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algorithms to efficiently find a small number of linguistic rules with high 
classification ability when the number of candidate rules is huge. The size 
of the search space in rule selection is 2^ where N is the number of candi­
date rules. That is, the search space expands exponentially as the number of 
candidate rules increases. If we can find only good candidate rules by pre-
screening, the efficiency of genetic algorithms can be significantly improved. 
In this subsection, we explain such a prescreening procedure. 

In the computer simulations on the wine data set in Chap. 2 (i.e.. Table 
2.10 and Table 2.11), we designed linguistic rule-based systems using a heuris­
tic rule selection method where the product of the confidence c(-) in (2.10) 
and the support s(-) in (2.11) was used as a rule selection criterion. In this 
subsection, we use the same heuristic method as a prescreening procedure 
of candidate rules. As in Chapter 2, generated linguistic rules are divided 
into M groups according to their consequent classes where M is the number 
of classes. Linguistic rules in each group were sorted in descending order of 
the product of the confidence and the support. When multiple linguistic rules 
have the same product, they are randomly sorted (i.e., random tiebreak). The 
first N/M rules from each group are chosen as candidate rules for finding N 
candidate rules in total. While we use the product of the confidence and the 
support as a rule selection criterion in this book, better results have been 
reported for some tet problems by more complicated criteria in [93] 

We examined the effectiveness of this prescreening procedure of candidate 
rules through computer simulations on the wine data set. First we generated 
linguistic rules with three or less antecedent conditions (i.e., with ten or 
more don^t care conditions) using the three linguistic terms small, medium, 
and large. All the 178 samples in the wine data set were used as training 
patterns. Table 4.10 summarizes the number of generated linguistic rules. 

Table 4.10. The number of generated linguistic rules with each number of an­
tecedent conditions. The three linguistic terms small, medium, and large were used 
to generate linguistic rules 

Number of antecedent conditions 

0 1 2 3 

1 39 701 7585 

Total 

8326 

Using the prescreening procedure, we found a set of candidate rules. Table 
4.11 shows the relation between the number of candidate rules and their clas­
sification ability on training patterns. For comparison. Table 4.11 also shows 
the classification ability of candidate rules obtained by other rule selection 
criteria (i.e., confidence and support). To decrease the effect of the random 
tiebreak, the average classification rate was calculated over 100 computer 
simulations for each case. Note that classification rates in Table 4.11 were 
measured on training patterns for the candidate rules before rule selection. 
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From Table 4.11, we can see that the highest classification rates were obtained 
when candidate rules were prescreened using the product of the confidence 
and the support. 

Table 4.11. Classification rates on training patterns of candidate rules obtained 
by the prescreening procedure for the wine data set 

Number of 

candidate rules 

3 
6 
9 

30 
60 
90 

300 
600 
900 

Rule selection criterion 

Product 

68.0% 
94.4% 
92.7% 
95.5% 
95.5% 
95.5% 
96.1% 
96.1% 
96.1% 

Confidence 

16.2% 
28.6% 
36.4% 
59.1% 
64.9% 
68.1% 
76.1% 
79.6% 
91.3% 

Support 

43.3% 
42.1% 
53.9% 
78.1% 
93.3% 
93.8% 
95.5% 
95.5% 
95.5% 

We applied the genetic algorithm-based rule selection method to 900 can­
didate rules obtained by the product criterion. We used the genetic algorithm 
with the two heuristics (i.e., removal of unnecessary rules and biased muta­
tion probabilities) in the same manner as in the computer simulation on the 
iris data set in the previous subsection. This computer simulation was per­
formed 20 times using different initial populations. For comparison, we also 
performed the same computer simulation with no prescreening procedure. 
That is, all the generated 8326 linguistic rules in Table 4.10 were used as can­
didate rules. Average simulation results are summarized in Table 4.12. From 
this table, we can see that almost the same results were obtained from the 
two cases: with prescreening and without prescreening. We can also see that 
the prescreening procedure significantly decreased the average CPU time. 

Table 4.12. Average results on the wine data set by the genetic algorithm-based 
rule selection method with/without the prescreening procedure 

Genetic algorithm-based rule selection method 
With prescreening Without prescreening 

Classification rate 100% 100% 
Number of rules 6.9 7.0 
CPU times (s) 119.8 546.3 

From the comparison between Table 4.11 and Table 4.12, we can see that 
the genetic algorithm-based rule selection method significantly improved the 
classification ability of candidate rules. The average classification rate 96.1% 
of 900 candidate rules in Table 4.11 was improved to 100% by selecting 6.9 
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linguistic rules on the average in Table 4.12. We can also see from Table 
4.11 that small rule sets designed by the prescreening procedure have lower 
classification rates than the average result of the genetic algorithm-based 
rule selection method in Table 4.12. This is because the classification accu­
racy of rule sets is taken into account in the genetic algorithm-based rule 
selection method while the classification ability of individual linguistic rules 
is independently evaluated in the prescreening procedure using a heuristic 
rule evaluation criterion. This observation shows the advantage of the ge­
netic algorithm-based rule selection method over heuristic rule selection. Of 
course, it should be noted that the prescreening procedure is used to find 
a tractable number of candidate rules in the genetic algorithm-based rule 
selection method in this chapter. 

4.4.3 Computer Simulations 

We further examine the genetic algorithm-based rule selection method through 
computer simulations on the iris data set and the wine data set. We have used 
the three linguistic terms small, medium, and large in the previous computer 
simulations of this chapter. That is, we have used the same fuzzy partition 
into the three linguistic terms for all attributes of each data set. In this sub­
section, we use the four fuzzy partitions with different granularities in Fig. 1.4 
of Chap. 1. That is, we use the 14 antecedent fuzzy sets in Fig. 1.4 and don't 
care for each attribute. This is to demonstrate how the genetic algorithm-
based rule selection method can be employed in the case where we do not 
know an appropriate fuzzy partition for each attribute. The total number of 
combinations of antecedent fuzzy sets is (14-1-1)"^ in an n-dimensional pattern 
classification problem. Thus far more candidate rules are generated in com­
puter simulations of this subsection than the case with the three linguistic 
terms in the previous computer simulations. 

In the application of the genetic algorithm-based rule selection method 
to the iris data set, we generated 32840 linguistic rules by examining all the 
(14-1-1)^ combinations of antecedent fuzzy sets for generating candidate rules. 
While it is not impossible to use all the generated 32840 linguistic rules as 
candidate rules with no prescreening, a long computation time is required to 
find good rule sets. Thus we chose 900 candidate rules using the prescreening 
procedure. We applied the genetic algorithm with the two heuristics to the 900 
candidate rules in the same manner as in the previous computer simulations 
on the iris data set. We examined four specifications of w^s]' ̂ \s\ =0.1,0 .5 ,1 , 
and 5. Note that the value oi w\s\ can be viewed as the penalty with respect 
to the number of linguistic rules. A large value oi w^s\ tends to decrease the 
number of linguistic rules at the expense of the classification ability of rule 
sets. On the other hand, a small value of w\s\ may lead to relatively large 
rule sets with high classification ability. 

For each specification of w^s\^ the computer simulation was iterated 20 
times. Average simulation results are summarized in Table 4.13. This table 
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clearly shows the effect of the value of w^s\ on ^he characteristic features of 
obtained rule sets. When w\s\ is very large (i.e., w\s\ — 5), only three linguistic 
rules were selected. That is, only a single linguistic rule was selected for each 
class. On the other hand, many linguistic rules with high classification ability 
were selected when w\s\ is very small (i.e., 1̂ 151 = 0.1). 

Table 4.13. Simulation results on training patterns of the iris data set using various 
specifications of the penalty with respect to the number of linguistic rules in the 
fitness function 

Value of :!ML 0.1 0.5 1 
Classification rate 99.3% 98.7% 98.0% 97.7% 
Number of rules 5.5 4.7 3.3 3.0 

As shown in Table 4.13, rule sets with different sizes can be obtained 
from multiple runs of the genetic algorithm-based rule selection method using 
different specifications of w^sy Iii ^ later chapter, we discuss the handling 
of rule selection in the framework of multi-objective optimization where a 
number of rule sets can be obtained from a single run of a multi-objective 
genetic algorithm. 

In Fig. 4.19, we show an example of a rule set with three linguistic rules 
selected by the genetic algorithm-based rule selection method with w\s\ — 5 
(i.e., a large penalty value with respect to the number of linguistic rules). 
Each shaded triangle shows an antecedent fuzzy set. Each real number in 
parentheses is the rule weight of the corresponding linguistic rule. This rule 
set can correctly classify 146 training patterns (i.e., 97.3% of the 150 samples 
in the iris data set). We can see from Fig. 4.19 that very simple linguistic 
rules were selected. Thus this rule set is easily understood by human users. 
While we did not use input selection in an explicit manner, the selected three 
linguistic rules do not have antecedent conditions on x\ and xi-

Ri 

R3 

Xi X2 X3 X4 

1 DC 1 1 DC 1 1 DC 1 KXXI 

1 DC 11 DC 1 Km Km 

1 DC 1 1 DC 1 I X ^ 1 DC 1 

Consequent 

Class 1 
(1.00) 

Class 2 
(0.94) 

Class 3 
(0.61) 

Fig. 4.19. An example of a rule 
set with three linguistic rules se­
lected by the genetic algorithm-
based rule selection method with 
w\s\ = 5 for the iris data set 

In Fig. 4.20, we show an example of an obtained rule set in the case of 
a small penalty value with respect to the number of linguistic rules (i.e., 
w^s\ — O-l)- This rule set can correctly classify 150 training patterns (i.e., 
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100% of the 150 samples). The classification rate of the rule set in Fig. 4.20 
is higher than that of the rule set in Fig. 4.19 (i.e., 97.3%). At the same 
time, the rule set in Fig. 4.20 is more complicated than that in Fig. 4.19. The 
rule set in Fig. 4.20 includes more linguistic rules, and each linguistic rule 
has more antecedent conditions. From the comparison between Fig. 4.19 and 
Fig. 4.20, we can see a tradeoff between the classification ability of each rule 
set and its complexity. This tradeoff is handled by the value of w^s\ ^^ the 
genetic algorithm-based rule selection method in this chapter. The tradeoff 
is further discussed in a later chapter in the framework of multi-objective 
optimization. 

^ 1 

^ 2 

^ 3 

R4 

Rs 

Re 

Ri 

Xi X2 X3 X4 

r ^ [ ^ m ) ^ r ^ 
^ ^ X ) ^ ^ ^ 
[^^i^^^ 
^ [ ^ ^ K ^ 
r^r^t^tx::^ 
[^r^Kjr^ 
r^^)^t><:^r^ 

Consequent 

Class 1 
(1.00) 

Class 2 
(0.58) 

Class 2 
(0.55) 

Class 2 
(0.25) 

Class 3 
(0.82) 

Class 3 
(0.68) 

Class 3 
(0.57) 

Fig. 4.20. An example of a 
rule set obtained by the ge­
netic algorithm-based rule selec­
tion method with W\Q\ = 0.1 for 
the iris data set 

s\ 

To examine the generalization ability (i.e., classification rates on test pat­
terns), we used the leaving-one-out technique for the iris data set as in the 
computer simulations on test patterns in the previous chapters. The pre-
screening of candidate rules and the selection from candidate rules were per­
formed in the same manner as in the computer simulation for Table 4.13 
using 149 training patterns. The remaining single pattern was used as a test 
pattern. The whole leaving-one-out procedure (i.e., 150 runs) was iterated 
ten times. Simulation results are summarized in Table 4.14. Since we did not 
use any trick to improve the generalization ability of selected linguistic rules 
during the evolution of rule sets in the genetic algorithm-based rule selection 
method, the classification rates of selected linguistic rules on test patterns 
are not so high in Table 4.14. The fitness function in (4.8) of this chapter 
was designed to maximize the classification rate on training patterns and 
minimize the number of linguistic rules. Thus it may be necessary to change 
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the fitness function if our goal is to find a rule set with high generalization 
ability. Discussions on the adjustment of classification boundaries in Sect. 3.3 
may be useful for modifying the fitness functions. 

Table 4.14. Average simulation results on test patterns of the iris data set 

Value of ;̂|5I 0.1 0.5 1 5 
Classification rate 93.5% 93.3% 93.2% 93.8% 
Number of rules 5.2 4.6 3.5 3.0 

We also applied the leaving-one-out procedure to the wine data set using 
the 14 antecedent fuzzy sets and don^t care as in the above computer simu­
lations on the iris data set. The total number of combinations of antecedent 
fuzzy sets is (14 + 1)^^, which is much larger than (14 + 1)^ in the case of 
the iris data set. It is impractical to generate candidate rules by examining 
all the 15^^ combinations of antecedent fuzzy sets. Thus we only examined 
short linguistic rules with three or less antecedent conditions (i.e., with ten or 
more don^t care conditions). The number of generated candidate rules of each 
length is summarized in Table 4.15. We selected 900 candidate rules from the 
generated 711716 candidate rules using the prescreening procedure. In Table 
4.16, we show the relation between the number of candidate rules and their 
classification performance on training patterns. We used the product of the 
confidence and the support as the prescreening criterion of candidate rules. 

Table 4.15. The number of generated linguistic rules using 14 antecedent fuzzy 
sets and don't care for each attribute of the wine data set 

Length of rules 

Number of rules 

0 

1 

1 

182 

2 

14781 

3 

696752 

Total 

711716 

The genetic algorithm with the two heuristics was used to select a small 
number of linguistic rules from the 900 candidate rules. We used the same 
parameter specifications as in the previous computer simulations on the iris 
data set for Table 4.13. Simulation results are summarized in Table 4.17. 
From this table, we can see that rule sets with high classification rates were 
obtained by selecting a small number of linguistic rules from the 900 candidate 
rules. Note that the classification rate of the 900 candidate rules is 96.1% (see 
Table 4.16). Figure 4.21 and Fig. 4.22 show examples of obtained rule sets 
in the cases oi w\s\ = 5 and w\s\ = 0 . 1 , respectively. From these figures and 
Table 4.17, we can see that rule sets with different sizes were obtained from 
various specifications of w^s]- The rule set in Fig. 4.21 can correctly classify 
174 patterns (i.e., 97.8% of the 178 samples of the wine data set). This rule 
set has high interpretability because the number of rules is very small and 
each rule has only a few antecedent conditions. While we did not use input 
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Table 4.16. Classification rates on training patterns of candidate rules obtained 
by the prescreening procedure for the wine data set 

Number 

candidate 

3 
6 
9 

30 
60 
90 

300 
600 
900 

of 

rules 

Rule selection criterion 

Product 

89.3% 
92.1% 
93.8% 
94.9% 
94.4% 
96.1% 
96.1% 
96.6% 
96.1% 

Confidence 

11.0% 
17.8% 
21.3% 
28.7% 
30.3% 
32.0% 
32.4% 
71.3% 
98.2% 

Support 

60.7% 
52.2% 
61.2% 
88.2% 
86.5% 
88.2% 
96.6% 
96.1% 
96.1% 

selection in an explicit manner, only a few at t r ibutes are used in the obtained 
rule set in Fig. 4.21. It should be noted tha t all the 13 at t r ibutes were used 
for generating candidate rules. On the other hand, the rule set in Fig. 4.22 
can correctly classify 178 training pat terns (i.e., 100% of the 178 samples). 
This rule set has higher classification ability and lower interpretability than 
the rule set in Fig. 4.21. 

Table 4.17. Simulation results on training patterns of the wine data set using 
various specifications of the penalty with respect to the number of linguistic rules 
in the fitness function 

Value of ti;|5[ 0.1 0.5 

Classification rate 100% 100% 99.9% 98.7% 
Number of rules 5.6 5.1 3.2 3.0 
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Class 1 
(0.54) 

Class 2 
(0.65) 

Class 3 
(0.89) 

Fig. 4.21. An example of a 
rule set obtained by the ge­
netic algorithm-based rule selec­
tion method with it;|5| = 5 for the 
wine data set 

We also examined the average classification rate on test pat terns of the 
wine da ta set using the leaving-one-out technique in the same manner as the 
previous computer simulations on the iris da ta set for Table 4.14. The whole 
leaving-one-out procedure (i.e., 178 runs) was iterated ten times. Simulation 
results are summarized in Table 4.18. From the comparison between Table 
4.17 and Table 4.18, we can see tha t there are differences of about 5% between 
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Fig. 4.22. An example of a rule set obtained by the genetic algorithm-based rule 
selection method with w\s\ — 0.1 for the wine data set 

simulation results on training patterns and test patterns. This observation 
suggests the overfitting to training patterns of rule sets obtained by the ge­
netic algorithm-based rule selection method. As we have already mentioned 
with respect to the simulation results on the iris data set where there were 
also differences of about 5% between training set performance (Table 4.13) 
and test set performance (Table 4.14), it may be necessary to change the fit­
ness function if our goal is to find a rule set with high generalization ability. 
It is interesting to note that the increase in the number of linguistic rules did 
not always lead to an increase in the classification rate on test patterns in 
Table 4.14 and Table 4.18. 

Table 4.18. Average simulation results on test patterns of the wine data set 

Value of If 15 L5L 0.1 0.5 
Classification rate 94.7% 95.4% 95.7% 94.4% 
Number of rules 5.6 5.2 4.3 3.0 
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[Michigan-Style Fuzzy GBML Algorithm] 

Step 0: Parameter Specification. Specify the number of hnguistic rules A r̂uie, 
the number of replaced rules A/'repiace, the crossover probability pc, 
the mutation probability Pm, and the stopping condition. 

Step 1: Initialization. Randomly generate Â ruie linguistic rules (i.e., A r̂uie 
strings of length n) as an initial population. 

Step 2: Genetic Operations. Calculate the fitness value of each linguistic rule 
in the current population. Generate A r̂epiace linguistic rules using 
selection, crossover, and mutation from existing linguistic rules in 
the current population. 

Step 3: Generation Update (Elitist Strategy). Remove the worst A r̂epiace lin­
guistic rules from the current population and add the newly gener­
ated iVrepiace Huguistic rulcs to the current population. 

Step 4: Termination Test. If the stopping condition is not satisfied, return 
to Step 2. Otherwise terminate the execution of the algorithm. 

During the execution of the Michigan-style fuzzy GBML algorithm, we 
monitor the classification rate of the current population on the given training 
patterns. The rule set (i.e., population) with the highest classification rate is 
chosen as the final solution by this algorithm. 

In this section, we explain the simplest version of the Michigan-style 
fuzzy GBML algorithm. Many heuristics can be combined with the above-
mentioned algorithm. For example, the search ability of this algorithm can be 
improved by adding a misclassification penalty term to the fitness function in 
(5.2), using a tailored initial population, and generating new linguistic rules 
from misclassified or rejected training patterns [66, 70]. Some heuristics are 
explained in a later subsection. 

5.2.4 Computer Simulations 

We applied the Michigan-style fuzzy GBML algorithm to the wine data set 
using the three linguistic terms and don^t care for each of the 13 attributes. 
The total number of combinations of antecedent fuzzy sets is (3 -h 1)^^. Each 
combination of antecedent fuzzy sets (i.e., each Hnguistic rule) is denoted 
by a string of length 13. It should be noted that we do not have to use 
any prescreening procedure. The search space in the Michigan-style GBML 
algorithm consists of all the (3 -h 1)^^ linguistic rules. 

In Step 0 of the algorithm in the previous subsection, we have to specify 
some parameter values. In our computer simulations, they were specified as 
follows: 
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Number of linguistic rules: Â ruie = 10, 
Number of replaced rules: A r̂epiace = 2, 
Crossover probability: Pc = 0.8, 
Mutation probability: Pm = 1/(string length) = 1/13, 
Stopping condition: 1000 iterations 

(i.e., 1000 generation updates). 

From these parameter specifications, we can see that 1000 rule sets with ten 
linguistic rules were examined in our computer simulation. It should be noted 
that the total number of rule sets with ten linguistic rules is ATCIO where 
N = {3 -\- 1)^^. Among such a huge number of rule sets, we only examined 
1000 combinations in our computer simulation. 

In Step 1, ten linguistic rules were randomly generated. The generated 
linguistic rules and their fitness values are shown in Table 5.2. The fitness 
value of each linguistic rule was calculated by classifying all the 178 samples in 
the wine data set using the ten linguistic rules in the current population. For 
explanation purposes, the generated linguistic rules are sorted in descending 
order of their fitness values in Table 5.2. Since the initial linguistic rules 
were randomly generated, the fitness values of many linguistic rules are zero 
in Table 5.2. These linguistic rules did not correctly classify any training 
patterns. The rule set in Table 5.2 can correctly classify 54 training patterns 
(i.e., 30.3% of the 178 samples in the wine data set). This number is the sum 
of the fitness values of all the ten linguistic rules in Table 5.2. 

Table 5.2. Ten randomly generated initial linguistic rules for the wine data set 
with 13 attributes. Each linguistic rule is denoted by a string of length 13 

Rule 

Ri 
R2 
Rs 
RA 

R5 
RQ 

Rv 
Rg 
RQ 

Rio 

String 

2 # 2 # # 2 1 2 1 2 2 2 1 
3 2 3 1 2 2 2 1 1 1 3 3 2 
# 2 1 2 1 2 1 1 # # 2 1 1 
1 3 2 # 1 # 2 2 2 # 1 1 1 
3 1 3 3 2 3 # 3 # 2 1 # 2 
1 # 1 3 # 2 # # 2 # 3 # # 
1 # 2 3 3 2 3 2 1 # 3 3 3 
1 1 # 2 2 1 # 3 3 3 2 3 # 
2 1 1 3 3 1 1 2 # 3 2 2 # 
2 3 3 2 1 1 # 1 3 1 # 3 # 

fitness{Rq) 

42.0 
6.0 
2.0 
2.0 
1.0 
1.0 
0.0 
0.0 
0.0 
0.0 

In Step 2, two new linguistic rules were generated from the ten linguistic 
rules in the current population using the selection, crossover, and mutation 
operations. The generation of new linguistic rules is illustrated in Table 5.3. 
In Step 3, the two worst linguistic rules were removed from the current pop­
ulation in Table 5.2 and the newly generated linguistic rules were added. 
The new population is shown in Table 5.4 where the newly generated linguis-
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tic rules are inserted into the last two rows. The rule set in Table 5.4 can 
correctly classify 55 training patterns (i.e., 30.9% of the 178 samples). 

