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Preface

In teaching linear statistical models to first-year graduate students or to final-
year undergraduate students there is no way to proceed smoothly without
matrices and related concepts of linear algebra; their use is really essential.
Our experience is that making some particular matrix tricks very familiar to
students can substantially increase their insight into linear statistical models
(and also multivariate statistical analysis). In matrix algebra, there are handy,
sometimes even very simple “tricks” which simplify and clarify the treatment
of a problem—both for the student and for the professor. Of course, the
concept of a trick is not uniquely defined—by a trick we simply mean here a
useful important handy result. Notice the three adjectives we use here, useful,
important, and handy, to describe the nature of the tricks to be considered.

In this book we collect together our Top Twenty favourite matrix tricks
for linear statistical models. Interestingly, nobody can complain that our title
is wrong; someone else could certainly write a different book with the same
title.

Structure of the Book

Before presenting our Top Twenty, we offer a quick tour of the notation, lin-
ear algebraic preliminaries, data matrices, random vectors, and linear models.
Browsing through these pages will familiarize the reader with our style. There
may not be much in our Introduction that is new, but we feel it is extremely
important to become familiar with the notation to be used. To take a con-
crete example, we feel that it is absolutely necessary for the reader of this
book to remember that throughout we use H and M, respectively, for the
orthogonal projectors onto the column space of the model matrix X and onto
its orthocomplement. A comprehensive list of symbols with explanations is
given on pages 427–434.
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In our book we have inserted photographs of some matricians1 and statisti-
cians. We have also included images of some philatelic items—for more about
mathematical philatelic items we recommend the book by Wilson (2001) and
the website by Miller (2010); see also Serre (2007). For “stochastic stamps”—
postage stamps that are related in some way to chance, i.e., that have a
connection with probability and/or statistics, see Puntanen & Styan (2008b).

We do not claim that there are many new things in this book even after the
Introduction—most of the results can be found in the literature. However, we
feel that there are some results that might have appeared in the literature in a
somewhat concealed form and here our aim is to upgrade their appreciation—
to put them into “business class”.

Twenty chapters correspond to our Top Twenty tricks, one chapter for
each trick. Almost every chapter includes sections which are really examples
illustrating the use of the trick. Most but not all sections are statistical. Most
chapters end with a set of exercises (without solutions). Each section itself,
however, serves as an exercise—with solution! So if you want to develop
your skills with matrices, please look at the main contents of a particular
section that interests you and try to solve it on your own. This is highly
recommended!

Our Tricks are not all of the same size2 as is readily seen from the number
of pages per chapter. There are some further matrix tools that might well
have deserved a place in this book. For example, Lagrange multipliers and
matrix derivatives, see, e.g., Ito & Kunisch (2008), Magnus & Neudecker
(1999), as well as Hadamard products and Kronecker products, see, e.g.,
Graham (1981), Horn (1990), Styan (1973a), could have been added as four
more Tricks.

Our twenty tricks are not necessarily presented in a strictly logical order
in the sense that the reader must start from Chapter 1 and then proceed to
Chapter 2, and so on. Indeed our book may not build an elegant mathematical
apparatus by providing a construction piece by piece, with carefully presented
definitions, lemmas, theorems, and corollaries. Our first three chapters have
the word “easy” in their title: this is to encourage the reader to take a look
at these chapters first. However, it may well be appropriate to jump directly
into a particular chapter if the trick presented therein is of special interest to
the reader.

1 Farebrother (2000) observed that: “As the word matrician has not yet entered the
English language, we may either use it to denote a member of the ruling class of a
matriarchy or to denote a person who studies matrices in their medical, geological, or
mathematical senses.”
2 Unlike Greenacre (2007, p. xii), who in his Preface says he “wanted each chapter to
represent a fixed amount to read or teach, and there was no better way to do that than
to limit the length of each chapter—each chapter is exactly eight pages in length.”
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Matrix Books for Statisticians

An interesting signal of the increasing importance of matrix methods for
statistics is the recent publication of several books in this area—this is not to
say that matrices were not used earlier—we merely wish to identify some of
the many recently-published matrix-oriented books in statistics. The recent
book by Seber (2008) should be mentioned in particular: it is a delightful
handbook for a matrix-enthusiast-statistician. Other recent books include:
Bapat (2000), Hadi (1996), Harville (1997, 2001), Healy (2000), Magnus
& Neudecker (1999), Meyer (2000), A.R. Rao & Bhimasankaram (2000),
C.R. Rao & M.B. Rao (1998), and Schott (2005) (first ed. 1996). Among
somewhat older books we would like to mention Graybill (2002) (first ed.
1969), Seber (1980) (first ed. 1966), and Searle (1982).

There are also some other recent books using or dealing with matrix al-
gebra which is helpful for statistics: for example, Abadir & Magnus (2005),
Bernstein (2009) (first ed. 2005), Christensen (2001, 2002), Fujikoshi, Ulyanov
& Shimizu (2010), Gentle (2007), Groß (2003), Härdle & Hlávka (2007), Kollo
& von Rosen (2005), S.K. Mitra, Bhimasankaram & Malik (2010), Pan &
Fang (2002), C.R. Rao, Toutenburg, Shalabh et al. (2008) (first ed. 1995), Se-
ber & A. J. Lee (2003) (first ed. 1977), Sengupta & Jammalamadaka (2003),
Srivastava (2002), S.-G. Wang & Chow (1994), F. Zhang (1999; 2009), and
the Handbook of Linear Algebra by Hogben (2007).

New arrivals of books on linear statistical models are appearing at a regu-
lar pace: Khuri (2009), Monahan (2008), Rencher & Schaalje (2008) (first ed.
1999), Ryan (2009) (first ed. 1997), Stapleton (2009) (first ed. 1995), Casella
(2008), and Toutenburg & Shalabh (2009), to mention a few; these last two
books deal extensively with experimental design which we consider only min-
imally in this book. As Draper & Pukelsheim (1996, p. 1) point out, “the
topic of statistical design of experiments could well have an entire encyclo-
pedia devoted to it.” In this connection we recommend the recent Handbook
of Combinatorial Designs by Colbourn & Dinitz (2007).

There are also some books in statistics whose usefulness regarding matrix
algebra has long been recognized: for example, the two classics, An Intro-
duction to Multivariate Statistical Analysis by T.W. Anderson (2003) (first
ed. 1958) and Linear Statistical Inference and its Applications by C.R. Rao
(1973a) (first ed. 1965), should definitely be mentioned in this context. Both
books also include excellent examples and exercises related to matrices in
statistics. For generalized inverses, we would like to mention the books by
C.R. Rao & S.K. Mitra (1971b) and by Ben-Israel & Greville (2003) (first
ed. 1974), and the recent book by Piziak & Odell (2007). For Schur comple-
ments, see the recent book by Zhang (2005b) and the articles in this book by
Puntanen & Styan (2005a,b).
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The Role of Matrices in Statistics

For interesting remarks related to matrices in statistics, see the papers by
Farebrother (1996, 1997), Olkin (1990, 1998), Puntanen, Seber & Styan
(2007), Puntanen & Styan (2007), Searle (1999, 2000). Of special interest
also are those papers in which statistical ideas are used to prove some ma-
trix theorems, especially matrix inequalities; see, e.g., S.K. Mitra (1973a),
S.K. Mitra & Puntanen (1991), Dey, Hande & Tiku (1994), and C.R. Rao
(2000; 2006). As for the development of the use of matrices in statistics, we
would like to refer to Searle (2005) and to the conversation by Wells (2009,
p. 251), with Shayle R. Searle:

Wells: “You were an early advocate of using matrices in statistics, looking
back this prospective seems obvious. Do you have a conjecture why early progress
on the application of matrices was so slow?”

Searle: “The first of my Annals papers of (1956), 1958 and 1961 was ‘Ma-
trix methods in variance and covariance components analysis’. Its title begs the
question: Why has it taken so long for matrices to get widely adopted where they
are so extremely useful? After all, matrices are two hundred and some years old
and their use in statistics is only slowly becoming commonplace. But this was not
so, even as recently as the 1950s. Even at Cambridge, in lectures on regression in
1952 there was no use of matrices.”

Many thanks to Kimmo Vehkalahti for alerting us to the following interesting
remarks by Bock (2007, p. 41):

“The year 1934 and part of 1935 was a period of intense work for Thurstone. In
1935, the University of Chicago Press published The Vectors of Mind, his extended
treatise on multiple factor analysis. [ . . . ] It also includes, for the first time in the
psychological or statistical literature, an introductory section containing defini-
tions and results of matrix algebra and their geometrical interpretations. [ . . . ]
As a matter of interest, I reviewed both the Journal of the American Statistical
Association and The Annals of Mathematical Statistics looking for applications
of matrix algebra before 1935. Even as late as 1940, JASA contained not only
no matrix algebra, but hardly any algebra at all; it was still largely a journal of
statistics in the old sense—the presentation and analysis of tables of economic
and social indicators. The earliest instance of matrix algebra I could find was in
the AMS, Volume 6, 1935, in an article by Y.K. Wong entitled, ‘Application of
orthogonalization processes to the theory of least-squares’.”

Our Aim

In summary: our aim is not to go through all the steps needed to develop the
use of matrices in statistics. There are already several books that do that in
a nice way. Our main aim is to present our personal favourite tools for the
interested student or professor who wishes to develop matrix skills for linear
models. We assume that the reader is somewhat familiar with linear algebra,
matrix calculus, linear statistical models, and multivariate statistical analysis,
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although a thorough knowledge is not needed, one year of undergraduate
study of linear algebra and statistics is expected. A short course in regression
would also be welcome before going deeply into our book. Here are some
examples of smooth introductions to regression: Chatterjee & Hadi (2006)
(first ed. 1977), Draper & Smith (1998) (first ed. 1966), and Weisberg (2005)
(first ed. 1980).

We have not included any real data or any discussion of computer
software—these are beyond the scope of this book. In real life, when facing
a class of statistics students, there is no way to ignore the need of modern
high-calibre statistical software, allowing, in particular, access to flexible ma-
trix manipulation. Nowadays, pen and paper are simply not enough—clever
software can uncover or increase our understanding of lengthy formulas.

As regards the references, our attempt is to be rather generous—but not
necessarily thorough. Speed (2009, p. 13) asks “Do you ever wonder how
we found references before the www?” and follows with interesting remarks
on today’s methods of finding references. We recommend Current Index to
Statistics, MathSciNet and ZMATH, as well as Google!

The material of this book has been used in teaching statistics students at
the University of Tampere for more than 10 years. Warm thanks to all those
students for inspiring cooperation! The idea has been to encourage students
to develop their skills by emphasizing the tricks that we have learnt to be
used again and again. Our belief is that it is like practicing a sport: practice
makes perfect.

One possible way to use this book as a textbook for a course might be just
to go through the exercises in this book. Students should be encouraged to
solve and discuss them on the blackboard without any notes. The idea would
be to push the student into the waves of individual thinking.

Kiitos!

We are most grateful to Theodore W. Anderson for introducing matrix meth-
ods for statistics to the second author in the early 1960s, and for supervising
his Ph.D. thesis (Styan, 1969) at Columbia University; this then led to the
Ph.D. theses at the University of Tampere by the first author (Puntanen,
1987) and by the third author (Isotalo, 2007).

Much of the work reported in this book follows the extensive collaboration
by the first authors with Jerzy K. Baksalary (1944–2005) during the past 30
years or so; we feel he had an enormous effect on us, and if he were still alive,
he would certainly be very interested (and critical as always) in this book.
Some of our joint adventures in the column and row spaces are described in
Puntanen & Styan (2008a) and in Isotalo, Puntanen & Styan (2008b). For
an appreciation of Jerzy by many scholars and for a complete bibliography
of his publications see Oskar Maria Baksalary & Styan (2007).
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Sincere thanks go also to Oskar Maria Baksalary, Ka Lok Chu, Maria
Ruíz Delmàs, S.W. Drury, Katarzyna Filipiak, Stephen Haslett, Augustyn
Markiewicz, Ville Puntanen, Daniel J.-H. Rosenthal, Evelyn Matheson Styan,
Götz Trenkler, and Kimmo Vehkalahti, and to the anonymous reviewers for
their help. Needless to say that . . . 3

We give special thanks to Jarmo Niemelä for his outstanding help in setting
up the many versions of this book in LATEX. The figures for scatter plots were
prepared using Survo software, online at http://www.survo.fi, (again thanks
go to Kimmo Vehkalahti) and the other figures using PSTricks (again thanks
go to Jarmo Niemelä).

We are most grateful to John Kimmel for suggesting that we write this
monograph, and to Niels Peter Thomas and Lilith Braun of Springer for
advice and encouragement.

Almost all photographs were taken by Simo Puntanen and are based on
his collection (Puntanen, 2010a); exceptions are the photographs of Gene H.
Golub and Shayle R. Searle, which were taken by George P.H. Styan and
Harold V. Henderson, respectively. The photograph of the three authors with
their mentor (p. xi) was taken by Soile Puntanen. The photographs of the
two Markovs are taken from Wikipedia and the photograph of a Tappara
defenceman is based on a hockey card. The images of philatelic items are
based on items in the collection of George P.H. Styan (2010); we owe our
gratitude also to Somesh Das Gupta (1935–2006) for providing us with the
first-day cover for Mahalanobis (p. 90). Scott catalogue numbers are as given
in the Scott Standard Postage Stamp Catalogue (Kloetzel, 2010).

The website http://mtl.uta.fi/matrixtricks supports the book by addi-
tional material.

The research for this monograph was supported in part by the Natural
Sciences and Engineering Research Council of Canada.
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3 cf. Flury (1997, p. ix).
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Introduction

Algernon (Languidly): I don’t know that I am
much interested in your family life, Lane.

Lane: No, sir; it is not a very interesting subject.
I never think of it myself.

Oscar Wilde: The Importance of Being Earnest

Opening Figures

Let us start by considering the three scatter plots of Figures 0.1 and 0.2. In
Figure 0.1a we have three data points

( x1
y1

)
,
( x2
y2

)
,
( x3
y3

)
, while in Figure 0.2

there are 1000 data points. Suppose that we have two tasks:

• Task 1: Draw a line ŷ = α + βx into each scatter plot so that the sum of
the squared vertical distances (yi − ŷi)2 would be as small as possible.

• Task 2: Define the line ỹ = γ + δx so that the sum of squares of the
orthogonal distances of each point (xi, yi) from this line would be minimal.

These tasks are typical things that every statistics student should be able
to do in no time. However, it is extremely clumsy to solve these problems
without knowing some appropriate matrix algebra. If you the reader are not
convinced about the usefulness of matrices, try to solve these problems by
other means—that should finally convince you that the life becomes more
comfortable after familiarizing yourself with handy matrix tricks.

The resulting lines, the regression line and the first major axis of a par-
ticular a confidence ellipse, are represented in Figures 0.8–0.9 (p. 56). By the
confidence ellipse we mean here a constant-density contour assuming that
this sample were taken from a normally distributed population.

The first two scatterplots are based on the following data matrices:

A = (x : y) =

1 1
4 1
4 4

 , (0.1)

B′ = (x : y)′ =
(

x′
y′
)

=
(

1 1 1 2 2 2 3 3 3 4 4 4
2 3 4 1 3 4 1 2 4 1 2 3

)
. (0.2)

Above A = (x : y) stands for a partitioned matrix; the columns of A are
vectors x and y. The matrix B is represented in the transposed form: the ith

1
DOI 10.1007/978-3-642-10473-2_1, © Springer-Verlag Berlin Heidelberg 2011 
S. Puntanen et al., Matrix Tricks for Linear Statistical Models: Our Personal Top Twenty,
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column of B′ is the transpose of the ith row of B. The third data matrix is a
1000× 2 matrix including 1000 observations from a two-dimensional normal
distribution.

1 2 3 4
x

1

2

3

4

y

(a) 1 2 3 4
x

1

2

3

4

y

(b)

Figure 0.1 (a) Three observations, (b) Twelve observations.

-15 -10 -5  0  5  10  15
x

-15

-10

-5

 0

 5

 10

 15

y

Figure 0.2 1000 observations from N2(0,Σ); σx = 5, σy = 4, %xy = 0.7.
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Preliminaries to Linear Algebra and Statistics

First, let us shortly introduce some notation. A more comprehensive list of
symbols with explanations is given on pages 427–434.

The symbols A′, A−, A+, C (A), C (A)⊥, N (A), and rank(A) [or shortly
rk(A)] will stand for the transpose, a generalized inverse, the Moore–Penrose
inverse, the column space, the orthogonal complement of the column space,
the null space, and the rank, respectively, of A. The set of n ×m matrices
is denoted as Rn×m. Occasionally we may denote An×m indicating that A is
an n×m matrix. We only consider matrices with real elements.

It may be worth mentioning that we frequently use the symbol n to indicate
the number of rows in a matrix. This is a trivial fact but it may helpful to
keep this in mind.

Vectors belonging to Rn are denoted by lower-case bold-face Roman letters
like a, b and the matrices belonging to Rn×m in upper-case bold-face Roman
letters like A, B. Random vectors are denoted in the same way as the vectors
in Rn; it is too complicated to devote a particular notation for them. When
dealing with random variables and vectors, our attempt is to use symbols
x, y, . . . for the random vectors and a, b, . . . for vectors with real elements.
This rule will have several exceptions but from the context it should be clear
whether we are dealing with a random or a nonrandom vector.

Column Space

The column space of an n×m matrix A is a subspace of Rn spanned by the
columns of A:

C (An×m) = {y ∈ Rn : there exists x ∈ Rm such that y = Ax } , (0.3)

and, correspondingly, the null space of A is

N (An×m) = {x ∈ Rm : Ax = 0 } ⊂ Rm. (0.4)

For example, if 12 =
( 1

1
)
, then C (12) is a line in R2 going through the origin

and the “point” (1, 1), i.e., it is a line spanned by the vector 12. Notice that
we will drop off the subscript from 1n ∈ Rn if the dimension is obvious from
the context; the same concerns also the identity matrix In.

