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PREFACE

The subject called “optimization” is concerned with maximization and min-

imization. More precisely, the purpose of optimization is to find the values
of variables that either maximize or minimize the value of a given function.

In many cases, especially among those studied in this book, the variables
are required to satisfy side conditions such as equations or inequalities in

which case the term constrained optimization is appropriately used. When
no such side conditions are imposed, the optimization problem is said to be

unconstrained.

In an effort to convey the importance of their subject, some contempo-
rary writers on optimization have joyfully quoted a line published in 1744 by

Leonhard Euler [60], arguably the most prolific mathematician of all time.
In a work on elastic curves, Euler proclaimed: Nihil omnino in mundo con-
tingit, in quo non maximi minimive ratio quæpiam eluceat. That is: Nothing

at all takes place in the universe in which some rule of maximum or min-
imum does not appear. In addition to being a great mathematician, Euler

was a profoundly religious man. The quotation reproduced here should be
construed as a pious view in line with what is called Leibnizian optimism.

One sees this by considering the entire sentence from which Euler’s state-
ment is excerpted and the sentence that comes after it. As translated by

Oldfather, Ellis, and Brown [153, pp. 76–77], Euler wrote:

For since the fabric of the universe is most perfect, and is the
work of a most wise Creator, nothing at all takes place in the

universe in which some rule of maximum or minimum does not
appear. Wherefore there is absolutely no doubt that every ef-
fect in the universe can be explained as satisfactorily from final

causes, by the aid of maxima and minima, as it can from the
effective causes themselves.

xxiii
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This outlook brings to mind the character Dr. Pangloss in Voltaire’s Candide
who insisted that this is “the best of all possible worlds.”

Having strong connections with human activity, both practical and intel-

lectual, optimization has been studied since classical antiquity. Yet because
of these connections, optimization is as modern as today. In their handbook

on optimization [148], the editors, Nemhauser, Rinnooy Kan, and Todd,
declare that

No other class of techniques is so central to operations research

and management science, both as a solution tool and as a mod-
eling device. To translate a problem into a mathematical opti-
mization model is characteristic of the discipline, located as it is

at the crossroads of economics, mathematics and engineering.

Around the middle of the 20th century, some kinds of optimization came
to be known as “mathematical programming.” Linear programming came

first; soon thereafter came nonlinear programming, dynamic programming,
and several other types of programming. Together, these subjects and others

related to them were subsumed under the title mathematical programming.
The term “programming” was originally inspired by work on practical plan-

ning problems. Programming in this sense simply means the process of find-
ing the levels and timing of activities. This work came to entail mathemat-
ical modeling, the development and implementation of solution techniques,

and eventually the scientific study of model properties and algorithms for
their solution.

The terms “mathematical programming” and “computer programming”

came into existence at about the same time.1 Whereas the latter has become
a household word, the same cannot be said of the former. When “mathe-

matical programming” turns up in everyday language, it is typically either
not understood at all or confused with “computer programming.” Adding

to the confusion is the fact that computers and computer programming are
used in the implementation of solution methods for mathematical program-

ming problems. The contemporary use of “optimization” as a synonym for
“mathematical programming” reflects the wide-spread desire among profes-

1For a book on classical and “modern” optimization problems, see Nahin [146]. The
author invokes the Euler quotation given above, but it must be said that this publication
gives a little more of the context in which it was stated as well as a reference to Oldfather
et al. [153], an annotated English translation of Euler’s tract.
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sionals in the field to avoid the confusion between these different senses of
the word “programming.” It also helps to anchor the subject historically.

In 1971, the scientific journal Mathematical Programming came into ex-

istence and along with it, the Mathematical Programming Society (MPS)
which undertook the sponsorship of a series of triennial “International Sym-

posiums on Mathematical Programming” that had actually begun in 1949.
Today there are many journals dealing solely with mathematical program-

ming (optimization), and there are many more that cover it along with other
subjects. Likewise there are dozens of conferences every year that feature

this topic. In 2010 the MPS membership voted to change the name of their
organization to Mathematical Optimization Society (MOS). For the sake
of archival continuity, however, the name of the society’s journal was not

changed.

Faced with this linguistic transition from “mathematical programming”
to “optimization,” we use both terms. But when it comes to talking about

linear programming, for instance, we feel there is too much current literature
and lore to abandon the name altogether in favor of “linear optimization.”

Furthermore, it is traditional—even natural—to refer to a linear program-
ming problem as a “linear program.” (Analogous usage is applied to nonlin-

ear programming problems.) We are unaware of any suitable replacement
for this terminology. Accordingly, we use it frequently, without reservation.

The remarkable growth of optimization in the last half century is at-
tributable to many factors, not least of which is the effort exerted around the

world in the name of national defense. This brought forth a great upsurge of
activity in problem solving which, in turn, called for problem formulation,

analysis, and computational methods. These are aspects of optimization,
just as they are for many science and engineering disciplines.

The recognition of a “problem” is an all-important element of practical

work, especially in management science. This can take many forms. For
example, one is the realization that something needs to be created or put in

place in order to get some job done. Today we are bombarded by advertiz-
ing for products described as “solutions,” for instance, “network solutions.”

Implicitly, these are responses to problems. Oftentimes, a problem of getting
something done requires choices whose consequences must satisfy given con-
ditions. There may even be a question of whether the given conditions can

be satisfied by the allowable choices. These are called feasibility issues. A
set of choices that result in the conditions being satisfied is called a feasible
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solution, or in everyday language, a solution. The problem may be to find a
feasible solution that in some sense is “better” than all others. Depending

on how goodness is judged, it may be necessary to find a feasible solution
for which the corresponding measure is cheapest, most profitable, closest,

most (or least) spacious, most (or least) numerous, etc. These goals suggest
maximization or minimization of an appropriate measure of goodness based

on feasible solutions. This, of course, means optimization, and a feasible
solution that maximizes or minimizes the measure of goodness in question

is called an optimal solution.

Modeling

After the problem is identified, there arises the question of how to represent
it.2 Some representations are graphic, others are verbal. The represen-
tations of interest in optimization are mathematical, most often algebraic.

The choices mentioned above are represented by variables (having suitable
units), the conditions imposed on the variables (either to restrict the val-

ues that are allowable or to describe what results the choices must achieve)
are represented by relations, equations, or inequalities involving mathemat-

ical functions. These are called constraints. When a measure of goodness
is present, it is expressed by a mathematical function called the objective

function or simply the objective. This mathematical representation of the
(optimization) problem is called a mathematical model.

Linear and nonlinear optimization models are so named according to the

nature of functions used as objective and constraints. In linear optimization,
all the functions used in the mathematical model must be linear (or strictly
speaking, affine), whereas in nonlinear optimization, at least one of them

must be nonlinear. An optimization model with a linear objective func-
tions would be classified as nonlinear as long as it had a nonlinear function

among its constraints. Some nonlinear optimization models have only linear
constraints, but then of course, their objective functions are nonlinear.

For example, c(x, y) = 3x + 4y is a linear function, and c(x, y) ≤ 5, or

equivalently 3x + 4y ≤ 5, is a linear inequality constraint. On the other
hand the function f(x, y) = x2 +y2 is a nonlinear function, and f(x, y) ≤ 2,

or equivalently x2 + y2 ≤ 2, is a nonlinear inequality constraint.

2For two books on modeling, see [4] and [191].
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In general, mathematical models of problems have several advantages
over mere verbal representations. Among these are precision, clarity, and

brevity. In effect, models get down to the essence of a real situation and
facilitate a precise way of discussing the problem. Some other advantages

of mathematical models are their predictive powers and economy. Using
mathematical models to represent real-world situations, it is possible to

perform experiments (simulations) that might otherwise be expensive and
time-consuming to implement in a real physical sense.

Of course, the value of a mathematical model has much to do with its

accuracy. It is customary to distinguish between the form of a model and its
data. In building a mathematical model, one chooses mathematical functions
by which to represent some aspect of reality. In an optimization problem,

there is an objective function, and there may be constraints. The represen-
tation of reality is usually achieved only by making some approximations or

assumptions that affect the form of the model. This leaves room for ques-
tioning its adequacy or appropriateness. Mathematical models typically

require data, also known as parameter values. Here the question of accuracy
of the parameters is important as it can affect the results (the solution). If

optimization is to yield useful information, the matter of acquiring sufficient,
accurate data cannot be overlooked.

Computation (algorithms and software)

After the formulation of an optimization model and the collection of data,
there comes a desire to “get the answer,” that is, to find an optimal solu-

tion. As a rule, this cannot be done by inspection or by trial and error. It
requires specialized computational methods called algorithms. You should

have encountered maximization and minimization problems in the study of
calculus. These are usually not difficult to solve: you somehow find a root

of f ′(x) = 0 or, in the multivariate case, ∇f(x) = 0. Yet even this can
require some work. In mathematical programming, the task is ordinarily

more challenging due to the usually much greater number of variables and
the presence of constraints.

Typically, optimization algorithms are constructed so as to generate a
sequence of “trial solutions” (called iterates) that converge to an “optimal

solution.” In some instances (problem types), an algorithm may be guaran-
teed to terminate after a finite number of iterations, either with an optimal
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solution or with evidence that no optimal solution exists. This is true of the
Simplex Algorithm for (nondegenerate) linear programming problem.

Some of the terms used in the previous paragraph, and later in this book,

warrant further discussion. In particular, when speaking of a “finite algo-
rithm” one means an algorithm that generates a finite sequence of iterates

terminating in a resolution of the problem (usualy a solution or evidence
that there is no solution). By contrast, when speaking of a “convergent

algorithm” one means an algorithm that produces a convergent sequence
of iterates. In this case it is often said that the algorithm converges (even

though it is actually the sequence of iterates that converges).

A major factor in the development of optimization (and many other
fields) has been the computer. To put this briefly, the steady growth of
computing power since the mid-twentieth century has strongly influenced

the kinds of models that can be solved. New advances in computer hardware
and software have made it possible to consider new problems and methods

for solving them. These, in turn, contribute to the motivation for building
even more powerful computers and the relevant mathematical apparatus.

It should go without saying that algorithms are normally implemented

in computer software. The best of these are eventually distributed interna-
tionally for research purposes and in many cases are made into commercially

available products for use on real-world problems.

Analysis (theory)

Optimization cannot proceed without a clear and tractable definition of

what is meant by an optimal solution to a problem. In everyday language
(especially in advertising) we encounter the word optimal (and many related

words such as optimize, minimize, maximize, minimum, maximum, mini-
mal, maximal) used rather loosely. In management science, when we speak
of optimization, we mean something stronger than “improving the status

quo” or “making things better.” The definition needs to be precise, and
it needs to be verifiable. For example, in a minimization problem, if the

objective function is f(x) and x ∈ S, where S is the set of all allowable
(feasible) values for x, then

x∗ ∈ S and f(x∗) ≤ f(x) for all x ∈ S
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is a clear definition of what we mean by saying x∗ is a (global) minimizer
of f on S. But in almost all instances, this definition by itself is not useful

because it cannot always be checked (especially when the set S has a very
large number of elements).

It is the job of analysis to define what an optimal solution is and to de-

velop tractable tests for deciding when a proposed “solution” is “optimal.”
This is done by first exhibiting nontrivial properties that optimal solutions

must have. As a prototype of this idea, we can point to the familiar equa-
tion f ′(x) = 0 as a condition that must be satisfied by a local (relative)

minimizer3 x = x∗ of a differentiable function on an open interval of the
real line. We call this a necessary condition of local minimality. But, as we
know, a value x̄ that satisfies f ′(x) = 0 is not guaranteed to be a local min-

imizer of f . It could also be a local maximizer or a point of inflection. We
need a stronger sufficient condition to help us distinguish between first-order

stationary points, that is, solutions of f ′(x) = 0.

We use mathematical analysis (theory) to develop conditions such as
those described above. In doing so, we need to take account of the proper-

ties of the functions and sets involved in specifying the optimization model.
We also need to take account of what is computable so that the conditions

we propose are useful. But optimization theory is concerned with much more
than just characterization of optimal solutions. It studies properties of the

types of functions and sets encountered in optimization models. Ordinarily,
optimization problems are classified according to such properties. Examples
are linear programming, nonlinear programming, quadratic programmming,

convex programming, . . . . Optimization theory also studies questions per-
taining to the existence and uniqueness (or lack of it) of solutions to classes

of optimization problems.

The analysis of the behavior of algorithms (both in practice and in the
abstract) is a big part of optimization theory. Work of this kind contributes

to the creation of efficient algorithms for solving optimization models.

Synergy

Modeling, computing, and theory influence each other in many ways. In

practice, deeper understanding of real-world problems comes from the com-

3The same would be true for a local maximizer.
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bination of mathematical modeling, computation, and analysis. It very often
happens that the results of computation and analysis lead to the redefinition

of a model or even an entirely new formulation of the problem. Sometimes
the creation of a new formulation spurs the development of algorithms for its

solution. This in turn can engender the need for the analysis of the model
and the algorithmic proposals. Ultimately, the aim is to solve problems

having a business, social, or scientific purpose.

About this book

This book is based on lecture notes we have used in numerous optimiza-

tion courses we have taught at Stanford University. It is an introduction
to linear and nonlinear optimization intended primarily for master’s degree

students; the book is also suitable for qualified undergraduates and doctoral
students. It emphasizes modeling and numerical algorithms for optimiza-

tion with continuous (not integer) variables. The discussion presents the
underlying theory without always focusing on formal mathematical proofs
(which can be found in cited references). Another feature of this book is its

emphasis on cultural and historical matters, most often appearing among
the footnotes.

Reading this book requires no prior course in optimization, but it does

require some knowledge of linear algebra and multivariate differential calcu-
lus. This means that readers should be familiar with the concept of a finite-

dimensional vector space, most importantly Rn (real n-space), the algebraic
manipulation of vectors and matrices, the property of linear independence of

vectors, elimination methods for solving systems of linear equations in many
variables, the elementary handling of inequalities, and a good grasp of such
analytic concepts as continuity, differentiability, the gradient vector, and the

Hessian matrix. These and other topics are discussed in the Appendix.

Other sources of information

The bibliography at the end of the book contains an extensive list of text-
books and papers on optimization. Among these are Bertsimas and Freund

Murty [144], and Nash and Sofer [147]. After consulting only a few other
[14], Hillier and Lieberman [96], Luenberger and Ye [125], Bradley et al. [20],
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references, you will discover that there are many approaches to the topics we
study in this book and quite a few different notational schemes in use. The

same can be said of many fields of study. Some people find this downright
confusing or even disturbing. But this conceptual and notational diversity

is a fact of life we eventually learn to accept. It is part of the price we pay
for gaining professional sophistication.
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1. LP MODELS AND APPLICATIONS

Overview

We begin this chapter with an example of a linear programming problem and

then we go on to define linear programs in general. After that we discuss
the main topic of this chapter: the classical models and applications of

linear programming. In addition, we give some attention to the technique of
building a linear programming model and describe various mathematically
equivalent forms of its presentations.

1.1 A linear programming problem

Example 1.1: CT REFINERY. CT Gasoline has a refinery located in Rich-

mond, California. The company has been very profitable while maintaining
high quality. Carlton and Toby the founders of CT Gasoline, realized early

on that, in the intensely competitive gasoline market, they would have to
find a way to minimize their costs while continuing to maintain high qual-

ity. One challenge they faced was to find the most efficient way to distribute
gasoline from their terminals to their gas stations. While doing their MS
degrees, they had studied many management science techniques and learned

a bit about linear programming, which they thought would apply to their
distribution problem. To get some professional assistance, they hired a team

of Operation Researchers from the local university.

When Carlton and Toby first set up the refinery, they had 2 terminals, one
in Oakland (OA), and the other in San Francisco (SF). From these terminals

they could ship to their 6 gas stations located in San Mateo (SM), Palo Alto
(PA), San Rafael (SR), Daly City (DC), Los Gatos (LG), and Antioch (AN).

They needed to distribute the gasoline in the most cost-effective way.

Carlton and Toby knew the cost to ship gasoline from each of their ter-
minals to each of their gas stations. These are specified in Table 1.1. The
station demands, which were known in advance, are shown in Table 1.2 be-

low, together with terminals supplies. Notice that in this particular case,
the total supply and total demand are equal.

At first, Carlton and Toby handled gasoline distribution by a simple,
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SM PA SR DC LG AN

SF 1.88 3.24 1.86 0.74 5.17 4.48

OA 2.81 3.59 2.20 1.68 5.01 3.66

Table 1.1: Shipping costs in cents/gallon.

Demand

Station (gallons)

SM 35,000

PA 65,000

SR 48,000

DC 53,000

LG 66,000

AN 51,000

Total 318,000

Supply

Terminal (gallons)

OA 155,000

SF 163,000

Total 318,000

Table 1.2: Station demands and terminal supplies.

intuitive scheme; they believed it would produce (near) minimum cost. For
such cases, their approach amounted to supplying as much as possible to

each station from the terminal having the smaller shipping cost. From their
experience they knew that in such an allocation it would not always be
possible to supply a station from only one terminal.

In the case shown, shipping from SF to DC has the smallest cost, namely

0.74 cents/gallon. So the full demand of 53,000 gallons at DC can be
shipped from SF. Once this is done, the supply at the SF terminal is re-

duced to 110,000 gallons. The next smallest cost is from SF to SR, namely
1.86 cents/gallon. Once again the entire demand of 48,000 gallons at SR

can be shipped from SF, reducing the supply there to 62,000 gallons. Fol-
lowing this, SM gets supplied its entire demand of 35,000 gallons from SF

at a cost of 1.88 cents/gallon thereby reducing the supply at SF to 27,000
gallons. Among the remaining stations, the one in Palo Alto has the small-

est shipping cost, 3.24 cents/gallon. Obviously only 27,000 gallons of its
65,000 gallon demand can be supplied from SF. The balance of 38,000 must
be supplied from OA at the higher shipping cost of 3.59 cents/gallon. Now

that supply is exhausted at SF, the other two stations, LG and AN, get their
respective demands met from OA. This results in a total cost of $9,355.20.
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The shipping schedule is shown in Table 1.3.

SM PA SR DC LG AN Supply

SF 35,000 27,000 48,000 53,000 163,000

OA 38,000 66,000 51,000 155,000

Demand 35,000 65,000 48,000 53,000 66,000 51,000 318,000

Table 1.3: Intuitive shipping schedule (Total cost: $9,355.20).

But Carlton and Toby have decided to acquire some assets of a competi-

tor. This would bring the number of terminals to 6 and gas stations to 47.
While the acquisition was being finalized, they realized that their intuitive

approach might not work so well for the larger company; they would need
to consider afresh how best to do the distribution to minimize costs and

thereby increase profits. They sensed that they should solve this problem
by means of linear programming with the help of the consultants. They

recalled being told many times that the best way to set up and validate a
model is to create a small example. They already had a really small example:

their two terminals supplying only six gas stations.

They remembered that this particular linear program is known as a trans-
portation problem. The key constraints state the fact that demands must
be met from the supplies on hand. The formulation starts by defining non-

negative variables as follows:

xi,j ≥ 0 is the amount (gallons) of gasoline to be shipped

from terminal i to station j.

Next, the total supply at the terminals, from which shipping is to be
done, needs to be taken into account. The total supply at Oakland must be

the sum of shipments from Oakland to each gas station; i.e.,

xOA,SM + xOA,PA + xOA,SR + xOA,DC + xOA,LG + xOA,AN = 155, 000,

and the total supply at San Francisco must be the sum of shipments from
San Francisco to each gas station; i.e.,

x
SF,SM

+ x
SF,PA

+ x
SF,SR

+ x
SF,DC

+ x
SF,LG

+ x
SF,AN

= 163, 000.
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Furthermore, the station demands for gasoline must be met; that is:

San Mateo: xOA,SM + xSF,SM = 35, 000

Palo Alto: xOA,PA + xSF,PA = 65, 000

San Rafael: xOA,SR + xSF,SR = 48, 000

Daly City: xOA,DC + xSF,DC = 53, 000

Los Gatos: x
OA,LG

+ x
SF,LG

= 66, 000

Antioch: xOA,AN + xSF,AN = 51, 000

The objective in finding the best way to meet demand from the existing
supply is to minimize the total shipping cost from the terminals to the

stations:

1.88xOA,SM +3.24xOA,PA+1.86xOA,SR+0.74xOA,DC +5.17xOA,LG+4.48xOA,AN

+2.81xSF,SM +3.59xSF,PA +2.20xSF,SR +1.68xSF,DC +5.01xSF,LG +3.66xSF,AN

Carlton and Toby eagerly awaited the opinion of the consultants on their
“solution” using an intuitive approach. At the next meeting, one of the

consultants opened her laptop and in a matter of minutes announced that
there is an optimal solution with total shipping cost of $9,351.40, namely

SM PA SR DC LG AN Supply

SF 35,000 65,000 10,000 53,000 163,000

OA 38,000 66,000 51,000 155,000

Demand 35,000 65,000 48,000 53,000 66,000 51,000 318,000

Table 1.4: Better shipping schedule (Total cost: $9,351.40).

Although the difference in shipping cost is very small, it did, neverthe-

less, convince Carlton and Toby that their intuitive approach could not be
relied upon to produce the cheapest shipping schedule. They were curious
about the assertion that the cost of $9,351.40 is optimal. In addition, they

recognized that since their intuitive shipping schedule was for only one week,
and they were planning to enlarge their distribution network, their savings

with an optimal shippping schedule could be significant.

This is an instance of a linear program. It is an optimization problem

in which the objective is a linear function and the constraints are linear
inequalities and linear equations.
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An important point

In general, the constraints of a linear program may possess many linear

equations (and linear inequalities). Some linear programs possess only linear
inequalities (and no linear equations). But a meaningful linear program must

always have at least one linear inequality, for otherwise it is either trivial or
unsolvable (see Exercise 1.5.)

1.2 Linear programs and linear functions

A linear program (LP) is an optimization problem in which a linear objective

function is to be minimized (or maximized) subject to a finite number of
linear constraints (linear equations and/or linear inequalities). In order to

be classified as an LP it must contain at least one linear inequality. Example
1.1 was just such a problem. In the pages that follow, we will see several

more examples of linear programming models.

The definition of a linear program makes no sense unless one knows what
linear functions, linear equations, and linear inequalities are. Let’s be sure
we’ve got these concepts straight. For the time being, we will define a linear

function to be one that is of the form

f(x1, x2, . . . , xn) = c1x1 + c2x2 + · · ·+ cnxn

where c1, c2, . . . , cn are constants and x1, x2, . . . , xn are variables (see Ex-
ercise 1.6.) In this book we assume that all constants and variables are

real-valued.

Here are some examples of linear functions:

1. x′ − x′′. This linear function is the difference of the two variables
x′ and x′′. In this case n = 2; the constants c1 and c2 are 1 and −1,
respectively.

2. x1+x2+ · · ·+x10. This is just the sum of the variables x1, x2, · · · , x10.
Note that in this instance, the coefficient of each variable is the con-

stant 1.

3. 10× (5.044 MALT + 5.217 YEAST+ 6.503 HOPS). In this case there
are 3 variables denoted MALT, YEAST, HOPS. (The three variables
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represent ingredients used in the manufacture of beer. It is often help-
ful to use variable names that make it easy to interpret the model and

its solution; this is particularly imperative as the size of the problem
grows.) Note also that a constant times a linear function is still a

linear function; thus the above linear function is equivalent to

50.44 MALT+ 52.17 YEAST+ 65.03 HOPS.

We shall see many more examples of linear functions throughout this book.

If f(x1, . . . , xn) is a linear function, and K is a constant, then

f(x1, . . . , xn) = K

is a linear equation, whereas

f(x1, . . . , xn) ≥ K and f(x1, . . . , xn) ≤ K

are linear inequalities. When the right-hand side K is zero, the linear equa-
tion or linear inequality is said to be homogeneous. Here are some more

examples.

1. x′ − x′′ = 0 is a homogeneous linear equation. It says that the values

of the two variables x′ and x′′ are equal. Note that if x′ and x′′ satisfy
this equation, then for any λ we have have λx′ = λx′′. That is to say

λx′ − λx′′ = 0.

2. x1 + x2 + · · ·+ x10 = 1 is a linear equation. It is not a homogeneous
linear equation since its right-hand side (K = 1) is not zero.

3. 5.044 MALT+ 5.217 YEAST+ 6.503 HOPS≤ 24 is a linear inequality.
Such an expression might be used to impose a budget constraint on

what is spent for the ingredients of beer.

As stated above, in linear programming we deal with systems of linear

constraints that contain at least one linear inequality. Our CT Refinery
example had 8 equations in 12 variables. Furthermore, the nonnegativity

of the variables (which represent amounts of gasoline to be shipped from
terminals to service stations) is expressed by the simple homogeneous linear

inequalities
x

OA,SM
≥ 0, x

OA,PA
≥ 0, . . . , x

SF,AN
≥ 0.
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Together the 8 equations and 12 linear inequalities constitute the system of
constraints for that particular LP. The problem requires that all of them

be satisfied simultaneously, as is the case for every constrained optimization
problem.

It will typically be the case that the constraints of an LP have many

feasible solutions. The task is to select a feasible solution which optimizes
a linear objective function, that is, one which measures the “goodness” of

feasible solutions in the application at hand.

1.3 LP models and applications

Our discussion here will be comprised of five parts:

(a) Some classical LP models

(b) Key assumptions of LP

(c) Building LP models

(d) Presentations of an LP

(e) Fundamental properties of an LP

(a) Some classical LP models

Here we discuss a few classes of LP models that frequently arise in practice

and have been studied for a long time. These models typically have names
that suggest how the models are applied.

Diet problems

A diet problem (in the sense of linear programming) is one of finding the

least expensive way to meet a given set of daily nutritional goals using a
particular set of foods. This is sometimes called “Stigler’s diet problem”

after the work of George Stigler [181]. The following is a very small example
of such a problem modeled as a linear program.

Example 1.2: A SIMPLE DIET PROBLEM. Minimize the cost of achieving

at least 1.00 mg of thiamine, 7.50 mg of phosphorus, and 10.00 mg of iron
from two foods called FOODA and FOODB. The cost of FOODA is 10 cents
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per ounce (oz), and the cost of FOODB is 8 cents per ounce. The relevant
nutritional contents of the foods are:

FOODA FOODB
mg/oz mg/oz

Thiamine 0.15 0.10
Phosphorus 0.75 1.70

Iron 1.30 1.10

The LP formulation of this problem goes like this:

minimize 10 FOODA + 8 FOODB

subject to 0.15 FOODA + 0.10 FOODB≥ 1.00

0.75 FOODA + 1.70 FOODB≥ 7.50

1.30 FOODA + 1.10 FOODB≥ 10.00

FOODA ≥ 0, FOODB ≥ 0.

Note that FOODA and FOODB are (obviously) nonnegative variables de-
noting the number of ounces of FOODA and FOODB respectively used to

meet the nutritional requirements (represented by in the first three linear
inequalities) for thiamine, phosporus, and iron.

Definition of the diet problem

• Use a given set of food inputs to achieve a given set of nutritional

requirements at least cost.

• The foods: j = 1, . . . , n. In practice, these would correspond to the
names of foods.

In the example above the foods are FOODA and FOODB.

• The nutrients: i = 1, . . . , m. In practice, these would correspond to

the names of nutrients.

In the example above the nutrients are thiamine, phosphorus, and iron.

Data of the diet problem

• Requirements: at least bi units of nutrient i.

For instance, in the example above, at least 10.00 mg of iron are re-
quired in the diet.
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• Contributions: One unit of food j contributes aij units of nutrient i.

In the example above, 1 oz of FOODB contributes 1.70 mg of phos-
phorus.

• Costs: cj (monetary units) per unit of food j.

In the example above, 1 oz of FOODA costs 10 cents.

Variables and objective of the diet problem

• Food usage levels: xj (to be determined).

In the example above, FOODA and FOODB denote usage levels, both
measured in ounces.

• Objective: minimize total food cost.

Constraints of the diet problem

• Meet (or exceed) the nutritional requirements using the foods under
consideration.

• Allow only a nonnegative level of each food to be used.

Form of the diet problem

In its simplest form, the LP model of the diet problem is

minimize

n∑
j=1

cjxj

subject to

n∑
j=1

aijxj ≥ bi for all i = 1, . . . , m

xj ≥ 0 for all j = 1, . . . , n.

Notice that the constraints of the problem are expressed in terms of linear

inequalities, rather than as linear equations. The model can be modified so
as to include other linear constraints such as lower and upper bounds on the

amounts of the individual foods in the diet. Such constraints might be used
to enhance the palatability. One of the main applications of the diet problem
is in the manufacture of various forms of animal feed, where palatability is

thought not to be a great issue. For a further (possibly interactive) look at
the diet problem see [6].
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Product-mix/activity-analysis problems

In a product mix, or activity analysis problem, we have to use a given set of
activities (production processes) and a given set of resources to maximize

profit associated with the production processes subject to limitations on the
resources. When the objective and constraints can be expressed linearly, we

obtain an LP. Here is a tiny example of such a problem.

Example 1.3: A PRODUCT-MIX PROBLEM. This illustration is one used
by R.G. Bland in an article on linear programming published in the magazine

Scientific American (see [16]). The problem concerns the production of ale
and beer from three “scarce” resources: corn, hops, and barley malt. (All

other inputs to these beverages are considered to be plentiful.) The available
amounts of the scarce resources are 480 pounds of corn, 160 ounces of hops,

and 1,190 pounds of malt.

Producing a barrel of ale consumes 5 pounds of corn, 4 ounces of hops,
and 35 pounds of malt, whereas a barrel of beer consumes 15 pounds of

corn, 4 ounces of hops, and 20 pounds of malt. Assume that the profits per
barrel are $13 for ale and $23 for beer.

Formulation of this product-mix problem1

maximize 13 ALE + 23 BEER

subject to ALE + 15 BEER ≤ 480

4 ALE + 4 BEER ≤ 160

35 ALE + 20 BEER ≤ 1, 190

ALE ≥ 0, BEER ≥ 0.

As stated on page 6, a constant times a linear function is still a linear func-
tion. In fact, multiplication (or division) of any of the inequalities by a

constant preserves the solution set of the particular linear program. For
example, 4 ALE+ 4 BEER ≤ 160 can be divided by 4 to result in the equiv-

alent inequality ALE + BEER ≤ 40; it is equivalent in the sense that the
set of feasible solutions of the above problem is unchanged by this opera-
tion. From a numerical computation perspective, scaling (multiplication or

division) plays an important role in helping provide numerically accurate
solutions.

1Don’t try this at home.
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The product-mix/activity-analysis problem in general

As in the Example 1.2, a typical product-mix problem will have a set of
“production activities” that use (consume) a set of “scarce resources.” In

the general case, we have the following notation:

• The activities: j = 1, . . . , n. In practice, these would correspond to

the names of activities.

In the example above, n = 2. Activity j = 1 is the production of ale;
activity j = 2 is the production of beer.

• The resources: i = 1, . . . , m. In practice, these would correspond to
the names of resources.

In the example above, m = 3. The resources are: corn, hops, and
malt.

Data for the product-mix/activity-analysis problem

• The resources: at most bi units of resource i are available for the

production process.

In the example above, at most 480 pounds of corn can be used.

• The consumption: Operation of process j at unit level consumes aij

units of resource i.

In the example above, producing a barrel of ale consumes 5 pounds of

corn.

• The profit contributions: cj (monetary units) per unit of process j.

In the example above, a barrel of ale generates a profit of $13.

Variables and objective of the product-mix/activity-analysis problem

• Activity levels: xj (to be determined).

In the example above, the activity levels are denoted by the variables
ALE and BEER, both measured in barrels.

• Objective: maximize total profit.
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Constraints of the product-mix/activity-analysis problem

• Produce levels of products that consume no more than the available
resources.

• Allow only nonnegative production levels.

Form of the product-mix/activity-analysis problem

Assembling this information we obtain the linear program

maximize

n∑
j=1

cjxj

subject to

n∑
j=1

aijxj ≤ bi for all i = 1, . . . , m

xj ≥ 0 for all j = 1, . . . , n.

Once again, we have an LP all of whose constraints are linear inequalities.
Other linear constraints (including linear equations) could also be imposed.

We’ll see examples of such cases later.

Transportation and assignment problems

In a transportation problem2 a single commodity is to be “shipped” from m

sources to n destinations. At each source i there is a known supply ai > 0
of the commodity. At each destination j there is a known demand bj > 0

for the commodity. To ship a single unit of the commodity from source i
to destination j costs cij, the known unit shipping cost. In such a problem,

we let the variable xij denote amount of the commodity shipped from i to
j. The objective is to minimize total shipping cost while accomplishing the

shipping. Example 1.1 is an instance of a transportation problem.

The assignment problem can be viewed as a variant of the transportation
problem in which m = n and ai = bj = 1 for all i and j. We do not treat
this class of problems separately in this book.

2The transportation problem is often attributed to G. Monge [137] or to F.L. Hitchcock
[98], or to L.V. Kantorovich [104].



CHAPTER 1: LP MODELS AND APPLICATIONS 13

Formulation of the transportation problem (with equality constraints)

In general, the transportation problem has the following mathematical for-
mulation:

minimize

m∑
i=1

n∑
j=1

cijxij

subject to

n∑
j=1

xij = ai for all i = 1, . . . , m

m∑
i=1

xij = bj for all j = 1, . . . , n

xij ≥ 0, for all i and j.

Note how the problem given in Example 1.1 fits this pattern.

Properties of the transportation problem (with equality constraints)

• In a feasible transportation problem (as formulated above), the total

supply must equal the total demand.
m∑

i=1

ai =

n∑
j=1

bj.

• The constraints have special structure.

For example, although m × n variables xij, each supply equation in-
volves exactly n variables; likewise each demand equation involves
exactly m variables. All the nonzero coefficients are ones, and the

structure becomes even more evident when the system is written in
matrix form.

• Integer supplies and demands lead to integer solutions.

As to why this “integrality property” holds, see, for example [44]. This
is an important characteristic of the transportation problem (but not

of linear programs in general). Indeed, when the commodity comes
in indivisible units, it is advantageous not to be faced with fractional
amounts! For instance, if the commodity were a type of baseball bat,

we would not be pleased with a portion of a bat.

Blending problems

A by-product of fuel refineries is residual fuel oil, as is also the case at CT
refinery. When blending to create such fuel oil, rigid specifications must be
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met. One of these is on specific gravity. For example, residual fuel is created
by blending asphalt flux (A), clarified oil (C), and kerosene (K). The specific

gravity of the mix must be between 0.94 and 1.0. The specific gravity of A
is 1.02, for C it is 1.10, and, for K it is 0.83. This results in two nonlinear

inequalities:

1.02A + 1.10C + .83K

A + C + K
≥ 0.94 and

1.02A + 1.10C + .83K

A + C + K
≤ 1.0.

Here we have the ratio of two linear functions that must be greater than
or equal to 0.94 and less than or equal to 1.0. Because the denominator is

positive (in this case it happens to be a positive constant because of another
constraint) it is permissible to multiply both sides of the inequality by the

denominator and thereby achieve ordinary linear inequalities. For instance,

1.02A + 1.10C + .83K

A + C + K
≥ 0.94

becomes

1.02A + 1.10C + .83K ≥ 0.94A + 0.94C + 0.94K

which, after collecting like terms, becomes the homogenous linear inequality

0.08A + 0.16C − 0.11K ≥ 0.0 .

Another method to make such fractional constraints linear is to consider

generating one unit of the blend. In that case the denominator A+C +K is
set equal to 1.0, but, in doing so, we must adjoin the equation A+C+K = 1

as an extra constraint.

We shall now discuss blending problems in a more general way.

The nature of blending problems

Consider a problem in which several inputs i = 1, . . . , m are used to produce
one or more outputs j = 1, . . . , n. Let xij be the amount of input i per unit

of output j. Assume that each input i has a numerical characteristic ci

and that each output j has a numerical characteristic dj that is given by a
linearly weighted average of the characteristics of the inputs—the weights

wij being unknown. For the j-th output, the unknown weights are given
by wij = xij/

∑m
i=1 xij, which is the percentage of input i used in output j.
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Thus

dj :=

m∑
i=1

ciwij =

m∑
i=1

ci

⎛⎜⎜⎜⎜⎝ xij
m∑

i=1

xij

⎞⎟⎟⎟⎟⎠ =

m∑
i=1

cixij

m∑
i=1

xij

.

Bounds on characteristics of blended outputs

The characteristic of output j is often required to satisfy inequalities like

�j ≤ dj ≤ uj . By the form of dj, this leads to

�j

(
m∑

i=1

xij

)
≤

m∑
i=1

cixij ≤ uj

(
m∑

i=1

xij

)

and then to

m∑
i=1

(�j − ci)xij ≤ 0 and
m∑

i=1

(ci − uj)xij ≤ 0.

Other applications and models

The applications of linear programming are very numerous. A few categories

of them are

• Deterministic inventory problems.

• Least cost network flow problems.

• Pattern separation problems.

(b) Key assumptions of linear programming

There are three properties that must or should hold in a real optimization
problem in order to make linear programming an appropriate solution tool.

These are proportionality, additivity, and divisibility as described next.

• Proportionality. The proportionality property means that the effect
on the objective function and the effect on resource utilization (or the
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contribution to required output) is proportional to each activity level.
This means, for instance, that in a transportation problem the unit

shipping cost cij does not decrease when larger quantities are shipped
from i to j; i.e., there are no economies of scale.

• Additivity. The additivity property means that the effects of individual

activities are additive (as distinct from multiplicative, for example).
A simple case where such a property does not hold is that of finding

the rectangle of largest area with a given perimeter. When the sides
are of lengths x and y and the given perimeter is p, this problem is

formulated as
maximize xy
subject to 2x + 2y = p.

Here we see that the variables x and y appear additively (with con-

stants of proportionality) in the constraint, but multiplicatively in the
objective function.

In general, together, the properties of proportionality and additivity

amount to the same thing as linearity. However, in modeling a real-
world problem, it is worthwhile thinking about the effects of activities

in terms of proportionality and additivity.

• Divisibility. The divisibility property refers to the variables being con-
tinuous rather than integer-valued. This is a property that is often

lacking in practical optimization problems (both linear and nonlin-
ear). For instance, there are many cases where some or all of the

variables make practical sense only if they are integral. One would
not build 1.7239 factories or send up 0.3826 space ships. It might be

imagined that the way to deal with fractional amounts is just to round
the numbers up or down. It is known however that this heuristic is
not guaranteed to result in a feasible solution much less an optimal

solution.

Optimization problems requiring at least some of the variables to be

integer-valued are called (mixed-)integer programs. There is an op-
timization field dealing with such problems. But it is important to

recognize that ordinary linear programming is an important tool used
in solving them. One such application is in the technique known as
relaxation in which the integrality requirement is temporarily ignored

and the problem is solved as an ordinary LP. If the solution found
lacks the required integrality, additional constraints (called cuts) could
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be introduced in an attempt to obtain a problem whose solution is fea-
sible for the original problem and does possess the integrality property.

Other methods for handling integer programs are also used, but it is
not our purpose to cover that subject here.

(c) Steps in model building

Effective efficient model building is an art in all branches of applied science
and engineering. This is especially true in linear programming where prob-

lems can be large and complex. Nevertheless, one has a rough idea of what
to look for and what the overall structure will be. We cover some of the

steps one takes in building an LP model. Needless to say, this has great
importance in practice. More extensive development of this topic can be
found in Chapter 1 in the textbook by Dantzig and Thapa [44].

Here are some steps to follow in building an LP model:

• Identify the activities. That is, identify all the different things that

can or must be done to achieve the desired ends. These correspond to
the decision variables whose units and values are to be determined.

• Identify the items. The items are the resources available to, or the
products required from, the activities. This step includes identifying

the amounts (in appropriate units) of the individual resources available
and the requirements to be imposed.

• Identify the input-output coefficients. These are the constants of pro-

portionality between the unit levels of activity and the resources or
requirements. Some authors use a special sign convention for these
data. For instance, a positive constant aij might mean that operating

activity j at unit level consumes aij units of resource i. With such a
convention, one might consider a negative coefficient aij to mean that

activity j contributes to the amount of resource i. It is essential to
be clear and consistent about the units of the aij and the related sign

convention.

• Write the constraints. For a linear program, we expect the constraints

to be expressed or expressible either as linear equations or linear in-
equalities. As we have seen in the case of the ratios appearing in
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blending problems, it is sometimes necessary to modify the form of
certain constraints to make them linear.

• Identify the coefficients of the objective function. This is much the
same as some of the preceding steps. Here again, it is essential to
be aware of the units involved. If the objective function represents

the total cost of the activities, then it needs to be reckoned in the
appropriate units.

(d) Presentations of an LP

By presentations of the problem, we mean different (equivalent) ways a linear

programming problem can be written down. This will span a range from
Excel spreadsheets to linear algebra and matrix theory.

The LP in (verbose) standard form

A linear program expressed as

minimize c1x1 + · · ·+ cnxn

subject to a11x1 + · · ·+ a1nxn = b1

a21x1 + · · ·+ a2nxn = b2
...

...

am1x1 + · · ·+ amnxn = bm

xj ≥ 0, j = 1, . . . , n

(1.1)

is said to be in standard form. (The presentation used for the transportation
problem Example 1.1 was in verbose standard form.) This form is called

verbose because it takes a lot of writing or talking to express the problem this
way. This form is standard in the sense that the variables are all nonnegative

and the other constraints are linear equations. The latter are sometimes
called material balance equations.

Not all linear programming models are automatically in standard form;
they may have a mixture of linear inequalities and equations. Nevertheless,

it is easy to convert them to standard form. For instance, the constraints of
the product-mix problem, Example 1.3, are all inequalities of the form ≤.
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Each such inequality constraint

n∑
j=1

aijxj ≤ bi

can be converted to a linear equation by adding a nonnegative variable,
called a slack variable, to its left-hand side. It is important to use a separate

slack variable for each such inequality. Thus the inequality above becomes
a pair of linear constraints, one a linear equation, the other a nonnegativity

constraint:
n∑

j=1

aijxj + xn+i = bi and xn+i ≥ 0.

When this is done the slack variable for the i-th constraint appears only in
the i-th equation. Moreover the coefficient of xn+i in the objective function
is zero, which is to say the slack variable does not appear there.

Here is an example of how the model for the product-mix problem, Ex-

ample 1.3, would be converted to standard form. It has three resource
constraints pertaining to corn, hops, and malt, respectively. We introduce

the nonnegative slack variables C, H , and M , adding one variable of these
variables to the left-hand side of each inequality. This yields

maximize 13 ALE + 23 BEER

subject to 5 ALE + 15 BEER + C = 480

4 ALE + 4 BEER + H = 160

35 ALE + 20 BEER + M = 1, 190

ALE ≥ 0, BEER ≥ 0, C ≥ 0, H ≥ 0, M ≥ 0.

In the diet problem, Example 1.2, all the inequalities are of the form ≥.

Each such inequality constraint can be converted to a linear equation by
subtracting a nonnegative variable called a surplus variable from the left-
hand side of the constraint. As before, each surplus variable appears in only

one equation and not in the objective function either.

Row-oriented standard form

The verbose standard form shown above involves a collection of sums, one for
the objective function and m more used in expressing the material balance
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equations. This observation enables us to write the problem as

minimize

n∑
j=1

cjxj

subject to

m∑
j=1

aijxj = bi, i = 1, . . . , m

xj ≥ 0, j = 1, . . . , n.

(1.2)

The general statement of the transportation problem was given in this row-

oriented3 standard form.

Column-oriented standard form

This approach to writing an LP emphasizes the fact that the left-hand side
of the material balance equations and the objective function can be thought
of as a linear combination of column vectors. Each of these column vectors

is composed of coefficients of a decision variable, xj (j = 1, . . . , n). In
particular, the column vector associated with xj is⎡⎢⎢⎢⎣

cj

a1j
...

amj

⎤⎥⎥⎥⎦ .

Thus the left-hand side of the problem is

n∑
j=1

⎡⎢⎢⎢⎣
cj

a1j
...

amj

⎤⎥⎥⎥⎦xj.

Before we can use this idea to write the material balance equations, we need

to express the right-hand side as a column vector as well. To facilitate this
step, let us define a variable, say z, through the equation

z :=

n∑
j=1

cjxj.

3In the next chapter, we will discuss the algebraic and geometric significance of the
row-oriented presentation and column-oriented presentations.
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The right-hand side can now be written as the vector⎡⎢⎢⎢⎣
z

b1
...

bm

⎤⎥⎥⎥⎦ .

Putting all this together, we have the problem

minimize z

subject to

n∑
j=1

⎡⎢⎢⎢⎣
cj

a1j
...

amj

⎤⎥⎥⎥⎦xj =

⎡⎢⎢⎢⎣
z

b1
...

bm

⎤⎥⎥⎥⎦
xj ≥ 0, j = 1, . . . , n.

(1.3)

Note that in this problem statement z is a (dependent) variable.

You may have noticed how much vertical space is needed in writing col-

umn vectors as above. To avoid this, we adopt the convention that the
notation x = (x1, . . . , xn) actually means

x =

⎡⎢⎣ x1
...

xn

⎤⎥⎦ .

The LP in (terse) standard form

A linear program in standard form can be expressed tersely as

minimize cTx
subject to Ax = b

x ≥ 0.

(1.4)

In this presentation, A is the coefficient matrix, b is the right-hand side
vector, c is the vector of cost coefficients, and x is the vector of decision

variables.

Let us consider the example of the little product-mix problem Exam-
ple 1.3. After the insertion of slack variables, the problem can be put in
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terse standard form using

A =

⎡⎣ 5 15 1 0 0
4 4 0 1 0

35 20 0 0 1

⎤⎦ , b =

⎡⎣ 480
160

1190

⎤⎦ ,

cT =
[

13 23 0 0 0
]
, and x = (ALE, BEER, C, H, M).

Notice that by defining z = cTx, we obtain another terse version of the

problem
minimize z

subject to

[
cT

A

]
x =

[
z

b

]
x ≥ 0.

(1.5)

We have illustrated four different presentations of the linear programming

problem in standard form. They all have the same meaning, and each has
its own advantages. For instance, the terse one is written in an abbreviated

style which is often useful when brevity or physical space is an issue. These
different ways of writing LPs will be used in the remainder of the book.

(e) Fundamental properties of an LP

Given a linear program, it may or may not have a feasible solution. If it
does not have a feasible solution, we say its feasible region is empty. If the
feasible region is nonempty (the problem is feasible), it may or may not be

bounded. If the feasible region is nonempty and bounded, the optimal value
of the objective function is always finite; if the feasible region is unbounded,

the objective function may still have a finite optimal value, though this is not
guaranteed. When an optimal solution exists, the optimal objective function

value is unique, but there may be multiple optimal solution vectors.

1.4 Exercises

1.1 Suppose a firm produces a particular computer unit in Singapore and in
Hoboken. The firm has distribution centers in Oakland, Hong Kong, and
Istanbul. The supplies, demands and unit shipping costs are summarized
in the following table.
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Oakland Hong Kong Istanbul
Singapore 85 37 119 500
Hoboken 53 189 94 300

350 250 200

Formulate the corresponding transportation problem.

1.2 Represent the Diet Problem, Example 1.2, in standard form.

1.3 Identify an obvious nonzero solution to the Product-Mix Problem, Exam-
ple 1.3, in standard form.

1.4 Consider the integer linear program

maximize x + 2y
subject to 3x + 4y ≤ 12

−x + 2y ≤ 4
and x ≥ 0, y ≥ 0
with x, y integers.

(a) The optimal solution to the linear program (without the integer re-
strictions) is x = 1.6, y = 1.8. Show that rounding this solution leads
to an infeasible solution.

(b) Starting from x = 0, y = 0, systematically enumerate all possible
integer solutions and pick an optimal solution. Is it unique?

(c) Replace the first inequality by 3x + 4y ≤ 8; the optimal solution to
the linear program (without the integer restrictions) now changes to
x = 0.8, y = 1.4. Show that rounding now leads to a feasible solution.

(d) Enumerate all possible feasible integer solutions to the problem as
reformulated in (c) and show that the above integer solution is the
optimal integer solution.

(e) For the integer linear program

maximize x + 2.5y
subject to 2x + 4.5y ≤ 6

−x + 2.0y ≤ 4
and x ≥ 0, y ≥ 0
with x, y integers

the optimal solution is x = 0, y = 4/3. Rounding this results in
the feasible solution x = 0, y = 1. Show that this is not optimal by
finding the optimal feasible integer solution.

1.5 This exercise is intended to illustrate that the minimization (or maximiza-
tion) of a linear function subject to a system of linear equations is not a
meaningful optimization problem.
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(a) Show that the problem

minimize x
subject to x + y = 1

is feasible but has no optimal solution.

(b) Show that the problem

minimize x + y + z
subject to x + y − z = 1

− x − y + z = 1

is infeasible and hence has no optimal solution.

(c) Show that the problem

minimize x
subject to x + y = 1

x − y = 0

has only one feasible solution and hence is a trivial optimization prob-
lem.

1.6 At the beginning of Section 1.2, we gave a temporary definition of the
term linear function to be one that is of the form:

f(x1, x2, . . . , xn) = c1x1 + c2x2 + · · ·+ cnxn

where c1, c2, . . . , cn are constants and x1, x2, . . . , xn are variables. The
standard definiton of a linear function f is one that satisfies

f(αx + βy) = αf(x) + βf(y)

for all scalars α and β and all vectors x and y.

(a) Show that a function of the form c1x1 + c2x2 + · · ·+ cnxn is linear in
the standard definition.

(b) Let f be a linear function and let K be a nonzero constant. Show
that the function f(x) + K is never a linear function. (Functions of
this form are said to be affine.)

1.7 In Section 1.3(b), we listed the key assumptions of linear programming.
The first two mentioned were proportionality and additivity. We com-
mented there that “together, the properties of proportionality and addi-
tivity amount to the same thing as linearity.” Use the “standard definition
of a linear function” given in Exercise 1.6 to explain this comment.
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1.8 An important property of the transportation problem (with equality con-
straints) is the feasibility requirement that the total demand must equal
total supply. Explain why this must be so. Do the nonnegativity con-
straints have anything to do with this requirement?

1.9 Suppose there are two warehouses from which three retail stores are sup-
plied. The warehouses have on hand cases of chocolate candy in the
amounts of a1 = 250 and a2 = 375. The demands at the retail stores are
b1 = 125, b2 = 300, and b3 = 200.

(a) Using the verbose form, write out the constraints of the transporta-
tion problem corresponding to the given data.

(b) Write these same constraints in the terse form, that is, using matrix-
vector notation.

1.10 A farmer purchases feed mix for his cattle from a local company which
provides five types of mixes with different nutrient levels. The farmer has
different requirements for his cattle feed mix than those provided by the
company and would like to create a blend of these five different mixes to
meet or exceed his requirements at a minimum cost. Formulate an LP to
do this based on the data below

Percent Nutrient

Nutrient Mix 1 Mix 2 Mix 3 Mix 4 Mix 5 Requirement
1 20 30 8 35 15 25
2 10 5 25 18 40 25
3 12 35 10 5 10 15

Cost $/lb

.50 1.10 .55 .75 1.25

1.11 CT Capital provides capital for home mortgages, auto loans, and personal
loans. Their home mortgage loans are of 30 year fixed rates of three types:
Jumbo loans (greater than $729,000), Conforming loans, and 2nd Mort-
gages (or Home Equity Loans, abbreviated HEL). The annual interest
rates for these loans, are as follows:

Jumbo 4.875%
Conforming 4.375%
HEL 5.750%
Auto 6.000%
Personal 8.500%

Formulate an LP model to help CT Capital maximize the return from
interest on these loans subject to the following:

• The total capital available for all loans is $400 million.
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• The Conforming loans, which have the lowest risk, should be at least
70% of the three home-based loans.

• HELs should be no more than 10% of the home-based loans.

• The home-based loans should be at least 80% of all loans.

• Personal loans should not be more than 30% of the auto and personal
loans.

1.12 CT Coffee Manufacturers blends three types of coffee beans to produce a
very popular blend. The contracts for purchasing the coffee beans that
go into the blend are negotiated monthly. Aroma and taste ratings are
determined subjectively by experts; the scale runs from 50 to 100 where
100 is the highest aroma or taste level. On the other hand, the degree of
roast is measured quite precisely through the use of a specially modified
spectrophotometer, called an Agtron. The Agtron readings range from
10 to 95, with 95 being the lightest roast and 10 being the darkest roast.
The cost per pound and bean characterestics are as follows.

Coffee Cost ($/lb) Aroma Taste Roast

Bean 1 5.25 84 92 36
Bean 2 4.50 74 88 70
Bean 3 3.75 78 83 48

CT Coffee Manufacturers produce 1000 lbs of coffee a day. The blended
coffee must satisfy the following: The aroma should be between 79 and
81, the taste should be between 86 and 88, and the average Agtron rating
of the roast should be that of a medium roast (between 51 and 60). For-
mulate an LP model to determine how much of each coffee bean to buy
in order to minimize the cost while satisfying the requirements for aroma,
taste, and degree of roast.

1.13 A Machine Problem (Kantorovich [105]). Formulate the following ma-
chine problem to obtain the maximum number of completed items per
hour. A plant manufactures an assembled item consisting of two different
metal parts. For each part, the milling work can be done on different
machines: milling machines, turret lathes, or automatic turret lathes ac-
cording to the following

Maximum Output
Type of Machine Number of per Machine per Hour

Machines First Part Second Part

Milling Machines 3 10 20
Turret Lathes 3 20 30
Automatic Turret Lathes 1 30 80

1.14 (Based on Exercise 1.5 of Dantzig and Thapa [44].) A small refinery
blends five raw gasoline types to produce two grades of motor fuel: regular
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and premium. The number of barrels per day of each raw gasoline type
available, the performance rating, and the cost per barrel are given in the
following table:

Raw Gasoline Performance Cost/barrel
Type Rating Barrels/day ($)

1 70 2,000 8.00
2 80 4,000 9.00
3 85 4,000 9.50
4 90 5,000 11.50
5 99 5,000 20.00

The performance rating of regular gasoline is required to be at least 85 and
that of premium gasoline is required to be at least 95. (The performance
rating of a blend is assumed to be a weighted average of the performance
ratings of its ingredients.) The refinery can sell all of its regular and
premium gasoline production at $28 and $32 per barrel, respectively, but
the refinery’s contract requires that it produce at least 8,000 barrels/day.

Formulate (but do not solve) the problem of maximizing the refinery’s
profit (net revenue based on the given data).

Be sure to define the variables you use in the formulation.

1.15 A food manufacturing company makes three products called Mix A (MA),
Mix B (MB), and Mix C (MC) using four blending machines of different
sizes called Mini, Small, Medium and Large. (There is one machine of
each size. The machines differ only in their capacity.) Because they are
used in the company’s other manufacturing operations (which are not
part of this problem), the scheduling people have limited the annual use
of these machines for making MA, MB AND MC to 200 hours each for
the two smaller machines and 100 hours each for the two larger machines.
The estimated annual demands for MA, MB and MC are 190,000 pounds,
250,000 pounds and 75,000 pounds, respectively, and the company intends
to meet these demands. The times required for manufacturing batches of
MA, MB, and MC are 50 minutes, 30 minutes and 45 minutes, respec-
tively, regardless of which machine is being used for the blending.

The cost of producing each of the three products on each of the four
blenders as well as the loading capacity of each product on each blender
is given in the following table:

(Cost per batch / Pounds per batch)

Mix A Mix B Mix C

Mini 18 / 190 25 / 200 30 / 200

Small 72 / 795 55 / 800 50 / 820

Medium 85 / 990 100 / 1,000 135 / 1,015

Large 175 / 1975 165 / 2,000 250 / 2,025
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(a) Formulate a linear program that would help the company to minimize
the cost of manufacturing these three products while satisfying the
given constraints.

(b) Is this truly a linear programming problem? Explain.

(c) Is this a really a blending problem? If so, in what sense?

1.16 (Based on Kantorovich, see [105].) A manufacturing firm makes a product
in kit form that consists of p different parts per kit. The firm has m ma-
chines, each of which can make all the individual parts that are required
for a complete kit. In fact, machine i can make αik > 0 units of part i per
day. For policy reasons it is required that the output of each part per day
be the same. (There is no provision for overnight storage of extra parts.)
The goal is to manufacture the greatest possible number of complete kits.
Formulate the manufacturing problem as a linear program.



2. LINEAR EQUATIONS AND INEQUALITIES

Overview

As we have observed, the constraints of a meaningful linear program must

include at least one linear inequality, but otherwise they may be composed
of linear equations, linear inequalities, or some of each. In this chapter,

we touch on two important topics within the very large subject of linear
equations and linear inequalities.

The first of these topics concerns equivalent forms of the linear program-
ming problem. To appreciate this subject, it is a good idea to think about

what we mean by the noun “form”. Webster’s New Collegiate Dictionary
defines form as “the shape and structure of something as distinguished from

its material.” In the present context, this has much to do with the types of
mathematical structures (sets, functions, equations, inequalities, etc.) used

to represent an object, such as a linear programming problem. It is equally
important to have a sense of what it means for two forms of an optimization

problem (or two optimization problems) to be “equivalent.” This concept
is a bit more subtle. Essentially, it means that there is a one-to-one corre-

spondence between the optimal solutions of one problem and those of the
other. Using the equivalence of optimization problems, one can sometimes
achieve remarkable computational efficiencies. In this chapter we illustrate

another use of equivalence by converting two special nonlinear optimization
problems to linear programs (see Example 2.1 on page 35 and Example 2.2

on page 38).

The second important topic introduced in this chapter is about properties
of polyhedral convex sets, by which we mean solution sets of linear inequality

systems. In discussing the geometry of polyhedral sets it is customary to
use words such as hyperplane, halfspace, vertex, and edge. In this chapter we

will cover these geometric concepts and relate them to algebraic structures.

The geometric study of polyhedral convex sets goes back to classical
antiquity. Much of what is now known about this subject makes use of
algebraic methods and was found in more “recent” times, which is to say

the 19th and 20th centuries.

In learning this material we gain valuable knowledge and useful vocabu-
lary for practical and theoretical work alike.
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2.1 Equivalent forms of the LP

The material covered in this section includes: the conversion of a linear in-
equality to an equivalent linear equation plus a nonnegative variable; the

equivalence of a linear equation to a pair of linear inequalities; the transfor-
mation of variables that are not required to be nonnegative to variables that

are so restricted; and, finally, the conversion of a maximization problem to
an equivalent minimization problem.

In Chapter 1, we introduced the term “standard form” for a linear pro-

gram: A linear programming problem will be said to be in standard form
if its constraints are all equations and its variables are all required to be

nonnegative. Such a problem has only constraints of the form

n∑
j=1

aijxj = bi, i = 1, . . . , m

xj ≥ 0, j = 1, . . . , n.

More tersely, the row-oriented presentation of the standard form constraints

written above has the matrix form

Ax = b
x ≥ 0.

Here A denotes an m× n matrix, and b is an m-vector.

The transportation problem discussed in Example 1.1 was presented in

standard form. Nevertheless, as we have seen in the other examples dis-
cussed in Chapter 1, some linear programs are not initially in standard form.

Granting for the moment that there is something advantageous about hav-
ing a linear program in standard form, we look at the matter of converting

the constraints of a linear program to standard form when they don’t hap-
pen to be that way initially. In so doing, we need to be sure that we do not

radically alter the salient properties of the problem. This statement alludes
to the notion of equivalence of optimization problems. We will have occasion

to use the concept of equivalence later in this and subsequent chapters.

But what is to be done with linear programs having constraints that are
not in standard form? For instance, the diet problem (Example 1.2), the
product-mix problem (Example 1.3) and the blending problem (page 13) all

have linear inequalities among the functional constraints, i.e., those which
are not just nonnegativity conditions or bound constraints as they are called.
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Conversion to standard form

A single linear inequality of the form

n∑
j=1

aijxj ≤ bi

can be converted to a linear equation by adding a nonnegative slack variable.

Thus, the inequality above is equivalent to

n∑
j=1

aijxj + xn+i = bi, xn+i ≥ 0.

In this case, xn+i is the added slack variable.

Here is a simple illustration of this process. Suppose we have the linear

inequality
3x1 − 5x2 ≤ 15. (2.1)

At the moment, we are not imposing a nonnegativity constraint on the
variables x1 and x2. This linear inequality can be converted into a linear

equation by adding a nonnegative variable, x3 to the left-hand side so as to
obtain

3x1 − 5x2 + x3 = 15, x3 ≥ 0. (2.2)

Figure 2.1 depicts how the sign of the slack variable x3 behaves with respect
to the values of x1 and x2 in (2.2). The shaded region corresponds to the

values of x1 and x2 satisfying the given linear inequality.

A system of ≤ linear inequalities can be converted to a system of linear
equations by adding a separate nonnegative slack variable in each linear

inequality. Thus
n∑

j=1

aijxj ≤ bi, i = 1, . . . , m

becomes
n∑

j=1

aijxj + xn+i = bi, xn+i ≥ 0, i = 1, . . . , m.

To see the importance of using a separate slack variable for each individual

linear inequality in the system, consider the following system

3x1 − 5x2 ≤ 15
2x1 + 4x2 ≤ 16.

(2.3)
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x1

x2

x3 < 0 in this unshaded region

x3 ≥ 0 in this shaded region

↖ x3 = 0

Figure 2.1: Solutions of linear inequality (2.1).

Giving each inequality a slack variable, we obtain the system

3x1 − 5x2 + x3 = 15, x3 ≥ 0

2x1 + 4x2 + x4 = 16, x4 ≥ 0.
(2.4)

Solutions of these linear inequalities are shown in the darkest region of Fig-

ure 2.2 below.

In Figure 2.2, it is plain to see that there are solutions of one inequality
which are not solutions of the other. This, in turn, has a direct relationship

with the signs of x3 and x4. In short, it would be incorrect to use just one
slack variable for the two linear inequalities.

Suppose we now introduce nonnegativity constraints on the variables x1

and x2 in the inequality system (2.3). The system could then be written as

3x1 − 5x2 + x3 = 15

2x1 + 4x2 + x4 = 16

xj ≥ 0, j = 1, 2, 3, 4.

(2.5)

The feasible solutions of this system are indicated by the most darkly shaded
region in Figure 2.3.
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x1

x2

↖ x3 = 0

↙ x4 = 0

Figure 2.2: Solutions of (2.3).

The same conversion in matrix notation is as follows. Constraints

Ax ≤ b

can be written as

Ax + Is = b, s ≥ 0

where, componentwise, si = xn+i. Analogously, the constraints

Ax ≥ b

can be written as

Ax− Is = b, s ≥ 0

where, componentwise, si = xn+i. The components of the vector s are
sometimes called surplus variables.
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x1

x2

↖ x3 = 0

↙ x4 = 0

Figure 2.3: Nonnegative solutions of (2.3).

Linear programs with free variables

As you will recall, a linear programming problem is an optimization problem

in which a linear function is to be minimized (or maximized) subject to a
system of linear constraints (equations or inequalities) on its variables. We

insist that the system contain at least one linear inequality, but we impose no
further conditions on the number of equations or inequalities. In particular,

the variables of a linear program need not be nonnegative. Some linear
programming problems have variables that are unrestricted in sign. Such

variables are said to be free. Why do we care whether variables are free or
not? This has to do with the fact that the Simplex Algorithm (which we
shall take up in Chapter 3) is designed to solve linear programs in standard

form.

In the following example, we encounter a classic optimization problem
arising in statistics that does not appear to be a linear program. The prob-
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lem can, however, be converted to a linear program, albeit one that is def-
initely not in standard form. In particular, it will have linear inequality

constraints and free variables. Later, we show how to bring this linear pro-
gram into standard form.

Example 2.1: THE CHEBYSHEV PROBLEM1. Suppose we have a hypoth-
esis that a particular variable is a linear function of certain variables (that

is, a linear model). More specifically, suppose we believe that there are num-
bers x1, x2, . . . , xn such that when the inputs2 a1, a2, . . . , an are supplied,

the output
b = a1x1 + a2x2 + · · ·+ anxn

will be observed. We would like to know what the numbers x1, x2, . . . , xn

are, so we run an experiment: We select values for the inputs and observe

the output. In fact, we do this m times. On the i-th trial, we use inputs
ai1, ai2, . . . , ain and observe the output bi. The question arises: Does there

exist a single set of values for the numbers x1, x2, . . . , xn such that all the
equations

ai1x1 + ai2x2 + · · ·+ ainxn = bi, i = 1, . . . , m

hold? If not, can we choose a set of numbers x1, x2, . . . , xn such that the

largest deviation is minimized? By “largest deviation” we mean

z := max

⎧⎨⎩∣∣∣ n∑
j=1

a1jxj − b1

∣∣∣, ∣∣∣ n∑
j=1

a2jxj − b2

∣∣∣, . . . ,
∣∣∣ n∑
j=1

amjxj − bm

∣∣∣
⎫⎬⎭.

We want to choose the “weights” x1, x2, . . . , xn so as to minimize z.

For the sake of exposition, let us assume m = 2 and n = 3. Here is how
such a Chebyshev problem can be turned into a linear program. First note
that by definition

z ≥ |a11x1 + a12x2 + a13x3 − b1| and z ≥ |a21x1 + a22x2 + a23x3 − b2|.
Since each of these 2 absolute values is nonnegative, we have z ≥ 0, although
we shall not impose this explicitly as a constraint. Furthermore, since for

any real number t, |t| ≥ ±t, we have

|a11x1 + a12x2 + a13x3 − b1| ≥ ±(a11x1 + a12x2 + a13x3 − b1)

|a21x1 + a22x2 + a23x3 − b2| ≥ ±(a21x1 + a22x2 + a23x3 − b2).

1For a treatment of this linear programming model and many others, see [77].
2Inputs are also called the independent variables and the output is called the dependent

variable.
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Hence we obtain the linear program

minimize z

subject to z − (a11x1 + a12x2 + a13x3 − b1) ≥ 0

z + (a11x1 + a12x2 + a13x3 − b1) ≥ 0

z − (a21x1 + a22x2 + a23x3 − b2) ≥ 0

z + (a21x1 + a22x2 + a23x3 − b2) ≥ 0.

The linear program in general is to minimize z subject to this system

of 2m linear inequalities in which all the variables—including z—are free.
Nevertheless, by our earlier discussion, we know that for any solution of

these inequalities, we must have z ≥ 0.

Conversion of free variables to differences of nonnegative variables

A free variable can always be replaced by the difference of two nonnegative

variables. Thus

θ = θ′ − θ′′, θ′ ≥ 0, θ′′ ≥ 0.

Notice that if θ = θ′− θ′′, it is not automatically true that the product of θ′

and θ′′ is zero. (For example, −1 = 2− 3.) Nevertheless, θ′ and θ′′ can be
chosen so that θ′θ′′ = 0. When this is done, we have

θ′ = θ+ and θ′′ = θ−,

where, by definition,

θ+ = max{0, θ} and θ− = −min{0, θ}.

To illustrate, suppose θ = 5. Then θ+ = 5 and θ− = 0. On the other hand,
if θ = −5, then θ+ = 0 and θ− = 5. If θ = 0, then θ+ = θ− = 0. In each

case, θ+θ− = 0.

Substituting for free variables

If xj is a free variable and we use the substitution xj = x′
j −x′′

j , then, in the

objective function, the term cjxj becomes cjx
′
j − cjx

′′
j , and in a constraint,

the term aijxj becomes aijx
′
j − aijx

′′
j .
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We left Example 2.1 in the form of an inequality-constrained LP with
free variables. Using the techniques described above, you can convert this

linear program to one in standard form.

Important notational conventions

We often need to single out a row or column of a matrix. Accordingly, it is
useful to have a clear and consistent way to do this. There are several such

systems in use, but the one described in the following is preferred in this
book. Suppose we have an m×n matrix A and a vector b ∈ Rm. If we wish

to consider the system Ax = b of m linear equations in n variables and need
to emphasize the representation of b as a linear combination of the columns
of A, then we let A.j denote the j-th column of A. The equation

n∑
j=1

A.jxj = b

then gives a column-oriented representation of b. We say that column A.j

is used in the representation of b if the corresponding xj is nonzero. In the

notation A.j, the large dot “.” represents a “wildcard”. This means that
all row indices i are included.

In like manner, we denote the i-th row of A by Ai.. This notation is

useful for singling out an individual row from the matrix A which comes up
in the row-oriented presentation of the system Ax = b. That is, we can use

Ai.x = bi as an abbreviation for

n∑
j=1

aijxj = bi.

By way of illustration, let us consider the matrix

A =

⎡⎣ 5 −1 0 8

2 1 2 3
0 −1 −1 4

⎤⎦ .

Then we have

A.2 =

⎡⎣−1

1
−1

⎤⎦ and A2. = [2 1 2 3].
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Example 2.2: LEAST-NORM SOLUTION OF A LINEAR SYSTEM. Suppose
we have a linear system given by the equations

n∑
j=1

aijxj = bi, i = 1, . . . , m.

Assume the system has a solution. Note that if n > m, the linear system
could have infinitely many solutions. We seek a solution x = (x1, . . . , xn)

having the “least 1-norm,” meaning that |x1| + · · · + |xn| is as small as
possible among all solutions of the system. So far, the problem is just

minimize

n∑
j=1

|xj|

subject to
n∑

j=1

A.jxj = b

(2.6)

where b = (b1, . . . , bm). This is not quite an LP at this point. For one
thing, there are no inequalities among the constraints. We can fix that by
replacing each variable xj by the difference of two nonnegative variables:

xj = uj − vj for all j = 1, ..., n. The constraints then become

n∑
j=1

A.juj −
n∑

j=1

A.jvj = b

uj ≥ 0, vj ≥ 0, j = 1, . . . , n.

How do we—legitimately—get rid of the absolute value signs in (2.6)? It is
easy to that if

xj = uj − vj, uj ≥ 0, vj ≥ 0, and ujvj = 0, for all j = 1, . . .n,

then

|xj| = uj + vj, j = 1, . . . , n.

The linear program to be solved becomes

minimize

n∑
j=1

uj +

n∑
j=1

vj

subject to
n∑

j=1

A.juj −
n∑

j=1

A.jvj = b

uj ≥ 0, vj ≥ 0, j = 1, . . . , n.

(2.7)
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An appreciation of why the above formulation is valid will be gotten from
reading the next section and Exercise 2.8, where you are asked to show that

the condition ujvj = 0 must hold at an optimal extreme point. Based on
this assertion and the notation introduced on page 36, we can also express

the problem to be solved as the LP

minimize

n∑
j=1

x+
j +

n∑
j=1

x−
j

subject to

n∑
j=1

A.jx
+
j −

n∑
j=1

A.jx
−
j = b

x+
j ≥ 0, x−

j ≥ 0, j = 1, . . . , n.

(2.8)

Such linear programs come up in signal analysis problems in electrical engi-

neering where estimates of sparse solutions of underdetermined linear sys-
tems are needed.

Converting equations into inequalities

Sometimes it is necessary to convert an equation (involving two real num-

bers) into a pair of inequalities. Recall that for real numbers, x and y, the
equation x = y is equivalent to the pair of inequalities

x ≥ y,

x ≤ y.

Thus, the equation

n∑
j=1

aijxj = bi is equivalent to the pair of inequalities

n∑
j=1

aijxj ≥ bi,

n∑
j=1

aijxj ≤ bi.

Minimization versus maximization

Another general rule is that

max f(x) = −min{−f(x)}. (2.9)
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Note the effects of the two minus signs in this equation. The function −f is
the reflection of f with respect to the horizontal axis. Suppose x̄ minimizes

−f(x). Then by changing the sign of the function value −f(x̄), we find that
the maximum value of f(x) is f(x̄). The maximum of f and the minimum

of −f occur at the same place. The maximum and minimum values of these
two functions sum to zero. Using this rule, we may convert a maximization

problem into a minimization problem, and vice versa.

This is a handy rule when one needs to convert a maximization problem to
a minimization problem. For example, if one had an optimization algorithm

that solves only minimization problems, it would be possible to use (2.9) to
recast any maximization problem to an equivalent minimization problem.

Figure 2.4, given below, depicts the general rule stated in (2.9) between
the maxima and minima of a function (solid curve) and the minima and

maxima (respectively) of the negative of that function (dotted curve).
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Figure 2.4: Illustration of (2.9).

Some important (LP) language

Consider an LP, say
minimize cTx
subject to Ax = b

x ≥ 0.

A vector x̄ satisfying the constraints Ax = b and x ≥ 0 is called a feasible
vector for this LP. Even if an LP is not in standard form, the analogous
definition would apply. A feasible vector for an LP is simply one that satisfies

its constraints. In a minimization problem, a feasible vector x̄ is optimal if
cTx̄ ≤ cTx for every feasible vector x.
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The feasible region of an LP

The feasible region of a linear program is the set of all its feasible vectors.
If this set is empty, then the LP is said to be infeasible. The feasible region

of an LP can be described as the intersection of the solution sets of a finite
number of linear inequalities. As a simple illustration of this idea, consider

again the linear inequalities

3x1 − 5x2 ≤ 15

2x1 + 4x2 ≤ 12

and Figure 2.2 which depicts their solution set. These linear inequalities

could be the constraints of a linear programming problem in which case the
doubly shaded region would represent (a portion of) its feasible region.

2.2 Polyhedral sets

Linear equations and linear inequalities can be interpreted geometrically.

Let a ∈ Rn be a nonzero vector and let b ∈ R. Then the solution set of a
linear equation, say aTx = b, is called a hyperplane. On the other hand, the

solutions of the linear inequality aTx ≤ b form what is called a halfspace,
and the same is true for the linear inequality aTx ≥ b. For either of these

two types of halfspaces, the boundary is a hyperplane, namely the set of x
such that aTx = b.

Any subset of Rn that can be represented as the intersection of a finite

collection of halfspaces is called a polyhedron, or polyhedral set. This section
covers some properties of polyhedral sets. In Chapter 7 we shall have more

to say about polyhedral sets and their structure.

An important consequence of this definition is that the solution set of
a linear inequality system is a polyhedron. And since a linear equation is
equivalent to a pair of linear inequalities, we can say that the solution set

of the following linear system is also polyhedral:

Fx ≤ f (f ∈ Rm1)

Gx = g (g ∈ Rm2)

Hx ≥ h (h ∈ Rm3).
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Within the class of linear inequality systems, we distinguish those for
which the right-hand side vector is zero. A very simple example of such

a system is Ix ≥ 0. A linear inequality system of this form is said to be
homogeneous.

Let C be the solution set of a homogeneous linear inequality system, say

Fx ≤ 0

Gx = 0

Hx ≥ 0.

Then C has the property that

x ∈ C =⇒ λx ∈ C for all λ ≥ 0. (2.10)

Any set C for which (2.10) holds is called a cone; a polyhedral set for which
(2.10) holds is called a polyhedral cone.

The feasible region of every linear programming problem is an example

of a polyhedron. Indeed, a linear program whose constraints are

x1 + x2 + x3 ≤ 1

xj ≥ 0, j = 1, 2, 3
(2.11)

would have a feasible region looking like the shaded tetrahedron in Figure 2.5
below.
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Figure 2.5: Feasible region of (2.11).

The polyhedral region specified by (2.11) is the intersection of four half-

spaces. This particular set happens to be bounded, that is to say, it is con-
tained within a ball of finite radius. Not every polyhedral set is a bounded,
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Figure 2.6: Feasible region of (2.12).

however. To illustrate this fact, we revise the example given above by mak-
ing a small change in the one of the constraints. Consider the polyhedral

set given by
x1 + x2 + x3 ≥ 1

xj ≥ 0, j = 1, 2, 3.
(2.12)

The feasible region corresponding to (2.12) is not bounded as Figure 2.6 is

intended to show.

Since a linear equation is equivalent to a pair of linear inequalities, we
can regard the feasible region of linear system

x1 + x2 + x3 = 1

xj ≥ 0, j = 1, 2, 3
(2.13)

as a polyhedral set. It is depicted in Figure 2.7.

Convexity of polyhedral sets

A set X (not necessarily polyhedral) is defined to be convex if it contains

the line segment between any two of its point. The line segment between
the points x1 and x2 in Rn is given by

{x ∈ Rn : x = λx1 + (1− λ)x2, 0 ≤ λ ≤ 1}.
Every element of the above set is called a convex combination of x1 and
x2. More generally, if x1, . . . , xk ∈ Rn and λ1, . . . , λk are nonnegative real
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Figure 2.7: Feasible region of (2.13).

numbers satisfying λ1 + · · ·+ λk = 1, then

λ1x
1 + · · ·+ λkx

k

is called a convex combination of x1, . . . , xk.

The entire space Rn is clearly a convex set, and so is any halfspace. An
elementary property of convex sets is that the intersection of any two of

them is again a convex set.3 It follows, then, that every polyhedron (and
hence the feasible region of every linear programming problem) is convex, as
is demonstrated in the next paragraph by an elementary argument. Asso-

ciated with any set S (convex or not), there is another set called its convex
hull which is defined as the intersection of all convex sets containing S.

Accordingly, a set is convex if and only if it equals its convex hull.

There is an alternate definition of a convex hull of the set S. Indeed, the
convex hull of S is the set of all points which can be expressed as a convex

combination of finitely many points belonging to S. The two definitions of
convex hull are equivalent.

The solution sets arising from (2.11), (2.12), and (2.13) are clearly convex.

To see that all polyhedral sets are convex, consider a linear inequality system
given by Ax ≤ b where A ∈ Rm×n and b ∈ Rm. We readily verify that if x1

and x2 each satisfy this linear inequality system, then so does λx1+(1−λ)x2

3By convention, the empty set ∅ is regarded as convex.
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for all λ ∈ [0, 1]4. Indeed, for all λ ∈ [0, 1] we have

A(λx1 + (1− λ)x2) = λAx1 + (1− λ)Ax2 ≤ λb + (1− λ)b = b.

The shaded set shown on the left in Figure 2.8 is not convex because it
does not contain the line segment between every pair of its elements. (It is

a nonconvex polygon.) The set shown on the right in Figure 2.8 is convex,
however. This set is polyhedral since it can be viewed as the intersection of
a finite collection of halfspaces (in this case five of them).
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Figure 2.8: Nonconvex polygon (left) and convex polygon (right).

Furthermore, it should be noted that not all convex sets are polyhedral.

For instance, disks and ellipsoids are nonpolyhedral convex sets.

Extreme points and their importance in linear programming

Let x̄ be an element of a convex set X . We say x̄ is an extreme point of X
if whenever x1 and x2 are distinct points in X , then

x̄ = λx1 + (1− λ)x2, 0 ≤ λ ≤ 1

implies that λ = 0 or λ = 1, in which case x̄ = x1 or x̄ = x2. Thus, x̄ does
not lie strictly between x1 and x2. This is the essence of the extreme point

property.

It is a well-established fact (theorem) that

4The notation [0, 1] means all numbers between 0 and 1 inclusive.
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if a linear programming problem in standard form has an optimal
solution, then it has an optimal extreme point solution.

This suggests that in trying to find an optimal solution to a linear program

in standard form5, it would be a reasonable idea to confine the search to the
(finite) set of extreme points of the feasible region.

Note that this theorem does not say that every optimal solution of a
linear program is an extreme point. Indeed, there exist linear programs

having nonextreme optimal solutions. One such instance is the LP

maximize x2

subject to 0 ≤ x1 ≤ 1

0 ≤ x2 ≤ 1

whose feasible region is the “unit square.” Every point of the form (x1, 1)
with 0 ≤ x1 ≤ 1 is feasible and optimal. Note that any such point lies on
an edge between two extreme points.

Linear independence of vectors

Let v1, v2, . . . , vk be a set of vectors in a finite-dimensional vector space V ,

such as Rn. The vectors v1, v2, . . . , vk are linearly independent if and only
if

α1v
1 + α2v

2 + · · ·+ αkv
k = 0

implies

α1 = α2 = · · ·= αk = 0.

Another way to put this implication is to say that there is no nontrivial
linear relationship among the vectors v1, v2, . . . , vk: none of them is a linear

combination of the others.

A set of objects possessing some property is maximal if the set cannot
be enlarged by adjoining another element while at the same time preserving

the property. For instance, the set S consisting of the vectors

(1, 1, 1), (0, 1, 1), and (0, 0, 1)

5The assumption of standard form guarantees that—if it is nonempty—the feasible
region of the LP contains an extreme point.
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has the property of linear independence. (Taken as an ensemble, the ele-
ments of S are linearly independent.) If we form a set of four vectors by

adjoining a vector, (b1, b2, b3) to the set S, we no longer have a linearly
independent set of vectors. So, with respect to the property of linear inde-

pendence, the set S is maximal.

A maximal linearly independent set of vectors in a finite-dimensional
vector space is called a basis for that space. Any set of vectors that properly

includes a basis must be linearly dependent. For example, when (b1, b2, b3)
is adjoined to the set S defined above, we obtain a linearly independent set.

An implication of linear independence

If w is a linear combination of the linearly independent vectors v1, v2, . . . , vk

in the vector space V , that is, if

w = α1v
1 + α2v

2 + · · ·+ αkvk,

then the scalars α1, α2, . . . , αk used in the representation of w are unique.

To see this, suppose

w = α1v
1 + α2v

2 + · · ·+ αkvk = β1v
1 + β2v

2 + · · ·+ βkv
k.

Then we must have

(α1 − β1)v
1 + (α2 − β2)v

2 + · · ·+ (αk − βk)v
k = 0.

The linear independence of v1, v2, . . . , vk implies that αj − βj = 0, j =
1, 2, . . . , k. This, in turn, is another way of saying that there is only one way

to represent w as a linear combination of v1, v2, . . . , vk.

Matrices and systems of linear equations

When we have a system of m equations in n unknowns (or variables), say

n∑
j=1

aijxj = bi, i = 1, . . . , m, (2.14)

the associated matrix A = [aij] ∈ Rm×n and vector b = (b1, . . . , bm) ∈ Rm

allow us to express the system as

Ax = b. (2.15)
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The m × n matrix A gives rise to two special sets of vectors, namely the
rows A1., . . . , Am. and the columns A.1, . . . , A.n.

In discussing (2.14), we are particularly interested in the columns of A

and their relationship to the column vector b. Note that (2.14) has a solution,
x̄, if and only if the n+1 vectors A.1, . . . , A.n, b are linearly dependent and,

in the equation expressing linear dependence, there is a nonzero coefficient
on b. Indeed, if x̄ satisfies (2.14), we have

A.1x̄1 + · · ·+ A.nx̄n + b(−1) = 0,

and since (x̄1, . . . , x̄n,−1) is nonzero, the vectors A.1, . . . , A.n, b are linearly

dependent. Conversely, if these vectors are linearly dependent, there exist
scalars α1, . . . , αn, αn+1 not all zero such that

A.1α1 + · · ·+ A.nαn + bαn+1 = 0. (2.16)

If αn+1 
= 0, then x̄ = −(α1/αn+1, . . . , αn/αn+1) is a solution of (2.15).
On the other hand, if αn+1 = 0, the columns of A are themselves linearly
dependent; in such a case, it may happen that there is no solution to (2.15).

For instance, if

A =

[
1 1 −2

1 1 −2

]
and b =

[
1

0

]
,

then (1, 1, 1, 0) would be a nonzero solution of the corresponding equation

(2.16), yet clearly (2.15) has no solution since the system

x1 + x2 − 2x3 = 1

x1 + x2 − 2x3 = 0

is inconsistent. However, if the right-hand side vector b had been any mul-
tiple of (1, 1), the system would have been consistent and hence solvable.

When b = 0 the system (2.15) is called homogeneous. Such systems

always have at least one solution, namely x = 0. Solutions to such systems
are called homogeneous solutions.

The rank of a matrix

The column rank of a matrix A is the maximal number of linearly indepen-
dent columns of A. The row rank of a matrix A is the maximal number of
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linearly independent rows of A. (This equals the column rank of AT, the
transpose of A.) From matrix theory we have the following theorem: If A

is an m× n matrix,

row rank(A) = column rank(A) = rank(A) ≤ min{m, n}.

For example, let

A =

[
1 1 1
1 1 1

]
and Ā =

[
1 1 1
0 1 1

]
.

The rank of A is 1 whereas the rank of Ā is 2.

There is a procedure called reduction to row-echelon form for computing
the rank of a nonzero m × n matrix A. The idea is to perform elementary

row and column operations, including permutations, on A so as to arrive at
another matrix Ã with the property that for some r, 1 ≤ r ≤ m,

1. ãjj 
= 0 for all j = 1, . . . , r

2. ãij = 0 if i > j and j = 1, . . . , r

3. ãij = 0 if i > r and j > r

The integer r turns out to be the rank of the matrix Ã and the matrix

A as well. Notice that the matrix

Ā =

[
1 1 1
0 1 1

]
in the example above is already in row-echelon form with r = 2. The

following matrix is also in row-echelon form:

Â =

⎡⎣ 4 1 0 −1
0 −3 1 2

0 0 0 0

⎤⎦ .

Notice that in this case the matrix Â has a row of zeros. Here again r = 2.
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A theorem of the alternative for systems of linear equations

A system of linear equations, say Ax = b, is either consistent or inconsistent.

In the latter case, there is a consistent system of linear equations based on
the same data. namely [

AT

bT

]
y =

[
0
1

]
. (2.17)

The right-hand side of this linear equality system is not uniquely deter-

mined. The component 1 can be replaced by any nonzero number, θ, in
which case θy would be a solution if y solves (2.17). The italicized assertion

below is an example of an “alternative theorem” (also called a “transposition
theorem”).6

Exactly one of the following two systems of equations has a so-

lution.

(i) Ax = b,

(ii) ATy = 0, bTy = 1.

These two systems cannot both have solutions, for otherwise

0 = yTAx = yTb = 1

which is plainly absurd. That (ii) must have a solution if (i) does not follows
easily from the form of system (i) after reduction to row echelon form.

The reduction of the system to row echelon form is based on the re-

duction of the coefficient matrix A to row echelon form. Indeed, the key
idea, as noted by Strang [182, p. 79], is expressed by the theorem that to

any m × n matrix A, there exists a permutation matrix P , a unit lower
triangular L, and an upper trapezoidal matrix U with its nonzero entries in

echelon form such that PA = LU . This being so, the system (i) is equiv-
alent to L−1PAx = Ux = L−1Pb. The inconsistency of the system (i) will

6In the literature, this result has been incorrectly attributed to David Gale in whose
1960 textbook [75, p. 41] it can, indeed, be found. Actually, it goes back at least as far
as the doctoral dissertation of T.S. Motzkin published in 1936 where a theorem is proved
[139, p. 51] that gives the one stated here as a special case. Versions of the theorem can
also be found as exercise 39 in L. Mirsky’s 1955 textbook [136, p. 166] and in a 1956
paper [116, p. 222] by H.W. Kuhn discussing solvability and consistency of linear equation
systems.
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be revealed by the presence of a zero row, say k, in U for which the corre-
sponding entry in b̃ = L−1Pb is nonzero. A solution of system (ii) can then

be constructed using this information.

This alternative theorem will be applied in Chapter 11.

Subspaces associated with a matrix

When the system (2.15) has a solution, we say that the columns A.1, . . . , A.n
span the vector b. The set of all vectors b ∈ Rm spanned by the columns

of A ∈ Rm×n is a vector space (in fact, a subspace of Rm). This vector
space goes by various names; one of these is column space of A. Others are

affine hull of A or span of A. Furthermore, when we think of the linear
transformation x �→ Ax associated with A, then the column space is just

the range of this linear transformation, and is often called the range space.
However it may be called, the object we have in mind is the vector space

R(A) = {b : b = Ax for some x ∈ Rn}.

As we have already noted, R(A) is a subspace of Rm. The dimension

r of R(A) is called the column rank of A. This is just the cardinality of a
maximal linearly independent subset of columns of A. For A ∈ Rm×n, the

relationship

r = dimR(A) ≤ m

always holds.

Another vector space associated with A is the subspace N (A) of Rn

consisting of all vectors that are mapped into the zero vector. Thus

N (A) = {x : Ax = 0}.

This set is called the null space of A. Its elements belong to the kernel of
the linear transformation x �→ Ax.

Just as the subspaces R(A) and N (A) are defined for the matrix A, so,

too, the subspaces R(AT) and N (AT) are defined with respect to the matrix
AT, the transpose of A.

An important theorem of matrix algebra states that
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the column rank of A equals the column rank of AT (or, equiva-
lently, the row rank of A).

This number, r, is therefore called the rank of A, denoted by rank(A).

Returning to the four subspaces we have mentioned, we can say that

R(A) has dimension r

N (A) has dimension n− r

R(AT) has dimension r

N (AT) has dimension m− r.

The numbers n−r and m−r are called the nullity of A and AT, respectively.

For any subspace V of Rn, there is another subspace called the orthogonal
complement, V ⊥, defined as follows:

V ⊥ = {u : uTv = 0 for all v ∈ V }.
The subspaces V and V ⊥ are orthogonal to each other. The dimensions of
V and V ⊥ are always “complementary” in the sense that

dim V + dimV ⊥ = n.

In the special case of the subspaces associated with the m×n matrix A, we
have

R(A) = (N (AT))⊥

N (A) = (R(AT))⊥

R(AT) = (N (A))⊥

N (AT) = (R(A))⊥.

as well as

Rm = R(A) +N (AT)

Rn = R(AT) +N (A).

Like any finite-dimensional vector space, the column space of A has a
basis—a maximal linearly independent subset of vectors that span R(A).

In fact, the basis can be taken as a set of r = dimR(A) suitable columns of
A itself. For further details see Strang [182, p. 102–114].
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Basic solutions of systems of linear equations

In assuming that the matrix A in (2.15) is of order m×n, it is reasonable to
assume further that m ≤ n. (Otherwise, the equations in (2.14) are either

redundant or inconsistent.) When r = m = min{m, n}, we say that A has
full rank. Note that when A has full rank, it follows that R(A) = Rm which
is a way of saying that the system (2.15) has a solution for every b ∈ Rm.

Moreover, A has full rank if and only if there are m columns in A, say
A.j1 , . . . , A.jm , that are linearly independent. Writing

B = [A.j1 · · · A.jm ],

we refer to B as a basis in A.

Here is an example to illustrate some of these concepts. Let

A =

⎡⎣ 2 −1 0 −1
−1 2 −1 1

0 −1 1 0

⎤⎦ and b =

⎡⎣ 1
1

1

⎤⎦ . (2.18)

We leave it as an exercise to show that the first three columns of A are
linearly independent, hence

B =

⎡⎣ 2 −1 0

−1 2 −1
0 −1 1

⎤⎦ = [A.1 A.2 A.3]

is a basis in A as are [A.1 A.2 A.4] and [A.1 A.3 A.4]. Observe that
[A.2 A.3 A.4] is not a basis in A since its columns are linearly dependent as

shown by the fact that the equation

A.2x2 + A.3x3 + A.4x4 = 0

has the nonzero solution (x2, x3, x4) = (1, 1,−1).

Just as it is useful to have a notation A.j for the j-th column of a matrix

A, so it is useful to have a notation for a set of columns that specify a
submatrix of A. A case in point occurs in the designation of a basis. To this

end, let β = {j1, . . . , jm} and write

A.β = [A.j1 · · · A.jm ] .
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Analogously, we could let α = {i1, . . . , ik} and write

Aα. =

⎡⎢⎣Ai1.
...

Aik.

⎤⎥⎦ .

Putting these two notational devices together, we can define

Aαβ =

⎡⎢⎣ ai1j1 · · · ai1jm

...
...

aikj1 · · · aikjm

⎤⎥⎦ ,

which is a k ×m submatrix of A.

This notational scheme for denoting a submatrix often requires that the
index sets α and β be ordered in the sense that

i1 < i2 < · · · < ik and j1 < j2 < · · · < jm.

In singling out a particular set of columns of A corresponding to the
index set β, we can do the same sort of thing with a vector x writing xβ =

(xj1, . . . , xjm) when β is chosen as above. If xj = 0 for all j /∈ β, then (2.15)
becomes

A.βxβ = b, (2.19)

and when A.β is a basis (with inverse A−1.β ), this equation has the unique

solution
xβ = A−1.β b.

If we let ν denote the set of indices j ∈ {1, . . . , n} such that j /∈ β, we then
obtain a submatrix A.ν and a subvector xν such that (2.15) is expressible

as
A.βxβ + A.νxν = b.

When A.β is a basis and we set xν = 0, we obtain what is called a basic
solution to (2.15), namely the vector x̄ having x̄β = A−1.β b and x̄ν = 0.

With reference to the system of linear equations given by the data in

(2.18), we have

Basic index set β Nonbasic index set ν Basic solution x̄

{1, 2, 3} 4 (3, 5, 6, 0)

{1, 2, 4} 3 (3,−1, 0, 6)
{1, 3, 4} 2 (3, 0, 1, 6)

(2.20)
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When x̄ is a solution of a system (2.15), we say that the columns of A
represent b. The representation of b in terms of A and x̄ uses column A.j if

x̄j 
= 0. Thus, when x̄ is a basic solution, it uses only linearly independent
columns of A. This can be taken as the definition of a basic solution in cases

where the rank of A is less than m (i.e., where the rows of A are linearly
dependent).

If A is a m× n matrix of rank m, there are exactly(
n
m

)
=

n!

m! (n−m)!

ways to choose m columns from the n columns of A, or equivalently the index

set β from {1, 2, . . . , n}. In some cases, the chosen columns maybe linearly
dependent, in which case they will not form a basis. For even modest size

matrices, this number is extremely large and it is impractical to generate
and test every such m×m submatrix, A.β .

From what has already been said, it follows that a linear program in

standard form can have only finitely many basic feasible solutions. By the
same token, there can be only finitely many feasible bases in the matrix A.

Basic feasible solutions of linear programs

Let x̄ be a feasible solution of a linear program with constraints Ax = b and
x ≥ 0. The vector x̄ is a basic feasible solution if the columns A.j associated

with all the x̄j > 0 are linearly independent. That is, when β = {j : x̄j > 0},
then the submatrix A.β has linearly independent columns. When A has full
rank, m, it will contain at least one m × m basis A.β. Relative to the

system (2.15), such a matrix is a feasible basis if the unique solution of
(2.19) is nonnegative. This amounts to saying that A.β is a feasible basis if

and only if
x̄β = A−1.β b ≥ 0,

and as before, the corresponding basic feasible solution (BFS) x̄ has

x̄β = A−1.β b, x̄ν = 0.

Note that in some cases, the x̄ can be a basic feasible solution without having

all the components of x̄β greater than zero; some of the components of x̄β

might be zero. A solution of this sort is said to be degenerate.
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Basic and nonbasic variables

When A.β is a basis in A and x̄ is a basic solution of (2.15), the xj with
j ∈ β are called basic variables (with respect to β), and those with j ∈ ν

are known as nonbasic variables. To illustrate, we recall the data given in
(2.18), the basic solutions of which are given in the table (2.20). Notice

that only the first and third basic solutions are feasible relative the given
system; the second basic solution listed is not feasible because it is not a

nonnegative vector. It can, however, be said that each of the basic solutions
is nondegenerate since the components corresponding to the basic columns

are nonzero in each case.

Suppose we now change the right-hand side vector b to b̃ = (1, 1,−1).
The analog of the table given in (2.20) would then be

Basic index set β Nonbasic index set ν Basic solution x̄

{1, 2, 3} {4} (1, 1, 0, 0)

{1, 2, 4} {3} (1, 1, 0, 0)

{1, 3, 4} {2} (1, 0,−1, 1)

(2.21)

There are a few things to notice about this case. First, because A is the
same as before, there is no change in the bases. Second, we see that two

different bases give rise to the same degenerate basic feasible solution. Third,
we note that one of the basic solutions is infeasible but nondegenerate. With

a different right-hand vector, it would be possible to have a basic solution
that is infeasible and degenerate at the same time.

Basic feasible solutions and extreme points

Suppose the feasible region is given by the set X :

X = {x : Ax = b, x ≥ 0}.

The following theorem is of great importance:

A vector x̄ is an extreme point of X if and only if it is a basic
feasible solution of the constraints Ax = b, x ≥ 0.
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This theorem is a useful link between the algebraic notion of basic feasible
solution and the intuitively appealing geometric notion of extreme point.

Recall the theorem, stated on page 46, that if an LP in standard form has an
optimal solution, then it has an optimal extreme point solution. Combining

this theorem with the one stated just above, we see that to solve an LP it
suffices to consider only basic feasible solutions as candidates for optimal

solutions. There are only finitely many bases in A and hence Ax = b,
x ≥ 0, can have only finitely many basic feasible solutions. Equivalently,

X can have only finitely many extreme points. But, this finite number can
be extremely large, even for problems of modest size. For this reason, an
algorithm that examines basic feasible solutions must be efficient in selecting

them.

2.3 Exercises

2.1 (a) Graph the feasible region of the product-mix problem given in Ex-
ample 1.3.

(b) On the same graph plot the set of points where the objective function
value equals 750. Are any of these points optimal? Why?

(c) Do the same for the objective function value 850. Are any of these
points optimal? Why?

2.2 (a) Write the coefficient matrix for the left-hand side of Exercise 1.1.

(b) Are the rows of this matrix linearly independent? Justify your an-
swer.

(c) What is the rank of this matrix?

(d) Write the coefficient matrix for the general problem (with equality
constraints, m sources and n destinations).

(e) What is the percentage of nonzero entries to total entries in the matrix
given in your answer to (d)? (This is called the density of the matrix.
When the percentage is low, the matrix is said to be sparse. When it
is high, the matrix is said to be dense.)

2.3 There is a variant of the transportation problem in which the sum of the
supplies is allowed to be larger than the sum of the demands, that is,

m∑
i=1

ai >

n∑
j=1

bj .
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This is done by adjoining an extra (fictitious) demand

bn+1 =

m∑
i=1

ai −
n∑

j=1

bj

and then allowing each supply location i to “ship” an amount xi,n+1 to
destination n+1 at unit cost ci,n+1 = 0. Modify Exercise 1.1 by assuming
that there is a supply of 600 units at Singapore. Using the technique
described above, write the corresponding transportation problem with
equality constraints. (Abbreviate the fictitious destination by “FIC.”)

2.4 Write down the equations of the (quadrilateral) feasible region of (2.5)
depicted in Figure 2.3. Identify all the extreme points of the feasible
region by their coordinates and as the intersections of the sides of the
feasible region (described, as above, by their equations).

2.5 A nonempty polyhedral convex set has at most a finite number of extreme
points. Why is this true?

2.6 The following table gives data for an experiment in which the linear model

b = a1x1 + a2x2 + a3x3

is postulated.
a1 a2 a3 b

14.92 –19.89 10.66 985.62
17.76 9.16 18.29 846.21
16.45 –23.07 15.77 742.67
15.93 12.04 16.85 780.32
13.99 10.47 19.55 689.62

Write down the linear program for the associated Chebyshev problem.
(You need not convert the LP to standard form for this exercise.)

2.7 In general does the linear program for the Chebyshev problem always
have a feasible solution? Why?

2.8 Suppose (u1, . . . , un, v1, . . . , v) is an optimal extreme point solution of the
linear program proposed in Example 2.2. Why does ujvj = 0 hold for
all j = 1, . . . , n? Explain why solving the LP formulated in Example 2.2
with a method that uses only extreme points of the feasible region will
solve the least 1-norm problem stated there.

2.9 In (2.6) the variables xj are free. Each of these variables can be expressed
as the difference of two nonnegative variables x+

j and x−
j . The latter

variables appear in the objective function of the linear program (2.8)
with a plus sign between them. Given that (2.8) will have an optimal
basic feasible solution (a fact covered in Chapter 3), explain why this
formulation is valid.
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2.10 Suppose you are given a system of linear equations given by Ax = b where
the matrix A is of order m×n, but you wish to express the solution set of
the system as a polyhedron i.e., as the solution set of finitely many linear
inequalities. This can be done by replacing each equation Ai.x = bi by
two linear inequalities: Ai.x ≤ bi and Ai.x ≥ bi, i = 1, . . . , m, thereby
leading to an equivalent system of 2m linear inequalities. Can this be
done with fewer than 2m linear inequalities? If so, how?

2.11 We have seen that in a linear system with k free variables, each of these
free variables can be replaced by the difference of two nonnegative vari-
ables. This would add k more variables to the system. Would it be
possible to do this with fewer than k more variables? Justify your an-
swer.

2.12 In the text it is asserted that for any (b1, b2, b3) the vectors

(1, 1, 1), (0, 1, 1), (0, 0, 1), and (b1, b2, b3)

are linearly dependent. Denote these vectors by v1, v2, v3, v4, respectively,
and find a set of scalar coefficients α1, α2, α3, α4 such that

α1v
1 + α2v

2 + α3v
3 + α4v

4 = 0.

How many such sets of coefficients are there in this case?

2.13 Verify the linear independence of columns A.1 A.2, A.3, where A is the
matrix given in (2.18).

2.14 A square matrix X of order n whose elements xij satisfy the linear con-
ditions

n∑
j=1

xij = 1, i = 1, . . . , n

n∑
i=1

xij = 1, j = 1, . . . , n

xij ≥ 0, i, j = 1, . . . , n

is said to be doubly stochastic.

(a) Verify that the set of all doubly stochastic matrices is convex.

(b) What is the order (size) of the matrix of coefficients in the equations
through which a doubly stochastic matrix of order n is defined?

(c) Write down a verbose version of the conditions satisfied by a doubly
stochastic matrix of order 3.

(d) Explain why the rank of the matrix of coefficients in your answer to
(c) is at most 5.
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(e) Find a basis in the matrix of coefficients in your answer to (c).

(f) Is the basic feasible solution corresponding to your answer in (e) non-
degenerate? Justify your answer.

2.15 Consider the linear program

maximize 4x1 + x2

subject to x1 − 3x2 ≤ 6
x1 + 2x2 ≤ 4.

(a) Plot the feasible region of the above linear program.

(b) List all the extreme points of the feasible region.

(c) Write the equivalent standard form as defined in (1.1).

(d) Show that the extreme points are basic feasible solutions of the LP.

(e) Evaluate the objective function at the extreme points and find the
optimal extreme point solution.

(f) Modify the objective function so that the optimal solution is at a
different extreme point.



3. THE SIMPLEX ALGORITHM

Overview

There are several ways to solve linear programs, but even after its invention
in 1947 and the emergence of many new rivals, George B. Dantzig’s Simplex

Algorithm stands out as the foremost method of all. Indeed, the Simplex
Algorithm was chosen as one of the top ten algorithms of the twentieth

century, see [54].

This chapter covers the Simplex Algorithm beginning with some of the
preliminary ideas that need to be in place before we can appreciate what it
does. We have already set the stage for some of this with our consideration

of standard form, basic feasible solutions, and extreme points of polyhedral
convex sets. The discussion in Chapter 2 brought out the idea that in

searching for an optimal solution of a linear program, we may restrict our
attention to basic feasible solutions of the constraints (in standard form).

To take advantage of this insight, we need to answer some key questions on
feasibility and optimality:

1. How can we tell if the LP has a feasible solution?

2. How do we find a basic feasible solution (if one exists)?

3. How can we recognize whether a basic feasible solution is optimal?

4. What should we do if a basic feasible solution is known (or believed)

to be nonoptimal?

These four questions are best answered in a different order. Accordingly,

we will start by assuming that the given linear program is feasible and a
basic feasible solution is known. After answering Questions 3 and 4, we
will return to answer Questions 1 and 2. The reason for this is that we

use the methodology developed to answer Questions 3 and 4 for answering
Questions 1 and 2.
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3.1 Preliminaries

Matrices of full rank

Recall that if A is an m × n matrix with m ≤ n, and rank(A) = m, then

A is said to be of full rank. (Reduction of A to row-echelon form will
reveal whether or not A has full rank.) In discussing LP algorithms, it is

very common to assume that the problem is in standard form and that the
coefficient matrix A has full rank. In that case, a basis in A will consist of m

linearly independent columns of A which together form an m×m matrix B.

A common notational convention

If m ≤ n and A is an m × n matrix of full rank, it possesses at least one

m×m submatrix B = A.β which is a basis. The columns of B are linearly
independent columns of A. Let N = A.ν denote the matrix formed by the

rest of the columns of A. Then (by permuting the columns of A if necessary),
we may assume

A = [B N ].

The vector x has an analogous decomposition and is commonly written
as (x

B
, x

N
), instead of (xβ , xν). Accordingly x

B
∈ Rm and x

N
∈ Rn−m

are subvectors of x corresponding to the submatrices B and N of A. The
equation Ax = b is then expressed as

Ax = [B N ]

[
xB

x
N

]
= BxB + NxN = b.

This style of representation has the advantage of being easy to read. Its
disadvantage is that the use of B and N as subscripts—when in fact they

are matrices—can lead to confusion.

Basic solutions again

If A = [B N ] and B is a basis in A, we get the corresponding basic solution
of Ax = b as follows: we set xN = 0 and find the unique solution of the
equation

Bx
B

= b,
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to obtain [
xB

xN

]
=

[
B−1b

0

]
.

This can also be written as (xB, xN) = (B−1b, 0). It should be noted that

computationally it can be a poor idea to find xB using B−1; however, we
will continue to write xB = B−1b for notational convenience.

Basic feasible solutions

In the LP
minimize cTx
subject to Ax = b

x ≥ 0,

(3.1)

where A has full rank, the basic solution, (xB, xN) = (B−1b, 0) correspond-
ing to B, is feasible if and only if xB = B−1b ≥ 0. When this is the case,

we say that B is a feasible basis and the corresponding solution is called a
basic feasible solution, or BFS. Note that saying that “B is a basis in A”

is independent of the vector b, whereas saying “B is a feasible basis for the
LP (3.1)” does depend on b.

Example 3.1: FEASIBLE AND INFEASIBLE BASES. In the system of equa-
tions

3x1 − 2x2 + 4x3 = 9

−3x1 + 4x2 − 5x3 = 6

we have

A =

[
3 −2 4

−3 4 −5

]
and b =

[
9

6

]
.

There are 3 bases in A, only two of which give nonnegative basic solutions.
The bases are [

3 −2

−3 4

]
,

[
3 4

−3 −5

]
,

[−2 4

4 −5

]
.

feasible infeasible feasible
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As stated above, a basis B is feasible if and only if B−1b ≥ 0. Relative to
the three bases listed above, we have[

3 −2

−3 4

]−1 [
9

6

]
=

[
8.0

7.5

]
,

[
3 4

−3 −5

]−1 [
9

6

]
=

[
23

−15

]
,

[−2 4

4 −5

]−1 [
9

6

]
=

[
11.5

8.0

]
.

Thus, we see that, in this example, only two of the three bases are feasible.

Dependence of z and x
B

on x
N

Suppose we have the LP in standard form

minimize cTx
subject to Ax = b

x ≥ 0.

Suppose further that A is m × n and that rank(A) = m. Then there is a

basis B in A. For notational simplicity, we assume1 that the first m columns
of A are the basis and write A = [B N ]. Thus we have

x =

[
x

B

xN

]
and c =

[
c
B

cN

]
.

In terms of this partitioning, the LP becomes

minimize cT
B

x
B

+ cT
N

x
N

subject to Bx
B

+ N x
N

= b

(xB, xN) ≥ 0.

(3.2)

From the constraints of LP (3.2) it follows that

xB + B−1NxN = B−1b. (3.3)

1In general the basis will not form the first m columns of A. However we can always
reorder the columns (and corresponding variables) to ensure that this property holds.
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We can write this in expanded form as

x
B

+
∑
j∈N

Ā.jxj = b̄, (3.4)

where

b̄ = B−1b, Ā.j = B−1A.j for all j ∈ N.

Note that the vectors b̄ and Ā.j depend on the specific basis B. Application

of this formula with a different basis would usually lead to a different set of
vectors b̄ and Ā.j.

Caution: In writing j ∈ N as above, we are treating N as a set, namely the

column indices of the nonbasic variables. But N is also the notation for a
matrix made up of a set of columns in A. This practice is very common in

linear programming textbooks. Nevertheless, you should be aware that it is
what’s called “an abuse of notation.”

Solving (3.3) for the basic variables xB , we obtain

x
B

= B−1(b−Nx
N
). (3.5)

Substituting (3.5) into the objective of the LP (3.2) yields

z = cT
BxB + cT

NxN

= cT
BB−1(b−NxN) + cT

NxN

= cT
BB−1b− cT

BB−1NxN + cT
NxN

= cT
BB−1b− (cT

BB−1N − cT
N )xN

= z0 −
∑
j∈N

(zj − cj)xj (3.6)

where
z0 := cT

BB−1b, zj := cT
BB−1A.j for all j ∈ N.

For any basis B (feasible or not), equation (3.6), or equivalently,

z = z0 − (cT
BB−1N − cT

N )xN

expresses the value of the objective function in terms of the nonbasic vari-
ables alone. This is made possible by the fact that the basic variables are
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also functions of the nonbasic variables as we saw in (3.5). In the language
of linear algebra, the variables in x

B
would be called dependent, and those

of xN would be called independent. The following example illustrates the
dependence of z and x

B
upon x

N
.

Example 3.2: EXPRESSIONS IN TERMS OF NONBASIC VARIABLES. In
the LP

minimize 5x1 + 3x2 + 4x3 + 2x4 + x5

subject to 4x1 − x2 + 2x3 − 3x4 = 12

−2x1 + 3x2 + 2x4 + 3x5 = 9
x1, x2, x3, x4, x5 ≥ 0.

We have

A =

[
4 −1 2 −3 0

−2 3 0 2 3

]
, b =

[
12

9

]
,

and
cT=

[
5 3 4 2 1

]
.

Suppose we select B = [A.1 A.2]. This is certainly a basis (the columns are
linearly independent) and

B−1b =
1

10

[
3 1

2 4

][
12

9

]
=

[
4.5

6.0

]
is positive. Thus, B is a feasible basis. Relative to this basis, we find that

the objective function can be written as

z = 40.5− (0.2x3 − 4.9x4 + 4.1x5).

As for the basic variables, x1 and x2, we obtain[
x1

x2

]
=

[
4.5
6.0

]
−
[

0.6 −0.7 0.3
0.4 0.2 1.2

]⎡⎣x3

x4

x5

⎤⎦
=

[
4.5− 0.6x3 + 0.7x4 − 0.3x5

6.0− 0.4x3− 0.2x4 − 1.2x5

]
.

The canonical form of an LP relative to a basis B

Now we are going to develop the canonical form of the LP relative to the
basis B. In so doing we obtain expressions for the objective function value
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and the basic variables in terms of the nonbasic variables. In the next
section, this will lead to a set of conditions which, if satisfied, will assure us

that a particular BFS is optimal, thereby answering Question 3 on Page 61.

Assembling (3.4) and (3.6), we can write LP (3.2) in canonical form:

minimize z

subject to z +
∑
j∈N

(zj − cj)xj = z0

IxB +
∑
j∈N

Ā.jxj = b̄

x
B
≥ 0, xj ≥ 0 for j ∈ N.

Example 3.3: PUTTING A SYSTEM INTO CANONICAL FORM. Suppose
we have a linear program of the form

minimize cTx
subject to Ax = b

x ≥ 0,

where c = (8, 4, 6, 5, 7), b = (12, 15, 10) and

A =

⎡⎣ 6 −2 0 4 3

−2 4 −1 0 2
−1 0 2 −1 4

⎤⎦ .

It is easy to verify that

B =

⎡⎣ 6 −2 0

−2 4 −1
−1 0 2

⎤⎦
is a feasible basis for this problem. Indeed

B−1 =
1

38

⎡⎣ 8 4 2
5 12 6

4 2 20

⎤⎦ and b̄ = B−1b =

⎡⎣ 88/19
150/19

139/19

⎤⎦ .

Let us now compute

Ā = B−1A =

⎡⎣ 1 0 0 15/19 20/19

0 1 0 7/19 63/38
0 0 1 −2/19 48/19

⎤⎦ .
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Upon eliminating the basic variables x1, x2, x3 from the objective function
z = cTx, we obtain the equation

z =
2138

19
− 41

19
x4 − 441

19
x5.

With these operations we obtain the feasible canonical form of the problem
with respect to the given basis:

z + 41
19x4 + 441

19 x5 = 2138
19

x1 + 15
19x4 + 20

19x5 = 20
19

x2 + 7
19x4 + 63

38x5 = 63
38

x3 − 2
19x4 + 48

19x5 = 48
19 .

A sufficient condition for the optimality of a BFS

As we have seen, an equivalent form of the LP (3.1) relative to a basis B is:

minimize z = z0 −
∑
j∈N

(zj − cj)xj

subject to xB +
∑
j∈N

Ā.jxj = b̄

xB ≥ 0, xj ≥ 0 for j ∈ N.

Recall that the basis B is feasible provided that b̄ ≥ 0. Let us assume that

this is the case. From the above representation of the LP, it is not difficult
to see that the basic feasible solution is optimal if zj − cj ≤ 0 for all j.

The justification for this claim is that if we have a basic feasible solution
x = (xB, xN) = (B−1b, 0), then in any different feasible (not necessarily
basic) solution x̃ ≥ 0, we must x̃k > 0 for at least one k ∈ N . But for each

such k, we would have
−(zk − ck)x̃k ≥ 0.

In fact, if (zk − ck) < 0, then −(zk − ck)x̃k > 0, so that the objective for
this feasible solution x̃ would be greater than that for x. Hence, in these

circumstances, the value of the objective function cannot be decreased by
making any nonbasic variable xj positive. This is a sufficient (but not

necessary) condition for optimality in the minimization problem. By this
we mean that the corresponding BFS is optimal if

zj − cj ≤ 0 for all j. (3.7)
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The quantities zj − cj are called reduced costs. When B is a feasible basis
and the condition (3.7) holds, we can say that B is an optimal basis for the

LP.

Example 3.4: TESTING FOR OPTIMALITY. Let’s consider again the LP

used in Example 3.2:

minimize 5x1 + 3x2 + 4x3 + 2x4 + x5

subject to 4x1 − x2 + 2x3 − 3x4 = 12

−2x1 + 3x2 + 2x4 + 3x5 = 9
x1, x2, x3, x4, x5 ≥ 0

The matrix

B =
[
A.1 A.5

]
=

[
4 0
−2 3

]
is a another feasible basis in A since

xB = B−1b =
1

12

[
3 0

2 4

][
12

9

]
=

[
3

5

]
.

The corresponding basic feasible solution is x = (3, 0, 0, 0, 5).

Is x = (3, 0, 0, 0, 5) optimal? We compute the numbers

zj − cj = cT
BB−1A.j − cj for j ∈ {2, 3, 4}

to see if the sufficient conditions are satisfied. In the present case

cT
BB−1 =

[
5 1

] 1

12

[
3 0
2 4

]
=
[

17
12

1
3

]
,

so

z2 − c2 =
[

17
12

1
3

] [−1
3

]
− 3 = −41

12 < 0

z3 − c3 =
[

17
12

1
3

] [ 2
0

]
− 4 = −7

6 < 0

z4 − c4 =
[

17
12

1
3

] [−3

2

]
− 2 = −67

12 < 0,

hence the BFS x = (3, 0, 0, 0, 5) is an optimal solution of this LP with
optimal objective value z = 20.
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3.2 A case where the sufficient condition is also necessary

The sufficient condition for optimality of a BFS, namely (3.7), is necessary
for its optimality in the case where b̄ = B−1b > 0. Under this nondegeneracy

condition, if zj −cj > 0 it is possible to obtain an improved feasible solution
of the problem by increasing the variable xj . Notice that if we merely had

b̄ = B−1b ≥ 0 (the degenerate case), it might not be possible to increase
xj without losing feasibility. But with b̄ = B−1b > 0, we are assured that

at least some increase of xj will not move the solution outside the feasible
region.

Example 3.5: NECESSITY OF zj − cj ≤ 0 FOR OPTIMALITY. Consider

an LP in standard form where

A =

[
1 0 1

0 1 1

]
and c = (1, 1, 1).

Suppose b = (1, 1). Writing z = x1 + x2 + x3, we have the equations

z − x1 − x2 − x3 = 0
x1 + x3 = 1

x2 + x3 = 1
x1, x2 basic, x3 nonbasic.

By adding the second and third equations to the first, we see that this system
is equivalent to

z + x3 = 2
x1 + x3 = 1

x2 + x3 = 1.

In this system, we have x1 and x2 basic and x3 nonbasic with z3 − c3 = 1.
The basic feasible solution is (x1, x2, x3) = (1, 1, 0), and the corresponding

objective function value is z = 2. Note that this BFS is not optimal since z
can be decreased by increasing x3.

Example 3.6: NONNECESSITY OF zj−cj ≤ 0 FOR OPTIMALITY. This

example illustrates what can happen in the degenerate case mentioned above.
Now take A and c as before but set b = (0, 1). This leads to the system

z + x3 = 1

x1 + x3 = 0
x2 + x3 = 1.
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Here we see that with x1 and x2 basic and x3 nonbasic, the corresponding
BFS is (x1, x2, x3) = (0, 1, 0). The objective function value is z = 1. It would

seem from the objective function coefficient of x3 that z can be decreased
by increasing x3; but doing so makes x1 < 0. Suppose we now change the

basis, from [A.1 A.2] to [A.3 A.2] and carry out the substitutions to put
the equations in the equivalent simple form

z − x1 = 1
x1 + x3 = 0

− x1 + x2 = 1.

In this representation of the equations, we see that the sufficient condi-
tion for optimality, zj − cj ≤ 0, is satisfied. But notice that the BFS is

(x1, x2, x3) = (0, 1, 0), just as before! This seemingly strange phenomenon
illustrates what can happen when a basic variable in a BFS takes on the

value zero. The same vector can be the BFS corresponding to more than
one basis. In Example 3.6, the basis [A.3 A.2] is optimal whereas the basis

[A.1 A.2] is not optimal, and yet they give rise to the same feasible solution.

3.3 Seeking another BFS

If x = (x
B
, x

N
) = (B−1b, 0) is a BFS and does not satisfy the sufficient

conditions for optimality, there must be an index s such that zs − cs > 0.
Assume that for such an s it has been decided to increase the nonbasic

variable xs while holding all other nonbasic variables at the value 0. Given
that we must maintain feasibility, how much can xs be increased? What

will happen when this is done?

Example 3.7: MAINTAINING FEASIBILITY. In the linear program

minimize − 7x2 + 4x3 − 3x5

subject to 6x2 + x4 = 12
2x2 + 4x3 + x5 + x6 = 10

x1 − x2 + 2x3 − x5 = 14

xj ≥ 0, j = 1, . . . , 6,

we have 3 equations and 6 variables. We may regard the matrix B =
[A.4 A.6 A.1] as a feasible basis (even though the three columns of B are
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not the first three columns of A). The corresponding BFS

(x1, x2, x3, x4, x5, x6) = (14, 0, 0, 12, 0, 10)

is clearly nonoptimal. Indeed, cB = 0, so zj = cT
B B−1A.j = 0 for all j ∈ N .

In particular, we have z2 − c2 = 0 + 7 > 0 and z5 − c5 = 0 + 3 > 0. Since
the basic variables are all positive, we can decrease z by increasing x2 or by
increasing x5 without losing the feasibility of the solution generated.

Let’s suppose we decide to increase x2 on the grounds that doing so will

decrease z at a rate of 7 to 1, i.e., z will decrease by 7 for every unit of
increase in x2. How much of an increase can we make? In this process, we

are going to hold x3 and x5 at the value zero. Accordingly, we can write

z = 0− 7x2

x4 = 12− 6x2

x6 = 10− 2x2

x1 = 14 + x2.

To maintain feasibility, we must keep the x-variables nonnegative. From the
equations above, we see that for this to hold, we must have x2 ≤ 2. At

this limiting value, x4 drops to zero and would become negative if x2 were
any larger than 2. As far as the other basic variables are concerned, x6

reaches zero when x2 = 5 which is larger than 2, and x1 does not decrease

as x2 increases. Notice that this limiting value is found by computing the
minimum of a set of ratios:

x2 ≤ min

{
12

6
,
10

2

}
= 2.

The corresponding change in z would be a decrease of 7× 2 = 14.

What if we had chosen to increase x5 instead of x2? In that case, we’d
have

z = 0− 3x5

x4 = 12

x6 = 10− x5

x1 = 14 + x5.

Maintaining feasibility requires that we increase x5 by no more than 10.
The effect of that change would be to decrease z by 30. This illustrates
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the point that choosing the nonbasic variable to increase by the criterion of
the largest (positive) zj − cj does not always produce the greatest decrease

in the objective function value. Nevertheless that is the criterion that is
commonly used in the Simplex Algorithm.

