-b2A — kVE2 + k202 sine
2.588
1 / dx B 1 —k'? sin xA B
") (b+cosz)"A  (n—1)(1 —b2) (k2 + b2k2) | (b+ cosx)~!
' dx
—(2n = 3)(1 — 2k* + 2b°k? / -
(2n =3)( 20 >b, (b+cosz)" 1A
dx

—(n— 2)(2k2 -1- 6b2k2)/ (b+ cosz)"2A B

dzr dx
—(4 —10bkz2/ —3k2/
(4n=10) (b+ cosz)"3A +(n=3) (b+ cosz)" 1A

{nyﬂ, bE+1, bE+ %} .

This integral can be reduced to the following integrals:

5 / dz B
") (b+cosz)2A

1 —k"? sin zA dx n
(1 —0%)(E"? + b2k?) (b+ cosx)A

b b 2
+2bk2/$dazkz2/% d;c} (see 2.587 2., 3., 4.,

—(1-2k%+20% K> b/
b+ coszx ( + )

2.587

3 / dx B 1 —k"? sin zA B
C + cosx 21— 2 4 + cosx
(b BA (1= 0%)(k"2 +b%k2) [ (b )?
dx
— 1 — 2k% + 2k%? /7 —
3 2k ) (b4 cos x)2A
dx
— (2k* — 1 — 6b%k? /——Qbk:QF K
( 6 ) (b+ cosz)A (@, k)

(see 2.588 2. and 2.587 4.).
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2.589

1 / (c+tg )Pt do

1 (c+tgx)PA ,2/ (c+tgx)Pt2dx
(p+2)k'? { cos? x +2(2n+3)e , A
“(c+tgx)PTdx
_ 1)(1 k/Q 6 2]{/2 / (C
(p+ 1+ E7 +6c7E) A

tg 2)P d
+(2p+ De(l + K2 + 202142)/ % -

*p(1+02)(1—|—k’/202)/ (C+ th)p_l dl‘:| [p?/:—Q]

For p = n a natural number, this integral can be reduced to the following three integrals:

c+tgx 1 A+ K
/ A dx = cF(x, k)_‘_ﬁlnA R

1
— Bz, k) + — In

c+tgx)? 1
3. /gdx /thxA—l-cF(x k) — 2

A k

dx c 1 142
= F(x, k — Iz, —, k| —
/(c—i—tg:c)A 1+ 2 (@, )+c(1—|—02) (x, 2 >
7/ sin x cos x dx
[

— (14 ¢2) sin? z]A’

where
5 / sin x cos x dx 1 1 V14 k2 +V1+ ;A
= n .
(€2 — (14 ¢2) sin? z]A 2/ (1 + ) (1+c2k?) V14 2k? —V1+ A
2.591

/ dz B 1 B A n
(c+tgax)"A  (n—1)(1+)(1+E22) | (c+tgz)" ! cos? x

dx
o2n — 3)e(1 + k' 2%’2/——
+< n )C( + +2c ) <C+tg$)n71A

12 12
—(n—2)(1 + k2% +6c%k )/
Printed from Table of Integrals, Series, and Products CD-ROM. <Copyngh$© 1&)96 by Academic Press, Inc. All rights Tserved
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(c+tgx)"—3A (c+tgx)"2A



This integral can be reduced to the integrals:

5 / dx B 1 —-A N
") (e+tgr)2A T (14 )1+ K22 [ (c+tgx) cos? x

dz
14+ k2 1 90212 / _
Fell+ kT 42 ) (c+tgx)A

-t tg )2
zck:@/”%dﬁk’?/% dx} (see 2.589 2., 3., 4.).

/ dz B 1 —-A n
J (c+tga)3A  2(14 ) (1+k2c2) | (c+tgx)? cos? x
dx
3 1 k/Q 2 2]{/’/2 /— _
3L+ k7420 ) (c+tg x)2A

©d
—(1+k’2+602k’2)/( L 2ck?F(x, k)

c+tgar)A
(see 2.591 2. and 2.589 4.).

2.592

2 \n
" pn:/wdx.

The recursion formula

1
Pn =

27 20 + 3)k2 U

— (2n+ DL+ 2a(1 + k*) + 3¢*k*] P, + 2na(l + a)(1 + k*a)P,—_1 }

a+sin? )" sinx cos zA + (2n 4 2)(1 + k* + 3ak*) P41 —

reduces this integral (for an integer) to the integrals

2. P see 2.584 1. and 2.584 4.
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2.501



2.584

3. Py see 2.584 1.

2.584
d 1 1
4. Pl—/+——ﬂ<x, —k:>
(a+sin” x)A a a
Fora=0
o
5. /27””’ see 2.584 70,
J sin® xA
2.584
ZH (124)a

6. Tn:/ dr
J (h+ g sin® x)"A

211

can be calculated by means of the recursion formula:

1 —g? sinx cos zA ) )
Ty 3= +2(n —2)[g(1 + k%) + 3hk*|T),—o —
ST (2n - 5)k? { (h + g sin? z)n-1 (n = 2)lg( ) T2
—(2n = 3)[g% 4 2hg(1 + k?) + 3h2k2|T,, 1 + 2(n — D)h(g + h)(g + hk:Q)Tn}.
2.593

g L2 n
1. Qn=!/(b+c+x)dx.
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The recursion formula

1
(2n + 3)k2

+ (2n + D[E? + 2b(K"? — k?) — 3b°k2]Q,, — 2nb(1 — b)(K* — ka)Qn_l}

Qnio = {(b+ cos? )" sinz cos zA — (2n + 2)(1 — 2k? — 3bk%) Qi1 +

reduces this integral (far an integer) to the integrals:

2. @1 see 2.584 1. and 2.584 6.

3. Qo see 2.584 1.

dx 1 1
4. Q4= = Oz, ———, k).
@1 ,/(b+cos2 DA b+ 1 <I b+ 1 >

Forb =0

/ dx 2.584 72
R e— See L. .
J cos? xA >

2.594

2 n
1 Rn_/w.
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2.584

2.584

2.584
ZH (123)



— (2n42)(1 + k"? = 3ck)Ryy1 +

1 { (c+tg? z)" tg zA

Ry4o =
2 (2n + 3)k?

cos? x

+ (2n — D)[1 = 2¢(1 + k") + 3¢k R, + 2ne(1 — ¢)(1 — k’2c)Rn_1}

212

reduces this integral (for an integer) to the integrals:

2. Ry see 2.584 1. and 2.584 90.

2.584

2.584

3. Ry see 2.584 1.

2.584

dx 1 1 1—c¢
4. R, = = F(x, k — I |z, —., k).
' /(c+tg2 A c—1 (@, k) + ) <£’ c '’ )

Forc = 0 see 2.585.

2.595

Integrals of the type /R(sin x,cos x,\/1 — p? sin® x) dx for p* > 1.

Notation:ac = arcsin(p sin z).

Basic formulas
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BY (283.00)

1 -1 1
2. /\/17192 sin? x dx = pE <a, —) _P F(a, —) p? > 1].

p p p
BY (283.03)
' dx 1 r? 1
3. / =-II (a, —, —> [p? > 1].
J (1 —=r2sin? 2)\/1—p2sin®z P P> p
BY (283.02)

To evaluate integrals of the forfnR(sin z,cos x,\/1 — p? sin? x) dw for p? > 1, we may use formul@s583 and 2.584making

the following modifications in them.
We replace (1) with p, (2) k2 with 1 — p2, (3) F(z, k) with 1 F (a %), and (8)E(z, k) with pE (a, %) _Plp (a %).

For example (se&584 15.):

2.596

L cos* xdx _ sinz coszV/1 —p? sin® z N 4p? —2 {pE <a, 1> B

1—p2sin? 3p? 3pt

21 1 2—5p2+3pt 1 1
_p F(Oé, _>:| _i_#_F <Oé, _> —
P P 3p D P

_ sinz cos xv/1 — p? sin? :rin — 1F (a, l>+4p2 —2E <a, 1) %> 1);
p p

3p? 3p3

213

(see 2.583 36.):

2 /—Vl*p 2= tgay/1— p? sin® o + F< )
(e 3) -5 ()] -
O R O R
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e ) )

— p? sin? )3
2 .
sinx cosx sinx cos T 1 1 1
- 5 2p : —+— I (a, —>—2LE <a, —) [p* > 1].
l—p 1—p?sin® p—l 1—p2sin“x P p) p*—1 p

2.597

Integrals of the fornf R(sin x, cos z, /1 + p? sin? ) dz.

i . 1 2 o
Notation:ar = arcsin V1492 sine _
V14p? sin?

Basic formulas

dx 1 D
— Fla—2—).
/\/1+p281112:1: V14 p? ( \/1+p2>

BY (282.00)
/\/14—102 sin? xdx = /1+ p?F | a, I —pQM.
. V 1+ p? V' 1+ p?sin? x
BY (282.03)
) V14 p?sin? zdx 1 I 5 D
) = a, e, —— | .
L+ (p2 —r2p2 —r2)sin® & /1+ p2 V1+p2?
BY (282.02)

sin x dx 1 . P COS T
= ——arcsin | ——— | .

V' 1+ p? sin? z D

' s d. 1
5. /% = = ]n(p sinx + \/m)
JV1+p2sin2z P

6 / dx 1 . V14 p?sin® z — cosx
. = — 1n .
J sinzy1+p?sin®z 2 1+ p? sin? x + cos x
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. / dz 1 1 V1 + p? sin? x4 /1 + p? sinz
. = n .
Jocosz/1+p2sin? e 21+ p? \/l—l—pQSinQI—\/l—i-pQ sin

tg x dx 1 | V1+p?sin® z + /1 + p?

. = n )
JV1+p2sin?z 21+ p? \/1+p281112:r—\/1+p2

8

ctg v dx 1. 1—+/1+p?sin®z

9. — = —1In .
J V14 p2sin?z 2 1414+ p?sin’z
2.598

To calculate integrals of the forfn R(sin z, cos x, /1 + p? sin? z) dz, we may use formul&s583 and 2.584naking the

following modifications in them:

We replace 1k2 with —p?; 2) k2 with 1 + p?;

1 p
3) F(z, k) with ——=F|a, ——— | ;
1+ p? ( \/1+p2>

sin x cosx

V1 + p? sin? x

4) E(x, k) with V1+p2E|a, —2— | —p?
L+ p?

1 1 .
5) k In(k cosx +A) with — arcsin peost .

p V14 p?

1 1
6) m arcsin(k sinz) with —In(p sinz 4 /14 p2 sin? z).
p

For example (se2584 90.):
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(see2.58¢37.):

dz 1 p
2. = 2E a, =
V@ p2sin® 2y VTP V1tp

Integrals of the form / R(sin x, cos z, Va2 sin® 2 — 1) dx [a® > 1]

215

Notation:a = arcsin ( & COS % )

sqrta?—1

Basic formulas:

BY (285.00)a

N

' 1 G G
. /\/ a? sin? x —1de = —F (a, L) —aF (a, a—> [a® > 1].
. a a

a

BY (285.06)a

d 1 *(a® -1 -1
> / - = alr? I a rz(az ) -
(1 —7r2sin? 2)Va? sin® z — 1 a(r? —1) a*(r* —1) a

BY (285.02)a

4 / sin x dz _ a2 > 1],
a? sin® z — 1 a
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' 5 ds 1
5. /%:—ln(a sinz 4+ Va2 sin? z — 1) [a® > 1].
- a?sinz—1 @

' dx Ccos T
6. / = —arctg —————— [a? > 1].
J sinzva2 sin® x — 1 a? sin® r — 1

. / dx 1 | VaZz =1 sinz+ Va2 sin? z — 1
) = n
: cosx\/a2 sin2z—1 2Va®>—2 /g2 _1sinz— Va2sin?z—1

[a® > 1].

/' tg x dx 1 . Va2 —14++Va? sin? z —1
) = n
J Va2 sin? x —1 2va? — 1 Vaz—1—+va?sin? z—1

[a* > 1].

t d 1
9 /g—_< ) a? > 1.

a2 sin? z—1 a sinx
2.611

To calculate integrals of the tygeR(sin z, cos z, V/ a? sin? z — 1) dx (fora? > 1), we may use formul&a583 and 2.584. In

doing so, we should follow the procedure outlined below:

1) In the right members of these formulas, the following functions should be replaced with integrals equal to them:

F(z, k) should be replaced with —,

E(z, k) should be replaced with / Adz,

—% In(k cosz + A)  should be replaced with / sin Z dx
! arcsin(k sinz) should be replaced with / COSZ dx’

% In % should be replaced with ‘ / A iil "

% In % should be replaced with / | A C(fis .
% In 2%:: should be replaced with / thx dzx,

% In 1 _T_ i should be replaced with / Ctix dx.
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1. We rewrite equation 2.584 in the form

. 92 . .

ST 1 da 1

T dr = —2/ L ——2/1'\/(12 sin? z — 1 du,
1 a*) ; a?,

a? sin® r — a? sin? 7 —1

from which we get

a? sin? a

.92 .
in2 o d 1 d 1 2-1
L — /—x+/ s’ z—ldzy=—-F (o, Y& "2 [a® > 1].
r—1 a |. a?sin®z—1 - a

2. We rewrite equation 2.588. as follows:

2a*(a® — 2) sin? = — (3a® — 5)a?

/ i5\/(a2 sin? z — 1)5 3(1 - a?)?® \/(a2 sin? x —1)°

1 dx 2a%2 — 4
3 — % iva2sin®x—1 1dz,
3(1—a?) iva?sin® z —1 3(1 —a?)?

sinx cosx —

217

from which we obtain

= sin @ €oS T+ —————55— X
2)2
a2 sin? z — 1)° 3(1 a2)2\/(a2 sin? z — 1)3 3(1 —a?)%a

X {(a2 —-3)F (a, %) —2d* (a* -2) E (a, ?) } [a® > 1].

3. We rewrite equation 2.584L. in the form

/ 2a*(a? — 2) sin?® 2 — (3a® — 5)a?
Vo (

ctg x dx tg x dx

/ dx
- )
sinx cos ziv/a? sin® x — 1 iva? sin? x — iva? sin® x —1

from which we obtain
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2.612

Integrals of the forny R(sin z, cos x, v/1 — k? cos? ) dx

To find integrals of the fornf R(sin x, cos z, v'1 — k? cos? x) dz we make the substitutian= % — y, which yields

/R(Sin x,cosz,\/ 1 — k2 cos? x)dx = —/ R (cosy,siny, \/1 — k2 sin? y) dy.

The integrals| R(cos y, siny, /1 — k2 sin? y) dy are found from formula®.583 and 2.584As a result of the use of these
formulas (where it is assumed that the original integral can be reduced only to integrals of the first and second Legendre forms),

when we replace the functioh¥z, k) andE(x, k) with the corresponding integrals, we obtain an expression of the form

d
—g(cosy,siny) — A/—y — B/ 1 — k2 sin? y dy.
. 1—k2sin?y

Returning now to the original variablgewe obtain

/R(sinx,cos x, V1 —k? cos? z)dx = —g(sinx, cos z)— 1 — k2 cos? z dx

A/ dx —B/
v1—k2 cos? x .

The integrals appearing in this expression are found from the formulas

d .
1. /—x —F <arcsin (L> k:) .
. 1— k2 cos? z v1—k2 cos? x

). /mdx _F <arcsin (L) k) _ K sinzcose

218
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2.613

Integrals of the fornf R(sin z, cos x, /1 — p? cos? x) dx [p>1]

To find integrals of the typé R(sin x, cos 2, \/1 — p? cos? z) dx, where[p > 1], we proceed as in 2.612. Here, we use the

formulas

1. /—”E =__F (arcsin(p cos ), —) p>1].
J A ’

' 21 1 1
2. /\/ 1—p2cos?2 xdr = p F (arcsin(p cos ), —> —pE <arcsin(p cos ), —) .
. p p p
2.614

Integrals of the forny R(sin z, cos x, /1 + p? cos? dx) dx.

To find integrals of the typé R(sin x, cos z, \/1 + p? cos? z) dx, we need to make the substitutior- 5 —y. This yields

/R(sinx,cos z,\/ 14 p? cos? x)dx = f/R(cos y.siny, \/ 1+ p2 sin? y) dy.

To calculate the integrals [ R(cos y, siny, /1 + p? sin? y) dy, we need to use first what was said in 2.598 and 2.612 and then,

after returning to the variable the formulas

dx 1 P
J 14+ p2cos?z /14 p? <£ \/1+p2>

2. /\/1—|—p2(:os?xdx: 14+ p2FE I,L )
. /1+p2

2.615
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Integrals of the fornf R(sin z, cos x, Va2 cos? z — 1) dx la > 1].

To find integrals of the typ¢ R(sin x, cos z, Va? cos? x — 1) dz, we need to make the substitutior 5 —y. This yields

/R(sinx,cos z,Va? cos? x—1)de = f/R(cos y.siny, \/a2 sin? y — 1) dy.

To calculate the integrals [ R(cos y. siny, v/ a? sin? y — 1) dy, we use what was said in 2.6&hd then,

219

after returning to the variable we use the formulas

d 1 i 2-1
1. /—:r = —F | arcsin ( aEnT ) , ¢ [a > 1].
J Vatcos2z—1 a a?—1 a

. 2_1
2. /de:aE(arcsin(asmx>a - >_

a? -1 a

1 i 71
—-=F <arcsin < auny ) , a > [a > 1].
a a2 —1 a

2.616

Integrals of the fornf R(sin z, cos x, V1= p?sin® 2,1 — ¢? sin? x)dx.

. . 1—p? si
Notation:cw = arcsin (ﬂ)

1—p2 sin® o

' ] 2 _ 2
g / = - 2F<a’ Vql pa)
’ \/(1 — p? sin? z)(1 — ¢2 sin? ) V1i-p —p

2 2 i ™
{O<p <q° <1, O<J:§§}.
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BY (284.07)

tg* xdx

/\/l—p sin? z)(1 — ¢2 sin® z)

1 2 2 _ 2
= —x[22—p* —)E | o, w] b ——
31—-¢?)*(1—p )5 L=p 1—-p
N 2p% + ¢ — 3 +sin? (4 — 3p? — 2¢> + p*¢?) sinz
3(1—=p*)(1—¢?)? cos? z\ 1 —p?sin® z
0<p<g<l 0<z< ]
BY (284.07)
220
/ sin? z dx B
\/l—p sin? z)(1 — ¢2 sin? 2)3
VA 2 p2 1 2 _ 2
= 22p2Eav¢quQQ 2Fa7¢qp2
(1—¢*)(¢* —p?) 1—p (@2 —p)V/1—p 1—p
sinx cos x 2 T
- D<p<g <l 0<a<]
(17q2)\/(1 p? sin” 2)(1 — ¢2 sin® z)
BY (284.06)
5 / cos? xdx _
’ \/(l—p2 sin? z)3(1 — ¢2 sin® z)
_Vi-p ¢ —p? 1—¢° " 4> — p?
PP NI ) T 22 5 Y\ T2
=P p (¢ = p*)V1-p p
0<p<g<1 0<z< ]
BY (284.05)
cos® xdx
6. =

/\/(1 — p? sin? 2)5(1 — ¢2 sin? x)

2 2732 172 i
2+p 612)(2 O p (a9 aa
(1-p?) 1—p
2 (1 — p?) sinz cos /11— ¢2 sin® z

3(¢? - p2)\/(1 — p? sin® z)?
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' dx 1—¢?sin® z 1 q? — p?
7. — —— T = Ela, 5
J 1—p2sin® x| 1—p2sin 1—p2 1—p

[0<p2<q2<1, 0<x<ﬁ}

-2
BY (284.01)
8 /\/ 1—p2?sin® z i 1p2E< \/q2p2> q> —p? sin x cos x
. €T = (87 —
2 in2 3 _ 2 ) _ 2 _ 42
. (1 —¢? sin” x) l—gq lL=p l—q \/(1 — p? sin? x)(1 — ¢2 sin? )
{0<p2<q2<1, 0<x§g} .
BY (284.04)
/ dx 1—p281n2x: 1 1 a2 q? — p?
L+ (p2r2 —p2—r2)sin? z | 1 —¢2sin’z 1—p? T 1= p?
0<p<g<l 0<a< ]
BY (284.02)
221
2.617
. . V212 —b sinz— . )
Notation:ac = arcsin \/ b te 25b52+f2 CEBEL . = —ai b—bj-fﬁ
d 2
1. / - * = - F(a, r)
Va+bsinz+ccosx Va+ V2 + 2
b b
0< Vb2 +c? <a, arcsin—— — 7 <z < arcsin 7} :
{ Vb2 4 c? Vb2 4 c?
2
V2 pan
Vb2 + 2
b a b
0 < |a] < Vb2 +c2, arcsin————— — arccos (—7> < x < arcsin 7} .
[ lal b2 + 2 Vb2 + 2 Vb2 + 2
BY (293.00)
BY (294.00)

sin x dx V2b
2 = 2E(a, r) — Fa, r
Va+bsinz + c cosz v (b% 4 02)3{ (e, 7) ( )} +
2c V/ o -
———VvVa+bsinr+ccosx
b? + 2

b a b
0<la| < Vb2 + 2, arcsin————— — arccos <—> < x < arcsin ———
[ la b2 + 2 Vb2 + 2 Vb2 + 2
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" (bcosx —csinx)dx
J Va+bsinz +ccosz

3. =2Va+bsinx +ccosx.

A /'\/b2—|—02—|—bsinx—|—ccosxd

Va+bsinz + ¢ cos z

T —— Aa— VIEF &)
=-2Va+ V> +2E(a,r F(a, r
2Vat Vi EBla )y e Flan )

b b
0<Vb2+c2<a, arcsin—— —n7<z< arcsin—} ;
{ b2 + 2 V2 + 2
= —2V2Vb? + 2 E(a, 1)
b b
[O <la] < V0% + 2, arcsini2 — arccos (—L> < z < arcsin
c

b + Vb2 4 2 Vb2 + 2
BY (293.01)
BY (294.04)
222
5. /\/a—|—b sinx +ccosxdr=—-2\a+Vb>+2E(a, 1)
b b
0< Vb +c? <a, arcsini—ﬁﬁzr<arcsin—} ;
{ Vb? 4 c? VbE 2]
. V2(Vb2 + 2 —a)
= —2V2V/b? + 2 E(a, 1)+ Fla, r
ARt
b —a b
0 < |a] < Vb2 + 2, arcsin ———— — arccos <7> < x < arcsin 7} )
[ lal Vb2 4 2 Vb2 + 2 Vb2 + 2
BY (293.03)
BY (294.01)

2.618

Integrals of the fornf R(sin ax, cos ax, v/cos 2ax) dx = %fR(sin t,cost, V12sin? t) dt(t = ax). .

Notation: a = arcsin (/2 sin ax)

The integralsz(sin azx, cos ax, v/ cos 2ax) dz are special cases of the intega95. for(p = 2). We give some formulas:

1 / dr L F< 1 ) [0 <az < ”}
. = o, —= axr — | .
Veos2ar a2 V2 — 4

5 cos? ax p 1 E< 1 > {0 - - 7Tj|
) x = o, — ar < —| .
Vv cos 2ax a2 V2 — 4
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' ds 2 1 tg a
s [ = ) e [o<ar<]],
J cos? axv/cos 2ax a a 4

dx 2v/2
4. = F|a,
cos? ax+/cos 2ax a

2 .
QF(OJ, L)(Gcos ax—i—l)smaxm [0<x§g}.

3a cos® ax

te? axd 2 1 1 1 1
. /M_KE <a7 _>—F <a, _>_ tgarveos2ar  [0<a< ],
v cos 2ax a a 2

“tg? axdx 1 < 1 > sin ax m
6. = Fla, — | ——5—Vcos2ax [0 <ar < —} .
J Vecos2axr  3aV?2 V2/) 3a cos?ax 4

. / dx 1 I < 9 1 > [0 <oz < 77}
) = o, rt, — ar < —| .
J (1—2r2 sin? ax)v/ cos 2ax av/2 V2 4

223

dx 1 1 V2 1 sin 2ax T
8. / - F<a —)—E (a, —)+7 {0<aw§—} .
Veos? 2ax a2 av/cos 2ax 4

2

i d in 2 1 1
sin® az dz sin 2ax B (m _> {0 <az< g} .

Vcos3 2ax B 2a+/ cos 2ax a av/2 V2

10 / dz 1 F< 1 >+ sin 2ax {O< <7r}
. = o, — - ar < —|.
J Vcos® 2ax  3av/?2 V2 3aVcos?3 2ax 4

11. ./\/de:\/?il?(a, %)—%F@ i) [0<ax§q

1

[N}

Vewtar | V3 . g )
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2.619

Integrals of the form

17
/R(sin azx, cos ax, vV — cos 2ax) dr = —/R(Sin z, cosx, V2 sin? x — 1) dux.
. a.

Notation: a = arcsin(v/2 cos az).

The integrals/ R(sin x, cos z, /2 sin? z — 1) dz are special cases of the integ@aB99 and 2.611 fdu = 2). We give some

formulas:

. /w%_a;f@ %)
2 [ (e ) - F (e )]

cos? axdx 1 { ( 1 > 5 ( 1 >} 1
3. = 3F|la, — | —=-F | a, —= | | ——— sin 2axv — cos 2azx.
J V/=cos2ax  3aV2 2 12a

' dx 1 V2 1
4. / = — ctgaxrv—cos2axr — —F <a, —> .
J sin? axv/— cos 2ax a s a V2

' dx 2 1 1
5. / = Fla — | —6F|a, — +
J sin* axv/=cos2ax  3aV/2 [ ( ’ \/§> ( ’ \/5)}
1 |
+ — ?ozax (6 sin? ax + 1)v/— cos 2az.
3a sin® ax
ctg? ax dx 1 { < 1 ) < 1 )} 1
6. = Fla — | —2F|a, — | | +— ctgaxryv —cos2azx.
J v/ —cos22ax a\/§ \/5 \/5 a &
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. / dx 1 H< 5 1 >
. =— a, r, — ).
J (1 —=2r2 cos? ax)y/— cos 2ax av/2 V2

g / dx 1 {F( 1 ) 2E< 1 )}—i— sin 2ax
. = o, — | — o, — =
V—rcos? 2ax  av?2 T V2 T V2 av/ — cos 2ax

cos? ax dx sin 2ax 1 > ( 1 >
—_= — a, .
V—rcos? 2ax  2av/—cos2ax a2

10 / dx 1 P ( 1 > sin 2ax
. =— a, — | - ————
v —cos® 2ax 3av/2 V2 3av/ — cos® 2azx

11. /\/mdx_ﬁ {F (a, i) —2F (a, %)} .

Integrals of the fornf R(sin ax, cos ax, /sin 2azx) dx.

2 sin ax

Notation: a = arcsin¢ - .
1 + sin ax + cos ax

2.621

N "sin az dx :Q{l—l—iH(a, 1+4 1 >+
J 4/sin 2ax a 2

(o 1 ) e (o) e (o))
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BY (287.54)

et - B (o)) )

1 — sin az + cos ax)V/sin 2ax V2 2
BY (287.55)
5 / (1 + cos ax) dx \/§E< 1 )
: =—F|la —].
J (1 + sin ax + cos ax)V/sin 2ax a V2
BY (287.51)
' (1 + cos ax) dx \/§{ ( 1 ) ( 1 > } 7
6. / =—<Fla, —=)—-FEla, — | +Vtgax [ax —}.
J (1 —sin az + cos ax)V/sin 2ax a V2 V2 5 #2
BY (287.56)
. / (1 — sinaz + cos ax) dz \/5{2E< 1 > F< 1 >}
: =— a, — | —Fla, — | ;.
J (1 + sin ax + cos ax)V/sin 2ax a V2 V2
BY (287.53)
225
g / (1 + sin ax + cos ax) dz ﬂl‘[( 5 1 >
: =—"I|a,r", — ).
J |1+ cosazx+ (1 —2r2) sin az|Vsin 2ax a V2
BY (287.52)

2.63-2.65 Products of trigonometric functions and powers

2.631

1. /:rr sin? x cos? xdx = 5 {(p—l— Q)" sinPt! z cos? !z +

(p+q)

+rz" 1 sin? z cos? xfr(rfl)/a:r_Q sin? z cos? xdx—

—rp/fol sin? ! 2 cos?™! :rdx—l—(q—l)(p—l—q)/xT sin? z cos? ™2 :rdx};
1

" (pt)? [<p+q):c7‘ sin”~ @ cos™ x4

+rz" ! sin? x cos? m—r(r—l)/:rT*Q sin? x cos? x dx+
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2. /xm sin” zdx =

3. /:rm cos” zdxr =

T st oo .
5 {m sinz — nx cosz} +
n
n—1 L m(m — 1 o .
+ /xm sin” 2xd:r—¥/xm 2 sin" zdx.
n . n .
2™ L cos™ 1 g .
5 {m cosx +nx sinx} +
n

-1 -1
+Z /.L’m cos" 2 a:da:fgm(mQ )/xm_2 cos" xdx.
n

2 n+1
4. /x" sin?™ gdr= (") o +
m ) 227 (n+1)

6. /J:" cos

—1)ym m=1 (2
+<22m)_1 (—1)"( m> /x" cos(2m—2k)x dx (see 2.633 2.).

2.633

T1 333

' -1)m m (2 1
5. /:r" sin?"* xdy = (2277)1 > (—1)]‘< m}: )/x" sin(2m—2k+1)z dx
. k=0 .
(see 2.633 1.).

2.633

T1 333

2m Tt
2m
rdr =
e <m)22m(n+1) *
1 mzl /2
‘o 2 < m> /x" cos(2m—2k)x dx (see 2.6332.).
22m=t o Nk .
2.633
T1 333
' 1 = /2 1
7. /:r" cos® xdy = Jam > < m]:— >/x" cos(2m—2k+1)z dx. (see 2.6332.).
. k=0 .

2.633

T1 333
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2.632

(—iB8) "y (p, —ifx). [Rep>—1, x>0].

1. /:L’“_l sin Bz dr = %(iﬁ)_“’Y(M, %5@*%

2. /:r“il sinaxdr = — {exp [%(u - 1)} T (u, —tax) +

pr

+exp {%Z(l - /L):| I (u, iax)} [Rep <1, a>0, z>0].

3. / P cos frde = 3 {(8) Py, i02) + (~iB) M —iBa)}
‘ [Rep >0, z>0].

1
4. /:L’“_l cosardr = —— {exp (iuz) T (p, —iax) + exp (,wz) T (s, iax)} .
. 2a+ 2 2

2.633

C n n\ x"k 1
1. /:r &na:rd:rz—kgok!(k)akT cos<a$+§kﬁ>.

. n n—k
5 n B ()= . 1.
2. /:r cos ar dx = Zk'<k>—ak+1 sin <ax+2k7r .

k=0

n p2n—2k n—1 p2n—2k—1
3. /:L’Q” sinzdx = (2n)!{ (—DF ——— cosz+ 3 (fl)k—)' sinx} :

=0 (2n — 2k)! =0 (2n —2k—1

ontl _ 1) SR gkt 22k
4. T sinzdr = (2n+1)1 4 > (=1)
. k=0
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ET1317(2)
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ET 1 319(22)
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) n X xQn—Qk n—1 X an—Qk—l
5. /.IZ’ i COS.’IZ’d.’IZ’ = (271,)' { kgo (*1) m smx + kgo (*1) m COS LL’} .

oni1 n X xQn—Qk—i—l n x2n—2k
6. " szdr = (2n+1)! —1) — sir ————— €08
/.L’ cosxzdr = (2n+1) {kz_:o( ) @2k 1) sinxz + kZ::O @n 2! oS x}
2.634
: . [n/2] pi2k) (. oo [(n1) /2] (2k—1) (,
, _ cosmx e P (x)  sinma w1 Pn (x)
1. / P, (x) sinmzdx = — - 1;;0 (—=1) —TT - P (-1 oW

sinma /2 PP (2) cosma ()2 piERTD (g
2 (=) 5 > ()T e
L — m m h—1 m

2. /Pn<.L’) cosmz dr =
227
In formulas 2.634P, (x) is annth-degree polynomial anB,(Lk)(:c) is itskth derivative with respect ta

Notation:z; = A + Bx.

2.635

1 b
1. /,21 sin kx dx = fzzl cos kx + 2 sin kx.

1 b
2. /,21 cos kxdx = Ez1 sin kx + w2 cos kx.

1 [/ 2b2 2b
3. /zf sin kx do = z (k:_2 — zf) cos kx + kzl sin kx.

1 20° 2b
4. /zf cos kx dr = z (z% - ﬁ) sin kx + k—zl cos kx.

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



' b? 3b 2b2
5. /2'113 sin kz dz = % <6k—2 - zf) cos kx + 72 <z% - p> sin kx.

6b° 3b 202
6. /zi3 cos kx dr = % <z% — —> sinkz + — (z% — ﬁ) cos kzx.

1 12b? 24b* 4b 6b?
7. /z‘f sin kx dx = 7 <z‘11 - ?zf + ?) cos kx+ kzl (z% - —> sin kz.

1 1267 24b* 4b 6b?
8. /z‘f cos kx dx = T (zi1 2 22+ ?> sin kz+ k;l <zf - —) cos kx.

' 5b 12b* 24b* 206> 120b*
9. /z? sin kz dz = %(zf—?z%—l—?) Sinkx—%(zf—%z%—l—%) cos kx.

5 5b 12p° 24b* 206> 12054
10. /zf cos kz dx = = <zi1 - k—sz + e > COSk’ZL‘-i—% <zi1 - ?zf + = ) sin k.

6b 20b* 120b*
11. /zf sin kx do = —ot <zi1 -2+ —> sin kx —

k2 k2 k4
1 (s 300* , 3600 , 7200°
A G 27 + i 1T T cos kx.
6b 20b* 120b*
12. /zf cos kxdr = k;l <zi1 - k—QZ% + k:—4> cos kx +
1 3062 3600 72000
—i—E(zf— 12 2f + 1 P 16 ) sin kz.
228
2.636
n+1
1. /x" sin? zde = ——— +
2(n+1)
n [n/2] (_1)k+1xn—2k [(n—1)/2] (_1)k+1xn—2k—1
- sin 2 2y
7 {,;0 (o S X s, — ooy
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" 5 xn+1
2. z" cos® xdr = ——— —

2(n+1)
n [n/2] (_1)k+1xn—2k [(n—1)/2] (_1)k+1xn—2k—1
- 1T 2/ \ 2,
4 {,;_:0 e Tp VA T D DR 7= vy s
GU ((333))(3e)
- 2 1
3. /:r sin? zdx = r_r sin 2x — — cos 2x.
. 4 4 8
: 3 1 1
4. /:r2 sin? zdxr = % — z Ccos 2 — 1 <x2 — 5) sin 2x.
MZ 241
5/ 2 =" T n2e ot cos2
) T COS = — 4+ = sin2x + — cos 2z.
z cos” xdx 4 1 in 2z 3 T
3 1 1
6. /:1:2 cos® xdr = % —|—£ cos 2z + 1 <:1:2 — 5) sin 2.
MZ 245
2.637
. /2] (_1\k ,.n—2k .
n -3 _n! (=) cos 3x
1. /:r sin xdx—z Eo (n = 20)] P —3cosx | —
[(n—1)/2] gn—2k-1 sin 3z
k .
- (-1) (= 2k = 1), (22k+2 —3sm:r>}.
GU((333))(2f)
. n/2] (_1\k n—2k /.
n 3 _n! (=) x sin 3x )
2. /:r coS xdx—Z Eo (n = 20)] 2k +3sinz | +
[(n=1)/2] pn—2k—1 cos 3x
k
+ Py (-1) (n =2k 1)l (32k+2 +3 COS:L‘> }
GU((333))(3f)

3 P
3. /:r sin® zdx = 1 sinx — % sin 3z — ZI cos:r—l—% cos 3x
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' 3 3 2 1 3
4. !/1‘2 sin® zdr = — <1x2 + 5) CcOoS :r+<f—2 + 5—4) CcOoS 3:r+§x sin x_lx_8 sin 3x.
MZ 241
229
3 1 3
5. /.L' cos® xdr = 1 cos T + 36 cos 3x + Zx sin z + -z sin 3x.
3 3 2 1 3
6. /:1:2 cos® xdr = S2® — =) sinz+ ro_ = sin 3z+—x cos x—l—i cos 3x.
4 2 12 54 2 18
MZ 245, 246
2.638
1 / sin? x gy — — sin?™t 2[(p — 2) sinz + gz cos ] B
' zP (p—1)(p—2)ar~!
q> /sinq xdx q(g—1) /sinq_2 xdx
(p—Dp-2)) ar? (p—1(p—2). zP=2
[pEL p#2).
TI (496)
5 / cos? x g — cos? ! z[(p—2) cosx — qu sina]
' P (p—1)(p—2)ar~?
q> /cosq rdx n q(g—1) /cosq_2 rdx
(p—1(p—2) ap=? (p—1(p—2) xp—?
[p#L, p#2].
TI (495)
36 /'sin:cda:_ sin x n 1 /cosa:da:.
' w  (p—Dap~t  p—1J) ap-!
B sin x cos T 1 /sinxdfc (p>2)
T e-De T p-Dp-2w2 (p-Dp-2) w2z T
Tl (492)
46 /Cosxdxi CcoS T 1 /sin:rd:p
' 2 (p—1Dar-l  p—1 xp—1 7
B cos & n sin x 1 /cos T dx (p>2)
o (p—Darl (p—D(p—2272 (p—1)(p—2)) ar-? P

p
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2.639

inzd 1)t (n=2 (=1)F(2k + 1)!
1. /Smx - (=1) —( ) ( +1) cos T +
x2n x(2n — 1! | /= x2kt1

n=l (=1)k1(2k)!
% sinx} +

+ >
k=0

(-1

(2n —1)! ci (2).

o (R

nl DM R Y ()
+ P e sin :r} + 2n)! si (z).
230
cos x dx (=)t =l (—1)RF(2k)!
3 / o d @n—1) { 1;;0 pTe cos T —
n=2 (=1)*(2k + 1)! (="
— kgo oy sm:r} + 2n—1) si (z)
/cosxdx _ (= { (D Rk+ 1
22+l z(2n)! 22k+1
n—1 ( );”'H(Qk‘) - (_1)71 ,
Z:: —_— blIl;l?} + @n), ci(x).
2.641
"sin kx 1 ka . . ka . k
/a—i—b:r dI:g[COS—SI(U)—SIHTCI(U)} {u:E(a—i—bx)} .
"cos kx 1 ka . . ka . k
/a—i—b:r dI:g[COS?CI(U)—I—SIHTSI(U)} {u:E(a—i—bx)} .

1 sin kx k [ coskx
dx (see 2.6412.).

3 /sinkx do — 1 Lk
' (a + bx)? YT Thatrbr  b) atbx
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/' cos kx d
——dx
J (a+bx)?

/i

/i

/:

/i

/:

sin kx

a+ bx)3 *

cos kx

a+ bx)3 e

sin kx

a+ bx)t *

cos kx

a+ bx)t e

sin kx

a + bx)° *

B _l cos kx " sin kw
ba+br a—+ bx
. sin kx B k cos kx k:_z/
~ 2b(a+bx)?  202(a +bx) 2b2
B cos kx n k sin kx k:_z/
2b(a + bx)?  2b%(a+bx) 202
_ sin kx B k cos kx
3b(a+bx)3  6b%(a+ bx)?
k2 sin kx k3 /COS kx
+—— | ———dx
6b%(a +bx) 60%) a+bx
__ cos kx n k sin kx
3b(a+bx)3  6b%(a+ bx)?

k? cos kx k3 /sin kx
— + dz
6b3(a+bx) 60 ) a+bx

_ sin kx B k cos kx
4b(a + bx)*  12b%(a + bx)3
k? sin kx k3 coskr  k*

(see 2.6411.).

sin kx

a+ bx

cos kx
a+ bx

(see 2.6411.).

(see 2.6412.).

(see 2.6412.).

(see 2.6411.).

sin kx

24b3 (a + b)?
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/

a+ bx

i

(see 2.6411.).

2.641

2.641

2.641

2.641

2.641
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231

cos kx
10. /— dz
(a + bx)

sin kx
11. /— dx =
(a + bx)

12 / cos kx o cos kx n k sin kx n k2 cos kx B
' (a+ bx)S e 5b(a+bx)>  20b0%(a+bx)*  60b3(a + bx)?
k? sin kx k* cos kx k> [ sinkzx
— — — d 2.6411.).
1206 (a + bx)?  120b%(a + bx) 12000 / e G )

2.642

o cos kx n k sin kx n
557 db(a+bx)t T 1202 (a + br)3
k2 cos kx k? sin kx E* [ coskx
— d 2.6412.).
2403 (a + br)?  24b*(a+ bx) | 240 / atbplr (see )

o sin kx B k cos kx n k? sin kx n k3 cos kx B
6 5b(a + bx)>  20b%(a + bx)*  60b3(a + bx)3  120b*(a + bx)?
k* sin kx kP cos kx
- d 2.6412.).
12065 (a + be) 12000 / oty B (see )

2. /SQOH L DI S <2m + 1) si[(2m — 2k + 1)z].

g 2m
COSs T
3. /

=~

T

2m\ lnz 1 m=1/2m)\ .
dx = <,rn>22—m+22m—_1 Z <k>01[(2m—2k’)x]

k=0

2m+1 1o (2mt1
/Md:ﬁ > < m >Ci[(2m2k—|—1)x].

= 22m

k
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5 /sian T dr = — 2m 1
x? m ) 227y

(=)™ md a1 [(2m\ [ cos(2m — 2k)x

+ o kZ::O (—1) i el

’ x + (2m — 2k) si[(2m — 2k‘):r]} :
sln2m+1 T B (_1>m m 11 2m +1
P ().
y { sin(2 *;k’ + D (2m — 2k + 1) ci[(2m — 2k + 1)x]} :

- /'cosQ;” T <2m> I
, x m

22myg

*sz% T:;: (T) {M + (2m — 2k) i [(2m — 2/€):c]} .

232

cos?mtl g 1 (2m + 1\ [cos(2m — 2k + 1)z
8. — = " 3m Z::

T

+ (2m —2k 4+ 1)si[(2m — 2k + 1)1‘]}

2.643
1 / aPde P 'psinz + (¢ — 2)x cos z] L= 2 / P dx N p(p—1) / P2 dx
- ) sin? (g—1)(g—2)sin? 'z g—1J sin?? 2z (¢—1(¢—2) /) sin?? 2’
5 / aPde a7 [p cosx — (¢ —2)x sin ]
") costx

(¢—1)(g—2) cos?~!x

+q—2/ P dx n p(p—1) /xp_de
q—1J cost=2 2z  (q—1)(g—2).) cost=2 z’

z" . 2(22k1 -1
3.4 / dr == 4 Z( )A—H ( )
sin x n

Bowi n+2k
=, (n+ 2k)(2k) 2R

[lz] <m, n>0l.
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/ dx 1
4. =

" sinx

nrt [1+ (*1)71](*1)22“_ —

1
B, Inz —
2 n!
o0 o2(227 - 1) .
_ _1)k By z?km > 1 > 7).
= U G sy B n>1, e > ]
oy
GU ((333))(9b)
"2 dx X |Egp|ant2htl T
5.3 /”B— = i 0] .
J cosw ,Z’O (n+ 2k + 1)(2k)! [|:r\ S e }
GU ((333))(10b)
dzr 1 |En_1‘ > ‘Egk‘IQk_n—i_l
6. — =—[1-(=1)" 1
/x" sz 20~ ](n—l)! nrd2, 2k —n+1)-(2k)!
k#ng
T
GU ((333))(11b)
7. /x dr = —z" ctgzx + n " 4
J sin” x n—1
oo i 22kxn+2k—1
Bsy. < > 1.
tn2 (=D (n+2k—1)(2k) [zl <m n>1]
GU ((333))(8¢)
3 / dx _ ctgx n B
C ) amsin? " (n 4 1)ant!
ntr 2'n n oo (—1)%(2z)%F
(=D (=D 2 B e Boy,
L==DCED = ey B Inem s > 2k —n—1)(2k)
+1
kT
[lz] < 7).
GU ((333))(9¢)
233
™ dr 00 22k(22k _ 1>xn+2k—1 T
9. [T _ nig, )k Boy, > 1, <—}.
/cos2 p = et 2 (U P " <y
dx tgx
10 [ BT -
[ = B - 1)

a1 2N "

ERCES] (2" = 1)Bys1 Ina —
Printed from Tapje of Inte%s, Ser(esra]_ny}ﬁ’(@aéfs CDE())(Q @c};%ﬁght © 1996 by Ac
k=1

@2k —n—1)(2R)! Bk T‘
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2

xn+1

GU ((333))(10¢)



GU ((333))(11c)

2.644
1 / vdr "= (2n—2)2n—4)...(2n — 2k 4 2) sinz + (2n — 2k)x cosx N
S e o (2n—1)(2n —3)...(2n — 2k +3) (2n — 2k + 1)(2n — 2k) sin?~2F+L 4
2"t (n —1)!
+ ﬁ(ln sinz — x ctg ).
5 / vdr ”il 2n—1)2n—3)...2n—2k+1) sinz + (2n — 2k — 1)z cosx N
- sin? g =0  2n(2n—2)...(2n—2k+2)  (2n—2k)(2n — 2k — 1) sin®*"" % z
2n — 1! d
4 2n=l) /lf T (see 2.6445.).
2nn! sin
2.644
3 / vdr "=l (2n—2)(2n—4)...(2n — 2k +2) (2n — 2k)x sinx — cos x N
C)costr o (2n—1)(2n—3) ... (2n — 2k +3) (2n — 2k + 1)(2n — 2k) cos2n—2k+1 g
2"t (n —1)!
+ ﬁ(m tgx + Incos x).
A / vdr "il 2n—1)2n—-3)...(2n—2k+1) (2n — 2k + 1)x sinz — cos x N
© ) cos?ntlp = 2n(2n—2)...(2n— 2k +2)  (2n —2k)(2n — 2k — 1) cos2n—2k g
2n — ! d
4@l / T (see 2.6446.).
2nn! cos &
2.644

d x a1 2(22F1 1 .
/l‘ X =2+ Z (71)A+1 ( )B2kx2k+1.

6 /'xdx & |Eoplatt?
") cosx 2 (2k+2)(2k)!

xdx .
7. — — = —xctgr +Insinz.

sin“ x
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" xdx
8. /—2::rtg:r+lncosx.
J cos? x

234

9 / zdx _ sinz+xcosw 1/' T

sin® x 2 sin® 2/ sinx

T dx T sinx — cos x 1 [ xdx
10. = + =

cos® x 2 cos? x 2] coszx

T COS X 1

dx

(see 2.6445.).

(see 2.6446.).

11 / o dr 2 ctgz+ 2 In(sin )
. = — — — —z ctgx + — In(sin z).
J sin? z 3sin®x  6sin’z 3 & 3

T dx T sinx 1
12. = —
J cos*z 3cosdxr 6costx 3

T COS T 1

3z cosx

2
+ -z tgx — 3 In(cos x).

rdr 3 3 [xdx
13. 5 T T and P S Rl
sin® x 4sin*x 12sin®x 8sin“x 8sinz 8 sinz

T sinx 1 3z sinx

14 /:de B
") cos®x dcostz 12 cosd x

2.645

zP dx

ia2m m
sin“™ x m
]_. xP d’ = E —]_ k /4
/£ cos x k:O( ) <k> cosn—2k

n 3 +3/.’L’d;l?
8cos2x 8Scosx 8)J cosx

(see 2.6432.).

T

2.644

2.644
(see 2.6445.).

2.644
(see 2.6446.).

2.644
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. ca2m+1l | m 2P ain A
2. /xpu dr = 3 (—1)"‘(’”) /ﬂ dr  (see 2.6453.).

k cos"2F g

3 / psinxdr P P / P! d
: x = - x
cosx  (n—1)cos™lx n—1J cos" !z

[n > 1] (see 2.643 2.).

2m m P
4. /xpcos Tdr= 3 (1)’“(2)/% (see 2.6431.).
XT

T, .
sl T k=0 Sin

2m—+1 m P
5 /xpu dr = 3 (1)’6(’”)/% dr  (see 2.6456.).

ST .
sin” x =0 k sin” x

6 p COST zP P 2P~ dx
. = - . n—1 + -1 s n—1
sin” z (n—1) sin r n sin T

[n > 1] (see 2.643 1.).

‘T coswx x T
7. / — dr = —— —I—lntg§.
sin® x sin x
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g /:r sinxd €T Int (:r+7r)
) T = —1In -+ —).
cos? x cos & & 2 4

2.646

22k (22k—1 _

oo . 1) .
1. 2Pt dr = -1 k+1 B P2k
[ wade= 5 (b 20) - (2k)! P2

235

' X . 2°"By;,
2. /:L‘p ctgrdr= Y (=1)" 2k

p+2k >1
k=0 (p + 2k)(2k)! " p21,

2
3. /.’L‘p tg? xdr =z tgx + Incos z — %

2
x
4. /.L' ctg? xdr = —x ctgx + Insinz — 7

x| < 5

lz| < .

2.647
/x”cosxd:r B " n
(a+bsinz)™  (m—1)b(a+bsinz)m-1!
n 1d£
1].
—1b/a+bsmxm 1 m#]
9 / " sinx dx B z"
' (a+bcosz)™  (m—1)b(a+ b cosa)m1
n n=1 gy
— 1].
(m1)()/(a—|—bcos:1:)m1 1]
" xdx T x
3. [Ty (———) 21 (———).
,/l—i-sin:r g\ —g)temes (g3

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.

GU ((333))(12d)

GU ((333))(13d)

MZ 247

MZ 247



" 2d ., .,
4. !/i:xctg(g—f)—i—ﬂnsin (%—f)

1—sinz 2 2
PE (330)
" xdx x T
./l—l-cos:r * g2+ ncos2
PE (331)
. di . ,
6. /%:—xctgg—kﬂncosg.
PE (332)
T COS T z r
b (2T
./(1+sina:)2 ! 1+sinzLqu 271
T COS T T Lo m
o [ =T
/(15111:6)2 ! 1—sinx+ & 2+4
9 / T sinx T "
. x: - o
(1 + cos z)? Lfcose  ©2
10 / T sinx d T ¢ L
. - @@ r=—————230 .
1—cosaz)? 1—coszx &9
(
MZ 247a
2.648
/mdx:“gi
J 1+cosz 2
236

2. /wdx: —x ctgf.
J 1—cosx 2
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sinz + (a4 bx) cosz]?2  b[(ax —b) sinx + (a + bx) cos ] |

/ x2dx x sin x + cos
J Tar—w)

2.651

/ dx B tgx
J [a+ (ax +b) tgx]?2  ala+ (ax+b) tgx]’

2.652

xdx cos(x —t)
= cosec 2t In——= — L(4 t Lir —t
/ cos(z + 1) cos( — ) cosec {:c n cos(z 1 1) (x+1t)+ L(z )}
T
[tnms Jal < | = ol ]

wheret is the value of the argumeftvhich is reduced by multiples of the argumei lie in the interva(—g,

2.653

1. / 7 de =V2rS(\/x)  (c£.8.2511.).

2. / 7 dr =V2rC(\/x)  (cf.8.2512.).

2.654

Notation:A = /1 — k2 sin? z, k' =1 — k2:

T sinx cosx zA 1
1. /T dr = 2 + k—QE(x, k).
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. .. 3 12 2
x sin” x cos x k 2k +5 1
2. /—dfﬂ = - F(x, k‘)+97E(l”, k>_9?

A T [3(3—A?)z+k? sinz cos 2] A.

3. /w dz = ;}; F(z, k:)+7k;TZ5E(a;, k)fﬁ[?)(Aszkz’Q)xszQ sinz cos z]A.
4. /xblzifdx dx = —% + k:li—’Q arcsin(k sin z).

5. /J: C(;s;uda: =2 sin:u + % In(k cosz + A).

o [rinensds s Ly

e sin’ A — ";:42“2 T B, B+ F, B

N /.L’ sinxizs?’ vdr _ mk:Q sian:i—Ai— k2 —2 N ];;—/jF(I, B+ %E(m, ).

Integrals containingin 2> andcos

In integrals containing sir® and cos:?, it is expedient to make the substitutich= w.

237
2.655

a1

' -1
1. /:rp sinz? dx = — cos z° + p?/IIFQ cos 22 dz.

p—1 -1 f
X . p _ .
sinz? — T/:rp 2 sinz? dz.

2. /:rp cos x? dx =
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w

e~

10.

2.661

/:r" sin 22 dz

/ 2" cos 2 dx

/:r sinz?de = —
/:r cosx?dr = —
/:L’Q sin 22 dx
/:1:2 cos 22 dx
/:r?’ sin 22 dz:

/13 cos z° dx

2.66 Combinations of trigonometric functions and exponentials

a4 E3 cog a2

xn74k+l

sin x

- (n—l)!!{ él (=1)F [

(_ )7‘ n—4r s -2
+ 227 (n —dr — 1)l T sin x“ dx

T

4

2%k—T(p — 4k +3)  22k(n — 4k + 1!

=[]}

n—4ak+1

CoOS T

2

r =443 i 2
= (=D 3 (~)F
= 2251 (n — 4k + B!

(_1)7 n—4r 2 ],
+ 227 (n —dr — 1)l T cos x” dx

cos x2

2

sin x2

2

L=
= fg cos x? + 5\/EC<.L’)

-
=T ginz? - —\/ES(x).
2 2V 2

? o L
= —— CcOosx” + — sin x°.
2 2

z? o 1 2
= — smx” + — cosx”.
2 2

/e‘“” sin? z cos? xdx =

1

Printe:

o+ (p+q)?

[
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[

22k (n — Ak + 1)!!

IJ

- |

n

4

A

3l

|+

GU ((336))(4a)
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238

1
= W{e” sin?~! x cos? zla sinxz — (p+ q) cos x| +
a pT4q
+qa/€ax sin? ! x cos?? :L’dx+(p—1)(p+q)/e‘“” sin?~2 z cos? xda:};
1 ax i p—1 q—1 . . 2 2
= W e sin X COoS x[a SIn & COS T —+q SIN~ T —p COoS x]—i—
a
+q(q— 1)/6‘“” sin? z cos? ™% xdx 4 p(p — 1)/6‘1@‘ sin?~2 2 cos? xda:};
1 ax _i.p—1 q—1 . .92 2
= W e sin T cos z(a sinz cos x+q sin“ z—p cos” )+
a

+q(qg — 1)/6‘“” sin? =% x cos?™? zdr —

—(g—p)p+aq— 1)/6‘” sin? =% x cos? :rd:r};

1 e _ . .
= € sin” V2 cos?! x(a sinx cos x+q sin® z—p cos® z)+m
a® + (p+q)

+p(p— 1)/6ch sin? =2 x cos?™? xdr +
+@—-pp+q-— 1)/6‘“” sin? x cosd™? xdx}

GU ((334))(1a)
TI (526)
TI (525)
TI (524)

Forp = m andq = n even integers, the integrﬁb” sin”™ x cos™ x dx can be reduced by means of these formulas to the integral
fe‘”” dx. However, when onlyn or onlyn is even, they can be reduced to integrals of the foﬁ‘ﬁ cos™ x dx or

Je® sin™ x dx respectively.

2.662

1. /e‘n sin” bx dr = [(a sin bz — nb cos bx)e™ sin" ! bx +

a? + n2b?

+n(n— 1)b2/e‘”” sin” "2 bz dx}

1

2. !/e‘”” cos” brdx = pEpRT

[(a cos bz + nb sin bx)e™ cos™ ! b +

+n(n— 1)b2/e‘“” cos" 2 bz dx} .
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3. /e‘m sin®™ bx dx =
Z_ (2m)!b2F s sin?m—2k=1 py
=0 (2m —2k)![a? 4+ (2m)2b2][a® + (2m — 2)2b?] ... [a? + (2m — 2k)2b?]

) (2m)!b>mea®

sin bx—(2m—2k)b cos bs =
X[a sin ba—(2m—2k)b cos ba]+ [a? 4+ (2m)2b2][a® + (2m — 2)2b2] ... [a® + 4b?]a

92 ax ax m . 2 1
B < m> e e e e g (- )A <m T_ﬂk> m(a cos 2bkx+2bk sin 2bkx).

- 22ma 22m 1

4. /e‘m sin?™ ! br de =

B g‘: (2m + Db e sin®"=2% brla sin bx — (2m — 2k + 1)b cos bz
20 2m =2k + D2 + (2m + 1)262][a2 + (2m — 1)22] ... [a% + (2m — 2k + 1)2b?]
e m (—1)F 2m +1 )
= 2k+1)bx—(2k+1)b 2k+1)bx].
53 k§0a2+(2k+1)2b2 <m_k>[asm( +1)bx—(2k+1)b cos(2k+1)bz]
5.8 /e‘”” cos®™ bx dx =
m=1 (2m)10%F e cos?™—2k=1 pxla cos bx + (2m — 2k)b sin bx] n
202 .. [a? + (2m — 2k)%0?]

B kgo (2m — 2k)![a® + (2m)2b?][a2 + (2m — 2

(2m)1p?mear
[a? + (2m)2b2][a® + (2m — 2)2b2] ... [a® + 4b%]a
2m\ e%* e m 2m 1 .
= ( m > m_‘_ﬁﬂl—*l kgl < ) m[a COS 2kb$+2kb Sin kaa?]

+

m—k

6. /e‘”” cos?™ ! brdr =
2m—2k bx

(2m + 1)1b?* e cos
a? + (2m — 2k + 1)20?]

Z 0 (2m — 2k + Da? + (2m — 1)20?] ... |
ea Z 2m+ 1 1 [a cos(2k+1)bz+(2k+1)b sin(2k+1) ba]

_ CcOoS xr sin Z|.
2 =\ o~k )@@+ 2k 022 @

2.663
1 /ea’” sin b do — e (a sin bx — b cos bx)
a? + b2
240
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2.664

1. /e‘n sin bz cosczdr = — | 2 sin(b+ )z — (b+ ¢) cos(b + c)a

2 a?+ (b+c¢)?
asin(b—c)x — (b—c¢) cos(b—c)x
a?+ (b—rc)?

GU ((334))(6b)

e [ _acoscr+csince acos(2b+ c)xr + (2b+ ¢) sin(2b + c)x

ar _:..2 o PO
2. /e sin” bx cos cx dx = 1 2 e @+ (2b+ ) —
a cos(2b — c)x + (2b — ¢) sin(2b — ¢)x
a?+ (2b—c)?

GU ((334))(6c)

3. /e‘n sinbe cos codp — Co |o 2SR br — b cosbr asin(b+ 2c)z — (b+ 2¢) cos(b + 2¢)z
. 4 a? +b? a? + (b+ 2¢)?
48 sin(b — 2¢)x — (b — 2¢) cos(b — 2¢)x
a? + (b—2c)? '

GU ((334))(6d)

2.665

1 / e** dx ela sinbx + (p—2)b cosbzx]  a? + (p — 2)%b? / e** dx

sin? be (p—1)(p—2)b2 sin?~! ba (p—1(p—2)b%2 ) sin?~2 bz’
TI (530)a
/ e dr e*[a cosbr — (p—2)bsinbr]  a®+ (p—2)°0° / e dx
J cosP bz (p—1)(p—2)b% cosP~L bz (p—1)(p—2)b% ) cosP~2 bz’
TI (529)a

By successive applications of formufa665 forp a natural number, we obtain integrals of the form

[ede o petde o petde o petde \which are not expressible in terms of a finite combination of elementary functions.

sin bx sin? bz’ cos bx cos? bx

241
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2.666

ax
1 /e‘“” tg? xdx = ¢ tgP~! f—l/e‘” tg?~! zdx /e‘” tgP 2 2 dx
_ »—
TI (527)
ax ot p—1
2 /e‘” ctg? xdx = e as 7 a4 / o ctgP! xdx—/e‘” ctgP™? xdx
p—1 p—1 .
TI (528)
d ar to 1 azx g
3. /e‘”” tgxdr = e et —/# (see remark following 2.665).
. a a) cos? x
2.665
ax 2 g et axr . :
4. e tg® xdr=—(atgx—1)—a [ e tgrxdx (see 2.6663.).
a
2.666
T1 355
ax t 1 ‘wa d
5. /e‘“” ctgxdr = € 8T, _/e. 5 ’ (see remark following 2.665).
a a) sin® x
2.665
ax
6. /e‘“” ctg? xdr = fe—(a ctgr + 1) + a/e‘” ctg xdx (see 2.6665.).
a
2.666

Integrals of type R(z, e, sin bz, cos cx) dx

b

i b — _a
Notationisint = ———>—;  cost = =5—5.
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SiIlt:*W; cost = a+W'
2.667
' p_az s xPe® . p . —1 _ax :
1. 2Pe® sinbr dv = m(a sin bz —b cos br)—— e 2P7 e (a sin bx—b cos bz) dx;
. a a .
D ax
= %_sz sin(bx—kt)\/a%ﬁ/xp_lem sin(bx+t) dz.