Table 5.3. Generating new linguistic rules from the linguistic rules in the current 
population in Table 5.2 

Parent strings J^ 
KG 

After crossover 

After mutation 

1 
1 

1 
1 

1 
1 

3 
# 
# 
3 

# 
3 

2 
1 

1 
2 

1 
2 

# 
3 

# 
3 

# 
3 

1 
# 
1 
# 
1 
# 

# 
2 

# 
2 

# 
2 

2 
# 
# 
2 

# 
2 

2 
# 
2 
# 
3 
# 

2 
2 

2 
2 

2 
2 

# 
# 
# 
# 
2 
# 

1 
3 

3 
1 

3 
1 

1 
# 
1 
# 
1 
# 

1 
# 
# 
1 

# 
1 

Table 5.4. Ten linguistic rules after a single iteration of the Michigan-style fuzzy 
GBML algorithm. Two newly generated rules are inserted into the last two rows as 
Rii and R12 

Rule 

Ri 
R2 
Rs 
R4 

Rs 
Re 
Rj 
Rg 

Rii 

R12 

String 

2 # 2 # # 2 1 2 1 2 2 2 1 
3 2 3 1 2 2 2 1 1 1 3 3 2 
# 2 1 2 1 2 1 1 # # 2 1 1 
1 3 2 # 1 # 2 2 2 # 1 1 1 
3 1 3 3 2 3 # 3 # 2 1 # 2 
1 # 1 3 # 2 # # 2 # 3 # # 
1 # 2 3 3 2 3 2 1 # 3 3 3 
1 1 # 2 2 1 # 3 3 3 2 3 # 
1 # 1 # 1 # # 3 2 2 3 1 # 
1 3 2 3 # 2 2 # 2 # 1 # 1 

fitness{Rq) 

40.0 
6.0 
2.0 
2.0 
1.0 
1.0 
0.0 
0.0 
0.0 
3.0 

In Fig. 5.3, we show how the classification rate of each population (i.e., 
each rule set) was improved by the evolution of linguistic rules in the 
Michigan-style fuzzy GBML algorithm. Figure 5.3 simultaneously shows sim­
ulation results of three trials from different initial populations. From this 
figure, we can see that the classification rate was rapidly improved in the 
early stage of evolution. We can also see that the classification rate did not 
increase monotonically (i.e., there were ups and downs). This is because the 
classification performance of each population was not used for the evolution 
of hnguistic rules by the Michigan-style fuzzy GBML algorithm. 

We also performed the same computer simulations as in Fig. 5.3 using five 
linguistic terms (i.e., small, medium small, medium, medium large, and large) 
and don^t care for each of the 13 attributes of the wine data set. The mem­
bership function of the antecedent fuzzy set corresponding to each linguistic 
term is shown in the bottom-right figure of Fig. 1.4 of Chap. 1. Simulation 
results are shown in Fig. 5.4. From the comparison between Fig. 5.3 and Fig. 
5.4, we can see that the classification rate of each population deteriorated sig-
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500 

Number of generations 
1000 

Fig. 5.3. Simulation results of 
three trials of the Michigan-style 
fuzzy GBML algorithm on the 
wine data set using three linguis­
tic terms. The classification rate 
on training patterns of the cur­
rent population at each gener­
ation is shown for each of the 
three trials 

nificantly by the use of the fine fuzzy parti t ion with the five linguistic terms, 
especially in the early stage of evolution. This is because the antecedent par t 
of each linguistic rule covers a much smaller portion of the pa t te rn space in 
Fig. 5.4 than Fig. 5.3. Thus the chance tha t a randomly generated linguistic 
rule covers some training pat terns is much smaller in Fig. 5.4 than in Fig. 
5.3. Actually, the classification rates of initial populations were zero in all tri­
als in Fig. 5.4. This means tha t no initial linguistic rules correctly classified 
any training pat terns in all trials. Thus all the initial linguistic rules had the 
same fitness value (i.e., zero fitness). In this case, the genetic search in the 
Michigan-style fuzzy GBML algorithm was the same as the random search 
for linguistic rules. When some linguistic rules with positive fitness values 
were included in the current population, the genetic search tried to find good 
rules using those linguistic rules as parent strings. 

500 
Number of generations 

1000 

Fig. 5.4. Simulation results of 
three trials of the Michigan-style 
fuzzy GBML algorithm on the 
wine data set using five linguistic 
terms. The classification rate on 
training patterns of the current 
population at each generation is 
shown for each of the three trials 

5.2.5 E x t e n s i o n s t o t h e Mich igan-S ty l e A l g o r i t h m 

As shown in Fig. 5.4, randomly generated initial linguistic rules with fine 
fuzzy parti t ions usually do not classify many training pat terns in high-
dimensional pat tern classification problems. This is because each linguistic 
rule covers a very small portion of the pa t tern space. When we use the five 
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linguistic terms and don^t care as antecedent fuzzy sets, each antecedent fuzzy 
set covers the following portion of the domain interval (see the bottom-right 
figure of Fig. 1.4 of Chap. 1): 

small, large: 1/4, 
medium small, medium, m,edium large: 1/2, 
don't care: 1. 

Thus a randomly selected antecedent fuzzy set covers 1/2 of the domain 
interval of each attribute on the average where 

i x 2 + i x 3 + l x l ) - 6 = i . (5.4) 

As a result, a randomly generated initial linguistic rule for the wine data 
set with 13 attributes covers (1/2)^^ = 1/8192 of the pattern space. Such a 
linguistic rule is not likely to cover any of the 178 samples in the wine data 
set. 

A simple trick for expanding the covered area by each initial linguistic rule 
is to increase the selection probability of don't care among the six antecedent 
fuzzy sets. Let Pdon't care bc the selection probability of don't care when initial 
linguistic rules are generated. In this case, the selection probability of each of 
the other five antecedent fuzzy sets is (1 —pdon't care)/^- A randomly selected 
antecedent fuzzy set with those selection probabilities covers the following 
portion of the domain interval of each attribute (i.e., (5.4) is modified as 
follows): 

-'- r» , o \ \ Pdon't care) , -, -, 
- X 2 - f - - X 3 j X ^ '- + 1 X 1 X Pdon't care 

= "̂  H~ "̂  >̂  Pdon't care- \^'^) 

Thus the portion of the pattern space covered by each initial linguistic rule 
can be increased from (1/2)^^ to 1 by increasing the selection probability of 
don't care from 1/6 to 1. 

This simple trick has a significant effect on the search ability of the 
Michigan-style fuzzy GBML algorithm. In the same manner as in Fig. 5.4 
except for the selection probability Pdon't care of don't care, we applied the 
Michigan-style fuzzy GBML algorithm to the wine data set three times. The 
selection probability was specified as Pdon't care = 3/4. In this case, the se­
lection probability of each of the other five antecedent fuzzy sets was 1/20. 
Simulation results are shown in Fig. 5.5. It should be noted that Fig. 5.4 
and Fig. 5.5 used the same parameter specifications except for the selection 
probability Pdon't care of don't care for generating initial linguistic rules (i.e., 
Pdon't care = 3/4 iu Fig. 5.5 wMlc Pdon't care = 1/6 iu Fig. 5.4). From the 
comparison between these two figures, we can see that the classification abil­
ity of randomly generated initial linguistic rules was significantly improved. 
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As a result, the Michigan-style fuzzy GBML algorithm efficiently found good 
rule sets with high classification rates in the early stage of evolution. 

Fig. 5.5. Simulation results of 
three trials of the Michigan-style 
fuzzy GBML algorithm on the 
wine data set using five linguistic 
terms. The selection probability 
of don't care for generating ini­
tial linguistic rules was increased 

500 1000 from 1/6 in Fig. 5.4 to 3/4 in this 
Number of generations figure 

A more straightforward trick for generating initial linguistic rules with 
high classification ability is to use training patterns for specifying their an­
tecedent fuzzy sets [66]. To generate an initial population of Â ruie linguistic 
rules, first we randomly select Â ruie training patterns. Next we choose the 
combination of the most compatible linguistic terms with each training pat­
tern. For example, the combination {small, medium, large) is chosen for a 
three-dimensional training pattern (0.03, 0.52, 0.98). Note that don^t care is 
not used in this stage because any attribute values are fully compatible with 
don't care (i.e., because don't care is always chosen as the most compatible 
antecedent fuzzy set for any attribute values). Each linguistic term in the 
selected combination is replaced with don't care using the selection probabil­
ity Pdon't care- The Combination of the linguistic terms after this replacement 
is used as the antecedent part of an initial linguistic rule. This procedure is 
applied to all the randomly selected A r̂uie training patterns for generating an 
initial population of Â mie linguistic rules. 

In the same manner as in Fig. 5.4 and Fig. 5.5 except for the initial pop­
ulations, we applied the Michigan-style fuzzy GBML algorithm to the wine 
data set. In each trial, ten training patterns were randomly selected for gen­
erating an initial population of ten linguistic rules. The selection probability 
Pdon't care of don't carc was specified as Pdon't care = 1/2. This means that 
half of the antecedent fuzzy sets in the initial linguistic rules were replaced 
with don't care on the average. Simulation results are shown in Fig. 5.6. From 
the comparison of Fig. 5.6 with Fig. 5.4 and Fig. 5.5, we can see that the 
direct specification of antecedent fuzzy sets from training patterns improved 
the performance of rule sets in late generations as well as early generations. 

The specification of antecedent fuzzy sets from training patterns can be 
utilized not only for generating an initial population but also for updating the 
current population. When a training pattern is misclassified or its classifica­
tion is rejected by the current population, the generation of a new linguistic 
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Fig. 5.6. Simulation results of 
three trials of the Michigan-style 
fuzzy GBML algorithm on the 
wine data set using five linguis­
tic terms. The initial population 
in each trial was generated from 
randomly selected ten training 
patterns 

rule from the misclassified or rejected training pat tern may improve the clas­
sification ability of the current population. In the above computer simulations 
on the wine da ta set, two linguistic rules were generated using the genetic 
operations for updat ing the current population. We modify this generation 
update procedure as follows. We generate a single linguistic rule using the 
genetic operations and another linguistic rule from a misclassified or rejected 
training pat tern. When all the training pat terns are correctly classified, two 
linguistic rules are generated using the genetic operations. In the same man­
ner as in Fig. 5.6, we applied the Michigan-style fuzzy GBML algorithm with 
the modified generation update scheme to the wine da ta set. Simulation re­
sults are shown in Fig. 5.7. From the comparison between Fig. 5.6 and Fig. 
5.7, we can see tha t the modification of the generation update scheme im­
proved the search ability of the Michigan-style fuzzy GBML algorithm to find 
good linguistic rules in two of the three trials. 

One may think tha t the genetic operations may be unnecessary in the 
modified generation update scheme. Figure 5.8 shows simulation results where 
no linguistic rules were generated using the genetic operations. Two linguistic 
rules were generated for the generation update from misclassified or rejected 
training pat terns . When all the training pat terns were correctly classified, the 
execution of the algorithm was to be terminated in Fig. 5.8. The comparison 
between Fig. 5.7 and Fig. 5.8 shows the necessity of the genetic operations. 
While the generation of linguistic rules from misclassified or rejected training 
pat terns is a good idea as shown in Fig. 5.7, the genetic operations are also 
necessary for designing linguistic rule-based systems with high classification 
ability. This means tha t the combination of the most compatible antecedent 
fuzzy sets with a misclassified or rejected training pat tern is not always a 
good choice for generating a new linguistic rule, though it works very well in 
many cases. 

Another extension to the Michigan-style fuzzy GBML algorithm is the 
introduction of a penalty term with respect to the number of misclassified 
training pat terns to the fitness function in (5.2) as follows: 

fitness{Rq) = NCP{Rq) - WNMP • NMP{Rq), (5.6) 
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Fig. 5.7. Simulation results of 
three trials of the Michigan-style 
fuzzy GBML algorithm on the 
wine data set using five linguis­
tic terms. The initial population 
in each trial was generated from 
ten randomly selected training 
patterns. For the generation up­
date, a single linguistic rule was 
generated from a misclassified 
or rejected training pattern, and 
another linguistic rule was gen­
erated by the genetic operations 

Fig. 5.8. Simulation results of 
three trials of the Michigan-style 
fuzzy GBML algorithm on the 
wine data set using five linguis­
tic terms. The initial population 
in each trial was generated from 
randomly selected ten training 
patterns. For the generation up­
date, two linguistic rules were 
generated from misclassified or 
rejected training patterns, and 
no linguistic rule was generated 
by the genetic operations 

where NMP{Rq) is the number of misclassified training pat terns and WNMP 
is a positive constant. The fitness function in (5.2) can be viewed as a special 
case of (5.6) with WNMP = 0. In (5.6), NCP{Rq) and NMP{Rq) are cal­
culated by classifying all the training pat terns by the current population S 
including the linguistic rule Rq. To understand the effect of the second term 
of (5.6) on the evolution of linguistic rules, let us consider a linguistic rule 
tha t correctly classifies ten pat terns and misclassifies three pat terns . If the 
misclassification penalty is zero (i.e., if WNMP = 0), the fitness value of this 
linguistic rule is 10. Thus this linguistic rule is not likely to be removed from 
the current population. As a result, the three misclassified pat terns will also 
be misclassified in the next population. On the other hand, the fitness value 
of this linguistic rule is negative (i.e., —5) when WNMP = 5. In this case, 
this linguistic rule will be removed from the current population. As a result, 
the three misclassified pat terns may be correctly classified by other linguistic 
rules or their classification may be rejected in the next population. From this 
discussion, we can see tha t the introduction of the misclassification penalty 
to the fitness function may improve the search ability of the Michigan-style 
fuzzy GBML algorithm to find rule sets with high classification ability. 

In the same manner as the computer simulation for Fig. 5.7, we per­
formed computer simulations using the Michigan-style fuzzy GBML algo-



116 5. Genetics-Based Machine Learning 

rithm with the misclassification penalty. We examined three specifications of 
WNMP' U)NMP = 0,3,10. For each value of WNMP, the computer simulation 
was iterated 20 times. It should be noted that the computer simulation with 
u)NMP = 0 is the same as Fig. 5.7. The average classification rate at each 
generation over the 20 trials for each value of WNMP is shown in Fig. 5.9. 
From this figure, we can see that the average classification rate was slightly 
improved by increasing the value of WNMP from 0 to 3 while it deteriorated 
on further increasing the value from 3 to 10. 

•u)m4p-0 - o - ^ i V M p - 3 -WNMP- 10 
^ 1 0 0 

500 
Number of generations 

Fig. 5.9. The average classi­
fication rate over 20 trials of 
the Michigan-style fuzzy GBML 
algorithm with various specifi­
cations of the misclassification 
penalty. Computer simulations 
were performed on the wine data 
set using five linguistic terms in 
the same manner as Fig. 5.7 

The effect of the misclassification penalty on the evolution of linguistic 
rules is more significant when we use coarse fuzzy partitions. In this case, 
each linguistic rule covers a larger portion of the pattern space than the case 
of fine fuzzy partitions. As a result, more patterns are correctly and wrongly 
classified by each linguistic rule. Figure 5.10 shows the simulation results 
when we used the three linguistic terms for each attribute instead of the five 
linguistic terms. Computer simulations were performed in the same manner 
as in Fig. 5.9 except for the fuzzy partition of each attribute. We can observe 
in Fig.5.10 a large deterioration in the average classification rate when the 
misclassification penalty WNMP was large (i.e., WNMP = 10). 

5.3 Pittsburgh-Style Algorithm 

It is possible to use the Pittsburgh approach to design linguistic rule-based 
classification systems with high classification ability and high interpretability. 
In this section, we explain a Pittsburgh-style fuzzy GBML algorithm. Its char­
acteristic features are explained in comparison with the Michigan-style fuzzy 
GBML algorithm in the previous section. While the above-mentioned exten­
sions to the Michigan-style algorithm can also be utilized in our Pittsburgh-
style algorithm, we describe its simplest version with no extensions in this 
section to maintain the simplicity of explanation. 
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Fig. 5.10. The average classi­
fication rate over 20 trials of 
the Michigan-style fuzzy GBML 
algorithm with various specifi­
cations of the misclassification 
penalty. Computer simulations 
were performed on the wine data 
set using three linguistic terms 
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5.3.1 C o d i n g of R u l e Se t s 

As in the Michigan-st}^le fuzzy GBML algorithm in the previous section, let 
A r̂uie be the number of linguistic rules in a rule set S. In our Pittsburgh-style 
fuzzy GBML algorithm in this section, the rule set S is represented by a con­
catenated string where each substring of length n denotes a single linguistic 
rule for our n-dimensional pat tern classification problem. The coding of each 
linguistic rule using its antecedent fuzzy sets is the same as the coding in the 
Michigan-style algorithm. The length of the string S including A r̂uie linguis­
tic rules is n • A^mie- For simplicity of explanation, we assume tha t all the n 
at t r ibutes of our n-dimensional pa t te rn classification problem have the three 
linguistic terms small, medium, and large. We also use don't care as an addi­
tional antecedent fuzzy set. These antecedent fuzzy sets are denoted in the 
same manner as in the Michigan-style algorithm (i.e., 1: small, 2: medium, 3: 
large, and # : don't care). For example, a rule set of the following four linguis­
tic rules for a five-dimensional pat tern classification problem is represented 
by a string " # 1 # 2 # 2 2 # # # # # # # 1 3 # # # 3 " of length 20: 

Rule Ri: If X2 is small and X4 is medium then Class Ci with CFi, 
Rule R2: If xi is medium and X2 is medium then Class C2 with CF2, 
Rule Rs: If x^ is small then Class Cs with CF3, 
Rule R4: If xi is large and x^ is large then Class C4 with CF4. 

As in the Michigan-style algorithm, the consequent class Cq and the rule 
weight CFq of each linguistic rule are not included in the string. They are 
specified by the heuristic rule generation procedure in Chap. 2. 

5.3.2 G e n e t i c O p e r a t i o n s 

In our Pit tsburgh-style fuzzy GBML algorithm, first a pre-specified number 
of rule sets (say, iVpop rule sets) with iV^uie linguistic rules are generated 
by randomly specifying their antecedent fuzzy sets. An initial population is 
composed of the generated A p̂op rule sets where A p̂op is the population size. 
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Next each rule set is evaluated by classifying the given training patterns. 
The fitness value of each rule set Si in the current population is calculated 
as follows after all the given training patterns are classified by Sf. 

fitness{Si) = NCP{Si), z = 1,2,... ,7Vp (5.7) 

where NCP{Si) is the number of correctly classified training patterns by the 
rule set Si. This fitness function of the rule set Si can be rewritten using the 
fitness function of each linguistic rule Rq in Sii 

fitness{Si) = E 
RqeSi 

fitness{Rq)^ i = 1,2, ,iV. pop- (5.8) 

Next new rule sets are generated from the existing rule sets in the cur­
rent population by genetic operations. As parent strings, two rule sets are 
selected from the current population using binary tournament selection with 
replacement. From the two selected strings, two new strings are generated 
by the uniform crossover operation with a pre-specified crossover probability. 
The uniform crossover operation in the Pittsburgh-style algorithm exchanges 
substrings between the two parent strings. This crossover operation is illus­
trated in Fig. 5.11 for rule sets with four linguistic rules for a five-dimensional 
pattern classification problem. Then each symbol of the new strings gener­
ated by the crossover operation is randomly replaced with a diff"erent symbol 
using a pre-specified mutation probability as in the Michigan-style algorithm. 
The selection, crossover, and mutation are iterated until (iVpop — 1) rule sets 
are generated. Finally the best rule set in the current population is added to 
the newly generated rule sets as an elite rule set to form a new population 
including Â pop rule sets. 

^ 
1 |1|2|3|1|# 

2 |#|3|2|#|2 
" V ' 

#|2| 1 |2|# 

3|#|3|1|2 
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2|3|#|3|# 
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Fig. 5.11. Illustration of the uniform crossover operation in the Pittsburgh ap­
proach 

The generation update is iterated until a pre-specified stopping condition 
is satisfied. As in the Michigan-style algorithm in the previous section and 
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the genetic algorithm for rule selection in Chap. 4, we use the total number 
of iterations as the stopping condition. 

5.3.3 Algorithm 

Our Pittsburgh-style fuzzy GBML algorithm can be written as follows: 

[Pittsburgh-Style Fuzzy GBML Algorithm] 

Step 0: Parameter Specification. Specify the population size A p̂op, the num­
ber of linguistic rules A r̂uie, the crossover probability pc, the mutation 
probability Pm: and the stopping condition. 

Step 1: Initialization. Randomly generate Â pop rule sets with Â ruie linguistic 
rules (i.e., Â pop strings of length n • iVruie) as an initial population. 

Step 2: Genetic Operations. Calculate the fitness value of each rule set in 
the current population. Generate (A p̂op — 1) rule sets using selec­
tion, crossover, and mutation from existing rule sets in the current 
population. 

Step 3: Generation Update (Elitist Strategy). Add the best rule set in the 
current population to the newly generated (A p̂op — 1) rule sets to 
form the next population of the population size A p̂op. 

Step 4: Termination Test. If the stopping condition is not satisfied, return 
to Step 2. Otherwise terminate the execution of the algorithm. The 
final solution is the best rule set in the final population because the 
best rule set in the current population is always handed down to the 
next population by the elitist strategy. 

5.3.4 Computer Simulations 

To compare the two fuzzy GBML algorithms with each other, we performed 
computer simulations on the wine data set using the Pittsburgh-style fuzzy 
GBML algorithm in the same manner as the computer simulations in Sect. 
5.2.4 using the Michigan-style fuzzy GBML algorithm with no extensions. 
Parameter specifications in these two algorithms are summarized in Table 5.5. 
As the parameter values in Table 5.5 show, our task is to design a classification 
system with ten linguistic rules. From Table 5.5, we can see that only 1000 
rule sets were examined in a single trial of the Michigan-style algorithm while 
50000 rule sets were examined in the Pittsburgh-style algorithm. 