Notice that in Example 3.7 there is exactly one basic variable appearing
in each of the equations. In the first equation it is x4. In the second equation

it is x6. In the third equation it is x1. In effect, the basic variables may
seem rather jumbled up. That could be changed by permuting the columns

and renaming the variables, but there is no need to do so. We do, however,
require a notation that helps us to keep things straight. To that end, we

define ji to be the index (subscript) of the basic variable that corresponds
to equation i. Thus, in Example 3.7, j1 = 4, j2 = 6, and j3 = 1. The basis

is [A.j1 A.j2 A.j3 ] = [A.4 A.6 A.1], and of course xB = (xj1 , xj2, xj3) =
(x4, x6, x1). Understanding this will facilitate your appreciation of the more
general discussion below.

Basic variables as functions of a single nonbasic variable xs

Assume that the variables xj1, xj2 . . . , xjm are basic. With xj = 0 for all
j ∈ N, j 
= s, we can write

xB = B−1b−B−1A.sxs

= b̄− Ā.sxs

or, in more detail,⎡⎢⎢⎢⎣
xj1

xj2
...

xjm

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
b̄1

b̄2
...

b̄m

⎤⎥⎥⎥⎦ −
⎡⎢⎢⎢⎣

ā1s

ā2s
...

āms

⎤⎥⎥⎥⎦xs =

⎡⎢⎢⎢⎣
b̄1 − ā1sxs

b̄2 − ā2sxs
...

b̄m − āmsxs

⎤⎥⎥⎥⎦ .

The minimum ratio test

To maintain feasibility, we must have xs ≥ 0 and

xji
= b̄i − āisxs ≥ 0 for all i = 1, . . . , m.
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If āis ≤ 0 for i = 1, . . . , m, then xs can be increased indefinitely. In this
case, if zs− cs > 0, the objective function is unbounded below ; its value goes

to −∞. If āis > 0 for at least one i, then

xs ≤ min

{
b̄i

āis
: āis > 0

}
.

In fact, there will exist at least one r such that

b̄r

ārs
= min

{
b̄i

āis
: āis > 0

}
.

This calculation is called the minimum ratio test. In these circumstances xs

is called the entering variable and xjr the leaving variable. Correspondingly,

the column of xs enters the basis, and the column of xjr leaves the basis.

In terms of the original data, the current basis B is

B = [A.j1 A.j2 · · ·A.jr−1
A.jr A.jr+1

· · ·A.jm].

The incoming column A.s replaces the outgoing column A.jr resulting in

the new basis

Bnew = [A.j1 A.j2 · · ·A.jr−1
A.s A.jr+1

· · ·A.jm].

Notice that we now define jr = s.

3.4 Pivoting

We have seen how the minimum ratio test is used to preserve the feasibility of
the current solution as the entering variable xs is increased. The motivation

for the increase is of course that it has the potential to decrease the value
z of the objective function. When the current basic feasible solution is

nondegenerate, this increase is guaranteed to make z decrease. When the
increase of xs is bounded above, say by b̄r/ārs, the basic variable xjr will

decrease from b̄r to zero as xs increases from zero to b̄r/ārs. In this case, xs

will replace xjr as a basic variable.

These considerations lead us to a discussion of how the system of equa-

tions can be represented in terms of the new basis. Once we have accom-
plished this, we can state the Simplex Algorithm. In so doing, we will have
answered the question 4 stated in the Overview of Chapter 3. Recall that

question 3 has already been answered—at least in the nondegenerate case.
Questions 1 and 2 will be answered by the end of the chapter.
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Rerepresenting the system of equations by pivoting

Let us assume that the system of equations

z − cTx = 0

Ax = b

has been put into canonical form with respect to a feasible basis B =
[Aj1 Aj2 · · · Ajm ]. The data of the canonical form

z − c̄Tx = 0

Āx = b̄
(3.8)

will then have the following properties:

Ā = B−1A, b̄ = B−1b, c̄T = cT− cT
BB−1A.

These formulas imply

Ājk
= I.k and c̄jk

= 0, k = 1, . . . , m.

Writing (3.8) in more detail, we obtain the canonical form

z + 0TxB − c̄T
NxN = 0

IxB + Ā.NxN = b̄.
(3.9)

Let us assume further that, having performed the minimum ratio test,
we wish to change the basis from B to a new basis Bnew whose r-th column

A.jr is A.s, the s-th columm of A. (Notice that the columns of these bases
are given in terms of the original data.) We shall want to put the system
into canonical form with respect to Bnew. From the discussion above it

might appear that we need to compute (Bnew)−1, but because we already
the system in canonical form with respect to B which shares m−1 columns

with Bnew we can achieve the same effect and save computational effort by
performing a pivot on the positive entry ārs. The steps of this operation are

as follows:

1. Divide each coefficient in equation r of system (3.9) by ārs. (Thereby,
the coefficient of xs in this equation becomes 1.)
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2. Subtract āis times equation r from each equation i 
= r. (Thereby, the
coefficient of xs in each such equation becomes 0.)

3. Subtract c̄s times equation r from the objective equation. (Thereby,

the coefficient of xs in the equation corresponding to the objective
function becomes 0.)

This pivot operation amounts to solving the r-th equation for xs in terms of
xjr and the other nonbasic variables xj for j ∈ N \ {s} and then using the

result to substitute for xs in each of the equations other than the r-th.

Comment : We have followed the tradition of calling this operation a pivot
on the entry ārs. There is another way to conceptualize what is going on in

pivoting. When we compare the bases B and Bnew (as described above) we
see that they have m − 1 columns in common. The bases B and Bnew can

be likened to the parts of a hinge with the m− 1 common columns playing
the role of the piece around which the “plates” pivot. This is illustrated on
Figure 3.1.
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Figure 3.1: A metaphoric illustration of pivoting.

Example 3.8: A SIMPLEX ALGORITHM ITERATION (PIVOT STEP). For
the LP

minimize − 4x1 − 6x2 − 3x3 − x4

subject to x1 + 4x2 + 8x3 + 6x4 ≤ 11
4x1 + x2 + 2x3 + x4 ≤ 7

2x1 + 3x2 + x3 + 2x4 ≤ 2
x1, x2, x3, x4 ≥ 0,

we add slack variables x5, x6, and x7 to bring the constraints to standard
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form. This yields

x1 + 4x2 + 8x3 + 6x4 + x5 = 11

4x1 + x2 + 2x3 + x4 + x6 = 7
2x1 + 3x2 + x3 + 2x4 + x7 = 2

x1, x2, x3, x4, x5, x6, x7 ≥ 0.

We want to minimize

z = −4x1 − 6x2 − 3x3 − x4.

This equation can be written as

z + 4x1 + 6x2 + 3x3 + x4 = 0.

Defining this to be the 0-th equation, we append it to the system above and

obtain
z + 4x1 + 6x2 + 3x3 + x4 = 0

x1 + 4x2 + 8x3 + 6x4 + x5 = 11

4x1 + x2 + 2x3 + x4 + x6 = 7
2x1 + 3x2 + x3 + 2x4 + x7 = 2.

In this instance, xj1 = x5, xj2 = x6, xj3 = x7. The present BFS is clearly
not optimal. Do you see why? Let the entering variable be x2. This means

we choose s = 2. How much can x2 be increased? We can answer this
question with the minimum ratio test.

Applying the aforementioned minimum ratio test here we find that

x2 ≤ min

{
b1

a21
,

b2

a22
,

b3

a23

}
= min

{
11

4
,

7

1
,

2

3

}
=

2

3
=

b3

a32
,

implying r = 3, which means that x7 is the leaving variable. This means
that the value of the index j3 changes from 7 to 2. The new basis is

Bnew = [A.5 A.6 A.2] =

⎡⎣ 1 0 4
0 1 1

0 0 3

⎤⎦ .

Pivoting on the element in row 3 and column of x2 (i.e., on a32 = 3), we
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find that the system becomes

z + x3 − 3x4 − 2x7 = −4

− 5
3x1 + 20

3 x3 + 10
3 x4 + x5 − 4

3x7 = 25
3

10
3 x1 + 5

3x3 + 1
3x4 + x6 − 1

3x7 = 19
3

2
3x1 + x2 + 1

3x3 + 2
3x4 + 1

3x7 = 2
3 .

Note how the value of z has decreased from 0 to −4. This completes the

intended pivot step.

3.5 Steps of the Simplex Algorithm

We have seen how to test the BFS for optimality, and if not optimal, see
how to improve the objective value by performing a pivot. Combining these

concepts, we can write down the Simplex Algorithm for the case when a
feasible basis B is known.

Algorithm 3.1 (Simplex Algorithm) Given data A, b, and c for a linear

program in standard form, assume that a starting feasible basis B is known
and that the system is in canonical form with respect to this basis.

1. Test for optimality. Find an index s such that (relative to the current
basis) zs − cs = maxj{zj − cj}. If zs − cs ≤ 0 the test for optimality

is satisified, then the basic feasible solution is optimal. Report the
solution and stop.

2. Minimum ratio test. If āis ≤ 0 for all i, stop. The objective is un-

bounded below. Otherwise, find an index r such that ārs > 0 and

b̄r

ārs
= min

i

{
b̄i

āis
: āis > 0

}
.

3. Pivot step. Pivot on ārs. Define the new basis in which A.s replaces

the column A.k where k = jr. Define jr = s. Return to Step 1.
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Tabular form

Example 3.8 points up the fact that expressing a system of equations in

many variables involves the writing of a lot of pluses, minuses, equal signs,
and variable names. To lighten this burden somewhat, a style called tabular

form (sometimes called tableau form) is used. This approach commonly
appears in introductory expositions of the Simplex Algorithm and other

such methods. Example 3.9 below will illustrate the use of tabular form
for solving the linear program that was used in Example 3.8. But before
coming to that, we present some generalities about the constituents of a

linear programming tableau.

In essence, a tableau is a matrix (rectangular array of numbers) sur-
rounded by labels. A tableau will have the following four main sections

which we think of columnwise:

• The list of row numbers.

• The names of the variables and their coefficients.

• The column label 1 and the right-hand side constants of the system.

• The list of basic variables associated with the rows of the system.

min z x1 x2 · · · xn 1 basic

row 0 1 c̄1 c̄2 · · · c̄n cT
BB−1b z

row 1 0 ā11 ā12 · · · ā1m b̄1 xj1

row 2 0 ā21 ā22 · · · ā2m b̄2 xj2
... 0

...
... · · · ...

...
...

row m 0 ām1 ām2 · · · āmn b̄m xjm

The labels listed in the very top row of the tableau are z (which stands
for the objective function) and all the problem variables (including slack and

surplus variables). In addition, the top row of the tableau includes the label
1 associated with the right-hand side. The left-most section of the tableau
begins with the label “row 0” which corresponds to the objective function,

and then the labels “row 1, . . . , row m” which correspond to the constraint
equations. In the next block of the tableau, we write the coefficients of
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the objective and the constraints organized columnswise underneath their
labels z, x1, . . . , xn. Then comes the one-column block of the right-hand side

with its label, “1”. Finally, we write the list consisting of z and the basic
variables x

B
. It should be noted that each basic variable corresponds to a

specific row of the tableau. The entry xji
, appearing in the last column of

the table, refers to the basic variable corresponding to row i. The ā entries

in the column corresponding to the basic variable xji
will be the i-th column

of the identity matrix, that is to say: Ā.ji
= I.i. For fixed j, the entries c̄j

and ākj are as follows:

c̄j =

{
0, if xj is basic,
arbitrary, otherwise;

ākj =

⎧⎨⎩
0, if xj is basic, j = ji, and k 
= i,
1, if xj is basic, j = ji, and k = i,

arbitrary, otherwise.

The tableaus given in Example 3.9 illustrate the above description.

Example 3.9: SOLUTION BY THE SIMPLEX ALGORITHM. Here we solve
the problem stated in Example 3.8 using the Simplex Algorithm with the
system expressed in tabular form.

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 4 6 3 1 0 0 0 0 z

row 1 0 1 4 8 6 1 0 0 11 x5

row 2 0 4 1 2 1 0 1 0 7 x6

row 3 0 2 3 1 2 0 0 1 2 x7

Pivoting on the element in row 3 of the x2 column, we obtain the following
tableau

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 0 0 1 −3 0 0 −2 −4 z

row 1 0 −5/3 0 20/3 10/3 1 0 −4/3 25/3 x5

row 2 0 10/3 0 5/3 1/3 0 1 −1/3 19/3 x6

row 3 0 2/3 1 1/3 2/3 0 0 1/3 2/3 x2

Pivoting on the element in row 1 of the x3 column, we obtain

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 1/4 0 0 −7/2 −3/20 0 −9/5 −21/4 z

row 1 0 −1/4 0 1 1/2 3/20 0 −1/5 5/4 x3

row 2 0 15/4 0 0 −1/2 −1/4 1 0 17/4 x6

row 3 0 3/4 1 0 1/2 −1/20 0 2/5 1/4 x2
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Pivoting on the element in row 3 of the x1 column, we obtain

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 0 −1/3 0 −11/3 −2/15 0 −29/15 −16/3 z

row 1 0 0 1/3 1 2/3 2/15 0 −1/15 4/3 x3

row 2 0 0 −5 0 −3 0 1 −2 3 x6

row 3 0 1 4/3 0 2/3 −1/15 0 8/15 1/3 x1

We now see that the sufficient condition for optimality is satisfied. The
optimal solution found is

(x1, x2, x3, x4, x5, x6, x7) = (1/3, 0, 4/3, 0, 0, 3, 0) and z = −16/3.

3.6 Exercises

3.1 Suppose you have to solve a system of m equations in n unknowns, say
Ax = b, where m < n. After performing the reduction of A to row-echelon
form and the corresponding operations on b, you have the equivalent
system Āx̄ = b̄. [Note: The reason for using a bar over the vector in the
equivalent system in row-echelon form is that it may have been necessary
to permute the columns of A (and hence the variables in x).] Suppose
that in the process of doing this, you find the rank r of A is less than m.

(a) How can you tell whether or not the system of equations has a solu-
tion?

(b) Assuming the system does have a solution, describe how the row-
echelon form would help you to find a solution.

(c) Would this be the only solution for the system?

3.2 Let A ∈ Rm×n where m < n. Suppose that A possesses an m × m
submatrix B with the following properties:

(i) each column B has exactly one positive element;

(ii) the sum of the columns of B is a positive m vector.

Show that the system Ax = b, x ≥ 0 has a basic feasible solution for
every b ∈ Rm

+ .

3.3 Consider the system of equations

4x1 − x2 + 5x3 + 2x4 + 2x5 = 20
− 3x1 + x2 + 3x4 − 2x5 = 18

2x1 − 4x2 + 10x3 − 6x4 + 8x5 = 4.
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(a) Write the matrix A and the vector b such that the given system of
equations is the verbose form of Ax = b.

(b) Identify the matrix B = [A.3 A.2 A.4] and verify that it is a basis
in A.

(c) Compute the basic solution associated with the matrix B (in part (b)
above) and verify that it is a nonnegative vector.

(d) What is the index set N of the nonbasic variables in this case?

[Hint: Although it is not absolutely necessary to do so, you may find it
useful to compute the inverse of B in this exercise.]

3.4 Consider the LP
maximize x1 + 2x2

subject to x1 + x2 ≤ 4
−x1 + x2 ≤ 2
x1, x2 ≥ 0.

(a) Plot the feasible region.

(b) Identify all the basic solutions and specify which are feasible and
which are infeasible.

(c) Solve the problem using the Simplex Algorithm.

3.5 Consider the LP
maximize x1 + x2

subject to x1 + x2 ≥ 2
−x1 + x2 ≤ 2
x1, x2 ≥ 0.

(a) Plot the feasible region.

(b) Identify all the basic solutions and specify which are feasible and
which are infeasible.

(c) Solve the LP by the Simplex Algorithm and show that the algorithm
stops with the objective function being unbounded over the feasible
region.

(d) Modify the first inequality constraint to be x1 + x2 ≤ 2 and show
that there are infinite optimal solutions.

3.6 Suppose we wish to minimize the linear function

z = 3x1 − 6x2 + 5x3 + 3x4 + 7x5

subject to the equations in Exercise 3.3 and of course xj ≥ 0, j = 1, . . . , 6.

(a) Using the basis B in Exercise 3.3, compute the quantities zj for all
j ∈ N .
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(b) Can you say whether the basis is optimal or not? Justify your answer.

3.7 How would the sufficient condition for optimality change if the LP were
changed to a maximization problem?

3.8 Write the LP given in Example 1.3 (Chapter 1) in standard form.

(a) Is the basis associated with the slack variables optimal?

(b) Plot each of the slack variables in the standard form of the LP as
a function of one of the nonbasic variables (the other nonbasic vari-
able being held at zero). Put the varying nonbasic variable on the
horizontal axis.

(c) Carry out the minimum ratio test for the column associated with
ALE. How much can this be increased before one of the slack vari-
ables drops to zero?

3.9 This exercise pertains to the linear program given in Example 3.2.

(a) Put the constraints into canonical form with respect to the basis
B = [A.1 A.2].

(b) Put the constraints into canonical form with respect to the basis
B = [A.3 A.4].

3.10 Consider the tiny LP

maximize x1

subject to x2 ≤ 1
x1, x2 ≥ 0.

(a) Plot the feasible region of this LP. Is the feasible region bounded,
i.e, can it be contained within a circle of suitably large radius?

(b) Express the LP as a minimization problem in standard form.

(c) Apply the Simplex Algorithm to the problem stated in (b). What
happens to the objective function?

(d) Change the objective function to x2. Does the problem have a unique
optimal solution?

3.11 Consider linear programs of the form

(P) minimize cTx subject to 0 ≤ x ≤ b.

Discuss each of the cases below from the standpoint of feasibility and
optimality.

(a) b and c are real numbers.
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(b) b and c are nonzero n-vectors.

That is, give necessary and sufficient conditions for the feasibility of (P)
and the existence of an optimal solution to this LP. When (P) has an
optimal solution, what is it?

3.12 Consider the LP solved in Example 3.8. For each iteration of the Simplex
Algorithm, find the values of s, r, j1, j2, and j3. Record your answer in
a table like the following

Iteration s r j1 j2 j3

1
2
3



4. THE SIMPLEX ALGORITHM CONTINUED

Overview

The discussion of the Simplex Algorithm for linear programming presented

in the previous chapter included two crucial assumptions. The first was that
a starting basic feasible solution was known and, moreover, that the system

was in canonical form with respect to this feasible basis. If the Simplex
Algorithm is to be of value, it is essential that we be able to find a basic

feasible solution—if one exists. As it turns out, there are several ways to do
this. Two of them are covered in the next section.

The second assumption we made in our discussion of the Simplex Al-
gorithm was that the basic feasible solutions encountered in executing the

algorithm are nondegenerate. This guaranteed improvement in every iter-
ation and consequently the finiteness of the procedure. But degeneracy is

a very commonly encountered property of linear programs, so it becomes
essential to provide a way to overcome the problem of cycling which is a

potential consequence of degeneracy. We address this issue in a later section
of this chapter.

In addition to tying up the two aforementioned “loose ends” of our pre-

vious treatment of the Simplex Algorithm, we include a development of the
Simplex Algorithm in matrix form; this is related to the Revised Simplex

Algorithm. Here again, some effort has already been made to foreshadow
the ideas involved.

4.1 Finding a feasible solution

In discussing the Simplex Algorithm of linear programming we assumed that

a basic feasible solution was known. Unfortunately this is not always the
case.

The Phase I Procedure

Given the system Ax = b, x ≥ 0, it is easy to modify the equations so that
the constants on the right-hand side (RHS) are nonnegative: if bi < 0, just

© Springer Science+Business Media LLC 2017
R.W. Cottle and M.N. Thapa, Linear and Nonlinear Optimization,
International Series in Operations Research & Management Science 253,
DOI 10.1007/978-1-4939-7055-1_4
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multiply the i-th equation through by −1. Then the right-hand side will
be −bi > 0. We assume this has already been done. Then, since b ≥ 0 (by

assumption), the system

Ax + Iy = b, x ≥ 0, y ≥ 0

has an obvious BFS: (x, y) = (0, b).

A (basic) solution of the system

Ax + Iy = b, x ≥ 0, y ≥ 0

in which y = 0 would provide a (basic) solution of Ax = b, x ≥ 0. We try

to find such a solution1 by solving the Phase I Problem:

minimize eTy

subject to Ax + Iy = b

x ≥ 0, y ≥ 0

(4.1)

where e = (1, 1, . . . , 1), which is called the vector of all ones. The variables
y1, . . . , ym are called artificial variables, or artificials for short. They are

not to be confused with slack variables.

The reduced form of the Phase I Problem

Let w = eTy =

m∑
i=1

yi. Then w − eTy = 0, and we can write the system as

w + 0Tx − eTy = 0
Ax + Iy = b

x ≥ 0, y ≥ 0.

This version is equivalent to

w + eTAx + 0Ty = eTb
Ax + Iy = b

x ≥ 0, y ≥ 0.

In this form of the problem, the basic variables y have been eliminated from
the objective function. The aim now is to find w, x, and y satisfying these

1In general if a > 0 and y ≥ 0, then aTy ≥ 0 with equality if and only if y = 0.
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conditions for which w is minimum. If w = 0, we have y = 0 and a BFS of
Ax = b, x ≥ 0. We note that the Phase I Problem is an LP in its own right,

but it is one that has an obvious starting feasible basis. For that reason the
Simplex Algorithm is immediately applicable to it. Moreover, if the given

expressions Ax = b and x ≥ 0 are the constraints of an LP, then, as we shall
see, if a BFS is found by the Phase I Procedure, it is possible to initiate the

solution of the given LP from the BFS found thereby. In fact, this can be
done with a “smooth transition” between Phase I and Phase II wherein the

problem of interest is solved by the Simplex Algorithm.

An important remark

The Phase I Problem formulated above is in standard form: it has a system

of linear equations in nonnegative variables. Since any system of linear
equations and inequalities can be written as an equivalent system of linear

equations, in nonnegative variables, it follows that testing the system for the
existence of a solution can be carried out by formulating the corresponding

Phase I Problem and solving it by the Simplex Algorithm. This approach
will not only test for the existence of a solution: It will produce one if there

are any. For an application of this, see [21].

Example 4.1: SOLVING AN LP IN TWO PHASES. Let us consider the LP

minimize 4x1 + 8x2 + x3 + 2x4 + 6x5

subject to 2x1 − 3x2 − 4x3 + x4 − 4x5 = −10

5x1 − 2x3 − 2x5 = 18
− 3x1 + 3x2 + 6x4 − 2x5 = 12

xj ≥ 0, j = 1, 2, 3, 4, 5.

In this statement of the problem we have no obvious starting feasible basis.

To find one we’ll use the Phase I Procedure to accomplish that. Then we’ll
go on to solve the given LP with Phase II of the Simplex Algorithm.

This example will illustrate several things. The first is the formulation of

the Phase I Problem in standard form. This will be easy. The second thing
this example will illustrate is the idea of a “smooth transition” to Phase II.
The third thing this example will illustrate (not prove) is the fact that when

the problem data are all rational numbers, then the solution vector found
by the Simplex Algorithm will have rational coordinates.
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The first constraint in the given version of the LP has a negative number
on the right-hand side, so we multiply through the equation by −1. Once
that is done, we can insert artificial variables y1, y2, and y3. Furthermore,
to facilitate our smooth transition to Phase II, we include an equation for the
original objective function. We express all this in tabular form as follows:

min w z x1 x2 x3 x4 x5 y1 y2 y3 1 basic

row 00 1 0 0 0 0 0 0 −1 −1 −1 0 w

row 0 0 1 −4 −8 −1 −2 −6 0 0 0 0 z

row 1 0 0 −2 3 4 −1 4 1 0 0 10 y1

row 2 0 0 5 0 −2 0 −2 0 1 0 18 y2

row 3 0 0 −3 3 0 6 −2 0 0 1 12 y3

This tabular form (tableau) reveals that the artificial variables must be elim-
inated from the equation for the artificial objective function (equivalently,
row 00 of the tableau). Adding rows 1, 2, and 3 to row 00 we obtain

min w z x1 x2 x3 x4 x5 y1 y2 y3 1 basic

row 00 1 0 0 6 2 5 0 0 0 0 40 w

row 0 0 1 −4 −8 −1 −2 −6 0 0 0 0 z

row 1 0 0 −2 3 4 −1 4 1 0 0 10 y1

row 2 0 0 5 0 −2 0 −2 0 1 0 18 y2

row 3 0 0 −3 3 0 6 −2 0 0 1 12 y3

In an effort to minimize w, we choose x2 as the entering variable. The
leaving variable is determined by carrying out the minimum ratio test. We
find that since 10/3 < 12/3, the leaving variable is y1. We perform a pivot
on the element in row 1 and the column of x2 obtaining

min w z x1 x2 x3 x4 x5 y1 y2 y3 1 basic

row 00 1 0 4 0 −6 7 −8 −2 0 0 20 w

row 0 0 1 −28/3 0 29/3−14/3 14/3 8/3 0 0 80/3 z

row 1 0 0 −2/3 1 4/3 −1/3 4/3 1/3 0 0 10/3 x2

row 2 0 0 5 0 −2 0 −2 0 1 0 18 y2

row 3 0 0 −1 0 −4 7 −6 −1 0 1 2 y3

Next we choose x4 as the entering variable. No minimum ratio test is needed
here since there is only one positive entry in the corresponding column and
rows 1, 2, and 3. We pivot on the element in row 3 and the column of x4.

min w z x1 x2 x3 x4 x5 y1 y2 y3 1 basic

row 00 1 0 5 0 −2 0 −2 −1 0 −1 18 w

row 0 0 1 −10 0 7 0 2/3 2 0 2/3 28 z

row 1 0 0 −5/7 1 8/7 0 22/21 2/7 0 1/21 24/7 x2

row 2 0 0 5 0 −2 0 −2 0 1 0 18 y2

row 3 0 0 −1/7 0 −4/7 1 −6/7 −1/7 0 1/7 2/7 x4
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In this tableau, we see that making x1 basic will reduce the value of w even
further. There is only one possible pivot element, namely the number 5 in
row 2 and x1 column. The outcome of this pivot operation is

min w z x1 x2 x3 x4 x5 y1 y2 y3 1 basic

row 00 1 0 0 0 0 0 0 −1 −1 −1 0 w

row 0 0 1 0 0 3 0 −10/3 2 2 2/3 64 z

row 1 0 0 0 1 6/7 0 16/21 2/7 1/7 1/21 6 x2

row 2 0 0 1 0 −2/5 0 −2/5 0 1/5 0 18/5 x1

row 3 0 0 0 0 −22/35 1 −32/35 −1/7 1/35 1/7 4/5 x4

This tableau reveals that w, the value of the artificial objective function, has
been reduced to zero. Now, in the computation, the row 00 and the y1, y2,
and y3 columns can be ignored (or deleted from the tableau). We can also
pick out the basic feasible solution (x1, x2, x3, x4, x5) = (18/5, 6, 0, 4/5, 0) of
the original system that has been found by the Phase I Procedure. (As a
check, try substituting these values for the variables x1, . . . , x5 in the original
problem. You should find that this is a feasible vector for which z = 64.)
Furthermore, we see that since these variables have been eliminated from
the expression for z, the true objective function value, the smooth transition
has been achieved. The fact that the coefficient of x3 is 3 > 0 suggests that
there is an opportunity to decrease z by increasing x3. In doing so, we find
there is only one possible pivot element: the element in row 1 and column x3.
The corresponding pivot operation results in the tableau

min w z x1 x2 x3 x4 x5 y1 y2 y3 1 basic

row 00 1 0 0 0 0 0 0 −1 −1 −1 0 w

row 0 0 1 0 −7/2 0 0 −6 1 3/2 1/2 43 z

row 1 0 0 0 7/6 1 0 8/9 1/3 1/6 1/18 7 x3

row 2 0 0 1 7/15 0 0 −2/45 2/15 4/15 1/45 32/5 x1

row 3 0 0 0 11/15 0 1 −16/45 1/15 2/15 8/45 26/5 x4

Remembering that we are ignoring the y1, y2, and y3 columns, we declare
that an optimal solution of the given LP has been found, namely

(x1, x2, x3, x4, x5) = (32/5, 0, 7, 26/5, 0) and z = 43.

Example 4.2: MODELING OTHER LINEAR SYSTEMS. Example 4.1 car-
ried out the solution of a linear program with equality constraints. To use

the Phase I Procedure we had a little bit of “preprocessing” to do in order
to make the right-hand side nonnegative. Suppose the constraints of the LP
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had been different, for instance as in

minimize 4x1 + 8x2 + x3 + 2x4 + 6x5

subject to 2x1 − 3x2 − 4x3 + x4 − 4x5 = −10
5x1 − 2x3 − 2x5 ≤ 18
−3x1 + 3x2 + 6x4 − 2x5 ≥ 12

xj ≥ 0, j = 1, 2, 3, 4, 5.

A problem of this form calls for a slightly different treatment, particularly
where the Phase I Procedure is concerned. In addition to the multiplication
by −1 as before, we introduce slack and surplus variables x6 and x7 in the

second and third constraints, respectively. This results in the system

minimize 4x1 + 8x2 + x3 + 2x4 + 6x5

subject to −2x1 + 3x2 + 4x3 − x4 + 4x5 = 10
5x1 − 2x3 − 2x5 + x6 = 18
−3x1 + 3x2 + 6x4 − 2x5 − x7 = 12

xj ≥ 0, j = 1, 2, 3, 4, 5, 6, 7.

We now observe that the column of x6 can be used as one of the columns of
a starting basis in a Phase I Problem for this LP. Instead of using a full set
of artificial variables, we can use y1, x6, and y3 and minimize the artificial

objective function w = y1 + y3. We relegate the further discussion of this
matter to Exercises 4.2 and 4.3.

Outcomes in Phase I

It can be shown that the Phase I Problem always has an optimal solution,

(x̄, ȳ). If w̄, the minimum value of w, is positive, then ȳ 
= 0. In this case,
the Phase I Problem has no feasible solution in which the artificial variables

y1, . . . , ym all equal zero. This implies that there is no solution of the system
Ax = b, x ≥ 0. If w̄ = 0, then Ax = b, x ≥ 0 does have a solution, indeed

a basic solution.

It can happen that the Phase I Procedure ends with w̄ = 0 and an arti-
ficial variable—or variables—still basic. Since all such variables must have
the value zero, this means we have a degenerate BFS. When this happens,

there are two possible cases, depending on the existence of suitable nonzero
elements for pivoting. Suppose the artificial variable yi is basic at value zero
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when Phase I ends. Let the corresponding equation be
n∑

j=1

āijxj + yi = b̄i = 0.

If āij 
= 0 for some j, say j = s, then xs must be a nonbasic variable, and
āis can be used as a pivot element, even if it is negative. The reason for

this is that when we divide through the corresponding equation by āis, the
constant b̄i = 0 on the right-hand side prevents any basic variable from

becoming negative after the pivot step is complete. In this situation, xs

replaces yi as a basic variable, and of course, its value is zero. On the other

hand, if āij = 0 for all j, then the system is rank deficient and the i-th
equation can be discarded.

The Big-M Method

A second approach to solving an LP when a starting BFS is not available

is to solve another LP which includes the artificial basis and minimizes the
original objective function plus a linear function that penalizes positivity of

the artificial variables. Suppose the original problem is

minimize cTx

subject to Ax = b (b ≥ 0)
x ≥ 0.

Let M be a large positive number. Now consider the LP

minimize cTx + MeTy

subject to Ax + Iy = b (b ≥ 0)
x ≥ 0, y ≥ 0.

If M is large enough, this optimization problem will find a BFS of the given
LP if one exists. This augmented LP is called the Big-M Problem. It raises

two questions: How big should M be? and Does it matter?

Example 4.3: THE BIG-M METHOD. Consider the LP of Example 4.1

which we solved earlier by the Simplex Method.

minimize 4x1 + 8x2 + x3 + 2x4 + 6x5

subject to 2x1 − 3x2 − 4x3 + x4 − 4x5 = −10
5x1 − 2x3 − 2x5 = 18

− 3x1 + 3x2 + 6x4 − 2x5 = 12

xj ≥ 0, j = 1, 2, 3, 4, 5.
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Here we use the Big-M Method described above to find an initial feasible
solution. As before, we multiply through the first equation by −1. Once
that is done, we can insert artificial variables y1, y2, and y3 and assign (to
each of them) a cost of M , where M is a large number. In a computer
implementation of the approach we would choose M to be much larger than
any of the data or expected growth in the data during computations; for
example, in this case we could try M = 1000. We express all this in tabular
form below. We have kept the M -part of the objective separate from the
original objective coefficients for ease of exposition.

min z x1 x2 x3 x4 x5 y1 y2 y3 1 basic

0 0 0 0 0 −M −M −M 0
row 0 1 −4 −8 −1 −2 −6 0 0 0 0 z

row 1 0 −2 3 4 −1 4 1 0 0 10 y1

row 2 0 5 0 −2 0 −2 0 1 0 18 y2

row 3 0 −3 3 0 6 −2 0 0 1 12 y3

This tableau reveals that the artificial variables must be eliminated from the
equation for the objective. This is done by adding a multiple, M , of each of
the rows 1, 2, and 3 to row 0. The result is

min z x1 x2 x3 x4 x5 y1 y2 y3 1 basic

0 6M 2M 5M 0 0 0 0 40M
row 0 1 −4 −8 −1 −2 −6 0 0 0 0 z

row 1 0 −2 3 4 −1 4 1 0 0 10 y1

row 2 0 5 0 −2 0 −2 0 1 0 18 y2

row 3 0 −3 3 0 6 −2 0 0 1 12 y3

In an effort to minimize z, we choose x2 as the entering variable. The leaving
variable is determined by carrying out the minimum ratio test. We find that
since 10/3 < 12/3, the leaving variable is y1. We perform a pivot on the
element in row 1 and the column of x2 obtaining

min z x1 x2 x3 x4 x5 y1 y2 y3 1 basic

4M 0 −6M 7M −8M −2M 0 0 20M
row 0 1 −28/3 0 29/3 −14/3 14/3 8/3 0 0 80/3 z

row 1 0 −2/3 1 4/3 −1/3 4/3 1/3 0 0 10/3 x2

row 2 0 5 0 −2 0 −2 0 1 0 18 y2

row 3 0 −1 0 −4 7 −6 −1 0 1 2 y3

Next we choose x4 as the entering variable. In this case, no minimum ratio
test is needed since there is only one positive entry in the corresponding
column and rows 1, 2, and 3. The pivot element is in row 3 and the column
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of x4. The result of this pivot step is

min z x1 x2 x3 x4 x5 y1 y2 y3 1 basic

5M 0 −2M 0 −2M 2M 0 −M 18M
row 0 1 −10 0 7 0 2/3 2 0 2/3 28 z

row 1 0 −5/7 1 8/7 0 22/21 2/7 0 1/21 24/7 x2

row 2 0 5 0 −2 0 −2 0 1 0 18 y2

row 3 0 −1/7 0 −4/7 1 −6/7 −1/7 0 1/7 2/7 x4

In this tableau, we see that making x1 basic will reduce the value of z even
further. There is only one possible pivot element, namely the number 5 in
row 2 and x1 column. The outcome of this pivot operation is

min z x1 x2 x3 x4 x5 y1 y2 y3 1 basic

0 0 0 0 0 0 −M −M −M 0
row 0 1 0 0 3 0 −10/3 2 2 2/3 64 z

row 1 0 0 1 6/7 0 16/21 2/7 1/7 1/21 6 x2

row 2 0 1 0 −2/5 0 −2/5 0 1/5 0 18/5 x1

row 3 0 0 0 −22/35 1 −32/35 −1/7 1/35 1/7 4/5 x4

This tableau reveals that the portion of the objective corresponding to M
has been reduced to zero. At this point in the computation, the y1, y2, and
y3 columns can be ignored (or deleted from the tableau). The fact that the
coefficient of x3 is 3 > 0 suggests that there is an opportunity to decrease
z by increasing x3. In doing so, we find there is only one possible pivot
element: the element in row 1 and column x3. This pivot results in

min z x1 x2 x3 x4 x5 y1 y2 y3 1 basic

0 0 0 0 0 0 −M −M −M 0
row 0 1 0 −7/2 0 0 −6 1 3/2 1/2 43 z

row 1 0 0 7/6 1 0 8/9 1/3 1/6 1/18 7 x3

row 2 0 1 7/15 0 0 −2/45 2/15 4/15 1/45 32/5 x1

row 3 0 0 11/15 0 1 −16/45 1/15 2/15 8/45 26/5 x4

Remembering that we are ignoring the y1, y2, and y3 columns, we declare

that an optimal solution of the given LP has been found:

(x1, x2, x3, x4, x5) = (32/5, 0, 7, 26/5, 0) and z = 43.

It is interesting to compare the Big-M Method with Phase I of the Sim-
plex Method. In the numerical example above we note that the same it-

erations were used in both methods. This will, in fact, always be true if
there are no ties in choosing the incoming column. On examining the two
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methods we note that the Big-M Method simply adds a multiple M (which
is a large number) of the Phase I objective to the true objective; this is

what makes it possible to combine the Phase I and Phase II objectives into
one objective. In effect it adds a penalty to including artificial variables

in the system, and the idea is similar to that of penalty function methods
of nonlinear programming described in Section 13.4. There is little or no

advantage to using the Big-M Method instead of Phase I of the Simplex
Method for linear programs. The minimization of the Phase I objective is in

effect the minimization of a penalty term without the use of a large penalty
parameter M (see Exercise 4.15).

It is not always clear how large M should be; choosing M too large can
result in numerical errors, and choosing M not large enough can result in

incorrect solutions. If the Big-M Method were to be used instead of Phase I
of the Simplex Method, it would be advantageous to keep the Big-M part of

the objective separate from the true objective, in order to make the calcu-
lations with the M easier to manage. However, this would make it identical

to the Phase I approach. In fact there would now be no difference between
the two methods because clearly we could divide the separate Big-M objec-

tive by M and obtain the Phase I objective. In the event of a tie in either
a Phase I objective or a Big-M objective, the reduced cost of the original

objective could be used as a tie-breaker.

In practice the Big-M Method is not used for solving linear programs.
It does have its use, however, in interior-point methods where some algo-
rithms use a Big-M approach to obtain an initial interior-point solution.

This subject is discussed in Chapter 14.

4.2 Dealing with degeneracy

A BFS of the system Ax = b, x ≥ 0, where the matrix A is m × n and
has rank m is degenerate if it contains fewer than m positive variables. A

linear program having one or more degenerate basic feasible solutions is said
to be degenerate. Degeneracy is a common property among practical linear
programs. In fact, as we shall see, some linear programs are inherently

degenerate.

Recall that even if a BFS is nondegenerate, its successor as found by the
Simplex Algorithm may be degenerate if the minimum ratio test leads to a
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tie in the selection of the leaving basic variable. We illustrate such a case in
the next example.

Example 4.4: A DEGENERATE LP. Consider the linear program2

maximize 2x1 − 3x2 + 5x3

subject to 8x1 − 5x2 + 4x3 + x4 = 24
x1 − 7x2 + x5 = 17

5x1 + 3x2 + 10x3 + x6 = 60

xj ≥ 0, j = 1, 2, 3, 4, 5, 6.

The BFS (x1, x2, x3, x4, x5, x6) = (0, 0, 0, 24, 17, 60) is nondegenerate. But
when we use x3 as the incoming variable and apply the minimum ratio test,

we find that
24

4
=

60

10
= 6,

which shows that in this instance there are two choices for the index r.
Either r = 1 or r = 3. Let’s pick r = 1. The following sequence of steps and
tableaus portrays the solution of this problem.

max z x1 x2 x3 x4 x5 x6 1 basic

row 0 1 −2 3 −5 0 0 0 0 z

row 1 0 8 −5 4 1 0 0 24 x4

row 2 0 1 −7 0 0 1 0 17 x5

row 3 0 5 3 10 0 0 1 60 x6

Pivoting on the row 1, column x3 element, we obtain the tableau

max z x1 x2 x3 x4 x5 x6 1 basic

row 0 1 8 −13/4 0 5/4 0 0 30 z

row 1 0 2 −5/4 1 1/4 0 0 6 x3

row 2 0 1 −7 0 0 1 0 17 x5

row 3 0 −15 31/2 0 −5/2 0 1 0 x6

Here the degeneracy of the problem is explicitly revealed by the BFS shown
in the tableau. We next pivot on the row 3, column x2 element and get

max z x1 x2 x3 x4 x5 x6 1 basic

row 0 1 301/62 0 0 45/62 0 13/62 30 z

row 1 0 49/62 0 1 3/62 0 5/62 6 x3

row 2 0 −179/31 0 0 −35/31 1 14/31 17 x5

row 3 0 −30/31 1 0 −5/31 0 2/31 0 x2

This tableau indicates that an optimal solution has been found.

2Instead of converting this maximization problem to a minimization problem, we simply
use the appropriate changes in the sufficient conditions for optimality: zj − cj ≥ 0.
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Cycling

Degeneracy can cause the phenomenon called cycling, the infinite repetition

of a finite sequence of basic feasible solutions producing no change in the
value of the objective and thereby preventing the finite termination of the

Simplex Algorithm. However, although the LP in Example 4.4 is degenerate,
no cycling occurred in its solution by the Simplex Algorithm. This makes

the point that cycling is not bound to happen in a degenerate problem.

Example 4.5: CYCLING. Consider the following LP:

minimize − 3
4x4 + 20x5 − 1

2x6 + 6x7

subject to x1 + 1
4x4 − 8x5 − x6 + 9x7 = 0

x2 + 1
2x4 − 12x5 − 1

2x6 + 3x7 = 0

x3 + x6 = 1

xj ≥ 0, j = 1, 2, 3, 4, 5, 6, 7.

The starting BFS (x1, x2, x3, x4, x5, x6, x7) = (0, 0, 1, 0, 0, 0, 0) is degen-

erate. The indices of the basic variables are (j1, j2, j3) = (1, 2, 3).

The following seven tableaus record what happens when the Simplex

Algorithm is applied to the degenerate LP above. The pivot elements ārs >
0 are chosen according to two rules, one for each index (subscript). The

column index s is one for which zj − cj is maximum. The row index is the
one that minimizes r where

b̄r

ārs
= min

{
b̄i

ās
: āis > 0

}
.

Hence at every iteration, the pivot row is one for which b̄r is zero.

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 0 0 0 3/4 −20 1/2 −6 0 z

row 1 0 1 0 0 1/4 −8 −1 9 0 x1

row 2 0 0 1 0 1/2 −12 −1/2 3 0 x2

row 3 0 0 0 1 0 0 1 0 1 x3
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min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 −3 0 0 0 4 7/2 −33 0 z

row 1 0 4 0 0 1 −32 −4 36 0 x4

row 2 0 −2 1 0 0 4 3/2 −15 0 x2

row 3 0 0 0 1 0 0 1 0 1 x3

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 −1 −1 0 0 0 2 −18 0 z

row 1 0 −12 8 0 1 0 8 −84 0 x4

row 2 0 −1/2 1/4 0 0 1 3/8 −15/4 0 x5

row 3 0 0 0 1 0 0 1 0 1 x3

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 2 −3 0 −1/4 0 0 3 0 z

row 1 0 −3/2 1 0 1/8 0 1 −21/2 0 x6

row 2 0 1/16 −1/8 0 −3/64 1 0 3/16 0 x5

row 3 0 3/2 −1 1 −1/8 0 0 21/2 1 x3

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 1 −1 0 1/2 −16 0 0 0 z

row 1 0 2 −6 0 −5/2 56 1 0 0 x6

row 2 0 1/3 −2/3 0 −1/4 16/3 0 1 0 x7

row 3 0 −2 6 1 5/2 −56 0 0 1 x3

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 0 2 0 7/4 −44 −1/2 0 0 z

row 1 0 1 −3 0 −5/4 28 1/2 0 0 x1

row 2 0 0 1/3 0 1/6 −4 −1/6 1 0 x7

row 3 0 0 0 1 0 0 1 0 1 x3

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 0 0 0 3/4 −20 1/2 −6 0 z

row 1 0 1 0 0 1/4 −8 −1 9 0 x1

row 2 0 0 1 0 1/2 −12 −1/2 3 0 x2

row 3 0 0 0 1 0 0 1 0 1 x3
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Notice that the tableau above is identical to the original one.

The following table summarizes the sequence of feasible bases found
above while applying the Simplex Algorithm to the LP.

Entering Leaving Basic Variables Objective Value

− − (x1, x2, x3) 0
x4 x1 (x4, x2, x3) 0

x5 x2 (x4, x5, x3) 0
x6 x4 (x6, x5, x3) 0
x7 x5 (x6, x7, x3) 0

x1 x6 (x1, x7, x3) 0
x2 x7 (x1, x2, x3) 0

The sequence of pivot steps leads back to the starting basis. Thus we have
a cycle of feasible bases. This example shows that cycling can occur in a

degenerate LP with the pivot selection rules stated above.

Despite the possibility of cycling, this LP has an optimal BFS given by

(x1, x2, x3, x4, x5, x6, x7) = (3/4, 0, 0, 1, 0, 1, 0).

In terms of the original data, the basis [A.4 A.1 A.6], i.e., (j1, j2, j3) =

(4, 1, 6), is optimal, and the corresponding optimal value of z is −5/4.

Some methods of handling degeneracy

There are several methods for resolving degeneracy in the Simplex Algo-
rithm. (One of these was used to obtain the optimal BFS exhibited above.)

We give only the briefest coverage of these ideas; a full treatment is beyond
the scope of this book.

1. Random choice [40]. The random choice rule is simply to chose the

row index r randomly from among all those that yield the minimum
ratio in the minimum ratio test. It is known that this works with

probability 1.

2. Perturbation of the right-hand side [27]. Consider an LP in feasible
canonical form. To each nonnegative right-hand side component bi
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add the quantity εi where ε is a very small positive number. Under
these circumstances, the “perturbed” right-hand side vector will now

be positive. It can be proved that no degenerate basic feasible solutions
will be encountered when the Simplex Algorithm is applied to the

modified problem. Because the perturbations are so small, the solution
found can be expected to be close to the solution of the unperturbed

problem.

3. Lexicographic ordering [43]. If x, y ∈ Rm and m > 1, it need not be

the case that either x ≥ y or y ≥ x. This can be illustrated by taking
x = (1, 0) and y = (0, 1). We say that Rm is partially ordered by the

relation “≥”. But there is a way to achieve a linear ordering on Rm.
We say that a nonzero vector x is lexicographically positive, written

x � 0, if the first (least-index) nonzero component of x is positive.
Thus the vector x = (0, 1,−1) is lexicographically positive, whereas

y = (0,−1, 1) is not. (In fact, y is lexicographically negative.) One
then says that x � y if and only if (x − y) � 0. A fundamental fact
that makes the lexicographic ordering method work is that any finite

set of distinct vectors in Rm has a unique lexicographic minimum.

Now, starting with a system like Ax = b, where A = [B N ], B = I ∈
Rm×m (the identity matrix), and b ≥ 0, we can (conceptually) append

any m×m matrix G with linearly independent and lexicographically
positive rows so as to obtain an m× (m + 1) matrix [b G]. (Note that

G = I would do nicely.) We can then carry out pivot operations as
usual and update the matrix G in the ordinary way. The difference

is that instead of the original minimum ratio test, we have a lexico-
graphic minimum ratio test. This means that the row index r is chosen

according to the rule

1

ārs
[b̄r Ḡr.] = lexico min

{
1

āis
[b̄i Ḡi.] : āis > 0

}
.

It can be shown that this way of choosing the pivot element preserves
the linear independence and lexicographic positivity of this more gen-

eralized right-hand side. It also produces a strict lexicographic de-
crease in the objective function. These features prevent cycling be-

cause the right-hand side is uniquely determined by the current basis.

4. Bland’s Rule [16]. At any iteration, before termination of the Simplex

Algorithm, there is a set of indices of variables that are eligible to
become basic (these must all have zj − cj > 0) and there is a (possibly
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empty) set of indices of basic variables that can be replaced by the
chosen entering variable. These are the variables that are eligible to

become nonbasic at this iteration. Now we have seen in Example 4.5
that choosing the leaving variable according to the least row index

does not prevent cycling. Bland’s Rule is a double least-index rule. In
particular, it chooses from among the set of eligible column indices,

the least index j such that zj − cj > 0. Let this index be denoted s.
Notice that in this approach, zs − cs need not be the largest of the

zj − cj. Now for each row index k such that āks > 0 and

b̄k

āks
= min

{
b̄i

āis
: āis > 0

}
, (4.2)

there is an associated basic variable xjk
. Choose r so that jr is the

smallest among all the candidate indices satisfying (4.2). This means
that the row index r itself need not be the smallest among the eligible

ones. Rather, it is the basic variable with the smallest subscript that
could become nonbasic. Exercise 4.5 asks you to use Bland’s Rule on

the degenerate LP given in Example 4.5.

In addition to these four approaches, there are other approaches such as:

• Wolfe’s “ad hoc” rule [194],

• the practical anti-cycling procedure [83], and

• a least-distance formulation [33].

There is some folklore to the effect that although degeneracy occurs fre-
quently, the cycling phenomenon is not a matter for the practitioner to

worry about. Commercial solvers always include anti-cycling procedures.
As we have seen in Example 4.4, it can happen that in a degenerate prob-

lem, progress (a genuine decrease in the objective function) might be made.
As long as this happens after a finite number of iterations, cycling does not

occur.

Algorithmic efficiency, in the presence of degeneracy, is another matter,
however. When the problem is degenerate, it can happen that the algorithm
goes through a finite number of iterations without making an improvement

in the objective function value. This phenomenon is called stalling, see
Dantzig [41].
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4.3 Revised Simplex Method

Finding a price vector

As we shall soon see, the role played by the vector yT := cT
BB−1 is an

important one. It is the unique solution of the equation

yTB = cT
B.

The vector y is called the price vector with respect to the basis B.

Example 4.6: USING A PRICE VECTOR. To illustrate the utility of a price
vector we continue with data from Example 3.3. Relative to the given basis

B in the given linear program, we have

yT = cT
BB−1 = [8 4 6]

1

38

⎡⎣ 8 4 2
5 12 6

4 2 20

⎤⎦ =

[
54

19

46

19

80

19

]
.

Using this price vector, you should find that for j = 1, 2, and 3

zj − cj = yTA.j − cj = 0.

Updating the constraints

Having the equation xB + B−1NxN = B−1b is useful because it facilitates
the minimum ratio test:

xs ≤ min

{
b̄i

āis
: āis > 0

}
.

But notice that

Ā.j = B−1A.j for all j and b̄ = B−1b ,

and these are specified by (i.e., solutions of) the equations

BĀ.j = A.j for all j and Bb̄ = b .

Having a known feasible basis, one can test for optimality by finding
the corresponding price vector y and computing yTA− cT. Any j for which
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yTA.jcj − cj > 0 can be chosen as the index s of the entering variable. The
minimum ratio test uses only Ā.s and b̄. The important point here is that no

other updated columns are required at this stage. Once the index r is found,
A.s will replace the current A.jr as a column of the new basis. Notice that

A.s and A.jr are expressed by original data, rather than their transformed
counterparts Ā.s and Ā.jr . In a large problem, this modification of the

Simplex Algorithm can save a lot of unnecessary computation. Of course, in
order to take advantage of these savings, it is essential to be able to compute

either an update of an appropriate factorization of the current basis or an
update of the actual inverse of the current basis.

If we have a feasible basis B for a linear program

minimize cTx
subject to Ax = b

x ≥ 0,

and wish to check it for optimality, we need to find the quantities zj − cj

for all j such that xj is nonbasic. Doing this is a matter of computing
cT
B
B−1A.j − cj for all j ∈ N . This process is called pricing out the basis.

The reason for this terminology is that it involves the price vector y given
by yT = cT

BB−1. Thus, we say that B prices out optimal if yTA.j − cj ≤ 0

for all j ∈ N .

The Revised Simplex Algorithm

The reader must have noticed that at each iteration of the Simplex Algo-

rithm the whole tableau is updated as a result of pivoting. In the case of
large problems, each pivot step transforms a very large amount of data as

the whole tableau is updated. However, at each iteration, all one needs to
do is to first determine the pivot column (to improve the objective value)

and then select the pivot row (to maintain feasibility). One is inclined to
question the value of the vast amount of needless computation, for once the

pivot column has been selected, the minimum ratio test determines the pivot
row using just two column vectors: the updated right-hand side and the se-

lected pivot column. The rest of the entries play no role at all, although
it must be conceded that the selection of the pivot column is based on the
calculation of the quantities zj − cj, and the zj are defined in terms of the

nonbasic columns of A. But do all these columns need to be updated for
this purpose? As we shall see, they do not.
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In the discussion to follow, for simplicity of exposition we shall use B−1;
however, practical implementations do not actually use B−1 as we shall see

later in this section itself.

Let us recall that in testing a basic feasible solution (xB, xN) (or equiv-
alently, a feasible basis B) for optimality, we compute and check the sign

of
zj − cj = cT

B B−1A.j − cj = cT
B Ā.j − cj for all j ∈ N. (4.3)

The column vectors Ā.j are the very ones that would be computed through

the individual pivot steps.

Equation (4.3) reveals that the complete updating of the columns of A is

unnecessary. Instead of performing (cT
B )(B−1A.j) for all j ∈ N , we use the

price vector yT = cT
B

B−1 computed once for each newly encountered basis

B and then compute the inner products yTA.j . In short,

zj − cj = yTA.j − cj for all j ∈ N. (4.4)

Equation (4.4) captures one of the main ideas of the Revised Simplex

Method. It should be clear that when n is much larger than m, this idea will
result in significant computational savings. It can also be convenient when

the size of A makes its internal storage in a computer an issue.

Next we need to avoid the computation of all the Ā.j. Recall that once
the pivot column s is identified, then to perform the minimum ratio test we

need the columns b̄ and Ā.s. These are computed easily as

b̄ = B−1b and Ā.s = B−1A.s.

The minimum ratio test

α =
b̄r

ārs
= min

{
b̄i

āis
: āis > 0

}
is then performed, and the basic variables are updated as follows:

xjr = 0

xji
= b̄− αārs for i = 1, 2, . . . , m; i 
= r

xs = α.

As seen above, we need to have B−1 or some method of solving systems
of equations using the basis matrix B. If we had to compute a new B−1
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for each change of basis, a significant amount of computation would be
required, negating much of the advantages mentioned above, and so we

need a computationally efficient technique to obtain B−1 from iteration
to the next. Rather than going into detail on this, we simply sketch the

technique. At each iteration of the Simplex Algorithm, exactly one column
of the basis is replaced by a different column from A to result in the new

basis B̄. By taking advantage of the one-column change in the basis, the
new basis inverse B̄−1 can be obtained with few computations. This new

inverse can then be used to compute the new Ā.s, the new price vector ȳ,
and the new reduced costs zj − cj for j ∈ N .

The Revised Simplex Algorithm is summarized below without taking
into consideration any of the updating procedures referred to above. For a

discussion on updating LU factors, see page 108.

Algorithm 4.1 (Revised Simplex Algorithm) Given data A, b, and c for a
linear program in standard form, assume that a starting feasible basis B is

known and consists of column j1, j2, . . . , jm from the matrix A.

1. Test for optimality.

(a) Solve BTy = cB.

(b) Compute zj = yTA.j for all nonbasic columns A.j.

(c) Find a nonbasic index s such that (relative to the current basis)

zs−cs = maxj∈N{zj−cj}. If zs−cs ≤ 0, stop. The current basic
feasible solution is optimal.

2. Minimum ratio test.

(a) Solve BĀ.s = A.s.

(b) If āis ≤ 0 for all i, stop. The objective is unbounded below.

Otherwise, find an index r such that ārs > 0 and

b̄r

ārs
= min

{
b̄i

āis
: āis > 0

}
.

3. Update step. Define the new basis in which A.s replaces the column

B.k where k = jr. Define jr = s. Return to Step 1.
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Example 4.7: SOLUTION BY THE REVISED SIMPLEX ALGORITHM. Here
we solve the LP stated in Example 3.8

minimize − 4x1 − 6x2 − 3x3 − x4

subject to x1 + 4x2 + 8x3 + 6x4 ≤ 11

4x1 + x2 + 2x3 + x4 ≤ 7
2x1 + 3x2 + x3 + 2x4 ≤ 2

x1, x2, x3, x4 ≥ 0,

using the Revised Simplex Algorithm. This problem was solved by the
Simplex Algorithm in Example 3.9. As before, we add slack variables

x5, x6, and x7 to bring the constraints to standard form. This yields

x1 + 4x2 + 8x3 + 6x4 + x5 = 11

4x1 + x2 + 2x3 + x4 + x6 = 7
2x1 + 3x2 + x3 + 2x4 + x7 = 2

x1, x2, x3, x4, x5, x6, x7 ≥ 0.

An initial feasible basis B is the identity matrix corresponding to the slack
variables. The columns of B are made of columns j1 = 5, j2 = 6, j3 = 7 of
the original matrix A. Corresponding to this B, we have a basic feasible so-

lution with xB = (x5, x6, x7) = (11, 7, 2); and the vector of costs associated
with the basic variables is c

B
= (0, 0 , 0).

Iteration 1 :

We start by testing for optimality. To do this, we first solve BTy = c
B

obtaining y = 0. We next compute zj = yTA.j for nonbasic j = 1, 2, 3, 4 to
obtain

(z1, z2, z3, z4) = (0, 0, 0, 0).

Continuing, we next find an index s such that

zs − cs = max
j∈N

{zj − cj} = max{4, 6, 4, 1} = 6,

hence s = 2. The condition for optimality is not satisfied, and nonbasic x2

is a candidate for improving the objective function value.

The next step is to apply the minimum ratio test to see at what level

we can bring x2 into the basic set. We first solve BĀ.2 = A.2 to obtain
Ā.2 = (4, 1, 3). Next, we find an index r such that ār2 > 0 and

b̄r

ār2
= min

{
b̄i

āi2
: āi2 > 0

}
. = min

{
11

4
,

7

1
,

2

3

}
=

2

3
=

b̄3

ā32
.
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Hence we have r = 3. This means that the value of the index j3 will change
from 7 to 2. The new basis and associated x

B
, obtained by solving Bx

B
= b,

will be

B = [A.5 A.6 A.2] =

⎡⎣ 1 0 4

0 1 1
0 0 3

⎤⎦ and xB = (x5, x6, x2) =

(
25

3
,

19

3
,

2

3

)
.

Iteration 2 :

Once again we test for optimality by solving BTy = cB, where cB = (0, 0, 6)
obtaining y = (0, 0, −2). We next compute zj = yTA.j for j = 1, 3, 4, 7 to

obtain
(z1, z3, z4, z7) = (−4, 0, 0, 0).

Continuing, we next find an index s such that

zs − cs = max
j∈N

{zj − cj} = max{0, 1, −3, −2} = 1,

hence s = 3. The condition for optimality is not satisfied and nonbasic x3

is a candidate for improving the objective function value.

The next step is to apply the minimum ratio test to see at what level
we can bring x3 into the basic set. As before, we first solve BĀ.3 = A.3 to

obtain Ā.3 = (20/3, 5/3, 1/3). Next, we find an index r such that ār3 > 0
and

b̄r

ārs
= min

{
25

20
,

19

5
,

2

1

}
=

25

20
=

b̄1

ā13
.

Hence we have r = 1. This means that the value of the index j1 will change

from 5 to 3. The new basis and associated xB , obtained by solving BxB = b,
will be

B = [A.3 A.6 A.2] =

⎡⎣ 8 0 4
2 1 1

1 0 3

⎤⎦ and x
B

= (x3, x6, x2) =

(
5

4
,

17

1
,

1

4

)
.

Iteration 3 :

With the new basis, we obtain y = (−3/20, 0, −9/5) and the corresponding

zj = yTA.j as

(z1, z4, z5, z7) =

(
−15

4
, −9

2
, − 3

20
, −19

5

)
.
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Continuing, we next find an index s such that

zs − cs = max
j∈N

{zj − cj} = max

{
1

4
, −7

2
, − 3

20
, −9

5

}
=

1

4
,

hence s = 1. The condition for optimality is still not satisfied and nonbasic

x1 is a candidate for improving the objective function value.

We obtain Ā.1 = (−1/4, 15/4, 3/4). Applying the minimum ratio test,

we find an index r such that ār1 > 0 and

b̄r

ārs
= min

{
17

15
,

1

3

}
=

1

3
=

b̄3

ā31
.

Hence we have r = 3 and the new index j3 = 1. The new basis and associated
xB, obtained by solving BxB = b, will be

B = [A.3 A.6 A.2] =

⎡⎣ 8 0 1

2 1 4
1 0 2

⎤⎦ and xB = (x3, x6, x1) =

(
4

3
, 3,

1

3

)
.

Iteration 4 :

With the new basis we obtain y = (−2/15, 0, −9/15) and the corresponding
zj = yTA.j as

(z2, z4, z5, z7) =

(
−19

3
, −14

3
, − 2

15
, −59

15

)
.

Continuing, we next find an index s such that

zs − cs = max
j∈N

{zj − cj} = max

{
−1

3
, −11

3
, − 2

15
, −29

15

}
= −11

3
,

hence s = 4. We now see that the sufficient condition for optimality is

satisfied. The optimal solution found is

(x1, x2, x3, x4, x5, x6, x7) =

(
1

3
, 0,

4

3
, 0, 0, 3, 0

)
and z = −16

3
.
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Use of an LU factorization in the Revised Simplex Algorithm

In early implementations of the Simplex Algorithm, an explicit representa-

tion of the inverse was kept. The modifications to obtain the updated basis
inverse were kept in vectors called eta-vectors. However, it turned out that

the inverse had the potential to be numerically unstable, and in fact this was
the case in many practical problems. The technique of factorizing a matrix

into a product of two triangular matrices can provide better stability. One
such technique is called the LU factorization (also called LU decomposition
or triangular decomposition); the basis B can be written as

B = LU,

where L is unit lower triangular (i.e., lower triangular with all diagonal

elements equal to 1), and U is upper triangular. This makes it easy to
solve to find the price vector and also avoid some numerical instabilities

associated with computation of the actual inverse of B. Furthermore, the
LU factorization can be updated in a computationally efficient manner for

the next basis B̄.

This idea enables us to compute the price vector as follows. Recall that
while the price vector is given by the formula yT = cT

BB−1, it is also the

solution of the equation

yTB = yTLU = cT
B ,

which we can instead write in transposed form as

BTy = UTLTy = cB.

Next, letting w = LTy, we can solve the lower-triangular system UTw = cB .
Once w is found, we can solve the upper-triangular system LTy = w.

Recall that in order to carry out the minimum ratio test, we need the
right-hand side b̄, which we have, and the column Ā.s, which is the solution

to BĀ.s = A.s. Having an LU factorization of B, we can write

BĀ.s = LUĀ.s = A.s.

Next, letting v = UĀ.s, we can solve the “triangular system” Lv = A.s.
Once v is found, we can solve a second triangular system UĀ.s = v. The

solution of the latter system is Ā.s which is what is needed for the minimum
ratio test.
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To be sure, finding the LU factorization of B takes some computational
effort, but, as noted earlier, the LU factorization can be updated from one

iteration to the next in a manner analogous to updating the basis inverse. In
large-scale systems, it turns out that the majority of the coefficients in A are

zero (referred to as sparsity). It turns out that with an LU factorization not
only can we efficiently update the factorization from iteration to iteration

and provide improved numerical stability over the inverse, but we can also
maintain sparsity (most of the components of the LU factors remain zero).

This reduces storage and calculations. As a result, the LU factorization has
become an important component of commercial-grade linear programming
solvers, particularly those designed for large-scale problems. For a more

detailed discussion of this subject, see Golub and Van Loan, [88].

Example 4.8: USING THE LU FACTORIZATION OF A BASIS. Consider a
linear program in standard form with m = 4 and n = 6, with:

A =

⎡⎢⎢⎣
−2 3 6 1 3 1

6 −8 −23 −3 −11 0

−4 9 −5 5 4 2
2 1 −22 −8 −21 0

⎤⎥⎥⎦ , and b =

⎡⎢⎢⎣
0
2

9
1

⎤⎥⎥⎦ ,

and c = (−14, 34, −25, 9, −20, 10). Suppose the basis of interest, B, and
the associated costs c

B
are:

B =

⎡⎢⎢⎣
−2 3 6 1

6 −8 −23 −3

−4 9 −5 5
2 1 −22 −8

⎤⎥⎥⎦ and cB =

⎡⎢⎢⎣
−14

34

−25
9

⎤⎥⎥⎦ .

As it happens, this basis has the LU factorization B = LU where

L =

⎡⎢⎢⎣
1 0 0 0

−3 1 0 0
2 3 1 0

−1 4 −2 1

⎤⎥⎥⎦ and U =

⎡⎢⎢⎣
−2 3 6 1

0 1 −5 0
0 0 −2 3

0 0 0 −1

⎤⎥⎥⎦ .

These factors transposed are the triangular matrices:

LT =

⎡⎢⎢⎣
1 −3 2 −1
0 1 3 4

0 0 1 −2
0 0 0 1

⎤⎥⎥⎦ and UT =

⎡⎢⎢⎣
−2 0 0 0

3 1 0 0

6 −5 −2 0
1 0 3 −1

⎤⎥⎥⎦ .
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We can compute the price vector y as the solution to BTy = UTLTy = cB.
Recall that we set w = LTy, and next solve the lower-triangular system

UTw = cB to obtain:

w1 = −14/(−2) = 7

w2 = 34− 3w1 = 13

w3 = (−25− 6w1 + 5w2)/(−2) = 1

w4 = (9−w1 − 3w3)/(−1) = 1.

Having found w, we next solve the upper-triangular system LTy = w for the

price vector y:

y4 = 1

y3 = 1 + 2y4 = 3

y2 = 13− 3y3 − 4y4 = 0

y1 = 7 + 3y2 − 2y3 + y4 = 2.

Next we compute the reduced costs:

z5 − c5 = yTA.5 − c5 = 18

z6 − c6 = yTA.6 − c6 = −2.

Hence A.5 is the only candidate to enter the basis and we compute Ā.5 by

solving LUĀ.5 = A.5. The solution process now begins by letting v = UxB

and solving the equation Lv = b. Because of the lower-triangular form of L

and the fact that the diagonal entries of L are all ones, the system is easily
solved. First we find v1; then we substitute its value into the system. The

remaining components of v can be found in the same manner. It turns out
that v = (3, −11, 4, −21). Having computed v, we return to the equation
v = UĀ.5 and solve it for Ā.5. Note that in this case we begin by finding

Ā45, then Ā35, and so forth to obtain Ā.5 = (7, 3, 1, 2).

Adding more activities

Recall that we associate the variables of an LP with “activities.” It some-
times happens that an LP is solved and new activities are later put into

the model, and everything else stays the same, however. Suppose we let B
denote an optimal basis for the original LP and then introduce a vector of
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� new activities x̃ = (x̃1, . . . , x̃�). This yields a new larger linear program

minimize cTx + c̃Tx̃

subject to Ax + Ãx̃ = b

x ≥ 0, x̃ ≥ 0.

The matrix B is a feasible basis for the enlarged problem. Let y denote the
corresponding price vector. We can now say that B is an optimal basis for

the enlarged problem if

yTÃ.k − c̃k ≤ 0, for all k = 1, . . . �.

On the other hand, if yTÃ.k − c̃k > 0 for some k, we could use x̃k as an
entering variable in the Simplex Algorithm applied to the enlarged LP. This

approach could save some computational effort. It is, by the way, related to
what are called column generation techniques which involve linear programs

whose columns are not all explicitly known in advance. We’ll encounter one
of these in Chapter 7.

4.4 Exercises

4.1 (a) Use Phase I and Phase II of the Simplex Algorithm to solve the linear
program

minimize 3x1 − 2x2 − 3x3

subject to x1 + 2x2 − 3x3 = 4
2x1 + 3x2 + x3 = 7
xj ≥ 0, j = 1, 2, 3.

Do the computations “by hand.”

(b) For each iteration of the two-phase Simplex Algorithm applied in
part (a), find the values of s, r, j1, and j2. Record your answer in a
table like the following

Iteration s r j1 j2

1
2
...

4.2 Formulate—but do not solve—the Phase I Problem for Example 4.2.

4.3 Formulate—but do not solve—the Big-M Problem for Example 4.2.
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4.4 Give an example of a linear program of the form

minimize c3x3

subject to x1 + a13x3 = b1

x2 + a23x3 = b2

xj ≥ 0, j = 1, 2, 3

with the following properties:

(i) c3 < 0; (ii) min{b1, b2} = 0; (iii) a13a23 < 0

such that an optimal basic feasible solution will be found after one pivot.

4.5 Consider the LP given in Example 4.5. Solve this problem using the
Simplex Algorithm with Bland’s Rule for selecting the pivot elements.
For each iteration, identify the eligible candidates for s and the eligible
candidates for r. [Hint: You will find that using the first four tableaus in
the discussion of Example 4.5 will reduce (but not eliminate) your work.]

4.6 Consider a linear program with m equality constraints and n variables in
which z is to be minimized. Suppose it is already in feasible canonical
form with respect to some nonoptimal basis B = [A.j1 · · · A.jm

]. (The
nonoptimality means that largest of the zj − cj is positive.) Now suppose

some other basis B̂ = [A.k1
· · · A.km

] is optimal.

(a) Describe the entries of the column vectors A.ji
for i = 1, . . . , m.

(b) Describe the entries of the column vectors B̂−1A.ji
.

(c) For i = 1, . . . , m describe the objective function coefficients zj − cj

for j = j1, . . . , jm relative to B̂.

(d) Suppose the original system had been presented in tableau form. For
simplicity assume (for this part only) that ji = i. Relate your answers
to parts (a), (b), and (c) to what you will see in the “optimal tableau”,

i.e., the tableau in canonical form with respect to B̂.

4.7 The linear programming problem given in Example 4.5 has seven decision
variables x1, . . . , x7. An optimal basis for that LP is also indicated there.
Its inverse is

[A.4 A.1 A.6]
−1 =

⎡⎣ 0 2 1
1 −1/2 3/4
0 0 1

⎤⎦ .

Now suppose three more activities, with corresponding decision variables
x8, x9, and x10 are introduced. Let the unit costs for these activities
be 4, 9, and 6, respectively, and let the columns of the enlarged matrix
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corresponding to these variables be⎡⎣−3
4
5

⎤⎦ ,

⎡⎣ 9
−2

0

⎤⎦ , and

⎡⎣ 8
3
−7

⎤⎦ ,

respectively. Determine whether the optimal basis for the original prob-
lem prices out optimal in the enlarged problem by computing zj − cj for
j = 8, 9, 10.

4.8 Is it possible for the linear program

minimize cTx
subject to Ax = b

x ≥ 0.

to have an optimal BFS (with optimal basis B) and for the enlarged
problem

minimize cTx + c̃Tx̃

subject to Ax + Ãx̃ = b
x ≥ 0, x̃ ≥ 0.

to have no optimal solution? Explain your answer.

4.9 Consider the following 2-dimensional linear program

minimize −x1 − x2

subject to x1 − x2 ≥ 5
−x1 − x2 ≥ −1

xj ≥ 0, j = 1, 2.

(a) Plot the feasible region.

(b) Solve the LP by the Simplex Method.

(c) Replace the second inequality by −x1 + x2 ≤ 1 and plot the feasible
region of the resulting LP.

(d) Solve the LP of part (c) by the Simplex Method.

(e) Replace the second inequality by x1 + x2 ≤ 5 and plot the feasible
region of the resulting LP.

(f) Solve the LP of part (e) by the Simplex Method.

4.10 Solve the following linear program by the Simplex Method

minimize 2x1 − 4x2 + 6x3

subject to x1 − x2 + 2x3 = 10
4x2 − 4x3 = −5

−4x1 + 8x2 + 2x3 = 4

xj ≥ 0, j = 1, 2, 3.
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4.11 Solve the following linear program by the Simplex Method

minimize −4x1 − 8x2 + 2x3 + 4x4

subject to 2x1 + x2 + x3 − 2x4 ≤ 12
2x2 − 2x3 + x4 ≤ 8

4x1 + x2 + 2x3 + 3x4 ≤ 10

xj ≥ 0, j = 1, 2, 3, 4.

4.12 Solve the following linear program by the Simplex Method

minimize x1 + 4x2 + 6x3

subject to −2x1 + 4x2 + x3 ≥ 8
x1 + 4x2 + 2x3 ≥ 12

2x1 + 2x3 ≥ 16

xj ≥ 0, j = 1, 2, 3.

4.13 Solve the following linear program by the Simplex Method

minimize 3x1 + x2 + 6x3

subject to 3x1 + 3x2 + x3 = 15
4x1 + 2x2 − 5x3 ≥ −12
x1 + + 4x3 ≥ 15

xj ≥ 0, j = 1, 2, 3.

4.14 Solve the following linear program by the Revised Simplex Method

minimize 3x1 + x2 + 4x3 + 2x4

subject to x1 + x2 − 2x3 + x4 = 10
4x1 + x2 + 2x3 + 3x4 ≥ 20

xj ≥ 0, j = 1, 2, 3, 4.

4.15 (a) Write down the canonical tableau form of the Phase I Problem for
obtaining a basic feasible solution of the LP

minimize 4x1 + 5x2 + 3x3

subject to 6x1 − 2x2 + 4x3 ≥ 14
2x2 − 8x3 ≥ −6

− 4x1 + 2x2 + 3x3 ≥ −3

xj ≥ 0, j = 1, 2, 3.

(b) Perform one iteration of the Simplex Algorithm on the Phase I Prob-
lem you formulated in Part (a). You are not asked to solve the entire
Phase I Problem you formulate.

(c) Write done the canonical tableau form of the Big-M Method applied
to the LP in part (a).

(d) Perform one iteration of the Simplex Algorithm on the Big-M Prob-
lem you formulated in part (c).
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(e) Examine the objective functions and the initial canonical tableau
forms of the Phase I and Big-M methods tableaus of parts (a) and (c).
Compare these two tableaus and the first iteration and write down
the similarities and differences, if any. Is there any advantage to using
the Big-M Method instead of the Simplex Method?

4.16 On page 87 we referred to the idea of a “smooth transition” to Phase II.
What steps will be required if this technique is not used?

4.17 In each of the following, specify if the statement is true or false, and justify
your answer. Remember that for a statement to be considered true, it
must be true in all instances of the statement.

(a) In carrying out the minimum ratio test of the Simplex Algorithm,
that is, finding

min

{
b̄i

āis
: āis > 0

}
,

you should choose another s if there are no positive āis .

(b) If two different basic feasible solutions of a linear program are opti-
mal, they must be adjacent extreme points of the feasible region.

(c) Consider the linear programming problem

minimize cTx
subject to Ax = b

x ≥ 0
(4.5)

where the matrix A has m rows and n columns. Let H be a nonsin-
gular m×m matrix, then (4.5) and the linear programming problem

minimize cTx
subject to HAx = Hb

x ≥ 0

have exactly the same optimal solutions (if any).

(d) The Phase I Method can be used to decide whether a system of linear
inequalities

n∑
j=1

aijxj ≥ bi, i = 1, . . . , m

has a solution.

(e) If x̄ is an optimal basic feasible solution of the linear program (4.5)
and x̄k > 0, then we must have zk − ck < 0.

(f) If a free variable xj in a feasible linear program is replaced by the
difference of two nonnegative variables, say xj = x+

j −x−
j with x+

j ≥ 0

and x−
j ≥ 0, it is impossible for both x+

j and x−
j to be positive in a

basic feasible solution of the problem.
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(g) An optimal basic feasible solution of the linear program (4.5) will
have no more than m positive components.

(h) The linear optimization problem of the form (4.5) in which

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1
1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
and b =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

300
400
300
200
300
250
250

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
can be recognized as a transportation problem with 3 sources and 4
destinations.

(i) When the objective function in the Phase I Problem has been reduced
to zero, one can be sure that no artificial variables remain basic.

(j) If A ∈ Rm×n is the coefficient matrix of a linear program in standard
form with right-hand side vector b ≥ 0, and the rank of A is m, then
an m×m invertible matrix B composed of m columns from A will be a
feasible basis only if and only if every element of B−1 is nonnegative.

4.18 CT Gift Shop is profitable but has a cash flow problem as of the end of
June. December is the busiest month, and the shop expects to make a
decent profit by the end of the year. As of the end of June, the gift shop
has 2, 000 in cash in the bank. At the start of each month, rent and other
bills are due, and the shop has to make the payments. By the end of
the month the shop will receive revenues from its sales. The projected
revenues and payments are as follows:

Month Jul Aug Sep Oct Nov Dec

Sales ($) 3,000 3,000 4,000 4,000 9,000 15,000
Payments ($) 6,000 5,000 8,000 3,000 4,000 6,000

CT Gift Shop has an excellent credit history and can take out loans to
help cover the shortfalls. On July 1, the gift shop can take out a 6-month
loan with a 10% interest rate for the period that is to be paid back at
the end of December. The gift shop can also take out a 1-month loan at
the start of each month at an interest rate of 2% per month. Formulate
CT Gift Shop’s cashflow problem as an LP so to minimize the amount of
interest paid. Solve the LP by the Simplex Method.
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Overview

In this chapter we present what is probably the most important theoretical
aspect of linear programming: duality. This beautiful topic has more than
theoretical charms. Indeed, it gives valuable insights into computational

matters and economic interpretations such as the value of resources at an
optimal solution. We will discuss economic interpretations of the dual vari-

ables (or multipliers) in Chapter 6 which describes postoptimality analyses.

Linear programs actually come in associated pairs of optimization prob-
lems. Once we start with a given LP, the other member of the pair is

immediately implied. We will demonstrate how to make this association
explicit and then proceed to relate their significant properties.

A second topic in this chapter is the Dual Simplex Algorithm, which

is due to C.E. Lemke [124]. This is a variant of the Simplex Algorithm
we have studied in Chapters 3 and 4. The usefulness of this algorithm will

become apparent when we solve an LP by the (standard) Simplex Algorithm
and afterwards add inequality constraints to the model which then requires
re-solving.

5.1 Dual linear programs

For every linear programming problem, say

minimize cTx

subject to Ax = b
x ≥ 0,

(5.1)

there is an associated dual problem defined as

maximize yTb

subject to yTA ≤ cT

(y free).

The given LP is called the primal problem, a name suggested by George

Dantzig’s father, Tobias Dantzig. The primal and its dual constitute a dual
pair of linear programs.
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The dual problem can also be written in the form

maximize bTy

subject to ATy ≤ c
(y free).

(5.2)

It is very important to observe that the members of a dual pair are based

on the same data, but they are used differently in the two programs. In
particular, the right-hand side of the primal problem is used in the objective

function of the dual problem. Likewise, the right-hand side of the dual
problem is used in the objective function of the primal problem. The matrix

A appearing in the primal constraints is used in the dual constraints in
transposed form in (5.2), the second version of the dual. Another important

feature is the difference in directions of optimization between these two
problems. The primal given here is a minimization problem and its dual

is a maximization problem. Had the primal been a maximization problem,
its dual would have been a minimization problem. Finally, it is worthwhile
remarking that when the primal constraints are equations, the dual variables

are free (not sign restricted). In Chapter 2, we saw some linear programs
with free variables. We can now put dual linear programs of the sort above

in that category.

The correspondence rules relating a primal problem to its dual, and vice
versa are shown in Table 5.1. It is straightforward to apply the rules in

Table 5.1 to the LP (5.1) to obtain the LP (5.2).

PRIMAL DUAL

Objective Minimization Maximization Objective
Objective Coefficients Constants RHS
RHS Constants Coefficients Objective

Constraint ai1x1 + · · ·+ ainxn ≥ bi yi ≥ 0 Variable
Constraint ai1x1 + · · ·+ ainxn ≤ bi yi ≤ 0 Variable
Constraint ai1x1 + · · ·+ ainxn = bi yi free Variable

Variable xj ≥ 0 y1a1j + · · ·+ ymamj ≤ cj Constraint
Variable xj ≤ 0 y1a1j + · · ·+ ymamj ≥ cj Constraint
Variable xj free y1a1j + · · ·+ ymamj = cj Constraint

Table 5.1: Correspondence rules for primal-dual pairs.
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Example 5.1: THE DUAL OF AN LP IN STANDARD FORM. Relative to
the (primal) LP

minimize −x1 − 3x2

subject to x1 + x2 + x3 = 4

2x1 − x2 + x4 = 3
−x1 + 2x2 + x5 = 6

xj ≥ 0, j = 1, . . . , 5,

the dual problem is

maximize 4y1 + 3y2 + 6y3

subject to y1 + 2y2 − y3 ≤ −1
y1 − y2 + 2y3 ≤ −3

y1 ≤ 0
y2 ≤ 0

y3 ≤ 0.

The dual constraints above are presented in the equivalent transposed ver-

sion mentioned earlier. You should use Table 5.1 to check the usage of the
data in these two problems and verify the comments made earlier about

their right-hand sides and objective functions.

Another dual pair

As we know, not all linear programming models begin with equality con-
straints. They may instead be expressed with inequality constraints. Now
when the primal problem is

minimize cTx

subject to Ax ≥ b
x ≥ 0,

we have the dual problem

maximize yTb

subject to yTA ≤ cT

y ≥ 0.

Let’s see why we have this dual. So far we have defined dual problems
in terms of primal problems in standard form (equality constraints). The
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primal problem given here can be put into standard form by the insertion
of a vector of surplus variables, say x̄. Doing so, we obtain

minimize cTx + 0Tx̄

subject to Ax − Ix̄ = b
x ≥ 0, x̄ ≥ 0.

By our definition, it is now possible to write the dual problem

maximize yTb

subject to yT[A − I ] ≤ [cT 0T]

y free.

Because of the dual constraints yT(−I) ≤ 0T, we can declare that the dual
requires the y vector to be nonnegative! In other words, the asserted dual
problem is just another version of the one derived from the dual of the

LP in standard form, and that’s why we have this dual problem for the
stated primal. The dual can be written down directly by applying the rules

specified in Table 5.1.

In linear programming textbooks it is often said that “the dual of the
dual is the primal.” What does this mean? Let’s consider the dual pair

just presented. Taking the dual of the dual means first writing the dual as
a primal problem having an objective function to be minimized and “≥”

constraints. Although it looks a bit silly, the dual problem can be modified
to fit this requirement. It becomes

minimize −bTy

subject to −ATy ≥ −c

y ≥ 0.

According to the discussion above, this problem has a dual, namely the

following maximization problem

maximize −cTx

subject to −Ax ≤ −b
x ≥ 0,

which is readily converted to an equivalent problem of the form we want.
For this reason, the dual of the dual is, indeed, the primal.
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Example 5.2: ALL-INEQUALITY DUAL PAIR. Relative to the (primal) LP
in inequality form

minimize x1 + x2 + x3

subject to 3x1 − 2x2 ≥ 3
− x1 + 3x2 − x3 ≥ 5

− x2 + 2x3 ≥ 7
xj ≥ 0, j = 1, 2, 3,

we have the dual, also in inequality form,

maximize 3y1 + 5y2 + 7y3

subject to 3y1 − y2 ≤ 1

− 2y1 + 3y2 − y3 ≤ 1
− y2 + 2y3 ≤ 1

yj ≥ 0, j = 1, 2, 3.

An interpretation of dual feasibility

Relative to a primal problem of the form (5.1), the dual constraints yTA ≤ cT

imply that

yTA.j − cj ≤ 0 for all j .

When yT = cT
BB−1, where B is a basis for the primal (feasible or not), the

dual feasibility condition is just the primal optimality condition

zj − cj ≤ 0 for all j ∈ N

used in the Simplex Algorithm. There, you will recall, we have zj := yTA.j;
the definition of y gives us zj − cj = 0, when A.j is a column of B. Thus,

we can interpret the Simplex Algorithm as one that seeks concrete evidence
of dual feasibility.

Example 5.3: SOLVING THE PRIMAL (IN EXAMPLE 5.1).

min z x1 x2 x3 x4 x5 1 basic

row 0 1 1 3 0 0 0 0 z

row 1 0 1 1 1 0 0 4 x3

row 2 0 2 −1 0 1 0 3 x4

row 3 0 −1 2 0 0 1 6 x5
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Pivot to exchange x5 and x2 (that is, make x2 basic in place of x5).

min z x1 x2 x3 x4 x5 1 basic

row 0 1 5/2 0 0 0 −3/2 −9 z

row 1 0 3/2 0 1 0 −1/2 1 x3

row 2 0 3/2 0 0 1 1/2 6 x4

row 3 0 −1/2 1 0 0 1/2 3 x2

Pivot to exchange x3 and x1 (that is, make x1 basic in place of x3).

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 0 −5/3 0 −2/3 −32/3 z

row 1 0 1 0 2/3 0 −1/3 2/3 x1

row 2 0 0 0 −1 1 1 5 x4

row 3 0 0 1 1/3 0 1/3 10/3 x2

The optimal solution found is (x1, x2, x3, x4, x5) = (2/3, 10/3, 0, 5, 0) and
z = −32/3.

Example 5.4: FEASIBLE (OPTIMAL) SOLUTION OF THE DUAL. The dual
of the problem just solved is

maximize 4y1 + 3y2 + 6y3

subject to y1 + 2y2 − y3 ≤ −1
y1 − y2 + 2y3 ≤ −3

y1 ≤ 0
y2 ≤ 0

y3 ≤ 0.

Note that (y1, y2, y3) = (−5/3, 0, −2/3) is a feasible solution of the dual
problem and that the dual objective function has the value

(4)(−5/3) + (3)(0) + (6)(−2/3) = −32/3.

(These numbers should look familiar.) That this is an optimal solution of
the dual problem is a consequence of the following theoretical result.
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The Weak Duality Theorem

Theorem 5.1 (Weak duality) If x̄ is a feasible solution for the primal

problem
minimize cTx

subject to Ax = b
x ≥ 0,

(5.3)

and ȳ is a feasible solution for the dual problem

maximize bTy

subject to ATy ≤ c
(y free),

(5.4)

then

ȳTb ≤ cTx̄.

Furthermore, if

ȳTb = cTx̄,

then x̄ and ȳ are optimal solutions of the primal problem and the dual prob-

lem, respectively.

The Weak Duality Theorem is very easily proved in a couple of lines. Its

relevance is illustrated in Examples 5.3 and 5.4 where we have an optimal
solution of the primal and a feasible solution of the dual for which the

objective functions take on the same value. This enables us to verify the
optimality of the dual feasible solution.

Example 5.5: WEAK DUALITY—OPTIMAL SOLUTION. Consider the pri-

mal-dual pair of Example 5.1. The optimal solution of the primal and a feasi-
ble solution of dual are given in Examples 5.3 and 5.4 respectively. Applica-
tion of the Weak Duality Theorem shows that (y1, y2, y3) = (−5/3, 0, −2/3)

is an optimal solution of the dual as asserted on Page 122.

Example 5.6: WEAK DUALITY—FEASIBLE SOLUTION. Consider the all-
inequality dual pair in Example 5.2. It is easy to verify that x1 = 5, x2 = 6,
x3 = 7 is a feasible solution for the primal, and y1 = 0, y2 = 0, y3 = 0 is a

feasible solution for the dual. The respective objective values are 18 and 0.
As expected, these satisfy the Weak Duality Theorem.
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The next result is much deeper and, accordingly, much more powerful;
its proof takes a bit of work.

The Strong Duality Theorem

Theorem 5.2 (Strong duality) For a primal-dual pair of linear programs,

exactly one of the following statements holds:

1. Both problems possess optimal solutions at which their objective func-

tion values are equal.

2. One problem is feasible but has an unbounded objective function, and
the other problem is infeasible.

3. Both problems are infeasible.

For a proof of the Strong Duality Theorem, see, for example, Dantzig and
Thapa [45] or Schrijver [176].

One implication of the Strong Duality Theorem is that when one member

of a dual pair possesses an optimal solution, then the other must as well,
and their optimal values must be the same.

Example 5.7: STRONG DUALITY THEOREM CASES. The Strong Duality

Theorem has three parts. These are illustrated in the following cases.

1. Both primal and dual problems possess an optimal solution. Examples
5.3 and 5.4 illustrate this.

2. One problem is infeasible and the other is unbounded.

(a) The primal has an unbounded objective function value and the
dual is infeasible.

minimize x1 − 2x2 maximize 10y1

subject to −x1 + x2 = 10 subject to −y1 ≤ 1
x1 ≥ 0, x2 ≥ 0 y1 ≤ −2
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(b) The primal is infeasible and the dual has an unbounded objective
function value.

minimize x1 − 2x2 maximize −10y1

subject to x1 + x2 = −10 subject to y1 ≤ 1

x1 ≥ 0, x2 ≥ 0 y1 ≤ −2

3. Both primal and dual problems are infeasible.

minimize x1 − 2x2 maximize 10y1 − 10y2

subject to −x1 + x2 = 10 subject to −y1 − y2 ≤ 1
−x1 + x2 = −10 y1 + y2 ≤ −2

x1 ≥ 0, x2 ≥ 0

Farkas’s Lemma

The Strong Duality Theorem can be proved by invoking a “theorem of the

alternative.” The most famous of these is due to Julius (Gulya) Farkas
(1902). The result—which is usually called Farkas’s Lemma—states that of

the two linear inequality systems

Ax = b, x ≥ 0, (5.5)

yTA ≤ 0T, yTb > 0, y free, (5.6)

exactly one has a solution. The first of these systems, (5.5), is just the
constraints of a linear program in standard form. It is clear that not both

of the systems can possess solutions. Indeed, if x̄ is a solution of (5.5) and
ȳ is a solution of (5.6), then

0 ≥ ȳTAx = ȳTb > 0

which is impossible. The argument that the systems cannot both lack solu-
tions is much more demanding. See [50] and the references therein.

Farkas’s Lemma can be used to establish that exactly one of the two

linear inequality systems
Ax ≥ b, x ≥ 0,

yTA ≤ 0T, yTb > 0, y ≥ 0

has a solution.
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It is easy to see that if the primal linear programming problem (5.1) is
infeasible, but its dual (5.2) has a feasible solution ŷ, then the dual objective

function must be unbounded above, for in such a case, there exists a solution
ỹ of (5.6), and hence for all λ ≥ 0

(ŷ + λỹ)TA = ŷTA + λỹTA ≤ b + λỹTA ≤ b

while (ŷ + λỹ)Tb = ŷTb + λỹTb which goes to +∞ as λ goes to ∞.

Complementary slackness

When the product of two real numbers is zero, at least one of the two factors
must be zero. This fact does not, however, carry over to the inner (or dot)
product of two n-vectors. For instance the vectors u = (1, 1) and v = (1,−1)

have inner product uTv = 0, yet neither factor equals zero. Even so, there
are circumstances when something of this sort does hold.

If u, v ∈ Rn and ujvj = 0 for all j = 1, . . . , n, we say that u and v

have the complementary slackness property. A common instance of vectors
with the complementary slackness property occurs when u ≥ 0, v ≥ 0 and

uTv = 0.1 The reason is easy to see: When the sum of nonnegative numbers
is zero, the summands must all be zero. Thus, since

uTv =

n∑
j=1

ujvj = 0 and ujvj ≥ 0, j = 1, 2, . . . , n

it follows that ujvj = 0 for all j = 1, . . . , n. This means that when u+v > 0

(so that for every j, at least one of uj and vj is positive), the conditions
u ≥ 0, v ≥ 0, and uTv = 0 imply that the supports2

supp(u) = {j : uj > 0} and supp(v) = {j : vj > 0},
are complementary subsets of {1, . . . , n}. In particular, no subscript j be-

longs to both of these sets. This much is true even when the assump-
tion u + v > 0 is dropped. In this case, there may be some indices j

1Other conditions under which two orthogonal vectors u and v ∈ Rn would have the
complementary slackness property are when u, v ≤ 0 or u ≥ 0 ≥ v, or v ≥ 0 ≥ u.

2The concept of “support” warrants further discussion as it is more general than how
it is used here. The support of a numerical-valued function f is the set of all arguments
x such that f(x) �= 0. Regarding an n-vector u as a function defined on the numbers
{1, 2, . . . , n}, we say that supp(u) = {j : u(j) = uj �= 0}.
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such that uj = 0 and vj = 0. As an example of this, consider the non-
negative vectors u = (0, 2, 1) and v = (1, 0, 0). These two vectors satisfy

u + v > 0 and uTv = 0. In this case supp(u) = {2, 3} and supp(v) = {1};
they are complementary subsets of {1, 2, 3, }. If we define w = (0, 2, 0),

then supp(w) and supp(v) are disjoint (nonintersecting) sets, but they are
not really complementary subsets of {1, 2, 3} because supp(w) ∪ supp(v) is

a proper subset of {1, 2, 3}.
Primal and dual feasible vectors x̄ and ȳ are said to satisfy the comple-

mentary slackness condition, if (yTA − c)jx̄j = 0 for all j = 1, . . . , n. The

importance of the concept of complementary slackness will be emphasized
in the discussion of optimality conditions below.

Optimality conditions for LP

A vector x̄ is optimal for the linear program

minimize cTx
subject to Ax = b

x ≥ 0,

if and only if x̄ and some vector ȳ satisfy the following three conditions:

Ax̄ = b, x̄ ≥ 0 (primal feasibility)

ȳTA ≤ cT (dual feasibility)

(ȳTA − cT)x̄ = 0 (complementary slackness).

The first two of these conditions are pretty clear. For a solution to be
optimal, it must be feasible; moreover, the dual must also be feasible. As

for the third condition, this is just a different way of writing ȳTb = cTx̄ when
x̄ is a feasible solution of the primal problem and ȳ is a feasible solution of

the dual problem.

To apply the previously discussed principle on nonnegative orthogonal
vectors, we introduce the slack vector vT= cT− ȳTA in the dual constraints,

and let u = x̄. Then, for optimality, for feasible x̄ and ȳ, the vectors u
and v are nonnegative and orthogonal. One interesting implication of this
optimality criterion is that if x̄j > 0, then the j-th constraint of the dual

problem, i.e., ȳTA.j ≤ cj, must hold as an equation for any optimal solution
of the dual problem. And by the same token, if ȳ is an optimal solution of
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the dual problem for which ȳTA.j < cj holds, then x̄j = 0 if x̄ is an optimal
solution of the primal problem.

Notice how complementary slackness is handled in the Simplex Algo-

rithm. In a BFS, only the basic variables are positive. And for all these
basic variables (positive or zero), the coefficients zj − cj are zero, which is

just another way of saying that the corresponding dual constraint holds with
equality.

Example 5.8: COMPLEMENTARY SLACKNESS. From the final tableau in
Example 5.4 we note that the optimal solution x and the vector ATy−c are:

x = (2/3, 10/3, 0, 5, 0)

ATy − c = ( 0, 0, −5/3, 0, −2/3).

It is easy to verify that the complementary slackness conditions hold.

Optimality conditions for another pair of dual linear programs

A vector x̄ is optimal for the linear program

minimize cTx subject to Ax ≥ b, x ≥ 0

if and only if there exists a vector ȳ such that

Ax̄ ≥ b, x̄ ≥ 0 (primal feasibility)

ȳTA ≤ cT, ȳ ≥ 0 (dual feasibility)

ȳT(Ax̄− b) = 0 (complementary slackness)(
ȳTA− cT

)
x̄ = 0 (complementary slackness).

The reasoning behind these optimality conditions is much the same as for
the standard form of the LP. Needless to say, we must take account of
the inequality constraints in the primal and the nonnegativity of the dual

variables. Under these circumstances, we get two sets of complementary
slackness conditions.

Here again, the positivity of variables in one problem has consequences

for the constraints of the other:

ȳi > 0 =⇒ (Ax̄− b)i = 0 and x̄j > 0 =⇒ (
ȳTA− c

)
j

= 0.
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Likewise, the slackness of constraints in one problem has consequences for
the variables in the other:

(Ax̄− b)i > 0 =⇒ ȳi = 0 and
(
ȳTA− c

)
j

< 0 =⇒ x̄j = 0.

The dual of the diet problem

On page 8 we stated the diet problem of linear programming. It has the
form

minimize

n∑
j=1

cjxj

subject to

n∑
j=1

aijxj ≥ bi for all i = 1, . . . , m

xj ≥ 0 for all j = 1, . . . , n.

The dual of the diet problem—or any problem of this form—is

maximize

m∑
i=1

biyi

subject to

m∑
i=1

aijyi ≤ cj for all j = 1, . . . , n

yi ≥ 0 for all i = 1, . . . , m.

When we think of the diet problem as one of needing to provide various

amounts b1, . . . , bm of nutrients using foods j = 1, . . . , n, there arises the
question of what the nutrients themselves ought to cost. The corresponding

dual problem provides an answer. Here we think of an agent offering to
sell the nutrients in the required amounts. The agent needs to charge a fair

price, for otherwise the foods would be a better deal. We know that a unit
of food j costs cj. One unit of food j provides the nutrients in the amounts

a1j, . . . , amj. At prices y1, . . . , ym, these amounts of nutrition would cost∑m
i=1 yiaij. If this exceeds cj, then food j is more economical to the person

with the (primal) diet problem. So to keep the nutrition prices competitive,
we must have

∑m
i=1 yiaij ≤ cj. Needless to say, these prices should be

nonnegative. Taken together, these two assertions say the prices should

satisfy the constraints of the dual problem. The agent proposing to sell the
nutrients would want to maximize

∑m
i=1 biyi subject to these constraints.
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5.2 Introduction to the Dual Simplex Algorithm

Sometimes it is natural to solve the dual problem instead of the primal
problem. This is the case for an LP of the form

minimize cTx subject to Ax ≥ b, x ≥ 0

in which b ≥ 0 and c ≥ 0. (The diet problem ordinarily has these properties.)
For such a problem, the vector y = 0 is a feasible solution to the dual problem

maximize bTy subject to ATy ≤ c, y ≥ 0.

When the dual problem is put in standard form, the slack vectors form a
feasible basis for that problem. By contrast, finding a BFS for the primal

problem may require a Phase I Procedure, hence more computational effort.

Another case where we might wish to solve the dual problem is for an
LP in standard form (5.1) for which a basis B is known relative to which

the system in canonical form has the properties

• zj − cj ≤ 0 (dual feasibility);

• zj − cj = 0 if xj is basic (complementary slackness);

• min
i

b̄i < 0 (primal infeasibility).

In plain language: the basis B prices out optimal, but is not primal feasible.

Dual problem in primal format

For ease of discussion, we assume that B is the first m columns of A; then

the tableau in canonical form looks like

min z xB xN 1 basic

row 0 1 0T c̄T
N cT

B b̄ z

rows 1, . . . , m 0 I Ā.N b̄ xB

where

Ā.N = B−1A.N , b̄ = B−1b, c̄T
N = cT

BB−1A.N − cT
N

↑ not nonnegative ↑ nonpositive
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Steps of the Dual Simplex Algorithm

Algorithm 5.1 (Dual Simplex Algorithm)

1. Initialization. Input the data A, b, and c for a minimization problem.
Identify a starting dual feasible basis, that is, one with zj − cj ≤ 0 for

all j ∈ N . Represent the problem in canonical form.

2. Test for optimality. Find an index r such that (relative to the current

basis) b̄r = mini b̄i. If b̄r ≥ 0, stop. The basic solution is primal
feasible and hence optimal.

3. Maximum ratio test. If ārj ≥ 0 for all j, stop. The primal problem is
infeasible. Otherwise, find an index s such that ārs < 0 and

c̄s

−ārs
= max

j∈N

{
c̄j

−ārj
: ārj < 0

}
.

4. Pivot step. Pivot on ārs. Return to Step 2.

Example 5.9: APPLICATION OF THE DUAL SIMPLEX ALGORITHM. The
following tableau gives a basic solution that prices out optimal, (zj−cj ≤ 0),
but lacks primal feasibility.

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 −4 0 −9 0 0 z

row 1 0 0 3 1 −1 0 −6 x3

row 2 0 0 −4 0 −2 1 −12 x5

row 3 0 1 −2 0 −4 0 −2 x1

We note that pivoting on a negative element in a row having a negative
right-hand side element will produce a positive right-hand side element in
that row. The pivot element cannot be chosen arbitrarily, however, because

we want to preserve the nonpositivity of the zj−cj. Finding a suitable pivot
element is accomplished with a ratio test as defined later.
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Pivot to exchange x5 and x2 (that is, make x2 basic in place of x5).

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 0 0 −7 −1 12 z

row 1 0 0 0 1 −5/2 3/4 −15 x3

row 2 0 0 1 0 1/2 −1/4 3 x2

row 3 0 1 0 0 −3 −1/2 4 x1

Pivot to exchange x3 and x4 (that is, make x4 basic in place of x3).

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 0 −14/5 0 −31/10 54 z

row 1 0 0 0 −2/5 1 −3/10 6 x4

row 2 0 0 1 1/5 0 −1/10 0 x2

row 3 0 1 0 −6/5 0 −7/2 22 x1

The solution found is (x1, x2, x3, x4, x5) = (22, 0, 0, 6, 0) and z = 54.

Example 5.10: INFEASIBLE PRIMAL AND DUAL SIMPLEX ALGORITHM.

Here we take the problem presented in Example 5.9 and change just one
number in the matrix A, namely a14, from −1 to +1. The new problem will

turn out to be primal infeasible. This illustrates how very important it is to
get the input data right!

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 −4 0 −9 0 0 z

row 1 0 0 3 1 1 0 −6 x3

row 2 0 0 −4 0 −2 1 −12 x5

row 3 0 1 −2 0 −4 0 −2 x1

Pivot to exchange x5 and x2 (that is, make x2 basic in place of x5).

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 0 0 −7 −1 12 z

row 1 0 0 0 1 −1/2 3/4 −15 x3

row 2 0 0 1 0 1/2 −1/4 3 x2

row 3 0 1 0 0 −3 −1/2 4 x1
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Pivot to exchange x3 and x4 (that is, make x4 basic in place of x3).

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 0 −14 0 −23/2 222 z

row 1 0 0 0 −2 1 −3/2 30 x4

row 2 0 0 1 1 0 1/2 −12 x2

row 3 0 1 0 −6 0 −5 94 x1

From this we see that the primal problem is infeasible since the right-hand

side entry b̄2 = −12 whereas Ā2. = [0 0 1 1 0 1/2]. The variables x1, . . . , x5

are all required to be nonnegative, hence there is no way for the second

equation to be satisfied.

In Examples 5.9 and 5.10 one can see that the value of the objective

function, z, is increasing despite the fact that our primal problem calls for
the minimization of this variable. At first this may seem strange, but in fact

it is quite reasonable: we are solving the dual problem in primal format, and
the dual is a maximization problem. Under the assumption that the dual

objective function is not unbounded, the bases we encounter do not yield a
primal feasible basic solution until the end of the run.

Finding optimal dual variables in a tableau

When the tableau for the Dual Simplex Algorithm reveals that an optimal
solution for the primal problem has been found, the objective function row

contains an optimal solution for the dual problem, just as in the case of the
Primal Simplex Algorithm. This assumes that the primal problem is the

one stated in the initial tableau.

Example 5.11: OPTIMAL DUAL VARIABLES. The linear program of Ex-
ample 3.8

minimize − 4x1 − 6x2 − 3x3 − x4

subject to x1 + 4x2 + 8x3 + 6x4 ≤ 11
4x1 + x2 + 2x3 + x4 ≤ 7

2x1 + 3x2 + x3 + 2x4 ≤ 2
x1, x2, x3, x4 ≥ 0.
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has the final optimal shown below (see Example 3.9):

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 0 −1/3 0 −11/3 −2/15 0 −29/15 −16/3 z

row 1 0 0 1/3 1 2/3 2/15 0 −1/15 4/3 x3

row 2 0 0 −5 0 −3 0 1 −2 3 x6

row 3 0 1 4/3 0 2/3 −1/15 0 8/15 1/3 x1

The optimal primal solution found is

(x1, x2, x3, x4, x5, x6, x7) = (1/3, 0, 4/3, 0, 0, 3, 0) and z = −16/3.

From the tableau we find the optimal dual variables are

(y1, y2, y3) = (−2/15, 0,−29/15).

The optimal basis inverse is in the columns corresponding to x5, x6, x7:

B−1 =

⎡⎣ 2/15 0 −1/15
0 1 −2

−1/15 0 8/15

⎤⎦ .

Suppose an error was discovered, and the correct value of b3 was initially
meant to be 1 instead of 2. A change in the right-hand side does not affect

the dual but does affect the primal. Hence we perform a quick check to see
if the primal is still feasible, in which case, the solution values will change,

but the basis will still price out optimal. We compute

B−1b =

⎡⎣ 2/15 0 −1/15

0 1 −2
−1/15 0 8/15

⎤⎦⎡⎣ 11

7
1

⎤⎦ =

⎡⎣ 7/5

5
−1/5

⎤⎦ ,

hence the primal solution is infeasible. The corresponding objective function
value is computed as cT

BxB = −17/5. Upon replacing the last column of the
final tableau above, we obtain

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 0 −1/3 0 −11/3 −2/15 0 −29/15 −17/5 z

row 1 0 0 1/3 1 2/3 2/15 0 −1/15 7/5 x3

row 2 0 0 −5 0 −3 0 1 −2 5 x6

row 3 0 1 4/3 0 2/3 −1/15 0 8/15 −1/5 x1

Since the tableau is primal infeasible but dual feasible, we can apply the
Dual Simplex Algorithm. Hence, we pivot to exchange x1 and x5 (that is,
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make x5 basic in place of x1).

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 −2 −3 0 −5 0 0 −3 −3 z

row 1 0 2 3 1 2 0 0 3 1 x3

row 2 0 0 −5 0 −3 0 1 −2 5 x6

row 3 0 −15 −20 0 −10 1 0 −8 3 x5

The solution (1, 5, 3) is optimal. The new dual variables are (0, 0,−3).

5.3 Exercises

5.1 State the dual of the simple diet problem given in Example 1.2.

5.2 Write the dual of the transportation problem given in Exercise 1.1 in
Chapter 1.

5.3 What is the dual of the linear program given in Example 3.8?

5.4 Find the dual of the following linear program

minimize c1x1 + c2x2 + c3x3

subject to a11x1 + a12x2 + a13x3 ≥ b1

a21x1 + a22x2 + a23x3 = b2

a31x1 + a32x2 + a33x3 ≤ b3

x1 ≥ 0, x2 ≤ 0, x3 free.

Find the dual of the dual and thereby show that the dual of the dual is
the primal.

5.5 Consider the linear program

minimize

k∑
j=1

cjxj +

n∑
j=k+1

cjxj

subject to

k∑
j=1

aijxj +

n∑
j=k+1

aijxj = bi, i = 1, . . . , �

k∑
j=1

aijxj +

n∑
j=k+1

aijxj ≥ bi, i = � + 1, . . . , m

xj ≥ 0, j = 1, . . . , k; xj free, j = k + 1, . . . , n.

In this chapter we have examined two dual pairs of linear optimization
problems. In one case the primal was in standard form. In the other the
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primal had linear inequality constraints and nonnegative variables. Using
the principle that dual variables corresponding to equality constraints are
free and those corresponding to ≥ constraints in a minimization problem
are nonnegative, find the dual for the problem above.

5.6 Consider the linear program

minimize cTx
subject to Ax ≥ b

x ≥ 0

in which

A =

⎡⎢⎢⎣
3 −1 2
4 5 0

−6 9 5
1 1 1

⎤⎥⎥⎦ , b =

⎡⎢⎢⎣
15
8

13
4

⎤⎥⎥⎦ , c =

⎡⎣ 2
3
5

⎤⎦ .

Use the optimality criteria (see page 127) to decide whether or not x̄ =
(2, 0, 5) is an optimal solution of the LP. [Hint: Assume that x̄ is an
optimal solution. Use the necessary conditions of optimality to determine
what the vector ȳ would have to be. Check to make sure that all the
conditions of optimality are met.]

5.7 Sometimes it is convenient to take an LP in standard form and partition
its equations into two sets of constraints:

minimize cTx
subject to A1x = b1 (m1 equations)

A2x = b2 (m2 equations)
x ≥ 0.

There is motivation to do so when m1 is small and the constraints A2x =
b2 alone (i.e., without the “complicating constraints” A1x = b1) lead to
easily solved linear programs—even when m2 is large. Now assume that
a vector y1 ∈ Rm1 has been found such that the vector x̂ solves the LP

minimize (cT− (y1)TA1)x
subject to A2x = b2

x ≥ 0.

Assume furthermore that x̂ satisfies the equations A1x = b1. Would x̂
always be an optimal solution of the entire problem (with m1 + m2 equa-
tions)? Justify your answer.
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5.8 Consider the linear program

minimize 37x1 + 29x2 + 33x3

subject to x2 + x3 ≥ 1
x1 + x2 ≥ 1
x1 + x2 + x3 ≥ 1
x1 + x3 ≥ 1

xj ≥ 0, j = 1, 2, 3.

(a) Use the Dual Simplex Algorithm to solve this LP.
(b) Write down the optimal primal solution and the optimal dual solu-

tion.
(c) Verify that the complementary slackness conditions hold.

5.9 Solve the following LP by the Dual Simplex Algorithm. Explain why it
is advisable to solve such LPs by the Dual Simplex Algorithm.

minimize x1 + 2x2

subject to 2x1 + 4x2 ≥ 4
4x1 − x2 ≥ 2
−2x1 + 5x2 ≥ 5

5x1 + 1x2 ≥ 10
3x1 + 6x2 ≥ 9
xj ≥ 0, j = 1, 2.

Write down the optimal primal solution and the optimal dual solution.

5.10 In Chapter 1 we briefly discussed the transportation problem (with equal-
ity constraints). Here we state the problem in a slightly different way:
with inequalities rather than equations. We regard the constants si i =
1, . . . , m as upper bounds on supplies of some single commodity avail-
able at locations i = 1, . . . , m. On the other hand, the constants dj j =
1, . . . , n represent lower bounds on demands for the commodity at loca-
tions j = 1, . . . , n. The constraints cij stand for the cost to ship one unit
of the commodity from source i to destination j. The form of the problem
is now taken to be

minimize

m∑
i=1

n∑
j=1

cijxij

subject to

n∑
j=1

xij ≤ si for all i = 1, . . . , m

m∑
i=1

xij ≥ dj for all j = 1, . . . , n

xij ≥ 0 for all i, for all j.
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(a) What condition on the si and the dj must be satisfied if this LP is
to have a feasible solution?

(b) Write down the dual of transportation problem stated above.

(c) Give an economic interpretation of the dual feasibility conditions.

(d) Write down the optimality conditions for this version of the trans-
portation problem.

(e) Explain why the dual problem does or does not have a unique solution.

5.11 Gordan’s Theorem dates from 1873, almost 30 years before the appearance
of Farkas’s Lemma. It says that for every A ∈ Rm×n exactly one of the
following systems has a solution:

Ax = 0, 0 
= x ≥ 0; (5.7)

yTA > 0. (5.8)

The first of these systems is equivalent to the system[
A
eT

]
x =

[
0
1

]
, x ≥ 0. (5.9)

Use this last system and Farkas’s Lemma to establish Gordan’s Theorem.

5.12 Apply Farkas’s Lemma to prove the theorem of the alternative presented
in Chapter 2 . (Hint: Recall that x = x′ − x′′ where x′ ≥ 0 and x′′ ≥ 0.)



6. POSTOPTIMALITY ANALYSES

Overview

By postoptimality analyses we mean various types of analyses that can be

performed after an optimal basic feasible solution for an LP has been found.
In practice it is usually not enough just to find an optimal solution. Often
questions are asked relating to the impact of potential data changes on the

optimal solution.

• If some of the data is inexact, then how do small perturbations in the
data affect the optimal solution?

• What if some data has changed? For example, suppose CT Gasoline

(see Chapter 1) has determined how much gasoline to sell at one of
their terminals. However, since the LP run, the spot price of oil has

decreased. Will the quantity of gasoline to be sold at that location
change?

• What if new activities need to be considered? For example, imagine

that a new gas station has been added to CT Gasoline’s distribution
system. How will this affect the optimal solution to fill station demand

and buy or sell gasoline?

• What if a new constraint is introduced? For example, an accident may

close a section of the pipeline, making it impossible to supply some of
the terminals. How would this affect the solution?

• What if the optimal solution says to use a large number of activities,

but practically we would like to reduce that number without resorting
to integer programming? In this case we may be willing to accept a

solution that is slightly worse than the optimal but uses fewer activi-
ties. One example is when the LP model says to use Truck A to deliver

unleaded premium to Station I and use Truck B to deliver to unleaded
regular to the same Station I. For practical truck scheduling reasons,

CT Gasoline would like to use the same truck to deliver both grades
of gasoline to Station I. In this case, a modification to the model
will yield the desired result. In other models, this may sometimes be

achieved by examining solutions in the neighborhood of an optimal
solution (including alternative optima).
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With modern computing power, many LP models can be re-run quickly
in a matter of seconds or less; and, for instance, adding a new column

or row and checking its impact can be done very quickly. However, very
large problems may still require significant computing time for such changes,

so there may still be some computational benefit to solving the modified
problem efficiently. In many situations, a full set of sensitivity analysis runs

can provide further insight into the behavior of the model.

In this chapter, we organize our discussion of postoptimality analyses
according to the following purposes and techniques:

1. Changing Model Dimensions. One such type of analysis studies the
impact of the insertion of an additional column (or activity) in the

model. The introduction of columns comes up in the Dantzig-Wolfe
Decomposition Algorithm (see Section 7.4) and, more generally, in
column-generation techniques. Another is the impact of the inclusion

of an additional inequality constraint in the model. As we will see, this
is a situation in which the Dual Simplex Algorithm can very naturally

be applied. The addition of constraints plays an important role in
integer programming where new inequalities are generated to cut the

feasible region so that an integer solution can be found. The Benders
Decomposition Algorithm which, for instance, is used in stochastic

linear programming, also makes use of cuts.

Other changes in model dimensions can come about from the deletion
of a column or the deletion of a constraint. The first of these changes

is of interest only when the column is a part of the current optimal
basis1. On the other hand the deletion of a constraint has the potential

to enlarge the feasible region in which case the objective function value
could improve (and, in some cases, improve without bound).

2. Ranging (Sensitivity Analysis). Within postoptimality analyses we

include sensitivity analysis which pertains to the study of how changes
in problem data affect the optimal solution of a problem. In the LP
with data A, b, and c there could be changes in any or all of these.

Except for the insertion of a new inequality constraint, we omit a
discussion of the analysis of changes in the matrix A; this is a more

difficult subject than that of changes in the right-hand side b or the
cost vector c. Furthermore, we consider only changes in one data item

1Saying that B is an optimal basis means that the corresponding BFS is optimal and
that the basis prices out optimal, which is to say zj − cj ≤ 0 for all j ∈ N .
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at a time and not simultaneous data changes in several data items. For
instance, we are typically interested in the range of values of a right-

hand side value bi that leave the current basis optimal. The process
of changing the right-hand side corresponds to a parallel translation

of the set of points satisfying the i-th constraint.

3. Parametric Programming. Postoptimality analyses can also include

what is called parametric linear programming. In contrast to standard
sensitivity analysis, the goal in parametric LP is to study the optimal
solution of an LP where each component of either the right-hand side

vector or the cost vector (or both) changes at its own constant rate.

4. Interpreting Shadow Prices. We have seen that when the Simplex

Algorithm solves a (primal) linear program, an optimal solution to
the dual problem shows up as a by-product of the computation. (We

have indicated how to find this vector in the final simplex tableau.) As
we know, the dual variables are in one-to-one correspondence with the

primal constraints. Economists and practitioners of linear program-
ming often refer to the optimal dual variables as shadow prices. This
term has to do with the marginal value of each right-hand side element

of the system of constraints.

6.1 Changing model dimensions

Most of this section is concerned with modifications to a linear program in
standard form, that is,

minimize cTx subject to Ax = b, x ≥ 0,

and information that can be obtained by using the inverse of an optimal

basis B once it has been found.

Inserting a new activity

Sometimes it happens that one wants to consider a new activity after having
solved a given linear program. This amounts to adjoining an extra column

to the original model. Suppose the original matrix A was of order m × n.
We may denote the level of the new activity by the decision variable xn+1
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and its associated (m + 1)-vector of coefficients by

(cn+1, A.n+1) = (cn+1, a1,n+1, . . . , am,n+1).

The question, of course, is whether the new variable xn+1 will turn out to

be positive in an optimal solution to the enlarged problem.

From the solution process leading to an optimal solution of the original
problem, we have the inverse of an optimal basis and the corresponding price

vector
ȳT= cT

BB−1.

The question of interest is answered by pricing out the new column, that is,
examining the sign of

zn+1 − cn+1 = ȳTA.n+1 − cn+1.

Suppose zn+1 − cn+1 > 0; then increasing xn+1 will decrease the objective

value. The amount that xn+1 can be increased is found by applying the
minimum ratio test. The critical value is

min
i

{
b̄i

āi,n+1
: āi,n+1 > 0

}
.

If b̄ > 0 (the nondegenerate case), then xn+1 will attain a positive value
and the objective will decrease. However, under degeneracy, it is possible

that xn+1 becomes basic at value 0 in which case there is no change to the
objective value.

Example 6.1: INSERTING A NEW ACTIVITY AFTER OPTIMIZATION.

When the linear program

maximize 2x1 + 5x2 + x3 + 3x4

subject to 4x1 + 5x3 + 2x4 ≤ 6

x2 + 2x3 + 5x4 ≤ 12
3x1 + 4x2 + 4x3 ≤ 10

xj ≥ 0, j = 1, 2, 3, 4

is put into standard form as a minimization problem, we obtain the initial
tableau

min z x1 x2 x3 x4 s1 s2 s3 1 basic

row 0 1 2 5 1 3 0 0 0 0 z

row 1 0 4 0 5 2 1 0 0 6 s1

row 2 0 0 1 2 5 0 1 0 12 s2

row 3 0 3 4 4 0 0 0 1 10 s3
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Starting the Simplex Algorithm from the slack basis, we finally obtain the
tableau

min z x1 x2 x3 x4 s1 s2 s3 1 basic

row 0 1 −13/10 0 −23/5 0 0 −3/5 −11/10 −91/5 z

row 1 0 43/10 0 23/5 0 1 −2/5 1/10 11/5 s1

row 2 0 −3/10 0 1/5 1 0 1/5 −1/20 19/10 x4

row 3 0 3/4 1 1 0 0 0 1/4 5/2 x2

From this tableau, we find that the basic variables of the optimal solution

are s1, x4, and x2, the inverse of the optimal basis is

B−1 =

⎡⎣ 1 −2/5 1/10

0 1/5 −1/20
0 0 1/4

⎤⎦ ,

and the corresponding price vector is

ȳ = (0, 3/5, 11/10).

Now let us sayt that—for some reason—we wish to introduce a new
activity x5 into the original model. Suppose the corresponding column is

(c5, A.5) = (10, 4, 7, 6).

Without re-optimizing, we find that

z5 − c5 = ȳTA.5 − c5 =

(
0 · 4 +

3

5
· 7 +

11

10
· 6
)
− 10 =

4

5
> 0.

This implies that the basis B is still optimal after the new column is intro-
duced into the model. Thus, even though the contribution to the objective

function value per unit of activity 5 is relatively large as compared with
the contributions of the other activities, it is not large enough to make a

difference in the optimal objective value. For that to happen, the coefficient
c5 would have to be larger than ȳTA.5 = 108/10 = 10.8.

Inserting a new inequality (cut)

Because the solution set of a linear inequality is a halfspace—and hence

divides n-space into two parts—an inequality is sometimes called a cut,
especially when it is adjoined to another set of constraints.
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Figure 6.1: A cut slicing off part of a polyhedron.

The Dual Simplex Algorithm is frequently applied within other algo-

rithms when a linear program has been solved and then a new inequality
constraint is adjoined to the system after the optimization has been carried

out. Let’s see how this works. Suppose we have just solved the problem

minimize cTx

subject to Ax = b
x ≥ 0

and found an optimal basis, B. For ease of discussion, we assume that
B = [A.1 A.2 · · ·A.m] and we have the problem written in canonical form
with respect to this basis as expressed in the tableau

min z x
B

x
N

1 basic

row 0 1 0T c̄T
N

cT
B

b̄ z

rows 1, . . . , m 0 I Ā.N b̄ x
B

Now suppose we adjoin a linear inequality of the form

aT
B xB + aT

N xN ≤ d.