D ,ax
2. /:L’pe‘“” cos bx dr = %(a cos br+b sin br)—— i 52 /xp_le‘””(a cos bx+b sin bx) dx;
a a

zPet” p . —1 _ax
= m COS(bZL'—Ft)—aQ——i_bQ/ ZL'p 16 COS(bI-'—t) dx
n_ ar : ax ! (_1)k+1n!xn—k+1 .
3. /x e sinbrdr =e kgl (n— &+ Dla® 1 )72 sin(bx + kt).

(71)k+1n!xn7k+1

: n+1
4. /:L“"e‘”C cosbrdx = e Y cos(bx + kt).
. k

=1 (n—k+ 1)(a? + b2)k/2

axr 2 b2 2ab
5. /xe‘”” sin bx dx = a;ﬁ {(aw - h) sin bx — <bx - ﬁ) cos bx} .

g ax 2*()2 2ab
6. !/:rem cosbr dr = a;ﬁ {(am— h) cos bx + (b:r— ﬁ) sinbx} .

242

T 5 2(a® —b?) 2a(a® — 3b?)
7. /x e sinbx dx = ZI { [aw > Y T+ (@ £ 12)° sin bx —

4ab 2b(3a® — b?)
2 . ,
_ {b:{: — a2+b2£+ (@ + 272 cosbx ;.

"o e 5 2(a® —b?) 2a(a® — 3b*)
8. !/:L"e cosbxdz-m{[ax — 2 T+ (@@ + 022 cos bx+

4ab 2b(3a? — b?)
2 .
+ {bx R T+ (@@ £ 12 sin bx ».
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2.67 Combinations of trigonometric and hyperbolic functions

2.671

1. / sh(az +b) sin(cx + d) dx = ch(azx +b) sin(cz + d) —

a? + c2

- % sh(az +b) cos(cx + d).
a’+c

2. / sh(ax + b) cos(cx + d) dx = % ch(azx + b) cos(cx + d) +
, c

a

OS] sh(ax 4 b) sin(cx + d).

3. / ch(ax + b) sin(cz + d) dz = sh(az +b) sin(cz +d) —

a? + c?

- ﬁ ch(azx + b) cos(cx + d).

4. / ch(az 4+ b) cos(cx 4+ d) dz = % sh(az + b) cos(cx + d) +
. a“ +c

poal ch(az +b) sin(cz + d).

GU ((354))(2)

2.672

' 1
1. /thsin:rdx:g(ch:rsinx—sh:rcosx).
1 .
2. /shx cosa:dxzi(cha: cosx +shz sinz).
. 1 .
3. / chx sinxdr = 5(31’1:1: sinx — chz cos ).

' 1
4. / cha cosxdr = g(sh:r cos x + ch x sin x).
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2.673

1. / sh®™ (azx + b) sin®" (cx + d) do =
- % (2;?) <2:> x+2<;ﬂ—;: <27;”> Zg ﬁ <2;> sin[(2n—2k)(cz-+d)]+

G S el <2;> <2§ )

22m+2n=2 = = (2m — 2j5)%a? + (2n — 2k)2c?
x {(2m — 2j)a sh[(2m — 2j)(azx + b)] cos[(2n — 2k)(cz + d)] +
+ (2 = 2k)c ch[(2m — 2j)(ax + b)] sin[(2n — 2k)(cz + d)]}.

+ X

GU ((354))(3a)

2. / sh®™ (az + b) sin>* =t (cz + d) do =
= =y <2m) Zzl % <2nk— 1> cos[(2n—2k—1)(cx+d)|+

22m+2n=2\'m ) ;=5 (2n — 2k — 1)c

= N e

22mAn=3 = =0 (2m — 2j5)%a® 4 (2n — 2k — 1)%¢?
x {(2m — 2j)a sh[(2m — 2j)(az + b)] sin[(2n — 2k — 1)(cz + d)] —
— (2n — 2k — 1)c ch[(2m — 2j)(ax + b)] cos[(2n — 2k — 1)(cz + d)]}.

+

GU ((354))(3b)

3. / sh®™ 1 (az + b) sin®" (cz + d) do =

m i(2m—1
( n ) b Y ( > ch[(2m — 2j — 1)(ax + d)] +

T 2mE2=Z S (9 — 25 — 1)a

(-1 mzlnl M<2m >< >

22m+2n=3 = = (2m — 25 — 1)2a? + (2n — 2k)3c
x {(2m —2j — 1)a ch[(2m — 2j — 1)(a:r + )] cos[(2n — 2k)(cx + d)] +
+ (2n — 2k)c sh[(2m — 25 — 1)(az + b)] sin[(2n — 2k)(cz + d)]}.

+

GU ((354))(3c)

4. / sh®™ 1 (az + b) sin®* 7! (cz + d) dz =

3+A 2m — 1 2nf 1
B (_1)71—1 m—1 n—1
~ 92m—2n—4 ];] =0 2m —2j —1)2a® + (2n — Qk —1)2¢?

x{(2m—2j—1)a ch[(2m —2j — 1)(ax—|—b)] sin[(2n —2k —1)(cx +d)] —
—(2n — 2k — 1)e sh[(2m — 25 — 1)(ax + b)] cos[(2n — 2k — 1)(cx + d)]}.
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5. / sh®™ (az + b) cos®(cx + d) dx =

2n j 2m
= gt () () f+22£$2_1 Sl O S

m n =0 (2m —2j)a

() e (1)

22m2n—1 = (2n — 2k)c

R -1y (2;71> <2;)

s X
+ 92m+2n—2 j;o kZ::O (2m — 27)%a® + (2n — 2k)3c?

x {(2m — 2j)a sh[(2m — 2j)(azx + b)] cos[(2n — 2k)(cz + d)] +
+ (2 — 2k)c ch[(2m — 2j)(ax + b)] sin[(2n — 2k)(cx + d)]}.

_|_

sin[(2n — 2k)(cx + d)] +

GU ((354))(4a)

6. / sh®™(ax + b) cos*" ez + d) dx =

Cor(G) e ()

22m+2n=2 ,;0 (2n — 2k —1)c

e ()

22m+2n—3 =0 k=0 2m —2j)%a® + (2n — 2k — 1)2¢?
x {(2m — 2j)a sh[(2m — 2j)(azx + b)] cos[(2n — 2k — 1)(cx + d)] +
+ (2n — 2k — 1)c ch[(2m — 2j)(ax + b)] sin[(2n — 2k — 1)(cz + d)]}.

sinf(2n — 2k — 2)(cx + d)] +

_|_

GU ((354))(4a)

7. / sh?™ L (az + b) cos®(cx + d) dx =

() ()

= 5 G 1)2 ch{(Zm =2j = Daz + d)] +

1 molnl 1y (2;'71) <2/:>

+ 922m—2n—3 ];0 =0 (2771 — 2] — 1)20,2 —+ (2?’1 — 2]{,’)202

x {(2m — 25 — 1)a ch[(2m — 25 — 1)(azx + b)] cos[(2n — 2k)(cz + d)] +
+ (2n — 2k)c shi(2m — 25 — 1)(ax + b)] sin[(2n — 2k)(cx + d)]}.

GU ((354))(4b)

8. / sh®™ 1 (az + b) cos Y (cx + d) dx =
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| et <1>j<2mj_1><2nkr_l>

22m+2n—4 EO =5 (2m —2j — 1)2a2 + (2n — 2k — 1)2¢2
x{(2m—2j—1)a ch[(2m —2j —1)(azx+b)] cos[(2n—2k —1)(cx+d)] +
+ (2n — 2k — 1)c sh[(2m — 2j — 1)(ax + b)] sin[(2n — 2k — 1)(cz + d)]}.

GU ((354))(4b)

9. / ch®™ (az + b) sin®"(cx + d) dx =

GG, () e (5)

= " omrzn L T ogmren—i 2 (2n — 2k)c

k=0
2n 2m
n m—1 ]

sh|(2m — 27)(ax + b
+ 92m+2n—1 j;o 2m —2j)a sh((2m — 2j)(az + b)] +

()t <1>k<2;n ) (2: >

22mtn=2 = =0 (2m — 2j5)%a® 4 (2n — 2k)3c2
x {(2m — 2j)a sh[(2m — 2j)(azx + b)] cos[(2n — 2k)(cz + d)] +
+ (2n — 2k)c ch[(2m — 27)(ax + b)] sin[(2n — 2k)(cx + d)]}.

sin[(2n —2k)(cz+d)]+

+

GU ((354))(5a)

10. /cth*1 (ax +b) sin®" (cx + d) dx =

(1) e (7))

T Q2mf2n—2 EO 2m—2j—1)a

SIEESE (‘”k(zmj 1) <2§ )

22m+2n=3 = = (2m — 25 — 1)2a? + (2n — 2k)2¢2
x {(2m — 25 — 1)a sh[(2m — 25 — 1)(ax + b)] cos[(2n — 2k)(cz + d)] +
+ (2n — 2k)c ch[(2m — 2j — 1)(ax + b)] sin[(2n — 2k)(cz + d)]}.

sh[(2m — 25 — 1)(az + b)] +

_|_

GU ((354))(5a)

11. /Cth(ax +b) sin®" " (cx + d) dx =

. (=)t <27;n> e <2nk 1)

22m+2m—=2 = (2n — 2k —1)c

(1t i o))

22m+2n_3 j=0 k=0 (27’71 — 2j)2a2 + (2TL — 2k — 1)262
x {(2m — 2j)a sh[(2m — 2j)(ax + b)] sin[(2n — 2k — 1)(cz + d)| —
_ (2n _ I?ip}ed_fr%?%arﬂmrlals;S?ﬁa (1&%% du&tj]C%Sgl[/té;ﬁpyﬂgIE% 19_961)5 C&%e@_lc&lﬂs ,.Inc. All rights reserved.

cos[(2n — 2k — 1)(cx + d)] +

+




12. /chzm_1 (az 4 b) sin®" ! (cx + d) do =

Co22mA2n—d S (2m — 25 — 1)2a2 + (2n — 2k — 1)2¢2
x{(2m—2j —1)a sh[(2m —2j — 1)(ax +b)] sin[(2n —2k —1)(cx +d)] —
—(2n — 2k — 1)e ch[(2m — 25 — 1)(ax + b)] cos[(2n — 2k — 1)(cx + d)]}.

GU ((354))(5b)

13. / ch®™(az + b) cos®"(cx + d) dx =

GO

<2m> <2>
m n—1 k )
PETI + SEmET 2 (3 — 9k)e sin[(2n — 2k)(cx + d)] +

o 2m
<n> S (j > sh[(2m — 2j)(az + b)] +

22m+2n_1 =0 (2m — 2j>a

2m\ (2n
N 1 mil n—1 ] k
922m+2n—2 =0 k=0 (27n — 2j)2a2 —+ (271, — 2k)202

x {(2m — 2j)a sh[(2m — 2j)(azx + b)] cos[(2n — 2k)(cz + d)] +
+ (2n — 2k)c ch[(2m — 2j)(ax + b)] sin[(2n — 2k)(cx + d)]}.

+

GU ((354))(6)

14. / ch®™ Yaz + b) cos®(cx + d) dx =

om 2m — 1
(n) b ( J > sh[(2m — 2j — 1) (ax + b)] +

22m+In=2 = (2m —2j — 1)a

s

22m+2n—3 EO =0 (2m —2j — 1)%2a® + (2n — 2k)2c?
x {(2m —2j — 1)a sh[(2m — 2j — 1)(az + b)] cos[(2n — 2k)(cz + d)] +

+ (2n — 2k)c ch[(2m — 25 — 1)(ax + b)] sin[(2n — 2k)(cx + d)]}.

+

GU ((354))(6)

15. /c}12m(ax +b) cos® Hcx +d)dx =

<2:;) S <2n’f_ 1> sinf(2n — 2k — 1)(cz + d)] +

22m+2n=2 = (2n — 2k — 1)c

2m 2n —1
1 m—1 n—1 ] k

* 22m+2n—3 EO =0 (2m —27)2a 4+ (2n — 2k — 1)3¢?
x {(2m — 2j)a sh[(2m — 2j)(azx + b)] cos[(2n — 2k — 1)(cx + d)] +
+ (Qn — @ik}ediroln)fpmﬂpf(@gtpl&s@j%(aa;jﬁm}dub}]Clgﬁ@NQ%pyﬂgQ@ :Irg%]_b)/(@g;jeqofiqf’)%s}s‘lnc. All rights reserved.




16. /cth*1 (az 4+ b) cos®" Y (cx + d) dx =

2m — 1 2n —1
1 m—1 n—1 ] k

T Q2mf2n—4 EO =0 2m —2j —1)%a® + (2n — 2k — 1)2¢?
x{(2m—2j—1)a sh[(2m —2j —1)(ax+b)] cos[(2n —2k —1)(cz+d)] +
+(2n — 2k — 1)c ch[(2m —2j — 1)(az 4 b)] sin[(2n — 2k — 1)(cz + d)]}.

2.674

(a+b)z
1. /e‘“” sh bz sin cx dx = m[(a + ) sincx — ¢ cos cx] —
e(afb):c
— m[(a —b) sin cx — ¢ cos cz].
e(a—Q—b)x
2. /e‘“” sh bz cos cx dx = WKG +b) cos cx + ¢ sin cx] —
e(afb):c
— m[(a —b) cos cx + ¢ sin cx].
e(a—Q—b)x
3. /e‘“” chbz sincrxdr = WKG +b) sincx — ¢ cos cx] +
e(afb):c
+ m[(a —b) sincx — ¢ cos cz).

(a+b)z
4. /e‘“” ch bz coscrdr = m[(a +b) cos cx + ¢ sin cx] +
e(afb)a:
+ m[(a —b) cos cx + ¢ sin cx].

2.7 Logarithms and Inverse-Hyperbolic Functions

2.71 The logarithm

2.711

/lnm rdr =z In™ x—m/ In™ ! vdr =

T m ) L
= S (=DEmADm(m+1) ... (m—k+1) In™ " 2 (m > 0).
m + 1 k=0
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2.72-2.73 Combinations of logarithms and algebraic functions

2.721
. n+t1 1 m. :
L. /:r" In™ zde =~ S L /:r" ™ xde (see 2.722).
. n+1 n+1.
2.722
Forn = —1
5 /lnm rdr In™*t g
' T  om+1
Forn = —1andm = —1
" dr
3. / S In(lnz).
J xlnz
2.722
"t oo In™ k
/:c” In™ xdr = e kg() (=DFm 4+ Dm(m —1)...(m — k+ 1)m
TI (604)
2.723
' In 1
1. /:r" Inzdr ="+t nr o .
. n+1l (n+1)2
TI 375
. 2
5 /:r"an:rdx::r"Jrl In T 2Inx n 2 |
. n+l (n+1)?2 (n+1)3
TI 375
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2.724

" dx ! n+1 z" dx
1. ( =— + (

Inz)™ (m—=1(nz)"1t  m-=1/) (lnz)"-1"

Form =1

oy
2. /”K T i (@Y.

Inx

2.725

1. /(a—l—bx)m Inzdr =

m+1 d
(a+bx)™t Inx — /M} .

(m+1)b x

<m) =k pk gkt
[(a+bx)™ Tt —a™ ] Inaw— 3 i .

T E ke 1?

2. /(a—l—b:r)m Inzdr =

Form = —1 see 2.722.

249
2.726

L 1
1. /(a—l—b:c) Inzdr = {% %} Inz— (aw—l—zbfﬁ) :

_|_

) [ b 2 b2 3
2. /(a+b:c)2 Inzde = g[(‘ﬁ’bx)s —a’] Inw — <a2x+ a2x ; > .

' 1 3 1 1
3. /(a+b:r)3 Inzde = 4—b[(a+bx)4—a4] Inz— <a3:r + Z(IQb:L‘Q + —ab®2® + —b3x4> .

3 16
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2.727

/ lxdx 1 B Inx +/ dx
(a+bx)™  blm—1) (a+ bx)m—1 x(a+bx)ym=1 |’

Form =1

/lnxdfc =—Inz In(a+ bx) — -

a+ bx

1 1 [In(a+ bx) dx

(see 2.7282.).

b b. x

Inz 1 T

/ In z dx
(a + bx)?

— Ir .
b(a + bx) +ab Nt b

Inz 1 1 T

/ In z dx
(a+bx)3

/' Inzdx
J Va-+bx

2.728

1. /:L‘m In(a + bzx)dx =

56 /ln(a + bx)

T

2.729

1. /:L‘m In(a +
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— 1 .
2b(a + bx)? * 2ab(a + bx) * 2a2b " a+ bx

_2 B Va+br ++/a .
= {(lnx 2)va+bx+\/aln—\/a+—b:r—\/a} la > 0];

{(lnx2)\/a—|—bx+2\/_aarctg\/a+bx} [a < 0].

b
2
b

1 11 / ™t dx
| -b| ——|.
o] {x n(a + bx) b! b
:lna—l—lnx—i—b—xq) <b_:r’ 2, 1) [a > 0].
a a
1 m-+1 (7a)m+l

1 m+1 (_1)kxm—k+2ak—1

T1 376
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250

2. /x In(a+ bzx)dx =

- 3
3. /1‘2 In(a + bx)dr = - {13 + a_} In(a +bzx) — -

' 1 a* 1[z* ax® a?22 &3z
3 _ 4
4. /:r In(a+bx) dx = 1 [:z: - b_4} ln(a—l—bx)—z {Z 3 + 2 b—S}
2.731
1 _2n+1 2 2 no 2n+1 . L
x In(z" 4+ a®) + (—1)"2a arctg — —
2n+1 a
(=D ok o }
-2 AL gPnT 2Rkl L
,EO 2% + 1
2.732
1 2n+2 2n+2 2 2
2n+1{( +(-1)"a ) In(z” +a”) +
" ntl (=1)nh azn—2k+2x2k}_
=1k

2.733

1. / In(z? + a?) de = x In(2? + a*) — 2z + 2a arctg L
. a

2. /:z: In(z? + a®) dx = %[(IQ + a?) In(z? + a?) — 2?].

1 2 . .
3. /.’L‘2 In(z? 4 a®) dz = 3 23 In(2® + a®) — §x3 + 2a%x — 2a® arctg L
a
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4_ 4 2 ot o
(z* — a*) In(z* + a?) 5 +ax”| .

N

4. /:r3 In(z? + a?) do =

U] =

5. /.’L’4 In(z+a?) dx = 3

2.734

1
/:UQ" In|z?—a?|de = ——— { 2?1 In|2® — a®| + a®" ! |24
2n+1

r—a 2% +1
2.735
2n+1 2 2 1 42 2042 o o L o0 ok ok
/x""' In|2°—a*|dz = ——— < (2®"T2 —a®T2) In|2z* — a?| - > —a®" 2y
2n +2 =1k
2.736
1. /ln\xQ—a2|d:r=xln\x2 a*| -2z +aln ria
. xr—
251

' 1
2. /:r In|2? — a®|de = 5{(12 —a*) In|z? — a* — 2}

1 2 .
3. /.’L’2 In|2? — a®|dx = 3 {x3 In|z? — a?| — 51‘3 — 242z +d® In | >

4_ 4 T A
(z* —a”) In|z* — a”| 5 —aT

' 1
4. /:r3 ln|:r2—a2\d:r:Z

28

+a

r—a

b

2 2
|:.’L’5 In(z? 4+ a?) — Z2° + Za?2® — 2a*x + 2d° arctg } .
5

2n—2kx2k+1 } )

b
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1 E 2 3 2 “
5. /x4 In |z —a?| dx = = {.’L’O In|2? — a?| — gx‘) - §a2x3 — 2% +d® In|>

€T —

2.74 Inverse hyperbolic functions
2.741

1. /Arshfd:r:xArshf — Va2 +a?.
. a a

a

2. /.Archfd:r:xArchf—\/12—(12. {Arch£>0};
. a a
zmArchE—l—\/xQ—aQ. {Arch£<0}.
a a

3. / Arth S do = z Arth = + = In(a® — 2?).
. a a 2

4. / Arcth = dz = 2 Arcth — + = In(z? — a?).
. a a 2

2.742

- 2 2
1. /mArshde=<%+az> Arshf—fva—l—aQ.
. a a

4

8

2. /:BArchfdx: <
. a

2

T ) Arch T - T \/a2 g2 [Archg > 0} ;
4 a 4 a

a T

— | Arch z + —Va? —a? {Archf < O} .
4 a 4 a

vo| 5 o] %
o
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2.8 Inverse Trigonometric Functions
2.81 Arcsines and arccosines

2.811

n [n/2] N\ n—2k
/ (arcsin 2) dr == kgo (—1)k <271L€> - (2k)! (arcsin g) +
x)ﬂ—?k—i—l

(n41)/2 "
+Va2—z2 Y (=D <2k 1> (2k—1)! (arcsin -
b — a

252
2.812

T\ " [n/2] e T\ n—2k
cecos 2\ dp — - _1)k , ! el
/ (alccos ) de == 1}:0 (—1) <2k:) (2k)! (arccos a) +

a
[(n+1)/2]

+Va?—a2 > (1)k( " )~(2k:1)! (arccos L

k=1 2k —1 a

) n—2k+1

2.813

1.* / arcsin — dz = sign (a) {n arcsin |x_‘ +Va?— I2:| .
a a

. N 2 2 ,
2.% / (arcsin f) de ==z <arcsin i|> +2v/a? — 22 arcsin ‘i — 2.
. a a a
z\3 z\? z\?2
3.* / (arcsin —) dx = sign(a) [x <arcsin —|> +3Va? — a2 <arcsin |—> -
. a a a
— 6z arcsin |£—‘ — 6V a2 — I2:| )
a
2.814
T T
1. / arccos — dx = x arccos — — \/ a? — x2.
a a
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' T\ 2 T\ 2 5 5 T
2. arccos — | dx = x (arccos — ) — 2V a?® — x? arccos — — 2x.
. a a

T\ 3 NG 2 3 T\ 2 T 5 2
3. arccos — | dx = x (arccos — ) —3v a? — x? (arccos — | —6x arccos —+6+/ a® — x~.
. a a

a a

2.82 The arcsecant, the arccosecant, the arctangent, and the arccotangent

2.821
1. / arccosec — dz = /arcsin % dx =  arcsin ~+a In(z+v2? — a?) {0 < arcsin © < Z} ;
. a . x 2 x 2
= 2 arcsin ——a In(z+Va? — a?) [—E < arcsin — < 0} .
x 2 z
x a a a
2. /arcsec —dx = /arccos —dx = x arccos ——a In(z+/ 2?2 — a?) {0 < arccos — < E} ;
. a T T z 2
a a
=z arccos ——a In(x+v/ 22 — a?) [fﬁ < arccos — < O} .
x 2 x
2.822

1. / arctg Tdr =2z arctg r_a In(a® + z?).
. q a 2

253

2. / arcctg Lde =z arcctg r_e In(a? + z?).
. a a 2

: ) ) /
3.* /:r arctgfdx: —(:L"Q—I—CLQ)arctgE _ar
. a 2 a 2

2
1

4. /.L’ arcctg Tar=24T0 —(2? + a?) arctg L

. a 2 4 2 a
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(l.’IJ2

g . 1 . 1
5.* /:r2 arctg L e = a8 arctg Ly g8 In(z? 4 a*) —
. a 3 a 6

6

7T£L'3 (l.’IJ2

: 1 1 o 1
6 o arcety e =~ et~ o e o) S 5

2.83 Combinations of arcsine or arccosine and algebraic functions

2.831

n . antl T 1 "t dx
x" arcsin — dx = arcsin —— (see 2.263 1., 2.264, 2.27).
a n+1 a n+1) a2 — 22

2.27
2.264
2.263
2.832
/x” arccos — dx = i arccos —+ ! / o de (see 2.263 1., 2.264, 2.27).
. a n+1 a n+1) Va2 -2 ’ ’
2.27
2.264
2.263
1. Forn = —1, these integrals (that |§“°;¢ dx andf% dx) cannot be expressed as a finite combination of elementary

functions.

9 /arccos T d — o n l B /arcsin €T .
. T 2 xr . T
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- 2 2 ;
1. /:r arcsin — dz = sign(a) [<£— - CLZ) arcsin — + —/a2 — :L‘Q:| .
. a a

g 2 1 . /
2. /:r arccos de = % — sign(a) [1(21"2 — a*) arcsin % + 2 a? — I2:| .
9 z x3 x 1, 5 9
3. /JJ arcsin — dx = sign(a) | — arcsin — + —(x* + 2a°)Va? — 22| .
a 3 la] 9

3 3 1
4. /J:2 arccos — da = ﬂfsign(a) T aresin — + — (2% +2a*) Va2 — 22| .
a 6 3 la| 9

t 3at 1
5. /JJ3 arcsin Z dx = sign(a) K% - %) arcsin % + ﬁa}@x? + 3a*)V a2 — xQ} :

' g z? 8zt — 3a* 1
6. / x% arccos gdx = %—sign(a) [%7260 arcsin % + 3—2x(2:r2 +3a*)Va? - :L‘Q:| .
254
2.834
1 oz 1 1 a++Va?—22
1. — arcsin — dr = —— arcsin— — —In—.
T a T a a T
1 x 1 z 1. a++Va?— 2?2
2. —5 arccos — dr = —— arccos— — —In——
T a T a a T
2.835

/ arcsin x dr — — arcsinz 2 arctg \/(a —-b)(1—2)
(a+ bx)? bla+bz)  bv/a? — b2 (a+b)(1+2)
__arcsinz 1 In Viae+b)(1+2) ++/(b—a)(l—2x)
bla+bx) /o2 —a®  J(a+b)(1+xz) -/

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



z arcsin x arcsin x 1 ve+ lx
o dr = — o+ arctg [c > —1];
(1 + ca?) 2¢(1+cz?)  2c/c+1 V1—a?

_ arcsin :c2 1 In V1—22 +2/—( < —1].
2c(1 + ca?) 46\/ (c+1)  V1I—22—2/—(

2.837

"x arcsin x .
1. /ﬁdx::r—\/l—:r2 arcsin z.
. —z

1
V1 — 22 arcsinz + — 1 (arcsin z)2.

NS

T arcsin x 22
2. e —— = — —
4

\/1751:2

22 arcsin 2 2 1
Y = o V1 — g2
3. / N dz 5 + 3 3(:1: +2)V 1 — 22 arcsin .
2.838
arcsin x T arcsin x
——dx l 1—z?
V(1 —x?)3 V1-a2 (=27
T arcsin x arcsinz 1. 1-—=z
——dt = —+ - In ——.
V(1 —22)3 Vi—z2 2 1+uz
2.84 Combinations of the arcsecant and arccosecant with powers of x
2.841

x a 1 a a ™
1. /.L’ arcsec — dxr = / arccos — dr = — {xQ arccos — — a\/ x? — aQ} [0 < arccos — < —} ;
a T 2 T T 2
a T a
- {:r2 arccos — + a\/ x? — aQ} {5 < arccos — < 7Ti| )
T x

1
2
DW

255

2% arcsec = dx =
T T

a
a

[O < arccos — < —} ;

T 2

1 3
2. / < /arccosgda:—g{:c?’ arccosgf%x\/xQ—an%ln(:c—i— x2a2)}

L] s a . a T, @ 22— 2
= x° arccos — + —xVx? —a —i——ln(:r—i— —22)
Printed from $abl of Integrals, Senegand P%ducts CD-ROM. Copyrngh?@ 1996 by Academic Press, Inc. Al
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Xr .. a 1 .a .a T
3. /.L’ arccosec — dr = / arcsin — dx = — {:c2 arcsin — + av/ 1% — a2} {0 < arcsin — < —} ;
. a . T 2 T T 2
1 a T a
= 3 {x2 arcsin — —av x? — aQ} {—5 < arcsin — < O} .
T T

DW

2.85 Combinations of the arctangent and arccotangent with algebraic functions

2.851

/ " arete L d antl ) a / 2" dy
" arctg = dr = arctg — —
. ga n+1 ga n+1/) a2+ a2
2.852
1 / n o L il o & N a /x”‘H dx
) " arcctg — dx = arcctg — )
. ga n+1 ga n+1/) a2 +22

Forn = -1

arctg x . . . .
/ dxcannot be expressed as a finite combination of elementary functions.
x

5 / arcctg x dor — ™ o — /arctgfc A,
. T 2 ) T

2.853

1 ]
1. /.L’ arctg fdx = —(xQ —|—a2) arctg r_ar
. a 2 a 2

: ] /
2. /:r arcctg Ly = —(2% + a?) arcctg z + ar
. a 2 a 2

-3 T 3

, ) 2
3.x /:r2 arctg Tade=2 arctg — + a In(z? + a?) — @
. a 3 a 6

6
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2.854

T 1 a? + x?
—— —1In .
a 2a z2

1 x 1
— arctg —dr = —— arctg
J x a x

256
2.855

/ arctg J 1 {1 a+Br  B-ax . }
= n — arctg ¢ .
: Vit a+f8s 0

(a+ Bx)? v a? + (32

2.856

t 1 1 (In(1 2 d
L. /wdx__mgmum_/M.

1+ 22 2 2 1+ 22
TI (689)
"2 4 to 1 1 1
2. /%dz:xawtgm— 5 ln(1+x2)—§(arCtg:L")2.
TI (405)
SIS S to 1 1 1 rct
3. / roarte s 12:1_(3;2g£ dr = —§x+§(1+x2) arctg I—./% dx. (see 2.851.)
2.851

- 4 to 1 2 3 1
/% dr = —6x2—|— 3 In(1+22)+ <% - x) arctg « + g(arctg )2,
2.857
arctgxdr [ & (2n—2k)!1(2n — 1) x 1(2n — 1!
./(1 F a2l L; @120 — 2k + DI (1 22kt T (g reter] et

1” n (2n — DN(2n — 2k)!! 1
3 k; ) (2n — 2k + D) (n — k + 1) (1 4 22)n—k+1"
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x arctg V2
A gﬁdx:—\/l—:rQ arctgx—l—\/ﬁarctgi—arcsin:r.

J V1—2? V1—2a?
2.859
to o~ to 1 1 b/2
grc g£2 _de = T arc gLQ _ arctg \/a+_£ la < b;
J /(a+ bx?) ava + bx avb—a b—a
T arctg x 1 ’\/a—l—b:L“Q—\/a—b

= + In a > bl
ava+bx?2 2ava—-b Va+br2+Va—0 [ ]

3.-4. Definite Integrals of Elementary Functions
3.0 Introduction

* We omit the definition of definite and multiple integrals since they are widely known and can easily be found in any textbook on
the subject. Here we give only certain theorems of a general nature which provide estimates, or which reduce the given integral t

simpler one.

3.01 Theorems of a general nature

3.011

Suppose thaf () is integrablé& A function f(x) is said to be integrable over the interyalg), if the integralqu f(z) dz exists.
Here, we usually mean the existence of the integral in the sense of Riemann. When it is a matter of the existence of the integral in

sense of Stieltjes or Lebesgue, etc., we shall speak of integrability in the sense of Stieltjes or Lebesgue.

over the largest of the intervajs, ¢), (p, r), (r, ¢). Then (depending on the relative positions of the ppintsandr) it is also

integrable over the other two intervals and we have

/qu(w) de = ‘/pr@.) d:c+‘/rqf(w) de.
Fl 11 126

3.012

The first mean-value theore®uppose (1) that(z) is continuous and thag{z) is integrable over the intervab, ¢), (2) that

m< f(z) <M
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and (3) thay(z) does not change sign anywhere in the intdal;). Then, there exists at least one point

£(p < € < q) such that

Fl 11132

3.013

The second mean-value theordinf.(z) is monotonic and non-negative throughout the intépvad), wherep < ¢, and ifg(z) is

integrable over that interval, then there exists at least onegfpint ¢ < ¢] such that

1 A?wqux=ﬂméZWMm

Under the conditions of Theorem 3.01.3f f(z) is nondecreasing, then

258

If f(x) is monotonic in the intervap, ¢), wherep < ¢, and ifg(z) is integrable over that interval, then

"q 3
s [ =10 [ @ e+ sa) [ gwar pse<a,

or

"q & "q
¢ [ fg@de=af g+ B [ g pesq,
Jp Jp .
whereA andB are any two numbers satisfying the conditions

A>f(p+0) and B < f(g—0) [if f decreases],
A<f(p+0) and B> f(¢—0) [if f increases].
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In particular,

g3 "q

g(x)dx+ f(q— O)/ g(x)dz.

5. Q/Z;qf(x)g(:r)d:rzgf(p"‘o)!/ Je

P
FI 11138

3.02 Change of variable in a definite integral

3.020

This formula is valid under the following conditions:

1. f(x) is continuous on some intervdl< x < B containing the original limits of integratienand.
2. The equalitiesr = g(¢) andg = ¢(v) hold.
3.¢(t) and its derivative’(¢) are continuous on the interval< ¢ < 1).

4. Ast varies fromp toe), the functiony(t) always varies in the same direction frgfiy) = a tog(1) = 3.* If this last

condition is not satisfied, the interval< ¢t < 1) should be partitioned into subintervals throughout each of which the condition
is satisfied: [ f(x) dz = [*" flg(t)]g' (t) dt+ [£* Flg(D)]g' () dt+---+[2 _ flg()]g'(¢) dt.
3.021

The integralff f(x) dz can be transformed into another integral with given limigdy’ by means of the linear substitution

ﬁ—awa—ﬂﬂ

- Y —

T

259
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In particular, forp = 0 andy) = 1,

2. /jf(x) do = (B — az)/olf((ﬁ — )t +a)dt.

Fore = 0 andy = oo,

3. / "y de = (8- ‘”/0 Ty (“ﬁit) 5 jl_tt)Q

3.022

The following formulas also hold:

B8 B8
2. /0 f(w)da:—‘/o £(8 — z) da.

3. ‘/Zf(w)dx—/o;f(w)dx.

3.03 General formulas
3.031

1. Suppose that a functigifz) is integrable over the intervat-p, p) and satisfies the relatigif —z) = f(x) on that interval. (A

function satisfying the latter condition is calledesenfunction.) Then,

/_if(:r)d:erl/Opf(x)d:r.

FI 11 159
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2. Suppose that(z) is a function that is integrable on the interfralp, p) and satisfies the relatigi{—z) = — f(x) on that

interval. (A function satisfying the latter condition is callecbddfunction). Then,

/if(;l:)da:—o.

FI 11 159
3.032
1. / f(sinz)dr = / f(cos z) dx,
Jo 0
wheref(z) is a function that is integrable on the interi(l1).
FI 11 159
27 T
2. f(p cos:r—i—qsin:r)d:er/ Ff(V/p?+ 2 cos z) dx,
Jo J0
wheref () is integrable on the interveh+/p? + ¢2, \/p? + ¢2).
FI 11 160
260
3. / f(sin2z) coszdx = / f(cos® z) cos x dz,
Jo Jo
wheref (z) is integrable on the intervéd, 1).
Fl 1l 161

3.033

1. f f(x+7m)=f(r) and f(—z)= f(z), then

./Oocf(:r)smw dzx = /ng(x) dzx.

T
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2. It f(x4+m)=—f(x) and f(—z)= f(z), then

./Oocf(l”)Sizx dx = ./OQf(x) cos z dx.

LO V 279(4)
In formulas 3.033, it is assumed that the integrals in the left members of the formulas exist.
3.034
[T g (50) - proo m
0 T p
if f(z) is continuous for: > 0 and if there exists a finite limjt(+o00) = lim, 4o f ().
FI 11 633
3.035
T flat+e”) + flate ™) o
1. dx = 3 1].
./o 1+ 2p cosx + p? * l_pr(a—l—p) [lpl < 1]
LA 230(16)
T 1l—pcosx . .
2 ")+ f (ate™ ")} dr = / 1),
./o 1 —2p cosz + p? {flate™)+flate™)} dz = m{f(a+p)+fla)} [lp| < 1]
BE 169
Tflater™) = flater) n
3. sin v dr = —{f(a+p)—f(a <1].
/0 1—2pcos x+ p? P e pi {flatp)=f(e)} 17| ]
BE 169

In formulas 3.035it is assumed that the functigris analytic in the closed unit circle with its center at the paint

3.036

T 2 i
1. -/o f( S >d:r—./0 f(sin? z) dx [p? > 1;

1+ 2p cos x+ p?
s s 2
:/ f(smgx) de  [p® <1].
J0 p
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T b
2. / F™ (cos z) sin®" xdx = (2n — 1)!!/ F(cos z) cos nx dx.
Jo J0

BE 174
261
3.037
If fis analytic in the circle of radiusand if
flr(cos & +isin x)] = f1(r, x) + ifa(r, z),
then
" falr .
! 0 plz(;:f?) =5, /e
LA 230(19)
2 [ R )= = Tpre ) - £(0)
Jo 2 p2 +l‘2 n 2 ¢
LA 230(20)
“flrx) o owo
5. [ S 0= Zire) - o
LA 230(21)
fa(r,
[T o= ) - e )
LA 230(22)
3.038
o d ge e}
./_Oo\/%F(q:r—i—p\/l +a?) = !/_OCF(p chx +qshz) shodr =

= 2q/ F'(signp-\/p? — ¢ chz)sh®zdx
Jo
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[F'is a function with a continuous derivative in the intefvabo, oo); all these integrals converge.]

3.04 Improper integrals

3.041

Suppose that a functiof(z) is defined on an intervgp, +o0) and that it is integrable over an arbitrary finite subinterval of the

form (p, P). Then, by definition

P—+o0 p

./,,mf (2)de = lim / " fw) do.

if this limit exists. If it does exist, we say that the intedg)ﬁf’C f(x) dz exists or that it converges. Otherwise, we say that the
integral diverges.

3.042

Suppose that a functiof{z) is bounded and integrable in an arbitrary intefwal; — 1) (for0 < 1 < ¢ — p) but is unbounded in

every intervalq — 7, ¢) to the left of the point. The poinfy is then called aingular point Then, by definition,

q "q=n
/ f(z)dz = lim / f(z)dx,
/p

n—0.J,

if this limit exists. In this case, we say that the inteﬁp@ () dx existsor that itconverges
3.043

If not only the integral of (=) but also the integral ¢f (x)| exists, we say that the integral f{fr) convergesbsolutely

262
3.044

The integralfpﬂof(w) dx converges absolutely if there exists a number 1 such that the limit

lim {a]f(2)]}

Tr— 400

exists. On the other hand, if

Jm {zlf(2)[} = L >0,
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the integray;roo |f(2)| dz diverges.
3.045

Suppose that the upper ligibf the integra![;f(:r) dx is a singular point. Then, this integral converges absolutely if there exists a

numbera < 1 such that the limit

m [(q —2)[f(2)]]

li
r—q
exists. On the other hand, if
lim|[(q - 2)|f(@)]] = L > 0.

the integrajfi f(z) dx diverges.
3.046

Suppose that the functiofi¢z) andg(x) are defined on the intervgb, +o0), thatf(x) is integrable over every finite interval of

the form(p, P), that the integral

!/Z;Pf(x) dzx

is a bounded function d@?, thatg(x) is monotonic, and that{x) —0 asz — +oc. Then, the integral

/ " fag(a) da

converges.
FI I 577

3.05 The principal values of improper integrals

3.051

Suppose that a functiof(z) has a singular poinmtsomewhere inside the interval, ), thatf(x) is defined at, and thatf(x) is
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f(@) r (p.q)  flx) r f(@)

integrable over every portion of this interval that does not contain

263

the pointr. Then, by definition

‘/pf(bl? ¢_11210{/ fla d.L+/ fla }

n

Here, the limit must exist fandependenmodes of approach gfandy’ to zero. If this limit does not exist but the limit

r—n q
Lo{/ 7@ d“./r @ d:c} |

does exist, we say that this latter limit is the Cauptigcipal valueof the improper integraﬁqu(x) dx and we say that the integral

quf(x) dx exists in the sense of principal values.
FI 1l 603

3.052

Suppose that the functigijz) is continuous over the intervab, ¢) and vanishes at only one poininside this interval. Suppose
that the first derivativg’ (x) exists in a neighborhood of the pointSuppose that’(r)#0 and that the second derivatif#(r)

exists at the pointitself. Then,

FI 11 605

diverges, but exists in the sense of principal values.

3.053

A divergent integral of a positive function cannot exist in the sense of principal values.

3.054

Suppose that the functigiiz) has no singular points in the interyaloo, +oc). Then, by definition
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Here, the limit must exist for independent approach ahd( to+oo. If this limit does not exist but the limit

+P

li dz,
P fx)de,

does exist, this last limit is called the principal value of the improper integral

FI 11 607

264
3.055

The principal value of an improper integral of an even function exists only when this integral converges (in the ordinary sense).

FI 11 607
3.1-3.2 Power and Algebraic Functions
3.11 Rational functions
3.111
o p+qu T L .
/_OO R w— s e (p — gr cos A) (principal value*)
(see also 3.194 8. and 3.252 1. and 2. ).

3.252
3.194

* We give the values of proper and improper convergent integrals and also the principal values of divergent inte)e&lsi{dbe

latter exist. Henceforth, we make no special indication of principal values.
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BI ((22))(14)

3.112

ges (1) da
Integrals of the form !/_Oo %,

where

[All roots of h,, (x) lie in the upper half-plane.]

1 /oo _gnl@)dz i M,
) (@b (—x)  ag An’

JE

where
ap a3 as --- O
ap a9 Qg 0
0 a1 as 0
An = . ;
o O 0 - agm
bp b1 by -+ by
ap as a4 st 0
0 a; as te 0
M, =
0O 0 0 an
265
5 /oo g1(z) dz mibg
oo D1 ()N (—2) apa;
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—_— = T

w [ Thot

agaibs

/°° g3(z) dx _—azbo + agby —
4. e =
J_oo ha(x)hs(—x) ap(agas — araz)

. /°° ga(x) dx bo(—aras + azaz) — apazby + aparbs + %%1(@0@3 —a1az)
: =i
— oo ha(2)hy(—2) ao(apai + atay — ajazaz)
/oo g5(z) dz . M;s
6 =T ,
oo hs(X)hs(—2) aplAs’
where

) 2 2
]\/[5 = b0(7a0a4a5 + aija; + asas — a2a3a4) + a0b1(7a2a5 + a3a4) +
apbg 2 2

+ aogba(apas — ajaq) + apbs(—apas + araz) + ——(—aparas + apas + ajas — ajazas),

as

A = agag — 2apaia4a5 — agasazas + a0a§a4 + a%ai + alagag) — a1a2a304.

JE

JE

JE

3.12 Products of rational functions and expressions that can be reduced to square

roots of first- and second-degree polynomials

3.121
1 .
1 dx > sin kA
1. —— = 2cosec A .
/0 1—2x cos A+ 22 x cosee ;;1 2k — 1
1
1 dx T
2. / = 0<p<q]
0o 4= P \Je(l—x) \/q(g—p)
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11Fr 1+7r

1
d 174
3. / ’ \/ :szil:':_ arctg .
o l=2rz+r2V 1tux r  rlxr 1—r

LI ((14))(5, 16)

3.13-3.17 Expressions that can be reduced to square roots of third- and
fourth-degree polynomials and their products with rational functions

In3.131-3.137 we sett = arcsin /9=, 8 = arcsin /=,

266

N 7N (Vs T )
/—arcsm\/b , 6 = arcs \/(b—c)(a—u)’

—C

= arcsin w = arcsin a-d
t= (@=b)(u—c)’ A=a \/a—b’

u—">’ u—c

. \/u—a . \/a—c \/a—b \/b—c
[ = arcsin v = arcsin , p= , q= .
: a—-c a—-c

3.131
'u dx 92
§ */—oc Vie—2)b—z)(c—1) \/a—cF(a’ P) [a>b>c>ul
BY (231.00)
& 2 F(ﬁ p) [a>b>c>u},
BY (232.00)

2. N =
/ Va—ob-oc—a) Va-c

dx 2
= F(v, q)

O A T r e =

[a>b>u>c.
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3.132

1.

2.

267

3.

/'b dx _ 2
Ju \/(a—:r)(b—:r)(x—c) \/a—c

& -2 F{. [a>u>b>(.

/b Vie—2)(x—=b)(zr—c) Va—c

/'a dx _ 2
Ju Va—2)(x=b)(zr—c) Va—c

F(\ p) [a>u>b>cl

v dzr 2
= F(pu, u>a>b>cl.
/a\/(xa)(xb)(xc) Va—c (1, 4) [v>a>b>]

/oo dx _ 2
v V@—a)(z-b)(zr—c) Va—c

F(v, q) [u>a>b>c.

rdr 2

/u Via—2)(b—1z)(c—2) T Va-c

—u)(c—u)
b—u

[cF (8, p)+(a—c)E(B, p>]2¢ (a

l[a>b>c>ul.

/u Vi(a x)(l;’dxa:)(x —0 \/ja cFW’ 9)-2Va—cE(y.q)  la>b2zu>d.

T dx 2

= [(b—a)II(6, ¢°, q)+aF (6, q)] [a>b>u>c.

b
/u\/(ax)(bx)(xc) Va—c
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rdx

4. E =
J Va2 - -

T dxr

5. " =
%me—xxm—wu—@

rdx

\/az_ c[(b_cﬂ_[({a p27 p)+CF<{, p)] [CL >u>b> C].
\/jc_ cF(A’ p)+2va — cE(X, p) la>u>b>d.

6. B =
A,¢@—w@—wu—@

3.133

dx

1.8 '
u/m¢mxﬁww@w

dx

b\/az— . [a(a—b)(p, 1, ¢)+b*F(p, q)] [u>a>b>c.
2
- (CL*b)ﬁLF(a? p)*E(O&, p)] [a>b>czu].

2. ’
-/u V(e —2)3(b—1z)(c—2)

dx

5 2 T c—u
= a—ba—c B p-EE p)Ha—M

(a —u)(b—u)
[a>b>c>u.

2

. NCEnE R

dx

- (CL*b) /—a—cE(% Q)i

[a>b>u>c.

2 ¢m

(a —b)(a —c) a—1u

2

b
4.
%L¢m—xP®—IXx—@

dz

5. [
L oo

_(a—b)\/aTcEw’q) [a>b>u>c.
2 2 u—>
- (a— b)\/aTc[Fd’ n-Ed, p)]+a —b \/(a —u)(u—c)
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268
u dx _ 2m N 2 N B
' /—oe\/(a—fﬁ)(b—x)3(c—:r) (@ =b)(b—c) (@ 2) (a—b)\/a—cF< P)
2 c—u
_b—c\/(a—u)(b—u) la>b>c>ul.
‘ dzx  2Va—c¢ B 2
° /u\/(ax)(bx)3(cx) @ Do—g Py el P

' dz _ 2 R Yer
? /c Va—2)b—apP@—c) (b—c)\/mF< E P T (o, @)+
2 (@ —u)(u—rc)
+(a—b)(b—c) — l[a>b>u>d
a il - o 2a-c
o S0 a  a-bva—c P Tape-g NPT
2 (a—w(u—c
+<ab><bc>¢ u—b [a>u>b>d
u dx B 2\/(ITC L 7; L
H /a V(z —a)(z —b)3(z —c) ~ (a—10b)(b—c) Ep. q) (b—c)\/ﬁF(l’@

[u>a>b>c.

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.

BY (238.05)

BY (231.09)

BY (232.14)

BY (233.10)

BY (236.09)



12.

13.

14.

269

16.

17.

18.

dx

/u N e T LCET I D [ RN T Wk
2 U—a
ab\/(ub)(uC) w>a>b>c.
U da’: 2 2 biu
./_oo \/(a—:r)(b—:r)(c—:r)3 B (c—b)\/a—cE<a’ p)+b—c\/(a—u)(c—u)

dx

l[a>b>c>ul.

b
/u Via—2)b— )z o

2 2 b—u
(b—c)va—c [F(8, 9)=B(, q)]+b —c \/(a —u)(u—c)

[a>b>u>c.

dx

/u Via—2)(@—b)(x —c)?

: T (r=r re)
(bfc)\/achO\’p) (bc)(ac)\/ u—-c

[a>u>0b>c.

" dx 2 2 u—a
/a Vi(z—a)(z—b)(z—c)3 - (b—c)Va—c Flp a)=Elp q>]+a —c \/(u —b)(u—c)
[u>a>b>c.
o dx 2
/u V(z—a)(x —b)(z —c)3 - (b—c)\/aTc[F(V’ 9)—Ew, q)] w2 a>b>d.
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3.134

" dx
1. _
/00\/<a$)5(bx)(cx)
2
= 3a —b—2c)F(a, p) —2(2a — b — c)E(a,
PN e B, ) +
2 (c = u)(b— u)
+3(a—c>(a—b)\/ (a—u)3 [a>b>czu]_
¢ dx

2.
w V(a—2)>(b—)(c—x)
2
= 3 bR e oF 00T b 20F(B p) =220 b = BB, p)]
+2[4a — 3ab — 2ac + be — u(3a — 2b — ¢)] \/( prp—

3(a—1b)(a—c)? a—u)3(b—u)

[a>b>c>u.

“ dx
3. _
/c Vi(a—2)%(b—x)(x —c)
2
T 3(a— b a—op [2(2a = b= ¢)E(v, q) — (a = b)F(v, ¢)] —
~ 2[5a* = 3ab — 3ac + be — 2u(2a — b — ¢)] ¢m
3(a—b)?(a—c)? 3

(a —u) la>b>wu>c.

270

dx 2

b
4.
./u Vie—2pBb—z)(z—c) 3(a-0b)2/(a—c)3

o2 [ R
3<a—b><a—c>¢ aoap lezbuzd

5 / ' dr _
Sy Va—aP @ —b)(z o)
2
= 3a—b—2¢)F(1,p) —2(2a —b—c)E(y, +
3(a—10)?y/(a—c)? 3 AFL 2) - 22 IEE. P
2[4a2P@t92&%nlab§d&lrgﬁgBE,ieri&s(g& F@dgcticg-&%ﬂm Cppyright ©d99£b5Academic Press, Inc. All rights reserved.
+ 3(a—b)2(a—c) (a_u>3(u_c) [a>u>b>c].

- [2(2a—b—c)E(6, q)—(a—b)F (b, q)]—

BY (231.08)

BY (232.13)

BY (233.09)

BY (234.05)



> dz
6. _
/“ \/<£ —a)’(z = b)(z —c)
2
- 3(a—10)?y/(a—c)? 220 = b= )E(w, q) = (a = D) F (¥, q)] +
 2[4a® — 2ab — 3ac 4 be + u(b + 2¢ — 30)] \/ w—b
3(a—b)2(a—rc) (u—a)3(u—c)

"”’ dx
7.
-[m\ma—mw—xﬁ@—w
2

C3(a—b)2(b—c)2Va—c 8

x [2(a—¢)(a+c—2b)E(a, p) + (b—¢)(3b —a — 2¢)F(a, p)] —

~ 2[3ab — ac + 2bc — 4b* — u(2a — 3b + ¢)] ¢ c—u

3(a—10b)(b—c)? (@ —u)(b—u)3

8 ¢ dx _
Ve b= e—a)
2
T 30— 0Pb- o Va—c
x[(b—c)(3b—a— QWQ*C)(@*%—FC)E(@ p)] +
2 (a —u)(c—u)
+3(a—b)(b—c)\/ (b—u)3 [@>b>c>ul
271

" dx
9.
/c Vi(a—a)(b N z)>(x = c)
- 3(a—0)2(b—c)2Va—c 8
X [(a—=0)(2a —3b+ c)F(v, ¢) + 2(a—¢)(2b —a — ¢)E(v, q)] +
2[3ab + 3bc — ac — 50 — 2u(a — 2b+c¢)] [ (a —u)(u —c)
+ 3a—b2(b— )2 b=

[a>b>u> (.

“ dx
10. =
/u V(a—x)(x —b)3(x —c)

2
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3(a—0)2(b—c)*Va—c
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[u>a>b>c.

[a>b>c>ul.
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u dx
11. =
/a NCEDCEDECED
2
T 3a—b2(b—2va—c
x [(@a—=1b)(2a+c—3b)F(u, q) +2(a—c)(2b—a—c)E(u, q)] +

+3 Q(b_c)\/(ua)(uc) [u>a>b>d.

(a —b) (u—0b)?
BY (237.12)
*° dx
12. =
/u Vi(z—a)(z—0)*(z —c)
2
T 3a—b2(b—2va—c
X [(a=0)(2a+c—3b)F(v, q) +2(a — ¢)(2b — ¢ — a)E(v, q)] —
2[3bc + 2ab —ac — 40> +u(3b—a—2¢)] | w—a
- 3(a—0)2(b —c) \/(u—b)S(u—c) [iza>b>d.
BY (238.04)
272
" dx
13. =
/oo Via—2)(b—z)(c—2)°
2
RETTEE e e 2(a+b—20)E(a, p) — (b — ¢)F(a, p)] +
2[ab — 3ac — 2bc + 4¢® + u(2a + b — 3¢)] b—u
+ 3= )b =) \/(a—u)(c—u)3 la>b>c>ul
BY (231.10)
b dx
14. =
/u Via—2)(b—x)(z—c)
2
= TN e [(2a +b—3c)F(6, q) — 2(a+ b —2c)E(6, q)] +
2[ab — 3ac — 2bc + 4¢® + u(2a + b — 3¢)] b—u
+ 30— c2(a—c) \/(au)(uc)3 [a>b>u> (.
BY (234.04)
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BY (235.20)

T

@ d
16.
/ Via= )z =0 oy

= 0o e 2 HE 2B ) = (- F O, )] -

_ 2[ab — 3ac — 3bc + 5¢2 4+ 2u(a + b — 2¢)] \/(a —u)(u—1b)

[a>u>b>c.

36— a0 o
BY (236.10)
U da’:
17. =
| Je=oe=
2
T 30— /(a— 0P (20 +b=3c)F(p, ) = 2Aa+b—2)E(p, 9] +
2[4c? —ab — 2ac —be+u(3a+2b—5¢)] [ u—a
* 3([)*0)(@70)2 \/(Ub)(uc)3 [u>@>b>c],
BY (237.13)
273
> dx
18. _
= e
N 3<b — 0)2 (a — 0)3 [M(V’ Q) o Q(CL +b— QC)E(V7 Q)] +
2 u—a)(u—2>b
+3(afc)(bfc) \/( (u><c)3 ) [uza>b>d.
BY (238.03)
3.135

16 /" dx _ 2 "
oV (a=2)(b—2)3(c—2)3 (a—D)(b—c)*Va—c
x[(b—c)F(a, p)—(2a—b—c)E(a, p)]+
N 2(b+c—2u)
(b—c)?\/(a —u)(b—u)(c—u)

[a>b>c>ul.

BY (231.13)}

@ dx 2
2. / = X
Ju V(a—2z)(x —b)3(x —c)3 (a=b)(b—c)*Va—c
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3 /u dz _ 2 y
CJo V@ —a)(z b3z —c¢)®  (a—b)(b—c)?Va—c
x[(2a=b—c)E(n, ¢) —2(a—b)F(n, ¢)]+

2 U—a
+<ac)(b0)\/(ub)(u6) [u>a>0b>cl

BY (236.14)
4 /'oo dx _ 2
e Vo—ow -0 0F  a-bb-ota-c
x[2a—b—c)E(v, ) —2(a—b)F(v, q)] -
2 v-a u>a>b>(
C(a=b)b—o) V (u—b)(u—rc)
BY (238.13)
274
5 /" dx _ 2 "
—oV(a—aPb—a)(c—2) (a=b)(b—c)\/(a—c)
x[(2b—a—c)E(a, p)—(b—c)F(a, p)]+
+ 2 b—u [a>b>c¢>u
(b—c)a—c) | (a—u)(c—u)
BY(231.12)
' dx 2
6. = X
/ V-0  b-a—bla— 0
X [(a=b)F (6, q)+ (2b—a—c)E(6, q)] +
+ 2 \/ b-u [a>b>u>c|
(b—c)a—c) | (a—u)(u—c) '
BY (234.03)

. /“ dx _ 2 "
b Va—aP@ b - (a=b)b-e)\/(a—c)
- F({,p)—(Qb—a—c)E({,p)]—i—

2 u—b
+<ab)(ac)\/(au)(uC) [a>u>b>(.
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dx 2

8. h = X
/ Ja— P —Da—0F  (a-bb-ayia- o
X [(CL—FC*Qb)E(V Q>7(aib>F(V Q>]+

2 u—2b
+(ab)(ac)\/(ua)(uc) [u>a>0b>cl.
BY (238.14)
0.8 /“ dx _ 2 5
J oo/ (a—2)3(b—x)3(c — x) (b—c)(a—b)2Va—c
x[(a+b—2¢)E(a, p)—2(b—c)F(a, p)]—
- 2 \/ ¢ Z la>b>c>u
(@a=b)(b—¢c) V (a—u)(b—u) -
BY (231.11)
¢ dx 2
1o /u Vi(a—2)3(b—x)3(c —x) (a—b)2(b—c)Va—c *
x[(a+b—2c)E(B, p) —2(b—c)F(3, p)| +
2 c—1u
+(a—b)(a—c)\/(a—u)(b—u) [a>b>c>ul
BY (232.15)
275
" dx 2
H /c Vi(a—2)3(b—x)3(x —c) (a—b)2(b—c)Va—c *
x[(a=b)F(v, 9) = (a+b—2¢)E(v, q)] +
2[a® + b* — ac — bec — u(a + b — 2c)] \/T
(a—=0)%(b—c)(a—c) (a—u)(b—u)
[a>b>u>(.
BY (233.11)
19 /°° dx _ 2 9
Sy VE—aB@ -3 —c¢)  (a—b2(b—-c)Va—c
x[(a—b)F(v, ¢)— (a+b—2¢)E(v, q)] +
+ 2u—a-b [u>a>b>d.
(a—b)2/(u—a)(u—b)(u—c)
BY (238.15)
3.136
L dx B

U
~/—oc Via—2)3(b—2)3(c— )3
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1o dz
2.
-/u V(= a)3(z—b)3(z —c)3
= 2 X
(@a=1b)*(b—c)*\/(a—c)?
x[(a—b)(2a—b—c)F(v, q) —2(a*> +b* +c* —ab—ac—bc)E(v, q)] +
2[u(a+b—2¢) —ala —c¢) — b(b — ¢)]
(a=b)*(a—c)(b—c)/(u—a)(u—Db)(u—c)

[u>a>b>c.

3.137

L /l(rm)\/(af;(b:c)(cx) N (ar)éﬂ {H (a’ Z_Z’p) ~Fle, p)}

[a>b>c>ul

276
c dx 2(c =)
2. = X
-/u (r—x)\/(a—2z)(b—x)(c — ) (r=>ob)(r—ca—c
r—2b 2
<11 (ﬁ r_c p>+(r—b)—a\/TcF<ﬂ’ p)

[a>b>c>u, r#0].

5 /cu(rx)\/(af;(b:c)(xc) B (rc)i/ﬁn (77 %’ q>

[a>b>u>c, r#c.