The average classification rate and the average CPU time of each algo­
rithm over five trials are summarized in Table 5.6 for the case of the three 
linguistic terms and Table 5.7 for the case of the five linguistic terms. Each 
algorithm was implemented in the C language and executed on a personal 
computer with a 1.5 GHz Pentium IV processor. From these tables, we can 
see that slightly better rule sets were obtained by the Pittsburgh-style algo­
rithm than the Michigan-style algorithm in the case of the three linguistic 
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Table 5.5. Parameter values in each algorithm 

Michigan Pittsburgh 
Number of linguistic rules 
Number of rule sets 
Crossover probability 
Mutation probability 
Number of replaced rules 
Stopping condition (generations) 

10 
1 

0.8 
1/13 

2 
1000 

10 
50 
0.8 

1/13 
N.A. 
1000 

terms. On the other hand, the performance of the Michigan-style algorithm 
is clearly better than the Pittsburth-style algorithm in the case of the five 
linguistic terms. This is because the difference in the search ability between 
different algorithms is likely to become clear when the search space is large. 
In both tables, CPU time for the Michigan-style algorithm is much less than 
the Pittsburgh-style algorithm. 

Table 5.6. Average classification rate and average CPU time of each algorithm in 
the case of the three linguistic terms 

Michigan Pittsburgh 
Classification rate 97.1% 97.3% 
CPU time (s) L6 303.5 

Table 5.7. Average classification rate and average CPU time of each algorithm in 
the case of the five linguistic terms 

Michigan Pittsburgh 
Classification rate 96.0% 75.4% 
CPU time (s) L5 236.6 

One may think that the rule exchange-type uniform crossover operation 
in Fig. 5.11 had a bad effect on the search ability of the Pittsburgh-style algo­
rithm. We also performed the same computer simulations using the standard 
(i.e., gene exchange-type) uniform crossover operation shown in Fig. 5.12. 
Simulation results are summarized in Table 5.8. From the comparison of Ta­
ble 5.8 with Table 5.6 and Table 5.7, we can see that the average classification 
rate by the Pittsburgh-style algorithm for the case of the five linguistic terms 
was much lower than that by the Michigan-style algorithm independent of 
the choice of crossover operation. In the following computer simulations, we 
use the rule exchange-type uniform crossover operation in Fig. 5.11 in the 
Pittsburgh-style algorithm. 
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Table 5.8. Average classification rates by the two versions of the Pittsburgh-style 
algorithm with different crossover operations 

Number of Crossover operation 
linguistic terms Rule exchange Gene exchange 

Three 
Five 

97.3% 
75.4% 

94.5% 
62.2% 
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Fig. 5.12. Standard uniform crossover where genes at randomly selected positions 
are exchanged between two parents 

5.4 Hybridization of the Two Approaches 

In this section, first we explain the advantages of each of the two fuzzy GBML 
algorithms through computer simulations. Then we combine the two algo­
ri thms into a single hybrid algorithm. Finally we extend the hybrid algorithm 
to simultaneously perform the maximization of the classification accuracy and 
the minimization of the number of linguistic rules as in the genetic algorithm 
for rule selection in Chap. 4. 

5.4.1 A d v a n t a g e s of Each A l g o r i t h m 

To further compare the Pittsburgh-style algorithm with the Michigan-style 
algorithm, we examined the performance of these two algorithms through 
computer simulations on the wine da ta set using various stopping conditions. 
The simplest version of each algorithm with no extensions was used in the 
computer simulations of this subsection as in the previous computer simula­
tions in Sect. 5.3.4 for comparing the two algorithms. Simulation results are 
summarized in Fig. 5.13 for the case of the five linguistic terms and Fig. 5.14 
for the case of the three linguistic terms. It should be noted tha t the horizontal 
axis of these figures is the number of examined rule sets, which is the same as 
the number of generations in the case of the Michigan-style algorithm. Each 
figure shows the average classification rate over five trials of each algorithm. 
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The average classification rate at each generation was calculated using the 
best rule set obtained until that generation in each trial. The best rule set 
is not always the current population in the Michigan-style algorithm while it 
is always the elite rule set in the current population in the Pittsburgh-style 
algorithm. From these figures, we can see that the Michigan-style algorithm 
has a much higher search ability to efficiently find good linguistic rules in 
the early stage of evolution than the Pittsburgh-style algorithm. That is, the 
average classification rate was rapidly improved by the Michigan-style algo­
rithm. This improvement was not observed after a certain number of rule 
sets were examined (e.g., about 10000 rule sets in Fig. 5.13). In the long 
run, the Pittsburgh-style algorithm will outperform the Michigan-style algo­
rithm in Fig. 5.13 if we continue the iterative execution of these algorithms 
much further. This is because the Michigan-style algorithm does not have 
the direct optimization ability of rule sets. The evolution of rule sets in the 
Michigan-style algorithm corresponds to the search of good linguistic rules 
while in the Pittsburgh-style algorithm it corresponds to the optimization 
of rule sets. This optimization of rule sets is indirectly performed by finding 
good linguistic rules in the Michigan-style algorithm. 

Michigan-style - Pittsburgh-style 

100 1000 10000 100000 1000000 10000000 

Number of examined rule sets 

Fig. 5.13. Average simulation 
results on the wine data set with 
the five linguistic terms over five 
trials of each algorithm with var­
ious stopping conditions 

In order to examine why the Michigan-style algorithm has a high search 
ability to efficiently find good linguistic rules, we performed computer simu­
lations using partially modified variants of the algorithm. We examined the 
following three variants of the Michigan-style algorithm. 

Entire replacement. In this variant, all linguistic rules in the current 
population are entirely replaced with newly generated linguistic rules. The 
entire replacement variant is implemented from our original Michigan-style 
algorithm by setting the number of replaced rules (i.e., iVrepiace) equal to the 
number of linguistic rules in the current population. In computer simulations, 
we specified iVrepiace as A r̂epiace = 10 (scc Table 5.5). 
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Fig. 5.14. Average simulation 
results on the wine data set with 
the three linguistic terms over 
five trials of each algorithm with 
various stopping conditions 

Random removal. In this variant, randomly selected rules are removed 
from the current population and replaced with newly generated ones in the 
generation update procedure. While the worst iVrepiace rules are removed 
from the current population in our original Michigan-style algorithm, the 
selection of linguistic rules to be removed in the random removal variant is 
randomly performed regardless of the fitness value of each rule. In computer 
simulations, we specified the number of replaced rules as TVrepiace = 2 as in 
our original algorithm (see Table 5.5). 

Random selection. In this variant, parent strings are randomly selected 
from the current population regardless of their fitness values. That is, the 
selection probability of each linguistic rule is defined in the random selection 
variant as P{Rq) = l/Nmie where Â mie is the number of linguistic rules in 
the current population. 

We applied these three variants to the wine data set. Average simulation 
results over five trials of each variant are summarized in Table 5.9. In this 
table, the performance of the random selection variant was the worst among 
the four algorithms. From this poor performance of the random selection 
variant, we can see that the rule generation from good linguistic rules is an 
important characteristic feature of the Michigan-style algorithm. On the other 
hand, the difference in the performance between the original algorithm and 
the other two variants (i.e., entire replacement and random removal) suggests 
that the inheritance of good linguistic rules from the current population to the 
next population is also an important characteristic feature of the Michigan-
style algorithm. It should be noted that the Pittsburgh-style algorithm has 
none of these two characteristic features (i.e., the rule generation from good 
rules and the inheritance of good rules). In the Pittsburgh-style algorithm, 
the best rule set is handed down from the current population to the next 
population as an elite rule set. If good linguistic rules are included in a poor 
rule set, they are not likely to survive the generation update because poor 
rule sets do not have high selection probabilities. In the Pittsburgh-style 
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algorithm, new rule sets are generated from good rule sets. This does not 
mean tha t new rules are generated from good rules because the performance 
of each linguistic rule is not taken into account in the evolution of rule sets 
in the Pit tsburgh-style algorithm. 

Table 5.9. Average classification rate over five trials of each variant of the 
Michigan-style algorithm on the wine data set 

Three linguistic terms Five linguistic terms 

Original algorithm 97.1% 96.0% 
Entire replacement 89.9% 44.7% 
Random removal 89.7% 33.7% 
Random selection 60.7% 6.5% 

From the simulation results in this subsection, we can see tha t the 
Michigan-style algorithm has a high search ability to efficiently find good lin­
guistic rules in the early stage of evolution. The performance of the Michigan-
style algorithm deteriorated when we removed the following two characteristic 
features: 

(1) To generate new rules from good rules in the current population. 
(2) To pass down good rules from the current population to the next popu­

lation. 

The Pittsburgh-style algorithm has none of these two characteristic features. 
The search ability of the Pit tsburgh-style algorithm to find good linguistic 
rules in the large search space is inferior to tha t of the Michigan-style algo­
ri thm. The advantage of the Pittsburgh-style algorithm is 

(3) To directly optimize rule sets. 

The Michigan-style algorithm cannot directly optimize rule sets because the 
evolution of rule sets is driven only by the performance of each linguistic rule. 

5.4.2 H y b r i d A l g o r i t h m 

The aim of the hybridization of the two algorithms is to implement a single 
hybrid algorithm tha t has all the above three advantages. Our hybrid algo­
r i thm can directly optimize rule sets because its basic framework is the same 
as the Pit tsburgh-style algorithm. The Michigan-style algorithm is used as a 
mutat ion operation for partially modifying each string (i.e., each rule set). 
Our hybrid algorithm can be written as follows: 

[Hybrid Fuzzy G B M L A l g o r i t h m ] 

Step 0: Parameter Specification. Specify the population size A^pop, the num­
ber of linguistic rules A^ruie, the number of replaced rules iVrepiace, the 
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crossover probability Pcp in the Pittsburgh part, the crossover prob-
abihty pc^ in the Michigan part, the mutation probabihty Prnp in 
the Pittsburgh part, the mutation probabihty PmM i^ ^^^ Michigan 
part, and the stopping condition. 

Step 1: Initialization. Randomly generate iVpop rule sets with Â ruie linguistic 
rules (i.e., Â pop strings of length n • -/Vruie) as an initial population. 

Step 2: Genetic Operations. Calculate the fitness value of each rule set in 
the current population. Generate (A p̂op — 1) mle sets using selec­
tion, crossover, and mutation from existing rule sets in the current 
population. The selection and crossover operations are the same as 
those in the Pittsburgh-style algorithm. The single iteration of the 
Michigan-style algorithm (i.e., the rule generation and the replace­
ment) is applied as a mutation operation to each of the generated 
rule sets by the selection and crossover operations in the Pittsburgh 
part. The mutation probability Pmp is used for the application of the 
Michigan-style algorithm as a mutation operation. That is, Pmp is 
the application probability of the Michigan-style algorithm to each 
rule set. 

Step 3: Generation Update (Elitist Strategy). Add the best rule set in the 
current population to the newly generated (iVpop — 1) rule sets to 
form the next population of the population size A p̂op-

Step 4: Termination Test. If the stopping condition is not satisfied, return 
to Step 2. Otherwise terminate the execution of the algorithm. The 
final solution is the best rule set in the final population because the 
best rule set in the current population is always handed down to the 
next population by the elitist strategy. 

5.4.3 Computer Simulations 

We applied our hybrid algorithm to the wine data set in the same manner as 
in the previous computer simulations using the following parameter values: 

Number of linguistic rules: Â ruie = 10? 
Number of rule sets: A'pop — 50, 
Crossover probabilities: Pcp — 0.8 in the Pittsburgh part, 

p^^ — 0.8 in the Michigan part, 
Mutation probabilities: pmp = 0.8 in the Pittsburgh part, 

p^^ = 1/13 in the Michigan part, 
Stopping condition: 1000 iterations (i.e., 1000 generations), 
Number of replaced linguistic rules in the Michigan part: 

-^^replace — •̂ * 

It should be noted that the mutation probability of 0.8 in the Pittsburgh 
part is defined for each string (i.e., for each rule set) while the mutation 
probability of 1/13 in the Michigan part is defined for each gene (i.e., for 
each antecedent fuzzy set). 
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Average simulation results over five trials of the hybrid algorithm are sum­
marized in Table 5.10 and Table 5.11 where we also cite the corresponding 
simulation results by the original Michigan-style and Pittsburgh-style algo­
rithms with no modifications. Table 5.10 and Table 5.11 show the average 
classification rate and the average CPU time of each algorithm, respectively. 
We can see from Table 5.10 that the hybrid algorithm outperformed the two 
fuzzy GBML algorithms. This observation suggests that we can successfully 
implement the advantages of the two algorithms in a single hybrid algorithm. 
The average CPU time of the hybrid algorithm is of the same order as that 
of the Pittsburgh-style algorithm. This is because the basic framework of the 
hybrid algorithm is the Pittsburgh-style algorithm. 

Table 5.10. Average classification rate over five trials of each algorithm 

Three linguistic terms Five linguistic terms 
Michigan 97.1% 96.0% 
Pittsburgh 97.3% 75.4% 
Hybrid algorithm 100.0% 100.0% 

Table 5.11. Average CPU time over five trials of each algorithm (seconds) 

Three linguistic terms Five linguistic terms 
1.5 
237 
246 

5.4.4 Minimization of the Number of Linguistic Rules 

We have already examined the three fuzzy GBML algorithms: the Michigan-
style algorithm, the Pittsburgh-style algorithm, and their hybrid algorithm. 
In these algorithms, the number of linguistic rules in each rule set was always 
constant. That is, the population size in the Michigan-style algorithm and 
the string length of the other algorithms were fixed. In this subsection, we 
extend the hybrid algorithm to the case of variable string length to simulta­
neously perform the minimization of the number of linguistic rules and the 
maximization of the classification ability of rule sets. 

The extended hybrid algorithm is the same as the hybrid algorithm in 
the previous section except for its crossover operation and fitness function. 
The main difference is that the string length (i.e., the number of linguistic 
rules) is not fixed in the extended hybrid algorithm. The number of linguistic 
rules is changed when new rule sets are generated from parent rule sets by 
a crossover operation. We use a one-point crossover operation with different 

Michigan 
Pittsburgh 
Hybrid algorithm 

1.6 
304 
345 
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crossover points in Fig. 5.15. To decrease the effect of the order of hnguistic 
rules in each string on the genetic search in the extended hybrid algorithm 
(i.e., to mix up linguistic rules), linguistic rules on one side of one parent 
are combined with those on the same side of the other parent to form a new 
string as shown in Fig. 5.15. Since the crossover point in one parent is not 
always the same as that in the other parent, the string length of new strings 
is not always the same as that of their parent strings. 

Rule 1 1 
Parent 1 | 1 | 2 | 3 | 1 | # 

Rule A 
Parent2 |#|3|2|#|2 

r Rule 2 
#|2|1|2|# 

RuleB 
3|#|3|1|2 

A 

Rules 
3|1|2|#|3 

RuleC 
2|3|#|3|# 

L 

Rule 4 
#|1|3|2|2| 

RuleD 
2|#|1|#|2| 

o 
Rulel 

IM2|3|1|# 
Rule A 

#|3|2|#|2 
RuleB 

3|^|3|1|2| 

Child or 
Rule 2 

|#|2|1|2|# 
Rule 3 

3|1|2|#|3 
Rule 4 

#1 1 |3|2|2 
RuleC 

2|3|#|3|# 
RuleD 

2|#|1|#|2| 

Fig. 5.15. One-point crossover operation with different crossover points. This 
crossover operation is used in the extended hybrid algorithm to simultaneously 
perform the minimization of the number of linguistic rules and the maximization 
of the classification ability of linguistic rules 

In the extended hybrid algorithm, we use the following fitness function to 
evaluate each rule set S: 

fitness(S) = NCP{S) - w^si • \S\. (5.9) 

This fitness function was also used in the genetic algorithm for rule selection 
in Chap. 4. This means that the task of the extended hybrid algorithm is the 
same as that of the genetic algorithm-based rule selection method: to find a 
small number of linguistic rules with a high classification ability. 

We applied the extended hybrid algorithm with w^s\ — 1 to the wine data 
set. We used the same parameter specifications as in the previous computer 
simulations with the hybrid algorithm in terms of the number of rule sets 
(i.e., population size), the crossover probabilities, the mutation probabilities, 
and the stopping condition. The number of linguistic rules was specified as 10 
in initial rule sets, which was changed by the crossover operation during the 
iterative execution of the extended hybrid algorithm. The number of replaced 
linguistic rules in the Michigan part was not specified as a constant value. In 
the Michigan part, 20% of linguistic rules in each rule set were replaced (i.e., 
-̂ replace = [0*2 X \SW whcrc \x\ deuotes the minimum integer that is larger 
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than or equal to x). This is because the number of Hnguistic rules in each 
rule set was not constant. 

Average simulation results over five trials of the extended hybrid algo­
rithm are shown in Table 5.12. To compare the extended hybrid algorithm 
with the other three fuzzy GBML algorithms in Table 5.10 and Table 5.11, 
we did not use any extensions or modifications described in the previous sec­
tions. From the comparison of Table 5.12 with Table 5.10 and Table 5.11, 
we can see that a smaller number of linguistic rules with a high classification 
ability were obtained by the extended hybrid algorithm than by each indi­
vidual algorithm. The average number of linguistic rules in the case of the 
three linguistic terms was smaller than that in the case of the five linguistic 
terms in Table 5.12. This is because each linguistic rule in the former case 
can cover a larger portion of the pattern space than in the latter case. From 
the comparison between Table 5.12 and Table 5.10 with ten linguistic rules, 
we can see that the extended hybrid algorithm found smaller rule sets with 
lower classification rates due to the penalty term in (5.9) with respect to the 
number of fuzzy rules. 

Table 5.12. Average simulation results over five trials of the extended hybrid 
algorithm 

Three linguistic terms Five linguistic terms 
Classification rate 97.5% 97.3% 

CPU time (s) 688 688 
Number of rules 5.2 7.2 

The extended hybrid algorithm uses the same fitness function but a dif­
ferent coding scheme as the genetic algorithm for rule selection in Chap. 4. 
To compare these two algorithms, we applied the extended hybrid algorithm 
to the wine data set using the 14 antecedent fuzzy sets in Fig. 1.4 of Chap. 
1 and don^t care as in the computer simulations with the genetic algorithm 
for rule selection in Chap. 4. While the genetic algorithm-based rule selection 
method used a prescreening procedure for decreasing the number of candidate 
rules, the extended hybrid algorithm does not use any trick for decreasing 
the search space. That is, it tries to maximize the fitness function in the 
search space with (14 + 1)^^ combinations of antecedent fuzzy sets for the 
13-dimensional wine data set. In computer simulations, we used the following 
two extensions described for the Michigan-style algorithm: 

(1) Specification of antecedent fuzzy sets of initial linguistic rules from train­
ing patterns. 

(2) Generation of new linguistic rules from misclassified or rejected training 
patterns. 

As in the computer simulations on the wine data set using the genetic 
algorithm for rule selection in Chap. 4 (i.e.. Table 4.17), four values of w^s\ 
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were used: w^s\ =0.1,0.5,1,5. The average simulation results over five trials 
of the extended hybrid algorithm are shown in Table 5.13 where the sim­
ulation results in Table 4.17 by the genetic algorithm-based rule selection 
method are also cited. The CPU time for the genetic algorithm-based rule 
selection method is for both the candidate rule prescreening and the execu­
tion of the genetic algorithm. From Table 5.13, we can see that better results 
were obtained by the genetic algorithm-based rule selection. This may be 
because the search space of the extended hybrid algorithm is much larger. 

Table 5.13. Comparison between the genetic algorithm-based rule selection 
method and the extended hybrid algorithm of the two fuzzy GBML algorithms 

GBML algorithm 

Rule selection 

Value of w\s\ 

Classification rate 
Number of rules 

CPU time (s) 

Classification rate 
Number of rules 

CPU time (s) 

0.1 

100% 
18.8 
2032 

100% 
5.6 
193 

0.5 

99.6% 
10.2 
750 

100% 
5.1 
180 

1 

97.3% 
7.0 
498 

99.9% 
3.2 
193 

5 

90.8% 
3.2 
261 

98.7% 
3.0 
162 

We can use the extended hybrid algorithm and the genetic algorithm-
based rule selection method for the same task: to find a small number of 
linguistic rules with a high classification ability. As shown in Table 5.13, 
somewhat better results were obtained from rule selection. The question is 
which method should be used for a particular pattern classification problem. 
There is no general answer to this question. The main difference between 
these two approaches is that the prescreening procedure of candidate rules 
is used for decreasing the search space in the genetic algorithm-based rule 
selection method while the entire search space is handled in the extended 
hybrid algorithm. Thus the performance of the genetic algorithm-based rule 
selection method strongly depends on the prescreening procedure. If good 
linguistic rules are not included in candidate rules, the genetic algorithm for 
rule selection cannot find good rule sets. On the other hand, the extended 
hybrid algorithm does not use any prescreening procedure. Thus the search 
space is not heuristically reduced. While good rule sets were obtained by the 
extended hybrid algorithm in Table 5.13 for the wine data set, there may be 
many cases where the extended hybrid algorithm cannot find good rule sets 
because the search space is too large. In those cases, the genetic algorithm-
based rule selection may find good rule sets if the prescreening procedure 
works well. 