Let xn+1 denote the nonnegative slack variable for this inequality. In tabular
form, the enlarged system looks like

min z xB xN xn+1 1 basic

row 0 1 0T c̄T
N 0 cT

B b̄ z

rows 1, . . . , m 0 I Ā.N 0 b̄ xB

row m + 1 0 aT
B aT

N 1 d xn+1
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It is easy to see that, with respect to the basis[
I 0

aT
B 1

]
,

the canonical form of the tableau is

min z xB xN xn+1 1 basic

row 0 1 0T c̄T
N

0 cT
B

b̄ z

rows 1, . . . , m 0 I Ā.N 0 b̄ xB

row m + 1 0 0 aT
N− aT

B Ā.N 1 d− aT
B b̄ xn+1

By virtue of the previously performed optimization, c̄N ≤ 0 and b̄ ≥ 0. The
question now is whether d − aT

B
b̄ is nonnegative. If so, the corresponding

BFS of the enlarged problem is optimal. If not, we are in a position to apply
the Dual Simplex Algorithm.

We have assumed the adjoined inequality constraint is of the ≤ type.

However, adding one of the ≥ type requires exactly the same treatment. In
this case we multiply through by −1 to reverse the sense of the inequality

to ≤.

As an aside, let B be the basis before adding the inequality constraint.

Upon adding an inequality constraint of the form above, the new basis be-
comes

B̂ =

[
B 0

aT
B

1

]
.

The basis B̂ is clearly nonsingular but not necessarily a feasible basis. It is
easy to verify that its inverse is

B̂−1 =

[
B−1 0

−aT
BB−1 1

]
.

Example 6.2: ADDING A CUT AFTER SOLVING A PRIMAL PROBLEM.

Consider the tiny linear program

minimize −x1 − x2

subject to −x1 + 2x2 ≤ 8

2x1 + x2 ≤ 23/2
xj ≥ 0, j = 1, 2.
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In tableau form, this can be written as

min z x1 x2 x3 x4 1 basic

row 0 1 1 1 0 0 0 z

row 1 0 −1 2 1 0 8 x3

row 2 0 2 1 0 1 23/2 x4

Pivot to exchange x3 and x2 (that is, make x2 basic in place of x3).

min z x1 x2 x3 x4 1 basic

row 0 1 3/2 0 −1/2 0 −4 z

row 1 0 −1/2 1 1/2 0 4 x2

row 2 0 5/2 0 −1/2 1 15/2 x4

Pivot to exchange x4 and x1 (that is, make x1 basic in place of x4).

min z x1 x2 x3 x4 1 basic

row 0 1 0 0 −1/5 −3/5 −17/2 z

row 1 0 0 1 2/5 1/5 11/2 x2

row 2 0 1 0 −1/5 2/5 3 x1

The solution found is optimal. Now suppose we adjoin the constraint x2 ≤ 5,
which after adding the slack x5 becomes x2 + x5 = 5. We have

aT
B = [1 0], aT

N = [0 0], d = 5.

The vector aT
B

is [1 0] and not [0 1], because the basic variables are in the

order x2, x1. We add the inequality to the tableau after performing the
transformation

aT
N− aT

B Ā.N = [0 0]− [1 0]

[
2/5 1/5

−1/5 2/5

]
= [−2/5 1/5]

d− aT
B b̄ = 5− [1 0]

[
11/2

3

]
= −1/2.

This results in the tableau

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 0 −1/5 −3/5 0 −17/2 z

row 1 0 0 1 2/5 1/5 0 11/2 x2

row 2 0 1 0 −1/5 2/5 0 3 x1

row 3 0 0 0 −2/5 −1/5 1 −1/2 x5
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We note that the primal is infeasible but the dual is feasible. Hence we
apply the Dual Simplex Algorithm. Pivot to exchange x5 and x3 (that is,

make x3 basic in place of x5).

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 0 0 −1/2 −1/2 −33/4 z

row 1 0 0 1 0 0 1 5 x2

row 2 0 1 0 0 1/2 −1/2 13/4 x1

row 3 0 0 0 1 1/2 −5/2 5/4 x3

After one iteration of the Dual Simplex Algorithm, the solution is primal
feasible and optimal.

Inserting an equality constraint has similarities to the above technique,

but now there is no slack variable with zero cost in the objective that we
can use. Instead we will need to add an artificial variable. While it may still

be possible to get a dual feasible solution, in general that would be difficult.
Thus, in this case we would construct an objective with one artificial vari-

able and attempt to drive that variable to zero using the Primal Simplex
Algorithm.

Suppose we adjoin a linear equation of the form

aT
B xB + aT

N xN = d.

Let xn+1 denote a nonnegative artificial variable for this equation; then

aT
B xB + aT

N xN + xn+1 = d.

Next, we introduce the Phase I objective w = xn+1. In tabular form, the
enlarged system with the Phase I objective is

min w z xB xN xn+1 1 basic

row 00 1 0 0T 0T −1 0 w

row 0 0 1 0T c̄T
N 0 cT

B b̄ z

rows 1, . . . , m 0 0 I Ā.N 0 b̄ xB

row m + 1 0 0 aT
B aT

N 1 d xn+1
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As before, it is easy to see that with respect to the basis[
I 0

aT
B 1

]
,

the canonical form of the tableau is

min w z xB xN xn+1 1 basic

row 00 1 0 0T aT
N− aT

B Ā.N 0 d− aT
B b̄ w

row 0 0 1 0T c̄T
N 0 cT

B b̄ z

rows 1, . . . , m 0 0 I Ā.N 0 b̄ x
B

row m + 1 0 0 0 aT
N− aT

B Ā.N 1 d− aT
B b̄ xn+1

We then apply the Phase I Simplex Algorithm to try to eliminate the artifi-
cial variable. If this succeeds, the problem is feasible, and we proceed with

Phase II.

Deleting an activity

Deleting an activity from the model after an optimal solution has been found

presents two cases; these correspond to whether or not the activity to be
deleted is basic. If the column of the deleted activity is nonbasic, there is no

change in the optimal value because the value of the corresponding nonbasic
variable is zero. It is only when the activity to be deleted corresponds to

a basic variable that issues come up. The first of these is simply one of
feasibility, for it may happen that the problem becomes infeasible without

the deleted column. Another possibility could be that the variable corre-
sponding to the activity is basic but has value zero (as in a degenerate basic
feasible solution).

It should be noted that the elimination of an activity can be viewed as

the equivalent of forcing the corresponding variable to have the value zero.
Since in standard form, all the decision variables are nonnegative, we can

force the variable xk to be zero by adding the cut xk ≤ 0.

Example 6.3: POSTOPTIMAL DELETION OF AN ACTIVITY. The follow-
ing tableau represents the Phase I Problem corresponding to an LP in which
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objective value z is to be minimized.

min w z x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 1 basic

row 00 1 0 12 15 9 12 6 3 6 0 0 0 15 w

row 0 0 1 4 6 3 2 1 6 5 0 0 0 0 z

row 1 0 0 3 6 2 5 3 0 2 1 0 0 5 x8

row 2 0 0 5 4 6 5 1 2 4 0 1 0 7 x9

row 3 0 0 4 5 1 2 2 1 0 0 0 1 3 x10

The variables x8, x9, and x10 are artificial, and the Phase I Problem mini-
mizes their sum. After three iterations, we arrive at the tableau

min w z x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 1 basic

row 00 1 0 0 0 0 0 0 0 0 −1 −1 −1 0 w

row 0 0 1 −8 0 −5 0 1 0 3 7/3 −5/3 −8/3 −8 z

row 1 0 0 0 0 1 1 0 0 1 1/6 1/6 −1/3 1 x4

row 2 0 0 3/2 0 3/2 0−1/2 1 1/2 −17/36 13/36 5/18 1 x6

row 3 0 0 1/2 1−1/2 0 1/2 0−1/2 1/36 −5/36 5/18 0 x2

We have now identified a feasible basis: B = [A.4, A.6, A.2]. Phase II begins
with this basis and terminates after two iterations with the tableau

min w z x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 1 basic

row 00 1 0 0 0 0 0 0 0 0 −1 −1 −1 0 w

row 0 0 1 −9 −2 −8 −4 0 0 0 29/18 −37/18 −17/9 −12 z

row 1 0 0 0 0 1 1 0 0 1 1/6 1/6 −1/3 1 x7

row 2 0 0 2 1 1 0 0 1 0 −4/9 2/9 5/9 1 x6

row 3 0 0 1 2 0 1 1 0 0 2/9 −1/9 2/9 1 x5

We remark in passing that this tableau reveals that the dual variables for
this problem are given by the vector ȳ = (29/18, −37/18, −17/9). Because

the primal problem was equality constrained, the dual variables are not
restricted in sign, and indeed, the vector of dual variables turns out to have

components of opposite signs. Note that the optimal basis found is still
optimal if b1 is increased from 5 to 6; and the optimal value of z increases by
29/18, from −12 to −187/18. If the second component of the original vector

b is increased from 7 to 8, the same basis is again optimal and the optimal
value of z decreases by 37/18, that is from −12 to −12−(37/18) = −253/18.
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Let us now consider what happens if we decide to delete the activity
associated with basic variable x7. This can be viewed as forcing x7 to be

zero. Since all the x-variables are nonnegative, forcing x7 to be zero amounts
to imposing the upper-bound constraint x7 ≤ 0.

Although our present purpose is to delete an activity after having solved
the linear program, the technique we employ to accomplish this is the in-
troduce both a constraint and a new variable, namely the constraint x7 ≤ 0
and its associated slack variable, x11. Since we no longer have use for row00
and the associated variable w, and to make room for the extra variable x11,
we revise the appearance of the tableau. Thus the updated tableau is

min z x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 1 basic

row 0 1 −9 −2 −8 −4 0 0 0 29/18 −37/18 −17/9 0 −12 z

row 1 0 0 0 1 1 0 0 1 1/6 1/6 −1/3 0 1 x7

row 2 0 2 1 1 0 0 1 0 −4/9 2/9 5/9 0 1 x6

row 3 0 1 2 0 1 1 0 0 2/9 −1/9 2/9 0 1 x5

row 4 0 0 0 0 0 0 0 1 0 0 0 1 0 x11

which still needs to be put into canonical form. In particular, we need to
eliminate x7 from the equation represented by row 4. This leads to

min z x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 1 basic

row 0 1 −9 −2 −8 −4 0 0 0 29/18 −37/18 −17/9 0 −12 z

row 1 0 0 0 1 1 0 0 1 1/6 1/6 −1/3 0 1 x7

row 2 0 2 1 1 0 0 1 0 −4/9 2/9 5/9 0 1 x6

row 3 0 1 2 0 1 1 0 0 2/9 −1/9 2/9 0 1 x5

row 4 0 0 0 −1 −1 0 0 0 −1/6 −1/6 1/3 1 −1 x11

This tableau represents a linear program to which the Dual Simplex Algo-
rithm can be applied.

Note that we could have deleted the columns of the artificial variables,
x8, x9, and x10, but we have kept them to facilitate recovering the dual
variables. As long as these columns remain in the tableau, we need to
prevent them from becoming basic again. This means no pivoting in these
columns will be allowed after the original LP is solved. With this rule in
place, we begin the solution of the problem by the Dual Simplex Algorithm.
The first pivot would bring in x4 in place of the basic variable x11 and would
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change the value of z from −12 to −8 as shown in the tableau

min z x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 1 basic

row 0 1 −9 −2 −4 0 0 0 0 41/18 −25/18 −29/9 −4 −8 z

row 1 0 0 0 0 0 0 0 1 0 0 1/3 1 0 x7

row 2 0 2 1 1 0 0 1 0 −4/9 2/9 5/9 0 1 x6

row 3 0 1 2 −1 0 1 0 0 1/18 −5/18 8/9 1 0 x5

row 4 0 0 0 1 1 0 0 0 1/6 1/6 −1/3 −1 1 x4

As usual, this tableau reveals the values of the optimal dual variables. The
first three of them (41/18, −25/18, −29/9) correspond to the three original
constraints and—as can be verified—are exactly the values that would have

been obtained if x7 and its column had been removed from the model.

Deleting an inequality or equality constraint

The approach for deleting a constraint once an optimal solution has been
obtained is the same whether it be an inequality or an equality. Accordingly,

we will assume that we are deleting an equality constraint.

Suppose that after obtaining an optimal solution, say x̄, we decide that
a particular constraint Ak.x = bk needs to be deleted. Even though x̄

will be feasible for the modified problem, the deletion of this constraint
will reduce the size of the basis and might result in dual infeasibility. To

“physically” delete a constraint from the system and update the basis inverse
(or factorization) could require significant computational work. It is simpler

instead to make the constraint nonbinding, by which we mean that the left-
hand side is no longer required to take on the value bk.

We can make the k-th constraint nonbinding by introducing the free
variable xn+1 (in the k-th constraint only) and setting its cost coefficient to

zero in the objective. That is,

Ak.x + xn+1 = bk, xn+1 is free.

(Note: We could consider setting the right-hand side to zero; however, a

constant in a nonbinding constraint does not affect the optimal objective
value, so we do not set bk = 0.) Next we can convert the revised constraint
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to fit into the standard form with the rest of the constraints by expressing
xn+1 as the difference of two nonnegative variables, that is

Ak.x + x+
n+1 − x−

n+1 = bk, x+
n+1 ≥ 0, x−

n+1 ≥ 0.

After this, we apply B−1 to the two new columns, and price them out. One

of them will price out positive, the other one negative, or both may price
out zero. We pivot to bring the positive (or zero) reduced-cost column into

the basis and continue, if necessary, until the algorithm terminats with an
optimal solution or an indication that none exists.

Example 6.4: POSTOPTIMAL DELETION OF A CONSTRAINT. Consider
once again the tiny linear program of Example 6.2 with final tableau

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 0 0 −1/2 −1/2 −33/4 z

row 1 0 0 1 0 0 1 5 x2

row 2 0 1 0 0 1/2 −1/2 13/4 x1

row 3 0 0 0 1 1/2 −5/2 5/4 x3

The basis inverse is given by

B−1 =

⎡⎢⎣ 0 0 1

0 1/2 −1/2

1 1/2 −5/2

⎤⎥⎦ .

We illustrate deleting a constraint by deleting the constraint added in Ex-

ample 6.2. This would not be typically done in real applications but, for our
purposes, it will help to illustrate how deletion works; indeed we will obtain
the solution to the original problem (that is, the problem before the addi-

tion of the constraint). So now suppose we decide to delete the inequality
x2 ≤ 5 that was added earlier as the equation x2 +x5 = 5. We introduce the

free variable x6 as the difference of its positive and negative parts; thereby
obtaining

x2 + x5 + x+
6 − x−

6 = 5.

We apply B−1 to the two new columns and price them out. Altogether,
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with the previous tableau, this results in

min z x1 x2 x3 x4 x5 x+
6 x−

6 1 basic

row 0 1 0 0 0 −1/2 −1/2 −1/2 1/2 −33/4 z

row 1 0 0 1 0 0 1 1 −1 5 x2

row 2 0 1 0 0 1/2 −1/2 −1/2 1/2 13/4 x1

row 3 0 0 0 1 1/2 −5/2 −5/2 5/2 5/4 x3

From this tableau we see that, as expected, the BFS is not optimal (the

reduced cost of x−
6 is positive). Next we pivot to exchange x3 and x−

6 (that
is, make x−

6 basic in place of x3). This results in the optimal tableau.

min z x1 x2 x3 x4 x5 x+
6 x−

6 1 basic

row 0 1 0 0 −1/5 −3/5 0 0 0 −17/2 z

row 1 0 0 1 2/5 1/5 0 0 0 11/2 x2

row 2 0 1 0 −1/5 2/5 0 0 0 3 x1

row 3 0 0 0 2/5 1/5 −1 −1 1 1/2 x−
6

The optimal solution is the same as that in Example 6.2 prior to adjoining

the constraint x2 ≤ 5. To see this, remove the last row and columns x5, x+
6 ,

and x−
6 from the above tableau.

6.2 Ranging (Sensitivity analysis)

As mentioned earlier, ranging, or sensitivity analysis, has to do with the im-

pact of small changes to the optimal solution. With ranging we examine the
extent to which changes in a single element do not affect the optimal basis.

For example, we would be interested in how much a right-hand side element
bi could change without causing the optimal basis to change. This would be

important for key resources where we would be concerned about the impact
of market variations, or simply concerned that we were off in our estimate of

its value. In a similar vein, it would be comforting to know that minor vari-
ations in cost (or elements of the data matrix) do not impact our solution
much. Such analysis has its limitations since we are only discussing modifi-

cations of single elements; later, in Section 6.3, we shall consider changing
multiple elements through the use of parametric programming.
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Changing the right-hand side vector

Let B = [A.j1 · · ·A.jm] be an optimal basis for the LP

minimize cTx subject to Ax = b, x ≥ 0

where A is m × n. Let I.k denote the k-th column of the m ×m identity
matrix. Changing only the k-th component of b, from bk to b̂k = bk + δ,

amounts to creating a new right-hand side vector, say

b̂ = b + δI.k.

The raises the question: Does B remain a feasible basis under this change,

and, if so, for what values of δ, or equivalently for what values of b̂k? Fortu-
nately, under this change, B will remain dual feasible. The dual feasibility of
B really means that yT = cT

B
B−1 is a dual feasible vector. So, in the present

circumstances, B is an optimal basis for the LP

minimize cTx subject to Ax = b̂, x ≥ 0

if and only if x
B

= B−1 b̂ ≥ 0. Now

B−1 b̂ = B−1(b + δI.k) = b̄ + δ(B−1).k,

so the basis B will be feasible (and hence optimal) provided b̄+δ(B−1).k ≥ 0.
Since x

B
= (xj1, . . . , xjm), the feasibility criterion just means

xji
= (b̄ + δ(B−1).k)i = b̄i + δ(B−1)ik ≥ 0, i = 1, 2, . . .m.

The key question is: When does the variation of δ cause b̄i + δ(B−1)ik to
become zero? This question is answered by the bounds given in Table 6.1

which displays the restrictions on δ that ensure the nonnegativity of xji
.

Let’s now summarize this discussion of changing the right-hand side. If
B is an optimal basis for

minimize cTx subject to Ax = b, x ≥ 0,

then B is still optimal when bk is changed to b̃k = bk + δ if and only if

sup
i

{ −b̄i

(B−1)ik
: (B−1)ik > 0

}
≤ δ ≤ inf

i

{ −b̄i

(B−1)ik
: (B−1)ik < 0

}
. (6.1)
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B−1
ik < 0 B−1

ik = 0 B−1
ik > 0

Increasing δ δ ≤ −b̄i

(B−1)ik
none δ < +∞

Decreasing δ δ > −∞ none δ ≥ −b̄i

(B−1)ik

Table 6.1: Bounds on δ for keeping xji
≥ 0.

In (6.1), the operator sup changes to max when the set is (finite but)
nonempty. When the set is empty, the sup is −∞. Analogously, the op-

erator inf changes to min when the set is (finite but) nonempty. When the
set is empty, the inf is +∞.

The above pair of inequalities gives a range (interval) of values of δ over
which the change of bk to bk + δ does not affect the feasibility, and hence

optimality, of the basis B. Thus the range of values of bk is:

bk+sup
i

{ −b̄i

(B−1)ik
: (B−1)ik > 0

}
≤ b̂k ≤ bk+inf

i

{ −b̄i

(B−1)ik
: (B−1)ik < 0

}
.

The process of determining these values (one component at a time) is called

ranging the right-hand side vector.

Example 6.5: RIGHT-HAND SIDE RANGING ON A TINY LP. Consider the

tiny linear program:

minimize − 6x1 − 3x2 − 9x3

subject to − 3x1 − 2x2 + 8x3 ≤ 10
4x1 + 10x2 + 5x3 ≤ 12

xj ≥ 0, j = 1, 2, 3.

In tableau form, this is

min z x1 x2 x3 x4 x5 1 basic

row 0 1 6 3 9 0 0 0 z

row 1 0 −3 −2 8 1 0 10 x4

row 2 0 4 10 5 0 1 12 x5
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After two pivots, we obtain

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 −597/47 0 −6/47 −75/47 −960/47 z

row 1 0 0 22/47 1 4/47 3/47 76/47 x3

row 2 0 1 90/47 0 −5/47 8/47 46/47 x1

From the initial and final tableaus, we see that the optimal basis and its

inverse are

B =

[
8 −3

5 4

]
and B−1 =

[
4/47 3/47

−5/47 8/47

]
.

We can also find the optimal solutions of the primal and dual problems.

Ranging the right-hand side element b1. The formulas for the limits on δ
when modifying bk to bk + δ are given by (6.1). At this moment, k = 1.
Looking back at the final tableau and applying (6.1), we find that

−76/47

4/47
= −19 ≤ δ ≤ −46/47

−5/47
=

46

5
.

Ranging the right-hand side element b2. Next set k = 2 in formula (6.1).

From the final tableau and (6.1), we find that

−23

4
≤ δ < +∞.

Summary of the right-hand side ranging results.

RHS Parameter Minimum Maximum

b1 −9 96/5
b2 25/4 +∞

This sort of analysis does not allow for simultaneous changes of two or

more right-hand side constants. Figure 6.2 illustrates this fact with respect
to the cone spanned by the basis B = [A.3 A.1].



CHAPTER 6: POSTOPTIMALITY ANALYSES 157

.............

.............

.............

.............

.............

.............

.............

.............

.............

............. ............. ............. ............. ............. ............. ............. ............. ............. ...................................................................................................................................................................................................................................................................

....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .............. x1

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.

.....

.....

.....

.....

.....

...............

..............

x2

•A.1

•A.2

• A.3

•
A.4

•A.5

•
b

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

...

......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
.......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
.......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
.....

.........
.........
.........
.........
.........
.........
.........
.........
.........
..........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
..........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
..........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
..........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
..........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
..........
.........
.........
.........
.........
.........
.........
.........
.........
..........

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..
...
....

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Figure 6.2: Ranging the parameters of the right-hand side.

Changing the cost vector

Let B be an optimal basis for the LP

minimize cTx subject to Ax = b, x ≥ 0

where A is m × n. Let I.k denote the k-th column of the m ×m identity

matrix. Changing only the k-th component of c, from ck to ĉk = ck + δ,
amounts to creating a new cost vector

ĉ = c + δI.k.

This change will not affect the feasibility of B since this depends only on B

and b, neither of which has been changed at this stage.

Case 1: xk is nonbasic. In this case ĉB = cB, so

ŷT= ĉT
BB−1 = cT

BB−1 = yT

and

ẑj = zj = yTA.j for all j.

Hence for all j 
= k we have ẑj− ĉj = zj−cj ≤ 0. If ẑk− ĉk = zk−ck−δ ≤ 0,

then B is still an optimal basis. Otherwise, the Simplex Algorithm applied
to the revised problem will make xk basic on the next iteration.
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Case 2: xk is basic. Assume k = jt, that is, xk = xjt . Since

ĉB = cB + δI.t and ĉN = cN ,

we have

ŷT= ĉT
BB−1 = cT

BB−1 + δIt.B−1 = yT+ δ(B−1)t..

This just says that the new price vector ŷT is the old price vector yT plus δ
(the amount by which ck is changed) times the t-th row of the inverse of B.

For xj nonbasic, we have

ẑj − ĉj = ŷTA.j − ĉj

= cT
BB−1A.j + δ(B−1)t.A.j − cj

= zj − cj + δātj.

Note how the current t-th row of the tableau affects the new cost coefficients.

The basis will be optimal if

ẑj − ĉj = zj − cj + δātj ≤ 0 for all j ∈ N.

In summary, this discussion says that the basis B will remain an optimal

basis under a change of the k-th cost coefficient ck to ck + δ provided

sup
j∈N

{−(zj − cj)

ātj
: ātj < 0

}
≤ δ ≤ inf

j∈N

{−(zj − cj)

ātj
: ātj > 0

}
if k ∈ B

zk − ck ≤ δ if k ∈ N.

This process of analyzing changes in cost vector elements is also called rang-

ing. It differs from right-hand side ranging in that here it matters whether
the variable corresponding to the cost coefficient being modified is basic or

nonbasic.

Example 6.6: COST RANGING ON A TINY LP. Once again consider the
tiny linear program of Example 6.5. How much can the individual compo-

nents of (c1, c2, c3) = (−6,−3,−9) be changed without affecting the opti-
mality of the BFS we have found?
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Cost ranging: c1. Note that x1 is basic and x1 = xj2 . In the final tableau
we find the zj − cj. We want zj − cj + δā2j ≤ 0 for j = 2, 4, 5.

j = 2 : −597/47 + δ(90/47) ≤ 0 =⇒ δ ≤ 597/90

j = 4 : −6/47 + δ(−5/47) ≤ 0 =⇒ δ ≥ −6/5

j = 5 : −75/47 + δ(8/47) ≤ 0 =⇒ δ ≤ 75/8

Thus, −6/5 ≤ δ ≤ 597/90.

Cost ranging: c2. Ranging c2: Note that x2 is nonbasic. We need δ to satisfy

z2 − c2 − δ ≤ 0.

Thus, we must have −597/47 ≤ δ.

Cost ranging: c3. Since x3 = xj1 is basic, we want zj − cj + δā1j ≤ 0 for

j = 2, 4, 5.

j = 2 : −597/47 + δ(22/47) ≤ 0 =⇒ δ ≤ 597/22

j = 4 : −6/47 + δ(4/47) ≤ 0 =⇒ δ ≤ 3/2

j = 5 : −75/47 + δ(3/47) ≤ 0 =⇒ δ ≤ 25

Thus, δ ≤ 3/2.

Summary of the cost ranging results. The basis [A.3, A.1] is optimal for the

following ranges of the cost coefficients:

Cost Coefficient Minimum Maximum

c1

c2

c3

−36/5
−738/47

−∞

−19/30
−∞

−15/2

6.3 Parametric linear programming

In the preceding section on ranging, we began with an optimal basic solution

x̄ to an LP and considered the effects of changing either individual right-
hand side (RHS) constants or individual cost coefficients. The goal in that
sort of postoptimality analysis was to determine the range of values of the

parameter being varied that would preserve the optimality of the basis B
from which the optimal basic solution x̄ was obtained.
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In this section we turn to a more general sort of problem: parametric
linear programming. The purpose of parametric linear programming is to

obtain an optimal solution of an LP and the corresponding objective function
value where each component of either the right-hand side vector b or the

cost vector c changes at its own constant rate. In the case of an LP with a
parametric right-hand side vector, the right-hand side has the form b + λp

where p is nonzero and λ belongs to a closed interval. Analogously, for LPs
with a parametric objective function, the vector c is replaced by one of the

form c + λd where d is nonzero and again λ belongs to a closed interval of
the real line. Although it is possible to handle both types of parametric
problems simultaneously, we present them one at a time.

Before going further with this discussion, we pause to point out why

this class of problems is more general than ranging. In the first place, it
does not proceed from a given optimal solution; rather, it requires that we

find optimal solutions (if they exist) for each member of an infinite family
of linear programs. Second, the linear programs within this infinite family

may differ from one another in more than one data element. For example, if
the right-hand side is parameterized, it could happen that all the right-hand

side constants are simultaneously varying with the parameter. An analogous
statement applies to the case where the objective function is parameterized,

in which case all the cost coefficients could vary simultaneously. This is not
to say that all such constants or coefficients must actually change under the
parametrization. Indeed, in parametric LP problems, there could be as few

as one data element that is changing. In such a case, the vector p or the
vector d would have only one nonzero component. The ranging problem is

of this sort, but it proceeds from a known optimal solution and, in effect,
asks us to find the interval that maintains the optimality of the known basis

for such variation.

Preliminaries

Since both kinds of parametric LPs involve a closed interval of the real
line as the set to which the special parameter belongs, it is important to

understand what such a set can be. Closed intervals are essentially sets of
the form

Λ = {λ : λ ≤ λ ≤ λ̄}
where λ and λ̄ are given lower and upper bounds, respectively. This de-
scription is precise when λ and λ̄ denote real numbers. But, for any infi-
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nite bound, the corresponding weak inequality needs to be taken informally.
That is, if the lower bound λ = −∞, we really mean λ < λ, and if the upper

bound λ̄ = ∞, we really mean λ < λ̄. Thus, an interval is one of four types
of subset of the real line R:

1. Λ = [ λ, λ̄ ] = {λ : −∞ < λ ≤ λ ≤ λ̄ < ∞};
2. Λ = [λ, ∞) = {λ : −∞ < λ ≤ λ < ∞};
3. Λ = (−∞, λ̄ ] = {λ : −∞ < λ ≤ λ̄ < ∞};
4. Λ = (−∞, ∞) = {λ : −∞ < λ < ∞}.

In the last of these cases, Λ = R.

For both kinds of parametric linear programs considered here, it will be

convenient to “normalize” these intervals by a redefinition of the parameter
for the problem. By this we mean that each of these interval types (and the

parametric problem at hand) will be stated as an equivalent problem in a
new parameter μ belonging to a simpler interval: either [0, μ̄] or [0,∞). We

now describe these reformulations.

1. Λ = [ λ, λ̄ ]. Let μ = λ − λ and μ̄ = λ̄ − λ. Then λ ∈ [ λ, λ̄ ] ⇐⇒
μ ∈ [ 0, λ̄ − λ ] = [ 0, μ̄ ]. When this is done, b + λp = (b + λp) + μp,
and c + λd = (c + λd) + μd.

2. Λ = [ λ, ∞ ). This is handled exactly as the previous case except for
the fact that instead of the new interval [ 0, μ̄ ] = [ 0, λ̄ − λ ] we have

the interval [ 0, ∞).

3. (−∞, λ̄ ]. In this case, define μ = λ̄− λ. Then μ ≥ 0, and the new

interval becomes [ 0, ∞ ). Note that since we now have λ = λ̄ − μ,
it follows that b + λp = (b + λ̄p) − μp = (b + λ̄p) + μ(−p). Similarly,

c + λd = (c + λ̄d)− μd = (c + λ̄d) + μ(−d).

4. Λ = (−∞, +∞). In this situation, we can consider the set Λ = R

to be the union of two intervals: (−∞, 0 ] and [ 0, ∞ ). (It does not
matter that these two sets both contain zero.) The objective functions

are reformulated in the manner of cases 3 and 2, respectively.

When one of these normalizations is used in a parametric linear program,

P (λ), the resulting solution (x̄(λ), z̄(λ)) can be restated in terms of the
original formulation.
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In parametric linear programming, we face the following three questions:

1. Are there values of λ ∈ Λ for which P (λ) has an optimal solution? If
so, how do we find them?

2. Is there an algorithm for solving problems of this sort?

3. How do x̄(λ) and z̄(λ) behave as functions of λ?

We are now ready to take up our two parametric linear programming
models.

Linear programs with parametric right-hand side

Let p be a nonzero vector and let λ be a scalar parameter that belongs to

an interval Λ of the real line; for example, we might have 0 ≤ λ ≤ λ̄. For a
given λ ∈ Λ, let P (λ) denote the parametric linear program

minimize cTx subject to Ax = b + λp, x ≥ 0. (6.2)

The family of these problems is a linear program with parametric right-hand
side.

Problems of the form (6.2) arise when there is uncertainty in the precise

values of right-hand side elements or when one wants to examine the impact
on the optimal solution and optimal value when one or more right-hand
side values are varied. To give an example of the latter sort, a linear pro-

gram could have a constraint that measures the rate of return of a set of
investments, or it might have a constraint that measures the level of service

delivered by a company. Constraints like these might be expressed in the
form aTx ≥ r.

In the present case, we temporarily assume that the constraints of the

dual problem are feasible.2 We begin by addressing the first of the three
questions stated above.

2This sort of assumption can be checked with a Phase I type of procedure.
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Question 1

Given that the dual problem has feasible constraints, we know that problem

P (λ) will have an optimal solution if and only if it is feasible. We begin by
finding the smallest and largest values of λ for which P (λ) is feasible. This

is done by solving the linear programs

λmin = inf {λ : Ax − λp = b, x ≥ 0}]
and

λmax = sup {λ : Ax− λp = b, x ≥ 0}].
It follows that P (λ) has an optimal solution for each value of λ in the interval

λmin ≤ λ ≤ λmax.

It is, of course, possible that there is no value of λ for which the problem
P (λ) is feasible. In that case we take λmin = ∞ or λmax = −∞.

We take up Questions 2 and 3 after the following illustrative example.

Example 6.7: LP WITH PARAMETRIC RIGHT-HAND SIDE. For all λ ∈ R

solve

P (λ)

minimize −3x1 − 2x2

subject to 2x1 + 3x2 + x3 = 6− λ

2x1 + x2 + x4 = 4 + λ

xj ≥ 0, j = 1, 2, 3, 4.

In this example, p = (−1, 1). As it happens, the problem P (0) has an
optimal solution which we now obtain. For this purpose, we set up the

tableau

min z x1 x2 x3 x4 1 λ basic

row 0 1 3 2 0 0 0 0 z

row 1 0 2 3 1 0 6 −1 x3

row 2 0 2 1 0 1 4 1 x4

After two pivots we find the optimal solution of P (0) from the tableau

min z x1 x2 x3 x4 1 λ basic

row 0 1 0 0 −1/4 −5/4 −13/2 −1 z

row 1 0 0 1 1/2 −1/2 1 −1 x2

row 2 0 1 0 −1/4 3/4 3/2 1 x1
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Now to solve this parametric linear programming problem, we break the set
λ = R into two parts: Λ+ = R+ and Λ− = R− = −R+.

Increasing λ from 0. The tableau reveals that

z = −13/2− λ

x2 = 1− λ ≥ 0 which implies λ ≤ 1

x1 = 3
2 + λ ≥ 0 for all λ ≥ 0.

This means that for 0 ≤ λ ≤ 1, the basic variables will have nonnegative

values, and the current basis will be optimal for this range of values.

When λ = 1, the basic variable x2 decreases to zero and must be made
nonbasic; it should be replaced by a nonbasic variable whose coefficient (in

the row of x2) is negative, as in the Dual Simplex Algorithm. In this case,
there is only one choice: x4 must replace x2 as a basic variable. (Had there

been more choices, the pivot column would have been chosen as in the Dual
Simplex Algorithm.) Thus, we obtain

min z x1 x2 x3 x4 1 λ basic

row 0 1 0 −5/2 −3/2 0 −9 3/2 z

row 1 0 0 −2 −1 1 −2 2 x4

row 2 0 1 3/2 1/2 0 3 −1/2 x1

We now find that

z = −9 + 3λ/2

x4 = −2 + 2λ ≥ 0 for all λ ≥ 1

x1 = 3− λ/2 ≥ 0 which implies λ ≤ 6.

The basic variables x4 and x1 are nonnegative for all values of λ such that
1 ≤ λ ≤ 6. For λ > 6, we have

0 ≤ x1 + 3
2x2 + 1

2x3 = 3− 1
2λ < 0,

which is a contradiction. In other words, the feasible region is empty when
λ > 6, a fact that could have discovered by first computing λmax.

Decreasing λ from 0. Returning to the tableau showing the optimal solution
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of P (0), we begin to decrease λ from 0. The tableau is

min z x1 x2 x3 x4 1 λ basic

row 0 1 0 0 −1/4 −5/4 −13/2 −1 z

row 1 0 0 1 1/2 −1/2 1 −1 x2

row 2 0 1 0 −1/4 3/4 3/2 1 x1

It is clear that

z = −13
2 − λ

x2 = 1− λ ≥ 0 for all λ ≤ 0

x1 = 3
2 + λ ≥ 0 which implies λ ≥ −3

2 .

The basic variables are nonnegative for −3
2 ≤ λ ≤ 0. When λ = −3

2 , the
basic variable x1 decreases to 0 and must be made nonbasic. A negative

pivot element is needed and again, there is only one choice: x3 must become
basic. After pivoting, we obtain the tableau

min z x1 x2 x3 x4 1 λ basic

row 0 1 −1 0 0 −2 −8 −2 z

row 1 0 2 1 0 1 4 1 x2

row 2 0 −4 0 1 −3 −6 −4 x3

We now want to decrease λ even further. We find that

z = −8 − 2λ

x2 = 4 + λ ≥ 0 which implies λ ≥ −4

x3 = −6 − 4λ ≥ 0 for all λ ≤ −3/2.

This shows that the current basis is optimal for all λ in the subinterval
[−4,−3/2]. It is also possible to see from the tableau that the problem P (λ)

is infeasible for λ < −4.

In solving this problem for λ ≤ 0 we did not use the technique of defining
μ = −λ and q = −p so as to work only with nonnegative parameter values.
The solution of this problem is summarized in the table below. Notice that

we have combined the intervals [−3/2, 0] and [0, 1] since they do not involve
a change of basis.
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Interval Optimal Solution Optimal Value

−4 ≤ λ ≤ −3/2 (0, 4 + λ,−6− 4λ, 0) −8− 2λ

−3/2 ≤ λ ≤ 1 (3/2 + λ, 1− λ, 0, 0) −13/2− λ

1 ≤ λ ≤ 6 (3− λ/2, 0, 0,−2 + 2λ) −9 + 3λ/2

The values of the optimal objective function values for this example are
indicated in the figure below. Over the interval −4 ≤ λ ≤ 6, the function

z̄(λ) is continuous, piecewise linear, and convex with breakpoints at −3/2
and 1.
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Figure 6.3: Optimal-value function for LP with parametric RHS.

Question 2

To solve a linear program with a parametric right-hand side vector, we
assume the problem has the form shown in (6.2), but drop the assumption

of dual feasibility.

Algorithm 6.1 (LP with parametric right-hand side)

1. Initialization. Check the feasibility of the dual problem. If none exists,
stop and report the dual problem is infeasible.
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2. Standardization. Check the range of feasibility of the primal problem.
Obtain λmin and λmax. Standardize the parameter to [0, μ̄] or [0, ∞).

Set k = 0 and let μk = 0.

3. Solution of an LP. Solve P (μk) by the Simplex Algorithm.

4. Continuation. Determine

μk+1 = max {μ : μk ≤ μ ≤ μ̄, b̄ + μp̄ ≥ 0}
where b̄ and p̄ come from the right-hand side columns of the tableau.

If μk+1 = μ̄ (or if μk+1 = ∞), stop. Otherwise, repeat Step 3 with k
replaced by k + 1.

Note that the conditions on μ imposed in Step 3 involve a minimum ratio
test in addition to the restriction μk ≤ μ ≤ μ̄. That is, we must compute

min
i

{
− b̄i

p̄i
: p̄i < 0

}
.

The statement of the algorithm above does not mention how to avoid

cycling due to degeneracy. This issue can be handled by the usual methods.

Figure 6.4 below also pertains to Example 6.7. It depicts the set of
point b + λp with λ ∈ Λ and the basic cones containing the right-hand side
vector b(λ) = b + λp. The rays emanating from the origin in this figure

are (reading clockwise) the sets of nonnegative multiples of the columns
A.4, A.1, A.2, A.3. Pairs of these vectors span basic cones, and the ba-

sic cones containing b correspond to feasible bases. This figure gives an
interesting perspective on pivoting.

Question 3

In the case of a linear program with parametric right-hand side, the interval
Λ is composed of subintervals. The subintervals are defined by the endpoints

of the interval Λ and the interior values of λ (called breakpoints) at which
basis changes occur.

The optimal-value function in (6.2) is linear between successive break-
points. Indeed, the optimal-value function is continuous, piecewise linear,

and convex as illustrated in Figure 6.3. Corresponding to each subinterval
there is an associated basis.
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Figure 6.4: Right-hand side vector b(λ) moving through basic cones.

Linear programs with parametric objective function

For each λ ∈ Λ let P (λ) denote the linear program

minimize (c + λd)Tx subject to Ax = b, x ≥ 0, (6.3)

The family of these problems is a linear program with parametric objective

function.

Problems of the form (6.3) can arise in different ways, usually connected
with some uncertainty as to the precise values of the cost coefficients. In
one setting, the cost coefficients are each believed to lie within a prescribed

interval or to be varying at a constant rate over time (as represented by λ).
In another setting, there might be two distinct objective functions under

consideration; one might wish to determine the optimal values of all con-
vex combinations of the two functions as a way of examining the tradeoffs

between the two particular measures of effectiveness.

At this time we assume that the constraints Ax = b, x ≥ 0 are feasible.3

3The question of whether this property holds can be checked with the Phase I Proce-
dure. If the constraints are not feasible, there is no point in trying to solve this parametric
linear programming problem.
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Question 1

Since each problem P (λ) is feasible, the existence of an optimal solution of

P (λ) depends on (is equivalent to) the feasibility of its dual. Define

λmin = inf {λ : wTA − λdT≤ cT, w free}

and

λmax = sup {λ : wTA− λdT≤ cT, w free}.
Hence P (λ) has an optimal solution for each value of λ in the interval
[λmin, λmax].

The definitions λmin and λmax need to be clarified just a bit. It could

happen for example that λmin = −∞ or λmax = ∞. If either of these holds,
then [λmin, λmax] is not a bounded interval, but this is not a serious problem.

It could also be the case that λmin = ∞. This would mean that there is no
vector w and value of λ such that wTA − λdT ≤ c, and hence there is no

value of λ such that P (λ) has an optimal solution. An analogous statement
can be made if λmax = −∞. Whatever the case may be, it should be clear
from the definitions that λmin and λmax are the optimal values of linear

programs—albeit LPs that are not yet in standard form.

Example 6.8: LP WITH PARAMETRIC COST FUNCTION. Suppose we

have a parametric LP of the form

P (λ)

minimize (c + λd)Tx

subject to Ax = b

x ≥ 0,

where λ ∈ [0, 1] and

A =

[
2 3 4 6
1 2 9 6

]
, b =

[
12
18

]
, c = (5, 4, 6, 7), and d = (−3, 0, 2, 2).

It is easily demonstrated that columns A.3 and A.4 yield a feasible basis for
the constraints of this problem, so the solvability of the problem depends

on the feasibility of the dual constraints

ATw ≤ c + λd, and 0 ≤ λ ≤ 1.
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To settle this issue, we can consider the problems

maximize λ

subject to ATw − λd ≤ c

and

minimize λ

subject to ATw − λd ≤ c.

In solving these problems for the data given above, we find that the objective
function is unbounded in each case, that is: λmin = −∞ and λmax = +∞.

Accordingly, the dual constraints are feasible for all λ ∈ R and a fortiori for
all λ ∈ [0, 1].

These observations assure us that our parametric problem has an optimal

solution for every λ ∈ Λ = [0, 1]. Thus, we may begin by solving the ordinary
linear programming problem P (0).

Because we shall need to initiate the parametrization of the objective

function from the optimal tableau of P (0), we devise a special tableau of
the following form for problems of this type.

min zc zd x 1 basic

row c 1 0 −cT 0 zc

row d 0 1 −dT 0 zd

rows 1, . . . , m 0 0 A b xB

In our example we have

min zc zd x1 x2 x3 x4 1 basic

row c 1 0 −5 −4 −6 −7 0 zc

row d 0 1 3 0 −2 −2 0 zd

row 1 0 0 2 3 4 6 12 ?

row 2 0 0 1 2 9 6 18 ?

The question marks in the “basic” column signify that we have not yet
identified a feasible basis.



CHAPTER 6: POSTOPTIMALITY ANALYSES 171

Solving P (0) leads to the tableau

min zc zd x1 x2 x3 x4 1 basic

row c 1 0 −44/15 −23/30 0 0 78/5 zc

row d 0 1 53/15 13/15 0 0 24/5 zd

row 1 0 0 −1/5 −1/5 1 0 6/5 x3

row 2 0 0 7/15 19/30 0 1 6/5 x4

From this tableau, we can see that the BFS x̄(0) = (0, 0, 6/5, 6/5) is optimal

for all problems P (λ) with λ ≤ 0. But we are interested in making λ > 0.

The current basis will be optimal provided

−44/15 + λ 53/15 ≤ 0 and − 23/30 + λ 13/15≤ 0.

For both of these inequalities to hold, we must have

λ ≤ min{44/53, 23/26} = 44/53.

If λ > 44/53, the coefficient of x1 will be positive. (If 44/53 < λ < 23/26,
we can be sure that the coefficient of x2 remains negative.)

On these grounds, we make x1 basic in place of x4. Doing this results in
the tableau

min zc zd x1 x2 x3 x4 1 basic

row c 1 0 0 45/14 0 44/7 162/7 zc

row d 0 1 0 −55/14 0 −53/7 −30/7 zd

row 1 0 0 0 1/14 1 3/7 12/7 x3

row 2 0 0 1 19/14 0 15/7 18/7 x1

Again we seek the largest value of λ ≥ 44/53 that will preserve the nonpos-
itivity of objective function coefficients. Since 45/55 < 44/53 (the current
value of λ), it clear that λ we can increase λ indefinitely and still not make

any cost coefficient to become positive. Be that as it may, we are only
interested in having λ increase to 1.

The following table summarizes our findings on this problem:
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Interval Optimal Solution Optimal Value

0 ≤ λ ≤ 44/53 (0, 0, 6/5, 6/5) 78 + 24λ

44/53 ≤ λ ≤ 1 (18/7, 0, 12/7, 0) 162/7− 30λ/7

The graph of the optimal objective function value is shown in Figure 6.5.
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Figure 6.5: Optimal value of the parametric objective function.

Question 2

The solution of a linear program with parametric objective function can be
handled by the following procedure. Let the problem be of the form (6.3).

Algorithm 6.2 (LP with parametric objective function)

1. Initialization. Obtain a basic feasible solution of the constraints of

(6.3) if one exists. If none exists, stop.

2. Standardization. Check the feasibility of the dual constraints. Obtain

λmin and λmax. Standardize the parameter to [0, μ̄] or [0,∞). Set
k = 0 and let μk = 0.
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3. Solution of an LP. Solve P (μk) by the Simplex Algorithm.

4. Continuation. Determine

μk+1 = max{μ ≥ μk : −c̄− μd̄ ≤ 0, μ ≤ μ̄}
where −c̄ Tand−d̄ Tcome from the top two rows of the current tableau.

If μk+1 = μ̄ (or if μk+1 = ∞), stop. Otherwise, repeat Step 3 with k
replaced by k + 1.

Note that the condition on μ imposed in Step 3 involves a minimum ratio
test in addition to the restriction that μ ≤ μ̄. Thus

μk+1 = min

{
μ̄, min

j

{
− c̄j

d̄j
: −d̄j > 0

}}
.

Just as in the case of Algorithm 6.1, the statement of Algorithm 6.2
assumes that degeneracy is handled in the usual way.

Question 3

Although the example above is almost too small to illustrate the point, it is a

fact that the interval Λ is—by the process outlined above—partitioned into
subintervals. The subintervals are defined by the endpoints of the interval

Λ and the interior values of λ (called breakpoints) at which basis changes
occur.

The optimal-value function in (6.3) is linear between successive break-
points. Indeed, it is a general fact that the optimal value function is con-

tinuous, piecewise linear, and concave as illustrated in Figure 6.5 above.
Corresponding to each subinterval there is an associated basis.

6.4 Shadow prices and their interpretation

Recall that if B denotes the optimal basis found by solving the primal prob-

lem
minimize cTx

subject to Ax = b
x ≥ 0,

(6.4)
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given here in standard form, then the price vector ȳ corresponding to B is
given by

ȳT = cT
B B−1. (6.5)

This vector satisfies ȳTA ≤ cT, the dual feasibility condition, for every right-

hand side vector b.

Given A ∈ Rm×n and c ∈ Rn, let us now define the function of b ∈ Rm

given by

z(b) = min{cTx : Ax = b, x ≥ 0}.
with the extra convention that

z(b) =

{
+∞ if the primal is infeasible,

−∞ if the primal is feasible and the dual is infeasible.

We are interested in the behavior of z as a function of b. Clearly z(b) is
finite-valued if and only if the linear program (6.4) has an optimal solution.

(This would be equivalent to both the primal and the dual being feasible.)

Now let b ∈ Rm satisfy −∞ < z(b) < +∞. Then the LP (6.4) has an
optimal basis, say B. It then follows that with ȳT = cT

B B−1, we have

z(b) = ȳTb = cT
BB−1b.

Next suppose the basic feasible solution corresponding to B is nondegener-
ate, that is,

B−1b > 0.

One implication of this assumption is that small variations of the compo-

nents of b will not affect the feasibility of the basis B with respect to the
modified problem. In addition, as we have already noted, B will yield a

feasible solution to the dual constraints. Let b̂ denote a modified right-hand
side vector. All we require of b̂ is that

x
B

= B−1 b̂ ≥ 0.

When this holds, B−1 is an optimal basis for the primal LP

minimize cTx

subject to Ax = b̂
x ≥ 0,



CHAPTER 6: POSTOPTIMALITY ANALYSES 175

and moreover the vector ȳT given in (6.5) satisfies

z(b̂) = ȳTb̂.

Let us now restrict our attention to the following type of variation of b:

b̂ = b + θI.k

where I.k, the k-th column of the identity matrix of order m, and θ belongs
to an ε-neighborhood of zero. (This resembles what is done in ranging the

right-hand side vector.)

The nondegeneracy assumption implies that for sufficiently small values
of θ

B−1(b + θI.k) ≥ 0. (6.6)

This permits us to write

z(b + θI.k)− z(b) = ȳT(b + θI.k)− ȳTb = θȳTI.k = θȳk.

Thus,

lim
θ→0

ȳT(b + θI.k)− ȳTb

θ
= lim

θ→0

θȳk

θ
= ȳk.

In other words,

ȳk =
∂z(b)

∂bk
.

This tells us that when we have a nondegenerate basic feasible solution,
the signs of the entries of the price vector indicate the effect that a slight

change in a right-hand side constant will have on the optimal value of the
objective function. If ȳk > 0, a slight increase in the value of bk will increase

the minimum value of the objective function, and if ȳk < 0, a slight increase
in the value of bk will decrease the minimum value of the objective function.

If cTx is considered to be the cost of the vector of activities x subject to the
constraints, then ȳk is the marginal cost relative to bk.

The interpretation of the price vector corresponding to a degenerate basic

feasible solution is just a little more complicated than above. The key ques-
tion is whether the matrix B remains a feasible basis under the variation of
b. In symbols, this amounts to having the condition (6.6) hold for all θ in

a neighborhood of zero. If it does, the interpretation of ȳ is the same as in
the nondegenerate case.
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Changing the right-hand side vector in a more general way, from b to
b+θd, where now d ∈ Rm is arbitrary and B−1(b+θd) ≥ 0 for all sufficiently

small θ, leads to the directional derivative

z′(b; d) = ȳTd.

In the economics (and operations research) literature, the multipliers or

dual variables ȳi are called shadow prices.4 One might imagine that shadow
prices can be interpreted as one-sided partial derivatives, but this is not

always true. Nevertheless there are circumstances when it is. We take this
up in Exercise 6.16.

An economic interpretation of optimal dual variables

Let B denote a basis for a nondegenerate optimal basic solution for a (pri-
mal) LP and let x̄ be the corresponding BFS. Let ȳ be the corresponding

optimal solution of the dual problem (given by ȳT = cT
BB−1). Then z is a

differentiable function of b. Indeed

z = cTx̄ = ȳTb = cT
BB−1b.

Since the solution is nondegenerate, the basis and the hence the simplex

multipliers will not change for small changes in bi. By taking the partial
derivative of z with respect to bi, we obtain

∂z

∂bi
=
(
cT
B
B−1

)
i
= ȳi.

The above implies that the multiplier, or dual variable, ȳi is the amount

by which the objective function changes per unit change in the value of the

4Although the term “shadow price” is widely used, it seems as though its provenance
is rarely given. Nering and Tucker [149, p. 102] call it “a term due to the economist Paul
A. Samuelson” while Dantzig and Thapa [44, p. 173] merely say it is “a term attributed
to Paul Samuelson.” Samuelson’s writings [174], [175], [56] reveal his use of the term in
connection with linear programming as early as 1949, yet it can be found elsewhere at
least ten years earlier. Indeed, in his monograph Value and Capital [95, pp. 110–111]
published in 1939, the economist J.R. Hicks wrote “There is a real price, which is fixed as
a datum, and there is a ‘shadow price’, which is determined by equilibrium conditions.”
Also in 1939, L.V. Kantorovich [105] referred to dual variables as “resolving multipliers”
and hinted at the economic significance of the optimal dual variables ȳi which he called
“objective valuations.” As an article by Samuelson [175] points out, F.H. Knight [113]
expressed the idea (though not the term shadow price) in 1925.
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right-hand side bi; that is, ȳi is the “price” per unit change in the right-hand
side bi. If ȳi > 0, then the optimal value of z will increase with increasing bi;

whereas if ȳi < 0, then the optimal value of z will decrease with increasing
bi.

Example 6.9: SHADOW PRICES UNDER NONDEGENERACY. The shadow
prices at an optimal solution of the LP in Example 3.9 are (ȳ1, ȳ2, ȳ3) =
(−2/15, 0,−29/15) as can be seen in its final tableau quoted below.

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 0 −1/3 0 −11/3 −2/15 0 −29/15 −16/3 z

row 1 0 0 1/3 1 2/3 2/15 0 −1/15 4/3 x3

row 2 0 0 −5 0 −3 0 1 −2 3 x6

row 3 0 1 4/3 0 2/3 −1/15 0 8/15 1/3 x1

This says that if b1 is increased by 1, so that b1 = 12, then the objective
function will decrease by −2/15. On the other if b1 is decreased by 1, so that
b1 = 10, then the objective function will increase by 2/15. While this can

be easily verified for a change to b1, the shadow prices reflect instantaneous
changes, and it may well be that the basis changes if a modification by 1

is made to the right-hand side b1. For example, if b3 is decreased by 1 to
b3 = 1, the basis changes, and the objective changes by a larger amount than

that indicated by the shadow prices. Notice further that the shadow price
on constraint 2 is zero. This implies that small changes to b2 do not affect

the objective function. This makes sense because the constraint has slack
in it and so there is no benefit from having additional resources. Likewise,

a small reduction in b2 is covered by the slack, so there is no loss in value.

If, on the other hand, B is a basis for a degenerate optimal solution for

a (primal) LP, then the interpretation can be complicated. The reason for
this is that even a small change in one direction may cause a change in basis

and hence a change in the multipliers (shadow prices), as illustrated in the
following example. However, a complete discussion of this is outside the

scope of this book.

Example 6.10: SHADOW PRICES UNDER DEGENERACY. The shadow
prices at the degenerate optimal solution of the LP in Example 4.4 are
(ȳ1, ȳ2, ȳ3) = (45/62, 0, 13/62) and the optimal solution has x2 = 0 as can
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be seen in its final tableau quoted below.

max z x1 x2 x3 x4 x5 x6 1 basic

row 0 1 301/62 0 0 45/62 0 13/62 30 z

row 1 0 49/62 0 1 3/62 0 5/62 6 x3

row 2 0 −179/31 0 0 −35/31 1 14/31 17 x5

row 3 0 −30/31 1 0 −5/31 0 2/31 0 x2

If we were to decrease the right-hand side b3 = 60 of the LP in Example 4.4

by even an infinitesimal amount the basis would change, and it would not
be possible to predict the change to the objective value. However, if we
were to increase the value of b3 by 1, that is, set b3 = 61, the basis would

remain the same and the objective would in fact increase by the shadow
price ȳ3 = 13/62.

6.5 Exercises

6.1 Under the heading of “Cuts” we looked at the matter of adding a con-
straint of the form aTx ≤ d after an optimal solution has been found.
Discuss how you would handle a model like the one on page 143 where
the adjoined constraint has the form

aT
B

x
B

+ aT
N

x
N
≥ d.

6.2 Consider the linear programming problem

minimize 4x1 + 3x2 + 2x3 + 6x4 + x5

subject to 3x1 + 4x2 − x3 + 2x4 − x5 = 14
− x1 + 4x3 + x4 − 2x5 = 15
− 2x1 + x2 − 2x3 + 5x5 = 10

xj ≥ 0, j = 1, . . . , 5.

(a) Verify that the matrix B = [A.1 A.3 A.5] is a feasible but not optimal
basis for the above LP.

(b) Compute the inverse of B̃ = [A.2 A.3 A.5] and verify that B̃ is an
optimal basis for the given LP.

(c) Perform ranging on the right-hand side of the given LP.

(d) Perform ranging on the cost coefficients of the given LP.
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6.3 The following LP was used in Example 6.5:

minimize − 6x1 − 3x2 − 9x3

subject to − 3x1 − 2x2 + 8x3 ≤ 10
4x1 + 10x2 + 5x3 ≤ 12

xj ≥ 0, j = 1, 2, 3.

Regarding the ranging procedure, it was said (see page 156) that

“this sort of analysis does not allow for simultaneous changes
of two or more right-hand side constants. Figure 6.2 illustrates
this fact with respect to the cone spanned by the basis B =
[A.3 A.1].”

Explain why this is so, and prove your point by showing what goes wrong
in Figure 6.2.

6.4 Let d = (1, 0,−1, 1,−1) and solve the parametric linear program

P (λ)
minimize z(λ) = (c + λd)Tx
subject to Ax = b

x ≥ 0,

where A, b, and c are as in Exercise 6.2 and λ ∈ R. Organize your answer
in a table and graph the optimal objective value as a function of λ.

[Suggestion: Start from P (0) and the optimal BFS corresponding to B̃
in Exercise 6.2(b). Then consider only nonnegative λ. After this is done,
replace d by its negative and go back to solve the modified P (0) with
λ ≥ 0.]

6.5 Solve the parametric linear program

(Pλ)

minimize 8x1 + 3x2 + 5x3

subject to 2x1 − x2 + 5x3 ≤ 12 + λ
−2x1 + 4x2 + 8x3 ≥ 6 + λ

x1, x2, x3 ≥ 0.

where λ is a parameter belonging to the interval [−15, 15]. Organize your
answer in a table which gives the optimal solution (including the objective
function value) as a function of the parameter λ.

6.6 Consider the minimization problem LP in standard form with data

A =

⎡⎣ 1 3 −1 5
0 5 −5 10
2 1 3 0

⎤⎦ , b =

⎡⎣ 8
7
6

⎤⎦ , c = (1, 1, 1, 1).

(a) Does this problem have a feasible solution?
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(b) Let d = (7, 10, 2). Do the constraints

Ax = b + λd, x ≥ 0, λ ∈ R

have a solution?

(c) Relate the answer given in part (b) to the symbols λmin and λmax for
the parametric linear program

P (λ)

minimize z(λ) = cTx

subject to Ax = b + λd

x ≥ 0, λ ∈ R.

6.7 For all λ ≥ 0, solve

P (λ)

minimize −(1− 2λ)x1 − (4− λ)x2

subject to x1 + 2x2 ≤ 6
−x1 + 3x2 ≤ 6

xj ≥ 0, j = 1, 2.

6.8 The LP of Example 3.8 is of the form commonly encountered in opti-
mal resource allocation problems where the right-hand side represents
amounts of resources and the coefficient matrix represents the how much
the different activities consume of the different resources when each activ-
ity is operated at unit level. The objective function coefficients are then
the contributions of the activities when operated at unit level. With this
as an interpretation of the model, how much would an additional unit of
each resource add to the optimal value of the objective?

6.9 Use the Simplex Method to solve the LP product-mix problem described
in Example 1.3 in Chapter 1.

(a) What are the shadow prices on the scarce resources: corn, hops, and
malt?

(b) Interpret the shadow prices in economic terms. That is, estimate
the financial impact per unit change of each of the scarce resources.
Verify your answer by re-solving the linear program. (Hint: B−1 is
available so it is a simple check to determine if the new solutions are
optimal and feasible, etc.)

6.10 Verify the discussion on shadow prices in Example 6.9.

6.11 Verify the discussion on shadow prices in Example 6.10.



CHAPTER 6: POSTOPTIMALITY ANALYSES 181

6.12 Solve the parametric linear programming problem

maximize x1 + x2

subject to 2x1 + x2 ≤ 8 + 2λ
x1 + 2x2 ≤ 7 + 7λ

x2 ≤ 3 + 2λ
x1 ≥ 0, x2 ≥ 0.

for all values of λ such that −1 ≤ λ ≤ 3/4. In your answer, express
the optimal values of the decision variables, slack variables and optimal
objective value as functions of λ over the given interval.

[Suggestion: For a given value of λ, let P (λ) denote the linear program

maximize x1 + x2

subject to 2x1 + x2 ≤ 8 + 2λ
x1 + 2x2 ≤ 7 + 7λ

x2 ≤ 3 + 2λ
x1 ≥ 0, x2 ≥ 0.

In this case, it is obvious that P (0) has an optimal solution; begin by
finding it.]

6.13 Consider the linear program P (λ)

minimize 3x1 + (4 + 2λ)x2 + 2x3 − x4 + (1− 3λ)x5

subject to 5x1 + 3x2 + 2x3 − 2x4 + x5 = 20
x1 + x2 + x3 − x4 + x5 = 8

xj ≥ 0, j = 1, . . . , 5.

where λ ≤ −1/4.

(a) Show that B = [A.2, A.3] is a feasible basis for this problem.

(b) For what range of λ values is B an optimal basis for P (λ)?

(c) Solve this parametric linear programming problem for all λ ≤ −1/4.
That is, find the set of values of the parameter λ for which P (λ) has
an optimal solution, and for all such values, find an optimal point
x̄(λ) and the corresponding optimal objective value z̄(λ).

6.14 Imagine you are a decisionmaker for a firm having a product mix problem
of the form

maximize 2x1 + 4x2 + x3 + x4

subject to x1 + 3x2 + x4 ≤ 8
2x1 + x2 ≤ 6

x2 + 4x3 + x4 ≤ 6

xj ≥ 0, j = 1, 2, 3, 4.
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The three numbers on the right-hand side of this linear program represent
available amounts of raw materials measured in the same units.

When this LP is solved by the Simplex Algorithm, the optimal basis index
set is {2, 1, 3} and the inverse of the corresponding optimal basis is

B−1 =
1

20

⎡⎢⎣ 8 −4 0

−4 12 0

−2 1 5

⎤⎥⎦ .

(a) Suppose you have the opportunity to arrange for the marginal in-
crease of one of the three raw materials at no additional cost. Which
one would you choose and why?

(b) Over what range of values of the available amount of raw material 1
is the aforementioned basis B optimal?

(c) What is the most you would be willing to pay for 7 more units of raw
material 1?

(d) Assume your firm has an option to manufacture a new product. Let
the level of this production activity be x8. The corresponding vector
of coefficients is

(4, 2, 6− 3θ, −2 + θ)

where θ is a parameter that can be set anywhere between 0 and 6.
What is the minimum value of θ at which it becomes profitable to
manufacture the new product?

6.15 In solving the resource allocation problem

maximize 45x1 + 80x2

subject to 5x1 + 20x2 ≤ 400
10x1 + 15x2 ≤ 450

x1, x2 ≥ 0.

one obtains the tableau

min z x1 x2 x3 x4 1 basic

row 0 1 0 0 1 4 2200 z

row 1 0 0 1 2
25 − 1

25 14 x2

row 2 0 1 0 − 3
25

4
25 24 x1

(a) Identify the optimal basis in this problem.

(b) Identify the optimal solution of the primal and the dual problems in
this case.

(c) Determine the range of values of the first resource for which the cur-
rent basis remains optimal.
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(d) Determine the range of values of the coefficient of x2 in the objective
function for which the current basis remains optimal.

(e) Determine whether the basis would remain optimal if a third activity
x3 with associated column (90, 15, 20)T were introduced.

6.16 Let

A =

⎡⎢⎢⎣
3 2 1 0 4 −1
2 4 2 −4 3 2
1 2 3 4 5 6
0 −4 4 5 −2 1

⎤⎥⎥⎦
b = (11, 22, 21, 8) and c = (11, 14, 17, 1, 26, 20).

The first four columns of the matrix A constitute an optimal basis B in
the linear program

minimize cTx
subject to Ax = b

x ≥ 0.

(a) Find the inverse of B.

(b) Find the basic solution corresponding to B and verify that it is a
degenerate optimal solution of the LP.

(c) Find the optimal solution of the dual problem.

(d) For each of the components of the right-hand side vector b determine
whether (positive or negative) perturbations of that component yield
a feasible solution of the LP. (Hint: See Section 6.2.)

(e) What does all this say about giving an economic interpretation to the
shadow prices in this LP?

(f) Investigate what can be said about shadow prices in other LPs having
degenerate optimal basic solutions such that only one basic variable
has value zero?

6.17 In this exercise we investigate a method for solving integer programs, that
is, LPs which require the final solution to be integral. Consider the integer
program

minimize −x1 − x2

subject to −5x1 + 3x2 ≤ 0
3x1 + x2 ≤ 15

x1, x2 ≥ 0
x1, x2 integers.

(a) Plot the feasible region on a grid assuming nonintegral values.

(b) Mark all integral solutions.

(c) Add slack variables to put it in standard form.
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(d) Solve the problem using the Simplex Algorithm ignoring the integer
constraints.

(e) The optimal solution x1 = 45/14 and x2 = 75/14 is not integral.
Create a new constraint, called a cut, as follows:

(a) Pick a row in the final tableau where the basic variable is not an
integer. The second row of the tableau, which has x1 as a basic
variable is, x1 + 0x2 − (1/14)s1 + 3/14s2 = 45/14.

(b) From this row create a new i-th constraint of the form∑
j

āijxj ≥ b̄i,

where the underline symbol is used to denote the positive frac-
tional part. In this case it would be (13/14)s1 +(3/14)s2 ≥ 3/14.
(Note: In this case, a further simplification is possible resulting
in the inequality x1 ≤ 3.)

(c) Add the cut x1 ≤ 3 to the LP and plot the new region.

(d) Use the Dual-Simplex Algorithm as discussed on page 143 to solve
this problem. In this case, you will find that the optimal solution is
integral.

(e) Instead of adding x1 ≤ 3, add the cut (13/14)s1 + (3/14)s2 ≥ 3/14
and re-solve the problem.



7. SOME COMPUTATIONAL CONSIDERATIONS

Overview

In this chapter we take up some additional techniques of a mostly practical

nature: the handling of linear programs with explicitly bounded variables;
the construction of a starting (feasible) basis; structured linear programs; the

steepest-edge rule for column selection; the rare (but possible) exponential
behavior of the Simplex Algorithm. Each of these is a large subject in its own

right, so we shall limit our discussion to the most important fundamental
concepts.

In practice, linear programs tend to be large.1 They also tend to be

structured, that is, they possess block-matrix patterns of zeros and nonze-
ros that arise for various modeling reasons, usually spatial or temporal. In

an effort to achieve computational efficiency, investigators have devised al-
gorithms to take advantage of matrix structure. Generally speaking, one
important aim is to reduce the size of the problems that need to be solved.

In this chapter, we will briefly discuss the best-known examples of these
algorithms: the Dantzig-Wolfe Decomposition Procedure and the Benders

Decomposition Method.

The remainder of the chapter is devoted to a class of linear programs
(found by Klee and Minty) on which the conventional Simplex Algorithm

can require an exponential number of iterations. Following its publication in
1972, this discovery sparked an intense burst of activity in linear program-

ming methodology, particularly in the area called interior-point algorithms.
Because the study of polynomial-time algorithms for solving linear pro-

grams employs concepts and methods of nonlinear optimization (described
in Part II), we postpone the detailed discussion of interior-point algorithms
to Chapter 14.

7.1 Problems with explicitly bounded variables

There are several considerations that go into an implementation of the Sim-
plex Algorithm on a computer. For example, the constraints in a given model

1The numerical examples exhibited in books such as this are necessarily very small.
For one thing, they need to fit on the page!
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will not necessarily all be equations, or all be inequalities. Further, many
activity levels may have a lower bound different from 0 and an upper bound

that is finite. It is a routine exercise to convert such a linear program into
standard form. However, from a computational standpoint, it is inefficient

to consider the explicit representation of upper-bounded variables as sepa-
rate inequality constraints. We shall see that with suitable modification of

the Simplex Algorithm, it is unnecessary to carry out such transformations.

To appreciate the distinction between explicit and implicit representa-
tions of upper-bounded variables consider the following two systems

x1 + x2 + · · ·+ xn = 1

0 ≤ xj ≤ 1, j = 1, . . . , n,
(7.1)

and
x1 + x2 + · · ·+ xn = 1

xj ≥ 0, j = 1, . . . , n.
(7.2)

In (7.1) the variables xj all have explicit upper-bound constraints. In (7.2)

the variables are bounded above, but the upper-bound constraints xj ≤ 1
are implicit; they are a consequence of the other constraints. Needless to

say, there are LP formulations in which some of the variables are explicitly
bounded while others are implicitly bounded.

Often when practitioners develop linear programming models, one or
more of the constraints may turn out to be redundant. This poses a problem

since the Simplex Algorithm requires that the basis be a nonsingular m×m
matrix. Accordingly, techniques have been devised to handle such cases.

See page 197.

While many practical linear programs can be solved very quickly on com-
puters available today, there are real-world cases where computational ef-

ficiency is important. For example, there are very large linear programs
having hundreds of thousands of constraints and millions of variables; in

addition there are also cases that require the solution of linear programs in
“real time.” Hence from a computational efficiency perspective, the imple-

mentation needs careful thought. Techniques for efficiency include taking
advantage of sparsity, using different incoming column selection rules, pric-
ing out only some of the columns, etc. Often very large problems have a

structure that can be exploited by using decomposition techniques; see [120].

It is not always convenient to start with an identity matrix as the initial
basis. Often for practical problems an initial basis is known. If such a basis
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is not known, then one can be constructed by choosing columns from A. In
yet other cases, the known “basis” may have dependencies in its columns,

in which case, it is not, strictly speaking, a basis; other columns (possibly
columns associated with artificial variables) may need to be added to con-

struct a basis. In each of these cases, the basis formed might not be feasible;
in which case a Phase I Procedure would then need to be invoked.

Lower and upper bounds on variables

Consider an LP with m equality constraints in n variables having explicit
lower and upper bounds that are not necessarily 0 and ∞ respectively.

minimize cTx
subject to Ax = b,

lj ≤ xj ≤ uj for j = 1, 2, . . . , n.

(7.3)

We will assume that each variable has at least one finite bound. Any vari-

able, not satisfying this assumption must be a free variable and hence can
be replaced by the difference of two nonnegative variables, thereby making

the assumption hold. Furthermore, any linear program can be put in this
form.

For the moment, let us assume that for j = 1, 2, . . . , n we have lj = 0,

and every upper bound uj finite and positive. Such a problem can be put in
standard form by adding slack variables x′

j ≥ 0 to the constraints xj ≤ uj

as follows:

minimize cTx
subject to Ax = b

Ix + Ix′ = u

x ≥ 0, x′ ≥ 0.

This formulation would lead to bases that are of size (m + n) × (m + n),

which is plainly undesirable. As the following discussion demonstrates, we
need not make any such assumptions or undesirable transformations.

Problem (7.3) can be solved by the Simplex Algorithm with fairly minor
modifications but with a little more bookkeeping. The following is a brief

description of the changes to the Simplex Algorithm designed to facilitate
the solution of problems of the form (7.3).
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Modifications of the Simplex Algorithm for bounded-variable LPs

In this discussion we assume that at least one of the explicit bounds on each

variable is finite. The following is a brief description of such modifications.

1. Earlier we defined a basic solution of a linear program in standard

form as one obtained by setting the nonbasic variables to 0 (i.e., at
their lower bounds). In the bounded-variable case above, we define a

basic solution to be one obtained by setting each nonbasic variable to
a finite (lower or upper) bound.

2. Given a basis B and the subvector x̄N , where each nonbasic variable is

at its lower bound or upper bound, we can compute the values of the
basic variables by solving

BxB = b−Nx̄N .

3. A basic feasible solution (BFS) in a bounded-variable problem x = x̄
is one that satisfies

Bx̄B = b−Nx̄N , lB ≤ x̄B ≤ uB , and x̄j = lj (or uj) for all j ∈ N.

A nondegenerate basic feasible solution is one that satisfies the above
and further satisfies

lB < x̄B < uB .

4. Recall that the optimality condition for solving a linear program in
standard form is that zj − cj ≤ 0 for j ∈ N , where the nonbasic

variables were at their lower bound of 0. For (7.3), we compute zj −cj

in exactly the same way, but here we require a slight modification to
the optimality criterion:

• zj − cj ≤ 0 for the nonbasic variables xj that are at their lower
bound. The argument to show this is identical to that discussed
for the standard form.

• zj − cj ≥ 0 for the nonbasic variables xj that are at their upper
bound. The argument to show this is analogous to that discussed

for the standard form for nonbasic variables at their lower bound.

5. When applying the Simplex Algorithm to a linear program in standard
form, a nonbasic variable chosen to become basic does so at the end
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of the iteration. However, in the case of (7.3), a nonbasic variable—
selected by the minimum ratio test—may possibly remain nonbasic at

the end of an iteration of the Simplex Algorithm. The reason for this
is that as it is increased (decreased) from its lower (upper) bound, it

may reach the other bound before a current basic variable reaches one
of its bounds. In this case there is a change in the basic solution but

not of the basis. This phenomenon is illustrated in Example 7.1 below.

Modifications of the Simplex Algorithm for LPs with free variables

Earlier we made the assumption that at least one bound on each variable

was finite. Any variable not satisfying this assumption must be free, and we
have remarked that a free variable can be written as the difference of two

nonnegative variables which are its positive and negative parts. In practice,
this is not necessary; simple modifications to the Simplex Algorithm for the

bounded-variable case allow us to handle this quite easily. The following is
a brief description of such modifications.

1. From the earlier definition of nonbasic variables, it appears that a free

variable (one which does not have a lower or upper bound) will always
be basic. However, it may turn out that the column corresponding to

the free variable is a linear combination of the columns in the basis.
In this case, the nonbasic free variable will be maintained at the fixed
value of zero.

2. A basic feasible solution (BFS) x = x̄ is one that satisfies

Bx̄B = b−Nx̄N , lB ≤ x̄B ≤ uB,

and each nonbasic x̄j is at one of its bounds, or, if nonbasic xj is a

free variable, then its value is 0.

3. For optimality we require zj − cj = 0 for the nonbasic free variables
xj that have been set to zero. A free variable can take on any value.

Hence, depending on the sign of zj − cj it can be adjusted to decrease
the objective function value. The only time it will not affect the ob-

jective function value is when zj − cj = 0.

The brief discussion above shows the modifications needed to apply the
Simplex Algorithm to the bounded-variable problem. We now state the
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algorithm under the assumption that a feasible basis B is known.

Algorithm 7.1 (Simplex Algorithm for bounded-variable LPs)

1. Initialization. Input the data A, b, c, l, u for a minimization problem
with bounds on the variables. Assume the system is in canonical form

with respect to a known feasible basis B. Let x = x̄ be the current
basic feasible solution.

2. Test for optimality. Find an index s such that (relative to the current
basis)

zs − cs = max

⎧⎪⎨⎪⎩
(zj − cj) if x̄j = lj and lj 
= uj,

−(zj − cj) if x̄j = uj and lj 
= uj,

|zj − cj| if xj is free.

If zs − cs ≤ 0, stop. The basic feasible solution is optimal.

3. Minimum ratio test. Find an index r that results in the largest amount
αr by which xs can change while retaining feasibility. (Note that in

the bounded-variable case, if every bound is finite, then the linear
program can never have an unbounded objective value.) If xs is to be

increased, i.e., xs = ls or xs is a free variable and zs − ls > 0, then

αr = min

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

x̄ji
− lji

āis
for all i such that āis > 0,

uji
− x̄ji

− āis
for all i such that āis < 0,

us − ls.

If xs is to be decreased; i.e., xs = us or xs is a free variable and
zs − ls < 0, then

αr = min

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

x̄ji
− lji

− āis
for all i such that āis < 0,

uji
− x̄ji

āis
for all i such that āis > 0,

us − ls.

In either of these two situations (increasing or decreasing xs) it could

happen that αr = +∞, and if this occurs, terminate the algorithm
and report an unbounded objective function.
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4. Pivot step. There are two cases to consider here.

• If r 
= s, pivot on ārs. Define the new basis in which A.s replaces
the column A.k where k = jr. Define jr = s.

• If r = s, recompute x̄
B
, using the updated value for the nonbasic

variable xs, which switches bounds but remains nonbasic.

Return to Step 1.

Example 7.1: SOLVING A BOUNDED-VARIABLE LP. Consider the linear
program

minimize − 2x1 − 4x2 − 2x3 − 3x4

subject to x1 + 3x2 − 2x3 + 4x4 ≤ 10
− 2x2 + 4x3 + 2x4 ≤ 20

2x1 + 3x2 − 5x4 ≤ 30

x1 ≥ 0, 0 ≤ x2 ≤ 10, 0 ≤ x3 ≤ 8, x4 ≥ 0.

After adding slacks and converting the problem to tableau form we obtain

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 2 4 2 3 0 0 0 0 z

row 1 0 1 3 −2 4 1 0 0 10 x5

row 2 0 0 −2 4 2 0 1 0 20 x6

row 3 0 2 3 0 −5 0 0 1 30 x7

lb −∞ 0 0 0 0 0 0 0
ub ∞ ∞ 10 8 ∞ ∞ ∞ ∞
nonbasic 0 0 0 0

Let c̄j = zj − cj for all j. Next we try to find an index s for the incoming
nonbasic column.

c̄s = max

⎧⎪⎨⎪⎩
{c̄1, c̄2, c̄3, c̄4} for nonbasic x̄j = lj,

{} for nonbasic x̄j = uj,

{} for nonbasic xj free,

= max

⎧⎪⎨⎪⎩
{2, 4, 2, 3} for nonbasic x̄j = lj,

{} for nonbasic x̄j = uj ,

{} for nonbasic xj free,

= 4 = c̄2.
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Thus s = 2 and the incoming column is chosen to be the one corresponding
to x2. The variable corresponding to the outgoing column is determined by

αr = min

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

{
b̄1 − l5

ā12
,
b̄3 − l7

ā32

}
u6 − b̄2

−ā22

u2 − l2,

= min

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

{
10

3
,
30

3

}
∞

10,

=
10

3
= α1.

Pivot to make x2 basic in place of x5.

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 2/3 0 14/3 −7/3 −4/3 0 0 −40/3 z

row 1 0 1/3 1 −2/3 4/3 1/3 0 0 10/3 x2

row 2 0 2/3 0 8/3 14/3 2/3 1 0 80/3 x6

row 3 0 1 0 2 −9 −1 0 1 20 x7

lb −∞ 0 0 0 0 0 0 0
ub ∞ ∞ 10 8 ∞ ∞ ∞ ∞
nonbasic 0 0 0 0

The basic variable values above are computed using

x
B

= B−1(b−Nx̄
N
) = b̄

=

⎡⎣ 1/3 0 0

2/3 1 0
−1 0 1

⎤⎦⎡⎣ 10

20
30

⎤⎦ =

⎡⎣ 10/3

80/3
20

⎤⎦
because all the nonbasic variables are at their lower bound of 0, the vector
Nx̄

N
is zero. The objective function value is computed using cTx. However,

in this case, because the nonbasic variables are all at their lower bound of 0,
ordinary pivoting would have yielded the same values.
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Next we examine the updated reduced costs again,

c̄s = max

⎧⎪⎨⎪⎩
{c̄1, c̄3, c̄4, c̄5} = {2/3, 14/3,−7/3,−4/3} for nonbasic x̄j = lj

{} for nonbasic x̄j = uj

{} for nonbasic xj free

= 14/3 = c̄3.

Hence the incoming column is chosen to be the one corresponding to x3.
The outgoing column, if any, is determined by:

αr = min

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

{
b̄2 − l6

ā23
,
b̄3 − l7

ā33

}
=

{
80/3

8/3
,
20

2

}
u5 − b̄1

−ā13
= ∞

u3 − l3 = 8

= 8 = α3.

That is, the nonbasic variable x3 increases from its lower bound to its upper
bound of 8 without becoming basic. The tableau does not change except for

the values of the basic variables and objective function. The basic variables
are computed by

xB = B−1(b−Nx̄N) = B−1b− Ā.3x̄3

=

⎡⎣ 1/3 0 0

2/3 1 0
−1 0 1

⎤⎦⎡⎣ 10

20
30

⎤⎦−
⎡⎣−2/3

8/3
2

⎤⎦ 8 =

⎡⎣ 26/3

16/3
4

⎤⎦ .

The objective function value is

z = cTx̄ = −2x̄1 − 4x̄2 − 2x̄3 − 3x̄4 + 0x̄5 + 0x̄6 + 0x̄7 = −152/3.

The tableau at the end of this iteration is

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 2/3 0 14/3 −7/3 −4/3 0 0 −152/3 z

row 1 0 1/3 1 −2/3 4/3 1/3 0 0 26/3 x2

row 2 0 2/3 0 8/3 14/3 2/3 1 0 16/3 x6

row 3 0 1 0 2 −9 −1 0 1 4 x7

lb −∞ 0 0 0 0 0 0 0
ub ∞ ∞ 10 8 ∞ ∞ ∞ ∞
nonbasic 0 8 0 0
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Because there was no change to the basis at the previous iteration, the
reduced costs are the same, except that c̄3 is now the reduced cost of a

variable at its upper bound. We determine the incoming column by

c̄s = max

⎧⎪⎨⎪⎩
{c̄1, c̄4, c̄5} = {2/3,−7/3,−4/3} for nonbasic x̄j = lj

{−c̄3, } = −14/3 for nonbasic x̄j = uj

{} for nonbasic xj free

= 2/3 = c̄1.

Thus the incoming column is chosen to be the one corresponding to x1. The

outgoing column is determined by

αr = min

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

{
b̄1 − l2

ā11
,
b̄2 − l6

ā21
,
b̄3 − l7

ā31

}
=

{
26/3

1/3
,
16/3

2/3
,
4

1

}
{} = ∞
u1 − l1 = ∞

= 4 = α3.

Thus the incoming column is the one corresponding to x1, and we pivot to
make x1 basic in place of x7. Relative to the new basis (the inverse of which

appears in the next tableau), the basic variable values are given by

xB = B−1(b−Nx̄N) = B−1(b− Ā.3x̄3)

=

⎡⎣ 2/3 0 −1/3
4/3 1 −2/3

−1 0 1

⎤⎦⎡⎣ 10
20

30

⎤⎦−
⎡⎣−4/3

4/3

2

⎤⎦ 8 =

⎡⎣ 22/3
8/3

4

⎤⎦ .

The objective function value is computed by

z = cTx̄ = −160/3.

The tableau at the end of this iteration is

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 0 0 10/3 11/3 −2/3 0 −2/3 −160/3 z

row 1 0 0 1 −4/3 13/3 2/3 0 −1/3 22/3 x2

row 2 0 0 0 4/3 32/3 4/3 1 −2/3 8/3 x6

row 3 0 1 0 2 −9 −1 0 1 4 x1

lb −∞ 0 0 0 0 0 0 0
ub ∞ ∞ 10 8 ∞ ∞ ∞ ∞
nonbasic 8 0 0 0
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We determine the incoming column by:

c̄s = max

⎧⎪⎨⎪⎩
{c̄4, c̄5 c̄7} = {11/3,−2/3,−2/3} for nonbasic x̄j = lj

{−c̄3, } = −10/3 for nonbasic x̄j = uj

{} for nonbasic xj free

= 11/3 = c̄4.

Thus the incoming column is chosen to be the one corresponding to x4. The

outgoing column is determined by

αr = min

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

{
b̄1 − l2

ā14
,
b̄2 − l6

ā24

}
=

{
22/3

13/3
,

8/3

32/3

}
{

u7 − b̄3

−ā34

}
= ∞

u4 − l4 = ∞
= 8/32 = α2.

Thus the outgoing column is the one corresponding to x6, and we pivot to

make x4 basic in place of x6. The basic variable values are computed using

x
B

= B−1(b−Nx̄
N
) = B−1(b− Ā.3x̄3)

=

⎡⎣ 1/8 −13/32 −1/16
1/8 3/32 −1/16
1/8 27/32 7/16

⎤⎦⎡⎣ 10
20
30

⎤⎦−
⎡⎣−15/8

1/8
25/8

⎤⎦ 8 =

⎡⎣ 25/4
1/4

25/4

⎤⎦ .

The objective function value is

z = cTx̄ = −217/4.

These details are revealed in the final tableau which is

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 0 0 23/8 0 −9/8 −11/32 −7/16 −217/4 z

row 1 0 0 1 −15/8 0 1/8 −13/32 −1/16 25/4 x2

row 2 0 0 0 1/8 1 1/8 3/32 −1/16 1/4 x4

row 3 0 1 0 25/8 0 1/8 27/32 7/16 25/4 x1

lb −∞ 0 0 0 0 0 0 0
ub ∞ ∞ 10 8 ∞ ∞ ∞ ∞
nonbasic 8 0 0 0
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Example 7.2: AN LP WITH AN UNBOUNDED OBJECTIVE. Consider the
LP

minimize − 2x1 − 4x2 − 2x3 − 3x4

subject to x1 + 3x2 − 2x3 − 1x4 ≤ 10
− 2x2 + 4x3 − 9x4 ≤ 20

2x1 + 3x2 − 5x4 ≤ 30

x1 ≥ 0, 0 ≤ x2 ≤ 10, 0 ≤ x3 ≤ 8, x4 ≥ 0.

After adding slacks and converting to tableau form we obtain

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 2 4 2 3 0 0 0 0 z

row 1 0 1 3 −2 −1 1 0 0 10 x5

row 2 0 0 −2 4 −9 0 1 0 20 x6

row 3 0 2 3 0 −5 0 0 1 30 x7

lb −∞ 0 0 0 0 0 0 0
ub ∞ ∞ 10 8 ∞ ∞ ∞ ∞
nonbasic 0 0 0 0

As in Example 7.1 we determine the incoming column to be the one corre-
sponding to x2 and the outgoing one as that corresponding to x5. Pivot to
make x2 basic in place of x5.

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 2/3 0 14/3 13/3 −4/3 0 0 −40/3 z

row 1 0 1/3 1 −2/3 −1/3 1/3 0 0 10/3 x2

row 2 0 2/3 0 8/3 −29/3 2/3 1 0 80/3 x6

row 3 0 1 0 2 −4 −1 0 1 20 x7

lb −∞ 0 0 0 0 0 0 0
ub ∞ ∞ 10 8 ∞ ∞ ∞ ∞
nonbasic 0 0 0 0

Next, the incoming column is chosen to be the one corresponding x3. How-
ever, in this case, x3 reaches its upper bound before any column can leave
the basis. The resulting tableau is

min z x1 x2 x3 x4 x5 x6 x7 1 basic

row 0 1 2/3 0 14/3 13/3 −4/3 0 0 −152/3 z

row 1 0 1/3 1 −2/3 −1/3 1/3 0 0 26/3 x2

row 2 0 2/3 0 8/3 −29/3 2/3 1 0 16/3 x6

row 3 0 1 0 2 −4 −1 0 1 4 x7

lb −∞ 0 0 0 0 0 0 0
ub ∞ ∞ 10 8 ∞ ∞ ∞ ∞
nonbasic 0 8 0 0

Next, the incoming column is chosen to be the one corresponding x4. Now

it is easy to see that the objective value is unbounded below.
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7.2 Constructing a starting (feasible) basis

Practitioners often provide a set of activities—or equivalently, an index set—

that corresponds to the columns of a starting basis. Sometimes, the new
problem to be solved differs from a previously solved problem only in some

of the objective function coefficients; in such a case, any feasible basis of the
previous problem is also a feasible basis for the new problem. This situation

is straightforward. However, if the new problem differs because of changes in
the constraints, then some work is usually required to find a basis from the

supplied index set. In other situations, the practitioner may “know” that
certain columns must be basic and may provide the corresponding index set.
The provided index set need not result in a “real” basis because there may be

unforeseen dependencies among the corresponding columns. Alternatively,
the practitioner may provide fewer than m columns as required for a basis.

If so, additional columns must be chosen either from the matrix A (which
possibly includes columns corresponding to slack and/or surplus variables)

or columns associated with artificial variables.

When choosing columns from A, we can select them so as to obtain a basis
that is sparse. In this case we can construct a sparse LU factorization of the

basis, see [88]. Of course, in all these approaches, the basis so constructed
may not be feasible, in which case we invoke a Phase I Procedure, such as
“minimizing the sum of infeasibilities” (discussed in the next subsection).

A question that needs to be answered is: How do we determine whether

a proposed basis column is linearly dependent on those already selected?
We can do this as a part of the LU factorization process. The computation

of the LU factorization is organized so that it works on one column at a
time as it is added into the basis. This procedure easily identifies dependent

columns. If a dependent column is identified, then it may be possible to
choose another column that is independent, but it may also be the case that

there is no independent column due to one or more redundant constraints
being present. In commercial LP software (often called solvers), whenever a

dependent column is found, an artificial variable (one with upper and lower
bounds of 0) is added to the basic set. Some commercial solvers go further
and perform a step known as “pre-solve.” In this step, among other things,

redundant constraints are identified to the extent possible, and removed
from the problem data before an LP solver is invoked. See, for example, [3].

When solving a linear program in standard form, once the LU factor-
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ization has been obtained, an initial xB (or b̄) is computed in a manner
analogous to that of obtaining Ā.s, i.e., by solving

BxB = LUxB = b.

For a linear program with explicitly bounded variables, we solve

Bx
B

= LUx
B

= b−Nx
N
.

Of course, it is possible that such a basis may not be feasible, that is, at
least one of the corresponding basic variables fails to satisfy its bounds.

For example, xj = x̄j may be below its lower bound. Note that artificial
variables must be zero for a feasible solution and thus we assume that each

artificial variable, if any, has a lower bound of 0 and an upper bound of 0.
If the chosen initial basis is infeasible, a Phase I Procedure that minimizes

the sum of infeasibilities is used.

Minimizing the sum of infeasibilities

A basic solution to a bounded-variable linear program (7.3) is said to be

infeasible if a basic variable violates one of its bounds. We define the in-
feasibility value (of a basic variable) to be the positive distance from its

violated bound. That is, if x = x̄ is a basic solution, then the infeasibility
value of a basic variable xj is

lj − x̄j if x̄j < lj,

x̄j − uj if x̄j > uj.

Corresponding to the above, the infeasibility term of a basic variable xj will
be

lj − xj if x̄j < lj,

xj − uj if x̄j > uj.

The approach for creating a Phase I Procedure that minimizes the sum

of infeasibilities is as follows:

1. Let x = x̄ be the current solution. Construct a Phase I objective by

adding all the infeasibility terms. Start with an objective function
w with no terms in it. For each basic variable xj, if x̄j < lj, add
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the infeasibility term lj − xj to the objective; if x̄j > uj, add the
infeasibility term xj − uj to the objective. Thus the Phase I objective

function to be minimized is

w =
∑

j:x̄j>uj

(xj − uj) +
∑

j:x̄j<lj

(lj − xj)

=
∑

j:x̄j>uj

xj −
∑

j:x̄j<lj

xj +
∑

j:x̄j<lj

lj −
∑

j:x̄j>uj

uj.

Since additive constants do not affect the location of an optimal solu-

tion x = x∗, we can write the Phase I objective function as

w =
∑

j:x̄j>uj

xj −
∑

j:x̄j<lj

xj.

2. Modify the bounds on the variables that have been included in the
Phase I objective so that they are feasible with respect to their new

bounds. That is, define the new bounds as

−∞ ≤ xj ≤ uj if x̄j < lj,

lj ≤ xj ≤ ∞ if x̄j > uj.

3. At the end of each iteration of the Simplex Algorithm, examine the

values of the basic variables with respect to their original bounds. If,
for any infeasible xj , the original bounds are satisfied, then modify the

Phase I objective function by dropping the infeasibility contribution
of that xj, and reinstate its original bounds. If the Phase I objective
function is empty, then a basic feasible solution has been found.

4. If the conditions of optimality are satisfied but some terms remain in
the objective function, then the problem is infeasible.

Note 1 : When using a Phase I approach that minimizes the sum of infeasi-

bilities, more than one variable can become feasible at a given iteration.

Note 2 : In practical computations, with the Simplex Algorithm applied
to a linear program with explicitly bounded variables (which includes the
standard form), one or more basic variables can violate a bound as a result

of numerical error buildup. In this case also, the method of minimizing the
sum of infeasibilities can be used to recover a feasible basis.
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Example 7.3: MINIMIZING THE SUM OF INFEASIBILITIES. We illustrate
this procedure on a slight modification of the problem that we solved in

Example 4.1, i.e.,

minimize 4x1 + 8x2 + x3 + 2x4 + 6x5

subject to 2x1 − 3x2 − 4x3 + x4 + 4x5 = 10

5x1 − 2x3 − 2x5 = 5
− 3x1 + 3x2 + 6x4 − 2x5 = 10

xj ≥ 0, j = 1, 2, 3, 4, 5.

We start by writing this in tabular form as follows:

min z x1 x2 x3 x4 x5 1 basic

row 0 1 −4 −8 −1 −2 −6 0 z

row 1 0 2 −3 −4 1 4 10 −
row 2 0 5 0 −2 0 −2 5 −
row 3 0 −3 3 0 6 −2 10 −

A starting basis is guessed at by choosing the columns corresponding to x1,
x2, x3. Fortunately this is nonsingular, and we obtain the tabular form

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 0 0 −105/22 −602/33 725/66 z

row 1 0 1 0 0 −7/11 −6/11 −10/11 x1

row 2 0 0 1 0 15/11 −40/33 80/33 x2

row 3 0 0 0 1 −35/22 −4/11 −105/22 x3

The basic solution is infeasible because x1 and x3 violate their lower bound
of 0, so we modify the problem and create a new objective to minimize

the sum of infeasibilities. The Phase I objective to minimize the sum of
infeasibilities is w = −x1 − x3. Furthermore, the modified problem has x1

and x3 as free variables because the lower bounds of 0 were violated and the
upper bounds were ∞ to start with. Thus the modified bounds on x1 and

x3 are set to −∞ ≤ x1 ≤ +∞ and −∞ ≤ x3 ≤ +∞. The tableau is

min w z x1 x2 x3 x4 x5 1 basic

row 00 1 0 1 0 1 0 0 0 w

row 0 0 1 0 0 0 −105/22 −602/33 725/66 z

row 1 0 0 1 0 0 −7/11 −6/11 −10/11 x1

row 2 0 0 0 1 0 15/11 −40/33 80/33 x2

row 3 0 0 0 0 1 −35/22 −4/11 −105/22 x3
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Pricing out row 00 and inserting in rows to keep track of the bounds on the
variables results in

min w z x1 x2 x3 x4 x5 1 basic

row 00 1 0 0 0 0 49/22 10/11 14/11 w

row 0 0 1 0 0 0 −105/22 −602/33 725/66 z

row 1 0 0 1 0 0 −7/11 −6/11 −10/11 x1

row 2 0 0 0 1 0 15/11 −40/33 80/33 x2

row 3 0 0 0 0 1 −35/22 −4/11 −105/22 x3

lb −∞ −∞ −∞ 0 −∞ 0 0
ub ∞ ∞ ∞ ∞ ∞ ∞ ∞
nonbasic 0 0

From the Phase I objective, the incoming column is chosen to be the one

corresponding to x4. The outgoing column is determined by

αr = min

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

{
b̄2 − l2

ā24

}
=

{
80/33

15/11

}
= 16/9{

u3 − b̄3

−ā34

}
= ∞

u4 − l4 = ∞
= 16/9 = α2.

Thus the outgoing column is the one corresponding to x2, and we pivot to
make x4 basic in place of x2.

min w z x1 x2 x3 x4 x5 1 basic

row 00 1 0 0 −49/30 0 0 26/9 31/18 w

row 0 0 1 0 −7/2 0 0 −14 5/2 z

row 1 0 0 1 7/15 0 0 −10/9 2/9 x1

row 2 0 0 0 11/15 0 1 −8/9 16/9 x4

row 3 0 0 0 7/6 1 0 −16/9 −35/18 x3

lb −∞ −∞ −∞ 0 −∞ 0 0

ub ∞ ∞ ∞ ∞ ∞ ∞ ∞
nonbasic 0 0

Basic variable x3 still does not satisfy its lower bound, but x1 now does. The
new Phase I objective to minimize the sum of infeasibilities is w = −x3. The
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modified problem has only x3 as a free variable because its lower bound of 0
is violated and the upper bound, which was ∞ to start with, is clearly not

violated. Furthermore the bounds on x1 are restored to the original ones.
After pricing out x3 from row 00 (Phase I objective) the modified tableau is

min w z x1 x2 x3 x4 x5 1 basic

row 00 1 0 0 −7/6 0 0 16/9 35/18 w

row 0 0 1 0 −7/2 0 0 −14 5/2 z

row 1 0 0 1 7/15 0 0 −10/9 2/9 x1

row 2 0 0 0 11/15 0 1 −8/9 16/9 x4

row 3 0 0 0 7/6 1 0 −16/9 −35/18 x3

lb −∞ −∞ 0 0 −∞ 0 0
ub ∞ ∞ ∞ ∞ ∞ ∞ ∞
nonbasic 0 0

From the Phase I objective, the incoming column is chosen to be the one

corresponding to x5. As we now try to determine the outgoing column we
find that the objective is unbounded! However, it is unbounded because of

the manner in which we constructed the Phase I problem. At this point
all we are trying to do is find a feasible solution. Hence, we now reset the

upper bound on x3 be 0, the original lower bound. Accordingly, the outgoing
column is determined by

αr = min

{
∞,

u3 − b̄3

−ā35
=

35/18

16/9
= 35/32, u5 − l5 = ∞

}
= 35/32 = α3.

Thus the outgoing column is the one corresponding to x3, and we pivot to
make x5 basic in place of x3.

min w z x1 x2 x3 x4 x5 1 basic

row 00 1 0 0 0 1 0 0 0 w

row 0 0 1 0 −203/16 −63/8 0 0 285/16 z

row 1 0 0 1 −21/80 −5/8 0 0 23/16 x1

row 2 0 0 0 3/20 −1/2 1 0 11/4 x4

row 3 0 0 0 −21/32 −9/16 0 1 35/32 x5

lb −∞ −∞ 0 0 −∞ 0 0
ub ∞ ∞ ∞ ∞ ∞ ∞ ∞
nonbasic 0 0

All basic variables now satisfy the nonnegativity bounds of the original prob-
lem, and so a basic feasible solution has been found.



CHAPTER 7: SOME COMPUTATIONAL CONSIDERATIONS 203

Example 7.4: MINIMIZING THE SUM OF INFEASIBILITIES AGAIN. We
modify slightly the first element on the right-hand side of Example 4.1 to

be 15 instead of −10; thus, the problem becomes

minimize 4x1 + 8x2 + x3 + 2x4 + 6x5

subject to 2x1 − 3x2 − 4x3 + x4 − 4x5 = 15
5x1 − 2x3 − 2x5 = 18

− 3x1 + 3x2 + 6x4 − 2x5 = 12

xj ≥ 0, j = 1, 2, 3, 4, 5.

Choosing the columns corrsponding to x1, x2, x3 as a starting basis, we

obtain

min z x1 x2 x3 x4 x5 1 basic

row 0 1 0 0 0 −105/22 254/33 −746/11 z

row 1 0 1 0 0 −7/11 2/11 34/11 x1

row 2 0 0 1 0 15/11 −16/33 78/11 x2

row 3 0 0 0 1 −35/22 16/11 −14/11 x3

The solution is infeasible because x3 violates its lower bound. We create the
Phase I problem as shown earlier:

min w z x1 x2 x3 x4 x5 1 basic

row 00 1 0 0 0 0 35/22 −16/11 153/22 w

row 0 0 1 0 0 0 105/22 −254/33 767/22 z

row 1 0 0 1 0 0 −7/11 2/11 9/11 x1

row 2 0 0 0 1 0 15/11 −16/33 53/11 x2

row 3 0 0 0 0 1 −35/22 16/11 −153/22 x3

lb −∞ −∞ 0 0 −∞ 0 0
ub ∞ ∞ ∞ ∞ ∞ ∞ ∞
nonbasic 0 0

From the Phase I objective, the incoming column is chosen to be the one
corresponding to x4. The outgoing column is determined by

αr = min

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

{
b̄2 − l2

ā24

}
=

{
53/11

15/11

}
{

u3 − b̄3

−ā34

}
= ∞

u4 − l4 = ∞
= 53/15 = α2.
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Thus the outgoing column is the one corresponding to x2, and we pivot to
make x4 basic in place of x2.

min w z x1 x2 x3 x4 x5 1 basic

row 00 1 0 0 −7/6 0 0 −8/9 4/3 w

row 0 0 1 0 7/2 0 0 6 18 z

row 1 0 0 1 7/15 0 0 −2/45 46/15 x1

row 2 0 0 0 11/15 0 0 −16/45 53/15 x4

row 3 0 0 0 7/6 1 1 8/9 −4/3 x3

lb −∞ −∞ 0 0 −∞ 0 0
ub ∞ ∞ ∞ ∞ ∞ ∞ ∞
nonbasic 0 0

The variable x3 still violates its lower bound; so the Phase I objective re-
mains the same. However, it is not possible to improve the solution any

further because all the reduced costs in the Phase I objective function are
nonpositive. This reveals that the problem is infeasible.

7.3 Steepest-edge rule for incoming column selection

At the expense of some additional computations per iteration, it is possible
to reduce the number of iterations resulting from the most negative reduced

cost rule by using a modified incoming selection rule, called the steepest-edge
rule, see [71]. We now describe how this works.

For simplicity of exposition, we shall consider a linear program in stan-
dard form

minimize cTx
subject to Ax = b

x ≥ 0.

Recall, that in the Simplex Algorithm (Section 3.5), we choose the incoming
column s as the one with the most positive reduced cost, i.e, zs − cs =

maxj∈N{zj − cj}. Equivalently, we can change the signs and choose s by
cs − zs = minj∈N{cj − zj}, the most negative reduced cost rule. That is,

zs − cs = max
j∈N

{zj − cj} ⇐⇒ cs − zs = min
j∈N

{cj − zj}.
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The reason for this reversal will be apparent shortly.

To avoid the use of complicated notation, we assume that at the current
iteration the first m columns constitute a feasible basis. A basic feasible

solution has the form

x =

[
B−1b

0

]
.

It is straightforward to see that this is the solution to the system of equations[
B N

0 In−m

][
x

B

xN

]
=

[
b

0

]
,

or, equivalently, [
Im B−1N

0 In−m

] [
xB

xN

]
=

[
B−1b

0

]
,

where In−m is an (n −m) × (n −m) identity matrix and Im is an m ×m

identity matrix.

We let B−1A = Ā. The incoming column is chosen from the n× (n−m)
matrix [

B−1N

In−m

]
,

which corresponds to the nonbasic columns of A. Let s > m be the index of

the incoming nonbasic column. The adjustment made to the vector of basic
variables x

B
, while ensuring x

B
≥ 0, is given by the minimum ratio test.

This is the same as finding the smallest number α, in the equation below,
that causes one of the basic variables to become 0; thus

x
B

= B−1b− Ā.sα

xs = α.

In matrix notation, this can be written as

x =

[
xB

xN

]
=

[
B−1b

0

]
+ α

[
−Ā.s

es

]
,

where es is an (n − m)-vector with 1 in the (s − m) position and zeros
elsewhere. The column ps = (−Ā.s, es) can be thought of as the direction
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along which x changes in accordance with the scalar multiplier α. That is,
letting x̄ =

(
B−1b, 0

)
, we have

x = x(α) = x̄ + αps.

Now we note that for nonbasic column index j > m, and column-vector pj

defined as (−Ā.j, ej), the reduced cost is the dot product

cTpj = [cT
B cT

N ]

[−Ā.j

ej

]
= cj − cT

B Ā.j = cj − cT
B B−1A.j = cj − zj ,

where ej is an (n − m)-vector with 1 in the (j − m) position and zeros
elsewhere. In the most negative reduced cost rule, the direction ps is chosen

so as to yield the most negative inner product of c and pj, i.e.,

cTps = min
j∈N

cTpj.

To use a steepest-edge rule we require that the direction ps be the “most
downhill” relative to the gradient (cost) vector; i.e.,

cTps

‖ps‖ = min
j∈N

cTpj

‖pj‖ = min
j∈N

cj − zj

‖pj‖ .

In practice using the steepest-edge rule results in fewer iterations but

requires the computation of the ‖pj‖, for j = m + 1, m + 2, . . . , n, which is
computationally expensive. Techniques outside the scope of this textbook

have been developed to do this efficiently through recurrence relations. For
further details, see [71].

As we noted earlier, in the Simplex Algorithm (Section 3.5), we choose

the incoming column s as the one with the most-positive reduced cost, i.e,
zs − cs = maxj∈N{zj − cj}. In this case, the steepest-edge rule equivalent is

to choose the incoming column s by:

cTps

‖ps‖ = max
j∈N

zj − cj

‖pj‖ .
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Example 7.5: APPLYING THE STEEPEST-EDGE RULE. Consider the lin-
ear program (due to Chvátal [28])

minimize −9x1 − 3x2 − x3

subject to x1 ≤ 1
6x1 + x2 ≤ 9

18x1 + 6x2 + x3 ≤ 81

xj ≥ 0, j = 1, 2, 3.

After adding the slack variables x4, x5, and x6 we obtain the tableau form

min z x1 x2 x3 x4 x5 x6 1 basic

row 0 1 9 3 1 0 0 0 0 z

row 1 0 1 0 0 1 0 0 1 x4

row 2 0 6 1 0 0 1 0 9 x5

row 3 0 18 6 1 0 0 1 81 x6

To determine the incoming column by the steepest-edge rule, we start by
first computing ‖pj‖2 = ‖(−Ā.j , e

j)‖2 for j ∈ N , i.e., for j = 1, 2, 3. Thus,

‖p1‖2 =
√

1 + 62 + 182 + 1 =
√

362

‖p2‖2 =
√

0 + 1 + 62 + 1 =
√

38

‖p3‖2 =
√

0 + 0 + 1 + 1 =
√

2.

The index of the incoming column is then s = 3 by the steepest edge rule:

cTps

‖ps‖ = max
j=1,2,3

{
9√
362

,
3√
38

,
1√
2

}
=

1√
2

=
cTp3

‖p3‖ .

After pivoting to bring in column 3 into the basis, we obtain the optimal
tableau

min z x1 x2 x3 x4 x5 x6 1 basic

row 0 1 −9 −3 0 0 −1 0 −81 z

row 1 0 1 0 0 1 0 0 1 x4

row 2 0 6 1 0 0 1 0 9 x5

row 3 0 18 6 1 0 0 1 81 x3
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in one iteration. If we were to use the usual rule to select an incoming
column, we would have chosen column 1. The optimal tableau would then

have been obtained in 7 iterations. We will encounter problems of this nature
again in Section 7.5.

7.4 Structured linear programs

Typically linear programs, especially those of large size, exhibit structure
that can be used to advantage. What do we mean by “structure” in a linear

program? Perhaps the best way to describe it is in terms of the coefficient
matrix A. Structure can occur in several different ways; for example, large

linear programs are sparse and advantage can be taken of sparsity, or, there
can be embedded network models within the linear program and specialized

algorithms can be used for this. Here we will focus on specific patterns
whereby the coefficient matrix can be partitioned into blocks. Let’s say the
LP is given in standard form

minimize cTx
subject to Ax = b

x ≥ 0,

where A is an m×n matrix. Suppose A can be partitioned as a block matrix2

A =

⎡⎢⎢⎢⎣
A11 A12 · · · A1�

A21 A22 · · · A2�

...
...

...

Ak1 Ak2 · · · Ak�

⎤⎥⎥⎥⎦
with the property that many of the blocks are zero matrices. If the nonzero
blocks have a pattern, we say that the matrix has structure. There are
several different structures that come up in linear programming problems.

(See, for example, [20, Section 12.1, especially p. 506].) One of these, called
block-angular structure, nicely illustrates the idea.

Figure 7.1 depicts a block matrix A with block-angular structure. In

this case k = 5 and � = 4. The matrix has the property that blocks
A1., A21, A32, A43, and A54 are nonzero, whereas all other blocks are zero.3

2The blocks Aij in a block matrix are themselves matrices.
3When we say that a block is nonzero, we do not mean that every element of the block

(submatrix) is nonzero but rather that the block is not a zero matrix.
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Figure 7.1: Block-angular structure.

The general definition of block angularity is easily inferred from Fig-

ure 7.1. We simply require that A1. be nonzero and all blocks, except for
Aij for j = 1, 2, . . . , l, and i = j + 1, be zero.

When an LP (like the one above) has a block matrix A, the vectors
b and c have a corresponding structure; they are each composed of subvec-

tors. Thus

b = (b1, . . . , bk) and c = (c1, . . . , c�).

Linear programs with block-angular structure arise naturally. A typical
case is one in which an organization has several units that, collectively, must
satisfy a certain set of constraints and, individually, must observe resource

(or production) constraints on their own activities. From the standpoint of
the organization’s highest level, there is an objective that embraces all the

activities of all the individual units.

In such an LP, the constraints A1.x = b1 that express the sharing of
resources are called coupling constraints. (This terminology is used in many

situations, not necessarily in the context of block-angular LPs.)

Another setting in which block-angular structure comes up is that of
planning the activities of a firm over a finite sequence of time periods. In

this situation, there may be resources (for instance, financial) that are to be
expended and not replenished over the planning horizon. These, of course,

lead to coupling constraints. When single-period activities period are in-
dependent of each other (which would preclude carrying specific resources
forward for use in a later period) and the objective is the sum of the in-

dividual period objectives, the model’s coefficient matrix has block-angular
structure (see Figure 7.1).
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Notice that if it were not for the coupling constraints, a block-angular
linear program would break into a set of � independent linear programs. The

total computational effort for the � subproblems would be less than it is for
the one large problem.

We will describe two types of approaches to handle such types of linear

programs: the Dantzig-Wolfe Decomposition Algorithm and the Benders
Decomposition Algorithm. These two algorithms are based on structure of

a different sort, that of polyhedral sets which we describe next.

On the structure of polyhedral sets

As we discussed in Section 2.2, the feasible region of any feasible linear pro-
gram is a nonempty polyhedral convex set. It is known that any nonempty
polyhedron X in can be “resolved” into the sum of a bounded polyhedron

and a polyhedral cone. This means that for every x ∈ X , there exist
points p ∈ P (a bounded polyhedron), q ∈ C (a polyhedral cone) such

that x = p + q. Accordingly, we write

X = P + C.

There is an even sharper resolution of a polyhedron X based on the fact

that a polyhedral cone C can be expressed as the sum of a linear subspace
S (called the lineality space of C) and another cone C0 with the property

that it does not contain a line. A cone with the latter property is said to be
pointed. Thus,

X = P + C0 + S.

When the cone C does not contain a line, we put C = C0 and S = {0}.
For a bounded polyhedron X , we put X = P and C = {0} which of course

means S = {0}. (This is in contrast to the case of an unbounded polyhedron
of the form X = P + S for which the pointed cone C0 is just the singleton

{0}.)
It is well worth observing that if X 
= ∅ is the feasible region of a linear

program in standard form, it cannot contain a line. This follows from the
fact that X is a subset of the nonnegative orthant which cannot contain an

entire line. For this reason, the lineality space in the resolution of X must
be {0}, which is to say the cone C = C0.
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Figure 7.2: A “slice” of an unbounded polyhedron.

Example 7.6: RESOLUTION OF AN UNBOUNDED POLYHEDRON. Let X
be the set of all points x ∈ R3 such that

x1 ≥ 0, 0 ≤ x2 ≤ 1, x3 free. (7.4)

As Figure 7.2 shows, X is the sum of the bounded polyhedron

P = {(x1, x2, x3) : x1 = x3 = 0, 0 ≤ x2 ≤ 1},

the pointed polyhedral cone

C0 = {(x1, x2, x3) : x1 ≥ 0},

and the lineality space

S = {(x1, x2, x3) : x1 = x2 = 0, x3 ∈ R}.

The set X in Figure 7.2 extends indefinitely in the positive x1 direction.
The shaded region here is actually just the “slice” of the set X corresponding
to x3 = 0. A better mental image of X is obtained by sliding the shaded

region up and down the x3 axis.

The Dantzig-Wolfe Decomposition Algorithm rests on the fact that poly-

hedral sets can be represented in two ways.

1. The external representation, which we have been using all along, spec-
ifies a polyhedron as the intersections of halfspaces. The unbounded

polyhedron X defined in Example 7.6 is given by an external repre-
sentation (7.4).
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2. The internal representation, specifies each element of the polyhedron
as a certain kind of linear combination of “generators” chosen from

a finite set. (The same finite set of generators is used in the linear
combination for every element of the polyhedron, but the coefficients

used in such expressions vary from one point to another.)

Our aim here is to elaborate the notion of the internal representation of
polyhedra and then show how it is used in the Dantzig-Wolfe Algorithm.

Let X be a nonempty polyhedral set that does not contain a line (as

in the case of a linear program in standard form). Then X is the sum
of a bounded polyhedron P and a pointed cone C. Now to describe the

internal representation of X , we begin with that of the bounded polyhedron
P . The prevailing assumptions on X imply that P has a finite number

K ≥ 1 of extreme points, and that, indeed, P is the set of all convex
combinations of its K extreme points x1, . . . , xK. Thus, for every x ∈ P ,

there exist nonnegative scalars λ1, . . . , λK which sum to 1 such that x =
λ1x

1 + · · ·+ λKxK . This internal representation of P can be put as follows:

x ∈ P ⇐⇒
[

x

1

]
=

K∑
i=1

λi

[
xi

1

]
, λi ≥ 0, i = 1, . . . , K. (7.5)

The name given to a set which is the collection of all convex combinations of
finitely many points is polytope. In fact, polytopes and bounded polyhedra
amount to the same thing. The term “polytope” emphasizes the internal

representation of the elements of the set as a convex combination of extreme
points; the term “bounded polyhedron” stems from its boundedness and

external representation as the intersection of halfspaces.

To deal with the internal representation of a cone C we need to intro-
duce a little terminology. Let y be a nonzero vector in Rn. The set of all

nonnegative multiples of y is called the ray generated by y. We denote this
set by 〈 y 〉. Thus we have 〈y〉 = {q : q = λy, λ ≥ 0}. Note that all nonzero

elements of 〈 y 〉 generate the same set. By definition, a ray is a cone. When
y belongs to a cone C, the ray 〈 y 〉 is a subset of C; it is called an extreme
ray of C if and only if

y = λy1 + (1− λ)y2, where y1, y2 ∈ C =⇒ y1, y2 ∈ 〈 y 〉.

Now let y1, . . . , yL be vectors in Rn. The set

C = 〈 y1 〉+ · · ·+ 〈 yL 〉
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can be seen to be a convex cone. Having finitely many generators y1, . . . , yL,
C is said to be a finite cone. Another way to express the definition of such

a cone C is to say

C =

{
x ∈ Rn : x =

L∑
j=1

μjy
j, μj ≥ 0, j = 1, . . . , L

}
.

To highlight the similarities and differences between membership in P and

membership in C, we can even write

y ∈ C ⇐⇒
[

y
0

]
=

L∑
j=1

μj

[
yj

0

]
, μj ≥ 0, j = 1, . . . , L. (7.6)

A theorem due to H. Minkowski [135] states that every polyhedral cone

is finitely generated. The converse of this theorem, namely that every finite
cone is polyhedral, is due to H. Weyl. See [176, p. 87]. These two theorems

express the equivalence for cones of the two different characterizations; one
of them being by hyperplanes and the other being by generators.

When it comes to finitely generated cones, it is customary to single out

the generators that produce extreme rays. Thus, every pointed polyhedral
cone is the sum of its extreme rays.4 The internal representation (7.6) is the

analogue of (7.5) used for bounded polyhedra.

Accordingly, there exist two finite sets of vectors x1, . . . , xK (extreme
points of X) and y1, . . . , yL (generators of extreme rays) such that

x ∈ X =⇒ x = λ
1
x1 + · · ·+ λKxK + μ

1
y1 + · · ·+ μLyL (7.7)

where
λ

1
+ · · ·+ λK = 1, λi ≥ 0, i = 1, . . . , K,

μj ≥ 0, j = 1, . . . , L.
(7.8)

This is sometimes called the Goldman Resolution Theorem [87].

Figure 7.3 conveys the central idea of this theorem. The polyhedron X
on the left-hand side of the equation can be seen as the sum of the polytope

P (convex hull of the extreme points x1 and x2) and the pointed finite cone
C (the sum of the extreme rays 〈 y1 〉+ 〈 y2 〉).

4As the example C = {x ∈ R2 : x1 + x2 ≥ 0} shows, the assumption of pointedness is
essential to the truth of the statement about every finite cone being the sum of its extreme
rays. This cone is not pointed and has two extreme rays which generate only its lineality
space, rather than the entire cone.
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Figure 7.3: Goldman resolution of polyhedron X .

The Dantzig-Wolfe Decomposition Principle/Algorithm

The main idea in a decomposition algorithm for a linear program is to break

the problem into smaller, more manageable parts, solve each part separately,
and then coordinate the results into a solution of the grand problem. It is

beneficial to apply such an algorithm to structured linear programs. This
“philosophy” is easy enough to appreciate, but the devil, as the saying goes,

is in the details. In this section, we sketch out some of the ideas that go into
the Dantzig-Wolfe Decomposition Algorithm [46], [47], [40]. You may find

it helpful to recall Exercise 5.7 in Chapter 5.

For the sake of concreteness, we will study the case of an LP with block-
angular structure and � = 2. Although this is a rather unrealistic assump-

tion5, it imposes no serious loss of generality, for if � were greater than 2,
there would just be more work of a similar nature to do. So our LP has the
form

minimize (c1)Tx1 + (c2)Tx2

subject to A11x
1 + A12x

2 = b0 (b0 ∈ Rm0)

A21x
1 = b1 (b1 ∈ Rm1)

A32x
2 = b2 (b2 ∈ Rm2)

x1 ≥ 0, x2 ≥ 0.

(7.9)

To facilitate reference to this LP, we call it the two-division problem with the
thought in mind that we are solving a problem that pertains to an enterprise

having two “nearly independent” divisions. The divisions are not totally

5Nevertheless, there are circumstances in which � = 1 for which the decomposition
algorithm would make sense and be computationally beneficial. For example, if the equa-
tions Ax = b of the full problem have a large but easily solved subset of constraints, it
can be advantageous to separate the constraints into two groups.
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independent since their activities are affected by the coupling constraints.

In order to develop an understanding of the Dantzig-Wolfe Decomposi-
tion Algorithm, we apply the Goldman Resolution Theorem to represent

feasible solutions of each of the two blocks in terms of its extreme points
and extreme rays. In doing this, we unfortunately have to resort to a more

detailed notational scheme. In particular, for feasible solutions of

A21x
1 = b1, x1 ≥ 0 (7.10)

we write[
x1

1

]
=

[
x11

1

]
λ11 + · · ·+

[
x1K1

1

]
λ1K1

+

[
y11

0

]
μ11 + · · ·+

[
y1L1

0

]
μ1L1

,

λ1i ≥ 0, i = 1, . . . , K1, μ1j ≥ 0, j = 1, . . . , L1.

In like manner, for feasible solutions of

A32x
2 = b2, x2 ≥ 0 (7.11)

we write[
x2

1

]
=

[
x21

1

]
λ21 + · · ·+

[
x2K2

1

]
λ2K2

+

[
y21

0

]
μ21 + · · ·+

[
y2L2

0

]
μ2L2

,

λ2i ≥ 0, i = 1, . . . , K2, μ2j ≥ 0, j = 1, . . . , L2.

Notice how the equations above capture the conditions

λ11 + · · ·+ λ1K1
= 1 and λ21 + · · ·+ λ2K2

= 1.

Such equations in nonnegative variables are called convexity constraints.

In this way the set of feasible solutions to the two blocks are generated
by the vectors

x11, . . . , x1K1, y11, . . . , y1L1 and x21, . . . , x2K2, y21, . . . , y2L2.

It has to be acknowledged that these generators are not usually known in
advance partly because they may be too numerous. But this is not a prob-
lem. We know that they exist, and the algorithm finds them as needed.6

For the time being, we grant their existence and proceed with this assump-
tion. Substituting the above representations of x1 and x2 into the coupling

6The Dantzig-Wolfe Algorithm belongs to the category of column-generation methods.
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constraints, we arrive at a linear program with m0 +2 equations in the non-
negative variables λ11, . . . , λ1K1

, μ11, . . . , μ1L1
, λ21, . . . , λ2K2

, μ21, . . . , μ2L2
.