4 /'b dx _ 2 y
CJu =) (a—2)(b—x)(z — ) (r—a)(r—b)Wa—-c
<Jo—am (572 0) + -0 P50

[a>b>u>c, r#D].
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BY (235.17)

6. ./1;a(:r—r)\/(a—if(x—b)(x—c) B (a—r)zx/aTcH<>\’ Z——i’p>

[a>u>b>c, r#al.

BY (236.02)
. /'”' dz _ 2 5
o =) (m—a)z—=b)z—c) (b=r)a—r)Va—c
x [(b —a)ll <u, % q) +(a—p) F (. q)}
[u>a>b>c, r#al.
BY (237.17)
10 dz 2 r—oc
> / @—1/r—a)z-ba—c (F—ca—c {H <”’ a—c q> —Fw q)}
[u>a>0b>c.
BY (238.06)
3.138
"”' dx )
1. -/o N T = 2F (arcsin \/u, k) 0<u<1].
PE (532), JA
2 1 dr = 2F(arccos \/u, k) 0<u<1]
C e Vol =) (K2 k) ’ '
PE(533)
277
‘1 dx B CV1I—u
3. ANy =2F (arcsm T k:) 0<u<1].
PE (534)

= 2F (arctg \/u, k) 0<u<1].

“ dx
B /0 VvVl +2)(1+ k2z)
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v dx
D. = F'(2 arctg vu, k
0 V[l + 22+ 2(k2 — k2)2] ( gV, k)

0 <u<1].

JA
6 [ dr F(7T 2 t\/_k:) 0 <u<1]
. = — —2arc U, U .
Ju Va2 1 22) 1201 1 K2)a] 2 5
JA
T ds 1 — —
7. / * :—F(2arctg\/u a7\/p—|—m a> [a < ul,
Jo V(x—a)(x—m)?2+n? VP P 2p
“ d 1 — — /
8. / < _—F<2arcctg\/a u7¢p m—l—a> [u < af,
w Via=2)[(x—m)?2+n2 /P P 2p
wherep = \/(m — a)? + n?.
3.139
1—+3— -1
Notation:® a = arccos #, [ = arccos —— V3 tu
—i—\/g—u \/_—i—l—u
1-— u—1-—
¥ = arccos M, 6 = arccos J
\/gf 1+u u— 1—|-\/§
o d 1
1.8 / \/% = %F<Oé, sin 75O>.
ZH 66 (285)
/ m \/_ F (3, sin 75°).
ZH 65 (284)
/ \/— \/_ F(~, sin 15°).
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< dx 1
4. / —_— = F(6, sin 15°).
w VE3—1 V3 (6 )
ZH 65 (282)
v i 6))
C o Jo VI—a® 2mV3Y2 3)
MO 9
)
Jo 1— 23 T 4 3
MO 9
1
: 1 ., .
7. / V1—x3de = g{\/27F(ﬂ, sin 75°%) — 2u\/1 — w3}
BY (244.01)
278
1
rdx 1 1 2V1 —ud
8. / e = (371 —3%)F(3, sin75°)+2V3E(B, sin75°) — —~————.
BY (244.05)
9 Lo da 22UV — B +2(m—2)/1:rm_3dx
VT2 2m —1 2m—1 J, V1 — 23
BY (244.07)
Y oxdx L1 s —1
10. / = (377 433)F(~, sin 15°)—2V3E(v, sin 15°)+ —— .
Y ( JE (7, ) (7, ) i itu
BY (240.05)
u d 1 2 1 3
11. / Y —_[F(a, sin 75°)—2E(a, sin 75°)+ = — 41U
(=)W1 =23 V27 3(1+vV3—uwvl—u
[u#1].
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12.

13.

14.

16.

17.

18.

19.

dx

2 V14 u+u?

/uoc (x —

(1—=z)dz

1
D3 —1 T VT

[F'(6, sin 15°)—2F(6, sin 15°)]+—
[u#1].

2-3

[

Boai-= T

(1—2x)dx

[F(c, sin 75°) — E(a, sin 75°)].

2-3

/u (1+V3—x)2V1—a3

(x —1)dz

= Tz [F(3,sin75°) — E(B, sin 75°)].

:2(\/5—2) w—1 2-3

/1 (143 —2)2V/a3 — 1

- E(y, sin 15°).
7 eI T— T (7, sin 15°)

/u°°(1+

(x —1)dx 72(2_\/5) W —1 72_\/§ -
V3 —a2)2Vad —1 3w —2u—2 ar E(6, sin 15°).
(-o)de 243 [208VI=@

e

V3—a)2V1—a2% V2T | uwR—2u-2

— E(a, sin 75%)| .

(x—1)dz

2+V3

[F(7, sin 15°) — E(v, sin 15°)].
V27

2+V3

[

\/5—1)2\/1"3—1 N NoXd
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V3 (u—14+V3)Vu—1
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20. = E(a, sin 75°).

/“ (2> + 2+ 1)dx 1
._oo(1+\/§—x)2\/1—x3 V3

(2?2 + 2+ 1)dx

! 1
O e v B

(8, sin 75°).

279

Y@+ 1)de 1 )
22. / = E(~, sin 15°).
1 (\/§+x—1)2\/a:371 V3 g )

72 1) ds 1
@retrDdr 1 g in1so).

S A e v e

u (z —1)dx 4 , 2+3 ,
24. / = E(v, sin15°) — ———F (v, sin 15°) —
1 (@2 +e+1)Vae? -1 V27 9 ) V27 9 )

C2-VB2u-D(V3+1—-u)
V3 (V3-1+uud -1

1+V3—2)%d 1
(1+V3—a)de = (a, p?, sin 75°).

2- /oo (14 V3 —2)2 — 4/3p2(1 — 2)]V1 — 23 V3

1+V3—2)?2—4V3p2(1—2)|V1—2° %H(ﬁ’ P’ Sin 757).

26. /1[ (1+V3—2)’da _ 1
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BY (240.02)

= (1- V3 - r)?dx 1 . .
2 / = I1(6, p~, sin 15°).
Ju [(1_\/7—I) —4\/7p(x_1)]\/—1 {1/5 (6, p7, )
BY (242.02)
In3.141 and 3,142 we seti= arcsin /55, 6 = arcsin /=4, ) = anesin /45,0 = avesin H%
{ = arcsin %, A= arcsin\/a, p = arcsin |/ “=7, v = arcsin \E /Z b Z c.
3.141
L. /\/Ldaj—%/ac[ E(B, p)]+ \/w
u (bf*lj)(cfclj) b—u
[@>b>c>ul
BY (232.06)
2. / \/de:%/a—cE(%q) [a>b>wu>c.
Jo V(b—z)(x—c)
BY (233.01)
b — I —
— = —
5 / \/mdlﬂ:2va_dﬂ6’q>_2\/% [a>b>u>c.
o a—u
BY (234.06)
280
v a—x m
& 5z — o =2Va : 2\/—
/b \/(I—b)(x—c) v F{, p-Ed. p)l+ p—
[a>u>b>d.
BY (235.07)
5. / \/de —20a= P\ p) - E p)]  la>u>b>d
u (‘B - b)<£ - C)
BY (236.04)
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10.

11.

12.

13.

c)p(ﬁ’p)—2v67?25157py+gv/ﬁl_jﬂﬁi_gl

b—u

l[a>b>c>ul.

/wa——b dz = 2va—cB{, p- 2= p({, p)ﬁw

It

a—x)(r—c)

a—1x)(x—c) Va—c u—c

[a>u>0b>c.

v=b dx = 2v/a — cE()\, p)2\</l;__czF()\,p) [a>u>b>cl.

/“\/( v-b dr = 2(a—b) F(u, 9)—2va— cE(p, q)+2\/w

LV

a—x)(b—x)

u—>b

x—a)(z—c) Va—c

[u>a>b>c.

— dx = —2va — cE(fB, p)+2\/w [a>b>c>ul.

b—u
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[a>b>u>c.

/C“¢<de =2Va - c[F(v, ¢)—E(7, q)]

14. T
BY (233.03)
15. /u\/mdx—Q a—c[F(é, q) E(67q)]_|_2\/ p—
l[a>b>u>d.
BY (234.08)
16. /b\/<a$)<xb)d =2 E{. p) 2\/ P a>u>b>d.
BY (235.07)
281
i /u¢mdl‘—2\/acE(A,p) [a>u>b>d.
BY (236.01)
18. /U¢Idx—2\/ac[F(,u. Q)—E(u q)]+2\/@
o V(@—a)(z—b) / ’ b
[w>a>b>d.
BY (237.05)
L T LT
+§(2b2a+cu>¢w a>b>c>ul.
BY (232.11)

Va—c[(2a=b=c)E(y, ¢)=2(a=b)F(y, q)] -

Wl N

20, /¢wdl~:

—g\/(a—u)(b—u)(u—c) [a>b>u>c.
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21.

22.

22.

24.

282

[\¥]
1

26.

u

[V V]

a—cl2(b—a)F (6, )+ (2a—b—c)E(6, q)] +

(2c—b—u)¢w l[a>b>u>d.

a—u

+

Wl N

[,

Va—cl2a—b-E{, p)—b-c)F{. p)l+

[V V]

(a —u)(u—b)

u—c

+ (b+2c—2a—u)¢

[SSRI V]

/MW dr — gm[@wb—c)E({, p)— - F{, p)+

(a —u)(u—b)

u—c

+ (b—|—262au)\/

W

/ Wf)#d‘” - %V“ — c[2(a=b)F(n, ¢)+(b+c=20)E(n, q)]+
+§(U+2a—2b—c)¢w > a>b>d,

. /¢w do = 2Va = el(2b—a—)B(S, p)— (b - (5, )+

—l—%(a—l—cbu)\/w [a>b>c>ul.

| /w;@_—@;) dr = SVa—cl(Zh-a= B, q) +a—b)F (3. 0)) -

—g\/(a—u)(b—u)(u—C) [a>b>u>c.
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[a>u>0b>c.
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28.

29.

30.

31.

283

32.

[

u

a—zx)(x—-c)

27. /b\/(

—z)(x —c¢) dr —

NS

dr = g\/a —c[(a=b)F (6, q¢)+(2b—a—c)E(6, q)] +

(b—u)(u—0)

a—u

b—x

+ (2a+c2bu)\/ [a>b>u>d.

Wi

- dr = g\/a —c[(b—c)F{, p)+ (a+c—20)E{,p)]+

[,
Jb

(a — u)(u —b)

u—=c

+ [a>u>0b>c.

(2b—a—2c+u)\/

Wi

ot g\/aTc[(a+c—2b)E(>\, p)+(b—)F(\, p)] -

—g\/(a—u)(u—b)(u—C) [a>u>b>c.

[ - 2V et 0t
i D s as s

/¢W dr = SVa— c2(b-F (5, p)+(2e-a=b)E(G, pl+
+§(a+2b—2c—u)¢(a;)_# l[a>b>c>ul

@200 gy = 2 Vo el(at b2 G, )~ (a-H)F(, g)]+

xr—cC

+§\/(a—u)(b—u)(u—c) [a>b>u>c.
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b [la—2)(b—1x)
33. / \/w dr = %wa —clla+b—2¢)E(6, q) —(a—b)F (6, q)] +

+§(202ab+u)¢w [a>b>u>c.
BY (234.09)
34. A¢W dr = %x/a —cl(a+b—20)E({, p)—2(b—c)F({, p)]+
+§( —i—c—a—b)\/W la>u>b>d.
BY (235.09)
35. /CVW dr = g\/E[(cH-b—Qc)E()\, p)—2(b—c)F(\, p)]—
fg\/(afu)(ufb)(ufc) [a>u>b>(.
BY (236.05)
36. /“\/W dzx = %x/a —clla+b—2¢)E(, q) —(a—b)F (1, q)] +
+§(u+2c—a—2b)\/% [u>a>b>c.
BY (237.07)
3.142
" a—x 2 N 72\/(1Tc N 2(a—c) b—u
e e =i e S ¢<au><cu>
[a>b>c>ul.
BY (231.05)
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ot

S

=~

*®

©

10.

Y x—a  2a-c o 2(a —b) o)  u—a
/G\/(xb)(:cc)?’ du = b—c B, a) (bfc)\/achO’CI) 2\/(ub)(uc)

[u>a>b>c.

- r—a _ 2Va—c 2(a —b)

/u \/(:L‘—b)(:r—c)?’ dz bh— E(V’ q> (b—c)\/aTcF(V’ q) [U20>b>c].
U a—x _2\/0,*0 _ a—2>b c—u . e
/_m\/(b_x)?,(c_x) dr = P E(a, p) 2b—c\/(a—u)(b—u) [a>b>c>u

/cu\/a) g = L IF e - q”*chwa e

l[a>b>u>c.

/ua¢(a_—xdx— 2\/aTcE(>\7 p)+ 2 ¢W la>u>b>d.
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- /:V(de_ ? P )~ B )] Ju>a>b>d.

. / ’“ WJ”—M _WaCip, o B, q>]+2¢ o]

[u>a>b>d.

s / \/(b—$de = E(a,p)  [a>b>c>ul.

c b—=x o 2 72(@-[;) T c—u . .
14. /u\/<a$)3<(/il?) d£—mE<ﬁ>p) a—c \/(au)(bu) [ >b>c> ]

285

a—Uu

1 /cu\/< o dz = = [F(v, 9)—FE(7, @)+ 2 \/(b—u)(u—c)

[a>b>u>c.

’ b—x 2
o / ¢<ax>3<xc> dv=—==[F(. 9 - E@ )] [a>b>u2d],

u .’L’*b 2
i /b \/mdl‘— _\/aTcE< ap)+
u—>b
+2¢m la>u>b>d.
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19.

20.

21.

22.

23.

24.

“ r—>b 2
/b \/(ax)<xc)3 dx_m[qu)iE({p)] [a2u>b>c]'

u z—b 9 b | u—a
/ Ww—a)(:r—c)i” W= e q)_Qa—ch—b)(u—c) [v>a>b>d.

/u \/(de—%/a_cE(a?p)MF(aap) [a>b>c>ul
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26.

286

28.

29.

30.

31.

32.

a—b
[u>a>b>c.

/oc\/( T —c gy — 2 Flv. q)_Q\G/CL_;cE@’ q)+2(ac)\/ u—>b

z—a)’(z —b) Va—c (u—a)(u—c)

" c—x 2va—c - u
./_oJ(a—x)(b—x)S dv = = —3[F(o p)=Bla, p>]+2\/(a—u)(b—u)

[a>b>c>ul

/C\/< 5 dv = 2@@(6’ p)—E(8. p)] [a>b>c>u.

a—1x)(b—x)3 a—
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BY (232.04)

l[a>b>u>c.

BY (233.16)
a r—c o 2v/a — ¢ B ) \/m
- /umx)(xb)g de = EZE[R(, p)- B\ pl——
la>u>b>c.
BY (236.13)
u T —c B %/ﬁ
35 /a ¢(:r—a)(:r—b)3 da = a—b E(p, q) u>a>b>c.
BY (237.01)
> r—c ,72\/a—c b—c | w—a )
36. /u ¢(xa)(:cb)3 dr = P E(V7q)2ab\/(ub)(uc) [u>a>b>c.
BY (238.11)
3.143
Yode 1 1+V2)(1—u) _.
1.6 /u Nip _§F (arctg 1+tu) L 2V2(V2 - 1)
ZH 66 (286)
287
T da 1 ur—1 V2
2. /u ——1—|—x4 = §F (alccos PRy 7) .
ZH 66 (287)

3.144

Notation:ac = arcsin

uZ—u+ "
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u

v

u

S

-

.

V3
\/uu—l uz_u+1)—4E<a,7> [u>1].

2u —1

[u > 1].

dx 2(2u —1)
\/x3zr—1 P22 —x+1)
(2z —1)%d 3 3
:r :r =4 |F a,£ - F a,\/_
\/x3£71 222 —x+1) 2 2
dz

Vo —1)(22 —z +1)3

£,1 dx

\/x x—l (2 —x+1)3

dx r(x—1)
(22 —1)? ¢:r2—:r+1 B

dx 22 B
2z —1)2\ =z B

=4F (a, ﬁ) [u > 1].

T R Y (e R O
/ ¢mdz:§E<a’ 7)) e

+2\/u(u71)(u27u71)

[u > 1].

[u>1].

V3 3 u(u —1)
E (a’ 7>_2(2u—1) \/u2 “u+t1
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9.

10

288

11

12.

3.145

L

da _§E<a7§>1F<a7§> 2 ¢m
2 — 12z - D@ -z +1) 3 2 |73 2 | 2u—1Vu2—u+1

[u>1].
/°° dx 40 V3 g S V3Y) L 2Q2u—1D)(9u® —9u—1)
) Voe-p@—arn 3\ 2 ) 3\ ) s B P —a g D)
[u > 1].
/°° da _ M V3 56 (1 V3 +2(2u71) u(u — 1)
Sy Vr@ =1 (@2 -z +1)° 27 T2 27 ) 9/ (> —u+1)°
[u > 1].

[

do _ 16 V3 _Lp(, V3
e D@ —srD 2T (“’ 2) 27" (“’ 2)

8(5u? — 5u + 2) \/ w(u—1
- 1.
ou—17 Vwez—uz1 21U

dx

L Voo - lamr ]

2.

1 qu—a) 1 [(p+q)?+ (a—p)? ,
_ﬁF<2arctg\/ 5\/ ) B < a<ul

plu—0B)’ pq

dz

~/B Via—z)(z = B)[(z —m)? +n?]
:LF (farcctg ala = u) ls/—(p—q)2+(a—ﬂ)2> B <u<al

)
_ plu— )" 2
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A dz
> /u Viz—a)(x—pB)[(z—m)?2+n

%]
:LF<2arctg\/q<ﬁu),%\/<p+Q)2+<aﬁ)2> [u< B <al,

NGT] pla—u) Pq

where(m — a)? +n? = p?, (m — 3)? + n? = ¢**). * Formulas3.145 are not valid far + 3 = 2m. In this case, we make the

substitutiorr — m = z, which leads to one of the formulas 3.152.

4. Set
(m1 —m)? + (ny +n)? = p?, (my —m)? + (ny —n)? = p,
ctga = (p+p1)? —4n?
4n? — (p —p1)?’
289
then
U d 2 o 2
/ - = F (a + arctg 4 m? —vpp1>
Jm—ntgaV[(x —m)2 +n2[(x —mi)2+n?] PE+p n P+ D1

[m—ntga <u<m+n ctgal.

3.146

1

1 dx T 1 V2

1. - — _ 4+ 2K == ).
./0 142t /1— 24 8+4\/_ < >

BI ((13))(6)

/1 22 dx
2. — = =
o 1+at /1 -2
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14+ a% /1 —24 8 4

5 /1 L —5+1¢§K<Q>_
0

BI ((13))(8)

In 3.147-3.151 we set = arcsin |/ 4=,

= arcsin @ = arcsin @
S (e e M ()
= arcsin b=du=c — arcsin (a=c)(b—u)
- ¢£:&_ﬂ { ¢£:&_ﬂ
= arcsin (a-)(u—-b) — arcsin (b—d)a—w)
- Wa—b)(u—c)’ ! \/(a—b)(u—d)’

V:mm¢EE@:§ (F¢&¢w;@ 7:¢67%f5
(@a—d)(u—1b)’ (a=c)(b—d)’ (@a—c)(b—d)

3.147

4 dz 2
. = FO(, a b C d ul.
*/u Vie—2)b—a)c—z)(d—2) /(a—c)(b—d) (e, q) [a>b>c>d>u
BY (251.00)
290
> - F(g, r a>b>c>u>d.
/d a0l Ja—ov_a O laxbzezu>d
BY (254.00)
5 = F(vy, r a>b>c>u>d.
-/u Vie—z)b—z)(c—2)(x—d) /(a—c)(b—d) (v, 7) [a>b>c> ]
BY (253.00)

d 2
- = F(o,q9)  [a>b>u>c>d].

4. "
/ Va-0b-d-0e-0 Jia-ob-d
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’ dx 92
> = F(q, a>b>u>c>d.
/u\/(@l’)(bx)(:cc)(q:d) Via—co)b—d) {9 fa>b> > d]
BY (255.00)
“ dx 2
0. = P\ r a>u>b>c>d.
/b\/(a—:r)(x—b)(:r—c)(:r—d) \/(G—C)(b—d) ( ) [ >b>c>d
BY (256.00)
“ dx 2
B = F(u, r a>u>b>c>d.
/u Via—z)(z —b)(x —c)(z —d) V@a—ob-d (1, 1) la>u>b>c>d
BY (257.00)
- dx 2
> = F(v, u>a>b>c>d.
/ Ve—a)w—bx—c(w—d) la—c)(b—d) g  [fu>a>b>c>d
BY (258.00)
3.148
4 xdx 92 o
- - d—c)ll|a, ) cl(a,
/u Vie—2)b—z)(c—2)(d—2) /(a—c)(b—d) {( ) ( 0_c q>+ ( q)}
l[a>b>c>d>ul.
BY (251.03)
“ rdz 2 d—c
2 = d—a)ll| 3, —, r aF (B, r
/d\/(ax)(bx)<cx)<xd) Vi(a—c)(b—d) {< ) <6 a—-c )+ (8 )}
[a>b>c>u>d.
BY (252.11)
' xdx 2 c—d
5 = c—=bI (v, —,r bE (v, T
| o= - g {temmm (5. 525.7) +orcn}
[a>b>c>u>d.
BY (253.11)
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> ./:7\/(a—:r)(b—xxcjfx—c)(x—d) - \/(a—cz)(b—d) {(b—a)H <{’ Z—Z’q> —I—aF({,q)}

[a>b>u>c>d.

6 /bu\/(ax)(x mbc)l?xc)(xd) - \/(af)(bd) {<bC)H <A’ - ") eE ”}

[a>u>b>c>d].

- /ua V(e —z)(z —xbc)iir—c)(:r—d) B \/(a—cz)(b—d) {(a—d)ﬂ <M’ Z:—Z’ 7‘) +AF T>}

[a>u>b>c>d.

. / Vie —a) —xbcj?:r—d(x_d) - \/(a—j)(b—d) {<a_b>H (”’ o q) +OE W, q)}

[u>a>b>c>d.

3.149

d dx
1. =
/u 2/la—0)b—a)e—a)d—1)

cla —d) >+dp(a7q)} [a>b>c>d>ul

) Cdm {<Cd)H (O" da—o) !

T dx
> ./d zy/(a—x)(b—x)(c—z)(z —d)
2 —
B ad\/(a —¢)(b— d) {(a—d)H (67 d(a—c)

>+dF(ﬂ,r)} [a>b>c>u>d.
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¢ dx
3. =
./u zy/(a—x)(b—2)(c—z)(x — d)

== (a_2c)(b—d) {(b—c)H <“/, %, r) + cF (v, r)} [a>b>c>u>d.

'“’ dx
4. —
/C :r\/(a—x)(b—:r)(x—c)(x—d)
d(b —¢)

:(ﬂwziga@i3§{°*‘dn<&cw—dwq>+CF“””}

[a>b>u>c>d.

292

b dx
5. =
./u zy/(a—x)(b—2)(z —c)(x — d)

- ab\/(a_i)mx{(a—b)ﬂ ({, b(a—c)’q> +bF({,q)} [a>b>u>c¢>d.

“ dx
6. =
/b zy/(a—x)(x —b)(x —c)(x —d)
_ 2 o cla—0) . . . .

“ dx
7. =
/u zv/(a —z)(z —b)(z — c)(x — d)

2
- ad\/(a —¢)(b— d) x{(da)H <M7 a(b—d)

/" dx
a x\/(x —a)(z —b)(x —c)(xz —d)

‘w¢@;%@—a{“wn<

V,Z(Z_d) )—i—aF(v,q)} [u>a>b>c>d.
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3.151
d dx
1. —
A<p@¢mxxb:w@@ux>
2
T -op-da—ob-d
wld—om(a @=De=09 ) Fla 0 ¢ "
a-om(a 29D ) L p-aF )] asbeesdsu b
'”’ dx
2. —
-é (- 2v/a—Db-)c— 2 —d
2
T -ap-dVa-ob-d
7a (d=clp-a) B . ; .
<la-on (s SZ9Z0 ) s o) PEn)|  lstsezusd p
293
"¢ dx
3. —
%L@—whﬂa—@g—xxo—@@—d>
T -be-oVa-ob-d
(c—d)(p—) |
X{(cb)l‘[(v (bd)(pc)’r> +(p—c)F(y, 1) [a>b>c>u>d, pEd.
" dx
4, —
A (- /a—Db-) - —d
T -op-da-ob-d
(b—o)(p—d) | | |
X{(cd)l‘[(é, m,q) +(p—c) F (4 q) [a>b>u>c>d, pEd.

5 /'b dx
Ju (p—2)y/(a—2)(b—z)(x - c)(z —d)
Jﬂ@i&mﬁﬂeﬁn@m&ﬁﬂ&&jﬂd}gmducm CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.
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r NN 1
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6 /" dx _
Ny (= p)(a—2) (@ = b)(z — o) (w—d)
2
TRV ok
x{(b—c)l’[ <)\, EZ—i;Ez—ziﬂn) +(p—0)F (A 1) [a>u>b>c>d, p#d].
BY (256.39)
@ dx
7 =
/u (p—2)\/(a —z)(z = b)(x — c)(z — d)
2
T e V@ ob-d
X{(ad)l_[ (u, %,r) +(p—a)F(u,r) [a>u>b>c>d, p#al
BY (257.39)
294
8. /'“ dx _
Ja (p—a)\/(z = a)(z = b)(z — c)(z — d)
2
T ap- Ve ob-d
—d)(p—>
x{(ab)l‘[ (V EZd))((;?a;’q> +(p—a) F (v, q) [u>a>b>c>d, p#al.
BY (258.39)
In 3.152-3.163 we set: o = arctg %, [ = arcctg %,
v = arcsin u\/a2 + 0 § = arccos — € = arccos b & = arcsin \/a2 +
aresin g G S mawcos s arecos T, €= aresin G
1 = arcsin %, ¢ = arcsin %\/ZZ_—Z; { = arcsin %\/%,
A = arcsin \/%, nw= arcsin\/%, v = arcsin %, q= #’
o b __*  ,_b

) S )
VaZ b2 Va2 + b2 a
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3.163

3.152
3.152
“u' dx 1
) /0 V@ + )@ +87) e la>b>0
ZH 62(258), BY (221.00)
> dx 1
2 ~/u \/($2+a2)(x2+b2) _5F<ﬁ7 Q) [0«>b>0],

ZH 63 (259), BY (222.00)

(’7? 7‘) [b2U>0]

/u dx 1

3. _ r

Jo V(@2 +a?) (b —22)  Va? + b2
ZH 63 (260)

b dzr 1
’ A\ﬂﬁ+ﬁxﬁﬂ)_¢ﬁ+mF@” b>uz0].

ZH 63 (261), BY (213.00)

“u' dx 1
> /b \/(I2+a2)(m2—b2) = \/a2+b2F(E’ s) [U>b>0].

ZH 63 (262), BY (211.00)

> dx 1
" A Voo vare o b0

ZH 63 (263), BY (212.00)

295

dx

’ 1
" /0 V@ DB - ) =_Fn.t)  [a>bzu>0]
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12.

3.153

1.

2.

3.

[a>b>u>0]

“ dx
/b \/(GQ*.’L’Q)(.’L’Q—I)Q) _F({ Q) [a2u>b>0].
“ dzx 1
= —F(A, a>u>b>0.
/u Vi —22)(x2 —b2) a A\a o> > 0]
“ dzr 1
/a (@ @) ) = _Flu,t)  [u>a>b>0]
/°° > =-F(t) [uza>b>0]
w V(@2 —a?)(z2-b2) a
“ z?dz B a2 + u2
[ o = oo e0 e

“ 22 dx JEiy a? ¢b2_u2
=Va2+VE(r, r)————=F(y, r)—u\| 59—
/0 V(a2 + 22) (b2 — 22) () Vva? + b? .7 a? + u?
[b>u>0].
/b o da VETREG e _F6. ) [b>u>0]
=Va ) ———=F (6, r u > 0].
Ju V(@2 + 22) (b2 — 22) va? + b2

ZH 63 (265), BY (220.00)

ZH 63 (266), BY (217.00)

ZH 63 (257), BY (218.00)

ZH 63 (268), BY (216.00)

ZH 64(269), BY (215.00)

BY (221.09)

BY (214.05)
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o 22 dx b2 1
1 /b V(@ +22)(z2 — b?) = Nz F(e, s)=Va? + b2 E(e, SH—E\/(UQ +a?)(u? — b?)
[u>b>0].
BY (211.09)
'U 2% dx
g -/0 V(@ — 22) (2 — 22) =a{F(n, t)— En, t)} [a>b>wu>0.
BY (219.05)
0. /u \/(CLQ — $2)<b2 — .’L‘Q) - Q{F(Cv t>7E(C7 t)}+u a2 — u2 [a >b>u 2 0]
BY (220.06)
'lu x? dx B 1 T
B /b V(@ -2 —0?) aB({, q) u\/(a u?)(u® —b?) [a>u>0b>0].
BY (217.05)
“ x?dx
8. ‘/u \/(CLQ*.'L’Q)(LUQ*bQ) _aE<>‘7 Q) [@>u2b>0].
BY (218.06)
296
R 2 da W= a?
9.6 / NN a{F(p, t)—=E(p, “}“Vm [u>a>b>0.
BY (216.06)

! 2% dx 1 14+ k2 W -
10'/0 V(L +22)(1 + k2a?) _ﬁ{¢ +2 *E(Z’ 1=k )}

BI (14))(9)
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3.154

u ztdz _a 9 9 o U 22\/a2+u2
1 /0 T g = § QR )P E b 2
[a>0b, wu>0].
BY (221.09)
o iy, .
: / V(@ +$x?>fb2 —5 = sy 20 EF 0, =2 6B, 1)}
2 (26% — a2 + u? \/b2 il >u>0
7§< —a”+u’) Pl [a>u>0].
BY (214.05)
b 4d 1
> / V(a? +22)fb2 —27) 3m{(2a27b2)a2p(5, r)=2(a*~b"E (6, r)}+
+eV@r P - bz
BY (213.06)
o iy, .
+ /b V(@2 _,_1;2)&2 —p?) - 3m{<2b2—a2)b2F(5, 8)+2(a* =M E(e, s)}+
G2 ST ) b0
BY (211.09)
. /'“ o dr = 2~{(2a2+l)2)F(n t)—2(a*+b*)E(n t)}+3 V(@ = u2) (b2 — u2)
Jo /(a2 = 22)(2 —22) 3 : ; 3
[a>b>u>0l.
BY (219.05)
b 4gq
6. / \/(&2 _ZZ)ZZbQ _ ZL'Q) = %{(2(12 + b2>F(C, t) — 2((12 + b2>E(C, t)} +
+§<u2+a2+2b2)\/f; :ZZ [a>b>u>0].
BY (220.06)
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U Ji4d.’13' a ) , . )
' /b T s tEG 9 -Erd o)
_u+23a—u+2b\/(a2_u2>(u2_b2) a>u>b> 0.
“ ztdz
8 = S{2APH) B, q)-bF () pR— R
/“\/<a2$2)($2b2) {< +0°)E(A, ¢)—b q}—|— \/ )
[a>u>b>0].
“ zt dx a S .
" / Ty 30 IR ) = A+ ) ) +
+%(u2+2a2+b2)¢zz_§i [u>a>0b>0].
3.155

- /aV (@ = a%)(a? = 12) de = S{(@* ) B\, =" F(\, )} 5 V(0> — ) (u? — 1?)

[a>u>0b>0].

2. /u\/(:c2 —a?)(z?2 = b?) dx = %{(a2 + ) E(p, t) — (a® = b*)F(pu, t)} +

2 _ 42
—l—%(uz—aQ—%Q)\/u [u>a>b>0]

3. /OUV(:::Q +a?) (@2 + b?) da = —{2b2 (. q) = (@® + b*)E(a. q)} +

U, 5 o o |a%+u?
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4 /O V@ +2?)(0? — 2%) da = %m {a®F(3. 1) = (a® =) E(y, 1)} +

D2 — w2
+%(u2+2a2b2)¢a2+22 [a > u > 0].
BY (214.12)
b
5. / V(a2 + 22)(b? — x2) dx = %\/ a? 4+ b2{a*F (6, r) +2(b* —a®)E(6, r)} +
+ %\/(aQ T2 -2 [b>u>0l.
BY (213.13)
6. /u\/(a2 + 2?)(x? = b2) dx = %\/ a? +02{(b* — a®)E(e, 5) — b*F(e, s)} +
b
—i—lﬂ_‘_g#\/(a?—l—u?)(u?—b% [u>b>0].
BY (211.08)
298
7. /O.u\/(a2 —22)(b? — 2?) dx = %{(a2 +WHEMm, t) — (a* = b)F(n, t)} +
+%\/(a27u2)(b27u2) [a>b>u>0].
BY (219.11)
b a
8. [ Vi =0 = de = S+ PG ) - (@~ )F(G 0} +
+%(u2—2a2—b2)\/22_1:; [a>b>u>0]
BY (220.05)
0. [ V@A ) de = @+ B @) - W 9} +
’ W2 — a2 — b2
+T\/(a2 —u2)(u2 —b2) ja>u>b>0).
BY (217.09)
3.156
>~ d L2+ 1
1 /u 22/ (a2 + ;)(:’:2 07 W\/az +ZQ “apPBa) lazb u>0L
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b dil? 1 ) ) ,
> -/u 22/ (22 + a®)(b? — 22) a2b2\/m{a F(6, r)—(a*+b*)E(6, r)}+

1
+ s V(@ ) (02— u?) [b>u>0].
a*b*u

u dx 1 5 5 N . }
&u4ﬂ¢W+ﬁmﬁb%‘ﬁwﬁﬁnﬁw+ﬂﬂ&ﬂbF@>} [u>b>0]

6 [ dx B 2 e .
4'1;ﬁ¢w%wmﬂW>‘ﬁWWF:ﬁ{‘%>m5>bF@7ﬂ

1 u? — b?
o > '
b2u\/a2+u2 [u=b>0]

299

b _
dx 1 1 ¢b2 02
5. = —{F((, =B )+ — b .
/u 22,/(a — 22)(b2 — 22) ab2{ (¢, )—E(C, )}+b2u PR la>b>u>0]
“u' dx 1
6. /bZL‘Q\/ Y —bQ)Z@E({’(D [a>u>0b>0]
“ dx 1 1
= — - 2 2\ (2 — B2
7. /@ xg\/ 22 ) = abQE(A’ q) a2b2u\/(a u?)(u b?) [a>u>b> 0.
- dx 1 1 ¢u2 — 2
8. = —{F(u, )= E(pt, )+ —5—1/ s b= ol
/a 72 \/(xz —a?) (22 — b?) abQ{ (ks 1) (1, )}+a2u 2 [u>a>b>0]
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e dzx 1
» -/u IQ\/(;L'Q — QQ)(IQ _ bQ) = @{FO/’ t) - E(Va t)} [U >a>b> O]
BY (215.07)
3.157
u dzr B 1 E N p+ b2 .
- /0 (p—a22)/(22 +a®) (@2 +b2)  alp+b?) {pH< T ,q) + 761)} [p#0].

BY (221.13)

.00 dx o 1 a2 +p -

) - @ D@1 a&+4»{ﬂ(@ az’q> szm}.

BY (222.11)

dzx 1 ) bQ(p+a2)
_ (-~ Eleta)
{a <7/phﬂ—+b%

/o (p—a)V/(@® +22) (1 —22)  p(p+a?)Va? + b7
[b>u>0, pH.

o)

BY (214.13)a

b dx 1 b2
4. /u (p— 22)\/ (@ + 22) (2 — 22) - (p — b2) r2+b2ﬂ <6, P —p’ r>
[b>u>0, pEb?].

BY (213.02)
“ dx
> /b (p— 22)/(a® + 2%) (2% — b2)
_ 1 ) N 2
plp— b)Va? + 5% {b H<E’ p—b2 ‘5> +(p—0%) F e, é)} w>b>0 pb?.
BY (211.14)
N & - ! @ty > ) }
" A(ﬁ—MW¥+ﬁML%%_MMmN¥T?%%&ﬁ+W” P& s)
[u>b> 0]
BY (212.12)

-'u, dx 1 b2
" /0 V@D ap (77’ ’y f> la>b>u>0; pHb.

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



300

(¢ B2 ) 1 -9 P i

la>b>u>0; pkb.

BY (220.13)
o _ L (g e =) i
e o el Gl e e) 0) + - )
la>u>b>0; pEb?.
BY (217.12)
“ dx 1 a? — b2 ,
10. /u (an —p)\/(aQ *$2)(x2 be) - a(ag 7p)H (A; @ —p ) q> [a >u>b>0; p#a ]
BY (218.02)
u daj
11. =
/a (r— )/ (@® —a)(a® — 12
~alp- a%(p b?) {<“2 el <M’ = a t) +(p—a®) F (n, t)}
[u>a>b>0; pka®, pib]
BY (216.12)
> dx 1 , P ,/ . |
12. /u @ — /(@ — @) - ) ap {H( R t) F( ,t)} [u>a>b>0; pH|.
BY (215.12)
3.158
U dx 1 2 / 2 F(a " o
1. /O \/(Ig +a2)(l‘2 +b2)3 o abQ(CLQ _bg) {a E(a, q) b F( , q)} [ > b; > 0]'
BY (221.05)
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“ dx
5 ./0 V(22 + a?)3 (22 + b?)

dx

& ./u V(@2 + 22)3 (22 + b2)

301

dx

> ./0 V(@ +2230% —2%)

b dz
6. =
/u V(a2 + 22)3(b2 — 22)

dx

1 U
a(a? —b?) {Fla, g)=Ele, q)}+a2 V@@ + a?) (a2 + b2
[a>b; u>0].
- a(azl_ b2) {F (B, 9)—EB, 9)} [@a>b, wu>0.
1
= ag\/mE(% r) [b>wu>0].
1 U b2 — 2
BT ) VErs bz

n V@ + 2@ =)

dx

1 1 u? — b2
= F -F
a?va? + b? {F(e =B )+ (a® + b*)u \/’LLQ +a?

[u>b>0].

1

- {F(§7 5)_E<€7 5)}

[u>b>0].

5 ./u V(@2 + 22)3 (22 — b2)

a?va? + b2

u

"”’ dx
|, Ve

1
TEvare T =)

[b>u> 0.
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" / J@ e B Ry rowm evere o ez

BY (212.04)
1 /u & = ! aFE(n t)u\/bQ_4u2 [a>b>u> 0
. . \/(a2 — x2)3(b2 — xz) a2(a2 _ b2) B PR > )
BY (219.07)
b dx 1
" / S @& bzl
BY (220.10)

’ de 1 o [0
13- /b V(a2 = 22322 — 1?) = a(a2 - b2) {F({, q) - E({, Q)+;¢a2u2} l[a>u>0b>0].

BY (217.10)
= ds | e
1 / V(@2 = a?)3(z? — b2) ~ a(? — a?) {E<V7 t) — ;¢u2 2 } [w>a>0b>0].
BY (215.04)
b dx 1 1 \/CL2 )
15. = —Fn, t)—————=-<alE(n, t)—
/0 N R R T {“ S e }
[a>b>u>0].
BY (219.06)
302
’ dx — 1 2 2 \/aQ — u?
o | e e {b R
[a>u>b>0].
BY (218.04)
u d a 1
17 /a JE— D)2 ) a7 Bu, )=—5F(p, t) - [u>a>b>0]
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18.

3.159

4.

* dr i ¢ @) 1
/u S )@k 2P BR(a® - ) {“E(”’ t - E\/ﬂ} it

[u>a>0b>0l.

" z?dz a
/0 Tty g @B gy la>bou>0

V(@2 +u?) (b2 + u?)
[@a>b, wu>0l.

/ V(a2 +22)CZ? TP i 12 {F(8. 9)—E(B. ¢)}+

1 U

" x? dx ) Y F(a B
./o V(@ a2+ 02)  ala® —b?) {a”Ela, q)=b"F(a, g)} V(@ + ) + u2)
[a>b, u>0].

T @ =) ¢ PG OGOl fe>b uz0)

/'oo z2dx 1
U

o 22 dx 1
/0 V(a? + 223 (02 - 2?) RV {F(y.r)=E(y, )} [bzu>0]

b 2 2 2
z° dx 1 u b2 —u
= F6, r)—E(6 ¢
/u V(a2 + 22)3(b2 — 22) \/a2—|—b2{ (6, )= ’T)}+a2+b2 a? + u?
[b>u>0].
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“ 2d 1 2 2 _p2
7. / r?dr _ E(e, s)— 2a : ¢u2 : w650
b \/(@2 + x2)3(x2 _ b2) \/@2 T+ b2 u(a +b ) w2+ a

> 2% dx 1
> /u V@ +22)3(z2 —b2) \/a2+b2E(£’S) [u>b>0].

303
“ % dx u 1
" /0 J@ )P -2 J@ )P —w?) Vet B b>u>0
> % dx 1 .
o /" \/(CLQ + x2) (2?2 — b2)3 a Va2 + b2 (P& 9)=B(& o)1+ \/(a2 +u?)(u? — b?)

[u>b>0].

' 22 dr 1 ¢W .
11. _ . I . |
/O \/((LQ — I2)3(b2 _ I2> a2 — b2 {a (7% ) u a2 — u2 } a (777 ) [CL >b>u> O]

’ 22 dx a 1
12. /u V(@ = 22302 — 22) = a2—b2E<C’ t)fEF(C, t) [a>b>u>0].

" x2 dx 1 5 2 f u? — b2
9 /b \/(a2 —22)3(2% — b?) a(a® - b?) {b F&. o) B, 9+ U \/a2 —u? }

[a>u>b>0l.
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> 22 dx a a¢u2 — b2 1
14. = - — B, t) p+-F(v, t
/u V(@2 —a2)3(22 —p2)  a? —b? {u u? — a2 @ ) . (v, 1)

[u>a>b>0].

. “ z? dz 1 a2 — u2
15. /0 V(@2 = 22)(2 — 22)? =2 {u\/b2u2 —aE(n, t)} [a>b>u>0l.

@ x2dx 1 \/aQuQ
16. = (X, q) —aFE(), —_
/u V(a2 —a22)(22 —b2)3  a? = b? {a (A ) —aBEQ, ¢) +u u2_b2}

[a>u>b>0].

z2dx a

1 . prm—
7 /a V@2 —a?)(a? — 123 a2 — b2

E(u, t) [u>a>0b>0].

> 2d 1 b2 02 — a2
18. / —— = 512 aE(y,t)——\/% [u>a>b>0]
Ju V(@2 —a?)(z2 —b2)3  a® =D uV u?—>b

3.161
1o dz 1 a?b? — u?(2a% + b?)
L. = 2(a®+b*)E(B, q)—b"F
-/u 4/ (22 + a2) (22 + b2) 3a3b4{ (@+) BB, q) (8. a)}+ 3a2biu3
[a>b, u>0].
304

b
dx 1
2. / = 2(2a>=b*)F (6, r)—2(a*=bHE(6, r)}+
O ) e B v A
a’b?® + 2u?(a? — b?
v ) V(02 — u?) (a2 + u?) [b>u>0].

3
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5 /" dx 20% — a? F( )+2(a2—b2)\/a2+b2
. = g, 8)+=
b2t/ (22 +a?) (22 —b2)  3a*b?Va? + b2 3 atbt

V(u? 4 a?)(u? — b2) [u>b>0].

E(e, )+

3a2b?u?
BY (211.11)
e dx 1
4./ = 2a*—bHE(E, 8)+b* (202 —a®)F (€, s)}—
e VT satbiva g PG R S}
a’b? + u?(2a* — b?) \/w
_ > .
3aZbtu? u2 + a2 [u >b> O]
BY (212.06)
. = a P a
Ju a4\/(a® — 22)(02 — 22)  3a3b* : ’
2a2 + b2)u2 22 1)2_42
L 2a? + g—HL]a¢2 ué} > b>us
u a’? —u
BY (220.09)
" dx 1
: = 2(a*> + ¥)E{, q) — V*F
6 /b 4/ (a2 — 22)(22 — b?) 3a3b4{ (a* + ) E{. 0) { o+
1
2 2) (12 — B2 > )
3a2b2u3\/(a U )(u b) [UJ_U>b>O]
BY (217.14)
“ dx 1
7. = 2(a* +VHE(N, q) — ¥’ F(), q) —
/u 24/(a® — 22)(22 — b?) 3a3b4{ (@™ +07)E(X, q) (A q)
2a2 + b2 )2 272
f(a +b)1; + a“b \/(a2u2)<u2b2)} [a>u2b>0]_
au
BY (218.12)

/" dzx 1
. A ) 3
[(a® + 2b%)u? + a®b2]b* | u? — a2
T w2 — b2

8.

{(2a2—|—b2)F(u, t)—2(a®+b*)B(u, t)+

} [u>a>b>0]

au’
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9. /‘°° = - al {(2a2+b2)F(% £)=2(a*+b") E(v, 1)+

+%2\/(u2_a2)(u2_b2)} [u>a>b> 0l
BY (215.07)
3.162
" dx B 1 2 ;2 B 2 2
L /0 \/(xz +a2)5 (22 + b?) " 3a3(a? — b?)2 {Ba”=b")F(a, q)=2(2a"=b") E(e, q)}+
ula®(4a® — 3b%) + u?(3a® — 2b?)] @>b w0
3at(a? — b2)/(u? + a2)?(u2 + b?) ’ '
BY (221.06)
> dx B 1 2 ;2 B _r
2 /u V@2 a2p (2 +12)  3ab(a? — b?)? {(3a”=b")F (8, q)—2(20"—b")E(B. ) }+
u u? 4 b2
+3a2(a27b2) \/<a2+u2)3 [CL>b, uEO]
BY (222.03)
" dz 3 —a? a(2a® — 4b°)
- SR ATy sar@ - & D g gy P 0%
u u? 4 a?
T3 - ) \/(u2 T e >0l
BY (221.05)
- dz _ 1 202 572 20012 2 _
v T~ @ B O+ (=) (8. )
| ulb?Ba? —4%) Fu(2a? 387
(a2 — 02) /(2 + ) + ) et
BY (222.05)
“ dz B 1 ) ) B
T~ e O S0 -

+— (il b>u> 0]
3a%(a? + %)\ (a® + u?)3 =4 '
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dx

- 1 {(4a®4-20*)E(6, 7)—a*F(6, 1)} —

b
. ./u V(a2 +22)5(b2 — 22)  3at\/(a2 + b?)3

306

dx

_ula®(5a® 4 3b%) + u? (40 + 2b°)] b? — u?
3a4(a2 + 02)2 (a2 + u2)?
[b>u> 0.

.
" /b V(@ + 2352 —62)  3aty/(a2 + b2)3

{(3a® + 2b*)F (s, s) — (4a* + 2b*)E(s, s)} +

(3a® + b?)u® + 2(2a% + b*)a? u? — b2
3a?(a? + b?)?u (u? +a?)3 [w>b>0]

> dx 1
> / V(@ + 22522 —02)  3aty/(a® + b?)3

{(3a® + 2b*)F (&, s) — (4a® + 2b*)E(E, s)} +

+ “ Ul [u>b> 0]
3a%(a? +0%) \ (a? 4+ u?)3 b "

{(2a* + 3b*)F (v, r) — (2a* + 4b*)E(v, 1)} +

" dx 1
|, T~ w e

u[(3a® + 46%)b? — (2a® + 3b%)u?]
3b%(a? + b2)/(a® + u?) (b2 — u?)3

[b>u>0].

{(2a® + 4b*)E(€, 5) — b*F (&, s)} +

e dx 1
o /u V(@ +a2) (@2 =25 3b4/(a® + 623

u[(3a? + 4b%)b% — (242 + 3b%)u?]
3b4(a2 + b2)\/(a2 + u2)(u2 _ b2)3

[u>b>0].

2a% — 3b? 2a(2b% — a?)

E(n, t) +

u dx
11. =
/0 V(a2 —22) (b2 — 22)5  3ab*(a? —b?)

F(n, t IR S——
(n, t) + 304 (a2 — b2)2

ul(3a? — 5b%)b? — 2(a® — 2b°%)u?) \/az — u?
3b%(a2 — b2)2(2 — u2) b2 _ 2

l[a>b>a>0].
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12 /a dx _ 3 -a F(\ )+M
C S @ =222 —2)5  3ab*(a? — b?)? 4 3b% (a2 — b2)2
L ul2(28® — a®)u? + (3a% - 56%)07] W? —u?

3b4(a2 — b2)2(u2 — b2) u2 — b2

E(\ q)+

la>u>b>0].
BY (218.04)
’ dr 2a° — 3b 2a(2b* — a?)
13. _ Pl ) 200200 —a?)
./a \/(;rQ — a2)(x2 _ b2)5 3ab4(a2 — b2) (N’ ) + 3b4(a2 — b2)2 (,Ua ) +
b .
+3b2(a2—b2)(u2*b2) \/u2b2 [u>a> >O]
BY (216.11)
307
h dx (4b* — 2a%)a 2a* — 3b?
14. _ [T et T
/ N (T T e PP E R P v M
(3b — a®)u? — (4> — 2a%)b° \/m
N >a>b>0].
3b2u(a2 — b2)2(u2 — b2) e [u>a>b>0]
BY (215.06)

15 / dr _ 1
CJo (@2 =225 —a2)  3a(a® —b?
_ u[(5a® — 3b%)a? — (4a® — 2b)u?] \/52 )

2 {(4@2 — 2b2)E(n, t) — (a® — b2)F(77, t) —

} [a>b>u>0].

a(a? — u?) a2 — u2

BY (219.07)

b s s
dx B 2(2a2 — b?) 1
16. /u \/(a2 — 22)5(b% — 22) - 3a3(a2 — b2)2 E, r)— mF(C, )+
u B2 — w2
+3a2(a2—b2)(a2—u2) \/ag_UQ [a>b>u>0].
BY (220.10)

“ dx 1 s o
o /b V(a2 —22)5(z2 — b2)  3a3(a? — b?)> {Ba® =0 )F({. ¢) — (4 29)E{, o)} +

2(20% — b*)a® + (b* — 3a*)u’ \/uz "y
3a?u(a® — b?)?(a? — u?) 2

[a>u>b>0].

a? —u?’
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18 /OO dx 7 1
) V@R - 3a3(a® -
(4a? — 2b%)a? + (b* — 3a?)u? ¢u2 —p2

g7 {(® =29 E(w. 1) = (@ =) F(v. 0} +

3a2u(a? — b2)2(u? — a?) W g2 [u>a>b>0].
BY (215.04)
3.163
u i X
: */0 V(@2 + az)f(l"? +b2)3 T ab2(a? — b2)2 {(a® + ") E(a, q) —20°F(a, @)} —
T - [a>b, u>0].
a (a2 _ bQ)\/(aQ + u2)(b2 ¥ u2)
BY (221.07)
308
0o J X
* */u V(2 + CLQ)Z’:(:L"2 + b?)3 ~ ab?(a® — 1?)? {(a® + V) BB, q) —26°F(8, q)} —
- : la>b, u>0].
(e =02/ (@ + ) B + )
BY (222.12)
“ dx - 1 ) - -
3. /0 V(@2 + a2)3 (b3 — 22)3 - 202\ /(a® 1 2)° {@®F (v, r)— (&> = b*)E(y, 1)} +
u
+ b2(@2+b2)\/<a2+u2)(b2—u2) [b>u > 0].
BY (214.15)
> dz b2 — o2 1
B ~/u V(@2 +a2)3 (a2 -3 a2b2\/(a2+7b2‘)3E(§’ 5) — WF(& s) +
u
+b2<a2+b2)\/(u2+a2)(u2—b2) > 6> 0},
BY (212.05)
d. -/0 V(a2 = 22)3(b2 — 22)3 - ab?(a2 — b?) F(n, t) — W—_bQ)QEm’ t) +
[a + 0" — (a® + b*)uJu [a>b>u>0
a?b?(a? — b2/ (a2 — u?)(b? — u?) '
BY (279.08)
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3.164

Notations:

2—pp —7)2
o = arccos e—L2 p— 1./ (p=0)*
witpp? 2 0P

> dx 1
1 = F(a, r).
/ Vs v

BY (225.00)
? /oo o _ /@A) +pY) ] E(a, 1)
@@+ D@+ Pt =02 (p+pe
BY (225.03)
>~ 22 dx 1
§ / Y N e PR DY AR
BY (225.07)
309
oo 2 dr L 4@ . I D
* /u V@2 + 2P + 57 (PQ—ﬁ2)2E< ’ )+(p_5)2 ppF( ;)
_ 2u(u® — pp) |
(p+ P22+ pp)V/ (@2 + ) (2 + 77)
BY (225.05)
¥ @ -pp)dr AP o
) N e s
2u(u? — pp) .
(u2 + pp)/ (u? + p?)(u2 + p°)
BY (225.06)

0 /.oo Ve + )@ £ 7) dr = E(a, 7).

Jo @ p Vi
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7 /oo (o —og) da __ oo E(a )+7<Q+§)2 —F(a, 1)
Ju (22 + 00)%V/ (22 + 0%) (22 + 2°) (¢ -0 (¢ —0)*Voo
BY (225.08)
3 /°° (2% + 00) du = st )
w (@ + 00)? — 4p2002?]) /(22 + 02) (22 +9°)  Vee T
BY (225.02)
3.165
Notations:
P u?—a? _ Va2—b2
Q= ATCCOS | ppom, 1= 7 o
1 ’ du = \/5 X
. u \/«774 + 2b% 2 + at CL\/§ —+ v a? + b2
XF’V ¢ aV2+ Va2 — b a—u 2\/“\/2(‘12—52)]
arc ,
[ ’ Va? +b2  atu CL\/§+VCL2—b2J
[a>0b, a>u>0]
BY (264.00)
2. / _ =—Fla,r) [a*>>b">—0c0, a®>0, u>0]
u \/5174 + 2b2.’13'2 —+ CL4 2a
BY (263.00, 266.00)
3 /'°° dx 1 F( )= 28 )]+\/u4+2b2u2+a4
. = —|F(a, r)— a, T
w 22Vt 420202 40t 263 a?u(u? + a?)
[a>b>0, u>0|.
BY (263.06)
e 22 dx 1
+ /u (.’L’2 + a2)2\/l‘4 + 2b222 4 g - 4@(@2 _ b2) [F(a, T) - E(oz, T)]

[a®> > b > —oc0, a®>>0, u>0)|
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p— - E
(22 — a2)2V/z4 + 20222 + a*  2(a® +0%)(ut —at)  4da(a® +b?) (a, 7)

[a® > b* > —oc0, u®>a®>0)].

5 /'°° z2dx uvut + 2b2u2 + a? 1
U

i % dx a 1
6. = E S — —
/u \/<£4 ¥ 2h212 ¥ a4)3 2(@4 _ b4) (047 T) 4&(&2 _ b2) (047 T)
uw(u? — a?)
2(a? + b?)(u? + a?)Vut + 2b2u? + at

[a®> > b* > —o00, a*>>0, u>0].

. /°° (22 —a?)? dx a u? — a? u
u

= F(a, r)—F(a, +
V(@ + 20222 1 a)? a2 — b2 [F(a, r)=E(a; )] u? + a? Vut + 20202 + ot
(6% < @, u>0].

oo (22 + a®)? dx a a? —b? u? —a? u
8. 5 CRCRIIVIY] s Bla r)———5 =5 1 2.2 1 4
w V(@2 + 20222 + a?) a’+b a? 4+ b u? +a? Vur 4+ 20202 +a

(6% < a®,  u>0].

9 /°° (22 — a?)? dx a Bla. 1) a? + b2
. prm— a’ r _——_—
Jo @RVt t 2P f ot a1 2a(a® — b?)
[a® > b > —oc0, a®>0, u>0]

F(a, )

oo 4 2b2 2 4 1
10. / Jx(+2+ i)ja do= 5 Blar)  [o®>b > -0, a®>0, uz0]
u 2 +a a
1 /ocx/x4+2b2:c2+a4d B 1[F( )~ E(a, 1))+ YUt 22? + at
-/ @7 = a7 z= o [Fla, 7 a, )+ gV uw?+a

[a>b>0, u>al
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(2% +a?)? dx 1

12. /
v [(22 4 a2)? — 4a2p2a2)Vxt + 20%22 1 oF 2a

3.166

Notations:

_ w1 _ (1+v2){1-u
Q= arccos \z77 8 = arctg {T ,

= —TIl(a, p*, 1) [a>b>0, u>0].

BY (263.02)

ZH (287), BY (263.50)

1— 2
A = arccos u, 6 = arccos —, & = arccos - ,
u 1+ u?
V2 .
r=- ¢=2 3v2 — 4 =2V2(V2 - 1) ~ 0,985171.
311
" dx 1
1. / ———=—-F(a, r u > 0].
| el gE(a ) fu=0]
e dx 1 u4—|—]_
2. — 2 C[F(a,r) - 2E Ve Tl 0.
[ o= = gl 2B+ S >0
> 22 dx 1 1 u(u? — 1)
3./ =—-F(a,r)—F(a, r)— u > 0].
v @+ 1DvVat+1 2 ( ) 4 ( ) 2(u2—|—1)~/u4+1 [ ]
T . S 1) T R TEY
= —[F(a,r)— E(a, r u
u ($2+1)2 xt+1 4
e z2 dx uvut +1
5. = -F(a 1].
/u (22 —1)2Vzi+ 1 20i—-1) 4 (@, 7)) fu>1]
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~

10.

11.

12.

13.

14.

* (@ -1)2de Gl
/u et P s gfenr) ez 0k

/oox/m4+1dx 1

(z2+1)2 2

- (2 +1)2dz 1
/ 2 2 2.2 1 = S 1l(a, p2, T) [u>0].

u d: 1
/ _ —F(eg, r).
Jo o4+ 1 2

/ ;j_f’“"H:(z—ﬁ)F(ﬂ, ¢ <u<l]

=(2+V2)E@B,q) [0<u<1).

/1 (@2 + 2v2 + 1) da
w (@2 —2vV2+ D)Vat +1

/ (132»1(11\/%—7-)1)% = %[F(@ q) — E(3, q)] 0<wu<1].

3v2 — 4
\/_2 .

E(8, q)—

/ s o S B,q) [0<u<1].

(#2 — 2v2+ 1)Vat + 1 2
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b de 1
15. /u ﬁ:ﬁF(% r) [u < 1].

ZH 66 (290), BY (259.75)

312

o [ O

u d'
17. R [u> 1.
J1 I4 -1

S

ZH 66 (289), BY (260.75)

v 2 dr 1 1
19. ———=—F(6,r) = V2E(, r)+ —Vut—1 1).
| = = e~ VBB )+ w1

O L rr n+ 51—t ju<q]
. = , T — —u U .