 

 

 

 

 



6. Multi-Objective Design of Linguistic Models 

The extended hybrid fuzzy GBML algorithm in the previous chapter was 
designed to find a small number of linguistic rules with a high classification 
ability. The genetic algorithm-based rule selection method in Chap. 4 also 
tackled the same task. These two algorithms used the same fitness function 
to simultaneously perform the maximization of classification ability and the 
minimization of the number of linguistic rules. The minimization of the num­
ber of linguistic rules is used to design linguistic rule-based systems with 
high interpretability. There is a tradeoff between the accuracy and the inter-
pretability of linguistic rule-based systems [18, 19]. istic rule-based systems 
with both high accuracy and high interpretability. This tradeoff is illustrated 
in Fig. 6.1. The error on training patterns is monotonically decreased by in­
creasing the complexity of linguistic rule-based systems. On the other hand, 
the error on test patterns is first decreased and then increased after reach­
ing the minimum error at S*. Thus the rule set S* is optimal with respect 
to the accuracy of linguistic rule-based systems. The accuracy of linguistic 
rule-based systems deteriorates on decreasing the complexity (i.e., improv­
ing the interpretability) from S*. In some cases, human users may prefer 
simpler rule-based systems with higher interpretability than 5* even if the 
classification accuracy deteriorates. That is, the rule set S* with the high­
est generalization ability is not always preferred when the interpretability of 
linguistic rule-based systems is taken into account in addition to the classifica­
tion accuracy. Recently, several approaches have been proposed for designing 
fuzzy rule-based systems with high interpretability as well as high accuracy 
[18, 19, 101, 145, 150, 151]. In this chapter, we discuss the design of linguis­
tic rule-based systems for pattern classification problems in the framework 
of multi-objective optimization to handle the tradeoff between accuracy and 
interpretability. Our task in this chapter is not to find a single optimal rule 
set (e.g., 5* in Fig. 6.1) but to find multiple non-dominated rule sets with 
respect to the two criteria of accuracy and interpretability. 

6.1 Formulation of Three-Objective Problem 

While only the number of linguistic rules was considerd in the genetic 
algorithm-based rule selection method in Chap. 4 and the extended hybrid 
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" Fig. 6.1. Relation between the 
^ _ error and the complexity of lin-

Complexity guistic rule-based systems 

fuzzy GBML algorithm in Chap. 5, there are a number of issues that are 
related to the interpret ability of linguistic rule-based systems. For example: 

(1) Comprehensibility of fuzzy partitions (e.g., interpretability of each an­
tecedent fuzzy set, separation of neighboring antecedent fuzzy sets, the 
number of antecedent fuzzy sets for each attribute). 

(2) Simplicity of linguistic rule-based systems (e.g., the number of attributes, 
the number of linguistic rules). 

(3) Simplicity of linguistic rules (e.g., type of linguistic rules, the number of 
antecedent conditions in each linguistic rule). 

(4) Simplicity of a classification method (e.g., selection of a single winner 
rule, voting by multiple rules). 

As in the previous chapters, we use the single winner-based method in 
classification systems with linguistic rules of the following form: 

Rule Rqi If xi is Aqi and . . . and x„ is Aqn 

then Class Cq with CFq. (6.1) 

It is assumed that linguistic terms are given for each attribute. Thus we 
do not discuss the first issue: comprehensibility of fuzzy partitions. We do 
not discuss the last issue, either (i.e., we always use the single winner-based 
method in this chapter). We measure the simplicity of linguistic rule-based 
systems by the number of linguistic rules as in Chaps. 4 and 5. That is, the 
number of linguistic rules is taken into account with respect to the second 
issue: simplicity of linguistic rule-based systems. Moreover, the number of 
antecedent conditions of each linguistic rule (i.e., rule length) is taken into 
account with respect to the third issue: simplicity of linguistic rules. 

Ishibuchi et al. [71] formulated the design of linguistic rule-based classifi­
cation systems as the following three-objective optimization problem: 

Maximize /i(5'), minimize /2(5'), and minimize fsiS), (6.2) 

where / i (5) is the number of correctly classified training patterns by a rule 
set S (i.e., NCP{S)), f2{S) is the number of linguistic rules in S (i.e., |5|), 
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and f3{S) is the total rule length of linguistic rules in S. Usually there is no 
optimal rule set with respect to all the above three objectives due to the exis­
tence of the above-mentioned tradeoff between accuracy and interpretability. 
Thus our task is to find multiple rule sets that are not dominated by any 
other rule sets. A rule set SB is said to dominate another rule set SA (i.e., 
SB is better than SA- SA ̂  SB) if all the following inequalities hold: 

MSA) < MSB), f2iSA}>f2{SB), f3{SA)>f3{SB), (6.3) 

and at least one of the following inequalities holds: 

fliSA)<hiSB), f2iSA)>MSB), fz{SA)>f3{SB). (6.4) 

The first condition (i.e., all the three inequalities in (6.3)) means that no 
objective of SB is worse than SA (i-e., SB is not worse than SA)- The second 
condition (i.e., one of the three inequalities in (6.4)) means that at least one 
objective of SB is better than SA- When a rule set S is not dominated by any 
other rule sets, S is said to be a Pareto-optimal solution of the three-objective 
optimization problem in (6.2). 

It should be noted that the third objective fsiS) is not the average rule 
length but the total rule length. Let us consider another three-objective opti­
mization problem with /i(5'), /2(5'), and f3*{S) where f3*{S) is the average 
rule length of linguistic rules in S. This three-objective optimization problem 
is the same as the original formulation in (6.2) except for the third objective. 
Let us consider a rule set S where the average rule length is larger than 1: 
/3*(5) > 1 (e.g., the rule set with the three linguistic rules in Fig. 4.21 of 
Chap. 4). We add another linguistic rule of length 1 to this rule set to con­
struct an enlarged rule set S+. Since /s* (S) > 1 and the length of the added 
linguistic rule is 1, the following relation always holds with respect to the 
average rule length between S and 5+: 

/ 3 - ( 5 + ) < / 3 . ( 5 ) , (6.5) 

while the following relation holds with respect to the total rule length: 

/3(5+) > faiS). (6.6) 

This means that the average rule length /s* (5) is improved by adding another 
linguistic rule of length 1 to the rule set S while the complexity of the rule 
set S is increased. Even if the added linguistic rule does not improve the 
classification accuracy of the rule set S (i.e., fi{S) > / i (5+)) , 5"^ is not 
dominated by S when we use the average rule length f3*{S) as the third 
objective instead of the total rule length f3{S). This discussion shows that 
the average rule length is not an appropriate criterion for measuring the 
simplicity of linguistic rules in the context of multi-objective optimization. 
Thus we use the total rule length as the third objective f3{S) in (6.2). 
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6.2 Multi-Objective Genetic Algorithms 

To find non-dominated rule sets of the three-objective optimization problem 
in (6.2), we use a three-objective genetic algorithm. In this section, we explain 
its basic framework, which can be used to extend both the genetic algorithm-
based rule selection method and the extended hybrid fuzzy GBML algorithm. 
Recently many evolutionary multi-objective optimization (EMO) algorithms 
have been proposed [21, 28, 193, 194]. Those EMO algorithms can be ap­
plied to the three-objective optimization problem in (6.2). In this section, 
we explain a slightly modified version of a multi-objective genetic algorithm 
(MOGA) in [71] because it is easily implemented by simply modifying stan­
dard single-objective genetic algorithms. This MOGA has two characteristic 
features. One is to use a scalar fitness function with random weights to evalu­
ate each solution (i.e., each rule set). Random weights are updated whenever 
a pair of parent solutions is selected for crossover. That is, the selection of 
each pair of parent solutions is governed by different weights. A genetic search 
mechanism in various directions in the three-dimensional objective space is 
realized by this random weighting scheme. The other characteristic feature 
is to store all non-dominated solutions as a secondary population separately 
from the current population. The secondary population is updated at every 
generation. A small number of non-dominated solutions are randomly chosen 
from the secondary population and their copies are added to the current pop­
ulation as elite solutions. The convergence speed of the current population to 
Pareto-optimal solutions is improved by this elitist strategy. Other parts of 
our MOGA in this chapter are the same as standard single-objective genetic 
algorithms. The search ability of our three-objective genetic algorithm, which 
is based on a simple EMO algorithm [127], is not always comparable to that 
of state-of-the-art EMO algorithms such as NSGA-II [29] and SPEA [194]. 
In Ishibuchi & Yamamoto [88, 91, 94], the NSGA-II algorithm was used to 
efficiently find non-dominated rule sets of the three-objective optimization 
problem in (6.2). 

6.2.1 Fi tness Funct ion 

The fitness value of each string S (i.e., each rule set S) in the current popu­
lation is defined by the three objectives as 

fitness{S) = wi • fi{S) - W2 - f2{S) - ws • fsiS), (6.7) 

where w;i, W2, and w^ are weights satisfying the following conditions: 

Wi,W2,lV3 > 0, (6.8) 

wi + W2 + ws = 1. (6.9) 

As we have already mentioned, one characteristic feature of our MOGA in this 
chapter is to randomly specify the weights whenever a pair of parent strings 



6.2 Multi-Objective Genetic Algorithms 135 

is selected from the current population. We use binary tournament selection 
with replacement for the selection of parent strings. Thus we calculate the 
fitness function in (6.7) for only four rule sets in the current population using 
the randomly specified weights when a pair of parent strings is selected. When 
another pair of parent strings is selected, the three weights are randomly 
updated. That is, the selection of each pair of parent strings is governed by 
a different weight vector. A pre-specified number of pairs are selected from 
the current population. New strings are generated from each pair of parent 
strings using crossover and mutation as in standard single-objective genetic 
algorithms. 

6.2.2 Elitist Strategy 

A secondary population stores non-dominated rule sets among examined ones 
during the execution of our MOGA. The secondary population is updated at 
every generation so that it includes all non-dominated rule sets and it does 
not include any dominated ones. Each rule set in the current population is ex­
amined to see if it is dominated by any rule sets in the secondary population. 
If a rule set is not dominated, its copy is added to the secondary popula­
tion. All solutions in the secondary population dominated by the added copy 
are removed. In this manner, the secondary population is updated at every 
generation. 

Each non-dominated rule set in the secondary population can be viewed 
as a kind of elite solution because it is not dominated by any examined 
rule sets. A pre-specified number (say A/'eiite) of non-dominated rule sets are 
randomly selected from the secondary population and their copies are added 
to the current population as elite solutions. This is a simple elitist strategy in 
EMO algorithms. It is shown in [193, 194] that the use of elitism is essential 
for designing EMO algorithms with high search ability. Most of the recently 
proposed EMO algorithms use some form of elitism (see [21, 28]). 

6.2.3 Basic Framework of Multi-Objective Genetic Algorithms 

The basic framework of our MOGA, which is used in the genetic algorithm-
based rule selection method and the extended hybrid fuzzy GBML algorithm, 
can be written as follows: 

[Multi-Objective Genetic Algorithm] 

Step 0: Parameter Specification. Specify the population size A p̂op, the num­
ber of elite solutions A êiite, the parameter values for genetic opera­
tions, and the stopping condition. 

Step 1: Initialization. Randomly generate iVpop rule sets as an initial popu­
lation. Find non-dominated rule sets in the initial population by cal­
culating the three objectives of each rule set. Construct a secondary 
population using copies of those non-dominated rule sets. 
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Step 2: Genetic Operations. Generate (iVpop — -/Veiite) I'ule sets using genetic 
operations (i.e., selection, crossover, and mutation) from the current 
population. The selection of parent rule sets is performed by iterating 
the following procedures: 
(a) Randomly specify the three weights as 

Wi = randomi/{randomi + random2 + random^), 

i = 1,2,3,(6.10) 
where randorrii is a non-negative random real number. 

(b) Select a pair of parent rule sets using binary tournament selection 
with replacement. The fitness value of each rule set is calculated 
by the fitness function in (6.7) using the current weight values 
specified in (6.10). 

Step 3: Evaluation, Calculate the three objectives of each of the newly gen­
erated {Npop — Neiite) rule sets. 

Step 4: Secondary Population Update. Update the secondary population by 
examining whether each of the newly generated (A p̂op — A êiite) rule 
sets is dominated by any rule sets in the secondary population. 

Step 5: Generation Update (Elitist Strategy). Randomly select iVeiite non-
dominated rule sets from the secondary population and add their 
copies to the newly generated (iVpop — A êiite) rule sets to form the 
next population of the population size Npop. 

Step 6: Termination Test. If the stopping condition is not satisfied, return 
to Step 2. Otherwise terminate the execution of the algorithm. All 
the non-dominated rule sets among the examined ones during the 
execution of the algorithm are stored in the secondary population. 

6.3 Multi-Objective Rule Selection 

6.3.1 Algorithm 

The genetic algorithm for rule selection in Chap. 4 can be directly extended to 
the case of three-objective rule selection using the framework of our MOGA 
(and other EMO algorithms) described in Sect. 6.2. The binary coding of each 
rule set and the genetic operations for generating new rule sets in Chap. 4 
can be used in the three-objective genetic algorithm for rule selection with no 
modifications. As we have already explained in Chap. 4, unnecessary linguistic 
rules are removed from each rule set. The second and third objectives are 
calculated for each rule set after unnecessary linguistic rules are removed. 

6.3.2 Computer Simulations 

We applied the three-objective genetic algorithm for rule selection to the wine 
data set. We used the 14 antecedent fuzzy sets in Fig. 1.4 of Chap. 1 and 
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don't care for generating linguistic rules. As in the computer simulations in 
Sect. 4.4, we generated linguistic rules of length 3 or less (i.e., linguistic rules 
with three or less antecedent conditions). The number of generated linguistic 
rules was 711716. We selected 900 candidate rules from the 711716 linguistic 
rules using the candidate rule prescreening procedure as in Sect. 4.4 

The three-objective genetic algorithm for rule selection was used to find 
non-dominated rule sets from the 900 candidate rules. Parameter values were 
specified as follows. 

Population size: Â pop = 50, 
Number of elite solutions: A êiite = 5, 
Crossover probability: p^ = 0.8, 
Mutation probability: ^,^(0 -^ 1) = 1/900, 

p^{l -> 0) = 0.1, 
Stopping condition: 1000 population updates. 

We used the same parameter specifications as in the computer simulations in 
Sect. 4.4 using the genetic algorithm-based rule selection method. It should be 
noted that we do not have to specify the weight values in the fitness function 
in (6.7). This is because we use the three-objective genetic algorithm with 
variable weights. If we pre-specify the weight values, single-objective genetic 
algorithms can be utilized to maximize the fitness function in (6.7) with the 
constant weights. 

Table 6.1 shows non-dominated rule sets obtained by a single run of the 
three-objective genetic algorithm for rule selection. It should be noted that 
only 50000 rule sets were examined by the three-objective genetic algorithm 
for finding the rule sets in Table 6.1. To clearly demonstrate the tradeoff 
between the accuracy and the interpretability of linguistic rule-based sys­
tems, each rule set in Table 6.1 is depicted in the two-dimensional space with 
the total rule length and the error rate in Fig. 6.2. Some rule sets are not 
shown because they are out of the range of this figure. The figure clearly 
shows the tradeoff between the total rule length (i.e., complexity of linguistic 
rule-based systems) and the error rate (i.e., classification performance). The 
improvement in the error rate leads to an increase in the total rule length. 

Since genetic algorithms are based on a stochastic search mechanism, the 
obtained rule sets are not always true Pareto-optimal solutions. Thus better 
solutions may be obtained from multiple runs of the three-objective genetic 
algorithm for rule selection. Better rule sets may also be obtained by in­
creasing the population size and/or the number of iterations. The increase 
in the number of candidate rules also increases the chance of finding better 
rule sets, though it also increases the difficulty of finding good rule sets due 
to the exponential increase in the size of the search space for rule selection. 
Table 6.2 shows the simulation results of a single run of the three-objective 
genetic algorithm for rule selection with a population size of 500 and 10000 
iterations. This means that the computation load in Table 6.2 is 100 times as 
large as in Table 6.1 with a population size of 50 and 1000 iterations. From 
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Table 6.1. Non-dominated rule sets obtained by a single run of the three-objective 
genetic algorithm for rule selection with population size of 50 and 1000 iterations 

Rule set 

^1 

52 
Ss 
S4 
55 
56 
57 
58 
59 
'S'lo 
5 i i 
Sl2 
Sl3 
Sl4 
Sl5 

Classification ra te 

100.0% 
98.9% 
98.3% 
97.8% 
97.2% 
96 .1% 
95.5% 
93.8% 
88.8% 
71.9% 
70.2% 
69 .1% 
68.0% 
39.9% 
39.3% 

Number of rules 

4 
4 
4 
4 
3 
3 
3 
3 
3 
2 
2 
2 
2 
1 
1 

Average length 

2.50 
2.25 
2.00 
1.75 
2.33 
2.00 
1.67 
1.33 
1.00 
2.50 
2.00 
1.50 
1.00 
2.00 
1.00 
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Total rule length J-QJ. J-^^Q 

Fig. 6.2. Obtained rule sets in 
the two-dimensional space with 
the total rule length and the er-

the comparison between Table 6.1 and Table 6.2, we can see tha t simula­
tion results were slightly improved by increasing the computation load. As 
mentioned in Chap. 4, the efficiency of genetic algorithm-based rule selection 
strongly depends on the prescreening of candidate rules. 

For further discussions on multi-objective genetic rule selection and other 
simulation results, see Ishibuchi & Yamamoto [94, 88, 89]. 
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Table 6.2. Non-dominated rule sets obtained by a single run of the three-objective 
genetic algorithm for rule selection with a population size of 500 and 10000 itera­
tions 

Rule set 

5 i 
52 
S3 
S4 
55 
56 
57 
58 
59 
Sio 
5 i i 
'S'l2 
'S'i3 
Sl4 

Classification ra te 

100.0% 
99.4% 
98.3% 
97.2% 
96 .1% 
96 .1% 
94.9% 
88.2% 
73.0% 
72.5% 
71.9% 
69.7% 
67.4% 
39.9% 

Number of rules 

3 
3 
3 
4 
3 
4 
3 
3 
2 
2 
2 
2 
2 
1 

Average length 

2.33 
2.00 
1.67 
1.00 
1.33 
0.75 
1.00 
0.67 
2.50 
2.00 
1.50 
1.00 
0.50 
0.00 

6.4 Multi-Objective Genetics-Based Machine Learning 

6.4.1 Algorithm 

The extended hybrid fuzzy GBML algorithm in Chap. 5 can also be easily 
adapted to the case of three-objective optimization using the framework of the 
MOGA described in Sect. 6.2. The coding of each rule set using antecedent 
fuzzy sets and the genetic operations for generating new rule sets in Chap. 5 
can be used in three-objective fuzzy GBML with no modifications. The num­
ber of linguistic rules in each rule set is changed by the one-point crossover 
operation with different crossover points as in Chap. 5. Our three-objective 
fuzzy GBML algorithm is a hybrid algorithm of the Michigan approach and 
the Pittsburgh approach. We use the following two heuristics in the three-
objective fuzzy GBML algorithm (see Chap. 5). 

(1) Heuristic generation of an initial population. 
(2) Rule generation from misclassified or rejected training patterns. 

6.4.2 Computer Simulations 

We applied the three-objective fuzzy GBML algorithm to the wine data set. 
As in the previous section, we used the 14 antecedent fuzzy sets in Fig. 1.4 
of Chap. 1 and don^t care. The total number of combinations of antecedent 
fuzzy sets for generating linguistic rules is (14 -h 1)^^. The three-objective 
fuzzy GBML algorithm was used to construct non-dominated rule sets from 
such a huge number of possible linguistic rules. 

The three-objective fuzzy GBML algorithm was applied to the wine data 
set using the following parameter specifications: 
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Number of linguistic rules in initial rule sets: A r̂uie = 10, 
Number of rule sets: Â pop = 50, 
Crossover probabilities: Pcp = 0.8 in the Pittsburgh part, 

PcM = 0.8 in the Michigan part, 
Mutation probabilities: Pmp = 0.8 in the Pittsburgh part, 

PrriM — 1/1^ i^ the Michigan part, 
Number of elite solutions: A êiite = 5, 
Stopping condition: 1000 iterations, 
Number of replaced linguistic rules: 20% of existing rules. 

The same parameter specifications were used in the computer simulations 
in Sect. 5.4 using the extended hybrid fuzzy GBML algorithm. As in the 
case of the three-objective genetic algorithm for rule selection in the previous 
section, we do not have to specify the weight values in the fitness function in 
(6.7). 

Table 6.3 shows non-dominated rule sets obtained by a single run of the 
three-objective fuzzy GBML algorithm. As in Table 6.1, only 50000 rule sets 
were examined by the three-objective fuzzy GBML algorithm for finding the 
rule sets in Table 6.3. From the comparison between Table 6.1 and Table 
6.3, we can see that larger rule sets were obtained from the three-objective 
fuzzy GBML algorithm. That is, many rule sets in Table 6.3 are inferior to 
those in Table 6.1 with respect to the comprehensibility of rule sets. This is 
because the search space in Table 6.1 (i.e., 2^°^) is much smaller than that 
in Table 6.3 (i.e., 2^ where N = 15^^). We also applied the three-objective 
fuzzy GBML algorithm to the wine data set using a greater computation load 
than in Table 6.3. That is, the population size and the stopping condition 
were specified as 500 rule sets and 10000 iterations, respectively. Simulation 
results are summarized in Table 6.4. From the comparison between Table 6.4 
and Table 6.3, we can see that better rule sets were obtained in Table 6.4. 
Simulation results in Table 6.4, however, are still inferior to those in Table 
6.1 by rule selection. This suggests that a greater computation load may be 
required for finding good rule sets in the huge search space. 