We get m equations from the coupling constraints and one equation from
each of the “convexity constraints” associated with the divisions. The re-

sulting linear program is named the full master problem.7

minimize (c1)T

⎛⎝K1∑
i=1

x1iλ1i +

L1∑
j=1

y1jμ1j

⎞⎠ + (c2)T

⎛⎝K2∑
i=1

x2iλ2i +

L2∑
j=1

y2jμ2j

⎞⎠

subject to A11

⎛⎝K1∑
i=1

x1iλ1i +

L1∑
j=1

y1jμ1j

⎞⎠ + A12

⎛⎝K2∑
i=1

x2iλ2i +

L2∑
j=1

y2jμ2j

⎞⎠ = b0

K1∑
i=1

λ1i = 1

K2∑
i=1

λ2i = 1

λ
11

, . . . , λ
1K1

, μ
11

, . . . , μ
1L1

, λ
21

, . . . , λ
2K2

, μ
21

, . . . , μ
2L2
≥ 0.

We observe that the variables in the full master problem are the nonnegative
weights

λ
11

, . . . , λ
1K1

, μ
11

, . . . , μ
1L1

, λ
21

, . . . , λ
2K2

, μ
21

, . . . , μ
2L2

.

As noted earlier, the full set of generators (vectors) is not known in
advance. Furthermore, it would be impractical to generate all the extreme

points and rays of the two blocks. Instead, we generate just the column
that would be selected as the incoming column for the master problem. A
problem formed by using only a subset of the generators (vectors)

x11, . . . , x1K1, y11, . . . , y1L1 and x21, . . . , x2K2, y21, . . . , y2L2

is called the restricted master problem. A feasible solution of a restricted

master problem can be viewed as a feasible solution of the full master prob-
lem in which the variables λ and μ corresponding to undetermined generators

are zero.

We are now ready to describe how the Dantzig-Wolfe Decomposition
Algorithm works. We assume that we have m0 + 2 extreme points and

7It is often the case that the number m0 of coupling constraints is very small relative
to the overall number of constraints, namely m0 +m1 +m2. This would make it relatively
easy to solve the full master problem.
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extreme rays that form a feasible solution to the restricted master problem.
That is,

minimize

(c1)T

⎛⎝ K̄1∑
i=1

x1iλ1i +

L̄1∑
j=1

y1jμ1j

⎞⎠ + (c2)T

⎛⎝ K̄2∑
i=1

x2iλ2i +

L̄2∑
j=1

y2jμ2j

⎞⎠
subject to

A11

⎛⎝ K̄1∑
i=1

x1iλ1i +

L̄1∑
j=1

y1jμ1j

⎞⎠ + A12

⎛⎝ K̄2∑
i=1

x2iλ2i +

L̄2∑
j=1

y2jμ2j

⎞⎠ = b0

K̄1∑
i=1

λ1i = 1

K̄2∑
i=1

λ2i = 1

λ
11

, . . . , λ
1K̄1

, μ
11

, . . . , μ
1L̄1

, λ
21

, . . . , λ
2K̄2

, μ
21

, . . . , μ
2L̄2
≥ 0.

The number of variables at this stage is K̄1 + L̄1 + K̄2 + L̄2 = m0 + 2.

At the next iteration of the Simplex Algorithm, we need to price out the

nonbasic columns to see if the objective function value can be improved. In
order to do this we have to price out all the other columns of the full master;
that is, compute the reduced costs of the other columns. Unfortunately,

though, we do not really know all the columns of the full master problem.
So how are we to do the pricing? The answer is the ingenious part. For the

restricted master problem there is a price vector having m0 +2 components
which we will denote by w1, . . . , wm0

, ω1, ω2.

For the time being, we set aside the extreme rays and consider only the

extreme point solutions of the subproblems that make up the full master
problem. First consider subproblem 1. We would need price out each column

and choose a column with the largest reduced cost, that is, find

ω1 + max
i=1,...,K1

{
wTA11x

1i − (c1)Tx1i
}

. (7.12)

The x1i are the extreme point solutions of (7.10). So, we note that we are
essentially using the prices (multipliers) w1, . . . , wm0

, ω1 as cost coefficients
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with each extreme point. This is equivalent to solving the following linear
program

maximize ρ1x1 + ω1

subject to A21x
1 = b1

x1 ≥ 0

(7.13)

where ρ1 = wTA11 − (c1)T. Similarly we solve the following linear program
for subproblem 2

maximize ρ2x2 + ω2

subject to A32x
2 = b2

x2 ≥ 0

(7.14)

where ρ2 = wTA12 − (c2)T.

So now there is the question of handling the extreme rays. To start with,
we price them out as we did for the extreme point solutions, and choose one

with the largest reduced cost; that is

max
i=1,...,L1

{
wTA11y

1i − (c1)Ty1i
}

. (7.15)

This is equivalent to solving

maximize ρ1x1

subject to A21x
1 = b1

x1 ≥ 0

(7.16)

where ρ1 = wTA11−(c1)T. Notice that the objective function for (7.16) is the
same as that for (7.13) except for an additive constant, ω1. Hence we could

solve either problem. If the LP is unbounded, then we obtain an extreme
homogeneous solution. However, every multiple of such a solution is also a

solution. In the event that the LP (7.13) is unbounded, we could solve the
following LP to obtain a normalized extreme homogeneous solution:

maximize ρ1x1

subject to A21x
1 = 0

eTx1 = 1

x1 ≥ 0

(7.17)

where ρ1 = wTA11 − (c1)T. However, it is not necessary to solve (7.17). We

accept any homogeneous solution to either (or both) of the subproblems and
add it to the restricted master problem.
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Strictly speaking, it is not necessary to solve the two subproblems to
optimality if a positive value is obtained for the objective function ρ1x1 +ω1

in (7.13) or ρ2x2 + ω2 in (7.14). In either case, the corresponding basic
feasible solution (an extreme point of one of the divisional subproblem poly-

hedra) yielding this positive value would be a candidate for improving the
objective function value of the restricted master problem. It could then be

adjoined to the set of known (subproblem) extreme points being used to de-
fine the restricted master problem. This redefinition of the restricted master

problem would initiate a new iteration of the Dantzig-Wolfe Decomposition
Algorithm.

The above account gives some meaning to a frequently made statement
about the Dantzig-Wolfe Decomposition Algorithm:

The restricted master problem passes prices to the subproblems,
and the subproblems pass proposals (basic feasible solutions) to
the restricted master problem.

We can now write down the steps of the Dantzig-Wolfe Decomposition
Algorithm.

Algorithm 7.2 (Dantzig-Wolfe Decomposition Applied to (7.9)) Assume

that a starting basic feasible solution is known for the restricted master prob-
lem.

1. Apply the Simplex Algorithm to the restricted master problem. If an

optimal solution is obtained, go to the next step. Otherwise, if the
Simplex Algorithm reports an unbounded solution, stop and report

the original problem as having no optimal solution.

2. Solve the subproblems. Using the multipliers from the solution of the

restricted master problem, set up and solve the subproblems (7.13)
and (7.14) using the Simplex Algorithm. One of the following occurs.

(a) Optimal solution obtained to one or both subproblems with positive

objective values. Add one or both extreme point solutions to the
restricted master problem.

(b) One or both subproblems are unbounded. Add one or both ex-
treme homogeneous solutions to the restricted master problem.
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(c) Optimal solutions obtained to both subproblems with optimal ob-
jective function values equal to 0. The solution is optimal for the

original problem. Construct the solution to the original prob-
lem by combining the extreme points and extreme homogeneous

solution and stop.

3. Iterate. Go to Step 1.

For finding an initial feasible solution of the master problem there is

a technique analogous to the Phase I Procedure of the standard Simplex
Algorithm. For the Decomposition Algorithm, one can start by taking a

basic feasible solution from each divisional polyhedron. A set of suitable
artificial columns with corresponding artificial variables will provide a basic
feasible solution to this artificial restricted master problem. The objective

is to reduce the sum of the artificial variables to zero, using, of course,
the Decomposition Algorithm outlined above to do this. All the while, the

subproblems will be passing extreme points of their feasible regions to the
master problem. Assuming feasibility, eventually all the artificial variables

will be eliminated from the master problem (or fixed at zero), and thereby
a BFS for the master problem will have been found.

The Benders Decomposition Algorithm

In [11], Benders devised a decomposition method to handle “mixed-variables

programming problems” of the form

max{cTx + f(y) : Ax + F (y) ≤ b, x ∈ Rn, y ∈ S}
where S ⊆ R� is arbitrary. The symbol f(y) denotes a numerical function

of y whereas F (y) denotes a mapping from S to Rm. The principal appli-
cation Benders had in mind was mixed-integer linear programming, but the

formulation above is more general than that. As it turned out, Benders’s
approach has been widely used in the field of two-stage stochastic linear

programming. The development given here reflects that sort of application
but without the stochastic element.

While the Benders Decomposition Algorithm was developed indepen-
dently after the Dantzig-Wolfe Decomposition Algorithm, it turns out that

the Benders Decomposition Algorithm is the same as the Dantzig-Wolfe
Algorithm applied to the dual problem. See [45, p. 299] or [15, p. 259].
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We consider a linear program of the form

minimize cTx +

Ω∑
ω=1

(fω)Tyω

subject to Ax = b

Bωx + Dωyω = dω, ω = 1, . . . , Ω

x, yω ≥ 0, ω = 1, . . . , Ω.

(7.18)

The ωs correspond to “scenarios” in the stochastic programming setting.

For ease of discussion, we shall ignore the details of “scenarios” in stochas-

tic programming applications and focus on problem (7.18) in the case where
Ω = 2. The form of the problem is then

minimize cTx + (f1)Ty1 + (f2)Ty2

subject to Ax = b

B1x + D1y
1 = d1

B2x + D2y
2 = d2

x, y1, y2 ≥ 0.

(7.19)

To simplify the discussion, we assume that the above problem is feasible and

has an optimal solution.

Rewriting (7.19) by fixing x ≥ 0 such that it satisfies Ax = b, and,
moving the x terms in the last two sets of equations to the right, we obtain8

minimize cTx + miny1|x(f
1)Ty1 + miny2|x(f2)Ty2

subject to Ax = b

D1y
1 = d1 −B1x

D2y
2 = d2 −B2x

x, y1, y2 ≥ 0.

(7.20)

By fixing such a feasible x ∈ Rn for the first-stage problem, we can solve

(7.19) by solving the two subproblems

minimize fTyω = zω(x)

subject to Dyω = dω −Bωx

yω ≥ 0.

(7.21)

8The notation minyi|x means find the minimum over yi given a fixed x.
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for ω = 1, 2. Solving each of these subproblems separately decomposes the
problem (7.18) into Ω = 2 smaller ones (each depending on the previous

choice of x). If the true solution x = x∗ for (7.18) were known in advance,
then the solution of the subproblems (7.21) would result in the solution of

the whole problem (7.18). The method devised by Benders estimates an
x, uses this to solve the subproblems, and continues in this fashion until a

solution to (7.18) is obtained.

We now start examining for each separate ω the dual of (7.21)

maximize (dω −Bωx)Tpω = zω(x)

subject to DT
ω pω ≤ fω

pω free.

(7.22)

For each ω, let Pω denote the feasible region of the corresponding dual
problem (7.22). We now assume that the polyhedral sets Pω are nonempty

and that each of them contains at least one extreme point9.

We next apply the Goldman Resolution Theorem (see page 213) to Pω .
Denote the extreme points of Pω by pω,1 . . . , pω,Kω, and let qω,1, . . . , qω,Lω

denote the complete set of extreme rays of Pω. Then any feasible solution
of (7.22) can be written as

pω =

Kω∑
i=1

λω,ip
ω,i +

Lw∑
j=1

μω,jq
ω,j, (7.23)

for some choice of λω,i ≥ 0, i = 1, . . . , Kω, where

Kω∑
i=1

λω,i = 1, and μω,j ≥ 0, j = 1, . . . , Lω.

Then, substituting (7.23) in (7.22), we obtain

maximize
Kω∑
i=1

[
(dω − Bωx)Tpω,i

]
λω,i +

∑Lω

j=1

[
(dω − Bωx)Tqω,j

]
μω,j = zω(x)

subject to
Kω∑
i=1

λω,i = 1

λω,i ≥ 0, i = 1, . . . , Kω, and μω,j ≥ 0, j = 1, . . . , Lω.

(7.24)

9In practice this can be tested computationally.
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The assumptions on Pω imply that either (7.22) has an optimal solution
with finite objective function value zω(x) or else the objective function is

unbounded above (i.e., zω(x) = ∞) thereby implying that its dual (7.21) is
infeasible. However, we have assumed that its dual (7.21) is feasible, hence

we must have zω(x) < ∞. Therefore from (7.24) it follows that x satisfies

(dω −Bωx)Tqω,j ≤ 0, j = 1, . . .Lω,

otherwise it would be easy to construct a solution that makes zω(x) → ∞.
Since zω(x) < ∞, it follows that the optimal solution of (7.22) must be

attained at an extreme point of Pω. Thus

zω(x) = max
i=1,...,Kω

(dω − Bωx)Tpω,i.

This is equivalent to saying zω(x) is the smallest number zω such that

(dω −Bωx)Tpω,i ≤ zω, i = 1, . . . , Kω.

From the above development we can write the Benders full master prob-
lem as

minimize cTx + z1 + z2

subject to Ax = b

(d1 − B1x)Tp1,i ≤ z1 for all i = 1, . . . , K1

(d1 −B1x)Tq1,j ≤ 0 for all j = 1, . . . , L1

(d2 − B2x)Tp2,i ≤ z2 for all i = 1, . . . , K2

(d2 −B2x)Tq2,j ≤ 0 for all j = 1, . . . , L2

x ≥ 0, z1, z2 free.

(7.25)

In this problem, the variables are x1, . . . , xn, z1, and z2. As compared with

the original problem, this form of the problem has a greatly reduced num-
ber of variables. However, this is achieved at the expense of introducing a

potentially huge number of initially unspecified constraints.

In general it is impractical to write out all the constraints to create a
Benders full master problem. Instead a relaxed master problem is formed
by using the objective in (7.25) with only a subset of the constraints stated

therein. Then additional constraints (or cuts as they are called) are gener-
ated as needed. Let us see how this is done.
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We can initiate the process by solving the first-stage problem

minimize cTx

subject to Ax = b
x ≥ 0

(7.26)

to obtain a feasible x = x̄ and then proceed to create a relaxed master

problem by using the solutions obtained by solving the subproblems (7.22)
for ω = 1, 2. Assume that we have a Benders restricted master problem with
K̄1, K̄2, L̄1, and L̄2 constraints. Let x = x̄, z1 = z̄1, z2 = z̄2 be a solution to

this restricted master and, using x = x̄, create and solve the subproblems
(7.22) for ω = 1, 2. Then for each ω, one of the following two cases arises:

1. Optimal solution found. In this case the following new inequality is

generated and adjoined to the restricted master

(dω −Bω x̄)Tpω,L̄+1 ≤ zω.

This is called an optimality cut.

2. Problem is unbounded. In this case a homogeneous solution is obtained
and the following inequality is generated and adjoined to the restricted
master

(dω −Bω x̄)Tqω,K̄+1 ≤ 0.

This is called an infeasibility cut.

Once these cuts are adjoined to the restricted master, the new restricted
master is solved and the process is repeated until it is impossible to make

an improvement in any of the current subproblem objective values.

7.5 Computational complexity of the Simplex Algorithm

Everyday experience with the Simplex Algorithm suggests that the number
of pivot steps is usually a small multiple of the number of equations in the
system. Furthermore, use of the Revised Simplex Method, basis handling

techniques, and partial pricing strategies10 assure that each iteration is effi-
cient. However, in 1972, Victor Klee and George Minty [112] published an

10A partial pricing strategy is one where, at the next iteration, the incoming nonbasic
column is selected from a subset of all the nonbasic columns; see, for example, Orchard-
Hays [154].
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important paper in which they exhibited a class of linear programs on each
of which the Simplex Algorithm with its customary rule for choosing the

pivot column as that with the most negative reduced cost (i.e., the “greedy”
rule) takes an exponential number of iterations to reach an optimal solu-

tion. The Klee-Minty example shows that the worst-case complexity of the
Simplex Algorithm is exponential time.

Example 7.7: A SMALL EXPONENTIAL EXAMPLE. Consider the linear
program (due to Chvátal [28]) previously discussed in Example 7.5.

maximize 9x1 + 3x2 + x3

subject to x1 ≤ 1

6x1 + x2 ≤ 9
18x1 + 6x2 + x3 ≤ 81

xj ≥ 0, j = 1, 2, 3.

We shall add slack variables x4, x5, x6 and treat this as a maximization
problem in standard form. In tableau form this becomes

max z x1 x2 x3 x4 x5 x6 1 basic

row 0 1 −9 −3 −1 0 0 0 0 z

row 1 0 1 0 0 1 0 0 1 x4

row 2 0 6 1 0 0 1 0 9 x5

row 3 0 18 6 1 0 0 1 81 x6

We are maximizing z, so we want to make the coefficients in the objective
function row become nonnegative.

In a maximization problem, choosing the pivot column as the one with
“the most negative” zj−cj is called the greedy rule. Under this pivot column

selection criterion, the Simplex Algorithm applied to the problem above does
seven pivot steps as shown in Table 7.1. In this table ← means “replaces as

a basic variable.” There are three things to notice about this sequence of
pivots.

1. x4 and x1 are interchanged on the odd-numbered iterations.

2. x5 and x2 are interchanged every other even-numbered iteration.

3. The number of iterations is of the form 7 = 2n − 1 = 23 − 1.
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Iteration
1 x4 ← x1

2 x5 ← x2

3 x1 ← x4

4 x6 ← x3

5 x4 ← x1

6 x2 ← x5

7 x1 ← x4

8 Done!

Table 7.1: Exponential pivot sequence.

General form of the LPs in this class of problems

To generate an n-variable problem in this class of linear programs, let C be

a constant such that C > 2. Consider the LP problem

maximize
n∑

j=1

Cn−jxj

subject to 2

i−1∑
j=1

Ci−jxj + xi ≤ (C2)i−1, i = 1, . . . , n

xj ≥ 0, j = 1, . . . , n.

(7.27)

It is known from the work of Klee and Minty [112] that this type of problem
will take 2n − 1 pivot steps if the greedy pivot selection rule is used in the

Simplex Algorithm.11 Indeed the algorithm visits each extreme point of the
feasible region.

Just how large is 2n − 1 ?

When n = 50, the required number of iterations to solve a problem of the
form (7.27) is 250− 1 which is approximately 1015. In a year with 365 days,

there are

365× 24× 60× 60 = 31, 536, 000≈ 3× 107

11Actually, Klee and Minty used a different, but equivalent, form of the problem.
Chvátal [28, pp 47-49 and 255-258] analyzes a form of the problem like the one discussed
here.
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seconds. At the rate of T iterations per second, it would then take approx-
imately 1015/(3T × 107) = 108/3T years to solve the problem (7.27) by the

Simplex Algorithm with the greedy pivot selection rule!

The discovery of linear programs that require an exponential number of
iterations of the Simplex Algorithm intensified the search for polynomial-

time algorithms, which is to say, algorithms that could be guaranteed to
find a solution in a number of iterations that is bounded by a polynomial in

a suitable measure of the size of the problem. Some methods for doing are
discussed in Chapter 14.

Basic code vectors

Let us consider an n-variable member of the family of linear programs (7.27).

In its original form, there will be n constraints in n variables plus n slack
variables when the problem is expressed in standard form. Denote the orig-

inal variables by x1, . . . , xn and the slack variables by xn+1, . . . , x2n. In any
BFS of the standard form version, each of the original variables xi is ei-

ther basic or nonbasic.12 We can record this by defining a binary vector
v = (v1, . . . , vn) according to the following rule: For each i = 1, . . . , n set

vi = 1 if xi is basic and vi = 0 otherwise. We shall call these “code vectors.”

Let’s now have a look at the basic feasible solutions in Example 7.7.
There we have n = 3 and the following code vectors:

Iteration Basic Variables Code Vector v

1 x4, x5, x6 (0, 0, 0)

2 x1, x5, x6 (1, 0, 0)

3 x1, x2, x6 (1, 1, 0)

4 x4, x2, x6 (0, 1, 0)

5 x4, x2, x3 (0, 1, 1)

6 x1, x2, x3 (1, 1, 1)

7 x1, x5, x3 (1, 0, 1)

8 x4, x5, x3 (0, 0, 1)

Thus, to each set of 3 basic variables there corresponds a code vector v which

12The same is true of the slack variables, but at the moment we are concentrating on
the original variables.
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Figure 7.4: A Hamiltonian path on a 3-cube.

can be interpreted as the coordinates of a vertex of the 3-cube.

Figure 7.4 indicates what is called a Hamiltonian path on a 3-cube. This
path visits each vertex on the cube exactly once. Notice that this Hamilto-

nian path sweeps out a Hamiltonian path on the bottom face of the cube and
then moves to the top face of the cube where is sweeps out a Hamiltonian

path in the opposite direction to what it did on the bottom face.

The 8 vertices on the cube in Figure 7.4 are labeled from 0 to 7 to
bring out the connection between these code vectors (which are precisely

the coordinates of these vertices). These 8 vectors also happen to be the
Gray code (see Gray [90] and Gardner [76]) representations of the integers

from 0 to 7.

7.6 Exercises

7.1 In Section 7.5 we discussed the Klee-Minty example which demonstrated
that the Simplex Algorithm takes an exponential number of steps when
using the greedy rule. Solve the LP of Example 7.7 using Bland’s Rule.
How does this compare to the use of the greedy rule?

7.2 In an LP with bounded variables, show that, at an optimal solution,
zj − cj ≤ 0 for the nonbasic variables xj that are at their upper bound.
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7.3 Solve the following LP using the Simplex Algorithm for bounded variables.

minimize 4x1 + 3x2 + 5x3 + 2x4 + 3x5 − x6

subject to 3x1 + 2x2 − 2x3 + 3x5 − 2x6 = 9
− x1 + 5x2 + 11x5 + 4x6 = 6

4x2 + 6x3 + 10x4 = 18

0 ≤ x1 ≤ 2, 0 ≤ x2 ≤ 2, 0 ≤ x3 ≤ 6

0 ≤ x4 ≤ 3, 0 ≤ x5 ≤ 3, 0 ≤ x6 ≤ 2.

7.4 Consider the linear program in standard form where

A =

⎡⎣ 1 0.4 0 3 0 5
0 1 0.4 −1 2 2
0 0 1 2 3 3

⎤⎦ , b =

⎡⎣ 20
15
10

⎤⎦
and

c = (2, 3, 5, 8, 2, 6).

(a) Verify that B = [A.1, A.2, A.3] is a feasible basis.

(b) Put the problem into canonical tableau form with respect to the
basis B.

(c) Price out the basis B in the usual way and then by the steepest-edge
rule. Compare the results and the effect on the corresponding steps.

7.5 (a) Sketch an algorithm for determining which variables in a given linear
program are implicitly bounded.

(b) Apply the algorithm in part (a) of this exercise to the polyhedral set
given by the following linear inequalities:

3x1 + x2 − x3 ≤ 8
−x1 + 2x2 + x3 + x4 ≤ 5

x2 + 2x3 + x4 ≥ 1

xj ≥ 0, j = 2, 3, 4

7.6 Let P denote the polyhedral set defined by the linear inequality system

−4x1 + x2 ≤ 12
−2x1 + 3x2 ≤ 6

2x1 + 5x2 ≤ 10
3x1 + x2 ≤ 15.

(a) Plot the inequalities and thereby graph the set P .

(b) Determine the extreme points of P .
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(c) Indicate (draw) what the Goldman Resolution Theorem has to say
about P .

(d) Write down the extreme rays of the cone in (c).

angular structure is that in which k = 2 and � = 1 thereby giving con-
straints of the form

A1x = b1

A2x = b2.

This may be of interest in an LP situation where one or both of the
subsystems Aix = bi are easy to solve, but together they are more difficult.
The Dantzig-Wolfe Decomposition Principle applies to this situation just
as it does to problems with the more general block-angular structure.

Consider an LP model of a distribution problem in which there are 2
warehouses (i = 1, 2) each with supply capacity 20 of some commodity
and three retail outlets (j = 1, 2, 3) having demands of 20, 10, and 10
for that commodity. The decision variables are the amounts xij of the
commodity to ship from warehouse i to retail outlet j. So far, this is
just like a set of transportation problem constraints. In this case it is of
particular interest to maximize the sum of x12, x22, and x23. There is
one further constraint. The sum of x11 and x23 may not exceed 15.

(a) Formulate this problem as a linear program with 2 blocks in which
the last constraint is treated as the only “coupling” or complicat-
ing constraint and the remaining constraints correspond to the single
“subproblem.”

(b) The vectors

x1 = (x11, x12, x13, x21, x22, x23) = (20, 0, 0, 0, 10, 10)

and
x2 = (x11, x12, x13, x21, x22, x23) = (0, 10, 10, 20, 0, 0)

are feasible for the subproblem. Construct a restricted master prob-
lem in which the vector x is required to be a convex combination of
these two vectors. Solve the restricted problem and obtain the price
vector corresponding to its optimal feasible basis.

7.8 Benders Decomposition.

(a) A manufacturing company makes p different products for which it has
firm orders, say d1, . . . , dp. To meet these demands, the company uses
its n manufacturing processes (some of which may be alternatives for
each other), a set of resources in given amounts, say r1, . . . , rm, and
its linear technology. The unit cost of process j is $ cj . Formulate the
manufacturer’s problem as an equality constrained linear program.

7.7 (After Bertsimas & Tsitsiklis [15, p. 261].) A limiting case of the block-



CHAPTER 7: SOME COMPUTATIONAL CONSIDERATIONS 231

(b) Now assume that—in addition to the p products—the same manu-
facturing company also produces 3 independent groups of pollutants.
The pollutant groups are identified by what they affect: Air, Earth
(i.e., Soil), and Water. (There are no Fire pollutants to speak of.)
As it happens, each manufacturing process produces an amount of
each pollutant that is proportional to the level of the process (ac-
tivity). Assume that the total amount of any pollutant generated is
additive across the production processes. Assume further that there
are given limits to the amount of each pollutant the firm may pro-
duce. However, the firm may buy or sell pollution credits according
to whether its production of a particular pollutant is over or under
the prescribed limit. The price of a single credit for (or of) pollutant
k is $ϕk per unit. Taking these new conditions into account, for-
mulate the manufacturer’s problem as an equality constrained linear
program.

7.9 Consider the linear program (7.19) appearing in Section 7.4.

(a) Write down its dual.

(b) Using the concepts of the Dantzig-Wolfe Decomposition Algorithm,
write down the full master problem.

(c) Write down the steps of the Dantzig-Wolfe Decomposition Algorithm
to solve this problem.

(d) How does this compare to the Benders Decomposition Algorithm
applied to the primal problem (7.19)?

7.10 Formulate the analog of the LP given in Example 7.7 for the case of n = 4.
Solve this problem on a computer. Compare the number of iterations with
what the Klee-Minty result predicts. If they are not the same, how do
you account for the difference?

7.11 Read up on the Tower of Hanoi puzzle and model the process of solving
it in such a way that each state of the system (arrangement of n rings on
n pegs) is associated with a “code vector” representing an integer in the
set {0, 1, . . . , 2n − 1}.

7.12 A little art project. Make a 16× 16 grid and label the rows and columns
0,1,2, . . . , 15. Think of the 256 cells of the grid as entries of a 16 × 16
distance matrix. Let i and j correspond to vertices of the 4-dimensional
cube labeled according to the Gray code. The entry in the (i, j) cell is to
represent the shortest distance from point i to point j by moving along
edges of the cube.

(a) Find each entry of the distance matrix described above. (Each entry
will be one of the following five numbers: 0,1,2,3,4.)
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(b) Select a different color (or shading pattern) to represent each distinct
distance in the matrix. “Paint” (or shade) each cell of the grid ac-
cording to the color (shading pattern) associated with the distance
recorded in that cell.

(c) Comment on the structure of the matrix.

Suggestion: Do this exercise for the 3-dimensional case using Figure 7.4
as a guide. Then generalize your solution to 4 dimensions.



8. NLP MODELS AND APPLICATIONS

Overview

We now turn to the study of nonlinear programming, also known as nonlin-

ear optimization. In this chapter we discuss the differences between linear
and nonlinear programming and state the form of the general nonlinear opti-

mization model. We will see that in contrast to linear programming, it does
make sense to talk about unconstrained nonlinear optimization problems.

The principal aim of this chapter is to identify several classes of nonlinear

programming problems and illustrate the practical importance of the subject
through a few simple examples. In practice there are certain classes of non-

linear optimization problems having a rather methodological source, namely
as optimization subproblems arising within algorithms for other nonlinear
programming problems.

Many textbooks on optimization (including this one) provide rather little

information on where problems of maximization and minimization actually
come up1. This is especially true of nonlinear optimization problems. The

reason for this is that many applications tend to require extensive back-
ground knowledge on the reader’s part; moreover, there is much to say

about theory and algorithms. The situation is very different, however, in
the periodical literature. There are literally hundreds of scholarly journals

containing articles on applications of nonlinear optimization. These publica-
tions are usually directed to an audience that needs little or no introduction

to the area of application. This book cannot really remedy this shortcom-
ing, but it does give some useful examples of—and pointers to—nonlinear
optimization problems encountered in the real world. In addition, the Bibli-

ography and the Internet can be consulted for further reading on applications
of nonlinear optimization.

8.1 Nonlinear programming

A linear program is a constrained optimization problem in which the objec-
tive function and constraints are all linear and there is at least one linear

1Of course there are exceptions, some of them being [164], [26], [10], [18], [19], [189],
[8], and [122], all of which provide a broad range of science and engineering applications.
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inequality constraint. An optimization problem in continuous variables in
which one or more of these functions is not linear is called a nonlinear pro-

gram. If only its objective function is nonlinear in a constrained optimization
problem, it is said to be linearly constrained.

General differences between linear and nonlinear programming

As you know, the study of optimization is mainly about maximization and
minimization. Part I of this book covers linear programming (optimization)
in which a given linear function is to be maximized or minimized subject to

linear constraints. A linear program has the following characteristics:

L1. Linear objective function.

L2. Linear constraints involving at least one inequality.

L3. Typically many variables.

L4. Solvability by finite (and other types of) algorithms.

By way of contrast, nonlinear programs may—but need not—have any of

these properties. Some salient features of nonlinear programs are:

N1. The presence of at least one nonlinear function.

N2. One or more variables all of which are continuous.

N3. Inequality constraints, equality constraints, or no constraints.

N4. Properties of the functions, which may include continuity, differentia-

bility, or convexity.

N5. Occasionally intricate optimality criteria.

N6. Convergent (but not usually finite) solution algorithms with associated
rates of convergence, such as linear, superlinear, and quadratic.
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Convexity of functions

In N4 above, we mentioned the special property of convexity in connec-

tion with functions. For the sake of readers not already familiar with this
property, we give a brief definition here.

Let X be a nonempty convex set in Rn and let f : X −→ R. Then f is

said to be convex on X if it satisfies the inequality

f(λu + (1− λ)v) ≤ λf(u) + (1− λ)f(v) (8.1)

for all u and v belonging to X and all λ ∈ [0, 1]. If this inequality is satisfied
strictly when u 
= v and 0 < λ < 1, then the function f is said to be strictly

convex on X . Other criteria for convexity of functions are discussed in
Section A.7.

The negative of a (strictly) convex function is said to be (strictly) concave.

Every affine function is both convex and concave, but not strictly so. No
other kind of function has this property.

The study of convex sets and functions has a long history and an enor-
mous literature. We shall have more to say on this subject in Section 11.4,

but our treatment is necessarily limited. See the Appendix as well as [18]
and the references therein for background on convex functions and related

matters.

General form of optimization problems

Optimization problems of the type considered in this book can be posed in
the form

minimize f(x)

subject to ci(x) ≤ 0, i ∈ I
ci(x) = 0, i ∈ E

x ∈ Ω.

(8.2)

Although the problem is expressed here as one of minimizing the objective
function f , the conversion to maximization is simple because

min
x∈S

f(x) = −max
x∈S

(−f(x)). (8.3)
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The symbols I and E represent index sets. The notations are chosen to
correspond to the words “inequalities” and “equations,” respectively. The

statement x ∈ Ω indicates the space in which the variables take values. In
our case Ω is usually Rn, a constraint that can be—and normally is—omitted

from the problem statement.

We now refer back to points N1–N6 listed above. The first one means
that in a nonlinear optimization problem, at least one of the functions f

or ci must be nonlinear.2 That said, it is possible for either or both of the
index sets I and E to be empty. The terminology goes as follows:

• Unconstrained nonlinear optimization : E = ∅, I = ∅.

• Inequality-constrained nonlinear optimization : E = ∅, I 
= ∅.

• Equality-constrained nonlinear optimization : E 
= ∅, I = ∅.

• Mixed-constrained nonlinear optimization : E 
= ∅, I 
= ∅.

Note, by the way, that it is possible for a nonlinear optimization problem to

have a linear (or, more correctly, affine) objective function as long as it has
at least one nonlinear constraint.

Point N4 above refers to the fact that it is necessary to take account of
function properties, such as continuity, (orders of) differentiability, convex-

ity, etc. Point N5 has to do with the question of how we identify optimal
solutions. This is best left for a later discussion, but for now recall that

the case of unconstrained optimization of differentiable functions is treated
in multivariate differential calculus. Points N5 and N6 are connected with

the iterative nature of nonlinear programming algorithms, which generate
sequences of trial solutions and objective function values. Ideally, these se-

quences converge to feasible solutions that yield (locally) optimal objective
function values. If so, it is of interest to know the rate of convergence, that

is, how rapidly this occurs—and, for that matter, how much computation is
involved in each iteration.

2Generally speaking, one would prefer not to have any nonlinear functions amongst the
equality constraints ci, i ∈ E, but sometimes the inclusion of such nonlinear constraints
cannot be avoided.
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Models

As stated earlier, book such as this can never adequately cover the appli-

cations of optimization. The subject is extremely broad. This being so, we
give only a sample of nonlinear optimization models that arise in nonlinear

programming.

It is possible to classify optimization problems according to their fields
of application, such as agriculture, the many engineering disciplines, eco-
nomics, finance, etc. But for our purposes, it is more useful to organize the

examples by their structure. For a start, we consider models according to
whether their constraints are linear or nonlinear. (Of course, to be classified

as nonlinear optimization problems, linearly constrained models must have
nonlinear objective functions.) We shall also classify nonlinear optimization

models according to whether their constraints are all equations or whether
the constraints include inequalities (and possibly no equations). It has to

be said that constrained optimization problems with no inequalities of any
kind at all are much less prevalent than those with at least some inequalities

(possibly combined with equations as well). Other classification schemes
involve more special features of the functions; the main representatives of
this kind are quadratic functions. Thus, an optimization problem with a

quadratic objective function and linear constraints (equations, inequalities,
or both) is called a quadratic programming problem or quadratic program for

short.3

8.2 Unconstrained nonlinear programs

Unconstrained minimization problems typically have the form

minimize f(x)
subject to x ∈ Rn

and are often written as

min
x∈Rn

f(x) or min{f(x) : x ∈ Rn}.

The optimization problems encountered in elementary differential calcu-
lus are of this sort. Recall that sometimes the objective function may have

3The further abbreviation QP is also widely used for this class of problems.
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many local minima. Cases where a global minimum is to be found and a
plethora of local minima exist can be quite challenging.

The linear least-squares problem

Linear least-squares or linear regression is a widely used statistical models.
The method is used to fit data to a function that is linear in the model

parameters to be estimated. It comes under nonlinear optimzation because
the technique minimizes a quadratic function of these parameters, which is
the sum of the squares of the errors of the fit.

The linear function used to relate the parameters (or unknown coeffi-

cients) with the output can be written as:

b = a1x1 + a2x2 + · · ·+ anxn, (8.4)

where the b (output) and a1, a2, . . . , an (inputs) are determined through

experiments or surveys, and the xj, for j = 1, 2, . . . , n are the unknown
parameters to be determined. Often the coefficient of the first parameter x1

is assumed to be 1 or, alternatively, an additional term x0 is added to the
above relation.

Suppose that, for a given set of inputs, a process is run several times,

say m, and, for each run i, the output is recorded:

Run Input Vector Output

i (ai1, ai2, . . . , ain) bi

Using the above-mentioned data in (8.4) results in the following set of
m equations.

bi = ai1x1 + ai2x2 + · · ·+ ainxn for i = 1, 2, . . . , m.

In practice m � n, and the problem is to determine the parameters xj

that best fit the data specified by an overdetermined system of equations.

The resulting function can then be used to predict the output based on an
arbitrary set of inputs.

The least-squares approach to finding values for the variables in such

a system is to minimize the sum of the squares of the differences of each
output from its predicted output. For i = 1, . . . , m define

εi = bi − (ai1x1 + ai2x2 + · · ·+ ainxn).
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The linear least-squares problem is then

minimize

m∑
i=1

ε2
i .

The problem can be stated concisely in matrix form; such a statement

also makes the solution process easier to follow. To do this, let

Ai. = [ai1 ai2 · · · ain],

x = (x1, x2, . . . , xn),

b = (b1, b2, . . . , bm),

ε = (ε1, ε2, . . . , εm).

Thus, we minimize

m∑
i=1

ε2
i = εTε = (b−Ax)T(b− Ax) = bTb− 2bTAx + xTATAx.

The expression on the right-hand side of this equation is a quadratic function
of the n variables x1, . . . , xn.

To belong to the class of linear least-squares problems, the function has

to be linear in the model parameters xj as is the case in (8.4), but there are
no restrictions on the aj. So, for example, this approach can be used to fit

polynomials
b = x0 + a1x1 + a2

2x2 + · · ·+ an
nxn.

The relations can contain any functions of the αj. For example,

b = a1x1 + a1a2x2 + a1a2a3x3 and b = log(a1)x1 + log(a2)x2

are linear functions of the xj .

The nonlinear least-squares problem

As we have just seen, the linear least-squares model fits data to a function
that is linear in the parameters to be estimated. In nonlinear least-squares

problems, the task is to fit data to a function that is nonlinear in the pa-
rameters to be estimated. An example of the latter is

b = a1 sin(x1) + a2 sin(x2) + · · ·+ an sin(xn).
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In general, the problem is to fit a functional form

b = f(x1, x2, . . . , xn; a1, . . . , ak), (8.5)

where (some of) the parameters xj enter nonlinearly in the function f .

As in the linear least-squares case, suppose that for a given set of inputs,
a process is run several times, say m, and, for each run, the outputs are

recorded. For each set of inputs ai = (ai1, ai2, . . . , aik), for i = 1, . . . , m, we
record an output bi. This results in a set of m equations:

bi = f(x1, x2, . . . , xn; ai1, . . . , aik) for i = 1, . . . , m.

For each such i, define

εi = bi − f(x1, x2, . . . , xn; ai1, . . . , aik).

The nonlinear least-squares problem is then

minimize

m∑
i=1

ε2
i .

Sometimes simple transformations can be used to reduce the nonlinear
functional form to a linear form, in which case linear least-squares method-

ology can be used. For example, the function

β̄ = ex1t

can be transformed to
ln(β̄) = x1t.

Letting β = ln(β̄) we obtain
β = x1t,

a linear form in x1. However, the error of the fit (i.e., the objective function
value) is not necessarily the same for the nonlinear least-squares model and

its transformation to a linear least-squares model.

Example 8.1: A NONLINEAR LEAST-SQUARES PROBLEM. As we all
know, automobiles lose a large part of the value during the first year; then

in the second year they lose less value than in the first year but more than
the value lost in the third year, etc. Suppose we assume that the best way
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to model this is to assume that the value of an automobile decreases over
time according to an exponential functional form. A nonlinear model to

represent this is

v = x1 + (p− x1)e
−x2t,

where p is the purchase price, t is the age of the vehicle in years, x1 and x2 are

parameters to be determined. The parameter x1 is the residual value at the
end of the life of the vehicle. This nonlinear least-squares problem happens

to be one that cannot be transformed to a linear least-squares problem.

Location problems in the plane

A type of problem that comes up in many settings and many versions is
called a location problem. The following is just one simple instance.

Suppose we have a set of n “consumers” at known locations and want

to choose the location of a “service facility” for these consumers in such a
way that the sum of the distances from the service facility to the consumers

is minimum. Examples of this arise in situations where the location of a
manufacturing plant, a fire station, or a switching center is to be determined.

Formulation of the location problem

Assume the n consumers have known coordinates (xi, yi) for i = 1, . . . , n.
Then we seek a point (x, y) ∈ R2 such that the sum of the distances from

(x, y) to each of the points (xi, yi) is minimum.

Using the usual Euclidean distance function4 and placing no restrictions
on the location (x, y) of the service facility, we wish to

minimize

n∑
i=1

√
(x− xi)2 + (y − yi)2.

The case of n = 3

As a mathematical problem, the case of n = 3 was stated by Pierre de
Fermat (1601-1665):

4See Appendix A for background on norms, metrics, and notions of distance.
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Given three points in the plane, find a fourth point such that the
sum of its distances to the three points is a minimum.

This problem has a beautiful solution that can be found using methods of
plane geometry:

The sides of the triangle (formed by the three given points) sub-

tend angles of 120◦ from the solution point.

As noted by Kuhn [117], this problem (with n = 3) has a long history
and is often mistakenly identified as “Steiner’s problem,” an attribution

that seems to date back to the book What is Mathematics? by Courant
and Robbins [39]. Although this name is incorrect, it persists, particularly
in connection with its generalization in which a set of one or more points

are sought so that the spanning tree on the union of the two sets (those
given and those computed) has minimum total length. In the economics

literature, the location problem stated above is called the “(Generalized)
Weber Problem” after A. Weber, the author of the book [188] on the theory

of industrial location.

Variations on the location problem

The location problem can be posed in many ways.

• With a positive “weight” wi on the i-th term

minimize

n∑
i=1

wi

√
(x− xi)2 + (y − yi)2

in the case of the Euclidean distance function. A large positive weight

tends to “penalize” the corresponding term for being large. For ex-
ample, if w1 � 1 and w2 = · · ·wn = 1, the model emphasizes the

importance of having the solution (x, y) be as close as possible to
point (x1, y1).

• With different distance measures (not Euclidean). In certain cases,
it is appropriate to calculate distance a different way. For instance,

in an urban setting (e.g., Manhattan) where the streets are laid out
in a more or less grid-like way, the distance between two points may
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have to be measured by what is called the �1 (or Manhattan) dis-
tance measure. Thus, instead of measuring the distance from (x, y)

to (xi, yi) as
√

(x− xi)2 + (y − yi)2 the distance in the “Manhattan
distance function” would be |x − xi| + |y − yi|, hence the analogous

(weighted) objective would be

minimize

n∑
i=1

wi {|x− xi|+ |y − yi|} .

Figure 8.1 indicates how the Euclidean and Manhattan distance func-
tions differ.
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Figure 8.1: Euclidean and Manhattan distances.

• With restrictions on the admissible locations. It may be that only a

certain—possibly finite—set of physical locations is feasible. If the set
is finite and small, it may be possible just to use the model and do an

exhaustive search for the best location. In continuous optimization,
another type of restriction might be one in which certain regions of

the plane are prohibited. For example the location of a manufacturing
plant in the middle of a city park would presumably not be allowed.
If the set of candidate locations for the facility is finite, but large, this

might not be the most appropriate approach. But notice that either
way, when the set of eligible sites from which to choose is finite, the

problem is no longer one of continuous optimization and hence falls
outside the class of problems under consideration here. This discrete

problem is studied in combinatorial optimization. It is known to be
a hard problem. One of the approaches used in “solving” it is by

so-called approximation methods.

• With points in higher-dimensional spaces. One can easily envision
applications (for example, in electronics) in which the given points
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lie in (restricted regions of) 3-dimensional space. The appropriate
measure of distance might also be of the �1 type and possibly weighted.

Projectile problems

Here you will find a couple of related applications of unconstrained opti-
mization; each of them is concerned with finding the optimal value of a

single variable. These are given even though everyone who has ever stud-
ied elementary differential calculus will have seen many applications of such

optimization problems.

The first problem is based on a discussion in a textbook by K.G. Murty
[145, p. 530]. This unconstrained univariate optimization model seeks to de-

termine the range of a cannon, defined as the maximum horizontal distance
to which a projectile can be propelled. The problem is to choose the firing
angle, θ, that is, the angle of the cannon’s barrel above horizontal. Clearly

0 ◦ ≤ θ ≤ 90 ◦.

The horizontal distance traversed by the projectile (shell) is denoted d(θ).
This is the function to be maximized. But what is the form of the objective

function d(θ)?

Let’s say the mass of the projectile is 50kg and its initial velocity is
v0 = 800m/s. At velocity v the drag at that time is assumed to be 0.015v2.

After the application of a bit of Newtonian physics and mathematics, one
arrives at the expression

d(θ) = 3333.33 ln(1 + 0.24t cosθ)

for the range as a function of θ where

t =
800

g
sin θ +

√
2

g

[
(800 sinθ)2

2g
+ 1 + 5 sin θ

]
.

Is this really an unconstrained optimization problem? It is perfectly
clear that the optimal θ is less than 90 ◦. But what about having θ = 0 ◦?

To settle this, one can compare d(0) with d(θ) for arbitrarily small values
of θ. From such an analysis, one sees that the optimal value of θ lies in
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the open 0 ◦ < θ < 90 ◦. Accordingly, instead of θ ∈ R, we actually have
θ ∈ Ω = (0, 90), that is, {θ : 0 < θ < 90} (where these values are measured

in degrees). Any purported “solution” that fails to lie in this set is called
“extraneous” and is rejected, so in this sense, the optimization problem is

unconstrained.

Another application of this sort comes from the track and field event
known as the shot put in which a heavy ball (the shot) is “put” (essentially

pushed from shoulder height). In ancient times, the object put was a stone,
but for the last century or so it has been (in effect) a cannon ball weighing

16 pounds (7.26 kg) for men and 8 pounds, 13 ounces (4 kg) for women.
The object of this sport is to make the shot go as far as possible from
the edge of the ring within which the shot-putter must remain until the

judge calls the mark. Factors that influence the length of the throw are
the release height, the speed, and the angle (above horizontal) at which the

shot is released. In an interesting book called Mathematics in Sport [185,
p. 34] the author, M.S. Townend, discusses this application with a model

that is much the same as in the artillery example above except that it takes
account of the shot-putter’s height, or more precisely, the height from which

the shot it released and the velocity of the throw. Holding release height and
velocity constant, the author analyses the optimal angle as an unconstrained

optimization problem.5

In a section titled “Projectile Motion in a Gravitational Field” Paul
J. Nahin [146, Section 5.4] gives further sports applications of this sort as
well some history of the gunnery application dating back to work of Edmond

Halley (1656–1742).

Other applications

In the overview to this chapter, we commented on the difficulty of presenting
nonlinear optimization applications due to the need for specialized techni-

cal background. There are, however, textbooks written for audiences with
such backgrounds. One of these is [5] which is largely addressed to read-
ers in electrical engineering and computer science. It contains a chapter on

applications of unconstrained optimization, notably point-pattern match-
ing (for recognition of cursive handwriting), inverse kinematics for robotic

5Experimental evidence indicates that the variables affecting the range of the throw
are not independent, see [99].
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manipulators, and design of digital filters.

8.3 Linearly constrained nonlinear programs

Constrained nonlinear optimization problems come up in a wide range of
economic, engineering, and applied science work. In this section and the
next, we exhibit just a few of these to get across the idea. Others will be

found in many of the references listed in this book.

Here we discuss problems of two types. The first is of the form

minimize f(x)

subject to Ax = b.
(8.6)

The second is of the form

minimize f(x)

subject to Ax = b
x ≥ 0.

(8.7)

The constraints of the latter problem are just like those of a linear program

in standard form. In fact, just as in linear programming, any linearly con-
strained problem can be brought to this form by the inclusion of slack or

surplus variables and the conversion of free variables to nonnegative vari-
ables. Thus, insofar as linearly constrained problems are concerned, it is not
particularly restrictive to focus attention on this class of problems.

Within this category, quadratic programming problems stand out as es-

pecially important. In these problems, the quadratic objective function may
or may not be convex, but when it is, the problem is often called a convex

quadratic program. The problems illustrated in the next example are of that
sort. In this case, the presence of inequalities introduces a combinatorial

aspect. Generally speaking, these problems cannot be solved in closed form
as (8.8) can. This makes it necessary to use iterative algorithms to solve

them. A remarkable feature of convex quadratic programs is that they can
be solved with algorithms that terminate in a (possibly large) finite number

of iterations, either with a globally optimal solution or with the information
that the objective function is unbounded below over the feasible region. (A
similar assertion can be made for nonconvex quadratic programs, but in

most cases algorithms for solving these can at best only be relied upon to
produce local minimizers.)
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The hyperplane H = {x : aTx = b}
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Figure 8.2: Nearest-point problem.

The nearest-point (or projection) problem

Many optimization problems are concerned with some notion of “closeness,”
and the following simple example is just such a case. Suppose H is a hy-

perplane in Rn, i.e., the solution set of a linear equation aTx = b where a
is a nonzero n-vector and b denotes a scalar. There are circumstances in

which one seeks the point x∗ on H that is nearest (in the Euclidean sense)
to a given point u that does not lie on H . When n = 2, and H is just a

line, this problem is readily solved by the methods of plane geometry we
learn in high school. In higher dimensions, particularly those so high that

our geometric intuition fails us, the way to obtain the desired point is not
as obvious. Thus, we solve the problem

minimize 1
2‖x− u‖2

subject to aTx = b.
(8.8)

A unique solution x∗ to the above problem exits. It is called the projection
of u onto H ; see Figure 8.2.

As we will see in Chapter 11, the “Method of Lagrange Multipliers” can
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be used to show that the problem (8.8) has the closed-form solution

x∗ = u + a

(
b− aTu

aTa

)
. (8.9)

Nearest-point (or projection) problems come up in various settings, one of

which is motion-planning algorithms (see, for example, [156, pp. 294–346]
and [177]) which call for the projection of a gradient vector g onto the

nullspace6 of a matrix A. In that case, we would have the problem

minimize 1
2‖x− g‖2

subject to Ax = 0.
(8.10)

In some equality-constrained problems the variables are naturally sign re-

stricted, but this is implicitly handled through the definition of the objective
function. Our next example is of this type.7

An entropy maximization problem

Analytical studies of “traffic” in transportation planning, World Wide Web

usage, and other fields are often accomplished through the application of
optimization models like

maximize −
∑

j

xj lnxj

subject to
∑

j

aijxj = bi, xj > 0 for all j.
(8.11)

There are several things to be said about problems of this type.

1. In “traffic” applications, the constraints Ax = b typically represent
flow conservation conditions in very large networks.

2. The objective function as stated represents entropy.

6Interest in the nullspace of a matrix A stems from the fact that the difference of any
two vectors that satisfy Ax = b is an element of the nullspace of A. If an algorithm requires
all the generated iterates to satisfy Ax = b, then two successive iterates xk and xk+1 will
differ by an element of the nullspace of A. Indeed, we will have xk+1 = xk + αkpk where
αk is a scalar and Apk = 0.

7For another example, see [84, pp. 278–280].
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3. The definition of the objective function makes it “unattractive” to
consider variables whose values are not positive. We can, therefore,

disregard these restrictions in an algorithm provided the starting point
is a strictly positive vector and the iterates all satisfy the other con-

straints (Ax = b).

4. The negative of the objective function is strictly convex over the inte-

rior of the nonnegative orthant (i.e., the set commonly denoted Rn
++),

so it is a reasonable function to minimize.

5. The objective function is separable. This is a helpful property for a
nonlinear function.

8.4 Quadratic programming

Among nonlinear programming problems, perhaps the most common type

falls under the heading of quadratic programming (QP). All such problems
have a quadratic objective function and affine constraints. Let us inter-

pret this statement in terms of the formulation given in equation (8.2). A
quadratic function is one of the form8

f(x) = 1
2xTHx + uTx + d (8.12)

where the (symmetric) matrix H , the vector u, and the scalar d are all

constant. Because an additive constant such as d does not affect the location
of an optimal solution, it is usually omitted during the optimization process,

but it should not be forgotten when the actual optimal value of the objective
is reported.

The affine constraints corresponding to the index sets I and E may be
represented by the linear inequality systems

ci(x) ≤ Ai.x− bi ≤ 0, i ∈ I,

ci(x) = Ai.x− bi = 0, i ∈ E .

Among the inequality constraints associated with index set E there could

be some that are just simple bounds �j ≤ xj ≤ uj on the variables. As
in linear programming, bound constraints are often treated separately from

8The presence of the factor 1

2
is useful when the gradient and Hessian are computed.
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the rest of the inequalities. Note that the quadratic programming problem,
so defined, is an extension of the linear programming problem; in an LP, the

matrix H is zero.

Estimating a data table

Data are often presented in the form of tables, which is to say, rectangular
arrays, much like spreadsheets. But collecting the data might be expensive

or problematic. In some cases, the row and column sums (which are called
marginals) are known even though the entries in the individual cells are

not. The type of optimization problem we have in mind here is of that
sort. The general setup goes like this. We are given a known m × n table

(or matrix) A whose entries aij are nonnegative. We seek an m × n table
X with nonnegative entries xij and a given set of positive marginals, say
r1, . . . , rm for the rows and c1, . . . , cn for the columns. The conditions on

the marginals of the table X translate into the following system of linear
constraints.

n∑
j=1

xij = ri, i = 1, . . . , m

m∑
i=1

xij = cj, j = 1, . . . , n

xij ≥ 0 for all i, j.

Notice that the constraints of Example 1.1 are of exactly this form and are

consistent provided that r1 + r2 + · · ·+ rm = c1 + c2 + · · ·+ cn.

In the nonlinear programming model under consideration, the criterion

for choosing the entries of the table X calls for minimizing the sum of squared
differences of known and unknown table entries, that is

m∑
i=1

n∑
j=1

(xij − aij)
2.

Sometimes weights wij > 0 are attached to the individual terms (xij − aij)
2

in this objective function. The larger the weight, the more essential it is to

minimize the corresponding squared difference.

Having m × n positively weighted squared variables in it, the objective
function displayed above is quadratic and convex rather than just linear, so
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it qualifies as a nonlinear function, and thus we have a convex nonlinear pro-
gramming problem described in Section 11.4. See [35] for further discussion

of this model.

Finding the convex hull of a point set in the plane

The convex hull of a given nonempty finite set P of points is a polytope,

that is, a compact polyhedral set. If the given points all lie in a plane, say
R2, and the set consists of at least 2 points, its boundary will consist of

a finite set of line segments called facets. A point that is incident to two
adjacent facets of different slope is called a breakpoint.

This problem9 often arises in computational geometry. Suppose you need

to find the facets and the extreme points of the convex hull of a given set P
of n + 2 distinct points in R2, say

P = {pi = (xi, yi) ∈ R2 : i = 0, 1, . . .n, n + 1}

where n = 104. For this purpose, you probably would not want to plot the

points of P by hand.

The convex hull will have a lower envelope and an upper envelope. Each
of these is a subset of the boundary of the convex hull you are looking for.

The lower envelope will be a piecewise-linear convex function L. The upper
envelope will be a piecewise-linear concave function U . The problem can

be broken into two parts: one for the lower envelope and one for the upper
envelope. The approaches to solving these two parts are analogous. Each

piece of either envelope will be a line segment between two of the given
points.

Finding the lower envelope L. The points of P can be ordered lexicographi-
cally. Among all points having the same x-coordinate, only the one with the

smallest y-coordinate is of interest in finding the lower envelope of the con-
vex hull. (For the upper envelope, only the one with the largest y-coordinate

is of interest.) In the following discussion, we assume that this bit of pre-
processing has already been carried out and that (for some n) there are n+2

points (xi, yi) given for which xi < xi+1 for all i = 0, 1, . . . , n.

A general approach. Given a general lower-envelope problem for a set of

9Based on [37, pp. 11–13].
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n + 2 points satisfying xi < xi+1 for i = 0, . . . , n, define zi = yi − L(xi).
At this stage, the function L is unknown, but we do know that yi ≥ L(xi),

hence zi ≥ 0 for all i. Moreover, we must have z0 = zn+1 = 0. Next define
αi = 1/(xi+1 − xi) and βi = αi(yi+1 − yi) for i = 0, 1, . . . , n. The scalar βi

represents the slope of the line segment [pi, pi+1].

Using these constants, define q with components qi = βi − βi−1 for
i = 1, . . .n and the n× n matrix M with entries given by

mij =

⎧⎪⎪⎨⎪⎪⎩
αi−1 + αi if i = j

−αi if j = i + 1
−αj if j = i− 1

0 otherwise

As you will see later in this book, the system (q, M) given by

q + Mz ≥ 0, z ≥ 0, zT(q + Mz) = 0 (8.13)

represents the optimality conditions of the quadratic programming problem

minimize F (z) = qTz + 1
2zTMz subject to z ≥ 0. (8.14)

In the present context, problems (8.13) and (8.14) are equivalent. (See Ex-
ercise 11.14.) Relying on this fact and an algorithm to solve either problem,

one can compute the lower envelope L and the upper envelope U of the con-
vex hull. See the exercises at the end of this chapter for further development

of this model and its application.

The isotonic regression problem

A commonly encountered problem in statistics is to find values for the vari-
ables x1, . . . , xn that satisfy the inequalities

x1 ≤ x2 ≤ · · · ≤ xn (8.15)

and minimize the function

f(x1, . . . , xn) = 1
2

n∑
j=1

wj(xj − aj)
2 (8.16)

where the “weights” w1, . . . , wn are given positive constants and the val-

ues a1, . . . , an are given as well. In this instance f(x1, . . . , xn) ≥ 0 for all
(x1, . . . , xn) ∈ Rn.
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In the isotonic regression problem, there are no equality constraints,
hence E = ∅. The form of the constraints given in (8.15) stresses the fact

that the values of the variables are nondecreasing as the subscript increases.
For two consecutive variables, say xi and xi+1, there is an inequality

ci(x1, . . . , xn) = xi − xi+1 ≤ 0, i = 1, . . . , n− 1.

As we see, the constraints consist of n − 1 homogeneous linear inequalities

in n variables. In matrix form, the constraints look like⎡⎢⎢⎢⎢⎢⎣
1 −1

1 −1
. . .

. . .. . .
. . .

1 −1

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣
x1

x2
...
...

xn

⎤⎥⎥⎥⎥⎥⎥⎦ ≤
⎡⎢⎢⎢⎢⎢⎣

0
0
...
...

0

⎤⎥⎥⎥⎥⎥⎦ .

The matrix A of coefficients on the left-hand side of the inequality system has
n− 1 rows and n columns. Be sure to notice that A has special structure.10

All the nonzero entries of this matrix are either 1 or −1, and these lie along
a band (of width 2).

To relate the objective function (8.16) to the general definition of a
quadratic function as stated in (8.12), we put

H =

⎡⎢⎢⎢⎣
w1

w2

. . .

wn

⎤⎥⎥⎥⎦ , u =

⎡⎢⎢⎢⎣
−w1a1

−w2a2
...

−wnan

⎤⎥⎥⎥⎦ , and d = 1
2

n∑
j=1

wja
2
j .

What is this problem really about? Its objective function seeks to find

values x1, . . . , xn that lie as close as possible to some given values a1, . . . , an

whereas its constraints impose the isotonicity condition xi − xi+1 ≤ 0 for

i = 1, . . . , n−1. It is easy to see that if the given scalars a1, . . . , an constitute
a feasible solution to this problem, then (x1, . . . , xn) = (a1, . . . , an) is an

optimal solution, for in that case, f(x) = f(a) = 0 which is the unconstrained
minimum value of this objective function.

Isotonic regression problems have special properties that facilitate their

solution by several methods. One thing is evident: the feasible region de-
scribed by (8.15) is a polyhedral cone and as such is nonempty.

10This banded matrix has what is called upper bidiagonal structure.
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Among the most important of the many quadratic programming appli-
cations is the one we discuss next.

The portfolio selection problem

As in the pioneering publication of H.M. Markowitz [131] in 1952,11 we

imagine an investor (usually a large investor such as a mutual fund or an
insurance company) that has an amount of money to invest in n assets

(stocks, bonds, etc.). Assuming perfect divisibility, the investor wishes to
decide on the percentage, xj , of the total amount to be invested in the j-th
security (j = 1, . . . , n). For the purposes of this discussion, the decision

variables must satisfy the conditions

eTx = 1, x ≥ 0. (8.17)

The vector x is called a portfolio. In addition to the requirement (8.17),
there could be others. For instance, there could be upper bounds and lower

bounds on the individual variables or on sums of variables. The latter might
be included to achieve or to limit the percentage of holdings belonging to a

particular industry (electronics, automotive, utilities, etc.) or geographical
regions (Asia, Europe, North America, etc.). Linear inequality restrictions
of this type are quite readily incorporated in the model.

Two aspects of the investment program are of major importance. One is

the expected return; the other is the risk as measured here by the variance
of the return.12 The most desirable portfolio, of course, would be one which

simultaneously maximizes the return and minimizes the risk. Unfortunately,
such a portfolio need not exist. Therefore another criterion for choosing the

portfolio must be used.

The expected return for the portfolio x is given by

E(x) =

n∑
j=1

rjxj = rTx (8.18)

11Markowitz’s work is further elaborated in [132] and [133]. The portfolio selection
problem is discussed in many other books and scholarly papers; see for example [171].
Markowitz was one of three recipients of the 1990 Nobel Prize in Economic Science.

12In the literature of this subject, risk is usually defined as the standard deviation of the
return. The standard deviation is the square root of the variance. From the optimization
standpoint, the variance is more convenient to work with than the standard deviation.
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where rj is the average return on the j-th security. The rj are calculated on
the basis of past history, or may be extrapolated in some other way. The

variance of the return is given by the quadratic form

V (x) = xTDx (8.19)

in which D is the symmetric “covariance matrix.” The calculation of the
coefficients in V (i.e., the entries of the matrix D) is likewise a separate

issue. Nonetheless, it is well known from probability theory that the matrix
D is positive semidefinite. This means V (x) = xTDx ≥ 0 for all x ∈ Rn.

The feasible portfolios (those satisfying all the imposed linear constraints)

form a set P . The set of pairs (E(x), V (x)) where x is a feasible portfolio
also form a set Ω ⊂ R2. The investor would like to find x̄ ∈ P such that

(−E(x̄), V (x̄)) ≤ (−E(x), V (x)) for all x ∈ P. (8.20)

One rather natural way to overcome the obstacle presented by the nonex-
istence of a solution to (8.20) is to combine the two objective functions into

one. This is done by letting λ denote a nonnegative parameter and writing

fλ(x) = −λE(x) + V (x) = −λrTx + xTDx. (8.21)

For a fixed value of λ, minimizing fλ(x) subject to x ∈ P is a (convex)
quadratic program. Letting λ vary over the nonnegative reals, one obtains

what is called a parametric (convex) quadratic programming problem also
known as the portfolio selection problem. Each value of λ can be viewed

as a weight attached to the expected return. In particular, if λ = 0, the
minimand consists of the variance only. As λ is increased, ever more impor-

tance is attached to the expected return; as λ →∞, the expected return is
maximized and the variance is ignored.

There is an intimate relationship between the solutions x̄(λ) of the port-

folio selection problem and certain boundary points of Ω. A pair (Ē, V̄ ) ∈ Ω
is said to be an efficient point of Ω if there is no pair (E, V ) in Ω such that

either E > Ē and V ≤ V̄ or else E ≥ Ē and V < V̄ . An efficient portfolio
is one for which the associated pair (Ē, V̄ ) is an efficient point of Ω. The
efficient points of Ω constitute what is called the efficient frontier. They can

be generated by solving the portfolio selection problem.

Even though it is theoretically possible to solve the portfolio selection
problem as a parametric (convex) quadratic programming problem, and
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thereby to generate x(λ) for each λ ≥ 0, this approach has not met with
much favor. One customary approach is to solve the quadratic program

repeatedly
minimize −λrTx + xTDx

subject to eTx = 1, x ≥ 0
(8.22)

for all λ in a finite set of selected values. We will consider the formulations

of other approaches as exercises in this chapter.

Least distance to a polyhedron

Recall that a polyhedral set or polyhedron is the set of all solutions of a finite
system of linear inequalities. Any such system can be converted to what we

call standard form (see (8.7)). Some of the reasons for being interested in
this problem of finding the least distance to a polyhedron are analogous to

those associated with the equality-constrained problem. But here is another:
deciding whether the polyhedral set

X = {x : Ax = b, x ≥ 0}
is nonempty and, if so, to obtain a vector in it. Problems like this are
normally solved with the Phase I Procedure of the Simplex Method for

linear programming which, in the successful outcome, also produces a basic
solution or equivalently, an extreme point of X . Our aim here is simply to

exhibit another formulation of the feasibility problem.

Now to determine whether X 
= ∅, we consider the set

Y = {y : y = Ax, x ≥ 0}.
The question, in a nutshell, is whether b belongs to Y , because X 
= ∅ if and

only if b ∈ Y . The set Y is the cone spanned by the columns of A. It, too, is
a polyhedral set. The vector b belongs to Y if and only if its distance from

Y is zero. Thus, we solve the QP

minimize 1
2‖y − b‖2

subject to Ax = y, x ≥ 0.
(8.23)

Taking account of the constraints, we can write this equivalently as

minimize 1
2‖Ax− b‖2

subject to x ≥ 0.
(8.24)
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In a formal sense, this is a special case of (8.7) in which the constraints
are absent. (They have been accounted for in the objective function.) A

unique optimal solution x∗ to this problem must exist. It will yield the point
y∗ = Ax∗ ∈ Y that is nearest to b. If ‖y∗ − b‖ = 0, then the vector x∗ that

solves (8.24) is an element of X . See [33].

Note that in (8.24) we may write

1
2‖Ax− b‖2 = 1

2xTATAx− bTAx + 1
2bTb.

We turn now to another quadratic programming problem.

Constrained least-squares problems

Regression problems involve the estimation of parameters in a setting where

measurements are made on functions whose values depend partially on some
known parameter values. In general, the model has the form y = ϕ(u, x)

where u ∈ Rk and x ∈ Rn. The components of u are input parameters,
whereas those of x are unknown model parameters that need to be deter-

mined. The purpose, of course, is to devise a predictive instrument that
would enable one to forecast the output y arising from an input vector u.

But the model is not very useful while the vector x is still unknown. The
optimization problem involved here is to determine a suitable vector x∗ by

measuring the outputs yi that arise when inputs ui are used. This measure-
ment takes the form

yi = ϕ(ui, x
∗) + εi, i = 1, . . . , m

where the εi ∈ R are “random errors.”

By far the most familiar scheme for estimating x in such problems is the

least-squares method, especially in the case where the function ϕ(u, x) is of
the form uTx; this is called the linear least-squares model.13

In the general least-squares approach, one minimizes the sum of the

squared errors, i.e., the function

m∑
i=1

(yi − ϕ(ui, x))2 =
m∑

i=1

ε2
i .

13The case where the model is affine, i.e., of the form uTx∗ + x∗
n+1 can be handled by

taking ui,n+1 = 1 for i = 1, . . . , m.
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As stated, this is an unconstrained minimimization problem in the variables
x1, . . . , xn. In the linear least-squares case, we minimize (y−Ux)T(y−Ux),

where y is the m-vector of outputs yi and U is the m × n matrix whose
i-th row is the input vector (ui)

T. Computing the gradient of this quadratic

function and setting it equal to zero gives rise to the normal equations

UTUx − UTy = 0.

In some applications the variables xj are required to satisfy constraints, such

as nonnegativity in which case, one gets what is called the nonnegative least-
squares problem. For a discussion of these and other least-squares problems

see [123]. See also [65] for a specific application of nonnegative least-squares
in acoustics.

The chemical equilibrium problem

The problem14 at hand is to determine the molecular composition of the
equilibrium state of a gaseous mixture containing m different types of atoms.

Although these can combine into many chemically possible molecular species,
only the standard types that occur in measurable amounts are considered

in the model. We use the following notation:

bi = the number of atomic weights of atom type i present in the mixture,

xj = the number of moles of molecular species j present in the mixture,

x̄ =
∑

j xj , the total number of moles of gas in the mixture

aij = the number of atoms of type i in a molecule of species j.

The unknowns in the problem are the xj which are required to be non-

negative. By definition, their sum is x̄. The mass balance equations are

n∑
j=1

aijxj = bi, i = 1, . . . , m.

It is known that determining the equilibrium composition of the gaseous
mixture is equivalent to finding values of the mole numbers xj that satisfy

14See Dantzig, Johnson, and White [42]. The subject is also treated in Dantzig [40,
pp. 481–482] and Bracken and McCormick [19, pp. 46–49].
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the mass balance equations and minimize the total free energy of the mixture
which is given by

G(x1, . . . , xn) =

n∑
j=1

cjxj +

n∑
j=1

xj ln(xj/x̄)

=

n∑
j=1

cjxj + x̄

n∑
j=1

(xj/x̄) ln(xj/x̄)

= x̄

⎡⎣ n∑
j=1

cj(xj/x̄) +

n∑
j=1

(xj/x̄) ln(xj/x̄)

⎤⎦ .

The coefficients cj are the values of the Gibbs free energy function of

the atomic species at a given temperature plus the natural logarithm of the
pressure in atmospheres.

Through a change of variables uj = xj/x̄ we obtain

G(u1, . . . , un) = x̄

⎡⎣ n∑
j=1

cjuj +

n∑
j=1

uj ln(uj)

⎤⎦ .

This is a convex minimization problem because the objective function is

convex and the constraints are linear. In one (very early) solution method,
a structural property of the problem is used to show that a piecewise-linear

approximation to the objective function can be used to obtain an approxi-
mate solution via linear programming (see Dantzig [40, pp. 481–482]).

A discrete-time production-inventory problem

Consider a manufacturing company that makes an item for which the de-

mand is known in each of K successive periods. The company wishes to
develop a production schedule in order to meet the demand at least cost.15

During any period, the demand can be met from inventory on hand at the
beginning of the period or from production that occurs during the period.

Assume that production capacity is limited in each period by the same
amount, b. (No more that b units can be produced in a single period.) An

15This discussion is based on [9, p. 5].
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individual worker can produce p units of the product per period. Assume
that extra labor can be hired as needed and fired if it is not needed. But

changes in labor force size are undesirable. To discourage changes in the
labor force from one period to the next, a cost proportional to the square

of the difference in labor force in successive periods is imposed. There is
also a cost associated with carrying inventory forward from one period to

the next. The problem is to meet the demand dk in each of the K periods
at least cost. To do this an optimal schedule of inventory and labor force

size is to be determined.

It is assumed that the initial inventory I0 and the initial labor force L0 are
known. The corresponding unknown numbers for period k will be denoted
Ik and Lk.

The optimization problem can be expressed as

minimize

K∑
k=1

(c1u
2
k + c2Ik)

subject to
Lk = Lk−1 + uk

Ik = Ik−1 + pLk−1 − dk

0 ≤ Lk ≤ b/p

Ik ≥ 0

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ for k = 1, . . . , K.

In this formulation, the variables uk are auxiliary, and they are free, i.e., they
are not sign restricted. Indeed, if uk < 0 then there will be a reduction in

labor force from period k−1 to period k. By using these auxiliary variables
as above, one obtains an objective function having a simple form. Indeed,
the problem as stated is a quadratic program.

Discrete-time control problems in general

The general set-up for discrete-time control problems goes as follows. One
thinks of an entity called a system in each of K time periods. In each of
these periods, the system is in a particular state quantitatively described

by a vector yk called a state vector. By choosing a control vector, uk, the
decisionmaker changes the state of the system from yk−1 to yk, in accordance
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with a recursive functional relationship of the form

yk = yk−1 + ϕ(yk−1, uk), k = 1, . . . , K. (8.25)

For this to make sense, an initial state vector y0 must be given, and the

vectors yk must be of the same dimension. The sequence of vectors generated
in this fashion is called a trajectory. In problems of this class, different
trajectories result in different consequences, some better than others. These

consequences may be reckoned in terms of cost or time. Because the control
vectors determine the trajectory, one wants to choose them optimally.

There may well be restrictions on the choices of control vectors as well

as on the state vectors. Abstractly, these are expressed by relations like

uk ∈ Uk

yk ∈ Yk

}
.

There may also be a relationship that links all the states and controls to-
gether. This can be expressed by a constraint of the form

ψ(y
0
, y

1
, . . . , y

K
, u

1
, . . . , u

K
) ∈ D,

where D is some prescribed set. The task at hand is to minimize an objective
function

f(y
0
, y

1
, . . . , yK, u

1
, . . . , uK)

subject to the recursion (8.25) and the constraints which could very well be

nonlinear.

8.5 Nonlinearly constrained nonlinear programs

In this section we exhibit three examples of nonlinear optimization problems

having nonlinear constraints. All of them are based on examples appearing
in other books. Our account of these examples is necessarily sketchy; it is in-
tended only to give a little taste of how nonlinearly constrained optimization

can also arise in engineering design problems.

The first example of this section is based on the discussion in [9, pp. 8–9].
For a somewhat more detailed account of this problem, see [22, pp. 375–377].
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Figure 8.3: A two-bar truss and a cross-section of one bar.

A simple design problem: A two-bar truss

Consider a structure involving two steel tubes pinned at one end (the top)
and fixed at two pivot points at the other end (the bottom), see Figure 8.3.
The span between the pivot points is fixed at 2s. A vertical load 2W is to

be applied at the top of the structure.

The problem is to determine optimal values for the following variables

x1 = truss height

x2 = tube thickness

x3 = average tube diameter

so that the truss will support the load 2W and have minimum total weight

given by 2πρx2x3(s
2+x2

1)
1/2 where the scalar constant ρ denotes the density

of the material.

For suitably defined parameters b1, b2, b3, b4, the following constraints must

be satisfied:

Space limitation

x1 ≤ b1.
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Diameter to thickness ratio

x3/x2 ≤ b2 (or equivalently x3 − b2x2 ≤ 0).

Compression stress must not exceed steel stress

W (s2 + x2
1)

1/2 ≤ b3x1x2x3.

No buckling

W (s2 + x2
1)

3/2 ≤ b4x1x3(x
2
2 + x2

3).

Nonnegativity of variables

xj ≥ 0, j = 1, 2, 3.

Notice that this problem has nonlinearities in both the objective function
and the constraints. Given that the load and the span are positive, it follows

from the constraints that none of the variables can be zero.

Optimization over an ellipsoid

Let Q be a symmetric positive definite matrix of order n, and let μ be a
positive constant. Then the set

{x : xTQx ≤ μ} (8.26)

is called an ellipsoid. (The closed unit ball in n-space is a special case in
which Q = I and μ = 1.) In some situations, it is required to minimize or
maximize an affine function over an ellipsoid. For example, a variant of the

portfolio selection problem is to maximize expected return (8.18) subject to
an upper bound on risk (8.19). Thus, the problem of interest might be

maximize cTx + δ

subject to xTQx ≤ μ.

A slightly more elaborate problem might also include linear constraints and
an ellipsoid

{x : (x− x0)
TQ(x− x0) ≤ μ}

centered at a point x0.
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An optical design problem

We turn now to the last example in this chapter. The material is based on
the discussion in Section 3.3 of the book [151] which in turn is based on

an article [61] in a technical journal. The problem at hand is to design a
“Cooke triplet,” a configuration of three lenses as illustrated in Figure 8.4.16
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Figure 8.4: Cooke triplet.

Though diagrammed as planar, the lenses are supposed to be spherical

and symmetric with respect to the axis. There are 8 points identified as
A, B, . . . , H; the plane in which the object is assumed to lie is fixed. This

implies that position of the image plane cannot be chosen independently
of certain other variables: the radii of the 6 spheres and the 6 consecutive

separations A-B, B-C, . . . , F-G along the axis. So far we have accounted for
12 variables. But there are 6 more: the refractive indexes of the 3 lenses and

their measures of dispersion. The design problem will require the selection
of values for these 18 independent variables.

Using a technique called “ray tracing,” one assembles data on different
sorts of optical errors. These errors can be described by functions fi of the

lens characteristics. Suppose there are n of these kinds of errors under con-
sideration (and hence n corresponding functions fi). Then the assignment

of values to x1, . . . , xm, the independent variables,17 leads to values for the

16Also known as “air-spaced triplets,” Cooke triplets were developed in 1894 by
H.D. Taylor who was employed by T. Cooke and Sons of York, England, makers of astro-
nomical telescopes [119, p. 55].

17In the previous paragraph we had m = 18, but we are now being a little more general.
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errors. This relationship is expressed by

ηi = fi(x1, . . . , xm), i = 1, . . . , n.

The basic problem is to choose values of the design variables so as to reduce

these errors to a minimum (according to some measure). But, as with so
many engineering design problems, the variables must also satisfy some con-
straints. For example, there are thickness constraints on the components of

the lens, limitations on the allowable separations, variations in the refractive
indexes, etc. These give rise to constraints symbolically expressed as

cj(x1, . . . , xm) ≤ 0, j = 1, . . . , k.

As noted in [151, p. 43] some of these constraints can be “highly nonlinear.”

The formulation of this design problem is completed by selecting an ob-

jective function aiming to minimize the errors. That function would typically
be the positively weighted sum of the squares of the error measures ηi. This

could make it a nonlinearly constrained nonlinear least-squares problem.

8.6 Exercises

8.1 When H is a real n × n matrix with entries hij (i, j = 1, 2, . . .n), the
function

q(x) = xTHx =

n∑
i=1

n∑
j=1

hijxij

is a quadratic form. Our definition of the quadratic programming problem
involves an objective function of the form

f(x) = 1
2xTHx + cTx + d,

see (8.12). (The constant 1/2 in front of the quadratic form xTHx is
there for computational convenience as mentioned earlier.) Suppose you
encounter a quadratic function q(x) which does not make use of the scalar
coefficient 1/2 as in our formulation. An example of such a case appears
in the variance function that comes up in the portfolio selection problem,
specifically as

V (x) = xTDx,

where D = DT is the covariance matrix associated with the returns ri,
i = 1, 2, . . . , n. Explain how a quadratic function q(x) that lacks the
coefficient 1/2 can be transformed into a quadratic function q̄(x) that
does have the coefficient 1/2 and takes the same values as q(x).
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8.2 (a) Formulate a version of the portfolio selection problem in which the
risk is to be minimized subject to the portfolio constraint and the re-
quirement that the expected return shall be at least a given amount r∗.

(b) If only the constraints mentioned in part (a) are present, what is the
largest value that r∗ can reasonably attain?

(c) Discuss the formulation you gave in part (a) in terms of the general
form of an optimization problem in equation (8.2).

8.3 Another way to formulate a portfolio selection problem is to consider max-
imizing the return subject to an upper limit ρ∗ on the risk (variance).

(a) What would you expect the largest attainable risk to be?

(b) Discuss your formulation in terms of the general form of an optimiza-
tion problem in equation (8.2).

8.4 Consider a nonempty set M given as the set of all solutions of a system of
linear equations, say Ax = b, where A is m×n with m < n. Formulate the
problem of finding the point x̄ ∈ M that is the nearest in the Euclidean
distance sense to a given point y that does not belong to M.

8.5 Consider the nonlinear equation β = x1e
x2t.

(a) Show how to transform this to a form that is linear in the parameters
x1 and x2.

(b) Can this be solved as an unconstrained linear least-squares problem?

8.6 Suppose you want to design a right circular cone whose volume is one
cubic meter. Formulate, in terms of one-dimensional optimization, the
problem of finding the dimensions that should be used so as to make
the cone have minimum surface area. [Note: You may assume that the
material of which the cone is made has negligible thickness. Here are
some formulas for the surface area and volume of a right circular cone
with radius r, altitude h, and slant height l: S = πrl, V = πr2h.]

8.7 Consider the matrices

A =

⎡⎢⎢⎣
3 1 −3 3
−2 2 5 0

0 −1 2 2
4 0 1 −5

⎤⎥⎥⎦ and B =

⎡⎢⎢⎣
−2 −4 2 0 4

5 3 3 5 −2
0 5 −1 3 3
4 2 2 −1 3

⎤⎥⎥⎦ .

Define A and B to be the convex hulls (see page 44) of the columns of
A and B, respectively. Formulate a nonlinear programming problem by
which you can decide whether the sets A and B are strongly separable,
i.e., there exists a hyperplane H in 4-space such that points of A and B
lie on opposite sides of H and are at a positive distance from it.
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8.8 A variation on the location problem discussed in this chapter is the follow-
ing. Let p1, p2, . . . , pn be a set of n > 2 points in the plane R2. Suppose
the coordinates (xi, yi) of each point pi are given.

(a) Formulate the problem of finding the smallest closed disk that con-
tains the points p1, p2, . . . , pn as a nonlinear program.

(b) Describe a real-world problem for which you think such a model would
be appropriate. Explain why this is so.

8.9 Consider an optimization problem of the form

minimize F (x, y) =

n∑
j=1

Fj(xj, yj) =

n∑
j=1

(cjxj + fjyj)

subject to Ax = b

x ≥ 0

x ≤ y ∗ x̂

y ≥ 0

y ≤ e

y ∗ (e− y) = 0

where f > 0 is a given n-vector, x̂ > 0 is a known vector of upper bounds
on the x-variables, e is a vector of all ones, and the symbol ∗ between two
vectors denotes the vector of corresponding componentwise products.18

This is a model for the linearly constrained fixed charge problem which is
often encountered in practice.

(a) Interpret the constraints and the objective function in this model.

(b) Is this a linear programming problem? Is the objective function lin-
ear? Is it continuous?

8.10 A symmetric n×n binary matrix A = [aij] represents an undirected graph
G = (V, E) having n vertices. In particular, aij = 1 if and only if i is
adjacent to j, which is to say, the edge (i, j) belongs to E. If i and j are
not adjacent vertices, we write aij = 0. We assume here that no vertex
is adjacent to itself. A nonempty subset σ of V is called a clique if for
all distinct i and j in σ, the vertices i and j are adjacent. This can be
expressed by saying that all off-diagonal elements of Aσσ equal 1, in which
case the corresponding subgraph G(σ) is said to be complete. A clique σ
is said to be maximal in G if there is no vertex k ∈ V \σ that is adjacent

18More generally, if P and Q are two matrices of the same order, the matrix given by
[pijqij ] is called their Hadamard product, named after the French mathematician Jacques
Hadamard (1865–1963).
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to all the vertices in σ. As shown by the graph G corresponding to the
adjacency matrix

A =

⎡⎢⎢⎣
0 1 1 1
1 0 1 0
1 1 0 0
1 0 0 0

⎤⎥⎥⎦ ,

a graph may contain maximal cliques of different sizes (i.e., cardinality of
its vertex set σ). A clique whose cardinality is the largest of all maximal
cliques in the graph G is called a maximum clique. The cardinality of a
maximum clique in G is called the clique number of G, denoted ω(G).

When G = (V, E) is a graph with adjacency matrix A, there is a comple-
mentary graph Ḡ = (V, Ē) with adjacency matrix Ā whose off-diagonal
entries satisfy the equation

āij = 1− aij, for all i 
= j.

A related concept is that of an independent set in the graph G = (V, E).
A subset τ of V is independent if for all distinct pairs of vertices i and
j in τ there is no edge (i, j) ∈ E. Thus, σ is a clique in G if and only
if it is an independent set in Ḡ. An independent set is maximal if it
not not possible to enlarge it and still obtain an independent set. The
maximal independent set in a graph having the largest cardinality is called
a maximum independent set, and its cardinality is denoted α(G).

A theorem of Motzkin and Straus [140] states that the clique number ω(G)
of an undirected graph G with adjacency matrix A can be determined by
solving the quadratic program

(P ) maximize xTAx subject to eTx = 1, x ≥ 0

and that, in fact, subject to these constraints the optimal value of the
function xTAx is (ω(G) − 1)/ω(G). If σ is the vertex set of a maximum
clique in G, and |σ| = ω(G) is its cardinality, then x̄σ = (1/ω(G))eσ is an
optimal solution of the quadratic program.

(a) Interpret the problem of finding a maximum clique in G in terms of
principal submatrices of its adjacency matrix A.

(b) Interpret the problem of finding a maximum independent set in G in
terms of principal submatrices of its adjacency matrix A.

(c) For a given n > 2, let x̄ be an optimal solution of the quadratic
program (P). What would you expect its coordinates to be? Justify
your answer.

8.11 Consider the following tiny example of a finite set P ⊂ R2 whose convex
hull (see page 251) is to be found. Let the points of P be given by the
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rows of the following 8× 2 matrix:

P =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −0.49
1 −1.03
2 −0.73
2 0.25
3 0.40
4 −0.29
5 0.79
6 −0.89

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Note that in this simple case, there are two points having the same x-
coordinate. The one with the larger y-coordinate can be disregarded in
the search for the lower envelope. This will result in the smaller set
represented by the matrix

P
L

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −0.49
1 −1.03
2 −0.73
3 0.40
4 −0.29
5 0.79
6 −0.89

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

It is worth noting that in this instance, the x-coordinates of successive
points now differ by 1.

(a) Form the appropriate matrix P
U

corresponding to the upper envelope
of the point set P.

(b) What would the condition q ≥ 0 mean in terms of the unknown
function L?

(c) Form the vector q and the matrix M corresponding to the 7 points
listed in the example P

L
.

(d) Plot the 7 points listed in P
L

and then plot the lower and upper
envelopes of the convex hull.

(e) In terms of the methodology indicated so far, what would it mean if
the lower and upper envelopes do not have the same left and right
endpoints?

(f) What are some of the properties of the corresponding matrix M in
the example? In general?

(g) Write out and interpret the problems (8.13) and (8.14) in the context
of this application.

(h) Can the system (q, M) in (8.13) have more than one solution? Why?

(i) Assume you have solved the equivalent problems stated in (g). How
would you go about identifying the facets of the lower (upper) en-
velope and the extreme points of the convex hull of the given point
set?
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(j) If (xi, yi) lies on the line segment [(xi−1, yi−1), (xi+1, yi+1)] can it be
a breakpoint of the lower envelope?

8.12 (Based on Dorfman [55].) Consider a firm in the joint production of m
commodities, and that the price of each commodity is a known decreasing
function pi of the output yi. Let these functions be of the form

pi(yi) = fi − giyi, i = 1, . . . , m

where the fi and the gi are positive constants. This can be expressed in
the form

p(y) = f = Gy

where G is the diagonal matrix with diagonal elements g1, . . . , gm. The
output vector y is obtained as the result of a linear production corre-
sponding to a matrix H . This means that

y = Hx.

Assume that the entries hij of H represent the output of commodity i
per dollar (or other monetary (unit) spent on production process j. The
net revenue is the gross revenue minus the direct cost of production. In
particular,

r(x) = pTy − eTx

= fTy − yTGy − eTx

= fTHx− xTHTGHx− eTx

= cTx− xTDx

where cT = fTH − eT, and D = HTGH .

(a) What sort of function is r?

(b) Suppose the (monetary) inputs xj are constrained by a system of
linear inequalities

Ax ≤ b, and x ≥ 0.

Interpret the individual elements of the matrix A and the vector b.

(c) The manufacturer’s aim is to maximize the function r subject to the
constraints stated in part (b). What sort of problem is this?



9. UNCONSTRAINED OPTIMIZATION

Overview

The previous chapter presented a small sample of nonlinear optimization

problems that might occur in practice; some of these had constraints on
their variables and others did not. From this chapter onwards we will dis-

cuss ways to solve various types of optimization problems stated in terms
of minimization. This is not really restrictive for we have already shown in
(8.3) how to convert maximization problems to minimization problems. Our

discussion will emphasize algorithms to solve nonlinear minimization prob-
lems and develop ways to determine if, in practice, the algorithms described

are behaving as expected. Moreover, our discussion will strive to provide an
understanding of optimality criteria, how they motivate the development of

algorithms, and how they are used in determining if an optimal solution has
been found.

The nonlinear programming algorithms we discuss are not always guar-

anteed to find a global minimum; instead the algorithms terminate at a
stationary point which usually is at least a local minimum. We will examine

conditions which, when satisfied, imply that a global (unique) minimum has
been found.

A nonlinear programming algorithm generates a sequence of trial solu-
tions (iterates xk) utilizing information available at the current iteration to

obtain the next trial solution (iterate xk+1). As in linear programming, the
iterates are usually chosen so as to move closer to a solution in a monotonic

way.

Optimization algorithms ordinarily require a starting point, an initial
iterate. When an iterate is at hand, there are three questions that need

to be answered. Is this iterate what we call an optimal solution? If so,
the algorithm stops. If not, then in which direction should we search for

an improvement? How far should we go in that direction? Once the new
iterate is computed, it is tested for optimality, and if it fails the test, the
latter two questions must be answered anew.

In this and later chapters the reader may occasionally encounter some

unfamiliar terms and concepts. We recommend consulting the Appendix for
background information.
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9.1 Generic Optimization Algorithm

In this book we only consider algorithms for “smooth functions,” by which
we mean ones that are twice-continuously differentiable. We denote the

class of such functions by C2. We shall see that for nonlinear programs with
smooth functions all the algorithms considered in this book have steps of

the following kind.

Algorithm 9.1 (Generic Optimization Algorithm) Let f(x), x ∈ Rn be

the function to be minimized. Choose a starting point x0 and set the counter
k = 0.

G1. Test for convergence. Determine whether the current iterate xk sat-

isfies whatever criteria have been established for a “solution” (local
minimum). If the criteria for convergence are satisfied, declare a solu-

tion and terminate the algorithm.

Comment: The test is performed first, because even a user-provided

starting point may already be a solution.

G2. Determine a search direction. If the current iterate xk does not satisfy

the convergence criteria, then seek a direction1 pk such that gT
kpk < 0,

where gk = g(xk) is the gradient vector at xk. This implies that in

the neighborhood of xk, along the halfline with direction pk that starts
at xk, the function f has values less than the current function value

fk = f(xk).

Comment: The search direction will usually be chosen to be a direction

of decrease of the objective function value; such a direction is called a
descent direction. The primary difference between most algorithms lies

in their determination of search directions. Some techniques will result
in fewer iterations at the expense of a higher computational effort per

iteration and possibly larger computer memory requirements.

G3. Determine a steplength. The steplength is a positive scalar αk that

governs how far to go in this direction from xk. Choose the scalar αk

such that xk +αkpk yields a decrease in the function being minimized.

1Sometimes the word direction is reserved for a nonzero vector having 2-norm equal to
1. This often comes up in discussions of directional derivatives. In nonlinear optimization,
it is customary to use the term descent direction for a vector pk such that pT

kgk < 0 without
insisting that pk be of unit length. But if desired, the normalization can be carried out
by the scaling: (1/‖pk‖)pk .
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Comment: Simply choosing xk+1 = xk + pk, will not always produce
a decrease in the objective function value, hence an αk is determined

such that xk+αkpk results in a decrease in the objective function. Since
xk and pk are known, the determination of αk is a one-dimensional

problem.

G4. Update the iterate. Having computed pk and αk, determine the next

iterate xk+1 = xk +αkpk. Update other quantities as necessary for the
specific algorithm in question.

G5. Next iteration. Let k ← k + 1 and return to Step G1.

9.2 Optimality conditions for univariate minimization

Local and global minima

In univariate optimization one is working with the real number line R and

subsets of it called intervals. By an open interval (a, b) we mean the set
of all values between a and b but excluding a and b. It is traditional to
denote open intervals by parentheses around the numbers2. On the other

hand, square brackets are used for closed intervals, as in [a, b] which denotes
an interval that includes (a, b) and its end points a and b. Intervals can be

half-open (or half-closed). For example, θ ∈ [0, π/2) says that θ can take
on values from 0 up to but not including π/2. However the intervals are

specified, the numbers a and b are called the endpoints of the interval, and
it is always the case that −∞ < a ≤ b < +∞. Sometimes it is appropriate

to consider unbounded intervals such as [0, +∞), which simply means all
nonnegative numbers.

In optimization, when we speak of a minimizer of f , what we have in

mind is a feasible solution x = x∗ that yields a local or global minimum value
of the objective function f . We next define local and global minimizers of
functions; similar definitions hold for maximizers.

A point x∗ is said to be a global minimizer of a function f if f(x∗) ≤ f(x)

for all x. A point x∗ is said to be a strict global minimizer of a function f
if f(x∗) < f(x) for all x.

2This should not be confused with the similar notation for vectors in R2. The meaning
should be clear from the context.
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A point x∗ is said to be a local minimizer of a function f if for some
δ > 0, we have f(x∗) ≤ f(x) for all x ∈ [x∗ − δ, x∗ + δ]. A point x∗ is said

to be a strict local minimizer of a function f if for some δ > 0, we have
f(x∗) < f(x) for all x ∈ [x∗ − δ, x∗ + δ].

These concepts pertain to functions of one variable (univariate functions)

and, with suitable modifications, to those of many variables (multivariate
functions).

First-order conditions for a minimum

Suppose we have a differentiable univariate function f . The sign of the first

derivative f ′(x) at x = x̄, a point in the domain of f , indicates how the
function values f(x) change near x̄. Thus if f ′(x̄) > 0, then the function
is increasing at x̄; if f ′(x̄) ≥ 0, then the function is nondecreasing at x̄.

Analogously if f ′(x̄) < 0, then the function is decreasing at x̄; if f ′(x̄) ≤ 0,
then the function is nonincreasing at x̄. If, f ′(x̄) = 0, then the function is

neither increasing nor decreasing at x̄; such an x̄ is called a stationary point3

of f .

The minimization of differentiable univariate functions is a standard

problem in first-year calculus. There, we learn that if x∗ is a local mini-
mizer of a function f and if f is differentiable at x∗, then the first derivative

of f must vanish at x∗. That is, we must have

f ′(x∗) = 0.

But, as we also know, the vanishing of the first derivative is insufficient
for deciding whether a point x∗ is a local minimizer, a local maximizer or

neither. This is illustrated in the following set of examples.

Example 9.1: INSUFFICIENCY OF FIRST-ORDER INFORMATION. Define

the following four functions:

(a) f1(x) = x2; (b) f2(x) = −x2;

(c) f3(x) = x3; (d) f4(x) = 3x2 − 2x3.

The graphs of these functions are given in Figure 9.1 below.

3Some authors use the term critical point for this.
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The first derivative of each of these functions vanishes at x = 0. The first
derivative of f4 also vanishes when x = 1. In the case of f1, it is clear that

x = 0 is a local (indeed, global) minimizer, whereas it is a local (global)
maximizer for f2. The function f3 has an inflection point at x = 0, so

that point is neither a minimizer nor a maximizer. Finally, f4 has a local
minimum at x = 0 and a local maximum at x = 1. This function f4 has no

global minimum or maximum.
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Figure 9.1: Insufficiency of first-order conditions.

Determining a local minimum of a differentiable function usually necessi-

tates the finding of a stationary point. But (b), (c), and (d) in Example 9.1
tell us that simply finding a stationary point of the function is not guar-

anteed to produce a local minimum (or a local maximum). So is there a
guarantee? Is there a way to distinguish between local minima and max-

ima? The answer is yes, and it involves second-order conditions as discussed
below.

Second-order conditions for a minimum

We assume that the reader is familiar with the notion of continuity and
derivatives of a function. A function is continuously differentiable if its first

derivative exists and is continuous. It is twice-continuously differentiable if
its second derivative exists and is continuous. Recall that if a function is
twice-continuously differentiable, then the function and its first derivative

must be continuous.

In the following, we denote the statement that f is twice-continuously
differentiable on the open interval (a, b) by writing f ∈ C2(a, b).
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Second-order necessary conditions

If f ∈ C2(a, b) and x∗ ∈ (a, b) is a local minimizer of f , then

f ′(x∗) = 0 and f ′′(x∗) ≥ 0.

Note that the condition on the second derivative says that the first derivative

is nondecreasing at x∗. Unfortunately, this necessary condition for a local
minimum is too weak to be a sufficient condition as well. This can be seen
from the Example 9.1(c). The function f3 given there has a stationary

point x∗ = 0 ∈ (−1, 1) or any open interval containing this point. Moreover,
its second derivative f ′′

3 (0) = 0. Thus, the necessary conditions of local

optimality are satisfied at x∗ = 0, even though this point is not actually a
local minimizer (or maximizer). A sufficient condition for local optimality

does exist, however.

Second-order sufficient conditions

If f ∈ C2(a, b), then x∗ ∈ (a, b) is a strict local minimizer of f if

f ′(x∗) = 0 and f ′′(x∗) > 0.

There are analogous conditions for relative maxima. In Exercise 9.1 we ask
you to supply them.

Note that a point x∗ satisfying f ′(x∗) = 0 and f ′′(x∗) = 0 might actually

be a local minimizer (or even a strict local minimizer), but still fail to satisfy
the sufficient condition for this. A good example of this is f(x) = x4 over

(−1, 1). (See Exercise 9.2.)

9.3 Finite termination versus convergence of algorithms

When applied to a linear program, the Simplex Algorithm terminates in a

finite number of iterations.4 As we have seen, this number could be large, but
it is finite. Most nonlinear programming algorithms are designed to generate

a sequence of iterates that converge to a “solution.” One hopes that as the
iterates get “close” to a solution, the convergence will occur rapidly. The

following discussion is intended to make this notion more precise and help
determine how rapidly a sequence is converging to a solution.

4There are other algorithms for linear programming that generate infinite sequences of
iterates. See Chapter 14.
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Let {xk} be a sequence with limit point x∗, written as limk→∞ xk = x∗.
We assume that the elements of the sequence are distinct and that all are

different from x∗. The latter assumption is needed to make sense of the
quotient in the following definition.

The order of convergence of the sequence is the largest r for which there

exists a number γ ∈ [0,∞) such that

lim
k→∞

|xk+1 − x∗|
|xk − x∗|r = γ.

The number r is called the (asymptotic) order of convergence and γ is called

the asymptotic error constant. See [84, pp. 56–58] and [155, §9.1].

The standard terminology regarding rates of convergence goes this way:

• When r = 1 and γ 
= 0, the rate of convergence is said to be linear.

• When r = 2, it is said to be quadratic.

• The number r is not required to be an integer. Thus, when 1 < r < 2,

the rate of convergence is said to be superlinear. When γ = 0 and
r = 1, the rate convergence is also superlinear.

• In the case where γ = 0 and r < 1, the rate of convergence is called

sublinear .

It should be clear that quadratic convergence is the most desirable of

those mentioned above. This is because when |xk − x∗| is less than 1
(as it must eventually be if the sequence converges), its square is even

smaller. This means that the xk converge to x∗ faster (fewer iterations)
in the quadratic case than in the linear or superlinear case.

Example 9.2: RATES OF CONVERGENCE. The following examples of se-

quences of real numbers are contrived to illustrate different rates of conver-
gence.

1. Let 0 < c < 1 be given. The sequence {xk} = {c2k} converges to
x∗ = 0. The asymptotic order of convergence in this case is r = 2
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(quadratic rate of convergence), and the asymptotic error constant
is 1. This can be shown as follows:

lim
k→∞

c2k+1 − 0

(c2k − 0)2
= lim

k→∞

c2k+1

c2k+1
= 1.

2. Let c > 0 be given. The sequence {xk} = {c2−k} converges to x∗ = 1.
The asymptotic order of convergence is r = 1 (linear rate of conver-

gence), and the asymptotic error constant is 1/2.

3. The sequence {xk} = {1/kk} converges superlinearly. The limit x∗ is
0, as is the asymptotic error constant γ. Indeed

lim
k→∞

( 1
k+1 )k+1 − 0

( 1
k )k − 0

= lim
k→∞

(
k

k + 1

)k

· 1

k + 1
= 0.

9.4 Zero-finding methods

Since local minima and maxima of differentiable functions occur at sta-

tionary points, it is appropriate to devote some attention to the subject of
zero-finding, that is, finding an x = x∗ for which f(x∗) = 0; such an x∗

is called a zero of f . For example, zero-finding comes up in the process
of minimizing or maximizing a continuously differentiable function. In this

case the function for which a zero is sought is the first derivative.

Not all real numbers can be represented exactly on a computer, and
subsequent calculations may result in small errors. Thus, when searching

for a zero of a continuous function f on a computer, we usually have to
settle for a value x that is very close to a zero x∗ of that function. Thus, we

will be satisfied if our algorithm provides an x̄ such that

x̄ ∈ [x∗ − δ, x∗ + δ]

for some “small” tolerance δ where f(x∗) = 0. Equivalently, this can be
stated as

x∗ ∈ [x̄− δ, x̄ + δ].

A zero of a continuous function f is said to be bracketed in an inter-

val [a, b] if f changes sign there5. For example Figure 9.2 indicates that

5There exist functions, such as f(x) = x2, whose zeros are not bracketed in this sense
in any interval.
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f(a)f(b) < 0 so that the interval [a, b] brackets a zero of f . In general, an
interval in which a zero of a function f is known to lie is called an interval

of uncertainty.
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Figure 9.2: Bisection Method; zero of f bracketed.

The Bisection Method

The Bisection Method finds a zero of a function by systematically reducing
the interval of uncertainty by a factor of 2 using function-value comparisons.

It requires starting with an interval that is known to bracket a zero of the
function.

The procedure works as follows. Suppose that a zero of f is bracketed

in the interval [a, b]. Then f(a)f(b) < 0. The function is evaluated at
c = (a+ b)/2, the midpoint of the interval. If the function value is zero at c,

the algorithm terminates with c as a zero of f ; otherwise, a new interval of
uncertainty is obtained by replacing a or b by c depending on whether f(a)

or f(b) has the same sign as f(c); that is, if f(a)f(c) > 0, replace a by c,
otherwise replace b by c. The procedure is repeated with the new interval.

With the above procedure, at each iteration the interval is halved. The
procedure terminates either when a zero is found or the length of the interval

is “acceptably small.”

Algorithm 9.2 (Bisection Method) Find a zero x∗ of a continuous uni-

variate function g.

By knowledge of the function or trial and error determine an interval [a, b],
such that f(a)f(b) < 0, i.e., the zero is bracketed in [a, b]. Determine the
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midpoint c and evaluate f(c). Let δ > 0 be a predefined tolerance within
which a solution will be acceptable.

1. If |b− a| ≤ δ or f(c) = 0, stop and report the zero as x∗ = c.

2. If f(a)f(c) > 0, let a← c else let b← c to create a new interval.

3. Find the midpoint c of the new interval and evaluate f(c).

4. Go to Step 1.

Example 9.3: BISECTION METHOD USED TO FIND A SQUARE ROOT.

Suppose that we wish to find the square root of a number, say s = 12. Define

a function whose zero will be the square root of s, that is, f(x) = x2− s. In
this case, it is obvious that we can set a = 3 and b = 4; the function values

at these points are f(a) = −3 and f(b) = 4. Thus, the zero is bracketed in
the interval [a, b] = [3, 4]. We now perform the iterations of the Bisection

Method, choosing δ = 10−6.

At the midpoint c = (a + b)/2 = (3 + 4)/2 = 3.5, we obtain f(c) =
3.5× 3.5− 12 = 0.25. Hence we set b = 3.5 and leave a unchanged. At the

next midpoint c = (3 + 3.5)/2 = 3.25, we obtain f(c) = −1.4375. We now
set a = 3.25 and leave b unchanged. Continuing in this manner results in
the iterations as shown in the tabular form below:

a b c f(c) |a− b|
3 4 3.5 0.250000 1
3 3.5 3.25 −1.437500 0.5

3.25 3.5 3.375 −0.609375 0.25
3.375 3.5 3.4375 −0.183594 0.125

3.4375 3.5 3.46875 0.032227 0.0625
3.4375 3.46875 3.453125 −0.075928 0.03125

...
...

...
...

...

As long as the computation of the function value at any x has the cor-
rect sign and a zero of the function is bracketed in the starting interval,

the bisection method is guaranteed to find its zero x∗ within any specified
tolerance δ. It is straightforward to see that it takes about log2 ((b− a)/δ))
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evaluations of c to find such an interval. The initial interval b−a gets halved
at each iteration. After n iterations the interval is (b− a)/2n, therefore we

would like an n such that
b− a

2n
≤ δ

or, equivalently,

2n ≥ b− a

δ

or, taking base-2 logarithms of both sides, we obtain

n ≥ log2

(
b− a

δ

)
.

The algorithm is optimal for the class of functions that change sign in [a, b]

in the sense that it yields the smallest interval of uncertainty for a speci-
fied number of function evaluations. Exercise 9.10 asks you to show that

the convergence rate of the Bisection Method is linear with the asymptotic
constant equal to 1/2.

As with all numerical algorithms, care must be exercised during the com-
putations. For example, it is possible that on a computer, the computed

midpoint c may not lie in the interval [a, b]. Such a case is illustrated by the
following example.

Example 9.4: COMPUTATION OF A MIDPOINT. Suppose that we are

performing calculations on a machine that can represent at most three digits
and that anything beyond 3 digits is truncated. We will use the symbol fl(x)

to mean floating-point calculation of x. Suppose that at some iteration of
the Bisection Method we have the interval [a, b] = [0.802, 0.804]. Then

calculating c, we obtain

c = fl((0.802 + 0.804)/2) = fl(1.606/2) = 1.60/2 = 0.800,

which is not in the original interval! In this case, the calculations can be
reorganized to yield a midpoint within the interval; that is, we compute

c = a + (b− a)/2. This results in

c = fl(0.802)+ fl((0.804− 0.802)/2) = 0.802 + 0.002/2 = 0.803 .

See Exercise 9.12 on how compute the midpoint when the endpoints of the
interval have opposite signs.
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Newton’s Method

The underlying idea of this method (and several others) is to approximate

f by a “simple” function whose zero can be easily calculated, and then use
the calculated zero of the simple function as an estimate of the zero of the

function f itself. If the estimate is not a zero of f , the process is repeated.
A simple function that comes to mind is a linear function; its graph in this
univariate case will be a straight line.

We evaluate the zero of the linear function that represents the tangent

line at the current estimate of the zero of f to get a new estimate thereof. If
the current estimate of the zero is xk, we calculate the equation of the line

tangent to the curve at (xk, f(xk)). For this, we use the point-slope formula
of analytic geometry to obtain the equation y = f(xk) + (x − xk)f ′(xk),

where f ′(xk) 
= 0. The next estimate is the value xk+1 that makes y = 0.
To put this another way: (xk+1, 0) is the point in R2 where the tangent line

meets the horizontal axis, namely

xk+1 = xk − f(xk)

f ′(xk)
. (9.1)

Algorithm 9.3 (Newton’s Method for univariate zero finding) Find a

zero x∗ of a differentiable univariate function f .

Let δ > 0 be a predefined tolerance such that the algorithm will terminate
when a point xk has been found that satisfies |f(xk)| ≤ δ. Pick a point x0,

evaluate f(x0), and set k = 0.

1. If |f(xk)| ≤ δ, stop and report a zero of f as x∗ = xk.

2. Determine pk = −f(xk)/f ′(xk).

3. Set the steplength αk = 1.

4. Let xk+1 = xk + αkpk = xk − f(xk)/f ′(xk), and compute f(xk+1).

5. Let k ← k + 1 and return to Step 1.

An example of this procedure is sketched below in Figure 9.3.
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Figure 9.3: Newton’s Method.

Example 9.5: NEWTON’S METHOD FOR FINDING A SQUARE ROOT. As

we have seen in Example 9.3, we can find the square root of a number s = 12
by finding the zero of a function f(x) = x2 − s. Substituting the latter for

f(x) and f ′(x) = 2x in (9.1) we obtain

xk+1 = xk − f(xk)

f ′(xk)
= xk − x2

k − s

2xk
=

1

2

(
xk +

s

xk

)
,

which is the classical iterative procedure for computing square roots.

Starting with x0 = 3 as the first iterate, it is easy to verify that (to 6
decimal places) the iterates converging to the square root of 12 are:

3, 3.5, 3.464286, 3.464102, 3.464102 .

The convergence rate can be seen by examining the sequence |xk−x∗|, where,

to 12 decimal places, x∗ is 3.464101615138.

Iteration |xk − x∗| |xk+1 − x∗|
|xk − x∗|2

1 4.64E−01
2 3.59E−02 1.67E−01

3 1.84E−04 1.43E−01
4 4.89E−09 1.44E−01

5 0.00E+00 0.00E+00
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From column 2 of the above table6 we can see that an iterate’s distance
from the solution is roughly changing by square of the previous iterate’s

distance from the solution, implying a quadratic rate of convergence. This
is confirmed by column 3, which shows the ratio |xk+1 − x∗|/|xk − x∗|2
converging to around 0.144.

Convergence rate

If f ′(x∗) 
= 0, and the starting point is “sufficiently” close to x∗, then New-

ton’s Method converges quadratically to x∗. More formally, the following
theorem holds.

Theorem 9.1 (Local convergence of Newton’s Method) Let f be a

univariate function that is continuously differentiable on R. Assume that
f(x∗) = 0 for some x∗ and that f ′(x∗) 
= 0. Then there exists an open

interval S containing x∗ such that, for any x0 in S, the Newton iterates

xk+1 = xk − f(xk)/f ′(xk)

are well defined, remain in S, and converge superlinearly to x∗. Moreover,

if

|f ′(x)− f ′(x∗)| ≤ κ|x− x∗| for all x ∈ S,

where κ > 0 is a constant, then the sequence {xk} converges quadratically

to x∗.

The problem with Newton’s Method is that its quadratic convergence rate

is only local. Thus, as discussed in [84] and many other books, if x0 is
not close enough to x∗, the Newton iterates may actually diverge. Such an

instance is depicted in Figure 9.4, for the function f(x) = 1 − 1/x. Hence
Newton’s Method must be used with care; it is not an infallible technique

for zero-finding. Often Newton’s Method is combined with the Bisection
Method to obtain guaranteed convergence; in this case the method no longer

converges quadratically.

In some practical problems, f ′ may be difficult or impossible to compute;
in such cases Newton’s Method cannot be used. A related method that does
not require f ′(x) is described next.

6Here we are using exponent notation where, for example, 4.64E−01 means 4.64×10−1.
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Figure 9.4: Divergence of Newton’s Method.

The Secant Method

This method, like Newton’s Method, also approximates the function by a
straight line. Instead of using a tangent line, it uses a line determined by

two points on the graph of the function. The use of such a line can be
thought of as replacing the derivative f ′(xk) by the finite-difference formula

(f(xk)− f(xk−1)) /(xk − xk−1). Using this approximation, the iterates are
defined by the formula

xk+1 = xk − f(xk)
xk − xk−1

f(xk)− f(xk−1)
. (9.2)

The advantage of this method over Newton’s Method is that it is no longer

necessary to find the first derivative of f , which might be difficult to deter-
mine analytically.

Convergence rate

Unfortunately, with this modification of Newton’s Method the property of

quadratic convergence is lost. However, it can be shown that the iterates
converge superlinearly; see, for example, Stewart [180].

Algorithm 9.4 (Secant Method for univariate zero finding) Find a zero
x∗ of a univariate differentiable function f .

Let δ > 0 be a predefined tolerance such that the algorithm will terminate
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when a point xk has been found that satisfies |f(xk)| ≤ δ. Pick distinct
points x0 and x1 and evaluate f(x1). Set k = 1.

1. If |f(xk)| ≤ δ, stop and report a zero of f as x∗ = xk.

2. Determine pk = −f(xk)
xk − xk−1

f(xk)− f(xk−1)
.

3. Set the steplength αk = 1.

4. Let xk+1 = xk + αkpk = xk − f(xk)
xk − xk−1

f(xk)− f(xk−1)
, and compute

f(xk+1).

5. Let k ← k + 1 and return to Step 1.

The Secant Method is illustrated in Figure 9.5.
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Figure 9.5: Secant Method.

Example 9.6: SECANT METHOD FOR FINDING A SQUARE ROOT. As we

have seen in Example 9.3, we can find the square root of a number s = 12
by finding the zero of a function f(x) = x2 − s. Substituting for f(x) in

(9.2) we obtain

xk+1 = xk − f(xk)
xk − xk−1

f(xk)− f(xk−1)

= xk − (x2
k − s)

xk − xk−1

x2
k − s− (x2

k−1 − s)

= xk − (x2
k − s)

xk + xk−1

=
xkxk−1 + s

xk + xk−1
.



CHAPTER 9: UNCONSTRAINED OPTIMIZATION 287

Starting with x0 = 3 and x1 = 4 as the first two iterates, it is easy to verify
that, to 6 decimal places, the iterates converging to the square root are

3, 4, 3.4285714, 3.461538, 3.4641148, 3.464102, 3.464102 .

As in Newton’s Method, we can verify the convergence rate by examining

the sequence |xk−x∗|, recall that x∗ to 12 decimal places is 3.464101615138.

Iteration |xk − x∗| |xk+1 − x∗|
|xk − x∗|

1 3.55E−02

2 2.56E−03 7.21E−02
3 1.32E−05 5.16E−03

4 4.89E−09 3.70E−04
5 9.33E+15 1.91E+06

From column 2 of the above table we can see that distance of an iterate from
the solution is improving at a rate better than linear but not as rapidly as

by the square of the previous iterate’s distance. Column 3 shows the ratio
|xk+1 − x∗|/|xk − x∗| converging to 0.0, which implies that a superlinear

convergence rate is being achieved.

Like Newton’s Method, the Secant Method can diverge. Figure 9.6 il-

lustrates such behavior. In the next section we describe a method which
prevents such divergence.

The Method of False Position (Regula Falsi)

One way to prevent divergence of the Secant Method is to maintain an
interval of uncertainty that always brackets a zero of the function, similar

to what is done in the Bisection Method. The secant line is constructed as
the line that passes through the end points of the interval of uncertainty.

Thus, at each iteration, the current iterate replaces one of the end points of
the interval from the previous iteration. That is, if f(xk+1) has the same
sign as f(xk), then xk+1 and xk−1 are retained; otherwise xk+1 and xk are

retained. Of course, in order for this to work, we must start the algorithm
with two points x0 and x1 such that f(x0)f(x1) < 0.
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Figure 9.6: Divergence of the Secant Method.
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Figure 9.7: Regula Falsi.

Convergence rate

Unfortunately, although this modification guarantees convergence, the rate

of convergence can be extremely slow. It can be shown that the rate of
convergence is linear with the asymptotic constant arbitrarily close to unity.

Thus the Method of False Position can perform worse than the Bisection
Method. Figure 9.7 shows an example of poor convergence, where the initial

point x0 is never discarded.

Algorithm 9.5 (Regula Falsi Method for univariate zero finding) Find a
zero x∗ of a univariate differentiable function f .
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Let δ > 0 be a predefined tolerance such that the algorithm will terminate
when a point xk has been found that satisfies |f(xk)| ≤ δ. Pick points x0

and x1 such that f(x0)f(x1) < 0. Set k = 1.

1. If |f(xk)| ≤ δ, stop and report a zero of f as x∗ = xk.

2. Determine pk = −f(xk)
xk − xk−1

f(xk)− f(xk−1)
.

3. Set the steplength αk = 1.

4. Let xk+1 = xk + αkpk = xk − f(xk)
xk − xk−1

f(xk)− f(xk−1)
, and compute

f(xk+1).

5. If f(xk+1)f(xk−1) < 0, set xk = xk−1.

6. Let k ← k + 1 and return to Step 1.

Example 9.7: REGULA FALSI METHOD FOR FINDING A SQUARE ROOT.

We apply the Regula Falsi Method to the function in Example 9.3. The

computation of the next iterate is by the formula used in Example 9.6.

We start with x0 = 3 and x1 = 4 as the first two iterates that bracket a
zero of the function f(x) = x2 − 12. The iterations are shown shown in the

tabular form below:

xk−1 xk f(xk−1) f(xk) xk+1 f(xk+1)

3.000000 4.000000 −3.000000 4.000000 3.428571 −0.244898
3.428571 4.000000 −0.244898 4.000000 3.461538 −0.017751

3.461538 4.000000 −0.001275 4.000000 3.463918 −0.001275
3.463918 4.000000 −0.017751 4.000000 3.464088 −0.000092

3.464088 4.000000 −0.000092 4.000000 3.464101 −0.000007
3.464101 4.000000 −0.000007 4.000000 3.464102 0.000000

As before, we can verify the convergence rate by examining the sequence
|xk − x∗|, where x∗ to 12 decimal places is 3.464101615138.
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Iteration |xk − x∗| |xk+1 − x∗|
|xk − x∗|

1 3.55E−02
2 2.56E−03 7.21E−02

3 1.84E−04 7.18E−02
4 1.32E−05 7.18E−02

5 9.49E−07 7.18E−02
6 6.81E−08 7.18E−02

7 9.77E−15 1.43E−07

In this case, the superlinear convergence is not obvious. If we compute the
quantities for one more iteration, we see that |xk+1−x∗|/|xk−x∗| in column 3
appears to be going to zero, thus indicating superlinear convergence.

Safeguarded Fast Methods for univariate zero finding

As we have seen, Newton’s Method and the Secant Method converge quickly
to the solution but, in some cases, can actually diverge. We can prevent di-

vergence of the Secant Method by making sure that a zero is always brack-
eted in an interval whose end points are used to construct the secant line.

However, this bracketing can degrade the convergence rate.

An approach for Newton’s Method (and the Secant Method) is to com-
bine it with one that is guaranteed to converge, such as the Bisection

Method. That is, we apply Newton’s Method, unless at some iteration,
the iterates start to diverge. At that point we would switch to the Bisection

Method.

9.5 Univariate minimization

The first-order necessary condition for x∗ to be a minimizer of a differentiable
function f is that f ′(x∗) = 0. Thus, there is a similarity between the
problem of minimization and zero finding. The techniques used to solve the

minimization problem are analogous to those of the zero finding problem,
although they are more complicated.

To develop an analogy to the Bisection Method, we need some conditions
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that ensure that there is a proper minimum in a given interval. For this
purpose, we introduce the concept of unimodality. A function is said to be

unimodal in [a, b] if there exists a unique x ∈ [a, b] such that either:

1. f(x) is strictly decreasing in [a, x) and strictly increasing in [x, b]; or

2. f(x) is strictly decreasing in [a, x] and strictly increasing in (x, b].

There is another way to define unimodality. The function f(x) is uni-
modal in [a, b] if there exists a unique x∗ ∈ [a, b] such that, for any x1 and

x2 belonging to [a, b] satisyfing x1 < x2, the following hold:

1. If x2 < x∗, then f(x1) > f(x2).

2. If x1 > x∗, then f(x1) < f(x2).

The practicality of the latter definition is that if f is unimodal, then it is

possible to reduce the interval of uncertainty by comparing the values of f
at two interior points. This idea is illustrated in Figure 9.8 where the height

of the symbol • is used to indicate a function value.

.............................................. ......................... ................

Minimum in this

reduced interval
a b

•
•

Figure 9.8: Univariate minimization.

In order to devise algorithms for finding the minimizer x∗ of f based on
this property, we must specify how to choose the two interior points at each
iteration. Clearly, it would be most efficient (in terms of evaluations of f)

to choose the points such that one of the two points can be re-used in the
next iteration of the algorithm.
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The “optimum” set of points, in the sense that there is a maximum reduc-
tion in the interval of uncertainty for a given number of function evaluations,

is based on the sequence of Fibonacci7 numbers which we describe next.

Fibonacci Search

The numbers of the Fibonacci sequence {Fk} satisfy the recursion

Fk = Fk−1 + Fk−2, F0 = F1 = 1.

The first nine values of the Fibonacci sequence are 1, 1, 2, 3, 5, 8, 13, 21, 34.
These numbers are used to specify the placement of points within the inter-

val, depending on how many function evaluations are allowed.

Suppose that only two evaluations of f are to be used. The original
interval may be considered to be of length F2 (= 2), and the points are

placed at positions corresponding to F0 and F1. Because F0 = F1 = 1 we
use instead 1 and 1+ε, where ε > 0 is “small.” Then, regardless of the shape

of the graph of f (see Figure 9.9), the interval is reduced to approximately
half its original length.

.................................................. ......................... ................

0 1 1 + ε 2

•
•

Figure 9.9: Fibonacci Search—2 function evaluations.

If three function evaluations are allowed, then the original interval is

considered to be of length F3 (= 3), and the first two points are placed at
F2 and F1 (as shown in Figure 9.10). Depending on the values of f(x1) and

f(x2), the reduced interval will either be [a, x2] or [x1, b], and the problem

7Leonardo Fibonacci, also known as Leonardo of Pisa, was born in 1175 and died
around 1250. He is said to have been the greatest Western mathematician of the Middle
Ages. Author of the books Liber Abaci (1202) and Practica Geometriae (1220), Fibonacci
(meaning “son of Bonacci”) discovered this interesting sequence of numbers that bears
his name. Fibonacci is also credited with helping to promote the use of the Hindu-Arabic
system of numeration. See the book by Posamentier and Lehrman [157].
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then is equivalent to that with two function evaluations, since one function
value is already available. With three evaluations, the interval of uncertainty

is reduced to approximately 1/3 of its initial size.