The columns of An×m = (a1 : . . . : am) are said to be linearly independent
if (and only if) Ax = 0 is satisfied only for the null vector x = 0. In this
situation we say that A has full column rank, i.e.,

N (A) = {0} ⇐⇒ A has full column rank
⇐⇒ the columns of A are linearly independent. (0.5)
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The rank of the matrix A is the maximal number of linearly independent
columns of A, and the dimension of the column space C (A) is rank(A).

The Chapter 1 of this book, entitled Easy Column Space Tricks (pp. 57–
70), is devoted to some essential properties of the column space. Without
(most of) them, it is almost impossible to play with the matrices related
to linear models—or at least it becomes clumsy. For example, in regression
analysis we frequently need to know the rank of the matrix X′X. Then it
really should be obvious4 to us that this rank is precisely the same as the
rank of X; otherwise things proceed far too slowly, so to say.

Generalized Inverse

Hopefully the reader has met the generalized inverses before reading these
lines, but if not, it is not the end of the world. Here we take a very quick look
at them; more thoroughly we go through them in Chapter 4 (pp. 105–120).

The matrix Gm×n is a generalized inverse of An×m if it satisfies the equa-
tion

AGA = A , (mp1)

and we denote A− = G. An equivalent characterization (see Theorem 4,
p. 106) is that G is a generalized inverse of A if b = Gy is a solution
of Ab = y for any y which makes the equation consistent (solvable). The
matrix A+, theMoore–Penrose inverse of A, is defined as the unique solution
to the four equations

(mp1) AA+A = A , (mp2) A+AA+ = A+,

(mp3) AA+ = (AA+)′, (mp4) A+A = (A+A)′.
(0.6)

The set of all generalized inverses of An×m is denoted as

{A−} = {G ∈ Rm×n : AGA = A } . (0.7)

For example, if An×m is such that (A′A)−1 exists, then it is easy to
confirm that

(A′A)−1A′ = A+. (0.8)

It is also useful to know that always

(A′A)+A′ = A′(AA′)+ = A+, A(A′A)−A′ = AA+. (0.9)

4 According to an old (and possibly apocryphal) story, during one of his lectures David
Hilbert once wrote a line on the blackboard and said, “It is obvious that . . . ,” but then
Hilbert paused and thought for a moment. He then became noticeably perplexed, and
he even left the room, returning only after an awkward passage of time. When Hilbert
resumed his lecture, he began by saying “It is obvious that . . . ”. [Cited from Steele
(2004, pp. 55–56).]
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Photograph 0.2 Adi Ben-
Israel (Windsor, Canada, 2007).

If the equation Ab = y is solvable for b and
G is a generalized inverse of A, then b = Gy
is one solution. All solutions (the “general so-
lution”) to Ab = y can be generated through

b0 = Gy + (Im −GA)z , (0.10)

where z ∈ Rm is free to vary. The other way
to express b0 is to write it as

b0 = {one solution to Ab = y}
+ {the general solution to Ab = 0} . (0.11)

The equation An×mBm×q = Yn×q has a so-
lution for B if C (Y) ⊂ C (A) in which case all
solutions can be obtained from

B0 = GY + (Im −GA)Z , (0.12)

where Z ∈ Rm×q is free to vary.
As for the terminology, Ben-Israel & Greville (2003) call a matrix G satis-

fying (mp1) a {1}-inverse, and G satisfying (mp1) and (mp2) a {12}-inverse.
A {12}-inverse is often called a reflexive generalized inverse.

Projectors

If the column spaces C (A) and C (B) are disjoint (sometimes said essentially
disjoint) in the sense that

C (A) ∩ C (B) = {0} , (0.13)

then we have the direct sum decomposition

C (A : B) = C (A)⊕ C (B) . (0.14)

In particular, if C (A) and C (B) in (0.14) are orthogonal [cf. (0.35) p. 10], we
denote C (A : B) = C (A)�C (B). In (0.14), C (B) is a complement of C (A)
in C (A : B), and then every y ∈ C (A : B) has a unique representation as a
sum

y = x + z , where x ∈ C (A), z ∈ C (B) . (0.15)

If C (B) is a complement of C (A) in the whole Rn, not only in C (A : B),
i.e.,

Rn = C (A)⊕ C (B) , (0.16)
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then every y ∈ Rn has a unique representation as a sum

y = yA + yB , where yA ∈ C (A), yB ∈ C (B) . (0.17)

Photograph 0.3 C. Radha-
krishna Rao (Istanbul, 1997).

The vector yA in (0.17) is said to be the projec-
tion of y onto C (A) along C (B). A matrix P
which transforms every y ∈ Rn into its pro-
jection is called a projector onto C (A) along
C (B); that is, the multiplication Py gives the
projection of y:

Py = yA . (0.18)

It appears that the projector P := PA|B onto
C (A) along C (B) may be defined by the equa-
tion

PA|B(A : B) = (A : 0) . (0.19)

Once the decomposition Rn = C (A) ⊕ C (B)
is fixed, then the corresponding projector is
unique.

Rao (1974) considered also an extended ver-
sion of projector in the sense that C (A)⊕ C (B) does not coincide with the
entire Rn; even then (0.19) defines the projector PA|B onto C (A) along
C (B). However, in this situation the projector PA|B need not be unique and
idempotent as is the case when (0.16) holds. We denote the set of matrices G
satisfying G(A : B) = (A : 0) as {PA|B}:

G ∈ {PA|B} ⇐⇒ G(A : B) = (A : 0) . (0.20)

Projectors belong to the set of very important tools in linear models. Their
basic properties are gone through in Chapter 2 (pp. 71–89).

Inner Product and Norm

The inner product and the norm are central concepts in linear algebra—as
well as their statistical “buddies” covariance and variance. The standard inner
product between two vectors x,y ∈ Rn is defined as

〈x,y〉 = x′y =
n∑
i=1

xiyi , (0.21)
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a

b

C (c)
c

C (a : b)

C (a : b)⊥

Figure 0.3 In this figure R3 = C (a : b)⊕ C (c), R3 = C (a : b)� C (a : b)⊥.

1 2 3−1−2

1

2

3

−1

x1

x2

C (a) = C ((2, 1)′)

C (b) = C ((2, 3)′)
C (a)⊥ = C ((−1, 2)′)

Figure 0.4 Here R2 = C (a)⊕ C (b), R2 = C (a)� C (a)⊥.

which is also called the Euclidean inner product in Rn. The corresponding
standard norm (length, 2-norm) in Rn is the positive square root of 〈x,x〉:

‖x‖ = ‖x‖2 = +
√
〈x,x〉 = +

√
x2

1 + · · ·+ x2
n . (0.22)

In general, a real-valued function 〈x,y〉 is an inner product in Rn if it
satisfies the following three properties:

〈x,x〉 ≥ 0 and the equality holds ⇐⇒ x = 0 (positivity), (0.23a)
〈x,y〉 = 〈y,x〉 (symmetry), (0.23b)
〈αx + y, z〉 = α〈x, z〉+ 〈y, z〉 (linearity), (0.23c)
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γa
a

αa

βb
b

δb

g = γa + δb

f = αa + βb

C (a : b)

C (a : b)⊥

Figure 0.5 Geometric illustration of f = αa + βb and g = γa + δb, α > 1, β < 1,
γ < 1, δ > 1. Also the orthocomplement C (a : b)⊥ is marked.

for all x,y, z ∈ Rn, and α ∈ R. If (0.23a) is replaced by the weaker condition
〈x,x〉 ≥ 0, we then have a semi-inner product; now it is possible that 〈x,x〉 =
0 but x 6= 0.

Correspondingly, a general vector norm in Rn is defined as a function
Rn → R, denoted by ‖x‖, that satisfies the following three conditions:

‖x‖ ≥ 0 and the equality holds ⇐⇒ x = 0 (positivity), (0.24a)
‖αx‖ = |α|‖x‖ (positive homogeneity), (0.24b)
‖x + y‖ ≤ ‖x‖+ ‖y‖ (triangle inequality), (0.24c)

for all x,y ∈ Rn, and α ∈ R. If (0.24a) is replaced by ‖x‖ ≥ 0 for all x ∈ Rn,
the norm may be called a seminorm.

Given an inner product 〈x,y〉 and the corresponding norm ‖x‖ =
√
〈x,x〉,

the angle between two nonzero vectors x,y ∈ Rn is the real number θ, 0 ≤
θ ≤ π, such that

cos θ = 〈x,y〉
‖x‖ · ‖y‖ . (0.25a)

Instead of cos∠(x,y), we will frequently use the shorter notation cos(x,y)
to indicate the cosine of the angle between the nonzero vectors x, y:

cos(x,y) = cos∠(x,y) = cos θ = 〈x,y〉
‖x‖ · ‖y‖ . (0.25b)

It is important to notice that the angle is dependent on the given inner
product.

Instead of Rn, consider now the vector space Rn×m, that is, the set of
n×m real matrices. Let A,B ∈ Rn×m and denote
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vec(A) = vec(a1 : . . . : am) =

a1
...

am

 . (0.26)

Then the standard inner product of vec(A) ∈ Rnm and vec(B) ∈ Rnm is

〈vec(A), vec(B)〉 = a′1b1 + · · ·+ a′mbm = tr(A′B) =
n∑
i=1

m∑
j=1

aijbij , (0.27)

where tr(U) refers to the trace of the matrix U:

tr(Un×n) =
n∑
i=1

uii . (0.28)

Hence a natural way to define a matrix inner product is

〈A,B〉 = tr(A′B) , (0.29)

which is called the standard inner product for matrices. The corresponding
standard (Euclidean) matrix norm is the positive square root of 〈A,A〉:

‖A‖F = +
√

tr(A′A) =
[ n∑
i=1

m∑
j=1

a2
ij

]1/2
, (0.30)

where the subscript F refers to Frobenius; the standard matrix norm (0.30)
is often called the Frobenius norm. Because the trace of A′A equals the sum
of the eigenvalues of A′A, see (18.5) (p. 358), we have

‖A‖F =
√

ch1(A′A) + · · ·+ chm(A′A) , (0.31)

where chi(A′A) refers to the ith largest eigenvalue of A′A.
In passing we may refresh the reader’s memory about the useful commu-

tativity property of the trace: tr(Kn×pLp×n) = tr(Lp×nKn×p).
The matrix 2-norm (or the spectral norm) is defined as follows:

‖A‖2 = max
‖x‖2=1

‖Ax‖2 = max
x6=0

(
x′A′Ax

x′x

)1/2

=
√

ch1(A′A) = sg1(A) , (0.32)

where ‖x‖2 refers to the standard Euclidean vector norm, and

sgi(A) =
√

chi(A′A) = δi = the ith largest singular value of A . (0.33)
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Note that the Frobenius norm and the spectral norm are (usually) indeed
different:

‖A‖F =
√
δ2
1 + · · ·+ δ2

r , ‖A‖2 = δ1 , (0.34)

where r = rank(A). For a definition of the general matrix norm, see, e.g.,
Ben-Israel & Greville (2003, p. 13) and Meyer (2000, §5.2).

Vectors x,y ∈ Rn are orthogonal if

〈x,y〉 = 0 which is denoted as x ⊥ y . (0.35)

It is important to pay attention to the fact that orthogonality depends on
the given inner product. If U is a subspace of Rn, the orthocomplement U⊥
of U is the set of all vectors of Rn which are orthogonal to every vector of U :

U⊥ = { z ∈ Rn : 〈z,x〉 = 0 for all x ∈ U } . (0.36)

Again the subspace U⊥ depends on the given inner product. It is easy to
conclude, see Theorem 2 (p. 71), that under the standard inner product in
Rn, the orthocomplement of C (An×m) is

C (A)⊥ = {y ∈ Rn : z′A′y = 0 for all z ∈ Rm }
= {y ∈ Rn : A′y = 0 } = N (A′) . (0.37)

The columns of matrix A = (x : y) ∈ Rn×2 are said to be orthonormal if
x′y = 0 and they have unit length, i.e., A′A = I2. We say that a matrix A
is orthogonal if A ∈ Rn×n and A′A = In (in which case also AA′ = In).

Orthogonal Projector

Let Pn×n be an idempotent matrix, i.e., P2 = P. Then

C (P) ∩ C (In −P) = {0} , (0.38)

and C (In −P) = N (P) (please confirm), and hence

Rn = C (P)⊕ C (In −P) = C (P)⊕N (P) . (0.39)

The column spaces C (P) and C (In−P) may not be orthogonal with respect
to a given inner product, but if they are, we may denote

C (P) ⊥ C (In −P) , (0.40)

and then C (In −P) is the orthocomplement of C (P):

Rn = C (P)� C (In −P) = C (P)� C (P)⊥ = C (P)�N (P) . (0.41)
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Now the matrix P is an orthogonal projector onto C (P) (w.r.t. a given inner
product). Sometimes the term oblique projector is used, to emphasize that
(0.39) is valid but not necessarily (0.41).

Suppose P is an idempotent matrix. Then it satisfies (0.40) with respect
to the standard inner product 〈x,y〉 = x′y = x′Iny, shortly said “w.r.t. In”,
if and only if

x′P′(In −P)y = 0 for all x,y ∈ Rn, (0.42)

i.e., P′ = P′P, and hence P must be symmetric. We can conclude that the
matrix P is an orthogonal projector if it is idempotent and symmetric:

P is orthogonal projector (w.r.t. I) ⇐⇒ P2 = P and P′ = P . (0.43)

If an idempotent symmetric P has the property C (P) = C (A), then P is the
orthogonal projector onto C (A), denoted as PA.

Let Ab∗ denote the orthogonal projection of y ∈ Rn onto C (An×m).
Then it is (at least geometrically) clear that the vector y − Ab∗ must be
orthogonal to every column of A: A′(y−Ab∗) = 0, i.e., A′Ab∗ = A′y, whose
solution can be written as b∗ = (A′A)−A′y. Hence Ab∗ can be expressed
as Ab∗ = A(A′A)−A′y. We will use intensively the fact that PA has the
explicit representation as

PA = A(A′A)−A′ = AA+, (0.44)

which is invariant for any choice of (A′A)−. For detailed introduction of
(0.44), see Theorem 8 (p. 155).

By A⊥ we denote any matrix whose columns span the orthocomplement
of C (A):

C (A⊥) = N (A′) = C (A)⊥. (0.45)

One choice for A⊥ is In −PA. Hence we have

Rn = C (A)� C (A)⊥ = C (A)� C (I−PA) . (0.46)

It is important to remember that the matrix A⊥ is not necessarily unique
(when is it unique?) but the column space C (A⊥) is unique.

Löwner Ordering

If a symmetric matrix An×n is nonnegative definite, we denote A ≥L 0, which
means that

there exists a matrix L such that A = LL′. (0.47)

Instead of “nonnegative definite”, the term “positive semidefinite” is often
used. Notation A >L 0 indicates that A is positive definite, i.e.,
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A = LL′ for some nonsingular Ln×n . (0.48)

The sets of all symmetric nonnegative definite and positive definite n × n
matrices are denoted as NNDn and PDn, respectively. Moreover,

A ≥L B means that A−B = KK′ for some K , (0.49)

and then we say that the matrix B is below A with respect to the Löwner
partial ordering; this ordering is due to Löwner (1934).

In terms of quadratic forms, for a symmetric An×n:

A ≥L 0 ⇐⇒ x′Ax ≥ 0 for all x ∈ Rn, (0.50a)
A >L 0 ⇐⇒ x′Ax > 0 for all nonzero x ∈ Rn. (0.50b)

It is also useful to know that using the principal minors (cf. page 429) and
the ordered eigenvalues ch1(A) ≥ ch2(A) ≥ · · · ≥ chn(A) of a symmetric A,
we have

A ≥L 0 ⇐⇒ chn(A) ≥ 0 ⇐⇒ all principal minors of A are ≥ 0 , (0.51)
A >L 0 ⇐⇒ chn(A) > 0

⇐⇒ all leading principal minors of A are > 0 . (0.52)

Notice that (0.47) means that

A is nonnegative definite =⇒ A is necessarily symmetric. (0.53)

Whenever we talk about a nonnegative definite matrix A we assume that A is
symmetric. Occasionally we may still clarify the situation by talking about “a
symmetric nonnegative definite matrix A” instead of “a nonnegative definite
matrix A” even though the latter implicitly indicates that A is symmetric.

The Löwner partial ordering is a surprisingly strong and useful property.
For example, we observe immediately the following implications of the Löwner
partial ordering:

A ≥L B =⇒ aii ≥ bii , tr(A) ≥ tr(B) , chi(A) ≥ chi(B) ,
det(A) ≥ det(B) , ‖A‖F ≥ ‖B‖F , ‖A‖2 ≥ ‖B‖2 , (0.54)

where i = 1, . . . , n, and chi(·) refers to the ith largest eigenvalue, and ‖A‖F =√
tr(A′A) and ‖A‖2 =

√
ch1(A′A) refer to the Frobenius norm and the

spectral norm, respectively. Notice that if λi = chi(A) for a nonnegative
definite (symmetric) A, then

‖A‖2F = tr(A2) = λ2
1 + · · ·+ λ2

n , ‖A‖22 = λ2
1 . (0.55)
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We may also note that not all nonnegative definite matrices can be put into
Löwner ordering. For example, A =

( 1 0
0 0
)
and B =

( 0 0
0 1
)
are both nonnega-

tive definite but neither A ≥L B nor B ≥L A holds.

Photograph 0.4 Ingram Olkin
(Montréal, 1995).