6.4 Multi-Objective Genetics-Based Machine Learning 141 

Table 6.3. Non-dominated rule sets obtained by a single run of the three-objective 
fuzzy GBML algorithm with a population size of 50 and 1000 iterations 

Rule set 

5 i 
52 
S3 
S4 
Se 
Se 
Sr 
Ss 
59 
5io 
5 i i 
Sl2 
Sis 
Si4 
Sl5 
Sl6 
Su 

Classification ra te 

100.0% 
99.4% 
98.9% 
98.3% 
97.8% 
97.2% 
96.6% 
96 .1% 
96 .1% 
94.9% 
93.3% 
91.6% 
68.0% 
65.7% 
65.2% 
60 .1% 
39.9% 

N u m b e r of rules 

11 
9 
9 
9 
7 
6 
5 
4 
5 
4 
4 
3 
3 
2 
2 
2 
1 

Average length 

2.00 
2.22 
2.00 
1.78 
1.86 
1.67 
1.80 
1.75 
1.20 
1.25 
1.00 
1.00 
0.67 
2.00 
1.00 
0.50 
0.00 

Table 6.4. Non-dominated rule sets obtained by a single run of the three-objective 
fuzzy GBML algorithm with a population size of 500 and 10000 iterations 

Rule set 

5 i 
52 
53 
54 
55 
56 
57 
58 
59 
5io 
5 i i 
Sl2 
Sis 
Sl4 
Sl5 
Sl6 
Sir 
Sl8 

Classification ra te 

100.0% 
100% 
99.4% 
99.4% 
98.9% 
98.3% 
98.3% 
97.8% 
97.2% 
96 .1% 
93.8% 
93.3% 
92.7% 
88.2% 
70.2% 
69.7% 
67.4% 
39.9% 

N u m b e r of rules 

6 
7 
5 
6 
5 
4 
5 
4 
4 
4 
3 
3 
3 
3 
2 
2 
2 
1 

Average length 

2.67 
1.71 
2.20 
1.67 
1.40 
1.75 
1.00 
1.25 
1.00 
0.75 
1.67 
1.33 
1.00 
0.67 
1.50 
1.00 
0.50 
0.00 



 

 

 

 

 



7. Comparison of Linguistic Discretization 
with Interval Discretization 

We have already explained several approaches to the design of linguistic rule-
based systems for pattern classification problems. In this chapter, we compare 
linguistic discretization with interval discretization to clearly illustrate char­
acteristic features of linguistic rule-based classification systems. For such a 
comparison, we specify linguistic discretization in a different manner from the 
previous chapters. While we assumed in the previous chapters that linguistic 
discretization is given for each attribute by human users or domain experts, 
in this chapter we construct linguistic discretization from interval discretiza­
tion. Figures 7.1 and 7.2 are examples of linguistic discretization generated 
from interval discretization. Interval discretization in Fig. 7.1 is homogeneous 
(i.e., five intervals have the same width) while it is inhomogeneous in Fig. 
7.2. 

Fig. 7.1. Homogeneous interval 
discretization into five intervals 
with the same width and the corre­
sponding linguistic discretization 

Fig. 7.2. Inhomogeneous inter­
val discretization into five inter­
vals with different widths and 
the corresponding linguistic dis­
cretization 
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7.1 Effects of Linguistic Discretization 

7.1.1 Effect in the Rule Generation Phase 

The main characteristic feature of Hnguistic discretization is the overlap be­
tween adjacent antecedent fuzzy sets (i.e., adjacent linguistic terms). This 
means that many linguistic rules overlap with each other in the pattern space. 
On the other hand, there is no overlap of rules in the case of interval dis­
cretization. This difference is illustrated in Fig. 7.3. In Fig. 7.3 (a), an input 
pattern denoted by the closed circle in the pattern space is covered by four 
linguistic rules corresponding to the four shaded cells. In general, an input 
pattern in the n-dimensional pattern space is covered by 2^ linguistic rules. 
On the other hand, an input pattern is covered by only a single rule in the 
case of interval discretization as shown in Fig. 7.3 (b). 
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/ \ / \ /\ / \ 

(a) Linguistic discretization (b) Interval discretization 

Fig. 7.3. Difference between fuzzy discretization and interval discretization. Each 
axis is homogeneously divided into five linguistic terms (S: small^ MS: medium 
small, M: medium, ML: medium large, and L: large) and five intervals 

As shown in Fig. 7.3 (a), an input pattern in the pattern space is covered 
by multiple linguistic rules. This means that each training pattern is involved 
in the generation of multiple linguistic rules. On the other hand, each training 
pattern is involved in the generation of a single rule in the case of interval 
discretization. This difference in the rule generation phase is significant when 
training patterns are sparse and discretization is fine. In Fig. 7.4, the two-
dimensional pattern space is divided into 25 cells. From the given 14 training 
patterns (i.e., seven closed circles and seven open circles), 22 linguistic rules 
in the shaded region in Fig. 7.4 (a) can be generated. On the other hand, 
only nine rules can be generated in the case of interval discretization in Fig. 
7.4 (b). 
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(a) Linguistic discretization (b) Interval discretization 

Fig. 7.4. Training patterns and generated rules 

It should be noted that each training pattern has a different influence 
(i.e., different importance) in the rule generation phase according to its com­
patibility grade to each linguistic rule. Let us consider the following linguistic 
rule at the center of the pattern space in Fig. 7.4 (a): 

If xi is medium and X2 is medium then Class 1 with CF = 0.17. (7.1) 

The consequent class and the rule weight of this linguistic rule were de­
termined from four training patterns in the large dotted square at the center 
of the pattern space in Fig. 7.4 (a). In the rule generation phase of this lin­
guistic rule, one training pattern from Class 1 near the center of the pattern 
space has a larger compatibility grade than two training patterns from Class 
2 near the sides of the small cell at the center of the pattern space. The com­
patibility grades of the four compatible patterns are 0.90 (Class 1 pattern 
near the center of the pattern space), 0.52 (Class 2 pattern), 0.30 (Class 2 
pattern), and 0.26 (Class 1 pattern). The sum of the compatibility grades 
over the two training patterns from Class 2 is smaller than that of the two 
Class 1 patterns. As a result, the consequent of the linguistic rule in (7.1) is 
Class 1. 

The corresponding rule was generated in Fig. 7.4 (b) in the case of interval 
discretization as 

If xi is medium and X2 is medium then Class 2 with CF = 0.33. (7.2) 

This rule was generated from three compatible training patterns that are 
located in the small cell at the center of the pattern space in Fig. 7.4 (b). Note 
that the linguistic rule in (7.1) and the interval rule in (7.2) have different 
consequent classes. 
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7.1.2 Effect in the Classification Phase 

The characteristic features of linguistic discretization in the classification 
phase also stem from the fact that multiple linguistic rules overlap with each 
other in the pattern space. The decision region of each linguistic rule in the 
case of linguistic discretization is usually different from the corresponding 
cell in the case of interval discretization (see Fig. 7.5 (a)). This is because the 
size of the decision region of each linguistic rule depends on its rule weight 
(i.e., its certainty grade). The location of the classification boundary can 
be adjusted using the rule weight of each linguistic rule as shown in Chap. 
3 [67, 132]. On the other hand, the location of the classification boundary 
is determined by the threshold values on each axis in the case of interval 
discretization as shown in Fig. 7.5 (b). This is because the decision region of 
each interval rule is uniquely determined by the threshold values on each axis. 
Note that no rules are generated in the two cells shaded in Fig. 7.5 (b). From 
these discussions, we expect that good results can be obtained by linguistic 
rules even when the linguistic discretization of each axis is not appropriately 
specified. On the other hand, each axis should be appropriately discretized 
into intervals for generating interval rules with high classification ability. 
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(a) Linguistic discretization (b) Interval discretization 

Fig. 7.5. Decision region of each rule and the classification boundary 

Linguistic rules have larger decision regions than the corresponding inter­
val rules when rules are sparse. If there are no adjacent linguistic rules around 
the linguistic rule in (7.1) with the antecedent part {medium, medium), its 
decision region is the dotted square in Fig. 7.4 (a). On the other hand, the 
decision region of the corresponding interval rule is always the corresponding 
cell at the center of Fig. 7.4 (b). That is, the size of the decision region is 
independent of the existence of adjacent interval rules in the case of interval 
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discretization. The size of the decision region of each hnguistic rule, however, 
depends on the existence of adjacent linguistic rules. Thus a small number 
of sparsely located linguistic rules can classify far more patterns than the 
corresponding interval rules. In the case of interval discretization, the classi­
fication of many patterns will be rejected if the number of interval rules is 
very small. From these discussions, we expect that a small number of linguis­
tic rules have higher classification ability than the same number of interval 
rules. 

7.1.3 Summary of Effects of Linguistic Discretization 

In this section, we have illustrated some effects of linguistic discretization 
in the rule generation phase and the pattern classification phase. The main 
positive effects of linguistic discretization on the classification performance 
of linguistic rule-based systems are summarized as follows: 

(1) Multiple linguistic rules can be generated from a single training pattern 
while only a single rule can be generated in the case of interval dis­
cretization. This may lead to better results by linguistic discretization 
than interval discretization when the number of training patters is very 
small (i.e., when training patterns are sparse). 

(2) The location of the classification boundary can be adjusted using the rule 
weight of each linguistic rule while it is determined by the specification 
of threshold values in the case of interval discretization. This may lead 
to better results by linguistic discretization than interval discretization 
when the discretization of each axis is not tuned appropriately. 

(3) Each linguistic rule can classify a larger region than the corresponding 
interval rule. This may lead to better results by linguistic discretization 
than interval discretization when the number of rules is very small (i.e., 
when rules are sparse). 

7.2 Specification of Linguistic Discretization from 
Interval Discretization 

7.2.1 Specification of Fully Fuzzified Linguistic Discretization 

The membership function of each fuzzy set in Fig. 7.1 and Fig. 7.2 was 
generated from the corresponding interval based on the following constraint 
conditions: 

(a) Membership functions are linear (i.e., triangular or trapezoidal). 
(b) The sum of neighboring membership functions is 1. 
(c) Crossing points of neighboring membership functions coincide with thresh­

old values for interval discretization (see Fig. 7.1 and Fig. 7.2). 
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(d) The membership value of each intermediate fuzzy set (e.g., MS: medium 
small, M: medium, and ML: medium large in Fig. 7.1) is 1 at the midpoint 
of the corresponding interval. The membership value of the smallest fuzzy 
set (e.g., S: small in Fig. 7.1) is 1 at the smallest input value 0 in the 
domain interval [0,1]. The membership value of the largest fuzzy set (e.g., 
L: large in Fig. 7.1) is 1 at the largest input value 1 in the domain interval 
[0,1]. 

It should be noted that linguistic discretization is not uniquely specified by 
these constraint conditions from interval discretization. For example, Fig. 
7.6 satisfies these constraint conditions as well as Fig. 7.1. While Fig. 7.1 
shows fully fuzzified linguistic discretization, Fig. 7.6 shows partially fuzzified 
linguistic discretization. 

Fig. 7.6. Partially fuzzified lin­
guistic discretization 

To represent the grade of fuzzification, let us introduce the fuzzification 
grade F. When F = 1, linguistic discretization is fully fuzzified under the 
above constraint conditions as shown in Fig. 7.1 and Fig. 7.2. On the other 
hand, F = 0 corresponds to interval discretization with no fuzzification (i.e., 
no overlap between adjacent fuzzy sets). From fully fuzzified linguistic dis­
cretization with F = 1 and interval discretization with F = 0, we can generate 
partially fuzzified linguistic discretization with arbitrary grades of fuzzifica­
tion. 

Before explaining the specification of partially fuzzified linguistic dis­
cretization, we first show how fully fuzzified linguistic discretization (e.g., 
Fig. 7.1 and Fig. 7.2) can be obtained from interval discretization based on 
the above-mentioned four constraint conditions. Let us assume that the unit 
interval [0,1] is discretized into K intervals / i , / 2 , . . . , / x as shown in Fig. 
7.7. We denote each interval Ij by its lower limit Lj and upper limit Uj as 
Ij = [Lj,Uj], j = 1,2,.. . , K. For these intervals, the following relations hold 
(see Fig. 7.7): 

Li =0,UK = 1, 

U, ^i+i for i = l , 2 , . . . , i ^ ~ l . 

(7.3) 

(7.4) 

Our task is to derive the fully fuzzified linguistic discretization with K fuzzy 
sets from the interval discretization with those K intervals. Let ^ i , A2 , . . . , AK 
be the K fuzzy sets corresponding to the K intervals / i , / 2 , . . . , I ^ . 
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IK 

L, = 0 Ui = L2 U2 = L, UK-I = LK UK= I 

Fig. 7.7. Interval discretization of the unit interval [0,1] into K intervals 

As shown in Fig. 7.1 and Fig. 7.2, each fuzzy set Aj is in general t rape­
zoidal from the first constraint condition (a). A triangular fuzzy set can be 
viewed as a special case of a trapezoidal fuzzy set. We denote the trapezoidal 
fuzzy set Aj by its four parameters as Aj = (aj^bj^Cj^dj). This notation is 
illustrated in Fig. 7.8. It should be noted tha t the fuzzy set Aj is triangular 
when bj = Cj. 

Fig. 7.8. Adjacent trapezoidal 
fuzzy sets 

From the second constraint condition (b), we have the following relations 
(see Fig. 7.8): 

ttj+i = Cj and bj-^i = dj for j = 1, 2 , . . . , jff — 1. (7.5) 

In this case, we can see from Fig. 7.8 tha t the following relation holds: 

fXAj (x) + fj.Aj+1 (x) = 1 for Cj <x < dj, J = 1 ,2 , . . . , i^ - 1. (7.6) 

From the fourth constraint condition (d), the left hand side slope of the 
first fuzzy set Ai (e.g., S in Fig. 7.1) is specified as 

ai=bi= 0. (7.7) 

The right hand side slope of the last fuzzy set AK (e.g., L in Fig. 7.1) is 
specified as 

CK = dK = 1. (7.8) 

From (7.5), (7.7), and (7.8), we can see tha t the fuzzy discretization with 
^ 1 , ^2 5 • • • 5 AK is uniquely specified by determining the values of Cj and dj 
for j = 1 ,2 , . . . , K — 1. In the following, we show how these parameters can 
be determined from the interval discretization with / i , / 2 , . . . , / ^ . 

The third constraint condition (c) requires the following relation: 

t̂ . = ^4^fori = l,2,.. ,K (7.9) 
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To handle the fourth constraint condition (d), let us define Mj where the 
membership value of Aj should be 1 as follows: 

f 0, if j = 1, 
Mj = I (Lj + Uj)/2, ifl<j<K, (7.10) 

( 1, if J = K. 

The fourth constraint condition (d) requires the following relation: 

Mj < Cj < dj < Mj^i for i =̂  1,2,.. . , K - 1. (7.11) 

The specification of the fully fuzzified linguistic partition means the min­
imization of Cj and the maximization of dj under the constraint conditions 
in (7.9) and (7.11). This optimization problem can be easily solved as follows: 

Case 1 (Fig. 7.9 (a)): When Uj < {Mj + Mj+i)/2, then 

Cj = Mj and dj = Uj + {Uj - Mj). 

Case 2 (Fig. 7.9 (b)): When Uj > {Mj + M^+i)/2, then 

Cj = Uj - {Mj^i - Uj) and dj M. j+ i -

(7.12) 

(7.13) 

Using (7.12) and (7.13), we can specify Cj and dj for j = 1,2,..., if — 1. 
Then aj and hj are specified from (7.5) for j = 2 , 3 , . . . , if. The other param­
eters have already been specified by (7.7) and (7.8). In this manner, we can 
specify the fully fuzzified linguistic discretization of the domain interval [0,1] 
with the K fuzzy sets from the interval discretization with the K intervals. 

d r ^^— 

1 

MJ 

i 
^ 

^ " ^ • r / 

M>i M, UJ 

(a) Case 1 (b) Case 2 

Fig. 7.9. Illustration of the specification of Cj and dj 

7.2.2 Specification of Partially Fuzzified Linguistic Discretization 

Now we show how we can specify the partially fuzzified linguistic discretiza­
tion with the fuzzification grade F . Let us denote the partially fuzzified trape­
zoidal fuzzy set Aj with the fuzzification grade F as Af = {aJ,bj,cj,dj) 
where 0 < F < 1. Note that we have already obtained the fully fuzzified 
trapezoidal fuzzy set Aj — (a],6],cj,(ij) with the maximum fuzzification 
grade (i.e., F = 1) in the previous subsection. On the other hand, the trape­
zoidal fuzzy set J^j — (a^, 6^,c^,d^) with no fuzzification is the same as the 
interval F : 
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a^.=lP.=Lj, (7.14) 

c° = rfO = Uj. (7.15) 

Using the interpolation between A^ and A], we specify Aj = (aj", bf^cf, 
dj) as follows: 

af = a''j + {a]-a^j)F, (7.16) 

^f = ^i + (^i - ^ i )^ ' (7-17) 

"̂" = ^' + ( 4 - ^ ' ) ^ ' (^-IS) 

df = d^'j + ( 4 - d^j)F. (7.19) 

From these formulations, we can generate partially fuzzy linguistic discretiza­
tion with arbitrary fuzzification grades when the interval discretization is 
given. Figure 7.6 was drawn using these formulations for F = 0.5. 

7.3 C o m p a r i s o n Us ing H o m o g e n e o u s D i s c r e t i z a t i o n 

Through computer simulations on the iris data set and the wine data set, we 
compare linguistic discretization with interval discretization when the domain 
interval of each attribute is homogeneously divided into multiple intervals 
with the same width. 

7.3.1 Simulation Results on Iris Data 

In this subsection, we present simulation results on the iris data set. As in 
the previous chapters, the iris data set was treated as a three-class pattern 
classification problem in the four-dimensional unit hypercube [0,1]^. 

First we examined the classification performance of linguistic rule-based 
systems in the case of sparse training patterns. We randomly selected only 
five samples from each class as training patterns. Thus the total number of 
training patterns was 15. These training patterns were used to design a lin­
guistic rule-based system. The other 135 samples were used as test patterns 
to evaluate the generalization ability of the designed linguistic rule-based 
system. In our computer simulations in this subsection, the domain interval 
[0,1] of each attribute was uniformly divided into K intervals with the same 
width. The linguistic discretization with K fuzzy sets of the fuzzification 
grade F was generated from the interval discretization with the K intervals. 
To generate linguistic rules, K^ combinations of K antecedent fuzzy sets for 
each of the four attributes were examined using the heuristic rule generation 
procedure in Chap. 2. There were many combinations for which linguistic 
rules could not be generated. This is because training patterns were sparse. 
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We examined four parameter specifications of K: K = 2,3,4,5. For each 
specification of K, we examined eleven parameter specifications of the fuzzi-
fication grade F : F = 0,0.1,0.2,. . . , 1. For each combination of K and F , we 
calculated the average classification rate on test patterns over 500 trials with 
different choices of 15 training patterns (i.e., different partitions of the 150 
samples into 15 training patterns and 135 test patterns). Simulation results 
are summarized in Fig. 7.10. 

o 

U 

Fuzzification grade (F) 

Fig. 7.10. Average classification 
rates on test patterns. Only 15 
samples in the iris data set were 
used as training patterns 

From Fig. 7.10, we can see that the fuzzification of interval discretization 
improved the generalization ability of linguistic rule-based systems. The main 
reason for the poor generalization ability of interval discretization (i.e., poor 
results in Fig. 7.10 in the case of no fuzzification: F = 0) is that only a small 
number of rules were generated from sparse training patterns. As a result, 
the classification of many test patterns was rejected. The average number of 
generated linguistic rules is summarized in Table 7.1. From this table, we can 
see that much far rules were generated in the case of linguistic discretization 
than interval discretization. We also calculated the average rejection rate for 
each combination ofK and F . Simulation results are summarized in Fig. 7.11. 
From this figure, we can see that the classification of many test patterns was 
rejected in the case of a large K (i.e., fine partition) and a small F (i.e., small 
fuzzification grade). The combination of a large K and a small F means a 
small decision region of each linguistic rule. Such a small decision region has 
two negative effects on the classification performance in the case of sparse 
training patterns. One is that the number of generated rules is small. The 
other is that each rule can classify only a small number of test patterns. As 
a result, many test patterns cannot be classified in the case of fine partitions 
and small fuzzification grades. 

Next we examined the classification performance of linguistic rule-based 
systems in the case of sparse rules. We used the 10-fold cross-validation 
(lOCV) technique to estimate the generalization ability of linguistic rule-
based systems. In the lOCV technique, the 150 samples in the iris data set 
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Table 7.1. Number of generated rules 

Partition 

Granularity 

# of rules 

Interval discretization {F = 0) 

2 3 4 5 

6.5 9.0 14.4 11.8 

Partition 

Granularity 

# of rules 

Linguistic discretization (F = 1) 

2 3 4 5 

16.0 40.3 65.5 87.2 

o 

Pi 

Fuzzification grade (F) 

Fig. 7.11. Average rejection 
rates on test patterns. Only 15 
samples in the iris data set were 
used as training patterns 

were randomly divided into ten subsets with five samples from each class (i.e., 
15 samples in each subset). Nine subsets were used as training patterns and 
the remaining subset was used as test patterns. This was iterated ten times so 
that all subsets were used once as test patterns. The whole lOCV procedure 
was iterated 50 times using different partitions of the 150 samples into ten 
subsets for each combination of granularity K and fuzzification grade F. In 
each trial in the lOCV procedure, K^ combinations of K antecedent fuzzy 
sets for each of the four attributes were examined to generate linguistic rules. 
From the generated linguistic rules, N linguistic rules were selected using the 
rule prescreening procedure in Chap. 4. Simulation results are summarized in 
Fig. 7.12 for the case of Â  = 3 (i.e., only a single rule for each class) and Fig. 
7.13 for the case of Â  = 30 (i.e., ten rules for each class). These figures show 
the average classification rate on test patterns for each specification for the 
granularity K, the fuzzification grade F , and the number of linguistic rules 
N. From Fig. 7.12, we can see that the effect of fuzzification on the classifi­
cation performance of linguistic rule-based systems was significant when the 
number of linguistic rules was very small. On the other hand, this effect was 
not so significant when the number of linguistic rules was large as shown in 
Fig. 7.13. 
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Fuzzification grade (F) 

K = 3 OK = 4 mK = 5 

Fig. 7.12. Average classification 
rates on test patterns obtained 
from the lOCV procedure for the 
iris data set using three linguistic 
rules (i.e., a single linguistic rule 
for each class) 

Fuzzification grade (F) 

Fig. 7.13. Average classification 
rates on test patterns obtained 
from the lOCV procedure for the 
iris data set using 30 linguistic 
rules (i.e., ten linguistic rules for 
each class) 

7.3.2 Simulation Results on Wine Data 

In this subsection, we present simulation results on the wine data set. As in 
the previous chapters, the wine data set was treated as a three-class pattern 
classification problem in the 13-dimensional unit hypercube [0,1]^^. In our 
computer simulations in this subsection, we only generated linguistic rules of 
length of 2 or less. 