•
•

a x1 x2 b

Figure 9.10: Fibonacci Search—3 function evaluations.

The procedure can be extended to the case where n function evaluations

are allowed, in which case the interval of uncertainty is reduced to approxi-
mately 1/Fn times its initial size. The general procedure follows.

Algorithm 9.6 (Fibonacci Search) Find a “small” interval of uncertainty
that contains a minimizer x∗ of a univariate unimodal function f .

Let [a, b] be an interval in which a minimum of f(x) is estimated to lie in.

Either pick n + 1, the desired number of function evaluations, or pick the
desired reduction to the interval of uncertainty by some Fn+1; that is, pick
n such that at the end of the algorithm a minimizer will lie in the interval

(b − a)/Fn+1. Set k = n, l = a, u = b, Δ = u − l, and ε > 0 (a small
number).

1. Determine points at which to evaluate the function. These are given
by

xk−1 = l +
Fk−1

Fk+1
Δ and xk = l +

Fk

Fk+1
Δ.

If xk−1 > xk, interchange xk and xk−1. If k = 1, set xk = xk−1 + ε.

2. Reduce the interval of uncertainty.

(a) If f(xk) > f(xk−1) set u = xk.

(b) If f(xk) ≤ f(xk−1) set l = xk−1.

Set Δ = u − l.
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3. Update. Set k ← k − 1. If k = 0, stop; otherwise go to Step 1.

As will be shown in the examples to follow, one of the evaluation points in

each iteration will be in the same position as in the previous one. Hence at
each iteration, after the first, only one more function evaluation is needed.

In using this procedure, the strategy changes depending on the number of

function evaluations to be used. A simpler procedure, the Fibonacci Golden
Section Search, is described in the next subsection.

Example 9.8: FIBONACCI SEARCH—2 FUNCTION EVALUATIONS. Let
us consider the function f(x) = x3/3 − 12x. Note that the first derivative

of this function is g(x) = x2− 12, which is the same function that we found
the zero of in Section 9.4. We guess that a minimum of the function lies in

the interval [2.5, 5.5]. If only two function evaluations are to be considered,
then the Fibonacci interval length is Fn = 2 and we evaluate the function
at F0 = 1 and F1 = 1 + ε. For our interval, this means we evaluate f(x) at

x0 = 2.5 + (3 × 1/2) = 4 and, say, x1 = 4.100 as shown below. (We have
chosen a large value for ε so that it is easy to distinguish between x0 and x1

in Figure 9.11.) From the figure we can see that the interval of uncertainty
is reduced to half the original interval, i.e., to [2.5, 4.0].
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Figure 9.11: Fibonacci Search—2 function evaluations.
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Example 9.9: FIBONACCI SEARCH—4 FUNCTION EVALUATIONS. Once
again consider the function f(x) = x3/3− 12x. We guess that the interval

in which a minimum of the function is known to lie be [2.5, 5.5]. Suppose
that we are now willing to evaluate the function at four points. Then, the

Fibonacci interval length is F4 = 5. We start by evaluating the function
at F3 = 3 and F2 = 2. For our interval, this means we evaluate f(x) at

x3 = 2.5 + (3 × 3/5) = 4.30 and x2 = 2.5 + (2 × 3/5) = 3.70 as shown n
Figure 9.12 below. The new interval of uncertainty is then [2.5, 3.7]. Next

we evaluate the function at F2 = 2 and F1 = 1; however, we already have
the value at F2. Hence we evaluate the function at one more point, x1 =
2.5 + (3/5) = 3.1; this results in Figure 9.13 below. The new interval of

uncertainty is then [3.1, 3.7]. Next we evaluate the function at F1 = 1 and
F0 = 1 + ε; however, we already have the value at F1. Hence we evaluate

the function at one more point, x0 = 3.16; this results in Figure 9.14. The
interval of uncertainty is reduced to one-fifth of the original interval, i.e., to

[2.5, 4.0].

The Golden Section Search

In the Golden Section Search, the procedure for picking the points is based
on the limiting behavior of the Fibonacci sequence. It can be shown that

lim
n→∞

Fn−1

Fn
=

2

1 +
√

5
=

1

φ
= τ ≈ .6180

where φ is known as the golden mean8, golden section, golden ratio, or
the divine proportion. The golden mean satisfies the quadratic equation

φ2 − φ− 1 = 0. By substitution we can verify that τ satisfies the quadratic
equation τ2 + τ − 1 = 0.

Using this, if the initial interval is [0, 1], the two points would be placed
at τ and (1− τ). Note that, no matter which point is discarded, one of the

old points will be in the correct position with respect to the new interval
(see Figure 9.15), since τ satisfies

1− τ

τ
=

τ

1
.

8This number φ = (1+
√

5)/2, or its rational approximation 8/5, has long been used to
its aesthetic appeal: by the Egyptians in the design of pyramids, the Greeks in architecture,
Renaissance artists in paintings, in the design of the Notre Dame Cathedral. In modern
times, it has been used to predict the movement of stock prices. For a monograph on the
golden mean, see [100].
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Figure 9.12: Fibonacci Search—4 function evaluations, iteration 1.
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Figure 9.13: Fibonacci Search—4 function evaluations, iteration 2.
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Figure 9.14: Fibonacci Search—4 function evaluations, iteration 3.
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•
•

0 1− τ τ 1

Figure 9.15: Golden Section Search.

The above equation is a statement about proportions.

With the Golden Section Search there is a guaranteed reduction of the

interval of uncertainty by a factor of τ at every step, thus the length of the
interval converges linearly to zero. Given a δ > 0, the number of iterations,

n, required to reduce an initial interval of uncertainty Δ to approximately
δ, is determined as follows:

τnΔ ≤ δ

τn ≈ δ

Δ

n ≈ ln

(
δ

Δ

)
× 1

ln(τ)
. (9.3)

Algorithm 9.7 (Fibonacci Golden Section Search) Find a “small” inter-
val of uncertainty that contains a minimizer x∗ of a univariate unimodal

function f .

Let [a, b] be an interval in which a minimum of f(x) is estimated to lie in.
Pick n+1, the desired number of function evaluations, such that at the end

of the algorithm a minimizer will lie in an interval of size δ > 0; see (9.3).
Set k = n, l = a, u = b, Δ = u− l, and ε > 0 (a small number).

1. Determine points at which to evaluate the function. These are given
by

xk−1 = l + (1− τ)Δ and xk = l + τΔ.

If xk−1 > xk, interchange xk and xk−1. If k = 1, set xk = xk−1 + ε.

2. Reduce the interval of uncertainty.
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(a) If f(xk) > f(xk−1), set u = xk.

(b) If f(xk) ≤ f(xk−1), set l = xk−1.

Set Δ = u − l.

3. Update. Set k ← k − 1. If k = 0, stop; otherwise go to Step 1.

Similar to the Fibonacci Search, as will be shown in the example to follow,

one of the evaluation points in each iteration will be in the same position as
in the previous one. Hence at each iteration, after the first, only one more
function evaluation is needed.

Example 9.10: FIBONACCI SEARCH—GOLDEN SECTION SEARCH. Once

again consider the function f(x) = x3/3− 12x; an initial interval in which
a minimum of the function is known to lie as [2.5, 5.5]. We will consider
two iterations of the Golden Section Search. The function f(x) is to be

evaluated at Fτ = 0.6180 and F1−τ = 0.3820. For our interval, this means
we evaluate f(x) at x0 = 4.3540 and say x1 = 3.6460 as shown below.
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Figure 9.16: Fibonacci Search—Golden Section Search, iteration 1.

From the figure we can see that the interval of uncertainty is reduced to

[2.5, x0] = [2.5000, 4.3540], which is τ ≈ .6180 times the original interval.
For the next iteration we repeat the process. The function has already been
evaluated at the point x1, which now corresponds to Fτ . Thus, we evaluate

the function at x1 corresponding to the point F1−τ .

Now the interval of uncertainty is reduced to [x2, x0] = [3.2082, 4.3540],
and the point x1 is at F1−τ scaled with respect to this interval.
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Figure 9.17: Fibonacci Search—Golden Section Search, iteration 2.

9.6 Optimality conditions for multivariate minimization

In a sense, the problem of minimizing a function of many variables is analo-
gous to that of minimizing a function of single variable. For a start, there are
first- and second-order necessary conditions of optimality similar to those of

the univariate case. Naturally, the presence of many variables complicates
matters somewhat.

Let us suppose we wish to minimize a smooth function f of n ≥ 1 real

unconstrained variables. By saying f is “smooth” we mean f ∈ C2 on Rn.

Because we use them repeatedly, we write9 g(x) for the gradient vector
and G(x) for the Hessian matrix of the function f at x. The gradient is

defined by the column n-vector of first partial derivatives of the function f :

g(x) =

(
∂f(x)

∂x1
,

∂f(x)

∂x2
, . . . ,

∂f(x)

∂xn

)
.

The Hessian is the n × n matrix of second partial derivatives of the func-
tion f . If this function has continuous second derivatives (i.e., it is twice-

continuously differentiable), the Hessian matrix must be symmetric. The
ij-th element of the Hessian is

Gij(x) =
∂2f(x)

∂xi ∂xj
.

9Notice that this way of writing the gradient and Hessian makes no reference to the
function f . This is fine when only one function’s gradient or Hessian is under discussion.
A more elaborate notational scheme is required for cases involving many functions.
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As for the univariate case, a point x∗ ∈ Rn is said to be a global minimizer
of a function f if f(x∗) ≤ f(x) for all x ∈ Rn. A point x∗ ∈ Rn is said to

be a strict global minimizer of a function f if f(x∗) < f(x) for all x ∈ Rn.

A point x∗ ∈ Rn is said to be a local minimizer of a function f if for
some δ > 0, we have f(x∗) ≤ f(x) for all x ∈ Rn such that ‖x − x∗‖ ≤ δ.

A point x∗ ∈ Rn is said to be a strict local minimizer of a function f if for
some δ > 0, we have f(x∗) < f(x) for all x ∈ Rn such that ‖x− x∗‖ ≤ δ.

First-order conditions

The multivariate analog of the stationarity condition for a local minimum
x∗ of a differentiable function is just the vanishing of the gradient vector:

g(x∗) = 0.

And as we know, this first-order stationarity condition is only necessary. It

is not strong enough to distinguish minima from maxima or from other sorts
of points. Again, this is where the second-order conditions come in.

Second-order conditions

Second-order necessary conditions

If x∗ is a local minimum of the function f ∈ C2, then

g(x∗) = 0 and sTG(x∗)s ≥ 0 for all s ∈ Rn.

The positive semidefiniteness condition on G(x∗) is similar to the nonneg-
ativity of the second derivative in the univariate case. In fact, if f(x) =

f1(x1) + · · · + fn(xn), that is, f is the sum of n univariate functions10,
then G(x∗) will be a diagonal matrix whose diagonal entries are just the

(ordinary) second derivatives f ′′
1 (x∗

1), . . . , f
′′
n(x∗

n), and the positive semidef-
initeness of G(x∗) boils down to the nonnegativity of the diagonal entries

f ′′
1 (x∗

1), . . . , f
′′
n(x∗

n).

Just as in the univariate case where we have witnessed the insufficiency
of these necessary conditions, we obtain sufficient conditions for local opti-
mality by imposing a stronger condition on the Hessian matrix.

10Such functions are said to be separable.
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Second-order sufficient conditions

For f ∈ C2, x∗ is a strict local minimizer of f if

g(x∗) = 0, and sTG(x∗)s > 0 for all s ∈ Rn, s 
= 0.

Here too, the positive definiteness condition on G(x∗) is analogous to the

second derivative being positive in the univariate case.

9.7 Methods for minimizing smooth unconstrained functions

In this section we discuss a couple of methods for minimizing smooth mul-

tivariate functions in the absence of constraints11. In particular, we look at
what are called descent methods; they are so called because they generate

sequences of iterates (trial solutions) for which the corresponding objective
functions values constitute a monotonically decreasing sequence. Thus the

key feature of these vectors is that

f(xk+1) ≤ f(xk) for all k = 0, 1, . . . .

An apparently better property of the sequence would be strict decrease of

the function values, i.e., a sequence satisfying f(xk+1) < f(xk) for all k =
0, 1, . . . . However, as we shall observe below, this is not enough to guarantee

convergence to a minimum.

Warning. Notice that in the inequality just displayed, we have vectors (xk

and xk+1) being distinguished by subscripts. In the literature it is fairly

customary to use such notation even though these symbols would ordinarily
denote individual coordinates of a single vector x. This practice occasionally
requires a bit of mental agility—or else further notational apparatus.

Discussion on the Generic Optimization Algorithm

A Generic Optimization Algorithm was described on page 272. Included

in this process are the computation of the objective function, its gradient,
and Hessian matrix. (The latter two may need to be obtained numerically

11There are, of course, unconstrained minimization problems in which the objective
function is not smooth. For example, such problems are treated in Part II of [17].
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rather than analytically.) We frequently have to provide a starting point x0,
preferably a “good” one. Another extremely important part of the algorith-

mic process is to decide what we mean by “convergence” and what we mean
by a “solution.” Ideally, we would like to generate a sequence of vectors

x0, x1, . . . , xK such that xK satisfies the sufficient conditions for a strict local
minimum, and K is small. (We might also need to find a global minimum,

rather than merely a strict local minimum, but it might not be possible to
verify that a given local minimum is a global minimum.) Some algorithms

merely strive to satisfy the first-order stationarity condition g(x) = 0. If this
is done without recourse to second-order information, it may be necessary
to adopt a generous definition of the term “solution.” Even then, there is

a question of just how “close” to a stationary point an iterate would have
to be in order to declare convergence. This and possibly other numerical

“tolerances” need to be decided before the computation proceeds.

In this discussion, we let {xk} denote the sequence of vectors generated
by the iterative process of an optimization algorithm. The corresponding

function values, gradient vectors, and Hessian matrices will be denoted fk,
gk, and Gk, respectively. That is, for all k = 0, 1, . . .

fk = f(xk), gk = g(xk), and Gk = G(xk).

For the sake of “brevity,” we these abbreviations throughout the book.

Example 9.11: CONVERGENCE TO A NON-MINIMUM. It would seem
that generating a sequence of iterates xk for which the corresponding fk

decrease strictly would produce a minimum when the function has one. The
following (univariate) examples show that this is not the case.

1. Consider the function f(x) = x2 and the sequence {xk} where xk =
(−1)k

(
1
2 + 2−k

)
. In this case, the function values decrease strictly

from one iteration to the next, but the iterates themselves do not con-
verge to a limit. Rather, the sequence of iterates has two accumulation
points (limits of subsequences) namely −1

2 and +1
2 , neither of which

is a local minimum. The function clearly has one minimum: x∗ = 0.

2. Now take f(x) = ex and evaluate it at each point of the sequence {xk}
where xk = 2−k. In this case, xk → x∗ = 0. For this sequence of

iterates, fk → 1. But this is clearly not a minimum of the function ex.
In this example, the function f(x) is bounded below (by 0) and f(xk)
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is strictly decreasing at each iteration and yet x∗ is not a minimum of
f(x) for x ∈ R.

Although the functions used in these two examples are univariate, we could

combine them to yield a bivariate function and a convergent sequence of
points (xk, yk) ∈ R2 for which the associated objective function values fail

to converge to a minimum.

Conditions for convergence to a stationary point

We have assumed that we are minimizing a smooth multivariate function f .
Under these circumstances, if the Generic Optimization Algorithm is to

converge12 to a local minimum, x∗, then x∗ must be a stationary point of f .
Thus, we seek a solution of g(x) = 0. Notice that this is actually a system of

n equations in n unknowns, the components of x. In general, such a system
will be nonlinear in the components of x and would require an iterative
algorithm to solve it.

If fk+1 ≤ fk and f(x) is bounded below, then, by a result of real analy-

sis, the sequence {fk} converges to something; however, the sequence {fk}
may not converge to the minimum of f as we have just seen in part 1 of

Example 9.11. In order to guarantee that {xk} converges to a minimizer of
f , i.e., x∗, it will be necessary to show that

lim
k→∞

gT
kpk

||pk|| = 0,

and that

lim
k→∞

gk = 0.

We next define three key features that are used in a convergence result
for the Generic Optimization Algorithm. We assume that f ∈ C2 and is

bounded below.

1. Forcing function. A mapping σ : [0,∞) → [0,∞) is called a forcing

12Strictly speaking, it is not the algorithm that converges but rather the sequence of
iterates it generates. Regrettably, there is little point in trying to change this pervasive
misuse of language.
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function if for any sequence {tk} ⊂ [0,∞),

lim
k→∞

σ(tk) = 0 implies lim
k→∞

tk = 0.

2. Sufficient decrease. If, for the iteration

xk+1 = xk + αkpk, ||pk|| 
= 0, k ≥ 0

we have

f(xk)− f(xk+1) ≥ σ

( |gT
k pk|
||pk||

)
, k ≥ 0,

for some forcing function σ, then

lim
k→∞

gT
k pk

||pk|| = 0.

Given pk, the next iterate depends on the steplength αk. Thus the
steplength algorithms must be designed to ensure sufficient decrease.

3. Gradient-related search directions. Given the sequence {xk}, the se-

quence {pk} of nonzero vectors is gradient related to the sequence {xk}
if there is a forcing function σ such that

|gT
k pk|
||pk|| ≥ σ (||gk||) .

For descent algorithms, the descent direction pk must satisfy pT
kgk < 0;

thus it is important for the pk to be bounded away from orthogonality

to the gradient and for the term |gT
kpk|/||pk|| to go to zero only when

the gradient goes to zero.

Here we outline how the above can be used to ensure that the Generic Op-
timization Algorithm converges to a stationary point. If the steplength algo-

rithm provides sufficient decrease at each iteration, limk→∞ gT
k pk/||pk|| = 0.

If the search directions pk are gradient related to xk, then this implies that

0 ≥ limk→∞ σ (||gk||) for some forcing function σ. From the definition of a
forcing function, it follows that limk→∞ ||gk|| = 0.

Lemma 9.2 Convergence of the Generic Optimization Algorithm Let
f(x), x ∈ Rn be the function to be minimized. The iterates from the Generic

Optimization Algorithm 9.1 result in limk→∞ xk = x∗ such that

g(x∗) = lim
k→∞

||g(xk)|| = 0

provided the following conditions hold:
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1. f is twice-continuously differentiable;

2. the level set

Sf(x0) = {x ∈ S : f(x) ≤ f(x0)}
is closed and bounded (i.e., compact);

3. f maintains a sufficient decrease at each iteration;

4. the search direction sequence pk is gradient related to xk.

Global convergence

In the lemma above, the starting point x0 can be chosen arbitrarily as long
as the level set Sf(x0) is closed and bounded. Accordingly, the convergence

is said to be global, though it has to be recognized that the limit point is not
necessarily a global minimizer of the objective function. In fact, it is only

guaranteed to be a stationary point.

9.8 Steplength algorithms

We have already seen different methods for univariate minimization. In

multivariate minimization, each iteration of the Generic Optimization Algo-
rithm requires solving a univariate minimization problem. However, in such

cases it rarely makes sense to find the exact minimum of a function along
the direction pk. All we need (provided that we have a gradient-related al-

gorithm) is to guarantee that we have a “sufficient decrease.” Algorithms
used to find a better point along the descent direction are called steplength

algorithms. Incidentally, steplength algorithms are often called linesearches;
accordingly, we may feel free to use the two terms interchangeably.

In this section, we describe a number of steplength algorithms that satisfy

the conditions stated on page 304. For a proof of Lemma 9.2 in conjunc-
tion with the steplength algorithms described below, refer to Ortega and
Rheinboldt [155, p. 479].

Before proceeding to describe the various steplength algorithms, let’s

pause to refer to the three-part Figure 9.18 below. The top part depicts a
portion of the surface given by the function f . It also indicates the set of
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points on that surface corresponding to the restriction of f to points of the
form x0 +αp where p is regarded as a search direction. The middle part is a

graph of the function φ(α) := f(x0 + αp). The bottom part indicates some
isovalue contours13 of the function f and the line in Rn passing through

x0 and having direction p. We can now derive some optimality conditions
pertaining to the univariate function

φ(α) = f(x0 + αp),

which is the restriction of the function f to the line given by the equation
ξ = x0 + αp. This is illustrated in Figure 9.18. From the chain rule of

differentiation, we have

φ′(α) = g(x0 + αp)Tp,

φ′′(α) = pTG(x0 + αp)p.

(In general, the quantity g(xk+αpk)Tpk is called the projected gradient along

pk at iteration k.) If the steplength α∗ is a minimum of φ(α), then

φ′(α∗) = 0 and φ′′(α∗) ≥ 0

must hold. This implies that

g(x0 + α∗p)Tp = 0. (9.4)

Note that this equation expresses the fact that the gradient of f must be

orthogonal to the direction p at a minimum α∗ of the restricted function
φ(α).

Next we provide a brief summary of five techniques for determining the

steplength parameter αk at iteration k. We then move on to a description
of a simple technique, which, though not computationally efficient, is easy

to understand and implement.

1. Minimization condition. In this method we choose αk so as to minimize

φ(α).

2. The Curry condition. In this case we choose αk as the smallest positive
root of

φ′(α) = g(xk + αpk)Tpk = 0.

13These are the sets in Rn over which f has constant value.
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Figure 9.18: Function restricted to the direction p.
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That is, αk is the smallest positive stationary point of the projected
gradient. In general, this criterion is not equivalent to the minimiza-

tion condition, because there may be several stationary points.

3. The Altman condition. For a fixed constant η satisfying 0 ≤ η < 1,
choose αk as the smallest positive root of

φ′(α)− ηφ′(0) = 0, 0 ≤ η < 1.

That is, the projected gradient at xk+1 is equal to some fraction of the

projected gradient at xk. Note that if η = 0, the Altman condition is
equivalent to the Curry condition.

4. The Goldstein conditions. The previous three criteria discussed ways

to choose exactly one value of αk, and one would therefore (rightly)
suspect that they are not very useful as practical criteria for this pur-

pose. The Goldstein conditions allows a range of acceptable values for
choosing αk.

Let μ1 and μ2 be given such that 0 < μ1 < μ2 < 1. Consider the lines
at xk, with slopes equal μ1φ

′(0) and μ2φ
′(0), where φ′(0) = gT

kpk. The

tangent line at xk is defined as

t(α) = f(xk) + αφ′(0) = φ(0) + αφ′(0).

Using μ1 and μ2, we define the two lines

t1(α) = f(xk) + αμ1φ
′(0) = φ(0) + αμ1φ

′(0),

t2(α) = f(xk) + αμ2φ
′(0) = φ(0) + αμ2φ

′(0).

Clearly, t(α) < t2(α) < t1(α). Any scalar α = αk is said to satisfy the
Goldstein conditions provided αk satisfies

t2(αk) ≤ φ(αk) ≤ t1(αk).

5. The Wolfe conditions. Wolfe proposed conditions for determining a

suitable αk based on two fixed parameters μ and η that satisfy

0 < μ ≤ η < 1.

We say that a steplength α > 0 belongs to Γ(η, μ) if∣∣g(xk + αpk)
Tpk

∣∣ ≤ η|g(xk)
Tpk|,

f(xk + αpk) ≤ f(xk) + αμg(xk)
Tpk.
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These two conditions restated in terms of our function φ are∣∣φ′(α)
∣∣ ≤ η|φ′(0)|, (9.5)

φ(α) ≤ φ(0) + αμφ′(0). (9.6)

The parameter μ is restricted to be between 0 and 1/2. A safeguarded
procedure based on finding an α ∈ Γ(η, μ) is summarized as follows. Given

a descent direction pk at xk, apply a safeguarded univariate minimization
procedure to the function φ(α). Terminate the search at the first point αk

such αk ∈ Γ(η, μ). In practice, the parameter μ is chosen as a small value
(say μ = 10−4). Then, an α that satisfies (9.5) almost always satisfies (9.6).

Using the discussion on page 303, one can show that the Generic Opti-

mization Algorithm will converge if the sequence {xk} is defined by xk+1 =
xk + αkpk where pk is a descent direction and αk ∈ Γ(η, μ). Steplength
algorithms based on Wolfe’s conditions are currently considered to be the

best available because they terminate with a suitable αk when some very
relaxed conditions are met.

Note that the value of η determines the accuracy with which the one-

dimensional minimization is performed. When η = 0 the steplength proce-
dure is called an exact linesearch; when η is “small,” the steplength proce-

dure is called an accurate linesearch. The second condition above ensures
that a suitable reduction in f has taken place.

Example 9.12: USE OF MINIMIZATION CONDITION ON A QUADRATIC.

Suppose we are minimizing a quadratic function f(x) = 1
2xTHx+cTx, where

H is an n × n symmetric and positive definite matrix. In this case, the

gradient is g(x) = Hx + c and the Hessian is G(x) = H . Let xk be the
current iterate with corresponding search direction pk. Then we need to

determine the step to the next iterate. In using the minimization condition
(see page 306), we need to determine α = αk, that is, a minimizer for

φ(α) = f(xk + αpk). The first derivative of φ(α) is

φ′(α) = g(xk + αpk)
Tpk

= (H(xk + αpk) + c)Tpk

= xT
kHpk + αpT

kHpk + cTpk

= gT
kpk + αpT

kHpk.
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Solving φ′(α) = 0 for α = αk, we obtain

αk =
−gT

kpk

pT
kHpk

.

The above αk is the minimizer for f(xk+αpk) because the Hessian is positive

definite. Thus, for a quadratic, a linesearch is not necessary because a closed-
form solution is available when using the minimization condition.

A simple steplength algorithm

We next describe an approach that is easy to follow and implement. The
basic idea is that we start by assuming α = 1 (the reasons for this choice will

become apparent later when we discuss convergence properties of various
algorithms based on the choice of pk). If the initial choice of α does not

result in a decrease, we halve it and continue in this manner. That is, we
compute the steplength by the following algorithm.

Algorithm 9.8 (Simple Steplength Algorithm) At iteration k, xk, f(xk),
g(xk), and pk are given. Choose a small value for μ, for example let μ = 10−4

and do the following:

1. Set α = 1.

2. If f(xk + αpk) ≤ f(xk) + μαgT
kpk, set αk = α and stop.

3. Set α = α/2 and go to Step 2.

Example 9.13: COMPUTATION OF α. We illustrate the process of finding
a steplength on Rosenbrock’s function14, which is

f(x) = 100(x2 − x2
1)

2
+ (1− x1)

2,

with

g(x) =

[−400x1(x2 − x2
1)− 2(1− x1)

200(x2 − x2
1)

]
.

14Rosenbrock’s original function has been generalized to more than 2 variables. One
version of it is f(x) =

Pn−1

i=1
100(xi+1 − x2

i )
2

+ (1 − xi)
2
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Suppose that the current iterate is xk = (0.2, 1.0). The function value and
gradient at this point are fk = f(xk) = 92.8 and gk = g(xk) = (−78.4, 192).

We choose the search direction to be the negative of the gradient; i.e., pk =
−gk = (78.4,−192). The steplength algorithm then proceeds as follows,

starting with α = 1. Let μ = 0.1. The function value at xk + αpk =
(78.6,−191) is fk = 4.06×109 which is greater than fk +μαgTp = −4208.26.

Next we set α ← α/2 = 1/2, and compute f(xk+(1/2)p) and test once again
for convergence. The steps are summarized in the table below

α xk + αpk f(xk + αpk) fk + 0.1αgT
kpk

1 (78.6,−191) 4.06× 109 −4208.26

1/2 (39.4,−95) 2.71× 108 −2057.73
1/4 (19.8,−47) 1.93× 107 −982.46
1/8 (10.0,−23) 1.51× 106 −444.83

1/16 (5.1,−11) 1.37× 105 −176.02
1/32 (2.65,−5) 1.45× 104 −41.61

1/64 (1.425,−2) 1624.77 25.60
1/128 (0.8125,−0.5) 134.63 59.20

1/256 (0.50625, 0.25) 0.2477 76.00

The steplength algorithm terminates after 9 iterations with αk = 1/256.

9.9 Exercises

9.1 State the second-order conditions for a local maximum of a function f ∈
C2(a, b) at a point x∗ ∈ (a, b).

9.2 Verify that x∗ = 0 is a strict global minimizer of the function f(x) = x4

over (−1, 1).

9.3 Contrast the idea about bracketing a zero x∗ of g(x) by finding an interval
[x̄− δ, x̄ + δ] (for some x̄ and some small positive δ) with that of finding
a point x̄ such that g(x̄) is “nearly zero,” i.e., |g(x̄)| is “small.”

9.4 Apply, in turn, the Bisection Method, Newton’s Method, the Secant
Method, and the Regula Falsi Method to find a zero of the polynomial
g(x) = x3 − 7x2 + 10x− 6 over the interval [2, 6].

9.5 Apply, in turn, the Bisection Method, Newton’s Method, the Secant
Method, and the Regula Falsi Method to find zeros of the following two
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functions

f(x) = φ2 − φ− 1

h(x) = τ2 + τ − 1.

(Note: The above functions are those used in the Fibonaccci Golden
Section Search.)

9.6 Implement the following four algorithms for use on a computer:

(a) Bisection Method 9.2.

(b) Newton’s Method 9.3.

(c) Secant Method 9.4.

(d) Regula Falsi Method 9.5.

9.7 Implement and test the Simple Steplength Algorithm 9.8 to find α for
f(x + αp), where f(x) = 10x2

1 + 20x2
2 + 20x1 + 20x2 and p = (−2,−1).

Further test it on a univariate optimization problem of your choice. Ex-
amine its behavior by executing the algorithm using different initial values
for μ, for example, μ = 0.1, 0.01, 0.001, and 0.0001.

9.8 Quadratic interpolation can be used in linesearches. In this exercise we
explore how to derive such methods. A quadratic in one variable has the
form

q(x) = ax2 + bx + c.

Given a > 0 its minimizer is at x∗ = −b/2a. What remains is to construct
the quadratic and then specify its minimizer. We have three unknowns a,
b, and c. So we can solve for them with three appropriate equations. In
the following parts we ask you to do this under different sets of conditions.

(a) Function values at three points are known. Given function values
fi = f(xi) at three points xi for i = 1, 2, 3, find closed-form solutions
for a, b, c, x∗.

(b) Function values at two points and the derivative at one point are
known. Given f1 = f(x1), f2 = f(x2), and f ′

1 = f ′(x1), find closed-
form solutions for a, b, c, x∗.

(c) Function value at one point and the derivative at two point are known.
Given f1 = f(x1), f ′

1 = f ′(x1), and f ′
2 = f ′(x2), find closed-form

solutions for a, b, c, x∗.

9.9 Cubic Interpolation. In commercial solver implementations, instead of the
Simple Steplength Algorithm 9.8, cubic interpolation methods are used.
In this exercise we explore how to derive such methods. A cubic in one
variable is of the form:

h(x) = ax3 + bx2 + cx + d.
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We have four unknowns a, b, c, and d. So we can solve for them with four
appropriate equations. In the following parts we ask you to do this under
different sets of conditions.

(a) Determine x∗, a minimizer for h(x). Use the second derivative to
specify the conditions under which x∗ is a minimizer of h(x).

(b) Function value at two points and the derivative at two point are
known. Given f1 = f(x1), f2 = f(x2), f ′

1 = f ′(x1), f ′
2 = f ′(x2), find

closed form solutions for a, b, c, d, x∗.

(c) Function values at three points and the derivative at one point are
known. Given f1 = f(x1), f2 = f(x3), f3 = f(x3), and f ′

1 = f ′(x1),
find closed form solutions for a, b, c, d, x∗.

9.10 Show that, with c ≥ 0, the sequence yk = c2−k

has a linear convergence
rate with γ = 1/2.

9.11 Consider the function f(x) = x lnx where x denotes a positive real vari-
able.

(a) Compute the first and second derivatives of f over its domain.

(b) Plot (graph) the values of f(x) for x ∈ (0, 3].

(c) What is limx↓0 f(x)?

(d) Assume that the function f is extended to the entire real line R by
setting

f(x) =

{
+∞ if x < 0

limx↓0 f(x) if x = 0
.

Determine the global minimizer of f on R.

9.12 Suppose that you are performing calculations on a machine that can rep-
resent at most three digits and that anything beyond 3 digits is truncated.
How would you compute the midpoint of [−0.802, 0.804]?

9.13 Fibonacci Search Algorithm.

(a) Implement the Fibonacci Search Algorithm 9.6.

(b) Test your algorithm on f(x) = x2 + 4x + 3.

(c) Show that at the end of Step 2, one of the points is in the same
position in the interval and hence the function need not be evaluated
there. That is,

• If u is set to xk, then xk−1 has the same value for the next
iteration.

• If l is set to xk−1, then xk has the same value for the next
iteration.
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9.14 Fibonacci Golden Section Search Algorithm.

(a) Implement the Fibonacci Golden Section Search Algorithm 9.7.

(b) Test your algorithm on f(x) = x2 + 4x + 3.
(c) Show that at the end of Step 2, one of the points is in the same

position in the interval and hence the function need not be evaluated
there. That is,

• If u is set to xk, then xk−1 has the same value for the next
iteration.

• If l is set to xk−1, then xk has the same value for the next
iteration.

9.15 Comparing Fibonacci Search with the Golden Section Search. A well-
known relation between Fibonacci numbers and the golden mean φ =
(1 +

√
5)/2, for n > 10 is

Fn ≈ φn+1

√
5

.

(a) Use the above formula to compute Fn for n = 12. Compare it to the
actual value of F12 from the Fibonacci sequence.

(b) Given an initial interval Δ what is the interval of uncertainty after
n iterations of the Fibonacci Search Algorithm 9.6?

(c) Given an initial interval Δ what is the interval of uncertainty after
n iterations of the Golden Search Algorithm 9.7?

(d) How does the reduction in the interval of uncertainty for the Golden
Section Algorithm 9.7 compare to that achieved by the the Fibonacci
Search Algorithm 9.6? What would be an advantage of using the
Golden Section Search Algorithm 9.7?

9.16 Being tempted by various car advertisements, you decide to lease a new
expensive car for three years. Since everything is always negotiable, you
decide to negotiate the best possible lease structure; that is, the low-
est possible payments over the three years that you have use of the car.
Knowing full well that a smooth-talking salesman is going to do his best
to charge you as much as possible, you decide to do some research. From
the Internet you find that the dealer invoice is $74,000 (including desti-
nation charges). The Manufacturer’s Suggested Retail Price (MSRP) is
$78,500. You first start by negotiating the price down to $76,000 and then
tell the dealer that you would like to lease the car at the advertised 4%
annual interest rate. The dealer pulls out his calculator and tells you that
you need to make the advertised $5,000 down payment and then pay $995
per month for 36 months plus the sales tax on the monthly payment as
well as on the down payment (but not on the total car price). Being fully
aware that the parameters are initial price (P = $76, 000), down pay-
ment (D = $5, 000), annual interest rate (r = .04), lease term (n = 36),
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lease payment x, and value (V ) of the car at the end of lease, you ask for
the final value of the car; the salesman informs you that it is $39,000 and
will be put into your contract as a buy option at the end of the lease. Not
willing to trust the dealer, you decide to believe the initial price of the car
and determine the interest rate r that the dealer is charging you. Having
done your research, you know that the lease payments are determined by
the following equation:

P = D +
n∑

k=1

x

(1 + r/12)k
+

V

(1 + r/12)n
.

Solve for the interest rate and determine the actual interest rate that
the dealer is charging you. Is it the same as the specified interest rate
of r = 0.04? Comment on your results.

9.17 (Based on Exercise 4 in Hancock [92, p. 69].) Suppose x, y, and z satisfy

the equation z2 = 2a
√

x2 + y2−x2+y2 . Find the maximum and minimum
values of z as a function of x and y.

9.18 (Exercise 5 in Hancock, [92, p. 69].) Find the minimum value of u, where
u = (x2 + y2)1/3.

9.19 Let A ∈ Rm×n and b ∈ Rm be given. A frequently encountered (uncon-
strained) problem is to find x ∈ Rn to

minimize ||Ax− b||2,
where ||.|| represents the Euclidean norm.

(a) Explain what this problem means in geometric terms.

(b) Give a necessary (first-order) condition of optimality for this problem.
Is this condition also sufficient for optimality in this case? Explain.

(c) Does the optimization problem at hand have a unique solution? Ex-
plain why this is so.

(d) Can you give a closed-form solution to the problem? Specify any
assumptions you may need.

9.20 Consider the function

f(x1 , x2) = ax2
1 + bx2

2 + cx1 + dx2,

with a > 0 and b < 0.

(a) Show that f(x1, x2) has only one stationary point.

(b) Show that this stationary point is neither a minimizer nor maximizer
for f .

(c) With a = 1, b = −3, c = 3, d = 6, draw a few contour lines of f .
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9.21 (Based on Exercise 4 in Fletcher [68, p. 30].) The function f(x1, x2) =
x5

1+(x2
1−x2)

2 has only one stationary point (i.e., solution of∇f(x1, x2) =
0). Find it and show that it is neither a local maximizer nor a local
minimizer.

9.22 Find a global minimum of the function

f(x1 , x2, x3) = 6x2
1+4x2

2+2x2
3+2x1x2+2x1x3+2x2x3−11x1−12x2−9x3.

9.23 (Based on Exercise 2.8 in Nocedal and Wright [152].) Let f(x1, x2) =
(x1 + x2

2)
2. Consider the point x̄ = (1, 0); show that the search direction

p̄ = (−1, 1) is a descent direction and find all solutions of the steplength
problem

min
α>0

f(x̄ + αp̄).



10. DESCENT METHODS

Overview

In Chapter 9 we discussed optimality conditions, described a generic op-

timization algorithm and summarized several steplength algorithms, these
being for univariate optimization. In this chapter we present several meth-

ods for unconstrained minimization of smooth multivariate functions, i.e.,
for problems of the form

min
x∈Rn

f(x),

where n > 1. In addition to the fact that such problems can arise naturally,

another reason for looking at unconstrained optimization problems is that
they occur as a part of some constrained optimization algorithms, i.e., as

subproblems. As an illustration of this statement see the Penalty Function
Algorithm 13.1.

The different methods described here are named according to the choice

of the search direction pk for Step G2 of the Generic Optimization Algo-
rithm 9.1. We will first discuss the Steepest-descent Method and New-

ton’s Method, both of which are centuries old. After that we will move on
to Quasi-Newton Methods and the Conjugate-gradient Method which date
from more recent times.

For this class of problems, the Steepest-descent Method is the only one

that can be shown to have guaranteed global convergence. Unfortunately,
it converges very slowly on most problems and is not practical. Newton’s

Method, on the other hand, when started close to a solution, has a very
fast convergence rate but could require extensive computations during each

iteration. Furthermore, Newton’s Method requires second-derivative infor-
mation which may not be readily available. Quasi-Newton Methods attempt

to strike a balance between these two methods; they have a good conver-
gence rate and do not require explicit second derivatives. Commercial solvers

tend to favor Quasi-Newton Methods. The Conjugate-gradient Method re-
quires less computation than a Quasi-Newton Method but its convergence
rate is much slower. However, for certain very large problems it may be the

best choice. In general, the choice of method (or combination of methods)
depends on the problem at hand.
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10.1 The Steepest-descent Method

The steepest-descent direction, p = −g, is obviously a gradient-related search
direction. Incorporation of such a search direction in the Generic Optimiza-

tion Algorithm results in the Steepest-descent Method. This method is the
simplest and probably the most well known for this class of problems. As

stated above, it is, in fact guaranteed to converge, but has a serious flaw,
namely, that its convergence can be extremely slow.

The steepest-descent direction

We derive the steepest-descent direction by examining the behavior of the

function at the current iterate be xk. Consider the first-order Taylor series
expansion of f about xk, along an arbitrary search direction p:

f(xk + p) = f(xk) + g(xk)
Tp + · · ·

The steepest-descent direction p is the one along which the function f sus-
tains the largest possible decrease to first order. To find such a p, we would
select one that minimizes the linear term gT

kp in the Taylor series. Clearly

any p such that gT
kp < 0 can be chosen, and then we can take an arbitrarily

large multiple of it. Hence we need to impose some normalization on the

direction p. Thus, the steepest-descent direction vector p is chosen to be
one that solves the minimization problem

min
p

gT
kp

||p|| (10.1)

for some norm || · ||. The solution depends on the norm used. Suppose, we

define the norm of x in terms of a symmetric positive definite matrix C; i.e.,

||x||2C = xTCx; (10.2)

then (see Exercise 10.1) the solution to the minimization problem 10.1 is

pk = −C−1gk. (10.3)

The steepest-descent direction is defined to be the direction obtained
when the Euclidean norm (2-norm) is used in the above minimization prob-
lem; this is the same as choosing C = I . That is, the steepest-descent

direction is:
pk = −gk. (10.4)
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An algorithm based on this is as follows.

Algorithm 10.1 (Steepest-descent Method) Find a minimizer of a dif-

ferentiable function f : Rn → R using the steepest-descent direction.

Set k = 0 and let x0 be given. Compute the function value f0 = f(x0) and
the gradient g0 = g(x0).

1. Test for convergence. If the gradient satisfies

||gk|| ≤ √ε
M

,

where εM is the machine precision (around 10−15 for double-precision
computations), then report x∗ = xk as a solution and stop.

2. Compute a search direction. Set the steepest-descent direction as

pk = −gk.

3. Compute a steplength. Compute the steplength using one of the al-

gorithms described in Section 9.8, for example, the Simple Steplength
Algorithm 9.8.

4. Update the iterate and return to Step 1. Using pk and αk, determine
the next iterate

xk+1 = xk + αkpk

fk+1 = f(xk+1)

gk+1 = g(xk+1).

Return to Step 1 with the iteration counter k incremented by 1.

In commercial solver implementations the test for convergence is more than
one check, and the tolerances for the tests are chosen with care based on the
properties of the function being minimized. In all the algorithms discussed

in this book, we use a simplified convergence test; for further details on tests
for convergence, see Gill et al. [84].

The following should be noted about the steepest-descent direction:
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1. It is obviously a descent direction. Indeed,

pT
kgk = −gT

kgk < 0.

2. It is a gradient-related direction with forcing function σ(t) = t.

3. Any of the steplength criteria presented earlier in Section 9.8 may be
used to get guaranteed convergence of the Steepest-descent Method.

The above-mentioned three properties may lead us to believe that the
steepest-descent direction could be used to develop an effective algorithm.

Unfortunately, this is not so because the Steepest-descent Method has a
very poor rate of convergence.1 In order to analyze the convergence of the

Steepest-descent Method, we will consider its behavior on a quadratic func-
tion, because, at a local minimum, a smooth function can be well approx-

imated by a quadratic. Before doing so, we consider some properties of
quadratic functions.

Approximation by a quadratic function

From the Taylor series expansion of a smooth function f(x) at x = x̄, we

know that f can be well-approximated by a quadratic function in a small
neighborhood of x̄. Accordingly, it is of interest to first analyze properties
of quadratic functions. Consider

q(x) = 1
2xTHx + cTx,

where H is an n × n symmetric Hessian matrix, and c is a given n-vector.
The function q has a stationary point at x = x̄ if and only if ∇q(x̄) = 0,

which is to say x = x̄ is a solution of the system of equations

Hx = −c. (10.5)

The characteristics of the matrix H determine what we can say about
the set of solutions of the system of equations (10.5). As illustrated in

Figure 10.1, the following cases can arise.

1In discussing the Steepest-descent Method, Bonnans et al. [17, p. 31] go so far as to
say that it “should be forbidden” (the boldface is their’s).
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(a) H is positive definite. The system of equations has a unique solution
that minimizes the quadratic function.

(b) H is positive semidefinite and rank (H) < n. If the equations (10.5)

are consistent (i.e., c belongs to the column space of H), then infinitely
many minimizers exist.

(c) H is negative definite, negative semidefinite, or indefinite. There ex-

ists a direction along which the quadratic function q(x) is unbounded
below.

To learn about the function’s behavior about its stationary point x̄, we

now examine its behavior in a small neighborhood of x̄. For any vector p
and scalar α, the function q evaluated at x + αp can be written as

q(x + αp) = q(x) + αpT(Hx + c) + 1
2α2pTHp. (10.6)

At a stationary point x̄, it follows from (10.5) and (10.6) that

q(x̄ + αp) = q(x̄) + 1
2α2pTHp. (10.7)

Let λj and uj denote the j-th eigenvalue and normalized eigenvector, respec-
tively, of the matrix H ; then from (10.7) we get

q(x̄ + αuj) = q(x̄) + 1
2α2λj, since uT

juj = 1. (10.8)

Equation (10.8) implies that we can get information about the change in the
function q when moving from x̄, in the direction of an eigenvector. Hence we

can predict the behavior of a nonlinear function f in a small neighborhood of
a stationary point x̄ by considering the eigensystem2 of the Hessian matrix

G(x∗).

When all the eigenvalues of H are positive (that is, when H is positive
definite), x = x̄ = x∗ is the unique global minimizer of q. In this case, the

contours of q are ellipsoids whose principal axes are in the directions of the
eigenvectors of H , with lengths proportional to the reciprocals of the square
roots of the corresponding eigenvalues.

Because of the simple form of the quadratic function, it is possible to

derive many useful relationships that hold among the function and gradient

2That is, the eigenvalues and eigenvectors (see page 544).
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(c) H indefinite

Figure 10.1: Quadratic functions and their contours.
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values. For example, in the sequel, we use the following relationships. If x̄
is a stationary point of q, we have

q(x)− q(x̄) = 1
2g(x)TH−1g(x). (10.9)

q(x)− q(x̄) = 1
2 (x−H−1c)TH(x−H−1c). (10.10)

Moreover, for any two vectors x and y in Rn

q(y)− q(x) = 1
2 (y − x)TH(y − x) + (y − x)T(Hx + c)

= 1
2 (y − x)TH(y − x) + (y − x)Tg(x). (10.11)

The reader is asked to establish these in Exercise 10.3.

Convergence rate of the Steepest-descent Method

Consider a quadratic function q(x) = 1
2xTHx+cTx, with H positive definite

and symmetric. Substituting the steepest-descent direction pk = −gk in the

Generic Optimization Algorithm, we find that the iterates take the form

xk+1 = xk − αkgk,

where gk = Hxk + c. Since the function under consideration is a quadratic,

specifically f(x) = q(x), the αk that minimizes q(xk−αgk) is explicitly given
by

αk =
gT
kgk

gT
kHgk

. (10.12)

With the steepest-descent iteration, the αk as given above, and the rela-
tions (10.9), (10.10), and (10.11) derived for a quadratic, we obtain

f(xk+1)− f(xk) =
−1

2 (gT
kgk)

2

gT
kHgk

.

Then, using the expression f(x)− f(x∗) = 1
2g(x)TH−1g(x) from (10.9), we

get
f(xk+1)− f(x∗)− [f(xk)− f(x∗)]

f(xk)− f(x∗)
=

−(gT
kgk)

2

(gT
kHgk)(g

T
kH

−1gk)
.

Thus,

f(xk+1)− f(x∗) =

[
1− (gT

kgk)
2

(gT
kHgk)(g

T
kH

−1gk)

]
[f(xk)− f(x∗)] .
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Next we apply the Kantorovich inequality which states that for any nonzero
vector y,

(yTy)2

(yTHy)(yTH−1y)
≥ 4λ1λn

(λ1 + λn)2
, (10.13)

where λ1 is the smallest eigenvalue of H , and λn is the largest eigenvalue

of H . (See Exercise 10.2.) Using this bound, we have

f(xk+1)− f(x∗) ≤
(

1− 4λ1λn

(λ1 + λn)2

)
[f(xk)− f(x∗)]

=
(λ1 − λn)2

(λ1 + λn)2
[f(xk)− f(x∗)].

Thus,

f(xk+1)− f(x∗) ≤ (κ− 1)2

(κ + 1)2
[f(xk)− f(x∗)] ,

where κ = λn/λ1. The quantity κ is the condition number of H in the

2-norm. See page 546 for a discussion on condition numbers.

In this case, the asymptotic error constant is

γ =
(κ− 1)2

(κ + 1)2
, (10.14)

and r, the asymptotic order of convergence, equals 1. This implies that the
rate of convergence of the Steepest-descent Method on a quadratic function

is linear. For linear convergence, the asymptotic error constant is the factor
of reduction in the distance from the solution (or approximation error) at

each iteration. From (10.14) we can see that this constant γ can be very close
to 1 even when the Hessian matrix is not ill-conditioned. For example, if the

condition number of the Hessian is κ = 100, then γ = (99/101)2 ≈ 0.96. This
implies that there is negligible progress towards the solution at each subse-

quent iteration because of the bound f(xk+1) − f(x∗) ≤ γ [f(xk)− f(x∗)].
This theoretical result implies that the Steepest-descent Method would re-

quire hundreds of iterations to make very little progress toward the solution
(see Example 10.2 for an instance of this). A pictorial representation of the
behavior of the Steepest-descent Method on a quadratic function appears in

Figure 10.2.

The rate of convergence of the method when applied to more general
nonlinear functions (in particular, nonquadratic functions) is likewise poor.
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Figure 10.2: Path of the Steepest-descent Method on a quadratic.

We illustrate the behavior of the Steepest-descent Method on two simple

quadratics in R2. In the first example, the quadratic has a Hessian with
a condition number of 1, and in the second the Hessian has a condition

number of 100, so the Hessian is not a badly conditioned; nevertheless the
Steepest-descent Method takes a very large number of iterations in this case.

Example 10.1: STEEPEST-DESCENT METHOD WITH κ = 1. Consider

the quadratic function f(x) = 1
2xTHx + cTx with

H =

[
1 0
0 1

]
, c =

[
1
1

]
.

In this case the eigenvalues are obviously λ1 = λ2 = 1 and so κ = λ2/λ1 = 1.
The unique minimizer for this is x∗ = (−1, −1). In order to apply the

Steepest-descent Method, we pick a starting point, say x0 = (0, 0). We
next compute the gradient at x0 as

g(x0) = Hx0 + c =

[
1 0

0 1

] [
0

0

]
+

[
1

1

]
=

[
1

1

]
.

The convergence test is not satisfied, and so we set the steepest-descent

direction p0 = −g(x0). The steplength is computed using the minimization
condition (see Example 9.12) as

α0 =
−gT

0p0

pT
0Hp0

=
gT
0q0

gT
0g0

= 1,
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because H = I . The next iterate is computed as

x1 = x0 + α0p0 =

[
0

0

]
+

[−1

−1

]
=

[−1

−1

]
.

It is straightforward to verify that the gradient at x1 is zero, and hence
we stop and report x∗ = x1. In this case the Steepest-descent Method

converges to the solution in one iteration. Clearly, in this particular case,
the same result would be obtained if we were to use the Simple Steplength

Algorithm 9.8.

Example 10.2: STEEPEST-DESCENT METHOD WITH LARGER κ. Here
we consider the quadratic function f(x) = 1

2xTHx + cTx, with

H =

[
κ 0

0 1

]
, c =

[
1

1

]
.

The unique minimizer for this function is x∗ = (−1/κ, −1). In order to

apply the Steepest-descent Method, we set the termination criterion to be
that the norm of the gradient must be less than τg = 10−7 (which is less

than the square root of machine precision) and set the Simple Steplength
Algorithm 9.8 parameter to be μ = 10−1. Set κ = 100 (in Example 10.1,

κ was 1.0), and pick a starting point, say x0 = (0, 0). In this case, the
algorithm takes 736 iterations to find the optimal solution. In fact, if we set

κ = 1000, the algorithm would take over 7500 iterations to find the optimal
solution. Even with κ = 10, the algorithm takes 65 iterations to find the
optimal solution.

When κ = 100 the last four values of the ratio γ̄ = |(fk+1−f∗)/(fk−f∗)|
are: 1.0, 1.0. 0.88, 1.0. The ratio γ̄ becomes 1.0 due to numerical errors as
the values get close to the solution.

If we were to change τg to be 10−6, the last four values for γ̄ would

be 0.940, 0.991, 0.925, 0.954. Recall that the computed upper bound (see
page 324) on the asymptotic constant was γ = 0.96. If we choose κ =

1000, the computed upper bound on the asymptotic constantγ is 0.996; the
algorithm quickly gets to this bound and then γ̄ becomes 1.0.

Example 10.3: ZIG-ZAG PATTERN OF STEEPEST-DESCENT METHOD.

On examining the iterates for the Steepest-descent Method applied to the
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quadratic in Example 10.2 we can easily spot the zig-zag pattern of the
iterates. The table below has the iterate values and search direction values

for six intermediate iterations.

k x1 x2 p1 p2

254 -0.0099 -0.9966 -0.0052 -0.0034
255 -0.0100 -0.9967 0.0029 -0.0033
256 -0.0099 -0.9968 -0.0062 -0.0032

257 -0.0100 -0.9968 0.0035 -0.0032
258 -0.0099 -0.9969 -0.0075 -0.0031

259 -0.0100 -0.9970 0.0042 -0.0030

The zig-zag pattern of the iterates is evident; the x1 components alternates
between two values, while the x2 component stays relatively constant and is

approaching the optimal value slowly. The first component of the search di-
rection alternates in sign, and this results in the iterates having the observed

pattern.

10.2 Newton’s Method

The Newton direction

In the last section, we saw that the Steepest-descent Method typically takes
a very large number of iterations to converge. Thus, clearly, alternative

strategies are needed to define a search direction pk. An obvious strategy
is to use a quadratic approximation of the objective function at the current

point xk and devise methods that work efficiently for quadratic functions.
To do this, we use the Taylor series expansion of the function to three terms

to obtain a “quadratic model” of the function around xk, i.e.,

f(xk + p) ≈ f(xk) + pTg(xk) + 1
2pTG(xk)p (10.15)

which has an error term of the order of ||p||3. Within the context of the
Generic Optimization Algorithm, it is helpful to formulate the quadratic

function in equation (10.15) in terms of the search direction p (the step to
the minimum) rather than the predicted minimum itself. The minimum of
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the right-hand side of (10.15) will be achieved if pk is the solution of the
problem

minimize Q(p) = pTgk + 1
2pTGkp, (10.16)

where gk = g(xk) is a fixed vector and Gk = G(xk) is a fixed symmetric

matrix at iteration k. Recall that a stationary point p = pk of Q(p) is given
by the solution of the linear system of equations

Gkpk = −gk. (10.17)

It is customary to refer to any minimization algorithm that uses (10.17) to
define a search direction pk as Newton’s Method.

Convergence properties of Newton’s Method

From our discussion on quadratic functions, recall that if Gk is positive

definite, the solution to (10.17) gives the step to the exact minimum of the
quadratic model function specified in (10.15). Furthermore, the direction is

scaled so that the steplength is unity. Therefore, we expect good convergence
from Newton’s Method when the quadratic function is a good approximation

to the nonlinear function being minimized.

In particular, for a general nonlinear function f , Newton’s Method con-
verges quadratically to x∗ if x0 is sufficiently close to x∗, the Hessian matrix
is positive definite at x∗, and the steplengths {αk} converge to unity. The

proofs for results such as these can be found in Ortega and Rheinboldt [155].
Under slightly more restrictive conditions, in the multivariate case, we can

show convergence of Newton’s Method in a manner analogous to that of the
univariate case. We state corresponding theorems as follows.

Theorem 10.1 (Convergence of Newton’s Method) Let g : Rn → Rn

be continuously differentiable. Let Ω be an open set containing a point x∗

such that g(x∗) = 0 and ∇g(x∗) = G(x∗) is nonsingular.

(a) For any x0 in Ω, the Newton iterates

xk+1 = xk + pk,

G(xk)pk = −g(xk)
(10.18)

for k = 0, 1, 2, . . ., are well defined, remain in Ω, and converge to x∗.
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(b) The above sequence {xk} converges superlinearly to x∗. Moreover, if

||G(x)−G(x∗)|| ≤ κ||x− x∗||, x ∈ Ω,

for some constant κ > 0, the sequence converges quadratically to x∗.

The outstanding local convergence properties of Newton’s Method make

it a potentially attractive algorithm for unconstrained minimization. A fur-
ther benefit of the availability of the second derivatives is that sufficient

conditions for a minimum can be verified. In fact, Newton’s Method is of-
ten regarded as a standard against which other algorithms are measured.

However, as in the one-dimensional case, difficulties and even failure can oc-
cur if the quadratic approximation does not have a positive definite Hessian
matrix.

If Gk is positive definite, the search direction pk obtained using equations

(10.17) is a descent direction, since

gT
kpk = −gT

kG−1
k gk < 0.

Furthermore, such a direction pk is gradient related to xk if Gk is positive

definite for all xk, since there exist constants 0 < β ≤ γ such that

||Gk|| ≤ γ,

yTGky ≥ βyTy, y 
= 0;

that is, γ is an upper bound on the largest eigenvalue of G(x), and β is a

lower bound on the smallest eigenvalue of G(x). Using norm inequalities
and some algebraic manipulations we obtain

|gT
kpk| ≥ (β/γ)||gk|| ||pk||. (10.19)

This also implies that if the condition number of Gk is bounded by a con-
stant, then the directions pk are bounded away from orthogonality to the

negative gradient. However, even if Gk is positive definite, the quadratic
model may be a poor approximation to the objective function—in particu-

lar, f(xk + pk) may exceed f(xk), which violates the descent condition in
Step 3 of the Generic Optimization Algorithm. Thus, to construct a conver-
gent algorithm, a steplength procedure must be included according to one

of the acceptable criteria discussed in Chapter 9. When Newton’s Method is
used with a steplength algorithm, it is sometimes termed a damped Newton’s
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Method because the “natural” steplength of unity is not taken. Finally, note
that the Newton direction defined by equation (10.17) is a “steepest-descent”

direction with respect to the norm defined by

||y||2Gk
= yTGky;

see the discussion on page 318.

Solving for a search direction when the Hessian is positive definite

When the Hessian is positive definite, the search direction pk, as computed in
(10.17), will be a descent direction. The solution of the system of equations
for such a pk can be found by several methods. We will look at one such

method, namely one that uses the Cholesky3 factorization of the Hessian
matrix. Such a factorization always exists for a symmetric positive definite

matrix, as stated in the following classical theorem.

Theorem 10.2 (Cholesky factorization) Let G be any n × n symmetric

positive definite matrix. There exists a factorization of G of the form

G = L̄L̄T,

where L̄ is a nonsingular lower-triangular matrix. Equivalently,

G = LDLT. (10.20)

where L is a unit lower-triangular matrix (a lower-triangular matrix with
all diagonal elements being equal to 1) and D is a diagonal matrix with all
diagonal elements strictly positive.

Any matrix G satisfying (10.20), where L is unit lower-triangular and D
is a diagonal matrix with positive diagonal elements dj, must be symmetric

and positive definite. From a computational standpoint this means that if we
were to factorize a matrix G and obtain such an L and D as its factors, then

G would be positive definite. If G is not symmetric and positive definite,
then, in general, there does not exist a Cholesky factorization.

3For the life and work of Major André Cholesky, see [23] and [127, pp. 346–348].
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Example 10.4: NON-EXISTENCE OF A CHOLESKY FACTORIZATION.

Consider the following matrix which is symmetric but not positive definite.

G =

[
0 1

1 2

]
.

Clearly, G has no Cholesky factorization.

Algorithm 10.2 (Cholesky Factorization) Let G be a symmetric n × n

positive definite matrix.

1. Initialize. Set the column index j = 1.

2. Compute the j-th diagonal element of D.

dj = gjj −
j−1∑
s=1

dsl
2
js. (10.21)

If j = n terminate with the Cholesky factors having been found.

3. Compute the j-th column of L.

lij =
1

dj

(
gij −

j−1∑
s=1

dslisljs

)
for i = j + 1, . . . , n. (10.22)

4. Update. Set j ← j + 1 and go to Step 2.

Using the above algorithm, the computation of the Cholesky factors requires
n3/6+ O(n2) arithmetic operations. Because of their symmetry, the factors
require only (n/2)(n + 1) storage locations. The factors can overwrite the

relevant portions of G as they are computed, and hence no additional storage
beyond that used by G is required.

Example 10.5: CHOLESKY FACTORIZATION. Let

G =

⎡⎣ 2 4 6

4 11 24
6 24 70

⎤⎦ .
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1. Set j = 1. Compute the diagonal element d1 by the formula (10.21);
that is,

d1 = g11 = 2.

Next compute the first column of L according to the formula (10.22);
that is,

l21 = g21/d1 = 4/2 = 2

l31 = g31/d1 = 6/2 = 3.

2. Set j ← j + 1 = 2. We determine the next diagonal element by

d2 = g22 − d1l
2
21 = 11− 2× 22 = 3.

Next the second column of L is computed

l32 = (g32− dll31l21)/d2 = (24− 2× 3× 2)/3 = 4.

3. Set j ← j + 1 = 3. Determine the diagonal element

d3 = g33 − d1l
2
31 − d2l

2
32 = 70− 2× 32 − 3× 42 = 4.

The factoization is now complete and given by⎡⎣ 2 4 6
4 11 24
6 24 70

⎤⎦ =

⎡⎣ 1 0 0
2 1 0
3 4 1

⎤⎦⎡⎣ 2 0 0
0 3 0
0 0 4

⎤⎦⎡⎣ 1 2 3
0 1 4
0 0 1

⎤⎦ .

The elements of the Cholesky factors are bounded, thus the factorization
is inherently numerically stable. This follows from the property of posi-
tive definiteness which implies that each diagonal element of G is positive.

Equations (10.21) and (10.22) imply that for every j ∈ {1, 2, . . . , n},

gjj =

j∑
s=1

l2jsds (where lss = 1).

Since gjj > 0 and ds > 0, it follows that the elements ljs and ds are bounded
by gjj, the original diagonal elements of Gk.

Once the Cholesky factorization is obtained, the search direction pk can

be computed in n2 + O(n) arithmetic operations as follows:

1. Solve Ly = −g (n2/2 + O(n) operations).

2. Solve Dz = y (n operations).

3. Solve LTpk = z (n2/2 + O(n) operations).
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Solving for a search direction when the Hessian is not positive definite

So far, we have described how to obtain a descent search direction when

Gk is positive definite at each iteration k. While we know that Gk will be
positive definite at a strict local minimum, there is no guarantee for a general
nonlinear function that Gk will be positive definite at every iteration k. If

Gk is not positive definite, then there is no longer a guarantee that the pk

obtained as solution to Gkpk = −gk will be a descent direction. Furthermore,

there is no guarantee that the Cholesky factors of Gk exist.

When Gk is not positive definite, there are several possible approaches
for obtaining a descent direction. These include:

1. Switch to the Steepest-descent Method. This is usually not a good
idea due to the poor convergence rate of the Steepest-descent Method.

2. If Gk is nonsingular, let pk = −G−1
k gk (the usual definition, but the

system is solved by a method other than the Cholesky factorization) if
pT

kgk < 0, and let pk = G−1
k gk otherwise. That is, if it is not a descent

direction, simply go the opposite way.

3. Construct a direction of negative curvature. That is, a direction pk

such that pT
kGkpk < 0.

4. If Gk is not “sufficiently” positive definite, construct a “related” posi-
tive definite matrix Ḡk, and solve for the search direction using Ḡkpk =

−gk. We discuss this next.

Several methods have been proposed for constructing a related positive

definite matrix Ḡk. Here we describe a numerically stable approach due to
Gill and Murray (see [84]). The idea behind this is to construct Ḡk implicitly

by creating a modified-Cholesky factorization of the matrix Gk. With this
approach the elements of L and D are computed subject to two requirements
that would be satisfied if the matrix were positive definite to start with:

1. All elements of D are strictly positive.

2. The elements of the factors have a uniform bound.
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Algorithm 10.3 (Modified-Cholesky Factorization) Given a symmetric
matrix Gk, find a Cholesky factorization; if necessary, adjust the diago-

nal elements of Gk so that the factorization is that of a “nearby” positive
definite symmetric matrix.

The algorithm utilizes the auxiliary quantities cij = lijdj. These numbers

may be stored in the same array as Gk until they are overwritten by the
appropriate elements of L.

Set δ = max{εM , ||Gk||εM}, where εM is the machine precision.

1. Compute bound on elements of the factors. Set β2 = max{γ, ξ/ν, εM},
where ν = max{1,

√
n2 − 1}, and γ and ξ are, respectively, the maxi-

mum magnitudes of the diagonal and off-diagonal elements of Gk.

2. Initialize. Set the column index j = 1. Define cii = gii, i = 1, . . . , n.

3. Perform row and column interchanges. Find an index q such that

|cqq| = max{ |cii| : j ≤ i ≤ n }.

If q 
= j, interchange all the information corresponding to rows and
columns q and j of Gk.

4. Compute cij and find one with maximum absolute value.

cij = gij −
j−1∑
s=1

ljscis for i = j + 1, . . . n

θj = max{|cij| : j + 1 ≤ i ≤ n}.

If j = n, set θj = 0.

5. Compute the j-th diagonal element of D. Set dj = max{δ, |cjj|, θ2
j/β2},

and define the diagonal modification ej = dj − cjj. If j = n terminate
with the modified-Cholesky factors having been found.

6. Compute the (j+1)-st row of L. First update the prospective diagonal

elements

cii = cii − cij(cij/dj) for i = j + 1, . . . , n.
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Next determine

lj+1,s = cj+1,s/ds for s = 1, . . . , j.

Set j ← j + 1 and go to Step 3.

It can be shown that modified-Cholesky factorization is a numerically
stable method that produces a positive definite matrix differing from the

original symmetric matrix only in its diagonal elements. The diagonal mod-
ification done during the factorization process is optimal in the sense that

an a priori bound on the norm of E, the diagonal modification, is minimized
subject to the requirement that “sufficiently” positive definite matrices are

left unaltered. If no diagonal modifications are made, then the matrix being
factored is positive definite.

Example 10.6: MODIFIED-CHOLESKY FACTORIZATION. Suppose that
the matrix to be factorized is

Gk =

⎡⎢⎢⎣
25.0000 5.0000 4.0000 0.0000
5.0000 12.0000 0.0000 0.0000

4.0000 0.0000 0.4000 1.0000
0.0000 0.0000 1.0000 0.2000

⎤⎥⎥⎦ .

Let εM = 10−14. Using the Modified-Cholesky Factorization Algorithm we
start by computing the 1-norm of the matrix Gk, which is ‖Gk‖ = 34, and

setting

δ = max{εM , ||Gk||εM} = max{10−14, 34× 10−14} = 34× 10−14.

Next we compute the bound β2 on the elements of the factors. We first
compute

ν = max{1,
√

n2 − 1} = 15, γ = 25, ξ = 5,

where γ and ξ are, respectively, the maximum magnitudes of the diagonal
and off-diagonal elements of Gk. Then

β2 = max{γ, ξ/ν, ε
M
} = 25.

During the course of the algorithm, the computed quantities will be stored
back in the original matrix Gk; for simplicity of exposition we will illustrate
the algorithm by not overwriting the elements of Gk, and instead storing

all the computed quantities in a separate matrix C. Assign cii = gii for
i = 1, . . . , 4.
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1. Set j = 1. No column and row interchanges are necessary since |c11| =
max{|cii| for i = 1, . . . , 4}. Next we compute

ci1 = gi1 for i = 2, 3, 4.

At this stage

C =

⎡⎢⎢⎣
25.0000
5.0000 12.0000

4.0000 0.4000
0.0000 0.2000

⎤⎥⎥⎦ .

Next we compute θ1 which is used to decide whether or not to modify

the diagonal element d1. We find that

θ1 = max{|c21|, |c31|, |c41|} = 5.

We determine the diagonal element by

d1 = max{δ, |c11|, θ2
1/β2} = max{34× 10−14, 25, 25/25}= 25.

In this case there is no diagonal modification and so e1 = 0. Next

we update the remaining diagonal elements according to the formula
cii = cii − ci1(ci1/d1) for i = 2, 3, 4. That is,

c22 = 12− 5× 5/25 = 11

c33 = 0.4− 4× 4/25 = −0.24

c44 = 0.2− 0 = 0.2 .

Now we compute l21 = c21/d1 = 5/25 = 0.2. We do not compute the

other lower-triangular factors in column 1 just yet because we need
the ci1 for i > 2 for other calculations. The updated matrix C with

l21 inserted in the position occupied by c21 is

C =

⎡⎢⎢⎣
25.0000
0.2000 11.0000

4.0000 −0.24000
0.0000 0.2000

⎤⎥⎥⎦ .

2. We set j = 2. Once again, no column and row interchanges are neces-

sary since |c22| = max{|cii|, for i = 2, 3, 4}. Next we compute

c32 = g32 −
1∑

s=1

l2sc3s = −0.8

c42 = g42 −
1∑

s=1

l2sc4s = 0.0 .
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The updated C matrix is

C =

⎡⎢⎢⎣
25.0000
0.2000 11.0000

4.0000 −0.8000 −0.24000
0.0000 0.0000 0.2000

⎤⎥⎥⎦ .

We compute
θ2 = max{|c32|, |c42|} = 0.8 .

We next determine the diagonal element by

d2 = max{δ, |c22|, θ2
2/β2} = max{34× 10−14, 11, (.8)2/25} = 11.

In this case also there is no diagonal modification and so e2 = 0. Next

we update the remaining diagonal elements according to the formula
cii = cii − ci2(ci2/d2) for i = 3, 4. That is,

c33 = c33 − c32 × c32/d2 = 0.4− 0.8× 0.8/11 = −0.2982

c44 = c44 − c42 × c42/d2 = 0.2− 0.0 = 0.2 .

Next we compute l31 and l32 by

l31 = c31/d1 = 0.4/25 = 0.16

l32 = c32/d2 = −0.8/11 = −0.0727 .

The updated matrix C with l31 and l32 inserted in the positions occu-
pied by c31 and c32 is

C =

⎡⎢⎢⎣
25.0000

0.2000 11.0000
0.1600 −0.0727 −0.2982

0.0000 0.2000

⎤⎥⎥⎦ .

3. Set j = 3. Once again, no column and row interchanges are necessary
since |c33| is the larger of |c33| and |c44|. Next we compute

c43 = g43 −
2∑

s=1

l3sc4s = 1.0− 0.0 = 1.0 .

The updated C matrix now is

C =

⎡⎢⎢⎣
25.0000
0.2000 11.0000

0.1600 −0.0727 −0.2982
0.0000 0.0000 1.0000 0.2000

⎤⎥⎥⎦ .
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We compute θ3 = max{|c43|} = 1.0. We determine the diagonal ele-
ment by

d3 = max{δ, |c33|, θ2
3/β2} = max{34× 10−14, 0.2982, (1.0)2/25}

= 0.2982 .

In this case the diagonal is modified from −0.2982 to 0.2982, that
is, the diagonal modification is e3 = 0.5964. Next we update the

remaining diagonal elements as

c44 = c44 − c43 × c43/d3 = 0.2− 1.0/0.2982 = −3.1537 .

Next we compute l4i for i = 1, . . . , 3 by

l41 = c41/d1 = 0.0

l42 = c42/d2 = 0.0

l43 = c43/d3 = 1.0/0.2982 = 3.3537 .

The updated matrix C with l4i inserted is

C =

⎡⎢⎢⎣
25.0000
0.2000 11.0000

0.1600 −0.0727 0.2982
0.0000 0.0000 3.3537 −3.1537

⎤⎥⎥⎦ .

4. Set j = 4. Because j = n we set θ4 = 0.0 and then determine the
diagonal element

d4 = max{δ, |c44|, θ2
4/β2} = max{34× 10−14, 3.1537, 0}= 3.1537 .

In this case the diagonal is modified from −3.1537 to 3.1537, that is,
the diagonal modification is e4 = 6.3073.

The final factors are:

L =

⎡⎢⎢⎣
1.0000
0.2000 1.0000

0.1600 −0.0727 1.0000
0.0000 0.0000 3.3537 1.0000

⎤⎥⎥⎦
and

D =

⎡⎢⎢⎣
25.0000

11.0000

0.2982
3.1537

⎤⎥⎥⎦ .
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These are the factors of the related symmetric positive definite matrix
obtained by modifying the diagonal elements of the original matrix, that is

Ḡk =

⎡⎢⎢⎣
25.0000 5.0000 4.0000 0.0000
5.0000 12.0000 0.0000 0.0000

4.0000 0.0000 0.4000 1.0000
0.0000 0.0000 1.0000 0.2000

⎤⎥⎥⎦+

⎡⎢⎢⎣
0.0000

0.0000

0.5964
6.3073

⎤⎥⎥⎦

=

⎡⎢⎢⎣
25.0000 5.0000 4.0000 0.0000
5.0000 12.0000 0.0000 0.0000

4.0000 0.0000 0.9964 1.0000
0.0000 0.0000 1.0000 6.5073

⎤⎥⎥⎦ .

Modified-Newton Method

It can be shown that the use of a modified-Cholesky factorization with New-
ton’s Method results in global convergence of the method, see [84]. Besides
the fast convergence properties of Newton’s Method, the presence of the

Hessian allows us to check the second-order conditions of optimality. The
algorithm below incorporates the modified-Cholesky factorization.

Algorithm 10.4 (Modified-Newton Method) Find a minimizer of a twice-
continuously differentiable function f : Rn → R.

Set k = 0 and let x0 be given. Compute the gradient vector g0 = g(x0) and
Hessian matrix G0 = G(x0).

1. Test for convergence.

(a) If the gradient does not satisfy ||gk|| ≤ √εM , go to Step 2.

(b) If the above is satisfied, then compute the modified-Cholesky fac-

torization of the Hessian as Gk = LkD̄kL
T
k.

i. If the above factorization has the diagonal modification as

zero, then the Hessian is positive definite. In this case report
x∗ = xk as the minimizer.

ii. If the above factorization has nonzero diagonal modifications,
then report x∗ = xk as a stationary point.4

4When the Hessian is indefinite, it is possible for the algorithm to proceed along a
direction of negative curvature; discussion of this technique is outside the scope of this
book. See, for example, [84].



340 LINEAR AND NONLINEAR OPTIMIZATION

2. Compute a search direction. Compute the modified-Newton direction
pk by solving

LkD̄kL
T
kpk = −gk.

3. Compute a steplength. Compute the steplength using one of the al-
gorithms described in Section 9.8, for example, the Simple Steplength

Algorithm 9.8.

4. Update the iterate. Using pk and αk, determine the next iterate

xk+1 = xk + αkpk

gk+1 = g(xk+1)

Gk+1 = G(xk+1).

Return to Step 1 with the iteration counter k incremented by 1.

Example 10.7: MODIFIED-NEWTON METHOD USED ON A QUADRATIC

FUNCTION. When a Modified-Newton Method is applied to the quadratic
functions in Examples 10.1 and 10.2, it converges, as expected, in exactly

one iteration with a steplength α = 1.0. This is in stark contrast to the
Steepest-descent Algorithm which takes over 7500 iterations when applied

to the quadratic of Example 10.2 having κ = 100.

Example 10.8: MODIFIED-NEWTON METHOD USED ON ROSENBROCK

FUNCTION. We introduced the Rosenbrock function in Example 9.13 on

page 310.

f(x) = 100(x2 − x2
1)

2
+ (1− x1)

2.

This nonconvex function is of particular interest in optimization because its
minimum is in a long curved valley making it difficult for many algorithms

to converge to it. The gradient and Hessian for Rosenbrock’s function are:

g(x) =

[
−400x1(x2 − x2

1)− 2(1− x1)

200(x2− x2
1)

]

and

G(x) =

[
−400(x2 − x2

1) + 800x2
1 + 2.0 −400x1

−400x1 200

]
.
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The global minimizer for this problem is x∗ = (1, 1). In order to apply
the Modified-Newton Method, we set the termination criterion to be that

the norm of the gradient must be less than τg = 10−7 and set the Simple
Steplength Algorithm 9.8 parameter to be μ = 10−1. The Modified-Newton

Method converges in k = 14 iterations. The Steepest-descent Algorithm
applied to this function, did not converge in k = 10, 000 iterations.

The last few iterations when using the Modified-Newton Method are

k α ‖xk − x∗‖ |(fk − f∗)|
11 1.0000 1.1956e-002 3.1775e-005

12 1.0000 4.7203e-004 1.0681e-007
13 1.0000 2.3390e-006 1.2201e-012

14 1.0000 1.9327e-011 1.8009e-022

We can see that for the final two iterations the iterates’ distance from the
solution is roughly changing by the square of the previous iterate’s distance

from the solution, implying a quadratic rate of convergence.

From Theorem 10.1 we know that there is an open set S such that
the steplengths converge to 1.0, once an iterate xk ∈ S; in this case the

steplengths are 1.0 for several iterations before convergence. In fact if the
steplengths do not converge to 1.0 for the Modified-Newton Method when

the assumptions of Theorem 10.1 hold, then there is a high probability that
the Hessian computation is incorrect.

Furthermore, from Theorem 10.1, for Newton’s Method to exhibit a

quadratic rate of convergence, the steplengths must be precisely 1.0 as the
iterates approach a solution. In the literature, the search direction pk in
such a case is called the Newton direction.

In practice an optimal solution will not be known in advance, so the

convergence rates cannot be verified. However, once an optimal solution
is obtained, then it be used to verify that the convergence rate is being

achieved. If the convergence rate is not achieved, or is not close to being
achieved, then there could be an error in the Hessian matrix due either

to incorrect derivation or a some programming error. In practice a finite-
difference approximation to the Hessian is computed at several points to

verify the accuracy of the analytic representation of the Hessian.
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Example 10.9: IMPACT OF ERRORS IN MODIFIED-NEWTON METHOD.

Typically an optimization algorithm will not converge when even small errors

are present in the computation of the gradient or the function value; this is
because its steplength algorithm fails to produce a decrease in the function

value. One reason for this failure is that the search direction determined by
the gradient is not really a direction of decrease for the function, and this

causes the steplength to terminate with the error condition that an iterate
having a lower function value has not been found.

For instance, when the gradient calculation is deliberately modified so

as to introduce an error as small as −10−6 in the second component of the
gradient for Rosenbrock’s function, Newton’s Method fails to find an optimal
solution because its steplength algorithm fails to produce a decrease in the

function value.

Errors in computing the Hessian are typically less harmful than those in
computing the gradient or function values, and in a large number of practi-

cal cases the Modified-Newton Algorithm will succeed in finding an optimal
solution but after many more iterations. In this case, the search directions

are in fact descent directions, just not the analytically correct descent di-
rections. When there are such errors, the convergence rates typically do not

show quadratic convergence and often the steplengths are also not converg-
ing to 1.0 as the theory predicts.

If we deliberately change the second diagonal component of the Hessian
for Rosenbrock’s function to be 100.0, instead of 200.0, the Modified-Newton

Method takes almost 3000 iterations to converge. In this case the steplengths
do converge to 1.0, but quadratic convergence is not observed as seen in the

table below for a few iterations near the solution.

k α ‖xk − x∗‖ |(fk − f∗)|
2890 1.0000 2.3280e-007 1.0823e-014

2891 1.0000 2.3163e-007 1.0715e-014

2892 1.0000 2.3047e-007 1.0608e-014

2893 1.0000 2.2932e-007 1.0502e-014

2894 1.0000 2.2817e-007 1.0397e-014

2895 1.0000 2.2703e-007 1.0293e-014

2896 1.0000 2.2589e-007 1.0190e-014

2897 1.0000 2.2476e-007 1.0088e-014
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Finite-difference approximations of the Hessian

In some situations it may be difficult to obtain an analytical representation

of the Hessian matrix. In other cases, the Hessian may be available but
its computation may be prohibitively expensive. One possible approach is

to use finite-differencing of the gradients to approximate the Hessian. To
see how to do this, consider the Taylor’s series expansion of the gradient g

about the point x, namely

g(x + hv) = g(x) + hG(x)v + O(h2),

where h is a scalar. As h becomes “small,” the second- and higher-order
terms become much smaller than the rest. Thus, assuming that O(h2) is

small, we can write

G(x)v ≈ g(x + hv)− g(x)

h
. (10.23)

Next we note that if we take v = ej, where ej is the j-th unit vector, then the
left-hand side of (10.23) is the the j-th column of G(x). Thus, by sequentially

choosing v to be the columns e1, e2, . . . , en of the identity matrix in sequence,
we can generate the columns of the Hessian matrix. It can be shown that

as h → 0, such an approximation would be exact. However, as discussed
below, if h is too small, numerical errors may cause the procedure to fail.

Even though the calculations are performed with a small h, chosen small
enough to balance the numerical errors against accuracy of determining the

Hessian, this will, in general, result in a Hessian approximation that is not
symmetric. If we let Ḡ denote the matrix generated by the finite-difference

operation, then we can obtain a symmetric approximation by setting

G =
1

2
(Ḡ + ḠT ).

The quadratic rate of convergence of Newton’s Method will only be main-
tained with the finite-difference approximation described above if the Hes-

sian approximation becomes accurate as the solution is approached. This
implies that finite-difference interval h must be chosen with care. Numer-

ically, of course, a very small value of h would make the approximation G
useless because of rounding errors. It should be small enough to give the
required convergence rate, yet large enough to ensure that the finite dif-

ference approximation yields a good approximation of the Hessian. While,
in theory, there are many such considerations, in practice, the choice of h
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less critical than it might seem for the success of these methods. Numerical
experiments given by Gill, Murray and Picken (1972), see [81], indicate that

provided h is chosen in the interval [
√

εM , 3
√

ε2
M ] the convergence results of

Newton’s Method are almost invariant with respect to h. Newton’s Method

implemented with a finite-difference approximation to the Hessian is called
a Discrete Newton Method.

When implemented well, Discrete Newton Methods behave much like

Newton’s Method. Since we already have gk, the computation of a finite-
diffference approximation to the Hessian, requires n additional gradient eval-

uations at each iteration.

In practice, unless it is impossible to represent the Hessian analytically,
it turns out that for large n, Discrete Newton Methods tend to be less useful
than Quasi-Newton Methods (to be discussed in the next section). However,

when the Hessian matrices are sparse, advantage can be taken of this sparsity
to significantly reduce the number of gradient evaluations required to obtain

the Hessian approximation.

In applications, it is often the case that the special structure of the objec-
tive function f(x) leads to a sparse Hessian whose sparsity pattern is known

in advance or is one that can be determined. In such cases it is possible to
obtain a finite-difference approximation to the Hessian G(x) in fewer than

the n gradient evaluations mentioned above. The following two examples
illustrate the process on a diagonal and a tridiagonal Hessian matrix.

Example 10.10: DIAGONAL HESSIAN. Consider the simple case when the
n × n Hessian G(x) is a diagonal matrix for all x. Define the vector v in

equation (10.23) to be the vector of all ones. Then, because all the off-
diagonal elements are zero, it follows that Gv = (G11, G22, . . . , Gnn). In this
special case we can obtain a finite-difference approximation to the Hessian

in one gradient evaluation using equation (10.23).

Example 10.11: TRIDIAGONAL HESSIAN. Suppose that G(x) is tridiag-

onal; in such a case the nonzero/zero structure of the matrix is as shown
in Figure 10.3, where the entries indicated by the • symbol are nonzeros.
Consider a subset of a 10 × 10 tridiagonal matrix comprised of columns

1, 4, 7, 10. Notice that there is exactly one Hessian element in each row of
this submatrix. Based on this observation, we choose the vector v = v1 of
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⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

• •
• • •
• • •

. . .
. . .

. . .

• • •
• • •

• •

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

Figure 10.3: Tridiagonal Hessian matrix

equation (10.23) as one with ones in positions 1, 4, 7, 10 and zeros elsewhere,

i.e.,

v1 = (1, 0, 0, 1, 0, 0, 1, 0, 0, 1).

It is easy to see that this results in

Gv1 = (G11, G21, G34, G44, G54, G67, G77, G87, G10,10).

In a similar manner we can choose

v2 = (0, 1, 0, 0, 1, 0, 0, 1, 0, 0), and v3 = (0, 0, 1, 0, 0, 1, 0, 0, 1, 0),

and thus obtain the remaining Hessian elements. In the case of any n × n
tridiagonal Hessian matrix, an analogous choice of three vectors provides
the entire Hessian in three gradient evaluations.5

In general when the sparsity pattern is known (but not necessarily as sim-
ple as in the above examples), it is also possible to obtain an approximation

of the Hessian in fewer than n gradient evaluations.

Example 10.12: FINITE-DIFFERENCE MODIFIED-NEWTON METHOD. In
Example 10.8 we computed the Hessian analytically. Here we use a finite-

difference approximation to compute the Hessian and apply the Modified-
Newton Method to the Rosenbrock function described in Example 9.13 on

page 310. To calculate the Hessian we choose the finite-difference interval
h = ε0.6

M ; this is in the interval [
√

εM , 3
√

ε2
M ] described on page 344.

5It turns out that the finite-difference approximation to this Hessian can actually be
obtained in two gradient evaluations; see Powell and Toint [162].
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As before, we set the termination criterion to be that the norm of the
gradient must be less than τg = 10−7 and set the Simple Steplength Algo-

rithm 9.8 parameter to be μ = 10−1. The Modified-Newton Method using a
finite difference approximation of the Hessian also converges in 14 iterations;

the iterates are not very different from those found by using the analytically
computed Hessian. The last few iterations in this case are:

k α ‖xk − x∗‖ |(fk − f∗)|
11 1.0000 1.1956e-002 3.1775e-005

12 1.0000 4.7203e-004 1.0680e-007
13 1.0000 2.3388e-006 1.2198e-012

14 1.0000 1.9201e-011 1.7919e-022

10.3 Quasi-Newton Methods

Newton’s Method (modified to take into account Hessians that are not pos-
itive definite) has a fast rate of convergence to the solution. However, it

requires the computation of the Hessian matrix or a finite-difference ap-
proximation to it at every iteration of the algorithm. The Steepest-descent
Method, on the other hand, does not require any second-derivative in-

formation and is guaranteed to converge. Unfortunately, its convergence
can be extremely slow to the point where it appears not to converge at

all. The idea behind Quasi-Newton Methods is to mimic the properties of
Newton’s Method without requiring second derivative information or finite-

differencing.

In 1959, Davidon published a technical report at Argonne National Lab-
oratory (see [49]) introducing a method, which he called a variable-metric

method, for unconstrained minimization problems. His approach was based
on building up the Hessian approximation based on the computed values

of f(x) and g(x) as the iterations proceed. Following his original paper,
there was an explosion of interest in such variable-metric methods, which
are called Quasi-Newton Methods.

If an approximation Bk to the Hessian Gk is known, the search direction

at each iteration of a Quasi-Newton Algorithm can be computed as in New-
ton’s Method with the approximate Hessian Bk used in place of Gk. That
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is, we solve

Bkpk = −gk.

Quasi-Newton Methods determine such a Bk in a systematic manner. The

theory of Quasi-Newton Methods is based on the fact that the Hessian along
the step taken is approximately equal to the difference in gradients. To see

this, let xk be the current iterate and let xk+1 = xk + sk be the next iterate,
where sk = αkpk. Using the Taylor series expansion,

g(xk + sk) = g(xk) + Gksk + · · ·

or

Gksk ≈ g(xk + sk)− g(xk). (10.24)

It is easy to show that if the function is a quadratic f(x) = 1
2xTHx + cTx,

then the above relationship is satisfied exactly at each iteration. The idea
behind these methods, then, is to determine an approximation Bk+1 to the
Hessian Gk at each iteration such that the above condition is satisfied; i.e.,

Bk+1sk = yk (10.25)

where yk = gk+1 − gk. The equation (10.25) is known as the Quasi-Newton

condition.

These methods typically start with an initial Hessian approximation B0

equal to the identity matrix. In this case, the initial direction is a steepest-
descent direction p0 = −g0. Once x1 has been computed, a new Hessian

approximation B1 is computed as an update of B0:

B1 = B0 + U0

such that B1 satisfies the Quasi-Newton condition (10.25). In general, after

xk+1 has been computed, a new Hessian approximation Bk+1 is obtained as

Bk+1 = Bk + Uk

where Uk, the updating matrix at the end of iteration k, is chosen so as to
make Bk+1 satisfy (10.25). The particular choice of Uk has given rise to
several methods.

The Quasi-Newton condition (10.25) specifies a constraint on the new

approximation Bk+1 along a direction. As a result, one may expect (though
not be guaranteed) that the updating matrix Uk will be of low rank. With
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this in mind, researchers have developed Quasi-Newton updates of rank
one or two. For minimizing C2 functions, the true Hessian matrix will be

symmetric, and it is natural to seek a symmetric Hessian approximation.
Further, it is highly desirable that the Hessian approximations be positive

definite because then the solution of Bkpk = −gk will result in a descent di-
rection. We next describe three symmetric updates that satisfy the property

of positive definiteness. For details and other updates, see [84].

Symmetric rank-one update

In 1965, Broyden proposed a rank-one update which did not satisfy the
property of symmetry. Let u and v be any two vectors, then define an

update of the form
Bk+1 = Bk + uvT.

For the matrix Bk+1 to satisfy the Quasi-Newton condition (10.25), we
mulitply the above on the right by sk = xk+1 − xk, thereby obtaining

Bk+1sk = (Bk + uvT)sk = yk

or

u(vTsk) = yk −Bksk.

For any v, such that vTsk 
= 0, the vector u is given by (yk − Bksk)/vTsk,
and the rank-one modification from Bk to Bk+1 is given by

Bk+1 = Bk +
1

vTsk
(yk −Bksk)v

T. (10.26)

Let w be a vector satisfying wTsk = 0. Note that in this case we can
add to Bk any number of rank-one matrices of the form zwT, where z is any

vector, and the Quasi-Newton condition will be satisfied. Thus, if n > 1,
there are infinitely many ways to modify Bk so that Bk+1 satisfies (10.25) as

long as u is in the direction yk − Bksk. In the Broyden update, v is chosen
to be sk. However, in this case the updated Hessian approximation Bk+1

will not be symmetric. To preserve symmetry, v must be a multiple of u;
hence choosing v = yk −Bksk, we get the symmetric rank-one update

Bk+1 = Bk +
1

(yk −Bksk)Tsk
(yk − Bksk)(yk − Bksk)

T (10.27)

where yk − Bksk 
= 0 and (yk − Bksk)
Tsk 
= 0.
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DFP update

This popular update is named after its discoverers Davidon, Fletcher, and

Powell, see [69]. In this case the updated Hessian approximation is obtained
as

Bk+1 = Bk − 1

sT
kBksk

(Bksk)(Bksk)
T+

1

yT
ksk

ykyT
k + (sT

kBksk)wkw
T
k (10.28)

where

wk =
1

yT
ksk

yk − 1

sT
kBksk

Bksk. (10.29)

Among the early discoveries after Davidon’s paper [49], the DFP update was

the first successful one for solving unconstrained optimization problems.

BFGS update

On practical problems, the BFGS update has been the most successful. It

is named after Broyden, Fletcher, Goldfarb, and Shanno who each indepen-
dently discovered it around 1970; see [25], [67], [86], and [178]. It is given

by

Bk+1 = Bk − 1

sT
kBksk

(Bksk)(Bksk)T+
1

yT
ksk

yky
T
k. (10.30)

The BFGS update clearly satisfies the property of symmetry. Furthermore,

it can be shown that as long as yT
ksk > 0, it is also guaranteed to result in

positive definite Bk+1. (Note that from equation (10.25), it is easy to see

that if Bk+1 is positive definite, then yT
ksk > 0 because sT

kBksk = yT
ksk.)

It can be shown that yT
ksk > 0 if a steplength is chosen to satisfy Wolfe’s

conditions (see page 308).

One-parameter family of updates

For the DFP update described above, it is easy to see that wT
ksk = 0; hence

any multiple of wkw
T
k may be added to equation (10.28) without affecting

satisfaction of the Quasi-Newton condition (10.25). Doing this results in the
one-parameter family of updates

Bk+1 = Bk− 1

sT
kBksk

(Bksk)(Bksk)
T+

1

yT
ksk

ykyT
k +φk(s

T
kBksk)wkw

T
k. (10.31)
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Notice that when the parameter φk is chosen to be zero, (10.31) reduces
to the BFGS update, and when φk is chosen to be 1, (10.31) is the DFP

update. Thus, the one-parameter family of updates can be written in terms
of the DFP and the BFGS update as a convex combination

Bk+1 = (1− φk)B
BFGS

k + φkB
DFP

k . (10.32)

In 1972, Dixon showed (see [52] and [53]) that when exact line searches
are used in the algorithms, all the members of the one-parameter family

of updates (10.32) produce the same iterates. Hence all the differences
in numerical experiments on the updates can be attributed to differences

in the determination of the steplength. Dixon’s result also demonstrated
that the elements of a Quasi-Newton approximation to the Hessian will not
necessarily be the same as those of the true Hessian.

Convergence properties

When applied to a strictly convex quadratic function, all the Quasi-Newton
Methods based on the one-parameter family of updates will converge to the

minimum in a finite number of iterations (typically n + 1). This is called
quadratic termination, but it should not be confused with quadratic rate

of convergence. In fact, it can be shown that, under certain conditions,
Quasi-Newton Methods converge superlinearly; see Powell [159] and [161].

A Quasi-Newton Method

In a Quasi-Newton Method we solve a system of equations to obtain a search
direction. In this system, the Hessian matrix of Newton’s Method is replaced

by the Quasi-Newton approximation Bk. The algorithm is summarized be-
low. It makes use of the modified-Cholesky Factorization for numerical

stability; the use of the Cholesky factorization for Quasi-Newton Methods
was first proposed by Gill and Murray [79].

Algorithm 10.5 (Quasi-Newton Method) Find a minimizer of a twice-
continuously differentiable function f : Rn → R.

Set k = 0 and let x0 be given. Compute the gradient g0 = g(x0) and set the
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starting Quasi-Newton Hessian approximation to be B0 = I , where I is the
identity matrix.

1. Test for convergence. If the gradient satisfies ||gk|| ≤ √
ε

M
, report

x∗ = xk as the solution.

2. Compute a search direction. Solve Bkpk = −gk for pk as follows:

(a) Obtain a modified-Cholesky factorization of Bk as LkD̄kL
T
k.

(b) Find the Quasi-Newton direction pk by solving

LkD̄kL
T
kpk = −gk.

3. Compute a steplength. Compute the steplength using one of the al-
gorithms described in Section 9.8, for example, the Simple Steplength

Algorithm 9.8.

4. Update the iterate. Using pk and αk, compute

xk+1 = xk + αkpk,

gk+1 = g(xk+1),

Bk+1 = Bk + Uk,

where Uk is one of the Quasi-Newton updates. Return to Step 1 with
the iteration counter k ← k + 1.

Example 10.13: SYMMETRIC RANK-ONE UPDATE. As before, we set

the termination criterion to be that the norm of the gradient must be less
than τg = 10−7 and set the Simple Steplength Algorithm 9.8 parameter to

be μ = 10−1. The initial Hessian approximation B0 is set to the identity
matrix, but any symmetric positive definite matrix will suffice.

On the quadratic of Example 10.1, the Quasi-Newton Algorithm 10.5

using a symmetric rank-one update converges in one iteration. In this case
the search direction is the steepest-descent direction, which is also the step
(Newton direction) to the minimum of the quadratic function. When applied

to the quadratic of Example 10.2, the method finds the optimal solution in
two steps as expected by the property of quadratic termination.
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The Quasi-Newton Algorithm 10.5 starts with the identity as the initial
Hessian approximation. Thus the initial search direction is the steepest-

descent direction. For the Rosenbrock function, at the point x0 = (0, 0), the
initial search direction is

p0 = −g0 = (2.0, 0.0).

On applying the Simple Steplength Algorithm, we obtain α = 1/16 =
0.0625, and the next iterate is

x1 = x0 + α0p0 = (0.125, 0.0).

The function value and gradient at this point are

f1 = 0.7904 and g1 = (−0.9687, −3.1250).

The termination condition is not satisfied so we compute the next Hessian
approximation. To do this we first compute the quantities

s0 = x1 − x0 = α0p0 = 0.0625× (2.0, 0.0) = (0.125, 0.0)

y0 = g1 − g0 = (−0.9687, −3.1250)− (−2.0, 0.0)

= (1.0313, −3.1250)

B0s0 =

[
1 0
0 1

] [
0.125
0.000

]
=

[
0.125
0.000

]
y0 − B0s0 = (0.9063, −3.1250).

Next, using (10.27), we compute

B1 = B0 +
1

(y0 −B0s0)Ts0
(y0 −B0s0)(y0 −B0s0)

T

=

[
8.2500 −25.0000

−25.0000 87.2069

]
.

Using this updated Hessian approximation, we solve B1p1 = −g1 to obtain

p1 = (0.5293 0.1250).

Continuing in this manner, we see that the last few iterations are as follows:
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k α
‖xk+1 − x∗‖
‖xk − x∗‖

|fk+1 − f∗|
|fk − f∗|

22 1.0000 7.0122e-004 2.0580e-007
23 1.0000 6.0151e-005 1.7720e-009

24 1.0000 1.7192e-005 9.5724e-011
25 1.0000 1.1494e-008 1.0812e-016

26 1.0000 1.5579e-010 1.2548e-020

The last two columns show that the ratios are converging to zero. Thus,
the Quasi-Newton Algorithm using a symmetric rank-one update exhibits
superlinear convergence.

At the optimal solution found, the Quasi-Newton Hessian obtained using

the DFP update and the true Hessian are respectively

B26 =

[
801.9767 −399.9894

−399.9894 199.9952

]
and H =

[
802.0000 −400.0000
−400.0000 200.0000

]
.

Example 10.14: DFP UPDATE. We use the initial conditions and toler-
ances described in Example 10.13. On the quadratic of Example 10.1, the

Quasi-Newton Algorithm 10.5 using a DFP update converges in one itera-
tion. In this case the search direction is the steepest-descent direction, which

is also the step (Newton direction) to the minimum of the quadratic func-
tion. When applied to the quadratic of Example 10.2, the method, using a

steplength algorithm with the minimization condition (see page 306), finds
the optimal solution in two steps as expected by the property of quadratic

termination.

The Quasi-Newton Algorithm 10.5 starts with the identity as the initial
Hessian approximation. Thus the initial search direction is the steepest-

descent direction. For the Rosenbrock function, at the point x0 = (0, 0), the
initial search direction is

p0 = −g0 = (2.0, 0.0).

On applying the Simple Steplength Algorithm, we obtain α = 1/16 =

0.0625, and the next iterate is

x1 = x0 + α0p0 = (0.125, 0.0).
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The function value and gradient at this point are

f1 = 0.7904 and g1 = (−0.9687, −3.1250).

The termination condition is not satisfied so we compute the next Hessian

approximation. To do this we first compute the quantities

s0 = x1 − x0 = α0p0 = 0.0625

[
2.0
0.0

]
=

[
0.125
0.000

]
y0 = g1 − g0 =

[−0.9687
−3.1250

]
−
[−2.0

0.0

]
=

[
1.0313

−3.1250

]

B0s0 =

[
1 0

0 1

]T[
0.125

0.000

]
=

[
0.125

0.000

]

yT
0s0 =

[
1.0313
−3.1250

]T[
0.125
0.000

]
= 0.1289

sT
0B0s0 =

[
0.125
0.000

] [
0.125
0.000

]
= 0.0156

w0 =
1

yT
0s0

y0 − 1

sT
0B0s0

B0s0 =
1

0.1289

[
1.0313
−3.1250

]
− 1

0.0156

[
0.125
0.000

]

=

[
0.0000

−24.2424

]
.

Next we compute B1 using (10.28):

B1 = B0 − 1

sT
0B0s0

(B0s0)(B0s0)
T+

1

yT
0s0

y0y
T
0 + (sT

0B0s0)w0w
T
0

=

[
8.2500 −25.0000

−25.0000 85.9403

]
.

Using this updated Hessian approximation we solve B1p1 = −g1 to obtain

p1 =

[
0.5952
0.0625

]
.

Continuing in this manner, we see that the last few iterations are
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k α
‖xk+1 − x∗‖
‖xk − x∗‖

|fk+1 − f∗|
|fk − f∗|

21 1.0000 1.0614e-004 2.3731e-009
22 1.0000 5.3406e-006 2.8564e-011

23 1.0000 1.5085e-007 2.4824e-013
24 1.0000 2.6616e-008 1.8765e-016

25 1.0000 7.3823e-010 1.1020e-019

The last two columns show that the ratios are converging to zero. Thus, the
Quasi-Newton Algorithm using a DFP update exhibits superlinear conver-
gence.

At the optimal solution found, the Quasi-Newton Hessian obtained using

the DFP update and the true Hessian are respectively

B25 =

[
808.5848 −403.3835

−403.3835 201.7385

]
and H =

[
802.0000 −400.0000
−400.0000 200.0000

]
.

Example 10.15: BFGS UPDATE. We use the initial conditions and toler-
ances described in Example 10.13. On the quadratic of Example 10.1, the

Quasi-Newton Algorithm 10.5 using a BFGS update converges in one itera-
tion. In this case the search direction is the steepest-descent direction, which

is also the step (Newton direction) to the minimum of the quadratic func-
tion. When applied to the quadratic of Example 10.2, the method, using a

steplength algorithm with the minimization condition (see page 306), finds
the optimal solution in two steps as expected by the property of quadratic

termination.

The Quasi-Newton Algorithm 10.5 starts with the identity as the initial
Hessian approximation. Thus the initial search direction is the steepest-

descent direction. For the Rosenbrock function, at the point x0 = (0, 0), the
initial search direction is

p0 = −g0 = (2.0, 0.0).

On applying the Simple Steplength Algorithm, we obtain α = 1/16 =

0.0625, and the next iterate is

x1 = x0 + α0p0 = (0.125, 0.0).
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The function value and gradient at this point are

f1 = 0.7904 and g1 = (−0.9687, −3.1250).

The termination condition is not satisfied so we compute the next Hessian
approximation. To do this we first compute the quantities

s0 = x1 − x0 = α0p0 = 0.0625× (2.0, 0.0) = (0.125, 0.0)

y0 = g1 − g0 = (−0.9687, −3.1250)− (−2.0, 0.0) = (1.0313, −3.1250)

B0s0 =

[
1 0

0 1

][
0.125

0.000

]
=

[
0.125

0.000

]
yT
0s0 = (1.0313, −3.1250)

[
0.125
0.0

]
= 0.1289

sT
0B0s0 = (0.125, 0.0)

[
0.125
0.0

]
= 0.0156.

Next, using (10.30), we compute

B1 = B0 − 1

sT
0B0s0

(B0s0)(B0s0)
T+

1

yT
0s0

y0y
T
0

=

[
8.2500 −25.0000

−25.0000 76.7576

]
.

Using this updated Hessian approximation we solve B1p1 = −g1 to obtain

p1 = (18.4829, 6.0606).

Continuing in this fashion, we see that the last few iterations are as follows:

k α
‖xk+1 − x∗‖
‖xk − x∗‖

|fk+1 − f∗|
|fk − f∗|

19 1.0000 2.5855e-003 2.6360e-005
20 1.0000 2.2045e-003 1.2417e-006

21 1.0000 1.2525e-004 3.1674e-009
22 1.0000 1.0673e-006 3.8116e-013
23 1.0000 3.9881e-010 1.5958e-018

The last two columns show that the ratios are converging to zero. Thus, the
Quasi-Newton Algorithm with DFP update has superlinear convergence.
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At the optimal solution found, the Quasi-Newton Hessian obtained using
the DFP update and the true Hessian are respectively

B25 =

[
802.7427 −400.3556

−400.3556 200.1703

]
and H =

[
802.0000 −400.0000

−400.0000 200.0000

]
.

Impact of errors in a Quasi-Newton Method

Recall our discussion in Example 10.9 where we noted that typically an op-

timization algorithm will not converge when errors are present in the com-
putation of the gradient or the function value; this is because its steplength
algorithm fails to produce a decrease in the function value. When the gradi-

ent calculation is deliberately modified so as to introduce an error as small
as −10−6 in the second component of the gradient for Rosenbrock’s function,

the Quasi-Newton Algorithm utilizing the BFGS update fails to find an op-
timal solution because its steplength algorithm fails to produce a decrease

in the function value at iteration 23.

Solving for a Quasi-Newton search direction

The early implementations of Quasi-Newton Methods updated the inverse

Hessian approximations. Working with the inverse has its drawbacks in
terms of numerical stability. Furthermore, it is not easy to recover if numer-

ical errors cause a loss of positive definiteness. It turns out that it is possible
to update the modified-Cholesky factorization with efficiency similar to that

obtained when working with inverse Hessian updates.

Inverse Hessian updates

The first effective Quasi-Newton Method due to Davidon, Fletcher and Pow-
ell computed the search direction as pk = −Dkgk, where Dk is the inverse
Hessian approximation that satisfies the Quasi-Newton condition

Dk+1yk = sk. (10.33)

The DFP update in this case is

Dk+1 = Dk − 1

yT
kDkyk

(Dkyk)(Dkyk)T+
1

yT
ksk

sksT
k. (10.34)
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Updating the factors of the Hessian matrix

Gill and Murray (see [84, p. 42]) showed how to update the Cholesky fac-
tors of Bk to obtain those of Bk+1 following a rank-one change, so that the

corresponding number of operations is similar to that associated with re-
taining an approximation to the Hessian inverse. If the Cholesky factors of

the Hessian approximation are available at each iteration, then O(n2) op-
erations are required to obtain the search direction similar to that required

with the matrix product Dkgk. An advantage of having the Cholesky fac-
tors available is that we can easily determine whether or not the Hessian

approximation is positive definite. Updating procedures can be designed to
guarantee that the diagonal elements of the Cholesky factors will stay pos-
itive. Such algorithms are described in Gill, Golub, Murray, and Saunders

[80].

10.4 The Conjugate-gradient Method

In 1952, Hestenes and Stiefel (see [94]) developed the Conjugate-gradient
Method, an iterative method for solving a large linear system Ax = b, where

A is an n × n positive definite and symmetric matrix. It turns out that if
there are no rounding errors, then the Conjugate-gradient Method requires

no more than n iterations to obtain the solution. However, on a computer,
the calculations are in finite precision thereby resulting in rounding errors
that typically cause the algorithm to take many more than n iterations to

converge to a solution. Yet there are special cases, where, in spite of rounding
errors, the algorithm converges in fewer than n iterations. This tends to be

true of problems where the matrix has eigenvalues that are clustered into
sets containing eigenvalues of similar magnitude (see Gill et al. [84]).

In 1964, Fletcher and Reeves [70] suggested that the Conjugate-gradient

Method can be applied to minimization. Since its discovery, there have
been considerable improvements in techniques for applying the Conjugate-

gradient Method, but the performance of these methods has been inferior to
rival techniques. For example, there has been quite a bit of development of

Modified-Newton Methods for nonlinear programs with sparse Hessian ma-
trices. However, there is a class of problems for which Conjugate-gradient
Methods are currently the only techniques that can be applied. One such

class is that for which the Hessian matrix is large but not sparse. Another
such class is where the system being solved is very large; applications of
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this arise in interior-point methods (see Chapter 14, for example). Another
area for possible application of Conjugate-gradient Methods is the situation

where an exact solution of a system of equations is not required and a few it-
erations of a Conjugate-gradient Method will give the required approximate

solution; examples of this also arise in interior-point methods for optimiza-
tion problems. To describe such methods, we start by defining conjugate

directions.

A set of nonzero vectors {pk} are said to be conjugate6 with respect to a
positive definite symmetric matrix G if

pT
i Gpj = 0, for i 
= j.

In this case, conjugacy can be interpreted as a generalized orthogonality and
we can easily show that a set of conjugate directions is necessarily a linearly
independent set of vectors.

Conjugate-gradient Method applied to a quadratic function

Conjugate-gradient Methods also possess the property of quadratic termi-

nation. That is, if the search directions are conjugate and an exact line-
search is used, then the method will terminate with an optimal solution in

at most n iterations for a quadratic function with a positive definite and
symmetric Hessian G. More precisely, if the iterates xk+1 = xk + αkpk have
search direction pk conjugate with respect to all previous search directions

p1, p2, . . . , pk−1, and αk is the step to the minimum along the direction
pk, we get termination in a finite number of steps. This result is proved by

establishing that
pT

jgi+1 = 0 for j = 1, . . . , i. (10.35)

Then at iteration i = n, the gradient is orthogonal to n linearly independent

search directions implying that it is zero.

We next describe the method for a quadratic function with a positive

definite symmetric Hessian matrix G. The iterations are typically started
by setting the initial search direction to be the steepest descent direction,

p1 = −g1;

6Conjugacy could be defined with respect to any matrix G that is not necessarily
positive definite and symmetric. In this case the vectors {pk} would need to satisfy the
additional condition pT

i Gpi �= 0 for all i.
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The search direction in subsequent iterations is computed by

pi = −gi + γipi−1,

where

γi =
yT
i−1gi

yT
i−1pi−1

, (10.36)

and yi−1 = gi − gi−1. For a quadratic function, the following alternative

definitions can be used:

either γi =
yT
i−1gi

||gi−1||22
or γi =

||gi||22
||gi−1||22

.

We have seen earlier that a quadratic approximation is typically used to
develop algorithms for smooth nonlinear functions because close to a mini-

mum, the function “looks” like a quadratic. A Conjugate-gradient Method,
when applied to a general nonlinear function need not terminate in n, or

fewer, iterations. Hence, it may make sense to restart the method with a
steepest-descent direction every n iterations. In practice, restarting is criti-

cal to the success of Conjugate-gradient Methods and various schemes have
been developed for doing this.

Linear Conjugate-gradient Method

We next describe the Linear Conjugate-gradient Method which is used for

solving a system of equations Ax = b, where the matrix A is positive definite
and symmetric. From the standpoint of solving systems of linear equations,

the vector r = Ax − b is traditionally called the residual vector. Note that
doing this is equivalent to finding the minimum of a strictly convex quadratic

function f(x) = (1/2)xTAx− bTx+κ, because the solution occurs where the
gradient g(x) = Ax − b (i.e., the residual vector r) is zero.

Algorithm 10.6 (Linear Conjugate-gradient Method) Solve a square sys-
tem of equations Ax = b where the coefficient matrix A is positive definite
and symmetric; equivalently, minimize the strictly convex quadratic function

f(x) = 1
2xTAx− bTx + κ.

Set k = 1. Let γ0 = 0, p0 = 0. Choose x1 arbitrarily (but wisely) and
compute the residual (gradient) r1 = Ax1 − b.
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1. Test for convergence. If ||rk||2 ≤ √
εM , then report x∗ = xk as the

solution.

2. Compute the Conjugate-gradient direction. Set pk = −rk + γk−1pk−1.

3. Compute the steplength.

αk =
||rk||22
pT

kApk
.

4. Update. Using pk and αk, compute

xk+1 = xk + αkpk

rk+1 = rk + αkApk

γk =
||rk+1||22
||rk||22

.

Return to Step 1 with the iteration counter k ← k + 1.

Preconditioned Conjugate-gradient Method

Over the years there has been considerable research and development on
Conjugate-gradient Methods; among these are preconditioned Conjugate-

gradient Methods (see [173]) which have done well in practice. Furthermore,
the advent of interior-point methods for constrained optimization has gen-

erated renewed interest in Conjugate-gradient Methods for approximately
solving the systems of equations that arise in such algorithms. See, for

example, [111].

10.5 Exercises

10.1 Steepest-descent direction. Find the vector p that solves

min
p

gTp

||p||C ,

where C is a symmetric positive definite matrix. Do this as follows:

(a) Show that the above problem is equivalent to the maximization prob-
lem

max
p

|gTp|
||p||C .



362 LINEAR AND NONLINEAR OPTIMIZATION

(b) Use the Cauchy-Schwartz inequality (A.17) to derive the inequality

(gTp)2 ≤ (gTC−1g)(pTCp).

(c) Use the above to show that when gTp < 0, the solution of the problem

min
p∈Rn

gTp

||p||C
is given by p = −C−1g.

10.2 Let H ∈ Rn×n be a positive definite symmetric matrix with eigenvalues
λ1 ≤ · · · ≤ λn. As stated earlier in the chapter, the Kantorovich inequality
states that for any nonzero vector x ∈ Rn

(xTx)2

(xTHx)(xTH−1x)
≥ 4λ1λn

(λ1 + λn)2
.

(a) Let H and its corresponding inverse be

H =

[
4 0
0 7

]
and H−1 =

[
1/4 0
0 1/7

]
.

The eigenvalues of H are λ1 = 4 and λ2 = 7. For x = (1, 1) show
that the Kantorovich inequality holds.

(b) Show that for all vectors x of norm equal to 1, the Kantorovich in-
equality can be written in the form

(xTHx)(xTH−1x) ≤ 1

4

[(
λ1

λn

)1/2

+

(
λn

λ1

)1/2
]2

.

(c) Is the assumption made above in (b) restrictive? Justify your answer.

(d) Prove that the Kantorovich inequality holds in general.

10.3 Verify that relations (10.9), (10.10), and (10.11) are true.

10.4 Steepest descent. Consider the quadratic function q(x) = 1
2xTHx + cTx

where

H =

⎡⎣ 1 0 0
0 9 0
0 0 100

⎤⎦ and c = (1, 1, 1).

(a) Algebraically find the vector x∗ that minimizes q(x).
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(b) Starting at x0 = (0, 0, 0), apply the Steepest-descent Method to q(x)
and compute the ratio

q(xk+1) − q(x∗)

q(xk)− q(x∗)
.

Use the minimization condition to compute the value of α at each
iteration. Do this for four iterations if doing the calculations manually
(or more iterations if you have written a program to do this).

10.5 Define the function
fc(x) = cx2

1 + x2
2.

(a) Starting with the point x = (10, 10)T , carry out three iterations of
the Steepest-descent Method to minimize fc(x) when c = 2, c = 10,
and c = 100.

(b) Do the same with Newton’s Method.

10.6 Newton’s Method. Consider the quadratic of Exercise 10.4 above.

(a) Starting with x0 = (0, 0, 0), apply Newton’s Method.

(b) How many iterations did it take? Explain your answer.

(c) Write down the formula for α that minimizes φ(α) = f(x + αp)
and show that, for Newton’s Method applied to any strictly convex
quadratic, this value is α∗ = 1.

(d) A symmetric positive definite matrix H has a square root; that is,
H = H1/2H1/2. Define x = H−1/2y and transform the q(x) problem
to a q(y) problem.

(e) Use the Steepest-descent Method on q(y). Show that the resulting
steepest-descent search direction for q(y) is the same as the Newton
direction for q(x) in the sense that y1 obtained results in the same x1

when Newton’s Method is applied with α as the minimizer of φ(α).

10.7 Gradient-related direction. Let Gk be symmetric and positive definite and
let the search direction pk be obtained using equations Gkpk = −gk. As
discussed on page 329, there exist constants 0 < β ≤ γ such that

||Gk||2 ≤ γ

yTGky ≥ βyTy, y 
= 0,

that is, γ is an upper bound on the largest eigenvalue of G(x) and β is a
lower bound on the smallest eigenvalue of G(x). Show that this implies
(using norm inequalities and some algebraic manipulations):

|gT
kpk| ≥ (β/γ)||gk|| ||pk||.
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Hint: Review the definition of the 2-norm and show that

||G−1
k ||2 ≥ γ−1.

Also note that

||Ay|| ≤ ||A|| ||y||
from the definition of a vector-induced norm.

10.8 Let A and B denote the convex hulls referred to in Exercise 8.7. Find the
points x̄ ∈ A and ȳ ∈ B such that

‖x̄− ȳ‖ ≤ ‖x− y‖, for all x ∈ A, y ∈ B.

Note that by squaring the objective function ‖x− y‖, you can formulate
this problem as a convex quadratic program.

(a) Is the solution x̄, ȳ unique? If so, why?

(b) Does x̄ = ȳ? What do you conclude from this?

(c) Is it possible to put a pair of parallel hyperplanes between A and B?
If so, how far apart can they be?

10.9 Steepest-descent Method—implementation. Implement and test your im-
plementation of the Steepest-descent Method as follows:

(a) Implement the Steepest-descent Algorithm 10.1. Modify the conver-
gence check so that the algorithm terminates without a solution if the
number of iterations reaches a pre-specified maximum value denoted
by Kmax.

(b) Examine the solution process; at the very least, print out the fol-
lowing quantities at each iteration: k, Nf , Ng , fk, ||gk||, ||xk − x∗||,
||fk−f∗||, αk; where, Nf and Ng are the cumulative number of func-
tion and gradient evaluations at the end of iteration k.

(c) Apply the algorithm to the following functions

(i) The quadratic function f(x) = 1
2xTHx + cTx, with

H =

⎡⎣ 1000 0 0
0 1000 0
0 0 1000

⎤⎦ , c =

⎡⎣ 100
100
100

⎤⎦ .

(ii) The quadratic function f(x) = 1
2xTHx + cTx, with

H =

⎡⎣ 10 0 0
0 100 0
0 0 1000

⎤⎦ , c =

⎡⎣ 100
100
100

⎤⎦ .
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(iii) Rosenbrock’s function

f(x) = 100(x2 − x2
1)

2
+ (1 − x1)

2

with Kmax = 500 and x0 = (.2, 1). The Rosenbrock function has
a unique minimum at x∗ = (1, 1).

(iv) Powell’s Badly Scaled Function (see [158])

f(x) = (104x1x2 − 1)2 + (e−x1 + e−x2 − 1.0001)2

with Kmax = 500 and x0 = (0, 1). The function has a unique
minimum at approximately x∗ = (1.098× 10−5, 9.106).

(d) Analysis of your results.

(i) Explain the difference in behavior on the two quadratic functions.
(ii) Do the convergence rates on the functions match expectations?

Explain your answer based on the theory.
(iii) Is there a pattern to the iterates?
(iv) Comment on the steplengths obtained as the iterations proceed.

(e) Suppose that you modify the gradient computation on the first quad-
ratic to return an incorrect gradient; that is, introduce a small error.
How does this impact the behavior of the algorithm?

10.10 Modified-Cholesky Factorization—implementation.

(a) Implement the Modified-Cholesky Algorithm without row and column
interchanges.

(b) Implement the Modified-Cholesky Algorithm with row and coluumn
interchanges.

(c) Test your implementations on the matrix used in Example 10.6.

(i) Print out the factors and the diagonal modification.
(ii) Multiply the factors and verify that the resulting matrix is the

sum of the original matix and the diagonal modification.
(iii) Implement a function to do the above verification automatically.

(d) Test your implementation on the following two matrices, the first of
which is positive definite.

H =

⎡⎣ 2 −2 0
−2 5 −2

0 −2 2

⎤⎦ and Ĥ =

⎡⎣ 2 −2 0
−2 5 −2

0 −2 −6

⎤⎦ .

Verify your answer by the using the function you implemented in
part (c).

10.11 Modified-Newton’s Method—implementation. Implement and test your
implementation of the Modified-Newton Method as follows:
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(a) Implement the Modified-Newton Algorithm 10.4. Modify the conver-
gence check so that the algorithm terminates without a solution if the
number of iterations reaches a pre-specified maximum value denoted
by Kmax.

(b) Examine the solution process; at the very least, print out the fol-
lowing quantities at each iteration: k, Nf , Ng , fk, ||gk||, ||xk − x∗||,
||fk−f∗||, αk; where, Nf and Ng are the cumulative number of func-
tion and gradient evaluations at the end of iteration k.

(c) Apply the algorithm to the functions in Exercise 10.9.

(d) Analysis of your results.

(i) Examine the behavior on the two quadratic functions and explain
why you expect the algorithm to converge in one iteration.

(ii) Do the convergence rates on the functions match expectations?
Explain your answer based on the theory.

(iii) Comment on the steplengths obtained on the Rosenbrock func-
tion as the iterations proceed. Does the sequence of steplengths
behave as expected based on the theory.

(iv) What would happen if you ignored (set to 0) the diagonal adjust-
ment in the Modified-Cholesky Algorithm?

(e) Suppose that you modify the Hessian computations to return an in-
correct Hessian. How does this impact the behavior of the algorithm?

(f) Suppose that you modify the gradient computation to return an incor-
rect gradient; that is, introduce a small error. How does this impact
the behavior of the algorithm?

10.12 Modified-Newton’s Method with Finite-Differencing—implementation.

(a) Repeat Exercise 10.11, using a finite-differencing approach to com-
puting the Hessian.

(b) Try running the same algorithm, but instead of using the recom-
mended finite-difference interval, use both smaller and larger intervals
and examine the behavior of the algorithm.

10.13 Quasi-Newton Method—implementation. Implement and test your imple-
mentation as follows:

(a) Implement the different versions of the Quasi-Newton Algorithm de-
scribed in this chapter. Modify the convergence check so that the
algorithm terminates without a solution if the number of iterations
reaches a pre-specified maximum value denoted by Kmax.