It appears, see (0.82) (p. 18) that every
correlation matrix is nonnegative definite and
hence one may be inclined to believe that for
example the matrix

A =

 1 −2/3 −2/3
−2/3 1 −2/3
−2/3 −2/3 1

 (0.56)

is nonnegative definite because it “looks like a
correlation matrix”. However, A is not (why?)
nonnegative definite and thereby it is not a
correlation matrix; see, e.g., Yanai (2003),
Puntanen & Styan (2005b, §6.2.1), and Sec-
tion 14.1 (p. 307).

As a thorough reference to matrix orderings
we may mention the book by Marshall, Olkin
& Arnold (2011).

More on Orthogonal Projectors

Consider now the inner product in Rn defined as

〈x,y〉V = x′Vy , (0.57)

where V is a positive definite symmetric matrix. Ben-Israel & Greville (2003,
p. 8) call (0.57) an ellipsoidal norm. Now (see Proposition 2.6, p. 81) the
orthocomplement of C (An×m) with respect to this inner product appears to
be

C (A)⊥V = {y ∈ Rn : z′A′Vy = 0 for all z ∈ Rm } = C (V−1A⊥) . (0.58)

By A⊥V we will denote any matrix whose column space is C (A)⊥V. Recall that
A⊥I is shortly denoted as A⊥. Now we have the following decomposition:

Rn = C (A)� C (A)⊥V = C (A)� C (V−1A⊥) . (0.59)

Every y ∈ Rn has now a unique representation as a sum

y = Ab + V−1A⊥c = y∗ + ẏ , (0.60)

for some b and c (which are not necessarily unique).
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The vector y∗ = Ab is the orthogonal projection of y onto C (A) along
C (A)⊥V. The orthogonal projector PA;V is such a matrix which transforms y
into its projection y∗, i.e., PA;Vy = y∗ = Ab. Its explicit unique represen-
tation is

PA;V = A(A′VA)−A′V . (0.61)

Finally we may recall the well-known fundamental minimizing property of
the orthogonal projector:

‖y−PA;Vy‖V ≤ ‖y−Ab‖V for all b, y , (0.62)

where the norm is defined as ‖z‖2V = z′Vz. It is just the property (0.62) that
makes the orthogonal projector such a powerful tool in linear models and
multivariate analysis.

Eigenvalues and Singular Values

We recall that the scalar λ (real or complex) is an eigenvalue of An×n if

At = λt for some nonzero vector t ∈ Rn, (0.63)

in which case t is an eigenvector of A corresponding to λ. If A is symmetric,
then all eigenvalues are real. The eigenvalues are the roots of the characteristic
equation

det(A− λIn) = 0 . (0.64)

Instead of det(A) we may occasionally use notation |A| (to save space).
As regards the matrix factorizations needed, the most important in this

book is the eigenvalue decomposition5 (EVD) (spectral decomposition): every
symmetric n× n matrix A can be expressed as

A = TΛT′ = λ1t1t′1 + · · ·+ λntnt′n , (EVD)

where T is orthogonal, Λ = diag(λ1, . . . , λn), and λ1 ≥ · · · ≥ λn are the
ordered eigenvalues of A. The columns of T are the orthonormal eigenvectors
of A, and we denote chi(A) = λi.

In particular, for a symmetric nonnegative definite n × n matrix A with
rank r > 0 we have

A = TΛT′ = (T1 : T0)
(

Λ1 0
0 0

)(
T′1
T′0

)
= T1Λ1T′1 = λ1t1t′1 + · · ·+ λrtrt′r , (0.65)

5 According to Benzécri (1973, p. 289): “All in all, doing a data analysis, in good math-
ematics, is simply searching eigenvectors; all the science (or the art) of it is just to find
the right matrix to diagonalize.”
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where λ1 ≥ · · · ≥ λr > 0, Λ1 = diag(λ1, . . . , λr), and T1 = (t1 : . . . : tr),
T0 = (tr+1 : . . . : tn). Note that for a symmetric nonnegative definite A we
have

A+ = T1Λ−1
1 T′1 , (0.66)

and the symmetric nonnegative definite square root of A is

A1/2 = T1Λ1/2
1 T′1 . (0.67)

Moreover,
(A+)1/2 := A+1/2 = T1Λ−1/2

1 T′1 . (0.68)

There is a longish Chapter 18 (pages 357–390) devoted to the eigenvalues.
The other extremely useful matrix factorization needed in statistics is of

course the singular value decomposition (SVD):

An×m = Un×n∆n×mV′m×m = (U1 : U0)
(

∆1 0
0 0

)(
V′1
V′0

)
= U1∆1V′1 = δ1u1v′1 + · · ·+ δrurv′r , (SVD)

where U and V are orthogonal, rank(A) = r, and

∆n×m =
(

∆1 0
0 0

)
, ∆1 = diag(δ1, . . . , δr) , δ1 ≥ · · · ≥ δr > 0 . (0.69)

Above δi is the ith largest singular value, denoted also as sgi(A). The eigen-
values and singular values have crucial properties when finding the extrema
of quadratic forms (p. 360); Courant–Fischer minimax theorem (p. 389),
Eckart–Young theorem (p. 400), Poincaré separation theorem (p. 398), to
mention a few important results.

For example, for a statistician it is more than useful to know that for a
partitioned nonnegative definite covariance matrix

cov(z) = cov
(

x
y

)
=
(

Σxx Σxy
Σyx Σyy

)
= Σ (0.70a)

we have

ch1(Σ) = max
a 6=0

a′Σa
a′a = max

a′a=1
a′Σa = max

a′a=1
var(a′z) , (0.70b)

and

sg2
1(Σxy) = max

a 6=0,b6=0

(a′Σxyb)2

a′a · b′b
= max

c′c=d′d=1
(c′Σxyd)2 = ch1(ΣxyΣyx) , (0.70c)
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sg2
1(Σ−1/2

xx ΣxyΣ−1/2
yy ) = max

a 6=0,b6=0

(a′Σxyb)2

a′Σxxa · b′Σyyb

= max
c′c=d′d=1

(c′Σ−1/2
xx ΣxyΣ−1/2

yy d)2

= ch1(ΣxyΣ−1
xxΣyxΣ−1

yy )

= max
a 6=0,b6=0

cor2(a′x,b′y) . (0.70d)

Chapter 19 (pages 391–413) is devoted to the singular values. A summary
of some formulas useful for linear models and related matrix theory is pre-
sented in Isotalo, Puntanen & Styan (2008c).

Preliminaries to Random Vectors and Data Matrices

Here we recall some elementary properties of random vectors and data ma-
trices.

An efficient quick tour through random vectors, data matrices, multivari-
ate methods and linear models can be done via Puntanen & Styan (2007)
and Puntanen, Seber & Styan (2007).

Random Vectors

An n ×m random matrix Z is a matrix Z = {zij} of random variables z11,
. . . , znm. The expectation (mean) of a random matrix Z is E(Z) = {E(zij)}.

Photograph 0.5 George A. F.
Seber (Auckland, 1999).

In the textbooks of mathematical statis-
tics, frequently the scalar random variables are
denoted as upper-case light-face italic letters
such as X, Y and Z. We, however, do not fol-
low this rule here. It gets too complicated to
keep up the consistency of notation, in partic-
ular, when dealing with the random vectors.
As was mentioned earlier in this chapter, ran-
dom vectors are denoted in the same way as
the vectors in Rn. Our attempt is to use sym-
bols x, y, . . . for the random vectors and a,
b, . . . for vectors with real elements. From the
context it should be clear whether we are deal-
ing with a random or nonrandom vector.

The variance var(x) of the random vari-
able x is
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var(x) = σ2
x = E(x− µ)2, where µ = E(x) , (0.71)

and the covariance cov(x, y) between the two random variables x and y is

cov(x, y) = σxy = E(x− µ)(y − ν) , where µ = E(x), ν = E(y) . (0.72)

The covariance matrix (or the variance-covariance matrix or dispersion ma-
trix) of the p × 1 random vector x = (x1, . . . , xp)′ is the p × p matrix
cov(x) = Σ of variances and covariances of all the entries of x:

cov(x) = Σ = {σij} = {cov(xi, xj)} = {E(xi − µi)(xj − µj)}
= E(x− µ)(x− µ)′ = E(xx′)− µµ′, (0.73)

where µ = E(x). We will use the short notation

E(x) = µ, cov(x) = Σ : x ∼ (µ,Σ) . (0.74)

The cross-covariance matrix cov(x,y) between the p× 1 random vector x =
(x1, . . . , xp)′ and the q×1 random vector y = (y1, . . . , yq)′ is the p×q matrix
of all the covariances cov(xi, yj):

cov(x,y) = {cov(xi, yj)} = {E(xi − µi)(yj − νj)}
= E(x− µ)(y− ν)′ = E(xy′)− µν′, (0.75)

where µ = E(x) and ν = E(y). Notice that in our notation

cov(x) = cov(x,x) . (0.76)

The correlation matrix cor(x) = ρ, say, of the p × 1 random vector x =
(x1, . . . , xp)′ is the p× p matrix of correlations of all the entries in x:

cor(x) = ρ = {%ij} = {cor(xi, xj)} =
{
σij
σiσj

}
, (0.77)

where σi = √σii = standard deviation of xi; σi, σj > 0. Denoting

Σδ = diag(Σ) , (0.78)

we get

cor(x) = ρ = Σ−1/2
δ ΣΣ−1/2

δ , cov(x) = Σ = Σ1/2
δ ρΣ1/2

δ . (0.79)

Let x be a p×1 random vector with the expectation µ = E(x), covariance
matrix Σ = cov(x), and let A be a q × p (nonrandom) matrix and vector
b ∈ Rq. Then

E(Ax + b) = Aµ+ b , cov(Ax + b) = AΣA′. (0.80)
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We note that

var(a′x) = a′Σa for all nonrandom a ∈ Rp . (0.81)

Because the variance is always nonnegative, (0.81) shows that

♠ every covariance matrix is necessarily nonnegative definite. (0.82)

The above conclusion concerns both theoretical covariance matrix and em-
pirical sample covariance matrix.

When a p-dimensional random variable z (taking values in Rp) follows the
multinormal distribution with µ = E(z) and Σ = cov(z), we denote

z ∼ Np(µ,Σ) . (0.83)

A p-dimensional random vector z is said to have a p-variate normal distribu-
tion Np if every linear function a′z has a univariate normal distribution. If
a′z = b, where b is a constant, we define a′z ∼ N(b, 0).

Alternatively, a p-dimensional random vector z, with µ = E(z) and Σ =
cov(z), is said to have a p-variate normal distribution Np if it can be expressed
as z = µ+Fu, where F is an p×r matrix of rank r and u is a random vector
of r independent univariate random variables. Notice that this definition (as
well as the previous one) allows cov(z) to be singular.

Let z ∼ Np(µ,Σ), where Σ is positive definite. Then z has the density

n(z;µ,Σ) = 1
(2π)p/2|Σ|1/2 e− 1

2 (z−µ)′Σ−1(z−µ). (0.84)

For a reference to multinormal distribution, see, e.g., Rao (1973a, pp. 525–
528), and Seber (2008, §20.5). Speed (2010) gives interesting remarks on how
to define the multivariate normal distribution.

Let us complete this section with a short list of distributional facts; for
further details, see Seber (2008, §20.5) and references therein:

(a) Central χ2-distribution: z ∼ Np(0, Ip): z′z = χ2
p ∼ χ2(p) .

(b) Noncentral χ2-distribution: z ∼ Np(µ, Ip): z′z = χ2
p,δ ∼ χ2(p, δ), δ =

µ′µ .

(c) Noncentral F -distribution: F = χ2
p,δ/p

χ2
q/q

∼ F(p, q, δ), where χ2
p,δ and χ2

q

are independent.
(d) t-distribution: t2(p) = F(1, p) .
(e) Let z ∼ Np(µ,Σ) where Σ is positive definite and let A and B be

symmetric and b ∈ Rp. Then (i)–(v) hold:

(i) z′Az ∼ χ2(r, δ) ⇐⇒ AΣA = A, in which case r = tr(AΣ) =
rk(AΣ), δ = µ′Aµ ,

(ii) z′Σ−1z = z′[cov(z)]−1z ∼ χ2(r, δ), where r = p, δ = µ′Σ−1µ ,
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(iii) (z− µ)′Σ−1(z− µ) ∼ χ2(p) ,
(iv) z′Az and z′Bz are independent ⇐⇒ AΣB = 0 ,
(v) z′Az and b′z independent ⇐⇒ AΣb = 0 .

If Σ is possibly singular and z ∼ Np(0,Σ), then

(vi) z′Az ∼ χ2(r) ⇐⇒ ΣAΣAΣ = ΣAΣ, in which case r =
tr(AΣ) = rk(AΣ) ,

(vii) z′Az and x′Bx are independent ⇐⇒ ΣAΣBΣ = 0 ,
(viii) z′Σ−z = z′[cov(z)]−z ∼ χ2(r) for any choice of Σ− and rank(Σ) =

r .

Above the independence between random variables means of course statis-
tical (stochastic) independence: the random vectors x and y are statistically
independent if and only if the joint distribution function of

( x
y
)
is the product

of the distribution functions of x and y. Intuitively this means that knowing
something about the value of x does not provide any information about the
value of y. For example, if x and y are discrete random variables with values
x1, . . . , xr and y1, . . . , yc, then x and y are statistically independent if and
only if

P(x = xi, y = yj) = P(x = xi) P(y = yj) , i = 1, . . . , r, j = 1, . . . , c ; (0.85)

Photograph 0.6 Theodore W.
Anderson (Fort Lauderdale,
1998).

here P refers to the probability. For a
deeper look at the statistical independence,
see, e.g., Anderson (2003, pp. 10–11). In-
teresting remarks on the independence of
the quadratic forms and so-called Craig–
Sakamoto–Matusita theorem appear, e.g., in
Driscoll & Gundberg (1986), Dumais (2000),
Ogawa & Olkin (2008), and Randles (2007,
pp. 140–141).

Data Matrices

The matrix U ∈ Rn×d is called a data matrix
if it contains the observed values of d variables
u1, . . . , ud, each measured on n individuals (or

corresponding units). We write

Un×d = (u1 : . . . : ud) =

u′(1)
...

u′(n)

 , uj ∈ Rn, u(i) ∈ Rd. (0.86)
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Some authors use the transpose of U as the data matrix, in which case the
data matrix W, say, could be written as

Wd×n = (w1 : . . . : wn), wi ∈ Rd. (0.87)

The notation of (0.87) is handy in particular when the “primary units” are
the observations as in multivariate methods, our notation being more conve-
nient for linear statistical models. While reading a statistical article or book,
the reader should indeed pay attention to such a trivially-feeling feature—
whether the data matrix is defined as (0.86) or as its transpose.

In this section, and also elsewhere, we often denote the data matrix with a
letter U. This allows us then to label the columns of Un×2 for example as x
and y, which sometimes makes the notation easier to follow. We could (and
we will) of course denote the data matrices as

Xn×d = (x1 : . . . : xd) = (x(1) : . . . : x(n))′, (0.88)

or
Yn×d = (y1 : . . . : xd) = (y(1) : . . . : y(n))′. (0.89)

We take minor efforts to save the symbol X for the model matrix in the linear
model—however, these efforts are really mild.

Note that we use symbol d to indicate the number of variables. Here (there
will be many exceptions) we follow the style initiated by George A. F. Seber,
see, e.g., Seber (1984, p. 3), where he states that he departs from a more com-
mon but less convenient notation p for dimension. Indeed d is conveniently
associated with the dimension of the (multidimensional) variable. Symbol n
is quite uniformly used to indicate the number of observations.

In the data matrix Un×d, the vector u(i) ∈ Rd represents the ith case or
the ith observation in the observation space, and uj ∈ Rn represents the jth
variable in the variable space. Sometimes the u(i)’s are called observation
vectors and the uj ’s are called variable vectors. A good treatment of the
observation space and variable space appears, e.g., in Belsley (1991, §1.5).

The data matrix U can be thought to be a realization of the random ma-
trix U which represents a random sample from some population. In other
words, each u(i) is a realization of the d-dimensional random vector u. Math-
ematically this means each u(i) has an identical distribution, and, as a con-
sequence, they have identical means and identical covariance matrices:

E(u(i)) = µ ∈ Rd , cov(u(i)) = Σd×d , i = 1, . . . , n . (0.90)

The second traditional assumption is that the random vectors (observations)
u(i) are statistically independent of each other, which implies

cov(u(r),u(s)) = 0 , for r 6= s . (0.91)
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The stochastic independence of the rows of U is not always holding, and then
that fact should be carefully taken into account. The phrase

“U = (u(1) : . . . : u(n))′ is a random sample” (0.92)

indicates that u(i) are independent unless further information is provided.
Even though the observation vectors u(i) are (usually) uncorrelated, the

variable vectors uj and uk (j 6= k) can be correlated:

cov(uj ,uk) = σjkIn , while E(uj) = µj1n , j, k = 1, . . . , d . (0.93)

In terms of the vec-notation and the Kronecker product (for the definition,
see page 429), we have

u∗ = vec(U) =

u1
...

ud

 , E(u∗) =

µ11n
...

µd1n

 = µ⊗ 1n ∈ Rdn, (0.94)

and

cov(u∗) =

 σ2
1In σ12In . . . σ1dIn
...

...
...

σd1In σd2In . . . σ2
dIn

 = Σ⊗ In ∈ NNDdn . (0.95)

What happens if the rows of Un×d, i.e., the random vectors u(i), are not
statistically independent? We could express this dependence by replacing In
in (0.93) with an n× n nonnegative definite matrix V:

cov(uj ,uk) = σjkV ∈ NNDn , j, k = 1, . . . , d . (0.96)

Then (please confirm) for the rows of U we have

cov(u(r),u(s)) = vrsΣ ∈ NNDd , r, s = 1, . . . , n , (0.97)

and corresponding to (0.95), we get

cov[vec(U)] =

 σ2
1V σ12V . . . σ1dV
...