Using linguistic rules of this length, we performed almost the same com­
puter simulations on the wine data set as in the previous subsection on the 
iris data set. First we examined the classification performance of linguistic 
rule-based systems in the case of sparse training patterns. About 10% of the 
given samples were randomly selected as training patterns from the wine data 
set: six samples from Class 1 with 59 samples, seven samples from Class 2 
with 71 samples, and five samples from Class 3 with 48 samples. Thus the 
total number of training patterns was 18. These training patterns were used 
to design a linguistic rule-based system. The other 160 samples were used as 
test patterns to evaluate the generalization ability of the designed linguistic 
rule-based system. For each specification of the granularity K and the fuzzifi­
cation grade F , we calculated the average classification rate on test patterns 
over 500 trials with different choices of the 18 training patterns. Simulation 
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results are summarized in Fig. 7.14. From this figure, we can see that the 
fuzzification of interval discretization significantly improved the generaliza­
tion ability of linguistic rule-based systems as in Fig. 7.10 on the iris data set 
when training patterns were sparse. 

100 
n-K = 2 mK = 3 OK = 4 mK = 5 

Fuzzification grade (F) 

Fig. 7.14. Average classification 
rates on test patterns. Only 18 
samples in the wine data were 
used as training patterns 

Next we examined the classification performance of linguistic rule-based 
systems in the case of sparse rules. As in the previous subsection, we used the 
lOCV technique to estimate the generalization ability of linguistic rule-based 
systems. The whole lOCV procedure was iterated 50 times using different 
partitions of the wine data set into ten subsets for each specification of the 
granularity K and the fuzzification grade F. Simulation results are summa­
rized in Fig. 7.15 for the case of Â  == 3 (only a single linguistic rule from 
each class) and Fig. 7.16 for the case of iV = 30 (ten linguistic rules from 
each class). From Fig. 7.15, we can see that the effect of fuzzification on the 
performance of linguistic rule-based systems was significant when the number 
of linguistic rules was very small. On the other hand, this effect was not so 
significant in Fig. 7.16 where the number of fuzzy rules was large. The same 
observations were obtained from the previous computer simulations on the 
iris data set (i.e.. Fig. 7.12 and Fig. 7.13). 

7.4 Comparison Using Inhomogeneous Discretization 

In the previous computer simulations, we used homogeneous interval dis­
cretization for generating linguistic discretization with arbitrary fuzzifica­
tion grades. Since the location of classification boundaries totally depends on 
threshold values in the case of interval discretization, generalization ability 
can be improved by carefully choosing threshold values for each attribute. In 
this section, we specify interval discretization using the entropy measure as 
in Fayyad & Irani [45] and Quinlan [143]. 
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K = 3> OK = A %K=5 

Fuzzification grade {F) 

Fig. 7.15. Average classification 
rates on test patterns obtained 
from the lOCV procedure for the 
wine data set using three linguis­
tic rules (i.e., a single linguistic 
rule for each class) 

i: = 3 0 ^ = 

Fuzzification grade (F) 

Fig. 7.16. Average classification 
rates on test patterns obtained 
from the lOCV procedure for the 
wine data set using 30 linguistic 
rules (i.e., ten linguistic rules for 
each class) 

7.4.1 E n t r o p y - B a s e d I n h o m o g e n e o u s Interval D i s c r e t i z a t i o n 

In computer simulations in this section, the domain interval of each a t t r ibute 
was discretized independently of the other at t r ibutes. When the domain inter­
val of an a t t r ibute was discretized into K intervals / i , / 2 , . . . , //^ using {K — 1) 
threshold values, the threshold values were selected from (m — 1) candidates. 
Each candidate was the midpoint of a pair of neighboring a t t r ibute values in 
the given m t raining pat terns . All the m-iCK-i combinations were examined 
to select (K — 1) threshold values from (m — 1) candidates (for more efficient 
discretization methods, see [41]). The entropy was calculated for each combi­
nation of {K — 1) threshold values (i.e., for each discretization). Let D be the 
set of given training pat terns . Using (K — l) threshold values on the a t t r ibute 
to be discretized (i.e., using K intervals J i , /2 , • • •, ^ K on tha t a t t r ibute) , the 
da ta set D is divided into K subsets i ^ i ,D2 , •. • , D K where Dj is the set of 
training pat terns in the interval Ij. According to the class of each training 
pat tern , each subset Dj is further divided into M subsets Dji,Dj2,..., DJM 
where Djh is the set of training pat terns from Class h in the interval Ij. The 
entropy measure i J ( / i , / 2 , . . . , / K ) is defined for the interval discretization 
J i , / 2 , . . . , / x as 
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K 

H{h,h....jK) = -Y. 
\Dj\ 
m 

M 

L. p . | A-g2 |̂ .̂| (7.20) 

The combination of {K — 1) threshold values with the minimum entropy 
was selected for each attribute. We discretized the domain interval of each 
attribute in this manner as a preprocessing procedure before designing lin­
guistic rule-based systems. From the inhomogeneous interval discretization 
generated in this manner, we generated the corresponding fully fuzzified 
linguistic discretization as shown in Fig. 7.2. Then we generated partially 
fuzzified linguistic discretization with various fuzzification grades F from the 
inhomogeneous interval discretization and the corresponding fully fuzzified 
linguistic discretization. 

7.4.2 Simulation Results on Iris Data 

As in Sect. 7.3.1, we examined the classification performance of linguistic rule-
based systems in the case of sparse training patterns (i.e., 15 training patterns 
from the iris data set). Simulation results are summarized in Fig. 7.17. From 
this figure, we can see that the classification performance of linguistic rule-
based systems on test patterns was improved by increasing the fuzzification 
grade. This improvement was more significant in the case of fine discretization 
(e.g., K = 5) than coarse discretization (e.g., K = 2). 

nK = 2 mK=3 OK=4 mK = 5 

o 

U 

Fuzzification grade (F) 

Fig. 7.17. Average classification 
rates on test patterns in the case 
of inhomogeneous discretization. 
Only 15 samples in the iris data 
set were used as training patterns 

We also examined the classification performance of linguistic rule-based 
systems in the case of sparse rules. As in Sect. 7.3.1, we used the lOCV 
technique. Simulation results are summarized in Fig. 7.18 for the case of 
N = 3 (i.e., only a single linguistic rule from each class) and Fig. 7.19 for 
the case of Â  = 30 (i.e., ten linguistic rules from each class). From these 
figures, we can see that the classification performance of linguistic rule-based 
systems on test patterns was improved by increasing the fuzzification grade. 
This improvement was more significant in Fig. 7.18 with only three linguistic 
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rules than Fig. 7.19 with 30 linguistic rules. In the case of i f = 3 in Fig. 7.19 
(i.e., closed squares), we can observe no improvement in the classification rate 
by the increase of the fuzzification grade. 

nK = 2 mK = 3 OK = 4 

Fuzzification grade (F) 

Fig. 7.18. Average classification 
rates on test patterns obtained 
from the lOCV procedure for the 
iris data set using three linguis­
tic rules (i.e., a single linguistic 
rule for each class). Inhomoge-
neous discretization was used 

Fuzzification grade (7^ 

Fig. 7.19. Average classification 
rates on test patterns obtained 
from the lOCV procedure for the 
iris data set using 30 linguistic 
rules (i.e., ten linguistic rules for 
each class). Inhomogeneous dis­
cretization was used 

7.4.3 S i m u l a t i o n R e s u l t s o n W i n e D a t a 

In the same manner as in Sect. 7.3.2, we performed computer simulations 
on the wine da ta set using inhomogeneous discretization. Linguistic rules of 
length of 2 or less were used. First we examined the classification performance 
of linguistic rule-based systems in the case of sparse training pat terns (i.e., 
only 18 training pat terns) . Simulation results are summarized in Fig. 7.20. 
From Fig. 7.20, we can see tha t the classification performance of linguistic 
rule-based systems was improved by increasing the fuzzification grade when 
they were generated from sparse training pat terns . The same observation was 
obtained from the previous computer simulations on the iris da ta set. 
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Fuzzification grade (F) 

Fig. 7.20. Average classification 
rates on test patterns using in-
homogeneous discretization. Only 
18 samples in the wine data set 
were used as training patterns 

Next we examined the classification performance of linguistic rule-based 
systems in the case of sparse rules using the lOCV technique. Simulation 
results are summarized in Fig. 7.21 for N = 3 (i.e., only a single linguistic 
rule for each class) and Fig. 7.22 for N = 30 (i.e., ten linguistic rules for 
each class). From Fig. 7.21, we can see tha t the classification performance 
of linguistic rule-based systems was improved by increasing the fuzzification 
grade when the number of linguistic rules was very small. The same obser­
vation was obtained from the previous computer simulations on the iris da ta 
set. On the other hand, the classification performance was impaired by the 
fuzzification of interval discretization in Fig. 7.22. Only this figure among 
simulation results in this chapter shows a clear deterioration in the classi­
fication performance by the fuzzification of interval discretization. Thus we 
conclude tha t the fuzzification of interval discretization can have a negative 
eff'ect on the classification performance of rule-based systems when the fol­
lowing conditions are satisfied: the number of training pat terns is not too 
small, the number of rules is not too small, and threshold values for interval 
discretization are appropriately specified. 

100 r-r 
nK = 2 *K = 3 0 ^ = 4 %K = 5 

Fuzzification grade (F) 

Fig. 7.21. Average classification 
rates on test patterns obtained 
from the lOCV procedure for the 
wine data set using three linguis­
tic rules (i.e., a single linguistic 
rule for each class). Inhomoge­
neous discretization was used 
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^K = 2 » ^ = 3 OK = 4 mK^5 

Fuzzification grade (F) 

Fig. 7.22. Average classification 
rates on test patterns obtained 
from the lOCV procedure for the 
wine data set using 30 linguistic 
rules (i.e., ten linguistic rules for 
each class). Inhomogeneous dis­
cretization was used 



8. Modeling with Linguistic Rules 

We have already explained how linguistic rules can be used for pattern clas­
sification problems. In this chapter, we discuss modeling problems using lin­
guistic rules. Our task in this chapter is to extract linguistic rules (i.e., to 
design a linguistic rule-based system) from numerical data to approximately 
realize an unknown nonlinear function. First we describe a heuristic approach 
to linguistic rule extraction from numerical data for modeling problems. Then 
we explain a fuzzy reasoning method for calculating an output value for an 
input vector using linguistic rules. In later chapters, we explain rule selection, 
genetics-based machine learning, and learning of linguistic rules for modeling 
problems. 

8.1 Problem Description 

Let us assume that we have m input-output pairs (Xp, yp),p = 1,2,.. . , m, as 
training data where Xp = {xpi,Xp2^..., Xpn) is an n-dimensional input vector 
and ijp is the corresponding output value. We also assume that linguistic 
terms are given for describing the input and output variables. This means 
that a fuzzy partition of the input-output space is given. Our task is to 
design a linguistic rule-based system to approximately realize an unknown 
n-input and single-output nonlinear function using the given training data 
and the given linguistic terms. For simplicity of explanation, we assume that 
the n-dimensional input space and the single-dimensional output space are 
normalized into the n-dimensional unit hypercube [0,1]^ and the unit interval 
[0,1], respectively. In Fig. 8.1, we show a simple example of our modeling 
problem where 20 input-output pairs are given in a two-dimensional input-
output space [0,1] X [0,1]. Five linguistic terms (i.e., S: small, MS: medium 
small, M: medium, ML: medium large, and L: large) are given for both the 
input and output variables in Fig. 8.1. 

The linguistic rules for approximately realizing an n-input and single-
output function are written in the following form: 

Rule Rqi If xi is Aqi and . . . and Xn is Aqn then y is Bq, (8.1) 

where Rq is the label of the q-th linguistic rule, x = {xi,... ,Xn) is an n-
dimensional input vector, Aqi is a linguistic term given for the i-th input 



162 8. Modeling with Linguistic Rules 

Fig. 8.1. A simple example of our 
modeling problem where 20 input-
output pairs are given. The two-
dimensional input-output space is dis-
cretized into 25 fuzzy subspaces by 
five linguistic terms for the input and 
output variables 

variable Xi (i.e., Aqi is an antecedent fuzzy set), y is an output variable, and 
Bq is a linguistic term for the output variable (i.e., Bq is a consequent fuzzy 
set). When K linguistic terms are given for each of the n input and single 
output variables (e.g., K = 5 in Fig. 8.1), the total number of combinations 
of antecedent and consequent fuzzy sets is K^'^-^ in (8.1). Our task in this 
chapter is to generate a linguistic rule-based system, which is a subset of the 
j{ri+i combinations of antecedent and consequent fuzzy sets. When we use 
a grid-type fuzzy partition to generate a linguistic rule table, the number of 
linguistic rules is K^ because a single linguistic rule is generated for each 
combination of antecedent fuzzy sets (i.e., for each fuzzy subspace in the n-
dimensional input space). In Fig. 8.2, we show an example of a 5 x 5 fuzzy 
rule table. This table consists of the following 25 linguistic rules: 

If xi is small and X2 is small then y is small, (8-2) 

If xi is small and X2 is medium small then y is medium small, (8.3) 

If xi is large and X2 is large then y is small. (8.4) 

Figure 8.3 shows the corresponding nonlinear function generated by the 
fuzzy rule table in Fig. 8.2. In this chapter, we explain how linguistic rules 
(e.g., Fig. 8.2) can be extracted from training data. We also explain how 
nonlinear functions (e.g.. Fig. 8.3) can be depicted from linguistic rule-based 
systems. 

8.2 Linguistic Rule Extract ion for Modeling Problems 

When the number of input variables is small (e.g., n = 2), we can use a 
linguistic rule-based system in a tabular form as Fig. 8.2. In this case, the 
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Fig . 8 .2 . An example of a 5 x 5 fuzzy 
rule table 

y 0.5 

0.0 
0.0 

1.0 0.0 

Fig. 8.3. The nonlinear function de­
picted by the fuzzy rule table in Fig. 
8.2. The calculation of the output 
value for each input vector is ex­
plained in Sect. 8.2.4 

antecedent part of each linguistic rule is specified by the combination of 
given linguistic terms. The number of linguistic rules is the same as the 
number of combinations of linguistic terms for the n input variables in the 
antecedent part. In this section, we explain a heuristic method for determining 
the consequent part of each linguistic rule. Our heuristic method for modeling 
problems is similar to the heuristic rule generation method in Chap. 2 for 
pattern classification problems. 

8.2.1 Linguistic Association Rules for Modeling Problems 

The linguistic rule R^ in (8.1) can be viewed as a linguistic association rule 
Aq ^ Bq where Aq = (Agi, . . . ,^^n)- While the consequent part is a class 
label in the pattern classification problems in Chap. 2, 5^ is a linguistic term 
in the modeling problems in this chapter. We extend the two measures (i.e., 
confidence and support) in data mining to the case of the linguistic association 
rule Aq ^ Bq in the same manner as in Chap. 2 [57, 95]. 
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Let us denote the given training data hj D: D = {(xi, ^ i ) , . . . , {Xm^ym)}-
The cardinality of D is m (i.e., \D\ = m). Let D{Aq) be the fuzzy set of 
compatible training data with the antecedent part Aq of the linguistic rule Rq. 
Then the total compatibility grade with the antecedent part Aq is calculated 
as 

m 

\D{Aq)\=J2^^A^P^- (^•^) 
p=l 

As in Chap. 2, the compatibility grade fiAq{xp) of Xp with Aq is defined 
by the minimum operator or the product operator (see (2.3) and (2.4) of 
Chap. 2). In this book, we use the product operator. In (8.5), |D(Ag)| is the 
cardinality of the fuzzy set D{Aq). 

Using the product operator, the compatibility grade fiR^{xp,yp) of the 
input-output pair (xp^yp) with the linguistic rule Rq (i.e., with both the 
antecedent part Aq and the consequent part Bq) is defined as 

I^RMP^VP) = ^^Aq{xp) X fiB,{yp)' (8.6) 

It is possible to use the minimum operator instead of the product operator in 
(8.6). Let D{Aq) U D{Bq) be the fuzzy set of compatible training data with 
both the antecedent part Aq and the consequent part Bq. Then the total 
compatibility grade with the linguistic rule Rq (i.e., with both Aq and Bq) 
is calculated as 

m m 

p=l p=l 

As in Chap. 2 for pattern classification problems, the two measures (i.e., 
confidence and support) in the field of data mining [4, 5] can be defined for 
the linguistic association rule Aq ̂  Bq [57, 95]. The confidence c{Aq ^ Bq) 
of the linguistic association rule Aq =^ Bq is defined as 

m 

l n / 4 M , r . / D M ^ f^A.iXp) XfiB,{yp) 
. . ^ O X \D{Aq)UD{Bq)\ _p=l 

' ^ '^' Ef^A,{Xp) 
p=l 

The confidence c{Aq ^ Bq) is the ratio of compatible training data with both 
the antecedent part Aq and the consequent part Bq to compatible training 
data with the antecedent part Aq. The confidence c{Aq ^ Bq) measures the 
validity of the linguistic association rule Aq ̂  Bq. 

On the other hand, the support s{Aq ^ Bq) of the linguistic association 
rule A^ =^ Bq is defined as 

m 

s{Ag ^ Bg) - r^i — . (8.9) 
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The support s{Aq ^ Bq) is the ratio of compatible training data with both 
the antecedent part Aq and the consequent part Bq to the given training 
data. The support s{Aq ^ Bq) measures the coverage of training data by 
the linguistic association rule Aq ^ Bq. 

8.2.2 Specification of the Consequent Part 

As in the heuristic rule generation method in Chap. 2 for pattern classifica­
tion problems, we choose the consequent linguistic term with the maximum 
confidence for the antecedent part Aq as 

c{Aq => Bq) = m3.x{c{Aq ^ Bk)\k = l,2,...,K}, (8.10) 

where Bk, k = 1,2^... ,K, are linguistic terms given for the output variable. 
In Chap. 2, the consequent part of each linguistic rule was specified as the 
consequent class with the maximum confidence. 

We illustrate the heuristic rule generation method in (8.10) using the 
simple numerical example in Fig. 8.1. The location of each input-output pair 
in Fig. 8.1 is shown in Table 8.1. Let us consider the specification of the 
consequent part of the linguistic rule "If x is small then y is Bq^\ As shown 
in Fig. 8.1, five linguistic terms are given for the output variable. Thus Bq 
is one of those five linguistic terms (i.e., S: small, MS: medium small, M: 
medium, ML: medium large, and L: large). The membership function of each 
linguistic term is as follows: 

fis{y) =max{0, 1 - 4 

fJ^Msiy) = max{0, 1 - 4 

fiM{y) =max{0, 1 - 4 

fJ^Miiy) = max{0, 1 - 4 

fiiiy) = max{0, 1 - 4 

The five linguistic terms for t 
membership functions as (8.11)-(8.15). 

•\y\}, 

•10.25-2/1}, 
•10.5-2/1}, 
•10.75-2/1}, 

•\i-y\}-

he input variable x in Fig 

(8.11) 

(8.12) 

(8.13) 

(8.14) 

(8.15) 

. 8 . 1 have the same 

Table 8.1. 

P 1 
Xp 0.01 
yp 0.77 

p 11 

Xp 0.59 
yp 0.74 

Input-output 

2 

0.05 
0.63 

12 

0.64 
0.77 

3 

0.12 
0.59 

13 

0.71 
0.73 

pairs in 

4 

0.14 
0.49 

14 

0.74 
0.55 

Fig. 8.1 

5 

0.22 
0.44 

15 

0.79 
0.65 

6 

0.26 
0.48 

16 

0.82 
0.54 

7 

0.29 
0.56 

17 

0.85 
0.35 

8 

0.39 
0.53 

18 

0.89 
0.44 

9 

0.43 
0.63 

19 

0.91 
0.28 

10 

0.53 
0.64 

20 

0.98 
0.21 

To determine the consequent part Bq of the linguistic rule "If x is small 
then y is Bq^ using (8.10), the confidence for each of the five consequent 
linguistic terms is calculated as 
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c{small ^ small) = 0.000, (8.16) 

c{small ^ medium sm^all) = 0.016, (8.17) 

c{sm.all ^ m^edium) — 0.433, (8.18) 

c{sm,all =^ m^edium. large) = 0.523, (8.19) 

c{small ^ large) = 0.027. (8.20) 

Since medium large has the maximum confidence among the five consequent 
linguistic terms, the consequent part is specified as medium large for the 
antecedent linguistic term small. In the same manner, we can generate the 
following five linguistic rules for the simple numerical example in Fig. 8.1: 

If X is small then y is medium large^ (8.21) 

If X is medium small then y is medium^ (8.22) 

If X is medium then y is medium large, (8.23) 

If X is medium large then y is medium large, (8.24) 

If X is large then y is medium small. (8.25) 

If we try to intuitively generate linguistic rules from the given training 
data in Fig. 8.1, we are likely to generate the same five linguistic rules. That 
is, our heuristic rule generation method determines the consequent part of 
each linguistic rule in an intuitively acceptable manner. 

To further illustrate our heuristic rule generation method, we applied it 
to 441 input-output pairs obtained from a nonlinear function in Fig. 8.4. The 
441 input-output pairs correspond to the 441 grid points of the uniformly 
divided 21 x 21 grid of the two-dimensional input space [0,1] x [0,1]. Our 
task is to approximately represent the nonlinear function in Fig. 8.4 using 
linguistic rules. When five linguistic terms are given for each of the two input 
variables as in Fig. 8.2, 25 linguistic rules are to be generated from the 441 
input-output pairs. The generated linguistic rules using five linguistic terms 
for the output variable are shown in Fig. 8.5. From the comparison between 
Fig. 8.4 and Fig. 8.5, we can see that intuitively acceptable linguistic rules 
were generated by the heuristic rule generation method. 