(b) Examine the solution process; at the very least, print out the fol-
lowing quantities at each iteration: k, Nf , Ng , fk, ||gk||, ||xk − x∗||,
||fk−f∗||, αk; where, Nf and Ng are the cumulative number of func-
tion and gradient evaluations at the end of iteration k.
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(c) Apply the algorithm to the functions in Exercise 10.9.

(d) Analysis of your results.

(i) Verify that the Quasi-Newton condition is satisfied at each itera-
tion.

(ii) Examine the behavior of these methods on the two quadratic
functions versus Rosenbrock’s function. Do the methods satisfy
the property of quadratic termination? Explain why or why not.

(iii) Do the convergence rates on the functions match expectations?
Explain your answer based on the theory.

(iv) Comment on the steplengths obtained on the Rosenbrock func-
tion as the iterations proceed. Does the behavior match expec-
tations?

(v) On successful termination of each of your Quasi-Newton Algo-
rithms is the approximate Hessian obtained equal to the true
Hessian? Does this match expectations? Explain why or why
not.

(vi) Did the Modified-Cholesky Algorithm result in any modifications
to the factors? Does this match expectations? What would
happen if you ignored (set to 0) the diagonal adjustment in the
Modified-Cholesky Algorithm?

(e) Suppose that you modify the Quasi-Newton update to an incorrect
Hessian. How does this impact the behavior of the algorithm?

(f) Suppose that you modify the gradient computation to return an incor-
rect gradient; that is, introduce a small error. How does this impact
the behavior of the algorithm?

(g) For the quadratic functions, replace the steplength algorithm by an
exact linesearch (see Example 9.12).

(i) Compare the behavior of the Quasi-Newton Methods using an
exact linesearch to the ones implemented above.

(ii) Does the implementation with an exact linesearch satisfy the
property of quadratic termination?

10.14 Linear Conjugate-gradient Method—implementation. Implement and test
your implementation as follows:

(a) Implement the Linear Conjugate-gradient Method described in this
chapter. Modify the convergence check so that the algorithm termi-
nates without a solution if the number of iterations reaches a pre-
specified maximum value denoted by Kmax.

(b) Examine the solution process; at the very least, print out the fol-
lowing quantities at each iteration: k, Nf , Ng , fk, ||gk||, ||xk − x∗||,
||fk−f∗||, αk; where, Nf and Ng are the cumulative number of func-
tion and gradient evaluations at the end of iteration k.
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(c) Apply the algorithm to the two quadratic functions in Exercise 10.9.

(d) Analysis of your results.

(i) Is each search direction conjugate with respect to the previous
search directions?

(ii) Examine the behavior on the two quadratic functions. Does the
algorithm satisfy the property of quadratic termination? Explain
why or why not.

(iii) Do the convergence rates on the functions match expectations?
Explain you answer based on the theory.

(e) Suppose that you modify the gradient computation to return an incor-
rect gradient; that is, introduce a small error. How does this impact
the behavior of the algorithm?

(f) Apply the method to Rosenbrock’s function and Powell’s function
after replacing the steplength calculation by the Simple Steplength
Algorithm 9.8 implemented in Exercise 9.7.

10.15 Test your implementations on additional functions such as those specified
in [138].



11. OPTIMALITY CONDITIONS

Overview

This chapter is concerned with material that is central to the theory of non-
linear optimization: the conditions (equations and inequalities) that must

hold at a local minimizer of a (smooth) nonlinear optimization problem.
These are called necessary conditions of optimality. In some (but by no

means all) cases, these same conditions are also sufficient for optimality,
meaning that a point satisfying them is guaranteed to be a local minimizer

of the problem. In this chapter we discuss these and other conditions aimed
at identifying local minimizers.

We have already seen two examples of optimality conditions: the feasi-

bility and complementary slackness conditions of linear programming (see
Section 5.1) and the optimality conditions of unconstrained optimization
(see Section 9.6). The content of this chapter extends the optimality con-

ditions covered earlier in this book to constrained nonlinear optimization.
It should be emphasized that these topics have a long history and are well

documented in scientific journals, scholarly monographs, and textbooks. We
have attempted to keep our discussion as accessible as possible.

Optimality conditions for optimization problems are useful for two rea-

sons. First, they inform our search for a local minimizer by telling us what
conditions such a point would have to satisfy. Second, they help us to decide

whether a given point is or is not a locally optimal solution. In favorable
instances, they can also assure us that a local minimizer is a global mini-
mizer, which is usually what we want. Such favorable instances normally

hold when the minimand and feasible region are convex1; see Exercise 11.26.
Many more properties of convex functions are discussed in the Appendix.

The chapter closes with a discussion of an elementary duality theory

for nonlinear programming. Due to the nature of the functions involved,
this duality theory of nonlinear programming is more complicated than its

linear programming counterpart. Nevertheless, when restricted to the linear
case, this nonlinear programming duality theory reduces to that of linear

programming.

1A feasible region can be convex even though the constraints defining it are not all
convex, as in the case of {x ∈ R : x ≥ 0, (x − 1)3 ≤ 0}.
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The initial approach to duality presented here (and in most introductory
treatments of this subject) should in effect be regarded mainly as an appli-

cation of the optimality theory discussed earlier in this chapter. As in LP,
the duality theory will involve a pair of optimization problems, one called

the primal problem, the other called the dual problem. In our presentation,
we state the primal problem in a rather general way. Later we restrict it,

thereby permitting some conclusions that are stronger and more in line with
what are considered essential to a genuine duality theory.

11.1 Statement of the problem

The general form of the problems under consideration here is

minimize f(x)

subject to ci(x) ≥ 0, i ∈ I
ci(x) = 0, i ∈ E
x ∈ Rn.

(11.1)

When we speak of nonlinear optimization, we mean that at least one of the
functions in the problem (11.1) is nonlinear.

The index sets I and E are assumed to be finite and disjoint (i.e., to have
no elements in common). But it should be noted that either or both could

be vacuous (empty). When I = ∅ and E = ∅, we have an unconstrained op-
timization problem. Other variants are the equality-constrained optimization

problem in which I = ∅ and the inequality-constrained optimization problem
in which E = ∅. If both index sets are nonempty, we take I = {1, . . . , m}
and E = {m + 1, . . . , m + �}. When I is empty and E is not, we take m to
be zero, thereby making E = {1, . . . , �}.

The formulation (11.1) is rich enough to encompass the linear program-

ming problem. Many problem classes take their names from properties of
the functions used to specify them. For instance, the quadratic programming

problem has a quadratic objective function f and affine constraint functions
ci, i ∈ I∪E . In a convex programming problem, the objective function f and
the constraint functions ci, i ∈ I are required to be concave (or the −ci(x)

are required to be convex) while the ci, i ∈ E are required to be affine.2

2Such functions are convex, of course, but the solution set of a system of nonlinear
equations is not usually convex even when the functions involved are convex.



CHAPTER 11: OPTIMALITY CONDITIONS 371

11.2 First-order optimality conditions

In this section, we develop necessary conditions of local optimality. We
assume that all the functions defining the problem (11.1) are continuously

differentiable. Here the functions need not be smooth in the restrictive sense
of having continuous second partial derivatives. Hence we are assuming they

are of class C1 rather than of class C2. Because these results involve only
first derivatives, they are called first-order optimality conditions. We begin

with a “classical” case.

Equality-constrained nonlinear optimization

The classical equality-constrained case is of the form

minimize f(x)

subject to ci(x) = 0, i ∈ E
x ∈ Rn.

(11.2)

Here we have E = {1, . . . , �}. As already indicated, we also assume the
functions f and c1, . . . , c� are continuously differentiable. We denote by c

the column �-vector (c1, c2, . . . , c�).

If the constraints ci(x) = 0 were not present, we would have the uncon-
strained optimization problem for which we know that the vanishing of the

gradient vector∇f(x∗) is a necessary condition for x∗ to be a local minimizer
of f . How can we take account of the constraints?

There is a special case in which the behavior of f(x) for x satisfying the

constraints ci(x) = 0, i ∈ E is quite straightforward. This is where the
constraints of (11.2) are affine and linearly independent. This means the
constraints are of the form

c(x) = Ax− b = 0, A ∈ R�×n, and rank (A) = �. (11.3)

Under these circumstances, after possibly reordering the columns of A, we
can write

A = [B N ] and x = (xB, xN)

where B is a basis in A. We can then write

x
B

= B−1b− B−1Nx
N
, (11.4)
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and use this to substitute for xB in the objective function. Doing this, we
obtain

f(x) = f(x
B
, x

N
) = f(B−1b− B−1Nx

N
, x

N
) = F (x

N
). (11.5)

The function F is now an unrestricted differentiable function of the variables
in the subvector xN . Thus,

∇F (xN) = (−B−1N )T∇Bf(x) +∇Nf(x) = 0

is a necessary condition of optimality for the unconstrained problem. If xN

can be found, (11.4) can be used to recover the subvector xB.

Example 11.1: EQUALITY-CONSTRAINED PROBLEM. In this example

we illustrate how to explicitly reduce an equality-constrained optimization
problem to an unconstrained optimization problem. Consider the following

simple optimization problem

minimize x2
1 + x2

2

subject to x1 − x2 = 1.

From the single equality constraint we obtain x2 = x1 − 1 (equivalently, we

could have made x1 the basic variable). Substituting for x2 in the above
optimization problem we obtain

minimize 2x2
1 − 2x1 + 1,

an unconstrained optimization problem in x1.

The observations above pertaining to linearly independent affine con-

straints are primarily of theoretical interest. From the algorithmic stand-
point the elimination procedure is unnecesary as we shall see in Chapter 12.

In the expression (11.4), xB is dependent whereas xN is independent.

Moreover, in this affine case, the relationship is globally valid. In other
words, if x̄ is any point satisfying the system Ax = b, then x̄B and x̄N satisfy
(11.4). The same equation represents the dependent variables in terms of the

independent variables. This statement cannot be made when the problem
has nonlinear equality constraints.
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To arrive at what can be said, we mention an important mathematical
concept: the �× n Jacobian matrix defined as

Jc(x) =

[
∂ci(x)

∂xj

]
. (11.6)

The rows of Jc(x) are the transposes of the gradients ∇ci(x). When m = n,

the determinant of the Jacobian matrix Jc(x) is called the Jacobian of c at
x. Notice that if c is the mapping defined in (11.3), then Jc(x) = A.

The regularity condition LICQ

Let x̄ be a vector satisfying the constraints of (11.2). If Jc(x̄) has linearly
independent rows, we say that x̄ is a regular point of c and that the linear

independence constraint qualification (LICQ) is satisfied at x̄. As will be
seen in Example 11.2, the LICQ is not always satisfied everywhere. The

LICQ is an example of what is called a regularity condition. More will
be said about this and other first-order regularity conditions (constraint

qualifications) later.

The LICQ plays a key role in an important result: the Implicit Function
Theorem. We state it here in a manner more closely aligned with the present
application than what you might find in the mathematics literature. In

essence, this theorem gives sufficient conditions for existence of a function
that locally expresses a set of basic variables in terms of nonbasic variables,

i.e., a nonlinear analog of (11.4). For a proof of this classical theorem, see,
for instance, Rudin [172, pp. 195–197] or Krantz and Parks [115].

Theorem 11.1 (Implicit Function Theorem) Suppose c : Rn → R� is a
mapping of class C1 and suppose x̄ is a point in Rn that satisfies the equation

c(x̄) = 0. If c satisfies the LICQ at x̄, and (after a possible reordering of
the variables) x̄ = (x̄

B
, x̄

N
) where x̄

B
∈ R� and the � × � matrix (Jc(x̄)).B

is nonsingular, then there is an open neighborhood U of x̄N and a unique
continuously differentiable mapping ϕ from U to R� such that ϕ(x̄N) = x̄B

and c(ϕ(xN), xN) = 0 for all xN in U .

Theorem 11.1 is used in proving Theorem 11.2 the main result of this

section which is sometimes called the Lagrange Multiplier Rule. The idea
for Theorem 11.2 was first presented in a book by Lagrange published in
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1788 (See Pulte [163]). For a detailed modern proof of the theorem, see, for
example, Bertsekas [12, p. 259]. See also Fraser [73].

Theorem 11.2 (Lagrange Multiplier Rule) If x∗ is a local minimizer for
the equality-constrained problem (11.2) and c satisfies the LICQ at x∗, then

there exist numbers λ∗
1, . . . , λ

∗
� such that

∇f(x∗)−
�∑

i=1

λ∗
i∇ci(x

∗) = 0 (11.7)

and
ci(x

∗) = 0, i = 1, . . . , �. (11.8)

Taken together, (11.7) and (11.8) say that (x∗, λ∗) is a stationary point
of the Lagrangian function

L(x, λ) = f(x)− λTc(x) = f(x)−
�∑

i=1

λici(x). (11.9)

associated with the optimization problem (11.2).

The numbers λi in (11.9) are called Lagrange Multipliers, and the appli-

cation of the above necessary conditions of local optimality in the equality-
constrained problem is called the Method of Lagrange Multipliers3. Note

how the stationary point condition ∇L = 0 gives � + n equations in � + n
unknowns x1, . . . , xn and λ1 . . . , λ�. These � + n equations facilitate the

determination of the decision variables xj and the multipliers λi.

Equation (11.7) implies that both ∇f(x∗) and −∇f(x∗) lie in the column
space of the transpose of the Jacobian matrix Jc(x

∗). The following example

shows that the conclusion of Theorem 11.2 (the Lagrange Multiplier Rule)
need not hold when the LICQ is not satisfied.

Example 11.2: THE NEED FOR THE LICQ IN THEOREM 11.2. In the
problem

minimize x1

subject to x2
1 + (x2 − 1)2 − 1 = 0

x2
1 + (x2 + 1)2 − 1 = 0,

3This approach was developed by J.L. Lagrange (1736-1813). A great mathematician,
Joseph-Louis Lagrange was baptized as Giuseppe Lodovico Lagrangia and is claimed by
the Italians as well as the French.
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x∗ = (0, 0) is optimal (for any objective) since it is the only feasible solution.
But ∇f(x∗) = (1, 0) is not in the column space of the transpose of the

Jacobian matrix Jc(x
∗). Hence the conclusion of Theorem 11.2 does not

hold in this case, meaning that the theorem needs to include a regularity

condition such as the LICQ.4

In the next example, we use of the Method of Lagrange Multipliers and

a simple transformation to obtain a closed-form solution of an elementary
geometric optimization problem. As it happens, this problem has an affine

objective function and a single nonlinear constraint. In such circumstances,
the LICQ is not an issue.

Example 11.3: USING THE METHOD OF LAGRANGE MULTIPLIERS. Con-
sider the problem of minimizing a nonconstant affine function over a sphere.

The problem is of the form

minimize dTx + κ

subject to ‖x− a‖2 = ρ2.

It is clear that the solution exists by virtue of the continuity of the objective
function and the compactness of the feasible region (sphere). In fact, it

is intuitively clear that the solution is the point where the halfline in the
direction −d meets the sphere. Nonetheless, we proceed with the Method

of Lagrange Multipliers.

To tackle this problem, it is helpful to transform it to something a bit
simpler. In the first place, the analysis is eased by assuming that a = 0 or
equivalently by changing variables so that y = x−a. The objective function

becomes dTy + κ + dTa, and the constraint becomes yTy − ρ2 = 0. Next,
we (temporarily) disregard the additive constant κ + dTa since it plays no

role in finding the minimizer. It affects only the optimal function value, not
the location of the optimal solution. (Another simplification that could be

made is to assume that the 2-norm of d is 1, but we really need not do so.)

The Lagrangian function for the transformed problem is

L(y, λ) = dTy − λ
(
yTy − ρ2

)
.

4As pointed out by Hestenes [93, p. 43], an exceptional case should be noted here.
When the functions ci(x) in (11.8) are all affine, there is no need to assume that the LICQ
is satisfied in (Lagrange’s) Theorem 11.2. See Exercise 11.6.
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The stationarity conditions are then

d− 2λy = 0

yTy − ρ2 = 0.

The first of these two equations gives

y = (1/2λ)d. (11.10)

We can now write
ρ2 = yTy = (1/4λ2)dTd.

It follows from this equation that

λ = λ∗ = ±‖d‖
2ρ

.

As a consequence of this and (11.10) we find that

y = ± ρd

‖d‖ .

Since ρ > 0 (it is the radius of the sphere) and we are minimizing, we take

the minus sign in the formula above. We can now easily transform this
answer back in terms of the original variables x. We obtain

x = x∗ = a + y = a− ρd

‖d‖ .

Example 11.4: THE METHOD OF LAGRANGE MULTIPLIERS AGAIN. Let

us return to the nearest-point (projection) problem appearing on page 247:

minimize 1
2‖x− u‖2

subject to aTx = b.

This problem has a unique optimal solution, x∗. It is a quadratic program

with the (strictly convex) objective function 1
2xTx − uTx + 1

2uTu. So the
Lagrangian is

L(x, λ) = 1
2xTx− uTx + 1

2uTu− λ(aTx− b),

and at an optimal solution we must have

x− u− λa = 0. (11.11)
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Since aTx = b, we have, after multiplying Equation (11.11) by aT,

aTx − aTu− λaTa = b− aTu− λaTa = 0.

From the latter equation, we see that the solution is

λ = λ∗ =
1

aTa
(b− aTu).

After substituting of λ∗ in (11.11), the solution of the projection problem is

given by

x = x∗ = u + a

(
b− aTu

aTa

)
. (11.12)

This establishes the claim (made on page 247) about the closed-form solution

of this problem.

Inequality-constrained nonlinear optimization

We now turn to problems of the form

minimize f(x)

subject to ci(x) ≥ 0, i ∈ I
x ∈ Rn.

(11.13)

In the present circumstances, we assume I = {1, . . . , m} and continue to
assume that all the functions are differentiable on Rn. It would actually

be enough for the functions to be differentiable on an open subset of Rn

containing the feasible region, but, in practice, that set may be difficult to

determine.

Active constraints

A constraint ci(x) ≥ 0 is said to be active at x̄ if ci(x̄) = 0. For a feasible
vector x̄, let A(x̄) be the set of subscripts of all constraints that are active

at x̄. (We mention in passing that A(x̄) and supp (c(x̄)) are complementary
subsets of I.)

The regularity condition LICQ again

For the inequality-constrained problem above, we say that the LICQ is sat-
isfied at a feasible point x̄ if the gradients of the constraints that are active
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at x̄ are linearly independent. Another way to phrase this idea is to say that
the LICQ holds at x̄ if the vectors ∇ci(x̄) for i ∈ A(x̄) are linearly inde-

pendent. The transposes of these vectors form a submatrix of the Jacobian
matrix Jc(x̄); that submatrix has linearly independent rows if and only if

the LICQ is satisfied.

The need for some sort of regularity condition will be illustrated after
we present a key theorem on first-order optimality conditions. For now,

we simply remark that there are other regularity conditions—all of them
less restrictive than the LICQ—which were actively studied for many years.

Although much could be said about this subject, we limit our discussion of
it to a small portion of what is known. Two valuable references for further
study of this subject are Avriel [7] and Bazarra, Sherali, and Shetty [9].

First-order necessary conditions of optimality

Theorem 11.3 If x∗ is a local minimizer for the inequality-constrained

problem (11.13) and the LICQ is satisfied by the set of all active constraints
at x∗, then there exists λ∗ ∈ Rm

+ such that λ∗
i ci(x

∗) = 0 for all i = 1, . . . , m

and x∗ is a stationary point of

L(x, λ∗) = f(x)−
m∑

i=1

λ∗
i ci(x). (11.14)

It is helpful to put the conclusion of this result into the form of the
following mixed system:

∇f(x)−
m∑

i=1

λi∇ci(x) = 0

λi ≥ 0, i = 1, . . . , m (11.15)

λici(x) = 0, i = 1, . . . , m.

The theorem states that if x∗ is a local minimizer of (11.13) and the LICQ is

satisfied by the constraints ci at that point, then there exists a nonnegative
vector λ∗ = (λ∗

1, . . . , λ
∗
m) such that together x∗ and λ∗ satisfy the system

(11.15). These are first-order necessary conditions of optimality. They hold

under suitable regularity conditions (of which there are many), one of which
is the LICQ used in the theorem above.
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The first-order necessary conditions of optimality given in (11.15) are
known as the Karush-Kuhn-Tucker (KKT) conditions. But it would not

be quite correct to call the theorem above the KKT Theorem because
Karush (1939) and Kuhn and Tucker (1951) did not use the LICQ as a

regularity condition.5 The constraint qualification they used is more diffi-
cult to comprehend (and verify) than the LICQ; this is why we have deferred

discussion of it up to this point.

The Karush-Kuhn-Tucker constraint qualification (KKTCQ) can be put
as follows: Let x = x̄ be a feasible point for the inequality-constrained

problem (11.13) in which all the functions are differentiable. Assume A(x̄) 
=
∅. We say the KKTCQ is satisfied at x̄ if for every nonzero solution v of the
inequality system

vT∇ci(x̄) ≥ 0 for all i ∈ A(x̄),

there exists a differentiable curve γ : [0, 1] → Rn whose image is contained
in the feasible region such that

γ(0) = x̄, γ ′(0) = κv for some κ > 0.

This is another instance of a first-order constraint qualification.

If x = x̄ is a feasible solution of (11.13) and there exists a vector λ = λ̄
such that (x̄, λ̄) satisfies the KKT conditions, we could refer to (x̄, λ̄) as a

KKT pair and call x̄ a KKT stationary point.

The proof of the actual KKT Theorem (i.e., Theorem 11.3 with the LICQ
replaced by the KKTCQ) rests on the fact that, when x∗ is a local minimizer

of problem (11.13), the homogeneous linear inequality system

vT∇f(x∗) < 0 (11.16)

vT∇ci(x
∗)≥ 0 for all i ∈ A(x∗) (11.17)

cannot have a solution. Farkas’s Lemma then guarantees the existence of

scalars λ∗
i ≥ 0, i ∈ A(x∗), such that

∇f(x∗) =
∑

i∈A(x∗)

λ∗
i∇ci(x

∗).

5For some historical background on these matters, see the publications by Kuhn [117],
Cottle [34], and Giorgi and Kjeldsen [85].
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Setting λ∗
i = 0 for all i /∈ A(x∗), we find that the KKT conditions stated in

(11.15) hold.

There is another well-known theorem on first-order necessary conditions

of optimality called Fritz John’s Theorem [102]6. It, too, is based on an
alternative theorem, in this case the one due to P. Gordan [89] that was

stated in Exercise 5.11. John’s Theorem requires no constraint qualification
at all. As a consequence, there are circumstances when the conclusion of

the theorem is too weak to be useful. Yet there are others (for example,
the LICQ) in which John’s Theorem produces essentially same conditions

as Theorem 11.3. We develop these statements through Exercise 11.18.

Inequalities and the form of the Lagrangian

Sometimes an inequality constraint of a minimization problem is most nat-

urally expressed in the form ci(x) ≤ 0. In such cases, we could define
c̄i(x) = −ci(x) and use c̄i(x) ≥ 0 thereby putting the constraint in the

form (11.13). An equivalent way to handle this situation is to leave the
inequality in its original form and instead modify the Lagrangian to account

for the different type of inequality constraints. It is straightforward to see
that this only requires changing the sign in front of λi in the formula for the

Lagrangian. Examples 11.5 and 11.6 utilize this idea.

Geometrical interpretation of the KKT conditions

The stationary point condition

∇f(x̄)−
m∑

i=1

λi∇ci(x̄) = 0

and the sign restriction λ ≥ 0 imply that the vector ∇f(x̄) is a nonnegative
linear combination of the gradients ∇ci(x̄). The complementary slackness

conditions λici(x̄) = 0 for all i imply that only the gradients of active con-
straints need to be used in this nonnegative linear combination. Figure 11.1

will help to visualize the idea. Note that in this figure, A(x̄) = {1, 3}.
6As Kuhn [117, p. 15] rightly points out, essentially the same theorem appears in the

M.S. thesis of William Karush [108] nearly a decade before that of Fritz John. One differ-
ence between the two results is that Karush’s entire thesis deals with finite-dimensional
spaces only whereas in John’s theorem, the indices (subscripts) of the constraint functions
are drawn from a compact metric space; see Cottle [30].
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Figure 11.1: Geometrical interpretation of the KKT conditions.

Example 11.5: USING THE KKT CONDITIONS. This example is a simple
variant of the one in Example 11.3. This time we consider the minimization

of a nonconstant affine function over a closed ball. Let us take the problem
to be

minimize dTx + κ

subject to ‖x− a‖2 ≤ ρ2.

We begin with a few preliminary observations. First, there is only one
constraint, and this constraint has a nonempty compact solution set. Since

the objective function is continuous, it attains its minimum and maximum
values over the feasible region. This means that a minimizer x∗ exists.
If a minimizer x∗ exists and A(x∗) = ∅, then there is no need to discuss

the LICQ. In that case x∗ minimizes dTx + κ over an open set, which
implies that the gradient of the objective function must vanish at x∗. This,

however, would imply, first, that d = 0, and, second, that the objective
function is constant, a contradiction. So in fact A(x∗) 
= ∅. Ordinarily,

this would bring up the question of whether the LICQ is satisfied by the
constraint at x∗. But because there is only one constraint, and the gradient

of this constraint is nonzero7, we are assured that the LICQ holds; linear

7If the gradient of the constraint were zero, it would follow that x∗ = a which is
impossible unless ρ = 0 (i.e., the ball reduces to a point), in which case the objective
function is constant on the feasible region.
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dependence is impossible in this case. For this problem the Lagrangian is

L(x, λ) = dTx + κ + λ
(‖x− a‖2 − ρ2

)
,

and the KKT conditions are

d + 2λ(x− a) = 0

λ ≥ 0

λ(xTx− 2aTx − aTa− ρ2) = 0.

It is clear that λ 
= 0; otherwise d = 0 which is ruled out by our hypothesis
on the nonconstancy of the objective function. Having λ > 0 enables us to
write

x− a = −(1/2λ)d.

Taking the transposes of both sides and carrying out the obvious multipli-

cations, we get
ρ2 = (x− a)T(x− a) = (1/4λ2)dTd,

from which we find that

λ = λ∗ = ±‖d‖
2ρ

.

The alternative −‖d‖/(2ρ) is clearly impossible, so λ = ‖d‖/(2ρ). From this

and the stationarity condition, we can write

x = x∗ = − 1

2λ
d + a = − ρ

‖d‖d + a.

It now follows that the point x∗ above is the solution to this optimization
problem.

This rather belabored discussion of a very straightforward optimization
problem illustrates the point that the KKT conditions (along with the fea-

sibility condition) can sometimes be used to determine both the Lagrange
multiplier and the optimal solution.

Example 11.6: USING THE KKT CONDITIONS ON A HARDER PROBLEM.

Let us now consider a slightly more challenging problem: the minimization
of a nonconstant affine function on the intersection of two closed balls. Let

u and v be given n-vectors.

minimize aTx + κ

subject to ‖x− u‖2 ≤ ρ2
1

‖x− v‖2 ≤ ρ2
2,
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where ρ1 and ρ2 are the respective radii of the two balls. In this case, the
feasible region will certainly be compact, but there is a question of feasibility.

Do these closed balls intersect? They do if and only if the distance between
their centers does not exceed the sum of their radii, i.e., satisfies

‖u− v‖ ≤ ρ1 + ρ2.

We assume that this inequality holds. In this model we have ≤ constraints

and

c1(x) = (x− u)T(x− u)− ρ2
1

c2(x) = (x− v)T(x− v)− ρ2
2,

for which the gradients are given by

∇c1(x) = 2(x− u)

∇c2(x) = 2(x− v).

If at any point x, these two gradients are linearly dependent, it means that
the three points x, u, v are collinear (i.e., lie on a straight line).

Let x∗ be a locally optimal solution to the stated problem. Just as in

Example 11.5, A(x∗) cannot be empty. We therefore have three cases:

A(x∗) = {1}, A(x∗) = {2}, A(x∗) = {1, 2}.
In the first case, the first ball lies in the interior of the second ball. In the

second case, the second ball lies in the interior of the first ball. Checking
for these two conditions is a matter of analytic geometry. For example, if

‖u− v‖+ ρ1 < ρ2, then the first ball lies in the interior of the second. The
other case is analogous. In these two cases, the approach to finding x∗ is

much the same as in Example 11.5 where we were able to solve the problem
in closed form. We move on to the third case, wherein a closed-form solution

seems out of reach.8

We are now assuming that both constraints are active at x∗. If ∇c1(x
∗)

and ∇c2(x
∗) are linearly independent, Theorem 11.3 says that there will

exist scalars λ1 = λ∗
1 and λ2 = λ∗

2 such that

a + 2λ∗
1(x

∗ − u) + 2λ∗
2(x

∗ − v) = 0

λ∗
i ≥ 0, i = 1, 2

λ∗
i ci(x

∗) = 0, i = 1, 2.

8Note that in dimensions above 2, the intersection of two spheres is another sphere
rather than a pair of points as it is in the case of 2 dimensions.
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If ∇c1(x
∗) and ∇c2(x

∗) are linearly dependent (as they would be if the two
balls were tangent to each other as in Example 11.2), then it can happen

that −a is not a nonnegative linear combination of the gradients ∇c1(x
∗)

and ∇c2(x
∗). In this case, there would be no solution of the KKT conditions

(even though x∗ is a local minimizer for the problem).

An exceptional case

We mentioned earlier that, in addition to the LICQ, there are other regular-
ity conditions. The one used by Karush, Kuhn and Tucker in conjunction

with (11.13) allows one to show that when the functions ci(x), i = 1, . . . , m
are all affine, the KKT constraint qualification is always satisfied. Hence in

the all-affine case, no regularity condition is required in order to assert the
existence of the Lagrange multipliers in (11.15).

Example 11.7: KKT CONDITIONS FOR QUADRATIC PROGRAMMING.

One of the most frequently used applications of the KKT conditions oc-

curs in the case of the quadratic programming (QP) problem which can
be stated in numerous ways, the variety stemming from the nature of the

constraints. In this example, we have only linear inequality constraints, but
in applications there can be equations or a mixture of linear equations and

linear inequalities. No matter what the form of the QP problem, there is
no need to impose a regularity condition, as we have noted in the preceding
paragraph.

Consider a QP of the form

minimize 1
2xTHx + aTx

subject to Ax ≥ b,
(11.18)

where, as usual, the matrix H is symmetric. To put this in the form of

(11.13), we write c(x) = Ax − b. The Lagrangian for this problem is then

L(x, λ) = 1
2xTHx + aTx− λT(Ax− b),

and the KKT conditions are

Hx + a− ATλ= 0

λ≥ 0

λT(Ax− b)= 0.
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As we know, these first-order conditions—along with the feasibility of x—are
necessary conditions of local optimality. There are second-order conditions

for QP that are both necessary and sufficient for optimality. These will be
discussed in Section 11.3.

The stationarity condition Hx + a −ATλ = 0 can sometimes be used to

“reduce” the optimality conditions by eliminating x and obtaining a system
of conditions in λ alone. That type of system is an instance of a Linear

Complementarity Problem. (See [37].)

11.3 Second-order optimality conditions

Just as in the case of unconstrained optimization, there are conditions in-
volving second derivatives that help in identifying local minima (or maxima)
of constrained optimization problems. There are necessary conditions, and

there are sufficient conditions (which are not always the same).9 We discuss
these matters in this section, beginning with a little terminology.

Feasible directions

Let X be a proper subset of Rn. At this stage, we are not specifying the

manner in which X is defined. In particular, there are no explicitly stated
constraints like those of (11.1) in the picture. Let x̄ be a given element

of X . A nonzero vector p ∈ Rn is called a feasible direction at x̄ if there
exists a positive scalar ᾱ such that x̄ + αp ∈ X for all α ∈ [0, ᾱ]. This

condition requires that all points on some closed line segment of positive
length beginning at x̄ belong to X . If x̄ belongs to the interior of X, then
all directions are feasible at x̄, whereas this is not the case when x̄ belongs

to the boundary of X .

When augmented by the zero vector (which, properly speaking, is not
a direction), the set of all feasible directions at a feasible point is a cone,

denoted F (x̄). In this regard, see Exercise 11.19 for an interesting example.

Theorem 11.4 (Second-order necessary conditions) If the function f is
twice-continuously differentiable on a set X in Rn, and x∗ ∈ X is a local

minimizer of f , then for any feasible direction p at x∗

9Much of the material presented in this section is developed in the important early
paper by McCormick [134]. See also Fiacco and McCormick [64].
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(i) ∇f(x∗) · p ≥ 0

(ii) if ∇f(x∗) · p = 0, then pT∇2f(x∗)p ≥ 0.

It is worthwhile commenting on the meaning of this theorem. Condition

(i) means that there are no feasible directions of descent at x∗. Condition
(ii) says that all directions p perpendicular to the gradient of f at x∗ make

the quadratic form associated with the Hessian matrix take on a nonnegative
value. The set of all such directions constitutes an (n−1)-dimensional linear

space. So condition (ii) can be interpreted as saying that the quadratic form
associated with the Hessian matrix ∇2f(x∗) is positive semidefinite on the

aforementioned linear space. This is not the same thing as saying the Hessian
matrix ∇2f(x∗) is truly positive semidefinite however.

It follows from the above theorem that if x∗ is a local minimizer of f
belonging to the interior of X , then for all p ∈ Rn

(i) ∇f(x∗) · p = 0

(ii) pT∇2f(x∗)p ≥ 0.

In this case, condition (ii) means that∇2f(x∗) must be positive semidefinite.

Next we present some analogous sufficient conditions for optimality.

Theorem 11.5 (Second-order sufficient conditions) Let f be a twice-
continuously differentiable function on the set X ⊂ Rn. Let x̄ be an interior

point of X . If

(i) ∇f(x̄) = 0

(ii) ∇2f(x̄) is positive definite,

then x̄ is a strict local minimizer of f on X .

Looking back, we find that the theorems stated on necessary conditions

and sufficient conditions for local minima are very much like those found
in the study of unconstrained optimization. The difference has to do with
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what search directions are allowed. In the unconstrained case, X = Rn, and
all search directions are feasible.

When inequalities and/or equations are used to define the feasible region

X as in (11.1), one has additional conditions with which to work. To illus-
trate how this happens, we first consider an equality-constrained problem.

minimize f(x)

subject to ci(x) = 0, i ∈ E
x ∈ Rn.

(11.19)

For concreteness (and ease of notation), assume that E = {1, . . . , �}. Let

c(x) = (c1(x), . . . , c�(x)) be differentiable on Rn. So c is a mapping from
Rn to R�. Let x̄ satisfy the system of equations c(x) = 0. Recall that Jc(x̄)

denotes the Jacobian matrix, see (11.6). The solutions of the system

Jc(x̄)p = 0

form a linear subspace of Rn called the tangent space T (x̄) at x̄. The name is

appropriate inasmuch as every solution p of the above system is perpendic-
ular to each of the gradient vectors associated with the constraint functions.

The tangent space T (x̄) is just the null space of the Jacobian matrix, Jc(x̄).

The optimality conditions for (11.19) in the theorems that follow involve
the gradients of the objective function f and the gradients of the constraint
functions ci, i = 1, . . . , � as in Theorems 11.2 and 11.3. It is natural, there-

fore, that they include an appropriate regularity condition. The simplest,
most practical, regularity condition is the LICQ.

Theorem 11.6 (Second-order necessary conditions: equality case) If

x∗ is a local minimizer of the minimization problem (11.19) in which f and
the ci are twice-continuously differentiable and the LICQ holds at x∗, then

there exists a vector λ∗ such that

(i) ∇f(x∗)−
m∑

i=1

λ∗
i∇ci(x

∗) = 0,

(ii) pT

[
∇2f(x∗)−

m∑
i=1

λ∗
i∇2ci(x

∗)

]
p ≥ 0 for all p ∈ T (x∗).

The corresponding theorem on sufficient conditions is the following.
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Theorem 11.7 (Second-order sufficient conditions: equality case) Let
x̄ be a feasible solution of the minimization problem (11.19) in which f and

the ci are twice-continuously differentiable. Suppose there exists a vector λ̄
such that

(i) ∇f(x̄)−
m∑

i=1

λ̄i∇ci(x̄) = 0,

(ii) pT

[
∇2f(x̄)−

m∑
i=1

λ̄i∇2ci(x̄)

]
p > 0 for all nonzero p ∈ T (x̄),

then x̄ is a strict local minimizer of f .

There are analogous optimality criteria for problems of the more general
form (11.1). Again, in the case of necessary conditions of optimality, we

take the LICQ as the regularity condition.

Theorem 11.8 (Second-order necessary conditions: general mixed case)
Let x∗ be a feasible solution of the minimization problem (11.1) in which f
and all the ci are twice-continuously differentiable. If x∗ is a local min-
imizer at which the LICQ holds, then there exist scalars λ∗

i (i ∈ E) and

μ∗
i ≥ 0 (i ∈ I) such that μ∗

i ci(x̄) = 0 for all i ∈ I and

(i) ∇f(x∗) −
∑
i∈E

λ∗
i∇ci(x

∗)−
∑
i∈I

μ∗
i∇ci(x

∗) = 0,

(ii) pT

[
∇2f(x∗)−

∑
i∈E

λ∗
i∇2ci(x

∗)−
∑
i∈I

μ∗
i∇2ci(x

∗)

]
p ≥ 0 for all p ∈ T (x∗).

Finally, sufficient conditions for local optimality in the problem (11.1)
are given by

Theorem 11.9 (Second-order sufficient conditions: general mixed case)
Let x̄ be a feasible solution of the minimization problem (11.1) in which f
and all the ci are twice-continuously differentiable. If there exist scalars λi

(i ∈ E) and μi ≥ 0 (i ∈ I) such that μici(x̄) = 0 for all i ∈ I and

(i) ∇f(x̄) −
∑
i∈E

λi∇ci(x̄) −
∑
i∈I

μi∇ci(x̄) = 0,

(ii) pT

[
∇2f(x̄) −

∑
i∈E

λi∇2ci(x̄)−
∑
i∈I

μi∇2ci(x̄)

]
p > 0 for all 0 
= p ∈ T (x̄),

then x̄ is a strict local minimizer of f .
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The second-order sufficient conditions presented above may raise a ques-
tion in the reader’s mind: why are they not just like the necessary condi-

tions? The same sort of question came up in the study of unconstrained
optimization following Example 9.1. In the present case, we can consider

the univariate function f(x) = x3 on the interval [−1, 1]. The point x̄ = 0
satisfies the first- and second-order necessary conditions for optimality, but

it is clearly not a local minimum; this is why a stronger condition is imposed;
but notice that with it comes the added feature that the local minimum is

isolated.

Nevertheless, there are nonlinear optimization problems such as quadratic
programming in which the first- and second-order conditions for optimality
are the same.

Theorem 11.10 (Second-order necessary and sufficient conditions in QP)
Let x̄ be a feasible solution of the quadratic programming problem (11.18),

and let F (x̄) be the cone of feasible directions at x̄. Then x̄ is a local min-
imum for (11.18) if, and only if,

(i) (Qx̄ + a)Tp ≥ 0 for all p ∈ F(x̄),

(ii) pTQp ≥ 0 for all p ∈ F(x̄) ∩ (Qx̄ + a)⊥.

A few words about this theorem10 are in order. First, if the point x̄ is

interior to the feasible region, then all directions are feasible, and condition
(i) holds with equality, i.e., the gradient vanishes at x̄ as usual. In this case,

condition (ii) says that Q is positive semidefinite, again as usual. Second, if
x̄ belongs to the boundary of the feasible region, then the cone of feasible

directions will be of the form

F (x̄) = {p : Ai.p ≥ 0 for all i ∈ A(x̄)}.
Under these circumstances, condition (i) says that the gradient vector Qx̄+a

makes an angle of at most π/2 radians with every feasible direction. The
inequality pTQp ≥ 0 in condition (ii) does not express the positive semidefi-

niteness of Q because the place where it holds is a cone properly contained
in the ambient space Rn. In general, a quadratic form that is nonnegative

over a cone K is said to be K-copositive. (The prefix K is normally dropped
when K = Rn

+.) Checking K-copositivity is normally not an easy task.

10The theorem is attributed to Contesse [29]; it builds on earlier work of Ritter [165]
and Majthay [128], among others.
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Verifying second-order sufficient conditions

Theorems 11.7 and 11.9 give sufficient conditions for a solution of the first-

order conditions to be a strict local minimizer. To make use of them, one
needs a method for checking the restricted positive definiteness condition

stated in these theorems. This involves the partial Hessian of the appropriate
Lagrangian function L at a particular point. In the discussion to follow,

depending on the case at hand, we use the notation H to represent one of
the much more detailed expressions

∇2f(x̄)−
m∑

i=1

λi∇2ci(x̄) or ∇2f(x̄)−
∑
i∈E

λi∇2ci(x̄)−
∑
i∈I

μi∇2ci(x̄).

In addition, we need a convenient way to describe the vectors belonging to
the tangent space. The latter is the null space of the Jacobian matrix. Let

us call this matrix Â. What we want to know is whether Âp = 0 and p 
= 0
implies pTHp > 0.

It is not restrictive to assume that the rows of the matrix Â are linearly

independent. By permuting the columns of Â if necessary, we may assume
that Â = [B N ] where B is a basis in Â. This leads to corresponding

partitioning of p and H . Thus, we write

p = (pB, pN) and H =

[
HBB HBN

HNB HNN

]
.

Since BpB + NpN = 0, we have pB = −B−1NpN . Writing

pTHp =

[
pB

pN

]T[
HBB HBN

HNB HNN

][
pB

pN

]
,

we can eliminate pB from the expression. This results in an unconstrained
quadratic form in p

N
. To write this, it will help to let N̄ = −B−1N . We

then obtain

pT
NN̄THBBN̄pN + pT

NN̄THBNpN + pT
NHNBN̄pN + pT

NHNNpN =

pT
N

(
N̄THBBN̄ + 2HNBN̄ + HNN

)
pN

as the formula for pTHp restricted to the tangent space T (x∗). The question
then boils down to whether the matrix N̄THBBN̄+2HNBN̄+HNN is positive
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definite. It can be shown that under the assumptions stated above, the
crucial matrix for determining whether the point x̄ is a strict local minimizer

is given by

HNN −
[
NT HNB

] [ 0 B

BT HBB

]−1 [
N

HBN

]
.

This matrix is known as the Schur complement of[
0 B

BT HBB

]

in the matrix ⎡⎢⎣ 0 B N

BT HBB HBN

NT HNB HNN

⎤⎥⎦ .

See [32] for background on properties of the Schur complement.

11.4 Convex programs

Optimization problems that call for the minimization of a convex function
over a convex set constitute an important class of mathematical programs.
They go by various names: convex programs, convex programming problems,

and convex optimization problems. See Boyd and Vandenberghe [18] and
Bertsekas [13]. Section A.7 covers some basic properties of convex sets and

convex functions. Here we discuss optimality criteria for convex programs.
The theme of convex programs continues in Section 11.5 where we touch on

duality theory for nonlinear programming problems.

In line with the notational convention set forth in Section 11.1, we express
the convex programming problem as

minimize f(x)

subject to ci(x) ≥ 0, i ∈ I
x ∈ X,

(11.20)

where I = {1, . . . , m}, f is a convex function, c = (c1, . . . , cm) is a vector of
concave functions, and X is a convex subset of Rn on which these functions



392 LINEAR AND NONLINEAR OPTIMIZATION

are well defined. The set X could be the solution set of a system of linear
equations and/or inequalities, or it could be Rn itself; these are just two of

the most common possibilities. The concavity of the functions ci assures
that the feasible region is convex.

Ordinarily, we take particular interest in convex programs with further

properties such as first- or second-order differentiability of their defining
functions. However, as we shall see in the following discussion and in the

subsection below, there are circumstances where differentiability need not
be assumed. But, if no differentiability is assumed, one may rightly won-

der what sort of conditions can used to characterize an optimal solution of
(11.20). Sometimes (for example, in theoretical arguments) it is enough to
postulate this optimality.

The Lagrangian function associated with the convex programming prob-

lem (11.20) is

L(x, y) = f(x)− yTc(x), x ∈ X, y ≥ 0. (11.21)

Note that, as formulated, L(·, y) is a convex function of x ∈ X . The corre-

sponding saddle point problem is to find (x̄, ȳ) such that x̄ ∈ X and ȳ ≥ 0
such that

L(x̄, y) ≤ L(x̄, ȳ) ≤ L(x, ȳ) for all x ∈ X, and all y ≥ 0. (11.22)

It is plain to see that a saddle point (x̄, ȳ) of the Lagrangian minimizes

L(·, ȳ) over X and maximizes L(x̄, ·) over Rm
+ .

If there exists a nonnegative vector ȳ such that (x̄, ȳ) is a saddle point
of L over X × Rm

+ , then x̄ must be an optimal solution of (11.20). Indeed

this much is true even if (11.20) is not a convex program. The argument
goes as follows. The vector x̄ is feasible for (11.20), for if c(x̄) has a negative

component, then the inequality L(x̄, y) ≤ L(x̄, ȳ) for all y ≥ 0 cannot hold.
Moreover, ȳTc(x̄) = 0 since

−yTc(x̄) ≤ −ȳTc(x̄) ≤ 0 for all y ≥ 0,

and the value 0 is attainable. The vector x̄ is a global minimizer, for other-
wise there exists a vector x̃ such that c(x̃) ≥ 0 and

f(x̃)− ȳTc(x̃) ≤ f(x̃) < f(x̄) = f(x̄)− ȳTc(x̄) ≤ f(x̃)− ȳTc(x̃)

which is obviously impossible.
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The property of being a saddle point of the Lagrangian function L is
clearly very strong. It yields a sufficient condition for a vector to be a global

minimizer using no differentiability assumption, no regularity condition, and
no convexity assumption. To obtain necessary conditions, we normally need

to make some sort of regularity and convexity assumption as illustrated
below.

Example 11.8: NONEXISTENCE OF A SADDLE POINT. This example
exhibits a nonlinear program having a globally optimal solution but no sad-
dle point for the Lagrangian function. Consider the (convex programming)

problem
minimize −x1

subject to −x2
1 + x2 ≥ 0

− x2 ≥ 0.

This problem has a unique global minimizer, namely x̄ = (0, 0). Since
0 ≥ x2 ≥ x2

1 ≥ 0, x̄ is the only feasible solution. The associated Lagrangian
function is

L(x1, x2, y1, y2) = −x1 + y1(x
2
1 − x2) + y2x2.

Note that L(x̄, y) = 0 for all y. If the Lagrangian had a saddle point (x̄, ȳ),

(11.22) would yield

0 ≤ −x1 + ȳ1(x
2
1 − x2) + ȳ2x2 = L(x, ȳ) for all x.

Let x2 = 0. If x1 is positive and sufficiently small, we get L(x, ȳ) < 0,
whereas for (x̄, ȳ) to be a saddle point, we must have 0 = L(x̄, ȳ) ≤ L(x, ȳ) <

0 which is a contradiction.

The Slater condition

In the realm of convex programs, there is a special constraint qualification
which dates back to the very early days of nonlinear optimization.11 The

11Slater’s constraint qualification first appeared in a Cowles Commission Discussion
Paper in 1950. It appeared again as a RAND Corporation research memorandum [179]
in 1951; it was reissued by the Cowles Commission in 1959 and 1980; and appears in
Giorgi and Kjeldsen [85, pp. 293–306]. As far as we know, it was never published in
the periodical literature. Apart from having written one of the most famous unpublished
papers in the field, Morton Slater can probably be credited with having popularized the
use of the phrase “(fill in subject) revisited” as the title of a research work.
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constraints of the optimization problem (11.20) satisfy the Slater condition
if there exists a feasible point x̄ such that ci(x̄) > 0 for all i ∈ I.

The differentiable convex program given in Example 11.8 satisfies neither

the Slater condition nor the LICQ.

The following theorem expresses a key fact about convex programs (11.20)
for which the Slater condition is satisfied.

Theorem 11.11 If (11.20) is a convex program for which the constraints
satisfy the Slater condition, then a feasible point x̄ is an optimal solution of

the problem if and only if there exists a vector ȳ such that (x̄, ȳ) is a saddle
point of the Lagrangian function (11.21) on X × Rm

+ .

The Slater condition is of interest because when it holds, the vector ȳ

mentioned in Theorem 11.11 is guaranteed to exist. As will be seen from
the discussion in Section A.7, the existence of the vector ȳ is obtained by
invoking a separation theorem relating to a pair of appropriately defined

convex sets.

Differentiability again

Assuming first-order differentiability, Kuhn and Tucker [118] developed their

necessary and sufficient conditions conditions for a problem like (11.20)
having X = Rn

+. They did so by way of a somewhat more abstract sad-

dle point problem (which they called the saddle value problem): Given
ϕ : Rn

+ ×Rm
+ → R, find (x̄, ȳ) ∈ Rn

+ ×Rm
+ such that

ϕ(x̄, y) ≤ ϕ(x̄, ȳ) ≤ ϕ(x, ȳ) for all x ∈ Rn
+ and all y ∈ Rm

+ . (11.23)

Kuhn and Tucker12 first showed the following necessary conditions:

If (x̄, ȳ) is a saddle point of ϕ over Rn
+ × Rm

+ , then

∇xϕ(x̄, ȳ) ≥ 0, x̄ · ∇xϕ(x̄, ȳ) = 0, x̄ ≥ 0 (11.24)

∇yϕ(x̄, ȳ) ≤ 0, ȳ · ∇yϕ(x̄, ȳ) = 0, ȳ ≥ 0. (11.25)

12Karush [108] did not discuss the saddle value problem and did not mention convexity.
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To establish sufficient conditions for (x̄, ȳ) to be a saddle point, Kuhn
and Tucker used these necessary conditions augmented by local versions of

the gradient inequality for convex and concave functions, respectively (see
Section A.7, especially Equation (A.18)). Their result goes as follows.

If (x̄, ȳ) ∈ Rn
+ ×Rm

+ satisfies (11.24), (11.25), and

ϕ(x̄, ȳ) + (x− x̄) · ∇xϕ(x̄, ȳ) ≤ ϕ(x, ȳ) for all x ≥ 0 in a neighborhood of x̄

ϕ(x̄, ȳ) + (y − ȳ) · ∇yϕ(x̄, ȳ) ≥ ϕ(x̄, y) for all y ≥ 0 in a neighborhood of ȳ,

then (x̄, ȳ) is a saddle point of ϕ over Rn
+ ×Rm

+ .

When the function ϕ is taken to be the Lagrangian L of the convex
program (11.20), as would be the traditional approach, the set X might not

be Rn
+ in which case there would be a corresponding change in the conditions

(11.24). It might simply be

∇xL(x̄, ȳ) = 0

which corresponds to the first-order optimality condition (11.14). The first

of the conditions given in (11.25) expresses the feasibility of x̄ in the convex
program (11.20), whereas the last two conditions correspond to the last two

of (11.15) known as complementary slackness conditions.

11.5 Elementary duality theory for nonlinear programming

In Chapter 5 we discussed the duality theory for linear programming. There
are also duality theorems for nonlinear programming; some of them are pre-

sented in this section. As may be expected, duality theory in nonlinear
programming is more challenging than it is in linear programming. One

explanation for this is that linear functions possess two properties (namely,
convexity and differentiability) that might need to be assumed in the non-

linear case. The need for satisfaction of a constraint qualification is another
issue that comes up in nonlinear programming, but not in linear program-

ming. The complications of the functions involved may add further difficul-
ties.

Whether it is the linear or nonlinear case, however, duality is of strong
interest for several reasons. First, it provides a way of lower-bounding the

value of the primal objective function (the minimand) over the feasible re-
gion. In algorithms, this can be useful in deciding whether a current iterate
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yields an objective function value that is nearly optimal. A second reason
for interest in duality theory is the possibility that the dual problem might

be easier to solve than the primal problem. If this is the case, and if a
solution to the primal problem can be recovered from a solution to the dual

problem, then it would be advantageous to solve the dual rather than the
primal.

Lagrangian duality theory

We begin with a duality theory based upon the Lagrangian function as-

sociated with the underlying primal problem. From the standpoint of as-
sumptions, this is a very general theory which may be compared with the

formulation in terms of saddle value problems.

We take (11.1), that is,

(P)

minimize f(x)

subject to ci(x) ≥ 0, i ∈ I
ci(x) = 0, i ∈ E
x ∈ Rn.

to be the primal nonlinear programming problem. One sometimes sees the
statement x ∈ Rn expressed more generally as x ∈ X where X is a subset

of Rn. This would not rule out the possibility that X = Rn of course. Writ-
ing x ∈ X makes it possible to impose certain types of constraints without
explicitly writing them down. Nevertheless, we stick with the problem state-

ment as given above. The steps to create a Lagrangian dual of the above
problem are as follows:

Step 1: Form the Lagrangian associated with problem (P).

L(x, u, v) = f(x)−
∑
i∈I

uici(x)−
∑
i∈E

vici(x),

where u ≥ 0.

Step 2: Define the function

θ(u, v) = inf
x∈Rn

L(x, u, v).
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In principle, the evaluation of the function θ entails a minimization
problem for every pair (u, v). (This may make it seem impractical to

deal with, but there are circumstances under which that is not the
case; one such occurs in convex quadratic programming.)

Step 3: The above definition of θ gives rise to the Lagrangian dual problem:

(D)
maximize θ(u, v)

subject to u ≥ 0, v free.
(11.26)

The property of dual feasibility is a particularly simple condition in

this formulation.

We next illustrate the above process with examples.

Example 11.9: LAGRANGIAN DUAL OF AN LP. Here we illustrate how to
find the dual of the following primal linear program

minimize cTx
subject to Ax− b ≥ 0.

We start by writing down the Lagrangian of this problem.

L(x, u) = cTx− uT(Ax− b) = (c− ATu)Tx + bTu.

The next step is to minimize this with respect to x, that is find

θ(u) = inf
x∈Rn

(c− ATu)Tx + bTu.

It is straightforward to see that the solution to this problem is

θ(u) =

{
bTu if ATu = c
−∞ if ATu 
= c.

Thus, from Step 3 of the process, the Lagrangain dual problem is the familiar
one:

maximize bTu

subject to ATu = c
u ≥ 0.
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Example 11.10: LAGRANGIAN DUAL OF A NONCONVEX PROBLEM. Let
us consider the problem

minimize xTHx

subject to x2
j − 1 = 0 for i = 1, . . . , n.

As in the previous example, we start by writing down the Lagrangian of this

problem.

L(x, v) = xTHx−
n∑

j=1

vj(x
2
j − 1) = xT(H − Diag(v))x +

n∑
j=1

vj.

The next step is to minimize this with respect to x, that is find

θ(v) = inf
x∈Rn

xT(H − Diag(v))x +

n∑
j=1

vj.

The solution to this problem is

θ(u) =

⎧⎪⎪⎨⎪⎪⎩
n∑

j=1

vj if (H −Diag(v)) positive semidefinite

−∞ otherwise.

Thus, from Step 3 of the process, the Lagrangian dual problem is

maximize

n∑
j=1

vj

subject to (H −Diag(v)) positive semidefinite.
v free.

Example 11.11: LAGRANGIAN DUAL OF A CONVEX QP. Consider the

following problem
minimize 1

2x2
1 + 1

2x2
2

subject to x1 + x2 = 2

x1 − 4x2 ≤ 4.

We rewrite this as

minimize 1
2x2

1 + 1
2x2

2

subject to x1 + x2 − 2 = 0
−x1 + 4x2 + 4 ≥ 0.
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The Lagrangian of this problem is

L(x, u, v) =
1

2
x2

1 +
1

2
x2

2 − v(x1 + x2 − 2)− u(−x1 + 4x2 + 4).

The next step is to minimize this with respect to x, that is find

θ(u, v) = inf
x∈Rn

L(x, u, v).

To do this we take the first partials of L(x, u, v) with respect to x and set

them equal to zero. That is, we obtain

x1 − v + u = 0

x2 − v − 4u = 0.

Solving for x1 and x2 we obtain

x1 = v − u

x2 = v + 4u.

Next substituting these values in L(x, u, v), and simplifying, we obtain

θ(u, v) = −v2 − 17u2

2
− 2vu + 2v − 4u.

The dual problem is

maximize −v2 − 17u2

2 − 2vu + 2v − 4u

subject to u ≥ 0, v free.

Theorem 11.12 (Weak Duality) If x is primal feasible and (u, v) is dual
feasible, then

θ(u, v) ≤ f(x). (11.27)

Furthermore, if f(x) = θ(u, v) where x is feasible for (P) and (u, v) is feasible

for (D), then x and (u, v) are optimal for their respective problems.

This is not hard to verify. By definition θ(u, v) ≤ L(x, u, v). For primal
feasible x and any u ≥ 0, it follows that L(x, u, v) ≤ f(x), so θ(u, v) ≤
L(x, u, v) ≤ f(x). The remaining assertion follows immediately. See Exer-
cise 11.27. If it should happen that

sup {θ(u, v) : (u, v) is dual feasible} < inf {f(x) : x ∈ Rn is primal feasible},
then the problem (P) is said to have a duality gap.
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Example 11.12: FEASIBILITY. The Lagrangian dual process and the Weak
Duality Theorem can be used to determine if a region is nonempty. Consider

the set of points defined by:

X = {x ∈ R3 : x2
1 + x2

2 + x2
3 = 1 and x1 + x2 + x3 ≥ 2}.

In order to apply the Lagrangian dual process we create a primal problem

where we minimize a zero objective subject to x ∈ X . That is

minimize 0x1 + 0x2 + 0x3

subject to x1 + x2 + x3 − 2 ≥ 0

x2
1 + x2

2 + x2
3 − 1 = 0.

We form the Lagrangian:

L(x, u, v) = 0− u(x1 + x2 + x3 − 2)− v(x2
1 + x2

2 + x2
3 − 1).

We next find

θ(u) = inf
x∈R3

−u(x1 + x2 + x3 − 2)− v(x2
1 + x2

2 + x2
3 − 1).

To do this we set the partial derivatives with respect to x to zero and solve
for x.

−2x1v − u = 0 or x1 = u/2v

−2x2v − u = 0 or x2 = u/2v

−2x3v − u = 0 or x3 = u/2v.

Substituting in L(x, u, v), and simplifying, we obtain θ(u, v) as

θ(u, v) = −9u2

4v
+ 3u + v.

The dual problem is then

maximize −9u2

4v
+ 3u + v

subject to u ≥ 0, v free.

If we pick v = −1, then we find that the dual is unbounded above. Hence
the primal problem is infeasible; that is, the set X is empty.
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Example 11.13: DUALITY GAP. Consider the following univariate nonlin-
ear program

minimize −x2

subject to 0 ≤ x ≤ 2

x ∈ R.

It is clear that this trivial optimization problem has a unique optimal so-

lution: x∗ = 2 at which the objective function f(x) = −x2 has the value
−4. In this instance, there being no equality constraints in the problem, the

function θ is given by

θ(u) = inf
x∈R
{−x2 − u1x− u2(−x + 2)} = −∞ for all u ∈ R2

+.

This implies that

max
u∈R2

+

θ(u) < min
0≤x≤2

f(x)

which reveals a duality gap. Removing the minus sign in the objective
function changes the outcome dramatically.

Notice that in the Weak Duality Theorem nothing was assumed about
special properties (such as convexity or differentiability) of the functions

through which the problem (P) was defined. Under such general conditions,
duality gaps can arise. As we shall see below, however, duality gaps do not

occur in problems possessing the right combination of properties.

As foreshadowed in the introduction to this chapter, we now impose a
restriction on the functions that specify the primal problem.

Wolfe-type duality for convex programming

The following formulation of duality theory is named for Philip Wolfe who
introduced it in his paper [193]. Consider a primal problem (WP) having

the form

(WP)

minimize f(x)

subject to ci(x) ≥ 0, i = 1, . . . , m

x ∈ Rn.
(11.28)

where f is differentiable and convex on Rn and c1, . . . , cm are differentiable
and concave on Rn. As observed for (11.20), here too the concavity of the
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constraint functions ci implies that the feasible region of (WP) will be a
convex set, albeit possibly empty. Accordingly, such a problem is called a

differentiable convex program. The Lagrangian for (WP) is expressible as

L(x, u) = f(x)− uTc(x).

In this setting, the behavior of L(x, u) on Rn×Rm
+ is of interest. Notice that

for fixed u ∈ Rm
+ , the Lagrangian L(x, u) is a convex function of x ∈ Rn.

The Wolfe dual (WD) of the differentiable convex program (WP) is defined

as the problem

(WD)

maximize L(x, u)

subject to ∇xL(x, u) = 0

x ∈ Rn, u ∈ Rm
+ .

(11.29)

The problem (WD) is formally different from the Lagrangian dual (D).
There being no equality constraints in (WP), the Lagrangian dual objec-

tive function would be
θ(u) := inf

x∈Rn
L(x, u). (11.30)

Nevertheless, we point out that the constraints ∇xL(x, u) = 0 with x ∈ Rn

are tantamount to the minimization process through which θ(u) is defined.

Looking at the Wolfe dual (WD), and particularly its constraints, one
might be concerned about just what sort of problem this really is. In some

cases such as linear programming presented below in Example 11.14, the
statement of the Wolfe dual can be reduced to the conventional LP dual.
Yet there still could be problems whose (WD) constraints are not compat-

ible with convex programming. (Nonlinear equations would be a case in
point.) However, for primal programs of the form (11.28), even without

convexity or differentiability being present, the Lagrangian dual objective
function (11.30) turns out to be a concave maximization problem over the

nonnegative orthant (and hence is obviously feasible).

Theorem 11.13 Relative to a primal problem (11.28), the objective func-

tion of the Lagrangian dual problem is concave.

Indeed, for fixed x = x̄, L(x̄, u) = f(x̄) − uTc(x̄) is an affine function of
u. Since each value of the Lagrangian dual objective function is given as the

infimum of a family of affine functions, it follows from Theorem A.8 that θ
is a concave function on Rm

+ .
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Example 11.14: APPLICATION TO LINEAR PROGRAMMING. As (WP)
take the linear programming problem

minimize cTx
subject to Ax ≥ b.

Then we have

f(x) = cTx and C(x) = Ax− b.

For the stated primal problem (WP), the objective in the Wolfe Dual would

be

cTx− uT(Ax− b) = (c−ATu)Tx + bTu

so that the problem (WD) can be written as

maximize (c−ATu)Tx + bTu

subject to c−ATu = 0

x ∈ Rn, u ≥ 0.

This, of course, is not quite the dual problem we are accustomed to, but

when u satisfies c − ATu = 0, the objective function of the Wolfe dual
reduces to bTu, and x ∈ Rn disappears from the formulation. Accordingly,

the Wolfe dual and the corresponding LP dual are the same problem.

We have already seen the Weak Duality Theorem in the case of the
Lagrangian dual. The following is the same sort of theorem for Wolfe’s

primal-dual pair.

Theorem 11.14 (Weak Duality (Wolfe)) Let x′ be a feasible vector for
the (Wolfe) primal problem (WP), and let (x′′, u) be a feasible vector for the

(Wolfe) dual (WD). Then

L(x′′, u) := f(x′′)− uTc(x′′) ≤ f(x′).

Furthermore, if f(x′) = L(x′′, u) where x′ is feasible for (WP) and (x′′, u)
is feasible for (WD), then x′ and (x′′, u) are optimal for their respective

problems.

Indeed, since f and the functions −ci involved in (WP) are convex and
differentiable, we can apply the gradient inequality (see page 569). Using
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this and (11.29) we have

L(x′′, u) = f(x′′)− uTc(x′′)

≤ f(x′′)− uT[c(x′′)− c(x′)]

≤ f(x′′) +

m∑
i=1

ui∇
(
ci(x

′′)
)T

(x′ − x′′)

= f(x′′) +∇f(x′′)T(x′ − x′′)

≤ f(x′).

That this Weak Duality Theorem does not hold for arbitrary differentiable

functions can be seen from the following example.

Example 11.15: FAILURE OF THE WEAK DUALITY INEQUALITY. In the

case of the problem
minimize x

subject to ex ≥ 0
x ∈ R,

the constraint function c is not concave (but instead is strictly convex),

hence the hypothesis of the (Wolfe) Weak Duality Theorem does not hold.
(The inequality c(x) ≥ 0 does not really impose a constraint at all because

every real number x is feasible.) Under these circumstances, the infimum
of the objective function is −∞. The (Wolfe) Weak Duality Theorem does

not apply here, and its conclusion does not hold either. This is illustrated
by taking x′ = −1 as a primal feasible solution and (x′′, u) = (1, e−1) as a

dual feasible solution. We then get

L(1, e−1) = 0 > −1 = f(−1).

Theorem 11.15 (Strong Duality Theorem (Wolfe)). If x∗ is an optimal

solution of (WP) at which a first-order constraint qualification is satisfied,
then there exists a vector u∗ such that (x∗, u∗) solves (WD) and

f(x∗) = L(x∗, u∗).

The KKT Theorem can be applied in this case. Choose the vector ū
to be the vector of Lagrange multipliers guaranteed by the KKT Theorem.
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From the complementary slackness conditions, we have f(x̄) = L(x̄, ū). We
also have ∇xL(x̄, ū) = 0, x̄ ∈ Rn. Hence (x̄, ū) is feasible for (WD), and it

is optimal by virtue of the Weak Duality Theorem.

What can be said when we have an optimal solution of the Wolfe dual
(WD)? The following result [129], [130, Chapter 8] gives an indication.

Theorem 11.16 (Strict Converse Duality Theorem (Mangasarian)). Let
(WP) have an optimal solution x∗ at which the constraints satisfy a first-

order constraint qualification. If (x̂, û) solves (WD) and L(·, û) is strictly
convex13 at x̂, then x̂ = x∗ and L(x̂, û) = f(x∗).

To see why this is so, apply Wolfe’s Duality Theorem to (WP). Then
there exists a vector ū such that (x∗, ū) solves (WD). Hence

f(x∗) = L(x∗, ū) = L(x̂, û).

Suppose x∗ 
= x̂. By the strict convexity at x̂

L(x∗, û)− L(x̂, û) > (x∗ − x̂)T∇xL(x̂, û) = 0.

This implies

L(x∗, û) > L(x̂, û) = L(x∗, ū),

and from this it follows that

−ûTc(x∗) > −ūTc(x∗) = 0,

which is to say ûTc(x∗) < 0. But ûTc(x∗) ≥ 0 since û ≥ 0 and c(x̄) ≥ 0.
This is a contradiction, so we must have x∗ = x̂.

What is the essence of duality?

In Chapter 5 we saw that for every given linear program (the primal) there
is a second linear program (the dual) that is formally related to it. These

two LPs form what is called a primal-dual pair. The formal correspondence
among the various components of the paired LPs is spelled out in Table 5.1.

With a little bit of artifice, we showed that (for an LP of a particular form),

13This means that the gradient inequality holds with strict inequality at that point.
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“the dual of the dual is the primal.” The numerous theorems about primal-
dual pairs of linear programs are not—in and of themselves—what we mean

by duality. Rather, from the mathematical perspective, it is the involutory
property of the correspondence between the paired problems that makes the

correspondence a duality. That is, applying the correspondence twice in
succession gives back the original object. Here are some familiar examples

of operations where an involutory property is present:

Object Operation Object Operation Object

x negate −x negate x

A (nonsingular) invert A−1 invert A

A (matrix) transpose AT transpose A

x + iy (complex no.) conjugate x− iy conjugate x + iy

S (subset of T ) complement T \ S complement S

≤ (inequality sign) reverse ≥ reverse ≤

Obviously, these examples are all much simpler than the process by which

one converts a linear program to its dual and then finds the dual of the dual.
Other, less elementary, examples will be found in Section A.8.

It must also be said that there is more to duality in mathematical pro-

gramming than just the involutory property. It typically involves issues
of feasibility and the corresponding relationships between primal and dual

objective function values.

Symmetric dual quadratic programs

There is a symmetric duality theory in convex quadratic programming as

well as in linear programming. We take the primal problem to be

minimize 1
2yTQy + 1

2xTHx + cTx

(P) subject to Qy + Ax ≥ b

y free, x ≥ 0.

(11.31)

In this problem, H ∈ Rn×n and Q ∈ Rm×m are assumed to be symmetric and
positive semidefinite. The other data are A ∈ Rm×n, b ∈ Rm, and c ∈ Rn.
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For the dual problem we have

maximize −1
2vTQv − 1

2uTHu + bTv

(D) subject to ATv −Hu ≤ c
v ≥ 0, u free.

(11.32)

Two comments are in order here. First, it is obvious that when both

H and Q are zero matrices, problems (P) and (D) reduce to the familiar
symmetric dual pair of linear programs. When only Q is a zero matrix,

we recover what might be called a conventional (convex) quadratic program
and its dual. (See Dorn [57] and [58].) Second, the names of the variables

in (D) are not the same as in (P). This has been done to avoid biasing the
proof of weak duality (below). It turns out, though, that if either problem

has an optimal solution, there exists a single pair of nonnegative vectors
that solves both (P) and (D).

One can think of the relationship between (P) and (D) in a formal way,
much as we ordinarily do when we “mechanically” form the dual of a primal

linear program. Proceeding in this manner, we can demonstrate that the
dual of the dual (D) is the primal (P). The steps of the process go as

follows. (i) Write the dual (D) in the form of a minimization problem with≥
constraints. (ii) Reverse the order of the variables, putting the free variables

u first. (iii) Write the dual of the problem obtained in the previous step.
(iv) Write the aforementioned dual as a minimization problem. (v) Reverse

the order of the variables, putting the free variables y first. The resulting
problem will be (P). This line of reasoning demonstrates14 that (P) and (D)

are a symmetric dual pair.

The weak duality theorem is not difficult to establish. To that end, we

let F and G denote the objective functions of (P) and (D), respectively, and
let Z and W denote the feasible regions of (P) and (D), respectively. Using

the standard convention that

Z = ∅ =⇒ inf
(x,y)∈Z

F (x, y) = +∞,

W = ∅ =⇒ sup
(u,v)∈W

G(u, v) = −∞,

we are left with the task of proving

sup
(u,v)∈W

G(u, v)≤ inf
(x,y)∈Z

F (x, y), (11.33)

14Steps (i) and (iv) involve changing the direction of optimization; steps (ii) and (v)
involve reversing the order of the variables. All of these produce equivalent problems.
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under the assumption that the feasible regions are nonempty. Let (x, y) ∈ Z
and (u, v) ∈ W be arbitrary. It follows from the nonnegativity of x and v

that
−vTQy + bTv ≤ vTAx ≤ xTHu + cTx. (11.34)

Since H and Q are symmetric and positive semidefinite, we have

2xTHu ≤ xTHx + uTHu and − 2vTQy ≥ −vTQv − yTQy. (11.35)

The required inequality (11.33) now follows by appropriate substitution from

(11.35) to (11.34).

This brings us to the Strong Symmetric Duality Theorem for Quadratic
Programming, see [31].

Theorem 11.17 (Strong duality) If (x∗, y∗) is an optimal solution of the

primal quadratic program (P), then there exists a vector v∗ ≥ 0 such that
(x∗, v∗) is feasible for (P) and (D), F (x∗, v∗) = G(x∗, v∗), and Qy∗ = Qv∗.

One proof of this theorem is based on the following ideas. First, the

hypotheses of Exercise 11.25 are satisfied because the objective function of
(P) is convex and differentiable and the pair (x∗, y∗) is optimal for (P).

Hence (x∗, y∗) solves the linear program

minimize ∇F (x∗, y∗) · (x, y)

subject to Qy + Ax ≥ b
x ≥ 0.

(11.36)

By the duality theorem of linear programming, there exists an optimal
solution v∗ ≥ 0 to the dual of the LP (11.36). From the feasibility and

complementary slackness conditions of the LP, it is not hard to show that
(y∗ − v∗)TQ(y∗ − v∗) = 0. Because the matrix Q is symmetric and pos-

itive semidefinite it follows that Qy∗ = Qv∗. From this it follows that
(x∗, v∗) is feasible for both the primal and the dual of the QP and yields

F (x∗, v∗) = G(x∗, v∗). Accordingly, (x∗, v∗) is optimal for both the primal
and the dual QP.

11.6 Exercises

11.1 An appliance manufacturer would like to design a carton whose surface
area is the maximum possible subject to the sum of the dimensions being
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240 inches.

(a) Formulate this as an optimization problem.

(b) Use the first order optimality conditions to solve it.

(c) Suppose the objective function is the same but the manufacturer
would like the length plus the girth (twice the width plus the height)
to be equal to 240. Formulate the revised problem, and use the first
order optimality conditions to solve it.

11.2 Given an angle of less than π radians in R2 and a point P in its interior,
find a line L passing through P that cuts off from the angle a triangle of
minimum area.

11.3 Consider a plane in R3 that passes through a point (1, 2, 3). Find the
intercepts (a, b, c) in the positive orthant such that the volume enclosed
by the plane in the positive orthant is minimized. (Hint: The enclosed
volume is that of a tetrahedron, and is given by abc/6. The intercept
equation of a plane is x/a + y/b + z/c = 1.)

11.4 Consider a rectangle with side lengths a and b. Assume that points P
and Q are selected to lie on the sides of length a so that PQ is parallel
to the side of length b. Find points X and Y , one on each of the sides of
length b, such that the length of the piecewise linear line connecting P , X,
Y , Q is minimized. Show that the minimum possible value is

√
4a2 + b2.

See [101].

11.5 Let f ∈ C2. Using notation introduced in Section 11.2, write a formula
relating the Hessian of f to the Jacobian of the gradient of f .

11.6 Consider the Lagrange Multiplier Rule, Theorem 11.2, in the case where
the constraint functions ci(x), i = 1, . . . , � are all affine in the equality-
constrained problem (11.2). Show that the LICQ is not required to obtain
the same first-order optimality conditions. (Hint: This can be done by
applying an alternative theorem to the system ATλ∗ = ∇f(x∗).)

11.7 Let x∗ ∈ Rn be an optimal solution of the nonlinear optimization problem

minimize f(x)

subject to c(x) ≥ 0
x ≥ 0.

Assume the KKT conditions hold at x∗. What are they in this case?

11.8 Even though the first-order optimality conditions were intended for use
on nonlinear programming problems, they apply to linear programs as
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well. Consider the LP

minimize cTx
subject to Ax ≥ b

x ≥ 0.

Write the necessary and sufficient conditions of optimality for this opti-
mization problem and compare them with what you learned in Chapter 5.

11.9 Write down the KKT conditions for the following quadratic program:

minimize x2
1 + x2

2 + x2
3 − x1x2 − x2x3 − 3x1 − 2x2 + x3

subject to x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

11.10 Consider the linearly constrained nonlinear program

maximize x1x2 · · ·xn

subject to x1 + x2 + · · ·+ xn = 1
xj ≥ 0, j = 1, 2, . . . , n.

(a) Write the KKT conditions for the above nonlinear program.

(b) Use the KKT conditions to show that the inequality

(x1x2 · · ·xn)1/n ≤ 1

n
(x1 + x2 + · · ·+ xn)

holds for all xj ≥ 0, j = 1, 2, . . . , n.

11.11 Let Q ∈ Rn×n be a symmetric positive definite matrix. The level set

X =
{
x ∈ Rn : xTQx ≤ 1

}
is an ellipsoid. Let c be a nonzero vector in Rn. What point of X
minimizes the linear function cTx? (Hint: Apply the KKT conditions.)

11.12 Consider a point ȳ ∈ Rn and a hyperplane

H = {x ∈ Rn : aTx = b}, b ∈ R.

The hypothesis on H implies that a 
= 0.

(a) Formulate a minimization problem to find a point on H nearest to ȳ
under the Euclidean metric.

(b) Using the optimality conditions for the minimization problem in
part (a), derive a formula for a point in H that is nearest to ȳ.

(c) Let x̄ be a solution to a linear inequality system Ax ≤ b, with
A ∈ Rm×n, and b ∈ Rm. Assuming that the rows of A all have
Euclidean norm 1 (that is, ‖Ai.‖ = 1), give an interpretation of the
slack variables ȳ corresponding to the vector x̄.
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11.13 A function f : Rn −→ R is said to be separable if it can be written as the
sum of functions of a single real variable, that is

f(x1 , x2, . . . , xn) =

n∑
j=1

fj(xj).

(a) Let f be a differentiable separable function and consider the nonlinear
program

minimize f(x1 , . . . , xn)

subject to
n∑

j=1

xj = σ

xj ≥ 0, j = 1, . . . , n,

where σ is a positive scalar. Write the first-order conditions for a
local minimizer x̄ in this nonlinear program.

(b) Recall that if x ∈ Rn, the set {j : xj 
= 0} is called the support of
x, denoted by supp(x). Show that every feasible solution in part (a)
has a nonempty support.

(c) Show that there is a real number κ such that if x∗ is a local minimizer
of the nonlinear program in part (a), then for all j ∈ supp(x∗)

∂fj(x
∗
j )

∂xj
= κ.

11.14 Let f be a differentiable convex function on Rn. Suppose we seek a point
in the nonnegative orthant that minimizes f . That is, we want to solve
the nonlinear program

minimize f(x)

subject to x ≥ 0.

Show that x∗ solves this problem if and only if

∇f(x∗) ≥ 0
x∗ ≥ 0

x∗ · ∇f(x∗) = 0.

11.15 Suppose you have a strictly convex quadratic function in n variables, say

f(x) = xTHx + cTx,

and wish to minimize it over the nonnegative orthant Rn
+.

(a) What vector is the global minimizer of f on Rn?
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(b) To find the minimizer of f on Rn
+, would it be correct just to find the

vector asked for in part (a) and then set all of its negative components
(if any) to zero? If so, explain why. If not, give a counterexample.

11.16 By a domed cylinder we mean a convex body composed of a right-circular
cylinder with a hemisphere of the same radius at one end. Suppose the
volume V > 0 of such a body is given. Sometimes it is required to
determine the height h of the cylinder and the radius r of the cylinder
and its dome such that the total surface area of the convex body is as
small as possible. It matters whether the area of the end opposite the
dome is to be included. Let us first assume it is not included. Since the
volume of a sphere of radius r is given by 4

3πr3, we can express the volume
of the domed cylinder as

V = πr2h + 2
3
πr3.

The assumption V > 0 and this formula imply that both of the unknowns
h and r must be positive. The surface area of a sphere of radius r is given
by 4πr2 and that of an open-ended cylinder is given by 2πrh. Thus the
total surface area of the domed cylinder is

A = 2πrh + 2πr2.

Suppose the height h is also required to be no less than the diameter
2r.

(a) Find the values of h and r that minimize the total surface area A of
the domed cylinder of volume V as given above.

(b) Do as in part (a) but under the assumption that the total area in-
cludes both ends, one of which is a just a circle and the other is a
hemisphere.

(c) Give examples of real-world situations where the problems solved in
parts (a) and (b) can be applied.

11.17 (Based on Cottle and Olkin [36].) Let a1, a2 and r be given scalars sat-
isfying the conditions

a1 > a2 > 0 and 0 < r < 1.

Define the diagonal positive definite matrix A = diag (a1, a2). Suppose we
seek two vectors u and v that solve the equality-constrained problem

(P)

maximize uTAu + vATv

subject to uTu = 1

vTv = 1

uTv = r.
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Note that (P) calls for the maximum of a strictly convex function subject
to a set of nonlinear equations. As a rule, such problems are very difficult,
but as (we hope) you will see, that is not so in the present case.

(a) Write down the first-order necessary conditions of optimality for (P).

(b) Use the first-order optimality conditions found in part (a) to obtain
the values of the Lagrange multipliers and an optimal solution to (P).

(c) Does (P) have a unique optimal solution?

11.18 Fritz John’s Theorem was mentioned in this chapter on page 380; it states
that if x∗ is a local minimizer for problem (11.13) where f and the ci are
differentiable at x∗, there exist nonnegative scalars λ∗

0, λ∗
1, . . . , λ∗

m not all
of which are zero such that

λ∗
i ci(x

∗) = 0, i = 1, . . . , m

and

λ∗
0∇f(x∗)−

m∑
i=1

λ∗
i∇ci(x

∗) = 0.

(a) What do you get from John’s Theorem when you know that λ∗
0 must

be positive?

(b) Let x∗ be a local minimizer for problem (11.13). Show that if the
LICQ is satisfied at x∗, then λ∗

0 (from John’s Theorem) must be
positive.

11.19 (Based on Abadie [1, p. 35].) This exercise explores the question of
whether the KKTCQ is indispensable. That is to say, if the KKT condi-
tions hold at a local minimum, does the KKTCQ hold there as well?

Define the functions s(t), and c(t) of the real variable t:

s(t) =

{
t4 sin 1

t
if t 
= 0

0 if t = 0

c(t) =

⎧⎨⎩t4 cos 1
t if t 
= 0

0 if t = 0

These functions are continuously differentiable. The functions and their
derivatives vanish at 0.
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(a) Consider the nonlinear program

minimize f(x) = x2

subject to c1(x) = s(x1)− x2 + x2
1 ≥ 0

c2(x) = x2 − x2
1 − c(x1) ≥ 0

c3(x) = 1− x2
1 ≥ 0

Show that the feasible region lies between the curves x2 = x2
1 − x4

1

and x2 = x2
1 + x4

1. Indeed, show that

x2
1 − x4

1 ≤ x2
1 + c(x1) ≤ x2 ≤ x2

1 + s(x1) ≤ x2
1 + x4

1,

and that the feasible region also lies between the lines x1 = −1 and
x1 = +1.

(b) Verify that the unique optimal solution to the problem is x̄ = 0 and
that A(x̄) = A(0) = {1, 2}.

(c) Show that

∇c1(0) = (0,−1),

∇c2(0) = (0, 1).

(d) Describe the set of all v such that

vT∇ci(0) ≥ 0, i = 1, 2.

(e) Show that the only curve lying in the feasible region is identically 0.
[Hint: Compute

x2
1 + s(x1)− (x2

1 + c(x1)) = x4
1

(
sin

1

x1
− cos

1

x1

)
.

Observe that this is not always nonnegative.]
(f) Could the curve in part (e) satisfy the requirements of the KKTCQ?

Explain.
(g) Verify that the KKT conditions for this problem reduce to

u1 ≥ 0, u2 ≥ 0, 1 + u1 − u2 = 0.

(h) Write down a solution of the KKT conditions for this problem.
(i) What is the answer to the question posed at the beginning of this

exercise?

11.20 (Based on Kelly and Kupferschmid [109, p. 113].) The first-order (KKT)
conditions for the nonlinear program

minimize 40x1x2 + 20x2x3

subject to −x−1
1 x

−1/2
2 − 3x−1

2 x
−2/3
3 + 5 ≥ 0

x1 − 1 ≥ 0

x2 − 1 ≥ 0

x3 − 1 ≥ 0
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are satisfied at the point x̄ = (1
2 , 1, 1) with Lagrange multiplier vector

λ̄ = (250, 0, 0, 0). [Note that the first constraint function is not defined
at the origin, but the function approaches +∞ as x > 0 approaches 0.
Such points are not feasible.] Use the second-order optimality criteria to
decide whether x̄ is a strict local minimizer for this problem.

11.21 Consider the optimization problem

maximize x1

subject to (x1 − 1)3 + x2 ≤ 0
x1 ≤ 0

x2 ≤ 0.

(a) Find an optimal solution for this problem. Is it unique?
(b) What is the feasible region of this problem?

(c) Is the Slater condition satisfied in this case?

(d) Does the Lagrangian function for this problem have a saddle point
over R2

+ × R3
+?

11.22 In Chapter 8 we spoke of an approach to the portfolio selection problem

minimize −γrTx + xTDx

subject to eTx = 1, x ≥ 0

in which one chooses γ from a finite set of values. Suppose you wished to
solve this problem for a fixed value of γ. Write down the KKT conditions
for this problem. Are these conditions sufficient as well as necessary for
this problem? Why?

11.23 Other variants of the portfolio selection problem are given as follows:

(a) minimize xTDx subject to eTx = 1, x ≥ 0.

(b) maximize rTx subject to xTDx ≤ α, eTx = 1, x ≥ 0.

(c) minimize xTDx subject to eTx = 1, rTx ≥ k, x ≥ 0.

Write down the KKT conditions for each of these optimization problems.

11.24 Use the second-order optimality conditions of quadratic programming
(Theorem 11.10) to decide whether the point x̄ = (105

142 ,
529
142) is a local

minimizer for the optimization problem

minimize 3x1 − 10x2 + 1
2
(x2

1 + 4x1x2 + x2
2)

subject to 7x1 − 3x2 ≥ −6

5x1 + 3x2 ≥ 9

x1 + 7x2 ≥ 7

xj ≥ 0, j = 1, 2.
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11.25 Let X be a nonempty convex subset of Rn and let f : X → R be a differ-
entiable convex function. Show that the convex programming problem

(P) minimize f(x) subject to x ∈ X

and the variational inequality problem

(VI) find x∗ ∈ X such that ∇f(x∗) · (x− x∗) ≥ 0 for all x ∈ X

have the same solutions (if any).

11.26 Suppose f : S → R is a convex function having a local minimum at x̄ ∈ S.
Show that f(x̄) ≤ f(x) for all x ∈ S. Show further that if f is strictly
convex, then x̄ is a unique minimizer of f on S.

11.27 Let S and T be nonempty sets and let f : S → R and g : T → R be given
functions. Suppose s̄ ∈ S, t̄ ∈ T, and f(s̄) = g(t̄). Show that if

f(s) ≥ g(t) for all s ∈ S and t ∈ T,

then
f(s̄) = min

s∈S
f(s) and g(t̄) = max

t∈T
g(t).

11.28 Exactly where is the gradient inequality used in the demonstration of
Theorem 11.14?

11.29 The Lagrangian dual problem given in Section 11.5 makes use of the
objective function

θ(u, v) := inf
x∈Rn

L(x, u, v).

As noted there, this function is sometimes defined as

θ(u, v) := inf
x∈X

L(x, u, v)

where X is a subset of Rn which perhaps could otherwise be represented
among the constraints of the primal problem. Because the evaluation of
θ(u, v) depends only on the primal objective and the set X, rather than
any other constraints of the primal problem, the outcome of this evalu-
ation can affect the corresponding duality gap. Illustrate this statement
for the primal problem

minimize {−x2 : x3 ≥ 8, x ∈ X}
first using X = {x : 0 ≤ x ≤ 2} and then X = Rn. Find the duality gap
in each case.

11.30 For c ∈ Rn and symmetric positive semidefinite H ∈ Rn×n consider the
quadratic programming problem

minimize {cTx + 1
2xTHx : x ≥ 0}.
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(a) Write down the (Wolfe) dual corresponding to this primal QP.

(b) Show that if x̄ is any optimal solution of the given primal QP, then
it is also an optimal solution of the (Wolfe) dual QP.

11.31 Find all extremal values of z, and the corresponding values of x1 and x2,
using the method of Lagrange multipliers in the following two instances.

(a)
x1x2 + 4 = z

x2
1 + x2

2 = 8.

(b)
x1 + 2x2 = z

x2
1 + x2

2 = 13.

11.32 Consider the following univariate optimization problem

minimize x2

subject to x2 − 5x + 6 ≤ 0.

(a) Form the Lagrangian.

(b) Find the dual of the problem.

(c) Verify the Weak Duality Theorem for this problem.

(d) Does Strong Duality hold, or is there a duality gap?

11.33 Find the Lagrangian dual of a linear program in standard form.

11.34 To find the least 2-norm solution of a consistent system of linear equations
ne can solve the following optimization problem.

minimize xTx
subject to Ax = b.

(a) Why is it permissible to use the square of the 2-norm as the objective
in this optimization problem?

(b) Find the Lagrangian dual.

(c) Is the dual objective function concave?

(d) Is there a duality gap in this instance?

11.35 What is the Lagrangian dual of the convex quadratic program

minimize xTHx + cTx + d

subject to Ax ≥ b.
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11.36 Use the Lagrangian dual process to show that

X = {x ∈ R3 : x2
1 + x2

2 + x2
3 ≤ 1 and x1 + x2 + x3 = 2}

is an empty set.

11.37 (Based S.G. Krantz [114].) Let Pn denote an n-cube centered at the origin
in Rn, having edge length 4 and sides parallel to the coordinate axes; in
short, Pn = [−2, 2]n. Consider the set Cn of all points c = (c1, . . . , cn)
for which ci = ±1, i = 1, . . . , n. For purposes of this exercise, the vector
e = (1, . . . , 1) can be regarded as a representative element of the set Cn.
Let Bn(c, 1) denote the closed ball of radius 1 with center at c ∈ Cn.

(a) Make a graph depicting these definitions for the case n = 2.

(b) In general, how many elements does Cn contain?

(c) Write down a constraint that characterizes the points x ∈ Rn belong-
ing to Bn(e, 1).

(d) Formulate a nonlinear convex program with a differentiable objective
function and one differentiable constraint whose unique solution gives
the least distance from the origin in Rn to the closed ball Bn(e, 1).

(e) Explain why the KKT optimality conditions for this problem must
have a solution.

(f) Write the KKT optimality conditions for the above optimization prob-
lem.

(g) Use the optimality conditions to show that the Lagrange multiplier,
say λ, on the single constraint of your convex program has the value√

n− 1 and that the optimal solution vector is

x̄ =

√
n− 1√

n
e.

Notice that x̄ −→ e as n −→∞.

(h) The closed ball Bn(0,
√

n−1) is centered at the origin and has radius
equal to the distance from the origin to the nearest point of Bn(c, 1)
for any c ∈ Cn. Now let x̂ be a point lying on one of the coordinate
axes of Rn, say x̂ = (ξ, 0, . . . , 0). Then ξ ∈ Pn if and only if ξ2 ≤ 4.
On the other hand, if x̂ lies on the boundary of Bn(0,

√
n− 1), then

ξ2 = n − 2
√

n + 1. Now, taking all dimensions n into consideration,
is it always possible for x̂ to belong to both Pn and the boundary of
Bn(0,

√
n− 1)? If not, for what dimensions is it possible?



12. PROBLEMS WITH LINEAR CONSTRAINTS

Overview

The optimization methods presented in this chapter are for solving the im-
portant class of nonlinear programs with linear constraints, that is, linear
equations and/or linear inequalities. The algorithms covered here are based

on ones designed for unconstrained optimization, but they are modified to
take account of the constraints.

We have already seen (for example on page 377) that in problems with

linear inequality constraints there is a notion of active constraints and that
for local minimizers, the nonactive constraints are pretty much out of the

picture. In the case of such problems, the active constraints give rise to an
associated linear equality-constrained problem. We start with a discussion

of solving such problems and then move on to active set algorithms for
solving linear inequality-constrained problems. Active set algorithms raise

some issues having to do with the adding or dropping of inequalities from
the current “working set” of constraints.

As a part of the discussion, we present three methods for obtaining the
matrix Z whose columns form a basis for the null space of the coefficient

matrix corresponding to the active constraints. Actually, commercial solvers
update the factorizations of Z as the working set changes; a discussion of

such techniques is outside the scope of this book.

The chapter ends with brief treatments of bound-constraint problems,
linear programs, and quadratic programs. Among other things, we show

the well-known result that the Revised Simplex Method is exactly the same
as an Active Set Method applied to a linear program.

12.1 Linear equality constraints

Because of their intrinsic importance as models for real-world problems (see
Chapter 8) and, just as importantly, because of their role as subproblems

in algorithms with more general constraints, we begin with a discussion of
the minimization of a smooth nonlinear function subject to linear equality

© Springer Science+Business Media LLC 2017
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constraints. We write this as

(LEP)
minimize f(x)

subject to Âx = b̂
(12.1)

where f(x) is a nonlinear function and Â is an � × n matrix. We do not
consider the trivial case where f(x) is linear; it is not a linear programming

problem (see Exercise 12.1). The reason for using the notation Â instead
of A will become clear in our discussion of solution methods for problems

containing linear inequality constraints.

As noted in Chapter 11 (see page 375 and the footnote at the end of
Example 11.2), we can use the Method of Lagrange Multipliers to write first-

order optimality conditions for (12.1): If x∗ is a local minimizer for (12.1),
there exists a vector of multipliers λ such that g(x∗) = ∇f(x∗)− ÂTλ = 0.
In some cases, these equations and those of the constraints Âx = b̂ enable us

to develop a closed-form solution of (12.1), but this is not to be expected in
all instances of the problem. Much depends on the behavior of the objective

function f restricted to the set of points x satisfying Âx = b̂.

One approach to solving (12.1) is to find a basis in Â and then obtain
the restriction of f to the set of solutions of the system of linear equations;

this yields a smooth unconstrained function F of the nonbasic variables
alone. (See Section 11.2 and Exercise 12.2.) Another approach to solving

(12.1), followed here, is to avoid the explicit elimination of basic variables
and remain within the framework of constrained optimization.

Optimality conditions

In this section we derive optimality conditions for the linear equality problem

(12.1) by considering feasible moves from a feasible starting point. The
derivation of these conditions in this manner helps in the algorithm design.

It would be well to recall a matter brought up in Chapter 2, namely, that
given the matrix Â ∈ R �×n, we can decompose Rn into its corresponding

complementary orthogonal subspaces. Indeed, let N (Â) denote the null
space of Â and let R(ÂT ) denote the range space of ÂT :

N (Â) = {z ∈ Rn : Âz = 0}
R(ÂT ) = {w ∈ Rn : w = ÂTy, y ∈ R�}. (12.2)
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There are two key properties of these subspaces. The first is that

Rn = R(ÂT ) +N (Â). (12.3)

This means that every point of Rn can be expressed as the sum of two
vectors, one belonging to the null space of Â, the other belonging to the

range space of ÂT. Accordingly, any point x ∈ Rn can be written as

x = ÂTx
Â

+ ZxZ . (12.4)

The second key property is that these two subspaces are orthogonal to each
other and have only the zero vector in common. Indeed, if z ∈ N (Â) and
x ∈ R(ÂT ) we have

Âz = 0 and x = ÂTy

so

xTz = yTÂz = 0. (12.5)

If x ∈ R(ÂT) ∩N (Â) we may take x = z in (12.5) and immediately deduce
that x = 0.

Why does Rn = N (Â) +R(ÂT )? The matrix Â has rank l, so

dimN (Â) = l

dimR(ÂT) = n− l.

Since R(ÂT)∩N (Â) = {0}, it follows that the vectors of N (Â) and R(ÂT)

span an n-dimensional space, namely Rn.

Note: This notation Z, as in (12.4), will be used many times in our discus-
sion of nonlinear programming in this book; it will usually mean a basis for
the null space of a specified matrix, namely the coefficient matrix Â of the

constraints satisfied as equalities. However, if the columns of Â are linearly
independent, then the null space includes exactly one vector: the zero vector.

In this case we will express Z as a zero matrix of dimension n× 1.

Example 12.1: NULL SPACE AND RANGE SPACE. Consider the following

trivial system of equations of the form Âx = b̂:

[
1 0 0
0 0 1

]⎡⎣x1

x2

x3

⎤⎦ =

[
4
2

]
.
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The range space of ÂT and null space of Â are spanned by the columns of
ÂT and Z, respectively, where

ÂT =

⎡⎣ 1 0

0 0
0 1

⎤⎦ and Z =

⎡⎣ 0

1
0

⎤⎦ .

Clearly the columns of ÂT and Z can be used to represent any vector in R3.

Now consider the system of equations

x1 = 4
2x1 + 4x2 + x3 = 6

or, equivalently,

[
1 0 0
2 4 1

]⎡⎣x1

x2

x3

⎤⎦ =

[
4
6

]
.

The columns of the matrices

ÂT=

⎡⎣ 1 2

0 4
0 1

⎤⎦ and Z =

⎡⎣ 0

−1
4

⎤⎦ .

span the range space of ÂT and null space of Z respectively. In this case
too, any vector in R3 can be represented by a linear combination of the

columns of Â and Z. For example, the vector (4, 3, 5) can be represented
using x

Â
= (2, 1) and xZ = (1) and forming ÂTx

Â
+ ZxZ . It is easy to verify

that the product ÂZ = 0.

Let us assume we have a feasible point x = x̄ for the constraints of (12.1).
Any other feasible point will differ from x̄ by a direction p such that x̄ + p

satisfies the constraints Âx = b̂. That is,

Â(x̄ + p) = Âx̄ + Âp = b̂.

This clearly implies that Âp = 0. Thus, every feasible direction must belong
to the null space of Â. For this reason, the null space of Â plays a large role

in the approach to be developed.

Let x∗ be a local minimizer for (LEP), and let p denote an arbitrary
feasible direction at x∗. Then p must be an element of N (Â). If Z be a

matrix whose columns form a basis for the null space of Â, every feasible
direction p can be written as

p = Zp
Z
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for some vector pZ of dimension n − �. For any α ∈ R, Taylor’s Theorem
gives us

f(x∗ + αp) = f(x∗ + αZpZ)

= f(x∗) + αpT
Z
ZTg(x∗) + α2

2 pT
Z
ZTG(x∗)Zp

Z
+ · · ·

where, as before, g(x∗) denotes ∇f(x∗), and G(x∗) denotes ∇2f(x∗). If the
linear term is nonzero for any pZ, then there exists a neighborhood of x∗ in

which f(x∗ + εZpZ) < f(x∗), and x∗ + εZpZ is feasible. Therefore, in order
for x∗ to be a local minimizer, it is necessary that

pT
Z
ZTg(x∗) = 0 for all p

Z
∈ Rn−�.

It follows that

ZTg(x∗) = 0. (12.6)

The condition (12.6) at the solution implies that g(x∗) must lie entirely
in the range space of ÂT. Indeed, if

g(x∗) = ÂTg
Â

+ ZgZ ,

then,

ZTg(x∗) = ZTÂTg
Â

+ ZTZgZ = ZTZgZ .

Since Z is a basis for N (Â), the matrix ZTZ is positive definite, and thus

(12.6) implies

ZTZg
Z

= 0,

that is, g
Z

= 0, and

g(x∗) = ÂTg
Â
.

The components of g
Â

corresponding to the columns of ÂT in the represen-

tation1 of g(x∗) above are usually denoted by λ∗
1, λ

∗
2, . . . , λ∗

l and are termed
the Lagrange multipliers at x∗.

First-order conditions for a minimum

In light of the above, the necessary conditions for a solution to the problem
with linear equality constraints can take two equivalent forms:

1This equation should come as no surprise. It is just another expression of the first-
order optimality conditions seen in Chapter 11.
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1. ZTg(x∗) = 0; that is, the projected gradient at x∗ is zero.

2. g(x∗) = ÂTλ∗; that is, the gradient at x∗ is a linear combination of the
columns of ÂT, or equivalently, g(x∗) lies in the range space of ÂT.

Second-order conditions for a minimum

We next wish to derive some second-order optimality conditions. Since
ZTg(x∗) = 0, the expansion of f along Zp

Z
can be written as:

f(x∗ + εZpZ) = f(x∗) +
ε2

2
pT

ZZTG(x∗)ZpZ + · · ·

Again, as in the unconstrained case, we see that the matrix ZTG(x∗)Z
must be positive semidefinite; otherwise we could find a neighborhood of

x∗ in which the value of f is less than f(x∗) at feasible points. The matrix
ZTG(x∗)Z is termed the projected Hessian of f at x∗.

Thus, in summary, the necessary conditions for x∗ to be a local minimizer

for (LEP) are:

1. Âx∗ = b̂.

2. ZTg(x∗) = 0, (or g(x∗) = ÂTλ∗).

3. ZTG(x∗)Z is positive semidefinite.

It can be shown that the second-order sufficient conditions for x∗ to be an

isolated local minimizer for (LEP) are:

1. Âx∗ = b̂.

2. ZTg(x∗) = 0, (or g(x∗) = ÂTλ∗).

3. ZTG(x∗)Z is positive definite. This may alternatively be stated as the
requirement that yTG(x∗)y > 0 for all y 
= 0 such that Ây = 0 (or

y ∈ N (Â)).

Some observations

There are three essential points to note about these results:
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• At a local minimizer x∗, the gradient of f might, in general, not be
zero, but the projected gradient of f must be zero.

• The necessary conditions for x∗ to be a local minimizer require that
the projected Hessian ZTG(x∗)Z be positive semidefinite. The Hessian
matrix G(x∗) may in fact be indefinite or singular.

• When the constraints are linear equalities, every feasible move can be
characterized in terms of the matrix Z, the columns of which represent
the null space of Â. Furthermore, all points of the form x + αZp

Z
are

feasible if x is, so that we can guarantee feasibility by moving only
along directions of the form Zp

Z
.

The following two examples illustrate the above observations.

Example 12.2: OPTIMALITY CONDITIONS FOR LEP. In the two-variable

optimization problem

minimize 2x2
1 − x2

2 − 12x1

subject to x1 + x2 = 2

the objective function f is minimized at x∗ = (4,−2) (as can be easily ver-
ified by reducing the problem to a one-variable unconstrained optimization

problem). The gradient at x∗ is g(x∗) = (4x∗
1 − 12,−2x∗

2) = (4, 4) 
= (0, 0).
The Hessian at x∗, namely

G(x∗) =

[
4 0

0 −2

]
,

is not positive semidefinite. We next show that ZTg(x∗) = 0 and ZTG(x∗)Z
is positive definite as expected. For the above LEP it is easy to see that for

Â = [1 1], the corresponding matriz Z is given by

Z =

[
1

−1

]
.

The projected gradient is zero:

ZTg(x∗) =
[
1 −1

] [ 4

4

]
= 0,

and the projected Hessian is positive definite:

ZTG(x∗)Z =
[
1 −1

] [ 4 0
0 −2

][
1
−1

]
= 2.
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Example 12.3: FEASIBLE DIRECTIONS FOR LEP. For an LEP, all vectors
in the null space of the constraint matrix can be used to construct feasible

directions independent of the current feasible point. For example, consider
the two-variable optimization problem in Example 12.2. Let p

Z
= β for any

scalar β (the null space basis has one column, and so pZ is a scalar). Then
it is straightforward to verify that every feasible direction is given by Zβ;

that is,

p = ZpZ = Zβ =

[
1

−1

]
β =

[
β

−β

]
.

Algorithms for solving (LEP)

Based on the discussion above, one can create an algorithm to solve (12.1).
Given an initial feasible point, the idea is to move to a better feasible point
by choosing at every step a suitable feasible search direction p of the form

p = ZpZ . (12.7)

The problem, at each iteration, is to find a p (as in the unconstrained case)
such that the function decreases when a step is taken along it. When the

current iterate is x = x̄, one approach would be to choose p so that x̄ + ZpZ

is a local minimizer of f(x̄+ZpZ), or an approximation of such a minimizer.
The function f(x + Zp

Z
), which is a restriction of the objective function to

the feasible region, is sometimes referred to as the projected function.

It may appear a bit odd that all the computations are done within the
null space of Â. We elaborate further on this. It turns out that the reason

for this is that the linear constraints completely determine x∗
Â
. As we know,

all feasible points may be decomposed as ÂTx∗
Â

+ ZxZ . Then

Âx∗ = Â(ÂTx∗
Â

+ Zx∗
Z) = ÂÂTx∗

Â
= b̂. (12.8)

(See Exercise 12.3 for further details.) Thus (12.8) can be solved for x∗
Â
; we

do not, however, solve for x∗
Â

explicitly. We still need to determine the null

space component xZ . The vector x∗
Z is determined not by the constraints,

but by the unconstrained minimization of f(ÂTx∗
Â

+Zx
Z
) with respect to x

Z
.

Note that since xZ ∈ Rn−�, where � = Â, we can reduce the dimensionality
of the minimization problem, so our initial intuition was correct.
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Obtaining search directions for (LEP)

As in the unconstrained case, the search directions have to be descent di-
rections. The search directions take the form p = ZpZ , hence p is a descent

direction for f at x = x̄ if and only if

pTg(x̄) = pT
Z

ZTg(x̄) < 0

or

pT
Z gZ < 0;

that is, p
Z

is a direction of descent for the projected function f(x̄ + Zp
Z
).

Steepest descent

As we have seen in Section 10.1, the steepest-descent direction at x = xk is

the direction p that solves the problem

minimize
gT
kp

‖p‖2
where gk = g(xk).

Since p = Zp
Z
, this problem becomes

minimize
pT

Z
ZTgk

||p
Z
||ZTZ

where ||pZ||2ZTZ = pT
ZZTZpZ . (12.9)

The solution to this problem is given by equation (10.3) with C = ZTZ; i.e.,

pZ = −(ZTZ)−1ZTgk,

so that p, the steepest-descent direction, is given by

p = ZpZ = −Z(ZTZ)−1ZTgk. (12.10)

This search direction p = −Z(ZTZ)−1ZTgk is the direct generalization of the

steepest-descent direction in the unconstrained case to the linear equality-
constrained case; this generalization was first suggested by Rosen [168], who

termed the related algorithm the gradient-projection algorithm.

Wolfe [195] suggested using the direction

p = −ZZTgk (12.11)
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which he termed the reduced-gradient direction. This choice of search di-
rection may also be viewed as a direction of steepest descent if the problem

(12.9) is stated as

minimize
pT

ZZTgk

‖p
Z
‖2 ,

where we have replaced the ZTZ-norm by the 2-norm. The solution is then

given by pZ = −ZTgk; thus p is given by (12.11).

Note that the reduced-gradient direction is the same as the gradient
projection direction only if Z is an orthogonal matrix (i.e., ZTZ = I), so that

its columns form an orthogonal basis for the null space. However, it is clear
from this formulation that the two techniques have the same motivation,
and the distinction is not substantial. They are sometimes seen as different

because of the particular form of Z chosen by Wolfe.

Example 12.4: STEEPEST-DESCENT DIRECTION FOR LEP. Consider the
three-variable optimization problem

minimize 2x2
1 − x2

2 + x2
3 − 12x1 − x1x3

subject to x1 + x2 = 2.

At a feasible point x̄ = (1, 1, 1), the gradient is

g(x̄) = (4x̄1 − 12− x̄3,−2x̄2, 2x̄3 − x̄1) = (−9,−2, 1).

For the above LEP we have Â = [1 1 0], and a corresponding represen-

tation of the null space is given by

Z =

⎡⎣ 1 0
−1 0

0 1

⎤⎦ .

The projected gradient at x̄ is

ZTg(x̄) =

[
1 −1 0
0 0 1

]⎡⎣−9

−2
1

⎤⎦ =

[−7
1

]
.

To compute Rosen’s steepest-descent direction we first compute

(ZTZ)−1 =

⎛⎝[
1 −1 0
0 0 1

]⎡⎣ 1 0

−1 0
0 1

⎤⎦⎞⎠−1

=

[
2 0
0 1

]−1

=

[
1
2 0

0 1

]
.
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Then Rosen’s steepest-descent direction is given by

p = −Z(ZTZ)−1ZTg(x̄) = −
⎡⎣ 1 0
−1 0

0 1

⎤⎦[ 1
2 0

0 1

][−7
1

]
=

⎡⎣ 7/2
−7/2
−1

⎤⎦ .

Wolfe’s reduced-gradient descent direction is given by

p = −ZZTg(x̄) = −
⎡⎣ 1 0
−1 0

0 1

⎤⎦[−7

1

]
=

⎡⎣ 7
−7

−1

⎤⎦ .

Note that if the columns of Z had been chosen to be orthonormal, for ex-
ample

Z =

⎡⎣ 1/
√

2 0

−1/
√

2 0
0 1

⎤⎦ ,

then Rosen’s direction and Wolfe’s direction would indeed be the same.

Both the gradient projection and reduced gradient directions can be com-

bined with a steplength procedure that ensures a “sufficient” decrease in f
at every iteration. However, both these methods would then resemble the
Steepest-descent Method (in the unconstrained case) in terms of extremely

slow linear convergence. Therefore, we consider algorithms that take account
of curvature (second-order information) in the choice of search direction,

precisely as in the unconstrained case.

Newton-type Methods

If the Hessian matrix G(x) is available at each iteration, and a feasible point
has been found, then as seen above, the subproblem under consideration at

x = xk is to minimize f(xk + ZpZ). Using the Taylor series expansion along
such a direction ZpZ , we have

f(xk + ZpZ) = f(xk) + pT
ZZTgk + 1

2pT
ZZTGkZpZ + · · ·

As in the unconstrained case, a Newton-type Method is based on ignoring

terms beyond the quadratic and choosing pZ as the step to the minimizer
for the local quadratic model. If ZTGkZ is positive definite, p

Z
is given by

the solution of the nonsingular linear system

ZTGkZp
Z

= −ZTgk. (12.12)
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This is exactly analogous to the unconstrained Newton-type Method except
that the linear system involves the projected Hessian on the left-hand side

and the projected gradient on the right-hand side. The search direction
p = Zp

Z
is clearly a direction of descent for f . Indeed, since ZTGkZ is

assumed positive definite, so is its inverse, hence

pT
ZZTgk = −gT

kZ
(
ZTGkZ

)−1
ZTgk < 0.

If ZTGkZ is not positive definite, the local quadratic approximation is either
unbounded below, or does not have a unique minimum. In such a case, it

is necessary to modify the choice of pZ . To do this, techniques similar to
those applied for unconstrained optimization can be utilized; the modified

Cholesky factorization is such a technique; see Chapter 10. Likewise, there
are techniques that cover the case where the Hessian matrix exists but is not

available in analytic form. Quasi-Newton Methods, Finite-Difference New-
ton Methods, and Conjugate-gradient Methods are examples of algorithms

that can be used for this purpose; again, see Chapter 10.

Example 12.5: NEWTON DIRECTION FOR LEP. Consider the 3-variable

optimization problem in Example 12.4. At a feasible point x̄ = (1, 1, 1),
the gradient g(x̄) = (4x̄1 − 12 − x̄3,−2x̄2, 2x̄3 − x̄1) = (−9,−2, 1) and the
Hessian matrix is

G(x̄) =

⎡⎣ 4 0 −1
0 −2 0

−1 0 2

⎤⎦ .

The projected gradient at x̄ = (1, 1, 1) is, as shown before, ZTg(x̄) =

(−7, 1), and the projected Hessian is

ZTG(x̄)Z =

[
1 −1 0
0 0 1

]⎡⎣ 4 0 −1

0 −2 0
−1 0 2

⎤⎦⎡⎣ 1 0

−1 0
0 1

⎤⎦ =

[
2 −1

−1 2

]
.

Solving ZTG(x̄)ZpZ = −ZTg(x̄), that is, solving[
2 −1
−1 2

]
pZ = −

[−7
1

]
,

we obtain

pZ =

[
13/3
5/3

]
.
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Then Newton’s direction is given by

ZpZ =

⎡⎣ 1 0
−1 0

0 1

⎤⎦[ 13/3
5/3

]
=

⎡⎣ 13/3
−13/3

5/3

⎤⎦ .

12.2 Methods for computing Z

Until now, we have assumed that the matrix Z is available for use in the

algorithms to solve the linear equality problem (12.1). We have done this
intentionally to make it clear that the same underlying ideas are present

regardless of the choice of Z. For example, the idea of “moving in the null
space” is independent of the particular Z used as a basis.

For a robust computer implementation of such an algorithm, it is nec-
essary to ensure that the chosen Z has satisfactory numerical properties.

Furthermore, when solving inequality-constrained problems, for reasons of
computational efficiency, it will be necessary to consider how to update a

given representation of Z, rather than compute it afresh. In discussing the
following three methods, we have assumed for simplicity of exposition that

Â ∈ R�×n and that rank(Â) = �.

Z derived from a basis in Â

To construct such a Z we need to find a nonsingular �× � submatrix, say B,

a basis, in Â. One method to do this is to start by creating the LU factors,
one column at a time, starting with the first column of Â that has a nonzero

element in row 1 and reordering to make that column 1. If the first �
columns are linearly independent, then the factorization process terminates

after processing � columns because a basis is comprised of the first � columns
of Â. On the other hand, suppose that, when eliminations are performed

for some column k > 1, we discover that fewer than the first k elements are
nonzero. In this case, column k is dependent on the first k− 1 columns and
so cannot be in the basis; we next work with column k + 1, and so on until

a basis is found. Recall that we have assumed that Â is of rank �, so a basis
exists.

For simplicity of exposition we assume that the columns of Â have been
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reordered so that B occupies the first � columns of Â. That is, Â = [B N ],
where B is a basis in Â and N denotes the remaining n − � columns in Â,

called nonbasic columns. Then the matrix

Z =

[−B−1N

I

]
has independent columns and satisfies

ÂZ = [B N ]

[−B−1N
I

]
= 0.

We never need to compute Z explicitly. Recall that the search direction
is given by p = Zp

Z
, where the computation of p

Z
involves ZT. For example,

in the Steepest-descent Method, letting g = (gA, gZ), we have

p
Z

= −ZTg = −
[−B−1N

I

]T[
gA

gZ

]
= NT(B−1)Tg

A
− g

Z
.

The vector u = (B−1)Tg
A

can be computed as the solution to BTu = g
A
.

Analogously, in order to compute

p = ZpZ =

[−B−1N
I

]
pZ =

[−B−1NpZ

p
Z

]
,

we need to determine v = −B−1NpZ . This is obtained as the solution to
Bv = −Np

Z
. By maintaining a factorization (for example, LU) of B we can

determine all such matrix-vector products involving Z.

Example 12.6: Z DERIVED FROM A BASIS. Consider an LEP with

Â =

[−1 1 1 2
1 0 1 2

]
.

A basis can be identified through the use of an LU factorization; in this
simple example, we choose columns 1 and 2 as our basis. Then the basis B

and its inverse are

B =

[−1 1
1 0

]
and B−1 =

[
0 1
1 1

]
.
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Note that in practice we do not compute B−1; we have done so here for ease
of illustration. Next we compute B−1N as

B−1N =

[
0 1
1 1

] [
1 2
1 2

]
=

[
1 2
2 4

]
.

Then Z is given by

Z =

[−B−1N

I

]
=

⎡⎢⎢⎣
1 2
2 4

1 0
0 1

⎤⎥⎥⎦ .

Z as the last n − � columns of the inverse of a matrix

Another method for obtaining a Z is to first adjoin a matrix V consisting

of n − � linearly independent rows to the matrix Â (once again assumed of
full rank), so as to obtain a nonsingular n× n matrix E given by

E =

[
Â
V

]
.

Then we can choose Z to be the last n− � columns of the inverse of E. This

approach is not used in practice because it requires a portion of the inverse
of E. It should be noted however that E−1 need not be computed. Instead

the last n−� columns of the inverse of E can be obtained by solving systems
of equations of the form EZ.j = I.�+j .

Example 12.7: Z DERIVED FROM AN INVERSE. To the matrix Â from
Example 12.6, we adjoin rows of the identity matrix to obtain a nonsingular

matrix E, that is

E =

[
Â

V

]
=

⎡⎢⎢⎣
−1 1 1 2

1 0 1 2
0 0 1 0

0 0 0 1

⎤⎥⎥⎦ .

Next we solve EZ.3 = I.3 and EZ.4 = I.4 by Gaussian elimination as
follows: ⎡⎢⎢⎣

−1 1 1 2
1 0 1 2

0 0 1 0
0 0 0 1

⎤⎥⎥⎦ [Z.3 Z.4] =

⎡⎢⎢⎣
0 0
0 0

1 0
0 1

⎤⎥⎥⎦ .
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Adding the first row to the second row we obtain⎡⎢⎢⎣
−1 1 1 2

0 1 2 4
0 0 1 0
0 0 0 1

⎤⎥⎥⎦ [Z.3 Z.4] =

⎡⎢⎢⎣
0 0

0 0
1 0
0 1

⎤⎥⎥⎦ .

This system is upper-triangular and can be solved to give

Z.3 =

⎡⎢⎢⎣
−1
−2

1
0

⎤⎥⎥⎦ and Z.4 =

⎡⎢⎢⎣
−2
−4

0
1

⎤⎥⎥⎦ .

It is easy to verify that ÂZ.3 = ÂZ.4 = 0 as would be expected.

Z derived from the TQ factorization

A well-known approach to solving least-squares problems is to create a QR

factorization of the coefficient matrix (which has more rows than columns).
See [88]. A similar idea can be used here. In this case we construct an

orthogonal matrix Q such that

ÂQ = [0 T ]

where, in this equation, 0 represents an �×(n−�) matrix of zeros and T is an
� × � reverse lower-triangular matrix (an ordinary lower-triangular matrix

with its columns in reverse order). The reason for using such a form has to
do with handling inequality constraints; see Section 12.3.

In order to define a suitable matrix Z, consider the partition of the

orthogonal matrix Q mentioned above:

Q = [Z Y ].

Observe that
ÂQ = Â[Z Y ] = [ÂZ ÂY ] = [0 T ] (12.13)

so that the first n − � columns of Q are orthogonal to the rows of Â. The
columns of Q are linearly independent since they are columns of an orthog-

onal matrix. Thus the first n− � columns of Q form an orthogonal basis for
the desired null space. In addition, the columns of Y (the last � columns
of Q) form an orthogonal basis for the range space of Â. The discussion of

how to obtain and update such a factorization is outside the scope of this
book; see [84] for details of the procedure.
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12.3 Linear inequality constraints

In the previous sections we examined the linear equality problem and solu-
tion techniques for such problems. We next consider the linear inequality

problem:

(LIP)
minimize f(x)

subject to Ax ≥ b where A is m× n.
(12.14)

For simplicity of exposition, we shall not consider problems with a mixture

of equalities and inequalities. The results and algorithms, when there is a
mixture of constraints, are actually quite straightforward once the theory

has been developed separately for the pure equality-constrained case and for
the pure inequality-constrained case.

Without loss of generality we have assumed that all constraints are of

the form
Ai.x ≥ bi, i ∈ I

Note that this does not preclude any bounds of the form xj ≥ 0. In Sec-

tion 12.5 we will show how to treat these simple bounds in a special manner.
Considerable computational advantage may be gained when there are such

simple bound constraints, but conceptually the approach is the same as for
(12.14).

We shall see that (LIP) is more complicated than (LEP), since, in general,
we do not know beforehand which constraints, if any, will be exactly satisfied

as equalities at the solution.

Optimality conditions revisited

In this section, as for the equality-constrained case, we derive optimality

conditions for the linear inequality problem (12.14) by considering feasible
moves from a feasible starting point. The derivation of these conditions

in the manner described here is useful for algorithm design. We start by
defining a few terms.

A constraint Ai.x− bi ≥ 0 evaluated at the point x = x̄ is said to be:

1. active (binding, tight) if Ai.x̄− bi = 0;
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2. inactive if Ai.x̄− bi > 0;

3. violated if Ai.x̄− bi < 0.

If the constraints are of the form Ai.x− bi ≤ 0, there are analogous defini-

tions. A point x = x̄ is said to be feasible with respect to a set of constraints
Ax− b ≥ 0 if no constraints are violated at x = x̄.

As defined in Chapter 11, the active set of constraints A(x̄) at a feasible

point x̄ is the set of all indices of the constraints active at x̄. Thus,

A(x̄) = {i : Ai.x̄− bi = 0}.
It is important to recognize the active constraints, because feasible directions

p from a feasible point x = x̄ are restricted with respect to active constraints,
and unrestricted with respect to inactive constraints as we shall see shortly.

Because of this, only the active constraints play a key role in the optimality
conditions. Hence, a key part of any algorithm for (12.14) is to find an active

set of constraints of full rank corresponding to an optimal solution.

If a constraint Ai.x−bi ≥ 0 is inactive at x̄, then, within some neighbor-
hood of x̄, it is possible to move in any direction and still remain feasible with
respect to that constraint. That is, given any inactive constraint Ai.x > bi

at x = x̄ and any direction (vector) p, there exists an ε > 0 such that
Ai.(x̄ + εp) > bi. Since di = Ai.x̄− bi > 0 by assumption, we have

Ai.(x̄ + εp)− bi = di + εAi.p ≥ 0 for all ε ≤ ε where ε > 0.

If Ai.p ≥ 0, all such moves remain feasible for any ε > 0, that is ε = ∞.
However, if Ai.p < 0, then ε = −di/Ai.p > 0 is the maximum step we can

move from x̄ in the direction p and stay feasible with respect to the i-th
constraint.

On the other hand, if a constraint Aj.x− bj ≥ 0 is active at x = x̄, then,

for ε > 0,
Aj.(x̄ + εp)− bj ≥ 0 only if Aj.p ≥ 0.

A direction p satisfying Ap ≥ 0 allows a wider class of feasible directions

than for the equality-constrained case. If Aj.p = 0, no change will occur in
the value of the j-th constraint, because Aj.(x̄ + εp) − bj = 0. However, it
is also possible to remain feasible by moving along a direction p satisfying

Aj.p > 0. Should such a direction p be chosen, then, of course, the j-th
constraint will no longer be active at the point x̄ + εp for any ε > 0.