...
...

σd1V σd2V . . . σ2
dV

 = Σ⊗V ∈ NNDdn . (0.98)

Geometrically U can be interpreted as a collection of n points in Rd, or
as a collection of d points in Rn.

The sample variance of the variable x whose observed values are in the
vector x is defined as
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vars(x) = vard(x) = 1
n−1

n∑
i=1

(xi − x̄)2 = 1
n−1 txx = s2

x , (0.99)

where x̄ = 1
n

∑n
i=1 xi and

txx =
n∑
i=1

(xi − x̄)2 =
n∑
i=1

x2
i − nx̄2 = SSx . (0.100)

The symbol vars(x) refers to the sample variance when the argument is the
variable x while in vard(x) the argument is the vector (data) comprising the
observed values of the variable x. All in all, let’s write down one more time
the theoretical (population) variance and the sample variance:

var(x) = E(x− µ)2 = p1(x1 − µ)2 + · · ·+ pk(xk − µ)2 = σ2
x , (0.101a)

vars(x) = 1
n−1

[
(x1 − x̄)2 + · · ·+ (xn − x̄)2] = s2

x , (0.101b)

where x in (0.101a) is a discrete random variable having values x1, . . . , xk
whose probabilities are p1, . . . , pk; p1 + · · ·+ pk = 1.

The sample covariance between x and y is

covs(x, y) = covd(x,y) = 1
n−1

n∑
i=1

(xi − x̄)(yi − ȳ)

= 1
n−1 txy = 1

n−1 SPxy = sxy . (0.102)

The sample correlation is

cors(x, y) = cord(x,y) = SPxy√
SSx SSy

= sxy
sxsy

= rxy , (0.103)

where we have to assume that sx > 0, sy > 0.
Let 1 ∈ Rn denote the vector of ones and

J = P1 = 1(1′1)−11′ = 1
n11′, C = In − J , (0.104)

where C is the centering matrix, and J = P1 refers to the orthogonal pro-
jector (with respect to the standard inner product) onto C (1). Now

Jx = 1 · 1
n1′x = x̄1 = ¯̄x ∈ Rn, (0.105)

and hence the variable vector x can be centered by premultiplying it by C:

Cx = x− Jx = x− x̄1 = x̃ ∈ Rn. (0.106)

In matrix terms,
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SSx = x′Cx , SPxy = x′Cy , rxy = x′Cy√
x′Cx · y′Cy

. (0.107)

The data matrix U can be centered by premultiplying it by C:

Ũ = CU = U− JU = U− 1 1
n1′U = U− 1ū′

= (Cu1 : . . . : Cud)
= (u1 − ū11 : . . . : ud − ūd1) = (ũ1 : . . . : ũd)

=

u′(1) − ū′
...

u′(n) − ū′

 =

ũ′(1)
...

ũ′(n)

 , (0.108)

where

ū = 1
nU′1 =

ū1
...
ūd

 ∈ Rd, (0.109)

and

ũj = jth centered variable vector , j = 1, . . . , d ,
ũ(i) = ith centered observation vector , i = 1, . . . , n .

Hence the matrix of the sums of squares and products of the deviations about
the mean is

T = Ũ′Ũ = U′CU =
n∑
i=1

(u(i) − ū)(u(i) − ū)′

=
n∑
i=1

u(i)u′(i) − nūū′, (0.110)

and the sample covariance matrix from the data matrix U is

S = 1
n−1T = 1

n−1U′CU = 1
n−1

n∑
i=1

(u(i) − ū)(u(i) − ū)′. (0.111)

Corresponding to the notation vard(x) = 1
n−1x′Cx = s2

x, where the argument
is the data, we may use the notation

covd(U) = 1
n−1U′CU = S , (0.112)

where the argument is the data matrix. Moreover, corresponding to vars(x) =
s2
x, where the argument is the variable x measured, we may denote

covs(u) = S , (0.113)
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where the argument is the d-dimensional variable u which is being measured
(n times, yielding the data matrix U).

The sample correlation matrix is

R = [diag(S)]−1/2 · S · [diag(S)]−1/2, (0.114)

and

rij = cord(ui,uj) = tij√
tiitjj

= sij
sisj

= u′iCuj√
u′iCui · u′jCuj

. (0.115)

If A is a d × q matrix then the covariance matrix calculated from the
transformed data Un×q = UA is

covd(UA) = 1
n−1A′U′CUA = A′ covd(U)A = A′SA . (0.116)

Notice that

U = UA =⇒ u′(i) = u′(i)A =⇒ u(i) = A′u(i) . (0.117)

If u refers to the d-dimensional variable yielding the data matrix U and u
yields UA, then

u = A′u , covs(u) = covs(A′u) = A′ covs(u)A = A′SA . (0.118)

Mahalanobis Distance

The Euclidean distance (squared) of the ith observation u(i) from the mean ū
is of course

‖u(i) − ū‖2 = (u(i) − ū)′(u(i) − ū) =
d∑
j=1

(uij − ūi)2. (0.119)

While describing how far u(i) is from the mean ū, the Euclidean distance is
naturally doing a mathematically good job. But given the data matrix U, one
may wonder if there is a more informative way, particularly in a statistical
sense, to measure the distance between u(i) and ū. In the univariate case,
regarding the variable x, it is natural to calculate

Di = |xi − x̄|√
vars(x)

, (0.120)

because then the distance is measured in units of standard deviation and
then we might well know that Di is large if it exceeds 2 or 3. Moreover, Di

does not depend on the unit of measurement like the Euclidean distance.
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One natural step towards a statistical distance in the multivariate case
when, for simplicity, U = (x : y), would be to calculate

D2
i = (xi − x̄)2

s2
x

+ (yi − ȳ)2

s2
y

= (xi − x̄, yi − ȳ)
(
s2
x 0
0 s2

y

)−1(
xi − x̄
yi − ȳ

)

= (u(i) − ū)′
(
s2
x 0
0 s2

y

)−1
(u(i) − ū) . (0.121)

However, it is easy to construct situations where the above D2
i is relatively

small but at the same time the ith observation is “somehow different” from
the rest of the data points; in particular this happens when x and y are highly
correlated.

An improvement to (0.121), taking the correlations into account, is the
squared (sample) Mahalanobis distance:

MHLN2(u(i), ū, S) = (u(i)−ū)′S−1(u(i)−ū) = ‖S−1/2(u(i)−ū)‖2, (0.122)

where covd(U) = S. For the history of the Mahalanobis distance, see
Das Gupta (1993), and the first article on this concept by Mahalanobis (1936).
(See also Philatelic Item 2.1, p. 90.)

Consider now the following set A:

A = {u ∈ Rd : (u− ū)′S−1(u− ū) = c2 } , (0.123)

where c is a given nonzero constant. The set A is an ellipsoid centered at the
mean ū. Hence we have one fundamental feature of the Mahalanobis distance:

♠ those data points which have equal Mahalanobis distance
from the mean, are located in the same ellipsoid centered at
the mean. (0.124)

In Section 18.6 (p. 372), we discuss more thoroughly some interesting
properties of the Mahalanobis distance.

The population Mahalanobis distance (squared) is defined as follows:

MHLN2(u, µ, Σ) = (u− µ)′Σ−1(u− µ) , (0.125)

where E(u) = µ and cov(u) = Σ. Note that u in (0.125) is a random vector
while u(i) in (0.122) is an observed data point. [We can of course treat (0.122)
as a random quantity, based on random sample U.] Denoting

z = Σ−1/2(u− µ) (0.126)

we get E(z) = 0, cov(z) = Id, and if u ∼ Nd(µ,Σ), then
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z′z = z2
1 + · · ·+ z2

d = (u− µ)′Σ−1(u− µ) ∼ χ2(d) , (0.127)

where zi are independent and each zi ∼ N(0, 1), and χ2(d) refers to the
Chi-squared distribution with d degrees of freedom.

It might be useful to list a few distributional properties related to the
random sample from the multinormal distribution—even though we do not
use these properties very much in what follows. For further details, see, e.g.,
Anderson (2003, Ch. 5), Muirhead (1982, §3.2), and Seber (2008, §21.2.2),
and references therein.

(a) Wishart distribution. Let U′ = (u(1) : . . . : u(n)) be a random sample
from Np(0, Σ), i.e., u(i)’s are independent and each u(i) ∼ Np(0, Σ).
Then W = U′U =

∑n
i=1 u(i)u′(i) is said to a have a Wishart distri-

bution with n degrees of freedom and scale matrix Σ, and we write
W ∼Wishartp(n,Σ).

(b) Let U′ be a random sample from Np(µ, Σ). Then ū = 1
nU′1n and T =

U′(I− J)U are independent and T ∼Wishartp(n− 1,Σ).
(c) Hotelling’s T 2 distribution. Suppose v ∼ Np(0, Σ), W ∼Wishartp(m, Σ),

v and W are independent, and that W is positive definite. Hotelling’s
T 2 distribution is the distribution of

T 2 = m · v′W−1v = v′
( 1
mW

)−1v (0.128)

and is denoted as T 2 ∼ T2(p,m). See also Exercise 0.25 (p. 53).

Example 0.1 (Simple data set of three observations). As an example,
let us consider the following (very) simple data of three observations and two
variables; see the first Opening Example (p. 2). Figures 0.6 and 0.7 illustrate
the situation.

U = (x : y) =

1 1
4 1
4 4

 Kalle
Ville
Maija

, (0.129a)

ū =
(
x̄
ȳ

)
= 1

3

[(
1
1

)
+
(

4
1

)
+
(

4
4

)]
=
(

3
2

)
, (0.129b)

¯̄x = x̄1 =

3
3
3

 , ¯̄y = ȳ1 =

2
2
2

 , (0.129c)

Ũ = (x̃ : ỹ) =

1 1
4 1
4 4

−
3 2

3 2
3 2

 =

−2 −1
1 −1
1 2

 =

ũ′(1)
ũ′(2)
ũ′(3)

 , (0.129d)

S =
(

3 3/2
3/2 3

)
, S−1 = 4

9

(
1 −1/2
−1/2 1

)
, (0.129e)
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where, e.g., the first centered observation vector is

ũ(1) = u(1) − ū =
(

1
1

)
−
(

3
2

)
=
(
−2
−1

)
. (0.129f)

Moreover,

‖u(1) − ū‖2 = ‖u(3) − ū‖2 = 5 , ‖u(2) − ū‖2 = 2 , (0.129g)

MHLN2(u(i), ū,S) = 4/3 , i = 1, 2, 3 . (0.129h)
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Figure 0.6 (Example 0.1) (a) Original data points, (b) centered data points. The mean
point is marked as a filled circle. A confidence ellipse is also drawn; see Figure 0.8a (p. 56).
Each observation has an equal Mahalanobis distance from the mean.

Keeping Observed Data as a Theoretical Distribution

Following Seber (2008, p. 433) we may make the following remark. Let x1,
. . . , xn be the observed values of some empirical variable x, that is, x1, . . . ,
xn is a realized sample of size n. Let us imagine that x∗ is a discrete uniform
random variable whose values are x1, . . . , xn, i.e.,

P(x∗ = xi) = 1
n , i = 1, . . . , n . (0.130)

Then
E(x∗) = x̄, var(x∗) = n−1

n s2
x . (0.131)

More generally, consider a data matrix U = (u(1) : . . . : u(n))′ and define a
discrete random vector u∗ with probability function
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1

2

3

2
2

2

4
y = (1, 1, 4)′

¯̄y = (2, 2, 2)′

ỹ = (−1, −1, 2)′

C (1)

Figure 0.7 (Example 0.1) The variable vector y in the variable space R3; ỹ is the
centered y and ¯̄y = Jy.

P(u∗ = u(i)) = 1
n , i = 1, . . . , n , (0.132)

i.e., every data point has the same probability to be the value of the random
vector u∗. Then

E(u∗) = ū , cov(u∗) = 1
nU′CU = n−1

n S . (0.133)

Moreover, the sample correlation matrix of data matrix U is the same as
the (theoretical, population) correlation matrix of the random vector u∗.
Therefore any property shown for population correlation coefficients, holds
for sample correlation coefficients and vice versa. According to Seber (2008,
p. 433), we can “translate” sample properties into population properties using
an appropriate discrete population.

Preliminaries to Linear Models

In this book, most of our examples are related to the general linear model,
often called the Gauss–Markov model—named after Johann Carl Friedrich
Gauss (1777–1855) and Andrey (Andrei) Andreyevich Markov (1856 N.S.–
1922):

y = Xβ + ε , (0.134)

or in another notation,

M = {y, Xβ, σ2V} , (0.135)
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Photograph 0.7 Andrey (Andrei)
Andreyevich Markov (1856 N.S.–1922)
was a Russian mathematician, who is
best known for his work on stochastic
processes and what is now known as
Markov chains.

Photograph 0.8 Andrei Viktorovich
Markov (b. 1978) is a Russian profes-
sional ice hockey defenceman and an al-
ternate captain of the Montréal Cana-
diens of the National Hockey League
(NHL). (See also Tappara defenceman
in Photograph 10.6 p. 252.)

where

E(y) = Xβ = µ , E(ε) = 0 , cov(y) = cov(ε) = σ2V . (0.136)

(For Gauss, see also Philatelic Item 9.1, p. 214.) For example, if we put
X = (1 : x1 : . . . : xk) and denote p = k + 1, we can write the model as

y1
y2
...
yn

 =


1 x11 . . . x1k
1 x21 . . . x2k
...

...
...

1 xn1 . . . xnk



β0
β1
...
βk

+


ε1
ε2
...
εn

 . (0.137)

Here

• vector y is an n× 1 observable random vector,
• ε is an n× 1 unobservable random error vector,
• X is a known n× p model (design) matrix,
• β is a p× 1 vector of unknown parameters,
• V is a known n× n nonnegative definite matrix, and
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• σ2 is an unknown nonzero constant.

The variable y with values in y, is often called the response variable. The
variables x1, . . . , xk, whose values are in the vectors x1, . . . ,xk, are called
predictors, regressors, explanatory variables, or independent variables. Of
course, the constant variable “1” with values in 1, is also to be considered as
a predictor. It is not necessary to have the vector 1 as a column of X but if
we do have it there, we use the notation

y = Xβ + ε = (1 : X0)
(
β0
βx

)
+ ε = β01 + X0βx + ε . (0.138)

Notice that in this setup, the model matrix X is a matrix of fixed quan-
tities, that is, the values of the predictors can basically be chosen, they
are controllable. Hence, for example, the sample variance of xi, vard(xi) =
x′iCxi/(n−1), is not necessarily an estimate of the corresponding population
variance—because there may not exist any corresponding population. How-
ever, the situation changes if x1, . . . , xk are random variables and x1, . . . ,xk
represent their observed values resulting from a random sample. Then we
might assume that the conditional expectation of the random vector y, given
that the random matrix X has the observed value X, say, is of the form
E(y | X = X) = Xβ; similarly, cov(y | X = X) = σ2V.

Example 0.2 (Three treatments). Assume that we have three treatments
A, B, and C, whose effects on the response variable y we wish to study using
seven individuals. Let us suppose that one way to interpret the treatments
is that A means running 1 hour per day, B means running 2 hours per day,
and C means running 3 hours per day. Then we can consider the following
models:

M : y =



y11
y12
y21
y22
y23
y31
y32


=



1 1
1 1
1 2
1 2
1 2
1 3
1 3


(
β0
β1

)
+



ε11
ε12
ε21
ε22
ε23
ε31
ε32


= Xβ + ε , (0.139a)

M∗ : y =



1 0 0
1 0 0
0 1 0
0 1 0
0 1 0
0 0 1
0 0 1


µ1
µ2
µ3

+ ε = X∗β∗ + ε , (0.139b)
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M# : y =



1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1




µ
τ1
τ2
τ3

+ ε = X#β# + ε . (0.139c)

Notice that the model M differs essentially from the other two models M∗
and M#. These latter models simply divide the data into three groups—
according to the treatments—and while doing so, the “numerical values” of
treatments disappear. The regressors in M∗ are simply dichotomous variables
defined as x1 = 1, if treatment is A, x1 = 0 otherwise; x2 and x3 being defined
in the corresponding way. Model M# is “overparametrized”; there are more
parameters than necessary to indicate the treatment. Models M∗ and M#
are one-way analysis of variance, ANOVA, models. ut

Example 0.3 (Block model). Let us take a quick look at the block model

M : y = Xγ + ε = (1n : T : B)

µτ
β

+ ε , (0.140)

where

y =


y1
y2
...

yb

 , yi =


yi1
yi2
...
yici

 , B =


1c1 0 . . . 0
0 1c2 . . . 0
...

... . . . ...
0 0 . . . 1cb

 , (0.141)

and n = c1 + · · ·+ cb = number of experimental units, τ = (τ1, . . . , τt)′ is the
vector of treatment effects (t treatments), β = (β1, . . . , βb)′ is the vector of
block effects (b blocks), Bn×b is the design matrix of the block effects, Tn×t
is the design matrix of the treatment effects:

T = (t1 : t2 : . . . : tt) =


T1
T2
...