VIt 32 3
g [tdr 1 F,m +2uv/at =1 [u>1]

o Vet =1 3v2 3 '

v ds 1 1+(1—+/3 243
22. / —£ = —=F | arccos * \/_)u’ V3 [u > 0].
Jo V(1423 V3 1+ (14+V3)u 2
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BY (259.76)

BY (260.77)

BY (259.76)

BY (260.77)



923. /U{L 1 F <arccos L= (143 m) [1=u>0].
Jo

xl—:r?’)_% +(V3-1u’ 2
BY (259.50)
In3.167 and 3.168 we set:= arcsin \/m,
ﬁ—arcsin\/(a_c)(u_d) —arcgm\/(b d)(c —u)
(c—d)(a—u)’ (c—d)b—u)’
= arcsin (bid)(uic) = arcsin )( )
" \/(b—c)(u—d)’ { ¢ Na—u)’
= arcsin (a=)u-b) L = arcsin b=da-w
o \/(ab)(UC)’ ! % —b)(u—d)’
V:arcsmwbdﬂ“a) q:WC)( —d) ’“—W “b)(e—d)
(a—d)(u—1b)’ (a—c)(b—d)’ (a—c)(b—d)
313
3.167
d d—2x o 2(C—d) N ﬂ B N
: / Waa:)(bx)(cx) = (a—c)(b—d) {H< ’ac’q) F( 761)}
l[a>b>c>d>ul.
BY (251.05)
u r—d B 2(d — a) d—c 0 )
> -/d \/(a—:r)(b—x)(c_x) o= (a—c)(b—d) {H <6’ a—c’ ) F(8, >}
[a>b>c>u>d.
BY (252.14)
‘ x—d 2 c—d
i / %aw)(bw)(cx) R P T {(Cb)n (7’ b—d ’") +b-dF(, ’")}
[a>b>c>u>d.
BY (253.14)
’ v —d  2c—d) b-c
* / %aw)(bx)(xc) = (ac)(bd)H<6’ bd’q>

5 1
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§ /v z—d dz = 2(b_d) {@—@H({, Z_Z,q> +(a—d)F({,q)}

= Db-n@—0 T
[a>b>u>c>d.
BY (255.20)
" z—d 2 a—>b
6. /b \/(a—:r)(x—b)(:r—c) de = eI {(b—c)H()\,a_c,r>+(c—d)F()\,r)}
[a>u>b>c>d.
BY (256.13)
a l‘—d o 2(a—d) , b—_a , a " .
i /uwafv)(wb)(wc) = (ac)(bd)H(l’bd’) lo>uzb>c>d.
BY (257.02)
“ x—d 2 a—d
5 /a \/(xa)(xb)(xc) dr = (a—c)(b—d) {(ab)H <V7 bd’q> +(b—d)F(v, Q)}
[u>a>b>c>d.
BY (258.14)
< c—w O %e—d) Ca—d
> -/u ¢(G—I)(b—$)(d—l") o= (a—c)(b—d)H<a’a—c’q>
l[a>b>c>d>ul.
BY (251.02)

10 /61V<ax><zf_z)(xd) = (af)(bd) [<ad>n <6’ = T) ~lamore T)}

[a>b>c>u>d.
BY (252.13)

H /:Wa e (a2<bc;(g> ) [H <7’ = T) - T)}

[a>b>c>u>d.
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12.

13.

14.

15.

16.

18.

[N

2(c—d) b

o= [ (s =5 ) - Fio )

[a>b>u>c>d.

BY (254.12)
Lb\/wa«")(lf_;)(xd) = (aj)(bd) {(b“)n <{’ Z%Z q> +(@—aF(d, Q)}
[a>b>u>c>d.
BY (259.19)
/bwaxxi_zf)(xd) o= J“(;(? Tk (A’ Z:f} ) o2 u>b>c>d.
BY (256.02)
./a¢(a - :L")(;::lf)(x —d) do = (a — 02)(b —d) [(a —d)II (“’ Z:—Z’ 7") +(d =) F(p, 7“)}
u’ [a>u>b>c>d.
BY (257.13)
./GVCE—a)(j—g)(x—d) = (a—j)(b—d) [<a_b)ﬂ (”’ = q) T o= aFG, qﬂ
[u>a>b>c>d
BY (258.13)

[a>b>c>d>ul
BY (251.07)

/duwaxxf_z)(xd) = = O G R UL

[a>b>c>u>d.



c b—=x . 2(()*0) R d . " e
19. ./Ll¢<a_x><c_x><x_d> di = (a_c)(b—d)n</’b—d’ > a>b>c>u>d.

u b*{L‘ 2 bic
20 / \/(a—x)(;p—c)(x_d) dv = a-o00-d [(d—c)H (5, Tt q> + (b—d)F (6, q)

[a>b>wu>c>d.

21, ./Ll’b\/(a_@(z_‘;(x_d) du = (az(_“c><z)_ ; {H <{, % q) - F({. q)}

[a>b>u>c>d.

22, /bu\/(a — l%j: f)(x gy o = (;(bg(z) 5 [H <)\, . l: 7-) — F(\, 7.)}

[a>u>b>c>d.

- -/uwa—m)(i—:)(x—d) = (a—c2)(b—d) {m‘dm <“’ Z_Z"“) — (b= dF ()

la>u>b>c>d.

315

u r—0b _ 2(&*[)) yu y " .
24. L ¢@wﬂw@—wa—®(&_ (a—@@—dﬂj<’b—d’o [u>a>b>c>d.

25. ./L,,d\/(b—:r)(:—;)(d—x) dr = (a—j)(b—d) [(c—d)H<a, %,q) +(a—c)F(a, q)

[a>b>c>d>ul.
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BY (252.15)

BY (253.02)

BY (254.14)

BY (255.21)

BY (256.15)

BY (257.15)

BY (258.02)



(a—c)(b—d) @ — [a>b>02U>d].
BY (252.02)
¢ a—z 2 c—d
R <a_@@_d>kb‘dﬂ<%atz“>+*a—®FWﬂﬂ
[a>b>c>u>d.
BY (253.15)
' a-r 2 b—c
. ¢w—xxm—@@Fﬂ@d$: <a_@@_d>kd‘@“<&atzﬂﬁ**a—®F@qﬂ
[a>b>u>c>d).
BY (254.13)
' a—z 2(a — b) -
29 ,/uy\/(b—x)(:r—c)(:r—d) dr = G—o0b-d ({ a Q> [a>b>u>c>d.
BY (255.02)
" a—T 2 a—b
o /b¢($b)($c)($d) e = (a——c)(b—d) {@b)H(A’ C’T>+<GC)F()\J)}
[a>u>b>c>d.
BY (256.14)
a a—x S 2<d_a> . b—a , B e
o /uwxb)(xc)(xd) = (a—c)(b—d) [H<"bd’ ) Pl ﬁ
la>u>b>c>d.
BY (257.14)

32. /:V(a;b)(z_:)(xd) gy 2a—b) {H( a—d

(- b—d) “ o)~ o)

[u>a>b>c>d.

BY (258.15)



3.168

B _ 2 [ fomepy Jamwe-w
. ./u \/(a—:z:)(b—:z:)(x—d)3 dx_d—a[\/b—dEU’ ) \/(b—u)(u—d)]
l[a>b>c>u>d.
BY (253.06)
- r—c 2 a—c
> / \/(a—:r)(b—x)(m—d)?: df”:a_—d\/b_d[F@q)—E(&q)] [a>b>u>c>d.
BY (254.04)
316
' r—c a—c
> /Wax)(bx)(xd)?) dx_ﬁ\/bd[F({aq)E({aQ)]‘F
> [ aud
BY (255.09)
u T—c 2 a—c c—d m
* /b\/(aw)(xb)<wd)3 dx_m[\/de()\’T)bd\/(uc)(ud)]
[a>u>b>c>d.
BY (256.06)
h T —c 2 Ja—c
> ,/u \/(a_x)(x_@(x_d)g dz = a——d%;_—dE(“’ r) Ja>u>b>c>d.
BY (257.01)
x—c 2 [a—c
. / \/(I—a)(x—b)(:r—d)3 dx:a——d\/b—d[F(V’ q) — E(v, ¢)] +
+a3d\/EZ—Z))((Z_; [u>a>b>c>d
BY (258.10)
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BY (253.03)

" b—=x 2
> / \/(aw)(xc)<xd)3 o= (a—d)(c—d)\/(a—c)(b—d) .
x [(a=¢c)(b—d)E(6, q) — (a —b)(c — d)F(5, )]
[a>b>u>c>d.

BY (254.15)

b b—=x 2
i Z;¢@/1N$@@dpcm_(a@@d)(ad@d)x
x[(a—e)b-dE{, q) - (a—b)(c—dF{, q)] -

2 (b —u)(u—c) " " e
c—d\/(a—u)(u—d) la>b>uzc>d.

BY (255.06)

317

" z—b 2
. | ¢W—wx$—@@—dP(&_(a—®®—d)(a—@@—d)x
X [(a=c)b=d)E\, 1) —(a—d)(b—c)F(\, 1)] —

2 (@ —u)(u—10b) 0> .
ad\/(uc)(ud) [a>u>b>c>d.

BY (256.03)

a x—0>b _ (afc)(b—d) B
11. /u \/(a_;p)(x—C)(x_d)g, dr =2 (a—d)(c—d) E(u, 7")

B 2(b—c¢) Flu r
v —ao-a »"

[a>u>b>c>d.

BY (257.09)

" r—b o 2(b—d) (u—a)(u—c)
2 Z;¢wamc<wxw3“’<a®@@\AuMWd>+
2(a —b)
(@—d){a—ob_d
la=c)(b=d) >b>c>d.

gl/, q2 Lu > aq
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) a-"r 2 a—c
o /u be)(cx)(xdp do = W%MW )l +
+C2d\/EZ_Z)>(<Z_Z la>b>c>u>d.
BY (253.04)

u 0—x 9 pr—
14' / \/(b—x)(:r—c)(x—d)?’ dx:m%,_dE(& Q) la>b>u>c>d.
BY (254.01)
b a—2T B 2 a—c 2(a —d) m
B / \/(b—x)(:r—c)(:r—d)3 b= ﬂ\/b——dﬂ{’ D0~ dy(e— d) \/(a—u)(u_d)
[a>b>u>c>d.
BY (255.08)
h a—x 2 a—c
A (e e df"’—mﬁw(% nl+
2 (a —u)(u—b)
+bd\/( ~ou—d [a>u>b>c>d.
BY (256.05)
318
R dr= 2 B ) s uz b o> d)
BY (257.06)
u T —a _ -2 a—c 2 (U*a)(ufc)
" / va—b)(fc—c)(x—d)?’ b= c—Nb—dE(”’ q>+c—d\/(u—b)(u—d)
[u>a>b>c>d.
BY (258.05)

l[a>b>c>d>ul

d d—=x
19. /u\/(ax)(bit)(cx)?’ dx_bfc
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20.

21.

22.

23.

24.

26.

" x—d =2 Jb—d 2 (b —u)(u—d)
/d \/(ax)(bx)(cx)3 do = bc¢acE(6’ T)+bc\/(au)(cu)

[a>b>c>u>d.

/b \/(a—x)(;_bci(x_c)?) dr = bzc\/z_cciE(Aa 7’) [QZU> b>c> d].

“ x—d 2 |b—d ) 2(c—d) (@ —u)(u—
/u\/(ax)(:cb)(:cc)3 dx_bc\/acEO’ ) (ac)(bc)\/(uc)(ud

[a>u>b>c>d.

‘ b—u 2 [b—d
Z;¢W$W3xpﬁﬂtm_cd¢acme) la>b>ec>d>q]

u b— 9 m
/d \/(a—x)(c—:r)3(;p—d) dr = m¢a_c[F(ﬁ, r) = EB, r)] +
2

c—d
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(b—w)(u—d)
. ¢Wum:u> bz ez d

BY (252.06)

BY (255.05)

BY (256.01)

BY (257.06)

BY (258.06)

BY (251.01)
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b b—x 2 Jb—d 2 [(b—u)(u—d)
2T /u\/(ax)(xc)?’(:cd) dx_dc¢acE({’qH_cd\/(au)(uc)

[a>b>u>c>d.

b r—b 2 [b—d
= ) \/(G—I)(:r—c)S(;r_d) ir= 2P B0 Bz esal

‘ z—b 2 [b—d
w [ ¢ @D " 2 o ) = G ]+

" x—>b 2 Jb—d ) 2(b—rc) (u—a)(u—d)
30. L\/(.’BCL)(.’BC)3<.’Bd) dx_cd\/acE(7Q) (ac)(cd)\/(ub)(uc)

[w>a>b>c>d.

d a—zT ,f2 (a—c)(b—d) o B
S L\/(bx)(cx)3(d£) dr = (b—?(c—d) E( 7Q)
a — 2
S b—c (a—c)(b—d)

- /du¢<b - x)(caf_x:;(a: —d) dr =

_ 2(a—d) ") — (a—c)(b—d) .
a—c (b—u)(u—d)
e
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Fla,q) [a>b>c>d>ul

BY (255.03)

BY (256.08)

BY (257.03)

BY (258.03)

BY (251.08)
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! a—u _2/la=9b-d) .\
R = R e

a—2x
35. dx =
7 /¢:cb (z —c)3(x—d)

(a—c)(b— d) 2(a —d)

R Er T R v v rer T R
2 (a —u)(u—b)
bc\/(uc)(ud) [a>u>b>c>d.
36. /\/:r—b :L“—ic ) -
(afc)(bfd) 2(a —b) B
wf@( R A Ty e LG
2 (u—a)(u—d) s a .
c—d\/(u—b)(u—c) [u>a>b>c>d.
3T /\/ax bf:c )3(c—x) dr =
(a—c)(b—d) B 2(c —d) o q) —
(a*b)(b* c) Bla. ) (b—c)\/(a—c)(b—d) Fle, g)
2 (a —u)(d—u) " . u
a—b\/(b—u)(c—u) [a>b>c>d>ul.

[a>u>b>c>d.
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39.

40.

41.

42.

43.

/\/ax bf:c (c— ) do =

(a—c)(b—d)

(a —b)(b—c¢)

E(’Y? T) -

2(a —d)

(a—1b)

—d
bf£)3£fc) do =
2e 5.9

~2y/(a—0)(b—d)

F(y, 1)

(a—c)(b—d)
[a>b>c>u>d.

—b)(b—¢)

2y/(a—c)(b—d)

E6, q) +

[a>b>u>c>d.

' 7) - (a—b)b—0)

a*@)(b*d) 2(c — d)
(af bo-a 0 Ve oo—a . Y
[u>a>b>c>d.

Ep, r) +

[a>u>b>c>d.

[V

dz =

(a—x)(b—12)3

2
a—2>b

Prifitgd frorg-Table of Integrals, SerieSZe{ri;l F_’r.o@}ts CD-R l\(a::opngl)t(@ilg% @y)Academic Press, Inc. Al rights reserved.
E <a7 q - (
a

b—

d

— )

—b)(b—d)

(b—u)(c—u)

BY (252.07)

BY (253.07)

BY (254.05)

BY (257.07)

BY (258.07)



" -/de - x><bc—i;;3<m —a 7= ﬂ%) St
d

BY (252.10)
322
N cC—X 2 a—c
4. /u¢(al‘)(b:c)3(a:d) dl’—ﬁ¢bd[F(% r)—E(y, r)] [a>b>c>u>d.
BY (254.08)
u r—c ) 7L a—c 2 m
46' / Waa:)(bx)?)(xd) = baﬁdm’ q>+ab\/(bu)(ud)
la>b>u>c>d.
BY (254.08)
“ xr —C 2 a—c
i /uWax)(a:b)?»(:cd) 'ﬁ\/wa )] +
+a2b\/2a_z))<(z_§> [a>u>b>c>d.
BY (257.10)
u pra— 9 P
1. /a \/(:r—a)(;r—b)?)(x_d) dl”:m¢b_dE(y, q) [u>a>b>c>d).
BY (258.01)
! a— 2 a—c
e / \/(b—:r)3(6—m)(d—x) =5\ b_Mm, )]+
2 (@ —u)(d—u)
+b—d\/(b—u)(0_u) l[a>b>c>d>u.
BY (251.12)
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50.

ol.

52.

53.

o4.

323

55.

56.

“ a—z 2 E N 2(a —b) (u—d)(c—u)
/d\/(b:c)?’(cx)(xd) dx_bc\/de(ﬁ’ ) (bc)(bd)\/(au)(bu)

[a>b>c>u>d.

/UV(bx)?»é_i)(xd) dr = b{J%E(% r) o la>b>c>u>d.

u a—x 2 P

(a —u)(u—rc)
+b—c¢@_ux —d) la>b>u>c>d.

‘ a—x _ 2 Ja—cpo 02 [la—uw)(u=—c)
/ \/(x—b)3(:r—c)(x—d) do = c—b%)—dE(“’ >+b—c\/(u—b)(u—d)

la>u>b>c>d.

“ r—a 2 “_c
/a Wwb)?’(wc)(a:d) = bcﬁd[F(”v O-Ev,q] [u>a>b>c>d].

d d—=x L2 b—d N 2 [(b—u)(d—u)
/u \/(a—:r)3(b—:r)(c—:r) de = b—a\/a—cE( ’q)+a—b\/(a—u)(c—u)

l[a>b>c>d>ul.

./d%a—x)sé_i)(c_x) ir= 2 PP g B0 ) w>bsezusa

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.

BY (252.09)
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BY (251.09)



2 (c—u)(u— .
+a—c\/(a—u)(b—u) lo>b>c>u>d
u :L'—d
" /Mmm G-
2 b—d 2(a —d) (b—u)(u—rc)
= <6’q)_(a—b)(a—c)\/(a—u)(u—d) [a>b>u>c>d.

’ r—d 2 b—d
" / ¢<a—x>3<b—x><x—c> b= a—bﬁ_cE({’@ la>b>uze>d.

2 (u—"0b)(u—d
+a—b¢m_ux_ﬂj [a>u>b>c>d
/\/a—:r b::r )dx_
2(c—d) _2/la—qgb-d) .
2(a —c) (b—u)(d—u) )
+Ka—®( @\Aa—@@—u) [a>b>c>d>u].

“ c—x 2y/(a—c)(b—d)
62. / \/ dox = E@B,r) —
Ja V (a—z)3(b—2)(x—d) (@ —b)(a—d)
(b B C) )
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[a>b>c>u>d.

BY (253.05)

BY (254.03)

BY (255.01)

BY (256.10)

BY (251.15)
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63. /¢a_x3(cbx y dxr =

(a—c)(b—d) B 2(b — c) o
(a*b)( d) Ew (G—C)(b—d) F(’Y? )
_aid\/zz_?)((z_ji [a>b>c>u>d.
BY (253.10)
64. /¢ax3<b_x =
(a—c)(b—d) 2(c — d)
e Y a0
a2b\/(<Z_Z;EZ_3) la>b>u>c>d.
BY (254.09)
65. /\/a_xg(b_x =
_2 — (b B 2(c—d)
B (a*b)(&*d) E({,q) (a—d) (Q—C)(b—d) F({a‘])
[a>b>u>c>d.
BY (255.10)
66. /¢a_x3$_b =
2(b — ¢) 2y/(a=o)b—d) )
_(a—b) (a—c)(b—d)}w—(ab)(a@ E\, )+
2(a —c) (w—b)(u—d)
+(a—b)(a—d)\/(a_u)(u_c> l[a>u>b>c>d.
BY (256.07)

¢ b—x 9 b—d
o / Wax)?’(cx)(dx) = adﬁc[”av 0~ EBla, gl +

+a—d\/(a—u)(c—u) [a>b>c>d>ul.
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“ b—ux 2 b——d
68. /d \/(al‘)?’(cx)(xd) dr = ad\/ E(8. 7)

[a>b>c>u>d.
a—cC

BY (252.01)
c b— 2 fo—d, o 2a-b) (c—u)(u—d)
o ,/ur\/(a—x)?’(c—x)(x_d)d a—d\/a—cE</’ ) ((I—C)(a—d) \/(a—u)(b—u)
[a>b>c>u>d.
BY (253.08)
325
U b— 9 m
o / ¢<a—x>3<m—c><x—d> d“mﬁ_cm 9~ B g+
2 (b—u)(u—c)
+@C\/(au)(ud) [a>b>u>c>d.
BY (254.07)
' b—z 2 [b—d
" /uwamxcmd) wr= 2 e o - B o)
[a>b>u>c>d.
BY (255.07)
. Py 4 id S s
~ /b\/<a$)3($c)(xd) dx_ad¢acE()\’ rH_@d\/(au)(uC)
[a>u>b>c>d.
BY (256.04)

In 3.169- 3.172, we sett = arctg %, B = arctg %

Cou | a? 4+ b2
~ = arcsin —

U b . a? + b2
5 6 = arccos —, € = arccos —, § = arcsin \/ ————,
bV a®+u b u a’+u
Cu ¢ . a¢b2—u2 { . (z\/u2—l)2
7 = arcsin —, = arcsin —\/ —— = arcsin —\/ ——=,
b bV a2 —u?’ uV a? — b2
N . ¢a2—u2 . ¢u2—a2 L a a? — b2
= arcsin , u = arcsin \/ ———, v = arcsin — _—
a? — b2 u? — b2 u’ a
b a b
rYr = ——

. S=———  t=—.

a
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. /"\/x2+a2
Sy Va4 2

56 /"\/x2+b2
J z2 + a?

w9 o
3 / \/£2 —|—a2
Jo b — T

326
b [a2 4 g2
L e
Yo la? 4 x?
L EE,
/b x? — b2
u [p2 2
o [T
./0 a2 +a2 "
b 5o
b2 _ 42
7. !/u \/T e dr =
w2 2
. [T
/b a? + z?
u [p2 g2
o ./0 \/aQ —x?
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dr =

2 2
dx = a{F(a, q) — E(a, q)}+u¢(;2:::—22 [a>b, u>0].
b? a? 4+ u?
dx:—F(a q)—aFE(a, q>+u\/m [a>0b, u>0].
2 1 p2 b? —u?
a?+b2E(b, r) [b>u>0].
=Va?+ b {F(e s)— 65}—!— \/u2—|—a2)( —b?)
JaZ £ b2 b2 —w?
>+ {F(y, 1) = By, m)} +uy| 55 bz u>0),
Va?+ b2 {F(6, r)— r)} [b>u >0l
—\/a2+u2 —Va2+b%*E(e, s) [u>b>0].
2 _ 12
aE(n, t) — F(n,t) [a>b>u>0].

dr =

€T =

BY (221.04)

BY (214.11)

BY (213.01), ZH 64 (273)

BY (211.03)

BY (214.03)

BY (213.03)

BY (211.04)



10.

11.

12.

13.

14.

15.

16.

17.

(Ve

b2 72 2 _p2 b2 — 2
do = aBE(C, t)—~ F(c, t)—u\/iu [a>b>u> 0.
a a

2 2 a2 — u2

/W_ e =B - F L 0- 1V @ @B ) a0

[Vazs

22 _ b2 b2
5 dr =aE(\ q) — —F(} q) [a>u>0b>0].
a’?—x a

u TbQ 2 _p2 2 _ 42
/ ¢£— do =2 F(u, t)—aFE(u, t)—i—,u\/u a [u>a>0b>0].

N

[V

INE

(Ve

22 — g2 a u2 — b2

BY (220.04)

BY (217.04)

BY (218.03)

BY (216.03)

ZH 64 (276), BY (219.01)

a2 _ 52

gz de=aB( 1) fa>b=u>0]

—x

a? —x? u [ b2 —u?
b2_m2dx:a{E(Cat)_g\/m} la>b>u>0l.

a2

2::;)‘2 dl’:a{F({ Q) 7E({7 Q>} +%\/(a2 *u2)<u2 7b2) [a Zu>b> 0]

a2 _ 2
mQ_dex:a{F()\,q)—E()\,q)} [a>u>b>0].
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BY (220.03)

BY (217.03)



18.

327
3.171

—_

w

-

ot

/u\/anQ
2 _ K2
Ja 2 —b

/

/

1

/

/

*Q

/

22

dx¢a2+:r2 B Va2 + b2

x2 — b2

b2

p \/uQaQ
T =u\/ ——=
u2 — b2

- (IE(,LL, t)

E(e, s)

22

CL2

'oodx\/aQ—i—:UQ B Va2 + b2

$2_b2

b2

—b?

bdl‘\/CLQLUQ
22\ p2 g2

dx\/aQ—:r2
22V 2 2

dx\/anQ
22\ 22 _p2

dx¢x2—a2
22\ 22 _p2
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ab?

%E({v Q) - £F<{7 Q)

a

b2

b2

E(Aa q>_éf<>‘7 (J)_

ZE(p, t)—

2_b2

ab?

[u>a>b>0]

[u>b>0].

(¢ D)=z B O

a®  |u?—b2
E(& 5) = 172—1L\/(12 + u?

a? \/b2 —y?
b2u V a? —u?

[a>u>0b>0]

[u>b>0].

[a>b>u>0]

V@ =) =)

b2u

1 /u?2 —a?
F(M? t);\/ug — b2

“Cdr [x? + a? 1 a a?
T Y _%E £
/ 2V g LB D Bl a sy

/

b2 + u?
a? 4+ u?

[u>a>0b>0].

l[a >0,

[a>u>0b>0].

u > 0].

BY (216.04)

BY (211.01), ZH 64 (274)

BY (212.09)

BY (220.12)

BY (217.11)

BY (218.10)

BY (216.08)



8.

9.

10.

11.

12.

13.

328

14.

Cdr (22402 1 1¢l)2+7u2
S =~ {F(B. q) — EB, QY+~ s b, ol.
-/u 22\ 22 + 2 a{ (B, q) (3, Q)}+u e l[a>b, u>0]

[b>u > 0].

22V a2 + 22 a?u a?

/ubdx\/b?—:z:2 \/(bz—uQ)(aQ—i—uQ)7\/(12—1-1)2E(67 ")

/dewzbg _ YR {F(e, ) =B 9)} [a>b>0].
b

22V a? + 22 a?

./uro"da:¢g;2b2 _ Va2 4P (Fe o) - BLe 8>}+1¢@ -

22V a? + 22 a? uV a? +u?

b2 — 22 b2 b2u

/bd—‘””wﬂ S R Ly TP WA stk | Ll R SN}

72
u L

dr |x%2—a? a a? — b2

) o o
dr | b% — 22 1 /02 —u?2 1

Jy, 2V a?—x uVa?2—u? a

/d—ﬁi S (P - B @) fazu>b>0
b

2V a? — 22 a
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BY (222.09)

BY (213.10)

BY (211.07)

BY (212.11)

BY (213.05)

BY (215.08)

BY (220.11)

BY (217.08)



16.

17.

18.

3.172

—

N

w

e~

ot

/adx\/ﬂ_é{}?()\’ q)7E<>\7q)}+\/(a2_u2><u2—b2) [a>u>0b>0.

22V u -z

“dr [x% —b2 1 1 /u?2—a?
/a \/7:_E(”’t)__\/m [u>a>0b>0l.

2V 22 —a? a U

“dr [2?2 -0 1
/u —2\/——5E(V,t) [u>a>0b>0]

x x2 — a2

BY (217.08)

BY (218.08)

BY (216.07)

BY (215.01), ZH 65 (281)

ol a2 2 1 2 p2
/ a;;”dl':—E(Q, q)_a 5 Y [a>b, 7.L>O]
o | (@*+a?) a @ \/(a®+ )0+ u?)

x? +a?)3

/Wﬁidm = B(Gq)  [e>b w20

/()\/mdl’—b—QE(% Q) la>b. u>0.

"0 2 + a? a a? — b2 U
/ \/(m2+b2)3 b=t e e “7h w20

U b27./1]'2 a2—|—b2
de = Y b -, >0,
/O \/(a2+$2>3 v aQ (77 r) \/m (/7 T) [b_u>0]
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BY (221.10)

ZH 64 (271)

ZH 64 (270)

BY (222.06)



b 2 _ .2 V) R
6 / e =Y s L1 )—lw . [b>u> 0.
u (a2 + I2)3 (12 (12 + b2 CLQ (12 + U2
U $2*b2 1/a2_|_b2 b2 1 u27b2
7 / 2 2\3 L= 2 E(E,s) —F(a ) - 3 B [U>b>0].
b | (a® +a2?) a a2v/a? + b2 uV u+a
329
R A Va2 + b2 b2
8 dr = E ———F >b>0).
‘/u \/(a2—|—x2)3 X o2 (fa ) CLQ\/m (& 5) [Uf >0]
f ozt @’ Va? 1 12 a? + b?)u
9 / 2 2)3 dr = 5> /o QF(% )_72E(’y, r)+ 5 <2 = )2 :
o | (0*—a?) b*va* +b b b2\/(a + u2) (b2 — u2)
[b>u> 0.
> I2+CLQ 1 ‘/a2+b2 a2+b2u
10. / 3 N3 dx = F(f7 8)*—2E(§7 S)—|— ( )
u (CU *b) Va2 + b2 b b2\/(a2+u2)(u2—b2)
[u>b>0].

11. " de==ZF(n. t)=E(n.t “ > .
/O ¢(a2_x2)3 @ a{ (. 1) = B, t) + — —a2_u2} [a>b>u> 0

N e
12 /u \/(;)L—xmdx_ : {F(C 1) — B¢ D} [a>b>u>0.

a
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BY (214.08)

BY (213.04)

BY (211.06)

BY (212.08)

BY (214.09)

BY (212.07)

BY (219.09)



v a2 1¢m )
13. B O e A ) .
/b\/(aQ;c?)B S VR N {9 [a>u>0b>0]

BY (217.07)
o= 1 1 Ju?—b?
14. /u \/deZE[F(V, t)_E(l/, t)]—Fa\/m [u>a>b>0]
BY (215.05)
“ a? — 12 a u a2 — u?
1. /0 ¢m dz = 5 [F(n, t)=E(n, t)Hb_?\/ﬂ [a>b>u>0].
BY (219.10)
a a2 — 2 u a2 — u2 a
16 / \/mdxzﬁ\/uz_bz _b_QE(Aa q) l[a>u>0b>0].
BY (218.05)
u IQ _ a2 a
1. @ EF DB 0l fu>a>b>0
BY (216.05)
<t —a? a 1 ju?—a?
18. /u \/mdl': b—Q[F(V, t)_E(l/, t)]"’a\/m [u2a>b>0]
BY (215.03)
3.173
" -
d 241 2 9 V1 — 2
1. / _x\/x + = \/5 F' | arccos u, \/—— — | arccos u, £ +7U [u < 1]
w @V 1= 2 2 u
BY (259.77)

330

J1 x2 2 —1 u
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2. /“ de \/E =V2E <arccos l, \/7§> [u > 1].



In3.172and3.17%, we takenr = arccos i(i;

B = arccos L LEVBu V2RSS V2B
_arCCObl_F(\/gil)ua b= 5 ) q 5 .
3.174
" dx m_ [
: */0 [1+(1+\/§)x]2\/:r(1+x) —%E(a,p) [u>0].
" dx T+a+a? 1
> /0 [1+(\/§1)x]2\/x(1x) =P e Lzu>0
u dr Wi 1 2—\/§ 72(2+\/§>1+<1_\/§)u
> /0 1x—|—x2\/1x—|—x2 N 427E(a,p)+ /o7 F(a. p) V3 11(tv3u
\/ 1u£1u++u112 > 0],
./0 1+z+22 \/1+:r—|—x2 - \4/2—7E(5=Q)_—4\/ﬁF(57Q)— 7 1+(\/§—1)u X
e bz
3.175
U dx x . 1 / _ N i u(]_ —u+ u2) y
b ./o 1+x¢1+m3_ ﬁ[F(a,p) 25( ’p>]+\/§\/1+—u[1+(1+\/§)u] [u > 0].
v de X _ 1 B i \/m .
2. /O 1—x\/1—$3_ ﬁ[F(ﬁ, q)—2E(3, Q)H\/g\/H[H—(\/g—l)u] 0<wu<1].
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BY (260.51)

BY (259.51)

BY (260.54)

BY (259.55)

BY (260.55)



BY (259.52)

331
3.18 Expressions that can be reduced to fourth roots of second-degree polynomials
and their products with rational functions

3.181

= arecos ¢ Ma—w=b) 1 )|
E<ﬂ>+E< ¢ CEDE ﬂﬂ

1 o JAa—uw)(u—b) 1 .
_ [K(—z)—i—F(alccos \/—(ab)2 \/§>]} [a > u > bl

BY (271.05)
/u = _\/HF (arccob a—b—2y(u—a)(u—b) 1)
Ja /(x—a)(x—D) 2 a—b+2/(u—a)u—"b) V2
—2E<arccosab2\/m L>1+
a—b+2 (ufa)(ufb)’\/i
22u—a—b)y/(u—a)(u—1>)
0~ b+ 2 —a)u—b) [uw>a>b.
BY (272.05)
3.182
e 2 (LY (arcas om0 L
A _Ja—b[K<ﬂ>+F< ¢ oy ﬂﬂ
[a > u > bl
BY (271.01)
u e = \/§ arccos @a-b- 2\/>— U a
. /a Vi@ —a)(z - b _VabF< a—b+2/(u—a)u—b) f) [v>a>0.
BY (272.00)

In 3.183- 3.186 we seti = arccos -,

1-— 21
B = arccos /1 —u?, 7 = arccos 1—u
+

u? —1
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3.183

332

2. Q/O'lur%f_ﬂzx/i[w@, %)—F(ﬂ, %)} 0<u<l]

3.184

1. /Ou%—2f{2E<ﬁ,%)F<6,%)}2§4(1u2)3 0<u<l).

[u > 1].

u dz 1 1 1 1—vVu2—1 Vuz -1
2. ——=FE(7v. —=|-3F\7v —=)— :
J1 22V =1 V2) 2 V2) 1+Vu2-1 u

3.185

> 0<u<1).
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BY (273.55)

BY (271.55)

BY (272.55)

BY (271.59)

BY (272.54)

BY (273.50)

BY (271.51)



BY (272.50)

v s T ) s
BY (271.54)
u dx 1 1
) /0 W—QﬁE(a ﬁ)ﬂF(Oj ﬁ) [u>0]
BY (273.54)
2 de 1 1 2u
6. /O Crn 2v/2 [F <a, ﬁ) —2F <a, ﬁ)} T [u > 0].
BY (273.56)
. voatde 1 < 1 > U > 0
o mrr 32 \UV2)  edE i el
BY (273.53)
3.186
Yol Va+1 B 1
1. /0 ($2+1)md£—2\/§E <a, \/§) [u > 0].
BY (273.51)
333
“ dz B R 1 uv'1l —u?
| v =velr(o ) e (o )|t eeesy
BY (271.58)

A e T S I
BY (272.53)}
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BY (271.57)}

“ z2 dz 1
5. /1 (352_’_2\/1'2*1){1/(;1:2—1)3 _E<% ﬁ) [u > 1].
BY (272.51)}

3.19- 3.23 Combinations of powers of x and powers of binomials of the form (a + X)

3.191

1. / 2w — )"V de = u" VT IB (. v) [Repn >0, Rev>0].
Jo

ET Il 185(7)
2. / 7V (x —u) de = uTVB(v — . ) [Rev > Repu > 0].
ET Il 201(6)
1 1
3. / 2t 1—2) tde = / o1 (1—2)""  de = B(p, v) [Repe >0, Rev>0].
Jo J0
FI Il 774(1)
3.192
1 p dr
1. /o (f_ ;)p = pm cosec pr [p? < 1.
BI((3))(4)
Loarda
2. Jy W:*WCOSGCPT [*].<p<0}
BI ((3))(5)
1
1 — )P
3. / %dmz—wcosecpw -1 <p<0].
Jo T
BI ((4))(6)

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



BI ((4))(6)

BI ((23))(7)

3.193

0 V<V+1)(V+2)...(I/—|—n)
EHI2
3.194
L ut
/ Ty — o Py (v, i 14-p; —fBu) [|arg(1+8u)| < m, Repu > 0].
Jo
ET I 310(20)
334
oo gty ut—v 1
2.6 / (14 Bx)v :ﬂ”(u—,u) oF (V,V—M v—p+ 1 _5_U> [Re v > Re p).
ET 1 310(21)
o =1y
3. / ﬁ:ﬁ—ﬂB(ﬂ,v—u) [Jarg 8] < m, Rev > Repu > 0].
Jo
FI 11 775a, ET | 310(19)
oo -1
7 ' dr Lo (p—1
4, /0 W_(—l) W( " )CoseC(,LMT) [larg B] <7, 0<Repu < n+l].
ET | 308(6)
Uoh—ldy  uM
5 /0 T = m o P (1, iy 14-p; —uf3) [Jarg(1+uB)| <7, Rep > 0].
ET I 308(5)
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[eS) m J 2n — 2m — 3N m—n+z 1
7. / x—x]:QmHm!(n mn M a 12 m<n——=, a>0, b>0
0 (a+bx)t: (2n — )N pmt 2

3.195

@t dx:m [a > 0].

/Oc(l—i—x)pl 1—a?
0
3.196

G

1. /0 (CU‘Fﬁ)V(u*(I;)N—l dr = m o F <]_ —v; 1+ p; %) |:

B

U
arg—’ <7T:| .

2 [ a0 e = B )|

Y u

b
3. / (z—a)" t(b—x)" "t dx = (b—a)" "' B(p, v) b>a, Repu>0, Rev>0]

oo dx T b v
B I ; : 1].
/1 (a —bx)(x — 1) bcosecw<b_a> [a<b, b>0, 0<v<l]
1 v
’ / i ) ’ [a>b>0 0<v<l]
. = — cosec )
J_sola—bx)(1—2) b T\ a—b a ) v
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arg%’ <, Reu>Reu>0} .

BI ((16))(4)

BI ((21))(2)

BI ((3)(1)

L1 ((19))(6)

ET Il 185(8)

ET Il 201(7)

EH 110(13)

L1 ((23))(5)
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3.197

L / 2’ (Ba) T (ay) "0 da = BHY OB (v, p—v0) o Fy (u; vi 40 1 — %)
J0

[larg 8] <m, |argy|<m, Rer >0, Rep>Re(v— o).

ET 11 233(9)
20 [N ) e = B O, )08 (—v’ TR j)
Ju u
u s
[argB’ <m or ’—‘ <1, O<R€,LL<R6()\V):| .
u
ET Il 201(8)
1
3. / 21— )N = Ba) TV de = B(A, p) o Fy (v, Ay A+ i B)
Jo
[ReA>0, Rep>0, |6]<1].
WH

1
4. / e (1—2) H(1az) * " de = (14a) " "B(u, v) [Repp >0, Rer>0, a>-1].
Jo

BI((5))4, EH | 10(11)

5. / N 142) (1+ax) de = B\, —p—v—=X) o F1 (=, X; —pi—v; 1—a)
Jo
largal <7, —Re(pn+v)>Rel>0].
EH 160(12), ET 1 310(23)

6. / (= 1) e — 1) Nde = a B, v — p) 2 Fi (v, iy A a7t
J1
[1+Rev>ReX>Repu, |arg(a—1)]<mn].
EH | 115(6)

oo'“_%x a) M(x+b) Hdr = /r(Va 1_2“—F(#_%) e
7. /0 21} (wra) P (24+b)H de = v/r(Vat V) fo [Re > 0].
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8. / 2 Hata) M u—z)*tde = o MPTTIB(p, v) o P (f)\, v g+ v 73)
0 a

|

arg(g)’ <m, Rep>0, Rezx>0} .
o

ET 11 186(9)
9. / 21 4z) TP (4 8) TV da = B(u=A, N) o F1 (v, =X s 1-8) [Re > Re A > 0].
Jo
EH I 205
10 /1 v de i 0<g<1 > —1]
. = cosec , —1].
Jo T=wpape) ~ Wapp 0 R
BI ((5))(1)

o (5 L)

1 2P~ % dr ,
H ./0 (1 —2)P(1+ qx)? - NG cosP (arctg \/q)

sin[(2p — 1) arctg(,/q)]
(2p — 1) sinfarctg(,/q)]

1
[—<p<1, q>0].

2
BI ((11))(1)

336

(1—z)P(l—qz)p VT (2p—1)y/q

1
[§<p<1, 0<g<1|.

12. /1 > da g (p+ %) M= - VO = (1+ Q%
0

BI ((11))(2)

3.198

1
/ 21— 2)" Haz +b(1 — 2) + "W de = (a+ )b+ )V B(u, v)
0
[a>0, >0, ¢>0, Repu>0, Rev >0
Fl 1l 787
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3.199

b
/ (x—a)" Hb—2)" Nz —c) " Vdr=(b—a)T"Hb—c) " (a—c) By, v)

[Rep >0, Rev>0, c<a<hb.

3.211

1
[ = = ) E (1= 00) 7 de = B VRO 0 A+ v)
Jo

[ReA >0, Rep>0].

3.212

/ooo[(1+aa:)—p+(1+ba:)_p}:cq‘1 dz = 2(ab)~*B(g, p—q) cos {qarccos B\}%} }

[p>q>0].

3.213

/ooc[<1+ax)—p(1+bx)_p]l’q_l d = =2i(ab) ¥ B(g, p—g) sin {q e B\}%} }

[p>q>0].

3.214

1
[ 10+ =2 @) = de = 2 B )
Jo

[Rep >0, Rev>0].

3.215

/0 {a"z" (1 —azx)" ' + (1 —a)’2" '[1 — (1 —a)z]* '} do=DB(u v)

[Repy >0, Rev>0, |af<1].
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EH 110(14)

EH 1 231(5)

BI ((19))(9)

BI ((19))(10)

LI((1))(15), EH | 10(10)

BI ((1))(16)



3.216

1 _pu—1 v—1
1. /wdfc:B(u,y) [Repn >0, Rev>0].
0

(1+ z)rtv
FI 775
OOIM_l + xl/—l
2. /1 de:B(,u, v) [Repp >0, Rerv >0
FI 775

3.217

< PPl 1+ bx)P~!
/ {(1—|—b:1:)1’( bpfla)gp }dx—ﬂctgpw 0D<p<l1l, b>0]
0

BI((18))(13)

3.218

ool,Qp—l _ (a + x)Qp_l
/0 (a + z)PaP dv=mctgpr  [p<1]  (cf 3.217).

3.217
BI ((18))(7)

337
3.219
> v o |
/0 { (z+ 1)r+1 - (z+ 1)rt1 } dz = (pu+1)—Y (v+1) [Rep > —1, Rev > —1].
Bl ((19))(13)
3.221

S N
1 / wdx:w(a—b)p’lcosecpw la>b, 0<p<l].

LI ((24))(8)

a _ p—1
9. / wdxsz(b—a)p_lcosecpw [a<b, 0<p<l1].
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3.222

[T ) Ren> ol

Jo 142
5 /°° e~ Vdr  f wcosec(pm)ar ! for a > 0,
" Jo xz4a | -7 etg(pm)(—a)*"t fora <0,
0 <Rep<1].
3.223
< g lde T
1. / = pel =1 cosec (pm
Jy Graera —y-pg ) eoseclum)
larg B <m, Jargvy|<m, O0<Rep<?2.
> z*1dx T _ _
2. / Groo—1 =213 (3471 cosec () + a1 ctg(pm)]
Jo
[l[arg Bl <7, a>0, 0<Rep<2.
o prmldy p=l _ pp—l
3 =7ct b>0, 0<R 2].
/0 -0 -1) metg () r— [a>b>0, < Rep < 2
3.224
S n=1y — S —
/ —(I +h) - 7 cosec () 1= ﬁﬁ/‘hl + 6=5 oH—t
o (@+)(@+9) 7-0 6=

largy| <7, Jargéd] <m, O0<Rep<1].

3.225

00 ()P0
1. / %dl«:(l—p)wcosecpw -1 <p<1].
J1
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FI 11 718, FI 11 737
BI((18))(2), ET Il 249(28)

ET 1309(7)

ET 1 309(8)

ET 1 309(9)

ET 1 309(10)



338

" —1)-P 1
9. / udﬂf: 5p(l—p)7rcosecp7r [0<P<1]-
J1

BI ((23))(1)

o0 pd'
/ ﬁz%p(l—p)cosecpw -1 <p<2].
Jo

BI ((16))(5)

3.226

L /'1 " dx 5 (2n)!
0

Vi—z T (2n+ DN
BI ((8))(1)
5 v de (2n— 1)
. = .
Jo V1—= (2n)!
BI ((8))(2)
3.227
o0 v—1 1=
1. / (B +2) de = " "By, u—v) o F) <u -1, v 1— 1)
Jo vtz 3
[larg B] <7, |argy|<m 0<Rer < Repul.
ET Il 217(9)
N . - -
2. ———dxr = B - 7 cos I \
| e w5 =) coscelem) 5l 0
[larg B8] <, Jargy|<m, —Reo<Rep<l].
ET Il 217(10)
3.228
b - - 2
— AV (b— )V —
1. / (z = a)"(b—2) dx = cosec(vm) |1 — (a c> for c¢<a;
o x—c i b—c) |
c—a\’
= mcosec(vm) |1 — cos(vm) (b ) } for a<ec<b;
—c
[ c—a\"]
= mcosec(vm) |1 — < b) for ¢>b [[Rev| < 1].
L Ci
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v—1

b v—1 —v
_ h— _
2. / (z—a)”” (b—2) dx = m cosec(vr) |4 = ¢ for c<a or c¢>b
o T —c b—c b—c
m(c—a)’!
:7W ctg(vm) for a<ec<d [0 < Rev < 1].
ET Il 250(32)
339
b v—1 . —1 +v—1
r—a b—ax)* b—a)¥ b—a
3. / ( )x_(c ) dx:%B(#,V)zE(Lu;MV;b_c>
’ for c<a or c¢>b
=m(c—a)”" ' (b—c)" ! ctgur — (b—a)* TV EB(u — 1, v) x
h—
XQFl(Q[LV,l;Q,LL;b C) for a<c<b
—a
[Rep >0, Rev>0, p+vElL p#El 2,000
ET Il 250(33)
1 v—1,.—v v—1
1-— —b
4. / udJJ:MCOSGC(Vﬂ') 0<Rev<1l, 0<b<al.
0 a—bx a’
BI ((5))(8)
ooxl/_l(x—i_a)l_u 1—p v—1 c
5. ——————dv=a ""(=0)" Bp—v,v)2[1 (,u -1, v 1+ —) for ¢<0;
0 r—=c a
1 1—p alﬂhyB
= ~H ctgl(p — v)m] — —v—1
me”a+ o) " etgl(p —v)a] = ————Bu—v -1, 1)
><2F1<2,u,1;2u—|—y; a > for ¢>0
a—+c
[a >0, 0<Rev<Rep]
ET Il 251(34)
3.229
1 —1
cHHdx T COSec pm a b
= - 0 <Rep<1].
/0 (1= 2)"(1 + az)(1 + bx) a—b |(d1+ar (1+br 0 <Rep <1
BI((5)(7)
3.231

1 p—1 _ .—p
1. / udzzwctgpw [p* < 1].
Jo 1-=z
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1 op—=1 _ —p
2. / udzzwcosecpﬁ [p* <1].

Jo 1 + X
BI ((4))(1)
Lyp b
3. /0 %dw-%ﬂ'ctgpﬂ p? < 1].
BI ((4))(3)
1 p -
4. -/o xi_'_—xxpd:r:%—wcosecpw [p* < 1].
BI (4)(2)

11,/1,—1 _ l,u—l
5. / —————dx =y {v) —Y(p) [Repp >0, Rev>0].
Jo

FI 11 815, BI((4))(5)

Ooxp—l _ Iq_l
6. / 1—dx:7r(ctgp7rfctgq7r) [p>0, ¢q>0].
Jo — X

FI 11718

3.232

/°° (c+azx)™" — (c+bzx)~*
0

b
dr =c¢ " In— [Rep>—-1; a>0; b>0; c¢>0].
x a

BI ((18))(14)

EH 117, WH

3.234

1 l‘q_l x—q
1. /< - )da:—wa_qctng 0D<g<l, a>0].
Jo \I1—az a—x
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Ly oga-t x4
/ < + ) dx = wa~ 9 cosec qm D<g<1, a>0].
Jo \l4+ax a+zx

BI ((5))(10)

3.235

/Oocwd_x:w(u)—w(u—u) Rev > Re i > 0]

1+z)¥ =
BI ((18))(5)

3.236

! o5 dx l—a) " —=(14a)" 1-
/0 [(1— x)(ll — a2x)] 4L - Qa/L\/E_F : (1 * %) : <TN)

’ [—2<pu<l, Jla|<1].
BI ((12))(32)

3.237
2
N R O
> (—1)"“/ =In 2 3 [|arg u| < .
n=0 n T +u 21T u + 1
2
ET Il 216(1)
3.238
 faft v
1. / ———dx = —7m ctg —|ul"" " signu [0 <Rev < 1] [ureal, wu#0].
fee T U 2
ET Il 249(29)
o0 v—1
2. / 2 signzdr = 7 tg Z%TM”_I [0 < Rev < 1] [u real, u#0].
e T —U
ET Il 249(30)

5 /"’(b —ao) e —a)t (b= a) T T (v)
| 2= u e fa— u b=l T(n+0)
[Rep >0, Rer>0, O<u<a<b or 0<a<b<u.

va
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3.241

[Rep >0, p>0].

/'1:5“1 dr 15 (/L)
Jo 1+aPp \p

gee] ;Lfld 1 _
/ UZZCOSQCEZ—B<E7U> [Rev > Re p > 0]

Jo 14av v v v

WH, BI ((2))(13)

ET 1309(15)A, BI ((17))(10)

341

R p
3. = — ctg —
Jo 1—ua4 q q

q

/000 e rdr 1 (p>uf(%)r<1+”_%) p#0,

L
= - 0< =< 1,
(p+ qav)ntl — ppntl v I(1+mn) [ v " +h

Xattde  (p—gm (p—q)
D. = < 2q|.
/0 15 2972 5 cosec . [p < 2q]
3.242
o ™ dx T . [(2n—=2m—1) (2m+ 1)
1 5 = — sln | ————— 1| cosec t coseC —————
J oo Tt 224" cost+1 n 2n 2n
m <n, t*<n.
3.243
um
o0 =1 g, cosec | —
/ == =_= B2 [0 < Rep <5 Reu].
o WEe N L+27) 801 gt (1)
3v
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1 p—1 q—p—1

x +x

1. /—dxzﬁcosecp—7T [q >p>0].
Jo 1+a q q

BI ((2)(14)

1 op—1 _ pq—p—1
2. /¥dx:zctgM g >p>0].
0 1—ax4 q q
BI ((2))(16)
1 v—1 _ pu—1 1
3. / idaj:—[c—l—w(ﬁ)} [Re p > Rev > 0].
Jo 1—av v v
BI ((2))(17)
o0 g2m _ g2m ) T 2m + 1 2n + 1 ’
4. ‘7mwd£:7 ctg T —ctg T [m <1, n<l.
FI 11 640
3.245
-/o [/ 7H —a¥(1+ x) #]de = ﬁ B(v, u—v) [Re > Rev > 0].
BI1 ((16))(13)
3.246
oo 1 o q
/ —I‘xpfl dr = T sin an cosec P cosec M p+g<r, p>0].
o l—a r r r r

ET 1331(33), BI ((17))(12)

Integrals of the fornf f(z? £ 7P, 29+ 279, ... )dm—“” can be transformed by the substitutios- e’ or z = e~*. For example,

1 gn—m=1_4 ntm=1

instead offO1 (z1P + 217P)~! dx, we should seek to evalugffg” sech pz dx and, instead of,

0 ‘T4227 cosasamn 4%, We should

seek to evaluatfooo ch mz(chnz — cos a)~! dz (see 3.512.).

342
3.247
1 .a—1 n—1 k
22 (1 —x) 0 £
Lo T = (a1
/0 1— &b T ) (@t Rb 4 1), (e kb k= 1)
[b>0, | <1].
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"0 (1 — 2P)4 v—1
2. / %d:r =" sin (E) cosec ptv)r cosec — [0 <Rev < (n—1)p].
Jo 1—anp np n np np

ET 1311(33)
3.248

N =

> [Rev > Re2u > 0].

NN

BI ((21))(9)

BI ((8))(14)

o dr (2n — 1!

™
3. = —.
Jo \/1—1‘2 (271)” 2

BI ((8))(13)

4*/00 dx oo
DG eiTee #

5*/00 dx T
T, 7z = 508

422 422 1/2
(1427 T3ar2z U T 3ar e
3.249
10 /oo dx (2n — 3)!! T
oy (@2 4a?)m 2. (2n —2)! g2n 1T

FI 11743

g 2\n—3% 5 _ 2n (20 — DN
2. -/o (a® —x%) dr=a 22l
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FI 11 156

EH Il 181(31)
Yaid 1 +1
zh dx 1
T (e Rep > —1].
/01+a:2 26(2> [Re > —1]
BI ((2)(7)
. 2ypu—1 2p—2 1 1
5. (1 =2 de =27 B(u,,u):§B 50 M [Re o > 0].
Jo
Fl 1l 784
343
6 / 1— V)P lde = p>0
0 ( ) p(p+1) p=0
BI((7M)(7)
! s 1 (1 1
7 (1—z)y"vdr=-B(—,1—-— Rep >0, |v]>1].
0 P\ p v
00 2 —n/2
-1
8.* !/_OC <1—|—nx_1> dr =+/m(n—1T <n2 >/F (g) [integern > 1].
3.251
1 1/
1. /:U“_l(lf:u’\)”_ldx:—B(—,V> [Rep >0, Rer>0, >0
/s o\
Fl 11 787

> 1 1
2. / 2 (142t de = =B (E, 1—v-— E) [Re 1w>0, Re <V—|— —,u) < 1} .
Jo 2 \2 2 2
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.00 1
3. / o (@P—1)"" dr = -B <1—u——,1/> [p>0, Rer>0, Rep<p—pRev|.
/1 p

ET1311(32)

) /oo 22M gy (2m — D(2n — 2m — 3)!Ix [@>0, ¢>0 > m+1]
. = a 5 & s n m :
o (az?+ce)n 2. (2n—2)lamen—m1 Jac / |
GU ((141))(8a)
- /oo 2m+l g m!(n—m—2)! [ >0 >m+12> 1}
| _ ac , n>m .
o @?+0r  2n—Dlartien | )
GU ((141))(8b)
00l [y
6. Troe @ =g [T2<Rep<2)
J, Gt rhy  [2<nen<

WH

ok da 1, p-1 ~1

zt dx 7 0
A Re > 1].
/0 +22 4 1 6( 2 ) [Re o> 1]

LI((3)(11)

1
8. / 2P N1 = 074 da = p_72r cosec 22 lq > p].
Jo q q
BI ((9))(22)
1y, 1 T s
9. / xg_l(l—:rq)_E dxr = — cosec — [p>1, ¢q>0].
Jo q b

BI ((9))(23)a

1
10. / 2PN — 290 de = T cosec 25 l[q >p>0].
0 q q

BI ((9))(20)

oo 1 .
11. / 2" N1+ BaP) Vde==-3"»B (5, uﬁ>
0 p p p

larg Bl <m, p>0, 0<Rep<pRev.
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3.252
e dx (=1t ont b 5
1. = tg —— .
/0 (a1 2z 1 O (=1 01 | Ve arcctg — [a >0, ac> b7
GW ((131))(4)
o d 2n — 3)ra !
2. / 5 - = (2n — 3)tima : [a>0, ac> b7
oo (ax? +2bx + )" (2n — 2)!1(ac — b2)"
GW ((131))(5)
e dx (=2) " { 1 }
3. / — = — a>0, ¢>0, b>—Vac|
Jo (ax? + 2bx + )" T2 (2n+ D! dcm | Ve(Vac +b) [ Ved
GW ((213))(4)
o xdx (=)™ o2 1 b b
4. 5 = — I 5 arcctg ————
Jo (az?4+2bx+c)»  (n—1)! dcn 2(ac =b?)  2(ac — b2)> Vac — b2
for ac > b*;
(- on—2 1 n b | b+ Vb2 — ac
= =~ In
(n—1)!dcn=2 | 2(ac —b%)  4(b2 —ac)z  b— Vb2 —ac
for % > ac > 0;
an72
= f = 2 > 2 .
20— 1)@m= )b or ac=b [a>0, b>0, n>2]
GW ((141))(5)
D. /00 vde = - (2n — 3)ttrba" "2 [ac > v, a>0, n> 2].
oo (@22 + 20z +0)" (2 — 2)N(ac — b2) T ’ S
GW ((141))(6)
6 /'°° ™ dx B (=1)"mran—mtym "
' oo (@z? 4+ 2bx + )" (20 — 2)!N(ac — b2)"~ 2
/2l m ac—b2\"
2k — DN (2n — 2k — 3)!!
< 2 () e w2 (0

[ac>b2, 0<m<2n-2].
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e " dx n!
7. / = a>0, ¢>0, b>—acl.
o (az? +2bz + o) tE | @n+ DINe(Vac + b+ ]

GW ((213))(53)
> "t de n!
8. / = a>0, ¢>0, b>—acl.
o (ax?+2bx +c)"te  (2n+ D!Na(Vac 4 b)ntt [ ]
GW ((213))(5b)
345
i "tad 2n — 1!
9. / 23: - = l(n )771 [a>0, ¢>0, b+yac>0.
o (ax? +2bx + )"t 9205 (h 4 \Jac)"TanlVa

L1 ((21))(19)

= el da 1 1
6 z o=t N1y 1 B - '
10. /0 (1+2zcost +a2) 2" 2 (sint)> Ml <V + 2) B(u, 2v ,LL)PM_U_% (cost)

0<t<m 0<Rep<Re2r.

ET 1310(22)
11. /0 (1+26:c—|—x2)“_%x_”_1 de =272 - 1)2T(1 — p)B(v — 2 + 1, ~v)P) . (B)
[Rev <0, Re(2u—v)<1, |arg(8£1)|<n].
= —7 cosec UWCV%_M(ﬂ)
1
{2<Re (§u> <Rer <0, |arg(B£l)|<m7
EH | 178(24)
EH 1 160(33)

o [T =2 cosec tcosee(um) sinl( — 1)1
. = —mal~* cosec t cosec(pm) sinf(p —
o %2+ 2ax cost+a? / /

[a>0, 0<|t|]<m, O0<Rep<?2.
FI 11 738, BI((20))(3)

o o dx makt—4 3
13. =3 cosec T cosec” t X
0

(22 4 2ax cost + a?)?
X {(p—1) sint cos[(u — 2)t] — sin[(x — 1)t]}
[a>0, 0<|t|]<m, O0<Rep<4.
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LI((20))(8)A, ET 1 309(13)

[T wide (um)Pu_i(cost) [~m<t<m O0<Rep<l]
. = 7 cosec(um) P,—1 (cos -7 T, e :
Jo V14 2z cost + 22 a et .
ET 1310(17)
3.253
1 2pu—1 201
(I+2) (1 —x) _ outv—2
./_1 1T 22y de =21 B (4, v) [Rept >0, Rev>0].
Fl 11 787
3.254
1. / 2w — )P 2?4+ 32 de =
0
_ A A+ A+p A+p+1 —u?
_ 2v, A p 1B F _ - . . .
6 u (>‘3:U’>3 2( Va2a 9 9 2 ) 52
[Re <%) >0, A>0, Reu>0} .
ET Il 186(10)
346
22 / (@ Ma —w) (2?4 67)" da =
_ U;L7/\+2V F(:LI’)F<>\ — K= 2V) x
'\ —2v)
A—pu 1+A—p A 14+ A 32
X 3Fy | —v, -, V==V, —— — U ——
2 2 2 2 u?
{u| >|68] or Re <£> >0, 0<Reu<Re()\—21/)} .
u
ET 11 202(9)

3.255

€T =

(¢ + 2bx — ax?)rtl

/1 i ta(1—z)H e
0

1
T b
B Vi (’”2)
{a—i—(\/c—l—Qbfa—l—\/E)Q}M_i 12 —a Futl)
1
{a+(\/c—|—2ba+ﬁ)2>0, c+2b—a>0, Reu>§}.
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1p—1 q-1 1 —
[ = ) o (u) (H_pW)B(B 9 p>0.g>0 pro<2)
0o (I1—a2)"z 2

BI ((8))(25)

Lop=1 _ pq—1 1 B
x v . (qa—p q+p p q
/0 mdw: 5 sm< 1 77) cosec (—4 7r> B(i’ 5) [p>0,q>0, ptqg < 2].

BI ((8))(26)

3.257

—p-1 VD (p+ %)

% b 2
/ <ax—|——> +c de = ————F—.
Jo x 2acPt2T(p+ 1)
BI ((20))(4)
3.258
1. /boo(:u 22 —a?)"dx = 2<771 (b—V'b% — a?)" L+1 (b—Vb2 — a2)" !
[0<a§b, n > 2.
GW ((215))(5)
» 00 " B (, /b2 +1-— b)"*l ( /b2 +1-— b)nJrl
2. /b (Va2 4+ 1—a)"dx = 2= 1) + S+ 1) [n > 2].
GW ((214))(7)
347
3. /oo(\/x2+a2;c)nda;_ ngnH [n > 2].
0 n* —1
GW ((214))(6a)
oo dx n
), Grvere ey 2
GW ((214))(53)
et S35 mog. n-mlgmtntt
> ./0 a"(Ve? +af—a)do = m=—m—-1)n-—m+1)...(m+n+1) l@>0, 0smsn-d
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6 /oo " dx B n-m!
Jo (Va2 +a?)n Cn=m—1n-m+1)...(m+n+1ar—m-1
[a>0, 0<m<n-2]

GW ((214))(5)

- (n—m —2)!(2m + 1)lgmrt!
7. / (x—a)"(x—V a2 —a?)" dx = n-(n ﬂ;m(n>_|_( TZI_F 1)? a4 [a>0, n>m+2].