CHAPTER 12: PROBLEMS WITH LINEAR CONSTRAINTS 437

With this in mind, we derive conditions for a minimum for the linear
inequality-constrained problem. A point x = x∗ will be considered a local

minimizer for (12.14) if x∗ is feasible, and f(x∗) ≤ f(x) for all feasible x in
some neighborhood of x∗. To characterize feasible moves in a neighborhood

of x = x∗, we need to consider only the constraints that are active at x∗

(as seen above). Suppose that � constraints are active at x∗. We then let

the vectors Ai. corresponding to these active constraints be the rows of the
� × n matrix Â so that Â1. corresponds to the first active constraint, and

so on. The vector b is similarly partitioned. Thus, at x∗,

Âx∗ = b̂, or equivalently Âx∗ − b̂ = 0.

From the above, it may seem that the conditions for optimality are the
same as for the equality-constrained problem whose set of constraints is

Âx = b̂. But this will not be the case because here we have greater freedom
in choosing feasible directions; we can choose a direction that makes one or

more active constraints inactive while remaining feasible. So, to ensure that
x∗ is locally optimal, no such direction should lower the objective function

value in the neighborhood of x∗.

Given x∗ such that Âx∗ = b̂, we find a matrix Z whose columns represent

the null space of Â. As we have seen earlier, for any pZ , the search direction
p = Zp

Z
is such that the Â(x∗ + εZp

Z
) = b̂ for all ε. This condition is often

spoken of as “staying on” the � active constraints. We first consider the
behavior of f(x) along such a direction:

f(x∗ + εZp
Z
) = f(x∗) + εp

Z
ZTg(x∗) + · · ·

Exactly as in the equality-constrained case, we see that ZTg(x∗) must be
zero if x = x∗ is a minimizer. As we have seen earlier (e.g., page 424), this
condition is equivalent to stating that g(x∗) must be a linear combination

of the columns of ÂT.

So far these conditions are the same first-order necessary conditions as
for the equality-constrained problem. However, we know that in this case

we are allowed to construct feasible directions that make active constraints
inactive. In fact, the set F of feasible directions at x = x∗ with respect to

active inequality constraints includes all vectors p that satisfy

Âp ≥ 0. (12.15)

Thus we also need to consider whether f can decrease along any direction
p satisfying (12.15) above. To simplify the analysis, consider a direction p
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such that

Âj.p = 1 for some j, and Âi.p = 0 for i 
= j. (12.16)

(In matrix notation we can write this as Âp = I.j.) That is, p is chosen so

that a very small movement along such a direction p will maintain the status
of all the active constraints, except the j-th active constraint, as equalities.

Any movement along such a direction p will cause the j-th constraint to
become inactive while maintaining feasibility. This is referred to as “moving
off” the j-th constraint. It is easy to show that such a direction p always

exists if Â has full rank.

Since we are interested in determining whether a movement along such a
direction p will decrease the function value, we examine under what condi-

tions p will be a descent direction. Clearly the direction p will be a direction
of descent for the function f if

pTg(x∗) < 0. (12.17)

However, from the necessary condition of optimality derived earlier, we have

g(x∗) = ÂTλ∗. (12.18)

Combining (12.16), (12.17), and (12.18), we obtain

pTg(x∗) = λ∗
jÂj.p < 0

as the requirement for descent in that direction. By construction, Âj.p > 0,

so if λ∗
j < 0, it would then be possible to decrease f(x) from its value at

x = x∗ and remain feasible, in which case x∗ would not be a minimizer for

the linear-inequality problem (12.14). Examining each active constraint j
in this manner, we see that an additional necessary condition for optimality

is

λ∗
i ≥ 0 for i = 1, . . . , � (12.19)

or, in vector form,

λ∗ ≥ 0. (12.20)

The above result does not require Â to be of full rank, but for our purposes
we will continue to assume that Â is of full rank to simplify the exposition.
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We could include all the vectors Ai. in the relationship between g(x∗)
and {Ai.} but require that the multiplier corresponding to an inactive con-

straint be zero. This would be equivalent to imposing the complementarity
condition that

λ∗
i (Ai.x− bi) = 0 for all i = 1, . . . , m,

which implies that if a constraint is inactive, its multiplier must be zero.

For implementation purposes, there is no need to compute the Lagrange
multipliers for the inactive constraints because they are known to be zero.

Instead, we only need to compute the Lagrange multipliers that correspond
to the active constraints.

As for the equality constrained case, we note that the matrix ZTG(x∗)Z

must be positive semidefinite.

Necessary and sufficient conditions for a minimum

In summary, the necessary conditions for x∗ to be a local minimizer of (12.14)

are:

1. Ax∗ ≥ b and Âx∗ = b̂.

2. ZTg(x∗) = 0 (or equivalently g(x∗) = ÂTλ∗) where ÂZ = 0.

3. λ∗ ≥ 0.

4. ZTG(x∗)Z is positive semidefinite.

It can be shown that the second-order sufficient conditions for x∗ to be an

isolated local minimizer of (12.14) are:

1. Ax∗ ≥ b and Âx∗ = b̂.

2. ZTg(x∗) = 0 (or equivalently g(x∗) = ÂTλ∗ where ÂZ = 0).

3. λ∗ ≥ 0.

4. ZTG(x∗)Z is positive definite.

5. If λ∗
i = 0, then pTG(x∗)p > 0 for all p such that Ai.p > 0.
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Example 12.8: LINEAR INEQUALITY PROBLEM. Consider the 3-variable
optimization problem

minimize 2x2
1 + x2

2 + x2
3 − 12x1

subject to x1 + x2 ≤ 2

x3 ≤ 1.

Rewriting this in “≥” form, we obtain

minimize 2x2
1 + x2

2 + x2
3 − 12x1

subject to −x1 − x2 ≥ −2
− x3 ≥ −1.

At a feasible point x̄ = (0, 0, 1), the first constraint is inactive and the

second constraint is active. The coefficient matrix of the active constraint
is

Â = [0 0 − 1]

and a corresponding basis of the null space is given by

Z =

⎡⎣ 1 0
0 1

0 0

⎤⎦ .

The gradient at x̄ is g(x̄) = (4x̄1 − 12, 2x̄2, 2x̄3) = (0, 0, 2). The projected

gradient at x̄ is

ZTg(x̄) =

[
1 0 0
0 1 0

]⎡⎣ 0
0
2

⎤⎦ =

[
0
0

]
.

The Hessian matrix is

G(x̄) =

⎡⎣ 4 0 0

0 2 0
0 0 2

⎤⎦ .

The projected Hessian is

ZTG(x̄)Z =

[
1 0 0

0 1 0

]⎡⎣ 4 0 0

0 2 0
0 0 2

⎤⎦⎡⎣ 1 0

0 1
0 0

⎤⎦ =

[
4 0

0 2

]
.

The projected gradient is zero and the projected Hessian is positive definite.

If all the constraints were linear equalities, these conditions would be suffi-
cient to declare x̄ as an optimal solution. Here we need to check the sign on



CHAPTER 12: PROBLEMS WITH LINEAR CONSTRAINTS 441

the multiplier by solving ÂTλ = g(x̄), that is, by solving⎡⎣ 0

0
−1

⎤⎦λ =

⎡⎣ 0

0
2

⎤⎦
results in λ = −2. This means that the objective function can be decreased

by moving off the active constraint at x̄, that is x̄3 = 1. A search direction
to do this is computed by solving Âp = 1, so we solve[

0 0 −1
]
p = 1

to obtain p = (0, 0,−1). This is clearly a feasible descent direction.

12.4 Active Set Methods

If the active set at an optimal solution x = x∗ were known for

(LIP)
minimize f(x)
subject to Ax ≥ b,

then x = x∗ would also solve the corresponding equality-constrained problem

minimize f(x)

subject to Âx = b̂.

We have already seen that there are a variety of methods for solving problems

with linear equality constraints. Consequently, we shall consider a family
of algorithms for solving (LIP) that are based directly on algorithms for

(LEP). To do this, we select a working set of constraints to be treated as
equality constraints.2

2The language used in the concept of the working set is often a bit troublesome. For
one thing, there is the question of how a working set differs from an active set. This is
not so hard to resolve: an active set may have linearly dependent constraints whereas a
working set may not. Constraints belonging to a working set are active, but not all active
constraints belong to a working set. Indeed a working set is the set of indices of a maximal
set of linearly independent active constraints. The trouble (in our view) comes from the
fact that an active set is defined as the set of indices (subscripts) of active constraints, i.e.,
those satisfying ci(x̄) = 0. Now when the constraints are linear inequalities of the form
Ax ≥ b (leading to c(x) = Ax − b ≥ 0), one has to wonder if it is correct to refer to A or
some subset of its rows as a working set. There is, of course, an obvious correspondence
between the indices and the rows. This terminology problem is somewhat similar to the
one in linear programming wherein basic variables are sometimes spoken of as elements
of the basis. A basis in the sense of linear programming is a matrix, and variables are not
matrices.
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We next describe an active set algorithm that uses the following notation.
As before, the gradient at iteration k will be denoted by gk = g(xk). The

coefficient matrix of the active constraints in the working set at iteration
k will be denoted by Âk, and the null space corresponding to Âk will be

denoted by Zk.

Algorithm 12.1 (An Active Set Algorithm) For simplicity of exposition,

we will assume that the set of active constraints at every iteration are linearly
independent; i.e., the working set and active set are the same. Set k = 0

and let x0, a feasible point, be given. Construct A(x0), the set of indices of
all constraints that are active at x0, and let Â0 be the associated coefficient

matrix of the working set of active constraints. Compute the gradient g0 =
g(x0).

1. Test for convergence. There are two possibilities:

(a) A(xk) = ∅ (no constraints are active). If the projected gradient
satisfies

||(Zk)
Tgk|| ≤ √ε

M
,

report x∗ = xk as the solution and stop.

(b) A(xk) 
= ∅ (at least one constraint is active). If the system ÂT
kλ =

gk has a solution, say λ = λ̄, and λ̄ ≥ 0, then report x∗ = xk as
the solution and stop.

2. Compute a search direction. There are three cases to consider here:
no constraints active, and, one or more constraints active when xk is
a solution of the current equality-constrained problem and when it is

not a solution.

(a) A(xk) = ∅ (no constraints are active). In this case the search

direction pk is unconstrained.

(b) A(xk) 
= ∅ (at least one constraint is active).

i. ÂT
kλ̄ = gk. Pick λ̄s < 0, for some j = s. In this case the

search direction will be such that the constraint j = s will

leave the active set A(xk). That is, find a descent direction
p = pk that solves Âkp = I.s.
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ii. ÂT
kλ 
= gk for any λ. In this case, construct a search direc-

tion that continues to satisfy the active constraints. That is,

given gZ = ZT
kgk, find a pZ such that (gZ)TpZ < 0 and con-

struct pk = ZkpZ
. (Any of the search directions—steepest-

descent direction, Newton direction, quasi-Newton direction,
conjugate-gradient direction—discussed earlier can be used

here.)

3. Compute a steplength. A steplength is computed so that the objective
function decreases and the next iterate is feasible.

(a) Compute the maximum positive step α = Δ that can be taken

before an inactive constraint becomes active. The bound Δ is
given by

Δ = min

⎧⎨⎩
bi −Ai.xk

Ai.p
for all i 
∈ A(xk), Ai.p < 0,

∞.

(b) Compute a steplength α = αk ≤ Δ using one of the algorithms

described in Section 9.8.

4. Update the iterate. Using pk and αk, determine the next iterate xk+1 =
xk + αkpk. Depending on the search direction used, other quantities

may also need to be updated. In addition, update the working set if
necessary, as follows:

(a) If Step 2(a) was executed, then constraint s needs to be deleted

from the working active set; i.e. A(xk+1) = A(xk)\{s}; otherwise
A(xk+1) = A(xk).

(b) If αk = Δ < ∞, then a constraint r becomes active and should be

added to the working active set. That is A(xk+1) = A(xk)∪ {r}.
If αk = Δ = ∞, then the objective function is unbounded below.

As a part of updating the active set, also update (or compute) the

representation of Zk+1. Assign k ← k + 1. Return to Step 1.

Further discussion of this algorithm

When α = Δ, several constraints may be satisfied exactly at the new point,

so that there is a tie for the nearest constraint. When this happens, only
one of these is added at this step (it may be necessary to add some of the
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other constraints at other steps). The effect of adding a constraint depends
on the representation of Z and the method used to compute p. According

to the Active Set Algorithm described above, a constraint is added to the
working set as soon as αk = Δ. This strategy ensures feasibility at the next

iteration. However, other strategies can also be used to retain feasibility as
well as prevent a change to the active set at the very next iteration. For

example, a constraint with index i that is not in the working set at iteration
k, but is exactly satisfied at xk+1, can be added to the working set only if

Ai.pk+1 < 0.

In Algorithm 12.1, constraints can be added to the active set as the
iterations proceed. However, the decision to delete a constraint is only made
when the underlying equality-constrained subproblem is solved exactly. In

practice, it is inefficient to solve such problems exactly; instead decisions are
made to delete constraints even when ÂT

kλ 
= gk. In this case, the system is

solved in the least-squares sense, and the components of the solution vector
λ are referred to as Lagrange multiplier estimates.

When a subproblem is solved inaccurately, the decision to delete a con-

straint is difficult because the exact behavior cannot be predicted from the
Lagrange multiplier estimates. Due to this, a constraint may be repeatedly

deleted and added to the working set (a phenomenon known as zig-zagging).
Various strategies have been proposed to avoid zig-zagging. See Rosen [168]

for one such strategy.

As stated above, the search direction for a given active set may be com-

puted using any of the methods (for example, steepest descent, Newton, or
quasi-Newton) considered for the linear equality-constrained problem.

Finding an initial solution

So far, in discussing the Active Set Method for linear inequality problems,

we have assumed that an initial feasible solution is available. Because the
constraints are linear, we can apply the same techniques that we did for

LPs. In Section 4.1, we discussed approaches to finding an initial feasible
solution; one such approach, called Phase I, was that of applying the Simplex
Algorithm to a modified LP. In Phase I an alternative objective function was

defined as the sum of artificial variables with the intent of driving the values
of such variables to zero to obtain a feasible solution of the original problem if
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one exists. The same approach can be used for the linear inequality problem.
Then in Section 7.2 we described a computationally better approach, called

minimizing the sum of infeasibilities , for finding an initial feasible solution.
The same approach can also be used here.

In Active Set Methods, we can also use the approach of minimizing the

sum of infeasibilities (in modified form), whereby we work with the inequal-
ity constraints without introducing any slack variables. We describe this

next.

Once again consider the inequality-constrained problem (12.14), repeated
here for convenience:

(LIP)
minimize f(x)

subject to Ax ≥ b, where A is m× n.

Pick any point x0 ∈ Rn and evaluate each inequality constraint to determine

whether it is violated at x0. If none of the inequality constraints are violated
at x0, then we have a feasible starting solution. If x0 violates one or more
constraints, then create

V(x0) = {j : Aj.x0 < bj},
the set of indices of the violated constraints at x0. For j ∈ V(x0), define the
corresponding infeasibility at x to be bj −Aj.x. Next construct the sum of

the infeasibilities:∑
j∈V(x0)

(bj −Aj.x) = −
∑

j∈V(x0)

Aj.x +
∑

j∈V(x0)

bj.

The additive constant on the right-hand side above can be dropped in the

corresponding Phase I problem which is

minimize −
∑

j∈V(x0)

Aj.x

subject to Ak.x ≥ bk for k 
∈ V(x0).

This Phase I problem is solved by the Active Set Algorithm 12.1, with
starting point x = x0.

There are several comments worth making about this.

1. At each subsequent iteration the index set of violated constraints will

depend on the iterate xk and may change. Thus the Phase I problem
may require reformulation at every iteration.



446 LINEAR AND NONLINEAR OPTIMIZATION

2. As a consequence of the set of violated constraints changing at each
iteration, the objective function is piecewise linear.

3. Because the objective function is piecewise linear, the search direction

at each iteration is the steepest-descent direction.

4. When moving along a search direction, care must be taken to ensure
that the step is not unbounded. This is done by ensuring that the step

is taken to the final constraint to become feasible. This maximizes the
number of constraints that are no longer violated.

12.5 Special cases

In this section we shall consider three special cases of the linear inequality

problem (12.14):

1. Bound-constrained minimization.

2. Quadratic programming.

3. Linear programming.

The special case of bound-constrained minimization

A special case of (LIP) occurs when the constraints are all simple bounds

on the variables3. That is, the problem (12.14) is stated as

minimize f(x)

subject to l ≤ x ≤ u.
(12.21)

Both l and u are in Rn, hence their components are finite. We will see that

such bounds do not impact the computations by much.

Bound-constrained problems are important in practice for at least a cou-
ple of reasons:

1. In practical problems bounds are imposed on the variables, even if

such variables are, in principle, free.

3These are also called box-constrained problems.
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2. Even if the problem at hand is an unconstrained optimization problem,
it may be useful to introduce bounds to ensure that the function is

evaluated at reasonable points during the solution process. In such
cases, if an artificially bounded variable is at one of its bounds in the

optimal solution, it maybe that the bound is incorrectly set or that
there is an error in the formulation.

For ease of exposition, we rewrite (12.21) in the form of (12.14), that is,

minimize f(x)

subject to x ≥ l
−x ≥ −u.

(12.22)

The problem has 2n inequality constraints. In this case, considerable sim-

plifications occur, allowing us, for example, to construct Z without any com-
putation as a subset of columns of the identity matrix.

A bound constraint for xj is active if xj is equal to one of its bounds. A

variable xj corresponding to an active bound constraint is said to be a fixed
component; other variables are called free. A typical iterate x is partitioned

into its fixed components xFX and its free components xFR. The working set
is defined by the indices of the fixed components.

Because the rows of the inequality constraints are simple bounds, it fol-
lows that the coefficient matrix, Â, of the active constraints is comprised of

signed rows of an n×n identity matrix corresponding to the fixed variables.
(For such a problem, the working set is the same as the active set.) In this

case a basis, Z, for the null space can be constructed as the complementary
set of columns of the corresponding identity matrix.

Example 12.9: SPECIAL FORM OF Â AND Z. For the bound-constrained
problem

minimize 1
2 (x2

1 + 2x2
2 + 4x2

3 + 2x2
4)− 6x2

subject to 1 ≤ x1 ≤ 5
2 ≤ x2 ≤ 4
0 ≤ x3 ≤ 8

−2 ≤ x4 ≤ 4,

suppose the current iterate is (x1, x2, x3, x4) = (5, 3, 3, −2). In this case,
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two constraints are active: x1 = 5 and x4 = −2; thus Â and Z are given by

Â =

[−1 0 0 0

0 0 0 1

]
and Z =

⎡⎢⎢⎣
0 0
1 0

0 1
0 0

⎤⎥⎥⎦ .

The simple form of the working set of constraints and the correspond-
ing null space results in a considerable simplification of all the algorithms

described earlier. For the search direction p, only the components pFR cor-
responding to the n− � free variables need to be specified; the other compo-

nents pFX will be zero. For example, Newton’s Method requires the solution
of ZTGZpZ = −ZTg at each iteration. Since the columns of Z are columns
of the identity matrix, this reduces to solving

GFRpFR = −gFR.

If the Hessian matrix is not readily available, then we can obtain a finite-
difference approximation of the the Hessian and apply the discrete Newton

Method (see Section 10.2) to (12.22). In this case only the elements of the
submatrix GFR will need to be computed by the finite-difference operations.

The quasi-Newton Methods can be simplified in a similar manner.

Example 12.10: NEWTON SEARCH DIRECTION. For the problem defined

in Example 12.9, the Hessian matrix G = Diag(1, 2, 4, 2) is constant. At the
specified iterate, the gradient is

g(x) = (x1, 2x2− 6, 4x3, 2x4) = (5, 0, 12,−4).

We note that

ZTg =

[
0 1 0 0

0 0 1 0

]⎡⎢⎢⎣
5
0

12
−4

⎤⎥⎥⎦ =

[
0

12

]

= 0.

The Newton direction is computed by solving ZTGZpZ = −ZTg which re-
duces to the equation GFRpFR = −gFR, that is,

[
0 1 0 0

0 0 1 0

]⎡⎢⎢⎣
1 0 0 0
0 2 0 0

0 0 4 0
0 0 0 2

⎤⎥⎥⎦
⎡⎢⎢⎣

0 0
1 0

0 1
0 0

⎤⎥⎥⎦ pZ =

[
2 0

0 4

]
pZ = −ZTg = −

[
0

12

]
.
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Hence pZ = (0, −3) and the Newton direction is p = ZpZ = (0, 0,−3, 0).
The steplength α is chosen to ensure a decrease in the objective function

value while ensuring that no constraints are violated. That is, α is chosen so
that f(x + αp) < f(x) and l ≤ x + αp ≤ u. This results in α = 1, whereby

x3 reaches its lower bound, thus the iterate is (5, 3, 0,−2).

The coefficient matrix Â of the new active constraints and the matrix Z
are

Â =

⎡⎣−1 0 0 0
0 0 1 0

0 0 0 1

⎤⎦ and Z =

⎡⎢⎢⎣
0
1

0
0

⎤⎥⎥⎦ .

Because the coefficient matrix of the active constraints consists of signed

rows of the identity matrix, it is easy to see that the first-order Lagrange
multipliers are signed elements of the gradient corresponding to the variables
that are fixed at their bounds; in particular,

if xi = li, then λi = gi; and, if xi = ui, then λi = −gi.

Suppose that we are at an intermediate solution, where ZTg = gFR = 0,

but the solution is not optimal for (12.21) as determined by the signs on the
Lagrange multipliers. The search direction will be computed so as to move
off one of the constraints in the working set. To do this, we pick a variable at

its lower bound with a negative multiplier or a variable at its upper bound
with a positive multiplier. At this iteration, one constraint will become

inactive. At this, or a subsequent iteration, another inactive constraint may
become active. Due to the simple nature of the bound constraints, such

changes in the working set involve fixing a variable to its bound and/or
freeing a variable from its bound.

Example 12.11: LAGRANGE MULIPLIERS. For the problem defined in Ex-
ample 12.9, and the iterate determined at the end of Example 12.10, the

gradient at the iterate is

g(x) = (x1, 2x2 − 6, 4x3, 2x4) = (5, 0, 0,−4).

We note that ZTg = 0 and so we are at a local minimum with respect to the
current working set, and hence the Lagrange multipliers exist. The Lagrange
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multipliers are computed by solving the consistent set of equations4 ÂTλ = g,
that is, ⎡⎢⎢⎣

−1 0 0
0 0 0

0 1 0
0 0 1

⎤⎥⎥⎦λ =

⎡⎢⎢⎣
5
0

0
−4

⎤⎥⎥⎦ or λ =

⎡⎣−5

0
−4

⎤⎦ =

⎡⎣−g1

g3

g4

⎤⎦ .

Because x4 is at its lower bound and λ4 < 0, the solution is not optimal and
we can reduce the objective function value by moving off this bound.

The special case of quadratic programming

Recall that a quadratic programming problem is one of the form (12.14) in

which f(x) is a quadratic function, i.e., f(x) = 1
2xTHx + cTx, where H is a

symmetric matrix.

One aspect of nonlinear programming—and quadratic programming in

particular—is that differences in notation and presentation can disguise the
fact that some algorithms are actually equivalent. For example, one algo-

rithm may be presented in terms of a tableau, another may be in terms of a
particular representation of Z, and so forth. They may in fact be equivalent

in the sense that, when applied to the same problem, they generate exactly
the same sequence of iterates.

If ZTHZ is positive definite for Z corresponding to every active set, (i.e.,
f is bounded below in every null space), then the step to the minimum of f

in a null space spanned by the columns of Z is given by ZpZ , where pZ solves

ZTHZp
Z

= −ZTg(x) = −ZT(c + Hx).

That is, a step of unity along such a pZ is a step to the minimum of f
restricted to the null space specified by Z.

The search direction ZpZ is computed at the current iterate x = x̄. If a

step of unity can be taken without reaching another constraint boundary,
we must have reached the minimum with respect to the current working

set. The Lagrange multipliers can then be evaluated to determine whether

4This system may look improper because the number of equations exceeds the number
of variables. Nevertheless, the system has a solution because the gradient is orthogonal
to the columns of Z and so must lie in the range space of ÂT.
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a minimum has been found or whether the index of a constraint should be
deleted from the current working set. Otherwise, if an inactive constraint

becomes active at some steplength α < 1, then the index of this newly
satisfied active constraint is added to the working set, and the process is

continued.

In the paragraphs below, we present two closely related examples. Both
have the same constraints and same objective function, except that in one

example we minimize the objective and in the other we minimize its neg-
ative, i.e., we maximize the objective. These examples illustrate the steps

of the Active Set Method and reveal some properties that distinguish these
quadratic programs from linear programs and from each other.

Example 12.12: QP WITH A STRICTLY CONVEX MINIMAND. The vector

x0 = (0, 0) is clearly feasible for the quadratic program

minimize 1
2(2x2

1 − 4x1x2 + 4x2
2)− 2x1 − 6x2

subject to −x1 − x2 ≥ −2
x1 − 2x2 ≥ −2

x1 ≥ 0

x2 ≥ 0.

As mentioned above, the feasible region of this program is a polytope, so
there is no question about the existence of minimizer of its objective func-

tion. In this case, the objective function is strictly convex, so the problem
has a unique (global) minimum. Our aim here is to find it using the Active

Set Method.

In this discussion, we include the nonnegativity constraints with the other
linear inequalities. In all, then, we have m = 4 linear inequality constraints.

For this problem the data are

A =

⎡⎢⎢⎣
−1 −1

1 −2
1 0

0 1

⎤⎥⎥⎦ , b =

⎡⎢⎢⎣
−2

−2
0

0

⎤⎥⎥⎦ , c =

[−2
−6

]
, H =

[
2 −2
−2 4

]
.

The objective function f(x) = cTx + 1
2xTHx has the gradient g(x) =

∇f(x) = c + Hx and constant Hessian H . The gradient at any point x
is given by

g(x) = ∇f(x) =

[
2x1 − 2x2 − 2

−2x1 + 4x2 − 6

]
.
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We note that the unconstrained minimizer of f is −H−1c = (5, 4) which
does not satisfy the constraints of the problem, hence we use an algorithm

to find the solution of the constrained optimization problem.

At the starting point x0 = (0, 0), the third and fourth constraints are
active, so we have A(x0) = {3, 4} = W(x0). Then we have

Â =

[
1 0
0 1

]
, b̂ =

[
0
0

]
.

Since Â is a nonsingular matrix, its null space is the zero vector. At this

point, we have g(x0) = (−2, −6), ZTg(x0) = 0, and A(x0) 
= ∅, so we
compute

λ̄ = (Â−1)Tg(x0) =

[
1 0
0 1

] [ −2
−6

]
=

[ −2
−6

]
.

Since this is not a nonnegative vector, we are going to drop one of the
constraints from the working set, namely constraint 4. (This will allow the

variable x2 to become positive.) Accordingly, we revise some definitions as
follows:

Â =
[

1 0
]
, b̂ =

[
0
]
, Z =

[
0
1

]
.

What all this says is that we are presently enforcing the constraint x1 = 0.

In this simple situation, there can’t be much mystery about what the search
direction will be, but we compute it anyway. The reduced Newton direction

vector is

p = −Z(ZTHZ)−1ZTg(x0) =

[
0

3/2

]
.

The idea now is to move from x0 to x0 + αp for some α > 0. The value
α = 1 corresponds to the global minimizer of f restricted to the line x1 = 0.
It is easy to check that this point is infeasible. We need a smaller α. We

find it by enforcing the feasibility condition A(0 + αp) ≥ b :⎡⎢⎢⎣
−1 −1

1 −2

1 0
0 1

⎤⎥⎥⎦[ 0

(3/2)α

]
≥

⎡⎢⎢⎣
−2
−2

0
0

⎤⎥⎥⎦ .

This turns out to imply that α ≤ 2/3. Thus, the steplength at the current
iterate is 2/3. We define the next iterate to be x1 = x0 + (2/3)p = (0, 1).
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For this iterate, we have A(x1) = {2, 3} = W(x1); the other corresponding
data are

Â =

[
1 −2
1 0

]
, b̂ =

[ −2
0

]
, Z =

[
0
0

]
, Â−1 = 1

2

[
0 2
−1 1

]
.

At the beginning of the next iteration, we have g(x1) = (−4, −2),
ZTg(x1) = 0, and A(x1) 
= ∅, so we define the Lagrange multiplier vec-

tor

λ̄ = (Â−1)Tg(x1) = 1
2

[
0 −1
2 1

] [ −4
−2

]
=

[
1
−5

]
.

Since this vector is not nonnegative, we decide to drop constraint 3 from the

working set. This means we are going to enforce constraint 2 but allow the
variable x1 to become positive. Updating, we get

Â =
[

1 −2
]
, b̂ =

[ −2
]
, Z =

[
2
1

]
.

Again we compute a reduced Newton search direction. It is given by the
formula

p = −Z(ZTHZ)−1ZTg(x1) =

[
5

5/2

]
.

To compute the steplength, we consider the system⎡⎢⎢⎣
−1 −1

1 −2

1 0
0 1

⎤⎥⎥⎦[ 5α

1 + (5/2)α

]
≥

⎡⎢⎢⎣
−2
−2

0
0

⎤⎥⎥⎦ .

The maximum value of α for which this holds is 2/15. From this we conclude

that the steplengh is α = min{1, 2/15}= 2/15. Using this, we define a new
iterate x2 = x1 + (2/15)p = (2/3 , 4/3).

Relative to the new iterate x2, we have A(x2) = {1, 2} = W(x2). We

then have

Â =

[ −1 −1

1 −2

]
, b̂ =

[ −2

−2

]
, Z =

[
0

0

]
, Â−1 = 1

3

[ −2 1

−1 −1

]
.

We have g(x2) = (−10/3, −2), ZTg(x2) = 0, and A(x2) 
= ∅. Thus, we need
to compute

λ̄ = (Â−1)Tg(x2) = 1
3

[ −2 −1
1 −1

] [ −10/3
−2

]
=

[
26/9
−4/9

]
.
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We drop the constraint corresponding to the negative component in λ̄,
namely 2. Thus we get a new data set

Â =
[ −1 −1

]
, b̂ =

[ −2
]
, Z =

[ −1

1

]
.

The corresponding reduced Newton direction is

p = −Z(ZTHZ)−1ZTg(x2) =

[
2/15
−2/15

]
.

We see that x2 + αp is feasible for 0 ≤ α ≤ 10. But since 10 is greater

than 1, the latter is our steplength. Thus, we obtain the new iterate x3 =
x2 + 1p = (4/5 , 6/5).

At x3 we have A(x3) = {1} = W(x3). With

Â =
[ −1 −1

]
, b̂ =

[ −2
]
, Z =

[ −1
1

]
,

we find that g(x3) = (−14/5, −14/5), ZTg(x1) = 0, and the corresponding
λ̄ = 14/5 > 0. This tells us that x3 is a local minimizer. Since the objective

function is strictly convex on R2, x3 is the unique global minimizer for this
little quadratic program.

It can be checked that x∗ = x3 = (4/5, 6/5) and λ∗ = (14/5, 0, 0, 0)

satisfy the KKT conditions for this problem.

An important observation

This example illustrates a difference between linear and nonlinear program-

ming, and in particular, quadratic programming. A minimizer of a linearly
constrained nonlinear program with a convex objective function can lie any-

where in the feasible region. In the above example the unique optimal
solution is not at an extreme point of the feasible region.

Example 12.13: QP WITH A STRICTLY CONCAVE MINIMAND. This ex-
ample has the same constraints as in Example 12.12, but its objective func-

tion is strictly concave rather than strictly convex. In such a case, we expect
to find the local minimizers at extreme points of the feasible region.5 If the

5This assertion is based on a theorem due to W.M. Hirsch and A.J. Hoffman [97].
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constraints of the quadratic program

minimize −2x1 − 6x2 − 1
2 (2x2

1 − 4x1x2 + 4x2
2)

subject to −x1 − x2 ≥ −2

x1 − 2x2 ≥ −2

x1 ≥ 0

x2 ≥ 0

are ignored, its objective function has a global maximizer at (−5,−4) and
has no local minimizers. (In the unconstrained case, the objective function

would be unbounded below.) Let us see what the Active Set Method will
do with this problem when we start it at x0 = (0, 0).

This time, the problem data are

A =

⎡⎢⎢⎣
−1 −1

1 −2

1 0
0 1

⎤⎥⎥⎦ , b =

⎡⎢⎢⎣
−2
−2

0
0

⎤⎥⎥⎦ , c =

[ −2

−6

]
, H =

[ −2 2

2 −4

]
.

The gradient at any point x is given by:

g(x) = ∇f(x) =

[−2x1 + 2x2 − 2
2x1 − 4x2 − 6

]
.

At the starting point x0 = (0, 0), the third and fourth constraints are active,
so we have A(x0) = {3, 4} = W(x0). Then we have

Â =

[
1 0
0 1

]
, b̂ =

[
0
0

]
.

Because the matrix Â is nonsingular, its null space is {0}, so for the null

space matrix we take

Z =

[
0
0

]
.

At this point, we have g(x0) = (−2, −6), ZTg(x0) = 0, and A(x0) 
= ∅, so
we compute

λ̄ = (Â−1)Tg(x0) =

[
1 0
0 1

] [ −2
−6

]
=

[ −2
−6

]
.
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Since λ̄ is not nonnegative, the point x0 cannot be a local minimizer. Con-
tinuing as in Example 12.12, we drop constraint 4 from the working set. The

new definitions of interest are

Â =
[

1 0
]
, b̂ =

[
0
]
, Z =

[
0
1

]
.

As before, we seek a feasible descent direction. Computing the reduced
Hessian matrix we find that

ZTHZ = −4.

This is not positive, and hence we know that using it will not result in a
descent direction. In fact the reduced Newton direction is given by

p = −Z(ZTHZ)−1ZTg(x0) =

[
0

−3/2

]
.

This not a descent direction and it is also clearly not a feasible direction

since it leads to a steplength of α = 0. In such situations the Modified
Cholesky factorization (see Algorithm 10.3) would result in a feasible descent
direction. For the purpose of this example, we can simply choose our diretion

to go the other way; that is

p =

[
0

3/2

]
.

The steplength computation leads to α = 2/3; using it we arrive at the point
x1 = (0, 1). The corresponding data are now

W(x1) = {2, 3}, Â =

[
1 −2
1 0

]
, b̂ =

[−2
0

]
, Z =

[
0
0

]
, Â−1 = 1

2

[
0 2

−1 1

]
.

The gradient is g(x1) = (0, −10). Here, too, we have ZTg(x1) = 0 and

A(x1) 
= ∅, so we define the Lagrange multiplier vector

λ̄ = (Â−1)Tg(x1) = 1
2

[
0 −1
2 1

] [
0

−10

]
=

[
5

−5

]
.

This vector is not nonnegative. We drop the constraint corresponding to the
negative component of λ̄. This allows us to make the variable x1 positive.

The new working set is W = {2}, and we now have

Â = [1 − 2], b̂ = [−2], Z =

[
2
1

]
.
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Taking the search direction to be the negative of the projected gradient, we
get p = (4/5, 1/5). The next task is to find the steplength. This turns out

to be 1/6, and the new point reached is x2 = (2/3, 4/3).

At x2 we have A(x2) = W = {1, 2} and

Â =

[ −1 −1

1 −2

]
, b̂ =

[ −2

−2

]
, Z =

[
0

0

]
, Â−1 = 1

3

[ −2 1

−1 −1

]
.

We have g(x2) = (−2/3, −10) and zTg(x2) = 0. We compute the Lagrange

multipliers

λ̄ = (Â−1)Tg(x2) =

[
34/9

28/9

]
.

Since this vector is positive, we stop. The iterate x∗ = x2 satisfies the
first-order necessary conditions of optimality.

Is x∗ a local minimizer? Let’s first check it with the second-order neces-

sary and sufficient conditions for optimality stated in Theorem 11.10, namely

g(x∗)Tp ≥ 0 for all p ∈ F ; (12.23)

pTHp ≥ 0 for all p ∈ F such that g(x∗)Tp = 0. (12.24)

Here F = F (x∗) is the set of feasible directions at x∗. It is given as the
solution set of the homogeneous linear inequality system

−p1 − p2 ≥ 0

p1 − 2p2 ≥ 0.
(12.25)

It follows (by Farkas’s Lemma) from the nonnegativity of the vector λ̄ that

(12.23) holds.6 What about (12.24)? Note that the above inequalities
(12.25) imply p2 ≤ 0. Suppose a vector p ∈ F satisfies g(x∗)Tp = 0, that is,

[−2/3 −10
] [ p1

p2

]
= 0 or p1 + 15p2 = 0. (12.26)

The above condition together with the first inequality of (12.25) implies
p2 ≥ 0. Consequently p2 = 0 and hence p1 = 0, implying that, in this case,
there are no nonzero vectors p ∈ F that satisfy g(x∗)Tp = 0. Therefore

(12.24) holds at x∗.

6Of course, we already know this because the algorithm terminated with a solution of
the first-order necessary condition.
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(2/3, 4/3)

�

�

Figure 12.1: Feasible region for Examples 12.12 and 12.13.

Figure 12.1 pertains to the above two examples. As we have seen, the

solution found in Example 12.12 is (4/5, 6/5) which lies on the boundary of
the feasible region, but not at an extreme point. The local minimizer found

in Example 12.13 is at the extreme point (2/3, 4/3).

The special case of linear programming

When f is a linear function, (LIP) reduces to a linear programming problem

minimize cTx
subject to Ax ≥ b.

(12.27)

If, instead of inequalities, the constraints were all equalities (in which case

it would, of course, not be a linear program), the objective function would
be unbounded below unless there were exactly n independent equality con-

straints (see Exercise 12.1). For the above case (12.27) of all inequality
constraints, it follows that the objective function (assumed nonconstant)
can always be decreased at any iteration where there are fewer than n ac-

tive constraints. As a result, a working set of n independent constraints is
always maintained when solving such a linear programming problem.

Suppose that we have an iterate x̄ where n constraints (assumed to be lin-
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early independent) are in the working set. We would then have the problem
of minimizing cTx subject to Âx = b̂, where Â is of rank n. The Lagrange

multipliers for this equality-constrained problem are given by λ̄, the solution
of

ÂTλ̄ = c.

If λ̄i ≥ 0 for all i, then x̄ is a local minimizer. Otherwise, if λ̄j < 0

for some active constraint Âj., we can decrease the objective function by
moving “off” that constraint, but staying “on” all the others. Because n

constraints are active at x̄, this gives only one possible direction in which to
move, since the search direction must be orthogonal to (n− 1) vectors. The

direction we seek is defined by

Âi.p = 0 (for i 
= j)

Âi.p = 1.

The above relationships imply that the direction p is the solution of the
equations

Âp = I.j.

Hence p is the j-th column of the inverse of Â. Moving along such a di-

rection p will cause the linear objective function to decrease without bound
unless we reach an inactive constraint. If we move past the bound specified

by the inactive constraint, then the inactive constraint would become vio-
lated. Consequently, to preserve feasibility of the iterate, the first constraint

to be hit is added to the working set, and the process is repeated.

The algorithm described above is, in fact, a version of the Simplex Algo-
rithm for linear programming; it involves moving from vertex to vertex of

the polyhedron defined by the set of linear constraints.

Algorithm 12.2 (Simplex Algorithm for LP as an Active Set Algorithm)
Let k = 0. Let x = x0 be a feasible point for (12.27) with corresponding
working set Wk of n linearly independent constraints Â0x = b0.

1. Test for optimality. Compute the Lagrange multipliers by solving

ÂT
k λ̄ = c.

If λ̄i ≥ 0 for all active constraints i, report xk as a solution and stop.
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2. Compute a search direction. If λ̄s < 0, for some active constraint s,
find p such that

Âkp = I.s.

Moving a positive amount along such a p will result in constraint s
being deleted from the working set.

3. Add a constraint to the working set. Find the index of a constraint,
that is not in the working set, that will be reached by a move along p

i.e., find r such that

αr = min

⎧⎨⎩ bi − Âi.xk

Âi.p
for all i 
∈ Wk, Âi.p < 0,

∞.

(a) If α = 0, then no constraint is added to the working set. In
this case the constraint s stays in the working set which remains

unchanged.

(b) If 0 < αr < ∞, add constraint r to the working set, increment k,
update xk and go to Step 1.

(c) If αr = ∞, report the problem as unbounded and stop.

Equivalence to the Revised Simplex Algorithm

To see the equivalence of this algorithm to the Revised Simplex Algorithm,

we consider an LP problem in standard form

minimize cTx
subject to Ax = b

x ≥ 0,

(12.28)

where A is m × n with m < n. Note that the general constraints are all
equalities; the only inequalities are simple bounds, and thus only the bound

constraints may leave or enter the working set; the corresponding system of
equations is of the form

Âx =

[
B N
0 In−m

] [
xB

x
N

]
=

[
b
0

]
= b̂,

where B contains the basic columns an N contains the nonbasic columns.

As described earlier, the variables in x corresponding to B are termed basic
variables are denoted by x

B
. Similarly, columns in N and their associated
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variables xN are termed nonbasic. Note that the equation above says that
x = (x

B
, x

N
) = (B−1b, 0).

Next, partition the vector of Lagrange multipliers into an m-vector λ (the

multipliers corresponding to the linear equality constraints) and an (n−m)-
vector σ (corresponding to the variables fixed at their lower bound). The

equations ÂTμ = c, where μ = (λ, σ), can be written as

ÂTμ =

[
BT 0

NT In−m

] [
λ

σ

]
=

[
BTλ

NTλ + σ

]
=

[
cB

cN

]
,

where cB denotes the components of c corresponding to the basic variables
and c

N
denotes the components corresponding to the nonbasic variables.

Clearly, λ is the solution of the linear system

BTλ = cB

and
σ = cN −NTλ.

The components of σ are the reduced costs that we have seen earlier. Simi-

larly, the solution of Âp = I.s can be written as[
B N
0 In−m

] [
pB

pN

]
= I.s

so that pB is the solution of

BpB = −A.s.

Movement along p to decrease the objective function will cause a basic
variable to encounter one of its bounds (i.e., a new bound constraint will

be added to the working set). This is determined by finding the largest
steplength α such that the inactive constraints remain satisfied, that is,

xB + αpB ≥ 0.

Hence we find α = αr, where r is the r-th column in the basis, such that

αr =

{−(xB)r

(p
B
)r

}
= max

{−(xB)i

(p
B
)i

: (p
B
)i < 0, i = 1, . . . , m

}
= max

{ −(B−1b)i

−(B−1A.s)i
: (p

B
)i < 0, i = 1, . . . , m

}
= max

{
b̄i

− Āis

: Āis > 0, i = 1, . . . , m

}
.
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Each complete iteration of the Revised Simplex Algorithm defined in this
way has the effect of exchanging the status of a basic and a nonbasic variable.

Thus the Revised Simplex Algorithm is equivalent to Algorithm 12.2 applied
to the same problem (12.28).

Example 12.14: SOLUTION OF AN LP BY AN ACTIVE SET METHOD.

We compare the Revised Simplex Method illustrated in Example 4.7 with

the Active Set Method described here. Recall that the LP in standard form
was

minimize 4x1 + 6x2 + 3x3 + x4

subject to x1 + 4x2 + 8x3 + 6x4 + x5 = 11

4x1 + x2 + 2x3 + x4 + x6 = 7
2x1 + 3x2 + x3 + 2x4 + x7 = 2

x1, x2, x3, x4, x5, x6, x7 ≥ 0.

An initial feasible basis B is the identity matrix corresponding to the

slack variables. Corresponding to this B, we have a basic feasible solution
with xB = (x5, x6, x7) = (11, 7, 2); and the vector of costs associated with

the basic variables is cB = (0, 0 , 0). The coefficient matrix corresponding to
the active constraints is

Â =

[
B N
0 I3

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 8 6 1 0 0
4 1 2 1 0 1 0

2 3 1 2 0 0 1

0 0 0 0 1 0 0

0 0 0 0 0 1 0
0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

The inactive constraints correspond to the basic variables xB .

Iteration 1 :

We start by testing for optimality. To do this, we solve ÂTλ̄ = c. As
we noted earlier, this amounts to solving BTλ = c

B
; this is the same set

of equations as in Example 4.7, but with λ instead of y, and we obtain
λ = y = 0. We next compute zj = λTN.j for j = 1, 2, 3, 4 to obtain

(z1, z2, z3, z4) = (0, 0, 0, 0).
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These are the same quantities obtained earlier in Example 4.7. Instead of
looking at the difference zj−cj, we reverse the sign and find an index s such

that
cs − zs = min{cs − zs} = min{−4, −6, −4, −1} = −6,

hence s = 2. The condition for optimality is not satisfied (because of the

sign reversal, we now require cs − zs ≥ 0), and the nonbasic variable x2 is a
candidate for improving the objective function value.

To determine the level at which we can bring x2 into the basic set, we

first solve Âp = I.s; this is equivalent to solving BpB = −A.2 to obtain pB =
(−4, −1, −3). The vector p = (pB, pN) = (−4, −1, −3, 0, 1, 0). Notice that
p

B
= −Ā.2. Next we determine the largest steplength αr along p

B
.

αr =

{−(x
B
)r

(pB)r

}
= max

{
11

−4
,

7

−1
,

2

−3

}
=

2

−3
=

b̄3

−ā32
.

For the Revised Simplex Method, the denominator was the negative of the
values above, and we picked the minimum fraction; other than that, the
operation is identical. Hence we have r = 3. This means that the value of

the index j3 will change from 7 to 2. The new iterate is obtained by setting
x ← x+αp; hence x

B
= x

B
+αp

B
, x2 = α and the new (x

B
)3 = x7 = 0. The

new basis and associated xB will be

B = [A.5 A.6 A.2] =

⎡⎣ 1 0 4

0 1 1
0 0 3

⎤⎦ and xB = (x5, x6, x2) =

(
25

3
,

19

3
,

2

3

)
.

In the Revised Simplex Method, we update the basis B and its factorization,
and then solve BxB = b.

The rest of the iterations proceed in a similar manner.

12.6 Exercises

12.1 In this book we have asserted that a problem of the form

(LEP)
minimize cTx
subject to Ax = b.

is not a proper linear program. This exercise is meant to justify this
statement. To that end, let X = {x : Ax = b}. Show that for any such
problem, exactly one of the following three statements must be true.
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(a) The set X is empty, i.e., the constraints have no solution.

(b) The set X is nonempty, and the objective function cTx is constant on
X.

(c) The set X is nonempty, and the objective function cTx is unbounded
on X.

12.2 Suppose we are given a set

X = {x ∈ Rn : Ax = b} 
= ∅
and a point p ∈ Rn not belonging to X. We seek the point of X that is
closest to p as measured by the Euclidean norm. Assume it is known that
A ∈ Rm×n and rank (A) = m. The problem can be written as

minimize 1
2‖x− p‖2

subject to Ax = b.

The objective function f(x) is just

1
2xTx− pTx + 1

2pTp.

Let B be a basis in A. Let x
B

and x
N

denote the corresponding basic and
nonbasic variables.

(a) Write f as a function of x
N
.

(b) Use this to find a closed-form solution.

12.3 Given Â ∈ R�×n, any vector x ∈ Rn can be decomposed as

x = ÂTx
Â

+ Zx
Z
.

For the linear equality problem (12.1), the linear constraints completely
determine x∗

A as shown in equation (12.8).

(a) Show that when Â is of full rank, x∗
A is the unique solution to (12.8).

(b) Show that when Â is rank-deficient, (12.8) may have no solution, and,
if it does have a solution, then there are infinitely many solutions.

12.4 Consider the (m + n) × (m + n) matrix

H =

[
B A
−AT C

]
,

where B is an m×m symmetric positive definite matrix and C is an n×n
symmetric positive definite matrix. (A matrix having the form H above
is said to be bisymmetric.) Explain why H is positive definite in the sense
that the associated quadratic form zTHz is positive for all z 
= 0.
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12.5 Consider the linear equality problem (LEP):

minimize 1
2xTx + cTx

subject to Âx = b̂,

where
c = (1, 1, 1), Â =

[
1 −1 1

]
, b̂ = 1.

(a) Write down a null space basis Z for the matrix Â.

(b) Let x0 = (1, 1, 1) be an initial point, Write down the projected
Hessian ZTGZ and projected gradient ZTg at x0.

(c) Compute a search direction p using x0 as an initial starting point.
(First find p

Z
and then determine p = Zp

Z
.)

(d) Compute the next approximation (iterate) x1.

(e) Show that x1 is a minimizer.

(f) Justify why it took only one step to find a minimum in this case and
why α was set to 1 instead of using a steplength method.

12.6 Consider the problem:

minimize f(x) = 2x1x2 + x2x3 + x1x3

subject to 3x1 + 3x2 + 2x3 = 3.

(a) Write down the gradient of f .

(b) Express the first-order necessary conditions in the form g(x) = ÂTλ.

(c) Use these equations together with the equality constraint to solve
for x and λ.

(d) Is the solution x a local minimizer? Explain.

12.7 Consider the problem:

minimize f(x) = 1
2xTHx + cTx

where

H =

⎡⎣1 0 0
0 1 0
0 0 −1

⎤⎦ , c =

⎡⎣1
1
1

⎤⎦ ,

(a) Show that the Hessian is indefinite (i.e., neither positive semidefinite
nor negative semidefinite).

(b) Demonstrate that minimizing f(x) results in an unbounded solution
(i.e., f(x) is unbounded below on R3).

(c) If we add the constraint x3 = 4, show that x∗ = (−1,−1, 4) is a
local minimizer of the problem minimize f(x), subject to x3 = 4.
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(d) Compute the Lagrange multiplier λ∗ at x∗.

(i) Is x∗ still a minimizer if we change the constraint to x3 ≥ 4?

(ii) Is x∗ still a minimizer if we change the constraint to x3 ≤ 4?

Justify your answer using the necessary conditions for a linear in-
equality problem.

12.8 Minimize the function

f(x1, x2) = x1 − x2 − x2
1 + x2

2

subject to the constraints given in Examples 12.12 and 12.13.

12.9 The feasible region shown in Figure 12.1 has four extreme points.

(a) Are all of them local minimizers in Example 12.13?

(b) Where is the global minimum located?

12.10 (Based on an example by P.B. Zwart [202].) Consider the quadratic pro-
gram

maximize Q(x) = 2x2
1 + x1x2 + 2x2

subject to 1.5x1 + x2 ≤ 1.4

x1 + x2 ≤ 1

x1 ≥ 0

x2 ≥ −10

(a) Graph the feasible region of this optimization problem.

(b) Is the point x̄ = (0, 1) a local maximum for this problem? Justify
your answer.

12.11 Use the well-known Farkas’s Lemma described on page 125 to establish
the necessary condition (12.20).

12.12 Consider the problem

minimize cTx

subject to Âx = b̂, where Â ∈ R�×n, � < n.

Prove that if x∗ is a solution to the above problem, then every x̄ satisfying
Âx̄ = b̂ is also a minimizer. (Hint: Use the first-order necessary conditions

to show that ẐTc = 0, where the columns of the matrix Ẑ are a basis for
the null space of Â, and examine such points x̄ in terms of feasible moves
from x∗.)
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12.13 Consider the three-variable optimization problem

minimize 2x2
1 − x2

2 + x2
3 − 12x1

subject to x1 + x2 = 2.

(a) Write down the gradient and Hessian of the objective function.

(b) Write down two representations Ẑ and Z of the null space of the

constraint matrix: Ẑ that has orthogonal columns and Z that does
not.

(c) Compute the following three feasible descent search directions at the

point x̄ = (1, 1, 1) using Ẑ and Z in turn.

(i) Rosen’s steepest-descent direction.
(ii) Wolfe’s reduced-gradient direction.
(iii) A Newton search direction.

(d) Why are the Newton search direction and Wolfe’s reduced-gradient
direction multiples of each other for this optimization problem?

12.14 Modify the BFGS Algorithm to specialize it for the bound-constrained
problem (12.21).

12.15 The Barrier-function Method is an interior-point method (one in which
the iterates stay strictly inside the feasible region) that has been used in
solving nonlinear inequality constrained problems. The idea behind the
method is to create a “barrier” at the constraint boundary and relax the
barrier at “appropriate” intervals. The transformation of the objective
function and inequality constraints is such that the problem is converted
to an unconstrained minimization problem.

Consider the linear programming problem:

minimize hTx
subject to Ax ≥ b, where A ∈ Rm×n.

A logarithmic barrier function for the above LP problem is

B(x, ε) = hTx− ε

m∑
i=1

ln (ci(x))

where

ci(x) = Ai.x− bi =

n∑
j=1

aijxj − bi,

and ε > 0 is a small scalar.

(a) Write down the Newton equations by determining the expression for
the first and second derivatives of B(x, ε).
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(b) What can you say about the Hessian matrix at interior points (that
is, where Ax > b)?

12.16 Let A be an �× n matrix of full row rank and let Z be a basis matrix for
N (A) satisfying AZ = 0. Prove the following assertions:

(a) For any vector v,

(I −AT
(
AAT)−1A

)
v = Z(ZTZ)−1ZTv.

(b) If g is any vector in Rn,

g = ATλL + Z(ZTZ)−1g
Z

where g
Z

= ZTg and λL is the least-squares solution of ATλ ≈ g.

(c) If λ̄ is any multiplier estimate with residual r = g −ATλ̄, then

r = AT(λL − λ̄) + Z(ZTZ)−1g
Z

and
||ZTg||(ZTZ)−1 = ‖g −ATλL‖2.



13. PROBLEMS WITH NONLINEAR CONSTRAINTS

Overview

In Chapter 12, we presented an Active Set Method for solving optimization
problems with a nonlinear objective and linear constraints. There we saw

that when moving in a linear direction from one feasible point to another, we
could keep a subset of the constraints active (or satisfied). This, in general,

is not possible for nonlinear constraints, and the development of appropriate
algorithms must take this into account.

As in Chapter 12, we start by deriving optimality conditions for non-

linearly constrained problems by considering feasible moves from a local
minimizer. After this, we present the Penalty-function Method. This trans-

forms a nonlinearly constrained problem into a sequence of unconstrained
problems, the solutions of which converge to an optimal solution of the orig-

inal problem. Penalty-function methods operate from outside of the feasible
region, which means that the iterates are infeasible until an optimal solution
is reached. Next we describe reduced-gradient methods which are based on

techniques for solving nonlinear problems with linear constraints. After this
we describe an Augmented Lagrangian Method (also known as a Multiplier

Method) where the objective function is the Lagrangian of the problem plus
a penalty term of the violated constraints. This is followed by methods

that involve a modification of the Lagrangian as an objective function and
linearization of nonlinear constraints to form subproblems solved by Active

Set Methods. Finally we describe Sequential Quadratic Programming (SQP)
Methods whereby the original problem is approximated by a quadratic pro-

gram at each iteration. The solution of each approximation results in a
search direction for the original problen. Such methods are currently the
most widely used for solving nonlinear programs.

13.1 Nonlinear equality constraints

We begin our discussion with optimization problems of the form

(NEP)

minimize f(x)

subject to ĉ(x) = 0
x ∈ Rn,

(13.1)
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where f is a smooth nonlinear function and ĉ is a vector of � smooth nonlinear
functions1. The reason for using the notation ĉ instead of c will become

clear in our discussion of solution methods for problems containing nonlinear
inequality constraints. In practice, problems of the form (13.1) could have

a linear objective and one or more linear constraints.

In Section 12.1 we saw that one possible approach to solving a problem
with linear equations (12.1) is to find a basis in Â and then obtain the

restriction of f to the set of solutions of the system of linear equations.
This is not always possible when the equations are nonlinear as assumed in

(13.1).

Optimality conditions revisited

In this subsection we derive optimality conditions for the nonlinear equal-
ity problem (13.1) by considering feasible moves from a feasible starting

point. As usual, the derivation of these conditions in this manner helps in
algorithmic design.

With linear equality constraints, it is, in general, possible to specify a set

of feasible directions from a starting feasible point x = x̄, along which unlim-
ited movement always retains feasibility with respect to these constraints.

However, with nonlinear equality constraints, there will not always be such
feasible directions. For example, consider the nonlinear constraint

x2
1 + x2

2 = 4.

In this case, the set of all feasible points (x1, x2) must lie on the circle of

radius 2 centered at the origin. Clearly, given a feasible point (x̄1, x̄2), there
is no p such that (x̄1+εp1, x̄2+εp2) is feasible for all ε > 0. Instead we need

to consider nonlinear movements. In order to do this we look at feasible
arcs starting at x = x̄. An arc2 is defined to be a directed curve γ in Rn

parameterized by a single parameter, say θ, and consisting of more than

one point. A feasible arc starting at x = x̄ is one for which γ(0) = x̄ and
ĉ(γ(θ)) = 0 for all θ ∈ [0, θ̄] with θ̄ > 0.

1In the literature and in this book, the individual functions which make up the vec-
tor ĉ(x) are called constraints, even though by themselves they are not constraints but
constraint functions.

2A more precise definition can be found in Jost’s book, [103, pp. 145–149].
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Let γ : [0, θ̄] → Rn denote a differentiable arc3 in Rn. The tangent to
the arc at x̄ is given by the vector

p =
dγ(θ)

dθ

∣∣∣∣
θ=0

=

(
dγ1(θ)

dθ
,
dγ2(θ)

dθ
, . . . ,

dγn(θ)

dθ

)
= γ̇(0).

If γ(θ) is a feasible arc, then for each i = 1, 2, . . . , �, the chain rule of

differentiation yields

dĉi (γ(θ))

dθ

∣∣∣∣
θ=0

=
(
∇ĉi (γ(θ))

)T
p

∣∣∣∣
θ=0

= Âi.(x̄)p = 0.

Hence

Â(x̄)p = 0, (13.2)

where the rows of Â(x̄) are the rows of the Jacobian matrix of ĉ(x) at x̄

(i.e., they are the transposes of the gradients of the constraints 1, 2, . . . , �
evaluated at x̄).

The fact that the tangent p to a given a feasible arc starting at x̄ satisfies

(13.2) reveals a similarity to the linear equality-constrained case, where every
feasible direction p satisfies Âp = 0. Furthermore, in the linear case, any

nonzero p satisfying Âp = 0 must be a feasible search direction. Can we
draw a similar conclusion in the nonlinear case? That is, if we have a p
that satisifies (13.2) can we conclude that p is tangent to a feasible arc?

Unfortunately the answer is no: not unless other conditions are satisfied.
The following example illustrates a case where we can find many vectors p

satisfying (13.2), none of which are tangent to a feasible arc; in this case,
because no feasible arc exists.

Example 13.1: NO FEASIBLE ARC. The system of constraints

ĉ1(x) = (1− x1)
3 − x2 = 0

ĉ2(x) = x2 = 0

has a unique solution: x̄ = (1, 0). Hence, obviously there is no feasible arc
emanating from x̄. The Jacobian (constraint gradient) matrix evaluated at

x̄ = (1, 0) is:

Â(x̄) =

[−3(1− x̄1)
2 −1

0 1

]
=

[
0 −1
0 1

]
.

3If γ(θ) is an arc and its components are differentiable functions, then it is called a
differentiable arc.
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It is easy to see that any vector p = (β, 0), where β is a real number, satisfies
(13.2). Yet no p is tangent to a feasible arc at x̄ = (1, 0) because there is no

feasible arc at x̄.

First-order necessary conditions

Given a p that satisfies (13.2) at a feasible point x̄, we would like to determine
when it is tangent to a feasible arc emanating at x̄. It turns out that if the

constraints satisfy certain conditions, called constraint qualifications, then
such a p will in fact be tangent to a feasible arc. Here we will be concerned

only with the practical linear independence constraint qualification (LICQ)
introduced earlier on page 373.

Theorem 11.2 specifies the first-order necessary conditions for optimal-

ity in (13.1) with the LICQ as a key hypothesis. Here, analogous to our
treatment of linear equality constraints, we develop these conditions by ex-
amining feasible moves from a minimizer x∗. Clearly such an x∗ must be

feasible, that is, ĉ(x∗) = 0. If the LICQ holds at x∗, every vector p satisfying
Â(x∗)p = 0 is tangent to a feasible arc emanating from x∗. Let γ(θ) denote

an arc with γ(0) = x∗, and let p denote a tangent to γ(θ) at θ = 0. For
f(x) to have a minimum at x∗, it is necessary for the first derivative of f(x)

along the arc to be zero, i.e.,

df (γ(θ))

dθ

∣∣∣∣
θ=0

= 0.

By the chain rule of differentiation, this becomes

pTg(x∗) = 0, (13.3)

where, as before, g(x∗) is the gradient of f(x) evaluated at x = x∗. The
vector p is tangent to a feasible arc and satisfies

Â(x∗)p = 0. (13.4)

As in the linear constraint case, we let Z(x∗) denote a basis for the null

space of Â(x∗); that is, the columns of Z(x∗) are a basis for the set of vectors
orthogonal to the columns of Â(x∗). Note that in the nonlinear case, the

null space ordinarily changes with each iterate. By (13.4), p belongs to the
null space of Â(x∗) and hence can be written in the form

p = Z(x∗)p
Z

(13.5)
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for some pZ . Substituting (13.5) in (13.3), we obtain

pT
ZZ(x∗)Tg(x∗) = 0. (13.6)

Clearly the above will be true for every p that satisfies (13.4), and every

such p is tangent to a feasible arc by the LICQ. Thus, from (13.6) it follows
that the projected gradient is zero at x∗, that is to say

Z(x∗)Tg(x∗) = 0. (13.7)

This implies that g(x∗) is orthogonal to the columns of Z(x∗). Thus, a

statement equivalent to (13.7) is

g(x∗) = Â(x∗)Tλ∗. (13.8)

The components of λ∗ are the Lagrange multipliers. Equation (13.8) says
that if the LICQ holds at x∗, then x∗ is a stationary point of the Lagrangian

function

L(x, λ∗) = f(x)−
�∑

i=1

λ∗
i ĉi(x) = f(x)− (λ∗)Tĉ(x). (13.9)

As noted earlier, if x∗ is feasible and the LICQ holds, then (13.8) expresses

the Lagrangian first-order necessary conditions of optimality at that point.

Second-order necessary conditions

The derivation of second-order necessary conditions for (NEP) is a lot more
complicated than it is for the linear equality problem, hence we just state
these conditions here. If the LICQ holds at x∗, the second-order necessary

conditions for x∗ to be a local minimizer of (NEP) are that

g(x∗) = Â(x∗)Tλ∗ (13.10)

and

Z(x∗)TW (x∗, λ∗)Z(x∗) (13.11)

must be positive semidefinite, where W (x, λ) is the Hessian of the La-

grangian function, i.e.,

W (x, λ) = G(x)−
�∑

i=1

λiĜi(x), (13.12)

with G(x) and Ĝi(x) being the Hessian matrices of the objective function f
and the constraint function ĉi, respectively.
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Second-order sufficient conditions

The second-order sufficient conditions for x∗ to be an isolated local mini-
mizer of (NEP) are that all the following hold:

1. The constraints are satisfied at x∗, that is ĉ(x∗) = 0.

2. The projected gradient is zero: Z(x∗)Tg(x∗) = 0, where Z(x∗) denote
a basis for the null space with respect to the constraint gradients which
are the columns of Â(x∗). Equivalently the objective function gradient

lies in the range space of the constraint gradients: g(x∗) = Â(x∗)Tλ∗.

3. The projected Lagrangian Hessian Z(x∗)TW (x∗, λ∗)Z(x∗) is positive
definite, where W (x∗, λ∗)Z(x∗) is the Hessian of the Lagrangian func-

tion.

Some observations

1. As its notation indicates, the matrix Z(x), the columns of which are

a basis for the null space with of Â(x), is a function of the point x at
which the constraints are evaluated.

2. Feasible moves from a point x̄ are along a feasible arc. This is im-

portant for analysis, however, algorithms construct linear search di-
rections.

3. At a local minimizer x∗, the gradient of f might, in general, not be

zero, but the projected gradient must be zero. Furthermore x∗ is a sta-
tionary point of the Lagrangian function L(x, λ∗), and not necessarily

an unconstrained minimizer of f .

4. The necessary conditions for x∗ to be a local minimizer require only
that the projected Hessian of the Lagrangian Z(x∗)TW (x∗, λ∗)Z(x∗)

be positive semidefinite. The Hessian of the Lagrangian W (x∗, λ∗)
need not be positive definite.

Example 13.2: SECOND-ORDER CONDITIONS. Here we illustrate how

the second-order conditions are used to determine if a point satisfying the
first-order conditions is a minimizer (see Figure 13.1). Consider the following
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problem of minimizing a linear function subject to the constraint that all
feasible points lie on a circle:

minimize x1 + x2

subject to x2
1 + x2

2 − 4 = 0.

The constraint gradient is given by Â(x) = (2x1, 2x2). The objective func-

tion gradient is g(x) = (1, 1) for all x. The Hessian matrix of the constraint
is

Ĝ(x) =

[
2 0
0 2

]
.

A null space representation of the Jacobian as a function of x is

Z(x) =

[
1

−1

]
.

The Lagrangian and its Hessian are

L(x, λ) = x1 + x2 − λ(x2
1 + x2

2 − 4)

W (x, λ) = G(x)− λĜ(x) = −λĜ(x) = −λ

[
2 0

0 2

]
.

We examine the optimality conditions at two points: x̄ = (
√

2,
√

2) and

x̂ = (−√2,−√2). At x̄, the first-order conditions g(x̄) = Â(x̄)Tλ̄ are satis-
fied with λ̄ = 1/(2

√
2) because[

1
1

]
=

[
2
√

2

2
√

2

]
λ̄.

The Hessian of the Lagrangian at x̄ is

W (x̄, λ̄) = − 1

2
√

2

[
2 0

0 2

]
,

which is not positive definite. However, recall that we are interested in the
projected Hessian of the Lagrangian, that is,

Z(x̄)TW (x̄, λ̄)Z(x̄) = − 1

2
√

2

[
1

−1

]T[
2 0

0 2

] [
1

−1

]
= −√2,

which is also not positive definite. Thus, the second-order sufficient con-
ditions do not hold at x̄, and we cannot conclude that it is a strict local
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• x̄ = (
√

2,
√

2)

•x̂ = (−√2,−√2)

minimize x1 + x2

subject to x2
1 + x2

2 − 4 = 0.

Figure 13.1: Minimizing a linear function over a circle.

minimizer. In fact, in this case, the second-order necessary conditions also
do not hold.

Next consider x̂. The first-order condition[
1
1

]
=

[
2
√

2

2
√

2

]
λ̂

holds with λ̂ = −1/(2
√

2). The sign of λ̂ is not relevant because the con-
straint is an equation. The Hessian of the Lagrangian at x̂ is

W (x̂, λ̂) =
1

2
√

2

[
2 0

0 2

]
,

which is positive definite and, hence, so is the projected Hessian of the
Lagrangian:

Z(x̂)TW (x̂, λ̂)Z(x̂) =
1

2
√

2

[
1

−1

]T[
2 0

0 2

] [
1

−1

]
=
√

2.

Thus, the second-order sufficient conditions show that x̂ is an isolated local
minimizer for the problem.
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13.2 Nonlinear inequality constraints

The nonlinear inequality-constrained problem is stated as

(NIP)

minimize f(x)

subject to c(x) ≥ 0

x ∈ Rn,

(13.13)

where f is a smooth nonlinear function and c is a vector of m smooth
nonlinear functions. Without loss of generality we have assumed that the
constraints are of the form c(x) ≥ 0. For the present discussion we assume

(as we did in the previous section) that f and all the constraint functions
of (13.13) are nonlinear.

Optimality conditions revisited

As before we will examine feasible moves from a feasible point. Here the

definitions of active, inactive, violated, and feasible are analogous to those
for the linear inequality case, (see page 435).

The active set of constraints A(x̄) at a point x = x̄

A(x̄) = {i : ci(x̄) = 0}.

As in the linear case, it is important to recognize the active constraints
because, as we shall see shortly, feasible moves from a feasible point x = x̄ are

restricted with respect to active constraints, and unrestricted with respect
to inactive constraints. For this reasons, the active constraints play a major

role in the optimality conditions. Indeed, a key part of any algorithm for
(13.13) will be to find the active set corresponding to an optimal solution.

As in the linear-inequality constrained case, if ci(x) is inactive at x̄, then

ci(x̄ + εp) ≥ 0

for sufficiently small ε and all p. For active constraints, however, feasible
moves are restricted as noted above. As we have seen, in general, there is

no direction such that a move along it will maintain the status of an active
constraint remaining active. For the active constraint ĉj(x̄) = 0, any move
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from x̄ that remains feasible with respect to the j-th constraint must satisfy
ĉj(x̄ + εp) ≥ 0. For any ε > 0, Taylor’s Theorem gives us

ĉj(x̄ + εp) = ĉj(x̄) + εÂj.(x̄)Tp +
ε2

2
pTĜj(x̄)p + · · ·

where Âj.(x̄) denotes the transpose of the gradient of the j-th constraint,
and Ĝj(x̄) is Hessian of the j-th constraint. Then, to the first order, the

direction p should satisfy
Âj.(x̄)p ≥ 0. (13.14)

First-order necessary conditions

Let x = x∗ be a local minimizer of (13.13) and let ĉ(x∗) denote the vector of
active constraints of which there are, say, �. If the constraint qualification

LICQ holds, then x∗ must satisfy the necessary conditions corresponding to
the equality constrained problem (13.1). That is,

Z(x∗)Tg(x∗) = 0,

where the columns of Z(x∗) represent the null space of Â(x∗) as noted in

Section 13.1. This is equivalent to saying

g(x∗) = Â(x∗)Tλ∗.

Note that if � = 0, the null space can be represented by an identity matrix,

and we have a stationary point of the objective function.

However here, in contrast to the equality-constrained case, we have addi-
tional freedom in choosing p; we can move off one or more of the active con-

straints and stay feasible. Thus, there will be additional conditions satisfied
if x = x∗ is a minimizer of (13.13). As in the linear inequality-constrained

case, consider a direction p such that

Âj.(x∗)p > 0

Âi.(x∗)p = 0 for i 
= j.
(13.15)

If the objective function f is decreasing along such a feasible direction p,
then x∗ is not a local minimizer. Thus, there can be no such direction p

that satisfies the above. This implies that

g(x∗)Tp ≥ 0. (13.16)
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Substituting g(x∗) = Â(x∗)Tλ∗, we obtain

λ∗TÂ(x∗)p ≥ 0.

Combining this with (13.15) we get

λ∗
j Âj.(x∗)Tp ≥ 0,

which implies that λ∗
j ≥ 0. If in fact λj < 0, then there would exist a

feasible descent direction along which we can move off the j-th constraint

and decrease the value of the objective function f .

Second-order necessary conditions

If the LICQ holds at x = x∗, the necessary conditions for x = x∗ to be a
minimizer of (13.13) are:

1. The constraints are feasible at x∗, that is, c(x∗) ≥ 0, with ĉ(x∗) = 0.

2. The projected gradient is zero: Z(x∗)Tg(x∗) = 0, where Z(x∗) denotes
a basis for the null space with respect to the constraint gradients which
are the columns of Â(x∗). Equivalently the objective function gradient

lies in the range space of the constraint gradients: g(x∗) = Â(x∗)Tλ∗.

3. The Lagrange multipliers are nonnegative, that is, λ∗ ≥ 0.

4. The projected Hessian of the Lagrangian Z(x∗)TW (x∗, λ∗)Z(x∗) is

positive semidefinite, where W is the Hessian of the Lagrangian func-
tion and is defined by (13.4).

Second-order sufficient conditions

Sufficient conditions for x∗ to be a solution of (13.13) are that all second-

order necessary conditions hold and that the projected Hessian of the La-
grangian mentioned in condition 4 is positive definite instead of positive

semidefinite.

Example 13.3: OPTIMALITY—NONLINEAR INEQUALITY CONSTRAINTS.

We show how the first- and second-order conditions are used to determine

if a point is a minimizer. Consider a modification of the problem discussed
in Example 13.2 to minimize a linear function subject to the inequality
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constraint that all feasible points lie inside a circle of radius 2 centered at
(0, 0).

minimize x1 + x2

subject to x2
1 + x2

2 − 4 ≤ 0.

Suppose that the current iterate is x̄ = (
√

2,
√

2) where the constraint is

active; the first-order conditions g(x̄) = Â(x̄)T̄λ are satisfied with λ̄ =
1/(2

√
2) > 0 because [

1
1

]
=

[
2
√

2

2
√

2

]
λ̄.

At a minimizer, for ≥ constraints, the first-order optimality conditions re-
quire λ̄ ≥ 0. Since our inequality constraint is ≤, we require λ̄ ≤ 0; hence x̄
is not a minimizer.

Next consider x̂ = (−√2,−√2). The first-order condition[
1
1

]
=

[
2
√

2

2
√

2

]
λ̂

holds with λ̂ = −1/(2
√

2). Because λ̂ < 0, the point x̂ satisfies the first-order

conditions of optimality. The projected Hessian of the Lagrangian,

Z(x̄)TW (x̄, λ̄)Z(x̄) =
1

2
√

2

[
1

−1

]T[
2 0

0 2

] [
1

−1

]
=
√

2,

is positive definite. Thus, the second-order sufficient conditions show that

x̂ is an isolated local minimizer.

13.3 Overview of algorithm design

When we considered algorithms for unconstrained nonlinear functions, the

approach consisted of attempting to reduce the function value at each iter-
ation from an initial starting point. This involved solving two subproblems:

• Determining a search direction p.

• Calculating a steplength α to obtain a decrease in the value of the
objective function by moving in the search direction p.
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The algorithms for linear constraints consisted of the same two subproblems
with the added restriction of starting with a feasible point and then main-

taining feasibility during the solution of the subproblems. The subproblems,
slightly modified, were:

• Determining a feasible search direction p.

• Calculating a steplength α to obtain a decrease in the value of the
objective function while maintaining feasibility.

In both the unconstrained and linearly constrained case, the determination

of the search direction, as discussed in this book, was deterministic because
the amount of computation needed was known. However, the computation

of the steplength was adaptive; that is, it was not possible to determine
in advance how many iterations would be required to compute it. In both

these cases, the progress of the algorithm was measured by observing the
reduction of the objective function value at each iteration.

For nonlinearly constrained optimization problems, similar ideas apply.

In this case, both the subproblems are often solved adaptively. Typically
the search direction is obtained by solving a linearly constrained optimiza-

tion problem. However, complications may arise during the solution of a
subproblem to determine a search direction p; the subproblem may have no
solution or may be unbounded, even though the full optimization problem

is well defined and has a solution. When the subproblem has a solution, we
call it a valid subproblem, otherwise we call it a defective subproblem; see

Example 13.7. When the subproblem is defective, a well-designed algorithm
should have the ability to recover, for example, by providing an alternate

subproblem.

In the nonlinearly constrained case, movement along a search direction
does not maintain feasibility, in general. Hence, the progress of the execution

of the algorithms should not be measured only by observing the decrease
in value of the objective function value. Instead, we need to find a way

to balance the goals of maintaining feasibility and reducing the objective
function value at each iteration. We do this by employing a merit function
defined so as to balance these two goals. In the unconstrained case and the

linearly constrained case, we also implicitly used a simple merit function:
the given objective function.
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13.4 Penalty-function Methods

The idea behind a penalty-function method is to create an unconstrained
subproblem such that constraint violations result in a large value (“penalty”)

being added to the objective function. This, in effect, is a merit function.
The solution of such a subproblem is then examined. If the constraints are

not satisfied, then a new subproblem is created that increases the impact
of constraint violations; this is done by increasing the penalty parameter.

The process is repeated until termination conditions are satisfied. Such
a method has the advantage of being simple, but it has some disadvan-

tages as we shall see. Probably the biggest disadvantage is that it is not
a feasible-point method; hence, if the algorithm is terminated prematurely,
the solution obtained might not satisfy the constraints of the original prob-

lem. Such an approach was first proposed in 1943 by Courant [38]. Penalty
functions are also called exterior penalty functions because the iterates of

the unconstrained subproblem start outside the feasible region and converge
to an optimal solution satisfying the feasibility conditions in the limit.

Algorithm outline

Many different forms exist for specifying penalty functions. They can be
created to be differentiable or nondifferentiable; we will look at both such
types of penalty functions. A nonlinearly constrained problem (13.13) is

converted to an unconstrained problem with minimand

F (x, ρ) = f(x) + ρP (x), (13.17)

where P (x) is a function that measures constraint violations and ρ ≥ 1 is
termed the penalty parameter. A measure of the constraint violations can

be, for example, the sum of the squares of the violations or the sum of the
absolute value of the violations. The penalty parameter ρ magnifies the level
of constraint violations. Thus as ρ is increased, the expectation is that the

algorithm will attempt to drive the constraint violations to zero.

Independent of the particular penalty function used, a penalty function
algorithm has the following form.

Algorithm 13.1 (A Penalty Function Algorithm Outline) Given a nonlin-
ear program with nonlinear constraints, create an unconstrained subproblem
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with objective function F (x, ρ) as in (13.17). Set k = 0. Set ρ0 = 1, for
example. Pick a constant β > 1 for updating the penalty parameter. Let

x0(ρ0) be a starting point and include only the constraints that are violated
into the penalty part of the objective function. (Note that the starting point

does not depend on ρ0; we use this convention to distinguish between the
starting points of the various subproblems.) Pick a tolerance τc such that

constraints satisfied to within this tolerance are considered to be feasible.

1. Test for convergence. If the first-order optimality conditions are met
and the constraints are satisfied to the pre-specified tolerance τc, stop

and report the solution.

2. Solve subproblem k. Let the solution to the unconstrained subproblem
be x∗(ρk). (We assume for this discussion that the subproblem is not
defective.) Any of the techniques for solving an unconstrained problem

can be used here. Some care must be exercised in case (contrary to our
assumption) the subproblem actually is defective. The iterations for

the subproblem are referred to as minor iterations. During the solu-
tion process, constraints that become feasible have their contributions

removed from the penalty term; similarly constraints that were feasi-
ble but become infeasible at the new iterate have their contributions

added back to the penalty term.

3. Update for the next major iteration. Set the initial solution for the
next subproblem to the optimal solution of the current subproblem:
x0(ρk+1) = x∗(ρk). Let k ← k + 1. Update the penalty parameter,

ρk+1 = βρk. Go to Step 1.

Properties of successive x∗(ρ)

Let x∗(ρ) denote a local minimizer of the penalty function F (x, ρ). Given
that ρk+1 > ρk, it can be shown (see, for example, Fiacco and McCormick,

[64], and Luenberger and Ye [125, p. 403]) that successive minima x∗(ρk) of
the penalty function subproblems (13.17) have the following properties:

1. The optimal objective function values of the subproblems are nonde-

creasing:

F (x∗(ρk+1), ρk+1) ≥ F (x∗(ρk), ρk) .
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2. The objective function values of the original problem is nondecreasing
when computed at a minimizer of each successive subproblem:

f (x∗(ρk+1)) ≥ f (x∗(ρk)) .

3. The measure of constraint infeasibilities is nonincreasing with the so-

lution of each subproblem:

P (x∗(ρk+1)) ≤ P (x∗(ρk)) .

4. The x∗(ρ) approach a local minimizer of the original problem:

lim
ρ→∞

x∗(ρ) = x∗. (13.18)

The quadratic penalty function

A commonly used differentiable penalty function is the quadratic penalty

function. The penalty term consists of the sum of squares of the violated
constraints multiplied by a penalty parameter ρ.

Equality constraints are treated a bit differently than inequality con-

straints. If the nonlinear optimization problem has equality constraints,
then all of them are included in the penalty term. Equality constraints are
always considered to be violated, whether or not they actually are; if they

are satisfied, then their contribution to the quadratic penalty function will
be zero, which is what we desire.

Example 13.4: PENALTY FUNCTION FOR EQUALITY CONSTRAINTS.

Consider the following two-variable nonlinear program with one equality
constraint.

minimize x2
1 + x2

2

subject to x2
1 − x2

2 − 2 = 0.

The quadratic penalty function associated with the above for a fixed ρ is:

minimize F (x, ρ) = (x2
1 + x2

2) +
ρ

2
(x2

1 − x2
2 − 2)2.

Notice that the penalty parameter is divided by 2; the reason for doing this
is to avoid a multiplication by 2 when the gradient is computed.
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When inequality constraints are present, the form is a bit different. The
contribution of the inequality constraints evaluated at any point x̄ is zero if

they are satisfied and positive if they are violated.

Example 13.5: PENALTY FUNCTION FOR INEQUALITY CONSTRAINTS.

Consider the following two-variable nonlinear program with one inequality

constraint:
minimize x2

1 + x2
2

subject to x2
1 − x2

2 − 4 ≥ 0.

For a fixed ρ, the quadratic penalty function associated with the above

inequality-constrained problem is

minimize F (x, ρ) = (x2
1 + x2

2) +
ρ

2

(
max{0, (−x2

1 + x2
2 + 4)})2 .

In this case, the function F is continuous, but its gradient is not.

In general, the quadratic penalty function for an equality-constrained
nonlinear program (13.1) is

F (x, ρ) = f(x) +
ρ

2

�∑
i=1

(ĉi(x))2 = f(x) +
ρ

2
ĉ(x)Tĉ(x). (13.19)

For the nonlinearly constrained problem (11.1), it is

F (x, ρ) = f(x) +
ρ

2

m∑
i=1

(max{0,−ci(x)})2 = f(x) +
ρ

2
c̃(x)Tc̃(x), (13.20)

where c̃(x) contains all the constraints violated at the current iterate. Recall
that equality constraints are considered to be violated. Thus c̃(x) contains

all the violated inequality constraints and all the equality constraints. The
term c̃(x)Tc̃(x) is called the penalty term. Note that the penalty term has

continuous first derivatives but has discontinuous second derivatives wher-
ever an inequality constraint changes from satisfied to violated, or vice versa.

Increasing the penalty parameter ρ in successive subproblems

As before, let x∗ denote a solution to the original nonlinear optimization
problem and let x∗(ρ) denote the minimum of the penalty function subprob-

lem minx F (x, ρ). As we have noted earlier in (13.18), limρ→∞ x∗(ρ) = x∗.
We illustrate this with a simple example.
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Example 13.6: INCREASING ρ. Consider the following univariate opti-
mization problem with one linear inequality constraint:

minimize x2

subject to x ≥ 1.

In this case, the constraint is a linear-inequality, and we could use the Active
Set Method described in Chapter 12. Here we set up a penalty function
problem to illustrate the limiting behavior of solutions to penalty-function

subproblems. The quadratic penalty-function subproblem associated with
the above problem is

F (x, ρ) =

{
x2 + (ρ/2)(x− 1)2 if x < 1

x2 otherwise.

When we start at an infeasible point, the first-order conditions of optimality
for the unconstrained penalty function result in x∗(ρ) as the minimizer. In
this case,

2x∗(ρ) + ρ(x∗(ρ)− 1) = 0 or x∗(ρ) =
ρ

ρ + 2
.

It is easy to see that

lim
ρ→∞

x∗(ρ) = 1 = x∗.

In Figure 13.2, we can observe that x∗(ρ) is approaching x∗ as a sequence

of quadratic problems is solved with increasing ρ.

Why do we solve a sequence of subproblems?

At the k-th major iteration, the solution found is denoted by x∗(ρk). We
have stated that the sequence {x∗(ρk)} converges to a solution of the original

problem as we increase ρk for each successive major iteration. So it would
be reasonable to ask: why not just choose ρ to be a very large number at

the start, for example ρ = 1030, and either find a solution right away or cut
down on the number of subproblems that need to be solved? The reason

we do not start with a very large ρ has to do with numerical stability, in
particular ill-conditioning. It turns out that the condition number of the

Hessian of the quadratic penalty function increases with the size of ρ as the
solution of the subproblem is reached. It can be shown that the Hessian
becomes singular in the limit; see Murray [142]. This results in numerical

difficulties for any unconstrained minimization algorithm. To avoid them,
we solve a sequence of unconstrained problems, with ρ being increased for
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Figure 13.2: Penalty-function Method.

each successive subproblem, and then stop when a reasonable approximation
to the solution is reached.

Defective subproblem

The purpose of constructing a penalty function subproblem is to obtain a

local minimizer of the penalty function which, for sufficiently large ρ, is
near a minimizer x∗ of the original problem. When the problems are well-

behaved this works fine; however, the penalty function subproblem may be
defective in the sense that the penalty function may be unbounded below as

illustrated in the following example due to Powell [160].

Example 13.7: DEFECTIVE SUBPROBLEM. Consider the univariate opti-

mization problem
minimize x3

subject to x− 1 = 0.

The quadratic penalty function associated with this problem is

F (x, ρ) = x3 +
ρ

2
(x− 1)2.

Clearly this function is unbounded below for all ρ > 0, thereby making the
subproblem defective.
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Lagrange multipliers

We next discuss how each penalty function subproblem provides an esti-
mate of the Lagrange multipliers of the original problem. Let x∗(ρ) be an

unconstrained minimizer of the penalty function, let g be the gradient of the
original objective function, let Â be a matrix whose rows are the gradients

of the violated constraints, and let c̃ be the vector of violated constraints.
The first-order necessary optimality conditions for the penalty function sub-

problem are

0 = ∇F (x∗(ρ), ρ) = g (x∗(ρ)) + ρÂ (x∗(ρ))Tc̃ (x∗(ρ))

or

g (x∗(ρ)) = Â (x∗(ρ))T(−ρc̃ (x∗(ρ))) = −ρÂ (x∗(ρ))Tc̃ (x∗(ρ)) .

This says that gT is a linear combination of the rows of Â. Thus, estimates
of the Lagrange multipliers at a minimizer x∗ of the original problem are
given by

λ∗(ρ) = −ρc̃ (x∗(ρ)) . (13.21)

It can be shown that
lim

ρ→∞
λ∗(ρ) = λ∗; (13.22)

see, for example, Nocedal and Wright [152, p. 497].

An exact penalty function

We mentioned earlier that as ρ is increased during the solution process,

the quadratic penalty function becomes more and more ill-conditioned. We
can obtain an alternative well-conditioned penalty function by allowing it

to be nondifferentiable. A popular nondifferentiable penalty function is the
absolute-value penalty function given by

FE(x, ρ) = f(x) + ρ
∑

i∈V(x̄)

∣∣ci(x)
∣∣ = f(x) + ρ‖c̃(x)‖1,

where V(x̄) is the set of indices of all the violated inequality constraints at
x̄ and all the equality constraints; as before c̃(x) is the vector of all the

violated inequality constraints at x̄ and all the equality constraints.

It can be shown that there exists a ρ̄ such that a minimizer x∗ of the
original problem is also an unconstrained minimizer of F

E
(x, ρ) for all ρ > ρ̄,
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see [84]. Because of this property, FE(x, ρ) is sometimes called an exact
penalty function.

Example 13.8: EXACT PENALTY FUNCTION. Consider the univariate op-

timization problem
minimize x2

subject to x− 1 = 0.

The absolute-value penalty function associated with it is

FE(x, ρ) = x2 + ρ|x− 1|.
It is straightforward to see that for any ρ > 2, the unconstrained minimizer
x∗ of FE(x, ρ) is 1.

While an exact penalty function is better conditioned than the quadratic

penalty function, it is nondifferentiable. Furthermore, the other issues asso-
ciated with penalty functions persist.

13.5 Reduced-gradient and Gradient-projection Methods

The Reduced-gradient and Gradient-projection Methods for nonlinearly con-
strained optimization problems are based on extending the techniques used
for solving nonlinear optimization problems with linear constraints. In the

linear equality-constrained case, the search directions were chosen to pre-
serve the active constraints. When nonlinear constraints are present, it is

not possible to satisfy the active nonlinear constraints by moving in a lin-
ear search direction, and so the algorithms have to include a method for

correcting the next iterate to satisfy the active constraints.

Recall that one idea to solve the linearly constrained nonlinear prob-
lem (12.1) was to find a basis, and then eliminate the corresponding basic

variables so as to obtain a restriction of the objective function to nonbasic
variables and solve for these nonbasic variables. It was noted there that

the explicit elimination of the basic variables was not necessary; instead
we could find search directions that were restricted to the null space of the
constraint matrix. Using this approach, we showed on page 427 that the

steepest-descent direction is

pk = −Zp
Z

= −Z(ZTZ)−1ZTgk, (13.23)
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where gk is the gradient of the objective function, and Z is a matrix whose
columns are a basis for the null space of the constraint matrix Â. This

direction was first suggested by Rosen [168], who termed the related algo-
rithm the Gradient-projection Algorithm. Later Wolfe [195] suggested using

a modified version of the direction

pk = −ZZTgk (13.24)

which he termed the reduced-gradient direction. Notice that (13.24) and
(13.23) are of the same form when the columns of Z are orthonormal vectors.

When applying this approach to the nonlinear equality-constrained prob-

lem (13.1), the constraint gradients are represented by Âk = Â(xk) and the
null space corresponding to this matrix is denoted by Zk. At each iteration,

the constraint gradients change and so does the null space representation.
As a result, a search direction pk computed to be in the null space Zk is
not typically in the null space at an updated point xk + αpk. A movement

along a linear direction such as pk almost surely causes the next iterate
to violate the nonlinear equality constraints ĉ(x) = 0. Thus, as a part of

this algorithm, the next step is to modify the iterate so that it satisfies the
constraints ĉ(x) = 0.

One approach to restoring feasibility is to define

sk = αpk + YkpY ,

where α is a scalar. The columns of Yk form a basis for the range space of

the constraints at xk, and the vector pY is to be determined so that xk + sk

is feasible. Hence we attempt to solve the nonlinear equations

ĉ(xk + sk) = ĉ(xk + αpk + YkpY ) = 0 (13.25)

by varying α. This is not an easy problem to solve because sufficient decrease

of the objective function is also required; we want f(xk + sk) ≤ f(xk) − δ
for some positive scalar δ > 0. It is not enough to just find any α and pY .

Even after a solution is obtained, a further adjustment may be required of
α and the system re-solved. It should be noted that for (13.25) it is possible
that no such p

Y
exists or the solution process encounters difficulties.

A widely used method of this type is the GRG (Generalized Reduced-

Gradient) Method which was developed by Abadie and Carpentier [2] (the
original paper appeared in French in 1965). The Microsoft Excel spreadsheet



CHAPTER 13: PROBLEMS WITH NONLINEAR CONSTRAINTS 491

software includes a solver which employs a GRG-type method developed by
Lasdon and Waren [121].

The original GRG method used the representation of Zk (as described

on page 431):

Ẑk =

[−V −1U
I

]
,

where Âk = [V U ] and V is an � × � matrix. Now if we partition pk as
(p

V
, p

U
), we can see that p

Z
= p

U
.

When the constraints are “nearly linear,” Reduced-gradient Algorithms

can work quite well. When this is not so, then in general, they can be inef-
ficient due to the fact that they can take many tiny steps along a nonlinear

constraint boundary.

As for the linearly constrained case, we can define a Newton direction by

ZT
kWkZkpZ = −ZT

kgk,

where Wk is the Hessian of the Lagrangian function at iteration k.

When nonlinear inequality constraints are present, the method can be
extended along the lines of the Active Set Methods for linear inequality

constraints. But there are complications, since now it is essential to make
sure that the previously satisfied constraints are not violated when adjusting
α to solve (13.25). In the linear-inequality case this was straightforward to

ensure, but it is not necessarily so in the nonlinear-inequality case. We
note that some Reduced-gradient Methods convert all nonlinear inequality

constraints to equalities by the addition of slack variables that are subject
to simple bounds, and then implement an active set strategy where only the

bounds are the inequalities.

13.6 Augmented Lagrangian Methods

Augmented Lagrangian Methods are also known as Multiplier Methods. In
such methods, the objective function is the usual Lagrangian plus a penalty
term. In contrast to Penalty-function Methods, Augmented Lagrangian

Methods construct an unconstrained optimization subproblem such that ill-
conditioning does not have to occur as the penalty parameter is increased,
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and, furthermore, the objective function of the subproblem is continuously
differentiable. The reduction in the possibility of ill-conditioning is done

through the introduction of explicit multipliers in the objective function.
As a consequence, any of the approaches for unconstrained nonlinear op-

timization can be applied to the augmented Lagrangian function. These
methods can be applied to both equality and inequality constraints.

We start by considering the nonlinear equality-constrained problem (13.1)

and defining the equivalent optimization problem where the objective func-
tion is the Lagrangian of (13.1).

minimize f(x)− λT̂c(x)

subject to ĉ(x) = 0
x ∈ Rn.

(13.26)

The equivalence of the above to (13.1) follows from the observation that

adding multiples of its equality constraints to the objective function cannot
affect the optimal solution.

Next we construct a penalty function of the form

L
A
(x, λ, ρ) = f(x)− λTĉ(x) +

ρ

2
ĉ(x)Tĉ(x). (13.27)

This function is called the augmented Lagrangian because it is the La-

grangian of (13.1) with a penalty term added to it. If we knew the optimal
multipliers λ = λ∗ for (13.1), then the gradient with respect to x of the

function LA(x, λ, ρ) would be zero at x∗, that is,

∇LA(x∗, λ∗, ρ) = ∇f(x∗)− (λ∗)T∇ĉ(x∗) + ρ∇ĉ(x∗)Tĉ(x∗)

= g(x∗)− (λ∗)TÂ(x∗) = 0,

where Â(x∗) is the matrix whose rows are the gradients of the constraints
at x∗. It can be shown (see Nocedal and Wright [152]) that under mild

conditions, given λ = λ∗, there exists a ρ̄ such that for all ρ > ρ̄, x∗ is a
minimizer of LA(x, λ∗, ρ). In this sense the augmented Lagrangian function

is an exact penalty function for (13.26); see Section 13.4.

Example 13.9: AUGMENTED LAGRANGIAN. Consider the following prob-
lem of minimizing a quadratic function subject to a linear constraint:

minimize 1
2 (x2

1 + x2
2)

subject to x1 + x2 − 2 = 0.
(13.28)
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In this case, the constraint gradient, the gradient of the objective function,
and the Hessian of the objective function are as follows:

∇ĉ(x) =

(
1

1

)
, g(x) =

(
x1

x2

)
, and G(x) =

[
1 0

0 1

]
,

which means that every stationary point of the objective function that sat-
isfies the constraint is optimal. A null space representation of the constraint

Jacobian as a function of x is

Z(x) =

[
1

−1

]
.

For a feasible x to be optimal it must satisfy Z(x)Tg(x) = 0; thus

x1 = x2.

Hence x∗
1 = x∗

2 = 1. Solving ÂTλ = g results in λ∗ = 1.

The augmented Lagrangian for (13.28) is

LA(x, λ, ρ) = 1
2(x2

1 + x2
2)− λ(x1 + x2 − 2) + ρ

2 (x1 + x2 − 2)2.

The gradient of the augmented Lagrangian function with respect to x is
given by

∇LA(x, λ, ρ) =

[
(1 + ρ)x1 + ρx2 − λ− 2ρ

ρx1 + (1 + ρ)x2 − λ− 2ρ

]
.

Setting the gradient equal to zero, we obtain the stationary point

x(λ, ρ) =

⎡⎢⎢⎣
2ρ + λ

2ρ + 1

2ρ + λ

2ρ + 1

⎤⎥⎥⎦ .

In this case, if we substitute λ = λ∗ = 1, thereby making x(1, ρ) = (1, 1),

the solution is independent of the value of ρ > ρ̄ = 0 as noted earlier. This
implies that as λ is chosen closer to the true optimal value, the iterates

approach the optimal solution of the original problem.

It might appear that we should be able to use the Lagrangian function

L(x, λ) = f(x) − λTĉ(x) as the unconstrained objective function. However
this is not so: x∗ is not necessarily a minimizer of L(x, λ) even if λ∗ is known.
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Example 13.10: LAGRANGIAN AS THE UNCONSTRAINED OBJECTIVE.

Consider the problem of minimizing f(x1, x2) = x2 subject to the constraints

c1(x) = −x9
1 + x3

2 ≥ 0

c2(x) = x9
1 + x3

2 ≥ 0

c3(x) = x2
1 + (x2 + 1)2 − 1 ≥ 0.

(13.29)

The first two constraints imply that x3
2 ≥ 0 and hence that x2 ≥ 0. The

solutions of the third constraint are the points outside the open disc of radius
1 centered at (0,−1). It follows that the feasible region is a proper subset of

the upper half plane in R2. Indeed, it is clear that x∗
2 = 0 is the minimum

value of the objective function, but no feasible point other than x∗ = (0, 0)

has its second coordinate equal to zero. Consequently, the optimal solution
of this problem is x∗ = (0, 0). All three constraints are active at this point.

We have ∇f(x∗) = (0, 1). As for the constraints, ∇ci(x
∗) = (0, 0) for

i = 1, 2 and ∇c3(x
∗) = (0, 2). The rows of the Jacobian matrix at x∗ are

clearly not linearly independent, so the LICQ does not hold in this case.4

Nevertheless, the first-order optimality conditions are satisfied at x∗. To see

this, let

L(x, λ) = f(x)− λ1c1(x)− λ2c2(x)− λ3c3(x).

The stationarity condition ∇xL(x, λ) = 0 has the solution (x∗, λ∗) where
x∗ is as above, and λ∗ = (λ∗

1, λ
∗
2, λ

∗
3) = (λ∗

1, λ
∗
2, 1/2) for arbitrary values of

λ∗
1, λ

∗
2 ≥ 0. The vector λ∗ = (0, 0, 1/2) can be used as a vector of Lagrange

multipliers in the first-order optimality conditions.

Now fix λ = λ∗ as above and consider the problem

min
x

M(x) = L(x, λ∗) = x2 − 1
2 [x2

1 + (x2 + 1)2 − 1].

It is clear that

∇2M(x∗) =

[−1 0

0 −1

]
,

which is negative definite. In fact, the minimand M(x) in this problem is

strictly concave on R2 and has no local minimum there. Thus, even when
an optimal set of multipliers λ∗ is known in advance, it not always the case

that the original constrained minimization problem can be reduced to the
unconstrained minimization of L(x, λ∗).

4It can be shown that the Karush-Kuhn-Tucker constraint qualification does hold here.
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The penalty parameter ρ in the augmented Lagrangian function plays an
important role. In fact, the augmented Lagrangian function has x∗ as its

minimizer when λ∗ is known and ρ is sufficiently large. We illustrate this in
the next example.

Example 13.11: CHOICE OF ρ. The augmented Lagrangian for (13.29) in
Example 13.10 is

L(x, λ, ρ) = x3
1 + x3

2 − λ(x1 + x2 + 2) +
ρ

2
(x1 + x2 + 2)2. (13.30)

Its Hessian matrix is given by

∇2L(x, λ, ρ) =

[
6x1 + ρ 0

0 6x2 + ρ

]
.

As long as ρ > 6, the Hessian will be positive definite, and x∗ = (−1, −1)
will be a minimizer of the augmented Lagrangian.

In general, the multipliers λ∗ will not be known. Thus, it makes sense
to estimate them, solve the subproblem and then update the multiplier

estimate; this is why such an approach is sometimes called the Method of
Multipliers.

We have already noted that the penalty term is required in order to

successfully find a minimizer. The choice of ρ is quite important; if ρ is
chosen to be too small, the augmented Lagrangian function may be defective,

whereas, if ρ is chosen to be too large, then the Hessian of the augmented
Lagrangian function may become ill-conditioned.

Example 13.12: ILL CONDITIONING OF ∇2L
A
(x, λ, ρ). The Hessian ma-

trix of the augmented Lagrangian of Example 13.9 is given by

W (x, λ, ρ) = ∇2L
A
(x, λ, ρ) =

[
1 + ρ ρ

ρ 1 + ρ

]
.

As ρ becomes large, all the terms become almost equal implying that the
matrix is close to being singular.

Next we show how the multiplier estimates are updated. Let λk be an
estimate of the Lagrange multipliers during iteration k, and let ρk be the
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current penalty factor. The subproblem to be solved requires minimizing
L(x, λk, ρk). At a minimizer xk of this subproblem, we must have

g(x)− Â(xk)
Tλk + ρÂ(xk)

Tĉ(xk) = 0,

or
g(x)− Â(xk)

T(λk − ρĉ(xk)) = g(x)− Â(xk)
Tλk+1 = 0.

This implies that the Lagrange multipliers can be updated by the formula

λk+1 = λk − ρĉ(xk). (13.31)

Example 13.13: UPDATING MULTIPLIER ESTIMATES. Let λk be the La-
grange multiplier estimate at iteration k, and let ρk be the corresponding

penalty parameter. Then a stationary point for the augmented Lagrangian
of Example 13.9 is given by

xk(λk, ρk) =

⎡⎢⎢⎣
2ρk + λk

2ρk + 1

2ρk + λk

2ρk + 1

⎤⎥⎥⎦ .

For the next iteration, the Lagrange multiplier estimate is updated taking
(13.31) to be:

λk+1 = λk − ρk

(
2ρk + λk

2ρk + 1
+

2ρk + λk

2ρk + 1
− 2

)
= λk − ρk

(
2λk − 2

2ρk + 1

)
=

λk + 2ρk

2ρk + 1
.

The optimizer x∗ is a stationary point of the Lagrangian only if λ = λ∗.

Thus, Augmented Lagrangian Methods will converge only if λk converges to
λ∗. In fact, it can be shown that the rate of convergence of xk to x∗ will be

no better than the rate of convergence of the multiplier estimates λk to λ∗;
see [84]. This result implies that even an otherwise quadratically convergent
algorithm used to solve the subproblems will not converge quadratically

unless a second-order estimate of the multipliers is used. In the exposition
above, we have described how to obtain first-order estimates of the Lagrange
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multipliers; for a discussion on second-order estimates of the multipliers, see
[84].

An outline of an Augmented Lagrangian Method is shown below.

Algorithm 13.2 (Augmented Lagrangian Method) Let K be the maxi-

mum number iterations allowed. Set k = 0 and pick a ρ0 > 0, say ρ0 = 10,
and a λ0. Set τc > 0 to be the tolerance for constraint satisfaction and

τg > 0, the tolerance for checking that the gradient is zero. In addition,
define a tolerance τv > 0 to decide if the constraint violation at an iteration
k is too large and thus requires an increase in the penalty parameter.

1. Solve the Augmented Lagrangian subproblem. Find a minimizer xk for
L

A
(x, λk, ρk). If the solution process terminates with an indication of

unboundedness, try again after increasing the penalty parameter

ρk ← β ρk

where, for example, β = 10.

2. Test for convergence.

(a) If xk satisfies the termination criteria

||∇L
A
(xk, λk, ρk)|| ≤ τg

||ĉ(xk)|| ≤ τc,

set x∗ = xk, λ∗ = λk and exit with success.

(b) If k = K exit with failure.

3. Constraints not satisfied. If the unconstrained minimizer is found but
the constraints are violated, that is

||∇LA(xk, λk, ρk)|| ≤ τg

||ĉ(xk)|| > τc,

then first update the multipliers

λk+1 = λk − ρkĉ(xk).

Next update other quantities based on the constraint violations.
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(a) If the constraint violations are not sufficiently decreased (that is,
||ĉ(xk)|| > τv), increase the penalty parameter:

ρk+1 ← β ρk

where, for example, β = 10.

(b) If the constraint violations are sufficiently decreased (that is,

||ĉ(xk)|| ≤ τv), decrease the constraint violation tolerance:

τv ← max{τc, γ τv}
where, for example, γ = 0.1.

4. Update the iteration counter. Set k ← k + 1 and go to Step 1.

Typically the augmented Lagrangian subproblem is not solved accurately

at the start of the algorithm, and a tolerance τ̄g > τg is used. As the algo-
rithm proceeds the tolerance τ̄g is reduced systematically until a tolerance
of τg is used before declaring the current solution as optimal.

Example 13.14: AUGMENTED LAGRANGIAN METHOD. Once again con-
sider the problem in Example 13.9 which is repeated here for convenience:

minimize 1
2 (x2

1 + x2
2)

subject to x1 + x2 − 2 = 0.
(13.32)

Choose ρ = 10, β = 10, λ = 0, τg = 10−7, and τv = 10−7. Let the initial
starting point be x0(λ0, ρ0) = x0(0, 10) = (0, 0). The augmented Lagrangian
for (13.32) is

LA(x, λ0, ρ0) =
1

2
(x2

1 + x2
2) +

10

2
(x1 + x2 − 2)2.

The gradient at x0(λ0, ρ0) is

∇L
A
(x, λ0, ρ0) =

[
x1 + 10(x1 + x2 − 2)
x2 + 10(x1 + x2 − 2)

]
=

[
11x1 + 10x2 − 20
10x1 + 11x2 − 20

]
=

[−20
−20

]
.

Clearly

‖∇LA(x, λ0, ρ0)‖ > τg

and also
‖x1 + x2 − 2‖ > τc,
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so the solution fails to satisfy the termination criteria. Hence we solve
this unconstrained problem by applying Newton’s Method. To do this, we

compute the Hessian at x0(λ0, ρ0):

∇2LA(x, λ0, ρ0) =

[
11 10

10 11

]
.

On solving
∇2L

A
(x, λ0, ρ0) p = ∇L

A
(x, λ0, ρ0),

we obtain

p =

(
20

21
,
20

21

)
.

We have seen that under these circumstances the Newton step for an un-
constrained quadratic form results in an optimal solution

x∗
0(0, 10) = x0(0, 10)+ p =

(
20

21
,
20

21

)
.

Observe that x∗
0(0, 10) is close to the optimal solution as we saw in Ex-

ample 13.9. It is easy to verify that this does not satisfy the termination
criteria, so we update the penalty parameter and the Lagrange multiplier

obtaining

ρ1 = βρ0 = 100

λ1 = λ0 − ρ0(x1 + x2 − 2) =
20

21
.

We see that the Lagrange multiplier is already close to its optimal value.

The new augmented Lagrangian is

LA(x, λ1, ρ1) =
1

2
(x2

1 + x2
2)−

20

2
(x1 + x2 − 2) +

100

2
(x1 + x2 − 2)2,

and the process continues.

Algorithm 13.2 can also be used when nonlinear inequalities are present.
There are two simple approaches to doing this. One approach is to sub-

tract slack variables and then solve the resulting bound-constrained prob-
lem. Thus, for example, we can modify (13.13) to be

minimize f(x)

subject to c(x)− s = 0

x ∈ Rn, s ∈ Rm, s ≥ 0.

(13.33)
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Most real-world problems have bounds on the variables, so we can simply
consider problems of the form

minimize f(x)

subject to ĉ(x) = 0,

x ∈ Rn, l ≤ x ≤ u.

(13.34)

Rather than solve an unconstrained problem at Step 1 of Algorithm 13.2,

we now solve the bound-constrained problem

minimize L(x, λk, ρk)

subject to l ≤ x ≤ u.

This problem can be solved by any of the methods described in Chapter 12.

An alternate approach to adding slack variables is to subtract the square

of slack variables, that is

minimize f(x)

subject to ci(x)− s2
i = 0 for i = 1, . . . , m

x ∈ Rn.

(13.35)

Whereas this has the advantage of solving an unconstrained problem at

Step 1 of Algorithm 13.2, it does so at the expense of introducing additional
nonlinearity. However, we note that if the original problem had bounds to
start with, then we would still need to solve a bound-constrained subprob-

lem; in this case, there would be no advantage to introducing squared slack
variables.

Practical problems typically have a mixture of nonlinear constraints, lin-

ear constraints, and bounds on the variables. One approach is to convert
all the inequality constraints (except the bounds) into equality constraints

as described above for nonlinear constraints. Once this has been done, the
optimization problem will be of the form

minimize f(x)

subject to ĉ(x) = 0
Ax = b

l ≤ x ≤ u
x ∈ Rn.

(13.36)
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An augmented Lagrangian function can be created by only using the non-
linear constraints, thereby resulting in the linearly constrained problem

minimize LA(x, λ, ρ) = f(x)− λT̂c(x) + ρ
2 ĉ(x)T̂c(x)

subject to Ax = b
l ≤ x ≤ u

x ∈ Rn.

(13.37)

To solve (13.36) by the Augmented Lagrangian Method, we modify Step 1

of Algorithm 13.2 to find the minimizer for (13.37). The test for convergence
is also suitably modified to take into account the active linear constraints.

Here too, such linearly constrained subproblems can be solved by any of the
methods described in Chapter 12.

13.7 Projected Lagrangian Methods

Here we describe a method that does not make use of a penalty parame-

ter. Instead, an extension of the Lagrangian function is minimized subject
to a linearization of the constraints. Such methods, sometimes referred to
as Projected Lagrangian Methods, are based on solving a sequence of lin-

early constrained subproblems. The methods were first proposed in 1972 by
Robinson [166] and Rosen and Kreuser [170].

Once again, the purpose is to solve the nonlinearly constrained prob-

lem (13.1). Let xk be the current, not-necessarily-feasible approximation to
a solution at iteration k. The Taylor series expansion of ĉ(·) around such an

xk is

ĉ (xk + (x− xk)) = ĉk + Âk(x− xk) + O
(||x− xk||2

)
, (13.38)

where ĉk = ĉ(xk) and Âk = Â(xk). As in Newton’s Method for solving
equations, we assume that the x in the expression above satisfies ĉ(x) = 0.

Dropping the higher-order terms, we then obtain

Âkx = −ĉk + Âkxk. (13.39)

Using this we can define a sequence of linearly constrained subproblems.

As before, we cannot just use the Lagrangian function. To see this,

consider the subproblem

minimize L(x, λk) = f(x)− λT
kĉ(x)

subject to Âkx = −ĉk + Âkxk.
(13.40)



502 LINEAR AND NONLINEAR OPTIMIZATION

The first-order optimality conditions for (13.40) are:

Âkx�
k = −ĉk + Âkxk

ÂT
kλ

∗
k = ∇L(x∗

k, λk).
(13.41)

The multipliers λ∗
k can be used as an estimate of λk+1. For an optimal

solution, a second-order necessary condition is that the projected Hessian

of L(x, λk) evaluated at (x∗
k, λk) be positive semidefinite. If only the first-

order necessary conditions are satisfied, we cannot be sure that we have an
optimal solution at (x∗, λk). However, if ∇L(x∗, λk) = 0 and Âk is of full

rank, we see that λk+1 = λ∗
k = 0. This is undesirable since we would no

longer have an estimate of the Lagrange multipliers for the next iteration.

Hence, instead of (13.40), we solve the following subproblem

minimize LP (x, λk) = f(x)− λT
kĉ(x) + λT

kÂkx

subject to Âkx = −ĉk + Âkxk.
(13.42)

Note that we have assumed that Âk is of full rank; if Âk is rank deficient or
if there are more than n constraints, the above subproblem can be defective.
It can be shown (see Robinson [166]) that with this method the iterates

(xk, λk) converge at a quadratic rate provided the initial starting pair (x0, λ0)
is “close” to an optimal solution (x∗, λ∗).

An outline of a Projected Lagrangian Method is shown below.

Algorithm 13.3 (Projected Lagrangian Method) Let K be the maximum
number of iterations allowed. Set k = 0.

1. Test for convergence.

(a) If xk satisfies the termination criteria, set x∗ = xk, λ∗ = λk and
exit with success.

(b) If k = K exit with failure.

2. Solve the Projected Lagrangian subproblem. Find a minimizer xk+1 for
(13.42) and the associated optimal multipliers λk+1.

3. Update the iteration counter. Set k ← k + 1 and go to Step 1.
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Given the excellent local convergence properties of this method, it is
desirable, if possible, to find a starting point near an optimal solution. One

possibility, as suggested by Rosen [169], is to use a two-phase approach,
where the first phase is to use a few iterations of a penalty function method

to obtain a good initial starting point.

Alternatively, the phases can be combined as suggested by Murtagh and
Saunders [143]. In this approach, they define

dk(x) = ĉ(x)− ĉk − Âk(x− xk).

Notice that we can equivalently use LP (x, λk) = f(x) − λT
kdk(x) in (13.42).

In order to combine the phases, Murtagh and Saunders propose solving the

subproblem

minimize LP (x, λk) = f(x)− λT
kdk(x) + ρ

2dk(x)Tdk(x)

subject to Âkx = −ĉk + Âkxk,
(13.43)

where ρ is a penalty parameter. The purpose of defining such a dk is to be

able to penalize the error in satisfying the constraints at each iteration k.
With this approach, a quadratic rate of convergence will be achieved, pro-
vided the iterates get close to the solution and ρ is adjusted appropriately.

For details, see [143].

Some argue that the above approach requires more computational effort
than the Augmented Lagrangian Method because a linearly constrained sub-

problem is solved at each iteration. However, it should be noted that practi-
cal problems typically contain a mixture of linear and nonlinear constraints,

and so the Augmented Lagrangian Method formulations also include linearly
constrained subproblems as shown earlier.

The multiplier estimates are true multipliers only at a solution of the

original problem. At all intermediate points, the multipliers obtained are
only an approximation to the true multipliers. Often the subproblem is not

solved accurately to a minimum and, furthermore, the linearization may
result in a rank deficient system. In such cases, it may not be possible to
obtain the multipliers by solving ÂT

kλ = −∇LP (xk, λk). Hence, when the

multipliers cannot be obtained, they can be estimated by solving such a
system in a least-squares sense.
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13.8 Sequential Quadratic Programming (SQP) Methods

As the name implies, Sequential Quadratic Programming (SQP) Methods

approximate the nonlinear programming problem by a quadratic program-
ming problem at each iteration.

SQP Methods were first proposed by Wilson [192] in 1963. He developed
his approach for the special case of convex programming. The Hessian of

this quadratic program is the exact Hessian of the Lagrangian of the origi-
nal convex program, and the solution of the quadratic program is a search

direction p for the original program. The next iterate is then obtained as
xk+1 ← xk + p. The method Wilson proposed did not perform a linesearch.

Later in 1969, Murray [141] described an SQP algorithm for general non-
linear programs. He utilized a quasi-Newton approximation of the Hessian

of the Lagrangian and defined a merit function to measure progress of the
algorithm for finding a solution to the nonlinear program. The next iterate

was determined by invoking a steplength algorithm aimed at reducing the
value of the merit function. Since then much work has been done on SQP
methods, and they have become widely used in the solution of nonlinear

programs.

Nonlinear equality constraints

As before, we start by considering the nonlinear equality-constrained prob-

lem (13.1), repeated below.

(NEP)

minimize f(x)

subject to ĉ(x) = 0
x ∈ Rn.

(13.44)

Let xk be the current—not necessarily feasible—approximation to a solution

at iteration k. In this discussion we assume the following holds at every
iterate xk:

1. The projected Hessian of the Lagrangian function is positive definite.

2. The Jacobian matrix of the constraints has full rank.
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As a reminder, for the discussion to follow, we let gk = ∇f(xk), Gk =
∇2f(xk), ĉk = ĉ(xk), and Âk = Â(xk). Furthermore, let Zk = Z(xk) be a

matrix whose columns, as usual, form a basis for the null space of Âk.

Recall Theorem 11.2 gives the first-order necessary conditions for this
problem, namely

∇f(x) − Â(x)Tλ = 0

ĉ(x) = 0.

With x = xk, we can use Newton’s Method to solve this system of nonlinear

equations. To see this, define

K(x, λ) =

[∇f(x)− Â(x)Tλ

ĉ(x)

]
.

Then we can use Newton’s Method to solve K(x, λ) = 0, that is, we solve

K(xk + p, λk + γ) = 0

and iteratively set xk+1 = xk + pk and λk+1 = λk + γk. From the Taylor

series expansion of K(xk + p, λk + γ) to first order we have

0 = K(xk + p, λk + γ) = ∇K(xk, λk)
T(p, γ)+ K(xk, λk).

That is, we solve[
Gk −∇ÂT

kλk −ÂT
k

Âk 0

] [
p
γ

]
= −

[
gk − ÂT

kλk

ĉk

]
.

In terms of the Lagrangian, the above can be written as[∇2L(xk, λk) −ÂT
k

Âk 0

] [
p

γ

]
= −

[∇L(xk, λk)

ĉk

]
. (13.45)

The solution of the above system of equations gives pk and γk, and the next

iterate is obtained as xk+1 = xk + pk and λk+1 = λk + γk.

It turns out, as we shall now show, that solving the above system of equa-
tions is equivalent to solving a quadratic program. To set up the quadratic

program, we start by creating a linear approximation to the nonlinear con-
straints. Recall that in (13.38) we used the Taylor series expansion of the

nonlinear equality constraints around xk to obtain a linear approximation.
The Taylor series expansion of ĉ(xk + p) is

ĉ (xk + p) = ĉk + Âkp + O
(||p||2) .
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As in Newton’s Method for solving equations, we assume that ĉ(xk +p) = 0
in the expression above. Thus, dropping the higher-order terms, we then

obtain
Âkp = −ĉk (13.46)

as a linearization of the nonlinear constraints.

Next we need to decide on an appropriate quadratic objective function
for each subproblem, such that the sequence of solutions to the subproblems

will converge to an optimal solution to the original problem (13.44). We will
use a quadratic function, denoted by LQ(p, λk), such that at the solution of

the quadratic subproblem, we will have a search direction p and also an
estimate of the Lagrange multipliers for the next iterate. The subproblem

we are interested in is of the form

minimize LQ(p, λk)

subject to Âkp = −ĉk,
(13.47)

where LQ(p, λk) is a quadratic function of p.

The function LQ(p, λk) is typically taken to be a quadratic approximation

to the Lagrangian function L(x, λ) = f(x)− λTĉ(x) around xk, that is,

LQ(p, λk) ≈ L(xk, λk) +∇L(xk, λk)
Tp + 1

2pT∇2L(xk, λk)p

= L(xk, λk) + gT
kp− λT

kÂkp + 1
2pT∇2L(xk, λk)p.

The term L(xk, λk) is a constant, and, because Âkp = −ĉk, so is the term

λT
kÂkp. These two terms can be dropped from the objective function with-

out affecting an optimal solution. Hence the quadratic subproblem can be

written as

minimize LQ(p, λk) = gT
kp + 1

2pT∇2L(xk, λk)p

subject to Âkp = −ĉk.
(13.48)

Next we show the equivalence of (13.48) to (13.45). The first-order nec-

essary conditions for (13.48) are:

∇2L(xk, λk)pk + gk = ÂT
kλk+1

Âkpk = −ĉk

Note that the multipliers are λk+1 since we expect these to be an estimate
of the multipliers for the next subproblem. Substituting λk+1 = λk + γ in
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the first equation and rearranging terms, we get

∇2L(xk, λk)pk − ÂT
kγ = ÂT

kλk − gk

Âkpk = −ĉk,

which is the same as (13.45).

An outline of an SQP Method for solving (13.44) is shown below.

Algorithm 13.4 (Sequential Quadratic Programming) Let K be the max-
imum number of iterations allowed. Set k = 0.

1. Test for convergence.

(a) If xk satisfies the termination criteria, set x∗ = xk, λ∗ = λk, and
exit with success.

(b) If k = K, exit with failure.

2. Solve the quadratic programming subproblem. Find a minimizer pk for

(13.48) and the associated multiplier vector λk+1.

3. Update for the next major iteration. Compute xk+1 = xk + pk. Set
k ← k + 1 and go to Step 1.

It can be shown (see Nocedal and Wright [152, p. 564]), under mild condi-
tions, that provided (x0, λ0) is close to (x∗, λ∗), the SQP Method described

above converges quadratically.

Use of a merit function

In the event that ZT
k ∇2LQ(p, λk)Zk is not positive definite, pk obtained as

described above might not be a minimizer. In this case, a steplength αk = 1

may not provide a step to a minimizer, and hence a steplength algorithm
would have to be used. The question is: to what function should such a

steplength algorithm be applied? Clearly we would like the next iterate to
be “better” than the current iterate in some sense. Unlike the linear case,
where ensuring feasibility is straightforward, here, at each iteration, we need

to balance the goals of decreasing the objective function and reducing the
infeasibility. To try to accomplish this, we use a merit function and apply
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a linesearch to this merit function. Much research has been done on the
choice of such functions.

One approach (first proposed by Murray [141]) is to choose the merit

function as a quadratic penalty function:

MQ(x, ρ) = f(x) +
ρ

2
ĉ(x)Tĉ(x).

Han [91] proposed an exact penalty function

ME(x, ρ) = f(x) +
ρ

2
‖ĉ(x)‖1

as a merit function. Another approach, first proposed by Wright [196] in
the context of SQP methods, is to use the augmented Lagrangian function
as the merit function, that is

MA(x, ρ, λ) = f(x)− λTĉ(x) +
ρ

2
ĉ(x)Tĉ(x).