Tb

 , Ti ∈ Rci×t. (0.142)

The variable ti whose values are in ti, has value 1 if the corresponding unit
receives the treatment i, otherwise it is 0; each unit receives one treatment.
Moreover, let ri denote the number of units receiving the ith treatment:

r = (r1, r2, . . . , rt)′ = vector of replications , (0.143a)
c = (c1, c2, . . . , cb)′ = vector of block sizes , (0.143b)
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so that r′1t = c′1b = n.
Let us denote the design, i.e., the arrangements of treatments on experi-

mental units as a symbol d. For example, if we have t = 3 treatments A, B,
C, b = 2 blocks, and n = 6 experimental units, we could have the following
design d, say, (in the matrix form), where each row represents one block:

d =
(
A B C
A B B

)
. (0.144)

In this situation we have
y11
y12
y13
y21
y22
y23

 =


1
1
1
1
1
1

µ+


1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 1 0


τ1τ2
τ3

+


1 0
1 0
1 0
0 1
0 1
0 1


(
β1
β2

)
+


ε11
ε12
ε13
ε21
ε22
ε23

 . (0.145)

The main interest in this kind of model is in comparing the treatments, not
in comparing the block effects.

We will consider properties of experimental design only very briefly in this
book. Experimental design offers a huge area of linear models with a lot of
literature. ut

Example 0.4 (Multivariate linear model). In (0.137) (p. 29) we have
only one response variable y whose observed values are in the vector y. Sup-
pose that we have two response variables y1 and y2 whose observed values
are in the matrix Y:

Y = (y1 : y2) =

y′(1)
...

y′(n)

 . (0.146)

If we now believe that

yi = Xβi + εi , E(εi) = 0 , cov(εi) = σiiIn , cov(ε1, ε2) = σ12In , (0.147)

where i = 1, 2, then we have a multivariate linear model which can be written
as

Y = XB + ε , (0.148)

where
B = (β1 : β2) , ε = (ε1 : ε2) . (0.149)

In this setup, the rows (individuals) are uncorrelated, i.e., cov(y(r),y(s)) = 0,
r 6= s. Using the Kronecker product and the vec-notation, we can obviously
express (0.148) as
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vec(Y) =
(

y1
y2

)
=
(

X 0
0 X

)(
β1
β2

)
+
(
ε1
ε2

)
= (I2 ⊗X) vec(B) + vec(ε) . (0.150)

In view of (0.95) (p. 21), we have

cov[vec(Y)] =
(
σ11In σ12In
σ21In σ22In

)
= Σ⊗ In , (0.151)

and hence the multivariate model (0.148) can be expressed as a univariate
model

{vec(Y), (I2 ⊗X) vec(B), Σ⊗ In} . (0.152)

Section 10.5 (p. 229) deals (shortly) with the estimation under the multivari-
ate linear model. ut

Ordinary Least Squares

The idea in the least squares estimation is to find the vector β so that the
vector Xβ would be as close to the observed y as possible, i.e., we are mini-
mizing the quantity

‖y−Xβ‖2 = (y−Xβ)′(y−Xβ) (0.153)

with respect to β, i.e., we

minimize ‖y− µ‖2 under the condition µ ∈ C (X) . (0.154)

Of course, here we use β and µ as mathematical variables—not as the pa-
rameters of the model M . This sin is rather common in literature, and it
should not be too confusing. The minimum of (0.153) is naturally obtained
by projecting y onto the column space C (X). We will use the notation

H = PX , M = In −H , (0.155)

thereby obtaining the ordinary least squares (OLS) estimator of Xβ as

OLSE(Xβ) = Hy = PXy = Xβ̂ = X̂β = µ̂ = ŷ , (0.156)

the corresponding vector of the residuals being

ε̂ = y−Xβ̂ = y−Hy = My . (0.157)

The matrix H is often called the “hat matrix”. For a clarity, we may call
the vector ε̂ as the OLSE’s residual. (Recall that there are several kinds of



34 Introduction

residuals, like e.g. the BLUE’s and BLP’s residual.) Keeping y as a random
vector so that E(y) = Xβ and cov(y) = σ2V, we have

E(Hy) = HXβ = Xβ , cov(Hy) = σ2HVH , (0.158)

and
E(My) = MXβ = 0 , cov(My) = σ2MVM . (0.159)

For a geometric illustration of the OLS method, see Figure 8.3 (p. 183).

Remark 0.1 (Remember H and M). The reader is strongly encouraged
to put the short notations H and M into his/her active section of the memory.
This investment will be profitable. Of course there is a bunch of notations
worth remembering, but the importance of H and M makes their role worth
emphasizing. ut

In (0.156) the vector β̂ is an arbitrary solution to the normal equation

X′Xβ = X′y . (0.160)

The general solution (the set of all solutions) to the normal equation (which
is always consistent) is

β̂ = (X′X)−X′y + [Ip − (X′X)−X′X]z , (0.161)

Photograph 0.9 Shayle R.
Searle (Auckland, 2005).

where z ∈ Rp is free to vary and (X′X)− is
an arbitrary (but fixed) generalized inverse of
X′X. On the other hand, every solution to the
normal equation can be expressed as

β̂ = (X′X)−X′y , (0.162)

for some choice of (X′X)−.
When X does not have full column rank,

then the vector β̂ = (X′X)−X′y is not unique
and it is not a proper estimator: it is merely
a solution to the normal equations—“. . . this
point cannot be overemphasized”, as stated by
Searle (1971, p. 169). The situation when β̂
is needed is often such that we are interested
in the OLSE of an estimable parametric vec-
tor K′β, which is defined as K′β̂, where β̂ is

any solution to (0.160). In such a situation K′β̂ is indeed unique. Of course
Xβ̂ is always unique. In this context we wish to cite also the following from
Searle (2000, p. 26):

“One of the greatest contributions to understanding the apparent quirkiness of
normal equations of non-full rank (as is customary with linear models), which
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have an infinity of solutions, is due to Rao (1962). Using the work of Moore
(1920) and Penrose (1955), he showed how a generalized inverse matrix yields a
solution to the normal equations and how that solution can be used to estab-
lish estimable functions and their estimators—and these results are invariant to
whatever generalized inverse is being used. Although the arithmetic of generalized
inverses is scarcely any less than that of regular inverses, the use of generalized
inverses is of enormous help in understanding estimability and its consequences.”

Example 0.5 (Three treatments, continued). Notice that in Exam-
ple 0.2 (p. 30), the column spaces C (X∗) and C (X#) are obviously identical
and thereby

PX∗ = PX# = H =

J2 0 0
0 J3 0
0 0 J2

 =



1
2

1
2 0 0 0 0 0

1
2

1
2 0 0 0 0 0

0 0 1
3

1
3

1
3 0 0

0 0 1
3

1
3

1
3 0 0

0 0 1
3

1
3

1
3 0 0

0 0 0 0 0 1
2

1
2

0 0 0 0 0 1
2

1
2


. (0.163)

Hence

OLSE(Xβ∗ |M∗) = OLSE(Xβ# |M#) = Hy =

ȳ112
ȳ213
ȳ312

 , (0.164a)

ε̂ = y−Hy =

y1 − ȳ112
y2 − ȳ213
y3 − ȳ312

 =



y11 − ȳ1
y12 − ȳ1
y21 − ȳ2
y22 − ȳ2
y23 − ȳ2
y31 − ȳ3
y32 − ȳ3


, (0.164b)

and

SSE = min
β
‖y−Xβ‖2 = ‖y1 − ȳ112‖2 + ‖y2 − ȳ213‖2 + ‖y3 − ȳ312‖2

=
2∑
j=1

(y1j − ȳ1)2 +
3∑
j=1

(y2j − ȳ2)2 +
2∑
j=1

(y3j − ȳ3)2

:= SS1 + SS2 + SS3 := SSBetween , (0.165)

where ȳi is the mean of the y-values in the ith group. The OLSE of β∗ under
M∗ is unique but the OLSE of β# under M# is not unique. ut



36 Introduction

Remark 0.2 (Regression line and conditional means). Let the groups
of the previous Example 0.5 be indicated by numbers 1, 2, 3, and let us make
a scatter plot of seven data points, where x (treatment) is on the x-axis and y
on the y-axis; see Exercise 8.11 (p. 186). Fitting a regression line ŷ = β̂0 +β̂1x
means that we have to minimize

‖y−Xβ‖2 =
2∑
j=1

(y1j − α1)2 +
3∑
j=1

(y2j − α2)2 +
2∑
j=1

(y3j − α3)2, (0.166)

where α1 = β0 + β1 , α2 = β0 + 2β1 , α3 = β0 + 3β1. Because (please confirm
if you are hesitant)

ni∑
j=1

(yij − αi)2 ≥
ni∑
j=1

(yij − ȳi)2 = SSi for all αi, i = 1, 2, 3 , (0.167)

we confirm a very important fact:

♠ whenever possible, the regression line goes through the con-
ditional means. (0.168)

In other words, if the conditional means lie on the same line, then that line
is precisely the regression line. This information can be very helpful for quick
drawing of regression lines. Notice that this is just the case in Figures 0.8
(p. 56) and 0.9. ut

Three Important Projectors

When X = 1 ∈ Rn, we will denote

J = P1 = 1(1′1)−11′ = 1
n11′, C = In − J , (0.169)

and hence under the simple basic model M0 = {y, 1β, σ2V} we have

OLSE(β) = β̂ = (1′1)−11′y = 1+y = ȳ , (0.170a)
OLSE(1β) = 1β̂ = Jy = ȳ1 , (0.170b)

where ȳ = 1
n

∑n
i=1 yi. The residual vector under M0 is the centered y:

y− Jy = Cy = ỹ . (0.171)

The three orthogonal projectors H, J, and C (the centering matrix), play
crucial roles in many considerations related to linear regression. An important
fact is also that the sample correlation coefficient between the variables x
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and y, whose values are the elements of vectors x,y ∈ Rn, is the cosine
between the corresponding centered vectors:

cors(x, y) = cord(x,y) = cos(Cx,Cy) = rxy = x′Cy√
x′Cx · y′Cy

. (0.172)

It is important to realize that centering can be interpreted as a projection:

ỹ = y− Jy = Cy = (I−P1)y = P1⊥y = PCy . (0.173)

For the geometry of correlation, see Figure 3.1 (p. 93).

Estimability

Let K′β be a given vector of parametric functions specified by K′ ∈ Rq×p
and let {LE(K′β; y)} denote the set of all linear estimators of K′β, that is,

{LE(K′β; y)} = {Ay : A ∈ Rq×n } . (0.174)

In (0.174) we actually consider only homogeneous linear estimators; inhomo-
geneous linear estimators are of the form

Ay + a : A ∈ Rq×n, a ∈ Rq. (0.175)

A parametric function K′β is said to be estimable if it has a linear unbiased
estimator, i.e., there exists a matrix A such that

E(Ay) = AXβ = K′β for all β ∈ Rp, (0.176)

and hence

K′β is estimable ⇐⇒ ∃A : K = X′A′ ⇐⇒ C (K) ⊂ C (X′) . (0.177)

The OLSE of K′β is defined as

OLSE(K′β) = K̂′β = K′β̂ , (0.178)

where β̂ is any solution to X′Xβ = X′y. Now the condition C (K) ⊂ C (X′)
guarantees that K′β̂ is unique, even though β̂ may not be unique; see Sec-
tion 12.2 (p. 284).

We can also conclude that

{K′β : K′β is estimable } = {AXβ : A ∈ Rq×n } . (0.179)
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The fact that all estimable parametric functions K′β are of the form AXβ
(for some A) means that it is the vector Xβ whose estimation has a central
role in linear estimation.

In particular, a scalar valued parametric function k′β is estimable if

k = X′a for some a ∈ Rn. (0.180)

Hence we can write

{k′β : k′β estimable } = {a′Xβ : a ∈ Rn } . (0.181)

Example 0.6 (Two treatments). As an example, consider the model
{y, Xβ, σ2V}, where

X =


1 1 0
1 1 0
1 1 0
1 0 1

 = (1 : x1 : x2) , β =

µ
τ1
τ2

 , k =

0
0
1

 . (0.182)

Then k′β = τ2 is not estimable because

k =

0
0
1

 /∈ C (X′) = C

1 1 1 1
1 1 1 0
0 0 0 1

 = C

1 1
1 0
0 1

 =


a+ b

a
b

 ,

(0.183)
where a and b can be any real numbers. It is easy to confirm, using the above
technique, that each individual element of β is estimable under {y, Xβ, σ2V}
if and only if X has full column rank. The other way to confirm this is done in
(0.187) below. Notice that the normal equation X′Xβ = X′y in this situation
becomes 4 3 1

3 3 0
1 0 1

µ
τ1
τ2

 =

y1 + y2 + y3 + y4
y1 + y2 + y3

y4

 . (0.184)

Moreover,

(X′X)− =

0 0 0
0 1/3 0
0 0 1

 =⇒

 µ̂
τ̂1
τ̂2

 =

 0
(y1 + y2 + y3)/3

y4

 . (0.185)

ut

The vector β itself is estimable if there exists a matrix A such that

E(Ay) = AXβ = β for all β ∈ Rp, (0.186)

i.e.,
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β is estimable ⇐⇒ ∃A : Ip = AX = X′A′ ⇐⇒ Rp = C (X′)
⇐⇒ X has full column rank . (0.187)

The vector Xβ is (trivially) estimable because E(I · y) = Xβ.
The estimator Ay is unbiased for Xβ if AXβ = Xβ for all β ∈ Rp, i.e.,

AX = X . (0.188)

It is of interest to note that if we consider such a matrix A which satisfies
the condition

C (A) ⊂ C (X) , i.e., A = XL for some L , (0.189)

then we can characterize the unbiasedness of Ay = XLy as follows:

XLy is unbiased estimator of Xβ ⇐⇒ L ∈ {X−} . (0.190)

Photograph 0.10 Jerzy K.
Baksalary (Dortmund, 2003).

We might emphasize at this point that we
overlook so called natural restrictions that
occur when V is singular; they concern the
freedom of β to vary through the whole
Rp. We refer to discussion in Puntanen &
Styan (1990), Christensen (1990), Farebrother
(1990), Harville (1990b), Baksalary, Rao &
Markiewicz (1992), and Tian, Beisiegel, Da-
genais & Haines (2008).

Best Linear Unbiased Estimator

A linear estimator Gy is an unbiased estima-
tor of Xβ if

E(Gy) = Xβ for all β ∈ Rp, (0.191)

and it is the best linear unbiased estimator (BLUE) of Xβ if it has the
smallest covariance matrix (in the Löwner sense) among all unbiased linear
estimators:

cov(Gy) ≤L cov(By) for all By such that E(By) = Xβ . (0.192)

Since the unbiasedness of Gy means that GX = X, and under the model
{y, Xβ, σ2V} we have cov(Gy) = σ2GVG′, we can rewrite (0.192) as

GVG′ ≤L BVB′ for all B such that BX = X . (0.193)



40 Introduction

We denote the BLUE of Xβ as

BLUE(Xβ) = X̃β , (0.194a)

or
BLUE(Xβ) = Xβ̃ . (0.194b)

Sometimes it is convenient to denote µ = Xβ and BLUE(µ) = µ̃.

Remark 0.3. A gentle warning regarding notation (0.194b) may be worth
giving. Namely in (0.194b) β̃ refers now to any vector such that Xβ̃ is the
BLUE(Xβ). The vector β̃ in (0.194b) need not be the BLUE(β)—the pa-
rameter vector β may not even be estimable in which case it cannot have the
BLUE! ut

Let X have full column rank. Then β is estimable and Ay is the BLUE
of β if

AVA′ ≤L BVB′ for all B such that BX = Ip . (0.195)

We denote the BLUE of β as BLUE(β) = β̃. Because the Löwner ordering
is so strong ordering, see (0.54) (p. 12), we have

var(β̃i) ≤ var(β∗i ), i = 1, . . . , p , (0.196a)
tr cov(β̃) ≤ tr cov(β∗) , (0.196b)

det cov(β̃) ≤ det cov(β∗) , (0.196c)
chi[cov(β̃)] ≤ chi[cov(β∗)] , i = 1, . . . , p , (0.196d)
‖cov(β̃)‖F ≤ ‖cov(β∗)‖F , (0.196e)
‖cov(β̃)‖2 ≤ ‖cov(β∗)‖2 , (0.196f)

for any β∗ which is a linear unbiased estimator of β. Above ‖·‖F and ‖·‖2
refer to the Frobenius norm and the spectral norm, respectively.

Consider now the model {y, Xβ, σ2I}, where, for simplicity, we assume
that σ2 = 1. Then

β̂ = (X′X)−1X′y = X+y , cov(β̂) = (X′X)−1. (0.197)

Let By be another linear unbiased estimator of β, i.e., B satisfies BX = Ip.
Then

cov(By− β̂) = cov(By) + cov(β̂)− cov(By, β̂)− cov(β̂,By)
= BB′ + (X′X)−1 −B(X+)′ −X+B′

= BB′ + (X′X)−1 −BX(X′X)−1 − (X′X)−1X′B′

= BB′ − (X′X)−1, (0.198)

which implies
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BB′ − (X′X)−1 = cov(By)− cov(β̂) = cov(By− β̂) ≥L 0 , (0.199)

where the last (Löwner) inequality follows from the fact that every covariance
matrix is nonnegative definite. Now (0.199) means that we have the Löwner
ordering

cov(β̂) ≤L cov(By) for all B: BX = Ip . (0.200)

Thus we have proved a simple version of the Gauss–Markov theorem, which
says that

OLSE(β) = BLUE(β) under {y, Xβ, σ2I} . (0.201)

A generalized version of the Gauss–Markov theorem appears in (0.202)
below in the next subsection and more thoroughly in Theorem 10 (p. 216).
For a positive definite V, see also Exercise 0.16 (p. 50).