GW ((215))(6)

3.259

-1 o0
_ _ b T (p+km)
1.6/xp11—x"11+b:r dx = (n—1)! < ) L(p
Jo ( ' )’ Z p—l—n—i—k‘m)
(b < 1unless 1 =0,1,2,...;p,n, p+ml>0].
BI ((1))(14)
2. / x"_l(uf:u)“_l(xm—|—6m)’\dx:6m)‘u“+”+1B(u, V) X
0
v v+1 v+m-—-1 p+v p+v+1 u+v+m-—1 —u™
Xm—‘rlFm _>‘7_7 P ; ) st ; m
m. m m m m m I]

{Reu>0, Rev > 0,

) u e
()] <3]

ET Il 186(11)
o I _A_ (A A A
3. / 2 (14aaP) *(14-82P) "V de = —a~ =B (‘: wEv— —> oI <1/, —u+rv1l— é)
0 p P p p p a
arga| <m, |argf|<m, p>0, 0<Rel<2Re(u+vr).
ET 1312(35)
3.261
+1 -1
(1 -z cost)xt tdx > cos kt
1. = R 0, t#2nm|.
/0 1— 2z cost + x2 hgo,u—l—k: [Re >0, t72nm]
BI ((6))(9)

— 2 <1, t&2n+ 7).

5 /'1 (¥ + 27 ")dx 7 sin vt
" Jo 1+ 2z cost+a2  sintsinvrm
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348

= [p? <1, tE2n+1)7).

5 /'1 (x1FP + 217P) dx 7(p sint cos pt — cost sin pt)
o (14 2z cost + x2)? 2sin® ¢ sin pr

/1 a1 dx T cosec t cosec [T . a sint
: = sin | t — p arctg ——
ax cost + a’x —x a cost +a?)L a Ccos
o 1+2 t+a?z? (1—z)» (142 t+a?)5 1+ t
[a>0, 0<Rep<l].
3.262
CrPdr (1—p)w
- = — - —2<p<l].
/o 523 = 3 cosee 3 [ p < 1]
3.263
/oo ¥ dx ™ |: ﬂy_l VT —|—ﬂy VT 9V ( ):|
= sec — cosec — — cosec (v
0o @EN@+F) 2B+ U 2 2 7
[Re3 >0, |argyl<m, —1<Rev<2, vA0.
3.264
_ _ pm
0 2P d 7TapQ—i—prcos? ~pm
1 ; (a2+:1:2)(b27:c2):§ prRE cosec —- O<p<4, a>0, b>0.
/oo ah= 1 dg 777%*1*52*1 o
=— cosec —
o B+a?)y+a?) 2 B-n
[|arg 8] <7, |argvy| <m, 0 <Rep<4].
3.265

o
[ dr=v+ € Rew> o)
Jo 1—=
=1 —p)+ C— 7 ctg(pm) [Re p > 0].
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BI ((6))(18)

BI ((6))(21)

L1 ((18))(3)

ET Il 216(7)

BI ((19))(14)

ET 1309(4)



3.266

o ((L’VfaV)d.’B . T y , a’ 6
[ e = et eectm —o” astom -
|arg 8] <7, |Rev| <1, v

ET I1 216(8)
3.267
1
1 /'1 23" dx _ 21 r (n + §>
Jo V1 —a3 3\/§F<%>F(n+1)
BI ((9))(6)
349
2
5 1l.3n—1 dx B (n - 1)|F <§>
Jo V1 —a3 ar (n N g)
BI ((9))(7)
3.268

BI ((5))(14)

1

1— b

2. / ] x 2/ dr = (p+v) — () [Rev >0, Repu >0
0 — X

BI ((2)(3)

n

H n i & n—k
3. / |: dr =nC+ Zw<ﬂ+ ) [Re > 0].
70 k=1

BI ((13))(10)

3.269
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BI ((4)(12)

Lop _ p-p 1
2. / T =% dr= ——gcosec% [p* <1].

Jo 142 P
BI ((4))(8)
1 . v
T 1 vr+1 1 (p+1
3, A —sU | —— Rep>—1, Rev> -l
/o -2 2¢<2>2¢<2) fewz =l Rev=
BI ((2))(9)
3.271
1. /.wxpxq dv__ m (ap.cosm—aq.cosqﬁ) <1 ¢ <1 a>0].
Jo -1 xz+a 1+a S pm suLgn

BI ((19))(2)

0 4P P P — 1 1 1
2. / roes do = —= {a ——aplna} [p2<—}.
Jo x—a xz-—1 a—1 |sin(2pmr) 7

BI ((19))(3)

PP _gP 7P — 1 1
5 / aP —aP x dp — " {2<ap —1) ctgpr — —(a” + 1) lna} [p* <1].
Jo x*—a x-—1 a—1 g

BI ((18))(9)

P —aP 1—zx7P T aPt1 —1 aP — a4 sin prm
4. xldr = . + = .
o ¢ sin[(p+ ¢)w] = sin[(¢ — p)7] | singm

(p+q)? <1l (p—q?<1]
Bl ((19))(4)

% (P — pP > 5 1
5. —— | dx=2(1 - 2pw ctg 2pm) 0<p*<—|.
Jo 1—x 4

BI ((16))(3)

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



350
3.272

1

1 on—1 4 n—Lt _ 9 2n-1
1. / LA R =22
J0 1—=
BI ((8))(8)
1, n—1 n—32 n—i 3n—1
, ‘ , — 3
2. /””’ A U Rk U PR YY)
Jo 1—=
BI ((8))(9)
3.273
L /1 sint — a"z" sin[(n + 1)t] + a" Tz *1 sinnt (=271 dz = T(p) i (k — 1)lak=1 sin kt
0 1 —2ax cost + a’x? =1 T'(p+k)
[p > 0].
BI ((6))(13)
5 /1 cost —ax — a"x™ cos|(n + 1)t] + a1zt cosnt (1= 271 dr —
0 1 —2ax cost + a’x?
n (k—1)lab1 cos kt
=TI(p p > 0].
D T w p=0
BI ((6))(14)
3. /1xsint — 2" sin[(n + 1)t] + 2" sinnt d — i sin k:t.
0 1—2x cost + x2 =1 k+1
BI ((6))(12)
N /1 1—x cost—a" " cos[(n + 1>t2] + 2" 2 cos nt dp — i cos k:t.
0 1 -2z cost+x o k+1
BI ((6))(11)
3.274
00 1] - 1
1. / udmz T sinﬁcosecﬂcosecM [0 < Rep < n—1].
Jo 1—2an n n n n
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/1 1—2"  dx 1 o 9k
2. - S
Jo (]. =+ .'If)n+1 1 — T 2n+1 k=1 k

BI ((5)(3)

P A Y A qm

3. LT T .
./0 P —xP x 2p & 2p p>dl

BI ((18))(6)

3.275

1 n—1 np—1
1. / v T _pr dr=plnp [p >0
Jo 17555 11—z

BI ((13))(9)

BI ((5)(13)

by p—l pq—1
x qx
3. — dr =1 0].

./0 (1—1" l—xq> E la>0]

BI ((5))(12)

oo 1 1 d
T A e &
Jo 1+ 22 1+ 22 x

BI ((18)(17)

351
3.276

BI ((20))(19)

—p—1

o ) o>-1].

>__
3 T(p+1) P77

(3)
ar + — +c
T
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3.277

v B vu 1l vip
dr = 2% 1(B2_1)2+%I‘ (%) F(l—,u—u)P%il(ﬂ)

1. /'oo e VI + 2% + ]

Jo V14 a2
[Re> -1, 0<Rep<1l-—Revr|.

ET 1 310(25)
00 pu—1 2 1 2 Y ptv—1 1—p—
2. / VBt +a] d:r:ﬂ B u,# [Ref >0, 0<Rep<1l-Rev].
Jo \/ﬂ2—|—x2 21 2
ET 1311(28)
v K
5 /oox“_l [cost £ i sinty/1 + 22 J . 1__&151—‘(5)1—‘(1,“’/)
. xr=2 2 sin 2 X
0 V1+ 22 I'(—v)
1 el ) 1 w1
X |:7T5Q_2“+1_V(COS t) F %WgP_ii_y(cos t)
[Re o > 0].
ET I 311 (27)
oo . pu—1 2_1 2 1 v
e GEET
0 2 +1
_ ad o
:2%—1€%iw(#1)r(2)r(1 " V)(Bg_l)l—uQ,u—l )
ﬁ ) F(-V) 4 2 71/7%
[Re>1, Rer<0, Rep<1—Rev
ET 1 311(26)
C(z—uwr (Ve +1—Vr—1)% ) :21’+% T T
5. dx e (u"—1) Q2 1 (u)
u «732*]- ﬁ YTz
[Jarg(u —1)| <7, 0<Rep<1l+Rev|.
ET Il 202(10)
gt [(w = Va2 — 1) + (z — Va2 —1)77] Cgpp (Lot 1-p—v
6 de =2""B \
1 z2 —1 2 2
[Repp < 1+ Rev).
ET 1311(29)
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352

2 1 1,
L Jxlulu+ 2 P2 ()

[ T R,
" Jo x(x 4+ 2) 2
[largu| < m, Rep>0].

ET Il 186(12)
3.278
/°° < xP >q de 0
0 1+ a22p 1—22
3.3- 3.4 Exponential Functions
3.31 Exponential functions
3.310
oo —pT 1
/ e dr=-— [Rep > 0].
70 p
3.311
/'°° dv  In2
Jo l4ers — p-
LO Il 284a

oo —px
2. ‘/0 li—efm dx = (p) [Re o > 0].

EH 120(3), ET | 144(7)

.0 e
3. ~/—oc—1 j_ = dr = g cosec % [g>p>0 or 0>p>(] (cf. 3.241 2.).

3.241
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0<a<1].

5. / 1: ‘ 1 dx =y (V) + C+ m ctg(nv) [Rev < 1] (cf. 3.265).
Jo er —
006—1‘ — eV
6. / —de=yv)+C [Re v > 0].
J0

[Rep >0, Rev>0] (cf. 3.231 5.).

o0 L —uT _ ,—VT
7 / =) —d()
70

l1—e%

"0 o—pT ]
8. / ¢ Y= ! ctg () b>0, 0<Rep<1].

— e
o b—e

0 —ux d
9. / ¢ . cosec () [largd] <7, 0<Rep<1].

Cobte®
TPt — e T pT
10. dr = ct > 0, > 0].
./0 14 e~ (pta) pta Cptg P >0
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BI ((28))(7)

BI ((27))(7)

3.265
EH 1 16(16)

WH, EH | 16(14)

3.231
BI((27))(8)

ET1120(14)a

ET 1120(15)a

GW ((311))(16c)



353

Oolpx_ qx 1 — —
11. / € TC gr= P (T q) — ) (u>} [r>s,r>p, r>gq.
o € —e¥® r—s r—s r—s

GW ((311))(16)

“a® —b" 1 In 7 In £
12. / “ dr = C{w<ni’>—w<n§>} [c>a>0, b>0, d>0].
Jo & —d* In & In & In ¢
GW ((311))(16a)

3.312

" 00 2\ Vv—1
1. / (1—6_5) e " dx = BB (Bu, v) [Re >0, Rer>0, Rep>0.
Jo

LI((25))(13), EH | 11(24)

2. Q/O.oo(l—ew)1(1—6‘“)(1—6/%)31’1 dz = ¢ (pa)+1 (p+3) =1 (p+a+8)—¢(p)

[Rep>0, Rep>-—Rea, Rep>-—-Ref, Rep>—Re(a+pg).
ET | 145(15)

5 / (1—e ") (1= Be™™) %™ de =B (n, v) 2 Fi(0, w; p+v; B)
Jo
[Rep >0, Rev>0, |arg(l—p3) <mnl.
EH | 116(15)

3.313

0o g—pa .
1.7 / € _? = mcot i 0 < Rep < 1).
—o0

Je'e) 7,LL£Ed,
2.7/ (67%’=B(u,v—u) [0 <Rep <Rev].
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ET 1 120(21)

3.315
e (1 (1=0)=BVIB (. 4010 2 FA(v, i w05 1= )
: = ex —0)—Bv v+o— v, p; v+o; 1—e
TP ree Tene - bl p1, vHo—p) 2 Fi (v, s v+o
[ImpB| <m, |Im~vy| <m 0<Reu<Re(r+ ).
ET1121(22)
5 /'°° e M dx m(BrTL — 4l ()
= cosec (um
Jooo (B+e7) (v +e77) =8
larg B| <7, |argy|<m, fBFy, 0<Repu <2
ET 1 120(18)
354
3.316
C+e ) -1
ETpn=— de =¢(p) —Y(p—v) [Re pt > Rev > 0] (cf. 3.235).
3.235

BI ((28))(8)

3.317
L /oo {1 Yot (ltea)m } de=C+¢(p)  [Rep>0]  (cf. 3.233).
3.233
BI ((28))(10)
’ /w{ : 1 }d_' ' Rep >0, Rev>0 f. 3.219
. o L@ +em)y o (14 e—®)m z =)=y (v) [Rep >0, ev > 0] (cf. 3.219).
3.219
BI ((28))(11)
3.318
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3.318

1 /oo[ﬂ—F\/l—e_m]_U"'[ﬂ_\/1—6_1‘}_’/ e HT ]y —
o 0 V1—e™®
ttelim Tl (32 — )P ()@ ()
= () el [Re pu > 0].
ET | 145(18)
2.7 /u —171? {6_“ V1I—e 2 —e7%/1— e*QU}V e M dx =
250 e § 0T + PR (VT o)
B I(p+v+1)/2]
[u>0, Rew>0, Rev>-1].
ET | 145(19)
3.32- 3.34 Exponentials of more complicated arguments
3.321
. 7\/_E ] 7 u e oo (_1)ku2k+1'
1.7 ®(u) = 5 erf(u) = /0 e " dx = kgo IR
a2 %) 2ku2k+1 .
=e kgo ko [cf. 8.25]
8.25
AD 6.700
2 / e 1" dr = ——®(qu) lq > 0].
0
3 / e T dy = Y2 >0
. % [g > 0]
Fl Il 624
3.322

1.7 ‘/uooexp <%7J:> dx:\/%eﬂvz {1@(%/@4— %)} [Re3 >0, u>Q0]
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2. ‘/000 exp (I—Q - fy:c) dz = /7B exp(87?) [1 - @(7\/5)} [Re 8 > 0].

3.323

3.324

1. /ooexp<4£7x> da:—\/éKl(\/ﬂ) [Re s >0, Re~vy>0].
Jo x ¥

[Tow (vt = ) we= L Teaava)  s0 ba0
0 x 2 a

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.

NT 27(1)a

BI ((29))(4)

BI ((28))(1)

ET 1147(34)a

ET | 146(25)

Fl 11 644



BI ((26))(4)

Exponentials of exponentials
3.327
oo 1 )
/ exp(—ae™) dr = —— Ei(—a) [n>1, Rea>0, a#0].
0 n
L1 ((26))(5)

3.328

/ exp(—e”)e!*dr =T(u)  [Repu>0].
NH 145(14)

3.329

oo QT b _ppbT b
/ aexp( ce‘ ) _ exp( Ce) ) der =€ °In— [a>0, b>0, c>Q0].
0 1—eox 1—ebn a

BI ((27))(12)

3.331

L /O exp(—fe " — px)dr = B~ y(u, B)  [Rep>0].

ET 1 147(36)
2. / exp(—pe® — px)dx = T (—p, B) [Re 8 > 0].
Jo
ET 1 147(37)
356
3. / (1—e ™) ! exp (Be™ — px) dr = B(u, V)ﬂf%eglwu vin—1 ()
Jo 2 0 2
[Repp >0, Rev>0].
ET 1147(38)

p—1

4. ‘/000(1 - e_w)'/—l exp (—8e® — px)dx =T ()3 2 B WL 2 );u(ﬁ)

2
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3.332

/C’C(l —e VW1 = Xe ) Cexp(Be " — px)dr = B(u, v)®1(p, 0, v, A, B)
0

[Repp >0, Rev >0, |arg(l—M\)| <]

ET | 147(40)
3.333
0 ey
1. — =T R 1].
/_OC exp () — 1 ()¢(n)  [Rep>1]
ET | 121(24)
o —HE dy
2.3/ — £ _(q-—2'mr Rep >0 1);
| omee ST Ren> 0. ptLl
=1n2 [ =1].
ET | 121(25)
3.334
/ (e” — 1) Lexp {— Pwﬁ 1 ,u:r} dr=T(p—v+ 1)e§ﬂ%W%2kl . (B)
/0 o 2 ’ 2
[Re >0, Rep>Rev—1].
ET1137(41)
Exponentials of hyperbolic functions
3.335
/ (" +e " cosvm) exp (=0 sh x)dx = —7[E, (8) + N, (B)] [Re 8 > 0].
0
EH 11 35(34)

3.336

1. /oo exp(—vx — B sh z) dx = 7 cosec vr[J,(B) — J,(0)]
Jo

[\ arg 3] < % and |arg 8| = g for Rev>0; v —notan integer} .
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2. /oo exp(nx—0 sh z) dz = %[Sn(ﬂ)—wEn(ﬂ)—wNn(ﬂ)] [Re8>0; n=0,1,2,...].
Jo
WA 342(6)
e ]‘ n+1
3. / exp(—nx — @ sh z)dx = 5(—1) (Sp(B) + TE, (8) + 7N, (5)]
Jo
[Re>0; n=0,1,2,...].
EH 11 84(47)
357
3.337
1. !/_oc exp(—ax — Bchz)dr = 2K, (5) [\argﬂ\ < g} .
WA 201(7)
2. /00 exp(—vx +ifchz)dr = iﬂ'ew?ﬂHl(,l)(ﬂ) 0 < argz < 7).
EH 11 21(27)
3. /oo exp(—ve —ifchz)de = —ime 2" H?(3) [—7 < argz < 0].
EH 11 21(30)
Exponentials of trigonometric functions and logarithms
3.338
1. /7T {exp i[(v — 1)z — B sinz] —exp i[(v + 1)z — B sinz]} dr =2r[J (3)+iE,(B)]
Jo
[Re 6 > 0].
EH Il 36
2. /‘” exp|ti(ve — B sinx)] dx = w[J,(8) £ E,(5)] [Re 3 > 0].
Jo
EH 11 35(32)

00 1 ] f\/;;](kﬂ>
3. / exp[—vy(x — B sinz)]dx = — + 2 :
Jo | | gl kgl 72+ k2

[Rey > 0].
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a+bsinx+ ccosx
= P 1+ psinz+qcosz
4.6 / P a d

2
: P —— )
J_ 4 14+ psinx+ qcosx V1—p2— ¢
) bp+cqg—a , a2 —=b—c2 5 o
Wltha:m? ﬁ—\/a Tl [p” +4q° <1].

3.33¢°

Q/O'” exp(z cosx) dr = wly(z).
3.341

./0’2' exp(—p tgz) dx = ci(p) sinp — si (p) cos(p) [p > 0].

3.342

1 1 o ph 1
/ exp(—pz Inz)dzr = / xPdr =) T
Jo J0 k=1

3.35 Combinations of exponentials and rational functions

3.351

[u>0, Rep>0].

3. / e M dy = plp ! [Re pe > 0].
Jo
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BI ((277))(2)a

Bl ((271))(2)a

BI ((29))(1)

ET | 134(5)
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358

4. /.ooﬂ — (_1)n+1 p" Ei(fpu) +€fpu n—1 (*1)kpkuk

0].
antl n! ur onn—1)...(n—k) lp> 0]

Y u

NT 21(3)

o g
5. / c . T~ _Ei(-p) [Reu >0
J1

BI ((104))(10)

6. /_ %d:r Cli(e") = Bi(w)  [u<0].

o 1 1
7 / xe M dr = — — —e "1 4 pu) [u > 0]
Jo pr
'lu' 2 1
8.* / i M dy = — — e M2+ 2uu — wru?) [u > 0]
70 K K
hy 6 1 , 0
9. / 23 M dy = — = ¢ "6+ 6pu+ 3uu? + pPu?) [u > 0]
0 ptoop
3.352
Ye M dy ) .
L = OB (—pou — i) ~ Bi ()] [ong 8] < 7.
o z+p8

ET 11 217(12)

00 —pz g
2. / c n ﬂx =~ Bi (—pu—p3) [u>0, Jarg(ut+p)] <m, Rep>0].
YU €

ET 1134(6), JA

v g g,
3. / e_'_—x:e““ {Ei[—(a+v)u] — Ei[—(a+ u)pu]} [Fa<n, or —a>v, Reu>0l.
Yu € a
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ge e} — T d
/ € RN/ (—uB) [larg B] <7, Rep >0].

Jo l'+ﬂ

oo —px d
> / ea — :cx =e ™ Ei(pa—pu) [p>0, a<uy

o0 o= ]
Ty oo, el
J0

a—x

3.353

e dr L (= D) T ) g
: / Grar B - Dt g o © et

n>2, |arg(u+ ) <m, Rep>0]

359

0 oTHT o B 1 n—1 B N _kiw ) o
2 /0 (z+6)"  (n—1! = (k=D)(=p) p (n—1)! e’ Ei (—8p)

[n>2, |argB| <m Rep>0].

0 eTPT dg 1
3. —— = pe®” Ei(— — 0, 0].
-/0 TEnE pe i( ap)—l—a [p>0, a>0]

ET 1134 (7)

ET Il 217(11)

ET Il 251(37)

BI ((91))(4)

ET Il 251(38)

ET | 134(10)

ET 1 134(9), Bl ((92))(2)

LI ((281))(28), LI ((281))(29)
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BI ((80))(6)

o )
5.7 /O xxiﬂ dz = (—1)""1gnePr Ei (—Bu) + k; (k — DI(—B)"Fp*
[|argm <m, Rep>0;n>0|.

BI (91))(3)A, LET | 135(11)
3.354
et dr 1

et = 310 sinBusi (3) cos B [Red >0, Rep> 0]

BI (O1))(7)

X xe M dy

2. ; i = —ci(Bu) cos Bu—si (Bu) sin Bu [Re 3 >0, Repu>0].
BI ((91))(8)
3.7 /Ooo ZQM_I Cxla; _ %[e/@“ Ei (ﬂ‘u)_eﬂﬂ Ei (—ﬂ,u)] H arg(iﬂ” <m, Rep> 0]

BI ((91))(14)

N /oo xe M dx 1 e,,/j“ Ei (ﬂ‘LL)—Fe/BM Ei (_ﬂ‘u)] [| arg(j:ﬂ)‘ <, Re,u > O«

Jo B —a? 5[
for 3>0 one should replace Ei(Bu) in this formula with Ei (3u)].
BI ((91))(15)

e TIPT
5.8 / e lap| [a#0], p real.
ETI118(1)a

3.355

oo gmnT 1
L /O ﬁ = ﬁ{ci (Bp) sin B —si (Bp) cos B —
— Bplci (Bp) cos Bu + si(Bp) sin Bul}.
LI ((92))(6)
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> /0C>o % - # {=Bulci(Bp) sin B — si(Bu) cos Bul} [Res >0, Rep>0].

BI ((92))(7)

360
o yopr g,
3.7 /O (;fzi—mff)z = ﬁ{(ap—l)e“p Ei (—ap)+(1+ap)e ® Ei(ap)]  [Im(a®)£0, p > 0].
BI ((92))(8)
4.7 /0 % = é {—2 + ap[e—ap Ei (ap) _ % Ej (fap)]} [Im(aQ)#O, p> 0].
LI ((92))(9)
3.356
.ooIQnJrlefpa: B 1 ome . ’
. / 7z dr=(=1)"""a™[ci (ap) cosap + i (ap) sinap] +
+ % S (20— 2k + Di(—ap?)F [p> 0]
P k=1

BI ((91))(12)

'OOxQnefpw n_ 2n—1ry_: : :
2. —— dr = (—1)"a [ci (ap) sin ap — si (ap) cos ap] +

Jo CLQ =+ IQ
1 n .
T T ST R
p k=1
Bl ((91))(11)
00 x2n+1efpg; 1 1 . ‘
5 / s ———dr = ~a®"[e"? Ei(—ap)+e P Ei(ap)|——- O (2n—2k+1)!(a?p?)F !
Jo a® —x 2 D o =
[p > 0].
Bl ((91))(17)
oo .2n ,—px 1 1 . “
L = e B )= B (—ap)l - 3 (22l
o e 2 P k=
[p>0].
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3.357

50 .
e M dx .. .
1. pE S P e Sl {ci (ap)(sin ap + cos ap) +
Jo

+ si (ap)(sin ap — cos ap) — e Ei (—ap)}

re M dx 1

2 / @+ a2r+ar? + 2% 2a {ci(ap)(sin ap — cos ap) —
0

—si (ap)(sin ap + cos ap) — e Ei(—ap)}

P tar s 2 {—ci(ap)(sinap + cos ap) —

— si (ap)(sin ap — cos ap) — e Ei (—ap)}

3. /'°° x2e M dy 1
0

361
e e M dx 1
4. — i in ap — -
-/o Py p: el W {ci (ap)(sin apr — cos ap)
— si (ap)(sin ap + cos ap) + e~ Ei (ap) }
> re M dx 1
D. = —{—d Sir COS -
/0 P T . {—ci (ap)(sin ap + cos ap)
— si(ap)(sin ap — cos ap) + e~ Ei (ap)}
e r2e M dy 1
6. — - {d s
-/0 T {ci (ap)(cos ap — sin ap) +

+ si (ap)(cos ap + sinap) + e~ Ei (ap) }

[Re 1> 0,

[Re > 0,

[Re 1> 0,

[Re >0,

[Re >0,

[Re >0,
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a > 0].

BI ((92))(18)

a>0].

BI ((92))(19)

a > 0].

BI ((92))(20)

a > 0].

BI ((92))(21)

a > 0].

BI ((92))(22)

a > 0].



oo ‘—px 1
/ % dx = — {e”" Ei (ap) — e®” Ei (—ap) + 2 ci (ap) sinap — 2 si (ap) cosap}
g at—zx

4a3
[p>0, a>0].

"0 Pz ], 1
/ % =3 {eap Ei (—ap) + e *? Ei(ap) — 2 ci (ap) cosap — 2 si(ap) sin ap}
Jo a*—x 4a
[p>0, a>0].
00 2,—pz g 1
/ x 23 41“ = e~ Ei (ap) — e®? Ei (—ap) — 2 ci (ap) sinap + 2 si (ap) cos ap}
0 a*—T a
[p>0, a>0]
00 .3 —pT ], 1
/ x f 4»5 = {e Ei (—ap) + e~ Ei (ap) + 2 ci (ap) cosap + 2 si (ap) sinap}
Jo a* —x
[p>0, a>0].
oox4ne_p1‘ 1 An—37 — . ) - - .
YW dr = Za n [e P Ei (ap) — e*? Ei (7ap) +2ci ((Ip) smap — 2 si (ap) CcoS ap] _
0 a* — I
1 n -
- pin=3 kzl (4n — 4k)!(a4p4)k ! [p>0, a>0]

/

/

e o] x4n+1 e bz

[ee) x4n+2€—pac

(14 _ JI4 4
1 @ “
sz 2 (4n—dk+ DiapH " [p>0, a>0]
k=1

at — 4 4
1 n :
S (n— 4k + 2N [p>0, a0

p4n—1 =l
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1
dx = —a*""?[e"? Ei (—ap) + ¢ *? Ei (ap) — 2 ci (ap) cosap — 2 si (ap) sin ap] —

1
dr = ~a* e~ Ei (ap) — e Ei(—ap) — 2 ci (ap) sinap + 2 si (ap) cos ap] —

BI ((91))(18)

BI ((91))(19)

BI ((91))(20)

BI ((91))(21)

BI ((91))(22)

BI ((91))(23)

BI ((91))(24)



362

00 x4n+3efpa: 1
8. / g = Za4n[eap Ei (—ap) + e P Ei(ap) + 2 ci (ap) cosap + 2 si(ap) sin ap] —
Jo a* —x
1

- p4—nk§1 (4nf41<:—|—i’))!(a4p4)k_1 [p>0, a>0].
BI ((91))(25)
3.359

(i —x)" e~ tpT . 3
/_ (itoy it ™ (=)™ "2mpe PLy-1(2p)  for p>0;

=0 for p<O.
ET1118(2)

3.36- 3.37 Combinations of exponentials and algebraic functions

3.361°

1. /Oui_/q; du = ¢§q>(\/q—u)_

S NN

BI((98))(10)

BI ((104))(16)
3.362

Bl ((104))(11)a

FeMde T og,
2 ‘/0 \/m_\/'u"i 1 q)<\/ﬁ—ﬂ)] [Rep >0, |args| < n.
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3.363

L[ e [T aeeam] u> 0. Rep> 0
ET | 136(23)
N /ww _ \%[1 —o(Jup)]  [u>0. Rep>0].
Ju xTV/Ir—u
ET | 136(26)
3.364
2 T ],
/ e (p2 dx) =me Plo(p)  [p>0]
0 X — X
GW ((312))(7a)

. . 1\/1*.%’2

BI ((277))(2)a

X eTPT dy ap ap
3. / - —e2 K — a>0, p>0
Jo Vax(x+a) 0(2) | |

GW ((312))(8a)
363
3.365
. —_— = —— L) — LU u u € [ .
Vo g Ll 1(# ’ f
ET 1136(28)
00 o= HT (]
2. / % = ukKk; (’LL/L) [u >0, Rep> O]
Ju 2 —u
ET I 136(29)
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3.366

2 . —px d
L / % = mue”""Ii(up)  [Rep > 0.
J0 -

ET 1136(31)
(x4 B)e T dx
2. / = 3PPKL (B Rep >0, |argp| < ).
)y riom 1(Bu)  [Rep |arg 8] < ]
ET 1 136(30)
< pe M dx Io%is T
0| U= = TG -N(Gp)-8 [JargBl < 5, Rep>0].
o a2+ p? 2 2
ET 1136(27)
3.367
o0 e~ HT exp (2u cos? %) < ) /" C cost )
= - t—sint | Ko(v)e " dv Re v > 0].
/0 (1+cost+az)Va?+ 2z sin ¢ 0 o(®) Re; ]
ET 1 136(33)
3.368
< e dr T 1 T
= L [HL (Bp)— Ny (Bu)]— g < >, Rep>0].
| = NG s [laesl< ] Te
ET 1136(32)
3.369
T 2wt o(ap)  [larga] <7 Rep> 0]
—— = — —2/mpue - ap argal <, e .
o V(r+a) a
ET 1 135(20)
3.371
o 1 1 3 2n—1 1
/o x"fEef‘wd:r—\/;~§~§ . n2 mu~ "2

[n > 0] [Re pe > 0].
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/ch”%(Q +a)" e P dy = (2n ] ;1)” e’ Ky (p) [p>0, n=012..]
Jo
GW ((312))(8)
3.373
/OC K:r + Va2 + 52)n + (x — V2% + 52)”} e M dr = 23" 0, (Bp) [Re pu > 0].
Jo
WA 05(1)
3.374
00 ¢, 1 2\n 1
L /O tv1ta?)? VI:;” e do = J[S, (1) —TEn () ~7Nu(w)]  [Repu > 0]
ET 137(35)
364
"0 (/1 2\n 1
9. /O %ew de — _5[Sn(/,L)—|—7rEn(/,L)—|—7an(/,L)] [Re o > 0].
ET 1 137(36)

3.38- 3.39 Combinations of exponentials and arbitrary powers

3.381

1. / e dr = (v, ) [Rev > 0]
Jo

EH | 266(22), EH Il 133(1)

[ 3 (e
2. 2P eV dr = 1" ;
Jo k=0 ki(p+ k)

=) UP'HC

o p(p+1)...(p+k)

AD 6.705

3.8 / 2 re T dr = VT (v, pu) [u>0, Rep>0].

Y u
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o . 1
4. / e M dy = —T(v) [Repp >0, Rev>0].
Jo

I
FI 11779
5. / 2Vt PHOT gy — D) (p? + ¢7) 7% exp (il/ arctg g)
Jo p
[p>0, Rer>0 or p=0, 0<Rer<l].
EH | 12(32)
6. / ey dr=u"2e"2W _, a-u (u) [u > 0].
Jau g 202
WH
3.382
1.6 / (u—z) e M dx = (—p) """ Le (v, —up) [Rev > -1, u>0].
Jo
ET 1 137(6)

2. / (z—u)’e " do = p~ " e T (v+1) [u>0, Rev>-1, Rep>0].

Y Uu

ET 1137(5), ET Il 202(11)

4 2

3. / (I+a2) Ve ™ de=p" e W _, a-u () [Re o > 0].
Jo 2

WH

4. / (x+B) e " de = p " ePrT(v+1, Bu) [larg B| <m, Rep >0].
Jo

ET 1137(4), ET Il 233(10)

5. /u(a + ) e da = e[y(p, a+ u) —y(u, a)] [Re o > 0].
Jo

EH 11 139
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365

6. / (B+iz) Ve P dr =0 for p>0;
2m(—p)"efP
= f <0
) or p
&) ) 9 v—1_—0Bp
7 /_Oc(ﬂ —ix) Ve P dx = WpF(Z/; for p>0;
=0 for p<O0

3.383

1. / "N u—z) e dr = B(p, v)u T Fy (v pvs Bu) [Repn >0, Rev>0].
Jo

[Rev >0, Rep >0].

[Rev >0, Rep >0].

3. /.oo:r“1(:L“—u)#1@59C dr = L7r <E>M_2 F) o <_67u> B <%>

[Re p > 0,

Re fu > 0].

4. / l‘yil(l‘—u)#ilefﬂm dx = ﬂi‘uz_uu L+;_2 F(‘LL) exp <_ﬁ—u> W%li7 1—;—1/ (ﬂ‘u/)

Y u

[Re p > 0,

2
Re fu > 0].

5 / e PPt 1+ ax) " do = a T(q)¥(q. ¢+ 1 — v, p/a)
J0

n

=p (@) | ¥ (@Qx)ila/p)*/k! + Ola/p)N

k=0
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ET1118(3)

ET Il 187(14)

ET Il 187(13)

ET I 202(12)

ET Il 202(13)



Reg> 0,Rep>0,Rea > 0,v complex,N =0, 1,.... Forv = 0 the integral equals™9T'(q).

6. / Nz + B)_”+%e_“w dzx = 2"_%1"(1/)/L_%(5BTM Dy_2,(\/201)
Jo
[larg 8| <7, Rev >0, Repu>0, pH0l.
ET 139(20), EH Il 119(2)a

7. / N a4 B) TR eI dy = 2”I‘(u)ﬂ*%e%i D_5,(\V/20)
Jo
[larg ] <7, Rer >0, Rep>0].
ET 1139(21), EH Il 119(1)a

oo,u—l . v—1_—px _ L é Vﬁ% %L ﬂ_,LL
8. ‘/0 x4+ B) et dx—\/%<u> e F(V)K%V(2)

[larg 8] <7, Rep >0, Rev >0l
ET Il 233(11), EH Il 19(16)A, EH Il 82(22)a

366

oo 2\ px
0. [ U o — TN v ) 0> 0, Rew> -1 Rew> 0]

x
ET 1138(8)
chllflefp,w
10. / S dx = BV PP T (T (1—v, Bp) [larg B <7, Rep >0, Rev>0].
Jo T+ ﬂ
EH 11 137(3)
3.384
-1 ) )
L[ e e = 2 B e R v g —2i)
J-1
[Rev >0, Rep>0].
ET 1119(13)

2. / (x —u)** v —2)? te P dr =

v— —u—v u+v y
=B(2u, 2v)(v — w)* T pTHTY exp <p 5 > M,y o1 (vp — up)
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3. / (z+ ) Nz —u)? e dx =

“ v+o—1 —
= % exp [WTU)M} L(20)W,_,, vto—3% (up + Bp)

[u>0, Jarg(B+u)|<m, Rep>0, Rep>0|.

oo 1 .
4. / (x+0)(x—u) Ve "dor=—vrm cosec(mr)e——mz ko, {w}
U ll/

[v#0, w>0, |arg(u+0B3)<m, Rep>0 Rev<l1].

> 1 1 1
5. / (z—u)" Nz du) "V Tre M dr = ﬁ2y_§F<V)D172V(2w/UlL)

[w>0, Rep>0, Rev>0]

"0 1 ]_ 1
6. / (x—u) e +u) " 2e M dr = ﬁ2y7§F(V>D_2V(2y/U,LL>
[u>0, Rep>0, Rerv>0].

27.‘_6—,Bppu+u—1
I(p+v)

=0 for p<0

[Re >0, Revy>0, Re(p+v)>1].

7.6 / (B—iz) ™ (y—iz) Ve P dx = 1Fi(v; w+v; (B—7)p) for p>0;

367

8.9 / (B+ix) M (y +iz) Ve P dr =0 for p>0;

B 21eP(—p)rtr—1
- T(p+v)

VBl p+ v (B=7)p] for p<O
[Re >0, Revy>0., Re(p+v)>1].

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.

ET 1 139(22)

ET 1 139(17)

ET |1 139(18)

ET 1139(19)

ET 1119(10)

ET119(11)



ET119(12)

3.385

1
/ 21— )M = Br) e M dx = B(v, N®1(v, 0, A+ v, B, —p)
' [ReA>0, Rev>0, Jarg(l—p)|<n].

ET 1 39(24)
3.386
"UH (B +iz)™e T .
k=1 . — B v v
L /oo By — ix = 2me UpﬁOUH(60+ﬂk) *
k=1
[Rel/o>1, RefBr >0, > Rewy <1, argix:gsignx, p>0
k=0
ET 1118(8)
"UH (B +iz)™e T
2. / = =0
J oo Bo + iz
n
[Rezx0>—1, RefBr >0, > Rey, <1, argingsign:r, p>0
k=0
ET 1119(9)
3.387
6 ! 2\v—1 _—pux 2 e ™
1. (1—2*)" e "dr = m | = Fw)I,_1(p) [Reu >0, Jargp| < 5} .
J -1 H 2
WA 172(2)a

56 /1 (1—22) 1 4y — /7 <3>V% PW)J,—1(n)  [Rew>0].

J_1 12
WA 25(3), WA 48(4)a

368

00 1 [2\" 2 T
3. gyle e = — (2 (WK, . —, R 0f .
/1 (22-1) :r ﬁ(u) MK,y () [Jargpl < > Rev> }
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Imp >0, Rev>0

I
_
3
—

8

(o]

|

=

N

L

m&.

g

QU

S

Il

~.
[\

E
N
=N
N~

N
|
(NI
—
I
"2
=

2\""?
= fiTW <—> F(V)H(fl (—p) Mmpu <0, Rev>0].

% 27V
EH 11 83(29)a
EH 11 83(28)a

" 2 v—g
5 / (uP—22) el dy = \/TE (%) L)L, 1 (up)+L, 1 (wp)]. [u>0, Rev>0].
Jo

ET Il 188(20)a

2u\""?
<_u> L()K, 1 (up) [u>0, Rep>0, Rerv>0]

ET 11 203(17)a

[T YT (2 0, ) - Ny G )

[largu| < m, Rep>0].

ET | 138(10)
3.388
21, 2 l/—é
1. / (2ur—x?)"te M dy = /7 <—> e ""T'(v)I,_1(up) [u>0, Rev>0].
Jo H 2
ET | 138(14)
o L /og\v%
> / O <—ﬁ> T (W), 1 (Bp)
Jo v\ 2
[l[arg B8] <7 Rev >0, Rep>0l.
ET I 138(13)

b1

o 1 iyme® @ (P
3. / (z°+ix)' " e " de = — L(w)H ™, (5) [Repn >0, Rev>0].
/0 pno 2 2
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50 o i
4. / (z?—iz)" te M dr = @F(V)H(l)l (g) [Repp >0, Rev>0].
Jo

2,u”_§ Y72
ET 1138(16)
3.389
U 1 1 2,2
L / a? (WP —2?) 7 e de = SB(v, 0ut T By (V; St BN > +
Jo 2 2 4
I 1 24201 1 3 1 pPu?
_B _ o F .Y -
—|—2 <V+2,Q>u 12(1/—!—22 —|—+2 1
[Reo >0, Rev >0
ET 11 188(21)

369

* outi, 2, 21 P W s
2.7 VT (ut4at)e T e T dr = 75
0

1—-v
1fgfu,0,%

2/70(1 — o) 4
Uargu\<g, Re po > 0, Reu>0}.
ET Il 234(15)a
" v— T U“QV ﬁ I %_U v+i
3_7 /O ZZ,'(UQ—I2> 16”’ dx: 54_7 (5) U +2F(y)[[}}_‘r%(‘uu)_i_Ly_i_%(#u)] [Rey>0]

ET 11 188(19)a

4. / (2 —u?) e dr = 2"_%(\/E)_I;L%_”u”+%f‘(u)fﬁ'y+% (up) [Re(up) > 0].

ET Il 203(16)a

oo (s >,—IPT ]
5. /MWWG’T@" — npvle-lels [|1/| <1, ReB>0, argiz= gsign x} .

ET1118(5)

—px _
/ 621£2 %F(V)ﬁy_l {GXP <iﬂﬁ+i%) X
x I(1 — v, ifu) + exp (—iﬂu - Z(VTDW> I'(1—v, —iBp)
[Re>0, Repu>0, Rev>-1].
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o v—1 »—HT ]
7. / roce’ 0T m cosec (vm)V, (2u, 0) [Rep >0, Rev>0].
0

1+ a2
ET 1 138(9)
g ] P\ —V ,—1ipT
8. / (B &) e e~ T(B+y)"e ™ [Rev>-1, p>0, Ref>0, Rey >0
oo VAR gl
ET 1 118(6)
o0 _ iV o—ipT
9.6 / (8 —iw)ve dr = E(ﬁ—i—y)_”ew [p<0, Ref>0, Rey>0, Rev>-1].
o VR gl
ET I 118(7)
3.391
o 2v 2v
/ {(\/:c + 28 + \/E) — (\/.’L’ +28 — \/E) } e M dp = vl Kﬁ“eB“KV(ﬁu)
0 K
[larg B <7, Rep >0].
ET | 140(30)
3.392
o0 1
1. / @+ I+ a2 e ™ dr = 280 (1) + LS00 () [Re > 0],
70 K H
ET | 140(25)
o0 1
2. / (V1422 —z)e "de = ;Slﬂy(u) - %S@)y(,LQ [Re pe > 0].
Jo
ET | 140(26)

370

e M dr = mcosecvm[J_, () — J_, (1] [Re o > 0].

, [Friiey
- Jo V1+ 22

ET | 140(27), EH Il 35(33)

n /oo(\/l—i-—uL’Q:c)”

Jo \/1—|——;L‘2 e M dy = SO,U(N) — VS—LU(N) [RGILL > 0]
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3.393

*° 2 4 432)2%v . \/ s
/0 (I +\/%) e M dr = WIW[JV+1/4([))[L)NV,1/4(B/L)*Jl,,l/zl(B,LL)NV+1/4(B/L)]

[Re3 >0, Rep>0|.

ET | 140(33)
3.394
> (1 V1 + 2 v+1/2
-/0 ( _::VH\_/F% e dx = /2T (=)D, (\/2ip) D, (/—2ip) [Repp >0, Rerv <0
ET 1 140(32)
3.395
oo (/2 1 v ViZ 14+ 2) v
1 ¢ —1
ET | 140(29)
e+ Va? - 1) 4 (- Vet - D 25 1 1
2. M dy =\ — K, —)K,_ =
/1 2@ — 1) c T “/4(2) 1/4(2)
[Re o > 0].
ET | 140(34)
oo 2 1 v 2 1 -V
3. (x+ Va2 + 1) +cosvm(z + Va2 + ) e_‘wdl‘:fﬂ'[Ey( L)—FNV( L)] [Re L>0}.
2 +1 ! ! /
70
EH 11 35(34)

3.41- 3.44 Combinations of rational functions of powers and exponentials

3.411

1. /'oof’“"y1 @ Lro)e)  Rep>0, Revs 1l

FI 11 792a

20 p2n—1g 2r\*" B
2. / S <—”> 2 =120
Jo err—1 P 4in
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prldy 1
3. / il v — (1 =2"""T(w)¢(v) [Rep >0, Rev>0].
o err+1 w

Fl 11 792a, WH

371

“ 00 anld 2 2n Bn
4. / %:(1-2”71)(-”) L
Jo €

BI((83))(2), EH | 39(25)

BI ((104))(5)

"0 v 1e n 00 Com

6 [ T dr=T0) S (ut ) S = TR, v, 1)
J0 1 _ﬂe n=0

[Repn >0 and either [B] <1, p#l, Revr>0; or f=1, Rev>1].

EH 1 27(3)

0 v—1_ —pnx 1
7. / roc dv = —T'(v)¢ <1/’ ﬁ) [Rep >0, Rewv>1].

ET | 144(10)

8.7 /'OOMM: men s C et )

Jo 1+e” =1 (p+ k)™
p>-1, n=12,...]

BI ((83))(9)

» 00 -z q 2
9. / TN T 1 (ef 4.231 3)).
Jo et —1 6

4.231
BI ((82))(1)
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4.251
BI ((82))(2)

oo 1—31‘ 2 3
11. / T de=T 2 (cf 4.2515.).
o e+l 12 4

4.251
BI ((82))(3)

OC.’IZ’E 2nx 772 2n—1 (71)1071
12. de = —— - f. 4.251 6.).
/0 et TR My (c )

4.251
BI ((82))(5)

o0 —(@2n—-1)z 2 2n (_1>k
Te T
13 = f. 4.251 5.).
/0 14ev TR (cf. 4.251 5.)
4.251
BI ((82))(4)
e} Ql—nm ) 1 n—1 1
14.7 / ff —dr=2Y =2 <g(3) 1?3) n=1,2,...].  (cf. 4.261 12.).
0 € k=n 1
4.261
BI ((82))(9)
oo .2 ,—nx 0o 71)n+k 3 n—1<71)k
15.7 LIPS Sl — (=t (2 2 —1,2
’ /0 Trer TR T AN PO Z:: Z n=12..]

(cf. 4.261 11.).
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4.261
L1 ((82))(10)

00 IQe—uz .
16. / g dr = 7> csc? pr(2 — sin? ) 0 <Rep < 1].
oo e

ET1120(17)a

o] x3e—nw 7r4 n—1 1
17. /0 dr=——6 ; ey (cf. 4.262 5.).

4.262
BI ((82))(12)

o0 3Nz 00 (,1)"+1C " 7 (*1)k
187 /O e =63 = (U ot =6 > (cf. 4.262 4.).
. k

4.262
LI ((82))(13)

19.* /Oooe—m‘(e—x - 1)"d—x =— i (—1)* (Z) In(p+n— k)
L1 ((89))(10)

372

20.* /ooe_pw(e_w — 1)"d—x = i (—1)* (Z) (p+n—Fk)In(p+n—k).
0 ;
LI ((89))(15)

—_

(cf. 4.272 11.).

oo 1 _ efm:E m
21. e dr=(n—1)
./0 v 1—e” z=n ) E

-~
Il
—
=
3

4.272
L1 ((83))(8)
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BI ((83))(5)

° zel* dx i1
51 e = w8 cosec(pum)[ln B—m ctg(um)] [larg B8] <m, 0<Rep<1].

23.

Bl ((101))(5), ET I 120(16)a

) pa )
24, / e = (T cosec 1T [Rev>Rep>0].  (cf 4.2542),
J oo €T —

4.254
L1 ((201))(3)

ee} 1 o~ T 2
25. / T e =T (of 4.231 4,
. 1 3

4.231
BI ((82))(6)

< 1l—e® 27?2
2 — gy =
./0 e ” 27
LI ((82))(7)a
i
00 x ri=+1
1—e ™™ dx (2 )
27 — =1 Rep > —1J.
/0 T 2 n 1—‘<#+1>\/E [Re p ]
2

BI ((93))(4)

—x :n
e T +1 x F(ﬁ)l“ v+1
2 2
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1
et —e M dx : (%) : <M—2i_ )
28. / _
Jo

[Rep >0, Rev >0




0 LPT _ 0q4T ]
29. / %—x:m[tgg—”ctg‘é—”} 7l > 1ol 17l >1lgl, p>0, rq> 0]
o T T

1+em™®
(cf. 4.267 18.).

4.267
BI ((103))(3)

x© pr __ ,qx d
30. / # S [sin P cosec ﬁ} (7] > Ipl, |rl>lql, rp>0, rq>0
feo =g r T
(cf. 4.267 19.).

4.267
BI ((103))(4)

00 ,—qu (g—p)x 2
31. / e de= <E cosec q_7r> 0<gq<p]
0

BI ((82))(8)

® o—pr _ o(P—9)z ¢
32. / ;—lenctgﬂ 0<p<q]
0 2q

BI ((93))(7)

3.412
0o he—P* be— 1% d b
/ { a+ oe _ _ a —+ oe - }_LUZL]HB [p>0’ q>0]
0 ceP* + g+ he P*  ced® +g+he 1 | x  c+g+h ¢
BI ((96))(7)
373
3.413

L[S ds | T )
o l—er x L(p+ B (n+7)

[Repu+0, Rep>—-RefB, Reu>—Revy, Reu>—Re(f+7)]

(cf. 4.267 25.)

4.267
BI ((93))(13)
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5 /'°° eTPT — 79T | 4 e~ (ntlw do —
Jo 1+e® x
_ln{q(q+2)(Q+4)...(q+2n)(p+ D(p+3)...(p+2n—1) }

pp+2)(p+4)...(p+2n)(¢+1)(g+3)...(¢+2n—1)
[Rep > —2n, Req >=2n] (cf. 4.267 14.).

3.414

/oo (1 _ e—ﬂx)(l _ e—'ym)(l _ e—éx)e—wc d_l‘ B
0 l—e® x
I D) (p+ B8+ + B+ )T (n+~v+0)
L+ B+ (e + 0L (p+ B+ +96)
[2Rep > |Re 5]+ |Revy| + |Re 6]

3.415
oo xdx _ 1 ﬂ,LL T 6,“/
1. -/0 (22 + 2)(err — 1) =5 [ln <%> —m—w<§>} [Re 8 >0,
e B

27A<ﬁ+mvwmn‘w3 1 "1

1 5| Baisol
:w;;) ;;:2 [Re 3 > 0].

(cf. 4.267 31.).

BI ((95))(6)

4.267
BI ((93))(11)

4.267
BI ((93))(14)
ET 1145(17)

Re pn > 0].

BI ((97))(20), EH | 18(27)

BI((97))(22), EH 1 22(12)

e xdx 1 B 1 Bu
3.8 ./0 (22 + 32)(erw — 1) 9 [ <%+§> —1In <E>} [Re 8 >0, Re > 0]
> rdx 1 1, 1
458 ./0 (2 + B2)2(e2™™ + 1) = E—E\IJ <ﬂ+ 5) [Re 3 > 0, Re u > 0]
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" )2 _ )20 .
! / Ui Uom e L2l s
o i 2 _ 1 22+ 1
BI ((88))(4)
"0 o\2n s N\2n i
9. / (1+4x) .(1 ir) dz _ 1 m=1.2..]
Jo 2 e 1 1 om+1
BI ((87))(1)
oo 1 s o\2n—1 1—3 2n—1 d 1
3.7 / (14 ix) ’ (1—ix) z —[1-22"By,] n=1,2,...]
0 ¢ e™ 4+ 1 2n
BI ((87))(2)
374
3.417
10 xdx T b
L S =5 In— b>0 f.4.231 8.).
./_OC @2e” + b2e*  2ab " a [a ] (c )
4.231
BI ((101))(1)
"oe xdx 2
2. —_— = — f.4.231 10.).
./_OC a’e® —b2e=*  dab (c )
4.231
LI ((101))(2)
3.418
1. / 11719536193, = = [/ [ =) = Zx2
Jo et e =1 3[¢ <3> 3"
L1 ((88))(2)
o0 l_zd 1 1
2.5 / 03118211319, = - [w, <_) - 5772}
0 et +e -1 6 3 6
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3 /-1112 .'Ed./lj
' Jo et + 2€_x — 2

3.419

= % In2.
1. /: T e;’;gﬂ —t 2?2}1@3 larg 8] < @] (cf. 4.232 2.).
/o; T e;’;f = = ”erﬂ(inlﬂ)y larg 8| < 7] (cf. 4.232 3.).
3. /: T ef;(cllx_ = = [* +3Eglf)12)] In 6 larg 8] < 7] (cf. 4.261 4.).
@ do [ + (n 5)")" llarg Bl <7 (cf. 4.262 3.).

B /Zw+wx1e

DR CEE

B [72 + (In 3)%)?

o 4 dz
5.KmW+wxrwﬂ>‘
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(772430 B)*] In B (cf. 4.263 1.).

15(3+ 1)

BI ((104))(7)

4.232
Bl ((101))(16)

4.232
BI ((101))(17)

4.261
BI ((102))(6)

4.262
BI ((102))(9)

4.263



Bl ((102))(10)

- °d w2 1 212
./ T [ Jﬁ(ff; Par - uppp (et 4.264 3)
4.264
BI ((102))(11)
" /_oo (ﬂ(giewl;l(f)i,:jfw) - [4W2(;Eﬂ<liﬁ1))2] n [Jarg 8| < 7w (cf. 4.257 4.).
4.257
BI (102))(7)
375
3.421

L. /:o(e” — 1) (e - 1)%%;1—55 =S 0 (0) (7)) ¢
: k=0 1=0
x{(m=0Dp+ (n—FKv+p}n[(m—=0p+ (n—Fkv+ py
[Rev >0, Repu>0, Rep>0l.
BI ((89))(17)

5. /:0(1 _ eyl — e*mﬁ)eﬂi—f _ %Z(—nk (1) (ot k17
' k=0
XIn(p+kv+1)+ lzn:(fl)k_1 (n) (kv + 1)? In(kv + 1)
2k:1 k
[n>2, Rev >0, Rep>0|.
BI ((89))(31)
3 /'°° xe M dx; Cw(BF =" Iny) w2 (B — 4 cos pm
J oo (BHe ) (y+e ) (8 —~) sin pm (y — B) sin? pm

|arg 8] <, |argy|<m, [#Fy. 0<Rep<2.
ET 1120(19)
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5. / (1—e*m)u—e*qﬂf)(1—e*m>eﬂi—£:
J0
=(p+qg+1) In(p+qg+1)+
+@p+r+1) In(p+r+1)+(g+r+1)In(¢g+r+1)—
—(p+DIn(p+1)—(¢g+ D) In(g+1)—(r+1) In(r+1) —
—(p+q+7r) In(p+q+7r) [p>0, ¢>0, r>0] (cf. 4.268 3.).

3.422

oo _ HT ] _ 2
/ (;(I )cz)le ° ) = 7 1 cosec? pml(e® 4+ 1) Inpu — 27 ctg pm (e — 1)]
[a>0, |argB<m |Rep|<1] (cf. 4.257 5.).

3.423

'Ooxuflefuat
2.6 / ———de =T(v)[((v—1, p42)—(p+1)¢ (v, pu+2)] [Rep > —2, Rerv > 2.

. © gplePT (g g1
3. 0—ac )2 L(p+1)p~ 9 @(a,q, 1) [-1<a<l,g>~-1,p>0
Jo
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4.267
BI ((89))(11)

4.268
BI ((89))(14)

4.257
BI ((102))(8)a

ET 1 313(10)

ET 1313(11)

BI ((85))(13)



376

4 /O A= geayz @=TWIE v =1, ) = (= )& (B, v, )]
[Rev >0, Rep>0, [|arg(l—p)[<a]  (cf 9.550)

9.550
ET 1313(12)
" re dx 1
5. / ——=—Ing arg | <7 cf. 4.231 5.).
4.231

BI ((101))(10)

3.424

oo 1 T _ )
1.7 / %e_mx” dx = nl{(n, a) [a>—-1n=1,2,...]
Jo — €

BI ((85))(15)

00 (1 .
2. / m—eﬂjaemx"dxzn@(—l,n,a—i—l) [a>—-1,n=1,2,...]
Jo €

BI ((85))(14)

o] (1261 + b2efas 9 2
dr = b .
s / o (a%e® — h2e—®)2 Y [ab > 0]
BI ((102))(3)a
< agZe® —bremt T
4 dr = — In — b>0
/OO (a%e® + b2e—7)2 v ab . [ab > 0]

BI ((102))(1)
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1
I‘ -
17/00 re® dx 7\/; (n 2) 21,i70,‘ 1 [ab > 0 > 0]
. ] (@@ + p2ezeyn = 442710 (n) n 5% P ln 5 a , n
(cf. 4.231 7.).

4.231
BI((101))(13), LI((101))(13)

oo 2,z —x\ .2
7 (a e — e )I dx _ 1 (2 g) ’
2. / - (azem + efm)erl = gt B 2 9 Ina [a >0, p> O]

BI ((102))(5)

3.426

a+e*)2(14 e )2 a-—-1"

L /0; ( (e® —ae~)z? dx (In a)?

BI ((102))(12)

ater)2(l—e )2  a+1

/'°° (€* —ae~®)z? dw 72+ (Ina)?
oo
BI ((102))(13)

3.427

1. /0oo <em PN ) dr=1v(;)  [Rep>0]  (cf 4.281 4.).

4.281
WH
377
. [ 1 1\ _,
2. o= 5 )¢ dx=C (cf. 4.281 1.).
Jo —e v
4.281
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2 et —1 T

< /1 1 1 —h 1 1
4. / (— - —+ ) ¢ dr =InT(p)— </L - 5) In ,LL+/L*§ In(2m) [Re u > 0].
Jo

g pxr 1 -
6. / <e - — u) € dzr= —InT'(p)—Insin(rp)+Inw [Re pn < 1].
Jo X

oo eV e—hT ‘
7. / ( - — > de =1Inpu — ¢'<IJ) (Cf 4.281 5)
70

< (n e hr ,
8. / (— - 17/) e *dr =np(npt+n)—n lnn Rep >0, n=1,2,...]
0 T —e Tmn

» 00 17 —px —x
9. / <,u— L) c de =InT(pn+1) [Re po > —1].
Jo

S s~k _ o—(ptv)z\ g T 1
10. / <V€_x € ¢ > —lenM [Rep > —1, Rev > 0]
0 er —1 x T(p+1)

(cf. 4.267 33.).
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BI ((94))(1)

BI ((94))(5)

WH

BI ((94))(6)

EH 1 21(6)

4.281
BI ((94))(3)

BI ((94))(4)

WH



4.267
BI ((94))(8)

11. / (1—e") Pt —1e ™ de=1(2) —Inz [Re z > 0].
0
EH | 18(24)

3.428

o0 1 Lel—emma\ dp 1
1. / <V€“I——em——%> —xz—lnf(pw)—u In [Repp >0, Rev>0].
Jo % pool—e® rop

BI ((94))(18)

5 /°° n—1 L= 1 N ell=mz N e "Hr _dr n—1 02 N 1 .
: er— = n2r—|nu+ =) Inn
/y 2 T 1—ew I1—et/n 1-ew v 2 KTy

[Rep >0, n=1,2,...].
Bl ((94))(14)

n—

oo n—1 n ell=mz \ o=v . k
3. — — — —dx = InT - —+1
/0 (n,u 5 P 1 em/n) - T kz:% n </L i + )
[Rep >0, n=1,2,...].