8.2.3 Other Approaches to Linguistic Rule Generations 

Since Mamdani's pioneering work [124], fuzzy rule-based systems have been 
mainly applied to control problems [118, 119, 156]. In early studies, fuzzy 
rules were obtained from human experts in the form of linguistic knowledge. 
Many studies have been proposed for automatically generating fuzzy rules 
from numerical data. Takagi & Sugeno [162] proposed the well-known Takagi-
Sugeno model where a linear function instead of a linguistic term was used 
in the consequent part as follows: 
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y 0.5 

0.0 
0.0 

1.0 0.0 

Fig. 8.4. Nonlinear function from 
which 441 input-output pairs are ob­
tained for generating a linguistic rule-
based system 
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Fig. 8.5. Linguistic rule-based system 
generated to approximately realize the 
nonlinear function in Fig. 8.4 

R(^'. If x\ is Aq\ and . . . and Xn is Aq 

then yq(x) = a^o + CLqi^i + . . . + a^ (8.26) 

where aqi is an adjustable parameter (real number) . They proposed a fuzzy 
modeling method for determining the membership function of each an­
tecedent fuzzy set and the consequent linear function of each fuzzy rule. 

For determining fuzzy rules of the form in (8.1), clustering techniques have 
been used in many fuzzy modeling methods [150, 151, 159]. In clustering-
based methods, antecedent and consequent fuzzy sets are usually generated 
by the projection of each cluster (i.e., multi-dimensional fuzzy set) onto input 
and output variables. Tha t is, usually clustering-based methods (as well as 
the Takagi-Sugeno model) do not assume tha t linguistic terms are given for 
input and output variables. 

Wang & Mendel [176] proposed a rule generation method tha t used given 
linguistic terms. In their method, it is assumed tha t the input -ou tput space 
has already been divided into fuzzy subspaces by given linguistic terms as 
in Fig. 8.1. First the linguistic rule with the highest compatibility grade for 
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each input-output pair is identified. That is, m linguistic rules are generated 
from the given m input-output pairs. Of course, the same linguistic rule may 
be generated from multiple input-output pairs. The compatibility grade of 
each linguistic rule with the corresponding input-output pair (i.e., the input-
output pair that generates the linguistic rule) is used as the rule weight of 
the linguistic rule. When there exist inconsistent linguistic rules (i.e., linguis­
tic rules with the same antecedent part but different consequent linguistic 
terms), the linguistic rule with the largest rule weight is chosen to resolve 
the inconsistency. Rule weights are used only for resolving the inconsistency 
in the rule generation method of Wang & Mendel (i.e., rule weights are not 
used in fuzzy reasoning). 

We illustrate the rule generation method of Wang & Mendel using the 
simple numerical example in Fig. 8.1. From each input-output pair in Fig. 
8.1 (i.e., in Table 8.1), the following 20 linguistic rules are generated: 

1st pair: If x is small then y is medium large (weight: 0.883), (8.27) 

2nd pair: If x is small then y is medium large (weight: 0.416), (8.28) 

3rd pair: If x is small then y is medium (weight: 0.333), (8.29) 

4th pair: If x is medium small then y is medium (weight: 0.538), (8.30) 

20th pair: If x is large then y is medium small (weight: 0.773). (8.31) 

From the first three input-output pairs, linguistic rules with the same an­
tecedent part "If X is small" are generated. These linguistic rules are incon­
sistent. Thus the linguistic rule with the largest weight (i.e., (8.27) generated 
from the first input-output pair) is chosen. In this manner, we have five 
linguistic rules for the simple numerical example in Fig. 8.1 using the rule 
generation method of Wang & Mendel. The generated five linguistic rules are 
the same as those by our heuristic rule generation method in the previous 
subsection. 

The difference between our heuristic method and the rule generation 
method of Wang & Mendel can be clearly illustrated using Fig. 8.6. In this fig­
ure, a single input-output pair (0.49,0.24) is added to the 20 input-output 
pairs in Fig. 8.1. Our heuristic method generates the same five linguistic 
rules for Fig. 8.6 as those for Fig. 8.1. On the other hand, the rule generation 
method of Wang & Mendel generates the linguistic rule "If x is medium then 
y is medium smaW for Fig. 8.6 while it generates "If x is medium then y 
is medium large^^ for Fig. 8.1. This is because the consequent linguistic term 
of each linguistic rule is determined by a single input-output pair with the 
highest compatibility grade in the rule generation method of Wang & Mendel. 
On the other hand, it is determined by all the compatible input-output pairs 
with the antecedent part in our heuristic method. 
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K^><SxS><l 
0.0 1.0 

Fig. 8.6. A slightly modified example. 
A single input-output pair (0.49, 0.24) 
is added to the 20 input-output pairs 
in Fier. 8.1 

8.2.4 Estimation of Output Values by Linguistic Rules 

Fuzzy reasoning for modeling problems in this chapter is to infer an output 
value for an input vector using linguistic rules. Many fuzzy reasoning meth­
ods have been proposed in the literature. They can be classified into two 
categories: FATI (first aggregate then infer) and FITA (first infer then aggre­
gate). In fuzzy reasoning methods in the FATI category, first an aggregated 
fuzzy set on the output variable is constructed by combining the consequent 
part of each linguistic rule. Then a final inferred output value is calculated 
from the aggregated fuzzy set constructed in the first phase. On the other 
hand, first a real number is calculated for the consequent part of each lin­
guistic rule in fuzzy reasoning methods in the FITA category. Then a final 
inferred output value is calculated from the real number for each linguistic 
rule obtained in the first phase. Fuzzy reasoning methods in the FATI cate­
gory such as the center-of-gravity method were mainly used in early studies 
on fuzzy rule-based systems. Recently fuzzy reasoning methods in the FITA 
category have been frequently used. In this chapter, we use a simple fuzzy 
reasoning method in the FITA category. See Emami et al. [44] and Cordon 
et al. [25] for details of these two categories of fuzzy reasoning methods. 

8.2.5 Standard Fuzzy Reasoning 

Let 5 be a set of linguistic rules of the form (8.1). The rule set S can be 
viewed as a linguistic rule-based system. The estimated output value y{x) 
is calculated from the linguistic rule-based system S for an input vector 
X = {xi,X2,...,Xn) as 

E fJ^A,{x) 'bq 

y{x) = 
RqES 

ROES 

(8.32) 
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where /x^g (x) is the compatibility grade of the input vector x with the an­
tecedent part Aq, and bq is a representative real number for the consequent 
linguistic term Bq of the g'-th linguistic rule Rq. We use the output value 
with the maximum membership of the triangular membership function as 
bq for Bq (e.g., 0 for small, 0.25 for medium small, 0.5 for medium, 0.75 for 
medium large, and 1 for large in the case of the five linguistic terms on the 
unit interval [0,1]). 

The fuzzy reasoning method in (8.32) can be viewed as a simplified version 
of the Takagi-Sugeno model with the following fuzzy reasoning method: 

E I^A,{x)-yq{x) 

RgES 

where yq{x) is the consequent linear function of the q-th fuzzy rule Rq in 
(8.26). 

In Fig. 8.7, we show the estimated output by the five linguistic rules in 
(8.21)-(8.25) for the simple numerical example in Fig. 8.1. The bold lines in 
Fig. 8.7 are the input-output relation obtained from the five linguistic rules 
using the fuzzy reasoning method in (8.32). 

For the five linguistic terms for the input variable in Fig. 8.7, the following 
relation holds for any input value x in the domain interval [0,1]: 

fis{x) + /iMs(^) + I~IM{X) + /XML(^) + f^hix) = 1. (8.34) 

Thus (8.32) can be rewritten for the five linguistic rules in (8.21)-(8.25) as 

y{x) = 0.75 X fisix) + 0.5 x fiMs{x) 

+0.75 X /jiuix) + 0.75 X /iML(^) + 0.25 x /XL(^). (8.35) 

Using the membership function of each linguistic term, this formulation is 
further rewritten as 

f 0.75 • 4(0.25 -x)-\- 0.5 • 4x, if 0 < x < 0.25, 
0.5 • 4(0.5 - x) + 0.75 • 4(x - 0.25), if 0.25 <x< 0.5, . . 
0.75 • 4(0.75 -x)+ 0.75 • 4{x - 0.5), if 0.5 < a: < 0.75, ^ ^ ^ 

[ 0.75 • 4(1 - x) + 0.25 • 4:{x - 0.75), if 0.75 <x<\. 

The bold lines in Fig. 8.7 correspond to this piece-wise linear function. As 
shown in Fig. 8.7 and (8.36), we can see that the input-output relation real­
ized from the five linguistic rules is the linear interpolation of the represen­
tative real numbers for the consequent linguistic terms of adjacent linguistic 
rules. 

Another example of a fuzzy reasoning result is shown in Fig. 8.8. This 
figure shows the estimated input-output relation from the 25 linguistic rules 
in Fig. 8.5. From the comparison between Fig. 8.5 and Fig. 8.8, we can see 
that the fuzzy reasoning result in Fig. %.% is intuitively acceptable. 

y^x) 
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y 0.5 

0.0 
0.0 

Fig. 8.7. The estimated input-output 
relation from the five linguistic rules 
with no rule weights 

1.0 0.0 

Fig. 8.8. The input-output relation 
obtained from the 25 linguistic rules 
in Fig. 8.5 

While the rule weight of each linguistic rule has a large effect on the 
location of the classification boundary in the application to pattern classifi­
cation problems in Chap. 2, the rule weight has only a limited effect on the 
input-output relation realized by the fuzzy reasoning method. Let us consider 
linguistic rules with rule weights of the following form: 

Rule Rq'. If xi is Aqi and . . . and Xn is Aqn 

then y is Bq with CFq^ (8.37) 

where CFq is the rule weight of the linguistic rule Rq. In this case, the fuzzy 
reasoning method in (8.32) is modified as 

y{x) 

J2 CFq • /iA, (X) • bq 
Rqes 

E CFq^f,A,{x) ' 
Roes 

(8.38) 
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As shown in Fig. 8.7, some input values (vectors) are compatible with only a 
single linguistic rule. For each of these input values (vectors), the estimated 
output value is calculated as the representative real number of the consequent 
linguistic term of the single compatible rule. Thus the rule weight of each 
linguistic rule has no effect on the calculation of the estimated output values 
for those input values (vectors). 

The bold lines in Fig. 8.7 (i.e., the input-output relation obtained from 
the five linguistic rules) are determined by the following five points: 

y{x) = 0.75 for x = 0, (8.39) 

y{x) = 0.5 for x = 0.25, (8.40) 

y{x) = 0.75 for x = 0.5, (8.41) 

y{x) = 0.75 for x = 0.75, (8.42) 

y{x) = 0.25 for x = 1. (8.43) 

Each of these five points is calculated from the corresponding single compat­
ible linguistic rule. Thus the locations of these five points are independent 
of the rule weight of each linguistic rule. The rule weight has an effect only 
on the interpolation between these five points. For example, if we assign a 
rule weight 0.2 to the second linguistic rule "If x is medium small then y is 
medium^^ and 1.0 to all the other four linguistic rules, the estimated input-
output relation from the five linguistic rules is calculated as shown in Fig. 
8.9. See [129] for further discussions on the effect of rule weights on fuzzy 
reasoning results in modeling problems. 

Fig. 8.9. The estimated input-output 
relation from the five linguistic rules 
with rule weights. The rule weight of 
the second linguistic rule is 0.2 and 
those of the other linguistic rules are 
1.0 

8.2.6 Limitations and Extensions 

As shown in Fig. 8.7 and Fig. 8.8, fuzzy reasoning results (i.e., input-output 
relations realized by linguistic rules) are piece-wise linear lines (planes, hyper-
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planes). Since we use given linguistic terms for input and output variables, 
it is difficult to perform the fine tuning of linguistic rule-based systems. The 
adjustment of linguistic rule-based systems in a tabular form is performed by 
replacing the consequent linguistic term of each linguistic rule with another 
one. Since we use only a small number of linguistic terms for the output vari­
able, the adjustment of linguistic rules by replacing their consequent linguistic 
terms with other ones is very coarse. In Fig. 8.7, we observe large errors be­
tween the given input-output pairs and the estimated input-output relation 
for medium large x. One may think that these errors would be decreased by 
using a different consequent linguistic term for the fourth linguistic rule. In 
Fig. 8.10, we show the estimated input-output relation when we use medium 
instead of medium large in the consequent part of the fourth linguistic rule. 
As shown in this figure, the accuracy of the five linguistic rules deteriorates 
from Fig. 8.7 to Fig. 8.10 on replacing the consequent linguistic term. While 
the desired input-output relation is somewhere between Fig. 8.7 and Fig. 
8.10, we cannot realize such an input-output relation using the given five 
linguistic terms. This discussion shows that the adjustment of the member­
ship function of each linguistic term is necessary to improve the accuracy of 
linguistic rule-based systems. Many learning methods based on neural net­
works and genetic algorithms have been proposed to improve the accuracy of 
fuzzy rule-based systems [119]. In Chap. 10, we will show how the accuracy 
of linguistic rule-based systems can be improved by using an adjustable real 
number in the consequent part of each linguistic rule instead of a linguistic 
term. 

Fig. 8.10. The estimated input-
output relation from the five linguis­
tic rules after replacing the consequent 
linguistic term of the fourth linguistic 
rule (i.e., medium large) with medium 

Another limitation of linguistic rule-based systems in a tabular form is the 
scalability to high-dimensional problems with many input variables. As we 
have already explained for pattern classification problems, the number of lin­
guistic rules in a rule table is K^ when we have K linguistic terms for each of 
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the n input variables. This means that the number of linguistic rules increases 
exponentially as the number of input variables increases. Thus we cannot use 
Hnguistic rule-based systems in a tabular form for high-dimensional prob­
lems. As in the case of pattern classification problems, we use short linguistic 
rules with many don^t care conditions to handle high-dimensional modeling 
problems. In Chap. 9, we will explain genetic algorithm-based rule selection 
and GBML for modeling problems. 

8.2.7 Non-Standard Fuzzy Reasoning Based on the Specificity of 
Each Linguistic Rule 

When we simultaneously use general linguistic rules and specific linguistic 
rules in a single linguistic rule-based system, counter-intuitive fuzzy reason­
ing results are often obtained [61, 92]. Let us consider the following three 
linguistic rules for a modeling problem with two input variables xi and X2: 

Ri: If xi is small and X2 is small then y is medium, 

i?2* If xi is small then y is medium small, 

R3: y is small. 

(8.44) 

(8.45) 

(8.46) 

The first linguistic rule has two antecedent conditions while the second rule 
has only a single antecedent condition. The third rule has no antecedent 
condition (i.e., has two don't care conditions). The estimated input-output 
function is depicted in Fig. 8.1L This figure is obtained from the three lin­
guistic rules using the standard fuzzy reasoning method in (8.32). 

y 0.5 

0.0 
0.0 

1.0 0.0 

Fig. 8.11. The input-output rela­
tion obtained from the three linguistic 
rules using the standard fuzzy reason­
ing method in (8.32) 

The point is whether the nonlinear function in Fig. 8.11 coincides with our 
intuition or not (i.e., whether an intuitively constructed nonlinear function 
from the three linguistic rules is similar to Fig. 8.11 or not). Let us consider 
the estimated output value for a small xi and a small X2. For example, all 
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the three linguistic rules are fully compatible with the input vector x = 
(0,0). Thus the estimated output value for this input vector is calculated 
as y{x) = 0.25 as the interpolation of the three linguistic terms medium, 
medium small, and small It seems that the estimated output value 0.25 does 
not coincide with our intuition. When the three linguistic rules in (8.44)-
(8.46) are given, usually we intuitively think that the output value would 
be medium for a small xi and a small x^- This is because we usually use 
the most specific rule (i.e., (8.44)) when multiple rules are applicable to a 
current situation. On the other hand, fuzzy reasoning is usually based on the 
interpolation of compatible rules. As a result, fuzzy reasoning results are often 
counter-intuitive when general rules (i.e., short rules with many don^t care 
conditions) and specific rules (long rules with many antecedent conditions) 
are simultaneously used in a single linguistic rule-based system. 

One might think that the three linguistic rules in (8.44)-(8.46) should 
not be used in a single rule-based system because they are inconsistent with 
each other. Several approaches have been proposed for finding inconsistent 
rules in fuzzy rule-based systems [11, 125, 172, 186]. In those studies, it was 
implicitly assumed that the inconsistency in fuzzy rule-based systems should 
be removed or resolved. Recently the importance of outliers and exception 
rules was recognized in some studies on data mining [113, 114, 160]. This 
is because interesting rules are likely to be generated from exceptions in 
many cases. The handling of inconsistent rules has also been studied in the 
field of default reasoning [9, 49, 141, 144, 147]. Many studies on default 
reasoning espouse some form of preference for more specific information [9]. 
When two inconsistent rules are applicable to a current situation, the more 
specific rule is usually used in the reasoning for this situation. In a data 
mining algorithm for finding exception rules [160], more specific rules (i.e., 
exception rules) are implicitly assumed to have priority over general rules. 
Default reasoning has also been discussed in the framework of possibility 
theory (for details, see Dubois et al. [31, 32], Dubois & Prade [34, 35, 37], 
and Yager [182, 183, 184, 185]). 

The preference for more specific information is frequently explained in the 
literature using the following simple example. Let us consider the reasoning 
about a penguin x using the following three rules: 

Rule Rr. Birds fiy, (8.47) 

Rule R\\\ Penguins are birds, (8.48) 

Rule R\\\\ Penguins do not fly. (8.49) 

If we use the first two rules Ri and R\\, we conclude that x flies. We usually 
conclude, however, that x does not fly using the third rule R\\\. This is 
because the third rule R\\\ is more specific than the first rule Ri. 

In order to implement the preference for more specific information, the 
following non-standard fuzzy reasoning method was proposed in [61, 92] based 
on the specificity of each linguistic rule: 
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RqES 

This formulation is the same as the standard fuzzy reasoning method in (8.32) 
when w{Rq,x) = 1. In this formulation, w{Rq^x) is a rule weight determined 
by the relative specificity of the linguistic rule Rq. When Rq includes more 
specific rules, the rule weight w{Rq,x) of Rq for x is discounted in the fuzzy 
reasoning method in (8.50) as follows: 

w{R„x)= n il-i,Adx)). (8.51) 
Rj^CRq 

kjtq 

On the other hand, w{Rq,x) is defined as w{Rq^x) — 1 when no rule is 
included in Rq. This means that the non-standard fuzzy reasoning method in 
(8.50) is the same as the standard fuzzy reasoning method (8.32) when they 
are used for linguistic rule-based systems in the standard tabular form (e.g., 
Fig. 8.5). This is because all linguistic rules in the standard tabular form 
have the same specificity (i.e., no inclusion relations hold among linguistic 
rules). Different results are obtained from the two fuzzy reasoning methods 
only when the inclusion relation holds among linguistic rules. Note that the 
inclusion relation between linguistic rules is defined by their antecedent parts 
as 

RkCRq^ Aki C A,i for i = 1,2,.. . , n. (8.52) 

Let us illustrate the non-standard fuzzy reasoning method using the three 
linguistic rules in (8.44)-(8.46). Among the three linguistic rules, the inclusion 
relation Ri C R2 C R^ holds. Thus w(Rq^x) is calculated as 

w{Ri,x)=:l, (8.53) 

w{R2,x) = 1 - fiAiix) 

= l - / i s (x i ) . / i s (a :2) , (8.54) 

w{Rs,x) = (1 - flAiix)) X {1- flA2{x)) 

= {I- fis(xi) - /xs(^2)) X (1 - /is(^i)). (8.55) 

From (8.55), we can see that the rule weight of the most general rule (i.e., 
Rs: y is small) is discounted when the input vector is compatible with the 
other rules. The weight of R2 is discounted in (8.54) when the input vector is 
compatible with the most specific rule Ri. In Fig. 8.12, we show the input-
output relation obtained from the three linguistic rules in (8.44)-(8.46) using 
the non-standard fuzzy reasoning method. We can see from Fig. 8.12 that 
the non-standard fuzzy reasoning method successfully implements the pref­
erence for more specific information through the weighting mechanism using 
w{Rq,x). For example, the estimated output value y{x) for the input vector 
X = (0,0) is 0.5 in Fig. 8.12 with the non-standard fuzzy reasoning method 
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while it was 0.25 in Fig. 8.11 with the standard fuzzy reasoning method. 
This is because the estimated output value (i.e., y{x) = 0.5) is calculated 
only from the most specific linguistic rule Ri in the case of the non-standard 
fuzzy reasoning method in Fig. 8.12 while it was calculated as the interpola­
tion of all three linguistic rules compatible with the input vector x = (0,0) 
in the case of the standard fuzzy reasoning method in Fig. 8.11. 

From the comparison between Fig. 8.12 and Fig. 8.8, we can see that very 
similar results are obtained from the three linguistic rules in (8.44)-(8.46) 
and from the 25 linguistic rules in Fig. 8.5. That is, the three linguistic rules 
with the non-standard fuzzy reasoning method played a very similar role as 
the 25 linguistic rules in Fig. 8.5 with the standard fuzzy reasoning method. 
The non-standard fuzzy reasoning method in (8.50) is an attempt to handle 
linguistic rule-based systems that consist of general and specific linguistic 
rules. The formulation in (8.50) may need modifications and/or extensions 
in future studies. 

y 0.5 

1.0 0.0 

Fig. 8.12. The input-output rela­
tion obtained from the three linguis­
tic rules using the non-standard fuzzy 
reasoning method in (8.50) 

8.3 Modeling of Nonlinear Fuzzy Functions 

In the previous section, we discussed the estimation of the output value y{x) 
from a linguistic rule-based system for an input vector x. That is, the linguis­
tic rule-based system was used as an approximator of a nonlinear function. In 
this section, we briefly discuss the modeling of fuzzy functions using linguistic 
rule-based systems. This topic will be further discussed in Chap. 14 where 
fuzzified neural networks are used to approximately realize fuzzy functions. 