The Fundamental BLUE Equation

What is the necessary and sufficient condition that G has to satisfy for Gy
to be the BLUE of Xβ under the model {y, Xβ, σ2V}? The answer is given
in Theorem 10 (p. 216):

the fundamental BLUE equation: G(X : VX⊥) = (X : 0) . (0.202)

The corresponding condition for Fy to be the BLUE of an estimable para-
metric function K′β is

F(X : VX⊥) = (K′ : 0) . (0.203)

It is obvious that in (0.202) the matrix X⊥ can be replaced with M =
In −H = In −PX, and thus (0.202) becomes

G(X : VM) = (X : 0) . (0.204)

For references to (0.202), see, e.g., Drygas (1970, p. 55) and Rao (1973b,
p. 282).

Clearly if G1 and G2 satisfy (0.204), then

G1(X : VM) = G2(X : VM) . (0.205)

In particular, if X is partitioned as X = (X1 : X2), where X1 has p1 and
X2 has p2 columns and

K′ = (X1 : 0) , K′β = X1β1 , (0.206)

then (0.203) becomes, assuming that X1β1 is estimable,
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F(X1 : X2 : VM) = (X1 : 0 : 0) . (0.207)

Hence we can also write

Gy = BLUE(Xβ) ⇐⇒ G ∈ {PX|VM } , (0.208a)
Fy = BLUE(X1β1) ⇐⇒ F ∈ {PX1|(X2:VM) } . (0.208b)

The parametric function X1β1 is estimable if and only if the column spaces
C (X1) and C (X2) are disjoint; see Proposition 16.1 (p. 345).

It is interesting to observe that the OLSE of Xβ is defined as Ay if A
satisfies

A(X : X⊥) = (X : 0) . (0.209)

Similarly By is the OLSE of the estimable parametric function K′β if

B(X : X⊥) = (K′ : 0) . (0.210)

Conditions (0.209) and (0.210) are simply the versions of (0.202) and (0.203)
when V is replaced with In.

For example, consider the estimation of k′β via a′y under the model
{y, Xβ, V}. Then a′∗y is the BLUE of k′β if and only if

a′∗Va∗ = min
a

a′Va = min
a
‖a‖2V subject to X′a = k , (0.211)

i.e., we have to find such a solution to X′a = k which has the minimum
norm when the inner product matrix is V. Now according to (0.203), the
minimizing a∗ must satisfy

X′a∗ = k and a′∗VM = 0′n , (0.212)

which further can be written as

X′a∗ = k and Va∗ ∈ C (X) , (0.213)

i.e.,
E(a′∗y) = k′β and cov(a′∗y,My) = 0′n . (0.214)

All solutions to a consistent equation X′a = k can be generated through
(X′)−k by varying the generalized inverse (X′)−. In order to get the BLUE,
we should be able to pick up an appropriate (X′)−. The correct choice is a
so-called minimum norm g-inverse, denoted as G = (X′)−m(V). Then k′G′y
is the BLUE for k′β.

One may wonder whether (0.202) actually has a solution for G. No wor-
ries, the disjointness of C (X) ∩ C (VM) = {0} guarantees the solution, see
Section 5.1 (p. 123).

It is useful to observe that
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Gy = BLUE(Xβ) =⇒ HGy = BLUE(Xβ) , (0.215)

which further means that

Gy = BLUE(Xβ) =⇒ there exists L : XLy = Gy . (0.216)

Note that in equation (0.202) we can now interpret G as a projector—in
the spirit of (0.19) (p. 6)—onto C (X) along C (VM). In particular, when V
is positive definite, then G is the orthogonal projector onto C (X) when the
inner product matrix is V−1. In this situation the projection direction is, see
(0.58) (p. 13),

C (VM) = C (X)⊥V−1 = C (I−PX;V−1) = N (X′V−1) , (0.217)

where C (X)⊥V−1 refers to the orthocomplement of C (X) with respect to the
inner product defined via V−1.

When V is nonsingular then the BLUE of Xβ is

BLUE(Xβ) = Xβ̃ = X(X′V−1X)−V−1y = PX;V−1y , (0.218)

cf. Aitken (1935, p. 45), so that

min
β

(y−Xβ)′V−1(y−Xβ) = (y−Xβ̃)′V−1(y−Xβ̃) . (0.219)

We may recall here (see, e.g., Albert 1973, and Rao 1973b) three representa-
tions for the BLUE(Xβ):

BLUE(Xβ) = Hy−HVM(MVM)−My := G1y , (0.220a)
BLUE(Xβ) = y−VM(MVM)−My := G2y , (0.220b)
BLUE(Xβ) = X(X′W−X)−X′W−y := G3y , (0.220c)

where
W = V + XUX′, (0.221a)

and U is an arbitrary matrix such that

C (W) = C (X : V) ; (0.221b)

see also Section 10.4 (p. 228). When V is nonsingular the matrix G such that
Gy is the BLUE of Xβ is unique, but when V is singular this may not be so.
However, the numerical value of BLUE(Xβ) is unique with probability 1. The
matrices X and V can be of arbitrary rank but the model must be consistent
in a sense that the realized value of random vector y satisfies

the consistency condition of the model {y, Xβ, V}: y ∈ C (X : V) .
(0.222)
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The consistency condition means, for example, that whenever we have some
statements where the random vector y is involved, these statements need to
hold only for those values of y which belong to C (X : V). Thus, if Gy and
Fy are two presentations of the BLUE(Xβ), then

Gy = Fy for all y ∈ C (X : V) . (0.223)

In view of (0.216), there always exists a matrix L such that BLUE(Xβ)
can be expressed as XLy. The unbiasedness condition (0.190) means that
L ∈ {X−} [in which case rank(XL) = rank(X)], but other than that, the
vector Ly is not necessarily unique. We might denote Ly = β̃, and thereby
BLUE(Xβ) = Xβ̃, but it is important to realize that in this notation the
vector β̃ is unique (with probability 1) only if X has full column rank. In this
case the vector β is estimable, i.e., it has an unbiased linear estimator, and
one general expression for β̃ is

β̃ = (X′X)−1X′y− (X′X)−1X′VM(MVM)−My
= X+y−X+VM(MVM)−My . (0.224)

We can also define β̃ as a solution to the generalized normal equations

X′W−Xβ = X′W−y , (0.225)

Photograph 0.11 Sujit Ku-
mar Mitra (New Delhi, 1992).

where W is defined as in (0.221); see, e.g.,
Baksalary & Puntanen (1989), Mitra (1973b),
and Rao (1971c). The equation (0.225) is con-
sistent for y ∈ C (X : V); see Exercise 12.1
(p. 288). If W is a symmetric nonnegative defi-
nite matrix and β̃ is a solution to (0.225), then

min
β

(y−Xβ)′W−(y−Xβ)

= (y−Xβ̃)′W−(y−Xβ̃) . (0.226)

Notice that once we decide to denote the
BLUE of Xβ as Xβ̃, then, in view of (0.220b)
(p. 43), we also have

Xβ̃ = y−VM(MVM)−My
= G2y , (0.227)

which may look somewhat confusing for a novice. However, as emphasized in
Remark 0.3 (p. 40), (0.227) is simply a short notation for the fact that the
matrix G2 satisfies the BLUE-equation (0.202) (p. 41). Perhaps notation X̃β
would occasionally be preferable to Xβ̃.

In view of (0.227), we can define the BLUE’s residual as
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ε̃ = y− X̃β = VM(MVM)−My = VṀy , (0.228)

where the matrix Ṁ is defined as

Ṁ = M(MVM)−M . (0.229)

The matrix Ṁ appears to be very handy in many considerations and hence
we have devoted one chapter for it, see Chapter 15 (p. 317).

The weighted sum of squares of errors, which is needed when estimating
σ2, see, e.g., Rao (1971a,b), can now be written as

SSE(V) = (y− X̃β)′V−(y− X̃β)

= (y− X̃β)′W−(y− X̃β)
= ε̃′V−ε̃ = y′Ṁy , (0.230)

where W is defined as in (0.221a). See also Section 15.9 (p. 338).
Finally we remark that on the basis of (0.220), it is easy to introduce the

following general representations of the BLUE’s covariance matrix:

cov(X̃β) = HVH−HVM(MVM)−MVH (0.231a)
= V−VM(MVM)−MV (0.231b)
= X(X′W−X)−X′ −XUX′. (0.231c)

The covariance matrix of the BLUE’s residual appears to be (confirm please!)

cov(ε̃) = cov(VṀy) = VṀVṀ′V
= VM(MVM)−MVM[(MVM)−]′MV
= VM(MVM)−MV = VṀV . (0.232)

If X has full column rank, then the expression for the covariance matrix of
the BLUE of β can be written as

cov(β̃) = (X′V−1X)−1

= (X′X)−1 [X′VX−X′VM(MVM)−MVX
]

(X′X)−1

= cov(β̂)− (X′X)−1X′VM(MVM)−MVX(X′X)−1. (0.233)

Example 0.7 (Getting a ticket for over-speeding). We end this chapter
with a simple example in which the details are left to the reader.

Mr. Yrjö Kärkinen was stopped on a highway where the speed limit was
90 km/h. In the court Yrjö claimed that he was driving only 85 km/h. Judge
Juhani Järvinen, dealing with this case, had called a witness, Ms. Maija
Mäkinen, who told that she had been driving in the speed of 80 km/h when
Yrjö heartlessly had passed her. She further explained that Yrjö had been
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driving 10 km/h faster than she. The traffic police Matti Virtanen who had
caught Yrjö told that Yrjö had been driving 100 km/h and Maija 60 km/h.
(a) Identify the appropriate linear model assuming that all five observations

are independent and have the same variance. Compute the ordinary least
squares estimates for the speeds of Yrjö (β) and Maija (α).

[β̂ = 89.375, α̂ = 73.125]
(b) What about if Maija had claimed—instead of saying that Yrjö had been

driving 10 km/h faster than she—that Yrjö had been driving 90 km/h?
(c) Suppose that the Maija’s two observations are correlated (%1) and sim-

ilarly Matti’s two observations are correlated (%2). Write down the co-
variance matrix V of the five observations.

(d) Assuming that %1 = %2 = 0.5, compute the BLUEs for the speeds. Note
that poor Yrjö now gets a ticket. [β̃ = 92.143, α̃ = 74.821]

ut

Exercises

These exercises are supposed to be warm-up exercises—to get rid of the
possible rust in the reader’s matrix engine.

0.1 (Contingency table, 2× 2). Consider three frequency tables (contingency
tables) below. In each table the row variable is x.

(a) Write up the original data matrices and calculate the correlation
coefficients rxy, rxz and rxu.

(b) What happens if the location (cell) of the zero frequency changes
while other frequencies remain mutually equal?

(c) Explain why rxy = rxu even if the u-values 2 and 5 are replaced with
arbitrary a and b such that a < b.

y
0 1

x
0 1 1
1 0 1

z
0 1

0 2 2
1 0 2

u
2 5

0 1 1
1 0 1

0.2. Prove the following results concerning two dichotomous variables whose
observed frequency table is given below.

vars(y) = 1
n− 1

γδ

n
= n

n− 1 ·
δ

n

(
1− δ

n

)
,

covs(x, y) = 1
n− 1

ad− bc
n

, cors(x, y) = ad− bc√
αβγδ

= r ,

χ2 = n(ad− bc)2

αβγδ
= nr2.

y

0 1 total
0 a b α

x
1 c d β

total γ δ n
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0.3. Let z =
( x
y

)
be a discrete 2-dimensional random vector which is ob-

tained from the frequency table in Exercise 0.2 so that each observation
has the same probability 1/n. Prove that then

E(y) = δ

n
, var(y) = δ

n

(
1− δ

n

)
, cov(x, y) = ad− bc

n2 , cor(x, y) = ad− bc√
αβγδ

.

0.4 (Continued . . . ). Show that in terms of the probabilities:

var(y) = p·1p·2 ,

cov(x, y) = p11p22 − p12p21 ,

cor(x, y) = p11p22 − p12p21√
p·1p·2p1·p2·

= %xy .

y

0 1 total
0 p11 p12 p1·

x
1 p21 p22 p2·

total p·1 p·2 1

0.5 (Continued . . . ). Confirm:

%xy = 0⇔ det
(
p11 p12
p21 p22

)
= det

(
a b
c d

)
= 0⇔ p11

p21
= p12
p22
⇔ a

c
= b

d
.

0.6 (Continued . . . ). Show, using (0.85) (p. 19), that the dichotomous ran-
dom variables x and y are statistically independent if and only if %xy = 0.
By the way, for interesting comments on 2× 2 tables, see Speed (2008b).

0.7 (Continued, in a way . . . ). Consider dichotomous variables x and y whose
values are A1, A2 and B1, B2, respectively, and suppose we have n obser-
vations from these variables. Let us define new variables in the following
way:

x1 = 1 if x has value A1, and x1 = 0 otherwise,
x2 = 1 if x has value A2, and x2 = 0 otherwise,

and let y1 and y2 be defined in the corresponding way with respect to the
values B1 and B2. Denote the observed n × 4 data matrix as U = (x1 :
x2 : y1 : y2) = (X : Y). We are interested in the statistical dependence
of the variables x and y and hence we prepare the following frequency
table (contingency table):

y

B1 B2 total
A1 f11 f12 r1

x
A2 f21 f22 r2

total c1 c2 n
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Let eij denote the expected frequency (for the usual χ2-statistic for test-
ing the independence) of the cell (i, j) and

eij = ricj
n

, E = (e1 : e2) , F =
(
f11 f12
f21 f22

)
= (f1 : f2) ,

and c =
(
c1
c2

)
, r =

(
r1
r2

)
. We may assume that all elements of c and r are

nonzero. Confirm the following:

(a) cord(x1,x2) = −1, rank(X : Y) ≤ 3, rank[cord(X : Y)] ≤ 2,
(b) X′1n = r, Y′1n = r, X′X = diag(r) = Dr, Y′Y = diag(c) = Dc,
(c) X′Y = F, E = rc′/n = X′1n1′nY/n = X′JY.
(d) The columns of X′Y(Y′Y)−1 represent the conditional relative fre-

quencies (distributions) of x.
(e) F−E = X′CY, where C is the centering matrix, and hence 1

n−1 (F−
E) is the sample (cross)covariance matrix between the x- and y-
variables.

0.8 (Continued . . . ).

(a) Show that X′CY, X′CX, and Y′CY are double-centered; An×p is
said to be double-centered if A1p = 0n and A′1n = 0p.

(b) Prove that 1n ∈ C (X)∩C (Y) and that it is possible that dim C (X)∩
C (Y) > 1.

(c) Show, using the rule rk(CY) = rk(Y) − dim C (Y) ∩ C (C)⊥, see
Theorem 5 (p. 121), that

rk(Y′CY) = rk(CY) = c− 1 and rk(X′CX) = rk(CX) = r− 1 ,

where c and r refer to the number of categories of y and x, respec-
tively; see Exercise 19.12 (p. 412) In this situation of course c = r = 2.

(d) Confirm that (Y′Y)−1 is a generalized inverse of Y′CY, i.e.,

Y′CY · (Y′Y)−1 ·Y′CY = Y′CY ,

(Dc − 1
ncc′) ·D−1

c · (Dc − 1
ncc′) = Dc − 1

ncc′.

See also part (b) of Exercise 0.11 (p. 49), Exercise 4.9 (p. 120), and
Exercise 19.12 (p. 412).

0.9 (Continued . . . ).

(a) What is the interpretation of the matrix

G =
√
n(X′X)−1/2X′CY(Y′Y)−1/2 =

√
nD−1/2

r (F−E)D−1/2
c ?

(b) Convince yourself that the matrix

G∗ = D−1/2
r (F−E)D−1/2

c
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remains invariant if instead of frequencies we consider proportions
so that the matrix F is replaced with 1

nF and the matrices E, Dr
and Dc are calculated accordingly.

(c) Show that the χ2-statistic for testing the independence of x and y
can be written as

χ2 =
2∑
i=1

2∑
j=1

(fij − eij)2

eij
= ‖G‖2F = tr(G′G) = n tr(PXCPYC) .

See also Exercise 19.13 (p. 413).
(d) Show that the contribution of the ith column of F on the χ2, χ2(f i),

say, can be expressed as (a kind of squared Mahalanobis distance)

χ2(f i) = (f i − ei)′D−1(f i − ei) ,

where

D = diag(ei) =
(
ei1 0
0 ei2

)
=
(
r1ci/n 0

0 r2ci/n

)
= ci

(
r1/n 0

0 r2/n

)
.

0.10 (Multinomial distribution). Consider the random vectors (for simplic-
ity only three-dimensional)

z1 =

z11
z21
z31

 , . . . , zm =

z1m
z2m
z3m

 , x = z1 + · · ·+ zm ,

where zi are identically and independently distributed random vectors
so that each zi is defined so that only one element gets value 1 the rest
being 0. Let P(zi1 = 1) = p1, P(zi2 = 1) = p2, and P(zi3 = 1) = p3 for
i = 1, . . . ,m; p1 + p2 + p3 = 1, each pi > 0, and denote p = (p1, p2, p3)′.
Show that

E(zi) = (p1, p2, p3)′ = p , E(x) = mp ,

and

cov(zi) =

p1(1− p1) −p1p2 −p1p3
−p2p1 p2(1− p2) −p2p3
−p3p1 −p3p2 p3(1− p3)

 =

p1 0 0
0 p2 0
0 0 p3

− pp′

:= Dp − pp′ := Σ , cov(x) = mΣ .

Then x follows a multinomial distribution with parameters m and p:
x ∼ Mult(m,p).

0.11 (Continued . . . ). Confirm:
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(a) Σ is double-centered (row and column sums are zero), singular and
has rank 2.

(b) ΣD−1
p Σ = Σ, i.e., D−1

p is a generalized inverse of Σ. Confirm that
D−1

p does not necessarily satisfy any other Moore–Penrose condi-
tions. See also Exercises 0.8 (p. 48) and 4.9 (p. 120).