BI ((94))(13)

eV e HVE ev eh® dx
4. /0 (1@9016“11e$+1e#$>?_ylnu [Repp >0, Rerv >0

LI ((94))(15)

378
> 1 e HE w1 _ | dz
5. - i . of &
/0 [ewl I — e © (a“ 2 >e Fl—ame] =
w—1 1
=5 In(27) + 3 oM In [Re pv > 0].
BI ((94))(16)
0o ,—VT —prx — e H= —1 d —1 1
6. / [ ¢ i _p=De K e_“:c} @w_n ln(27r)—|—(— - /w> In p
0 l—e™® 11— 1—er= x 2

2
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" 00 1 — e VE)(] — e Mo d
7. / [l—ew—( ) ¢ ) —lenB(,u,Z/) [Repp >0, Rev>0]
Jo l—e" x
(cf. 4.267 35.).

3.429

3.431

10 1 -1
1. e —14pr— - 2x2> 2’ de = I'v+3
/0 < pe— gk P T R
[Rep >0, —2>Rev>-3].

p

2. /Ooo [x_l — %x_Q(x +2)(1 — e—x)} e P dy = —1+ <p-|— %) In <1 + 1) [Re p > 0].

3.432
> v—=1_—mx/,—x__1\n _ = _1\k n 1 —
1. /O 2 leme (7T 1) d:r—F(y);;)( 1) (k)(nm_k)y n=0,1,....Rev > 0].
.00 r
2. -/0 [2" e —e M (1—e ") da = F(u)—% [Rep >0, Rev >0
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4.267
BI ((94))(17)

4.267
BI ((94))(12)

NH 184(7)

L1 ((90))(3)

ET | 144(6)

L1 ((90))(10)

LI ((81))(14)



3.433

e+ (=D . de=T(p) [-n<p<-n+l, n=01...]

FI 11 805

3.434

o —vx —pz P _ P
1. / ¢ ¢ de =27 I'(1-p) [Repy >0, Rerv>0, Rep<l].
Jo

BI ((90))(6)

o ,—pxr __ ,—VT
2. / £ "° gr=mZ [Rep >0, Rev >0
Jo T 1%

FI 11634

379
3.435

LI ((89))(19)

001 7% 1
7 _/0 x(xj—ﬂ) dx B[ln(ﬂ,uC)—eﬁ“ Ei(—3p)] [larg B <7, Rep >0].
ET 11 217 (18)
- 1 e\ dr
; /0 (1 +x ) r ¢
FI 11 7 95, 802

> 1 d
4. / (e_‘“” >—x—lngC [a>0, Rep>0].
Jo €T

BI ((92))(10)
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3.436

o (omnpr _ o—nqT e~ MPT _ o—mqx dx m
- — =(@p)m—  [p>0,
0 n m A n

3.437
< l-em)d

/ {pe_l’é}’—x—plnpp [p>0].
0 x x

3.438

&S] 3 2 _ ,—px 3
p° _ p P 1—e de p 11 4
2.7/ e 2 2 _ = V= _F php
Jy {66 N }:c 6 P 36"

3.439

o 1 ds
[ {<p—q>e" + (e - emm} “_
Jo mx X

-
:plnp—qlnq—(p—q)(l—l—lnE) [p>0, ¢>0,

3.441
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q>0].

r > 0].

BI ((89))(28)

BI ((89))(24)

BI ((89))(19)

BI ((89))(33)

BI ((89))(25)

BI ((89))(22)

LI((89))(26), LI((89))(27)



3.442

4.268
BI ((89))(18)

1. / {1—I+2(1— I)}eqmdiz—l—i-(q-i-l) lnq_‘_1 lq > 0].
Jo 2x 2 q
BI ((89))(23)
s () ey
Jo T 1+z/) =
BI ((92))(16)
> 1 dz a
—px _ & _ W
3. ‘/0 (e 1—|—a2:c2) . C+lllp [p > 0].
BI ((92))(11)
380
3.443
g —x 2 —px 2
N S Sl G R R
L ./0 { 2 x x? } x—2lnp 4P p>0]
BI ((89))(32)
R I T -
2. /0 p dr = 5 Z (—1) (kz) (¢ + kp)” In(q + kp)
Kk=2
[n>2 ¢>0, pn+q>0] (cf. 4.268 4.).

3. /Ooo(le

4.268
BI ((89))(30)

Pry2ed 5= (2p+ ) m(2p+q) = 2(p+q) In(p+9) +qng

[q >0, 2p>—¢q| (cf. 4.268 2.).
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3.451

<0

o ) 4 (4
1. ze V1l —e Tdr = 3 <— - ln2> .

> . 1
2. / xe N1 —e2vdr = % (5 +In 2) (cf. 4.241 9.).
Jo

3.452
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3.45 Combinations of powers and algebraic functions of exponentials

BI ((99))(1)

4.241
BI ((99))(2)

FI 11 643a,BI((99))(4)

BI ((99))(5)

BI ((99))(6)

BI ((99))(8)

BI ((99))(7)



3.453

"o zer dx 2m b
1. = —1 1+ — b>0 f. 4.298 17.).
./0 a?e® — (a? = b%) e* —1  ab " < + a) la } (c )

4.298
BI ((99))(16)

e ze® dx 2 b
2, = T arctg - b>0 £. 4.208 18.).
/0 e (@)= w e, >0 )

4.298
BI ((99))(17)

381
3.454

e dy  (2n— 1! 7 el (—1)*
1. = —<¢In2 .
Jy Verx1l o @t 2] 2

L1 ((99))(10)

® ge~n=Dz dy (2n —2)! L (=)
> /0 2 —1  (2n—1) {1112+ Z k '
L1 ((99))(9)

3.455

e ] 2 z
1. / u:&rlnz
Jo V/(er = 1)

BI ((99)(11)

o0 .3 z ] 2
N / _aletdr [(1n2)2+77_}
Jo (ez—1)3 12

BI ((99))(12)
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3.456

1 " xdx T [l 54 T }
) - = n — .
Jo Vedr -1 3V3 3v/3
o T dx T
2. {1113 —}
Jo ¥ —12 f 3V3
3.457
i . . 2n — D!
1. / :L’e_gb(lfe_%‘)"_l/2 dr = —( n—1)
Jo 4. (2n)!!

5 /oo re® dx B 2
. J o <a+61)n+3/2 - <2TL+ 1)an+1/2

3 /°° xdx -1 B (/L
© ) (a2er £ emm)n  2an ’

3.458

In2
1.7 / zet (e’ — 1P de =
Jo

2 /_Z (

SR

ze® dx

Printed from Table of Integralé QSerle

|

”)1
- n
97 9) M

)k 1
ln“zm

1
- = — 1N _ — )
a+ 61‘)1/+1 va¥ [ na G w(”)}

v—1
1
Ina —

and Produgs (iD]ﬁiz

(cf. 4.244 3.).

[C+1(n+1)42 In 2] (cf. 4.241 5.).

[In(4a) —3C — 2¢(2n) —p(n)].

[a>0, Rep>0].

[p>—1]

[a > 0];

d

v=1,2,...]

M. Copyright © 1996 by Academic Press, Inc. All rights reserved.

BI ((99))(13)

4.244
BI ((99))(14)

4.241
BI ((99))(3)

BI ((101))(12)

Bl ((101))(14)

BI ((104))(4)



382
3.46- 3.48 Combinations of exponentials of more complicated arguments and powers

3.461

2 2

) /'Ooep T (71)n2n71p2n71ﬁ
u

o = (2n — D! 1= 2(pu)] +
e —p2u? n—1 (71)k2k+1<pu)2k
+2u2”1k220(2n—1)(n—3) on—oh—1n P20

NT 21(4)

oo 2 2n— DI Jm
2. / z2me P d:r:<7¢— p>0, n=0,1,...].
) 20" \p | |

FI 11743

" il —p? n!
3. /O 1‘2 +16 P dy = 2pn—+1 [p> 0]

BI ((B1))(7)

BI ((100))(12)

o 2 d 1 2
5.3 / e H _:2r = —e M — /um[l — ®(\/pu)] [\ arg p| < g, u > 0} .

xZ u

ET1135(19)a

3.462

. 2
v—1_—Bz?—~x _ —v/2 < i
L. -/o e T dr = (20) I'(v)e p<8ﬂ> (—m> [Re3 >0, Rev>0].

EH Il 119(3)A, ET | 313(13)

"o n —pz? = 1 T dnil 2
2. / ae P TR gy — o1, \/5 e (ge? /P) [p > 0];
J —o0

nEn/Q

k
nled’ /P 1 P p.> 0.
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" 00 2
3. / ig) e BT i gy — 9=% /r3v ex <_q_> D, <L>
Q _OC( ) VT3 P —gs NG
[Reﬂ >0, Rev>-1, argiz= g sign x} .

ET1121(23)

L[ ewlote - 7] de = 20) " VRHLGH)

EH 11 195(31)

& 2 1 v [m .2 v T
5. o —ux? —2vx dr= ——— [ Zewn 1= — |: r <=, R > 0} .
/0 e v 20 24 /Le * { <\/l7)} larg 2] 2

ET 1 146(31)a

oo — 2
6. / ze P 24T gy — g\/i exp (q_> [Re p > 0].
J o pyvp p

BI ((2100))(7)

383
o v T 200 4 2 v T
7. xfe dr = —-—+/—= er |[1-®(— [\argl/\<—, Reu>0}.
Jo 2u W 4 Vi 2
ET 1146(32)
> 2 . 1/ 2 w2
8. / ge~ha’ e gy o — [T (1 + 21/—) en [largv| <m, Rep > 0].
J_ o 2u\V p 0
BI ((100))(8)a
3.463

BI ((89))(5)
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3.464

./Ooc(euﬁ_evf)d_f:ﬁ(\f—\/ﬁ) [Rej >0, Rew>0].

x
3.465

/o (1+ 2&1‘2)67“932 do =1 _; b \/% [Re pn > 0].

3.466

oo e—u21‘2 T 2 2 7T
= Bu
1. /0 md.ﬂ = [1 - @(6#)]%6 F [Reﬁ > 07 |&I‘g/t‘ < Zj| :

9 /.0021126“2932 d ﬁ w3 232
. ——dr = ——
Jo x4+ 32 2 2

Ter® 1 =1
3. do =Y —— .
/0 2 Zk!(%—l)
k=1
3.467
o 2 1 \d
GEERESSL
0 1+22) =z
3.468

* et gy T
1. Y— = 1 -®)? 0].
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TP -0(Bw)]  [Rep>0, Jargul < 7.

FI 11 645

ET 1136(24)a

NT 19(13)

ET Il 217(16)

FI 11 683

BI ((92))(12)

NT 33(17)



NT 19(11)

3.469

00 1 2_ 2 2
1. / 67;L$472Va72 de = = _V exp <V_> Kl <V_> [Re# 2 O}
Jo 4V p 2u)  +\2p

ET | 146(23)

BI ((89))(7)

BI ((89))(6)

384
3.471

—
o
=
o)
[~
o]
/l-\
SHRe
~—
QU
E%M|%3
Il
R
o)
A/~
|
|
~—

ET Il 188(22)
2. / :r”fl(u—:r)“flefg dr = ﬂyglu2 R exp <—£> D(p)Wissuor o <é>
Jo 2u 2 72 \u
[Rep >0, Ref >0, u>0.
ET Il 187(18)
3. / :L’_“_l(ufac)“_le_g dr = B7Hu" "D (1) exp <é> [Rep >0, u>0].
Jo u
ET Il 187(16)

U / 1 1 8 ﬂ
4' 72“ — #71 7% d = — (327K ,7EF K 1 -
./0 7 ey v \/Wuﬂ c WK,y <2u>
[u>0, ReB8>0, Repu>0.
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00
5. / :L"l’fl(:r—u)“fleg dr = B(l—p—v, pu't "1 F <1 —pu—v; 11— ﬁ)
Ju u

0 <Repu <Re(l—v), u>0].
ET Il 203(15)

6. /.oo:rQ“(:r—u)“leg de = \/zﬂ%“F(u) exp <%> I, 1 <£> [Rep >0, u>0l.

ET I 202(14)

7. /0 .'EV_1<.'E+"Y)M_1€_§ dx — 6%7%+MF(17[L*V)6% LV%‘F!M*% (g)
[largy| <m, Re(l —p)>Rerv >0
ET Il 234(13)a

ET Il 188(23)a

9. /oox”_le_g_'mdx—2<g>2KV(ZM) [Re >0, Revy> 0]
70

ET Il 82(23)A, LET | 146(29)

10. /Oocxyl exp [% (x — ﬂ—2>} dr = 26”6%K_,,(ﬂ,u)

x
Mmp >0, Im(B%u) <0; note K_, =K,].
EH 11 82(24)

0o . 2 )
11. / "1 exp [% <x + ﬁ—)} de = irBe” " HY (Bp) [Mmp >0, Im(B%u) > 0.
Jo X
EH Il 21(33)

385

S 2 v
12. / ¥ exp (.L’ - M—) dx =2 (E) K_,(n) |largpl < E, Rep? > 0; note K_, = KV} :
o iz 2 2
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oo v—1 72
13. / T = ﬁ/”flegf(l—y)F <1/, ﬁ) [|argy| <7, Ref >0, Rev<l].
0 v

3.472

1. !/O.oo (exp (—i) - 1) e M dy = %\/%[exp(—2\/@)—l} [Reyt >0, Rea>0].

22

50 s
2. / x? exp (—;% - ,LL:L“Q) dx = Z\/%(H—Q,/au) exp(—2y/ap) [Rept >0, Rea>0].
Jo

> de 1 |7
3. / exp (f% - /LLL‘Q) & —\/E exp(—2+/ap) [Rep >0, a>0].
Jo T a a

3.473

/oo eXp(,In)x(m+1/2)n_1 de — M
0 2mn,

Jr.

3.474

-1 — n
nexp(l—x™™) " | dx 1 ‘ kE—1

1. — - == ) - ol.

./0 { 1—an l—2) = n;u Pt n lp> 0]
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ET Il 218(19)

BI ((80))(7)

ET | 146(30)

ET | 146(26)

ET 1 146(28)a

BI ((98))(14)

BI ((98))(6)



1—an 1—2

1 (1l — 2" 1-2
) / {n exp(l —a27") 7exp( I)} d—x_—lnn.
Jo .

3.475

1oe 1 dx 1
1.7 / p(—a?) — w_ ‘e
J, {exp( x) 1—|—x2"} 20 [n €]

386

3.476

Iz

. d:
1. / [exp(—vaP) — exp(—paP)) oSt [Repe >0, Rev>0].
Jo x v

1
p

oo d _
2. / [exp(—aP) — exp(—z?)] A [p>0, ¢q>0]
Jo T pq

3.477

o [exp(alu]) Ei(—alu|)—exp(—alul) Ei(alul)]

17 /oo exp(—alz|) dp — sign u
oo T
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[a > 0].

BI ((80))(9)

BI ((92))(14)

BI ((92))(13)

BI ((89))(8)

BI ((89))(3)

BI ((89))(9)

ET Il 251(35)



ET Il 251(36)

3.478

1o0 1
1. / 2V exp(—paPf)der = —pu T <Z> [Rep >0, Rev>0, p>0.
70 p p

BI((81))(8)A, ET | 313(15, 16)

e 1 v
2. / 21— exp(—paP)| de = ——p T <Z>
0 | p

[Rep >0 and —p<Rev<0 for p>0, 0<Rev<-—p for p<Q0.

ET 1 313(18, 19)

v 1 -1
3. / 2 Hu—z)" 1 exp(Bz™) dx = B(p, v)ut VT E, <Z, vt e vin ;
Jo non n
w+v pu+rv+1 p+v+n-—1 "
s R : Bu
n n n
[Rep >0, Rev>0, n=23,...]
ET Il 187(15)
.00 9 =
4. / 2V exp(—faf —yx P)de = = (%) Ko (2+/37) [Re3 >0, Rey>0].
Jo p P
ET 1313(17)
3.479
a1 exp(—4V1 2 2
1. / v eVt 2 <@> T(W)Ki_,(3) [Ref >0, Rev> 0.
J0 \/1+LE ﬁ 2
ET 1 313(14)
387
o0 r—1 . . /1 2 lzu
2.8 / v explipyl+ ot dx:iﬁ (E) F(z) HY (1) Mmp >0, Rev>2|.
1o N> 2 \2 2) 75
EH 11 83(30)
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3.481

50 1
1. / ze’ exp(—pe®)dr = ——(C+1np) [Re po > 0].
J o [t

50 1
2. / re” exp(—pe®®) dr = —Z[G—i— ln(élu)]\/z [Re v > 0].
J o [t
3.482

[90(8) = mEn(8) = 7Nu(8)]  [Re§ > 0].

N | —

1.3 T ex —fBsha)dr =
‘/0 exp(nx — 3 shz)dx
> /°° exp(—nz—f shx)dr = (*1)”“E[Sn(ﬁ)ﬂTEn(ﬁ)ﬂan(ﬁ)] [Re 3> 0].
Jo

2

™

3. /000 exp(—vx — B shx)dr = [T (8) — J.(8)] [Re 6 > 0].

sin vw

3.483°

2 exp <w77r) K,(a) for a>0,

xr =

/OC exp(v Arsh z — iax) (1 Rev| < 1]
ev .

— .
T l+z 2 exp (%) K,(—a) for a<0

3.484

./OOCKHJLJW‘(”%)M}df:@“—lﬂn% [p>0. q>0].

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.

BI ((100))(13)

Bl ((100))(14)

ET1168(11)

ET1168(12)

ET1168(13)

ET 1 122(32)

BI ((89))(34)



3.485

/5 exp(~tg? ) dr = T [1 ~ B(1)].
Jo

3.486°

1 1 o0
/ % dy = / e~ o — Zlf"‘ = 1.2912859970627 . .. .
70 70 k=1
FI 11 483

3.5 Hyperbolic Functions
3.51 Hyperbolic functions

3.511

1 /oo e la > 0]
. = a .
Jo chax  2a

388

N

“shax T am
dr = — tg " [b> |af].
/0 hbr =g ey 0>l

BI ((27))(10)a

*sh ax T ar 1 a+b
dr = — sec = _ = b> |af].
/0 hbr T 2 N o b6< > (o> lal]

GW ((351))(3b)

" chax T am
dr = — — b |l
/O hbr T gy s gy o>l

Bl ((4))(14)a

T e o> lal + ol

(&

5 /oosha/:r ch bx dr — T sin 4%
0

€T =
sh cx 2¢ cos % + cos
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am b

"> ch ax ch bs an om
6. / ch az ch xd:rzﬁ cos 57 cos QZ e > lal + ]
Jo chex ¢ cos “% + cos *
"% ¢h ax sh b: i am i b
. / sh az sh xd:rzﬁ sin §7 sin 22 e > lal + ]
Jo chex ¢ cos “% + cos F
[
=7
.2
o chz = 2k +1
< sh? ax )
9. 5— dr =1—an ctgar [a® < 1].
—oo Sh™ 2
*sh ax sh bz am am
/0 e gy bl
3.512
oo h2 41/—1
o ch™ ax a a a
*sh” z 1 w+l v—op
2. ——dr=-B | —— Repu > -1, R —v) <0].
/0 T2 < 2 2 [Rep > -1, Re(p—v) <0

3.513

dx 1

a+b+VaZ+b?

1. = 1
,/0 a+bshz Va2 + b2 n

a+b—+Va2+b?

[ab#0].

BI ((27))(5)a

BI ((27))(6)a

BI ((98))(25)

BI ((16))(3)a

BI ((27))(16)a

8> 0].

LI((27))(17)A, EH | 11(26)

EH | 11(23)
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389

e dx 2 b? — a?
2. = t b? 2,
/0 atbehr  ViEoa % T 5" > o)
1 1 a+b++va?—1b? 2 < o]
= n a’l.
vaz -  a+b— Va2 — b2
GW ((351))(7)
o dz 2 b2 — a2
3. = tg —— b2 > a?;
/0 ashz+bchx b2 — g2 arcte a+b [ s
1 . a+b+va?—b? a2 > b7
f— n a .
Va2 —b*  a+b—+vVa? -2
GW ((351))(9)
A /'°° dx 2 . b? — a? — 2 N
) = arctg ———
o a+bchx+cshx b2 — g2 — 2 & a+b+e r
b >a*+c* e=0 for (b—a)(a+b+c) >0,
le] =1 for (b—a)(a+b+c) <0,
also e =1 for a<b+c and e= -1 for a>b+c;
1 btct a2 —b2 L2
= ptotetva e b <a®+ 2, a’#Eb7);
VE i tatbte- V@ -Pra
1
- a=bto, cho)
c a
2(a —b) 2 2 2
= b = \ —b— 0].
P — [ a*+c°, cla c) < 0]
GW ((351))(6)
3.514
o dx t
1. MZECOSGCt [0<t<ﬂ', CL>0]
0
BI ((27))(22)a
sin —a(7r — )
> ch — t —t
2. / C}Z,xi—co?ld:czi bg 77rw- 2 cost 0<l|al <b, 0<ty<ml
o chbz —costa b sinty sin fm b sinty
BI ((6))(20)a
"0 I ds —cost sin at sin t cos at
3 / chax dx i :77( CoS bjI}lSCl —|-ablIl cos at) D<a®<1, 0<t<n]
o (chz+cost) sin” t sin am
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BI ((6))(18)a

> sh hb b b bt
4. / SO AT gr = 2T cosec t cosec — sin — 0< bl <a, 0<t<m].
o (chazx+ cost)? a? a a

Bl ((27))(27)a

3.515

o 2 ch
/ 1f\fC :r dr = —1n2.
o vch2x

BI (21))(12)a

390
3.516

) /oo dz 1/°° dzx Qw1 (2) Re > —1]
_ =_ =Q,-1(z e > —1].
Jo (z+Vz2—1cha)* 2J)_(z+Vz2—1chz)H et !

For a suitable choice of a single-valued branch of the integrand, this formula is valid for arbitrary vainat@i-plane cut from

—1to+1 providedu < 0. If i > 0, this formula ceases to be valid for points at which the denominator vanishes.

CO, WH
i dz
> /0 (B+ V3 —1chayt! @
EH 11 181(32)
/'°° ch~x dx e T (v =7+ 1)Q)(6)
o (B++pB?—1chx)t! B I(v+1)
[Re(v £7) > -1, vE—1, =2, =3,...].
EH 1 157(12)
) /oo sh2H 2 da B 2te” (v — 2+ DT (p+ 1) b
o (B+VB—1chaptt V(B2 —1) L(r+1) v
[Re(vr —2u+1) >0, Re(r+1)>0].
EH | 155(2)
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3.517

1
s —|xd —
) /'00“ (W 2) e W(BQ s D+ DT = )P ()
[Re(r —7) >0, Re(v+~vy+1)>0]
EH | 156(11)
1
ach<ﬁ/+—>mdx —F(l—y>
2 s 2 L, 1
2. / : —\/—fp,y(cha) [Reu<—, a>0}.
0o (cha—chx)"*2 2 sh” a 2
EH | 156(8)
3.518
T(v— 20+ V)0 [+ =
1 /'°° sh* z da ge—inm =\ SR b (cha)
. = c
o (cha+shachx)»tt /7 sh" a F(v+1) vop e
[Re(r+1) >0, Re(v—2u+1)>0, a>0].
EH | 155(3)a
2 sh2 T g de pev
2.% = =23 1) T(v—2u)(u+1)P:
| S = 2 0 T T = 2 e DR (9)
[Re (v —p) > Repp > —1, 3 does not lie on the ray (—oo, +1) of the real axis].
EH | 155(1)
391
*sh* 'z chadr 1
/ i :rczx x:—a_“B(u,l/f,u) [Rev > Rep >0, a>0].
o (I+ash” z)¥ 2
EH | 11(22)

" sh* z(cha + 1)1 da 1
AT / : = gutv—r=2p (= 2 -
Jo (8 +chx)e 2”’94_ pov)x

2
[Rep >0, Re(o—pu—v)>-=2, |arg(l+p8)| <]

1 11
X o b (@,@+2u1/;p+2—u2; 556)
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56 /°° sh* ' z(chz — 1)1 da
0

= 9= Q@-p-rvto) 92—y — 1 _H. /
(3 + chz)e 211 | 0, p—v+o l+o

x B (2—/L—V+Q, —1+1/+%)

B¢ (-0, —1), Re(2+4 ) > Re(p+v), Re2v+p) > 2|

EH 1115(10)
- ot 1 2 ehv L 2 ’ 71 < _ptv, v, ) (/_L /L+U>
6. ‘/0 (ch? = — B)e d£—22F1 0,1+0 5 ;140 2,6 B 2714—9 5
[B€(1,00), Rep>0, 2Re(l+p)>Re(p+r).
EH 1 115(9)
3.519
Pshlr—p)tgal S8 1 pkm o,
/0 sh(r tgz) dr = W; frr 0T [p~ < rel.
Bl ((274))(13)
3.52- 3.53 Combinations of hyperbolic functions and algebraic functions
3.521

] /oo xdx 7r > 0]
. =— a .
Jo shax  4a?

GW ((352))(2b)

2. / TAT e w2 4L (Z) — 1.831931188.. ..
o chx 4
LI 11l 225(103a), BI((84))(1)a
. = 95 Ei[-(2k + 1)a > 0]
; /1 x Sh ax Z =2k + la > 0]
LI (104))(14)
4. h DF Ei[—(2k 4+ 1 / .
/1 x ch ax Z -2k + 1)d] la > 0]

LI ((104))(13)
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3.522

2.

392

b
b
b

1+ 22) sh &¢ 2

b

1+ 2?) ch &F

b

b2 +22) shar  2ab

b

b

b

rd X 1)k
e :l+wz< ) [a>0, b>0]

rdxr

b2+ 22) shmx  2b

BI((97))(16), GW((352))(8)

dzx 2= (—=1)F1
T = —— >0, b>0.
b2 + 22) chax b ;2&[)4—(2]{5*1)% [ >0, ]
dx 1 1
(b4 b>0).
b2 + 22) chrx bﬂ< +2> 15> 0]

rdr In 2 1
————— =2 —.
1+ 22) shmax 2
dx _ 9
14+ 22) chre 2’
rdz 0

=—-1

d,
v =In2.
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BI ((97))(5)

BI ((97))(4)

BI((97)(7)

BI((97))(1)

BI ((97))(8)



[ +2In(V2+1)] -2

Sl

9 /°° xdx B
" Jo (T4 shTz

BI ((97))(9)

e dx 1
10. /0 (—,:—[77—2111(\/54-1)].

1+22) ch TF

S

BI((97)(3)
3.523

o0 ph-1 26 1 ,
1. /0 dz = 2671a61“(ﬁ)§(6) [Res>1, a>0].

sh ax

WH

oo 2n—1 22n -1 2n
2. / * dr = (E) | B2y, | [a>0, n=1,2,...].
0 n a

WH, GW((352))(2a)

EH 135, ET I 322(1)

"0 2 T\ 2n+1
4 dz = (—) Ean 0.
/ T Bon| 0> 0]

BI((84))(12)A, GW((352))(1a)

3

22 dx 3
5. = — f. 4.261 6.).
/0 chz 8 (c )

4.261
BI ((84))(3)

oo .3 d 4
6. / T T (cf 4.262 1. and 2.).
o shz 8
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4.262
BI ((84)(5)

393

BI ((84))(7)

< /00 20 - 6
o shx = 4
BI ((84))(8)
9 /oo 28 61 -
—dr = ——=7
o chz 128

BI ((84))(9)

< g7 17
10. / 2 de = —75.
o shzx 16

BI ((84))(10)

*Vrdr Woo iy 1
ne A \/_kZ:O( ) TR
BI ((98))(7)a
< dr > (—1)F
12. /0 ﬁchx_z\/%gim.
BI ((98))(25)a
3.524

s e 0 0)] eea (D))

[Rey > |Re |, Rep> —1].
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" ,mshazx T d2m P
2 ’ =T tg T b>all.
/0 v sh bx v 2b da2m g 2% [ > ‘(IH
Bl ((112))(20)a
“shazx dz ad 1 1
> o =T B b> <1].
/0 sh bx P ( p)kz:% { [b(2/€ n 1) — a]1,p [b(Qk T 1) T aP*P } [ |a\, P }
BI ((131))(2)a
" m_ishax T d?mtl ar
4. g SHar . T am ) .
/0 * ch bx v 2b dag2m+1 sec 2 [ > |CLH

Bl ((112))(18)a

LS Ve AV DS B Y SR 1 B
s [ e gl el 2 (1-9) reln s (42}
[Rey > |Ref|, Rep>1].
ET 1 323(12)

"0 3§ de
/O g2mchaz T ar > lall.

chbx T 2b da2m see 2
BI((112))(17)

o0

/Ooo ch ailf.d_x _ F(lfp)Z(—l)k

chbx xP
k=0

1
{ bk 1) —al? bkt 1) +al }
[b>lal, p<1].
BI((131))(1)a

d2m+1

e h ax T ar
8. [ a2t O e T O g T > ),

/0 * sh bx * 2b dag2m+1 g 2 [ > |CLH

Bl ((112))(19)a
394

< ,shaz 3 ar . am
NP

o € oh b X ne sin % sec % [ \a|]

BI ((84))(18)
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10.

11.

12.

13.

14.

15.

16.

17.

o) h 5
/0 x4ZhZi dr =38 (% sec %) - sin % (2 + sin® (;—7;) [b > |al].

o ‘h 7
/0 x6ZhZi dr =16 (;T_b sec (;—7;) sin (;—7; (45 — 30 cos? (;—7; + 2 cos® (;—7;) [b > |a]-
/°° sh ax i w2 ar 5 am > |l
x T = — sin — sec” — al].
o chox 42 2b 2b

T (T e TV i T (6 — cos? 4T
./o x Chbxdx (2b sec 2b) sin o (6 cos 2b) (b > |al].

T (T e Y 9T 2 O | ost O
-/0 xchbxdx_(% sec 2b) sin o (120 60 cos? 5y o8 2b) (b > |all.

oo 1 P 8
/o x’ Z}ll (Zi dr = (% sec 27;) sin % (5040 4200 cos? 2—7; + 546 cos® % — cos® %)

[b> |al].

> chax T 2
dz = (— —) b> |al].
/0 b T \2p % 9 6> lal

< gchax ar\4 Lo am
-/o x shbxdx_2(2b sec 2b) (1+251n Qb) (b > |al].
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BI ((84))(18)

BI ((82))(17)a

BI ((82))(21)a

BI ((84))(15)a

BI ((82))(14)a

BI ((82))(18)a

BI ((82))(22)a

BI ((84))(16)a



18. /0 z° :h(lj; x =8 (% sec 3—7;) (15 — 15 cos? 3—7; + 2 cos? (;—7;) [b > |a]-
BI ((82))(19)a
> _chaz ™ am\8 am am am
19. T g =16 (1osee S) (315 - 420005 O + 126 o5 T — 4cos® T b > al].
-/0 zl S de 55 5¢¢ 5 cos™ o+ + 126 cos” o cos” (b > |al]
BI((82))(23)a
20 /OonCha:r dx = —3 (2 sec® —— — sec a_) (b > |al]
" Jy 7 chbxr T 8b3 2b 2b
Bl ((84))(17)a
> ,chaz ™ am\5 am am
21. 4 = (57 see 55) (24 =20 cos® T cos® 1) b > al]
-/0 - 55 5 5 cos” o +eos® o [b> |al]
Bl ((82))(16)a
22 /OC o chaz (7T ec ‘”r)7 (720 840 cos? 2 4182 cost LT — cos® m) b > |af
. x r=(— sec — - ¢ — f — —cos” — al].
0 ch bx 2b 2b 2b 2b 2b
BI ((82))(20)a
*“shax dx am T
23. Comg (4T b
/0 chbx = e 4b * 4 [ lal]
BI ((95))(3)a
3.525
shar  da 1
1. -/o :}Iiﬁ " _:;2 = —g cos a+ 3 sina In[2(1 + cos a)] [ > |al].
BI ((97))(10)a
395
> sh d 1 1 —si
2. / i ZI~ xQZEsina—l——cosalnﬁ [ > 2]al].
o shfx 1+uw 2 2 1+ sina

BI ((97))(11)a
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5 |
J0

-
70

=~

A

-
70

3.526

sh ax

ch mx

chax

ch mx

sh ax

shbx

ch ax

sh bx

BI ((97))(12)a

zdx T 1_|_1 al 1+sina {77>| q
L — 2 cosa— —sinag In —— =
14+22 2 ¢ o T dina 2 711
BI ((97))(13)a
d
.12__2:*25111%4—%Sina—cosalntga_FW [7T>\<1|]-
T
GW ((352))(12)
d
.14_1132:2(:053—2cosafsinalntga+7r [m > |al].
T
GW ((352))(11)
dx T = sin k(b;a)w
2+ 22 _Z;W b= lal)
BI ((97))(18)
[ k(b—a)
xdx T COS ——5—T
- —_— - . b > .
2 +22  2be +7TZ_: bc + km [ lal
BI ((97))(19)
> sh hbxr d 1 b b —
L / Sazlr#_:r _ 1 ln{tg (a+b+c)m cte (b+c , a)w} e > lal+15]].
0 ch cx T 2 4c 4c

sh bx

BI ((93))(10)a

=3 In sec %ﬂ' [b > |2al].

5 /ooshQa:r.dx_l
0

s |
J0

BI ((95))(5)a

ah1 () 1 Ié] 1 Ié]
b Bz e T @2y {‘1’ [1’ iy <” 5)} e {1’ iy (1 B 5)”

[Rey > |Ref|, Rep>0].
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3.527

oo gphl 4
1. /0 5 dr = D) (e —1) [Rea >0, Rep>2].

00 me 7T2m
2. /0 o dx = T | B,y | [a>0, m=12,...].

3.6 /oo P = 2T — 1)
“Jo ch?ax ~ (2a)m S

[Rea >0, Reu>0, p#2; integral equals(1/a?) In2ify = 2].

396

—  [oF0].

5 =
ch® ax a?

/'°° rdr  In2
0

00 2m 22m72 2m
5. / P T Bl >0, m=1,2...]
o C

h? ax (2a)*ma

e | shaz (1) o=  (—1)F
6. o1 2 dx = R, 1 0].
/0 Yot e ;)(%Jrl)u—l [Rep>1, a>0]

=~

"2 shax T
der = — a> 0.
./0 ch? ax 2a? [ }

00 . , 2m-+1
S L2mt shaz do — 2m +1 m | B [a>0, m=0,1,...].
Jo ch? ax a 2a / o
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BI ((86))(7)a

BI((86))(5)a

BI ((86))(6)a

LO Il 396

BI((86))(2)a

BI ((86))(15)a

BI ((86))(8)a



o ch az 22m+l _q
9. / 2?2 e = S (2mA4-1)1¢(2m A1 a0, m=12...]
Jo Sh2 ar a2(2a)2m ( ) C( ) [ #O }

] L 2m 2m
10. g e g 2 TN e a0, m=1,2,...].
Jo sh? az a a ' T

> gz shax B VT T(p)
1 / ch?* 1 ax e 4102 ( 1> >0, a>0].
Mt 5

oo h 2
13. / 2 g = [a > 0].
0

In2
2a3

3.528

dr = 2.

) /oo (1 4 xi)anl _ (1 _ xz’)anl
J i sh ZF
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BI ((86))(13)a

BI ((86))(14)a

L1 ((86))(9)

Bl ((102))(2)a

BI ((86))(11)a

BI ((86))(10)a

BI ((93))(17)a



(14 xi)?" — (1 — xi)?"
2. /

i sh %5

397
3.529

dr = (—1)""12|Fy,| + 2

N A A
Jo she =z/) =

5 /'oochaxl d_x

Jo sh bz x

am
=—1 — b .
1 Cos % [ > |aH

> a b dx
3. — =(b—-a)In2.
/0 (shaw sh bx) x (b-a)ln

3.531

0 xdx 4 1w
1.7 / % C [T o L(n/3
Jo 2chz—1 \/5[3 t (w/ ﬂ

o * /°° xdx _tIn2— L(1)
" Jy ch2z4cos2t sin2t
,Qd, t 2*t2
L =L 0<t<m].
3  sint

oo
3o [
Jo chx+cost

x*dx

t (m? — %) (772 — 3t2)

v _
Jo chx+cost
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[n=0,1,...].

1.1719536193 .. ..

- 0<t<m].

15 sint

BI((87))(7)

Bl ((94))(10)a

GW ((352))(66)

BI ((94))(11)a

L1 ((88))(1)

LO Il 402

BI ((88))(3)a



< a?md — sin 2k 1
3 2™ dx B ' sin 2kam 1
5. /0 s —— 2(2m)! cosec 2a7rkz::1 T 0D<a<l, afZ]

1
=227 — )7®™Bay| o= 5)

BI ((88))(5)a

o u-1y T - - (o
6.3 / 1x : o= ! .(A? e ®(e™ ", u, 1) — e D(e", p, 1)]
o chxz —cos sin

[Rep >0, 0<t<2m, t#nl.
=Q2-2"MT(l(p -1  [pF2, t=m;
=21In2 =2, t=mn].
ET 1323(5)

O atda _2r( (n+1) = A 1 sin kt
v -1, 0<t :
/0 chx+cost  sint ;; AT > -1, <t <
BIl ((96))(14)a
" xdx 1
h2r —cosof g cosee 2t[L(0+t)—L(6—t)—2L(1)] [0 = arctg (Qu ctgt), t#nm].
0 _
LO 1l 402
3.532
o " dz (2n)! & 1 b—a\k
L - >0, b>0 > —1].
/0 achx+0bsha a—|—b1§(2k+1)n+1 <b+a) a ) , n ]
GW ((352))(5)
398
) /u x chxdr 1 . 9—|—t I b+t
: ———————— = - cosec _
Jo ch2x —cos2t 2 ™ Ty
t T—t
L —92L | =
ri (%5 ) (2> ( )y
0 t 0
tg= = 0= ctg =, tg— =cth = ct / ,
{g2 2cg2, 2 ¢ Cg2 #mr}
LO Il 288a
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3.533

x chxdx

1o t —t
1. / —:cosect{E ln2—L<—>—L<(7r )>}
Jo ch2x —cos2t 2 2 2

oo shax d —t
2.6 / x(ch Z;axcj; 2 = Wa2 cosect [a>0, 0<t<mn] (cf. 3.5141.).
0 _
> . shade ot —t?)
3. /o x (hotcost? ~  snt 0 <t <] (cf. 3.531 3.).
" om sh x da > sin 2kar
4 S = 2(2m + 1)! cosec 2amy | o
./0 v (chz — cos 2am)? (2m + 1)} cosec aﬁ}; k2m+1
=22m + 1)(2*™ — D)7*™|Bayn |, [a

3.534

1
1. / V' 1—22 chardr = %Il(a).
Jo

-1

ch ax T
2. ———dx = —Iy(a).
J0 \/1—1‘2 2 0( )
3.535

dz ™ arcsin(th a)

1
x
./0 Vch2a — ch2ax shar 2v/2a2 . sha

[a > 0].

LO Il 403

3.514
BI ((88))(11)a

3.531
BI ((88))(13)

BI ((88))(14)

WA 94(9)

WA 94(9)
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3.536

o'} LL’Q \/’ 1 k
L ./0 chx2 Z\/ 2k +1)3
BI ((98))(7)

5 /'xeHxde_iz
Jo chz?2 2 k:O\/Qk’—I—l'

BI ((98))(8)

o0 a1 sin £~ sin 4* 1—p—v l—p+v
3. ‘/0 sh(v Arsh x)\/H—IQ dx = T T'(p)T (T) xT' (T)

[-1 <Rep <1—|Revl].

ET | 324(14)
399
COS " COS o
1o ahL B 9 9 1—p—v 1—p+v
4. -/o ch(v Arch z) Vv dzx = i L(p)T <T xI (T
0 <Rep<1—|Rev|.
ET | 324(15)
3.54 Combinations of hyperbolic functions and exponentials
3.541
e 1 0w
nr v — ILAE— —
1. -/0 e sh” Bz dzx 2“+1ﬁB<2ﬁ 2,1/+1> [Re >0, Rev>—1, Reu > Repfv].

EH 1 11(25), ET | 163(5)
> ashpr 1 (L optBY (1 p—8
2. -/o e Shb:rd % {u <2+—2b > P <2+—2b >} [Re(p+b£5) > 0].
EH | 16(14)a

< shux T s
3. e ST g T e P Re 3> 2| Re .
'/of rde= ol Re > 2(Rep
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> h 1
4. / e > axdx:—fﬁctg— 0<a<2.
Jo a 2 2

1
B(q, q) — — p>0, ¢>0l.
(¢, 9) ” [ ]

e h 1
9. / e—hw SHT g —(1—-1n2) [Re o > 0].
0

[0 <p< 2.

3.542

e 1 1
1. / e M (ch fx —1)"dx = B(——zx,21/+1>
Jo ( ) 2vp 154

1
{Reﬁ>0, Rey>f§, Re it > Re Bv
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BI ((18))(6)

BI ((4)(3)

LI ((27))(19)

ET |1 163(7)

ET 1 163(9)

ET1163(8)

L1 ((27))(15)

BI ((27))(9)a



o0 E - 1 1_,
2. / e " (chx — chu)’ ' de = i\/—eml’l"(u) sh”™2 qu_l (chu)
Jo ™ 2
[Rev >0, Rep>Rev—1].
EH 1 155(4), ET | 164(23)

3.543

(chmb—e 21y [t >0].

/'°° e rdy imettt
J_shx+sht  shrmbcht
ET 1 121(30)

©  ghe > sin kt
2. / —C  dr=2cosect E — [Rep > —1, t#£2nm].
o chxz—cost kzlu—i—k

BI ((6))(10)a

oo

] e t kt
3. / Ve L 22 cos [Rep >0, t£2nm).
o chxz—cost k:o'LH_k

BI ((6))(9)a

A /°° el — cost
" Jy (chpz+cost)?

x€r =

1
t t+ — > 0].
( cosec t + 1+ cos t) p ]

AN

BI ((27))(26)a

3.544

e G S P

[u > 0].
2(ch x — chu)
EH Il 181(33)
3.545
"> shazx T ar 1
1. /o em_i_ld:r:%cosec?—% [p>a, p>0].

BI ((27))(3)
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3.546

401
3.547

L[ e sha) showde = 5 ot B (9)-3, (9= B, (914N, (9] = 251, (6)

1
2

% exp gcp (%%) [Re 8 > 0].

sh ax dx =

: I 2
chaa:dx—i\/% epo—ﬁ [Re 3 > 0].

sh? a:rdm:%\/g<exp%—l> [Re 3 > 0].

— 2
" ch? awdw-i\/% <exp%—|—1) [Re 8 > 0].

2 2

2. / exp(—f0 chx) shyx shxdr = %Kw(ﬁ).
Jo

3. / exp(—f8 shx) chyzdr = z tg —[JV(B)va(B)}fE
Jo

™y

2 2 2
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[Ew<ﬁ)+Nv(B)} - SO,W(ﬁ)
[Re 8 >0, ~ not an integer|.
ET | 168(16)A, WA 341(4), EH Il 84(50)

BI ((27))(9)

ET 1166(38)a

FI 11 720a

ET | 166(40)

ET | 166(41)

WA 341(5), ET | 168(14)a



10.

11.

12.

/

ET 1 168(16)A, WA 201(5)

exp(—f shx) shyz chzdr = %Sgﬁv(ﬂ) [Re 8 > 0].

ET 1 168(7), EH Il 85(51)

exp(—0 shx) sh{(2n + 1)z] ch z dx = Og,+1(0) [Re 3 > 0].

ET1167(5)
exp(—0 shz) chyz chzdr = %Slﬁ(ﬂ) [Re 8 > 0].
exp(—0 shz) ch2nz chzdr = Oz, (5) [Re 3 > 0].
ET 1168(6)
ha) sh? ode = 2>Vr 1>K [R 0, R L
exp(—f chz) s T x—ﬁ<5 <U+§ »(0) el >0, ezx>—§
EH 11 82(20)
exp[—2(8 cth z + px)] sh® xdr = iﬁ%lﬂ(u —v) X
X [Wf;LJr%,V(Zlﬁ) - (M - V)M/fp,fé,y<46)]
[Re3>0, Reu>Rev|.
ET 1165(31)

exp (7 she ) e o e = w, (50%) D, (57F)  [Rew> 0, s < ]

EH 11 120(10)

Fexp(2vz —28shx) 1 = 1 1 1
/O \/th dv = 2 36[JV+Z(ﬂ>J’/—z(ﬂ>+Nu+z(ﬂ>Nu—z(ﬂ)] [Reﬂ > O}
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exp(—2vz — 28 shx)
Vshaz

13. /
Jo

402

dx = % \Y WSﬂ[JV—Q—i(B)Nu—%(ﬂ)_JV—

p(—23 shx) sh2
exp(—20 shx) sh ve o

o)
14. /
J0

vshz

exp(—28 shx) ch2vz

15. /
0

vshx

16 /Ooexp( 283 chz) ch2vzx
o Vehz

_l W vri (1) (2) .
-1 2{ R

[Re 5 > 0].

1

7T3
dr = -\/ f{ T HY] (BH (8) +

s [TewlRddh Dl (5 ey, (9
Jo chx : !

1

4
+ efl/ﬂiH(;lV(ﬂ)HEQly(ﬂ)] [Re ﬂ > O]
" _¢ﬂ (B [Ref>0).
2 [Re 8 > 0]

[Re 5 > 0].

dr =

o0 COS {(1/ + Z) 7T:| exp(—2vz — 23 shx) + sin [( + i) 7T:| exp(2vr — 203 shx)
18. /
0

1

(B [Ref >0

1
4

dz =

oo SIN |:<l/ + Z) 7T:| exp(—2vz — 23 shx) — cos |:<l/ + i) 7T:| exp(2ve — 23 shx)
19. /
0

2

= LB, BNy (B) = 1L (B)N 1, (8)]

vshzx
[Re 3 > 0].
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ET 1169(21)

ET 1170(24)

ET 1170(25)

ET 1 170(26)

ET 1 170(27)

ET 1169(22)



20 /°° exp[—fB(chz —1)] chvz shz
0

_ B
chz(chz — 1) dr = e’ K, (f3) [Re 8 > 0].

3.548

oo — 2 2
1. / e shazldy = =, |2 exp (a_) I, (a_) [Rep >0, a>0].
Jo 4V 2u S/ * \8u

00 . — 2 2
2. /O e M ohax? do = % % exp <g—‘u> I—i (g—‘u> [Re,LL >0, a> 0],

3.549

1. / e %% sh[(2n+1) Arsh z] dz = Og,41(8) [Re 8 > 0] (cf. 3.547 6.).
Jo

2. / e A% ch(2n Arsh z) dz = Os,(3) [Re 8 > 0] (cf. 3.547 8.).
Jo

403
3. /.ooeﬁw sh(v Arshz) de = %So,u(ﬂ) [Re 8 > 0] (cf. 3.5475.).
Jo

1

ﬁSLV(ﬁ) [Re 5 > 0] (cf. 3.547 7.).

4. / e P ch(v Arsh z) de =
Jo
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ET 1169(19)

ET 1166(42)

ET | 166(43)

3.547
ET1167(5)

3.547
ET 1 168(6)

3.547
ET | 168(7)



3.547

A number of other integrals containing hyperbolic functions and exponentials, depending eroA#sith x can be found by first

making the substitution = sht orz = ch .

3.55- 3.56 Combinations of hyperbolic functions, exponentials, and powers

3.551

1. / 2" e P shyx dr = %F(/L)[(677)_“7(6—%7)_“] [Re s > —1, RefB>|Renl.
Jo

ET | 164(18)
> . 1
2. / 2" e Pt chya de = §F(u)[(5—7)_“—%(54-7)_“] [Repu >0, RepB>|Req|.
Jo
ET | 164(19)
3. / M Le P cth xdrx = T(p) {21‘% (,u, g) — ﬂ“} [Rep >1, Ref >0].
Jo
ET | 164(21)
4 /Oow"e_(“mq)x sh™ qrdr = 2_mn'§: (m) i [p>0, ¢>0, m<ptgm]
o .k:O k/ (p+ 2kq)nt? ' ' '

LI ((81))(4)

1 —,Bx s
5. / ¢ shyx dr = E [ln fty Ei(y — 8) — Ei(—vy — 5)} (B >7]
Jo = 2 B—7

BI ((80))(4)

S 1
6. / c shyrdr == In
Jo xr 2

X
+
2

[Re 8 > |Re~|].

ET1163(12)

oo —f(x
7. / ¢ chyxdx = %[f Ei(y — 8) — Ei(—y — 9)] [Re 8 > |Re~|].
J1
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ET | 164(15)

“ 00 2
8.6 / ze ¥ cth zdr = T 1.
Jo 4

BI ((82))(6)

* g dr ()
o dx
9. / e PPr— == 42In———72— [Re 5 > 0].
4 2
ET | 164(16)
oo 2
10. / xe” ¥ cth (z/2)dx = L
0 3
404
3.552
O ph e P 1 1
LT e [ L] Rens 1 Ress -1
Jo shx 2
ET | 164(20)
-OOme—lefam 1 T 2m
2. Y gr= By, | (T 0, m=1,2...].
./0 sh az v 2m‘ 2 |(a) la >0, m 2]
EH | 38(24)a
.Oox#—le—m - 1 )
3. ~hz de =2""H(1-2"""T ()¢ () [Rep >0, p#El (=ln2if p=1).
Jo chz
EH 1 32(5)
oo 2m—1 ,—ax 1— 21—2m 2m
4. / x ¢ dr= ‘Bgm|(ﬁ) [a>0, m=12...]
0 chax 2m a
EH | 39(25)a
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6 /wx%_m =T 122% ! =0 1,...].  (cf. 4.2626.)
. 0 axr = —— — n = P N CIL. 4. ..
Jo shz 8 (2k 4+ 1)4 T

3.553

= — In(am cosec ar) la < 1].

1 /'oosh2 axr e~ *dx
" Jy shz x

DO | =

%< g} 2 7 .~ ] 4
2. / s 2 . u — ln — (Cf 4267 2)
Jo cha x &

N | —

3.554

3
N . F<ﬂ+ >
1. / eiﬁw(l—sechs)—x:2ln—
Jo

4
T F<ﬁ—|—1>
4

oo e (59 15
2. -/o e <x cosech z | dx =1 5 ln2 [Re 3 > 0].

dx

- a(3-9)
Jo

= —(1-=28)e""| — =2 InT(8)—Inm+In(sin 73)
sh 3 x
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[0 <Ref < 1].

4.261
BI((84))(4)

4.262
BI ((84))(6)

BI ((95))(7)

4.267
BI ((95))(4)

ET1164(17)

ET | 163(10)



oo—ﬁﬂc li ,é)é l
4. /0 e ( cth:u) d£—¢<2 hl?+ﬂ [Re 8 > 0].

x
ET 1163(11)
405
> shgs d: 1 1
5. / {—bqu—l—2qem}—£:2lnF<q+—>+lncos7rq—ln7r [q2<—} .
0 sh x 2 2
WH
6. / 2" re P (cth x—1) dz = 21 FT ()¢ (,u, g + 1) [Re 5 >0; Repu>1].
Jo
ET 1164(22)
3.555
' sh? ar dr 1 D 2am
1. —=—-In|{ — sin — 0<2 . f. 3.545 2.).
./0 1—epr z 4 n<2a7r S p) [0 < 2af <] (c )
3.545
BI ((93))(15)
> sh? d 1 1
2. /0 Sex ff A ~1 In(ar ctgar) [a < 5} (cf. 3.545 1.).
3.545
BI ((93))(9)
3.556
1 /oo L=y g2 T [p<1]  (cf 4.255 3.)
. x r=—— — cf. 4. ).
o Shz 2 & 2 P

4.255
BI ((101))(4)

01 _ ez | _ e (pth)z
2. / c : ¢ dr =2pIn2 [p>—1].
0 shx x
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3.557

n+q+=k p+k
0 TP _ pT (y m 2 km r 2n r 2n
1. / —_——— =2 cosec —WZ(—I)k71 sin (—W> In
Jo n n

r n+p+k I q+k
2n 2n

[m+n odd];

—k k
TR SHE
= 2 cosec —7 (—1)F1 sin <ﬂ7r> In & ? nk
no = n F<n—|—p >F<q+ )

n n

[m+n even]; p>-1, ¢>—1].

BI ((96))(1)

2 [ -
0

ch x + cos %W T

k+1\1" . (k+2 k
oy P ) ) ()
= 2 cosec @WZ(—l)kfl sin <ﬂ7r> x In & 5 L L
n n
1 I k+1 r n+k I n+k+2
2n 2n 2n
[m+n odd];

2
< k F(n_kﬂrlﬂ r<k+2)r<ﬁ)
= 2 cosec —7 (=1)*~1 sin <ﬂ7r> x In & & &
n n

2
1 {F<k+1>} F(nkz>r<nk+2>
n n n
[m+n even].
BI ((96))(2)
406
It - m e P* gin 2 dx
3 e tg2—ﬂ'——m — =
0 n chz + cos —m

n

n—1 i T (p+n+k)
B m k-1 m 2n
=tg (2nﬁ) In(2n) + 22( 1)"7" sin <—n 7r> In ————~

[m+n odd];
2
n
nol L I‘(P+n7k)
(M 1yt g (R n
_tg(2n7r) lnn+2;( 1) sm( - 77) lnr<p+k> [m +mn even].
n
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(]
|
=
7
L
o
o
wn
N

=2 sec gf(p)

/'°° l1+e® do
o chx+cosa zl-P

chx + cos A 2
+ cos 51—

- T
~zxle™2 ch — o
2 . Tlg+1) S (k! 2

2 2

6 /°° e’wfcosad " a®
. r———dx = lajmr — — — —.
o chx—cosa 2 3

o

- /-oox2m+1 e % —cosar do =2 (2m + 1)!2 cos k:(m'
Jo

k27n+2

chx — cosar
k=1

3.558

]l —e™ 2nm? —n—k
1. rT————dx = —4 .
/0 Tz T3 2

407

n—1

el —e e n—=k

3. / g dr = 8n((3) —8) =~
J0 sh 5 k=1

BI ((96))(3)

L1 ((96))(5)

L1 ((96))(5)a

BI ((88))(8)

BI ((88))(6)

BI ((85))(3)

LI ((85))(1)
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L1 ((85))(6)

L1 ((85))(4)

ol —e® n—=k
3 4
6 /0 T 2 e de = 1—n7r — 242::1 1
BI ((85))(9)
"0 31—|—( 1)re—ne kn
7. ¥ ————dr = —mr + 242
Jo ch ;

BI ((85))(8)

3.559

o 1 1—e™)(1 - —ze " d 1 1
-/0 e la -5t (L-e )Zi shQa;> T @-ae % = a—§—|—ln F(a)—§ In(2m) la > 0].

BI ((96))(6)

3.561
o] 6_2$ 91'
/ 2 dr =2 1In
o xchz 2\/5
BI ((93))(18)
3.562

" 00 5 2
1. -/o 2 Le™ P shya da = %F(2u)(25) " exp <gﬂ> [ <_\/L2—ﬂ> —D_y, (\/%_ﬂ)}
{Reu>%, Reﬁ>0} .

ET | 166(44)
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ET | 166(45)
3. / —Bz*
J0

BI((81))(12)A,ET | 165(34)
4. /o ze P chfydebU—R —epl®<2\>_>+— [Re 8 > 0]
ET 1 166(35)
408
= x V(28 +97) 7 gl gl
5 /o 22 P shx dx NG exp — 23 452 [Re 6 > 0].
ET | 166(36)
> " V(28 +77%) 7
6 /0 z2e P ch~xd YENE exp E [Re 8 > 0].
ET | 166(37)

3.6- 4.1 Trigonometric Functions

3.61 Rational functions of sines and cosines and trigonometric functions of multiple

angles
3.611

27
1. / (1 —cosx)"™ sinnxdx = 0.
Jo

BI ((68))(10)
2m ’ T
2. -/o (1 —cosz)" cosnzdr = (—1) 1
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T g
3. / (cost+isint cosx)" doe = / (cost+i sint cos ) " dx = wP,(cost).
Jo J0

3.612
1.6 / Wdfc:0 for n<m;
0 sin z
=7 for n>m if m 4+ n is odd and positive
=0 for n >m, if m +n is even.
T e
2. / SIP ne de =0 for n even;
Jo sinz
=7 for n odd.
N /’2' sin(2.n —Dax dr=
Jo sinz 2
% 8in 2 11 —1)k-!
4. / o nxda:—2<1—+—~-+L>.
Jo sinz 3 5 2n—1
5 /'”sin 2nx dp — 2/'72r sin 2nx dr = (—1)"4 <1 1 I r n (1)n1> .
Jo cosw Jo cosw 3 5 2n—1

T eos(2n 4 1): 2 cos(2n + 1
6. / cos( n‘+ S dp — 2/ cos(2n + 1)z dr = (~1)"r
Jo cos T Jo CoS T
o 2m—+1
7.7 / sin 2n .COS x dxr = T [n>m > 0]
0 sinx 2
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L1 ((64))(3)

BI ((64))(1, 2)

FI 11 145

GW ((332))(21b)

GW ((332))(22a)
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3.613

l+acosz 1—a2

[a®> <1, n>0].
a

1.6 /’T cos nx dx T <\/1—a2—1>n
0

BI ((64))(12)

T d n
2! / 1 ;OS@ =g <1 oz
o 1—2acosz+a 1—a
T
e
BI ((65))(3)
™ sinnz sinz dx T
3 =-a"! 221, p>1]:
/0 1—2a cosz + a? 2@ [a n 1]
T 2
= ggntl [a®>1, n>1].
BI((65))(4), GW((332))(34a)
T cosnx cos xdx 7 1+a?
A7 =5 nt 221, n>1];
/01—2acosx—|—a2 9 1_a2a a ., n>1j;
2
™ a“+1 5
=omdl gy l>1 m=l];
- 1iaa2 n=0, a®<1].
™
T a(@2—1) n=0, a®>1].

BI((65))(5), GW((332))(34b)

5 /’T cos(2n — )z dx /’T cos 2nx cos x dx
" Jo 1=2acos2z+a2 Jy 1—2acos2zx+a?

BI ((65))(9, 10)

=0 [a#1].

6 /'7r cos(2n — 1)z cos 2z dx
- Jo  1—2acos2z+a?
BI ((65))(12)

=0  [a*#1].

. /’T sin 2nz sin x dx /’Tsin(2n—1):r sin 2z dx
" Jo 1=2acos2z+a? Jy 1-—2acos2z+a?
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N /-71' sin(2n — Dz sinzde _ 7 a1 < 1)
Jo 1—2a cos2x+ a? 2 1+4a ;
T 1 9
=5 > 1].
2 Gtaa @71
9. /'”cos(Qn — 1)z cosxdx T an! < 1]
Jo 1—2a cos2x+ a? 2 1—a ;
T 1 9
25.(a—1)a" [a® > 1]
T s o . )
10. / blIllTL.L' . a blIl<7:_ - S i di — 0 for m <
0 — 20 COS X a
= Eam_n for m > n;
410
11.° /0 Coslnf 2aac((;;)1<7j_ P )JE cosmx dx = E(a\mlfn _ 1) [a2 < 1].

de =0 [a® < 1].

19 /7T sinnx — a sin[(n + 1)z]
J 1 — 2a cos z + a?

dx = ma" [a® < 1].

13 /”cos nx —a cos[(n + 1)z]
J 1 — 2a cosz + a?

3.614'
/7T sin sin px - dx B
o a?—2abcosz+b> 1—2aP cospx+ a?l
P! b
— T o<b<a<l, p=123. ]
(i —p) LO<bseslop ]
maP~ !

— —Printed from Table of Integf@séer@séndmroduq@?cw@\{l.ﬁopyrigﬁt&lqg? @A@ge_mig ﬁ’[ess, Inc. All rights reserved.

2b(bP — a?p)

[a® < 1].