This merit function includes one more parameter, namely λ, than the quad-
ratic penalty function. Since the exact multipliers of the solution of the

original problem are not known, an estimate is used. As noted on page 495,
the Augmented Lagrangian function has the property that x∗ is its minimizer

when λ∗ is known and ρ is sufficiently large.

An obvious choice for a multiplier estimate is to use the multipliers ob-
tained at the solution of the quadratic program (13.48). An SQP algorithm

that incorporates this is as follows.

Algorithm 13.5 (SQP with a Merit Function) Let K be the maximum

number of iterations allowed. Set k = 0.

1. Test for convergence.

(a) If xk satisfies the termination criteria, set x∗ = xk, λ∗ = λk and
exit with success.

(b) If k = K, exit with failure.

2. Solve the quadratic programming subproblem. Find a minimizer pk for
(13.48) and the associated multipliers λk+1.
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3. Compute a steplength. Compute a steplength using one of the algo-
rithms described in Section 9.8 on the merit function,

MA(xk, ρ, λk) = f(xk+αpk)−λT
kĉ(xk+αpk)+

ρ

2
ĉ(xk+αpk)Tĉ(xk+αpk).

4. Update for the next major iteration. Compute xk+1 = xk + αkpk. Set

k ← k + 1 and go to Step 1.

Quasi-Newton approximations

The SQP algorithm described so far requires computation of the Hessian

of the Lagrangian, and this can be computationally expensive. Further-
more, the projected Hessian ZT

k∇2L(xk, λk)Zk may not be positive definite
at each iteration. A quasi-Newton approximation to the projected Hessian

can be used to reduce the computational effort and also guarantee positive
definiteness at each iteration.

Solving for pk

The search direction pk is obtained by computing the range space and null
space components separately and then combining them. Let Yk be a basis
for the range space of Âk, and let Zk be a basis for the null space of Âk. If

ZT
k ∇2LQ(xk, λk)Zk is positive definite, the solution pk can be obtained by

solving two systems of equations. To see this, we write

pk = Ykp
Y

+ ZkpZ
(13.49)

and then compute the components pY and pZ as follows.

To obtain the range-space component of pk, we multiply both sides of

(13.49) by Âk to obtain

Âkpk = ÂkYkpY + ÂkZkpZ = ÂkYkpY .

Noting that Âkpk = −ĉk, we can solve ÂkYkpY = −ĉk for pY .

From the first-order conditions of optimality for the linearly constrained
problem, we have ZT

k ∇LQ = 0, where ∇LQ = gk +∇2L(xk, λk)p. Substitut-
ing p = Ykp

Y
+ ZkpZ

, we obtain

ZT
k

(
gk +∇2L(xk, λk) (YkpY + ZkpZ)

)
= 0.



510 LINEAR AND NONLINEAR OPTIMIZATION

By rearranging terms, we can solve for pZ using

ZT
k ∇2LQZkpZ = −ZT

k (gk +∇2L(xk, λk)YkpY ). (13.50)

The above system can be solved by using the Cholesky factorization of
ZT

k ∇2LQZk. As a part of creating the factorization we can also determine

if the matrix is positive definite.

Nonlinear inequality constraints

So far we have described the SQP approach for a nonlinear equality prob-

lem. For the moment we consider an optimization problem in which all the
constraints are nonlinear inequalities:

(NIP)

minimize f(x)

subject to c(x) ≥ 0

x ∈ Rn,

(13.51)

where f(x) is a smooth nonlinear function and c(x) is a vector of m smooth
nonlinear functions.

One approach to solving such a problem would be to identify a working
set of active constraints and then apply an active-set method. This is not

so straightforward because of the nonlinearities present in the system, hence
we shall consider alternative techniques.

We can also apply Algorithm 13.5 when nonlinear inequalities are present.

There are two simple approaches to doing this. We could subtract slack
variables and then solve the resulting bound-constrained problem. Thus,

for example, we can modify (13.51) to be

minimize f(x)

subject to c(x)− s = 0

x ∈ Rn, s ∈ Rm, s ≥ 0.

(13.52)

Most real-world problems have bounds on the variables, so, as discussed for

the Augmented Lagrangian Method, we can simply consider solving prob-
lems of the form

minimize f(x)

subject to ĉ(x) = 0

x ∈ Rn, l ≤ x ≤ u.

(13.53)
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Now instead of solving (13.48) at Step 2 of Algorithm 13.2, we solve the
following bound-constrained problem

minimize 1
2pT∇2L(xk, λk)p

subject to Âkp = −ĉk

l ≤ x ≤ u.

When there is a mixture of equality and inequality constraints (with both

nonlinear and linear constraints) together with bounds on the variables, we
can convert all the inequality constraints (except the bounds) into equality

constraints by introducing slack variables. Once this has been done, the
optimization problem will be of the form

minimize f(x)

subject to ĉ(x) = 0

Ax = b

l ≤ x ≤ u

x ∈ Rn.

(13.54)

Instead of introducing slack variables in (13.51), an alternative approach

would be to subtract the square of slack variables as was described for the
Augmented Lagrangian Method on page 500.

Lagrange multipliers

At a solution to (13.48), the Lagrange multipliers λ = λk+1 are obtained by

solving
ÂT

kλ = ∇LQ = ∇2L(xk, λk)pk + gk. (13.55)

The multipliers will be the true multipliers only if pk is a local minimizer for

(13.48), which will be true if ZT
k ∇2LQZk is positive definite. The solution

to such a system may fail to exist if ZT
k ∇2LQZk is not positive definite. In

this case the system is solved in a least-squares sense for an estimate of the
Lagrange multipliers.

Termination Criteria

Typically more than one criterion is used to decide on optimality. Gill,
Murray and Wright [84] propose the following set of criteria when nonlinear

constraints are present. These criteria are applicable for any algorithm used
to solve optimization problems with nonlinear constraints. Let
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• tk be the number of active constraints in the working set at iteration k,

• λmin be the smallest multiplier corresponding to an inequality con-
straint in the working set,

• σmax be the largest absolute value of all multipliers,

• τc > ε
M

denote a user-specified tolerance for the size of infeasibility

that will be accepted in a computed solution,

• τf be a tolerance on the difference of function values between consec-
utive iterations.

For successful termination, it is usually required that the constraints be

almost exactly satisfied (within εM), the gradient be close to zero, and the
multipliers on the active inequality constraints be positive. If the constraints
are not satisfied to within ε

M
but are satisfied to within τc, then the iterates

must also get closer to each other. This is summarized below, where, for
termination either the first three or the last four of the following conditions

hold:

1. ||ĉk|| < ε
M

.

2. ||gz|| ≤ √τF ||gk||.
3. If tk > 1, σmin ≥ √τf |λmax|; if tk = 1, σmin ≥ √τf (1 + |fk|).
4. ||ĉk|| ≤ τc.

5. ||xk+1 − xk|| < √
τf (1 + ||xk||).

13.9 Exercises

13.1 Consider the nonlinear function c(·) defined as follows:

c(x1, x2) =

⎧⎪⎨⎪⎩
1
2x1 + x2 + 1

2 if (x1, x2) ∈ (−∞,−1]× R,

x2
1 − x2 if (x1, x2) ∈ [−1, 1]× R,

x1 − x2 − 1
2 if (x1, x2) ∈ [1,∞)×R.

Let X =
{
x ∈ R2 : c(x) = 0

}
where c(·) is the function defined above.
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(a) Plot the the set X defined above.

(b) Are there feasible directions at points in X? If so, what are the points
and what are the directions?

13.2 Consider the following problem of minimizing a quadratic function subject
to linear inequality constraints:

minimize x2
1 + x2

2

subject to x1 + 3x2 ≤ 6
x1 ≥ 1.

Solve the problem by the Penalty-function Method as follows:

(a) Let the initial starting point be (2, 2).

(b) Write down the unconstrained penalty function objective.

(c) Set the penalty parameter ρ = 10.

(d) Apply the Penalty-function algorithm to solve the problem.

13.3 Consider the following problem of minimizing a quadratic function subject
to a linear equality constraint:

minimize 1
2 (x2

1 + x2
2)

subject to 2x1 + x2 − 1 = 0.
(13.56)

(a) Analytically and graphically find the solution x∗ and corresponding
optimal multiplier λ∗ to (13.56).

(b) Write down the augmented Lagrangian function L
A

for (13.56).

(c) Find a strict local minimizer x̄ of L
A
(x, λ, ρ), where ρ denotes the

penalty parameter.

(d) Examine the behavior of x̄ as λ → λ∗.

(e) Show that the Hessian, ∇2L
A
, of the augmented Lagrangian becomes

ill-condiitonedd as the penalty parameter ρ increases.

(f) Solve (13.56) by the Augmented Lagrangian Method.

13.4 Consider the convex programming problem

minimize 1
2
(x2

1 + x2
2)

subject to x1 + x2 = 4

x2
2 ≤ 4.

(13.57)

(a) Write down the necessary and suffficient conditions of optimality.

(b) What is the Lagrangian dual of the problem (13.57)?

(c) What is the Wolfe dual of the problem (13.57)?
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(d) Solve the problem by the Augmented Lagrangian Method.

13.5 Consider the following optimization problem

minimize x2
1 + x2

2

subject to x1 + x2 ≤ 5
x2 ≥ 1

Solve the above problem by each of the following methods:

(a) Penalty-function Method.

(b) The Augmented-Lagrangian Method.

(c) The Projected-Lagrangian Method.

(d) The SQP Method.

13.6 Consider the optimization problem:

minimize f(x)
subject to hi(x) ≤ 0, i = 1, . . . , m,

where, the functions f, h1, . . . , hm are convex and differentiable.

(a) Write down the necessary and sufficient conditions of optimality.

(b) What is the Lagrangian dual of the problem?

(c) What is the Wolfe dual of the problem?

13.7 Consider the problem of maximizing the volume of a rectangular box,
where one side is square, and satisfies the constraints that the sum of the
dimensions is 20 and surface area is at most 200. This can be formulated
as the following nonlinear programming problem

minimize −x2
1x2

subject to 2x1 + x2 = 20

2x2
1 + 4x1x2 ≤ 200

x1 ≥ 0, x2 ≥ 0.

(a) Write down the necessary and sufficient conditions of optimality.

(b) Find optimal x1 and x2.

13.8 Consider the nonlinear optimization problem

minimize x1x2

subject to x1 + x2
2 ≤ 1

x1 + x2 ≥ 0.
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(a) Give a graphical illustration of the above problem.

(b) Solve the problem using the Augmented Lagrangian Method.

13.9 For an integer n ≥ 3, consider the optimization problem

minimize

n∑
i=1

x2
i

subject to

n∑
i=1

(
xi

ai

)2

− 1 = 0

where 0 < a1 < a2 < · · · < an are given constants.

(a) Form an appropriate Lagrangian function for this problem.

(b) Write down the first-order necessary conditions of optimality for this
problem.

(c) List all solutions of the first-order necessary conditions of optimality
stated in (b).

(d) How many optimal solutions does this problem possess? Justify your
answer. In so doing, apply the second-order necessary conditions of
optimality.

13.10 Design a box of maximum volume according to the following specifica-
tions. The perimeter of the bottom is a given positive number p = 50.
The height of the box is the difference between its other two dimensions.

(a) Formulate the problem as a constrained optimization problem and
solve it.

(b) Re-formulate the problem as an unconstrained optimization problem
and solve it.

(c) Compare the solutions from the two different formulations. Are they
the same?

disks in R2 whose radii are both 1, but whose centers are arbitrary.

(a) Formulate the nonlinear optimization problem of finding a triangle of
smallest area containing the two disks D1 and D2.

(b) Write down the augmented Lagrangian for this formulation.

13.12 Formulate the following geometric extremal problems as nonlinear opti-
mization problems:

(a) Find the equilateral triangle of maximum area contained in a square
of side 1.

13.11 (Forst and Hoffmann [72, p. 85].) Let D1 and D2 be two closed disjoint



516 LINEAR AND NONLINEAR OPTIMIZATION

(b) Find the regular tetrahedron having maximum volume contained in
a cube of side 1.

half-space determined by a given line L. Formulate the following problem
as a nonlinear optimization problem: Find the point x on L such that the
sum of the distances to p and q is a minimum.

13.14 A generalization of the problem stated in Exercise 8.8 is the following.
Let p1, p2, . . . , pn be a set of n > 2 points in the plane R2. Suppose the
coordinates (xi, yi) of each point pi are given. For i = 1, 2, . . . , n, suppose
Di is a closed disk of given radius ri > 0 centered at (xi, yi). Thus

Di =

⎧⎨⎩(x, y) :

√√√√ n∑
i=1

((x− xi)2 + (y − yi)2) ≤ ri

⎫⎬⎭ .

Formulate the problem of finding the smallest closed disk that contains
the union of D1, D2, . . . , Dn as a nonlinear program.

13.13 (Heron’s Problem.) Given two points p and q in R2 belonging to an open



14. INTERIOR-POINT METHODS

Overview

This chapter discusses interior-point methods for linear programming as
promised in Chapter 7. Their placement here is justified by the fact that

they rely on the theory and methods of nonlinear optimization for which
they were originally developed.

Interior-point methods are algorithms that traverse the (relative) interior
of the feasible region. In contrast, as we have previously seen, the Simplex

Algorithm for linear programs goes from one feasible point to another along
edges of the feasible region. Early in the history of linear programming,

attempts were made to develop interior-point algorithms. Perhaps the first
discussion of such algorithms appears in the 1951 paper of Brown and Koop-

mans who gave what they called “suggestions” for solving linear programs
by making “big jumps rather than ‘crawling along the edges’ of the con-

vex set” [24, p. 377]. In chronological order, subsequent publications of this
type include von Neumann [150], Frisch [74], Tompkins [183, 184], and Dikin

[51]. At the time of their publication, none of these methods were claimed
to have been superior to the Simplex Algorithm. Interest in such meth-
ods dwindled for a while. Then in 1972, Klee and Minty [112] discovered a

class of problems that exhibit the worst-case behavior for the Simplex Algo-
rithm; see Section 7.5. This development regenerated strong interest in the

development of interior-point algorithms.

In 1979, Khachiyan [110] developed a polynomial-time algorithm for lin-
ear programming. Its execution time was shown to be O(n6L2), where n is

the number of variables in the problem and L is the number of bits1 in the
input. The method came to be known as an ellipsoid method and owes its

name to the fact that it is based on using a sequence of shrinking ellipsoids
that enclose a minimizer. Although Khachiyan’s ellipsoid method has the

desired theoretical property of polynomial-time execution, in practice it per-
forms poorly. There are two major difficulties associated with this method.
First, the number of iterations tends to be very large; second, the amount of

computation associated with each iteration is much more than that of the
Simplex Algorithm.

1On a computer, numbers are represented in the binary system. A bit is a binary digit
and takes one of two values: 0 or 1.
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In 1984, Karmarkar [107] presented a polynomial-time interior-point al-
gorithm for linear programming having execution time O(n3.5L2), where n

and L are as above. Clearly Karmarkar’s method has a better polynomial
bound than Khachiyan’s. Comparing his algorithm with the Simplex Al-

gorithm, Karmarkar claimed that, in some cases, his method is 50 times
faster. However, the claim was never independently verified. While the

method generally takes much fewer iterations than the Simplex Algorithm,
it requires the solution of a linear least-squares problem at each iteration;

this is computationally very expensive as compared with a single iteration
of the Simplex Algorithm. Nevertheless, Karmarkar’s claim stimulated the
search for new interior-point approaches and improved solution techniques

for solving linear programs; see, for example, M. Wright [198], S. Wright
[199], Vanderbei [186], and Ye [200]. where some of these methods are dis-

cussed. The newer interior-point methods perform well in comparison to
the Simplex Algorithm on very large problems. However, they do not find

an extreme point of the feasible region as is usually required. The tran-
sition from the interior-point solution found by such an algorithm to an

optimal extreme-point solution entails substantial additional computation;
for a discussion of this topic see Dantzig and Thapa [45, pp. 137–139].

Interior-point methods typically inscribe an ellipsoid in the feasible region

with its center at the current iterate or first transform the feasible space
and then inscribe a sphere with the current iterate at its center. Next an
improving direction is found by joining the current iterate to the point on

the boundary of the ellipsoid or sphere that maximizes (or minimizes) the
linear objective function. A point on the improving direction line is then

selected as the next iterate.

In this chapter, we focus attention on a class of interior-point meth-
ods known as Barrier-Function Methods. We start by describing a Barrier-

function Method for nonlinear programming, and then apply it to linear
programming problems. Finally we describe a Primal-Dual Barrier Method

for linear programming.

14.1 Barrier-function methods

In Section 13.4 we looked at penalty function methods which could be ap-

plied to problems with equalities as well as inequalities. When inequalities
are present, another approach is to start with a feasible interior point and
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minimize an objective function in such a way that its value increases sharply
as the boundary of the feasible region is approached. That is, in effect, we

create a “barrier” at the boundary of the feasible region as we describe be-
low. Such methods, developed primarily for nonlinear optimization, appear

in two pioneering publications: Frisch [74] and Fiacco and McCormick [64].

Barrier-function Methods have the important property that all their it-
erates remain feasible; such methods are appropriately classified as feasible-

point methods. If such an algorithm is terminated prematurely, the iterate
available upon termination will be feasible. An algorithm may be terminated

early if only approximate solutions are required or if there is a constraint on
total computational time, for example, when solving a sequence of problems.
Another important reason for creating a feasible-point method is that the

objective function f or some of the constraint functions ci may be undefined
or ill-defined outside the feasible region.

Logarithmic barrier function

The logarithmic barrier-function approach, which we now describe, was first

proposed in 1955 by Frisch [74] who considered the inequality-constrained
problem (13.13); for convenience we repeat it below:

minimize f(x)

subject to c(x) ≥ 0

x ∈ Rn,

(14.1)

where c(x) is a vector of m smooth nonlinear constraint functions. Let x = x̄

be an initial interior point, i.e., one satisfying c(x̄) > 0. Starting at x̄, we
would like the iterates to traverse the interior of the feasible region by staying

away from the boundary until an optimal solution is found. To accomplish
this, Frisch created a barrier at the boundary of the constraints by using
natural logarithms in the objective function. In particular, he converted the

inequality-constrained problem (14.1) to an unconstrained problem of the
form

minimize B(x, μ) = f(x)− μ

m∑
i=1

ln(ci(x)) (14.2)

where 0 < μ ≤ 1 is termed the barrier parameter, and strict satisfaction of

the constraints is ensured by the fact that − ln(ci(x))→∞ as ci(x)→ 0. As
the barrier parameter μ is decreased, the impact of the barrier is reduced,
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allowing the iterates to approach the constraint boundaries. Thus as μ is
decreased, the expectation is that the iterates will approach a solution of

the original problem at which there may be several active constraints.

Barrier-function algorithm outline

For given μk > 0, let xj(μk) be the j-th iterate in the solution of the k-th

subproblem

minimize B(x, μk) = f(x)− μk

m∑
i=1

ln(ci(x)) (14.3)

and let x∗(μk) denote an unconstrained local minimizer thereof. A barrier-
function algorithm has the following form.

Algorithm 14.1 (A Barrier-function Algorithm Outline) Given a nonlin-

ear program (14.1) with inequality constraints, create an unconstrained sub-
problem with objective function B(x, μ) as in (14.2). In general, let x0(μk)

denote the starting point for solving (14.3). Pick a starting point x̄ such
that c(x̄) > 0. Set k = 0, μ0 = 1.0, and x0(μ0) = x̄.

1. Test for convergence. If the first-order optimality conditions are met
to a pre-specified tolerance, stop and report the solution as x0(μk)

2. Solve subproblem k. Let a solution to the unconstrained subproblem

be x∗(μk).

3. Update for the next major iteration. Update the barrier parameter: set

μk+1 = βμk, where β < 1 is a constant. Set the initial solution for the
next subproblem to the optimal solution of the current subproblem;

that is, x0(μk+1) = x∗(μk). Let k ← k + 1. Go to Step 1.

Note: In Step 2 we assume for this discussion that subproblem k is not
defective. Any of the techniques for solving an unconstrained problem can
be used here. Some care must be exercised in case (contrary to our assump-

tion) the subproblem actually is defective (see page 523). The iterations for
solving each subproblem are referred to as minor iterations.
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Properties of successive x∗(μ) Given that μk+1 < μk for all k, it can be shown
that successive unconstrained minimizers x∗(μk) of the barrier-function sub-

problems (14.2) have the following properties.

1. For sufficiently small μk, the optimal objective function values of the
subproblems are decreasing:

B(x∗(μk+1), μk+1) < B(x∗(μk), μk).

2. The objective function of the original problem is nonincreasing when
computed at a minimizer of each successive subproblem:

f(x∗(μk+1)) ≤ f(x∗(μk)).

3. The minimizers x∗(μk) approach the boundary of the constraints that
will be in the optimal active set. Consequently

−
m∑

i=1

ln(ci(x
∗(μk+1)) ≥ −

m∑
i=1

ln(ci(x
∗(μk)).

4. The unconstrained minimizers x∗(μk) converge to a solution x∗ of the
original problem:

lim
μk→0

x∗(μk) = x∗.

Example 14.1: A LOGARITHMIC BARRIER-FUNCTION APPROACH. To
illustrate this approach we use an extremely simple example due to Gill,

Murray, and Wright [84]. Consider the univariate optimization problem

minimize x2

subject to x ≥ 1.

The logarithmic barrier function for a fixed μ for this problem is

B(x, μ) = x2 − μ ln (x− 1).

The first-order conditions of optimality for the unconstrained barrier func-

tion result in x∗(μ) as the minimizer of B(x, μ). In particular,

x∗(μ) =
1

2
+

1

2

√
1 + 2μ .
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Figure 14.1: Barrier-function Method.

It is easy to see that

lim
μ→0

x∗(μ) = 1 = x∗.

The approach of the barrier-function minimizers x∗(μ) to the solution x∗

is illustrated in Figure 14.1. Note that the iterates are approaching the
boundary of the constraint that will be active at an optimal solution of the

optimzation problem.

Example 14.2: BARRIER FUNCTION VS PENALTY FUNCTION. Once
again consider the inequality-constrained problem stated in Example 13.5:

minimize x2
1 + x2

2

subject to x2
1 − x2

2 − 4 ≥ 0.

For 0 < μ ≤ 1, the logarithmic barrier function for this problem is given by

B(x, μ) = x2
1 + x2

2 − μ ln(x2
1 − x2

2 − 4).

The function is not defined at points outside the feasible region, and the

approach requires that the starting point be strictly in the interior of the
feasible region. Subsequently the algorithm will ensure that the iterates

stay inside of the feasible region. This is in contrast to the penalty function
method which takes any starting point, and if an iterate is feasible, the
penalty is set to zero.



CHAPTER 14: INTERIOR-POINT METHODS 523

Properties of barrier-function methods

Unlike penalty-function methods every iterate of a barrier-function method
is a feasible solution of the constraints of the optimization problem be-

ing solved. Nevertheless, many properties of barrier-function methods are
analogous to those of penalty-function methods. We now highlight these

properties.

Sequence of subproblems

We have noted that as we decrease μ for each subsequent subproblem, the

sequence of solutions obtained by solving each such subproblem approaches
a solution of the original problem. So it would be reasonable to ask: why

not just choose μ to be a very small number at the start, for example μ =
10−30, and either find a solution right away or cut down on the number of

subproblems that need to be solved. The reason we do not start with a very
small μ has to do with numerical stability, in particular, ill-conditioning. It

turns out that the condition number of the Hessian of the barrier function
increases as μ is decreased and as a solution of the subproblem is reached. It

can be shown that the Hessian becomes singular in the limit. This results in
numerical issues for unconstrained minimization algorithms applied to such
problems. To avoid this, we solve a sequence of unconstrained subproblems,

with μ being decreased for each subsequent subproblem, and then stop when
a reasonable approximation to a solution of the original problem is reached.

Ill-conditioning

As noted earlier, decreasing μ to 0, causes the Hessian matrix at x∗(μ) to

become increasingly ill-conditioned with singularity occurring in the limit.
Thus, the unconstrained subproblems become increasingly difficult to solve.

Defective subproblems

Similar to the penalty-function case, the solution to a barrier-function sub-

problem is a local minimizer of the barrier function which, for sufficiently
small μ, is near a minimizer x∗ of the original problem. When the problems

are well-behaved this works fine; however, the subproblem may be defective
in the sense that the barrier function may be unbounded below. Of course,
this is less likely to occur than in the case of the penalty function, since the

feasible region in many problems is closed and bounded (this is especially
true if bounds are imposed on each variable).
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Linesearch

The barrier-function approach creates singularities2 in the objective func-
tion. This causes difficulties when using a standard unconstrained linesearch

algorithm. For example, the barrier function is undefined outside the fea-
sible region, and it is not possible to place an a priori upper bound on the

step to the nearest nonlinear constraint along a given direction. Further-
more, polynomial approximations within the linesearch are likely to be poor

for small μ because of their closeness to the singularities.

Lagrange multipliers

As in penalty-function methods, each barrier-function subproblem provides
an estimate of the Lagrange multipliers of the original problem. Let x∗(μ)
be an unconstrained minimizer of the barrier function and let g be the gra-

dient of the original objective function. The first-order necessary optimality
conditions for a minimizer x∗(μ) of B(x, μ) are

∇B(x∗(μ), μ) = g(x∗(μ))− μ

m∑
i=1

1

ci(x∗(μ))
∇ci(x

∗(μ)) = 0

or equivalently,

g(x∗(μ)) =

m∑
i=1

∇ci(x
∗(μ))

(
μ

ci(x∗(μ))

)
.

Thus, estimates of the Lagrange multipliers are given by

λi =
μ

ci(x∗(μ))
, for i = 1, . . . , m.

It can be shown that

lim
μ→0

μ

ci(x∗(μ))
= λ∗

i ;

see, for example, M. Wright [197, p. 375].

Notice that all the constraints appear for the Lagrange multiplier esti-

mates in contrast to the analogous result for penalty-function methods, in
which only the violated constraints appear.

2A function has a singularity at a point if it is not defined there. In particular, the
logarithm function has a singulariy at 0. Accordingly, for the barrier function, a singularity
occurs at any point where the inequality constraint is exactly satisfied as an equality.
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14.2 Primal barrier-function method for linear programs

In this section we describe a barrier-function approach combined with New-
ton’s Method applied to the primal linear programming problem in standard
form. Theoretical details and computational results with the method to be

described are covered in Gill, Murray, Saunders, Tomlin, and Wright [82].

Developing the approach

To create a barrier-function subproblem for a linear program in standard

form, i.e.,

minimize cTx
subject to Ax = b

x ≥ 0,

(14.4)

we note that an interior point only exists for the nonnegativity constraints.
Applying the barrier construction, we obtain the linear equality-constrained

problem

minimize cTx − μ

n∑
j=1

ln(xj)

subject to Ax = b.

(14.5)

We next apply Newton’s Method (see Section 12.1) to solve (14.5).

We now define a notation used in the remainder of this chapter. Given
x ∈ Rn, we define the matrix Dx to be the the diagonal matrix with djj

equal to the j-th component of x for j = 1, . . . , n.

The gradient and Hessian matrix of the barrier function in (14.5) at
points x > 0 are given by:

g(x) = c− μD−1
x e and G(x) = μD−2

x , (14.6)

where e = (1, 1, . . . , 1) and Dx is the diagonal matrix defined above. Note
that because μ is positive, G(x) is positive definite for all x > 0.

As seen on page 422, for a linear equality-constrained problem, every

feasible search direction must satisfy Ap = 0. Note that Gp = −g is
the first-order optimality condition for minimizing the quadratic function
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(1/2)pTGp + gTp. Hence we can compute the Newton search direction for
(14.5) by solving

minimize 1
2pTGp + gTp

subject to Ap = 0,
(14.7)

with g and G defined by (14.6). If we let λ denote the multipliers on the
constraints Ap = 0, then the optimal p must satisfy the first-order necessary
conditions for optimality, namely, Ap = 0 and Gp + g = ATλ. Rearranging

terms and writing this in matrix form, we see that the solution to (14.7)
must satisfy the system of equations[

μD−2
x AT

A 0

][ −p

λ

]
=

[
c− μD−1

x e

0

]
. (14.8)

To find the search direction we could solve the above problem directly, but

this would be computationally expensive. Instead we show that p can be
obtained from the solution of the least-squares problem

minimize
λ∈Rm

||Dxc− μe −DxATλ||22. (14.9)

Let r = Dxc− μe −DxA
Tλ be the residual vector. At the optimal solution

λ = λ∗ to (14.9), the residual vector will be denoted by r∗. We have seen

earlier (see page 258) that the optimal solution to (14.9) can be obtained by
solving the normal equations

ADxDxATλ∗ = ADx(Dxc− μe). (14.10)

The optimal residual r� is given by

r∗ = Dxc− μe −DxATλ∗. (14.11)

This equation can be rewritten as

r∗ + DxATλ∗ = Dxc− μe. (14.12)

Multiplying the left- and right-hand sides of (14.11) by ADx, and using

(14.10), we find that ADxr∗ = 0; that is,

ADxr
∗ = ADx(Dxc− μe)−ADxDxATλ∗ = 0. (14.13)

Writing equations (14.12) and (14.13) in block-matrix notation, we obtain[
I DxAT

ADx 0

][
r∗

λ∗

]
=

[
Dxc− μe

0

]
. (14.14)
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In order to see that (14.14) is equivalent to (14.8), multiply the top n rows
of (14.8) by Dx to obtain[

μD−1
x DxAT

A 0

][−p

λ

]
=

[
Dxc− μe

0

]
.

Define r = −μD−1
x p, to obtain[

I DxAT

ADx 0

][
r

λ

]
=

[
Dxc− μe

0

]
.

Once we solve the least-squares problem (14.9) and obtain r∗, we can

find the projected-Newton barrier direction p from Dxr
∗ = −μp; that is to

say,

p = −1

μ
Dxr∗. (14.15)

The new approximation to the solution of (14.5) is then given by

xk+1 = xk + αp.

Note that since we will be using a steplength algorithm, we could ignore the
scaling factor μ > 0 and define the search direction (14.15) by

p = −Dxr∗.

In this case, the Newton step would be α = 1/μ.

During the linesearch, care must be taken to ensure that all the com-
ponents of x stay away from their lower bound of 0. The maximum step

allowed will be the value of the smallest component of x. If the steplength
algorithm attempts to reach this value, then the step will be reduced to, say,

99% of that value.

Primal barrier-function algorithm for LPs

Algorithm 14.2 (A Primal Barrier-function Algorithm for LPs) Given a
linear program in standard form (14.4), create an unconstrained subproblem

as in (14.2). Set k = 0. Set μ0 = 1.0 and β = 0.1, for example. Pick a
feasible interior point x = x̄ > 0. Let x0(μ0) = x̄.
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1. Test for convergence. If the first-order optimality conditions are met
to a pre-specified tolerance, stop and report the solution.

2. Solve subproblem k. Perform the following steps:

(a) Let λ∗ be the solution of the linear least-squares problem

minimize
λ∈Rm

||Dxc− μke−DxA
Tλ||22.

(b) Compute r∗ = Dxc− μke−DxATλ∗.

(c) Set p = −Dxr∗.

(d) Use a steplength algorithm with the initial Newton step being set

to α = 1/μk to determine ᾱ. If the steplength algorithm causes
a bound to be reached, then let ᾱ ← 0.99ᾱ.

(e) Set x∗(μk) = x0(μk) + ᾱp.

3. Update for the next major iteration. Set the initial solution for the next
subproblem to the optimal solution of the current subproblem; that is,
xk+1(μk) = x∗(μk). Update the barrier parameter: Set μk+1 = βμk.

Let k ← k + 1. Go to Step 1.

The solution of the linear least-squares problem in Step 2 of the algo-
rithm is computationally expensive. Since the introduction of interior-point

methods, considerable progress has been made to improve the efficiency of
solving large least-squares problems; as a result, large degenerate problems

and large problems with a block-staircase structure can be solved quite ef-
ficiently by this method.

Finding an initial feasible solution

In the discussion above we have assumed that an initial feasible interior-point

solution is available; this is usually not the case for practical problems. One
way to construct an initial feasible solution is based on a Big-M type of
approach (see, for example, [45]). Say we choose x = x̄ > 0 where x̄ > 0 is

arbitrary. Then, by choosing a sufficiently large cost M , we can modify the
linear program in standard form (14.4) to the equivalent linear program

minimize cTx + Mθ

subject to Ax + (b−Ax̄)θ = b
x ≥ 0, θ ≥ 0.

(14.16)
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For (14.16) to have the same solution as (14.4), the artificial variable θ must
be 0 at the solution. It is easy to verify that an initial feasible interior-point

solution to the above linear program is x = x̄ and θ = 1.

14.3 Primal-Dual barrier function for linear programs

In the previous section we discussed the primal barrier-function method for

solving linear programs. In this section we develop an approach where we at-
tempt to solve both the primal and dual problems simultaneously by taking
steps in both the dual and primal spaces at each iteration. Such primal-

dual algorithms have become the most important interior-point algorithms
for solving linear programs; see S. Wright [199].

Developing the approach

The dual of a linear program (14.4) in standard form is:

maximize bTy

subject to ATy ≤ c

(y free).

(14.17)

Adding a vector of slack variables s, we obtain

maximize bTy

subject to ATy + s = c
y free, s ≥ 0.

(14.18)

Next we apply a barrier transformation to move the inequality (nonnegativ-
ity) constraints to the objective function. Thereby obtaining

maximize bTy + μ

n∑
j=1

ln(sj)

subject to ATy + s = c.

(14.19)

Having transformed the problem, we write the Lagrangian of (14.19), with

x acting as the vector of Lagrange multipliers,

L(y, s, μ, x) = bTy + μ

n∑
j=1

ln(sj)− xT(ATy + s− c). (14.20)
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To obtain the first-order conditions for a minimum of the Lagrangian we set
the gradient of the Lagrangian with respect to x, y, and s to 0. This results

in the following three sets of equations:

ATy + s = c (Dual feasibility) (14.21)

Ax = b (Primal feasibility) (14.22)

DxDse = μe (“Complementary slackness”), (14.23)

where Dx, Ds, and e are as defined on page 525. The last condition above
follows from first setting the gradient of the Lagrangian with respect to s to

0, that is μD−1
s e − Dxe = 0, multiplying by Ds, and then rearranging the

terms.

As before, we assume that given a μ > 0, an initial feasible interior-point

solution, say (x, y, s) = (x̄, ȳ, s̄), is available for the combined primal and
dual. This solution does not necessarily satisfy the complementary slackness

condition (14.23). We can improve the solution by finding appropriate search
directions (Δx, Δy, Δs). Setting the new iterate to be (x+Δx, y+Δy, s+Δs)

and substituting in (14.21), (14.22), and (14.23), we obtain

ATΔy + Δs = 0 (14.24)

AΔx = 0 (14.25)

(x̄j + Δxj)(s̄j + Δsj) = μ for j = 1, . . . , n. (14.26)

In matrix form, with the second-order terms ΔxjΔsj ignored, (14.26) be-
comes

Dx̄Δs + Ds̄Δx = μe−Dx̄D−1
s̄ e. (14.27)

What we have described here is a variant of Newton’s Method to solve a
nonlinear system of equations. See, for example, [84, pp. 139–140].

We next solve the system of equations (14.24), (14.25), and (14.27).
Rewriting (14.27), and multiplying through by D−1

s̄ , we obtain

Δx = D−1
s̄ (μe−Dx̄D

−1
s̄ e)−D−1

s̄ Dx̄Δs

= D−1
s̄ (μe−Dx̄D

−1
s̄ e)−Dx̄D

−1
s̄ Δs. (14.28)

Now we multiply through by A and note that AΔx = 0 from (14.25) and
Δs = −ATΔy from (14.24) to obtain

0 = AD−1
s̄ (μe−Dx̄D

−1
s̄ e)− ADx̄D

−1
s̄ ATΔy.
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Rewriting the above, we obtain

ADx̄D
−1
s̄ ATΔy = AD−1

s̄ (μe−Dx̄D
−1
s̄ e). (14.29)

Solving for Δy, and noting that Dx̄ = D−1
s̄ , we obtain

Δy = (ADx̄D−1
s̄ AT)−1AD−1

s̄ (μe −Dx̄D−1
s̄ e)

= (AD−1
s̄ D−1

s̄ AT)−1AD−1
s̄ (μe−Dx̄D

−1
s̄ e)μ

= (AD−1
s̄ D−1

s̄ AT)−1AD−1
s̄ (μ2e−Dx̄Dx̄e).

These are the normal equations for the least-squares problem

minimize
Δy∈Rm

||(μ2e−Dx̄Dx̄e)−D−1
s̄ ATΔy||22.

Commercial computer implementations (solvers) do not solve the above lin-

ear least-squares problem; instead they solve (14.29) by using a Cholesky
factorization of ADx̄D

−1
s̄ AT .

Once (Δy, Δs, Δx) has been obtained, simple linesearches can be per-

formed in the dual and primal spaces to generate the next approximation
to the solution. To that end, we determine αp and αd such that

x̄ + αpΔx > 0

s̄ + αdΔs > 0.
(14.30)

The Newton step is, of course, unity; but we adjust it to ensure that the
new approximation is in the interior of the region.

Primal-Dual barrier-function algorithm

In the previous subsection we developed an approach for solving linear pro-

grams by a primal-dual interior point algorithm. Here we provide an outline
of such an algorithm.

Algorithm 14.3 (A Primal-Dual Barrier-function Algorithm for LPs)
Given a linear program in standard form (14.4), set k = 0. Set μ0 = 1.0 and

β = 0.1, for example. Pick a feasible primal and dual interior point (x̄, s̄, ȳ)
with (x̄, s̄) > 0. Let x0(μ0) = x̄, s0(μ0) = s̄, and y0(μ0) = ȳ.
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1. Test for convergence. If the first-order optimality conditions are met
to a pre-specified tolerance, stop and report the solution. Typically

the test for convergence will include a check to see if the duality gap
cTxk − bTyk is close to zero and μ is small.

2. Solve subproblem k. Perform the following steps:

(a) Solve the least-squares type system of equations (14.29), that is,
solve

ADx̄D
−1
s̄ ATΔy = AD−1

s̄ (μe−Dx̄D
−1
s̄ e)

for Δy, using a Cholesky factorization.

(b) Compute Δs = −ATΔy.

(c) Compute Δx = D−1
s̄ (μe−Dx̄D

−1
s̄ e)−Dx̄D−1

s̄ Δs.

(d) Compute steplengths in a manner that ensures that the primal

and dual iterates stay in the interior. First compute the steps αp

and αd in the primal and dual to be the largest values so that

x̄ + αpΔx ≥ 0

s̄ + αdΔs ≥ 0.

In order to ensure that the new iterate is in the interior do the

following:

• If αp ≤ 1, let αp ← γαp and αd, else if αp > 1, let αp ← 1.

• If αd ≤ 1, let αd ← γαd, else if αd > 1, let αd ← 1.

The constant γ is typically chosen to be in the interval 0.9995, 1.0)

(e) Set

x∗
k(μk) = xk(μk) + αpΔx

y∗k(μk) = xk(μk) + αdΔy

s∗k(μk) = xk(μk) + αdΔs.

3. Update for the next major iteration. Set the initial solution for the
next subproblem to the optimal solution of the current subproblem;

that is, xk+1(μk) = x∗(μk), yk+1(μk) = y∗(μk), and sk+1(μk) = s∗(μk).
Update the barrier parameter by setting μk+1 = βμk. Let k ← k + 1.
Go to Step 1.
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Finding an initial feasible solution

Here again, we have assumed that an initial feasible interior-point solution

is available. If one is not available, we can use an approach similar to that
described on page 528 for the primal log-barrier function method for linear

programs.

14.4 Exercises

14.1 Consider the univariate optimization problem in Example 14.1. For μ =
1, 0.2, 0.02, show that the properties listed on page 521 hold for successive
x∗(μ).

14.2 For the linear program:

minimize 2x1 + 3x2

subject to x1 ≥ 1, x2 ≥ 2.

(a) Write down the barrier function B(x, μ).

(b) Write down the first-order conditions of optimality for B(x, μ).

(c) From the first-order conditions of optimality find x∗(μ).

(d) Show that limμ→0 x∗(μ) = x∗.

(e) What are the Lagrange multipliers at an optimal solution?

(f) Show that

lim
μ→0

μ

ci(x∗(μ))
= λ∗

i .

14.3 Consider the linear program

minimize x1 + 4x2

subject to −2 ≤ x1 ≤ 2
−1 ≤ x2 ≤ 1.

(a) Write down the corresponding barrier function B(x, μ).

(b) Write down the first-order conditions of optimality for B(x, μ).

(c) From the first-order conditions of optimality find x∗(μ).

(d) Show that limμ→0 x∗(μ) = x∗.

(e) What are the Lagrange multipliers at the optimal solution?

(f) Show that

lim
μ→0

μ

ci(x∗(μ))
= λ∗

i .
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14.4 Consider the linear program

minimize 2x1 + x2

subject to x1 + x2 = 1
x1 ≥ 0, x2 ≥ 0.

(a) Write down the barrier function B(x, μ) corresponding to the above
linear program.

(b) Write down the first-order conditions of optimality for B(x, μ).

(c) From the first-order conditions of optimality find x∗(μ).

(d) Show that limμ→0 x∗(μ) = x∗.

14.5 Justify the assertion made on page 528 to the effect that the linear pro-
grams (14.4) and (14.16) are equivalent.

14.6 In this exercise you are asked to set up an initial feasible interior-point
solution as described on page 528. Consider the linear program

minimize 2x1 + x2 + 4x3

subject to x1 + x2 + x3 = 7
x1 + x2 ≥ 3

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

(a) Choose an initial point x = x̄ > 0.

(b) Use the description given on page 528, to set up a linear program
such that x = x̄ > 0 is a feasible interior point for the problem above.

(c) Write down the barrier function B(x, μ) for the problem.

14.7 Consider the following problem of minimizing a quadratic function subject
to linear inequality constraints:

minimize x2
1 + x2

2

subject to x1 + 3x2 ≤ 6
x1 ≥ 1.

Solve the problem by the Barrier-function Method as follows:

(a) Let the initial starting point be (2, 1).

(b) Write down the unconstrained barrier function objective.

(c) Set the barrier parameter μ = 0.1.

(d) Apply the Barrier-function algorithm to solve the problem.
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14.8 For the linear program

minimize 2x1 + 3x2

subject to x1 ≥ 1, x2 ≥ 2,

manually perform one or more iterations of the Primal Barrier-function
Algorithm 14.2. Use any initial feasible starting point; for example, x1 =
2, x2 = 3.

14.9 For the following linear program, manually perform one or more iterations
of the Primal-Dual Barrier-function Algorithm 14.3

minimize 2x1 + 3x2

subject to x1 + x2 = 1
x1 ≥ 0, x2 ≥ 0.

Use any initial feasible starting point; for example, x1 = 0.5, x2 = 0.5.

14.10 Consider the linear program

minimize 2x1 + x2 + 4x3

subject to x1 + x2 + x3 = 7
x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

Choose x = (2, 1, 4); an initial feasible interior point solution to the above
linear program. Manually perform one iteration of the Primal-Dual Al-
gorithm 14.3 on the above linear program.

14.11 Recall the portfolio selection problem described on page 254. The follow-
ing is a simple problem of this type given by Markowitz [131]:

minimize 1
2
xTHx− θrTx

subject to eTx = 1
x ≥ 0,

where the covariance matrix H and expected returns vector r are

H =

⎡⎣ .0146 .0187 .0145
.0187 .0854 .0104
.0145 .0104 .0289

⎤⎦ and r =

⎡⎣ .062
.146
.128

⎤⎦ .

Suppose θ = 10.

(a) Set up the problem as an optimization problem so as to minimize a
barrier function subject to one equality constraint.

(b) Find an initial feasible interior starting point.

(c) Manually perform one iteration of the Barrier-function Algorithm 14.1
on the above quadratic programming problem.
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(d) How would you expect the solution to change if θ were chosen to be
a thousand times larger?

14.12 Consider the following optimization problem:

minimize x2
1 + x2

2 + x1x2

subject to x1 ≥ 1.

(a) Write down the unconstrained barrier function objective.

(b) Write down the Hessian of the barrier function.

(c) Show that for any μ, as the iterates approach the solution, the Hessian
becomes increasingly ill-conditioned.

14.13 For most linear programs it is desirable to obtain an extreme point so-
lution. When using interior-point methods, an extreme point solution is
typically not obtained. Describe how to construct an optimal extreme
point solution from an “optimal” interior-point solution.



A. APPENDIX: SOME MATHEMATICAL CONCEPTS

Overview

This appendix on mathematical concepts is simply intended to aid readers

who would benefit from a refresher on material they learned in the past
or possibly never learned at all. Included here are basic definitions and

examples pertaining to aspects of set theory, numerical linear algebra, met-
ric properties of sets in real n-space, and analytical properties of functions.
Among the latter are such matters as continuity, differentiability, and con-

vexity.

A.1 Basic terminology and notation from set theory

This section recalls some general definitions and notation from set theory. In
Section A.4 we move on to consider particular kinds of sets; in the process,

we necessarily draw certain functions into the discussion.

A set is a collection of objects belonging to some universe of discourse.
The objects belonging to the collection (i.e., set) are said to be its members
or elements. The symbol ∈ is used to express the membership of an object

in a set. If x is an object and A is a set, the statement that x is an element
of A (or x belongs to A) is written x ∈ A. To negate the membership of x in

the set A we write x /∈ A. The set of all objects, in the universe of discourse,
not belonging to A is called the complement of A. There are many different

notations used for the complement of a set A. One of the most popular is
Ac.

The cardinality of a set is the number of its elements. A set A can have

cardinality zero in which case it is said to be empty. The empty set is
sometimes called the null set; in either case it is denoted by the symbol ∅.
The cardinality of a set can be finite or infinite. When the cardinality of a
set is one, the set is called a singleton. If x is the one element of a singleton
A, we write A = {x}.

If A and B are two sets and every element of A is an element of B, we call

A a subset of B and write A ⊆ B. This notation allows for the possibility
that A and B are the same set, but when A and B are not equal, we write
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A ⊂ B. There is an analogous notion of containment as well. In particular,
when A is a subset of B, we say that B contains A and write B ⊇ A or

B ⊃ A if the sets are not equal. The binary relations ⊂ and ⊃ are called
proper inclusion and proper containment , respectively. By convention, the

empty set is a subset of every set.

A set is customarily described by some criterion that its members must
satisfy. The criterion is a statement involving a variable which is made true

by each of the members of the set. This gives rise to expressions such as

A = {x : statement about x is true}.

This is called set-builder notation.1 For example, when we take R, the real
number field, to be the universe of discourse, the nonnegative real numbers

(often associated with the nonnegative part of the real number line) is

R+ = {x : x ∈ R and x ≥ 0}.

As a set, Rn can be described as follows.

Rn = {x : x = (x1, . . . , xn), where xi ∈ R, i = 1, . . . , n}.

When we take Rn to be the universe of discourse, the corresponding non-
negative orthant can be expressed as

Rn
+ = {x : x ∈ Rn and xi ≥ 0, i = 1, . . . , n}.

This can also be put in a slightly different way, namely as

Rn
+ = {x ∈ Rn : xi ≥ 0, i = 1, . . . , n}.

The set-builder notation is useful in defining the various operations on
sets itemized below.

• The union of two sets, say A and B, is the set

A ∪B = {x : x ∈ A or x ∈ B}.
1Some authors use a vertical bar instead of a colon, and whatever symbol is used, one

sometimes sees the universe of discourse mentioned before that symbol. Thus, if U is the
universe of discourse, a set A might be declared as {x ∈ U : statement about x is true}.
But more often than not, the universe of discourse is clear from the context and is not
even stated.
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If Aω is a set for each index ω belonging to a set Ω, their union is⋃
ω∈Ω

Aω = {x : x ∈ Aω for some ω ∈ Ω}.

• The intersection of two sets, say A and B, is the set

A ∩B = {x : x ∈ A and x ∈ B}.

If Aω is a set for each index ω belonging to a set Ω, the intersection of

all these sets is ⋂
ω∈Ω

Aω = {x : x ∈ Aω for all ω ∈ Ω}.

• As mentioned above, the complement of a set A is the set of objects

in the universe of discourse that do not belong to A, that is

Ac = {x : x /∈ A}.

• Given two sets, say A and B with B regarded as the universe of dis-

course, the set-theoretic difference of B and A is the complement of A
relative to B. In set-builder notation, we have

B \ A = {x : x ∈ B and x /∈ A} = B ∩Ac.

• Another construct is the symmetric difference of two sets, say A and

B. This is defined by

A Δ B = (A \B) ∪ (B \ A).

• The Cartesian product of two (or more) sets, A and B is another
important concept. This set consists of all ordered pairs of elements

from A and B. Accordingly, we write

A× B = {(x, y) : x ∈ A and y ∈ B}.

(Note that when A and B are distinct sets, i.e. A 
= B, the sets A×B
and B × A are likewise distinct.) The Cartesian product of sets can

be iterated as in the definition of Rn with n ≥ 2.

Rn = Rn−1 ×R.
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A.2 Norms and metrics

The importance of distance

The concept of the distance between objects arises frequently, both in prac-
tice and in theory (see [48]). We are all familiar with the measurement of

length and of the ordinary distance between physical objects. Sometimes
the “distance” between locations is reckoned in terms of travel time. One

can also use the notion of “distance” to measure the “similarity” of objects.
Optical character recognition is one of many types of distance measurement

done in technological methods aimed at automatically identifying “objects.”
In this case, the objects would normally be printed or hand-written char-

acters belonging to an alphabet. Such objects can be described by vectors
of numbers representing chosen features of the character set. A similar

approach can be applied to recognizing faces or fingerprints by various bio-
metric measurements. In optimization, the measurement of distance from
one vector to another vector is often needed. The distance between suc-

cessive iterates in an algorithm, or the distance of a point from the origin
are matters that come up repeatedly. A common kind of problem is that of

minimizing the distance from a point to a set. For example, the question of
whether the system Ax = b, x ≥ 0 has a solution can be settled by deter-

mining the distance from the point (vector) b to the finitely generated cone
pos (A) = {y : y = Ax, x ≥ 0}. If the distance is positive, then b /∈ pos (A)

and hence Ax = b, x ≥ 0 has no solution. The converse of this statement is
also true.

As we saw briefly in Chapter 8, distance can be calculated in various
ways. Metrics are the tools that enable us to measure distance. However,

because norms2 are a fundamental concept used in defining metrics, we begin
with an introduction to vector norms.

Norms on Rn

In general, vector norms measure the size of vectors in some linear space.
For our purposes, the linear space of interest is Rn. A norm on Rn is a
real-valued function ϕ with the following properties:

2There are vector norms and matrix norms.
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1. ϕ(x) ≥ 0 for all x ∈ Rn.

2. ϕ(αx) = |α|ϕ(x) for all α ∈ R, x ∈ Rn, where |α| is the absolute value
of α, i.e., |α| = max{α,−α}.

3. ϕ(x + y) ≤ ϕ(x) + ϕ(y) for all x, y ∈ Rn.

If ϕ is a norm on Rn, then for any x ∈ Rn, ϕ(x) is called the norm of x. Note

that property 2 implies ϕ(0) = 0. It also implies that for every x ∈ Rn, the
vectors x and −x “have the same norm,” that is, ϕ(x) = ϕ(−x). Property

3 is called the triangle inequality.

The most commonly encountered vector norms are:

1. The 1-norm: ‖x‖1 =

n∑
j=1

|xj| also known as the Manhattan norm.

2. The 2-norm: ‖x‖2 =

√√√√ n∑
j=1

x2
j also known as the Euclidean norm.

3. The ∞-norm: ‖x‖∞ = max
1≤j≤n

|xj|.

Norms can also be defined on Rm×n, that is, on real m× n matrices. In

a formal sense, a matrix norm must possess the same three properties that
a vector norm possesses. It is customary to use the same notation for both

vector norms and matrix norms. Matrix norms are continuous functions || · ||
that possess the following properties:

1. ||A|| ≥ 0, with equality if and only if A = 0.

2. ||αA|| = |α| ||A|| for any scalar α.

3. ||A + B|| ≤ ||A||+ ||B||. (Triangle inequality.)

In the case of two matrices A and B for which the product AB is well de-
fined, a further—so called submultiplicative—property is possessed by some

matrix norms. The submultiplicative property holds if

||AB|| ≤ ||A|| ||B|| for all A ∈ Rm×q and B ∈ Rq×n.
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Golub and Van Loan [88, p. 56] exhibit a matrix norm that does not possess
the submultiplicative property.

A matrix norm on Rm×n is said to be induced by given vector norms on

Rm and Rn if it is defined as follows:

||A|| = sup
x 
=0

||Ax||
||x|| . (A.1)

By virtue of the properties of vector norms, equation (A.1) in this definition
is equivalent to

||A|| = max
||x||=1

||Ax||. (A.2)

The following are the most commonly used examples of matrix norms.

1. The 1-norm: ||A||1 = max
1≤j≤n

m∑
i=1

|aij|.

2. The 2-norm: ||A||2 = (λmax[A
TA])1/2; see Section A.3.

3. The ∞-norm: ||A||∞ = max
1≤i≤m

n∑
j=1

|aij|.

4. The Frobenius-norm: ||A||F =

( m∑
i=1

n∑
j=1

a2
ij

)1/2

.

The 1-norm, 2-norm, and the ∞-norm are vector-induced norms. On the

other hand, the Frobenius-norm is not a vector-induced norm (see Exer-
cise A.3).

General definition of a metric

In general, a metric defined on a set S is a function d : S×S −→ R+ having
the following properties:

1. Symmetry: d(x, y) = d(y, x) for all x and y ∈ S.

2. Definiteness: d(x, y)≥ 0 with d(x, y) = 0 if and only if x = y.
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3. Triangle inequality: d(x, z) ≤ d(x, y) + d(y, z) for all x, y, and z ∈ S.

A set S on which a metric d is defined is called a metric space. Note that

the set S of a metric space need not be a linear space. In particular, it is
not necessary for there to be any notion of addition or scalar multiplication
among the elements of S as there is in a linear space. For example, when S

is a nonempty set, the function d : S × S → {0, 1} given by the rule

d(x, y) =

{
0 if x = y

1 if x 
= y

is a metric.

Equivalence of norms

Two norms, say ||.||p and ||.||q are said to be equivalent if there exist positive
constants γ and δ such that

γ||.||p ≤ ||.||q ≤ δ||.||p for all x ∈ Rn.

It can be shown that for all x ∈ Rn

1. ||x||2 ≤ ||x||1 ≤
√

n||x||2
2. ||x||∞ ≤ ||x||2 ≤

√
n||x||∞

3. ||x||∞ ≤ ||x||1 ≤ n||x||∞

These inequalities imply that the 1-norm, the 2-norm, and the ∞-norm are
equivalent.

Metrics induced by norms

Using vector norms on Rn, we can define corresponding metrics. A metric

on Rn is a function that measures the distance between two vectors, say x
and y in Rn. The technique for obtaining the metric induced by a norm is
the same in every case. If ϕ is a norm on Rn, the corresponding metric is

d(x, y) = ϕ(x− y). The fact that Rn is a linear space makes it meaningful
to write the expression x− y which, of course, is a vector in Rn.
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The metrics induced by the specific norms defined above are

d1(x, y)= ‖x− y‖1,
d2(x, y)= ‖x− y‖2,

d∞(x, y)= ‖x− y‖∞.

Of these, the Euclidean metric, d2, is by far the most often used, and when
that meaning is understood, we often drop the subscript 2 from the notation.
The linear space Rn “equipped” with the Euclidean metric goes by the name

Euclidean n-space, often denoted En.

In more detail, these metrics look as follows. Given x = (x1, x2, . . . , xn)
and y = (y1, y2, . . . , yn):

1. The �1 or “Manhattan” distance from x to y is

d1(x, y) =

n∑
j=1

|xj − yj| = ||x− y||1.

2. The Euclidean distance from x to y is

d2(x, y) =

√√√√ n∑
j=1

(xj − yj)
2 = ||x− y||2 .

3. The “max” distance from x to y is

d∞(x, y) = max
1≤j≤n

|xj − yj| = ||x− y||∞.

In the Chebyshev problem one wants to minimize the ∞-norm of the
difference between two vectors. The problem is modeled as a linear program

(see page 35).

A.3 Properties of vectors and matrices

Eigenvalues and eigenvectors

The real number field is a subfield of the field of complex numbers (those
of the form a + ib where a and b are real numbers and i2 = −1). For each
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complex number, c = a + ib, there is an associated ordered pair (a, b). The
first component of this ordered pair is called the real part of c, whereas the

second component is called the imaginary part of c. These components are
sometimes denoted by writing a = "(c) and b = #(c), respectively.

Viewed this way, every real number a can be interpreted as a complex

number whose “imaginary part” b equals zero. Unlike the real number
field, the complex number field is algebraically closed. This means that

every polynomial equation of degree n with complex coefficients has n (not
necessarily distinct) roots. In fact, every such polynomial p is the product

of n polynomials of degree one. Moreover, the complex roots occur in what
are called “conjugate pairs,” meaning that if a + ib is a root of p, then so is
a− ib.

Now, given a real (or complex) n×n matrix A, one can form the equation

Ax = λx (A.3)

in which the n-vector x and scalar λ are unknowns. If, together, x 
= 0
and λ satisfy (A.3), then x is called an eigenvector of A, and λ is called an

eigenvalue of A. Furthermore, there is an associated polynomial equation,
called the characteristic equation of A, namely

det(A− λI) = 0 (A.4)

in which λ plays the role of an indeterminate. Over the complex field, this

n-th degree polynomial equation (sometimes called the secular equation of
A) has n roots, these being the eigenvalues of A. The eigenvalues are also

known as characteristic roots or latent roots. If A is n × n and n is odd,
then A must have at least one real eigenvalue.

It can also be shown that the following properties hold:

n∑
i=1

λi =

n∑
i=1

aii (A.5)

n∏
i=1

λi = det(A). (A.6)

For any square matrix A, the sum of its diagonal elements is called its trace.

Equation (A.5) says that the trace of such a matrix also equals the sum of
its eigenvalues.
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From (A.6) it follows that if the imaginary part of each eigenvalue of
A is nonzero, then n is even and det(A) > 0 since the product of nonzero

conjugate pairs of complex numbers is positive. But more interesting from
our perspective is the following important matrix-theoretic fact.

Theorem A.1 All eigenvalues of a real symmetric matrix are real numbers.

It follows that the 2-norm of the matrix A (see page 542) is well defined.

Condition number of a matrix

On a computer not all real numbers are represented exactly. This can be
troublesome when solving a system of linear equations. Even though the

errors may be small to start with, they can get magnified depending on the
numerical properties of the matrix in the system being solved.

Perturbation theory is used to analyze how sensitive the computed so-

lution is to small changes in the data. If it is “very sensitive” we say that
the system is ill-conditioned. Note that this is not the same as stating that

an algorithm is unstable, that is, one in which the errors made in the com-
putation cannot be attributed to small errors in the data. In the case of

ill-conditioning of the system to be solved, an algorithm may be very stable,
yet the computed solution may differ substantially from the true answer.

We illustrate the effect of ill-conditioning next.

Example A.1: ILL-CONDITIONING. Consider the following two matrices.

A =

[
0.0001 1.0
1.0 1.0

]
and B =

[
1.0 1.0
1.0 1.0001

]
.

In this instance, the matrix A is well-conditioned and the matrix B is ill-
conditioned (its rows are nearly identical). To see this, select two vectors

that are only slightly different from each other: b1 = (2, 2.0001) and b2 =
(2, 2.0002). Solving Ax = b1 we obtain x1 = (0.0001, 2) and solving Ax = b2

results in x2 = (0.0002, 2); there is not much change in the solutions. On
the other hand the solution of By = b1 is y1 = (1, 1), and that of By = b2

is y2 = (0, 2); these are very different solutions. For the matrix B, small

changes in the right-hand side lead to large changes in the solution. The
reason for this is that B is ill-conditioned, as we shall see next.
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To assess the conditioning of a nonsingular matrix A, we compute its
condition number which we will denote by cond (A). This quantity has a

simple form:

cond (A) = ||A|| · ||A−1||.
In order to derive the above number, we examine the impact of perturbations

to the data when solving Ax = b. Consider the system of equations Ax = b,
where A is a square matrix. The exact solution of this system is given by

x = A−1b. (A.7)

Now suppose that we perturb the right-hand side slightly to be b+δb, where
the components of the vector δb are small numbers3. The exact solution

x + δx of the same system with a perturbed right-hand side b + δb is

x + δx = A−1(b + δb). (A.8)

Thus, it follows that δx = A−1δb. From (A.1) we obtain

||δx|| ≤ ||A−1|| ||δb|| (A.9)

||b|| ≤ ||A|| ||x||. (A.10)

Combining these two inequalities, we get

||δx||
||x|| ≤ ||A|| ||A

−1|| ||δb||||b|| = cond (A)
||δb||
||b|| . (A.11)

From this we see that the condition number is essentially a magnification

factor. Indeed, for any square matrix A, cond (A) = ||A|| ||A−1|| ≥ ||I || = 1
for any vector-induced norm.

Example A.2: CONDITION NUMBERS. The inverses of the matrices A
and B in Example A.1 are

A−1 =

⎡⎢⎢⎣
−1

1− 10−4

1

1− 10−4

1

1− 10−4
1− 1

1− 10−4

⎤⎥⎥⎦ and B−1 =

[
1 + 104 −104

−104 104

]
.

3We could, of course, perturb A or both A and b; the results, while more complicated to
derive will be similar. Since we are only interested in an estimate, the right magnitude of
the condition number will suffice and we choose the simpler perturbation of the right-hand
side for our analysis.
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In terms of the 1-norm, their condition numbers are computed as

‖A‖1 = 2, ‖A−1‖1 =
2

1− 10−4
, cond (A) = ‖A‖1‖A−1‖1 ≈ 4

‖B‖1 = 2.0001, ‖B−1‖1 = 2.0001× 104, cond (B) = ‖B‖1‖B−1‖1 ≈ 4× 104.

The condition number of B is of the order 104 which is large. We saw the
effect of this in Example A.1.

Orthogonality

Two vectors p, q ∈ Rn are said to be orthogonal if pTq = 0. A set of vectors

{q1, . . . , qn} ∈ Rn are said to be mutually orthogonal if and only if

qT
i qj = 0 if i 
= j and qT

i qj 
= 0 if i = j. (A.12)

The vectors are said to be orthonormal if they are orthogonal and

qT
i qj = 1 when i = j. (A.13)

Clearly every set of nonzero orthogonal vectors must be linearly independent.

An orthogonal matrix Q is a square matrix such that QTQ = I . This
definition implies that for every orthogonal matrix Q, the equation Q−1 =

QT holds. Note that the columns of Q, regarded as a set of vectors, would
then constitute an orthonormal set. Orthonormal matrices define linear
transformations called isometries because they preserve Euclidean distances

between points (see page 544). Orthogonal matrices are important from a
numerical point of view because their condition number is 1, and they turn

up in many matrix factorization schemes, as presented in [88].

A.4 Properties of sets in Rn

Sets and functions are ever-present and intertwined concepts in mathemat-
ical work. The following discussion illustrates this point.
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Figure A.1: Unit circles in various norms.

Balls, spheres, and neighborhoods

Let r be a positive real number and let c ∈ Rn. If ‖ · ‖ is a norm on Rn,
then an open ball of radius r centered at c is

B(c, r) = {x : ‖x− c‖ < r}.
A (closed) ball of radius r centered at c is

B(c, r) = {x : ‖x− c‖ ≤ r}.
The set

S(c, r) = {x : ‖x− c‖ = r}
is the sphere of radius r centered at c. In the case of n = 2, these three

kinds of sets are called open disks , closed disks and circles , respectively.

This terminology is inspired by the everyday language based on the 2-
norm; nevertheless, it is readily transferred to the analogous structures re-
lated to other norms. Figure A.1 illustrates the idea.

A ball centered at a point x̄ is called a neighborhood of that point.4 This

concept is particularly important in the case where the ball is open and the
radius is small.

Bounded and unbounded sets

A set S that lies within a ball (either open or closed) of some finite radius is
said to be bounded. If there is no such ball containing the set S, it is said to

4In topology, one considers neighborhoods of a more general nature.
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be unbounded. There are countless examples of bounded sets and unbounded
sets in the context of convex polyhedra alone. As a reminder, we mention

that all nonzero cones (including, in particular Rn and Rn
+) are unbounded

whereas the feasible regions of transportation problems are bounded poly-

hedra (polytopes). Naturally the terms bounded and unbounded apply to
many other kinds of sets. Two of these are given in the example below.

Example A.3: MORE BOUNDED AND UNBOUNDED SETS. The set

S1 = {x ∈ R2
+ : x1 ≤ 1, x2 ≤ (x1 − 1)2}

is bounded. It is contained in the closed ball of radius 1 centered at the

origin. On the other hand, the set

S2 = {x ∈ R2
+ : x2 ≤ e−x1}

is not bounded because it contains points x = (x1, e
−x1) having arbitrarily

large coordinate x1.

Open sets and closed sets in Rn

A set S ⊆ Rn is said to be open if for each x ∈ S, there is an open ball
centered at x that is entirely contained in S. Notice that Rn is clearly open.

A set is said to be closed if its complement is open. By convention, the
empty set is both open and closed, hence so is Rn.

Example A.4: A CLOSED SET AND ITS COMPLEMENT. The set

S = {x ∈ R : −1 ≤ x ≤ 1}

is closed. Its complement is

{x ∈ R : x < 1} ∪ {x ∈ R : x > 1},

which is the union of two open sets.

More generally, the solution set of a linear inequality aTx ≤ β is a closed

set, and its complement {x : aTx > β} is open. Consequently, all polyhedral
sets {x : Ax ≤ b} are closed.
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Note that if x̄ is any element of an open set, S, and p is any element of
Rn, then x̄ + θp belongs to S for sufficiently small θ ∈ R. In other words, it

is always possible to move away from x̄ in any direction and still remain in
S. See Exercise A.9.

It should be clear that the union of a family of open sets is open and the

intersection of a family of closed sets is closed :

Sα open for all α =⇒
⋃
α

Sα open

and

Sα closed for all α =⇒
⋂
α

Sα closed.

In these two statements, the family in question need not be finite, but when
it is finite, one can also prove the following assertions.

The intersection of finitely many open sets in Rn is open, and

the union of finitely many closed sets in Rn is closed.

See Exercise A.10.

Limit points

Let S ⊆ Rn. Then x̄ ∈ Rn is a limit point of S if every open ball centered at

x̄ contains an element of S. Intuitively, this means that there are points of
S arbitrarily close to x̄. Limit points of S need not belong to S, but when

all of them do, the set S must be closed. Conversely, a closed set contains
all of its limit points.

In optimization, the sets S referred to in the preceding paragraph are

typically sequences of points in Rn or possibly real numbers (in which case
n = 1). By such sequences, we mean sets whose elements are in one-to-one

correspondence with the set of natural numbers N = {k : k = 1, 2, . . .}.
A sequence of points in Rn could be denoted {xk : k ∈ N}, but it is more
customary to write it as {xk} although it is important to distinguish the se-

quence from the singleton, xk. This should always be clear from the context
in which the symbol is used.
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Closure of a set

For a set S ⊆ Rn, let S ′ denote the set of all limit points of S. Then

S = S ∪ S ′

is known as the closure of S. The notation cl S is also used for the closure
of S.

Our use of the notation B(c, r) for the set {x : ‖x−c‖ ≤ r} would suggest

that B(c, r) is the closure of B(c, r), and indeed it is.

A set S ⊆ Rn is closed if and only if it equals its closure.

Boundary of a set

Let S ⊂ Rn. A point x̄ ∈ S is a boundary point of S if every neighborhood
of x̄ contains an element of S and an element of the complement of S. The

boundary of a set S is the set of all boundary points of S. We denote the
boundary of S by bdy S; some authors use ∂S to denote the boundary of S.

As an example of the boundary of a set, consider the closed ball B(c, r)
in Rn. In this case bdyB(c, r) = {x : ‖x− c‖ = r}, which is just the sphere

of radius r centered at c.

Compact sets

An important property of some (but by no means all) sets in Rn is that of

compactness. A set S ⊂ Rn is defined to be compact if it is both closed
and bounded. For instance, when n = 1, the closed, bounded intervals are

compact sets. A closed subset of a compact set is clearly compact, hence
the intersection of any number of compact sets is compact. There are many
situations in which the compactness of a set turns out to be a key element

in justifying an assertion. An example of such an assertion is Weierstrass’s
Theorem found on page 554.
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Interior of a set

The interior of a set S ⊆ Rn is the set of points x ∈ S that are not

contained in bdy S. Such points belong to open neighborhoods that are
entirely contained in S. We denote the interior of a set S by intS. A set S

for which intS 
= ∅ is said to be solid.

Relative neighborhoods and related concepts

A set having no interior points may still have something like interior points.
A line segment in Euclidean n-space with n ≥ 2 will serve to illustrate the

idea. Consider the line L that contains the given line segment. We may
think of this line L as 1-dimensional space R1. For a point x̄ in the given

line segment, consider the intersection of L with an open neighborhood
containing x̄. That intersection is called a relatively open neighborhood of
x̄. The concepts of relative boundary and relative interior can be built

around those of boundary and interior. For an example of why the concept
of relative interior is of interest, see the discussion of continuity of convex

functions on page 568.

In general, the definition of a relatively open neighborhood of a point
in a set S ⊂ Rn relies on the concept of the carrying plane5 of S. This is

the affine set of least dimension that contains S. (Such a thing will be a
translate of a linear subspace of Rn.)

With the carrying plane of S denoted by V (S), we obtain the relatively

open neighborhoods of points in S by considering the intersection of V (S)
with all open neighborhoods of the points of S. The collection of all these

relatively open neighborhoods that also lie within S constitutes the relative
interior of S, denoted rel intS.

In the little example shown in Figure A.2, the points of the line segment
that lie strictly between its endpoints a and b constitute the relative interior.

The endpoints of the line segment make up its relative boundary. As a
second example, consider a closed disk in R3. The interior of a such a set is

empty, but it does have a nonempty relative interior.

5The carrying plane of S is also called the affine hull of S which is defined as the
intersection of all affine sets containing S.
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Figure A.2: Relative interior and relative boundary of a line segment.

A.5 Properties of functions on Rn

In this section we briefly review of some concepts from multivariate differ-
ential calculus. Most of this material should be familiar.

Continuity of functions

A function f : S → R is continuous at the point x̄ ∈ S if for every ε > 0
there exists a δ > 0 such that

‖x− x̄‖ < δ =⇒ |f(x)− f(x̄)| < ε.

The function f is continuous on S if it is continuous at every point x̄ ∈ S.
The function f is continuous on S if and only if for every convergent sequence
{xk} in S

lim
k→∞

f(xk) = f

(
lim

k→∞
xk

)
.

The following much-used theorem of Weierstrass6 combines the property

of continuity with that of compactness to guarantee the existence of maxima
and minima.

Theorem A.2 (Weierstrass) If f :S −→ R is a continuous function and

S ⊂ Rn is a compact set, then the function f attains its maximum and
minimum values on S.

6Karl Theodor Wilhelm Weierstrass (1815–1897) is known as the father of modern
analysis. The sketch of Weierstrass’s life, including his contributions, [59, p. 599] makes
fascinating reading.
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This means, there exist elements x̄ and ȳ ∈ S such that

f(x̄) ≥ f(x) for all x ∈ S and f(ȳ) ≤ f(y) for all y ∈ S.

The power of this theorem is the assertion that the set S contains the
elements x̄ and ȳ which maximize and minimize the value of f on S.

Partial derivatives and the gradient vector

Let f be a real-valued function defined on the open set S. If, at x̄ ∈ S, the

limit

lim
δ→0

f(x̄ + δI.i)− f(x̄)

δ

exists, we call it the partial derivative of f at x̄ with respect to xi and denote

the limit as
∂f(x̄)

∂xi
.

The vector

g(x) =

(
∂f(x)

∂x1
,

∂f(x)

∂x2
, . . . ,

∂f(x)

∂xn

)
is called the gradient of f at x̄ and, in addition to the above, is variously

denoted ∇f(x̄) or grad f(x̄), or f ′(x̄).

Differentiability of functions

Let f : S −→ R where S is an open subset of Rn. Then f is differentiable
at x̄ ∈ S if for every x ∈ Rn such that x̄ + x ∈ S,

f(x̄ + x) = f(x̄) + g(x̄)Tx + α(x̄, x)‖x‖ (A.14)

where the gradient g(x̄) is bounded and α is a real-valued function such that

lim
x→0

α(x̄, x) = 0. (A.15)

If f is differentiable at every point of an open set, it is said to be differentiable

on that set.7

7In 1872, Karl Weierstrass gave an example of a function that is continuous and nowhere

differentiable. Such things are now called Weierstrass functions.
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Differentiable functions have gradients. If f : S −→ R is differentiable at
x̄ ∈ S, then f is continuous at x̄ and ∇f(x̄) exists. The existence of partial

derivatives at a point x̄ does not imply differentiability there.

A sufficient condition for differentiability. A function f : S −→ R having
continuous partial derivatives at the point x̄ ∈ S is differentiable at x̄.

Example A.5: NONDIFFERENTIABLE FUNCTION HAVING A GRADIENT.

Consider the real-valued function f defined on R2 by

f(x1, x2) =

{
x1 if |x1| > |x2|
−x1 otherwise .

From the definition of partial derivative, we see that

∇f(0) =

(
∂f(0)

∂x1
,
∂f(0)

∂x2

)
= (1, 0).

Nevertheless, the function f is not differentiable at x̄ = 0. The reason
has to do with how x → 0 in the limit process (A.15). Indeed, if f were

differentiable, and we let x approach the origin along the halfline where
0 < x1 = x2, we would have in (A.14)

f(x1, x1) =−x1

= x1 + x1 · 1 + x1 · 0 + α(x1, x1) · x1.

Equating the two right-hand sides here, dividing through by x1, and then
letting x1 go to zero, we would obtain a contradiction. Consequently, the

function f cannot be differentiable, even though it has a gradient. This
example is based on [190, Example H, p. 16].

Twice-differentiable functions

Consider f : S −→ R where S is an open subset of Rn; if x̄ ∈ S, then f is
said to be twice-differentiable at x̄ if

f(x̄ + x) = f(x̄) +∇f(x̄)Tx + 1
2xT∇2f(x̄)x + β(x̄, x)(‖x‖)2

where ∇2f(x̄) is a bounded matrix and β is a real-valued function such that

lim
x→0

β(x̄, x) = 0.
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The Hessian matrix of second partial derivatives

The symbol ∇2f(x̄) denotes the n × n (Hessian) matrix of second partial
derivatives of f at x̄, assuming these derivatives exist.

∇2f(x̄) =

[
∂2f(x̄)

∂xi∂xj

]
(Hessian).

In line with the common nonlinear programming practice of denoting the

Hessian matrix by G(x), we write the ij-th element of the Hessian as

Gij(x) =
∂2f(x)

∂xi ∂xj
.

Theorem A.3 Hessian symmetry When f is a twice-continuously differ-
entiable function, its Hessian matrix is symmetric, that is,

∂2f(x̄)

∂xi∂xj
=

∂2f(x̄)

∂xj∂xi
for all i, j.

Continuity of the second derivatives is essential for the theorem to be true.
An example of twice-differentiable function having an asymmetric Hessian

matrix is given in [103, p. 120].

Example A.6: A GRADIENT AND HESSIAN. Let f(x) = ex1x2x3, where

e denotes the base of the natural logarithm, that is, e = 2.7182818284 . . ..
Then

g(x) = ex1x2x3(x2x3, x1x3, x1x2)

and

G(x) = ex1x2x3

⎡⎢⎣ x2
2x

2
3 x3 + x1x2x

2
3 x2 + x1x

2
2x3

x3 + x1x2x
2
3 x2

1x
2
3 x1 + x2

1x2x3

x2 + x1x
2
2x3 x1 + x2

1x2x3 x2
1x

2
2

⎤⎥⎦ .

Note that in writing the gradient and Hessian of f , we have factored out
the function ex1x2x3.
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Partial derivatives of higher order

Systematic repeated application of the partial derivative operator ∂f(x̄)/∂xj

allows one to define partial derivatives of higher order, provided, of course,
that the required limits exist. We shall not get into this subject here except

to note that a k-th order partial derivative of f would be of the form

∂kf

∂xj1∂xj2 · · ·∂xjk

where the values of the subscripts of the variables xj1 , . . . , xjk
need not be

distinct.

Just as continuity is a desirable property of functions, so too is the conti-
nuity of their derivatives. There is a handy notation Ck often used to express

the continuity of a function or its derivatives where k is a nonnegative inte-
ger. Thus, the statement f ∈ C0 at x̄ is shorthand for the statement “the

function f is continuous at the point x̄.” For an integer k ≥ 1, the statement
f ∈ Ck at x̄ conveys the statement “the function f has continuous partial

derivatives of orders 1 through k at the point x̄.

In the literature, one finds the adjective smooth used in the context of
functions possessing continuous derivatives “of higher order.” Just what
is meant by higher order is sometimes omitted from the discussion, but

normally, it means that the function belongs to Ck, k ≥ 2.

Quadratic forms and functions

For H ∈ Rn×n, the function

f(x) = xTHx (x ∈ Rn)

is called a quadratic form on Rn. Notice that

xTHx = 1
2xT(H + HT)x

for all x; moreover the matrix 1
2 (H + HT) is symmetric, even if H is not.

The matrix 1
2 (H + HT) is called the symmetric part of H .

A quadratic function is the sum of a quadratic form and an affine func-

tion. Thus, a quadratic function has (or can be brought to) the form

xTHx + cTx + d
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where H ∈ Rn×n, c ∈ Rn, and d ∈ R.

It is worth noting that when the function f is a quadratic form xTHx
where H is a symmetric n × n matrix and x ∈ Rn, then the corresponding

gradient and Hessian at x are given by g(x) = 2Hx and G(x) = 2H . There
are two observations to be made here. The first—and more important—is

that in the case of a quadratic form, the Hessian matrix is a constant: its
entries do not depend on x. The second point is that it is fairly customary

to write a quadratic form as

f(x) = 1
2xTHx

so that when the gradient and Hessian are taken, the factor 2 gets multiplied
by 1

2 and does not show up in the expression for the gradient or the Hessian

because the product is 1 (one). That is,

g(x) = Hx and G(x) = H.

Example A.7: A QUADRATIC FUNCTION. Consider the quadratic func-
tion

f(x) = 3x2
1 − 8x1x2 + 7x2

2 + 2x1 − 3x2 + 9.

This can be written in the form

f(x) = 1
2xTHx + cTx + d

by defining H , c, and d as follows:

H =

[
6 −8
−8 14

]
, c =

[
2
−3

]
, d = 9.

For any x ∈ R2, the gradient and Hessian matrix are:

g(x) =

[
6 −8
−8 14

]
x +

[
2
−3

]
and G =

[
6 −8
−8 14

]
.

Notice that the gradient is g(x) = Gx + c.
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Positive semidefinite and positive definite matrices and quadratic forms

The matrix H ∈ Rn×n and the associated quadratic form xTHx are called

positive semidefinite if

xTHx ≥ 0 for all x ∈ Rn.

They are called positive definite8 if

xTHx > 0 for all x ∈ Rn, x 
= 0.

The negatives of positive definite and positive semidefinite matrices are
called negative definite and negative semidefinite, respectively.9

There are various ways of testing for the positive semidefiniteness or

positive definiteness of a real symmetric matrix, H .

1. One of these is through matrix factorization. If H = XXT for some
matrix X , then H is positive semidefinite. If H = XXT and the rows

of X are linearly independent, then H is positive definite.10

2. Another is through its eigenvalues. If all the eigenvalues of H are non-

negative (positive), then H is positive semidefinite (positive definite).

3. Finally, a real symmetric matrix H is positive definite if and only
if the leading principal minors of H are all positive. The analogous

statement for positive semidefiniteness is false as shown by the matrix

H =

⎡⎣ 0 0 0
0 0 1

0 1 0

⎤⎦ . (A.16)

The leading principal minors of H are

det([0]) = 0, det

([
0 0
0 0

])
= 0, det(H) = 0.

8The definitions of positive semidefinite and positive definite make sense even if the
matrix H is not symmetric.

9Some writers use the term indefinite for a square matrix that is not positive definite.
But others apply this term to square matrices that are neither positive semidefinite nor
negative semidefinite, i.e., whose associated quadratic forms take on both positive and
negative values. Thus, in reading the literature, it is definitely important to be clear
about the author’s definition of the term “indefinite”.

10The converses of these last two statements are true as well.
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There is, however, a criterion for positive semidefiniteness in terms of
principal minors, namely that a symmetric matrix is positive semidefi-

nite if and only if all of its principal minors—not just leading principal
minors—are nonnegative.

For matrices of large order, the computation of eigenvalues or the de-
termination of principal minors is computationally time-consuming and so
the latter two approaches are not used in practice. Instead, the determina-

tion of positive definiteness and positive semidefiniteness is done through a
factorization of the matrix.

A.6 Convex sets

Recall that a set S ⊆ Rn is convex if it contains the line segment between
every pair of its points. By convention, the empty set is convex. A singleton

(i.e., a set consisting of a single point) is also convex. This makes it possible
to assert that the intersection of any two convex subsets of Rn is another
convex set. As we know, every polyhedral set (i.e., the solution set of a

linear inequality system) is convex. Many convex sets are not polyhedral.
Balls (either open or closed) are examples of such convex sets.

One may ask: Why is a ball a convex set? This can be seen as a conse-

quence of the Cauchy-Schwartz inequality; see [66] and [103], for example.
It says that in the Euclidean- or 2-norm

|xTy| ≤ ‖x‖‖y‖ for all x, y ∈ Rn (A.17)

with equality if and only if x and y are linearly dependent. Incidentally,
another relationship of this sort is the formula

xTy = ‖x‖‖y‖ cosθ,

where θ denotes the angle between the vectors x and y in Rn.

For any set S ⊆ Rn and vector a ∈ Rn, the set of points

S + {a} = {t : t = s + a, s ∈ S}

is called the translate of S. It is quite easy to see that any translate of
a convex set is convex, so in particular, if we are given a ball of radius ρ
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centered at c, we may translate the ball so that it is centered at the origin.
This will simplify the notation to follow. Now let x and y be arbitrary

elements of the ball.11 Our ball is the set of points whose 2-norm squared
is less than or equal to ρ2. Thus, ‖x‖2 ≤ ρ2 and ‖y‖2 ≤ ρ2. Let λ ∈ (0, 1)

be arbitrary. We need to verify that the norm of the convex combination
λx+(1−λ)y is at most ρ or equivalently that ‖λx+(1−λ)y‖2 ≤ ρ2. Thus,

‖λx + (1− λ)y‖2 = (λx + (1− λ)y)T(λx + (1− λ)y)

= λ2xTx + 2λ(1− λ)xTy + (1− λ)2yTy

≤ λ2xTx + 2λ(1− λ)|xTy|+ (1− λ)2yTy

≤ λ2‖x‖2 + 2λ(1− λ)‖x‖‖y‖+ (1− λ)2‖y‖2

= (λ‖x‖+ (1− λ)‖y‖)2

≤ (λρ + (1− λ)ρ)2

= ρ2.

A much simpler argument in terms of functions for the convexity of a ball

(and related sets) will be given as Exercise A.8 at the end of the Appendix.

Separation and support of convex sets

A hyperplaneH = {x : pTx = α} is said to separate S1 and S2, two nonempty
convex subsets of Rn, if pTx ≤ α for all x ∈ S1 and pTx ≥ α for all x ∈
S2. The intention is to say that S1 and S2 lie on opposite sides of H;
allowing the inequalities to hold weakly (i.e., as equations) results in a rather

weak property. For that reason, it is appropriate to distinguish three more
powerful types of separation as defined below:

(i) H separates S1 and S2 properly if S1 ∪ S2 � H. This would still allow
one of the two sets to lie in H.

(ii) H separates S1 and S2 strictly if pTx < α for all x ∈ S1 and pTx > α

for all x ∈ S2. This does not prevent either of the sets S1 and S2 from
coming arbitrarily close to H.

11We may assume the ball is closed. The argument for open balls is similar.
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(iii) H separates S1 and S2 strongly if there exists a number ε > 0 such
that pTx < α + ε for all x ∈ S1 and pTx > α − ε for all x ∈ S2. This

would allow the slab H(ε) = {x : α− ε ≤ pTx ≤ α + ε} to fit between
S1 and S2.

Example A.8: FARKAS’S LEMMA AS A STRONG SEPARATION THEOREM.

A good example of the strong separation of convex sets can be gleaned from
a geometric interpretation of Farkas’s Lemma (see page 125). It says, in

effect, that if the system Ax = b, x ≥ 0 has no solution, then there exists a
vector p such that pTA ≥ 0 and pTb < 0. Now pos (A) = {Ax : x ≥ 0} is a

nonempty closed convex cone. Call this S1. The singleton {b} is a compact
convex set; call it S2. The assumption that the given system has no solution

means that S1 and S2 are disjoint. The conclusion of Farkas’s Lemma im-
plies that S1 and S2 are strongly separated by a hyperplane H. The vector

p gives the normal direction of the (strongly) separating hyperplane. The
position of H is then determined by a constant α which can be chosen as

any number in the open interval (pTb, 0). This observation is a special case
of the theorem stated below.

Theorem A.4 If S ⊂ Rn is a nonempty closed convex set and y ∈ Rn \S,

there exists a unique point x̄ ∈ S such that

‖x̄− y‖ ≤ ‖x− y‖ for all x ∈ S.

This can be seen from the following argument. Choose an arbitrary point
x̂ ∈ S and define δ = ‖x̂− y‖. The ball

B(y, δ) = {x ∈ Rn : ‖x− y‖ ≤ δ}

is compact and must contain a point x̄ that minimizes ‖x− y‖ over the set
B(x̄, δ)∩ S which is compact.12 The point x̄ is unique because it minimizes

the strictly convex function ‖x − y‖. The point x̄ is the projection of y
onto S.

12The intersection of a closed set and a compact set is compact. The existence of the
minimum here follows from Weierstrass’s Theorem.
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Figure A.3: Projection of y onto closed convex set S.

Theorem A.5 Separating hyperplane If S is a nonempty closed convex

set and y /∈ S, then there exists a vector p and a real number α such that
pTy > α and pTx ≤ α for all x ∈ S.

To see this, take p = y − x̄ and α = sup{ pTx : x ∈ S } as above.

A more general result states that if S1 and S2 are nonempty closed convex

sets in Rn, at least one of which is bounded (and hence compact), there exists
a hyperplane that strongly separates them.

The dual of a set

Let S be a nonempty subset of Rn. The dual 13 of S is the set

S∗ = {y : y · x ≥ 0 for all x ∈ S}.
Every nonzero element of S∗ makes a nonobtuse (i.e., acute or right) angle
with every element of S. It is obvious that S∗ is a cone. It is not difficult

to show that S∗ is also closed and convex.
13The concept defined here is one of the least standardized to be found in the literature

of optimization. Most—but not all—authors apply it to cones rather than arbitrary sets.
While most authors use a linear inequality system such as y · x ≥ 0 for all x ∈ S, many
state the system as y · x ≤ 0 for all x ∈ S. And, while many refer to the solution set
of whatever conditions they impose as the dual of the relevant set S, many others call it
the polar of the set. Some authors make a distinction between the dual and the polar. In
addition to this diversity of statements, there is a variety of notations in use; the most
common are S∗ and S◦ (usually for the polar).
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A question arises: When does S equal S∗∗, the dual of S∗? It is clear
from the above discussion that such a thing can be true only if S is a closed

convex cone. (Interest in the conditions under which S = S∗∗ probably
explains why the set S is often taken to be a cone right from the start.) It

can be shown that this is also a sufficient condition for S to be the same
set as S∗∗. The argument for this assertion makes use of the separating

hyperplane theorem.

Supporting hyperplanes

Let S be a nonempty subset of Rn, and let x̄ ∈ bdy S. Then the hyperplane

H = { x : pT(x− x̄) = 0 }

is a supporting hyperplane at x̄ if S ⊂ H+ or S ⊂ H− where

H+ = { x : pT(x− x̄) ≥ 0 } and H− = { x : pT(x− x̄) ≤ 0 }.

Proper support requires that S 
⊂ H. If H properly supports S at x̄ ∈ bdy S

the set H+ or H− that contains S is called a supporting halfspace. The
following is a much-used result.

Theorem A.6 Supporting hyperplane If S is a nonempty convex set in
Rn and x̄ ∈ bdy S, then there exists a hyperplane that supports S at x̄, i.e.,

there exists a vector p 
= 0 such that

pT(x− x̄) ≤ 0 for all x ∈ clS.

Once p is known, the supporting hyperplane is

H = {x : pTx = pTx̄}.

Convex sets are characterized by their supporting halfspaces. A case in point
is the following. (See [167, p. 99].)

Theorem A.7 Closure The closure of every proper convex subset of Rn is
the intersection of its supporting halfspaces.
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In some cases, there is only one supporting hyperplane at a point x̄; it
should be noted, however, that in other cases there can be infinitely many

hyperplanes that support a convex set at a particular boundary point x̄.
An easily understood instance of this sort arises at an extreme point of a

polyhedron. In Figure A.4, S has unique supporting hyperplanes at b and
d but not at a, c, and e.

•a

•b

•
c

•d

• e.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
.........
..........
.........
.........
.........
.........
.........
..........
.........
.........
.........
.........
..........
.........
.........
.........
.........
.........
......

..............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

S

...........................................................................................................................................................................................................................................................................................................................

Figure A.4: Points with unique/non-unique supporting hyperplanes.

A.7 Properties of convex functions

In this book, convex functions were defined in Chapter 8 (see, in particular,
page 235). Here we collect several useful properties of convex functions.
Most of these are quite easily proved; nonetheless, we offer some references

where proofs can be found. There are analogous results for concave func-
tions, but we leave most of them unstated.

Convexity of the epigraph

One of the criteria for convexity of functions involves a concept which relates
the function to a set in a higher-dimensional space. Let f : S → R be a

real-valued function defined on the nonempty convex set S ⊆ Rn. The set

epi f = {(x, α) : x ∈ S and α ≥ f(x)}
is called the epigraph of f . It now follows that the function f is convex on
S if and only if its epigraph is a convex set. The corresponding construct
for concave functions is called the hypograph. The hypograph of f is the set

of points
hyp f = {(x, α) : x ∈ S and α ≤ f(x)}.
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Then f is concave on S if and only if its hypograph is convex.

Viewing the convexity of functions through their epigraphs is particularly
useful in dealing with convex optimization. Indeed, for a problem such as

minimize f(x) subject to x ∈ S, the feasibility of a vector can be expressed
through the formalism

f̄(x) =

{
f(x) if x ∈ S

+∞ otherwise.

Note that f̄ extends the set of points on which f is defined to all of Rn

by allowing function values in the extended reals, R̄. It becomes interesting

to distinguish between the points of Rn where f is finite valued, and those
where it is not. For this purpose, one defines the domain of f̄ to be the set

dom f̄ = {x ∈ Rn : f̄(x) ∈ R}.

The function f̄ is said to be proper if dom f̄ 
= ∅ and f̄(x) > −∞ for all x ∈
Rn. Saying that f̄ is proper does not imply that it is bounded below on Rn.

Caution: Unless stated otherwise, we shall deal here only with proper func-
tions and for simplicity we drop the bar above the symbol.

Convexity of level sets

The term level set was defined on page 305. It is very straightforward to

show that the level sets of a convex function are always convex. The converse
of this fact is not true, however.

Example A.9: NONCONVEX FUNCTION WITH CONVEX LEVEL SETS.

The negative of the familiar “bell-shaped curve” associated with the density

function of a normally distributed random variable provides an example of a
smooth nonconvex function on R having convex level sets. In this case, the

level sets are closed bounded intervals on the real line. The nonconvexity of
this function can be seen from its graph as well as by several other criteria
for convexity. We take this example up in Exercise A.14.



568 LINEAR AND NONLINEAR OPTIMIZATION

Continuity of convex functions

Let f : S → R be a convex function. (Saying this is meant to imply that
S is a convex set.) If S contains at least two points, then it can be shown

(see, for example, [63, p. 75] or [167, p. 82]) that S has a nonempty relative
interior on which f must be continuous. Of course, any function defined on

a one-point set is continuous. So, in particular, if S is an open (or relatively
open) set in Rn, then every convex function f : S → R is continuous there.

Example A.10: A DISCONTINUOUS CONVEX FUNCTION. Let S be the
line segment between two distinct points p and q in Rn. Thus,

S = {x : x = λp + (1− λ)q, λ ∈ [0, 1]}.

Then

rel intS = {x : λp + (1− λ)q, λ ∈ (0, 1)}.
When n = 1 the relative interior and the interior are the same set, otherwise

they are not. Now let f be any convex function on rel intS. Then, as asserted
above, f is continuous there. If f(x) has a finite upper bound β on rel intS,

we can extend f to all of S by setting f(p) and f(q) equal to any values
greater than the upper bound β. This yields a discontinuous convex function

on S.

Propagation of convex functions

If f is a convex function on a given set S, then so is αf for all α ≥ 0. The set
of all convex functions on a given set S is a convex cone. That is, if f1 and f2

are convex functions on S and α1 and α2 are nonnegative real numbers, then
α1f1 + α2f2 is a convex function on S. This assertion follows immediately
from the basic definitions of convex function and cone. This property is

useful in the construction (or analysis) of new convex functions from known
convex functions. Some of these will be found among the exercises at the

end of this appendix.

Theorem A.8 The pointwise supremum of a family of convex functions
on a convex set is convex. Formally, if fγ : S → R is convex for each γ ∈ Γ,



APPENDIX A: SOME MATHEMATICAL CONCEPTS 569

then
f(x) = sup

γ∈Γ
fγ(x), x ∈ S

is a convex function.

Figure A.5 illustrates the pointwise maximum of two convex functions.
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Figure A.5: The pointwise maximum of two convex functions.

Sometimes convex functions arise as composite functions. For example,
if f : S → R is convex and g is nondecreasing on the range of f , then the

composite function given by g(f(x)) for all x ∈ S is convex. If f is convex
on Rn and x = Az + b is an affine mapping on Rm, then the composite

function g(z) = f(Az + b) is convex on Rm.

Differential criteria for convexity

Gradient inequality

For differentiable functions, the gradient inequality provides a nice charac-

terization of convexity, namely the statement that f : S → R is convex if
and only if

f(y) ≥ f(x) + (y − x) · ∇f(x) for all x, y ∈ S. (A.18)
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Figure A.6: The gradient inequality on a univariate convex function.

The idea behind this important property is illustrated in Figure A.6
showing the tangent line at a point (x, f(x)) on the graph of a convex func-

tion and the secant drawn from this point to another point (y, f(y)). The
feature of interest is the slope of the tangent line (which is given by the

first derivative f ′(x)) and the larger slope of the secant. This form of the
gradient inequality says

f(y)− f(x)

y − x
≥ f ′(x);

such an inequality is only meaningful in the univariate case.

It should be noted that the differentiable function f is strictly convex if

and only if strict inequality holds in the gradient inequality when x and y
are distinct points.

Directional derivatives and subgradients

The concept of a directional derivative comes into play when one is interested
in the rate of change of a function at a given point in a particular direction.

To that end, let f : Rn → R̄ be any function. Assume that x̄ ∈ Rn is a
vector for which f(x̄) ∈ R, and let d ∈ Rn be given. When

lim
τ→0+

f(x̄ + τd)− f(x̄)

τ

exists, it is denoted f ′
+(x̄; d) and called the positive one-sided directional

derivative of f at x̄ in the direction d. There is an analogous negative one-
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sided directional derivative f ′
−(x̄; d) obtained by taking the limit from the

negative side of zero.

In a case where the function f is not differentiable at a particular point

x̄ ∈ S, it can still happen that an inequality resembling (A.18) holds. The
kind of inequality we have in mind is

f(y) ≥ f(x̄) + (y − x̄) · γ for all y ∈ S. (A.19)

Such a vector γ is called a subgradient of f at x̄. For given x̄, (A.19) is
called the subgradient inequality. The set of all subgradients of a function f

at a specific point x̄ is called its subdifferential there. The subdifferential of
f at x̄ is denoted ∂f(x̄); it is a generalization of the concept of the gradient

∇f(x̄). For this and the following theorem, see [7, Section 4.3] and [63].

Theorem A.9 For a convex function f , the set ∂f(x̄) is closed, convex,
and nonempty. When f is differentiable at x̄, the gradient ∇f(x̄) is the only

element of ∂f(x̄).

First-order convexity criterion

Perhaps the most familiar result involving first-order differential criteria for
convexity is the theorem saying that if S ⊂ R is an open interval and

f : S → R is differentiable on S, then f is convex on S if and only if f ′ is
a nondecreasing function on S.

Second-order convexity criterion

Let S be an open convex subset of Rn, and let f : S −→ R be twice contin-

uously differentiable on S. Then f is convex on S if and only if

yTG(x)y ≥ 0 for all x ∈ S and all y ∈ Rn.

This says that the Hessian matrix G(x) is positive semidefinite for every

x ∈ S. This characterization of convexity of twice continuously differentiable
functions on open sets implies that a positive semidefinite quadratic form

on Rn is convex there as it has a constant Hessian matrix. Accordingly,
a quadratic function is convex on an open subset S of Rn if and only its
Hessian matrix is positive semidefinite. Moreover, it can be shown that a

quadratic function is convex on an open subset of Rn if and only if it is
convex on all of Rn.
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Extrema of convex functions

When a function f : S −→ R is given, we say that x̄ is a global minimizer

of f on S if

f(x̄) ≤ f(x) for all x ∈ S,

and f(x̄) is the minimum value of f on S. Analogous definitions hold for
the terms global maximizer and maximum value. If for some neighborhood

N (x̄) of x̄

f(x̄) ≤ f(x) for all x ∈ N (x̄) ∩ S,

then x̄ is a local minimizer of f on S, and f(x̄) is a local minimum value of

f on S.

One of the reasons that convex functions are of interest in nonlinear
optimization is that their local minima are always global minima. That is,
if S is a convex set and f : S −→ R is a convex function, then

f(x̄) ≤ f(x) for all x ∈ N (x̄) =⇒ f(x̄) ≤ f(x) for all x ∈ S.

Nonconvex functions can have local minima that are not global minima.

An example of such a function is depicted in Figure A.7. This function
has three local minima that are the only local minima in a neighborhood

around them. These are said to be isolated local minima. This function also
has nonisolated local minima. Notice that the (apparent) global minimum

shown in the figure occurs at a point where the function is not differentiable.
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Figure A.7: Graph of a function with infinitely many local minima.
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Sufficiency of the KKT conditions in the convex case

As we have noted earlier on page 370, for a convex program the ci(x) are
normally required to be concave. However, for convex programs, it seems

natural to depart from the “≥” form (11.13) and instead think of the problem
in the form

minimize f(x)

subject to ci(x) ≤ 0, i ∈ I
x ∈ Rn

(A.20)

in which I = {1, . . . , m}, the functions f and c1, . . . , cm are differentiable
and convex. For problems of this form, the first-order (KKT) necessary

conditions of local optimality (11.15) are also sufficient for global optimality.
This means that when these differentiability and convexity conditions hold,

a KKT stationary point x̄ yields a global minimizer of (11.13). The proof of
this assertion rests on a nice application of the gradient inequality applied

to the Lagrangian function

L(x, y) = f(x) +

m∑
i=1

yici(x).

When the functions f, c1, . . . , cm are all convex (differentiable or not) and

the scalars y1, . . . , ym are all nonnegative, L(., y) is a convex function of x.
Hence when all the functions are also differentiable, the gradient inequality
applies to L and (by virtue of the complementary slackness) yields the global

optimality of a KKT stationary point.

It is important to remember that, in discussing sufficient conditions for
optimality, we invoke no regularity condition because the existence of the

multiplier vector y is assumed.

Local maxima

At a more advanced level, the following property is of interest. The local
maxima of a convex function on a nonempty polyhedral convex set occur at

extreme points of the set. The analogous statement for a concave function
is that its minima on a nonempty polyhedral convex set occur at extreme

points of the set. (This is not meant to suggest that all extreme points
are local maxima or that these are the only places where such extrema can
occur.) Since affine functions are both convex and concave, this pair of

statements gives another way to understand why extreme points are of so
much interest in linear programming. See [97].
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A.8 Conjugate duality for convex programs

Conjugate duality derives its name from the use of conjugate convex func-
tions which were introduced in a paper by Fenchel [62]. The concept of

conjugate functions led to an important body of literature on duality which
stems largely from another work by Fenchel14 that influenced many authors,

among whom are Karlin [106] and Rockafellar [167]. We give only a cursory
review of this extensive subject. Our aim is to present some of its geometric

flavor and to indicate how the involutory property shows up in conjugate
convex functions and the related duality theory. The discussion given here

makes use of a brief account of this topic by Veinott [187] which in turn
follows the previously cited work of Rockafellar. (See also Geoffrion [78].)

Closure and closedness of convex functions

Let f be a proper convex function on Rn so that dom f 
= ∅ and f(x) >

−∞ for all x ∈ Rn. This assumption implies the existence of affine mi-
norants of f , that is, functions of the form h(x) = yTx − μ such that

h(x) ≤ f(x) for all x ∈ Rn. We denote the family of all affine minorants of
f by A(f). See Figure A.8 for an example of affine minorants.

The concept of affine minorant lays the foundation for the definitions of

closure and closedness of the proper convex function f . The function given
by the pointwise supremum of all affine minorants of f is called the closure
of f , denoted cl f . Symbolically, we have

cl f(x) = sup {h(x) : h ∈ A(f)}.
The function f is said to be closed if f = cl f . It also makes sense to define

the function f to be closed at a single point x̄ ∈ dom f (see Figure A.9) if

f(x̄) = sup {h(x̄) : h ∈ A(f)}.

Let S = dom f and let x̄ ∈ rel bdy S. It can be shown that then

lim inf
x→x̄

f(x) ≤ f(x̄).

14The mathematician Werner Fenchel gave a series of lectures at Princeton University
in 1951, the notes of which inspired much of the early research on mathematical program-
ming theory. “Fenchel’s notes” (as they are called) were never published, but they were
circulated in mimeographed form. See [63]. Biographical details are available on various
Wikipedia sites.
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Figure A.8: Four affine minorants of a (piecewise-linear) convex function.

•..........................................................................................................................................................................................................................................................................................................................................................................................
Function is closed

•
..........................................................................................................................................................................................................................................................................................................................................................................................

Function is not closed

Figure A.9: Closed and non-closed functions.



576 LINEAR AND NONLINEAR OPTIMIZATION

When this relationship holds with equality, the function f is said to be
lower semicontinuous (lsc) at x̄. If it holds with equality for every relative

boundary point of S, then f is said to be lower semicontinuous (lsc) on S.

The following equivalence theorem plays an important part in the devel-
opment of conjugate duality theory. It is a standard result which appears

in Rockafellar [167, p. 51] for instance.

Theorem A.10 Let f be a proper convex function on Rn. Then the fol-
lowing are equivalent:

(i) f is closed.

(ii) epi f is a closed subset of Rn+1.

(iii) for every α ∈ R the level set {x : f(x) ≤ α} is closed in Rn.

(iv) f is lower semicontinuous.

Conjugate convex functions

If f is a proper convex function on Rn and h ∈ A(f), the condition

h(x) := yTx− μ ≤ f(x) for all x ∈ Rn

is equivalent to saying

yTx− f(x) ≤ μ for all x ∈ Rn.

This way of expressing the condition for h to be an affine minorant of f

leads to the definition of the conjugate function

f∗(y) := sup
x∈Rn

{yTx− f(x)}.

Clearly, h ∈ A(f) if and only if f∗(y) ≤ μ. Indeed, the smallest value of μ

(or equivalently, the largest value of −μ) for which the function h (above) is
an affine minorant of f is f∗(y).
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Figure A.10: Vertical and nonvertical lines and their equations.

Note that f∗ : Rn → [−∞, +∞]. When f is a convex function, f∗ is
called the Fenchel (or conjugate) transform of f . The definition of conjugate

function f∗ gives what is called Fenchel’s inequality15, namely

yTx ≤ f(x) + f∗(y) for all x, y ∈ Rn. (A.21)

Geometric interpretation

The epigraph of a given convex function f is a convex set in Rn+1. As
applied to this convex set, Theorem A.6 says that epi f is the intersection of

the closed halfspaces in Rn+1 which contain it. These closed halfspaces have
associated boundary hyperplanes. A hyperplane in Rn+1 corresponds to the
solution set of a linear equation which in turn is given by a linear function

set equal to a constant. Such linear functions are of the form yTx+ημ. The
coefficients of this linear form can be scaled so that either η = 0 or η = −1.

Those with η = 0 are said to be vertical, whereas those with η = −1 are
nonvertical (see Figure A.10). Nonvertical hyperplanes in Rn+1 have the

form

{(x, μ) ∈ Rn+1 : yTx − μ = ζ} where y ∈ Rn, ζ ∈ R.

The following theorem states two key properties of convex conjugate

functions.

Theorem A.11 If f is a convex function on Rn, then the following hold:

15In 1912 an inequality of this sort for univariate functions was introduced by
W.H. Young [201] and later extended (to its present form) by Fenchel [62] in 1949.
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1. f∗ is closed and convex.

2. f∗∗ = cl f , the closure of f .

In the second of these assertions f∗∗ = (f∗)∗. This is a duality theorem for
closed convex functions, i.e., when f is a closed convex function, f = f∗∗

(and conversely).

The following is a sketch of how this is proved. For fixed x ∈ Rn, the

mapping y �→ yTx− f(x) is affine, so from the definition, and Theorem A.8
on pointwise suprema of convex functions, it follows that f∗ is convex.

To show that f∗ is closed, we can use the Equivalence Theorem A.10 and

Fenchel’s inequality (A.21). Let α be an arbitrary real number, and let yk

be a convergent sequence of points belonging to the level set {z : f∗(z) ≤ α}.
Assume yk → y. We want to show that y belongs to the same level set, i.e.,
that f∗(y) ≤ α. By Fenchel’s inequality, we get

(yk)Tx ≤ f(x) + f∗(yk) ≤ f(x) + α for all k

so that in the limit we have f∗(y) ≤ α.

For every x ∈ Rn, Fenchel’s inequality implies

yTx− f∗(y) ≤ f(x) for all y ∈ Rn.

Taking the supremum (with respect to y) on the left-hand side, we get f∗∗

which turns out to be an affine minorant of f . For this reason

sup
y∈Rn

{yTx− f∗(y)} = f∗∗(x) ≤ cl f(x). (A.22)

Now consider an arbitrary affine minorant of f , say aTx−β. Thus, suppose
aTx − β ≤ f(x) for all x ∈ Rn. Then aTx − f(x) ≤ β for all x ∈ Rn. By

definition, this implies f∗(a) ≤ β or equivalently −β ≤ −f∗(a). Therefore

aTx− β ≤ aTx− f∗(a) ≤ f∗∗(x),

the second inequality coming from the definition of the second conjugate
f∗∗(x). This inequality shows that every affine minorant of f is bounded
above by f∗∗. This holds as well for the supremum over all affine minorants

of f which by definition is just the function cl f . That is, cl f(x) ≤ f∗∗(x)
for all x ∈ Rn. Combining this with (A.22), we obtain cl f = f∗∗.
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This result implies that a function cannot equal its second conjugate
unless it is closed and convex. (There is a similar statement that pertains

to the theory of cones and their polars.)

Duality theory

Geometrically, conjugate duality theory rests on a few key facts and defini-
tions. We list them here.

1. The epigraph of every proper closed convex function on Rn is a closed

proper convex subset of Rn+1. (See Theorem A.10.)

2. Every closed proper convex subset of Rn+1 is the intersection of its
supporting halfspaces. (See Theorem A.7.)

We are interested in a duality theory for mathematical programming
problems of the formalism

(P(0))
minimize f(x)

subject to ci(x) ≤ 0, i = 1, . . . , m

where f(x) and ci (i = 1, . . . , m) are real-valued and convex. We can rede-
fine f to take values in the extended reals so that f(x) = +∞ if ci(x) > 0 for

some i. Thereby, we obtain a function f defined over all of Rn, and (P(0))
becomes a matter of the “unconstrained” minimization of f .

Suppose there exists a proper convex function F : Rn×Rm → (−∞, +∞]

such that
F (x, 0) = f(x) for all x ∈ Rn.

In a more general sense, we think of F (x, y) as being related to a perturbation

of (P(0)), for example, the problem

(P(y))
minimize f(x)

subject to ci(x) ≤ yi, i = 1, . . . , m.

Lemma A.12 Let F : Rn × Rm → (−∞, +∞] be a proper convex function.
The function Φ : Rm → [−∞, +∞] given by

Φ(y) = inf
x∈Rn

F (x, y)

is convex.
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To see this, it suffices to show that epiΦ is convex. Since F is proper,
its epigraph is nonempty. Hence Φ has a nonempty epigraph. Let (y1, α1)

and (y2, α2) belong to epi Φ. Now, for all ε > 0 there exist x1, x2 such that

F (x1, y1) < inf
x∈Rn

F (x, y1) + ε = Φ(y1) + ε ≤ α1 + ε,

and

F (x2, y2) < inf
x∈Rn

F (x, y2) + ε = Φ(y2) + ε ≤ α2 + ε.

Let λ ∈ (0, 1) and define λ1 = λ and λ2 = 1− λ. Since epiF is convex, the

above inequalities imply

F (λ1x
1 + λ2x

2, λ1y
1 + λ2y

2) < λ1α1 + λ2α2 + ε.

Hence for all ε > 0, we have

Φ(λ1y
1 + λ2y

2) = inf
x

F (x, λ1y
1 + λ2y

2)

≤F (λ1x
1 + λ2x

2, λ1y
1 + λ2y

2)

< λ1α1 + λ2α2 + ε,

so the conclusion follows.

Now for a fixed perturbation vector, say z ∈ Rm, the optimal value of the

corresponding “primal problem” (P(z)) is denoted by Φ(z). To this problem,
one can associate the following “dual problem” of finding (π, μ) ∈ Rm × R
so as to

maximize πTz − μ

subject to πTy − μ ≤ Φ(y) for all y ∈ Rm.
(A.23)

This problem has a linear objective and an infinite number of linear con-

straints, each of which is “indexed” by a (perturbation) vector y. This
problem asks for an affine minorant of Φ whose value at z is maximum.

In the dual problem (A.23), if we fix π, the objective function is maxi-
mized by setting

μ = Φ∗(π) = sup
y∈Rm

{πTy −Φ(y)},

so the dual problem can be recast as

max
π∈Rm

{πTz − Φ∗(π)}.
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The supremum of this objective function (with respect to π) is just Φ∗∗(z),
the conjugate of Φ∗ and the second conjugate of Φ. As we know, Φ∗∗(z) =

Φ(z) if and only if Φ is closed at z.

As a proper convex function, F (·, ·) has a convex conjugate, F ∗(·, ·).
Moreover,

Φ∗(π) = F ∗(0, π).

To see this, note that

Φ∗(π)= sup
y
{πTy −Φ(y)}

= sup
x,y
{0Tx + πTy − F (x, y)}

= F ∗(0, π).

Theorem A.13 (Duality) In (P (z)), when z = 0,

inf
x

F (x, 0) = sup
π
−F ∗(0, π)

if and only if Φ is closed at 0.

Let us assume F is closed and proper, and that Φ is closed at 0. Consider
the process depicted in the following diagram:

(Primal) inf
x∈Rn

F (x, 0) −→ sup
π∈Rm

−F ∗(0, π) (Dual)

↑ ↓
(“Dual”) − sup

x∈Rn

−F ∗∗(x, 0) ←− − inf
π∈Rm

F ∗(0, π) (“Primal”)

Starting at the upper left-hand corner and first moving to the right, we pass

from the primal problem to the dual and then, moving downward, convert
the dual into an equivalent “primal” problem. Moving leftward, we pass to
the “dual” and complete the cycle by converting it to an equivalent primal

problem. In light of the assumption that F is closed and proper, we can
replace F ∗∗ by F , thereby showing that “the dual of the dual is the primal.”
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A.9 Exercises

A.1 Show that AΔ B = (A ∪ B) \ (B ∩ A). Illustrate AΔ B with a Venn
diagram.

A.2 Let C be a symmetric positive definite matrix. Show that the function

||x||2C = xTCx

satisfies the properties of a vector norm (see page 540).

A.3 Construct an example to show that the Frobenius norm is not a vector-
induced norm. (Hint: Think of a very simple square matrix.)

A.4 Show that ||A||1 = ||AT ||∞
A.5 Let S ⊂ T ⊂ Rn with S closed and T compact. Explain why S is compact.

A.6 Give an example of an unbounded level set.

A.7 We have asserted that the convexity of a closed ball is a consequence of
the Cauchy-Schwartz inequality. Identify the line where it was used.

A.8 Let B denote a closed ball of radius ρ > 0 centered at the origin in Rn.
Interpreting this set as a level set, explain why B is convex.

A.9 Justify the remark on page 551 to the effect that from a point in an open
set it is possible to move in any direction and still remain within the set.

A.10 Let S1 and S2 be two open sets in Rn.

(a) Explain why their intersection S1 ∩ S2 must also be open.

(b) Generalize your argument to handle the intersection of a finite family
of open sets.

(c) Why does your argument not work for the intersection of infinitely
many open sets in Rn?

(d) How would you use what you have shown in (b) to establish the
analogous result for the union of finitely many closed sets in Rn?

A.11 Are all compact subsets of R intervals? Justify your answer.

A.12 Let

A =

[
3 −4 9
−5 0 6

]
and define the matrix

M =

[
0 AT

−A 0

]
.
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(a) Let z ∈ R5 be an arbitrary vector and show that zTMz = 0.
(b) Is the analogous statement true for every matrix A ∈ Rm×n? Justify

your answer.

A.13 Illustrate a case where the closure theorem A.7 does not hold when the
convexity assumption is removed.

A.14 Plot the univariate function f : R −→ R given by f(x) = −e−x2

using
graph paper. [To do this, it will help to compute f ′ and f ′′.]

(a) Describe the level sets of this function.
(b) Show that f is not a convex function on R.
(c) What do you conclude from your analysis of this function?

A.15 Show that the pointwise minimum of two convex functions has convex
level sets but need not be a convex function. See for example, Figure A.5.

A.16 Let ϕ(t) be a monotone nondecreasing convex function of a real variable.
[This means ϕ : R → R is convex and ϕ(t) ≤ ϕ(t′) for all t′ > t.] Now
consider the composite function ϕ(f(x)) where f : C → R is convex.
Show that this composite function is convex on R.

A.17 (a) Use properties of a norm function to show that ||x|| is a convex func-
tion.

(b) Let Q ∈ Rn×n be a symmetric positive definite matrix. Show that

the function f(x) =
√

xTQx is convex on Rn. [Hint: Use a suitable
factorization of the matrix Q.]

(c) Using the definition (8.1) of a convex function, illustrate the convexity
of the function f above, when Q, x, y, and λ are given by

Q =

[
4 −1
−1 2

]
, x =

[
3
−4

]
, y =

[−2
5

]
, and λ =

1

5
.

A.18 Classify the following functions as convex, concave, or neither, and explain
why this is the case

(a) f(x1 , x2) = x2
1 + 2x1x2 − 10x1 + 5x2.

(b) f(x1, x2) = x1e
−(x1+x2).

(c) f(x1, x2) = −x2
1 − 5x2

2 + 2x1x2 + 10x1 − 10x2.
(d) f(x1, x2, x3) = x1x2 + 2x2

1 + x2
2 + 2x2

3 − 6x1x3.
(e) lnx for scalar x > 0.

A.19 For i = 1, 2, . . . , n, let

fi(xi) =

{
xi lnxi x > 0
0 x ≤ 0.
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(a) Verify that fi is convex on R.
(b) Verify that for all x, y ∈ Rn

n∑
i=1

xiyi ≤
n∑

i=1

fi(xi) +
n∑

i=1

eyi−1.

A.20 Let g denote a real-valued convex function on Rn such that g(x) ≥ α for
all x ∈ Rn. Verify the convexity of

f(x) = (g(x)− α)
2

+ eg(x).

is convex on Rn.

A.21 Suppose f : C → R is a convex function having more than one global
minimizer. Verify that the set of all global minimizers of f is convex.

A.22 For i = 1, . . . , k, let fi(x) be a convex function on the nonempty convex
set C.

(a) Verify that the pointwise maximum

F (x) := max
i

fi(x)

of this collection of convex functions is itself a convex function.
(b) Is F (x) differentiable if all the functions fi(x) are differentiable?

Why?

A.23 Consider the dual, S∗, of a nonempty set, S.

(a) Why must S∗ be a cone?
(b) Why must the dual of S∗ be closed?
(c) Why must the dual of S∗ be convex?
(d) Assume that S is a closed convex cone. Why must S = S∗∗?

A.24 Let n be a positive integer. Show that Rn
+ = (Rn

+)∗.

A.25 Let C1 and C2 be two cones in Rn. Verify the following assertions.

(a) C1 ⊆ C2 =⇒ C∗
1 ⊇ C∗

2 .
(b) (C1 + C2)

∗ = C∗
1 ∩C∗

2 .
(c) C∗

1 + C∗
2 = (C1 ∩ C2)

∗.
(d) C ⊆ (C∗)∗.

A.26 This exercise pertains to a comment (made on page 573) about the local
maxima of convex functions on a polyhedral convex set. Is it true that all
extreme points of a polyhedron are local maxima of every convex function
defined on that set? If so, explain why; if not, give a counterexample.



GLOSSARY OF NOTATION

Spaces, sets, and set-theoretic notation

Rn Real n-space

En Euclidean n-space

N (A) Null space of the matrix A

R(A) Range space of the matrix A

I Index set of the inequality constraints

E Index set of the equality constraints

A(x̄) Set of subscripts of all constraints that are active at x̄

Ak A(xk)

C1 Class of continuously differentiable functions

C2 Class of twice-continuously differentiable functions

[a, b] Closed interval

(a, b) Open interval

∈ Belongs to

⊂ Is a subset of

⊆ Is a subset of or equals

⊃ Contains

⊇ Contains or equals

∪ Set-theoretic union

∩ Set-theoretic intersection

\ Set-theoretic difference

Δ Symmetric difference (of sets)

∅ The empty set

supp(x) Support of x
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Functions, gradients, and Hessians

xk The solution vector at iteration k

fk f(xk)

∇f

(
∂f(x)

∂x1
, . . . ,

∂f(x)

∂xn

)
g(x) Gradient of a function f(x) evaluated at x

gk g(xk)

∇2f Hessian matrix of function f

G(x) Hessian matrix of a function f(x) evaluated at x

Gk G(xk)

Ai. Row i of the matrix A

A.j Column j of the matrix A

‖x‖ Norm of vector x

‖x‖p p-norm of vector x; p = 1, 2,∞
‖A‖p p-norm of matrix A; p = 1, 2,∞
‖A‖F Frobenius norm of matrix A

‖A‖C Norm induced by a positive-definite symmetric matrix C∑n
i xi x1 + x2 + · · ·+ xn∏n
i=1 λi λ1λ2 · · ·λn

Miscellaneous

× Multiplication sign (times)

ln Natural logarithm

< Less than

$ Much less than

≤ Less than or equal to

> Greater than

� Much greater than

≥ Greater than or equal to

O(n) Order n

Z Matrix of columns representing null space of a specific matrix

← Replaces

εM Machine precision (around 10−15 for double precision)
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Algorithms 43 (2006), 279–288.

[24] G.W. Brown and T.C. Koopmans, Computational suggestions for
maximizing a linear function subject to linear inequalities in



BIBLIOGRAPHY 589

(T.C. Koopmans, ed.) Activity Analysis of Production and Allocation.
New York: John Wiley and Sons, 1951, pp. 377–380.

[25] C.G. Broyden, The convergence of a class of double-rank minimization

algorithms, Journal of the Institute of Mathematics and its Applica-
tions 6 (1970), 76–90.

[26] E. Castillo, A.J. Conejo, P. Pedregal, R. Garcia, and N. Alguacil,

Building and Solving Mathematical Programming Models in Engineer-
ing and Science. New York: John Wiley & Sons, 2002.

[27] A. Charnes, Optimality and degeneracy in linear programming, Econo-

metrica 20 (1952), 160–170.
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