A function with non-fuzzy input and fuzzy output values is referred to 
as a fuzzy function in this section. That is, a fuzzy function is a mapping 
from a non-fuzzy input vector x = (xi,X2,. . . ^Xn) to a fuzzy number y{x). 
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The fuzzy reasoning method in (8.32) is modified to approximately realize a 
nonlinear fuzzy function as 

Kx) = 
E fJ^A,{x)-Bq 

Rqes 

Rges 

(8.56) 

In this formulation, the calculation of y{x) is performed using fuzzy arith­
metic [106]. We will explain fuzzy arithmetic in detail in Chap. 11 in the con­
text of fuzzification of neural networks. Since the approximation of non-fuzzy 
functions has been the main research topic in the field of fuzzy rule-based 
systems, there are not many studies on the approximation of fuzzy functions 
[78]. 

Using the five linguistic rules in Fig. 8.7 (i.e., in (8.21)-(8.25)), we illus­
trate the difference between (8.32) for calculating the estimated real number 
and (8.56) for calculating the estimated fuzzy number. When the input value 
X — 0.125 is presented to the linguistic rule-based system with the five lin­
guistic rules, the estimated real number y{x) is calculated from (8.32) as 

y{^) 
/j.s{x) '0.75 + fiMsjx) -0.5 

fisix) + fJ^Msix) 
0.5 • 0.75-h 0.5-0.5 

0.5-h 0.5 
= 0.625. (8.57) 

On the other hand, the estimated fuzzy number y{x) is calculated for the 
input value x = 0.125 from (8.56) as 

jj^six) ' medium large + /iMs(^) * m^edium. 
y{x) = 

lis{x) +/iMs(^) 
= 0.5 • m^edium. large + 0.5 • medium. (8.58) 

Intuitively, y{x) is a fuzzy number between medium, large and medium. More 
specifically, y{x) is the weighted average of medium large and medium. Using 
fuzzy arithmetic, the membership function y{x) in (8.58) is calculated as 
shown in Fig. 8.13. 

Fig. 8.13. Membership func­
tion of y(x) in (8.58) 
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A fuzzy rule-based system can also be used as an approximator of a fuzzy 
mapping from a fuzzy input vector to a fuzzy output value. When a fuzzy 
input vector x = (^i,:r2,. . . ,^n) is presented to a fuzzy rule-based system, 
(8.56) is further extended to calculate the estimated fuzzy output y{x) as 

where fiAq (^) is the compatibility grade of the fuzzy input vector x with 
the antecedent part Aq of the linguistic rule Rq. Using fuzzy arithmetic, the 
estimated fuzzy output y{x) is calculated from (8.59) in the same manner as 
illustrated in (8.58). The problem in (8.59) is the definition of the compati­
bility grade JIA^ (^) of the fuzzy input vector x with the antecedent part Aq. 
There may be many alternative definitions. One definition is based on the 
possibility measure [36] as follows: 

IJiAq{x) =: P0SS(ylg i ,Xi) X . . . X V0Ss{Aqr^,Xn), (8.60) 

where 

Vos^{Aqi,Xi) •= max{/x^^.(a:) A/i^.(x)|a; G 3?}. (8.61) 

In (8.61), A is the minimum operator (i.e., a Ab = min{a, 6}). Of course, 
we can use the minimum operator instead of the product operator in (8.60). 
Other measures may be used in (8.60) instead of the possibility measure. 
The approximation of fuzzy functions and fuzzy mappings will be further 
discussed in Chap. 14. 



 

 

 

 

 



9. Design of Compact Linguistic Models 

As in the case of pattern classification problems, genetic algorithm-based 
rule selection and genetics-based machine learning can be applied to the 
design of linguistic rule-based systems for modeling problems [85, 90]. These 
two schemes for pattern classification problems are slightly modified in this 
chapter to apply them to modeling problems. As in the previous chapter, we 
use linguistic rules of the following form to approximately realize an n-input 
and single-output nonlinear function: 

Rule Rq-. If xi is Aqi and . . . and x^ is Aqn then y is Bq. (9.1) 

Our task in this chapter is to design a linguistic rule-based system from 
the given m input-output pairs {Xp,yp)^ p = 1,2, . . . ,m, where Xp = 
{xpi, Xp2,..., Xpn) is an n-dimensional input vector and yp is the correspond­
ing output value. For simplicity of explanation, we assume that the input-
output space has already been normalized into the unit hypercube [0,1]"^"^ .̂ 
We also assume that K linguistic terms are given for each of the n input and 
single output variables. 

9.1 Single-Objective and Multi-Objective Formulations 

9.1.1 Three Objectives in the Design of Linguistic Models 

In Chap. 6, we explained the three-objective optimization problem in the 
design of linguistic rule-based systems for pattern classification problems. 
The three objectives were the classification accuracy, the number of linguistic 
rules, and the total rule length of linguistic rules. The first objective should 
be modified for modeling problems while the other two objectives can be used 
with no modifications. 

Let A? be a set of linguistic rules of the form (9.1). In addition to the given 
K linguistic terms, we use don^t care as an antecedent fuzzy set (i.e., Aqi in 
(9.1)). This special fuzzy set is not used as a consequent fuzzy set (i.e., Bq 
in (9.1)) because linguistic rules with don't care in the consequent part are 
meaningless. Thus the total number of possible linguistic rules is K{K + 1)'^. 
The rule set 5 is a subset of these linguistic rules. The rule set S can be 
viewed as a fuzzy rule-based system for our modeling problem. 
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We measure the accuracy of the rule set S by the total squared error as 
m 

fi{S) = ^{y{x,)-y,r/2, (9.2) 
p=i 

where y{xp) is the estimated output value for the input vector Xp = 
(xpi, Xp2,..., Xpn) by the rule set 5. We can use any fuzzy reasoning method 
for the calculation ofy{x). In this chapter, we use the non-standard fuzzy rea­
soning method in (8.50) of the previous chapter. Note that the non-standard 
fuzzy reasoning method is the same as the standard fuzzy reasoning method 
in (8.32) when no inclusion relation holds among linguistic rules in the rule 
set S. 

Since S is an arbitrary subset of the K{K -\-l)'^ linguistic rules, there are 
many cases where the entire input space is not covered by the rule set S. 
This means that the estimated output value y{x) is not always calculated for 
an arbitrary input vector x = (ari,X2,... ,Xn)- When there is no compatible 
linguistic rule in S for the input vector Xp, the corresponding estimated 
output value y{xp) cannot be calculated from S. In this case, the squared 
error for the input-output pair {xp,yp) cannot be calculated in (9.2), either. 
Thus we use a pre-specified penalty value as the squared error when y{xp) 
cannot be calculated: 

{y{xp)-ypf=S\ (9.3) 

where S is a. pre-specified positive constant. In our computer simulations in 
this chapter, we specified the penalty value as {y{xp) — ypY = 1 because the 
output value yp is normalized into a real number in the unit interval [0,1]. 

As in Chap. 6 for pattern classification problems, the second objective 
/2(5) and the third objective fsiS) are the number of linguistic rules in S 
(i.e., \S\) and the total rule length of linguistic rules in 5, respectively. 

Using the three objectives, the design of linguistic rule-based systems for 
modeling problems is formulated as 

Minimize /i(5'), minimize /2(5'), and minimize fsiS). (9.4) 

Note that all three objectives are to be minimized. In Chap. 6, the first ob­
jective was to be maximized because it was the number of correctly classified 
training patterns by the rule set S. In this chapter, / i (5) should be minimized 
because it is the total squared error. 

9.1.2 Handling as a Single-Objective Optimization Problem 

When the weight for each objective is available from a human user, the three 
objectives in (9.4) can be combined into a single scalar objective function as 

Minimize f{S) = wi • / i (5) -f W2 • f2{S) + ws • fsiS), (9.5) 

where wi, W2^ and ws are non-negative real numbers. The three weights 
wi, W2, and ws should be specified according to the user's preference with 



 

 

 

 

 



11. Handling of Linguistic Rules in Neural 
Networks 

Various hybrid models of fuzzy logic and neural networks have been proposed 
in the literature. These models are often called fuzzy neural networks. The 
main line of fuzzy neural networks concerns a class called neuro-fuzzy models. 
Fuzzy neural networks in this class are basically fuzzy rule-based systems 
that are adjustable using descent learning algorithms [60, 130]. Neuro-fuzzy 
models are often represented in neural network structures [10, 58, 99, 128]. 
They are used as approximators of nonlinear mappings from input vectors to 
output values. Another class of fuzzy neural networks is neural networks for 
fuzzy reasoning, which map antecedent linguistic terms to consequent linguis­
tic terms. That is, neural networks are used as approximators of nonlinear 
mappings from linguistic vectors to linguistic terms. This chapter describes 
fuzzy neural networks of this class. The learning of neural networks from 
linguistic rules is discussed in the next chapter. 

In this chapter, linguistic rules of the following form are approximately 
realized by neural networks: 

Rule Rq'. If xi is Aqi and . . . and Xn is Aqn then y is Bq, (H-l) 

where Aqi is an antecedent linguistic term and Bq is a consequent linguistic 
term. Linguistic rules of the same form were used in Chaps. 8 and 9 for 
modeling problems. One approach to the handling of linguistic rules is to use 
preprocessors to transform linguistic terms into real vectors. In this approach, 
linguistic rules are handled as numerical input-output pairs. There exist two 
methods in this approach. One method is based on membership values of 
linguistic terms. The other method is based on upper and lower limits of 
level sets of linguistic terms. Another approach to the handling of linguistic 
rules is to use fuzzy arithmetic in neural networks. In this approach, linguistic 
rules are handled as linguistic input-output pairs while they are handled as 
numerical input-output pairs in the first approach. The input-output relation 
of each unit in neural networks is extended to the case of linguistic inputs 
using fuzzy arithmetic. These two approaches are explained in this chapter. 
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11.1 Problem Formulation 

11.1.1 Approximation of Linguistic Rules 

Let us assume that we have N linguistic rules Rq, q = 1, 2, . . . , N. These 
linguistic rules can be viewed as linguistic input-output pairs {Aq, Bq), q = 
1, 2, . . . , A ,̂ where Aq — (A^i, . . . , Aqn). A simple example of a set of given 
linguistic rules is as follows: 

Ri : If X is small then y is large, 

R2 : li X is medium then y is m^edium, 

Rs : li X is large then y is small. 

(11.2) 

(11.3) 

(11.4) 

These linguistic rules are viewed as the three linguistic input-output pairs 
{small, large), {medium, medium), and {large, small). Each linguistic input-
output pair {Aq, Bq) is depicted in the input-output space [0, 1] x [0, 1] in 
Fig. 11.1 where squares and closed circles correspond to level sets (i.e., a-
cuts) of the fuzzy set Aq x Bq for five levels 0.2, 0.4, 0.6, 0.8, and 1.0. In 
Fig. 11.1, the membership function of the fuzzy set Aq x Bq is defined as 

IJ^AaxB^x, y) =mm{iiAAx), fiB,{y)}- (11.5) 

The concept of level sets is explained later in this chapter. In Fig. 11.1, each 
linguistic input-output pair is illustrated as a pyramid-shaped fuzzy set on 
the two-dimensional input-output space [0, 1] x [0, 1]. 

PT — 1 — 

[- MM] A 

-H 
SXMSX M X M L X L 

0.0 1.0 

Fig. 11.1. Three linguistic input-output 
pairs: {small, large), {medium, medium), 
and {large, small) 

Our task in this chapter is to approximately realize the given N linguistic 
rules of the form in (11.1) using neural networks. This task is rephrased 
as approximately realizing the given N linguistic input-output pairs {Aq, 
Bq), q = 1, 2, . . . , N. Thus neural networks are used as approximators of 
nonlinear mappings from n-dimensional linguistic vectors to linguistic terms. 
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As in standard learning tasks of neural networks from numerical input-output 
pairs, there are two issues to be taken into account: 

(1) Fitting ability of neural networks. This ability is evaluated by presenting 
each linguistic input vector Aq in the given linguistic input-output pairs 
to a trained neural network. The point is whether the actual output 
from the trained neural network is close to the target linguistic term Bq 
or not. In the case of the above example with the three linguistic rules in 
(11.2)-(11.4), the three linguistic input terms small, medium, and large 
are presented to the trained neural network to check whether the actual 
outputs are close to the target linguistic terms large, medium, and small, 
respectively. 

(2) Generalization ability of neural networks. This ability is evaluated for 
new linguistic input vectors that have not been used in the learning of 
the trained neural network. The point is whether the actual output from 
the trained neural network is intuitively acceptable or not. For example, 
medium small and medium large are presented to the trained neural net­
work in the case of the above example. We may intuitively think from 
Fig. 11.1 that the corresponding outputs should be medium large and 
medium small, respectively. When we have many linguistic input-output 
pairs, cross-validation techniques (e.g., the leaving-one-out procedure and 
the 10-fold cross-validation procedure [178]) can be used in the same man­
ner as in the case of numerical input-output pairs. 

11.1.2 Multi-Layer Feedforward Neural Networks 

We explain some approaches to the handling of linguistic rules by standard 
feedforward neural networks to which the back-propagation algorithm [146] 
can be naturally applied. For simplicity of explanation, let us consider a 
three-layer feedforward neural network, though we can use neural networks 
with more than three layers in the same manner. We denote the number of 
input units, hidden units, and output units by n/, n^ , and no^ respectively. 
When an n/-dimensional input vector Xq = (xqi, . . . , Xqm) is presented to 
the neural network, the input-output relation of each unit is written as follows 
[146]: 

Input units: Oqi = Xqi, i = 1, 2, . . . , n/ . (11-6) 

Hidden units: Oqj = f{netqj), j = 1, 2, . . . , TIH-, (H- '^) 
ni 

'^^^qj = X^^i^ • ^qi + ^3- (11-8) 
i=l 

Output units: Oqk — f{netqk). A: = 1, 2, . . . , no , (11-9) 
riH 

netqk = ^ujkj ' Oqj + 9k. (11.10) 
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In this formulation, Wji is the connection weight from the i-th input unit 
to the j - th hidden unit, 9j is the bias to the j - th hidden unit, Wkj is the 
connection weight from the j - th hidden unit to the A:-th output unit, and 
9k is the bias to the k-th output unit. The weights and biases are adjusted 
by the learning of the neural network. As in Rumelhart et al. [146], we use 
the following sigmoidal function as the activation function at the hidden and 
output units: 

/ (^) = -. —^ T- (11.11) 
-^^ ^ l + exp(-x) ^ ^ 

The three-layer feedforward neural network in (11.6)-(11.11) is known as 
a universal approximator of nonlinear functions [47, 59, 179] when we can 
use an arbitrary number of hidden units. Linguistic rule-based systems are 
also universal approximators of nonlinear functions [116, 175] when we can 
use an arbitrary fine fuzzy partition for each input (and output) variable. 

11.2 Handling of Linguistic Rules Using Membership 
Values 

11.2.1 Basic Idea 

Standard feedforward neural networks cannot directly handle linguistic input-
output pairs. Thus the neural network structure or the data structure should 
be modified to handle linguistic rules in neural networks. One idea is to repre­
sent a linguistic term using its membership values at some discretized points. 
This idea was proposed by Keller et al. [107, 108]. When the domain inter­
val [0, 1] is discretized into eleven points, a linguistic term is represented by 
an 11-dimensional numerical vector. For example, medium is represented as 
follows (see Fig. 11.2) using its membership values at the eleven points 0.0, 
0.1,0.2, . . . , 1.0: 

medium = (0.0, 0.0, 0.0, 0.2, 0.6, 1.0, 0.6, 0.2, 0.0, 0.0, 0.0). (11.12) 

Fig. 11.2. Representation of the linguistic 
term medium using its membership values 
at the eleven points in the domain interval 
[0,1] 



13.4 Difficulties and Extensions 273 

I Application area of the extension principle 

g(x) 

Fig. 13.25. Global application of the 
extension principle to the entire neural 
network 

Let us explain the difference between the global and local applications of 
the extension principle. In the neural network based on fuzzy arithmetic (i.e., 
the local application of the extension principle), the total fuzzy input to the 
k-th output unit is calculated as 

Netk = Wkl ' Oql +Wk2'Oq2-\- •.. + Wknn ' Oqnn + ^k, (13.49) 

where O^i, 0^2, •••5 Oqu^ ^^^ fuzzy outputs from hidden units. In fuzzy 
arithmetic in (13.49), Ogi, Oq2, . •., Oqnn t̂re handled as independent fuzzy 
numbers. These fuzzy numbers, however, are not independent because they 
are written as 

Oqj = ~ , J = 1, 2, . . . , riH. (13.50) 
l + exp(- E ^ i i '^qi -Sj) 

i=l 

That is, all the fuzzy numbers Oqi, 0^2, • • •, Oqnn ^^^ calculated from the 
same linguistic input vector Aq = (Agi, . . . , Aqn)- In fuzzy arithmetic in 
(13.49), this dependence among the fuzzy numbers O^i, 0^2, • • •, Oqnn is not 
taken into account. Thus the corresponding fuzzy output Gk{Aq) calculated 
by fuzzy arithmetic has larger fuzziness than the fuzzy output gk{Aq) defined 
by the global application of the extension principle. 

For illustration purposes, let us consider a neural network with a fuzzy 
input vector Aq = (3, 2) in Fig. 13.26. For simplicity of explanation, we 
assume that all the input, hidden, and output units of this neural network 
have the linear activation function: f{x) = x. That is, the output from each 
unit is the same as the total input to that unit. When the fuzzy input vector 
Aq — (3, 2) is presented to the neural network, the fuzzy output from each 
hidden unit is calculated as follows: 

Hidden unit C: Oc - / ( I • 3 + 1 • 2 + 0) = 5, (13.51) 

Hidden unit D: OD = / ( I • 3 - 1 • 2 + 0) = 1. (13.52) 
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These two fuzzy numbers 5 and 1 are shown in Fig. 13.27. Then the fuzzy 
output from the output unit is calculated as follows: 

Output unit: OE = G(3, 2) = / ( I • 5 - 1 • 1 + 0) = 4. (13.53) 

This fuzzy output G(3, 2) calculated by fuzzy arithmetic is shown in Fig. 13.28 
(a). 

2- Xo 

bias 

0 ; 
bias 

^ 
1 

Q V 
(0^ 

1 ^ 
_ \ bias 

B) 

2 3 4 1 2 3 
Fig. 13.26. A neural network with the 
linear activation function 

1 2 3 4 5 6 7 8 

(a) Hidden unit C 

Fig. 13.27. Fuzzy outputs from hidden units 

- 3 - 2 - 1 0 1 2 3 4 5 

(b) Hidden unit D 

On the other hand, the exact fuzzy output g{Aq) with no excess fuzziness 
is defined by globally applying the extension principle to the entire neural 
network. While the calculation oi g{Aq) is very difficult in general, it is easy 
in Fig. 13.26 because all the input, hidden, and output units of the neural 
network have the linear activation function f{x) = x. The mapping g{Xp) 
realized by the neural network is calculated as 

g{xp) = 1 • (1 • â pi + 1 • Xp2 + 0) - 1 • (1 • Xpi - 1 • a:p2 + 0) = 2 • Xp2' 

(13.54) 



13.4 Difficulties and Extensions 275 

1 2 3 4 5 6 7 

(a) Local application 

0 1 2 3 4 5 6 7 

(b) Global application 
Fig. 13.28. Comparison of fuzzy outputs from the neural network between the 
local and global applications of the extension principle 

Thus the exact fuzzy output ^(3, 2) with no excess fuzziness is 2-2, which is 
shown in Fig. 13.28 (b). The difference between Fig. 13.28 (a) and Fig. 13.28 
(b) is the excess fuzziness involved in the fuzzy output G(3, 2) in Fig. 13.28 
(a). 

Excess fuzziness in fuzzy arithmetic corresponds to excess width in inter­
val arithmetic [6, 126]. Calculation of more accurate intervals with less excess 
width has been studied in the literature. Methods for decreasing excess width 
such as a subdivision method [126] can be used in the fuzzy arithmetic-based 
approach to linguistic rule extraction from trained neural networks because 
fuzzy output vectors are numerically calculated by interval arithmetic on level 
sets of linguistic input vectors [79]. 



 

 

 

 

 



14. Modeling of Fuzzy Input-Output Relations 

In this chapter, we explain various topics related to the handling of fuzzi-
fied systems with fuzzy inputs and/or fuzzy outputs. First we describe some 
approaches to the modeling of fuzzy number-valued functions. A fuzzy num­
ber-valued function with n input variables is written as 

y-fix)^ (14.1) 

where ^ is a fuzzy output (i.e., fuzzy number), /(•) is a fuzzy number-valued 
function, and x — (xi, . . . , Xn) is an n-dimensional non-fuzzy input vector. 
In this chapter, we use "~" to clearly denote fuzzy numbers (e.g., y in (14.1)). 
We also use "^" for fuzzy number-valued functions such as /(•). Real numbers 
are denoted by lower-case letters without "^". 

Next we describe some approaches to the modeling of fuzzy mappings 
from fuzzy vectors to fuzzy numbers. A fuzzy mapping with n fuzzy inputs 
is written as 

y = / ( * ) , (14.2) 

where x = {xi,... ,Xn) is an n-dimensional fuzzy vector. Neural networks 
described in Chap. 11 can be viewed as approximators of f{x) in (14.2). 

Then we describe fuzzy pattern classification where input vectors and/or 
classification results are fuzzy. Neural networks used for linguistic rule ex­
traction in Chap. 13 are an example of classification systems for fuzzy input 
vectors where classification results are not fuzzy. In addition to non-fuzzy 
classification of fuzzy input vectors, we explain fuzzy classification of non-
fuzzy, interval, and fuzzy input vectors where classification results are fuzzy. 

14.1 Modeling of Fuzzy Number-Valued Functions 

In this section, we explain some approaches to the modeling of fuzzy number-
valued functions of the form in (14.1). Fuzzy number-valued functions are 
realized by linear fuzzy models, fuzzy rule-based systems, fuzzified Takagi-
Sugeno models, and fuzzified neural networks. 
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