BI ((65))(8)

BI ((65))(11)

L1 ((65))(13)

BI ((65))(14)

BI ((68))(13)

BI ((68))(14)



2
. /”/2 cos 2nx dx ()" [1—=+V1—a? ! a? < 1]
. a .
o l—a2sin®z 2V1-a2

BI ((47))(27)

" cos x sin 2nx dx T . s on (1 s
2. - = —— sin ¢ 2n arctg /= ¢ tg — arccos /| —= | -
Jo 14 (a+bsinz)? b 2 2 2a?

Tcosx cos(2n+ l)xder w \/s 9 1 ¢ s
3. = — cosq (2n+1) arctg /= ¢ tg®" ! = s\ =5 |-
/0 1+ (a+bsinz)? p {( nl)arctg \[5 ¢ te g MR\ 92 )

where s = —(1+ 0% —a?) + /(1 + b2 — a2)2 + 4a2.

BI ((65))(21, 22)

3.616

m 2
1. / (1—2acosz+a>)"de=n (n) a’k.
0

BI ((63))(1)

. /’T dzx B 1/2” dzx B
" Jo (1—=2acosx+a?)"  2J, (1—2acosz+a?)

o & (k1) a2 \F )
B (1*&2)"Z(k:!)2(nfk:fl)! <1a2> [ < 1]

k=0
n—1
k—1)! 1
=T (ntk-1) - 2> 1)
(2 = 1" &= (k)2(n =k — 1)l (a® = D)F
BI ((331))(63)
411
3. / (1 —2a cosz + a*)" cosnxdr = (—1)"ma™.
0
BI ((63))(2)
s 1 27
4. / (1—2a cos z+a*)" cos mx dx = 5/ (1 —2a cos x + a*)" cos mx dx =
0 0
= 0[n < m|;
(/2] e W 2
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5 /27T sin nx dz _0
" Jo (1—2acos2x+a2)m

g inxd 1 1 1
6. / ( FRret = - m—2 [a#ov :l:]-]
0

1—2acos2z+a?)™ 2(m—1)a |[(1—a)*2 (1+4+a)?

1 —2a cosz + a?)™
1/27T cos nx dx B
2/, (172acosx—|—a2)m B
2m+n 2 m— -1 2 — k=9 1— 2\ k
Z m+n m a [a2<1];
17a22m 1 m—1 a?

m—1
T m-+n—1 2m —k -2 9 & 9
== —-— _1 1-
2_1)2m—1 Z ( k ) < m—1 >(a ) [(I > ]

v /'7r cos nx dx _
Jo (

a™(a prs
El cos 2nzx dx 2n\ (b —a?)"
8. = —_— >0, b>0].
/0 (a2 cos? z + b2 sin? z)n+l < n ) (2ab)?n+t1 i @ )

3.617

" dx 2 2/l al

/O (1—2CL COSI+a2)n+1/2 |1+a|2n+1 n <1+a> ) |CL‘#

with

/2 dx
- [ |
) o (1 —k2sin? z)nt1/2’

where theF, (k) satisfy the recurrence relation

ko dF, (k)

—0.1,2....
m+1  dk =% 5SS

Pt (k) = Fu(k) +
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412

and

dx

1 — k2 sin? z)1/2

/2
Folk) = K(k) = /0 :

is the complete elliptic integral of the first kind.

Introducing the complete elliptic integral of the second kind
7 /2
E(k) = / (1 — k2 sin? 2)Y/2 du,
/0
the derivatives

dK  E(k) Kk dE _ E(k) — K(k)

dk — k(1—k%) k' dk k

combined with the recurrence relation lead to

Fu(k) = Fo(k) + k%

= k) + ey = PO
Falk) = 1E—(kk:)2 * g ddk {1E(k22}

s | () B - K @]

3.62 Powers of trigonometric functions

3.621

1 /0

N
SR

sin* ™! zdx :/ cosh ! pdr =92+"2%2B (/_L’ /_L) )
0 2 2
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3.622

N

[ME

[ME]

[ME]

INE]

INE

INE

N

cos? xdr = - )
627 4

sin 2 .’L’d.’L’:/
0

N

2m — !
sin®™ xdr = / cos®™ xdx = @m -1 T
Jo 2m)t 2
z 2m)!!
sin?™t pdy = / cos®t pdr = (2m)
Jo 2m+ 1!

_ _ 1 wov
! cos’ !l wdr =B (L, 0) [Rep>0,
sin T COoS T dx 5 5’ 3 [Re > 0,
tg™ xdr = T sec KT [| Re p| < 1].
2 2
1 1
tgh vdx = =03 <M+ ) [Re pn > —1].
2 2
- n—1 (71)]‘,
te?” pdr = (—1)" = S e
g ade = (C0" 7+ D 5oy
k=0
In2 (—1)F
t 2n+1 dr = (—1 n+127" % - 7/
g wde = ()" TR ) 5

Fl 11151

FI 11151

Rev > 0].

LO V 113(50), LO V 122, FI 11 788

BI ((42))(1)

BI ((34))(1)

BI ((34))(2)
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3.623

[ME
[N

1. / tgh !z cos® 2 xdr = / ctgh ™!z sin®"? zdr =
Jo Jo
1
=§B(g,y—%) [0 <Rep <2 Rev].

BI((42))(6), BI((45))(22)

INE]

1 1 1
2.6/ tgh x sin? xdr = ZMB(M; )1 [Re pn > —1].
Jo

BI ((34))(4)

INE]

1-— 1 1
3.6 / tgh x cos® xdr = e (i> + - [Re > —1].
Jy 4 2 1

BI ((34))(5)

3.624

GW ((331))(34b)

{% <Rep < 1} .
LI ((55))(12)

414

cos™" "z 2 (2n — !

————dr = ————
cos?ntl g 2 (2n)!!

w
S—
INE]

BI ((38))(3)

I )
4. / C(;S—x+da;:22“B(u+1,u+1) [Repu > —1].
Jo cos2ntl) g
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T L 2u—2
4 s1n X _
J0

BI ((35))(4)

sinx

ud . 2
2 1
6.6 / <Sm ax) de = _a277 ~5 sin ra[2af(a) — 1], [a > 0].
0

3.625
1 /% sin?" ! z cos? 2z (n—1)! T(p+ 1)
’ €T = . _
o costrETha 2 T(p+n+l)
(n—1)! 1
= = —B n, =+ 1 > -1 ,
prmprn—D. . pr1 2ometd P>l

(cf. 3.251 1.).

3.251
BI ((35))(2)

T - 2n
4 sin“" x cosP 2x 1 1
5. /0 e dr=1B <n+§,P+1> p>—1  (cf 3.251 1),

3.251
BI((35))(3)

5 /'ZLr sin?"~! 2 cos™" 2 2 p (2n —2)1(2m — !
. xr = .
0 cos?nt2m g (2n 4 2m — 1!
BI ((38))(6)
4 /‘I SiIlQn €T COSmj% 2x I d (271, — 1)”(27)1 - 1)” ™
. €T = .
Jo cog2nt2m+l g (2n +2m)!! 2
BI ((38))(7)
3.626
. T gip2n-l T oo o de — (2n — 2)!! £ 3951 1
) o g cos 2z dx = 2nr (cf. 3.251 1.).
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3.251
BI ((38))(4)

INE]

:.2n
sin“™ x 2n-D =«

3.251
BI ((38))(5)

415
3.627

1

x = L)l | = —

/5 tgh z d /5 ctgh x d (1) (2 M) W
€T = €T =

o Cost x o sinf z 20/ 2

BI ((55))(12)a

3.628
3 i 2P e
/2 sechJrlxwdx: ! F(p—i—l)F(l_p) [l>p>0}~
Jo
WA 691

3.63 Powers of trigonometric functions and trigonometric functions of linear functions

3.631

. am
™ 7 sin —
1. / sin’~! x sin ax dr = n _’_% 1 [Rev > 0.
v v—a
70 2""1uB ( ; , 5 )

LO V 121(67a), WA 337a

oS %r [Rev > 1].

/2
2.7 / sin”=? z sinvrdr =
J0o ]. %

GW((332))(16d), FI | 152

T
3.6 / sin” z sinvedr = 2 Y7 sin % [Rev > —1].
J0
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T
4. / sin” z sin 2max dx = 0.
Jo

GW ((332))(11a)
T /2
5. / sin®" z sin(2m + 1)z de = / sin?" x sin(2m 4 1)z dx =
Jo Jo
(—1)m2n ipl(2n — ! m < nl
= m < nlx;
(2n —2m — DHN(2m + 2n + 1)!! -
(=127 ipl(2m — 2n — )20 — 1)!! m > ]
= m > nl.
(2m +2n 4+ 1! -
* Form = n we should se2n — 2m — 1)!! = 1.
GW ((332))(11b)

T /2
6. / sin?" ™ 2 sin(2m + Dadr = 2/ sin?" !z sin(2m + 1)z de =
Jo 0
(=" (2n+1 .
=it \pom) 27
=0 [n < m].
BI((40))(12), GW((332))(11c)
416
7. / sin” x cos(2m + 1)z dx = 0.
Jo
GW ((332))(12a)
am
™ T COS —
8. / sin”~!  cos axdr = 2 [Rev > 0].
Jo 91,1 v+a+1l v—a+1
2 ' 2
LO V 121(68)A, WA 337a
/2 T
9. / cos” ™1 x cos ax dr = [Rev > 0].
Jo o B <u+a+1 u—a+1>
2 ' 2
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w/2 U
10. / sin”~2 z cos va dr = sin — [Rev > 1].
0 v—1 2
GW((332))(16b), FI I 15 2
T T v
11. / sin z cosvxdr = v oS [Rev > —1].
Jo

LO V 121(70)a

" s.2n /2 . 2n (*1)"7' 2n
12. sin“™ x cos 2max dx = 2 sin“" z cos2ma dr = —— ™ [n > m];
Jo Jo

=0 [n < m].

BI((40))(16), GW((332))(12b)

s
13.7 / sin?"*! 2 cos 2max dx =
Jo

(=1)m2n in!(2n + 1N
(2n —2m + DH!(2m + 2n + D!
(=) Fiantinl(2m — 2n — 3)!1(2n + 1!

— <m —1].
(2m + 2n + ! n<m—1]

7 /2
= / sin®" ™!z cos 2ma dx = [n>m —1];
0

GW ((332))(12¢)

1

v —

/2
14. / cos” ™2 x sinva dr = [Rev > 1].
/o

GW((332))(16c), FI Il 152

T w/2
15. / cos™ z sinnrdr = [1 — (—1)"""] / cos™ z sinnxdr =
0 0

gy {SEml man—2k =2 min—m = 2
=[-nm }{kz_o(mkz)! (m +n)!! * (m + n)!! }

2 n—m=40+2>0],
s=¢ 1 n—m=20+1>0],

{m [m < n],
r =
L0 n—m=4 or n—m<0]

n [m>n],

GW ((332))(13a)

1 2k
on+1 ?

/2
16. / cos" x sinnx dx =
0 k=1
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s
17. / cos” x cosmxdr =
Jo

2

=[1+ (—1)m+"]/ cos” x cosmz dr =
" n!
§ (m—n)(m—n+2)...(m+n) < ml;
(14 (=1)™*"] 2:+1 (Z) [m <n and

n!
(2k+ DN (2m + 2k + 1!

0
where s = 1

(-1

[m<n and

[m —n = 2k],
[m—n =4k + 1],
[m—n=4k —1].

417

(=1)™ sinarm

s
18.6 / cos™ x cos ardr =
Jo 2m(m + a)

2F1 <—m, -

?

n—m=2k];

n—m =2k +1];

GW ((332))(15a)

WA 313

19. / cos” "% x cos vz dr =0 [Rev > 1].
Jo
GW((332))(16a), FI Il 152
20 [ cos” a cosmads = R 1
S, cos™ x cosnzdr = ooy [Ren > —1].
LO V 122(78), FI Il 153
3.632
- (2 ()
1. / sin? ! z cos [a (z - :r)} dx = 2P~1 2 2 I'(p) [p* < a?].
Jo 2 I'(p—a)l'(p +a)
BI ((62))(11)
.am
.z - 7 sin —
2. / cos” ! x sin [a (:r + —)} dox = 2 [Rev > 0].
J = 2 1,5 <V+a—|—1 v—a-+1

2 2

)
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—1

3.* !/0.2 cos? z sin[(p+2n)z| dz = (_1)711;;)]% <n ; 1> [n > 0].
LI ((41))(12)
4. /7T cos" !z cos[m(z—a)]dr =[1 — (=1)"T"] = /E cos" ™ x cos[m(z — a)] dr =

B [1— (=1)"*™]71 cos ma

= n > ml.
o1, B <n+m+1 n—m—l—l) (= m]

2 ' 2

LO V 123(80), LO V 139(94a)

418
g ptq—2 T(r— ) — il
5. /0 cos x cos[(p—q)z| dx = 3 - 1(p1g—1)Bp 9 [p+q > 1].
WH
3.633
1. / cosP™! x sinaz sinzdr = Cj_r )
a —a
0 2p+1p(p+1)B<p2 +1,p2 +1>

LO V 150(110)

2. / cos” x sinnz sin 2mx dx = / cos™ x cosnx cos 2maz dr = LQ ( " ) .
0 0 272 \m
BI ((42))(19, 20)
3 /72r cos" ™ x cos[(n+1)z] cos 2mx dx = ﬂ- nol [n >m—1]
- J ool \m— 1 ’
BI ((42))(21)
4 / F o d {1 !
. cos?T4 x cos px cos qr dr = + +q > —1].
Jo preend e ' g 0B L g e
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[ME

o |
J0
3.634

1. /0

N

[ME

2. /O

N

3. /0

3.635

1. /0

INE]

419

o |
J0

[ME

N

3. /0

pra : o p) (q)_ ™ I(p+qg+1)
oSt e quxdz_%ﬂﬂg(k,’ k) 20tat2 [T(p+ DI (g+1)

[p+q>—1].
BI ((42))(16)

sin”~! z cos” ™! x sin(utv)z dr = sin '%T B (p, v) [Repn >0, Rev>0].

BI((42))(23), FI Il 814a

w

v=1 2 cos(pu+v)r dx = cos Y B (p, v) [Repp >0, Rerv>0].

sin®~! z cos

BI((42))(24), FI Il 814a

T
cosP ™1 x sin px cos[(n+1)x] sinx dx = 2p+7:z+1 T(f;(—p?) [p > —n].
Bl ((42))(15)
1 1
cos" ! 2x tgxdr =~ |y prl 7¢,(ﬁ) [Re pu > 0].
4 2 2
BI ((34))(7)
I'(
cosPT2" g sin pr tg x dr = 2p+2n+1r (kz) p tnoh) _
=0
F + 2
Pr (p+ n) [p> —2n].

T 202l T(n+ Dl(p+n + 1)
BI ((42))(22)

cos" ! z sin[(n + 1)x] ctg zdx = g

BI ((45))(18)

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



3.636

1. /0

3.637

N

[ME

N

[ME]

[N

N

tg™" z sin 2z dx = '%T cosec 1 [0 <Rep < 2|

x cos 2x dr = :F% sec % [|Re p| < 1.

tg:tu

(p+q)m

5 B (p+q—1, 1-p) [p+q > 1> pl.

tg? x sin?"? z sin gz dx = — cos

(p+qo)m

tg? x sin?"? x cos qx dxr = sin B (p+q—1, 1—p) [p+q > 1> pl.

ctg? x cos?? x sin gr dx = cos %B(p—i—q—l, 1-p) [p+q > 1> pl.

ctg? x cos?™? x cos g dx = sin p77r B (p+q—1, 1—p) [p+q > 1> pl.
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BI ((45))(20)a

BI ((45))(21)

1
dx = {—5 < Rep < 1} , (cf. 3.251 1.).

3.251
BI ((45))(13, 14)

GW ((332))(15d)

GW ((332))(15b)

GW ((332))(15¢)



T 2
4 sin“" x dx T 1
1. / = — sec umw [ Re p| < —} , cf. 3.192 2.).
Jo coshts 2z cosz 2 | | 2 ( )

3.192
BI ((38))(8)

420

1
7r 1 r — | I'(1 —
/Isin‘ka 2z dx 2 <M+2> 1=w) . (2#—1 >
2. sin us
0

1
= . - = < R < ]. .
cost 2x cosx 2 — 1 VT 4 { 2 o }

BI ((38))(17)

GW((332))(17), BI((45))(5)

3.64- 3.65 Powers and rational functions of trigonometric functions

3.641
L /% sin? 7t z COSTP x d — /% sinfp x cosP~! x dr = T cosec pm ab>0, 0<p<i]
Jo acosx+bsinx Jo asinx+bcosx al=rpp
GW ((331))(62)
) /M _ /le e LmPP e Ll<p<al
Jo (sinx 4+ cosz)3 o (sinz+ cosz)3 2
BI((48))(5)
3.642

[N

1 / sin?*~ ! 2 cos? ! zdx 1
Jo (a2 sin® z + b2 cos? x)ntr  2aHH%

B (4, v) [Rept >0, Rev>0].

BI ((48))(28)

N

n on
5 / sin" 'z cos™ ! zdx B (5’ 5) lab > 0]
. = a .
Jo (a2 cos? x + b2 sin® x)n 2 ab?"
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GW ((331))(59a)

N

3 / sin®" x dx
o (a2 cos?z + b2 sin? )+l

1 /'7r sin?" x dx B
2J)y (a? cos? x + b2 sin? x)n+!
B /% cos?" z dx B 1/7T cos?" x dw  (2n—-Dlx
~Jo (@ sin® x4+ b2 cos? z)n !t 2)y (a2 sin? x4 b2 cos? z)ntl 2ntiplgh?ntl
[ab > 0].
GW ((331))(58)
A /% cosPt2" x cos px dx "o —k p+k—1 pr—1
o (a2 cos? x + b2 sin? x)n+1 P n k (2a)I=k+1(q 4 b)ptk
[a>0, b>0, p>-2n-—1].
GW ((332))(30)
3.643
"2 cos? x cos prdr 7 (14+a)pt 9
1 - : <1, p>-1].
./0 1 —2acos2x +a?  2°rF1 l—-a la b ]
GW ((332))(33¢)
421

N

5 / sin®™ z cos* x cos Bz dp — (=D)"7(1 — a)?n—2mHL mzf:lmfzkfl I} 2n "
“Jo (1 —2acos2z+ a?)" 22m=0=1(1 + a)?m o1 = = \F !
" 2m—k—-1-2 (a— 1)k
m — 1(=2)!
a* <1, B=2m—-2n—pu—2, pn>—1].

GW ((332))(33)
3.644
L /’T sin™ x dx_Qm_Q%ZCQQ—;]Q)V1B<m+1—2u7m—|—1—2u>+<p2—2q2)k14;
o Ptqcosz it —4q 2 2 —q

A== i

== |1-/1-= [m =2k + 2];
q p
1

Az—lnp+q [m = 2k+1] k>1, ¢~0, p*—¢*>>0].
q pP—q
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T osin™ -1 1
2 /;m%dx_zm—ng(m m) m > 2]
o l+cosz 2 2

N /wﬂdIZleB (WLl7 m—|—1> m > 9.
o 1l—cosz 2 2

T S.’Q, 2
[ e i)
Jo P+ qcosz q D

T .3 2

. p 1

/ &dx:2£+_<1_p_2> w Pt
o P+qcosx q q

3.645

/7T cos™ xdx T zn:(fl)
o (a+bcosz)"t  2(q + b)"\a? — b2 — (n—k)k!

w (2n =2k — D2k — 1! <a+b>k

a—1b
[a® > b?].
LI ((64))(16)
3.646
™ n . i O, n
L /2(}0b T sinnz sin 2z dx:l{<1+a> _i} [a2<1].
o 1—2acos2z+ a? 4a 2 2n
BI ((50))(6)
422
) /% 1 —a cos 2nz m J T i(m) A a? < 1]
. cos™ x cosmrdr = —— a a .
o 1—2a cos2nz+ a? 2mH2 e~ \kn 2m+1
L1 ((50))(7)
3.647
3 cosP x cos prdr T aP!
== — > —1, >0, b>0].
/0 a?sin® z+02cos2z  2b (a+b)P P “ ’ ]

BI ((47))(20)

3.648

/':Lr tg! xdx 1 m (—1)F-! km
0

- = sin —m X
1+ cos %W sin 2z 2n no— n

n+l+k I+ k .
X || —— | = [m +n is odd];
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Y teTH g d
-/o H%m’%zﬁcosectsinutcosec(uw) [Repu| <1, ¢
3.649
/'5 tgH z sin 2z dx _ T cosec BT [1_ <1a>q (a2 < 1]
Jo 1F2acos2x+a? 4da 2 1+a
T ™ a—1\" 2
— " cosec I |1 > 1
1, cosec [ +<a—|—1) } [a ]
/'2tgi“ (1 F a cos 2z) dp = T e BT [1+ <1a>u} <
Jo 1F2a cos2x+ a? 4 2 14+a
—1\*
=l sec X1 (2 [a® >
4 2 a+1
3.651
1 tgh xdx 1 42 pw+1
— = Y| | Y| —— Rep > —1
/0 1+ sinz cos 3[¢< 3 vl [Re o> —1]
423
1 tgh xdx 1 2 pw+1
2. —_— = —_— —_— Re p > —1J.
/0 1—sinz cosx 3[6< 5 ) TP [Re > —1]
3.652
/'72r tgh x dx /T2r ctgh xdx
1. - - = - = T COSeC [T
Jo (sinz+cosx)sinz J, (sinz+ cosz) cosz
/'72r tgh x dx /T2r ctgh xdx
2. - - = - = —m ctg um
Jo (sinx —cosx)sinz J, (cosz—sinz) cosz

<77,

BI ((47))(4)

[—2 < Rep < 1].

BI ((50))(3)
1];
1] [|Re | < 1].

BI ((50))(4)

BI ((36))(3)

BI ((36))(4)a

0 <Rep<1].

BI ((49))(1)
0 <Rep < 1.

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



3 / ctgh*} xda / tg" % xda
' 0 0(

1
=T sec Rep| < <.
(sinx + cos z) cos x sinx + cos x) cos x m nr [ wl 2}

BI ((61))(1, 2)

3.653
"5 t, 1-2p d g t 1-2p d
L / § xliz :/ ng —— = 227;. [0 <Rep <1].
Jo a?cos?2xz+b2sin®x  Jy a?sin® x 402 cos2ax  2a°Hb*H sinpm
GW ((331))(59b)
T tgh xd > ctgh xd T sec LT
2.7 / g—xf:/ ctg 11256 _ 2 HRE,LL|<1, CL<1].
Jo 1—asin® zx o l—acos®x  2\/(1—a)rt!

BI ((49))(6)

T tgiﬂ xdx ™ i T ) )
3. / = — cosect sec — cos [(— — t) } Reul <1, t°<n?].
Jo 1—cos?tsin® 2z 2 2 2 H [| Re pl ]

BI((49))(7), BI((47))(21)

2 pgTH in 2
. / gTH 1 Sl%l 2:1: dr — 7 cosec 2t cosee P sin [(E _ t) M} [[Repu| <1, ¢*<n?).
o 1—cos?tsin” 2z 2 2

Bl ((47))(22)a

1 —cos? t sin? 2z

. /72r tg! z sin® xdr /72r ctg” x cos? xdx
" Jo 1—cos?tsin? 2z J
™
2

= — cosec 2t sec A;—W oS '%T — (pu+ 1)4 [[Rep| <1, t* <.
BI((47))(23)A, BI((49))(10)
424
6 /% tgh x cos? xdx /% ctgh x sin® zdx B
" Jo 1—cos? tsin® 2z Jo 1—cos?tsin® 2z
= g cosec 2t sec % cos [% — (e — l)t} [Rep| <1, t* <.
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. /72r tg' ! @ cos? wdw /72r ctgh ™ wsin® wde  7(wsint cos put — cost sin uit)
o (I4costsin2z)2 J, (1+costsin2z)?2 2 sin pur sin® ¢
[Repu| <1, t* <.

BI((48))(3), BI((49))(22)

Y tot o d
2. / 8 J:x2=.m [0 <Reu < 1].
o (sinz+ cosz) sin pum
BI ((56))(9)a
3 tgxn=1) 44
3. / g—.x;r::I:Ectg'u—7T 0 < Rep < 2.
o cos? x—sin x 2 2

BI ((45))(27, 29)

3.655

/% tg?t=1 xdx B /% ctg? ! xdx B
o 1—2a(cos t; sin? x + costy cos? z) + a2 B o 1—2a(cost, cos? z + costy sin® x) + a? B
B T cosec pum
(1 —2a costy +a2)*(1 —2a costy +a2)l — p
0<Rep<1, t<n? t3<n?.

BI ((50))(18)

3.656

i tgh xdx Ly fp+l w2
L ./0 181112.’L’C082;L’_12{ ¢< ) < 6 >
o (B e (552) e (252) e (3]
(

[Re po > —1], cf. 3.651 1. and 2.).

3.651
LI ((36))(10)

H tgh~1 x cos? xdx H ctgh~! x sin® zdx T T 24 p
2. — = — = cosec —— cosec T
o 1—sin® x cos? x o 1—sin x cos? x 4/3 6 6

[0 < Rep < 4].
LI ((47))(26)

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



3.66 Forms containing powers of linear functions of trigonometric functions

3.661

27
L. / (a sinz + b cos2)*" ! dx = 0.
Jo

BI ((68))(9)

425

o (2n — )N
2. -/0 (a sinx+b cos:r)Q" dr = W . 27r(a2 + b2)n'

BI ((68))(8)

™ 27
3. / (a+b cosx)" dx = —/ (a4 bcosz)" dr = m(a®> —b*): P, <L) _
Jo 2Jo a2 _ b2

[n/2] .
m (—1)1”(271—2]{)! n—Qk( 2

_ )k 22
2n — kEl(n — E)l(n — 2k)! ) [ > b7

GW ((332))(37a)

/’T dzx 1/2” dx B ™ P a B
Jo (a+bcosz)"*t — 2/); (a+bcosz)nt! _(a2—b2)% "\Vaz —2)

™ (20— 2k - N2k — DN (a+b\"
2"(a+b)"m;§ (n = k)lk! < >

a—b
[a > [[].
GW((332))(38), LI((64))(14)
3.662
1. / : (sec x—1)* sinx dx = /2 (cosec x—1)* cos x dx = pm cosec um [|Re p] < 1.
Jo Jo
BI ((55))(13)
2. /2 (cosec x — 1)* sin 2z dx = (1 — p)pmw cosec pum [—1 <Rep < 2.
Jo
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3. / (sec z—1)! tgx dx = / (cosec z—1)* ctg xdx = —m cosec um [—1 < Rep < 0],
Jo J0
(cf. 3.192 2.).
i dx T
4. (ctgx — 1)H— = —— cosec um [-1 < Rep <0].
Jo sin 2z 2

INE]

dx

5 = W cosec um [|Re | < 1].
cos? x

5. /0 (ctgx — 1)

3.663

v 1
1. / (cos z — cos u)”_é cosax dr = \/g sin” uwl’ (1/ + 5) P ", (cosu)
J0o 2

1
[Rezx>—§; a >0, 0<u<7r}.

3.192
BI ((46))(4,6)

BI ((38))(22)a

BI ((38))(11)a

EH 1 159(27), ET | 22(28)

426

_ VAL (B + DI ()T(2v) sin® ! w
2/T'(5 + 20)T <y + %)

[Rer >0, RefB>-1, 0<u<m].

2. /.u(cos z—cosu)” ! cos[(v+B)z] dx Cg(cos u)
Jo

3.664

1. / (z4+ V22 —1cosx)!dr =nPy(2)
Jo

{Rez>0, arg(z 4+ V22 —1 cosx) =argz for x:—}.
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WH

T T
3. / 2+ V22 -1 cosx)! cosnxdr = Pl(2).
0( ) (g+1)(g+2)...(g+n) i (?)

{Rez>0, arg(z 4+ V22— 1 cosx) =argz for ng,

z lies outside the interval (—1,1) of the real axis

WH, SM 483(15)

T
4. / (z4+ V22 =1 cosz)" sin® ! xdr =
Jo

_ 27 T (p+ D@
= o0 ) Ch(z) =
VAW L [T et
T2v+ )T (v + 1) Crlz) =2 ¢2( IDERE P, 1 (2)

EH | 155(6)A, EH | 178(22)

5. / B+ /32 —1cos(a—x)]"(y+ 72 —1cosa) Hde =
Jo
=27P,[By — V/[(? —1V~v? — 1 cosd] [Re3 >0, Rey>0].

EH | 157(18)
3.665
T osint ! zde 2n—1 [T
1. / = B( ) [Repp >0, 0<b<al
Jo (a+0bcosx)r (a2 — b2)H 272
FI Il 790a
427
T sin® T pda 1 1 1
2. =B — | F — R 0, 1).
,/0 (14 2a cosx + a?)¥ (M’ 2> (VV ,u—l—2 M+2 ) [Repi>0, af <1]
EH 1 81(9)
3.666

27tee (62 — )T (v +5) Q)1 ()

T
—_p—L1 .
1. / (B+cosz) "2 sin® xdr =
J0
'fv+p+ =
Printed from Table of Integrals, Series, and Products CD-ROM. §opyright © 19962)y /Academic Press, Inc. All rights reserved.
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T 1 1
2.6 /0 (ch B+sh 3 cos ) sin™? xdx = \2/—f sh” (B)I (5 - V) P;(ch ) {Re v< 5} .
EH | 156(7)
3. / (cos t+i sint cos z)" sin® ! zda = 272 /7 sin? ¥ tI'(v) Pi;:—l (cost)
J0 2
Rev >0, t*<7?].
EH | 158(23)
o 5monl (v 4 1
4. / [cos t+i sint cos(a—x)]” cos mx dr = ol +1) cosma P} (cost) [O <t< E} .
Jo Fv+m+1) 2
EH | 159(25)
o 5monl (v 4 1
5. / [cos t+i+sint cos(a—z)]” sinma dr = ol +1) sinma P (cost) {O <t< E} .
Jo Fv+m+1) 2
EH | 159(26)
3.667
i osin! 22d r
1. / o s v () [Re po > 0].
o (cosz +sinz)2w 2w+l ( 1>
'ip+ -
2
BI((37)(1)
I in” rd
2. / Sm_ Tar = — COSeC pum [—1 < Rep < 0], (cf. 3.192 2.).
Jo (cosz —sinz)Htl cosz
3.192
BI ((37))(16)
v oG 7
3. / (C(,)sf—b,mx)dx:—E cosec T [—1 < Rep < 0.
Jo sin' x sin 2z 2
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& sin zdzx ™
4. = 0 <Rep <1].
/0 (cosz —sinz)* sin2x 2 coseeHm [ en <]

INE]

sin” x dx
5. (cosz — sinz) cos? @ = [T COSecC pum [|Re u| < 1].
0

INE]

sin” xdz 1-—

i
6. / (cosz — sinz)"—1 cos® x = 9 LT cosec [| Re pu] < 1].
0

. /'5 sin? ™! z cos? ! x

o (sinz + cosx)rtv dz =B (n, v) [Rep >0, Rev >0l

3.668
T fcosz+sinz\ > m
_x \cosz —sinw 2 sin(7 cos? t)
5 /"” (cos u — cos x)*~ 1 sin z dw (1—-2acosu+a?)*~t
~ ), (cosx—cosv)* 1—2acosxz+ a? (1 —2a cosv+a?)*  sinpum
0<Rep<1, a*<1].
3.669

B(p, ¢—p)
(a sinx 4+ b cos )4 T

[q>p>0, ab>0].

(a cosx + b sinx)9

., — e U —p— _
/2 sin?~! x cos? P gz dx /2 sin? P~z cosP~! z
0 0
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3.67 Square roots of expressions containing trigonometric functions

3.671

'z 1 1 1 11 2
1. / sin® z cos”® V1 — k2 sin? xde = - B <a—|— ,6; >F<a; ,—§;a+§+ ;k:2>
J0

2 2
[a>-1, B>-1, |kl <1].
GW ((331))(93)

) /QM(M:EB<a+1,ﬁi>F<a+1»1?a+ﬁ+2;k2>
o Vicrars 2P R

[a>-1, B>-1, |kl <1].
GW ((331))(92)

T osin® zde K (25 — D20 +25 — 1) 12

0o V1—k? sin2x_2n- 223 j1(n + 7)!
2n—1”7rz (25 —DM2 [ k2 Y’ 2oL
ny/1 — k2 4 2233 (n+ ) \k2 -1 21|

LI ((67))(2)

429
3.672
) /% sin” dzx _ 5 (2n)!!
- Jo cos"tl x| Jeos x(cos x — sin x) (2n+ 1
BI ((39))(5)
5 /% sin” dz _ (2n—D)!!
~Jo cos™ x| /sinz(cos @ — sin x) (2n)!t
BI ((39))(6)
3.673

2 d -2
/ +zx/§lf'<sin7T u)
Ju Vsinz —sinu 4

BI ((74))(11)
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3.674

dx

L / =2K(p p? < 1].
Jo \/1£2p cosx + p? () [ ]

BI ((67))(5)

. sin x dx

2' J0 \/1_2pCOSI+p2_2 [p gl]a
2 2
=—  [p =1
p
BI ((67))(6)
N cos z dx 2 - )
g Jo /1 —2p cosx + p? _pmp) E(p)]  [p” <1].
BI ((67)(7)
3.675

. 1
ﬂSln<n+§>l’dI -
L / = —P,(cosu).

WH

1

u COS <n+ 5) T dx

T

2 / = —P,(cos u).
0 2(cos z — cos u) 2

FI 11 684, WH

3.676

z sin z dz 1
— arctg p.

1. _ swmwdr
BI ((60))(5)

2 [t a1 i s = o
0
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430

dr 11{( /% — @2

2
L
0o Vprcostz+g?sin’z P

3.677

2 sin? zdz B \/5 1 V2

"2 cos? zdx V2 V2

3.678

tg? xd 1
8 T _ /1 k2~ E(k)+ - K(k).

2

4
|
0 V1—k2sin? 2z

U [Gos 20 — cos 2 2
5 / ¢wdz:z(1_cow> {UQJ_}
Jo cos 2z +1 2 4
"1 (cosxz — sinx)" 2 (2n — 1!
4. dr = —————.
-/0 JOTES V/cosec z dx 2n)n T

2n — DHIE2m — !

% (cosx —sinz)" 3
5. / ( ) tg™ x+/cosec x dx = (
0

cos"tl g
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3.679

N

. / cos® x dx _
CJo 1—cos? Beos? /1 j2gin? x|
1 T / / / *
— —KE(3, k) —EF(B, K)+ KF(3, k)} .
sinﬂcosﬂ\/m 2

Ryl

MO 138
5 /% sin? x dx -
oy 1-— (1— k"7 sin? B) sin?z /1 — k2 sin? x B
1 m
- X _KE(8, k) — EF(8, ) + KF(3, k)} .~
k2 sin 8 cos /1 — k2 sin? 8 {2 ( )}
MO 138
431
/% sin® z dz _ KE(B.k)— EF(B, k)
Jo 1—k2sin® Bsin®z /1 — k2 sin? & k2 sin 3 cos v/1 — k2 sin? 6.
MO 138
3.68 Various forms of powers of trigonometric functions
3.681
2sin? ! g ocos? T pdr 1
1. = —B(u, v)F(o, p: ptv; k? Rep >0, Rev>0].
L e e = B o v ) [Re ev >0
EH | 115(7)
Zsin?# "tz cos? ! zdx B(u, v)
2. = ' R 0, R 0].
/0 (1 _ kQ Sin2 .Z')MJ'_V 2(1 _ kQ)# [ € [ > 5 ev > ]
EH | 10(20)
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BI ((54))(10)

. . 1, ; _ 0

L8 /2 sin# !z dw S (L+k)"—(1+k) ‘F(l—i—ﬁ)lﬂ(l'u)
Jo cost x(1 — k2 sin? 2)"2 2kp/7 2 2
[—2 < Rep < 1].

BI ((61))(5)

3.682

/% sin“xcos”ir dx_iB<M+1’1/+1>F<U+17Q;u+u+1; Q)
o (a—1bcos? x)e 2a2 2 2 2 2 a

[Rep > —1, Rev>-—-1, a>|b|>0].
GW ((331))(64)

3.683

1. /0

INE]
INE]

11
(sin” 2z—1) tg (% + x) dx = /0 (cos™ 2z — 1) ctgx dr = 7512_;% =

zfé[C—l-w(n—l—l)] [n > 0].
BI((34))(8), BI((35))(11)

INE]
INE]

(sin* 2x—1) cosect 2z tg (% + x) dr = / (cost 2x — 1) sect 2z ctgx dx =
Jo

2 /0

:%[C+¢v(1ﬂt)]; [Re p < 1].
Bl ((35))(20)

432

3. /0

INE
INE

(sin® 2x—1) cosec” 2z tg (% + x) dr = / (cos® 22 — 1) sect 2z ctgxdr =
Jo

1 +7T ¢
=——+—0c T,
25 2 g

BI ((35))(21)

INE
INE

(1—cosect 2z) tg (% + x) dx = %[C—i—w(l—u)}
[Re p < 1.

(1—sect 2x) ctg x dx = /
Jo

4. /O
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/z( (ctgh = — 1) dx :/E (tg" 2 —1)dz —(1—p) [Re p < 1.
0 0

cosx — sinx) sinx (sinz — cos ) cos x
BI ((37))(9)

3.685

1. /O

INE
INE]

(sin”~! 2z—sin”"! 22) tg (% + x) doe = / (cos" ™! 22 — cos” ! 27) ctgx dr =
Jo

= S~ v [Reu>0, Rev>0]

BI((34))(9), BI((35))(12)

[ME

2. -/o. (sin”~! z—sin”"! 2) dr = !/O.g(cos“1 x—cos” ! 1) du = % [w (g) — (%)}

CcoS & sin x

[Rep >0, Rev>0].
BI ((46))(2)

Fl d Fl d
3. / (sin* x—cosec” ) * :/ (cost x—sect x) A tg A;—W [|Re u| < 1].
Jo 0

CcoS & sin x 2

BI ((46))(1, 3)

INE]
INE

4. /O

(sin* 2x—cosec” 2x) ctg (% + x) dzx = / (cost 2z —sect 2z) tgx dx =
Jo

1
:ﬂ—%cosecmr [|Re p| < 1J.

BI ((35))(19, 22)

I I
5. / (sin® 2x—cosec” 2x) tg (% + :r) dr = / (cos” 2@ — sect 2x) ctgx dx =
Jo J0

1
:_ﬂ+%ctguﬁ [[Re p| < 1].

BI ((35))(14)

INE]
INE]

6. /0

(sin”~! 2z+cosect 2z) ctg (% + x) dv = / (cos" ™1 2xtsect 2x) tgx dr = % Cosec U
Jo
[0 <Rep < 1].
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INE
INE]

7. / (sin”~! 2z—cosect 2x) tg (% + :r) dr = / (cos" ™1 2z—sect 2z) ctga dr = % ctg pum
Jo J0

[0 <Rep<1].
BI((35))(7), LI((34))(10)
3.686
/72r tg x dx B /72r ctg xdx oo
Jo cost x4sect x ), sin® x4+ cosech & 4u’
BI((47))(28), BI((49))(14)
3.687
V=l
x = oS
2sin" ! z4sin" "tz ) 2 cost ™t w4 cos? L ) i " [T
1. I dr = P dr = (—, —)
0 COs x 0 sin x (l/—i-,u ) 2° 2
2 cos Tﬂ'

[Rep >0, Rev >0, Re(p+v)<2.
BI ((46))(7)

. v —=
e o x _ N sin 7
2sin* !z —sin” !z >cosh ™tz —cos¥ ( 4 ) wov
2. v dr = =1 dr = T = =
0 costtr=1 g 0 sin* x 2 sin (“H)

. 27 2
[Rep >0, Rev >0, Re(p+v)<d4].
BI((46))(8)

2 gin z 4 sin” z 2 cost x + cos” x T Ww—v T
3. fc‘cg:ﬁdm: —— tgxdx = sec - =
o sin”T x 41 Jo costtV 41 wt+v 2

[Repp >0, Rev>0].
BI ((49))(15)A, BI ((47))(29)

2 gin* z —sin” z 2 cost x — cos” x T nW—v
4. ?c‘cgmdm: —— tgaxdr = tg - =
Jo sinfT" x—1 Jo costtV o —1 w+uv w+v 2

[Repp >0, Rev>0].
BI((149))(16)A, BI((47))(30)
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6 /'5 cos* x —secH x

tgxdr = s tg (,u .
Jo cos” x—sec” x 2v

v

v | 3
N———

3.688

1 /'Ztg”xtg“a: dx
0

: . =(p) —p(v) [Rep >0, Rev >0
cosx —sinx  sinz

Tigh x—tgt M dx
2. / s g- - —— =7 ctg pm [0 <Rep <1].
o cosx—sinz  sinz

434

INE]

3. / (tgh x + ctg! z)de = g sec %r [|Re p] < 1].
Jo

-% 1
4. /(tg“:r—ctg“:r)tg:rdx:——zcosecﬂ [0 < Rep < 2]
Jo 1 2 2
Ttoh—1 5 cpok—L
5 / & T Tir=Trctg®"  [|Rey| <2
0 cos 2z 2 2

T toh g — ctoh ; 1
0 cos 2z w2 2

~

/%tg“x—l—ctg“x
0
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[[Rev| > | Repll

dx = m cosect cosec um sin ut tEnm Re u| < 1].
1+ cost sin 2z F F [tFnm,  |Rep| <1]

BI ((49))(12)

BI ((49))(13)

BI ((37))(10)

BI ((37))(11)

BI ((35))(9)

BI ((35))(15)

BI ((35))(10)

BI ((35))(23)



T goh—l toht
8. / -g victe dx = 7 cosec um 0 < Rep < 1].
o (sinz+ cosx) cosx
BI((37))(3)
T tof o — ctet g 1
9. / .g S dr = —7 cosec umw + — [0 <Rep <1].
Jo (sinz+ cosx) cosx 1

BI ((37))(4)

T to? 1 — ctoh
w0, [T EIOEE g o —p(i)  Rep<1 Rev> -1l
o (cosz —sinx) cosx

BI(37))(5)

i oterl g — ctgh
11. / 8 T8 T r—rctgur  [0<Rep<1].
o (cosz —sinx) cosx
BI ((37))(7)
T otgh x — ctgh 1
12. / 8 LS8 L gp—netgur——  [0<Rep<1l.
o (cosz —sinz) cosx K

BI ((37))(8)

i 1 d
13. / T [Re ).
0

tgh x +ctgh « sin2z  8u
BI ((37))(12)

[N
[N

14 /O 1 dx :/O' 1 dx m I'(v)

(tgh x + ctgh xz)¥ tgx (tgh x 4 ctgh x)v sin2x  22v+ly r ( N 1>
v
2

BI((49))(25), BI((49))(26)

INE]

27 sin £F sin 2F
15. / (tg" z—ctgh z)(tg” z—ctg” x)dx = 2 2 [[Rep| <1, |Rev|<1].
0

COS um + cos vm
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INE]

27 cos - cos X
16. / (tg" x+ctgh x)(tg” x+ctg” z)dr = 2 2 [[Rep| <1, |Rev|<1].
0 COS UT + COS VT

BI ((35))(16)

435

T (tg" x — ctgh 2)(tg” x + ctg” s
17. / (g" v —ctg” o)lte” wtctg” @) \ o SWAT___ ppoiic1 |Rew| < 1.
0 cos 2z cos pum + cos vm
BI ((35))(25)
itg¥ x — ctg” d
18. / 8 T8 T T T g™ [0<Rev<l]
o tg!'x—ctghax sin2x 4p T 2u
BI ((37))(14)
T tg¥ tg” ©  da
19. / g rHctg 7 T e [0 <Rev < 1].
o tghax4ctgha sin2zx 4p 21

BI ((37))(13)

20 /2(1+tgx) -1 dx — (1) —b(p) [u>0, v>0l.
0

(1+tgx)*tv sinz cosz

BI ((49))(29)

3.689
Z (sin® x4 cosect x) ctgxdr T ur ot
1. — = — cosec t cosec — sin — [ < vl
o sin” x —2 cost+ cosec” x v v v
LI ((50))(14)
"3 sin* o — 2 costy + cosect x T umo . pte to
2. — -«ctg x dr = — cosec ty cosec — sin ———— cosec ta €os 1y
Jo sin” x4+ 2 costy + cosec” x v v v v

v>pu>0 or v<pu<0 or >0, v<0 and p+rv<0
or <0, v>0 and p+v>0].

BI ((50))(15)

3.69- 3.71 Trigonometric functions of more complicated arguments
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3.69- 3.71 Trigonometric functions of more complicated arguments

3.691

1 /=

1. m*?d:/w sax® dr = —\[ — :
-/o sin(az”) dx J, cosaz”de = o[ o [a > 0]
FI 1l 743a, ET | 64(7)a
! T
2 / sin(az®) dz = \/—S(\/a) [a > 0].
0 2a
! T
3 / cos(ax?) dr = \/—C(\/E) [a > 0]
0 2a
ETI8(5)a
00 i 2 2
4. / sin(ax?) sin 2bz dr = \/l {cos b—C <i> + sin b—S <i> } [a>0, b>0].
Jo 2a a a a a
ET182(1)a

> 1/ b? b? 1 /7 b?
5. / sin(az?) cos 2bx dx = — - {cos — —sin —} = —\/E cos <— + E)
Jo 2V 2a a a 2V a a 4

[a>0, b>0].
ET 1 82(18), BI((70))(13) GW((334))(5a)

436

o T b2 b b2
6. / cos ax’ sin 2bz dx = \/l {sin —C <—) — cos —S <
Jo 2a a Vva a

)} [a>0, b>0].

Sl

ET183(3)a

o] 1 T b2 bQ
7. / cos azx’ (:032();1:clw—§\/21 {cos—+sin—} [a>0, b>0]
Jo

a a a

GW((334))(5a), BI((70))(14), ET | 24(7)

8. / (cos ax + sin ax) sin(b*z?) dx =
Jo

]_ %’ri ted from Table of Ingggneld, Series, and agdu ts CD-ROM. Copyright @l by Acade iCCE’?ES Inc. All rights reserved.
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ET I 85(22)
9. / (cos ax + sin ax) cos(b*z?) dx =
Jo

:% g{(ww(%)) sin <%>+(1—25(;—b)) cos (%)} >0, b>0].

ET | 25(21)
< e (B4
10 / sin(az?) sin 2bz sin 2cz dr = VT sin —26 cos ( _ZC - E) [a>0,b>0,c>0l.
Jo 2a a a 4
ET 1 84(15)
< e (B4
11 / sin(a*z?) cos 2bx cos 2cx dr = vr oS —26 cos ( _ZC + z) l[a>0,b>0,c>0].
Jo 2a a a 4
ET 184(21)
< e (b2 +
12 / cos(a*z?) sin 2bx sin 2cx dr = vr sin —26 sin ( _ZC - E) [a>0,b>0,c>0l.
Jo 2a a a 4
ET 1 25(19)

13. / Sin(aIQ) cos(be)d;r = 1\/E < 1
70 4V 2

N [b>a>0].
BI (177))(21)
14. ./Ooc(sin2 ax® — sin? b:rQ)d:r=%<\/§—\/§> [a>0, b>0].
BI ((178))(1)
15. /Ooo(cos2 az® —sin? bx?) dx = é <\/%+\/§) [a>0, b>0].

BI ((178))(3)
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BI ((178))(5)

437

17. /000(811’14 az’®—sin* ba?)x = 5(87\/5) <\/§ \/§> [a>0, b>0].
BI ((178))(2)

> 1( = [« 1 ( [x [m
18. -/o (cos4a:r2—sin4b12)d:r:§<\/§+\/%>+3—2 <\/%_\/;——b> l[a>0, b>0].

BI ((178))(4)

19. ./000(0084 az®—cos* ba?) dx = 6i4(8+\/§) <\/§— \/§> [a>0, b>0].
BI ((178))(6)

o0 (o]
20. / sin®" ax? de = / cos®™ ax’ dr = .
0 0

BI ((177))(5, 6)

o 1 < - (2n+1 T
21 : 2n+1 2 d - - _1 R‘F]» O .
/0 s (aaT) dr = G ;;)( ) k 2on 2kt a7

BI ((70))(9)

0o 1 < /2n+1 m
22. 2 (aa?) de = o "
./0 cos (az”) dx 92n+1 ;;) k 2(2n — 2k + 1)a =0

BI((177))(7)A, BI((70))(10)

3.692

1. / [sin(a — 2%) + cos(a — 2?)] dx = \/z sin a.
Jo a

GW((333))(30c), BI(178))(7)a
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GW((333))(30c), BI(178))(7)a

0o 2 _ 2
2. / cos <x_ - E) cos ar dr = \/E cos (a_ - Z) [a > 0].
Jo 2 3 2 2 8

ET 1 24(8)
3 /oo sinfa(1 — %) cosbxd:r——l\/fcos a—l—ﬁ—l—E [a > 0]
“Jo 2V a da = 4 '
ET123(2)
*° 9 1 [ . V¥ oo
4. cosla(l —a7)] cosbrdr = =/ —sin | a+ — + — [a > 0].
0 2V a 4a 4
ET 1 24(10)

R 5 b o 5 b7 1 [m
5. sin | az” + — | cos2bx dx = cos | ax” 4+ — ) cos2bxdr = =/ — la > 0].
Jo a Jo a 2V 2a

BI ((70))(19, 20)

3.693

0 — 2 2 2 2
1. / sin(az?+2bx) dr = \/l {cos v (l — Sy <b—>) —sin v (1 —Cy <b—>) } [a > 0]
Jo 2a a \2 a a \2 a

BI ((70))(3)

-00 — 2 2 2 2
2. / cos(ar?+2bx) dr = \/1 {cos v <1 — (s (b—>> + sin v (l -5 <b—>> } [a > 0]
Jo 2a a \2 a a \2 a

[see Use of Tables]
BI ((70))(4)

438
3.694

=] 2 1 2 1 2
1. / sin(az?+2baz+c) dr = = cos v { <— —Cs (b—)> sinc + <— — 5 (b—)> cos c} +
Jo 2a a 2 a 2 a
T b2 /[1 v? , 1 b?
+ %sm;{<§—5‘2 (;)) SIHC—<§—CQ <;>> cosc}

[a > 0] [see Use of Tables]
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0o b2 1 2 1 2
2. / cos(ax?+2bx+c) dr = = cos — { <— —Cs (b—)> cosc — (— -5 <b—)) sinc} +
Jo 2a a 2 a 2 a
— 2 2 2
—I—\/l sinb— 1—52 b— cosc+ l—C’g b— sin ¢
2a a 2 a 2 a

[a > 0] [see Use of Tables]
GW ((334))(4b)
3.695
> b 2 [ b 2 [b 3 20 [b
1. / sin(a®z®) sin(bx)dx:l —<J —\/— +J 1| —\/— fx/—rK; —\/—
Jo 6a V 3a 5\ 3aV 3a 3 aV 3a T *\3aV 3a
[a>0, b>0]
ET 183(5)
o0 b 2 [ b 2 [b) V3 20 b
2. 33 br)de = —) = T, —\/— Jl—\/— — K. [ —\/—
./0 cos(a”a”) cos(be) d 6aV3a | 3 \3aV 3a g 3aV 3a +7r 5\ 3aV 3a
[a>0, b>0]
ET I 24(11)
3.696
o0 b 3 b’
1. -/o sin(ax?) sin(bz?) dr = —%\/% sin <§ - §7r> J1 <@> [a>0, b>0].
ET183(2)
0o T b2 b2
2. /0 sin(az*) cos(be)dx—%\/% sin(%%) Jo1 <%) [a>0, b>0].
ET I 84(19)

o b B3 b
3. 4 si b2d=E¢— A 0, b>0].
-/o cos(az”) sin(bz”) dx V2 e 57 s la >0, > 0]

ET 183(4), ET | 25(24)

> b Voo b?
4. S(ax’ *b'Qd_E\/— S -2) (o 0, b>0].
‘/0 cos(az™) cos(bx”) dx Vgl ) s [a>0, b>0]

=

ET | 25(25)
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3.697

,/OoC sin <%2> sin(bx) de = ;—\%Jl@a\/g) [a>0, b>0].

439
3.698

OO 2 1
1. -/0 sin <%> sin(b?z?) dx = prA g[sin 2ab—cos 2ab+e 2| [a>0, b>0].

s [ (a 2,2 INNETS —2ab
2. sin { — | cos(b"z”)dzx = w3 [sin 2ab + cos 2ab — e =]
Jo x

“ 00 2 1
3. / cos <—> sin(b?2?) dx = Z\/g[sin 2ab+-cos 2ab+e 2| [a>0, b>0].
Jo

50 1
4. / cos (—) cos(b?a?) dx = 4—\/%[008 2ab—sin 2ab+e 2] [a>0, b>0].
Jo

3.699

e b? V2
1. / sin <a2:r2 + —2> dx = 1 T (cos 2ab + sin 2ab) l[a>0, b>0]
Jo x a

e b? V2
2. / cos (aQIQ + —2> dx = 1 T (cos 2ab — sin 2ab) l[a>0, b>0]
Jo x a
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ET 183(9)

ET 1 24(13)

ET |1 84(12)

ET | 24(14)

BI ((70))(27)

BI ((70))(28)



BI((179))(11, 12)A, ET | 83(6)

e b? V2
4. / sin <a2x2 - —> dy = Y o=2ab [a>0, b>0].
Jo

e b? V2
5. / cos (aQIQ - —> dy = YT g—2ab [a>0, b>0].
Jo

z2 4a

3.711

/sin(a\/u2xQ)cosbxdx—N%Jl(u\/QQ—l—bQ) [a>0, b>0, u>0
0 a

3.712

™

o0 r (%) sin 2
1. / sin(az?) de = ——4——— [a>0, p>1].
Jo par

440

" 00 r (5) COs 2%
2. / cos(az?) dr = ———F— [a>0, p>1].
Jo

3.713

00 1 00 —b k g1 L 1 k(g — 1
L / smMﬂ+Mﬂdx=—§:< )aJﬂr<Q+ >gnLﬁLlii_ﬂ
Jo pi= K p 2p

[a>0, b>0, p>0, ¢g>0].

oo

- L (=) kg + 1 k(g —p) + 1
2. / cos(axP4bx?) dr = _Zua—uqm/pr( a+t ) Cos{ (¢—p) + T}
70 p k! P 2p

k=
Printed from Table of IntegraPs, Series, and Profucts CD-ROM. Copyriﬁht © 1996 by Academic Press, Inc. All rights reserved.

a >0, p>0, ¢>0].

GW ((334))(9b)a

GW ((334))(9b)a

ET 127(37)

EH 1 13(40)

EH 113(39)

BI ((70))(7)



3.714

1. /oo cos(z shx)dr = Ko(z) [Re z > 0].
Jo

2. / sin(z chx)de = gJo(z) [Re z > 0].
Jo

3. / cos(z chz)de = f%No(z) [Re z > 0].
Jo

4. /0 cos(z shx) ch px dz = cos #77‘—](#<2) [Rez >0, |Rep|<1].

'” 2\" 1 1
5. / cos(z ch ) sin®* :rdxzﬁ(—) F<u+§> I,(2) {Rez>0, Re > —5
Jo z
3.715
T © (_1)k—122k—1
1. /0 sin(z sin z) sin ax dz = sin awsg 4(z) = sin aﬂ'; (12— a?)(3 — ). [(2h— 12— 7]
[a > 0].
T : : L[ . : :
2. / sin(z sinz) sinnedr = —/ sin(z sinz) sinnz dr =
J0 ™
=[1- (71)”]/ sin(z sinz) sinnzdx = [1 — (71)"}g¢7n(2)
Jo

[n=0, £1, £2,...].
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MO 36

MO 37

WA 202(13)

WH
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N

2
3. / sin(z sinz) sin 2z dz = — (sinz — 2 cos 2).
Jo z

LI ((43))(14)

s
4. / sin(z sinz) cos ax dz = (1 + cos am)sg, 4(2) =
Jo

& (_Dk—lz%—l
= (1 5 > 0].
(1 + cos ‘”)k; a3 —a?) . [@h—12—ay >0
WA 338(14)
5. / sin(z sinx) cos[(2n + 1)z] dz = 0.
Jo
GW ((334))(53b)
6. / cos(z sinx) sinaz dr = —a(l — cosam)s_1 4(2) =
Jo
1 &0 (_Dk—lz%
= — ]_ —_ 3 -
a(l — cos am) { P kz::la?(Q2 —a?)(4? —a?)...[(2k)? — a?]
[a > 0].
WA 338(12)
7. / cos(z sin ) sin 2nz dz = 0.
Jo
GW ((334))(54a)
8. / cos(z sinx) cosar dr = —a sinams_q 4(z) =
0
B ) 1 &0 (71)]0712219
T oasman {_a_2 * ;a2(22 —a)(42 — a?)...[(2k)? — a?]
la > 0].
WA 338(11)
™ ) 1 * T )
9. / cos(z sinx) cos nz dx = 5/ cos(z sinx) cos nz dx =
Jo J—7
=[1+ (—1)"]/ ’ cos(z sinz) cosnxdr = [1+ (—1)"]%Jn(2)
Jo

Printed from Table of Integrals, Series, and Products CD-ROM. Copyright © 1996 by Academic Press, Inc. All rights reserved.



B 2n — ! 1
10. / cos(z sinz) cos®” xdx = % wa [Ren > ——}
Jo

FI 11 486, WA 35a

i 2
11. / sin(z cos x) sin2xde = —
0

= (sinz — z cos z).
LI ((43))(15)

z
12. / sin(z cos x) cos ax dxr = cos %so)a(z) = % cosec %[Jy(z) —J_v(2)]
Jo

= = sec %T[Ey(z) +E_,(2)] =

1)kl ,2k—1
:cosﬂ (=1) i

2 (17 —a?)(32 —a?)...[(2k — 1) — a?] [a > 0].

WA 339
442
T L[ . nm

13. / sin(z cos x) cosnx dr = 5/ sin(z cosx) cosnz dr = 7 sin — J,,(2).

0 -7

GW ((334))(55b)

: .

14. / sin(z cos z) cos[(2n + 1)x] dx (—1)"§Jgn+1(2).
Jo
WA 30(8)

15. / sin(a cos x)tgxdx = si(a) + g [a > 0].
0

BI ((43))(17)

2 2\" 1 1
16. / sin(z cos ) sin®” z dr = g <—> r (1/ + > H,(2) [Rezx > —5} .
Jo z

2
WA 358(1)
z . am
17. / cos(z cosx) cosaxdr = —a sin —s_1 4(2)
0
= % sec %[J,,(z) +J_.(2)] = % cosec %[Ey(z) —E_,(2)]

00 . .
1 ( 1 ) k—1 Z2h
Printed from Table of Integrals, Series, and P%du
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™ 1 ™
18. / cos(z cos x) cosnzdr = 5/ cos(z cos x) cosnxdr =7 cos %Tjn(z)
0 -

GW ((334))(56b)
19. /2 cos(z cosx) cos2nxdr = (—1)" - ngn(z).
0
WA 30(9)
2 2\"” 1 1
20. / cos(z cos z) sin® xdx = VT <—> r <1/+ —> Ju(2) [Rezx > ——} .
/s 2 \» 2 2
WA 35, WH
T L 2\" 1 1
21. cos(z cosx) sin* zdr =7 =) T (p+ 3 Ju(2) Rep > 5|
Jo z
WH
3.716
Bl 1 _
1. / sin(a tg x) dx = i[efa Ei(a)—e” Ei(—a)] la > 0] (cf. 3.723 1.).
Jo
3.723

BI ((43))(1)

cos(a tgx) dx

o
o
N

I

|

gy
IS
B
V
=

BI ((43))(2)

3. / : sin(a tg z) sin 2z dx = %eiﬂ [a > 0].
Jo
BI ((43))(7)
z -2 l—a —a
4. cos(a tgx) sin® xdr = e [a > 0].
Jo
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1+a

cos(a tgz) cos® xdr = 1

me © [a > 0].

ot
o
N

BI ((43))(9)

SH
o
[ME

sin(a tg z) tgxde = gefa [a > 0].