(c) We can think (confirm . . . ) that the columns (or rows if we wish) of a
contingency table are realizations of a multinomial random variable.
Let x1 and x2 represent two columns (two observations) from such a
random variable and assume that instead of the frequencies we con-
sider proportions y1 = x1/c1 and y2 = x2/c2. Then xi ∼ Mult(ci,p)
and cov(yi) = 1

ci
Σ, where Σ = Dp − pp′, and the squared Ma-

halanobis distance, say M , between the vectors x1 and x2 can be
defined as follows:

M = c1c2(c1 + c2)−1(x1 − x2)′Σ−(x1 − x2)
= c1c2(c1 + c2)−1(x1 − x2)′D−1

p (x1 − x2) .

Neudecker (1997), Puntanen, Styan & Subak-Sharpe (1998),
Greenacre (2007, p. 270).

0.12. Let Pn×n be an idempotent matrix. Show that

C (P) ∩ C (In −P) = {0} and C (In −P) = N (P) .

0.13. Confirm: A ≥L B and B ≥L C =⇒ A ≥L C .

0.14. Suppose that x and y are p-dimensional random vectors. Confirm:

(a) cov(x + y) = cov(x) + cov(y) ⇐⇒ cov(x,y) = − cov(y,x);
if A = −A′, A is said to be skew-symmetric.

(b) cov(x− y) = cov(x)− cov(y) ⇐⇒ cov(x,y) + cov(y,x) = 2 cov(y).

0.15. Let Gy and Hy be the BLUE and OLSE of Xβ, respectively, under
{y, Xβ, V}. Using (0.220) (p. 43), confirm the following:

cov(Hy−Gy) = cov(Hy)− cov(Gy) = HVM(MVM)−MVH ,

cov(y−Gy) = cov(ε̃) = cov(y)− cov(Gy) = VM(MVM)−MV .

0.16. Consider the model M = {y, Xβ, σ2V}, where V is positive definite
and X has full column rank. Premultiplying the equation y = Xβ+ε by
V−1/2, we get the model

M∗ = {y∗, X∗β, σ2In} , where y∗ = V−1/2y , X∗ = V−1/2X .

Confirm that in view of (0.201) (p. 41),
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OLSE(β |M∗) = (X′∗X∗)−1X′∗y∗
= (X′V−1X)−1X′V−1y := Gy = BLUE(β |M∗) .

Clearly Gy is an unbiased estimator of β under M . Let By be another
unbiased estimator of β under M , i.e., BX = Ip. Show that then By =
BV1/2V−1/2y = BV1/2y∗, and in light of (0.201),

cov[(X′∗X∗)−1X′∗y∗] ≤L cov(BV1/2y∗) ,
(X′V−1X)−1 ≤L BVB′ for all B : BX = Ip ,

so that (X′V−1X)−1X′V−1y is the BLUE for β under M . See also
Exercise 10.8 (p. 261).

0.17 (Continued . . . ). Show that the result of the previous Exercise 0.16 can
be expressed as the equivalence of the following statements:

(a) (X′V−1X)−1 ≤L KK′ for all K : KV−1/2X = Ip,
(b) (X′V−1X)−1 ≤L LVL′ for all L : LX = Ip.

0.18 (Continued . . . ). Confirm that the result of Exercise 0.16 can be intro-
duced also as follows: Denote Gy = (X′V−1X)−1X′V−1y and let By be
an arbitrary linear unbiased estimator of β. Then GX = BX = Ip,
so that (G − B)X = 0, i.e., X′(G − B)′ = 0, which implies that
C (G′ −B′) ⊂ N (X′) = C (X)⊥ = C (M), where M = In −PX. Hence

G′ −B′ = MU for some matrix U.

Premultiplying the above equation by GV yields GV(G′−B′) = 0, and
thereby GVG′ = GVB′ = BVG′, which further implies

(B−G)V(B−G)′ = BVB′ −GVG′ ≥L 0 .

Toutenburg & Shalabh (2009, p. 572).

0.19. Consider a random matrix Un×d = (u1 : . . . : ud) = (u(1) : . . . : u(n))′,
where cov(uj ,uk) = σjkV, j, k = 1, . . . , d. Show that

cov(u(r),u(s)) = vrsΣ , r, s = 1, . . . , n .

0.20 (Block design). Using the notation of Example 0.3 (p. 31), create the
matrix T in the following block designs:

d# =
(
A B C
C B A

)
, d∗ =

(
A B C
A C B

)
.

0.21. Consider the block model (0.140) (p. 31). Show that
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X′X =

1′n1n 1′nT 1′nB
T′1n T′T T′B
B′1n B′T B′B

 =

n r′ c′
r Dr N
c N′ Dc



=



n r1 r2 . . . rt c1 c2 . . . cb
r1 r1 0 . . . 0
r2 0 r2 . . . 0 N
...

... . . .
rt 0 0 . . . rt
c1 c1 0 . . . 0
c2 N′ 0 c2 . . . 0
...

...
... . . .

cb 0 0 . . . cb


,

where Dr = diag(r), Dc = diag(c), and N = {nij} ∈ Rt×b is a so-called
incidence matrix; nij = the number of units receiving the ith treatment
in the jth block. Thus N is a contingency table like F in Exercise 0.7
(p. 47); now x = the treatment and y = the block.

Bapat (2000, pp. 99-103).

0.22 (Orthogonal rotation). Denote

Aθ =
(

cos θ − sin θ
sin θ cos θ

)
, Bθ =

(
cos θ sin θ
sin θ − cos θ

)
.

Show that any 2 × 2 orthogonal matrix Q is Aθ or Bθ for some θ.
Transformation Aθu(i) rotates the observation u(i) by the angle θ in
the counter-clockwise direction, and Bθu(i) makes the reflection of the
observation u(i) with respect to the line y = tan

(
θ
2
)
x. For a graphic

illustration of a rotation, see Figure 19.3 (p. 404).
Horn & Johnson (1990, p. 68).

0.23 (Kronecker product). Confirm some of the following important (partic-
ularly in multivariate linear models) properties of the Kronecker product
and the vec-operation:

(a) a′ ⊗ b = ba′ = b⊗ a′,
(b) (A⊗B)′ = A′ ⊗B′,
(c) (A⊗B)−1 = A−1 ⊗B−1, if A and B are nonsingular,
(d) (A⊗B)− = A− ⊗B−,
(e) A⊗B 6= B⊗A, in general,
(f) (A⊗B)(C⊗D) = AC⊗BD,
(g) vec(An×pBp×q) = (B′ ⊗ In) vec(A) = (Iq ⊗A) vec(B),
(h) vec(ab′) = b⊗ a,
(i) vec(ABC) = (C′ ⊗A) vec(B); see Exercise 11.1 (p. 280),
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(j) PA⊗B = PA ⊗PB.
Henderson & Searle (1979, 1981b), Harville (1997, Ch. 16),
Abadir & Magnus (2005, pp. 273–284), Seber (2008, §11.1).

0.24. Consider the set of numbers A = {1, 2, . . . , N} and let x1, x2, . . . , xp
denote a random sample selected without a replacement from A. Denote
y = x1 + x2 + · · ·+ xp = 1′px. Confirm the following:

(a) var(xi) = N2−1
12 , cor(xi, xj) = − 1

N−1 = % , i, j = 1, . . . , p ,
(b) cor2(x1, y) = cor2(x1, x1 + · · ·+ xp) = 1

p +
(
1− 1

p

)
% .

See also Section 10.6 (p. 234).

0.25 (Hotelling’s T 2). Let U′1 and U′2 be independent random samples from
Np(µ1,Σ) and Np(µ2,Σ), respectively. Denote Ti = U′i(Ini − Jni)Ui,
and S∗ = 1

f (T1 + T2), where f = n1 + n2 − 2. Confirm that

T 2 = n1n2
n1+n2

(ū1 − ū2)′S−1
∗ (ū1 − ū2) ∼ T2(p, n1 + n2 − 2) ,

where T2(a, b) refers to the Hotelling’s T 2 distribution; see (0.128) (p. 26).
It can be shown that if µ1 = µ2, then

n1+n2−p−1
(n1+n2−2)p T

2 ∼ F(p, n1 + n2 − p− 1).

0.26 (Continued . . . ). Show that if n1 = 1, then Hotelling’s T 2 becomes

T 2 = n2
n2+1 (u(1) − ū2)′S−1

2 (u(1) − ū2) .

0.27 (Finiteness matters). Throughout this book, we assume that the ex-
pectations, variances and covariances that we are dealing with are finite.
Then, for example, independence of the random variables x and y im-
plies that cor(x, y) = 0. The reader is encouraged to have a look at the
paper by Mukhopadhyay (2010), which provides counterexamples to this
implication in situations when the finiteness is not holding.

0.28 (Magic square). Confirm that the matrix

A =


16 3 2 13
5 10 11 8
9 6 7 12
4 15 14 1

 ,

appearing in Philatelic Item 0.1 (p. 54), is a magic square, i.e., a k × k
array such that the numbers in every row, column and in each of the
two main diagonals add up to the same magic sum, 34 in this case; here
k = 4. The matrix A here defines a classic magic square since the entries
in A are the consecutive integers 1, 2, . . . , k2.
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Show that the Moore–Penrose inverse

A+ = 1
34 · 80


275 −201 −167 173
37 −31 −65 139
−99 105 71 3
−133 207 241 −235


is also a magic square (though not a classic magic square) and that its
magic sum is 1/34.

There are many patterns of numbers in A and in A+ which add up
to the magic sum (34 for A and 1/34 for A+); see Trenkler & Trenkler
(2001). For more about “magic generalized inverses”, see Chu, Drury,
Styan & Trenkler (2010).

Philatelic Item 0.1 The magic square defined by the matrix A in Exercise 0.28
appears in Albrecht Dürer’s copper-plate engraving Melencolia I which is shown on
philatelic sheetlets from Aitutaki (Cook Islands) 1986, Scott 391, and Mongolia 1978,
Scott 1039.

0.29 (Magic square, continued . . . ). Confirm that the matrix

B =


44 54 55 41
49 47 46 52
45 51 50 48
56 42 43 53


is a magic square. Find a scalar c so that B = PAQ + cE, where A
is the Dürer magic square in Exercise 0.28, while E is the 4 × 4 matrix
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with every element equal to 1 and the matrices P and Q are permutation
matrices. The matrix Pn×n is a permutation matrix if it is obtained from
In by rearranging its columns.

The magic square represented by the matrix B here is associated with
a porcelain plate made in Jingdezhen, China, ca. 1775, and presented to
Queen Mary (1867–1953) in 1906; the plate is now in the Victoria and
Albert Museum in London. For further details see Cheng (1984).

For more about magic squares we recommend the books by Benson &
Jacoby (1976) and Pickover (2002).

Philatelic Item 0.2 Philatelic sheetlet from Guinea-Bissau 2009 depicting Albert Ein-
stein (1879–1955), Leonhard Paul Euler (1707–1783), Galileo Galilei (1564–1642), and
Isaac Newton (1643–1727). In addition to contributions involving magic squares and
Latin squares, see Styan (2007), Euler made important discoveries in fields as diverse as
infinitesimal calculus and graph theory; he is also renowned for his work in mechanics,
fluid dynamics, optics, and astronomy.
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Opening Figures: Continued—see page 2
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Figure 0.8 Completed Figures 0.1a and 0.1b. Regression line a bit thicker. The confi-
dence ellipses (constant-density contours) are based on the assumption that samples are
from N2(µ,Σ), where µ and Σ are equal to their sample values. The first major axis of
the ellipse will be along the 135◦ (slope −1) line through µ, and it is the line satisfying
the minimization Task 2 on page 1. See also Figure 19.3 (p. 404).
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Figure 0.9 Completed Figure 0.2: Observations from N2(0, Σ); σx = 5, σy = 4, %xy =
0.7. Regression line has the slope β̂1 ≈ %xyσy/σx. Also the regression line of x on y is
drawn. The direction of the first major axis of the contour ellipse is determined by t1,
the first eigenvector of Σ.



Chapter 1
Easy Column Space Tricks

If you’ve heard this story before, don’t stop me,
because I’d like to hear it again.

Groucho Marx

The column space of an n×m matrix A,

C (An×m) = {y ∈ Rn : there exists x ∈ Rm such that y = Ax } , (1.1)

and, correspondingly, the null space of A,

N (An×m) = {x ∈ Rm : Ax = 0 } , (1.2)

are in every-day use throughout this book. In this chapter we take a good look
at some of their properties, most of them rather elementary. Our experience
is that decent steps in linear models are slow to take unless a reasonable
set of column space tricks is in the immediate access. Some of the results
that we go through are already likely to be in the reader’s toolbox. However,
there cannot be harm in repeating these helpful rules and going through their
proofs.

Theorem 1 (Column space properties). For conformable matrices A
and B, the following statements hold:

(a) N (A) = N (A′A),
(b) C (A)⊥ = C (A⊥) = N (A′),
(c) C (A) ⊂ C (B) ⇐⇒ C (B)⊥ ⊂ C (A)⊥,
(d) C (A) = C (AA′),
(e) rank(A) = rank(A′) = rank(AA′) = rank(A′A),
(f) Rn = C (An×m)� C (An×m)⊥ = C (A)�N (A′),
(g) rank(An×m) = n− rank(A⊥) = n− dim N (A′),
(h) C (A : B) = C (A) + C (B),
(i) rank(A : B) = rank(A) + rank(B)− dim C (A) ∩ C (B),

(j) rank
(

A
B

)
= rank(A) + rank(B)− dim C (A′) ∩ C (B′),
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58 1 Easy Column Space Tricks

(k) C (A + B) ⊂ C (A) + C (B) = C (A : B),
(l) rank(A + B) ≤ rank(A : B) ≤ rank(A) + rank(B),

(m) C (A : B)⊥ = C (A)⊥ ∩ C (B)⊥.

Proof. (a) First,

x ∈ N (A) =⇒ Ax = 0 =⇒ A′Ax = 0 =⇒ x ∈ N (A′A) . (1.3a)

To go the other way,

x ∈ N (A′A) =⇒ A′Ax = 0 =⇒ x′A′Ax = 0
=⇒ Ax = 0 =⇒ x ∈ N (A) . (1.3b)

(b) comes from

C (An×m)⊥ = {y ∈ Rn : y′Az = 0 for all z ∈ Rm }
= {y ∈ Rn : y′A = 0′ } = N (A′) . (1.4)

(c) We see that

C (A) = C (a1 : . . . : am) ⊂ C (B) =⇒ ∃ f i : ai = Bf i, i = 1, . . . ,m
=⇒ A = BF for some F =⇒ A′ = F′B′. (1.5a)

Hence x ∈ N (B′) = C (B)⊥ =⇒ x ∈ N (A′) = C (A)⊥, and thereby we
have shown that

C (A) ⊂ C (B) =⇒ C (B)⊥ ⊂ C (A)⊥. (1.5b)

The reverse relation follows by changing the roles of A and A⊥, and B and
B⊥.

(d) follows from

N (A′) = N (AA′) ⇐⇒ [N (A′)]⊥ = [N (AA′)]⊥

⇐⇒ C (A) = C (AA′) . (1.6)

(e) It is obvious that rank(A) = rank(AA′) and rank(A′) = rank(A′A)
but we still have to show that A and A′ have the same maximal number of
linearly independent columns. We omit the proof which can be done easily
using the full-rank decomposition of the matrix A; see Theorem 17 (p. 349).

(f) Because Rn = U � U⊥ for any subspace U ⊂ Rn, we get (f).
(g) In view of (f), we have

n = rank(A) + rank(A⊥) , (1.7a)

i.e.,
rank(A⊥) = (number of rows of A)− rank(A) , (1.7b)
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which implies (g).
(h) comes from

C (A : B) = {y : y = (A : B)
( x

z
)
for some x, z }

= {y : y = Ax + Bz for some x, z }
= {y : y = y1 + y2 for some y1 ∈ C (A), y2 ∈ C (B) }
= C (A) + C (B) . (1.8)

(i) From (h) it follows that

rank(A : B) = dim C (A : B) = dim [C (A) + C (B)]
= dim C (A) + dim C (B)− dim C (A) ∩ C (B)
= rank(A) + rank(B)− dim C (A) ∩ C (B) . (1.9)

(j) This comes by noting that rank
(A

B
)

= rank(A′ : B′).
(k) Writing

A + B = (A : B)
( I

I
)
, (1.10a)

we see that
C (A + B) = C

[
(A : B)

( I
I
)]
⊂ C (A : B) , (1.10b)

where the last inclusion comes from the fact

C (UF) ⊂ C (U) for any conformable matrices U, F . (1.10c)

(l) is a consequence of (k).
(m) comes from the following:

y ∈ C (A : B)⊥ ⇐⇒ y′(A : B) = 0′ ⇐⇒ A′y = 0, B′y = 0
⇐⇒ y ∈ C (A)⊥ ∩ C (B)⊥. (1.11)

ut

We may almost confess that originally we planned to omit to represent
the results of Theorem 1, because the reader is almost expected to be aware
of them. However, these simple properties are so essential that we . . . , so,
needless to say. They may look sterile but please do not underestimate them.

1.1 Equality C (X′VX) = C (X′V) when V Is
Nonnegative Definite

Suppose that X is an n× p matrix and V is an n×n symmetric nonnegative
definite matrix. Then the following simple result is frequently used:



60 1 Easy Column Space Tricks

C (X′VX) = C (X′V) . (1.12)

The proof of (1.12) comes by noting that V must be of the form V = L′L
for some matrix L, and writing

C (X′VX) = C (X′L′LX) ⊂ C (X′L′L)
= C (X′V) ⊂ C (X′L′) = C [X′L′(X′L′)′]
= C (X′L′LX) = C (X′VX) . (1.13)

Now clearly (1.13) implies (1.12). Trivially we have also

rank(X′VX) = rank(X′V) = rank(VX) , (1.14)

and
X′VX = 0 ⇐⇒ X′V = 0 . (1.15)

1.2 Estimability in a Simple ANOVA

Consider the situation of Example 0.2 (p. 30) where we had the following
models:

M∗ : y =



y11
y12
y21
y22
y23
y31
y32


=



1 0 0
1 0 0
0 1 0
0 1 0
0 1 0
0 0 1
0 0 1


µ1
µ2
µ3

+ ε = X∗β∗ + ε , (1.16a)

M# : y =



1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1




µ
τ1
τ2
τ3

+ ε = X#β# + ε . (1.16b)

In a more general situation, when we have g groups (or treatments) and ni
observations in the ith group, we can write these models as

M∗ : y =


y1
y2
...

yg

 =


1n1 0 . . . 0
0 1n2 . . . 0
...

... . . . ...
0 0 . . . 1ng



µ1
µ2
...
µg

+ ε
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= X∗β∗ + ε , (1.17a)

M# : y =


1n1 1n1 0 . . . 0
1n2 0 1n2 . . . 0
...

...
... . . . ...

1ng 0 0 . . . 1ng



µ
τ1
τ2
...
τg

+ ε = X#β# + ε , (1.17b)

where n = n1 + · · ·+ng. We see immediately that β∗ is estimable under M∗
because X∗ has full column rank. On the other hand, β# is not estimable
under M#. Which parametric functions of β# are estimable? We answer to
this question by using some properties of Theorem 1.

To simplify the notation, let us drop the subscript # and denote the
model (1.17b) as

M : y = Xβ + ε = (1n : X0)
(
µ
τ

)
+ ε . (1.18)

Now the parametric function k′β is estimable under M if and only if

k ∈ C (X′) = C

(
1′n
X′0

)
= C


1′n1 1′n2 . . . 1′ng
1′n1 0′ . . . 0′
...

...
...

0′ 0′ . . . 1′ng

 = C

(
1′g
Ig

)
. (1.19)

Moreover, because

rank
(

1′g
Ig

)
= rank(1g : Ig) = g , (1.20)

we have, in view of part (g) of Theorem 1,

rank
(

1′g
Ig

)⊥
= (g + 1)− g = 1 . (1.21)

We show next that one choice for
(

1′g
Ig

)⊥
is
(
−1
1g

)
, i.e.,

(
−1
1g

)
:= u ∈

{(
1′g
Ig

)⊥}
. (1.22)

The result (1.22) follows from the facts

u′
(

1′g
Ig

)
= 0′ , rank(u) = rank

(
1′g
Ig

)⊥
= 1 . (1.23)
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According to (1.19), the parametric function k′β is estimable if and only if

k ∈
(

C

(
1′g
Ig

)⊥)⊥
= C (u)⊥, (1.24)

i.e.,
k′u = 0, where u =

(
−1
1g

)
. (1.25)

We can also study the estimability of a parametric function of τ1, . . . , τg
(dropping off the parameter µ); denote this function as `′τ . Then

(0, `′)
(
µ
τ

)
= `′τ , (1.26)

and on account of (1.25), the estimability condition for `′τ becomes `′1g = 0.
We may summarize our findings as follows.
Proposition 1.1. Consider the one-way ANOVA model (1.18). Then k′β is
estimable if and only if

k′
(
−1
1g

)
= 0 , (1.27)

and `′τ is estimable if and only if

`′1g = 0 . (1.28)

The parametric function `′τ is called a contrast if `1 + · · · + `g = 0, i.e.,
(1.28) holds. Contrasts of the form τi − τj , i 6= j, are called elementary
contrasts.

For the estimability in the block model, see Exercise 16.2 (p. 348).
In passing we may mention that (1.22) is a special case of the following

general result:

Proposition 1.2. One choice for a matrix
(

Bn×q
Iq

)⊥
is
(

In
−B′

)
, i.e.,

(
In
−B′

)
∈
{(

Bn×q
Iq

)⊥}
. (1.29)

1.3 Column Space of the Covariance Matrix

Consider the partitioned (p + q)-dimensional random vector z =
( x

y
)
whose

covariance matrix is

cov(z) = cov
(

x
y

)
=
(

Σxx Σxy
Σyx Σyy

)
= Σ . (1.30)
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Because every covariance matrix is nonnegative definite, there exists a matrix
L = (L1 : L2) such that Σ = L′L:

Σ =
(

L′1
L′2

)
(L1 : L2) =

(
L′1L1 L′1L2
L′2L1 L′2L2

)
=
(

Σxx Σxy
Σyx Σyy

)
. (1.31)

In view of
C (L′1L2) ⊂ C (L′1) = C (L′1L1) , (1.32)

we can immediately conclude the following simple but important facts:

C (Σxy) ⊂ C (Σxx) , C (Σyx) ⊂ C (Σyy) . (1.33)

From (1.33) we can also conclude that

Σyy = 0 =⇒ Σ =
(

Σxx 0
0 0

)
, (1.34)

and in particular

cov
(

x
y

)
= Σ =

(
Σxx σxy
σ′xy σ2

y = 0

)
=⇒ Σ =

(
Σxx 0p
0′p 0

)
. (1.35)

Moreover, let us denote E(x) = µx ∈ Rp and consider the random vector

u = Qx , where Q = Ip −P(Σxx :µx) . (1.36)

Now

E(Qx) = (Ip −P(Σxx :µx))µx = 0 , (1.37a)
cov(Qx) = QΣxxQ = 0 , (1.37b)

and hence (Ip −P(Σxx :µx))x = 0 with probability 1, and so

x ∈ C (Σxx : µx) with probability 1 . (1.38)

For the corresponding condition in a linear model, see Section 5.2 (p. 125).
Notice that for QΣxx

= Ip −PΣxx
,

E[QΣxx
(x− µx)] = (Ip −PΣxx

)(µx − µx) = 0 , (1.39a)
cov[QΣxx

(x− µx)] = QΣxx
ΣxxQΣxx

= 0 , (1.39b)

and hence
x− µx ∈ C (Σxx) with probability 1 . (1.40)

For a clarity, let us write the following proposition:
Proposition 1.3. Using the above notation,
(a) x ∈ C (Σxx : µx) with probability 1,
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(b) x− µx ∈ C (Σxx) with probability 1.
There is one particular consequence from (1.33) that deserves attention:

there exists a matrix B such that ΣxxB = Σxy , (1.41)

i.e.,
L′1L1B = L′1L2 for some B ∈ Rp×q . (1.42)

This is indeed evident because C (L′1L2) ⊂ C (L′1) = C (L′1L1). One solution
to ΣxxB = Σxy is

B = Σ−xxΣxy , (1.43)

where Σ−xx is an arbitrary generalized inverse of Σxx. By varying Σ−xx through
all generalized inverses of Σxx we can generate all solutions to ΣxxB = Σxy.
According to Theorem 11 (p. 267), an alternative way to express all solutions
is

B = Σ−xxΣxy + (Ip −Σ−xxΣxx)Z , (1.44)

where Σ−xx is an arbitrary (but fixed) generalized inverse of Σxx and Z ∈ Rp×q
is free to vary.

The fact (1.41) is a crucial one in several connections. For example, there
are occasions when it is extremely useful to find a matrix A ∈ Rq×p so that
the random vectors x and y−Ax are uncorrelated, i.e.,

cov(x,y−Ax) = Σxy −ΣxxA′ = 0 . (1.45)

Now (1.45) holds if and only if A′ is a solution to

ΣxxA′ = Σxy , (1.46)

which indeed, in view if (1.41), is consistent, the general solution being

A′ = Σ−xxΣxy + (Ip −Σ−xxΣxx)Z , (1.47)

where Z ∈ Rp×q is free to vary. Transposing (1.47) yields

A = Σyx(Σ−xx)′ + Z′[Ip −Σxx(Σ−xx)′] . (1.48)

Choosing Σ−xx as (Σ−xx)′ (this is indeed possible, please confirm!), the general
expression for A can be written as

A = ΣxyΣ−xx + Z′(Ip −ΣxxΣ−xx) . (1.49)

For the above expression, see also (11.16) (p. 269).
We might extend the above simple but helpful results as a proposition.

Proposition 1.4. Using the above notation, the following statements are
equivalent:
(a) cov(x,y−Ax) = 0 .
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(b) The matrix A is a solution to AΣxx = Σyx .

(c) The matrix A is of the form

A = ΣyxΣ−xx + Z′(Ip −ΣxxΣ−xx) , (1.50)

where Z ∈ Rp×q is free to vary.
(d) A(x− µx) = ΣyxΣ−xx(x− µx) with probability 1.

Proof. The equivalence of (a), (b) and (c) has already been shown. In part (d),
it is essential to observe that

C (Σ′yx) = C (Σxy) ⊂ C (Σxx) (1.51)

and
x− µx ∈ C (Σxx) with probability 1. (1.52)

Hence, in view of Theorem 12 (p. 283), the random vector ΣyxΣ−xx(x−µx)
is invariant with respect to the choice of Σ−xx with probability 1. Choosing
Σ−xx as Σ+

xx we see at once that (d) implies that

Ax = ΣyxΣ+
xxx + b for some b ∈ Rq, (1.53)

and so

cov(x,y−Ax) = cov(x,y−ΣyxΣ+
xxx)

= cov(x,y)− cov(x,ΣyxΣ+
xxx)

= Σxy −ΣxxΣ+
xxΣxy

= Σxy −Σxy = 0 , (1.54)

where we have used the fact

BB−C = C ⇐⇒ C (C) ⊂ C (B) . (1.55)

Thus we have shown that (d) implies (a) and thereby (b) and (c). To go the
other way, postmultiplying (1.50) by x−µx and using (1.51) and (1.52) gives

A(x− µx) = ΣyxΣ−xx(x− µx) + Z′(Ip −ΣxxΣ−xx)(x− µx)
= ΣyxΣ−xx(x− µx) . (1.56)

ut
For a reference to Proposition 1.4, see Sengupta & Jammalamadaka (2003,

p. 56).
The squared population Mahalanobis distance between x and µx is defined

for a positive definite Σxx as

MHLN2(x, µx, Σxx) = (x− µx)′Σ−1
xx (x− µx) . (1.57)
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For a singular Σ we can define

MHLN2(x, µx, Σxx) = (x− µx)′Σ−xx(x− µx) , (1.58)

and it is noteworthy that (1.58) it is invariant (with probability 1) with
respect to the choice of Σ−xx. This follows immediately from the fact that
x− µx ∈ C (Σxx) with probability 1.

For the sample Mahalanobis distance we have the corresponding property:

MHLN2(x(i), z̄, Sxx) = (x(i) − x̄)′S−xx(x(i) − x̄) = x̃′(i)S−xxx̃(i) , (1.59)

which remains invariant for any choice of S−xx. To confirm this, we recall that
in (1.59)

x̃(i) = x(i) − x̄ : ith centered observation, (1.60a)
X = (x(1) : . . . : x(n))′ : data matrix, (1.60b)
X̃ = (x̃(1) : . . . : x̃(n))′ : centered data matrix, (1.60c)

Sxx = 1
n−1X̃′X̃ = 1

n−1

n∑
i=1

x̃(i)x̃′(i) : sample covariance matrix, (1.60d)

and x̄ = (x̄1, . . . , x̄p)′. Now of course we have x̃(i) ∈ C (X̃′) = C (Sxx), which
confirms the invariance of the sample Mahalanobis distance (1.59).

1.4 Exercises

1.1. Consider the matrix A =
(
a b
c d

)
. Let the elements of A be independent

observations from the random variable x. What is your guess for the rank
of A if x follows

(a) uniform discrete distribution, values being the digits 0, 1, . . . , 9,
(b) uniform continuous distribution, values being from the interval [0, 1],
(c) Bernoulli distribution: P(x = 1) = p, P(x = 0) = 1− p = q.

1.2. Consider the nonnull vectors u,v ∈ Rn. Prove:

PuPv = PvPu ⇐⇒ u = λv for some λ ∈ R or u′v = 0 .

1.3. Prove Proposition 1.2 (p. 62):
(

In
−B′

)
∈
{(

Bn×q
Iq

)⊥}
.

1.4. Show that the matrices A and A′ have the same maximal number of
linearly independent columns.
Hint: Utilize the full rank decomposition of A, Theorem 17 (p. 349).
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1.5. Consider an n× p matrix A which has full column rank. Confirm that
the columns of A(A′A)−1/2 form an orthonormal basis for C (A).
Hint: Recall that (A′A)−1/2 = TΛ−1/2T′, where A′A = TΛT′ is the
eigenvalue decomposition of A′A.

1.6. Let rank(An×p) = a and rank(Bn×q) = b. Show that the statements

(a) C (A) ∩ C (B) = {0} and (b) C (A)⊥ ∩ C (B)⊥ = {0}

are equivalent if and only if rank(B) = rank(A⊥) = n− rank(A).

1.7. Show that for conformable matrices A,B and Z the following holds:

C (A) ⊂ C (B : Z) & C (B) ⊂ C (A : Z) ⇐⇒ C (A : Z) = C (B : Z) .

1.8. Consider the two Latin square matrices

L1 =


1 2 3 4
2 1 4 3
3 4 1 2
4 3 2 1

 , L2 =


1 2 3 4
3 1 4 2
2 4 1 3
4 3 2 1

 .

Show that both L1 and L2 are singular, and find their ranks. Construct
some choices for L⊥i , i = 1, 2.

In general, a Latin square of size k×k is a square array of k symbols in
k rows and k columns such that every symbol occurs once in each row and
once in each column. A 4× 4 Latin square is in standard-form whenever
1, 2, 3, 4 is in the top row. Show that there are 24 standard-form Latin
squares of order 4.

A Latin square is said tobe criss-cross whenever all the elements in
the main forwards diagonal are equal and all the elements in the main
backwards diagonal are equal. Show that the matrices L1 and L2 are the
only two 4× 4 criss-cross Latin squares in standard form.

The earliest application of a Latin square in Europe seems to be the
one represented by this matrix L1 for the “First elemental figure” in
Ars Demonstrativa by the Majorcan writer and philosopher Ramon Llull
(1232–1316) first published in 1283, see Plate XIII in and Styan, Boyer
& Chu (2009). Recently surfaced manuscripts show that Ramon Llull
anticipated by several centuries prominent work on electoral systems, see,
e.g., Hägele & Pukelsheim (2001). The stamps shown here are from Spain
1963 (Scott 1197), and Andorra/Spanish Administration 1987 (Scott 182).
Depicted on the Andorran stamp is the detail “De Nativitat” from the
Catalan manuscript Llibre de Doctrina Pueril; for a French translation
see “De la nativité” in Raymond Llulle: Doctrine d’Enfant by Llinarès
(1969), pp. 102–103.

The Latin square matrix L2 has been used in printing postage stamps
as noted by Loly & Styan (2010a). Depicted on the sheetlet of stamps
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C (X)⊥

C (1)

x

Jx = ¯̄x

Cx y

Jy = ¯̄y

Cy

α

α

C (1)⊥

C (1 : x) = C (X)

cos(α) = cord(x, y)

Figure 3.1 Correlation between x and y geometrically.

Moreover, let x /∈ C (1) and y /∈ C (1). Then

cord(x,y) = 0 ⇐⇒ y ∈ C (Cx)⊥ = C (1 : x)⊥ � C (1) . (3.8)

Proof. For the situation (a), Belsley (1991, p. 20) has an illustrative example
where correlation is zero but the cosine is very close to 1. For this purpose,
consider the data matrix

(x : y) =

 1 1
−1 1

0 −2

 . (3.9)

Here x,y ∈ C (C) = N (1′) and x′y = 0, i.e., x and y are centered and
uncorrelated: cord(x,y) = 0. Define t and u so that

t = x + α1 , u = y + α1 , (3.10)

where α is a nonzero real number. Then cord(t,u) = 0 but

cos(t,u) = 3α2√
(x′x + 3α2)(y′y + 3α2)

= 3√(x′x
α2 + 3

)(y′y
α2 + 3

) , (3.11)

which can be made arbitrarily close to 1 by choosing α very large. We could
also consider variables
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8.13 Geometrical Illustrations

This section comprises figures that illustrate the geometrical meanings of
various concepts presented in this chapter. For geometric considerations in
regression, see also Bring (1996), Bryant (1984), and Margolis (1979). For
the history of the use of geometry in the linear model, see Herr (1980).

C (1)

x
β̂1x

y

ŷ = Hy
= β̂01 + β̂1x

¯̄y = Jy = ȳ1 = JHy
β̂01

e = (I − H)y = y − ŷ

α

C (1 : x)

Figure 8.3 Projecting y onto C (1 : x).

C (X)⊥

C (1)

x

y

¯̄y = Jy = ȳ1 = JHy

ỹ

ŷ = Hy

e = (I − H)y

SS
T

=
SS

E 0

SSR

SS
Eα

α

C (1)⊥

C (1 : x)

SST = SSR + SSE

Figure 8.4 Illustration of SST = SSR + SSE.
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Figure 19.2 The scatter plot of the 12 observations of the centered data matrix ap-
peared in Figures 0.1b (p. 2) and 0.8b (p. 56). Denote the centered data matrix as
X̃.
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Figure 19.3 (Continuation to Figure 19.2.) (a) The centered data matrix X̃ is post-
multiplied by the rotation matrix T: X̃T = (w : z). What is T = (t1 : t2)? (b) The
orthogonal distances of the data points from the line C (t1) are marked up.

and
E′ = (Im −PG)X̃′. (19.77)

The columns of E′ are the differences (residuals) between the data points and
their projections onto C (G). Minimizing the sum of squared norms of these
differences means that we have to minimize

‖E‖2F = ‖X̃− X̃PG‖2F , (19.78)

that is, we have to minimize