BI ((43))(5)

~
o~
N

cos(a tgz) tgxdr = f%[e_“ Ei(a)+e” Ei(—a)] [a > 0] (cf. 3.723 5.).

3.723
BI ((43))(6)

sin(a tgx) sin® = tgx dr =

oo
o
[ME]
\
Q
3
Cb‘
s}
)
V
=

BI ((43))(11)

©
o~
N

sin? (a tgz) do = 2(1 ey [a>0]  (cf 3.742 1.).

3.742
BI ((43))(3)

10. / cos? (a tg ) do = %(1 te2)  [a>0]  (cf 3.742 3.).
J0

3.742
BI ((43))(4)

11. / sin? (a tgx) ctg? xdr = %(6_2“ +2a—1) [a > 0].
0
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: d
12. / [1 —sec? = cos(tg x)] e
Jo tgx

BI ((51))(14)
2 am
13. / sin(a ctg x) sin 2z dz = 76_(1 [a > 0] (cf. 3.716 3.),
0

3.716

and in general, formul&s716remain valid if we replaceg « in the argument of the sine or cosine witlg x if we also replace

sin x with cos z, cos = with sin x, hencetg « with ctg x, ctg x with tg z, sec x with cosec x, andcosec x with sec « in the factors.

Analogously,
3.717
./O’zr sin(a cosec z) sin(a ctg ) ccc)l:x = /02 sin(a sec x ) sin(a tg z) sicixx =" gna la > 0].
Bl ((52))(11, 12)
3.718

[ME]

—a

5
1. / sin (gp—a tg:r) tgP ! :rd:r:/
Jo .

cos (zp —a tgx) tg? zdx = Te
0 2 2

[p2 <1, p#H, a>0].
BI ((44))(5, 6)

[ME

2. / sin(a tgz — va) sin” ? 2dr =0 [Rev >0, a>0].
Jo

NH 157(15)

444

cos’ 1z

3. / sin(n tgx + va) ———— dx = % [Rev > 0].
Jo

N

sin x

BI ((51))(15)
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[ME

5. / cos(a tgx + va) cos” xdr =2"""1re™® [Rev > =1, a>0].
Jo

% 5 H/l _ v+l (2(])
6. cos(a tgx —yz) cos” xdx = sz 2T @
0 2:+1 vtV
' r (1 +

{a>0, Rev > —1,

z . .
. / 2 sinnz — sin(nx — a tgx)
0 sin x

cos" ! xdr = {
3.719

1.6 / sin(ve — z sinz) dx = 7E, (2).
Jo

2. / cos(nz — z sinz) dx = wJ,(2).
Jo

3. / cos(ve — z sinz) dx = nJ,(2).
Jo

LO V 153(112), NT 157(14)

BI ((44))(4)

EH | 274(13)a

LO V 153(114)

WA 336(2)

WH

WA 336(1)

3.72- 3.74 Combinations of trigonometric and rational functions

3.721

1. / sin(az) do =" sign a.
Jo T 2
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2. /OOM dx = —si(a).

J1 x
BI 203(1)
3. /00 @ dx — ci(a).
J1
BI 203(5)
3.722
!/O.oo Sixnj_a? dx = ci(af) sin(aB)—cos(af) si(af) [larg B] <7, a>0].
BI((16))(1), FI Il 646a
445

. / smia;) dir — meiaB [a>0, Im@3>0.
J —00 x

3. /Ooo c;)sj_ag dx = —sin(af) si(af)—cos(aB) ci(af) [larg 8] < 7w, a>0].

ET 1 8(7), BI((160))(2)

° cos(ax) - iab
4.* dr = —ime*® a>0, Img>a0|.
/oo r+ 8 | >0

° sin(ax)

Jo 6*37

5.* dx = sin(fBa) ci(fBa) — cos(Ba)[si(Ba) + ]

[a >0, [ not real and positive].
FI 11 646, BI((161))(1)

6.8 / 821(7”) dr = —metaP [a>0, Impg>0.

— X
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°° cos(ax)

7.
0 B—x

8.7/ cos(a:c)d

Joso B—x

3.723
17 ° sin(ax)
: 0 62 +.’E2 -
* cos(ax)
J0o 62 + 22
3 "z sin(ax)

A /°° x sin(ax)
) PP+ a?

5.7

6. /_°° sinfa(b — x)]

c? + 2

v /°° cosla(b — )]

2+ z2

J —oo

r = —me'P [a >0,

Jo ﬂQ—I—xQ

 x cos(ax)
Jo 62 + x?

dx = —cos(af) ci(afB) + sin(aB)[si(af) + 7]

[a >0, [ not real and positive].
ET 18(8), BI(161))(2)a

Im g > 0].

= %[6_(1’6 Ei(a3) — e*® Ei(—ap)] [a>0, B3>0
ET 1 65(14), BI((160))(3)
= %e‘“ﬂ [a>0, Rep >0
Fl 11 741, 750, ET | 8(11), WH
x:geﬂlﬂ [a >0, Rep >0
FI 11 741, 750, ET | 65(15), WH
= me P [a>0, Repf >0
BI ((202))(10)
dx = f%[e_aﬂ Ei(aB) + ¢ Ei(—af)] [a>0, B3>0
BI ((160))(6)
do = %e*ac sin(ab)  [a>0, b>0, c>0].

LI ((202))(9)

do = e cos(ab) [a>0, >0, c>0].
c
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446

dx = 1 [sin(aﬁ) ci(aB) — cos(af) (si(aﬁ) + g)} [larg 8] <7, a>0].

BI ((161))(3)

9. /0 ngfazg dx = % sin(ab) [a>0, b>0].

BI((161))(5), ET 1 9(15)

10. /0 % dr = fg cos(ab) [a > 0].

FI 11 647, ET Il 252(45)

11. | Om% dx = cos(aB) ci(aB)+sin(af) {si(aﬂ) + g} |arg 8] < m, a> 0]
Bl ((161))(6)
°° sin(ax) ~_cos(ab) —1
ET Il 252(44)
3.724

> b —-b 2
/ ot sin(ax) dr = (L sin(aq) + ¢ cos(aq)) re 4V PTd

oo P+ 2qx + 22 /p— g2
[a>0, p>q°.
BI ((202))(12)

/ ot cos(az)dx = <—cq cos(aq) + ¢ Sin(aq)> me VP

oo D+ 2qx + 2 Vp—q?

[a>0, p>q°
BI ((202))(13)
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3.725

L
J0

2 |
J0

-
70

447
3.726

BI ((202))(14)

%%%%%:i%u_ew> [Re >0, a>0]

BI ((172))(1)

BI ((172))(4)

sin(ax) cos(bx) T
Tt T e A sh(aB)  [0<a<b:
= —%e’“ﬁ ch(bp) + % [a>b>0].

ET119(4)

x sin(az) dx

v
70

b3 £ b2z + ba? £ 25
1 —ab : ab . . . . ™

+— {e ? Ei(ab) — e Ei(—ab) — 2 ci(ab) sin(ab) + 2 cos(ab) (51(ab) + —)} +
4b 2

e~ — 1 cos(ab)

N 4b

[a>0, b>0]

ET 1 65(21)A, BI((176))(10, 13)

22 sin(ax) dz

o [
J0

3.727

b3 + b2x + b2 £ 3 -

% [eab Ei(—ab) — e’ Ei(ab) + 2 ci(ab) sin(ab) — 2 cos(ab) (si(ab) + g)} +
+7(e” % + cos(ab)) [a>0, b>0]
ET 166(22), BI((176))(11, 14)

bt + x4 4b3

> d 2 b b
L / cos(ax)dr V2 exp (a_> <Cosa_ +Sina_b> [a>0, b>0].
70

V2 V2 V2
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58 /°° sin(ax) dz

Jo b4—l‘4

" cos(ax) dx
3| S

n /°° x sin(ax) dx _

Jo b4+l‘4

> ./0 bt — at

"z sin(ax)

dx

6.7 /oox cos(ax) dx
Jo

448

bt — 4

I i - . ™
e 2 sin(ab) ci(ab) — 2 cos(ab) (51(ab) + 5) +
+e b Ei(ab) — e Ei(—ab)] [a>0, b>0],
= %{e’“bﬂin(ab)} [a>0, b>0] (cf 3.723 2. and 3.723 9.).
7" ab ab
52 ——= | sin — a>0, b>0].
o (i) sy o 6>
T —ab
= gl —cos(ab)]  [a>0, b>0],
(cf. 3.723 3. and 3.723 10.).
1 - - . T
- 2 cos(ab) ci(ab) + 2 sin(ab) (m(ab) + 2)

— e % Ei(ab) — e® Ei(—ab)]  [a>0, b>0)],
(cf. 3.723 5. and 3.723 11.).

. /°° 22 cos(ax) dx
' Jo b4 + I4

[a>0, b>0].
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Bl ((161))(12)

3.723
Bl ((161))(16)

BI ((160))(23)a

3.723
Bl ((161))(13)

3.723
Bl ((161))(17)



8.7 /'OQ:C2 sin(ax) dz

1
J, Gt 4—b[2 sin(ab) ci(ab) —

— 2 cos(ab) (si(ab) + g) — e % Ei (ab) + ¢ Ei (fab)}
[a>0, b>0],

3.723
BI ((161))(14)

22 cos(ax)dr  m . Cab
o [ R = @)~ a0, 0>

BI ((161))(18)

bt + x4 2

oo 3 s
0. / de_zexp<a_b) cos 2 a0, b>0).
0 V2

Bl ((160))(24)

00 3 i (o B
11. ./0 %dx:%[e*ab_cos(ab)] [a>0, b>0],

BI ((161))(15)

% 3 o8
12.7 -/0 % = % [2 cos(ab) ci(ab) + 2 sin(ab) (si(ab) + g) +

+e " Ei(ab) + ¢ Ei(=ab)]  [a>0, b>0],

3.723
BI((161))(19)
3.728
> cos(ax) dx _ (Bem — qem )
L[ G s 670 Re8>0 Rer>o
BI ((175))(1)
> xsin(az) dx (e — e )
> /o (8% + 22)(72 + 2?) o 2(72 — 3?) [a>0, Ref >0, Revy>0
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' 2% cos(ar)dr  w(Be” P —yem )
> /0 (B2 +a?) (2 +a?) 2082 =92 la>0, Ref>0, Rey>0].
*  Psin(ax)de  w(BPeP — %)
+ /0 (82 + 22) (72 + 22) 2(82 — ~2) [a>0, ReB8>0, Revy>0].
5. /Ooo = co:}gc)z(xc)de = _ (b sigl()ccz(cl)ﬂ—cczi)n(ab» >0, b>0, c>0].

°°  x sin(az)dx _ m(cos(ab) — cos(ac)) a
6. /0 ) - [a > 0].

2(b% — 2)

449

= [a>0, b>0, ¢>0].

< 22 cos(ax) dx m(c sin(ac) — b sin(ab))
] e 27— )

= [a>0, b>0, ¢>0].

< 23 sin(ax) dz 7(b? cos(ab) — 2 cos(ac))
= 22 — )

3.729

° cos(ax) dz ™ b
1. Y = =1 b)e >0, b>0
/0 (02 + 22)2 255 L Habe [2 >0, )

= —ae [a>0, b>0].

5 /oo zsin(ex)de w© _,
o (b*+a2)? 4b
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BI ((175))(2)

BI ((174))(2)

BI ((175))(3)

BI ((174))(3)

BI ((175))(4)

BI ((174))(4)

BI ((170))(7)



> 1— 22 ™ _
3. /0 cos(px) m dr = 76 P,

BI ((43))(10)a

2d sin(ax)dr  w —ab
BI ((170))(4)

3.731

Notations2A42 = /b4 + ¢2 + b2,2B% = /b* + 2 — b2,

°  cos(azx) dx 7 e (B cos(aB) + A sin(aB))
1. — S = — >0, b>0 > 0].

BI ((176))(3)

oo 3 d
2. /O % - %e*‘“‘ sin(@B)  [a>0. b>0, ¢>0].

BI ((176))(1)

00 (.2 2 —aA — i
N / (x* + b°) cos(az) dx _me (A cos(aB) — B sin(aB)) @a>0, b>0, c>0].
0

(22 +b%)% + ¢ 2 Vbt +e?
BI ((176))(4)

*z(z? +0?) sin(ax)dz 7 _,
4. /0 (22 + b2)2 1 &2 = e A cos(aB) [a>0, b>0, c¢>0].
BI ((176))(2)
3.732
oo 1 1 ) . . .
i /0 [52 T B rap) Snlandr=ge 7 sin(ay)

[a>0, Ref >0, ~+ifisnot real].
ET 1 65(16)
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450

Y+ Y-

ET18(13)

3. /0 [ﬂ2+(“/+x)2_ﬂ2+(’7_1')2
[a >0,

} sin(ax) de = me~* cos(ay)
Re3 >0, ~ -+ ifBis not real].

LI ((175))(17)

4 / [ﬁQ _g&_i ERR _g(;f e } cos(az) dz = me~* sin(ar) [a>0, |Imal<Ref].
0
LI (176))(21)
3.733
oo cos(ax) dx ™ sin(t + ab sin t)
1. = — D (—ab ty——M  ~
,/0 x4 420222 cos 2t + b 23 exp(—ab cos1) sin 2¢
a>0, b>0, \t|<g} .
BI ((176))(7)
oo z sin(az) dx sin(ab sin t) T
2. = T exp(—ab cost) nI SY) 0, b>0, [t —}.
,/0 xzt 420222 cos 2t + b 2b? exp(—ab cos1) sin 2t ¢ ” It < 2

5 /°° 22 cos(ax) dz
Jo @t + 20222 cos2t + b4 2b

A /°° 23 sin(azx) dz
CJy @t +20%22 cos 2t + b4

5 /°° sin(ax) dz
Jo m(at + 20222 cos 2t + b4

ul exp(—ab cost)

g exp(—ab cost)

) = % [1 — exp(—ab cost)

BI((176))(5), ET | 66(23)

sin(t — ab sin t)
sin 2t

a>0, b>0, \t|<g}.

BI ((176))(8)

sin(2¢ — ab sint)
sin 2t

{a>0, b >0, \t|<q.

2
BI ((176))(6)

sin(2¢ + ab sin t)
sin 2t

s
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3.734

Fsin(ar)dr 7 ab ab
1. /0 2(b* + %) 26 [1 exp< \/5) cos \/5} [a>0, b>0].

" sin(ax) dx T 7(1
> /0 oot — oy ai b —cos(ab)]  [a>0, b>0].

3.735

°° sin(az) dx ™ 1 _.
/0 m—ﬁ{lie (2 + ab) [a>0, b>0]

451
3.736
¢ cos(azx) dx T, o
1. 0 5 220 — ) = 8?[8111(ab)+(2+ab)e ] [a>0, b>0]
0
(cf. 3.723 3. and 3.729 1.).
°*°  zsin(ax)dx ™ Y
2. / 02 + 22)(b* — 24) @[(1 + ab)e™ " — cos(ab)] la>0, b>0]
0

(cf. 3.723 3. and 10. and 3.729 2.).
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BI ((172))(7)

BI ((172))(10)

WH, BI ((172))(22)

3.729

3.723
BI ((176))(5)

3.729

3.723
BI ((174))(5)



3.729

3.723
BI ((175))(6)

* 2¥sin(ax)de w0 o
= /0 02 +22)(b* —2%)  8p2 [(1 —ab)e cos(ab)] [a>0, b>0]

(cf. 3.723 3. and 10. and 3.729 2.).

3.729

3.723
BI ((174))(6)}

< 2% cos(ax) dx T Ca
5. / 0+ 29 (0 — o) = g[sm(ab) + (ab — 2)e™ ] [a>0, b>0]
0
(cf. 3.723 2. and 9. and 3.729 1.).

3.729

3.723
BI ((175))(7)

" 25 sin(ax) dx ™ u

6. / 02+ 22) (bt — o) :§[(ab—3)e b — cos(ab)] [a>0, b>0],
0

(cf. 3.723 3. and 10. and 3.729 2.).

3.729

3.723
BI ((174))(7)

3.737

@+ a2 (@) (- 1) &

n—1 n—1 —ab
Printed from Tgk% ;]Jf)lntegra@', Serigs, and Producfs gD-ROM/é_%p right © 1996 by Academic Press, Inc. All rights reserved.
b2r=1(n —1)! [ dp™—! VP

VAN | r o1 B AU |

] /oo cos(ax)dr me~ab S (2n — k — 2)!(2ab)*
0 Eln —k—1)!

p=1



o . d —aB L (2n — k — 2)!(2a3)F
) / x sin(az)de _ mae (2n M2a8)" S0 Rep >0l
0

(22 + B2)ntl — 22nplgen-l = kln—k—1)

GW ((333))(66c)
0o sin(a:r) dx T e_aﬁ
> /0 I(62 —|—.’L’2)”+1 = 2ﬁ2n+2 |:1 - WFn(aﬁ)}
[a>0, Ref>0, Fo(2)=1, Fi(2)=2+2....,F(2) = (2 +20)F1(2) — 2F)_(2)]
GW ((333))(66¢)

452

"z sin(ax) dx wa —ab
4. — = 1 b)e™ 0, b>0].
/0 B2+ g LT abe la >0, 5>0]

BI((170))(5), ET | 67(35)a

. / v sin(ar)dr  7a (3 + 3ab + a2b?)e— [a>0, b>0]
0

(b2 +22)%  96b°
BI((170))(6), ET | 67(35)a

3.738

<™= sin(ax) M (2k — 1)m
1. rSw\ay) g T 0B sin DT
/0 20 1 G x o ,; exp | —af3 sin 5
2k —1 2k —1
X COS (2k — Lymm + af cos (2k=Dr [m is even];
2n 2n

T
{a>0, |arg B8] < —, 0<m§2n} .
2n

ET 167(38)

o zm=1t cos(ax) rgm—2n 2 (2k — 1)m
2 / ——Cdx = —Z exp [—aﬁ sin 7} X
2n 2n
Jo x4+ n A~
wsin § BEZMT o s BT i is odd];
2n 2n

{a>0, |argﬂ\<2l, 0<m<2n—|—1} .
n
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] /°° sin(az) dx B
C )y w(w? 4 22) (22 +42) . (22 +4n2)

= (27;()'_% lznzl(w <2:> e2h=ma 4 (_1yn (2”)1 [a>0, n>0]

n
k=0

LI ((174))(8)

> cos(ax) dx (=" I (2 + 1Y\ (ok_9n—1)a
2 /0 (22 +12) (22 +32) ... 22+ (2n + 1)2]  (2n +1)! 22n+1 kz:%(il) < k ) el )
[a>0, n>0]
g2 2n—1

BI((175))(8)

> x sin(az) dx B
5 /0 (22 +12)(22 +32) ... [22 + 2n + 1)2]

=1 Y R(2nt1 2k—2n—1)a
:WZ<_1> < k ><2”—2k’+1)6< ) [a>0, n>0].
k=0

LI ((174))(9)

453

> cos ax dx pol-2n O & 2n
4. = 1)k —2ak > 1 > ().
/0 (22 +22) (22 4+ 42) ... (22 4+ 4n?) (2n)! k:1< ) <nk> ¢ n21, a0

3.741

00 : ,'»b, ]_ b2
1. _/0 Mdz:Zm(Zjb) [a>0, >0, af]
FI 11 647
) /@de_z la>b > 0];
0 L 2
:Z [a=0b>0];
=0  [b>a>0].
FI 11 645
5 / wd;ﬂza_ﬁ 0<a<b);
0 L 2
:%T 0<b<al.
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"> sin(ax) sin(bx) T la—blf  —(atb)B
1. /O ﬂQ_i_—del‘:E(e‘ B _e=(@t)By  [4>0, b>0, Red>0l.

BI((162))(1)A, GW((333))(71a)

2. /ooSi“(“f’“") cos(bx) 4 = L a8 15 Bifg(a — b)] + eF FiB(a+ b))} —

Jo ﬂ2+x2 4ﬂ
—geaﬁ{ebﬁ Fi[—B(a +b)] + e Ei[8(b — a)]}.
Bl ((162))(3)
> cos(az) cos(b bl ta
3 / COS;;C#WW%M BOLe~@+8] 450, b>0, Ref> 0]

BI((163))(1)A, GW((333))(71c)

B / E éxl i‘f(bw) d = %eaﬁ{ebﬁ Ei[~A(a+b)] + e~ Ei[3(b - )]} —
0
— L BilBa — 0]+ 7 BB+ 0]} [k
=00 [a = b].
BI ((163))(2)
- /-oo:c sin(ax) cos(bx) gy — T omaB ch(b3) 0<b<a
Jo 2+ 32 2 '
= %e_%ﬂ [0<b=ad];
- _ge*bﬁ sh(af)  [0<a<b
Bl ((162))(4)
454

o s (b
6. / w dr = —21 cos(ap) sin(bp) [a>b>0];
0 D p
= _I—p sin(2ap) l[a=1b>0];
= —21 sin(ap) cos(bp) [b>a>0].
p

BI ((166))(1)
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L[ ten) i)

m
dr = -7 b b > 0];
/s 02— 12 Tazx 5 cos(ap) cos(bp) [a>b>0[;

— 7% cos(2ap) [a=b>0)]:

= g sin(ap) sin(bp) b>a>0]

— sin(ap) cos(bp) [a>b>0];

8. /wwdx_w
0 pr—z 2p

= sin(2ap)  la=b> 0}
= 27T_p cos(ap) sin(bp) [b>a>0].
3.743
"> sin(ax) dc 7w sh(af)
L ./0 sin(bx) .mQ"’ﬂQ _%' sh(bB) [0<a<b Ref>0.

Fsin(ax) wdr 7w sh(aB)
> /0 cos(bz) 22482 2 ch(bB) [0<a<b, ReBd>0

=3 [0<a<b, Resd>0

3 /oocos(ax) T dx 7w ch(aB)
" Jo sin(br) 22+ 3 2 sh(bf)

00 COS(CLLU) dx ™ Ch((lﬁ)
4. . _ " , '
/o cos(bz) x2+4 3% 26 ch(bp) 0<a<b Rel>0]
R /Oosin(a:r) - ifo<a<l
o sinxz  b?—2z? ==
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sin(a — 1)b ifl1<a<2 [breal, b/m¢&Z].

BI ((166))(1)

BI ((166))(2)

BI ((166))(3)

ET 180(21)

ET 1 81(30)

ET 1 23(37)

ET 123(36)



0<a<b, Ref >0

/°° sin(ax) dx 7w sh(aB)
o cos(br) wz(x?+3%) 282 ch(bf)

3.745

oo - da
/ sin(az) - r -0 0<a<b, c¢>0]
o cos(bx) x(c? —x?)

455
3.746
1 /'w_dx i sin(a I)—zﬁa a >zn:a ar >0
T 0 ntl kL) = 9 k 0 ks k .
k=0 k=1 k=1
> sin(ax) L i a0 ’7 n m -|
S 01 RO | RS | G TR o o
o0 k=1 J=1 k=1 k=1 =1
3.747
2 m m | 1 i 92k—1 _ q 7
17/ d_(f) - o) | = 2rG—¢(3). = 2.
0 sin x 2 m k:142k71<7n+2k) C( ) m 2§< ) [TIL }
5 /%:Ljdx_/%(%—x)dx_2a
o sinz 0 cos &
"oe xdx T
3. = b> 0.
./0 (2 +b?) sin(ax) 2 sh(ab) (6> 0]
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ET 182(32)

ET 182(31)

FI 11 646

WH

LI ((206))(2)

BI((204))(18)

GW ((333))(79¢)



10.

11.

3.748

T tgxdr = oco.

o
[ME

1
v tgrde = —g In2 + o G = 01857845358 ..

S—
INE]

o
[ME

x ctgxdr = g In 2.

1
x ctgxdr = g In2+ G =0.7301810584. ..

S—
INE]

us

.% 1
/ (E—x) tgxdxz—/ (E—x) tg:rdx:zlnl
Jo \2 2/, \2 2

> de
tgar— = — [a > 0].
0 x 2

2t
/ ngxdx:Ean.
o Cos2x 4

BI ((218))(4)

BI ((205))(2)

BI ((204))(1)

FlI 11623

BI ((204))(2)

GW((333))(33b), BI((218))(12)

LO V 279(5)

Bl ((206))(12)
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456

LI ((205))(7)

o Lmym 2 o ¢(2k)

P 42k (m +2k) |

LI ((204))(6)

3.749
" tg(ax) d -
- /0 22 £ b2 e2ab 4] [a>0, b>0]
GW ((333))(792)
"2 ctg(ax) dz -
2 /() 2 + b2 = e2ab _ q [(1 > O, b > 0]
GW ((333))(79b)

3 /oox tg(ax)dr /oox ctg(ax)dr /oox cosec(ax) dx
Jo 0 0

= OQ.
b2 — 2 b2 — 2 b2 — 2

Bl ((161))(7, 8, 9)

3.75 Combinations of trigonometric and algebraic functions
3.751

Tsin(ar)dv E(:osa —sin(a af) sin(afB)— apb) cos(a
L [T o)) 2C(/aB) sin(a8)-25(v/a5) costa)

[a>0, |argp| <.

ET165(12)a

o [T eostaz)de Ecosa sin(aB3)— af3) cos(aB)— af3) sin(a
O —@a[ (aB)+sin(af)~2C(v/af) cos(af)—~25(1/a5) sin(ap)]

l[a>0, |argf|<n].
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3 /°° Sil’l(ax> dr = \/%[sin(au) + cos(au)] la>0, wu>0l.

Vo —u
ET | 65(13)
4. /00(\3;)@ dx = \/Z[cos(au) — sin(au)] [a>0, u>0].
Ju r—u
ET 18(10)
3.752

_1Ic2k+1
1-8/ blnaxﬂdxfz (-D"a T
/0

<2k — DNk +3)! 5 His (@) [a>0].

BI ((149))(6)

1
2. / cos(ax)V/ 1 — a2 dr = 21J1(a).
Jo a

KU 65(6)a
3.753
Yeg2k+1
3 sin(ax) dx o7
L / m Z 2k+1” = 2H0, (a)[a > 0].
Bl ((149))(9)
457
1
cos(ax)dr
2. —— = - Jola).
o iz~ 2P
WA 30(7)a
Csin(ar)dr 0w
) Veor ah@ >0
WA 200(14)

cos(ax) 7 .
* /1 =1 &= gl
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Y2 sin(ax)

5. — x:gjl(a) [a > 0].
WA 30(6)
3.754
L % ; ZlIo(aB) — Lo(aB)]  [a>0. ReB>0].
ET | 66(26)

5 /'°° cos(ax) dx
0

N

= Ky(af) [a >0, Ref>0].

WA 191(1), GW((333))(78a)

| e —ako(as)  [e>0. Red> 0]
0

(32 + 22)3
ET 1 66(27)
3.755
\/ :U2 + 62 sin(ax) —
/ =) ZeoB [a > 0].
V24 52 2a
ET 1 66(31)
\/ xQ + 62 cos(ax) —
/ =/ LB [a>0, Rep >0
Va2 + 32 2a
ET 1 10(25)
3.756
1. / sin H sin(agx)de =0 lak >0, a> Zak]
Pl k=2
ET 180(22)

2. / z2! Cos(ax)H cos(arz)dr =0 lak >0, a> Zakl .
70 k=1
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3.757

° sin(ax) T
1. dr = —.
‘/0 v * 2a

" cos(ax) T
2. dr =] —.
/0 NG * 2a

458

BI (177))(1)

BI (177))(2)

3.76- 3.77 Combinations of trigonometric functions and powers

3.761

1
1. / 271 sin(ax) dx =
Jo

o o}
2. / 2V sinxdr =

Y u

N | .

—i
7[1F1(;L; w+1;ia) — 1 Fy (g p+ 15 —ia))

T2y du) — €2 T (1, —iu)] [Re pp > —1].

3. /oo Sin(an) do —
J1 =" (2n — 1)!

4. / "1 sin(ax) dx =
Jo

5. / "™ sin(nx) dr =
Jo

Printed from Table of I(wtngaDs

- sin (a + (k — 1)%) +(=1)" ci (a)]

=_—= 0<|R 1].
2a+T(1 — 1) <[Repl <1]

(_1)71-‘1-1 [m/2]

—2E[m/2] — 1]

Series, and Productsﬁlarﬁpu/l. Copyright © 1996 by Academic Press, Inc. All rights reserved.

ET168(2)a

EH 11 149(2)

LI ((203))(15)

FI 11 809a, BI((150))(1)



1

1

6.7 / 2t cos(ax) dr = ﬂ[lFl(u; p+1;ia)+ 1 Fy (g, p41; —ia)) [a>0, Rep>0].
Jo

ET111(2)

oo
7. /:1:“_1 cosxzdr =

Y Uu

[e™ 2D (p, du) + 2T (p, —iu)] [Re pu < 1].

N | —

EH 11 149(1)

ooCOS(aI) aQn - 2n — k)' ™ n+1l .
s /1 2+l dr = @n)! L;% COs (@-l- (k— 1)§> +(=D)" (a)] [a > 0].

LI ((203))(16)

oo T sec X
9. 2" cos(ax) dr = L(w) cos M — iyl [a>0, 0<Rep<1].
Jo at a 2a1T(1 — p)
FI 11 809a, BI((150))(2)
_ (2 .
m _ k . m—2k—1
10. -/o 2™ cos(nx) dx = R Z (—1) m(m) +

k=0
2 +1)/2| —
[(m+1)/2] [(WL )/ } m cm)

+ (_1> nm+1
GW ((333))(7)
459
5 " [m/2] . m! T\ m—2k (m/2] |
11. -/o 2™ cosxdr = ;;)(—1) m (5) +(-1) (2[m/2]—m)m!.
GW ((333))(9¢c)
" /2n7r M cos ka d Tg:l J! <m> (2nm)m Jj+1
: L COSRT ar = — - . nm cos .
0 =0 kit \ g 2

Bl ((226))(2)
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3.762

1. / "1 sin(ax) sin(bx) do = % cos %F(M)Hb —al™" = (b+a) "]
Jo

[a>0, b>0, a#tb, —-2<Rep<1]
for £ =0, see 3.741 1., for p = —1,see 3.741 3.).
I It

3.741
BI((149))(7), ET | 321(40)

> 1
2. / "~ sin(ax) cos(bx) dx = 5 sin A;—Wl"(u)[(a—i—b)_“—l—|afb\_“ sign(a—>b)]
Jo
[a>0, b>0, |Rep|<1] (for =0 see 3.741 2.).

3.741
BI((159))(8)A, ET | 321(41)

3. / 2"t cos(ax) cos(bx) dr = % cos %F(u)[(a +b) " +]a—b""]
Jo

[a>0, b>0, 0<Rep<l].
ET 1 20(17)

3.763

€T =
:L»l/

*sin(ax) sin(bz) sin(cx)
L/ d

1
=4 cos %Tl“(l —V)lc+a—-b""1t —(c+a+br -

—le—a+b]"" ' sign(a—b—c)+|c—a— b sign(a+b—c)
[c>0, 0<Rev<4, vEl 2,3, a>b>0].
GW((333))(26a)A, ET | 79(13)

5 /°° sin(ax) sin(bx) sin(cx) de =0
0 x

[c<a—b and c¢>a+b;
T

8

c=a—b and c=a+b|; [a>b>0, c¢>0]
:%[afb<c<a+b}.
FI 11 645
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BI((157))(8)A, ET 1 79(11)

460

o (b si b
4. / sin(az) 51n(3:r) sin(e) do = 25 0<c<a—b and c¢>a+b];
0 T 2
be —b—c)?
:%_% [a—b<c<a+b;
[a>b>0, c¢>0]

BI((157))(20), ET 1 79(12)

3.764
L[ o sin(aetb)de = (1 b+ T 0, -1 0
A :rsm(ax—l—)x—ap_H (—i—p)cos(—i—?) [a>0, —1<p<Ol.
GW ((333))(30a)
2 [ b)dz = ———T(1+p) sin (b + 2 0, -1 0
A :rcos(ax—i—):r——apj(—i—p)sm(—l—j) [a>0, —1<p<O0l.
GW ((333))(30b)
3.765
' /-oosin(a:c)dx 1 (1 e~ T aB) — ¢“°T(v, ia)]
. — = —v)le v, —iaf) —e v, ia
Jo x¥(z+p) 26Y ’ ’
[a>0, —1<Rer<2, Jargpf| <l
ET 1219(34)
“cos(ax)dr T(1—-v).; ) i .
2. / = P (v, iaB) + e T (v, —ia
s - e ) (v, ~ia)
[a>0, |Rev|<1, |argpf|<n].
ET Il 221(52)

3.766

x:—sec'u—ﬁsha—l—

L /oox“_l sin(ax) d ™
Jo ]. + .'13'2 2 2

1
+ 5 sin XD () fexp[—a+ im(1 = pA(L - . —a) = ey(1 = 1, )}
[a>0, —1<Rep<3.
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oo pu—1
2. / de:ﬁcosecu—ﬁcha—i—
0 14+ 2 2

+ % cos %F(u){exp[*a +im(1 = vl — p, —a) — e*y(1 — p, a)}

[a>0, 0<Rep<3.

ET 1319(24)
L[S 2?7 sin(ax) da T o
3.!/0 N = —§b # sec(um) sh(ab) +
Slg(é‘f LR () [ (1 1= 245 ab) + 1By (15 1 — 251 —ab)]
a
3 1
a >0, —§<Re,u<§
ET Il 220(39)
461
> g2kl d 1 1
4.* /0 x xQCC_)E(b(;x) - fgb%“r?) cosec|(p + 5)7r] ch(ab) +
cosl(u ] 1 N
M—LJF%)F[?(MWL ML 1 =2(+ 5); ab) +
1
+ (1 —2(p+ 5), *ab)].
1
a>0, —1<Reu<§
ET Il 221(56)

3.767

: /.ooxﬁlsin(ax%r)d_ T B8-2 —a~ [a>0, Rey>0, 0<Ref <2
. Jo ’\/2—|—l‘2 €r = 2/ (& a ) ey ? ¢ '

BI ((160))(20)

oo 2P cos (ax - 37”)
2. / de =
0

~v2 + 2 2

™

APlema [a>0, Rey>0, |Ref|<1].

Bl ((160))(21)

oo 871 sin (a:c — 6—”)
3. 2 ) gr = T892 cos ab—ﬂ [a>0, b>0, 0<Ref<2.
Jo x? —b? 2
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o0 2P cos (ax — EF
4. / ( 2)dx:—gbﬁlsin<ab—ﬁ> l[a>0, b>0, |B]<1].

Jo 1'2 — b2 2
GW ((333))(82)
3.768
>~ pn—1 . SO F(:“’) o 1
1. (x—u) sin(ax) dz = — . sin (au + Y [a>0, 0<Rep<l].
Ju a
ET Il 203(19)
> pn—1 s . F(:“’) : 12
2. (z—u) cos(az)dr = — . cos (au + Y [a>0, 0<Rep<1l].
Ju a
ET Il 204(24)
1
1 T 1
3.* / (1 —x)" sin(azx)dz = — — %Cy(a) = a_”_1/25V+1/271/2(a)
Jo a a
with C,(a) the Young’s function
1 v
C,(a) = %m(l; v+ 1 da) + (L v+ 15 —ia)]
=) (-1)"a"""/T(v+2n+1)  [a>0, Rev>—1].
n=0
ET111(3)a
462
3 ! v i —v—1 i .
4. (1 —x)” cos(az)dx = 24 exp 5(1/7r —2a)| y(v+1, —ia) —
Jo
—exp |:%<I/7T - 2@)} v(v+1, ia)} =
:F(V+1)2(7(12)”/1"(1/4—24—270 [a>0, Rev>-1].
n=0
ET111(3)a
u uu—i—u—l
5. / 2 Hu—z)" ! sin(az) dz = 5; B (u, v)[1F1(v; ptv; iau)— 1 Fy (v; ptv; —iaw)]
Jo (3
[a>0, Rep>0, Rev>-1, vA0].
ET Il 189(26)
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ET 11 189(32)

U n—1/2
7. -/o 2" u—z)" ! sin(az) dr = /7 (g) sin %F(/,L)Ju_l/g (%) [Re pe > 0].
ET Il 189(25)
8. / o' Nz — )Pt sin(ax) dr =
T fu\H—1/2 au au . au au
= % () feos S () —sin TN ()]
1
{a>0, 0<Re,u<§} .
ET Il 203(20)
U }1/—%
9. -/o 2" (u—2)" 7t cos(ax) dr = /7 (g) cos %F(#)JM—% (%) [Re o > 0].
ET Il 189(31)

10 /u 2 (z—u)* 1 cos(ax) do = 7? (%) I'(w) {sin %Jéﬂt (%) — CoS %Néﬂt (%)}
1
{a>0 0<Re,u<—}
ET Il 204(25)
! i
11.3 / 2’ H1—2)" ! sin(az) dr = -3 B(p, v)[1F1(v; v+p; ia)— 1 Fi(v; v4p; —ia))
Jo
[Repp >0, Rev>-—-1, v#0]. ETI68(5)a,
ET 1317(5)
! 1
12.3 / 2 (1—2)* ! cos(ax) dr = 3 B(u, v)[1F1(v; v+p; ia)+ 1 Fi (v; v4p; —ia)]
0
[Repp >0, Rev>0].
ET111(5)
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463

1
13. / 2" (1—2)" sin(2az) do = LF(/H—l)J#JF%(a) sina [a>0, Rep>—1].
0

(2a)1t=
ET 1 68(4)
1
14. -/o o (1—x)" cos(2ax)dx = (QCL)%F(,LL—I—I)JMJr%(a) cos a [a>0, Rep>-—1].
ET111(4)
3.769
&S] - v—1_,—af
1. / [(B+iz)™" —(B—iz) "] sin(az) dx = fw [a>0, ReB8>0, Rev>0.
0 I'(v)
ET 1 70(15)
.00 v—1_—apf
2. -/o [(B4iz)" " +(B—ix) "] cos(az) dx = % [a>0, ReB>0, Rerv>0.
ET 113(19)
o] v—2 — —
3. /0 z[(B +ix)™" 4+ (8 —ix)”"] sin(ax) dz = e (11:@)1 a5) e~
[a>0, ReB>0, Rev>0.
ET 1 70(16)
4. !/(;oomQ"[(ﬂ—ix)”—(ﬂ—i—ix)”] sin(ax) dr = (I‘(lg;% (2n)lma” 2" tem B LY (g 3)
[a>0, Ref >0, 0<2n<Rev.
ET 170(17)
5. /()ooxzn[(ﬁ—l—ix)_"—i—(ﬁi:c)_”] cos(ax) dx = (F—(ly))” (2n)!ﬂ'a”_2”_1e_aﬂLlQ’;%*l(aﬁ)
[a>0, ReB >0, 0<2n<Rev.
ET 113(20)
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ET 170(18)

7. / 2B +ix) ™" — (B —iz) 7] cos(ax) dx =
Jo
_ (*1 il (2n + 1)!7_‘_al/72n7267a6Ll/—2n—2 (aﬁ)
F(U) 2n+1
[a>0, ReB>0, 0<2n<Rev-—1].

ET113(21)

464
3.771

1. /oo(b’z—i—a:Q)"_é sin(az) dx = ? (%)VF (1/—!- %) [I_,(aB)—L,(aB)]
Jo
{a> 0, Ref>0, Rev< %, vE— %, —g, —g} .

EH 11 38a, ET | 68(6)

2. /000(52 +22)"~ ¥ cos(az)dz = % <%) cos(m)T <u+ %) K_,(af)

1
{a>0, Re > 0, Reu<§}.

WA 191(1)A, GW((333))(78)a

3. / 2 w? — 22 sin(ax) do =
Jo

2,2
_ a 2ut2v-1p 1 I3 1 § 1 _au
2” <M7V+2 142 V+2727M+V+25 4

1
{Re,u>0, Rezx>—§} .

ET Il 189(29)
U 1 1 2,,2
4. / 22 (=) cos(ax) dr = §u2“+2”72 B (p, v) 15 <1/; s + v —af )
Jo
[Repp >0, Rev>0].
ET Il 190(35)
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ET 169(11)

: 2u’\"” 1 1
6. / (u*—2?)"" 2 sin(ax)dr = vr (_u) r <U+ —> H, (au) [a >0, u>0, Rev > —5} .
Jo

ET 1 69(7), WA 358(1)a

.00 : v 1
7. / (2 —u?)"" 2 sin(ax) dr = 777 (—) r <U+ 5) J_,(au) [a >0, u>0, |[Rev| < 5} .

EH 11 81(12)A, ET | 69(8), WA 187(3)a

8. /Ou(u?a?)"—% cos(az) da = vr <2—“)Vr <1/—|— 1) J,, (aw) {a >0, u>0, Rev > ﬂ .

ET111(8)

465

1
[a>0, u >0, |Reu<§}.

WA 187(4)A, EH Il 82(13)A, ET | 11(9)

10. / x(u? — IQ)”fé sin(ax) dz = ﬁu (2_u> r (U + l) Jy+1(au)
Jo a

2

1
{a>0, u > 0, Reu>§}.

ET 169(9)
> ! 2u'\"” 1
11. / z(x? —u?)""2 sin(az)dz = \/—Eu (_u) r <U+ —) N_y—1(au)
Ju 2 a 2
1
[a>0, u > 0, §<Reu<0}.
ET 1 69(10)

u . ul/Jrl
12.7 / x(u? —2*)""2 cos(ax)dr = — —Su—1pt1(aU) =
Jo a
Printed from Table of Integrals, Serieslan ProductiC -RTolM. Ecbp_yf_ri?ht©lwyA d%’@jp rgss, Ing. All rightire erved.
=3 1/—!—5 u -l I'(v+ =) Hyri(au)
a

r PP |



13. / z(x? — u?) Y2 cos(ax) do = @ <2_u> r <V + %) J—y—1(au)
Ju a

1
[a>0, u >0, 0<Rev<§}.

ET112(11)
3.772
1. /oo(x2 + 282)" 2 sin(ax) dv =
Jo
v (26" 1 i
= <?> r (1/ + 5) [J_,(aB) cos(aB) + N_,(aB) sin(afB)]
{a>0, |arg | <, %>R€V>*%
ET 1 69(12)
9. /oo(xQ + 282)" 2 cos(ax) dx =
Jo
LT @) r (y n %) [N~ (aB) cos(aB) — J_,(aB) sin(as)]
a>0, |Rev|< %
ET112(13)
466
2u v
3. / (2uz — z2)"~Y? sin(az) de = /7 <2_u> r <V + 1) sin(au).J, (aw)
Jo a 2
{a>0, u > 0, Rezx>—%} .
ET 1 69(13)a

_ VT (%)V r <y N 1) [J_y (au) cos(au) — N_, (aw) sin(au)]

1
[a>0, u>0, |Reu\<§
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2u

5. /0%(2% — 2272 cos(ax) dx = /7 <;) V r <u + %) J,, (au) cos(au)

1
{a>0, u >0, Rezx>—§}.

ET 1 12(4)
6. / (:[:2 — 2u:1:)”_1/2 cos(ax)dx =
2u
2u\"” 1
= 7? <_u> r (y + 5) [J_, (au) sin(au) + N_, (au) cos(au)]
a
1
[a>0, u >0, |ReV‘<§
ET112(12)

3.773

e8] 2v
6 x - _
1. /0 W S (CLJZ’) de =
3 2.2
52” 2“aB(l—l—y w—v)1Fy <Z/—|—1 v+1—pu; 5, 64 ) +

ﬁa2u 2v+1 1"(1/7”) < 3 62a2>
+ F +Lip—v+-, p—v+1; =
qu—v+l T (M —v+ %) AN N 2 a T4
71/4»% >
n—v+3, 3,0

\/_71 20— — > a ﬁ
ﬁ lGlé

2 (n+ 1) 4

ET 1 71(28)A, ET Il 234(17)

< z2m L gin(ax) (=)t o odn _
2 /0 de:TE w(zme @ Z) [CL>0, OS?’RS?’Z, \argz\<7r].
ET | 68(39)
467
3 /'0051:2’”+1 sin(az) dx (-n)mtty/m aPmtt (0" K (af)
= a"K,(a
0 (62 + ‘,L,Q)TL_Q_% 2nﬂnr <n + %) da2m+1
[a>0, Ref>0 —-1<m<n)].
ET 167(37)

A /'°°:c2” cos(ax)dr
o @

1 1 1 1 1 1 8242
:_ﬁQV—Qﬂ—lB <V+§,MV—|—§) 1F2(V+§;VM+§ 5 64a > +

2
2pu—2v+1 T | — 3
ma
VT ( —/ ) % S,u +1:u—v+1 6LL = =
4F1m'rtl=!d+frbm Tablq_'b(ﬂegtalysqﬂe})andlmo udts CD- OM ‘Copyright © 1996 Academlc P@ss Inc. Il rights reserved.
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—v+ 1
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T ar
2-nl dzn
[a>0, n+1>m>0, |argz| <]

P00 .2m .\
5 / x*™ cos(ax) dx = =1y (széefa‘/z)

Jo ey

ET 110(28)
© 22m cos(ax) dx ™My a?m
o [TErmer N R 8)
o (BT 2" g"T <n—|— 5)
[a>0, Ref>0, 0<m<n].
ET I 14(28)
3.774
) -0 sin(ax) dz 0 0 T (ab) + iJ (iab) i.] (—iab)
) = sin —1I,(a =J,(iab) — =J,(—ia
Jo Va2 +b2(x+ Va2 + b2 b sin(vr) 2 2 2
[a>0, b>0, Rev>-1].
ET 170(19)
e cos(ax) dr T 1 ) 1 ) s
2. = =J,(iab) + =J,(—iab) — cos —1I,(ab
0 VaZ+b2(x+ Va2 +b2)r b sin(vr) {2 (ia )+2 (—iab) = cos 2 (a )}
[a>0, b>0, Rev>-1].
ET 112(15)
00 (, 2 2\ —
3. / (z+ Va4 5) sin(ax) dz = \/EB”IL_V <%> Ki, v <%>
J0 x(z? + 5?) 2 172\ 2 its \ 9
3
{a>0, Re 8 > 0, Reu<§} .
ET 171(23)
468
o0 (/2 2 _ .\ ar
4 / a2+ B — o) cos(ax) dx = \/ﬂﬂl’[_l_w <%> K _ i_. <%>
0 I(IQ"FBQ) 2 a2 2 172 2
[a>0, Re 3 > 0, Rezx>——}
ET112(17)

5 Q/O'°°<ﬁ+\/x2+ﬁ2)” 1\/?(3 v (af)

- sin(az) dr = — —— = | Wy 1(af)M_
oty e 5 G 2> ¢4 (F)
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TEAVE B o= (1Y |
6. /0 x”‘%\/m COb(CL.L’)d;L‘—ﬁ\/%F<4 2)W57%(a6)]v.f%7i(aﬁ)

1
{a>0, Refg > 0, Rey<§

ET112(18)
3.775
o0 2 2 v_ (/2 2\
1 / ( X +ﬂ +I> ( g +ﬂ I) SiIl(CL.’L’) dr = Qﬂl/ sin V—WKV<CL6)
0 /22 + 32 2
[a>0, Ref>0, |Rev| <l
ET I 70(20)
o0 2 2 v 2 2\
5 / (Va2 + 82 +a) + (Va2 + 32 —x) cos(ax) dx = 28" cos 2 K, (af)
0 /22 + 32 2
[a>0, Ref >0, |Rev|<1l].
ET 113(22)
00 (| frD 2\ 2 2w
3. / (@ + Va2 —u?)" + (@ v —u?) sin(ax) de = wu” [J,,(au) cos X — N, (au) sin ﬂ}
Ja r? — u? 2 2
[a>0, u>0, |Rev|<1].
ET 1 70(22)

oo /22 — 2\ 72 — 2\
4. / (x+va? —ui) + (@ Gl cos(ax)dr = —mu” | N, (au) cosl/?ﬁ—l-Jl,(au) sinl%r}

2 —u?
[a>0, u>0, |Rey|<l1].
ET I 13(25)
u 2 — 22\ iU — 2y
5. / (@4 vt = 2?)" + (@ = iVu? = 27) sin(ax)d:czﬁu” cosec V—W[Jy(au)fJ,V(au)]
0 W2 — 12 2 2
[a>0, wu>0l.
ET 1 70(21)

2 2 2
[a>0, u>0, |Rey|<l1].

. /(]"(x+i\/u —22) + (z — iVu? — 2?)” cos(az) de = ~u” sec [T, (au)+d _p (au)]

u?z —zx
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469

sin(ax) dx =

o [ vy

(2?2 — u?)

= \/(g)gauy {J1/4+u/2 ( ) Nijav)2 (au) + J1j4—0v)2 ( ) Nijatv)2 (au)}

3
[a>0, u >0, |Reu<§}.

ET 1 71(25)
s [ @;ﬂ% Z contar) di =
3
Y AV o PRI (o PRI (0 PR )
{a>0, u>0, |Re V<%:| .
ET 113(26)
9 /.oo@"'ﬁ"’ r o 2Be) @t f o Vet 2he)” sin(az) dz =
o V2 + 28z
=73 [ »(Ba) sin (ﬁa — —) + J, (Ba) cos (ﬂa — %)}
[a>0, |argBl<m, |Rev|<1].
ET 171(26)
10. ./OOC (x+ 8+ \/m);i(;ﬂ: B —\/a? +28x)” cos(ax) dv =
=7p" [ »(Ba) sin (ﬂa - %) — N, (Ba) cos (ﬂa - %)}
[a>0, |argBl<m, |Rev|<1].
ET 113(23)
2u - v s . v
= (4u)2”773/2\/%JV1/4(au)JV1/4 (au) [CL > 0, u > 0]
ET 114(27)
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3.776

b+ 2 +plp+1) . a
L /O (b4 x)p+2 sin(az) dx = w [a>0, b>0, p>0]
BI ((170))(1)

p
pp+1

cos(ax) dx = [a>0, b>0, p>0]

*a?(b+ )2+ pp+1)
> /0 (b+ x)p+2
BI ((170))(2)

470

3.78- 3.81 Rational functions of x and of trigonometric functions

3.781

N / <Sm$ o1 > Q¢ (e 3.784 4. and 3.781 2.).
0

x 1+2 T

3.781

3.784
BI ((173))(7)

BI ((173))(8)

3.782

1. /ﬂda:f/ Pl dr=C+ Inu [u > 0].
<0 Ju

GW ((333))(31)

9 / Locosar 9T s ),
70

BI ((158))(1)
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3.783

*lcosz —1 1 dz 1 3
L [ p zamh—i"z
Jo
"0 1 d
2. / <cos:r— )—x——C’.
Jo 1+ 22 x
3.784
o — b b
1. / CoSAT — OBy =1~ [a>0, b>0].
Jo X a
> a sinbx — b sin ax a
2. 5 dx:ablng [a>0, b>0].
J0o XT
3. / cosar —cosbr ;b= AT o0, b0
Jo X 2
n /'oosina:;c cos & dp = 1.
Jo xr
5 /'oocosaa:cosbxd 1 i(a) 8+ si(af) sin af
) —  dx = —|ci(af3) cosa si(af3) sinaf —
Jo z(z + 0) 1]

—ci(b3) cosbB — si(bB) sin b + In S

[a>0, b>0, |argf|<mn].
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ET Il 253(48)

BI ((173))(19)

EH 117, BI((273))(21)

FI 11 635, GW((333))(20)

FlI 11 647

BI((158))(12), FI Il 645

BI ((158))(3)



*°cos ax + x sin ax
1+ 22

6. /0

*sin ax — ax cos ax

3

7. /0

r = Te

—a

[a > 0].

GW ((333))(73)

T o .
xzza sign a.

LI ((158))(5)

°° cos ax — cos bx 7[(b—a)B + e — =98]
8. ————5—dr = >0, b>0, < m|.
/0 £U2<.'E2+62) 2ﬁ3 [a’ ’ s ‘argﬁ‘ ﬂ'}
BI((173))(20)A, ET Il 222(59)
3.785
001 n n n
— . cos by xdr = — . In by b, >0 . =0] .
/0 xZah cos by zdx Zak n o lk ) Zak ]
k=1 k=1 k=1
FI 11 649
3.786
" (1 — cos azx) sin bz b v —a® a  a+b
1. /O IQ $:§IHT+§llla_b [CL>07 b>0}
ET 1 81(29)
ge'e) 17 P \b 2 _ 12
2. / (1= cosax) cosbr , -y Ve | 0>0, b>0, atb).
Jo X
FI Il 647
> (1 — cos ax) cos b
3. / ( cosa.;:)coaxdxzz(a_b) la <b<al;
Jo xr 2
—0 [0<a<i
ET | 20(16)

3.787

cos @ — cos nax) sin mx

L
J0

T

g(cosa—l) [m > na > 0];
™
= — cosa

> .
5 [na > m]
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o0 - D . 9
sin“ ax — sin” bx 1
| ;

Jo T

3. /OO—IS — s5i113:r de = E71'.
Jo X 32

"% (3 — 4 sin? ax) sin? ax
4
-, .

3.788

3.789

x dr = 72 In 2.

ki
/2 422 cosx + (7 — )
0 sin x

472
3.791

T rdx
1. / —— =1In2.
Jo 1l+sinz

o o
2. / Mdmzﬁln2—4(}.
o l+sinz

/ mdl‘:ﬂ'th*2G.
Jo 1l+sinz

1
do = 3 In2 [a real,

:rziln% [a>0, b>0]

GW ((333))(20b)

BI ((158))(6)

BI ((155))(6)

GW ((333))(61)a

LI ((206))(10)

GW ((333))(55a)

GW ((333))(55¢)
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10.

11.

J

'”(gfx) cos T %(gfx) Cos T
/ —dx:2/ =2 dr =7 In2+4G = 5.8414484669 . ..
Jo J0

1 —sinx 1 —sinz

BI((207))(3), GW((333))(56¢)

2 22dx 2
— = —— 4+ 7 ln2+4G = 3.3740473667 . ..
1 —cosx 4

T xdx
—— =47 In2.
0

J

J

J

/

1 ——cosx

oo

N

1 —cosx
k=1

s
2

x dx

T
——— = ——1n2.
1+ cosx 2

2z sinzdr _T m242¢G.
1—cosx 2

T sinxdr
—— =27 In2.

1 —cosx

™ .
2x—smx

—d:L’:E—i-/ ———dr = 2.
1—cosx 2 o l—cosz
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w_(g)pHJr(g)p(erl){%Zmd%)} [p > 0].

BI ((207))(3)

BI ((219))(1)

LI ((207))(4)

GW ((333))(55a)

GW ((333))(56a)

GW ((333))(56b)

GW ((333))(574a)



GW ((333))(55b)

3.792
T dx 27
1. = 2 < 1.
/ﬂ12acos:c—|—a2 1—a? [o ]
FI 11 485
473
2 xcosxzdr T i a2k
= - l(l+a)-) (D' s 2 <1).
/0 1+2asinz+a?> 2a n(l+a) kZ:o( ) (2k +1)? @ ]
LI ((241))(2)
; /71' x sinz dx ™ (1+a) @ <1 L
: =—1In a a . a#0l:
Jo 1—2acosz+a? a / ’
1
=E1H<1+—> [a® < 1];
a a
BI ((221))(2)
2T .
x sinx dx 2m
4. =" In(1 - 21 .
./o 1 —2a cosz + a? a n(l—a) lo” <1, ap0);
2 1
= (1—> [a® > 1].
a a
Bl ((223))(4)
27 . n-1__p &
x sin nx dx 2 ot —a
5. = " —a") In(1— —_— Z<, :
/0 1—2a cosx + a? 1—a2 {(a a”) In( “>+z:: n—k 1 [a . a#0)

o sin x dx T [|1+a
6. T -1 L a0, afl]
./0 1—2acosz+a?2 = 4da Hl_a } [areal, a#0, a#l]
. /oo sin bz 3_@21ﬂ [b#07172’”.};
o 1—2acosx+a’ = 2 (1-a)?*(1—-a)
7 l+a—a®—a"*!
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N /00 sin x cos bz . d_l‘ _ La[b} (b0, 1, 2,...];
o l—2acosz+a T 2(1—a)

m b, T b—1
=T 4= b=1,23... ]
21-a T b=123..];

D<a<l1l, b>0; forb=0, see 3.7926].

9 /oo(l—acosx)sinbx dv « 1 — altlt? bA1,2,3, ]
" Jo 1-2acosx+a> x 2 1—a oy
1— b b
:g.l a +% b=1,2,3...]. [0<a<l1, b>0]
—a
. e 1 dx m 1+ ae b8
10.3/ = 2<1, b>0l.
o 1—2acosbr+a? 32422 26(1—a?) 1—ae b la =

2
= <1, b>0|.
1—2acosbr+a? 52—22 [(1—a?) 1—2acosbf+ a? o ’ ]

1. /°° 1 dx arm sin b
0

474
o sin bex rdx T e Pbe _ ¢
12 = <1, b>0, ¢>0].
/0 1—2a cosbx + a? 32 + x2 2 (1 —ae_bﬁ)(l _aebﬁ) @ / ‘ |
o sin bz rdx T 1
13. = 2<1, b>0];
,/0 1 —2acosbr+a? 32+22 2eP—aqa la ]
™ ]. 2
e — >1, b>0].
2a aeb® — 1 [ ’ ]
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ET119(5)
ET 182(33)

BI ((192))(1)

BI ((193))(1)

BI ((192))(8)

BI ((192))(2)



BI ((193))(5)

15 /°° cos bex dx ™ (1 — a?) sin Bbc + 2a°*! sin Bb
5. =
o l—2acosbr+a? 52 —22 2B(1—a?) 1 —2a cos b + a?

> <1, b>0, ¢>0].

BI ((193))(9)

> 1—acosbx dx T e
16. == <1 b>0.
,/0 1—2acosbr+a?> 1+22 2e—a [ <1, 5>0]
Fl 11 719
e cos bx dzx (PP + aeP)
17. ~ = 0<b<1 <1, Rep>Q0|.
/0 1—2acosz+a? z2+ 62  268(1—a?)(e’ —a) 0= ol <1, Ref>0)
ET 121(21)
*  sinbr sinw dx m shbs
18. . = — 0<b<1];
/0 1—2acosz+a? 22+32 28e°—a 0= I
— T gmeBmtl=b) _ (1-b)8) _
46(aef — 1) [a™e c ]
T m—(mt1-b)B _ —(1-b)B
43(ae=P —1) [a™e ‘ ]
m <b<m+1] 0<a<1l, Ref>0].
ET 181(27)
*(cosz —a) cosbr  dx 7 ch Bb
19. . = 0<b<1, <1, Repg>0.
/0 1—2acosz+a®> 22432  28(eP —a) 0= + lal <1, ReS>0)
ET 121(23)

/°° tg x dx
o (1—2acos2x+a?2)"tl 2

2 /OO sin x dr
" Jo (1—2acos2x+a?)ntl oz (
e = g ()
Jo (1—2acosdx +a?)"t! =z 2(1_a2>2n+1k70 L

BI ((187))(14)
3.793
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BI ((223))(9)

) /-27T cosnNT — a COS[(?’Z +21)«U] rdr = 2ma™ [CLQ < 1]
Jo 1—-2acosz+a
BI ((223))(13)
475
3.794
13 /7r xdx w2 N 4 i a?h ! [ < 1]
. = a .
Jo 1+a2+2acosz 2(1—a?) (1—a?)“~(2k+1)?

/27T z sin nx 27 (1+V1—a2)" —(1—v1—a?)"
T = = | (F X
o l*acosz V1 —a2 an
2V1+a CED Q4+ VT=a)f - (1= VT=a?)
X In +Z
: Onfk:

ak

[a® < 1].
Bl ((223))(2)

3 2T 2 cosnz 272 1—-+vV1—a? " 5
3. LN g = [a2 < 1].
o lEacosz V1 — a2 Fa
Bl ((223))(3)
T xsinxdr T . a++Va? —b?
- = In— [a > ]b| > 0].
o a+bcosz b 2